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Abstract
Measurement and control of quantum systems play an important role in science and
technology, from the foundations of quantum mechanics to practical applications.
This thesis presents theoretical and experimental work that exploits quantum measurement and measurement-based feedback control to study some new problems in
the contexts of solid state physics and optical quantum systems.
In the first part, we consider the dynamics of open quantum systems conditioned
on continuous measurements. We revisit the fact that dynamical quantum events
are detector dependent by framing the problem as a quantum correlation test of the
Einstein-Podolsky-Rosen (EPR) steering type. In this regards, a no-go theorem for
quantum diffusion is derived. In order to study a realistic experimental situation we
scrutinise different physical systems, Einstein-Podolsky-Rosen steering inequalities
and measurement protocol.
We show that the no-go result for quantum diffusion is not universal and does
not apply to quantum jumps by devising a novel adaptive measurement scheme.
Since the objectiveness of pure-state dynamical models is ruled out by quantum
entanglement, then it is reasonable to say that quantum jumps are more quantum
than quantum diffusion.
In the first part we also study a stochastic feedback control of quantum transport.
We show that using a feedback control strategy it is possible to restrict the dynamics
of a double quantum dot system to a non-orthogonal two-state ensemble. The
feedback control approach can be less experimentally challenging than an adaptive
measurement scheme, as the latter requires implementing local oscillators, which
might be difficult to realise in mesoscopic physics.
In the second part of this thesis we theoretically and experimentally study optical
phase measurement using interferometry. In particular, we investigate interferometric phase estimation algorithms that can, in theory, attain the exact Heisenberg
limit. The quantum circuit is modelled in the presence of imperfections such as optical mode mismatch, multi-photon pair generation in the spontaneous parametric
down conversion process, and inefficient detection. We experimentally characterise
our photon sources and the entangling gate for the purpose of creating an optimal
state, necessary for achieving the Heisenberg limit. Finally, we demonstrate that
the exact Heisenberg limit can be experimentally attained in a 2-photon experiment
which employs entanglement and multipass technique together.
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Chapter 1
Introduction
The development of quantum theory in the early twentieth century has marked
the beginning of a new era in science and in particular in physics. After more
than a few decades of hard work, physicists have been able to set the stage for
transition from theory to applications–the second phase of the quantum revolution.
The twenty-first century is witnessing the birth of genuine quantum technologies
in which purely quantum mechanical properties such as quantum entanglement,
quantum superposition, and quantum tunnelling are used for practical purposes.
Example applications include: quantum computing that would be able to solve
certain problems (for instance prime number factorisation [1]), much faster than
any classical counterparts; quantum metrology and sensing for achieving precision
and resolution in measurements much higher than conventional techniques [2]; and
quantum cryptography which exploits entanglement, for instance, in key distribution
[3]. Measurement and control of quantum systems are necessary in order for these
applications to succeed. In this thesis we theoretically and experimentally explore
some new topics in quantum measurement and measurement-based quantum control.
The history of quantum measurement theory dates back to the 1930s and the
pioneering work of von Neumann who rigorously formalised Dirac’s ideas [4, 5].
This theory is now known as projective measurements. For a few decades there was
less interest in developing the theory, due to the technological limitations of the time
which made impossible to do experimentation at the single particle level. However,
in the 1970s and 1980s some progress was made, by mathematical physicists Davies
[6] and Kraus [7], towards generalising the quantum measurement theory to describe
imperfect measurements. Advances in experimental techniques by the mid 1980s had
enabled researchers to observe quantum jumps in a single atom [8] or an ion [9]. This
led physicists to think seriously about a theory that describes how the state of an
individual quantum system evolves upon measurement.
In the early 1990s it was realised that quantum jumps could be explained by
a stochastic dynamical equation for the system state, providing a new numerical
method to simulate open quantum systems [10–12]. Quantum trajectory theory
is the name proposed by Carmichael for this method that describes the stochastic
dynamics of the quantum state [13]. He stressed the connection of this work with the
theory of photodetection, and further generalised the formalism to include quantum
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diffusion. Quantum filtering was developed independently by Belavkin who was
inspired by the filtering process from classical control theory in which a probability
distribution function gets continuously updated conditioned on noisy measurements.
In particular, he showed that quantum filtering equations can be applied to tasks
involving feedback control of quantum systems [14]. A simpler version of this idea
was developed independently by Wiseman and Milburn [15]. Quantum measurement
and control experiments on individual quantum systems, such as trapped ions and
photons in a cavity, have ultimately led to the award of the 2012 Nobel prize to
Wineland and Haroche, recognising a turning point in the field of quantum optics.
Although quantum measurement theory is in some sense an extension of its classical analogue to quantum states, quantum measurements necessarily induce dynamical changes that never appear in a classical theory. A result of this is a limit on
the information that can be obtained about the state of a quantum system. Thus
there exists a direct relationship between information gained and dynamics brought
about by it. It is this constraint on the information extraction that makes choosing
the right measurements an important task [16]. Finding an optimum measurement
strategy for a specific purpose, and a way to realise it, is not usually trivial.
Another application of quantum measurement theory is in thermodynamics. The
connection between the two can be seen in open quantum systems which are coupled
to thermal baths [17, 18]. In such a scenario the reservoir causes thermalisation and
through dissipation a continuous stream of information is carried away from the
system due to the interaction with its thermal bath. This kind of mediation between
a quantum system and its environment makes studying open quantum system an
interesting task, in the sense that by continuous measurement on the environment
some information is obtained about the system state.
Measurement and control of a variety of mesoscopic systems is now possible.
Examples are the observation of quantum trajectories of a superconducting qubit
[19], realisation of a two-qubit logic gate in quantum dots [20], observation of strong
coupling between a micromechanical resonator and an optical cavity field [21], and
optomechanical control of a Nitrogen-Vacancy centre in diamond [22]. At the forefront of these is The IBM Quantum Experience, which was announced early May
2016, allowing members of the public to have access to, and run algorithms on, the
IBM quantum computing platform.
Research in the field of quantum optics has dealt with measurements long before
any other discipline in physics. In fact, many proofs-of-principle and new physical
phenomena have first been observed in the context of quantum optical experiments.
These include the first Bell test experiment in 1972 by Freedman and Clauser [23],
quantum teleportation in 1993 by Bouwmeester et al. [24], dense coding in 1996 by
Mattle and co-workers [25], and detection of gravitational waves by LIGO [26]. Measurements are an indispensable part of many quantum information processing tasks.
The concept of measurement-induced nonlinearity using linear optical elements proposed by Knill, Laflamme, and Milburn made feasible the prospect of quantum
computing with photons [27]. Examples include the demonstration of an all-optical
quantum controlled-NOT gate which is an important element in a universal set of
quantum logic gates [28], and a quantum Fredkin gate [29].

Introduction

3

Quantum measurements might be employed in conjunction with a quantum control strategy. Control of quantum mechanical systems is a notion borrowed from
classical world. Without control, physical systems might deviate from how they are
expected to operate due to factors such as inherent instability, complicated dynamics, and external sources of noise. The purpose of control is to make the system
behave well under these conditions. The kind of quantum control that we are interested in, in this study, is that of measurement-based quantum control in which
the measurement outcome is processed and fed back in order to control the system
dynamics [2, 16]. This is also known as closed-loop quantum control, because of the
flow of information from the system to the controller and back to the system. As
mentioned above, realising optimal measurements is often non-trivial. It is thus useful to use quantum feedback for engineering measurements that are hard to realise
otherwise.
This thesis presents a series of theory studies and experiments in the area of
quantum measurement and control in solid-state physics and quantum optics. In the
first part, comprising chapters 2, 3, and 4, we are concerned with theoretical studies
of conditioned quantum evolution of open quantum systems. In the second part,
which consists of chapters 5-8, optical phase estimation is investigated theoretically
and experimentally.
Chapter 2 sets out an introduction to continuous quantum measurement which
is the backbone of most of the projects studied in this dissertation. For a smooth
transition, we start with briefly reviewing classical measurement theory in order to
carry some basic concepts over to the quantum counterpart. To this end, we will
draw comparisons conceptually and mathematically between the classical notion and
its quantum analogue wherever possible. A big portion of this chapter is devoted to
describing open quantum systems and quantum trajectories, which will extensively
be used in the third and fourth chapters.
In chapter 3 we scrutinise the detector dependency of dynamical quantum events.
This was an acceptable idea only after the advent of the modern theory of quantum
jumps in the early 1990s. The old formalism of quantum jumps merely allowed for
transitions between stationary states, and there was no room for quantum superposition in the theory. As a result, objectiveness was an inevitable entity of dynamical
quantum jumps so that they were conceived to be independent of measurements.
To disprove all such objective pure-state dynamical models (OPDMs) the problem
is cast into the Einstein-Podolsky-Rosen (EPR) steering phenomenon [30]. Here the
idea is to use at least two detection scheme to continuously measure the output field
of an open quantum system. The two detection strategies would yield in different
types of stochastic evolution of the system state which are conditioned on the measurement outcome. Devising a suitable EPR-steering inequality would allow us to
show that for some detection efficiency and above, the inequality will be violated,
an implication of which rules out all OPDMs.
Chapter 4 is the only portion of this thesis that deals with solid-state physics or,
more precisely, mesoscopic transport in which nanostructures are typically probed
in transport experiments. Studying nanowrold is one of the cutting-edge research
areas in science. A reason for this is that technology based on nano devices is cost
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effective. An evidence of this can be seen in the semiconductor industry. Current transistor fabrication already runs at 14 nm, and Samsung vowed high-volume
production of 10 nm chips by the end of 2016. Understanding electrons’ behaviour
over this scale is thus crucial to the electronics, communication and computation
industries. Quantum transport is an essential part of nanoscience with research and
technological endeavour in controlling matter and device fabrication at nanoscale.
We propose a stochastic feedback control scheme to stabilise the dynamics of a double quantum dot (DQD) into an ensemble of two non-orthogonal pure states. This
is motivated by the fact [31] that it is always possible in principle to continuously
measure the environment of a Markovian open quantum system such that, in the
long time limit the conditioned state hops between a finite number of pure states.
Control of quantum transport through double quantum dot is important as DQDs
can serve as quantum resources for quantum information processing.
In the second part of the dissertation we completely focus on optical phase measurement. The precision with which an optical phase can be estimated has significant
impact in the accuracy of measurements of many other physical quantities such as
length, temperature, and material properties. Phase estimation protocols, as we
will briefly touch upon, can be divided into two regimes: sensing, in which a phase
is known to a good approximation and measuring the deviation from this value is
central to the scheme; and measuring a completely unknown phase. In this work we
are primarily interested in the latter.
In chapter 5 we introduce the resources and tools required to run and analyse
photonic quantum information experiments. We also explain the very important
effect of non-classical interference that plays a key role in implementing linear optical
quantum computation schemes.
In chapter 6 we summarise interferometric phase estimation algorithms. Before
diving into this, though, we set the stage by describing how to translate a standard
interferometric phase measurement into a quantum circuit. The quantum phase
estimation algorithm (QPEA) from quantum computation theory is analysed in
depth, and finally we present the Heisenberg-limited interferometric phase estimation protocol based on the QPEA in which adaptive measurements are employed to
implement the inverse Fourier quantum transform.
In chapter 7 we theoretically study the Heisenberg-limited interferometric circuit
for a three- and two-photon input state. A proposal to create the optimal states
is thoroughly considered both analytically and numerically. The main scope of
this chapter is to include experimental imperfections into the model. In particular
we evaluate the phase estimation protocols under some adverse conditions such as
spatial mode mismatch, multi-photon pair production in the spontaneous parametric
down conversion process, and inefficient detection systems.
In chapter 8, experimental work on this topic will be presented. We start by
describing our single photon sources, and then present the results and discussion for
three- and two-photon schemes separately.
Finally, the thesis concludes in chapter 9, with a summary of the main results
achieved and a discussion of future directions for research based on this work.
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Part I
CONDITIONAL QUANTUM
DYNAMICS OF OPEN
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Chapter 2
Continuous quantum measurement
Measurements in quantum mechanical systems play an important role. Often people
are interested to obtain as much information as possible about the dynamics of the
system in the question. However, at the quantum level, one cannot directly measure
the system as this action alters its original evolution. Thus by coupling the system
to a second system one continuously measures the latter to collect information about
the actual system. In this chapter we begin with by introducing some key notions
of measurement theory in classical realm, as the concepts are carried over to quantum mechanical systems. After this we present quantum measurement theory, and
conclude this chapter by reviewing open quantum systems and quantum trajectory
theory to set the stage for the next two chapters.

2.1
2.1.1

Classical measurement theory
Basics

A classical system with n degrees of freedom can be described by a set of variables
which may be written as a vector X⊺ = (X1 , X2 , ⋯, Xn ). We will refer to this set as
the system configuration and the vector space that all possible configurations make
forms the configuration space S for the physical system1 . The system configuration
suffices to form a complete set for the configuration space so that every single property of the system can be defined as a function of X. This also implies that entities
in the set should be independent from each other.
Interesting situations arise when the exact values of the system variables are not
known. Therefore, the vector X represents a set of random variables. We will use
in this section capitals to indicate random variables and lower case letters to denote
their corresponding values. An observer then assigns a probability distribution function p(X = x) ≡ p(X1 = x1 , ⋯, Xn = xn ) to the system variables which determines
the state of knowledge of the observer about the system variables. This distribution
function simply corresponds to the likelihood of having certain values for the sys1

Note that in the context of probability theory the former corresponds, roughly, to an event,
and the latter to the sample space [32].
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tem configuration. If X represents a vector of continuous random variables, then
a probability density function p(X = x, t) for a given time t is employed such that
p(X = x, t)dx = Pr{∀m, Xm (t) ∈ [xm , xm + dxm ]}. Here we adopt the notation
in which the vector increment satisfies dx = ∏nm=1 dxm , and Pr{C} to denote the
probability of an event C. The probability density function satisfies the probability
axioms, that is, it must be non-negative and it should be normalised over the entire
configuration space
∀ t, ∫ dx p(X = x, t) = 1.
(2.1)
S

Once the probability density is known, it is easy to work out the statistical properties
(such as mean and variance) of physical quantities. For this reason it makes sense
to refer to p(X = x, t) as the state of the system. In fact, the situation here is,
in a sense, similar to quantum mechanics in which one uses the so-called quantum
state (denoted by ρ and referred to as the state matrix [2]) to calculate the statistics
of the system properties (we will see this when considering quantum measurement
theory in Sec. 2.2).
Thus far, we have introduced two elementary notions to be able to have a reasonable description of a classical system: the configuration and the state. An important point is that the former is independent of the observer while the latter does
depend on the observer. In other words, different observers–say two hypothetical
parties like Alice and Bob–would have distinct knowledge about the system and
as a consequence they may assign different states to the system, pA (X = x, t) and
pB (X = x, t), respectively. These states represent beliefs of the two parties about
the system, which are required to be compatible [33]. A robust criterion is that they
must assign a non-zero probability density to at least one of the system variables
values, say x′ , in the configuration space [2]. That is, pA (X = x′ , t) and pB (X = x′ , t)
are both greater than zero2 .
An observer obtains information about the system through a measurement process. As long as this process is ideal then a set of values, for instance x′′ , is found
with certainty at time t for the system variables. This means that for every other
possible value for X, the probability density is equal to zero. We can put this in a
(n)
mathematical form by recalling Kronecker delta function p(X = x, t) = δx,x′′ for discrete variables, and the Dirac delta function p(X = x, t) = δ (n) (x − x′′ ) for continuous
variables. Note that it is also possible to define the state as the expectation value
of these delta functions. For the continuous variables case this takes the following
form
p(X = x, t) = E[δ (n) (x − x′′ )].
(2.2)
where
E[●] = ∫ dx ● p(X = x, t),

(2.3)

stands for the classical ensemble average of ●. For the rest of this thesis we assume
that indefinite integrals are over the configuration space of the physical system under
study.
Measurements are not always perfect as there might be some sources of noise
2

Note that x′ , x′′ , etc represent some specific values of x.
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in the process of obtaining information about the system. This becomes apparent
especially when the quantum mechanical systems are concerned. It would thus be
instructive to consider first the case of non-ideal measurements for classical systems.
This task can be accomplished by studying Bayesian inference.

Bayesian statistical inference
The goal of classical measurement theory is to tell us how the state of a system undergoes changes as some data is gathered relating to the system configuration. Let us assume that information about the values of the system variables is
obtained by means of an intermediate apparatus with its configuration defined as
Y = (Y1 , Y2 , ⋯, Yn ). Further suppose that the measurement process has a finite interval [t0 , t) where t = t0 + T , and at the end of it we get a result y = (y1 , y2 , ⋯, yn ).
Measurement outcomes are distributed according to the probability density function p(Y = y, t). In the next step we want to know how to relate this readout to
the system variables, and ultimately how the system state varies given that some
specific piece of data is obtained.
Since the measurement is not perfect the relationship between x and y cannot be
deterministic. Also, because the system has initially a configuration and then the act
of measurement is performed, there should be some sort of dependence between x
and y. For this reason a conditional probability density function p(Y = y, t∣X = x, t)
is enough to establish the relationship, where
p(Y = y, t∣X = x, t)dy ≡ Pr{∀m, Ym (t) ∈ [ym , ym + dym ] given X(t) = x}.

(2.4)

This conditional probability is typically determined by the way the measurement is
implemented, and is often referred to as the likelihood function for the measurement
or the forward probability [2, 16]. To address the last step above, we use a property
of the joint probability for the two sets of random variables x and y in which
p(Y = y, t; X = x, t) = p(X = x, t; Y = y, t). From this, and the definition of the joint
probability
p(X = x, t; Y = y, t) = p(X = x, t∣Y = y, t)p(Y = y, t),

(2.5)

one can get the well known Bayes’ Theorem [34]
p(X = x, t∣Y = y, t0 ) =

p(Y = y, t0 ∣X = x, t0 )p(X = x, t0 )
.
p(Y = y, t0 )

(2.6)

Here the left hand side (LHS) in Eq. (2.6) is called the conditional, or updated, or
posterior state. This theorem simply says that the posterior state can be obtained
by multiplying the prior state p(X = x, t0 ) into the forward probability and then
normalise the result. The normalisation condition comes from the convention that
the posterior state should be normalised. As a result the denominator is given by
p(Y = y, t0 ) = ∫ dx p(Y = y, t0 ∣X = x, t0 )p(X = x, t0 ).

(2.7)
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The relationship given in Eq. (2.6) is one of the core results of the classical
measurement theory for studying conditional evolution of a system. However, this
is not the most general form of the Bayes’ theorem for the following reason. Up
to this point we have assumed that the system configuration is not affected by the
measurement process, although measurement does change the system state. This
type of measurement is referred to as a non-disturbing measurement with no backaction on the system, for which X remains invariant. In contrast to this scenario,
there are measurement schemes in which the system variables no longer remain
unchanged. In other words, the system evolves dynamically in real-time as the
information is being obtained so that x and y are correlated. The effect of this
back-action and any other processes (e.g. the internal dynamics of the system)
that may cause the system to evolve, can be incorporated into the system variables
variation by z(t0 ) according to the map
x(t0 ) → x(t) = x(t0 ) + z(t0 ).

(2.8)

Any kind of randomness in z can be accounted for by the probability distribution
p(Z = z, t∣X = x, t; Y = y, t) satisfying the normalisation condition
∀ x, y, ∫ dz p(Z = z, t∣X = x, t; Y = y, t) = 1.

(2.9)

Note that for the ease of notation, for the rest of this thesis, we drop the random
variables in probabilities while keeping their values. One can then interpret p(z∣x, y)
as the state of the system for making a transition to x(t) = x(t0 ) + z(t0 ) from x(t0 )
conditioned on obtaining the result y(t0 ). This change in the system configuration
should be incorporated into the Bayes’ theorem to obtain its general form.
The procedure is the same as before, that is, we employ a property of the joint
probability in which p(x, t; y, t0 ) = p(y, t0 ; x, t) with the condition that x(t) = x(t0 )+
z(t0 ). Taking this into account, we can write
p(x, t; y, t0 ) = ∬ dx0 dz p(x, t0 ; y, t0 ; z, t0 ) δ (n) (x(t) − [x(t0 ) + z(t0 )]),

(2.10)

where dx0 ≡ dx(t0 ). In other words, Eq. (2.10) tells us that to realise a particular
measurement result y and a specific state at time t, all possible prior states and
zs should be considered with the constraint expressed in the form of the Dirac
δ-function. The integrand also can be decomposed into
p(x, t0 ; y, t0 ; z, t0 ) = p(z, t0 ∣x, t0 ; y, t0 ) p(y, t0 ∣x, t0 ) p(x, t0 ).

(2.11)

Substituting this back into Eq. (2.10) yields
p(x, t; y, t0 ) = ∫ dx0 Oy (x(t), x(t0 )) p(x, t0 ),

(2.12)

Continuous quantum measurement
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where
Oy (x(t), x(t0 )) = ∫ dz p(z, t0 ∣x, t0 ; y, t0 ) p(y, t0 ∣x, t0 ) δ (n) (x(t) − [x(t0 ) + z(t0 )]).
(2.13)
Rewriting the LHS of Eq. (2.12) as p(x, t∣y, t0 ) p(y, t0 ) and rearranging it for the
conditional probability we get
p(x, t∣y, t0 ) =

1
dx0 Oy (x(t), x(t0 )) p(x, t0 ).
p(y, t0 ) ∫

(2.14)

This is a general form of Bayes’ theorem [2]. It is now easier to interpret Oy (x(t), x(t0 ))
as a map which takes a normalised state p(x, t0 ) onto an unnormalised state. The
denominator p(y, t0 ) normalises whatever this map generates and is given by
p(y, t0 ) = ∬ dxt dx0 Oy (x(t), x(t0 )) p(x, t0 ).

(2.15)

We reiterate that when the measurement is non-disturbing, the state before and
after the measurement is the same p(x, t) = p(x, t0 ), even though the conditional
state changes. However, so long as the measurements do have a back-action on the
system this condition does not hold, and in general p(x, t) ≠ p(x, t0 ). Nevertheless, it
is useful to know that by setting p(z, t∣x, t; y, t) = δ (n) (z), the limit of non-disturbing
regime is met.
Classical systems considered in this section fall into the category of discrete-intime systems for which the evolution is described by mapping the system configuration and the system state on a finite time interval. Many interesting physical
problems have continuous-in-time dynamics where the system evolution is characterised by a time-dependent differential equation. We will review this in the next
section.

2.1.2

Conditional dynamics

For systems that evolve continuously in time, it makes sense to consider measurements on the system that are also continuous-in-time. These types of measurements
are called monitoring [2]. By monitoring a system, information about the system
is obtained in an infinitesimal time interval. This amount of data is expected to
be infinitesimal as well, and as a result the state of the system conditioned on this
noisy readout is expected to undergo a slight change. However, by repeating this
process over a finite period, more knowledge is gained about the system. This process, like others considered in the previous section, can be mathematically described
as stochastic processes. This naively means that the evolution of the system can be
described probabilistically where some time-dependent random variables form the
system configuration. Monitoring of a system can give rise to two different types of
stochastic processes: a point process and a Wiener process [2, 32, 35].
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Point process
A point process is a model to describe events that are determined by a set of
points. This kind of stochastic process provides an excellent description of phenomena such as electron emissions, photoelectron emissions, radioactivity, and many
more [36]. In practice people are interested to count the number of events in subsets
of the space defining such a point process. For instance, one can mention counting
the number of particles detected by a detector in the above examples. Let us denote
N (t) the number of particles detected up to time t. During the infinitesimal time
interval [t, t + dt) the change in this number (measured as a readout) is a random
variable given by
y dt ≡ dN (t) = N (t + dt) − N (t),
(2.16)
where the stochastic increment obeys
[dN (t)]2 = dN (t)
p(dN = 1, t) = Ω(X) dt.

(2.17)
(2.18)

Note that for the measurement outcome we are using dN (t) instead of y(t), following
the convention in the literature. We will use the same notation in Sec. 2.3.2 for
quantum jumps. Also, here the system of interest is a 1-element variable given by
X. The set of equations above indicate that, first, dN (t) can only take on values of
either 0 or 1, and second, the probability of dN (t) = 1 is extremely small, given by
Ω dt. This means dN = 1 happens at rate Ω and for most of the time dN = 0 with
probability 1 − Ω dt. Hence, as a result, dt dN (t) = O(dt).
Now we can apply Bayes’ rule for a point process according to
p(x, t + dt∣dN, t) =

p(dN, t∣x, t)p(x, t)
,
p(dN, t)

(2.19)

where
p(dN, t∣x, t) = dN Ω(x) dt + (1 − dN )[1 − Ω(x)dt],

(2.20)

p(dN, t) = dN E[Ω(X)] dt + (1 − dN ) {1 − E[Ω(X)] dt}.

(2.21)

and
Here E[Ω(X)] = ∫ dx Ω(x) p(x, t). In the above equations, the first and the second
terms on the RHS can be conceptually understood when dN is equal to unity and
zero, respectively. Further, using Eq. (2.19) and the properties of the stochastic
increment, changes in the conditioned state dp(x, t∣dN, t) = p(x, t + dt∣dN, t) − p(x, t)
can be expressed as a stochastic differential equation (SDE)
dp(x, t∣dN, t) = dN {

Ω(x)
− 1} p(x, t) − dt {Ω(x) − E[Ω(X)]} p(x, t).
E[Ω(X)]

(2.22)

We will see the resemblance of this equation to the one for a quantum point process
in Sec. 2.3.2.
As explained before, measurement leading to changes merely in the conditional
state are non-disturbing and do not change the system configuration. When there is
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a back-action, the system variable varies from x(t) to x(t+dt) = x(t)+z(t) (compare
this with Eq. (2.8)). For the problem of counting the emitted particles by a particle
detector, this would be the case if dN = 1. The reason is because one can deduce
that the number of particles in the source reduced by one: x → x − 1. In general,
the change in the system variable becomes
dx(t) ≡ x(t + dt) − x(t) = z(t).

(2.23)

To generalise Eq. (2.22) we are required in the first place to generalise Bayes’s rule
given in Eq. (2.19) in the same way we did to obtain Eq. (2.14). For this purpose
we need to define randomness in z
p(z∣x, dN = 0) = δ(z),
p(z∣x, dN = 1) = G(x, z).

(2.24)
(2.25)

The first equation above indicates that so long as dN = 0 there is no back-action on
the system variable, that is, x(t + dt) = x(t), and the second equation assigns a function G to take into account the effect of measurement on the system configuration.
Doing these algebraic calculations, the following SDE [37]
Ω(x − z)
p(x − z, t)
E[Ω(X)]
− {dN + dt Ω(x) − dt E[Ω(X)]} p(x, t),

dp(x, t∣dN, t) = dN ∫ dz G(z, x − z)

(2.26)

describes the variations in the conditional state.

Wiener process

Monitoring a system can give rise to another stochastic process called Wiener
process. A Wiener process can be described by a SDE in which the stochastic
increment, also referred to as noise, has a Gaussian probability density. The reason
for this is that the noise is due to a collection of some microscopic phenomena
which all can be represented by independent random variables. This means that the
effective noise on the system is the summation of these random variables. Based on
the central limit theorem, the statistics of the sum can be reproduced by Gaussian
distribution. Thus it is natural to define the measurement result in an infinitesimal
interval [t, t + dt) in the form of a SDE
y(t) dt = h(X, t) dt + dv(t),

(2.27)

where h(X, t) is a real function (giving the deterministic part of the outcome if the
system variables are known with certainty), and dv(t) is a Wiener increment. Note
that the latter is not called a Wiener process. Such a process is defined on a finite
T
time interval according to v(T ) = ∫0 dv(t) so that dv(t) is just an increment of it
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with the following statistical properties [2, 38]
E[dv(t)] = 0,
Var[dv(t)] = dt,

(2.28)
(2.29)

2

where Var[●] ≡ E[●2 ] − (E[●]) represents the variance. The mean value of dv, by
definition, is zero. However, the width of the Gaussian probability distribution is
non-zero and is equal to dt. It turns out that if some other power of dt (for instance,
dt` ) is chosen for the variance, then the resulting SDE fails to meaningfully describe
a system driven by noise [38].
Since the Wiener increments are taken to be mutually independent for different
infinitesimal time steps, they also obey the following moments
[dv(t)]2 = dt,
dv(t)dv(t′ ) = 0, ∀t ≠ t′ .

(2.30)
(2.31)

It is important to note that, despite the fact that dv(t) is infinitesimal, [dv(t)]2
is of the same order of dt. From the definition of the variance and Eq. (2.28) it
is immediately clear that the expectation value of [dv(t)]2 is dt. For a proof of
Eq. (2.30) and more details about the above discussion, see Refs. [2, 32, 38]. The
relation given in Eq. (2.30) is known as Ito’s rule and is an essential rule for solving
SDEs containing a Wiener increment. This implies that, in addition to dt and dv(t),
the second order in the latter should be kept in calculations dealing with finding the
infinitesimal changes in a random variable. Nonetheless, all the other higher order
terms can be discarded.
Let us now briefly consider other properties of a Wiener process to get more
insight. Thus far we have taken a stochastic process to be as a random variable
at each time step. Indeed, it is more precise to describe it as a set of different
possible sample paths. A sample path of the Wiener process is a specific realisation
of the increments dv(t). Because of the independence of consecutive increments,
the Wiener process fluctuates on every time scale so that its sample path is not
differentiable3 . This means that ξ ≡ dv(t)/dt does not exist, and as a result the
derivative version of Eq. (2.27)
y(t) = h(X, t) + ξ(t),

(2.32)

is not valid either. However, there is an exception to this and we will see later that
this notation can be used. But before that we need to look at the spectral properties
of a Wiener process. For a stochastic problem, in general, it is useful to know how
the values of the process is correlated at different times. This gives information
about memory dependence of the process on earlier times. For a Wiener process the
so-called two-time correlation function is defined as
g(τ ) ≡ E[ξ(t)ξ(t + τ )] = δ(τ ).
3

√
This is mainly because dv(t)/dt = limτ →0 1/ τ → ∞.

(2.33)
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Using this relation and the Wiener-Khinchin theorem [39], the power spectral density
can be calculated:
∞
S(ν) = ∫ g(τ ) e−i2πντ dτ = 1,
(2.34)
−∞

which means the spectrum is the same for all frequencies. For this reason it is referred
to as white noise. It is also worth to mention a few points regarding this power
spectrum. Since the correlation function is the inverse Fourier transform of S(ν),
then the sharper the former is the broader the latter becomes. This means that,
first, ξ(t) has high frequency components and can vary on very short time-scales.
Second, the power in ξ(t) is infinite. The reason why it is still feasible to use this in
Eq. (2.32) is because although ξ(t) has arbitrarily high frequencies, the real output
current of a detector is a filter expression of this equation. Equation (2.32) can then
be interpreted as the result of the measurement in terms of a signal scrambled by
white noise. This noise should model the real noise in practical problems as long as
the bandwidth of the system is smaller than that of the noise.
The change in the conditional state of a Wiener process is determined by the
so-called Kushner-Stratonovic equation [40–42]
dp(x, t∣y, t) = dw(t) {h(x) − E[h(X, t)]} p(x, t),

(2.35)

where dw is another Wiener increment known as the innovation and defined as the
difference between the measurement result and its expectation value
dw(t) ≡ y(t) dt − E[y(t)]dt
= dv(t) + h(X, t)dt − E[h(X, t)]dt.

(2.36)
(2.37)

This relation tells us that in addition to the Wiener noise ξ(t) there is another
source of noise associated with lack of exact knowledge about h(X, t). This is
because all information an observer has is the probability density p(x, t) about the
system configuration. Because of this uncertainty dw deviates from dv. However, if
the state of the knowledge of the observer is complete, then the error in h(X, t) is
zero and the two increments are identical. In this situation, one might also think of
h(X, t) being equal to the expectation value of the measurement result such that
y(t) = E[y(t)] + ξ(t).

(2.38)

The generalisation of Eq. (2.35) is obtained by considering measurements for
which the system configuration varies. A general SDE for such a system (driven
with one source of noise) is often written as
dX = a(X, t) dt + b(X, t) dv(t),

(2.39)

where we are also assuming that the system variable changes deterministically. A
thorough derivation incorporating this and Eq. (2.27) into Eq. (2.35) can be found
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in Ref. [43], and here we just present the end result
dp(x, t∣y, t) = L p(x, t) dt + dw {h(x) − ∑
k

where
L (●) = − ∑
k

∂
bk − E[h(X, t)]}p(x, t),
∂xk

∂(●ak ) 1
∂ 2 (●bk bk′ )
+ ∑
∂xk
2 k,k′ ∂xk ∂x′k

(2.40)

(2.41)

is the forward diffusion operator. Note that in the limit where a, b → 0 (i.e. there
is no dynamics or back-action), Eq. (2.35) is retrieved.
We conclude the review of the classical measurement theory with a few remarks.
The most general conditional evolution of a system under continuous measurement
contains both point and Wiener processes. The so-called differential ChapmanKolmogorov equation puts these two together [32]. So far we have discussed only
scalar measurement outcomes such as those in Eqs. (2.16) and (2.27). In general,
an observer can create a record of the monitoring in the time interval [0, t) as
y ≡ {y(s) ∣ 0 ≤ s < t}.

(2.42)

That is, rather than using a single-valued outcome, the measurement record is processed and conditioned on that, the system state is obtained. This conditioning can
be removed by averaging over all possible realisation of Eq. (2.42). Doing so, the
dynamics of the state is said to be unconditional
dp(x, t) = E[dp(x, t∣y, t)].

(2.43)

Therefore, the unconditional evolution for point and Wiener processes is described
by taking the average of Eqs. (2.26) and (2.40) over the entire measurement record,
respectively. From this it would be evident that the unconditional evolution depends
only on back-action terms, since other terms average to zero.

2.2

Quantum measurement theory

It was discussed that perfect measurements are possible in the context of classical
measurement theory. After this type of measurements an observer has full information about the system configuration. However, for quantum mechanical systems,
measurements cannot eliminate uncertainty in the observer’s state of knowledge.
Nonetheless, for such non-ideal measurements, it is feasible to think of some physical systems for which the observer has maximal knowledge, while the outcome of
the measurement is still probabilistic in nature. This means that one should assign
a probability density function to the measurement result.
The state of a quantum system can be still thought of as our knowledge about
the system, just as for classical systems. This state, in contrast to the classical
counterparts, is a vector ∣ψ⟩ defined on a complex vector space4 . To describe all
4

The dimension of the complex vector space might be infinite in which it is known as a Hilbert
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possible states of knowledge about a quantum system, a probability density function
is required for the set of entire possible states {∣ψ⟩}. This distribution function may
be referred to as the observer’s classical uncertainty about the system, and can be
expressed in a compact form called density matrix (operator) ρ which represents the
state of the quantum system [46, 47].
It was named density matrix because it is the quantum analogue of a probability
density for classical systems. In particular, its diagonal elements form a probability
distribution. Wiseman and Milburn called this the state matrix as it accounts for
mixed states, as well as for pure states shown by the state vector ∣ψ⟩ for which
ρ = ∣ψ⟩⟨ψ∣ [2]. No matter what ρ is called, an important point is that the state of
a quantum system is an operator (matrix) whereas for classical systems the state
is a probability distribution. We explained above the role of the diagonal entries
in a state matrix. It is the non-zero off-diagonal terms that mark the departure
from classical mechanics. They represent the presence of quantum superposition, a
fundamental property of quantum physics. We assume that the reader is familiar
with introductory quantum mechanics. A thorough review can be found in Refs. [2,
48, 49]. We now consider the traditional form of describing measurement in quantum
mechanics.

2.2.1

Projective measurement

For most of applications of quantum information, computation and communication, projective measurements play an important role. To grasp the physical concept
behind this type of measurement, let us begin by considering a pure state ∣ψ⟩ which
can be expressed by inserting the resolution of identity as the following
∣ψ⟩ = ∑ ∣n⟩⟨n∣ψ⟩ = ∑ cn ∣n⟩,
n

(2.44)

n

where {∣n⟩} is an orthonormal basis for the state space, cn = ⟨n∣ψ⟩ is the probability
2
amplitude, and pn = ∣cn ∣ is the probability for finding the system in the basis state ∣n⟩
such that ∑n pn = 1. Consider a situation in which an experimenter finds the system
after the measurement in a particular basis state ∣n⟩. What is actually happening
here is that the state gets projected onto the basis state ∣n⟩ by the operator ∣n⟩⟨n∣
where the result is an unnormalised state
(∣n⟩⟨n∣)∣ψ⟩ = cn ∣n⟩,

(2.45)

and upon renormalising the state, it becomes
(∣n⟩⟨n∣)∣ψ⟩
(∣n⟩⟨n∣)∣ψ⟩
=√
.
√
pn
⟨ψ∣(∣n⟩⟨n∣)∣ψ⟩

(2.46)

space. Note that researchers have recently tested one aspect of a quantum theory based on hypercomplex numbers [44]. A complex number has properties departing from those of real and complex
numbers. There is not actually a unified definition of these numbers, but an interested reader can
consult, for instance, Ref. [45].
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This is how students are usually taught about the quantum state and its connection
to probability, perhaps without being explicitly told about projective measurements.
With this brief introduction, we now turn to the more general cases for which projective measurement of mixed states can be studied.
Say an observer wants to measure a physical quantity Ξ. The spectral decomposition of the observable associated with this physical quantity is given by
Ξ̂ = ∑ ξ∣ξ⟩⟨ξ∣,

(2.47)

ξ

where we use hat to emphasise the operator nature of quantities. Here {ξ} is the set
of eigenvalues of Ξ̂ which we assume, for simplicity, are discrete and non-degenerate.
P̂ξ ≡ ∣ξ⟩⟨ξ∣ is called the projection operator onto the subspace of eigenstates of the
observable, which is Hermitian and satisfies
P̂ξ P̂ξ′ = δξ,ξ′ P̂ξ ,
∑ Pξ = 1̂,

(2.48)
(2.49)

ξ

where 1̂ is the identity operator. The first relation shows the orthogonality of the projectors5 , and Eq. (2.49) is the completeness relation for rank-1 projection operators
P̂ξ . The non-degenerate projection operator P̂ξ is called von Neumann measurements [2]. However, for eigenvalues of the observable that are Nξ -fold degenerate,
N
the projector P̂ξ has rank of Nξ , and can be represented by ∑l=1ξ ∣ξ, l⟩⟨ξ, l∣. The rank
of a projection operator is the dimension of the subspace of eigenstates it projects
onto. Thus the rank of the identity operator is equal to the Hilbert space dimension
upon which it operates.
Now assume that the observer performs the measurement in a finite time interval
[t, t + τ ). Once this measurement is complete, the state of the system conditioned
on the outcome ξ is
P̂ξ ∣ψ(t)⟩
.
(2.50)
∣ψξ (t + τ )⟩ = √
pξ
Comparing this with Eq. (2.46) it is easy to see that
pξ = ⟨ψ∣P̂ξ ∣ψ⟩.

(2.51)

It would be useful to draw a comparison between Eq. (2.50) and the classical Bayes’
rule, Eq. (2.6). The numerator can be interpreted as the following: with some
probability the system prior state is ∣ψ(t)⟩ and the result of measurement is ξ.
In other words, the numerator is the un-normalised state of the system after the
projective measurement.The denominator, as was explained in various places, is for
normalisation purposes.
It is now easy to generalise Eq. (2.50) for mixed states. Thus the conditional
5

Note that this is not necessarily always the case, as there might be some projection operators
that are not orthogonal, despite satisfying P̂ξ2 = P̂ξ .
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state, using ρ(t) = ∣ψ(t)⟩⟨ψ(t)∣, is written as
ρξ (t + τ ) =

P̂ξ ρ(t) P̂ξ
,
pξ

(2.52)

which is known as the projection postulate. Also, the probability for obtaining a
specific eigenvalue ξ is given by
pξ = Tr [ρ(t)P̂ξ ] ,

(2.53)

where Tr [●] = ∑n ⟨n∣ ● ∣n⟩ for some orthonormal basis. To obtain the unconditional
state, an average should be taken over all measurement results
ρ(t + τ ) = ∑ pξ ρξ (t + τ )

(2.54)

ξ

Note that here, even for pure states, the state matrix formalism must be used. This
indicates that by ignoring the measurement outcome, in general, the state of the
system after the measurement becomes mixed. This is distinct from what we saw
for classical systems (with no measurement back-action) for which the unconditional
state remains the same before and after the measurement. However, there is an
exception to the loss of purity of the prior state ρ(t), and that is when the state can
be diagonalised in the same basis as that in which the observable Ξ̂ can.
We need to mention that by means of Eqs. (2.52) and (2.53), it can be shown
that the average value for the physical quantity Ξ is equal to
⟨ Ξ ⟩ = Tr [ρ Ξ̂] ,

(2.55)

where angle brackets are used to denote expectation value for quantum observables.
Also note that, from the above discussion, it is easy to generalise the results for
quantum observables that have a continuous spectrum [2, 16].

2.2.2

Probability-operator valued measures

Projective measurements, as discussed above, are not quite suitable for more general cases for a few reasons [2]. To begin with, in most observations the measurement
is performed by means of an apparatus which is very likely to add noise to the outcome. Also, for projective measurements, the state of the system conditioned on a
result is the eigenstate of the observable corresponding to the measurement outcome.
There are many measurements in which this scenario does not hold.
However, there is a compelling reason at the fundamental level which makes
projective measurements insufficient to describe practical measurements, and that
is the way an observer obtains information about the system. In fact, the system
is never directly being measured. Rather, the system of interest interacts with a
second system (such as an apparatus), and through this interaction experimentalists
observe the effect of the system on the apparatus. Because of this interaction, the
combined state of the two systems is an entangled state. This means that their
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quantum states are correlated and projective measurement of the apparatus is then
effectively a measurement of the system. Nevertheless, the latter cannot be described
by a projective measurement and a more general formalism is required.
Consider measuring a quantum system by means of an apparatus (an ancillary
system), with prior states ∣ψ(t)⟩S and ∣α(t)⟩A respectively, so that the state of the
combined system is
∣Ψ(t)⟩SA = ∣ψ(t)⟩S ∣α(t)⟩A .
(2.56)
Assuming that the system and the apparatus are coupled for a time tc , the interaction
between the two is described by a unitary operator Û (tc ) that acts on the state space
of both systems. Therefore, the total state becomes entangled due to this interaction
∣Ψ(t + tc )⟩SA = Û (tc ) [∣ψ(t)⟩S ∣α(t)⟩A ].

(2.57)

Now suppose that a projective measurement P̂r = ∣r⟩⟨r∣ is performed on the apparatus to measure a quantity R, with r denoting the value of it. The set {∣r⟩}
constitutes an orthonormal basis for the state space of the apparatus. Further, assume that this measurement is complete on a time scale over which the evolution of
the combined system can be neglected. Thus for a measurement of duration T (including the coupling time tc and the time of measuring the apparatus projectively)
the state of the combined system is
∣Ψr (t + T )⟩SA =
=

P̂r ∣Ψ(t + tc )⟩SA
,
√
pr
∣r⟩⟨r∣ Û (tc ) [∣ψ(t)⟩S ∣α(t)⟩A ]
,
√
pr

(2.58)

where pr is the probability of obtaining the value r for the quantity R
pr =
=

SA ⟨Ψ(t + tc )∣P̂r ∣Ψ(t + tc )⟩SA ,
†
S ⟨ψ(t)∣A ⟨α(t)∣Û (tc ) ∣r⟩⟨r∣ Û (tc ) ∣α(t)⟩A ∣ψ(t)⟩S .

(2.59)

Compare the above equations with those presented in Eqs. (2.50) and (2.51). Since
the system and the apparatus become unentangled after the measurement on the
latter, then the state of the combined system can be written as the product of the
corresponding states for the two subsystems
∣Ψr (t + T )⟩SA = ∣r⟩A ∣ψr (t + T )⟩S ,

(2.60)

where the state of the system conditioned on the measurement result r is given by
∣ψr (t + T )⟩ =

M̂r ∣ψ(t)⟩
.
√
pr

(2.61)

Here M̂r = ⟨r∣Û (tc )∣α(t)⟩ is called a measurement operator that acts just in the
state space of the system. Note that we have dropped the subindex S for the
system, because it is no longer entangled with the ancilla. Using the definition for
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measurement operators, Eq. (2.59) can be rewritten
pr = ⟨ψ(t)∣ M̂r† M̂r ∣ψ(t)⟩.

(2.62)

This indicates that the probability for obtaining the value r is given by another
operator Êr = M̂r† M̂r . These operators are know as probability operators, or effects.
They are non-negative and, due to the fact that ∑r pr = 1, they must satisfy the
following completeness relation
(2.63)
∑ Êr = 1̂,
r

where the identity operator acts only in the Hilbert space of the system. The set of
all positive operators {Êr } is called a probability-operator-valued measure (POVM)
on the space of the outcomes r. Thus Êr is also called a POVM element. This
formalism tells us that a probability-operator-valued measure is assigned to the
space of results, rather than a probability density function. It can be shown, in
the form of theorem, that any POVM kind of measurement is physically realisable
by means of an indirect measurement [50]. Note that we have used the opposite
argument as an essential reason why projective measurements are not adequate for
describing real measurements.
As in the case of projective measurements, it is easy to generalise Eq. (2.61) for
a system with mixed initial state to
M̂r ρ(t) M̂r†
ρr (t + T ) =
pr

(2.64)

where pr = Tr [ρ(t) Êr ]. Since we are going to consider the most general framework
of quantum measurement theory in the next section, it would be useful to express
the conditional system state using the superoperator Or = J [M̂r ] as
ρr (t + T ) =

J [M̂r ]ρ(t)
,
pr

(2.65)

where J [Ô]Â ≡ ÔÂÔ† for some arbitrary operators Ô and Â. Here and for the
rest of this chapter we follow the notation of Ref. [2]. The superoperator Or is also
known as the operation for r. Since it takes an operator to another operator, it is
thus called, a superoperator. (Note that for pure states a measurement operator
takes the state vector to another vector.)
Operations are associated with the class of superoperotrs which take physical
states to physical states. This means an operation A has to satisfy the following
conditions. Firstly, it is trace-preserving, which implies Tr [A ρ] = Tr [ρ]. This can
be seen, for example, by taking the trace of the both sides of Eq. (2.65), showing
that Tr [ρr (t + T )] = Tr [ρ(t)] = 1. Note that Or is not trace-preserving. Secondly,
it is categorised in the class of completely positive maps. This can be understood
by denoting that it is possible to think of a system being coupled to an ancillary
system prior to the occurrence of the physical process. As a result, the state of
the joint system ρSA must be mapped to another physical state ρ′SA by the map
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IA ⊗ AS , where IA is the identity superoperator for the ancilla. In other words,
this map takes positive operators to positive operators, while acting on the Banach
space of the combined system. Finally, it is a linear map on operators. That is,
it satisfies A ∑l zl ρl = ∑l zl A ρl where zl ∈ C. In the literature, superoperators that
obey all the above conditions are referred to as completely-positive trace-preserving
(CPTP) maps. The constraint of convexity follows from the first two conditions.
For a comprehensive details about these maps see Refs. [51, 52].
The unconditional state of the system is obtained by average over all measurement
results. That is to say, the measurement is performed but the outcome will be
ignored so that
ρ(t + T ) = ∑ pr ρr (t + T ),
r

= ∑ J [M̂r ]ρ(t) ≡ Oρ(t)

(2.66)

r

where O is an operation.
Before further generalising the measurement operators, it would be useful to
briefly discuss the polar decomposition theorem. This theorem states that any
linear operator M̂ may be written as the product of a positive operator Â and a
unitary operator Û [49, 50]. Depending on whether the unitary operator is on the
left or the right of the positive operator, the decomposition is referred to as left
or right polar, respectively. Also because the spectrum of Â is non-negative, then
Â = Â† . To apply this theorem to measurements described by a POVM, let us write
the measurement operators as M̂r = Ûr Âr , and substitute this back into Eq. (2.64)
to obtain the following conditioned system state
ρr (t + T ) = Ûr

⎛ Âr ρ(t)Âr ⎞ †
Ûr ,
pr
⎠
⎝

(2.67)

where
pr = Tr [ρ(t)Â2r ] .

(2.68)

It is straightforward to verify that the effects satisfy the completeness condition
∑ Êr = ∑ M̂r† M̂r = ∑ Â2r = 1̂.
r

r

(2.69)

r

We now comment on Eq. (2.67). It is known that the state matrix ρ of a system is
evolved by a unitary operator according to Û ρ Û † . This action of Û does not change
the spectrum of ρ, but the eigenstates. In other words, the amount of uncertainty in
our state of knowledge about the system remains unchanged, but the likelihood of
where in the system Hilbert space this is located changes. Now compare this with
the conditional state presented in Eq. (2.67). Thus by performing the measurement,
positive operators are responsible for extracting information. One can think of the
measurement yielding the aforementioned equation as a 2-step process. That is,
making a measurement described by the positive operator Âr followed by applying
a force to the system to generate Ûr given the result r. Applying forces to a system
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conditioned on the measurement outcome is referred to as feedback [16]. Hence,
the polar decomposition provides an interpretation for quantum measurements as a
combination of information gathering and feedback.

2.2.3

General formalisation

For the measurements that have been considered in the previous section, it was
assumed that the ancillary system be measured projectively. In addition to this,
the state of the ancilla was taken to be pure. To make the measurement theory
presented so far into the most general one, these assumptions should be relaxed. A
consequence of this might be that the conditional state of the system becomes mixed,
even though the prior state was pure. These measurements are called inefficient due
to loss of the system purity [2]. In other words, in an inefficient measurement only
partial information about the measurement results would be available to an observer.
The situation described above can be described by representing the operation
with two indices J [Λ̂r,l ], where {Λ̂r,l ∶ r, l} is a set of operators. The observer knows
the value of r but has no information about l. Thus to obtain the conditional state
an operation should be used which is given by averaging over the index l
Or = ∑ J [Λ̂r,l ].

(2.70)

l

Note that, since a given operation Or can be written in terms of operators other than
the ones in the set {Λ̂r,l ∶ r, l}, it is best not to think of Λ̂r,l as measurement operators
but the elemental bit to this theory. Using the above operation the conditioned
system state is
Or ρ(t)
.
(2.71)
ρr (t + T ) =
pr
The effects here are defined as
Êr = ∑ Λ̂†r,l Λ̂r,l

(2.72)

l

which are positive and satisfy in the completeness relation ∑r Êr = 1̂. Now it is easy
to see that
pr = Tr [ρ Or ] = Tr [ρÊr ]
(2.73)
is the probability to for the measurement result to be r. The unconditional state of
the system is also
ρ(t + T ) = ∑ pr ρr (t + T ),
r

= ∑ Or ρ(t) ≡ Oρ(t),

(2.74)

r

where the unconditional operation can be expressed
O = ∑ Or = ∑ J [Λ̂r,l ] .
r

r,l

(2.75)
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A practical example
Here we apply the above formalism to the problem of photon counting using an
inefficient detector [2]. This will be very relevant to the discussion of Part II of this
thesis, where we use single photons to experimentally measure an optical phase.
Consider the set of measurement operators {∣0⟩⟨n∣} where n ∈ {0, 1, 2, ⋯} and ∣n⟩
represents the state with n photons. Assume that the probability of detecting each
photon is η, whereas an efficient detector would detect all n photons. Because the
probability of success (or failure) is the same at all times, then we have Bernoulli
trials. The quantity of interest is R with value r, the number of detected photons
by means of the inefficient detector. Thus the probability of detecting r photons
given that there is n photons can be written
n
p(r∣n) = η r (1 − η)n−r ( ).
r

(2.76)

Say that at the end of the measurement r photons are counted. Using Bayes’
update rule, the probability of detecting n photons by the efficient detector given
the measurement result is
p(n∣r) =

p(r∣n)⟨n∣ρ(t)∣n⟩
p(r∣n)pn
=
.
pr
∑m p(r∣m)⟨m∣ρ(t)∣m⟩

(2.77)

Therefore, the conditional state of the system is the mixture
ρr (t + T ) = ∑ p(n∣r)
n≥r

J [∣0⟩⟨n∣]ρ(t)
Or ρ(t)
=
.
⟨n∣ρ(t)∣n⟩
Tr [ρ(t)Êr ]

(2.78)

Here the operations are
n
Or = ∑ J [Λ̂r,n ] = ∑ η r (1 − η)n−r ( )J [∣0⟩⟨n∣],
r
n≥r
n≥r

(2.79)

where

n 1/2
Λ̂r,n = η r/2 (1 − η)(n−r)/2 ( ) ∣0⟩⟨n∣.
r
Thus the effects can be easily found using Eq. (2.72).

2.3

(2.80)

Open quantum systems and quantum trajectories

In the previous section we saw that to obtain information about the state of a
quantum system, measurements are performed on an apparatus which is coupled
to the system. Thus it is crucial to consider a second quantum system, interacting
with the system of interest, in order to update our state of knowledge about the
system and also to realise generalised measurement operations. In this context, the
first system is called an open system, and the second one, if it is large enough in
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comparison to the first, it is referred to as one of environment, bath, or reservoir
[2, 35, 53]. The study of open quantum systems is important, because many real
physical systems are open (such as the systems in cavity quantum electrodynamics
[54, 55], quantum transport [56] and so on). Thus for the study of open quantum
systems, the environment to which the system is coupled should be considered in
the formalism.
The requirement to build the system plus environment into the theory can also
be seen when dissipation should be included in the model. In classical mechanics
this is usually done by adding a velocity-dependent force to the equation of motion.
A common example is the problem of damped harmonic oscillator with decay rate
γ. The very first question that might come to mind is that whether it is possible to
do the same procedure for a quantum system: for instance, the quantised harmonic
oscillator. It turns out by doing so not only does the commutation relation between
the canonical variables of the system decay [q̂(t), p̂(t)] = ie−γt , but so does the
Heisenberg uncertainty relation Var[q]Var[p] ≥ 0.5 e−γt [53]. Thus this approach
does not reproduce meaningful results.
However, if we start to think of this irreversible process in terms of interaction
between the system and its environment, the commutation relation is preserved in
time. To be more precise, it was shown by Senitzky in early 1960s that through this
coupling the environment (which is in thermal equilibrium) exerts a fluctuating force
on the oscillator [57, 58]. Thus this force should be taken into account in the equation
of motion. The result of this is to modify the solution for the canonical variables
with contribution from the environmental operators so that the commutators are
preserved in time.
In contrast to a closed system, the dynamics of an open quantum system cannot
be described by a unitary evolution, as it does not take into account dissipation in
the formalism. Rather, the evolution of an open quantum system is often formulated
as an appropriate equation of motion for the state matrix, which is referred to as a
master equation (ME). This method is a Schrödinger picture version of Senitzky’s
theory, which we will explain below.

