
Advances in Structural Engineering Vol. 3 No. 4 2000 327

Damping Formulae for
Reinforced and Partially

Prestressed Concrete Beams
S. H. Chowdhury, Y. C. Loo and S. Fragomeni

School of Engineering, Griffith University, Gold Coast Campus, PMB 50 GCMC, Queensland 9726, Australia

ABSTRACT: A full-size test program was carried out on 26 simply-supported
and continuous reinforced and partially prestressed concrete beams to study the
cracking behaviour and damping characteristics of concrete beams. The beams were
subjected to free vibration tests and logarithmic decrement values corresponding to
each load level were measured. Separate regression analyses on the reinforced and
the partially prestressed beams were undertaken. These analyses resulted in two
separate empirical formulae for predicting the logarithmic decrement of damping
in reinforced and in partially prestressed beams. Comparison with test results from
all 26 beams indicates that the predictions are accurate. It is also found that the
damping formula for reinforced beams is applicable to both single and continuous
spans. The proposed damping formulae predict damping from the residual crack
widths of the beams. As such, formulae developed for predicting residual crack
widths from given variables defining the beams and their deflection-span ratios are
also reported.

Keywords: Damping, deflection, logarithmic decrement, partially prestressed concrete, reinforced concrete,
residual crack width

1. INTRODUCTION
A structure’s response to a dynamically applied load
may be many times greater than its response to the same
load applied statically. Penzien and Hansen (1954) found
the maximum strains produced in a structural element
subjected to an impulsive load to be considerably larger
than those produced in the same element when a static
load of equal magnitude was applied. Also, the rela-
tionship between a structure’s static and dynamic
responses depends primarily on its damping character-
istics and on its periods of vibration. In particular, the
dynamic response characteristics of a structure are very
much a function of its damping properties (James et
al., 1964).

The damping of reinforced and prestressed concrete
members may be influenced by many factors including
the compressive strength of concrete, steel ratio, modu-

lus of elasticity for steel, loading history, cross sectional
area, cracking state and degree of prestressing. Jordan
(1977) concluded from his tests that the material damp-
ing of reinforced concrete specimens increased dramati-
cally as tensile stresses were increased. For simply sup-
ported prestressed beams, Holand (1962)’s results
showed that the damping increased with the tendon
stress.

Notably, most researchers acknowledged that the fac-
tor influencing damping most significantly in both re-
inforced and prestressed members, is the cracking con-
dition. Penzien (1964) concluded that the important
parameter which appeared to influence damping in pre-
stressed or reinforced elements was the degree to which
cracking was permitted to develop. Spencer (1969) sug-
gested that the major source of damping in prestressed
members might be the inelastic behaviour of concrete
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associated with cracking. Flesch (1981) identified crack-
ing as contributing significantly to the damping behav-
iour of the reinforced cantilever elements he studied.
According to Dieterle and Bachmann (1981), the
material damping of reinforced concrete building com-
ponents and reinforced concrete structures is influenced
not only by the damping properties of the material used,
but also strongly by the cracking condition. Heiland et
al. (1990) showed further that, damping increases due
to the inclusion of steel fibres. This is because, at the
cracked stage, the steel fibres stabilised the damping
behaviour.

Despite identifying cracking as one of the most sig-
nificant factors influencing damping, no researchers
except Dieterle and Bachmann (1981) have attempted
to develop any sort of relations between damping and
the cracking condition of concrete structures. Also, there
are no simple and accurate formulae available in the
published literature for predicting damping in reinforced
and/or prestressed beams.

In view of this, an attempt is made in the present
research to predict damping values for reinforced and
partially prestressed concrete simply-supported beams
from their residual crack widths. Formulae for the pre-
diction of residual crack widths using the variables de-
fining the beams and their deflection-span ratios are also
developed.

The free-decay method is a convenient way for as-
sessing the damping in a structure (Beards, 1983).
Accordingly, the 14 reinforced and the 12 partially pre-
stressed concrete full-size box beams tested as part of
the present study were subjected to free vibration tests
for damping measurements in terms of logarithmic dec-
rement. Based on the results of 4 reinforced and 4 par-
tially prestressed beams, two separate regression analy-
ses were carried out. These led to separate empirical
formulae for predicting the logarithmic decrement of
damping in reinforced and in partially prestressed con-
crete beams. Comparison with the test results from all
the 26 beams indicates that the predictions are accu-
rate.

