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Abstract

Atherosclerosis is a condition whereby fatty material is deposited in the walls of arteries

resulting in a thickening of the wall. It is the leading cause of morbidity and mortal-

ity in much of the world, including Australia. Some of the clinical manifestations of

atherosclerosis include acute ischaemic syndromes such as heart attacks and strokes. De-

spite continuous efforts over the past four decades, the biology of atherosclerosis and its

clinical manifestations are still poorly understood. According to the response-to-injury

hypothesis, this disease is initiated by an injury to or dysfunctionality of the inner lining

of the artery (the endothelium) and progresses through multiple dynamical cell processes.

Mathematical models that take into account the initiation of atherosclerosis can be used to

provide an integrated description of the mechanisms of the formation of an early atheroscle-

rotic lesion. Such models may have significant utility for designing future clinical and

experimental studies, as well as in the development of therapeutic hypotheses and the

provision of preventative advice for an individual or group of patients.

This thesis aims to develop models of the cellular dynamics of the process of early atheroscle-

rosis, which will enhance the understanding of the cellular mechanics behind the formation

of an early atherosclerotic lesion. In order to address the aims of the thesis, we present

increasingly more realistic models.

In the initial investigation, a reduced mathematical model obtained from the Bulelzai-

Dubbeldam model via a quasi-steady state approximation is presented. The model com-

prises two ordinary differential equations describing the interaction between monocytes

and macrophages. Numerical solutions corresponding to various bifurcation scenarios are

presented and interpreted and their results provide better insights into the roles of mono-

cytes and macrophages in the initiation, as well as, in the persistence of the inflammatory

process. The results from this model indicate that an excessive accumulation of mono-

cytes in the intima may drive the development of an atherosclerotic process, suggesting

that the strength of the immune response may be crucial in assessing an individual’s risk

of having atherosclerosis-related complications. The model also provides a basic under-

standing of the inherently complex cellular dynamics of the inflammatory response in an

early atherosclerotic lesion.
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With the basic understanding gained from the simple model, a new ODE model describ-

ing the mechanisms of the inflammatory response with improved biological detail is intro-

duced. The model includes the mutual interactions between the inflammatory mediators,

monocytes, macrophages, low density lipoprotein (LDL), modified low-density lipoprotein

(ox-LDL), foam cells and high density lipoprotein (HDL). These species of cells are recog-

nised as playing a central role in triggering and maintaining the inflammatory response.

To gain a better understanding of the mechanisms behind the formation of an early

atherosclerotic lesion, the model is studied in three steps with increasing biological com-

plexity, starting with a simplified version. The dynamical behaviours of the models are

examined through bifurcation analysis and numerical simulations. The results are inter-

preted in the context of pathophysiological and clinical observations of early atherosclerosis

and are found to have good agreement with these observations. The results of the model

suggest that, following an injury to the endothelium, an atherosclerotic plaque can be

initiated if the migration rate of LDL exceeds a threshold value. The results also suggest

that removing ox-LDL and foam cells slows down the inflammatory process, which finally

stops when ox-LDL and foam cells are successfully removed from the lesion.

To make the model more realistic, a novel reaction-diffusion PDE model is also introduced.

The PDE model comprises equations for the six different species that are considered in the

ODE model. It describes the system in more a realistic way by including spatial variations

and non-instantaneous macrophage-mediated oxidative modification of native LDL. The

steady states of the model and their stability are examined, and then an investigation is

conducted into the way in which these change as the significant parameters of the model

change. The model explicitly investigates the inflammatory events in an early atheroscle-

rotic lesion that are initiated from an injury to the endothelium, and demonstrates how

the different levels of LDL and HDL can affect the cell dynamics leading to different out-

comes of the inflammatory response. The results suggest that the atherosclerotic process

induced by an elevated level of LDL may reverse if the level of HDL is raised. However,

an increased macrophage-mediated oxidative modification of native LDL may negatively

modulate the beneficial effect of raising the level of HDL.

A mechanical model for atherosclerotic plaque growth that takes into account both the

inward and outward expansion of the artery walls is also presented. This model utilises the
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ODE model that describes the cellular mechanisms behind the formation of an atheroscle-

rotic plaque. The mechanical model is then used to determine the inward and outward

expansions of the artery wall based on the pressure balance at the plaque cap. It is found

that the outward expansion of the wall takes place as long as the pressure in the plaque

remains below the blood pressure. Then the inward expansion of the wall begins once the

pressure in the plaque exceeds the blood pressure.

This thesis presents a detailed analysis of the cellular dynamics leading to the formation

of an early atherosclerotic lesion. The results therein provide an improved understanding

of early atherosclerosis, which could ultimately result in effective earlier diagnoses and the

prevention of atherosclerosis-related clinical complications.
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Chapter 1

Introduction

Atherosclerotic cardiovascular disease is the leading cause of morbidity and mortality in

the world for both men and women, especially in developed countries, such as in America,

Japan and much of the western world [1, 2] including Australia. This disease is a condition

whereby fatty material is deposited in the walls of arteries. Despite continuous efforts over

the past four decades, the biology of atherosclerosis and its clinical manifestations are

still not well understood. Scientific research from different perspectives has led to many

hypotheses about the pathophysiology of this disease. However, none of these hypotheses

can explain the whole process of the pathogenesis of the disease due to the involvement of

a large number of risk factors.

It is now widely accepted that the process of atherosclerosis is initiated when the cardio-

vascular risk factors affect the lining of artery walls (the endothelium) and its integrity,

thereby contributing to dysfunction and fragmentation of the lining. This concept, which

was originally proposed by Ross [3], is known as the “response-to-injury” hypothesis. The

hypothesis suggests that the compensatory response of the immune system initiates a series

of complex biochemical and cellular processes in response to an injury, which may result

in the development of an atherosclerotic lesion if the immune system becomes corrupted

and fails to replace the injured endothelium successfully.

An atherosclerotic lesion may develop into a mature plaque through multiple dynamical

cell processes or may regress over time. The mature plaque leads to a thickening of the

artery wall, ultimately narrowing the blood vessel and restricting blood flow. Apart from

1
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restricting blood flow, the mature plaque often ruptures, leading to blockages further

downstream in the arterial system, with the clinical manifestations of acute ischaemic

syndromes such as heart attacks and strokes. Fluid mechanical factors and arterial wall

mechanics also play crucial roles in promoting the process of atherosclerosis, as well as in

increasing the potential for the rupture of an atherosclerotic plaque.

It has been shown that the initial stages of this deadly disease may begin as early as

infancy and remain subclinical for decades without any clinical signs or symptoms, which

usually manifest in middle age or later life. Therefore, a better understanding of the

mechanisms of the formation of an early atherosclerotic lesion and its overall progression

would be beneficial for earlier diagnoses and for preventing atherosclerosis-related clinical

complications.

Unfortunately, an experimental framework to investigate the biological process of plaque

growth and rupture that incorporates all the associated factors is not yet available. Hence,

mathematical and computational models can be used as a natural framework to simulate

an arbitrary scenario based on the experimental results or pathophysiological observations

that are currently available. These approaches and models can provide an integrated

description of the disease, which can, for example, help develop therapeutic hypotheses

and facilitate in silico identification of target drugs, which will, in turn, streamline the drug

development pipeline. Additionally, this framework can be applied across the population

and can be tuned to develop therapeutic strategies for individual patients or patient groups.

The aim of this project is to investigate dynamic models in order to better understand

the cellular mechanics behind the formation of an early atherosclerotic lesion. The project

initially looks at fundamental characteristics of the dynamics of an inflammatory response

using a simple model. With the basic understanding gained from the simple model, more

realistic models are introduced to provide results that can be related back to pathophysi-

ological and clinical observations of atherosclerosis. The project also looks at the remod-

elling phenomena in an artery due to atherosclerotic plaque growth.

The remainder of the thesis is organised into the following six chapters:

Chapter 2 mainly reflects on the context of the research and reviews the relevant lit-

erature. In particular, the chapter starts by presenting an overview of the process of

atherosclerosis, with an emphasis on current clinical and experimental research into this
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disease. Then, a review of proposed mathematical models of atherosclerosis, including a

brief summary of three recently proposed models, is presented.

Chapter 3 presents a reduced mathematical model obtained from the Bulelzai-Dubbeldam

model [4] via a quasi-steady state approximation. The model comprises two ordinary dif-

ferential equations describing the interaction between monocytes and macrophages. The

explicit roles of monocytes and macrophages in the initiation, as well as, in the persistence

of an inflammatory process, are investigated through bifurcation and phase plane analyses.

Chapter 4 introduces a new ODE model describing the earliest events in the formation

of an atherosclerotic plaque based on the response-to-injury hypothesis for atherosclerosis.

The model is comprised of six differential equations describing the mutual interactions

between six different species of cells that are believed to play a key role in atherosclerosis.

We examine the stability and bifurcations of this model in order to investigate the con-

ditions for an inflammatory lesion to be initiated and under what circumstances it may

progress or regress over time. Having understood the dynamics of this model, a more

realistic model is presented Chapter 5.

Chapter 5 develops a novel reaction-diffusion PDE model comprising equations for the

six different species that are considered in the ODE model presented in Chapter 4. This

model describes the system in more a realistic way, including spatial variations and non-

instantaneous macrophage-mediated oxidative modification of native low density lipopro-

teins. We examine the steady states of the model and their stability, and then investigate

how these change as the significant parameters of the model change.

Chapter 6 presents a mechanical model for atherosclerotic plaque growth, taking into

account both the inward and outward expansion of the artery walls. This model utilises

the outcomes of the ODE model presented in Chapter 4 describing the cellular mechanisms

behind the formation of an atherosclerotic plaque. We use the model to determine the

conditions under which the outer wall of the artery can no longer expand to accommodate

the plaque growth and, consequently, the circumstances under which the inner radius of

the artery starts to contract.

Chapter 7 summarises the key findings of this research in relation to current experimental

and clinical observations on the process of atherosclerosis. Limitations of the models and
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the results are also discussed in the context of these observations. We conclude this chapter

with future research directions for possible improvements of the models and results.



Chapter 2

Literature Review

2.1 Introduction

In order to mathematically model atherosclerosis, a detailed understanding of the complex

molecular biology of atherosclerosis development and progression is essential. This chapter

mainly reflects on the context of the research. An overview of atherosclerosis, with an

emphasis on current clinical and experimental research of this disease is presented in

Section 2.2. The remainder of this chapter is organised as follows.

Section 2.3 presents a review on proposed mathematical models of atherosclerosis in the

context of state of the art clinical and experimental studies. This includes a brief summary

of three recently proposed mathematical models of atherosclerosis that mainly investigate

the conditions for a self-accelerated inflammatory process to be initiated. These reviews

supply the fundamental foundation to the work to be developed in this thesis.

Finally, Section 2.4 presents a brief summary of the literature review and refines the

research questions associated with the goals of this project.

5
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2.2 Overview of Atherosclerosis

2.2.1 Structure of Artery Walls

As atherosclerosis refers to hardening and narrowing of the arteries, a detailed knowledge

of the structure of an artery wall is necessary. Although early atherosclerotic lesions,

also known as fatty streaks, may be found throughout the arterial network, advanced

atherosclerotic lesions are usually found in relatively large arteries such as the abdominal

aorta, coronary arteries, cerebral arteries and others [5]. These arteries are of different

sizes and in different locations of the body; however, they can be considered as thick-

walled, multi-layered tubes with a soft inner surface facing the blood flow and a relatively

hard outer surface bounded by tissue [6].

The wall of an artery consists of three layers: tunica intima, tunica media and tunica

externa, also known as adventitia, as shown in Figure 2.1. The intima is the innermost

layer of the arterial wall, separated from luminal blood flow by a monolayer of endothelial

cells resting on a thin basal membrane. These endothelial cells mainly act as a lining of the

artery, but they also play various functional roles that, when disturbed, may participate

in atherosclerosis [7]. Underneath the endothelial layer, there is a subendothelial layer of

homogeneously distributed proteoglycans and fine collagen fibrils whose thickness varies

with age and health. However, atherosclerosis is associated with the innermost intimal

layer that lies beneath this subendothelial layer, and in its normal state, its thickness is

less than 10% of the total wall thickness [8].

In contrast, the media is the largest layer of the artery consisting of multiple layers of

smooth muscle cells (SMC) aligned nearly in a circumferential direction in an extracellular

matrix of collagen and elastin [10]. The intima and media are separated by the internal

elastic lamina (IEL) that contains fenestral pores.

The tunica externa, also known as adventitia, is the outermost and relatively hard layer,

which consists of fibroblasts and fibrocytes (collagen- and elastin-producing cells). The

adventitia also contains a thick bundle of collagen fibres aligned nearly in an axial direction

that strengthens the arterial wall, preventing overstretch and rupture of the vessel wall

from high blood pressure [11].
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Figure 2.1: Diagram of artery wall, with three distinct layers: intima, media and ad-
ventitia, along with their sublayers as labelled [9].

The artery wall initially plays a defensive role against atherosclerotic plaque growth by

dilating itself so that the blood flow through the lumen remains unaltered [12]. However,

at some point, the artery can no longer compensate by dilation, hence the plaque starts

to grow towards the lumen, resulting in narrowing the passage through which blood flows.

The dilating capacities of an artery may be different in patients, depending on their age,

blood cholesterol level, blood pressure and physical activities.

2.2.2 The pathogenesis of atherosclerosis

Over the past four decades, many scientific reviews have been conducted that describe

the biological and genetic bases of atherosclerosis, for example [3, 13–20]. Experimen-

tal research into the disease has led to several hypotheses about the pathophysiology of

atherosclerotic lesion formation and of subsequent clinical complications such as myocar-

dial infarction and strokes; however, none of these theories can explain the whole process

of the pathogenesis of this disease due to the involvement of a large number of risk factors.
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The conventional perspective of atherosclerosis as a pathological lipid deposition within

the artery wall has been redefined by a more complex hypothesis called the response-to-

injury hypothesis, which is supported by numerous pathophysiologic observations from

humans and animals [21, 22]. This hypothesis, which was originally proposed by Ross [3],

proposes that the atherosclerotic process is initiated when cardiovascular risk factors alter

endothelial function and its integrity, thereby contributing to endothelial dysfunction and

fragmentation. The compensatory response of the immune system initiates a series of

complex biochemical and cellular processes in response to an injury, which may result

in the development of an atherosclerotic lesion if the immune system becomes corrupted

and fails to replace the injured endothelium successfully. This failure occurs because of an

imbalance between the pro- and anti-inflammatory actions taken by some cells and cellular

species that are relevant to the repair mechanism and lesion development. Elevated levels

of modified or oxidised low density lipoprotein in the vessel wall is one of the major factors

that instigates this failure by triggering a self-accelerating inflammatory process.

The Ross paradigm of atherosclerosis identifies the following steps in disease progression:

endothelial dysfunction; oxidative modification of low density lipoprotein (LDL); leukocyte

recruitment and fatty streak formation; and lesion development.

2.2.3 Endothelial Dysfunction

A dysfunctional endothelium is characterised by an increased endothelial cell death or

injury and impaired repair capacity [22]. Increased adhesiveness and permeability is com-

mon behaviour shown by the endothelium at the site of early atherosclerotic lesions, as

demonstrated in Figure 2.2. The endothelium regulates vascular tone by maintaining

the balance between several major factors, such as relaxation and contraction, inhibition

and stimulation of smooth muscle cell proliferation and migration, and thrombogenesis

and fibrinolysis [23]. It manages these balances by releasing numerous dilator and con-

strictor substances. An upset to any of these balances results in endothelial dysfunction

that alters the normal function of the endothelium, resulting in damage to the arterial

wall. Several factors including: modified LDL; free radicals caused by cigarette smoking,

hypertension (high blood pressure), and diabetes mellitus; elevated plasma homosysteine

concentrations; infectious microorganisms such as herpesviruses or chlamydia pneumoniae,

through a chemical, mechanical or immunological insult, may induce this dysfunction or
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Figure 2.2: Early signs of atherosclerosis shown at the site of damaged endothelium:
increased endothelial permeability, upregulation of adhesion molecules on the endothelial

surface, leukocytes adhesion and increased migration [3].

damage [24]. Experimental studies suggest that the endothelial system in patients with

hypercholesterolaemia (high cholesterol levels) and hypertension may be exposed to repet-

itive injury, and have reduced capacity for repair compared with patients having normal

cholesterol levels and blood pressure [7, 22].

Damage to the endothelium leads to the production of a number of inflammatory me-

diators, such as cell adhesion molecules that include vascular cell adhesion molecule-1

(VCAM-1) and intracellular adhesion molecules-1 (ICAM-1), cytokines, chemokines and

growth factors. These inflammatory mediators, in turn, trigger the active participation of

monocytes, macrophages, T lymphocytes and vascular smooth muscle cells at the site of

the injury as a reparative mechanism [25]. However, due to repeated injury and a pro-

longed repair process, low density lipoprotein (LDL) may invade the intima where they

rapidly become oxidised. In the presence of modified LDL (ox-LDL) inside the intima,

the primary reparative cells, monocytes and macrophages, now serve as inflammatory

mediators and these are fundamental to the development of an atherosclerotic lesion.

Interestingly, endothelial injury preferentially occurs at bifurcations, junctions or regions

with marked curvature in arteries [26–28]. The endothelial cells at these sites experience

disturbed flow which may alter their normal homeostatic property [28–30]. Further, ex-

perimental studies have revealed that these regions are subject to low and oscillating shear

stress [31]. Considerable evidence suggests that the surface concentration of LDL is locally

elevated at these regions of low wall shear stress, facilitating their oxidative modification
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and thus promoting an inflammatory response [32, 33]. This suggests that fluid mechanical

factors may play a crucial role in inducing endothelial dysfunction and thus initiating the

atherosclerotic process.

2.2.4 Oxidative Modification of LDL

Lipoproteins are particles that are produced in the liver and gut in order to carry pro-

teins and lipids to cells and tissue for the use of cellular metabolism. Based on their

density, lipoproteins can be differentiated into four major types: chylomicrons, very low-

density lipoprotein (VLDL), low-density lipoprotein (LDL), and high-density lipoprotein

(HDL) [34]. However, among these lipoproteins, only LDLs are responsible for cholesterol

transport, while HDL performs the reverse role of transporting lipids to the liver for excre-

tion [35]. Although the physiological function of LDL particles is to carry cholesterol to the

cells and tissue, an alteration to this normal function occurs when they become trapped

inside the arterial wall and become oxidatively modified (ox-LDL). These ox-LDLs are the

most potent chemoattractants in inducing subendothelial migration, as well as endothelial

dysfunction, when they are present in the intima [36].

LDLs are large spherically shaped particles with a lipophilic core consisting of triglyceride

(TG) and cholesterol ester (CE). The lipid core is surrounded by a surface monolayer of

phospholipid, unesterified cholesterol and specific proteins (apoprotein B-100) and antiox-

idants, such as ubiquinol-10 and a-tocopherol (vitamin E) [37, 38], see Figure 2.3. The

oxidation of LDL particles occurs via free radicals such as peroxyl radicals, which are

released by activated neutrophils, monocytes, macrophages, endothelial cells, and arte-

rial smooth muscle cells. Each LDL contains about six molecules of antioxidants on its

surface [38, 39], which protect the lipid core against these free radicals. Oxidation of

LDL particles is extremely unlikely to occur in the circulation as they are well protected

against oxidation by the highly efficient antioxidant defence mechanisms of human plasma.

However, they are vulnerable to oxidation once they become trapped inside the arterial

wall. Free radicals first deplete all the antioxidants from the LDL’s surface, then initiate

oxidative degradation of the lipids both in the core and on the surface.
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Figure 2.3: The oxidative modification of an LDL particle after it invades the intima.
The ox-LDL is recognisable to the scavenger receptor and identified as major cause of

endothelial dysfunction and corruption of the normal immune response [40].

Although HDL is a smaller denser particle than LDL, its structure is essentially the same.

Both LDL and HDL can undergo oxidative modification; however, only ox-LDL is recognis-

able to the scavenger receptors and identified as a major cause of endothelial dysfunction

and corruption of the normal immune response [41]. On the other hand, HDL has been

long recognised as good cholesterol because of its various antiatherogenic actions. Its ma-

jor roles include cholesterol efflux from foam cells (lipid-laden macrophages), inhibition of

the chemotaxis of monocytes, oxidative modification of LDL, adhesion of leukocytes to the

endothelium and endothelial dysfunction [42]. Because of this protective nature, HDL has

been of particular interest in in vitro studies and clinical trials in preventing atheroscle-

rotic disease [43–46]. Vitamins C and E supplementation are also beneficial in preventing

oxidative modification of LDL, thus reducing the incidence of myocardial infarction [35].

2.2.5 Fatty Streak Formation

Once induced by ox-LDL, monocytes and T lymphocytes that are recruited at the site

of the injured endothelium (explained in Section 2.2.3) as primary reparative cells, mi-

grate into the intima and accumulate there due to a barrier formed by the internal elastic

lamina (IEL). Several other chemoattractants, such as monocyte chemoattractant protein

(MCP-1), interleukin-1 and tumor necrosis factor-α (TNF-α) are also capable of inducing
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Figure 2.4: Fatty streak, also known as early atherosclerotic lesion [3].

subendothelial migration when they are present inside the intima [3, 47]. Once the mono-

cytes migrate into the intima, they undergo differentiation and become macrophages under

the influence of macrophage colony stimulating factors (MCSF) [48], which are secreted

by activated endothelial cells as well as macrophages themselves.

Macrophages then uptake ox-LDL using scavenger receptors, which leads to an intracel-

lular accumulation of cholesterol and formation of foam cells. After being stimulated by

the consumption of ox-LDL, macrophages initiate a series of intracellular events, such as

secretion of monocyte chemotactic protein 1 (MCP-1), pro-inflammatory cytokines IL-1

and endothelium stimulating cytokines, such as tumor necrosis factor α (TNF-α) [3, 49].

These messengers serve several purposes that include macrophage activation, endothelial

cell activation, production of pro-inflammatory cytokines and increased adhesion-molecule

expression. As a result, a progressive migration of monocytes, and hence continuous up-

take of oxidised LDL occurs, which leads to the formation of a large number of foam cells,

and thus, a fatty streak is formed, as demonstrated in Figure 2.4. However, apart from

pro-inflammatory cytokines, macrophages and T-cells also produce anti-inflammatory cy-

tokines IL-10 and transforming growth factor-β (TGB-β) to dampen this hyperactive im-

mune response [49].

These types of fatty streaks can even form as early as infancy and remain subclinical for

decades without causing any clinical symptoms [3, 5]. In certain situations, they may

regress over time and eventually disappear. Alternatively, they can continue to grow and
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Figure 2.5: Advanced lesion covered by a fibrous cap [3].

cause sudden clinical manifestations such as coronary artery disease, ischaemic cerebrovas-

cular disease, and peripheral heart disease.

2.2.6 Advanced Lesion Formation

Mature plaques are more complex than fatty streaks in structure. The centre of the plaque,

known as the necrotic core, consists of foam cells and extracellular lipid droplets, which

are covered by a fibrous cap comprised of smooth muscle cells (SMC) and a collagen rich

matrix (see Figure 2.5). In addition to a few T-cells, some other cells are also present in the

lesion, including dendritic cells. From early atherosclerotic lesions, an atheromatous core

is formed due to an intensive aggregation of foam cells. Unabated inflammation results in

a continued migration of monocytes and T-cells from the blood, as well as multiplication

of those that are already present in the lesion, and hence an atheromatous core is formed

[50].

Fibroblast growth factor (FGF) and platelet derived growth factor (PDGF) secreted by

endothelial cells and platelets, respectively, continuously stimulates the migration and

proliferation of SMCs from the arterial media. This leads to the formation of a fibrous

cap isolating the lesion from the luminal blood flow and, thus, the artery wall becomes

thickened. An active infiltration of ox-LDL, monocytes and T-cells into the wall still takes

place at the shoulder of the plaque where the fibrous cap is not well developed [3].
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Besides the haemodynamic effects on blood flow and blood pressure, these stenosed plaques

often weaken the fibrous cap leading to rupture, causing sudden occlusions of blood flow

to vital organs. While a single ruptured plaque can be identified during post-mortem

examination as the cause of a coronary event, knowledge of when a plaque will rupture

is still lacking. However, the molecular composition of an atherosclerotic plaque is one of

the important factors that may determine its fate. Plaques with a high lipid content, that

is, a large necrotic core in their centre and with a thin fibrous cap, are more susceptible to

rupture [51]. Besides this designated composition or configuration, the mechanical forces,

such as plaque stress, flow shear stress and blood pressure, are important factors that may

determine its vulnerability to rupture [52–54].

2.3 Mathematical Models of Atherosclerosis

As mentioned above, atherosclerosis arises as the consequence of multiple dynamical cell

processes. Fluid mechanical factors and arterial wall mechanics also play crucial roles in

promoting these atherosclerotic processes, starting from the initiation of a plaque to its

rupture. These processes occur on different timescales and in different parts of the tissue:

some processes occur in the endothelial layer while others occur in the arterial wall.

Mathematical modelling approaches in this field can be classified into two major categories:

modelling blood flow in differently shaped arteries to elucidate the effects of haemodynamic

factors on initiating an atherosclerotic plaque and its rupture, and modelling the cellular

mechanisms behind the formation of an atherosclerotic plaque. The first category takes a

range of forms that include blood flow modelling, blood flow modelling using fluid-structure

interaction (FSI), blood flow modelling using Magnetic Resonance Imaging (MRI) data and

plaque growth simulations in differently shaped arteries. These models seek to correlate the

location of an atherosclerotic plaque with either non-laminar flow in blood vessels [55, 56]

or regions of low wall shear stress [10, 33, 57–59], determine the vulnerability of a plaque

to rupture [60–62], or incorporate the effect of low wall shear stress on arterial mass

uptake [63, 64]. However, the biochemical reactions that initiate and maintain the overall

progress of an atherosclerotic plaque have not been considered in these studies.
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On the other hand, the second mathematical modelling approach is relatively new and

wide open to new ideas. In recent years, this area of study has received increased atten-

tion from many researchers. Mathematical models using this approach usually take the

form of systems of either PDEs (partial differential equations) or ODEs (ordinary differ-

ential equations). In the following subsections, we present a review of proposed PDE and

ODE models of atherosclerosis that describe the inflammatory processes associated with

this disease. We also present a brief summary of three recently proposed mathematical

models, based on both PDEs and ODEs, that mainly investigate the conditions for a self-

accelerated inflammatory process to be initiated, with the aim of gaining the foundation

knowledge of modelling and identifying the research questions associated with the goals

of this project. The review presents a basic model, which will be used in the first part of

the thesis (Chapter 3).

