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Abstract

A sinh transformation has recently been proposed to improvethe numerical accuracy of eval-

uating nearly singular integrals using Gauss-Legendre quadrature. It was shown that the trans-

formation could improve the accuracy of evaluating such integrals, which arise in the boundary

element method, by several orders of magnitude. Here, this transformation is extended in an iter-

ative fashion to allow the accurate evaluation of similar types of integrals which have more spiked

integrands.

Results show that one iteration of this sinh transformationis preferred for nearly weakly sin-

gular integrals, whereas two iterations lead to several orders of magnitude improvement in the

evaluation of nearly strongly singular integrals. The sameobservation applies when considering

integrals of derivatives of the two-dimensional boundary element kernel. However, for these inte-

grals, more iterations are required as the distance from thesource point to the boundary element

decreases.

Keywords: non-linear co-ordinate transformation; boundary elementmethod; nearly singular inte-

grals; numerical integration; sinh function
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1 Introduction

Implementation of the boundary element method requires theaccurate numerical evaluation of inte-

grals of the form

I =

∫

1

−1

g(x)f((x − a0)
2 + b2

0) dx (1)

where it is assumed that−1 < a0 < 1 and0 < b0 ≪ 1. The functionf is assumed to have some

singularity (i.e. pole or branch point) when its argument iszero, that is,f has singularities at points

z0 and z̄0 wherez0 = a0 + ib0. Although the integralI is not singular, since we are assuming that

0 < b0 << 1, it is said to be a “nearly singular” integral. The functiong is assumed to be “well

behaved”. Here, three particular forms of the functionf will be considered; say

f1(r) = ln r, f2(r) =
1

r
, f3(r) =

1

rλ
(2)

wherer2 = (x − a0)
2 + b2

0 andλ > 0 is not necessarily an integer.

Numerical evaluation of integrals of the above forms has received considerable attention over

many years [1, 2, 3, 4, 5, 6, 7]. These studies are all based on Gauss-Legendre quadrature but either

use a polynomial transformation of the Gauss-Legendre integration points or split the interval of

integration at the “nearly singular point”,a0, and apply transformations in each subinterval.

Recently a transformation, based on the sinh function, was introduced to evaluate nearly singular

integrals [8]. One advantage of this new transformation is that it automatically incorporates the posi-

tion of the nearly singular pointa0 into the transformation, as well as the distanceb0 from the source

point to the element. It was also demonstrated that the sinh transformation provided a significant im-

provement over the untransformed use of Gauss-Legendre quadrature and could be applied to a wide

variety of problems.

It was also mentioned in [8] that the sinh transformation performed better on “nearly weakly

singular integrals” than it did with “nearly strongly singular integrals”. In the context of this pa-

per, a “nearly weakly/strongly singular integral” is defined as an integral which would in fact be
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weakly/strongly singular if the source point was on the element over which the integration was being

performed. These integrals are characterised by integrands which are continuous over the range of

integration, but which exhibit a high narrow spike around the nearly singular pointa0.

With the above considerations in mind, this paper introduces an iterated sinh transformation which

is applicable to nearly strongly singular integrals. It is shown that the iterated sinh transformation

can further reduce relative errors in the numerical evaluation of nearly strongly singular integrals by

several orders of magnitude.

In the next section the iterated sinh transformation is introduced and several of its properties

discussed. Section 3 then considers several examples wherezero, one and two iterations of the sinh

transformation are used, as well as two existing transformations, and compares their relative errors.

Finally, Section 4 makes some recommendations as to the use of the iterated sinh transformation.

2 The Iterated Sinh Transformation

For the integralI of (1) the sinh transformation has been defined previously [8] as

x = a0 + b0 sinh(µ0u − η0). (3)

It then follows that

dx = b0µ0 cosh(µ0u − η0) du (4)

and

(x − a0)
2 + b2

0 = b2
0 cosh2(µ0u − η0). (5)

Upon choosing

µ0 =
1

2

{

arcsinh

(

1 + a0

b0

)

+ arcsinh

(

1 − a0

b0

)}

(6)

and

η0 =
1

2

{

arcsinh

(

1 + a0

b0

)

− arcsinh

(

1 − a0

b0

)}

(7)
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it turns out that−1 ≤ x ≤ 1 maps into−1 ≤ u ≤ 1 so that, from (1),

I = b0µ0

∫

1

−1

g(x(u)) cosh(µ0u − η0) f(b2

0 cosh2(µ0u − η0)) du. (8)

For appropriate forms of the functionf the integrand will have singularities where

cosh(µ0u − η0) = 0. (9)

In the complex plane there are an infinite number of solutionsof this equation, but the nearest singu-

larities to the interval(−1, 1) are atz1 andz̄1 say, where

z1 := a1 + ib1 (10)

with

a1 =
η0

µ0

and b1 =
π

2µ0

. (11)

It has been shown [9, Theorem 3.4] that the pointsz1 and z̄1 are “further away” from the interval

(−1, 1) than are the original pointsz0 and z̄0 so that applying the samen-point Gauss-Legendre

quadrature rule is likely to lead to smaller truncation errors than for the original integral.

