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Abstract

A novel in-cylinder pressure method for determining ignition delay has been
proposed and demonstrated. This method proposes a new Bayesian statis-
tical model to resolve the start of combustion, defined as being the point
at which the band-pass in-cylinder pressure deviates from background noise
and the combustion resonance begins. Further, it is demonstrated that this
method is still accurate in situations where there is noise present. The start
of combustion can be resolved for each cycle without the need for ad hoc
methods such as cycle averaging. Therefore, this method allows for analysis
of consecutive cycles and inter-cycle variability studies. Ignition delay ob-
tained by this method and by the net rate of heat release have been shown to
give good agreement. However, the use of combustion resonance to determine
the start of combustion is preferable over the net rate of heat release method
because it does not rely on knowledge of heat losses and will still function
accurately in the presence of noise. Results for a six-cylinder turbo-charged
common-rail diesel engine run with neat diesel fuel at full, three quarters and
half load have been presented. Under these conditions the ignition delay was
shown to increase as the load was decreased with a significant increase in
ignition delay at half load, when compared with three quarter and full loads.
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1. Introduction

Standard methods for determining the start of combustion have changed
little in the last few decades. Most current studies [1–7] that examine the
start of combustion, or ignition delay, use the net rate of heat release, with
most citing the 1988 book Internal Combustion Engine Fundamentals written
by John Heywood [8]. This method is commonly used because it is considered
reliable and the net rate of heat release is simple to calculate. However, this
paper will introduce the use of a statistical model in the Bayesian paradigm
to accurately determine the start of combustion.

Calculation of the net rate of heat release comes from analysing the heat
losses in an engine from a first law of thermodynamics perspective, in its
most commonly used form [8]:

dQn

dt
=

γ

γ − 1
p
dV

dt
+

1

γ − 1
V
dp

dt
, (1)

where, dQn

dt
is the net rate of heat release, γ is the ratio of specific heats, p

is the in-cylinder pressure, V is the in-cylinder volume and t is time. More
complicated versions of Equation 1 exist that take into account heat loss to
the walls, effects of crevice regions and other possible sources for heat loss—
which are mostly engine specific and not general. The start of combustion
is defined as the point when the net rate of heat release begins increasing
rapidly—some authors use the point that the net rate of heat release becomes
positive [6].

From experimental in-cylinder pressure, another method for determining
the start of combustion is from the rate of pressure rise [9]. This method
locates the point at which the rate of pressure rise begins to increase rapidly,
and can be done by analysing either the first or second derivative of the in-
cylinder pressure signal. It has parallels with the net rate of heat release,
which also requires the differentiation of the in-cylinder pressure data.

In a recent study by Rothamer and Murphy [10], six methods of deter-
mining the ignition delay were compared. The six methods used were:

1. location of 50% of pressure rise due to premixed burn combustion;

2. extrapoliation of the peak slope of pressure rise due to combustion to
the zero crossing point;

3. location of the first peak of the second derivative of the pressure trace;

4. location of the first peak of the third derivative of the pressure trace;
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5. location of 10% of the maximum heat release rate in the premixed burn;
and,

6. a repeat of (5) using a low-pass (threshold 2000 Hz) filtered in-cylinder
pressure trace.

Their study focused on jet fuels and diesel fuel in a heavy-duty direct-
injection single-cylinder diesel and the data analysis was performed using
250 cycles of averaged data. A conclusion from their study found that the
methods which required second or third derivatives were not optimal owing
to the presence of noise and that the ignition delay determined by the heat
release method using the low-pass filtered in-cylinder pressure signal gave a
result 200-330 µs shorter than the other methods.

An early method for estimating ignition delay was proposed by Harden-
berg and Hase [11]. They developed an empirical relationship between the
parameters which they determined had the most impact on ignition delay:
mean piston speed (m/s), MPS; in-cylinder temperature at the time of injec-
tion (K), T ; the compression ratio, rc; the polytropic index of compression,
n; the cetane number, CN ; and, the absolute charge-air pressure at the time
of injection (bar), P . In crank-angle degrees the empirical relationship as
determined by Hardenberg and Hase is:

ID = (0.36 + 0.22MPS) e
618840
CN+25( 1

RT
− 1

17190)+( 21.2
P−12.4)

0.063

, (2)

where, R is the universal gas constant (8.31434 J/mole). The polytropic in-
dex of compression, n, and the compression ratio, rc, impact on the temper-
ature and pressure of the charge-air. Estimates of T and P can be obtained
from the inlet manifold conditions [8, 11].