2.3.1 PDE models of Atherosclerosis

The first PDE model, discussed here, is presented by Ibragimov et al. [8]. In this work the

authors first produce a reaction-diffusion PDE model for six species which are divided into

two different groups, such as cellular species comprising immune cells, SMCs and cellular

debris, and chemical species comprising chemoattractants, native LDL and oxidised LDL.

The authors then simplify the model to a reduced model for immune cells, cellular debris

and chemoattractant. The reduced model gives results that appear plausibly similar to

some of the observed features of atherosclerosis, such as the localisation of immune cells,

build-up of the lipid core, and migration of SMCs that results in isolation of the lesion.

However, the reduced model does not include modified LDL, and the detailed cellular

mechanisms of the formation the necrotic of core are missing.

In another study presented by the same authors [65], they first introduce a slightly different

PDE model describing the reaction-diffusion of four different species; healthy macrophages,

apoptotic macrophages, debris including foam cells and other components of atheroscle-

rotic plaques, and chemoattractants. The authors then linearise this model to investigate

the specific conditions for an atherosclerotic plaque growth through stability analysis.

The results of this model indicate that an atherosclerotic plaque may initiate and grow

if chemotactic migration dominates the diffusive migration of cells. However, the mutual

interactions between species have been simplified extremely to linearise the model.
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In comparison to the above-mentioned model, a relatively simple PDE is presented by

Khatib et al. [66]. This consists of only two variables, the concentration of cytokines and

the concentration of immune cells (monocytes, macrophages). It is designed to investigate

the conditions for a self-accelerating inflammatory process induced by the inflammatory

cytokines to be initiated. The model is given by the following two reaction-diffusion

equations

∂M

∂t
= d1

∂2M

∂x2
+ f1(A)− λ1M, (2.1a)

∂A

∂t
= d2

∂2A

∂x2
+ f2(A)M − λ2A, (2.1b)

where M and A, respectively, define the concentration of immune cells and cytokines,

and d1, d2, λ1 and λ2 are parameters which define the diffusion coefficients and rates of

natural decay of the respective species. The function f1(A) represents the chemotactic

recruitment of immune cells being induced by the presence of oxidised LDL and cytokines

in the intima, and it is defined by the relation

f1(A) =
α1 + β1A

1 +A/τ1
·

The parameter α1 in this relation characterises the beginning of the inflammation, that is,

the concentration of cytokines that is primarily (before the inflammation begins) produced

due to the presence of oxidised LDL in the intima. The parameter β1 defines the rate at

which immune cells are recruited in response to the signals originated by cytokines from the

intima. Lastly, τ1 defines a characteristic time that is required for a fibrous cap covering

an atherosclerotic lesion to be formed, in other words, the time at which the recruitment

of immune cells saturates. While the function f1(A) cleverly includes the aforementioned

biological events in a single term, the dimensions of physical quantities, especially, of the

factor A/τ1 seems not to be carefully justified.

The term f2(A)M in Equation (2.1b) represents the production of inflammatory cytokines

by the immune cells, where

f2(A) =
α2A

1 +A/τ2
·

Here α2 defines the rate at which the immune cells produce inflammatory cytokines, and
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τ2 defines a characteristic time at which this production saturates under the inhibition

mediated by anti-inflammatory cytokines. The dimensions of physical quantities of the

factors in function f2(A) also seem not carefully justified.

In order to determine the conditions for the setting up of the inflammatory reaction, the

authors [66] have studied the following kinetic system obtained by considering the reaction

parts of the system of equations (2.1)

dM

dt
=
α1 + β1A

1 +A/τ1
− λ1M, (2.2a)

dA

dt
=

α2AM

1 +A/τ2
− λ2A. (2.2b)

The system (2.2) always possesses an equilibrium E0 = (0, α1/λ1) regardless of the pa-

rameter values. The system may possess other equilibria which can be obtained by solving

the quadratic equation (found by eliminating M from the steady state versions of Equa-

tions (2.2))

λ2

α2τ1τ2
A2 +

(
λ2

α2
(

1

τ1
+

1

τ2
)− β1

λ1

)
A+

λ2

α2
− α1

λ1
= 0. (2.3)

Solving equation (2.3) for A gives either zero, one or two positive equilibria depending on

the following conditions:

• only one positive equilibrium, say Er, if λ2
α2
< α1

λ1
,

• two positive equilibria, say El and Er, if α1
λ1
< λ2

α2
< β1τ1τ2

λ1(τ1+τ2) , where El < Er,

• otherwise, no positive equilibria exist.

The value of the parameter α1 (the concentration of ox-LDL initially present in the intima)

plays a pivotal role in the transition from one equilibrium of the system (2.1) to another.

When the value of α1 is very small, the system has only one equilibrium E0, which is

stable and corresponds to non-inflammatory states as there are no inflammatory cytokines

present. A slight increase in the value of α1 gives rise to two more equilibria El and Er,

where El is unstable and Er is stable which corresponds to an inflammatory state as both

species are present at this equilibrium. The intermediate equilibrium El is situated above
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E0 on the vertical axis and hence, representing a threshold that has to be overcome if the

system is to move from the stable equilibrium E0 to Er. Therefore, the system will settle

at Er for a sufficiently large initial condition and otherwise E0. Finally, when the value

of α1 is increased so that λ2
α2
< α1

λ1
, the system has two equilibria E0 and Er. In this case,

Er is the only stable equilibrium as E0 becomes unstable, suggesting a self-accelerating

inflammatory process is the only outcome for all situations.

The results of this model suggest that an excessive accumulation of ox-LDL in the intima

can result in the initiation of an atherosclerotic process. The authors [66] also prove the

existence of travelling waves of inflammation, first theoretically, and then numerically both

in the one-dimensional and two-dimensional domains. It is possible that inclusion of other

cells that actively participate in the development of an early atherosclerotic lesion, such

as foam cells and macrophages, may make this model quantitatively more reliable. The

model also excludes the effect of endothelial injury. Further, some of the biological features

that have been incorporated in the model are oversimplified, without having their physical

dimensions carefully justified.

In another study presented by Chalmers and his colleagues [67], the authors produce a

reaction-diffusion PDE model which includes five different species: oxidised LDLs, mono-

cyte chemoattractants, endothelial stimulating cytokines, macrophages and foam cells.

The biological features that this model captures are as follows. The low-density lipopro-

teins (LDL) diffuse across the endothelium when its normal barrier becomes compromised.

Emigrated LDLs immediately become oxidised and taken up by the macrophages, which

ultimately results in the production of monocyte chemoattractants and endothelial stim-

ulating cytokines. These chemoattractants and inflammatory cytokines, in turn, induce

the migration of more monocytes from the blood, thereby establishing a vicious cycle of

inflammation.

The authors perform bifurcation analyses to investigate the conditions for the onset of

atherosclerotic process and subsequent plaque growth. These indicate different scenarios

of the inflammatory process based on the availability of oxidised LDL and macrophages in

the intima. The results suggest a strong inflammatory response corresponding to the state

with high levels of macrophage and low levels of oxidised LDL, and a weak inflammatory

response when the levels of both the macrophage and oxidised LDL are low.
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However, there are some problematic aspects of the model. We discuss a few here. Firstly,

the model does not include the effect of endothelial injury which is known to be the

primary source of chemoattractants and inflammatory cytokines. Secondly, the model

does not include the chemotactic effects of oxidised LDL on inducing the migration of

monocytes and upregulating the cell adhesion molecules. Further, the model does not

include high-density lipoprotein (HDL).

Low or oscillating shear stresses have long been recognised to have crucial roles throughout

all stages of atherosclerosis due to their positive influence on mass flux across the wall.

There are a very few mathematical studies that attempt to incorporate this additional

contribution of fluid mechanics on lesion growth. One of these studies is conducted by Silva

et al. [68], where the authors first introduce a reaction-diffusion PDE model comprising

several cells and cellular species. These include macrophages, oxidised LDL, foam cells and

the pro-inflammatory cytokines that are produced through the consumption of oxidised

LDL by the macrophages and stimulate further emigration of macrophages. The authors

then couple this model with a non-Newtonian model of blood flow and calculate several

flow parameters in an artery bifurcation model with stenosis at various locations. The

model detects successfully the potential regions of atherosclerotic plaque formation as well

as demonstrates the effect of oscillating wall shear stress on plaque growth.

Several other similar models also include the effects of fluid mechanics on plaque growth

and seek to identify plaque-prone areas in the artery [69, 70]. However, the common

problematic aspect of these models is that the biological detail of the formation of an

atherosclerotic plaque is not well captured; inclusion of the effect of fluid mechanics on

plaque growth results in a lack of accurate biological detail of the mutual interactions

between the species that are considered in these models.

Yang et al. [71] developed a more complicated fluid-structure interaction model to describe

the biomechanical interaction between the blood flow and the vessel wall. The model

mainly focuses on the mechanical properties of the plaque as it grows. The authors use

Navier-Stokes equations to describe the transport of monocytes and macrophages both in

the blood and intima, and elastic structure equations for solids, taking the expansion of

the wall due to the accumulation of foam cells into account. The main result of the model

relates to the principal stress in the plaque to the growth of the plaque. The results show

that the stress increases all over the plaque; however, the maximum stress is observed
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at the interface between blood flow and the vessel wall in the plaque region, indicating

rupture-prone area. The authors [71] also investigate the change in wall shear stress as

the plaque grows, which suggests an oscillating wall shear stress in the direction of the

blood flow. While this model captures an in-depth detail of the mechanical properties of

a growing plaque, biological detail of the formation of the plaque is very poorly captured.

For example, the model does not include the oxLDL and its chemotactic effects on the

migration of monocytes. Although the model considers the foam cells, the biochemical

reaction such as the interaction between macrophages and oxLDL, through which the

foam cells form, has been excluded from the model.

In comparison, a slightly different PDE model taking the effect of endothelial injury into

consideration has recently been proposed by Fok [72]. The biological background of this

model is as follows. Blood circulating platelets adhere to the site of injured endothelium

and release cytokines such as platelet-derived growth factor (PDGF). These cytokines in

turn induce the migration of smooth muscle cells (SMCs) from the media as a reparative

mechanism. As well as inducing the migration of SMCs, these cytokines also induce the

proliferation of SMCs that are already present in the intima, resulting in an expansion of

the intima.

To model these phenomena, the author [72] considered an injured artery, represented as

two concentric circles, as shown in Figure 2.6. The inner and outer circles in this figure

represent the endothelium and the internal elastic lamina (IEL), respectively, and the

region bounded by these cirlces is the intima. The intercepted arc (labelled as red) of the

central angle θ0(t) in this figure represents an injury to the endothelial layer at time t. As

this damaged portion acts as the primary source of PDGF, the author prescribes an initial

concentration, P0, of PDGF for this portion and zero for the rest of the layer.

To describe the distribution of PDGF, the quasi-steady state diffusion-degradation equa-

tions were introduced

∂2P1

∂r2
+

1

r

∂P1

∂r
+

1

r2

∂2P1

∂θ2
− λ2

1P1(r) = 0, R(t) 6 r < 1, (2.4a)

∂2P2

∂r2
+

1

r

∂P2

∂r
+

1

r2

∂2P2

∂θ2
− λ2

2P2(r) = 0, r > 1, (2.4b)
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Figure 2.6: Schematic representation of an injured artery, following [72].

with the boundary conditions

P1(r, θ) = P0 on r = R(t),

P1(r, θ) = P2(r, θ) on r = 1,

λ2
2

∂P1(r, θ)

∂r
− λ2

1

∂P2(r, θ)

∂r
= 0 on r = 1,

P2(r, θ)→ 0 as r →∞.

Note that the system (2.4) and its boundary conditions are non-dimensionalised, where

the outer radius R2 is mapped to a dimensionless unit circle. The author then introduces

the following radius evolution equation

2πR
dR

dt
= α

∫ π

−π

[
∂P1

∂r

∣∣∣∣
r=1

+
∂P2

∂r

∣∣∣∣
r=1

]
dθ − β

∫ π

−π

∫ 1

R(t)
P1(r, θ)r dr dθ + π(1−R2(t)),

where P1 and P2, respectively, represent the concentration distribution of PDGF at the

intima and media, which can be obtained by solving the steady state diffusion-degradation

equations (2.4). The parameters α and β define the rates of migration of SMCs and their

proliferation. The solutions obtained from the radius evolution equation demonstrate that

the lumen radius diminished greatly with respect to any of the following: increased angle

of injury, increased SMC migration rate, or increased proliferation rate of SMCs.

While this model successfully incorporates the effect of endothelial injury, accurate bio-

logical detail of the formation of an atherosclerotic lesion is lacking. For example, apart

from inducing the migration of smooth muscle cells (SMC), an injury to the endothelium
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initiates a series of biological events, such as migration of leukocytes, invasion of LDL and

hence the formation foam cells. These cells, in turn, contribute to the plaque growth.

However, the proposed plaque growth model in this paper only depends on the migration

of SMCs and their proliferation.

Another novel aspect of this study [72] is allowing the endothelial layer to move as a free

boundary. The time evolution of the lumen radius suggests a complete occlusion of the

artery, which, however, is inconsistent with the pathophysiologic observations of the early

stages of the disease. The other problematic aspect of this model is that the lumen radius

due to lesion growth reduces in a symmetric way rather than only near the lesion.

2.3.2 ODE models of Atherosclerosis

As the majority of the inflammatory processes occur on the surface of the endothelial layer,

the concentrations of inflammatory cytokines and other inflammatory cells are presumably

higher on this surface. The accumulation of foam cells and other debris is responsible for

the thickening of the arterial wall. These accumulated cells are nearly immobile, therefore

a common assumption in this field is to ignore the spatial structure of the plaque and take

a population-type approach using ordinary differential equations [67].

One ODE model is proposed by Ougrinovskaia et al. [73], where the authors model the

concentrations of modified LDL, macrophages and foam cells. The biological background

of this model is as follows. Modified LDLs induce the migration of monocytes into the

intima, where they transform into macrophages and uptake modified LDL. Lipid-laden

macrophages then induce the further migration of monocytes. Hence, the authors model

the recruitment of monocytes as a linear function of modified LDL and a nonlinear func-

tion of lipid-laden macrophages. It should be noted that in this model the authors do not

distinguish between monocytes and macrophages. The results of the model demonstrate

that an inflammatory process may be initiated for either large concentrations of modified

LDL or large concentrations of lipid-laden macrophages. In other words, similar to the sit-

uation of an accumulation of modified LDL in the intima, an unabated uptake of modified

LDL by the macrophages can also result in the initiation of an atherosclerotic process. In

another study, Cohen et al. [46] extended this model by including HDL and showed that
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a 1 α 0.05

b 1 vL 10−8

c 0.05 vm 10−4

ε 0.01 vM 10−3

e 1 ξ 10−3

f 1

Table 2.1: Original parameters for the Bulelzai-Dubbeldam model [4]

antiatherogenic actions of HDL may help in slowing the inflammatory reactions and thus,

impeding the plaque growth.

In another study presented by Bulelzai and Dubbeldam [4], the authors first introduce

an ODE model describing the biochemical interactions between monocytes, macrophages,

ox-LDLs and foam cells. They then couple this biochemical model with a plaque growth

model describing the time evolution of the lumen radius. From the biochemical model,

the authors calculate a threshold value for the migration rate of LDL into the intima,

beyond which the luminal radius is shown to diminish greatly. Beyond this threshold

value, the concentrations of species also experience catastrophic oscillations, suggesting

an inflammatory process. A novel aspect of this study is that the biochemical model

includes the favourable effect of low wall shear stress on monocyte migration. The Bulelzai-

Dubbeldam model [4] is given by the following equations

dm

dt
=

(
R3

(R3 + α)

aL

(1 + L)
− ε− c

)
m, (2.5a)

dM

dt
= cm− bML

1 + L
, (2.5b)

dL

dt
=

dm

f +m
− eLM − L, (2.5c)

dR

dt
=
ξ

2
(R− 1

R
)
[
m
( aR3Lvm

(α+R3)(1 + L)
+ cvM − vm(ε+ c)

)
+
bML

1 + L
(1− vM ) + vL

( dm

f +m
− eML− L

)]
,

(2.5d)

where all variables and parameters are dimensionless and non-negative. Here m, M and

L, respectively, denote the concentrations of monocytes, macrophages and oxidised LDL.

Also, R denotes the radius of the arterial lumen and the Equation (2.5d) describes its time

evolution in terms of the evolution of the concentrations of the plaque constituents m, M

and L.



Chapter 2. Literature Review 24

20000100000

t

0

2

4

6

8

M
 (

t)

20000100000

t

20000100000

t

20000100000

t

0

0.1

0.2

0.3

0.4

0.5

L
 (

t)
0

2

4

6

8

10

m
 (

t)

0

0.2

0.4

0.6

0.8

1

R
 (

t)

Figure 2.7: Numerical solutions of the Bulelzai-Dubbeldam model [4] corresponding to
d = 0.40 (solid curves) and d = 0.30 (dashed curves). The values of other parameters are

listed in Table 2.1.

The source term in the first Equation (2.5a), R3

(R3+α)
aL

(1+L)m, models the recruitment of

monocytes from the blood stream, with a linear dependence on the monocyte concentration

and a nonlinear dependence on the oxidised LDL concentration inside the intima. Besides

modelling the chemotactic migration of monocytes, this term also includes the effect of low

wall shear stress on the migration of these cells. It has long been known that low wall shear

stresses positively influence the migration of blood molecules into the wall by offering them

an increased residence time near the regions of low wall shear stress [74]. However, the wall

shear stress presumably increases with the plaque growth, as it is inversely proportional

to the radius of an artery. Hence, to precisely model the effect of low wall shear stress

on monocyte migration, the wall shear stress needs to be constantly updated in a self-

consistent way. The factor, R3

(R3+α)
, adjusts the effect of shear stress on the migration of

monocytes with the growth of the plaque. The derivation of this factor can be found in

the original article [4].

Migrated monocytes differentiate into macrophages under the influence of growth regu-

latory factors, which is represented by the term cm. However, a small portion of the

migrated monocytes may also rejoin the blood flow via diffusion, as modelled by εm.

Macrophages then uptake oxidised LDL and immediately transform into foam cells, as

given the term -
bML

1 + L
. The first term in Equation (2.5c),

dm

f +m
, models the uptake of
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LDL by the endothelial layer and its oxidative modification in the presence of monocytes.

The parameters d and f , respectively, define the uptake rate of LDL by the endothelial

layer and the concentration of monocytes at which the oxidation of LDL saturates. Finally,

the term eML models the ingestion of oxidised LDL by macrophages. Please refer to the

original article for a complete description of the model.

Table 2.1 summarises the values of the parameters used in this model and Figure 2.7

shows the numerical solutions corresponding to the two different values of the parameter d

(migration rate of LDL into the intima), and an initial condition (m(0),M(0), L(0), R(0))

= (1, 1, 1, 0.99). The system (2.5) possesses a family of stable equilibria: a marginally

stable equilibrium where only macrophages are present. However, the numerical solutions

suggest a pseudo-steady state where all the species are present, see Figure 2.7. The

oscillations of monocyte and macrophage concentrations die out in the same way as LDL

concentration and approach the spiral sink. At a certain time, the LDL concentration

drops to its zero steady state value, as does the monocyte concentration. The process

then approaches the stable equilibrium with a non-zero value of macrophage concentration.

The numerical solutions also demonstrate that the oscillations in species concentrations

and the reduction in lumen radius increase as the value of the parameter d increases.

The bifurcation analyses of this model, performed by Bulelzai et al. [75] in another study,

identify several other dynamics of the inflammatory process based on the availability of

oxidised LDL in the intima and the ingestion rate of oxidised LDL by the macrophages.

Hence, the numerical solutions depicted in Figure 2.7 appear to suggest that a quasi-steady

state (QSS) approximation could be made and this will be presented in Chapter 3. Further,

it can be seen from the equation (2.5d) that the formulation of the radius equation will not

evolve in time with the initial condition R(0) = 1. Hence, the authors choose R(0) = 0.99

instead of 1 under the assumption that some reduction in the lumen radius may take place

by the time an inflammatory process has started. In the next chapter, we also investigate

what happens if the initial value of the radius changes.

2.4 Discussion

The above literature review provides an in-depth understanding of the underlying cellu-

lar and molecular mechanisms of the formation and growth of an atherosclerotic plaque.
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We find that an injury to or dysfunctional behaviour of the endothelium, resulting from

atherosclerotic risk factors, can initiate an inflammatory process as a reparative mecha-

nism, which may persist due to the atherogenic actions of multiple cells and molecular

species and hence, results in the formation of an atherosclerotic plaque. Fluid mechan-

ical factors and arterial wall mechanics are also active participants in promoting these

atherosclerotic processes, starting from the initiation of a plaque to its rupture.

Mathematical models in this field can be classified into two major categories: models

describing the transport phenomena of blood in differently shaped arteries, and biochem-

ical models describing the cellular mechanisms behind the formation of an atherosclerotic

plaque. Although the models explaining the transport phenomena can successfully pre-

dict atherosclerotic-prone areas in an artery, or determine the vulnerability of a plaque

to rupture, the accurate biological detail in the dynamics of the events in the intima is

lacking.

On the other hand, there have been only a few mathematical studies describing the bio-

chemical processes of the formation of an atherosclerotic plaque. These studies have made

remarkable contributions to understanding part of the biochemical processes based on their

particular focus. The primary objective of this thesis is to explore the dynamics of the

self-accelerating inflammatory process that may be triggered by the hyperactive immune

activities of monocytes and macrophages at the very early stage of atherosclerosis. In

doing so, a reduced model describing the time evolution of monocytes and macrophages

will be presented in Chapter 3, which can be obtained from the Bulelzai-Dubbeldam [4]

model via a quasi-steady state approximation.

The subsequent inflammatory process initiated from an injury to the endothelium is as-

sumed to be the primary cause behind the initiation of an atherosclerotic process, as

demonstrated in the study proposed by Fok [72]. The second objective of this thesis is to

introduce a mathematical model including the effect of endothelial injury with extended

biological details of the formation of an atherosclerotic plaque.

At the initial stage of an atherosclerotic plaque growth, the outer wall compensates for

the plaque by allowing it to expand outward so that the blood flow through the lumen

remains unaltered. This, however, has not been considered in any mathematical studies.
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The final objective of this thesis is to introduce a plaque growth model incorporating both

inward and outward expansion of the artery walls.



Chapter 3

Modelling Insights into the Role of

Monocytes/Macrophages

3.1 Introduction

The primary goal of this thesis is to develop a mathematical model to explore the dynam-

ics of the self-accelerating inflammatory process that may be triggered by the hyperactive

immune activities of monocytes and macrophages at the very early stage of atherosclerosis.

To pursue this goal, this chapter presents a reduced mathematical model obtained from

the Bulelzai-Dubbeldam model [4] via a quasi-steady state approximation. The model

comprises two ordinary differential equations describing the time evolution of the concen-

trations of monocytes and macrophages. The explicit roles of monocytes and macrophages

in the initiation, as well as, in the persistence of an inflammatory process, are investigated

through bifurcation and phase plane analysis.

This chapter is organised as follows: Section 3.2 presents a detailed explanation of the

quasi-steady state approximation of the Bulelzai-Dubbeldam model [4] and hence, intro-

duces the governing equations of the reduced model. Next, Section 3.3 goes on to present

the analyses of the long-term behaviour of the model, which includes bifurcation and

phase analysis, and simulations. The following section presents a special approximation

of the reduced model. The Bulelzai-Dubbeldam model [4] is rescaled in a more mean-

ingful way and, hence, a differently scaled reduced model is introduced in Section 3.5.

28
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Finally, Section 3.6 summarises the biological interpretation that can be conjectured from

the investigations of the model, along with the limitations of the results.

3.2 Governing Equations

In this section, we briefly introduce the Bulelzai-Dubbeldam model [4], and then simplify

this model via a quasi-steady state approximation to obtain a reduced model. The Bulelzai-

Dubbeldam model is given by the following equations

dm

dt
=

(
R3

(R3 + α)

aL

(1 + L)
− ε− c

)
m, (3.1a)

dM

dt
= cm− bML

1 + L
, (3.1b)

dL

dt
=

dm

f +m
− eLM − L, (3.1c)

dR

dt
=
ξ

2
(R− 1

R
)
[
m
( aR3Lvm

(α+R3)(1 + L)
+ cvM − vm(ε+ c)

)
+
bML

1 + L
(1− vM ) + vL

( dm

f +m
− eML− L

)]
,

(3.1d)

where all variables and parameters are dimensionless and non-negative. Here m, M and

L, respectively, denote the concentrations of monocytes, macrophages and oxidised LDL,

and R denotes the radius of the arterial lumen. A complete description of the model is

presented in Section 2.3.2. Table 2.1 gives the original parameters used in this model and

Figure 2.7 shows the numerical solutions corresponding to the two different values of the

parameter d, and an initial condition (m(0),M(0), L(0), R(0)) = (1, 1, 1, 0.99).

The numerical solutions presented in Figure 2.7 indicate that the time evolution of the

different species and of the lumen radius occurs on different scales. To help justify this

observation, we consider two time spans and then reproduce the original solutions for the

time span t ∈ [0, 800], as demonstrated in Figure 3.1. From this figure, it can clearly be

seen that the timescale of LDL is different from other dependent variables. The oscillations

of LDL concentration die out quickly and quickly approaches a pseudo-steady state, while

the other two species are still oscillating.