It would therefore appear reasonable to apply this approachagain and define an iterated sinh

transformation by letting

u = a1 + b1 sinh(µ1v − η1), (12)

where

µ1 =
1

2

{

arcsinh

(

1 + a1

b1

)

+ arcsinh

(

1 − a1

b1

)}

(13)

and

η1 =
1

2

{

arcsinh

(

1 + a1

b1

)

− arcsinh

(

1 − a1

b1

)}

. (14)

The Jacobian of this transformation is now

du = b1µ1 cosh(µ1v − η1) dv (15)
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and, from (8), the integralI becomes

I =
πb0µ1

2

∫

1

−1

g(x(u(v))) cosh(µ1v−η1) cosh(π sinh(µ1v−η1)/2)f(b2

0 cosh2(π sinh(µ1v−η1)/2) dv,

(16)

since, from (11),µ0a1 − η0 = 0 andµ0b1 = π/2. The singularities of appropriate forms of the

functionf will now be even further removed from the interval of integration (−1, 1) than before, so

thatn-point Gauss-Legendre quadrature should be even better.

The idea behind a transformation technique for evaluating nearly singular integrals is to shift the

integration points to regions where the integrand exhibitsa spike. As discussed previously in [8],

the sinh transformation automatically accounts for the nearly singular point and its distance from

the interval of integration. Figure 1 shows the effect the transformations (3) and (12) have on the

original Gauss-Legendre nodes points (Iteration 0) witha0 = 0.25 andb0 = 0.01, for 20 integration

points. Such a transformation would be applicable when the function f has a near singularity at

x = 0.25. Notice that the original Gauss-Legendre quadrature points are clustered towards the ends

of the interval of integration and there are few near the point of interest atx = 0.25. It can be seen that

the first iteration (Iteration 1) clusters the integration points around the nearly singular point. A second

iteration of the transformation clusters the integration points even more strongly aroundx = 0.25.

Hence, for an integral which is nearly strongly singular, itwould be expected that the second iteration

of the sinh transformation would more accurately evaluate the integral but, as we shall see in Section

3, this is not always the case.

3 Results and Discussion

To demonstrate the accuracy of the above transformations, several example integrals will be evaluated.

The numerical values obtained will be compared to exact values in terms of the relative error defined
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by

Relative Error =
|Inumerical − Iexact|

|Iexact|
, (17)

whereInumerical is the value obtained for the integral using the indicated numerical method andIexact

is the exact value of the integral. The integrals in subsections§3.1 and§3.2 can be obtained analyt-

ically using the tables of integrals [10, 11]. Their values are given in Table 1. “Exact” values for

the examples in subsection§3.3 were obtained numerically using thequadl routine in MATLAB to a

tolerance of10−15.

Results are also compared with the transformation methods of Telles and Oliveira [2] and of Ma

and Kamiya [7]. Comparisons are made with the Telles and Oliveira transformation only for the

integrals withln r, r−1, r−2 andr−3 type kernels as these were the integrals for which the original

transformation was designed. Also, comparisons are made only for b0 = 0.1 andb0 = 0.01 since pa-

rameter values used in the transformation are available only for these distances. In comparisons with

the transformation of Ma and Kamiya, it should be noted that this transformation splits the interval

of integration into two subintervals at the pointa0, so in order to achieve a fair comparison in terms

of computational load, only half the indicated number of nodes are used in each subinterval, giving

the same total number of function evaluations for all methods. However, in Table 2, when 15 and

25 integration points are used for the Telles and Oliveira and iterated sinh transformations, 8 and 13

integration points, respectively, were used on each subinterval in the Ma and Kamiya transformation

so that in both cases there is an additional function evaluation.

3.1 Nearly Weakly Singular Integrals

Consider the numerical evaluation of the integrals

I1 =

∫ 1

−1

(1 − x2) ln

(

(x −
1

4
)2 + b2

0

)

dx (18)
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and

I2 =

∫ 1

−1

1 − x2

√

(x − 1

4
)2 + b2

0

dx (19)

The integralI1 is nearly weakly singular in the sense of the definition givenin Section 1. However,

although the integralI2 with b0 = 0 is actually a Hadamard finite-part integral, in this contextit will

be considered to be nearly weakly singular in the sense that the transformation (3) removes the nearly

singular, or spiked, behaviour of the integrand.

