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Abstract

Since its inception, quantum theory generated many predictions that are both coun-

terintuitive and di�cult to prove. The quantum world is described by completely

di�erent laws to the intuitively classical physics that (we think) we observe in our

macroscopic world. As such, quantum systems are capable of o�ering resources,

and performing tasks that are not only di�cult to exploit in classical systems, but

actually impossible in some cases.

Quantum nonlocality is foremost among these categories, being the property most

central to developing and employing recent technological advances in quantum com-

putation and communication technology, among numerous others, and also being the

property of quantum mechanics that was the most di�cult to accept for many of its

founding contributors at the time (particularly with the advent of relativity having

recently relegated the instantaneous action-at-a-distance of Newtonian gravity to an

unrealistic idealisation) � a di�culty that was compounded in many ways by the

lack of any technology that would allow decisive evidence for the nature of quantum

entanglement. By its nature, the e�ects of such phenomena are not easily translated

into a (visible) macroscopic system, making them quite di�cult to observe, let alone

rigorously con�rm or deny.

Perhaps the most famous objection to the implication of quantum nonlocality was

the EPR paradox put forth by Einstein, Podolsky, and Rosen, highlighting the

prediction of quantum mechanics that actions upon a quantum system would be

able to a�ect the state of a distant quantum system that was entangled with the

�rst � referred to as �steering� by Schrödinger. The �rst experimental demonstration

of quantum nonlocality was �fty years later, and our ability to probe and employ

quantum entanglement has consistently continued to grow since then. Indeed, in this

burgeoning age of theoretical and technological quantum innovation, it remains of

great importance to develop and hone our ability to draw out quantum nonlocality,

for the twin purposes of verifying its existence, and using such veri�cations to put it

to work for us. It is for this reason that recent years have seen a growth of interest

in revisiting foundational questions of quantum theory.

Indeed, it was only recently that the particular quantum e�ect described in the EPR

paradox was formalised � now de�ned as EPR-Steering � allowing it to be rigorously

investigated, and giving rise to applications for quantum nonlocality that may only

require quantum e�ects to be exhibited in one direction between two parties (such as
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quantum key distribution and testing the detector-subjectivity of quantum jumps)

and are thus far less experimentally demanding than tasks that necessarily require

rigorous Bell Nonlocality. But an important scienti�c problem surrounding the topic

of quantum nonlocality regards the unambiguous experimental demonstration of

those phenomena. In this thesis, we study the experimental requirements for a

loophole-free test of EPR-steering, as a function of several experimental parameters

such as the number of measurement settings, the degree of purity in the entangled

state, and the detector e�ciencies.

In many quantum mechanical experiments, the reality of imperfect detectors means

that post-selection of results is often necessary to obtain meaningful experimental

data. However, post-selection of results can compromise the rigour of experimental

tests of EPR-steering. We present rigorous considerations of the e�ects of post-

selection, culminating in tighter bounds on what results (post-selected results of a

correlation function) can possibly be explained by a local hidden state (no-steering)

model.

This thesis focuses on EPR-steering criteria for spin-entangled bipartite photonic

systems, as represented by two-qubit Werner states. We analyse two such criteria

that feature in existing tests of EPR-steering, and explore how they are a�ected

by the detection loophole. We consider the EPR-steering bounds yielded by these

criteria for a �nite number of measurement settings de�ned by Platonic solids, and

examine how they are a�ected in the presence of imperfect detectors, allowing us

to rigorously close the detection loophole, deriving tight values for the minimum

degree of entanglement required for demonstration of EPR-steering, as a function of

detector e�ciency. Doing this for both of our criteria, we compare the capabilities

of these two tests with all sets of Platonic solid measurements, and in the limit of

in�nitely many measurement settings.

After this, we consider more novel compositions of measurement sets to derive

loss-tolerant EPR-steering bounds, starting with measurement settings de�ned by

geodesic solids (and �nishing with arbitrary shapes), and we analyse the di�erences

in the behaviour of EPR-steering bounds with such measurement sets, as well as the

considerations required of us for the sake of maintaining experimental rigour and an

optimal degree of loss-tolerance in deriving these bounds.

The culmination of this thesis outlines a method for computationally deriving the

measurement sets that de�ne the most loss-tolerant EPR-steering bounds it is pos-

sible to obtain with a given number of measurements. We �nd that the optimally

loss-tolerant tests of EPR-steering for each number of available measurement settings

do not generally correspond to the Platonic solid measurements, or any other pre-

viously considered measurement sets (with the exception of those for two and three

measurements). We calculate these optimally loss-tolerant measurement schemes

for sets of up to 8 measurements, and discuss the apparently (and unexpectedly)

irregular arrangements they exhibit, amongst other behaviours.



v

This work has not previously been submitted for a degree or diploma in any uni-

versity. To the best of my knowledge and belief, the thesis contains no material

previously published or written by another person except where due reference is

made in the thesis itself.

David Evans



vi



vii

List of Publications

1. A. J. Bennet, D. A. Evans, D. J. Saunders, C. Branciard, E. G. Cavalcanti,

H. M. Wiseman, and G. J. Pryde, �Arbitrarily loss-tolerant Einstein-Podolsky-

Rosen steering allowing a demonstration over 1 km of optical �ber with no

detection loophole�, Physical Review X 2, 031003 (2012).

2. D. A. Evans and H. M.Wiseman, �Optimal Strategies for Tests of EPR-Steering

with No Detection Loophole�, The Proceedings of QCMC 2012, American

Institute of Physics Conference Proceedings Series (2013); Paper presented

at QCMC 2012: 11th International Conference on Quantum Communication,

Measurement and Computing, Vienna, Austria (2012, July 30).

3. D. A. Evans, E. G. Cavalcanti, and H. M. Wiseman, �Loss-Tolerant Tests of

Einstein-Podolsky-Rosen-Steering�, Physical Review A 88, 022106 (2013).

4. D. A. Evans and H. M. Wiseman, �Optimal Measurements for Tests of EPR-

Steering with No Detection Loophole using Two-Qubit Werner States�, In

Preparation.



viii



ix

Acknowledgements

Quantum nonlocality is cool.

I've never talked to anyone who has disagreed with this, which is good for obvious

reasons, but also because I just wouldn't know how to deal with them. In an extreme

case, I imagine myself having to ask such a person �how do you feel about all this

`breathing' business?� in pursuit of safe conversation topics.

But of course, disagreement in general is not a bad thing � especially in matters of

scienti�c inquiry. In that world, a disagreement means comparing your reasonings,

and seeing which one stands up to scrutiny (or if neither does, or if both do). Then

comes the best part: someone learns something!

It follows, from this, to say that my PhD has been an extraordinary learning expe-

rience, most often at the hands of Howard Wiseman and Eric Cavalcanti, to whom

� I assure you � I am exceptionally grateful for the numerous discussions helping

me remedy occasional errors and countless omissions in my knowledge of quantum

theory and our work therein (and also for the patience that was sometimes required

of them for this).

Of course, I wasn't always wrong, and sometimes I was even right. And of course,

whenever I was right about something, it usually didn't mean that anyone else was

necessarily wrong. It just meant that I had learned something before someone else

did � and that was the most exhilarating thing about �nally reaching this level of

academia. It was the point where the gaps in one's knowledge can't all be �lled

just by looking things up (which is not to say that there aren't still plenty such

gaps), and some of them require you to actually �gure things out, because no human

knows. There are a great many questions that no one knows the answer to (I daresay

in�nitely many), but being able to identify and answer some of them � not because

you just know, but because you know enough to �gure them out � is unlike any other

feeling. Notably, this would not have been possible without a great deal of help from

Howard and Eric, and was also helped along by many open-ended discussions with

Josh Combes and Andy Chia when I was just getting started in my PhD.

Admittedly, the things I was learning and (much less often) �guring out were very

speci�c answers to very narrow questions, but this doesn't diminish the act of

knowing something that no one has ever known before. It's quite distinct from just

knowing something �new� or doing something that no one has ever done before; you



x

can do things in these categories that may just make you feel like a monkey bashing

on a typewriter who has failed to exactly reproduce Shakespeare's Hamlet, but in

doing so, has succeeded in producing a collection of gibberish that has, technically,

never before been known to intelligent life.

This is not to denounce creativity. That's a necessary thing. But I think the most

exciting thing about science isn't in creating things � it's in learning things that

already existed outside of your mind, and knowing that it was universally true before

you understood it, and will be long after. No creation can ever exist in the same way

as a discovery.

Even without learning new things, learning things is always its own reward. I

wouldn't never have �nished my undergraduate degree if it wasn't. I think I'll always

remember the amazing feeling of enlightenment when special relativity �clicked� in

my head, and it suddenly all made sense, revealing itself to be a beautiful and elegant

way to describe motion, acceleration, and time in a universe with a �nite speed of

light. Indeed, that could be a big part of why entanglement and nonlocality fascinate

me more than anything else I've ever learned: because not only quantum theory, but

the experiments performed in the real world completely contradict the relativistic

speed limit of the universe (but I'll terminate this line of thought before I get into a

quasi-quali�ed discussion of causality).

Learning about how the universe works is always mind-expanding, because whatever

you learn about it (eg. how relativity works, or that it might not actually work),

it always helps you see more of it than you did before. As you learn, you can see

more of everything. But reaching something that has never been learned before is

like reaching the top of a skyscraper. You knew it ended somewhere, but having

learned about the great minds that built previous �oors, it feels strange to reach a

place they never built. You don't know exactly what's on every �oor (no human

can, with just one lifetime), and from on top of them all, you can't see everything

(no one can), but what you can see after the climb here is breathtaking. What lays,

invisibly, between here and the sky is anyone's guess.

Then you realise that you've somehow climbed high enough that you're actually in

a position to help build it even higher, laying down two or three bricks of your own

(and hoping someone else doesn't lay another brick in the spot where you've sat

down to work on your mortar, to unnecessarily tax the comparison even further).

It's rather dizzying. The more you've done it, and the more of the building you

understand, the better job you'll do, but being able to contribute anything is quite

exciting.

I would like to stress that I'm not trying to make any grandiose claims about this

thesis. I've just enjoyed making it.

This reminds me: another thing I want to thank Howard for was his tendency of

(seemingly) never being convinced, upon receiving a draft of something I'd written,

that there was no way to make it better (regardless of how much of this was due to



xi

Howard's scrutiny, and how much due to my writing). Of course, it wasn't always

pleasant to experience, but it greatly improved the quality of everything with my

name on it, and (I hope) my writing on the whole.

While I'm thanking people, I'd also like to thank Tori for never holding it against

me any of the several times (over several months) I said that this would be the last

month I needed to spend putting my nights and weekends into this thesis. If I had

room to name them all, I'd also like to thank my friends and family for not minding

while I shut myself away from them to do this, and especially Tori, Angela, Daniel,

and my parents for being understanding in this, and somehow also being proud of

me for it.



xii



xiii

Contents

Abstract iii

Acknowledgements ix

Contents xiii

List of Figures xvii

Introduction 1

1 A Brief Introduction To Quantum Mechanics 3

1.1 Observables and Expectation Values . . . . . . . . . . . . . . . . . . 3

1.2 Entangled Quantum States . . . . . . . . . . . . . . . . . . . . . . . 5

1.3 Correlation Functions . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.4 Quantum Measurement . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.4.1 Projective Measurements . . . . . . . . . . . . . . . . . . . . 10

1.4.2 E�cient Measurements . . . . . . . . . . . . . . . . . . . . . . 11

1.4.3 Ine�cient Measurements . . . . . . . . . . . . . . . . . . . . . 13

2 Stories About Quantum Nonlocality 17

2.1 A Brief History . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.2 Formal De�nitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.2.1 Nonseparability . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.2.2 Bell Nonlocality . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.2.3 EPR-Steering . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.3 Operational De�nitions . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.3.1 Bell Nonlocality . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.3.2 EPR-Steering . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.3.3 Nonseparability . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.4 Recent Developments . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3 EPR-Steering Criteria 31

3.1 Linear EPR-Steering Criteria . . . . . . . . . . . . . . . . . . . . . . 31

3.1.1 Calculating The Quantum Correlation Function . . . . . . . . 36

3.1.2 Application To Werner States . . . . . . . . . . . . . . . . . . 41

3.1.3 Ine�cient Quantum Measurements . . . . . . . . . . . . . . . 42



xiv Contents

3.2 Nonlinear EPR-Steering Criteria . . . . . . . . . . . . . . . . . . . . 47

3.2.1 Application to Werner States . . . . . . . . . . . . . . . . . . 51

3.2.2 Ine�cient Quantum Measurements . . . . . . . . . . . . . . . 54

4 Bob's Measurement Strategies and Alice's Cheating Strategies 57

4.1 The Virtue Of Regularly-Spaced Measurements . . . . . . . . . . . . 65

5 EPR-Steering Bounds for Platonic Solid Measurements 69

5.1 n=2 (Square Vertices) . . . . . . . . . . . . . . . . . . . . . . . . . . 70

5.2 n=3 (Octahedron Vertices) . . . . . . . . . . . . . . . . . . . . . . . 72

5.3 n=4 (Cube Vertices) . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

5.4 n=6 (Icosahedron Vertices) . . . . . . . . . . . . . . . . . . . . . . . 75

5.5 n=10 (Dodecahedron Vertices) . . . . . . . . . . . . . . . . . . . . . 76

5.6 Theoretical Limit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

6 The Ine�cient Detection Loophole 81

6.1 Consideration of Feigned Ine�ciency . . . . . . . . . . . . . . . . . . 82

6.2 Dealing With Loss: Denial . . . . . . . . . . . . . . . . . . . . . . . . 85

6.3 Dealing With Loss: Anger . . . . . . . . . . . . . . . . . . . . . . . . 86

6.4 Dealing With Loss: Depression . . . . . . . . . . . . . . . . . . . . . 92

6.5 Dealing With Loss: Acceptance . . . . . . . . . . . . . . . . . . . . . 93

7 Loss-Tolerant EPR-Steering Inequalities 95

7.1 Linear Criteria � Deterministic Bounds . . . . . . . . . . . . . . . . . 96

7.1.1 n=2 (Square Vertices) . . . . . . . . . . . . . . . . . . . . . . 99

7.1.2 n=3 (Octahedron Vertices) . . . . . . . . . . . . . . . . . . . 99

7.1.3 n=4 (Cube Vertices) . . . . . . . . . . . . . . . . . . . . . . . 100

7.1.4 n=6 (Icosahedron Vertices) . . . . . . . . . . . . . . . . . . . 101

7.1.5 n=10 (Dodecahedron Vertices) . . . . . . . . . . . . . . . . . 103

7.2 Nonlinear Criteria � Deterministic Bounds . . . . . . . . . . . . . . . 106

7.2.1 n=2 (Square Vertices) . . . . . . . . . . . . . . . . . . . . . . 108

7.2.2 n=3 (Octahedron Vertices) . . . . . . . . . . . . . . . . . . . 108

7.2.3 n=4 (Cube Vertices) . . . . . . . . . . . . . . . . . . . . . . . 109

7.2.4 n=6 (Icosahedron Vertices) . . . . . . . . . . . . . . . . . . . 111

7.2.5 n=10 (Dodecahedron Vertices) . . . . . . . . . . . . . . . . . 112

7.3 Linear Criteria � Nondeterministic Bounds . . . . . . . . . . . . . . . 115

7.4 Nonlinear Criteria � Nondeterministic Bounds . . . . . . . . . . . . . 123

7.5 Comparison of Bounds . . . . . . . . . . . . . . . . . . . . . . . . . . 128

8 Half-Truths and Considerations of Honesty 135

8.1 Mixing of Local and Nonlocal Strategies . . . . . . . . . . . . . . . . 136

8.1.1 Linear Bounds . . . . . . . . . . . . . . . . . . . . . . . . . . 136

8.1.2 Nonlinear Bounds . . . . . . . . . . . . . . . . . . . . . . . . 139

8.2 Null-Symmetric Cheating Strategies . . . . . . . . . . . . . . . . . . 140

8.2.1 Platonic Solid Measurements . . . . . . . . . . . . . . . . . . 141



Contents xv

9 Geodesic Measurements 145

9.1 Naive Bounds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

9.2 Symmetric Bounds . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

9.3 Variable Weighting Bounds . . . . . . . . . . . . . . . . . . . . . . . 157

10 Optimal EPR-Steering Bounds 163

10.1 Optimal Measurement Schemes for n = 2, 3, 4 . . . . . . . . . . . . . 166

10.2 Optimal Measurement Schemes for n > 4 . . . . . . . . . . . . . . . 171

10.3 Characteristics of Optimal Measurements . . . . . . . . . . . . . . . 181

10.4 Performance of Optimal Bounds . . . . . . . . . . . . . . . . . . . . . 191

11 Conclusion 199

11.1 Future Prospects . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 203

11.2 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 204

Appendices

Appendix A Calculating the Correlation Function 209

Appendix B Angular Momentum Bound 211

Appendix C Optimal Bound Calculation 213

References 217



xvi Contents



xvii

List of Figures

4.1 Bob's average measurement result as a function of its angle from his

state's axis of spin. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

5.1 The value of Sn as a function of spin axis orientation, where θ = 0

and θ = π
2 are de�ned by the orientations of adjacent measurement

axes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

5.2 For n = 3, the measurement orientations de�ne the vertices of this

solid, and the optimal spin axis orientations are those de�ned by the

centre of each face (shown by red dots representing their position

relative to the shape's vertices). . . . . . . . . . . . . . . . . . . . . . 73

5.3 For n = 4, the measurement orientations de�ne the vertices of this

solid, and the optimal spin axis orientations are those de�ned by the

centre of each face (shown by red dots representing their position

relative to the shape's vertices). . . . . . . . . . . . . . . . . . . . . . 74

5.4 For n = 6, the measurement orientations de�ne the vertices of this

solid, and the optimal spin axis orientations (shown by red dots) are

those de�ned by the 12 vertices. . . . . . . . . . . . . . . . . . . . . . 75

5.5 For n = 10, the measurement orientations de�ne the vertices of this

solid, and the optimal spin axis orientations (shown by red dots) are

those de�ned by the 20 vertices. . . . . . . . . . . . . . . . . . . . . . 76

6.1 The kn and gn bounds for the �Anger� strategy. . . . . . . . . . . . . 91

6.2 The kn and gn bounds for the �Depression� strategy. . . . . . . . . . 94

7.1 Optimal spin orientations for d3(ε) when ε = 1
3 (vertex-centred blue

points), ε = 2
3 (edge-centred green points), and ε = 1 (face-centred

red points). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

7.2 Optimal spin orientations for d4(ε) when ε = 1
3 (vertex-centred blue

points), ε = 2
3 (edge-centred green points), and ε = 1 (face-centred

red points). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101



xviii List of Figures

7.3 Optimal spin orientations, relative to measurement orientations, for

d6(ε) when ε = 1
6 (red vertex-centred points), ε = 2

6 = 1
3 (yellow

edge-centred points), ε = 3
6 = 1

2 (green face-centred points), ε =
4
6 = 2

3 (yellow edge-centred points), ε = 5
6 (blue points between face-

centres and vertices), and ε = 1 (red vertex-centred points). Note that

because of the vertex symmetries, the optimal ensembles are identical

for d6(
1
6) and D6(1), as is also the case for d6(

2
6) and d6(

4
6). . . . . . 103

7.4 Optimal spin orientations, relative to measurement orientations, for

d10(ε) when ε = 0.1 (dark blue dots), 0.2 (green �ve-pointed stars),

0.3 (yellow triangles), 0.4 (the red squares and the dark blue dots), 0.5

(light blue dots), 0.6 (pink diamonds), 0.7 (brown six-pointed stars),

0.8 (green �ve-pointed stars), 0.9 (maroon asterisks), and 1 (dark

blue dots). Note that because of the vertex symmetries, the optimal

ensembles are identical for d10(0.1) and d10(1), as is also the case for

d10(0.2)and d10(0.8). . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

7.5 Ranges of optimal spin orientations for f3(
2
3). . . . . . . . . . . . . . 109

7.6 Ranges of optimal spin orientations for f4(
3
4). The di�erently coloured

(red) lines roughly down the centre of the �gure correspond to the

strategies that exclude the (red) vertex pair on the left and right tips of

the �gure above. Other (blue) lines correspond to other strategies. For

n = 4 and higher-n shapes, this is a less cumbersome representation

of planes than that used in Figure 7.5. . . . . . . . . . . . . . . . . . 110

7.7 Ranges of optimal spin orientations, relative to measurement orienta-

tions, for f6(
5
6). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

7.8 Ranges of optimal spin orientations, relative to measurement orienta-

tions, for f10(0.9). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

7.9 Optimal spin orientations, relative to measurement orientations, for

f10(ε) when ε = 0.1 (dark blue dots), 0.2 (green �ve-pointed stars), 0.3

(yellow triangles), 0.4 (dark blue dots), 0.5 (light blue dots), 0.6 (pink

diamonds), 0.7 (brown six-pointed stars), and 0.8 (aqua ×-marks and

green �ve-pointed stars). Note that because of the vertex symmetries,

and their interaction with tn(ε), the optimal ensembles are identical

for d10(0.1) and d10(0.4). . . . . . . . . . . . . . . . . . . . . . . . . . 114

7.10 Deterministic (the points) and nondeterministic (the lines) postse-

lected bounds on sn(ε) for n = 2, 3, 4, 6, and 10. . . . . . . . . . . . . 118

7.11 Optimal spin orientations, relative to measurement orientations, for

d10(ε) when ε = 0.3 (yellow triangles), 0.4 (red squares), and 0.5 (blue

dots). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

7.12 Deterministic (the points) and nondeterministic (the line) non-postselected

bounds on Sn(ε) for n = 10. . . . . . . . . . . . . . . . . . . . . . . . 120

7.13 Deterministic (the points) and nondeterministic (the lines) postse-

lected bounds on tn(ε) for n = 2, 3, 4, 6, and 10. . . . . . . . . . . . . 125

7.14 Deterministic (the points) and nondeterministic (the lines) non-postselected

bounds on Tn(ε) for n = 2, 3, 4, 6, and 10. . . . . . . . . . . . . . . . 126



List of Figures xix

7.15 Deterministic (the points) and nondeterministic (the lines) postse-

lected bounds on
√
tn(ε) for n = 2, 3, 4, 6, and 10. . . . . . . . . . . . 127

7.16 The margin of improvement that the (postselected) sn(ε) bounds have

over the
√
tn(ε) bounds for all n and ε-values (the absence of any

negative values means that kn(ε) is more loss-tolerant than gn(ε) for

all considered values of n and ε). . . . . . . . . . . . . . . . . . . . . 128

7.17 Analytic limit on the linear EPR-steering bounds, plotted alongside

the previously calculated linear bounds. . . . . . . . . . . . . . . . . 131

7.18 Analytic limit on the nonlinear EPR-steering bounds, plotted along-

side the previously calculated nonlinear bounds. . . . . . . . . . . . . 132

7.19 The margin of improvement that the linear bounds have over the

nonlinear bounds for the postselected nondeterministic n = ∞ case

(the absence of any negative values means that k∞(ε) is more loss-

tolerant than g∞(ε) for all ε-values). . . . . . . . . . . . . . . . . . . 133

9.1 The geodesic solid used to de�ne our n = 7 measurements. . . . . . . 146

9.2 The geodesic solid used to de�ne our n = 16 measurements. . . . . . 146

9.3 Deterministic (the points) and nondeterministic (the lines) postse-

lected linear bounds for the n = 7 and n = 16 geodesic measurements. 147

9.4 Postselected linear bounds, with and without consideration given to

the symmetry condition, for the geodesic n = 7 measurements. . . . 151

9.5 Margin of improvement o�ered by symmetric bounds over asymmetric

bounds for n = 7. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

9.6 The asymmetric ensemble weightings (a) and symmetric ensemble

weightings (b) that compose Alice's optimal cheating strategies for

n = 7 (in the respective absence or presence of the symmetry con-

straint upon Aj). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

9.7 Margin of improvement o�ered by symmetric bounds over asymmetric

bounds for n = 16. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

9.8 The asymmetric ensemble weightings (a) and symmetric ensemble

weightings (b) that compose Alice's optimal cheating strategies for

n = 16 (in the respective absence or presence of the symmetry con-

straint upon Aj). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

9.9 The margin of improvement o�ered for n = 7 by symmetric bounds

over asymmetric bounds (function A), and the further margin of im-

provement o�ered by variably-weighted bounds (function B). . . . . 159

9.10 Optimised mixing proportions of octahedral (p3) and cubic (p4) mea-

surements for the n = 7 variable-pr linear bounds. Intersections of

the dashed line identify equal measurement weightings. . . . . . . . 159

10.1 Optimised n = 4 bounds, plotted alongside the Platonic n = 3 and

n = 4 bounds, for comparison. The data points for the Platonic curves

are deterministic bounds, and the lines are nondeterministic bounds.

For the optimised curve, the data points are nondeterministic bounds,

and the lines are estimates based on the data points. . . . . . . . . . 167



xx

10.2 The solid de�ned by the optimal measurement orientations for n = 4

when ε = 0.5, shown from multiple angles. . . . . . . . . . . . . . . . 169

10.3 The solid de�ned by the optimal measurement orientations for n = 4

when ε = 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170

10.4 The solid de�ned by the optimal measurement orientations for n = 4

when ε = 0.75, shown from two near-orthogonal angles. . . . . . . . . 171

10.5 The solid de�ned by the optimal measurement orientations for n = 5

when ε = 1, shown from two near-orthogonal angles. . . . . . . . . . 172

10.6 The solid de�ned by the optimal measurement orientations for n = 5

when ε = 0.6, shown from two near-orthogonal angles. . . . . . . . . 173

10.7 Optimised n = 5 bounds, plotted alongside the optimised n = 4 and

Platonic n = 6 bounds, for comparison. . . . . . . . . . . . . . . . . . 174

10.8 Optimised n = 6 bounds, plotted alongside the optimised n = 5 and

Platonic n = 6 bounds, for comparison. . . . . . . . . . . . . . . . . . 175

10.9 The solid de�ned by the optimal measurement orientations for n = 6

when ε = 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175

10.10The solid de�ned by the optimal measurement orientations for n = 6

when ε = 0.75. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176

10.11The solid de�ned by the optimal measurement orientations for n = 6

when ε = 0.5. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176

10.12The solid de�ned by the optimal measurement orientations for n = 7

when ε = 1, shown from two near-orthogonal angles. . . . . . . . . . 177

10.13The solid de�ned by the optimal measurement orientations for n = 7

when ε ≈ 0.66, shown from two near-orthogonal angles. . . . . . . . . 178

10.14The solid de�ned by the optimal measurement orientations for n = 8

when ε = 1, shown from two near-orthogonal angles. . . . . . . . . . 178

10.15The solid de�ned by the optimal measurement orientations for n = 8

when ε ≈ 0.75, shown from two near-orthogonal angles. . . . . . . . . 179

10.16The solid de�ned by the optimal measurement orientations for n = 8

when ε ≈ 0.5, shown from two near-orthogonal angles. . . . . . . . . 180

10.17The numerical di�erence between the Platonic bounds and the opti-

mised bounds for n = 4 and n = 6. . . . . . . . . . . . . . . . . . . . 182

10.18The numerical improvement over the asymmetric n = 7 geodesic

bounds o�ered by: A) the null-symmetric, equally-weighted geodesic

bounds, B) the null-symmetric, optimally-weighted geodesic bounds,

and C) the optimised n = 7 bounds. . . . . . . . . . . . . . . . . . . 192

10.19Optimised EPR-steering bounds for n = 4, 5, 6, 7, and 8, with the

analytical in�nite measurement limit included. . . . . . . . . . . . . . 194

10.20Optimised EPR-steering bounds for n = 2, 3, 5, and 8, with the ana-

lytical in�nite measurement limit included. The optimal n = 2 and

n = 3 bounds were found to be the same as the Platonic bounds. . . 195



1

Introduction

EPR-Steering is a quantum mechanical property with a quickly growing body of

literature, and applications in one-sided device-independent quantum key distribu-

tion, tests for the detector dependence of dynamical quantum jumps, and other

asymmetric quantum tasks. It is the formalisation of the property central to the

EPR paradox: the quantum mechanical prediction that a quantum system should

have the ability to nonlocally a�ect another system with which it is entangled. But

as with many quantum mechanical phenomena, it can be di�cult to experimentally

verify without rigorously dealing with the problem of imperfect detectors.

Post-selection of results can be used to compensate for non-ideal apparatus in ways

that are theoretically sound, according to quantum mechanics. The fair sampling

assumption is one such convenience which justi�es the extraction of useful data

from populations of results even when a portion of results is lost due to detector

ine�ciencies. It employs the assumption that the probability of a measurement to

yield a null result is independent of what its result would otherwise have been. By

de�nition, this cannot be explicitly proven, but is supported by its experimental

agreement with the predictions of quantum mechanics. However, one must think

twice before applying such methods to experimental tests of EPR-steering and other

such tests which question aspects of quantum mechanics itself.

Because the fair sampling assumption cannot be proven, to incorporate it in an ex-

perimental test of EPR-steering would reduce the rigour of such a test and completely

disqualify it as a proof. This thesis shows that if the fair sampling assumption were

invalid, its inclusion in tests of EPR-steering would present a loophole such that

experimental criteria for demonstration of EPR-steering could actually be satis�ed

by no-steering models under certain conditions. Existing methods for deriving EPR-

steering criteria will be employed, and the ine�cient detection loophole will be

explored in reference to two such methods. Upon doing so, these methods will be

modi�ed to obtain limits on its EPR-steering inequalities that are not experimentally

reliant upon perfect detection, thereby closing the ine�cient detection loophole.

The structure of this thesis is as follows: Chapter 1 introduces some of the basic

mathematical tools and concepts that will establish the mathematical framework

of later chapters. Chapter 2 will o�er de�nitions of EPR-steering and other forms

of nonlocality. It is prefaced with a historical discussion of the role that quantum

nonlocality, and EPR-steering in particular, has played in the progression of scienti�c
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views on quantum mechanics. This chapter concludes with a review of the current

state of the literature pertaining to this �eld of study.

Chapter 3 o�ers derivations of the EPR-steering inequalities that will be used in

the rest of the thesis. These derivations are based upon the criteria outlined in

Reference [5]. Chapter 4 will derive some quantum mechanical results regarding

the correlation functions these criteria employ, and consider the maximal ways (the

�worst-case� scenario) in which these functions can be manipulated in a local model

� both considerations being necessary for understanding the experimental context of

our EPR-steering criteria.

Chapter 5 will introduce the experimental situation that we wish to address, and

will explore the case of ideal detectors. Here, we calculate the EPR-steering bounds

using measurement settings de�ned by the Platonic solids, almost half of which are

reproductions of the results from Reference [21], and one of which reproduces an

analytical result published in Reference [3].

Chapter 6 will address the ine�cient detection loophole and discuss the ways in which

it can be addressed. All results of this chapter are original work, which has since

been published in Reference [63]. Chapter 7 details the way in which we approach the

detection loophole in both types of criteria, and details the derivation of loophole-

free EPR-steering bounds for both (some of which were experimentally employed

in Reference [41], and all of which were also published in Reference [63]). We then

compare the performance of these two criteria, and the EPR-steering bounds they

allow.

Chapter 8 o�ers a further consideration of the rigour with which we have derived our

EPR-steering bounds, a discussion of whether these bounds are actually optimal, and

what we can do to explore and go beyond their limitations. After this discussion, we

focus only on the EPR-steering criterion that we found to be conclusively superior

(in terms of loss-tolerance) in the previous chapter.

In Chapter 9, having observed that the Platonic solids do not generally de�ne optimal

measurement sets for tests of EPR-steering, and impose unnecessary limitations on

the numbers of useable measurement settings, we explore a new scheme of measure-

ment sets based instead upon geodesic solids, and explore the repercussions of the

similarities and di�erences between these and the Platonic measurements.

In Chapter 10, the implications of the previous chapters culminate in a method

for obtaining optimally loss-tolerant measurement strategies for EPR-steering tests

with arbitrary numbers of measurement settings. Several examples are given, and

their properties are discussed. We speculate on the properties de�ning optimal

measurement schemes, based upon the results we observe.

Chapter 11 concludes this thesis, as a short discussion of the results of this thesis

and their relevance in the context of the existing research.
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Chapter 1

A Brief Introduction To Quantum

Mechanics

The �rst chapter of this thesis will introduce some of the basics of quantum mechanics

that are pertinent to the methodologies presented later on. This is done partly to

frame the reader's understanding of the subject matter (regardless of their level of

understanding), but also to broaden the potential audience to include those who are

not overly familiar with these particular basics of quantum theory (whether this be

because they haven't learned them, or just haven't used them in a while).

Readers su�ciently familiar with quantum mechanics could easily skip straight to

Chapter 2, and readers su�ciently familiar with EPR-steering and the �eld of quan-

tum nonlocality could possibly skip to Chapter 3. This, as always, is at the reader's

discretion.

1.1 Observables and Expectation Values

In quantum mechanics, properties of a system that are physically observable are

represented by operators termed �observables�. Observables are Hermitian operators

whose eigenvalues represent the possible values of the physical quantity they repre-

sent. In general, it is not possible to obtain a quantum mechanical representation

of a system's state which will allow one to predict, with certainty, the value of any

such physical property of that system. This is because the physical observation of a

quantum system is generally not a deterministic process.

Let's say that we are interested in some physical property Q, represented by the

observable Q̂, and we wish to �nd its value for a quantum system in the state |ψ〉.
Even with a complete knowledge of this state, we cannot calculate what value of

Q will be obtained by physically observing the system. But we can calculate the

average value of this physical property. It is given by

〈Q̂〉 = 〈ψ|Q̂|ψ〉. (1.1)
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This is more often known as the expectation value. Although the eigenvalues of Q̂

do not depend on the system state |ψ〉, the expectation value clearly will. The above

expression is only calculable if we possess an observable Q̂ and a well-de�ned state

vector |ψ〉. Without a complete description of the state vector, the above expression

is insu�cient to calculate the expectation value. However, being de�ned as the

average value of Q, this is only a restriction on Eq. (1.1), not on the expectation

value itself.

Consider the example of a device which prepares the system in one of N possible

states, each represented by |ψj〉 where j = 1, 2, ..., N , and the probability of preparing

each state |ψj〉 is given by Pj . Given this kind of uncertainty as to the state of the

system, the average value we would obtain for Q cannot be calculated directly from

Eq. (1.1). However, since Eq. (1.1) represents the average value for a certain state,

we can easily calculate the average value of Q to be a weighted average of each value

of 〈ψj |Q̂|ψj〉. Being de�ned only as the average value of Q, the expectation value in

this example can therefore be given by

〈Q̂〉 =
∑
j

Pj〈ψj |Q̂|ψj〉. (1.2)

Thus, in this manner, the expectation value of an observable is still quite calculable

even if there exists some uncertainty as to the representation of the state � so long

as the uncertainty in the state of the system can be mathematically represented as

a probability distribution {Pj} among state vectors {|ψj〉}.

Such a state is typically represented, with its inherent classical uncertainty, in the

form of a matrix, as

ρ =

N∑
j=1

Pj |ψj〉〈ψj |. (1.3)

This is referred to as the state matrix or the density matrix. Any state that can be

represented as a state vector is called a pure state. Any state of a quantum system

that cannot be represented as a state vector (such as the above example) is called a

mixed state. Either kind of state can be de�ned by using a state matrix, or indeed,

any representation that incorporates the appropriate sets of {Pj} and {|ψj〉}.

When calculating expectation values, it is not always convenient to use state vectors,

so it is useful to note that the expectation value does not speci�cally require state

vectors, it simply requires the state information in some form that can be acted

upon by the operator Q̂. A bene�t of using the state matrix ρ is that it allows us to

calculate expectation values as

〈Q̂〉 = Tr(ρQ̂). (1.4)
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This represents the trace of ρQ̂. The trace is a function de�ned as

Tr(ρQ̂) =
∑
j

〈φj |ρQ̂|φj〉, (1.5)

where {|φj〉} is a general basis set in the state space of the system of relevance. This

expression is easily shown to be mathematically equivalent to the form of Eq. (1.2):

Tr(ρQ̂) =
∑
j

〈φj |ρQ̂|φj〉

=
∑
j

〈φj |
N∑
k=1

Pk|ψk〉〈ψk|Q̂|φj〉

=
∑
j,k

Pk〈φj |ψk〉〈ψk|Q̂|φj〉

=
∑
j,k

Pk
∑
l

cl〈φj |φl〉〈ψk|Q̂|φj〉

=
∑
j,k

Pk
∑
l

clδj,l〈ψk|Q̂|φj〉

=
∑
j,k

Pkcj〈ψk|Q̂|φj〉

=
∑
k

Pk〈ψk|Q̂
∑
j

cj |φj〉

=
∑
k

Pk〈ψk|Q̂|ψk〉, (1.6)

where we have used the knowledge that |ψk〉, like any state vector, can be decomposed

using a general expansion in an arbitrary basis set {|φj〉}, as

|ψ〉 =
∑
i

ci|φi〉, (1.7)

and also employed the orthonormality of bases in that 〈φj |φl〉 = δj,l (since we were

able to choose both sets of bases such that {|φj〉} and {|φl〉} are the same set).

1.2 Entangled Quantum States

One of the de�ning concepts of quantum theory is that of quantum entanglement.

Entanglement is a property by which two or more quantum systems are intrinsically

linked, regardless of any physical separation. It is the source of nonlocality in

Quantum Theory. In an entangled quantum system, it is impossible to obtain

a complete description of any part of the system without reference to the entire

quantum system.

States which are not entangled are referred to as separable states. A speci�c kind

of separable state which we will look at below is a product state. As an example,

consider two systems de�ned only as �A� and �B�. If we have a composite system of
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the A and B subsystems, then the state of that system is a product state if it can

be expressed as a tensor product of the states of its subsystems. Mathematically

expressed, this means, for the case of pure states,

|ψAB〉 = |ψA〉 ⊗ |ψB〉 ≡ |ψA〉|ψB〉. (1.8)

The equivalence symbol in the above expression indicates that when two states are

expressed in either form above, it implies a tensor product of said states. To further

this example, we will use a general state expansion, that is,

|ψX〉 =
∑
iX

ciX |φiX 〉, (1.9)

where the set of states {|φiX 〉} are a local basis for the state space (Hilbert space)

HX of the arbitrary system X. Applying this expansion to |ψA〉 and |ψB〉 in Eq.

(1.8), we can expand the product state as

|ψAB〉 = |ψA〉 ⊗ |ψB〉 =
∑
iA

∑
iB

ciAciB |φiA〉 ⊗ |φiB 〉, (1.10)

where the set of states {|φiA〉 ⊗ |φiB 〉} are a basis for the composite AB system

state. In fact, this set of states is an equally valid basis for any state of the AB

system (product state or otherwise). Any composite system has a state space which

is the tensor product of the state spaces of all its subsystems. Since {|φiA〉} are a

local basis in the state space HA, and {|φiB 〉} are a local basis in the state space

HB, then the state space of the combined AB system is HA ⊗HB, with basis states

{|φiA〉⊗ |φiB 〉}. Thus, following from Eq. (1.9), any state in HA⊗HB (separable or

not) can be represented as

|ψAB〉 =
∑
iA

∑
iB

ciAiB |φiA〉 ⊗ |φiB 〉. (1.11)

The di�erence between Eq. (1.10) and Eq. (1.11) may not be immediately apparent.

The �rst is an expansion of a product state for |ψAB〉, and the latter is a general

expansion for |ψAB〉, so the implication of this is that ciAiB = ciAciB only when the

state is a product state. To illustrate this point, consider the example below of two

(unnormalised) state vectors:

|ψP 〉 = |0〉A|1〉B + |1〉A|1〉B
|ψE〉 = |0〉A|1〉B + |1〉A|0〉B

The �rst expression is a product state, and the second expression is an entangled

one. Given that, in this example, the bases of subsystems A and B are {|0〉A, |1〉A}
and {|0〉B, |1〉B} respectively, it is obviously trivial to expand either state using

the general expansion (Eq. (1.11)). However, if we expand either state under the
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assumption that ciAiB = ciAciB , then we will have

|ψAB〉 = c1Ac1B |0〉A|0〉B+c1Ac2B |0〉A|1〉B+c2Ac1B |1〉A|0〉B+c2Ac2B |1〉A|1〉B. (1.12)

For the product state, |ψP 〉, this equation has an arbitrary number of solutions

for the set of constants. The most obvious solution is c1A = c2A = c−12B
= 1 and

c1B = 0, but any variation of constants satisfying c1A = c2A = c−12B
and c1B = 0 is

also a solution. However, the entangled state, |ψE〉, requires a solution such that

c1Ac1B = c2Ac2B = 0 and c1Ac2B = c2Ac1B = 1. These two conditions cannot be met

if c1A , c2A , c1B and c2B are complex numbers.

All multipartite quantum states are either separable or nonseparable (entangled).

Any state which is not a separable state is a nonseparable state, and vice versa. The

example above was useful as a mathematical illustration of entanglement, but it is

important to note that it is a fairly elementary example. Not all quantum states

can be represented as state vectors, so a completely general de�nition of a separable

state cannot actually be given in terms of state vectors. For this, we will use the

state matrix.

As mentioned above, a multipartite quantum state is a product state if it can be

expressed as a tensor product of the states of its subsystems, as in Eq. (1.8) for state

vectors, or (equivalently) as below for state matrices.

ρ = ρA ⊗ ρB (1.13)

In this expression, the superscripts denote the di�erent subsystems that ρA and ρB

represent. A general de�nition of a separable state is any quantum state than can be

expressed as a convex combination of product states. That is, a state ρ is a (bipartite)

separable state if there exist a set of probabilities {Pi} (which are therefore real, non-

negative and sum to 1), and sets of mixed states for each subsystem, {ρAi } and {ρBi },
such that the state ρ can be represented as

ρ =
∑
i

Piρ
A
i ⊗ ρBi . (1.14)

Any state that cannot be expressed in this form is a nonseparable state. Notably,

in this expression, it can be assumed without loss of generality that {ρAi } and {ρBi }
are pure states. Were there any elements of {ρAi } or {ρBi } that were given to be

mixed states, it would be possible to decompose those mixed states into convex

combinations of pure states in the same manner as the above equation, yielding an

expression for ρ of the exact same form as above, but in terms of di�erent sets of

{ρAi }, {ρBi } (both of which would be sets of pure states) and {Pi}.
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1.3 Correlation Functions

In general, it is possible (if not always easy) to recognise the expression of a quantum

state as either separable or entangled by the mathematical form it takes. But the

entanglement of a system is more than a binary property � entangled systems can

be entangled to various degrees and in various ways. Thus, in the study of entangled

systems, it is useful to have some means of quantifying entanglement. The typical

means of doing so (in theory and in practice) is to perform localised measurements

upon the separate members of multipartite quantum states, and statistically deter-

mine the degree of correlation between the results of these measurements. Such a

calculation is called a correlation function.

A correlation function on an n-body state is calculated as the expectation value of

n observables,

〈L̂A1 ⊗ L̂B2 ⊗ ...⊗ L̂Zn 〉, (1.15)

where the superscripted letters represent subsystem labels (since each operator acts

on a di�erent system), and the subscripted numbers represent the fact that the n

measurements are not necessarily the same measurement. Like the vector convention

shown in Eq. (1.8), for a tensor product of operators that each act upon di�erent

systems, we will often omit the tensor product symbol(s) for the sake of notational

convenience. So the above expression may also be represented as

〈L̂A1 L̂B2 ...L̂Zn 〉. (1.16)

Since, as mentioned, these operators act upon di�erent subsystems, and are intended

to represent localised measurements, it is really more accurate to write this correla-

tion function as〈(
L̂A1 ⊗ IB ⊗ ...⊗ IZ

)
×
(
IA ⊗ L̂B2 ⊗ IC ⊗ ...⊗ IZ

)
× ...×

(
IA ⊗ IB ⊗ ...⊗ L̂Zn

)〉
,

(1.17)

but for the sake of brevity, we will usually opt for the more compact expression.

Entanglement can occur between any number of quantum objects, but for the pur-

poses of this thesis, we will be most concerned with measurements on pairs of

quantum objects. So henceforth, our focus will be on the two-party form of the

correlation function. That is, of course,

〈L̂A1 L̂B2 〉. (1.18)

It should be noted that the bra-ket (the 〈〉 notation) represents not only the theo-

retical expectation value, but equivalently represents a predicted average of results.

So in actual measurements, the expectation value (and by extension, the correla-

tion function) is calculated by performing the same measurements repeatedly, and

averaging the results over a su�ciently large population of data.
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It can also be useful to consider correlation functions using sets of several di�erent

measurements, and not just identical measurements again and again. In this case, if

we weight these alternatives equally, the form of the correlation function is slightly

altered, to

1

n

n∑
i,j

〈L̂Ai L̂Bj 〉. (1.19)

The factor of 1
n is a convenient normalisation, assuming normalised states and

operators. The i and j subscripts indicate that, as before, the measurements on

di�erent subsystems need not be the same measurements. In practice, regardless of

whether the correlation function is calculated with several di�erent measurements,

or the same ones over and over, averaging of results is essential for obtaining an

accurate measure of correlation. The probabilistic nature of quantum measurement

means that the experimental result of a measurement will rarely be predictable, so

using many measurements is often quite essential for obtaining meaningful averages.

1.4 Quantum Measurement

Despite the formalism that we have been using so far, observables alone are, in

general, not su�cient to fully describe the e�ect that measurement can have upon a

quantum system. The nature of quantum measurement is such that any measurement

upon a quantum system can only be obtained by interacting with said system. In

general, the result of a quantum measurement is intrinsically probabilistic � which

should not be the case if one were measuring some well-de�ned property of the

system.

When a quantum measurement of some property, let's say Q again, for example, has

more than one possible outcome, this indicates that the behaviour of the quantum

system is not constrained to that of a system with a single value for Q. Indeed, it is

often possible for a quantum system to have a superposition of all possible values of Q.

However, experimental measurement of such a property requires an interaction with

the system such that its behaviour is indicative of the value of this property. Thus,

in a quantum measurement, the value of a property like Q determines a quantum

system's speci�c behaviour and in turn must obviously be de�ned.

To this end, a quantum measurement of Q is an interaction that forces Q to become

de�ned. For an interaction where the value of Q determines a system's behaviour,

the value exhibited is probabilistically determined by the distribution of the super-

position in Q that the quantum system previously held.

For example, after a projective measurement, a quantum state will thus have a

speci�c value of Q and therefore not necessarily be the same state as that before

the measurement (note that it can be the same state if and only if it already had

a de�ned value of Q). This is sometimes referred to as collapsing the wavefunction

since it is a process in which (for certain kinds of states) the superposition of states
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representing a system, the wavefunction, �collapses� into a single one of the states

after an interaction.

The point of all this is that the result of a quantum measurement represents an actual

property of the observed quantum system. Therefore, the e�ect that a quantum

measurement has upon a system is characteristically indicated by the measurement's

result.