Firstly, we can differentiate the whole system into slow-fast systems with m,M,R the slow

variables and L the fast variable. It can also be seen from the figure that the magnitude
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Figure 3.1: The numerical solutions of Bulelzai-Dubbeldam model [4] for d = 0.4,
plotted over the span t ∈ [0, 800]. The same values for other parameters, as listed in
Table 2.1, were used in this simulation, and the initial condition is also the same as in

Figure 2.7, that is, (m(0),M(0), L(0), R(0)) = (1, 1, 1, 0.99).
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Figure 3.2: Figures showing time evolution of the lumen radius for an initial value
R(0) = 0.999; a different value than that was used for both the Figures 3.1 and 2.7,

plotted over different time spans.

of the variation in radius is negligible compared to that of the other two species m and M

in this time span; the initial radius is reduced by only 0.25%.

Further observations about the time evolution of lumen radius can be made from Fig-

ure 3.2. The figure shows that for an initial value R(0) = 0.999, the time evolution of

radius occurs differently, a longer time is taken to attain its steady value. In addition, the
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radius of the lumen remains almost unchanged in the time span t ∈ [0, 800]. In this case,

the initial radius is reduced by only 0.02%. It should be noted that the initial radius of

lumen used in the original simulation is R(0) = 0.99, which is an arbitrary choice made

by the authors. The formulation of the radius equation does not evolve in time with the

initial condition R(0) = 1, see Equation (3.1d). Hence, the authors choose R(0) = 0.99

instead of 1 under the assumption that some reduction in the lumen radius may take place

by the time an inflammatory process has started. Our simulations starting with different

initial conditions show altered time evolution of the radius. Further, the magnitude of the

variation in radius becomes negligible as the initial value gets closer to 1.

We can therefore assume here that the radius, R, is constant in this time span, so we set

R = 1, for simplicity. Furthermore, we can make a quasi-steady state approximation to

Equation (2.5c) so that we can study the remaining system at the steady state value of L.

The quasi-steady state value of L is

L∗ =
dm

(f +m)(eM + 1)
. (3.2)

The time evolution of the remaining slow variables can be obtained by evaluating them

on the fast manifold L∗, which yields

dm

dt
=

a dm2

(1 + α) {(f +m)(1 + eM) + dm}
− cm− εm, (3.3a)

dM

dt
= cm− b dmM

(f +m)(1 + eM) + dm
. (3.3b)

The system (3.3) can be used to elucidate the explicit roles of monocytes and macrophages

in the initiation, as well as, in the persistence of an inflammatory process. Here m and M ,

respectively, define the concentrations of monocytes and macrophages, and a, b, α, c, ε, d, e

and f are non-negative parameters. The first term in equation (3.3a) models the migration

of monocytes, which depends on both the monocyte and macrophage populations in a

nonlinear way. The second term in equation (3.3b) models the reduction in the macrophage

population, which also depends on both the monocyte and macrophage populations in a

nonlinear way.
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Table 3.1 The parameters that appear in the system (3.3) have the following interpretation.

Parameter Description Value

a immigration rate of monocytes 1
c conversion rate of monocytes into macrophages 0.05
ε escape rate monocytes out of the wall 0.01
b conversion rate of macrophages into foam cells 1
α wall shear stress 0.05
d uptake rate of LDL by the endothelial layer 0.4
f monocyte concentration at which the oxidation of LDL saturates 1
e maximum uptake rate of ox-LDL by the macrophages 1

In the original system of Equations (3.1) [4], the parameter a determines the migration

of monocytes depending on the concentrations of monocytes and oxidised LDL that are

present in the intima. Accordingly, the parameter a in the reduced system determines

the migration of monocytes depending on the concentrations of monocytes and lipid-

laden macrophages. The parameter f in the original system defines the concentration of

monocytes at which the oxidation of low-density lipoprotein (LDL) saturates. The smaller

the value of f , the larger the concentration of ox-LDL, and so smaller f ultimately results

in a stronger inflammation. Hence, we assume that, in the reduced system, the parameter

f determines the threshold concentration at which the activation of monocytes saturates.

On the other hand, the parameter b in the original system (3.1) governs the conversion

of macrophages into foam cells. Hence, it can be seen from the reduced system (3.3)

that a larger value of b implies faster reduction in macrophage concentration. Table 3.1

provides a brief description of all parameters along with their values used in the original

model (3.1) [4].

3.3 Model analysis

3.3.1 Parameter and stability analysis

We start analysing the system (3.3) by solving for the nullclines. From (3.3a) and (3.3b)

we have, respectively,

mM +

(
d+ 1

e
− ad

(1 + α)(ε+ c)e

)
m+ fM +

f

e
= 0, (3.4a)

mM +
d+ 1

e
m+ (f − bd

ec
)M +

f

e
= 0, (3.4b)
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Figure 3.3: The forms of nullclines for f > fth and f < fth.

Figure 3.4: The concentration of monocyte (m) plotted as a function of the parameters
a and f .

along with the common nullclines m = 0. Therefore, the system has a class of equilibria

(m,M) = (0,Ml); for any positive value of Ml, which is independent of the parameter

values.

The orientation of the hyperbolas defined by the nullclines of the system (3.4) depends on

the parameter values. From Equation (3.4b), it follows that the condition f <
bd

ce
must

be met in order for the M not to have negative values. On the other hand, the condition

a >
(1 + α) (c+ ε) (1 + d)

d
must be met in order for the m not to have negative values.
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Hence, the nullclines appear in the positive in the quadrant if the conditions f <
bd

ce

and a >
(1 + α) (c+ ε) (1 + d)

d
hold, see Figure 3.3(a). However, these nullclines do not

intersect unless f < fth and a > ath, as shown in Figure 3.3(b). Here fth and ath are the

threshold values of f and a, respectively.

Therefore, for a > ath and for a fixed f , the system may possess another set of equilibria

which can be obtained by solving the following quadratic equation

eacm2 + {eacf − abd+ b(1 + α)(1 + d)(ε+ c)}m+ fb(1 + α)(ε+ c) = 0, (3.5)

if the discriminant ∆ > 0, where

∆ =
[eacf − abd+ b(1 + α)(1 + d)(ε+ c)]2 − 4eacfb(1 + α)(ε+ c)

2eac
· (3.6)

We can calculate the threshold values for the parameters a from (3.6) as

ath = b(1 + α)(c+ ε)
cef + bd2 + bd− cdef + 2

√
bcd2ef + bcdef − c2de2 f2

(bd− cef)2
, (3.7)

The inequality ∆ > 0 can also be rearranged for the threshold value of f , for a fixed a, as

fth =
b
(
ad+ (ε+ c)(1 + α)(1− d)− 2

√
d(c+ ε)(1 + α) (a− (c+ ε)(1 + α))

)
ace

· (3.8)

Hence, for a > ath and for a fixed f , the system possesses two more equilibria which are

born in a saddle-node bifurcation, see Figure 3.4. These equilibria have the following form

m± =
a b d− a c e f − b (1 + α) (1 + d) (c+ ε)±

√
∆

2 a c e
. (3.9)

The Jacobian matrix corresponding to the equilibria (m,M) = (0,Ml) is

A(0,Ml) =

 −(c+ ε) 0

c− bdMl

f(eMl + 1)
0

 ,

which has eigenvalues l1 = 0 and l2 = −(c+ε)f . Therefore, the class of equilibria (m,M) =

(0,Ml) is unconditionally marginally stable. On the other hand, one of the equilibria
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Figure 3.5: The numerical solutions of Bulelzai-Dubbeldam model [4] for b = 1.5. The
values of other parameters are listed in Table 2.1.

(m−,M−) born in the saddle-node bifurcation is an unstable saddle point, whereas the

stability of the other equilibrium point (m+,M+) is dependent on the parameter values.

We will start our simulations with the same parameter values that are listed in Table 3.1.

However, we intentionally choose b = 1.5 (explained in Section 3.3.4), a different value

from that chosen in the original article [4]. Figure 3.5 reproduces the plots in Figure 3.1

with this new value of b. From the figure it can be seen that our QSS approximation is

valid, even with the larger value of b. However, the larger value of b does dampen the

oscillations in the m and M profiles.

3.3.2 Simulations of the dynamics

We solved the system (3.3) using the routine ‘ode45’ in MATLAB. Corresponding to the

parameter values that are listed in Table 3.1, equation (3.8) yields fth ∼ 3.914. The

concentration profiles and phase planes corresponding to three different values of f are

presented in Figure 3.6. The phase plane in the top row shows that when f > fth, the

system (3.3) has a class of equilibria S0 = (0,Ml) such that it contains infinitely many
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(a) (b)

(c) (d)

(e) (f)
Figure 3.6: Phase planes (left column) and concentration profiles (right column), re-
spectively, for f = 4.0, f = 3.5 and f = 2.5, where fth ∼ 3.914. The red and blue solid
lines in the phase planes, respectively, represent the stable and unstable manifolds of the
unstable saddle point. The black and blue filled circles in the phase planes (c) and (e),

respectively, denote the saddle point S1 and spiral sink S2.

equilibria—the entire M-axis of the phase plane, and they are all marginally stable. There-

fore, the system chooses to settle at one of these equilibria based on its initial condition,
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as demonstrated by the cell concentration profiles in the top row.

In contrast, for f < fth, the system is bistable as it possesses one more stable equilibrium

point S2 = (m+,M+) along with an unstable saddle point S1 = (m−,M−). As a result,

the stable manifold of S1 (red curve in Figure 3.6(c)) divides the phase plane into the

basins of attraction S0 and S2. For an initial condition chosen from the region bounded

by this stable manifold, the system settles at the spiral sink S2. Otherwise, the system

approaches the marginally stable equilibrium S0 when an initial condition is chosen from

outside of this region. The phase plane and concentration profiles of this case are shown

in the middle row of Figure 3.6.
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Figure 3.7: Algorithm used to obtain the stable and unstable manifolds of the saddle
point. Here ε0 is a small constant which introduces a small perturbation to the normalised
eigenvector. In addition, the forward and backward integration in time were used to

calculate these manifolds.
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Table 3.2 Ranges of initial monocyte concentrations that lead to non-zero equilibrium con-
centrations in the presence of small macrophage concentrations at different value of f .

f 3.5 3.0 2.5 2 1.5 1.0 0.5

mmin 1.12 0.86 0.66 0.50 0.36 0.20 0.07
mmax 2.69 4.75 7.5 11.0 15.70 22.25 33.20

Furthermore, it can be seen from the phase plane 3.6(e) that decreasing f increases the

size of the region bounded by the stable manifold. Table 3.2 lists calculated values for

initial monocyte concentrations that define this range for a few different values of f . Refer

to the algorithm depicted in Figure 3.7 and its caption to see the computation technique

of the stable and unstable manifolds. For different values of f , the dynamics of the system

remain qualitatively the same. However, decreasing f results in increasing the size of the

oscillations, as demonstrated in Figure 3.6(f).

3.3.3 Bifurcation analysis

In the following sections, we study the continuation of equilibria in the parameter plane,

in order to investigate their behavioural changes as the parameter values change. Initially,

the parameters a and f were chosen as control parameters in the bifurcation analysis as

they are both related to the underlying inflammatory response in the body. The numerical

software “MatCont” [76] was used to search for any possible codimension 3 point (where

the Bogdanov-Takens point degenerates).

The bifurcation of the saddle-node point, S1, generates a boundary between the monostable

(region 1) and bistable (region 2) regions in the a− f plane, as shown in Figure 3.8. On

the other hand, the continuation of the spiral sink, S2, gives rise to two more subregions

in the bistable region: regions 3 and 4 in Figure 3.8. The spiral sink converts into a spiral

source through a sub-critical Hopf bifurcation when the parameters enter the region 3.

However, the continuation of this sub-critical Hopf point results in a Generalised Hopf

(where the first Lyapunov coefficient vanishes) bifurcation and as a result, the region 4 is

born where the spiral source changes to a spiral sink again. The bifurcation of the limit

cycle emerging from the Hopf bifurcations provides a limit point for the cycle, on which

this cycle degenerates into an orbit homoclinic to the saddle node (S1) and disappears via

a saddle homoclinic bifurcation; thus, region 5 is born. The Bogdanov-Takens (BT) point
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Figure 3.8: Codimension 2 bifurcation diagram for b = 1.5 (and the values of other
parameters that are listed in Table 3.1). The BT and GH points, respectively, denote
the Bogdanov-Takens point with negative second critical coefficient and Generalised Hopf

point.

acts as an organiser for the saddle-node, Hopf and homoclinic curves. It should be noted

that the system (3.3) produces qualitatively similar dynamics corresponding to region 1

and the extra region located on the left of this region. Hence, we do not distinguish

between these two regions.

The dynamics of the system corresponding to the different regions of Figure 3.8 are as

follows: In region 1, the system (3.3) is monostable and the family of marginally stable

equilibria (the class S0) are the only equilibria of the system. Whereas in region 2, the

system possesses a spiral sink (S2) along with the family of marginally stable equilibria

S0. The dynamics of the system in these two regions are qualitatively the same as shown

in Figure 3.6. In region 3, the spiral sink S2 changes to a spiral source through a sub-

critical Hopf bifurcation, alongside with a stable limit cycle surrounding the spiral source,

where the unstable manifold of S1 becomes forward asymptotic to this limit cycle. As a

result, the trajectories approach this limit cycle when an initial condition is chosen from

the region bounded by the stable manifold of S1, as demonstrated in Figure 3.9(a). The

dynamics in time corresponding to this region is presented in Figure 3.9(b).
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(a) (b)

(c) (d)

(e) (f)
Figure 3.9: Phase planes (left panel) and concentration profiles (right panel) corre-
sponding to different regions of the bifurcation diagram Figure 3.8. The red and blue
solid lines in the phase planes, respectively, represent the stable and unstable manifolds

of the unstable saddle point, whereas the black lines represent trajectories.
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Figure 3.10: Curves demonstrating the Bogdanov-Takens bifurcation of codimension 3
when b decreases from 1.5 to 0.64.

When the system (3.3) moves from region 3 to 5, the stable limit cycle collides with the

unstable manifold of S1, destroying the limit cycle, creating a heteroclinic orbit from S2

to S1 and making the system monostable to S0. As a result, the trajectories form an

outgoing spiral in the case when an initial condition is chosen from the region bounded by

the unstable manifold of S1, as shown in Figure 3.9(c). The dynamics in time corresponding

to this region is presented in Figure 3.9(d).

In contrast, moving from region 5 to 4, the spiral source changes to a spiral sink through

a super-critical Hopf bifurcation, alongside with an unstable limit cycle. The trajectories

form an incoming spiral in the case when an initial condition is chosen from the region

bounded by this limit cycle. The phase plane and solution profiles corresponding to region 4

are presented in Figures 3.9(e) and 3.9(f). Both the inward and outward trajectories in

the cases of stable and unstable limit cycles are omitted so that the directional vectors

inside these cycles remain visible. It should be noted that, moving between regions 3 and 4

directly is degenerate as it involves moving through a single point in 2D parameter space.

3.3.4 Bogdanov-Takens bifurcation of codimension 3

The value of the parameter b determines the size of the region (region 3) bounded by the

Hopf and homoclinic curves, see Figure 3.8. Hence, to get a clear view of this region,

b = 1.5 (instead of 1) was chosen in the Section 3.3.1. Decreasing b from 1.5 brings the
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Figure 3.11: Codimension 2 bifurcation diagram for b = 0.65. The values of other
parameters are listed in Table 3.1. The BT point denotes a codimension 2 Bogdanov-

Takens point with positive second critical coefficient.

Bogdanov-Takens (BT) and Generalised Hopf (GH) points closer and finally at b = bc, the

BT point annihilates GH point, as demonstrated in Figure 3.10. As a result, the second

critical coefficient of the Bognadov-Takens (BT) point found at b = 1.5 degenerates at

b = bc, where bc ∼ 0.6601, obtained by varying the value of b in MatCont. The curves

in Figure 3.10 are obtained by plotting the coordinates of BT and GH points calculated

corresponding to different values of b. The bifurcation diagram for b < bc is presented

in Figure 3.11. The dynamics of the system 3.3 in regions 1, 2, 4 and 5 of Figure 3.11 are

qualitatively the same as those in regions 1, 2, 4 and 5 of Figure 3.8.

3.4 A special approximation of the system (3.3)

The parameter f represents the threshold concentration of monocytes at which the ac-

tivation of monocytes saturates. Several cytokines, such as interleukin 1 (IL-1α, IL-1β),

interleukin 2 (IL-2), interferon-γ (IFN-γ) and tumour necrosis factor α (TNF-α) induce

the activation of monocytes [77]. Here we assume an atherosclerotic lesion with abundant

activation cytokines so that the activation of monocytes occurs without saturation, that is,

the monocytes become activated once they migrate into the intima. Hence, when f → 0,
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the system (3.3) takes the following form

dm

dt
=

a dm

(1 + α)(1 + eM + d)
− cm− εm, (3.10a)

dM

dt
= cm− b dM

1 + eM + d
· (3.10b)

Solving for nullclines of the system 3.10, we find that the system possesses an equilib-

rium at

(
b (ad− (ε+ c)(1 + α)(1 + d))

ace
,
ad− (ε+ c)(1 + α)(1 + d)

(ε+ c)(1 + α)e

)
which is, however,

physically invalid (concentration cannot be negative) unless a >
(ε+ c)(1 + α)(1 + d)

d
·

The system has another equilibrium at the origin which is independent of the parameter

values. It is noteworthy that the QSS approximation made in Section 3.2 is also valid for

f = 0.

To help study the stability and bifurcation of the system we consider the Jacobian of the

system (3.10)

A =


ad

(1 + α)(1 + d+ eM)
− (c+ ε) − adem

(1 + d+ eM)2

c − bd(1 + d)

(1 + d+ eM)2

 ·

At (0, 0), the Jacobian has eigenvalues λ1 = − bd

1 + d
and λ2 =

ad− ε+ c)(1 + α)(1 + d)

(1 + α)(1 + d)
·

It follows that origin is the only physiologically realistic equilibrium point of the system

and it is a nodal sink when a <
(ε+ c)(1 + α)(1 + d)

d
.

However, the origin changes to an unstable saddle when a >
(ε+ c)(1 + α)(1 + d)

d
, as λ2

changes its sign and hence the second equilibrium enters the first quadrant of the m−M

phase plane and never exits. The eigenvalues at the second equilibrium are

l1,2 = −b(c+ ε)2(1 + α)2(1 + d)

2a2d
± ω, (3.11)
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Figure 3.12: Bifurcation diagram of the system 3.10 in a − b plane. The solid vertical
line and the solid magenta line, respectively, represents the transcritical bifurcation and
Hopf bifurcation. The dashed vertical line represents a threshold value for a(∼ 0.45)

where the Hopf curve is shown to be vertical for all realistic values of b.

where

ω2 =
b(c+ ε)2(1 + α)2

a2d
×{

b(c+ ε)2(1 + α)2(1 + d)2

4a2d
− c(ad− (ε+ c)(1 + α)(1 + d)

}
·

(3.12)

It is evident that this equilibrium is either a nodal sink or a spiral sink. The expres-

sion (3.12) represents a boundary curve in the a − b parameter plane, which divides the

parameter space into two regions: region 2 and 3, as shown in Figure 3.12. In region 2,

this equilibrium is a nodal sink, whereas, in region 3 this equilibrium a spiral sink. Cor-

responding to region 1, the only equilibrium point for the system 3.10 is the origin. The

black solid line at a ≈ 0.22 represents the transcritical bifurcation on which the origin

becomes an unstable saddle.

It can be seen from Figure 3.12 that when a is sufficiently large (a & 0.45) the dynamics

of the system is mainly driven by a. A similar phenomenon can also be seen from the

bifurcation diagrams presented in Figures 3.8 and 3.11; for small f Figure 3.8 resembles

Figure 3.11. The approximation based on f → 0 is extreme, but it greatly helps to unfold

the pivotal role of the parameter a in the collective dynamics described by the system 3.3.
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3.5 Appropriate formulation of QSS approximation

The work in Sections 3.2 and 3.4 is an informal approach to reducing the system of

equations based on the observation that L reaches a (more-or-less) steady state quickly. A

more formal approach is to use a fast-slow analysis [78–80] of the system, which is achieved

by defining τ = µt, where µ > 0 is a small parameter. The biochemical model introduced

by Bulelzai and Dubbeldam [4] is given by the following equations

dm

dt
=

(
R3

(R3 + α)

aL

(1 + L)
− ε− c

)
m, (3.13a)

dM

dt
= cm− bML

1 + L
, (3.13b)

dL

dt
=

dm

f +m
− eLM − L, (3.13c)

dR

dt
=
ξ

2
(R− 1

R
)
[
m
( aR3Lvm

(α+R3)(1 + L)
+ cvM − vm(ε+ c)

)
+
bML

1 + L
(1− vM ) + vL

( dm

f +m
− eML− L

)]
.

(3.13d)

Using the transformation τ = µt, the slow-fast system can be rewritten as

dm

dτ
=

(
R3

(R3 + α)

a1L

(1 + L)
− ε1 − c1

)
m, (3.14a)

dM

dτ
= c1m−

b1ML

1 + L
, (3.14b)

µ
dL

dτ
=

dm

f +m
− eLM − L, (3.14c)

µ
dR

dτ
=
ξ

2
(R− 1

R
)
[
m
( aR3Lvm

(α+R3)(1 + L)
+ cvM − vm(ε+ c)

)
+
bML

1 + L
(1− vM ) + vL

( dm

f +m
− eML− L

)]
,

(3.14d)

where a1 =
a

µ
, ε1 =

ε

µ
, c1 =

c

µ
and b1 =

b

µ
. In the limit as µ → 0, we get an

equivalent system where L is effectively at quasi-steady state and R = 1. Hence using

L =
dm

(f +m)(eM + 1)
, the slow subsystem can be written as

dm

dτ
=

a1 dm
2

(1 + α) {(f +m)(1 + eM) + dm}
− c1m− ε1m, (3.15a)

dM

dτ
= c1m−

b1 dmM

(f +m)(1 + eM) + dm
. (3.15b)
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Original problem (3.3) Scaled problem (3.17) Value [4]

m m1 =
m

f
–

M M1 = eM –

t t1 = at –

a – –

b b2 =
b

a
1

α α 0.05

d d 0.4

f – –

e – –

c c2 =
c

a
0.05

ε ε2 =
ε

a
0.01

– F =
c f

a e
0.05

.

Table 3.3: The summary of the parameters and variables in the rescaled system (3.17).

It can be observed that system (3.15) is similar to the original reduced system (3.3), except

that some of the coefficients are scaled differently.

However, in the following, we rescale system (3.15) differently to check if the rescaled

system produces any significantly different results than those that are already presented.

We first introduce the transformations M1 = eM and m1 = f/m. The system (3.15) then

takes the following form

dm1

dτ
=

a1 dm
2
1

(1 + α) {(1 +m1)(1 +M1) + dm1}
− c1m1 − ε1m1, (3.16a)

dM1

dτ
=
c1f

e
m1 −

b1 dm1M1

(1 +m1)(1 +M1) + dm1
. (3.16b)

Finally, we introduce the transformation t1 = τ a1. Hence, system (3.16) can be rewritten

as

dm1

dt1
=

dm2
1

(1 + α) {(1 +m1)(1 +M1) + dm1}
− c2m1 − ε2m1, (3.17a)

dM1

dt1
= F m1 −

b2 dm1M1

(1 +m1)(1 +M1) + dm1
, (3.17b)

where F =
cf

ae
, b2 =

b

a
, c2 =

c

a
and ε2 =

ε

a
. Table 3.3 gives a summary of the parameters

and variables in the scaled system (3.17). System (3.17) has a class of equilibria (m1,M1) =
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Figure 3.13: Codimension 2 bifurcation diagram of the rescaled system (3.17). The
values of other parameters are listed in Table 3.2. The BT and GH points, respectively,

denote the Bogdanov-Takens point Generalised Hopf point.

(0,Ms), for any positive value of Ms, which is independent of the parameter values. Two

other equilibria can be obtained by solving the following quadratic equation

F m2
1 + {F − b2d+ b2(1 + α)(1 + d)(ε2 + c2)}m+ b2(1 + α)(ε2 + c2) = 0. (3.18)

These have the form

m± =
F − b2d+ b2(1 + α)(1 + d)(ε2 + c2)±

√
∆s

2F
, (3.19)

where

∇s =
[F − b2d+ b2(1 + α)(1 + d)(ε2 + c2)]2 − 4b2F (1 + α)(ε2 + c2)

2F
> 0· (3.20)

The class of equilibria (m1,M1) = (0,Ms) is unconditionally marginally stable. On the

other hand, one of the equilibria (m−
1 ,M

−
1 ) born in saddle-node bifurcation is an unstable

saddle point, whereas the stability of the other equilibrium point (m+
1 ,M

+
1 ) is dependent

on the parameter values.

We study the continuation of equilibria in the parameter plane, in order to investigate
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their behavioural changes as the parameter values change. The bifurcation diagram is

presented in Figure 3.13. As expected, the results are qualitatively similar to results

already presented. In the respective regions marked in Figures 3.13 and 3.8, the dynamics

of the systems (3.17) and (3.3) are qualitatively identical.

3.6 Discussion

In this chapter, we have presented a reduced ODE obtained from the Bulelzai-Dubbeldam

model [4] via a quasi-steady state approximation. We have analysed the long term be-

haviour of the steady states of the model, and their stability, through phase plane analysis

and simulations. We have also conducted an in-depth numerical bifurcation analysis to

investigate how the stability of these steady states is affected by model parameters. We

associate the stable steady states of the model with a non-inflammatory lesion where

only macrophages are present, while an inflammatory lesion has both monocytes and

macrophages present. Under these assumptions we will now proceed to discuss several

dynamics of the inflammatory response under different values of the parameters.