2. DAMPING MODEL
Viscous damping is a common form of damping where
the damping force is proportional to the first power of
the velocity across the damper. The damping force
always opposes the motion so that it is a continuous
linear function of the velocity. The measurement method
that relates to viscous damping with its exponential
decay characteristics, is the logarithmic decrement, .

The relation between  and the amplitudes of two
cycles, n cycles apart, takes the form

           =  log
e

(1)

The damping coefficient C, or alternatively the damp-
ing ratio  = C/C

c
, where C

c
 is the critical damping con-

stant, is related to the logarithmic decrement as:

                          =  = (2)

in which m and 
d
 represent the mass and the damped

natural frequency of free vibration. Viscous damping
serves to limit resonant motion and is easily incorpo-
rated into most mathematical models.

Experimental investigations have shown that the
vibrations of real structures usually lie between the vis-
cous and frictional responses. However, the viscous
assumption is convenient to use analytically and is suf-
ficiently accurate for most purposes (Smith, 1988). As
the measurement of damping in terms of logarithmic
decrement is related to viscous damping, the damping
model used in this study is essentially viscous.

3. EXPERIMENTAL PROGRAM
A comprehensive test program has been carried out to
study the damping behaviour of full-size concrete
beams. The tests were conducted in two stages. Nine
reinforced and 12 partially prestressed simply-supported
box beams were tested at the first stage. Tested in the
second stage were 2 simply-supported and 3 two-equal-
span continuous reinforced box beams. For each beam,
instantaneous and residual crack widths, and deflections
at different load levels were measured. Also, the beams
were subjected to free vibration tests and measurement
of the  values corresponding to various residual crack
widths was made.

The beams tested were of lengths 5.5, 6.7, 6.8, 8.0
and 12 m; all had an overall cross section of 300 mm ×
300 mm. Ordinary Portland cement (Type GP) was used
and the maximum aggregate size was 10 mm. The lon-
gitudinal reinforcements consisted of mild steel hot
rolled deformed bars of (Australian) grade 400Y (with
a minimum yield strength, f

sy
, of 400 MPa). The verti-

cal ties were made of 250R plain bars (with f
sy

 = 250
MPa). For the partially prestressed box beams high ten-
sile tendons having a nominal diameter of 5 mm were
used.
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Table 1. Details of simply-supported reinforced concrete
test beams

The main design properties of the 11 reinforced
simply-supported test beams are summarised in Table
1 with the reinforcing details and geometry shown in
Figure 1. For the 3 two-equal-span continuous beams
similar data are presented in Table 2 and Figure 2; those
for the 12 partially prestressed concrete beams are given
in Table 3 and Figure 3.

To produce cracking in the beams, static loading was
applied. All beams except beams 5, 7, 12, 13 and 14,
were loaded symmetrically at two points 1200 mm apart.
Beams 5 and 7 and each span of beams 12, 13 and 14
were loaded symmetrically at two points 2000 mm apart.
For all beams, the instantaneous crack widths at each
level of loading were measured using a crack detection
microscope.

Table 2. Details of two-equal-span continuous reinforced
concrete test beams

Table 3. Details of partially prestressed concrete test
beams

The residual crack widths of the beams were deter-
mined at zero loads after each increasing level of load-
ing had been applied. The residual crack width was
much less than the instantaneous crack width and, for
some of the beams, was too small to measure accurately,
especially at the initial stages of the loading. To address
this problem, the instantaneous and residual strains on
the concrete surface of the beams (

i
 and 

r
, respectively)

were measured using Demec strain gauges. They are
used to define the relationship between instantaneous
and residual crack widths quantitatively. For each speci-
men, and at a given loading condition, the residual crack
width, w

r
, can be obtained from the measured instanta-

neous crack width, w
i
 as follows:

                                    w
r
 = w

i
 (3)

The above relationship was only used when the residual
crack widths could not be accurately measured using
the crack detection microscope.

For the damping measurements, the free decay
method with hammer excitation as prescribed in Equa-
tion (1) was used.

