
Chapter 1
Introduction

Abstract Ensembles on configuration space have wide applicability. They may be
used to describe classical, quantum and hybrid classical-quantum systems, physi-
cal systems that are deterministic or subject to uncertainty, discrete systems, par-
ticles and fields. They also lead to novel reconstructions of quantum theory from
physical and geometric axioms. We introduce the basic elements of the theory, dis-
cuss a number of classical and quantum examples, and provide an overview of the
many generalizations and applications that form the subjects of later chapters. The
approach introduces very few physical and mathematical assumptions. The basic
building blocks are the configuration space of the physical system, an ensemble of
configurations, and dynamics generated from an action principle. An important role
is played by the ensemble Hamiltonian which determines the equations of motion.
These must satisfy certain requirements which we discuss in detail. We provide
examples of classical and quantum systems and show that the primary difference
between quantum and classical evolution lies in the choice of the ensemble Hamil-
tonian.

1.1 The Description of Physical Systems in Terms of Ensembles
on Configuration Space

As noted in the Preface, there is great value in building a formalism for physical
theories which is both widely applicable and has a minimal amount of uninterpreted
mathematical structure. For example, we may treat the motion of a classical particle
subject to an external force using Newtonian, Lagrangian, Hamiltonian or Hamilton-
Jacobi formulations [1, 2]. These different formalisms are equivalent in the sense
that they lead to the same predictions, but the amount of effort that goes into solv-
ing a particular problem will depend on how well suited the formalism is to that
problem. More importantly, different formalisms emphasize different aspects of a
system, thus leading to different physical pictures, and will suggest different types
of generalizations. For example, the Hamiltonian formalism for classical particles
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4 1 Introduction

was well suited for the early development of quantum mechanics, while Feynmann
diagrams in quantum field theory arose from a Lagrangian formulation. Thus, there
are very good reasons for considering more than one formulation of a physical the-
ory.

This book develops and applies a formalism for physical theories that is ex-
tremely broad in scope — including both classical and quantum mechanics as par-
ticular examples — and which is underpinned by a very simple physical picture:
ensembles evolving on a configuration space. The mathematical structure is corre-
spondingly simple (simpler than that of C∗-algebras for example). Yet it is suffi-
ciently nontrivial to be able to guarantee (unlike generalised probabilistic theories
for example) the existence of useful objects such as a Lie bracket for observables,
canonical transformations, measurement interactions, weak values and thermal en-
sembles .

The aims of this introductory chapter are to (i) introduce basic elements of the
approach, largely via a number of classical and quantum examples, and (ii) preview
the many generalisations and applications that form the subjects of later chapters.

1.2 Basic Concepts and Examples

The core of the formalism may be summarised in the following

Central idea: Physical systems are described by ensembles on configuration
space, the dynamics of which is governed by an action principle.

This central idea makes reference to three familiar concepts: configuration space,
ensembles, and Hamilton’s principle of least action, briefly discussed in turn below.

The first basic concept is the configuration space of a physical system. For exam-
ple, in classical mechanics a particle may be in different locations of space, and the
configuration space is three-dimensional Euclidean space. By contrast, the configu-
ration space of a two-level system, corresponding to the outcomes of a classical coin
toss or measurement on a qubit, is a discrete space with only two elements, such
as {heads, tails} or {up,down}. The primary role of a physical theory is to make
predictions about system configurations and their evolution. Thus, the mathematical
description of a physical system will always involve a choice of configuration space.

The second concept is that of an ensemble on configuration space. The underlying
physical idea here is that the formalism should be general enough to cover systems
that are subject to uncertainty. Thus, in general, the system will be described by
some probability distribution P defined over the configuration space.

The third concept is that the dynamics of the ensemble is specified by an action
principle. Since the principle of least action is a generic feature of all known funda-
mental physical theories, this is not contentious or surprising in itself. However, in
the context of ensembles evolving on configuration space, the requirement that the
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probability distribution P remains positive and normalised under evolution will be
seen to be an important and nontrivial constraint on allowed ensemble Hamitonians.

As a first example, consider a non-relativistic classical particle of mass m moving
in a potential V (x). Our starting point in applying the above concepts will be one of
the standard formulations of classical dynamics, the Hamilton-Jacobi equation

∂S
∂ t

+
|∇S|2

2m
+V = 0. (1.1)

A solution S of this equation provides a complete description of the motion when
there is no uncertainty: if the particle is known to be at position x at time t, then it
has momentum mẋ = ∇S(x, t) and energy −∂tS [1, 2].

