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Abstract. The response of a water table to a sudden drawdown is examined assuming 
that it can be described by the Boussinesq equation. An approximate analytical solution of 
this equation is given. This solution is based on significant improvements to previous 
equations obtained by Heaslet and Alksne [1961]. In comparison with an "exact" numerical 
solution the new approximate solution gives a maximum error of 0.02%. Such an 
analytical result is not only of theoretical interest but could be used as a standard 
reference, for instance, to validate other analytical or numerical schemes. 

1. Introduction 

The movement of a water table is normally described by the 
Boussinesq equation, and its response to a sudden drawdown is 
a classical problem which has been studied for many years by 
hydrologists starting with Boussinesq [1903] and most recently 
in papers by Brutsaert and Lopez [1998], and Szilagyi and Par- 
lange [ 1998]. 

Polubarinova-Kochina [1962] and Heaslet and Alksne [1961] 
first observed that solutions of the well known Blasius equation 
are applicable to the Boussinesq equation. The result of Hea- 
slet and Alksne [1961] was based on the original solution of 
Blasius. We improve their result by using the solution given by 
Parlange et al. [1981] of the Blasius equation. 

The one-dimensional Boussinesq equation describes flow 
between a stream and an aquifer when the stream level drops 
suddenly. The equation takes the form 

Oh KO(Oh) - h (1) at S ax •xx 

where K and S are the hydraulic conductivity and specific yield 
of the aquifer, respectively; h is the water dept h as measured 
from an impervious substratum; t is the time; and x is the 
horizontal distance from the origin. We consider the solution 
of (1) together with the boundary conditions 

h(0, t)=0 t>0 (2) 

h(•, t)=h0 t>0 (3) 

and the initial condition 

h(x, 0) = h0 x > 0 (4) 

This represents the simplest and hence most fundamental 
problem using the Boussinesq equation and as such is a con- 
venient reference problem, for instance, to validate analytical 
and numerical schemes for eventual use in more complex sit- 
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uations. Here we propose an analytical solution of such accu- 
racy that it could be used for such a purpose. 

By means of the Boltzmann transformation, 

f = X/ •sK-- ho t (5) 
and 

f' : h/ho (6) 

equation (1) becomes 

d( dr' I dr' 2•f f' = df, -f df (7) 

with (2) and (3) reducing to 

f' (0) = 0 f, (oo) = 1 (8) 

respectively. Equations (7) and (8) are equations (26) and (27) 
of Heaslet and Alksne [1961]. This is also the Blasius equation 
defining r• by [Parlange et al., 1981] 

f' : df/dr•. (9) 

The Heaslet and Alksne [1961] solution is of great theoretical 
interest as well as the only one available at present, but it is far 
too inaccurate for valida. ting analytical and numerical schemes. 
We use their study as the basis for our own but improve the 
accuracy of their method. We do this by using the most accu- 
rate analytical approximation to equations (7) and (8) as given 
by Parlange et al. [1981] in their equation (20). However, it is 
not convenient as a direct analytical solution for practical use 
as a solution of the Boussinesq equation because it is expressed 
in terms of r• which has physical meaning in the Blasius prob- 
lem but is not meaningful here. Heaslet and Alksne [1961] 
provided a series solution when f is small and an asymptotic 
solution when f is large, and we shall do the same. Although 
they indicate these give accuracy of 3 significant figures, more 
importantly, they do not overlap to give a solution over the 
whole domain off; there is a gap in their solution for 1.746 < 
f < 2.888. In this note we shall improve their solution by 
making use of the analytical results of Parlange et al. [1981] to 

885 



886 HOGARTH AND PARLANGE: TECHNICAL NOTE 

obtain a new solution to the Boussinesq equation which has a 
maximum error of 0.02% for the whole range of f. 