For each test, to record the signals produced by the
beam vibration, an accelerometer was set up at the cen-
tre of the beam (or at the centre of each span of con-
tinuous beams). A 2630 Personal Fourier Analyzer and
a TDS 460A Digitizing Oscilloscope were employed
to measure and record the vibration signals. During the
tests, three excitation positions for each measurement
were set up to check the reliability and accuracy of the
vibration recordings. To determine the value for the loga-
rithmic decrement at each test, the average of the val-
ues obtained for the three excitation positions was
adopted.
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Figure 1. Reinforcement details of simply-supported reinforced concrete test beams. For beams 5 and 7: h
1
 = 21 mm; h

2
 = 112 mm; h

3
 = 30

mm; h
4
 = 46 mm; h

5
 = 14 mm. For all other beams: h

1
 = 25 mm; h

2
 = 100 mm; h

3
 = 28 mm; h

4
 = 48 mm; h

5
 = 12 mm. All dimensions are in mm.

Figure 2. Reinforcement details of two-equal span continuous reinforced concrete test beams. All dimensions are in mm.
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Beams 15, 19 and 23 Beams 16, 20 and 24 Beams 17, 21, 22 and 25 Beams 18 and 26

Figure 3. Reinforcement details of partially prestressed concrete test beams.

4. DEVELOPMENT OF DAMPING
PREDICTION FORMULAE
In any structure a number of mechanisms contribute to
the total damping. Damping occurs within the structure
due to viscosity, hysteresis, yielding and friction, and
also externally because of the actions at supports, ra-
diation of energy into the ground and fluid damping
(normally due to air resistance). Thus damping in rein-
forced and partially prestressed concrete beams may be
influenced by many factors. In the present work, a total
of 26 reinforced and partially prestressed beams with
varying steel ratios, span lengths, compressive strengths
of concrete and degrees of prestressing were tested. The
experimental results showed that the effects of steel ra-
tios, span lengths, compressive strengths of concrete
and degrees of prestressing, on the damping values
measured as logarithmic decrements, were either neg-
ligible or inconclusive. The main factor, which influ-
enced the damping values, was found to be the residual
crack width (Chowdhury, 1999; Chowdhury and Loo,
1998a; Chowdhury and Loo, 1998b).

Accordingly, the logarithmic decrement values and
the residual crack widths of selected reinforced and
partially prestressed concrete beams were considered
to carry out two separate regression analyses, which
resulted in the damping prediction formulae.

As for the reinforced beams, the relevant data for
beams 1, 6, 8 and 11 were used in the regression analy-
sis. The reasons behind selecting these particular beams
are that they represent the three different span lengths
(5.5 m for beams 1 and 6, 6.7 m for beam 8, and 8.0 m
for beam 11) and the two types of reinforcements (3
Y20 bars for beams 1, 8 and 11, and 6 Y20 bars for
beam 6). The regression resulted in the following damp-

ing prediction formula for reinforced simply-supported
beams:

 = 0.075 × 100.205Wr (4)

In the case of the partially prestressed beams, the data
used in the regression analysis were for the beams 15,
18, 22 and 24. Once again, the reasons for their select-
ion were that they incorporate the four degrees of
prestressing (0.25 for beam 15, 0.50 for beam 24, 0.75
for beam 22, and 1.00 for beam 18) and the three differ-
ent span lengths (5.5 m for beams 15 and 18, 6.8 m for
beam 22, and 8.0 m for beam 24). The resulting damp-
ing prediction formula for partially prestressed simply-
supported beams is:

 = 0.070 × 100.220Wr (5)

Equations (4) and (5) are thus the empirical formu-
lae obtained for the prediction of damping in terms of
logarithmic decrements in reinforced and in partially
prestressed concrete beams, respectively.

5. PREDICTION OF RESIDUAL
CRACK WIDTHS
Based on the experimental data, a relationship between
residual and instantaneous average crack widths (w

r
 and

w
i
, respectively) for reinforced and partially prestressed

beams was developed (Chowdhury, 1999) and is given
as:

w
r
 = 0.312 w

i
(6)

A regression analysis was employed to develop a
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Figure 4. Measured versus calculated damping values for reinforced concrete beams.