2.3.1

Markovian evolution

Closed systems
It would be useful to briefly review the dynamics of a closed system. Assume that
the system state is ρ(t) and its time-dependent Hamiltonian Ĥ(t) is the generator of
reversible-time unitary evolution. Thus the equation of motion for the state matrix
in the Schrödinger picture can be written
ρ̇ = −i[Ĥ(t), ρ(t)] ≡ Vρ(t),

(2.81)

where V is a superoperator defined through the condition that V● = −i[Ĥ(t), ●].
̵ = 1 throughout this thesis. Assuming that the Hamiltonian
Note that we assume h
is time independent (which makes V also time independent) and the initial state is
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ρ(0), then the system state matrix at a later time t is given by
ρ(t) = eVt ρ(0) = W(t)ρ(0).

(2.82)

Here V is called the generator of the map W(t).

Open systems
Now let us consider the dynamics of an open quantum system. The combined
system of the open system S and its environment E is often assumed to be closed,
following the unitary time evolution. The Hilbert spaces of the system and the
environment are denoted by HS and HE , respectively. The Hilbert space of the total
state is then the tensor product space HSE = HS ⊗ HE . The Hamiltonian of the
combined system is
ĤSE = ĤS ⊗ IˆE + ĤE ⊗ IˆS + ĤI
(2.83)
where ĤS and ĤE are the system and the environment Hamiltonians, respectively.
The interaction between the two is described by ĤI , and the identity operators act
on the corresponding state spaces. Let us further denote by ρSE the state matrix for
the combined system, ρS the open system state, and ρE represents the state of the
environment. Since we are seeking information about the open system without the
need for detailed information about the composite system, then ρS is defined as the
reduced state matrix
ρS (t) = TrE [ρSE ]
(2.84)
where the trace is taken over the environment states. Therefore, one would be able
to calculate the expectation value of a physical quantity of interest of the system
just by knowing ρS . Now our aim is to obtain an equation for ρS .
The equation of motion for the total system in the Schrödinger picture is
ρ̇SE (t) = −i[ĤSE , ρSE (t)].

(2.85)

It is convenient to work in the interaction picture (IP) in which the free evolution
generated by Ĥ0 = ĤS + ĤE is separated from the slow motion generated by the
interaction Hamiltonian. Defining the total state matrix in the IP as
iĤ0 t
ρIP
ρSE e−iĤ0 t ,
SE = e

(2.86)

and taking the derivative of both sides we get
IP
IP
iĤ0 t
ρ̇IP
ρ̇SE e−iĤ0 t ,
SE = iĤ0 ρSE − iρSE Ĥ0 + e

= −ieiĤ0 t ĤI e−iĤ0 t eiĤ0 t ρSE e−iĤ0 t + ieiĤ0 t ρSE e−iĤ0 t eiĤ0 t ĤI e−iĤ0 t ,
= −i[ĤIIP , ρIP
SE ],

(2.87)

with the following definition for the Hamiltonian in the IP
ĤIIP = eiĤ0 t ĤI e−iĤ0 t .

(2.88)
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Now by integrating Eq. (2.87) we get
IP
ρIP
SE (t) = ρSE (0) − i ∫

t
0

′
dt′ [ĤIIP (t′ ), ρIP
SE (t )].

(2.89)

Substituting this equation back into Eq. (2.87) for ρIP
SE inside the commutator and
using Eqs. (2.86) and (2.88) the following exact relation is obtained
ρ̇SE (t) = −i[ĤI (t), ρSE (0)] − ∫

t
0

dt′ [ĤI (t), [ĤI (t′ ), ρSE (t′ )]].

(2.90)

Note that the transformation of the total state matrix in the two pictures is according
to Eq. (2.86). Since we are interested in the dynamics of the system, then we trace
over the environment to obtain an equation for the system state matrix ρ ≡ ρS
ρ̇(t) = −i TrE {[ĤI (t), ρSE (0)]} − ∫

0

t

dt′ TrE {[ĤI (t), [ĤI (t′ ), ρSE (t′ )]]}.

(2.91)

The reason why the expansion is kept up to the second order is because it is the
lowest order with non-zero contribution in the final master equation.
Born-Markov approximation
In order to be able to solve the integro-differential form of Eq. (2.91) some reasonable approximations should be made. Let us assume that there is no coupling
between the system and its environment at the initial time t = 0. Then ρSE (0)
factorises as
ρSE (0) = ρ(0) ⊗ ρE (0),
(2.92)
where ρE (0) is the environment initial state. This assumption is valid as long as the
interaction is weak. It is also possible to think of the interaction Hamiltonian being
composed of two parts
(2.93)
ĤI (t) = ĤIS (t) + ĤISE (t),
where ĤIS (t) acts only on the state space of the system, and Tr [ĤI (t)ρSE (0)] = 0.
Assuming that the coupling between the system and its environment is weak, and
the bath is much larger than the system, then it is expected that the bath should be
relatively unaffected through its interaction with the system. That is, at all times
ρSE (t) shows deviation of order ĤI from a non-interacting system
ρSE (t′ ) = ρ(t′ ) ⊗ ρE (0).

(2.94)

This is know as the Born approximation. Using this and Eq. (A.3) and some algebraic calculation, the equation of motion becomes
ρ̇(t) = −i [ĤIS (t), ρ(t)] − ∫

t
0

dt′ TrE ([ĤISE (t), [ĤISE (t′ ), ρ(t′ )ρE (0)]]).

(2.95)

Derivation of this equation is presented in details in Appendix A.
Equation 2.95 is still difficult to be solved. That is, the system state depends on
its history. To overcome this complexity, we should instead devise an equation of
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motion in which ρ̇(t) depends only on the state matrix ρ(t) and t. This is achieved by
assuming that the integrand in Eq. (2.95) is negligible except in the neighbourhood
of t′ ≈ t. Under this assumption it is allowed to replace ρ(t′ ) by ρ(t) such that
ρ̇(t) = −i [ĤIS (t), ρ(t)] − ∫

t
0

dt′ TrE ([ĤISE (t), [ĤISE (t′ ), ρ(t)ρE (0)]]).

(2.96)

Thus through this process the memory of the system is irrelevant, and the evolution of the system is Markovian. However, because this equation has some timedependent coefficients, it is not strictly Markovian [2]. A rather rigorous assumption
is to let the lower limit of the integration go to minus infinity. This is reasonable
mainly because the integrand contribution is very small elsewhere other than t′ ≈ t.
Hence the master equation in the Born-Markov approximation is
ρ̇(t) = −i [ĤIS (t), ρ(t)] − ∫

t
−∞

dt′ TrE ([ĤISE (t), [ĤISE (t′ ), ρ(t)ρE (0)]]).

(2.97)

Form this point one would be able to study some specific physical problems such
as radiative damping of quantum optical systems. However, we refer the interested
reader for details to references [2, 53]. We next discuss a general form of Markovian
master equation.

The Lindblad master equation
It was discussed in Sec. 2.2.2 that CPTP maps take physical states to physical
states. However, nothing has been said about the dynamics of the system, even
though it was shown that such an operation maps the state of a system at time t to
a state at later time t+T for some finite interval T . Here we seek a dynamical version
of these maps which generalises the concept of operations to a quantum dynamical
semigroup [59]. Thus such a map takes the state matrix of the open system from its
Banach space to itself, M(t) ∶ BS → BS . This map in fact is defined by solving the
master equation for the state matrix. That is, it maps the state at the initial time
t = 0 to a state matrix at later times t according to
ρ(t) = M(t)ρ(0),

∀t ≥ 0.

(2.98)

The quantum dynamical semigroup map is a family of completely positive linear
maps so that
M(t)M(s)ρ = M(t + s)ρ,
(2.99)
and Tr [(M(t)ρ)Ô] is a continuous function of t for any ρ and Hermitian operator
Ô. Equation (2.99) is the semigroup condition (because M is not defined necessarily
for t < 0) or Markov property. As a result of a mathematical theory [59] it can be
shown that there is exists a generator L such that
ρ̇(t) = Lρ(t),

(2.100)
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which is called a quantum Markov master equation. Moreover,
ρ(t) = M(t)ρ(0) = eLt ρ(0).

(2.101)

It was shown by Lindblad [60] that the generator must be of the form
Lρ ≡ −i[Ĥ, ρ] + ∑ D[ĉl ]ρ,

(2.102)

l

where the superoperator D[Ô] for an arbitrary operator Ô is defined by
1
D[Ô]ρ = ÔρÔ† − (Ô† Ôρ + ρÔ† Ô),
2

(2.103)

Ĥ is the system Hamiltonian, and {ĉk } are arbitrary operators determined by coupling of the system to the environment. Equation (2.102) is known as the Lindblad
master equation, and the operators {ĉk } are called Lindblad operators. At this
point, it would be useful to compare the Lindblad ME with the equation of motion for a closed quantum system, Eq. (2.81). It can be seen that for open systems
the loss is formulated into the theory shown by the second term of Eq. (2.102),
although this decomposition of L into the Lindblad operators is not unique. Each
element of the latter can be regarded as an irreversible or decoherence channel into
the environment.
For the case of a single Lindblad operator ĉ, that is, the case where there is only
(n) (t) where
one irreversible channel, the map can be evaluated as M(t) = ∑∞
n=0 M
t

M(n) (t) = ∫ dtn ∫
0
0

tn

dtn−1 ⋯ ∫

t2
0

dt1 Q(t − tn )J ×

Q(tn − tn−1 )J ⋯Q(t2 − t1 )J Q(t1 ),
and

Q(t) = J [e−t(iĤ+ĉ

† ĉ/2)

].

(2.104)

(2.105)

We will see in the following sections that Eq. (2.104) indicates that there exists, in
principle, a way to monitor the bath such that the conditional state of the system
undergoes periods of smooth evolution, represented by Q(t), which is interrupted by
instantaneous jumps, described by J ≡ J [ĉ].
Note that this separation into smooth evolution and jumps is not unique. Rather,
the master equation Eq. (2.102) is invariant under the transformation
L

ĉl → ĉm = ∑ Sml ĉl + βm ,
Ĥ → Ĥ −

(2.106)

l=1
M

i
∑ (β ∗ ĉm − βm ĉ†m ),
2 m=1 m

(2.107)

where β ∈ CM is a complex vector and S ∈ CM ×L is an semi-unitary matrix; that is,
∗
it satisfies ∑M
m=1 Sl′ m Sml = δl′ l . In the context of quantum optics, where the bath is
bosonic, this mathematical transformation has a physical meaning. It corresponds
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to coherent mixing of the system outputs prior to detection (via S) and adding
a local oscillator (LO) of amplitude βl to the l-th output field channel prior to
detection. Although they give the same master equation, different choices of the
parameters {βl }, {Sml } give rise to different types of conditional evolution according
to Eq. (2.104).

Stochastic master equation vs master equation
As discussed, quantum measurements are probabilistic in nature, and the state of
an open system conditioned on the measurement record exhibits stochasticity. These
dynamical conditioned evolutions are usually studied in the context of quantum
trajectory theory [2, 13, 53], also known as the quantum Monte Carlo wave-function
method [10–12]. A quantum trajectory, also known as an unraveling, can be defined
as a path taken by the system state conditioned on the stream of measurement
results for which by averaging over all records the (unconditional) state undergoes
continuous evolution. In other words, a quantum trajectory is a path of a ray in
the system’s Hilbert space corresponding to a single measurement record, under
ideal conditions. Further, in the mathematical language, a quantum trajectory
is formulated as a stochastic master equation (SME) describing the conditional
evolution of the system.
When working with a master equation, although studying a quantum stochastic
process, the core aspect of the stochastic evolution, the feature that yields trajectories, is missing. That is, the randomness of the stochastic process is ignored. In
other words, through master equations one obtains information about the ensembleaveraged quantities without gaining anything about the stochastic realisation from
which the ensemble is constructed. Also the usual focus of attention of the ME is
internal fluctuations, thus ignoring the measurement results on the system’s environment, whereas for quantum trajectories both the system and its bath are important.
In other words, one may think of a scattering theory scenario for quantum trajectories in which the system plays the role of a scatterer body (replacing the potential
energy of the scattering theory) and the environment carries the incoming and outgoing fields [13]. Even though this comparison might not be completely true, at the
very least the role of the observer is the same as in any scattering scenario. That is to
say, the experimenter essentially controls the inputs and detects the outputs. Thus
by tracing over the environment, as is the case for dealing with MEs, no reference is
made to scattering events. The objective of quantum trajectory theory is to reveal
these details so that a bit more information about the system is obtained. Recent
advancement in technological laboratories has enabled researchers to experimentally
observe quantum trajectories for superconducting qubits [19, 61–63].
In the next two sections we investigate conditional evolution of open quantum
systems for which measurements on the environment give rise to two types of dynamics: quantum jumps and quantum diffusion, different forms of quantum trajectories.
In Sec. 2.1 the classical analogue of these processes have been studied, namely,
the point and Wiener processes. Some of the concepts will be carried over to the
quantum case with similarities in the formalism.
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Quantum jumps

There are two sorts of phenomena that are often referred to as quantum jumps
[16]. First, they are considered to be a phenomenon that arise in continuous measurements of physical quantities with discrete spectrum. Note that in the limit where
the measurement time is infinitesimal, the measurements are continuous-in-time,
and as mentioned before in Sec. 2.1.2 we say that the system is being monitored.
Performing the measurement leads to purification of the system to the extent that
the state is very close to one eigenstate of the observable (associated with the physical quantity). However, if the system is also under influence of a noise source or
coherent evolution such that it affects the measured observable, then this increases
the uncertainty in the value of the observable [64, 65]. This acts against what the
measurement process does, which is to reduce the uncertainty in the value of the
observable. We are interested in situations in which the measurement process is
dominant. If so, the system is found most of the time close to one of the eigenstates
of the observable, and every once in a while it quickly switches to an adjacent eigenstate. In other words, the system evolution is interspersed by quantum jumps. This
is due to the fact that at some random times the measurement does not dominate,
and as a result the uncertainty in the value of the observable increases to the point
that the measurement projects the system onto another eigenstate. Note that during the jumps in which the system makes a transition between two eigenstates, the
uncertainty temporarily increases.
Second, quantum jumps also refer to a phenomenon in which the sudden change
in the state of a quantum system is brought about by a discrete detection event,
for instance, the detection of a photon by a photon counter. Note that the times
at which these events occur are random. Noise of this kind has been reviewed in
Sec. 2.1.2 for classical point processes. We now consider continuous measurements
of open quantum system that involve discrete events. To reiterate, the measurement records in this scenario is discontinuous-in-time leading to a discontinuous
conditional evolution while the unconditional state is continuous.
The first step in introducing the counting measurement might be to figure out
what measurement operators are required to produce such measurements. In the
regime where the measurements are continuous, then at most one event occurs in
an infinitesimal time step dt. That is, the majority of the time nothing happens
(no event or detection) and with a very small rate Ω, single events take place. This
suggests that two measurement operators are indeed required, one for no detection
and one for detection. Also the probability of one event in the time interval [t, t+dt)
is
p1 = Tr [M̂1 ρM̂1† ] = Ω dt.
(2.108)
√
This tells us that M̂1 must be proportional to dt . Let us then define
√
M̂1 (dt) = dt ĉ,
(2.109)
where ĉ is, in general, non-Hermitian ĉ ≠ ĉ† . The other measurement operator M̂0
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can be obtained via the completeness relation
1

∑ M̂r† M̂r = 1,

(2.110)

r=0

from which it is evident that Ê0 = M̂0† M̂0 is in the order of dt and all other higher
order terms can be neglected
M̂0† (dt)M̂0 (dt) = 1̂ − M̂1† (dt)M̂1 (dt) = 1̂ − ĉ† ĉ dt.

(2.111)

Thus replacing M̂0 (dt) with the power series (1̂ + X̂ dt) in the above equation

we get

(1̂ + X̂ † dt)(1̂ + X̂ dt) = 1̂ + (X̂ † + X̂) + O(dt2 )
≅ 1̂ − ĉ† ĉ dt,

(2.112)

X̂ † + X̂ = −ĉ† ĉ dt.

(2.113)

Any operator can be written in the form X̂ = Â − iB̂, where Â and B̂ are Hermitian.
Substituting this back into Eq. (2.113) we get Â = −ĉ† ĉ/2. We can also assign B̂
equal to the system Hamiltonian. Thus the measurement operator for no event
becomes
ĉ† ĉ
+ iĤ) dt.
(2.114)
M̂0 (dt) = 1̂ − (
2
Now that we have in our arsenal the form of measurement operators, Eqs. (2.109)
and (2.114), we can analyse the system dynamics. In the case of no event occurring
with probability of p0 = 1 − O(dt), the state of the system non-unitarily evolves
for an infinitesimal amount of time, via the map M̂0 (dt). At some irregular times,
happening at rate Ω ≡ p1 /dt, there is a jump in the system state. This means that
the system evolves finitely by the map M̂1 (dt). An important point is that this
jump represents an abrupt change in the observer’s state of knowledge, and not an
objective dynamical event as in Bohr’s and Einstein’s conception [66–69]. We will
talk about this in detail in the next chapter. Another technical point is that here
the time delay between emission of the field from the system and detection by the
detector is being ignored.
The same increment relations as the ones presented in Eqs. (2.17) and (2.18) are
employed. Note that p1 = E[dN (t)] has been given in Eq. (2.108), where N (t) is
the number of counts until time t. Thus using these properties for the increment,
assuming that the initial state is pure, and the measurement is efficient, the pure
conditional state for the results of dN = 1 and dN = 0 are given by
∣ψ1 (t + dt)⟩ =

ĉ ∣ψ(t)⟩
M̂1 (dt) ∣ψ(t)⟩
=√
,
p1
⟨ĉ† ĉ⟩ (t)

(2.115)
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and
∣ψ0 (t + dt)⟩ =

ĉ† ĉ ⟨ĉ† ĉ⟩ (t)
M̂0 (dt) ∣ψ(t)⟩
= [1̂ − (
−
+ iĤ)dt] ∣ψ(t)⟩,
p0
2
2

(2.116)

respectively. Here for p0 = 1̂ − ⟨ĉ† ĉ⟩ (t) dt + O(dt2 ), terms with orders higher than 1
in dt are ignored. It is straightforward to see that the total change in the system
state is
d∣ψ(t)⟩ = d∣ψ0 (t)⟩ + d∣ψ1 (t)⟩
ĉ
= {dN (t) √
+ [1 − dN (t)]
†
⟨ĉ ĉ⟩ (t)
×(

ĉ† ĉ ⟨ĉ† ĉ⟩ (t)
−
+ iĤ)dt} ∣ψ(t)⟩.
2
2

(2.117)

This is a nonlinear stochastic Schrödinger equation (SSE) which takes pure states to
pure state. Solutions to this equation are quantum trajectories for the system. The
same argument that we made for classical point process, for instance the derivation
procedure behind Eq. (2.22), is applied here to construct this equation. Now using
the rule dN dt = O(dt) we can rewrite Eq. (2.117) as
d∣ψ(t)⟩ = {dN (t) √

ĉ
⟨ĉ† ĉ⟩ (t)

+(

ĉ† ĉ ⟨ĉ† ĉ⟩ (t)
−
+ iĤ)dt} ∣ψ(t)⟩.
2
2

(2.118)

Comparing this with Eq. (2.117), we see that the difference is negligible. That is,
so long as there is no detection, the two equations are the same, and if there is
a detection event, the difference becomes the second term in Eq. (2.118) which is
infinitesimal and thus can be ignored.
In the context of quantum optical experiments, in large fraction of experiments
a photocount is not considered but rather a photocurrent. Let us define the latter
as
dN (t)
,
(2.119)
I(t) =
dt
where due to the discrete nature of dN (t), the photocurrent consists of a series of
sharp spikes represented by Dirac delta function at time of detection. The photocurrent is actually the measurement record, and the state of the system conditioned on
this can be written as ρI (t). In general this state may be mixed. Thus we need to
generalise Eq. (2.118) such that mixed states can be considered. To this end, this
equation can be rewritten for the state matrix representation of ∣ψ⟩ as
d(∣ψ(t)⟩⟨ψ(t)∣) = d∣ψ(t)⟩⟨ψ(t)∣ + ∣ψ(t)⟩d⟨ψ(t)∣ + d∣ψ(t)⟩d⟨ψ(t)∣
1
= {dN (t)G[ĉ] − dt H[iĤ + ĉ† ĉ]}(∣ψ(t)⟩⟨ψ(t)∣) (2.120)
2
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where
G[Ô]ρ =

ÔρÔ†
Tr [ÔρÔ† ]

− ρ,

H[Ô]ρ = Ôρ + ρÔ† − Tr [Ôρ + ρÔ† ] ρ.

(2.121)
(2.122)

A stochastic master equation for the conditioned state is obtained by replacing
∣ψ(t)⟩⟨ψ(t)∣ in Eq. (2.120) with ρI (t). That is,
1
dρI (t) = {dN (t)G[ĉ] − dt H[iĤ + ĉ† ĉ]}ρI (t).
2

(2.123)

It might be useful to compare this equation with Eq. (2.22) for classical point processes.
Inefficient detection
So far we have assumed that detection is perfect. In reality this assumption is not
valid as there are real-world effects that make it imperfect. These include detecting
part of the output field, and that detectors might add electronic and thermal noise
to the measured signal. As a result an observer would not have access to the full
information that could be obtained otherwise, and the conditional state of the system
becomes mixed even if it was initially pure. In this thesis we are mainly concerned
with inefficiency, and will present the appropriate quantum trajectory to describe
it. A photodetector of efficiency η ∈ [0, 1] can be modelled by a beam splitter of
transmittance η and a perfect detector. That is, the latter detects only a proportion
η of the output beam. Therefore, the general ME Eq. (2.102) can be decomposed
into
√
(2.124)
ρ̇ = −i[Ĥ, ρ] + (1 − η)D[ĉ]ρ + D[ η ĉ]ρ,
and we unravel only the last term to obtain
√
1
dρI (t) = {dN (t)G[ η ĉ] − dt H[iĤ + η ĉ† ĉ] + dt(1 − η)D[ĉ]}ρI (t).
2

(2.125)

Also the probability that a jump occurs becomes
p1 = η Tr [ĉ ρ(t)ĉ† ] dt.

(2.126)

Note that letting η = 1 Eqs. (2.108) and (2.123) are retrieved.
Homodyne detection
We have seen that the master equation dρ = −idt [Ĥ, ρ] + dt D[ĉ]ρ is invariant
under the transformations given in Eqs. (2.106) and (2.107). Assuming that there
is just one irreversible channel they become
ĉ → ĉ′ = ĉ + β;

i
Ĥ → Ĥ ′ = Ĥ − (β ∗ ĉ − βĉ† ).
2

(2.127)

Continuous quantum measurement

35

Here β = ∣β∣ eiφ is a complex number (we will see below that β corresponds to a
coherent field). Plugging this relations into the measurement operators, Eqs. (2.109)
and (2.114), the latter transform to
√
dt (ĉ + β),
(2.128)
M̂1 (dt) =
1 †
1
M̂0 (dt) = 1̂ − dt [iĤ + (ĉ + β ∗ )(ĉ + β) + (β ∗ ĉ − βĉ† )].
(2.129)
2
2
As was mentioned before, this means that different choices of β give rise to different
unravellings of the master equation. The same method as before can be employed
to find the SSE for the conditioned state vector
d∣ψI (t)⟩ = [dN (t)( √
×(

ĉ + β
⟨(ĉ†

+ β ∗ )(ĉ + β)⟩I (t)

− 1) + dt

⟨ĉ† ĉ⟩I (t) ĉ† ĉ ⟨ĉ† β + β ∗ ĉ⟩I (t)
−
+
− β ∗ ĉ − iĤ)]∣ψI (t)⟩. (2.130)
2
2
2

The above transformation, Eq. (2.127), can be realised in practice by homodyne
detection. This detection type is a method to measure the quadrature components
of a light field. Suppose the system output field is ĉ and it is superimposed with
a reference field b̂ known as local oscillator, on a beam splitter with reflectivity χ,
Fig. 2.1(a). In homodyne detection, the frequency of the LO is the same as the
frequency of the system output field. These field operators after the beam splitter
transform into
√
√
1 − χ ĉ + χ b̂,
(2.131)
ĉo =
√
√
b̂o =
1 − χ b̂ − χ ĉ,
(2.132)
where we assumed that beam splitter is asymmetric. Here ĉo and b̂o are the field
operators for the corresponding output ports of the beam splitter. For a standard
homodyne detection scheme, χ is very close to zero so that the entire system’s field
passes through the beam splitter and there is little reflection of the coherent field.
However, since in homodyne detection the LO is very strong, the contribution of the
coherent field on the detector dominates that of the system field. Assuming that
the input state is ∣ψI ⟩∣β⟩, the mean photon number on this detector is
⟨ĉ†o ĉo ⟩ = ⟨ψI ∣⟨β∣ ĉ†o ĉo ∣ψI ⟩∣β⟩
= (1 − χ) ⟨ĉ† ĉ⟩ + χ ∣β∣ + ∣β∣
2

√

2χ(1 − χ) ⟨Q̂(φ)⟩

≅ ∣β∣ + ∣β∣ ⟨Q̂(φ)⟩ + ⟨ĉ† ĉ⟩
2

(2.133)

where in the third line we assumed χ → 0, and ∣β∣ is large. Here the system quadrature operator Q̂(φ) is defined as
1
Q̂(φ) = √ (e−iφ ĉ + eiφ ĉ† ).
2

(2.134)
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Low reflectivity beam splitter
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50 beam splitter

ĉ

ĉ
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Figure 2.1: Schematic representation of a) simple homodyne, and b) balanced homodyne
detection. The LO in the standard homodyne scheme is very strong, and even though the
beam splitter has low reflectivity, the photocurrent will still be dominated by the LO. In
contrast, for the balanced homodyne detection, a beam splitter with reflectivity of 1/2 is
used and the final readout is obtained by subtracting the currents from the two output
ports.

Thus, depending on the phase of the LO, different quadratures
can be measured.
√
Assuming that φ = 0, the x quadrature x̂ ≡ Q̂(0) = 1/ 2(ĉ + ĉ† ) of the system
is obtained, and the detection scheme is called X−homodyne. This means that in
Eq. (2.130) we just replace β ∗ with β to get the relevant SSE. Using the measurement
operators Eqs. (2.128) and (2.129), the SME for the conditional state matrix is
1
dρI (t) = {dN (t)G[ĉ + β] − dt H[iĤ + βĉ + ĉ† ĉ]}ρI (t).
2

(2.135)

Another homodyne measurement scheme which is more practical than the standard one uses a beam splitter with reflectivity of χ = 1/2 and is called balanced
homodyne detection. Here the two detectors in Fig. 2.1(b) are employed. Subtracting the two detector signals from each other results in
√
⟨ĉ†o ĉo − b̂†o b̂o ⟩ = 2 ∣β∣ ⟨Q̂(φ)⟩ .
(2.136)
It is easy to show that the fluctuations in the mean photon number is only due to
the noise in the system quadrature operator, as the noise of the LO gets canceled
out by taking the difference of the signals from two detectors, whereas in the simple
homodyne detection this is noise is present. Here we consider the simple homodyne
scheme because in the limit of ideal homodyne detection (see next section) the end
result is the same for both [2].
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In the previous section we saw that, for standard homodyne detection, the local
oscillator amplitude must be very large compared to that of the system output field,
and for the balanced homodyne detection it does not need to be very as strong, as
the entire LO field is detected. However, in an ideal situation the strength of the LO
tends to go to infinity, and as a result the photodetection rate goes to infinity. This
means that almost the entire detected field is due to the local oscillator so that each
detection does not affect the system. It is then possible to model the photocurrent
by a continuous function of time, and to construct a smooth dynamical equation for
the system. Here we present the end result and the interested reader can consult
Refs. [2, 13]. In fact, it has been shown that the statistical properties of dN (t) are
in consistent with the statistics of a Gaussian random variable [70]. Thus, according
to the analysis presented in Refs. [2, 70], the number of detections in an interval
−3/2
dt = O (∣b∣ ) can be written as
2

dN (t) = (∣b∣ + ∣b∣ ⟨x̂⟩I ) dt + ∣b∣ dW.

(2.137)

In the limit that ∣b∣ goes to infinity, the measurement record is in the form of a
continuous photocurrent with a Gaussian noise
2

dN (t) − ∣b∣ dt
= ⟨x̂⟩J (t) + ξ(t),
∣b∣→∞
∣b∣ dt

Jhom (t) ≡ lim

(2.138)

where ξ(t) = dW (t)/dt is the Wiener noise introduced in Eq. (2.1.2). This equation
shows that the measurement outcome is a signal corrupted by Gaussian noise. The
stochastic master equation for state of the system conditioned on the measurement
record J is given by
dρJ (t) = −i dt [Ĥ, ρJ (t)] + dt D[ĉ]ρJ (t) + dW (t) H[ĉ]ρJ (t),
= dt LρJ (t) + H[dW (t) ĉ]ρJ (t).

(2.139a)
(2.139b)

Note that here the Wiener increment dW appears in the SME because the counting
rates are exceedingly high and the Poissonian statistics (of the jump process) will
be well approximated by Gaussian distribution. Thus the conditional evolution of
the system is described by a diffusive process.
As in quantum jumps, here we can consider inefficient detection in the formalism.
Doing so, Eq. (2.139a) is replaced by
dρJ (t) = −i dt [Ĥ, ρJ (t)] + dt D[ĉ]ρJ (t) +

√
η dW (t) H[ĉ]ρJ (t),

(2.140)

√
ηξ(t).

(2.141)

and the homodyne photocurrent becomes
Jhom (t) = η ⟨x̂⟩J (t) +

Up to this point we have assumed that the frequency of the LO to be the same as
that of the system output field. By detuning this frequency much larger than any
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other system frequency, it would be possible to obtain information about two orthogonal quadratures of the system simultaneously. Also the number of irreversible
channels might be more than one, and each such channel may be monitored with different efficiencies. In the next section we present the general formalism for quantum
diffusion that covers these points.
The most general formalism of diffusive monitorings
Let us consider an open quantum system with the general Lindblad master equation
ρ̇ = −i[Ĥ, ρ] + D[ĉ]ρ,
(2.142)
where ĉ = (ĉ1 , . . . , ĉL )⊺ is a vector of arbitrary operators, and we have defined a new
notation D[ĉ] = ∑Ll=1 D[ĉl ]. The most general diffusive unraveling of the above master equation for the conditional state matrix %, by allowing for inefficient detection
reads [2]
d% = L% dt + H[dV† ĉ]%,
(2.143)
where dV = (dV1 , . . . , dVL )⊺ is a vector of infinitesimal c-number Wiener increments
satisfying E[dV] = 0. They should actually be regarded as noise in the output
complex photocurrent
J dt = ⟨Θ ĉ + Υ ĉ‡ ⟩ dt + dV,
(2.144)
with the following correlation relations
dVdV† = Θdt,

dVdV⊺ = Υ dt,

(2.145)

where O‡ = (O⊺ )† shows that the matrix elements of O should be replaced with their
complex conjugates. Here Θ = diag(η1 , . . . , ηL ) is a real diagonal matrix allowing for
imperfect detection in the formalism so that channel l is monitored with efficiency
0 ≤ ηl ≤ 1. The other parameters that characterise diffusive unravellings are encoded
in a complex symmetric matrix Υ = Υ⊺ . It is convenient to encapsulate all of the
correlation properties in the so-called unraveling matrix [71]
U (Θ, Υ) ≡

1 Θ + Re [Υ]
Im [Υ]
(
),
Im
[Υ]
Θ
− Re [Υ]
2

(2.146)

with the only constraint that it must be positive semi-definite (PSD), i.e. that
∃Z ∈ R2L×2L such that U (Θ, Υ) = Z ⊺ Z. In other words, all of the eigenvalues of
U must be non-negative. Note that one could work with matrix representations of
diffusive measurements other than U [72]. We will see in the next chapter why this
choice is appropriate for the subjects presented in this thesis. An ideal monitoring
of the environment giving rise to a pure-state quantum diffusion is represented by
U (I, Υ), where I ∈ RL is an identity matrix, and correspondingly Eq. (2.143) can be
replaced with a stochastic Schrödinger equation.
An interesting class of unravelling is obtained when the Lindblad operators are
Hermitian, ĉ = ĉ‡ , and the complex Wiener increments satisfy
√
dVl = eiφl η dWl ,

l = 1, ⋯, L,

(2.147)
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where
dWj dWk = δjk dt.

(2.148)

Therefore, depending on the monitoring scheme the lth measurement outcome would
be either a current containing maximal information about the observable ĉl ,
Jlcurrent dt = 2η ⟨ĉl ⟩ dt +
or just a pure noise,

√
η dWl (φ = 0),

√
Jlnoise dt = i η dWl (φ = π/2).

(2.149)

(2.150)

In the first case, the associated conditional evolution tends to localize the system to
a ĉl eigenstate:
√ L
d% = L% dt + η ∑ [(ĉl − ⟨ĉl ⟩)% + H.c.]dWl .
(2.151)
l=1

In the latter case, the stochastic evolution corresponds to a noisy Hamiltonian, since
no information about the system is being obtained:
√ L
d% = L% dt + i η ∑ [%, ĉl ]dWl .

(2.152)

l=1

For detailed derivations of these SMEs and currents see Appendix A.

2.3.4

Physically realisable ensembles

It is often of interest to study physical systems when they relax to a stationary
state. An ergodic quantum system reaches to its unique steady state after a long
run time, that is t → ∞. This stationary state for the Lindbladian master equation
can be defined as
Lρss = 0.
(2.153)
If ρss is of finite rank, which is always the case for a finite-dimensional quantum
system, the stationary state can be expressed in terms of a statistical mixture of
pure states of a finite set
{(pk , ∣ψk ⟩); k = 1, ⋯, K},

(2.154)

with pk being the probability of occupying the kth state. An important point is that
these pure states need not be necessarily orthogonal, and thus the number of ways
that such a decomposition can be done is infinitely large. However, it is crucial to
distinguish carefully between ensembles that are physically realisable (PREs) and
those that are not. The concept which rules out physically unrealisable ensembles is
referred to as the preferred ensemble fact [73]. The PREs are those that result from
some unraveling of the master equation. That is to say, under some unraveling, in
the long-time limit, the conditioned system state will always be one of the states
∣ψk ⟩ and the proportion of time that it spends in that state is equal to pk .
It was proven in Ref. [73] that the ensemble {pk , ∣ψ⟩} is physically realisable if
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and only if there exist some rates Ωjk ≥ 0 such that
∀k,

K

L∣ψk ⟩⟨ψk ∣ = ∑ Ωjk (∣ψj ⟩⟨ψj ∣ − ∣ψk ⟩⟨ψk ∣).

(2.155)

j=1

This means that upon evolution, the system jumps from state k to state j at rate Ωjk ,
and there exists an unraveling of the master equation which enables the experimenter
to keep track of these jumps.

2.4

Conclusion

In summary, we have briefly reviewed continuous quantum measurement theory
which will be used throughout this thesis. Measuring directly a quantum system
will change the original dynamics of the system. To avoid this, the system should
be coupled to another system and the measurements should be performed on the
second system. It would be possible to obtain a bit of information about the system
of interest due the correlation the two systems constitute. This is a subject of ope
quantum systems and we saw that how it is possible to analyse evolution of such
systems. In the next two chapters we will see how to apply the materials presented
here.
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Chapter 3
Detection dependence of
dynamical quantum events
In this chapter we start with explaining the marked contrast between the oldfashioned theory of quantum jumps and the quantum trajectory theory. That is,
the stochastic conditional state of an open quantum system is not independent of
the nature of a distant detector. This will be addressed in the context of EinsteinPodosky-Rosen (EPR) steering phenomenon. Necessary conditions and sufficient
conditions for inefficient diffusive unravellings to be able to prove the detector dependency of the conditioned states are considered next. We conclude the chapter
by studying quantum jumps for the above mentioned objective when the detection
efficiency is lower than the necessary condition for the diffusive case.
Acknowledgment. I was introduced to the subject by Howard who had the
original idea. He proposed to study different physical systems and various EPRsteering inequalities, and stated the no-go theorem. Jay Gambetta suggested to
generalise the form of EPR-steering inequalities for 2-measurement setting schemes.
I did the analytical and numerical calculations to produce the results and proved the
no-go theorem. The results of this study have been published in the New Journal
of Physics, and in the journal Physical Review A.

3.1
3.1.1

Quantum dynamics and correlations
Old verses modern theory of quantum jumps

The very first theory of quantum dynamics can be tracked back in the work of
Niels Bohr [67] followed by Albert Einstein [68, 69]. In 1916 Einstein proposed laws
whose primary application was to describe the approach to thermal equilibrium of
radiation field in interaction with matter. He made use of the notion of Bohr’s
quantum jumps in conjunction with some statistical rules to get to a stochastic
process able to bring a molecule to a thermal equilibrium consistent with Planck’s
black-body radiation equation and the canonical distribution of states in statistical
mechanics.
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This conception of quantum jumps was before the Schrödinger’s theory of quantum dynamics in which coherence is central, and even longer before the peculiar
concept of quantum entanglement. Thus this old-fashioned idea of Bohr-Einstein
quantum jumps is obviously unable to take into account coherence in its formalism.
That is, this old theory of quantum jumps is not able to deal with superposition of
quantum states. In other words, a limitation of the Bohr-Einstein quantum jumps
is that the system makes transitions only between stationary states. However, In
the modern theory of quantum jumps, quantum trajectory theory, this is not necessarily the case. This is because in between jumps the state of a (Markovian) open
quantum system evolves smoothly, see explanation after Eq. (2.104). Thus the state
would not be stationary until the next jump. Quantum jumps in the old theory
were considered as objective dynamical quantum events, connected to an equally
objective detection event. That is, it was widely believed that a system’s quantum
evolution was objective, hence independent of any measurement.
In the context of quantum measurement theory and open quantum systems, the
environment is important to obtain some information about the system. For instance, for an atom in interaction with the electromagnetic field, a photodetection
event underlies quantum jump in the state of the distant atom because the system
and its bath are entangled. This means that the quantum jumps are detector dependent. That is, if there is no measurement no jumps happen. This is in contrast
to the objective Bohr-Einstein quantum jumps.
An interesting question that may arise is that why should we care about the
detection of a field quanta causing the jump as long as the latter occurs by the
emission of the light? The answer depends on in how many ways the photon can
be detected. If there is one and only one way then it does not make any difference
to link the quantum jump event to the emission or detection of a photon. But
as we have seen in the previous chapter, there are actually infinitely many ways
to the detect system’s output field. For instance, perfect direct photon detection
gives rise to the Bohr-Einstein quantum jumps, whereas ideal homodyne detection
gives rise to a particular type of pure-state quantum diffusion. These two both
are valid unravellings of the same master equation such that neither of them are
objective pure-state dynamic models (OPDM). In hindsight, based on the quantum
measurement theory, such a model does not exist.
To disprove all such objective pure-state dynamical models, an experimental test
was proposed in 2012 by Wiseman and Gambetta [74]. The core idea of Ref. [74]
was to use in different runs of an experiment two different types of detection scheme
to monitor an atom’s fluorescence, at a distance. These two different detection
strategies would give rise to different types of stochastic evolution of the atomic
quantum state, conditional on the detector output. It is crucial to note that the
different detectors, being distant, do not change the coupling of the atom to the
electromagnetic field and hence do not change the average evolution of the atom,
described by a master equation for its mixed state ρ.
The aim was to disprove the hypothesis that there is some underlying OPDM
for the atom, with the two different types of evolution being just reflections of
the different detectors giving different types of information about the stochastic
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process determining the quantum dynamics. If the efficiency η of both detection
schemes were unity then they would each produce conditional states which were
pure. Then, as long as, with finite probability, one of the schemes gave conditional
states that were different from any of the conditional states that the other scheme
gave, this would prove that there could not be some common pure state dynamics
underlying them both. This argument is essentially a continuous-in-time version of
the Einstein–Podolsky–Rosen (EPR) argument [75].
In real experimental setups, however, the detection efficiency is less than unity
η < 1, and in order to rule out all OPDMs one would be required to invoke the more
general form of the EPR argument known as steering [30, 76] (the term was coined
by Schrödinger [77]), or EPR-steering [78]. To be more specific, by assuming that an
objective state exists, obeying some OPDM, EPR-steering inequalities are derived,
the violation of which shows detector dependency of dynamical events.

3.1.2

Einstein–Podolsky–Rosen–steering phenomenon

One of the unique properties of quantum mechanics is quantum entanglement.
Entanglement is an intrinsic property of two or more quantum systems establishing
quantum correlations among them. It is the source of nonlocality in the quantum
theory. For a pure entangled state composed of some subsystems, an observer’s
knowledge about the whole system is more compared to that of each individual
subsystems. In other words, parts have non-zero entropy.
Systems that are not entangled are said to be separable states. A general definition of a separable state is any quantum state that can be written as a convex
combination of product states. For instance, a bipartite system state ρ is a separable
state if there exist a set of probabilities {pj ∶ j} where ∑j pj = 1, and sets of state
B
matrices for each subsystem,{ρA
j } and {ρj }, such that the state ρ can be expressed
as
B
ρ = ∑ pj ρ A
(3.1)
j ρj ,
j

Any state that cannot be represented in this form is a nonseparable state.
Nonseparable states are a class of entangled states with different degrees of entanglement. It was shown in Ref. [30] that Bell-nonlocal states exhibits the strongest
form of entanglement and are a subclass of EPR-steerable states. In turn, EPRsteerable states are a subclass of nonseparable states with stronger entanglement
compared to the latter but weaker entanglement in comparison to Bell nonlocal
states. In other words, Bell nonlocal states are indicative of being both EPRsteerable and nonseparable states, whereas EPR-steerability is sufficient condition
for being nonseparable but not necessarily showing Bell nonlocality, and nonseparability is just a necessary condition for being steerable and Bell nonlocal.
Quantum steering, an inherently asymmetric property of quantum mechanics, is
the ability of one party (Alice) to collapse the state of the other party (Bob) based
on her choice of measurement basis. In practice, Alice’s claim on her ability to
steer Bob’s state is justified as follows. A source prepares a bipartite quantum state
and sends one part to each party for being locally measured so that the correlations
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between Bob’s measurement on his part and that of from Alice’s can not be explained
by a local hidden state model.
A rigorous definitions of these classes have been given in Ref. [30]. Here we just
present the formal definition for the EPR-steering. This class of nonlocal states
(as the other two) are usually defined with reference to bipartite entangled states
involving two hypothetical observers “Alice” and “Bob”. These two are assumed
to be spatially separated, each possessing a quantum object to observe. Let us
denote the set of all possible measurements that either party is able to implement
by MA and MB , respectively for Alice and Bob. That is, if A and B are choices of
measurements for Alice’s and Bob’s systems, then A ∈ MA and B ∈ MB .
The possible results of these measurements can be represented by sets RA and
RB . Let us denote the outcomes of the measurements A and B by a ∈ RA and b ∈ RB .
We should also take into account that the measurement depends on the state it is
applied to. Thus a parameter s enters into the formalism to represents the state
preparation and all information known to the both parties about the state. We also
denote ξ as the local hidden variable(s) that might influence the outcomes a and b.
We are interested in the result of the joint measurement probability p(a, b∣A, B, s).
In the EPR-steering phenomenon only one subsystem has the ability to affect the
quantum state of the other. In other words, it has an asymmetric property. Thus it
is possible to construct a no-steering model by assuming that Bob gets his results
from measurements on a quantum state represented by ρ(s, ξ) while Alice obtains
hers from some general measurements on her system without involving a quantum
system. Therefore, for a result p(a, b∣A, B, s), there exists a no-steering model if and
only if, for all measurements A ∈ MA , B ∈ MB and their possible results a ∈ RA ,
b ∈ RB , there exists a probability distribution p(ξ∣s) for manifesting the hidden variables’ effect given the specific preparation procedure, and a probability distribution
pQ (b∣B, s, ξ) that is compatible with a quantum state yielding the outcome b, as well
as an arbitrary probability distribution p(a∣A, s, ξ), such that
p(a, b∣A, B, s) = ∑ p(ξ∣s) p(a∣A, s, ξ) pQ (b∣B, s, ξ).

(3.2)

ξ

As mentioned above, there must be a valid representation of the quantum state
of the Bob described by ρ(s, ξ) so that the probability distribution for b must be
derived from it. That is, pQ (b∣B, s, ξ) = Tr [Ê ρ(s, ξ)], where Ê is the POVM element
expressing a measurement of B with outcome b. Note that there is no such a
restriction upon the probability distribution of the other party p(a∣A, s, ξ).
Constraints that might be derived from such a model are referred to as EPRsteering inequalities. Violation of criteria of this kind demonstrates EPR-steerability.
This shows that Bob’s measurement statistics cannot be accurately obtained by a
quantum state.
The EPR-steering phenomenon can also be defined operationally as a quantum
information task involving three parties, Alice, Bob and Charlie. In this scenario
Charlie is an outsider, and Alice and Bob try to convince her that they are sharing
an entangled bipartite quantum system. Charlie trusts Bob but not Alice, meaning
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that she believes Bob possesses a quantum state and his results are obtained by
performing measurement schemes that she asks him. The lack of trust in Alice
implies that Charlie believes that she may be collecting her results by some other
means. That is, since Alice and Bob are not allowed to communicate, and in the
absence of nonlocality the only way for her to cheat (feign nonlocal results) would be
to have complete knowledge (through hidden variables) about Bob’s system state.
Thus Charlie would be convinced that they share an entangled state if their results
can establishes EPR-steering by violating the local hidden state model for Bob,
Eq. (3.2). EPR-steering has been realised experimentally in the form of one-way
steerability [79] and other attempts to close different looholes [80–82]. It is also
worthwhile to mention that researchers from three different groups have also been
able to demonstrate experimentally loophole-free Bell nonlocality [83–85] which is
the strongest form of nonlocality.

3.1.3

EPR-steering inequalities

EPR-steering criteria are used to witness the presence of quantum nonlocality of
the sort EPR-steering has to offer. This is often achieved by violating an inequality that is carefully devised for a specific experiment. EPR-steering criteria can
differ by the kind of measurements they employ, and the values required for those
measurement to be capable of demonstrating steerability.
We will use the no-steering model presented in Eq. (3.2) to derive the general form
of additive convex EPR-steering criteria shown in Ref. [78], which is the basis of all
EPR-steering inequalities we employ in this chapter. Our aim in deriving this criteria
is to build a theoretical limit on some observable properties of the system, according
to the assumption that Bob’s system can be explained by quantum mechanics and
cannot be affected by Alice’s results. In other words, we assume that Bob’s quantum
system is described by a local quantum state ρξ , and depends on Alice’s measurement
outcome as much as can be explained by a hidden variable ξ.
As the trust is only on Bob’s measurements on his state and the resulting outcomes, to derive an EPR-steering criterion one would need to study the quantum
statistics of Bob’s results by devising some uncertainty relation or other constraints
on it. It is necessary that this condition be valid for any expectation values over
observables Bj , denoting by ⟨b̂j ⟩ that may be obtained by a quantum state and also
for any Alice’s results aj . Hence, the constraint can be expressed in the form of an
inequality [86]
(3.3)
∑ fj ( ⟨b̂j ⟩ , aj ) ≤ k,
j

where k is some constant, fj is a convex function [78], and j indexes different observables on Bob’s system. A convex function is one that satisfies
fj (px + (1 − p)y, z) ≤ pfj (x, z) + (1 − p)fj (y, z),

∀z, and x, y ∈ dom(fj ),

(3.4)
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where 0 ≤ p ≤ 1. Now recall Eq. (3.2) for the joint measurement
p(aj , bj ∣Aj , Bj , s) = ∑ p(ξ∣s) p(aj ∣Aj , s, ξ) pQ (bj ∣Bj , s, ξ).

(3.5)

ξ

Considering a specific state, and particular choices for Aj and Bj (i.e. a specific
measurement setting), we may omit these and s, and only keep variables of interest
to get
p(aj , bj ) = ∑ p(ξ) p(aj ∣ξ) pQ (bj ∣ξ).
(3.6)
ξ

Thus the probability of a result for Bob’s measurement given Alice’s result becomes
p(aj , bj )
p(aj )
∑ξ p(ξ) p(aj ∣ξ) pQ (bj ∣ξ)
=
p(aj )
= ∑ p(ξ∣aj ) pQ (bj ∣ξ).

p(bj ∣aj ) =

(3.7)

ξ

Now the expectation value of Bob’s result conditioned on aj , in terms of Bob’s local
state can be written as
⟨b̂j ⟩a = ∑ p(bj ∣aj ) bj = ∑ p(ξ∣aj ) pQ (bj ∣ξ) bj = ∑ p(ξ∣aj ) ⟨b̂j ⟩ρ .
j
ξ
bj

ξ,bj

(3.8)

ξ

Substituting this back into Eq. (3.3) and using the convexity property of fj
fj ( ⟨b̂j ⟩a , aj ) = fj ( ∑ p(ξ∣aj ) ⟨b̂j ⟩ρ , aj )
j

ξ

ξ

≤ ∑ p(ξ∣aj ) fj ( ⟨b̂j ⟩ρ , aj ).
ξ

(3.9)

ξ

Taking the average over Alice’s outcomes according to Eaj [●] = ∑aj p(aj )●, we obtain
Eaj [fj ( ⟨b̂j ⟩a , aj )] ≤ ∑ p(ξ, aj ) fj ( ⟨b̂j ⟩ρ , aj ).
j
ξ

(3.10)

ξ,aj

To apply the condition introduced in Eq. (3.3) to this expression, it is required to
sum over Bob’s measurements on different observables. That is
∑ Eaj [fj ( ⟨b̂j ⟩aj , aj )] ≤ ∑ p(ξ, ak ) ∑ fj ( ⟨b̂j ⟩ρξ , ak ),
j

ξ,ak

(3.11)

j

where the summation on j on the RHS has been moved through, because it indexes
Bob’s measurements and due to the locality assumption Alice’s results do not depend
on it. Now applying the constraint of Eq. (3.3) and the normalisation condition
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∑ξ p(ξ, aj ) = p(aj ) we get
∑ Eaj [fj ( ⟨b̂j ⟩aj , aj )] ≤ k.

(3.12)

j

This is a general EPR-steering criterion. Depending on the explicit form of the
convex function fj , different steering inequalities with different bounds can be found.
This means that to experimentally demonstrate steerability, careful design of such
an inequality is required based on the physical problem under study.

3.1.4

EPR-steering and continuous quantum measurements

In this work we consider EPR-steering in the context of open quantum systems.
That is, Bob’s system is described by a localised quantum state but Alice’s is, in
principle, the entire environment to which Bob’s system is coupled. As was discussed
in the previous chapter, entanglement can arise between a system and its environment through continuous interaction. As a result, monitoring the environment can
collapse the system’s state in a continuous way, generating a stochastic unraveling
for the system. This monitoring can be performed by Alice at a distance from Bob’s
system so that it makes sense to ask if it affects the Bob’s system in the indirect
sense of steering. In other words, we are interested to know whether specific scheme
of continuous measurement that Alice chooses will change the stochastic evolution
of Bob’s system. To this end, all OPDMs must be ruled out.
One might also ask would it be possible to consider an entanglement witness as
a test for proving detector-dependence of stochastic conditional states of an open
quantum system? The answer is no, because the environment is so much larger than
the system that it is not so feasible to imagine that we understand it well enough to
fully trust our quantum models for measurement on the environment (often in the
form of a continuum field). That is to say, in the language of quantum information,
one cannot put trust on the environment and as a result protocols that just establish
non-separability through putting trust on both parties are not suitable for disproving
OPDMs. The other extreme would be to employ Bell-nonlocality criteria to prove
even something stronger than EPR-steering, that is there is no objective dynamical
model of any kind for the system. But this would be extremely hard to be realised
experimentally with the current technological limitations.
We will see that the EPR-steering phenomenon enables Bob to rule out all
OPDMs for his system. In particular, under the assumption that some OPDMs
exist for the Bob’s open quantum system, we consider EPR-steering inequalities,
the violation of which disproves such models. These inequalities can be measured
empirically by Alice choosing among at least two different measurement schemes to
monitor the system output field and by Bob correlating the measurement outcomes
of his system (often a qubit) with the ones that Alice announces.
In a typical single-shot EPR-steering experiment after choosing one measurement
setting and running the experiment Alice obtains some data, and after correlating
them with Bob’s results, determines whether or not an EPR-steering inequality is
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being violated. However, when she is continuously reading out the environment the
situation might not be immediately obvious. That is, in every moment of time she is
recording the measurement outcome so that an infinite amount of information comes
out in the interval of [0, T ) for some T . How could then she and Bob ever come up
with an EPR-steering inequality with such a large amount of data? The solution
is that although Alice has an apparently infinite amount of data, only some of it is
relevant for Bob’s system. In this case Alice has to sum up the information that she
has got from her measurement records using the quantum trajectory theory in the
form of a conditional state of the system right before T and reports it to Bob so that
he correlates his measurement results with the one that Alice reveals. Thus it is this
conditional state — just three real numbers if using the Bloch vector representation
of the conditional state matrix— that can be thought of as Alice’s result, irrespective
of how long the measurement continues.

