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SYNOPSIS 
 

Over the last few decades, concrete deep beam research has attracted attentions of both 

academics and professionals due to the increasing use of this type of structural members 

in construction projects. Evaluating the ultimate strength of concrete deep beams has 

been a great challenge because of the complexity of these structural members. Moreover, 

using high strength material and having openings in the web increase the difficulties of 

predicting the ultimate strength. Normally, web openings are introduced to 

accommodate services such as air-conditioning ducts, cables, and other essential 

services. However, the existence of web openings causes geometric discontinuity within 

the beam and non-linear stress distributions over the depth of the beam. Furthermore, 

present Codes of Practices do not cover the design of deep beams with web openings.  

 

The focus of this thesis is to develop a set of simple and reliable design equations for 

high strength concrete deep beams with web openings. Deep beams without web 

reinforcement but with web openings are given particular attention in this investigation, 

which constitutes three major components: experimental, numerical and theoretical 

studies. 

 

An experimental program was conducted at Griffith University Gold Coast Campus 

which consisted of forty-three simply-supported normal and high strength concrete deep 

beams with and without web openings under a single and two-point loading. The 

specimens were divided into three groups through which various parameters were 

investigated. A comparative study with the experimental results has confirmed the 

applicability and accuracy of a previously developed numerical method - the Layered 

Finite Element Method (LFEM). Upon verification, the LFEM was used to conduct a 

series of parametric studies. The numerical analysis has offered some insight into the 

failure mechanism of concrete deep beams with web openings through detailed 

examination of their ultimate load versus deflection responses, crack patterns as well as 

failure modes.  
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The shear failure mode was demonstrated via diagonal cracking of deep beams during 

laboratory testing. It was observed that the load-carrying capacity of high strength 

concrete deep beams decreased at a greater rate than normal strength equivalents when 

the size of web opening increased. Also, by increasing the shear span in high strength 

concrete deep beams with web openings the load-carrying capacity also decreased at a 

larger rate than their normal strength counterparts. The change in opening location and 

size in the vertical direction is a significant parameter influencing the ultimate strength 

of deep beams with web openings. On the other hand, change in opening location and 

size in the horizontal direction demonstrated different trends for openings located at the 

Flexural zone and Rigid zone. When the opening is located at or extended towards the 

Rigid zone, the effect of opening on the ultimate strength was insignificant. However 

when the opening is located at the Flexural zone, the ultimate strength was largely 

affected by the opening and such impact must be considered in the design. In contrast 

with changes in opening location and size and varying material strength of deep beams 

exhibited a linear relationship with the ultimate strength. All the above mentioned 

phenomena and relationships formed the fundamentals of the proposed design equations, 

one for the Flexural zone and the other, the Rigid zone. 

 

The proposed design equations were compared with the results of LFEM parametric 

studies, the experiment data, and other available experiment results in the literature. The 

comparison showed that the proposed equations are applicable to the design of high 

strength concrete deep beams with web openings and more reliable than the existing 

prediction formulas.  
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NOTATIONS 
 

a Horizontal distance of shear span 
a1 Coefficient defining the horizontal dimensions of opening 
a2 Coefficient defining the vertical dimensions of opening 
A1 Bearing area 
A2 The largest area of the supporting surface that is geometrically similar 

to and concentric with A1 
Ac Smallest cross-sectional area of the concrete strut at any point along its 

length and measured normal to the line of the action of the strut 
Ac1 Concrete cross section which depth is from bottom to the top of 

opening  
Ac2 Effective concrete area below opening  
As Cross section of main reinforcement bars 
Aps Area of prestressed reinforcement in tie 
Ast Area of an individual steel bar 
Astr1  Cross section of the concrete strut in node 
Astr 2 Cross sectional area of lower path under the opening  
Aw Area of web reinforcements 
b Breadth of the beam  
bw Thickness of web in deep beam  
c1 Vertical distance from soffit of specimens to the bottom of main 

reinforcement  
C1 Empirical coefficient of concrete in Equation (2.8) 
C2 Empirical coefficient of steel in Equation (2.8) 
d Depth of beam  
ds Centre to centre spacing between steel bars 
D Total depth of beam 
E Modulus of elasticity  
E0 Initial modulus of elasticity 
E1, E2, E3 Concrete moduli of elasticity in principle directions 
Ec Elastic modulus of concrete 
Ei Fictitious elasticity modulus 
Es Elastic modulus of steel  
Es1, Es2, Es3 Young modulus of steel 
ƒcm Mean compressive strength of concrete 
ƒct Tensile strength off concrete  
ƒcu Effective strength of node 
ƒp stress in prestressed tendons due to factored load 
ƒse Effective stress in prestressed reinforcement in a tie 



 
Notations 

 

xxi 

ƒsy Yield strength of the main longitudinal steel 
ƒt1 Combined strength of tensile steel 
ƒt Tensile strength of the concrete  
ƒy Yield strength of non-prestressed reinforcement 
ƒyw Vertical distance from the intersection of inclined web bar to the 

bottom of the opening 
ƒyv Yield strength of vertical web reinforcement 
ƒ’c Compressive strength of concrete 
F1 Compressive force in the upper path at support point of deep beam 
F2 Compressive force in the lower path at support point of deep beam 
F3 Compressive force in the upper path at loading point of deep beam 
F4 Compressive force in the lower path at loading point of deep beam 
Fnt Strength of tie 
G Shear modulus of concrete 

cG12 , cG13 , cG23  Cracked shear moduli for cracked in one direction 
'

12
cG ,

'

13
cG ,

'

23
cG  Cracked shear moduli for cracked in two directions 

H Overall depth of the beam  
H’ Hardening parameter 
I1 normal stress invariant 
I2 Stress invariant 
J2 Normal shear stress invariant 
k1 Coefficient defining the horizontal locations of opening  
k2 Coefficient defining the vertical locations of opening 
kr The ratio of depth, or breadth, of an anchorage bearing plate to the 

corresponding depth, or breadth, of the symmetrical prism 
K Bulk modulus of concrete 
lo Span length measuring support to the other support  
Le Effective span length  
ns Total number of bars distributed in the same level 
P Maximum force occurring at the anchorage during jacking 
Qult Ultimate load capacity 
te Equivalent thickness of steel layer 
tζ Layer thickness expressed in normalized ζ coordinate 
T The resultant transverse force  
u,v, w displacement of x, y and z axis in nodal coordinate system  
VEq(2.8) Ultimate strength predicted utilising Equation (2.8) 
VEq(2.16) Ultimate strength predicted utilising Equation (2.16) 
VExp Ultimate strength measured from experiment  
VLFEM Ultimate strength predicted by the LFEM 
VnEq(2.8) Normalised unit-less ultimate strength predicted utilising Equation 

(2.8) 
VnEq(2.16) Normalised unit-less ultimate strength predicted utilising Equation 

(2.16) 
VnExp Normalised unit-less ultimate strength measured from experiment 
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Vprop Ultimate strength predicted utilising the proposed equations 
xA Horizontal distance measured from the centre of the corner of support 

to the nearest corner of the opening 
xB Horizontal distance measured from the centre of the corner of support 

to the distant corner of the opening 
xe Clear shear span length  
X(u) Global coordinate system in x axis in LFEM 
y Depth of web reinforcement from the top of beam 
y1 Depth at which a typical reinforcing bar intersects with upper path or 

lower path 
yA vertical distance measured from the centre of the corner of support to 

the nearest corner of the opening 
yB vertical distance measured from the centre of the corner of support to 

the distant corner of the opening 
yw Vertical distance measured from horizontal edge of opening to the 

intersection of inclined web bar 
ywA Vertical distance from the intersection of inclined web bar to the top of 

the opening 
Y(v) Global coordinate system in y axis in LFEM 
Z(w) Global coordinate system in z axis in LFEM 
α Angel between the reinforcement and strut 
α,β Material parameters associated with yield condition 
αi, εm Tension stiffening parameters 
βn concrete strength efficiency factor of node in strut-and-tie model  
βs concrete strength efficiency factor of strut in strut-and-tie model  
εi Maximum tensile strain at the point currently under consideration 
ζ Layer positions form the centre of beam width 
ζs Layer positions in terms of the normalized ζ coordinate 
θ1 Angel between the inclined strut F1 to the horizontal axis 
θ2 Angel between the inclined strut F2 to the horizontal axis 
θ4 Angel between the inclined strut F4 to the horizontal axis 
θi Inclined angle of web reinforcement 
θw Angel made with horizontal axis at the intersection of web 

reinforcement and diagonal strut 
θx Independent bending rotations about y-axes in Figure 5.1 
θy Independent bending rotations about x-axes in Figure 5.1 
ρ Material density  
ρs Reinforcement ratio 
ρv Ratio of vertical shear reinforcement  
ρz Reinforcement ratio of z axis direction 
ς Curvilinear co-ordinate system in Figure 5.1 
λ Empirical coefficient of efficiency factor in concrete strut related with 

reinforcement 
σ1, σ2 Material constant 
σe Effective stress  
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σz Normal stress in the transverse direction 
Øst Strength reduction factor in Strut-and-Tie Method 
[ ]D  Total material matrix 
[ ]cD  Concrete material matrix in material system  

[ ] Dcr  The material matrix of cracked concrete in one direction 

[ ]crsD  Material matrix for crashed concrete  

[ ]epD  Elastic-plastic constitutive matrix 

[ ]'
cD  Concrete material matrices in local systems 

[ ]'sD , [ ]sD  Steel material matrices in local and material systems, respectively  

[ ]'ε
T  Shear transformation matrix 

{σ} Global stress vector 
{ε} Global strain vector 
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Chapter 1   

INTRODUCTION 
 

 

 

 

1.1 BACKGROUND 
 

Deep beam is a load transferring structural element which transfers a significant amount 

of load to supports by compression struts with very little or no flexure. This structural 

element is required where two different structural systems meet vertically. In this case, 

the massive load coming from one structure has to be transferred to another load bearing 

structural element. Therefore, deep beams are often found in massive construction such 

as concrete gravity foundations, bridges and multipurpose high-rise buildings.  

 

Due to its characteristics in transferring significant amount of load, a deep beam has a 

tendency to have large size, which is usually 1.7 m ~ 3.0 m in height. Such a height can 

become an obstacle to mechanical service access when solid deep beams were 

constructed. Moreover, if the mechanical service is detoured around the deep beam, 

extra spaces for access would have to be required.  
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In the past few decades, researchers have been searching for the solution to achieve 

economical benefits in tall buildings by saving vertical space taken for beams and 

essential mechanical services in deep beams. It has been found that deep beams with 

web openings are one of the workable solutions. However, web openings in deep beams 

cause geometric discontinuity within the beam and non-linear stress distributions over 

the depth of the beam (Guan & Doh 2007). The inclusion of web openings decreases the 

ultimate strength of a deep beam due to the reduction of concrete mass acting in 

compression and the opening acting as a stress raiser for shear crack propagation (Kong 

& Sharp 1977). 

 

Current national Codes of Practice such as Australian Standards (AS3600-09) and 

American Concrete Institute (ACI318-08) do not include specifications for web 

openings in deep beams. This has increased the need for a safe, accurate and uniform 

design methodology. 

 

Further, the development of construction materials provides engineers more choices to 

utilise high strength materials which are popular for high-rise buildings. The benefit of 

using high strength concrete in buildings is varied such as resistance to noise, vibration 

and thermal control which is mostly required in office and residential buildings. Despite 

the fact that using high strength concrete adds complexity on the behaviour of structure, 

the trend of current construction is heading towards more utilisation of high strength 

concrete and this trend has been demonstrated in the most recent national codes 

(AS3600-09).  

 

The main objective of this research is to investigate the ultimate strength of high 

strength concrete deep beams with web openings. Utilisation of high strength concrete 

is considered to compensate the reduction of ultimate strength due to existence of web 

openings.  
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1.2 AIMS 
 

The main aims of this research are to: 

 

• conduct a series of comprehensive experimental test to examine the failure 

mechanisms of high strength concrete deep beams with various configurations 

of web openings; 

 

• validate the applicability and reliability of a numerical technique – the Layered 

Finite Element Method (LFEM) in predicting the experimentally measured 

ultimate strength of deep beams; 

 

• undertake a series of parametric studies using LFEM to evaluate the impact of 

various opening parameters, material strengths and overall size of deep beams 

on the ultimate strength; 

 

• develop a set of semi-empirical equations based on the parametric study results, 

taking into account the effect of opening location and size variations on the 

ultimate strength of deep beams; 

 

• verify the new set of design equations using the experimental results as well as 

other available experiment data in the literature. 

 

1.3 ORGANISATION OF PRESENTATION 
 

The content of this thesis can be broadly divided into four main components: (1) up-to-

date literature review; (2) experimental program; and (3) numerical program and 

application and (4) proposed design equations and evaluations. 
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1.3.1 Literature review  
 

Chapter 2 outlines the design procedures and up-to-date literature on concrete deep 

beams. Australian and American national codes are presented and scrutinised. Research 

related to solid deep beams are briefly reviewed. Shortcomings of existing design 

methods on deep beams with openings are noted through a comprehensive comparison . 

It was found that there has been a lack of significant research on deep beams made of 

high strength concrete and those with web openings.  

 

1.3.2 Experimental program  
 

The experimental program is described in detail in Chapters 3 and 4. The test set-up and 

test results of 43 normal and high strength concrete deep beams with and without 

openings are presented. The test specimens have the same overall dimensions but differ 

in opening location and size, concrete strength and loading points. The results from the 

experimental program are presented and compared.  

 

The main objectives of the experimental program were to:  

a) investigate the ultimate strength of high strength concrete deep beams with 

openings with respect to the opening location ratio; 

 

b) evaluate the ultimate strength of high strength concrete deep beams with 

openings with respect to the opening size ratio; 

 

c) compare the ultimate strength of normal and high strength concrete deep beams 

with openings; and  

 

d) compare the ultimate strength of one-point loaded and two-point loaded deep 

beams with openings to evaluate the effect of shear span to depth ratio. 
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1.3.3 Numerical program and application  
 

Chapter 5 describes the numerical program using a previously developed numerical 

technique – the Layered Finite Element Method (LFEM). Firstly the applicability and 

reliability of LFEM in predicting the ultimate strength of deep beams with web 

openings are validated through comparison with the experimental results. Upon 

verification, a series of parametric studies using LFEM is conducted to gain more 

insight into the failure mechanism of deep beams with openings affected by the various 

opening configurations and material properties. 

 

1.3.4 Proposed Design equation and evaluation 
 

Based on the numerical program presented in Chapter 5, Chapter 6 is then focussed on 

establishment of a set of design equations. The reliability of the proposed equations are 

confirmed through comparison with the experimental results and those published in the 

literature. 

 

Finally, Chapter 7 summarises the outcomes of this research, draws associated 

conclusions and makes recommendations for further studies.  
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Chapter 2   

 LITERATURE REVIEW 
 

 

 

 

2.1 GENERAL REMARKS 
 

Research on concrete deep beams has been carried out for more than four decades. 

From the time when research on deep beams started in 1962 until the present day, many 

researchers have proposed various methods to estimate the ultimate strength of deep 

beams. 

 

Even though attempts have been made to evaluate the ultimate strength of deep beams, 

there are still limitations and uncertainties on the understanding of the behaviour and the 

failure mechanism of high strength concrete deep beams, particularly those with web 

openings, due to the recent development of construction material and construction 

technique. An investigation into high strength concrete deep beams with web openings 

is thus necessary. 

 

This chapter discusses the salient features of the strut-and-tie method and the limitations 

of the two major international codes, namely the Australian Concrete Standard 

(AS3600-09) and the American Concrete Institute Code (ACI318-08) in the 
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applications of the strut-and-tie method. Both codes of practice prescribe an analysis 

process of determining the ultimate state strength of a deep beam based on the strut-and-

tie method, which has been derived for deep beams without openings. This chapter 

reviews and discusses the previous mentioned codes of practices and work carried out 

by a selection of previous researchers on solid deep beams in brief and deep beams with 

web openings in some detail, including both experimental studies and the existing 

prediction equations.  

 

 

2.2 STRUT-AND-TIE METHOD (STM) 

2.2.1 Introduction 
 

The strut-and-tie method (STM), which is a generalization of the truss analogy, has 

been proposed for analysis and design of linear and non-linear structures. The STM 

method is based upon an assumption that any stresses within a structure are transferred 

from one point to another along a valid and consistent path. A strut-and-tie model 

consists of three parts, which represent particular aspects of a structure. These are struts, 

ties, and nodes (Schlaich et al. 1987). 

 

Struts are the resultant of the stress fields which are the compression chords of the truss 

mechanism. Struts are located diagonally through the structure and transfer shear to 

supports. When struts are located diagonally and transfer shear, a crack appears along 

the strut under loading. There are three types of struts: the prism type that has constant 

width, the bottle type that expand and/or contract along the load path, and the fan type 

that radiate with angles (Schlaich et al. 1987).  

 

Ties include stirrups, longitudinal reinforcement, and any other special reinforcements. 

Ties follow reinforcements which are simple to design. However, the anchorage of ties 

should be considered separately to ensure its strength.  
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Nodes are the connections of the strut-and-tie method where the strut-and-tie converges. 

Nodes can be varied in shape but are most commonly triangular. Node size is affected 

by the size of bearing and size of loading area, the locations and distributions of 

reinforcements, and anchorage in certain cases. There are four types of node:  

 

• CCC node which experiences compression on all three nodal faces (Figure 2.1 

(a)), 

• CCT node which experiences compression on two faces and tension on one face 

of node (Figure 2.1 (b)), 

• CTT node which has one compression face and two tension faces around the 

node (Figure 2.1 (c)), and  

• TTT node, experiencing tension on all three nodal faces (Figure 2.1 (d)).  
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Figure 2.1 Types of nodes (Schlaich et al. 1987) 

 

The truss model is gradually being considered a more rational and acceptable design 

method from its conception and in terms of stress distribution characteristics in response 

to external loads. Each structure or element can be divided into the “B” and “D” regions 

(Figure 2.2 (a)). The B-region in a structure is where the Bernoulli hypothesis of plane 

strain distribution is valid. In this region, where the tensile stress is less than the tensile 

strength of the concrete, a structure can be considered as a sectional block and analysed 

using the material properties and the moment of inertia of the section, hence B-regions 

are dominated by bending. However, when the region in a structure includes 

nonlinearity such as concentrated loads, corners, openings or other geometric 
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discontinuities, the Bernoulli hypothesis can no longer be utilised for design or analysis. 

Such region is defined as D-region, typical areas in which a D-region is developed 

within a concrete element are shaded and presented in Figure 2.2 (a). If the region is 

cracked, has frame corners or corbels and is a deep beam, conventional design and 

analysis methods perform poorly. The turbulence of stress trajectories (Figure 2.2 (b)) 

can be indicated as such a disturbance of the stress. Hence, the analysis or design of the 

D regions, in general, requires rather crude empirical formulae or the aid of 

sophisticated computer-based numerical procedures such as the finite element method. 

However, the strut-and-tie modelling technique can provide a simple and direct design 

process for many types of D regions. 

 

Typical types of concrete element on D-regions are shaded and presented in Figure 2.2 

(a). D-regions are located at the support area, loading area, and opening area which are 

geometrically discontinued zones. Figure 2.2 (b) shows typical stress trajectories for a 

simply supported deep beam generated by the Finite Element Analysis System, 

STRAND7 (Yoo 2007). As shown in the figure, stress trajectories in the D-region are 

discontinued, whereas in the B-region turbulence cannot be observed. These D-regions 

in concrete deep beams with openings are the main concerns to be investigated in the 

present study. 
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D-Region
Opening
B-Region

 
(a) B and D regions in a structure 

D-Region D-RegionB-Region

 
(b) Stress trajectories in B-region and D-region 

Figure 2.2 Identification of B region and D region 
 

It should be noted that if the cross sectional thickness in the plane of the force remains 

constant, then the stress trajectories developed within the planes of the other two 

dimensions. Therefore, the strut-and-tie method is usually considered in a two-

dimensional manner. 
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2.2.2 General procedures of Sturt-and-Tie Method 
 

To determine which sections of a structure are classed as a B-region or D-region, the 

lower bound theory and conservative design (Fu 2001) are normally used. With these 

theories and design conditions and also considering the internal stress flow of the 

structure, modelling of the strut-and-tie truss can be established based on the stress path 

in the structure.  

 

However, even modelling is followed by geometry of elastic stress distribution, and 

satisfies the lower bound theorem, if the truss for strut-and-tie model is too simple 

compared to the complexity of the structure, “bottle shape compressive stress field” can 

cause premature cracking and failure (Schlaich et al. 1987). Therefore, elastic analysis, 

load path approach, standard modelling, and understanding of engineering concepts 

should be taken into consideration in constructing the truss for the strut-and-tie method.  

 

A general procedure of the strut-and-tie method as proposed by Fu (2001) is reproduced 

in Figure 2.3. 
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Define structural system 
Determine load and reactions

Estimate dimensions and member size of 
structure

Design B-region Develop Strut-and-Tie 
model  

Define B- and D-regions 
Define Boundary condition of B- 

and D-regions 

Design strut Design nodeDesign tie and 
anchorage

Satisfy boundary 
condition?

NO

YES

Design detail

 
Figure 2.3 General procedure of modelling the strut-and-tie method (Fu 2001) 

 

 

The strut-and-tie modelling technique has been included in the Canadian Standard for 

the Design of Concrete Structures (CAN3-A23.3-M84 1984), in the AASHTO LRFD 

Bridge Specifications (AASHTO 1994), in the American Concrete Institute (ACI 318-

2002) and in the Australian Standard (AS3600). Currently, Section 7 of AS3600-09 is 

devoted to “Strut-and-Tie Modelling”. The following two subsections cover the relevant 

recommendations on the design of deep beams by the Australian and American 

standards. 
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2.2.3 Australian Standard (AS3600-09) 
 

The recently released AS3600-09 has been extensively revised with particular emphasis 

on the inclusion of design rules for High Strength Concrete (HSC). The previous code 

(AS3600-02) provided provisions for concrete in the range of 20 to 65 MPa, with the 

new code providing guidelines for concrete up to 100 MPa. This revision has required 

changes or adjustments to design rules based on research and industry findings.  

 

The design method for non-flexural members, including deep beams, footings, corbels, 

continuous nibs, pile caps and stepped joints, is defined in Section 12 of AS3600-09. In 

this Standard, details regarding an analysis method for a structural member with web 

openings are not included in any discussions, despite the importance and complexity of 

these types of beams. The code categorises types of deep beams by their clear span, a, 

or projection to overall depth, D, known as the shear span to depth ratio, a/D: 

 

• for cantilever a/D = 1.5; 

• for simply supported members a/D = 3; 

• for continuous members a/D
 = 4. 

 

The design procedures as stated within AS3600-09 for deep beams are described in 

brief within the following paragraphs. Structural idealisation should be completed 

before calculating compressive strength. Members should be idealised as a series of 

tendon ties and concrete struts interconnected at the nodes to form a truss which transfer 

the loads to the supports. In the idealisation, the size of struts and ties shall be no larger 

than the capacity of the nodes to transfer forces between the elements of the idealisation.  

 

The strength of the tie shall be taken as stφ Ast fsy, where stφ  is the strength reduction 

factor, Ast is the cross sectional area of the main longitudinal steel and fsy is the strength 

of the main longitudinal steel. For designing adequate anchorage at each end of the tie, 

Clause 7.3.3 in AS3600-09 specifies that “at least 50% of the development length shall 

be extended beyond the nodal zone”.  
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The ultimate strength of the concrete strut shall be taken as no greater than 

 

 
ccsst Af '9.0βφ  

 (2.1) 

 

where Ac = smallest cross-sectional area of the concrete strut at any point along its 

length and measured normal to the line of the action of the strut; 

stφ  = the strength reduction factor (see Table 2.1); 

βs = an efficiency factor in which, βs = 1  for prismatic strut and  

θ
β 2cot66.00.1

1
+

=s   for fan, bottle shaped compression field : 0.3≤ βs≤1.0. 

 

Table 2.1 Strength reduction factors for design using strut-and-tie method 

 Strength reduction factor ( stφ ) 

Concrete in compression 0.6 

Steel in tension 0.8 

 

The transverse tensile stress should be checked for design and the force resultant of the 

transverse tensile stress along the line of action of an anchorage forces shall be taken as: 

 

 T= 0.25 P (1-kr)  (2.2) 

 

where P = the maximum force occurring at the anchorage during jacking; 

  kr = the ratio of the depth, or breadth, of an anchorage bearing plate to the 

corresponding depth, or breadth, of the symmetrical prism. 

 

The design bearing stress at a concrete surface should be less than 

 

    ( )12
'9.0 ΑΑfcφ    or  '8.1 cfφ   
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where A1 is the bearing area and A2 is the largest area of the supporting surface that is 

geometrically similar to and concentric with A1. 

 

 

2.2.4 American Concrete Institute (ACI318-08) 
 

The American Concrete Institute, ACI318-08 defines shear design of deep beams as 

follows. 

 

• Deep beams are designed by the strut-and-tie method (Section 11.8.2 : ACI 318-

08); 

• The nominal shear strength for deep beams shall not be exceed bdfc
'10 . 

(Section 11.8.3 : ACI 318-08); 

• The area of shear reinforcing parallel to the span shall be less than bw S2 and S2 

(Section 11.8.5 : ACI 318-08); 

• The area of shear reinforcing parallel to the span may not be greater than d/5 or 

12in (Section 11.8.5 : ACI 318-08). 

 

In the standards, more vertical reinforcement is required than horizontal reinforcement 

due to the effectiveness of vertical reinforcement against shear forces. 

 

ACI defines a deep beam by the ratio of clear span lo to the overall depth h. 

 

 Simple span:   lo/h  < 1.25 

 Continuos span: lo/h  < 2.5 

 

ACI also recommends using the strut-and-tie method for designing deep beams which 

requires the use of depth of strut and depth of node. 
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Equation for effective strength of strut, fcu, is  

 

 '85.0 cscu ff β=   (2.3) 

 

where βs is a factor used to estimate the effect of cracked and restricting reinforcing on 

the strength of strut concrete. βs value varies with the conditions as given in Table 2.2 

 

Table 2.2 βs value upon strut condition 

Conditions βs value 

Sturt of uniform cross-sectional area over its length 1.00 

Bottle shaped strut with reinforcement 0.75 

Bottle shaped strut without reinforcement 0.6λ* 

Strut in tension member 0.40 

All other case 0.60 
*λ is given in ACI-318 Section 11.7.4.3. 

 

 The equation for the effective strength of node, fcu is:  

 

 cncu ff '85.0 β=  (2.4) 

 

where the value of βn is as described within Table 2.3  

 

Table 2.3 βn value upon node condition 

Nodal zone condition βn 

Bounded by struts or bearing area 1.00 

Anchoring one tie and other strut or struts 0.85 

Anchoring more than one tie 0.60 
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The strength of tie, Fnt, can also be obtained by the following expression 

 

 )( psepsystnt ffAfAF ∆++=  (2.5) 

 

where  Ast = the area of non-prestressed reinforcement; 

  fy = yield strength of non-prestressed reinforcement; 

  Aps = area of prestressed reinforcement in tie; 

  fse = effective stress in prestressed reinforcement in a tie; and 

  Δfp = increase of stress in prestressed tendons due to factored load.  

 

As briefly stated in Chapter 1, both AS3600-09 and ACI318-08 in calculating the 

ultimate loads for reinforced concrete deep beams with web openings are limited in 

scope and both standards do not offer specifications for high strength concrete deep 

beams with web openings. Therefore, there is a need for a detailed study on deep beams 

with various web openings, leading to a simple ultimate load prediction method 

including the effects of high strength concrete, size and location of web openings.  

 

 

2.3 PREVIOUS RESEARCH ON DEEP BEAMS 
 

Many researchers have investigated the behaviour of reinforced concrete deep beams 

either in high or normal strength concrete with and without web openings.  

 

Most of the studies have been carried out on simply supported solid deep beams with 

various loading conditions. These include the studies of Kong et al. (1970, and 1972), 

the outcomes of which have contributed to the development of the British Standard. 

Similarly, Tan et al. (1995, 1997a, 1997b, 1998, 1999, and 2003), Foster (1998), Hwang 

et al. (2000a, 2000b, and 2003) made significant contributions to the development of the 

analysis procedures prescribed within the American Concrete Institute code of practice 

(ACI318).  
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Research has been conducted on deep beams with web openings by Tan & Mansur 

(1992), Tan et al. (1996), Kong & Sharp (1973), Kong et al. (1977 and 1978), Ashour & 

Rishi (2000), Maxwell & Breen (2000), and Tan et al. (2003b), Yang et al (2006), Guan 

and Doh (2007) and recently by Guan (2005a and 2005b). However, as the present 

study focuses on the ultimate behaviour of deep beams with web openings, more in-

depth discussions are devoted to this aspect. 

 

 

2.3.1 Research on solid deep beams with normal and high strength concrete 
  

The various research studies that have been carried out on solid deep beams are 

discussed in the following sections. 

 

Ray (1962) investigated the shear strength of solid reinforced and prestressed concrete 

deep beams with and without web reinforcement. Based on experimental test results, 

Ray (1966) has proposed a shear strength equation for deep beams with web 

reinforcement. A comparison study was also conducted which showed that results 

predicted using the normal beam theory underestimated the ultimate load capacity of the 

beams.  

 

Kong et al. (1970) reported on the testing of 35 simply supported deep beams of varying 

shear span-to-depth ratios and clear shear span-to-depth ratios. The focus of their 

research was to investigate the effect of web reinforcement on deep beams. It was 

observed that diagonal cracking was the primary cause of failure of the beams despite 

the arrangement of web reinforcement. They compared a number of relevant design 

equations available in that decade; however, it was determined that none of the available 

methods could successfully describe the behaviour of deep beams with web openings.  

 

Kong et al. (1996) tested additional deep beams to investigate the influence of 

lightweight concrete and tensile reinforcements. The results of the 24 tested deep beams 

were compared with the design procedures as set forth within ACI318-89 and CEB-FIP-
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78. They also concluded that neither took into account the effects of bond strength on 

the longitudinal reinforcements.  

 

Smith & Vantisiotis (1982) tested 52 specimens to investigate the effect of vertical and 

horizontal web reinforcement and shear span to depth ratio on, inclined cracking shear, 

ultimate strength, mid-span deflection, tensile reinforcement strain and crack width. As 

a result, a minimum percentage of web reinforcement was recommended for the crack 

control of the beams even though it was found that web reinforcement did not 

contribute to the inclined shear crack load.  

 

Alshegier & Ramirez (1992) casted and tested three I-shape deep beams to compare the 

design methods proposed by American Association of State Highway and 

Transportation Officials (AASHTO) with three experimental results to prove the 

accuracy of the strut –and-tie method. Comparison proved that the strut-and-tie method 

is suitable to design I-shape deep beams. However, to verify and confirm for general 

uses of the strut-and-tie method, the number of compared specimens was rather 

insufficient.    

 

Tan et al. (1995) investigated on the effect of the shear span to depth ratio, a/D, and the 

effective span to depth ratios, Le/D, utilising a two-point loading test on 19 deep beams. 

Further, Tan et al. (1997a and 1997b) conducted additional experimental tests on high 

strength concrete deep beams with various web and tensile reinforcement ratios. Tan et 

al. (1997a) performed the experiments by varying web reinforcement in 18 high 

strength concrete (55 '
cf≤ ≤  86 MPa) deep beam specimens. Experimental results from 

a control beam and beams with a larger web steel ratio were investigated. Tan et al. 

(1997b) also investigated the effect of main tensile reinforcing steel bars on the ultimate 

strength of 22 high strength concrete (41.1 '
cf≤ ≤  74.1 MPa) beams. Further, Tan et al. 

(1999) investigated the prestressed deep beams with various shear span to depth ratios 

(a/D) and the shear span to effective depth ratios (a/H). Tan & Lu (1999) also tested 12 

large and medium size deep beams of high strength concrete under a two-point loading 

system and compared the results of the experiment with ACI318-95, CSA, CIRIA 
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Guide 2 and the Canadian Code of practice (CAN3-A23.3). Tan et al. (2003) proposed a 

modified strut-and-tie model to account for the size effect on deep beams in an attempt 

to solve problems of the strut-and-tie method in overestimating large sized deep beams. 

Tan et al. (2003) also proposed a direct method for deep beams with web openings. 

Based on the strut-and-tie method and a modified Mohr-Colomb theory, equation to 

estimate the ultimate load capacity was proposed and compared with test results. 

 

Ashour & Morley (1996) tested 20 specimens to study the effective reduction factor of 

concrete in continuous deep beams. Ashour (1999) proposed the upper bound analysis 

technique for continuous deep beams with fixed end supports based on experimental 

results. The experiment demonstrated that the mechanism of failure was mainly 

controlled by the shear span to depth ratio and proportion of web reinforcement.   

 

Foster (1998) proposed a design method using the strut-and-tie method with the 

assistance of a numerical program. Foster (1998) also proposed that creating simple 

strut-and-tie model caused invalid predictions in diminishing the effect of vertical 

reinforcements. Foster & Gilbert (1998) tested 16 high strength deep beams and 

compared results with the CIRIA guide, ACI 318 code, and the plastic truss model with 

the efficiency model to prove the accuracy of the efficiency model proposed by Foster 

(1998).  

 

Hwang et al. (2000a and 2000b) proposed an equation to determine the shear strength 

using softened strut-and-tie model and then compared the equation with previous 

available test data. It was concluded that ACI318-95 empirical equations were found to 

underestimate the contribution of concrete but overestimate the contribution of web 

reinforcement.   

 

Similar to the work of Tan et al. (1997a and 1997b), Oh & Shin (2001) also performed 

an experimental study into high strength concrete deep beams to investigate the effect of 

concrete  strength, the effective span to depth ratio, the shear span to depth ratio, and 

web reinforcement on shear strength. However, high strength concrete deep beams with 

web openings were not considered in their study. 
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Aguilar et al. (2002) compared the American Concrete Institute (ACI318-99 and 

ACI318-02) with experimental laboratory test results. Four deep beams were designed 

and tested to failure. The comparison studies revealed that the ultimate load determined 

by ACI 318-99 did not capture the specimen’s behaviour as initially predicted. However, 

the number of specimens was not sufficient to confirm the accuracy or otherwise of the 

ACI method.  

 

Bakir & Boduroglu (2005) discussed applications of the softened truss and the strut-

and-tie method on short beams. In their study, K factor was used as a strength 

coefficient in softened truss method and the value of K is decided with experimental 

results. Then the comparisons were performed and presented accuracy of K factored 

softened truss model with ACI 318-99 and ACI 318-02. However, due K factor was 

achieved from experimental results, it is obvious to show better accuracy from same 

data sources. To verify the accuracy of modified softened truss model, it is necessary to 

compare a prediction with data which was not used for K factor. 

 

Bousselham & Chaallal (2006) performed experimental research with T-beams to 

examine the effect of a carbon fibre reinforced polymer (CFRP). However, in this 

experimental research, the number of specimens tested was not adequate to verify the 

efficiency of carbon fibre by externally bonding. Moreover, the beam was not 

symmetrically loaded which causes the stress distribution uneven and unclear to claim 

the effect of CFRP.  

 

Quintero-Febers et al. (2006) performed 12 experiments and compared the results with 

ACI 318-02. In their experiments, the predictions obtained by ACI318-02 required 

modification to achieve suitable results for high strength concrete. They revealed the 

discrepancy between prediction by ACI318-02 and tested results and proposed new 

equations.  