A quantum state is a�ected by the type of interaction used to measure it, but

the particular ways in which a measurement can a�ect a quantum state are also

dependent upon the set of possible results that it can yield. Therefore, the possible

e�ects that a measurement can have on a state are best represented not by a single

operation, but by a set of operations (upon the state space of the measured system)

which are distinguished by the possible outcomes of the measurement.

The e�ect that a measurement has upon a quantum state is calculated by apply-

ing some operation to an initial state, and indeed, it is only possible to calculate

post-measurement quantum states by determining the operations corresponding to

particular outcomes.

1.4.1 Projective Measurements

Projective measurements are often introduced as the simplest measurement for-

malism, from which we expand to others. A set of projectors are de�ned as the

diagonalisation (or �spectral decomposition�) of an observable. So for an observable

Q̂, we have an expansion

Q̂ =
∑
r

rΠ̂r, (1.20)

where {r} is the set of eigenvalues of Q̂, and {Π̂r} are the projectors onto the

corresponding eigenspaces of Q̂. The values of r denote the possible outcomes of

the measurement, and for convenience we have assumed them to be discrete. It

should be noted that because Q̂ is Hermitian, the operators Π̂r are also Hermitian,

and therefore all their eigenvalues r are real numbers.

It is also useful to note that if the set {r} is nondegenerate, then the projectors

are equal to Π̂r = |r〉〈r| where {|r〉} are the eigenstates of Q̂. In this case, the

measurement is often referred to as a von Neumann measurement, and application

of a projector Π̂r is sometimes referred to as a measurement in basis |r〉. In this case,

it is trivial to see that the projectors must satisfy orthonormality such that

Π̂rΠ̂r′ = δr,r′Π̂r, (1.21)

and while it is not as simple to show for all other cases, it is still true for all other

cases that projectors must satisfy this condition. From this, we can also see that

projectors obey the condition that Π̂2
r = Π̂r.
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Upon measurement of Q, the probability of obtaining outcome r is P (r), which is

given by

P (r) = 〈Π̂r〉. (1.22)

We may note from this that, given {r} and {Π̂r}, we could calculate the expectation

value of Q̂ as
∑

r r〈Π̂r〉 =
∑

r rP (r), as we should expect.

Given that P (r) represent the probabilities of all possible outcomes, the values of

〈Π̂r〉 must therefore be non-negative and sum to 1. This requires that the set {Π̂r}
must also satisfy the completeness relation∑

r

Π̂r = I. (1.23)

We can be sure that this is satis�ed by any projectors because this relation is required

by the spectral decomposition theorem.

Given a pre-measurement state denoted by |ψ〉 or ρ, we shall denote the post-

measurement state with outcome r as |ψr〉 in the case of the state vector, or ρr

for a state matrix. The post-measurement state is calculated from

|ψr〉 =
Π̂r|ψ〉√
P (r)

, (1.24)

or, equivalently,

ρr =
Π̂rρΠ̂r

P (r)
, (1.25)

where the denominator in either case serves to preserve normalisation of states.

If the result r is discarded, and the extent of our knowledge about the state is simply

that a measurement was made, then the post-measurement state (known in such a

situation as the �unconditional� post-measurement state) is given by

ρr=? =
∑
r

P (r)ρr

=
∑
r

Π̂rρΠ̂r. (1.26)

Note that such a state, due to our incomplete knowledge of it, is necessarily repre-

sented only as a mixed state.

1.4.2 E�cient Measurements

We will now consider a larger class of measurements, known as e�cient measure-

ments, of which projective measurements are a subset (as are certain other kinds).

For this class of measurements, the possible outcomes of a measurement are not

necessarily given by the eigenvalues of an observable (though we will still denote
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the possible outcomes as the set {r}). Correspondingly, the set of measurement

operators, represented below by {M̂r}, is no longer derived as a decomposition of

an observable. The post-measurement state, again denoted |ψr〉 or ρr (upon the

occurrence outcome r), is still given by

|ψr〉 =
M̂r|ψ〉√
P (r)

, (1.27)

and, equivalently,

ρr =
M̂rρM̂

†
r

P (r)
, (1.28)

Also like for projectors, the unconditional post-measurement state is given by

ρr=? =
∑
r

P (r)ρr =
∑
r

M̂rρM̂
†
r . (1.29)

But P (r), the probability of outcome r, is given in terms of M̂r by

P (r) = 〈M̂ †r M̂r〉. (1.30)

It can be seen that this was also true for projective measurements upon noting that,

unlike projective measurements, the measurements operators M̂r are not necessarily

orthonormal or Hermitian. From the above expression, we can see that the set of

{M̂r} must satisfy a completeness relation such that∑
r

M̂ †r M̂r = I. (1.31)

Given the form of this relation, it is more accurate to say that this is a completeness

relation for the set of pairs {M̂ †r M̂r}. In fact, it even turns out to be convenient to

use this as a separate operator:

Êr = M̂ †r M̂r, (1.32)

for which we obviously have less convoluted relations, in that

P (r) = 〈Êr〉, (1.33)

and ∑
r

Êr = I. (1.34)

The set of these operators, {Êr} is what is known as a POVM. The acronym

POVM stands for Positive-Operator Valued Measure, and is rarely used in full. The

POVM elements Êr are Hermitian, non-negative operators also known as �probability

operators� or �e�ects�. Given this combination of properties, it can be seen that
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in cases where Êr = M̂r∀r, these operators are actually equivalent to projectors.

Because of these, and other bene�ts, we shall see that POVMs are actually the most

useful measurement representation for us to use in our later calculations.

1.4.3 Ine�cient Measurements

The most general formalism of quantum measurements is that of ine�cient measure-

ments. Above, we discussed measurements which would yield mixed post-measurement

states from pure pre-measurement states only if the knowledge of the measurement

outcome was discarded. This introduces classical uncertainty into our knowledge

of the system state, but the only uncertainty introduced by e�cient measurements

themselves is the quantum uncertainty of which measurement outcome would be

obtained, and correspondingly, which of the possible post-measurement states the

system would take. But ine�cient measurements are more general than this in that

they can represent cases where the measurement itself is also capable of introducing

classical uncertainty in our knowledge of the post-measurement system state (in

addition to the quantum uncertainty in our prediction of the post-measurement

system state). As such, ine�cient measurements allow for every post-measurement

state to be mixed, regardless of whether the pre-measurement state was mixed or

pure.

A general ine�cient measurement is described by a set of operations, which we

will denote {Or} (where r denotes the measurement outcome associated with the

measurement operator Or), that can be represented as

Or =
∑
j

J [Ω̂r,j ], (1.35)

which is a sum of superoperators for a set of operators {Ω̂r,j : j}. The superoperator,
J , represents a mapping of the (Hilbert) space of operators to itself. Its function

here is to apply the operators Ω̂r,j to a state matrix such that

J [Ω̂r,j ]ρ = Ω̂r,jρΩ̂†r,j . (1.36)

So in this respect, the role of the Ω̂r,j operators is similar to that of the measurement

operators above; but one should avoid thinking of them as measurement operators

because the set {Ω̂r,j : j} does not uniquely characterise the operation Or. They

do characterise the unique operation Or, but are not necessarily the only operators

capable of doing so. Thus, it is not accurate to treat Ω̂r,j as the de�ning operators

of the measurement they represent. As such, we should employ Or rather than Ω̂r,j

wherever possible.
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For a general ine�cient measurement, the post-measurement state ρr is given by

ρr = Orρ/P (r) (1.37)

=
∑
j

Ω̂r,jρΩ̂†r,j/P (r).

Notably, there is no equivalent representation of this for state vectors, because to

have one would obviously constrain the post-measurement state to be a pure state,

thus subverting the generality of this formalism.

The probability of outcome r is given by

P (r) = Tr[Orρ] (1.38)

= Tr[
∑
j

Ω̂r,jρΩ̂†r,j ].

Again represented by ρr=?, the unconditional post-measurement state is given by

ρr=? =
∑
r

Orρ (1.39)

=
∑
r,j

Ω̂r,jρΩ̂†r,j .

Using properties of the trace, namely the cyclic property, that Tr[ABC] = Tr[BCA] =

Tr[CAB], we can rearrange the above expression for P (r) to show that

P (r) = Tr[
∑
j

ρΩ̂†r,jΩ̂r,j ] = Tr[ρ
∑
j

Ω̂†r,jΩ̂r,j ].

From this expression, we see that it is again possible to construct a POVM for this

measurement, such that

Tr[Orρ] = Tr[ρÊr], (1.40)

for all ρ, where the POVM elements are given by

Êr =
∑
j

Ω̂†r,jΩ̂r,j . (1.41)

Given that P (r) = Tr[ρÊr], it is unsurprising that, again, the POVM (and equiva-

lently, in this case, the Ω̂r,j operators) must satisfy the constraint that∑
r

Êr = I. (1.42)

While every possible set of Ω̂r,j operators must span the same set of r indices (since

these denote the possible results), the set of j indices may vary from set to set. This is

because, as noted above, the operators Ω̂r,j do not uniquely represent a measurement,

and it is possible for di�erent sets of Ω̂r,j to describe the same measurement process.
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However, the POVM {Êr} is indexed only by r, and thus is unique for a measurement.

More than this, we have seen that POVMs are equally useful for determining mea-

surement outcome probabilities, in the same mathematical manner, for each kind of

measurement we have discussed. Although we will not need to apply the formalism

of operations anywhere in this thesis, the concept of ine�cient measurements was

introduced so as to highlight the bene�t of using POVMs, which we will be using later

on in reference to multipartite quantum states. The generality of POVMs, exceeding

that of the measurement operators M̂r, is the reason that Eq. (1.41) and Eq. (1.32)

are given as equalities, and not as de�nitions. Although post-measurement states

cannot be directly calculated with a POVM, the fact that POVMs exist and are

applicable for any measurement makes them a powerful analytical tool.

With the bene�t that the constraints on their form are not any di�erent for di�erent

kinds of measurements or systems, POVMs are also of particular use in representing

the result of a measurement on a multipartite state. It is this generality that makes

them useful for calculation of measurement probabilities for multipartite states (for

the cases of e�cient or ine�cient measurements), and which also prevents them from

directly accommodating calculations of post-measurement states. However, this also

is bene�cial for us because the measurements we will wish to describe use absorptive

detectors, meaning that the post-measurement states cannot be described by e�cient

measurement theory � but the post-measurement states will not be of concern to us

because our goal will simply be the calculation of correlation functions, so the absence

of this option is well worth the calculational simpli�cation o�ered by POVMs.
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Chapter 2

Stories About Quantum

Nonlocality

This chapter will begin by o�ering a condensed discussion of the historical evolution

of scienti�c views on quantum nonlocality. In doing so, three distinct classes of

quantum nonlocality will be highlighted and subsequently de�ned. In the context

this background discussion provides, we shall review the recent literature pertaining

to EPR-steering.

2.1 A Brief History

Though accepted as the most successful physical theory of the microscopic world,

quantum mechanics has been beset since its birth by objections to the ways in which

it violates previously longstanding physical principles. This is not so surprising in

itself, as quantum theory was partly founded upon principles that violate classical

physics. Thus, early supporters of quantum mechanics required a certain degree of

openness to its radical implications. Bohr, one such supporter, was at one point

open to the idea that quantum mechanics could even violate conservation laws [10].

Despite its experimental success, the worldview presented by quantum mechanics was

(and still is) perceived by some to be too radical and counterintuitive to possibly be

true. Many of the objections to quantum mechanics have been more philosophical

than scienti�c, such as the well-known objection on the grounds of its inherent

indeterminism [13]. Arguably, the most scienti�c of these objections is that quantum

mechanics violates, in a certain sense, the theory of relativity � a theory which is

just as successful as quantum mechanics, in terms of its range of applicability and

predictive power. This point is in reference to quantum nonlocality, in that quantum

mechanics seems to involve superluminal information transmission [24,26].

At the 1927 Solvay conference, Einstein illustrated this objection with the exam-

ple that detection of a particle at one position would instantaneously change the

probability of its detection at all other positions to zero � apparently requiring its
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wavefunction to exhibit some form of superluminal information transfer (thus violat-

ing the local causality of relativity). The interpretation of this which he presented

was that the position of the particle must have a pre-existing reality, contrary to

quantum mechanics, and the wavefunction was merely a statistical description of the

physical object.

For this reason, Einstein indicated a preference for modi�cations of quantum me-

chanics to describe a particle's probabilistic behaviour while allowing said particle to

remain a localised entity, rather than being literally distributed over several positions

at one time. In other words, he thought that the quantum wavefunction's probability

distribution was meaningful, but based on an incomplete knowledge of a quantum

object's behaviour, and that the physical characteristics of a quantum object (such as

position, momentum, etc.) were well-de�ned in reality, but were simply not de�ned

in quantum mechanics. Theories of this nature were later to be known as �hidden

variable theories� for their assumptions that such �hidden variables� exist.

The strongest blow struck for the argument that quantum mechanics was not com-

plete (and therefore, that it must be replaced or at least supplemented by some

kind of hidden variable theory) was that of the famous EPR paper, authored by

Einstein, Podolsky and Rosen in 1935 [1]. However, its reasoning was built upon the

presupposition that physically isolated quantum systems should not be able to have

any e�ect on one another.

It presented an argument based on the example of two spatially separated quantum

objects which were described by a single quantum state due to some unspeci�ed past

interaction (i.e. what we now refer to as entangled quantum objects). This example

explored the choice of two noncommuting measurements that could be made on

the �rst state. If a measurement was performed on one system, it could collapse

the state of the other system into a wavefunction determined by the eigenstates

of the measured property. Since the two measurable properties were de�ned to be

noncommuting, this would mean that one system's wavefunction was dependent on

the choice of measurement upon the other system. Under the assumption that two

systems cannot interact if they are spatially separated (and causally separated), the

wavefunction of a system should not be instantaneously a�ected by the choice of

measurement upon a distant system. This leads to the conclusion that the two dif-

ferent wavefunctions the second system can take, depending upon the measurement

upon the �rst system, must represent the same physical reality.

If the quantum wavefunction was a complete description of reality, it would obviously

not be possible for two di�erent wavefunctions to represent the same physical situa-

tion. Thusly, the EPR paper concluded that the quantum mechanical description of

reality was not complete. The heart of EPR's argument is recognised to be that

relativistic causality is not compatible with quantum mechanical descriptions of

entangled states.

Though no hidden variable theory was found which eliminated the need for nonlocal-
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ity in reproducing all quantum mechanical results, EPR at least were convinced that

even an unde�ned hidden variable theory was logically preferable to the nonlocality

required by quantum mechanics. EPR's challenge of the completeness of quantum

mechanics was referred to as the �EPR paradox�, as termed by Schrödinger [2] (who

also coined the terms �steering� and �entangled� [2]). Schrödinger noted that the

EPR paradox detailed a situation where a quantum system (which is entangled with

another system) can be �steered or piloted into one or the other type of state� by a

distant experimenter [2], and expressed discomfort at this idea since he also thought

that it was not an acceptable feature of reality. Schrödinger still believed that some

form of the quantum wavefunction would be a complete description of reality, but

that the EPR paradox was an unphysical application of the theory [11]. He was

of the opinion that the mathematical requirement of instantaneous e�ects within

quantum systems was just an idealisation, and in reality, quantum e�ects would

be constrained by the laws of relativity. Thus, he believed that bipartite quantum

systems were accurately indicative of the physical systems they represented, but

only when the spatial separation of the entangled subsystems was small enough that

a speed of light signal could be approximated as instantaneous [11]. Schrödinger

expected that in reality, as objects became more and more spatially separated, and

in�nity became a worse approximation for the speed of light, this would lead to a

decoherence between the properties of entangled subsystems. Schrödinger therefore

expected that quantum mechanics could be recti�ed by modifying it to eliminate

the need for instantaneous action at a distance (the same kind of modi�cation that

Newtonian gravity required, and was given by general relativity).

Despite the fact that it was a signi�cant in the scienti�c community, no relativistic

and/or hidden variable theory was found to unite the predictions of relativity and

experimental quantum mechanics in a way satisfactory to Einstein or Schrödinger.

Regardless of what opinions were held in the scienti�c community, the question of

quantum nonlocality was without any rigorous resolution until 1964, with Bell's �rst

publication of Bell inequalities [7] (in a paper entitled �On The Einstein Podolsky

Rosen Paradox�). This paper speci�cally addressed the feasibility of �separable

predetermination� (or �local causality� as he would later reformulate it [22]). He

showed that any hidden variable theory which agrees with quantum mechanical

results is necessarily nonlocal. Therefore, it explicitly showed that hidden variables

are incapable of remedying the nonlocality of quantum mechanics.

Physical situations that allowed experimental observation of these nonlocal quantum

mechanical results were di�cult to create in laboratory conditions. However, an

experimentally realisable form of Bell inequality was presented in 1969 by Clauser,

Horne, Shimony, and Holt [14], sometimes referred to thereafter as a CHSH inequality

or CHSH Bell test. Such tests were eventually performed [19, 20], experimentally

verifying quantum mechanics' predicted violations of relativity. The foremost such

experiment was performed in 1981 by Aspect, Grangier, and Roger [15].

Bell inequalities and the experimental violation of the CHSH inequalities presented a
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resolution to the question of nonlocality, showing that there exist quantum mechan-

ical predictions that cannot be reproduced under the assumption of local causality,

and that such predictions are demonstrably accurate. These tests have proven

that nonlocality does exist, and must therefore be an element of any successful

physical theory. The nonlocality predicted by Bell [7] would be demonstrated by

any pure entangled state [12]. However, mixed states can also contain entanglement,

and in 1989, it was shown by Werner [12] that not all entangled mixed states are

truly capable of violating Bell inequalities. While quantum mechanics predicts all

entangled states to possess nonlocality [54, 55], only a certain class of states (with

su�ciently pronounced entanglement) is capable of experimentally violating Bell

inequalities, and this class of states has come to be known as Bell nonlocal states,

or as states possessing Bell nonlocality.

The entanglement of quantum systems is something which arises easily in quantum

mechanics (as shown in section 1.2) in any case where objects' quantum mechanical

state representations are nonseparable. However, in a context where one intends to

question the accuracy of quantum mechanical predictions, this is obviously some-

thing which cannot be simply assumed to indicate nonlocality since it relies on the

assumption that quantum mechanics is accurate. Thus, determining the nonsepara-

bility/separability of quantum mechanical representations is a test which can only

con�rm or deny that �the state in question is nonlocal if quantum mechanics is

correct� and nothing more. If systems possess this nonseparability in their quantum

states, they are referred to as �entangled� in quantum theory at large, but in the

context of tests of quantum nonlocality, this quality can most rigorously be referred

to only as nonseparability.

The nature of nonseparability and of Bell nonlocality are both very relevant to

the EPR e�ect. However, neither of these are identical to the EPR e�ect. As

mentioned above, the objectionable implication of the EPR paradox, in the words of

Schrödinger, was that a quantum system could be �steered or piloted into one or the

other type of state� by a distant experimenter [2], according to quantum mechanics

� and that this should not be allowed by any reasonable de�nition of reality [1].

Thus, a formal de�nition of the EPR e�ect should address whether the state of a

quantum object can be a�ected by a spatially distant system in such a way that is

not reproducible in a locally causal model.

Criteria for the demonstration of this e�ect were derived for a few scenarios by Reid

in 1989 [18], but it was not until 2007 that a formal de�nition of the �steering� of

a quantum state as in the EPR paradox was presented by Wiseman, Jones, and

Doherty [6]. This e�ect has come to be known as EPR-steering and is de�ned by

violation of EPR-steering inequalities [5] (in the same manner as Bell nonlocality is

de�ned by Bell inequalities).
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2.2 Formal De�nitions

This thesis will discuss some experimental EPR-steering inequalities. Such inequal-

ities are analogous to Bell inequalities in that EPR-steering is demonstrated by the

act of their violation.

As discussed in [3, 6], EPR-Steering is a well-de�ned subclass of Entanglement, and

Bell Nonlocality, in turn, is a subclass of EPR-Steering. Bell Nonlocal states are a

class of the most highly entangled (most nonlocal) states in the class of Steerable

states, and Steerable states are a subclass of Entangled states (i.e. all nonlocal

states).

These three classes of nonlocal states are most clearly de�ned with reference to

bipartite entangled states in terms of two experimental parties (canonically denoted

�Alice� and �Bob�). We take Alice and Bob to be two spatially separated observers,

each possessing di�erent quantum objects to observe, which may be entangled with

one another. We will denote the set of possible measurements that can be made

upon either object to be Mα for Alice's object and Mβ for Bob's. That is, if a and b

are choices of measurements upon Alice and Bob's respective systems, then a ∈Mα

and b ∈Mβ . Furthermore, we will also need to discuss the possible results of these

measurements, which are denoted as the sets Ra and Rb. We denote the outcomes of

the measurements a and b respectively by A ∈ Ra and B ∈ Rb. Of course, the result

of any measurement must also depend on the state that it is applied to. We will

specify a parameter g that represents the preparation of the state. This represents

all of the information that is explicitly known (by all experimental parties) about

the bipartite state.

With these variables all speci�ed, we can rigorously de�ne the joint probability of

obtaining the results A and B, conditioned upon the circumstances speci�ed by a, b

and g. This probability is represented by P (A,B|a, b, g).

We also denote the set Ξ to represent any and all variables pertaining to events in

the past light cones of Alice and Bob, except for those that are incorporated into

g. We denote ξ ∈ Ξ as the hidden variable(s) representing any of these that are

capable of a�ecting the outcomes A ∈ Ra and/or B ∈ Rb. It should be noted that

for the sake of generality, the role of ξ in the below expressions is general enough not

to constrain it to any particular form (eg. number, set, matrix, etc.) moreso than

any other. The part that hidden variables play in determining P (A,B|a, b, g) is (one

depiction of) what distinguishes the three di�erent approaches towards evaluations

of nonlocality (the three locality models) discussed here.

2.2.1 Nonseparability

With this system of notation, we can de�ne with rigour the criteria that must be

violated for a system to demonstrate entanglement. This criteria is referred to as a



22 Stories About Quantum Nonlocality

quantum separable model, and we will de�ne it in terms of the probability of a pair

of measurement outcomes A and B.

The result P (A,B|a, b, g) is said to have a quantum separable model if, and only if,

for all measurements a ∈Mα, b ∈Mβ and their possible outcomes A ∈ Ra, B ∈ Rb

there exists a probability distribution P (ξ|g) manifesting the hidden variables' e�ects

conditioned upon the particular preparation procedure, and there exist probability

distributions PQ(A|a, g, ξ) and PQ(B|b, g, ξ) such that

P (A,B|a, b, g) =
∑
ξ

P (ξ|g)PQ(A|a, g, ξ)PQ(B|b, g, ξ), (2.1)

where the PQ(A|a, g, ξ) represent probabilities that are compatible with a quan-

tum state yielding outcome A, and the subscript Q has the same implication for

PQ(B|b, g, ξ). What this means mathematically is that there must exist valid rep-

resentations of the quantum states of Alice and Bob, represented as ρα(g, ξ) and

ρβ(g, ξ), and the probability distributions for A and B must be derived from them

as PQ(A|a, g, ξ) = Tr[ÊAa ρ
α(g, ξ)] and PQ(B|b, g, ξ) = Tr[ÊBb ρ

β(g, ξ)], where ÊAa is

the POVM element representing a measurement of a with outcome A.

From this, we can notice that the form of Eq. (2.1) is in fact equivalent to the

de�nition given for a separable state as any that can be expressed as Eq. (1.14).

P (A,B|a, b, g) =
∑
ξ

P (ξ|g)PQ(A|a, g, ξ)PQ(B|b, g, ξ)

=
∑
ξ

P (ξ|g)Tr[ÊAa ρ
α(g, ξ)]Tr[ÊBb ρ

β(g, ξ)]

=
∑
ξ

P (ξ|g)Tr[ÊAa ρ
α(g, ξ)⊗ ÊBb ρβ(g, ξ)],

where we have used the property that Tr(A ⊗ B) = Tr(A)Tr(B). Because ÊAa and

ÊBb act upon di�erent state spaces, the above expression can be rewritten as

P (A,B|a, b, g) =
∑
ξ

P (ξ|g)Tr
[(
ÊAa ⊗ ÊBb

)(
ρα(g, ξ)⊗ ρβ(g, ξ)

)]

= Tr

(ÊAa ⊗ ÊBb )∑
ξ

P (ξ|g)
(
ρα(g, ξ)⊗ ρβ(g, ξ)

) ,
and from the form of P (A,B|a, b, g), we can say that P (A,B|a, b, g) = Tr

[
ÊA,Ba,b ρ

αβ
g

]
=

Tr
[(
ÊAa ⊗ ÊBb

)
ραβg
]
, expressing the state of the combined system as ραβg . From this,

we can obtain

ραβg =
∑
ξ

P (ξ|g)
(
ρα(g, ξ)⊗ ρβ(g, ξ)

)
,

which is of the same form as Eq. (1.14).

Any constraint upon a system derived from a quantum separable model (and equiva-

lently, from the assumptions that de�ne it) is a separability criterion for the Alice-Bob
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system. Any system state which violates such a constraint is labelled nonseparable.

Measurements of any entangled system are capable of violating separability criteria.

However, while this is necessary to demonstrate nonlocality, it is not su�cient.

A quantum separable model assumes local causality, and also assumes that both

parties' measurement statistics are obtained from measurements on quantum states

(i.e. ρα(g, ξ) and ρβ(g, ξ)). Therefore, violation of such a model proves only that at

least one of its founding assumptions is in error. So its violation cannot rigorously be

said to prove nonlocality. It merely demonstrates that a system is nonlocal and/or

does not conform to a quantum probability distribution.

2.2.2 Bell Nonlocality

As the most rigorous test of nonlocality, Bell inequalities are not constrained to the

formalism of quantum theory. For a pair of measurement outcomes A and B, a

Bell local model, or Local Hidden Variable (LHV) model must not incorporate any

assumptions as to the nature of the measurement process through which they were

generated. Indeed, the only assumption required for a LHV model (and the only

assumption allowed, for a completely general LHV model) aside from that of local

causality, is that the results A and B of measurements a and b share a dependence

upon g and ξ. Therefore, the assumption of local causality is the only constraint

in any Bell local model, which is why violation of a Bell local model is su�cient to

prove nonlocality.

If Alice and Bob submit results A and B for measurements a and b, there exists a

Bell local model (or LHV model) for the result P (A,B|a, b, g) if, and only if, for all

measurements a ∈ Mα, b ∈ Mβ and all possible corresponding outcomes A ∈ Ra,

B ∈ Rb, there exists a probability distribution P (ξ|g) (just as above), and any

probability distributions P (A|a, g, ξ) and P (B|b, g, ξ) such that

P (A,B|a, b, g) =
∑
ξ

P (ξ|g)P (A|a, g, ξ)P (B|b, g, ξ). (2.2)

Any constraint that may be derived from this is referred to as a Bell inequality.

Violation of such a constraint signi�es the invalidity of a LHV model, and thus, the

presence of Bell nonlocality.

2.2.3 EPR-Steering

The dependence between entangled subsystems depicted in the EPR paradox was

only referred to for the ability of one subsystem to a�ect the quantum state of the

other. Since consideration of one party's quantum state obviously requires us to

assume that one party has a quantum state, we must correspondingly assume that

this party's results are obtained by a process of applying quantum measurements to

their state. However, we need not assume the other party to have obtained their
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results in any particular way, and we opt not to assume that this other party's

measurements can only have been obtained from quantum measurements on a quan-

tum state. Assigning labels to these roles, we will construct a �no-steering� model by

assuming that Bob obtains his results B from measurements b upon a quantum state

ρβ(g, ξ), and assume Alice to obtain her results A from some general measurement

process a on her system, which does not necessarily involve a quantum state. We

assume as well that neither Bob's measurements nor results can a�ect Alice's results,

and also that neither Alice's measurements nor results can a�ect Bob's results or,

equivalently, a�ect Bob's state (i.e. we assume local causality).

So, for a result P (A,B|a, b, g), there exists a no-steering model if and only if for all

measurements a ∈ Mα, b ∈ Mβ and all possible corresponding outcomes A ∈ Ra,

B ∈ Rb, there exists a probability distribution P (ξ|g), as well as a probability

distribution PQ(B|b, g, ξ) that is compatible with a quantum state yielding outcome

B, and an arbitrary probability distribution P (A|a, g, ξ), such that

P (A,B|a, b, g) =
∑
ξ

P (ξ|g)P (A|a, g, ξ)PQ(B|b, g, ξ). (2.3)

Again, we note that PQ(B|b, g, ξ) is de�ned such that there must exist a quantum

state ρβ(g, ξ) such that the probability distribution for B obeys the expression

PQ(B|b, g, ξ) = Tr[ÊBb ρ
β(g, ξ)], where ÊBb is some POVM element representing a

measurement of b with outcome B. However, there are no such restrictions upon

P (A|a, g, ξ).

Constraints that may be derived from such a model are labelled �EPR-steering

inequalities�, and violation of such a criteria demonstrates the presence of EPR-

steering. Since only one of the systems (Bob's) is assumed to be representable by

a quantum state, violation of an EPR-steering inequality proves that the Alice-Bob

system contains nonlocality and/or Bob's system cannot be accurately described

by a quantum state. The assumptions of a no-steering model are more general

than those of a nonseparable model, but less general than those of a LHV model.

Therefore, it is logically intuitive that entangled systems capable of demonstrating

Bell nonlocality should also be capable of demonstrating EPR-steering, and that

entangled systems capable of demonstrating EPR-steering should also be capable of

demonstrating nonseparability.

Indeed, it is so, that Bell nonlocal states are a strict subset of EPR-Steerable states,

which are in turn a strict subset of nonseparable states [3, 6].

2.3 Operational De�nitions

De�nitions of the three classes of nonlocal states are most clearly understood in

terms of tasks involving three possible parties, Alice, Bob and Charlie. Charlie

is an outsider whom Alice and Bob are tasked with convincing that there exists
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entanglement in the bipartite quantum system. So far, we have made use of Alice

and Bob, as the parties in possession of complimentary members of an entangled

bipartite quantum system, however, the role of Charlie as overseer and skeptic has

not yet been explored. This is because Charlie's inclusion is most useful in reference

to situations (as below) where we consider the possible ways in which Charlie may

actually be deceived by Alice and/or Bob.

We will consider scenarios where Alice and Bob possess an entangled bipartite state

(which can be identically prepared for them as many times as necessary), and attempt

to convince Charlie of this. Alice and Bob cannot communicate with one another,

only with Charlie, to whom they submit every result. We will explore di�erent

standards of rigour that are su�cient to convince Charlie, depending on the degree

to which he trusts Alice and Bob.

2.3.1 Bell Nonlocality

When Charlie does not trust Alice or Bob, he believes nothing more than the results

that Alice and Bob each submit to him. What this means is that Charlie considers

the possibility that Alice and Bob do not possess a nonlocal system but may share

predetermined (locally causal) information which they use to feign nonlocality. The

most e�ective way to do this would be if Alice and Bob had access to Local Hidden

Variables (LHVs) which they used to coordinate their falsi�ed results. Thus, based

on a LHV model of the supposedly entangled quantum objects, Charlie must derive

mathematical criteria to �nd the strongest possible correlation that can be obtained

in a LHV system.

Each measurement that is made by Alice and Bob is chosen by Charlie, and given

that Charlie does not trust either of them, he does not reveal Alice's measurements

to Bob or Bob's measurements to Alice. Their only possible means of coordinating

results is by using LHVs or nonlocality. Charlie is only convinced that the system

contains nonlocality if the strength of the correlation he obtains between Alice and

Bob's data exceeds the maximum strength of correlations obtained from a LHV

model. Therefore, in this scenario, the entangled state that Alice and Bob share

must demonstrate Bell nonlocality to convince Charlie of any nonlocality. This

scenario requires the most rigorously demonstrable form of nonlocality as this is the

most restrictive Charlie can be with trust.

Even assuming that Alice and Bob do demonstrate Bell nonlocality, this does not

preclude the possibility of Alice and Bob falsifying their results. However, it does

prove that if they were falsifying their results at all, then they must be using some

sort of nonlocality to do so.
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2.3.2 EPR-Steering

The scenario which requires EPR-steering to demonstrate nonlocality is one in which

Charlie trusts that Bob possesses a quantum state, and that Bob obtains his results

by performing upon it the measurements dictated by Charlie. However, Charlie does

not trust Alice in the same way, and still considers the possibility that she may be

generating her results by some other means. However, without Bob's collaboration

(and without nonlocality), the only way in which Alice can feign nonlocal results is

if she possesses some knowledge of Bob's state. Thus, Charlie will assume that Alice

possesses a complete knowledge of the state that is prepared for Bob.

This describes a model where the hidden variable(s) upon which Alice's results de-

pend can be anything (or everything) about Bob's prepared state. But the strongest

correlation which Alice can feign in such a situation is still limited to that of a

no-steering model. Thus, Charlie will be convinced that Alice and Bob do share

nonlocality if their results can demonstrate EPR-steering.

While it is clear that the roles of Alice and Bob are no longer symmetric (as they

were in the previous scenario), it is worth noting that if Charlie's complete trust in

Bob is warranted, then we may as well unite the roles of Charlie and Bob in this

situation. In fact, reducing this to a two-party task can actually serve to simplify

the scenario. Consider just Alice and Bob, when Bob is an experimenter simply

performing measurements upon his own state, attempting to discern whether it is

entangled with the state that Alice claims to possess. Bob does not trust Alice, and

does not reveal any information to her, except the measurements he wishes her to

perform. If Bob analyses her ostensible results with equal scrutiny to that possessed

by Charlie, then he, too, will be forced to consider the possibility that Alice is locally

generating her results based on a complete knowledge of Bob's prepared state.

Since this represents the most knowledge Alice can possess about Bob's state without

nonlocality, it must always be considered in the operational de�nition of EPR-

steering. For this reason, it is often convenient to simplify the scenario by claiming

that Alice herself prepares Bob's state and sends it to him.

Unifying the roles of Bob and Charlie also serves to point out that if Bob knows

(trusts) that he has a quantum system, and wants to determine if Alice possesses a

system entangled with his, the operational de�nition of EPR-steering as a two-party

task is the most rigorous way that Bob can go about it. We can tell that this situation

requires the same degree of nonlocality as before (EPR-steering) to be exhibited by

the results if Bob is to be convinced that his state is indeed entangled with Alice's.

2.3.3 Nonseparability

When Charlie assumes both Alice and Bob to obtain their results from genuine

measurements upon quantum systems, he trusts that all results they submit to him

are genuine, and as such, has no motivation to withhold information from either of
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them. Thus, he trusts both Alice and Bob, and allows communication of results

between them. Obviously, this is insu�cient to disprove any LHV theory capable

of exhibiting correlated results. However, the basis of Charlie's trust is that he is

assuming there to be no LHVs. If this assumption is accurate, then this task has the

advantage of being capable of demonstrating any degree of nonlocality.

Given that Charlie completely trusts both Alice and Bob in this scenario, and

his assumption of honesty means that there is no reason to forbid communication

between Alice and Bob either, we can also observe that we can actually rede�ne this

operational de�nition as a one-party task. If Charlie's trust in both Alice and Bob

is merited, then this is operationally equivalent to a lone experimenter performing

measurements on his two quantum objects and deducing from the correlations in his

own results whether or not they are entangled.

Each of these three scenarios includes the necessity of some party to make one

measurement, another party to make the second, and a third party to be given

both results and calculate the correlation (communication being forbidden between

the measurers). However, representing certain assumptions about the nature of our

measurements in each case by di�erent levels of trust allows us to see that each

kind of criteria is actually characterised by the number of separate parties it can

be reduced to as an operational task. The representation of di�erent assumptions

as di�erent levels of trust should also serve to demonstrate the usefulness of less

mathematically rigorous constraints.

2.4 Recent Developments

The �rst theoretical tests to speci�cally demonstrate the class of quantum nonlocality

de�ning the EPR paradox were proposed by Reid in 1989 [18], and were based upon

Heisenberg uncertainty relations for bipartite states. This work presented criteria

for demonstrating the EPR paradox in the context of a nondegenerate parametric

ampli�er, having observed that the conjugate quadrature phase amplitudes of signal

and idler would be highly correlated in an ideal parametric ampli�er, theoretically

allowing an accessible example of the EPR paradox with quadrature phase mea-

surements of these two outputs. The �rst experimental demonstration of the EPR

paradox, using the Reid criteria, was performed by Ou et al in 1992 [29].

Following this approach, it was experimentally shown in 2003 by Bowen et al. [30]

that demonstration of EPR correlations is strictly more demanding than demon-

stration of entanglement, and in 2004, Howell et al. employed the Reid criteria to

demonstrate EPR correlations for measurements of momentum and position entan-

gled photon pairs, just as in the original EPR paradox [31]. Several more experiments

employed the approach of Reid, and a review of them can be found in [32].
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Meanwhile, other research into Schrödinger's de�nition of �steering�, and the nature

of this e�ect were being investigated by Wiseman, Jones, and Doherty, resulting

in the development of a formal de�nition of EPR-steering in 2007 [3, 6], which led

to a general theory of EPR-steering criteria [5] for continuous or discrete variable

observables, and accommodating the original Reid criteria, with the use of no-steering

models as shown above.

This formalised theory of EPR-steering criteria gave rise to a greater variety of

EPR-steering tests, expanding beyond the Reid criteria which, as in the original

EPR paper, only considered two measurement settings for either party. In 2010,

the �rst experimental implementation of these criteria was employed [21], with up

to six measurement settings, which granted a signi�cant increase in robustness for

demonstration of EPR-steering, and allowed this experiment to show that EPR-

steering was possible in entangled states that are Bell local.

Within this new framework for determining if Alice has the ability to nonlocally alter

Bob's state, the question was raised by Wiseman et al. in [6] whether there may exist

asymmetric states that are steerable by Alice, but not by Bob. It was shown in [37]

that it should indeed be possible for some bipartite entangled states to yield di�erent

results for the same observables, if performed on di�erent subsystems of the same

shared state. In the context of EPR-steering, this reveals that some entangled states,

by their own nature, should be quite capable of allowing steerability in one direction,

but not the other. The existence of this asymmetry, leading to �one-way� steerability

of states, was experimentally veri�ed in [38].

This criteria was further developed to close the detection loophole in experimental

tests of EPR-steering, and three such tests were performed in 2012. One of these tests

closed the detection loophole while also closing the locality loophole over 48 metres,

using a three-setting quadratic EPR-steering inequality [40], while another closed the

detection loophole with a two-setting inequality, using superconducting transition

edge photon sensors [39]. The remaining experiment closed the detection loophole

while also enduring the losses of transmitting the measured photons through a kilo-

metre of �bre-optic cable [41] � the extreme loss-tolerance in a rigorous demonstration

of EPR-steering was accomplished in this paper by employing up to sixteen di�erent

measurement settings, which lowered the minimum requisite detection e�ciency for

rigorous demonstration of EPR-steering to around 6.3% (the bounds which allowed

this are those derived in Chapters 7 and 9 of this thesis, which are part of the original

work presented herein).

It was also shown in 2007 by Cavalcanti and Reid that EPR-steering criteria can

be constructed from any quantum mechanical uncertainty relation [33]. This work

was used to show in 2009 that the Reid criterion is actually outperformed by an

entropic EPR-steering criterion for a case employing nongaussian states, and that

these criteria are equivalent to the Reid criterion for gaussian states [34]. Further

experiments arose from this exploration, showing in 2011 that entropic uncertainty

relations are capable of outperforming the variance criteria for several tests of EPR-
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steering [35] (the Reid criteria being a special case of a variance criteria, which was

one of the kinds detailed in [5], and the kind of criteria which was used in [39,40]). It

has been shown more recently, in 2013, that entropic steering inequalities can actually

be derived with any set of operators that obey an entropic uncertainty relation [36].

In the growing theory for tests of EPR-steering, it was more well understood how

EPR-steering �t as a class of nonlocality intermediate between Nonseparability and

Bell Nonlocality. Work published in 2011 [42] showed that there is necessarily a

complexity hierarchy for tests of Entanglement, EPR-steering, and Bell Nonlocality,

by comparing the maximally parsimonious tests for each class, and analysing the

complexity costs of tests with independent experimental parties in each case. In a

di�erent vein of the same �eld, general formulae for nonseparability and for steerabil-

ity of two-qubit states have also been derived recently [44], which show that a state

is steerable if and only if it obeys a certain condition imposed upon its state density

matrix, and further qualify the relationship between discord and entanglement in

steerable two-qubit states (though this approach does not accommodate a formal

de�nition of EPR-steering).

New work has also made use of the inherent asymmetry of EPR-steering by employing

non-maximally entangled states to improve e�ciency thresholds for closing the detec-

tion loophole [45], in much the same way that similar non-maximally entangled states

have been found to o�er more loss-tolerant violations of Bell inequalities [46], which

has been shown to o�er particular advantage in asymmetric scenarios [47], where

constraints upon detection e�ciency were asymmetric between the experimental

parties of Alice and Bob (as in atom-photon systems, for example), as is inextricably

the case in tests of EPR-steering, which requires complete trust of one experimental

party's actions.

Indeed, it has also been shown that asymmetries in EPR-steering criteria themselves

o�er signi�cant advantages in demonstrating EPR-steering (as well as nonseparabil-

ity, in some cases) [48]. The inherent asymmetry, and asymmetric requirements

of EPR-steering have also shown it to be quite useful for asymmetric quantum

protocols, such as Quantum Key Distribution in settings where only one party is

completely untrusted [50], so in this situation, an EPR-steering inequality is much

more bene�cial than a Bell inequality, since it allows much greater loss-tolerance,

and can still be applied in a device-independent setting [36,50,53]. A similar kind of

asymmetry in experimental requirements has also allowed EPR-steering inequalities

to o�er a practical means of proving that dynamical quantum jumps are detector-

dependent [51], which has previously been an experimentally untestable hypothesis.

EPR-steering inequalities have also found use in more general tests of quantum

nonlocality, with its intermediate requirements for experimentally trusted devices

facilitating semi-de�nite programs that allow stronger conclusions to be drawn from

quantitative tests of nonlocality [52].

Perhaps moreso than in the other classes of quantum nonlocality, the concept of trust

in relation to di�erent experimental parties is clearly an important consideration in
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veri�cation of EPR-steering. Recent work by Buscemi [55] has shown that nonlocality

is demonstrable for any entangled state, when tested in a scenario that assumes

the availability of one-way quantum channels (and therefore does not guarantee the

existence of EPR-steering or Bell nonlocality with any rigour), and this work was

generalised in [56] to show that Buscemi's entanglement tests can be modi�ed to show

the existence of �quantum-refereed steering games�, which can e�ectively qualify the

degree of trust in quantum mechanics that a referee allows for Alice and Bob, thus

limiting the degree of trust necessary for tests of EPR-steering, and thereby providing

stronger tests of nonlocality.

But like the theoretical implications, the experimental applications for EPR-steering

continue to grow, with recent research expanding to consider questions such as the

analogue of Tsirelson's problem for EPR-steering [57], which reveals a dependence

upon the experimenter's model of space-like separation for EPR-steering, which

has important consequences for the security analysis of semi-device independent

protocols making use of space-like separation. There are also continuing experimental

developments with implications for tests of EPR-steering, such as recent develop-

ments in squeezed light sources that have allowed for signi�cant improvements over

EPR-steering tests using the Reid criterion [49].

The theoretical and physical e�ects of EPR-steering, which �rst arose as the foremost

objection to the reality of properties we now know to be an intrinsic part of quantum

theory, have clearly proven the usefulness of EPR-steering in what it o�ers for

accurately nuanced interpretations and exploitations of the quantum world.
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Chapter 3

EPR-Steering Criteria

An EPR-steering criterion is a test to determine whether EPR-steering has occurred.

EPR-Steering criteria can di�er by what kind of measurements they employ, and

what values they require for the results of those measurements in order to claim that

EPR-steering has been experimentally demonstrated. The two criteria we will use

are both formulated to employ the same measurement results, and are both based on

correlation functions between two parties' measurement results � one being a linear

function, and the other being a nonlinear function. We will eventually compare the

results of these two criteria, to evaluate which one most e�ectively makes use of the

same measurements.

3.1 Linear EPR-Steering Criteria

We will now use the constraints of the no-steering model above to derive the EPR-

steering criterion that will be used in the majority of this thesis. The formalism

of this no-steering model will be mathematically employed in the same manner as

that used to derive additive convex EPR-steering criteria shown in Reference [5],

but ours will be a Linear EPR-steering criterion (of the same form as that used in

Reference [21]).

Our objective in deriving this criterion is to construct a theoretical limit on some

observable property of the system, based on the assumption that Bob's quantum

system is described by a local quantum state and cannot be directly a�ected by

Alice's measurements or results. Indeed, in this model, we cannot even assume that

Alice possesses a quantum state upon which to perform measurements (let alone

assuming that she is performing the measurements she claims to be performing). We

will build our inequality upon the assumption that Bob's state is local, and depends

upon Alice's results only as much as can be explained by a hidden variable, ξ. Thus,

we should concern ourselves with the local state of Bob's system, ρβ(ξ, g), and the

ways in which this may constrain observable results. Since the variables represented

by g are not of any direct relevance for the rest of our calculations, we will change
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our notation of Bob's local state from ρβ(ξ, g) to a more compact label of ρβξ .

As the only results we trust to be generated by a known physical process are the

values of Bob's measurements upon his state, what we require to derive our EPR-

steering criteria is some uncertainty relation or other constraint on the quantum

statistics of Bob's results. We would desire this constraint to be valid for any

expectation values over Bob's results that may arise from a quantum state, and

for any values at all that Alice is able to submit for her results. Therefore, what we

desire to represent the constraints upon Bob's expectation values is some inequality

of the form ∑
j

fj

(
〈B̂j〉, Aj

)
≤ k, ∀Aj ∈ RÂj

, (3.1)

where k is some constant number, fj is a convex function of Bob's average result

〈B̂j〉, and j is a variable which indexes the di�erent observables on Bob's subsystem.

The Aj are the possible values of Alice's result. It should be noted that although

we do not assume Alice to have any quantum mechanical constraints on her set of

possible results Raj , we are assuming that she will try to convince Bob that her

system is quantum mechanical (and entangled with his). Obviously, if Bob is to be

convinced of this, Alice must constrain her results, Aj , to the set of results that it

is possible to obtain from the quantum measurement Âj that Bob instructs her to

perform (denoted by RÂj
).

It is shown in Reference [5] that the kind of constraint we desire can be extracted

from the formalism of our no-steering model if we arrange for a function of 〈B̂j〉 and
Aj , as in Eq. (3.1), to be a necessarily convex function. A convex function fj is

de�ned by the constraint

fj (px+ (1− p)y, z) ≤ pfj(x, z) + (1− p)fj(y, z), ∀p ∈ [0, 1], ∀z (3.2)

which must hold for x and y being any two values in the range of the function fj .