3.2

Necessary conditions for diffusive monitorings

We restrict to Markovian open quantum systems, since non-Markovian quantum
systems do not, in general, allow for pure conditioned states even for 100% efficient
non-disturbing detection [87]. Thus the unconditioned state of the system evolves
according to Eq. (2.142)
ρ̇ = −i[Ĥ, ρ] + D[ĉ]ρ.
(3.13)
Here we are concerned with diffusive unraveling of this ME which can be described
by the unraveling matrix U (Θ, Υ) defined in Eq. (2.146) with Θ and Υ satisfying
the correlation relations given in Eq. (2.145).
In addition to the mathematical tools that have been described so far, we require
another notion to be explained, that is, coarse graining of diffusive unravelling.
Let us consider two unravellings U ≡ U (Θ, Υ) and U0 ≡ U (Θ0 , Υ0 ) with associated
vectors of Wiener processes dV and dV0 , respectively. If it is possible to express the
latter as the sum of the former and another complex vector Wiener increment dV̌
satisfying Eq. (2.145), that is, dV0 = dV̌ + dV, then the first unraveling U can be
realised experimentally by implementing the second one, U0 , and keeping just the
relevant information in the record. This will be so if the unraveling matrix for dV̌,
Ǔ ≡ U0 − U , is also positive semi-definite as are U and U0 . Under these conditions
we call U a coarse graining of U0 , and U0 a fine graining of U and of Ũ .

3.2.1

The most general case

As discussed, there is a requirement of being able to implement at least two different measurement schemes to tackle the problem of objective pure-state dynamical
models. The latter has explicitly been shown for a driven two-level atom in Ref. [74]
by using either two homodyne detection schemes or a combination of a homodyne
measurement and a quantum jump scheme. Here we are interested to generalise to
the case where an experimentalist has access to a finite number of diffusive measurement strategies, giving rise to different stochastic conditional dynamics.
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Let us consider an experimenter who is able to implement a set U of some number
K > 1 of distinct diffusive unravellings
U = {Uk ≡ U (Θk , Υk ) ∶ Uk ≥ 0, k = (1, . . . , K)}.

(3.14)

As pointed out in the previous sections, it is necessary to perform EPR-steering in
order to prove that conditional stochastic evolution of the system is determined by
a distant detection apparatus. If there exists a single unraveling U0 so that
∀k,

Ǔk ≡ U0 − Uk ∈ R2L×2L ≥ 0,

(3.15)

that is Ǔk is PSD, then every member of the set U is a coarse graining of U0 . If such
a U0 exists, then Θ0 can always be chosen to equal I (as this just makes every Ũk
more positive), so that U0 is a purity-preserving unraveling. Note that this is because
Θ0 = I means that all irreversible channels undergo unit-efficiency monitoring. In
other words, there exists a pure-state dynamical model which could underly all of
the different stochastic evolutions induced by the K different measurement schemes,
namely that corresponding to U0 . This implies that all the unravellings in the set U
can be a coarse graining of U0 . Consequently, that set U cannot possibly be used to
rule out all OPDMs.
Thus there is a necessary condition for demonstrating detector dependancy of
dynamical quantum events. That is, there must not be a common fine-grained
unravelling such as U0 for every member of the set U. The next question that may
arise from this is: how to verify the existence or non-existence of such unravelling
U0 given U? Here we first answer this question by presenting a more general no-go
theorem. That is, we consider any given set U and define a procedure to determine
whether any common fine grained U0 exists. Next, we provide a partial answer to
this in Sec. 3.2.3 in the form of a no-go theorem for inefficient diffusive monitorings,
where a specific U0 is considered.
The procedure is, in general, numerical computations rather than analytical calculations, but it can be performed efficiently because of the power of semi-definite
programming [88]. To reiterate the problem definition, given a set of diffusive measurement schemes described by unravellings U = {U (Θk , Υk )}K
k=1 , we want to determine whether
∃Υ0 ∈ CL×L

such that Υ0 = Υ⊺0

and U (I, Υ0 ) ≥ 0,

(3.16)

and
∀k,

U (I − Θk , Υ0 − Υk ) ≥ 0.

(3.17)

Note that here we have set Θ0 = I, as a purity-preserving unravelling.
Solution via semi-definite programming
The problem that we have in hands with its current shape can be cast into a particular class of semidefinite programming (SDP) which is referred to as a feasibility
problem [89], the description of which is presented below. The standard definition
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of a (dual) semidefinite program is [88]
b⊺ x
F (x) ≥ 0,

minimize
subject to
where

(3.18)
(3.19)

n

F (x) = F 0 + ∑ xj F j .

(3.20)

j=1

Here b ∈ Rn , and F0 , ⋯, Fn ∈ Rm×m are the known data, and the minimisation is
performed over x ∈ Rn . In terms of these variables, the constraint (3.19) is a linear
matrix inequality (LMI). In the special case in which b = 0, the optimisation problem
reduces to the search for some vector x satisfying the LMI, which should obviously
be an easier task from computational viewpoint. This is an instance of a feasibility
problem and is exactly what we desire to have.
It is worth to emphasise that we are interested to seek positive semi-definiteness
of some matrices in the form of a group of LMIs, Eqs. (3.17) and (3.17). For this
reason, it is required to express all of these matrix inequalities in a compact elegant
way as a single block-diagonal matrix. Let us first define a linear one-to-one mapping
between the symmetric complex L × L matrix Υ0 and a real vector x ∈ RL(L+1)
Υ0 = ℵ(x).

(3.21)

Note that one could encode both matrices Υ0 and Θ0 in the vector x0 . However, this
not only expands the size of the unknowns by L, which is undesirable, but also gives
no additional information in comparison with the hypothetical case of Θ0 = I. That
is, if there does not exist an unravelling U (I, Υ0 ) by which all other unravellings
can be coarse grained, then there would not be any point to add another layer of
complexity to the problem by considering Θ0 ≠ I.
Next we define 0(x) = U (I, ℵ(x)), which is still a linear function of x. Hence the
required constraints can be written as the LMI (3.19) by choosing F (x) to be the
following block-diagonal matrix ∈ S2L(K+1)
0
⎛ 0(x)
⎜ 0
0(x) − U1
F (x) = ⎜
⎜ ⋮
⋮
⎜
⎝ 0
0

⋯
0
⋯
0
⋱
0
⋯ 0(x) − UK

⎞
⎟
⎟.
⎟
⎟
⎠

(3.22)

Thus so long as the matrix Eq. (3.22) is positive semidefinite, it guarantees that all
submatrices must also be PSD. Also the linearity of 0(x) and consequently that
of F (x) indicates that the latter can be expressed in the form of Eq. (3.20), with
F 0 ⋯, F n ∈ S2L(K+1) , where n = L(L + 1). Therefore the task boils down to find the
following feasible set
F = {x ∈ RL(L+1) ∶ F (x) ≥ 0}.
(3.23)
This set is comprised of the so-called feasible points, x, conditioned on some constraints. Each feasible point defines a fine graining 0(x) of every member of the sets
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U. Since this problem is K + 1 block matrices and each block has 2L constraints,
then in total there are 2L(K +1) constraints with L(L+1) unknown real parameters
which is equal to the size of the vector x. Semi-definite programming is an active
research field with well established grounds in applied science and engineering, and
it is known that a SDP can be solved in (approximately) polynomial time with respect to n = 2L(K + 1), and with errors as small as one desire [90], of course with
trade-off between the computational time and the accuracy. There are some freely
available codes for semi-definite programming [91, 92]. Thus, finding the unknowns
would not be costly from computational viewpoints [93], in particular because no
optimisation is performed. If it turns out that the set F is null then all OPDMs will
be ruled out. This is the no go theorem. To understand easily how it works, let us
consider the simple case of L = 1. That is, when the system is in coupling with only
one environment.

3.2.2

A system with one environment

For a Markovian open quantum system with one decoherence channel into the
environment, the diffusive unravelling matrix becomes much more simpler as the
matrices Θ and Υ are replaced with scalars η ∈ R and υ ∈ C, respectively. Thus we
can write
1 η + Re [υ]
Im [υ]
).
(3.24)
U (η, υ) ≡ (
Im
[υ]
η
−
Re [υ]
2
As a valid diffusive unravelling, this matrix must comply with the positive semidefiniteness condition. The spectrum of this matrix consists of eigenvalues λ± =
η ± ∣υ∣. It is then straightforward to see that this unravelling is PSD if λ− ≥ 0. This
means that
∣υ∣ ≤ η.
(3.25)
The same method applies to the constraints of the feasibility set, Eq. (3.23). As a
result, the constraints for a system with one environment take the following forms

∀k,

∣υ0 ∣ ≤ η0 ,
∣υ0 − υk ∣ ≤ η0 − ηk .

(3.26a)
(3.26b)

A general diffusive unravelling for a system with L-environment coupling can be
determined by L2 +L real numbers. Thus for the case where L = 1 only three variables
are needed to parametrize the unravelling. This is also evident from Eq. (3.24) with
R[υ], I[υ], and η as the variables. It is then possible to visualise a feasible set in
3-dimensional space such that axes are labelled by these variables.
The set of all physically valid unravellings that satisfy Eq. (3.25) is shown in
Fig. 3.1 as the light gray cone. This is because the constraint in Eq. (3.25) can be
compared with an inequality in the Cartesian coordinates, that the locus of it, in
general, represents an elliptic cone
(x − x0 )2 (y − y0 )2 (z − z0 )2
+
≤
,
a2
b2
c2

for a, b, c ∈ R.

(3.27)
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Figure 3.1: Feasibility set and space of diffusive unravellings for an open quantum system
coupled to one environment L = 1. The cyan cone represents all valid unravellings that
satisfy Eq. (3.25), and the blue cone shows unravellings that meet the constraints given in
Eq. (3.26) for a generic unraveling U0 = U (η0 , Re[υ0 ], Im[υ0 ]). The intersection of these
two cones encloses a space such that all points inside of it can be a coarse graining of the
U0 located at the apex.

Here due to the form of the constraint, the cross section is circular (a = b = c = 1)
and the cone’s vertex is located at the origin (x0 = y0 = z0 = 0). Therefore the set
U given by Eq. (3.14) that is supposed to be implemented by an experimenter is
represented by a set of points in this cone given by
{(ηk , Re[υk ], Im[υk ]), k = (1, ⋯, K)},

(3.28)

Moreover, it is evident that unravellings U0 that satisfy Eq. (3.26a) and ultimately
make up the feasibility set must lie somewhere in this conical volume. Now again
by comparing Eq. (3.26b) with the cone formula, for a given U0 , it becomes evident
that the points in U lie in an inverted cone whose apex is (η0 , Re[υ0 ], Im[υ0 ]). Thus,
referring to Fig. 3.1, the question that now arises from this is that wether there exist
a point (η0 , Re[υ0 ], Im[υ0 ]) in the cyan cone which is the vertex of an inverted (blue)
cone that includes all the points in U? In the next section we consider a specific
fine-grained unravelling that will serve as an example to this question.

3.2.3

Arbitrarily many environments–A necessary condition

We have seen in the previous chapter that using homodyne detection any quadrature of the system can be measured depending on what value is chosen for the LO
phase. It is also possible to simultaneously measure two orthogonal quadratures
by splitting the system output field in two and implementing separate homodyne
measurement on each beam with a π/2 phase shift in the phases of the two local
oscillators.
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An alternative scheme to obtain the same result is to detune the LO from the
system’s frequency by a large amount so that the photocurrent will oscillate at the
difference frequency of the system and local oscillator frequencoes. As a result,
the two Fourier components of this oscillation will represent the two orthogonal
quadratures. This measurement method is called heterodyne detection and can be
expressed by the unravelling matrix Uhet = U (I, 0). This unravelling is also known as
quantum state diffusion (QSD) as it was introduced in Refs. [94, 95] as an objective
pure-state dynamical model.
The no-go theorem presented above can be revisited by assuming U0 = Uhet . Let
us now consider the same set of unravellings given by Eq. (3.14), to be implemented
by an experimenter. As discussed, a necessary condition for this set to be capable
of demonstrating continuous EPR-steering, is that they not be coarse-grainings of
a single unraveling such as U0 . From this the following can be shown
Theorem (No-go for inefficient diffusion). If, for a set of diffusive unravelings
{Uk }K
k=1 of an arbitrary ME (2.142), the efficiencies satisfy
∀k, ∀l, ηlk ≤ 0.5,
then this set cannot be used to demonstrate the detector-dependence of the conditional
stochastic evolution.

Proof. Consider U0 = U (I, 0). Then under the condition of the theorem, Ǔk ≡
U0 −Uk equals U (I−Θk , −Υk ) = U (Θk , −Υk )+Ak , where Ak = diag(εk1 , ⋯, εkL , εk1 , ⋯, εkL ),
and εkl ≡ 1 − 2ηlk is non-negative for all l and k. To establish the result we need
prove only that λmin (Ǔk ) ≥ 0 for all k. Using Weyl’s inequality [96], λmin [Ǔk ] ≥
λmin [U (Θk , −Υk )] + minl {εkl }. It can be also proven, based on the properties of
partitioned matrices [96], that {λ[U (Θk , −Υk )]} = {λ[U (Θk , Υk )]}. Since U (Θk , Υk )
is PSD by definition, the result follows.

Therefore, so long as all detection efficiencies across all environmental channels
and for all measurement schemes are less than or equal to 0.5, then objectiveness
of pure-state dynamical models cannot be disproven. This can be seen in the geometrical representation shown in Fig. 3.2, where the two cones intersect each other
right at ∣υ∣ = η = 0.5. It is evident that a set U containing only unravellings with efficiencies η ≤ 0.5 is not able to demonstrate EPR-steering as they are confined in the
shared volume of the two cones. In other words, to be able to rule out all OPDMs,
at least one efficiency has to be greater than 0.5. However, this is just a necessary condition and is not sufficient to prove the detector dependency of stochastic
conditional states [97]. Note that this insufficiency can be examined by inspecting
the upper half part of Fig. 3.2 where there are other unravellings in the overlapped
space that are also a coarse graining of U (1, 0). That is, those with ∣υ∣ < 1 − η < 0.5.
In next section we will consider sufficient conditions for being able to rule out all
OPDMs, overcoming the stronger necessary condition considered in Sec. 3.2.1.
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Figure 3.2: Feasibility set and space of diffusive monitorings for an open quantum system
with one decoherence channel L = 1. The cyan cone represents the same physical unravellings as in Fig. 3.1, but the blue cones obeys the constraint in Eq. (3.25) for the QSD
unraveling U0 = U (1, 0).

3.3

Sufficient conditions for diffusive monitorings

So far we have studied just a necessary condition for proving detector dependency
of stochastic diffusive evolution. There is not a single sufficient condition applicable
to all diffusive monitorings. For this reason we consider specific scenarios for which
continuous-in-time EPR-steering can be established by violating a suitable steering
inequality. To this end, we will restrict our attention to open qubit systems that are
coupled to different number of environments with different number of measurement
schemes. For each case a particular EPR-steering inequality will be considered.

3.3.1

Three-channel bath with three measurement settings

We now consider an open qubit system which is coupled to L = 3 non-dissipative
decoherence channels, and its conditional evolution is described by the following
stochastic master equation
3
√
√
d% = ∑ (D[ γ σ̂ l ]% dt + H[ γ σ̂ l dVl ]%),

(3.29)

l=1

where σ̂ l are the Pauli operators
σ̂1 = ∣1⟩⟨0∣ + ∣0⟩⟨1∣,

σ̂2 = i(∣1⟩⟨0∣ − ∣0⟩⟨1∣),

σ̂3 = ∣0⟩⟨0∣ − ∣1⟩⟨1∣.

(3.30)

In comparison to the notation of Eq. (2.143), Ĥ = 0 in a relevant rotating frame,
√
ĉ = γ (σ̂ 1 , σ̂ 2 , σ̂ 3 ) where γ is the strength of coupling to the three environments,
which are assumed to be equal. The vector of complex Wiener increment is dV =
√
(dV1 , dV2 , dV3 )⊺ , where dVl = eiφ η dWl as in Eq. (2.147). Note that an unraveling
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equivalent to the one described by the above SME can be realised for a quantum
system with one environment (for example, in a circuit QED setup) but by measuring
the three Pauli observables concurrently [98, 99].
Here we consider a set of K = 3 different unravellings {Uk }K
k=1 in which an observer
obtains information about σ̂k by choosing φk = 0, while yields to noisy Hamiltonian
evolution for other components of the observable σ̂l for the l ≠ k by setting φl = π/2.
This means that for the k-th unravelling
√
dVk =
η dWk ,
√
dVl = i η dWl for l ≠ k.

(3.31)
(3.32)

Now, we know that each of these unravellings can be represented by the corresponding unravelling matrix. Making use of the above equations, it is straightforward
to show that, for instance, for k = 3 the unravelling simplified to Θ3 = η I and
Υ3 = η diag(−1, −1, 1). Thus by substituting these into Eq. (2.146), the corresponding unravelling U3 = U (Θ3 , Υ3 ) can be written as
U3 = η diag(0, 0, 1, 1, 1, 0).

(3.33)

The same procedure applies for the other two measurement schemes such that
U1 = η diag(1, 0, 0, 0, 1, 1),
U2 = η diag(0, 1, 0, 1, 0, 1).

(3.34)
(3.35)

This choice of measurement strategy allows us to obtain information about only
the k-th observable through the unravelling Uk , and it is thus expected to make
this observable takes a well-defined value. This would consequently lead to different
stochastic conditional states for different unravellings, which is what is desired to
have for being capable of ruling out all OPDMs.
Hence to prove detector-dependence of % a suitable EPR-steering criterion in the
form of an inequality is required to be examined. As discussed, such an inequality,
provided that additive convex criteria are used, could be expressed as Eq. (3.12).
However, this general form should be tailored to be useful for the problems we
consider here. For example, from the fact that the Bloch vector r = ⟨(σ̂1 , σ̂2 , σ̂3 )⊺ ⟩
must satisfy ∥r∥2 ≤ 1, and the convexity properties of ⟨σ̂l ⟩ ≡ Tr [%σ̂l ] in the conditional
state matrix %, it can be shown that every OPDM satisfies [74]
3

2
S III ≡ ∑ Ek [⟨σ̂ k ⟩ ] ≤ 1.

(3.36)

k=1

Here Ek [●] means the ensemble average under the unraveling k. That is, three
unravellings are implemented to calculate the steering parameter S III . Note that
due to the symmetrical nature of the problem the ensemble average does not depend
on k when the system is in the stationary state for a long run-time t → ∞. We will
explain below how to calculate this steering parameter.
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Calculating the steering parameter S III
For an qubit system it is often convenient to express its state matrix in the
Bloch representation. Thus adhering to this convention, the conditional state of
the system % which evolves according to Eq. (3.29) can be rewritten in the Bloch
representation so that dynamics of the system is governed by the following multidimensional stochastic differential equation (MDSDE)
dr = A(r)dt + B(r)dW(t),

(3.37)

r = (x, y, z)⊺ ≡ (⟨σ̂ 1 ⟩ , ⟨σ̂ 2 ⟩ , ⟨σ̂ 3 ⟩)⊺ ,
W = (W1 , W2 , W3 )⊺ ,
A = −4r,

(3.38)
(3.39)
(3.40)

where

and the Wj s are independent Wiener processes.
The matrix B also takes the following form
0 −z −xz ⎞
√ ⎛
−yz ⎟ .
B = 2 η⎜ z 0
⎝−y x 1 − z 2 ⎠

(3.41)

Here, we have just expressed details of Eq. (3.37) for the k = 3 case. However,
as mentioned above, the ensemble average in the steering parameter relation is
independent of k due to the symmetry of the problem. Also note that the kth
measurement strategy merely gives noisy output for the rest of observables. That
2
is, Ek [⟨σ̂ l ⟩ ] = 0 for l ≠ k. We are ultimately interested in the ensemble average of
the square mean of the observables that make up the EPR-steering parameter S III .
This means that the MDSDE for v ≡ (x2 , y 2 , z 2 )⊺ are required, for which
ηvz + ηvx vz − 2vx
⎛
⎞
⎜
⎟,
ηvz + ηvy vz − 2vy
A = 4⎜
⎟
⎝ηvy + ηvx + η(1 − vz )2 − 2vz ⎠

(3.42)

0 −xz
−zvx ⎞
√ ⎛
0
−zvy ⎟ .
B = 4 η ⎜ yz
⎝−yz xz z(1 − vz )⎠

(3.43)

2
To calculate Ek [⟨σ̂k ⟩ ] in Eq. (3.36) it is convenient to introduce some variables β, θ
and γ with the following relations for the ordered triplet (m, n, k)
√
⟨σ̂ m ⟩ + i⟨σ̂ n ⟩ =
βk eiθk , for m, n ≠ k
(3.44)
2
⟨σ̂ k ⟩ = γk .
(3.45)

This allows us to work with a MDSDE which is more relevant to what we need to
work out, Eq. (3.36). Because of the natural symmetry of the problem we omit
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Figure 3.3: (a) The time variation of the steering parameter S III , Eq. (3.36), for different
values of the detection efficiency η is shown. As it can be seen measurement schemes
for which η ≤ 0.5 are not able to rule out OPDMs due to the lack of violation of the
EPR-steering inequality. even once the system reaches to its steady state (t → ∞), high
detection efficiency is demanded to the point where η > 0.8 is required. (b) Illustrates the
value of S III versus η for the system in %ss where ηc ≈ 0.82 marks the critical efficiency
required for S III to surpass unity.

the subindex k for the new variables. The following lists different matrices that
characterise such a MDSDE (for k = 3)
r = (β, θ, γ)⊺ ,
˜
W = (Wβ , Wθ , Wγ )⊺ ,
˜

(3.46)
(3.47)

and
8ηγ + 4ηβγ − 8β
⎛
⎞
1
⎟,
A = ⎜
ηγ
sin(4θ)
2
⎝[2pt]4ηβ + 4η(1 − γ)2 − 8γ ⎠
√
√
− βγ √ 0
−β γ ⎞
⎛
√
⎟.
B = 4 η⎜ 0
γ/(4β)
0
√
⎝ √βγ
0
γ(1 − γ)⎠

(3.48)

(3.49)

Therefore, to evaluate S III in Eq. (3.36) the ensemble average of γ for each individual
unraveling, E [γ], should be calculated. It is easy to see from Eqs. (3.46)–(3.49)
that the evolution of γ depends on that of β and is independent of changes of θ.
Thus, a set of just two coupled SDEs for β and γ is simulated. This MDSDE is
solved numerically using the Milstein method [100]. For sufficiently long time that
the system is in the steady state data are sampled and the ensemble averages are
calculated.
Figure. 3.3(a) shows the variation of the steering parameter S III as a function of
time t for different values of the detection efficiency η. It is evident that so long
as η ≤ 0.5 the violation of the EPR-steering inequality does not ever occur. This
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is in full agreement with the analysis we did for inefficient diffusive monitoring the
result of which was a no-go theorem. Nevertheless, the EPR-steering phenomena is
demonstrated while the system is in the transient state provided that η > 0.5. In
contrast, once the system settles in its stationary state (which might be much more
practical, since it does not require perfect initialisation, and is also more satisfying
since the correlations are derived purely from the choice of unraveling) only if η ≥ 0.82
it is possible to establish EPR-steering. This is also depicted in Fig. 3.3(b) where the
value of the steering parameter versus η is drawn when the system dynamics reach
to a stable point. The critical efficiency of ηc ≈ 0.82 is required to prove detector
dependency of % in the steady state.

3.3.2

One-channel bath with two measurement settings

The required detection efficiency of above 0.8 obtained above would be extremely
challenging to be implemented in the laboratories. To the best of our knowledge even
getting slightly beyond the necessary condition appears to be technically difficult
with the current technologies [19, 101], although it should be overcome in the very
near future. For this reason it makes sense to scrutinise the other possible scenarios,
especially where the open qubit system couples to one environment L = 1. Let us
then consider such a system in which its conditioned state evolves according to the
SME given below
√
√
(3.50)
d% = D[ γ σ̂ 3 ]% dt + H[ γ σ̂ 3 dV ]%.
Comparing this equation with Eq. (2.143), the Hamiltonian is zero Ĥ = 0 in a suit√
able rotating frame, ĉ = γ σ̂ 3 where γ is the strength of coupling to the bath, and
√
complex Wiener process obeys dV = eıφ η dW . Here we assume that an experimenter is able to perform two measurement schemes: X-homodyne detection which
gives maximum information, and for which the LO phase is zero φ = 0, and the
Y-homodyne detection where φ = π/2 and giving just pure noise. This means that
for the former Θ = Υ = η are scalars and the unravelling matrix becomes
UX = η diag(1, 0),

(3.51)

and for the latter Θ = −Υ = η such that
UY = η diag(0, 1).

(3.52)

Optimal EPR-steering inequalities
For the 2-measurement settings scenarios we consider a class of EPR-steering
criteria similar to the one given in Eq. (3.36) which in general can be formulated as
3

2

3

2

EX [ ∑ αk ⟨σ̂ k ⟩ ] + EY [ ∑ (1 − αk )⟨σ̂ k ⟩ ] ≤ 1,
k=1

(3.53)

k=1

where
∀k,

0 ≤ αk ≤ 1.

(3.54)
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Figure 3.4: Ensemble average of [⟨σ̂ 1 ⟩2 + ⟨σ̂ 2 ⟩2 ]: results of numerical simulations of the
first term in the L.H.S of the inequality given in Eq. (3.55) using X- and Y-homodyne
detection as a function of time for η = 0.6.

From this it is evident that there exists infinitely many such EPR-steering inequalities. But now the question is which one of them is optimal in the sense that it will
yield to a larger value for the left hand side of Eq. (3.53). This can be determined
by inspecting to see whether the X-homodyne or Y-homodyne measurement scheme
2
gives a larger value for the ensemble average of ⟨σ̂k ⟩ . If the former is the case we
should set αk = 1, and in the case of the latter αk = 0. At the same we should keep
in mind that there are protocols in which either of X- and Y-homodyne detection
give an equal amount of information about the kth observable. In this situation one
can freely choose an arbitrary value for 0 ≤ αk ≤ 1. Also note that the compari2
2
son between EX [⟨σ̂k ⟩ ] and EY [⟨σ̂k ⟩ ] can be drawn by means of either numerical
simulation or analytical calculation if possible.
In the scenarios that we consider in this thesis, the optimal EPR-steering inequalities of the form (3.53) are chosen by analysing the numerical data. It turns
out that for the SME given in Eq. (3.50) the following inequality is optimal
2
2
2
S II ≡ EY [⟨σ̂ 1 ⟩ + ⟨σ̂ 2 ⟩ ] + EX [⟨σ̂ 3 ⟩ ] ≤ 1.

(3.55)
2

2

This can be clearly seen in Fig. 3.4 where the ensemble average of ⟨σ̂1 ⟩ + ⟨σ̂2 ⟩
is plotted using both X- and Y-homodyne detection, solid red and dashed-dotted
blue curves, respectively. The same argument holds for the second term of the
2
above equation, EX [⟨σ̂3 ⟩ ], but this time unraveling using X-homodyne gives more
information about σ̂3 in comparison to Y-homodyne.

Calculating the EPR-steering parameter S II
To calculate the steering parameter the same steps should be taken as we did
for the 3-measurement setting case. Thus the stochastic evolution of the system
can be described by the equations of motion which are expressed in the notation of
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Eqs. (3.37)–(3.39)
⎛1⎞
A = −2 ⎜1⎟ ,
⎝0⎠

0 0 −xz ⎞
√ ⎛
B = 2 η ⎜0 0 −yz ⎟ .
⎝0 0 1 − z 2 ⎠

(3.56)

Now using Eqs. (3.44)–(3.47), the above MDSDE is transformed into

and

⎛ γβ − β/η ⎞
γ
⎟
A = 4η ⎜
⎜ 8 sin(4θ) ⎟ ,
⎝[4pt](1 − γ)2 ⎠

(3.57)

0 0 −β ⎞
√ ⎛
0 ⎟.
B = 4 ηγ ⎜0 0
⎝0 0 1 − γ ⎠

(3.58)

As the three measurement settings, the same line of reasoning holds here where the
dynamics of the system at any given time can be described by variables β(t) and
γ(t). Also the same procedure is employed to calculate the ensemble average of
[⟨σ̂ 3 ⟩2 ].
2
2
For the noisy Hamiltonian evolution the ensemble average of [⟨σ̂1 ⟩ +⟨σ̂2 ⟩ ] should
be calculated which is equivalent to finding the ensemble average of [β] through
Eq. (3.44). This is obtained by solving the following SDEs

dβ = 4β (η − 1) dt,
dγ = 0,

(3.59)
(3.60)

β(t) = β(0) e4(η−1)t ,
γ(t) = γ(0).

(3.61)
(3.62)

which lead to

From these equations it is very easy to calculate analytically the aforementioned
ensemble average. It is also evident that so long as the detection is perfect η = 1
the conditioned state remains pure ∥r(t)∥ = ∥r(0)∥ = 1. These equations of motion
also show that for the Y-homodyne detection the dynamic of the system, in the
long-time limit, is confined to the x − y plane where x = ⟨σ̂1 ⟩ and y = ⟨σ̂2 ⟩.
In contrast, using the X-homodyne scheme the quantum trajectories are restricted
to ẑ = ⟨σ̂3 ⟩ axis. This is because of the noisy outcome for the other two observables
σ̂1 and σ̂2 so that on average no information is obtained about x and y. Therefore, either of these monitorings yields completely different stationary ensembles of
Y
unnormalised conditional states {%̃X
z } and {%̃(x,y) }.
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Figure 3.5: Conceptual diagram of collecting and processing experimental data for Xhomodyne detection to calculate the second term in the EPR-steering criterion Eq. (3.55).
Here what Alice reports to Bob ⟨σ̂3 ⟩A labels the Bob’s bins. He calculates the average of
σ̂3 for each bin. Since each bin is labelled by Alice’s measurement outcome we denote it
by ⟨σ̂3 ⟩B∣A . The parameter ε determines the size of grids for the z-axis of the Bloch ball.

Experimental realisation of the steering paramter
The two measurement schemes that have been proposed above should somehow be
realised in an experiment to be able to examine the EPR-steering criterion Eq. (3.55).
Assume that Alice is capable of implementing the two monitoring schemes, that is,
X- and Y-homodyne detection. In each run of the experiment Bob tells her which
one of them she should perform, even though he does not need to know what type
of monitoring these schemes are. Bob then stops the experiment at some random
time T so that no system’s output field reaches Alice. She then tells Bob about the
relevant Bloch sphere components for the conditional state she has calculated for
Bob’s qubit system at time T . As discussed above, in this case this is the single
parameter zA for the X-homodyne scheme and the two parameters xA and yA for
the Y-homodyne scheme. In the meantime, Bob reads out the state of the qubit in
a basis that he chooses at the time T that he halted the experiment.
To examine the EPR-steering inequality Bob measures σ̂3 for the X-homodyne
detection, and at random measures either of σ̂1 or σ̂2 for the Y-homodyne scheme.
He then stores his measurement outcomes (±1 in each case) in different bins for
different values of parameters that Alice reports depending on the unraveling she
implemented. In other words, Bob could grid, for example, the entire z-axis of the
Bloch sphere for the X-homodyne so that each value that Alice informs Bob about
falls into one cell corresponding to a bin, Fig. 3.5. It is important to note that Bob
does not need to trust what Alice reports. He just uses the results to label his bins.
For the particular scenario we consider here, he labels bins either as the z axis or
the x − y plane of the Bloch sphere depending on whether Alice has implemented Xor Y-homodyne strategies.
For each bin Bob has some measurement outcome which is different from bin to
bin. Once he collects enough data for each bin he could test the steering parameter
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Figure 3.6: Results of numerical simulations of the steering parameter S II , Eq. (3.55),
as a function of time for different values of η = 0.1, 0.2, ⋯, 0.9. (For the sake of clarity
we do not show all the labels.) As it is expected as long as η < 0.5 using homodyne
schemes continuous-in-time EPR-steering cannot be established. However, as the detection
efficiency increases beyond this point, one can observer and demonstrate the EPR-steering
phenomenon for the transient phase of the system evolution. In contrast to the case of
3-measurement settings, in the long-time limit there is never any violation of Eq. (3.55).
Curves for η ≤ 0.3 show that the time taken to reach the asymptotic value of 1 grows as
the efficiency gets smaller.

S II . For instance, the second term of S II is determined by calculating ⟨σ̂3 ⟩B for
each bin, then squaring it, and finally averaging over all the bins with weighting
proportional to the number of results that turn up in each bin, see Fig. 3.5. The
same procedure can be used to calculate the first term in the steering parameter.
Ultimately if Bob’s end results show that the inequality is violated, then he will be
convinced that Alice is able to steer Bob’s state based on the measurement settings
chosen by her.
In Fig. 3.6 the time profile of the EPR-steering parameter S II versus different
values of detection efficiency η is depicted. The very first point that is evident
from this plots is that if the detection scheme is less than 0.5 the inequality is
never violated, and thus OPDMs cannot be ruled out. As in the 3-measurement
settings, during the transient phase of the evolution EPR-steering is demonstrated
for schemes with η > 0.5. It is also interesting to note that this phase of evolution
takes place in an interval several time longer than the duration in which S III relaxes
to its steady state.
However, in the limit where the system is in its stationary state it is not possible
to prove the detector dependence of the conditional state % even if the detection
efficiency η arbitrarily close to 1. This is because of the Y-homodyne unravelling,
which does not yield any information about the system state, although it gives
information about the system evolution. Hence for inefficient detection schemes, the
purity of the state drops under the UY unravelling such that it eventually becomes a
completely mixed state as t → ∞. This means that the first term in Eq. (3.55) does
not have any contribution in the value of the steering parameter and the second term
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on its own at best, where the detection is efficient, becomes one as it is bounded
above by this value. Thus there is no way the inequality can be violated.

3.3.3

Two-channel bath with two measurement settings

The last scenario that we study concerns an open qubit system that is coupled to
two environmental channels L = 2, and it is assumed that an experimentalist is able
to implement two measurement schemes corresponding to two diffusive unravellings
K = 2. We consider a qubit SME in the form of
√
√
d% = ∑ (D[ γl σ̂ l ]% + H[ γl σ̂ l dVl ]%),

(3.63)

l=±

where σ̂± = (σ̂1 ± iσ̂2 )/2 are raising and lowering operators. As with other scenarios
studied thus far, the stochastic conditional state matrix % evolves in a suitable
rotating frame so that Ĥ = 0 in the notation of Eq. (2.143). Also the Lindblad
√
√
vector is ĉ = ( γ− σ̂− , γ+ σ̂+ ) where γ− is the decay rate from state ∣0⟩ to ∣1⟩ and γ+
is the excitation rate from ∣1⟩ to ∣0⟩, and the independent Wiener processes are given
by Eq. (2.147). We choose unravellings that can be specified (with phases φ and
−φ) by Θ = diag(η, η) and Υ = η diag(e−2iφ , e2iφ ) where the local oscillator phase φ
determines particular measurement schemes. Substituting these matrices back into
the complex photocurrent Eq. (2.144) we find that
√
⟨Jl ⟩ = η γl ⟨σ̂ l + ei2φl σ̂ −l ⟩ ,

(3.64)

and it is easy to see that ⟨Jl ⟩ ∝ ⟨J−l ⟩. This means that for the X-homodyne detection
(φ = 0) information about σ̂1 is obtained
√
X
⟨Jl ⟩ = η γl ⟨σ̂ 1 ⟩ ,

(3.65)

whereas the Y-homodyne detection (φ = π/2) gives information about σ̂2
√
Y
⟨Jl ⟩ = i l η γl ⟨σ̂ 2 ⟩ .

(3.66)

The two decoherence channels that the system is coupled to are dissipative. This
is because the raising and lowering operators σ̂± are not Hermitian. As a result,
both the X- and Y-homodyne measurements gives information about the system,
but this information is related to the other observables σ̂1 and σ̂2 , respectively. For
this reason a suitable EPR-steering inequality can be derived in the following form
2

2

S±II ≡ EX [⟨σ̂ 1 ⟩ +

2

⟨σ̂ 3 ⟩
⟨σ̂ 3 ⟩
2
] + EY [⟨σ̂ 2 ⟩ +
] ≤ 1.
2
2

(3.67)

This is a special case of Eq. (3.53) with α1 = 1, α2 = 0 and α3 = 1/2. Given that
X-homodyne detection gives information about σ̂1 and Y-homodyne scheme reveal
information about σ̂2 this choice should be logical. One would also reach to the
same conclusion by following the argument made in Sec. 3.3.2. The value of α3 can
be arbitrarily chosen from αk ∈ [0, 1] as both X- and Y-homodyne give the same
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amount of information about σ̂3 . The choice α3 = 1/2 emphasises the symmetry. In
fact, there is a reason why we are working with the specific EPR-steering inequality
given in Eq. (3.67). This is because there is not an appropriate diffusive unraveling
2
to be useful for calculating the ensemble average of ⟨σ̂3 ⟩ . However, as it is the case
here, one could still estimate it from the measurement record for σ̂1 and σ̂2 .

Calculating the steering parameter S±II
Here we make use of the symmetrical nature of the problem by calculating only
one of the two terms of the steering parameter as both return the same value. This
indicates that we can evaluate one and double it. For this reason the case of Xhomodyne scheme is considered. The dynamics of the system can be described by
the MDSDE expressed in Eq. (3.37) where

and

γΣ x
⎛
⎞
1⎜
⎟,
A=− ⎜
γΣ y
⎟
2
⎝[4pt]2γΣ z + γ∆ ⎠

(3.68)

√
√
γ (1 + z − x2 )
γ+ (1 − z − x2 )⎞
√ ⎛ −√
√
− γ+ xy
− γ− xy
⎟,
B = η⎜
√
√
⎝ − γ− x(1 + z)
− γ+ x(1 − z) ⎠

(3.69)

where the vector of Wiener increments is dW = (dW− , dW+ ), and γΣ = γ+ + γ− and
γ∆ = γ+ −γ− . Because the equations of motions for x and z are coupled, the dynamics
of the qubit is confined to x-z plane such that at any instant of time its state can
be described by a point (x(t), 0, z(t)) in the Bloch sphere. As before, the task is
narrowed down to simulate these equations using the Milstein method. Once the
system gets settled in its stationary state, t → ∞, data is being recored to calculate
2
2
2
2
EX [⟨σ̂2 ⟩ + (1/2)⟨σ̂3 ⟩ ], and hence EY [⟨σ̂1 ⟩ + (1/2)⟨σ̂3 ⟩ ], for each measurement
scheme as described above.
To obtain a decent violation of Eq. (3.67) an optimisation over R ≡ γ+ /γ− is required. This allows to take into account experimental imperfections. For example, a
few percent of the difference between the threshold and the maximum possible value
of violation allowed by quantum mechanics (here unity and 2, respectively) should
be almost enough for this purpose. In Fig. 3.7(a) we plot the steering paramter S±II
as a function of the detection efficiency η where the ratio of the transition rates is
optimal at R ≈ 0.2. The critical efficiency of ηc = 0.68 is needed to demonstrate
EPR-steering, and for a decent violation of 5%, the detection efficiency should be
almost 0.72 to prove detector dependency of % allowing for imperfections.

Necessary condition is sufficient
When the ratio of transition rates are very small R ≪ 1, the conditional state of
the system under diffusive monitoring is almost in vicinity of the ground state so
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Figure 3.7: (a) variation of the steering parameter S±II as a function of the detection
efficiency η for an optimal value of R ≈ 0.2 with a significant violation of 5% at η = 0.72;
see text for details. Critical efficiency here is ηc = 0.68. (b) displays variation of S±II versus
R for η = 0.72.

that we can make the following approximations
√
x = O( R ),
1 + z = O(R).

(3.70)
(3.71)

Then the stochastic differential equations for the desired Bloch vector components
x and z can be transformed, to leading order, to
√
(3.72)
dx = −(γ− /2) x dt + 2 ηγ− R dW+ ,
√
dz = γ− [2R − z − 1]dt + 2 ηγ− R x dW+ .
(3.73)
From Eq. (3.72) It is straightforward to show that
√
dx2 = (4ηR − x2 ) dt + 4 ηRγ− x dW+ ,

(3.74)

and thus
d ⟨x2 ⟩ = [4ηR − ⟨x2 ⟩ ] dt.

(3.75)

Therefore, the ensemble average of ⟨x2 ⟩ becomes approximately 4ηR. When the
system reaches to its steady state, the z component of the Bloch vector, using
Eq. (3.73) and neglecting the second in the limit R ≪ 1, is given by zss = 2R − 1,
from which E[z 2 ] ≈ 1 − 4R. Substituting these results into Eq. (3.67) an analytical
relation for the steering parameter in the long-time limit is obtained
S±II ≅ 1 + 8(η − 0.5)R,

for R ≪ 1.

(3.76)

This result not only confirms the necessary condition mentioned in Sec. 3.2 but also
shows that η > 0.5 is sufficient to prove disprove all OPDMs. However, we should
keep in mind that this outcome holds only under the constraint of small R’s which
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Figure 3.8: Result of numerical simulation of the steering parameter S±II as a function of
η for R ≈ 0.01 with critical efficiency of ηc ≈ 0.507

will not be convincible form practical point of view as the violation is very small.
One might also question the validity of approximations made to obtain Eq. (3.76).
To support these simplifications we present the outcome of numerical simulations
of Eq. (3.67) for R ≈ 0.01 in Fig. 3.8. It is evident that the steering parameter
changes linearly as a function of η which is the behaviour predicted by Eq. (3.76).
In addition, it can be seen that the critical efficiency is ηc ≈ 50.7% which is in a
very good agreement with the analytical result of 50%. This is considered to be a
very good improvement on the required critical efficiency to prove that stochastic
conditional states % are indeed detector dependent.
We can now summarise the result of different scenarios considered here along
with two others which have been proposed previously [74, 97] in Table 3.1. As
discussed, depending on whether the Lindblad operators are Hermitian or nonHermitian, the irreversible channels that the system is coupled to are classified as
being non-dissipative (ND) or dissipative (Diss), respectively. Based on these results,
the latter shows better figures for the required critical efficiency. In this section it
has also been shown that the case of L = K = 2 appears to be a good candidate for
being testes experimentally.

3.4

Quantum jumps beat quantum diffusion

Monitoring of the environment of an open quantum system can also give rise to
quantum jumps as was discussed in details in Sec. 2.3.2. This is a more general class
of unravellings in the sense that it contains quantum diffusion as a limiting case. In
the remaining sections of this chapter we are going to study the same problem of
detector dependency of stochastic dynamical evolution, but this time using quantum
jumps. We will see that the no-go theorem stated in Sec. 3.2 is not applicable to
quantum jumps.
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Table 3.1: The critical efficiencies ηc required for violating different EPR-steering criteria
for different physical systems with various decoherence channels; dissipative (Diss) and
non-dissipative (ND). Also for each case specific measurement schemes are considered.

Decoherence Measurement
Steering
channels (L ) settings (K )
parameter
3 (ND)
3
S III , Eq. (3.36)
1 (ND)
2
S II , Eq. (3.55)
1 (Diss)
2
Eq.(3) of Ref. [74]
2 (Diss)
2
S±II , Eq. (3.67)
2 (Diss)
2
Eq.(8) of Ref. [97]

t→∞
ηc
0.82
–
0.73
0.5
0.59

We have seen that diffusive unravellings can be done in infinitely many different
ways, for instance, by changing the phase and frequency of a strong local oscillator.
In fact, the same is true for quantum jumps, there is not just one jumpy unravelling.
For the general Markovian master equation Eq. (2.102), for example, each output
channel of the system can have a weak local oscillator (WLO) added to it prior to
detection. When a detection event occurs in the l-th channel in an infinitesimal time
interval dt, the conditional state of the system evolves according to
%l (t + dt) =
where
M̂l (dt) =

J [M̂l (dt)]%(t)
,
pl

√

ηl dt (ĉl + µl ),

(3.77)

(3.78)

is the measurement operator, and µl is an arbitrary complex number proportional
to the LO amplitude. Here pl = Tr [%M̂l† M̂l ] is the probability that the detection
event happens. If no such an event takes place then the system evolves without any
jumps
J [M̂0 (dt)]%(t)
,
(3.79)
%0 (t + dt) =
p0
where

L

M̂0† (dt)M̂0 (dt) = 1̂ − ∑ M̂l† (dt)M̂l (dt),

(3.80)

l=1

the no-jump measurement operator satisfying the completeness relation Eq. (2.63),
and p0 = Tr [%M̂0† M̂0 ] is the probability that no event occurs at all.
Tracking the state of a qubit using a single bit
When the detection scheme is perfect (ηl = 1), one can make benefit by employing
the notion of physically realisable ensembles, Sec. 2.3.4, to confine the conditional
state of an ergodic finite-dimentional system to evolve among finitely many different
pure states in the system state space. For an ergodic open qubit system it has been
shown that a PRE with only K = 2 members {(pk , ∣ψk ⟩)}K
k=1 always exists [31]. To
express this ensemble explicitly, it is useful to rewrite the general ME Eq. (2.102)
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in the Bloch representation
ṙ = Ar + b,

(3.81)

where A is a 3 × 3 matrix, b is a vector with three entries, and r is a Bloch vector
whose steady state satisfies Arss = −b. This steady state is unique if and only if
the real part of all eigenvalues of A are negative1 . One can keep track of the qubit
system with a 2-state memory iff there exists an ensemble {(pk , rk )}k=± and rates
Ωjk ≥ 0 such that the following conditions are met. First the states in the ensemble
must be pure
∀k,
∥rk ∥2 = 1.
(3.82)
Second, the physical realisability condition, Eq. (2.155), requires that
∀j,

2

ṙj = Arj + b = ∑ Ωjk (rk − rj ).

(3.83)

k=1

Thus the problem reduces to finding real solutions to a system of quadratic equations
with real coefficients. This is classified as an NP-complete problem [102] which, in
general, is hard to be solved. However, we do not have to deal with this difficulty
as there is an analytical solution for the case of K = 2 [31]. We present the details
of the derivation in Appendix A, and here just write the end results:
rk = rss − kαk ev ,
⎡
⎤
⎥
krss ⋅ ev
1 ⎢⎢
⎥
⎢1 − √
⎥.
pk =
2⎥
2 ⎢⎢
2
1 − ∥rss ∥ + (rss ⋅ ev ) ⎥⎦
⎣

(3.84)
(3.85)

Here, ev is
√ a unit-norm real eigenvector (with real eigenvalue) of A, and αk =
2
krss ⋅ ev + 1 − ∥rss ∥2 + (rss ⋅ ev ) . Note that because the Bloch vectors r⃗+ and r⃗−
have to be real, only those eigenvectors of A that are real yield to a solution.
Consider the same physical system that it was considered in Eq. (3.63), where an
open qubit system is coupled to two environmental channels L = 2. The evolution
of the system is described by the following master equation
√
ρ̇ = ∑ D[ γl σ̂l ].

(3.86)

l=±

This can be derived by assuming that there is a single bath is in a thermal state with
the mean photon number n̄ = γ+ /(γ− − γ+ ) obeying a Planck distribution [103]. Realisation of this kind of ME has been studied in the context of quantum computing,
with the constraint that γ− = γ+ , for which appropriate unravellings would allow for
universal quantum computation [104]. In the Bloch representation Eq. (3.86) can

1

From stability theory for linear differential equations, the solution to the equation of motion,
Eq. (3.81), converges to rss in the limit t → ∞ if Re[λ(A)] < 0, which means A is a stable matrix.
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Figure 3.9: Bloch sphere representation for the case R = 1/3. The steady state rss is shown
by the green arrow. Three different K = 2 PREs are also depicted: E z (light brown) at
the poles, E ϕ=0 (blue), and E ϕ=π/2 (red). For all states, the volume of the sphere at the
tip of each vectors represents the corresponding probability p in the PRE. For the clarity
of the plot we have omitted the two vectors of the E z . The purple circle shows the locus
of all the E ϕ s.

be expressed by
⎛ 1/2 0 0 ⎞
⎛ 0 ⎞
A = −γΣ ⎜ 0 1/2 0 ⎟ , b = γ∆ ⎜ 0 ⎟ .
⎝ 0
⎝ 1 ⎠
0 1 ⎠

(3.87)

every single real eigenvector of A yields a 2-element PRE which can be expressed in
the Bloch notation as {(p± , r± )}. The steady-state Bloch vector is
r⃗ss = (0, 0,

γ∆
).
γΣ

(3.88)

The matrix A has one real eigenvector in the z direction giving rise to a PRE of
σ̂z -eigenstates
⎧
⎫
⎪
⎪
⎪ γ±
⊺ ⎪
z
(3.89)
E ≡ ⎨( , (0, 0, ±1) )⎬.
⎪
⎪ γΣ
⎪
⎪
⎩
⎭
It also has infinitely other real eigenvectors in the x − y plane2 , which can be
parametrized by the azimuthal angle ϕ giving rise to the following PRE
⎧
⎫
⎪
⎪
⎪ 1
⊺ ⎪
E ≡ ⎨( , (±Ccosϕ, ±Csinϕ, zss ) )⎬,
⎪
⎪
2
⎪
⎪
⎩
⎭
ϕ

2

(3.90)

This is because A has 2 real degenerate eigenvectors in the x and y directions, and a linear
combination of them is also a real eigenvector of it.
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M̂l (µ'
l )

)

M̂0 (µ'+
l )

r+

r

M̂l (µ'+
l )
Figure 3.10: Schematic diagram for the state evolution via an adaptive scheme to realise
the ensemble E ϕ for a physical system described by the master equation, Eq. (3.86)

√
where C = 2 γ+ γ− /γΣ and zss is the z component of the steady state. These ensembles together with the stationary state are shown in Fig. 3.9.

3.4.1

Adaptive monitoring of two-channel bath

The above PREs should be realised by appropriate unravellings of the master
equation Eq. (3.86). The form of E z suggests that no LO is required, as the Lindblad
√
operators ĉ± = γ± σ̂± cause jumps between the σ̂z -eigenstates. However, for the
other ensemble E ϕ an adaptive scheme is needed in which the system output field
is interfered with a WLO prior to detection for each decoherence channel. An
essential point is that the WLOs are not constant throughout the measurement,
and depending on whether a jump occurs in either channels they will switch to
another value so that the system undergoes two-state jumping between the states
in E ϕ . The description of this scheme comes below.
Following Eqs. (3.78) and (3.80), for an efficient detection the measurement operators can be written as
√
√
(3.91)
M̂± (dt) = dt ( γ± σ̂± + µ± ),
and
M̂0† (dt)M̂0 (dt) = 1̂ − ∑ M̂l† M̂l
l=±

= 1̂ − ∑ [γl σ̂l σ̂−l +

√
2
γl (µ∗l σ̂l + µl σ̂−l ) + ∣µl ∣ ]dt.

(3.92)

l=±

The strategy is in a way that for a system in r− = (−Ccosϕ, −Csinϕ, zss )⊺ a specific
ϕ−
value µϕ−
is found such that r− is an eigenstate of M̂0 (µϕ−
l
l ) whereas M̂l (µl ) takes
r− to r+ = (Ccosϕ, Csinϕ, zss )⊺
M̂0 (µϕ−
l )∣r− ⟩ ∝ ∣r− ⟩,

(3.93)

M̂l (µϕ−
l )∣r− ⟩ ∝ ∣r+ ⟩.

(3.94)

Upon detection of a jump in either channels, the amplitude of the WLO is adjusted
to µϕ+
(for both channels) so that this time r+ is an eigenstate of M̂0 (µϕ+
l
l ),and by
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M̂l (µϕ+
l ) the system evolves from r+ to r−
M̂0 (µϕ+
l )∣r+ ⟩ ∝ ∣r+ ⟩,

(3.95)

M̂l (µϕ+
l )∣r+ ⟩ ∝ ∣r− ⟩.

(3.96)

Figure 3.10 illustrates the conceptual diagram for the adaptive scheme sketched
above. Thus pairs of µϕ±
l which are proportional to the amplitude of local oscillators
are needed. Here l labels the output channel, while ± refers to the state of the
system prior to the jump. Solving the system of Eqs. (3.94) and (3.96) determines
what these complex number should be (details of the calculations are presented in
Appendix A)
1√
µϕ±
γ−l eliϕ .
(3.97)
l =∓
2
Hence to restrict the dynamics of the system into the E ϕ ensemble it is at the heart
of this protocol to switch the LO strength for both channels from one side to the
other one, once a detection event happens in either of environmental channels.
To prove the detector dependency of dynamical quantum jumps a suitable EPRsteering inequality that is relevant to the z-unraveling and the infinitely many ϕunravellings should be designed.