T = Tir
n−1
c

P = Pir
n
c

Later work done by Prakash et al. [12] extended this model to incorporate
dual-fuel operation of diesel engines.

Since the work done by Hardenberg and Hase, other estimators of ignition
delay based on engine parameters have been developed. Assanis et al. [13]
has extensively reviewed these and proposed their own method for estimating
ignition delay. However, for experimentally validating their ignition delay
estimator, Assanis et al. compared their estimator to measured values by
taking the peak of the second derivative to be the start of combustion.
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Flame luminosity is another method used by researchers for determining
the start of combustion. Heywood [8] argues that the use of flame luminosity
detectors as a means to determine the start of combustion increases the
potential for error. This is because the first appearance of the flame occurs
after the increase in pressure. However, a recent study has argued that
the first appearance of the flame coincides well with results from analysing
the net rate of heat release [14]. Perhaps, with improving technology this
method is becoming more reliable. Flame luminosity sensors are, however,
prohibitively expensive for wide-spread practical use.

All of these approaches have practical difficulties or offer little, or no,
information regarding cycle-by-cycle changes and hence do not allow for inter-
cycle variability studies. In this paper a methodology for determining the
start of combustion is proposed that requires no knowledge of difficult to
estimate parameters such as heat loss to the walls and is still accurate with
noisy data. Using only the in-cylinder pressure signal a statistical modelling
approach is used to determine the start of combustion. A Bayesian approach
to statistical modelling is used because it estimates the plausible range of
parameter values (which includes the start of combustion), given the data
observed [15]. In contrast a classical statistical analysis would provide the
logical reverse: being estimates of the plausibility of the data, under specific
(null or alternative) hypothesis of the parameter values. The latter would
be better suited to confirmatory analyses where experimentalists wished to
confirm whether parameter values took on specific values in a new situation.
In this paper a new Bayesian modelling framework which provides posterior
estimates of the start of combustion is given and is implemented across 4000
consecutive cycles at various engine loads to demonstrate its utility.

2. Experimental Configuration

Experiments were conducted at the QUT Biofuel Engine Research Facility
(BERF) in June 2011. Table 1 contains the technical specifications of the
engine and data acquisition equipment. The engine was run at 2000 rpm on
neat automotive diesel at full load (760 Nm) and at three quarters (570 Nm)
and half (380 Nm) of full load.

3. Experimental Data

Band-pass filtering was applied directly to the in-cylinder pressure signal,
Figure 1 is an example of the in-cylinder pressure signal, prior to digitising.
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Table 1: Engine and data acquisition specifications

Engine Specifications
Make Cummins ISBe220 31
Capacity 5.9 l
Maximum power 162 kW at 2000 rpm
Maximum torque 820 Nm at 1500 rpm
Number of cylinders 6
Number of valves per cylinder 4
Compression ratio 17.3:1
Bore 102 mm
Stroke length 120 mm
Dynamometer Electronically controlled water

brake dynamometer
Injection system Common-rail
Data acquisition
Pressure transducer Kistler piezoelectric transducer

(6053CC60)
Analogue-to-digital converter Data Translation (DT9832)
Software National Instruments LabView
Sample rate 200 kHz
Sample time 4 minutes
Data collected In-cylinder pressure

Band-pass filtered in-cylinder pres-
sure (allowing 4-20 kHz)
Diesel injection timing
Crank-angle rotation information
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This was achieved with a two channel analogue Krohn-Hite model 3202 fil-
ter, by first passing the in-cylinder pressure signal through a high-pass filter
with a threshold of 4 kHz and then through a low-pass filter with a thresh-
old of 20 kHz. The high-pass threshold was set this close to the frequency
of interest, approximately 5-7 kHz, to minimise the potential impacts of
knocking frequencies. Experiments with the filter settings confirmed that at
this threshold the frequency range of interest was unaffected. The low-pass
threshold was set to minimise the effects of the cross talk from the diesel
injection signal, approximately 28 kHz, whilst maintaining as much of the
integrity in the signal as possible.