It is not always appreciated that the Hamilton-Jacobi formalism is fundamentally
a theory of ensembles [3]. The gradient of S/m, in defining a velocity vector at every
point on the configuration space, allows any uncertainty regarding the position of
the particle to be naturally described by a probability density over the configuration
space, P(x, t), with the conservation of probability ensured by a continuity equation
of the usual form

∂P
∂ t

+∇ ·
(

P
∇S
m

)
= 0. (1.2)

Equations (1.1) and (1.2) are the equations of motion of an ensemble on configu-
ration space, for the case of a classical particle. But what is the corresponding action
principle for the ensemble described by P? Equivalently, what is the correspond-
ing Langrangian or Hamiltonian that generates these equations of motion? Since P
(not x) is the fundamental quantity describing the ensemble, any suitable ‘ensem-
ble Hamiltonian’ specifying its evolution should depend on P and some canonically
conjugate quantity Π [1]. In fact, for the above classical equations of motion one
may take S as the quantity canonically conjugate to P, and the corresponding clas-
sical ensemble Hamiltonian is given by the functional

HC[P,S] :=
∫

dxP
(
|∇S|2

2m
+V

)
. (1.3)

In particular, it may be checked that Eqs. (1.1) and (1.2) are equivalent to the Hamil-
tonian equations of motion

∂P
∂ t

=
δHC

δS
,

∂S
∂ t

=−δHC

δP
, (1.4)

where δ/δ f denotes the variational derivative with respect to the function f 1 [1].
The classical ensemble Hamiltonian in Eq. (1.3) may immediately be recognised as
the average energy of the ensemble.

1 For readers unfamiliar with variational derivatives, more details are given in App. A of this book.
It is sufficient to recall here that for F =

∫
dxg(x, f ,∇ f ), one has δF/δ f = ∂g/∂ f −∇ ·∂g/∂ (∇ f ).

The case of discrete configuration spaces is mathematically simpler, as discussed in Sect. 1.3 below.
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The formulation of the equations of motion for a classical particle in Eqs. (1.3)
and (1.4) may appear unfamiliar, and it certainly does not appear in standard text-
books on mechanics. However, the form of the classical ensemble Hamiltonian HC
is in fact well known in the theory of ideal fluids (dating back to the 19 century),
where the quantity S/m is reinterpreted as a velocity potential [4]. Moreover, the
fundamental nature of this formulation quickly becomes apparent when it is realised
that the equations of motion for a quantum particle have a remarkably similar form.

In particular, let ψ(x) denote the wave function for a quantum particle of mass
m subject to potential V (x), and define the real functions P and S on configuration
space via the polar decomposition ψ =

√
Pe−iS/h̄. The equations of motion for P

and S then follow via substitution into the standard Schrödinger equation for ψ ,
yielding the continuity equation

∂P
∂ t

+∇ ·
(

P
∇S
m

)
= 0 (1.5)

as before, and the modified Hamilton-Jacobi equation

∂S
∂ t

+
|∇S|2

2m
+V − h̄2

2m
∇2P1/2

P1/2 = 0. (1.6)

These equations are equivalent to the Hamiltonian equations of motion

∂P
∂ t

=
δHQ

δS
,

∂S
∂ t

=−δHQ

δP
, (1.7)

analogous to Eqs. (1.4) above, where HQ is the quantum ensemble Hamiltonian

HQ[P,S] :=
∫

dxP
(
|∇S|2

2m
+V +

h̄2

8m
|∇P|2

P2

)
. (1.8)

Eqs. (1.5) and (1.6), together with the ensemble Hamiltonian HQ, were first given
by Madelung in 1926 [5]. Madelung further showed that

HQ[P,S] =
∫

dxψ∗(x)
(
− h̄2

2m
∇2 +V

)
ψ(x) = ⟨−∂S

∂ t
⟩, (1.9)

which may be recognised as the average quantum energy for the wave function
ψ . Thus, just as for the classical case, the ensemble Hamiltonian is equal to the
average energy of the ensemble, and also to the average of −∂tS. Further, in the
limit h̄ → 0 one has HQ → HC, and hence the quantum and classical equations of
motion become identical.