3.4.2

Loss tolerant quantum jumps

When the detection efficiency is perfect, the two states in the ensemble E z can
be realised so that the conditioned state of the system will be always pure as the
PREs are devised that way. This implies that the system jumps between logical
states ∣0⟩ and ∣1⟩ with σ̂z = ±1. In other words, if this unravelling were the OPDM of
the system then the latter would never be found in a superposition of logical states.
This mean that the complementary variable σ̂ϕ = σ̂− eiϕ + σ̂+ e−iϕ would have zero
mean for all ϕ ∈ [0, 2π). However, this operator has non-zero conditional mean for
the ensemble E ϕ .
Assume that Alice is able to realise in addition to the ensemble E z a finite number
n of PREs out of the infinitely many E ϕ . These can be specified by a set of azimuthal
angles {ϕj = (j/n)π} where j = 1, ⋯, n. Thus she has a total of M = n+1 unravellings.
As a result of this unit-efficiency consideration, the following EPR-steering criterion
is employed [105]
√
1 n ϕj
2
z
S ≡ ∑ E [ ∣⟨σ̂ϕj ⟩∣ ] − f (n)E [ 1 − ⟨σ̂ z ⟩ ] ≤ 0,
n j=1
M

where
f (n) =

⌊n/2⌋
1
nπ
π
( ∣sin( )∣ + 2 ∑ sin[(2k − 1) ])
n
2
2n
k=1

(3.98)

(3.99)

and asymptotically in the limit n → ∞ it converges to 2/π. Note that in Eq. (3.98)
the detection efficiency is not assumed to be perfect η ≠ 1. The unravellings are
defined as above, but in the long-time limit the conditional state will not be pure
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(due to inefficiency). Also due to mixedness of the state, the number of stochastic
conditioned states will be different than two (the number of pure states in the PREs
when the detection is efficient).
Now that we have an appropriate steering inequality for the unravellings, our
objective is to show that the no-go theorem for diffusive monitorings with imperfect
detection is not universal by violating the EPR-steering criterion Eq. (3.98) for
efficiencies η < 0.5. Thus we need to evaluate the steering parameter S M .

Calculating the steering parameter S M

To evaluate the steering parameter the ensemble averages in Eq. (3.98) should be
calculated for the n+1 unravellings. However, the symmetrical nature of the problem
allows one to calculate Eϕ [∣ ⟨σ̂ϕ ⟩ ∣] for one value of ϕ as the former is independent of
the azimuthal angle. In any case this is done by stochastic simulation. For the E z
calculations can be done semi-analytically.
For the adaptive monitoring scheme the simulation is done according to what
follows. Consider that the initial time for the system evolution is t = 0 and at this
time it has some arbitrary initial state. Based on the quantum trajectory theory
for imperfect detections in which η < 1, the conditional state of the system evolves
according to
˙
(3.100)
%̃(t)
= L%̃ − η(J [ĉ′− ] + J [ĉ′+ ])%̃,
where ĉ′± = ĉ± + µ± , and %̃ denoting the unnormalised conditioned state. Since the
ensemble average Eϕ [∣ ⟨σ̂ϕ ⟩ ∣] does not depend on the azimuthal angle we present
the results for ϕ = 0 without loss of generality. The equations of motion for the
unnormalised conditioned state can be expressed in the unnormalised Bloch representation for each sign ± of the WLO amplitude applied to both output field of the
system as
√
1
x̃˙ ± = − γΣ (η + 2)x̃ ∓ η γ− γ+ p,
4
1
1
z̃˙ ± =
γΣ (η − 4)z̃ − γ∆ (η − 2)p,
4
2
√
3
1
ṗ± = ∓η γ− γ+ x̃ + γ∆ z̃ − ηγΣ p,
2
4

(3.101)
(3.102)
(3.103)

where p(t) = Tr [%̃(t)] is the probability of detection no field for the interval [0, t1 )
with t1 being the time at which the first jump occurs. Up until this time that a
detection event happens the state of the system is described by solving the above
set of equations from which the normalised conditioned state %(t) = %̃(t)/p(t) is
obtained. The jump time t1 can be generated with correct statistics by calling a
random number r which is uniformly distributed in the interval [0, 1], and solving
p(t1 ) = r. Then using another random number we determine in which channel a
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jump is likely to occur with the relative weights
wl± = η Tr[ĉ′ †± ĉ′± %(t1 )]
=

√
1
1
η [ ± γl γ−l x(t1 ) − lγl z(t1 ) + (γl + γ−l )]
2
2

(3.104)
(3.105)

Thus the new starting state of the system is
ρ′ (t1 ) =

η J [ĉ′± ]%(t1 )
w±

(3.106)

corresponding to the relevant jump operator. For µ0±
l the explicit form of the state
in the Bloch representation becomes
x′l ± =

1
1√
1
(±
γ− γ+ (1 − lz) + xγ−l ),
±
wl
2
4

(3.107)

zl′ ± =

√
1
1
1
( ± l γ− γ+ x + (lγ∆ + γl )z + lγl ).
±
wl
4
2

(3.108)

These steps are repeated to produce a long sequence of subsequent jumps at times
t2 , t3 , ⋯, and once the system reaches to its steady state the required ensemble
averages can be obtained as time averages
N
tj
1
∑ ∫ ∣Tr[σ̂ϕ %(t)]∣ dt,
N →∞ tN − tn j=n tj−1

Eϕ [∣⟨σ̂ ϕ ⟩∣] = lim

(3.109)

where n is the number of jumps experienced by the system after which it can be taken
to have settled in its stationary state. The evaluation of this integral for all values
of ϕ gives the same result due to the symmetrical nature of the problem. Fo this
reason we just calculate it for ϕ = 0. The integrand is equal to ∣x′ ∣ = ∣Tr[%(t)σ̂ϕ=0 ]∣,
which can be easily evaluated for each time step from the simulation of Eq. (3.107).
For the ensemble average Ez in the steering parameter S M the unravelling corresponds to direct detection in which there is no need to use local oscillators. Thus
each jump operator ĉ± puts the system in one of the σ̂z eigenstate r± = (0, 0, ±1)
in the PRE E z . This allows us to solve for the system dynamics without the need
for stochastic simulation. Following a jump, the unnormalised conditional state of
the system evolves according to the Eq. (3.100) but the jump operators ĉ′± must be
replaced with ĉ±
˙
%̃(t)
= L%̃ − η(J [ĉ− ] + J [ĉ+ ])%̃.
(3.110)
Here the conditional state matrix %(t) = %̃(t)/Tr[%̃(t)] is a mixture of r− and r+ until
the first detection event yielding a jump. Depending on the initial condition, these
state are
1
(3.111)
%̃± (t) = [p± (t) + z̃± (t)σ̂z ],
2
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where p± and z̃± are the solution of the following set of equations
ṗ

= − 12 η (γΣ p + γ∆ z̃),

(3.112)

z̃˙ = 12 (η − 2)[γΣ , z̃ + γ∆ p).

(3.113)

Then the system undergoes a jump into either of rk with rates
w±k (t) = η Tr[ĉ†k ĉk %± (t)] = η γ± [1 + k z± (t)]/2,

for k = ±.

(3.114)

This is such that the probability that the system jumps into state r± is ℘± and can
be obtained by solving
℘k = ∑ ℘` ∫
`=±

∞
0

p` (t)w`k (t) dt.

(3.115)

Here ℘` represents the probability that the system starts in state r` at some jump
time tj , and p` (t)w`k (t) dt is the probability that given this initial point, a jump
occurs in the interval [tj + t, tj + t + dt) and takes the system into rk . Averaging over
the two possible initial states and all the possible times from one jump to the next,
should give ℘k .
Solving Eq. (3.115) analytically leads to ℘+ = ℘− = 1/2. This is because, for the
perfect detection, the system can always be found in either r+ or r− , and in the
event of occurring a jump it alternates between them. This implies that after every
jump the system finds itself with probability 1/2 in either of states. The case of
inefficient detection can be modelled by splitting the system output fields so that
only a portion of it η is being detected. In other words, the other portion 1 − η is
somehow removed from the complete information that wold have been obtained by
perfect detection. Since the remaining jumps are an unbiassed sample of the original
set of jumps, on average the system state will be equally often in the two states.
The second ensemble average in the steering parameter S M can be obtained by
calculating the below integral
√
∞
√
∑`=± 12 ∫0 p` (t) 1 − z`2 (t) dt
2
z
E [ 1 − ⟨σ̂z ⟩ ] =
.
(3.116)
∞
∑`=± 12 ∫0 p` (t) dt
Here one can calculate exactly the time-average by using the distribution over the
initial state ` (immediately following a jump) and the time t until the next jump.
We plot in Fig. 3.11(a) the steering parameter S M as a function of the detection
efficiency η for two different numbers of measurement setting, n = 4 and n = ∞, and
two values of the ratio of the transition rates, R = 0.16 and R = 0.01, respectively.
The critical efficiency required for quantum jumps to violate the EPR-steering inequality Eq. (3.98) is approximately ηc ≈ 0.37, which is considerably below the
necessary condition limit of 0.5 for quantum diffusion according to the no-go theorem for inefficient diffusive unravellings. This threshold efficiency is obtained by
assuming that R ≪ 1 and n → ∞. Neither of these conditions are practical, so to
speak, in the sense that the first assumption yields to a very small violation com-
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Figure 3.11: (a) The variation of the steering parameter given in Eq. (3.98) in terms of
the detection efficiency η for n → ∞ settings at R = 0.01 (green dashed), and for n = 4 and
optimal R = 0.16 (purple solid). (b) shows S M versus R for efficiency η = 45.5%.

pared to the maximum possible violation value of unity at η = R = 1, and the second
one demands an infinite number of measurement settings.
However, it turns out that with a finite number of ϕ-measurement setting n = 4, a
violation of 5% is obtained which allows for experimental imperfection. The critical
efficiency requited in this case is ηc ≈ 0.455 which is still below the 0.5 limit. This
result was obtained by optimising the value of R through numerical simulation,
found to be R ≈ 0.16. In this process the value of the steering parameter versus η
is obtained, say for a R. By finding the threshold efficiency, then S M is calculated
as a function of R. The value of latter for which the former has maximum value is
used for the next iteration to calculate S M in terms of η. By repeating these step
over and over ultimately the optimal value of R is obtained.

3.5

Conclusion

In conclusion, we showed that dynamical quantum events are subject to a distant detector. This was addressed by evaluating some EPR-steering inequalities the
violation of which proves detection dependence of stochastic conditional state evolution. To rule out all objective pure-state dynamical models for an open quantum
system it was shown that it is impossible to achieve this goal by diffusive unravellings with quantum efficiency less than 50%. This sets a necessary condition for
quantum diffusion-type of evolution. However, this restriction does not apply to
quantum jumps. That is, even allowing for experimental imperfection it is possible
to disprove objective pure-state dynamical models. To derive sufficient conditions
for diffusive unravellings we have considered different physical systems with diverse
measurement schemes and various EPR-steering inequalities. It turns out that for
dissipative decoherence channels into the environment better figures for the critical
efficiency are obtained.
Apart from its quantum foundational importance, proving detector dependency
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of dynamical quantum events via violating an EPR-steering inequality can have
important applications in quantum communication by providing more secure channels. That is, establishing continuous-in-time EPR steerable states allow for realising
more robust communication protocols in comparison to those that only employ nonseparable (entangled) states [106]. At the same time, this scheme would be easier
to implement as opposed to Bell type experiments even though at the expense of
being less robust.
Future research direction on this subject may, on the one hand, involve theorists to invent more robust EPR-steering tests, and on the other hand, encourage
experimentalists to devise detection methods with high efficiencies.
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Chapter 4
Stochastic feedback control of
quantum transport
A Markovian open quantum system with a unique stationary state of finite rank
can be decomposed into a finite physically realisable ensemble of pure states. We
have already shown in the previous chapter how to devise an adaptive scheme to
realise such an ensemble with two pure states. However, because of the complexity of
implementing adaptive measurements and lack of efficient photon detection schemes
no such adaptive measurement has experimentally been done. The main objective
of this chapter is to introduce a stochastic feedback control, rather than an adaptive
measurement, as a practical theory proposal for realising such an ensemble in the
context of solid-state physics. This might be a promising candidate system for
realising such an ensemble due to the access to a sensitive electrometer which can
efficiently detect quantum jumps. In this chapter we start by briefly introducing
quantum transport. In particular we are interested in transport through double
quantum dots, which we will introduce. Finally, we present our stochastic feedback
control scheme to cause the system to jump between the non-orthogonal pure states
in a physically realisable ensemble.
Acknowledgment. The original idea came from Howard through his collaboration with Tobias Brandes. I did analytical calculations and numerical simulations
to produce the results. Tobias Brandes had input into the final version of the
manuscript prior to the submission process. This work was published in the journal
Physical Review B.

4.1

Background

Research in the field of quantum transport concentrates on the properties and
behaviour regimes of nanostructures [107]. These subjects do not immediately show
dependence on the material and atomic combination of the structure, and it has been
experimentally verified that they might not depend on the size of the nanostructure.
For example, the transport properties of quantum dots made out of a few atoms
might be almost the same as those of micrometer scale semiconductor devices that
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consist of billions of atoms.
There are two key metrics in quantum transport that help classify different physical phenomena: conductance and energy scale. The former is measured relative to
̵ where e is the electron charge and h
̵
the universal conductance quantum gQ ≡ e2 /π h
is the Planck constant. This scale also indicates the important role of electrons as
the particles being transported in most quantum transport phenomena. The energy
scale E is determined by some tunable experimental conditions: by the temperature
kB T , where kB is the Boltsmann constant, and/or the bias voltage applied to a
nanostructure eV . The behaviour regime is specified by comparing this energy scale
with the internal energy scales of the nanostructure. It is important to note that
the latter does depend, in general, inversely on the size of the nanostructure.
The physical systems, regimes and phenomena of quantum transport are diverse,
and it may seem there is no connection among them. However, it is possible to
categorise physical phenomena based on the two aforementioned scales. If the conductance satisfies g ≫ gQ then many electrons traverse a nanostructure at the same
time. The latter can be done in many ways, and these are referred to as transport
channels. For the other extreme in which g ≪ gQ , the transport occurs as discrete
events with low probability. That is, electrons tunnel one by one.
There are two important internal energy scales that characterise the nanostructure. In the context of quantum transport, the physical system is usually a nanostructure connected to two leads. Let us assume that these leads are much larger
than the nanostructure. If the latter is isolated from the leads, then the electron
energies become discrete. Such quantum discreteness can be measured by the socalled mean level spacing ∆E which is an energy distance between the neighbouring
levels. The second energy scale has to do with the fact that electrons are carrier of a
fundamental charge e. To add an extra electron to the nanostructure a finite amount
of energy is needed. This energy is known as the charging energy EC = e2 /2C, and
sets the natural scale for charging effects. The charging energy is typically much
bigger than ∆E. For instance, at atomic scales, ∆E ≃ 1 eV and EC ≃ 10 eV [107].
The most relevant resources in quantum transport for quantum information purposes are qubits (for example, double quantum dots). For the latter the discrete
nature of energy levels is required. Thus the energy scale must be restricted to
E < ∆E. In this chapter we are interested in studying stochastic feedback control of
quantum transport at the level of single electron tunnelling for open qubit systems.
This would imply that we focus on the regime for which g ≪ gQ , and also E < ∆E.
To begin with, the classical transport theory for Markovian dynamics is presented.

4.1.1

Creation-annihilation process in transport

In this section we will follow the material derived and presented in Ref. [108].
Consider transitions of a system between discrete states n = 0, 1, 2⋯, for instance the
population of a particle. The transitions should take place at some rates. Assume
Ð
γ→n is the rate for forward transition from state n to n + 1, and ←
γÐn is the rate for
backward transition from state n to n − 1. Let us denote by p(n, t) the probability
to find the system in state n at time t. Thus the variation of this probability in time
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due to transitions can be formulated as below
→
←ÐÐ
ṗ(n, t) = − (Ð
γ→n + ←
γÐn ) p(n, t) + Ð
γÐ
n−1 p(n − 1, t) + γn+1 p(n + 1, t),
ṗ(0, t) = − Ð
γ→0 p(0, t) + ←
γÐ1 p(1, t).

n ≥ 1 (4.1)
(4.2)

This process can be regarded as a continuous-in-time Markov process which is often
referred to as birth-death process. We can write this system of equations in a matrix
form ṗ(t) = Ap(t) where
Ð
←
γ→0
γÐ1
0
0 0 ⋯⎞
⎛−Ð
→
Ð
→
←
Ð
←
Ð
−γ1 − γ1
γ2
0 0 ⋯⎟
⎜γ
⎟,
A=⎜ 0
Ð
→
Ð
→
←
Ð
←
Ð
⎜ 0
γ1
−γ2 − γ2 γ3 0 ⋯⎟
⎝ ⋮
⋮
⋮
⋮ ⋮ ⋱⎠

⎛p(0, t)⎞
⎜p(1, t)⎟
⎟.
p(t) = ⎜
⎜p(2, t)⎟
⎝ ⋮ ⎠

(4.3)

The above matrix equation is called the (classical) master equation. It is evident
that unless the process stops at some finite n = N , the matrix A would be infinite
in dimension. Assuming that, for example, N = 2 this matrix looks like
Ð
→
←
γÐ1
0 ⎞
⎛−γ0
Ð
→
Ð
→
←
Ð
←
Ð
A = ⎜ γ0 −γ1 − γ1 γ2 ⎟ .
Ð
⎝ 0
γ→1
−←
γÐ2 ⎠

(4.4)

Thus the matrix A is tridiagonal with dimension N + 1. An interesting point is that,
it being a singular matrix, the sum of all rows yields zero. In other words, it is not
invertible. This is rooted in probability conservation, where ∑n p(n, t) = 1, and as a
result dtd ∑n p(n, t) = 0. We can express by defining ⟪1∣ ≡ (1, 1, 1, ⋯) from which it
is easy to show that ⟪1∣p(t) = 1, and ⟪1∣A = 0, where 0 is a vector of zeros. This
means that A has an eigenvalue equal to zero with its corresponding eigenvector(s)
pss being the stationary solution of the process, satisfying
ṗss = A pss = 0.

4.1.2

(4.5)

Unidirectional transport

→
Ð
Assuming that the transition rates are uniform, i.e. Ð
γ→j = Ð
γ and ←
γÐj = ←
γ , the
solution of Eq. (4.3) becomes simple. Moreover, throughout this chapter we only
discuss the case of forward transitions such that
Ð
→
γ = γ,

←
Ð
γ = 0.

(4.6)

This can be, for example, a physical system in which particles undergo transitions
at rate γ from an infinite particle reservoir (source) to an initially empty reservoir
(drain). Thus, by setting p(−1, t) = 0 in Eq. (4.3), the master equation for probabilities is simplified to
ṗ(0, t) = −γ p(0, t),
ṗ(n, t) = −γ p(n, t) + γ p(n − 1, t),

n ≥ 1.

(4.7a)
(4.7b)
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It would be easy to solve this system of coupled differential equations by introducing
a probability generating function [109]
∞

G(z, t) ≡ ∑ z n p(n, t),

(4.8)

n=0

where z = eiχ ∈ C is defined on a unit circle, and we will see later in Sec. 4.4 that χ is
the conjugate variable of n. The normalisation condition imposes that G(1, t) = 1.
Now multiplying Eq. (4.7) by z n and summing over n, we obtain a differential
equation for the generating function
∞

∞

n=0

n=0

∑ z n ṗ(n, t) = γ(z − 1) ∑ sn p(n, t)
Ġ(z, t) = γ(z − 1)G(z, t),

(4.9)

and, hence, the generating function is given by
G(z, t) = e(z−1)γt G(z, 0).

(4.10)

Once G(z, t) is found for a given initial condition, then the probabilities can be
obtained
1 dn
G(z, t)∣ .
(4.11)
p(n, t) =
n! dz n
z=0
A typical choice of initial condition is p(n, 0) = δn,0 , and G(z, 0) = 1. The former
means that there are no particles in the drain reservoir. With this initial condition
the probability distribution function becomes
p(n, t) =

1 n −n̄
n̄ e ,
n!

(4.12)

where n̄ = γt is the average of n. This distribution describes a Poisson process and
n̄ can be easily obtained by employing the generating function
∞

n̄ = ∑ n p(n, t) = z
n=0

d
d
G(z, t)∣ = z e(z−1)γt ∣ = γt.
dz
dz
z=1
z=1

(4.13)

In the context of quantum optics, and in particular in the theory of the photodetection, Eq. (4.12), which is known as the Mandel Formula for classical photo-electron
counting, describes the emission of photons from a source that are being detected
at rate γ [110]. In the context of transport, for instance the tunnelling of electrons
between two metals, the above distribution function is a simple model for the tunnel
junction. The tunnelling rate γ can be calculated, e.g. in the perturbation theory
from the Fermi Golden Rule [111]. In what follows, we consider a slightly more
complicated scenario leading to different distribution functions. This also helps us
to set the stage for the quantum treatment of transport.
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Processes with internal states

Let us assume that the state of a system can be characterised by two indices k
and n where they denote the internal and external states, respectively. Consider
now the example of some hikers that want to cross a bridge one-by-one (only one
hiker can be on the bridge at a time) from the left deck onto the bridge and then
to the right deck. They enter the bridge at rate γin and leave it at rate γout . It is
assumed that all hikers go forward from left to right and no one moves backward.
We assign the above mentioned indices as follows: k = 0, means the bridge is
empty, k = 1 means the bridge is occupied, and n is the number of hikers that
have already crossed over the bridge onto the right deck. The probabilities now
acquire an additional index k where pk (n, t) represents the probability that there
is k hiker on the bridge and n hikers on the right deck at time t. To construct a
master equation for the probabilities, the same procedure that was employed for the
creation-annihilation process can be used to obtain [108]
ṗ0 (n, t) = −γin p0 (n, t) + γout p1 (n − 1, t),
ṗ1 (n, t) = γin p0 (n, t) − γout p1 (n, t).

(4.14a)
(4.14b)

This set of coupled differential equations can be expressed in the following matrix
form
ṗ(n, t) = S p(n, t) + J p(n − 1, t),
(4.15)
where
p(n, t) ≡ (

p0 (n, t)
),
p1 (n, t)

−γ
0
S = ( in
),
γin −γout

0 γout
).
J =(
0 0

(4.16)

We call J the jump matrix (operator) which describes the transition from state n − 1
to n. That is, it represents the ‘jumps’ of hikers to the right deck at rate γout .
Master equations for probabilities resolved with respect to a number of jumps n are
referred to as n-resolved master equations [112].
It would be again easy to solve the above ME by introducing a vector-valued
generating function
∞

G(z, t) ≡ ∑ z n p(n, t).

(4.17)

n=0

As before, multiplying Eq. (4.15) by z n and summing over n a differential equation
for the generating function is obtained,
Ġ(z, t) = (S + zJ) G(s, t).

(4.18)

This is a system of ordinary differential equations (ODEs) with constant coefficients
that can be easily solved. The benefit of using G(z, t) is that it contains complete
information about the process (a fact which becomes more evident below). Let us
define a vector p(t) of the so-called reduced probabilities as
P (t)
P(t) = ( 0 ) ,
P1 (t)

(4.19)
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∞

Pk (t) = ∑ pk (n, t),

k = 0, 1.

(4.20)

n=0

The normalisation condition also requires that ∑k pk (t) = 1. A master equation for
reduced probabilities can be found by taking the summation over n in Eq. (4.15) to
get
Ṗ(t) = (S + J) P(t),
(4.21)
which is a linear system of ODEs with constant coefficients. Furthermore, we can
define the full counting statistics (FCS) of the process [56, 113],
1

p(n, t) = ∑ pk (n, t),

(4.22)

k=0

which, in quantum mechanical terms we would describe as the internal states being
traced over. Thus, the reduced probabilities contain information only about the
internal states whereas the FCS gives information on the external states.
Let us now list some of the quantities of interest that can be obtained using the
vector-valued generating function
P(t) = G(1, t),
1 dn
G(z, t)∣ ,
p(n, t) =
n! dz n
z=0

(4.23)
(4.24)

and using Eq. (4.24) the FCS can be obtained. However, rather than knowing the
full distribution p(n, t), it is often desired to have information about some of its
moments or cumulants.

4.2

Transport through quantum dots

Some of the material presented here will closely follow the derivations in Refs. [107,
114]. Quantum dots (QDs) are one of the nanostructures that have extensively been
studied, and this interest does not show any sign of waning. Their realisation can
be found in different physical systems. Lateral quantum dots for example, can be
defined by metal gate electrodes in the 2 dimensional electron gas (2DEG) in a semiconductor heterostructures [115, 116]. Self-assembled quantum dots can arise from,
for instance, the lattice mismatch between two different semiconductors inducing
the formation of QD island of InAs on a GaAs substrate [117], kinks in nanotubes
[118, 119] and nanowires [120, 121]. Quantum dots of the first type (lateral QDs)
are the most commonly used in transport experiments due to their high degree of
controllability [122]. As discussed in Sec. 4.1, a useful classification of quantum dots
would be based on their behaviour regime rather than physical construction. We are
interested in the regime g ≪ gQ for which a quantum dot is coupled to the reservoirs
(bulk electron gas) in a way that conductance proceeds via tunnelling of electrons.
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The single electron transistor

The charging effect is another factor that can play an important role in determining transport properties of a quantum dot. For this to be the case, two conditions
must be met [122]. First, quantum fluctuations should not wash out the discreteness
of the electron charge. This implies that the tunnel resistance of the contacts Rt
must be large so that the charge leaks out very slowly in order to have a well-defined
charge on dot QD = −ne, for n being an integer number [107]. Note that the tunnel
resistance can also be obtained by using the Heisenberg uncertainty relation. Second, the thermal energy must not exceed the charging energy. We can express these
two conditions as
Rt ≫
e2
2C

̵
πh
,
e2

≫ kB T.

(4.25a)
(4.25b)

It is also important to note that determining the charging energy is a complex manybody problem, to the extent that this difficulty is usually being ignored by making
an approximation. In the so-called constant interaction model [123], it is assumed
that the required energy to transfer an electron to the QD does not depend on the
number of electrons on the dot, and that using the total capacitance C of the QD
is a good enough approximation to reproduce experimental results.
To gain an appreciation of the single-electron charging effects, it would be instructive to look at the problem of a single-electron box [107]. We will leave this
elementary but important subject to the interested reader, and instead consider
the single electron transistor (SET) problem to see how quantised charge can affect
transport.
Coulomb blockade
It is often the case that in any nanostructure the spot that an electron is kept,
an island, to be fenced off with the tunnel barriers. This is done with the condition
that the tunnel conductances are adequately small g ≪ gQ . The single electron
transistor consists of two tunnel junctions (left and right) to which the island in
between, also called ‘dot’, is connected [107, 124, 125]. This dot is also coupled to
a gate voltage VG . The equivalent circuit diagram is shown in Fig. 4.1 in which the
tunnel junctions can effectively be thought of as tunnel resistance Rt in parallel with
a capacitance. Provided that the constraint in Eq. (4.25a) holds, then the tunnel
junction behaves like an ideal capacitor allowing slow leakage of charge. We also
assume that the mean level spacing is much smaller than the charging energy so
that the latter alone determines the transport properties.
Tunnelling permits n extra electrons to accumulate on the dot such that its total
charge is Q = −ne. The electrical potential of the island ΦD is given by contributions
from the dot and the external electrostatic potential Φel of the other capacitors.
Thus,
−ne
+ Φel ,
(4.26)
ΦD =
C
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Figure 4.1: Circuit model for the single electron transistor.

where
Φel =

QG
,
C

QG = (VL CL + VR CR + VG CG ),

C = CL + CR + CG .

(4.27)

Here QG denotes the gate charge and C is the island total capacitance. The total
electrostatic energy U (n), that is, the ground state energy of n electrons in the dot,
can be obtained as
U (n) = ∫

−ne
0

dQ ΦD =

(ne)2
QG
− ne Φel = EC (n2 − 2n
).
2C
e

(4.28)

If an electron tunnels into the dot, the change in this energy is known as the addition
energy of the (n + 1)-th electron, also called the chemical potential of the dot with
n electrons, and is given by
µD ≡ U (n + 1) − U (n) = 2EC (n +

1 QG
−
).
2
e

(4.29)

This means that for an electron to go from the left lead (reservoir) to the dot with
n electrons, the energy cost is µD . This is only possible if the chemical potential,
µL = eVL , associated with the left lead is larger than that of the dot. Also to go
from the dot to the right lead, the electron energy must be larger than the chemical
potential µR = eVR of the lead. That is,
µL > µD > µR .

(4.30)

Figure 4.2 shows some additional energies together with the chemical potentials of
the reservoirs. A tunnelling event can occur as long as one of these energy levels lies
within the transport window, Eq. (4.30). If the addition energy lies outside of the
bias window, the transport through the dot is blocked [107]. This is known as the
Coulomb blockade.
Thus for a fixed value of VL and VR , the gate voltage determines whether the
system is in the Coulomb blockade regime or it has a finite current through the dot.
Changing the gate voltage shifts the energy levels up and down such that different
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Figure 4.2: Single electron transistor in the linear transport regime. Transport can occur
only when the addition energy µD lies in the bias window.

states come into the bias window. Since the addition energies are regularly spaced,
this results in oscillations in the current which is referred to as Coulomb blockade
oscillations [107, 125, 126]. In the linear transport regime where the bias voltage is
small VL − VR → 0, finite conductance is obtained when
µD = U (n + 1) − U (n) = 0,

(4.31)

and the conductance peaks at QG /e = n + 1/2. In the Non-linear transport regime a
finite voltage VL −VR is applied across the sample. Let us assume that the capacitors
are symmetric (CL = CR + C) and the bias voltage is antisymmetric (VL = −VR =
V /2). Thus the condition for flow of current Eq. (4.30) becomes
1 QG
1
1
eV > 2EC (n + −
) > − eV.
2
2
e
2

4.2.2

(4.32)

Coupled quantum dots

Transport properties of devices like SETs can be understood, up to a certain
point, by analysing simple circuit models. We have seen that these models predict
well the positions of the conductance peaks (through Coulomb oscillation blockade).
However, the circuit theory provides no information, for example, about the height
and depth of these peaks. Also with the advances in fabrication techniques, more
complicated structures such as double or multiple quantum dots are investigated,
both in theory and empirically [127]. Apart from this progress in experimental
techniques, systems like double quantum dots (DQDs) are important to exploit two
core phenomena of quantum mechanics: superposition and entanglement. Therefore,
it is evident that the classical theory discussed so far cannot give a full account of
such systems. For this reason the quantum master equation formalism is employed
to address transport through quantum dots. Let us first consider a simple practical
example of a quantum ME.
Consider a quantum dot with a single energy level in the transport window.
This level is occupied with an electron by tunnelling from the left lead at rate γL
and is emptied by tunnelling to the right lead at rate γR ; Fig. 4.3. We assume
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✏

µL

µR
Figure 4.3: An important quantum dot model: single resonant level.

that Coulomb blockade is strong enough to prohibit double population on the level,
and that spin degree of freedom is not important here. The rate equations for the
reduced probabilities can be expressed by Eq. (4.21) where γL ≡ γin , and γR ≡ γout .
The steady solution is obtained by setting Ṗss (t) = 0 which gives
Pss (t) =

1
γ
( R) ,
γL + γR γL

(4.33)

One of the quantities of interest is the current through the dot which can be obtained
by multiplying the probability of finding the dot occupied, p1 , with the rate at which
an electron is transferred to the right lead
I = e p1 γR = e

γR γL
.
γL + γR

(4.34)

In the full quantum treatment, the populations pj are obtained from the diagonal
elements of the state matrix of the system ρjj . In the above example the state of the
dot is described only by populations. However, for a more complex system such as a
DQD in the strong Coulomb blockade regime, there are internal coherences so that
the off-diagonal elements of the state matrix should betaken into account. Therefore,
in the quantum ME formalism an equation similar to Eq. (4.21) for the reduced state
matrix of the system under study is obtained. In the Markovian approximation this
equation is in the Lindblad form ρ̇ = Lρ presented in Eq. (2.100). For practical
reasons, it is desirable to avoid the tensorial notation with 4th rank superoperators
and 2nd rank state matrices by introducing a vectorial representation for the latter,
implying that the former will be square matrices. An example of this is the usual
Bloch representation used in quantum optics, as seen in the previous chapter. In
quantum transport, similar equations can be derived from microscopic Hamiltonian
for electronic transport through solid state qubits, e.g. for a DQD in the strong
Coulomb blockade regime [128].
Generic transport model
We have seen in Sec. 2.3.1 that for open quantum systems the Hamiltonian of
the total system can be expressed as the summation of system, bath, and interaction Hamiltonians. In the same manner, consider now a quantum transport model
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specified by the following Hamiltonian
Ĥ = ĤS + ĤB + ĤI ,

(4.35)

where ĤS describes the system, ĤB the electron baths (leads), and ĤI the systembath coupling [114, 128]. The formalism presented here may be applied to complex
systems other than quantum dots, such as nanomagnets and QD networks. Irrespective of this intricacy, it is assumed that ĤS can be diagonalised as
ĤS = ∑ Eλ ∣λ⟩⟨λ∣

(4.36)

λ

where Eλ is the energy eigenvalues corresponding to eigenvectors ∣λ⟩. In addition,
we are assuming that all quantum numbers required to specify the system uniquely
are described by the index λ. To have transport through the system be possible, the
system itself is required to exist in a number of different charge states. For example,
in the single resonant level QD example, the system experiences empty and occupied
states. Thus the eigenkets ∣λ⟩ are defined in Fock space, with state ∣λ⟩ having nλ
electrons.
Let us consider a set of N reservoirs labelled with l. We assume that they can
be described with a noninteracting Hamiltonian
ĤB = ∑ ωkl b̂†kl b̂kl ,

(4.37)

k,l

where ωkj is the energy of the k-th mode in lead l, and b̂ is the reservoir annihilation
operator. In the absence of interaction with the system, the leads are described
by the equilibrium Fermi distribution functions [107]. The tunnelling between the
system and baths is described by the following Hamiltonian
ĤI = ∑ tklm b̂†kl âm + t∗klm â†m b̂kl ,

(4.38)

klm

where âm is the annihilation operator for single-particle level m in the system and
tklm is a tunnelling amplitude. Using the completeness relation twice, It is easy to
show that
†
ĤI = ∑ b̂†kl ĝkl + ĝkl
b̂kl ,
(4.39)
kl

where

ĝkl = ∑ tklm ⟨λ∣âm ∣λ′ ⟩ δ(nλ − nλ′ + 1)∣λ⟩⟨λ′ ∣,

(4.40)

mλλ′

is the many-body system operator. The delta function here shows the action of âm
in reducing the number of system electrons by one. It is convenient to write the
above equation as
ĝkl = ∑ tklm ĵm ,
(4.41)
m

with operator

ĵm = ∑⟨λ∣âm ∣λ′ ⟩ δ(nλ − nλ′ + 1) ∣λ⟩⟨λ′ ∣,
λλ′

(4.42)
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L
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µR
Figure 4.4: Stochastic feedback control of quantum transport in a DQD. Using a detection
device such as QPC, the presence of an extra electron in the left dot due the tunnelling
at rate γL is observed. A feedback control unit, by reading the gate voltage VG , rotates
the state of the system into one of the randomly chosen desired pure states (This is shown
conceptually by tossing a coin). Here Tc is the coupling between the two dots, ∆ is
the detuning, γR is the tunnelling rate out of the right dot, and µL(R) denotes chemical
potential of the leads.

which is just the lowering operator âm written in the basis described by {∣λ⟩}. We
will see below these operators play the role of jump operators.
For the single resonant level model considered above, there are just two appropriate many body states: empty ∣0⟩ and full ∣1⟩. It is convenient to take the energy of
the empty state zero, and that of the occupied dot to be . Thus the system Hamiltonian is ĤS = ∣1⟩⟨1∣, and the tunnel coupling is simply ĤI = ∑kl tkl b̂†kl â+h.c., where
â is the lowering operator for the single level. The corresponding jump operator is
given by ĵ = ⟨0∣â∣1⟩δ(0)∣0⟩⟨1∣ = ∣0⟩⟨1∣.
Double quantum dot
A double quantum dot can be modelled as a combined system of two individual
dots (left and right) that are coupled together with a tunnel barrier [107, 129]. In
the strong Coulomb blockade regime the state of the system can be describe by
three many body states. Assuming that the base number of electrons in the left
and the right dots are NL and NR , respectively, one of the states is the so-called
null state ∣∅⟩ ≡ ∣NL , NR ⟩. The other two states have only one additional electron
in either the left dot ∣L⟩ ≡ ∣NL + 1, NR ⟩ or the right dot ∣R⟩ ≡ ∣NL , NR + 1⟩, with
corresponding energy levels L and R , see Fig. 4.4. In the high-bias limit where the
chemical potentials of the leads are extremely large µL → ∞ and µR → −∞ [130],
these energy levels lie in the bias window so that the transport is unidirectional .
That is, electrons enter the DQD from the left lead and leave it to right lead. The
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system Hamiltonian is
ĤS = L ∣L⟩⟨L∣ + R ∣R⟩⟨R∣ + Tc (∣L⟩⟨R∣ + ∣R⟩⟨L∣)
1
1
∆ σ̂z + Tc σ̂x + (L + R )1̂.
=
2
2

(4.43)

Here we have chosen the energy of the empty ∣∅⟩ to be zero such that the single
electron energy levels are symmetrically placed around zero. Also, we will omit
the trivial constant term 1/2(L + R )1̂ for the rest of discussion. Tc describes the
coupling between the two dots, ∆ = L − R is detuning, and σ̂z = ∣L⟩⟨L∣ − ∣R⟩⟨R∣ and
σ̂x = ∣L⟩⟨R∣ + ∣R⟩⟨L∣ are Pauli operators. With the left and right dots coupled only
to the left and right leads, respectively, the tunnel coupling is
ĤI = ∑ [tkL b̂†kL âL + tkR b̂†kR âR ] + h.c..

(4.44)

k

It is straightforward to show that the jump operators are
ĵl = ∑ ⟨∅∣âl ∣λ′ ⟩∣∅⟩⟨λ′ ∣ = ∣∅⟩⟨l∣,

(4.45)

λ′ =±

√
where ∣±⟩ = 1/ 2 (∣L⟩ ± ∣R⟩) are obtained by diagonalising ĤS . Substituting these
back into Eq. (4.39), we obtain
HI = ∑ [tkL b̂†kL ∣∅⟩⟨L∣ + tkR b̂†kR ∣∅⟩⟨R∣] + h.c..

(4.46)

k

Note that the picture we presented here is not the most general formalism, in the
sense that the system can also couple to bosonic modes such as photons and phonons.
In that case, for example, it is required to take into account two other terms in the
total Hamiltonian, one for the free bosons and the other for the coupling between the
DQD and bosonic modes [128]. However, this coupling to a dissipative environment
can be ignored for some problems without the loss of geenrality as it would have
negligible impact on the system dynamics. In this study we take the latter approach.

4.3

State stabilisation

Up to this point we briefly discussed quantum transport in mesoscopic systems
with emphasis on double quantum dots. As in most of physical phenomena, in
quantum transport too, the evolution of the system is concerned. Furthermore, one
is often interested to study the state of the system when it reaches to its stationary
state after a long run time. As discussed in Sec. 2.3.4, this steady state ρss is
unique for ergodic quantum systems. It was shown that a Markovian open quantum
system that relaxes to ρss of finite rank can be decomposed to a finite physically
realisable ensemble of pure states [31]. We have already made use of this idea in
Sec. 3.4.1, to adaptively control the system dynamics so that the conditional state
jumps between a finite number of pure states. An mentioned in the introduction,
rather than using adaptive measurements, we will introduce a measurement-based
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feedback control scheme in order to apply this concept to the dynamics of a DQD
so that the system state is restricted to hopping between a finite number of pure
states. The significance of this may be seen from experimental point of views. This
is because employing a local oscillator (which is necessary for implementing adaptive
measurements) in solid-state experiments seems to be hard, whereas there is no need
for local oscillators in the control protocol presented here. Analysis of similar kind
has been done in feedback control of quantum transport without taking into account
the stochasticity [112]. It turns out the latter is a special case of what we study in
this thesis. As it will be explained below, the introduction of stochasticity allows us
to express the stationary state of the system as a non-trivial mixture of pure states
in a physically realisable ensemble.
The state of a Markovian open quantum system can be described by the Lindbladian master equation ρ̇ = Lρ, Eq. (2.100). This equation can also be expressed
as
L

ρ̇ = S [Ĥ ′ ] ρ + ∑ J [ĉl ] ρ,

(4.47)

l=1

where S [Ĥ ′ ] ● = (−iĤ ′ )●+●(iĤ ′† ) specifies smooth evolution, and the non-Hermitian
Hamiltonian is given by
i L
(4.48)
Ĥ ′ = Ĥ − ∑ ĉ†l ĉl .
2 l=1
We can describe the evolution of the DQD using this ME with L = 2, and that the
system Hamiltonian reads as in Eq. (4.43). The two Lindblad operators are
ĉ1 =

√
γL ∣L⟩⟨∅∣,

ĉ2 =

√
γR ∣∅⟩⟨R∣.

(4.49)

Substituting Eqs. (4.49) and (4.43) into the non-Hermitian Hamiltonian Eq. (4.48),
we can express the latter in its matrix form in the basis of empty and occupied
states as
i
0
0 ⎞
⎛− 2 γL
i
1
′
− 2 γR − 2 ∆ Tc ⎟
Ĥ = ⎜ 0
(4.50)
1 ⎠
⎝ 0
Tc
∆
2

Diagonalising this matrix, it is straightforward to show that we can write it in its
eigenbasis as
γL
Ĥ ′ = −i ∣∅⟩⟨∅∣ + ∑ ` ∣φ` ⟩⟨φ̃` ∣,
(4.51)
2
`=±
where
(iγR + 2∆ + `κ)∣L⟩ + 4Tc ∣R⟩
√
,
16Tc2 + ∣iγR + 2∆ + `κ∣2
√
1
= − (iγR + `κ), κ = 16Tc2 − γR2 + 4∆2 + i4γR .
4

∣φ` ⟩ =
`

(4.52)
(4.53)

However, for simplicity we are going to assume that the detuning is zero ∆ = 0,
meaning that an electron transfer occurs between the dots at no energy cost. It is
important to note that the right eigenvector ∣φ` ⟩ of the non-Hermitian Hamiltonian
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is not, in general, adjoint of the left eigenvector ⟨φ̃` ∣ ≠ ⟨φ` ∣. For the case we are
studying here ⟨φ̃` ∣ is equal to the transpose of ∣φ` ⟩1 . The null state has also been
separated from other states, as there are not superpositions between it and other
states due to charge superselection rule [128]. In other words, the orthogonality
condition imposes ⟨∅∣φ` ⟩ = 0, whereas this condition does not apply to other states
⟨φ` ∣φ−` ⟩ ≠ 0. In the following we will use ρ and % to denote the state of the system
in qutrit and qubit subspaces, respectively. That is, we will project out the null
state using some approximations so that the set {∣L⟩, ∣R⟩} is enough to describe the
system state evolution.
Feedback stabilisation in quantum transport
The dynamics of the system described above can be modified by introducing
feedback control. Such a scheme has been proposed in Ref. [112] to make the system
undergo evolution such that one of the two pure states ∣φ` ⟩ of the smooth dynamics
is realised. In the scheme of [112] a measurement device is used which is supposed
to be capable of detecting the single-electron tunnelling event through the junction
of the left dot from its lead. One such a common device employed in experimental
setups is a quantum point contact (QPC) [131, 132] which can be placed next to the
junction. Furthermore, it is assumed that one would be able to use the information
obtained through the feedback scheme very quickly to change the system dynamics.
Once an electron tunnels into the left dot, the state will be ∣L⟩, according to
J [ĉ1 ]∣∅⟩⟨∅∣ = γL ∣L⟩⟨L∣.

(4.54)

The sole objective of the feedback control is to rotate, in Hilbert space, this state
into a pure eigenstate ∣φ` ⟩ of the non-Hermitian Hamiltonian. For this purpose
the state of the system can be manipulated by, for example, the gate voltages VG ,
Fig. 4.4. That is to say, it is expected that the following unitary operation can be
implemented right away after the detection of the electron in the left dot:
Û` ∣L⟩ = ∣φ` ⟩.

(4.55)

1
⃗ ` .⃗
σ] ,
Û` = exp [− i ϑ`c n
2

(4.56)

Here the control operator is

⃗ ` = (sinθ` , 0, cosθ` ) by ϑ`c . By σ
⃗ we
which rotates a state around the unit vector n
denote the vector of Pauli operators. Once the system is in the state %` = ∣φ` ⟩⟨φ` ∣,
it remains there until a quantum jump occurs. Note that %` is the eigenoperator of
the smooth evolution superoperator:
S[Ĥ ′ ]%` = 2 Im(ε` )%` .
1

(4.57)

The left eigenvector ⟨φ̃` ∣ of Ĥ ′ satisfies ⟨φ̃` ∣Ĥ ′ = ` ⟨φ̃` ∣. It is also true to say that Ĥ ′⊺ ⟨φ̃` ∣⊺ =
` ⟨φ̃` ∣⊺ . That is, ⟨φ̃` ∣⊺ is the right eigenvector of Ĥ ′⊺ . Since for the non-Hermitian Hamiltonian in
Eq. (4.50) we have Ĥ ′⊺ = Ĥ ′ , then ⟨φ̃` ∣ = ∣φ` ⟩⊺ .
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Figure 4.5: A conceptual diagram showing the state evolution process in the DQD.

Ultimately the system will be found again in the null state due to the electron
tunnelling to the right lead
J [ĉ2 ]%` = γR` ∣∅⟩⟨∅∣,

(4.58)

where γR` ≡ −2 Im(ε` ). We summarise the entire process described above in a
schematic diagram in Fig. 4.5.
Thus this analysis shows that the system state at any time can be found in one
of the kets in the set {∣∅⟩, ∣φ− ⟩, ∣φ+ ⟩}. An implication of this description is that, for
a given `, the DQD is equivalent to a single resonant level with tunnelling rates γL
and γR` . For such a system the steady state probabilities are given by Eq. (4.33)
such that
γR`
γL
p∅ =
,
p` =
.
(4.59)
`
γL + γR
γL + γR`
Hence the stationary state of the system is
ρss =

1
(γ ` ∣∅⟩⟨∅∣ + γL %` ).
γL + γR` R

(4.60)

This equation shows that, in the limit where γL ≫ γR , Tc , the probability of finding
the steady state in the null state becomes negligible. That is,
lim

` →∞
γL /γR

ρss = %` .

(4.61)

From the dynamics point of view, the time that the system spends in the state ∣∅⟩⟨∅∣
is negligible compared to the time it is found in %` . This guarantees the presence
of one excess electron in the system. And depending on which U` is chosen last,
the state %` of the DQD is in a coherent superposition of the single-electron states,
∣φ` ⟩. In what follows, we explain how to include the stochasticity into the feedback
protocol such that the steady state is a mixture of both eigenstates, %+ and %− , of the
smooth evolution. In other words, this new feedback scheme allows one to realise a
two-state nonorthogonal PRE.
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The feedback scheme described above effectively changes the left jump operator
so that the system state, conditioned on the control operation, becomes ∣φ` ⟩. This
means that we can replace ĉ1 by
ĉ′1 = Û` ĉ1 =

√
γL ∣φ` ⟩⟨∅∣.

(4.62)

With this new jump operator, the processes labelled by numbers 1 and 2 in Fig. 4.5,
can be combined into a single one such that
J [ĉ′1 ]∣∅⟩⟨∅∣ = γL %` .

(4.63)

A consequence of this change in the left jump operator is the modification of the
ME to
ρ̇ = −i[Ĥ, ρ] + (D[ĉ′1 ] + D[ĉ2 ])ρ.
(4.64)
As discussed above, the state stabilisation into a pure state is achieved in the limit
where the tunnelling rate into the system is much larger than the tunnelling rate
out of it, in Eq. (4.61). This outcome suggests that, in this limit, the null state can
be projected out. As a result, the state space of the system reduces from the qutrit
subsapce to that of qubit. In other words, in the regime in which the damping rate
of the null state is much faster the decay rate of the qubit system, the null state can
adiabatically be eliminated [133] as follows. The state of the qutrit system can be
expressed as
ρ = % + δ∣∅⟩⟨∅∣
(4.65)
where the qubit state % is spanned by {∣L⟩, ∣R⟩} and δ = O(γR /γL ). Since % and
∣∅⟩⟨∅∣ live in two orthogonal spaces, it is straightforward to show that the evolution
for δ is governed by the following equation
δ̇ = ⟨∅∣ρ̇∣∅⟩ = −γL δ + γR ⟨R∣%∣R⟩,

(4.66)

where we used Eq. (4.64). See Appendix A for detail of the derivations. Applying
the adiabatic elimination technique in the limit of γL ≫ γR yields
δ≈

γR
⟨R∣%∣R⟩.
γL

(4.67)

The dynamics of the qubit state is obtained by
%̇ = P̂LR ρ̇ P̂LR ,

(4.68)

where P̂LR = ∣L⟩⟨L∣ + ∣R⟩⟨R∣ is the projector onto the qubit subspace. Finally using
Eqs. (4.64) and (4.67) it is easy to show that the equation for evolution of the qubit
state Eq. (4.68) becomes
%̇ = −i[Ĥ, %] + D[ĉ` ]%,
(4.69)
where
ĉ` =

√
√
γR Û` ∣L⟩⟨R∣ = γR ∣φ` ⟩⟨R∣.

(4.70)
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In this case ∣φ` ⟩ is still the eigenstate of the non-Hermitian Hamiltonian
i
Ĥ ′ = Ĥ − ĉ†` ĉ` = ε` ∣φ` ⟩⟨φ̃` ∣.
2

(4.71)

Further, this shows that the stationary state is given by %` .
As discussed in the opening paragraph of this section, our aim is to use the fact
that, for a two-dimensional ergodic quantum system, there is always a two-state
PRE, which we will call a TSE for brevity. That is, to keep track of a qubit all is
needed is a single classical bit [31].
The analysis of the feedback controlled DQD indicates that the two eigenvectors
∣φ± ⟩ of Ĥ ′ are relevant choices to construct a nonorthogonal TSE. However, to apply
the theory presented in Sec. 3.4, we would need to have a master equation such that
it steady state is a non-trivial mixture of the smooth evolution states %` . To ensure
this, the rank of the resultant state matrix must satisfy rank(%ss ) > 1. Thus we are
not interested in purifying the system into only one of these states. At the same
time, we must not alternate between the two states as this would mean that the
system would be non-Markovian, requiring the memory of the last chosen state for
processing the next step. In order to have a Markovian evolution for the system
though, it is randomly decided which operation Û± to be performed on the system
prior to every control operation. We show this conceptually in Fig. 4.4 by tossing a
coin. This implies that the system is memoryless and should have a description in
terms of a Markovian ME. If ℘` is the probability of choosing Û` , with the condition
that ∑` ℘` = 1, thus the master equation is
%̇ = −i[Ĥ, %] + ∑ ℘` D[ĉ` ]%,

(4.72)

`=±

and its stationary state is
%ss = ∑ p` %` .

(4.73)

`=±

It is important to note that the probabilities p` are not, in general, the same as the
℘` in Eq. (4.72). We will come back to this when two different regimes of tunnelling
are considered.
From the ME given in Eq. (4.72), we now find its Bloch representation ṙ = Ar+b.
After a bit of algebraic calculation, the elements of matrices A and b are determined
to be
A11 = −2γR ∑ ℘` (∣u`y ∣2 + ∣u`z ∣2 ),

(4.74a)

`=±
∗

∗

∗

∗

∗

∗

∗

∗

A12 = γR ∑ ℘` [(u`x u`y + u`x u`y ) − i(u`z w` − u`z w` )] − ∆,

(4.74b)

`=±

A13 = γR ∑ ℘` [(u`x u`z + u`x u`z ) + i(u`y w` − u`y w` )],
`=±

(4.74c)
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∗

∗

∗

A21 = γR ∑ ℘` [(u`x u`y + u`x u`y ) + i(u`z w` − u`z w` )] + ∆,

(4.75a)

`=±

A22 = −2γR ∑ ℘` (∣u`x ∣2 + ∣u`z ∣2 ),

(4.75b)

`=±
∗

∗

∗

∗

A23 = γR ∑ ℘` (u`y u`z + u`y u`z ) − i(u`x w` − u`x w` )] − 2Tc ,

(4.75c)

`=±
∗

∗

∗

∗

A31 = γR ∑ ℘` [(u`x u`z + u`x u`z ) − i(u`y w` − u`y w` )],

(4.75d)

`=±
∗

∗

∗

∗

A32 = γR ∑ ℘` (u`y u`z + u`y u`z ) + i(u`x w` − u`x w` )] + 2Tc ,

(4.75e)

`=±

A33 = −2γR ∑ ℘` (∣u`x ∣2 + ∣u`y ∣2 ),

(4.75f)

`=±

and
∗

∗

∗

∗

∗

∗

b1 = i 2γR ∑ ℘` (u`y u`z − u`y u`z ),
`=±

b2 = i 2γR ∑ ℘` (u`z u`x − u`z u`x ),
`=±

b3 = i 2γR ∑ ℘` (u`x u`y − u`x u`y ),

(4.76a)
(4.76b)
(4.76c)

`=±

where the complex 4-vector u` = (u`x , u`y , u`z , w` ) has the components
˜
1
[cos(ϑ`c /2) − i` sin(ϑ`c /2)cos(θ` )],
u`x =
2
u`y = i u`x ,
u`z =

i`
sin(ϑ`c /2)sin(θ` ),
2

w` = −u`z .

(4.77)
(4.78)
(4.79)
(4.80)

In the following sections we explicitly define the control parameters (ϑ`c , θ` ). See
Appendix A for detail of the calculations.
After working out to find the real eigenvectors of A, and obtaining the steady
state ṙ = 0, we plug them in Eqs. (3.84) and (3.85) to construct corresponding TSEs.
The forms of the analytical expressions are too complex to be usefully analysed.
Instead we present the result of numerical calculations. In what follows, we study
the behaviour of the system in two different regimes. The latter can be defined
depending on the ratio of the tunnelling rate out of the DQD to the inter-tunnelling
constant ζ ≡ γR /Tc . Assuming  = 0 in Eq. (4.53), it is obvious that depending on
whether ζ is less or greater than 4 two regimes can be considered. We call them the
coherent and incoherent tunnelling regimes, respectively.
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℘ + = 0.8, ℘ − = 0.2

℘ + = 0.2, ℘ − = 0.8
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Figure 4.6: Coherent tunnelling: Bloch vectors of two-state jumping for three different
purification probabilities: (a) ℘+ = 0.8, ℘− = 0.2, (b) ℘+ = 0.5, ℘− = 0.5, and (c) ℘+ =
0.2, ℘− = 0.8. Blue arrows (dark arrows in the azimuthal plane) represent the state vectors
r± of the TSE with corresponding probabilities p` illustrated by the volume of the sphere
at the end of each arrow. The steady state r⃗ss is depicted by a red arrow. In this regime,
the probabilities ℘` are equal to the probabilities p` . In these plots we set ζ = 3.

