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Abstrat

The Jarzynski Equality and the Crooks Flutuation Theorem enable the alulation of the hange

in a system's free energy from nonequilibrium path integrals. These relations onsider proesses

where the system is driven out of equilibrium by a mehanial external agent while remaining in

ontat with a thermal reservoir at a �xed temperature. We generalise these relations to desribe

proesses driven by any type of external agent, be it thermal or mehanial. Attention is given to

the ase of a system, initially in equilibrium, that is driven through a temperature hange by a heat

reservoir. The results are ast in a form appliable to experiments.
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The Jarzynski equality (JE) [1, 2℄, the Crooks �utuation theorem (CFT) [3, 4℄ and

the Evans-Searles �utuation theorem [5�7℄ are important new results in nonequilibrium

statistial mehanis. To obtain experimentally appliable forms of these theorems whih are

valid arbitrarily far from equilibrium, it is neessary to introdue a thermal reservoir that is

large and remote enough from the system of interest, to e�etively remain in equilibrium. To

this end models involving syntheti thermostats, whih only at on partiles in the reservoir,

have been developed [7�9℄. The system of interest annot possibly �know� the details of how

the thermostat operates due to its remoteness from the system of interest. The details of

the syntheti thermostat are then irrelevant to the �nal result [8℄. This approah works well

for mehanially driven systems in ontat with a �xed temperature reservoir. However,

matters are more ompliated if we wish to onsider a realisti model of a system that is

driven away from equilibrium by a reservoir whose temperature is hanging, e.g. see [10℄.

Here we address this issue by onsidering a system of interest, ontaining some very slowly

relaxing onstituents suh as soft matter or pith [11℄, in ontat with a rapidly relaxing

reservoir. The reservoir may be formed from a opper blok or another highly thermally

ondutive material. Changing the temperature of the reservoir (say with a thermostati-

ally ontrolled heat exhanger) then drives the system of interest out of equilibrium. The

hange in temperature is slow enough that the reservoir may be treated to high auray,

as undergoing a quasistati temperature hange. The slowly relaxing system of interest is

far from equilibrium. We develop generalised versions of the CFT and the JE applied to

this system. Importantly the quantities that appear in our theory are physially measurable

variables.

We �rst state the CFT and the JE for the anonial ensemble. The thermody-

nami potential is the Helmholtz free energy, A, whih is related to the phase spae

Γ = (q1, ..qN ,p1, ..pN) integral of the negative exponential of the Hamiltonian H0(Γ), of

the system [12℄ ,

A(λ) = −kBT ln Z(λ)

= −kBT ln

(
∫

dΓ exp (−βH0(Γ, λ))

)

. (1)

In this equation kB is Boltzmann's onstant, T is the absolute temperature and β = 1/(kBT ).

The funtional form of the system's Hamiltonian may vary parametrially, over the period
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0 < t < τ , i.e. H0(Γ, λ(t)) =
∑N

i=1 pi · pi + Φ(q, λ(t)) where Φ is the interpartile potential

and the system is initially at equilibrium and λ = λ0. The system may also be driven by

an external dissipative �eld [13�15℄. For t > τ the Hamiltonian's parametri dependene

is �xed at H0(Γ, λτ ) and the external �eld is turned o�. Over the times 0 < t ≦ τ , the

ensemble is driven away from equilibrium, and if the transformation is halted at t = τ , the

system will eventually relax to a new equilibrium state. The work done on the system as a

funtion of time, for a given phase spae trajetory is

∆Wt = HE(Γ(t), λ(t)) − HE(Γ(0), λ(0)) − kBT

∫ t

0

ds Λ(Γ(s)) (2)

where usually HE = H0 (but not in the ase of Nosé-Hoover dynamis [16℄, as detailed

below), Λ = ∂/∂Γ · Γ̇ is the phase spae ompression fator, determined from the equations

of motion [7, 17℄ and (2) redues to Ẇt = λ̇ ∂H0(Γ(t), λ(t))/∂λ when the external agent is

purely parametri [15℄. The CFT is then given as

Pf (∆Wτ = B)