The integralI1 represents an integral over a straight boundary element with the logarithmic kernel

and a basis functiong(x) = 1 − x2. The nearly singular point is atx = 1

4
and the distance from

the source point to the element is given byb0. The integralI2 also represents integration over a

straight element, this time with a1
r

type integrand and the same basis function. This integral has been

considered previously in [8].

Table 2 shows the relative errors for numerical evaluation of the integralI1 with the nearly sin-

gular point atx = 1

4
for various values ofb0 and various numbers of integration points,n. It can be

seen from the table that in all cases one iteration of the transformation leads to a considerable im-

provement of the accuracy of the numerical calculation overusing straightforward Gauss-Legendre

quadrature (no iterations). Also, the transformations of Telles and Oliveira and Ma and Kamiya are

an improvement over standard Gauss–Legendre quadrature, but are not as accurate as one iteration of

the sinh transformation. For the largestb0 value considered, the Telles and Oliveira transformation is

more accurate than the Ma and Kamiya transformation.

Note that in most cases a second iteration of the transformation yields less accurate results, espe-

cially at smallb0 values. One possible explanation is that the second iteration unnecessarily pushes too

many integration points towards the nearly singular point,resulting in insufficient evaluation of the

integrand away from this point. From another point of view, one iteration of the sinh transformation
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results in the integral

I1 = 2b0µ0

∫

1

−1

(1 − x2(u)) cosh(µ0u − η0) ln(b0 cosh(µ0u − η0)) du (20)

whereµ0 andη0 are given by (6) and (7), respectively, witha0 = 1

4
. The integral now contains an

integrand which has had its spike removed. In this case, one iteration of the sinh transformation is

sufficient.

Table 3 shows similar results for the integralI2. Again, two iterations of the sinh transformation

generally lead to inferior results. The reason here is that one iteration of the sinh transformation

results in the integral

I2 = µ0

∫

1

−1

(1 − x2(u)) du (21)

for which the integrand contains no spike. Again, one iteration of the sinh transformation is sufficient.

3.2 Nearly Strongly Singular Integrals

Consider the numerical evaluation of the integrals

I3 =

∫ 1

−1

1 − x2

(x − 1

4
)2 + b2

0

dx, (22)

I4 =

∫

1

−1

1 − x2

(

(x − 1

4
)2 + b2

0

)
3

2

dx, (23)

and

I5 =

∫ 1

−1

1 − x2

(

(x − 1

4
)2 + b2

0

)2
dx. (24)

These examples are more difficult to evaluate accurately numerically than those of the previous sec-

tion in that the near singularity cannot be removed by the transformation. Also, the spike in the

integrand is considerably narrower and higher than in the previous examples, suggesting that more

integration points should be clustered around the nearly singular point.
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Table 4 shows the relative errors for the numerical evaluation of the integralI3 with the nearly

singular point atx = 1

4
and various values ofb0. This table shows that whilst one iteration of the

sinh transformation remarkably improves the numerical evaluation of the integral (by several orders

of magnitude in many cases), a second iteration improves thenumerical evaluation again (also by

several orders of magnitude). The improvement is often moredramatic at smaller values ofb0. Also

at smallb0 values the transformation of Ma and Kamiya is generally superior to one iteration of the

sinh transformation.

Similar results are shown in Tables 5 and 6 for the numerical evaluation of the integralsI4 andI5,

respectively. In both cases applications of one and two iterations of the sinh transformation lead to

similar levels of improvement to that shown for the numerical evaluation of the integralI3.

3.3 Boundary Element Derivative Examples

Finally, consider the integrals of derivatives of the logarithmic boundary element kernel

I6 =

∫

Γe

g

r

∂r

∂x
dΓ, (25)

and

I7 =

∫

Γe

g
∂

∂x

(

1

r

∂r

∂x

)

dΓ, (26)

whereΓe is the arc of a unit circle subtending an angle of 10◦ andr2 = (x − x0)
2 + (y − y0)

2 with

(x0, y0) being the coordinate of the source point and(x, y) the coordinates of general points along the

elementΓe. The integrals are transformed so that they are mapped onto the interval[−1, 1] in terms of

some intrinsic coordinateξ along the element. After the transformation,r becomes
√

(ξ − a)2 + b2

wherea is the position of the nearly singular point andb the distance to the element. Using the

quadratic basis functiong(ξ) = 1 − ξ2, the integrals become (using the ideas described in [8])

I6 =

∫ 1

−1

(1 − ξ2)(ξ − a)

(ξ − a)2 + b2

√

4
(

cos
π

36
− 1

)2

ξ2 + sin2
π

36
dξ (27)
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and

I7 =

∫ 1

−1

(1 − ξ2)(b2 − (ξ − a)2)

((ξ − a)2 + b2)2

√

4
(

cos
π

36
− 1

)2

ξ2 + sin2
π

36
dξ. (28)

Accurate evaluation of these integrals requires a larger number of integration points (even with the

transformations) due to the oscillations present in the integrands.