As dictated by the previous chapter's no-steering model, the joint probability for

Alice and Bob performing their measurements and respectively obtaining results Aj

and Bj is given by

P (Aj , Bj |aj , bj , g) =
∑
ξ

P (ξ|g)P (Aj |aj , g, ξ)PQ(Bj |bj , g, ξ). (3.3)

When considering a speci�c state, and speci�c choices for aj and bj , we can rewrite

this expression (and others like it) including only the variables of interest, as:

P (Aj , Bj) =
∑
ξ

P (ξ)P (Aj |ξ)PQ(Bj |ξ). (3.4)

So we express the probability of a result for Bob, Bj , conditioned upon Alice's result
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Aj , as

P (Bj |Aj) =
P (Aj , Bj)

P (Aj)

=

∑
ξ P (Aj |ξ)PQ(Bj |ρβξ )

P (Aj)

=
∑
ξ

P (ξ|Aj)PQ(Bj |ρβξ ). (3.5)

Using this, we can express the expectation value of Bob's result, given Aj , in terms

of Bob's local state, ρβξ , as

〈B̂j〉Aj =
∑
ξ,Bj

P (ξ|Aj)PQ(Bj |ρβξ )Bj

=
∑
ξ

P (ξ|Aj)Tr[ρβξ B̂j ]

=
∑
ξ

P (ξ|Aj)〈B̂j〉ρβξ . (3.6)

Observe that we can substitute this into the expression fj

(
〈B̂j〉, Aj

)
, and that the

P (ξ|Aj), being probabilities, satisfy the role of the coe�cients p and 1−p. Therefore,
we can see by the convexity property of fj that

fj

∑
ξ

P (ξ|Aj)〈B̂j〉ρβξ , Aj

 ≤∑
ξ

P (ξ|Aj)fj
(
〈B̂j〉ρβξ , Aj

)
. (3.7)

So we can express this as

fj

(
〈B̂j〉Aj , Aj

)
≤
∑
ξ

P (ξ|Aj)fj
(
〈B̂j〉ρβξ , Aj

)
. (3.8)

This expression shows the speci�c property that we wish to exploit: the existence

of a bound on fj

(
〈B̂j〉Aj , Aj

)
that is explicitly based on a probability distribution

that only exists within (or rather, is de�ned by) a LHS model. We can use this

by calculating its expectation value over Alice's results. This expectation value is

de�ned as

EAj [fj(〈B̂j〉Aj , Aj)] =
∑
Aj

P (Aj)fj

(
〈B̂j〉Aj , Aj

)
. (3.9)

Applying this to both sides of Eq. (3.8), we obtain

EAj [fj(〈B̂j〉Aj , Aj)] ≤
∑
ξ,Aj

P (ξ, Aj)fj

(
〈B̂j〉ρβξ , Aj

)
. (3.10)

To apply the constraint of Eq. (3.1) to this expression, we can sum over Bob's



34 EPR-Steering Criteria

possible measurements, indexed by j, to obtain

∑
j

EAj [fj(〈B̂j〉Aj , Aj)] ≤
∑
ξ,Aj

P (ξ, Aj)
∑
j

fj

(
〈B̂j〉ρβξ , Aj

)
. (3.11)

Here, we can write
∑

j

∑
ξ,Aj

P (ξ, Aj)fj(〈B̂j〉ρβξ , Aj) =
∑

ξ,Aj
P (ξ, Aj)

∑
j fj(〈B̂j〉ρβξ , Aj)

because the sum over j is indexed over Bob's measurements, and this formalism

assumes locality, so Alice's results (and probability distributions thereof) are neces-

sarily independent of it. Note that we could also have obtained this expression by

replacing our convex function fj with
∑

j fj in Eq. (3.8) � which is also necessarily

convex because a sum of convex functions is another convex function � and then

taking the expectation value over Aj . Indeed, the latter may be the more intuitive

case, as it only relies upon P (ξ|Aj) (instead of P (ξ, Aj)) being independent of j.

To elaborate: the assumption of locality that de�nes our LHS model implies that

Alice's results cannot have a direct dependence upon Bob's, and to make use of

this assumption, we assume that Alice cannot know anything about Bob's system

except the information stored in ξ, and therefore, we assume that in our tests of

EPR-steering, Alice cannot predict which j-value Bob will choose to measure his

state (if this were not true, then to assume locality would achieve nothing). So

although Bob's and Alice's results will depend on both j and ξ, each value of j will

be something that is determined by Bob independent of (and after) the value(s) of

ξ. Therefore, it should not be possible for the probability distribution of ξ to change

with j, or even with Aj (we will �nd this to be justi�ed in the next chapter), whereas

it could reasonably be argued for the probability distributions of Alice's results to

have a direct dependence upon Bob's measurement choices, j.

In either case, we may now apply the constraint of Eq. (3.1), whence we would

obtain: ∑
j

EAj [fj(〈B̂j〉Aj , Aj)] ≤ k
∑
ξ,Aj

P (ξ, Aj), (3.12)

where the probability distribution P (ξ, Aj) must sum to 1, so we have∑
j

EAj [fj(〈B̂j〉Aj , Aj)] ≤ k. (3.13)

This is a general steering inequality that ful�ls the form Eq. (3.1). However, to

obtain an experimental steering inequality, we must de�ne fj and from this, �nd

our value of k. The form of fj that we desire will be one which is equivalent to a

correlation function between Aj and Bj . This leads us to choose a linear function,

fj(〈B̂j〉ρβξ , Aj) ≡ Aj〈B̂j〉ρβξ . (3.14)

It is trivially the case that this choice satis�es the de�nition of a convex function.

Because this function is actually linear, the EPR-steering criterion that we are

deriving is referred to as a Linear EPR-steering criterion (those derived with convex

functions are generally called additive convex criteria).
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So we now have an inequality of the form∑
j

EAj

[
Aj〈B̂j〉Aj

]
≤ k. (3.15)

Summing over all of Bob's measurements, as indicated by the sum over j, is useful,

but unfortunately, this expression requires us to keep track of the size of {j} for

this expression to be comparable to any other. Therefore, it is useful to normalise

this expression. For this, we simply denote the number of j measurements as n and

require that they be equally weighted (with each measurement normalised to 1). In

Chapter 4 and later sections, when we de�ne the measurements to be employed for

our criteria, the logic behind this choice of weighting will be further explored, but for

now, this choice is a matter of mathematical convenience, allowing us to introduce

a normalisation factor of 1
n , giving

1

n

n∑
j=1

EAj

[
Aj〈B̂j〉Aj

]
≤ kn, (3.16)

where the constant 1
nk has been relabelled kn (since kn ≡ k

n is of more relevance

than k). The factor of 1
n does not a�ect the validity of the inequality, nor add any

dependences since both sides are already dependent upon {j}.

To conclude our derivation, we now need to discern an expression for the value of

the constraint kn. For this, we can recall from Eq. (3.1) that k was introduced as

the bound upon
∑

j fj(〈B̂j〉ρβξ , Aj) =
∑

j EAj [Aj〈B̂j〉ρβξ ], and thus, kn equates to the

bound upon 1
n

∑n
j=1EAj [Aj〈B̂j〉ρβξ ]. So far, our only de�nition for the value k was

in Eq. (3.12), where we employed the relation that
∑

j fj(〈B̂j〉ρβξ , Aj) ≤ k. With the

choice of fj that we de�ned in Eq. (3.14), this leaves us with the task of de�ning a

value of kn such that 1
n

∑
j Aj〈B̂j〉ρβξ ≤ kn. The most rigorous choice for this bound

that is in keeping with the assumptions of our LHS model (speci�cally, that j and ξ

are independent) will simply be the largest possible expectation value of B̂j for any

predetermined state.

As shown by Eq. (1.6), the expectation value of a general operator Ôp, upon a

general state ρ =
∑

l Pl|ψl〉〈ψl| can be given by 〈Ôp〉 =
∑

l Pl〈ψl|Ôp|ψl〉, and ∀ |ψl〉
there exists a decomposition such that |ψl〉 =

∑
i ci(l)|φi〉 where |φi〉 are eigenvectors

of Ôp and
∑

i |ci(l)|2 = 1. From this, we can see that 〈ψl|Ôp|ψl〉 =
∑

i |ci(l)|2λi ≤
λmax(Ôp), ∀ l, where λi are the eigenvalues of Ôp (corresponding to each eigenstate

|φi〉), and λmax(Ôp) is the largest eigenvalue of Ôp. By an extension of the same logic,

we can also see that
∑

l Pl〈ψl|Ôp|ψl〉 =
∑

l Pl
(∑

i |ci(l)|2λi
)
≤ λmax(Ôp), which is,

more compactly, that 〈Ôp〉 ≤ λmax(Ôp). We use this property to obtain

1

n

∑
j

Aj〈B̂j〉 =

〈
1

n

∑
j

AjB̂j

〉
≤ λmax

 1

n

∑
j

AjB̂j

 , (3.17)

where we can choose to bring the expectation value brackets outside of the entire
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expression because B̂j is the only operator (each other factor being just a number).

So we now have a de�ned property to use for our kn bound, but as it is, this maximum

eigenvalue only provides a valid bound for Eq. (3.16) if it is de�ned by the same set

of {Aj} that are used in Eq. (3.16). Although we can take Aj to be predetermined,

Bob does not have any control over their values, so our EPR-steering bound should

not rely upon any knowledge of them. It is to be expected that some sets of {Aj}
would correspond to di�erent bounds than others, so we should de�ne kn as the

largest value obtained with any {Aj} set (we will discuss how such sets are de�ned

in the next chapter). Thus, we �nd that a reasonable upper bound to use for kn is

kn = max
{Aj}

λmax

 1

n

n∑
j=1

AjB̂j

 , (3.18)

wherein we have introduced an additional maximisation, which is for the values of

Aj that Alice submits for each one of the n measurement results, over all of the

possible values they can take. Having quali�ed this bound, we have now arrived

at the particular EPR-steering inequality that we will be using for the majority

of this thesis. We will show in the next section that the form of Eq. (3.16) is

mathematically equivalent to that of the quantum mechanical correlation function,

so the signi�cance of kn will be that it is the greatest possible value that can be

obtained for the correlation function in a no-steering model.

We will label the correlation function introduced above as Sn, this being

Sn =
1

n

n∑
j=1

EAj

[
Aj〈B̂j〉Aj

]
. (3.19)

This function is bounded by Eq. (3.18), which allows us to de�ne an EPR-steering

inequality:

Sn ≤ kn, (3.20)

where EPR-steering is demonstrated by violation of this inequality, kn being the

largest value of Sn that can be attained in a local model.

3.1.1 Calculating The Quantum Correlation Function

Since the intended purpose of deriving an EPR-steering criteria was to test the

predictions of quantum mechanics, we must determine some means of experimentally

manifesting the predictions we wish to test. It was for this purpose that the above

EPR-steering inequality was constructed to mirror the form of a correlation function.

So in this section we will concern ourselves with the evaluation of a correlation

function that is calculated according to quantum mechanical principles.

If we apply Eq. (3.19) to a quantum mechanical model, and take each Aj to be the

result of a measurement Âj , then we can obtain an explicit form of the expectation
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value conditioned upon Alice's results

EAj

[
Aj〈B̂j〉Aj

]
=

∑
Aj

P (Aj)Aj〈B̂j〉Aj

=
∑
Aj

P (Aj)Aj
∑
Bj

P (Bj |Aj)Bj

=
∑
Aj ,Bj

P (Aj)P (Bj |Aj)AjBj

=
∑
Aj ,Bj

P (Aj , Bj)AjBj

= 〈ÂjB̂j〉, (3.21)

where we have used P (Aj , Bj) = P (Bj |Aj)P (Aj) to reach the second last line, but

the last line is the only one which assumes the nature of Aj to be the result of a

measurement Âj . So for now, the form of the correlation function that we will be

concerned with is

Sn =
1

n

n∑
j=1

〈ÂjB̂j〉. (3.22)

Here, the operators Âj and B̂j are observables which represent measurements on

two entangled objects. As mentioned above, the measurements they represent are

spatially independent processes conducted by two separate parties (which we have

often referred to as Alice and Bob, respectively), and the results of the measurements

Âj and B̂j are respectively denoted by Aj and Bj . This expression can be used

to calculate the expectation value of the correlation function. Experimentally, the

correlation function, Sn, is calculated by averaging the results of AjBj for every

measurement j, expressed as

Sn =
1

n

n∑
j=1

〈AjBj〉, (3.23)

where, as stated under Eq. (1.18), the bra-ket symbols here indicate an experimental

average of values. Such an average should correspond to that calculated from the

expectation value of the corresponding operator.

So Eq. (3.23) is all we need to calculate experimental values of Sn, but for a

theoretical calculation of its values, it is more useful to step backward through Eq.

(3.21), to now represent Eq. (3.19) as

Sn =
1

n

n∑
j=1

〈
〈B̂j〉AjAj

〉
=

1

n

n∑
j=1

∑
Aj

P (Aj)〈B̂j〉AjAj , (3.24)

where the outer expectation value 〈〈B̂j〉AjAj〉 is an average over Alice's results {Aj},
and again we take 〈B̂j〉Aj to be Bob's expectation value calculated from an ensemble

where Alice's result is a speci�ed value, Aj . This form of the correlation function

represents a situation where Alice makes her measurement �rst (thereby conditioning
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Bob's state) every time. Thus, it involves taking the average over Bj and then over

Aj . Equation ((3.22)) also represents taking the average over both measurements,

but with no priority of order.

Working from Eq. (3.24), it will be useful to employ POVMs. Note that Trα(ραÊAj ) =

P (Aj), this being the probability of the outcome associated with the POVM ÊAj .

To �nd this value, we need to use Alice's reduced state matrix, which is calculated

from

ρα = Trβ

[
ραβ
]
, (3.25)

and likewise for Bob's, ρβ . So we can write

Sn =
1

n

∑
j

〈
〈B̂j〉AjAj

〉
=

1

n

∑
j

∑
Aj

P (Aj)〈B̂j〉AjAj

=
1

n

∑
j

∑
Aj

Trα(ραÊAj )〈B̂j〉AjAj .

The expectation value over B̂j can be calculated from

〈B̂j〉Aj = Trβ

[
ρβAj B̂j

]
,

where ρβAj is the reduced state matrix for Bob's subsystem, conditioned upon Alice

obtaining the result Aj . However, calculating the reduced state matrix conditioned

upon a measurement result is not as simple as just tracing over the other subsystem.

The expectation value and thus the state matrix here depend on the result of Âj

being Aj , so the density matrix we should use is that of the post-measurement state.

The post-measurement state for the two-party system is given by

ραβAj =

√
ÊAj ⊗ Iβραβ

√
ÊAj ⊗ Iβ

Trαβ

[(
ÊAj ⊗ Iβ

)
ραβ
] , (3.26)

where ραβ represents the initial state density operator (of the two-party state),

and ÊAj ⊗ Iβ is POVM for Âj over the two-party state ραβ , in keeping with our

previous notation of ÊAj being the POVM over the one-party state ρα. So the

post-measurement state for Bob's subsystem is

ρβAj = Trα

[
ραβAj

]
(3.27)

= Trα


√
ÊAj ⊗ Iβραβ

√
ÊAj ⊗ Iβ

Trαβ

[(
ÊAj ⊗ Iβ

)
ραβ
]


= Trα

[√
ÊAj ⊗ Iβραβ

√
ÊAj ⊗ Iβ

]
1

Trαβ

[(
ÊAj ⊗ Iβ

)
ραβ
]

=
Trα

[(
ÊAj ⊗ Iβ

)
ραβ
]

Trαβ

[(
ÊAj ⊗ Iβ

)
ραβ
] . (3.28)
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where both subsystems are traced over in the denominator, so it is just a number.

So our correlation function becomes

Sn =
1

n

∑
j

∑
Aj

Trα(ραÊAj )Trβ(B̂jρ
β
Aj

)Aj (3.29)

=
1

n

∑
j

∑
Aj

Trα(ραÊAj )Trβ

B̂j Trα

[(
ÊAj ⊗ Iβ

)
ραβ
]

Trαβ

[(
ÊAj ⊗ Iβ

)
ραβ
]
Aj

=
1

n

∑
j

∑
Aj

Trα(ραÊAj )Trβ

(
B̂jTrα

[(
ÊAj ⊗ Iβ

)
ραβ
]) 1

Trαβ

[(
ÊAj ⊗ Iβ

)
ραβ
]Aj .

But we can see that Trα(ραÊAj ) = Trα

[
Trβ(ραβ)ÊAj

]
= Trαβ

[
ραβÊAj ⊗ Iβ

]
, there-

fore

Sn =
1

n

∑
j

∑
Aj

Trβ

(
B̂jTrα

[(
ÊAj ⊗ Iβ

)
ραβ
])
Aj . (3.30)

Note that we have not speci�ed a POVM for Bob in this expression. This is

because we plan to use this expression later, with a fair sampling assumption upon

Bob's measurements, so we do not need to consider ine�cient measurements for his

operators. Note that if we reversed the roles of Alice and Bob in our operational

de�nition, we would obtain the same expression for this value, simply with Alice and

Bob's indices swapped:

Sn =
1

n

∑
j

∑
Bj

Trα

(
ÂjTrβ

[(
Iα ⊗ ÊBj

)
ραβ
])
Bj ,

though this is less useful for our purposes. Importantly, since we only require

POVMs to calculate this, Alice's results are not restricted to the case of e�cient

measurements. Therefore, we shall return to this form of the correlation function

when we later address its behaviour in the presence of imperfect detectors.

If we wanted to treat Alice and Bob equally in this derivation, we would simply have

de�ned Bob's expectation value as

〈B̂j〉Aj =
∑
Bj

P (Bj |Aj)Bj

=
∑
Bj

Tr[ρβAj ÊBj ]Bj

=
∑
Bj

Trβ

ÊBj Trα

[(
ÊAj ⊗ Iβ

)
ραβ
]

Trαβ

[(
ÊAj ⊗ Iβ

)
ραβ
]
Bj

=
1

Trαβ

[(
ÊAj ⊗ Iβ

)
ραβ
]∑
Bj

Trβ

(
ÊBjTrα

[(
ÊAj ⊗ Iβ

)
ραβ
])
Bj ,(3.31)

and knowing that ÊBj = Trα

(
ÊBj ⊗ Iα

)
, we could use this expression in Eq. (3.29),
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which would then give

Sn =
1

n

∑
j

∑
Aj

Trα(ραÊAj )Trβ(B̂jρ
β
Aj

)Aj

=
1

n

∑
j

∑
Aj

Trα(ραÊAj )
1

Trαβ

[(
ÊAj ⊗ Iβ

)
ραβ
]∑
Bj

Trαβ

(
ÊAj ⊗ ÊBjραβ

)
AjBj

=
1

n

∑
j

∑
Aj

∑
Bj

Trαβ

(
ÊAj ⊗ ÊBjραβ

)
AjBj . (3.32)

So we see that POVMs are really all we need to calculate our correlation functions,

even in the case of ine�cient measurements from both parties. For this reason, they

will be the only measurement operators we use for our calculations in this chapter,

except for certain illustrative purposes (namely, in highlighting how the POVMs

change in the case of ine�cient measurements).

Before we proceed, it is worth taking time to observe that when we are discussing a

strictly quantum mechanical representation of our system (as we have been, in this

subsection), Sn can be reduced to Eq. (3.24), giving us

Sn =
1

n

n∑
j=1

EAj

[
〈B̂j〉AjAj

]
=

1

n

∑
j

∑
Aj

P (Aj)〈B̂j〉AjAj .

But in a LHS model, Bob's expectation value will not have any explicit dependence

upon Alice's result, but will instead depend upon the LHS that a cheating Alice

chooses for his state. Alice's result will also depend on ξ, the LHVs that determine

Bob's state, but Bob's state will not directly depend upon Alice's result. In this

case, the probability distribution determining Alice's results and Bob's expectation

values must be a function of ξ instead of just P (Aj), and we would have

Sn =
1

n

n∑
j=1

EAj

[
〈B̂j〉AjAj

]
=

1

n

∑
j

∑
ξ

P (ξ, Aj)〈B̂j〉ρβξAj

=
1

n

∑
ξ

P (ξ)
∑
j

P (Aj |ξ)〈B̂j〉ρβξAj ,

where we are now able to move the sum over j past the probability distribution

term that dictates any relationship between Alice and Bob's respective measurement

results, because Alice and Bob's results no longer have a direct dependence, but

only have a shared dependence (upon ξ). This represents our assumption of locality

� that both Bob's state and Alice's measurements are predetermined (by ξ), and

no measurements performed by either of them will a�ect either party's outcome.

Therefore, unlike P (Aj), P (ξ) is independent of j. This weaker dependence is what

implies there to be a bound upon a LHS model that does not exist in a quantum

mechanical model.
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3.1.2 Application To Werner States

Having discussed the general case as much as is necessary, we shall now introduce

some speci�cs of the case that we are to consider. The �rst of these is the form of

the entangled states to be used. It is a Werner state with mixing parameter µ;

ραβ = µ|Ψ−〉〈Ψ−|+ (1− µ)
Iαβ

4
, (3.33)

where the state |Ψ−〉 is the spin singlet state |Ψ−〉 = 1√
2

(
|0〉α ⊗ |1〉β − |1〉α ⊗ |0〉β

)
.

For the sake of more compact notation, we shall also represent this state as |Ψ−〉 =
1√
2

(|01〉 − |10〉), following the convention that a ket such as |01〉 is actually a tensor

product of two kets, |0〉⊗|1〉, the �rst one representing Alice's system, and the second

one representing Bob's. As |Ψ−〉〈Ψ−| represents a state that is maximally entangled,

and 1
4I
αβ represents a state that is not entangled at all, the mixing parameter µ

speci�es that Eq. (3.33) represents an ensemble where the measurable degree of

correlation between the two parties is equal to µ (which would be 1 for a maximally

entangled state, and 0 for an uncorrelated state).

Next, we shall de�ne Alice and Bob's measurements, Âj and B̂j . Since the spin

singlet state above represents objects that are entangled in their spin, Alice and

Bob's measurements will be spin measurements. The observables that will be used

are the Pauli spin matrices, or rather, linear combinations of the three Pauli spin

matrices as de�ned by vector orientations on the three-dimensional Bloch Sphere.

The notation for these measurement operators is σ̂j , where j is the variable de�ning

the orientation of the operator. For Alice's system, we use σ̂αj and for Bob's, we use

σ̂βj . The linear combination is speci�ed by a three-dimensional orientation vector vj

such that vαj = (vαx , v
α
y , v

α
z ) since j represents the direction de�ned by (x, y, z) in

cartesian coordinates. Thus

σ̂αj = vαj · σ = vαx σ̂x + vαy σ̂y + vαz σ̂z, (3.34)

where σ̂x, σ̂y and σ̂z are the usual Pauli matrices and vαj is constrained such that σ̂αj
is normalised: i.e. |vαj | = 1 (σ̂βj is de�ned in the same way). Thus, calculating the

correlation function Sn using Eq. (3.22), we can proceed from

Sn =
1

n

∑
j

Trαβ

(
ραβσ̂αj σ̂

β
j

)
(3.35)

=
1

n

∑
j

Trαβ

(
µ|Ψ−〉〈Ψ−|σ̂αj σ̂

β
j + (1− µ)

Iαβ

4
σ̂αj σ̂

β
j

)
.

The calculation of this function has been included in Appendix A, and ultimately

yields

Sn = −µ 1

n

∑
j

vαj · v
β
j . (3.36)
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This is derived with the choice of Âj = σ̂αj and B̂j = σ̂βj . If we had chosen to de�ne

Âj = −σ̂αj and B̂j = σ̂βj (or Âj = σ̂αj and B̂j = −σ̂βj ), then this would remove the

negative sign from the correlation function, giving

Sn = µ
1

n

∑
j

vαj · v
β
j . (3.37)

It is also worth observing that if we had chosen Âj = σ̂αj and B̂j = σ̂βj , but required

that σ̂αj = −σ̂βj , then we would have vαj = −vβj for every j. This would result in

Sn = − 1

n

∑
j

〈σ̂αj σ̂
β
j 〉

= µ
1

n

∑
j

vαj · vαj

= µ.

Note that each of the vj vectors is normalised to 1, so the dot product vαj ·v
β
j is bound

by this normalisation; that is, −1 ≤ vαj · v
β
j ≤ 1. Therefore, choosing vαj = −vβj for

every measurement ensures the largest possible value of the dot product, and thus,

the largest possible value of Sn. Therefore, when Alice and Bob share a Werner

state, as in Eq. (3.33), we can see that the largest possible value of Sn is µ.

3.1.3 Ine�cient Quantum Measurements

To now consider the value of the correlation function Sn with the (realistic) possibility

of ine�cient measurements, it is more useful to return to the form of Sn derived from

Eq. (3.24) using POVMs. This is because it is the form in which the expectation

value is calculated by specifying all possible results for one of the two measurements.

Thus, it is a theoretical form in which it is easier to consider a null result. Recalling

Eq. (3.30), we proceed from

Sn =
1

n

∑
j

∑
Aj

Trβ

(
B̂jTrα

[(
ÊAj ⊗ Iβ

)
ραβ
])
Aj . (3.38)

In the case of a null result, there would be no value of Aj to calculate the correlation

function. So, just as in practice, we must discard the term (in the sum of j terms)

corresponding to this null result. Given the form of the function, this is neatly

accomplished by assigning Aj = 0 for a null measurement. It is important to note

that wherever it has been speci�ed that Aj = 0, this does not represent Alice

reporting a result of 0 for the value of Aj . It is simply a mathematically useful

convention for eliminating AjBj terms corresponding to null Aj results.

The signi�cance of this is that if Aj = 0 was an actual result, then including the

Aj = 0 terms among those which we will average over (to calculate the correlation

function) would not detract from the meaning of its results. However, because a null
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result does not indicate some behaviour of the system, and actually represents the

behaviour of something that is not part of the observed system (it is representative

of the detector's behaviour, not of the observed system's behaviour), inclusion of

Aj = 0 terms for null results will pollute the meaning of our results (since they are

not purely results of the observed system). This will be discussed further at the end

of this section.

Using our assigned σ̂αj and σ̂βj operators from above, we can calculate M̂Aj , Alice's

measurement operator for the two-party state. Note that our POVM is ÊAj =

M̂ †AjM̂Aj . A POVM is a set of operators that are Hermitian, Positive Semide�nite

and sum to the identity of their Hilbert space. The POVM's number of operators is

equal to the number of possible measurement results. The eigenvalues of σ̂αj are ±1,

so we know that these are the only two results of the spin measurement. However,

if we must also account for the null results, there are three possible results; ±1 and

0. But �rst, let us approach the simpler case: not accounting for any ine�ciency.

First, we calculate the measurement projectors. Projectors are similar operators to

the measurement operators M̂Aj , and in this case, will actually turn out to be equal to

the measurement operators. As introduced in Chapter 1, a projective measurement

is de�ned as the spectral decomposition of an observable Q̂, as

Q̂ =
∑
r

rΠ̂r.

In this formula, Q̂ is our observable (for us, that would be σ̂αj ), r are the possible

measurement results, and Π̂r are the corresponding projectors. Thus, we de�ne

σ̂αj =
∑
Aj

AjΠ̂Aj = Π̂+ − Π̂−,

where Π̂± denotes Π̂Aj when Aj = ±1. We also know that the projection operators

must obey the completeness relation∑
Aj

Π̂Aj = Π̂+ + Π̂− = I.

So we have two projectors that we wish to de�ne in terms of σ̂αj , and two relations

from which they may be deduced. Therefore, we rearrange to obtain Π̂+ = Π̂−+σ̂αj =

I − Π̂− and this gives us Π̂− = 1
2(I − σ̂αj ). Thus, we also see that Π̂+ = I − Π̂− =

I− 1
2(I− σ̂αj ) = 1

2(I + σ̂αj ). So we now have

Π̂± =
1

2
(Iα ± σ̂αj ).

It is important to see that Π̂± is Hermitian and that Π̂2
± = 1

4(I ± σ̂αj )(I ± σ̂αj ) =
1
4(I2 ± 2σ̂αj + σ̂αj

2) = 1
4(2I ± 2σ̂αj ) = Π̂± since the relation Π̂2

r = Π̂r is the condition

under which Π̂r = M̂r (and therefore M̂ †r = M̂r here). Since our measurement

operators are related to our POVMs as Êr = M̂ †r M̂r, we see that Êr = M̂r = Π̂r in
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this case.

If we are now to incorporate detector ine�ciency into this, we must consider another

result and modify our measurement operators accordingly. The detector e�ciency is

speci�ed by the variable η such that 0 ≤ η ≤ 1, where η = 1 for perfectly e�cient

measurements. The null result is equivalent to no measurement being made, and so

we may intuitively expect the null measurement operator to simply be the identity

matrix. However, de�ning the e�ciency as η, it is clear that the probability of the null

outcome is 1− η. So we can see that we should have M̂Aj |Aj=0 ≡ M̂0 =
√

(1− η)Iα

since the probability of a POVM's outcome is de�ned as

P (r) = 〈Êr〉 = 〈M̂ †r M̂r〉.

Using this same formula, it can also be seen that for M̂± = 1
2(Iα ± σ̂αj ), the prob-

abilities of either outcome are P (Aj = 1) = P (Aj = −1) = 1
2 . So assuming that

the ine�ciency in the detector (represented by η) has no particular bias towards

either of these results (which is an assumption we will discuss in later chapters),

their relative probabilities should remain unchanged. The probabilities must sat-

isfy P (Aj = 1) + P (Aj = −1) = η, so if no bias exists, they will also satisfy

P (Aj = 1) = P (Aj = −1) = η
2 . From this observation (and from the absence of

any other physical changes in the actions represented by the measurement operators,

aside from some missed measurements), it seems that the M̂± measurement operators

should not have to change in any way except to incorporate the probabilities of η
2

instead of 1
2 . Indeed, all that must be done to renormalise ÊAj for Aj = ±1 is

multiply them by η. However, because Êr = M̂ †r M̂r, we note that multiplying Ê±

by any number requires M̂± to be multiplied by its roots. Thus, it is no longer the

case that M̂r 6= Êr, since the completeness relation for M̂r (i.e.
∑

r M̂
†
r M̂r = I) is

satis�ed by

M̂± =

√
η

2

(
Iα ± σ̂αj

)
,

whereas

Ê± =
η

2

(
Iα ± σ̂αj

)
. (3.39)

So we now have new operators which describe measurement on Alice's system (and

the corresponding operators for Bob's system are of the same form, should we choose

to use them). However, we must also de�ne how such measurements by Alice a�ect

Bob's system. In fact, all we need do is recall that such measurements have no

direct e�ect on the other system, and the only e�ect they have is that translated to

the Bob's system though its entanglement with Alice's (if there is no entanglement,

then there is, correspondingly, no e�ect on the other system). Therefore, the e�ect

that Alice's measurement has on Bob's system depends entirely on the state that

they (may or may not) share. So the only logical choice with which to extend these

operators on Alice's system to operators for the Alice-Bob system is

Ê± = η
2

(
Iα ± σ̂αj

)
⊗ Iβ, Ê0 = (1− η)Iα ⊗ Iβ. (3.40)
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Note that these obey the completeness relation, given that it is rewritten as
∑

Aj
ÊAj =

Iαβ . Note also that these operators are still Hermitian.

So now we may return to the task of calculating the correlation function Sn with the

added condition that one party's detector (we have chosen that party to be Alice) is

no longer perfectly e�cient, now imbued with an e�ciency speci�ed by η. It may be

worth noting that up to this point in our calculations, there has been no di�erence

in the roles of Alice and Bob, and choosing to imbue one of them with an ine�cient

detector is the �rst practical di�erence between them that we have speci�ed.

This is the reason we made note of Eq. (3.30) earlier, as this form of Sn is the

most apt for the considerations of trust that we will impose for our EPR-steering

inequalities � though notably, the actual results of this equation are identical to those

of Eq. (3.32) in the case of completely e�cient measurements for Bob. Continuing

from Eq. (3.30), we now evaluate our correlation function Sn using the set of possible

Aj values speci�ed above, along with B̂j = σ̂βj :

Sn =
1

n

∑
j

∑
Aj

Trβ

(
B̂jTrα

[
ÊAjρ

αβ
])
Aj

=
1

n

∑
j

∑
Aj=±1,0

Trβ

(
σ̂βj Trα

[
ÊAjρ

αβ
])
Aj .

Incorporating a factor of zero, it is clear that the Aj = 0 term will vanish, giving

Sn =
1

n

∑
j

[
Trβ

(
σ̂βj Trα

[η
2

(
Iα + σ̂αj

)
⊗ Iβραβ − η

2

(
Iα − σ̂αj

)
⊗ Iβραβ

])]
=

1

n

η

2

∑
j

[
Trβ

(
σ̂βj Trα

[(
ραβ + σ̂αj ⊗ Iβραβ

)
−
(
ραβ − σ̂αj ⊗ Iβραβ

)])]
=

η

n

∑
j

[
Trβ

(
σ̂βj Trα

[
σ̂αj ⊗ Iβραβ

])]
=

η

n

∑
j

[
Trαβ

(
ραβσ̂αj ⊗ σ̂

β
j

)]
. (3.41)

We should notice here that except for the factor of η, this expression is the same as

Eq. (3.35), which led directly to Eq. (3.36). So we need not repeat that working,

and can simply note that Eq. (3.41) must evaluate to

Sn = −µη
n

∑
j

vαj · v
β
j . (3.42)

By the same logic applied to Eq. (3.36), we can also deduce that the maximum

possible value of this correlation function is Sn = µη.

Note that this prediction for the value of the correlation function includes µ, which

is determined by the characteristics of the system, and η, which is determined by

the characteristics of an experimenter's apparatus. The reason that one experiments

upon a physical system is usually to learn about that system, and not usually to learn
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about the apparatus being used to probe that system. For this obvious motivation,

it is not generally desired to obtain a result which is coupled with some property

of the apparatus � especially if that property is an unwanted imperfection in the

apparatus. In other words, the property that an experimenter cares about here is µ,

and not η. Therefore, it is useful to determine if and how such results could be used

to calculate the value of Sn that would be obtained in an ideal situation.

To this end, post-selection of results is commonly used in experimental quantum

mechanics. To post-select results is to assume the probability of their occurrence to

be conditioned upon some criteria (like the criteria of being detected, for example).

In terms of what we learn about the system under observation, we would like to

post-select the results of Sn such that they are conditioned upon a known detector

e�ciency of η. Given the form of Eq. (3.42) above, and our goal for this expression

to give the mixing parameter µ from its result, we can see that this goal is easily

achieved by multiplying Sn by
1
η . But because the function that estimates the value of

Sn in a lossless scenario is simply Sn itself divided by a linear factor of η (which is not

surprising, given that η is simply de�ned as the fraction of results that are non-null),

this implies that the quantum mechanical calculation of the correlation function Sn

involves each measurement result being equally indicative of the system dynamics

Sn is intended to measure (i.e. µ). This reasoning is justi�ed by the predictions of

quantum mechanics, and its application to ine�cient detection is often referred to

as a Fair Sampling Assumption (FSA).

Thus, the largest experimental result that can be obtained for Sn is µη, but if we

assume fair sampling, then we can extrapolate what Sn would give if we had perfect

e�ciency (expecting this result to be equal to the mixing parameter µ) by multiplying

the experimental correlation function by a factor of 1
η .

For experimental parties (and apparatus) that we trust to behave honestly and

according to the principles of quantum mechanics, this is reasonable way to interpret

experimental data. But in doing so, it is required to ignore the possibility that

the observed correlations are due to anything other than quantum e�ects, without

rigorously ensuring this to be the case. This is what can open a detection loophole

in tests of nonlocality.

However, if we postselect results while also taking into account the maximal ways in

which local e�ects could emulate quantum nonlocality, then the above calculations

would become relevant to our aims. This is to say: postselection, of itself, does not

compromise the rigour of an EPR-steering test, but the assumptions one makes in

the application of that postselection can.

As we have mentioned, the above calculation does not consider loss in Bob's detector

because Bob will be our trusted party, and therefore we trust that this exact kind

of postselection will be valid for him. We can see that this gives the same results as
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above if we de�ne an imperfect e�ciency for Bob, which leads to his POVMs being

ÊB± = ηβ

2 Iα ⊗
(
Iβ ± σ̂βj

)
, ÊB0 = (1− ηβ)Iα ⊗ Iβ, (3.43)

just as for Alice. Thus, continuing from Eq. (3.32), we would �nd

Sn =
1

n

∑
j

∑
Aj=0,±1

∑
Bj=0,±1

Trαβ

(
ÊAj ⊗ ÊBjραβ

)
AjBj

=
ηηβ

4

1

n

∑
j

[
Trαβ

((
Iα + σ̂αj

)
⊗
(
Iβ + σ̂βj

)
ραβ
)

−Trαβ

((
Iα − σ̂αj

)
⊗
(
Iβ + σ̂βj

)
ραβ
)

−Trαβ

((
Iα + σ̂αj

)
⊗
(
Iβ − σ̂βj

)
ραβ
)

+Trαβ

((
Iα − σ̂αj

)
⊗
(
Iβ − σ̂βj

)
ραβ
) ]

= ηηβ
1

n

∑
j

Trαβ

(
σ̂αj ⊗ σ̂

β
j ρ

αβ
)
, (3.44)

which we know, from Eq. (3.41), will give Sn = ηηβµ. So evidently, postselecting

on Bob's detector e�ciency ηβ will give Sn = ηµ, just as we expected, given that

the only di�erence between the systems of Alice and Bob in this calculation are the

di�erences in the assumptions we make about them.

3.2 Nonlinear EPR-Steering Criteria

For this section, we rederive another EPR-steering criterion, employing the same

variables as the previous derivation, but leading to di�erent constraints. We use a

function similar to the Multiplicative Variance Criteria shown in [5], based on Alice's

ability to infer the values of Bob's results from her own, and the constraints thereupon

in the absence (or presence) of EPR-steering. Similar versions of the Multiplicative

Variance Criteria were used to derive the EPR-steering bounds in [39, 40], and a

speci�c formulation of it can be used to derive the Reid criterion [5, 18].

If Alice and Bob do not share quantum nonlocality, then Bob's state (and the results

of Bob's measurements) cannot be a�ected by Alice's measurements or outcomes

thereof. But in the presence of EPR-steering, there is indeed a degree of dependence

between Alice and Bob's results (this is what is measured by a correlation function).

Therefore, we can discern constraints on the accuracy with which Bob's results can

be inferred from Alice's. This accuracy is quanti�ed by the variance in estimates

of Bob's results calculated from Alice's. In this manner, Alice's inference variance

can be used as a measure of correlation between Alice and Bob's states; which is to

be expected since the constraints upon the degree of correlation between Alice and

Bob's states in a no-steering model are what gives rise to constraints upon Alice's

results.
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The average inference variance of an estimate of Bob's results is given by

∆2
infBj = 〈[Bj − 〈Bj〉Aj ]2〉, (3.45)

where the outer expectation value is over all possible values of Bj and Aj . From this

expression, The minimum possible inference variance (for any B̂j measurement) is

calculated from

∆2
minBj =

∑
Aj ,Bj

P (Aj , Bj)(Bj − 〈Bj〉Aj )2

=
∑
Aj

P (Aj)
∑
Bj

P (Bj |Aj)(Bj − 〈Bj〉Aj )2

=
∑
Aj

P (Aj)∆
2(Bj |Aj), (3.46)

where ∆2(Bj |Aj) is the variance of Bj conditioned upon Aj . But recall that in a

no-steering model, the conditional probability distribution P (Bj |Aj) is given by

PQ(Bj |Aj) =
∑
ξ

P (ξ|Aj)PQ(Bj |ρβξ ), (3.47)

as shown in Eq. (3.5). We are again using ξ to represent Alice's hidden variables,

just as in the previous chapter. Using this probability distribution, we can apply the

general result that the variance of any probability distribution of the form P (x) =∑
y P (y)P (x|y) is bounded such that ∆2x ≥

∑
y P (y)∆2(x|y) (which was also used

above, in deriving ∆2
infBj ≥ ∆2

minBj). Thus, we �nd that

∆2(Bj |Aj) ≥
∑
ξ

P (ξ|Aj)∆2
Q(Bj |ρβξ ),

where ∆2
Q(B|ρβξ ) is the variance of PQ(B|ρβξ ). Substituting this into Eq. (3.46), we

have

∆2
minBj =

∑
Aj

P (Aj)∆
2(Bj |Aj)

≥
∑
Aj

P (Aj)
∑
ξ

P (ξ|Aj)∆2
Q(Bj |ρβξ )

≥
∑
Aj ,ξ

P (Aj , ξ)∆
2
Q(Bj |ρβξ )

≥
∑
ξ

P (ξ)∆2
Q(Bj |ρβξ ). (3.48)

Thus, we have obtained a bound upon the minimum inference variance which is not

present in a nonlocal model. Note that this expression is almost identical to Eq.

(3.46), except with every dependence on Aj replaced by a dependence upon ξ. This

highlights the fact that in a LHS model, Alice and Bob's systems aren't dependent

on one another, and at most, share a dependence upon some common variable(s), ξ,
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which does not allow for as great a degree of correlation as is possible with quantum

nonlocality. This property is the heart of our EPR-steering criterion, as it was in the

previous chapter.

The above working is not distinct from that in Reference [5] but, from here, will be

employed in a di�erent manner to derive our nonlinear EPR-steering inequalities.

The form of nonlinear constraint we will actually use is slightly di�erent to this,

and the derivation of our nonlinear inequality is somewhat dependent upon the

operators we use to describe Bob's measurements. But these are not very demanding

constraints: we simply require Bob's measurements, B̂j to be Hermitian and Unitary.

Since these operators are observables, they are already necessarily Hermitian, and

because Bob's measurement corresponds to a physical action that is capable of

altering the wavefunction of Alice and Bob's shared state (i.e. for an entangled

bipartite state, Bob's measurement would necessarily collapse it into two unentangled

states), we would already desire B̂j to be Unitary, for the sake of preserving our

normalisations of Alice and Bob's states. So we can assume that B̂j = B̂†j , and

B̂jB̂
∗
j = B̂∗j B̂j = I, and therefore that B̂jB̂j = I. Having noted this, we can make

use of the de�nition of variance based upon expectation values, which is

∆2(Bj |Aj) = 〈B̂2
j 〉Aj − 〈B̂j〉2Aj .

We now slightly simplify this expression, knowing that for any j, (B̂j)
2 = I. We can

rearrange to see that

∆2
minBj =

∑
Aj

P (Aj)∆
2(Bj |Aj)

=
∑
Aj

P (Aj)
[
〈B̂2

j 〉Aj − 〈B̂j〉2Aj
]

=
∑
Aj

P (Aj)
[
1− 〈B̂j〉2Aj

]
= 1−

∑
Aj

P (Aj)
[
〈B̂j〉2Aj

]
= 1− EAj

[
〈B̂j〉2Aj

]
,

where, in the last line, we have introduced the EAj notation de�ning an expectation

value over Alice's results. Thus, our bound upon the minimum inference variance in

Eq. (3.48) can be rearranged such that

EAj

[
〈B̂j〉2Aj

]
≤ 1−

∑
ξ

P (ξ)∆2
Q(Bj |ρβξ ), (3.49)

so now we have a slightly di�erent bound. We can obtain a correlation function

suitable for our EPR-steering criterion from this expression if we average its value

over the set of all n measurements, {j}, and so our EPR-steering criterion will take
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the form of a bound on the function

Tn =
1

n

n∑
j

EAj

[
〈B̂j〉2Aj

]
, (3.50)

where we have normalised over the n terms of this sum. From this, the EPR-steering

inequality we shall use will be

Tn ≤ gn, (3.51)

where the bound gn is de�ned from Eq. (3.49) as

gn =
1

n

n∑
j

1−
∑
ξ

P (ξ)∆2
Q(Bj |ρβξ )

 (3.52)

=
1

n

n∑
j

1−
∑
ξ

P (ξ)(1− 〈B̂j〉2ρβξ
)


=

1

n

n∑
j

1−
∑
ξ

P (ξ) +
∑
ξ

P (ξ)〈B̂j〉2ρβξ

 ,
where we have used ∆2

Q(Bj |ρβξ ) = 〈B̂2
j 〉ρβξ −〈B̂j〉

2
ρβξ

= 1−〈B̂j〉2
ρβξ
, and we now use the

completeness relation P (ξ) = 1 to obtain

gn =
1

n

n∑
j

∑
ξ

P (ξ)〈B̂j〉2ρβξ

=
1

n

∑
ξ

P (ξ)
n∑
j

〈B̂j〉2ρβξ
. (3.53)

This expression is a direct analogue of what we see when we expand Eq. (3.50), and

obtain

Tn =
1

n

n∑
j

∑
Aj

P (Aj)〈B̂j〉2ρβAj
, (3.54)

so it is unsurprising that the bound on this function is given by the same value that

it would obtain if we replaced the dependence upon Aj with a dependence upon ξ for

Bob's state, and the probability distribution that determines Bob's state. Indeed,

Eq. (3.53) is what we would expect to see for the value of Tn in a LHS model. This

is because the LHS model entails a situation where Alice's result does not have a

direct dependence on Bob's result, but instead has only a shared dependence with

Bob's result, upon the variable(s) ξ.

Thus, we can see that this bound describes a limitation that does not exist in

quantum mechanics. For the value of Tn in a LHS model, we would expect the

shared dependence upon ξ to lead to a weaker degree of correlation between Alice

and Bob's results than that which is possible in a Quantum model. Indeed, the

key di�erence between Eqs. (3.54) and (3.53), aside from the notation, is that the

probability distribution P (ξ) is only required within one of the summations for Tn,
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unlike the quantum probability distribution for P (Aj) in the quantum model, which

is required in both summations, and thus can have a more pronounced e�ect upon

its result. We can be certain that a weaker dependence between Alice and Bob

is indicated by the ability to take
∑

ξ P (ξ) out of the sum over j, because this

shows Bob's state to be completely independent of Alice's measurements or results

(these being determined by the same j-terms as Bob's measurements), which is not

necessarily the case in a Quantum model.

3.2.1 Application to Werner States

At this point, we again introduce the entangled states that we will be working with;

Werner states as in Eq. (3.33):

ραβ = µ|Ψ−〉〈Ψ−|+ (1− µ)
Iαβ

4
,

where, recall, the state |Ψ−〉 is the spin singlet state |Ψ−〉 = 1√
2

(|01〉 − |10〉), and
the mixing parameter µ is a parameter quantifying the degree of entanglement in

this ensemble (within 0 ≤ µ ≤ 1). Accordingly, we also de�ne Alice and Bob's

measurements as photon spin operators σ̂αj and σ̂βj , which are linear combinations of

the Pauli spin matrices with the orientation of each operator de�ned by the variable

j such that σ̂αj = vαj · σ = vαx σ̂x + vαy σ̂y + vαz σ̂z, where vαj = (vαx , v
α
y , v

α
z ) (with

vαx , v
α
y , v

α
z being scalars such that |vαj | = 1).

