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This article is for teachers of 
mathematics who wish to connect the 
multiplicative concepts that span single 
digit multiplication and division through 
to factorising quadratic expressions and 
finding the roots of quadratic equations. 
The representational tools that are used 
to connect these operations are: common 
and explicit use of language, the array 
model, and the distributive law and 
algebra tiles.  

Introduction  
This article is for teachers in the middle school. Teachers in the lower grades of 
middle school can see how multiplicative thinking and the models they teach 
prepare students for success in aspects of algebra in the later grades. Teachers of 
advanced mathematics in Year 10 and senior mathematics benefit from being able 
to connect students’ factorisation of quadratics with the models of multiplication 
and division that students learn in earlier years. Many students struggle with 
finding the roots of quadratics and resort to a procedural approach by applying the 
quadratic formula with little understanding of the underlying concepts. This ought 
not to be the case; after all, these ideas are relatively simple. This article attempts 



to bridge between success in Years 4 and Years 5 and success in middle school 
algebra, with the tools of linkage being the explicit use of language, array models, 
the distributive law, and algebra tiles. 

Teaching of simple multiplication and linking to like 
algebraic multiplication.  

In this article I use the text by Booker, Bond, Sparrow and Swan, (2004) as a 
model for the language of computation. Its language is linked to the standard 
multiplication algorithm. A simple multiplication of 3 × 4 usually is taught with an 
array, comprising three rows and four columns as shown in Figure 1. 

☺ ☺ ☺ ☺ 
☺ ☺ ☺ ☺ 
☺ ☺ ☺ ☺ 

Figure 1. 

Arrays help the student to count the individual objects and develop an intuitive 
understanding of multiplication. Three ones multiplied by four ones is twelve ones 
which can be renamed (process) as one ten and two ones. Careful alignment of the 
digits helps to support the complementary learning of place value.  

   4 
× 3 
1 2 

The array model of multiplication can readily be extended to two digits by one 
digit multiplication. For example 3 × 14. Of course I could (and would in the case 
of teaching students) show this as three rows × 14 columns. However, the columns 
can be broken into segments. There could be two blocks of 3 rows × 7 columns for 
example. In this case it is easiest to use place value knowledge that students have 
developed and draw one column block of 3 rows × 10 columns and one of  
3 rows × 4 columns as illustrated in Figure 2. 



 

 ☺ ☺ ☺ ☺ ☺ ☺ ☺ ☺ ☺ ☺ ☺ ☺ ☺ ☺ 
3 ☺ ☺ ☺ ☺ ☺ ☺ ☺ ☺ ☺ ☺ ☺ ☺ ☺ ☺ 
 ☺ ☺ ☺ ☺ ☺ ☺ ☺ ☺ ☺ ☺ ☺ ☺ ☺ ☺ 

10     4  

Figure 2. 

Reading from the right side first, the students can see that the total is 12 ones (3 
rows of 4) and thirty ones (3 rows of 10) added together to give 42 ones, renamed 
as 4 tens and 2 ones. At this stage you might be wondering if it is necessary to 
divide up the arrays? The answer depends upon the children’s capacity to visualise 
and generalise. For example the array above could be simplified as shown in 
Figure 3. 

 10 4 
3 30 12 

   

Figure 3. 

Figure 3 lacks the proportional accuracy of Figure 2. Figure 3 can easily be 
linked to the standard multiplication algorithm by appropriate use of language, as 
follows:  

1  

1 4 

× 3 

4 2 

Language: Three ones by four ones are 12 ones. Rename as one ten 
and two ones, record the two ones in the one’s place and the 
renamed ten in the tens place value as indicated in bold. Now, 
multiply the three ones by the ten, ones by tens are tens, before 
recording the 3 tens, add the ten from the renaming process to give 
a total of 4 tens. So, fourteen by three is forty two.  

This algorithm and the array associated with it above can be explicitly linked to 
algebra multiplication. For example, I frequently see terms multiplied in algebra, 
as follows: 3(x + 4). Little arrows are used to show that the x and the 4 are 
multiplied by 3. Why not make the links to what the student has done since Year 
4? The structural similarity is shown in Figure 4.  



 
 x 4 
3 3x 12 
   

Figure 4. 