Figure 2 shows the relative errors for the evaluation of the integralI6 using 40 integration points

for a = 0.2 and various values ofb. It can be seen that at the smallest values ofb, two iterations of the

sinh transformation produce an order of magnitude improvement over one iteration. At intermediate

values ofb, say0.005 ≤ b ≤ 0.05, both one and two iterations give similar results, so in thisregion

one iteration would be sufficient. Forb ≥ 0.05, the sinh transformation is not required at all. This

example indicates that more transformations should be taken as the value ofb decreases. For all but

the largest values ofb, both one and two iterations of the sinh transformation givesuperior results

compared to the transformation of Ma and Kamiya, which in turn is a significant improvement over

standard Gauss–Legendre quadrature.

Similar observations can be made for the evaluation of the integralI7, as seen in Figure 3. Again,

40 integration points are used witha = 0.2 and various values ofb. Here, there is a much larger

region ofb values for which two iterations are superior to one iteration. A possible explanation is that

the integrand inI7 has one more oscillation than the integrand inI6. For intermediate values ofb, one

iteration of the transformation is clearly sufficient and again for b ≥ 0.05, no iterations are required.

4 Conclusions

Here an extension of a previously published sinh transformation [8], to evaluate nearly singular

boundary element integrals, has been introduced. The extension involves using the sinh transfor-

mation in an iterative fashion. Examples considered show the effects of zero, one and two iterations

and these are compared to other existing transformations.
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The examples considered above show that for nearly weakly singular integrals one iteration of the

transformation is superior to no iterations and that two iterations are unwarranted. A possible reason

for this is that one iteration applied to a nearly weakly singular integral removes the near singularity,

or spike, from the integrand making numerical evaluation ofthe integral much more accurate.

A second iteration of the transformation becomes superior when considering nearly strongly sin-

gular integrals. Here, the additional iteration of the transformation leads to several orders of magni-

tude improvement in the evaluation of the integrals considered. It could be postulated that the second

iteration of the sinh transformation also removes the spikefrom the integrand. Further, more strongly

singular integrals could be evaluated more accurately withfurther iterations of the sinh transforma-

tion.

The final examples show that firstly, more integration pointsare required when considering deriva-

tives of the logarithmic kernel in the boundary element method, which is due to the oscillatory nature

of the integrand, and secondly, that the number of iterations is more closely related to the distance

from the source point to the elementb than the height of the spike caused by the near singularity. In

other words, there is a range of values ofb where no iteration is required, another where one iteration

would suffice and others where more iterations are required.

Finally, it has been shown previously in [8] that splitting the interval of integration at the nearly

singular point can improve the accuracy of the numerical evaluation of the integral. This was not

considered here, but it would be expected that a combinationof splitting the integral and iterations of

the sinh transformation would further improve the accuracy.
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Figure and Table Captions

Figure 1: Effects of zero, one and two iterations of the sinh transformation on the Gauss-Legendre

quadrature points witha0 = 0.25 andb0 = 0.01, for 20 integration points. The two horizontal lines

indicate how the integration points are clustered around the nearly singular point atx = 0.25.

Figure 2: Relative errors for the numerical evaluation of the integral I6 as a function of distance from

the source point to the element,b, using various numbers of iterations of the sinh transformation as

well as the transformation of Ma and Kamiya [7] witha = 0.2. Here 40 Gauss-Legendre quadrature

points were used in each of the sinh transformation iterations and 20 Gauss-Legendre quadrature

points were used in each half of the Ma and Kamiya transformation.

Figure 3: Relative errors for the numerical evaluation of the integral I7 as a function of distance from

the source point to the element,b, using various numbers of iterations of the sinh transformation as

well as the transformation of Ma and Kamiya [7] witha = 0.2. Here 40 Gauss-Legendre quadrature

points were used in each of the sinh transformation iterations and 20 Gauss-Legendre quadrature

points were used in each half of the Ma and Kamiya transformation.