 

Tan & Cheng (2006) proposed an additional factor for size effect. New equations were 

proposed which can consider compression efficiency factors. The overall sizes of deep 
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beams were increased to investigate the effect of the overall size on the ultimate 

strength of deep beams. However, the effect from the main longitudinal reinforcement 

was neglected in the compressive efficiency factor and also was not increased 

correspondingly. 

 

Choi & Park (2007) and Choi et al. (2007) proposed and established a unified shear 

strength model to predict behaviours of slender beams and deep beams with and without 

web reinforcements. The unified shear strength method was the first attempt to identify 

the shear mechanism of deep beams from slender beams. However, the unified method 

ignored the disturbance of deep beams due to geometric discontinuity and material non-

linearity, and overlooked the failure mechanism of deep beams and slender beams when 

buckling is involved. 

 

Brown & Bayrak (2006) performed ten experiments to investigate the effect of load 

distribution and shear reinforcement on the behaviour of deep beams. However, the 

number of tested specimens was inadequate to quantify the effect.  

 

Bazant et al. (2007) collated experimental data from America, Canada, Europe, and 

Japan and then compared the prediction of collected experiment results with ACI 

committee 446 shear code provisions which were adopted from the shear design 

specifications in the ACI 318-05 code. However, the reliability of the test results was 

low. Park & Kuchma (2007) gathered published experimental results and compared 

with ACI 318-05 (2005) code  and then employed existing law for cracked reinforced 

concrete, strain compatibility, and the second stiffness formulation in the ACI 318-05. 

They pointed out the importance of and difficulty in developing method for prediction 

of high strength concrete deep beams because of the discontinuities of a deep beam. 

 

Park & Kim (2008) proposed a set of formulae to calculate the amount of web 

reinforcement in deep beams and compared these with 28 specimens using linear 

analysis technique.  
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2.3.2 Research on normal and high strength concrete deep beams with web 
openings 

2.3.2.1 Tan & Mansur (1992) and Tan et al. (1996)  
 

Tan & Mansur (1992) studied 12 partially prestressed deep beams with corbels and 

eight deep beams experiments without web reinforcements. Only three of the corbel 

specimens were post-tensioned and the remaining seventeen specimens were pre-

tensioned prestress deep beams. It was concluded from the experiments that the degree 

of prestress was related to the ultimate strength and failure mode. However, the study 

failed to recognize that if the angle of prestress is higher, the angled prestress in deep 

beams would affect the strut’s strength. Moreover, four specimens consist of a shear 

span to depth ratio larger than 2.0, which maybe not suitable to define them as deep 

beams.  

 

For normal strength deep beams with and without openings, Tan & Mansur (1996) 

proposed a design equation based on test evidence. The design method was based on 

ACI code provision, and had the following specifications: 

 

• For T-beams, openings should be positioned flush with flanges for ease in 

construction. 

• Openings should not be located closer than one-half the beam depth D to the 

support or loading point to avoid the critical region for shear failure and 

reinforcement congestion. 

• Depth of the openings should be limited to 50 percent of overall beam depth. 

• The opening length should be limited with the factors for serviceability of 

deflection and stability of the compression chord. 

• Two adjacent openings should be separated at a distance more than 0.5D of the 

beam. 

 

Tan & Mansur (1996) presented a design method for T-beams by following the ACI 

code. However, this procedure was the extension of ACI code using the strut-and-tie 

method. The accuracy of the procedure was not validated.  



 

STRENGTH AND BEHAVIOUR OF HIGH STRENGTH CONCRETE DEEP BEAMS WITH WEB OPENINGS 

26 

 

2.3.2.2 Kong & Sharp (1973, 1977, 1978) 
 

Noting the scarcity of literatures on deep beams with web openings, Kong & Sharp 

(1973) tested 24 reinforced lightweight concrete deep beams with web openings. The 

results indicated that web reinforcement did not have any effect on the failure mode of 

these beams and the failure mode was more dependent on the location and size of the 

opening. The location and the size of the web opening, particularly if intercepting the 

load path, also had an effect on the load-carrying capacity of the deep beams. Where an 

opening interrupted the load path, considerable strength reductions occurred, yet when 

located clear of the load path the ultimate strength of the deep beams with web openings 

were comparable to solid deep beams. From this study two design equations for these 

beams were proposed. 

 

Where the opening is reasonably clear of the load path joining the support with the 

bearing plates, the beam may be considered as not having an opening, therefore the 

ultimate load capacity, Qult, is: 

 

 α2
21 sin35.01

D
yACbDf

D
xCQ tult ∑+



 −=  

(2.6) 

 

where the meanings of symbols are illustrated in Figure 2.4. b is the width of the beam 

and C1 and C2 are the coefficients and taken as 1.35 and 300N/mm2, respectively, 

following the ASTM standard C330 which is related to the material properties for light 

weight concrete and reinforcement steel. 
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Figure 2.4 Meanings of symbols in Equation (2.6) (Kong & Sharp 1973) 

 

When the opening intercepts the load path, it was assumed that the entire load at the 

loading point is transmitted to the supports via the critical lower path ABC (Figure 2.5), 

and thus a modified version of Equation (2.6) should be used: 
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Figure 2.5 Load-transmission paths (Kong & Sharp 1973) 
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Although the findings presented were a step forward in the analysis and design of deep 

beams with web openings, these tests were limited to shear span to depth ratios of 0.4 

and 0.25 and lightweight concrete. Deep beams of higher strength concrete may not 

exhibit the same behaviour. 

 

Kong & Sharp (1977) tested a further 32 deep beams, covering a wider range of web 

reinforcement patterns as well as shear span-to-depth and clear shear span-to-depth 

ratios. The tests were designed to investigate the validity of the structural idealisation 

and to offer additional information to the original 24 deep beams with web openings 

tested in 1973. Their study suggested that the ultimate shear strength of deep beams 

with web openings could be calculated using the structural idealisation shown in Figure 

2.5, which illustrates that the applied load is distributed to the support by a lower path 

and partly by an upper path. This concept differs slightly from the original study, and as 

such, Equation (2.7) was altered as. 

 

 αλ 2
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2
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−=  (2.8) 

 

in which y1 is now the depth at which a typical reinforcing bar intersects the strut EA 

(upper path) or CB (lower path), α is the angle between the typical bar and either strut 

EA or CB see Figure 2.5, and λ is an empirical coefficient equal to 1.5 for web bars and 

1.0 for main longitudinal bars. The first term of Equation (2.8) is a semi-empirical 

expression for the load-carrying capacity of the lower path and the second term 

represents the contribution of the reinforcement to the shear strength of the beam (Kong 

& Sharp 1977). As a result of this, Equation (2.8) becomes conservative when the 

opening is moved closer to the supports because the lower load path becomes weaker.  

 

The ratio of the measured values from the experiment and the predicted values using the 

Equation (2.8) was calculated. Of particular note, the average ratio of the deep beams 

with web openings without web reinforcement was 0.8, thus indicating that the formula 

overestimates the strength of the deep beams with web openings. 
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Kong et al. (1978) produced further evidence for the structural idealisation for deep 

beams with web openings. 17 deep beams with normal strength concrete were tested, 

including one large beam with an ultimate load of 3040kN. The tests confirmed the 

previous observations; however, were conducted under the following conditions.  

 

The tests were conducted using only lightweight and normal strength concrete and 

therefore further investigations will need to be undertaken to determine if high strength 

concrete deep beams may be designed using the methods presented by Kong et al. 

(1978). The shear span-to-depth ratios tested were also low; therefore further 

investigation into higher shear-span to depth ratios is also required. 

 

 

2.3.2.3 Ashour & Rishi (2000) 
 

Ashour & Rishi (2000) tested sixteen continuous deep beams with web openings. The 

test variables included reinforcement arrangement, size and location of openings. It was 

found that the failure mode was related to the opening locations but not highly related to 

opening size or the amount of web reinforcement. Web openings within the interior of 

the shear span, which were divided by yield lines, had a largely reduced ultimate 

strength when compared to those located beyond the exterior of yield zone. Vertical 

reinforcement was more efficient than horizontal web reinforcement. However, for the 

shear span to depth ratio, the spacing of horizontal reinforcement was much wider than 

vertical reinforcement to the diagonal strut.  If the shear span to depth ratio was smaller, 

the results would have been different.  

 

Overall, the research conducted was related to continuous deep beams with and without 

web openings. The upper bound theory was adopted to identify the behaviour of deep 

beams. However, the research was limited by complex methods of analysis, an unclear 

relationship with simply supported beams, and a method of rectifying his theory.  
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2.3.2.4  Maxwell & Breen (2000) 
 

The design of deep beams with large openings was considered in this study. Four deep 

beams were tested with large openings and non-symmetrical loading conditions. It was 

found that the strut-and-tie model accurately estimated the shear strength according to 

the test results. Under the given opening configurations, the study concluded that the 

strut-and-tie model with lower bounds could also be used to design deep beams. 

However, due to large opening sizes and low opening locations, the deep beams could 

have behaved under testing conditions as normal flexural beams.  

 

 

2.3.2.5 Tan et al. (2003b) 

 

Tan et al. (2003b) developed a method to predict the ultimate shear strength of deep 

beams with web openings; however, the method was unable to predict the failure modes. 

Case studies were conducted to assess the validity of the equation constructed via the 

use of finite element software and the strut-and-tie method. Figure 2.6 shows the strut-

and-tie modelling for deep beams with web openings developed by Tan et al (2003b). 

The overall analysis procedure of calculating the ultimate shear strength can be 

summarised into four steps: 
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Figure 2.6 Procedure for computing the shear strength of deep beams with web 

openings (Tan et al. 2003) 
 

 

 

1) Determine F1 in the upper force path (select from the five models presented with 

different web reinforcement configurations in Table 2.4); 

2) Determine the principal stresses in the bottom nodal zone; 

3) Determine F2 in the lower force path; 

4) Determine the ultimate shear strength Vn. 
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Figure 2.7 Strut-and-tie modelling for deep beams with web openings - upper and lower 

force paths (Tan et al. (2003b)) 
 

The computation of θ1, θ2, and θ4 are approximated by:  
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Five truss models, presented with different web reinforcement configurations (Table 

2.4), were used to compute F1. The maximum value of F1 can be obtained from: 
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where Ac1 = bwya 
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F2 in the lower force path is obtained by: 
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The term θi is the inclined angle of web reinforcement; for horizontal web 

reinforcement θi=0 and for vertical web reinforcement θi=90°. 

 

The final equation (Equation 2.15) involves the equilibrium of forces at node C in 

(Equation 2.14), and leads to the ultimate shear strength of the beam: 

 

 2211 sinsin θθ FFVn +=  (2.16) 

 

However, if the accuracy of the solution is not acceptable, the values of α, β and θ4 are 

to be recalculated to increase the accuracy of the final result and this is done by 

employing the following equations: 
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The calculations for F2 and Vn are iterated to obtain the ultimate shear strength of the 

deep beam and the procedure is repeated as required to obtain a desirable accuracy. 

 

Tan et al. (2003) presented a design method for deep beams with web openings; 

however there are a number of limitations in its application. The location or orientation 

of the web opening was not taken into consideration in the design procedure, of which 

the shear span-to-depth ratio was also absent. Confidence in the accuracy of the 

procedure decreases due to the omission of these variables from the discussion. 15 deep 

beams were sourced from three experimental case studies, in which only lightweight 

and normal strength concrete were used to assess the accuracy of the proposed design 

equation. The validity of the equation for high-strength concrete is unknown. 
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2.3.2.6 Guan (2005a,b) and Guan & Doh (2007) 

 

Guan (2005a) proposed an optimisation method to establish the strut-and-tie model for 

deep beams with and without openings. The optimisations were performed by using the 

Table 2.4 Summary of models with different web reinforcement configurations 

Model Web steel configurations Expression of F1 
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Evolutionary Structural Optimisation (ESO) approach and the strut-and-tie models were 

then created as a result of topological optimisation. For geometrical disturbances that 

coexisted with non-linearity such as in deep beams with web openings, the use of 

topology optimisation technique to build the strut-and-tie model became more powerful 

and accurate. However, further work is still required for this topology technique to be 

used in practice in a simple and efficient manner.  

 

Guan (2005b) then collected the test data from the literature and performed a 

comparison with the topology optimisation method for deep beams with web openings. 

Utilising the topology optimisation technique, the predicted strut-and-tie model showed 

good agreement with experimentally observed crack patterns and proved accuracy in 

estimating the ultimate strength of deep beams. However, the method did not take into 

account web reinforcement.  

 

Guan &Doh (2007) proposed a method to construct the strut-and-tie model using the 

stress trajectory from numerical programme. The tress was built following the trajectory 

which  

 

 

2.3.2.7 Yang et al. (2006) 

 

Yang et al. (2006) tested 32 reinforced concrete deep beams with and without web 

openings under two-point loading. The variables included concrete strength, width and 

depth of opening and shear span-to-depth ratio. The study confirmed that the equations 

proposed by Tan et al. (2003) and Kong & Sharp (1977) would be suitable for 

predicting the ultimate shear strength of high strength reinforced concrete deep beams 

with web openings.  

 

The studies also indicated that Kong & Sharp’s (1977) equation (Equation 2.8) for deep 

beams with web openings became more conservative with an increase in concrete 

strength, and that Tan et al.’s (2003) equation (Equation 2.16) was less conservative. It 
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is also interesting to note that as the shear span-to-depth ratio increased from 0.5 to 1.0 

in normal strength and high strength concrete beams, both equations overestimated the 

shear strength of the deep beams with web openings. This is a concern where deep 

beams with web openings need to be utilised that comprise of higher shear-span to 

depth ratios, thus presenting a limitation to these equations. 

 

 

2.3.2.8 Eun et al. (2006) 

 

Eun et al. (2006) proposed equation based on tested eighteen high strength reinforced 

concrete deep beams with openings. Eun et al. (2006) compared proposed equation, 

Equation (2.8) and (2.16). In comparison in the study, Eun et al (2006) produced 

different values when manipulating equation from Kong and Sharp (1973) to predict the 

ultimate strength of deep beams. Moreover, the study is focused on the main steel ratio 

change which is not relevant with the scope of the research.  

 

2.4 SUMMARY  
 

Although the design of deep beams is presented in some current industry standards, 

design specifications of deep beams with web openings are still not available for in the 

relevant codes. Previous studies by various researchers have examined the ultimate 

shear strength of these beams and derived equations to aid in their design. However, the 

research to date is yet to assess all variables utilised within the engineering practice and 

still contains inconsistencies that need to be examined further. There is a growing need 

for an accurate study into high strength reinforced concrete deep beams, which can 

provide a new design equation that takes into account the size and location of web 

openings.  

 
The mechanical failure of a deep beam with a web opening shows evidence of very 

complex stress states due to concentration of stress at the corners of the opening and 

disturbed stresses in the shear span (Yang et al. 2006). Although these complicated 
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stress states have been reported in the past, most research has been limited to 

lightweight and normal strength concrete. As such, these results cannot be applied to 

high strength concrete deep beams. 

θ1
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k1x
k2D

a2D

x

D

 

Figure 2.8 Notations for Table 2.6 

Table 2.5 Summary of solid deep beam tests and variables used 

Researcher Number of test 
specimens 

Concrete Strength  
( '

cf ) (MPa) 
Shear span to depth 

ratio (a/d) 
Ray (1962)a 6 22.0,25.4 0.4-1.0 
Ray (1966)b 52 15.4-23.1 0.4-1.0 

Kong et al. (1970) 35 26.9-37.8 0.23-0.7 
Smith & Vantsiotis 

(1982) 
52 16.1-22.1 0.77-2.01 

Tan et al. (1995) 19 41-59 0.27-2.7 
Kong et al. (1996) 24 23.7-41.6 0.3-0.55 
Tan et al. (1997)a 18 55-86 0.85-1.69 
Tan et al. (1997)b 22 41.1-74.1 0.28-3.14 
Foster & Gilbert 

(1998) 
16 50-120 0.5-1.32 

Tan et al. (1999) 12 33.5-46.6 0.5-1.0 
Tan & Lu (1999) 12 31.2-49.1 0.5-1.0 
Oh & Shin (2001) 52 23-74 0.5-2.0 

Aguilar et al. (2002) 4 28-33 0.21 
Bousselham & 
Chaallal (2006) 

22 25 1.5, 3.0 

Quintero-Febres et al. 
(2006) 

12 22,32.4,50.3 0.81, 1.41, 1.57 
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Table 2.5 and Table 2.6 respectively give an overview of previous researches conducted 

on deep beams with and without web openings. Most theoretical studies and 

experimental work focused on normal strength concrete and the current practices for 

calculating failure loads do not consider the combination of the contributions from web 

openings and high strength concrete. Consequently, more work on high strength 

concrete deep beams with web openings is yet to be incorporated into the design codes 

mentioned previously. Note that notations for a1, a2, k1, and k2 in Table 2.6 are 

presented in Figure 2.8. 

 
A review of previous research undertaken on reinforced concrete deep beams has been 

undertaken. The review is focused on deep beams with and without web openings. 

 

Table 2.6 Summary of deep beam tests with web openings and variables used 

Researcher 

Concrete 
Strength 

( '
cf ) 

(MPa) 

Number 
of test 

specimen 

Shear 
span 

to 
depth 
ratio 
(a/d) 

Opening size ratio Opening location 
ratio 

Horizontal 
a1 

Vertical 
a2 

Horizontal 
k1 

Vertical 
k2 

Kong & 
Sharp 
(1973) 

29.2-37.2 24 0.25, 
0.4 0.25-0.5 0.1-0.4 0.63-1.0 0.12-0.8 

Kong & 
Sharp 
(1977) 

30.2-38.9 34 0.2, 
0.3 0.3-1.5 0.2 0.3-1.3 0.13-

0.67 

Kong et al. 
(1978) 36.8-46.2 17 0.28, 

0.3 0.3-1.0 0.2, 0.3 0.3-1.0 0.13-
0.67 

Ashour & 
Rishi 

(2000) 
20.8-29.8 16 0.9 0.18, 0.38 0.2, 0.38 0.2 0.3 0.3, 0.4 

Maxwell & 
Breen 
(2000) 

27.7-28.8 4 1.0 0.3 0.3 0.1 0.1 

Yang et. al 
(2006) 24-80 32 0.5-

1.5 0.25, 0.5 0.1-0.3 0.2-0.4 0.25-
0.38 

 

In summary, the review of published research on reinforced concrete deep beams with 

and without openings has led to the following conclusions: 

 



 

STRENGTH AND BEHAVIOUR OF HIGH STRENGTH CONCRETE DEEP BEAMS WITH WEB OPENINGS 

40 

a) The Australian Standard (AS3600-2009) and the American Code of Practice 

(ACI318-08) neither incorporate nor provide suitable analysis methods for deep 

beams with various web openings sizes and locations. 

 

b) Most of deep beam tests with web openings were focused on the effect of 

reinforcement layout and the shear span to depth ratio. However, the influence of 

opening sizes and locations should be considered as an essential prerequisite prior 

to the study of the web reinforcement layout.  

 

c) More work is required on high strength concrete deep beams on both with and 

without web openings. Although researches showed deficiencies in the current 

design method, the limited tests carried out by each researcher means that only 

general observations can be made. 

 

d) The influence of web opening size and location on deep beams need to be studied 

more thoroughly as well as the effects of various the shear span to depth ratio (a/d) 

and the compressive strength of concrete ( '
cf ).  

 

The majority of investigations undertaken so far have focused on improving the existing 

design formulae by using typical test results. Most have been based on deep beams 

without web openings, the normal strength concrete, variation of the shear span to depth 

ratio, and web steel ratios. These deep beam design formulae have been applied 

extensively over the years. Although they can be considered reliable for normal strength 

concrete, they can yield conservative or unsafe design when used for high strength 

concrete deep beams. Once these areas are further investigated, major national design 

code methods will have a wider scope. 

 

Further improvements may be made to the existing formulae discussed in this chapter 

through the incorporation of variables such as high compressive strength of concrete 

( '
cf >65MPa), shear span to depth ratio (a/d), and web opening sizes and locations.  
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As discussed throughout this Chapter, previous research focuses on deep beams cast in 

lightweight and normal strength concrete with or without openings. Moreover, most of 

the research focuses on reinforcement variations and shear span to depth ratio. Analysis 

and design methods for deep beams are proposed in ACI 318 and AS3600, however, the 

processes presented are not suitable for the design and analysis of high strength concrete 

deep beams with web openings. As such, the present study will investigate the effect of 

high strength concrete on reinforced concrete deep beams with web openings and 

propose a design equation that can better predict the load-carrying capacity of these 

beams. 
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Chapter 3   

EXPERIMENTAL PROGRAM  
 

 

 

 

3.1 GENERAL REMARKS  
 

This chapter presents the details of the experimental program that has been undertaken 

to investigate the normal and high strength concrete deep beams with web openings 

subjected to variations in opening location and size, concrete compressive strength, and 

shear span to depth ratio (a/d) as a result of different loading conditions.  

 

As discussed in Chapter 2, previous research focused on deep beams cast in lightweight 

and normal strength concrete with or without openings. Moreover, most of the research 

focused on reinforcement variations and shear span to depth ratio. The current Codes of 

Practice, in particular ACI 318-08 and AS3600-09, provide their respective empirical 

methods for the design and analysis of normal strength concrete deep beams without 

openings. As such, these specifications are not suitable for the design and analysis of 

high strength concrete deep beams with web openings. 
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The experimental program presented herein was thus conducted on normal and high 

strength concrete deep beams with and without web openings. The focuses of the 

experimental program were opening location and size, concrete strength and shear span 

to depth ratio (a/d) as a result of one- and two-point loadings.  

 

 

3.2 PROPERTIES OF DEEP BEAMS 
 

3.2.1 Material properties 

Material properties of concrete and steel used in the test specimens are presented in this 

section.  

 

3.2.1.1 Concrete  

 

A local ready-mix concrete supplier batched high strength concrete with the same mix 

design for all specimens excluding those in Stage 1, which was casted using normal 

strength concrete mix formula. All mixes were designed with the aim of achieving a 

target compressive strength of 40 MPa and 80 MPa for normal and high strength 

concrete, respectively. No admixture was used in the normal strength concrete. 

However, to achieve high compressive strength, silica fume and super-plasticiser were 

added to reduce water-cement ratio and to achieve required workability. Both normal 

strength and high strength concrete mixes were aimed for a slump requirement of 120 

mm. The maximum aggregate size was 10 mm. A minimum of three concrete cylinders 

were casted at the same time as the deep beam specimens to obtain the average 

compressive strength of the concrete. Table 3.1 presents the high strength concrete mix 

design. The actual strength achieved, i.e. the mean compressive strength, cmf , and the 

characteristic compressive strength, '
cf , are presented in Section 3.3.1. 
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Table 3.1 High strength concrete mix design (CSR Construction Material) 

Material Mass  

(kg/m3) 

Supplier Works, 

Quarry,Pit 

Specification 

Type GPcement 530 QCL Bowler Island AS3972 

Kaolite 60 Pozzolanic Calide AS3582.1 

10mm Aggregate 1000 CSR 

Readymix 

Beenleigh AS2758.1 

Coarse sand 550 CSR 

Readymix 

Oxenford AS2758.1 

Fine sand 240 CSR 

Readymix 

Oxenford AS2758.1 

Water reducing agent 1770(ml/m3) WR Grace Archerfield AS1478/79 

Superplastisicer 6000 WR Grace Archerfield AS1478/79 

 

 

3.2.1.2 Steel  

 

All deep beam specimens were reinforced with two 20 mm diameter N-class deformed 

steel bars with elastic strength of 500 MPa. Each end of the bar comprised a 150 mm 

cog with 240 mm extra length from the support. The reinforcement bars satisfied the 

minimum longitudinal steel requirement specified by the AS3600 and ACI318, as 

shown in Table 3.1. Note that the clear concrete cover, c1, for the main longitudinal 

steel is also indicated in this figure. The height of c1 was taken as 20 mm for all the test 

specimens.  
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Figure 3.1 Main longitudinal steel layout (dimensions in mm) 

 

To prevent local failure before the specimen reached its ultimate strength, bearing cages 

were fabricated and located at each support and loading area. Figure 3.2 shows the 

details of the bearing cages and the dimensions of the bearing cages are 150 mm in 

length, 100 mm in width, and 110 mm in height in all specimens. 

 

 

150 mm

 

100 mm

  

 (a) Length of bearing cage (b) Width of bearing cage 

 

 

Figure 3.2 Details of bearing cage 
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Figure 3.2 (cont’d) 

(110 mm)

 

(c) Bearing cage with reinforcement 

Figure 3.2 Details of bearing cage 

 

The bearing cages were attached at the required support position to the main 

longitudinal steel bars (Figure 3.2 (c)). Strain gauges were installed at the centre of the 

longitudinal bars shown in Figure 3.3, and then all assembled steel parts were 

positioned in the deep beam mould as seen in Figure 3.4. 

 

 
Figure 3.3 Strain gauge installation on the main longitudinal reinforcement 
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Figure 3.4 Reinforcement installed in mould  

 

3.2.1.3 Mould design of deep beam specimen 

The formwork for the test specimens was constructed using formply, pine, and 

polystyrene. Five 600 mm × 2400 mm × 17 mm formplies were placed parallel with a 

spacing of 110 mm, to enable casting of four deep beam specimens at a time. The 

formplies were reinforced with 45 mm × 45 mm × 510 pine wood at 350 mm spacing. 

Blockouts for the openings were achieved using M1 class polystyrene at specified 

locations in the deep beam prior to casting. The details of the mould are presented in 

Figure 3.5.  

 
(a) Top view of deep beam mould 

Figure 3.5 Typical examples of formwork (dimensions in mm) 
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Figure 3.5 (cont’d) 

 
(b) Vertical cut off section of deep beam mould  

 
(c) Horizontal cut off section of deep beam mould 

 
(d) Typical polystyrene for installation in deep beam mould 

Figure 3.5 Typical examples of formwork (dimensions in mm) 
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3.2.2 Geometrical properties  

 

3.2.2.1 Nomenclature for specimens 

 

For easy of understanding of each deep beam design, a system of nomenclature is given 

as follows: 

 

S  01 - 34 - 1
Testing stage Numeric order of 

specimens 

 f’ c (MPa)

Characteristic compressive  
strength of concrete 

 
 

The first letter S stands for specimen group which are used for experimental 

investigation. The two digit number next to S is presenting the stage of the specimens. 

Characteristic strength of concrete is followed after separator and then numeric order of 

specimens is followed. Note that P is also used to represent parametric study from 

numerical analysis. With separator, G which stands for group is used and the number of 

the group is followed. Then, numeric order of parametric model is followed with 

separator. 

 

3.2.2.2  Deep beam configurations 

 

The overall dimension of the deep beam specimens was determined based on general 

information from building industries. In most practical cases, for example a residential 

complex, the depth of deep beams was normally in the range of 2.8 m to 3 m. The 

current Codes of Practice (AS3600-09) specify that the ratio of the maximum shear span 

to the depth ratio, a/D, of the simply supported deep beams is 1.5. This value provides 

an upper limit for the shear span length of the deep beam. It has become increasingly 

popular for deep beams to have web opening(s) for ventilation and service access. 

Generally, the required size of opening is about 300 mm × 300 mm which 
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approximately amounts to 10% of the beam depth. With increasingly advanced building 

technologies, intelligent building systems are being sought in modern construction, 

requiring larger size of web openings to accommodate more service equipments.  

 

In the present study, one-fifth scale specimens were casted and tested to failure. This 

yielded an overall dimension of 2400 mm × 600 mm for all the deep beam specimens, 

as detailed in Figure 3.6. The thickness of all the specimens was maintained as 110 mm. 

For specimens under one-point loading as shown in Figure 3.6 (a), the shear span was 

900 mm; whereas for those under two-point loading as shown in Figure 3.6 (b), the 

shear span was 600 mm.  
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(a) Specimens under one-point loading 

300 3001800
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bars,

(500MPa, 20Ø)

Load cell 
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(b) Specimens under two-point loading  

Figure 3.6 Details of deep beam specimens (dimensions in mm) 
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When the opening location and size were evaluated, the lower bound opening size, i.e. 

60 mm × 60 mm was used as a base model (explained in Section 3.2.2.5), as shown in 

Figure 3.7. Note that Point P denotes the location of the corner of the opening nearest to 

the support in the base model. The lower bound of the opening size was 60 mm × 60 

mm being 10% of the specimen depth. The percentage values represent the size of the 

opening with respect to the beam depth. The location variation was achieved by moving 

the 60 mm × 60 mm opening in various directions (horizontal, vertical and diagonal) at 

an increment of a multiple of 10% of beam depth. The size variation was made by 

increasing the 60 mm × 60 mm opening in one or two dimensions at an increment of a 

multiple of 5% or 10% of beam depth. The maximum size of the opening under 

investigation was up to 240 mm in one or two dimensions. 

 

CL

60

270

405 60

10%
10%

P

 
Figure 3.7 Base model (dimensions in mm) 

 

3.2.2.3 Group of specimens 

 

In total, 43 deep beam specimens were tested to failure. These specimens were 

categorised into three main groups, i.e. Group 1, Group 2 and Group 3, aiming at 

examination of different mechanisms associated with varying deep beam parameters. To 

more effectively investigate the influence of different parameters, specimens in each 

group were further classified into a number of test stages. They are briefly explained as 

below; 
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• Specimens in Group 1 were tested through four stages (Stage 1, 2, 3 and 4) to 

observe the effect of varying locations of the 60 mm × 60 mm web opening in 

the deep beams. These tests included variations of the opening location along the 

horizontal, vertical and diagonal directions. 

 

• Group 2 consisted of three stages (Stage 5, 6 and 7) which focused on the 

behaviour of deep beams when the opening size of 60 mm × 60 mm increased in 

the horizontal direction, the vertical direction, and in both directions. 

 

• Group 3 also comprised three stages (Stage 8, 9 and 10), including evaluation of 

the differences between normal and high strength concrete deep beams with 

increased size of web openings under one-point or two-point loadings. 

 

 

3.2.2.4 Group 1 

 

Specimens in Group 1 were tested in four stages (Stages 1, 2, 3, and 4) through which 

the effect of the variations of the opening locations on the ultimate behaviour of deep 

beams was examined. Figure 3.8 to Figure 3.11 present the details of all the specimens 

within this group. The opening size for all the specimens was kept constant as 60 mm × 

60 mm. In addition, all the specimens within this group were under a single-point load. 

Therefore the shear span-to-depth ratio remained at 1.5. The four stages are explained 

next. 
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• Stage 1: Figure 3.8 shows the details of the four high strength concrete deep 

beams ( '
cf = 72 MPa) tested, including specimens S01-72-1, S01-72-2, S01-72-3 

and S01-72-4. In this stage, the opening moves horizontally either towards the 

loading point or the support point. The percentage values in the figure indicate 

the distance between the bottom-left corner of the opening with respect to Point 

P. This notation carries the same meaning for specimens in Stages 2 to 4. Note 

that the vertical position of the opening remained unchanged, i.e. at mid-depth of 

the beams.  
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Figure 3.8 Stage 1 specimens (dimensions in mm) 
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• Stage 2: Figure 3.9 shows the details of the four high strength concrete deep 

beams ( '
cf = 70 MPa) tested, including specimens S02-70-1, S02-70-2, S02-70-3 

and S02-70-4. The horizontal position of the opening was the same as the base 

model. The vertical locations of the opening vary from above and below Point P. 
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Figure 3.9 Stage 2 specimens (dimensions in mm) 
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• Stage 3:  Another four high strength concrete deep beams ( '
cf = 63 MPa) were 

tested. As shown in Figure 3.10, the openings were positioned along the 

diagonal main strut, which is the critical load path. The vertical distances 

between the bottom left corner of the opening and Point P are also indicated in 

Figure 3.10.  
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Figure 3.10 Stage 3 specimens (dimensions in mm) 
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• Stage 4: Four high strength concrete deep beams ( '
cf = 82 MPa) were tested, as 

shown in Figure 3.11. The openings were positioned along A’B’ which is 

paralleled to line AB, where A and B are in line with the support and load points, 

respectively. Again the vertical distances between the bottom left corner of the 

opening and Point P are also indicated in Figure 3.11. 
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Figure 3.11 Stage 4 specimens (dimensions in mm) 
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Table 3.2 summarises the dimensions of Group 1 specimens where notations are 

indicated in Figure 3.12. 

 

Table 3.2 Locations of openings in specimens for Group 1 

G
ro

up
 1

 

 Specimens x1(mm) x2(mm) y1(mm) y2(mm) a1(mm) a2(mm) 

St
ag

e 
1 

S01-72-1 465 375 270 270 60 60 

S01-72-2 585 255 270 270 60 60 

S01-72-3 345 495 270 270 60 60 

S01-72-4 225 615 270 270 60 60 

St
ag

e 
2 

S02-70-1 405 435 330 210 60 60 

S02-70-2 405 435 390 150 60 60 

S02-70-3 405 435 210 330 60 60 

S02-70-4 405 435 150 390 60 60 

St
ag

e 
3 

S03-63-1 495 345 330 210 60 60 

S03-63-2 585 255 390 150 60 60 

S03-63-3 315 525 210 330 60 60 

S03-63-4 225 615 150 390 60 60 

St
ag

e 
4 

S04-82-1 315 525 330 210 60 60 

S04-82-2 225 615 390 150 60 60 

S04-82-3 495 345 210 330 60 60 

S04-82-4 585 255 150 390 60 60 
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Figure 3.12 Notations for Group 1 specimens 
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3.2.2.5 Group 2 

 

The specimens in Group 2 were tested in three stages (Stages 5, 6 and 7) through which 

the effect of web opening size and shape on the ultimate behaviour of deep beams was 

examined. The a/d also remained at 1.5 for all specimens in this group. 

 

• Stage 5: Three high strength concrete deep beams ( '
cf = 72 MPa and 80 MPa) with 

opening sizes increasing in both horizontal and vertical directions were tested. As 

indicated in Figure 3.13, the specimen S05-72-1 with 60 mm × 60 mm opening was 

designated as the base model. The opening size increased to 15% and 20% of the beam 

depth in specimens S05-80-2 and S05-80-3, respectively. Note that the location of the 

centre of the opening for all three specimens remained at mid-depth of the beam. In 

addition, the bottom left corner of the opening was kept on the diagonal critical path. 
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Figure 3.13 Stage 5 specimens (dimensions in mm) 
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Figure 3.13 (cont’d) 
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Figure 3.13 Stage 5 specimens (dimensions in mm)
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• Stage 6: Figure 3.14 shows the details of the four high strength concrete deep 

beams ( '
cf = 79 MPa and 64 MPa) tested, including specimens S06-79-1, S06-

79-2, S06-79-3, S06-79-4, S06-64-5 and S06-64-6. Note that due to different 

batches of concrete mixes for all the six specimens, the last two specimens (S06-

64-5 and S06-64-6) had '
cf  of 64 MPa, which is different from the '

cf  of 79 

MPa in the rest four specimens. Compared with base model S5-72-1, the 

opening size was increased horizontally, towards loading point, support point 

and both ways. The opening height was kept constant at 60 mm, but the width 

increased from 20% to 40% of the beam depth.  
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Figure 3.14 Stage6 specimens (dimensions in mm) 

Figure 3.14 (cont’d) 
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Figure 3.14 Stage 6 specimens (dimensions in mm) 

 

• Stage 7: Again six high strength concrete deep beams ( '
cf  = 91 MPa and 64 

MPa) were tested. Figure 3.15 shows that the opening width remained the same 

at 60 mm. The opening height increased vertically from the base model, in 

upward and downward directions and in both ways.  