It is worth noting that students need to be introduced to the nuances of algebra 
carefully, for example, 3 multiplied by x can be written in an abbreviated form as 
3x. Given the emphasis on place value it is not surprising that some students may 
consider this to be 30 and x. The differences between whole number recording and 
algebraic recording need to be made explicit. However, the structure that helps 
students to multiply all the digits in whole number multiplication can be used for 
the same purpose in algebraic multiplication, as shown in Figure 5.  

  
x  +  4 
×      3 
3x + 12 

Language: Three ones by four ones is 12 ones. Now we do 
not know that x is 10, so we do not rename, we record the 
12 ones in the ones’ place value. Now, multiply the three 
ones by the x, which gives 3x, record the 3x. Add to find the 
total, 3x and 12, So, 3 by (x + 4) is 3x and 12.  

Figure 5. 

The same process can be used with expressions of the form 3(x - 4), however, 
students need to be aware of the conventions for multiplying positive and negative 
integers.  

Multiplying two digit numbers and similar structured 
algebraic expressions  

The standard algorithm for the multiplication of two digit numbers is as follows 
in Figure 6: 



 
 
 1  
 1 4 
× 1 3 
 4 2 
1 4  
1 8 2 

Language: Multiply the number by the three ones. Three ones 
by four ones is 12 ones, rename and record the one ten (bold) and 
the 2 ones in the first row of the solution. Three ones by one ten is 
three tens, add the renamed one ten and record the now four tens.  

Multiply the number by ten. Multiply the one ten by four ones 
(tens by ones is tens) and record this on the second recording line. 
Multiply the tens, ten by ten is one hundred, record this. Now in 
the third row of the total is the sum of the multiplied parts. Two 
ones, 8 tens, and 1 one hundred. Fourteen multiplied by thirteen is 
one hundred and eighty two.  

Figure 6. 

The array for the multiplication of two digit numbers can be represented as 
shown in Figure 7.  

 10 4 
1
0 

100 
 

40 

3 30 12 

Figure 7. 

In the case of the array, the process of multiplication is the same. We use a 
visual display based on array understandings and distributive law intuition 
developed earlier. We do however have a choice in what operations to carry out 
first. If we were using the standard algorithm we would multiply the ones first, 
then the three ones by the one ten and then the ten by four then last the ten by ten, 
finally summing 12 + 30 + 40 + 100 to sum to 182. However, most children will 
work from top down and left to right as they do when they read. This is fine; the 
key idea is all parts are multiplied. Working from left to right and down the 
addition of the parts would be 100 + 40 + 30 + 12 = 182, which many children can 
do mentally (without recording). Exactly the same processes can be applied to 
algebraic multiplication of expressions such as (x + 3) (x + 4). It can be done with 
more complex expressions (e.g., (5x + 3) (6x + 4)) and also expressions with 



negative values. But let’s start with simple terms to illustrate the structural 
similarity – first as a standard algorithm as shown in Figure 8.  

   
  x + 4 
×  x + 3 
 + 3x + 12 
x2 + 4x  
x2 + 7x + 12 

Language: Multiply the expression by the three ones. 
Three ones by four ones is 12 ones record the 12 ones (do 
not rename). Three ones by one x is three x, record the 3x. 
Multiply the number by x. Multiply the one x by 4 is 4x, 
record this. Multiply the x by the x, to obtain x2. Now total 
the sum of multiplied parts: 12 ones, and 7x and x2.  
(x + 4) (x + 3) is x2 + 7x + 12.  

Figure 8. 

If you are worried about negative integers and expression, you might ask 
whether the recording above reduces cognitive load, and if so, does it reduce 
student errors? It is worth noting that like terms are in the same place, as with 
place value in numerical multiplication.  

The array structure also shows an identical pattern of multiplication for two 
digit numbers and simple expressions.  

 x 4 
x x2 

 
4x 

3 3x 12 

Figure 9. 