Pr(∆Wτ = −B)
= exp [−β (∆A − B)] (3)

where ∆A = A(λτ )−A(λ0), Pf is the probability density of observing ∆Wτ = B in a forward

trajetory starting from the initial equilibrium given by λ = λ0 and Pr is the probability

density for observing Wτ = −B in a reverse trajetory but starting from the equilibrium

given by λ = λτ . From the CFT it is trivial to obtain the JE (e.g. Ref. [4, 18℄) whih is,

〈exp (−β∆Wτ )〉 = exp (−β∆A) . (4)

We now onsider a muh more general ase for the nonequilibrium free energy theorems

(3) & (4). We onsider two losed N -partile systems: 1, 2. These systems may have the

same or di�erent Hamiltonians; it does not matter. They may have the same or di�erent

temperatures or volumes; again it does not matter. We also do not are what ensemble the

systems are in: miroanonial, anonial or isothermal isobari, et. We de�ne a generalised

dimensionless �work� ∆Xτ (Γ
′; 0, τ), for a trajetory of duration τ , as [19℄

exp[∆Xτ (Γ
′)] ≡

P1(Γ
′

0, δΓ
′

0)Z(λ1)

P2(Γ′

τ , δΓ
′

τ )Z(λ2)

=
f1(Γ

′

0)δΓ
′

0 Z(λ1)

f2(Γ′

τ )δΓ
′

τ Z(λ2)
(5)
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where Z(λi) is the partition funtion for system i and Γ′ is the extended phase spae vetor

whih inludes the phase spae vetor Γ and may inlude additional dynamial variables suh

as the volume or those assoiated with the thermostat. If the dynamis is deterministi,

a phase spae trajetory evolves an initial phase vetor Γ′

0 at t = 0 to Γ′

τ at t = τ [20℄.

If the system is anonially distributed then Z(λi) is as given in (1). For other ensembles

the partition funtions are well known. In (5) Pi(Γ
′, δΓ′) = fi(Γ

′)δΓ′ is the probability of

observing the in�nitesimal phase volume δΓ′, entred on the phase vetor Γ′, aording to

the initial equilibrium distribution funtion, fi. Although the signi�ane of the variable

X might seem obsure at this point, we will show that for partiular hoies of dynamis

and ensemble, it is related to important physial properties. We identify ‖∂Γ′

τ/∂Γ′

0‖ as the

Jaobian and note that
∥

∥

∥

∥

∂Γ′

τ

∂Γ′

0

∥

∥

∥

∥

=
δΓ′

τ

δΓ′

0

=
f(Γ′(0), 0)

f(Γ′(t), t)
(6)

due to onservation of the number of ensemble members with respet to time. Sine the

distribution funtion is normalized,
∫

dΓ′ f(Γ′) = 1, using (5) and the �rst equality in (6)

it is obvious that:

〈exp(−∆Xτ )〉1 =

∫

dΓ′

0f1(Γ
′

0)
f2(Γ

′

τ )δΓ
′

τ Z(λ2)

f1(Γ′

0)δΓ
′

0 Z(λ1)

=
Z(λ2)

Z(λ1)
(7)

where the brakets 〈. . .〉1 denote an equilibrium ensemble average over the initial (i.e. f1(Γ
′))

distribution. This relationship is very general [19℄. It relates the ensemble average of the

exponential of a nonequilibrium path integral to equilibrium thermodynami free energy

di�erenes. The paths do not need to be quasistati paths as in traditional thermodynamis.

In ommon with (3) & (4) other nonequilibrium (even dissipative) proesses an be arried

out during the period 0 < t < τ . It is also a simple matter to prove the following generalised

CFT,

Pf (∆Xτ = B)

Pr (∆Xτ = −B)
=

Z(λ2)

Z(λ1)
exp(B). (8)

Equations (7) & (8) an be applied to thermal and mehanial hanges.

To enable further development we now introdue the equations of motion for our model.