The results of this model indicate that an excessive accumulation of monocytes in the

intima may drive the development of an atherosclerotic process. In particular, we notice

that if the migration rate of monocytes is not large enough, that is when a < ath, a

non-inflammatory atherosclerotic lesion containing macrophages may form, as shown in

Figure 3.6(a). These type of non-inflammatory lesions can be found throughout the arterial

network, and can form as early as infancy, remaining subclinical for decades without

causing any clinical symptoms [3, 20].

On the other hand, when the migration rate of monocytes is sufficiently large, that is when

a > ath, there are two possibilities of stable regimes for the inflammatory process: either a

self-accelerating inflammatory process, or a healthy outcome, as mentioned above. In this

case, the parameter f represents a range for initial monocyte concentration, which sepa-

rates these stable regimes, see Table 3.2. From the phase planes shown in Figures 3.6(c)

and 3.6(e), it can be conjectured that a self-driven inflammatory process establishes if the

initial concentration of monocytes falls within this range; otherwise, a healthy outcome is

obtained. This suggests that an optimised initial concentration of monocytes is required
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for an inflammatory process to be established. This result is explained below in the context

of experimental studies.

The various regions marked in the bifurcation diagrams presented in Figure 3.8 and Fig-

ure 3.11 indicate different dynamics of the inflammatory processes. Corresponding to

regions 1 and 2 in both diagrams, qualitatively similar dynamics to the inflammatory pro-

cess as described above are observed. However, on entering regions 4 of Figure 3.8 or 3

of Figure 3.11, the dynamics of inflammatory process changes significantly. An unstable

limit cycle surrounding the spiral sink of region 2 is born on entering this region. For any

initial conditions chosen from inside this limit cycle, both the monocyte and macrophage

concentrations oscillate until the steady state is reached.

More complex dynamics of the inflammatory process are seen corresponding to region 3

in Figure 3.8. In this region, a self-sustaining limit cycle (stable limit cycle) is created.

The recruitment rate of monocytes, a, and their activation (determined by the value of f),

is such that there is a continual depletion and renewal of the macrophage concentration,

which in turn leads to a prolonged inflammatory response that may result in the formation

of an advanced atherosclerotic plaque. Furthermore, the bifurcation diagram presented

in Figure 3.10 reveals that the entire dynamics of the inflammatory response may be

governed by the monocytes when the migration rate of monocytes exceeds a threshold.

Adhesion of monocytes to the endothelial layer and their subsequent migration to the wall

is a common sign found at the site of an early atherosclerotic lesion [3]. The development

of an atherosclerotic lesion strongly depends on the strength of the immune response,

which mainly characterises the migration rate of monocytes including some other cells,

such as T-cells and smooth muscle cells [28]. The strength of the immune response can

be crucial in assessing an individual’s risk of having atherosclerosis-related complications,

such as thrombosis, when traditional approaches, for example a lipid profile test, fails [81].

The results of the model support these findings, since the dynamics represented by the

model is mainly driven by the migration rate of monocytes. The model does not include

the pro-inflammatory effects of lipid-laden macrophages on lesion development. However,

the existence of stable limit cycle and prolonged inflammatory process corresponding to a

sufficiently large depletion rate (& 0.66) of macrophages is noteworthy in view of the fact

that macrophages promote the pro-inflammatory response through the formation of foam

cells [3, 28].
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Another important result of the model is that the threshold concentration (defined by the

parameter f) at which the activation of monocytes saturates provides a range for initial

monocyte concentrations that are required for an inflammatory process to be initiated.

Activated monocytes contribute to lesion development by various atherogenic activities,

such as modification of LDL and inducing the production of pro-inflammatory cytokines

such as interleukin-10 (IL-10) [82]. These inflammatory markers induce further migration

of monocytes. Further experimental studies to determine the exact mechanisms of the ac-

tivation of monocytes may help justify the numerical reliability of this result. In addition

to monocytes and macrophages, high-density lipoprotein (HDL), low-density lipoprotein

(LDL)/oxidised LDL, T-cells, foam cells, and other inflammatory mediators, such as cell

adhesion molecules released from injured or dysfunctional endothelium, are also recognised

as active participants in the development of an early atherosclerotic lesion [3, 28]. There-

fore, a sophisticated model considering these cells and molecular species may provide a

better understanding of the dynamics of the inflammatory response, which is this the next

goal in this thesis.



Chapter 4

Modelling the mechanisms of the

inflammatory response in an early

atherosclerotic lesion

4.1 Introduction

The biological background of atherosclerosis presented in Chapter 2 suggests that the me-

chanical injury or dysfunction from atherosclerotic risk factors alters the normal function

of the endothelium, which may play a pivotal role in initiating atherosclerosis. The com-

pensatory response of the immune system initiates a series of complex biochemical and

cellular processes in response to an injury, which may result in the development of an

atherosclerotic lesion if the immune system becomes compromised and fails to replace the

injured endothelium successfully. This failure occurs due to an imbalance between the pro-

and anti-inflammatory actions taken by some cells and cellular species that are relevant

to the repair mechanism and lesion development.

The aim of this chapter is to present a mathematical model for the formation of an

atherosclerotic plaque based on the above-mentioned response-to-injury hypothesis. Here,

we consider atherosclerosis as a continuous process and propose a biochemical model con-

taining a system of ODEs to simulate the dynamics of the formation of an atherosclerotic

plaque. The model is based on the mutual interactions between six different species of

51
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cells that are believed to play a key role in atherosclerosis. The mass concentration of the

species that are considered in this model are the following: inflammatory mediators; mono-

cytes; macrophages; modified low-density lipoprotein (ox-LDL); foam cells; and HDL. We

examine the stability and bifurcations of this model in order to investigate the conditions

for an inflammatory lesion to be initiated and under what circumstances it may progress

or regress over time.

This chapter is structured as follows. Section 4.2 introduces an ODE model for atheroscle-

rotic plaque growth, beginning with a brief description of the mechanisms behind the

formation of an early atherosclerotic plaque. The remainder of this section concentrates

on formulating the model based on the above-outlined mechanisms. To gain a better

understanding of the behaviour of the system, we analyse the model with increasing bio-

logical complexity, starting with a simplified version presented in Section 4.3. Sections 4.4

and 4.5 present two other versions of the model which include another simplified version

and the full version. The long-term behaviour of these models are analysed via simulations

and bifurcation analysis.

Section 4.6 summarises a comparison of the results of the three different versions of the

model. An improved HDL model including the analysis is presented Section 4.7. Finally,

Section 4.8 explains the key findings of the model in the context of the clinical and exper-

imental studies of atherosclerosis, comparing the results of this model with some recently

proposed mathematical models of atherosclerosis.

4.2 Model development

In this section, we formulate an ODE model for atherosclerotic plaque growth describing

the inflammatory process in this disease. We begin with a brief introduction of the mech-

anisms behind the formation of an early atherosclerotic plaque that this model aims to

capture. A schematic diagram showing the earliest events in the formation of an atheroscle-

rotic plaque is presented in Figure 4.1.

A dysfunctional endothelium, which is characterised as an endothelium with an increased

endothelial cell death or injury, and impaired repair capacity, plays a pivotal role in ini-

tiating atherosclerosis [22]. Experimental studies suggest that the endothelial system in
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Figure 4.1: Schematic diagram showing earliest events in the formation of an atheroscle-
rotic plaque. An injury to the endothelium results in the release of inflammatory media-
tors including cell adhesion molecules, which attract monocytes circulating in the blood.
Monocytes then migrate into the intima and differentiate into macrophages. The injured
endothelium also provides pathways for LDL and HDL to enter the intima. Macrophages
release free radicals which modify LDL. Modified LDLs, in turn, are taken up by the
macrophages, leading to the formation of foam cells. Lipid-laden macrophages release
pro-inflammatory mediators which promote further migration of monocytes. Interleukin-
10 (IL-10) released from lipid-laden macrophages activates HDL. Activated HDL helps

reduce the plaque growth by removing foam cells from the lesion.

patients with hypercholesterolaemia and hypertension may be exposed to repetitive injury,

and have reduced capacity for repair compared with patients having normal cholesterol

levels and blood pressure [7, 22]. Leukocytes (white blood cells such as monocytes and

lymphocytes) are recruited primarily to the injury site to serve as reparative inflammatory

cells [25]. However, due to repeated injury and a prolonged repair process, low density

lipoproteins (LDL) may invade the intima where the particles rapidly become oxidised. In

the presence of modified LDL (ox-LDL) inside the intima, the primary reparative inflam-

matory monocyte cells now serve as inflammatory mediators and these are fundamental

to the development of an atherosclerotic lesion.

As shown in Figure 4.1, monocytes first differentiate themselves into macrophages and then

consume ox-LDL. Once stimulated by the consumption of ox-LDL, macrophages initiate a

series of intracellular events, such as secretion of monocyte chemotactic protein 1 (MCP-1),

pro-inflammatory cytokines IL-1 and endothelium stimulating cytokines, such as tumor
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necrosis factor α (TNF-α) [3, 49]. These chemoattractants promote further immigration

of monocytes, which may eventually lead to a chronic inflammatory process. Macrophages

that have consumed ox-LDL become foam cells and collectively form fatty streaks inside

the intima.

On the other hand, it has been long recognised that high density lipoprotein (HDL) inhibits

the progression of atherosclerosis by removing cholesterol from foam cells, as well as by

limiting the inflammatory processes that promote atherosclerosis [43].

As outlined above, an injury to the endothelium results in the release of inflammatory

mediators as a reparative mechanism. Numbers of these inflammatory mediators are

significantly increased by the subsequent pro-inflammatory processes, resulting in the de-

velopment of an atherosclerotic lesion. Therefore, we can expect two possible outcomes

of inflammation: termination of the inflammatory process upon the replacement of the

injured endothelial cell or the establishment of the self-perpetuating inflammatory process

leading to the development of an atherosclerotic plaque.

To model the early stages of atherosclerosis we use the description of the mechanisms

as outlined above. We also justify our choice for some of the important terms of the

model in the context of recent experimental studies. It should be noted that the relevant

experimental results may be different in the presence of all the cells and cellular species

that this model considers. Therefore, we intend to formulate a qualitative model.

We will model the time evolution of the mass concentration for the following six species:

inflammatory mediators; monocytes; macrophages; modified low density lipoprotein (ox-

LDL); foam cells; and HDL. Hence, the model comprises equations for the following quan-

tities:

c(t) concentration of pro-inflammatory mediators (pg mm−3);

m(t) concentration of monocytes (pg mm−3);

M(t) concentration of macrophages (pg mm−3);

Lox(t) concentration of oxidised LDL (pg mm−3);

F (t) concentration of foam cells (pg mm−3); and

H(t) concentration of HDL (pg mm−3).
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We first specify the initial conditions. Under physiologic conditions the endothelium is

impermeable to small proteins such as albumin [83], therefore we can assume that none of

the species that are considered in our model are present in the intima before the injury to

the endothelium. Thus, we have the following zero initial conditions

c(0) = 0, m(0) = 0, M(0) = 0, Lox(0) = 0, F (0) = 0, H(0) = 0. (4.1)

4.2.1 Governing equations

Equation for pro-inflammatory mediators (c). To model the concentration of pro-

inflammatory mediators, we do not distinguish between various types of inflammatory

mediators such as monocyte chemotactic protein 1 (MCP-1), inflammatory cytokines IL-

1, endothelium stimulating cytokines (TNF-α) and others. Instead, we group all pro-

inflammatory mediators that induce positive chemotaxis and consider this as a single

concentration. To include the effects of endothelial damage we include a function f(t)

(which will be defined later) in our model. The modified LDL (ox-LDL) and ox-LDL en-

riched macrophages (foam cells) inside the intima also result in an increased concentration

of pro-inflammatory mediators. Therefore, the concentration of inflammatory mediators

is modelled by

dc

dt
= βf(t) + rLox

L2
ox

K2
Lox

+ L2
ox

+ rF
F 2

K2
F + F 2

− dcc, (4.2)

where β is the rate of production of inflammatory mediators from the initial endothelial

damage and dc defines its natural decay rate. Here rLox and rF represent the produc-

tion rates of inflammatory mediators induced by ox-LDL and lipid-laden macrophages,

respectively. The parameters KLox and KF , respectively, represent the Michaelis-Menten

constants, or saturation constants [84], for ox-LDL and lipid-laden macrophages. We will

refer to quantities similar to KLox and KF as saturation constants for the remainder of

the thesis.

Although the exact cause of endothelial dysfunction or injury is not fully understood, sev-

eral studies have demonstrated that exposure to ox-LDL can alter the normal function of

the endothelium, including an increased stiffness [85] and permeability [86]. These stud-

ies suggest that, once induced by the ox-LDL, endothelial cells express several adhesion
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molecules which disrupt the normal barrier of the endothelium. On the other hand, after

being stimulated by the modified LDL, macrophages secrete several pro-inflammatory cy-

tokines, such as interleukin-1α (IL-1α), interleukin-6 (IL-6) and tumour necrosis factor-α

(TNF-α), which are reported to induce further migration of monocytes. In the experi-

mental study conducted by Tang et al. [87], human monocyte-derived macrophages were

treated with increasing concentrations (10-80 µg ml−1) of ox-LDL. After 24 hours of incu-

bation, the concentrations of IL-1α, IL-6 and TNF-α were measured. The authors suggest

that the secretion of cytokines occurs in a dose-dependent manner (non-Michaelis-Menten

manner [88]), which indicates that macrophage expresses an increasing affinity to ox-LDL.

Therefore, the secretion of cytokines induced by ox-LDL appears to obey a Hill-type sig-

moid dependence on the ox-LDL concentrations.

Accordingly, we choose a 2nd-order Hill function of the form, rLox
L2
ox

K2
Lox

+ L2
ox

, to char-

acterise the production of inflammatory cytokines induced by ox-LDL. We assume that

this term also accounts for the oxLDL-dependent cytokines secretion by other cell types,

such as endothelial cells. Foam cells also secrete pro-inflammatory cytokines that promote

adherence of monocytes to the endothelium and upregulate the expression of scavenger

receptors [89]. We choose a similar term, rF
F 2

K2
F + F 2

, to describe the production of

cytokines by the foam cells..

Equation for monocytes (m). Monocytes which adhere to the site of the injury are

triggered by the inflammatory mediators and penetrate the endothelial layer, reaching the

arterial intima, where they differentiate into macrophages. T-lymphocytes and some other

immune cells also penetrate the endothelial layer in response to the injury [25]. Activated

T cells-derived interferon gamma (INF-γ), with the assistance of macrophage colony stim-

ulating factor (M-CSF), induce the conversion of monocytes into macrophages [90]. We

omit T-cells from our model by assuming that monocytes differentiate into macrophages

immediately after they become trapped in the intima. The evolution of monocyte concen-

tration within the intima is modelled by

dm

dt
= σmc− ρm− dmm. (4.3)
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The first term on the right hand side of this equation describes the migration of monocytes

into the intima at the rate σm. As described above, once retained in the intima, mono-

cytes can undergo differentiation and become macrophages under the influence of growth

regulatory factors, such as macrophage colony stimulating factor (MCSF). Depending on

the micro-environmental conditions, a small portion of the migrated monocytes may also

differentiate into dendritic cells (DC) [48]. The exact functions of the dendritic cells in the

earliest fatty streaks are not clearly understood [91]. Niessner et al. [92] suggest that the

cross-talk between activated DC and effector T cells can drive lesion instability by killing

plaque-resident cells. As our aim is to model early atherosclerosis we do not consider

dendritic cells.

The second term describes the differentiation of monocytes into macrophages at the rate

ρ. A similar term has also been used to describe the differentiation of monocytes into

macrophages in the model presented by Bulelzai and Dubbeldam [4]. The term −dmm

models the natural decay of monocytes.

Equation for ox-LDL (Lox). Low-density lipoproteins (LDL) migrate into the artery

wall, alongside the immune cells, where they become oxidised (ox-LDL). Monocyte-derived

macrophages generate activation-dependent reactive oxygen species which are capable of

in vivo oxidation of lipoproteins [93]. Endothelial cells also play a major role in the mod-

ification of LDL at the very early stages of lesion formation. However, macrophages that

are trapped in the intima are the most prominent cell type to oxidise LDL within lesions,

once atherosclerosis has been initiated [94]. Accordingly, we assume that macrophages are

the only cell type capable of the oxidative modification of LDL in our model.

Several other experimental studies provide an improved understanding of the association

of macrophages with the oxidative modification of LDL, for example [95, 96]. In the

study conducted by Graham and colleagues [95], the authors demonstrate the role of

human monocyte-derived macrophages in promoting the oxidative modification of LDL

cholesterols, as well as the role of HDL in inhibiting the oxidative modification of LDL.

In this study, the authors incubated human monocyte-derived macrophages and LDL

for 8 hours, with or without HDL. In the HDL free media, the production of reactive

oxygen species in the first 6 hours was found to increase approximately linearly in time.

However, in the presence of HDL, the production of these free radicals was found to
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diminish greatly. In another experimental study, Hultén et al. [96] suggest that, besides

promoting the oxidative modification of LDL, macrophages also have the ability to inhibit

it. They also suggest that the antioxidant activity of macrophages may not be sufficient

during atherosclerosis development.

After oxidative modification, LDL particles become recognisable to the scavenger receptors

and are taken up by the macrophages. It should be noted that we do not distinguish

between LDL and modified LDL (ox-LDL) in our modelling. We assume, rather, that the

invaded LDL rapidly modify into ox-LDL on a much faster timescale than the ingestion of

ox-LDL by the macrophages and the other chemical reactions that are considered in this

model.

The evolution of modified LDL concentration within the intima is modelled by

dLox
dt

= σLM − µMLox − dLoxLox. (4.4)

The first term on the right-hand side of this equation models the migration of LDLs into the

intima and their oxidative modification in the presence of macrophages. We present this as

linear in macrophage concentration M , where the parameter σL defines the rate at which

the migration of LDLs occurs. In the model proposed by Bulelzai and Dubbeldam [4],

the oxidation of LDL is described using a saturating function of monocytes. However,

due to the lack of evidence supporting this modelling assumption, we update this term.

An updated version of this term including the inhibition action of HDL on the oxidative

modification LDL will be presented later. Secondly, the term −µMLox takes into account

the ingestion of modified LDL by the macrophages. Finally, the term −dLoxLox models

the natural decay of ox-LDL.

Equation for macrophages (M). Macrophages take up ox-LDL and transform into

foam cells once they are heavily loaded, which eventually leads to the formation of an

atheromatous plaque. The oxidative modification of LDL cholesterols occurs in the pres-

ence of macrophages, hence the minimum level of macrophages can be assumed consid-

erably higher than the saturation level of ox-LDL. Therefore, unlike other mathematical

models [4, 67], we assume that the concentration of ox-LDL never reaches the level where

the ability of macrophages to ingest these particles becomes limiting. Accordingly, we
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omit the concept of saturating dynamics of the uptake of ox-LDL by the macrophages

from our modelling.

The evolution of macrophage concentration within the intima is modelled by

dM

dt
= ρm− µMLox − dMM, (4.5)

where monocytes differentiating into macrophages is modelled by the term ρm and the

uptake of ox-LDL by macrophages to form foam cells is modelled by −µMLox. The

latter term is similar to the term describing the ingestion of ox-LDL by macrophages in

Equation (4.4). Macrophages may also undergo natural decay, such as death, giving the

final term −dMM [67]. However, this has been overlooked in the model proposed by

Bulelzai and Dubbeldam [4].

Equation for foam cells (F). Macrophages that are filled with ox-LDL transform into

foam cells. We assume that the rate of accumulation of foam cells within the intima

is proportional to the consumption of ox-LDL by the macrophages. Hence, we use the

following equation to model the concentration of foam cells within the intima

dF

dt
= µMLox − µ1FH − dFF, (4.6)

where µMLox describes the conversion of macrophages into the foam cells through the

consumption of ox-LDL and the term −µ1FH describes the removal of foam cells by the

antiatherogenic actions of HDL, explained in the next paragraph. The final term −dFF

describes a natural decay of foam cells, with a rate constant dF .

Equation for HDL (H). Activated macrophages, once stimulated by ox-LDL, also

produce a large amount of anti-inflammatory cytokines, for example interleukin-10 (IL-

10) [97]. These cytokines help slow lesion development by their various atheroprotective

actions, such as inhibition of macrophage activation, production of pro-inflammatory me-

diators, and many other actions that play major roles in determining plaque stability [98].

High density lipoprotein (HDL) also inhibits plaque progression by various antiathero-

genic actions. Its major roles include cholesterol efflux from foam cells, inhibition of the



Chapter 4. Dynamics of the Inflammatory Response 60

chemotaxis of monocytes, adhesion of leukocytes to the endothelium and endothelial dys-

function [42]. However, experimental studies suggest that these HDL particles fail to

produce positive outcomes in controlling the development of atherosclerosis in the absence

of IL-10 [99]. HDL particles, being activated by IL-10, can help reduce the plaque size by

up to 60% in vivo [98, 99]. However, to the best of our knowledge, there is no evidence

suggesting the positive influence of IL-10 on HDL migration into the wall.

To model the concentration of activated HDL, we assume that migrated HDL particles

become activated by IL-10, which is released by macrophages when they are loaded with

ox-LDL. This leads to the following equation, which describes the evolution of the concen-

tration of HDL

dH

dt
= σHF − µ1FH − dHH· (4.7)

Here the first term on the right hand side of the equation represents the migration of

HDLs into the intima and their activation by IL-10, which is released upon the formation

of foam cells. The second term, −µ1FH, represents the loss of HDL in the intima due to

the interaction with foam cells. The last term, dHH, represents a linear decay of HDL, with

rate constant dH . This term accounts for all other losses of HDL, such as oxidation due to

the interaction with free radicals and, perhaps, degradation. All dimensional parameters

in Equations (4.2-4.7), along with their physical meanings, are listed in Table 4.1.

4.2.2 Nondimensionlisation

In this section, we recast the model in nondimensional form. We use the following trans-

formations: t̃ = dLox t, c =
rLox

dLox

c̃ and X =
σm rLox

d2
Lox

X̃, where X=(m, M, Lox, F, H) and

X̃ =
(
m̃, M̃ , L̃, F̃ , H̃

)
. The six governing equations (4.2-4.7) then become

dc

dt
= βf(t) +

L2

α2 + L2
+ rF

F 2

σ2 + F 2
− εc, (4.8a)

dm

dt
= c− ρm− κm, (4.8b)

dM

dt
= ρm− µML− γM, (4.8c)

dL

dt
= δM − µML− L, (4.8d)
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Table 4.1 Description of the parameters that appear in the model.

Parameter Description unit

β Production rate of mediators from endothelial damage pg mm−3 s−1

rLox Production rate of mediators induced by ox-LDL pg mm−3 s−1

rF Production rate of mediators induced by foam cells pg mm−3 s−1

σm Migration rate of monocytes s−1

σL Invasion rate of LDL s−1

σH Migration rate of HDL s−1

ρ Rate at which monocytes differentiate into macrophages s−1

µ Rate at which macrophages consume ox-LDL mm3 pg−1 s−1
µ1 Rate at which HDL remove foam cells mm3 pg−1 s−1
KLox Saturation constant for ox-LDL pg mm−3

KF Saturation constant for foam cells pg mm−3

dc Rate of decay of pro-inflammatory mediators s−1

dm Rate of decay of monocytes s−1

dM Rate of decay of macrophages s−1

dLox Rate of decay of ox-LDL s−1

dF Rate of decay of foam cells s−1

dH Rate of decay of HDL s−1

dF

dt
= µML− µ1FH − φF, (4.8e)

dH

dt
= νF − µ1FH − θH, (4.8f)

with transformed initial conditions c(0) = m(0) = M(0) = L(0) = F (0) = H(0) = 0,

where tildes are omitted. The dimensionless parameters are defined as follows

β̃ =
β

rLox

, α̃ =
KLox d

2
Lox

σm rLox

, r̃F =
rF
rLox

, σ̃ =
KF d

2
Lox

σm rLox

, ε̃ =
dc
dLox

,

ρ̃ =
ρ

dLox

, κ̃ =
dm
dLox

, µ̃ =
µσmrLox

d3
Lox

, γ̃ =
dM
dLox

,

δ̃ =
σL
dLox

, µ̃1 =
µ1 σmrLox

d3
Lox

, φ̃ =
dF
dLox

,

ν̃ =
σH
dLox

, θ̃ =
dH
dLox

.

The function f(t), which includes the effects of periodic damage to the endothelium in our

model, has the following form

f(t) = Θ(Aπ − t/Q) sin2(t/Q), (4.9)

where Θ(Aπ − t/Q), with Q = 1
dLox

, is the Heaviside function and A defines the number

of repeated cycles of injury to the endothelium. Using the transformation t̃ = dLox t, we
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Table 4.2 The values of parameter used in the model.

Parameter Value Parameter Value Parameter Value

β 0.06 [72] α 0.1 estimated σ 0.1 estimated
ε 1 [72] ρ 0.05 [4] γ 0.1 [84]
µ1 0.25 [84] φ 0.015 [84] θ 0.05 [84]
rF 0.04 [84] κ 0.01 [4]

The parameters δ, µ and ν are chosen for bifurcation analysis. The values of these parameters that are
used in initial simulations are listed below.

δ 0.2 µ 0.2 ν 0.3

recast the function f(t) in the following nondimensional form

f(t) = Θ(Aπ − t) sin2(t), (4.10)

where tildes are again omitted. One unit of dimensionless time corresponds to 12 hours

in dimensional variables
(
dLox ∼ 1

12h
−1
)

[4]. Therefore, one cycle (A = 1) of injury and

recovery to the endothelium in the dimensionless system equates to approximately 36 hours

worth of damage in our model, which resembles the time course of recovery of endothelial

function after reperfusion or mechanical injury [100]. The dimensionless parameters, along

with their values, are listed in Table 4.2.