Table 1: Exact values of the integralsIj , for j = 1, . . . , 5, for different distances from the source

point to the element,b0.

Table 2: Relative errors for the evaluation of the integralI1 using the Telles and Oliveira self-adaptive

transformation [2], the Ma and Kamiya transformation [7] and zero, one and two iterations of the sinh

transformation. The integral is evaluated at different distances from the source point to the element,

b0, and for different numbers of integration points,n.

Table 3: Relative errors for the evaluation of the integralI2 using the Telles and Oliveira self-adaptive

transformation [2], the Ma and Kamiya transformation [7] and zero, one and two iterations of the sinh

transformation. The format is the same as that for Table 2.

Table 4: Relative errors for the evaluation of the integralI3 using the Telles and Oliveira self-adaptive
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transformation [2], the Ma and Kamiya transformation [7] and zero, one and two iterations of the sinh

transformation. The format is the same as that for Table 2.

Table 5: Relative errors for the evaluation of the integralI4 using the Telles and Oliveira self-adaptive

transformation [2], the Ma and Kamiya transformation [7] and zero, one and two iterations of the sinh

transformation. The format is the same as that for Table 2.

Table 6: Relative errors for the evaluation of the integralI5 using the Ma and Kamiya transformation

[7] and zero, one and two iterations of the sinh transformation. The format is the same as that for

Table 2.
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b0 I1 I2 I3 I4 I5

0.1 -1.377280213979331×100 4.772986570808243×100 2.600687782291541×101 1.826962464163693×102 1.458421664125634×103

0.01 -1.624824690878743×100 9.061860139411952×100 2.908109883132889×102 1.874060113484668×104 1.472465993683965×106

0.001 -1.651147564185811×100 1.337869475004172×101 2.941501665627931×103 1.874985996065913×106 1.472619987090925×109

0.0001 -1.653796430462390×100 1.769603439548428×101 2.944868685436029×104 1.874999813908967×108 1.472621540663769×1012

0.00001 -1.654061483807876×100 2.201338134801332×101 2.945205667182708×105 1.874999997678573×1010 1.472621556213138×1015

0.000001 -1.654087990810535×100 2.633072839618085×101 2.945239368156385×106 1.874999999972181×1012 1.472621556368648×1018

Table 1:

2
0



b0 n Telles and Ma and Iteration 0 Iteration 1 Iteration 2
Oliveira[2] Kamiya[7]