The above examples show that the dynamics of classical and quantum non-
relativistic particles can be treated using the common framework of ensembles on
configuration space, where the primary difference between quantum and classical
evolution lies in the choice of the ensemble Hamiltonian. We explore this framework
a little further in this chapter, to give examples for discrete configuration spaces and
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to note some fundamental properties of ensemble Hamiltonians. In later chapters
we will considerably develop the framework, to give a unified treatment of concepts
such as observables, fields, interaction, measurement, superselection, weak values,
and thermodynamics on configuration space, without reference to any particular the-
ory. This general framework is capable of attacking a number of interesting prob-
lems that either cannot be formulated in the language used by other theories or are
extremely difficult to formulate, such as consistent descriptions of measurements
on a quantum system by a classical measuring device and the coupling of quantum
fields to a classical gravitational field. It is also shown to be a powerful starting point
for the derivation of the quantum formalism from suitable axioms (see Sect. 1.5 for
an indication of the material covered in later chapters).

1.3 Further Examples: Discrete Configuration Spaces

The formalism of ensembles on configuration space is very broadly applicable. It is
worthwhile in this introductory chapter to see how it is able to incorporate classi-
cal and quantum systems with discrete configuration spaces. Indeed, the formalism
is somewhat simpler in this case, than for particles in the previous section, as no
variational derivatives are involved.

1.3.1 Classical Rate Equations

Consider the evolution of a classical probability distribution P ≡ {Pj} on a discrete
set of points labelled by 1,2,3,. . . . This is a ubiquitous problem in the theory of
stochastic processes [6]. If Tjk denotes the rate at which probability flows from site
k to site j, then the evolution of P is given by the transition rate equation

∂Pj

∂ t
= ∑

k

(
TjkPk −Tk jPj

)
(1.10)

(sometimes called a classical master equation or Kolmogorov equation). The first
part of the sum generates the total probability flowing into site j, and the second
part generates the total probability flowing out. Note that the transition rates can
depend on P, and that Tkk may be chosen arbitrarily as it makes no contribution to
the rate equation. The equation is often represented pictorially by a transition graph:
the points correspond to the vertices of the graph, and for each pair of vertices ( j,k)
there is a directed edge from vertex k to vertex j labeled by Tjk [6].

Equation (1.10) is a discrete analog of the continuity equation (1.2) for probabil-
ity flow on a continuous configuration space, and similarly ensures the conservation
of probability. This may be checked via summation of both sides over j, and swap-
ping the dummy indices in the second term.
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To model this case within the formalism of ensembles on configuration space,
we require the existence of a canonically conjugate quantity S ≡ {S j} on the config-
uration space, and a suitable ensemble Hamiltonian H(P,S), such that the equations
of motion are given by

∂Pj

∂ t
=

∂H
∂S j

,
∂S j

∂ t
=− ∂H

∂Pj
. (1.11)

It is straightforward to construct such a Hamiltonian system: choose

H(P,S) = ∑
j,k

TjkPk(S j −Sk). (1.12)

The Hamiltonian equations of motion then generate the transition rate equation
(1.10) as desired. It should be noted that this is a purely formal construction: transi-
tion rate equations are typically obtained from an underlying microscopic descrip-
tion that incorporates the fundamental physics, with a given transition rate equation
being compatible with many possible such descriptions. Nevertheless, the construc-
tion shows that such equations, while only providing a phenomenological model,
can easily be incorporated into the formalism of ensembles on configuration space.

An important feature of the above ensemble Hamiltonian H(P,S) is that it only
depends on S via the differences between its components. It will be seen in Sect. 1.4
that this feature is generic for discrete configuration spaces, and is related to the con-
servation of probability. It may further be noted that, for the special case of constant
transition rates, the above ensemble Hamiltonian further generates the equation

∂S j

∂ t
=−∑

k
Tjk(S j −Sk) (1.13)

for the conjugate quantity S. As this is independent of the evolution of P, it has no di-
rect physical import (at least, not without a specific underlying microscopic model).
However, by multiplying this equation by Pj and summing over j one immediately
obtains the connection