4.3 Model Analysis - Reduced Model 1

We solved the biochemical model, equations (4.8a)-(4.8f), using the ode15s routine in

MATLAB. The parameter values used in the numerical simulations are summarised in

Table 4.2, unless stated otherwise. To gain a better understanding of the behaviour of

the system, we analyse the model with increasing biological complexity, starting with a

simplified version.

4.3.1 Simulations of the Dynamics

In the first step, we do not take into account the foam cells and their contribution to

increasing the concentration of pro-inflammatory mediators in our modelling. We also do

not take into account the contribution of HDL in reducing the concentration of foam cells.
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Figure 4.2: Numerical solutions showing distinct dynamics produced by the sys-
tem (4.11) corresponding to the different levels of endothelium damage. The top row
shows that the inflammatory process induced by a single cycle of injury (A = 1) to the
endothelium is not strong enough to drive the development of an atherosclerotic lesion:
the release of inflammatory mediators stops upon the removal of all cells and hence, the
damage is successfully repaired. The bottom row shows that an increased initial concen-
tration of inflammatory mediators from repeated injuries (A = 4) results in an increased
level of other cells, which ultimately results in increasing the concentrations of inflamma-
tory mediators and thereby establishing a cycle of inflammation. The parameter values

used in this simulation are listed in Table 4.2.

Hence, F = 0 implies rF = 0 and H = 0, and the governing system (4.8) reduces to a

4× 4 system of the following form

dc

dt
= β f(t) +

L2

α2 + L2
− ε c, (4.11a)

dm

dt
= c− ρm− κm, (4.11b)

dM

dt
= ρm− µM L− γM, (4.11c)

dL

dt
= δM − µM L− L. (4.11d)

In the initial simulation, we intend to investigate the effect of endothelial injuries on the

long term behaviour of the dynamics produced by the system (4.11). The solutions are

presented in Figure 4.2, which shows that the system exhibits bistability. The top row
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Figure 4.3: Numerical solutions of the system (4.11) illustrating the effect of low density
lipoprotein (LDL) levels on the initiation of an atherosclerotic process. The top row shows
that if the migration rate of LDL is large (δ = 0.4), a single cycle of damage to the
endothelium may drive the development of an atherosclerotic lesion. However, when the
migration rate of LDL lies below a threshold (δ < δc), a self-accelerating inflammatory
process cannot be established even if the endothelium undergoes repeated injuries, as
shown in the bottom row. The values of the other parameters are same as listed in

Table 4.2.

in this figure shows that, immediately after an injury to the endothelium (A = 1), the

concentration of inflammatory mediators and other cells experience a transient growth.

However, the concentrations of these species are found to decay after some time and finally

settle to their zero steady state values. An injury to the endothelium results in the release

of inflammatory mediators which attract blood circulating monocytes. Monocytes migrate

into the intima and differentiate into macrophages. The injured endothelium also allows

low density lipoprotein (LDL) to enter the intima, where it becomes oxidatively modified

(ox-LDL). The modified LDLs, in turn, enhance the release of inflammatory mediators.

However, these ox-LDLs are taken up by the macrophages, which subdues the release of

inflammatory mediators, eventually leading to the decay in the species population. The

release of inflammatory mediators stops when cells are removed and presumably the injured

endothelial cell is replaced by a healthy one [22].

On the other hand, an inflammatory response is observed for repeated injuries (say A = 4,
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see the bottom row). The increased initial concentration of inflammatory mediators from

repeated injuries results in an increased level of other cells, which ultimately results in

increasing the concentrations of inflammatory mediators and thereby establishing a cycle

of inflammation. Consequently, the system settles to a non-zero equilibrium which can be

physiologically related to chronic inflammation as the inflammatory process remains active.

These results provide explicit evidence of the contribution of an injured endothelium to

initiating an atherosclerotic process. It is worth mentioning that, the feature of fast LDL

dynamics to a pseudo steady state that was seen in the Bulelzai and Dubbeldam model [4]

is absent from this model. In this model, the oxidation of LDL is described as a linear

function of macrophages. Hence, the timescale variation in the evolution of LDL and

macrophages is absent from the result of this model.

We also found that the system behaves in a qualitatively similar manner to this when A = 1

is combined with a sufficiently large value of δ, as shown in top the row of Figure 4.3. This is

significant because the magnitude of the parameter δ is an indicator of the blood cholesterol

level. In the medical community, hypercholesterolaemia (high blood cholesterol levels) has

long been recognised as one of the most powerful risk factors in initiating atherosclerosis

and promoting the complications related to this disease [3, 22]. It is encouraging that

the model can also simulate the effect of high LDL levels in initiating an atherosclerotic

process. The function of LDL is to deliver proteins and lipids to cells and tissue for

the use of cellular metabolism. However, an alteration to this normal function occurs

when they are trapped in the vessel wall. In the wall, these particles undergo oxidative

modification, which, in turn, enhance the migration of monocytes by promoting the release

of inflammatory mediators and hence, resulting in the initiation of an atherosclerotic lesion.

The bottom row of Figure 4.3 will be discussed later.

4.3.2 Bifurcation Analysis

The results discussed above identify two distinct stable steady states of the system (4.11),

which are achieved depending on the parameter values. In this section, we conduct bifur-

cation analyses to investigate the dependency of the model on the parameter values. We

start by analysing the steady states of the system and their stability.
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Figure 4.4: Bifurcation plots of the system (4.11) showing the equilibrium concentration
of pro-inflammatory mediators as a function of the invasion rate of LDL δ in (a) and the
parameter spaces corresponding to different biological scenarios for δ and µ in (b). The

dot point in the left figure indicates a limit point bifurcation.

The system (4.11) always has a trivial steady state that is stable for all parameter values

and it may possess further equilibria. Solving the cubic equation (obtained by eliminating

M from the steady state version of Equation (4.11d))

L3 +

(
ρ

ε(ρ+ κ)
+
γ

µ

)
L2 +

(
α2 − ρδ

µε(ρ+ κ)

)
L+

α2γ

µ
= 0. (4.12)

indicates that it may possess positive real roots if δ > δc =
µε(ρ+ κ)

ρ
α2. For the parameter

values listed in Table 4.2 and δ > δc, it is found that the system possesses an additional

three steady states (calculated using MAPLE), where only two of them are biologically

reasonable (non-negative real), one is stable and the other one is a saddle point. The solid

branch of the equilibrium concentration of inflammatory mediators, shown in Figure 4.4(a),

is stable, while the dashed branch is unstable.

The bistability criteria of the system, discussed above, is confirmed by the bifurcation

analysis. The parameter space for δ and µ, presented in Figure 4.4(b), shows that the

system is monostable for a sufficiently large value of µ (uptake rate of ox-LDL by the

macrophages), which implies that the system returns to a healthy state when ox-LDLs are

removed from the lesion. Injured endothelial cells provide pathways to LDL to enter the

intima, where they become modified and promote the inflammatory process. However,

when these ox-LDLs are removed from the intima, the system returns to a healthy state.

It can be conjectured that the inflammatory mediators that are released from an injured
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endothelium help to regenerate new endothelial cells. The solutions, in this case, are

qualitatively similar to the solutions that are shown in the bottom row of Figure 4.3.

In general, the results of the model (4.11) suggest that following an injury to the endothe-

lium the concentrations of inflammatory mediators and other cells experience a transient

growth. This transient behaviour is found to settle at a non-zero steady state (inflam-

matory state) when the endothelium was assumed to undergo repeated injuries or the

migration rate of LDL cholesterols was assumed sufficiently large. The latter is due to

the strong contribution of the large population of ox-LDL to increasing the concentra-

tion of pro-inflammatory mediators. However, corresponding to an increased capacity of

macrophages to consume ox-LDL, that is when µ is large, ox-LDL is removed from the

lesion and the system found to settle at a zero steady state (healthy state). In the next

section, we will add the foam cells and investigate how their additional contribution to

increasing the concentration of pro-inflammatory mediators can alter the dynamics of this

simple model.

4.4 Model Analysis - Reduced Model 2

As discussed earlier, macrophages consume ox-LDL and transform into foam cells once

they are heavily loaded. This, in turn, initiates a series of intracellular events causing an

increase in the level of pro-inflammatory mediators [89]. To incorporate this additional

contribution of foam cells to the inflammatory processes, we assume that there are foam

cells inside the intima, that is F 6= 0 so rF 6= 0. However, we assume that there are no

HDL inside the intima, that is H = 0. Hence, system (4.8) reduces to the following five

equations,

dc

dt
= β f(t) +

L2

α2 + L2
+ rF

F 2

σ2 + F 2
− ε c, (4.13a)

dm

dt
= c− ρm− κm, (4.13b)

dM

dt
= ρm− µM L− γM, (4.13c)

dL

dt
= δM − µM L− L, (4.13d)

dF

dt
= µM L− φF. (4.13e)
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4.4.1 Simulations of the Dynamics

The model (4.11) produces two different outcomes corresponding to two different values of

µ as the bistability of the model depends on the value of this parameter, see Section 4.3.2.

However, having considered the additional contribution of foam cells to the inflammatory

process, the model (4.13) is likely to produce different outcomes compared to model (4.11).

To compare results of model (4.11) with those of model (4.13), we choose two different val-

ues of the parameter µ from the two different regions of the bifurcation diagram presented

in Figure 4.4(b), which leads to two different outcomes of the model (4.11). The numerical

solutions of the model (4.13) corresponding to these two different cases are presented in

Figure 4.5.

For a small µ and repeated injuries, the system (4.13) behaves qualitatively the same as

system (4.11). In this case, as with model (4.11), model (4.13) also suggests that a self-

accelerating inflammatory process may be established for a value of δ greater than some

critical value and repeated injuries, see the top row of Figure 4.5.

However, for a large µ, the pro-inflammatory process induced by ox-LDL subsides greatly,

but still a relatively weak inflammatory process induced by lipid-laden macrophages (foam

cells) remains active. Low levels of cells and inflammatory mediators are observed follow-

ing this weak inflammation, as demonstrated in the bottom row of Figure 4.5. This result

could relate to the following pathological observations of atherosclerosis: the property of

macrophages to accumulate modified LDL (ox-LDL) results in the formation of foam cells,

which is known to be a major hallmark of an atherosclerotic lesion [97]. Once stimulated

by ox-LDL, macrophages initiate a series of intracellular events, such as secretion of mono-

cyte chemotactic protein 1 (MCP-1), pro-inflammatory cytokines IL-1 and endothelium

stimulating cytokines, such as tumor necrosis factor-α (TNF-α). These cellular species

serve several purposes including further migration of monocytes, resulting in the initia-

tion of a self-accelerating inflammatory process. Figure 4.5 provides evidence that the

model can capture the supportive pro-inflammatory role of lipid-laden macrophages in the

regulation of a lesion development.
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Figure 4.5: Numerical solutions of the system (4.13) illustrating the pro-inflammatory
effect of lipid-laden macrophages (foam cells). For a small µ, a self-accelerating inflam-
matory process can be observed from the top row. However, for a large µ, the pro-
inflammatory process induced by ox-LDL subsides greatly, but still a relatively weak
inflammatory process induced by lipid-laden macrophages remains active, as shown in
the bottom row. Low levels of cells and inflammatory mediators are observed following

this weak inflammation.

4.4.2 Bifurcation Analysis

System (4.13) has a trivial steady state which is stable for all parameter values. In addition,

when the value of δ is increased beyond a threshold δc > 0.0323, the system possesses

seven more steady states, where five of them are not biologically acceptable (negative and

complex). However, of the two that are biologically reasonable (real non-negative), one is

stable and the other one is a saddle point. MAPLE was used again to calculate the steady

states.

The bifurcation diagram of the updated system (4.13) is presented in Figure 4.6. We notice

that, unlike system (4.11), the bistability of the system (4.13) does not depend heavily

on the value of µ. This is due to the newly introduced additional contribution of foam

cells to the inflammatory process. While µ is large, the inflammatory process induced by

ox-LDL subsides greatly due to the reduced abundance of these particles. However, the
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Figure 4.6: Bifurcation plot of the system(4.13) showing the parameter spaces corre-
sponding to different biological scenarios for δ and µ.

foam cells and residual ox-LDL always exist for all values of µ and thus, the system no

longer returns to the healthy state depending on the value of µ.

In the next section, we will analyse the full model (4.8), that is, incorporating HDL and its

antiatherogenic effect on foam cells regression into the model (4.13) and investigate how

such effect can influence the inflammatory response described by the model.

4.5 Model Analysis - Full Model

4.5.1 Simulations of the Dynamics

Having understood the dynamics of the models (4.11) and (4.13) depending on the different

values of the parameter µ, we will finally simulate the dynamics of the model (4.8) based

on the different levels of HDL cholesterols inside the intima. The parameter ν controls the

level of HDL inside the intima. The major antiatherogenic functions of HDL cholesterols

include cholesterol efflux from foam cells, inhibition of the chemotaxis of monocytes, ox-

idative modification of LDL, adhesion of leukocytes to the endothelium and endothelial

dysfunction. However, it is to be noted that the model (4.8) includes the effect of HDL on

foam cells regression only.

To be able to compare between the results of the model (4.8) and models (4.11) and (4.13),

we solve the model (4.8) for the three different combinations of the value of the parameters
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Figure 4.7: Numerical solutions of the full model (4.8) for δ = 0.2 > δc. The last row
corresponds to the healthy state, while the first and second rows correspond to the state
where an inflammatory process is active. For sufficiently large values of µ and ν, the

system reverts to the healthy state.

µ and ν. In particular, when µ and ν are both small, when µ is small and ν is large, and

finally when µ and ν are both large. The value of δ is chosen sufficiently large to confirm

that the model (4.8) possesses two distinct stable steady states, similar to the models (4.11)

and (4.13).

The numerical solutions of the system (4.8) are presented in Figure 4.7. The results

suggest an inflammatory process may be initiated for repeated injuries and δ = 0.2 > δc,

as shown in the top row of Figure 4.7. These figures also illustrate that the concentrations

of inflammatory mediators, as well as other species, are significantly higher where the
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parameters µ and ν are both small. This is mainly because a large population of ox-

LDL remains in the lesion corresponding to a small µ, causing an increase in the level

of inflammatory mediators. Consequently, the level of other species increases. Thus we

conclude that a strong inflammatory process can occur when the parameters µ and ν are

both small, i.e. when the uptake rate of LDL and HDL levels are low.

However, when the value of µ is sufficiently large and ν is small, a relatively weak inflam-

matory process mainly induced by lipid-laden macrophages (foam cells) remains active, as

demonstrated in the middle row of Figure 4.7. While µ is large, the inflammatory process

induced by ox-LDL subsides greatly due to the reduced abundance of these particles. As ν

is small, the foam cells and a residual level of ox-LDL exist in the lesion, inducing a weak

inflammatory process.

Finally, when the value of ν is sufficiently large, the system reverts to the healthy state.

Corresponding to sufficiently large values of µ and ν, ox-LDL and foam cells are successfully

removed from the lesion, hence a healthy outcome is obtained, as shown in the bottom row

in Figure 4.7. The results demonstrate the positive influence of high density lipoprotein

(HDL) on plaque regression.

4.5.2 Bifurcation Analysis

The system (4.8) has a trivial steady state, which is independent of parameter values.

However, when the value of δ is increased beyond a threshold δc ∼ 0.034, the system

possesses an additional eleven steady states (calculated using MAPLE), where only two

are biologically reasonable (real and positive), of which one is stable and the other one is

a saddle point.

To analyse the impact of the parameter ν (migration rate of HDL) on the dynamical

behaviours of the system, we study bifurcation scenarios in the two dimensional parameter

space (δ, µ) for some fixed values of the parameters ν (Figure 4.8). Figure 4.8 demonstrates

that the value of ν plays an important role in determining the size of the monostable and

bistable regions in the parameter space in δ and µ. An increasing value of ν brings

the limit point curve (the curve dividing the parameter space) down. As the value of ν

increases, an increased removal of foam cells by HDL occurs, weakening the inflammatory

process induced by foam cells. Consequently, the size of the bistable region reduces with
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Figure 4.8: Bifurcation plot of the full model (4.8) showing the parameter spaces cor-
responding to different biological scenarios for δ, µ and ν.

an increasing value of ν. While the different values of ν have been chosen randomly to

explore the anti-atherogenic effect of HDL, further experimental studies may help justify

the numerical reliability of these results.

4.6 Comparison of the Models

In this section, we compare the results of the model (4.8) with the results of the other

two simplified versions (4.11) and (4.13) of this model. In general, these models possess

either one or two stable steady states depending on the parameter values. There is a limit

point bifurcation representing a threshold value for the parameter governing the migration

rate of LDL (δ) into the intima, below which these models possess a trivial steady state

which is stable and indicates a healthy outcome. However, when the value of δ is increased

beyond the threshold value for the respective model, these models possess an additional

non-zero stable steady state indicating an inflammatory state.

In the case where the foam cells and HDL are absent, that is, F = 0 so rF = 0, and H = 0,

the model (4.11) suggests that an inflammatory process may be initiated for a sufficiently

large migration rate of LDL (δ) into the intima. However, the parameter space for δ and

µ (uptake rate ox-LDL by the macrophages), presented in Figure 4.4(b), shows that the

system returns to the healthy state for a sufficiently large µ. This suggests that the system

may return to the healthy state when ox-LDL are removed from the lesion.
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While foam cells are present but HDL are absent, that is, F 6= 0 so rF 6= 0 but H = 0, the

model (4.13) also predicts similar outcomes to the model (4.11) for a small µ. However,

unlike model (4.11), the model (4.13) no longer returns to the healthy state depending on

the value of µ (Figure 4.6). For a large µ, the inflammatory process induced by ox-LDL

subsides greatly but still a relatively weak inflammatory process remains active. This

is due to the additional contribution of foam cells, as well as residual ox-LDL, to the

inflammatory process.

The full model (4.8) including the foam cells and HDL also predicts similar outcomes as

the models (4.11) and (4.13) when the parameter µ and ν (migration rate of HDL into the

intima) are both small. In this case, a strong inflammatory process appears to occur, as

is seen in systems (4.11) and (4.13). For a large µ and small ν, the model (4.8) suggests

a relatively weak inflammatory process induced by lipid-laden macrophages (foam cells)

and a residual level of ox-LDL. Similar behaviour is also seen in system (4.13), where

low levels of cells and inflammatory mediators are present. Finally, when the value of

ν is sufficiently large, the system (4.8) reverts to the healthy state. Corresponding to

sufficiently large values of µ and ν, ox-LDL and foam cells are successfully removed from

the lesion, hence a healthy outcome is obtained.

The bifurcation diagrams presented in Figures 4.4(b), 4.6 and 4.8 provide an improved

understanding of the distinct dynamics produced by the models (4.11), (4.13) and (4.8).

The bifurcation diagram 4.4(b) illustrates that the bistability of the model (4.11) depends

on the parameter, µ, governing the uptake rate of ox-LDL by the macrophages. This is

due to the fact that the inflammatory process, in this case, is mainly driven by the ox-

LDL. Incorporating foam cells and their pro-inflammatory effects into the model (4.13)

alters the bifurcation diagram (Figure 4.4(b)), where the bistability of the system does

not depend heavily on the value of µ (Figure 4.6). The inflammatory process, in this case,

always remains active due to the foam cells participation in the inflammatory process.

Figure 4.8 allows us to contrast between Figures 4.4(b) and 4.6 and hence, to understand

the pro-inflammatory effects of foam cells and the anti-inflammatory effects of HDL on the

dynamics of the models. While ν is very small, the anti-inflammatory effect of HDL is not

effective enough to inhibit the inflammatory process due to the low abundance of HDL.

As a result, the bifurcation diagram 4.8 is shown to resemble the diagram 4.6. Increasing

the value of ν increases the concentration of HDL, enabling HDL to produce a significant
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Figure 4.9: Numerical solutions of the system (4.8) corresponding to small µ and large
ν. When the value µ is small, increasing the value of ν only results in an increased concen-
tration of HDL cholesterol, while the concentration of other species remains unchanged.

impact on the dynamics of the inflammatory process by removing foam cells. As a result,

the size of the bistable region reduces as the value of ν increases (Figure 4.8). Finally,

when ν = 6.0, the limit point curve of the system (4.8) remarkably resembles the limit

point curve of the system (4.11), as demonstrated in Figures 4.8 and 4.4(b). For large

ν, the pro-inflammatory effect of the lipid-laden macrophages is eliminated, so both the

models (4.8) and (4.11) predict similar outcomes of the inflammatory response based on

the combinations of the values of δ and µ. Hence, the model (4.8) allows us to tune

between models (4.13) (for small ν) and (4.11) (for large ν).

Further, the bifurcation diagram 4.8 shows that the bistable region exists for all values of ν,

suggesting that after a certain maximum value of ν the influence of HDL on the dynamics

of the inflammatory process becomes limiting. This is due to the fact that, as long as foam

cells remain in the intima, an increasing value of ν produces positive outcomes by removing

foam cells. In other words, by inhibiting the inflammatory process induced by foam cells.

Once the inflammatory process induced by foam cells becomes limiting, increasing the value

of ν only results in an increased concentration of HDL cholesterol, while the concentration

of other species except the foam cells remains unchanged (Figure 4.9). This is appears to

be a shortcoming of the model (4.8).

The above-mentioned shortcoming is presumably due to the fact that the model considers

the effect of HDL on foam cell regression only. Therefore, the antiatherogenic properties

of HDL need to be modelled more appropriately in order for the model to produce more

accurate physiological properties of HDL in plaque regression.
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4.7 An improved HDL model

HDL cholesterol is a recognised antiatherogenic and hence, raising the HDL level has long

been a clinical practice to reduce the risk of atherosclerosis and atherosclerosis-related com-

plications [101, 102]. HDL cholesterol inhibits plaque growth by its various antiatherogenic

actions, such as cholesterol efflux from foam cells (lipid-laden macrophages), inhibition of

the chemotaxis of monocytes, oxidative modification of LDL, adhesion of leukocytes to

the endothelium and endothelial dysfunction [42].

When the inhibitive action of HDL on the oxidative modification of LDL is included in

equation (4.4), we obtain

dLox
dt

=
σLM

KH +H
− µMLox − dLoxLox, (4.14)

where the factor
1

KH +H
defines the inhibition action of HDL on the oxidative modifica-

tion of LDL, with inhibition saturation constant KH . We can recast this equation in the

following dimensionless form

dL

dt
=

δ̃ M

K̃H +H
− µM L− L, (4.15)

Here the dimensionless parameter K̃H has the form K̃H =
KHd

2
Lox

σmrLox

and the new dimen-

sionless form of the parameter δ is δ̃ =
σLdLox

σmrLox

. Hence, system (4.8) becomes

dc

dt
= βf(t) +

L2

α2 + L2
+ rF

F 2

σ2 + F 2
− εc, (4.16a)

dm

dt
= c− ρm− κm, (4.16b)

dM

dt
= ρm− µML− γM, (4.16c)

dL

dt
=

δM

KH +H
− µM L− L, (4.16d)

dF

dt
= µML− µ1FH − φF, (4.16e)

dH

dt
= νF − µ1FH − θH, (4.16f)

where tildes have been removed.
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Figure 4.10: Bifurcation plot after considering the effect of HDL on the inhibition action
of the oxidative modification of LDL.

The bifurcation diagram of the updated system (4.16) is presented in Figure 4.10. In-

creasing the value ν results in increased levels of HDL which dampen both the oxidation

of LDL and the accumulation foam cells, which ultimately weakens the inflammation. As

a result, a relatively small value of ν (shown in the Figure 4.10), compared to the case

that does not consider the inhibition action of HDL on the oxidative modification of LDL,

brings the limit point curve to its original position. Corresponding to the monostable and

bistable regions of Figure 4.10, the numerical solutions of the updated system (4.16) (not

presented) are qualitatively similar to the solutions that are presented in Figure 4.7.

However, due to adding the extra factor in equation (4.16d), the model is now capable

of producing improved physiological properties of HDL in plaque regression. Figure 4.11

gives an updated version of the solutions that are presented in Figure 4.9. The same values

for µ and ν were chosen in this simulation to allow comparison with the results presented

in Figures 4.9 and 4.11. Compared to Figure 4.9, a relatively low concentration of cells

and inflammatory mediators can be observed in Figure 4.11, even though the parameter

values are same here.

4.8 Discussion

In this chapter, we presented a mathematical model of the formation of an atherosclerotic

plaque based on the response-to-injury hypothesis of atherosclerosis, which was originally
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Figure 4.11: Numerical solutions of the system (4.16) corresponding to small µ and
large ν. Due to considering the inhibition action of HDL on the oxidative modification of
LDL, a relatively low level of cells and inflammatory mediators, compared to Figure 4.9,
can be observed. Here KH = 1 [84]. The values of other parameters are listed in Table 4.2

proposed by Ross [17]. The compensatory response of the immune system initiates a series

of complex biochemical and cellular processes in response to an injury, which may result

in the development of an atherosclerotic lesion if the immune system becomes corrupted

and fails to replace the injured endothelium successfully. This failure occurs because of an

imbalance between the pro- and anti-inflammatory actions taken by some cells and cellular

species that are relevant to the repair mechanism and lesion development. Elevated levels

of modified low density lipoprotein (ox-LDL) in the vessel wall is one of the major factors

that instigates this failure by triggering a self-accelerating inflammatory process.

The model describes the earliest events in the formation of an atherosclerotic plaque. Anal-

ysis of the model shows that, following an injury to the endothelium, an atherosclerotic

plaque can be initiated if the migration rate of LDL cholesterol exceeds a threshold value,

which strongly agrees with the pathophysiology of atheroslcerotic plaque initiation [3, 49].

A similar threshold value for LDL migration has also been suggested in the mathematical

studies conducted by Bulelzai and Dubbeldam [4], and Chalmers and his colleagues [67].

These studies also suggest a minimum migration rate of LDL for a self-accelerating in-

flammatory process to be initiated. However, the threshold values suggested in these

studies are numerically higher than those found here, apparently due to the exclusion of

the effects of endothelial injury in their modelling. We found that a comparatively low

migration rate of LDL can drive the development of atherosclerosis if the endothelium

undergoes repetitive injuries.