0.1 10 9.7541×10−6 3.2956×10−3 1.0901×10−2 3.2615×10−8 1.8485×10−4

15 4.5780×10−7 2.6141×10−6 8.0194×10−4 8.8914×10−10 5.2305×10−8

20 2.7726×10−10 8.2077×10−8 1.0714×10−3 5.0884×10−12 3.6081×10−12

25 1.9357×10−11 1.3131×10−9 4.2946×10−4 1.7089×10−14 1.6122×10−16

30 9.0847×10−13 7.3463×10−11 1.1551×10−4 1.6122×10−16 3.2244×10−16

0.01 10 7.2515×10−4 1.6406×10−2 7.4987×10−2 5.0077×10−5 1.0180×10−2

15 8.7817×10−4 7.0521×10−5 2.0494×10−2 4.0451×10−8 1.0266×10−4

20 2.7006×10−4 7.7545×10−7 1.9754×10−2 2.2183×10−9 2.3364×10−7

25 2.0660×10−6 5.0644×10−9 5.1374×10−2 1.7689×10−10 2.0456×10−10

30 3.9710×10−5 2.1282×10−9 3.8063×10−2 8.8656×10−12 8.8828×10−14

0.001 10 3.4543×10−2 8.8599×10−2 1.1121×10−3 3.3658×10−2

15 7.2079×10−4 3.3347×10−2 5.5480×10−7 2.6674×10−3

20 1.3380×10−5 1.1849×10−2 1.2093×10−8 3.9696×10−5

25 1.3571×10−8 7.8515×10−2 4.3573×10−10 2.2625×10−7

30 5.0562×10−10 6.9897×10−2 1.6341×10−10 6.3635×10−10

0.0001 10 4.3489×10−2 9.0047×10−2 5.6818×10−3 2.0285×10−2

15 3.0377×10−3 3.4868×10−2 6.8412×10−6 1.3398×10−2

20 1.2173×10−4 1.0319×10−2 3.0321×10−8 6.8031×10−4

25 2.6266×10−7 7.7676×10−2 2.2324×10−9 1.3165×10−5

30 6.1648×10−10 6.9458×10−2 2.4556×10−11 1.2695×10−7

0.00001 10 3.4423×10−2 9.0196×10−2 1.4792×10−2 5.6625×10−2

15 7.8961×10−3 3.5022×10−2 6.8335×10−5 3.0057×10−2

20 5.5849×10−4 1.0159×10−2 3.8002×10−9 3.7642×10−3

25 2.8437×10−6 7.7512×10−2 2.7269×10−9 1.7440×10−4

30 4.0656×10−8 6.9302×10−2 3.2817×10−10 4.0813×10−6

0.000001 10 5.2536×10−3 9.0207×10−2 2.6561×10−2 1.7803×10−1

15 1.5154×10−2 3.5037×10−2 3.4808×10−4 4.1221×10−2

20 1.6824×10−3 1.0142×10−2 3.9536×10−7 1.1036×10−2

25 1.7525×10−5 7.7499×10−2 1.4228×10−9 9.8925×10−4

30 4.0501×10−7 6.9283×10−2 2.5204×10−10 4.5316×10−5
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b0 n Telles and Ma and Iteration 0 Iteration 1 Iteration 2
Oliveira[2] Kamiya[7]

0.1 10 6.1011×10−5 6.1774×10−4 3.7637×10−2 1.8346×10−11 2.2359×10−6

15 6.8701×10−7 8.5247×10−6 2.3361×10−3 3.7218×10−16 8.9212×10−11

20 7.5213×10−9 4.7085×10−7 4.7742×10−3 1.8608×10−16 1.1165×10−15

25 1.2932×10−10 4.1281×10−9 2.1978×10−3 0.0000×10+00 1.8608×10−16

30 9.1405×10−13 3.0609×10−11 6.5785×10−4 1.8608×10−16 1.8608×10−16

0.01 10 4.5881×10−3 2.2767×10−3 3.8395×10−1 3.8039×10−8 2.9066×10−4

15 2.9275×10−3 2.9661×10−5 2.0792×10−1 3.5284×10−15 3.6078×10−7

20 3.3319×10−4 1.5771×10−5 6.1187×10−2 1.9603×10−16 1.4686×10−10

25 5.7075×10−6 4.7182×10−7 5.1925×10−1 3.9205×10−16 2.7640×10−14

30 6.6224×10−6 8.2593×10−8 4.3270×10−1 1.9603×10−16 3.9205×10−16

0.001 10 1.2572×10−3 5.8154×10−1 1.8163×10−6 2.2667×10−3

15 1.2005×10−5 4.5735×10−1 5.0103×10−12 1.7418×10−5

20 6.6160×10−5 2.3937×10−1 1.3278×10−15 4.5133×10−8

25 5.3701×10−6 6.6515×10−1 1.3278×10−16 5.3712×10−11

30 1.0856×10−6 8.0725×10−1 6.6388×10−16 3.5850×10−14

0.0001 10 1.0352×10−2 6.8360×10−1 1.8068×10−5 6.3398×10−3

15 7.7421×10−4 5.8968×10−1 4.6118×10−10 1.5597×10−4

20 1.9258×10−4 4.2458×10−1 9.2348×10−15 1.3522×10−6

25 1.8807×10−5 2.7226×10−1 4.4168×10−15 5.4925×10−9

30 5.2761×10−6 3.9159×10−1 7.4282×10−15 1.2327×10−11

0.00001 10 1.2214×10−2 7.4568×10−1 8.0392×10−5 1.0995×10−2

15 3.5478×10−4 6.7018×10−1 1.0336×10−8 6.0799×10−4

20 2.2635×10−5 5.3745×10−1 1.5025×10−13 1.2472×10−5

25 4.8423×10−5 2.2850×10−2 6.9399×10−14 1.2325×10−7

30 1.2031×10−5 1.1888×10−1 2.8405×10−14 6.8290×10−10

0.000001 10 8.4724×10−3 7.8737×10−1 2.2492×10−4 1.4802×10−2

15 1.7007×10−3 7.2425×10−1 9.8501×10−8 1.4835×10−3

20 5.4050×10−4 6.1328×10−1 2.9194×10−12 5.8035×10−5

25 9.2354×10−6 1.4486×10−1 5.3591×10−13 1.1300×10−6

30 2.2429×10−6 6.4579×10−2 2.5582×10−13 1.2571×10−8
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b0 n Telles and Ma and Iteration 0 Iteration 1 Iteration 2
Oliveira[2] Kamiya[7]