H(P,S) =−∑
j

Pj
∂S j

∂ t
= ⟨−∂S

∂ t
⟩ (1.14)

between the ensemble Hamiltonian and the average of −∂tS, which similarly held
for the classical and quantum ensembles of the previous section. Hence, −∂tS j may
be interpreted as the energy associated with site j in this case. It will be seen in
Sect. 1.4 that this connection is guaranteed for ensemble Hamiltonians satisfying
a homogeneity property. Other physical roles for S will be seen in later chapters
(most notably in regard to generating physical transformations of the ensemble such
as translations and reflections).
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1.3.2 Finite-Dimensional Quantum Systems

For quantum systems evolving on a finite Hilbert space, the configuration space
may be chosen to be the set of discrete outcomes of any complete measurement on
the system. For example, for nondegenerate Hermitian operator Â, with orthormal
eigenstates {|a j⟩}, the configuration space is {a j}. The choice of measurement is
in principle arbitrary, and corresponds to the choice of the ‘computational basis’ in
quantum computing theory.

For quantum state |ψ⟩ = ∑ j ψ j|a j⟩, define Pj and S j via the polar decomposi-
tion ψ j =

√
PjeiS j/h̄. Thus, P ≡ {Pj} is the probability distribution on configuration

space for the ensemble of systems described by |ψ⟩. Guided by the previous ex-
amples, an obvious candidate for the corresponding ensemble Hamiltonian is the
average energy of the ensemble,

H(P,S) := ⟨ψ|Ĥ|ψ⟩= ∑
j,k

h jk
√

PjPke−i(S j−Sk)/h̄, (1.15)

where Ĥ is the quantum Hamiltonian operator and h jk := ⟨a j|Ĥ|ak⟩. It is then
straighforward to check that the Hamiltonian equations of motion (1.11) are indeed
equivalent to the real and imaginary parts of the Schrödinger equation

Ĥ|ψ⟩= ih̄
∂ |ψ⟩

∂ t
. (1.16)

It may also be checked that Eq. (1.14) holds for the average energy, i.e, H(P,S) =
⟨−∂tS⟩.

Just as for the classical rate equations, the ensemble Hamiltonian in Eq. (1.15)
only depends on differences between the components of S, implying that the equa-
tions of motion are invariant under the addition of an arbitrary constant to the com-
ponents of S. In quantum mechanics this is usually interpreted in terms of the phys-
ical irrelevance of the global phase of the wave function. However, in the more
general formalism of ensembles on configuration space, this property follows as a
fundamental consequence of the conservation of probability (see Sect. 1.4).

It is straightforward to generalise the above results to any complete basis set {|a⟩}
for a quantum system, whether finite or infinite, discrete or continuous, orthonormal
or otherwise [7] (one only requires that ∑a |a⟩⟨a| = 1̂, with summation replaced
by integration over any continuous ranges of a). One may similarly generalise the
results to quantum field theory (see for example Chaps. 5 and 11, where fields are
discussed).
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1.4 Fundamental Properties of Ensemble Hamiltonians

We may abstract from the examples of the previous sections to rewrite the central
idea in Sect. 1.2 more formally, as

Central idea (formal version): Physical systems are described by a probabil-
ity density P on configuration space, a canonically conjugate quantity S, and
an ensemble Hamiltonian H (P,S).

This idea is very simple but surprisingly powerful. It not only incorporates and
unifies the description of standard classical and quantum dynamics, but provides
a general and useful framework for formulating more general physical theories, as
will be seen in later chapters.

The state of the system is described by the configuration ensemble (P,S). The role
of the ensemble Hamiltonian H(P,S) is to specify the dynamics of this ensemble2.
Hence, in particular, it must evolve probabilities to probabilities. This places some
important physical constraints on the choice of possible ensemble Hamiltonians, as
will now be discussed.

1.4.1 Conservation of Probability

Probabilities must always sum to unity, and hence the evolution of an ensemble
must respect this property. It will be shown here that the conservation of probability
corresponds to invariance of the dynamics under the addition of an arbitrary constant
to S.

First, for an ensemble on a discrete configuration space with probability distri-
bution Pj, note that conservation of probability is equivalent to ∑ j Pj(t) = ∑ j Pj(t +
ε) = 1. Hence, to first order in ε , one has via Eq. (1.11) that

0 = ∑
j
[Pj(t + ε)−Pj(t)] = ∑

j
ε

∂Pj

∂ t
= ε ∑

j

∂H

∂S j
= H (P,S+ ε)−H (P,S).