•  
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Figure 3.15 Stage7 specimens (dimensions in mm) 
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Figure 3.15 (cont’d) 
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Figure 3.15 Stage 7 specimens (dimensions in mm) 

 

 

 

Table 3.3 presents the summarised dimensions of the openings in the specimens of 

Group 2. Note that the notations can be found in Figure 3.12. 
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Table 3.3 Locations and sizes of openings in specimens for Group 2 
G

ro
up

 2
 

 Specimens x1(mm) x2(mm) y1(mm) y2(mm) a1(mm) a2(mm) 
St

ag
e 

5 

S05-72-1 405 435 270 270 60 60 

S05-80-2 382.5 427.5 255 255 90 90 

S05-80-3 360 420 240 240 120 120 

St
ag

e 
6 

 

S06-79-1 405 375 270 270 120 60 

S06-79-2 405 255 270 270 240 60 

S06-79-3 345 435 270 270 120 60 

S06-79-4 225 435 270 270 240 60 

S06-64-5 345 375 270 270 180 60 

S06-64-6 315 345 270 270 240 60 

 S
ta

ge
 7

 

S07-91-1 405 435 270 210 60 120 

S07-91-2 405 435 270 150 60 180 

S07-91-3 405 435 210 270 60 120 

S07-91-4 405 435 150 270 60 180 

S07-64-5 405 435 210 210 60 180 

S07-64-6 405 435 180 180 60 240 

 

3.2.2.6 Group 3 

 

The specimens in Group 3 were tested through three stages (Stages 8, 9, and 10), aiming 

at evaluating the effect of concrete strength, opening size and shear span-to-depth ratio 

on the ultimate behaviour of reinforced concrete deep beams with and without web 

openings. The location of the centre of the opening remained at mid-depth of the beam. 

For the one-point load cases (Stages 8 and 9), the corner of the opening nearest to the 

support was located on the diagonal critical path so that the opening size effect in the 

ultimate strength was critical for all the specimens in Stages 8 and 9. In Stage 10, on the 

other hand, the opening locations remained the same as the corresponding ones in Stage 

9 so that the effect of two-point load can be examined.  
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Note that in Stage 5, the size of opening was examined on high strength concrete deep 

beams where the opening size varied from 60mm × 60mm to 120mm × 120mm. In the 

current group attempts were made to investigate the effect of larger opening sizes, 

varying from 150mm × 150mm to 240mm × 240mm, on the ultimate behaviour of deep 

beams. Note also that the 240mm × 240mm opening was not included in Stage 9 and 10 

because Stage 8 test indicated that opening of such a big size yielded very low ultimate 

strength which should not be recommended for practical use.  

 

• Stage 8:  In order to make a comparison between normal and high strength 

concrete, four normal strength deep beams ( '
cf = 34MPa) with increased web 

opening sizes were tested. The shear span to depth ratio (a/D) was 1.5 due to a 

single-point load at mid-span of the beam, as detailed in Figure 3.16 (a).  

 

• Stage 9: Four high strength concrete deep beams ( '
cf = 66MPa) – one solid deep 

beam and three with increased web opening sizes were tested, as illustrated in 

Figure 3.16 (b). The a/D remained at 1.5, again due to a single-point load. 

 

• Stage 10: Four high strength concrete deep beams ( '
cf = 66MPa) identical to 

those in Stage 9 were tested, as demonstrated in Figure 3.16 (c). The only 

difference was the a/D ratio which was decreased to 1.0 because a two-point 

load was applied.  
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Figure 3.16 Opening configurations of Group3 specimens (dimensions in mm) 

 



 

STRENGTH AND BEHAVIOUR OF HIGH STRENGTH CONCRETE DEEP BEAMS WITH WEB OPENING 

67 

Figure 3.16 (cont’d) 
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(b) Stage 9 specimens  
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Figure 3.16 Opening configuration of Group 3 specimens (dimensions in mm) 
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Table 3.4 summarises the dimensions of Group 3 specimens where notations are 

indicated in Figure 3.17. 

 

Table 3.4 Dimensions of specimens for Group 3 

  Specimens x1 (mm) x2 (mm) y (mm) a1 (mm) 

G
ro

up
 3

 

St
ag

e 
8 

S08-34-1 337.5 412.5 225 150 

S08-34-2 315 405 210 180 

S08-34-3 292.5 397.5 195 210 

S08-34-4 270 390 170 240 

St
ag

e 
9 

S09-66-1 900 N/A 600 N/A 

S09-66-2 337.5 412.5 225 150 

S09-66-3 315 405 210 180 

S09-66-4 292.5 397.5 195 210 

St
ag

e 
10

 

S10-66-1 600 N/A 600 N/A 

S10-66-2 337.5 112.5 225 150 

S10-66-3 315 105 210 180 

S10-66-4 292.5 97.5 195 210 

 

 

CL

y
y

x2x1

a1

 
Figure 3.17 Notations for Group 3 specimens 
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3.3 TESTING OF DEEP BEAMS 

3.3.1 Cylinder test 

 

The standard cylinder size was 100mm in diameter and 200mm in height. Cylinders 

were fabricated at the same time when deep beam specimens were cured and stored 

under the same condition of specimens. The cylinders were capped when they were at 

least 28 days old. Capping for normal strength concrete cylinders was natural rubber 

and that for high strength concrete cylinders was sulphur capping. 

 

 
Figure 3.18 Samuel Denison Material Testing Machine in the engineering laboratory 

 

Testing of the concrete cylinders was undertaken using the Samuel Denison Material 

Testing Machine shown in Figure 3.18 in Griffith University Engineering laboratory. 

The cylinders were placed between the two loading plates of the testing machine, in an 

upright position. With accurate arrangement of load cell, force was applied until failure. 

Test results Figure 3.18 here, of concrete cylinders are presented in Table 3.5. 
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Table 3.5 The mean (fcm) and characteristic ( '
cf ) compressive strengths of cylinders for 

each batch 

    Specimens No. of 
cylinders 

fcm 
(MPa) 

'
cf  

(MPa) 
Age (days) 

G
ro

up
 1

 

St
ag

e 
1 

S01-72-1 

6 84.1 72  28  
S01-72-2 
S01-72-3 
S01-72-4 

St
ag

e 
2 

S02-70-1 

7  82  70  28  
S02-70-2 
S02-70-3 
S02-70-4 

St
ag

e 
3 

S03-63-1 

3  74.3  63  28  
S03-63-2 
S03-63-3 
S03-63-4 

St
ag

e 
4 

S04-82-1 

6  96.1  82  30  
S04-82-2 
S04-82-3 
S04-82-4 

G
ro

up
 2

 

St
ag

e 
5 S05-72-1 3  84.9  72  28 

S05-80-2 
3  94  80  43  

S05-80-3 

St
ag

e 
6 

S06-79-1 

4  92.9  79  50  
S06-79-2 
S06-79-3 
S06-79-4 
S06-64-5 

4  75.4  64  28  
S06-64-6 

St
ag

e 
7 

S07-91-1 

4  107.2  91  60  
S07-91-2 
S07-91-3 
S07-91-4 
S07-64-5 

4  75.4  64  28  
S07-64-6 
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Table 3.5 (cont’d) 

  Specimens No. of 
cylinders 

fcm 
(MPa) 

'
cf  

(MPa) 

Age 
(days) 

G
ro

up
 3

 

St
ag

e 
8 

S08-34-1 

3 39.51 34 28 
S08-34-2 

S08-34-3 

S08-34-4 

St
ag

e 
9 

S09-66-1 

3 77.57 66 28 
S09-66-2 

S09-66-3 

S09-66-4 

St
ag

e1
0 

S10-66-1 

3 77.73 66 29 
S10-66-2 

S10-66-3 

S10-66-4 

 

3.3.2 Casting and curing deep beams 

 

The procedure of moulding, casting and curing deep beam specimens and cylinder test 

is described herein. The number of specimens that could be casted at each time was four 

due to limited number of moulds that were available. Before casting was undertaken, 

the mould was lightly pasted with Lanolin based concrete release agent, which is 

normally used in timber formwork. The complete mould was placed on large black 

plastic sheets in the outdoor yard of the Engineering Laboratory. Once the mould has 

been prepared and arranged, the concrete was delivered and gradually poured into the 

mould. The concrete was levelled when adequate amount was placed into the mould, so 

that the specimens were kept at the same height. Subsequently, wooden bars across the 

mould were installed to maintain the same thickness of the specimens. A vibrating 

screed was used for overall pouring process to remove air void under openings from the 

concrete and to provide constant thickness. The above mentioned process is 

demonstrated in Figure 3.19.  
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Figure 3.19 Even casting of deep beam specimens and vibrating concrete to fill mould 

 

After casting was complete, wet hessian was placed on the top of the mould. The 

hessian was maintained wet for the first few days in order to keep specimens moist 

throughout the initial hardening stage of the curing process. With enough curing time, 

cylinder and deep beam specimens casted at the same time were separated from the 

mould and stored in covered storing area as shown in Figure 3.20  

 
Figure 3.20 Taking out specimens from mould and locating at the level floor 
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After 28 days from the casting, deep beam specimens were placed near the testing rig. 

However, due to limited resources of laboratory staff and equipment, some specimens 

were tested at the age between 28 to 60 days. This also helped to achieve designed 

strength of some of the specimens. 

 

3.3.3 Testing procedure 

 

The testing rig (Figure 3.21) located in Griffith School of Engineering Laboratory was 

used for the testing. An 80 tonne capacity hydraulic loading jack was used for loading 

the deep beam specimens. This hydraulic jack was attached to the strong mounted plate 

under the cross-beam in testing rig. The jack was required to transmit the loading to the 

top centre of deep beam specimen and controlling switch was attached to the hydraulic 

jack for controlling load increment while testing specimens.   

 

 
Figure 3.21 Testing rig in Griffith School of Engineering, Griffith University 

 

Deep beam specimens were initially loaded with 10kN to introduce a settlement. At this 

stage it was usual to observe a noticeable amount of deflection as the specimen settled. 
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However, after the settlement was observed, the behaviour of specimens followed the 

expected elastic, elasto-plastic, and plastic behaviour.  

 

After settlement, the load was increased by approximately 10 kN until an initial flexural 

crack was observed. The load increment was reduced to approximately 5kN afterwards. 

The load increment was further reduced to approximately 2kN after propagation of 

diagonal cracks. The length of diagonal cracks and the instantaneous load verses 

deflection curves were closely monitored so as to control load increment to achieve 

more accurate ultimate failure load of the specimens as shown in Figure 3.22. Similar 

procedure of load incremental change was also used in numerical analysis for 

comparison with experimental results.  

 

 
Figure 3.22 Test setup 

 

3.4 SUMMARY 
 

To perform the experiment of total 43 high strength concrete deep beam specimens with 

various opening size, location, compressive strength and shear span to depth ratio, 
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testing material and geometric properties, and testing equipment were chosen and 

calibrated.  

 

Specimens were separated into three groups: Group 1, Group 2 and Group 3. Group 1 

was conducted to investigate the effect of opening location change in horizontal, 

vertical, diagonal, and along A’B’ line (Figure 3.11) with constant opening sizes. Group 

2 was performed to study various opening size change in horizontal, vertical and in both 

directions with constant opening locations. Group 3 was carried out to evaluate on the 

effect of concrete compressive strength and shear span to depth ratio on the ultimate 

strength of deep beams. 

 

All the tests were conducted following the safety regulations in terms of field and 

laboratory operation, including preparation of material and mould, casting procedure of 

concrete, logistics of specimens, and preparation and proceeding of experiment. 

 

All the tests were conducted following the safety regulations in terms of field and 

laboratory operation, including preparation of material and mould, casting procedure of 

concrete, logistics of specimens, and preparation and proceeding of experiment. 
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Chapter 4   

EXPERIMENTAL RESULTS  
 

 

 

 

 

4.1 GENERAL REMARKS  
 

This chapter details the results of the normal and high strength concrete deep beam 

experiments presented in Chapter 3. The experimental results include the ultimate 

strength, load versus deflection response, and crack patterns for each beam. These data 

are categorised and presented separately for each experimental stage, as defined in 

Chapter 3. Data gathered is then utilised to aid in the numerical comparative studies 

which are be presented in the preceding chapters. Formulas derived by Kong and Sharp 

(1977) (Equation 2.8) and Tan et al. (2003) (Equation 2.16) are used to predict the 

ultimate load-carrying capacity of the beams, which are then compared with the 

experimental results. 
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4.2 GROUP 1 

4.2.1 Stage 1 

 

The four specimens in Stage 1 were conducted to examine the effects of opening 

location changes in the horizontal direction without varying opening size. The position 

of the opening with respect to the support and loading points can be determined by the 

four parameters, k1, k2, α1 and α2 shown in Figure 4.1. Stage 1 specimens were 

fabricated and cured from the same batch of concrete so that all specimens had the same 

material properties. Therefore, the effects of the compressive strength of concrete can be 

assumed to be uniform for the Stage 1 specimens. Deflection was measured at the soffit 

of loaded point of the specimens.  

 

As the opening moves toward the diagonal load path which is also called critical load 

path, the strength of the beam decreases. Beams S01-72-3 and S01-72-4 failed at 

approximately the same ultimate load, indicating that shear acts in a non-linear path 

within the beam. It can also be noted that an opening located in the flexural region of 

the beam will result in a slightly larger decrease in load-carrying capacity than that of an 

opening located at a similar distance outside this region. These reductions in ultimate 

strength can be attributed to the decrease of the effective compressive area of the 

concrete. 

 

Table 4.1 Test results and predictions by Equation (2.8) and (2.16) of Stage 1 specimens 

Specimens k1 
VExp 

(kN) 
VEq(2.8) 

(kN) 

VEq(2.16) 

(kN) 

S01-72-1 0.59 352.8 110.9 155.0 

S01-72-2 0.74 415.8 70.5 138.4 

S01-72-3 0.44 422.4 160.0 180.8 

S01-72-4 0.29 422.2 223.2 227.4 
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The ultimate strength obtained from the experiments, VExp and those calculated from 

Equation (2.8) and (2.16), VEq(2.8) and VEq(2.16) are presented in Table 4.1. With 

increasing of k1 from 0.29 to 0.59, the ultimate strength of the beam decreases about 

17% from 422.2 kN to 352.8 kN. 
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Figure 4.1 Notations of parameter used for Chapter 4 
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Figure 4.2 Load versus deflection for Stage 1 specimens 
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The measured load versus deflection curves for the specimens in Stage 1 are presented 

in Figure 4.2. The slopes of the graph increased linearly until the applied load reach 

approximately 30% of the ultimate strength of the beams. After which, the deflection 

under the applied load is represented by a non linear relationship until 50% of the 

ultimate strength. From 50% to 80%, the result resumes a linear relationship with an 

abrupt failure occurring as deflection begins to increase exponential beyond 80%.   
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Figure 4.3 Ultimate load versus opening location to shear span ratio (k1) of Stage 1 

 

As shown in Figure 4.3, both predictions using Equations (2.8) and (2.16) shows that 

the predicted ultimate strength reduce with an increase in the horizontal distance of 

opening location from the supports of the specimen, however, this trend is not supported 

by the experimental results. The experimental results can be approximately represented 

by a linear equation in Rigid zone, and increase in Flexure zone which indicate Rigid 

zone and Flexural zone have different behaviour on load versus deflection relationship. 

Note that base beam, S05-72-1, is also included in Figure 4.3.  
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S05-72-1 had a lower ultimate strength than the other three specimens, resulting in an 

approximate 26.4% decrease in the ultimate strength compared to that of the highest 

value from Stage 1 specimens. These indicated that the distance from the critical load 

path is affecting the ultimate strength and the effect is different in each zone. This 

phenomenon is discussed in Chapter 5 and is further supported with numerical 

predictions.  

 

 

4.2.2 Stage 2 

 

Stage 2 beams are designed to investigate the relationship of a change in opening 

location in the vertical direction. Previous research suggests that as the opening moves 

away from the critical load path the strength of the beam will increase, this trend also 

observed in the experimental results. As the opening is located at the mid height of the 

beam in the base model S05-72-1, the positions of opening were located above the 

middle height in S02-70-1 and S02-70-2 and below this height in S02-70-3 and S02-70-

4, giving an equal representation of the possible opening locations in the vertical 

direction.  

 

Table 4.2 Test results and predictions by Equation (2.8) and (2.16) of Stage 2 specimens  

Specimens k2 
VExp 

(kN) 
VEq(2.8) 

(kN) 

VEq(2.16) 

(kN) 

S02-70-1 0.550 347.7 187.5 198.9 

S02-70-2 0.650 401.8 240.5 232.8 

S02-70-3 0.350 267.9 77.8 127.5 

S02-70-4 0.250 240.5 23.6 89.7 
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Figure 4.4 Load versus deflection for Stage 2 specimens 

 

The load versus deflection curves, as plotted in Figure 4.4, can be separated into two 

parts. Firstly, the flexural behaviour, which occurs under 40% to 60% of the ultimate 

load, can be described as representing a stage of yielding. However after which, the load 

deflection curve resumes a linear relationship with a brittle and rather sudden failure 

afterwards. From this, it can be assumed that the second linear part is related to shear 

resistance.  
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Figure 4.5 Ultimate load versus opening location to beam depth ratio (k2) 

 

Table 4.2 presents the ultimate strength of the beams for the four specimens in Stage 2. 

Figure 4.5 plots the ultimate load against the opening locations to the beam depth ratio 

k2. Even S05-72-1 has slightly higher concrete compressive strength than specimens in 

Stage 2, it has been included in Figure 4.5 to investigate the general trend of the effect 

on opening location change in vertical. Predictions of the ultimate strength done by 

previous researchers have increased as the web opening moves away from the soffit of 

the beam. The ratio of the increments of the predicted results and experimental results 

are near uniform and thus conform to a linear relationship. It can be seen from Figure 

4.5 that the strength of the beam decreases as the opening have lower k2 value. The 

reason for this may be that by lowering the position of the opening, the effective depth 

of the neutral axis is tends upwards, meaning there is more concrete in tension. The area 

gain in tension has a larger effect than the decrease of area in compression, resulting in 

a lower ultimate load.  
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4.2.3 Stage 3 

 

Stage 3 specimens were conducted to investigate for the effect of the locating the 

opening along the diagonal load path. Therefore, the openings will have both vertical 

and horizontal movement.  

 

Table 4.3 Test results and predictions by Equation (2.8) and (2.16) of Stage 3 specimens 

Specimens k1 k2 
VExp 

(kN) 
VEq(2.8) 

(kN) 

VEq(2.16) 

(kN) 

S03-63-1 0.63 0.55 303.1 146.7 168.5 

S03-63-2 0.74 0.65 254.1 164.3 180.4 

S03-63-3 0.41 0.35 189.7 111.0 137.1 

S03-63-4 0.29 0.25 177.6 92.7 113.6 

 

Experimental results of Stage 3 with the predicted capacities using Equations (2.8) and 

(2.16) are presented in Table 4.3 along with the horizontal and vertical opening location 

ratios, k1 and k2. In general, the test results and the ultimate strength predictions 

increased with the increase of k1 and k2. However when the opening is within close 

proximity to the point of loading, the ultimate strength from the experiment reduces. 

The reason is due to the effect of the loading and the bottle shape strut.  

 



 

STRENGTH AND BEHAVIOUR OF HIGH STRENGTH CONCRETE DEEP BEAMS WITH WEB OPENING 

84 

0

50

100

150

200

250

300

350

0.0 1.5 3.0 4.5 6.0

Lo
ad

  (
kN

)

Deflection (mm)

S03-63-1
S03-63-2
S03-63-3
S03-63-4

 
Figure 4.6 Load versus deflection for Stage 3 specimens 

 

The load versus deflection curves, Figure 4.6, shows that the specimens from Stage 3 

behave in a similar manner under the load of 175 kN. All beams have a flexural curve at 

the beginning until the loading reaches approximately 100 kN. The specimens (S03-63-

3 and S03-63-4) with an opening location lower than half the height of the beam failed 

just below 200 kN, while the specimens (S03-63-1 and S03-63-2), with web opening 

locations higher than half the height of the beam, increase linearly until an abrupt brittle 

failure.  
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Figure 4.7 Ultimate load versus opening location on beam depth ratio (k2) in vertical of 

Stage 3 specimens 

 

When the results of Stage 3 specimens, both experimental and predictions by Equations 

(2.8) and (2.16), are compared utilising the ultimate strength and horizontal and vertical 

opening location factors, the relationship found is different from that of the beams with 

vertical opening location changes only. This is due to the reduction of the critical load 

path. The ultimate strength of S03-63-2 also illustrates a different behaviour with an 

ultimate strength lower than that of S03-63-1. This is due to the shape of the strut and 

the reduction effect caused by the opening. The strut is actually a bottle shape with the 

stress from the load area spread out along the diagonal load path. When the opening is 

located at the neck area of the bottle shape strut, the reduction effect due to the opening 

is greater than when the opening is located at the middle of the beam. However, this 

only affects beams with openings close to the loading point, beams with openings 

located near the support are not affected owing to the placement of reinforcing bars, 

which counter the reducing effects of the web opening. The ultimate load capacities 

predicted using Equations (2.8) and (2.16) increase as the web opening moves away 

from the soffit, even when the web opening is located close to the point of loading. 
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Plate 4.1 to Plate 4.4 present some pictures took during test, showing the crack patterns 

on the surface of the beams. As can be seen from these pictures, all beams were 

significantly affected by shear forces. The crack patterns of S03-63-4 have a unique 

crack that is developed from the top of opening and propagates to the support and to the 

top of the beams’ surface vertically. In contrast, the other beams follow a more general 

mode of brittle failure.  

 

 
Plate 4.1 S03-63-1 

 
Plate 4.2 S03-63-2 

 
Plate 4.3 S03-63-3 

 
Plate 4.4 S03-63-4 



 

STRENGTH AND BEHAVIOUR OF HIGH STRENGTH CONCRETE DEEP BEAMS WITH WEB OPENING 

87 

 

 

4.2.4 Stage 4 

 

Stage 4 is to investigate the reductions of the ultimate strength due to the opening 

located on same or similar stress points. Therefore, the opening was located on the line 

that connected the top of the support area to the bottom of the loading area. It is 

anticipated that each opening will have the same stresses, and each beam is expected to 

have the same ultimate strength, even though the predictions from Equation (2.8) and 

Equation (2.16) contradicts this estimation. Equation (2.8) and Equation (2.16) estimate 

a larger reduction in the ultimate strength of the specimens, especially, the ultimate 

strength for S04-82-4 estimated using Equation (2.8) was almost equal zero and thus 

unable to resist its own self weight. 

 

Table 4.4 Test results and predictions by Equation (2.8) and (2.16) of Stage 4 specimens  

Specimens k1 θ2 
VExp 

(kN) 

VEq(2.8) 

(kN) 

VEq(2.16) 

(kN) 

S04-82-1 0.41 45.4 454.2 240.6 246.7 

S04-82-2 0.29 58.9 457.8 344.3 342.4 

S04-82-3 0.63 22.6 232.3 49.3 128.0 

S04-82-4 0.74 14.1 185.1 N/A* 84.4 
* The negative strength values which indicate zero-bearing capacity  
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Figure 4.8 Load versus deflection of Stage 4 specimens 

 

Table 4.4 presents the ultimate strength for the specimens in Stage 4. Figure 4.8 plots 

the measured load versus deflections of the specimens in Stage 4. It can be seen that not 

only the ultimate strength of the beams are similar in this stage, the load deflection 

curves are also similar to each other. Until the load reaches 100 kN, which is 

approximately 25% of the ultimate strength, the load versus deflection curves remain 

linear. Then, the curves change to a non-linear line, after which, once the load reaches 

approximately 35% of the ultimate strength, the load deflection curve becomes a linear 

line till the load is approximately 90% of the ultimate strength. During the last 10% of 

the load till failure, non-linearity is found in the load versus deflection graph. All of 

specimens have a similar ultimate load capacity, deflection, and failure behaviours, 

being abrupt and brittle.  
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Figure 4.9 Ultimate load and opening location to shear span ratio in vertical (k2) of 

Stage 4 specimens 

 

As discussed, the ultimate strength of the Stage 4 test specimens is similar to each other, 

even as the location of the opening changes diagonally across the strut. However, as 

shown in Figure 4.9, predictions done by Equation (2.8) and Equation (2.16) show an 

increase in strength as the angle from the support location increases. Equation (2.16) 

estimates the ultimate strength of S04-82-2 accurately. However, estimations for other 

three specimens are low. Overestimated prediction using Equation (2.8) and Equation 

(2.16) indicate that the equations for high strength concrete should be modified.  

 

 

4.3 GROUP 2 
 

Group 2 consists of three stages (Stages 5, 6 and 7) to investigate the effects of the web 

opening size and orientation on the behaviour of deep beams. The web openings were 

elongated incrementally in different directions. The shape ratio of the web opening is 



 

STRENGTH AND BEHAVIOUR OF HIGH STRENGTH CONCRETE DEEP BEAMS WITH WEB OPENING 

90 

not related to the mechanical behaviour at the initial loading stage, but their effects are 

apparent after the development of diagonal cracks.  

 

When the web opening in a deep beam is increased horizontally towards the area of 

support, the reduction of the ultimate strength is not significant.  

 

When the ultimate strength from the test results is compared to the predictions by 

previous researchers, the reductions in strength in the experiments are greater than those 

predicted. This illustrates that the previous researcher’s equations are not capable of 

identifying effect of the change in size of the opening. 

 

When the opening size is increased vertically toward the top of the beam, the strength is 

reduced significantly. This is due to the reduction in the area of concrete in the 

compressive zone. When the opening size is extended downwards, the ultimate strength 

of the specimen is decreased. However, the magnitude of reduction is not son 

significant compared to increasing the opening towards the top. Predictions using 

Equation (2.8) fail to consider the change in vertical height of the openings. 

 

 

4.3.1 Stage 5 

 

Stage 5 is intended to investigate the relationship of the opening size and the behaviour 

of deep beams with smaller web opening. Therefore, high strength concrete reinforced 

deep beams with web opening sizes of 60 mm, 90 mm, and 120 mm in square were 

fabricated and tested. Note that specimen S05-72-1 with 60 mm × 60 mm opening is 

referred as the base beam. 
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Table 4.5 Test results and predictions by Equation (2.8) and (2.16) of Stage 5  

Specimens 
'

cf  
(MPa) 

a2 

Test Eq (2.8) Eq (2.16) 
VExp 

(kN) VnExp  
VEq(2.8) 

(kN) VnEq(2.8)  
VEq(2.16) 

(kN) VnEq(2.16)  

S05-72-1 72 0.10 309.1 1.10 134.3 0.48 167.0 0.60 

S05-80-2 80 0.15 193.2 0.66 121.1 0.41 165.9 0.56 

S05-80-3 80 0.20 112.8 0.38 103.7 0.35 155.0 0.53 

 

Due to the differences of the concrete strength of specimens in Stage 5, the ultimate 

strength is compared in terms of normalised values. The normalised ultimate strength is 

calculated by  

 

dbf
VV

c
n ⋅⋅
=

'5.0
  (4.1) 

 

in which, b is the width of the specimen and d is the depth of the specimen. VnExp, 

VnEq(2.8) and VnEq(2.16) are calculated using Equation (4.1) from VExp, VEq(2.8) and VEq(2.16).  

 

The ultimate strength and normalized values for the Stage 5 specimens are presented in 

Table 4.5. With the square opening size changing from 60 mm × 60 mm in S05-72-1 to 

90 mm × 90 mm in S05-80-2 and to 120 mm × 120 mm in S05-80-3, the ultimate 

strength of the beam reduces approximately 37% and 64%, respectively.  

 

Comparison with predictions by Equation (2.8) shows that the ultimate strength of the 

specimens in Stage 5 is underestimated significantly. The estimated ultimate load 

capacities by Equation (2.8) are 43% (60 mm square) and 63% (90 mm square) of the 

ultimate strength from experiments. The estimated ultimate load capacities by Equation 

(2.16) also underestimate the strength of the specimens, except for S05-80-3. The 

estimated capacities by Equation (2.16) are 46% (60 mm square) and 14% (90 mm 

square) lower than that of the test result, but the estimated ultimate strength by Equation 

(2.16) is 19% higher for S05-80-3 (120 mm square).  
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Figure 4.10 Load versus deflection of Stage 5 specimens 

 

The load versus deflections curves for the tested specimens are presented in Figure 4.10. 

These curves are linear for the initial loading up to 100 kN, followed by a non-linear 

curve as the load increases. However, the curves become linear again after 40% to 60% 

of the ultimate loads. 

 

The curves in Figure 4.10 resemble to each other, even specimens had discrepancies in 

the ultimate strength due to difference of opening size. Generally, the maximum 

deflections for these specimens decrease with the increase of the opening size, 

illustrating that the slope of the load versus deflection curves are not affected by this 

particular change in opening size parameters. 
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Figure 4.11 The normalized ultimate strength and opening size to beam depth ratio (a2) 
of Stage 5 specimens  

 

The relationship between the normalized ultimate strength and the ratio of the opening 

size to beam depth α2 is shown within Figure 4.11.  

 

 
Plate 4.5 S05-72-1 
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Plate 4.6 S05-80-2 

 
Plate 4.7 S05-80-3 

 

Plate 4.5 to Plate 4.7 illustrates the crack patterns of specimens at failure. The crack 

patterns of S05-72-1 and S05-80-2 show a similar trend in the development of flexural 

and diagonal cracks through the shear path. The flexural cracks propagate from the 

soffit of the beam and head to the loading point at the top of the beam as the loading 

increases. As load increases, the cracks near the corner of the openings start to appear 

with a vertical propagation in the flexural crack. Then, the cracks near the openings 

extend toward the loading and support points while the flexural crack does not increase. 

Nevertheless, for S05-80-3, a flexural crack cannot be found, however the diagonal 

crack is clearly seen which implies that the shear strength of this particular beam is 

lower compared to that of the other two beams as supported by the measured 

experimental results in Table 4.5. 
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4.3.2 Stage 6 

 

Stage 6 intends to assess the effect of a change in the horizontal sizing of the opening. 

The opening size is extended in three directions: horizontally toward to the support 

point, to the loading points, and to both the supports and the loading point.  

 

Table 4.6 Test results and predictions by Equation (2.8) and (2.16) of Stage 6 specimens 

Specimens fc
’ 

(MPa) a1 k1x 
Test Eq (2.8) Eq (2.16) 

VExp 
(kN) VnExp  

VEq.(2.8) 
(kN) VnEq.(2.8)  

VEq.(2.16) 
(kN) VnEq.(2.16)  

S06-79-1 79 0.15 345 166.8 0.57 114.3 0.39 164.3 0.56 

S06-79-2 79 0.30 225 122.6 0.42 72.5 0.25 147.6 0.50 

S06-79-3 79 0.15 405 174.4 0.66 129.3 0.49 155.3 0.59 

S06-79-4 79 0.30 405 122.8 0.47 129.3 0.49 155.3 0.59 

S06-64-5 64 0.23 345 146.1 0.50 114.3 0.39 164.3 0.56 

S06-64-6 64 0.38 315 138.2 0.47 114.3 0.39 164.3 0.56 

 

Table 4.6 presents the ultimate load capacities of Stage 6 specimens and the predicted 

values calculated using Equations (2.8) and (2.16). The ultimate strengths reduce with 

an increase of the horizontal size of the web openings, i.e. increasing of a1.  

 

Horizontal increase in the opening size toward the centre of the beam results in a greater 

reduction of the ultimate strength than opening size increment toward to support 

direction. With the same increase in opening sizes as above, as towards the flexural 

zone, the normalised ultimate strength of the specimens is reduced from 0.57 of S06-79-

1 with the opening size of 120 mm × 60 mm to 0.42 of S06-79-2 with opening size of 

180 mm × 60 mm.  

 

For web openings with an increase opening size horizontally toward the loading 

position, the reduction of the ultimate strength is less or similar than opening size 

increase toward the support. The normalised ultimate strength VnExp is only reduced by 

0.19 when the opening sizes are increased by 1.5 times, such as from 120 mm ×60mm 
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(S06-79-3) to 180 mm ×60mm (S06-79-4). This implies that when the opening is 

extended away from the diagonal load path, its impact on the ultimate strength is similar.  

 

The ultimate load capacity of specimens with an opening size increase in both 

horizontal directions, toward the centre and supports, reduces in a similar amount as per 

a specimen with an opening horizontally increased toward the flexural zone. The 

ultimate strength prediction done by Equation (2.8) and Equation (2.16) does decrease 

in a similar manner when the opening is extended toward the loading point. However, 

Equation (2.8) did not investigate the change in web opening size toward the support. 

This phenomenon which has same reduction in normalized ultimate strength in both 

directions in horizontal also implies that the effects on the ultimate strength via an 

opening can be investigated separately for the flexural and rigid zones. 
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Figure 4.12 The experimental load versus deflection for Stage 5 specimens 

 

The load versus deflection curves are plotted in Figure 4.12 for Stage 6. Two yielding 

stages like the majority of the previously tested deep beams have been identified. The 

changes of slope of the curves can be seen within the 60% to 70 % of the ultimate 
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strength range. However, the curves are linear with little deflection in the beginning 

loading stage. The secondary linear increment is ended just before failure with yielding 

or a sudden abrupt failure mode and this behaviour can be seen at approximately 90% to 

95% of the ultimate failure load. From this the load versus deflection graphs presented 

for Stage 6 specimens, resemblance can be found between S06-79-1 and S06-79-3 

which have 120 mm in horizontal opening size.  

 

As shown in Plate 4.8 to Plate 4.13, major crack propagation of each of the specimens is 

generally located in the area between the supports and the loading point. Due to safety 

issues, the specimens had to be covered and laid on the ground to take the below 

photographs after testing. As the opening increased, the number and density of flexural 

cracks reduced. However, the number of diagonal cracks and cracks near the support 

increased. When the opening was extended toward the loading point, the upper part of 

the opening was located within a rigid section and separated from the specimens. This 

phenomenon is due to the effect of excessive deflection caused by having the opening 

located within the web of specimen. As the loading reached 80~90% of the ultimate 

strength, the diagonal cracks that developed pushed the rigid part of the beam upward.  

 

 
Plate 4.8 S06-79-1 

 
Plate 4.9 S06-79-2 
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Plate 4.10 S06-79-3 

 
Plate 4.11 S06-79-4 

 
Plate 4.12 S06-64-5 

 
Plate 4.13 S06-64-6 

 

 

4.3.3 Stage 7 

 

Stage 7 investigates the effects of a vertical change in the opening size. Openings were 

extended upward, then downwards and then in both directions.  
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From the experiments, it was expected that the ultimate strength of the specimens would 

change significantly in comparison to that of specimens with horizontal modifications to 

the opening. A total of 6 specimens were tested with the opening size parameters, 

strength results and predicted estimates presented in Table 4.7. 