Formation of foam cells is considered to be a major hallmark of early stage atherosclerotic

lesions. The series of bifurcation analyses conducted in this study demonstrate that a large
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uptake rate of ox-LDL by macrophages results in reduced abundance of these particles in

the lesion. However, the self-accelerating inflammatory process still remains active due

to the pro-inflammatory cytokines that are produced during the formation of foam cells.

This study also includes activated high density lipoprotein (HDL) particles, assumed to

be activated in the presence of anti-inflammatory cytokines (IL-10) [98, 99], which are

produced during the formation of foam cells. We found that raising the migration rate of

HDL reduces the severity of the inflammation, which may completely stop for a sufficiently

large migration rate of these particles.

Initially, it was found that the model is unable to produce the appropriate physiological

properties of high-density lipoprotein (HDL) on plaque regression. An improved version

of the model demonstrates that the inhibition action of HDL cholesterols on oxidative

modification of LDL cholesterols plays a significant role in limiting the atherosclerotic

process. The model does not include several other vitamins, such as vitamins C and E

that are also known to limit the oxidative modification of LDL cholesterols [35]. However,

the results demonstrate that limiting the oxidative modification of LDL cholesterol can

help reduce the severity of the inflammation, thus reducing the incidence of atherosclerotic-

related complications.

Atherosclerosis arises as the consequence of multiple dynamical cell processes. The model

presented in this chapter provides improved qualitative and quantitative insights into the

cellular dynamics of the inflammatory process in an early atherosclerotic lesion. Analysis

of this model suggests that a single therapeutic target, such as lowering blood cholesterol

level (LDL) or raising the good cholesterol level (HDL), may not produce the expected

outcome of preventing atherosclerosis. Multiple therapeutic targets, including improve-

ment of endothelium health, may be required to produce this desired outcome. The next

chapter will present a more realistic model of early atherosclerosis.



Chapter 5

Insights From a Novel PDE Model

of Early Atherosclerosis

5.1 Introduction

The ODE model presented in Chapter 4 provides an improved understanding of the mech-

anisms of the inflammatory response in an early atherosclerotic lesion. Having understood

the dynamics of the ODE model, in this chapter we present a more realistic PDE model

of early atherosclerosis.

We formulate a reaction-diffusion PDE model comprising equations for the six differ-

ent species that are believed to play a key role in the early stages of atherosclerosis.

This includes the mutual interactions between the inflammatory mediators, monocytes,

macrophages, low density lipoprotein (LDL), modified low-density lipoprotein (ox-LDL),

foam cells and high density lipoprotein (HDL). We examine the steady states of the model

and their stability, and then investigate how these change as the significant parameters of

the model change.

This chapter is structured as follows. Section 5.2 introduces a reaction-diffusion PDE

model for early atherosclerosis, beginning with a brief description of the mechanisms be-

hind the formation of an early atherosclerotic plaque. The remainder of this section con-

centrates on formulating the model based on the above-outlined mechanisms. The time-

dependent solutions of the model are presented Section 5.3. Then Section 5.4 presents

80
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analysis of the steady states, their stability, and their dependence on the significant pa-

rameters of the model using bifurcation analysis. Finally, Section 5.5 explains the key

findings of the model in the context of clinical and experimental studies of atherosclerosis,

comparing the results of this model with some recently proposed mathematical models of

atherosclerosis.

5.2 Model development

In this section, we formulate a PDE model describing the events in the formation of an

early atherosclerotic lesion as outlined in Section 4.2.

It should be noted that besides inducing the migration of immune cells, the inflammatory

mediators also attract and induce the migration of smooth muscle cells (SMCs) from the

arterial media. However, according to clinical autopsies, SMCs are usually present in later

stage complicated plaques [3, 103]. As the plan for this chapter is to produce a model for

early atherosclerosis, we will omit SMCs from our modelling.

The model comprises equations for the following quantities:

c(x, t) concentration of pro-inflammatory mediators (pg mm−3);

m(x, t) concentration of monocytes (pg mm−3);

M(x, t) concentration of macrophages (pg mm−3);

L(x, t) concentration of native LDL (pg mm−3);

Lox(x, t) concentration of oxidised LDL (pg mm−3);

F (x, t) concentration of foam cells (pg mm−3); and

H(x, t) concentration of HDL (pg mm−3).

All of these dependent variables are functions of position, x, and time, t. We assume

that the above-outlined atherosclerotic process occurs within the intima, which is defined

by some bounded domain, with top and bottom interfaces ΓI and ΓM , respectively (see

Figure 5.1(b)). The interface ΓI defines the boundary between the lumen and the intima,

and ΓM defines the boundary between the intima and the media. In the case of a 2D or 3D
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(a) (b)

Figure 5.1: (a) Cross section of an artery wall, with the lumen, intima and media
labelled. Figure (b) shows a simplified segment of this cross section, with the intima

bounded by the lumen (ΓI , at x = 0) and the media (ΓM , at x = l).

problem, ΓI can be subdivided to specifying the damaged and undamaged portions of the

endothelial boundary. However, we will consider a 1D problem with the spatial domain

across the width of the intima. Hence, in our analysis, we assume that ΓI represents

damaged endothelium (see Sect. 5.2.2).

Under physiological conditions, the endothelium, designated by the interface ΓI here, is

impermeable to small proteins such as albumin [83]. Therefore, we can assume that none of

the species that are considered in our model is present in the intima before the endothelium

injury. Thus, we have the zero initial conditions

X(x, 0) = 0, (5.1)

for X = c,m,L, Lox,M, F,H. We further assume that the interface ΓM is impermeable to

all of the species considered in this model. Hence, we have the following no-flux boundary

conditions for all species on ΓM
∂X

∂n
= 0,

forX = c,m,L, Lox,M,H. Here n designates the outward unit normal to the interface ΓM .

On the other hand, we have both flux and no-flux boundary conditions on the interface ΓI ,

since some of the species, such as monocyte, LDL and HDL pass from the lumen into the

intima, while the rest, such as inflammatory mediators, ox-LDL, macrophage and foam

cells are produced through biochemical reaction within the intima [3]. In Section 5.2.1, we
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specify the boundary condition on the interface ΓI for each of the species separately along

with the differential equation for interactions within the intima.

5.2.1 Model equations

In the following derivation of our new model, the constants DX , where X = c,m,L, Lox,M,

H, refer to the diffusion coefficient of the respective species. Also, unless stated otherwise,

all parameters have the same meaning as in the previous chapter.

Equation for pro-inflammatory mediators (c). Within the intima, the concentration

of pro-inflammatory mediators satisfies the equation

∂c

∂t
= Dc∇2c+ βf(t) + rLox

L2
ox

K2
Lox

+ L2
ox

+ rF
F 2

K2
F + F 2

− dcc, (5.2)

where c is the concentration of pro-inflammatory mediators, which includes several cy-

tokines that induce positive chemotaxis, such as monocyte chemotactic protein 1 (MCP-

1), inflammatory cytokines IL-1, endothelium stimulating cytokines (TNF-α) and others.

We make no distinction between these mediators. Instead, we group all the inflammatory

mediators that induce positive chemotaxis and consider this as a single concentration c.

The first term on the right hand side of equation (5.2) describes the diffusion of inflamma-

tory mediators. The remaining terms are the same as those given in Equation (4.2) and

their justification is given in Section 4.2.1.

Inflammatory mediators are most likely to diffuse freely across the injured endothelium.

Increased blood levels of inflammatory markers are observed in patients having atheroscle-

rosis and atherosclerosis-related complications. However, the origins of these inflammatory

markers, or their association with atherosclerosis while they are in the bloodstream are not

well known [67, 104]. Hence, we impose a no-flux boundary condition for inflammatory

mediators on the interface ΓI ,

Dc
∂c

∂n
= 0. (5.3)

A similar boundary condition is also chosen in the study conducted by Friedman and

Hao [84].
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Equation for monocytes (m). Within the intima, the evolution of monocyte concen-

tration is modelled by

∂m

∂t
= Dm∇2m− ρm− dmm, (5.4)

where m is the concentration of monocytes. The first term on the right hand side of this

equation models the diffusion of monocytes. The second term governs the differentiation

of monocytes into macrophages and the last term models the linear decay of monocytes

as described in Section 4.2.1.

Inflammatory mediators induce the adherence of blood circulating monocytes at the site

of the injury, which in turn migrate into the intima. Hence, we assume a flux boundary

condition for monocytes on the interface ΓI of the form

Dm
∂m

∂n
= −σmc, (5.5)

where σm is the rate of monocyte influx. As discussed above, after being triggered by

the inflammatory mediators, monocytes adhere to the site of the injury and penetrate the

endothelial layer. The boundary condition models the migration of monocytes into the

intima in response to the concentration of inflammatory mediators at the x = 0 boundary.

The influx is often specified by a Heaviside function based on the difference between the

concentration of inflammatory mediators in the bloodstream and the concentration of

inflammatory mediators at the endothelium, as in [67], for example. However, we assume

that the concentration of the mediators in the bloodstream is negligibly small compared to

the concentration of mediators at the endothelium. This assumption is reasonable in the

view of the no-flux boundary condition for the inflammatory mediators, see equation (5.3).

We also assume that the monocytes that adhere to the endothelium will eventually migrate

into the intima.

Equation for LDL (L). The ODE model in Chapter 4 assumes the instantaneous

oxidation of LDL in the presence of macrophages. Therefore, the production of ox-LDL

is modelled as a linear function in M . However, the oxidative modification of LDL is

believed to be a crucial step in the pathogenesis of atherosclerosis [105]. Therefore, unlike

the ODE model, we consider the non-instantaneous oxidative modification of LDL in the
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PDE model. Within the intima, the distribution of LDL is described using the equation

∂L

∂t
= DL∇2L− σM

ML

KH +H
− dLL, (5.6)

where L represents the concentration of LDL. The first term on the right hand side of

this equation describes the diffusion of LDL. LDL cholesterols penetrate the endothelial

layer, alongside the immune cells, reaching the arterial intima. Once retained in the wall,

LDL can become oxidatively modified under the influence of free radicals, such as peroxyl.

Apart from macrophages, endothelial cells and SMCs are also capable of producing these

free radicals; however, macrophages are the most prominent cell type to oxidise LDL

within lesions [94, 96]. It is also worth mentioning that the SMCs are usually found in

the later stage complicated plaques [3, 103]. Hence, we assume that macrophages are the

main source of free radicals at the early stage of atherosclerosis. The term, −σM
ML

KH +H
,

models the oxidation of LDL cholesterols in the presence of macrophages, where the factor,
1

KH +H
, introduces the inhibition action of HDL cholesterols on oxidative modification of

LDL. Here KH defines a threshold concentration of HDL at which the inhibition saturates.

The last linear term models the natural decay of LDL.

We assume an influx boundary condition for LDL on the interface ΓI of the form

DL
∂L

∂n
= −σL, (5.7)

where σL is the influx rate of LDL which is related to the concentration of LDL in the

blood. This is unlikely to change in time without significant changes in diet [73], so we

assume a constant influx of LDL.

Equations for ox-LDL (Lox) and macrophages (M). Within the intima, the evolu-

tion of modified LDL (ox-LDL) and macrophage concentrations is modelled by

∂Lox
∂t

= DLox∇2Lox + σM
ML

KH +H
− µMLox − dLoxLox, (5.8)

∂M

∂t
= DM∇2M + ρm− µMLox − dMM, (5.9)
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where Lox and M represent the concentration of ox-LDL and macrophages, respectively.

The first term on the right hand side of each of these equations models the diffusion of

ox-LDL and macrophages.

The second term in Equation (5.8) describes the oxidative modification of native LDL.

This term is different from the term that describes the macrophage-mediated oxidative

modification of LDL in Equation (4.14) of the ODE model, as, here, we do not assume

instantaneous oxidation of LDL. The second term in Equation (5.9) models the differentia-

tion of monocytes into macrophages, which is similar to the second term in Equation (5.4).

Macrophages then uptake ox-LDL, resulting in the reduction of both the macrophage and

ox-LDL populations, as modelled by the term −µMLox. The last linear terms account for

other losses of ox-LDL and macrophages, respectively, such as natural death.

Modified LDL and macrophages are very unlikely to escape out of the intima [67, 84].

Hence, we assume no-flux boundary conditions for these species on the interface ΓI ,

DLox

∂Lox
∂n

= 0, DM
∂M

∂n
= 0. (5.10)

Equations for foam cells (F ) and HDL (H). Macrophages release IL-10 when they

are loaded with ox-LDL. HDL particles, being activated by IL-10, help reduce the plaque

growth by removing foam cells [98, 99]. Therefore, in the ODE model in Chapter 4, the

production of activated HDL is modelled as a linear function in F . However, unlike the

ODE model, here we assume that the micro-environment in the early atherosclerotic lesion

provides favourable conditions for the positive influence of HDL on the regression of foam

cells. We use the following equations to model the evolution of foam cells and high density

lipoprotein (HDL) concentrations within the intima,

∂F

∂t
= µMLox − µ1

FH

KF + F
− dFF, (5.11)

∂H

∂t
= DH∇2H − µ1

FH

KF + F
− dHH, (5.12)

where F and H, respectively, represent the concentration of foam cells and HDL. We

assume that the macrophages that have consumed ox-LDL become foam cells as modelled

by the term µMLox. HDL cholesterols remove foam cells which results in the reduction

of both these populations as modelled by the term −µ1
FH

KF + F
. The lysis of foam cells
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Table 5.1 Description of the parameters that appear in the model.

Parameter Description unit

Dc Diffusion coefficient of inflammatory mediators mm2 s−1

Dm Diffusion coefficient of monocyte mm2 s−1

DL Diffusion coefficient of LDL mm2 s−1

DLox Diffusion coefficient of ox-LDL mm2 s−1

DM Diffusion coefficient of macrophage mm2 s−1

DH Diffusion coefficient of HDL mm2 s−1

β Production rate of mediators from endothelial damage pg mm−3 s−1

rLox Production rate of mediators induced by ox-LDL pg mm−3 s−1

rF Production rate of mediators induced by foam cells pg mm−3 s−1

µ Rate at which macrophages consume ox-LDL mm3 pg−1 s−1
KLox Saturation constant for ox-LDL pg mm−3

KF Saturation constant for foam cells pg mm−3

KH Saturation constant for HDL pg mm−3

ρ Rate at which monocytes differentiate into macrophages s−1

σM Rate of oxidative modification of LDL s−1

µ1 Rate at which HDL remove foam cells s−1

dc Rate of decay of pro-inflammatory mediators s−1

dm Rate of decay of monocytes s−1

dL Rate of decay of LDL cholesterol s−1

dLox Rate of decay of ox-LDL s−1

dM Rate of decay of macrophages s−1

dF Rate of decay of foam cells s−1

dH Rate of decay of HDL s−1

σm Influx rate of monocytes mm s−1

σL Influx rate of LDL cholesterol into the intima pg mm−2 s−1

σH Influx rate of HDL cholesterol into the intima pg mm−2 s−1

l thickness of the intima mm

in the ODE model in Chapter 4 is modelled as a linear function in F . However, it is

likely to saturate as the interaction with HDL is inherently limited by the surface area of

each foam cell [84]. The parameter KF represents the saturation constant for foam cells.

The first term on the right hand side of Equation (5.12) models the random movement

of HDL. Since foam cell are large compared to the surrounding micro-structure [70, 106],

we assume that there is no diffusive motion of these cells. The last two linear terms in

Equations (5.11) and (5.12), respectively, model the linear decay of foam cells and HDL.

Since the foam cells are assumed to be immotile, we do not have flux boundary conditions

for F on ΓI . For HDL, we choose a constant influx, similar to LDL, as follows

DH
∂LH
∂n

= −σH , (5.13)

where σH is the influx rate of HDL into the intima. All dimensional parameters in Equa-

tions (5.2-5.13), along with their physical meanings, are summarised in Table 5.1.
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5.2.2 Nondimensionlisation

We consider a one-dimensional domain across the intima, which is bounded by the top

interface ΓI (at x = 0) and the bottom interface ΓM (at x = l). Here l represents the

thickness of the intima, which is assumed to be 10µm [10, 107].

To recast the model in nondimensional form, we rescale time (t), space (x) and species

concentration as follows

t̃ = dLox t, x̃ =
x

l
, X =

rLox

dLox

X̃,

where X = c,m,L, Lox,M, F,H. In the healthy state, the thickness of the intima is

negligibly small compared to the radius of the lumen and hence, the effects of curvature

on the flux boundary conditions on the interface ΓI are negligible [67]. The governing

equations can then be re-expressed in the following dimensionless forms

∂c

∂t
= Dc

∂2c

∂x2
+ βf(t) +

L2
ox

α2 + L2
ox

+ rF
F 2

σ2 + F 2
− dcc, (5.14)

∂m

∂t
= Dm

∂2m

∂x2
− ρm− dmm, (5.15)

∂L

∂t
= DL

∂2L

∂x2
− δ ML

κ+H
− dLL, (5.16)

∂Lox
∂t

= DLox

∂2Lox
∂x2

+ δ
ML

κ+H
− µMLox − Lox, (5.17)

∂M

∂t
= DM

∂2M

∂x2
+ ρm− µMLox − dMM, (5.18)

∂F

∂t
= µMLox − ν

FH

σ + F
− dFF, (5.19)

∂H

∂t
= DH

∂2H

∂x2
− ν FH

σ + F
− dHH, (5.20)

with the boundary conditions at x = 0

∂c

∂x
= 0, Dm

∂m

∂x
= −σmc, DL

∂L

∂x
= −σL,

∂Lox
∂x

= 0,
∂M

∂x
= 0, DH

∂H

∂x
= −σH ,

(5.21)
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and the boundary conditions at x = 1

∂c

∂x
= 0,

∂m

∂x
= 0,

∂L

∂x
= 0,

∂Lox
∂x

= 0,
∂M

∂x
= 0,

∂H

∂x
= 0,

(5.22)

where tildes are omitted. In equations (5.21) and (5.22), the diffusion coefficients are

dropped from the no-flux boundary conditions as the problem is 1D and the coefficients

are constant. The initial conditions are

c(x, 0) = 0, m(x, 0) = 0, L(x, 0) = 0, Lox(x, 0) = 0,

M(x, 0) = 0, H(x, 0) = 0, F (x, 0) = 0,
(5.23)

where tildes are again omitted. The dimensionless parameters are defined as follows

D̃c =
Dc

l2dLox

, D̃m =
Dm

l2dLox

, D̃L =
DL

l2dLox

, D̃Lox =
DLox

l2dLox

, D̃M =
DM

l2dLox

,

D̃H =
DH

l2dLox

, β̃ =
β

rLox

, α̃ =
KLox dLox

rLox

, r̃F =
rF
rLox

, σ̃ =
KF dLox

rLox

,

d̃c =
dc
dLox

, ρ̃ =
ρ

dLox

, d̃m =
dm
dLox

, δ̃ =
σM
dLox

, κ̃ =
KH dLox

rLox

, d̃L =
dL
dLox

,

µ̃ =
µ rLox

d2
Lox

, d̃M =
dM
dLox

, ν̃ =
µ1

dLox

, d̃F =
dF
dLox

,

d̃H =
dH
dLox

, σ̃m =
σm
l dLox

, σ̃L =
σL
l rLox

, σ̃H =
σH
l rLox

.

The function f(t), in Equation (5.14), which introduces the effects of periodic damage to

the endothelium to the model, and has the dimensionless form

f(t) = Θ(Aπ − t) sin2(t), (5.24)

as discussed in Section 4.2.2.

5.2.3 Parameter values and parameters of interest

The model contains 24 parameters some of which are common to the model presented in

Chapter 4. We choose the same values for these common parameters. The values for the

remaining parameters are either obtained from the literature or estimated, see Table 5.2.
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Table 5.2 The values of parameter used in the model. The parameters σL, σH , δ and µ are chosen
for bifurcation analysis.

Parameter Value Parameter Value Parameter Value

Dc 104 [67] & estimated Dm 10−2 [67] DLox 102 [67]
DL 102 [84] & estimated β 0.06 [72] DM 10−3 estimated
DH 102 [84] & estimated rF 0.04 [84] α 0.1 estimated
σm 1 estimated dc 1 [72] σ 0.1 estimated
dM 0.1 [84] ρ 0.05 [4] κ 1 [84]
dL 0.05 estimated dF 0.015 [84] dH 0.05 estimated
dm 0.01 [4] ν 0.25 [84]
σL 0.5 σH 0.3 δ 0.1
µ 0.2

Parameter values used in the simulations.

It should be noted that most of these parameter values are not known experimentally.

Hence, we intend to focus on the significant parameters of the model, in particular: σL

which models the influx LDL into the intima; σH which models the influx of HDL into

the intima; δ which models the rate of oxidation of LDL; and µ which models the up-

take of ox-LDL by the macrophages. These parameters introduce effects on the model

that are believed to play key roles in triggering and maintaining the inflammation and,

hence, driving the development of an atherosclerotic lesion. We will explore the impacts

of different values of these parameters on the dynamical behaviour of the model via bifur-

cation analysis. Although we cannot claim the model to be quantitative, we expect that

the demonstrated impacts of these parameters on the dynamics of the model will help to

design future experimental and clinical studies.

The magnitudes of the parameters σL and σH are related to the levels of LDL and HDL

in the blood. It is now widely accepted in the medical community that people with high

levels of LDL in the blood are most likely to develop atherosclerosis at some stage in

their lives [3, 49]. In contrast, HDL is recognised as antiatherogenic and people with

high levels of HDL cholesterols are less likely to develop atherosclerosis [42]. However, a

high level of HDL does not always lower the risk of atherosclerosis. Hence, it is unclear

whether the antiatherogenic action of HDL cholesterol is effective at very low levels of

LDL cholesterols [101]. Therefore, it is worth studying the behaviour of the model based

on the combination of the influx rates of LDL and HDL into the intima.

The parameter δ is also important as we assume that the magnitude of δ governs the

rate of macrophage-mediated oxidation of LDL in the intima. Hence, large values of
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this parameter indicate an increased possibility that a large quantity of LDL could be

oxidatively modified. As a result, a large value of δ may induce severe inflammation even

at a relatively low influx rate of LDL into the intima.

On the other hand, the parameter µ defines the capacity of macrophages to internalise ox-

LDL and form foam cells. A large value of µ implies an increased capacity of macrophages

to internalise ox-LDL. However, upon the internalisation of ox-LDL, macrophages release

pro-inflammatory cytokines, which then promote further migration of monocytes. Thus,

the parameter µ plays a dual role in the dynamics of the model.

5.3 Solutions of the model

5.3.1 Solution Method

We discretised the model equations using hybrid Crank-Nicholson finite difference schemes

and then solved the resulting system using the NumPy add-on module to the programming

language PYTHON. The interval [0,1] was discretised into 50 elements of length ∆x = 0.02

and the time step was set at 0.001 dimensionless time units. These spatial and time steps

were sufficient to achieve numerical accuracy, as using smaller spatial and/or time steps

resulted in almost identical solutions. The parameter values used in the simulations are

summarised in Table 5.2, unless stated otherwise.

5.3.2 Behaviour for high LDL influx

Figure 5.2 shows the concentrations of different species at the endothelium, that is, at

x = 0 for σL > σH , i.e. when the influx rate of LDL is greater than the influx rate of

HDL. Additionally, this figure also shows the intimal total of foam cells, which is obtained

by integrating F over the spatial domain of the intima. In general, the results in this

figure show that, immediately after endothelial injuries, all variables experience a transient

growth. After some time, this transient behaviour settles at a steady state.

Initially, the concentration of pro-inflammatory mediators oscillates temporarily, as demon-

strated in Figure 5.2(a), where the endothelium has been subjected to repeated injuries
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(a) (b)

(c) (d)

Figure 5.2: Time-dependent solutions of the model for σL = 0.5 and σH = 0.3, in-
dicating an inflammatory state where the immune response initiated by the injured en-
dothelium persists and the damage continues. The value of other parameters used in the
simulation are listed in Table 5.2. a) Concentration of inflammatory mediators at the
endothelial boundary; b) Concentration of monocytes, macrophages and ox-LDL at the
endothelial boundary; c) Concentration of LDL and HDL at the endothelial boundary;

d) Intimal total of foam cells.

(A = 4). Following each cycle of injury, the concentration of mediators monotonically in-

creases due to the cumulative positive contribution of the terms,
L2
ox

α2 + L2
ox

and rF
F 2

σ2+F 2 ,

after the release of these mediators.

The inflammatory mediators released from the initial endothelial damage result in the

adhesion of monocytes at the injury site, and these monocytes ultimately pass into the

intima and differentiate into macrophages. The macrophages, in turn, induce the oxida-

tive modification of LDL, which migrates along with the monocytes. Ox-LDLs, in turn,

are consumed by the macrophages which leads to the formation of foam cells. Conse-

quently, the concentration of inflammatory mediators increases until its steady state value
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is attained. In this case, a non-zero steady state value is achieved, suggesting that an

inflammatory process is active as the damage caused by the endothelial injury persists.

Figure 5.2(b) shows, initially, that the concentrations of monocytes, macrophages and ox-

LDL increase slowly and then at a certain time the concentrations of these three individual

species increases rapidly until their steady state value is achieved, although for Lox it

cannot be seen at the scale shown in this figure. The migration of monocytes into the

intima is regulated by the level of the inflammatory mediators. The slow increase in

the value of these variables is due to the initially slow evolution of the concentration of

the mediators, as seen in Figure 5.2(a). An increased level of inflammatory mediators

results in an increased migration of monocytes, thereby resulting in an increased level of

macrophages. This ultimately results in an increased abundance of modified LDL, as the

oxidative modification of LDL is regulated by the level of macrophages. Consequently,

the concentrations of these three individual species experience a rapid increase when the

concentration of the inflammatory mediators increases rapidly. Finally, these variables

achieve a non-zero steady state value as the initial inflammatory process induced by the

injured endothelium remains active.