2. New Approximate Solution 
Following the approach of Heaslet and Alksne [1961], we 

rewrite their equation (29) in a slightly different form as a Padd 
approximate to improve accuracy as 

f'= 1.15249(f/2) •/2 

4 2 
?•(f/2) 

- 1 + 0.17355(f/2) 3/2 + 0.02768(f/2) 3 (10) 
where 1.15249 = 2 x (0.3320574) •/2 [from Parlange et al., 1981] 
instead of the 1.152 of Heaslet and Alksne [1961], since our 
results are given to the fifth decimal place instead of their 3 
decimal places. 

Now we reconsider their asymptotic part of the solution and 
use the form of equation (30) of Heaslet and Alksne [1961], 
which is consistent with Parlange et al. [1981], as a starting 
point for an iterative technique. We write 

f': 1 -A xf• erfc [(rt - 1.72079)/2] (11) 

where f in equation (30) of Heaslet and Alksne [1961] has been 
replaced in the erfc by rt - 1.72079 since for large f or rt, f • 
r/ - 1.72079 [Parlange et al., 1981], andA should be close to 
0.231 (as chosen by Heaslet and Alksne [1961]). 

We now obtain A accurately from theoretical consider- 
ations. From equation (7) of Parlange et al. [1981], 

f0"f"(0) (12) f dx=21n•-- 

and as r/-• % 

f" •A exp [ (r/- 1'72079) 21 - 
hence 

f' • 1 - 0.23344 xf• erfc [(rt - 1.72079)/2] (16) 
Substituting (16) into (12) gives 

f =f'(r/- 1 72079) + 0.41376 exp r/- 1.72079 ß -- • 

Eliminating rt between these two equations and keeping the 
first 2 orders for rt large, we obtain 

f' = 1 - 0.41387 erfc 1 + (0.934/2f 3) exp (-f2/4) 
(18) 

If the small correction term in the denominator of (18) is 
removed, we obtain equation (30) ofHeaslet andAlksne [1961] 
as expected (except their 0.231 X•w = 0.4094 is replaced by the 
more accurate 0.41387). As is often the case, the iterative 
procedure results in estimates off' which are alternatively too 
large and too small; thus the small correction has been halved. 

The new approximate solution can now be obtained by using 
(10) and (18). These two equations intersect, and forf less than 
the intersecting value, equation (10) is used while for f greater 
than the intersection equation (18) is used. 

3. Results 

In order to estimate the accuracy of the solution we use a 
fourth-order Runge-Kutta method with a step length of 10 -6 
to integrate (7) and to obtain an essentially "exact" solution. 
With (18) we have a two-point boundary value problem, and it 
is necessary to use a starting condition in order to perform the 
integration. This was achieved by using equation (29) of Hen- 
slet andAlksne [1961] and its derivative; f was initially taken as 
0.01. 

Figure 1 shows the results of obtaining the "exact" solution 
numerically together with the results from (10) and (18). We 

• 1.20 2 lnf'6/A = f- (•- 1.72079) drt- 1.720792/2 (14) 

(•o) ... 

The integral can be replaced using integration by parts as 1.00 -'" 

1 f,, drt3 0.80 6 

and from equation (20)ofParlange etal. [1981] is equal to •_ 0.60 
_ 

2 +/3v)ay = 

where 0.20 

0.00 from their equation (21). The integral has a value of 2.185 to 
the precision of their equation (20). This gives.4 •-- 0.23344 
(with the last digit as _+2). We note that the value taken by 
Heaslet and Alksne [1961],A = 0.231 is somewhat different. 
Thus (11) becomes, as a first approximation, 

0.00 1.00 2.00 3.00 4.00 5.00 6.00 

f 

Figure 1. A comparison of equations (10) and (18) with the 
numerical solution for f' as a function of f. 
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Table 1. Comparison of Equations (10) and (18) as Well 
as Equations (29) and (30) of Heaslet and Alksne [1961] 
With the Numerical Solution for a Full Range of f 

Equations Equations 
f Numerical (10) and (18) (29) and (30) 

0.2 0.36179 0.36180 0.36164 
0.4 0.50490 0.50491 0.50468 
0.6 0.60792 0.60793 0.60765 
0.8 0.68809 0.68810 0.68778 
1.0 0.75232 0.75233 0.75199 
1.2 0.80437 0.80437 0.80402 