Figure 2 shows an example of the band-pass filtered signal—it is taken
from the same cycle as the in-cylinder pressure trace shown in Figure 1.
Because this band-pass filtering took place whilst the signal was still in its
analogue form, the dependent scale in Figure 2 is in Volts. An advantage of
using the technique described is this paper to determine the start of com-
bustion is that it is unnecessary to calibrate the pressure signal. Hence, the
processing to convert from the unscaled differential signal to pressure has not
been done; from the perspective of the analysis, it would be an extraneous
use of computation time.
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Figure 1: Pressure vs crank angle plot at 2000 rpm, full load on neat diesel
fuel
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Figure 2: Band-pass filtered pressure signal at 2000 rpm, full load on neat
diesel fuel

4. Determination of Ignition Delay

Ignition delay will be defined as being the time period between the start
of diesel injection and the start of combustion [16]. Therefore, in order to
determine the ignition delay it is important to obtain accurate knowledge of
the diesel injection timing, detailed in Section 4.1, and the start of combus-
tion, detailed from Section 4.3. In the engine setup under investigation in
this paper nominal diesel injection timing was able to be determined by di-
rectly interrogating the signal sent from the engine management system. For
this work, the start of combustion is determined using Bayesian modelling,
described in detail from Section 4.3. The Bayesian method described in this
paper allows for cycle-by-cycle results to be obtained without any need for
cycle averaging.

4.1. Start of Diesel Injection – Estimating Injection Latency

Accurate knowledge of the start of fuel injection is important in a study
involving ignition delay; however, a common problem is a lack of easily ob-
tainable information regarding injector latency. In the engine setup used
in this paper, nominal injection information is obtained by directly interro-
gating the diesel injection signal sent from the engine management system.
Comparative ignition delay studies, such as in this paper, will generally be
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more interested in the differences between test settings rather than absolute
knowledge of ignition delay. However, it is still advantageous to consider the
injection latency to account for cycle-to-cycle changes in the engine speed.

Figure 3 shows the diesel injection signal super-imposed over net rate of
heat release curves of the engine running with neat diesel fuel at full load
and of the engine running with cylinder one, where the pressure transducer
is located, being motored, both at 2000 rpm. The point at which the two net
rate of heat release curves deviate from each other will be taken to be the
point at which the actual diesel injection begins. Suh and Lee [17] showed
in the results of their 2008 study of common-rail diesel injectors that for the
injector they investigated latencies as small as approximately 0.25 ms were
normal. Similarly, in a recent study Donkerbroek et al. showed using high
speed imaging and by examining a pressure trace of the rail pressure a 3.5
degree crank-angle latency between the injection timing signal and the actual
start of injection for their engine setup [7]. In the present engine setup an
injection latency of 0.25 ms correlates exactly with the trough of the dip in
the net rate of heat release shown in Figure 3 and the point at which the
two net rate of heat release curves deviate. Therefore, it is assumed that the
injector latency in this engine setup is 0.25 ms.

Results of the Bayesian analysis shown later in Section 5 will be discussed
relative to each other; hence, precisely accurate determination of this value
is not completely necessary. However, slight changes in rpm from cycle-to-
cycle will have a small impact on the number of crank angle degrees which
occur in a given time period (i.e. the rate of change of engine speed across
2 consecutive samples may not be precisely the same at each engine cycle
during a given test). Therefore, the more accurate the knowledge of the in-
jector latency the better the results will be and hence estimating this latency
should not be overlooked.
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Figure 3: Net rate of heat release: full load with neat diesel and misfired
compared to the diesel injection signal

