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Abstract. A method for developing wetting front profiles for the one-dimensional 
Richards' equation is given. The method is obtained by simplifying and extending a recent 
approximate solution and brings together features from several different studies. 
Difficulties associated with profile development are discussed by applying the method to 
several examples, providing a deeper understanding of the solutions of Richards' equation. 
For simplicity, we illustrate the improvements for soil-water diffusivities and conductivities 
which have a power law dependence on the water content although they should apply in 
general, and the appropriate generalization is given in the conclusion. 

1. Introduction 

The depth of our understanding of such fundamental phys- 
ical processes as water infiltration, ponding, and drainage in 
soils is enhanced by our ability to solve Richards' equation for 
arbitrary boundary conditions. In its one-dimensional form, 
Richards' equation is 

O0 O( O0) OK 05-= oz o oz ' 

where the water content 0 is a function of depth and time, z is 
the depth measured from the soil surface, t is time, D is the 
diffusivity, and K is the conductivity. 

Recently, Parlange et al. [1997] presented an approximate 
solution of (1) following an earlier solution of the Bruce and 
Klute [1956] equation for arbitrary diffusivity by Parlange et al. 
[1992]. The approximate solution developed was shown to be 
very accurate for linear and near-linear soils when D and 
dK/d 0 are essentially constant, while here more realistic soil 
properties are used. In addition, it was shown that the approx- 
imate solution yields the exact analytical solution given by Ross 
and Parlange [1994] when the surface flux Q is proportional to 
0x, the surface water content. The approach used by Parlange 
et al. [1997] was also applied to the nonlinear diffusion equa- 
tion, i.e., with gravity absent, for arbitrary boundary conditions 
by Parlange et al. [1998]. 

In this paper we simplify and extend the approach of Par- 
lange et al. [1997] to obtain wetting front profiles. Hogarth et al. 
[1989, 1992] obtained a class of similarity solutions for (1) by 
making use of Shampine's [1973] method. Their results were 
very accurate and make an excellent reference to check the 
accuracy of the approximate method given here to obtain profiles. 

2. Development of Profiles 
We follow Hogarth et al. [1989, 1992] and take the diffusivity 

and conductivity in power law form as 
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D=D•O • (2) 

K = K•O •. (3) 

These forms for D and K are often used to describe soil 

properties [Brooks and Corey, 1964]. A minor limitation is that 
initially the soil water content is rarely zero. Hence 0 stands for 
the amount of water in the soil above this initial value. Nor- 

mally, at that initial water content, i.e., for 0 = 0, D and K will 
be small but not quite zero. When those nonzero values of D 
are taken into account, a small amount of water will diffuse 
ahead of the main wetting front [Braddock and Parlange, 1980]. 
This effect is neglected here. Also, the slope of the matric 
potential, dh/dO, behaves like D/K •-- 0•-•; hence if a > /3, 
the curve h(0) is concave toward the origin and convex oth- 
erwise. Note that h ( 0 = 0), i.e., at the initial water content, is 
finite, unless/3 = a + 1 when h has a logorithmic behavior. 
Except for that last case, h(0) would have the wrong behavior if 
the initial water content was strictly zero, a value never at- 
tained in practice anyway. Hence the application of (2) and (3) 
implies that 0 is the amount of water above its initial value and 
that at the initial water content D and K are effectively zero. 

The following similarity transformations are used: 

0 = tnf(o) (4) 

0 = zt-m, (5) 

where t is a dimensionless time (time multiplied by K•2/D •) 
and z is a dimensionless vertical distance (distance multiplied 
by K•/D•). Hence at a given time the profile O(z)' is obtained 
from f(O). The constants n and rn are given by 

n = 1/(a + 2- 2/3) (6) 

m = (a + 1 - 13)/(a + 2- 2/3). (7) 

The surface flux Q is related to 0x(0 at 0 = 0) by 

Q = -D(Os) • + K(Os). (8) 
z:0 

If we introduce an arbitrary constant K where 

Q/K• = K0?, (9) 
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then from (2)-(7) and (9), (8) gives K as 

• = 1 - f•-• df/d (•l •=0. (10) 

Equation (10) and the condition 0 = 0 (f - 0) as rk -• oo are 
the boundary conditions to be used with (1). It should be noted 
that as g ---> 1, infiltration is dominated by the gravity term. 

Using the current notation, Parlange et al. [1997] give the 
solution of (1) (their equation (3)), with fo = f(0), as 

1 X øt-1 1 f•-2/3+2 dx = ;t + {jX 2, (16) K -- X •3-1 • 

where ;t - rk•/fo •- •. Integrating (11) again gives 

1 X a (12/ + 2 - 2/3) f02•_•_2 •- x •-1 (a + 2- 13) 

I/fo Xa-1 • a•2, K _ X13_l dX -- fofi-a-l• q- sf •- (11) 

where {j is an unknown constant and is related to their M(t) by 
{• = 2Mf•-•t m, i.e., M--- t -m. Note that (10)is automatically 
satisfied by (11). They also give an estimate of {j (their equation 
(10)) as 

1 
•-- K•/3-a-2 -- (12) (a + 2- 2/3)(g- 1)' 

which is obtained from using (11) in (1) and imposing the 
condition that it be satisfied in the limit of rk ---> 0. This is likely 
to be unreliable as it is based on the differentiation of (11) near 
the surface. Equation (11) is a series expansion of the solution 
in powers of rk truncated after the second term. The technique 
was originally described by Parlange et al. [1992] for the non- 
linear diffusion equation, modified to include gravity by Par- 
lange et al. [1997]. 