 

Table 4.7 Test results and predictions by Equation (2.8) and (2.16) of Stage 7 specimens 

Specime

ns 
fc

’ 
(MPa) 

a2 k2 
Test Equation (2.8) Equation (2.16) 

VExp 
(kN) VnExp  

VEq.(2.8) 
(kN) VnEq.(2.8)  

VEq.(2.16) 
(kN) 

VnEq.(2.1

6)  
S07-91-1 91 0.20 0.45 306.6 0.97 144.5 0.46 190.1 0.60 

S07-91-2 91 0.30 0.45 157.9 0.50 144.5 0.46 190.1 0.60 

S07-91-3 91 0.20 0.35 135.2 0.51 75.9 0.29 120.5 0.46 

S07-91-4 91 0.30 0.25 111.8 0.43 23.4 0.09 84.3 0.32 

S07-64-5 64 0.30 0.35 109.8 0.35 83.8 0.27 149.4 0.47 

S07-64-6 64 0.50 0.25 81.4 0.26 53.6 0.17 128.5 0.41 

 

Table 4.7 shows that when an opening size is increased upward, i.e. a2 increasing from 

0.2 in S07-91-1 to 0.3 in S07-91-2. The normalized ultimate strength was reduced from 

0.97 to 0.50. This reduction is almost half of the ultimate load of S07-91-1. The strength 

of the specimen is reduced significantly. This is due to the reduction of the compressive 

zone.  

 

When an opening size is extended downward for S07-91-3 and S07-91-4, the strength 

of the specimens is also decreased with increase of a2; but this decrease is not as 

significant as that for beams with the opening extended upward. The normalized 

ultimate strength is only decreased from 0.51 to 0.43. 

 

When the vertical size of an opening increases from 180 mm in S07-64-5 to 240 mm in 

S07-64-6 in both directions, the normalized ultimate strength is reduced from 0.35 to 

0.26. This small reduction was expected due to the size of the opening being large 

enough to already have a significant effect on the ultimate strength. In Table 4.7, the 

predictions using Equations (2.8) fail to consider the change of the opening in a vertical 
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direction. Predictions for S07-91-1 and S07-91-2 were the same, which reveal the 

limitations of this design method. 
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Figure 4.13 The experimental load versus deflection for Stage 7 specimens 

 

Figure 4.13 plots the experimental load versus deflections for the six specimens in Stage 

7. Even though the ultimate strength for each beam is different, the trend in which they 

fail is very much in the same manner. In this graph, RS07-91-1 and S05-72-1 have an 

identical load versus deflection curve, however, except for RS07-91-1, most of the 

beams have a similar tendency in load versus deflection relationships. 

 

 
Plate 4.14 S07-91-1 
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Plate 4.15 S07-91-2 

 
Plate 4.16 S07-91-3 

 
Plate 4.17 S07-91-4 

 
Plate 4.18 S07-64-5 

 
Plate 4.19 S07-64-6 
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Plates 4.14 to 4.19 shows the cracks on the surfaces of the specimens at failure These 

pictures show that the main difference among the crack patterns is the change in the 

direction of the cracks. Crack patterns in S07-91-1 and S07-91-3 have a separation 

along both the flexural and diagonal cracks, therefore, both cracks do not overlap each 

other. However, some of the flexural cracks observed in S07-91-2 and S07-91-4 

changed their directions and moved toward the closet corner of the opening, indicating 

the impact of flexural crack on strut. It can be concluded that the effect from opening at 

diagonal strut path has similar influences with the opening located in the flexural crack 

path. Specimens S07-64-5 and S07-64-5 have large openings and these beams failed 

before the full development of a flexural crack. 

 

 

4.4 GROUP 3 

4.4.1 Stage 8 

 

Specimens in Stage 8 were fabricated from normal strength concrete. Various web 

square openings were made on the beams without changing the centre point of the 

opening. Web openings were made larger than 25% of the depth of the deep beam in 

order to investigate the limitations of existing equations proposed by previous 

researchers.  

 

The characteristic compressive strength of the concrete (fc
’) was 33.58MPa. Ultimate 

strengths, both experimental and predicted, are presented in Table 4.8. The load versus 

vertical deflection curves for the deep beams tested in Stage 8 are shown in Figure 4.14. 
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Table 4.8 Experimental results of Stage 8 specimens 

Name of 

specimens 
fc’ (MPa) k1 k2 a1 a2 

VExp 

(kN) 

VEq(2.8) 

(kN) 

VEq(2.16) 

(kN) 

S08-34-1 

33.58 

0.547 0.375 0.19 0.25 88.1 69.2 82.9 

S08-34-2 0.556 0.350 0.23 0.30 87.0 56.5 75.9 

S08-34-3 0.566 0.325 0.26 0.35 79.5 44.1 68.9 

S08-34-4 0.575 0.283 0.30 0.40 72.4 25.3 58.1 
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Figure 4.14 Load versus deflection of Stage 8 specimens 

 

As can be seen in Table 4.8, ultimate strength of the normal strength deep beams with 

web openings shows a similar trend to the predictions by Equation (2.8) and Equation 

(2.16). As the opening size increases, the ultimate shear strength of these beams reduces 

gradually. When the opening size is increased from 150 mm × 150 mm (a2 = 0.25) to 

180 mm × 180 mm (a2 = 0.3), the ultimate strength predicted by Equation (2.8) and 

Equation (2.16) is reduced to 79% and 94% to the beam with opening size 150 mm × 

150 mm (a2 = 0.25), respectively. When the opening size is increased from 180 mm × 
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180 mm (a2 = 0.3) to 210 mm × 210 mm (a2 = 0.35) and 240 mm × 240 mm (a2 = 0.4), 

the ultimate strength from experiment is further reduced to 91% and 83%, respectively. 

The corresponding ultimate strength predictions by Equation (2.8) estimates this to be 

78% and 45%, Equation (2.16) estimates it to be 91% and 77%, respectively. This 

comparison indicates that Equation (2.8) and Equation (2.16) underestimate the ultimate 

strength.  

 

0

10

20

30

40

50

60

70

80

90

100

0.20 0.30 0.40 0.50

U
lti

m
at

e l
oa

d 
(k

N
)

Opening size to beam depth ratio (a2) 

Test

Prediction using Equation (2.8)

Prediction using Equation (2.16)

 

Figure 4.15 Ultimate strength versus opening size to beam depth ratio  

 

 

4.4.2 Stage 9 

 

The experiments in Stage 9 investigate the influence of a higher compressive strength of 

concrete ( '
cf = 66MPa) on the ultimate strength of the beams. Additionally, in Stage 9, a 

solid deep beam, S09-66-1, was tested under the same geometric conditions as per the 

other specimens in Stage 8. 
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(a) Load versus deflection of S09-66-1 (b) Load versus deflection of S09-66-2, 
S09-66-3 and S09-66-4 

Figure 4.16 Experimental load versus deflection for Stage 9 specimens  

 

In Figure 4.16, the solid deep beam (S09-66-1) failed at a much higher load than those 

with web openings (150 mm × 150 mm, 180 mm × 180 mm, and 210 mm × 210 mm). 

Due to the noticeable difference between the ultimate strength of a solid deep beam and 

beams with web openings, further investigation is required on web openings smaller 

than 150 mm × 150 mm (refer Stage 5) to investigate the trend of the relationship of the 

square opening size change and the ultimate strength.   

 

Figure 4.16 also demonstrates that the solid beam (S09-66-1) failed in a brittle manner, 

whereas S09-66-2 shows a yielding stage and a less brittle failure. S09-66-3 also had a 

similar yielding stage at the same load level as S09-66-2, however just after the yielding 

stage, S09-66-3 failed immediately. S09-66-4 also reached the same yielding stage and 

failed at the same load level as the yield load. This comparison suggests that for deep 

beams with large web openings, the beam reaches its ultimate stage just after the 

yielding of the main reinforcement.  
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Table 4.9 Experimental results of Stage 9 specimens 

Name of Specimens 
'

cf  

(MPa) 
a1 a2 

VExp 

(kN) 

VEq(2.8) 

(kN) 

VEq(2.16) 

(kN) 

S09-66-1 

66 

0 0 489.5 248.1 227.2 

S09-66-2 0.19 0.25 125.6 82.0 128.6 

S09-66-3 0.23 0.30 93.2 66.2 118.9 

S09-66-4 0.26 0.35 78.9 50.7 109.2 

 

 

As shown in Table 4.9, the ultimate strength of a deep beam with an opening size of 150 

mm ×150 mm (S09-66-2) was four times smaller than the solid beam. Furthermore, the 

ultimate strength of the beams with opening sizes of 180 mm ×180 mm (S09-66-3) and 

210 mm × 210 mm (S09-66-4), were five and six times less than that of the ultimate 

strength of the solid beam.  

 

The ultimate strength reduction due to the web openings from Equation (2.8) showed a 

similar trend with the test results presented in Table 4.9. However, the ultimate strength 

prediction for a solid beam was conservative compared to the experimental results. The 

ultimate strength predicted by Equation (2.16) resulted in a strength reduction ratio 

lesser than that of the experiment. For the solid deep beam, the prediction by Equation 

(2.16) was similar to the prediction by Equation (2.8), but the experimental result is 

approximately two times larger than these predictions.  
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Figure 4.17 Ultimate strength versus opening size to beam depth ratio (a2) 

 

Results from the test specimens and predictions done by Equation (2.8) and Equation 

(2.16) are plotted in Figure 4.17. These curves showed a similar trend in that the 

ultimate strength reduces by the increase in the opening size.  

 

Crack patterns are shown in Plate 4.20 to Plate 4.23. All of the test specimens failed 

following the same sequence of crack development, which started with the introduction 

of a flexural crack at the centre of the beams soffit around a loading of 30%. Until the 

load reached 50% to 70% of the ultimate strength, the flexural crack continued to 

develop along with the increments of the loading. Once the load was increased to 70% 

to 90% of the ultimate strength, diagonal cracks began to become evident from the 

corners of the opening to the loading and the support points of the beam. After this, 

cracks around the opening developed quickly, the specimens then failed in a brittle and 

sudden manner.  

 



 

STRENGTH AND BEHAVIOUR OF HIGH STRENGTH CONCRETE DEEP BEAMS WITH WEB OPENING 

108 

 
Plate 4.20 S09-66-1 

 
Plate 4.21 S09-66-2 

 
Plate 4.22 S09-66-3 

 
Plate 4.23 S09-66-4 
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4.4.3 Stage 10 

 

Stage 10 investigates the effect of modifying the shear span to the depth ratio without 

changing the size or location of the web openings from that presented within stage 9. 

Therefore, the effects of the shear span to depth ratios can be studied with and without 

web openings. The loading points were moved toward the support until the shear span 

to depth ratio became one (a/d = 1).  

 

Table 4.10 Test results and predictions by Equation (2.8) and (2.16) of Stage 10  

Specimens 
'

cf  

(MPa) 
a1 a2 

VExp 

(kN) 

VEq(2.8) 

(kN) 

VEq(2.16) 

(kN) 

S10-66-1 66 0 0 657.6 701.6 569.4 

S10-66-2 66 0.30 0.25 583.1 164.0 256.7 

S10-66-3 66 0.36 0.30 334.5 132.4 237.3 

S10-66-4 66 0.42 0.35 174.4 101.3 218.0 

 

Table 4.10 indicates that opening sizes of 150 mm × 150 mm (S10-66-2), 180 mm × 

180 mm (S10-66-3) and 210 mm × 210 mm (S10-66-4) results in a strength reduction of 

11%, 49% and 74%, respectively when compared to the solid specimen (S10-66-1) 

under two point loading (a/d = 1). This significant reduction of the ultimate strength is 

related to the opening located in a position that causes disturbance to the shear path. 

When the opening is not disturbing the shear path, the reduction of the ultimate strength 

of the beam is not as significant. However, as the disturbance to the shear path by the 

opening increases, the greater the reduction is for the ultimate load capacity.  

 

The ultimate strength of a solid deep beam with two points of loading and a shear span 

ratio of one (a/d = 1) increases by approximately 50% when compared to the stage 9 

specimen, which has a shear span ratio of 1.5 (a/d = 1.5). The ultimate strength of a 

beam with an opening size of 150 mm × 150 mm (S10-66-2) in Stage 10 is increased 
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approximately five times higher than that of the deep beam with the same opening 

configuration from Stage 9. The increments of the increase in ultimate strength for 

beams with opening sizes of 180 mm × 180 mm (S10-66-3) and 210 mm × 210 mm 

(S10-66-4) are approximately six and three times respectively.   

 

Predictions by Equation (2.8) estimate the ultimate strength of the solid deep beam 

specimen precisely. However, Equation (2.16) underestimates the ultimate strength by 

13%. Equation (2.16) for a deep beam with openings of size 150 mm × 150 mm (S10-

66-2) underestimates the ultimate strength by 56%. Equation (2.8) predicts the ultimate 

load capacity 72% lower than the experiment.  

 

For the beam with openings of size 180 mm × 180 mm (S10-66-3), the prediction by 

Equation (2.16) underestimated the ultimate strength of the beam by 71%, while 

Equation (2.8) underestimated the ultimate strength by 40%. Equation (2.8)’s prediction 

is also 42% lower than the test results for S10-66-4. However, Equation (2.16) estimates 

the ultimate capacity 25% higher than that of the test results for a beam with opening of 

size 210 mm × 210 mm (S10-66-4).  
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(a) Load versus deflection of S10-66-1 (b) Load versus deflection of S10-66-2, 
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S10-66-3 and S10-66-4 
Figure 4.18 Experimental load versus deflection for Stage 10 specimens  
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Figure 4.19 Ultimate load versus opening size to beam depth ratio  

 

The load verses deflection curves for Stage 10 specimens are shown in Figure 4.18. 

Load increment curves for Stage 10 specimens are essentially straight lines with 

relatively low deflections. The specimens’ failures could be described as being brittle, 

as they were unable to sustain any further loading after reaching the maximum load.  

 

In Figure 4.18, all curves for the Stage 10 specimens are approximately linear for the 

initial loading regime, the linearity of these graphs is usually up to 25% to 45% of the 

ultimate strength. After this, the deflection curves become non linear for a small portion 

of the loading. After which the specimens’ load versus deflection curves become linear 

till the load reaches approximately 90% of the ultimate load capacity.  
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Plate 4.24 S10-66-1 

 
Plate 4.25 S10-66-2 

 
Plate 4.26 S10-66-3 

 
Plate 4.27 S10-66-4 

 

Crack patterns for Stage 10 specimens show a similar failure mechanism with Stage 9. 

However, compared to Stage 9, the flexural cracks penetrated less than those of the 

beams within Stage 9. This short propagation of cracking within the flexural zone 

indicates that the majority of the load is transferred through the diagonal compressive 
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path. The shortened shear span compared to Stage 9 creates a behaviour of failure which 

is brittle and sudden. The load flowing along the diagonal compressive zone is clearly 

presented within S10-66-3 in Plate 4.26. 

 

 

4.5 GENERAL CRACK PATTERNS 
 

Figure 4.20 and Figure 4.21 show the typical crack patterns at failure of a solid deep 

beam and a beam that included web openings. It is noted that in some of the beams, 

flexural cracks formed in the flexural region. However, according to the Australian 

Standards (AS3600-09) a crack must have a width larger than three millimetres to be 

categorised as a failure mode, of which these cracks were not.  

 

 
 

Figure 4.20 Crack pattern at failure of solid deep beam (S09-66-1) 

 
 

Figure 4.21 Crack pattern at failure of deep beam with web opening 150 mm × 150 mm 
(S09-66-2) 
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In most of the specimens, general trend of crack propagation can be observed referring 

to Figure 4.22. The general crack development can be described as following.  

 

1. The flexural crack was shown at the initial stage (Figure 4.22, 1). These crack 

developments cease to propagate when shear crack start to appear on the edge of 

openings. Most of specimens develop flexural crack till load reach 30% of the 

ultimate strength. 

 

2. Shear cracks start to form after flexural cracks (Figure 4.22, 2), near the opening 

corners closest to the loading and support positions (B and C in Figure 4.22). 

Note that Kong and Sharp (1973) had described crack propagation forming from 

the support to the corner D (Figure 4.22). 

 

3. Till load reached to 70-90% of the ultimate load, diagonal crack is developed 

from the closer corner of the openings toward to the support and the closer 

corner to the opening to the load point. These propagation is formed in rapid 

manner with increment of loading. 

 

4.  At the last stage, crack development become much faster. In some cases, 

vertical crack from opening to the top surface or soffit of the specimens was 

observed when specimen failed. (Figure 4.22, either 3a or 3b). There were some 

minor cracks developed around the corner of the opening (Figure 4.22 A and D). 

However, it is believed that such minor crack had no effect on the behaviour of 

specimens. 
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Figure 4.22 General observations of crack patterns 

 

The beams with the lowest ultimate strength presented flexural cracks at a higher load 

value than that with a higher ultimate strength. This suggests that the rigidity of the 

weaker beams is higher than that of the stronger beams whilst the beam is below a load 

of 200 kN. The rigidity of the beams gradually decreased with the increase in shear 

span-to-depth ratio. 

 

 

4.6 COMPARATIVE STUDY  

4.6.1 Concrete strength and Shear span-to-depth ratio 

 

The strength of the concrete used in a deep beam affects the ultimate strength of the 

beam. Yang et al. (2006) observed that the presence of web openings in deep beams 

significantly decreased the ultimate shear strength compared with a solid beam. It can 

be seen that the strength of a compressive strut increases at a low rate with the increase 

in concrete strength. As can be seen from the experimental data in Stage 8 and Stage 9, 

the load-carrying capacity decreased at a greater rate as the size of the web opening 

increased.  

 

The ultimate load capacities of the beams loaded at a single point were smaller 

compared to the corresponding beams loaded under two-point arrangement. This 

therefore lead to the conclusion that decreasing the shear span to depth ratio will result 
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in an increase in the ultimate strength of the beam. This is seen to have a larger effect 

when the compressive strength of the concrete is higher. A shear span ratio of 1.5 was 

applied in this experiment study as the higher the shear span the more critical it 

becomes to the ultimate shear strength of the beam.  
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Figure 4.23 Effect of concrete strength on load-carrying capacity of deep beams with 

increasing web opening size 
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Figure 4.24 Effect of shear span ratio on load-carrying capacity of deep beams with 

increasing web opening size 

 

Further, Figure 4.24 indicates that for normal strength concrete deep beams, an increase 

in the opening size from 150 mm to 210 mm led to a strength reduction of 18% for the 

beam. The size of the web opening was an important factor in high strength concrete 

deep beams and it is observed that an increase in the opening size from 150 mm to 210 

mm led to a strength reduction of 37% and 70% for single and two-point loaded beams, 

respectively. The larger strength reduction can be attributed to the size of the openings 

and the concrete strength. For beams loaded at two points, shown in Figure 4.24, the 

larger opening size disturbed more of the shear path and as such, there was a greater 

reduction in shear strength of the deep beams. 

 

The curves for the solid deep beams displayed non-flexural behaviour and the single 

point load case of high strength concrete beams with openings exhibited also a ductile 

failure type. 
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4.6.2 Comparison of experiment results with previous researcher’s prediction 

 

The calculated ultimate strength using design equations (2.8) and (2.16) proposed by 

previous researchers were compared with the experimental test results of the 43 deep 

beams with and without web openings from all three groups. Table 4.11 shows the 

results gained from the experiment (VExp) and the predicted values for each of the beams 

using both Equation (2.8) from Kong and Sharp (1977) as well as the analysis method 

Equation (2.16) from Tan et al. (2003). The mean ratio (Predicted/Experimental) and its 

standard deviation were also calculated and presented in Table 4.11. 

 

The application of Equation (2.8) indicates that the calculated versus experimental ratios 

vary from 0 to 1.07, with a mean ratio of 0.57 and a standard deviation of 0.23, showing 

that the equation generally underestimates the ultimate strength. This could be because 

one of the terms in the design equation is concerned with the position and size of the 

web opening. As the opening size increases and approaches the base of the beam, this 

term will produce a negative value. The value obtained from this term is then multiplied 

by the empirical coefficient for normal strength or lightweight concrete which in turn 

would result in a negative value for the concrete strength. Hence the failure load 

predictions obtained from this method produce greater discrepancies. On the other hand, 

Equation (2.16) shows that when specimens have low k2 value, calculated versus 

experimental ratios consistently greater than 1, suggesting that the equation 

overestimates the failure load, which could be because the equation does not consider 

the effect of the vertical location changes sufficiently. Even though Tan et al. (2003) 

investigated and proposed design equations for normal strength concrete deep beams, 

modifications are still required to produce a satisfactory design formula for high 

strength concrete deep beams, particularly when openings are located close to the soffit 

of the specimens. 

 

It can be seen from Table 4.11 that the predictions yielded from Equation (2.8) are more 

conservative than Equation (2.16) when analysing high strength concrete deep beams 
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with web openings. The approach used in Equation (2.16) is the more modern strut-and-

tie method that accounts for the flow of forces around the openings. This method 

utilises ratios of the forces in the upper and lower load paths, and as such is iterative and 

can be quite lengthy if web reinforcement is present. Tan et al. (2003) tested the 

equation on deep beams with web openings located on or near the critical path, and it 

can be seen from the results that the equation is conservative in describing the strength 

of beams with web openings located away from the critical path. 

 

The failure load obtained from Equation (2.8) is about one third of the experimental 

values. The failure obtained by Equation (2.16) show a better prediction, but the values 

still underestimate the deep beams with openings located on the outside of the strut and 

lower than the middle depth of the deep beam specimens. It is clear from Table 4.11 that 

Equation (2.8) mostly underestimates the ultimate strength of high strength reinforced 

deep beams with web openings. Equation (2.16) more accurately estimates the ultimate 

load capacities for the tested specimens than Equation (2.8). However, the standard 

deviation presented in Table 4.11 illustrates that the method used to predict ultimate 

shear strength of deep beams with web openings requires improvement for practical 

uses.  

 



 

STRENGTH AND BEHAVIOUR OF HIGH STRENGTH CONCRETE DEEP BEAMS WITH WEB OPENING 

120 

Table 4.11 Comparisons of Experimental results and predictions by previous 

researcher’s equations. 

G
ro

up
 

St
ag

e 

Beam reference Experiment 
VExp (kN) 

VEq(2.8) 

(kN) 

VEq(2.16) 

(kN) 

VEq(2.8) 

VExp 

VEq(2.16) 

VExp 

G
ro

up
 1

 

St
ag

e 
1 

S01-72-1 352.8 110.9 155.0 0.31 0.44 

S01-72-2 415.8 70.5 138.4 0.17 0.33 

S01-72-3 422.4 160.0 180.8 0.38 0.43 

S01-72-4 422.2 223.2 227.4 0.53 0.54 

St
ag

e 
2 

S02-70-1 347.7 187.5 198.9 0.54 0.57 

S02-70-2 401.8 240.5 232.8 0.60 0.58 

S02-70-3 267.9 77.8 127.5 0.29 0.48 

S02-70-4 240.5 23.6 89.7 0.10 0.37 

St
ag

e 
3 

S03-63-1 303.1 146.7 168.5 0.48 0.56 

S03-63-2 254.1 164.3 180.4 0.65 0.71 

S03-63-3 189.7 111.0 137.1 0.59 0.72 

S03-63-4 177.6 92.7 113.6 0.52 0.64 

St
ag

e 
4 

S04-82-1 454.2 240.6 246.7 0.53 0.54 

S04-82-2 457.8 344.3 342.4 0.75 0.75 

S04-82-3 232.3 49.3 128.0 0.21 0.55 

S04-82-4 185.1 N/A* 84.4 N/A* 0.46 

G
ro

up
 2

 

St
ag

e 
5 

S05-72-1 309.1 134.3 167.0 0.43 0.54 

S05-80-2 193.2 121.1 165.9 0.63 0.86 

S05-80-3 112.8 103.7 155.0 0.92 1.37 

St
ag

e 
6 

S06-79-1 166.8 114.3 164.3 0.69 0.99 

S06-79-2 122.6 72.5 147.6 0.59 1.20 

S06-79-3 174.4 129.3 155.3 0.74 0.89 

S06-79-4 122.8 129.3 155.3 1.05 1.27 

S06-64-5 146.1 114.3 164.3 0.78 1.12 

S06-64-6 138.2 114.3 164.3 0.83 1.19 
* The negative strength values which indicate zero-bearing capacity 
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Table 4.11 (cont’d) 
G

ro
up

 

St
ag

e 

Beam reference Experiment 
VExp (kN) 

VEq(2.8) 

(kN) 

VEq(2.16) 

(kN) 

 

VEq(2.8) 

VExp 

 

VEq(2.16) 

VExp 

 

St
ag

e 
7 

S07-91-1 306.6 144.5 190.1 0.47 0.62 

S07-91-2 157.9 144.5 190.1 0.91 1.20 

S07-91-3 135.2 75.9 120.5 0.56 0.89 

S07-91-4 111.8 23.4 84.3 0.21 0.75 

S07-64-5 109.8 83.8 149.4 0.76 1.36 

S07-64-6 81.4 53.6 128.5 0.66 1.58 

G
ro

up
 3

 

St
ag

e 
8 

S08-34-1 88.1 69.2 82.9 0.79 0.94 

S08-34-2 87.0 56.5 75.9 0.65 0.87 

S08-34-3 79.5 44.1 68.9 0.56 0.87 

S08-34-4 72.4 25.3 58.1 0.35 0.80 

St
ag

e 
9 

S09-66-1 489.5 248.1 227.2 0.51 0.46 

S09-66-2 125.6 82.0 128.6 0.65 1.02 

S09-66-3 93.2 66.2 118.9 0.71 1.28 

S09-66-4 78.9 50.7 109.2 0.64 1.38 

St
ag

e 
10

 

S10-66-1 657.6 701.6 569.4 1.07 0.87 

S10-66-2 583.1 164.0 256.7 0.28 0.44 

S10-66-3 334.5 132.4 237.3 0.40 0.71 

S10-66-4 174.4 101.3 218.0 0.58 1.25 

  Average 0.57 0.82 

  Standard deviation 0.23 0.33 
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4.7 SUMMARY  
 

Both Equation (2.8) and Equation (2.16) produce the same trends for both vertical and 

horizontal locations of the opening. That is, both design procedures predict that the 

beam will be at its weakest when the opening location is directly in the centre of the 

flexural region or at the very bottom of the beam; even though it is known that the beam 

is in fact at its weakest when an opening directly intersects the load path. Thus meaning 

that any opening that is between the centre or the bottom of the beam and the critical 

load path will result in an underestimation of the ultimate strength and that any opening 

outside of this area will result in an overestimated predicted result. It is also worth 

noting that the experimental results show that the beams are actually at their weakest, 

beside the critical load path, when the opening is located at the very top and increase in 

strength as the opening moves downwards. 

 

As noted within the literature review, both Equation (2.8) and Equation (2.16) do not 

consider the width of the opening when there is no web reinforcement. If the opening 

location and height were to stay constant and the width was to increase, the predicted 

ultimate load will stay the same even though the actual strength of the beams would 

decrease. The characteristics of these equations will result in an overestimated predicted 

strength of the beam. 

 

This chapter has presented an overview of the effects on the load-carrying capacity of 

deep beams with web openings when changes in parameters take place. An 

understanding of the effects of high strength concrete on these beams was the main 

outcome of this chapter. Information regarding the ultimate load versus deflection, 

crack patterns, failure modes was collected during the experimental analysis of the 

beams. It has been found that the load-carrying capacity of high strength concrete deep 

beams decreased at a greater rate than normal strength beams when the web opening 

size increased. Also, by increasing the shear span the load-carrying capacity is also seen 

to decrease at a larger rate than in normal strength beams. 
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This information was then compared to that predicted by previous researchers and it 

was found that the accuracy of both proposed design procedures decreased as the 

distance from the critical load path increased. The predictions of the ultimate shear 

strength of reinforced high strength concrete deep beams with web openings were found 

to be conservative when using Equation (2.8). Equation (2.16) also produced a 

conservative prediction when the web opening was located away from the critical path.  
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Chapter 5   

NUMERICAL STUDY 
 

 

 

 

 

 

 

5.1 GENERAL REMARKS  
 

This chapter is to present theoretical background of numerical study programme, and to 

validate the numerical program by comparing numerical predictions with experimental 

results. Upon validation, a series of parametric studies using the same programme will 

be conducted. 

 

In this study, numerical analysis on normal and high strength concrete deep beams with 

and without openings was conducted using the Layered Finite Element Method (LFEM). 

The LFEM was originally developed by Guan and Loo (1997a, 1997b) for the analysis 

of punching shear behaviour of flat plate structures. The LFEM has been extended to 

analyse different vertical members, such as normal strength concrete wall panels 

without openings (Doh et al. 2001), with openings (Hallinan & Guan 2007), and high 

strength concrete wall panels with and without openings (Lee 2008, Guan et al. 2010). 

In this chapter, the LFEM is applied to analyse deep beams with and without openings. 

Firstly, comparative studies with experimental results are presented. The experimental 
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results as presented in Chapter 4 are used herein to be compared with the LFEM 

predictions. This helps to verify the applicability and accuracy of the LFEM in 

predicting the ultimate strength and behaviour of deep beams with and without web 

openings. Upon verification, the LFEM is employed to conduct a series of parametric 

studies to examine the effect of opening location and size, concrete strength and overall 

beam size on the ultimate behaviour of deep beams. In a next section, the theoretical 

background of the Layered Finite Element Method (LFEM) is introduced. 

 

 

5.2 LAYERED FINITE ELEMENT METHOD (LFEM) 
 
The non-linear Layered Finite Element Method (LFEM) is applied to investigate the 

structural behaviour of normal and high strength reinforced concrete deep beams with 

and without web openings. As detailed in Chapter 3, a total of 43 deep beams with 

varying opening location and size, concrete compressive strength, and shear span to 

depth ratio (a/d) were tested to failure.  

 

The LFEM has been developed to solve three-dimensional problems of planar 

continuum reinforced concrete structures (Loo & Guan 1997, Guan & Loo 1997a, 

1997b). The original development was to analyse flexural and punching shear behaviour 

of flat plates systems in particular column-slab connections with and without openings 

and shear stud reinforcement.  

 

The initial development of LFEM for flat plate structures which are horizontal members, 

the method has subsequently been extended with success to cover the analysis of 

vertically oriented and axially loaded reinforced concrete walls in one-way and two-way 

actions (Doh 2001), normal strength wall panels with openings (Hallinan & Guan 2007), 

and high strength wall panels with openings (Lee 2008). 

 

In this research, the extended LFEM is used to investigate the ultimate strength of 

normal and high concrete deep beams with web openings. A summary of LFEM is 



 

STRENGTH AND BEHAVIOUR OF HIGH STRENGTH CONCRETE DEEP BEAMS WITH WEB OPENING 

126 

presented to aid presentation and discussions of the finite element modelling strategy 

used for the comparative and parametric studies. 

 

 

5.2.1 Degenerate shell model  

 
The merits of LFEM lie in its effectiveness and accuracy of analysing the elasto-plastic 

failure behaviour of geometric nonlinear structure such as deep beams. In the layered 

finite element analysis, shell elements are used to simulate the whole concrete deep 

beams in this study. Each node of the shell element is derived by using the degeneration 

method which simplifies fully generated shell methods (Guan 1996). Figure 5.1 shows a 

degenerate shell element with independent displacement and rotational degrees of 

freedom, in which the three-dimensional stress and strain conditions are degenerated to 

cover shell behaviour.  
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Figure 5.1 Degenerate shell element (Guan 1996) 

 

 

 



 

STRENGTH AND BEHAVIOUR OF HIGH STRENGTH CONCRETE DEEP BEAMS WITH WEB OPENING 

127 

Two basic assumptions are made for the degeneration process of a shell element: 

• Lines normal to mid-surface before deformation remain straight but not 

necessarily normal after deformation; 

• Normal stress in the transverse direction is equal to zero ( 0=zσ ). 

 

Based on these assumptions, each shell element has eight nodes located at the mid-

surface of the element. Each node has five degree of freedom. They are the in-plane 

displacements, u and v, transverse displacement w and two independent bending 

rotations about the x and y axes, θy and θx, respectively (Guan & Loo 1997a). Four 

coordinate systems are used in the formation of the degenerate shell elements. As 

illustrated in Figure 5.1, they are the global, nodal, curvilinear and local coordinate 

systems. 

 

 

5.2.2 Layered approach  

 
The degenerated shell element is divided into eight concrete layers and two steel layers 

which are fully bonded together. The concrete layers may have different thicknesses. 

However, each layer has constant thickness and material properties throughout the 

model. Figure 5.2 shows a typical layered element with the concrete and smeared steel 

layers. In this study, the outer concrete layers are made thinner compared to the inner 

layers. As shown in Figure 5.2, thickness of layer 1 and layer 8 is the thinnest among 

the eight layers. This discretization is to better capture crack development on the surface 

of the model.   

 

The longitudinal reinforcement, i.e. 2N500 steel bars, are modelled as smeared steel 

layers with equivalent thickness. 
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Figure 5.2 Concrete and steel layers of a typical layered element  

 

For each layer, there are nine Gauss points located at the mid-surface as shown in 

Figure 5.1, where the stress of each layer is computed and is assumed to be constant 

over the layer thickness. This assumption results in a stepwise approximation of the 

stress distribution along the element cross selection as illustrated in Figure 5.3. 
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Figure 5.3 Concrete and steel stress distribution  

 

 

The LFEM includes three-dimensional stress components in its finite element 

formulation, allowing the flexural and shear cracking behaviour up to failure to be 

accurately analysed and considering both geometric and material non-linearities as well. 

The aim of the layered model is to simulate plasticity over the cross section of an 

element. Geometric non-linearity comes from the opening on the web of deep beams 

disturbing the stress flow across the beam section. Material non-linearity implies that 

the material state at any Gauss point can be elastic, plastic, or fractured depending on 

the loading history. These non-linearities are significant in accurately simulating the 

behaviour of the high strength concrete deep beams with opening in this study. 
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5.2.3 Constitutive relationship for uncracked concrete  

 
The behaviour of uncracked concrete is assumed to be linear elastic and isotropic until 

the fracture surface is reached.  

 

The constitutive matrix in the global coordinate system can be described in terms of the 

bulk and shear moduli, K and G as:  
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 (5.1) 

 

in which the bulk modulus
 )21(3 v

EK
−

= , and the shear modulus
 )1(2 v

EG
+

= , E is 

the modulus of elasticity and v is the Poisson’s ratio. 

 

The matrix form of the material stiffness tensor [ ]cD  in isotropic can be expressed as 

 

[ ] }{ }{ εσ dDd c=   (5.2) 

 
where }{σd  and }{εd  are the incremental stress and strain tensors, respectively. 

 

 

5.2.4 Constitutive relationship for cracked concrete in tension  

 
Most concrete structures fail under two conditions which are tensile cracking and 

compressive crushing. With tensile cracking, concrete behaviour changes to anisotropy 
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where the principal stress directions align with the material axes. After tensile cracking, 

the tension stiffening effect (Guan 1996) in the direction normal to the cracked plane is 

considered. This is illustrated in Figure 5.4. The material matrix of cracked concrete in 

one direction is expressed as:  
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 (5.3) 

 

and that of orthogonal cracks in two directions  
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where Ei is the fictitious elasticity modulus, E2 and E3 are the moduli of elasticity in 

directions 2 and 3, respectively. cG12  , cG23 , cG13  and 
'

12
cG , 

'

23
cG , 

'

13
cG  are the cracked 

shear moduli (Guan 1996) in direction 1 and directions 1 and 2, respectively.  