As noted previously we can choose which multiplication operations to carry out 
first. In this case I am going to do it as a child reads, that is from top to bottom and 
from left to right. x by x is x2; x by 4 is 4x; x by 3 is 3x and 3 by 4 is 12. Total the 
parts: x2 + 4x + 3x + 12 is x2 + 7x +12.  

The question is, does this make it easier for the child to build upon what he/she 
knows from primary multiplication algorithms, before taking the shortcut of 
drawing arrows between components when multiplying expressions such as: 

(x + 4) (x +3)? At least for some children, the process of what actually happens 
when they draw the arrows has greater meaning. Besides, this leads into the use of 
another visual tool: algebra tiles.  
 



Algebra tiles for multiplication. 

The use of algebra tiles for multiplication is a natural extension of the use of the 
array and area models above. However, they provide an ability to manipulate the 
configurations that becomes important for division and factorisation. In order to 
show the difference between positive and negative values, different colours can be 
used. For example, blue for positive, and red for negative. The tiles can be used for 
addition and subtraction, but we are going to focus on multiplication and division 
(a detailed description on the use of algebra tiles can be found in Howden, 2001). 
Tiles representing x2, xy and y2 and –x2 – xy and –y2 can be used.  

In the activity shown in Figure 10 we use x2, x and 1 as well as –x2, –x and –1.  
 

x2 (blue) x (blue) 1 (blue) -x2 (red) –x (red) –1 (red) 
 
 
 
 
 

 
 
 

    
 

x2 
 

-x2 –x x 1 –1

Figure 10. 

Students need a level of abstraction; that is, they need to be able to accept that x 
and 1 are not directly related in terms of the representations being proportional in 
size. It is worth pointing out that in the case of x2, each side has a length of x, and 
for the x tile, the side length is x while the width is 1. Similarly, the 1 tile has a 
length of one and a width of one.   

The multiplication shown in Figure 11 can be carried out, first with the standard 
multiplication algorithm and then with tiles or the alternative order. In this instance 
we can move straight to the use of negative values, since we’ve modeled the 
multiplication of positive integers in expressions above. 



 
   

 2x – 2 

×  x + 3 

 + 6x – 6 

2x2 – 2x  

2x2 + 4x –6 

Language:  
Multiply the number +3 by – 2 (negative) is – 6 ones; 
record.  
Multiply + 3 by 2x is + 6x, record this. 
Multiply x by – 2 is -2x, record this. Multiply x by 2x is 
2x2, record this.  
Sum the numerals and variables as you would with 
whole number multiplication.  

Figure 11. 

Using tiles the representation is as shown in Figure 12.  
      x   x    – 1  – 1 

 
 
x 
 
 

    

1 
 

  
 

  

1 
 

  
 

  

1 
 

    

Figure 12. 

The students may need guidance to see that x and x is 2x (on the top length), and 
that –1 and –1 is –2 (on the top length of the array). Also, 1 + 1 + 1 equals 3 on the 
side length of the array. It is worth using the end of the x or –x tile to mark the 
ones on the length and width of the array.  



The unity principle can be applied, that is, a red –x added to a + blue x is zero, 
just as –1 + 1 equals 0, in this case two positve (blue) x tiles are negated by two 
negative x tiles (red).  It is easy to see the solution is 2x2 and 4x and –6. More 
complex multiplications can also be practiced.  

The use of tiles provides an additional representation when multiplying 
expressions of the form: (2x – 2)(x + 3).  

Division of whole numbers leading to factorisation of 
quadratics 

The division of numbers is simply the reverse of multiplication; in fact we can use 
the same representations, including the array. Take the simple division 12 divided 
by 3: This is frequently expressed as, can 12 be shared between 3? This can be set 
out as shown in Figure 13. 

   4  
 ☺ ☺ ☺ ☺ 
3 ☺ ☺ ☺ ☺ 
 ☺ ☺ ☺ ☺ 

Language: Can 12 be shared among 3?  
Yes, how many in each share? 
Four. 
12 divided by 3 is 4.  

Figure 13. 

Using an array helps one see the parallels between multiplication and division. 
Middle primary school students move towards a more abstract representation of 
division and recording, as shown in Figure 14. 