4.2. Net Rate of Heat Release

Many authors determine the start of combustion by the analysis of cycle-
averaged net rate of heat release curves, such as in Figures 3–5 [18–21]. In-
spection of Figure 3 reveals that the start of combustion is at approximately
363.5 degrees crank angle—this result closely correlates to the start of com-
bustion resonance shown in Figure 2. However, even though the traditional
net rate of heat release method appears to work well, there are issues with
the use of heat release curves for the determination of ignition delay. A few
of these issues include [8, 21, 22]:

• the difficulty in accounting for mixture nonuniformities in the air/fuel
ratio and in the burned and unburned gas nonuniformities;

• the effect of crevice regions in the combustion chamber; and,

• assuming the wrong rate of heat transfer, or no heat transfer, between
the cylinder charge and combustion chamber walls (especially with the
addition of a ‘cooling’ additive such as water, or a fumigated fuel in a
dual-fuel engine).

Moreover, the calculation of the net rate of heat release relies on accurate
knowledge of the in-cylinder volume and in-cylinder pressure. In-cylinder
volume is analytically determined from crank angle data, although crank
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angle is directly measured there can be inaccuracies in the calibration of top
dead centre (TDC). Therefore, the determination of in-cylinder volume is
sensitive to the accurate determination of TDC. Figures 4 and 5 show the
extent of this sensitivity, Figure 5 is centred around the region of interest to
give a clearer indicator of the extent of difference each degree of offset from
TDC makes in the calculation of net rate of heat release.
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Figure 4: Net rate of heat release curves with the location of TDC displaced
±5 crank angle degrees
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Figure 5: Net rate of heat release curves with the location of TDC displaced
±5 crank angle degrees
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Lastly, the need to cycle average, to reduce noise, can potentially skew re-
sults if there is a reasonable amount of inter-cycle variability. In the above
examples running under standard conditions this is not a large issue because
of the engines repeatability from cycle-to-cycle. However, if the engine is
run under non-standard conditions, that result in even a moderate amount
of inter-cycle variability, this approach has the potential to be problematic.
Moreover, the need to cycle average also removes any possibility of exploring
the inter-cycle variation that may be present. Therefore, alternative methods
should be explored if the engine is run under non-standard conditions, or if
the intention of the investigation is to explore inter-cycle variability.

4.3. Combustion Resonance

Using combustion resonance to determine the start of combustion over-
comes the issues outlined in Section 4.2. As the band-pass filtered in-cylinder
pressure is in essence a directly measured quantity, no assumptions or further
calculations are required for its generation. This means that combustion res-
onance can be used for the determination of the start of combustion in any
engine condition without concern about the aforementioned issues, particu-
larly those related to post-processing of the in-cylinder pressure data. Work
previously done by Bodisco et al. [23] showed that combustion resonance
can be modelled using Bayesian statistical modelling. However, their paper
focused on the isolation of combustion resonance for the determination of
in-cylinder parameters such as temperature and trapped mass. This current
work proposes to use a similar approach to determine the start of combustion
and, hence, the ignition delay.

For the purposes of this investigation we will qualitatively define the
start of combustion as being the point from which the band-pass filtered
in-cylinder pressure signal ceases to exhibit only noise-like behaviour and a
strong resonance begins [16, 24]. Therefore, analysis to determine the start
of combustion can easily be undertaken manually [16]; however, in order to
obtain statistically stable results it would become very time consuming to
analyse enough cycles, especially when comparisons between multiple set-
tings are desired. It is proposed that this problem can be overcome with
statistical modelling in a Bayesian framework; thus, automating the process
of determining the start of combustion. A similar approach has been un-
dertaken by Kim and Min [25] which used wavelet transforms on the block
vibration to determine the start of combustion.
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A basic statistical model of the signal in Figure 2 can be used in the deter-
mination of the start of combustion. If the assumption that the combustion
resonance is built from a stationary frequency—whilst this is not true, over
such a small time interval it is true enough for the purposes of this inves-
tigation, more complex models require more computation time and will not
significantly improve the accuracy of the result [23, 26, 27]—a very simple
model can be used. The conceptual model developed for the determination
of the start of combustion is:

y = s(t) ∼ N(µ(t), τ)

µ(t) = H(t− δ)A sin

(
2π

λ
ωt+ φ

)
, (3)

where, s(t), the band-pass in-cylinder pressure signal (such as the example
in Figure 2), is assumed to be Normally distributed about some time varying
mean, µ(t), with some standard deviation, τ . The time varying mean, µ(t),
is controlled by a step-function—µ is zero before the change point defined by
the parameter δ and when t > δ, µ is periodic with a constant amplitude, A,
sample rate, λ (200 kHz), and frequency, ω. Hence using this model, the start
of combustion can be determined by resolving the change point parameter,
δ.