We onsider thermostatted dynamis with the thermostat only ating on the remote equi-

librium reservoir as disussed in the introdution. Although other equations of motion, suh
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as Gaussian or onstant pressure Nosé-Hoover [9℄ ould just as easily be used to the same

e�et, we will onentrate on the Nosé-Hoover equations of motion [16℄ for the anonial

ensemble,

q̇i =
pi

mi

ṗi = Fi − Siαpi

α̇ =

(

∑N

i=1 Si
pi·pi

mi

dNRkBT
− 1

)

1

τ 2
α

, (9)

where Si is a swith that is set to unity for partiles in the reservoir that the thermostat

ats upon and zero otherwise, d is the Cartesian dimension, τα is the Nosé-Hoover time

onstant and NR =
∑N

i=0 Si. For (9) the extended Hamiltonian is HE = H0 + d
2
NRkBTα2τ 2

α

and the extended phase spae of the system is Γ′ = (Γ, α). The Liouville equation states:

df/dt = −Λf [17℄ and using (9) it is easy to show that, kBTΛ = −dNR kBTα ≡ Q̇, where

Q̇ is the rate of inrease in HE due to thermostatting alone. The equilibrium distribution

funtion for this system is easily shown to be

feq(Γ, λi, α) =
τα

√

dNR/(2π)

Z(λi)
exp(−βHE(Γ, λi, α)) (10)

where Z(λi) is given in (1). The streaming solution of the Liouville equation is,

f(Γ(0), α(0), 0)

f(Γ(t), α(t), t)
= exp[

∫ τ

0

dt β(t)Q̇(Γ(t), α(t))], (11)

whih is valid for both equilibrium and nonequilibrium proesses, see [7, 15, 17℄ for details.

Now we onsider the speial ase of transformations using thermostatted dynamis be-

tween anonial equilibrium states with the same temperature. Using (10) for the equilib-

rium distributions feq(Γ, λi, α), along with (5), (6) & (11) one sees that ∆Xτ/β is the total

energy hange in the system's Hamiltonian HE minus the energy (i.e. the heat) gained by

the system from the thermostat (usually a negative quantity), ∆Q(Γ; 0, τ) =
∫ τ

0
dt Q̇(Γ′(t)):

∆Xτ (Γ; 0, τ) = β (HE(Γ′(t)) − HE(Γ′(0)) − β∆Q(Γ; 0, τ)

= β∆Wτ (Γ; 0, τ). (12)

The �nal equality an be obtained by onsideration of the First Law of Thermodynamis that

states that the total energy hange is the sum of ontributions from both the heat and the

work. Equation (12) shows that in this ase (thermostatted dynamis with anonial initial
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and �nal distributions), ∆Xτ is just the work performed on the system in the transformation

multiplied by β: ∆Xτ (Γ; 0, τ) = β∆Wτ (Γ; 0, τ) as an readily be seen by referring to (2)

[2, 13�15, 18, 19℄. Equation (7) then redues to the well known JE (4) and equation (8)

redues to the CFT (3). The same result is obtained for the anonial distribution when the

dynamis are either thermostatted by a Gaussian thermostat or the dynamis are adiabati

(i.e. unthermostatted). For other ensembles and transformations (7) does not neessarily

refer to a work (see [10, 19, 21℄).

In deriving (7) & (8) it is assumed that every point in the initial distribution f1, whih

ours with �nite probability at time t = 0, must evolve to a point at time t = τ whih

ours with �nite probability in the distribution f2 and vie versa for the reverse trajetories

whih are used to ompute Pr in (8), i.e. f1(Γ
′

0) 6= 0 and f2(Γ
′

τ ) 6= 0. This requirement is a

form of ergodi onsisteny [7, 15, 17℄. For the forward trajetories the system must initially

be in the equilibrium state given by f1 at time t = 0 but at time t = τ the state need not be

given by f2. The onverse holds for the reverse trajetories whih must initially sample the

equilibrium state given by f2 at time t = 0 but need not be in state f1 at time t = τ . In the

ase of the JE (4), if at the end of the protool t = τ , the system is not in equilibrium, it

does not matter. Any subsequent relaxation proesses will have no e�et on the work and

an only a�et the heat. Furthermore at the end of the protool the system annot �know�

how long that �nal relaxation proess takes or even if the �nal relaxation is so slow that

e�etively this relaxation never ours [22℄. Analogous statements hold for (7), with ∆X

being de�ned in terms of the ratio of partition funtions of the two the equilibrium states

regardless of the relaxation that takes plae after the protool has eased (t > τ).