(1.17)
Hence, by considering a sequence of infinitesimal evolutions, it follows that

H (P,S+ c) = H (P,S) (1.18)

as claimed. In particular, this implies for discrete configuration spaces that the en-
semble Hamiltonian only depends on S via the differences M jk := S j −Sk: only rela-
tive values of S are physically relevant. Note for quantum systems that this property

2 For continuous configuration spaces P and S are functions, and hence one should more properly
write the ensemble Hamiltonian as a functional, H[P,S], in this case. However, it is convenient to
use the notation H(P,S) when referring to the general case.
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corresponds to (and explains) the irrelevance of a global phase factor of the quantum
state (see previous section).

It follows, writing H (P,S) ≡ f (S,M) for some function f , that the equation of
motion for P reduces to the form of a transition rate equation,

∂Pj

∂ t
= ∑

k

(
∂ f

∂M jk
− ∂ f

∂Mk j

)
= ∑

k

(
TjkPk −Tk jPj

)
, (1.19)

with corresponding transition rates

Tjk := (Pk)
−1 ∂ f

∂M jk
(1.20)

(and Tjk := 0 for Pk = 0). Note that, unlike the classical rate equation in Eq. (1.10),
these transition rates will generally depend on S. In particular, for the discrete quan-
tum ensemble Hamiltonian in Eq. (1.15) one finds

Tjk = h̄−1
√

Pj/Pk Im
{

h jke−i(S j−Sk)/h̄
}
. (1.21)

Such quantum transition rate equations have been used by Bell to formulate a theory
of beables for fermionic fields [8], and by others to formulate modal interpretations
of quantum dynamics [9].

For a continuous configuration space the ensemble Hamiltonian is more properly
written as a functional, H[P,S]. Replacing partial derivatives by variational deriva-
tives and summation by integration in the derivation of Eq. (1.18), one then obtains3

0=
∫

dx [P(x, t + ε)−P(x, t)]=
∫

dxε
∂P
∂ t

= ε
∫

dx
δH

δS
=H [P,S+ε]−H [P,S],

(1.22)
to first order in ε . Thus, in complete analogy to the discrete case in Eq. (1.18), we
have

H [P,S+ c] = H [P,S]. (1.23)

Note that this property is guaranteed for the classical and quantum ensemble Hamil-
tonians HC[P,S] and HQ[P,S], in Eqs. (1.3) and (1.8) respectively, because they only
depend on S via its derivative ∇S. The general result is worth highlighting:

Conservation of probability implies that

• The ensemble Hamiltonian is invariant under S → S+c for any constant c.
• Only relative values of S have dynamical significance.

3 Here the defining property of the variational derivative, F [ f +δ f ]−F [ f ] =
∫

dx(δF/δ f )δ f for
arbitrary infinitesimal variations δ f , has been used (see App. A of this book).
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1.4.2 Positivity of Probability

A second fundamental property of probability is that it is positive, i.e., P ≥ 0. This
enforces a further nontrivial constraint on the ensemble Hamiltonian. For example,
while H(P,S) = S2 − S1 satisfies Eq. (1.18) , and hence conserves probability, the
equations of motion (1.11) yield P1(t) = P1(0)− t, which eventually becomes neg-
ative.

A necessary condition for ensuring positivity is obtained by expanding the prob-
ability about a given time t:

P(t + ε) = P(t)+ ε
∂P
∂ t

+
1
2

ε2 ∂ 2P
∂ t2 + . . . . (1.24)

In particular, one must have ∂P
∂ t = 0 and ∂ 2P

∂ t2 ≥ 0 whenever P(t) = 0, as otherwise
P will be negative at times either just before or just after time t. The first of these
conditions corresponds to the constraints

∂H

∂S j
= 0 for Pj = 0,

δH

δS
= 0 for P(x) = 0, (1.25)

on the ensemble Hamiltonian, for discrete and continuous configuration spaces re-
spectively. One can similarly write down a corresponding constraint for the second
condition, involving derivatives of the ensemble Hamiltonian to second order.