4.4. Statistical Model

A statistical approach can be used to estimate the parameters δ, A, ω
and φ from data tuplets {yi = s(ti), ti ∈ T }. We estimate these parameters
within the Bayesian paradigm to provide marginal posterior plausibility of
parameter values based on the data observed e.g. p(δ|y, t). The joint pos-
terior distribution of all parameters is proportional to the product of two
terms: the likelihood of the data when parameters are known p(y|δ, A, ω, φ);
and the priori distribution of all model parameters p(δ, A, ω, φ) [28]:

p(δ, A, ω, φ|y) ∝ p(y|δ, A, ω, φ)p(δ, A, ω, φ)

4.5. Priors

A Bayesian approach requires specification of prior plausibility of pa-
rameter values, as defined in Section 4.4. If we assume that a priori, what
is known about the plausible values of each model parameter, is indepen-
dent of what is known about all other parameters, then we can factorise
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p(δ, A, ω, φ) = p(δ)p(A)p(ω)p(φ). Moreover, prior distributions should en-
compass all plausible values a parameter can take [28]. In this investigation
vaguely informative priors will be utilised.

Uniform prior distributions can be appropriate in circumstances where
there is insufficient knowledge of the nature of the tendency of the model
parameter—this is based on Laplace’s rationale which has been termed the
so-called ‘principle of insufficient reason’ [28]. Applying the same logic a
Uniform prior is assigned to φ. All that is known for a certainty is that φ
could take on any value between 0 and π, there is no further knowledge about
where in this distribution it potentially lies. Therefore, φ ∼ Unif(0, π).

Likewise, examination of the fast Fourier transform of the signal in Figure
2, shown in Figure 6, indicates that the plausible region for the resonant
frequency is between 4,500 Hz and 7000 Hz. Therefore, ω ∼ Unif(4500, 7000).
In this case, it could be argued that a Normal distribution would be a more
appropriate choice. However, the Uniform distribution was used because of
its limiting nature; it was important that the MCMC did not attempt to
model a different frequency to the combustion resonance as this would likely
result in an undesired posterior distribution for the change point parameter,
δ and hence an incorrect calculation of the start of combustion.

The signal window, such as in Figure 2, was shifted based on an assumed
ignition delay so that the start of combustion would be approximately in the
middle of the window. Therefore, the start of combustion can be considered
unlikely to occur towards the edges of the time period. Here the time period
extends for 200 samples (∼ 12 crank angle degrees), so the furthest point
from the edges occurs at the centre (at t = 100 samples). Therefore, in
choosing a prior for the change point parameter, δ, a Normal distribution
is used to reflect that our uncertainty, centred around the best estimate,
behaves like a classical measurement error distribution. By presuming that
there is a 95% chance that the combustion time occurs in the middle half of
the time period (i.e. 50 ≤ t ≤ 150) a prior of δ ∼ N(100, 25) is obtained.

A common aspect of the band-pass filtered signals from this particular
engine is that the amplitude is about 0.04 Volts. It is important that the prior
for this is reasonably informative; it would not be appropriate if the model
parameter, A, could be small enough to simply model noise. Much the same,
if the amplitude is too large then changes in the other model parameters
are unlikely to make any significant difference to the model fit and hence
they may not converge, and if they do it may not be to the true value. A
Normal distribution has also been selected for A to keep it near to the 0.04