Figures 5.2(c) and 5.2(d) illustrate the features of an active inflammatory lesion and plaque

development. In Figure 5.2(c), we notice that the concentrations of LDL and HDL increase

initially. The number macrophages regulates the oxidative modification of LDL via the

term δ
ML

κ+H
, therefore, this term is less significant until there is a sufficiently large num-

ber of macrophages present. However, once a sufficiently large number of macrophages is

present, macrophages modify LDL in large quantities causing a decrease in the concen-

tration of LDL. The evolution of the concentration of HDL occurs in a similar manner

to that of LDL. Initially, the concentration of HDL increases, then starts decreasing after

some time when foam cells begin to accumulate at a significant rate (Figure 5.2(d)). The

model includes the antiatherogenic actions of HDL on the oxidative modification of LDL

and foam cell regression. Although HDL helps reduce the inflammation, the inflammatory

process still remains active while the influx rate of HDL is relatively lower than that of

LDL (Figure 5.2(c)).
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(a) (b)

(c) (d)

Figure 5.3: Figure showing analogous plots to Figure 5.2 for σL = 0.2 and σH =
0.3, indicating a healthy outcome where the immune response initiated by the injured
endothelium ceases upon the replacement of the injured endothelium. For explanation of

subplots see Figure 5.2.

5.3.3 Behaviour for low LDL influx

Contrasting behaviour to that described in Section 5.3.2 is seen when the influx rate of

LDL is lower than the influx rate of HDL, and in this case, the system achieves a different

steady state (Figure 5.3). As described above, the modified LDL and foam cells enhance

the release of inflammatory mediators and, hence, prolong the inflammatory process. In

this case, the influx rate of LDL is relatively low, and consequently, the concentrations

of ox-LDL and foam cells remain relatively low. Figure 5.3 shows that the low level of

modified LDL (Figure 5.3(b)) and foam cells (Figure 5.3(d)) induce a slight increase in

the release of inflammatory mediators (Figure 5.3(a)), which, however, stops after some

time when the modified LDL and foam cells are removed.

The migration of monocytes stops when the release of inflammatory mediators stops and
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(a) (b)

(c) (d)

Figure 5.4: Figures showing spatial patterns at steady state for σL = 0.5 (magenta solid
curve) and σL = 0.6 (magenta dashed curve), when σH = 0.3. These, in general, illustrate
that the maximum value of the major species that determines the outcome of the model
appears at the endothelial boundary, x = 0. a) Inflammatory mediators; b) Ox-LDL; c)
Monocytes; d) Foam cells. Note that the spatial variations in the inflammatory mediators
and ox-LDL are so small as to be not noticeable on the graph because of high diffusivity.

hence, the monocyte concentration approaches a zero steady state value after some time,

once all the monocytes differentiate into macrophages (Figure 5.3(b)). In the same way as

the monocyte concentration, the macrophage concentration also approaches a zero steady

state value once all the macrophages are transformed into foam cells via interaction with

modified LDL (Figure 5.3(b)). In this case, the steady state value of HDL is relatively

high compared to that of LDL (Figure 5.3(c)) and, hence, a healthy state is obtained as

the inflammatory process initiated by the injured endothelium stops and the damage is

successfully removed. Thus we conclude that the antiatherogenic action of HDL cholesterol

could be effective when the level of LDL cholesterols is relatively low.

In general, the results presented in Figures 5.2 and 5.3 illustrate that, based on the com-

bination of the values of σL and σH the system may achieve one of two distinct steady
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(a) (b)

(c)

Figure 5.5: Figures showing analogous plots to Figure 5.2, demonstrating spatial pat-
terns at steady state. a) Macrophages; b) LDL; c) HDL. For explanation of subplots see

Figure 5.4.

states: an inflammatory state where the inflammatory process initiated by the injured

endothelium is sustained and the damage remains, and a healthy state where the inflam-

matory process stops and the damage is successfully removed. The results indicate that

the ox-LDL and foam cells are the major determinants of the outcomes of the model; the

system approaches the inflammatory state when these species exist, and the healthy state

when these species are removed. The results also indicate that these species remain in the

lesion when σL is large compared to σH , and are removed when σL is small compared to

σH .

Figures 5.4 and 5.5 illustrate another view of the impact of the values of σL and σH on

the dynamical behaviours of the model. In these figures, we show the spatial patterns at

steady state for two different values of σL, while σH is fixed and below σL. That is, the

case when an inflammatory process remains active. We notice that increasing the value



Chapter 5. Insights From a Novel PDE Model of Early Atherosclerosis 97

of σL increases the concentrations of the species overall within the intima, suggesting that

an increased value of σL induces a stronger inflammatory process, and vice-versa. While

the migration of LDL occurs at an increased rate, the level of ox-LDL and inflammatory

mediators increases, which ultimately results in a stronger inflammatory response. This

leads to an increased migration of monocytes into the intima causing an increase in the level

of macrophages overall within the intima. Consequently, the abundance of foam cells also

increases overall within the intima. Following Figures 5.4 and 5.5, the spatial variations

in some species are small, so a PDE/ODE model would be an appropriate half-way model

to understand this phenomenon.

5.4 Bifurcation analysis

5.4.1 The impact of σL and σH

To gain an improved understanding of the impact of the parameters σL and σH on the

dynamical behaviours of the system we have performed bifurcation analysis. We used

MatCont [76] to construct bifurcation diagrams with bifurcation parameters σL and σH .

Figure 5.6 shows the steady state concentrations of pro-inflammatory mediators and ox-

LDL at the endothelial boundary as a function of σL with σH = 0.3 (top row), and as

a function σH with σL = 0.5 (bottom row). In the case of σL, there is a limit point at

σL ≈ 0.204, below which both the pro-inflammatory mediators and ox-LDL have zero

steady state value (green solid curves). However, when the value of σL is increased so that

σL > 0.204, both these species may have non-zero steady state values (magenta solid and

dashed curves). In contrast, in the case of σH , a limit point is found at σH ≈ 0.976, above

which both the pro-inflammatory mediators and ox-LDL have zero steady state values.

On the other hand, when σH < 0.976 the pro-inflammatory mediators and ox-LDL may

have non zero steady state value. Numerical solutions suggest that the solid lines, both

magenta and green, are attractors and the dashed curve is a repellor.

Using MatCont, we continue one of the above mentioned limit points in the two-dimensional

parameter space (σL, σH) (Figure 5.7). Note that the continuation of either limit point

gives the same result; there is a cusp point at σL ≈ 5.69 × 10−2 and σH ≈ 4.16 × 10−3,

thus separating the parameter space (σL, σH) into two distinct regions: the monostable
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Figure 5.6: Bifurcation plots showing the steady state concentrations of the inflamma-
tory mediators and ox-LDL at the endothelial boundary as the functions of σL ( top row)
and σH (bottom row). The solid curves, both the magenta and green, are attractors and

the magenta dashed curve is a repellor.

region where there is only one steady state which is an attractor, and the bistable region

where there are three steady states, two of which are attractors. The monostable region

corresponds to the state where the self-accelerating inflammatory process is absent, and

the damage is successfully removed (Figure 5.3). This suggests that the antiatherogenic

actions of HDL could be effective when the migration rate of HDL is considerably higher

than the migration rate of LDL.

In contrast, apart from the healthy state, there is a disease state in the bi-stable stable

region where the self-accelerating inflammatory process is present and the damage contin-

ues. The system may settle at either of these two states depending on the combination of

the values of σL and σH as well as the value of A (number of repeated cycles of injury).

The system always approaches the diseased state when the value of σL is considerably
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Figure 5.7: Bifurcation curve in the (σL, σH)-parameter space, dividing the parameter
space into a bistable region with three steady states two of which are attractors, and a
monostable region with a single steady state which is an attractor. The monostable region
corresponds to the state where the immune response ceases upon the replacement of the
injured endothelium. In contrast, in the bistable region the system may settle at either a
healthy state or a disease state depending on the values of σL and σH . This also depends

on the number of repeated cycles of injury to the endothelium.

higher than the value of σH . However, in the case of a different combination of the values

of these parameters (within the bistable region), the parameter A plays a significant role

in switching between the healthy and diseased states. In particular, when the value of A

is high, the system approaches the diseased state; otherwise, the healthy state is obtained,

suggesting that repeated injuries to the endothelium is one possible mechanism in the

development of an atherosclerotic process.

5.4.2 The impact of δ and µ

Having understood the impact of the parameters σL and σH , we will now study the

impact of the parameters δ and µ on the dynamical behaviour of the system. Note that

the parameters δ and µ introduce important effects to the model (see Sect. 5.2.3) that may

induce different bifurcation scenarios in the (σL, σH) parameter space. It is complicated

to analyse the dynamical behaviour of the system in the three-dimensional parameter

spaces (σL, σH , δ) and (σL, σH , µ), so we will work in the two dimensional parameter space

(σL, σH) for some fixed values of the parameters δ and µ.
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(a) (b)

Figure 5.8: Bifurcation curve in the (σL, σH)-parameter space for some fixed values of
the parameters a) δ when µ = 0.2 and b) µ when δ = 0.1 (see Table 5.2). The parameters
δ and µ, respectively, define the rate of macrophage-mediated oxidative modification of
LDL and the capacity of macrophages to consume modified LDL. See the caption of

Figure 5.7 for description of the different regions.

For the parameter values listed in Table 5.2, there is a limit point bifurcation at δ ≈ 0.033.

Therefore, for every sufficiently large value of δ, there are three steady states two of which

are attractors, otherwise, there is only one steady state which is also an attractor. Thus

different values of δ, provided that δ > 0.033, give rise to different bifurcation curves

in the (σL, σH)-parameter space, redefining the boundary between the monostable and

bistable regions (cf. Figure 5.7, 5.8(a)). An increased value of δ results in an increased

level of ox-LDL, as well as other species, which expands the basin of the bistable region

by shifting the bifurcation curve upward, and conversely for a decreased value of δ. Note

that for δ < 0.033, there is only one steady state value for the entire (σL, σH)-parameter

space.

Similarly for µ, for the parameter values listed in Table 5.2, there is a limit point bifurcation

at µ ≈ 2.34, and for µ > 2.34, there is only one steady state value for the entire (σL, σH)-

parameter space. However, when µ < 2.34, there are two distinct bifurcation scenarios in

the (σL, σH)-parameter space.

When the value of µ is small, there are three steady states, two of which are attractors.

In this case, similar to δ, different values of µ give rise to different bifurcation curves

in the (σL, σH)-parameter space, redefining the boundary between the monostable and

bistable regions (Figure 5.8(b)). However, as opposed to δ, while the value of µ increases,

an increased consumption of ox-LDL occurs, causing a decrease in the level of ox-LDL as

well as other species. As a result, the size of the bistable region reduces as the value of
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Figure 5.9: Bifurcation plots showing the steady state concentration of the inflammatory
mediators (on the left) and ox-LDL (on the right) at the endothelial boundary as a function
of σL when µ = 2.2. The solid curves, both the magenta and green, are attractors and
the magenta dashed curves are repellor. These illustrate that depending on the value of
σL the system possesses either one, three or five equilibria, as labelled by the numbers 1,

3 and 5 in the figures.

µ increases (cf. Figure 5.8(a), 5.8(b)). The solutions of the system corresponding to the

redefined monostable and bistable regions of Figures 5.8(a) and 5.8(b) are qualitatively

the same as the solutions presented in Figures 5.2 and 5.3.

On the other hand, the dynamics of the system are significantly different when the value

of µ is large. Figure 5.9 illustrates that the bifurcation curves, where σL is taken as a

bifurcation parameter and µ = 2.2, have three limit point bifurcations. In this case, the

system possesses either one, three or five equilibria. The system is monostable when there

is only one unique equilibrium. On the other hand, the system is, respectively, bistable

and tristable when there are three and five equilibria. Thus, the loci of the three limit

bifurcations divide the parameter space (σL, σH) into four regions according to the number

of attractors, as shown Figure 5.10. The descriptions of the regions in this figure are as

follows. The system is bistable corresponding to regions 1 and 3, whereas it is tristable

corresponding to region 2. Also, it is monostable corresponding to region 4. Hence, the

system produces different dynamics of the inflammatory response depending on the values

of σL and σH .

In region 1, the value of σL is significantly larger than σH and thus, a relatively low level

of endothelial damage may lead to an inflammatory response. The steady state concen-

trations in this region are relatively high and the nature of the solutions is qualitatively
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Figure 5.10: Bifurcation curves in (σL, σH)-parameter space, indicating different dy-
namics of the inflammatory response depending on the values of σL and σH . It shows
that the loci of the three limit point bifurcations divide the parameter space into regions
according to the number of attractors. Regions 1 and 3 correspond to the bistable case,
whereas the region 2 corresponds to the tristable case. And, region 4 corresponds to the

monostable case.

the same as the solutions presented in Figure 5.2. Therefore, the system suggests a strong

inflammatory response corresponding to this region. In contrast, in region 3, the value

of σH is relatively large compared to region 1, where the residual levels of ox-LDL (Fig-

ure 5.11(c)) and foam cells (Figure 5.11(d)) always exist for all values of σH . Consequently,

a weak inflammatory response induced by these residual levels of ox-LDL and foam cells

remains active. Hence, the system approaches the inflammatory state when the number

of repeated cycles of injury A is large (Figure 5.11); otherwise, a healthy state can be

obtained. Figure 5.11(a) shows that the concentration of the inflammatory mediators re-

mains very low due to the weak inflammatory response. As a result, the concentration

of monocytes and thus macrophages also remains low as the migration of monocytes is

regulated by the level of inflammatory mediators (Figure 5.11(b)).

On the other hand, the system behaves significantly different in region 2. As mentioned

earlier, there are three stable and two unstable steady states in this region. Among the

three stable steady states, one is a healthy state, whereas the other two are inflammatory

states of different strength. Hence, similar to regions 1 and 3, the system returns to

the healthy state when the initial damage to the endothelium is low. On the contrary,

the system will reach either of the two inflammatory states if the level of injury to the

endothelium is high. The combination of the values of σL and σH in this narrow band is
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(a) (b)

(c) (d)

Figure 5.11: The results for the concentrations of the major species characterising the
nature of the inflammatory process corresponding to region 3 of the bifurcation diagram
presented in Figure 5.10. The results, in this case, are significantly different compared to
other regions of Figure 5.10. The residual levels of ox-LDL and foam cells always exist
for all values of σH in the region 3 and, hence, induce a weak inflammatory process. a)
Concentration of inflammatory mediators at the endothelial boundary; b) Concentration
of monocytes and macrophages at the endothelial boundary; c) Concentration of ox-LDL

at the endothelial boundary; d) Intimal total of foam cells.

also an additional factor that contributes to switching between these states. However, the

variables in this region take almost similar values as in region 1. Therefore, compared to

region 1, the solutions corresponding to this region do not suggest any significant variation

in the strength of the inflammatory response. Finally, region 4 corresponds to the healthy

state, and the solutions corresponding to this region are qualitatively the same as the

solutions presented in Figure 5.3.

The spatial patterns at steady state for parameters in regions 2 and 3 are qualitatively the

same (but of different magnitude) as those presented in Figures 5.4 and 5.5. As discussed

above, the strength of the inflammatory response corresponding to parameters in these
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regions is different. Consequently, the magnitudes are different, however, the maximum

still occurs at the endothelial boundary.

5.5 Discussion

In this chapter, we have formulated a PDE model describing the earliest events in the

formation of an atherosclerotic plaque. It is still a response-to-injury model as described

in Chapter 4. However, this model describes the system in more a realistic way, including

spatial variations and non-instantaneous macrophage-mediated oxidative modification of

native LDL.

During the analysis, we have focused our attention on the steady states of the model,

and their stability, and investigated how these change as the significant parameters of the

model change. We associate the stable steady states of the model with a non-inflammatory

or healthy state where the inflammatory mediators are absent. In this case, we assume

that the release of the inflammatory mediators stops upon the replacement of the dam-

aged endothelium by a healthy one. Alternatively, in the presence of the inflammatory

mediators, we associate the stable steady states with an inflammatory state. In this case,

we assume that the damage continues as the immune response initiated by the injured en-

dothelium persists. In the following, we discuss the results of the model indicating various

different scenarios of the inflammatory response.

In general, the results of the model suggest that an injury to the endothelium initiates an

immune response as a reparative mechanism. When the level of LDL within the intima is

sufficiently low, the initial immune response stops upon the replacement of the damaged

endothelium. However, the normal function of this immune response is altered when the

level of LDL in the intima exceeds a threshold value. In this case, the initial immune

response is a self-accelerating inflammatory process, leading to the development of an

atherosclerotic lesion. The strength of this immune response depends on the level of

endothelial damage. Consequently, when the intimal level of LDL is beyond the indicated

threshold value, repeated injuries to endothelium lead to a stronger inflammatory process

resulting in increased levels of inflammatory mediators as well as other species.
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These results agree with the pathophysiology of atherosclerotic plaque initiation [3, 21,

22, 49], as well as with the results of other mathematical models describing the earliest

events in the formation of atherosclerotic plaques [4, 67]. These studies [4, 67] also suggest

that a similar threshold level of intimal LDL is required for an inflammatory process to be

initiated. However, a novel aspect of our model is that it includes the explicit contribution

of endothelial injury in the initiation of an atherosclerotic process. Accordingly, our model

suggests that a comparatively low level of LDL is capable of driving the development of

atherosclerosis if the endothelium undergoes repetitive injuries.

Raising the HDL level in the bloodstream has long been a clinical practice to reduce the

risk of atherosclerosis and atherosclerosis-related complications [101, 102]. This model

includes HDL and its antiatherogenic actions in removing foam cells as well as inhibiting

the macrophage-mediated oxidative modification of LDL. The results suggest that these

antiatherogenic actions of HDL are effective in inhibiting the inflammatory process and

thus, reversing the outcome of the disease process when the level of HDL is higher than

the level of LDL. The model also suggests that corresponding to an increased level of LDL,

the level of HDL also needs to be increased to enable HDL to reverse the disease process.

The ratio of LDL to HDL levels that determines the outcomes of the process also depends

on the capacity of macrophages to oxidise LDL, as well as the capacity of macrophages

to consume ox-LDL. The model suggests that corresponding to a reduced capacity of

macrophages to oxidise LDL, a relatively low level of HDL can reverse the disease process.

However, corresponding to an increased capacity of macrophages to oxidise LDL, a raised

HDL level is not as beneficial as a reduced capacity of macrophages to oxidise LDL.

Macrophage-mediated oxidative modification of LDL is a major event in the early stages

of atherosclerosis as macrophages are the most prominent cell type to oxidise LDL within

lesions [94, 96]. Thus, reducing the capacity of macrophages to oxidise LDL leads a

decreased level of ox-LDL and, consequently, limits the inflammatory process induced by

ox-LDL. Because of this beneficial role, the factors that inhibit the macrophage-mediated

oxidative modification of LDL are receiving increased attention in the fight to prevent

atherosclerosis [108, 109].

Another important result of the model is that the capacity of the macrophages to uptake

ox-LDL has a significant impact on the dynamics of the inflammatory response since the

number of steady states and their properties depend on the rate at which macrophages
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consume ox-LDL. In general, increasing the capacity of macrophages to uptake ox-LDL

weakens the inflammatory response as it results in a reduced abundance of ox-LDL in

the lesion. However, the self-accelerating inflammatory process remains active as the

lipid-laden macrophages participate in the inflammatory process [3, 49]. Thus, increasing

the capacity of macrophages to uptake ox-LDL switches the ox-LDL driven inflammatory

process towards a foam cell driven inflammatory process.

The model indicates that when the uptake rate of ox-LDL by the macrophages is suffi-

ciently large, four distinct dynamics of the inflammatory response, depending on the ratios

of the LDL and HDL levels, are observed:

• an inflammatory process that is predominantly driven by the ox-LDL, indicating a

strong inflammatory response;

• a weak inflammatory process that is induced by the residual levels of ox-LDL and

foam cells within the intima;

• an inflammatory response that ceases upon the removal of the ox-LDL and foam

cells.

Such varied dynamics give insight into an individual’s risk of developing atherosclerosis and

atherosclerosis-related complications depending on the levels of LDL and HDL cholesterols

in the blood.

We know that atherosclerosis arises as the consequence of multiple dynamical cellular pro-

cess. This model explicitly investigates the inflammatory events in an early atherosclerotic

lesion that are initiated from an injury to the endothelium, and demonstrates how the dif-

ferent levels of LDL and HDL can affect the cell dynamics leading to different outcomes

of the inflammatory response. The model provides an integrated description of the mech-

anisms of the formation of an early atherosclerotic lesion. In addition, the model can be

used as a complementary tool to design future clinical and experimental studies, as well

as to develop therapeutic hypotheses and preventive advice for an individual or group of

patients.

The next chapter will present a mathematical model for atherosclerotic plaque development

incorporating the inward and outward expansion of the artery walls, which is the final goal

of this thesis.



Chapter 6

Modelling Atherosclerotic Plaque

Growth

6.1 Introduction

In this chapter, we develop a plaque growth model taking into account both the inward

and outward expansion of the artery walls. This model is based on the outcomes of the

ODE model presented in Chapter 4 that describes the cellular mechanisms behind the

formation of an atherosclerotic plaque.

This chapter is structured as follows. Section 6.2 introduces a mechanical model for

atherosclerotic plaque growth, beginning with a brief description of the plaque growth

phenomena both in the inward and outward directions. Next, Section 6.3 presents the re-

sults of model. Finally, Section 6.4 summarises the results of the model, and also discusses

the limitations of the model and possible improvements.

6.2 Model Development

As described in Section 2.2, atherosclerotic lesion formation results from multiple dynam-

ical cell processes within the intima as well as at the endothelial layer. This lesion often

progresses into a mature plaque with a fibrous cap isolating the lesion core from the lu-

minal blood flow, leading to thickening of the intima. Compensatory enlargement of the

107
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artery initially plays a defensive role against plaque growth by allowing the artery to ex-

pand outward so that the blood flow through the lumen remains unaltered [12]. However,

the compensatory enlargement may not be adequate in a progressive plaque, leading to

narrowing of the lumen and restricting blood flow.

Besides restricting the flow of blood, these stenosed plaques often rupture, leading to

thrombosis, with clinical manifestations of acute ischaemic syndromes [110]. The molecular

composition of an atherosclerotic plaque is an important factor that may determine its

vulnerability to rupture. In addition to the composition, the mechanical forces, such

as plaque stress, flow shear stress and blood pressure are also associated factors that

characterise a rupture-prone plaque [52–54].

6.2.1 Governing Equations

The plaque growth model is based on the concentration of the various species considered

in the ODE model (4.16) that accumulate beneath the damaged part of the endothelial

layer.

We begin by defining VI as the volume of the intima (bounded by the endothelial and

internal elastic layers of the artery) before onset of atherosclerosis. This volume increases

due to the accumulation of the various constituents of the plaque. Let us assume that

V (t) is the volume per unit length of the intima at any time t. Using the governing

equations (4.16b)-(4.16f), the change in the mass density of the cells in the intima over a

period ∆t can be written as

dX

dt
V (t) ∆t,

where we assume that the change in the cell density does not greatly affect the volume of

the intima over ∆t. Hence, the change in the volume of the intima over ∆t is

VX
dX

dt
V (t) ∆t,

where VX = (Vm, VM , VLox , VF , VH) are the volumes per unit mass of the monocyte cells,

macrophage cells, ox-LDL particles, foam cells and HDL particles, respectively. The in-

flammatory mediators are very small in size compared to other cells, and are thus ignored.
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Following [4], the total volume of the intima at time t+ ∆t is given by

V (t+ ∆t) = V (t) +
∑

X=m,M,Lox,F,H

(
VX

dX

dt

)
V (t) ∆t, V (0) = VI , (6.1)

We recast equation (6.1) as a differential equation of the the intimal volume

dV

dt
=

∑
X=m,M,Lox,F,H

(
VX

dX

dt

)
V, V (0) = VI , (6.2)

We then define V = Ṽ VI and introduce a dimensionless parameter η =
σmrLox

d2Lox

VF to recast

equation (6.2) in the dimensionless form, where tildes are dropped, as

dV

dt
=
η V

VF

∑
X=m,M,L,F,H

VX
dX

dt
, V (0) = 1· (6.3)

Equation (6.3) can be coupled with the biochemical model (4.16b)-(4.16f) to determine

the plaque volume at any time t. To model the growth in the outward direction, we

assume that the outer boundary of the plaque always takes the shape of a circular arc.

See Figure 6.1(a) and its caption for the definition of the various geometrical parameters.

It follows from the geometry that [111]

V =
s2

sin a

( a

sin a
− cos a

)
, L =

2as

sin a
, h =

s

sin a
(1− cos a),

where V is the volume of the circular segment bounded by the arc and the chord that

represents the endothelial layer. Here L and h denote the length of the arc and its sagitta,

respectively. In a healthy artery, we assume that the distance between the arc and the

chord, that is, the distance between the endothelial layer and the outer layer, is infinitesi-

mally small. Therefore, in the starting configuration, these two curves nearly coincide.

The outward growth of the plaque is driven by the pressure Pb exerted by the blood on the

wall. However, the resistive pressure of the outer wall increases as the plaque continues to

grow. The resistive pressure exerted by the outer wall is measured by

P =
T

r + h
≈ T

r
, r >> h, (6.4)
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Figure 6.1: a) An illustration of the plaque growth model. The arc length L, footprint
radius s, contact angle a and sagitta h characterise the outward growth, and the basal
drag y(z, t) characterises the inward growth of the plaque, where z represents the distance
along the artery wall. Here r represents the initial radius of the lumen and T represents
the tension at the outer wall . b) Pressure load on endothelial layer Peff vs total volume

of the plaque.

where T is the tension in the outer wall which is approximated by [111]

T = λ (L − 2 s), (6.5)

where λ is the Young’s modulus of the outer wall. The outward growth stops when Pb is

surpassed by P . Hence, by substituting the condition P = Pb along with equation (6.5)

into equation (6.4), we obtain the threshold contact angle a0 =
√

3Pbr
λs , which determines

the maximum plaque volume V0 that the artery wall can compensate for by dilation. It is

assumed that the contact angle a0 is small.