For example, for classical and quantum particles the positivity condition (1.25)
reduces, via the continuity equation (1.2), to

∂P
∂ t

=−∇ ·
(

P∇S
m

)
=−P∇2S

m
− ∇P ·∇S

m
= 0 for P(x) = 0. (1.26)

To verify this condition holds, note that if P(x) = 0 for some point x (at some fixed
time t), then this is necessarily a global minimum of P(x), implying that ∇P = 0
at point x. Thus ∂P

∂ t = 0 as required. One may simlarly check that ∂ 2P
∂ t2 ≥ 0 (see

Chap. 2).
For the discrete examples in section 1.3, positivity condition (1.25) reduces, via

either of the transition rate equations (1.10) and (1.19), to ∑k TjkPk = 0 for Pj = 0.
For the classical transition rate equation (1.10) the condition must be checked in
each case, but will of course hold for equations derived from physical microscopic
models. In the quantum case its validity follows immediately from Eq. (1.21) for the
quantum transition rates – indeed, for this case one has the stronger result Tjk = 0
for Pj = 0.
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1.4.3 Homogeneity

The examples of ensemble Hamiltonians in Eqs. (1.3), (1.8) and (1.15) all satisfy
the simple homogeneity property

H (λP,S) = λH (P,S), λ ≥ 0. (1.27)

This property, while not mathematically necessary, is of fundamental interest due to
its physical implications.

First, note that taking the derivative of Eq. (1.27) with respect to λ and evaluating
the result at λ = 1 yields

H (P,S) = ⟨−∂S
∂ t

⟩ (1.28)

for both discrete and continuous configuration spaces (using the Hamiltonian equa-
tions of motion ∂tS j =−∂H /∂Pj and ∂tS=−δH /δP respectively). Second, con-
sider the decomposition of P into a mixture of two ensembles on the configuration
space, i.e.,

P = w1 P(1)+w2 P(2), w1,w2 ≥ 0, w1 +w2 = 1. (1.29)

It then follows from Eq. (1.28), assuming a discrete configuration space for definite-
ness, that

H (P,S) = −∑
j

Pj
∂S j

∂ t
=−w1 ∑

j
P(1)

j
∂S j

∂ t
−w2 ∑

j
P(2)

j
∂S j

∂ t

= w1H (P(1),S)+w2H (P(2),S). (1.30)

Hence, the numerical value of the ensemble Hamiltonian is just the weighted av-
erage of the values for the two subensembles, as required for interpreting it as an
average energy. It further follows from Eq. (1.28) that −∂tS may be interpreted as
a corresponding local energy density on the configuration space (however, note that
the first result does not require that this local energy density is a physical energy –
see also Sect. 2.4.2). Thus:

The homogeneity property implies that

• The ensemble Hamiltonian can be interpreted as the average energy of the
ensemble.

• The quantity −P∂tS is a local energy density for the ensemble.

We will see in Chap. 2 that the above results leads to a substantial generalization
of the concept of weak values in quantum mechanics, to any theory with observables
satisfying the homogeneity property.
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The usefulness of similar homogeneity properties (for evolving the quantum
wave function) has been noted previously in nonlinear extensions of quantum the-
ory [10, 11, 12]. The above results show that homogeneity can be motivated at the
more general level of ensembles on configuration space, without any reference to
wave functions or to quantum mechanics. In Chaps. 3 and 9 this assumption will
also be seen to be important for the consistent description of independently evolv-
ing ensembles.

1.5 Outline of This Book

In the following chapters, we will further develop the general formalism of ensem-
bles on configuration space, and apply it in a wide variety of contexts, including
measurement, thermodynamics, axiomatic approaches to quantum mechanics, and
the coupling of classical spacetime to quantum matter. Along the way many con-
cepts in classical and quantum theory will be unified and generalised via the over-
arching framework provided by the configuration ensemble approach. While some
of the material has previously appeared in some form in the literature, as indicated
below, many results are presented for the first time.

We continue Part I of the book, i.e., the exposition of general properties of the
formalism, in Chaps. 2–4. First, in Chap. 2 we introduce a definition of observables
for arbitrary ensembles on configuration space, and show that these encompass both
classical and quantum observables [7, 13, 14, 24]. We also show that the formal-
ism allows for the generalisation of certain quantum concepts, such as eigenstates,
eigenvalues, weak values and transition probabilities, to arbitrary configuration en-
sembles.

In Chap. 3, we describe composite systems via joint ensembles [13, 14]. These
may consist of subsystems which are, e.g., independent or entangled, interacting or
noninteracting. A precise formulation of these properties is provided. We define the
extension of single-system observables to joint ensembles, and discuss their alge-
braic and separability properties. The rest of this chapter is devoted to a description
of measurement interactions, starting with basic measurement models, then more
elaborate ones describing weak measurements and measurement-induced collapse.