13



Volt estimate, but to not be as restrictive as the Uniform distribution for the
scenarios where a signal may have a slightly higher or lower amplitude than
is expected. The prior distribution does not need to be central around the
true value of the parameter as the information about the parameter in the
data is stronger [28]. Therefore, the prior is centred about a previous Volt
estimate: A ∼ N(0.04, 0.01).
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Figure 6: Fast Fourier transform of the band-pass filtered in-cylinder pressure
signal in Figure 2

4.6. Metropolis-Hastings Computational Algorithm

In order to estimate the posterior distribution of model parameters, we
use a standard Bayesian computational approach based on simulation rather
than analytic computations. The ergodic theorem ensures that Markov Chain
Monte Carlo (MCMC) simulations will in the long run provide a dependent
(rather than independent) set of simulations from the posterior distribution
[28]. Implementing MCMC through the freely available software package
WinBUGS [29] was not found to be computationally fast enough to be fea-
sible. The prepackage software approach was inappropriate mainly due to
an emphasis on exploring inter-cycle variability across thousands of consecu-
tive cycles; however, for this type of work it is an acceptable developmental
platform.

In situations, such as this, where the posterior cannot be analytically de-
rived, a flexible approach to computation is the Metropolis-Hastings algorithm—
which is a special case of the MCMC algorithm [28]. The Metropolis-Hastings
algorithm cycles through two steps.
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1. Propose a candidate value of the parameter from an appropriate pro-
posal distribution θ∗ ∼ R(θ).

2. Accept this new proposed value with a probability that depends on its
relative plausibility under the posterior distribution, compared to the
previous parameter value.

A generic Metropolis-Hastings approach to sampling is selected, where a
new value of a parameter is proposed from its full conditional distribution,
based on a proposal distribution, and then accepted or rejected using a prob-
ability of acceptance that is the minimum of unity and the product of the
ratio of proposal likelihoods and the ratio of posterior probabilities evaluated
at the old and new proposed value.

α = min

{
1,

R(θ∗)

R(θm−1)

p(θ∗|·)
p(θm−1|·)

}
where, m = 1, . . . ,M denotes the mth MCMC simulation from the chain,
R(θ∗)

R(θm−1)
, the proposal ratio, is selected to evaluate to unity and,

p(θ|·) = p(θ)p(y|θ; ·)

where, · denotes the full set of parameters {µt; δ, A, ω, φ} omitting the
parameter of interest, here generically denoted as θ. Therefore,

θm =

{
θ∗ with probability α

θm−1 otherwise.

Each candidate parameter, denoted as θ∗, is selected by a cyclic sampling
strategy from its conditional posterior distribution with the existing value of
the parameter, θm−1, as the mean [28].

θ∗ ∼ N(θm−1, σθ)

Hence σθ acts as a tuning parameter, which determines how far the algo-
rithm seeks for candidate parameter values at each step. A large value of σθ
promotes large steps but could provide many wasted proposals. Conversely,
a value of σθ that is too small promotes small steps that may take longer to
converge towards the true value, and may also induce high cross-correlation
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of parameter values. Selection of the candidate parameter for δ is done sim-
ilarly; however, instead of sampling from a Normal distribution a Uniform
distribution is used:

δ∗ ∼ Unif(δm−1 − n, δm−1 + n)

where, n defines the maximum possible deviation the candidate parameter for
δ can have from the existing value of δ—the candidate parameter is selected
from the integers in Z that fall within n units of δm−1. The use of a Uniform
proposal distribution for δ is to ensure broad exploration.

4.7. Simulation Results

After a suitable burn-in time (in this case 2000 iterations) model parame-
ters are saved in an array (in this case 200 values, every fifth value out of 1000
iterations) to create a posterior density for each model parameter. Exami-
nation of the kernel density estimate (probability density function) for each
parameter, the posterior density, will not only yield the most plausible value
(taken to be the posterior mode), but also give the analyst an indication of
the uncertainty in the result [28, 30, 31]. From the analysis of the signal
shown in Figure 2, it can be seen in Figure 7 that the most plausible start of
combustion timing is 363.97◦ with a 95% credible interval of [363.78, 364.14].
Similarly, the analysis also shows that the most plausible initial resonant
frequency (Figure 8) is 6215 Hz with a 95% credible interval of [6202, 6233].
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Figure 7: Posterior density of the start of combustion, δ, of the band-pass
filtered in-cylinder pressure signal in Figure 2
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Figure 8: Posterior density of the combustion resonance, ω, of the band-pass
filtered in-cylinder pressure signal in Figure 2