      4   
     
3   12   
     

Language:  
Can 1 ten be shared among three?  
No. Rename the ten to ones. How many ones to be shared?  
12. Can 12 ones be shared among 3?  
Yes! How many in each share? 
Four. 
12 divided by 3 is 4.  

Figure 14. 

Clearly, an ability to do division is based on knowledge of multiplication facts. 
Without an array the student needs to know that 3 multiplied by 4 is 12, so 12 



divided by 3 is 4. The same setting out can be applied to (2x + 4) divided by 2 as 
follows in Figure 15. 

 

    
    x + 2 

 

     
2  2x+ 4  
     

LANGUAGE: Can 2x be shared among 2? 
Yes! How many in each share? 
 x. 
Can 4 be shared among 2? 
Yes! How many in each share? 
2. 
(2x + 4) divided by 2 is x + 2.  

Figure 15. 

The approach in Figure 15 is a potentially useful alternative or support to the 
normal fraction approach used in such division operations. It can add meaning to 
the canceling short cut that so many students misapply. It also leads to the use of 
algebra tiles as a tool for division of quadratics by expressions. For example:  
(x2 + 7x +12) / (x + 3). In the division of 12 by 3, there are 12 items, that can be 
arranged in an array with the width of 3, that is 3 rows, so that the 4 columns can 
be seen as the answer. The same process can be used with algebra tiles. Thus the 
materials of x2 and 7x and 12 ones are laid out on a surface and arranged so that the 
width (vertical side) is a length of x + 3. It is simply a matter of manipulating the 
tiles into a configuration that fits, as illustrated in Figure 16.  



 

 x 4  

 
 
x 
  
 

     

  
 

    

3  
 

    

  
 

    

Notes: In laying the tiles out, 
recall that the width of each 
tile is one. The tiles can be 
pushed up against each 
other, and the length along 
the top of the rectangle is 
clearly seen as x + 4. That is,
 x2 + 7x + 12 divided by  
x + 3 is x + 4. This can be 
checked by multiplying the 
expressions.  

Figure 16. 

In Figure 17 the division of quadratics such as x2 + x –12 divided by (x – 3) uses 
the zero principle and an understanding of integer conventions. As before, we can 
lay out the tiles to be divided on a board. First the x2, then we know there will be 
12 negative “ones” (red ones) and that these can be arranged in a square or 
rectangle. We also know that the sum of the x tiles is four. We begin to arrange the 
tiles, knowing that three red x tiles must be laid out along the width (verticle side  
because  
[x – 3] is the term we are dividing by). Given that negative three is one of the 
factors, the other must be positive four, since (–3 × + 4 = –12). By using the zero 
principle we can lay out four x tiles, knowing that the total of three red tiles (–3) 
and four blue tiles (+ 4) gives the required total of x values of one blue tile 
(applying the zero principle), as shown in Figure 17.   



 

 x 4  

 
 
x 
  
 

     

  
 

    

-3  
 

    

  
 

    

Notes: In laying the tiles out, recall 
that the width of each tile is one. 
The tiles can be pushed up against 
each other, and the length along the 
top of the rectangle is clearly seen 
as x + 4. That is,  
x2 + 7x – 12 divided by x – 3 is  
x + 4. This can be checked by 
multiplying the expression.  

Figure 17. 

Quite complex divisions can be carried out by using the tiles; however, their 
real purpose is to act as a bridge between number and algebraic operations. An 
operation frequently encountered in early calculus is the factorisation of 
quadratics.  

Factorising quadratics – links to number and division.  

When a child is asked to factorise a number, for example 12, they might consider 
all the various number pairs that multiply to make 12 (1 × 12; 2 × 6; 3 × 4; or their 
reverses). Each of these can be represented as an array, in this case as a rectangle, 
but in other cases as a rectangle or square (for example, 9 factored is 3 × 3 or 1× 
9). The same thinking can be used when factorising quadratics, as in: “what terms 
can be multiplied to give the product knowing that they will form an array either in 
the shape of a rectangle or a square?” In the example below, 4x2 – 12x + 9 is 
factorised. The sequence of factorising this quadratic is as follows: 

1. First lay out the four x2 tiles; the 12 negative (red) x tiles and the 9 (blue) 
one tiles randomly on a desk.  



2. Arrange the tiles in various configurations that create a square or 
rectangle. With some number sense this should not be too difficult an 
exercise in trial and error. 