Once the outward growth has stopped, any further increase in plaque volume results in a

pressure load Peff applied to the endothelial layer, as demonstrated in Figure 6.1(b). The
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Table 6.1 List of parameters that appear in the plaque growth model

Parameter Description Value

Vm Volume for unit mass of monocytes 10−17 mm3 pg−1[4]
VM Volume for unit mass of macrophages 10−14 mm3 pg−1[4]
VLox Volume for unit mass of ox-ldl particles 10−21 mm3 pg−1[4]
VF Volume for unit mass of foam cells 10−8 mm3 pg−1[4]
VH Volume for unit mass of hdl particles 10−16 mm3 pg−1[112]
λ Young’s modulus of the adventitial layer 900 kPa [113]
E Young’s modulus of the endothelial layer 24.5 kPa [114]
Pb Normal blood pressure 120 mmHg
η Dimensionless parameter 0.6 [67, 84] & estimated

pressure load Peff, expressed in this figure, defines the pressure potential per unit volume of

V0 and is formulated using the linear end-diastolic pressure-volume relation. This pressure

load induces inward growth of the plaque which is modelled by [111]

∂4y

∂z4
=
Peff

E
, Peff =

P0 Veff

V0
, (6.6)

where, P0 = T0
r = Pb, and

Veff =


V − V0 if V > V0,

0 if V < V0.

(6.7)

Equation (6.6) is supplemented by the boundary conditions y(±s) = ∂y
∂z (±s) = 0, which

assume that the endothelial layer has uniform properties, both geometrical and mechanical,

with unit moment of area. Here P0 and T0, respectively, define the threshold pressure and

tension on the outer wall that determine the maximum outward growth of the plaque, and

E defines the elastic modulus of the endothelial layer.

6.3 Plaque Growth Simulations

The plaque volume V (t) obtained by integrating equation (6.3) coupled with the biochemi-

cal model equations (4.16b)-(4.16f), is used to simulate the plaque growth. The parameter

values used in the simulation are listed in Table 4.2 and 6.1. The lumen radius r and



Chapter 6. Modelling Atherosclerotic Plaque Growth 112

−2 −1 0 1 2
−0.4

0

0.4

0.8

1.2

x

y(
z,
t)

t
=85
=92
=99
=106
=112
=122
=132
=150

=79
t
t
t
t
t
t
t
t

Figure 6.2: Plaque shapes at different dimensionless times. The boundary of the out-
wardly growing plaque always takes the shape of a circular arc (below the zero axis) while
the shape of the inwardly growing plaque (above the zero axis) is obtained by integrating
equation (6.6). The inward growth of the plaque is induced by the pressure load at the

endothelial boundary.

the footprint radius s are both considered to be 2 mm. Figure 6.2 shows the shape of the

plaque at different times.

The plaque growth towards the outer wall occurs as long as V < V0, where the boundary

always takes the shape of a circular arc, as shown by the curves below the zero axis in

Figure 6.2. The maximum volume V0 of the outwardly growing plaque depends on the

Young’s modulus λ of the outer wall of the artery. The higher the value of λ the lower

the maximum volume V0 of the outwardly growing plaque, as the value of the threshold

contact angle a0 decreases with increasing λ. The stiffness of the artery varies between

patients, depending on their physical activity, blood cholesterol level, and blood pressure.

Therefore, using a patient specific experimental value of λ could be a more reliable way to

investigate the transition of plaque growth between the two growth regimes.

The plaque starts to grow into the lumen once growth in the outward direction stops, that

is, when V > V0; however, this growth stops when the cells considered in the biochemical

model settle to their equilibrium values. The curves above the zero axis in Figure 6.2

show the shape of the plaque cap at various positions and times. This figure shows

that the volume of the inwardly growing plaque increases with time. It can be inferred

from equation (6.7) and the definition of Veff (Figure 6.1(b)) that, Peff increases as

a consequence. It also follows from the theory of bending rods that the normal stress
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acting at the plaque cap increases proportionally to Peff, with the maximum normal stress

appearing at the middle [115].

6.4 Discussion

In this chapter, we presented a mathematical model for an atherosclerotic plaque growth

incorporating the mechanical properties of the artery walls. Another novel aspect of the

model is that it takes into account both the inward and outward expansion of the arterial

walls.

The outward growth of the plaque is induced by compensatory enlargement, which depends

on the stiffness of the outer wall of the artery. As the stiffness of the artery may vary from

patient to patient, another novel aspect of this model is that it includes the effect of varying

stiffness of the artery wall and demonstrates the effect of this on the outward growth of

the plaque. Once the outward growth of the plaque stops, it starts to grow into the lumen.

The volume of the inwardly growing plaque increases with an increasing pressure load,

eventually causing an increase in the normal stress at the cap. If the ultimate strength of

the plaque cap is known experimentally, a possible rupture time can be found using this

model by inspecting the maximum normal stress at different times t.

However, the model assumes uniform geometrical and mechanical properties of the plaque

cap, which may not be the case in an actual scenario. Biologically, a plaque cap is com-

posed of smooth muscle cells (SMCs) and a collagen-rich matrix. The structure and

strength of the plaque cap are strongly associated with the composition of the plaque.

Interferon-γ, secreted from activated T-cells, inhibits the proliferation of SMCs and pro-

duction of interstitial collagens by SMCs, thereby weakening the structural integrity of the

cap [116]. In addition, matrix metalloproteinases, produced through an intimate interac-

tion of macrophages and T-cells, are also recognised as contributing to the destruction of

the plaque cap and potential of the rupture [110].

Therefore, this mechanistic model needs to be coupled with the biological evolution of

a plaque cap in order to obtain more reliable mechanical properties of the plaque. The

model presented here could be used as a fundamental model to formulate such an advanced

model for the growth of an atherosclerotic plaque.



Chapter 7

Conclusions and Future Work

Atherosclerosis is an inflammatory disease which is initiated by an injury to or dysfunction-

ality of the endothelium and progresses through multiple dynamical cell processes. The

underlying cellular mechanisms leading to serious clinical manifestations, such as heart at-

tack and stroke, are not well understood. The aim of this thesis was to model the cellular

dynamics of the process of early atherosclerosis in order to enhance the understanding of

the cellular mechanics behind the formation of an early atherosclerotic lesion.

The first model studied in this thesis was a reduced model obtained from the Bulelzai-

Dubbeldam model [4] via a quasi-steady state approximation. The model comprised

two ordinary differential equations describing the interaction between monocytes and

macrophages. An analysis of the long term behaviour of the steady states of the model,

and their stability, was presented through phase plane analysis and simulations. In ad-

dition, an in-depth numerical bifurcation analysis was conducted to investigate how the

stability of these steady states is affected by the model parameters.

In general, it was found that an excessive accumulation of monocytes in the intima may

drive the development of an atherosclerotic process. This result agrees with the experiment

findings relating to the very early ominous signs of the development of atherosclerosis. For

example, in [3], the authors suggest that adhesion of monocytes to the endothelial layer

and their subsequent migration to the wall is a common sign found at the site of an early

atherosclerotic lesion.

114



Chapter 7. Conclusions and Future Work 115

A threshold migration rate for monocytes was calculated from the model. Below this

threshold value, the model was found to be monostable and indicated that a healthy

outcome always occurred. On the other hand, when the migration rate was increased

beyond the threshold value, the phase plane analysis indicated two possible stable regimes

for the inflammatory process depending on the initial monocyte concentration: either a

self-accelerating inflammatory process, or a healthy outcome, as mentioned above. With

the help of bifurcation analysis, several other complex dynamical behaviours of the model

were found by slightly varying the parameter defining the migration rate of monocytes.

Apart from the simple limit point bifurcation that defines the above-indicated threshold

migration rate of monocytes, extremely complex bifurcations were also found. These

bifurcations include homoclinic bifurcations, as well as stable and unstable limit cycles,

all of which characterise inflammatory processes with various degrees of severity.

The migration rate of monocytes, considered in this model, characterises an individual’s

strength of immune response. A strong immune response plays a crucial role in the initi-

ation as well as in the persistence of the underlying mechanisms of the development of an

atherosclerotic lesion [28]. Therefore, the strength of the immune response can be crucial

in assessing an individual’s risk of having atherosclerosis-related complications, such as

thrombosis, when traditional approaches, for example a lipid profile test, fails [81]. The

model exhibits dynamics of the inflammatory response with different degree of severity

depending on the migration rate of monocytes; hence, supports these findings. The model

also suggests a range of initial monocyte population for an inflammatory process to estab-

lished. However, further experimental studies to determine the exact mechanisms of the

activation of monocytes may help justify the numerical reliability of this result.

In addition to understanding the significant role of monocytes/macrophages in driving

the development of an inflammatory process, the model was useful to gain a basic under-

standing of the inherently complex cellular dynamics of the inflammatory response in an

early atherosclerotic lesion. However, besides monocytes and macrophages, high-density

lipoprotein (HDL), low-density lipoprotein (LDL)/oxidised LDL, T-cells, foam cells, and

other inflammatory mediators, such as cell adhesion molecules released from injured or

dysfunctional endothelium, are also recognised as active participants in the development

of an early atherosclerotic lesion [3, 28]. Therefore, a sophisticated model considering
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these cells and molecular species may provide a better understanding of the dynamics of

the inflammatory response.

In doing so, a new ODE model describing the mechanisms of the inflammatory response

with improved biological detail was introduced. This model was based on the response-

to-injury hypothesis [3] of atherosclerosis, and includes the mutual interactions between

the inflammatory mediators, monocytes, macrophages, low density lipoprotein, modified

low-density lipoprotein, foam cells and high density lipoprotein. These species of cells

are recognised as playing a central role in triggering and maintaining the inflammatory

response. To gain a better understanding of the mechanisms behind the formation of an

early atherosclerotic lesion, this model was studied in three steps with increasing biological

complexity, starting with a simplified version. The dynamical behaviours of the models

were examined through bifurcation analysis and numerical simulations.

From the simplified version of this model, it was found that an injury to the endothelium

may lead to the development of an atherosclerotic lesion if the migration rate of LDL ex-

ceeds a threshold value. This result agrees with with the pathophysiology of atheroslcerotic

plaque initiation [3, 49]. Several other mathematical studies, for example [4, 67], also sug-

gest a minimum migration rate of LDL for a self-accelerating inflammatory process to be

initiated. However, the threshold values suggested in these studies are numerically higher

than those found here, apparently due to the exclusion of the effects of endothelial injury

in their modelling. An inflammatory process was also observed at a relatively low mi-

gration rate of LDL when the endothelium was subjected to repetitive injury, suggesting

that endothelial injury may play a crucial role in initiating an atherosclerotic process. The

bifurcation analysis suggests that provided there is a sufficiently large consumption rate of

ox-LDL by the macrophages, a healthy state can be obtained once the ox-LDL is removed

from the lesion.

However, after the inclusion of foam cells and their pro-inflammatory effects, it was found

that a large consumption rate of ox-LDL by the macrophages cannot return the system

to the healthy state. Numerical solutions demonstrated that an increasing consumption

rate of ox-LDL decreases the severity of the inflammation; however, a relatively weak

inflammatory process induced by foam cells always remained active. This result agrees

with the pathological property of the foam cells in persisting the inflammatory process [97].
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In the most detailed model, a healthy state was obtained by removing foam cells from the

lesion. This was achieved by including HDL and its antiatherogenic action of removing

foam cells. In order to model the physiological properties of HDL more accurately, the

model was modified by including the inhibition action of HDL on the macrophage-mediated

oxidative modification of LDL. Having included this property, numerical solutions demon-

strated that an increasing migration rate of HDL decreases the severity of the inflammation

by limiting the oxidative modification of LDL. Although the model does not include the

anti-oxidants, such as vitamins C and E [35], the results demonstrate that limiting the

oxidative modification of LDL cholesterol can help reduce the severity of the inflammation,

thus reducing the incidence of atherosclerotic-related complications.

Overall, the analyses of the ODE models suggest that a single therapeutic target, such as

lowering blood cholesterol level (LDL) or raising the good cholesterol level (HDL), may not

produce the expected outcome of preventing atherosclerosis. Multiple therapeutic targets,

including improvement of endothelium health, may be required to produce this desired

outcome.

Once the dynamics of the system were understood, a more realistic PDE model was in-

troduced. The PDE model comprised equations for the six different species that are con-

sidered in the ODE model. It was used to describe the system in a more realistic way by

including spatial variations and non-instantaneous macrophage-mediated oxidative mod-

ification of native LDL as well. The steady states of the model and their stability were

examined, and then an investigation was conducted into the way in which these change as

the significant parameters of the model change.

An initial investigation was conducted to understand how the different levels of LDL and

HDL could affect the cell dynamics, which would then lead to different outcomes for

the inflammatory response. Model simulations indicated that the atherosclerotic process

induced by an elevated level of LDL may reverse if the level of HDL is raised and thus,

agrees with the clinical and experimental studies [101, 102].

Further analyses were carried out to investigate the impact of the oxidative modifica-

tion of LDL on the dynamics of the inflammatory process. It was found that an increased

macrophage-mediated oxidative modification of native LDL negatively modulates the ben-

eficial effect of raising the level of HDL. Macrophages are the most prominent cell type
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to oxidise LDL within lesions [94, 96]. Thus, reduced capacity of macrophages to oxidise

LDL is expected to lessen the oxidative modification ox-LDL, as well as, the inflammatory

process induced by ox-LDL [108, 109].

The model also suggested that the capacity of the macrophages to uptake ox-LDL may

have a significant impact on the dynamics of the inflammatory response. It was observed

from the model that increasing the parameter defining the consumption rate of ox-LDL

by the macrophages switches the ox-LDL driven inflammatory process towards a foam

cell driven inflammatory process. For a sufficiently large value of this parameter, the

model predicted three distinct dynamics of the inflammatory response, giving insight into

an individual’s risk of developing atherosclerosis and atherosclerosis-related complications

depending on the levels of LDL and HDL cholesterols in the blood.

Finally, a mechanical model for atherosclerotic plaque growth that takes into account both

the inward and outward expansion of the artery walls was presented. The model treated

the plaque cap as having uniform geometrical and mechanical properties and was used

to determine the inward and outward expansions of the artery wall based on a pressure

balance at the plaque cap. It was found that the outward expansion of the wall takes

place as long as the pressure in the plaque remains below the blood pressure. The inward

expansion of the wall starts once the pressure in the plaque exceeded the blood pressure.

The model also suggested that, if the ultimate strength of the plaque cap is known exper-

imentally, a possible rupture time can be found by inspecting normal stresses at various

times.

In summary, this thesis has investigated the cellular dynamics of the inflammatory re-

sponse in early atherosclerosis by developing increasingly more realistic models. The re-

sults therein provide an integrated description of the mechanisms of the formation of an

early atherosclerotic lesion, which could ultimately result in effective earlier diagnoses and

the prevention of atherosclerosis-related clinical complications.

This thesis has developed several models for the study of early atherosclerosis. However,

there are still some possible extensions that could be considered in the future. For example,

an ODE model of increased complexity could provide further insights into the cellular

dynamics leading to the formation of an early atherosclerotic lesion. There are several

other cell types, such as T-cells and smooth muscles cells (SMCs) that contribute to the
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monocyte differentiation, as well as take part in the development of a fibrous cap. For any

future extension of the ODE model, T-cells, T cell-derived cytokines and SMCs should

be considered. Furthermore, development of PDE models from ODE models, in order to

include the spatial effects, could also be considered in the future.

The spatial patterns presented in Figures 5.4 and 5.5 may have different shapes depending

on model parameters. In addition, the long-term outcome of the inflammatory processes

maybe significantly affected by the spatial variations in concentrations across the intima.

The future works may take these points into consideration. Moreover, since macrophages

have a high affinity for ox-LDL one further possibility is to include chemotaxis driven

particle migration in the model. Hence, to include more realistic spatial effects, any future

development of the PDE should include chemotaxis, where the travelling wave propagation

of inflammation could also be investigated. Further development of the PDE model could

also consider a two-dimensional domain coupled with a more realistic plaque growth model.

Such a model would give insights into how the early atheroma could progress, either along

the artery or around the lumen.

Atherosclerotic plaque usually develops at the region of low or oscillating shear stress in

an artery. Models describing the blood flow phenomena in differently shaped arteries have

demonstrated that the surface concentration of particles such as LDL is locally elevated

at regions of low wall shear stress, providing favourable conditions for the formation of

atherosclerotic plaques and intimal thickening [117, 118]. These observations suggest that

a truly comprehensive model should take into account interaction between the fluid and

the wall.
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[71] Y. Yang, W. Jäger, M. Neuss-Radu, and T. Richter. Mathematical modeling and

simulation of the evolution of plaques in blood vessels. Journal of Mathematical

Biology, 72(4):973–996, 2016. doi: 10.1007/s00285-015-0934-8. URL http://link.

springer.com/article/10.1007/s00285-015-0934-8.

[72] Pak-Wing Fok. Mathematical model of intimal thickening in atherosclerosis: Vessel

stenosis as a free boundary problem. Journal of Theoretical Biology, 314:23–33, 2012.

doi: 10.1016/j.jtbi.2012.07.029. URL http://www.sciencedirect.com/science/

article/pii/S0022519312003827.



Bibliography 130

[73] A. Ougrinovskaia, R. S. Thompson, and M. R. Myerscough. An ODE model of

early stages of atherosclerosis: Mechanisms of the inflammatory response. Bulletin

of Mathematical Biology, 72(6):1534–1561, 2010. doi: 10.1007/s11538-010-9509-4.

URL http://link.springer.com/article/10.1007/s11538-010-9509-4.

[74] CG Caro, JM Fitz-Gerald, and RC Schroter. Arterial wall shear and distri-

bution of early atheroma in man. Nature, 223(5211):1159–1161, 1969. doi:

10.1038/2231159a0. URL http://www.nature.com/nature/journal/v223/n5211/

abs/2231159a0.html.

[75] M. A. K. Bulelzai, J. L. A. Dubbeldam, and H. G. E. Meijer. Bifurcation analysis of

a model for atherosclerotic plaque evolution. Physica D: Nonlinear Phenomena, 278:

31–43, 2014. doi: 10.1016/j.physd.2014.04.005. URL http://www.sciencedirect.

com/science/article/pii/S0167278914000827.

[76] A. Dhooge, W. Govaerts, and Y. A. Kuznetsov. MATCONT: A MATLAB package

for numerical bifurcation analysis of ODEs. ACM Transactions on Mathematical

Software, 29(2):141–164, 2003. doi: 10.1145/779359.779362. URL http://dl.acm.

org/citation.cfm?id=779362.

[77] E. Carlsen and H. Prydz. Activation of monocytes-more than one process. Scandi-

navian Journal of Immunology, 27(4):401–404, 1988. doi: 10.1111/j.1365-3083.1988.

tb02363.x. URL http://onlinelibrary.wiley.com/doi/10.1111/j.1365-3083.

1988.tb02363.x/abstract.

[78] J. Rinzel. A formal classification of bursting mechanisms in excitable systems.

In Mathematical Topics in Population Biology, Morphogenesis and Neurosciences,

pages 267–281. Springer, 1987. URL http://link.springer.com/chapter/10.

1007/978-3-642-93360-8_26.

[79] S. Rinaldi and M. Scheffer. Geometric analysis of ecological models with slow and

fast processes. Ecosystems, 3(6):507–521, 2000. doi: 10.1007/s100210000045. URL

http://link.springer.com/article/10.1007/s100210000045.

[80] R. Bertram and J. E. Rubin. Multi-timescale systems and fast-slow analysis.

Mathematical Biosciences, 2016. doi: 10.1016/j.mbs.2016.07.003. URL http:

//www.sciencedirect.com/science/article/pii/S0025556416300852.



Bibliography 131

[81] P. Libby and P. M. Ridker. Inflammation and atherothrombosis: From population

biology and bench research to clinical practice. Journal of the American College

of Cardiology, 48(9s1):A33–A46, 2006. doi: 10.1016/j.jacc.2006.08.011. URL http:

//content.onlinejacc.org/article.aspx?articleid=1138054.

[82] B. Østerud and E. Bjørklid. Role of monocytes in atherogenesis. Physiological

Reviews, 83(4):1069–1112, 2003. doi: 10.1152/physrev.00005.2003. URL http://

physrev.physiology.org/content/83/4/1069.short.

[83] M. Radu and J. Chernoff. An in vivo assay to test blood ves-

sel permeability. Journal of Visualized Experiments, (73):e50062–e50062,

2013. doi: 10.3791/50062. URL http://www.jove.com/video/50062/

an-in-vivo-assay-to-test-blood-vessel-permeability.

[84] A. Friedman and W. Hao. A mathematical model of atherosclerosis with re-

verse cholesterol transport and associated risk factors. Bulletin of Mathemati-

cal Biology, 77(5):758–781, 2015. doi: 10.1007/s11538-014-0010-3. URL http:

//link.springer.com/article/10.1007/s11538-014-0010-3.

[85] T. P. Shentu, I. Titushkin, D. K. Singh, K. J. Gooch, P. V. Subbaiah, M. Cho, and

I. Levitan. OxLDL-induced decrease in lipid order of membrane domains is inversely

correlated with endothelial stiffness and network formation. American Journal of

Physiology-Cell Physiology, 299(2):C218–C229, 2010. doi: 10.1152/ajpcell.00383.

2009. URL http://ajpcell.physiology.org/content/299/2/C218.short.

[86] G. Gardner, C. L. Banka, K. A. Roberts, A. E. Mullick, and J. C. Rutledge. Modified

LDL–mediated increases in endothelial layer permeability are attenuated with 17β-

estradiol. Arteriosclerosis, Thrombosis, and Vascular Biology, 19(4):854–861, 1999.

doi: 10.1161/01.ATV.19.4.854. URL http://atvb.ahajournals.org/content/19/

4/854.short.

[87] Z. Tang, L. Jiang, J. Peng, Z. Ren, D. Wei, C. Wu, L. Pan, Z. Jiang, and L. Liu.

PCSK9 siRNA suppresses the inflammatory response induced by oxLDL through

inhibition of NF-κB activation in THP-1-derived macrophages. International Journal

of Molecular Medicine, 30(4):931–938, 2012. doi: 10.3892/ijmm.2012.1072. URL

https://www.spandidos-publications.com/ijmm/30/4/931.



Bibliography 132

[88] P. Buchwald and S. R. Cechin. Glucose-stimulated insulin secretion in isolated pan-

creatic islets: Multiphysics FEM model calculations compared to results of perifusion

experiments with human islets. Journal of Biomedical Science and Engineering, 6

(5A):26, 2013. doi: 10.4236/jbise.2013.65A006. URL http://file.scirp.org/

Html/6-9101655_32031.htm.

[89] P. E. Szmitko, C. Wang, R. D. Weisel, J. R. de Almeida, T. J. Anderson, and

S. Verma. New markers of inflammation and endothelial cell activation part I. Cir-

culation, 108(16):1917–1923, 2003.

[90] Y. Delneste, P. Charbonnier, N. Herbault, G. Magistrelli, G. Caron, J. Bon-

nefoy, and P. Jeannin. Interferon-γ switches monocyte differentiation from

dendritic cells to macrophages. Blood, 101(1):143–150, 2003. doi: 10.1182/

blood-2002-04-1164. URL http://www.bloodjournal.org/content/101/1/143.

full.pdf+html?sso-checked=true.

[91] E. K. Koltsova and K. Ley. How dendritic cells shape atherosclerosis. Trends in

Immunology, 32(11):540–547, 2011. doi: 10.1016/j.it.2011.07.001. URL http://

www.sciencedirect.com/science/article/pii/S1471490611001190.

[92] A. Niessner and C. M. Weyand. Dendritic cells in atherosclerotic disease. Clin-

ical Immunology, 134(1):25–32, 2010. doi: 10.1016/j.clim.2009.05.006. URL

www.sciencedirect.com/science/article/pii/S1521661609006664.

[93] G. M. Chisolm, S. L. Hazen, P. L. Fox, and M. K. Cathcart. The oxidation of lipopro-

teins by monocytes-macrophages biochemical and biological mechanisms. Journal

of Biological Chemistry, 274(37):25959–25962, 1999. doi: 10.1074/jbc.274.37.25959.

URL http://www.jbc.org/content/274/37/25959.short.

[94] A. Daugherty, N. R. Webb, D. L. Rateri, and V. L. King. Thematic review series:

The immune system and atherogenesis. cytokine regulation of macrophage functions

in atherogenesis. Journal of Lipid Research, 46(9):1812–1822, 2005. doi: 10.1194/

jlr.R500009-JLR200. URL http://www.jlr.org/content/46/9/1812.short.

[95] A. Graham, D. G. Hassall, S. Rafique, and J. S. Owen. Evidence for

a paraoxonase-independent inhibition of low-density lipoprotein oxidation by

high-density lipoprotein. Atherosclerosis, 135(2):193–204, 1997. doi: 10.



Bibliography 133

1016/S0021-9150(97)00162-7. URL http://www.sciencedirect.com/science/

article/pii/S0021915097001627.

[96] L. M. Hultén, C. Ullström, A. Krettek, D. Van Reyk, S. L. Marklund, C. Dahlgren,

and O. Wiklund. Human macrophages limit oxidation products in low density

lipoprotein. Lipids in Health and Fisease, 4(1):1, 2005. doi: 10.1186/1476-511X-4-6.

URL http://europepmc.org/abstract/MED/15745457.

[97] L. J. H. Van Tits, R. Stienstra, P. L. van Lent, M. G. Netea, L. A. B. Joosten, and

A. F. H. Stalenhoef. Oxidized LDL enhances pro-inflammatory responses of alterna-

tively activated M2 macrophages: A crucial role for Krüppel-like factor 2. Atheroscle-
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