Reconstructing the signal from the model allows the analyst to visually
determine if the model outputs are feasible. Figure 9 shows the signal in
Figure 2 with a visualisation of the model, as described in Equation 3. Pa-
rameter estimates for this cycle are shown in Table 2. It can be visually seen
that the model and the signal agree well, especially in relation to the change
point parameter. This is evident by how closely the model follows the signal
it was fitted to: the resonant frequency, ω, matches that of the signal and
the periodic part of the model begins at the same time as the combustion
resonance.

Another outcome of this simulation is an estimate of the initial resonant
frequency, ω—as it is only fitting across a small section of the data the as-
sumption of a stationary frequency will not be significantly incorrect enough
to produce a misleading result. In the case of Figure 3, two periods of the
combustion resonance are present, if it were much more than this the as-
sumption of a stationary frequency would fail and a misleading result may
be obtained. Therefore, the model described in this paper can be used ef-
fectively as a means of determining the start of combustion and the initial
resonant frequency.
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Table 2: Model priors and parameter estimates of the band-pass filtered
in-cylinder pressure signal shown in Figures 2 and 9 based on the model
described by Equation 3

Variable Prior
Mean

Prior
StDev

Posterior
Mode

Posterior
StDev

A (Volts) 0.04 0.01 0.024 0.001
δ (◦ crank angle) 100

(362.34◦)
20
(≈1.52◦)

127
(363.97◦)

1
(0.05◦)

Uniform Prior Low High
ω (Hz) 4500 7000 6215 9
φ 0 π 2.92 0.03

358 360 362 364 366 368
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Figure 9: Model of the band-pass filtered in-cylinder pressure signal in Figure
2

5. Inter-cycle Variability

An important justification for using the analysis methodology described
in the previous section was to allow for cycle-by-cycle analysis of the data.
As the Bayesian method is reliable with noisy data the need to cycle average
is removed and individual cycles can be examined independently. Hence,
the data can be investigated across large numbers of consecutive cycles—the
results shown in the section are from 4000 consecutive cycles (4 minutes of
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data). This investigation was performed on a standard desktop computer in
C++ and the analysis took approximately 15 seconds per cycle to perform.

Ignition delay is influenced by the injection timing because of changes
in the charge air temperature and pressure [8]. The empirical relationship
for estimating ignition delay given by Hardenberg and Hase [11] in Equation
2 shows the temperature and pressure dependence at the time of injection.
Therefore, no ignition delay study would be complete without first examining
the injection timing. Figure 10 shows the injection timing—this data is
presented in a histogram because of the discrete nature of the diesel injection
timing. The injection timing is controlled by the engine management system,
in all test cases the injection strategy was one a single sustained injection
and combustion occurred before the diesel injection was completed.

Advanced injection timing, such as exhibited by the engine under investi-
gation, is common among modern diesel engines to mitigate harmful emission
[32, 33]. Improved Emission control is achieved with advanced injection tim-
ing because of an increase in premixed combustion and subsequent changes
to in-cylinder pressure and decreased in-cylinder temperature [34]. Nitrogen
oxides (NOx), along with particulate matter, are a key emission from diesel
engines. Excessive NOx formation is normally related to high in-cylinder
temperature and excess oxygen [35] and is therefore directly influenced by
the injection timing, injection pressure and the amount of mixing prior to
combustion, and hence the ignition delay.

Knowledge of the injection timing is determined from interrogating the
diesel injector signal and is corrected for injector latency, as explained in
Section 4.1. At half load the diesel injection timing is significantly later than
at full and three quarter load. There is more than a crank-angle degree
difference between the start of diesel injection for half load when compared
with three quarter and full load. At half load injection typically occurs
at approximately 360.9 degrees crank-angle, whereas at three quarter load
injection typically occurs at approximately 359.7 crank-angle degrees and
at full load injection typically occurs at approximately 359.3 degrees crank-
angle.