4.3.2

Coherent tunnelling

For the case where ζ < 4, the steady state rss is aligned in the equatorial plane.
This implies that the system settles in a coherent superposition of single-electron
states ∣L⟩ and ∣R⟩, where the transport electron occupies both left and right quantum
dots with some probabilities. The two states of the TSE are oriented in the equatorial
plane as does the steady state. For the trivial case where ℘− = 0 and ℘+ = 1−℘− = 1 or
vice versa, the steady state reduces to r+ and r− , respectively, the two eigenvectors
of the non-Hermitian Hamiltonian, which can be expressed as
r⃗` = (−`

κ
γR
,−
, 0) .
4Tc 4Tc

(4.81)

See Appendix A for detail of the calculations. Note that this is the special case of
our theory, as pointed out earlier in this section, and was first presented in [112].
For the coherent tunnelling regime, the control parameters are given by
θ` = arccos( √

`κ
32Tc2

− γR2

),

γR
).
ϑ`c = 2 arccos( √
32Tc

(4.82)

Figure 4.6 depicts TSEs for different purification probabilities for this regime. The
number of TSEs is limited to one, because A has only one real eigenvector. The
probability p` for a specific state %` describing the system is illustrated by a little
sphere at the tip of each blue arrow. The steady state is shown by the red arrow
that varies according to changes in ℘` . It turns out that, so long as the purification
probabilities satisfy ∑` ℘` = 1, they are equal to the corresponding probability pl for
occupying the state ∣φ` ⟩, no matter what values they are assigned to. To understand
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Figure 4.7: Profile of the steady state for the coherent tunnelling regime, for ζ = 3: (a)
state purity as a function of the purification probability ℘+ . The two red endpoints show
pure states when the feedback control puts the system in either of r± . All other points in
between represent mixed states when the system is in a non-trivial mixture of r± . (b) The
orientation of the steady state on the equatorial plane of the Bloch sphere.

why this is so, let us consider the lifetime of states in the right quantum dot which
is given by
−1
(4.83)
τ` = (γR %RR
` ) ,
where

1 − ⟨σ̂z ⟩`
.
(4.84)
2
Since the states in Eq. (4.81) are oriented on the equator, ⟨σ̂z ⟩± = 0. This would
result in an equal lifetime τ` = 2/γR for being in the right quantum dot for either of
these states. Therefore, whatever is chosen for the probability ℘` for purifying the
system into the state %` , that choice also determines the probability p` of the system
being in the state, that is:
p` = ℘ ` .
(4.85)
%RR
= ⟨R∣%∣R⟩` =
`

The steady state is pure iff the stochasticity is removed from the scheme. This
is the case when the state stabilised into just one of the eigenstates of Ĥ ′ . Figure
4.7(a) shows how the purity varies as ℘+ (and correspondingly ℘− ) changes. It has
a minimum value at ℘+ = ℘− = 0.5, and symmetrically changes at around this point
as the purification probability changes. The two red arrows (the first and last one)
in Fig. 4.7(b) illustrate rss in the ⟨σ̂x ⟩–⟨σ̂y ⟩ plane of the Bloch sphere for the two
trivial cases. It is clear that how the steady state sweeps the region between these
two arrows by changing ℘` .
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Incoherent tunnelling

For the incoherent tunnelling regime in which ζ > 4, the steady state is always
oriented in the polar plane. The situation here has some subtleties. We also need
to modify equations according to the changes in the parameter ζ. In the very first
place κ in Eq. (4.52) should be replaced by κ̃ = iκ. As a result, the eigenvectors of
the effective Hamiltonian should be revised. It is straightforward to show that in
the Bloch representation these pure states can be expressed in the following form
r⃗` = (0, −

κ̃
4Tc
, −` ) ,
γR
γR

(4.86)

where details of the calculations are presented in Appendix A. The control parameters in this regime are given by
θ` = π/2,

ϑ`c = 2 arctan(

4Tc
).
(γR + ` κ̃)

(4.87)

There are a few important differences between this regime and the coherent tunnelling regime. The number of TSEs here is not limited to one. Indeed, there are
infinitely many such TSEs. This is because the matrix A in the equation of motion,
Eq. (3.81), has more than one real eigenvector. As discussed before, each such real
eigenvector can be used to construct a TSE. One of these eigenvectors yields the
states given in Eq. (4.86). The other two eigenvectors are degenerate, implying that
a linear combination of them is also a real eigenvector of A. Thus a TSE can be
assigned to any such linear combination. In Fig. 4.8(c), we plot two TSEs, in light
brown (in the azimuthal plane) and cyan (light arrows in the polar plane), corresponding to the two degenerate eigenvectors. Since there are an infinite number of
linear combination of these eigenvectors, one can construct the same infinite number
of TSEs. If one were to plot all state vectors of these TSEs, the tip of arrows would
trace a circle on the Bloch sphere. This is shown by a solid green circle on all spheres
in Fig. 4.8.
Note that these ensembles are not necessarily diametrically opposite points on
the circle as was the case for the coherent regime, nor are they equally weighted in
general. Also, the steady state is the same for all TSEs. This is because, according
to Eq. (4.73), the steady state is the weighted average of the states in a two-state
PRE. This is also evident in Fig. 4.8(c). For the special case of ℘` = ℘−` = 0.5, it
turns out that all three real eigenvectors are degenerate. It is then the case that the
states in Eq. (4.86) would lie on the green circle, as depicted in Fig. 4.8(b).
Another point that makes this regime distinct from the coherent tunnelling regime
is that the purification probabilities ℘` are not the same as the probability p` of
finding the system in state %` . This is because the states in Eq. (4.86) have different
lifetime in the right quantum dot, which can be simply obtained using Eqs. (4.83)
and (4.84):
τ` = 2 (γR + `κ̃)−1 .
(4.88)
That is, in contrast to the coherent tunnelling case, the probability p` depends on
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Figure 4.8: Incoherent tunnelling: TSEs for ζ = 5, and for the same control probabilities
as in Fig. 4.7. Here, in contrast to the coherent tunnelling case, in addition to r± , shown
by blue arrows (dark arrows in the polar plane), an infinite number of other TSEs exist.
The solid green circle depicts the locus of them. By comparing this circle in (a), (b), and
(c) it is obvious that increasing ℘+ shrinks its radius such that at ℘+ = 1 it eventually
collapses to a single point. In (c) we plot the states of two other TSEs each corresponding
to a real eigenvector of A shown in light brown (in the azimuthal plane) and cyan (dark
arrows in the polar plane). Here, ℘` and p` are entirely different because the latter is a
function of the lifetimes of states in the right dot, Eq. (4.89).

the lifetime of states in the right quantum dot. This can be expressed as
p` =

℘` τ `
,
∑j=± ℘j τj

(4.89)

where the probability ℘` to control the system into the state %` is weighted by the
appropriate lifetime of the states in the right dot. Note that for the scenario in
which τ+ = τ− this relation is identical to Eq. (4.85), as it should be.
In Fig. 4.9(a) we plot the steady state purity as a function of ℘` . It can be clearly
seen that, in contrast to the coherent tunnelling regime, the variation of the purity
is not symmetric. Again the two red endpoints show the steady state purity when
℘` = 1 − ℘−` = 0. This distinct signature is also noticeable in the orientation of rss in
the polar plane of the Bloch ball.
We have discussed so far coherent and incoherent tunnelling regimes. However,
at the critical parameter value ζ = 4, the situation is a bit different from the other
two regimes. The steady state here is a pure state rss = r± = (0, −1, 0). One can
think of this situation as follows: approaching this critical point from other side, for
a fixed value of ℘` , the states in TSEs (shown in blue arrows) start to get closer to
each other such that they coincide and become the same. Of course, through this
process the green circle eventually shrinks to a single point. The control parameters
in this regime are θ` = ϑ`c = π/2.
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Figure 4.9: Profile of the steady state for the incoherent tunnelling regime, for ζ = 5: (a)
state purity as a function of the purification probability ℘+ . The interpretation of points
are the same as in Fig. 4.7. (b) Orientation of the steady state on the polar plane of the
Bloch sphere for different values of ℘+ . See text for discussion.

Interpretation of the other infinite number of TSEs
We have already seen that there is a measurement and feedback control scheme
to realise the ME given in Eq. (4.72) such that the conditional states of the system
are described by Eq. (4.86). Then a relevant question might be: if this protocol
does not realise the other infinite number of TSEs, then in what sense are they
physically realisable? It might be the case that the hypothetical ensembles are in
principle physically realisable but perhaps not through the instantiation of the ME
presented in Eq. (4.72). If one were to induce the evolution described by this ME in a
completely different way, then the other TSEs might be realised in practice. In what
follows we present our speculation on the possibility of realising these ensembles in
the system as described.
It would seem to be necessary to consider a grand composite system comprised of
two subsystems: the DQD, and the whole measurement and feedback control process
(MFCP) with state vectors ∣φ` ⟩ and ∣ψ⟩, respectively, in the spirit of autonomous
(passive) feedback control [134, 135]. One would have to imagine that the state of
the grand system is in a pure entangled form as the coherent superposition of the
state vectors
∣Ψ⟩ ∝ ∑ ∣φ`∣r ⟩∣ψr ⟩.
(4.90)
r

Here the measurement record r determines the state of the DQD. This implies
that the entire MFCP itself is being treated as a quantum system which could be
monitored. However, an important point is that if this monitoring reveals the record
r used in the feedback loop, then the system would simply collapse into one of the two
states ∣φ± ⟩ given in Eq. (4.86). It is conceivable that it would be possible to obtain
the other infinite ensembles by employing a quantum eraser method [136, 137] for
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the whole MFCP. However, when it comes to considering the fermionic systems, the
superselection rules (SSR) also should be taken into account as additional constraints
[138]. For instance, the transformation in Eq. (2.106) does not hold for fermionic
systems; fermionic fields cannot have a non-zero mean value, unlike bosonic fields.
Thus, we tend towards a negative opinion on the possibility of realising these other
infinite ensembles in the controlled quantum dot system.

4.4

Full counting statistics

We have seen, in Sec. 4.1.3, the usefulness of the generating functions to calculate
the statistical properties of transport. Finding the generating function, one can
obtain the corresponding probability distribution p(n, t), Eq. (4.24), from which
moments or cumulants for a physical quantity are obtained. In transport, one of
the quantities of interest is the current through the system. In addition to its mean
value, the variance and, perhaps higher order moments of current are important
as well to get as much information as possible about the current. Thus knowledge
of p(n, t) = Tr [%(n) (t)] constitutes full knowledge of the properties of the current
fluctuations, and for this reason is known as the full counting statistics (FCS) of
the current. Here p(n, t) is the probability that n electrons tunnel into the right
lead in time t, and %(n) (t) represents the state of the system at time t with n
quantum jumps from which electrons have been transferred to the drain. Hence
by studying the FCS one hopes to learn more about the system. The use of FCS
has first been investigated theoretically in the scattering approach [139], and in the
master equation approach [140]. It has also been determined experimentally through
electron counting processes [56, 141].
The theory of FCS in the ME approach has many similarities to the theory of
photon-counting statistics from quantum optics. In Eq. (4.15), we saw how the
(classical) n-resolved master equation can be obtained. It is easy to show that using
the microscopic field-detector theory for a state with n excitations, the n-resolved
form of the ME given in Eq. (4.47) for the DQD with feedback control is [113]
%̇(n) = S%(n) + ∑ ℘` J [ĉ` ]%(n−1) .

(4.91)

`=±

where

∞

%(t) = ∑ %(n) (t).

(4.92)

n=0

This may be considered as the quantum analogue of the vector of reduced probabilities in Eq. (4.19). The above master equation can be solved in n-space for a finite n.
To do so, it is necessary to diagonalise a tridiagonal matrix which might be costly
from computational viewpoint. Thus it is convenient to use a Fourier transform that
introduces the counting field χ as the conjugate variable of n. Let us then define
%(χ) = ∑ einχ %(n) .
n

(4.93)
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Now multiplying Eq. (4.91) and summing over n, we obtain the χ-resolved ME
%̇(χ) = (S + ∑ ℘` J [ĉ` ]eiχ ) %(χ) ≡ L(χ)%(χ),

(4.94)

`=±

where
L(χ) = S + ∑ ℘` J [ĉ` ]eiχ ,

(4.95)

`=±

is the χ-dependent Lindbladian superoperator. This form can be generalised to
include processes that transfer m electrons to lead l (acquiring a factor eimχ ), and
processes in which m electrons are transferred from lead l (acquiring a factor e−imχ ).
Electron counting statistics
The cumulant generating function Q(χ, t) is defined as [113]
∞

eQ(χ,t) = ∑ p(n, t)einχ .

(4.96)

n=0

From this function all the cumulants of the distribution p(n, t) can be obtained by
differentiating. In particular, the k-th cumulant is obtained as
Ck (t) =

∂k
Q(χ, t)∣ .
∂(iχ)k
χ=0

(4.97)

To simplify the form of the generating function we first replace the probability
distribution with Tr [%(n) (t)] and then use Eq. (4.93)
∞

eQ(χ,t) = ∑ Tr [%(n) (t)] einχ = Tr [%(χ, t)] .

(4.98)

n=0

Next we can employ Eq. (4.94) to obtain
Q(χ, t) = ln (Tr [eL(χ)(t−t0 ) %(t0 )]) .

(4.99)

It is often desired to study the system in the long-time limit t → ∞ where it
relaxes in the steady state. This means that we start the system in its stationary
state %(0) = %ss . Thus it is possible to use the eigendecomposition of L(χ) to even
further simplify the above equation. The only term that significantly contributes to
the generating function is that with λ0 (χ), the largest eigenvalue of the spectrum
of L(χ). Thus
Q(χ, t) = λ0 (χ)t + constant,
(4.100)
where to exponential accuracy the constant term can be neglected. Using this any
cumulant can be obtained via multiple differentiation. We can apply this formalism
to the single resonant level example. The χ-dependent Lindbladian of this system
can be expressed as
−γ eiχ γR
L(χ) = ( L
).
(4.101)
γL −γR
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Figure 4.10: Mean current ⟨I⟩ through the DQD as a function of ζ for different purification
probabilities. In the coherent tunnelling regime currents show readily distinguishable
behaviour.

The cumulant generating function can be easily found by diagonalising this matrix
which yields
⎡¿
⎤
⎢Á
⎥
4 (γR γL )
1
Á
iχ
À
⎢
⎥
(4.102)
Q(χ, t) = (γR + γL ) ⎢ 1 −
2 (1 − e ) − 1⎥ t.
2
⎢
⎥
(γ
+
γ
)
R
L
⎣
⎦
The first two cumulants, for example, are
C1 (t) =
C2 (t) =

γR γL
t,
γR + γL
γR γL
3

(γR + γL )

(4.103)
(γL2 + γR2 ) t.

(4.104)

With this formalism in hand, we are now ready to study the FCS of the double
quantum dot. Using the generating function presented in Eq. (4.100) the nth-order
zero-frequency current correlation is defined by the following relation
d ∂n
Q(χ, t)∣χ=0,t→∞
dt ∂(iχ)n
∂n
=
λ0 (χ)∣χ=0 .
∂(iχ)n

⟨S (n) ⟩ =

(4.105)

The first order current correlation ⟨S (1) ⟩ is equal to the bare average current ⟨I⟩.
We plot this in Fig. 4.10 for three different control probabilities. The two tunnelling
regimes show distinct behaviours. The currents have the same linear profile for the
coherent tunnelling regime, whereas they have completely different variations for
the incoherent tunnelling regime.
Even more noticeable differences are observed in the higher order current correlation functions. It is often convenient to normalise these to the current to obtain
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Figure 4.11: The value of Fano factors F (n) for the DQD as a function of ζ: n = 2
(dark blue dashed), n = 3 (green dotted), and n = 4 (red dashed-dotted). Three different
sets of probabilities are shown (a) ℘+ = 0.2, ℘− = 0.8, (b) ℘+ = 0.8, ℘− = 0.2, and (c)
℘+ = 0.5, ℘− = 0.5. As long as ζ ≤ 4 all Fano factors are equal to one, independent of
℘± . This is correspond to the Poissonian statistics of the current which is independent
of the order of the current correlation. In contrast, for ζ > 4 Fano factors depend on the
probabilities ℘± such that F (n) = 1 only holds if and only if ℘` = 1 − ℘−` = 0.

the zero-frequency Fano factor [113]
F (n) =

⟨S (n) ⟩
.
⟨S (1) ⟩

(4.106)

In Fig. 4.11 we plot the Fano factor, up to order n = 4, versus ζ to study both
coherent and incoherent tunnelling regimes. For each case, a different set of control parameters, Eqs. (4.82) and (4.87), respectively, are chosen. It is evident that
assigning different values to the probabilities ℘± in Eq. (4.94) does not affect the
statistical properties of the current when the system is in the coherent tunnelling
case, ζ < 4. In fact, the Fano factor remains fixed at F (n) = 1 revealing the Poissonian behaviour of the system. However, for ζ > 4, that is, when the system is in
the incoherent tunnelling regime, Fano factors do not follow Poisson statistics. This
behaviour is rooted in the fact that the lifetimes of the two states are different in
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the right quantum dot, Eq. (4.89). Note that for the trivial case where the feedback
control is not stochastic, that is, ℘+ = 1 and ℘− = 0 or vice versa, all Fano factors
become unity which is in complete agreement with the results of Ref. [112].

4.5

Conclusion

In conclusion, we showed that using a particular feedback control protocol for a
DQD, it is possible to engineer Markovian open qubit system dynamics so that the
conditional system’s state is always one of the two non-orthogonal pure states. By
‘conditional’ here we mean conditioned on the measured signal due to tunnelling
in or out of the system. Previous schemes to realise such a finite ensemble of nonorthogonal pure state were based on adaptive measurements [31, 97]. Thus the
problem sketched and tackled in this study is interesting from the practical point of
view where comparison is drawn between the feedback control protocol and adaptive measurements to achieve state purification. That is, because of the requirement
to use a local oscillator in adaptive measurements the complexity of doing the experiment would be technically difficult. Another factor that may motivate one to
implement this scheme is the access to a sensitive electrometer such as a QPC which
can be highly efficient in detecting quantum jumps. Therefore, it would be feasible
to use this system as a potential candidate to practically approximate an interesting
(non-orthogonal) highly-pure TSE.
There remains future work to be done to address some of the practical issues
that would arise in a real experiment. These may include in efficiency, time-delays
in the feedback loop, how fast the control operation could be performed, how to
implement the control unitary, and what imperfections could arise in this. From
a fundamental point of view, there is also an open question to be explored: is it
possible, by describing a grand system composed of the double quantum dot and
the measurement and feedback control process so that an observer outside of this
bigger system could monitor the second subsystem such that the other TSEs are
realised?
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Chapter 5
Toolbox for photonic quantum
information
In the first part of this thesis we were concerned with conditional quantum dynamics of open quantum systems. The second part concentrates on quantum metrology
by applying quantum measurement and feedback control to optical phase measurements. We begin this chapter by introducing photonic qubits and various tools,
techniques and concepts to pave the way for implementing different quantum information processing tasks. Here, in this study we use polarisation of photons as
our two-level quantum system to encode information. Thus, in the first place, it is
required to consider single-photon generation, and then some commonly used optical elements that manipulate polarisation degree of freedom of photons are briefly
reviewed. We conclude this chapter by looking at non-classical interference effect as
it will play a key role in a lot of quantum information protocols.

5.1

Photons as qubits

The term “non-classical light” describes any state that cannot be radiated by
classical sources such as lasers which emit coherent light. Quantum light includes
squeezed states, photon-number (also known as Fock) states, and in particular singlephoton states. A photon is defined as an excitation of a mode of the quantised electromagnetic field [111]. A single photon in a mode of the quantised field labelled by
̵ This well-defined monochromatic description
it frequency ω has energy equal to hω.
of a photon means that it should not be localised in time. Thus it is convenient to
speak of propagating single photon states that are localised to some extent in time
and space. These states can be expressed as superposition of monochromatic modes
[111]. Here, by a single photon state we mean the following operational definition:
For a given detector that is able to accurately resolve the number of incident photons, a single photon state is an excitation of the electromagnetic field such that the
detector goes click once for each incident state [142].
Photons can be used as qubits. An easy way to use photons as qubits is by
making superpositions where the excitation is shared between two modes of the same
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frequency, e.g., two polarisation modes. In addition to single photons, there are
other promising candidates to serve as qubits in quantum information, computation,
and communication. This list includes (but not exclusive) trapped ions [143], spin
qubits [20], semiconductor quantum dots [144], and superconducting qubits [145].
Using each one of these physical qubits have their own benefits such that no one
can be taken as a superior resource over the others for all applications.
We work with single photons, and especially, manipulate their polarisation degree
of freedom to carry out quantum information processing tasks. Photons are very
good at maintaining quantum superposition. That is, because of the very weak
interaction with the environment, the decoherence rate of photons can be neglected.
This makes for an ideal candidate for transmitting encoded information over long
distances in optical fibres. The ability of light to travel efficiently provides certain
advantages. In general, creating, manipulating and measuring photons are relatively
easy tasks, and can be accurately accomplished using the available state of the art
photonic technology. In what follows we will review the generation of single photons
with special focus on a process called spontaneous parametric down conversion.

5.2

Generating photons

Producing high-quality photonic states is crucial to quantum information experiments. However, to build a source capable of generating high-quality, indistinguishable single photons is still a challenging task. An ideal single photon source should
have the following properties. Firstly, the photons from two independent sources
must be indistinguishable. That is, their degrees of freedom—frequency distribution,
emission time, spatial structure and polarisation—must be controllable to make sure
they are identical. This is important for non-classical interference of photons, an
essential effect in implementing linear optical quantum information protocols. Secondly, photons must be in pure quantum state, as it is required by optical quantum
processing tasks. Thirdly, the photons should be created on demand with perfect
efficiency. Last but not least, photon should be efficiently controlled and/or emitted
into useful modes. However, there are obstacles to achieve these ideal conditions.
No available source can currently meet all of these requirements; they fail on at least
one.
Different methods of generating single photons can be, roughly speaking, grouped
into two categories: sources with a single emitter and those with many emitters [146].
The former can be realised in, for example, cavity electrodynamics (CQED) [147],
quantum dots [148–150], Nitrogen-vacancy (NV) centres in diamond [151, 152], and
single trapped ions [143]. The creation of photons in some of these sources is almost
deterministic which is an advantage. However, there are some features that render
these sources less useful. Poor collection efficiency, requirement to use complex
vacuum systems or cryogenic equipment are just a few issues. Two quantum dots
are never the same and thus due to the different emission frequency the interference
of two independent photons is not good enough. These type of sources have longterm promises but that, despite advances, are not yet practical.
The second category is sources consisting of many emitters, for instance an
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atomic gas or a bulk solid medium. These source are intrinsically probabilistic.
It might then seem no point to use these sources, since determinism is a desirable
feature. However, this objection can be bypassed by pointing out that multipleemitter sources actually create pairs of photons. Splitting apart a pair of photons in
different modes1 and detecting one of them, then announces a pair-production event
so that the other half of the pair is collected as an available single photon. This
detection mechanism is known as heralding. Examples for this class of sources are
a laser-cooled atomic gas trapped in a magneto-optical setup which produces single
photons in Λ-type transitions [153], photon-pair generation in optical fibres via the
spontaneous four-wave mixing process [154, 155], and through spontaneous parametric down conversion (SPDC) process [142, 156]. The latter is one of the common
and widely used photon sources in quantum optical laboratories, as single photons
are created in a relatively straightforward manner with significant flux, high purity
and in well-defined modes. In this thesis we make use of SPDC sources to generate
single and entangled photons. In what follows, we briefly outline the SPDC process.
Spontaneous parametric down conversion
When an electromagnetic field interacts with a dielectric medium, this gives rise
to a polarisation induction in the material. The nonlinearity of the medium is
described by its polarisation response to the incident field [157]
P = 0 [χ(1) E1 + χ(2) E1 E2 + χ(3) E1 E2 E3 + ⋯] ,

(5.1)

where 0 is the vacuum permittivity, χ(1) is the linear susceptibility, and χ(2) , χ(3) , ⋯
are the nonlinear susceptibility of the material. The nonlinear interaction indicates that fields with different frequencies may interact and, by conserving of energy, frequency conversion can occur. For sufficiently high-intensity electromagnetic
fields that the χ(2) process cannot be neglected, three waves may interact inside the
medium and transfer of energy among them takes place. Assuming that the fields
E1 = E2 = E0 cos(ωt) are sinusoidal waves with angular frequency ω, then field in
the second term of Eq. (5.1) can be expanded as
1
E1 E2 = E02 [1 + cos(2ωt)] ,
2

(5.2)

showing that two fields each with energy ω are combined to create another field
̵ = 1). This is called second-harmonic generation
at twice the energy 2ω (where h
(SHG) which is the inverse of parametric down conversion. The latter is a threewave mixing phenomenon, in which a photon from a pump beam may convert into
a pair of photons, conserving energy and momentum.
Parametric down conversion can occur in two regimes: spontaneous and stimulated [158]. In the former, the down converted photons are seeded only by the
zero-point energy fluctuations of the electromagnetic field [142] and the probability
of generating a daughter pair is small due to the low parametric gain. In the case
of stimulated parametric down conversion the gain is high so that the first created
1

A pair of photons in the same mode cannot be deterministically split apart.
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Figure 5.1: Schematic representation of type-I SPDC process. Photons in the pump pulse
(blue) travel through a second-order nonlinear crystal and each with a small probability
converts into a pair of photons (red). The emission pattern is conic due to the momentum
conservation. This implies that the conjugate pairs are emitted on opposite sides from one
another.

pair acts as a seed for the sub-harmonic field and many pairs can be generated.
However, in order to have a high-quality source of single photons, all production
must be spontaneous to avoid as much as possible generating two pairs at the same
time [146]. In this dissertation we only employ SPDC.
In a SPDC process a pump photon with frequency ωp and wave vector kp can
convert into a pair of daughter photons known as the signal and idler with frequencies ωs , ωi and wave vectors ks , ki , respectively [159]. This is shown conceptually in
Fig. 5.1. The conservation of energy and momentum for these photons are expressed
in the form of the frequency and phase matching conditions
ωp = ωs + ωi ,
kp = ks + k i .

(5.3a)
(5.3b)

The above constraints indicate that a pair of down converted photons are correlated
in their energy and momentum. In particular, Eq. (5.3b) implies that the SPDC
emission pattern (for degenerate type-I SPDC explained below) is rotationally symmetric, leading to a conical emission geometry, see Fig. 5.1.
This process occurs in nonlinear optical materials that lack a centre of inversion
symmetry known as non-centrosymmetric crystals, and as a result they are optically
anisotropic [160]. This underlies birefringence in the crystal where its refractive index depends on the polarisation of the incident light. For uniaxial crystals, there
is one axis of rotational symmetry known as the optic axis. An incident light with
arbitrary polarisation traversing a uniaxial crystal can be decomposed into two orthogonal components: the extraordinary (e-) and the ordinary (o-) rays. The former
is polarised in the (principal) plane defined by the optic axis and the wave vector k
of the incoming wave, and the latter is perpendicular to this plane. In general, the
extraordinary refractive index ne (θ) varies with the angle θ that the optic axis and
k make, whereas no is independent of this angle. In other words, Phase matching
requires n(ωp ) ωp = n(ωs ) ωs + n(ωi ) ωi . In general, because of dispersion the refractive indices are not equal. Thus, by using a birefringence material, we can make one
or more of the them angle dependent, so that it would be possible to tune the phase
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matching condition.
In practice, crystals are fabricated in such a way that the incident light makes an
appropriate angle with the optic axis in order for down-converted photons satisfy the
momentum conservation, therefore allowing relatively straightforward phase matching in the experiments. In this thesis we will use negative birefringence crystals in
which no > ne . For such crystals, the way they are cut gives rise to two types of
phase matching according to the polarisation of the down converted photons2 . For
type-I phase matching, the pump photon must be an e-ray, and the daughter photons o-ray, and for type-II the pump photon must also be e-ray with down converted
photons orthogonally polarised, that is, one e-ray and the other o-ray. We will see
later in this chapter the essential role of non-classical interference which requires
photons to be indistinguishable in every degree of freedom. For this reason we will
consider the signal and idler photons that are degenerate: ωs = ωi = ωp /2.
The down conversion process can be described, in a suitable interaction picture,
by the Hamiltonian [142]
ĤI = g ∗ â†p âs âi + g âp â†s â†i ,

(5.4)

where g is a coupling constant proportional to χ(2) . The first term describes the
SHG process in which two low-energy photons combine to produce a single photon
at higher energy. The second term in a similar way can be interpreted for generating
a pair of daughter photons from the pump pulse. In real experimental world, the
pump photons will be created by a laser beam which can be described by a coherent
state. As mentioned, the down converted photons are seeded by vacuum states.
Thus, the input state initially is ∣ψin ⟩ = ∣0⟩s ∣0⟩i ∣α⟩p , and after some interaction time
t the output state becomes
∣ψout ⟩ = exp (−iĤI t) ∣ψin ⟩.

(5.5)

After substituting the interaction Hamiltonian and going through some algebraic
calculations, which will be presented in Appendix B, the output state can be expressed in the photon-number basis as the product of the state ∣ψSPDC ⟩ for the
down-converted photons and ∣α⟩ for the pump photon where
∣ψSPDC ⟩ ≈ ∣00⟩ + ε∣11⟩ + ε2 ∣22⟩ + ⋯.

(5.6)

Here ∣ns ni ⟩ ≡ ∣ns ⟩∣ni ⟩ represents the number of photons in the signal and idler modes,
and ε = −itgα is an overall efficiency parameter related to the pump power, the
nonlinear χ(2) constant, and the crystal thickness. Equation (5.6) shows the probabilistic nature of the SPDC process in which the rate of generating single photons
is determined by ε. Recall the definition of a single photon state in Sec. 5.1, when
a detector click is recorded a photon detection event occurs. However, this does not
tell whether there were a few photons or just a single one. Most kinds of detectors
give an output signal when one or more photons is present. Besides, “no-click”
events never registered, so in practice there is no trace of the vacuum term ∣00⟩ in
2

Note that this division occurs in positive uniaxial crystals as well.
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the measurement record. Although higher-order components in Eq. (5.6) are negligible for continuous wave (CW) pump lasers, they do become important when using
pulsed pump lasers. We will revisit this in Sec. 7.2.2 where we study the effects of
higher-order terms in SPDC process on the phase estimation algorithm performance.

5.3

Manipulating polarisation degree of freedom
of photons

Quantum information processing is composed of three steps: state preparation,
unitary gate operations, and measurements. Manipulating single photonic qubits,
and in particular, polarisation degree of freedom of photons is relatively straightforward using linear optical elements. The complexity of experimental optical setups
vary according to the tasks to be accomplished. However, when it comes to designing a linear-optics network, there are some common and widely used linear optical
devices that are employed as network components. These may include mirrors,
waveplates, and beam splitters. In the following, we briefly discuss these optical
components.

5.3.1

Waveplates

Polarisation states of single photons can undergo unitary transformation by using birefringent crystals that introduce a polarisation dependent phase shift. As
mentioned before, a light that is incident on a uniaxial crystal is divided to e-ray
and o-ray. These crystals (usually made out of quartz) are normally flat, and they
are cut such that the optic axis is parallel to the front face. An implication of
this is that a normally incident beam experiences the maximum possible distinction
between the ordinary and extraordinary refractive indices. Moreover, this means
that there is no spatial walk-off effect3 between the polarisation components of the
incident beam. The difference in the refractive indices ne and no of the two rays
implies that they experience a relative phase difference ∆φ after passing through a
crystal of thickness z, which can be expressed as [161]
∆φ =

2πz
∣ne − no ∣ ,
λ

(5.7)

where λ is the wavelength of the incident beam in the vacuum. The commonly-used
crystals in laboratories are those that create phase shift ∆φ = π or ∆φ = π/2 for
an appropriate thickness, and are called half- and quarter-wave plates (HWP and
QWP), respectively. These waveplates introduce the phase shift between the linear
polarisations parallel to the fast and slow axis of the crystal. In the Poincaré sphere
representation [161] of a single photon, shown in Fig. 5.2, this phase difference
3

For a normally incident beam, the wave fronts for both e- and o-ray remain parallel to the
incident wave fronts when traversing the crystal. However, the e- and o-ray quickly diverge from
one another as they propagate through the crystal. This happen when the optic axis is neither
parallel nor perpendicular to the propagation direction of the incident beam [160].
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Figure 5.2: Poincaré sphere [161] visualisation of a single qubit. A pure photon state can
be represented by a point on the surface of the sphere. Right ∣R⟩ and left ∣L⟩ circular
polarisations lie on the poles whereas linear polarisations ∣H⟩, ∣V ⟩, ∣D⟩, and ∣A⟩ all are
located on the equatorial plane.

induction corresponds to rotation of the polarisation state vector on the surface
of the sphere. Thus a rotation matrix should describe the unitary action of the
waveplates. For the half-wave plates this matrix is
cos2θ sin2θ
UHWP (θ) = (
).
sin2θ −cos2θ

(5.8)

and that of the quarter-wave plates is
cos2 θ + isin2 θ (1 − i) sinθ cosθ
UQWP (θ) = (
).
(1 − i) sinθ cosθ sin2 θ + icos2 θ

(5.9)

where θ is the angle of the fast optical axis with respect to the horizontal axis in the
physical 2D space. Note that this angle on the Poincaré sphere is as twice big. Any
point on the Poincaré sphere can be addressed by a proper arrangement of waveplates. That is, an arbitrary unitary transformation Uarb on the pure polarisation
state can be realised by two half-wave plates and a quarter-wave plate in between
Uarb = UHWP . UQWP . UHWP .

(5.10)

For a given initial and target states, there are infinitely many unitary rotations
which can map one to another. However, real waveplates might be different from
the ideal description sketched above in that the optical axis maybe a bit off and/or
the engineered phase shift is not exactly what is expected. The first issue can be
resolved by putting enough effort to carefully calibrate and align the waveplates,
for example, using automated stages that can be controlled using computer aided
programmes. The second problem, though, is to some extent out of the control of
an experimenter to fix it (slightly tilting the waveplate about a vertical axis can
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âin
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⌘

b̂in

b̂out

Figure 5.3: Conceptual diagram for a beam splitter with reflectivity η. Two input modes,
represented by annihilation operators, are partially reflected upon incident on the mirror
inside the BS according the value of η. The output modes are related to the input ones
through Eqs. (5.11).

change ∆φ). So these are factors that should be thoroughly thought through when
setting up the optical elements. We will explain how to characterise waveplates and
other optical components in chapter 8.

5.3.2

Beam-splitters, PBSs, and PPBSs

Entanglement is one of the purely quantum mechanical features that quantum
information relies on. Creating entangled state requires employing entangling gates,
which depend on the interaction of photons. Since photons do not directly couple
to each other due to negligible scattering cross-section, it has been shown that
strong nonlinearity can be induced at the single photon level via the measurement
process [2, 27]. These measurements are done after a network of beam splitters and
polarising beam splitters (PBS) whose role is to make input modes interfere with
one another.
A standard beam splitter is an optical element with two input ports where two
spatial modes of light enter, and produces two output signals which are functions of
input modes. Figure 5.3 shows a conceptual representation of a beam splitter with
reflectivity η. The relations between input and output field operators, in general,
can be written as
√
√
1 − η b̂in + eiφ η âin ,
(5.11a)
âout =
√
√
b̂out =
1 − η âin − e−iφ η b̂in ,
(5.11b)
where φ is a relative phase produced upon reflection, where we have ignored the
unimportant global phase shift. For the case where φ = kπ, for any integer k, the
BS is asymmetric and if φ = (2k + 1)π/2 the BS is symmetric. For most optical
systems, whether we use asymmetric or symmetric BS field operation is irrelevant.
For most of calculations carried out in this thesis we use the asymmetric form unless
otherwise specified.
If the reflectivity η becomes polarisation dependent then the optical element is a
polarising beam-splitter. In the usual setup configuration, an incident horizontally
polarised light beam on a PBS is transmitted (ηH = 0), while it perfectly reflects
(ηV = 1) light with vertical polarisation. Real PBSs, however, do not exactly show
this perfect contrast ratio, although very close to it. An experimenter may achieve
improved performance by slightly tilting the PBS to adjust the reflectivities. We
will see later that to realise a Controlled-NOT gate, special PBSs are employed
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Figure 5.4: Schematic representation of (a) a polarising beam-splitter (PBS) with reflectivities ηV = 1, ηH = 0, and (b) a partial polarising beam-splitter (PPBS) where a fraction
of vertical polarisation is reflected ηV = 2/3, ηH = 0.

that only partially reflect vertical polarisation of light (ηV = 2/3). Hence they are
called partially-polarising beam-splitters (PPBS). Figure 5.4 depicts a schematic
representation of PBS and PPBS functionality for some different input polarisation
photons. Here photons are incident on two input sides of the PBS, such that if
they are in orthogonal polarisation states, then photons exit the same output port.
The reverse process, where two photons enters the PBS from one side, leads to one
photon in each output mode.

5.4

Characterising quantum state of light

So far we have talked about how to generate and manipulate single photons,
without describing how to read-out the information encoded in photons. This is
actually the third and last step for performing a quantum information task, as
discussed in the beginning of this chapter. In the experiments performed in this
thesis, polarisation analysis is implemented using a unit consisting of a PBS preceded
by a HWP and QWP. Light from each output mode of the PBS is collected and
sent through an optical fibre to a single photon counting module. This is illustrated
in Fig. 5.5. Note that monitoring both output ports of the PBS is not necessary
for collecting statistics, but it does accelerate the analysis process. The PBS by
separating horizontally and vertically polarised light implements measurement in
the Z basis. Thus by setting appropriately the preceding waveplates any state can
be analysed [162].
The counting statistics of photons, that is, count rate of detecting photons in
each of the output modes of the PBS taking into account the respective detection
efficiency for modes, can be used to calculate the probability of finding the photon
in the corresponding eigenbasis. If the information is encoded in more than one
photon, then polarisation correlations between photons is required. In this situation
a polarisation analyser unit is placed in each of the spatial modes to record coin-
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Figure 5.5: Schematic representation of the polarisation analysis. Any state that can be
spanned by two orthogonal polarisation states can be measured using a PBS that measures
in the Z basis, a QWP that projects onto the linear polarisation plane, and a HWP for
rotating in this plane. An arbitrary polarisation state can be analysed by appropriately
setting the waveplates.

cidence events. Such events occur when photons are simultaneously detected. In
practice a time window is chosen so that upon clicking all detectors in that specific
period a successful event is registered. In order to achieve this, the output signal
(TTL) of the detectors is fed into a fast coincidence logic with the capacity of storing
64 possible coincidence events for 12 input signals.
We learned that the state of our knowledge about the physical system can be
represented by the state matrix. Thus, if we want to extract any information about
the quantum state then the state matrix is required. This is specially useful here
as it makes possible to calculate relevant measures such as state’s fidelity, purity,
entropy and tangle [163]. There exists a mathematical formalism from which the
state matrix can be obtained from the experimentally produced data collected in
an appropriate polarisation analysis process. This method is called quantum state
tomography, and there is extensive literature on the subject [164, 165]. For the simple
case of single qubit state tomography in total 3 measurements in bases ∣H⟩, ∣D⟩ and
∣R⟩ are needed. This is because, the state matrix of a qubit can be expressed as
ρ = 12 ∑3j=0 Sj σ̂j , where Sj ≡ Tr [ρσ̂j ] are Stokes parameters, σ̂0 is the identity matrix,
and σ̂j≠0 are the usual Pauli operators. Thus S1 , S2 , and S3 completely determine the
state, since S0 = 1 due to normalisation. Generalising this to multi-qubit tomography
is straightforward and we refer the interested refer to, for example, Ref. [165].

5.5

Non-classical interference

One of the central physical phenomenoa in implementations of linear optical
quantum information is non-classical interference of two photons impinging on two
ports of a beam splitter. This is completely distinct from the classical interference
effect in which the wave nature of a single photon (or a coherent state) gives rise to
interference between the two different paths that it might take in an interferometer
[166]. The wavefunction of a single input photon describes superposition of all
possible paths, and the modulus squared of the wavefunction gives the probability
of obtaining different outcomes. Since these probabilities are second order in field
amplitudes, classical interference fringes are second order, and their detection is
often called singles counting. Non-classical interference fringes, in contrast, are
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fourth order in field amplitude and photons are detected by coincidence counting.
Consider an asymmetric beam splitter with reflectivity η obeying the mode transformations as in Eqs. (5.11). Assuming that one photon is incident on each port
of the BS, the input state is ∣ψin ⟩ = â†in b̂†in ∣0a , 0b ⟩. The output state can easily be
calculated by the formalism that we will explain later in Sec. 7.1.2. The details of
the calculations are not important at this stage, and for now we just write the end
result which is
√
√
2
2
∣ψin ⟩ = [ η(1 − η) â†out
− η(1 − η) b̂†out
−ηâ†out b̂†out + (1 − η)b̂†out â†out ]∣0a , 0b ⟩,
√
η(1 − η) [∣2a , 0b ⟩ − ∣0a , 2b ⟩] + (1 − 2η)∣1a , 1b ⟩.
=

(5.12a)
(5.12b)

The first equation shows that there are four possible outcomes: one of the photons
is reflected and the other is transmitted (the first two terms), both are reflected (the
third term) or both are transmitted (the last term). Among these possibilities, only
in the last two cases photons end up each in one output port of the beam splitter, and
as Eq. (5.12b) shows the amplitude of these terms can coherently be added, so long
as the two photons are indistinguishable. As mentioned, the indistinguishability
must be in all degrees of freedom of photons: arrival time, frequency spectrum,
spatial mode and polarisation. Note that there is a π-phase shift for the two photons
together, between the two last terms in Eq. (5.12a). By placing detectors at the beam
splitter output ports, the probability of coincidence detection can be measured to
be
(5.13)
pcoh = ⟨n̂aout n̂bout ⟩ = (1 − 2η)2 ,
where n̂c = ĉ† ĉ is the photon-number operator. However, if photons are distinguishable for any reason, the last two terms in Eq. (5.12a) do not interfere but add up
incoherently. In this scenario, the coincidence probability is the sum of probabilities
in the output, pincoh = η 2 + (1 − η)2 . Comparing this with Eq. (5.13), tells us that for
a standard 50 ∶ 50 beam splitter (η = 1/2) an interesting quantum interference effect
takes place. The probability of detecting a coincidence becomes zero so that photons
bunched together and exit the same port of the beam splitter. In other words, at
one output, the two modes have equal amplitude and phase so combine constructively, whereas at the other port they are completely out of phase and thus cancel
destructively. This is usually quantified by the non-classical interference visibility
which is defined to be
ν=

2η(1 − η)
pincoh − pcoh
=
.
pincoh
2η(η − 1) + 1

(5.14)

It is then easy to see that, when η = 1/2, destructive interference of indistinguishable
photons results in ν = 1. This is illustrated in Fig. 5.6(b) where we plot ν and coincidence probabilities in terms of beam splitter reflectivity. Notice that the (classical)
coincidence probability when the photons are distinguishable is limited to 1/2, see
Fig. 5.6(a). This is because for a 50 ∶ 50 beam splitter, a photon with probability
1/2 ends up at either of the output ports. Assume one photon is detected at port
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Figure 5.6: As a function of beam splitter reflectivity we plot (a) coincidence probabilities:
Pcoh (solid red) and Pincoh (dashed orange), and (b) non-classical interference visibility.

âout . Thus the other photon still has equal probability to arrive at aout or bout . In
the former case photon bunching happens and the latter case leads to a coincidence
detection.
In an experiment, the non-classical interference visibility is often measured by
delaying the arrival time of one of the photons longer than the coherence time to
artificially make them distingushable, and then scanning symmetrically around the
minimum coincidence probability. In an ideal situation where optical elements are
properly aligned, a dip in the coincidence counts is observed, often called HongOu-Mandel (HOM) dip [166]. This unique interference effect plays a crucial role in
implementations of linear optical quantum computing. In particular, we will see its
important relevance in the entangling Controlled-NOT gate used in this thesis. We
will consider the effect of mode mismatch on the quality of quantum interference
visibility in Sec. 7.2.1. The interested reader can consult, for example, Ref. [167] for
details and more depth in the subject.

5.6

Conclusion

In summary, it was shown that our physical systems of choice are single photons,
and the polarisation degree of freedom is used to encode the relevant quantum
information. How to create single photons and how to manipulate their polarisation
discussed to some extent in details. In order to sketch how we model optical phase
measurement protocols and include experimental imperfections in the calculations,
it is required to review some notions and phase estimation algorithms. This is the
subject of the next chapter.

Phase measurements: basics and algorithms

123

Chapter 6
Phase measurements: basics and
algorithms
Our aim in this chapter is to review interferometric phase estimation algorithms.
To this end, we start with describing the phase of a wave and explaining why it is
important to precisely measure phase. For the purpose of this study we mention
two regimes of phase estimation: phase sensing; and phase measurement, and only
concentrate on the latter. This is followed by a description of how to correctly count
resources, and discussion of what is a robust metric to quantify phase estimations.
Next, we consider quantum limits to phase estimation, and finally review some
quantum algorithms for phase measurements. There exists an entire other branch
of quantum metrology that exploits squeezed states for optical interferometry, we
refer the interested reader to consult, for example, Refs. [168, 169]. In this thesis we
do not investigate squeezed state metrology.

6.1

The description of phase

Precision measurements play a pivotal role in situations where it is required to
accurately measure some physical quantities. Discovering new phenomena is also
often the result of progress in modern precision measurement techniques. Phase
estimation is a common method used for precisely measuring quantities like length,
velocity, acceleration, property of materials, and so on. There is no ambiguity in
classical definition of phase. Consider a coherent monochromatic travelling wave
propagating in the x direction of wavelength λ and amplitude A which can be
described by the following wave function
u(x, t) = A exp [i(kx − wt + φ)] ,

(6.1)

where w = 2π/λ is the angular frequency, k is the wave number, and φ is the phase.
The phase φ is a quantity that cannot be measured directly so it must be inferred
from some other quantity. For example, optical interferometry is a standard method
to infer phase from the intensity profile of the interfered waves at an output port of
the interferometer. To see this, consider interference of two plane waves u1 and u2 ,
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Figure 6.1: Interference pattern of two plane waves. For the phase difference φ−θ is equal
to an even (odd) multiple of π the interference is constructive (destructive) and the total
intensity is maximum (minimum). Here we set A = 1.

oscillating at the same frequency, with equal amplitude, and each with a respective
phase offset φ and θ. The intensity I of the combined wave is
2

I(θ, φ) = ∣u1 + u2 ∣ = 2A2 [1 + cos(φ − θ)] .

(6.2)

This shows that the variation in the phase difference φ − θ changes the intensity.
Figure 6.1 illustrates the intensity profile for different values of phases in the interval
[0, 2π]. It can clearly be seen that if the phase difference is an even multiple of π,
i.e. φ − θ = 2mπ for m ∈ Z, the interference is constructive, and if φ − θ = (2m − 1)π
the waves destructively interfere. Thus, considering bright and dark fringes together
with Eq. (6.2), it is easy to see how through this intensity measurement the relative
phase shift can be estimated.
The above scenario can be realised in an interferometric setup. One type of
interferometer, that we will refer to for the rest of this thesis, is the Mach-Zehnder
interferometer (MZI) [170]. A conceptual diagram of this interferometer is shown
in Fig. 6.2. The MZI consists of two mirrors and two 50 ∶ 50 beam splitters (BS)
to divide and recombine beams, respectively. An incident beam of light (labelled
i) is split in half in the first BS, and the resulting beams traverse two different
paths, I and II, until they recombine at the second BS. In the absence of phase shift
elements (or when the phases are equal, φ = θ), and assuming that the two paths
have equal length lI = lII , the combination of light beams will result in constructive
and destructive interference at the output ports o1 and o2 , respectively. However,
for the case in which the phases are different φ ≠ θ, the intensity at the output ports
is adjusted according to Eq. (6.2) so that it will be smaller at o1 , and by the same
amount will be larger at o2 due to the conservation of the energy. We note that,
for an interferometric phase estimation setup, the phase φ represents an unknown
phase to be measured, and θ serves as a reference phase that can be controlled.
The phase shift measured in an optical interferometer setup can be attributed
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Figure 6.2: The Mach-Zehnder interferometer. In the absence of phase shift elements
(or when φ = θ) the two path lengths are equal so that input photons (in mode i), after
splitting on the first 50:50 BS, will recombine at the second BS, which is also 50:50, with
constructive and destructive interference at output ports o1 and o2 , respectively. With
non-equal phase φ ≠ θ, the probabilities of photons exiting the interferometer at the two
output ports varies as function of the phase difference in the form of Eq. (6.2).

to a glass or some similar dielectric material [171]. In this case the phase element
can be regarded as a conceptual representation of the situation where the mode
(say in arm I) has to travel an additional optical path length ∆l compared to the
path length of the other mode (arm II). In other words, the phase shift leads to an
effective extra path length ∆l. The result of this at the second BS is an effective
phase shift φ = 2π∆l/λ for the mode in the first arm. From this relation it is evident
how to calculate the path length difference, provided that the phase is inferred from
intensity measurement for a given wavelength, .
The interferometric phase estimation scheme sketched above can be applied to
the regime of quantum mechanics. That is, one would still be able to infer the
phase by analysing the intensities at the output ports of an interferometer, even
when the incident beam is at the level of single photons. However, in this regime,
the intensities in Eq. (6.2) must be replaced with the probability that a photon is
detected at a detector in an output mode.
The first quantum mechanical description of phase was considered by London
[172, 173] and Dirac [4]. Physical quantities in quantum physics are conventionally
associated with a Hermitian operators. The very first attempts to meet this condition for defining a Hermitian phase operator failed. However, one resolution of this
problem turned out to be defining Hermitian sine and cosine operators known as
the Susskind-Glogower operators [174]. But it was shown later that these operators
have issues in correctly predicting some expectation values for the vacuum state
[175]. Another approach to define a Hermitian phase operator is the Pegg-Barnett
formalism, the basis of which is to put an upper limit on the photon number, then
take the limit as the upper limit goes to infinity [176]. This formalism also has
issues in preserving the operator algebra [177]. The phase is a classical parameter
inferred from the outcomes of measuring another observable. Fortunately, in this
study the way we quantify phase measurements is through the phase variance (or the
probability distribution). Thus there is no need to define an explicit phase operator.
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Types of phase estimation
There are a number of tasks in which phase measurement is important. Phase
estimation is found in many applications such as communication [178], metrology
[179], atomic clocks [180], gravitational wave detection [26], and so on. Since these
systems vary in size, type, etc., different approaches for phase measurement are
employed in the different regimes. Phase estimation can be divided in two tasks:
phase sensing and estimation of a completely unknown phase.
In the first task, phase sensing, one’s aim is to detect small variations to an already known phase. That is, the phase shift being measured is known to a good
approximation or it is very small in value [181–183]. In this regime the phase is
continuously measured to find the small deviation from the already approximately
known value. In the other regime, in contrast, the goal is to estimate a completely
unknown phase [171, 184, 185]. This finds applications, for example, in the measurement of the optical properties of the material, and/or estimating the eigenvalue
of a quantum mechanical operator. In this thesis we are concerned with this regime
to measure a phase in the interval [0, 2π) which is initially unknown.