 

The stress-strain relationship of the cracked concrete can be expressed as: 

[ ] }{ }{ εσ dDd cr=   (5.5) 

 

The stress-strain relationship must then be transformed from the principal axes 1, 2 and 

3 to the local coordinate system. This gives: 
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[ ] [ ] [ ][ ]''  '
εε

TDTD cr
T

c =   (5.6) 

 

where [ ]'
cD  is the constitutive matrix in the local coordinate system; and [ ]'ε

T  (of 6×6) is 

the transformation matrix of strain components between the material and local 

coordinate system. 

 

The smeared crack approach is used to model cracked concrete. Instead of considering 

the cracks as being discrete, cracks are assumed to be distributed across a region of the 

element as appropriate for the analysis of the overall structure rather than detailed local 

behaviour (Chen & Saleeb 1993). 

 

In Equation (5.3) and Equation (5.4), the fictitious elasticity modulus Ei is given as  
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 ( )mit εεε ≤≤   (5.7) 

 

where αi  and εm are the tension stiffening parameters, and εi is the maximum value 

reached by the tensile strain at the point currently under consideration. Constant value 

of αi, equal to 0.5, and εm, equal to 0.002, is chosen in this study based on the 

experimental comparison conducted by Guan (1996). These tension stiffening 

parameters are illustrated in Figure 5.4 as a descending branch of the stress-strain curve.  

 



 

STRENGTH AND BEHAVIOUR OF HIGH STRENGTH CONCRETE DEEP BEAMS WITH WEB OPENING 

133 

σ

εm εεiεt0

αi

αify

fy

Ei
E

 
Figure 5.4 Tension stiffening in concrete after cracking (Guan 1996) 

 

 

5.2.5 Constitutive relationship for crushed concrete in compression 

 
The yield condition for concrete under a triaxial stress state is generally assumed to be 

dependent on the three stress invariants. A yield function of the mean normal stress 

invariant I1 and the shear stress invariant J2 are adapted herein. A triaxial yield criterion 

for material parameters are involved in the definition as expressed as:  

 

( ) [ ] eJIJIf σβα =+= 2/1
2121 )3(,    (5.8) 

 

where α and β are the material parameters and σe represents the equivalent effective 

stress taken as the compressive strength from a uniaxial test.  

 

For the biaxial stress state, a yield criterion proposed by Kupfer et al. (1969) is adapted. 

According to Kupfer & Gerstle (1973), the criterion is valid for the compression-

compression zone and can be expressed in terms of principal stresses as : 
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When equal stress conditions are assumed (σ1=σ2), Equation (5.9) becomes 

 
'

1 1625.1 cf⋅−=σ    (5.10) 

 

In this plastic model, σe is taken to be the ultimate compressive strength '
cf  under actual 

loading of concrete. An elastic response is assumed up to '
ce f=σ , after which a 

perfect plastic response follows until the crushing surface is reached. From Equation 

(5.10), the material parameters are calculated as α1 =0.355σe and β1=1.355. By assuming 

α1 =0 and β1=1, Equation (5.8) can be rewritten in terms of the stress components to 

match with the von Mises yield function. 

 

Figure 5.5 illustrates the one-dimensional representation of both the perfect plasticity 

and strain-hardening models for concrete whereas Figure 5.6 depicts the two-

dimensional representation in the principal stress (σ1, σ2) plane.  
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Figure 5.5 One dimensional representation of concrete constitutive model (Guan, 1996) 
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The crushing type of concrete fracture is a strain controlled phenomenon. The material 

matrix for crushed concrete can be presented as 
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  (5.11) 

 

 

5.2.6 Strain hardening plasticity model 

 
When concrete is under compression, a strain hardening plasticity model has been found 

to satisfy all the basic principles of continuum mechanics (Guan 1996). The hardening 

model is based on the existence of an initial yield surface and the evolution of the 

subsequent loading surfaces. In this model, the initial yield surface is reached when σe 

reaches 30% of '
cf  (see Figure 5.5). The subsequent loading surfaces )()( 'Hf eσσ =  

as shown in Figure 5.6 are functions of the hardening parameter H’ defined by the 

hardening rule expressed in terms of the effective plastic strains. 
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Figure 5.6 Biaxial stress plane representation of failure surface (Guan, 1996)  

 

For the strain-hardening model, once the initial yield surface has been reached, 

subsequent loading would produce plastic strain. This plastic strain characterises the 

corresponding level of effective stress or loading surface as shown in Figure 5.6. 

Unloading follows the initial modulus of elasticity E0 and an elastic response remains 

for subsequent loading until the corresponding loading surface is reached. Further 

loading causes an elasto-plastic response with an increasing plastic deformation and a 

corresponding expansion of the loading surface according to the hardening rule.  

 

The initial yield surface is the limiting surface that is related to the elastic behaviour. 

Until material is loaded less than the initial yield range, deformation follows the elastic 

behaviour. However, when the material is stressed more than the initial yield surface, a 

new yield surface is developed along with the increased plastic deformation. According 

to the plasticity theory, yield criterion, the crushing condition, and the plastic flow rules, 

concrete hardening should be described as a non-linear stress-strain relationship. The 
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elastic-plastic constitutive matrix, [ ]epD , which relates incremental stress and 

incremental strain in the local coordinate system, is written as 

 

[ ] [ ] ( )( )
( )

[ ]aDd
adH

ddDD DT
D

T
DD

ep =
+

−=      and           
'

  (5.12) 

 

where a is the flow vector; H’ is the hardening parameter associated with the expansion 

of the yield surface and can be computed by differentiating the effective stress with 

respect to the effective plastic strain. 

 

 

5.2.7 Constitutive relationship for steel in tension and compression 

 
As described in Section 5.2.2, the longitudinal steel reinforcing bars are represented by 

smeared layers of equivalent thickness. Each steel layer exhibits uniaxial behaviour in 

the bar direction. The equivalent thickness of each layer te can be expressed as  

 
dt se ×= ρ    (5.13) 

 
where ρs is the reinforcement ratio and d is the depth of the deep beam. Alternatively, 

the te can be calculated by  

 








 −
≈







 −
=

s

csss

s

cs

s

s
e E

EE
b
An

E
EE

d
At   (5.14) 

 
where As is the cross-sectional area of a single bar; ns is the total number of bars 

distributed in the same level; ds is the centre to centre spacing between the bars; b is the 

element depth, Es is the Young’s modulus of steel and Ec is the modulus of elasticity of 

concrete. The actual thickness, tζ in the normalised ζ coordinate, as shown in Figure 5.3, 

is expressed as:  
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b
tt e×

=
2

ς    (5.15) 

 
where b is the thickness of the deep beam, as detailed in Figure 5.2 

 

The stress-strain curves for steel reinforcement are identical in tension and compression. 

The elasto-plastic behaviour of steel reinforcement can be expressed as a trilinear 

idealisation as presented in Figure 5.7. In this analysis, moduli of steel Es, Es1, and Es2 

are taken as 210000 MPa, 23000 MPa, and 250 MPa, respectively. 

 

1

1

1

0 εy0.002

0.8fy

σ
Es2

Es1

εu
ε

Es

fy

 
Figure 5.7 Trilinear idealisation of steel reinforcement (Guan, 1996) 

 

The behaviour of steel reinforcement in tension and compression is considered to follow 

elasto-plastic fracture model. The matrix form of the material stiffness tensor which 

follows the elasto-plastic fracture model in tension and compression, [ ]sD  , can be 

written in as:  

 

[ ] }{}{ εσ dDd s=   (5.16) 

 

where d{σ} and d{ε} are the incremental stress and strain tensors, respectively.   
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The constitutive matrix, [ ]sD  in the global material coordinate system is 
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where ρs (σ = x’, y’, z’) is the reinforcement ratio (in x’, y’, z’ directions), and Es is the 

Young’s modulus of steel. Following the same transformation procedure given in 

Equation (5.6), [ ]sD  can then be transformed into matrix [ ]'
sD in the local coordinate 

system. Or,   

 

[ ] [ ] [ ][ ]''
'

εε TDTD s
T

s =   (5.18) 
 

 

5.2.8 The element material constitutive matrix 

 

After having explained the constitutive relationships for the concrete and the steel 

individually, the total material constitutive matrix which contains concrete and steel 

contributions within the local coordinate system can be derived by using the principle of 

superposition and can be expressed as: 

 

[ ] [ ] [ ]'''
sc DDD +=   (5.19) 

 

where [ ]'D  is of size 6×6. However, the conventional plane stress assumption states that 

σz = 0, in the constitutive equations. Therefore, matrix [ ]'D  is reduced to the size of 5×5 

and contains diagonal terms in the form of  
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( )[ ] ( )[ ] szc EDD ρ+= 3,33,3 ''   (5.20) 

 

 

5.2.9 Solution procedure 

 
In the LFEM, the non-linear solution is achieved by an incremental and iterative 

procedure which is based on the Newton-Raphson method with the consideration of 

geometric and material non-linearities in the analysis. The LFEM also provides a 

graphical representation of the deformation and crack patterns of the structure. The 

analysis procedure is presented in Figure 5.8.  

 

The validity of the proposed procedure is examined and the numerical predictions are 

compared with the experimental results of normal and high strength concrete deep 

beams with and without web openings. The comparison study is presented in Section 

5.3. Upon comparison of the load versus deflection results and crack patterns, the 

effectiveness and accuracy of the LFEM are verified. The method is subsequently used 

to conduct a series of parametric studies which are detailed in Section 5.4. 
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Figure 5.8 Flow chart of analysis procedure (Guan 1996) 
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5.3 COMPARATIVE STUDY 
 

As detailed in Chapter 3, a total of 43 normal strength and high strength concrete deep 

beams with and without openings have been tested in the laboratory at the Griffith 

School of Engineering as an experimental investigation. In this section, all the test 

specimens are modelled and analysed by the LFEM. The numerical analysis results are 

then compared to the experimental data as well as predictions using the existing 

empirical equations. Additionally, the comparative studies are also divided into 10 

stages corresponding to the test stages. 

 

 

5.3.1 LFEM Models 

 

As explained in Chapter 3, geometric properties relating to the opening sizes and 

locations of the web openings are varied for each specimen. However, the thickness of 

the beams (b = 110 mm), depth (D = 600 mm), and steel ratio (ρ = 0.0094) are 

consistent throughout the study. 

 

The thickness of the four concrete layers (4, 3, 2 and 1, see Figure 5.2) is 22 mm, 16.5 

mm, 11 mm and 5.5 mm, which can also be expressed in the thickness ratio in the ζ (z) 

coordinate system as 0.4, 0.3, 0.2 and 0.1 from the centre to the surface. The thickness 

of the rest four layers (5, 6, 7 and 8, see Figure 5.2) are made in same technique. The 

surface layers (1 and 8) are the thinnest layers so that crack propagations and crushing 

of the concrete can be clearly and accurately simulated. The loading and supporting 

areas are maintained as a constant 100 mm long, by 110 mm wide for each specimen. 

By Symmetry, only half of each beam specimen is considered and modelled in the 

numerical analysis.  
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5.3.1.1 Geometric properties  

 
The geometric properties of the 43 tested beams are presented in Table 5.1 to 5.3. The 

location and /or size of opening in each beam specimen are specified by k1x, k2D, a1x, 

and a2D as illustrated in Figure 5.9. All those notations are the same as those used in 

Equation (2.8) for the location and size ratio of the openings. These notations are used 

throughout the numerical study. 
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Figure 5.9 Notations for Tables 5.1 to 5.3 
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Table 5.1 Locations of openings in Group 1  

Stage Specimens Opening location (mm) Opening size (mm) 
k1x k2D a1x a2D 

1 

S01-72-1 475 270 60 60 
S01-72-2 595 270 60 60 
S01-72-3 355 270 60 60 
S01-72-4 235 270 60 60 

2 

S02-70-1 415 330 60 60 
S02-70-2 415 390 60 60 
S02-70-3 415 210 60 60 
S02-70-4 415 150 60 60 

3 

S03-63-1 505 330 60 60 
S03-63-2 595 390 60 60 
S03-63-3 325 210 60 60 
S03-63-4 235 150 60 60 

4 

S04-82-1 325 330 60 60 
S04-82-2 235 390 60 60 
S04-82-3 505 210 60 60 
S04-82-4 595 150 60 60 

 

 

 
Table 5.2 Locations and sizes of openings in Group 2 

Stage Specimens 
Opening location 

(mm) 
Opening size  

(mm) 
k1x k2D a1x a2D 

5 
S05-72-1 415 270 60 60 
S05-80-2 422.5 255 90 90 
S05-80-3 430 240 120 120 

6 

S06-79-1 475 270 120 60 
S06-79-2 595 270 240 60 
S06-79-3 415 270 120 60 
S06-79-4 415 270 240 60 
S06-64-5 475 270 180 60 
S06-64-6 475 270 240 60 

7 

S07-91-1 415 270 60 120 
S07-91-2 415 270 60 180 
S07-91-3 415 210 60 120 
S07-91-4 415 150 60 180 
S07-64-5 415 210 60 180 
S07-64-6 415 180 60 240 
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Table 5.3 Locations and sizes of openings in Group 3  

Stage Specimens 
Opening location 

(mm) 
Opening size 

(mm) Shear span 
length (mm) k1x k2D a1x a2D 

8 

S08-34-1 437.5 225 150 150 900 
S08-34-2 445 210 180 180 900 
S08-34-3 452.5 195 210 210 900 
S08-34-4 460 170 240 240 900 

9 

S09-66-1* N/A 900 
S09-66-2 437.5 225 150 150 900 
S09-66-3 445 210 180 180 900 
S09-66-4 452.5 195 210 210 900 

10 

S10-66-1* N/A 600 
S10-66-2 437.5 225 150 150 600 
S10-66-3 445 210 180 180 600 
S10-66-4 452.5 195 210 210 600 

*  without openings 

 

 

5.3.1.2 Material properties  

 

The measured compressive strength of concrete ( cmf ) were recorded at the time of 
preparing and testing the deep beam specimens and one converted to the compressive 

strength of concrete ( '
cf ) as summarised in Table 5.4.  

 

Two longitudinal main reinforcement bars of diameter 20 mm, were placed in the 

concrete with a cover of 25 mm. The reinforcement bars are modelled using two 

equivalent smeared steel layers at the corresponding locations. The actual thickness (te) 

and the thicknesses in the normalised ζ coordinate (tζ) of the steel layers are obtained 

using of Equations (5.13) and (5.15). The calculated values of tζ are also summarised in 

Table 5.4. 

 

An empirical formula Equation (5.21) is used to determine Ec, and Equation (5.22) 

given in the concrete design codes of the Australian Standards (As3500-01) is used to 

determine ft.  
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'4700 cc fE =   (5.21) 

 
'4.0 ct ff =   (5.22) 

 

The Poisson’s ratio (v) is the ratio of transverse strain to axial strain that results from an 

axial load. For normal weight concrete, the value of v ranges from 0.11 to 0.27. In this 

study, the Poisson’s ratio is assumed to be 0.2 (AS3600-02). The shear modulus is 

calculated by  

 

)1(2 v
EG
+

=  (5.23) 

 

The values of Ec and G are also given in Table 5.4. 

The yield strength of the reinforcement is taken as 500 MPa. Young’s moduli for 

reinforcing steel are based on trilinear stress-strain relationship with average values of 

Es1, Es2, and Es3 as 2.1×105 MPa, 2.3×104 MPa, and 2.5×103 MPa, respectively.  

 

Table 5.4 Material properties of concrete and steel for all specimens 

Specimens '
cf  (MPa) Ec (MPa) G (MPa) ζ tζ 

S01-72-1 72 39738 16557 ±0.36 0.231 

S01-72-2 72 39738 16557 ±0.36 0.231 

S01-72-3 72 39738 16557 ±0.36 0.231 

S01-72-4 72 39738 16557 ±0.36 0.231 

S02-70-1 70 39234 16347 ±0.36 0.232 

S02-70-2 70 39234 16347 ±0.36 0.232 

S02-70-3 70 39234 16347 ±0.36 0.232 

S02-70-4 70 39234 16347 ±0.36 0.232 

S03-63-1 63 37275 15531 ±0.36 0.235 

S03-63-2 63 37275 15531 ±0.36 0.235 

S03-63-3 63 37275 15531 ±0.36 0.235 
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Table 5.4 (cont’d) 

Specimens '
cf  (MPa) Ec (MPa) G (MPa) ζ tζ 

S03-63-4 63 37275 15531 ±0.36 0.235 

S04-82-1 82 42481 17700 ±0.36 0.228 

S04-82-2 82 42481 17700 ±0.36 0.228 

S04-82-3 82 42481 17700 ±0.36 0.228 

S04-82-4 82 42481 17700 ±0.36 0.228 

S05-72-1 72 39881 17072 ±0.36 0.230 

S05-80-2 80 42009 17504 ±0.36 0.228 

S05-80-3 80 42009 17504 ±0.36 0.228 

S06-79-1 79 41768 17403 ±0.36 0.229 

S06-79-2 79 41768 17403 ±0.36 0.229 

S06-79-3 79 41768 17403 ±0.36 0.229 

S06-79-4 79 41768 17403 ±0.36 0.229 

S06-64-5 64 37476 15615 ±0.36 0.235 

S06-64-6 64 37476 15615 ±0.36 0.235 

S07-91-1 91 44869 18695 ±0.36 0.224 

S07-91-2 91 44869 18695 ±0.36 0.224 

S07-91-3 91 44869 18695 ±0.36 0.224 

S07-91-4 91 44869 18695 ±0.36 0.224 

S07-64-5 64 37476 15615 ±0.36 0.235 

S07-64-6 64 37476 15615 ±0.36 0.235 

S08-34-1 34 27234 11347 ±0.36 0.248 

S08-34-2 34 27234 11347 ±0.36 0.248 

S08-34-3 34 27234 11347 ±0.36 0.248 

S08-34-4 34 27234 11347 ±0.36 0.248 

S09-66-1 66 38164 15902 ±0.36 0.234 

S09-66-2 66 38164 15902 ±0.36 0.234 

S09-66-3 66 38164 15902 ±0.36 0.234 

S09-66-4 66 38164 15902 ±0.36 0.234 
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Table 5.4 (cont’d) 

Specimens '
cf  (MPa) Ec (MPa) G (MPa) ζ tζ 

S10-66-1 66 38105 15877 ±0.36 0.234 

S10-66-2 66 38105 15877 ±0.36 0.234 

S10-66-3 66 38105 15877 ±0.36 0.234 

S10-66-4 66 38105 15877 ±0.36 0.234 

 

 

5.3.1.3 Restraint conditions 

 

The restraint conditions are applied to the numerical model as shown in Figure 5.10. 

Due to symmetry of the specimens, only half model is utilised for the LFEM analysis. 

The nodes which represent the support area have the Y-translation and Z-rotation 

restrained, and the nodes which are located on the symmetrical centreline of the model 

have the X-translation and Y- and Z-rotations restrained.  
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5.3.1.4 Loading conditions 

 

The loading is applied uniformly over three nodal points in the negative Y direction as 

illustrated in Figure 5.10. The initial load increments are 10 kN during the elastic range 

of the specimens. The increments are then reduced to 5 kN to more accurately capture 

the non-linear behaviour of the specimens during the plastic stage. The increments are 

further reduced to 2 kN and 1 kN so that the failure load can be achieved with higher 

accuracy. 

 

 

5.3.2 The ultimate load  

The ultimate load (VExp) and normalised strength ratios (Vn=VExp/ft·b·D) obtained in the 

test and predicted by the LFEM (VLFEM) are presented in Table 5.5. Also included in the 

comparisons are the predictions due to Equation (2.8) (VEq.(2.8)) and Equation (2.16) 

(VEq.(2.16)). The VLFEM/ VExp, VEq.(2.8)/VExp and VEq.(2.16)/VExp ratios, the average and the 

standard deviation are all included in the table.  

 

On average, the LFEM predictions demonstrate a relative by close comparison with the 

test results. The Average is 0.93 and the standard deviation is 0.17.  

 

The average values of VEq.(2.8)/VExp and VEq.(2.16)/VExp are 0.57 and 0.82 for the LFEM, 

Equation (2.8), and Equation (2.16), respectively, and the standard deviations are 23, 

and 33 for the LFEM, Equation (2.8), and Equation (2.16), respectively. This suggests 

that both equations are less accurate than the LFEM in predicting the ultimate load. This 

is particular true when examining the ultimate load ratio for each specimen. 

 

Further demonstrations the relationship between predicted and experimental results. It 

also confirms that the LFEM is more accurate then the two equations. In addition, 

Figure 5.12 reveals that all the prediction method tends to underestimate the 

experimental ultimate load, especially the equations. 
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Figure 5.11 Predicted and experimental results of ultimate load 

 

Table 5.5 Comparison of LFEM predictions with Equation (2.8) and Equation (2.16)  

Specimens 
VExp 

(kN) 

VLFEM  

(kN) 

VEq.(2.8) 

(kN) 

VEq.(2.16) 

(kN) EXP

LFEM

V
V

 
EXP

Eq

V
V )8.2.(  

EXP

Eq

V
V )16.2.(  

S01-72-1 353 344 110.9 155.0 0.98 0.31 0.44 

S01-72-2 416 367.5 70.5 138.4 0.88 0.17 0.33 

S01-72-3 422 362 160.0 180.8 0.86 0.38 0.43 

S01-72-4 422 315 223.2 227.4 0.75 0.53 0.54 

S02-70-1 348 305.5 187.5 198.9 0.88 0.54 0.57 

S02-70-2 402 365.5 240.5 232.8 0.91 0.60 0.58 

S02-70-3 268 245 77.8 127.5 0.91 0.29 0.48 

S02-70-4 241 220 23.6 89.7 0.91 0.10 0.37 

S03-63-1 303 263 146.7 168.5 0.87 0.48 0.56 

S03-63-2 254 212 164.3 180.4 0.83 0.65 0.71 

S03-63-3 190 204 111.0 137.1 1.08 0.59 0.72 

S03-63-4 178 218 92.7 113.6 1.23 0.52 0.64 
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Table 5.5 (cont’d) 

Specimens 
VExp 

(kN) 

VLFEM  

(kN) 

VEq.(2.8) 

(kN) 

VEq.(2.16) 

(kN) EXP

LFEM

V
V

 
EXP

Eq

V
V )8.2.(  

EXP

Eq

V
V )16.2.(  

S04-82-1 454 315 240.6 246.7 0.69 0.53 0.54 
S04-82-2 458 437 344.3 342.4 0.95 0.75 0.75 
S04-82-3 232 263 49.3 128.0 1.13 0.21 0.55 
S04-82-4 185 248 N/A* 84.4 1.34 N/A* 0.46 
S05-72-1 309 300 134.3 167.0 0.97 0.43 0.54 
S05-80-2 193 137 121.1 165.9 0.71 0.63 0.86 
S05-80-3 113 123 103.7 155.0 1.09 0.92 1.37 
S06-79-1 167 147.5 114.3 164.3 0.88 0.69 0.99 
S06-79-2 123 137 72.5 147.6 1.12 0.59 1.20 
S06-79-3 174 136 129.3 155.3 0.78 0.74 0.89 
S06-79-4 123 128 129.3 155.3 1.04 1.05 1.27 
S06-64-5 146 117 114.3 164.3 0.80 0.78 1.12 
S06-64-6 138 115 114.3 164.3 0.83 0.83 1.19 
S07-91-1 307 244 144.5 190.1 0.80 0.47 0.62 
S07-91-2 158 140 144.5 190.1 0.89 0.91 1.20 
S07-91-3 135 139 75.9 120.5 1.03 0.56 0.89 
S07-91-4 112 130 23.4 84.3 1.16 0.21 0.75 
S07-64-5 110 109 83.8 149.4 0.99 0.76 1.36 
S07-64-6 81 92 53.6 128.5 1.13 0.66 1.58 
S08-34-1 88 102 69.2 82.9 1.16 0.79 0.94 
S08-34-2 87 85.5 56.5 75.9 0.98 0.65 0.87 
S08-34-3 80 77 44.1 68.9 0.97 0.56 0.87 
S08-34-4 72 71 25.3 58.1 0.98 0.35 0.80 
S09-66-1 490 395 248.1 227.2 0.81 0.51 0.46 
S09-66-2 126 102 82.0 128.6 0.81 0.65 1.02 
S09-66-3 93 88 66.2 118.9 0.94 0.71 1.28 
S09-66-4 79 76 50.7 109.2 0.96 0.64 1.38 
S10-66-1 658 463 701.6 569.4 0.70 1.07 0.87 
S10-66-2 583 275 164.0 256.7 0.47 0.28 0.44 
S10-66-3 335 189 132.4 237.3 0.57 0.40 0.71 
S10-66-4 174 188 101.3 218.0 1.08 0.58 1.25 

Average 0.93 0.57 0.82 

Standard deviation 0.17 0.23 0.33 
* The negative strength values which indicate zero-bearing capacity 
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Equation (2.8) (Kong and Sharp 1973) are based on light weight concrete deep beams, 

therefore its predictions are likely to produce a conservative estimation of the ultimate 

strength for the beams. Equation (2.16) (Tan et al. 2001) also conservatively predicts 

the experimental results and has a high standard deviation value, which implies that the 

equation is not suitable for a variety of deep beam configurations.  

 

 

5.3.3 Load versus deflection response  

 

The vertical load versus deflection response of 43 models predicted by the LFEM are 

compared with the experimental test results, as presented in Table 5.5 and Figure 5.13 

for all the 10 stages.   
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(a) High strength concrete deep bems with web opening locations changed in the 

horizontal direction (Stage 1) 
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(b) High stength concrete deep beams with web openinng locations changed in the 

vertical direction (Stage 2) 
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(c) High stength concrete deep beams with web opening locations changed along the 

diagonal path (Stage 3) 
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(d) High strength concrete deep beams with web opening located along with A’B’(see 

Figure 3.11) (Stage 4) 
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(e) High strength concrete deep beams with increased square web openings (Stage 5) 
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(f) High strength concrete deep beams with web opening sizes changed in horizontal 

direction (Stage 6) 
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(g) High strenght concrete deep beams with web opening sizes changed in the vertical 

direction (Stage 7) 
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(h) Normal strength concrete deep beams with web openings (Stage 8) 
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(i) High strength concrete deep beams with web openings (Stage 9) 
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(j) High strength concrete deep beams with openings under two point loading (Stage 10) 

Figure 5.12 Load versus deflection response with experiment results 

 

From these load versus deflection graphs (Figrue 5.12), the LFEM results are not only 

able to predict the ultimate strength accurately but also able to predict the load versus 

deflection relationship accurately. Especially, Figrue 5.12 (a), Figrue 5.12 (c), Figrue 

5.12 (e) Figrue 5.12 (h) and Figrue 5.12 (i) which predict the load versus displacement 

response with yielding which also can be seen within the experimental results. The 

other LFEM results are also showing close response to that of the experiment, however, 

when specimens have high ultimate strength the LFEM prediction is approximately 

80% of the test results. The discrepancies that can be seen are due to the fact of 

uncertainty of concrete strength and limitation of test instruments.  
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5.3.4 Crack pattern  

 

Crack developments that can be seen in the tests are flexural cracks, which develop 

from the soffit of the mid span of the beams, and shear cracks, which develop 

diagonally from the closer edge of the rectangular opening to the support and/ or 

loading. These cracks are able to be observed experiment and also shown in LFEM. 

However micro cracks, which are very small and are generally not visible to the human 

eye, developed on the surface of the concrete deep beams in the experimental work. In 

the LFEM, the entire crack will appear without indicating whether it is micro crack or 

not. In the experiment, these micro cracks have a tendency to merge together forming 

larger crack which are visible and able to be recorded.  

 

 

5.3.5 Discussion 

 
The main purpose of this comparative study is to prove the accuracy and applicability of 

the LFEM model for use as an extensive and effective tool for further studies. The 

comparative study clearly indicates the validity of the LFEM in predicting the ultimate 

strength, crack propagations and deflection characteristics of high strength deep beams 

with web openings. The modelling technique of the LFEM successfully adapts the 

geometric properties and material properties, restraint conditions, and loading 

conditions of each of the test specimens. Generally, the LFEM results are presenting a 

close relationship for that of the ultimate loads, deflections, and crack pattern 

predictions to the experimental results in a slightly conservative manner.  

 

The LFEM model and its results are idealistic and the given input parameters such as 

the geometry, the material properties, restraint conditions, and loading conditions 

cannot be perfectly measured and provided. Moreover, characteristics of concrete used 

for the experiment which is non-homogenous can manipulate a larger discrepancy 

between the test results and the LFEM predictions. However, this comparison proves 

applicability and accuracy of the LFEM for analysis of high strength concrete deep 
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beams with and without web openings. Therefore as the accuracy of the LFEM has been 

verified it can be used as a tool for parametric studies in place of the extensive 

experimental investigations.   

 

 

5.4 PARAMETRIC STUDY 

5.4.1 Introduction 

 

The LFEM has been verified to accurately predict the ultimate strength, load versus 

deflection response, and crack propagations of normal and high strength concrete deep 

beams with web openings. Therefore, a series of parametric studies is performed and 

presented herein to investigate the effects of varying the opening locations of deep 

beams, opening size of deep beams, concrete compressive strengths, as well as overall 

size of deep beams.  

 

A total of 57 LFEM models which are divided into 14 separate groups are analysed and 

discussed within this section. For each group, a minimum of five deep beam models 

were analysed to provide adequate data and behavioural trend. These 14 groups are 

categorised into 4 major parametric studies: P01 (location), P02 (size), and P03 

(concrete strength).  

 

Geometric properties and material properties remain constant with a beam size of 900 

mm in shear span (a), 600 mm in depth (d) and 110 mm width (b). For the concrete 

material, compressive strength, tensile strength, Young’s modulus, shear modulus and 

Poisson’s ratio are 80 MPa, 3.58 MPa, 402038 MPa, 17516 MPa, and 0.2, respectively. 

For the steel material, yield strength , Young’s modulus is 500 MPa, 2.1×105 MPa, 

2.3×104 MPa, and 2.5×102 MPa , respectively. 

 

Figure 5.14 presents the notations that are used for parametric study. These parameters 

are k1, k2, a1, a2, x, d, θ1, θ2 and θ4.  
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Figure 5.13 Notations for parametric study  

 

For easy understanding of each deep beam design, a system of nomenclature is given as 

parametric group followed by numeric order of models within the group.  

 

 

5.4.2 Parametric study 1: Varying opening location  

 

Models in Parametric study 1, P01, were investigated in eight stages (P01-G01, P01-

G02, P01-G03, P01-G04, P01-G05, P01-G06, P01-G07 and P01-G08) through which 

the effect of the variation of the opening location on the ultimate behaviour of deep 

beams was studied. Figures 5.15 to 5.36 present the details of the geometric properties 

of the parametric models and the numerical results of P01. The opening size for all the 

specimens was kept constant as 60 mm × 60 mm. Note that the entire model in P01 is 

under single-point load and the shear span-to-depth ratio remained at 1.5. The eight 

groups are explained next.  
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5.4.2.1 Opening locations moving vertically down 

 

This parametric study investigated the effects of moving the web opening location 

vertically down. The opening is located 30 mm lower than the reference beam and 

moves incrementally (30 mm) without changing opening size. The P01-G01-1 model is 

used as a base reference model for all the parametric models, with a selected parameter 

varied. Note that P01-G01-1 has identical geometric properties with 05-72-1 presented 

in Chapter 3. 
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 (c) P01-G01-3   (d) P01-G01-4 

 

Figure 5.14 P01-G01 models 
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Figure 5.14 (cont’d)  
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(e) P01-G01-5 

Figure 5.15 P01-G01 models 

 

Models for the parametric study of P01-G01 are shown in Figure 5.14, and the ultimate 

strength is presented in Table 5.6 with angle from the support to the top corner of the 

opening, θ1, and to the bottom corner of the opening, θ2. 

 

Table 5.6 Opening location and the ultimate strength of specimens for P01-G01 

Specimens θ1 (Rad) θ2 (Rad) k2 
Ultimate strength  

(kN) 
P01-G01-1 0.63 0.47 0.45 190 
P01-G01-2 0.58 0.42 0.40 170 
P01-G01-3 0.53 0.36 0.35 154 
P01-G01-4 0.47 0.30 0.30 144 
P01-G01-5 0.41 0.24 0.25 130 

 

The ultimate load capacities are reduced from 190 kN to 130 kN with reduction of k2 

from 0.45 to 0.25 without change in the opening size. The reduction of the ultimate 

strength is approximately 32% of the reference beam while location is moved 20% 

down of the beam depth.  
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Figure 5.16 The ultimate strength versus θ2  

 

Figure 5.16 also presents the relationship of the ultimate strength to that of the angle to 

the bottom corner to the loading side of the opening (θ2).  

 

 

5.4.2.2 Opening locations moving vertically up 

 

The web opening location is varied vertically toward the top of the beam to see the 

correlation of the opening location and the ultimate strength. Models for the parametric 

study for P01-G02 are presented in Figure 5.17. With the varying opening locations, the 

opening is actually leaving the diagonal load path which should make the effect of the 

opening less. 
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Figure 5.17 P01-G02 models 

 

The parameters that are varied due to the change of opening location are presented in 

Table 5.7. With the increase of k2, the ultimate load capacities of deep beams are 

increased.  

 

 

 

Table 5.7 Opening locations and the ultimate strength of specimens for P01-G02 

Specimens θ1 (Rad) θ2 (Rad) k2 
Ultimate strength  

(kN) 
P01-G01-1 0.63 0.47 0.45 190 
P01-G02-1 0.68 0.52 0.50 201 
P01-G02-2 0.72 0.57 0.55 220 
P01-G02-3 0.76 0.61 0.60 238 
P01-G02-4 0.80 0.65 0.65 254 
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When k2 is increased from 0.47 to 0.65, the ultimate strength is increased from 190 kN 

to 254 kN. Therefore, 20% increment of k2 results in an increase of 34% of the ultimate 

strength. This ratio of the ultimate strength change is close to that of the ratio found for 

the downward change in the opening location presented in P01-G02.  
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Figure 5.18 The ultimate strength versus θ1 
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Figure 5.19 The ultimate strength versus θ2 

 

Figure 5.18 and Figure 5.19 present the relationship of the ultimate strength with similar 

trend with P01-G01. The results of both P01-G01 and P01-G02 indicate that the 

relationship of vertical opening location and the ultimate strength is proportional to each 

others, even though the openings are located at the different zone such as flexural and 

rigid zone.  

 

5.4.2.3 Opening locations moving horizontally toward support 

 

The web opening location is moved toward the support horizontally by an increment of 

30 mm from the reference position. This change of location also moves the opening 

away from the critical load path.  
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(c) P01-G03-3   (d) P01-G03-4 

Figure 5.20 P01-G03 models 

 

The change in the opening location makes the angles θ1, θ2 and k1 change. These 

parameters are presented in Table 5.8. The ultimate strength of the deep beams is 

increased until the opening is moved away from the reference location by 60 mm. 

However, as the opening moves further away, the ultimate strength of the beams is 

reduced.  