Figure 11 shows the combustion timing, δ. Similar to the injection timing
shown in Figure 10, full and three quarter load commence combustion at a
similar time, approximately 365 degrees crank-angle for three quarter load
and approximately 364 degrees crank-angle for full load, whereas the start of
combustion for half load is much later at approximately 368 degrees crank-
angle. Also worthy of noting is that, as the load is decreased the inter-
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cycle variability of the diesel injection timing and the start of combustion is
increased. This is most likely an artefact of the stability of the in-cylinder
temperature. At half load the inter-cycle variability is considerably increased
when compared to the higher loads, the inter-cycle variability at full and
three quarter load is very similar with only a fractional increase as the load
was decreased. This is also clearly seen in the ignition delay results, shown
in Figure 12. The ignition delay at half load is approximately two degrees
crank-angle longer than at full and three quarter loads, and significantly
less stable. Both Figures 11 and 12 show that on some cycles at half load
combustion occurs much later than the rest of the cycles. This is likely
caused by fluctuations in the in-cylinder temperature. Including these cycles
which are exhibiting unusual behaviour does not significantly change the
calculation of ignition delay—the modal, mean and median ignition delay at
half load is 6.9 crank-angle degrees, at three quarter load the ignition delay is
5.2 crank-angle degrees and at full load the ignition delay is 4.8 crank-angle
degrees.
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Figure 10: Diesel injection timing
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Figure 11: Start of combustion as determined from the combustion reso-
nance, parameter δ
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Figure 12: Ignition delay as determined from the combustion resonance

6. Comparison to Net Rate of Heat Release

Traditionally the start of combustion was determined by examining a net
rate of heat release plot [8]—the start of combustion is usually characterised
to be the point at which the net rate of heat release becomes positive. Figure
13 shows a net rate of heat release plot generated from the average of 4000
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engine cycles at 2000 rpm and full load using Equation 1. On the opposing
axis of Figure 13 is the start of combustion distribution shown in Figure 11,
generated from the same 4000 engine cycles as the net rate of heat release.
Good agreement between the two methods can be seen; the start of combus-
tion, as determined by the Bayesian analysis, lines up well with the start of
the increase in net rate of heat release at approximately 364 degrees crank-
angle. Also of note in Figure 13 is that the start of combustion distribution,
from the Bayesian analysis described in this paper, lines up with the start of
the increase in the net rate of heat release, rather than when the net rate of
heat release becomes positive.

NRHRcompare.pdf

Figure 13: Net rate of heat release and start of combustion as determined
from the combustion resonance, parameter δ, at full load

7. Conclusion

This paper has introduced a powerful new method for determining igni-
tion delay. In contrast to standard techniques this method uses combustion
resonance, in the form of band-pass filtered in-cylinder pressure, and Bayesian
statistical modelling to accurately resolve the start of combustion. It was also
demonstrated that this method allows for true inter-cycle variability studies
and does not suffer from some of the issues surrounding the use of in-cylinder
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pressure directly to determine the start of combustion. The results shown
in this paper demonstrate the utility of this technique by examining 4000
consecutive cycles at 3 different engine loads: full, three quarter and half
loads. At half load the ignition delay was much longer than at the higher
loads and the inter-cycle variability was greatly increased when compared to
the higher loads.

The Bayesian modelling method shown in this paper for determining the
start of combustion uses in-cylinder pressure. In-cylinder pressure methods
are optimal because they are inexpensive, when compared to optical sensors;
also, using a measured engine parameter that is directly related to the engine
work for a study into ignition delay makes intuitive sense. Moreover, this is
the only in-cylinder pressure technique currently available for determining
ignition delay that does not involve differentiation. Differentiating noisy
data decreases the signal-to-noise ratio and therefore complicates sensitive
analysis such as this. Further, Bayesian modelling requires only a small
number of data points to be effective and is not adversely effected by noise.
Therefore, the methodology shown in this paper for determining the start of
combustion can be used to accurately resolve the ignition delay for individual
cycles, which is important if inter-cycle variability studies are required.
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