A neessary ondition for (7) or (8) to onverge is that in the ensemble averaging proess

the time reversed path of the most probable path, must be observed. If the averaging proess

is not su�iently exhaustive for these possibly extremely rare events to be observed, (7) &

(8) will give inorret results. This observation has an immediate impat on the alulation

of free energy di�erenes in the thermodynami limit. This di�erene must be alulated

in �nite systems for a series of system sizes and then extrapolation must be employed to

obtain the thermodynami limit.

We now onsider applying (7) to an example of a thermal rather than a mehanial

proess. Consider a system of N partiles whose temperature is hanged from T1 to T2. We

do not hange the Hamiltonian during this proess. For simpliity we onsider a anonial
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ensemble for the two equilibrium states (10), and use the equations of motion (9). The

temperature dependene of the reservoir is ahieved by making the Nose-Hoover target

temperature T (9) a time dependent variable T (t),

α̇ =

(

∑N

i=1 Si
pi·pi

mi

dNRkBT (t)
− 1

)

1

τ 2
α

. (13)

The hange in temperature is slow enough that the reservoir may be treated as hanging

quasistatially, at the target temperature T (t) while the slowly relaxing system of interest

is driven out of equilibrium, i.e. it hanges irreversibly. Of ourse if one is just interested in

the syntheti dynamis this restrition may be lifted and the temperature an be hanged

at arbitrary rate. Either way the system of interest will approah the temperature T2 in

the long time limit t/τ → ∞. We use (5) with f1 and f2 given by (10) at the two di�erent

temperatures to obtain

∆Xτ (Γ
′; 0, τ) =

∫ τ

0

ds Ẋ(Γ′(s))

= β2HE(Γ′(τ)) − β1HE(Γ′(0))

−

∫ τ

0

dt β(t)Q̇(Γ′(t)), (14)

where β(t) = 1/kBT (t) is the inverse target temperature and Ẋ(Γ′(t)) is the generalized

�power�. Now if we take the derivative of the extended Hamiltonian while the temperature

is hanging, but with no other external agent ating on the system, we obtain using (9),

d

dt
HE(Γ′(t)) = Q̇(Γ′(t)) +

d

2
NRkBṪα2τ 2

α. (15)

We then obtain

d

dt
β(t)HE(Γ′(t)) = −β(t)

[

H0(Γ(t))
Ṫ (t)

T (t)
− Q̇(Γ′(t))

]

(16)

and the generalized �power� for a hange in the target temperature with time is,

Ẋ(Γ(t)) = β̇(s)H0(Γ(t), λ(t)). (17)

Note that (17) only depends upon Γ and not the thermostat multiplier α. Equation (7) then

beomes
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〈

exp

(

−

∫ τ

0

ds β̇(s)H0(Γ(s))

)〉

1

=
Z(2)

Z(1)

= exp[−β2A2 + β1A1] (18)

where Ai is the equilibrium Helmholtz free energy of ensemble i. One an see that this

equation is onsistent with thermodynamis beause in the quasistati limit, equilibrium

thermodynamis gives us the relation,

β̇(t) 〈H0(Γ(t))〉eq = Ṫ
d

dT
β(t)A(t). (19)

The Hamiltonian of the total system may be split in parts representing the system of

interest, Hsi, the reservoir Hr and the interation between the reservoir partiles and the

system of interest partiles Hsir, giving H0(Γ) = Hsi(Γsi) + Hr(Γr) + Hsir(Γ). Here Γsi is

the phase spae vetor for all the partiles in the system of interest, Γr is for all the partiles

in the reservoir. Now by onstrution we have set up our system suh that the hanges to

〈Hr〉 and 〈Hsir〉 are quasistati. This allows us to take the ontributions of these parts of

the Hamiltonian through the average appearing in (18),

〈

exp

(

−

∫ τ

0

ds β̇(s)Hsi(Γsi)

)〉

1

×

exp

(

−

∫ τ

0

ds β̇(s) 〈Hr + Hsir〉eq

)

= exp [β1A1 − β2A2] (20)

and obtain,
〈

exp
(

−
∫ τ

0
ds β̇(s)Hsi(Γsi)

)〉

1

= exp [β1Asi,1 − β2Asi,2] ,
(21)

where β and T are given by the temperature of the reservoir, and

β2Asi,2 − β1Asi,1 =

∫ τ

0

ds β̇(s) 〈Hsi(λ(s))〉eq . (22)