With this information now de�ned, we can calculate the value of Tn in a quantum

mechanical model, and the value of the bound upon it that exists in a LHS model. To

do so, we must calculate Bob's state for both cases. If Alice is trustworthy, then she

and Bob do indeed share a Werner state, and the measurement she makes is the one

Bob instructs her to; in our EPR-steering tests, this will be the same measurement

orientation that Bob uses but, for now, we will take Alice's measurement to be in

some orientation −r, which conditions Bob's half of the spin singlet state to be

aligned in a direction r. Using much the same working as in the previous chapter,

we can calculate Bob's expectation value on such a state to be

Tr
[
σ̂βj ρ

β
r

]
= Tr

[
σ̂βj

(
µr · σ + (1− µ)

1

2
Iβ
)]

= Tr
[
σ̂βj µr · σ

]
+ Tr

[
σ̂βj (1− µ)

1

2
Iβ
]

= Tr
[
σ̂βj µr · σ

]
+

1

2
(1− µ)Tr[σ̂βj ]

= µTr
[
(vβj · σ)(r · σ)

]
= µvβj · r,

where we have used the property that the Pauli matrices are traceless. This ex-

pression will evaluate to 〈σ̂βj 〉ρβr = µ when vβj = r, which is expected, as µ is the

entanglement parameter of our Werner state. The σ̂βj measurements in the third
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line of the above working represent measurements made when (left) Alice and Bob's

measurements are on an entangled state, and when (right) their measurements are

on an unentangled state. Thus, the nonzero term (left) represents measurements

where Bob's state is prepared in an orientation r by his instruction to Alice, so if he

instructs her to measure −σ̂βj every time, Bob will receive the result Bj = 1 a portion

µ of the time (whenever their measured states are entangled). The signi�cance of

this is that it allows 〈B̂j〉ρβAj
to evaluate to µ in every term of Eq. (3.54), giving

Tn =
1

n

∑
j

∑
Aj

P (Aj)〈B̂j〉2ρβAj

=
1

n

∑
j

∑
Aj

P (Aj)µ
2

= µ2, (3.55)

since the probability distribution P (Aj) will be normalised to one. Thus, the value

of Tn attainable in a quantum model is determined solely by the value of µ, which

is constrained such that 0 ≤ µ ≤ 1. But when Alice and Bob do not share a Werner

state, we take Bob's state to be some pure spin state aligned in a direction r. Bob's

expectation value on such a state will simply be

〈σ̂βj 〉ρβr = Tr
[
σ̂βj ρ

β
r

]
= Tr[σ̂βj (r · σ)]

= Tr[(vβj · σ)(r · σ)]

= vβj · r, (3.56)

which shows that Alice's ability to demonstrate EPR-steering (or lack thereof) lies in

her ability to align Bob's state with his measurements, as is represented by the two

di�erent expectation values (using Quantum or LHS probability distributions) used

to evaluate Tn in our two cases. Therefore, the bounds on the value of 〈σ̂βj 〉ρβr should

be used in concert with these probability distributions to calculate the EPR-steering

bound on Tn. Observing in Eq. (3.53) that the sum over j is independent of the

probability distribution P (ξ), we should expect to obtain an EPR-steering bound by

calculating ∑
j

〈σ̂βj 〉
2 =

∑
j

(vβj · r)2

=
∑
j

r · vβj v
β
j · r

=
∑
j

rTvβj v
βT
j r

= rT

∑
j

vβj v
βT
j

 r

= rTVr, (3.57)
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where the superscript T represents the vector transpose, which we have used to

de�ne the matrix V, representing Bob's set of measurement orientations. Because

the vector r is necessarily constrained such that |r| ≤ 1 (and |r| = 1 if ρβr is a

pure state), we can conclude that the above expression is bounded by the maximum

eigenvalue of the matrix V, once again using the property shown earlier, in Chapter

3, that 〈Ôp〉 ≤ λmax(Ôp). Therefore, we have obtained a bound∑
j

〈σ̂βj 〉
2 = rTVr ≤ λmax(V), (3.58)

which is valid for any pure state with orientation r, but is equally valid even if ρβr is a

mixed state. To see this, consider a scenario where Bob's state is ρm = P1ρr1 +P2ρr2 ,

with P1 and P2 being probabilities such that P1 + P2 = 1. In this case, we would

�nd

〈σ̂j〉2ρ = (P1v
β
j · r1 + P2v

β
j · r2)

2 ≤ P1(v
β
j · r1)

2 + P2(v
β
j · r2)

2, (3.59)

which can be deduced by examination of the properties of each term in the expanded

left-hand-side of the above inequality, or, more simply, through the knowledge that

(a + b)2 ≤ a2 + b2 for any real numbers a and b. If we took a = P1v
β
j · r1 and b =

P2v
β
j · r2, then the right side of the inequality above would translate to a/P1 + b/P2,

which also satis�es this principle, since P1, P2 ≤ 1. Furthermore, Eq. (3.59) can be

seen to hold for arbitrarily mixed states of this form (it could also be said that this

holds by the convexity of Tn).

So we can conclude that
∑

j〈σ̂
β
j 〉2 ≤ λmax(V), and therefore, in our no-steering

model, we can thereby conclude that∑
ξ

P (ξ)
∑
j

〈B̂j〉2ρβξ
≤ λmax(V),

given that
∑

ξ P (ξ) is normalised to one. From this we can conclude that there exists

an EPR-steering bound gn on Tn such that

Tn =
1

n

n∑
j=1

EAj

[
〈B̂j〉2Aj

]
≤ gn, (3.60)

where

gn =
1

n
λmax(V). (3.61)

Therefore, EPR-steering can only be successfully demonstrated with this EPR-

steering criteria when µ2 > gn. With this bound, we see that nonlocality can be

quanti�ed not only from a direct correlation function of Alice and Bob's results,

but also from the variance in Alice's results' correlation with Bob's. A value for

Tn that exceeds this bound signi�es a variance in Alice's estimates of Bob's results

(for a noncommuting set of observables) that is only obtainable in the presence of

EPR-steering.
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3.2.2 Ine�cient Quantum Measurements

It is worthwhile to now consider what values are obtained for Tn by an honest

Alice in a quantum mechanical model if she has a detector e�ciency, η, that is

not necessarily η = 1. Just as for our linear criteria, the best way to consider

ine�cient measurements is through the use of POVMs. Since we are discussing the

same system as before, the values of our POVMs are still de�ned as Eqs. (3.40) and

(3.43). We will calculate Tn for the case of ine�cient detectors, to determine the

e�ect this has on our criteria. In this calculation, we will include the assumption of

ine�ciency in Bob's detectors, for the purpose of exploring its e�ect (recall that we

de�ned Bob's detector e�ciencies as ηβ).

Starting from Eq. (3.50) or (equivalently, in this case) from Eq. (3.54), and skipping

over some steps similar to those we used to obtain Eq. (3.31), we �nd

Tn =
1

n

n∑
j=1

∑
Aj

P (Aj)〈B̂j〉2Aj

=
1

n

n∑
j=1

∑
Aj

P (Aj)

 1

P (Aj)

∑
Bj

Trβ

(
ÊBjTrα

[(
ÊAj ⊗ Iβ

)
ραβ
])
Bj

2

=
1

n

n∑
j=1

∑
Aj

1

P (Aj)

∑
Bj

Trαβ

[
ÊAj ⊗ ÊBjραβ

]
Bj

2

=
1

n

n∑
j=1

1

P (Aj = 1)

(
ηηβ

2
Trαβ

[
σ̂αj ⊗ σ̂

β
j ρ

αβ
])2

+
1

n

n∑
j=1

1

P (Aj = −1)

(
−ηη

β

2
Trαβ

[
σ̂αj ⊗ σ̂

β
j ρ

αβ
])2

+
1

n

n∑
j=1

1

P (Aj = 0)

(
(1− η)ηβTrαβ

[
Iα ⊗ σ̂βj ρ

αβ
])2

=
1

n

n∑
j=1

[
η2ηβ2µ2

4P (Aj = 1)
+

η2ηβ2µ2

4P (Aj = −1)
+ (1− η)ηβ2

(
Trαβ

[
Iα ⊗ σ̂βj ρ

αβ
])2]

,

where the trace in the last term here is just the expectation value of σ̂βj on an

unconditioned state, which of course gives us
∑

Bj
P (Bj)Bj = 1 ∗ η

β

2 − 1 ∗ η
β

2 + (1−
ηβ) ∗ 0 = 0. Because this term disappears, and because we know that P (Aj) =

Trα(ραÊAj ) = Trαβ

[(
ÊAj ⊗ Iβ

)
ραβ
]
, we can �nd (or even simply recall from our

derivation of ÊAj ) that P (Aj = 1) = P (Aj = −1) = η
2 , which gives us

Tn =
1

n

n∑
j=1

(
η2ηβ2µ2

2η
+
η2ηβ2µ2

2η

)
= ηηβ2µ2. (3.62)

So in the case of Bob having a perfect detector, we would obtain Tn = ηµ2, which

would simply undergo the exact same kind of postselection function as Sn (i.e.
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multiplying by 1
η ) if we wanted to postselect out Alice's null results. But unlike

Sn, when we wish to postselect out Bob's null results here, we must divide Tn by the

square of Bob's detector e�ciency, ηβ .

This is because, unlike in our linear criteria, the way Alice and Bob's results are

used to quantify correlations in our nonlinear criteria is not symmetric between the

two parties. The roles that Alice's and Bob's results play in the calculation of Tn

depend on our choice of which one of them we designate as our trusted party (which

was arbitrary for the calculation of Sn). This is not particularly surprising, given

the form of Tn, and the fact that it was derived from the inference variance for Bob's

results, but it is worth remarking upon for the sake of quantifying this di�erence.
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Chapter 4

Bob's Measurement Strategies and

Alice's Cheating Strategies

The way in which we use the above criteria to test for the presence of EPR-steering

is for Bob to perform measurements upon his state, and instruct Alice to perform the

same measurements upon her state, informing him of her results. Bob then calculates

a function de�ned by his EPR-steering criterion, and is convinced that EPR-steering

has been demonstrated only if this function exceeds the EPR-steering bound � the

value which it cannot exceed in a LHS model.

This chapter mostly discusses the cheating strategies of a dishonest Alice, in a

scenario where we assume Bob to possess a local state, and assume that Alice wishes

to manipulate Bob as e�ectively as possible into believing that she possesses another

system which is entangled with Bob's.

In our no-steering model, we assume that Alice is sending Bob his state each time.

She knows Bob's possible measurement orientations since Bob tells her which ones

he wants her to make, and that he will be making the same ones. However, Alice

does not know the order in which Bob intends to make his measurements since

this is something that Bob decides randomly (and locally). So according to these

assumptions, Alice is able to coordinate her results with her knowledge of Bob's

state, but not with the order in which Bob makes his measurements. This represents

our assumption of locality.

In all cases, we assume that Alice does not have knowledge or control of Bob's random

number generator � the Free Will loophole [7] is not addressed here.

Note �rst that the Werner state for which we calculated the quantum mechanical

correlation function was a mixture of the spin singlet state (and a separable state).

A spin singlet state is a state entangled in such a way that identical measurements of

spin performed by both parties are always of opposite sign to one another. Upon such

a state, a projective measurement of spin performed by either party will collapse the

entangled bipartite state into two single-particle (disentangled) states; one with spin
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�up� and the other with spin �down� (on the axis of the performed measurement).

Although, for any non-projective spin measurement, it will still be the case that

whatever result is obtained for the measured subsystem, this measurement will

collapse the other subsystem into a state that is bound to yield the opposite result

(for a spin measurement on the same axis).

The states for Bob's system that we will be dealing with in this chapter are local

states that are e�ectively the same as this except with an axis of spin that is

determined with local causality by Alice's actions. The results that Bob can obtain

for his measurements are therefore also the same; �up� or �down�, which we shall

represent as Bj ∈ {±1} (which is +1 and which is −1 is irrelevant so long as we are

consistent in our choice).

Assuming a local state for Bob means that the axis of this state's spin cannot be

determined by Alice's measurement. However, assuming that Alice sends Bob his

state, we will also assume that she can choose the axis of its spin. Thus, since she

knows Bob's set of measurement orientations with reference to this spin axis, she

can deduce the probabilities of Bob's possible results for each measurement.

As shown in Eq. (3.56), when Bob performs a measurement σ̂βj upon a pure state with

spin orientation r, the expectation value of this measurement will be〈σ̂βj 〉ρβr = vβj · r.
Since vβj is required to be normalised to 1, as is r for any pure state ρβr , we can see

that

〈σ̂βj 〉ρβr =
∣∣∣vβj ∣∣∣ |r| cos θ

= cos θ, (4.1)

where θ is the angle between Bob's measurement axis, vβj , and his state's spin axis,

r. Since Alice knows that Bob is performing a spin measurement that will result in

either Bj = 1 or Bj = −1, she can easily determine the probabilities of either result of

this measurement as a function of the angular distance between Bob's measurement

and the spin axis, as P (Bj = 1) = cos(θ) and P (Bj = −1) = 1− cos(θ), where θ is

the angle between Bob's measurement axis and the qubit's spin axis. Therefore, over

a large number of measurements, the average result of such a measurement would

be 〈B̂j〉ρr = cos(θ).

Knowing this, we can see that Alice's best strategy for maximising the correlation

functions in either of our EPR-steering criteria is whatever makes Bob's expectation

values as large as possible in magnitude. The value of the correlation function Sn

depends on Bob's results and Alice's results. Though Eq. (3.36) and/or Eq. (3.37)

represent the quantum mechanical prediction of the value of the correlation function

Sn, experimentally, its value is discerned by averaging results, as

Sn =

〈
1

n

n∑
j=1

AjBj

〉
=

1

n

n∑
j=1

〈AjBj〉, (4.2)
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Figure 4.1: Bob's average measurement result as a function of its angle from his state's axis
of spin.

where the index j de�nes the n di�erent measurement orientations, for each of

which Alice and Bob submit results Aj and Bj respectively, 〈AjBj〉 being the

statistical average of AjBj (for each j). In a statistically rigorous experiment, such

measurements are repeated many times, with the goal being that the experimental

average value should accurately re�ect the expectation value of its measurements (if

that expectation value accurately re�ects the physical reality of the experiment).

Clearly, the sign of both measurements is of perennial importance, as the correlation

function is calculated from the average product of Alice and Bob's results, 〈AjBj〉.
So clearly, this average is as high as possible if every AjBj data point is of the same

sign. Therefore, Alice should seek to ensure that every one of her results is of the

same sign as Bob's, or that every one of her results is of the opposite sign to Bob's

� but in either case, she must be consistent in this choice throughout the entire

experiment, if she is to maximise Sn (and also because these two conventions would

re�ect di�erent kinds of correlation).

However, to feign nonlocality as best she can, Alice will desire |Sn| to be as large as

possible. Since Sn is an average of the product of Alice and Bob's results, Alice

can maximise Sn by claiming every result to be of the greatest magnitude she

can. Recalling that she must constrain herself to submit only results that could

be obtained from a genuine measurement of spin (either Aj = 1 or Aj = −1; the

eigenvalues of Âj), the absolute magnitude of her results must always be 1.

If Alice knew which results Bob obtained on every individual measurement, then she

would be able to choose Aj = Bj (or Aj = −Bj) every time, and easily optimise Sn

to 1. However, our assumption of locality precludes Alice from having any way of
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knowing Bob's results. But since Alice can calculate the average values of each of

Bob's measurements, as illustrated in Figure 4.1, this is an easy choice for Alice. The

correlation function, Sn, is the average of AjBj values, where each Aj is multiplied

by the Bj with the same j-index (i.e. the same measurement orientation of Âj

and B̂j) � so Alice knows which of her submitted Aj values correspond to which

of Bob's Bj averages. Alice knows that Bob's measurement orientations within π/2

radians of the state's spin axis will yield average Bj results greater than zero, and

that Bob's measurement orientations between π/2 and π radians away from the spin

axis (within π/2 radians of the negative spin axis) will yield negative averages of Bj

results. To positively maximise the correlation function, Alice would choose Aj = 1

when 〈Bj〉 > 1 and Aj = −1 when 〈Bj〉 < 1; and to equally maximise the negative

of the correlation function, Alice would choose Aj = −1 when〈Bj〉 > 1 and Aj = 1

when 〈Bj〉 < 1.

At this point, it is worth noting that it will be (slightly) more convenient for us

to work with the idea that a cheating Alice will want to positively maximise Sn.

However, the values of Aj that an honest Alice will obtain with an entangled state

will negatively maximise Sn, as the values of an honest Alice's measurements upon

a maximally entangled state will be anticorrelated with Bob's. For this reason, it

will serve us best to simply rede�ne Sn to include a factor of −1, so that the value

an honest Alice obtains will be positive, as will the value a cheating Alice obtains

by trying to feign the nonlocal results of the Werner state we have described for the

Alice-Bob system. So the value of Sn that we should work with from here on will be

Sn = − 1

n

n∑
j=1

EAj

[
Aj〈B̂j〉Aj

]
. (4.3)

This version will give Sn = εµ for an honest Alice, and is positively maximised by

a cheating Alice if she chooses Aj = −1 when〈Bj〉 > 1 and Aj = 1 when 〈Bj〉 < 1.

To describe this more spatially, if the spin axis of Bob's state represents the poles of

the Bloch sphere, and we de�ne two hemispheres with these poles at their centres,

then Alice just needs to choose her +1s and −1s such that they are on opposite

hemispheres (such that Aj = 1 for every Âj in one hemisphere, and Aj = −1 for

every Âj in the other hemisphere).

However, Alice's options are more limited in what she can do to maximise Bob's

results' contribution to Sn. The only way in which she can a�ect Bob's results is

through her choice of what state to choose for Bob. Given her trivially achievable

maximisation of her own results' contributions, her maximisation ofAj will be equally

optimal regardless of state orientation. Therefore, her only priority for choice of

state is maximising every |〈Bj〉|. From Figure 4.1, we can see that this will be best

accomplished by choosing states that are as close as possible to as many of Bob's

measurement axes as possible. So clearly it would be bene�cial for Alice to send Bob

states with spin axes aligned (in either direction) along Bob's measurement axes,

but because she does not know which order Bob performs his measurements in, she
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cannot. It would be possible (probabilistically speaking) for her to guess what order

Bob chooses, but as long as Bob has more than two measurements to make, she

would guess wrongly more often than she would guess correctly, and if Bob averages

his results over a su�ciently large population of data (which we require that he does,

in theory), guessing at the ordering of Bob's measurements works out to be equally

e�ective as simply picking the same spin orientation for every state she sends � in

both cases, she would only ever pick the correct state 1
n of the time (and this equality

extends to the second-closest measurements to her chosen state, etc.).

Because no other strategies are more e�ective, we will assume for ease of our calcu-

lations that Alice's typical strategy is to pick some state spin orientation, or set of

predetermined orientations (based on Bob's measurement set in either case) and use

that same orientation or set of orientations for all states she sends Bob. This is the

extent to which Alice can in�uence Bob's results if they do not share nonlocality.

An expression for Alice's best choice of state orientation for Sn can be obtained from

rearranging its bound into a function of state orientation, r, and maximising.

max(Sn)|{Aj} = λmax

 1

n

∑
j

Aj σ̂
β
j


= λmax

 1

n

∑
j

Ajv
β
j · σ


= max

ρr
Tr

ρr 1

n

∑
j

Ajv
β
j · σ


= max

r
Tr

1 + r · σ
2

1

n

∑
j

Ajv
β
j · σ


= max

r
Tr

1

2

1

n

∑
j

Ajv
β
j · r


= max

r

 1

n

∑
j

Ajv
β
j

 · r (4.4)

=

∣∣∣∣∣∣ 1n
∑
j

Ajv
β
j

∣∣∣∣∣∣ ,
where the last line of this expression is only obtained when r is parallel to the vector
1
n

∑
j Ajv

β
j (this is what is required by the maximisation). This vector is clearly just

an average of Bob's measurement orientations, weighted by Alice's corresponding

measurement result for each orientation. But since Aj can only be valued as 1

or −1, this orientation is still accurately described as a spatial average over Bob's

measurement directions. However, with measurements that are regularly spaced,

there are several di�erent orientations that are equally validly described as a spatial

average of their measurement axes. As we shall see below, in any such situation,
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such orientations all correspond to 1
n

∑
j Ajv

β
j vectors � each of which is constructed

using a di�erent choice of {Aj} values.

So we now have a means of easily calculating Alice's optimal cheating strategy, and

the corresponding EPR-steering bound for any set of measurements that Bob chooses,

for our linear EPR-steering criterion (using Sn). However, not all of the above

reasoning still applies when we look to Alice's optimal strategies for maximising our

nonlinear EPR-steering criterion (using Tn).

Firstly, although our theoretical treatment of this criterion requires a comparison of

an honest Alice's results with a cheating Alice's results, and how well these results

allow her to infer Bob's measurement results, the particular values of Alice's results

are actually of no consequence in the experimental calculation of this criterion, which

uses the nonlinear function

Tn =
1

n

n∑
j=1

∑
Aj

P (Aj)〈B̂j〉2Aj .

In this expression, we have expanded the expectation value over Alice's results, to

show that whether an honest Alice estimates Bob's results from her own, or a cheating

Alice estimates Bob's results from her knowledge of the state upon which they are

acting, her estimates of Bob's expectation values will be equal to his experimental

average values (in the limit of in�nitely many experimental iterations). This is not a

coincidence, as Alice's degree of success in either scenario equally re�ects the degree

of her ability to nonlocally a�ect Bob's measurement outcome.

Thus, the way we use Tn to measure Alice's ability to estimate Bob's state is by

segregating and averaging Bob's results for each of Alice's (claimed) results for each

measurement. These average results, conditioned on Alice's results (i.e. 〈B̂j〉Aj
values), are then averaged with weightings determined by the probabilities of Alice

claiming each result. The relevant point here is that although Alice's results are

used for indexing and averaging over Bob's, their actual values are apparently of no

experimental consequence for the purposes of calculating Tn.

Therefore, for the purposes of maximising Tn, it does not matter whether Alice

chooses Aj = 1 or Aj = −1 for any of the results she submits to Bob (so long

as she coordinates her results for every measurement corresponding to the same j-

term). So a cheating Alice's only priority is to choose Bob's state so as to maximise

the magnitude of his expectation value. However, since Bob's expectation value is

squared in this function, Tn is equally maximised regardless of the sign of Bob's

expectation value. This is also easily seen from the calculation of Bob's squared

expectation value as a function of angular distance between his state orientation and

measurement orientation, as a slight modi�cation of Eq. (4.1), which is 〈Bj〉2ρr =

cos2(θ).

Thus, Alice's best strategy is, once again, to try and choose Bob's state to be as close

as possible to as many of Bob's measurement axes as possible. Although this strategy
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will not yield the same values for Tn as it would for Sn, it is still reasonable to expect

that there should exist some proof con�rming the same optimisation condition � that

Alice's optimal choice of state should be parallel to some kind of spatial average of

Bob's measurements, say, 1
n

∑
j v

β
j or 1

n(
∑

j v
β
j )2. If we attempt to derive one in the

same manner as for Sn, we arrive at

max(Tn) = max
ρr

1

n

∑
j

∑
Aj

P (Aj)〈σ̂βj 〉
2
ρr =

1

n
max
ρr

∑
j

〈σ̂βj 〉
2
ρr

=
1

n
max

r

∑
j

(vβj · r)2

6= 1

n
max

r

∑
j

vβj

2

· r2, (4.5)

and no such proof seems to be possible. Numerical analysis and maximisation of this

expression reveals that the apparent absence of any such equality is quite deserved.

The most notable demonstrations of this were the cases where Bob's measurement

set forms a spherical t-design [43,58] on the Bloch sphere.

However, there will be cases where Eq. (4.5) happens to be equal to the line above it.

Speci�cially, this occurs when we restrict {vβj } to be an orthogonal set. In these cases,
there will exist a maximisation for Tn that is almost equivalent to the maximisation

for Sn � it will be the square of Eq. (4.4) then divided by n � which will mean that

the vectors {r} that maximise Sn would necessarily maximise Tn (although, as we

will see, the solutions for Sn would not necessarily be unique solutions for maximising

Tn). But more importantly, the similarity between these two maximisation functions

would mean that the existence of a linear bound implied the existence of a nonlinear

bound and vice versa. Given an appropriate rescaling (which could require a slight

adjustment in the derivation) of either criteria, this could be used to show that

a violation of a linear bound also implied a violation of a nonlinear bound and

vice versa. But this connection could only exist alongside the requirement that all

measurement settings are orthogonal, which is not useful to us if we wish to �nd

solutions for generalised measurement sets (or any measurement sets with n > 3).

As such, we will not pursue these special cases any futher.

The (computationally) easiest way in which to identify the state orientations r, that

attain the EPR-steering bound gn for arbitrary {vβj }, is to calculate the eigenvalues

of the matrix V =
∑

j v
β
j v

βT
j ; this being the matrix which is used in Eq. (3.61) to

calculate the EPR-steering bound gn = 1
nλmax(V). The largest eigenvalue of this

matrix de�nes the bound gn, because, as shown in Eq. (3.58),∑
j

〈σ̂βj 〉
2
ρr = rTVr ≤ λmax(V).

From this expression, it is clear that the largest eigenvalue ofV is only obtained when

r is the eigenvector corresponding to that eigenvalue. But when Bob's measurement

set forms a spherical 2-design, this results in V being the identity matrix (or a scalar
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multiple thereof). Therefore, when this occurs, any value of r will elicit the same

eigenvalue, and so, any choice of ρr will attain the maximal value for Tn.

A spherical t-design is a probability distribution over the set of unit vectors that

reproduces the properties of the Haar measure for the purposes of averaging any

polynomial function (of these vectors) of degree t over this probability distribution

(and thus, also does so for any polynomial of degree less than t). The Haar measure

is a uniform probability distribution, so what this means is that a spherical t-design

approximates a uniform probability distribution over the unit sphere, and the higher

t is, the better a t-design approximates this.

The state space that we have de�ned our measurements on is the (surface of the)

Bloch sphere, so any t-design they form will be a spherical t-design. We can identify

t-designs de�ned by our measurement set by the average of their orientations given

by V. Bob's measurements de�ne a 1-design when the sum of his measurement

orientations, {vβj }, is the zero vector. If we take the matrix representation of Bob's

measurements given by vβj v
βT
j , we can �nd Bob's measurements to de�ne a 2-design

when the sum of these measurements, given by V, is proportional to the identity

matrix. It should be noted that spherical t-designs for t > 2 do not concern us, so

we will not discuss them here.

Thus, it should make sense that when our measurements de�ne a spherical 2-design,

this results in any state orientation returning the maximal value of 〈σ̂βj 〉2ρr � because
this is an indication that the chosen measurement set is a good approximation for

the set of all unit vectors on the Bloch sphere (uniformly distributed by the Haar

measure).

A similar situation occurs when Bob's measurement set forms a circular 2-design

on the Bloch sphere, and in this case V acts as an identity operator (or a scalar

multiple thereof) for a one-dimensional continuum of vectors that form great circle

on the Bloch sphere. If the eigenvalue corresponding to this range of eigenvectors

is the largest eigenvalue of V, then any state with spin axis r that lies within this

range will be an optimal state for a cheating Alice to choose.

These situations are easily discerned in the computational calculation of Alice's

optimal cheating strategies � which involves calculating the eigenvalues and cor-

responding eigenvectors of V. For a three dimensional matrix, as we have formatted

V to be, there will be three eigenvector and eigenvalue pairs. The eigenvector

corresponding to the largest eigenvalue de�nes Alice's optimal choice of r. If there

are two eigenvalues that are equal and both maximal, then this indicates that

either one of their corresponding eigenvectors is an optimal choice for r, as is any

linear combination of them (which results in a one-dimensional spectrum of optimal

states if those eigenvalues are not scalar multiples). This represents that Bob's

measurements have formed a circular 2-design (which could also be called a 2-design

on a 1-sphere). However, if V has only one maximal eigenvalue, and two equal non-

maximal eigenvalues (corresponding to eigenvectors that are not scalar multiples),
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then this also indicates a circular 2-design, except one that does not correspond to

Alice's optimal cheating strategy. A spherical 2-design is indicated when all three

eigenvalues are equal, and none of the three corresponding eigenvectors is a linear

combination of the other two (though because V is a real, symmetric matrix, this is

only a concern when computationally calculating its eigenvectors).

Thus, it is clear why any expression for a simple algebraic proof of Alice's optimal

choice of Bob's state is mathematically elusive.

4.1 The Virtue Of Regularly-Spaced Measurements

As we can see from Figure 4.1, Alice's preferred choice of spin orientation axis for

Bob's state will be one which is as close as possible to as many of Bob's measurement

axes as possible.

If all of Bob's measurement orientations were clustered within some small zone, say,

for example, one with an angular diameter of π
10 radians, then it would obviously best

serve Alice's objective to choose a spin axis within this small zone. Equally obviously,

we can see that Alice would not choose any axis outside of this zone � that would

achieve nothing except a reduced value for every one of Bob's measurement results.

In an extremisation of this example, if Bob's measurements all lied on exactly the

same axis, then Alice would choose this as the spin axis every time, which would

obtain |Sn| = Tn = 1, results otherwise indicative of a maximally entangled state.

Thus, in such a case, we would have that kn = gn = 1, and Bob could never be

convinced of nonlocality, whether it was present or not.

When choosing his measurements, Bob's objective is to make the demonstration of

EPR-steering as achievable as possible when it is present. This goal is equivalent

to forcing the value of kn and/or gn to be as low as possible everywhere his choice

of measurements can a�ect its value. To accomplish this, Bob must choose his

measurements such that a static spin axis can only be as close as possible to some

of them by being as far as possible from others, put simply.

One would expect that the most rigorous choice for a set of measurements should be

such that each measurement is as di�erent as possible from every other (while still

remaining within the realm of numerical comparability, of course). So logically, one

would expect that our most rigorous choices for sets of measurement orientations

should be sets of orientations that are all as far apart from one another as possible.

For orientations on the Bloch sphere, geometric observation allows us to see that

spreading a set of orientations as far apart as possible should lead to them all being

regularly spaced. What we de�ne as regular spacing is any arrangement in which

every pair of nearest-neighbours is equidistant, this being the only manner in which

the measurements they represent are all as �di�erent� from one another as possible.
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In any arrangement where measurement orientations are not regularly spaced, this

implies that measurements are more concentrated in some parts and less concentrated

in other parts (compared to regularly-spaced measurements). This could give Alice

better opportunities for choosing spin axes to maximise the correlation function than

are available with regularly-spaced measurements. Therefore, we would intuitively

expect that Bob's choice of regularly-spaced measurement orientations should serve

to make it as di�cult as possible to feign the correlations of a highly entangled state

� ensuring the EPR-steering bound to be as low as possible.

This reasoning suggests that the optimal sets of measurement orientations should

be those orientations corresponding to the vertices of the three-dimensional Platonic

solids � shapes de�ned by the characteristic that each face's edges are all the same

length, with all faces being identical. Thus, the optimal measurement orientations

for our purposes should be the sets of vertices of Platonic solids.

Indeed, it has been shown [4] that such measurements are also optimal choices of

measurement sets in qubit tomography (optimal in terms of the average �delity for

state reconstruction). The advantage that regularly-spaced measurements o�er in

terms of accurate state tomography is not exactly the same advantage that it o�ers

us here, but is closely related in principle. The way in which this can be conceptually

related to the tomographical bene�ts of regularly-spaced measurements is that they

o�er the most well-rounded analysis of the state that is possible with a given number

of measurements, which is bene�cial for both purposes.

Of course, it follows from this reasoning that even when Bob chooses regularly-spaced

measurement sets, he is disadvantaged by the fact that he is making measurements

only in a few points on the Bloch sphere, and is ignoring in�nitely many other possible

measurement orientations. Indeed, as shown in [3], the tightest possible bound (the

lowest kn) for an EPR-steering criteria is obtained when we have in�nitely many

regularly-spaced measurements.

For this reason, along with the observation that EPR-steering is de�ned by Alice's

ability to steer Bob's system into di�erent states, it is intuitively obvious that this

ability should be most easily demonstrated when the number of di�erent states

that Alice can steer Bob's state into is as large as possible � so the e�ects of this

ability are as evident as possible, and the e�ects of any imitation are as diluted as

possible. As shown above, performing quantum measurements is the way in which

Alice can a�ect Bob's state, so we would expect that EPR-steering can be most

easily demonstrated when the number of possible measurements, n, is as large as

possible. In the next chapter, we shall see that for di�erent numbers, n1 and n2, of

regularly-spaced measurement settings, if n1 < n2, then we also �nd that kn1 ≥ kn2 .

As we shall also see in our calculations for Tn in the next chapter, measurements

de�ned by Platonic solids should also form spherical t-designs, which are charac-

terised by reproducing (to a degree quanti�ed by t [58]) the properties of a uniform

distribution over our all states on the unit sphere (i.e. in our state space). Since this
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is almost exactly the quality we wish to approximate with our choice of regularly-

spaced measurements, this would serve to justify that choice.

From the logic in de�ning our measurements to be regularly spaced, it follows that

we should choose such measurements to be equally weighted. In this way, we can

most e�ectively employ the bene�ts of their regular spacing. Conveniently, this also

slightly simpli�es our expressions for Sn and Tn (as mentioned in Chapter 3) because

if we wished to use measurements that were not equally weighted, we would need

to include an additional multiplicative factor in every j-term of of either criterion's

correlation function.

Thus, we now discuss the optimal EPR-steering bounds that are obtained when using

equally weighted sets of regularly spaced measurements, which are measurement sets

whose orientations inherently correspond to the vertices of the Platonic solids.
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Chapter 5

EPR-Steering Bounds for Platonic

Solid Measurements

There are �ve Platonic solids in three-dimensional space: the tetrahedron (with 4

vertices and 4 faces), octahedron (6 vertices and 8 faces), cube (8 vertices and 6

faces), icosahedron (12 vertices and 20 faces) and dodecahedron (20 vertices and 12

faces).

In using their vertices to de�ne measurement orientations, we must �rst observe

that the vertex sets of each of the Platonic solids, except for the tetrahedron, are

such that every vertex has a diametric opposite (an antipode). Therefore, if each

vertex is to describe a possible measurement orientation on the Bloch sphere, then

the coordinates (on the Bloch sphere) of any given measurement orientation can be

equally representative of some other measurement (its diametric opposite). However,

for spin tomography on a quantum state, an �up� measurement yields the exact same

information as the corresponding �down� measurement (it gives the same result, but

with a di�erent sign). Thus, when two measurements are diametrically opposite,

they may as well be the same measurement, in terms of how much they reveal about

the state they are measuring. However, it is useful for each measurement to have a

diametric opposite measurement since this allows us to have cases where Alice's spin

measurement be diametrically opposite to Bob's spin measurement. As mentioned

near the end of section 3.2, this would be necessary if we wished to allow σ̂αj = −σ̂βj
so that the maximal magnitude of Sn can be either a positive or negative value

(otherwise it can only be negative).

When we discuss the di�erent measurement sets de�ned by di�erent Platonic solids,

we will refer to each solid as de�ning n measurement axes from its 2n vertices, and

will principally use the variable n to distinguish each set of measurements.

As noted above, the tetrahedron is the only Platonic solid whose vertices are not

diametrically opposite any other vertices. As such, unlike the other Platonic solids,

its 4 vertices de�ne 4 distinct directions. Therefore, the vertex con�guration of the

tetrahedron is not useful to us, since cubic vertices do o�er us four regularly-spaced
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axes (which are also in the same directions as those of the tetrahedron).

In this chapter, we calculate the linear and nonlinear EPR-steering bounds that are

attained for these �ve sets of regularly-spaced measurements. It should be noted that

all of the calculations in this chapter pertaining to the linear EPR-steering criteria

were published in [21], and are therefore not original work, but are essential to this

thesis for the purpose of building upon their results. Similarly, the calculations we

employ in this chapter for the nonlinear EPR-steering criteria with n = 2 and 3 are

equivalent to nonlinear bound calculations performed in [39,40], but are also essential

to include here for the purposes of expanding upon their results and for comparison

with the respective linear bound calculations for each measurement set.

5.1 n=2 (Square Vertices)

Obviously, a square is not a three-dimensional Platonic solid. A pair of regularly-

spaced measurement axes do not characterise any Platonic solid because two inter-

secting lines are not su�cient to de�ne a three-dimensional shape (at least three

intersecting lines are needed). Two axes can only de�ne a two-dimensional shape,

and the two-dimensional shape whose vertices are characterised by regularly-spaced

axes is a square.

The two measurement axes we desire can be equally well de�ned by any two that are

perpendicular to one another, so we will choose them to be σ̂x and σ̂y for convenience.

Recall that the bound on the correlation function Sn in the no-steering model is

Sn ≤ kn, with

kn = max
{Aj}

λmax

 1

n

∑
j

AjB̂j

 , (5.1)

where {B̂j} are Bob's measurement operators and {Aj} are Alice's results. We can

solve for the eigenvalues of this matrix over all possible arrangements of {Aj} and
obtain k2 = 1√

2
. In fact, for this arrangement of measurement axes, every choice of

{Aj} arrangements gives the same value of k2.

This method also allows for us to �nd Alice's optimal choice of Bob's state spin

axis corresponding to this value of k2. As shown above, the optimal spin axis is

simply the orientation of the optimal average of Bob's measurements (as determined

by Alice's Aj choices), that is, the orientations of
1
n

∑
j AjB̂j that correspond to the

maximal kn values. Thus, when Bob's measurements are σ̂x and σ̂y, the optimal spin

orientation is that of 1
n

∑
j Aj σ̂j = ±1

2(σ̂x ± σ̂y), i.e. in between, and equidistant

from, every adjacent pair of measurement axes. As mentioned, this means that there

are four orientations (but only two axes) on the Bloch sphere which are optimal for

Alice's choice of the spin axis.

In each of these four cases, Alice's strategy should be to claim Aj = 1 for the two

measurement orientations closest to the state's spin orientation, and this will yield
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S2 = k2 = 1√
2
.

We can observe the validity of these eigenvalues and positions of these axes by looking

at the expectation values of Bob's measurements as a continuous function of state

orientation. Obviously, it will be optimal for Alice to choose Bob's spin axis to lie in

the same two-dimensional plane as his two measurements, as any deviation from this

plane can only serve to unnecessarily decrease the average of Bob's spin measurement

results. The optimal position of the spin axis within this plane can be discerned from

the knowledge that Bob's expectation value is equal to 〈Bj〉 = cos(θ), θ being the

angle between one of Bob's measurement orientations and the state spin axis. Thus,

Sn can be calculated as a function of θ, which is given by Sn = 1
2 [cos(θ)+cos(π2 −θ)].

Plotting this function easily reveals the maximum of this function over the range of

0 ≤ θ ≤ π
2 is indeed Sn = 1√

2
, at θ = π

4 , exactly in between the two measurement

axes (at θ = 0 and θ = π
2 ).

Figure 5.1: The value of Sn as a function of spin axis orientation, where θ = 0 and θ = π
2

are de�ned by the orientations of adjacent measurement axes.

It should be observed that Figure 5.1 does not indicate which two measurement axes

are positioned at θ = 0 and θ = π
2 . This is because it represents a function which

is equally applicable for any two adjacent measurement axes. The measurement

scheme using two regularly-spaced measurement axes possesses the same symmetries

as a square. The set of possible measurement choices has a spatial arrangement, like

a square, that can be rotated by an angle of π2 , π or 3π
2 and still be equivalent to the

original spatial arrangement. Thus, it is logical that the optimal spin orientations

de�ned by this spatial arrangement should also have the same symmetries. We shall

see in all cases below that the symmetry group of the measurement arrangements

has the same isometries as the symmetry group of the optimal spin orientations.

In a no-steering model, when Bob performs two regularly-spaced measurements, the
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bound on the correlation function is S2 ≤ 1√
2
. If Alice and Bob do share an entangled

Werner state, as discussed in Chapter 3, then they can demonstrate EPR-steering if,

and only if, the mixing parameter of their state µ is greater than 1√
2
(i.e. if and only

if the portion of entangled states in their statistical ensemble exceeds this fraction).

However, the calculation of the nonlinear EPR-steering criterion for T2 is even less

complicated. A pair of orthogonal measurements form a circular 2-design, and allow

any state (in the same plane as these two measurements) to achieve the EPR-

steering bound, k2. Choosing σ̂x and σ̂y for our measurements will result in Bob's

measurement vectors, vβj , being vβx = (1, 0)T, vβy = (0, 1)T, and thus, V = I2 (as will
any orthogonal pair, if we choose our coordinate system accordingly). Therefore, our

EPR-steering bound will be

g2 =
1

2
λmax(V) =

1

2
, (5.2)

which only allows demonstration of EPR-steering when T2 >
1
2 . We know that, as

shown in Eq. (3.55), an honest Alice will obtain Tn = µ2 for any measurement set,

and therefore that EPR-steering can only be demonstrated with this criterion when

the entanglement parameter µ exceeds
√
g2; that is, when µ >

1√
2
.

So although we have two di�erent EPR-steering bounds, we �nd that for the demon-

stration of EPR-steering, the requirements upon the degree of entanglement shared

by Alice and Bob is the same in both cases.

5.2 n=3 (Octahedron Vertices)

Three regularly-spaced axes correspond to three perpendicular axes, so the most

convenient choice of coordinates for us would be such that Bob's measurements are

σ̂x, σ̂y and σ̂z. From this, we can calculate

k3 = max
{Aj}

λmax

1

3

∑
j

Aj σ̂
β
j

 =
1√
3
, (5.3)

but in solving for the maximal eigenvalues under the optimal sets of Aj values,

we �nd, just as above, that the maximal value of k3 can be obtained using all

arrangements of {Aj} � this is because our three measurement axes are, as above,

all orthogonal to one another. This means that all arrangements of {Aj} correspond
to 1

n

∑
j AjB̂j orientations that are optimal choices (for a cheating Alice) for the

orientation of Bob's state. As shown in Figure 5.2, these optimal cheating ensembles

are oriented in all directions that are equidistant from the x, y and z axes. These

orientations correspond to the vertices of a cube. This is because the optimal spin

axes are face-centred upon the octahedron, and the dual of the octahedron is the

cube (dual polyhedrons being de�ned as polyhedrons whose vertices are face-centred

upon one another).
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Figure 5.2: For n = 3, the measurement orientations de�ne the vertices of this solid, and
the optimal spin axis orientations are those de�ned by the centre of each face (shown by red
dots representing their position relative to the shape's vertices).

Given that Sn = µ for an honest Alice, if Alice and Bob actually do share an

entangled Werner state, then they can only demonstrate EPR-steering with three

regularly-spaced measurements if the mixing parameter satis�es µ > 1√
3
. Note that

k3 < k2, so it is easier to demonstrate EPR-steering with three measurement axes

than with it is with two.

The calculation of the nonlinear EPR-steering criterion with T3 proceeds similarly to

T2. Three orthogonal measurements form a spherical 2-design, and allow any state

on the Bloch sphere to achieve the EPR-steering bound, k3. These measurements

result in Bob's measurement vectors, vβj , being vβx = (1, 0, 0)T, vβy = (0, 1, 0)T, and

vβz = (0, 0, 1)T, and thus, V = I3. Therefore, our EPR-steering bound will be

g3 =
1

3
λmax(V) =

1

3
, (5.4)

which only allows demonstration of EPR-steering when T3 > 1
3 . Therefore that

EPR-steering can only be demonstrated with this criterion when the entanglement

parameter µ satis�es µ > 1√
3
. So once more, we �nd that the constraint upon µ is

the same for demonstration of EPR-steering with either criteria.

5.3 n=4 (Cube Vertices)

As alluded to above, four regularly-spaced axes in three dimensions de�ne the vertices

of a cube. Unlike for n = 2 and n = 3, these measurement axes are not orthogonal,

so we should expect that k4 should not be identical for every choice of {Aj}. The

number of possible {Aj} arrangements is equal to 2n for n measurements, so there

are 16 possible arrangements of {Aj}, but in calculating kn = λmax

(
1
n

∑
j AjB̂j

)
,

we �nd that only six of these correspond to the largest possible value of k4. This

largest value of kn for n = 4 is k4 = 1√
3
. The orientation of the corresponding

1
n

∑
j AjB̂j operators can be found to align with the vertices of the octahedron.
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Figure 5.3: For n = 4, the measurement orientations de�ne the vertices of this solid, and
the optimal spin axis orientations are those de�ned by the centre of each face (shown by red
dots representing their position relative to the shape's vertices).

Thus, the measurement axes for n = 4 de�ne the dual Platonic solid of that de�ned

by the n = 3 measurement axes, and similarly, the optimal spin orientation axes for

cubic measurements are aligned with the axes de�ning the octahedron.

The degree of entanglement in a Werner state that is su�cient to demonstrate

EPR-steering with four measurements is µ > 1√
3
, the same as that with three

measurements. We would expect more measurements would lead to improved (lower)

EPR-steering bounds, so it would be unexpected if we observed that k3 < k4,

although it has been shown [4] that state tomography using dual solids (as the cube

and octahedron are dual solids) will yield the same average reconstruction �delity.

Thus, it is not entirely surprising in this case that k3 = k4. But it would be even

more unexpected if we were to �nd that k6 > k4 since 6 > 4 and since n = 6 and

n = 4 do not de�ne dual solids (and indeed, we do not �nd this to be the case).

However, because we are not dealing with the same situation as in [4], this point is

presented as more of an interesting side-note rather than a reliable means of gauging

our expectations.

Unlike the n = 2 and n = 3 vertices, our n = 4 vertex orientation vectors are not

orthogonal, and because we have de�ned our vβj vectors in three-dimensional form, no

four vectors on the Bloch sphere can be mutually orthogonal, and thus cannot form

a basis in R3, which is required to be a linearly independent spanning set (though

they can still form a linear span in R3, and do, in this case). This, along with having

de�ned the vβj vectors such that |vβj | = 1, means that no four vβj can result in

V = I3. However, it can be found that our regularly-spaced n = 4 measurements do

form a spherical 2-design, and their linear combination simply results in V = 4
3I3.

This leads our EPR-steering bound on T4 to be

g4 =
1

4
λmax(V) =

1

3
. (5.5)

Noticeably, this bound only allows demonstration of EPR-steering when T4 = T3 >
1
3 ,

which correspondingly requires µ > 1√
3
for an honest Alice. Given the equivalence

of k3 and k4, this is not a surprising result.
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Figure 5.4: For n = 6, the measurement orientations de�ne the vertices of this solid, and
the optimal spin axis orientations (shown by red dots) are those de�ned by the 12 vertices.