6.2

Resource counting

We will see later in this chapter that the quantum limits on phase estimation is
related to the number of resources. For this reason, we are interested in the question
of how the resolution of a phase measurement depends on the number of resources. It
is clear from quantum mechanics (e.g. number-phase uncertainty relation) that using
a very small number of resources leads to very poor precision in phase estimation.
One then has the notion that using more resources should improve the precision.
The usual way that resources are counted, in the context of optical phase measurement, is directly related to the number of photons used in an experiment. That
is, the total number of resources N employed for any phase estimation protocol is
the total number of photons used to implement the scheme. However, there are
some issues with this method of counting resources, as follows [186].
Consider the Mach-Zehnder interferometer illustrated in Fig. 6.2, where a single photon is sent through the interferometer. Measuring indirectly this photon by
allowing for non-demolition photon number measurement [187–189], one would be
able to redirect the photon back into the interferometer for another phase measurement. This cycle can, in principle, be repeated as many times as desired to obtain
arbitrarily high precision in estimating the phase, with only one resource—the single
photon. Another reason why N should not simply be taken as the number of photons is when a sample is very sensitive to light. In this situation, what is appropriate
is the number p of times that the photon passes through the sample. Also if one
counted the number of photons rather than photon passes, then the time that takes
a photon to go through the material p times would be neglected. This is while in
the limit of large N , and thus large p, this is actually the time that the experiment
will take to be complete. The last important point is that, just counting photons
does not give correct Heisenberg limit accuracy. That is, it would yield an accuracy
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Figure 6.3: Schematic representation of the modified standard Mach-Zehnder interferometer to allow for multipassing a single photon. The optical mode in arm “I” passes
multiple p times so that a total phase shift of pφ is acquired. Also the controllable phase
in arm “II” is set such that it induces pθ phase shift.

exponentially small in N , which is in contradiction with the Heisenberg limit for accuracy of order 1/N [190, 191]. We will revisit the latter in Sec. 6.4 where quantum
limits on phase estimation are considered.
It was shown that for optical phase measurements employing states with welldefined photon number, a sensible way of counting the number of resources N is
to account for the total number of applications of the phase shift [192, 193]. That
is, if a photon experiences p passes through a phase element, then the number of
resources is N = p. This takes account of both the number of photons used and the
number of times each photon is re-used.
Multipassing and NOON states
The ultimate goal in phase estimation schemes is to measure the phase with high
precision. At the fundamental level, the accuracy is set by quantum mechanics, and
we will see in Sec. 6.4 that the uncertainty in measuring a phase shift is a function
of N , the number of resources. For the moment, the exact form of these functions
is not important, but the dependence on N is in a way that, loosely speaking, the
more resources are used in an experiment the better precision is achieved. There
are two ways to use more than one resource in a phase measurement protocol each
with their own pros and cons: multipassing method, and using the maximally entangled n-photon “NOON” state. This latter is a superposition of n bosons (usually
photons) in one mode and zero in another mode, and vice versa. NOON states are
important in quantum metrology mainly due to their capability to make precision
phase measurement when employed in an optical interferometer context [194].
In a multipass technique the interferometer in Fig. 6.2 should be reconfigured in
such a way that it allows an optical mode to pass through a phase shift element p
times so that the total phase of pφ would be acquired by a single photon. This is
conceptually demonstrated in Fig. 6.3 in which the lengths lI and lII are such that
the path length difference is less than the photon’s coherence length, so that good
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interference occurs.
The multipass technique might be seen as a scheme that measures a pφ phase
shift rather than estimating φ. This would suggest that the sensitivity in φ increases
by p in comparison to a single photon measurement, and as a result the uncertainly
in the phase shift is proportional to the inverse of N , the number of photon passes
[186]. This is suitable for phase sensing purposes in which the phase is approximately
known, and the variations in the phase are much smaller than 2π/p. However, if
one is willing to measure an unknown phase, the number of passes cannot be set
to a large number, measuring pφ, and then expecting to obtain information about
φ in the interval [0, 2π). This is because this approach provides information only
about φ modulo 2π/p. In ab initio phase estimation, one is interested to know what
would be the outcome for φ modulo 2π, and not pφ modulo 2π. Thus it becomes
important how to assign values of p for this task. The question that may arise is
that: is there any method that determines this number? In hindsight, the quantum
phase estimation algorithm proposes a way to start this [171, 186].
An alternative way to achieve the same number of resources as the multipass
technique is to employ a NOON state which can be expressed in the un-normalised
form ∣n, 0⟩ + ∣0, n⟩, using the number basis in the two modes of an interferometer.
That is, the input state into the interferometer is an n-photon 2-mode entangled
state.
For a NOON state that passes once through the phase element, If the number
of photons is equal to the number of photon passes in the multipass technique,
n = p, then the arguments made above about measuring φ modulo 2π/p apply to
the NOON state as well in the exact same manner. Although these two approaches,
multipassing and using NOON states, are mathematically equivalent, the way they
are experimentally implemented is different, with repective benefits and disadvantages. It is far easier to construct a multipass setup than generating high-fidelity
NOON state with large n, where the highest NOON state demonstrated is with
n = 5 [194]. Also the need for efficient photon-number resolving detectors is another
obstacle to use NOON states for precise phase measurements. However, for large
p, for an n = p NOON state the time taken for the experiment is less than that
of the single photon with p passes. Thus, in a sense, that time resource for the
multipass case should have the same importance as entanglement resources have for
the NOON state approach [186].

6.3

Quantifying phase measurements

We mentioned at the end of the first section that in this thesis we would use
the phase variance to determine how accurately phase estimation schemes perform.
One might wonder why variance (or standard deviation which is the square root of
variance) is preferable metric to work with over others. In fact, there are different
ways to quantify the uncertainty in a phase estimate. A relevant example is the phase
estimation algorithm in the context of quantum information, where the uncertainty
in the estimation is quantified by the probability of error [195]. Using this method
one defines a desired tolerance to error ε and then finds the probability for the
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deviation of the estimated phase φest from its true value φ to be bounded by ε, that is,
Pr (∣φest − φ∣ > ε). It is evident that through this approach one cannot determine the
magnitude of the estimation error. In metrology situations, what is more interesting
and important is the amount of deviation of the estimate, and not the possibility of
estimation being beyond a threshold value.
The variance is a quantification of uncertainty that takes into account the magnitude of deviation of the estimate. The choice of variance as representing the
uncertainty in phase estimation protocols is very appropriate, in the sense that if
the performance of a phase measurement scheme shows a variance scaling well, then
all other measures scale well, whereas the reverse is not necessarily true [196]. However, there is a subtle point that we should take into consideration. Phase is a cyclic
quantity, that is, phases φ + 2πm are equivalent for m ∈ Z. The phase is usually
considered in the interval [0, 2π), although it could equivalently be taken to be in
the range [φ0 , 2π + φ0 ) for any φ0 ∈ R. The problem is that different values of φ0
could yield different variances [197, 198]. To avoid this difficulty, we employ the
Holevo variance that respects the cyclic property of phase, expressed as
−2

VH = ⟨exp [i (φ − φest )]⟩

− 1.

(6.3)

We will use this figure of merit to study the precision of phase measurement schemes
in this study.

6.4

Quantum limits on phase estimation

With the quantification of phase uncertainty presented above, we now consider
two limits for estimating of the phase which is set by quantum mechanics. The
first is the standard quantum limit (SQL) pertaining to the use of independent
photons passed once through the phase shifter, and independently measured. To
investigate this limit, we present the derivation given in Ref. [2]. Consider the MachZehnder interferometer in Eq. (6.2) with two input bosonic modes, with annihilation
operators â and b̂ (assuming that the vacuum port is replaced with mode a). It is
useful to define the following operators
Jˆx = (â† b̂ + âb̂† ) /2,
Jˆy = (â† b̂ − âb̂† ) /(2i),
Jˆz = (â† â − b̂b̂† ) /2,

(6.4b)

Jˆ2 = Jˆx2 + Jˆy2 + Jˆz2 = ĵ(ĵ + 1),

(6.4d)

(6.4a)
(6.4c)

where ĵ = (â† â + b̂† b̂) /2. This is known as the Schwinger representation of angular
momentum, and since the interferometer elements preserve photon number one can
employ the angular momentum algebra relevant to a spin j particle. Here â† â and b̂† b̂
are number operators, and the operators in Eqs. (6.4a)–(6.4c) satisfy [Jˆx , Jˆy ] = iJˆz ,
with cyclic permutation of x, y, and z.
For simplicity, we work with eigenstates of ĵ, with total number of photons â† â +
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b̂b̂† = 2j. The whole interferometer can be described by a unitary operator, composed
of 3 unitary operators, including two for the beam splitters and one for the effective
phase shift. The action of the BSs can be expressed by B̂± = exp (±iπ Jˆx /2), where
the ± represents choices for a phase convention, and for convenience we choose the
first and the second BSs to be described by the plus and minus signs, respectively.
The effect of the unknown phase shift is described by the unitary operator Û (φ) =
exp (iφâ† â), where the input beam â is taken with the transmitted beam through
the first BS. Also because ĵ is a constant with eigenvalue j, we can add exp (−iφĵ)
to this unitary operator without being physically affected, and rewrite it as Û (φ) =
exp (iφJˆz ). The same procedure can be applied for the controllable phase θ so
that the effective phase shift between the two BSs can be described by Û (φ − θ) =
exp [i (φ − θ) Jˆz ]. Thus, the total unitary operator for the interferometer is
ˆ − θ) = B̂− Û (φ − θ)B̂+ = exp [−i (φ − θ) Jˆy ] .
I(φ

(6.5)

The relation between an output operator at the end of the interferometer when light
traversed it, and the corresponding input operator in the Heisenberg picture can be
expressed
ˆ − θ).
Ôout = Iˆ† (φ − θ) Ô I(φ
(6.6)
We can use this to derive the SQL simply by measuring the output photon-number
difference
(2Jˆz )o = exp [i (φ − θ) Jˆy ] (2Jˆz ) exp [−i (φ − θ) Jˆy ]
i2 (φ − θ)2 ˆ ˆ ˆ
[Jy , [Jy , Jz ]] + ⋯}
= 2 {Jˆz + i(φ − θ) [Jˆy , Jˆz ] +
2!
= cos(φ − θ)2Jˆz + sin(φ − θ)2Jˆx .

(6.7)

The SQL is the limit that can be achieved employing an easily prepared state and a
simple measurement strategy. The easily prepared state is a state with all photons
in one mode. For this reason, the input state is taken to be a Jˆz eigenstate with
eigenvalue j. Also, if φ is approximately known, we can choose θ ≈ φ + π/2, and
rewrite the above equation as
(2Jˆz )o = sin(φ + π/2 − θ)2Jˆz − cos(φ + π/2 − θ)2Jˆx
≃ (φ + π/2 − θ)2Jˆz − 2Jˆx
= (φ + π/2 − θ)2j − 2Jˆx .

(6.8)

We can use this relation to get an estimate of the phase
φest =

π
(2Jz )o
+θ− .
2j
2

(6.9)

The output photon-number difference can be measured by detecting photons at the
two output modes and then subtracting from each other. The mean of the estimate
is approximately equal to the true phase ⟨φest ⟩ ≈ φ, as for a Jˆz eigenstate ⟨Jx ⟩ = 0.
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From Eq. (6.8) the variance of the estimated phase becomes
⟨φ2est ⟩ − ⟨φest ⟩2 ≈

⟨Jx2 ⟩
.
j2

(6.10)

The average of Jˆx2 can be obtained by using Eq. (6.4d), and the fact that ⟨Jz2 ⟩ = j 2
and ⟨Jx2 ⟩ = ⟨Jy2 ⟩ (due to symmetry). Thus ⟨Jx2 ⟩ = j/2, and the variance simplifies to
⟨φ2est ⟩ − ⟨φest ⟩2 ≈

1
.
2j

(6.11)

Here the number of resources N is equal to the total number of photons 2j which
pass through the phase shift element once. Thus the variance at standard quantum
limit scales as1
1
(6.12)
VSQL ≡ V (φest )∣
≈ .
N
SQL
Note that it is not necessary to restrict the controllable phase to θ ≈ φ + π/2, but
then to derive the SQL one has to employ a more complex technique (rather than
counting photons in the output ports) to estimate the phase from the data [2].
Another way to derive the SQL for phase measurement is by applying the Heisenberg uncertainty principle to phase [191, 199],
1
∆φ∆n ≥ ,
2

(6.13)

with n an eigenvalue of the photon number operator n̂a = â† â for the mode passing
through the phase shifter in the interferometer we considered above. It is easy
2
to show that the variance in na for a single photon is ⟨n2e ⟩ − ⟨ne ⟩ = 1/4. Thus
for N √
independent photons, the uncertainty is given by the standard deviation
∆na = N /2. By substituting this back in to Eq. (6.13), we find
1
∆φ ≥ √ .
N

(6.14)

This confirms the asymptotic result obtained in Eq. (6.12). The SQL is the best
precision achievable using classical techniques. However, arbitrary state preparation and measurement allow the interferometer to reach the ultimate performance
dictated by quantum theory, that is, the Heisenberg limit (HL). Devising optimal
quantum states [197, 200, 201] and optimal canonical phase measurements [202, 203]
would allow one to achieve this limit, with the exact variance given by [200]
VHL ≡ V (φest )∣

= tan2 (
HL

π
).
N +2

(6.15)

In the limit N ≫ 1, i.e. the limit of a large number of resources, this variance can be
1

Note that for the purpose of phase sensing, in the asymptotic limit VHL ∼ 1/N 2 . In this thesis
we are interested in ab initio phase measurements as mentioned previously.
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approximated as
π 2
VHL ∼ ( ) ,
(6.16)
N
which in comparison to the SQL is quadratically better. Note that this scaling can
also be obtained by considering Eq. (6.13). If n is bounded from above by N , then
the uncertainty in n cannot be larger than N /2. Thus ∆φ > 1/N , which verifies the
asymptotic limit for the variance in Eq. (6.16). To attain this precision one employs
the canonical measurement which is a projection onto phase states [186]
N

∣Φ⟩ ∝ ∑eiΦn ∣n, N − n⟩,

(6.17)

n=0

where ∣n, N − n⟩ represents a state in which n photons are in one arm of the interferometer, and N − n photons in the other arm. Also the optimal input state is of
the form
N
(n + 1)π
] ∣n, N − n⟩.
(6.18)
∣ψopt ⟩ ∝ ∑ sin [
N
+
2
n=0
We will revisit this optimal state in Sec. 6.5.3 when discussing Heisenberg-limited
interferometry using a binary coding.

6.5

Quantum algorithms for phase estimation

In this section we present a few phase measurement protocols in the context of
quantum information. We start by showing how to represent the standard interferometric phase estimation scheme as a quantum circuit [186], and then analyse the
quantum phase estimation algorithm along with some of its modifications.

6.5.1

Quantum circuit representation

From a quantum information perspective, a single photon entering one of the
input ports the interferometer is represented by a qubit prepared in the logical
∣0⟩ state. The states in the logical basis {∣0⟩, ∣1⟩} are the eigenkets of σ̂z Pauli
operator (the basis is called as the Z basis). The first beam splitter acts as a
Hadamard gate √
shown by symbol H transforming ∣0⟩ → ∣+⟩ and ∣1⟩ → ∣−⟩ where
∣±⟩ = (∣0⟩ ± ∣1⟩) / 2 are the eigenkets of σ̂x (forming the X basis). The action of
the unknown phase shift is represented by the unitary operator exp (iφ∣1⟩⟨1∣), and
the controllable phase shift is described by R(θ) ≡ exp (iθ∣0⟩⟨0∣). The role of the
second BS is to transform from the Z basis to the X basis. Thus, measurement
on the photon in the X basis after applying the phase shifts is equivalent to the
action of the second BS plus measurement in the Z basis. The interferometric phase
estimation for a single photon passing once through the phase shift element and then
being measured can be described by the circuit representation shown in Fig. 6.4a.
To simplify the notation for use in later circuit diagrams we represent exp (iφ∣1⟩⟨1∣)
ˆ where Û operates on a state ∣φ⟩
by the controlled unitary gate ∣1⟩⟨1∣ ⊗ Û + ∣0⟩⟨0∣ ⊗ I,
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Figure 6.4: Circuit representation for standard interferometric phase estimation algorithm. (a) Comparing this with Fig. 6.2, the first BS is represented by a Hadamard gate,
the phase shifts for φ and θ are described by the corresponding unitary operators, and the
second BS together with measurements in the Z basis is replaced with measurement in
the X basis. (b) The same as in part (a), but here we use compact notation. See text for
details. The single line represents the qubit state at different stages of the evolution, and
the double-line carries the outcome of a classical measurement.

(which could have any dimension in the Hilbert space) such that Û ∣φ⟩ = exp(iφ)∣φ⟩,
and Iˆ is the identity operator. Also the action of the Hadamard gate on the logical
state ∣0⟩ can be replaced with the state ∣+⟩. Figure Fig. 6.4b shows the circuit for
this new convention.

6.5.2

The quantum phase estimation algorithm

As mentioned in Sec. 6.2, to estimate a completely unknown phase using multipass techniques one cannot simply set the number of passes p to a large number as
this gives information about φ modulo 2π/p and not φ modulo 2π. This ambiguity
can be resolved by employing the quantum phase estimation algorithm (QPEA) of
Cleve et al. [204]. This plays a key role in many quantum algorithms, and can be
thought of as a kind of module where, in combination with other subroutines, it can
be used to perform some useful computational jobs [195]. In fact, this algorithm
was originally introduced to determine the phase of an eigenvalue eiφ of a unitary
operator Û in the quantum information context. Assuming that ∣φ⟩ denotes an
eigenvector of this operator, we have Û ∣φ⟩ = eiφ ∣φ⟩. Here in this study, though, we
are interested in estimating a physical phase.
The quantum phase estimation circuit has two registers [195]. Figure 6.5 shows
the first register is comprised of K + 1 qubits, each initially in the logical state ∣+⟩.
What factors determine this number of qubits depend on the required precision in the
estimate for phase, and with what probability one wishes the phase measurement
scheme to be successful. The second register is a qubit in state ∣φ⟩ (or contains
as many qubits as is necessary to store ∣φ⟩). In the first stage of the algorithm,
Hadamard operations on the first register transform the logical states ∣0⟩ into the
superposition states ∣+⟩ which are followed by application of controlled-power-oftwo operations of Û on the second register. That is, the k-th qubit (k = 0, 1, ⋯, K)
k
controls the operation Û 2 . This shows that the QPEA uses N = 2K + 2K−1 + ⋯ + 1 =
2K+1 − 1 resources, whereas the standard scheme employs K + 1 resources (unable
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Figure 6.5: Circuit diagram for the quantum phase estimation algorithm. In the first
step of the scheme the k-th qubit passes the phase gate 2k times. In the next step the
inverse quantum Fourier transform is applied followed by measuring each register qubit in
the computational basis.

to resolve phase ambiguity, as mentioned above). At the end of this stage, the final
state of the first register is
∣ψI ⟩ = 2

−(K+1)
2

(∣0⟩ + e2πi×0.φK ∣1⟩) (∣0⟩ + e2πi×0.φK−1 φK ∣1⟩) ×

⋯ (∣0⟩ + e2πi×0.φ0 φ1 ⋯φK ∣1⟩) ,

(6.19)

where we represent the phase in the binary fraction
K

φ = 2π × 0.φ0 φ1 ⋯φK = 2π ∑

φk

2(k+1)
k=0

,

(6.20)

and φk is a binary digit. Thus to obtain an estimate for the phase we need to
determine these binary digits.
The state in Eq. (6.19) would have been obtained if one considers the quantum
Fourier transform (QFT) of the states of K +1 qubits in a computational basis ∣0⟩ or
∣1⟩. That is, if we represent this collection of states as ∣φ0 φ1 ⋯φK ⟩ = ⊗K
k=0 ∣φk ⟩ then
QFT

∣φ0 φ1 ⋯φK ⟩ ÐÐ→ ∣ψI ⟩;

(6.21)

see Appendix B on how the QFT works. This suggests that the inverse quantum
Fourier transform (IQFT) takes the register qubits to the state ∣φ0 φ1 ⋯φK ⟩. Thus the
second stage of the phase estimation algorithm includes applying the IQFT followed
by measurement of each qubit in the computational basis, yielding the binary digits
of φ/2π from which the phase is inferred.
From the above discussion, it is evident that the IQFT is an entangling gate,
and in general, it would be hard to experimentally implement it. However, there
is a solution to ease this difficulty, and that is the scheme proposed by Griffiths
and Niu [205] to use local measurements and control to achieve the inverse Fourier
quantum transform. Figure 6.6 illustrates the circuit diagram for this proposal.
The controlled-phase gates are applied in descending order on each qubit followed
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Figure 6.6: Circuit diagram for QPEA with IQFT implemented using local measurements
and control. In comparison with Fig. 6.5, and by virtue of the gate commutation properk
ties, the measurements are moved back through the IQFT and controlled-U 2 operations.

by measurement in the X basis, the result of which classically controls rotation
operations on remaining qubits as each is measured.
Evaluating the performance of this algorithm using the method of calculating
the probability of error, as is common in the context of quantum computation, will
reveal that the right answer is obtained with high probability of success. However,
as discussed in Sec. 6.3, for interferometric phase estimation purposes the Holevo
variance is a suitable metric. It has been shown in Ref. [192] that this variance for
the QPEA is theoretically
VQPEA ≡ V (φest )∣

=
QPEA

1
2
+ 2.
N N

(6.22)

Thus, for N ≫ 1, the variance scales as twice the inverse of the number of resources
N which is a factor of two worse than the SQL. That is, the QPEA performance
shows no improvement over the standard technique [171]. This is because the input
state into the interferometer is not optimal. To see why this is the case, one should
inspect the probability distribution for the phase estimate, which is given by [192]
P (φest ) =

sin2 [(N + 1) (φest − φ) /2]
.
2π(N + 1)sin2 [(φest − φ)/2]

(6.23)

In Fig. 6.7 we plot this distribution for two different numbers of resources. The
distribution profile shows a sharp peak around φest = φ. But the side wings are high
and the envelope of the distribution for them falls off as the inverse square of the
error in the estimate (φest − φ)−2 . This means that even though the likelihood of
obtaining an accurate estimate of the phase is large, there is a probability that the
estimation is completely inaccurate, and it is this imprecision that lowers the overall
algorithm’s performance.
Despite this poor performance, it has been shown that extensions of the QPEA
can perform better than the SQL [171, 193]. It turns out that combining the QPEA
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Figure 6.7: Phase distribution function for the quantum phase estimation algorithm for
two different numbers of resources N = 3 (dashed blue), and N = 7 (solid red). It is clear
that using more resources will result a sharper peak around the true phase. However, even
for large N s the presence of high wings in the distribution profile has detrimental effects
on the QPEA performance.

with the standard measurements (a hybrid protocol) is able to beat the SQL, although each scheme on its own is bounded by the standard quantum limit. Moreover,
in Ref. [171] Higgins et al. theoretically and experimentally proved that a generalisation of the QPEA has a phase uncertainty scaling at the Heisenberg limit. In the
next section we will consider an interferometric phase measurement scheme that can
achieve the HL using an optimal entangled input state. It is worth to emphasise
that attaining the HL is, in fact, the ultimate goal of quantum metrology, which is
in marked contrast to scaling at the HL.

6.5.3

Heisenberg limited interferometry

Although the use of local measurements and control to implement the inverse
QFT reduces complexity in the QPEA, achieving the HL requires generating a multiqubit entangled state, like the one in Eq. (6.18). The HL scaling indicates that one
would require of order N = 2K+1 qubits to obtain K+1 accurate bits of the estimation,
which is exponentially costly in spatial resources [186]. However, since the optimal
state and measurement can be expressed with only N + 1 basis states, this allows us
to use an alternative representation. Assuming N = 2K+1 − 1, it is only needed K + 1
qubits for the same precision, and we can define a new state ∣m⟩ as the logical state
of a register of qubits. Here m is a binary digit of length K + 1. The phase gate
operations generate the following evolution:
N

N

(m + 1)π
(m + 1)π
] ∣m⟩ → ∑ eimφ sin [
] ∣m⟩,
∣ψopt ⟩ ∝ ∑ sin [
N +2
N +2
m=0
m=0

(6.24)

which requires an exponential number of phase shifts. This means that the cost has
been shifted from spatial resources to time resources, assuming that each controlled
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Figure 6.8: Circuit diagram representation of Heisenberg-limited interferometry employing a binary encoding. Obtaining the binary digits (φ0 , ⋯, φK ), the phase shift φ can be
calculated from Eq. (6.20).

phase gate takes a fixed time [186]. The canonical phase measurement represented
in Eq. (6.17), is a measurement expressed in a basis conjugate to the logical state.
The transformation between these two bases can be achieved by using the QFT.
Using the binary representation for the optimal state and measurements, and
employing the Griffiths-Niu technique for implementing the IQFT, the HL can be
achieved by the circuit illustrated in Fig. 6.8. As before, the k-th qubit controls
k
the U 2 phase shift operation. After the measurements, once all the binary digits
(φ0 , ⋯, φK ) of the estimated phase, up to a desired accuracy, are obtained, we can
substitute them back in Eq. (6.20) to find the estimated phase.

6.6

Conclusion

In summary, we have reviewed some interferometric phase estimation algorithms.
This includes the standard measurement scheme in which a phase shift is estimated
using Mach-Zehnder interferometer, quantum phase estimation algorithm borrowed
from quantum computation, and a Heisenberg-limited interferometry technique. It
turns out that achieving the absolute HL requires to use an optimal state and
measurements. In the next chapter we will theoretically study such a protocol for
two specific number of resources, N = 7 and N = 3. These correspond to 3-photon
and 2-photon experiments, respectively, which are the focus of the chapter after
next.
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Chapter 7
Theoretical analysis of the input
state for Heisenberg-limited
metrology
In this chapter we start with a proposal on how to create the optimal state for
the Heisenberg-limited interferometry protocol of chapter 6 using 2 and 3 photons,
equivalent to 3 and 7 resources, respectively. In order to be able to estimate an
unknown phase with uncertainty achieving the HL, the generation of the entangled
optimal state is at the heart of the algorithm. To this end, we consider some experimental imperfections that may arise in practice such as spatial optical mode mismatch in non-classical interferences, inefficient detection systems, and the presence
of multi-photon pair production in the SPDC process due to lack of photon-number
resolving detectors. The results of numerical simulations are presented to see how
these imperfections affect the protocol’s performance.
Acknowledgment. I was introduced to the subject by Howard Wiseman who
had the original idea. I got my hands on the project by scrutinising the proposed
logical circuit that another researcher worked on first. After correcting a mistake
in calculating the probability of success for creating the optimal state, I modelled
the ideal logical circuit. The very first idea on how to model mode mismatch has
been taken from Tamyka B. Bell’s Honours project that I was introduced to by
Geoff Pryde, who also suggested to study cases in which the phase is known. The
idea on how to include experimental imperfections in the formalism was developed
by Howard. I did mode calculations, simulating the protocols, and formalised the
state matrix calculations to check the protocols with experimental quantum state
tomography data.
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Figure 7.1: Circuit diagram representation of Heisenberg-limited interferometry employing a binary encoding with N = 7 resources.

7.1
7.1.1

The optimal state
A theoretical proposal

As discussed in Sec. 6.5.3, the HL can be attained by using the canonical phase
measurement and the optimal state. Depending on the number of qubits employed
in such a protocol, the form of the optimal state, and, in general, the circuit diagram
for achieving the HL are different. Since we will use the polarisation degrees of freedom of photons to store quantum information as qubits, the horizontal polarisation
∣H⟩ is defined to represent the computational state ∣0⟩, and the orthogonal vertical polarisation ∣V ⟩ represents the computational state ∣1⟩. Note that this scheme
might be realised in other physical platforms as well. In what follows, we consider
the protocol, and in particular the optimal state, for two special cases in which three
and two photons are used, respectively.
3-photon scheme
The asymptotic HL limit of the Holevo variance is hard to achieve due to the
requirement to a large number of resources. In fact, the difficulty is not just creating
a large N ; implementing the entangling gate operations with high fidelity is also
very important. Here we present the Heisenberg-limited interferometry protocol
with K + 1 = 3 input photons, the circuit diagram of which is shown in Fig. 7.1.
This means that the total number of resources is N = 2K+1 − 1 = 7, and the phase
estimation will be accurate up to 3 digits. Recalling Eq. (6.24), the normalised
optimal state for this case can be written
3

III
∣ψopt
⟩ = ∑ αj ∣GHZj ⟩,

(7.1)

j=0

where ∣GHZj ⟩ are Greenberger-Horne-Zeilinger (GHZ) states [206]
1
∣GHZ0 ⟩ = √ (∣HHH⟩ + ∣V V V ⟩),
2
1
∣GHZ1 ⟩ = √ (∣HHV ⟩ + ∣V V H⟩),
2

(7.2)
(7.3)
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Table 7.1: The truth table for the controlled-NOT gate.

Input
Control Target
∣H⟩
∣H⟩
∣H⟩
∣V ⟩
∣H⟩
∣V ⟩
∣V ⟩
∣V ⟩

Output
Control Target
∣H⟩
∣H⟩
∣H⟩
∣V ⟩
∣V ⟩
∣V ⟩
∣V ⟩
∣H⟩

C	

T	

Figure 7.2: Circuit representation of the controlled-NOT gate. The top rail represents
the control qubit and the target qubit is shown by the bottom line. See Table 7.1 for its
operation on a quantum register consisting of 2 qubits (here photons).

1
∣GHZ2 ⟩ = √ (∣HV H⟩ + ∣V HV ⟩),
2
1
∣GHZ3 ⟩ = √ (∣HV V ⟩ + ∣V HH⟩),
2
√

and
αj =

2
sin[(j + 1)π/9],
ℵIII

(7.4)
(7.5)

3

ℵIII = 2 ∑ sin2 [(j + 1)π/9].

(7.6)

j=0

Here ∣HHH⟩ denotes ∣H⟩ ⊗ ∣H⟩ ⊗ ∣H⟩, and so on. That is, the optimal state is a
superposition of entangled GHZ states. Thus we need to make use of some entangling
gates such as the controlled-NOT (CNOT) gate to produce the state. The reason
for this choice comes from a remarkable result from quantum computation: Any
multi-qubit logic gate may be comprised of CNOT and single qubit gates [195]. The
CNOT gate has two input qubits, the control qubit (C) and the target qubit (T),
which are shown in its circuit representation in Fig. 7.2. The action of the gate is
such that if the control qubit is in ∣H⟩ state the target qubit is left unchanged, and
if the control qubit is set to ∣V ⟩, then the target qubit is flipped (see Table 7.1).
This operation can be expressed using the matrix representation of the CNOT gate
⎛1
⎜0
ÛCNOT = ⎜
⎜0
⎝0

0
1
0
0

0
0
0
1

0⎞
0⎟
⎟,
1⎟
0⎠

(7.7)

where the computational basis is taken to be {∣HH⟩, ∣HV ⟩, ∣V H⟩, ∣V V ⟩}. It is also
†
ˆ
easy to verify that this matrix is unitary, that is, ÛCNOT
ÛCNOT = I.
Since we use 3 photons and all are ultimately entangled, one CNOT gate is not
enough to create the optimal state. Consider the circuit shown in Fig. 7.3, in which
two CNOT gates are sequentially applied to the input photons. Assume that the
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Figure 7.3: Circuit representation for generating the 3-photon optimal state, Eq. (7.39).
The input state, Eq. (7.9), is transformed in to the optimal state, after application of two
consecutive CNOT gates between the photons.

photon in mode “a” is in the diagonal polarisation state ∣ψa ⟩ = ∣D⟩, and the photons
in modes “b” and “c” are in the following entangled state
∣ψbc ⟩ = α0 ∣HH⟩ + α1 ∣HV ⟩ + α2 ∣V H⟩ + α3 ∣V V ⟩,

(7.8)

with αs satisfying Eq. (7.6). Thus the total state ∣ψ0 ⟩ before the first CNOT gate is
∣ψ0 ⟩ = ∣ψa ⟩∣ψbc ⟩
1
= √ [α0 (∣HHH⟩ + ∣V HH⟩) + α1 (∣HHV ⟩ + ∣V HV ⟩) +
2
α2 (∣HV H⟩ + ∣V V H⟩) + α3 (∣HV V ⟩ + ∣V V V ⟩)].

(7.9)

The first CNOT acts between the photons in the modes “a” and “b”, and we show
ab
its operation by ÛCNOT
. The state ∣ψ1 ⟩ before the second CNOT then becomes
ab
∣ψ0 ⟩
∣ψ1 ⟩ = ÛCNOT
1
= √ [α0 (∣HHH⟩ + ∣V V H⟩) + α1 (∣HHV ⟩ + ∣V V V ⟩) +
2

α2 (∣HV H⟩ + ∣V HH⟩) + α3 (∣HV V ⟩ + ∣V HV ⟩)].

(7.10)

Finally, the same operation as above but this time between photons in the modes
“a” and “c” gives the output state
ac
III
⟩.
∣ψout ⟩ = ÛCNOT
∣ψ1 ⟩ = ∣ψopt

(7.11)

2-photon scheme
The circuit of Heisenberg-limited interferometry with K + 1 = 2 input photons
is depicted in Fig. 7.4. The number of resources used in this protocol is equal to
N = 2K+1 − 1 = 3, and the phase estimation will be precise up to two significant
digits. Recall again Eq. (6.24), we can write the normalised optimal state for this
scheme as the following
II
∣ψopt
⟩ = β0 ∣Φ+ ⟩ + β1 ∣Ψ+ ⟩,
(7.12)
where

1
∣Φ+ ⟩ = √ (∣HH⟩ + ∣V V ⟩),
2

(7.13)
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Figure 7.4: Circuit diagram representation of Heisenberg-limited interferometry employing a binary encoding with N = 3 resources.

|

ai

|

bi

|

II
opt i

Figure 7.5: Circuit representation for generating the 2-photon optimal state, Eq. (7.12).
The input state, Eq. (7.16), is transformed in to the optimal state, after application of the
CNOT.

1
∣Ψ+ ⟩ = √ (∣HV ⟩ + ∣V H⟩),
2

(7.14)

are known as the Bell states which are maximally entangled [195], and the coefficients
are
√
1
2
(7.15)
βj =
sin[(j + 1)π/5],
ℵII = 2 ∑ sin2 [(j + 1)π/5].
ℵII
j=0
This state, which is a superposition of Bell states, can be generated using one CNOT
gate, see Fig. 7.5. Assume that the photon in mode “a”, the control qubit, is
prepared in the diagonal polarisation state ∣ψa ⟩ = ∣D⟩, and the photon in mode “b”,
the target photon, is in a superposition of the computational state ∣ψb ⟩ = β0 ∣H⟩ +
β1 ∣V ⟩. Thus the total input state ∣ψin ⟩ is
∣ψin ⟩ = ∣ψa ⟩∣ψb ⟩
1
= √ [β0 (∣HH⟩ + ∣V H⟩) + β1 (∣HV ⟩ + ∣V V ⟩)],
2

(7.16)

and after the CNOT gate operation on this state, the output state is
II
⟩.
∣ψout ⟩ = ÛCNOT ∣ψin ⟩ = ∣ψopt

(7.17)

Comparing the 2-photon protocol with the 3-photon scheme, it is evident that the
former is easier to implement. The price to be paid is that even the HL for the
former is larger than the SQL for the latter scheme, see Table 7.2.
In the next section we will use the dual-rail encoding method to treat computational basis states for each photon separately. This has two advantages. It will
exhibit how it might be possible to realise such a proposal in the lab using common optical components, and it will allow us to set the stage for mode mismatch
considerations.
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Table 7.2: The values of the standard quantum-limited and the Heisenberg-limited variances for different number of register quits.

Number of
qubits (K + 1)
2
3

7.1.2

Number of
resources (N )
3
7

VSQL
[Appendix B]
0.77
0.23

VHL
[Eq. (6.15)]
0.527
0.132

Dual-rail encoding

Encoding information onto the polarisation of photons needs two distinct optical
modes, one to represent each polarisation. (Notice that, as pointed out before,
information can also be encoded in other degrees of freedom of photons.) This
kind of encoding, where a photon is encoded in a superposition of occupation of two
orthogonal modes, is referred to as dual-rail encoding [207]. Consider two orthogonal
optical modes represented by the annihilation operators âH and âV and the vacuum
modes ∣0⟩H and ∣0⟩V . The latter are two identical spatial-temporal modes but with
different polarisations. For ease of notation we will write ∣00⟩ ≡ ∣0⟩H ⊗ ∣0⟩V . Thus
the computational basis states can be defined as ∣H⟩ = â†H ∣00⟩ = ∣1, 0⟩ and ∣V ⟩ =
â†V ∣00⟩ = ∣0, 1⟩. This means that single photon occupation of one mode represents
one computational state (a logical zero), whereas single photon occupation of the
other mode represents the other computational state (a logical one). This is dual-rail
encoding.
To create the optimal states using the proposed schemes we need to be able to
implement the CNOT gate. A theoretical scheme was introduced for photonic qubits
by Ralph et al. in which the gate is realised non-deterministically and requires only
linear optical components [208]. This was experimentally realised in optical systems
[28, 209]. To consider the quantum circuit for this scheme we need to briefly explain
the way we do mode calculations for linear optical systems.

Mode calculation for linear optical systems
Consider a typical optical system in which M modes pass through a group of
linear optical elements such as mirrors and beam splitters. A schematic diagram of
such an optical network is shown in Fig. 7.6. This can be described by a unitary
transformation Û (G), provided that optical components are assumed to be lossless
(in fact, losses through absorption are neglected). This ensures that the photonnumber is conserved. The unitary transformation on all the input states can be
expressed as [2]
Û (G) = exp [−i â† G â] ,
(7.18)
where â is a vector of annihilation operators
⊺

â = (â1 , â2 , ⋯, âM ) ,

(7.19)
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Figure 7.6: Conceptual diagram for mode calculation of linear optical quantum systems.

and G is an Hermitian matrix. A unitary transformation is induced on â by the
above transformation as
Û † (G) â Û (G) = S(G) â,
(7.20)
where
S(G) = exp [−iG] ,

(7.21)

is the induced unitary matrix representation. We assume that the input state into
the network can be expressed as
∣ψin ⟩ = g (â† ) ∣0⟩ = f (â†1 , â†2 , ⋯, â†M ) ∣0⟩,

(7.22)

where g and f are arbitrary functions of creation operators, and
∣0⟩ = ∣01 , 02 , ⋯, 0M ⟩,

(7.23)

is the total vacuum state. Here a vector of creation operators is â† = (â†1 , â†2 , ⋯, â†M ).
Thus the output state is obtained by unitarily evolving the input state
∣ψout ⟩ = Û (G)∣ψin ⟩
= Û (G)g (â† ) ∣0⟩
= Û (G)g (â† ) Û † (G)Û (G)∣0⟩
= Û (G)g (â† ) Û † (G)∣0⟩,

(7.24)

where in the last line we used the property that the vacuum state under the unitary
evolution remains the same Û (G)∣0⟩ = ∣0⟩. Now from Eqs. (7.18) and (7.21) it is
easy to verify that Û † (G) = Û (−G) and S † (G) = S(−G). Using these relations and
Eq. (7.20) we can write
Û (G) â† Û † (G) = â† S(G).
(7.25)
Therefore, the output state takes the following form
∣ψout ⟩ = g [â† S(G)] ∣0⟩ = f (â† S∶1 , â† S∶2 , ⋯, â† S∶M ) ∣0⟩,

(7.26)

where S∶m denotes the m-th column of the matrix S. This means that the output
state is obtained by writing the input field operators in terms of output field operators and then apply it to the vacuum state. This can also be understood by looking
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Figure 7.7: Conceptual diagram of a post-selective CNOT gate. Each qubit is represented
by two polarisation modes H and V . The control and target qubits each has a vacuum
port v̂c and v̂t , respectively. The dashed lines inside the beam splitter shows that a photon
reflected off that side acquires a π phase shift [208].

at Eq. (7.24) in which the reverse evolution of g (â† ) acts on the vacuum state. We
will see below how to use this technique to work out the output state of a quantum
circuit comprising of beam splitters.
Universal CNOT gate
Consider now a conceptual model of the CNOT gate presented in Fig. 7.7 where
both the control and target qubits are represented using dual-rail encoding. Each
qubit has a single-mode vacuum port. The two modes of the qubits are taken
to be the polarisation modes of a single photon. The beam splitters employed
here have different reflectivities η1 and η2 . The circuit is composed of a balanced
Mach-Zehnder interferometer between the two modes of the target qubit with a
modification to allow for non-classical interference with the horizontal polarisation
mode of the control qubit.
We will now show that this circuit reproduces the truth table presented in Table
7.1 by post-selecting the outcome. That is, the operation of the circuit should be in
a way that it flips the target qubits conditioned on the control qubit be in ∣V ⟩ state.
In general, we are interested in an input which is an arbitrary entangled two-photon
state in the form of
∣ψin ⟩ = α0 ∣HH⟩ + α1 ∣HV ⟩ + α2 ∣V H⟩ + α3 ∣V V ⟩,

(7.27)

where ∑3j=0 αj = 1. In the notation of Eq. (7.22) we can rewrite this input state as
∣ψin ⟩ = g (â† ) ∣0⟩ = f (v̂c† , ĉ†V , ĉ†H , t̂†V , t̂†H , v̂t† ) ∣0⟩,

(7.28)

where
f (v̂c† , ĉ†V , ĉ†H , t̂†V , t̂†H , v̂t† ) = α0 ĉ†H t̂†H + α1 ĉ†H t̂†V + α2 ĉ†V t̂†H + α3 ĉ†V t̂†V .

(7.29)

The output state is obtained by first constructing the S matrix for the CNOT circuit.
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This can be achieved by multiplying the matrices for each beam splitter with the
corresponding modes. The outcome of this algebraic calculation becomes
√
√
0
0
0
0 ⎞
⎛−√ η2 √χ2
η2
0
0
0
0 ⎟
⎜ χ2
⎜
⎟
√
√
√
⎜ 0
− η1 χ2
χ1 χ2
0 ⎟
0
− η2
⎟,
√
√
√
√
SCNOT = ⎜
⎜ 0
0
η1 χ2 (1 − 2η1 ) η2
2 η1 χ1 η2
χ1 χ2 ⎟
⎜
⎟
√
√
√
√
⎜
⎟
⎜ 0
0
χ1 χ2
2 η1 η2 χ1
(1 − 2η1 ) η2 − η1 χ2 ⎟
√
√
√
⎝ 0
0
0
χ1 χ2
η1 χ2
− η2 ⎠

(7.30)

where χk = 1 − ηk for (k = 1, 2) is the beam splitter transmissivity. Thus, using
Eq. (7.26) the output state is
∣ψout ⟩ = [α0 (â† S∶3 ) (â† S∶5 ) + α1 (â† S∶3 ) (â† S∶4 ) +
α2 (â† S∶2 ) (â† S∶5 ) + α3 (â† S∶2 ) (â† S∶4 ) ]∣0⟩
1
[α0 ∣HH⟩ − α1 ∣HV ⟩ + α2 ∣V V ⟩ − α3 ∣V H⟩] + ∣ψd ⟩,
=
3

(7.31)

where
∣ψd ⟩ =

1
{α0 (−ĉ†H2 + t̂†H t̂†V + t̂†V2 − ĉ†H v̂t† + t̂†H v̂t† + t̂†V v̂t† ) +
3
α1 (ĉ†H2 − t̂†H2 − t̂†H t̂†V − ĉ†H v̂t† + t̂†H v̂t† + t̂†V v̂t† ) +
√
√
√
α2 (ĉ†H ĉ†V + 2ĉ†H v̂c† + 2t̂†V v̂c† + ĉ†V v̂t† + 2v̂c† v̂t† ) +
√
√
√
α3 (−ĉ†H ĉ†V − 2ĉ†H v̂c† − 2t̂†H v̂c† + ĉ†V v̂t† + 2v̂c† v̂t† ) }∣0⟩

(7.32)

represents the state that is neglected due to post-selection. Each term in this equation shows a unsuccessful event. Note that for simplicity we dropped the subindex
CNOT in the S matrix. Here ∣ψd ⟩ is neglected due to the post-selection of successful
coincidence measurements. A coincidence event is successful if only one photon is
detected in one of the two output modes of each qubit. The minus signs inside the
bracket in Eq. (7.31) can be corrected by applying the following phase shifts to the
output modes
ĉHo → eiπ/2 ĉHo ,

ĉVo → e−iπ/2 ĉVo ,

t̂Ho → e−iπ/2 t̂Ho ,

t̂Vo → eiπ/2 t̂Vo .

(7.33)

Thus from Eq. (7.31) and the discussion above, it is evident that this circuit will
operate as a CNOT gate with a probability of success of 1/9 in the post-selective
regime of coincidence detection. We will experimentally realise this scheme within
both 2-photon and 3-photon phase measurement protocols. For the latter case, we
saw in Sec. 7.1.1 that two CNOT gates are required. However, it turns out there is
no need to use two universal CNOT gates. We will employ a simpler version of this
gate similar to the so-called non-destructive controlled-NOT (NDCN) gate which
was realised by Pittman et al. in 2002 to demonstrate non-deterministic quantum
operation employing linear optical components [210]. An important point here is
that the operation of this logical gate should act in such a way that to transform the
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Figure 7.8: Circuit diagram of a post-selective non-universal controlled-NOT gate. Modes
with vertical polarisation are swapped in between beam splitters.

input state into Eq. (7.10). To see, consider the circuit diagram shown in Fig. 7.8,
comprising of four 50:50 beam splitters and a mode swapping gate. The matrix S for
this circuit can be obtained through the same procedure discussed earlier, yielding
√
√
η(1 − η) − η(1 − η) √1 − η ⎞
⎛√ η
⎜ η(1 − η)
1−η
η
−√ η(1 − η)⎟
⎟.
(7.34)
SNDCN = ⎜
⎜−√η(1 − η)
⎟
η
1
−
η
η(1
−
η)
⎜
⎟
√
√
⎝ 1−η
⎠
− η(1 − η)
η(1 − η)
η
Now we make use of this NDCN gate in the 3-photon protocol to entangle the
photons in modes “a” and “b”. Assume that the photon in the first mode is prepared
in horizontal polarisation ∣ψa ⟩ = ∣H⟩, and the photon in mode “b” is already in an
entangled state as in Eq. (7.8). Thus the input state is
∣ψin ⟩ = ∣ψa ⟩∣ψbc ⟩
= (α0 â†H b̂†H ĉ†H + α1 â†H b̂†H ĉ†V + α2 â†H b̂†V ĉ†H + α3 â†H b̂†V ĉ†V )∣0⟩

(7.35)

and the total state after going through this circuit becomes
∣ψout ⟩ = [α0 (â† S∶1 ) (â† S∶3 ) ĉ†H + α1 (â† S∶1 ) (â† S∶3 ) ĉ†V +
α2 (â† S∶1 ) (â† S∶4 ) ĉ†H + α3 (â† S∶1 ) (â† S∶4 ) ĉ†V ]∣0⟩
1
[α0 (∣HHH⟩ + ∣V V H⟩) + α1 (∣HHV ⟩ + ∣V V V ⟩) +
=
2
α2 (∣HV H⟩ + ∣V HH⟩) + α3 (∣HV V ⟩ + ∣V HV ⟩)] + ∣ψd ⟩, (7.36)
where
∣ψd ⟩ =

1
[α0 (â†H2 − â†V2 + b̂†H2 − b̂†V2 ) ĉ†H + α1 (â†H2 − â†V2 + b̂†H2 − b̂†V2 ) ĉ†V +
4
α2 (â†V2 − â†H2 + b̂†H2 − b̂†V2 ) ĉ†H + α3 (â†V2 − â†H2 + b̂†H2 − b̂†V2 ) ĉ†V ]∣0⟩. (7.37)

From Eq. (7.36) it is easy to see that by post-selecting the successful coincidences—
events in which only one photon is detected in either of the two output ports for
each qubit—the probability of creating the state ∣ψ1 ⟩ given in Eq. (7.10) is 1/2.
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Figure 7.9: Conceptual diagram of post-selective CNOT gates to create the 3-photon
III
⟩, Eq. (7.39).
optimal state ∣ψopt

III ⟩,
To generate the 3-photon optimal state ∣ψopt
we need to sequentially implement
the NDCN and the universal CNOT gates, see Fig. 7.9. The above analysis shows
that the probability of success ps to create this state is equal to the multiplication
of success probabilities for the two CNOT gates,

ps = pCNOT × pNDCN =

1
.
18

(7.38)

This can also be seen by calculating the output state. As before, we need first to
III
calculate the Sopt
matrix for the quantum circuit shown in Fig. 7.39. Here, this
matrix is presented after substituting the values of the reflectivities, and we refer
the interested reader to Appendix B for a general form. Thus,
−1

√
⎛√
3
⎜ 2
⎜ 3
⎜
⎜ 0
⎜
⎜
⎜
III
Sopt = ⎜ 0
⎜ 0
⎜
⎜ 0
⎜
⎜
⎜ 0
⎜
⎝ 0

√1
6
1
√
2 3
−1
√
2 3
−1
2
1
2
1
√
2 3
1
√
2 3

√1
6
1
√
2 3
−1
√
2 3
1
2
−1
2
1
√
2 3
1
√
2 3

−1
√
6
−1
√
2 3
−1
√
2 3
1
2
1
2
1
√
2 3
1
√
2 3

√1
6
1
√
2 3
1
√
2 3
1
2
1
2
−1
√
2 3
−1
√
2 3

0

0

0

0

0

0

0

0

−1
√
3

√1
3

0
0
0

0
0

−1
√
3
√1
3

√1
3

0
√1
3

0⎞
0⎟
⎟
⎟
0⎟
⎟
⎟
0⎟
⎟.
0⎟
⎟
√1 ⎟
⎟
3⎟
−1
√ ⎟
3⎟
−1 ⎠
√

(7.39)

3

Assuming that the input state ∣ψin ⟩ = g (â† ) ∣0⟩ is the same as in Eq. (7.35),
where â† = (v̂a† , â†V , â†H , b̂†H , b̂†V , ĉ†V , ĉ†H , v̂c† ), the output state can then be obtained by
applying the above unitary matrix on the input
∣ψout ⟩ = [α0 (â† S∶3 ) (â† S∶4 ) (â† S∶7 ) + α1 (â† S∶3 ) (â† S∶4 ) (â† S∶6 ) +
α2 (â† S∶3 ) (â† S∶5 ) (â† S∶7 ) + α3 (â† S∶3 ) (â† S∶5 ) (â† S∶6 ) ]∣0⟩
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√
2
=
[α0 (∣HHH⟩ + ∣V V V ⟩) + α1 (∣HHV ⟩ + ∣V V H⟩) +
6
α2 (∣HV H⟩ + ∣V HV ⟩) + α3 (∣HV V ⟩ + ∣V HH⟩)] + ∣ψd ⟩,

(7.40)

where ∣ψd ⟩ contains terms with unsuccessful coincidence measurements, and it is
discarded in the post-selection process. The above equation confirms that the probability of producing the optimal state is 1/18.
The 2-photon optimal state, Eq. (7.12), can be created using the universal CNOT
gate with the input state given in Eq. (7.16). It is now evident, from the discussion
following Eq. (7.31), that the probability of success for generating this state is 1/9.
Simulating the protocols
Consider now the Heisenberg-limited scheme with K + 1 qubits (photons) which
was presented in Sec. 6.5.3. Assume the input state is represented by ρin . This is
particularly useful when we are interested to see how well the protocols perform with
a mixed input state. This is because the experimentally generated quantum states
K+1
are not absolutely pure. Recall the circuit shown in Fig. 6.8, the state ρK ∈ B2
of
the system before the first X-measurement on the K-th photon is
ρ

(K)

= (U

K

K

k=1

k=1

†

ˆ ,
ˆ ρin (U 2K ⊗ I)
⊗ I)

2K

(7.41)

where
1 0
Um = (
),
0 eimφ

1 0
Iˆ = (
).
0 1

(7.42)

Here φ is a random unknown phase in the interval [0, 2π) to be estimated. To
find the outcome of the X-measurement on the K-th photon, we use the quantum
measurement theory discussed in Sec. 2.2 to define two appropriate measurement
operators
(K)

M̂r

K

ˆ
= P̂r ⊗ I,

(7.43)

k=1

where r = (D, A) is a measurement result, and P̂r = ∣r⟩⟨r∣ is the projection operator
onto the X basis of the K-th photon. Thus, the probability of finding the K-th
photon in one of the X eigenstates is
(K)

pr

(K)

= Tr [ρK M̂r

(K) †

M̂r

(K)

] = Tr [ρK M̂r

].

(7.44)

Whether the K-th qubit is found in ∣D⟩ or ∣A⟩ is determined by calling a random
number and comparing it with the above probability. Depending on the outcome of
(K)
this last step, the conditional system state ρr after the measurement on the K-th
photon is obtained according to Eq. (2.65). Hence,
(K)

ρr

(K)

= J [M̂r

(K)

] ρ(K) /pr

(K−1)

= P̂r ⊗ ρr

,

(7.45)
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where ρr
∈ B2 is the reduced state matrix of the other remaining K photons. To
proceed with the next step of the protocol, the result of the previous measurement
is used to decide whether feedback control operations should be applied or not.
That is, the outcomes r = A and r = D correspond to feedback “ON” and “OFF”,
respectively1 . Therefore, in the reduced-dimension Hilbert space of the system, the
state matrix before the measurement on the (K − 1)-th photon when the feedback
operation is ON can be expressed as
K

(K−1)

ρ(K−1) = V (K−1) ρr

†

V (K−1) ,

(7.46)

where
V (K−1) ≡ [U 2

K−1

K
π
π
R ( )] ⊗ R ( k ) ,
2 k=2
2

(7.47)

eiθ/2
0
R(θ) = (
),
−iθ/2
0 e

(7.48)

and if the feedback operation is OFF, the state matrix is
ρ(K−1) = (U 2

K−1

K

K

k=1

k=1

†

K−1
ˆ ρ(K−1)
ˆ .
(U 2 ⊗ I)
⊗ I)
r

(7.49)

Measurement on the (K − 1)-th photon is described in the same way as that of the
K-th photon. That is, by changing K → K − 1 we can use Eqs. (7.43)–(7.49) to find
K−1
(K−2)
the measurement result and the reduced state ρr
∈ B2
of the system. These
steps are repeated for each qubit until the 0-th one, for which, the measurement
(0)
operator is simply the projector M̂r = P̂r .
After stochastically simulating measurements on each photon, different bits of the
phase that is being estimated are obtained. These binary digits are then substituted
in Eq. (6.20) to estimate the phase. To calculate the Holevo Variance VH given in
Eq. (6.3), it is required to work out the ensemble average of s = exp [i (φ − φest )].
Thus, in each run of the simulation we estimate an unknown phase and store the
value of this exponential term s in an array. The size of this ensemble is taken to
be very large to reduce the statistical error. For the 3-photon protocol, the phase is
estimated up to 3 significant digits. Figure 7.10(a) shows a probability distribution
pφest for different measurement outcomes for using the optimal state Eq. (7.39). For
a measurement ∣rrr⟩, three bits φ0 , φ1 , and φ2 of the phase that is going to be
estimated are obtained. The probability of obtaining this outcome is equal to the
number of times nφ0 φ1 φ2 that this measurement result turns up divided by the size of
the ensemble nens over which the Holevo variance is calculated. It can be clearly seen
that the distribution is almost flat, indicating that the proposed scheme measures
a completely unknown phase with the variance attaining the Heisenberg limit. The
result of numerical simulations VH = 0.1328 − i0.0001 confirms the analytical value
presented in Table 7.2. For the 2-photon scenario, the probability distribution for
√
√
Note that ∣D⟩ = 1/ 2 (∣H⟩ + ∣A⟩) and ∣A⟩ = 1/ 2 (∣H⟩ − ∣A⟩) represent diagonal and antidiagonal polarisation states, the eigenkets of σ̂x .
1
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Figure 7.10: Probability distribution pφ of different measurement results: (a) 3-photon
protocol, and (b) 2-photon scheme. The ensemble average in the Holevo variance VH is
calculated over an ensemble with size nens = 50 × 103 .