 

Table 5.8 Opening locations and the ultimate strength of specimens for P01-G03 

Specimens θ1 (Rad) θ2 (Rad) k1 
Ultimate strength  

(kN) 
P01-G01-1 0.63 0.47 0.52 190 
P01-G03-1 0.67 0.50 0.48 210 
P01-G03-2 0.71 0.53 0.44 216 
P01-G03-3 0.75 0.56 0.41 229 
P01-G03-4 0.80 0.60 0.37 240 
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Figure 5.21 The ultimate strength versus k1 

 

The ultimate strength is continuously increased with reduction of k1, this relationship is 

clearly shown in Figure 5.21. This is the result of the opening location varying away 

from the critical load path. The opening effect to the ultimate strength reduction is 

reduced with the opening horizontal movement in Rigid zone.   
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Figure 5.22 The ultimate strength versus the opening location ratio θ1 

 

The ultimate strength regard to the opening movement to the support horizontally shows 

polynomial relationship. This relationship shows that the ultimate strength is increased 

with parallel of opening location is moving away from the strut. It can be also observed 

that the increment of the ultimate strength is not significant. This observation is directly 

matched with the experimental observation which showed very small change with the 

opening location change in horizontal. 

 

 

5.4.2.4 Opening locations moving horizontally toward loading 

 

The web opening locations are moved toward the point of loading by a horizontal 

increment of 30 mm. The movement of the web opening is interrupting the flexural 

zone and also influences the ultimate strength of these beams.  
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(c) P01-G04-3   (d) P01-G04-4 

Figure 5.23 P01-G04 models 

 

Table 5.9 Opening locations and the ultimate strength of specimens for P01-G04 

Specimens θ1 (Rad) θ2 (Rad) k1 
Ultimate strength  

(kN) 
P01-G01-1 0.63 0.47 0.52 190 
P01-G04-1 0.60 0.44 0.56 193 
P01-G04-2 0.57 0.42 0.59 195 
P01-G04-3 0.54 0.40 0.63 220 
P01-G04-4 0.51 0.38 0.67 233 

 

The geometric properties of the openings and the ultimate strength of the deep beams 

are presented in Table 5.9. A movement of the web openings reduces both θ1 and k1. 

However, the reduction of θ1 is much less than the reduction of k1.    
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Figure 5.24 The ultimate strength versus θ1 

 

The polynomial relationship is found between ultimate strength and θ1 with R2 value of 

0.96 as presented in Figure 5.24. The ultimate strength against k1 appears approximately 

polynomial, validated by an R2 value of 0.96, as shown in Figure 5.25. Note that the 

differences of the ultimate strength in P01-G04 are not significant. 
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Figure 5.25 The ultimate strength versus the opening location ratio k1 

An increase of k1, and at the same time, decrease of θ1, led to significant reduction in the 

ultimate strength capacity. The increase in beam obtained from LFEM is about 23% for 

an increase of horizontal location of 15% (0.52 to 0.67).  

 

 

5.4.2.5 Opening locations moving diagonally down by the diagonal load path 

 

The effect of opening location is different when the opening is on or following the 

diagonal load path which vary horizontal location and vertical location. However, the 

opening location on the critical load path is separated into two parts: opening location 

toward load point and support point. As shown in Figure 5.26, P01-G05 is to investigate 

the effect of location change when opening is on the diagonal load path and move 

toward to support point.  
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(c) P01-G05-3 (d) P01-G05-4 

Figure 5.26 Models of parametric study P01-G05 

 

θ1, θ2, k1 and k2 are presented in Table 5.10. Due to movement of the opening, θ1 and θ2 

are not changed significantly in Table 5.10. However, k1 and k2 are changed similar 

amount with previous parametric studies. 

 

Table 5.10 Opening locations and the ultimate strength of specimens for P01-G05 

Specimens θ1(Radian) θ2(Radian) k1 k2 
Ultimate strength 

(kN) 
P01-G01-1 0.63 0.47 0.52 0.45 190 
P01-G05-1 0.63 0.45 0.46 0.40 160 
P01-G05-2 0.64 0.44 0.41 0.35 150 
P01-G05-3 0.65 0.41 0.35 0.30 146 
P01-G05-4 0.66 0.38 0.29 0.25 144 

 

The ultimate strength is reduced as opening moves toward the support diagonally by up 

to 24% compared to the reference beam. This occurs when the opening location ratios 

(k1 and k2) are reduced by 17% horizontal and 15% vertical. 
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Figure 5.27 The ultimate strength versus the opening location ratio k1 

 

The ultimate load capacities are reduced as the web opening approaches the support 

point. However, when the opening is close to the support (P01-G05-4), the ratio of 

reduction in ultimate strength is reduced.   

 

For the web opening approaching the support, following the diagonal load path, the 

ultimate strength against the location factor of the web openings is showing good 

agreement, indicating that the relationship is polynomial by an R2 value of 0.98 as 

shown in Figure 5.27. 
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Figure 5.28 Comparison between parametric prediction P01-G01 and P01-G05 

 

As shown in Figure 5.27, when k2 is reduced, the contribution of the opening location in 

high strength concrete deep beams lead to a decrease in the ultimate strength capacity, 

while for similar cases in high strength concrete deep beams with opening location 

change in vertical there is similar effect. Hence the vertical opening location change 

reduces the ultimate strength with reduction of k2. However, this phenomenon appears 

only for the opening located in flexural zone or k2  is less than 0.45.  

 

 

5.4.2.6 Opening locations moving diagonally up toward the point of loading 

 

The change in the web opening location toward the point of loading with P01-G01-1 is 

investigated and presented in this parametric study P01-G06. The web openings are 

moved horizontally and vertically at a distance of 5% of the shear span length and the 

overall depth of the beams.  
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Figure 5.29 Models for parametric study P01-G06 

 

The predictions of LFEM for specimens are presented in Table 5.11. Due to the location 

of openings, the change of θ1 and θ2 is not significant or considerable. However, the 

ultimate strength is affected the variation of k1 and k2 significantly.  

 

 

Table 5.11 Opening locations and the ultimate strength of specimens for P01-G06 

Specimens θ1(Radian) θ2(Radian) k1 k2 
Ultimate strength 

(kN) 
P01-G01-1 0.63 0.47 0.52 0.45 190 
P01-G06-1 0.63 0.48 0.58 0.50 232 
P01-G06-2 0.62 0.49 0.63 0.55 280 
P01-G06-3 0.62 0.50 0.69 0.60 299 
P01-G06-4 0.62 0.50 0.74 0.65 198 

 

The ultimate strength increases as the web opening approaches the loading zone. 

However, the load is suddenly reduced when the opening is close to the loading point as 
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shown in Figure 5.29 (a). This phenomenon is due to the opening location ratio k1 is 

bigger than 0.7 and also discussed in Chapter 2 for the limitation of location change. 

Even through the location change is not significant and k2 is not over 0.7, the amount of 

reduction to the ultimate is significant and is approximately equal to the reference beam. 

Note that actual distance between each point in practical cases is assumed 285 mm.  
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(a) Prediction of parametric study  

P01-G06 without P01-G06-4 

(b) Prediction of parametric study  

P01-G06 

Figure 5.30 The ultimate strength versus k2 
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Figure 5.31 Comparison between parametric prediction P01-G02 and P01-G06 

 

As seen in Figure 5.30, when k2 is increased in high strength concrete deep beams with 

web openings, the ultimate strength of the deep beams are increased. Similarly with 

previous parametric study P01-G05, the effect of opening location change in vertical is 

shown similar trend even the opening is located at the different zone (Rigid zone).  

 

 

5.4.2.7 Opening locations moving diagonally down away from the support 

 

This investigation is to see the effect of opening location change in same or similar 

stress points. Therefore, for opening location k1 in increased and k2 is reduced 

simultaneously. The models of the parametric study P01-G07 are presented Figure 5.32. 

Note that k1 for P01-G07-4 is bigger than 0.7. Note that opening is located in flexural 

zone.  
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(c) P01-G07-3   (d) P01-G07-4 

Figure 5.32 Models for parametric study P01-G07 

 

Table 5.12 Opening locations and the ultimate strength of specimens for P01-G07 

Specimens θ1(Radian) θ2(Radian) k1 k2 
Ultimate strength 

(kN) 
P01-G01-1 0.63 0.47 0.52 0.45 190 
P01-G07-1 0.53 0.38 0.58 0.40 210 
P01-G07-2 0.44 0.31 0.63 0.35 220 
P01-G07-3 0.36 0.24 0.69 0.30 225 
P01-G07-4 0.29 0.18 0.74 0.25 230 

 

The opening location parameter along with the ultimate strength for each beam is 

presented in Table 5.12. The opening location change in this parametric study P01-G07 

affects θ1, θ2, k1 and k2.  
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Figure 5.33 The ultimate strength versus θ1 

 

y = -790.12x2 + 1166.4x - 201.46
R² = 0.99

150

160

170

180

190

200

210

220

230

240

0.5 0.6 0.7 0.8

U
lti

m
at

e s
he

ar
 s

tre
ng

th
 (k

N
)

k1

Vn LFEM

Poly. (Vn LFEM)

 

Figure 5.34 The ultimate strength versus k1 
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For the web opening location change with increasing the opening location ratio in shear 

span and reducing the distance from opening to the soffit, the ultimate strength appears 

to have good agreements in polynomial relationship validating by R2 value of 0.99 and 

0.99 with θ1 and k1, respectively. However, the ultimate strengths are not increasing 

constantly. As shown in Figure 5.32 and 5.33, there is minor change of the ultimate 

strength even k1 is bigger than 0.7. An increase of opening horizontal location ratio k1, 

and at the same time, decrease of k2, lead to the increase of the ultimate strength. The 

increase in the ultimate strength from LFEM is about 21% for an increase of k1 of 22% 

(0.52 to 0.74) and an decrease of k2 of 20% (0.45 to 0.25). 

 

 

5.4.2.8 Opening locations moving diagonally up with reduce of horizontal 

distance from support 

 

In this parametric study P01-G08, the opening location change with the decrease of k1 

and increase of k2 is investigated. The opening of P01-G08 is located in Rigid zone.  
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(a) P01-G08-1   (b) P01-G08-2 

Figure 5.34 Models for parametric study P01-G08 
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(Figure 5.34 cont’d) 
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(c) P01-G08-3   (d) P01-G08-4 

Figure 5.35 Models for parametric study P01-G08 

 

The parameters that are affected by the opening locations for the parametric study P08 

are presented in Table 5.13.  

 

Table 5.13 Opening locations and the ultimate strength of specimens for P01-G08 

Specimens θ1(Radian) θ2(Radian) k1 k2 
Ultimate strength 

(kN) 
P01-G01-1 0.63 0.47 0.52 0.45 190 
P01-G08-1 0.73 0.56 0.46 0.50 195 
P01-G08-2 0.85 0.67 0.41 0.55 210 
P01-G08-3 0.96 0.78 0.35 0.60 235 
P01-G08-4 1.07 0.89 0.29 0.65 285 

 

With the decrease of k1 and the increase of k2 , the ultimate strength of the deep beams 

are increased. When k1 is decreased by 23% and k2 is increased by 20%, the ultimate 

strength is increased 50% of the ultimate strength of reference beam. The trend of the 

ultimate strength increment is similar with the trend of the deep beams with web 

opening varying opening location vertically upward.  
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Figure 5.36 The ultimate strength versus the angle from the support to the top corner of 
the opening θ1 
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Figure 5.37 The ultimate strength versus the opening location ratio k1 
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The ultimate strengths are increased with the increase of k2 and decrease of k1. The 

relationship between the θ1 and the ultimate strength is polynomial as can be seen in 

Figure 5.36. The relationship of the ultimate strength with k1 is also polynomial as 

shown in Figure 5.37.  

 

When k2 is compare using G01-P01 and G01-P02, the ultimate strength reduction due to 

the k2 reduction shows similar trend regarding to the ultimate strength reduction. 

Moreover, the degree of reduction of each group is similar. This comparison reveal the 

relationship of vertical change of opening location to the ultimate strength is related 

regardless the zone of opening locations.  

 

When vertical location of opening is changed with variation of horizontal location of the 

opening, the ultimate strength showed different behaviour. When k2 is reduced and k1 is 

reduced in P01-G05, the ultimate strength is reduced slightly. If k2 is increased and k1 is 

also increased, the ultimate strength is increased. However, when the opening is close 

enough to be affected directly such as P01-G06-4, the ultimate strength dropped 

considerably. Group P01-G07 predicted different than other groups. With increment of 

k1, the ultimate strength is slightly increased even k2 is reduced. This result implies that 

even vertical location of opening, k2, is reduced the ultimate strength can be increased 

with increment of k1 in Flexural zone.  

 

In horizontal change of location change, except the opening move to the support point 

diagonally, the ultimate strength is increased with the decrease of the opening location 

to support point horizontally. When opening location is increased from the base model 

or decreased, the opening is moving away from the strut which is the critical path that 

transfers stress from the load point to the support. While opening location moved only 

horizontal direction, the ultimate strength is increased. However, the increment is not 

significant which implies same with the experimental result.  

 

In diagonal movement of opening location, there are two cases that are investigated. 

The first case is when the opening location is following the strut as shown in G01-P05 

and G01-P06. Both studies indicate that when the opening is located closer to the 
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support, the ultimate strength is lowered. The other case is when opening is located on 

the line which connects from the top of support point to the soffit of loading point (P01-

G07 and P01-G08). As shown in the experimental study the ultimate strength is not 

changed significantly when opening is located in Rigid zone. However, when the 

opening is located in Flexure zone, the considerable change of the ultimate strength can 

be observed. This is due to the differences of stress mechanism in Flexural zone and 

Rigid zone.  

 

 

5.4.3 Parametric study 2: Varying opening size  

 

Parametric studies that are related with the variation of opening size parameters can be 

separated into five stages: when the opening size is increased in the vertically direction 

upward and downward, when the opening size is increased in the horizontal direction 

toward support and loading, and when the opening size is increased equally in 

horizontal and vertical direction.  

 

 

5.4.3.1 Opening size increased vertically downward  

 

The results of the LFEM are presented in Table 5.14. The parameters that are affected 

by the opening size change in vertical are presented in Figure 5.38 and Table 5.14. 

Therefore, a2, k2, and θ2 are the parameters that are varied with the increments of the 

web opening sizes.  

 

The model for the opening size increments is presented in Figure 5.38. The reference 

model, P01-G01-1 is not presented in hereafter. Geometric properties which are directly 

related to investigate the effects of the opening size increments are presented in 

following figures and tables at each study.  
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Figure 5.38 presents the models that are used for the parametric study P02-G09 which 

indicate opening size increased to the soffit of the beam vertically.  
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 (c) P02-G09-3 (d) P02-G09-4 

Figure 5.38 Models of parametric study P02-G09 

 

The parameters which are affected by the vertical change of the web opening size are 

presented in Table 5.14, with the LFEM results. The parameters changed are k2, a2, and 

θ2 only. 

 

Table 5.14 Opening sizes and the ultimate strength of specimens for P02-G09 

Specimens k2 a2 θ2 (Radian) Ultimate 
strength (kN) 

P01-G01-1 0.45 0.10 0.47 190 
P02-G09-1 0.40 0.15 0.42 142 
P02-G09-2 0.35 0.20 0.36 135 
P02-G09-3 0.30 0.25 0.30 127 
P02-G09-4 0.25 0.30 0.24 123 

 

The ultimate strength is reduced with the increase of the opening size in the vertical. 

When the a2 is increased from 10% to 30% vertically, the ultimate strength is reduced 

from 190 kN to 123 kN, which is 35% of the ultimate strength of the reference beam. 

However, comparing the reduction of the ultimate strength of each stage, the 

discrepancy in the ultimate strength is reduced even opening size is increased 

consistently. 
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Figure 5.39 The ultimate strength versus a2 of P02-G09 

 

For the deep beams with web opening size increasing to the bottom vertically, the 

ultimate strength against the vertical opening size ratio a2 appears as an approximate 

polynomial relationship, which is validated by the R2 value of 0.94 as presented in 

Figure 5.39.  

 

The reduction of the ultimate strength is significant till a2 becomes 0.2. However, 

reduction of the ultimate strength becomes less when the vertical size of opening is 

increased consistently. This is related with the width of critical diagonal path. Once, 

opening is larger than the diagonal strut size, the effect from the strut becomes less 

which cause reduction of the ultimate strength less significant.  

 

 

5.4.3.2 Opening size increased vertically upward  
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The vertical size of opening is extended upwards for this stage of the parametric study 

to investigate the effect of opening size increments on the ultimate strength.  
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 (a) P02-G10-1 (b) P02-G10-2 

CL

60mm

465mm
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 CL
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180mm

270mm

 
(c) P02-G10-3 (d) P02-G10-4 

Figure 5.40 Models of parametric study P02-G10 

 

 

 

 

 

 

Table 5.15 Opening sizes and the ultimate strength of specimens for P02-G10 

Specimens k2 a2 θ4 (Radian) Ultimate 
strength (kN) 

P01-G01-1 0.45 0.1 0.50 190 
P02-G10-1 0.45 0.15 0.45 163 
P02-G10-2 0.45 0.20 0.40 141 
P02-G10-3 0.45 0.25 0.35 132 
P02-G10-4 0.45 0.30 0.29 127 
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When the opening size increases from 60 mm to 90 mm, 14% of the ultimate strength is 

reduced. The ultimate strength is reduced by 13% while opening size is increased from 

90 mm to 120 mm. These relationships are observed in Table 5.15 The variation of 

ultimate strength and the opening depth ratio appears polynomial, validated by an R2 

value of 0.99. The validation of the ultimate strength and the angle to the top of the 

opening corner from loading θ4 also appears to have a good agreement as R2 is equal to 

0.99.  
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Figure 5.41 The ultimate strength and opening size ratio in vertical  

 

The ultimate strength reduction by opening size increased vertically upward (P02-G10) 

showed similar trend with the opening size increased vertically downward. This 

indicates that the relationship of vertical opening size and the ultimate strength is same 

regardless zone of opening size increase in vertical.  
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5.4.3.3 Opening size increased horizontally to support  

 

The horizontal increments in the opening size are also separated into two parts; opening 

size increased horizontally toward the support point (parametric study P02-G11, shown 

in Figure 5.42) and opening size increased horizontally toward the loading point 

(parametric study P02-G12, shown in Figure 5.45).  
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 (a) P02-G11-1 (b) P02-G11-2 

CL

60mm

465mm 270mm

150mm

 CL

60mm

465mm 270mm

180mm

 
(c) P02-G11-3 (d) P02-G11-4 

Figure 5.42 Model for Parametric study P02-G11 

 

Table 5.16 Opening sizes and the ultimate strength of specimens for P02-G11 

Specimens a1 θ1 (Radian) Ultimate strength 
(kN) 

P01-G01-1 0.08 0.63 190 
P02-G11-1 0.11 0.67 170 
P02-G11-2 0.15 0.71 151 
P02-G11-3 0.19 0.75 131 
P02-G11-4 0.23 0.80 128 
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The ratio of the ultimate strength of P02-G11-1, P02-G11-2, P02-G11-3 and P02-G11-4 

to the P01-G01-1 is 89%, 79%, 69%, and 67%, respectively. The reduction of the 

ultimate strength is reduced continuously while opening size is increased constantly into 

rigid zone.  
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Figure 5.43 The ultimate strength versus θ1 of P02-G11 

 

For these deep beams, the variations of the ultimate strength compared to the angle to 

the top corner from the support appear approximately polynomial as presented in Figure 

5.43.  
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Figure 5.44 the Ultimate strength versus a1 of P02-G11 

 

As shown in Figure 5.43, opening size increment in Rigid zone affect the ultimate 

strength significant and linear till opening size ratio a1 becomes 0.19. When a1 becomes 

0.23, the effect from opening size increment in horizontal is reduced. Theses indicate 

that the opening size increase horizontally in Rigid zone, the relationship can be 

considered as linear relationship. 

 

 

5.4.3.4 Opening size increased horizontally to point of loading  

 

The effects of horizontally increasing the opening size incrementally toward the point of 

loading are investigated in parametric study P02-G12. The opening is directly 

interrupting the flexural zone which resists the bending as shown within Figure 5.45. 
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 (c) P02-G12-3    (d) P02-G12-4 

Figure 5.45 Models of parametric study P02-G12 

 

Due to the direction of the incremental changes of the opening, k1, a1, and θ1 are 

increased and the ultimate strength of the beam is decreased until the opening size is 

less than 150 mm wide, after which the ultimate strength begins to increase.  

 

Table 5.17 Opening sizes and the ultimate strength of specimens for P02-G12 

Specimens k1 a1 θ2 (Radian) Ultimate 
strength (kN) 

P01-G01-1 0.52 0.08 0.63 190 
P02-G12-1 0.56 0.11 0.67 150 
P02-G12-2 0.59 0.15 0.71 142 
P02-G12-3 0.63 0.19 0.75 150 
P02-G12-4 0.67 0.23 0.80 161 
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Figure 5.46 The ultimate strength versus a1 of P02-G12 

 

As shown in Figure 5.45, the relationship of the ultimate strength and horizontal 

opening size is polynomial relationship and trendline is having R2 as 0.88. The 

reduction of the ultimate strength is showing similar trend with P09 and P10. However, 

when a1 become larger than 0.15, the ultimate strength increase instead of reduce. This 

phenomenon is due to the flexural behaviour of specimens. Note that the increment is 

very small. Increment of the ultimate strength from P02-G12-02 to P02-G12-03 is 6% 

of the ultimate strength of P01-G01-1 and P02-G12-03 to P02-G12-04 is 7% of the 

ultimate strength of P01-G01-1. 

 

 

5.4.3.5 Opening size increased in height and width equally 

 

Parametric study P02-G13 investigated the effects of opening sizes increasing the height 

and width of the opening equally (30 mm increments) so that openings are remained 

square. Geometric properties of P02-G13 can be seen within Figure 5.47.  
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(c) P02-G13-3   (d) P02-G13-4 

Figure 5.47 Models for parametric study P02-G13 

 

Table 5.18 Opening sizes and the ultimate strength of specimens for P02-G13  

Specimens θ1 
(Rad) 

θ2 
(Rad) a1 a2 

Ultimate strength 
(kN) 

P01-G01-1 0.63 0.47 0.08 0.10 190 
P02-G13-1 0.68 0.44 0.11 0.15 132 
P02-G13-2 0.73 0.40 0.15 0.20 125 
P02-G13-3 0.79 0.37 0.19 0.25 112 
P02-G13-4 0.85 0.34 0.23 0.30 99 
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Figure 5.48 The ultimate strength versus θ1 of P02-G13 
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Figure 5.49 The ultimate strength versus a2 of P02-G13 
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Good agreements are able to be observed for θ1 and a2 to polynomial regression with R2 

valued by 0.92 in both graph. Note that the ultimate strength reduction from P01-G01-1 

to P02-G13-01 is similar with another parametric studies discussed previously. 

However, the ultimate strength reductions from P13-03 to P13-04 are larger than other 

parametric studies. This is due to the combination of opening size reduction from 

vertical and horizontal size increase.  

 

Opening size increment in every direction results the reductions of the ultimate strength. 

The only difference is the gratitude of the ultimate strength reduction related to the 

opening size increment.  

 

When a2 is increased to soffit, the ultimate strength is reduced more than when a2 is 

increased to the top as presented in P02-G09 and P02-G10. However, the discrepancy is 

not significant and the trend of reduction of opening size increment consume when 

opening size is larger than 30% of the beam depth. This implies that opening size larger 

than 30% is not suitable for uses in practices which observed same in experimental 

study.  

 

When opening is increased to 180 mm, the gratitude of the ultimate strength reduction is 

similar each other even the direction of size increment is different. This behaviour of 

deep beams implies that the strength reduction effect due to opening size is similar and 

significant if opening size is larger than 30% of the total depth in any direction.  

 

The reduction due to the opening size increment in both directions is the greatest among 

other opening size increment as shown in P02-G13. However, the reduction of the 

ultimate strength due to opening side increment in both directions does not show big 

discrepancy with the opening size increased in vertical direction except the opening size 

increase to the loading point. This indicates that the ultimate strength of deep beams is 

not affected significantly once the opening exists.  

 



 

STRENGTH AND BEHAVIOUR OF HIGH STRENGTH CONCRETE DEEP BEAMS WITH WEB OPENING 

199 

5.4.4 Parametric study 3: Concrete compressive strength ( '
cf ) 

 

It is also obvious that the concrete strength is directly related to the ultimate strength of 

the deep beams. However, the relationship of the concrete strength increment and the 

ultimate strength increment is not clear when considered with high strength concrete 

deep beams with web openings. Therefore in this parametric study, material properties, 

especially the concrete compressive strength, is varied without changing any geometric 

parameters. The material properties in this parametric study are presented in Table 5.19 

 

Table 5.19 Material properties in parametric study P03-G14  
Specimens fc' (MPa) ft (MPa) Ec (MPa) G (MPa) fy (MPa) tζs ζs 
P03-G14-1 50 2.83 33234 13848 500 0.24 0.36 
P03-G14-2 65 3.22 37893 15789 500 0.23 0.36 
P01-G01-1 80 3.58 42038 17516 500 0.23 0.36 
P03-G14-3 100 4.00 47000 19583 500 0.22 0.36 
P03-G14-4 120 4.38 51486 21452 500 0.22 0.36 

 

Concrete strengths of 50MPa, 65MPa, 100MPa, and 120 MPa, are chosen with 80 MPa 

which is the reference beam at the centre of the concrete increments in parametric study 

P03-G14. Therefore, the relationship of concrete strength and the ultimate strength 

could be observed especially for high strength concrete.  

 

The results of the parametric studies with varying concrete compressive strengths are 

presented in Table 5.20. Note that concrete strength of P01-G01-1 is 80 MPa.  

 

Table 5.20 The concrete compressive strength and ultimate strength of P03-G14 
Specimens fc' (MPa) Ultimate loads (kN) 
P03-G14-1 50 160 
P03-G14-2 65 171 
P01-G01-1 80 190 
P03-G14-3 100 210 
P03-G14-4 120 217 

 

The ultimate strength is compared with concrete compressive strength to investigate the 

relationship and presented in Figure 5.50. A linear regression line is fitted to the data in 
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Figure 5.50, and has obtained an R2 value of 0.97, which indicates an accurate 

correlation between the proposed linear relationship and the numerical results.  
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Figure 5.50 The ultimate strength versus fc' of P03-G14 

 

If the linear trendline is extended in Figure 5.50, trendline does not meet 0 when fc' 

becomes 0. In this thesis, the behaviour of normal strength concrete deep beams with 

web openings is not considered due to the differences of the material non linearity. 

However, deep beams with fc' = 50 MPa is included to observe the continuity for further 

study.  

 

The increment of the ultimate strength due to the material strength is linear when 

compressive strength is higher than 50 MPa. This implies that the ultimate strength of 

deep beams is more related with structural orientation when high strength concrete is 

used.  
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5.5 SUMMARY AND DISCUSSION  
 

The numerical investigation based on experimental data and the extension of the study 

is presented in this chapter. With introduction of the LFEM, the comparative study with 

LFEM and experimental results are undergone successfully. Overall, the LFEM predicts 

the experimental results with greater accuracy than that of the equations presented by 

previous researchers.  

 

The parametric investigations related with the deep beam size effect, the concrete 

compressive strength, opening size variation, and opening location variation were 

presented. The following summaries are derived from the total 57 parametric models of 

high strength concrete deep beams with various parameters: 

 

1) Reducing overall size of deep beams in same ratio and, or concrete compressive 

strength in high strength concrete results in a linear reduction of the ultimate 

strength.  

 

2) When the web opening location is changed only, the ultimate strength can 

become higher when the opening is located closer to the top of the beam. The 

ultimate strength is lower when the web opening is closer to the diagonal load 

path.  

 

3) When a web opening size is extended in the vertical and, or horizontal direction, 

the ultimate strength of the deep beam is reduced, this reduction can be 

accurately described by a polynomial relationship. However, the reduction of the 

ultimate strength is less when the opening is size is adjusted horizontally 

compared to vertically.  
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Chapter 6   

NEW DESIGN EQUATIONS FOR HIGH 

STRENGTH CONCRETE DEEP BEAMS 

WITH WEB OPENINGS 
 

 

 

 

 

6.1 INTRODUCTION  
 

Experimental investigation and numerical study have been undertaken with detailed 

discussion presented in previous chapters. Experimental study has proven the necessity 

of improvement on existing design equations for high strength reinforced concrete deep 

beams with web openings, and numerical study has confirmed the behavioural trend of 

such deep beams with web openings.   

 

In this chapter, further analyses of the results of experimental and numerical studies are 

carried out. Based on these analyses, new design equations are proposed. The accuracy 

of the proposed equations is subsequently verified through comparisons with the LFEM 

predictions, the current experimental results and those of previous researchers.  
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6.2 ANALYSIS METHOD 
 

As discussed in Chapters 4 and 5, there exists a close correlation of the opening size and 

location change in the horizontal and vertical directions. However, the effects of the 

opening size and location are different which should be considered separately in Rigid 

and Flexural regions, respectively.  

 

The strength of deep beams with web openings can be expressed by multiplying 

reduction factor to the solid deep beams. By considering findings in Chapter 5 with 

linear analysis, new design equations are able to be imposed. Then proposed equations 

are compared using LFEM results, experiment results and test data obtained from 

literature for accuracy and acceptance. 

 

6.3 PROPOSED DESIGN EQUATION  
 

The proposed design equation is based on that recommended by Kong and Sharp (1973).  

Note that the research is focused on identifying the effect of opening especially location 

and size effect of openings. Therefore, equation regarding main steel and/or web 

reinforcement is adapted from the proposal of Kong and Sharp (1973).  

 

The shear strength of a concrete deep beam is the combination of the ultimate strength 

of concrete and that of steel, which was expressed by Kong (1990) as  

 

sc VVV +=   (6.1) 

 

where V is the ultimate strength of deep beams with openings, Vc and Vs are respectively 

the ultimate strengths of concrete and steel. 
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The ultimate strength of concrete, Vc, by Kong (1990) was  

 

tcc fbDCV ⋅⋅⋅⋅= λ1   (6.2) 

 

where C1 is a parameter for high strength concrete, λc is a parameter of opening location 

and size, D is the overall depth of the deep beam, b is the thickness of the deep beam 

and ft is the calculated tensile strength. Note that Kong and Sharp (1973) defined C1 as 

1.35 and 1.4 for light-weight and normal concrete, respectively. Specifically, λc 

represents the ultimate strength reduction due to opening location and size, which was 

studied in Chapter 5 with the following findings.  

 

• The ultimate strength of deep beams decreased linearly with increment of 

vertical distance from the beam soffit to the opening regardless of the region. 

Moreover, for vertical location and size change of opening, it is found that if the 

opening is closer or bigger than 30% of the beam depth, the ultimate strength 

drops significantly and such a low strength structure is not considered in 

professional practice.  

• Horizontal variation of the opening location demonstrates different behaviour 

for different regions. Nevertheless, the ultimate strength is increased in both 

regions with an increase of the distance of the opening from the diagonal load 

path. (see Sections 5.4.2.3 and 5.4.2.4)  

• When the opening is located on the strut, the ultimate strength of the deep beam 

increases when the opening moves further away from the beam soffit.  

• When the opening moves from B’ to A’ parallel to the line BA as shown in 

Figure 6.1, the ultimate strength increases slightly. Opening in Rigid zone shows 

larger increment in the ultimate strength. However, this increment in Flexural 

zone is small enough to be neglected. Note that Flexural zone is represented by 

the shaded part and Rigid zone, unshaded part, as illustrated in Figure 6.2. 

• The opening location change in the horizontal direction shows large increment in 

the ultimate strength in Flexural zone and small increment in Rigid zone.  
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• When opening size increases in any direction, the ultimate strength is reduced 

and their reduction has a tendency of converging to 60% of the base beam. This 

is under the condition that that opening size is less than 30% of the total depth of 

the deep beam. If the opening size is increased to more than 30%, the ultimate 

strength drops significantly.  

• When opening size increases simultaneously in the vertical and horizontal 

directions, the ultimate strength drops more significantly. In addition, the impact 

of the vertical size increase is greater than that of the horizontal size increase of 

the opening.  

• Overall size increase with the same aspect ratio results in a linear relationship 

with the ultimate strength increase.  

• Increase in concrete strength also demonstrates a linear relationship with 

increase in the ultimate strength.  

 

CL

A’

B

A

’B

P

 
Figure 6.1 Example of opening location change along line A’B’ 
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Figure 6.2 Zone identification by diagonal strut 

 

Based on the above finding, λc can be expressed as a combination of the parameters of 

the horizontal and vertical opening location and size change.  
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Figure 6.3 Notation for proposed design equation  

 

Therefore, λc, by Kong (1990) was  

 

)1( mc −=λ   (6.3) 

 

where m is the ratio of strength reduction of opening location and size ( xψ / yψ ) 

multiplied by the shear span to depth ratio (x/D). Re-arranging Eq.(6.3) leads to  

 



 

STRENGTH AND BEHAVIOUR OF HIGH STRENGTH CONCRETE DEEP BEAMS WITH WEB OPENING 

208 

D
x

y

x
c ψ

ψλ −=1   (6.4) 

 

where xψ is the strength reduction ratio of opening location and size in the horizontal 

direction and yψ  is that in the vertical direction. 

 

Kong (1990) proposed that the strength reduction parameter due to the existence of 

opening, λc, is to represent typical diagonal mode of failure generally termed as shear-

proper, shear-flexure and shear-compression, and the failure is mainly related to the 

shear-span to depth ratio (x/D). Kong (1990) also proposed that eccentricities of the 

opening in horizontal and vertical dimensions can be combined with the effect of size of 

opening as well as location of openings. Therefore xψ  can be expressed as  

 

x
ex

x −= 1ψ   (6.5) 

Where the eccentricity of opening in horizontal dimension, xatkex )2(1 131 −−= . 

 

Similarly,  

D
ey

y −= 1ψ   (6.6) 

 

where the eccentricity of opening in vertical dimension, Datkey )2(1 242 +−= . 

 

Therefore, substituting Equations (6.5) and (6.6) into Equation (6.4) leads to 

 

D
x

atk
atktc 
















+
−

−=
242

131
2 2

21λ   (6.7) 

 

where t2, t3 and t4 are the coefficients of the parameters, k1, k2, a1 and a2 are shown in 

Figure 6.3. The expression in bracket in Equation (6.7) is the combination of 
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eccentricity of the opening centre to the beam centre in the horizontal and vertical 

directions.   

 

The ultimate strength related to steel is adopted from Equation (2.8). Therefore, Vs is  

 

θλ 21
2 sin∑=

D
AyCVs   (6.8) 

 

The coefficients of the parameters (C, t2, t3 and t4) are obtained by linear analysis based 

on least square method using parametric study results for best fit. This yields for Rigid 

zone, C1 = 1.1, t2 = 0.2, t3 = -0.5 and t4 = 0.3 and for Flexural zone, C1 = 1.2, t2 = 0.15, 

t3 = -0.1 and t4 = 0.9. 

 

Therefore the proposed design equation for high strength concrete deep beams with web 

openings is expressed as 
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11 sin
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for opening located in Flexural zone, and 

  

( )
( ) θλ 21
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11 sin
15.0
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for opening located in Rigid zone. 