5.4 n=6 (Icosahedron Vertices)

Six regularly-spaced measurement orientations de�ne the vertices of an icosahedron.

Aligning Bob's measurements σ̂βj in these directions and calculating the correspond-

ing EPR-steering bound for Sn, we obtain

k6 = max
{Aj}

λmax

1

6

∑
j

Aj σ̂
β
j

 ≈ 0.53934. (5.6)

For six measurements, the number of {Aj} arrangements is 26 = 64. We �nd

that 12 of these arrangements yield the largest possible maximum eigenvalue of
1
n

∑
j AjB̂j , and thus there are twelve orientations that are equally optimal choices

of spin axis, these being the orientations of the 1
n

∑
j AjB̂j operators which yield k6

as an eigenvalue.

Unlike the previously discussed solids, the optimal spin ensembles are not aligned

with the face-centres of the n = 6 Platonic solid, but are instead aligned with the

vertex orientations. So with six regularly-spaced measurements, an optimal choice

of spin axis is any that is aligned with one of Bob's measurement axes. As expected,

this choice of measurements is even better (than n = 2, 3, or 4) for demonstrating

EPR-steering with Sn, allowing for demonstration of EPR-steering in any Werner

state with µ > k6 ≈ 0.53934.

However, in the calculation of gn, it is found that these measurements also form

a spherical 2-design, as can be deduced from the result that V = 2I3. Thus, the

EPR-steering bound we obtain is

g6 =
1

6
λmax(V) =

1

3
. (5.7)

This is the same bound for Tn as calculated with the two previous measurement

sets. With this criteria, we see that g6 = g4 = g3, and thus EPR-steering can only

be demonstrated when T6 >
1
3 , which equivalently requires µ > 1√

3
.
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Figure 5.5: For n = 10, the measurement orientations de�ne the vertices of this solid, and
the optimal spin axis orientations (shown by red dots) are those de�ned by the 20 vertices.

5.5 n=10 (Dodecahedron Vertices)

Ten regularly-spaced measurements are those aligned with the 20 vertices of a dodec-

ahedron. De�ning Bob's measurement orientations along these axes and calculating

the EPR-steering bound for Sn will yield

k10 = max
{Aj}

λmax

 1

10

∑
j

Aj σ̂
β
j

 ≈ 0.52361. (5.8)

The number of possible {Aj} arrangements for these measurements is 210 = 1024.

We �nd that only 20 of these combinations yield k10 as their maximum eigenvalue,

and the 1
n

∑
j AjB̂j operators corresponding to these {Aj} sets have orientations

that are aligned with the 20 vertices of the dodecahedron that de�nes Bob's 10

measurement axes.

Demonstration of EPR-steering with this bound requires µ > k10 ≈ 0.52361 � a

su�cient condition more easily met than µ > k6 ≈ 0.53934, and so we see that

for Sn, ten regularly-spaced measurements are even better for demonstrating EPR-

steering than six measurements are, even though the icosahedron and dodecahedron

are dual solids.

However, for our nonlinear EPR-steering function, Tn, we again �nd that our regularly-

spaced measurements have formed a spherical 2-design, as observed from V = 10
3 I3

in this case. This gives us an EPR-steering bound of

g10 =
1

10
λmax(V) =

1

3
, (5.9)

which a cheating Alice obtains with any choice of state for Bob.

Once more, we see that our nonlinear criterion can only demonstrate EPR-steering

when T10 >
1
3 , equivalently requiring µ > 1√

3
for an honest Alice. So we observe
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that g10 = g6 = g4 = g3, apparently showing that EPR-steering is equally di�cult to

demonstrate for any of our regularly-spaced measurement sets in three dimensions.

This runs quite contrary to the intuition that more measurements should generally

result in better EPR-steering bounds, as observed for Sn, but does not technically

disagree with the observed trend for Sn bounds, that for n di�erent numbers of

regularly-spaced measurements, if we have n1 < n2, then kn1 ≥ kn2 .

5.6 Theoretical Limit

We have seen the trend that, for n di�erent numbers of regularly-spaced measure-

ments, if we have n1 < n2, then kn1 ≥ kn2 . We would expect that larger numbers

of measurements should consistently give, with equal or more success, lower and

lower bounds on the degree of entanglement µ in a Werner state that is su�cient

to demonstrate EPR-steering. From this reasoning, it also follows that the tightest

possible bound on the mixing parameter µ should be obtained when we have in�nitely

many uniformly-spaced measurements. As shown in [3], this is indeed the case, with

the su�cient condition to demonstrate EPR-steering with a Werner state working

out to be µ > 1
2 . It should be noted that since we have discussed all of the (�ve)

Platonic solids that exist in three dimensional space, the only other choice of a

regularly-spaced set of n measurements for n > 10 is n =∞.

While an in�nite number of distinct measurements is not an experimental possibility,

its theoretical result is quite calculable. In fact, it is even more easily calculable

than that for most of the Platonic solids, which require (manageable) geometric

considerations, whereas an in�nite number of uniformly-spaced measurements can

be easily considered with the use of a measurement density on the Bloch sphere,

which necessarily scales equally with any measure of a sphere's surface area.

Recall, as shown in Eq. (4.1), that the expectation value of any measurement

Bob makes in a direction j (which we have previously represented with the vector

orientation vβj ) upon a state that is aligned in a direction r, will give 〈σ̂βj 〉ρβr = cos θ,

where θ is the angle between vβj and r.

For any given state, ρβr , our assumption of locality still dictates that Alice will not be

able to choose the order of Bob's measurements, and so she will have no control over

the values of each Sn (or Tn) term except for her choice of Aj . As above, to optimise

this, Alice should simply submit results of di�erent signs to measurements for which

θ < π/2 of ρβr , and θ > π/2 of ρβr . Thus, the average of all n values of Aj〈σ̂βj 〉ρβr
terms (which is what we use to de�ne Sn) will simply be an average over the in�nite

number of measurements at every possible distance from r. Since we have de�ned

these in�nite number of measurements to be uniformly spaced, we know that their

number per unit of area (on the Bloch sphere) will scale proportionally to the area

itself.
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The surface area of a sphere is given by A =
∫ 2π
0

∫ π
0 R

2 sin θdθdφ = 4πR2, where R

here is the radius of the sphere (which for our purposes is R = 1). But since we

de�ned the Bloch sphere to have 2n measurements, we would only be concerned with

half of this surface area to consider only n measurements, i.e.

A =

∫ 2π

0

∫ π/2

0
R2 sin θdθdφ = 2πR2. (5.10)

We can use this formula as an area density as a function of θ. The derivative of

this area, A, with respect to θ, is obviously πR2 sin θ. Using R = 1, this gives us
dA
dθ = π sin θ, which is the change in area as a function of θ, which directly corresponds

to the change in number of measurements (or the measurement density) as a function

of θ. However, the integral of π sin θ over [0, π/2] is π, so if we want the density of

measurements to be normalised to 1 over our semisphere, we should instead use
dA
dθ /π = sin θ as our density function.

With this, we can integrate over our semisphere, knowing that the number density

of uniformly-spaced measurements at each θ is dA
dθ /π = sin θ, and that the results of

those measurements will be 〈σ̂βj 〉ρβr = cos θ. So we can see that our bound on S∞

will be given by

k∞ =

∫ π/2

0
sin θ cos θdθ (5.11)

=

[
−1

2
cos2 θ

]π/2
0

=
1

2
.

So we have found that the theoretical EPR-steering bound for in�nitely many uniformly-

spaced measurements on the Bloch sphere will be k∞ = 0.5. Given the values of the

linear EPR-steering bounds observed above, this �ts quite well as a limit that we

could expect them to be asymptotically approaching.

The analytical bound on Tn for n =∞ is just as simple to calculate, since we know

that Tn can be calculated as an average of 〈σ̂βj 〉2ρβr = cos2 θ values, which will have

the same measurement density function as above. Thus, the value of T∞ obtained

by a cheating Alice would be given by

g∞ =

∫ π/2

0
sin θ cos2 θdθ (5.12)

=

[
−1

3
cos3 θ

]π/2
0

=
1

3
.

We would expect in�nitely many regularly-spaced measurements to form a spherical

2-design, just like the other sets of regularly-spaced measurements, and although

the derivation of this result does not address that, its result indicates that the same
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bound would be obtained as that of the 2-designs above.

But more importantly, assuming that EPR-steering bounds improve monotonically

with measurement number, this result shows that the bounds of gn = 1/3 are actually

the best bounds that can be obtained with a regularly-spaced set of measurements.

As we expected from Reference [3], we have shown that the analytical limit for

demonstrability of EPR-steering requires µ > 1
2 for our linear criteria, but we have

also shown that the same limit for demonstrability of EPR-steering requires µ >

1/
√

3 ≈ 0.5774 for our nonlinear criteria. Although our nonlinear bounds easily

saturate their limit, this does suggest the linear bounds to be more useful, since

they have generally demonstrated less demanding requirements for µ (in the cases of

n = ∞ or n < ∞), even if we do not know how close they can come to saturating

their limit.

Of course, neither of these results represent realistically employable bounds, but

they are useful for showing us how close our employable bounds are to the limits of

possibility.
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Chapter 6

The Ine�cient Detection Loophole

Previous chapters of this thesis have, for the most part, been reviews of background

information and previous authors' work, so it should be noted that this chapter,

and those following it, will describe the new work that has been done on this topic,

building upon the previous work detailed above.

While theoretically sound, the above tests of EPR-steering do have an experimental

weakness. They rely upon idealised detectors, which do not account for detection

ine�ciencies. In any experiment, no detector has perfect e�ciency, and a portion

of results are always lost. This is usually dealt with by application of the principle

referred to as the fair sampling assumption (FSA): the assumption that the proba-

bility of not detecting a certain result is independent of what that result may have

been. Therefore, it assumes that whatever results were not detected were selected at

random. The fair sampling assumption is the expectation that any omitted results

are equally indicative of the system's behaviour as the results that are not omitted.

Obviously, the fair sampling assumption does not re�ect the generality with which

we are endeavouring to employ our EPR-steering criteria. In the previous chapters,

we have avoided any kind of representation for the nature of Alice's system so that

we need not assume this system to be constrained by any particular representation.

To assume that the manner in which results are omitted cannot be a�ected by

this unde�ned system would be a constraint upon the generality of its behaviour

(or Alice's behaviour). Therefore, it would be most rigorous to not make any

assumptions about how these results are omitted, or about which results are omitted.

For the purposes of closing this loophole in a test of EPR-steering, we should seek

out and consider the ways in which omission of any results could possibly (and

maximally) increase the value of the correlation function. The ways in which we

explore the di�erent approaches for the treatment of null results (and the associated

bounds) throughout this chapter are part of the original research that comprises this

thesis, but have since been published in Reference [63].
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6.1 Consideration of Feigned Ine�ciency

For the majority of this chapter, as in the last, we will usually opt to discuss no-

steering models in terms of their operational de�nition. That is, we shall address

how the functions we use for our EPR-steering criteria can be maximised by Alice's

choice of results and her choice of Bob's system, in any scenario where she has the

option of submitting null results.

For Sn, Alice's results are required for calculation of any term, and so when Alice

submits no result, the value of that term cannot be calculated. The same cannot

exactly be said for Tn, since an experimental calculation of Tn does not use Alice's

results. Therefore, it is not immediately apparent what e�ect Alice's null results

(and their frequency) would have on Tn.

However, the point of either criteria is to gauge how strongly one state can be a�ected

by measurements upon another. No criteria can possibly demonstrate correlations of

any kind between two parties using the results of only one of those parties. Although

the actual values of Alice's results are not used to experimentally calculate Tn, it

is still necessary to di�erentiate between the di�erent results she reports, and also

between those and any null results she reports. If Alice does not perform any mea-

surements on her entangled state, Bob's results for Tn will always be experimentally

indistinguishable from measurements performed on a random pure ensemble, whether

their systems are entangled or not. The same is true of any situation wherein Alice

does not communicate any results to Bob. Therefore, although the actual Aj-values

for any of Alice's results are entirely inconsequential in the calculation of Tn, our

nonlinear EPR-steering criteria still requires that we di�erentiate between each value

of Aj .

It is for this reason that omitting null results in the calculation of our EPR-steering

functions leads to the correlations we observe being more numerically prominent

(hence the results shown in sections 3.1.3 and 3.2.2). But of course, this statement

(in itself) is true for both quantum and classical (including LHV) correlations.

In reality, we will always encounter the loss of a certain number of photons. Thus, to

ensure that our tests of EPR-steering are as rigorous as possible, and as loss-tolerant

as possible, we need to explore the di�erent ways to approach the problem that this

presents, and how each approach a�ects the rigour and loss-tolerance of our EPR-

steering inequalities. It is through this process that we can come to identify the

best way of coping with this loss � i.e. the treatment of null results that makes our

EPR-steering bounds as easy as possible for an honest Alice to rigorously violate.

We have previously shown that the optimal choices of Aj for a cheating Alice are

easily determined from the spin state she sends to Bob. When a cheating Alice also

has the option of submitting null results, the Aj values she submits for her non-

null results are still determined by the same logic as before. That is, in order for

a cheating Alice to maximise Sn, it still serves her best to de�ne Aj = −1 when j
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represents a direction less than π
2 radians from the spin axis, and to de�ne Aj = 1

when j represents a direction more than π
2 radians from the spin axis � recall that

the average value of Bj is 0 when j represents a direction orthogonal to the spin axis,

so in this case, the average value of AjBj is also zero, and the value of Aj would

be inconsequential. However, with the option not to report any value for a certain

portion of Ajs, Alice can e�ectively eliminate this portion of terms (or, indeed, any

term she wants) from either correlation function.

We should note here that eliminating terms from any expression of 1
n

∑
j Aj〈Bj〉

where every term is the same sign (which we know that a cheating Alice can arrange

for any possible set of {j}) cannot possibly increase the value of the sum de�ning

Sn. Similarly, every term of Tn is necessarily non-negative, so omission of any term

from its calculation also cannot do anything except decrease the value of its average

over n measurements.

But this will not be the case if we apply the FSA to our treatment of these null

result; this would de�ne variations of both correlation functions which only average

over the terms for which Aj is non-null. We can apply this modi�cation by allowing

Aj to have null results, which (given the form of Sn) can be represented by Aj = 0,

and changing the normalisation of our EPR-steering criteria to be over the number

of non-null results instead of the number of measurements, n.

This is how the fair sampling assumption can be numerically implemented � as

the assumption that this manner of alteration to our correlation functions (i.e.

postselection to exclude null results) should yield the same average value that our

correlation functions would achieve if no null results were submitted in the �rst place

(i.e. with perfect detectors). As noted above, the purpose of this chapter is to explore

how either correlation function can be a�ected if this assumption is in error.

To rigorously consider the maximal e�ect that an erroneous FSA can have on our

EPR-steering bounds, we will adopt the operational assumption that when Alice is

cheating, she has complete control over which of her results are null. For the goal of

maximising either one of our correlation functions, it is preferable for a cheating Alice

to omit the results which she expects to contribute least strongly (in magnitude) to

the correlation function.

The fraction of results for which Alice claims a non-null result is denoted ε and will

be referred to as Alice's apparent e�ciency. This is distinct from the trusted detector

e�ciencies denoted by η in Chapter 3 (which implied Alice not only to be an honest

party, but also a trusted party). If we assumed that our results were genuinely

quantum mechanical, then the postselected values of Sn and Tn would simply be

obtained by dividing these functions by the value of Alice's e�ciency, as shown in

sections 3.1.3 and 3.2.2, which is in accordance with the FSA. But postselection, of

itself, is not what invokes a FSA � null postselection is simply a renormalisation of

our results. The FSA lies in the signi�cance we attribute to our postselection.

If we make no assumptions about the nature of Alice's null results, we have nothing
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more than P (Aj = 0) = ε, where we are using Aj = 0 to denote null results.

Thus, postselecting out null results (still) involves nothing more than reassigning

1 =
∑

Aj
P (Aj |Aj 6= 0) = P (Aj = 1) + P (Aj = −1), where previously we would

have had 1 = P (Aj = 1) + P (Aj = −1) + P (Aj = 0). This would simply give a

factor of 1/P (Aj = 0) = 1/ε to every value of P (Aj). From Eq. (3.24), we can see

that this should lead to us applying a factor of 1/ε to every j-term of Sn.

Therefore, if we removed every term of Sn that corresponded to a null result from

Alice � which is conveniently accomplished by designating Aj = 0 for null results

of Aj (so that AjBj = 0) � and renormalised Sn to re�ect the assumption that our

measured values of P (Aj = ±1) are independent of our measured value of P (Aj = 0),

then when Alice submits only a fraction ε of her results, our postselected linear EPR-

steering function would be

sn(ε) = − 1

εn

n∑
j=1

〈
Aj〈B̂j〉Aj

〉
, (6.1)

which we have denoted with a lowercase label, as will be our convention for the

postselected forms of our EPR-steering functions hereafter. From Eq. (3.54), we can

see that each term of Tn has the same linear dependence upon P (Aj) as Sn did, so

applying the same postselection to Tn should give

tn(ε) =
1

εn

n∑
j=1

EAj

[
〈B̂j〉2Aj

]
, (6.2)

with the proviso that we omit each term (or require 〈B̂j〉Aj=0 = 0) for a null result

of Aj . Unlike Eq. (6.2), Eq. (6.1) is e�ectively equivalent to Eq. (3.24), except

with the possibility of Aj = 0 added to the set of Alice's possible results, and with a

prefactor of 1
ε � but if we wish to use a form of Tn that only requires something as

simple as the addition of an Aj = 0 option, we could instead de�ne

tn(ε) =
1

εn

n∑
j=1

EAj

[
|Aj |〈B̂j〉2Aj

]
, (6.3)

which, given the restriction that Aj ∈ {±1, 0}, would behave exactly the same as

Eq. (3.50) with a prefactor of 1
ε .

Note that the option of assigning Aj = 0 cannot represent physical result, and is

merely a mathematical convenience for representing null results. Since our mathe-

matical de�nition of Sn does not include restrictions upon the values of Aj results,

requiring a certain amount of them to be zeroes does not a�ect the validity of this

expression as a correlation function. However, this does a�ect the validity of kn and

gn as EPR-steering bounds. The value of ε a�ects Sn and Tn through the prefactor

of 1
ε , but it also changes the restrictions upon the values that sn(ε) and tn(ε) can

take.

Therefore, the existence of loss in realistic detectors means that a practical imple-
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mentation of our EPR-steering criterion will unavoidably di�er from the idealised

ones we have considered above. We now discuss the detection loophole this presents,

and the four di�erent ways it can be treated.

Upon consideration of the roles of our experimental parties in the approaches we

discuss, there emerges a natural progression in the experimental justi�cations re-

quired for each approach. Having observed this, we can characterise the kind of logic

that each approach embodies, and such characterisations are what we have used to

label each approach, and index them (as subsections hereafter) in the context of this

progression.

6.2 Dealing With Loss: Denial

The fair sampling assumption is a principle which is based on quantum mechanical

behaviour, and in most experiments, it is quite reasonable to assume that the set of

measurements that returned null results did so because of the probabilistic properties

of one's detectors, rather than anything to do with the system under study. The

quantum mechanical principles of the known composition of photon detectors agree

with the assumption that the probability of a photon being detected is independent

of the spin measurement result of that photon. No experiments have ever exhibited

behaviour that disagrees with this postulate; however, because it is (by de�nition)

impossible to know what the result of an undetected photon would have been, this

assumption is impossible to prove.

Thus, it remains an assumption that is based on the principles of quantum mechanics.

But tests of nonlocality are themselves tests of quantum mechanics. Therefore, no

test of quantum nonlocality can be considered rigorous if it allows a FSA. Any exper-

imenter that does not address this must either have complete trust in the predictions

of quantum mechanics, be unconcerned about the rigour of their experiment, or be

in denial about the problem of loss.

Indeed, if Bob allowed a FSA in his calculation of Sn and Tn, giving Eq. (6.1) and

Eq. (6.3), as above, then this would open a detection loophole in his test, allowing

a cheating Alice to violate any of the EPR-steering bounds calculated in Chapter

5. If Alice has the ability to locally select the state that Bob measures, she will be

able to calculate his expectation value for every measurement he performs upon that

state. Thus, she would also have the ability to choose {Aj} such that every Aj〈Bj〉
term in Sn is the same sign (and every term of Tn is necessarily non-negative in any

case). Therefore, for any case where the expectation values of Bob's measurements

were not all equal, Alice could submit nulls for the measurement corresponding to

Bob's lowest expectation value � and the averages performed in sn and tn would then

exceed the values they held when Alice submitted no nulls.

Even in the case that Bob's expectation values for Alice's optimal LHS were all

equal, then it is still quite possible in many (if not all) cases for Alice to choose
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a di�erent LHS orientation that yields a non-equal set of expectation values such

that, if Alice submits a null corresponding to the lowest one, the average over the

remaining expectation values would exceed their previous value. A simple example

of this would be if, for the n = 2 measurements in section 5.1, Alice submitted a

null for one of the axes, and aligned Bob's LHS with the other axis: in this way,

Bob's expectation values would be 1 and 0 rather than 1√
2
for both measurements,

and an apparent e�ciency of ε = 0.5 or less would allow a cheating Alice to achieve

sn = tn = 1 under a FSA. It may not always be possible to change Bob's state

orientation such that the average of his n − 1 largest expectation values is greater

than the average of his previously-equal expectation values, but it is quite likely to

be the case � but this is not worth proving since it is already clear that it is possible

for a cheating Alice to violate the EPR-steering bound in most, if not all cases, where

the detection loophole is left open.

6.3 Dealing With Loss: Anger

When confronted with the experimental weakness that the reality of imperfect detec-

tors can in�ict upon our EPR-steering bounds, it is clear that a consideration of null

results cannot be avoided. We may envisage an experimenter who is angry about this

uncomfortable necessity, and wishes to pass on his frustrations to the experimental

parties.

The simplest method of closing the ine�cient detection loophole, albeit not the most

logical in the discrete variable tests we have considered (it is much more practical

in, for example, tests employing homodyne detectors), would be if Bob forbade

submission of any null results from Alice. If Alice is required to submit a result

for every measurement, this presumably requires her to fabricate results based on

her knowledge of the system. For a cheating Alice who is locally predetermining

Bob's state, this naturally does not change her optimal strategies for choosing what

results to submit to Bob, and the best outcomes she can obtain are the EPR-steering

bounds, kn and gn, described in Chapter 5.

However, if Alice is honest, her knowledge of the system under study is derived

solely from the results of her measurements. So an honest Alice has no means

of determining, or even of estimating, which results would exhibit correlations with

Bob's. Therefore, whatever values she chooses to submit for her erstwhile null results

will have a completely random degree of correlation with Bob's. Such results will, on

average, exhibit the same amount of correlation as an Aj = 0 result would. Thus, if

Alice's detector e�ciency genuinely is ε, then EPR-steering can only be demonstrated

if εµ > kn or ε2µ2 > gn.

This can be seen by calculating Sn and Tn for an honest Alice with an e�ciency of
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ε, starting with:

Sn =

〈
− 1

n

n∑
j=1

Aj〈σ̂βj 〉Aj

〉
Aj∈{±1}

= − 1

n

n∑
j=1

∑
Aj=±1

P (Aj)Aj〈σ̂βj 〉Aj

= − 1

n

n∑
j=1

∑
Aj

P (Aj)Aj

∑
Bj

BjP (Bj |Aj)

 , (6.4)

but at this point, we must stop to di�erentiate between Aj values that are the result

of a measurement, or the result of a guess, respectively indicated by D = 1 and

D = 0 (it is therefore clear that P (D = 1) = 1 − P (D = 0) = ε). Doing so, the

bracketed term in the last line above becomes∑
Bj

BjP (Bj |Aj) =
∑
Bj

∑
D

BjP (Bj |Aj , D)P (D)

=
∑
Bj

BjP (Bj |Aj , D = 1)P (D = 1)

+
∑
Bj

BjP (Bj |Aj , D = 0)P (D = 0)

= ε
∑
Bj

BjP (Bj |Aj , D = 1)

+(1− ε)
∑
Bj

BjP (Bj |Aj , D = 0), (6.5)

where, in the �rst line, we have used

P (Bj |Aj) =
∑
D

P (Bj |Aj , D)P (Aj |D)P (D)/P (Aj)

=
∑
D

P (Bj |Aj , D)P (D),

which assumes that P (Aj |D) = P (Aj), so we see that this does not address every

instance in Sn where Aj is a�ected by its detection status D. Indeed, P (Aj) will

be most strongly a�ected by it, since there are now cases where Alice must actually

choose what she wants P (Aj |D = 0) to be. We will label these choices as P (Aj =

1|D = 0) = P+ and P (Aj = −1|D = 0) = P−. From our Werner states, we know

that P (Aj |D = 1) = 1
2 , but when D = 0, Alice can de�ne any values such that

P+ + P− = 1. Because of our states, we can also tell that P (Bj |Aj , D = 0) = 1
2

(∀Aj , Bj), and when D = 1, Alice's result is not always Aj = −Bj , but rather,

P (Bj = −Aj |Aj , D = 1) = µ + 1−µ
2 ⇒ P (Bj = Aj |Aj , D = 1) = 1−µ

2 , since there

is an equal chance of receiving either outcome when Alice's received ensemble is

unentangled, which happens 1− µ of the time with our Werner state.

So, calculating
〈
Aj〈σ̂βj 〉Aj

〉
with all of this information (with Aj = ±1 and Bj = ±1
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represented by Aj(±) and Bj(±) so that we observe their positions), we obtain〈
Aj〈σ̂βj 〉Aj

〉
=

∑
Aj

P (Aj)Aj
∑
Bj

BjP (Bj |Aj)

=
∑
Aj

P (Aj)Aj
∑
Bj

∑
D

BjP (Bj |Aj , D)P (Aj |D)P (D)/P (Aj)

=
∑
D

P (D)
∑
Aj

P (Aj |D)Aj

∑
Bj

BjP (Bj |Aj , D)


= ε

1

2
Aj(+)

[
Bj(+)

(1− µ)

2
+Bj(−)(µ+

1− µ
2

)

]
+ε

1

2
Aj(−)

[
Bj(+)(µ+

1− µ
2

) +Bj(−)
(1− µ)

2

]
+(1− ε)P+Aj(+)

[
Bj(+)

1

2
+Bj(−)

1

2

]
+(1− ε)P−Aj(−)

[
Bj(+)

1

2
+Bj(−)

1

2

]
= ε

1

2
Aj(+) [−µ] + ε

1

2
Aj(−) [µ]

= −εµ, (6.6)

where the second last line is obtained by substituting in Bj(±) = ±1, and the last

line is obtained by substituting in Aj(±) = ±1. Quite noticeably, Alice's choice of

P− and P+ are completely irrelevant to the result of this function. We would expect

this, since the lack of correlation between Alice and Bob's results in the D = 0

cases is not due to any particular distribution of Alice's results, but is due to them

not being a function of Bob's system in any way. So, following on from the above

expression, we can see

Sn = − 1

n

n∑
j=1

〈
Aj〈σ̂βj 〉Aj

〉
= εµ. (6.7)

It is worth noting that 〈σ̂βj 〉Aj would still be calculable outside of the above working

from our knowledge that P (Bj = −Aj |Aj , D = 1) = µ+ 1−µ
2 and P (Bj = Aj |Aj , D =

1) = 1−µ
2 . From this, and from Eq. (6.5), we could obtain

〈σ̂βj 〉Aj = ε
∑
Bj

BjP (Bj |Aj , D = 1) + (1− ε)
∑
Bj

BjP (Bj |Aj , D = 0)

= ε
∑

Bj=±Aj

BjP (Bj |Aj , D = 1) + (1− ε)
∑

Bj=±Aj

BjP (Bj |Aj , D = 0)

= ε (AjP (Bj = Aj |Aj , D = 1)−AjP (Bj = −Aj |Aj , D = 1))

+(1− ε) (AjP (Bj = Aj |Aj , D = 0)−AjP (Bj = −Aj |Aj , D = 0))

= ε

(
Aj

1− µ
2
−Ajµ−Aj

1− µ
2

)
+ (1− ε)

(
Aj

1

2
−Aj

1

2

)
= −Ajεµ, (6.8)

which allows quite easily for the calculation of Sn = εµ if we take P (Aj |D = 0) =
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P (Aj |D = 1) = 1
2 , which is the only situation in which P (Aj) would be independent

of the sum over D, and thus, the only situation when the sum over D could be

taken past P (Aj) and into 〈σ̂βj 〉Aj . This is not unreasonable since, as seen above,

the values that Alice chooses for P± cannot a�ect the value of Sn. However, if we

make no assumptions about the values of P±, we encounter little more complication

in this calculation, giving

〈σ̂βj 〉Aj =
∑

Bj=±Aj

∑
D=0,1

BjP (Bj |Aj , D)P (Aj |D)P (D)/P (Aj)

= εAj
1− µ

2
P (Aj |D = 1)/P (Aj)− εAj(µ+

1− µ
2

)P (Aj |D = 1)/P (Aj)

+(1− ε)Aj
1

2
P (Aj |D = 0)/P (Aj)− (1− ε)Aj

1

2
P (Aj |D = 0)/P (Aj)

= εAj
1− µ

2
P (Aj |D = 1)/P (Aj)− εAj(µ+

1− µ
2

)P (Aj |D = 1)/P (Aj)

= −εµAjP (Aj |D = 1)/P (Aj)

= −εµAj/2P (Aj), (6.9)

where we cannot further evaluate P (Aj) here without making some assumptions

about the values of P±.

The �rst approach shortens our working quite a bit, and would be useful for an easier

working of Tn under these circumstances, which we should be able to obtain from

Tn =

〈
1

n

n∑
j=1

〈σ̂βj 〉
2
Aj

〉
Aj∈{±1}

=
1

n

n∑
j=1

∑
Aj=±1

P (Aj)

∑
Bj

BjP (Bj |Aj)

2

=
1

n

n∑
j

∑
Aj

P (Aj) [−Ajεµ]2

=
1

n

n∑
j

∑
Aj=±1

P (Aj)A
2
jε

2µ2

=
1

n

n∑
j

∑
Aj=±1

P (Aj)ε
2µ2

= ε2µ2, (6.10)

where the second line allows us to make use of 〈σ̂βj 〉Aj =
∑

Bj
BjP (Bj |Aj , D)P (D) =

−Ajεµ. Thus, the value of Tn obtained here by an honest Alice will be ε2µ2, and to

demonstrate EPR-steering will require ε2µ2 > gn.

If we employ Eq. (6.9) and refrain from assuming that P+ = P−, then what we
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obtain for Tn is

Tn =
1

n

n∑
j

∑
Aj

P (Aj) [−εµAj/2P (Aj)]
2

=
1

n

n∑
j

∑
Aj=±1

P (Aj)ε
2µ2A2

j/4P (Aj)
2

=
1

n

n∑
j

∑
Aj

ε2µ2/4P (Aj),

= ε2µ2
1

4n

n∑
j

∑
Aj

1

P (Aj)

=
1

4
ε2µ2

[
1/

(
ε
1

2
+ (1− ε)P+

)
+ 1/

(
ε
1

2
+ (1− ε)P−

)]
, (6.11)

which cannot be simpli�ed to remove the factors of P± (that we obtained by using

P (Aj) =
∑

D P (Aj |D)P (D) for each denominator). All we can do to simplify this

expression is substitute P− = 1−P+ (or vice versa), and cross-multiply the fractions

to obtain

Tn =
ε2µ2

1 + (1− 2ε+ ε2)(−1 + 4P+ − 4P 2
+)

=
ε2µ2

1− (1− ε)2(1− 2P+)2
. (6.12)

Given that this is the value of Tn obtained by an honest Alice, and that her choice of

P± will be for no other purpose than to try and maximise Tn, we should determine

her optimal choice of P± from which value(s) minimise this denominator � i.e. which

value(s) maximise (1 − 2P+)2. Since P+ = 0.5 is the only value of P± that allows

P (Aj |D) = P (Aj), it is the only choice which causes Eq. (6.12) to reduce to Tn =

ε2µ2, as we would expect. But surprisingly, this is the lowest possible value of

(1− 2P+)2, and thus corresponds the lowest possible value of Tn.

The function (1− 2P+)2 is a parabola that has a global minima of zero at P+ = 0.5

and goes to 1 at P+ = 0 and P+ = 1. So it seems that the largest values of Tn are

obtained when Alice chooses either P+ = 1 or P− = 1. With such a choice, we would

have

Tn =
ε2µ2

1− (1− ε)2
=

ε2µ2

2ε− ε2
. (6.13)

The function (1 − ε)2 is a similar parabola (to (1 − 2P+)2), but going to zero at

ε = 1, and going to 1 at ε = 0. Although this means the denominator goes to zero

as ε → 0, the factor of ε2 in the numerator approaches zero faster, so this form of

Tn still maintains the logical bound of Tn = 0 at ε = 0. When ε → 1, we �nd

the denominator approaches 1, which we would expect, as this leads to our previous

result of Tn = µ2 with ε = 1. But up until this point, the denominator is less than 1,

which grants an honest Alice a higher value for Tn than ε
2µ2, and the factor by which

Tn exceeds ε2µ2 increases as ε decreases (but the decrease in ε2 always outweighs the
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Figure 6.1: The kn and gn bounds for the �Anger� strategy.

increase in 1/(2ε− ε2), so Tn is still a decreasing function with decreasing ε). What

this means is that when Alice receives a null result, she cannot demonstrate any

quantum correlations with Bob's results, but apparently she is still able to increase

the strength of the classical correlations between Alice and Bob's results by choosing

P+ or P− to be 1 or 0 instead of 0.5 � thus, it is logical for this e�ect to provide a

boost to Tn that increases as ε decreases (since this means there are more null results

that Alice can use to increase their classical correlations), and even more logical that

this boost is always outweighed by the decrease in Tn from the decreasing factor of

ε2 in the numerator of Eq. (6.13) (since if this were not the case, it would imply the

classical correlations to be stronger than the quantum ones).

Taking Eq. (6.13) to represent the value of Tn for an honest Alice, our nonlinear EPR-

steering inequality would be ε2µ2

2ε−ε2 > gn. Therefore, to demonstrate EPR-steering

under these conditions, an honest Alice would require an entanglement parameter of

µ > kn/ε or µ >
√
gn(2ε− ε2)/ε. These requirements, as a function of ε, are shown

in Figure 6.1.

Just as before our consideration of e�ciency, we can see that these bounds are such

that k2 > k3 = k4 > k6 > k10, and g2 > g3 = g4 = g6 = g10, which is not surprising,

but we also see that the gn bounds are more e�ective than the kn bounds for n ≤ 4,

and are also lower than the k6 and k10 bounds for a small range of ε-values.

It should be noted that, had we elected to leave P+ = P− = 0.5 � which Bob could

conceivably demand of Alice in this approach, since these would be the statistics

exhibited by a genuine Werner state � we would have found the nonlinear bounds in

that case to be de�ned by g2 = k22 and gn>2 = k23 = k24 � that is, the n = 2 and n > 2
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nonlinear bounds would be identical to the n = 2 and n = 3 linear bounds in terms

of their requirements upon µ, and would overlap with those functions in Figure 6.1.

The deviation between the requirements of the linear and nonlinear bounds in this

approach is a new result and was not published in Reference [63] (which assumed

that Alice would fabricate natural statistics for her null result submissions).

6.4 Dealing With Loss: Depression

For an experimenter wishing to avoid the inconvenient reality of null results, it would

presumably be depressing to �nd that even when Alice is forbidden the option of

submitting null results, a rigorous test of EPR-steering still requires our experimenter

to keep track of Alice's apparent e�ciency, and enact a thorough consideration of

her measurement statistics in the presence of loss (especially to obtain the slight

improvement in loss-tolerance that we found in the nonlinear bounds).

Perhaps a better approach to maintain the rigour of our EPR-steering tests would

be allow Aj = 0 for Alice's nulls, but without postselecting out these results as in

the �Denial� case.

Such an approach has been used before for n = 2 and n = 3 with the Mul-

tiplicative Variance criteria [39, 40]. Indeed, the EPR-steering bounds in either

of those experiments are equivalent to the g2 and g3 bounds we calculate in this

section. However, the derivations of the EPR-steering inequalities for either of those

experiments (though very similar to the inequalities we have used here) are slightly

more akin to the example of �criteria from inference variances� given in Reference [5].

Calculation of the EPR-steering bound for this example is given in Appendix B, and

is shown to be identical to the g3 bounds derived in this section (and shown in Figure

6.2).

For our criteria, and within the notation we have used for them, this approach

amounts to exclusively using the non-postselected EPR-steering functions Sn and

Tn, and refusing to consider the post-selected variants, sn(ε) and tn(ε). To permit

null results in this manner would allow an honest Alice to submit only accurate

results, and would prevent a cheating Alice from using selective nulls to achieve

any result such that Sn > kn. This latter fact can be easily deduced through the

knowledge that a cheating Alice attains her maximal Sn and Tn values (the kn and

gn bounds) by choosing her results such that every Aj〈σ̂βj 〉ρβξ term is of the same sign

(and every 〈σ̂βj 〉2ρβξ
term is always of the same sign anyway), and when the LHS she

has chosen achieves the maximal average of Bob's n expectation values. Therefore,

every Sn or Tn term contributes more constructively to the average than a zero-value

would. Thus, choosing nulls for any result can only lower a cheating Alice's EPR-

steering functions. As mentioned in the �Denial� strategy, choosing some results to

be null will not typically lead to a cheating Alice obtaining εkn (and/or εgn), as not

all Sn (or Tn) terms are generally equal, and even when they are, Alice's optimal
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LHS for n measurements may be di�erent to her optimal LHS for some choice(s) of

εn measurements.

However, if any LHS allowed for Sn to have a value of Sn ≥ kn when ε < 1, then

the null terms would still correspond to non-negative Sn terms, and this LHS would

yield a value of Sn that was equal to or larger than the Sn value when ε < 1, and

thus, the LHS used to derive kn would not actually be optimal. Therefore, by its

de�nition, there can be no cheating strategy for ε < 1 that allows Sn to surpass

kn. Analogous reasoning allows us to correspondingly deduce that there can be no

cheating strategy for any value of ε that allows Tn to surpass gn.

Note that to allow a possible result value of Aj = 0 in addition to Aj = ±1 does not

require any alterations to our EPR-steering criteria, as their derivations hold for any

set of Aj values for which −1 ≤ Aj ≤ 1 � so there is also no reason, on this front, to

expect our kn and gn bounds to be invalidated.

In keeping with the working shown in sections 3.1.3 and 3.2.2, when we allow Alice the

option of submitting Aj = 0 for her null results, we can �nd that the values attained

by an honest Alice using this approach would be Sn = εµ and Tn = εµ2. This is also

easy to verify using the same general working as that for the �Anger� approach, if we

replace P (Aj = ±1|D = 0) = 0, and P (Aj = 0|D = 0) = 1. Just as above, we would

keep the relations that P (Aj = ±1|D = 1) = 1
2 and (implicitly) P (Aj = 0|D = 1) =

0, along with e�ectively all of the other relations we have used. Thus, our D = 1

terms would remain unchanged, and our D = 0 terms would automatically be zero.

Thus, the requirements upon an honest Alice for demonstrating EPR-steering would

be for a detector e�ciency ε and state entanglement parameter µ such that εµ > kn

or εµ2 > gn, or, in terms of the µ-values required; µ > kn/ε or µ >
√
gn/ε. These

requirements are shown in Figure 6.2 as a function of ε. The values of these bounds

are the same as those obtained with the �Anger� approach for the linear criteria (one

may expect depression at this realisation), but the nonlinear bounds obtained with

this approach o�er a slight improvement.

Just as in the previous chapter, and as in Figure 6.1, we can see that these bounds still

display the hierarchy that k2 > k3 = k4 > k6 > k10, and g2 > g3 = g4 = g6 = g10,

and we also see that the gn>2 bounds are more e�ective than the kn bounds for

n ≤ 4, and are also lower than the k6 and k10 bounds, but for a substantially larger

range of ε-values than in Figure 6.1.

6.5 Dealing With Loss: Acceptance

Seeing that a cheating Alice's capabilities vary with ε, it is clear that rigorous

tests of EPR-steering require consideration of how her optimal strategies depend

on ε. As we have seen, accepting the reality of null results and exploring the

implications of this admission does make our EPR-steering bounds more powerful,

allowing demonstration of EPR-steering even in the presence of imperfect detectors.
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Figure 6.2: The kn and gn bounds for the �Depression� strategy.

It is clear that Alice's apparent e�ciency is a factor which can impose considerable,

and predictable, restrictions on the ability of a dishonest Alice to feign EPR-steering.

However, the above approaches only marginally consider Bob's measurement strate-

gies in regards to what cheating strategies Alice may use to take advantage of some

feigned ine�ciency. Indeed, our derivations of the above bounds are composed mostly

through deductions of what we know to be (and know not to be) in the realm of

possibility for a cheating Alice, using an apparent e�ciency of ε, and for any set of

n measurements.

The e�ciency-dependent bounds derived in this chapter are rigorous, but were

derived to be applicable for any given value of ε, and do not consider the di�erent

strategic advantages that certain ε-values or certain state orientations may o�er a

cheating Alice (which, we should expect, would vary depending on the measurement

set in use). However, the measurement sets we have dealt with so far were speci�cally

chosen for the purposes of seeking EPR-steering bounds that are as powerful as

possible. We have both of these reasons to expect that a generalised consideration of

Alice's cheating strategies, as above, would not necessarily lead to tight EPR-steering

bounds.

In the next chapter, we obtain tight EPR-steering bounds by identifying and calcu-

lating the most e�ective cheating strategies available to Alice for all values of ε.
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Chapter 7

Loss-Tolerant EPR-Steering

Inequalities

The considerations of the previous chapter were based on the observation that to

employ a fair sampling assumption in tests of quantum nonlocality would open a

detection loophole, compromising the rigour of any such test in the presence of

imperfect detectors. Such a loophole would make it possible for a cheating Alice

to obtain values in either EPR-steering criteria that violate EPR-steering bounds

derived for ε = 1 tests. This loophole was closed if Bob prohibited the option

of Alice submitting null results, and also in the more feasible scenario when Bob

allowed nulls, but not postselection.

However, the bounds obtained in this manner did not close the detection loophole by

merit of forbidding postselection, but by analysing the way in which null results were

treated by Bob, and how this a�ected Alice's cheating capabilities. For instance, the

derived EPR-steering bounds that Sn = εµ < kn and Tn = εµ2 < gn (obtained using

the �Depression� approach) would still hold if their null results were postselected out

by applying a factor of 1
ε to Sn and Tn, so long as their corresponding bounds (kn and

gn) were also multiplied by the same factor � i.e. multiplying both sides of εµ < kn

or εµ2 < gn by the same value does not change either relation. This is because we are

not invoking a fair sampling assumption to justify such postselection (if we were, we

would have the bounds of µ < kn and µ2 < gn, which contain detection loopholes).

The important consideration for maintaining rigour in any consideration of null

results is simply that: whatever e�ect our treatment of null results has for an honest

Alice, we must also consider how it may a�ect a dishonest Alice, and consider that

these e�ects may not be the same as those for an honest Alice � which is the key

point in this, regardless of whether or not postselection is part of one's treatment of

null results.

The key to obtaining rigorous bounds is not by completely disallowing postselec-

tion, but by identifying the ways in which it can bene�t a cheating Alice, and

then rede�ning one's EPR-steering bounds according to Alice's altered capabilities.
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To most e�ectively gauge a cheating Alice's capabilities, we calculate her optimal

cheating strategies for each measurement set, at each possible apparent e�ciency.

The maximal values Alice can obtain with these parameters will be used to de�ne

tight EPR-steering bounds � that is, rigorous EPR-steering bounds that are as loss-

tolerant as possible � for both of our EPR-steering criteria.

The results of this chapter are original work, which have been published (almost in

their entirety) in Reference [63], and prior to this, the results of section 7.3 were

also experimentally employed in Reference [41]. The results of section 7.4 are also

original work (and have been published in Reference [63]), but it should be noted

that the n = 2 and n = 3 bounds presented there turn out to be equivalent to the

nonlinear bounds for n = 2 and n = 3 in section 6.4 (and thus, equivalent to the

n = 3 bound in Appendix B), and as such, they are also equivalent to EPR-steering

bounds calculated for n = 2 and n = 3 in previous publications [39,40].

7.1 Linear Criteria � Deterministic Bounds

As we have seen, there clearly exist speci�c constraints on the values that can be

obtained with

Sn(ε) = − 1

n

n∑
j=1

〈
Aj〈B̂j〉Aj

〉
, (7.1)

as an EPR-steering function which does not postselect out Alice's null results (but

can still consider them as values of Aj = 0), but there exist di�erent constraints on

the values that can be obtained with

sn(ε) = − 1

εn

n∑
j=1

〈
Aj〈B̂j〉Aj

〉
, (7.2)

which is the same function, under the condition that Alice's null results are postse-

lected out (with Alice's apparent e�ciency being ε). Both of these expressions can

be calculated without any reformulation by representing null results as Aj = 0 for

mathematical convenience. However, we have seen that the constraints on either

form of our linear EPR-steering function are quite dependent on Alice's apparent

detector e�ciency, ε. For this reason, we have relabelled both forms as a function

of ε, since any rigorous bound on either form must inevitably consider ε. We shall

retain this convention for the rest of this thesis, and will generally refer to either

form as �the linear EPR-steering function�, with contextual distinctions between the

postselected and non-postselected versions where necessary (these being Eq. (7.2)

and Eq. (7.1), respectively).

For either Sn(ε) or sn(ε), if we were to calculate its result after all n measurements

were performed once, we would observe that the terms corresponding to Alice's null

measurements would simply be zero, as expected. But considering which speci�c Aj

are stipulated (by Alice) to be zero, it would appear that our sum was equivalent to
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a variation of Sn(ε) which is not actually de�ned for {j}, but for some set {J} such
that {J} ⊂ {j}, where {J} contains only the εn members of {j} � those for which

Aj is nonzero (so AJ ∈ {±1}∀J , and Aj = 0 ∀j /∈ {J}). If Sn(ε) were formulated

to only consider j values such that j ∈ {J}, which is to say, that {Aj} = {AJ}
(or {Aj} ∈ {AJ}), then the (non-postselected) EPR-steering inequality originally

de�ned in Chapter 3 by Eq. (3.16) would still be applicable to the above expression.

In that case, such an inequality would only yield limits on the values of Sn(ε) that

could be obtained with that speci�c set of {J}.