In Chap. 4, we consider mixtures of configuration space ensembles, and gener-
alise the quantum notions of ‘proper’ and ‘improper’ mixtures. With the help of such
mixtures it becomes possible to unify and generalise traditional classical and quan-
tum approaches to thermodynamics, via the definition of suitable ‘thermal mixtures.’
Our formulation is very different to standard approaches based on the maximum en-
tropy principle, and is of particular interest in providing a novel Hamilton-Jacobi
picture of classical thermodynamics.

In Part II of the book, comprising Chaps. 5–7, we show how the configuration en-
semble approach provides a natural starting point for three very different axiomatic
approaches to quantum mechanics. First, in Chap. 5 we introduce a quantization
procedure for classical ensembles which provides an alternative to standard quanti-
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zation methods [15, 16, 17, 18, 19]. We show that it is possible to formulate an ex-
act form of the uncertainty principle, which provides the single key element that is
needed for moving from the equations of motion of a classical ensemble to those of
a quantum ensemble. The quantization procedure is used to derive the Schrödinger
equation and bosonic field equations.

In Chap. 6, we look at the geometry of ensembles on configuration space for
both discrete and continuous systems [20, 21, 22, 23]. We show that the theory has
a rich geometry, and that the geometrical structures natural to the space can be used
to obtain a geometrical reconstruction of quantum mechanics. The basic structures
used are the natural metric on the space of probabilities (information geometry)
and the description of dynamics using a Hamiltonian formalism (symplectic geom-
etry); requirements of consistency then lead to a Kähler geometry. This geometri-
cal reconstruction of quantum mechanics has some remarkable features. The wave
functions of quantum mechanics appear as the natural complex coordinates of the
Kähler space, the full group of unitary transformations is derived based on consis-
tency requirements, and a Hilbert space may be associated with the Kähler space of
the theory, leading to the standard version of quantum theory.

In Chap. 7, we consider local representations of rotations on discrete configu-
ration spaces, focusing in particular on ensembles of either one or two spin-half
systems, which we call rotational bits or ‘robits’. In the case of a single robit, the
theory is equivalent to that of a single quantum mechanical qubit. The description of
a pair of robits is more complicated, in that requirements of locality and subsystem
independence must be taken into account. We show that in this case, in addition to a
theory which is equivalent to the quantum theory of a pair of qubits, it may also be
possible to have non-quantum local models.

Part III of the book, comprising Chaps. 8 and 9, deals with hybrid classical-
quantum systems [13, 14, 24, 25, 26]. The problem of defining hybrid systems com-
prising quantum and classical components is highly nontrivial, and the approaches
that have been proposed to solve this problem run into various types of fundamental
difficulties. The formalism of configuration-space ensembles is able to overcome
many of these difficulties, allowing for a general and consistent description of inter-
actions between quantum and classical ensembles. In Chap. 8, we discuss general
properties of hybrid ensembles and consider various applications: measurements of
a quantum system by a classical apparatus, scattering, harmonic oscillators, and
hybrid Wigner functions. In Chap. 9, we focus on consistency requirements for
quantum-classical interactions. We show how the configuration ensemble approach
is able to satisfy desirable properties such as a Lie algebra of observables and Ehren-
fest relations, while evading no-go theorems based in part on such properties. We
then discuss locality aspects of the approach and present a measurement model of
wide applicability.

Finally, Part IV, comprising Chaps. 10 and 11, is devoted to ensembles of clas-
sical gravitational fields and their interaction with quantum fields [18, 19, 27, 28].
After considering the case of pure gravity in Chap. 10, which we illustrate with
the example of ensembles of black holes, Chap. 11 discusses the coupling of clas-
sical gravitational fields to quantum matter fields. In the standard approach to this
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problem (i.e., semiclassical gravity), the energy momentum tensor that serves as the
source of the Einstein equations is replaced by the expectation value of the energy
momentum operator with respect to a particular quantum state. This approach, how-
ever, presents a number of well known difficulties. We show that a viable alternative
is provided by the use of ensembles on configuration space, which leads to a the-
ory that is consistent and which does not have any of the problems of semiclassical
gravity. We illustrate the power of the approach with two examples: a cosmolog-
ical model which consists of a closed Robertson-Walker universe with a massive
quantum scalar field and a classical CGHS black hole in a collapsing geometry in-
teracting with a quantized scalar field.
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