We observe that as g --> 1, i.e., when gravity dominates, {j will 
become increasingly singular and probably less reliable. It is 
clear that the original paper did not present condition (12) as 
unique and that "it might be more convenient to use an alter- 
native condition" [Parlange et al., 1997, p. 904]. 

Another condition that could be employed would be to sat- 
isfy Richards' equation near the front. It is, of course, well 
known mathematically that a small "tail" appears ahead of the 
front when D at the initial water content is nonzero [e.g., 
Braddock and Parlange, 1980]. This tail is physically irrelevant 
for rapidly increasing soil water diffusivity, and it can be effec- 
tively cut off by replacing D by D - D(0 = 0) when there is 
a well-defined front. Of course, for the power law diffusivity 
considered here, we have a well-defined front and Shampine's 
[1973] condition gives the exact condition, at the front where 
(k= (k• and f= O, 

df 
d(• = -am(• (13) 

using (20) and (23) of Hogarth et al. [1992]. 
Now differentiating (11) and using (13) gives 

(a + 1 -/3) fo •-• 
f = (a + 2- 2/3)g rk• ' (14) 

which could be used in (11) instead of (12). However, profiles 
at the front are very steep, and (14) may prove to be as unre- 
liable as (12) even though the singularity at g = 1 disappears. 
We will discuss this in more detail later. 

We now take f = 0 in (11), remembering that rk - qb• when 
f- 0; hence 

1 Xa-1 • _ dx = œo q,1 + (iS) 

Rearranging gives 

q_ • f•-a-1 (D 2 df , (17) 

where the time dependence of the flux is used to calculate 
f• rk dx in the first term on the right-hand side. 

Parlange et al. [1997] give an expression for ffo ø 4> 2 df which 
is only approximate when gravity is present. Substituting 
f•-,-2 from (17) into (16) and noting that for, sufficiently 
large, as is the case for soils, fro ø (k 2 df • •fo, up to the 
second-order term in • (the method of Parlange et al. [1997] is 
based on the fact that taking • = 0 in (11) is a good approxi- 
mation, i.e., the • term provides only a small correction, im- 
plying that • is small, and higher-order terms in • are ne- 
glected) 

1 Xa-1 (a + 2- 2/3)K dx K -- x/3-1 

;t = . (18) 

1 (a + 2- 13) •_ Xl3_ 1 dx 

Using ;t from (18) with (16) and {j from either (12) or (14), all 
parameters, i.e., {j, fo, and (•, are obtained. We simplify the 
approach of Parlange et al. [1997] to give fo by using (18) and 
dropping (17). Hence the profile can be obtained from (11) 
with fo given for an appropriate 

The values of {j obtained from (12) and (14) came from 
opposite ends of the profile. If the values from both equations 
are not significantly different, then one can be assured that the 
profile obtained is reasonably reliable. However, if they are 
significantly different, then one should exercise caution. Intu- 
itively, since the equations came from opposite ends of the 
profile, some form of averaging might be employed, especially 
when there is a significant difference. 

3. Results and Discussion 

We illustrate the procedure for obtaining the profile by 
comparing with the numerical results obtained by Hogarth et al. 
[1989, 1992]. This will enable us to estimate the accuracy of the 
procedure. Hogarth et al. [1989, 1992] specifically consider the 
two cases of • = 4,/3 = 2 and • = 8,/3 = 4. Table 1 shows the 
values of fo and qb• for the numerical solution together with 
those obtained using (16) with (12) and (16) with (14). The 
values of ff•-,-2 are also given for these two approaches. 
Owing to the well-known numerical problem of the subtraction 
of small numbers of similar size, (16) was, in fact, rewritten in 
the form 

/[•01 xa-1 fa -2•+2 = ;t dx- ff02ts-•-2 (19) K -- X/3-1 T ' 

Equation (19) is a more reliable predictor of ff•-,-2 since 
the correction term is additive. 
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We note that for K = 2, 5, and 10 both (12) and (14) produce 
very good results by comparison with the numerical solution. 
Specifically, for (12) the maximum relative error of 1.4% oc- 
curs in qbl for a = 4,/3 = 2 and again in qbl for a = 8,/3 = 4 
at 3.4%. For (14) the maximum relative error is 0.9% info for 
a =4,/3=2and2.5%inqb•fora =8,/3 =4. 