Therefore, in a single experimental run � that is, when each of the n measurements

is performed once by Bob, and Alice correspondingly submits measurement results

once for each orientation (including nulls) � if Bob records which measurements Alice

submitted null results for, Bob can directly calculate a modi�ed form of Sn(ε) over

a measurement set {J}, which consists of all of Alice's non-null measurements. In

contrast with Eq. (3.18), the (non-postselected) EPR-steering bound for this form

of Sn(ε) would be

max
{AJ}

[
λmax

(
1

n

m∑
J=1

AJ B̂J

)]
, (7.3)

where we have de�ned m to be the number of non-null results Alice submits out of

n (so with an apparent e�ciency of ε, we will have m = εn), which is equivalent

to the number of elements in {J}. Equivalently, the bound on sn(ε) would be this,

multiplied by 1
ε , this being

max
{AJ}

[
λmax

(
1

m

m∑
J=1

AJ B̂J

)]
. (7.4)

In both of these cases, the maximisation over {AJ} is not over all possible com-

binations of n Aj values, but over all possible combinations of m AJ values (AJ

values being ±1, unlike Aj ∈ {±1, 0}) of the selected m measurements. These

bounds would correspond to the maximal values a cheating Alice could obtain if

she always chose the same measurements to be null. Obviously, these bounds will

not necessarily be the maximum attainable sn(ε) value (an EPR-steering bound),

since these maximisations are not over all possible {Aj} arrangements: the possible

arrangements that these maximisations are over will all have the same ε, and all of

the arrangements they consider will not even consist of all possible {Aj} that have
the same ε.

However, as the maximisation over {AJ} in the above expressions is something that

we will perform computationally, it is not di�cult to rede�ne it to be over all {Aj}
sets with the same ε (which we will denote {Aj}ε).

Previously, we had two possible choices of Aj for each j, and using this, we calculated

that the number of possible {Aj} arrangements was 2n. Similarly, if we now consider

three possible choices for each Aj (±1 or null), then the number of possible {Aj}
arrangements for each n is given by 3n. However, since the value of ε is something



98 Loss-Tolerant EPR-Steering Inequalities

we now care about, we must distinguish these {Aj} arrangements by the values of

ε they give. Doing so, we can calculate the EPR-steering bound on Sn(ε) for any

experimental run where Alice chooses a number, m, of her n results to be null. We

shall refer to this bound as a deterministic bound on Sn(ε), which is denoted as

Dn(ε) = max
{Aj}ε

[
λmax

(
1

n

m∑
J=1

AjB̂j

)]
, (7.5)

without postselection of nulls. As a bound on sn(ε), this would be

dn(ε) = max
{Aj}ε

[
λmax

(
1

m

m∑
J=1

AjB̂j

)]
. (7.6)

As 1
n and 1

m di�er by a scalar factor of 1
ε , the values ofDn(ε) and dn(ε) will be di�erent

(always, except when ε = 1), but the cheating strategies Alice uses to attain either of

these bounds will be the same (i.e. will entail the same choices of {Aj} and of ρβξ ), and
such strategies will be referred to as optimal deterministic strategies for a given ε or

m. Deterministic bounds give the maximum value of sn(ε) that a cheating Alice can

attain when she submits non-null results for anym measurements. However, because

the de�nition of sn(ε) requires an average over Alice and Bob's results, the situation

in which a deterministic bound represents the maximum value of sn(ε) cannot be

when only n measurements are made by both parties (a single experimental run),

but must, experimentally, be when n measurements are made many times, and Alice

simply chooses the same n−m measurements to be null every time.

However, it is simple to see that a deterministic bound will still be the maximum

attainable sn(ε) value when Alice submits the same number of nulls in every run

of the n measurements. If Alice used more than one cheating strategy � by using

alternating strategies on alternating runs � then the sn(ε) value she obtained would be

some weighted average of the deterministic bounds corresponding to these strategies

(which is a point we will soon explore further). Therefore, if Alice used mixtures of

strategies with the same, optimal, deterministic bound, this would achieve a result

identical to that from using only one of those strategies. But if these strategies gave

di�erent bounds, then using any mixture of them would attain a value of sn(ε) lower

than the maximal deterministic bound. Thus, we can describe deterministic bounds

in terms of Alice's behaviour in a single experimental run, since such a description

would apply to all experimental runs.

An implication of this is that deterministic strategies can only exist for integer values

of m. Correspondingly, since m = εn, they can only be calculated for ε values

such that ε ∈ { 1n ,
2
n , ...,

n−2
n , n−1n , 1} (we can also discuss ε = 0, though this case is

obviously trivial). As such, the deterministic strategies we discuss will only be the

optimal deterministic strategies for each ε = m
n , and thus, the only strategies we

are concerned with here will all be uniquely identi�able by their apparent e�ciency,

which we will denote εm ≡ m
n , when necessary. Before considering how to lift this
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constraint, we will calculate the deterministic bounds on Sn(ε) for our Platonic solid

measurement schemes.

Determining Alice's optimal deterministic strategies computationally is a trivial

task, but it is also worthwhile to deduce the logic behind any of Alice's optimal

strategies. With the option of e�ectively eliminating (1 − ε)n terms of Aj〈Bj〉ρβξ in

each sum of
∑n

j Aj〈Bj〉ρβξ , the terms it would most bene�t Alice to omit will be

those which correspond to the lowest values of 〈Bj〉ρβξ (since |Aj | = 1∀j means that

|Aj〈Bj〉ρβξ | = |〈Bj〉ρβξ |∀j). However, recalling that Alice's optimal choices of spin

axes were dependent on Bob's set of measurements, the freedom to nullify a certain

number of Bob's measurement orientations will mean that her optimal choices of

spin axes will vary depending on how many Aj〈Bj〉ρβξ terms are nulli�ed, and which

measurements those terms correspond to.

Since the bounds we derive will be equally rigorous whether they are postselected

or non-postselected bounds, the values we discuss will generally be the postselected

ones, because these are most comparable to existing experimental data (a point we

will touch upon again in later chapters).

7.1.1 n=2 (Square Vertices)

In the case of only two measurements, the only values of εm that can be used to

calculate a value for d2(εm) are εm = 0.5 or εm = 1. The choice of εm = 1 obviously

reduces to the same situation as described in section 5.1 (yielding d2(1) = k2 =
1√
2
), but if Alice chooses εm = 0.5, this means that one measurement is e�ectively

discarded. Since there are only two measurements, Alice can choose to submit Aj =

0 for either one with the same result � that there will remain only one non-null

measurement, which Alice can align the spin axis with, yielding d2(0.5) = 1.

Unsurprisingly, EPR-steering cannot possibly be demonstrated using only one mea-

surement orientation. Therefore, for all values of n, EPR-steering cannot be demon-

strated for εm = 1
n , because dn( 1

n) = 1.

7.1.2 n=3 (Octahedron Vertices)

For three measurements, we may have εm = 1
3 ,

2
3 , 1. Obviously, εm = 1 is discussed

in section 5.2, yielding d3(1) = k3 = 1√
3
, which can be attained using any deter-

ministic strategy where Alice chooses ρβξ to be equidistant from all three of Bob's

measurements, as given by the calculation of optimal state orientation in Eq. (4.4).

This means that there are several state orientations which can be used to attain this

bound, as shown in Figure 7.1.

As discussed above, the deterministic bound for εm = 1
3 will yield d3(

1
3) = 1, which

can be attained using state orientations aligned with any one of Bob's measurement

axes.
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Figure 7.1: Optimal spin orientations for d3(ε) when ε = 1
3 (vertex-centred blue points),

ε = 2
3 (edge-centred green points), and ε = 1 (face-centred red points).

However, the deterministic bound for εm = 2
3 will give an expression of d3(

2
3) that is

equivalent to d2(1), since no matter which measurement is null, the remaining two

measurements will be orthogonal to one another, equivalent to the square vertices.

Thus, it is easy to see from comparison with previous results that this will result

in d3(
2
3) = 1√

2
. It can also be calculated that, just as for d2(1), this bound can be

attained using any state orientation that is equidistant between some pair of Bob's

measurements. But unlike n = 2, there are many more places where this condition

is met � at orientation upon every edge of the shape in Figure 7.1.

7.1.3 n=4 (Cube Vertices)

Four measurements allow deterministic bounds to be calculated for εm = 1
4 ,

1
2 ,

3
4 , 1.

As for every dn( 1
n), we can see that d4(

1
4) = 1.

When two of these four axes are eliminated, the two remaining measurement axes

are in the same plane, so (comparably to the above scenarios) there are two choices

of state axes in this plane that are centred between both measurement axes � but

since the measurement axes are not orthogonal, these two possible state axes are not

equally close to both measurement axes. Thus, there are only two optimal choices of

spin orientation for this situation � the two orientations (along the one axis) exactly in

between the two measurements on their closer side. On the graphical representation

of measurement orientations in Figure 7.2, these would be orientations positioned

in the middle of each edge of the cube. Though it is not di�cult to see that this

will be the case, it is con�rmed in the calculation of dn(εm), which is found to be

d4(
1
2) ≈ 0.8165.

Because all measurement axes are regularly spaced, elimination of one axis will have

the same e�ect, regardless of which axis is the one eliminated. That is, the three

(n − 1) remaining measurements will always have the same geometry, regardless of

which axis is eliminated, simply four (n) di�erent possible rotations of it (which
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Figure 7.2: Optimal spin orientations for d4(ε) when ε = 1
3 (vertex-centred blue points),

ε = 2
3 (edge-centred green points), and ε = 1 (face-centred red points).

obviously do depend on the choice of eliminated axis). This is another statement

which is true for any n regularly-spaced measurements.

But when only one measurement axis is eliminated (εm = 3
4), the three axes that

remain are no longer regularly spaced. Looking at Figure 7.2, one can even see that

if one measurement axis (one pair of diametrically opposite vertices) is removed,

then the optimal spin axis will no longer be face-centred on each side of the cube. A

simple geometric observation allows one to see that every face of the cube will have

one vertex that no longer de�nes a measurement. As we can tell in calculating d4(
3
4),

or more easily from calculating Eq. (4.4), the optimal spin axes will be positioned

on each face of the cube, but in between the three remaining vertices on each side.

This allows the spin axis to be closer to the measurements than when there were

four measurements, predictably allowing d4(
3
4) < d4(1), with d4(

3
4) ≈ 0.6383 (since

dn(ε) is the postselected bound). There are six equally valid choices of optimal spin

orientation when one measurement axis is eliminated, but these optimal orientations

depend on which measurement axis is eliminated, and since there is a choice of four

axes than can be eliminated, there are actually 24 possible optimal spin orientations

overall. Just as we calculated the number of possible choices of {Aj} arrangements

in the previous chapter from 2n, knowing that we had two possible choices of Aj ,

we can now calculate that there are 3n di�erent arrangements of {Aj} since we now
have three possible choices of Aj (±1 or null). Notably, di�erent portions of these

arrangements correspond to di�erent ε values.

7.1.4 n=6 (Icosahedron Vertices)

At this point, we can start to see some patterns emerging in the optimal choice of

spin with εm ∈ { 1n ,
2
n , ...,

n−2
n , n−1n , 1}. We know that in every case with εm = 1

n ,

the optimal spin orientation reduces to the trivial case of alignment with any one

measurement setting, attaining dn(εm) = 1, and we would expect that every case

with εm = 2
n (every case with only two measurement axes) would yield the optimal
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spin orientations to be those aligned with the centre of every edge on the Platonic

solid de�ned by measurement orientations (since every edge is the shortest possible

distance between any vertex pair, on the Platonic solids). This is indeed the case for

all measurement sets.

It may be worth noting that for n = 6 (as well as for n = 2, 3, and 4), every

measurement axis is the same angular distance from every other, so any pair of axes

are equally good for calculating d6(
2
6). Thus, any edge centre in Figure 7.3 is an

optimal choice of state orientation for Alice, and can be used to obtain the optimal

deterministic bound, d6(
1
3) ≈ 0.8507.

For the deterministic bound for εm = 3
6 = 1

2 , we would expect Alice's optimal

cheating strategy to entail submitting non-nulls for any three measurements that are

corners of the same face on the shape in Figure 7.3, this being the closest that three

measurement axes can be to one another in the n = 6 set. Indeed, this is the case,

with the deterministic bound being d6(
1
2) ≈ 0.7947, and this bound being attainable

with any LHS orientation that is face-centred in Figure 7.3, this being the spatial

average of three face corners, as calculable from Eq. (4.4). However, for the �rst

time in any of the deterministic strategies we have considered, it is not the case that

any three measurement axes can accommodate such a strategy, as, for this shape,

not all trios of axes will have a face that they share a corner of, even though all six

axes are angularly equidistant.

The deterministic bound for εm = 4
6 = 2

3 , can be found to be d6(
2
3) ≈ 0.6882. This

bound corresponds to scenarios where Alice submits nulls for some pair of the n

measurements, so the LHS orientations for any cheating strategy that can be used

to attain this bound will need to be �averages� of the closest possible arrangements

of four measurements. For our n = 6 measurements, as can be seen from Figure 7.3,

any such quartet of orientations should correspond to the vertices de�ning any pair of

faces that share an edge of the icosahedron. As can be found from Eq. (4.4), or simply

from geometric intuition (having observed the positions of other optimal states), the

optimal LHS orientation de�ned by this will be in the middle of these four vertices.

Incidentally (or, more accurately, due to the symmetries of the icosahedron), such

orientations can be de�ned on every edge-centre, thus corresponding to the same

optimal states for m = 2 (εm = 1
3).

When Alice submits nulls for only one measurement, so εm = 5
6 , we can calculate that

d6(
5
6) ≈ 0.5858. The optimal LHS orientations for any strategy attaining this bound

can be most easily understood by re�ecting on the observation that to attain,d6(1) ≈
0.53934, the optimal choice of LHS is upon any vertex in Figure 7.3. This is obtained

because the spatial average of these six measurement axes falls upon one of those

axes � in Figure 7.3, we can see these axes represented by a pentagon of vertices,

with a sixth vertex in their centre. Thus, to choose �ve of these axes that are as close

as possible, the axis that should be left out will be any axis except for the central

one (though, of course, because these axes correspond to pairs of antipodal vertices,

any axis that is omitted can be seen to ful�l this characteristic, due to the rotational



Linear Criteria � Deterministic Bounds 103

symmetries of the icosahedron). Thus, the optimal LHS orientations for εm = 5
6 are

the ones in Figure 7.3 that are quite close to some vertex, but still slightly within

the face that vertex shares with two other vertices (i.e. slightly farther away from

the �left-out� vertex on the other side of this formerly-central vertex).

Figure 7.3: Optimal spin orientations, relative to measurement orientations, for d6(ε) when
ε = 1

6 (red vertex-centred points), ε = 2
6 = 1

3 (yellow edge-centred points), ε = 3
6 = 1

2 (green
face-centred points), ε = 4

6 = 2
3 (yellow edge-centred points), ε = 5

6 (blue points between
face-centres and vertices), and ε = 1 (red vertex-centred points). Note that because of the
vertex symmetries, the optimal ensembles are identical for d6( 1

6 ) and D6(1), as is also the
case for d6( 2

6 ) and d6( 4
6 ).

7.1.5 n=10 (Dodecahedron Vertices)

From �nding the previous measurement settings, we can see that the ways in which

each optimal spin axis is discerned � even without the aid of our optimisations for

Eqs. (7.5)/(7.6) or (4.4) � is just a matter of �nding the closestm = εn measurement

axes and using the midpoint (an average) of their orientations.

With this observation, we can predict that the optimal strategies for d10(εm) will

entail LHS orientations that are vertex-aligned for εm = 1
10 , LHS orientations that

are edge-centred for εm = 2
10 , and for εm = 3

10 , orientations at one of �ve points on

any face of Figure 7.4 that are in the middle of any three nearest-neighbour vertices

(which will necessarily have one face that they all share). However, this method

of geometric deduction becomes less reliable than actual mathematics for d10(
4
10),

since choosing four vertices of any face of Figure 7.4 would be a good estimate for

four vertices that are as close as possible, but every vertex in this �gure also has

three other vertices that it shares an edge with (i.e. the closest distance between

any two vertices on a Platonic solid). Thus, it is not immediately clear which four-

measurement orientation should yield the optimal deterministic strategy for εm = 4
10 .

Interestingly, calculation of Eq. (4.4) or dn(εm) shows that either of these choices

can be used to attain the optimal deterministic bound for εm = 4
10 .

However, d10(
5
10) is more trivial, since the dodecahedron's faces have �ve vertices,
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so this is the closest choice of any �ve vertices � which results in the optimal LHS

orientations being centred on each face, in this case.

For the optimal m = 6 LHS, we must also rely less heavily on geometric intuition,

since visual inspection of Figure 7.4 would not make it immediately clear whether

the six closest choices of vertex would be an edge-centred arrangement (with the

six non-null vertices being the two forming any edge, along with the both of those

vertices' pairs of nearest-neighbours), or whether they should be the �ve vertices

of any face plus one more that is an edge-length away from that face (the spatial

average of these six vertices would lead to optimal LHS orientations close to each face-

centre, but moved slightly towards the direction of the face-external sixth vertex).

Calculation of the deterministic bound reveals the latter choice to be optimal in this

case, which yields �ve optimal LHS choices on each face in Figure 7.4.

Figure 7.4: Optimal spin orientations, relative to measurement orientations, for d10(ε) when
ε = 0.1 (dark blue dots), 0.2 (green �ve-pointed stars), 0.3 (yellow triangles), 0.4 (the red
squares and the dark blue dots), 0.5 (light blue dots), 0.6 (pink diamonds), 0.7 (brown
six-pointed stars), 0.8 (green �ve-pointed stars), 0.9 (maroon asterisks), and 1 (dark blue
dots). Note that because of the vertex symmetries, the optimal ensembles are identical for
d10(0.1) and d10(1), as is also the case for d10(0.2)and d10(0.8).

The optimal deterministic bound for m = 7 corresponds to non-null vertices that are

of a similar arrangement to (either of those) described form = 6. These vertices must

be all �ve of any face, plus two more vertices that share the non-face edges of some

pair of the face's vertices (if and only if these face vertices are nearest-neighbours).

This will correspond to �ve optimal LHS orientations on each face � these being

positioned almost equidistant between the face-centre and each edge-centre (but

slightly closer to the edge).

For m = 8, the optimal choices of non-null vertices for Alice's cheating strategies

are rather easier to describe. It can be found that the closest arrangement of eight

vertices upon the dodecahedron are any eight which de�ne two faces that share an

edge. Thus, the optimal LHS orientations corresponding to this arrangement will be

upon all edge-centres of the dodecahedron.

Naturally, the optimal arrangements of non-null measurements for εm = 9
10 can
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include any nine measurements, since the regular spacing of the dodecahedron's

vertices means that the spatial relationship between any one measurement axis and

the other nine will be the same regardless of which one axis is chosen. The spatial

reasoning behind the positions of each LHS corresponding to such a strategy can be

observed by identifying any ten vertices in Figure 7.4 that are all within the same

hemisphere (such a group of ten will form three faces, each of which shares an edge

with two others). In the centre of this arrangement will lie one of the vertices, the

εm = 1 optimal LHS orientations therefore being vertex-centred. From such a picture,

we can see that there are three vertices that share an edge of the dodecahedron with

this central one, and six vertices that do not, and are slightly farther away. Thus, the

optimal LHS orientations for m = 9 can correspond to the omission of one of these

six vertices, which will move the optimal LHS slightly away from the central vertex,

into the opposite direction of the null vertex. Using this interpretation, the sixm = 9

strategies clustered around each vertex in Figure 7.4 correspond to the possible null

submission scenarios for each of those six outlying measurements. We can see that

this is equally true for any vertex from the symmetries of the dodecahedron, and

from the positions of the εm = 9
10 strategies in Figure 7.4.

Another observation about each of these deterministic bounds is that we �nd dn(1) <

dn(n−1n ) < ... < dn( 1
n) = 1, which seems to hold for all previously considered values

of n also. Calculating the values of d10(εm), we �nd

d10(
1
10) = 1

d10(
2
10) ≈ 0.9342

d10(
3
10) ≈ 0.8595

d10(
4
10) ≈ 0.8090

d10(
5
10) ≈ 0.7947

d10(
6
10) ≈ 0.7125

d10(
7
10) ≈ 0.6614

d10(
8
10) ≈ 0.6114

d10(
9
10) ≈ 0.5547

d10(1) ≈ 0.5236

This behaviour is not surprising since it was shown in the previous chapter that we

should have kn(ε = 1) ≤ kn(ε = n−1
n ) ≤ ... ≤ kn(ε = 1

n) = 1, but the behaviour

of the deterministic bounds thus far could indicate that this relation could indeed

be derived to have a strict inequality. However, calculation of the non-postselected

bounds in all of the above cases reveals it to obey the trend that Dn(1) ≥ Dn(n−1n ) ≥
... ≥ Dn( 1

n) = 1
n .

Though not overly obvious in lists of numbers, it may be worth noting that d10(0.5) =
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d6(0.5). The value of d10(0.5) corresponds to the maximal value of S10(0.5) calculated

when the optimal choices of spin axes were centred on every face of the dodecahedron

� corresponding to the vertices of its dual solid, the icosahedron. The value of d6(0.5)

was also calculated when the optimal choices of spin axes were centred on every face

of the icosahedron � corresponding to the vertices of its dual solid, the dodecahedron.

Recall that we have previously seen d3(1) = d4(1) (as well as k3 = k4), where it was

also the case that the optimal spin axes were face-centred on both measurement

geometries � so the optimal spin axes of one de�ne the measurement axes of the

other in both cases, both geometries being dual solids. This is of little relevance to

our objective, but is an interesting point nonetheless.

It is also interesting to observe that there are overlaps between the dn( 1
n) and dn(1)

strategies, as well as the dn( 2
n) and dn(n − 2

n) strategies, which was also the case

for the n = 6 ensembles (and is, put simply, a result of the similarities between the

vertex-centred arrangements of the n closest measurements on these two shapes).

Note also the trend that optimal states move closer to face-centred until εm = 0.5,

and then move back towards vertex-centred (which was also the case for n = 6).

It should be noted that we have not bothered to detail the {Aj}ε sets de�ning each

optimal deterministic cheating strategy, as their composition is almost as formulaic

as that of the optimal LHS orientations themselves: to maximise sn(ε), a cheating

Alice should chose Aj = 1 for every non-null measurement within π
2 radians of

the LHS, and Aj = −1 for every non-null measurement more than π
2 radians from

the LHS (this division of Bob's measurements into two sets can de�ne 2n possible

measurements � each measurement in one set being an antipodal measurement of

one in the other set).

7.2 Nonlinear Criteria � Deterministic Bounds

As with sn(ε), we saw in the previous chapter that there exist e�ciency-dependent

constraints upon the values that can be obtained with the EPR-steering function we

use for our non-postselected nonlinear criterion,

Tn(ε) =
1

n

n∑
j=1

EAj

[
〈B̂j〉2Aj

]
, (7.7)

and on the postselected expression,

tn(ε) =
1

εn

n∑
j=1

EAj

[
〈B̂j〉2Aj

]
. (7.8)

To allow null results on either of these expressions would mean omitting the j-terms

for which Aj is null. However, the form of this function does not allow such a change

to be so easily implemented as for sn(ε), where we simply allowed Aj = 0, and the

form of the function led to the relevant terms becoming zeroes. However, as shown in
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the previous chapter, since the only values of Aj that Alice submits will be ±1 (since

any other value would immediately reveal to Bob that her results were not obtained

from a spin measurement), we can simply include a factor of |Aj | in every term of

either function, and representing null results as Aj = 0 would allow the relevant

terms to be excluded from tn(ε) without rede�ning 〈B̂j〉Aj=0 = 0, or requiring any

other signi�cant reformulation. Thus, from here on, we will equivalently represent

our nonlinear EPR-steering function as

tn(ε) =
1

εn

n∑
j=1

EAj

[
|Aj |〈B̂j〉2Aj

]
, (7.9)

in its postselected form, and in a similarly altered form for non-postselected Tn(ε)

expressions. In this way, we can again �nd the sum over j within either Tn(ε) or

tn(ε) to be equivalent to a variation which is not actually de�ned for {j}, but for
some set {J} such that {J} ⊂ {j}, where {J} contains only the m = εn members

of {j} for which Aj is nonzero (so AJ ∈ {±1}∀J , and Aj = 0 ∀j /∈ {J}). Thus, Eq.
(7.9) can be bounded according to Eq. (3.58), but such a bound will only be valid

if Alice always submits non-null results for the same m measurements and nulls for

the other n−m (i.e. it is only about for that speci�c set of {J}). But, just as with
Sn(ε), if we incorporate into this bound a maximisation over all {Aj} sets which

correspond to an e�ciency εm = m
n , then we can �nd a bound for our criterion that

is the maximum value of Tn(ε) obtainable for any choice of m non-null measurements

out of n (computationally, this only requires a maximisation over the possible values

of |Aj | in the sets of {Aj}). Such a bound upon the non-postselected function will

be

Fn(εm) =
1

n
max
{Aj}m

[λmax(Vm)] (7.10)

= max
{Aj}m

[
λmax

(
1

n

∑
J

|Aj |vβj v
βT
j

)]
,

and the relevant bound upon the postselected function, tn(ε), will be

fn(εm) =
1

εmn
max
{Aj}m

[λmax(Vm)] (7.11)

= max
{Aj}m

[
λmax

(
1

εmn

∑
J

|Aj |vβj v
βT
j

)]
.

We can see that the calculation of this bound, in either form, is more complicated

than the original, which simply involved a vector sum and an eigenvalue calculation,

whereas this also requires a maximisation over {Aj}m sets used to perform those

calculations.

Again, the postselected and non-postselected deterministic bounds will di�er only by

a factor of 1
ε , so they will always be di�erent values, except when ε = 1. This is the

only di�erence between these two forms of the bound, and therefore, both bounds will

be de�ned by (and attainable by) a cheating Alice's optimal deterministic strategy



108 Loss-Tolerant EPR-Steering Inequalities

� this being describable by the set of m measurements Alice chooses not to be null,

and the LHS that attains the highest value of tn(ε) over those measurements (i.e.

the largest eigenvalue of
∑

J |Aj |v
β
j v

βT
j ). The bounds are de�ned by these strategies

under the condition that when the n measurements are made many times, and Alice

simply chooses the same n − m measurements to be null every time, since these

bounds, just like all previously-considered ones, are only accurate over a statistically

large number of experimental runs.

Thus, we can calculate the deterministic bounds upon tn(ε) just as categorically as

for sn(ε). Deterministic bounds are only attainable for integer values of m − εn, so
can only be calculated for εm ∈ { 1n ,

2
n , ...,

n−2
n , n−1n , 1} (and the trivial ε = 0 case).

In calculating the deterministic bounds for tn(ε), we will also consider Alice's cheating

strategies for attaining these bounds. Though the expression(s) for our bounds do

not make it apparent, the form of Eq. (7.9) does suggest that the optimal cheating

strategies for tn(ε) should be similar to those for sn(ε) � with LHS orientations as

close as possible to as many non-null measurement axes as possible, thereby omitting

the lowest-valued 〈Bj〉2
ρβξ

terms.

Just as above, the deterministic bounds we derive will be equally rigorous whether

they are postselected or non-postselected bounds, though the values we discuss will

generally be the postselected ones.

7.2.1 n=2 (Square Vertices)

For two orthogonal measurement axes, there are only two di�erent deterministic

bounds. For ε = 1, we have the same result as in section 5.1, this being f2(1) =

g2 = 1
2 , and being attainable with any state spin orientation in the plane of these

two measurement axes.

For ε = 1
2 , we have the trivial result that d2(

1
2) = 1, corresponding to any LHS

orientations aligned with either measurement axis (this measurement axis being

the non-null measurement choice for Aj). Unsurprisingly, EPR-steering cannot be

demonstrated using only one measurement orientation. However, just as for sn(ε),

the observation of the reason for this suggests that for all values of n, we will obtain

fn( 1
n) = 1 when ε = 1

n , and therefore, EPR-steering will not be demonstrable with

any measurements, when ε ≤ 1
n .

7.2.2 n=3 (Octahedron Vertices)

For three orthogonal measurements, we will obtain the same result as in section

5.2 with ε = 1, this being f3(1) = g3 = 1
3 , and being attainable with any state

orientation, due to the spherical 2-design formed by these measurements.

As predicted above, the deterministic bound for ε = 1
3 yields f3(

1
3) = 1, which can be

attained using state orientations aligned with any one of Bob's measurement axes.
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Figure 7.5: Ranges of optimal spin orientations for f3( 2
3 ).

Just as for the linear criterion, the deterministic bound for ε = 2
3 will give an

expression of f3(
2
3) that is equivalent to f2(1) (and correspondingly, f3(

2
3) = f2(1) =

1
2), since whichever measurement is null, the remaining two measurements will be

orthogonal to one another, and will be equivalent to the square vertices. But unlike

the linear criterion, the optimal LHS orientations for n = 2 were not points, but

planes of points, since the two orthogonal vertices formed a circular 2-design. Since

the matrix Vm =
∑

j |Aj |v
β
j v

βT
j is equivalent to the ε = 1 matrix for n = 2, it

will form a two-dimensional identity matrix (multiplied by some scalar). But unlike

the n = 2 measurements, the n = 3 measurements are necessarily de�ned in three

dimensions. This means that the measurement matrix Vm will not be an identity

matrix, though it will exhibit the same properties as an identity matrix for any

states in a two dimensional region de�ned by the non-null j. Therefore, the optimal

cheating strategies for f3(
2
3) will involve Alice submitting nulls for one measurement,

and choosing a LHS aligned in any direction in the two-dimensional plane formed by

the other two measurements.

Thus, the optimal cheating strategies for d3(
2
3) (any edge-centred LHS) are also

optimal strategies for f3(
2
3), but here, there also exist in�nitely many more optimal

LHS orientations � any orientation that lies on an edge (or vertex). On the surface of

the Bloch sphere, the ranges of possible orientations for these optimal states would

be great circles in planes de�ned by all possible pairings of measurement axes, as

shown in Figure 7.5.

7.2.3 n=4 (Cube Vertices)

Four measurements allow deterministic bounds to be calculated for ε = 1
4 ,

1
2 ,

3
4 , 1. As

expected for any fn( 1
n), we can calculate that f4(

1
4) = 1.

It is equally trivial to �nd that f4(1) = g4 = 1
3 , with any state on the Bloch sphere

being equally valid as an optimal LHS, attaining this bound.
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Figure 7.6: Ranges of optimal spin orientations for f4( 3
4 ). The di�erently coloured (red)

lines roughly down the centre of the �gure correspond to the strategies that exclude the
(red) vertex pair on the left and right tips of the �gure above. Other (blue) lines correspond
to other strategies. For n = 4 and higher-n shapes, this is a less cumbersome representation
of planes than that used in Figure 7.5.

For m = 2, the cube's vertices do not form a spherical t-design of any kind. In

this case, the deterministic bound is f4(
1
2) = 2

3 , which, incidentally, is equal to

d4(
1
2)2. This is because the optimal deterministic strategies for this case are the

same (in terms of LHS orientation and |Aj | values � which actually means that there

exist twice as many {Aj} sets that attain the nonlinear bound). So these optimal

cheating strategies involve choosing a LHS that is equidistant between whichever

pair of measurement axes are non-null (so it will be any state that is edge-centred

on Figure 7.6).

Unlike the other deterministic bounds for n = 4, the deterministic bound for m = 3

does not satisfy f4(ε) = d4(ε), as f4(
3
4) = 4

9 ≈ 0.4444, which, also unlike all other

bounds we have seen for n = 2, 3, or 4, is not attained by the strategies that attain

d4(
3
4) (even as a part of a larger strategy set). Just as for n = 3, all of the Platonic

vertex measurements form a spherical 2-design, meaning thatVm =
∑

j |Aj |v
β
j v

βT
j ∝

I3 when m = n, but also as for n = 3, when m = n− 1, Vm still acts as an identity

matrix for all states applied to it that are orthogonal to the vβj of the omitted j-

term. The reason for this is more clear when we observe that if Vn = 1
3I3, then

Vn−1 = 1
3(I3 − vβj ). If we rotate our coordinate system so that for this one j-value,

vβj = [ 0 0 1 ] (as was trivial to do for the n = 3 measurement set), then it is

clear to see that Vn−1 ∝ I2 for a two-dimensional space orthogonal to vβj . Therefore,

we �nd that the deterministic bound f4(
3
4) can be obtained with any LHS that is

orthogonal to the axis of Alice's null measurement. The full set of LHS orientations

that can attain this bound are shown in Figure 7.6 (by their positions relative to the

cubic vertices), since they correspond to four di�erent great circles on the surface

of the Bloch sphere, each of these corresponding to the four di�erent measurement

axes which Alice may choose to submit nulls for.
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7.2.4 n=6 (Icosahedron Vertices)

Just as above, we can now see patterns emerging in the optimal LHS orientations with

respect to ε ∈ { 1n ,
2
n , ...,

n−2
n , n−1n , 1}. We can �nd that for n = 6, we have fn( 1

n) = 1,

the optimal LHS orientations for this being whichever measurement Alice submits a

non-null result for. For ε = 1, we also have f6(1) = 1
3 , with any LHS attaining this

bound.

It is also unsurprising (given the calculations of the previous subsection) to �nd that

the deterministic bound for ε = 5
6 can be obtained with any LHS that is orthogonal

to the axis of whichever measurement Alice submits a null value for � for the same

reasons as given in describing the optimal f4(
3
4) strategies. Thus, the deterministic

bound f6(
5
6) = 0.4 can be attained using a LHS oriented in any of the six two-

dimensional planes shown in Figure 7.7, depending on which measurement of Alice's

submits a null result.

Figure 7.7: Ranges of optimal spin orientations, relative to measurement orientations, for
f6( 5

6 ).

For every other deterministic bound, we will �nd that the optimal deterministic

strategies all correspond to the same LHS orientations as the optimal strategies

for d6(ε) when ε = 1
3 ,

1
2 , and

2
3 , as shown in Figure 7.3. This makes sense, upon

inspecting the vertex symmetries of the icosahedron. There should not be any better

LHS to maximise 〈σ̂βj 〉ρβξ form = 2 than that which is centred on the edge connecting

whichever two vertices correspond to Alice's non-null measurements. Indeed, this set

of strategies even attains f6(
2
6) = d6(

2
6)2 ≈ 0.7236. Similarly, there should not be

any LHS orientation for m = 3 that gives better values for 〈σ̂βj 〉ρβξ than that which

is equidistant from Alice's three non-null measurements, in the centre of any face

de�ned by those three measurement axes. Thus, every face-centred LHS can attain

f6(
3
6) = d6(

3
6)2 ≈ 0.6315.

With similar justi�cations, the optimal LHS orientations for f6(
4
6) are also the

same as for d6(
4
6) � edge-centred orientations, this being the central point in the

closest arrangements of four vertices. However, in this case, the optimal LHS is not

equidistant from all non-null measurement axes, as was the case with m = 1, 2, and

3.
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To highlight the implications of this, we should observe that for any optimal strategies

for sn(ε), every Aj〈B̂j〉 term is of the same sign, so we can deduce that
∣∣∣∑j Aj〈B̂j〉

∣∣∣ =∑
j

∣∣∣Aj〈B̂j〉∣∣∣ =
∑

j |Aj |
∣∣∣〈B̂j〉∣∣∣, and therefore, when every Aj〈B̂j〉 term is of the same

magnitude, we will have

sn(ε)2 =

− 1

m

∑
j

Aj〈B̂j〉

2

=
1

m2

∑
j

Aj〈B̂j〉

2

=
1

m2

(
mAj〈B̂j〉Aj 6=0

)2
= 〈B̂j〉2Aj 6=0,

which is not of much consequence by itself, but when we also observe that if every

〈B̂j〉2Aj 6=0 value (or, equivalently, every |〈B̂j〉Aj 6=0| value) is equal, it also holds that

tn(ε) =
1

m

n∑
j=1

|Aj |〈B̂j〉2Aj

=
1

m
m〈B̂j〉2Aj 6=0

= 〈B̂j〉2Aj 6=0

Thus, if the optimal LHS orientations are the same for dn(ε) and fn(ε), we can

see that we will only have fn(ε) = dn(ε)2 when the optimal LHS orientations are

equidistant from all non-null measurement axes (and therefore, all |〈B̂j〉Aj 6=0| are
equal). Indeed, we �nd the deterministic bound in this case to be f6(

4
6) = 0.5 6=

d6(
4
6)2.

7.2.5 n=10 (Dodecahedron Vertices)

With ten measurement settings, we see the continuation of the trend that fn( 1
n) = 1,

with vertex-centred LHS for every strategy attaining f10(
1
10) = 1. We also see a

continuation of the trend that f10(1) = 1
3 , as expected. For the deterministic bound

when ε = 9
10 = 0.9, we observe another behaviour that we have come to expect �

that the bound f10(0.9) = 10
27 = 0.370 is only obtained when Alice's choice of LHS

is orthogonal to her null measurement's orientation. This will correspond to ten

di�erent two-dimensional planes on the Bloch sphere, each de�ned by a great circle

that is orthogonal to every measurement axis.

These planes are represented in Figure 7.8. Upon comparison of this with Figures

7.7 and 7.6, we can observe that the optimal LHS ranges for fn(n−1n ) for for n = 4, 6,

and 10, intersect all of the edge-centres on each shape. Upon closer examination, this

seems to be only because the highly symmetric nature of the Platonic solids leads to

every edge-centre being orthogonal from some vertex upon the shape.
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Figure 7.8: Ranges of optimal spin orientations, relative to measurement orientations, for
f10(0.9).

The deterministic bounds for the other calculable ε-values are as follows:

f10(0.2) = d10(0.2)2 ≈ 0.8727

f10(0.3) ≈ 0.7446

f10(0.4) = 2
3

f10(0.5) = d10(0.5)2 ≈ 0.6315

f10(0.6) ≈ 0.5363

f10(0.7) ≈ 0.4724

f10(0.8) = 10
24 ≈ 0.4167

The LHS orientations for the optimal cheating strategies that attain these bounds

are shown in Figure 7.9. With the partial exceptions of f10(0.8) and f10(0.4), each

of these bounds is obtained by submitting null results in the same vertex pattern

as for their d10(ε) counterparts. However, note that the only two ε-values for which

f10(ε) = d10(ε)
2 are ε = 0.2 and 0.5 � this is because these are the only two bounds

for which the optimal LHS orientations are the same set are the same as those for the

linear deterministic strategies, which only happens here because the distance between

each LHS and all of the corresponding non-null measurements is the same value: i.e.

all |〈B̂j〉Aj 6=0| are equal, which is what leads to the implication that f10(ε) = d10(ε)
2

(the same can be said of f10(
1
n), though it is more trivial to see).

The aforementioned partial exception of f10(0.4) is because of the two di�erent vari-

eties of optimal cheating strategies for d10(0.4), only one is optimal for the nonlinear

criterion, attaining f10(0.4) � this being the strategy entailing vertex-centred LHS

orientations, with Alice claiming non-null results only for the measurements that

correspond to the vertex aligned with the LHS, and the three vertices connected to

that one by edges of the dodecahedron.
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The other partial exception, of f10(0.8), is because this bound is obtained with edge-

centred LHS orientations, as was the case for d10(0.8), but can also be obtained

with another distinct set of LHS orientations, wherein the measurements for which

it is optimal that Alice claim non-null results are no longer those which form two

touching faces of the dodecahedron. This latter set of optimal non-null measurement

arrangements for f10(0.8) are those that form one face of the dodecahedron, and the

three vertices that are attached to some two adjacent edges of that face. Thus, in

Figure 7.9, the LHS orientations that are optimal for this null arrangement are not

edge-centred, but are positioned between each face centre, and each vertex (i.e. the

average direction of each optimal trio of vertices outside the face).

In the case of f10(0.3), f10(0.6), and f10(0.7), the optimal non-null arrangements

are, as mentioned, the same as those for d10(ε). This is because the value of 〈B̂j〉2,
with respect to its angular distance (θ) from the state upon which it is measured

is cos2 θ, so picking m vertices that are as closely spaced as possible is still optimal

(though �closely spaced� is a relative term for some cases, like f10(0.8), for which the

d10(0.8) arrangements perform optimally, but so do other arrangements which were

not optimal for the linear criterion). But in these three cases, not all |〈B̂j〉Aj 6=0| values
are equal, so the optimal LHS orientations corresponding to these {Aj} arrangements

will involve optimising θ for each one, where each tn(ε) term is equal (or proportional)

to cos2 θ � whereas, in place of this function, the linear bound relied upon balancing

di�erent terms proportional to the relation that 〈B̂j〉 = cos θ. Therefore, moving a

state closer or farther from a measurement will have di�erent e�ects on the di�erent

criteria. So it is understandable to see that the optimal LHS orientations for these

three ε-values, shown in Figure 7.9, are close to, but slightly di�erent from those

shown in Figure 7.4.

Figure 7.9: Optimal spin orientations, relative to measurement orientations, for f10(ε) when
ε = 0.1 (dark blue dots), 0.2 (green �ve-pointed stars), 0.3 (yellow triangles), 0.4 (dark blue
dots), 0.5 (light blue dots), 0.6 (pink diamonds), 0.7 (brown six-pointed stars), and 0.8 (aqua
×-marks and green �ve-pointed stars). Note that because of the vertex symmetries, and
their interaction with tn(ε), the optimal ensembles are identical for d10(0.1) and d10(0.4).

From the optimal cheating strategies we have observed, we can see that there should
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indeed be some expression similar to Eq. (4.4) which determines that the optimal

LHS orientations for tn(ε) are also equal to some sort of spatial average of non-null

measurement orientations (as can be calculated from maximisation of tn(ε) in the

form of
∑

j cos2 θj terms), but such a relation does not hold for ε = 1 or ε = n−1
n , and

is quite di�cult to formulate with generality. The simplest way we can determine

the LHS locations in optimal cheating strategies for tn(ε) is still to de�ne them from

the eigenvalues of Vm =
∑

j |Aj |v
β
j v

βT
j .

Something else we can observe from all of the deterministic bounds above is that

the same trend of decreasing with ε; such that fn(1) < fn(n−1n ) < ... < fn( 1
n) = 1.

Similarly, calculation of the non-postselected bounds also reveals them to obey the

trend that Fn(1) ≥ Fn(n−1n ) ≥ ... ≥ Fn( 1
n) = 1

n .

We have also observed that the linear and nonlinear deterministic bound share many

of the same deterministic cheating strategies, though in these cases, which give the

same values of 〈B̂j〉 in either scenario, the same strategies do not lead to the same

bounds upon sn(ε) and tn(ε), or even sn(ε) and
√
tn(ε), for the same reason that

x+ y 6=
√
x2 + y2 in general (compare Eq. (3.19) with Eq. (3.50) for clari�cation of

this point).

But now that we have discussed the strategies that a cheating Alice can use for either

criteria, and the ways she can use them to deceive Bob when submitting nulls for the

same n−mmeasurements every time, we will now explore how Alice's cheating ability

is a�ected if she does not always submit null results for the same measurements, or

even the same number of measurements.

7.3 Linear Criteria � Nondeterministic Bounds

The previous subsection only described the implications of Alice eliminating the

same (1 − ε)n measurements out of every n measurements. But as discussed, in an

experimental test of either criteria, the same measurements will be performed many

times so that their results can be averaged for the purposes of minimising the e�ects

of quantum randomness upon the data. Therefore, it is important to consider what

may happen when Alice does not do the same thing on every experimental run.

Firstly, we should consider that when Alice does not choose non-nulls for the same

m measurements out of every set of n measurements, if she still chooses a di�erent

m measurements to be non-null, then the largest value she can obtain for either

EPR-steering function will still be the deterministic bound, since no other strategy

can yield a higher value. This is intuitively obvious, but we shall see the proof of

this below.

But if, in di�erent iterations of the n measurements, Alice does not always choose

m, her number of non-null measurements, to be the same value, then this approach

would amount to some strategy that entails a mixture of more than one deterministic
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strategy. It is trivial to see that this description �ts any strategy that is not

a deterministic strategy. Therefore, any such strategy will be referred to as a

nondeterministic strategy.

For our linear criterion, if Alice uses some deterministic strategy corresponding to

dn(εm), which we will identify by its ε-value, εm, then for each j, the average value

that will be obtained for Bob's j-measurement is 〈B̂j〉ρβξ (m)
, where ρβξ (m) is Alice's

optimal LHS for the strategy dn(εm). Therefore, the average contribution to sn(ε)

from this j term will be Aj(m)〈B̂j〉ρβξ (m)
, where {Aj(m)} is the set of Aj values that

correspond to the optimal strategy for dn(εm) that is obtained with ρβξ (m). If we

calculate the (postselected) value of sn(ε) that Alice obtains, we can see that it will

simply be

sn(ε) = dn(εm) = − 1

m

n∑
j

Aj(m)〈B̂j〉ρβξ (m)
,

which is exactly what we expect. But we can extend this reasoning to see that when

Alice uses two di�erent dn(εm) strategies, the average contribution to sn(ε) from

either one will be Aj(m)〈B̂j〉ρβξ (m)
for each j term. Therefore, if Alice uses more

than one deterministic strategy, say, each with frequency wm (where
∑

mwm = 1),

then for the portion of the time that Alice uses the deterministic strategy dn(εm),

each j term's average contribution to sn(ε) will be wmAj(m)〈B̂j〉ρβξ (m)
. The total

contribution to sn(ε) from that j term will be
∑

mwmAj(m)〈B̂j〉ρβξ (m)
. Following

this reasoning, it is clear to see that the value that will ultimately be obtained for

sn(ε) will be

sn(ε) = −
∑
m

wm
1

m

n∑
j

Aj(m)〈B̂j〉ρβξ (m)

=
∑
m

wmdn(εm),

where we can also �nd that the apparent e�ciency for this nondeterministic strategy

will be ε =
∑

mwmεm. From this expression, we can deduce that the value of

sn(ε) for any nondeterministic strategy will simply be a weighted average of the

sn(ε) values for every deterministic strategy used. Since it is always in Alice's best

interests to make Sn(ε) as large as possible, there will never be any kind of advantage

for Alice in using suboptimal deterministic strategies. Therefore, in determining

Alice's optimal nondeterministic strategies, we need only consider mixtures of Alice's

optimal deterministic strategies, dn(εm), with the m-value of each deterministic

strategy de�ned by εm = m
n (though we may consider any one of the degenerate

optimal deterministic strategies in each place � a factor we will address more fully

in the next chapter, within section 8.2).

Thus, the largest value value that Alice can attain for sn(ε) with a nondeterministic
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strategy of e�ciency ε is de�ned as

kn(ε) = max
{wm}

[∑
m

wmdn(εm)

]
, (7.12)

which we have labelled kn(ε) because this formulation now considers all ways in which

a cheating Alice can manipulate her strategies to increase sn(ε) � and so, kn(ε) is

what we now de�ne as our EPR-steering bound. But this bound now achieves our

desired level of rigour, being a function of Alice's apparent e�ciency.