 

Comparison of the LFEM results and the predictions of the proposed equations are 

presented in Tables 6.1 and 6.2 for Flexural zone and Rigid zone, respectively. Table 

6.1 clearly shows that the predictions by the proposed equation agree well with the 

LFEM results with an average of 0.93 and a standard deviation of 0.22, for beams with 

opening located in Flexural zone.   
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Looking further into the comparison, the ultimate strength predictions for P01-G01-5, 

P01-G04-4, and P01-G07-4 are generally low. However, as discussed earlier in Section 

3.2.2.6, the opening size and/or location is close to 25% of shear span length and 30% 

of depth of the upper boundary of Equation (6.9). Therefore, discrepancies in estimating 

the ultimate strength are expected.  

 

Table 6.1 Comparison of predicted ultimate strengths by proposed equation and LFEM 
results  

Model a1 a2 k1 k2 
VProp 

(kN) 

VLFEM 

(kN) LFEM

op

V
VPr  

P01-G01-1 0.075 0.10 0.52 0.45 178.5 190 0.94 

P01-G01-2 0.075 0.10 0.52 0.4 152.9 170 0.90 

P01-G01-3 0.075 0.10 0.52 0.35 127.3 154 0.83 

P01-G01-4 0.075 0.10 0.52 0.3 102.2 144 0.71 

P01-G01-5 0.075 0.10 0.52 0.25 77.7 130 0.60 

P01-G02-1 0.075 0.10 0.52 0.5 178.0 201 0.89 

P01-G02-2 0.075 0.10 0.52 0.55 202.0 220 0.92 

P01-G02-3 0.075 0.10 0.52 0.6 225.6 238 0.95 

P01-G02-4 0.075 0.10 0.52 0.65 248.8 254 0.98 

P01-G03-1 0.075 0.10 0.48 0.45 162.7 210 0.77 

P01-G03-2 0.075 0.10 0.44 0.45 172.4 216 0.80 

P01-G03-3 0.075 0.10 0.41 0.45 182.9 229 0.80 

P01-G03-4 0.075 0.10 0.37 0.45 194.5 240 0.81 

P01-G04-1 0.075 0.10 0.56 0.45 171.1 193 0.89 

P01-G04-2 0.075 0.10 0.59 0.45 164.2 195 0.84 

P01-G04-3 0.075 0.10 0.63 0.45 157.9 220 0.72 

P01-G04-4 0.075 0.10 0.67 0.45 152.1 233 0.65 

P01-G05-1 0.075 0.10 0.46 0.4 164.5 160 1.03 

P01-G05-2 0.075 0.10 0.41 0.35 150.5 150 1.00 

P01-G05-3 0.075 0.10 0.35 0.3 136.3 146 0.93 
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Table 6.1 (cont’d) 

Model a1 a2 k1 k2 
VProp 

(kN) 

VLFEM 

(kN) LFEM

op

V
VPr  

P01-G05-4 0.075 0.10 0.29 0.25 122.0 144 0.85 

P01-G06-1 0.075 0.10 0.58 0.5 192.4 232 0.83 

P01-G06-2 0.075 0.10 0.63 0.55 206.3 280 0.74 

P01-G06-3 0.075 0.10 0.69 0.6 220.2 299 0.74 

P01-G06-4 0.075 0.10 0.74 0.65 234.0 198 1.18 

P01-G07-1 0.075 0.10 0.58 0.4 142.8 210 0.68 

P01-G07-2 0.075 0.10 0.63 0.35 110.3 220 0.50 

P01-G07-3 0.075 0.10 0.69 0.3 80.8 225 0.36 

P01-G07-4 0.075 0.10 0.74 0.25 54.3 230 0.24 

P01-G08-1 0.075 0.10 0.46 0.5 192.3 195 0.99 

P01-G08-2 0.075 0.10 0.41 0.55 232.8 210 1.11 

P01-G08-3 0.075 0.10 0.35 0.6 274.2 235 1.17 

P01-G08-4 0.075 0.10 0.29 0.65 314.7 285 1.10 

P02-G09-1 0.075 0.15 0.52 0.4 154.5 142 1.09 

P02-G09-2 0.075 0.20 0.52 0.35 130.7 135 0.97 

P02-G09-3 0.075 0.25 0.52 0.3 107.4 127 0.85 

P02-G09-4 0.075 0.30 0.52 0.25 85.0 123 0.69 

P02-G10-1 0.075 0.15 0.52 0.45 180.0 163 1.10 

P02-G10-2 0.075 0.20 0.52 0.45 155.2 141 1.10 

P02-G10-3 0.075 0.25 0.52 0.45 155.9 132 1.18 

P02-G10-4 0.075 0.30 0.52 0.45 156.6 127 1.23 

P02-G11-1 0.113 0.10 0.52 0.45 178.4 170 1.05 

P02-G11-2 0.150 0.10 0.52 0.45 178.3 151 1.18 

P02-G11-3 0.188 0.10 0.52 0.45 151.5 131 1.16 

P02-G11-4 0.225 0.10 0.52 0.45 150.7 128 1.18 

P02-G12-1 0.113 0.10 0.56 0.45 170.9 150 1.14 

P02-G12-2 0.150 0.10 0.59 0.45 164.0 142 1.15 
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Table 6.1 (cont’d) 

Model a1 a2 k1 k2 
VProp 

(kN) 

VLFEM 

(kN) LFEM

op

V
VPr  

P02-G12-3 0.188 0.10 0.63 0.45 157.6 150 1.05 

P02-G12-4 0.225 0.10 0.67 0.45 151.6 161 0.94 

P02-G13-1 0.113 0.15 0.53 0.425 165.3 132 1.25 

P02-G13-2 0.150 0.20 0.54 0.4 152.3 125 1.22 

P02-G13-3 0.188 0.25 0.55 0.375 139.6 117 1.19 

P02-G13-4 0.225 0.30 0.56 0.35 127.3 99 1.29 

P03-G14-1 0.075 0.10 0.52 0.45 152.2 160 0.95 

P03-G14-2 0.075 0.10 0.52 0.45 166.1 171 0.97 

P03-G14-3 0.075 0.10 0.52 0.45 193.3 210 0.92 

P03-G14-4 0.075 0.10 0.52 0.45 206.8 217 0.95 

     Average 0.93 

    Standard Deviation 0.22 
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Figure 6.4 Predicted and LFEM results of ultimate strength  
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A summary of the predictions by the proposed equations with respect to the LEFM 

results are presented in Figure 6.4 where a good agreement is achieved. There exist a 

few predictions which underestimate the ultimate strength. However, either the opening 

location or the size is not in practical range in these cases. Therefore, it is acceptable to 

ignore these few cases.  

 

 

6.4 VERIFICATION OF PROPOSED EQUATION 
 

To further verify the proposed design equation, a comparison of proposed equations and 

other existing equations is made utilising the experiment results presented in Chapter 4. 

Table 6.2 shows the details of the experimental results (VExp) and the ultimate strength 

predictions due to the proposed equations (VProposed), Equation (2.8) (VEq (2.8)) and 

Equation (2.16) (VEq (2.16)). The ratios VProposed/ VExp, VEq.(2.8)/ VExp and VEq.(2.16)/ VExp are 

also presented in the table. The average values of the three ratios are shown to be 0.81, 

0.57 and 0.82, respectively and the corresponding standard deviations are 0.31, 0.23 and 

0.33, respectively. The proposed equations give a safe estimate of failure load. Even 

though Equation (2.16) has a better mean value, the standard deviation is higher than 

the proposed design equations.  

 

Table 6.2 Comparison of predicted ultimate strengths by proposed equations, Equation 
(2.8) and Equation (2.16) utilising experimental results 

Specimens VExp VProposed 
Exp

Proposed

V
V  VEq (2.8) 

Exp

(2.8) Eq

V
V  VEq (2.16) 

Exp

(2.16) Eq

V
V  

S01-72-1 352.8 157.7 0.45 110.9 0.31 155.0 0.44 

S01-72-2 415.8 135.5 0.33 70.5 0.17 138.4 0.33 

S01-72-3 422.4 166.6 0.39 160.0 0.38 180.8 0.43 

S01-72-4 422.2 214.4 0.51 223.2 0.53 227.4 0.54 

S02-70-1 347.7 193.1 0.56 187.5 0.54 198.9 0.57 

S02-70-2 401.8 237.7 0.59 240.5 0.60 232.8 0.58 
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Table 6.2 (cont’d) 

S02-70-3 267.9 121.3 0.45 77.8 0.29 127.5 0.48 

S02-70-4 240.5 73.9 0.31 23.6 0.10 89.7 0.37 

S03-63-1 303.1 189.0 0.62 146.7 0.48 168.5 0.56 

S03-63-2 254.1 213.5 0.84 164.3 0.65 180.4 0.71 

S03-63-3 189.7 139.4 0.73 111.0 0.59 137.1 0.72 

S03-63-4 177.6 114.0 0.64 92.7 0.52 113.6 0.64 

S04-82-1 454.2 234.3 0.52 240.6 0.53 246.7 0.54 

S04-82-2 457.8 316.7 0.69 344.3 0.75 342.4 0.75 

S04-82-3 232.3 111.2 0.48 49.3 0.21 128.0 0.55 

S04-82-4 185.1 54.7 0.30 N/A* N/A* 84.4 0.46 

S05-72-1 309.1 172.1 0.56 134.3 0.43 167.0 0.54 

S05-80-2 193.2 165.2 0.86 121.1 0.63 165.9 0.86 

S05-80-3 112.8 152.2 1.35 103.7 0.92 155.0 1.37 

S06-79-1 166.8 163.2 0.98 114.3 0.69 164.3 0.99 

S06-79-2 122.6 140.1 1.14 72.5 0.59 147.6 1.20 

S06-79-3 174.4 164.6 0.94 129.3 0.74 155.3 0.89 

S06-79-4 122.8 138.6 1.13 129.3 1.05 155.3 1.27 

S06-64-5 146.1 163.0 1.12 114.3 0.78 164.3 1.12 

S06-64-6 138.2 162.7 1.18 114.3 0.83 164.3 1.19 

S07-91-1 306.6 162.1 0.53 144.5 0.47 190.1 0.62 

S07-91-2 157.9 163.6 1.04 144.5 0.91 190.1 1.20 

S07-91-3 135.2 120.4 0.89 75.9 0.56 120.5 0.89 

S07-91-4 111.8 78.0 0.70 23.4 0.21 84.3 0.75 

S07-64-5 109.8 140.0 1.27 83.8 0.76 149.4 1.36 

S07-64-6 81.4 116.8 1.44 53.6 0.66 128.5 1.58 

S08-34-1 88.1 103.5 1.18 69.2 0.79 82.9 0.94 

S08-34-2 87.0 93.8 1.08 56.5 0.65 75.9 0.87 

S08-34-3 79.5 65.7 0.83 44.1 0.56 68.9 0.87 

S08-34-4 72.4 69.8 0.96 25.3 0.35 58.1 0.80 

S09-66-1 489.5 270.2 0.55 248.1 0.51 227.2 0.46 
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Table 6.2 (cont’d) 

S09-66-2 125.6 130.2 1.04 82.0 0.65 128.6 1.02 

S09-66-3 93.2 118.5 1.27 66.2 0.71 118.9 1.28 

S09-66-4 78.9 80.9 1.02 50.7 0.64 109.2 1.38 

S10-66-1 657.6 673.5 1.02 701.6 1.07 569.4 0.87 

S10-66-2 583.1 260.1 0.45 164.0 0.28 256.7 0.44 

S10-66-3 334.5 236.8 0.71 132.4 0.40 237.3 0.71 

S10-66-4 174.4 214.2 1.23 101.3 0.58 218.0 1.25 

Average 0.81  0.57  0.82 

Standard Deviation  0.31  0.23  0.33 
* The negative strength values which indicate zero-bearing capacity 

 

Again less accurate predictions are found for deep beam specimens with web opening 

located closer to the beam soffit and/or centre. However, these specimens can be 

neglected due to unpractical location or size of the opening. 

 

Further comparisons of the proposed equations with test results of Yang et al. (2006) 

demonstrate the advantage and benefit of the proposed equations. Yang et al. (2006)’s 

experiment was focused on high strength concrete deep beams with web openings but 

without web reinforcement. This is similar to the experimental conditions of the present 

work. Therefore, this comparison is valid. In addition, Yang et al.’s (2006) work was to 

investigate the effect of main longitudinal steel and shear span to depth ratio when web 

opening changes. The impact of the change in opening size and location was not 

evaluated in detail. The present study thus offers more insight into this area to further 

advance the fundamental understanding provided by the existing research. 
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Table 6.3 Comparison of predicted ultimate strengths by proposed equations, Equation 
(2.8) and Equation (2.16) utilising Yang et al. (2006)’s experiment results 

Specimens VExp Vproposed 
Exp

Proposed

V
V  VEq (2.8) 

Exp

(2.8) Eq

V
V  VEq (2.16) 

Exp

(2.16) Eq

V
V  

H5NN 684.0 559.5 0.82 624.9 0.91 592.5 0.87 

H5F1 466.3 342.6 0.73 341.5 0.73 302.4 0.65 

H5F2 347.9 310.9 0.89 304.6 0.88 269.7 0.78 

H5F3 288.6 276.5 0.96 264.8 0.92 235.3 0.82 

H5T3 336.6 306.3 0.91 302.3 0.90 267.8 0.80 

H5S3 235.7 260.1 1.10 243.9 1.03 220.1 0.93 

H10NN 476.0 445.9 0.94 464.2 0.98 407.1 0.86 

H10F1 224.8 225.2 1.00 182.1 0.81 192.7 0.86 

H10F2 183.8 196.5 1.07 145.9 0.79 171.5 0.93 

H10F3 144.1 167.9 1.16 109.6 0.76 149.8 1.04 

H10T3 163.2 193.2 1.18 150.1 0.92 167.2 1.02 

H10S3 129.5 155.9 1.20 88.5 0.68 141.8 1.09 

UH5NN 823.0 641.4 0.78 722.1 0.88 781.8 0.95 

UH5F1 514.5 382.4 0.74 381.1 0.74 366.7 0.71 

UH5F2 419.4 346.3 0.83 338.5 0.81 325.6 0.78 

UH5F3 339.1 307.4 0.91 293.1 0.86 283.5 0.84 

UHFT3 394.9 338.0 0.86 333.0 0.84 320.7 0.81 

UH5S3 331.2 290.6 0.88 270.7 0.82 266.5 0.80 

UH7NN 744.0 591.4 0.79 648.9 0.87 655.3 0.88 

UH7F3 263.6 249.0 0.94 211.7 0.80 230.5 0.87 

UH10NN 573.0 518.9 0.91 541.5 0.95 529.5 0.92 

UH10F1 245.0 259.9 1.06 206.8 0.84 243.9 1.00 

UH10F2 198.5 227.3 1.15 164.9 0.83 218.4 1.10 

UH10F3 155.0 194.7 1.26 122.9 0.79 192.4 1.24 

UH10T3 185.0 221.5 1.20 168.4 0.91 210.0 1.14 

UH10S3 140.0 181.8 1.30 98.8 0.71 184.4 1.32 

UH15NN 418.0 420.3 1.01 384.8 0.92 411.6 0.98 
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Table 6.3 (cont’d) 

UH15F3 94.8 145.1 1.53 15.9 0.17 161.0 1.70 

L5NN 500.0 478.2 0.96 528.6 1.06 402.4 0.80 

LFF3C 233.2 232.2 1.00 224.4 0.96 151.8 0.65 

L10NN 375.0 373.5 1.00 387.6 1.03 282.4 0.75 

L10F3C 117.1 129.4 1.11 90.6 0.77 87.4 0.75 

 Average 1.00  0.84  0.93 

 Standard Deviation 0.18  0.15  0.21 

 

 

 

 

 

 

Table 6.3 presents predictions due to the proposed equations, Equation (2.8) (Kong and 

Sharp, 1973) and Equation (2.16) (Tan et al., 2003) . The mean ratios 

(Predicted/Experimental) and the corresponding standard deviations are also presented. 

A graphical representation of the comparison is displayed in Figure 6.5. 
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Figure 6.5 Comparisons of proposed equation, Equation (2.8) and Equation (2.16) on 

Vexp (Yang et al., 2006) 

 

 

 

 

 

 

Table 6.3 and Figure 6.5, the proposed equations are able to make better ultimate 

strength predictions than the other existing equations, based on published experimental 

results of Yang et al. (2006). The mean ratio of VProposed/VExp is 1.00 and the standard 

deviation is 0.18. Whereas the mean ratios of VEq.(2.8)/VExp and VEq.(2.16)/VExp are 0.84 and 

0.93, respectively with standard deviations of 0.15 and 0.21, respectively. Overall Kong 

and Sharp (1973)’s equation and Overall Tan et al. (2003)’s equation predicts the 

experimental ultimate strength successfully. However, the proposed equation showed 

better accuracy on the data collected from literature.  
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6.5 CONCLUDING REMARKS  
 

The proposed equation has been established based on the numerical parametric study 

and verified through comparison with the present experimental results and those of 

previous researchers. Although the present experiments are conducted with different 

intentions and under different conditions to the existing work, the proposed equations 

have shown to produce satisfactory prediction on ultimate strength of high strength 

concrete deep beams with web openings.  

 

The proposed equation is developed with emphasise on the effect of opening location, 

opening size, and concrete strength. The effects of web steel ratio, web steel orientation 

and the shear span to depth ratio are therefore not considered. These effects are equally 

important which will be remained for future studies due to limited timeframe of present 

study.  
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Chapter 7   

CONCLUSION 
 

 

 

 

 

 

 

7.1 CONCLUSION 
 

This thesis is focused on the development of a set of design equations for high strength 

concrete deep beams with web openings. 

 

After extensive literature review, it has concluded that the design methods available in 

various current codes fail to include three major components: the effects of opening 

location; the effects of opening size; and the effect of concrete strength for deep beams 

with web openings. These three components inevitably lead to inaccurate prediction of 

the ultimate strength of deep beams with web openings.  

 

As part of this thesis research, an experimental program has been undertaken to 

investigate the abovementioned shortcomings of the current codes. The major portion of 



 

STRENGTH AND BEHAVIOUR OF HIGH STRENGTH CONCRETE DEEP BEAMS WITH WEB OPENING 

221 

the experimental program focused on laboratory testing of a series of 43 normal and 

high strength reinforced concrete deep beams with and without web openings. 

 

The Layered Finite Element Method (LFEM) is used to perform numerical analysis of 

test specimens (see Chapter 5.3). The LFEM predictions of ultimate strength have 

shown to be in a good agreement with the test results. Subsequently a series of 

parametric studies has been carried out using LFEM. The parametric studies have been 

focused on the effect of varying opening location, opening size, overall beam size and 

concrete strength on the ultimate strength of deep beams with web openings. 

 

The outcomes of the parametric studies are used to formulate a set of new design 

equations for high strength concrete deep beams with web openings. Re-produced 

below are the two equations for the Flexural and Rigid zones, respectively: 
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for deep beams with web openings located in the Flexural zone and 
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for deep beams with web openings located in the Rigid zone. 

 

The special features of these formulae lie in: (1) the applicability for both the Flexural 

and Rigid zones in relation to opening locations; and (2) the simplicity for application 

and understanding of the relationships between the ultimate strength and opening 

location and size. Comparison with the present experimental results and selected test 

data from limited published research has confirmed that the new set of equations is 

accurate and reliable. 
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In summary, this research has achieved the following aims: 

• established relationships between the ultimate strength of high strength concrete 

deep beams with web openings and opening locations and sizes through 

experimental and numerical studies; 

 

• established correlations between the ultimate strength and concrete strength as 

well as the overall beam size through experimental and numerical studies; 

 

• proposed a new set of design equations based on the numerical studies 

confirmed the applicability and reliability of the new equations upon comparison 

with present and previously available test data. 

 

 

7.2 RECOMMENDATION AND SCOPE FOR FUTURE STUDY 
 

The following areas of research concerning high strength concrete deep beams with web 

openings remain relatively unexplored and could form the basis of future research  

 

1. More laboratory testing should be carried out on various opening locations and 

sizes for different types of beams other than simply supported. This may include 

continuous beams, prestressed beams, various shear span to depth ratios and web 

steel ratios & orientation. 

 

2. Detailed study of the strength and behaviour of deep beams with web openings 

would lead to more practical design philosophies.  

 

3. Research on combined torsion and shear behaviour of high strength concrete 

deep beams with web openings is required to improve the practicality of the 

design formulas.  
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4. Research related to repairing damaged or cracked deep beams with web 

openings in improving the ultimate strength is also required due to the 

importance of deep beams to the integrity of the overall structure.  
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APPENDIX 
A. LFEM Sample Input (S06-79-2)  
 

 a1.in 
INPUT: PROBLEM TITLE  

1/12/09 

S06-79-2 

INPUT: Control data 

INPUT:

 NPOIN,NELEM,NVFIX,NNODE,NMATS,NGA

US,NGAUZ,NCOLA 

INPUT:

 NALGO,NINCS,NLAYR,NCRIT,LARGE,NRES

T,NDES,NCANA 

674,202,30,8,10,3,2,0,2,100,202,4,1,0,2,2 

INPUT:Data for mesh generation(for model without hole) 

INPUT:MPREPN, MNODE 

8,8 

INPUT:Gravity acceleration 

INPUT:GRAVI(1),GRAVI(2),GRAVI(3),ANVEL 

0,0,0,0 

INPUT:Element no., element nodal connectivity and material no. 

INPUT:NUMEL,(LNODS(NUMEL,INODE),INODE=1,NNODE),MATNO(NU

MEL) 

1,1,2,3,35,53,52,51,34,1 

2,3,4,5,36,55,54,53,35,2 

3,5,6,7,37,57,56,55,36,3 

 

 • 

 • 

 • 

 
671,1100.00,600.00,55.00,0,1100.00,600.00,-55.00,0 

672,1150.00,600.00,55.00,0,1150.00,600.00,-55.00,0 

673,1175.00,600.00,55.00,0,1175.00,600.00,-55.00,0 

674,1200.00,600.00,55.00,0,1200.00,600.00,-55.00,0 

INPUT: Layer no. and pattern of 1st element 

INPUT: NUMEL,MATNO(NUMEL) 

1,1 

INPUT: Restraint condition 

INPUT:NOFIX(IVFIX),IFPRE,(PRESC(IVFIX,IDOFN),IDOFN=1,NDOFN) 

5,01101,0,0,0,0,0 

6,01101,0,0,0,0,0 

7,01101,0,0,0,0,0 

 • 

 • 

 • 
624,10010,0,0,0,0,0 

641,10010,0,0,0,0,0 

674,10010,0,0,0,0,0 

INPUT:Concrete and steel material no. of 1st element 

INPUT:NCLAY(ILAYR),NSLAY(ILAYR) 

INPUT:(MACON(ILAYR,ICONL),ICONL=1,NCONL), 

INPUT:(MASTE(ILAYR,ISTEL=1,NSTEL) 

8,2 

1,2,3,4,5,6,7,8,9,10 

INPUT:Element material properties 

INPUT:NUMAT 

INPUT:(PROPS(NUMAT,IPROP),IPROP=1,NPROP) 

1 

42038,42038,0.2,0.10,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

42038,42038,0.2,0.20,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

42038,42038,0.2,0.30,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

42038,42038,0.2,0.40,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

42038,42038,0.2,0.40,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

42038,42038,0.2,0.30,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

42038,42038,0.2,0.20,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

42038,42038,0.2,0.10,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

210000.0,23000.0,250.0,1.000e-009,0.00,-

0.3636,0,0,500,0.0000,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0 

210000.0,23000.0,250.0,1.000e-

009,0.00,0.3636,0,0,500,0.0000,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0 

11 

42038,42038,0.2,0.10,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

42038,42038,0.2,0.20,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

42038,42038,0.2,0.30,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

42038,42038,0.2,0.40,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

42038,42038,0.2,0.40,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

42038,42038,0.2,0.30,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

42038,42038,0.2,0.20,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

42038,42038,0.2,0.10,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

210000.0,23000.0,250.0,1.000e-009,0.00,-

0.3636,0,0,500,0.0000,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0 

210000.0,23000.0,250.0,1.000e-

009,0.00,0.3636,0,0,500,0.0000,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0 

21 

42038,42038,0.2,0.10,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 
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42038,42038,0.2,0.20,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

42038,42038,0.2,0.30,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

42038,42038,0.2,0.40,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

42038,42038,0.2,0.40,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

42038,42038,0.2,0.30,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

42038,42038,0.2,0.20,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

42038,42038,0.2,0.10,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

210000.0,23000.0,250.0,1.000e-009,0.00,-

0.3636,0,0,500,0.0000,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0 

210000.0,23000.0,250.0,1.000e-

009,0.00,0.3636,0,0,500,0.0000,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0 

 • 

 • 

 • 
171 

42038,42038,0.2,0.10,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

42038,42038,0.2,0.20,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

42038,42038,0.2,0.30,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

42038,42038,0.2,0.40,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

42038,42038,0.2,0.40,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

42038,42038,0.2,0.30,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

42038,42038,0.2,0.20,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

42038,42038,0.2,0.10,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

210000.0,23000.0,250.0,2.286e-001,0.00,-

0.3636,0,0,500,0.0000,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0 

210000.0,23000.0,250.0,2.286e-

001,0.00,0.3636,0,0,500,0.0000,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0 

 • 

 • 

 • 

2011 

42038,42038,0.2,0.10,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

42038,42038,0.2,0.20,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

42038,42038,0.2,0.30,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

42038,42038,0.2,0.40,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

42038,42038,0.2,0.40,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

42038,42038,0.2,0.30,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

42038,42038,0.2,0.20,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

42038,42038,0.2,0.10,2.400e-009,17516,17516,17516,3.58,80.0,1.483e-

003,0.0035,0.002,0,0,0,0,0,0,0,0,0,0,0,0,0,0.002,0.5,55.0,-55.0 

210000.0,23000.0,250.0,1.000e-009,0.00,-

0.3636,0,0,500,0.0000,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0 

210000.0,23000.0,250.0,1.000e-

009,0.00,0.3636,0,0,500,0.0000,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0 

 

a2.in 

 
INPUT: NDISP1,NDISP2,NDISP3,NREAC,NZDIS,NYDIS 

Dial gauge no1, no2, no3 and support node; disp/reac in Z or Y direc 

33,317,323,0,0,1  

 

a3.in 
 
INPUT: 

INPUT:  THE LOADS APPLIED TO THE STRUCTURAL 

INPUT: 

INPUT:  LPOIN,LDOFN,CARGA 

0,0,0,0 

0,0,0,0 

0,0,0,0 

 • 

 • 

 • 
0,0,0,0 

0,0,0,0 

0,0,0,0 

0,0,0,0(elem200) 

0,0,0,0 

0,0,0,0 

0,0,0,0 

0,6,0,0 

5,2,-1000 

5,5,1 

6,2,-2000 

6,5,1 

7,2,-2000 

7,5,1 

 

a30open.in 

 
INPUT:  

INPUT INFORMATION FOR MATLAB DRAWING 

INPUT:  NZONE (No. of zones) 

6 

INPUT:

 NODEX1(I),NODEX2(I),NODEY1(I),NODEY2(I),NX(I),NY(I),

ILAY  

Input 1st/last nodes in x-dir(bottom), y-dir(left), div no. in x & y, layer no. 

1,33,1,301,16,6,1 

301,317,301,349,8,1,1 

349,365,349,392,8,1,1 

323,333,323,366,5,1,1 

366,376,366,414,5,1,1 

392,424,392,642,16,5,1 
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a31.in 

 
Input: title 

Input information for matlab drawing (a30.in) 

Input: n1,n2,ilay 

16,13,10 

 

a32.in 

 
INPUT: title  

INPUT: INFORMATION FOR MATLAB DRAWING (a30.in) 

INPUT: N1,N2,ILAY 

16,13,10 

 

a4.in 

 
INPUT: 

INPUT THE LOAD INCREMENT INFORMATION 

INPUT:  FACTO,TOLER,MITER,NOUTP(1),NOUTP(2) 

INPUT:  FACTO 

1.0,0.025,100,2,2 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

0.50 

0.50 

0.20 

0.20 

0.20 

0.10 

0.10 

0.10 

 • 

 • 

 • 

0.10 

0.10 

0.10 

 

 

 

a51open.in  

 
INPUT:  

INPUT  INFORMATION FOR MATLAB DRAWING 

INPUT:  NZONE (No. of zones) 

6 

INPUT:  

NODEX1(I),NODEX2(I),NODEY1(I),NODEY2(I),NX(I),NY(I),ILAY 

Input 1st/last nodes in x-dir(bottom), y-dir(left), div no. in x & y, layer no. 

1,33,1,301,16,6,1 

301,317,301,349,8,1,1 

349,365,349,392,8,1,1 

323,333,323,366,5,1,1 

366,376,366,414,5,1,1 

392,424,392,642,16,5,1 

 

a52open.in 

 
INPUT:  

INPUT INFORMATION FOR MATLAB DRAWING 

INPUT:  NZONE (No. of zones) 

6 

INPUT:  

NODEX1(I),NODEX2(I),NODEY1(I),NODEY2(I),NX(I),NY(I),ILAY 

Input 1st/last nodes in x-dir(bottom), y-dir(left), div no. in x & y, layer no. 

1,33,1,301,16,6,2 

301,317,301,349,8,1,2 

349,365,349,392,8,1,2 

323,333,323,366,5,1,2 

366,376,366,414,5,1,2 

392,424,392,642,16,5,2 

 

a53open.in 

 
INPUT:  

INPUT  INFORMATION FOR MATLAB DRAWING 

INPUT:  NZONE (No. of zones) 

6 

INPUT:  

NODEX1(I),NODEX2(I),NODEY1(I),NODEY2(I),NX(I),NY(I),ILAY 

Input 1st/last nodes in x-dir(bottom), y-dir(left), div no. in x & y, layer no. 

1,33,1,301,16,6,3 

301,317,301,349,8,1,3 

349,365,349,392,8,1,3 

323,333,323,366,5,1,3 

366,376,366,414,5,1,3 

392,424,392,642,16,5,3 
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a54open.in  

 
INPUT:  

INPUT  INFORMATION FOR MATLAB DRAWING 

INPUT:  NZONE (No. of zones) 

6 

INPUT:  

NODEX1(I),NODEX2(I),NODEY1(I),NODEY2(I),NX(I),NY(I),ILAY 

Input 1st/last nodes in x-dir(bottom), y-dir(left), div no. in x & y, layer no. 

1,33,1,301,16,6,4 

301,317,301,349,8,1,4 

349,365,349,392,8,1,4 

323,333,323,366,5,1,4 

366,376,366,414,5,1,4 

392,424,392,642,16,5,4 

 

a55open.in  

 
INPUT:  

INPUT  INFORMATION FOR MATLAB DRAWING 

INPUT:  NZONE (No. of zones) 

6 

INPUT:  

NODEX1(I),NODEX2(I),NODEY1(I),NODEY2(I),NX(I),NY(I),ILAY 

Input 1st/last nodes in x-dir(bottom), y-dir(left), div no. in x & y, layer no. 

1,33,1,301,16,6,5 

301,317,301,349,8,1,5 

349,365,349,392,8,1,5 

323,333,323,366,5,1,5 

366,376,366,414,5,1,5 

392,424,392,642,16,5,5 

 

a56open.in  
 

INPUT:  

INPUT  INFORMATION FOR MATLAB DRAWING 

INPUT:  NZONE (No. of zones) 

6 

INPUT:  

NODEX1(I),NODEX2(I),NODEY1(I),NODEY2(I),NX(I),NY(I),ILAY 

Input 1st/last nodes in x-dir(bottom), y-dir(left), div no. in x & y, layer no. 

1,33,1,301,16,6,6 

301,317,301,349,8,1,6 

349,365,349,392,8,1,6 

323,333,323,366,5,1,6 

366,376,366,414,5,1,6 

392,424,392,642,16,5,6 

 

a57open.in 

 
INPUT:  

INPUT  INFORMATION FOR MATLAB DRAWING 

INPUT:  NZONE (No. of zones) 

6 

INPUT:  

NODEX1(I),NODEX2(I),NODEY1(I),NODEY2(I),NX(I),NY(I),ILAY 

Input 1st/last nodes in x-dir(bottom), y-dir(left), div no. in x & y, layer no. 

1,33,1,301,16,6,7 

301,317,301,349,8,1,7 

349,365,349,392,8,1,7 

323,333,323,366,5,1,7 

366,376,366,414,5,1,7 

392,424,392,642,16,5,7 

 

a58open.in 

 
INPUT:  

INPUT  INFORMATION FOR MATLAB DRAWING 

INPUT:  NZONE (No. of zones) 

6 

INPUT:  

NODEX1(I),NODEX2(I),NODEY1(I),NODEY2(I),NX(I),NY(I),ILAY 

Input 1st/last nodes in x-dir(bottom), y-dir(left), div no. in x & y, layer no. 