3. The student needs to recall that a negative number multiplied by a 
negative number produces a positive number. 

The solution is presented below (see Figure 18). When tiles are pushed against 
each other, it is clear that the factors of 4x2 –12x + 9 are (2x – 3) and (2x – 3).  
 
 
 
 
 
 
 
 
 
 
 
 

Figure 18. 

Solving quadratic equations 

If two squares have the same area, they must have the same length sides. So in the 
case above, if we wish to find those values of x where the solution (area) is zero 
(find the roots) we know that if the side length 2x – 3 is 0, then the area is 0. What 
value of x makes this true? 

2x – 3 = 0 
2x = 3 

x = 
 

3

2
 

In this case there is only one solution, that is, graphing the graph on a calculator 

confirms that the function touches the line only at one place and that is at x = 
3

2
. 



Where the arranged tiles form a rectangle, there are two values of x that make 
the side length equal to zero, thus two roots can be calculated. For example, in the 
function y = x2 + x – 12 shown in Figure 17, the side lengths of the rectangle were 
seen to be (x – 3) and (x + 4). If the total area of the rectangle is designated as zero, 
then the value of x must be either x = 3 or x = –4. The idea of a two dimensional 
shape (as represented in the diagram) having area of zero may be problematic for 
some students, but if one side has length zero, no area exists since the model is 
then one dimensional rather than two dimensional. 

When modeling an expression such as x2 – 6x – 7, there are a number of 
options, including the use of the zero principle as in Figure 19, and completing the 
square model for finding the roots of the quadratic.  

1. Lay out the x2  and the 6 negative x tiles (red) and the 7 negative one tiles 
(red). 

 
2. It is not possible to make a rectangle with these tiles, since if all the x × 1 

tiles are negative the ones must be positive, and this is not the case. The 
solution is to use the zero principle, that is the total value is not changed 
by adding a positive x × 1 and a negative x × 1 tile. We can however 
make the rectangle below since + 1 × –1 on the lengths of the x × 1 tiles 
enables us to attain negative ones totalling 7 in number. We can then find 
the roots of the quadratic. The two additional tiles have been identified 
with a diagonal line through them.  

 
 
 
 
 

       

 
 

       

  
 
 
 
 
 
 
 
 

Figure 19. 



The rectangle shows us that the side lengths (factors) are (x + 1) and (x – 7). So, in 
order to have the area of the rectangle equal to zero, x must be either –1 or + 7. In 
other words, the roots are x = – 1 and x = + 7.  
 
The completing the square method can also be modelled with tiles, particularly 
when whole numbers are involved. However, in this instance diagrammatic 
representations are more flexible than algebra tiles. The method is briefly 
described. An attempt is made to draw a square using x2, and with the –6x and –7 
labeled. Clearly, as seen in Figure 20, the –7 ones do not fit the square. The right 
hand side square has an area designated as zero, the aim is to find the values of x 
that enable the two squares to have an equal value.  

 
    x2 
 
 

 
–3x 

 

    –3x 
 

–7 

 

Figure 20. 

The zero principle can be applied, that is, 7 is added to both sides as in Figure 21 
such that x2 – 6x = 7. If  tiles were used 7 blue tiles would be added to both 
quares. s 

 
    x2 
 
 

 
–3x 
 

    –3x 
 

 

 
 
 

7 

 
 

0 

Figure 21. 



The square can be completed by adding 9 (positive blue) to both sides such that  

x2 – 6x + 9 = 16, as illustrated below in Figure 22.  

                    

 

 x           -3 
 

 
    x2 
 
 

 
–3x 
 

    –3x 
 

9 

 
 
 

16 

Figure 22. 