0.1 10 9.1284×10−4 2.3659×10−3 1.4086×10−1 3.3754×10−6 4.1270×10−9

15 6.0822×10−6 2.6471×10−5 6.6559×10−3 4.2570×10−7 3.9451×10−13

20 1.5644×10−6 6.8471×10−7 2.2522×10−2 3.9566×10−9 0.0000×10+00

25 7.8967×10−9 2.7174×10−8 1.1760×10−2 1.9286×10−11 4.0981×10−16

30 1.8558×10−9 3.8993×10−9 3.8824×10−3 2.2404×10−14 1.3661×10−16

0.01 10 1.2143×10−3 1.5566×10−2 8.7050×10−1 4.6976×10−3 8.6692×10−7

15 1.5905×10−2 9.7852×10−4 6.8866×10−1 5.8798×10−5 6.5672×10−10

20 4.0328×10−3 8.0676×10−5 1.1916×10−1 7.5193×10−6 3.0414×10−13

25 1.6650×10−4 8.0485×10−6 1.8837×10+0 8.7249×10−7 5.8639×10−16

30 3.0927×10−6 1.1947×10−7 1.7297×10+0 6.1325×10−8 1.9546×10−16

0.001 10 4.4340×10−2 9.8708×10−1 4.0194×10−2 8.7829×10−6

15 4.0768×10−3 9.6811×10−1 3.4693×10−3 1.5891×10−8

20 6.1359×10−5 8.9668×10−1 1.8263×10−4 2.2940×10−11

25 5.9407×10−6 3.2903×10−3 1.2371×10−5 3.5094×10−14

30 1.6861×10−5 4.1652×10−1 5.9330×10−6 4.1741×10−15

0.0001 10 6.7915×10−2 9.9872×10−1 1.2006×10−1 3.0635×10−5

15 1.7393×10−3 9.9682×10−1 2.0564×10−2 9.9393×10−8

20 2.0854×10−3 9.8965×10−1 3.0042×10−3 2.8017×10−10

25 2.0573×10−5 8.9783×10−1 3.2494×10−4 8.0360×10−13

30 6.0341×10−5 8.5206×10−1 2.9834×10−6 4.2002×10−15

0.00001 10 2.3184×10−2 9.9986×10−1 2.2969×10−1 7.2012×10−5

15 2.1627×10−2 9.9969×10−1 5.9347×10−2 3.5441×10−7

20 5.8159×10−3 9.9898×10−1 1.3426×10−2 1.5373×10−9

25 8.3287×10−4 9.8978×10−1 2.7432×10−3 6.1096×10−12

30 2.8763×10−4 9.8519×10−1 4.6221×10−4 1.5574×10−13

0.000001 10 1.4089×10−1 9.9999×10−1 3.4904×10−1 1.4501×10−4

15 2.3148×10−2 9.9995×10−1 1.2101×10−1 9.3782×10−7

20 7.5537×10−3 9.9988×10−1 3.5335×10−2 5.3646×10−9

25 1.7200×10−3 9.9897×10−1 9.9618×10−3 3.1284×10−11

30 5.7267×10−4 9.9853×10−1 2.5951×10−3 1.6732×10−12
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23



b0 n Telles and Ma and Iteration 0 Iteration 1 Iteration 2
Oliveira[2] Kamiya[7]