For temperature hanges at �nite rates, the thermodynami temperature of the system of

interest annot be de�ned and the kineti temperature of the system of interest may not

be equal to the temperature of the thermal reservoir. Nonetheless (21) an still be used to

ompute hanges in the free energy of the system of interest as spei�ed by (22) beause the

reservoir is being hanged approximately quasistatially.
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From the above, one observes that the funtion appearing in the quasistati thermody-

nami path integral (22) is the same as that whih appears in the nonequilibrium free energy

relation. One ould onjeture that any orret mirosopi expression for the thermody-

nami path integral derived using lassial thermodynamis would yield a orret Nonequi-

librium Free Energy Relation, for some protool. All that is required is su�ient ingenuity

to design a protool onsistent with the mirosopi expression for the generalized work. To

be absolutely sure that your mirosopi expression and protool are onsistent one should

simply hek that when substituted into (5) that the protool generates the required gener-

alized �work�. However if the Nonequilibrium Free Energy Relation is to be used beyond the

synthetially thermostatted dynamis are is required. It must be ensured that the system

is ontrolled by a thermal reservoir whih remains in equilibrium.

If one onstruts an algorithm (9) & (13) to aomplish some thermal transformation

(N1, V1, T1) → (N1, V1, T2) then (5) gives a preise mirosopi form for the generalized

�work� appearing in the lassial thermodynami path integral for the free energy hange.

Although the quasistati path integral expression is unique, the nonequilibrium expression

is ertainly not. This is beause there are in�nitely many protools that aomplish the

required hange. Nonetheless eah of these expressions give idential values for the free

energy di�erene.

We thank the Australian Researh Counil for supporting this work.

[1℄ C. Jarzynski, Phys. Rev. Lett. 78, 2690 (1997).

[2℄ C. Jarzynski, Phys. Rev. E 56, 5018 (1997).

[3℄ G. E. Crooks, J. Stat. Phys. 90, 1481 (1998).

[4℄ G. E. Crooks, Phys. Rev. E 60, 2721 (1999).

[5℄ D. J. Evans, E. G. D. Cohen, and G. P. Morriss, Phys. Rev. Lett. 71, 2401 (1993).

[6℄ D. J. Evans and D. J. Searles, Phys. Rev. E 50, 1645 (1994).

[7℄ D. J. Evans and D. J. Searles, Adv. Phys. 51, 1529 (2002).

[8℄ S. R. Williams, D. J. Searles, and D. J. Evans, Phys. Rev. E 70, 066113 (2004).

[9℄ S. R. Williams, D. J. Searles, and D. J. Evans, Mol. Phys. 105, 1059 (2007).

[10℄ R. Chelli, S. Marsili, A. Bardui, and P. Proai, Phys. Rev. E 75, 050101(R) (2007).

9



[11℄ R. Edgeworth, B. J. Dalton, and T. Parnell, Eur. J. Phys. 5, 198 (1984).

[12℄ We assume that the system's entre of mass motion is zero.

[13℄ S. R. Williams, D. J. Evans, and E. Mittag, C. R. Phys. 8, 620 (2007).

[14℄ C. Jarzynski, C. R. Phys. 8, 495 (2007).

[15℄ E. Sevik, R. Prabhakar, S. R. Williams, and D. J. Searles, Annu. Rev. Phys. Chem. 59, 603

(2008).

[16℄ W. G. Hoover, Phys. Rev. A 31, 1695 (1985).

[17℄ D. J. Evans and G. P. Morriss, Statistial Mehanis of Nonequilibrium Liquids (Aademi,

London, 1990).

[18℄ D. J. Evans, Mol. Phys. 101, 1551 (2003).

[19℄ J. C. Reid, E. M. Sevik, and D. J. Evans, Europhys. Lett. 72, 726 (2005).

[20℄ It is trivial to extend this equation to the stohasti ase - see ref. [19℄.

[21℄ It may be tempting to try an arbitrary expression for ∆W in the JE. In general this would

be erroneous. ∆W , and more generally ∆X, are well de�ned, depending on the ensemble &

dynamis.

[22℄ S. R. Williams, D. J. Searles, and D. J. Evans (2008), in preparation.

10