If two squares have the same area, then the lengths of the sides must be the 
same. The length of either side on the left square is x – 3 and the length of either 
side on the right square is 16 . Thus: x – 3 = 4, in which case x = 7, which can be 
modeled with concrete materials, or theoretically x – 3 = –4 in which case x = –1.  

 
Finally, consider the equation 2x2 + 6x +3 = 0, where first we divide both sides 

by 2 to give: x2 + 3x + 
3

2
= 0 (by dividing by 2 we can deal with x2 rather than 2x2). 

Draw the squares with one side having a length of x + 
3

2
 as shown in Figure 23. 



 

 x 
3

2
 

 

 
    x2 
 
 

3

2
x 

 

    
 

3

2
x 

 

3

2
 

 
 
 

0 

Figure 23. 

In order to complete the square, –
3

2
 is added to both sides, (this removes the 

3

2
 

from the incomplete section of the left square) then to complete the square 
9

4
 is 

added to both sides, since (
3

2


3

2


9

4
) and this will enable us to draw a square, as 

shown in Figure 24. 



 

 x 
3

2
 

 

    x2 

 

 

3

2
x 

  
 

      
3

2


9

4


3

4
 

    
 

3

2
x 

 

9

4
 

  

Figure 24. 

Thus, one square has side length (x + 
3

2
) while the other has side length 

3

4
 (as it 

is a square, each side must be the same and multiply to give total area of 
3

4
). The 

solution proceeds as follows, with justification based upon logic in the second 
case. 

x 
3

2


3

4

x 
3

4


3

2

x 
3

2


3

2
So x  0.634

  or 

x 
3

2
 

3

4

x  
3

4


3

2

x  
3

2


3

2
So x  2.366

  



Concluding Comments 

Multiplication and the array model 

The purpose of this article is to link the models and concepts of multiplication and 
division across the middle school years. The intention was to build on student 
learning from the early middle years concerning multiplication and division, and 
extend these to the more abstract thinking involving those concepts in the early 
stages of formal algebra (usually encountered in late Year 10 or early Year 11). 
Generally, students begin multiplication with contextual stories and the array 
model is a powerful way of setting up the thinking for multiplication (Booker et 
al., 2004). It is not just powerful in the immediate task of moving students beyond 
the notion of repeated addition; it also helps students to give more meaning to the 
reverse operation of division. The array model readily accommodates the use of 
the distributive law, which later becomes a powerful tool in the multiplication and 
division of algebraic expressions.  

Recording number multiplication and multiplication of 
expressions 

One advantage of vertically recording the thinking when multiplying numbers is 
that it supports the development of place value, it also reduces cognitive load. This 
setting out has similar advantages when multiplying expressions. That is, students 
can readily add or subtract like terms by using the setting out processes they have 
become familiar with over several years of multiplying numbers. It is not 
necessary to insist that students continually set out the multiplication of 
expressions as illustrated in Figures 8 and 11. However, it is probably remiss if 
students don’t understand this link between number multiplication and multiplying 
expressions before resorting to the common approach of drawing arrows between 
terms. More than a few of the tertiary education students I’ve taught, including 
mathematics education specialists, were unaware of what they were doing when 
they applied the ‘drawing the arrows’ procedures.  



Algebra tiles  

Algebra tiles are not instruments to solve quadratics, although they can be used as 
such. They are primarily a tool to help connect mathematical concepts and 
processes. The tiles can be used to connect the thinking associated with number 
multiplication to the multiplication of expressions containing variables, and then 
number division with factorisation of quadratics, and subsequently to finding the 
roots of quadratics. Used in this way, the algebra tiles provide yet another medium 
by which teachers can support the student learning of processes that confound 
many students attempting intermediate senior mathematics. By using algebra tiles 
in this way, students with strengths in visual thinking are more likely to be able to 
apply this facility to the manipulation of symbols. As with all materials use, once 
the patterns of thinking have been established, the materials themselves are 
generally no longer necessary, their purpose is to support the development of 
abstraction, not replace it. I recommend that the use of these representations be 
supported with the hand drawing functions and use of graphing calculators as 
additional medium of representation and that the links between them be made 
explicit.   
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