4 different measurement results show the same behaviour, see Fig. 7.10(b). For
this protocol, the result of simulations VH = 0.5276 + i0.009 is also in a very good
agreement with the analytical value, presented in the above mentioned table.
It is important to note that the Heisenberg-limited interferometry protocol, presented in Sec. 6.5.3, achieves the Heisenberg uncertainty limit only on average. In
other words, if we fix the true phase φ at some arbitrary value in the interval of
[0, 2π), then the Holveo variance might be smaller or larger than (or even equal to)
the analytical values. In fact, scanning the entire interval from 0 to 2π shows that
the variance oscillates around an average value which is equal to the Heisenberg
limit. This is illustrated in Fig. 7.11 for 3- and 2-photon protocols, respectively.
In all runs of the numerical simulation the true phase φ is chosen to be some
fixed value. The procedure for obtaining different bits of the phase is the same
as discussed in between the lines of Eqs. (7.41) and (7.49). However, to calculate
exp [i (φ − φest )] we use the following relation for the true phase φ:
⎤
⎡
1
⎥
⎢ 1 1 1
⎢
⋯ ∑ nφ0 φ1 ⋯φK exp (iφest )⎥⎥ ,
φ = arg ⎢
∑
∑
⎥
⎢ nens φ0 =0 φ1 =0 φK =0
⎦
⎣

(7.50)

where for a given string of the phase bits φ0 φ1 ⋯φK the estimated phase φest is
calculated using Eq. (6.20). Here nφ0 φ1 ⋯φK represents the number of times that a
specific pattern of binary digits occur.
It can be seen that the scheme produces precise estimation where the true phase
is set at one of the 2K+1 possible values that might be obtained as an estimation for
the phase in any single run of the simulation (or experiment). In contrast, for any
points in between these specific values the estimation is less precise to the extent that
for points in the middle of these high precision estimated phases, the uncertainty
increases to a maximum value.
Increase in the number of resources N shows its impact on enhancing the phase
estimation precision. When employing more resources, the phase dependent fluc-
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Figure 7.11: Variation of the Holevo variance as a function of phase: (a) 3-photon protocol,
and (b) 2-photon scheme. The solid red line shows the SQL, and the dashed orange line
represents the average of the variance over the interval [0, 2π). The simulation results of
Heisenberg-limited interferometric protocols show that the variance on average is equal to
the exact Heisenberg limit value given in Table 7.2.

tuations around the Heisenberg limit have smaller amplitude, see Fig. 7.11. Also
the oscillation frequency (N + 1)/(2π) of the Holevo variance is directly related to
the number of resources. It might also be expected to have the minima be equal to
zero. However, since we are using a state which has been optimised for an unknown
φ, this is not the case. In oder to have all minima zero, we should find the optimal
state for a given minimum point.
In Figs. 7.12–7.13 we plot the probability distribution of 2K+1 possible outcomes
that may be obtained in a single run of the simulation as a function of φ. When
the latter is chosen to have one of the possible bit strings (φ0 φ1 ) ∈ {00, 01, 10, 11},
the performance of the protocol in estimating the phase is more precise. It is worthwhile to stress that this does not imply that the algorithm is phase dependent. As
emphasised before, the uncertainty for measuring an unknown phase in the interval
[0, 2π) is on average equal to the exact Heisenberg limit. This represents the fact
that the initial phase is not known. Comparing Figs. 7.12–7.13, it is evident that
by increasing the number of resources N , the probability distributions get more
localised. This is an indication of precision enhancement. In the next section we
study inefficiencies that are inevitable in experiments and affect the performance of
the phase measurement protocols.

7.2
7.2.1

Experimental imperfection considerations
Optical mode mismatch

The non-classical HOM interference is at the heart of quantum CNOT gate. The
two photons incident on a beam splitter exhibit perfect interference pattern only if
they are in the same spatial, temporal, spectral and polarisation modes. It is often
relatively easy to erase distinguishability in all but the spatial mode. We will explain
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Figure 7.12: Probability distribution of different outcomes as a function of true phase φ
for the 3-photon protocol. It is expected when φ is set at one of the 8 possible results,
(φ0 φ1 φ2 ) ∈ {000, 001, ⋯, 111}, the precision of the phase estimation algorithm is higher.
The probabilities are given by Pφ0 φ1 φ2 = nφ0 φ1 φ2 /nens . That is, for a given phase φ, the
occurrence frequency of a certain result is calculated. We do this in steps of 5 degrees for
one full revolution of φ ∈ [0, 2π). The red dots are the results of numerical simulations,
and the solid orange curves have been fitted. In all plots, nens = 50 × 103 .
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Figure 7.13: The same as in Fig. 7.12, but for the 2-photon protocol with 4 possible
outcomes. Also the probabilities are obtained by dividing Pφ0 φ1 = nφ0 φ1 /nens , because via
this protocol the phase is estimated up to only two significant digits.

in the next chapter how to make sure that the two photons are indistinguishable in
temporal, spectral and polarisation modes, to a good approximation. Our aim here
is to focus on modelling the spatial mode mismatch.
Precise alignment of optical elements becomes crucial when it comes to constructing an experimental interferometer set up. This is because any deviation from an
ideal alignment would have detrimental effects on the quality of the non-classical
interference. Although we usually draw the beam paths as straight lines with pointlike cross sections, in practice, they have finite-size cross sections. This implies that,
in fact, the two photons do not overlap on the beam splitter on a single point, but
over a region of some finite area. Any imperfection in the overlap of the two input
modes gives rise to a spatial mode mismatch.
To model this spatial mode mismatch, two extra modes are introduced, v̂2 for
mode â and v̂4 for mode b̂, as illustrated in Fig. 7.14. Here â and b̂ are the main
part of the incoming beams which overlap with each other on the beam splitter
and v̂2 and v̂4 are initially in a vacuum state. Two ancillary modes v̂1 and v̂3 are
included in the model to overlap with v̂4 and v̂2 , respectively. The former results
in the mismatch output modes v̂1o and v̂4o , and the latter produces output modes v̂2o
and v̂3o .
The degree to which the modes overlap are described by the reflectivities of the
first two beam splitter, ξ1 and ξ2 . This can easily be seen by writing the field
amplitudes transformation under the beam splitter operation. For example, for the
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Figure 7.14: Conceptual representation of HOM interferometer with spatial mode matching. The mismatch is modelled by splitting the two input modes â and b̂ into two modes
each, and assuming that only some subset of these resulting modes interfere.

BS with reflectivity ξ1 and the output modes âi and v̂2i we have
√
√
âi =
1 − ξ1 v̂2 + ξ1 â,
√
√
v̂2i =
1 − ξ1 â − ξ1 v̂2 .

(7.51a)
(7.51b)

Perfect spatial mode matching occurs when ξ1 = 1. The same discussion holds for
the other BS with reflectivity ξ2 .
In an ideal HOM interference phenomenon the probability of having one photon
in each output port of the 50:50 BS is zero. This was shown in Eq. (5.13) where
we calculated the coincidence detection probability. Here the same approach is
employed with the difference that the probability of measuring a coincidence photon
detection is
pcoin = ⟨n̂aD n̂bD ⟩
(7.52)
where
n̂aD = n̂v̂2o + n̂âo + n̂v̂1o ,
n̂bD = n̂v̂4o + n̂b̂o + n̂v̂3o

(7.53a)
(7.53b)

are the photon number operators for the upper and lower ports, respectively. This
means that all the 9 combination of the output modes are taken into account as a
successful coincidence event. In other words, each detector (one in the upper ports
and the other in the lower ones) counts photons from both the main output mode
and the other output modes generated due to the mode mismatch. Note that for the
perfect mode match, ξ1 = ξ2 = 1, the coincidence probability is equal to ⟨n̂ao n̂bo ⟩ = 0,
as expected. After some algebraic calculations it is straightforward to show that
pcoin = ⟨n̂aD n̂bD ⟩ =

1
(1 − ξ1 ξ2 ) .
2

(7.54)

(See the details of the calculations in Appendix B). From the above equation it is
evident that the coincidence probability vanishes when the modes perfectly match,
and acquires the classical value of 1/2 for the imperfect mode match case described

Theoretical analysis of the input state for Heisenberg-limited metrology

157

1.0
Ν
1.0

0.6

0.8

Ξ2

0.8

0.6

0.4
0.4

0.2

0.2
0

0.0
0.0

-6
-4
-2
0246

0.2

0.4

0.6

0.8

1.0

Ξ1

Figure 7.15: HOM-dip visibility ν as a function of mode matching parameters, Eq. (7.55).

by 1 − ξk = 1 for k = 1, 2.
The impact of mode mismatch is noticeable in the dip visibility of the HOM
interference. The larger the mode mismatch the more the dip visibility deviates
from it maximum value of 1. Besides, HOM-dip can be experimentally measured
which gives an indication of how well photons non-classically interfere. Using the
coincidence probability, Eq. (7.54), the dip visibility can be expressed as
ν=

⟨n̂aD n̂bD ⟩max − ⟨n̂aD n̂bD ⟩min
= ξ1 ξ2 .
⟨n̂aD n̂bD ⟩max

(7.55)

Figure 7.15 shows how the dip-visibility changes from 1 at ξ1 = ξ2 = 1, where the
two output modes âo and b̂o perfectly overlap, to its minimum value of 0 at ξ1 = 0
(and/or ξ2 = 0), where the two modes completely mismatch.
We use this model to study the effect of non-ideal mode matching in attempting
to create the optimal state. Of course, the produced state will no longer be the exact
optimal state, and as a consequence the phase estimation precision is reduced. The
question to be answered is: how much does the variance deviate from the Heisenberg
limit? For this purpose, some ancillary modes are introduced to the ideal circuit,
in the same way as for Fig. 7.14. Each such a mode combines with a main mode
on the beam splitter with reflectivity ξ. This is shown in Fig. 7.16 by the light-grey
diamonds, where for the sake of clarity the ancillary modes are not illustrated. In
this diagram we also use some other beam splitters by dark-grey diamonds with
reflectivity ζ to take into account the efficiency of the photon-pair detection, also
known as the heralding efficiency, in the SPDC process. The reason why we have
placed them in the very beginning is because of linear optical quantum computing
that allows us to shift inefficiency from detectors to the beginning. That is, it does
not matter where in the circuit we include imperfect detection.
Including all these new modes in the scheme, the circuit in total has 36 modes.
In the framework of the formalism presented in Sec. 7.1.2, it is straightforward to
construct the S matrix for this circuit and do the mode calculations. Note that all
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efficiency.
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Conceptual circuit diagram for modelling mode mismatch and heralding

BSs that are used for modelling, the mode mismatch and the heralding efficiency, are
taken to be asymmetric. Also, although the reflectivities are taken to be the same
for all light- and dark-grey BSs, they do not necessarily have the same values. This
is something we could change in the simulations to an arbitrary value. However,
since the alignment of each optical elements is usually done with almost the same
accuracy, it is then a very good approximation to take them equal. Regarding the
heralding efficiency of photon-pair detection in the SPDC process, single photon
sources are optimised in such a way that all of them have often the same heralding
efficiency.
In Fig. 7.17 we plot the variation of the Holevo variance as a function of the mode
mismatch for the 3-photon protocol. In the absence of any mode mismatch, ξ = 1,
the uncertainty attains the Heisenberg limit. However, as the perfect overlap of
the optical modes becomes progressively worse, the precision in phase estimations
drops. With only 7% of mode mismatch, the SQL is beaten by a small amount
provided that no other experimental imperfections are present. In the next section
we separately consider the effect of multi-pair generation in the SPDC process on
the protocol performance.
Note that for the 2-photon protocol we do not go through this analysis. This is
mainly because the optimal state can experimentally be generated with high fidelity
and purity in a couple of hours. That is, we are able to simulate the scheme using
the result of quantum state tomography. This would tell us exactly what should
be the uncertainty in the phase estimation, taking into account all experimental
imperfections.

7.2.2

Higher order terms in the SPDC process

As discussed in Sec. 5.2, the output of a SPDC process, Eq. (5.6), is dominated
by the single-photon pair generation with overall efficiency ε which is proportional
to the pump power. For a pulsed SPDC source, the peak power is high enough

Theoretical analysis of the input state for Heisenberg-limited metrology

159

0.30
0.25

SQL

VH

0.20
0.15

æ

æ

æ

æ

æ

æ

æ

æ

0.10
HL
0.05
0.00
0.00

0.01

0.02

0.03 0.04
1-Ξ

0.05

0.06

0.07

Figure 7.17: Effects of mode mismatch on the phase estimation precision. We plot
the result of numerical simulations for the Holevo variance in terms of mode mismatch.
Heralding efficiency is set at 13% for all simulations.

that the contribution of a pair of multi-photon is not negligible. Of course, one
way to reduce the production of higher order components in SPDC process is to
operate the laser at very low power (in our setup at around 10mW). However, this
significantly decreases the source brightness, which means that the count rates drop
by a noticeable amount. For some tasks this might be a feasible strategy, but when
it comes to multi-photon quantum information protocols this makes it impossible
to complete the experiment in a reasonable time frame.
The presence of multi-photon pairs introduces some experimental imperfection
towards creating the optimal state, as did the optical mode mismatch. Here, our
aim is to model the effect of higher order terms that appear in the output state of
a SPDC process on the 3-photon protocol performance.
Since the available commercial detectors we use are not photon-number resolving,
they register at most one click for any non-zero number of incident photons. In
addition, the detectors are not 100% efficient. This means that for a detector with
efficiency µ, the probability p(r∣n) of detecting r out of n incidence photons is given
by Eq. (2.76). It is easy to show that the probability that such an inefficient detector
goes click for a given n-Fock state is equal to
pclick (n) = 1 − (1 − µ)n .

(7.56)

For example, with two photons impinging on the detector, the probability of detection both of them is p(2∣2) = µ2 , and the probability of detecting either of them is
p(1∣2) = 2µ(1 − µ). Note that the prefactor 2 shows that the latter event can take
place in two different ways. Thus the probability for a click is obtained by adding up
all the possibilities pclick (2) = p(2∣2)+2p(1∣2) = 1−(1−µ)2 . In Fig. 7.18(a) we plot the
probability that an inefficient detector fires for three different number of incoming
photons. It is evident that the probability of getting a click is higher so long as the
detection efficiency is not perfect. The detectors2 that we use in the experiments
2

R
Excelitas○
single photon counting module, an avalanche photodiode-operated detector.
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Figure 7.18: (a) Probability for a “click” of inefficient detectors for three different number
n of incident photons. For detection efficiency µ less than unity, the higher the number of
impinging photons the higher the probability of a click. (b) and (c) show the probability
of detecting r photons out of 2 and 3 incident photons, respectively.

have an efficiency that is typically in the range 60 − 65%. Thus, if the experiments
run in a regime in which multi-photon pairs are generated in the SPDC process,
imperfect detectors will lead to capturing events other than those from the optimal
state. Figures 7.18(b) and (c) illustrate the probability for detecting r photons from
2 and 3 incident photons, respectively.
In order to see how higher order terms in the SPDC process affect the creation
of the optimal state, we need to modify the input state ∣ψin ⟩, Eq. (7.35). In an ideal
situation there should be a single horizontally polarised photon in mode a, that is,
∣ψa ⟩ = â†H ∣0⟩. In fact, this single photon state is heralded by its pair in the trigger
mode “t”, as was explained in Sec. 5.2. This heralded photon can be produced via
a type-I SPDC source in which a vertically polarised pump photon is ideally down
converted into a pair of horizontally polarised photons. Thus, to be precise, the
output of the SPDC source, which is fibre coupled into modes a and t, should be
written, up to third order, as
∣ψat ⟩ ≈ (1 + ε1 â†H t̂† +

ε21 † 2 † 2 ε31 † 3 † 3
â t̂ + âH t̂ ) ∣0⟩,
2 H
6

(7.57)

where t̂† is the creation operator for the trigger mode. The reason why we keep up
to the third order term is because in the 3-photon protocol the measurements are
done in 3-photon coincidence counting. In other words, there should be one photon
in each of the modes a, b, and c. This becomes clearer below when we expand
the output state of the second SPDC source from which the vacuum state together
with the 3-photon pairs from the first source may end up as a successful coincidence
event.
To create the required input state in modes b and c, Eq. (7.8), another typeI SPDC source can be employed. In this case two relatively thin crystals with
perpendicular optic axes that are stacked together serve as a nonlinear medium.
Thus, assuming that the pump photon is in a normalised coherent superposition
state β∣H⟩ + γ∣V ⟩, the output of the SPDC process in an ideal situation will be [211]
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Figure 7.19: Circuit diagram for multi-photon pair generation in SPDC process and
inefficient detection. For a two-photon pair input state in the main modes t and aH there
are 4 different possibilities for a coincidence event, see Table 7.3, in which both detectors
Dt and Da simultaneously (in a coincidence interval) register a click. v̂t and v̂a are initially
in a vacuum state.

∣ψSPDC ⟩ = (β b̂†V ĉ†V + γ b̂†H ĉ†H ) ∣0⟩

(7.58)

where by relevant unitary operation the state ∣ψbc ⟩ is obtained
∣ψbc ⟩ = Û (ϑb )Û (ϑc ) [γ b̂†H ĉ†H + β b̂†V ĉ†V ] Û † (ϑb )Û † (ϑc )∣0⟩,
≡

(α0 b̂†H ĉ†H

+ α1 b̂†H ĉ†V

+ α2 b̂†V ĉ†H

(7.59)

+ α3 b̂†V ĉ†V ) ∣0⟩,

where Û (ϑ) = exp [−iϑ (b̂†H ĉV + b̂H ĉ†V )] describes the effect of some linear optical
elements which coherently transfer excitation from one mode to the other. Now
all we need to do, is to add vacuum and two-photon pair terms in the bracket in
Eq. (7.59) to obtain
∣ψ̃bc ⟩ ≈ Û (ϑb )Û (ϑc )[1 + ε2 (γ b̂†H ĉ†H + β b̂†V ĉ†V ) +
2
ε22
(γ b̂†H ĉ†H + β b̂†V ĉ†V ) ]Û † (ϑb )Û † (ϑc )∣0⟩.
2

(7.60)

Thus, using Eqs. (7.57) and (7.60), the input state, by taking into consideration
multi-photon detection events, becomes
∣ψin ⟩ = ∣ψat ⟩∣ψ̃bc ⟩.

(7.61)

This input state should be post-selected by counting only successful events in which
one photon is detected in each of the three modes. That is, only 3-photon amplitude
terms of orders ε1 ε2 , ε1 ε22 , ε21 ε2 , ε31 are chosen.
In addition to these higher order terms, we introduce losses for considering inefficient detection (or heralding efficiency) in the same way we did for the mode
mismatch analysis. However, the situation here is different in that the probability
for a click includes contribution from multi-photon pairs. For instance, consider
the second order term in Eq. (7.57), describing the state in which there are two
photons in each of the modes. This is shown in Fig. 7.19 in which the detection is
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Table 7.3: Coincidence detection due to two-photon pair generation in the SPDC process
and loss in the detection system. There are four different possibilities that all is interpreted
as a single event, that is, coincidence detection by detectors Dt and Da .

∣n̂aH , n̂va , n̂t , n̂vt ⟩
after BSs
∣2, 0, 2, 0⟩
∣2, 0, 1, 1⟩
∣2, 0, 0, 2⟩
∣0, 2, 2, 0⟩
∣0, 2, 1, 1⟩
∣0, 2, 0, 2⟩
∣1, 1, 2, 0⟩
∣1, 1, 1, 1⟩
∣1, 1, 0, 2⟩

Successful
event
3
3
7
7
7
7
3
3
7

not efficient. Starting with two photons in modes t and aH , there 3 × 3 = 9 ways
in which the input photons can be split among the output modes. This is because
with probability p(r∣2) for r = 1, 2, one and two photons are detected, respectively,
and with p(0∣2) both incoming photons end up in the dump port. Out of these,
only 4 are counted as a successful event in which both detectors Da and Dt in a
coincidence interval (3 ∼ 5 ns in our experiments) fire. Table 7.3 shows these event
with ∣n̂aH , n̂va , n̂t , n̂vt ⟩ denoting the Fock state after the beam-splitters, and n̂m is
the photon-number operator for mode m.
Applying the same method of counting coincidence events for other modes in
the circuit diagram of Fig. 7.9, numerical simulations of the protocol can be accomplished along the lines that was described in the last part of Sec. 7.1.2. The two
important parameters in the calculations are the overall efficiencies ε1 and ε2 of the
two SPDC sources. These can be determined through experimental measurements
on the down-converted photons. Given that the count rate of the signal and idler
photons are denoted by s1 and s2 , respectively, and the coincidence rate by C, then
the corresponding heralding efficiency λl = C/sl for l = 1, 2. The coincidence rate for
a pulsed SPDC source is related to the overall efficiency according to [212]
C = R λ1 λ2 ε2 ,

(7.62)

where R is the repetition rate of the pulsed laser3 . Thus, depending on the pump
photon power, the heralding efficiencies and the coincidence count rate vary, and
as a result ε changes accordingly. For the series of experiments that we conduct, ε
is found to be approximately in the range [0.05, 0.1]. In Fig. 7.20(a) we plot the
result of numerical simulations for the Holevo variance in terms of ε1 , while keeping
the other parameter fixed at ε2 = 0.05. The heralding efficiency is fixed at 13%, as
before. Figure 7.20(b) depicts the same graph but with the two overall efficiencies
swapped. Comparing these plots with the one shown in Fig. 7.17, suggests that mode
3

For the femtosecond Ti-Sapphire laser that we use in this thesis R = 80MHz.
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Figure 7.20: Variation of the Holevo variance as a function of the overall efficiency of (a)
the first SPDC source, while ε2 = 0.05, and (b) the second SPDC source while keeping
ε1 = 0.05. The heralding efficiency is fixed at 13% for both plots.

mismatch wold have more adverse effect on the protocol performance. However, in
a real experimental world these imperfections are present at the same time, and
consequently, it makes sense to expect less precision in the phase estimation in comparison to the situation where only one of them affects the measurements accuracy
at a time. In order to see how well the 2- and 3-photon phase measurement schemes
work in the presence of all imperfections, we use experimental quantum state tomography results and feed them in the numerical protocol as the input state. We
will see the result of this process in the next chapter when presenting the results of
state tomography.

7.3

Conclusion

In summary, we theoretically analysed the Heisenberg-limited interferometry protocol with using 2 and 3 photons, corresponding to 3 and 7 resources, respectively.
In particular the polarisation degree of freedom was employed to encode information. In order to create the optimal state for each scenario a quantum circuit comprising of the Controlled-NOT gate has been proposed. Since this entangling gate
is non-deterministic, the optimal state is obtained by post-selecting the outcome.
However, from a practical point of view, there are some imperfections in generating
the optimal state. We studied the effect of mismatch in the optical modes, loss in
the detection system, and multi-photon pair production in the SPDC process on
the protocol performance. It turns out, these factors can detrimentally affect the
precision in the phase estimation. For instance, with only 7% mode mismatch the
uncertainty is only slightly less than the SQL, and we predict that including the
impact of multi-photon pair generation would increase it above this limit. In the
next chapter we present the experimental results for characterisation of the photon
sources and the entangling gate.
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Chapter 8
Experimental optical phase
measurement at the Heisenberg
limit
In this chapter we report the experiments aimed at creating the optimal state using
polarisation encoded-information photons, and predict the phase estimation protocol
performance using the reconstructed state matrix. This allows us to know whether
the generated state will be good enough to achieve the HL in the full protocol or
whether it requires improvements. We begin by describing the single and entangled
photon sources followed by explaining the entangling gate, and how various optical
components in it manipulate photons in order to realise the target state. Results
and discussion for each of the two- and three-photon protocols are discussed. Specifically, we demonstrate that the exact Heisenberg limit can be achieved in the former
protocol. This is the main message of this part.
Acknowledgment. Through various stages of the experiments I was guided by
Sergei Slussarenko and Geoff Pryde. The generation of the pump pulse via SHG
process has been done by Sergei, and we both equally contributed in setting up
the SPDC sources. I designed and built the gate in consultation with Sergei, and
he later on did some modification. The measurement setup for phase estimation
was designed by me, Sergei and Geoff. In particular, I and Sergei came up with
the layout and Geoff had an idea how to implement the unknown and feedback
phase. Sergei wrote Labview codes to collect data, and I wrote Matlab scripts to
calculate estimated phases and variances, and have done error analysis. For quantum
state tomography we used Matlab scripts written by Nathan Langford which was
subsequently integrated into LabVIEW for the purpose of three-qubit tomography
by Raj Patel. We have also used a tip suggested by Allen Boston to tailor the code
for our needs.
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We have discussed in Sec. 5.2 how single photons can be produced through a
spontaneous parametric down conversion process. Towards the end of that section,
it was mentioned that the pump beam could be from either a CW laser or a pulsed
laser, without further remarking on the properties of the light field used to illuminate
the non-linear crystal. As a matter of fact, it is inevitable for creating multi-photon
entangled states to employ pulsed lasers to pump the SPDC sources [213]. This is
necessary for generating indistinguishable single photons from independent sources.
Pulsed lasers such as femtosecond mode-locked Titanium sapphire (Ti:sapphire)
oscillators are intense enough to produce multi-photon pairs in the SPDC process.
That is, the parameter ε in Eq. (5.6) is not very small. To observe non-classical
interference, i.e. coherent generation of down-converted photons, the temporal uncertainty in creation of photons must be smaller than their coherence time. This
can be achieved by limiting the interaction time between the pump beam and the
crystal by using pulsed lasers and, perhaps, thinner crystals. An important factor
here is choosing a right pulse length. A consequence of long pulses is that the daughter photons would exhibit less time correlation. At the other extreme, short pulses
generate photons with broader spectral bandwidth, resulting in a shorter coherence
time. It has been experimentally shown that the ideal range is 100-200 fs, depending
on the central wavelength [213].
In order to increase the coherence time and to reduce distinguishability (due to
spectral-entanglement-based mixture) of the down-converted photons, they have to
be spectrally filtered with a relevant bandwidth ∆λ, normally of a few nm. Although
spectral post-selection compensates shortening of the coherence time, this comes at
the cost of losing photon flux available for detection. This is because of the narrowband spectral filters being used, and the fact that they are not fully transmissive.
Therefore, there is a trade-off in choosing how narrow band-pass spectral filters
should be and the count rates of photons. In our experiments, we use customised
interference filters with 2 nm bandwidth and approximately 96% peak transmittance.

8.1.1

Lasers

Pump photons in our experiments are mainly supplied by a mode-locked “Tsunami”
laser from Spectra Physics which uses Titanium-doped sapphire solid state laser
medium. This laser is pumped by a CW diode-pumped solid state laser called “Millennia eV”. The fibre-coupled output form the diode module pumps a Nd-doped
Vanadate crystal which emits light at 1064 nm, resonating in the Millennia cavity.
Subsequently, through a frequency-doubling process, using a noncritically phasematched lithium triborate (LBO) crystal, this light is converted to the green 532
nm light that is the output of the laser unit. Dust tubes enclose the green pump
beam path into the Tsunami system to improve the performance.
The mode-locked Tsunami laser that produces femtosecond pulses is configured
for a standard wavelength tuning range of 720−850 nm with maximum average power
of 1.5 W at 800 nm at a repetition rate of 80 MHz which requires a longer cavity
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than in a CW laser, where this cavity houses 10 mirrors and 4 prisms [214]. The
wavelength can be tuned using a prism sequence and a slit. There is a region among
these prisms where the wavelengths are spatially decomposed. A slit is placed in
this dispersed beam where by adjusting its position, the output wavelength is tuned.
The bandwidth of the output pulse can also be tuned by varying the slit width.
Two factors underlie changes in the pulse width: those intrinsic to the Ti:sapphire
medium and those from cavity parameters. The former is out of our control but the
latter can be addressed by modifying the net group velocity dispersion (GVD) of
the cavity. Pulse broadening occurs mainly due to the introduction of positive GVD
from the optical elements in the cavity. In order to compensate this, a negative
GVD is generated by using a pair of prisms. All of these prisms and the slit can be
controlled by an experimentalist using selectors on top of the laser head.
For the experiments conducted in this thesis, the Tsunami operates at 820 nm
with a pulse duration of approximately 125 fs, corresponding to a FWHM of 7−9 nm.
The output pulse has the TEM00 spatial mode, it is vertically polarised with the
contrast ratio of 500:1, and its diameter is almost 2 mm.

8.1.2

Optical setup and alignment

The output beam of the Tsunami is directed with two ultrafast mirrors1 into
the source setup. To generate pump photons for the SPDC process, the infrared
820 nm laser light is focused onto a 2 mm LBO crystal using a planconvex lens with
f = 75 mm focal length. Through second-harmonic generation process a fraction
of incident light is converted to UV blue light at 410 nm with an average power of
approximately 200 mW. To adjust the brightness and polarisation of the infrared
light, the LBO crystal is preceded with two HWPs and a linear polariser in between.
Another f = 75 mm lens collimates the UV light, and two dispersive prisms2 are
placed after that in order to spatially spread the light so that the infrared pump
photons are separated form the frequency-doubled blue photons. To further suppress
the residual red light, two short-pass dichroic mirrors with 98% reflectivity are used.
This UV beam is used to pump a paired Bismuth Borate (BiBO) crystal arrangment,
each crystal 0.5 mm thick, for type-I spontaneous parametric down conversion. The
pump photons are focused using a f = 400 mm lens after traversing a linear polariser
and a HWP that allows us to vary the incident photons polarisation. A similar
arrangement is employed to set up the second SPDC source. This includes the
following optical components: a f = 250 mm lens, a linear polariser, a HWP, a
pre-compensating crystal which we explain below, and a sandwiched BIBO crystal.
The position and focal length of the lenses in preparing and collecting single
photons have been calculated by means of a software for Gaussian beam propagating. This allows us to achieve better down-conversion and fibre coupling efficiency.
All optical elements are antireflection (AR) coated for appropriate wavelengths of
410 nm and 820 nm. Beam quality measurements before the first BiBO crystal determines, for example, the ellipticity of the pump pulse which can be done by means of
1
2

UM10-45A from Thorlabs.
PS856-F2 equilateral dispersive prism, 15 mm.
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a beam profiler. We never observed a perfect circular Gaussian beam, even though
we a used telescope to correct the beam.
To collect the generated single photons from both sources we proceeded as follows.
Given that the half opening angle of the cone of the down-converted photons is 3
degrees, two 10 mm right angle prism mirrors3 with leg dimension of 10 mm were
placed at an appropriate distance away from the BiBO crystal so that the daughter
photons get reflected off them towards two fibre coupler stages. The latter collect
and focus the light beam with a f = 15.29 mm lens onto a AR coated single mode fibre
of 2.8 µm core radius4 . These fibres only let the Gaussian TM00 mode propagate,
meaning that they spatially filter modes. However, fibres are under stress, and
the twist and turn introduce some unwanted birefringence in optical fibres, leading
to changes of the polarisation state. Polarisation of the signal and idler photons
inside the fibres is controlled by the so-called fibre polarisation controllers which
have paddles for being loaded with fibres in different number of loops according to
the wavelength. This allows us to rotate the state vector on the Poincaré sphere
to convert between linear, circular, and elliptical polarisation states, or to correct
for the unwanted polarisation rotations described. Also, in order to make sure that
no pump photon is collected, long-pass spectral filters5 are screwed in to the fibre
couplers.
For the second SPDC source the situation is a bit different in that we want to
pump both crystals to generate a state like the one in Eq. (7.58). This means that
there are two overlapping cones of down-converted photons. In order to efficiently
and symmetrically collect emitted light from both crystals, the cones should be
maximally overlapping. This is achievable by adjusting the paired BiBO crystal and
using a pre-compensating crystal. Since one crystal generates horizontally polarised
photons and the other produces photons with vertical polarisation state, and the
down conversion can happen at any point inside the crystals, then there is a temporal
delay between the two different polarisation. In particular, this is because the downconverted photons from the first crystal are slowed down by travelling through the
second one. The role of the pre-compensating crystal is to delay the photons that
pump the second crystal to erase the timing information.
To detect photons we use fibre coupled Excelitas single photon counting modules6
with detection efficiency of typically 60%. These detectors use a silicon avalanche
photodiode with an active area of approximately 180 µm to detect an incident photon. Any such detection triggers an electron “avalanche” that is amplified and
converted to a 7 ns TTL level pulse with typical height of 2.2 V which is available
at the BNC connector at the rear side of the module.
Signals from detectors then are sent to a coincidence logic unit in a card from
Universal Quantum Devices, which also houses a timing analyser and counters for
16 input ports. The timing resolution for coincidence counting is 156.25 ps, that
3

MRA10-E03, broadband dielectric mirror from Thorlabs.
SMF-HI780-3-FP-S-3 from oeMarket.
5
BLP01-594R-25, long-pass edge filter from Semrock.
6
SPCM-AQRH-12-FC with dark count of less than 500 per second, typical dead time of 22 ns,
and after pulsing probability of 0.5%.
4
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is very small compared to the coincidence time window of 3-5 ns we choose in the
experiments7 . Detecting photons simultaneously is essential for realising the optimal
states and ultimately in phase measurement protocols. But in the very first place
we encounter coincidence counting when collecting down-converted photons into the
fibre couplers. In other words, genuine coincidences confirm that the light coupled
to the fibres is being generated due to the SPDC process. Heralding efficiency of
the first source is 15% and that of the second source is a bit lower at 13.5% due
to the slightly more complicated arrangement of generating maximally entangled
state. It is easy to obtain the same figure as of the former if pumping one of the
paired crystals at a time. However, once photons get manipulated inside the gate,
the heralding efficiencies drop 3-4% because of the loss that the gate introduces. We
characterise the photon sources inside the entangling gate which will be explained
in the next section.

8.2
8.2.1

Experimental realisation of the optimal state
Optical elements characterisation

In order to create the optimal states required for the phase estimation schemes,
the optical components in the gate should carefully be characterised. Not only are
waveplates used in the polarisation analysis stages, but they are also employed to
prepare the optimal states. Thus, accurate calibration of waveplates and PBSs is
important in how precisely experiments are performed.
For characterising all optical elements we use an alignment 820 nm laser light
which is picked off from the Tsunami before the SHG process. To calibrate waveplates, two linear polarisers8 (LPs) with extinction ratio of 105 ∶ 1, and a power
meter (PM) are used, see Fig. 8.1(a). Using a motorised rotating stage, a HWP
is scanned in a quadrant to find a minimum. This must be seen when the optic
axis subtends an angle 45○ in which the state polarisation is flipped from horizontal
to vertical, or vice versa. With minimum incremental motion of 0.002 degree, the
automatic stage allows us to finely sweep the angle around the minimum point to
obtain a full fringe pattern. After fitting a sinus curve to this fringe, the optic axis
is calculated. Of course, not all waveplates are mounted in a motorised stage. In
that case, the HWP is manually dialed in steps of 1○ to find a complete fringe.
Through a similar procedure QWPs are calibrated, Fig. 8.1(b). However, in this
configuration, a minimum is obtained when a linear polarisation incident light is
rotated to a circular polarisation (again this occurs if the QWP is set at 45○ ). This
implies that the power reaches to its half minimum in comparison to the HWP case.
We use this QWP as a reference to characterise all other QWPs. In fact, keeping this
reference QWP and inserting another QWP in between linear polarisers, effectively
form a HWP only if their principal axes (fast axes) line up properly. As a result,
should the new QWP is set at 45○ , the intensity at the power meter goes to a full
7
8

The pump pulse duration is 12.5 ns, so true coincidences must be detected within this interval.
Glan-Taylor calcite polarisers (GT5-A) which are air-spaced birefringent crystal prisms.
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Figure 8.1: Calibration of (a) half waveplate, and (b) quarter waveplate. See text for the
details.

minimum.
Polarising beam-splitters and PPBSs are characterised using a setup similar to the
polarisation analyser, Fig. 5.5, with a difference that the QWP should be replaced
with a linear polariser. We use PBSs from CVI with an extinction ratio of 103 ∶ 1.
Although most of the PBSs meet this factory contrast ratio, some of them show
approximately 100 ∶ 1 or even less at the specified normal incidence condition. There
is a way to overcome this issue in the state tomography units by rotating the cube
slightly around a vertical axis so that the extinction ratio improves. However, this
trick cannot be employed in the gate where independent photons non-classically
interfere, because of beam overlap considerations. The same scenario also holds for
PPBSs with their exotic reflectivity feature. We are using custom-made PPBSs from
Asahi Spectra with extinction ratio of 100 ∶ 1 for horizontally polarised incident light,
and the splitting ratio of 0.312 ∶ 0.687 ± 0.001 for an incoming vertically polarised
beam. The deviation from the ideal value of 1/3 ∶ 2/3 can only be compensated for
PPBSs that are not used for Hong-Ou-Mandel interference. These are illustrated
with flipped PPBSs in the layout.

8.2.2

Three-photon state: results and discussion

The experimental setup is shown in Fig. 8.2 which consists of sources, entangling
gate, and polarisation state tomography. A single photon in mode “a” is heralded
by detecting a photon in the trigger arm, produced by the first SPDC crystal, and
a pair of entangled photons, generated from the second source, impinge on a PBS
and a PPBS. The gate operation can be understood as follows. Photons in modes
a and “b” play the role of control and target qubits for the non-destructive CNOT
gate discussed in Sec. 7.1.2. In order to realise this probabilistic gate, a PBS and 4
HWPs are used. This is equivalent to what has been illustrated in the conceptual
diagram in Fig. 7.9. After this gate, photons in modes a and “c” correspond to
control and target qubits of the probabilistic universal CNOT gate, shown in the
same circuit. The first (non-flipped) PPBS is central to the performance of the gate
as it is where photons non-classically interfere, whereas the other two operate locally
on photons inside the interferometer. Note that we flip these two PPBSs to switch
the reflectivity between the vertical and horizontal polarised photons. The first and

Experimental optical phase measurement at the Heisenberg limit

171

Figure 8.2: The experimental setup. Single and entangled photons are generated via
SPDC process, and enter the gate by traveling through single-mode fibres. Single photons
in mode “a” are heralded by the trigger arm. The control state for both CNOT gates is
encoded onto this mode. Entangled photons in modes “b” and “c” carry information for
target qubits. A swap operation between vertical polarisation of modes a and b preceded
and followed by two Hadamard operations (HWP at 22.5○ ) realises the probabilistic logical CNOT gate shown in Fig. 7.8. An interferometer consisting of three partial polarising
beam-splitters performs the operation of the probabilistic universal CNOT gate, Fig. 7.7.
The central PPBS (non-flipped) coherently combines the control and target qubits. The
output state is analysed by employing quantum state tomography. Successful events are
recorded by measuring 4-fold coincidences between the trigger, control, and target detectors. See text for the details.

last HWPs which are set to 22.5○ in the path of photon in mode c act as a 50:50
non-polarising beam-splitter of the interferometer.
We have seen in Sec. 7.2.1 about the importance of the non-classical HOM interference of photons in generating the optimal state. Although it was not explicitly
mentioned previously whether the photons that interfere are coming from two independent sources or not, the numerical simulations already took this factor into
account. Here we use this purely quantum interference effect to characterise the
gate which also serves as a measure for the source characterisation.
In our experiment, this interference phenomenon takes place between photons
in modes a and b in the PBS, and between photons in modes a and c in the first
PPBS. In order to observe interference, it is necessary to make sure that photons
are indistinguishable behind the polarising beam splitters, as discussed in Sec. 5.5.
The procedure here is a bit different though, and we separately explain it for PBS
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Figure 8.3: Experimental HOM interference of two independent photons. (a) A photon in
mode a produced by the first SPDC source interferes with a photon in mode b generated by
the second SPDC source in the PBS, see Fig. 8.2. The observed visibility is ν = (97 ± 3)%,
and the dip width is 229±19 µm. (b) Interference between photons in modes a and c in the
first PPBS. The observed dip visibility is ν = (79±2.5)%, and the dip width is 228±14 µm.
See text for the details.

and PPBS arrangements in the following.
Rather than having photons interfere on a spatial beam-splitter, we perform the
polarisation equivalent of this interference. Say that photons in modes a and b are
initialised in states ∣V ⟩ and ∣H⟩, respectively, see Fig. 8.2. Setting the HWP after
the PBS at 22.5○ then erases the polarisation information. This means that photons
actually interfere inside the HWP, and a high quality of interference indicates that
they arrive at the same time to the PBS. Before the detectors a PBS is used that
leads to possible coincidences ∣1aH , 1bV ⟩ and eiπ ∣1aV , 1bH ⟩, which cancel out through
interference, provided that the photons are the same in all other degrees of freedom. We use custom-made 2 nm spectral filters9 to make sure that the frequency of
photons are close to identical. The relative arrival time is controlled by adjusting
the distance that photons travel using a motorised translation stage. Detection of
each photon is heralded by the other photon in the pair production so that 4-fold
coincidences within a time window of 5 ns are counted. In Fig. 8.3(a) we plot 4-folds
counted in 1800 s by scanning the automatic translation stage around the dip position. After fitting a curve to the experimental data we calculate the dip visibility
which is ν = (97 ± 3)%, and the dip width is 229 ± 19 µm.
For the PPBS the situation is more or less the same. Photons in both modes a
and c are prepared in the vertical polarisation behind the first PPBS in the setup,
see Fig. 8.2. This implies that there is no distinguishability in the polarisation
degree of freedom. The same detection scheme as that of the PBS is employed
to detect coincidences. However, here, the expected visibility in an ideal case is
limited to 80%. This is because of the vertical polarisation reflectivity of ηV = 2/3
which can simply be verified by substituting this value in Eq. (5.14) to find the
corresponding dip visibility. HOM interference of the photons is shown in Fig. 8.3(b).
9

820-2 OD6 BP from Alluxa.
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Figure 8.4: Real (left) and imaginary (right) parts of the polarisation quantum state. (a)
III
Theoretical optimal state matrix ρIII
opt from Eq. (7.39). (b) Reconstructed state matrix ρexp
by quantum state tomography. Fidelity with respect to the optimal state, Fig. 7.39, and
purity of the state were calculated to be F = (81±1.4)%, and P = (75±1.9)%, respectively.

The counting time here is longer in comparison to that of in Fig. 8.3(a), because
of the loss introduced by the other PPBSs in the setup. The observed visibility
is ν = (79 ± 2.5)%, and the dip width is 228 ± 14 µm. Both dip widths are in
good agreement with the expected coherence length of lc ≈ 223 µm, for the central
wavelength of 820 nm, and 2 nm spectral width.
In order to analyse the output state of the gate, we perform three-qubit polarisation quantum state tomography. This requires a polarisation analysis unit like the
one shown in Fig. 5.5, for each of the K + 1 = 3 photons, and just a click/no click
type detection for the trigger photon. Successful events are recorded by measuring
4-fold coincidences across the trigger, control (mode a), and two target (modes b
and c) detectors. Each qubit is independently measured in the X, Y, and Z bases in
the Poincaré sphere so that the total number of measurement settings is 3K+1 = 27.
Since each measurement setting has 2K+1 = 8 possible outcomes (two for each qubit),
then the quantum state can be reconstructed using 216 projective measurements.
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Figure 8.5: Variation of the Holevo variance as a function of phase for the reconstructed
III
state matrix ρIII
exp (rectangular red points), and for the optimal state ρopt (circular orange).
For a completely unknown phase the variance is determined by averaging over all data
points. For the result of quantum state tomography this is depicted by a dotted red line
and for that of the ideal state by a dashed orange line. The SQL is shown by a solid line.
The phase is sampled in increments of 5○ equivalent to π/36 Rad.

In Fig. 8.4(a) we plot the real (left) and imaginary (right) parts of the optimal
III
III
state matrix ρIII
opt = ∣ψopt ⟩⟨ψopt ∣ using Eq. (7.39). Figure 8.4(b) shows the state matrix
ρIII
exp reconstructed by quantum state tomography employing a maximum-likelihood
estimation technique which was calculated from approximately 4200 fourfold coincidence events. The fidelity [215] with respect to the ideal state, Fig. 7.39, and
purity of this state was measured to be F = (81 ± 1.4)%, and P = (75 ± 1.9)%, respectively. The errors were calculated using a Monte Carlo numerical simulation of
the tomographic reconstruction, sampling from a Poissonian distribution of photon
counts[162].
III
To see how the phase estimation protocol performs using ρIII
exp instead of ρopt , we
simulate the algorithm through the procedure explained in Sec. 7.1.2. Figure 8.5
shows the result of simulations in which the Holevo variance is plotted as a function
of the unknown phase. Rectangular red data points represent the oscillation of the
variance around an average value of ∼ 0.446, dotted red line, for the reconstructed
state. This mean is almost as twice larger as the SQL, solid green line. The HL
precision for the optimal state on average is equal to 0.132, dashed orange line, and
for different phases oscillates around the mean value. This results determine that
the quality of the generated state is essential to be able to attain the theoretically
predicted HL.

There are a few factors that may have contributed in obtaining the above state.
In the previous chapter we considered some important experimental imperfections
such as optical mode mismatch and the presence of multi-photon pairs in the SPDC
process. Looking at the result of HOM dip visibility, Fig. 8.3, suggests that mode
mismatch should not have undermined the quantum interference effect. This would
make sense as long as the time that it takes to complete a state tomography is
comparable to that of a HOM scan. In fact, not only is not this figure the same
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Figure 8.6: Experimental HOM interference of two dependent photons. (a) A photon
in mode b interferes with a photon in mode c in the PPBS. The visibility is (79 ± 0.5)%,
and the dip width is 234 ± 5 µm. (b) Shows fluctuations in the position of the HOM-dip.
We have repeated the same experiment some 60 times where each took 600 s. Maximum
deviation of 5 µm around the average was observed.

for these processes in our experiments, but it is larger by a factor of at least 10
to reconstruct a three-qubit state matrix10 . It is then obvious that the stability
of the setup degrades during this time period, the result of which is introducing
spatial mode mismatch. Increasing the count rate will resolve this issue, but since
our SPDC sources are not efficient [216], this option must be ruled out until more
efficient sources are available. This is because, the only way 4-fold coincidence rates
can be boosted is by increasing the pump power which leads to amplifying the
probability of producing higher order terms in the SPDC output state.

8.2.3

Two-photon state: results and discussion

The optimal state required for the two-photon scheme can be obtained by realising
a single probabilistic universal CNOT gate. This has already been discussed above
in the setup description. For the purpose of the scheme considered here, the input
photons are merely produced from the second SPDC source–the first is not used.
In contrast to the three-photon protocol, there is no need to create an entangled
state by pumping the sandwiched crystals, and a pair of single photons is sufficient to
generate the optimal state. We described this earlier in Eq. (7.16). The non-classical
interference occurs between photons in modes b and c impinging on the PPBS.
Figure 8.6(a) shows the result of HOM type interference of these photons by 2-fold
coincidence detections. The count rate is significantly higher in comparison to the
case where interfering photons come from two independent sources. As discussed,
the dip visibility in an ideal situation would be 80%. We observed visibility of
ν = (79 ± 0.5)%, and the dip width was calculated from the fitted curve 234 ± 5 µm.
In order to make sure that the photons arrive simultaneously at the first PPBS,
10

For example, 18 hours was enough to collect data for the HOM interference in Fig. 8.3(a).
Compare this to 10 days for completing quantum state tomography.
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Figure 8.7: Real (left) and imaginary (right) parts of the polarisation two-qubit quantum
state. (a) Theoretical optimal state matrix ρII
opt from Eq. (7.12). (b) Reconstructed state
II
matrix ρexp by quantum state tomography. Fidelity with respect to the optimal state,
Eq. (7.12), and purity of the state were calculated to be F = (98.28 ± 0.2)%, and P =
(97.4 ± 0.4)%, respectively.

the fibre coupler in the path taken by photons in mode c is finely adjusted at
the position of the dip. The latter is often found with a very good precision for
dependent HOM scans as the data is less noisy. That is, it is far easier to collect
huge amount of successful events in a shorter time as opposed to the interference of
two independent photons. However, we have observed that minimum of the dip is
not steadily fixed in a single point, and in fact, it fluctuates. Figure 8.6(b) illustrates
the variation of HOM-dip position for successive runs of the same experiment. Each
scan took 10 minutes and it was repeated 60 times. The maximum deviation of 5 µm
around an average value can be attributed to changes in the lab temperature that
may have underlay expansion and/or contraction of micro-scale springs in different
optical components. This alteration of the dip position would have detrimental
effects in the gate operation if the coherence length of photons are comparable to
the fluctuations. In our experiments, with coherence length of well above 200 µm,
it should have none or little impact on the gate performance.
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Analysis of the output state of the entangling gate is done by performing twoqubit state tomography. Measuring each of the K + 1 = 2 qubits independently,
through the same method we did for the three-qubit state matrix reconstruction,
requires in total 3K+1 = 9 measurement settings {XX, XY, ⋯, ZZ}. For each measurement setting, there are 2K+1 = 4 possible outcomes being considered as successful
2-fold coincidence events. Thus 36 projective measurements are employed to reconstruct the state matrix. Figure 8.7(a) shows the real (left) and imaginary (right)
II
II
parts of the optimal state matrix ρII
opt = ∣ψopt ⟩⟨ψopt ∣ using Eq. (7.12). We plot in
II
Fig. 8.7(b) the state matrix ρexp reconstructed by quantum state tomography. Total
number of approximately 32000 twofold coincidences event were used to calculate the
state matrix. The fidelity of this state with respect to the optimal state, Eq. (7.12),
was measured equal to F = (98.05 ± 0.3)%, and its purity is P = (96.46 ± 0.6)%.

8.3

Achieving the exact Heisenberg limit for N = 3

As with the three-photon scheme, we can determine the potential performance
of the two-photon protocol using the reconstructed state matrix described above.
The results of simulations which are presented below show that employing this
state will significantly improve the performance of phase estimations. This led us
to fully implement the protocol to experimentally determine the accuracy of phase
measurements. In what follows we first present the experimental setup for phase
estimation and then discuss the simulation and experimental results.
In Fig. 8.8 we plot the schematic diagram of the experimental apparatuses used
in phase measurements. We have already discussed how to generate the optimal
state required by the scheme in order to attain the Heisenberg limit. Here we
concentrate on the measurement stage (separated with a light grey background)
of the experiment equivalent to the part of the circuit shown in Fig. 7.4 after the
optimal state preparation. To realise unitary operations U 2 and U applied on modes
b and c, respectively, in the latter figure, we use a 2 inch HWP as a phase shift
element. This can be easily distinguished from other optical elements in the central
part of the phase measurement stage. Since we apply an unknown phase φ using this
waveplate let us call it for simplicity unknown half waveplate (UHWP). To change
the controllable phase θ, shown as a feedback unitary operation R(θ) in Fig. 7.4,
a HWP is employed. This is placed after the UHWP in mode c (shown with a
white rim) right before the polarisation measurement stage (this latter is composed
of a QWP, HWP, and a PBS followed by the interference filter and a detector).
For future reference we call this feedback half waveplate (FHWP). Both of these
waveplate are set using automatic motorised stages to cancel systematic and human
errors as much as possible.
To encode both unknown and controllable phases we proceeded as follows. The
prepared state at the end of the gate is ideally in the form of Eq. (7.12), which is a
superposition of the Bell states. The linear polarisation is transformed to circular
prior to the multipassing of the beams in both modes. This can be done by a QWP
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Figure 8.8: Conceptual representation of the experimental setup for phase estimation.
Shown are the SPDC source for generating single photons (blue background), the entangling gate (green background), and the phase estimation setup (light grey background). A
2-inch HWP was used to implement multipassing. The controllable phase θ was adjusted
using a regular HWP (depicted with a white frame). Different optical elements have been
identified in Fig. 8.2. See text for the details.

set at π/4 yielding
∣H⟩ UQWP (π/4) eiπ/4 ∣R⟩
( ) ÐÐÐÐÐÐ→ ( −iπ/4 ) .
∣V ⟩
e
∣L⟩

(8.1)

Here we have used definition of UQW P given in Eq. (5.9). The phase shift of φ
between right and left circular polarisations can then be applied by setting the
UHWP at −φ + π/8 resulting
eiπ/4 ∣R⟩ UUHWP (−φ+π/8) ei4φ ∣L⟩
( −iπ/4 ) ÐÐÐÐÐÐÐÐ→ (
),
e
∣L⟩
∣R⟩

(8.2)

where we have ignored the global phase factor, and Eq. (5.8) was employed. Note
that 4φ represents the angle in the Poincaré sphere. Through the same procedure
we can implement the feedback operation, but this time the corresponding HWP is
set at θ + π/8. Thus
∣H⟩ UQWP (π/4) eiπ/4 ∣R⟩ UFHWP (θ+π/8)
∣L⟩
( ) ÐÐÐÐÐÐ→ ( −iπ/4 ) ÐÐÐÐÐÐÐÐ→ ( i4θ ) .
∣V ⟩
e
∣L⟩
e ∣R⟩

(8.3)

The final step is to project the qubits onto the diagonal-antidiagonal (DA) basis.