Figure 5. Measured versus calculated damping values for partially prestressed concrete beams.
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unified formula for the prediction of instantaneous
average crack widths for both reinforced and partially
prestressed concrete beams given as:

w
i
 = (f

s
 /E

s
) [0.6 (c – s) + 0.1 ( )] (7)

where f
s
 is the average steel stress, E

s
 is the modulus of

elasticity for steel, c is the concrete cover, s is the aver-
age spacing between the reinforcing bars,  is the aver-
age bar diameter and  is the steel ratio defined as the
ratio of tensile steel area A

st 
to the effective cross-sec-

tional area (b x d) of the beam.
The development of this crack width formula is

described elsewhere (Chowdhury, 1999; Chowdhury
and Loo, 1997; Chowdhury and Loo, 1999).

Similarly, two separate relationships were developed
for the prediction of average residual crack widths, w

r
,

from the mid-span deflections, , of the experimental
beams (Chowdhury, 1999). Since, w

r
 depends mainly

on the ratio ( /l), where l is the span length of the beam,
rather than on  alone, extensions of these relationships
have been made.

The relationship so developed for reinforced concrete
beams is:

w
r
 = 7.98 ( l) (8)

where w
r
,  and l are all in mm.

The similar relationship for the partially prestressed
beams is:

w
r
 = 56.47 ( /l) (9)

There are many formulae available for accurately
predicting mid-span deflections in simply-supported
beams or individual spans of continuous beams. Such
formulae are available for both reinforced and partially
prestressed beams. Probably the most extensively docu-
mented studies regarding deflection calculations can be
found in Branson (1977). Various other methods have
been proposed for the calculation of deflections (ACI
Committee 435, 1966; 1974; 1985; Gilbert, 1983). There
are deflection calculation formulae recommended by
different codes of practice as well.

Once the deflection is calculated, residual crack
widths can then be determined using Equation (8) or
(9), respectively for reinforced or for partially pre-
stressed concrete beams.

6. COMPARISON WITH TEST
DATA
To verify the accuracy of the proposed damping pre-
diction formulae, Equations (4) and (5) are compared

with the test data from all 26 reinforced and partially
prestressed beams tested.

A plot of measured logarithmic decrement values
against the calculated values using Equation (4) for the
14 reinforced concrete beams is given in Figure 4. This
includes the data from the 3 two-equal-span continu-
ous beams as well. The first- and the second-stage beams
as well as the simply-supported and the continuous
beams are shown separately in this figure.

As can be seen from Figure 4, an excellent correla-
tion exists between the calculated and the measured
damping values as all but 8 of the 191 correlation points
lie well within ± 30% limits. Considering the fact that
the first- and the second-stage beams were tested at dif-
ferent test environments such as different support types
were used, different spacings for the two-point loadings
were employed, different vibration recording devices
were used, etc., the performance of the proposed damp-
ing formula was even more satisfactory. Note that the
proposed formula has been developed from the data of
only 4 of the first-stage simply-supported beams.

As all the data points from the 3 two-equal-span con-
tinuous beams lie well within + 30% limits, the appli-
cability of the damping formula developed for simply-
supported beams to the individual spans of continuous
beams has also been verified.

A similar plot for all 12 partially prestressed con-
crete beams is given in Figure 5. The correlations are
almost as good as all but 9 of the 81 correlation points
lie within + 30% limits.

It may be mentioned here that, for partially prestressed
concrete beams, at low or no residual crack widths the
measured damping values varied widely for the differ-
ent beams of similar geometrical properties. This may
be because of the variation in internal cracking due to
different levels of prestressing in the beams.

7. CONCLUSIONS
An experimental study on 26 reinforced and partially
prestressed concrete full-size beams was conducted.
Based on the test results of 4 reinforced and 4 partially
prestressed beams, two separate regression analyses
were carried out resulting in two separate damping pre-
diction formulae for reinforced and for partially pre-
stressed beams. A comparison with the test data of all
the 26 beams shows that the accuracies of the proposed
formulae are satisfactory.

The damping prediction formula developed for rein-
forced concrete simply-supported beams has also been
found to be satisfactorily applicable to the individual
spans of continuous beams.
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