0.1 10 3.6570×10−3 1.8251×10−3 2.8305×10−1 2.8390×10−6 8.5990×10−7

15 1.7296×10−4 2.6340×10−5 8.0812×10−3 5.8299×10−6 6.7889×10−11

20 3.2072×10−6 5.8419×10−6 5.5546×10−2 6.9098×10−8 1.2445×10−15

25 2.6163×10−7 2.2976×10−7 3.2514×10−2 4.0589×10−10 0.0000×100

30 7.4175×10−9 2.0877×10−8 1.1735×10−2 4.3792×10−13 7.7785×10−16

0.01 10 4.4246×10−2 5.9512×10−3 9.8305×10−1 2.7404×10−2 8.4288×10−5

15 8.4775×10−3 2.6360×10−3 9.1400×10−1 4.6410×10−4 9.4928×10−8

20 9.0341×10−3 1.1604×10−4 4.7231×10−1 9.0531×10−5 8.1737×10−11

25 5.9159×10−4 1.8273×10−5 2.7217×100 1.2741×10−5 5.8627×10−14

30 2.2988×10−4 2.7472×10−6 2.7225×100 1.0619×10−6 1.9412×10−16

0.001 10 1.0051×10−1 9.9985×10−1 1.7019×10−1 5.9760×10−4

15 1.1675×10−2 9.9910×10−1 2.1573×10−2 1.9689×10−6

20 1.9450×10−3 9.9307×10−1 1.4756×10−3 5.1425×10−9

25 2.0601×10−4 7.5019×10−1 1.3566×10−4 1.1676×10−11

30 1.5771×10−5 5.3451×10−1 7.4534×10−5 1.9744×10−14

0.0001 10 9.9552×10−4 1.0000×100 3.8919×10−1 1.8185×10−3

15 1.7910×10−2 1.0000×100 9.9824×10−2 1.1098×10−5

20 8.8904×10−4 9.9995×10−1 1.9260×10−2 5.4139×10−8

25 8.4743×10−4 9.9739×10−1 2.5643×10−3 2.3193×10−10

30 7.2949×10−5 9.9504×10−1 1.9033×10−5 8.9472×10−13

0.00001 10 1.9436×10−1 1.0000×100 5.9509×10−1 3.7773×10−3

15 4.0433×10−2 1.0000×100 2.3672×10−1 3.4867×10−5

20 1.5302×10−2 1.0000×100 7.0341×10−2 2.5780×10−7

25 5.8981×10−5 1.0000×100 1.7797×10−2 1.6776×10−9

30 2.4516×10−4 9.9995×10−1 3.5821×10−3 9.6917×10−12

0.000001 10 2.8434×10−1 1.0000×100 7.4891×10−1 6.3861×10−3

15 8.9785×10−3 1.0000×100 4.1293×10−1 7.9845×10−5

20 4.3260×10−3 1.0000×100 1.5579×10−1 7.9904×10−7

25 5.7658×10−3 1.0000×100 5.4619×10−2 7.0448×10−9

30 2.0352×10−3 1.0000×100 1.7049×10−2 6.0768×10−11
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b0 n Ma and Kamiya[7] Iteration 0 Iteration 1 Iteration 2
0.1 10 3.3393×10−3 4.2689×10−1 1.3534×10−4 1.3009×10−5

15 2.1193×10−4 2.4647×10−3 3.5894×10−5 1.9830×10−9

20 2.2729×10−5 1.0012×10−1 5.3986×10−7 3.3519×10−14

25 5.7890×10−7 6.4980×10−2 3.8052×10−9 4.6771×10−16

30 4.0351×10−8 2.5427×10−2 3.4854×10−12 3.1181×10−16

0.01 10 2.8079×10−2 9.9799×10−1 7.1323×10−2 9.4067×10−4

15 2.2557×10−3 9.7870×10−1 1.5706×10−3 2.1828×10−6

20 7.4214×10−4 7.2681×10−1 4.5570×10−4 3.1804×10−9

25 1.6764×10−6 3.0298×100 7.7516×10−5 3.4008×10−12

30 9.7214×10−6 3.2860×100 7.6328×10−6 2.5300×10−15

0.001 10 9.3078×10−2 9.9999×10−1 3.3447×10−1 5.3456×10−3

15 1.1270×10−2 9.9999×10−1 5.8250×10−2 3.6574×10−5

20 4.8958×10−3 9.9958×10−1 5.0624×10−3 1.6288×10−7

25 5.8331×10−4 9.4885×10−1 6.1383×10−4 5.6285×10−10

30 6.9074×10−5 8.7511×10−1 3.8666×10−4 1.6310×10−12

0.0001 10 1.2071×10−1 9.9999×10−1 6.2146×10−1 1.3933×10−2

15 4.1020×10−2 9.9999×10−1 2.1796×10−1 1.7675×10−4

20 9.7563×10−3 9.9999×10−1 5.3374×10−2 1.4724×10−6

25 2.1840×10−3 9.9992×10−1 8.5575×10−3 9.6162×10−9

30 5.4143×10−4 9.9985×10−1 4.4257×10−5 5.3450×10−11

0.00001 10 2.7789×10−1 9.9999×10−1 8.1406×10−1 2.5823×10−2

15 2.1870×10−2 9.9999×10−1 4.4521×10−1 4.9425×10−4

20 1.2612×10−2 9.9999×10−1 1.6346×10−1 6.2366×10−6

25 3.5280×10−3 9.9999×10−1 4.9615×10−2 6.1922×10−8

30 8.7575×10−4 9.9999×10−1 1.1762×10−2 5.2512×10−10

0.000001 10 2.6287×10−1 9.9999×10−1 9.1633×10−1 3.9917×10−2

15 6.8564×10−2 9.9999×10−1 7.0072×10−1 1.0305×10−3

20 3.0842×10−2 9.9999×10−1 3.1372×10−1 1.7582×10−5

25 5.8948×10−3 9.9999×10−1 1.3143×10−1 2.3645×10−7

30 2.1127×10−3 9.9999×10−1 4.8158×10−2 2.7290×10−9
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