Table 1 shows that (12) and (14) produce large errors in 
comparison with the numerical solution at K = 1 ß 1. Here we 
also see that the fro 2•-"- 2 are significantly different. We note 
that, in general, where the values of fo and qb• are slightly 
different for (12) and (14), the numerical solution occurs be- 
tween them. Hence, as previously indicated, an average of the 
two approaches may be useful. The error in the method is due 
to only the difficulty in estimating •o •-•- 2. If the X obtained 
from using (12) and (14) are compared with the value from the 
numerical solution, the difference is at maximum 0.75% for 
g = 1.1 when a = 4,/3 = 2. Hence the differences observed in 
the qb• andfo between the numerical solution and (12) and (14) 
are derived from the error in fro 2•-"-2 not A. There is also an 
error due to the postulated form of (11), effectively keeping 
terms in qb and qb 2 only and removing higher-order terms so 
that the equation has a simple form. This affects the shape of 
the profile, but that source of error is minimal, as shown later. 

We now consider a systematic approach to developing an 
average for fro 2t•-"-2. Taking the values of fro 2t•-"-2 from 
Table 1 for (12) and (14), we calculate the arithmetic average 
and the geometric average. These two values are then used to 
calculate a new arithmetic and a new geometric average. If this 
process is continued, these two averages converge quickly. 
Table 1 shows the results for Ao and fo. We note that the error 
has improved with the worst case for g = 1.1, being 2.8% in fo 
and 2% in qbl when a = 4,/3 = 2, and 2.4% in fo and 7% in qb• 
when a = 8,/3 = 4. 

Other averaging processes are possible, and these can lead 
to better results. Consider the ad hoc average 

( •0018- a- 2)(a-l)/4 -_ [ ( •07- a- 2h 4/(a-1) 4/(a-1)] (20) ! 12 + (•c•/3-a-2)14 1, 

where the subscripts 12 and 14 refer to values of fro 2•-=-2 
from (12) and (14). The power (a - 1)/4 was chosen empiri- 
cally as the one fitting the numerical solution best. Table 1 
shows the results of using (20) with (18) and (19). The worst 
errors are now for • = 1.1, 0.64% in fo and 0.12% in •1 when 
a = 4,/3 = 2, and 0.06% info and 0.04% in •1 when/3 = 8, a = 
4. Thus there is a substantial improvement. 

Figures 1 and 2 illustrate the profiles using (11) with each of 
(12), (14), (20), and the systematic averaging approach as well 
as the numerical solution. We note that (20) gives an excellent 
representation of the numerical profile, and this improves from 
a = 4,/3 = 2 to a = 8,/3 = 4. It is significantly better than the 
systematic averaging approach, but because of its ad hoc na- 
ture it is presented here only to show that if fro 2•-=-2 is 
properly chosen, (11) is perfectly adequate to describe the 
profiles, i.e., the error in the solution is caused only by the 
difficulty in estimating fro 2•-•-2. 

Figure 3 gives the profiles for g = 2 when a -- 4,/3 = 2 using 
(11) and (20). It can be seen that the curves are practically on 
top of one another for these cases. The values K -- 5 and 10 
give essentially the same agreement as g = 2. 

Of course, the present example, especially with g = 1.1, was 
chosen because it provides such a critical test of profile pre- 
diction (it is clear that if we had imposed Os(t) rather than g, 
the discrepancies between profiles would not be so obvious). 
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Figure 1. Profiles A, B, C, and D (solid lines) obtained from 
(11) and (12) (profile A), (11) and systematic average (profile 
C), (11) and (20) (profile B), (11) and (14) (profile D), and the 
numerical solution (dashed line) for the case K = 1.1 when a = 
4,/3 = 2. 

4. Conclusion 

We have presented a simplified procedure for developing 
profiles for the one-dimensional Richards' equation, applying 
it when soil water diffusivities and conductivities have a power 
law dependence on the water content. The use of (18) instead 
of (17) was especially convenient. This suggests that in the 
general procedure of Parlange et al. [1997], (5), which gives 
(17) here, should be replaced by the general equation below, 
which reduces to (18) in this paper: 

z• = foøS DdO / fo øs ODdO (21) I 0 0 ' 

q•s K q•s K 
where I is the cumulative infiltration and z • is the position of 
the front. This equation may have significant practical value, 
for instance, to predict the wetting front position when q and 
hence I are measured. 

The use of (21) brings a great simplification to the original 
approach of Parlange et al. [1997] as exemplified here by using 
X. One equation is still required to obtain M(t), i.e., •c(•/3- .-2 
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Figure 2. Profiles A, B, C, and D obtained from (11) and 
(12) (profile A), (11) and (20) (profile C), (11) and systematic 
average (profile B), (11) and (14) (profile D), and the numerical 
solution (dashed line) for the case K = 1.1 when a = 8,/3 = 4. 
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Figure 3. Profiles obtained using (11) with (20) (solid line) 
and the numerical solution (dashed line) for the case g = 2 
witha=4,/3=2. 

here. We suggest that, in general, two approaches be used, i.e., 
following Parlange et al. [1997] and Shampine [1973], providing 
some estimate of the error on Os(t), which is the main source 
in the error of the solution. When each approach generates 
very different profiles, one must proceed with caution. An 
average involving the two approaches may be useful and a 
better way to develop a more accurate profile. The profiles 
finally obtained in our examples are so accurate that the solu- 
tion may provide a convenient check of numerical procedures 
which could then be applied with some confidence to other, 
more complex problems. 
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