Given our de�nition of dn(εm) as a postselected deterministic bound, kn(ε) is a

postselected nondeterministic bound. Its non-postselected equivalent is de�ned by

Kn(ε) = max
{wm}

[∑
m

wmDn(εm)

]
, (7.13)

which is also related to the postselected bound as

Kn(ε) =
1

ε
kn(ε). (7.14)

Either form of this bound is equally constrained by ε =
∑

mwmεm and
∑

mwm = 1.

It should be noted that this notation is not incompatible with our previous notation

of kn being a bound upon Sn, as the context in which we found Sn ≤ kn assumed

ε = 1, in which case we have Sn(ε) ≤ Kn(ε) = kn(ε).

We can see from Eq. (7.12) that as long as Alice has the option of choosing εm = 0

and εm = 1 (as she does for any n), then her wm can be chosen in such a way that

any (rational number) value of ε ∈ [0, 1] is accessible to her.

However, choosing εm = 0 will always result in sn(0) = 0, so it is never bene�cial

for Alice to include εm = 0. But εm = 0 could also be considered unimportant since

sn(0) = 0 is just a theoretical result, calculated by assigning Aj = 0 to null Aj results.

If all n measurements in a set have null results, then this does not actually give a

correlation function of Sn = 0, it gives no results and therefore gives no correlation

function to average (i.e. the value of sn(0) is not actually zero, it is �unde�ned�).

The implication of this is that in an actual experiment, using n measurement settings

means that e�ciencies of less than 1
n cannot really be considered. However, if we

were to assign Aj = 0 as though it were a valid result in these cases, then for ε < 1
n ,

our means of averaging (according to the fair sampling assumption) would just give

that sn(ε) = sn( 1
n) = 1 for all ε < 1

n , in which case demonstration of EPR-steering

would be impossible. Therefore, for ε < 1
n , it is always possible for a local model to

replicate the results of a (nonlocal) quantum mechanical model, so it is unnecessary

for us to consider kn(ε) bounds for ε < 1
n .

Maximising over {wm} at all points (which gives a continuous function), we obtain

kn(ε) values representing the ε-dependent EPR-steering bounds on sn(ε), which are

plotted in Figure 7.10, along with the deterministic bounds they are composed
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of (both being postselected in this �gure). We can observe that kn(ε), just like

the deterministic bounds themselves were, is a strictly decreasing function with

increasing ε (at least, within the range of ε ∈ [ 1n , 1]) for each n value.

Figure 7.10: Deterministic (the points) and nondeterministic (the lines) postselected bounds
on sn(ε) for n = 2, 3, 4, 6, and 10.

In Figure 7.10, the data markers represent all dn(εm) values, and the ones that lie on

the lines are deterministic bounds that are equal to nondeterministic bounds, since

dn(εm) = kn(εm) at these points, and this nondeterministic bound is attained when

wm = 1 for the m-value corresponding to the dn(εm) in question. However, this

does not preclude di�erent wm sets from also corresponding to this nondeterministic

bound.

We can see that most deterministic bounds have this property, but we can also see

that dn(εm) < kn(εm) for a few, like d10(0.4), d6(
5
6), d4(0.75), etc. At these ε-values,

the sets of {wm} de�ning the optimal nondeterministic bounds gave

kn(ε =
m

n
) =

1

2
dn(

m− 1

n
) +

1

2
dn(

m+ 1

n
),

which corresponds to a nondeterministic strategy composed of the two deterministic

strategies on either side of dn(εm) on the curves in Figure 7.10. Although this is the

case for all of the strategies we can observe here, note that this could not be the case

for any pair (or more) of suboptimal deterministic strategies; i.e. any dn(εm) and

dn(εm+1).

The circumstances that lead to deterministic strategies being suboptimal in this way

can be seen from examining their particular situations. For example, we can look

at the LHS orientations for d10(0.4), in comparison with the LHS orientations for

d10(0.3) and d10(0.5), which have all been replotted in Figure 7.11.
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Figure 7.11: Optimal spin orientations, relative to measurement orientations, for d10(ε) when
ε = 0.3 (yellow triangles), 0.4 (red squares), and 0.5 (blue dots).

The optimal LHS orientations for m = 5 are face-centred, with an obvious distance

from each of the �ve closest vertices. For the subset of m = 4 orientations that

are the midpoints between four vertices of a face, we can see that their distance to

those four vertices should be slightly less than that for the m = 5 distances (for the

vertex-centred subset of m = 4 states, this is also true, on average, but not as easy

to see). The m = 3 LHS orientations are the midpoints between any three closest

vertices of a face, and we can see that they are about the same distance from two of

these vertices as the m = 4 and m = 5 states are from all of their vertices, but the

one of the m = 3 vertices is much closer to the LHS than any are for the m = 4 or

5 LHS orientations. Therefore, on average, the m = 3 LHS orientations are quite a

bit closer to their non-null vertices than the m = 4 orientations are to theirs.

So the average distance between any optimal spin orientation and its m closest

measurements is greater for m = 5 than it is for m = 4, and greater for m = 4

than it is for m = 3 (on average). But this separation increases more sharply

from m = 3 to m = 4 than it does for m = 4 to m = 5. This di�erence in

gradient is enough that the average separation (between measurements and LHS

orientations) is greater for m = 4 than it is for a weighted average of m = 3 and

m = 5 strategies � which would be weighted such that for 3
3+5 of the time, a m = 3

strategy will be used, and for 5
3+5 of the time, a m = 5 strategy will be used (which

gives an average ε of ε = 0.4). Using this weighting of terms, it can be seen that

the weighted average of d10(ε = 0.3) and d10(ε = 0.5) is greater than d10(ε = 0.4),

(i.e. 1
2d10(ε = 0.3) + 1

2d10(ε = 0.5) > d10(ε = 0.4)), and indeed corresponds to

the nondeterministic bound k10(ε = 0.4). This is the case for every deterministic

strategy that is below the line of nondeterministic bounds.

An easy way to see that this is the case is by plotting the (non-postselected) bounds

on Sn(ε). We have done so for n = 10 in Figure 7.12, but have not included any of

the other bounds because the Kn(ε) bounds for n = 3, 4, 6, and 10 are much closer

together than the kn(ε) bounds, and to plot them all on the same �gure would all
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Figure 7.12: Deterministic (the points) and nondeterministic (the line) non-postselected
bounds on Sn(ε) for n = 10.

but obscure them completely.

We can also see that looking at Kn(ε) makes it slightly harder to see which determin-

istic bounds are below the nondeterministic bounds (in terms of their distance from

the Kn(ε) line), but what it does make it easier to see is that in the places where this

happens, the optimal nondeterministic bounds are very obviously just straight lines

from the preceding deterministic bound to the next. These straight lines that are

visible in the absence of the 1
ε factor show nondeterministic strategies to be mixtures

of at most two deterministic strategies at each point. In other words, in the case of

every Dn(ε) 6= Kn(ε), the Kn(ε) values depicted in Figure 7.12 appear to be averages

of pairs of the Dn(εm) points that were already maximal. This is indeed the case,

and is in fact required by the form of Kn(ε). It can be justi�ed as follows.

Averaging of dn(εm) Values

Consider three values of εm such that εm1 > ε > εm2 > εm3 , and consider sn(ε) =∑
mwmdn(εm) and ε =

∑
m εmwm and

∑
mwm = 1, as stated above. Our constraint

on kn(ε) is that it must be constructed such that ε =
∑

m εmwm, and to �nd kn(ε) =

max
wm

[wmdn(εm)], we should consider all {wm} that can be used. With εm1 > ε >

εm2 > εm3 , we can construct ε using weighted averages of εm1 and εm2 , or εm1 and

εm3 , or using εm1 , εm2 , and εm3 . In the latter case (using all three), it reasonable to

expect that there are di�erent weightings {wm} that will satisfy ε =
∑

m εmwm and∑
mwm = 1, and so there will also be di�erent ways to average dn(εm) which may

not result in the same value for sn(ε).
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To explore this, we can consider some arbitrary weighting set {wm}, and consider

how a change in this weighting may change sn(ε) =
∑

mwmdn(εm). Such a change

would be de�ned by

∆sn(ε) =
∑
m

dn(εm)∆wm, (7.15)

where ∆wm is the di�erence in a wm element's value from one set of weightings to

the next. To satisfy the constraints mentioned above, we require
∑

m ∆wm = 0 and

∆ε =
∑

m εm∆wm = 0.

Considering three di�erent εm values, we can calculate that sn(ε) = dn(εm1)wm1 +

dn(εm2)wm2 +dn(εm3)wm3 , and thus that ∆Sn(ε) = dn(εm1)∆wm1 +dn(εm2)∆wm2 +

dn(εm3)∆wm3 . We can use
∑

m εm∆wm = 0 to see that ∆wm1 = (εm2∆wm2 +

εm3∆wm3)/εm1 , and from this, we can calculate

∆sn(ε) = dn(εm1)(εm2∆wm2 + εm3∆wm3)/εm1 + dn(εm2)∆wm2 + dn(εm3)∆wm3

=

[
dn(εm1)

εm2

εm1

+ dn(εm2)

]
∆wm2 +

[
dn(εm1)

εm3

εm1

+ dn(εm3)

]
∆wm3 .(7.16)

Regardless of how much wm1 can be changed, the above relation must hold. The

above expression incorporates the value which ∆wm1 is required to take, as de�ned

by our choices of ∆wm2 and ∆wm3 . Therefore, ∆sn(ε) is maximised by maximising

∆wm2 and minimising ∆wm3 if dn(εm1)
εm2
εm1

+ dn(εm2) > dn(εm1)
εm3
εm1

+ dn(εm3), and

vice versa if dn(εm1)
εm2
εm1

+ dn(εm2) < dn(εm1)
εm3
εm1

+ dn(εm3).

Since we know that εm2 and εm3 are not both needed (i.e. it is not required that

wm2 and wm3 both be nonzero) to construct kn(ε), the above expression is easily

maximised by choosing ∆wm3 = −wm3 if dn(εm1)
εm2
εm1

+ dn(εm2) > dn(εm1)
εm3
εm1

+

dn(εm3), so that ∆wm2 can be as large as possible. Likewise, ∆sn(ε) is maximised

by choosing ∆wm2 = −wm2 if dn(εm1)
εm2
εm1

+ dn(εm2) < dn(εm1)
εm3
εm1

+ dn(εm3), so

that ∆wm3 can be as large as possible. Therefore, we have shown that given εm1 >

ε > εm2 > εm3 , the maximum possible value of ∆sn(ε), and therefore the maximum

possible value of sn(ε) (using these three points), is obtained when only two of the

three dn(εm) values are used to construct sn(ε). It is also obtained when all three

are used if, and only if dn(εm1)
εm2
εm1

+ dn(εm2) = dn(εm1)
εm3
εm1

+ dn(εm3), but this case

obviously yields the same sn(ε) as when only two are used (but in this case, it does

not matter whether the two used are εm1 and εm2 or εm1 and εm3).

Since we speci�ed only that εm1 > ε > εm2 > εm3 , the actual values of εm2 and

εm3 are irrelevant and therefore, out of any two choices of εm2 and εm3 such that

ε > εm2 > εm3 , the maximal sn(ε) is always obtained by using only one of them. By

extension, this also means that the maximal value of sn(ε) can always be obtained

by using only one εm out of all possible εm < ε (in conjunction with another εm > ε).

The mathematics used to derive the above expression are not uniquely dependent

upon the relation that εm1 > ε > εm2 > εm3 , and are equally valid for εm1 < ε <

εm2 < εm3 . Thus, we can use similar reasoning as from above to see that the maximal
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sn(ε) can always be obtained when using only one εm > ε.

Therefore, we have shown that when using any three (non-equal) εm points to

calculate sn(ε), the maximal value of sn(ε) can always be obtained by using only

two of them. Since this is valid for εm1 > ε > εm2 > εm3 or εm1 < ε < εm2 < εm3 ,

it must hold that any three points that can be used to calculate sn(ε) cannot yield

a value of sn(ε) higher than that calculable with only two of those points (though it

is possible for some pairs to yield higher sn(ε) values than other pairs do).

It is clear that if any three points are available to calculate sn(ε), only two of them

are needed to maximise sn(ε). If a di�erent third point is added to these two, then

it will again be the case that only two are needed to maximise sn(ε). We can see

that for a set of dn(εm), there will be at least one pair that yields a sn(ε) which is

greater than (or equal to) the value from any other pair of points.

When there are only two εm values used to calculate a certain ε =
∑

m εmwm, then

it is obvious that each pair of wm correspond to a unique ε value. It is also simple

to see that this relation is represented by straight lines connecting points, since if

there are only two wm, they can be represented as wm1 and wm2 = (1−wm1), so we

have that ε = εm1wm1 + εm2(1−wm1) = εm2 + (εm1 − εm2)wm1 , which is clearly the

one-to-one function of a straight line from εm2 to εm1 (as wm1 goes from zero to 1).

The relation of sn(ε) =
∑

mwmdn(εm) is also bound by the same kind of function,

giving sn(ε) = dn(εm2) + (dn(εm1) − dn(εm2))wm1 , and thus, each kn(ε) calculated

from two dn(εm) is also able to be plotted on a straight line from sn(ε) = dn(εm2)

at ε = εm2 (wm1 = 0) to sn(ε) = dn(εm1) at ε = εm1 (wm1 = 1). We can use this to

see that the average of
∑

mwmdn(εm) can also be calculated by including (with the

dn(εm) terms) any terms which are weighted averages of dn(εm) values, and these

averages ful�l the same function as the dn(εm) values. Likewise, we can see that

possible sn(ε) values can be calculated from averages of any other sn(ε) values, and

each weighting can be rearranged such that the expression sn(ε) =
∑

mwmdn(εm) is

still satis�ed, as every sn(ε) is constructed from some average of dn(εm) values.

Similarly, in the derivation of Eq. (7.16), we are able to replace dn(εm3) (for example)

with some value that is an average of any number of dn(εm) and Eq. (7.16) will still

hold. Therefore, with this knowledge, it is clear that Eq. (7.16) can represent that

no matter how many dn(ε) are used to calculate sn(ε), since every sn(ε) is de�ned

such that sn(ε) =
∑

mwmdn(εm), it is possible to de�ne any sn(ε) in terms of three

other sn(ε) which are each averages of non-overlapping subsets of {dn(εm)}. From

this, Eq. (7.16) would show that a maximum can be achieved when one of these three

values has a weighting of zero (and therefore, so do the dn(εm)s which construct that

third sn(ε)).

Indeed, this shows us that for any nondeterministic sn(ε) that can be expressed as

a weighted average of more than two values, a non-negative ∆sn(ε) can always be

obtained by reducing the weighting of every term to zero, except for a certain pair.

Therefore, the maximal sn(ε) for every ε must always be expressible as a weighted
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average of only two points. This is only possible when it is a weighted average of

two dn(εm) points. This is something observed in Figure 7.12.

Every kn(ε) value in Figure 7.11 is the maximal limit on the postselected correlation

function sn(ε) that can be obtained in a no-steering model, and every kn(ε) value in

Figure 7.11 that lies upon a line (except for the points on the ends) is a weighted

average of two dn(εm). The kn(ε) that are marked by data points correspond to

dn(εm) values that are also maximal sn(ε) values (for ε = εm). It should be noted

that these kn(ε) can also be expressed as a weighted average of two dn(εm) points,

simply with the restriction that the weighting, wm, is 1 for dn(εm) = kn(ε), and zero

for the other dn(εm) 6= kn(ε). Such points generally represent values of dn(εm) greater

than any average of two other points such that ε = εm, and therefore kn(ε) = dn(εm).

7.4 Nonlinear Criteria � Nondeterministic Bounds

In many ways, deriving nondeterministic bounds for our nonlinear criterion is similar

to doing so for our linear criterion. As shown earlier, in Eq. (7.9), the expression we

have used to calculate tn(ε) is expressible as

tn(ε) =
1

εn

n∑
j=1

EAj

[
|Aj |〈B̂j〉2Aj

]
,

in its postselected form (its non-postselected form being the same expression, multi-

plied by a factor of ε). The insertion of the |Aj | term aided us in calculation of our

deterministic strategies for this function, the postselected form of those being

fn(εm) =
1

m
max
{Aj}m

[λmax(Vm)] (7.17)

= max
{Aj}m

[
λmax

(
1

εmn

∑
J

|Aj |vβj v
βT
j

)]
,

and their non-postselected form being Fn(εm) = 1
εm
fn(εm). But the |Aj | term in

Eq. (7.9) also allows us to easily see the similarity between sn(ε) and tn(ε) in the

construction of nondeterministic strategies. If Alice uses an optimal deterministic

strategy corresponding to fn(εm), which we identify by its apparent e�ciency, εm,

then for this strategy, the average numerical contribution to tn(ε) from each j-term

will be |Aj(m)|〈B̂j〉2
ρβξ (m)

, where Aj(m) is the j-element from the set {Aj}m, and

ρβξ (m) is Alice's optimal LHS for the strategy fn(εm). Thus, as we know, our

nonlinear EPR-steering function is constructed with a nonlinear dependence upon

Bob's results, but this form of the function has a linear dependence upon Alice's

results, from the factor of |Aj(m)|. This factor plainly determines which j-terms

contribute to tn(ε) and which do not.

Thus, if Alice were to use more than one deterministic strategy, each with a frequency

wm, corresponding to the m-value of each strategy, then this wm factor should have
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exactly the same e�ect as a scaling of the |Aj(m)| factor: determining how often the

corresponding j-term of fn(εm) contributes to tn(ε), simply with more choices than

�always� or �never�. That is, each j-term of the deterministic strategy fn(εm) should

contribute to the value of that j-term in tn(ε) a portion of the time corresponding to

wm. So its total contribution is numerically equal to wm|Aj(m)|〈B̂j〉2
ρβξ (m)

, and the

entire j-term of tn(ε) will be constructed from
∑

mwm|Aj(m)|〈B̂j〉2
ρβξ (m)

. Therefore,

the value that will be obtained for tn(ε) in entirety will be

tn(ε) =
∑
m

wm
1

m

m∑
j

|Aj(m)|〈B̂j〉2ρβξ (m)

=
∑
m

wmfn(εm),

for the postselected form. In this expression, we can clearly see the similarity in the

composition of nondeterministic strategies to that for the linear criterion. Consider-

ing this calculation, we can see that the optimal nondeterministic strategies for tn(ε)

can be determined from a maximisation over the possible values of {wm}. Therefore,
the largest values that a cheating Alice can attain for tn(ε), when postselected, are

de�ned by

gn(ε) = max
{wm}

[∑
m

wmfn(εm)

]
, (7.18)

and the non-postselected equivalent of this is just

Gn(ε) = max
{wm}

[∑
m

wmFn(εm)

]
, (7.19)

We have labelled these gn(ε) andGn(ε) because these now de�ne our nondeterministic

EPR-steering bound upon tn(ε). Given that our treatment of wm is virtually the same

as for our previous criterion, the constraint on {wm} for determining the apparent

e�ciency of each strategy is, again,
∑

mwmεm = ε. This, and the normalisation

constraint,
∑

mwm = 1, apply equally for both forms.

So we now have a rigorous expression de�ning EPR-steering bounds for any (rational

number) ε-value between ε = 0 and ε = 1. However, just as for Sn(ε), this function

cannot be used to demonstrate EPR-steering when ε ≤ 1
n , since a cheating Alice can

attain tn(ε) = 1 at these values.

But maximising {wm} for all other ranges of ε (i.e. ε ∈ [ 1n , 1]), we can determine

gn(ε) values representing the ε-dependent EPR-steering bounds on tn(ε), which are

plotted in Figure 7.13. Similarly to the sn(ε) bounds, these tn(ε) bounds are each a

piecewise continuous function of ε, and a strictly decreasing function with increasing

ε.

We calculated earlier that the EPR-steering bounds on tn(ε) (and Tn(ε)) were all

equal at ε = 1 for n ∈ {3, 4, 6, 10}. But because few deterministic bounds from

di�erent Platonic measurement sets overlap in εm, it is only now clear that these
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Figure 7.13: Deterministic (the points) and nondeterministic (the lines) postselected bounds
on tn(ε) for n = 2, 3, 4, 6, and 10.

EPR-steering bounds on tn(ε) unite not only at ε = 1, but also unite as they approach

ε = 1. The limiting factor that leads to this is more visible in Figure 7.14, which

shows the non-postselected bounds. In this �gure, the low-ε bounds for n = 10

behave in a similar way to those seen for sn(ε) in Figure 7.12. However, these

bounds do not continue to behave in a similar fashion, as they (as well as those for

n = 3, 4, and 6) are clearly limited by Gn(ε) ≤ 1
3 , showing, as expected, that no

cheating strategy can perform better than that at ε = 1 which yields a spherical

2-design for our measurement sets. The n = 2 bounds are similarly limited, with

Gn(ε) = 1
2 because the t-design formed by two orthogonal measurements is of a lower

dimension than that formed by any of our other measurement sets.

In Figure 7.14, we also see straight lines connecting each adjacent pair of optimal

deterministic bounds (i.e. those for which Fn(εm) = Gn(εm)), just as in Figure 7.12

� with the same implications for the behaviour of {wm} that it demonstrated in the

previous section (since the above working for {wm} applies for both criteria). Upon

close examination of Figure 7.13 or 7.14, it can be seen that G10(0.4) and G10(0.6) are

lower than the optimal nondeterministic bounds at those e�ciencies, and calculation

of these nondeterministic bounds reveals the optimal strategy for either of these to

be equal mixtures of the G10(0.3) and G10(0.5) strategies, and the G10(0.5) and

G10(0.7) strategies, respectively. However, close examination (and/or calculations of

Gn(ε) from previous sections) can also reveal that G10(0.8) = G10(0.9) = G10(1).

Not only is this an unexpected behaviour, it also means that, unlike S10(0.9), the

optimal nondeterministic bound for T10(0.9) is equal to the optimal deterministic

bound G10(0.9), or any nondeterministic mixing of G10(0.8), G10(0.9), or G10(1) (as
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Figure 7.14: Deterministic (the points) and nondeterministic (the lines) non-postselected
bounds on Tn(ε) for n = 2, 3, 4, 6, and 10.

is also true for any nondeterministic bound in 0.8 ≤ ε ≤ 1).

Pursuing this pattern further, we can also observe that this behaviour � speci�cally,

that Gn(n−2n ) = Gn(n−1n ) = Gn(1) � is also observable for every other n-value (with

the obvious exception of n = 2). It is curious that, for the non-postselected bounds,

using fewer measurement settings o�ers no penalty in this range, and that this range

is so uniform. However, when viewed from the point-of-view taken above � i.e. it

is not that lower-n strategies are more advantageous for Tn than they are for Sn,

but rather that strategies approaching ε = 1 encounter severe penalties for Tn that

are not present for Sn � an intuitive explanation begins to appear. For each of the

measurement sets de�ning three-dimensional solids (all except n = 2), the best result

that can be obtained with a spherical 2-design (i.e. where any orientation on the

Bloch sphere corresponds to an optimal LHS orientation) is Gn(1) = 1
3 , and this is

also the best result that can be obtained with a circular 2-design (i.e. where any

orientation in a certain plane is optimal), Gn(n−1n ) = 1
3 . It may be possible that

some kind of one-dimensional t-design exists for Gn(n−2n ) = 1
3 , and we have simply

not observed it because the property of spherical t-designs that we have paid most

attention to was that their optimal LHS orientations were not described by �nite

sets. They were described by a two-dimensional space for Gn(1), and by multiple

one-dimensional ranges for Gn(n−1n ), so continuing this trend would result in a zero-

dimensional range for Gn(n−2n ) � which would be easy to overlook, since this is also

true for all other deterministic sets.

However, one other property that we have observed is that the LHS orientations

for the Gn(n−1n ) strategies are orthogonal to whichever measurement is null for that
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strategy, as the states in this plane are the only ones for which Vm=n−1 behaves like

the identity. Returning to the �gures in section 8.3, which display the optimal LHS

orientations for each Gn(n−1n ) strategy, a closer analysis reveals that the optimal LHS

orientations for every Gn(n−2n ) strategy coincide exactly with the points on Figures

7.5, 7.6, 7.7, and 7.8 where the planes of Gn(n−1n ) LHS orientations intersect. That

is, the optimal LHS orientations for Gn(n−2n ) are found at every position on the

Bloch sphere that is orthogonal to two di�erent measurement axes � and it is that

pair of measurement axes which will be null for the cheating strategy corresponding

to that LHS orientation.

Therefore, it seems logical to conclude that these points would have all the same

properties as the optimal LHS ranges for Gn(n−1n ) and Gn(1), simply with sets of

lower dimensionality (leading to them being �nite, for Gn(n−2n )).

Aside from their normalisations, and their orthogonality properties, the only other

property we have observed for this kind of measurement is that Vm should act

like the identity for any state orientation vectors in the prescribed range � which is

trivially satis�able and tells us nothing because every other LHS we have calculated

(for m < n − 2 or otherwise) also satis�es this property, which is why eigenvectors

were of relevance to us in the �rst place.

This still leaves us with a reasonable theory as to the nature of ourGn(n−2n ) strategies

and why they satisfy Gn(n−2n ) = Gn(n−1n ) = Gn(1), but one that we cannot clarify

or conclude with certainty without delving further into �elds of measurement theory

that are largely unrelated to our aims.

Figure 7.15: Deterministic (the points) and nondeterministic (the lines) postselected bounds
on
√
tn(ε) for n = 2, 3, 4, 6, and 10.
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Coming back to our immediate aims, it is worth recalling that the postselected

bounds for either of our EPR-steering criteria are not on exactly the same properties

of Alice and Bob's ostensibly entangled system. As shown in earlier chapters, using

an ensemble with entanglement parameter µ, an honest Alice will obtain sn = µ

and tn = µ2 for her postselected results. Therefore, it is worth presenting either

the square of the bound on sn(ε), or the square root of the bound on tn(ε) � we

have opted for the latter, which is shown in Figure 7.15. In this form, the nonlinear

bounds give the maximal values of
√
tn(ε) that a cheating Alice could obtain, so if

an honest Alice has any µ that exceeds these values (at the ε-value corresponding

to her detector's e�ciency), EPR-steering is demonstrable � just as for the linear

bounds in Figure 7.10. Using this data, we can easily compare the loss-tolerance of

either criteria.

7.5 Comparison of Bounds

Looking at Figures 7.10 and 7.15, we can see that the linear EPR-steering bounds

seem to be more loss-tolerant than the nonlinear bounds in many places. However,

these bounds do overlap in a few places, and there is not a very large di�erence

between them even when they do not. For this same reason, plotting these data

together on the same graph would not be very useful either. Since we can see that

kn(ε) ≤
√
gn(ε) in most places, the most informative way to compare these bounds

upon µ would be to plot their di�erence, which is what we display in Figure 7.16.

Figure 7.16: The margin of improvement that the (postselected) sn(ε) bounds have over the√
tn(ε) bounds for all n and ε-values (the absence of any negative values means that kn(ε)

is more loss-tolerant than gn(ε) for all considered values of n and ε).

The vertical scale of Figure 7.16 is approximately one seventh that of Figures 7.10
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or 7.15, which does indeed clearly render the di�erences between the bounds. The

function presented in this �gure is
√
gn(ε) − kn(ε), since we can see this function

to be non-negative at all points, we can easily conclude that kn(ε) ≤
√
gn(ε) for

all considered values of n and ε. Closer analysis does con�rm the lowest points

in this graph to be zero, but never any lower. Thus, it is clear that in almost all

situations, the linear EPR-steering bounds are more loss-tolerant than the nonlinear

EPR-steering bounds, and in no situations are they ever less loss-tolerant.

Looking at Figure 7.16, we can see that every point at which
√
gn(ε)−kn(ε) = 0 is the

result of a discontinuous change in gradient, and that there also exist other cusps in

this plot. Analysis of the bounds themselves reveals that the cusps in this �gure occur

where either one or both nondeterministic bounds are optimal deterministic bounds

� that is, where dn(ε) = kn(ε) and/or fn(ε) = gn(ε). However, this only holds for

nondegenerate optimal deterministic bounds: for places where fn(n−1n ) = gn(n−1n ),

the optimal nondeterministic bounds can be attained by either fn(n−1n ), or by a

mixture of fn(n−2n ) and fn(1), as discussed above, and for these places, the gn(ε)

curve is smooth, so cusps do not appear in
√
gn(ε)−kn(ε) unless dn(n−1n ) = kn(n−1n )

as well, which is why there is a cusp at (n = 3, ε = 2
3), but not at ε = n−1

n for any

other n-value (because dn(n−1n ) 6= kn(n−1n ) for all other n).

Thus, cusps only occur when at least one bound is a deterministic bound, but when

we look at this, it also seems that the cusps are more pronounced when both bounds

are deterministic bounds � that is kn(ε) = dn(ε) = fn(ε) = gn(ε). Unsurprisingly, the

zero-values of this function only occur where this happens. The nonzero cusps only

occur when at least one bound is a nondegenerate deterministic bound, but when

gn(ε) 6= kn(ε). It appears that this only occurs for n = 6 and n = 10 when ε > 0.5,

but under (very) close analysis, it can be found that this also occurs for n = 10 at

ε = 0.3.

Comparison of Nondeterministic Limits

From the calculations we have performed and the results we have seen in this chapter,

we can conclude that under the most rigorous treatment of experimental ine�ciency

for both of our criteria, our linear EPR-steering criterion yielded the most loss-

tolerant bounds for every considered value of measurement number and for every

value of apparent e�ciency.

But to conclude this analysis, it is still worthwhile to revisit the analytical limits

of section 5.6 that were derived for the theoretical case of in�nitely many regularly-

spaced measurements. Being uniformly spaced, the number of measurement settings

in any given area (on the surface of the Bloch sphere) will be representable as a linear

function of area. In this measurement scheme, we showed in section 5.6 (from the

calculation for surface area of a sphere as a function of declination θ from a point

on its surface) that the number of measurement settings N at an angle θ from any
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given state orientation ρβr changes as a function of θ, this being

dN

dθ
= sin θ.

Because we consider each antipodal measurement pair as being the same measure-

ment, we only concern ourselves with half of the Bloch sphere, which is described by

θ ∈ [0, π/2]. Since this function is not used to calculate the sum of these in�nitely

many measurements, but an average of Bob's expectation value over them, this

function is normalised to 1 over θ ∈ [0, π/2]. Bob's expectation values are given by

〈σ̂βj 〉ρβr = cos θ so, with this, we calculated the bound on Sn by integrating sin θ cos θ

for the area that de�ned our n measurements (half of the Bloch sphere).

However, when Alice has the option of submitting nulls for a portion 1 − ε of

measurement results, her optimal choice of null measurements will be those on

the portion of the sphere's surface that is farthest from Bob's state. Therefore,

all we should need to alter from our earlier calculations for the n = ∞ limits

will be the upper limit of the integral, which we need to change from π/2 to

whatever angle de�nes a fraction ε of the surface area of a semisphere, which we

will denote θ(ε). In section 5.6, we showed from Eq. (5.10) that an in�nitesi-

mal area element of a sphere's surface would be dA(θ, φ) = R2 sin θdθdφ, so the

surface area of an in�nitesimally thin band de�ned at a declination θ would be

dA(θ) =
∫ 2π
0 R2 sin θdθdφ = 2πR2 sin θdθ. Integrating this over θ from 0 to π/2,

we would obtain A = 2πR2, and we can reverse-engineer this to �nd an upper limit

allowing us to de�ne θ(ε) such that A = ε2πR2. We obtain this from integrating

dA over θ, but de�ning ε2πR2 = [−2πR2 cos θ]
θ(ε)
0 = 2πR2[1 − cos θ(ε)]. This gives

us cos θ(ε) = 1 − ε, so we now know that the angular range de�ned by the εn

measurements that are closest to ρβr is bound by the angle θ(ε) = arccos(1 − ε).

Thus, our calculations for the optimal bounds on S∞ and T∞ are the same as before,

except that they should only be averaged over this fraction ε of the Bloch sphere. So

for Sn(ε), we would have

Sn(ε) =

∫ θ(ε)

0
sin θ cos θdθ (7.20)

=

[
−1

2
cos2 θ

]θ(ε)
0

=
1

2
− 1

2
cos2(arccos(1− ε))

= ε− 1

2
ε2, (7.21)

or, multiplying this by 1
ε to obtain our postselected version of this result:

sn(ε) = 1− 1

2
ε. (7.22)

Note that values of this function are unphysical for ε < 0 or ε > 1. Even before

plotting this function, we can see that it will simply be a straight, diagonal line
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Figure 7.17: Analytic limit on the linear EPR-steering bounds, plotted alongside the
previously calculated linear bounds.

between the top left and bottom right corners of Figure 7.10. Plotting this limit

along with our linear bounds, in Figure 7.17, we can see that the n = 10 bounds are

already quite close in many areas.

Note that this is a formula describing the continuum of deterministic bounds that

are available for n = ∞, but because it is a linear function, every point is also an

optimal nondeterministic bound.

In calculating the nonlinear n = ∞ bound, we employ a very similar calculation to

that for the linear bound. In this calculation for Tn(ε), we would have

Tn(ε) =

∫ θ(ε)

0
sin θ cos2 θdθ (7.23)

=

[
−1

3
cos3 θ

]θ(ε)
0

=
1

3

[
1− cos3(arccos(1− ε))

]
=

1

3

[
1− (1− ε)3

]
= ε− ε2 +

1

3
ε3, (7.24)

which, in its postselected form, would be multiplied by 1
ε , giving

tn(ε) = 1− ε+
1

3
ε2. (7.25)

This would therefore allow demonstration of EPR-steering only for µ ≥
√

1− ε+ 1
3ε

2.
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Figure 7.18: Analytic limit on the nonlinear EPR-steering bounds, plotted alongside the
previously calculated nonlinear bounds.

This function is less visualisable than the linear limit, but we have plotted it in Figure

7.18 and can see that it provides a similar constraint on our nonlinear bounds as the

limit on our linear bounds, quantitatively speaking.

Both of these bounds are almost identical towards the top of Figures 7.17 and 7.18

(i.e. the parts concerning µ & 0.9), much like the rest of each graph in this region.

The behaviour of our bounds relative to the analytic limits are also similar near

the middle of each plot, but now with pronounced di�erences in the shapes of the

n = ∞ limit, as well as the n ≤ 10 bounds. The di�erences in our linear and

nonlinear bounds around this region, and at higher ε-values were discussed above.

But with the context provided by these analytic limits, the di�erences between the

linear and nonlinear bounds for n ≤ 10 appear to be congruent with the notion of the

nonlinear bounds being forced to deviate from a similar shape to the linear bounds

only for the sake of adhering to a higher analytic limit. This would not be a surprising

trait, given that the form of Tn allows any number of measurements greater than

two to form a spherical 2-design, which reproduces (for our nonlinear criteria) the

properties of a uniform probability distribution over all quantum states in the Bloch

sphere � and this is precisely what we use to de�ne our analytic limit. So it makes

sense that (at ε = 1, at least) we can �nd no advantage in using any measurement

number that is closer to n = ∞ than n = 3 is: the form of our nonlinear EPR-

steering function is such that three (regularly-spaced) measurements are all that is

really required to produce the most advantageous properties possible for any set of

measurements on the Bloch sphere.
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Figure 7.19: The margin of improvement that the linear bounds have over the nonlinear
bounds for the postselected nondeterministic n = ∞ case (the absence of any negative
values means that k∞(ε) is more loss-tolerant than g∞(ε) for all ε-values).

Indeed, the most relevant relationships we can observe are how our calculated bounds

compare to their analytic limits. In Figure 7.18, we can see that all of the nonlinear

bounds for n > 2 are capable of saturating the nonlinear analytic limit as ε→ 1. In

contrast, we can see that all of the linear bounds actually become farther from the

analytic bound as ε→ 1.

However, the bounds plotted in Figures 7.17 and 7.18 are both scaled so that what

they represent is the value µ must exceed for demonstration of EPR-steering to be

theoretically possible (using that criteria). Thus, the analytic n = ∞ bounds can

be compared in the same manner as those in Figure 7.16. In Figure 7.19, we have

plotted the di�erence between these two bounds, which is therefore the di�erence in

the minimum value of µ that is required for any demonstration of EPR-steering in

the �best-case scenario� with regards to loss.

So we have seen that the nonlinear bounds perform better (than the linear bounds)

relative to their own n =∞ bound, but still worse overall (as we saw in Figure 7.16),

and more than this, Figure 7.19 shows that the nonlinear bound also performs worse

in the analytic n = ∞ case, for every value of ε except ε = 0. Having seen all this,

it seems unlikely for there to be any situation in which the nonlinear bounds are

capable of being more loss-tolerant than the linear bounds.

Given that the nonlinear bounds have performed worse than the linear bounds in

every case we have explored so far (for all n and ε-values), and that our analytic

calculations suggest that there will not be any case where this does not happen, it

does not seem worthwhile to consider the nonlinear criteria in the calculation of any

further bounds in this thesis. In the next chapter, we explore some considerations of

the rigour with which we have calculated our previous bounds (linear and nonlinear),

and thereafter we shall concern ourselves only with the linear criteria.
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Chapter 8

Half-Truths and Considerations of

Honesty

The bounds that we have shown on sn(ε) and tn(ε) are, quite obviously, functions of

Alice's apparent e�ciency. However, as mentioned early on, our operational de�ni-

tion assumes Bob to be a trustworthy party, with trustworthy detectors. This means

that in all of the results we have derived so far, we have been assuming that either

Bob's detector is lossless, or (more realistically) that there are no consequences when

Bob applies the fair sampling assumption to his results. Indeed, we could even assume

that both of these things were true � Alice could easily simulate ine�ciency in Bob's

detector by simply not sending him states every time he performs a measurement.

But because Alice has no idea which order Bob is making his measurements in,

there is no way that arranging such omissions of Bob's results could be used to her

advantage. Therefore, the fair sampling assumption should be applicable to any of

Bob's results for demonstration of EPR-steering (though the same could not be said

in demonstration of Bell nonlocality).

However, as is the focus of this thesis, to employ the FSA for Alice, our untrusted

party, would open an detection loophole. We have seen how Alice can use this to

her advantage, and have calculated the values of entanglement parameter, µ, that

must be present for an honest Alice to demonstrate EPR-steering. However, so far,

we have only made distinctions between a dishonest Alice, who manipulates Bob's

state because she does not share any entanglement with Bob, or an honest Alice,

who shares some degree of nonlocality with Bob, and does not manipulate her results

or Bob's state at all (there is also the case of an honest Alice with an unentangled

state, but this is trivial). But in this short chapter, we address what could happen

if Alice possessed an ensemble sharing some degree of entanglement with Bob's, but

also mixed the capabilities of this state with some kind of cheating strategy.

In Chapter 3, we de�ned an honest Alice's detector e�ciency as η. It will be useful

here to distinguish this from Alice's apparent e�ciency, ε, which she can control if she

is dishonest. A completely honest Alice will necessarily have ε = η, but when Alice's
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strategies can involve both genuine e�ciency and feigned e�ciency, it is necessary

to consider ε and η as separate variables.

8.1 Mixing of Local and Nonlocal Strategies

The greatest values of Sn(ε) that can possibly be obtained in a no-steering model

are given by the values of kn(ε) in Figure 7.10. We can easily compare these to

the values of Sn that can be obtained in the presence of entanglement, when Alice's

Aj are genuine results of measurements. From this, we can see that if Alice and

Bob do share an entangled state, Alice will succeed in her goal of demonstrating

EPR-steering if she reports only genuine results (even if she has a genuine detector

e�ciency of η < 1) if she knows that µ > kn(η). Note that we should be comfortable

with the notation that kn(ε) = kn(η) if Alice's apparent e�ciency is genuine (i.e.

ε = η).

However, if Alice and Bob share an entangled state, but Alice knows that µ <

kn(η), then she knows that EPR-steering cannot be demonstrated by reporting purely

genuine results. In this case, we should address the question of whether she can still

violate the bound through any manipulation of results.

We would expect the answer to this question to be �no� since EPR-steering is a

quali�cation that a quantum state can be nonlocally a�ected by another system, and

thus can only be demonstrated (as we have discussed) if this nonlocality is capable of

�steering� Bob's state into showing (from Bob's results) that sn(ε) > kn(ε) or tn(ε) >

gn(ε). The entire point of our EPR-steering bounds is to quantify the conditions in

which Alice's manipulation of Bob's state can only be explained by nonlocality. For

this purpose, we have ensured that our EPR-steering criteria are general enough

to test any conceivable local manipulation of Alice's results. Therefore, any locally

causal manipulation, even that which is congruent with the quantum mechanics of

a localised system, should not be capable of violating the bounds of these criteria.

8.1.1 Linear Bounds

As mentioned near the start of section 6.1, when Bob is postselecting out Alice's

null results, it is bene�cial for a cheating Alice to omit the results which she expects

to contribute least strongly (in magnitude) to the correlation function � and this is

how it is possible to have sn(ε) > kn(1) when ε < 1. However, if Alice and Bob

truly do share a Werner state, and Alice actually is obtaining her results through

measurements, then every one of Alice's measurements has an equal probability of

yielding a maximal value for AjBj (this probability being µ). Thus, there would

be no results that an honest Alice can systematically omit that would increase (or

decrease) the average value of the correlation function. In this case, the FSA would

not grant any advantage to Alice.
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It is equally pragmatic for us to consider how Alice could a�ect the correlation

function by submitting false results when Alice and Bob share an entangled state. If

Alice receives a null result, then she necessarily knows nothing of Bob's subsystem.

In this case, Bob's result is equally likely to be +1 or −1, and thus, any (false) result

submitted by Alice is equally likely to increase or decrease
∑

j AjBj . Therefore, on

average, it is just as e�ective as submitting Aj = 0 or a null result (in the absence of

the FSA), as we saw in Chapter 7 (with the �Anger� and �Depression� approaches).

However, under the FSA, null results are be discounted, whereas false results are not

� in this case, reporting false results will serve only to lower the magnitude of the

correlation function. We can easily see this from the fact that null or false results

have the average e�ect of claiming Aj = 0, except that inclusion of false results (i.e.

using ε > η, in this case) also decreases the prefactor of 1
εn , and therefore decreases

the postselected value of sn(ε).

Therefore, if quantum entanglement is the only resource at Alice's disposal, it is

never bene�cial for Alice to claim an e�ciency of anything except ε = η. However,

if Alice and Bob share an entangled state, but Alice also has the option of replacing

Bob's state with a predetermined one, things are slightly di�erent. In this case, we

should calculate Sn(ε) as a mixture of a completely honest Alice's results, and the

results of some optimal cheating strategy, as:

Sn(ε) = whηµ+ wcKn(εc) (8.1)

where Kn(εc) is the non-postselected result of Alice's optimal local cheating strategy,

with wc representing the portion of results for which Alice employs it, and wh is the

portion of results for which Alice submits a genuine measurement result (null or

non-null). Here, we consider Alice to have no control over her detector e�ciency η,

but she would have control over the e�ciency of whatever cheating strategies she

mixed with, which we denote εc.

If these were the only two options Alice had, then wh and wc would be constrained

such that wh + wc = 1, which would give ε = whη + wcεc. But Alice also has the

option of submitting more null results. If she does this a portion of the time w0, then

wh + wc = 1 − w0. But submitting null results that are not a part of any cheating

strategy is clearly equivalent to inserting a term like +w0 ∗ 0 into Sn(ε), which can

do nothing but lower its value. On the other hand, the postselected value of Eq.

(8.1) should be unchanged if these nulls are not part of any strategy, since the terms

corresponding to w0 will then be random.

Since we have de�ned η as a genuine e�ciency, when dealing with this, Alice would

have no way of predicting which incidences will lead to nulls. Therefore, inclusion

of a w0 term could not be used in conjunction with the wh or wc terms, so we will

not consider it further. As discussed earlier, submitting Aj = ±1 when Alice has no

knowledge of Bob's state is also of no advantage. Since the only way we consider

Alice to have a nonlocal e�ect on Bob's state is through entanglement, and the
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cheating strategy Kn(εc) de�nes optimal methods of submitting results when Alice

has predetermined knowledge of Bob's state, these two terms, already in Eq. (8.1),

de�ne the most advantageous ways for Alice to act when she has any knowledge or

control of Bob's state. Thus, there are no further terms we could possibly consider

in this expression of Sn(ε).

So clearly, we cannot have Sn(ε) > ηµ unless Kn(εc) > ηµ. Similarly, this will

not lead to ε > η unless εc > η, but Alice can fabricate cheating strategies of any

apparent e�ciency, so there is no limit on the apparent e�ciency that is attainable

with any such mixing, or any such η. However, there are limits on the values of

Kn(εc) that Alice can attain, and how bene�cial they can be for their values of εc.

If we just consider εc = η, then the apparent e�ciency of Sn(ε) will be η for any

mixing of {wh, wc}. In this situation, there is a simple choice for Alice, since the

value of Sn(ε) must be somewhere between the values of ηµ and Kn(ε). Obviously,

Alice's best choice for maximising Sn(ε) will be to choose wh = 1 if ηµ > Kn(εc)

or wc = 1 if ηµ < Kn(εc). Incidentally, this simply reduces to the de�nition of our

linear EPR-steering inequality for µ, that EPR-steering is only demonstrable when

µ > 1
ηKn(η).

When we are not considering εc = η, it is still relatively simple to show that our EPR-

steering bounds are maintained. For any value of ηµ ≤ Kn(ε = η), and any value of

Kn(εc), the available sets of {wh, wc} have the same restrictions as they did for any

pair of EPR-steering bounds � that is, all possible mixings of Kn(η) and Kn(εc) will

either be equal to, or lower than, Kn(ε) (where, again ε = whη + wcεc). Therefore,

regardless of what mixing Alice chooses between honest and dishonest strategies,

none of them can possibly violate an EPR-steering bound unless µ > 1
ηKn(η).

If we expand our expectations about η, and assume that Alice can control this value,

there is still little changed, as the above reasoning is still valid. It does expand the

ability of Alice to demonstrate EPR-steering, but only if µ > Kn(1). Therefore,

Alice's ability to demonstrate EPR-steering is completely independent of η.

The considerations presented above should represent any realistic situation accom-

modated by our operational de�nition.

The only other things we could consider are rather unrealistic situations like Alice

being able to tell which measurements of µ are going to be null, in which case, she

could attain any strategy describable by Sn(ε) = whµ + wcKn(εc). However, from

the form of this expression, we can see that this would simply be equivalent to Alice

having a perfect detector, and our EPR-steering criterion would still hold.