Experimental optical phase measurement at the Heisenberg limit

179

1.4
1.2

VH

1.0
0.8

Simulation using ΡIIopt

0.6

Simulation using ΡIIexp

0.4

Experiment

0.2
0.0

0

1

2

3
4
Φ @RadD

5

6

Figure 8.9: Variation of the Holevo variance as a function of phase for the reconstructed
III
state matrix ρII
exp (green curve), and for the optimal state ρopt (blue curve). Experimental
data are shown in red dot points, and error bars represents 95% confidence interval using
the bootstrap method.

In this experiment, we did not implement the control operation using a Pockels cell.
Instead we have simulated the feedback due to the time constraint. To this end, we
set the FHWP at two different values of 0 and π/8 corresponding to the feedback
control status of On or Off, respectively. Note that control operations are applied
on mode c conditioned on a measurement of polarisation of mode b in the R/L basis.
Once different bits (φ0 and φ1 ) of a phase are obtained via projective measurements, we can estimate the phase and calculate the Holevo variance through the same
procedures explained in Sec. 7.1.2. In figure 8.9 we plot the profile of the Holevo
variance in terms of the unknown phase. Blue curve shows the result of simulations
for the optimal state ρII
opt , and the green curve depicts outcome of numerical calculations for the reconstructed state tomography ρII
exp . Experimental data are shown
in red dots. Error bars have been calculated using Bootstrap method [217]. They
show 95% confidence interval using 106 samplings. The bootstrap is a method to
determine confidence intervals without assuming that the initial distribution has a
specific shape.
As it can be seen, the empirical data are in good agreement with the theoretical
calculations with slight deviation at around peaks (φ = (2k + 1)π/4 for k = 0, 1, 2, 3.).
This is because we have used the result of reconstructed state tomography ρII
exp
when the UHWP was set at 0. Dialling this HWP at some other values led to
reconstructed state tomographies a bit different from those theoretically expected
ones. Fortunately, the generated state at peak values has a higher fidelity with
respect to the optimal state. The main reason for this should be related to the
claibration and quality of the existing off-the-shelf waveplates. However, we noticed
that at troughs (φ = kπ/2 for k = 0, 1, 2, 3.) state tomographies reproduced the
expected theoretical predictions for the state matrix.
In order to see the performance of the protocol for estimating an unknown phase,
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Figure 8.10: Holevo variance for the Heisenberg-limited and standard quantum limited
interferometric phase estimation.

we should calculate the Holevo variance using both simulation and experimental data
according to Eq. (6.3). The outcome of the calculations determines overall performance of the scheme for estimating ab initio phases. Figure 8.10 demonstrates the
Holevo variance for the results presented in Fig. 8.9, and for the standard quantum
limited interferometric phase measurement. The experimental data for the latter
is presented in this plot to avoid confusion with those of Heisenberg-limited phase
estimation shown in Fig. 6.3. The Holevo variance for these data is 0.7870 ± 0.0007
that is slightly above (1.42%) the analytical calculation equal to 0.7777 which is not
unexpected given the imperfections in the optics, see Appendix B for the details.
The analytical value of the Holevo variance in the HL is equal to 0.527, see Table
7.2. Our numerical simulations using ρII
opt (dashed blue) also confirm this number.
The figure for the experiment (dashed-dotted red) is 0.5497±0.0007, where the error
was calculated using the bootstrap method. Here we do not report any confidence
interval. Instead we generate an ensemble of VH with 106 entries via bootstrapping
and then work out the statistics of VH . Note that the value of the Holevo variance
for simulating using ρII
exp (dotted green) is in not good agreement with that of the
experiment. Again the reason for this can be rooted in the fringes with higher peaks
presented in Fig. 8.9. Our result shows that the HL can be achieved via 2-photon
scheme employing entanglement and the multipass technique.

8.4

Conclusion

In summary, we have shown that how the optimal states for Heisenberg-limited
interferometric phase estimation techniques can be realised experimentally in the
context of linear optical quantum computing. For the three-photon protocol, in
order to create the desired entangled state, we employed two probabilistic CNOT
gates, the logical and universal CNOT gates. The former performs CNOT operations only for some specific input states, whereas the latter acts as a CNOT gate for
any input state. The small overall probability of success of 1/18 for generating the
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optimal three-photon state is a limiting factor in producing high quality quantum
state for this phase estimation protocol. This, in combination with other experimental imperfections such as optical mode mismatch, multi-photon pair generation
in the SPDC process, and inefficient detection systems, make creating such a state
challenging.
Non-classical interference effect plays an important role in many linear optical
quantum computation processing tasks, and our protocol is not an exception to this.
To make sure that the HOM type interference of photons from independent sources
have a descent quality, different degrees of freedom of photons should be under
control and be as much as possible the same. In our experiments, we used narrowband spectral filters to increase the HOM-dip visibilities. However, the downside
of this is significant drop in the count rates. At the same time one cannot simply
rise the pump power as this makes the phase estimation precision prone to multiphoton pair production. Therefore, we ended up to run the experiments for a rather
long time (more than a week) during which the setup stability can be questioned.
We have been able to reduce the impact of ambient temperature by using a custommade enclosure. However, expansion and/or contraction of micro-scale springs inside
different optical element mounts, and slight frequency drifts in the laser by the lab
temperature over the time are something than can be overcome by reducing the
time that takes to complete an experiment.
It turns out that the precision of the three-photon phase measurement protocol
using the reconstructed state matrix is far above the SQL. This latter implies that
creating the optimal state with high fidelity and purity is essential to experimentally
reproduce the simulation results, and indeed, attain the Heisenberg limit. This latter
has been demonstrated in the scheme using N = 3 resources (2-photon protocol). In
fact we showed that one can employ entanglement and multipass technique together
with adaptive measurements to scan the entire range of [0, 2π) in order to observe
fringes that are in excellent agreement with simulations results.
Future plans will focus on the three-photon experiments with some improvements
in implementing the experiments. This is mainly because although we achieved the
HL via the two-photon scheme, the precision is still as twice big as that of the SQL
employing three-photon, see Table 7.2. Given that efficient sources are available
in telecome wavelengths [216], it might be reasonable to work with such sources in
order to massively boost the count rates and overcome stability issues. Regarding
the optical components arrangement stability, in some ways we can make the setup
less likely to be influenced by the environment such as using posts rather than
manual translation stages to avoid sagging of the latter, and building the setup in
a more compact way.
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Chapter 9
Conclusion
In this thesis, we have explored new quantum measurement and control problems
in the context of quantum optics, quantum information, and mesoscopic transport.
The overall theme of measurement and control unties this diverse group of tasks. In
part, we studied continuous measurement of open quantum systems in the presence
of loss, in order to tackle some fundamental questions regarding stochastic dynamical quantum evolution. It was shown a particular feedback control of quantum
transport can be employed to keep track of the dynamics of a double quantum dot.
Finally, optical phase measurement with the goal of achieving Heisenberg limit was
theoretically and experimentally analysed.
The first main result of this thesis addresses a long standing belief regarding
independence of dynamical quantum evolution from the detection system. Following
the first proposal to experimentally disprove objective quantum jumps by Wiseman,
we showed that for a Markovian open quantum system with an arbitrary number
of decoherence channels into the environment, and an arbitrary number of diffusive
measurement schemes to monitor the bath, the following holds: so long as the
efficiency of collecting and detecting system’s output light across all channels is
less than 50%, it is not possible to prove detector dependency of the conditional
stochastic evolution. In the second major finding we showed that this no-go theorem
is not universal and does not apply to quantum jumps.
The first result states a necessary condition for being able to rule out objective pure-state dynamical models (OPDMs). We proved this statement in its most
general form by formalising the problem in a simple version of the semidefinite programming method, that is, feasibility problem. For an open quantum system with
one environment we showed in detail how the requirement of more than 50% detection efficiency is necessary in order to demonstrate that conditioned stochastic
evolution is detector dependent.
Although the necessary condition sets a lower bound on the detection efficiency,
it does not determine a threshold at which one would be able to see the detector
dependence of dynamical quantum events. For this reason we considered a few
different scenarios capable of disproving OPDMs with detection efficiencies beyond
50%. Given the no-go theorem for diffusive unravellings, and current experimental
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techniques and technological limitations, one would ideally be interested in schemes
with detection efficiency as close as possible to the above figure. To this end, it
was shown that three factors play a key role: the physical systems under study,
measurement strategies, and Einstein-Podolsky-Rosen steering inequalities. Careful
consideration of each led us to analyse three different cases that might be experimentally feasible in the near future. In particular, it turned out that for a system
with two dissipative environmental channels, that may be engineered in practice,
the sufficient condition is very close to the necessary one.
In order to show that quantum jumps do not abide by the no-go result for diffusive
unravellings, we have devised a novel adaptive measurement scheme to restrict the
system dynamics to a finite ensemble which is physically realisable. A suitable choice
of EPR-steering inequality together with an appropriate physical system allowed us
to prove that with a detection efficiency of less than 50%, in principle, it is possible
to rule out all OPDMs. This is in marked contrast to diffusive unravellings, and
because it relates to EPR-steering (a purely quantum mechanical phenomenon) it
would make sense to claim that quantum jumps are more quantum than quantum
diffusion.
There are number of other avenues for further investigation. Inventing more
robust EPR-steering tests might allow one to see detector dependency of stochastic
quantum evolution for different physical systems at lower detection efficiencies than
are otherwise possible. At the same time, improving the way light is collected and
detected by experimentalists would pave the way towards establishing continuous-intime EPR-steering. The latter has potential applications in quantum cryptography
protocols. Also, given the recent demonstration of loophole-free Bell tests, it may
well be feasible to cast the problem in the framework of Bell-type experiments.
The third key result of this thesis is the construction of a scheme to stabilise
the dynamics of a double quantum dot (DQD) arising from quantum transport,
using stochastic feedback control. The notion of physically realisable ensembles and
stochasticity are central to the obtained results. The former revealed that there
are an infinite number of two-state ensembles, that are, in principle, realisable. The
latter let us to formalise the problem in a general form, for a specific feedback control
method, so that it includes some other state stabilisation via feedback control as a
special case.
It was shown in chapter 4 how to engineer a feedback control strategy for a
DQD such that its conditional state is always one of the pure states in a physically
realisable ensemble of two elements. An important point is that the pure states are
not necessarily orthogonal. Also, rather than using adaptive measurements to purify
the system, here we employed a feedback control scheme. This may be beneficial to
experimentalists, as employing local oscillators in such a DQD platform might be
technically challenging.
It turned out that there is a distinct signature in the system dynamics when it
operates in the incoherent tunnelling regime. The trace of this noticeable behaviour
can be seen in the number of (in principle) available physically realisable ensembles,
the full counting statistics of electrons, and in the mean current through the DQD.
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The point at which this unique profile becomes apparent is called a critical point,
and is an interesting topic to be explored further in its own right.
For future work, the next step is to address some of the practical problems that
may arise in a real experimental system. Given that researchers have access to a sensitive electrometer such as the quantum point contact, with the ability to efficiently
detect quantum jumps, the low detection efficiency obstacle may be seemingly overcome. This can be a big step forward in measurement schemes. A few factors in
performing the feedback protocol should be taken into account, such as time delays
in the feedback loop, timing for completing the control operation once a signal is
detected (as an indictor of occurrence of quantum jumps), and how to implement
the unitary control operation. Imperfections that may be caused by the latter also
impact the scheme performance, so they should be modelled in the formalism.
In any realistic experimental laboratory, implementation of our stochastic feedback control model will be affected by coupling to a dissipative environment. This is
something that we ignored in order to simplify the problem. To analyse the system
dynamics under the influence of such a decoherence channel and make quantitative
predictions, one may introduce a coupling of the DQD to a thermal bath of phonons.
Finally, there remains an open question regarding an infinite number of ensembles
that cannot be realised via our scheme. Whether or not there is a way to explain
a grand system comprising of the DQD and the measurement and feedback control
process in order for an hypothetical observer outside of this larger system to be
able to monitor the second subsystem such that all other ensembles are realised is
a question to be explored.
The last key result of this dissertation is theoretical investigation and experimental characterisation of photon sources and an entangling gate for optical phase
measurement at the Heisenberg limit (HL). We showed how experimental imperfections such as optical mode mismatch, multi-photon pair events in the spontaneous
parametric down conversion (SPDC) process, and inefficient detection can be modelled in an interferometric phase estimation algorithm. This served as a necessary
step to give us some hints before starting experimenting in the laboratory. On the
empirical side of the subject, we successfully created an entangled two-photon state
required to achieve precision at the (HL), and generated an entangled three-photon
state with an acceptable quality for quantum information processing tasks other
than the Heisenberg-limited interferometric protocol considered here. In particular,
we have demonstrated that using entanglement, multipassing technique and adaptive measurements the exact Heisenberg limit can be achieved.
The Heisenberg-limited interferometric scheme has two major challenges: preparation of an optimal state and implementing an inverse Fourier quantum transform
using adaptive measurements. We specifically concentrated on protocols with two
and three photons. In order to realise the corresponding optimal states we had to
create a superposition of Bell and Greenberger-Horne-Zeilinger (GHZ) states, respectively. At the heart of the proposal for state production is a non-classical interference
effect. We ensured a reasonable quality realisation of this quantum phenomenon,
although at the cost of count rates, as a prerequisite for the proper operation of
the entangling gate. We showed the discernible effect of spatial mode mismatch by
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calculating the Hong-Ou-Mandel dip visibility which quantifies the extent to which
photons coherently interfere. Our numerical simulations indicate that for roughly
7% mode mismatch and 13% heralding efficiency, and assuming that there is no
other source of imperfection, the uncertainty for phase measurement barely beats
the standard quantum limit (SQL). In comparison to mode mismatch, higher order
terms in the output state of the SPDC process seem to have less detrimental impact
on the phase estimation algorithm performance.
It was shown how to use the result of quantum state tomography as an input state
to the circuit so that the collective effect of all imperfections can be determined in
a single simulation. For the reconstructed three-photon state matrix, it turned out
that the uncertainty in phase measurement would be way above the SQL, whereas for
the reconstructed two-photon state matrix it would be almost equal to the HL. This
implies that generation of the optimal state is crucial to attain the Heisenberg limit,
and any deviation from it would result in increase of the uncertainty in estimating
an unknown phase.
Quantum metrology experiments are meant to exploit quantum mechanics to
push the precision limit with which we can measure some physical parameters. This
means statistical errors should be negligible in comparison to the accuracy of the
estimation for the parameter that we are interested in. As a result of this, we have
to make sure that the ensemble of collected data is sufficiently large so that statistical errors do not deteriorate the estimation precision. Because of our lossy SPDC
sources, for multi-photon experiments, it often takes a rather longer time to gather
enough data when it is compared with two-photon experiments. A disadvantage
of running experiments for couple of days would be the lack of absolute stability.
Therefore, using a highly-efficient source of photons (that includes having access to
efficient detectors) is a candidate to increase the count rates. At the same time,
coming up with quantum circuits that have larger probability of success to create
the optimal state can be a realistic prospect. Last but not least, it will be worth
to think of other phase measurement protocols that are less prone to be affected by
preparing the input state.
In this work we have only shed light on a small range of quantum measurement
and measurement-based quantum feedback control problems in different yet important contexts. There are some other interesting subjects such as quantum state discrimination, and weak measurements that have not been discussed at all. Quantum
measurement and control is a vast research field which explores both fundamental
and practical topics which has and will benefit our world.

188

Appendix A
Conditional stochastic evolution
Born approximation

The derivation we present here is the result of my discussion with Andy Chia
[218]. Let us recall Eq. (2.91)
ρ̇(t) = −i TrE ([ĤI (t), ρSE (0)]) − ∫

t
0

dt′ TrE ([ĤI (t), [ĤI (t′ ), ρSE (t′ )]]),

(A.1)

where ρ(t) = Tr[ρSE (t)] is the system state matrix. The coupling Hamiltonian in
general can be written as
(A.2)
ĤI = ∑ ŝj ⊗ b̂j ,
j

where {ŝj ; j} and {b̂j ; j} are system and environment operators in the corresponding
Hilbert spaces, respectively. The interaction Hamiltonian can always be split up as
ĤI (t) = ĤIS (t) + ĤISE (t),

(A.3)

ĤIS (t) = ∑ ŝj (t) ⟨b̂j (t)⟩ ,

(A.4)

with
j

ĤISE (t) = ∑ ŝj (t)∆b̂j (t),

(A.5)

j

where
∆b̂j (t) = ∆b̂j (t) − ⟨∆b̂j (t)⟩ .

(A.6)

We have dropped the tensor product symbol for ease of writing and defined
⟨∆b̂j (t)⟩ = Tr [b̂j (t)ρE (0)] ,

(A.7)
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for the expectation value of b̂j (t) with respect to ρE (t), the bath state. It is easy to
see that ∆b̂j (t) has zero mean
⟨∆b̂j (t)⟩ = 0.

(A.8)

This would be useful for the subsequent calculations. Substituting Eq. (A.3) into
Eq. (2.95) we get
ρ̇(t) = −i TrE ([ĤIS (t) + ĤISE (t), ρSE (0)])
−∫

t
0

dt′ TrE ([ĤIS (t) + ĤISE (t), [ĤIS (t′ ) + ĤISE (t′ ), ρSE (t′ )]])

= −i TrE ([ĤIS (t), ρSE (0)]) − i TrE ([ĤISE (t), ρSE (0)])
−∫
−∫

t
0
t
0

dt′ TrE ([ĤIS (t), [ĤIS (t′ ) + ĤISE (t′ ), ρSE (t′ )]])
dt′ TrE ([ĤISE (t), [ĤIS (t′ ) + ĤISE (t′ ), ρSE (t′ )]]).

(A.9)

As was discussed in the main text, at time t = 0 the system and the environment
are uncorrelated so that ρSE (0) = ρ(0)ρE (0). It can then be shown that the second
term above is zero (using the Einstein notation for summations) by using Eq. (A.8)
TrE ([ĤISE (t), ρSE (0)]) = TrE ([ŝj (t)∆b̂j (t), ρ(0)ρE (0)])
= [ŝj (t)ρ(0) − ρ(0)ŝj (t)] ⟨∆b̂j (t)⟩ = 0.

(A.10)

Adding the first and the third terms and leaving the fourth term as it is yields
ρ̇(t) = −i TrE ([ĤIS (t), ρSE (0) − i ∫
−∫

t

0

t
0

dt′ [ĤI (t′ ), ρSE (t′ )]])

dt′ TrE ([ĤISE (t), [ĤIS (t′ ) + ĤISE (t′ ), ρSE (t′ )]])

= −i [ĤIS (t), ρ(t)]
−∫

t

0

−∫

0

t

dt′ TrE ([ĤISE (t), [ĤIS (t′ ), ρSE (t′ )]])
dt′ TrE ([ĤISE (t), [ĤISE (t′ ), ρSE (t′ )]]),

(A.11)

where in the first line we used
ρSE (t) = ρSE (0) − i ∫

t
0

dt′ [ĤI (t), ρSE (t)],

(A.12)

and the definition of ρ(t) stated under Eq. (A.1).
The second line is in fact zero. To show this we first simplify the double commu-
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tator as follows
[ĤISE (t), [ĤIS (t′ ), ρSE (t′ )]]=⟨b̂k (t′ )⟩ [ŝj (t)∆b̂j (t), [ŝk (t′ ), ρ(t′ )ρE (0)]]
=⟨b̂k (t′ )⟩ [ŝj (t)∆b̂j (t), [ŝk (t′ ), ρ(t′ )]ρE (0)]
=⟨b̂k (t′ )⟩ [ŝj (t)∆b̂j (t), [ŝk (t′ ), ρ(t′ )]]ρE (0)
+ ⟨b̂k (t′ )⟩ [ŝk (t′ ), ρ(t′ )][ŝj (t)∆b̂j (t), ρE (0)]
=⟨b̂k (t′ )⟩ [ŝj (t), [ŝk (t′ ), ρ(t′ )]]∆b̂j (t)ρE (0) (A.13)
+ ⟨b̂k (t′ )⟩ [ŝk (t′ ), ρ(t′ )]ŝj (t)[∆b̂j (t), ρE (0)],
where we have used the identity [Â, B̂ Ĉ] = [Â, B̂]Ĉ − B̂[Â, Ĉ] for some arbitrary
operators Â, B̂ and Ĉ. Note that everything else are system operators except
for ∆b̂j (t)ρE (0) and [∆b̂j (t), ρE (0)] so that by taking the partial trace over the
environment and using Eq. (A.8) the above statement is justified
TrE ([ĤISE (t), [ĤIS (t′ ), ρSE (t′ )]]) = 0.

(A.14)

Therefore Eq. (A.11) becomes
ρ̇(t) = −i [ĤIS (t), ρ(t)] − ∫

t
0

dt′ TrE ([ĤISE (t), [ĤISE (t′ ), ρSE (t′ )]]).

(A.15)

Diffusive unravellings for Hermitian operators
The complex Wiener increment for φ = 0 becomes
dVl =

√
η dWl .

(A.16)

From this it is easy to verify that Θ = Υ = ηI, where I ∈ RL is an identity matrix.
Substituting these into the complex photocurrent relation, Eq. (2.144), we obtain
Jl dt = 2η ⟨ĉl ⟩ dt +

√
η dWl .

(A.17)

Now recall the stochastic master equation, Eq. (2.143)
d% = L% dt + (dV† ĉ)% + %(dV† ĉ)† − Tr [(dV† ĉ)% + %(dV† ĉ)† ] %
√
√
√
= L% dt + η ∑ dWl ĉl % + % η ∑ dWl ĉl − 2 η ∑ dWl Tr [ĉl %]
l

l

√
= L% dt + η ∑ [ĉl % + %ĉl − 2 ⟨ĉl ⟩ %]dWl

l

l

√
= L% dt + η ∑ [(ĉl − ⟨ĉl ⟩)% + H.c.]dWl ,

(A.18)

l

where we have used dV† ĉ =
increment is

√
η ∑l dWl ĉl . For the case of φ = π/2 the Wiener
√
dVl = i η dWl .

(A.19)
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It is again straightforward to show that Θ = ηI and Υ = −ηI. Thus the photocurrent
becomes
√
(A.20)
Jl dt = i η dWl ,
and the stochastic master equation is
d% = L% dt + (dV† ĉ)% + %(dV† ĉ)† − Tr [(dV† ĉ)% + %(dV† ĉ)† ] %
√
√
= L% dt − i η ∑ dWl ĉl % + i% η ∑ dWl ĉl
l

√
= L% dt + η ∑(−iĉl % + i%ĉl )dWl

l

l

√
= L% dt + i η ∑[%, ĉl ]dWl .

(A.21)

l

Adaptive detection scheme calculations

The adaptivity required to realise the physically realisable ensemble E ϕ in Eq. (3.90)
is such that upon a quantum jump (detection of a photon) in either environmental decoherence channels, the weak local oscillators in both channels should change
sign. We can find the LO amplitudes by solving Eqs. (3.94) and (3.96) for l = ±
and ϕ = 0. Let us first consider the irreversible channel l = −, and assume that
∣r± ⟩ ≡ α± ∣0⟩ + β± ∣1⟩. Thus from Eq. (3.94) we can write
M̂− (µ0−
− )∣r− ⟩ = λ∣r+ ⟩
√ √
dt ( γ− σ̂− + µ0−
− )(α− ∣0⟩ + β− ∣1⟩) = λ(α+ ∣0⟩ + β+ ∣1⟩)
√
√
0−
dt [( γ− β− + µ0−
− α− )∣0⟩ + µ− β− ∣1⟩] = λ(α+ ∣0⟩ + β+ ∣1⟩).
By equating coefficients of ∣0⟩ and ∣1⟩ from both sides one finds that
√
γ− β− β+
0−
µ− =
β− α+ − α− β+

(A.22)

(A.23)

Note that ∣r± ⟩ is the ket representation of r± = (±C, 0, zss )⊺ in the PRE E ϕ , presented
in Eq. (3.90). It is then easy to show that
√
γ−
α±
=±
.
(A.24)
β±
γ+
Substituting this back into Eq. (A.23) we find that
µ0−
− =

1√
γ+ .
2

(A.25)

Next we should rewrite Eq. (3.94) as
′
M̂− (µ0+
− )∣r+ ⟩ = λ ∣r− ⟩,

(A.26)
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and solve for µ0+
− . The same procedure as above gives
0−
µ0+
− = −µ− .

(A.27)

By going through the same steps as in Eqs. (A.22)–(A.27) we can find the LO
amplitudes for the other channel l = + that the system is coupled to. We just
present here the end result
0−
µ0+
+ = −µ+ = −

1√
γ− .
2

(A.28)

It is also worth to note that the system that undergoes quantum jumps between the
two states, it will return to its starting state after two jumps, that is
0−
M̂− (µ0+
− )M̂− (µ− )∣r− ⟩ ∝ ∣r− ⟩.

(A.29)

Also the states r± should be eigenstates of the no-jump measurement operators
0±
M̂0 (µ0±
l ) as stated in Eqs. (3.93) and (3.95). These can be verified by using µ±
obtained above.

Two-state PRE for tracking an open qubit system
Recall Eq. (3.83) for an ensemble being physically realisable
Ar1 + b = Ω12 (r2 − r1 ),
Ar2 + b = Ω21 (r1 − r2 ).

(A.30)
(A.31)

These relations can be transformed into a eigenvalue equation as
Av = −(Ω12 + Ω21 )v,

(A.32)

where v ≡ r1 − r2 is an eigenvector of A. Now multiplying Eq. (A.30) by A−1 and
using rss = −A−1 b we obtain
r1 =
=
=
=

rss − Ω12 A−1 v
rss + Ω12 /(Ω12 + Ω21 )v
rss + p2 ∥v∥ev
rss + λ1 ev ,

(A.33)

where v = ∥v∥ev , p2 = Ω12 /(Ω12 + Ω21 ), and λ1 ≡ p2 ∥v∥. The same procedure for
Eq. (A.31) gives us
r2 = rss − λ2 ev ,
(A.34)
where p1 = 1−p2 , and λ2 ≡ p1 ∥v∥. Thus the problem simplifies to find the parameters
λk . This can be achieved by invoking the other criterion stated in Eq. (3.82) such
that one should solve the following quadratic equations
∥rss ∥2 + (−1)k−1 2λk (rss .ev ) + λ2k = 1.

(A.35)
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It is easy to show that the physical solutions are
√
λk = (−1)k (rss .ev ) + (rss .ev )2 + 1 − ∥rss ∥2 .

(A.36)

Thus by substituting these parameters back into Eqs. (A.33) and (A.34) the Bloch
vectors of the ensemble are obtained. The probabilities are also found by rearranging
them such that p2 = λ1 /(λ1 + λ2 ), and hence p1 = 1 − p2 .

Adiabatic elimination of the null state
In the regime in which the null state decays much faster than the qubit system,
the former can be projected out by using adiabatic elimination method. Let us recall
the state of the system Eq. (4.65)
ρ = % + δ∣∅⟩⟨∅∣,

(A.37)

from which the evolution of δ is given by δ̇ = ⟨∅∣ρ̇∣∅⟩, where ⟨∅∣%̇∣∅⟩ = 0. Using the
ME for the qutrit system, Eq. (4.64), we get
δ̇ = ⟨∅∣ {−i [ĤS , ρ] + D [ĉ′1 ] ρ + D [ĉ2 ] ρ} ∣∅⟩,

(A.38)

√
√
where HS = ∆σ̂z + Tc σ̂x , ĉ′1 = γL ∣φ` ⟩⟨∅∣, and ĉ2 = γR ∣∅⟩⟨R∣. The first term has
no contribution as σ̂z ∣∅⟩ = σ̂x ∣∅⟩ = 0. The second term can be expanded to obtain
⟨∅∣D [ĉ′1 ] ρ∣∅⟩ = γL ⟨∅∣ (∣φ` ⟩⟨∅∣ρ∣∅⟩⟨φ` ∣) ∣∅⟩
1
− γL ⟨∅∣ (∣∅⟩⟨φ` ∣φ` ⟩⟨∅∣) ρ∣∅⟩
2
1
− γL ⟨∅∣ρ (∣∅⟩⟨φ` ∣φ` ⟩⟨∅∣) ∣∅⟩
2
= −γL ⟨∅∣ρ∣∅⟩
= −γL δ.

(A.39)

Here we have used the orthogonal property between the empty state and ∣φ` ⟩. That
is, ⟨∅∣φ` ⟩ = 0. The third term can be obtained through the same procedure
⟨∅∣D [ĉ2 ] ρ∣∅⟩ = γR ⟨∅∣ (∣∅⟩⟨R∣ρ∣R⟩⟨∅∣) ∣∅⟩
1
− γR ⟨∅∣ (∣R⟩⟨∅∣∅⟩⟨R∣) ρ∣∅⟩
2
1
− γR ⟨∅∣ρ (∣R⟩⟨∅∣∅⟩⟨R∣) ∣∅⟩
2
= γR ⟨R∣ρ∣R⟩
= γR ⟨R∣%∣R⟩.

(A.40)

Therefore, adding these terms up gives us
δ̇ = −γL δ + γR ⟨R∣%∣R⟩.

(A.41)
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In the limit of γL ≫ γR we can then approximate δ as
δ≈

γR
⟨R∣%∣R⟩.
γL

(A.42)

The evolution of the qubit system is given by %̇ = P̂ ρ̇ P̂ where P̂ = ∣L⟩⟨L∣ + ∣R⟩⟨R∣.
Again by employing the ME for the feedback controlled DQD, we can write this
state dynamics as
%̇ = P̂ {−i [ĤS , ρ] + D [ĉ′1 ] ρ + D [ĉ2 ] ρ} P̂.

(A.43)

The first term in the above equation becomes
−iP̂ [ĤS , ρ] P̂ = −i Tc P̂ (σ̂x ρ − ρσ̂x ) P̂ = −i [Ĥ, %] .

(A.44)

Using the same method we used to find the second and the third terms for δ we find
that
P̂ D [ĉ′1 ] ρ P̂ = γL ⟨∅∣ρ∣∅⟩ P̂ ∣φ` ⟩⟨φ` ∣ P̂ = γL δ ∣φ` ⟩⟨φ` ∣
(A.45)
and
1
P̂ D [ĉ2 ] ρ P̂ = − γR [P̂ ∣R⟩⟨R∣ρP̂ + P̂ ρ∣R⟩⟨R∣P̂ ]
2
1
= − γR (∣R⟩⟨R∣% + %∣R⟩⟨R∣) .
2

(A.46)

Putting these all terms together and using Eq. (A.42), the ME for the qubit system
is obtained
1
%̇ = −i [Ĥ, %] + γR ⟨R∣%∣R⟩∣φ` ⟩⟨φ` ∣ − γR (∣R⟩⟨R∣% + %∣R⟩⟨R∣)
2
= −i [Ĥ, %] + D [ĉ` ] %,
where ĉ` =

(A.47)

√
γR ∣φ` ⟩⟨R∣.

Equations of motion for the double quantum dot
Recall the master equation, Eq. (4.72), for the system
%̇ = −i[Ĥ, %] + ∑ ℘` D[ĉ` ]%,

(A.48)

`=±

√
where the jump operators are ĉ` = γR Û` ∣L⟩⟨R∣. The set of equations describing
the system evolution are obtained according to
ẋ = %̇LR + %̇RL ,
ẏ = i (%̇LR − %̇RL ) ,
ż = %̇LL − %̇RR ,

(A.49)
(A.50)
(A.51)
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where Xαβ ≡ ⟨α∣X∣β⟩ for α, β ∈ {R, L}. To calculate terms on the RHS of the above
equations we need to expand the superoperator term in the ME, and then find its
component in a given basis ⟨α∣D[ĉ` ]%∣β⟩. It is easy to show that
Û` ∣L⟩⟨R∣ = u` .σ̂ + w` 1̂,

(A.52)

where u` = (u`x , u`y , u`z ) and w` are given in Eqs. (4.77)–(4.80). In the following we
explicitly present the details of the calculations for ẋ, and leave those of for ẏ and
ż as the procedure is the same. Let us then expand Eq. (A.49):
ẋ = γR ⟨L∣ {℘+ D [Û+ ∣L⟩⟨R∣] % + ℘− D [Û− ∣L⟩⟨R∣] %} ∣R⟩
+γR ⟨R∣ {℘+ D [Û+ ∣L⟩⟨R∣] % + ℘− D [Û− ∣L⟩⟨R∣] %} ∣L⟩
−i⟨L∣ [ĤS , %] ∣R⟩ − i⟨R∣ [ĤS , %] ∣L⟩.

(A.53)

It is straightforward to show that in the above equation each of the first two terms
♠` = γR ℘` ⟨L∣D [Û` ∣L⟩⟨R∣] %∣R⟩ becomes
1 ` `∗
`
` `∗
`∗ `
(u w − u`∗
x w − iuy w + iuy w )] %RR
2 x
1 `∗ `
`
` `∗
(u w − u`x w`∗ + iu`y w`∗ − iu`∗
+ [u`z u`∗
y w )] %LL
x − iuz uy +
2 x

` `∗
♠` = [−u`x u`∗
z + iuy uz +

2

2

`∗ `
`
`
+ [−i (u`x u`∗
y + ux uy ) + ∣ux ∣ − ∣uy ∣ ] %RL
2

2

2

`
`
`
`
+ [u`z w`∗ − u`∗
z w − ∣ux ∣ − ∣uy ∣ − 2 ∣uz ∣ ] %LR

1
`∗ `
` `∗
` `∗
− (u`x u`∗
z − ux uz + iuz uy − iuy uz ) ,
2

(A.54)

and each of the second two terms ♡` = γR ℘` ⟨R∣D [Û` ∣L⟩⟨R∣] %∣L⟩ in Eq. (A.53) is
given by
1 `∗ `
`
(u w − u`x w`∗ − iu`y w`∗ + iu`∗
y w )] %RR
2 x
1 ` `∗−u`∗
`
` `∗
x w + iu` w `∗ − iu`∗ w ` )] %
+ [u`x u`∗
(ux w
LL
y
z + iuy uz +
y
2

`
` `∗
♡` = [−u`∗
x uz − iuz uy +

2

2

2

`
` `∗
`
`
`
+ [u`∗
z w − uz w − ∣ux ∣ − ∣uy ∣ − 2 ∣uz ∣ ] %RL
2

2

`∗ `
`
`
+ [i (u`x u`∗
y + ux uy ) + ∣ux ∣ − ∣uy ∣ ] %LR

1
`∗ `
`∗ `
− (u`∗
u` − u`x u`∗
z + iuy uz − iuz uy ) .
2 x z

(A.55)

Finally the sum of the last two terms is equal to −i∆(%LR − %RL ). Putting all these
terms together results in the following differential equation for the x component of
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the Bloch vector
⎧
⎪
2
2
⎪
ẋ = γR ⎨ − 2 [∑ ℘` (∣u`y ∣ + ∣u`z ∣ )] x
⎪
⎪
`
⎩
`∗ `
` `∗
`∗ `
+ [∑ ℘` (u`x u`∗
y + ux uy − iuz w + iuz w ) − ∆] y
`
`∗ `
` `∗
`∗ `
+ [∑ ℘` (u`x u`∗
z + ux uz + iuy w − iuy w )] z
`

+2 ∑ ℘` (u`y u`∗
z
`

⎫
⎪
⎪
⎪
⎭

` ⎪
− u`∗
y uz ) ⎬.

(A.56)

Going through the same procedure, equations for the other two components of the
Bloch vector are obtained, from which matrices A and b, Eqs. (??) and (4.76),
respectively, can be constructed.

198

Appendix B
Quantum metrology
Output state of a SPDC process
Recall Eq. (5.5), the output state after some interaction time can be written
j
1
(−iĤI t) ∣0⟩s ∣0⟩i ∣α⟩p ,
j j!
j
1
= ∑ (− itg âp â†s â†i − itg ∗ â†p âs âi ) ∣0⟩s ∣0⟩i ∣α⟩p .
j j!

∣ψout ⟩ = ∑

(B.1)
(B.2)

Now we expand the expression inside parentheses
(⋯)

j

j

j−1

= (−it) [g j bj,0 (âp â†s â†i ) + g j−2 ∣g∣ bj,1 (âp â†s â†i )
j

2

⋯ + g ∗j−2 ∣g∣ bj,j−1 (âp â†s â†i ) (â†p âs âi )
2

j−1

(â†p âs âi ) +
j

+ g ∗j bj,j (â†p âs âi ) ],

(B.3)

where bj,k are expansion coefficients and bj,0 = bj,j = 1. Note that since the terms
in the Hamiltonian have non-commuting operators one should carefully treat this
expansion. In fact, if these operators were complex numbers, then Eq. (B.3) would
be the usual binomial expansion and the coefficients would be the standard numbers
from combinatorics, i.e. bj,k = j!/[k!(j − k)!]. We can organise this expansion by
collating terms with the same number of photon paris in the output modes. To
produce j photon pairs, the simplest process is equivalent to application of j creation
operators and non for the annihilation operators. This is actually found in the j-th
order of the Taylor expansion. The next process involves an extra creation and
annihilation operator and corresponds to the (j + 2)−th expansion order, and so
forth. Thus the output state is:
2

j
∣Γ∣
1
bj+2,1 ×
∣ψout ⟩ = ∑ Γj [ (âp â†s â†i ) −
(j + 1)(j + 2)
j j!
j+1

(âp â†s â†i )

(â†p âs âi ) + ⋯]∣0⟩s ∣0⟩i ∣α⟩p .

(B.4)
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The non-trivial terms now can be calculated more rigorously. For example, the
second term above (ignoring the prefactor for the moment) becomes
j+1

bj+2,1 (âp â†s â†i )

j+1

(â†p âs âi ) ∣0⟩i ∣α⟩p = [ (âp â†s â†i )

(â†p âs âi ) +

j

(âp â†s â†i ) (â†p âs âi ) (â†p âs âi ) + ⋯ +
j+1

(âp â†s â†i ) (â†p âs âi )

] ∣0⟩s ∣0⟩i ∣α⟩p . (B.5)

This can further be simplified to
bj+2,1 (âp â†s â†i )

j+1

j
1
(â†p âs âi ) ∣0⟩i ∣α⟩p ≈ (j + 1)(j + 2) ∣α∣2 αj (â†s â†i ) ∣0⟩i ∣α⟩p ,
2

(B.6)

where we used the following identities, that can easily be verified:
ââ†k ∣0⟩ = (ka†k−1 + â†k a) ∣0⟩ = kâ†k−1 ∣0⟩,

(B.7)

ââ† ∣α⟩ ≈ ∣α∣ ∣α⟩,
2
2
âk â† ∣α⟩ ≈ αk−1 (k − 1 + ∣α∣ ) ∣α⟩ ≈ αk−1 ∣α∣ ∣α⟩.

(B.8)
(B.9)

2

Thus, the output state is:
∣ψout ⟩ ≈ ∑ (1 −
j

1 2 2
∣Γ∣ ∣α∣ + ⋯) Γj αj ∣j⟩s ∣j⟩i ∣α⟩p ,
2

2
≈ [∣00⟩ + Γα∣11⟩ + (Γα) ∣22⟩ + ⋯] ∣α⟩p .

(B.10)
(B.11)

So in the limit where the pump pulse is not changed by interacting with the crystal,
the parametric down-conversion process generates a number-entangled state in the
output mode. Note that the output state is separable, that is, it is in a product
state with the pump mode which is in a classical state.

Quantum Fourier Transform
The quantum Fourier transform on an orthonormal basis ∣0⟩, ⋯, ∣M − 1⟩ is defined
such that it is a linear operator and acts on the basis states according to [195]
M −1

1
∣j⟩ Ð→ √ ∑ e2πijm/M ∣m⟩.
M m=0

(B.12)

Now let us take M = 2K+1 , where K ∈ Z+ . The basis for a system with K + 1
qubits can then be written in the computational basis ∣0⟩, ⋯, ∣2K+1 ⟩. It is also useful
−(K−n) .
to encode the state ∣j⟩ in the binary format ∣j0 j1 ⋯ jK ⟩, where j = ∑K
n=0 jn 2

200

|j0 i
|j1 i
|jK

H

R1

..
.

..
.

···

RK

1

×

RK

···

···

H

RK

RK

2

1

···

1i

···

|jK i

···

H

R1
H

×

Figure B.1: Circuit diagram for the quantum Fourier transform which can simply be
derived from the products in Eq. (B.15), by employing the Hadamard and controlled-Rk
gates [195].

With this new representation we can rewrite Eq. (B.12) as
∣j⟩ →
=
=
=
=

2K+1 −1

1
2(K+1)/2
1

∑ e2πijm/2

m=0
1

K+1

∣m⟩

1

∑ ⋯ ∑ e2πij(∑l=0 ml 2 ) ∣m0 ⋯ mK ⟩
K

2(K+1)/2
1
2(K+1)/2

m0 =0

mK =0

1

1

−l

K

∑ ⋯ ∑ ⊗ e2πijml 2 ∣ml ⟩

m0 =0

−l

mK =0 l=0

⎤
⎡ 1
⎥
⎢
2πijml 2−l
⎢
∣ml ⟩⎥⎥
⊗⎢∑e
(K+1)/2
2
⎥
l=0 ⎢ml =0
⎦
⎣
1

K

1

K

⊗ [∣0⟩ + e2πij2 ∣1⟩] .
(K+1)/2
2
l=0
−l

(B.13)

We can expand the last equation by using the binary fraction
K

0.j0 j1 ⋯ jK = ∑
l=0

jl
2(k+1)

.

(B.14)

Thus the quantum Fourier transform can be expressed by the following product
representation:
1
(∣0⟩ + e2πi×0.jK ∣1⟩) (∣0⟩ + e2πi×0.jK−1 jK ∣1⟩) ×
∣j⟩ Ð→ √
K+1
2
⋯ (∣0⟩ + e2πi×0.j0 j1 ⋯jK ∣1⟩) .

(B.15)

Using this product it is easy to derive a circuit performing the QFT using the
Hadamard gate and the controlled-Rk gate. The latter denotes the unitary operation
Rk = ∣0⟩⟨0∣ × Iˆ + ∣1⟩⟨1∣ × exp (2πi/2k ). Figure B.1 shows the circuit diagram for the
quantum Fourier transform. The two connected crosses at the end of the circuit are
meant to represent swap operations used to reverse the order of the qubits.
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Mode calculation for the 3-photon phase estimation protocol: ideal case
As explained in Sec. 7.1.2, the output state of a linear optical network can be
obtained by finding a unitary matrix S describing the action of different optical
elements on the input mode. For the Heisenberg-limited interferometry scheme
III
with 3 photons, Fig. 7.9, to create the optimal state this matrix Sopt
is
III
Sopt
=(

where

A B
),
C D

√
√
√
√
χ1 χ2
χ1 η1 χ2 − χ1 η1 χ2 ⎞
⎛−√ η2
√
√
√
χ1 η2
η1 χ1 η2 − η1 χ1 η2 ⎟
⎜ χ2
√
√
√ ⎟,
A=⎜
⎜ 0
− η1 χ1 η2 −η1 η2
−χ1 η2 ⎟
√
⎝ 0
⎠
χ1
η1
− χ 1 η1

√
0
0
⎛ η1 √η2
0
0
⎜ η η
√
√
B = ⎜√ 1 2
⎜ η1 χ1 η2 − χ2 η1
χ2 χ1
⎝ √η1 χ1
0
0

(B.16)

(B.17)

√
√
η1
− χ1 η1
χη
0⎞
⎛0
√1 1 ⎞
√
3/2 √χ
⎜
χ
χ
η
χ
0
η
0⎟
1 2
2
1 η1 χ2 ⎟
1
⎟,
⎟,C = ⎜
√
√
3/2 √
⎜
0⎟
χ2 ⎟
⎜0 χ1 η1 χ2 η1 χ1 χ2 χ1
⎟
⎝0
⎠
0⎠
0
0
0
(B.18)

and
χ1
0
0
0 ⎞
⎛ √
√
√
√
√
2 χ η η2
χχ
⎜−η χ χ χ η − η η
√ 1 1√
√1 2⎟
⎟
D = ⎜ 1 √ 1 2 1 √2 1 2
⎜−χ1 χ2 η1
−2 χ1 η1 η2
χ1 η2 − η1 η2 − η1 χ2 ⎟
√
√
√
⎝
χ1 χ2
η1 χ2
− η2 ⎠
0

(B.19)

III
where χk = 1 − ηk is the beam-splitter transmittance. From this relation for Sopt
,
and by substituting for η1 = 1/2 and η2 = 1/3 Eq. (7.39) is obtained.

HOM visibility and optical mode mismatch
Recall Eq. (7.52), the probability for observing a coincidence photon detection is
pcoin = ⟨n̂aD n̂bD ⟩
= ⟨0∣⟨1∣ (n̂v̂2o + n̂âo + n̂v̂1o ) (n̂v̂4o + n̂b̂o + n̂v̂3o ) ∣0⟩∣1⟩,

(B.20)

∣0⟩∣1⟩ ≡ ∣0⟩v̂1o ⊗ ∣0⟩v̂2o ⊗ ∣0⟩v̂3o ⊗ ∣0⟩v̂4o ⊗ ∣1⟩âo ⊗ ∣1⟩b̂o .

(B.21)

where
There are 9 terms that should be calculated separately in order to obtain a useful
relation for the probability as a function of mode mismatch parameters. It is easy
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to show that output modes are given by the following equations:
√
√
√
v̂1o =
(1 − η)(1 − ξ2 ) b̂ − ξ2 (1 − η) v̂4 − η v̂1 ,
√
√
√
√
(1 − η)(1 − ξ2 ) v̂4 + ξ2 (1 − η) b̂ − η(1 − ξ1 ) v̂2 − ηξ1 â,
âo =
√
√
√
v̂2o =
1 − η v̂3 − η(1 − ξ1 ) â + ηξ1 v̂2 ,
√
√
√
v̂3o =
(1 − η)(1 − ξ1 ) â − ξ1 (1 − η)v̂2 + ηv̂3 ,
√
√
√
√
b̂o =
(1 − η)(1 − ξ1 ) v̂2 + ξ1 (1 − η) â + η(1 − ξ2 ) v̂4 − ηξ2 b̂,
√
√
√
v̂4o =
(1 − η) v̂1 + η(1 − ξ2 ) b̂ − ηξ2 v̂4 .

(B.22a)
(B.22b)
(B.22c)
(B.22d)
(B.22e)
(B.22f)

Now by using the above equations and employing the commutation properties for
creation and annihilation operators of each mode, all terms in Eq. (B.20) can be
calculated in a straightforward manner. For example, the first term is equal to
⟨0∣⟨1∣n̂v̂2o n̂v̂4o ∣0⟩∣1⟩ = ⟨0∣⟨1∣ v̂2o† v̂2o v̂4o† v̂4o ∣0⟩∣1⟩,
√
√
√
= ⟨0∣⟨1∣ [ 1 − η v̂3† − η(1 − ξ1 ) â† + ηξ1 v̂2† ] ×
√
√
√
[ 1 − η v̂3 − η(1 − ξ1 ) â + ηξ1 v̂2 ] ×
√
√
√
[ (1 − η) v̂1† + η(1 − ξ2 ) b̂† − ηξ2 v̂4† ] ×
√
√
√
[ (1 − η) v̂1 + η(1 − ξ2 ) b̂ − ηξ2 v̂4 ] ∣0⟩∣1⟩,
= [η 2 (1 − ξ1 )(1 − ξ2 )] ⟨1∣â† â b̂† b̂∣1⟩,
= η 2 (1 − ξ1 )(1 − ξ2 ),

(B.23)

where in the second last line we just keep nonzero terms. Applying the same procedure to the rest of terms in Eq. (B.20) gives
⟨0∣⟨1∣n̂v̂2o n̂b̂o ∣0⟩∣1⟩
⟨0∣⟨1∣n̂v̂2o n̂v̂3o ∣0⟩∣1⟩
⟨0∣⟨1∣n̂âo n̂v̂4o ∣0⟩∣1⟩
⟨0∣⟨1∣n̂âo n̂b̂o ∣0⟩∣1⟩
⟨0∣⟨1∣n̂âo n̂v̂3o ∣0⟩∣1⟩
⟨0∣⟨1∣n̂v̂1o n̂v̂4o ∣0⟩∣1⟩
⟨0∣⟨1∣n̂v̂1o n̂b̂o ∣0⟩∣1⟩
⟨0∣⟨1∣n̂v̂1o n̂v̂3o ∣0⟩∣1⟩

=
=
=
=
=
=
=
=

η 2 ξ2 (1 − ξ1 ),
0,
η 2 ξ1 (1 − ξ2 ),
ξ1 ξ2 [1 − 4η(1 − η)] ,
(1 − η)2 ξ2 (1 − ξ1 ),
0,
(1 − η)2 ξ1 (1 − ξ2 ),
(1 − η)2 (1 − ξ1 )(1 − ξ2 ).

(B.24a)
(B.24b)
(B.24c)
(B.24d)
(B.24e)
(B.24f)
(B.24g)
(B.24h)

Adding up all of these terms leads to Eq. (7.54)
pcoin = ⟨n̂aD n̂bD ⟩ =

1
(1 − ξ1 ξ2 ) .
2

(B.25)

The dip visibility can easily be worked out now once we have the probability of
coincidence detection.
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The standard quantum limit
We showed in Sec. 6.4 how the asymptotic limit of the phase variance can be calculated in an interferometric phase estimation context to obtain the SQL. This limit
is valid when the number N of resources are large. For the experiments considered
in this thesis (N = 3, and 7), Eq. (6.12) is not valid anymore. Instead we need to
analytically work out what is the SQL for small N’s [192].
Consider again the interferometer depicted in Fig. 6.2. The optimal (canonical)
phase measurement can be performed on the two modes I and II. The statistical
properties of such a measurement can be taken as the inherent statistical characteristics of phase difference of the state of these two modes. It turns out it is not
always possible to realise canonical measurements using standard optical apparatuses. It has been shown that using adaptive measurements one can approximate
canonical measurements [200]. Sequence of detections are employed to obtain a
Bayesian probability distribution for the phase φ. The controllable phase θ is then
adjusted to increase the accuracy in phase estimation by minimising the variance
after projective measurement of the next photon. Sending single-photon Fock state
into one arm of the interferometer, the probability of detecting a photon in either
of the outputs ports (o1 or o2 ) in an ideal experimental situation is given by
p(u∣φ, θ) =

1
[1 + ucos(φ − θ)] ,
2

(B.26)

where u ∈ {−1, 1} labels the measurement outcome. Assuming that m measurement
results are obtained, we can represent them as a vector um = (u1 , u2 , ⋯, um ) in
which each uj is defined as above. Therefore, the probability for the sequence of
measurement results is given by
p(um ∣φ, θ) = p(u1 ∣φ, θ1 ) p(u2 ∣φ, θ2 ) ⋯ p(um ∣φ, θm ),

(B.27)

where the adjustable phase is varied according to θj = jπ/m. Now recall the Holevo
variance in the phase estimate VH = µ−2 − 1 where µ = ∣⟨eiφ ⟩∣. Using the conditional
probability given in Eq. (B.27) the sharpness µ can be written as [196]
µ=

1
∑ ∣∫ eiφ p(um ∣φ, θ) dφ∣ .
2π um

(B.28)

We can then calculate the Holevo variance for small N’s by solving this integral.
However, as the number of resources increases this calculation gets complex and at
some point even impossible to solve the integral exactly as the number of possible
results goes up exponentially. For the purpose of this thesis we could easily calculate
the sharpness and find the exact standard quantum limit for the Holveo variance.
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[201] A. Luis and J. Peřina. “Optimum phase-shift estimation and the quantum
description of the phase difference”. In: Phys. Rev. A 54.4564 (1996). doi:
10.1103/PhysRevA.54.4564.
[202] A. Luis and J. Peřina. “Optimal quantum measurements for phase estimation”. In: Phys. Rev. Lett. 75.2944 (1995). doi: 10.1103/PhysRevLett.75.
2944.

218

Bibliography

[203] B. C. Sanders, G. J. Milburn, and Z. Zhang. “Optimal quantum measurements for phase-shift estimation in optical interferometry”. In: J. Mod. Opt.
44 (1997), pp. 1309–1320. doi: 10.1080/09500349708230739.
[204] R. Cleve et al. “Quantum algorithms revisited”. In: Proc. R. Soc. Lond. A
454 (1998), pp. 339–354. doi: 10.1098/rspa.1998.0164.
[205] Robert B. Griffiths and Chi-Sheng Niu. “Semiclassical Fourier transform for
quantum computation”. In: Phys. Rev. Lett. 76.3228 (1996). doi: 10.1103/
PhysRevLett.76.3228.
[206] D. M. Greenberger, M. Horne, and A. Zeilinger. “Going beyond Bell’s theorem”. In: Bell’s Theorem, Quantum Theory, and Conceptions of the Universe. Ed. by M. Kafatos. Dordrecht, The Netherlands: Kluwer Academic,
1989, pp. 73–76.
[207] Tim C. Ralph and Geoff J. Pryde. “Optical quantum computation”. In:
Progress in Optics 54 (2010), pp. 209–269. doi: 10.1016/S0079-6638(10)
05409-0.
[208] T. C. Ralph et al. “Linear optical controlled-NOT gate in the coincidence
basis”. In: Phys. Rev. A 65.062324 (2002). doi: 10.1103/PhysRevA.65.
062324.
[209] N. K. Langford et al. “Demonstration of a Simple Entangling Optical Gate
and Its Use in Bell-State Analysis”. In: Phys. Rev. Lett. 95.210504 (2005).
doi: 10.1103/PhysRevLett.95.210504.
[210] T. B. Pittman, B. C. Jacobs, and J. D. Franson. “Demonstration of nondeterministic quantum logic operations using linear optical elements”. In: Phys.
Rev. Lett. 88.257902 (2002). doi: 10.1103/PhysRevLett.88.257902.
[211] Paul G. Kwiat et al. “Ultrabright source of polarization-entangled photons”.
In: Phys. Rev. A 60.R773(R) (1999). doi: 10.1103/PhysRevA.60.R773.
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