1,33,1,301,16,6,8 

301,317,301,349,8,1,8 

349,365,349,392,8,1,8 

323,333,323,366,5,1,8 

366,376,366,414,5,1,8 

392,424,392,642,16,5,8 
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B. LFEM Sample Result (S06-79-2) 
 

Disp-reac 

 
1   33 -0.168309E-01  317 -0.103291E-01  323 -0.135161E-01    0  0.000000E+00 

 2   33 -0.336618E-01  317 -0.206582E-01  323 -0.270321E-01    0  0.000000E+00 

 3   33 -0.504927E-01  317 -0.309872E-01  323 -0.405482E-01    0  0.000000E+00 

 4   33 -0.673236E-01  317 -0.413163E-01  323 -0.540643E-01    0  0.000000E+00 

 5   33 -0.841545E-01  317 -0.516454E-01  323 -0.675803E-01    0  0.000000E+00 

 6   33 -0.100985E+00  317 -0.619745E-01  323 -0.810964E-01    0  0.000000E+00 

 7   33 -0.127564E+00  317 -0.755782E-01  323 -0.989417E-01    0  0.000000E+00 

 8   33 -0.160533E+00  317 -0.936681E-01  323 -0.122934E+00    0  0.000000E+00 

 9   33 -0.206138E+00  317 -0.118700E+00  323 -0.156050E+00    0  0.000000E+00 

10   33 -0.256791E+00  317 -0.146103E+00  323 -0.193450E+00    0  0.000000E+00 

11   33 -0.320425E+00  317 -0.181457E+00  323 -0.240717E+00    0  0.000000E+00 

12   33 -0.387688E+00  317 -0.218047E+00  323 -0.291042E+00    0  0.000000E+00 

13   33 -0.587132E+00  317 -0.308608E+00  323 -0.474772E+00    0  0.000000E+00 

14   33 -0.655518E+00  317 -0.337113E+00  323 -0.536250E+00    0  0.000000E+00 

15   33 -0.706511E+00  317 -0.357795E+00  323 -0.582330E+00    0  0.000000E+00 

16   33 -0.736174E+00  317 -0.369093E+00  323 -0.609280E+00    0  0.000000E+00 

17   33 -0.757261E+00  317 -0.377634E+00  323 -0.628355E+00    0  0.000000E+00 

18   33 -0.764969E+00  317 -0.380928E+00  323 -0.635277E+00    0  0.000000E+00 

19   33 -0.773804E+00  317 -0.384442E+00  323 -0.643387E+00    0  0.000000E+00 

20   33 -0.802046E+00  317 -0.393141E+00  323 -0.669850E+00    0  0.000000E+00 

 

Result output 

 
  TOTAL NUMBER OF STRUCTURE NODES     =  674 

  TOTAL NUMBER OF ELEMENTS            =  202 

  TOTAL NUMBER OF PRESCRIBED NODES    =   30 

  NUMBER OF NODES PER ELEMENT         =    8 

  TOTAL NUMBER OF DIFFERENT MATERIALS =   10 

  NUMBER OF GAUSS POINTS PER ELEMENT 

  NGAUS  (BENDING & MEMBRANE)         =    3 

  NGAUZ  (SHEAR)                      =    2 

 

  NUMBER OF VARIABLES PER ELEMENT     =   40 

  SET CONSTRAINTS FOR 9-NODE LAGRANGIAN    0 

  NALGO:1-INITIAL,2-N-R,3-MODIFIED N-R=    2 

  TOTAL NUMBER OF LOAD INCREMENTS     =  100 

  TOTAL NUMBER OF LAYER PATTERNS      =  202 

  NCRIT:1-VON, 2-TRESC, 3-OTTOSEN     =    4 

  LARGE DEFORMATION PARAMETER         =    1 

  (0-GEOMETRICALLY LINEAR, 1-NONLINEAR) 

  RESTART FACILITY PARAMETER          =    0 

  (0-START THE ANALYSIS) 

  (1-RESTART THE ANALYSIS FROM LAST 

   CONVERGED LOAD INCREMENT) 

  SOFTTENING TYPE                     =    2 

  CRACK ANALYSIS INDEX: 2-2D, 3-3D    =    2 

 

 X-GRAVITY  Y-GRAVITY  Z-GRAVITY  ANGULAR VELOCITY 

   0.00000   0.00000   0.00000        0.00000 

 

0          ELEMENT NODAL CONNECTIONS 

0  ELE.  -------------NODAL POINTS-----------      MAT NO. 

 

  

    1    1    2    3   35   53   52   51   34         1 

    2    3    4    5   36   55   54   53   35         2 

    3    5    6    7   37   57   56   55   36         3 

    4    7    8    9   38   59   58   57   37         4 

    5    9   10   11   39   61   60   59   38         5 

    6   11   12   13   40   63   62   61   39         6 

    7   13   14   15   41   65   64   63   40         7 

    8   15   16   17   42   67   66   65   41         8 

    9   17   18   19   43   69   68   67   42         9 

   10   19   20   21   44   71   70   69   43        10 

 • 

 • 

 • 

  199  616  617  618  638  668  667  666  637       199 

  200  618  619  620  639  670  669  668  638       200 

  201  620  621  622  640  672  671  670  639       201 

  202  622  623  624  641  674  673  672  640       202 

 

  NODAL POINT COORDINATES IN CM: 

 

    NODE NO.    X-AXIS        Y-AXIS        Z-AXIS       PRESSURE 

 

       1         0.000         0.000        55.000         0.000 
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                 0.000         0.000       -55.000         0.000 

       2        75.000         0.000        55.000         0.000 

                75.000         0.000       -55.000         0.000 

       3       150.000         0.000        55.000         0.000 

               150.000         0.000       -55.000         0.000 

 • 

 • 

 • 

     670      1050.000       600.000        55.000         0.000 

              1050.000       600.000       -55.000         0.000 

     671      1100.000       600.000        55.000         0.000 

              1100.000       600.000       -55.000         0.000 

     672      1150.000       600.000        55.000         0.000 

              1150.000       600.000       -55.000         0.000 

     673      1175.000       600.000        55.000         0.000 

              1175.000       600.000       -55.000         0.000 

     674      1200.000       600.000        55.000         0.000 

              1200.000       600.000       -55.000         0.000 

 

 

  SUPPORT INFORMATION : 

 

  *** DISPLACEMENT COMPONENTS: U,V,W,THETA-X,THETA-Y *** 

  *** CONDITION OF DEGREE OF FREEDOM                 *** 

  *** 1 - RESTRAINED                                 *** 

  *** 0 - FREE                                       *** 

 

 

  NODE NO.    CODE                     PRESCRIBED VALUES 

 

     5         1101      0.00000   0.00000   0.00000   0.00000   0.00000 

     6         1101      0.00000   0.00000   0.00000   0.00000   0.00000 

     7         1101      0.00000   0.00000   0.00000   0.00000   0.00000 

    33        10010      0.00000   0.00000   0.00000   0.00000   0.00000 

    50        10010      0.00000   0.00000   0.00000   0.00000   0.00000 

    83        10010      0.00000   0.00000   0.00000   0.00000   0.00000 

   100        10010      0.00000   0.00000   0.00000   0.00000   0.00000 

   133        10010      0.00000   0.00000   0.00000   0.00000   0.00000 

   150        10010      0.00000   0.00000   0.00000   0.00000   0.00000 

   183        10010      0.00000   0.00000   0.00000   0.00000   0.00000 

   200        10010      0.00000   0.00000   0.00000   0.00000   0.00000 

   233        10010      0.00000   0.00000   0.00000   0.00000   0.00000 

   250        10010      0.00000   0.00000   0.00000   0.00000   0.00000 

   283        10010      0.00000   0.00000   0.00000   0.00000   0.00000 

   300        10010      0.00000   0.00000   0.00000   0.00000   0.00000 

   333        10010      0.00000   0.00000   0.00000   0.00000   0.00000 

   348        10010      0.00000   0.00000   0.00000   0.00000   0.00000 

   376        10010      0.00000   0.00000   0.00000   0.00000   0.00000 

   391        10010      0.00000   0.00000   0.00000   0.00000   0.00000 

   424        10010      0.00000   0.00000   0.00000   0.00000   0.00000 

   441        10010      0.00000   0.00000   0.00000   0.00000   0.00000 

   474        10010      0.00000   0.00000   0.00000   0.00000   0.00000 

   491        10010      0.00000   0.00000   0.00000   0.00000   0.00000 

   524        10010      0.00000   0.00000   0.00000   0.00000   0.00000 

   541        10010      0.00000   0.00000   0.00000   0.00000   0.00000 

   574        10010      0.00000   0.00000   0.00000   0.00000   0.00000 

   591        10010      0.00000   0.00000   0.00000   0.00000   0.00000 

   624        10010      0.00000   0.00000   0.00000   0.00000   0.00000 

   641        10010      0.00000   0.00000   0.00000   0.00000   0.00000 

   674        10010      0.00000   0.00000   0.00000   0.00000   0.00000 

 

 

LAYER PATTERN  NCONL  NSTEL     MATERIAL NUMBER PER 

CONCRETE AND STEEL LAYER 

 

     1           8      2       1    2    3    4    5    6    7    8    9   10 

     2           8      2      11   12   13   14   15   16   17   18   19   20 

     3           8      2      21   22   23   24   25   26   27   28   29   30 

 • 

 • 

 • 

   199           8      2    1981 1982 1983 1984 1985 1986 1987 1988 1989 1990 

   200           8      2    1991 1992 1993 1994 1995 1996 1997 1998 1999 2000 

   201           8      2    2001 2002 2003 2004 2005 2006 2007 2008 2009 2010 

   202           8      2    2011 2012 2013 2014 2015 2016 2017 2018 2019 2020 

 

 

ELE  NUMAT     ELEMENT MATERIAL PROPERTIES 

 

 CONCRETE PROPERTIES 

 ------------------- 

IELE  NO.     E1        E2    POSS12 THICK   DENSE      G12       G13       G23 

   1    1 .4204E+05 .4204E+05 0.200 0.1000 .240E-08 0.1752E+05 0.1752E+05 

0.1752E+05 

   1    2 .4204E+05 .4204E+05 0.200 0.2000 .240E-08 0.1752E+05 0.1752E+05 

0.1752E+05 

   1    3 .4204E+05 .4204E+05 0.200 0.3000 .240E-08 0.1752E+05 0.1752E+05 

0.1752E+05 

   1    4 .4204E+05 .4204E+05 0.200 0.4000 .240E-08 0.1752E+05 0.1752E+05 

0.1752E+05 

   1    5 .4204E+05 .4204E+05 0.200 0.4000 .240E-08 0.1752E+05 0.1752E+05 

0.1752E+05 

   1    6 .4204E+05 .4204E+05 0.200 0.3000 .240E-08 0.1752E+05 0.1752E+05 

0.1752E+05 

   1    7 .4204E+05 .4204E+05 0.200 0.2000 .240E-08 0.1752E+05 0.1752E+05 

0.1752E+05 

   1    8 .4204E+05 .4204E+05 0.200 0.1000 .240E-08 0.1752E+05 0.1752E+05 

0.1752E+05 

 

 STEEL PROPERTIES 

 ---------------- 

IELE  NO.     ES        ES1     ES2  THICKS  DENSES    COORS      xxxx       

xxx 

   1    9 .2100E+06 .2300E+05 ***** 0.0000 .000E+00 -.3636E+00 0.0000E+00 

0.0000E+00 

   1   10 .2100E+06 .2300E+05 ***** 0.0000 .000E+00 0.3636E+00 

0.0000E+00 0.0000E+00 

 

 CONCRETE PROPERTIES 

 ------------------- 

IELE  NO.     FT         FC      ECR       EU       E0       ER       ED 

   1    1     3.580    80.000  0.00148  0.00350  0.00200  0.00000  0.00000 

   1    2     3.580    80.000  0.00148  0.00350  0.00200  0.00000  0.00000 

   1    3     3.580    80.000  0.00148  0.00350  0.00200  0.00000  0.00000 

   1    4     3.580    80.000  0.00148  0.00350  0.00200  0.00000  0.00000 

   1    5     3.580    80.000  0.00148  0.00350  0.00200  0.00000  0.00000 

   1    6     3.580    80.000  0.00148  0.00350  0.00200  0.00000  0.00000 

   1    7     3.580    80.000  0.00148  0.00350  0.00200  0.00000  0.00000 

   1    8     3.580    80.000  0.00148  0.00350  0.00200  0.00000  0.00000 

 

 STEEL PROPERTIES 

 ---------------- 

IELE  NO.     FY       THETAS     ASL      DSL      ASV      DSV     DUMMY 

   1    9   500.000     0.000  0.00000  0.00000  0.00000  0.00000  0.00000 

   1   10   500.000     0.000  0.00000  0.00000  0.00000  0.00000  0.00000 
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 CONCRETE PROPERTIES 

 ------------------- 

IELE  NO.     S01       S02       S03    STHETA0    T01      T02      T03 

   1    1   0.00000   0.00000  0.00000  0.00000  0.00000  0.00000  0.00000 

   1    2   0.00000   0.00000  0.00000  0.00000  0.00000  0.00000  0.00000 

   1    3   0.00000   0.00000  0.00000  0.00000  0.00000  0.00000  0.00000 

   1    4   0.00000   0.00000  0.00000  0.00000  0.00000  0.00000  0.00000 

   1    5   0.00000   0.00000  0.00000  0.00000  0.00000  0.00000  0.00000 

   1    6   0.00000   0.00000  0.00000  0.00000  0.00000  0.00000  0.00000 

   1    7   0.00000   0.00000  0.00000  0.00000  0.00000  0.00000  0.00000 

   1    8   0.00000   0.00000  0.00000  0.00000  0.00000  0.00000  0.00000 

 

 STEEL PROPERTIES 

 ---------------- 

IELE  NO.      ----------------------- (DUMMY) ----------------------- 

   1    9   0.00000   0.00000  0.00000  0.00000  0.00000  0.00000  0.00000 

   1   10   0.00000   0.00000  0.00000  0.00000  0.00000  0.00000  0.00000 

 

 CONCRETE PROPERTIES 

 ------------------- 

IELE  NO.   THETA    RHOV     ESV      H       EM    ALPHA   ZTOP    ZBOT 

   1    1   0.000   0.000 .0000E+00  0.000  0.002  0.500   55.00  -55.00 

   1    2   0.000   0.000 .0000E+00  0.000  0.002  0.500   55.00  -55.00 

   1    3   0.000   0.000 .0000E+00  0.000  0.002  0.500   55.00  -55.00 

   1    4   0.000   0.000 .0000E+00  0.000  0.002  0.500   55.00  -55.00 

   1    5   0.000   0.000 .0000E+00  0.000  0.002  0.500   55.00  -55.00 

   1    6   0.000   0.000 .0000E+00  0.000  0.002  0.500   55.00  -55.00 

   1    7   0.000   0.000 .0000E+00  0.000  0.002  0.500   55.00  -55.00 

   1    8   0.000   0.000 .0000E+00  0.000  0.002  0.500   55.00  -55.00 

 

 STEEL PROPERTIES 

 ---------------- 

IELE  NO.      ----------------------- (DUMMY) ----------------------- 

   1    9   0.000   0.000 .0000E+00  0.000  0.000  0.000    0.00    0.00 

   1   10   0.000   0.000 .0000E+00  0.000  0.000  0.000    0.00    0.00 

 

 

ELE  NUMAT     ELEMENT MATERIAL PROPERTIES 

 

 CONCRETE PROPERTIES 

 ------------------- 

IELE  NO.     E1        E2    POSS12 THICK   DENSE      G12       G13       G23 

   2   11 .4204E+05 .4204E+05 0.200 0.1000 .240E-08 0.1752E+05 0.1752E+05 

0.1752E+05 

   2   12 .4204E+05 .4204E+05 0.200 0.2000 .240E-08 0.1752E+05 0.1752E+05 

0.1752E+05 

   2   13 .4204E+05 .4204E+05 0.200 0.3000 .240E-08 0.1752E+05 0.1752E+05 

0.1752E+05 

   2   14 .4204E+05 .4204E+05 0.200 0.4000 .240E-08 0.1752E+05 0.1752E+05 

0.1752E+05 

   2   15 .4204E+05 .4204E+05 0.200 0.4000 .240E-08 0.1752E+05 0.1752E+05 

0.1752E+05 

   2   16 .4204E+05 .4204E+05 0.200 0.3000 .240E-08 0.1752E+05 0.1752E+05 

0.1752E+05 

   2   17 .4204E+05 .4204E+05 0.200 0.2000 .240E-08 0.1752E+05 0.1752E+05 

0.1752E+05 

   2   18 .4204E+05 .4204E+05 0.200 0.1000 .240E-08 0.1752E+05 0.1752E+05 

0.1752E+05 

 

 STEEL PROPERTIES 

 ---------------- 

IELE  NO.     ES        ES1     ES2  THICKS  DENSES    COORS      xxxx       

xxx 

   2   19 .2100E+06 .2300E+05 ***** 0.0000 .000E+00 -.3636E+00 0.0000E+00 

0.0000E+00 

   2   20 .2100E+06 .2300E+05 ***** 0.0000 .000E+00 0.3636E+00 

0.0000E+00 0.0000E+00 

 

 CONCRETE PROPERTIES 

 ------------------- 

IELE  NO.     FT         FC      ECR       EU       E0       ER       ED 

   2   11     3.580    80.000  0.00148  0.00350  0.00200  0.00000  0.00000 

   2   12     3.580    80.000  0.00148  0.00350  0.00200  0.00000  0.00000 

   2   13     3.580    80.000  0.00148  0.00350  0.00200  0.00000  0.00000 

   2   14     3.580    80.000  0.00148  0.00350  0.00200  0.00000  0.00000 

   2   15     3.580    80.000  0.00148  0.00350  0.00200  0.00000  0.00000 

   2   16     3.580    80.000  0.00148  0.00350  0.00200  0.00000  0.00000 

   2   17     3.580    80.000  0.00148  0.00350  0.00200  0.00000  0.00000 

   2   18     3.580    80.000  0.00148  0.00350  0.00200  0.00000  0.00000 

 

 STEEL PROPERTIES 

 ---------------- 

IELE  NO.     FY       THETAS     ASL      DSL      ASV      DSV     DUMMY 

   2   19   500.000     0.000  0.00000  0.00000  0.00000  0.00000  0.00000 

   2   20   500.000     0.000  0.00000  0.00000  0.00000  0.00000  0.00000 

 

 CONCRETE PROPERTIES 

 ------------------- 

IELE  NO.     S01       S02       S03    STHETA0    T01      T02      T03 

   2   11   0.00000   0.00000  0.00000  0.00000  0.00000  0.00000  0.00000 

   2   12   0.00000   0.00000  0.00000  0.00000  0.00000  0.00000  0.00000 

   2   13   0.00000   0.00000  0.00000  0.00000  0.00000  0.00000  0.00000 

   2   14   0.00000   0.00000  0.00000  0.00000  0.00000  0.00000  0.00000 

   2   15   0.00000   0.00000  0.00000  0.00000  0.00000  0.00000  0.00000 

   2   16   0.00000   0.00000  0.00000  0.00000  0.00000  0.00000  0.00000 

   2   17   0.00000   0.00000  0.00000  0.00000  0.00000  0.00000  0.00000 

   2   18   0.00000   0.00000  0.00000  0.00000  0.00000  0.00000  0.00000 

 

 STEEL PROPERTIES 

 ---------------- 

IELE  NO.      ----------------------- (DUMMY) ----------------------- 

   2   19   0.00000   0.00000  0.00000  0.00000  0.00000  0.00000  0.00000 

   2   20   0.00000   0.00000  0.00000  0.00000  0.00000  0.00000  0.00000 

 

 CONCRETE PROPERTIES 

 ------------------- 

IELE  NO.   THETA    RHOV     ESV      H       EM    ALPHA   ZTOP    ZBOT 

   2   11   0.000   0.000 .0000E+00  0.000  0.002  0.500   55.00  -55.00 

   2   12   0.000   0.000 .0000E+00  0.000  0.002  0.500   55.00  -55.00 

   2   13   0.000   0.000 .0000E+00  0.000  0.002  0.500   55.00  -55.00 

   2   14   0.000   0.000 .0000E+00  0.000  0.002  0.500   55.00  -55.00 

   2   15   0.000   0.000 .0000E+00  0.000  0.002  0.500   55.00  -55.00 

   2   16   0.000   0.000 .0000E+00  0.000  0.002  0.500   55.00  -55.00 

   2   17   0.000   0.000 .0000E+00  0.000  0.002  0.500   55.00  -55.00 

   2   18   0.000   0.000 .0000E+00  0.000  0.002  0.500   55.00  -55.00 

 

 STEEL PROPERTIES 

 ---------------- 

IELE  NO.      ----------------------- (DUMMY) ----------------------- 

   2   19   0.000   0.000 .0000E+00  0.000  0.000  0.000    0.00    0.00 

   2   20   0.000   0.000 .0000E+00  0.000  0.000  0.000    0.00    0.00 

 • 

 • 

 • 
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ELE  NUMAT     ELEMENT MATERIAL PROPERTIES 

 

 CONCRETE PROPERTIES 

 ------------------- 

IELE  NO.     E1        E2    POSS12 THICK   DENSE      G12       G13       G23 

 202 2011 .4204E+05 .4204E+05 0.200 0.1000 .240E-08 0.1752E+05 

0.1752E+05 0.1752E+05 

 202 2012 .4204E+05 .4204E+05 0.200 0.2000 .240E-08 0.1752E+05 

0.1752E+05 0.1752E+05 

 202 2013 .4204E+05 .4204E+05 0.200 0.3000 .240E-08 0.1752E+05 

0.1752E+05 0.1752E+05 

 202 2014 .4204E+05 .4204E+05 0.200 0.4000 .240E-08 0.1752E+05 

0.1752E+05 0.1752E+05 

 202 2015 .4204E+05 .4204E+05 0.200 0.4000 .240E-08 0.1752E+05 

0.1752E+05 0.1752E+05 

 202 2016 .4204E+05 .4204E+05 0.200 0.3000 .240E-08 0.1752E+05 

0.1752E+05 0.1752E+05 

 202 2017 .4204E+05 .4204E+05 0.200 0.2000 .240E-08 0.1752E+05 

0.1752E+05 0.1752E+05 

 202 2018 .4204E+05 .4204E+05 0.200 0.1000 .240E-08 0.1752E+05 

0.1752E+05 0.1752E+05 

 

 STEEL PROPERTIES 

 ---------------- 

IELE  NO.     ES        ES1     ES2  THICKS  DENSES    COORS      xxxx       

xxx 

 202 2019 .2100E+06 .2300E+05 ***** 0.0000 .000E+00 -.3636E+00 

0.0000E+00 0.0000E+00 

 202 2020 .2100E+06 .2300E+05 ***** 0.0000 .000E+00 0.3636E+00 

0.0000E+00 0.0000E+00 

 

 CONCRETE PROPERTIES 

 ------------------- 

IELE  NO.     FT         FC      ECR       EU       E0       ER       ED 

 202 2011     3.580    80.000  0.00148  0.00350  0.00200  0.00000  0.00000 

 202 2012     3.580    80.000  0.00148  0.00350  0.00200  0.00000  0.00000 

 202 2013     3.580    80.000  0.00148  0.00350  0.00200  0.00000  0.00000 

 202 2014     3.580    80.000  0.00148  0.00350  0.00200  0.00000  0.00000 

 202 2015     3.580    80.000  0.00148  0.00350  0.00200  0.00000  0.00000 

 202 2016     3.580    80.000  0.00148  0.00350  0.00200  0.00000  0.00000 

 202 2017     3.580    80.000  0.00148  0.00350  0.00200  0.00000  0.00000 

 202 2018     3.580    80.000  0.00148  0.00350  0.00200  0.00000  0.00000 

 

 STEEL PROPERTIES 

 ---------------- 

IELE  NO.     FY       THETAS     ASL      DSL      ASV      DSV     DUMMY 

 202 2019   500.000     0.000  0.00000  0.00000  0.00000  0.00000  0.00000 

 202 2020   500.000     0.000  0.00000  0.00000  0.00000  0.00000  0.00000 

 

 CONCRETE PROPERTIES 

 ------------------- 

IELE  NO.     S01       S02       S03    STHETA0    T01      T02      T03 

 202 2011   0.00000   0.00000  0.00000  0.00000  0.00000  0.00000  0.00000 

 202 2012   0.00000   0.00000  0.00000  0.00000  0.00000  0.00000  0.00000 

 202 2013   0.00000   0.00000  0.00000  0.00000  0.00000  0.00000  0.00000 

 202 2014   0.00000   0.00000  0.00000  0.00000  0.00000  0.00000  0.00000 

 202 2015   0.00000   0.00000  0.00000  0.00000  0.00000  0.00000  0.00000 

 202 2016   0.00000   0.00000  0.00000  0.00000  0.00000  0.00000  0.00000 

 202 2017   0.00000   0.00000  0.00000  0.00000  0.00000  0.00000  0.00000 

 202 2018   0.00000   0.00000  0.00000  0.00000  0.00000  0.00000  0.00000 

 

 STEEL PROPERTIES 

 ---------------- 

IELE  NO.      ----------------------- (DUMMY) ----------------------- 

 202 2019   0.00000   0.00000  0.00000  0.00000  0.00000  0.00000  0.00000 

 202 2020   0.00000   0.00000  0.00000  0.00000  0.00000  0.00000  0.00000 

 

 CONCRETE PROPERTIES 

 ------------------- 

IELE  NO.   THETA    RHOV     ESV      H       EM    ALPHA   ZTOP    ZBOT 

 202 2011   0.000   0.000 .0000E+00  0.000  0.002  0.500   55.00  -55.00 

 202 2012   0.000   0.000 .0000E+00  0.000  0.002  0.500   55.00  -55.00 

 202 2013   0.000   0.000 .0000E+00  0.000  0.002  0.500   55.00  -55.00 

 202 2014   0.000   0.000 .0000E+00  0.000  0.002  0.500   55.00  -55.00 

 202 2015   0.000   0.000 .0000E+00  0.000  0.002  0.500   55.00  -55.00 

 202 2016   0.000   0.000 .0000E+00  0.000  0.002  0.500   55.00  -55.00 

 202 2017   0.000   0.000 .0000E+00  0.000  0.002  0.500   55.00  -55.00 

 202 2018   0.000   0.000 .0000E+00  0.000  0.002  0.500   55.00  -55.00 

 

 STEEL PROPERTIES 

 ---------------- 

IELE  NO.      ----------------------- (DUMMY) ----------------------- 

 202 2019   0.000   0.000 .0000E+00  0.000  0.000  0.000    0.00    0.00 

 202 2020   0.000   0.000 .0000E+00  0.000  0.000  0.000    0.00    0.00 

 

  MAX FRONTWIDTH ENCOUNTERED =  190 

 

  ELEMENT NO. =    1 

  DISTRIBUTED LOAD INDICATOR   (NPRES) =    0 

  NUMBER OF CONCENTRATED LOADS (NUCLO) =    0 

  BODY LOAD INDICATOR          (NBODY) =    0 

  EDGE LOAD INDICATOR          (NEDGE) =    0 

 

 

  ELEMENT NO. =    2 

  DISTRIBUTED LOAD INDICATOR   (NPRES) =    0 

  NUMBER OF CONCENTRATED LOADS (NUCLO) =    0 

  BODY LOAD INDICATOR          (NBODY) =    0 

  EDGE LOAD INDICATOR          (NEDGE) =    0 

 

 

  ELEMENT NO. =    3 

  DISTRIBUTED LOAD INDICATOR   (NPRES) =    0 

  NUMBER OF CONCENTRATED LOADS (NUCLO) =    0 

  BODY LOAD INDICATOR          (NBODY) =    0 

  EDGE LOAD INDICATOR          (NEDGE) =    0 

 • 

 • 

 • 

  ELEMENT NO. =  200 

  DISTRIBUTED LOAD INDICATOR   (NPRES) =    0 

  NUMBER OF CONCENTRATED LOADS (NUCLO) =    0 

  BODY LOAD INDICATOR          (NBODY) =    0 

  EDGE LOAD INDICATOR          (NEDGE) =    0 

 

 

  ELEMENT NO. =  201 

  DISTRIBUTED LOAD INDICATOR   (NPRES) =    0 

  NUMBER OF CONCENTRATED LOADS (NUCLO) =    0 

  BODY LOAD INDICATOR          (NBODY) =    0 

  EDGE LOAD INDICATOR          (NEDGE) =    0 

 

 

  ELEMENT NO. =  202 

  DISTRIBUTED LOAD INDICATOR   (NPRES) =    0 

  NUMBER OF CONCENTRATED LOADS (NUCLO) =    6 
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  BODY LOAD INDICATOR          (NBODY) =    0 

  EDGE LOAD INDICATOR          (NEDGE) =    0 

 

  CONCENTRATED LOAD IS APPLIED 

  LOCAL NODAL NUMBER      (LPOIN) =    5 

  NODAL VARIABLE NUMBER   (LDOFN) =    2 

  CONCENTRATED LOAD VALUE (GARGA) =   -1000.000 

 

  CONCENTRATED LOAD IS APPLIED 

  LOCAL NODAL NUMBER      (LPOIN) =    5 

  NODAL VARIABLE NUMBER   (LDOFN) =    5 

  CONCENTRATED LOAD VALUE (GARGA) =       1.000 

 

  CONCENTRATED LOAD IS APPLIED 

  LOCAL NODAL NUMBER      (LPOIN) =    6 

  NODAL VARIABLE NUMBER   (LDOFN) =    2 

  CONCENTRATED LOAD VALUE (GARGA) =   -2000.000 

 

  CONCENTRATED LOAD IS APPLIED 

  LOCAL NODAL NUMBER      (LPOIN) =    6 

  NODAL VARIABLE NUMBER   (LDOFN) =    5 

  CONCENTRATED LOAD VALUE (GARGA) =       1.000 

 

  CONCENTRATED LOAD IS APPLIED 

  LOCAL NODAL NUMBER      (LPOIN) =    7 

  NODAL VARIABLE NUMBER   (LDOFN) =    2 

  CONCENTRATED LOAD VALUE (GARGA) =   -2000.000 

 

  CONCENTRATED LOAD IS APPLIED 

  LOCAL NODAL NUMBER      (LPOIN) =    7 

  NODAL VARIABLE NUMBER   (LDOFN) =    5 

  CONCENTRATED LOAD VALUE (GARGA) =       1.000 

 

 

0           TOTAL NODAL FORCES FOR EACH ELEMENT 

 

 ELE. NO.                        NODAL FORCES 

 

    1       0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

 

    2       0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

 

    3       0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

 • 

 • 

 • 

  199       0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

 

  200       0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

 

  201       0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

 

  202       0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

            0.0000E+00 -0.1000E+04  0.0000E+00  0.0000E+00  0.1000E+01 

            0.0000E+00 -0.2000E+04  0.0000E+00  0.0000E+00  0.1000E+01 

            0.0000E+00 -0.2000E+04  0.0000E+00  0.0000E+00  0.1000E+01 

            0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00  0.0000E+00 

 nrtap=  10  nwtap=  11 

 kincs=  0 

 

0     INCREMENT NUMBER     1 

 

0     LOAD FACTOR           =   1.00000 

0     CONVERGENCE TOLERANCE =   0.02500 

0     MAX NO. OF ITERATIONS =  100 

 

0     INITIAL OUTPUT PARAMETER =    2 

0     FINAL OUTPUT PARAMETER   =    2 

 

 iincs=  1  iiter=  1  kresl=  1 

 

 

 IN CONVER          ITERATION NUMBER  1 

 ************************************** 

  

      ============= 

0     DISPLACEMENTS 

      ============= 

 

0      NODE    X-DISP        Y-DISP        Z-DISP        XZ-ROT        YZ-ROT 

       ----    ------        ------        ------        -------       ------- 
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         1 -0.579245E-02  0.471989E-02 -0.389227E-07 -0.116919E-09  

0.393762E-09 

         2 -0.579312E-02  0.331819E-02 -0.301376E-07 -0.111636E-09  

0.387977E-09 

         3 -0.577120E-02  0.190583E-02 -0.191665E-07 -0.104686E-09  

0.346595E-09 

 • 

 • 

 • 

       672  0.121467E-02 -0.193414E-01  0.569026E-06  0.121292E-10  

0.202792E-08 

       673  0.627005E-03 -0.196755E-01  0.577622E-06  0.122539E-10  

0.217704E-08 

       674  0.000000E+00 -0.199981E-01  0.581892E-06  0.000000E+00  

0.254549E-08 

  

      ========= 

0     REACTIONS 

      ========= 

 

0      NODE     X-REAC        Y-REAC        Z-REAC      XZ-MOMENT     YZ-

MOMENT 

       ----     ------        ------        ------      ---------     --------- 

  

         5  0.000000E+00 -0.104695E+04  0.187858E-02  0.000000E+00 -

0.786540E+00 

         6  0.000000E+00  0.196196E+04 -0.408756E-02  0.000000E+00 -

0.134146E+01 

         7  0.000000E+00  0.408499E+04  0.220898E-02  0.000000E+00 -

0.872004E+00 

  

 • 

 • 

 • 

 

       624 -0.962211E+03  0.000000E+00  0.000000E+00  0.159811E+00  

0.000000E+00 

       641 -0.276390E+04  0.000000E+00  0.000000E+00  0.378436E+00  

0.000000E+00 

       674 -0.121817E+04  0.000000E+00  0.000000E+00 -0.399754E+00  

0.000000E+00 

 iincs=  1  iiter=  2  kresl=  1 

 

 • 

 • 

 • 

 

0     INCREMENT NUMBER    21 

 

0     LOAD FACTOR           =  14.10000 

0     CONVERGENCE TOLERANCE =   0.02500 

0     MAX NO. OF ITERATIONS =  100 

 

0     INITIAL OUTPUT PARAMETER =    2 

0     FINAL OUTPUT PARAMETER   =    2 

 

 iincs=  21  iiter=  1  kresl=  1 

 

 IN CONVER          ITERATION NUMBER  1 

 ************************************** 

  

      ============= 

0     DISPLACEMENTS 

      ============= 

 

0      NODE    X-DISP        Y-DISP        Z-DISP        XZ-ROT        YZ-ROT 

       ----    ------        ------        ------        -------       ------- 

  

         1 -0.473885E+00  0.300174E+00 -0.771194E-06 -0.172795E-08  

0.152425E-07 

         2 -0.474234E+00  0.228287E+00 -0.647137E-06 -0.183659E-08  

0.153245E-07 

         3 -0.473846E+00  0.154451E+00 -0.475598E-06 - 

 • 

 • 

 • 

       672  0.282932E-01 -0.847690E+00  0.146410E-04  0.660989E-09  

0.460469E-07 

       673  0.144553E-01 -0.855603E+00  0.147555E-04  0.434661E-09  

0.482820E-07 

       674  0.000000E+00 -0.861259E+00  0.148130E-04  0.000000E+00  

0.535155E-07 

  

      ========= 

0     REACTIONS 

      ========= 

 

0      NODE     X-REAC        Y-REAC        Z-REAC      XZ-MOMENT     YZ-

MOMENT 

       ----     ------        ------        ------      ---------     --------- 

  

         5  0.000000E+00 -0.104986E+05  0.129512E+00  0.000000E+00  

0.835682E+01 

         6  0.000000E+00 -0.245546E+01 -0.764607E-01  0.000000E+00 -

0.925038E+01 

         7  0.000000E+00  0.810010E+05 -0.530515E-01  0.000000E+00 -

0.424443E+02 

 • 

 • 

 • 

       624 -0.188960E+05  0.000000E+00  0.000000E+00  0.129765E+01  

0.000000E+00 

       641 -0.609792E+05  0.000000E+00  0.000000E+00  0.377837E+01  

0.000000E+00 

       674 -0.258638E+05  0.000000E+00  0.000000E+00 -0.598839E+01  

0.000000E+00 

 iincs=  21  iiter=  2  kresl=  1 

 

 IN CONVER          ITERATION NUMBER  2 

 ************************************** 

  

0   DISPLACEMENTS   CONVERGENCE CODE =   1   NORM OF 

RESIDUAL SUM RATIO =  0.181466E+00 

    ROTATIONS       CONVERGENCE CODE =   1   NORM OF RESIDUAL 

SUM RATIO =  0.324609E+00 

 iincs=  21  iiter=  3  kresl=  1 

 • 

 • 

 • 

  

 IN CONVER          ITERATION NUMBER 40 

 ************************************** 

  

0   DISPLACEMENTS   CONVERGENCE CODE =   1   NORM OF 

RESIDUAL SUM RATIO =  0.382969E+02 
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    ROTATIONS       CONVERGENCE CODE =   1   NORM OF RESIDUAL 

SUM RATIO =  0.332278E+02 

 iincs=  21  iiter=  41  kresl=  1 

 

 

 CRUSHED   IELEM =    3      KGAUS =    1 

          STRAINS  -0.16876038E+00  0.93528043E-01 -0.29614275E-01  

0.31662408E-04  0.84689459E-04 

 

 CRUSHED   IELEM =    3      KGAUS =    2 

          STRAINS  -0.16886826E+00  0.93528068E-01 -0.29556287E-01  

0.31662408E-04  0.84689459E-04 

 

 CRUSHED   IELEM =    3      KGAUS =    3 

          STRAINS  -0.16904807E+00  0.93528111E-01 -0.29459640E-01  

0.31662408E-04  0.84689459E-04 

 • 

 • 

 • 

 CRUSHED   IELEM =   70      KGAUS =   72 

          STRAINS  -0.75309769E-02 -0.20466983E+00 -0.23547815E-01 -

0.13298750E-03  0.17890096E-03 

 

 CRUSHED   IELEM =   70      KGAUS =   73 

          STRAINS  -0.75360960E-02 -0.20464974E+00 -0.23539722E-01 -

0.13298750E-03  0.17890096E-03 

 

 CRUSHED   IELEM =   70      KGAUS =   74 

          STRAINS  -0.75432628E-02 -0.20462162E+00 -0.23528392E-01 -

0.13298750E-03 

 

Crack 

 

Experimental result 
 

LFEM prediction 
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