1.4 0.84665 0.84665 0.84633 
1.6 0.88090 0.88090 0.88069 
1.8 0.90849 0.90848 0.90850 
2.0 0.93051 0.93050 0.93096 
2.2 0.94791 0.94791 0.94911 
2.4 0.96148 0.96155 0.96328 
2.6 0.97193 0.97213 0.97298 
2.8 0.97985 0.97997 0.98046 

3.0 0.98576 0.98583 0.98612 
3.2 0.99010 0.99014 0.99031 
3.4 0.99324 0.99326 0.99336 
3.6 0.99546 0.99547 0.99553 
3.8 0.99700 0.99701 0.99704 
4.0 0.99805 0.99806 0.99808 
4.2 0.99876 0.99876 0.99878 
4.4 0.99927 0.99922 0.99923 

4.6 0.99952 0.99952 0.99953 
4.8 0.99971 0.99971 0.99971 
5.0 0.99983 0.99983 0.99983 

Values are truncated to 5 significant figures. 

note from Figure 1 that (18) diverges from the "exact" solution 
forf < 0.8 and (10) diverges forf > 3.2. The accuracy of the 
solutions is more clearly seen in Table 1. For the purposes of 
Table 1, numbers have been truncated at 5 significant figures. 
The results show that (10) for f < 2.6 and (18) for f > 2.6 
have a maximum error of 0.02% at f = 2.6 and it drops to 
0.001% for f _< 2.2 or f > 3.4, when basically the fifth 
significant figure is at most incorrect by one digit. Table 2 
illustrates the intersecting region, 2.5 _< f -< 2.7. We note the 
intersection occurs at f = 2.6 to the fifth decimal place. Table 
1 also shows the results from equation (29) and (30) of Heaslet 
and Alksne [1961]. We switched from their equation (29) to 
(30) at f = 2.4. It is interesting that the agreement of their 
results with our numerical solution is actually better than they 
thought. This is undoubtedly due to minor inaccuracies in their 
numerical solution which is not quite as good as Blasius own 
century old analysis. They almost hold the third significant 
figure for all f. However, the error of the present result is 
significantly less, by 1 or 2 orders of magnitude. 

4. Conclusion 

This note presents a new approximate solution to the 
Boussinesq equation based on solutions previously obtained by 
Heaslet and Alksne [1961] and Parlange et al. [1981] for the 
Blasius equation. In comparison with an "exact" numerical 

Table 2. Comparison of Equations (10) and (18) With the 
Numerical Solution for the Region 2.5 < f < 2.7 

f Numerical Equation (10) Equation (18) 

2.50 0.96705 0.96718 0.96732 

2.51 0.96757 0.96770 0.96783 

2.52 0.96808 0.96822 0.96833 
2.53 0.96859 0.96873 0.96883 
2.54 0.96908 0.96923 0.96932 

2.55 0.96957 0.96973 0.96981 
2.56 0.97006 0.97022 0.97028 
2.57 0.97053 0.97071 0.97076 
2.58 0.97100 0.97119 0.97122 
2.59 0.97147 0.97166 0.97168 

2.60 0.97193 0.97213 0.97213 
2.61 0.97238 0.97259 0.97258 
2.62 0.97282 0.97304 0.97302 
2.63 0.97326 0.97349 0.97345 
2.64 0.97370 0.97394 0.97388 
2.65 0.97412 0.97438 0.97430 
2.66 0.97454 0.97481 0.97472 

2.67 0.97496 0.97523 0.97513 
2.68 0.97537 0.97565 0.97553 
2.69 0.97577 0.97607 0.97593 
2.70 0.97617 0.97648 0.97633 

Values are truncated to 5 significant figures. 

solution the approximation gives a maximum error of 0.02% 
over the whole range of f. Thus the analytical result can be 
used with confidence for both analytical and numerical pur- 
poses. The latter should be especially important for hydrolo- 
gists to validate numerical schemes which they wish to apply to 
more complex problems. 
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