An even more unrealistic situation would be if Alice could discern which of her non-

null results were correlated with Bob's, in which case, she could omit those that were

not, and obtain

Sn(ε) = whη + wcKn(εc),

with wh ≤ µ. When µ = 0, the best value Alice can achieve is Sn(ε) = Kn(εc),
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but even if µ > 0, we can see that Alice will only be able to attain Sn(ε) > Kn(εc)

if η > Kn(εc). If this is the case, her strategy will have an apparent e�ciency of

ε = whη+wcεc. From this form of ε, it is already apparent that if µ > 0, and η > εc,

Alice can have ε > εc and Sn(ε) > Kn(εc). The simplest example from here is that

if η > Kn(εc), and Alice decides to choose wh > 0 while restricting ε = εc. Upon

inspection, we �nd that this can only happen if η = εc, and therefore, we can only

have η > Kn(εc) if εc > Kn(εc). But looking at Figure 7.12, we can see for K10(ε)

that εc > Kn(εc) at every point except εc = 1
n , and we can correctly infer the same

for all other n. Therefore, if Alice has η > 1
n (which is necessary for demonstrating

EPR-steering with any of the above inequalities anyway), she can specify ε = η = εc,

and have η > Kn(εc). Thus, with any wh > 0 (which requires µ > 0), it is possible

for Alice to attain Sn(εc) > Kn(εc). There are other ways of obtaining Sn(ε) > Kn(ε)

in this scenario, but the fact that it is possible at all is su�cient for our purposes.

However, this scenario is built on the concept of Alice knowing which individual

measurements are correlated with Bob's. So this is almost the same situation as

if Alice somehow knew what Bob's results actually were � an ability that cannot

possibly be constructed without some kind of nonlocality. Indeed, we can insert

these, or other abilities into our operational de�nition, but (as we have explored) the

only abilities which allow Alice to violate any of our EPR-steering bounds are ones

which require more nonlocal insight into Bob's results than can be obtained through

a Werner state with entanglement parameter µ.

The only possible situation outside of any of these considerations is if Alice somehow

has knowledge of which order Bob performs his measurements in. Therefore, if Alice

is able to take advantage of some unaccounted nonlocality, or access some knowledge

(either nonlocal or predetermined knowledge) of Bob's random number generation

procedures, then it may be possible for her to violate the bounds we have considered.

However, without either of these abilities, it is impossible for Alice to violate the

above EPR-steering bounds unless she has a detector e�ciency of η > 1
n , and a state

with µ > kn(η).

So we have seen that there is no possible consideration (realistic or otherwise) that

allows Alice to circumvent our bounds, except for the existence of a locality loophole

or free will loophole.

8.1.2 Nonlinear Bounds

In the above explorations, we have not actually needed to consider the composition of

cheating strategies that Alice might use. We have, in places, considered the observed

behaviour of our linear nondeterministic bounds, and in those cases, such behaviour

can also be applied to our nonlinear bounds. Thus, if we replace the instances of

Kn(ε) with Gn(ε), and so forth, then the working above is equally applicable to our

nonlinear bounds, with the proviso that the role of µ be substituted with µ2 wherever

used. Therefore, we need not replicate some analogue of the above working to see
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that our conclusions are equivalent for both criteria.

8.2 Null-Symmetric Cheating Strategies

In the calculation of our EPR-steering bounds, we have only used information that

Bob would actually have access to in our operational de�nition. From this informa-

tion, we calculate the extent of a cheating Alice's ability to deceive Bob. This is

because our bounds should be calculable by Bob, and should not require information

that Bob does not have. But in this situation, it is worthwhile to a consider what

information Bob would have access to that is not necessary for our bounds, but may

still reveal any information about Alice's experimental behaviour.

Since all of the information Bob has about Alice's system is derived from her sub-

mitted results, there is little that Bob can do to gauge their behaviour, aside from

comparing them to his own measurement results � as is the purpose of either of our

EPR-steering criteria. However, another variable that can be easily compared to

each individual measurement result is the measurement itself. The property that the

fair sampling assumption is chie�y based on is that no measurement result should

be more or less likely to be lost in detection than any other measurement result. For

the Werner states that we consider, both experimental parties are equally likely to

receive +1 or −1 for any measurement performed on their state (regardless of µ).

We can see that this is true since any measurement on a maximally-entangled Werner

state is equally likely to yield either result, and the same goes for a completely random

unentangled Werner state � as should be obtained when states arise from unsuccessful

generation of an entangled pair, and is represented by the identity matrix in Eq.

(3.33). Therefore, this must also be true for any ensemble that is composed of these

two kinds of state.

If Alice is dishonest, she can submit any value she likes for Aj , and our criteria are

even valid for any Aj such that −1 ≤ Aj ≤ 1. However, as explained earlier in

this thesis, the only values that could be obtained from a genuine measurement are

Aj = ±1, and therefore a cheating Alice will constrain her results in keeping with

this. If she did submit any result other than Aj = ±1, Bob would immediately know

that she could not have obtained that result from the measurements she claims to be

performing. Alice wishes to convince Bob that they share entangled Werner states,

as this is what our tests are designed to qualify, and thus, such results from Alice

would demonstrate to Bob that they de�nitely do not share any such state.

Similarly, if Alice's results were genuine measurements of the kind of state that she

claims to possess, we know from the form of this state that every measurement

Alice makes should should have the same probability of returning a null result.

Or rather, an honest Alice should have measurement statistics that, on average,

return the same portion of nulls for every measurement. Because Alice must submit

her results to Bob, he will be able to calculate Alice's null probability for every
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measurement. So if Alice's null probability for every measurement is not equal to

her overall apparent e�ciency, he can conclude that however she is generating her

results, it is not congruent with the properties of the system she claims to possess.

Therefore, calculating Alice's null probabilities for every measurement gives Bob

another tool with which he could identify a cheating Alice. Moreover, if Alice is

aware that Bob is keeping track of her statistics, we can also expect a dishonest

Alice to restrict her cheating strategies to have equal null probabilities for every

measurement. But such attention from Bob is still useful in this case, because if

Alice's optimal cheating strategy requires unequal null probabilities, then complying

with a restriction upon her null probabilities will necessarily force Alice to use

suboptimal cheating strategies, thereby lowering her maximum attainable value of

sn(ε) and/or tn(ε). That is, such a restriction can lead to lower EPR-steering bounds

in some situations, even though it is self-imposed.

So clearly, it should be worthwhile for Bob to pay attention to Alice's measurement

statistics. For all of Alice's measurement settings to have the same apparent e�-

ciency, she will obviously need to restrict that apparent e�ciency to be the same

as her overall apparent e�ciency, ε. Therefore, the constraint we describe can be

represented by

∑
i

wi|Aj(i)| = ε, ∀j, (8.2)

where i indexes all of the deterministic strategies that Alice uses, and j indexes our

set of n measurements.

8.2.1 Platonic Solid Measurements

Having deduced this property, we should re-examine our previously calculated EPR-

steering bounds, to determine whether any of Alice's optimal cheating strategies

actually rely upon submitting nulls for some measurements more often than others.

Trivially, any cheating strategy for ε = 1 necessarily entails equal null probabilities

for every measurement. However, at a glance, each one of Alice's deterministic

strategies for ε < 1 involve submitting nulls for some measurements more than others

� speci�cally, they each involve submitting non-null measurements for some m = εn

measurements, and nulls for the remaining 1 −m. However, we have also observed

that for the Platonic solid measurements, every deterministic bound is achievable by

many di�erent deterministic strategies. So while no deterministic strategy (except for

those with no nulls) can have completely symmetric measurement statistics, it may

be possible for optimal nondeterministic strategies to have symmetric measurement

statistics, and more to the point � in places where the optimal bound is a deter-

ministic bound, this bound may be equally attainable with a mixture of degenerate

optimal deterministic strategies.
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The Platonic solids were chosen for our measurement sets because of their regularly

spaced vertices. But this regular spacing also grants the Platonic solids very large

Symmetry Groups [59] � this being the set of all isometries (distance-preserving

transformations, rotations, re�ections, etc.) which leave a polyhedron invariant.

Thus, for any Platonic solid, analysis of its Symmetry Group shows all vertices to be

equivalent under some rotation and/or re�ection (and the same is true of all faces and

edges). This results in degenerate strategies emerging for every deterministic bound.

Any arrangement of non-null vertices that is centred on some vertex de�ned by an

orientation vj is equally achievable no matter which vertex vj de�nes. Similarly,

whatever arrangement of vertices is chosen, there will be no vertex position in it

that cannot be validly occupied by an arbitrary vertex vj � there is no relationship

between any subset of vertices that is unique. Therefore, some degenerate version of

every deterministic strategy is always attainable regardless of whether any vertex is

restricted to be null or non-null in that strategy.

Exploring these properties of the Platonic solids, we �nd that there always exists

some mixing of degenerate deterministic strategies which would allow Alice to have

the same apparent e�ciency for every measurement setting, without making any nu-

merical sacri�ce in sn(ε) or tn(ε). Because this is true for any deterministic strategy,

by extension, this is equally true for every nondeterministic strategy. Because of

the rotational symmetries of the Platonic solids, Alice can satisfy this condition by

simply using a nondeterministic strategy that is an equal mixture of every degeneracy

of her optimal strategy (in some cases, but not all, this is also the only way that

Alice can satisfy this condition).

For the Platonic solids � because they are de�ned by regularly spaced vertices �

there are never any particular measurements for which it is preferable for a cheating

Alice to declare null results, even in the absence of the aforementioned symmetry

constraint. It may well be preferable for Alice to select her m null measurements

in certain spatial con�gurations, but it will never matter which measurement takes

which position in any such con�guration. A simple examination of some of Alice's

optimal deterministic cheating strategies from the previous chapter can clarify this.

For example, the optimal d3(
2
3) and f3(

2
3) values are obtained when the two non-

null measurements Alice chooses are both adjacent corners of the same face � and

this is automatically the case for any two vertices on an octahedron. The optimal

d4(
2
4) strategy also requires an adjacent pair of vertices, and this, too, can always

be obtained. Any two vertices on the cube are not necessarily adjacent corners

of the same face, but recall that the antipodal measurement pairs on each shape

always correspond to the same measurement operator, just with di�erent Aj values.

Therefore, if any two measurements for n = 4 are not adjacent, then �ipping one

of the two Aj values corresponding to those measurements (to −Aj) will turn them

into adjacent vertices.

In this manner, we can also see that any two measurements are also capable of being

used to obtain d6(
2
6), however, it is not the case that any three measurements can be
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used to attain d6(
3
6): not every possible trio of directions can be used to construct

three corners of the same face, which is the optimal choice for d6(
3
6). However, any

measurement is still capable of taking any position in this strategy, so there are still

many trios of measurements that can attain the deterministic bound, as the sets of

possible combinations have the same symmetries as the faces of the icosahedron.

Because of such considerations, when n is high (> 4), and ε is low, it becomes

important to choose nulls such that the non-null measurements are close to one

another, but in no situations are there any speci�c measurements that are ever

more optimal than any others to remain null or non-null � i.e. it is not possible

for Alice to change the value of either sn(ε) or tn(ε) by more often, less often, or

even constantly, omitting any particular subset of measurements. Thus, when using

Platonic measurements, a symmetry constraint would not deny any advantages to

Alice and (therefore) would not provide any advantages for Bob.

The reason that we previously restricted ourselves to measurements de�ned by

Platonic solids was the intuition that this would be advantageous. However, when

we employ this symmetry condition, we see that it will only give Bob an advantage

when his measurements are not regularly spaced. Therefore, this gives us good reason

to explore measurement sets that are not regularly spaced, as the unavailability

of Platonic solids for n > 10 was the only reason we did not calculate higher-n

measurements in the previous chapter.

However, our reason for expecting Platonic solids to perform well � the diversity

of their measurements � is still valid. Therefore, it should serve us well to explore

measurement sets that are not regularly spaced, but still quite diverse, and not too

closely spaced. Thus, for the properties they share with Platonic solids, it would

seem promising to experiment with geodesic solids.

Because of these general properties, we would expect geodesic solids to o�er some

advantage over Platonic solids, but we cannot guarantee it (with what we currently

know). However, as we shall explain in the next chapter, we do know that geodesic

solids do not have any upper limit on the n-values they can accommodate. It is trivial

to predict that this alone would be a great bene�t, as we have seen that when µ is

high (µ ≈ 1), measurement number is the most signi�cant factor in the loss-tolerance

of EPR-steering bounds. Recall that with µ = 1, our previous EPR-steering bounds

all reduce to the requirement that Alice have ε > 1/n.

We can be certain that this is not a behaviour we should attribute to any aspect

of our measurement distributions (except, of course, the prudent decision to not

employ any measurements that are identical to one another). For n measurements,

demonstration of EPR-steering is impossible with ε ≤ 1/n, since a cheating Alice

may simply send Bob a state aligned with one of his measurement axes and thereby

guarantee that she will know what result he measures for the portion of measurements

(1/n of them) that he performs along that axis. But for any apparent e�ciency

greater than 1/n, there is no possible LHS that allows a cheating Alice any reliable
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(i.e. 100% accurate) strategies for controlling or calculating Bob's results. Thus, it is

not possible for a cheating Alice to imitate maximally entangled states with ε > 1/n.

The power of most cheating strategies lies in the cheating Alice's ability to disqualify

the results of Bob's measurements when she is unable to accurately predict them,

thereby weighting more heavily the measurements whose results she is able to predict

with the most accuracy. But apparent e�ciencies of 1/n and lower are the only

situations where omitting any number of results can possibly allow a cheating Alice

to be 100% certain of the values of the non-omitted results. This is how we know

the relationships between measurement orientations do not a�ect our bounds for

ε ≤ 1/n. However, we have seen that the relationships between our measurement

orientations determine the values of our bounds at every other apparent e�ciency.

Thus, while it is important for us to seek out implementations of higher n-values, it

is also necessary for us to discern the optimal relationships that we can create within

these measurement sets.
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Chapter 9

Geodesic Measurements

Geodesic solids are composed most simply by starting from a Platonic solid, and

adding new vertices to every face-centre � each one the same distance from the

solid's centre as the existing vertices. The resulting shape will have triangular faces

that are all the same size, and are always isosceles triangles, but which are generally

close approximations to equilateral triangles (i.e. the odd edge out is generally quite

di�cult to identify with the naked eye).

This method of construction only applies to the octahedron, cube, icosahedron, and

dodecahedron (n = 3, 4, 6, and 10), since adding extra vertices in this way to the

tetrahedron would simply produce the cube (doing so for the square, n = 2, produces

the octahedron). However, these four shapes will only give rise to two di�erent

geodesic solids, because (as mentioned above) the octahedron and cube are dual

solids to one another, as are the icosahedron and dodecahedron. The vertices of

dual solids are de�ned by one another's face-centres. Therefore, the geodesic solids

that arise from these shapes are equivalent to superimposing the vertices of the

octahedron with those of the cube, and the vertices of the icosahedron with those

of the dodecahedron � and thus, we can obtain a geodesic solid with n = 3 + 4 = 7

vertices, and a geodesic solid with n = 10 + 6 = 16 vertices.

For the considerations of this chapter, we will limit our analyses to these two geodesic

solids. However, it is possible to create geodesic solids with more faces by the same

method: by adding new vertices in the centres of every face upon an existing geodesic

solid. This can be repeated to an inde�nite degree, meaning that, while it is not

possible to create Platonic solids with an arbitrary number of vertices, is is possible

to create geodesic solids with an arbitrarily large number of vertices. For more

information about geodesic solids' construction and properties, see Reference [60].

A good reason for us to consider geodesic solids' vertices as measurement orientations

is the absence of any upper limit on n in doing so. Another good reason is that they

are not regularly-spaced vertices, but quite close to it. As such, we should expect our

geodesic measurements to perform about as well as our Platonic solid measurements,

with respect to n.
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Figure 9.1: The geodesic solid used to de�ne our n = 7 measurements.

Figure 9.2: The geodesic solid used to de�ne our n = 16 measurements.

In discussing the bounds that arise from use of these measurement sets, we will

�rst calculate them in the same manner as in previous chapters, for the sake of

comparison. After this, we will address how their di�erences from the Platonic

solids allow us to treat them di�erently, and how the absence of regularly-spaced

vertices allow us modify their bounds in ways that were not useful for our previous

measurement sets. This is to allow us a complete exploration of the merits of geodesic

measurements.

The research from this chapter was used to derive the n = 16 bounds that were

experimentally employed in Reference [41], and results from the rest of this chapter

will make up a substantial part of Reference [64].

9.1 Naive Bounds

When we construct the geodesic solids described above, with 7 and 16 vertices, we

can see that their vertices are indeed quite close to being regularly-spaced. The n = 7

solid is shown in Figure 9.1, and the n = 16 solid is shown in Figure 9.2.
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Figure 9.3: Deterministic (the points) and nondeterministic (the lines) postselected linear
bounds for the n = 7 and n = 16 geodesic measurements.

From Figure 9.2, we can see that such a structure should provide a reasonable

approximation of regularly-spaced vertices for higher n-values. As described above,

there are only two di�erent edge lengths for either of these solids � the solid edges

are slightly shorter than the dashed edges in both �gures.

Calculating linear EPR-steering bounds in the same manner as Chapter 7, these two

measurement sets yield the kn(ε) values shown in Figure 9.3.

As con�rmed upon close inspection, it appears that the deterministic bounds for

n = 7 are actually optimal bounds at every εm-value. However, the same is not true

for n = 16, with suboptimal deterministic bounds being present at ε = 0.3125, 0.5,

and 0.8125. Analysis of these bounds, and comparison with the bounds from Chapter

7 reveals that the n = 16 bounds are lower than the Platonic n = 10 bounds at almost

every ε-value. However, there are a few places (around ε ≈ 0.3 and ε ≈ 0.73) where

the n = 16 bounds are actually slightly higher (worse) than the n = 10 bounds �

albeit by a margin of approximately 0.03, at most.

Further analysis of these bounds also reveals that the n = 7 bounds are superior

to any of the Platonic bounds for a region around ε ≈ 0.5, but are actually worse

than the Platonic n = 6 bounds for ranges of ε ≈ [0.24, 0.44], [0.52, 0.82]. Indeed, at

ε ≈ 0.57, these n = 7 bounds are actually higher than every Platonic bound, except

for n = 2. Thus, we have not shown these bounds on the same plot as any of the

Platonic bounds, as such a graph would be quite convoluted.

We can see that these bounds do not o�er a reliable improvement over the Platonic

bounds. However, we have not yet investigated what bounds these measurements
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may o�er when we consider the symmetry constraint alluded to above.

9.2 Symmetric Bounds

From observations of optimal ensembles for all of the Platonic solids (see Chapter

7), we can see that it should be quite simple for Alice to rotate her Aj = 0 choices

equally among all vertices for a Platonic solid, as their highly symmetric structures

allow almost any m non-null measurements (paired with the optimal {Aj} choices)
to obtain the deterministic bound for any ε = m

n . It is for this reason that we did not

discuss the possibility of Alice restricting her null result probabilities for Platonic

measurements according to Eq. (8.2) or any similar condition of symmetry; doing so

does not restrict the values of sn(ε) that a cheating Alice can attain.

For a concise example, the optimal choices of non-null measurements when m = 2,

for any Platonic measurement set, is any pair of vertices that share an edge. The

corresponding optimal LHS orientation is in the centre of that edge. So, if keeping

ε = 2
n , Alice can repeatedly enact this strategy, choosing all possible pairs with

equal probability, and thus easily keep her null probabilities equal while attaining

the highest possible numerical value for sn(ε = 2
n). However, this is clearly not the

case for any geodesic measurement set, as we can see from Figures 9.1 and 9.2, since

not all edges are the same length; and therefore, not all edge-centres correspond to

optimal strategies. Thus, it may not necessarily be possible to �nd a nondeterministic

strategy that attains the maximal sn value while also allowing Alice to submit the

same portion of null results for every measurement (i.e. keeping P (Aj 6= 0) = ε ∀j).
One would expect such limitations to be even more pronounced for more complicated

cheating strategies � namely, those near ε = 1
n +(1− 1

n)/2 = 1+n
2n , the middle of each

kn(ε) curve.

The point here is that Alice's cheating strategies adopt the symmetries of the vertices

that compose them. While all Platonic solids' vertices are equivalent within their

Symmetry Groups, the same is not true of any geodesic solid.

As mentioned above, this is of considerable consequence when a cheating Alice knows

that Bob is recording her measurement statistics. Not all vertices can be made

equivalent under some action of a geodesic solid's symmetry group. Thus, not every

measurement can take any position in any given deterministic cheating strategy

(which was possible for Platonic measurements). For geodesic solids (or any other

non-regularly-spaced polyhedron), it is not likely that any given spatial con�guration

of m measurements will be exactly reproduced by many (if any) other di�erent

subsets of m measurements. Therefore, the optimal deterministic cheating strategies

form non-null, nearest-neighbour measurements may change substantially depending

on which m nearest-neighbours are concerned. If an optimal deterministic cheating

strategy for m measurements can only be employed by a speci�c subset (or even just

by very few speci�c subsets) of m measurements, then the optimal nondeterministic
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strategies that include this deterministic strategy (particularly at ε = m/n) would

likely attain numerically superior values by submitting null results more often for the

measurements that cannot accommodate this deterministic strategy. In this case,

to maintain a symmetry condition, a cheating Alice may sometimes have to avoid

using nondeterministic strategies that are composed only of numerically optimal

deterministic cheating strategies.

The solids shown in Chapter 7 denoted di�erent rotations of the same deterministic

strategy by marking each LHS with the same coloured dot or marker � by employing

all of these rotations (or even just some subset of them, in some cases) equally often,

Alice could easily maintain equal apparent e�ciencies for each measurement while

only employing equivalent rotations of her optimal deterministic strategies.

This is not the case for geodesic measurements, but the measurements belonging to

the n = 3 subset are all rotationally equivalent to one another, and the same goes for

measurements within the n = 4 subset. So as far as Alice's deterministic cheating

strategies are concerned, it does not matter which n = 3 or n = 4 measurement

is which � the important part is which of those subsets they are in. While it is

no longer possible (in general) for Alice to attain the same apparent e�ciency for

all measurements by rotating her optimal deterministic strategy through all of its

equivalent orientations, doing so for any deterministic strategy on the n = 7 geodesic

can ensure that her apparent e�ciencies are equal between all n = 3 measurements

and between all n = 4 measurements, even if these two values are not equal.

We can see that it should be advantageous for Alice to do this, because if any two

deterministic strategies require the same number of nulls (as the other strategy) for

the n = 3 and n = 4 measurements, Alice would always choose whichever one of

them gives the higher deterministic bound, and ignore the other (and if their values

are equal, there is no disadvantage in choosing one over the other, but no advantage

either).

Therefore, using the shorthand of identifying these measurement sets by n3 and n4,

with the number of non-null measurements in each being denoted by (m3,m4), we

can determine that Alice's optimal nondeterministic strategies will necessarily never

include any deterministic strategies that are not optimal deterministic strategies for

their value of (m3,m4). Thus, our calculations for her optimal cheating strategies

need only consider the optimal deterministic strategies for every pair of (m3,m4)

values. The apparent e�ciency corresponding to each (m3,m4) strategy is ε =

(m3 +m4)/7, which we can see will not be a unique value among all (m3,m4), so we

cannot use it to index the optimal deterministic strategies, like we did in Chapter

7. But it is useful to have a single index for denoting our deterministic strategies,

so we shall create the label i to number each of them. If we consider all possible

(m3,m4) values, there will be (n3 + 1)(n4 + 1) of these, so we will de�ne i to span

(n3+1)(n4+1) di�erent strategies, each one being the optimal deterministic strategy

for that (m3,m4) label. Therefore, we can index these values as (mi
3,m

i
4) where

necessary. If we also index the set of Alice's results according to her deterministic
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cheating strategy, as {Air}, then we can calculate the deterministic bounds, as

Dn(i) = max
{Aij}

 1

n
λmax

 n3∑
j=1

Aij σ̂
β
j +

n3+n4∑
j=n3+1

Aij σ̂
β
j

 , (9.1)

where we have divided the sum over measurements, j, such that the �rst sum is

over the n = 3 (octahedral) measurements, and the second is over the n = 4 (cubic)

measurements. Indexing our Dn(i) values thus, an optimal nondeterministic strategy

will be composed of them as

Kn(ε) = max
{wi}

(n3+1)(n4+1)∑
i=1

wiDn(i)

 , (9.2)

where wi is the weighting of each deterministic strategy, and our bound is de�ned

by the set of {wi} that maximises this function. The set {wi} is constrained such

that
∑(n3+1)(n4+1)

i=1 wi = 1, and such that the apparent e�ciency of the strategy is

ε =
∑(n3+1)(n4+1)

i=1 wi(m
i
3 + mi

4)/(n3 + n4). One may notice that these are still the

same constraints as those given with Eq. (7.12) in Chapter 7. Indeed, the forms of

Eqs. (9.1) and (9.2) are also e�ectively the same expressions as their counterparts

in Chapter 7, though we have expressed them slightly di�erently here. As they are,

the formulae and constraints for these bounds can be used to derive the asymmetric

bounds shown above. However, to derive the symmetric bounds, we need to impose

an appropriate form of the symmetry condition as a constraint.

Because, as described above, all octahedral measurements are equivalent under some

action of the n = 7 geodesic solid's symmetry group (as are the cubic measurements),

it is easily possible for a cheating Alice to equalise the null measurement probabilities

between all n3 measurements (and between all n4 measurements). So the only form

of the symmetry condition that would place any restriction upon Alice's available

strategies will be that which requires her apparent e�ciencies for her n3 measure-

ments to equal those of her n4 measurements. Therefore, the constraint upon wi

that Alice must satisfy can be reduced to

(n3+1)(n4+1)∑
i=1

wi
mi
x

nx
= ε, (9.3)

for both x = 3 and x = 4 (i.e., for all distinct measurement sets). If we enforce this

condition of symmetric null results upon Alice's cheating strategies for our n = 7

measurements, then the largest values of s7(ε) that a cheating Alice can attain (which

is what de�nes our EPR-steering bounds) are shown in Figure 9.4.

From this �gure, we can see that the EPR-steering bound is not greatly altered, but

is noticeably lower in some places. To see this clearly, it is more useful to plot a

function of the di�erence in these two bounds. In Figure 9.5, this is what we have

done, and from this �gure, we can see a clearer trend. The improvement that is

gained from using the symmetric bounds has many �uctuations with ε. But upon
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Figure 9.4: Postselected linear bounds, with and without consideration given to the sym-
metry condition, for the geodesic n = 7 measurements.

closer inspection, it can be seen that the peaks in Figure 9.5 correspond to every

apparent e�ciency that is a multiple of 1
7 between ε = 1

7 and ε = 1 � i.e. the

e�ciencies of every deterministic strategy with 1 < m < n.

Figure 9.5: Margin of improvement o�ered by symmetric bounds over asymmetric bounds
for n = 7.

This means that Alice's optimal deterministic strategies are de�nitely not capable

of satisfying the symmetry condition � which is in line with our expectation that

many deterministic strategies could not be symmetrised under any actions of the

symmetry group for the n = 7 shape. This also implies that those deterministic

strategies were likely nondegenerate (not numerically equal to any other deterministic

or nondeterministic strategy), which was also true of most optimal deterministic

strategies for Platonic solids.
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Figure 9.6: The asymmetric ensemble weightings (a) and symmetric ensemble weightings
(b) that compose Alice's optimal cheating strategies for n = 7 (in the respective absence or
presence of the symmetry constraint upon Aj).

It is not particularly surprising that our symmetry condition was of most bene�t in

these circumstances since, at all other ε-values, Alice's optimal asymmetric cheating

strategy was already a mixture of at least two strategies. But clearly, even when

Alice's numerically-optimal strategies weren't deterministic, her optimal symmetric

strategies for almost all ε-values required some degree of alteration to satisfy the

symmetry condition. Indeed, the di�erence between these two bounds can be thought

of as the sacri�ce that a careful cheating Alice makes so as to not produce unnatural

statistics. In order to attain a symmetric bound so close to the asymmetric one, a

cheating Alice would need to manipulate Bob's ensembles with great care.

Figure 9.6 shows the optimal mixings of LHS orientations that a cheating Alice

would have to use to attain the maximal s7(ε) values with and without the symmetry

condition � and as we can see, �nding the optimal symmetric strategies does indeed

require more complex manipulation than the asymmetric ones.

The partitions in this �gure each represent di�erent optimal strategies, and are

identi�ed as such by the solids shown upon them; each of which is marked with

dots representing the optimal LHS orientations for that deterministic strategy. The

deterministic strategies shown are those which attain the optimal value of Dn(i) for

the corresponding (mi
3,m

i
4) values labelling each partition.
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Each solid in Figure 9.6 shows only one deterministic strategy, but shows all equiv-

alent rotations of the LHS corresponding to it � so the multiple dots on each solid

identify the rotational multiplicity (or �degeneracy�) of each deterministic strategy.

The height of each partition at any ε-value corresponds to the weighting, wi, of

that partition's strategies in Alice's optimal cheating strategy for that ε-value. For

example, Alice's optimal symmetric strategy for ε = 0.4 requires Alice to choose

Bob's states ρβξ such that: 40% of them are the states shown on the solid labelled

(1,1), another 40% of them are from the (1,2) solid, and 20% of them are those

from the (2,2) solid. But these optimal strategies only work if Alice also takes

care to ensure that in each constituent strategy, the measurement at each vertex

has the same null probability as every vertex it can be rotationally equivalent to

(i.e. in this case, Alice can and should equalise the null probabilities between all

n = 3 measurements and equalise those between all n = 4 measurements). This

is most simply done by using each ensemble equally frequently (and often can only

be done in this way). For example, when Alice is employing the (2,2) strategy, this

is accomplished by submitting the states from each of the 6 antipodal state pairs

(that give the 12 state orientations on that shape) equally frequently � so for the

ε = 0.4 optimal strategy, Alice must mix these degenerate strategies such that each

pair contributes a state 20%/6 = 31
3% of the time (or more simply, but less generally,

she could just submit each of the 12 states 20%/12 = 12
3% of the time).

For the asymmetric strategies, on the other hand, a cheating Alice would not need

to bother with such diversity. For example, at ε = 0.4, she could simply submit any

one (or any mixture) of the states on the (1,1) solid 20% of the time, and any one (or

any mixture) of the states from the (1,2) solid's ensemble 80% of the time. It is for

this reason that Alice does not need to distinguish the (0,1) and (1,0) strategies from

one another when composing her asymmetric bound (she only cares that m = 1).

With this in mind, and upon examination of Figures 9.5 and 9.6, we can see that

the minima in Figure 9.5 are the places where the mixings from Figure 9.6(a) are

already capable of satisfying the symmetry condition, and thus are the best choices

for their respective ε-values in Figure 9.6(b). Therefore, these are the only places in

Figure 9.6 where both graphs show the same mixing of strategies. An easier way to

identify these positions in Figure 9.6(b) is that these are all of the ε-values where the

optimal symmetric strategy is a mixture of only two ensembles (since this is what

Alice was already doing for her optimal asymmetric strategies at every point that

wasn't a deterministic strategy).

The symmetry constraint is what necessitates the di�erence between Alice's sym-

metric and asymmetric bounds. Without it, Alice's strategies would be constructed

from whicheverm measurements were most closely arranged, regardless of how many

of those were n3 or n4 measurements. Thus, there exist asymmetric mixings like that

at ε = 5
7 ≈ 0.714, for which there is only a single deterministic strategy; the (1, 4)

strategy, with an apparent e�ciency of ε = 5
7 . But this strategy would result in

ε3 = 1
3 and ε4 = 1, so if a cheating Alice were to employ it, it would lead to statistics
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that an attentive Bob would easily notice. So in employing the above symmetry

constraint, when Bob does not detect such unexpected null statistics from Alice,

we can use this to con�dently conclude that if Alice is cheating, she can only be

using strategies that do as well as her best symmetric strategy. Thus, the symmetry

constraint allows us to calculate lower EPR-steering bounds than are possible without

it. Indeed, it should be clearly stated that in all of our discussion of Alice's cheating

strategies with and without such a condition, our only concern has been their use

as a numerical de�nition of our EPR-steering bounds. In reality, the only work that

goes into lowering the bound (aside from the above calculations) is Bob's e�ort in

keeping track of Alice's statistics, and con�rming that they obey Eq. (9.3).

Performing the same derivations to �nd the optimal symmetric bound for our n = 16

geodesic measurements, we can use the same expressions for Eqs. (9.1), (9.2), and

(9.3), simply with n3 and n4 replaced by n6 and n10, where the n6 measurements

are those that correspond to the icosahedron (n = 6) measurements, and the n10

measurements are those that correspond to the dodecahedron (n = 10) measure-

ments. Thus, the symmetry condition to obtain the optimal symmetric bounds for

this measurement set must hold for x = 6 and x = 10.

Upon calculating the optimal symmetric bounds for our geodesic n = 16 measure-

ments, we �nd that the degree of improvement they o�er over the asymmetric bounds

is not as pronounced as that for n = 7. Indeed, if we were to plot these two bounds

upon the same graph, in the manner of Figure 9.4, they would be even more closely

spaced than Figure 9.4 itself. So the di�erence between them is plotted directly, as

a margin of improvement (∆k16(ε)), and is shown in Figure 9.7.

Figure 9.7: Margin of improvement o�ered by symmetric bounds over asymmetric bounds
for n = 16.

This �gure seems to have fairly similar behaviour as Figure 9.5, though with more

peaks and troughs, which is to be expected, as the improvement in the n = 7 bounds

peaked at the ε-coordinates of deterministic strategies (i.e. ε ∈ { 1n ,
2
n , ...,

n−1
n , 1}).

Analysis of this data would reveal that while every peak in Figure 9.7 corresponds to

the ε-coordinate of an optimal deterministic asymmetric strategy. However, unlike

the n = 7 data, not every m-value has an optimal asymmetric bound that is a

deterministic strategy (as we could see from Figure 9.3); so this is why, unlike the
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Figure 9.8: The asymmetric ensemble weightings (a) and symmetric ensemble weightings
(b) that compose Alice's optimal cheating strategies for n = 16 (in the respective absence
or presence of the symmetry constraint upon Aj).

n = 7 data in Figure 9.5, not every multiple of ε= 1
n has a corresponding peak in

Figure 9.7. But all of the troughs in this �gure (where ∆k16(ε) = 0) are still de�ned

at the ε-coordinates where Alice's optimal symmetric strategies are the same mixings

of strategy pairs as for her optimal asymmetric strategies � with the exception of

the trough at ε = 11
16 = 0.6875, which does not give ∆k16(ε) = 0, but is quite

close (∆k16(ε) = 0.000163) because Alice's optimal asymmetric strategy is almost

the same as the optimal symmetric strategy (approximately 94% of the ensembles

for the optimal symmetric strategy here are the same ensembles that compose the

optimal asymmetric strategy). There are also places like ε = 0.6, ε ≈ 0.77 and

ε ≈ 0.91 where the optimal symmetric ensembles are mixtures of only two strategies,

but not of the two strategies that composed the optimal asymmetric strategies at

those ε-values. A display of Alice's optimal symmetric and asymmetric strategies for

n = 16 is given in Figure 31, from which some of these observations can be veri�ed.

The points we intended to make about the spatial distribution of ensembles were

su�ciently made with reference to Figure 9.6, and most plots of the deterministic

ensembles for n = 16 do not easily convey meaningful information, so we have

omitted them in Figure 9.8 and simply labelled each partition with the (m6,m10)

coordinates of the strategies they represent.
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We have deduced that when Bob records Alice's measurement statistics, this ef-

fectively enforces the symmetry condition of Eq. (9.3), since Bob would not be

convinced of Alice's honesty if this condition is not satis�ed. From the results

calculated in this section, we can see that if this condition is satis�ed, Bob can

be certain that if Alice is cheating, the best results she could possibly get would

be those obtained through some symmetric cheating strategy. But since all this

condition entails, experimentally, is that Bob records the statistics of Alice's null

results, this constraint will not a�ect an honest Alice in any way whatsoever, but will

lower the minimum values of sn(ε) that an honest Alice must attain to demonstrate

EPR-steering (as it has for almost all ε-values in the above cases).

So we have seen that when our set of measurements are not regularly spaced, we can

lower the EPR-steering bound by placing a constraint upon Alice's measurement

statistics. This may lead us to consider what we could do to Bob's measurement

statistics to a�ect our EPR-steering bounds.

As mentioned in Chapter 8, because Bob is our trusted party, there is no way

any arrangement of his null results would a�ect our bound (even if his null results

could be controlled). However, in every form of our EPR-steering criteria so far,

we have also assumed in the calculation our EPR-steering bounds that when Bob

chooses measurements from his set, he chooses them all with equal weighting. This

was introduced in Chapter 3, and justi�ed in Chapter 4 with logic similar to that

which led us to choose measurement sets based on the Platonic solids' vertices.

However, we have seen that Platonic solid measurements are not generally optimal

(as evidenced in observing that k3(0.5) < k4(0.5) in Figure 7.10). We have also seen,

by considering non-regularly spaced measurements, that adding some complexity

to our measurement sets can be bene�cial � especially if doing so increases the

complexity of Alice's optimal cheating strategies.

So it may be worthwhile to consider how an EPR-steering bound may be a�ected

when Bob chooses to alter his measurement weightings. For the Platonic solid mea-

surements, their symmetry allows Alice to trivially satisfy the symmetry condition

by simply including di�erent rotations of the same deterministic strategies, which

leads to every measurement's expectation value being equal (when averaged over a

cheating Alice's symmetric strategy mixings). So changing their relative weightings

cannot improve their EPR-steering bounds (in fact, it could only worsen them,

by allowing Alice to align Bob's LHS more closely to his more highly-weighted

measurements). But this is not generally the case for the geodesic measurements

we have just considered. Indeed, considering our n = 7 geodesic measurements, for

any cheating strategy satisfying the symmetry condition, we can predict that the

average values of Alice's n3 measurements should all be equal, and the same goes

for the n4 measurements, but there is no reason to expect that these two average

values will generally be equal. So in the next section, we investigate what happens

to the n = 7 EPR-steering bound when Bob changes the weightings with which he

uses these two measurement sets.
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9.3 Variable Weighting Bounds

Having explored how our bounds are a�ected when constraints are enforced upon

Alice's measurement results, we now explore how our bounds are a�ected when

we change the constraints upon the weightings of those results. We start doing

so by considering the geodesic n = 7 measurements used above, for which we

inherently constrained the weighting of each measurement such that one rotationally-

interchangeable measurement set was used 3/7 of the time, and the other rotationally-

interchangeable measurement set was used 4/7 of the time. These choices indicated

that Bob has chosen to measure in every orientation with equal probability � and we

can consider these weightings to be Bob's choice, as the experimental convener.

This choice has been incorporated into the normalisation of our EPR-steering func-

tions, and so to mathematically address this constraint, we must rede�ne Sn(ε), and

de�ne a new variable for the weightings of each designated composite measurement

set. We will designate these variables as pr, so in regards to our n = 7 measurements,

we will be using p3 for the weighting of the octahedron (n = 3) measurement set,

and p4 for the weighting of the cube (n = 4) measurement set.

So when we remove our assumption of equal weighting in the calculation of Sn(ε),

we obtain

Sn(ε) = −
∑
r

∑
jr

pr
nr
EAjr

[
Ajr〈σ̂

β
jr
〉Ajr

]
, (9.4)

where the r index denotes each of the subsets of rotationally interchangeable mea-

surements, and thus, which subset each jr-term belongs to. So each factor of pr
nr

is applied only on the nr subset (n3 or n4, for example) to which each jr-term's

measurement corresponds. The n subscript upon Sn(ε) denotes the sum of all nr

values, and this expression of Sn(ε) easily reduces to Eq. (3.23) when pr = nr
n (when

p3 = 3
7 , and p4 = 4

7 in our n = 7 case). Also note that this expression is not

postselected, but can easily be converted to a postselected expression for sn(ε) by

multiplying by a factor of 1
ε .

From this, we can calculate the values of Alice's optimal deterministic strategies in

exactly the same manner as before, which for n = 7 are given by

D7(i) = max
{Aij}

λmax

 n3∑
j=1

Aij σ̂
β
j

p3
3

+

n3+n4∑
j=n3+1

Aij σ̂
β
j

p4
4

 , (9.5)

where we have de�ned p3 and p4 such that p3+p4 = 1. But as mentioned above, equal

measurement weightings are not denoted by p3 = p4 = 0.5; rather, because there

are four measurements in the cubic measurement set and three measurements in the

octahedral set, the case where every measurement is chosen with equal weighting

is de�ned by p3 = 3
7 , and (equivalently) p4 = 4

7 . Just as with Sn(ε), we have not

changed our notation of Eq. (9.5) to be distinct from that of Eq. (9.1), because it is
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still the same function � the only di�erence is that in Eqs. (9.5) and (9.4), we have

shown the implicit dependence upon p3 and p4 that already existed, and was simply

set at values which allowed them to be expressed as the normalisation factor of 1
n .

Note that if we take Eq. (9.5) to express D7(i) as a function of p3 and/or p4, we

cannot also use each i label to index a speci�c cheating strategy. This is because we

have previously de�ned D7(i) as the optimal deterministic strategy for (mi
3,m

i
4), and

if we choose to change {pr}, the relative values of all deterministic strategies (optimal

or suboptimal) for (mi
3,m

i
4) may change, and therefore, the values of {Aij} and ρ

β
ξ

de�ning the optimal optimal deterministic strategy for (mi
3,m

i
4) may change with

{pr}. Thus, each D7(i) represents the optimal (mi
3,m

i
4) strategy for (and sometimes

only for) the values of (p3, p4) used in its calculation.

However, as long as i indexes all of Alice's optimal deterministic strategies (or even

when it indexes any list of attainable deterministic strategies � we simply do not

need to do so here), Alice's optimal nondeterministic strategies are still given by

Kn(ε) = max
{wi}

(n3+1)(n4+1)∑
i=1

wiDn(i)

 , (9.6)

which is unaltered from Eq. (9.2). Similarly, we still wish to use our symmetry

constraint, for which we can use Eq. (9.3) again.

A reason not to consider Dn(i) as an explicit function of {pr} is that we are more

concerned with how {pr} a�ects Kn(ε), which can only have an implicit dependence

upon {pr}. But calculating the values of these expressions (with the symmetry

constraint) as functions of {pr} for our n = 7 measurement set, we �nd that our

EPR-steering bounds can indeed be a�ected by Bob's choice of {pr}.

What we �nd is that varying the values of {pr} away from equal weighting can o�er

an improvement to the n = 7 EPR-steering bounds at almost all ε-values. However,

the margin of improvement o�ered is quite small, and so is plotted in Figure 9.9 in

the same style (and on the same scale) of Figure 9.5, along with the data from Figure

9.5, for ease of comparison.

In Figure 9.9, we see that there are several ranges where the improvement of our

variable-weighting symmetric bounds does not greatly exceed the improvement of

the equal-weighting symmetric bounds (over the asymmetric bounds). However,

varying our measurement weightings does appear to o�er a signi�cant advantage

around 0.8 < ε ≤ 1, and quite notably, also o�ers a distinct advantage in the range

of 1
7 < ε < 2

7 , where the symmetric bounds could not o�er any improvement over

the asymmetric bounds.

The ways in which (p3, p4) must be varied to achieve these optimal bounds is shown

in Figure 9.10, with the distance from the bottom of the graph to the solid line

representing the value of p3, and the distance from the top of the graph to this line

representing p4 (as also indicated by the vertical axes and by the shapes plotted in
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Figure 9.9: The margin of improvement o�ered for n = 7 by symmetric bounds over
asymmetric bounds (function A), and the further margin of improvement o�ered by variably-
weighted bounds (function B).

these subdivisions). The dashed horizontal line in this �gure is used to mark the

points where p3 = 3
7 and p4 = 4

7 , so every vertex is chosen with equal weighting.

The function representing the weightings of p3 and p4 is not de�ned for ε < 1
7 , for the

same reason as all of the other previous �gures that did not de�ne functions below

ε = 1
n : below this point, EPR-steering is not demonstrable (and no values of (p3, p4)

can change this).

Figure 9.10: Optimised mixing proportions of octahedral (p3) and cubic (p4) measurements
for the n = 7 variable-pr linear bounds. Intersections of the dashed line identify equal
measurement weightings.

From Figure 9.10, we can see that to attain the improvements in kn(ε) observed in

Figure 9.9, Bob must alter his measurement weightings by quite a signi�cant margin.

The relative measurement weightings of the n3 and n4 sets �uctuate a great deal,
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even completely collapsing to p4 = 1 at one point (ε = 0.6). Indeed, there are only

three points (and not even any �nite range about these points) where there was

found to be no possible improvement upon the equally-weighted symmetric bound

(not including ε = 1
7 , where EPR-steering is still not demonstrable). These three

points at ε ≈ 0.2743, 0.4168, and 0.5902 all seem to exist only because of continuous

shifts of the optimal choice of weighting from pr >
nr
n to pr <

nr
n , and vice versa.

So we can conclude that the optimal strategies at these three points should be

the same as those shown in Figure 9.6. For most other ε-values, however, Alice's

optimal deterministic strategies and/or their optimal nondeterministic weightings

change continuously with p3, so they cannot be represented quite so easily as in

Figures 9.6 or 9.8. But in examining this �gure, there are still comparisons we can

make with Figure 9.6.

At 0.5, where the p3 weighting peaks, this is an ε-value where the optimal asymmetric

strategy is the same as the optimal symmetric strategy, and it is also the optimal

variable-weighting strategy. Analysis of our optimisation data indicates that Alice's

optimal choice of nondeterministic strategy at this point is the same mixing of (1,2)

and (2,2) strategies shown in Figure 9.6 (i.e. 50% each).

The (1,2) strategy gives similar results for the non-null n4 and n3 measurements, but

has twice as many (i.e. 2) non-null results for n4 as for n3, so the n4 measurements

give a higher average result. Therefore, it seems logical that Bob would weight the

n4 measurements less than the n3 measurements when it is optimal for Alice to use

this strategy � but only up to a point since (as with many ensembles), a higher

weighting on either measurement set will alter Alice's optimal ensemble orientation

to be closer to the more highly-weighted measurement orientations. It seems that

this point is p3 = 1√
3
≈ 0.5774.

The reason we would not immediately assume the (2,2) strategy to contribute to

this tipping point in the same way is that the (2,2) strategy is composed with

symmetries such that no variation in (p3, p4) would change the positions of its

optimal ensembles (even if one of those weightings goes to zero). What is even

more advantageous about this is that the (2,2) strategy is also composed such that

the values of the n4 measurements are slightly higher than the values of the n3

measurements. Therefore, it is understandable why the pairing of the (1,2) and (2,2)

strategies allows a lower EPR-steering bound when Bob increases p3 above equal

weighting. However, further analysis does indeed reveal that the reason the optimal

bound is attained at p3 = 1√
3
is because as p3 increases, the ensembles for the (1,2)

strategy move towards the nearest n3 measurement, which increases the average

value of the n3 measurements, but not as much as it decreases the average value of

the n4 measurements � until we reach p3 = 1√
3
, above which, the average values

of the n3 measurements increase more swiftly with increasing p3 than the average

values of the non-null n4 measurements decrease with increasing p3. Thus, p3 does

not peak at 1√
3
because Alice's optimal strategy changes for p3 >

1√
3
, but because

Alice's optimal strategy starts to achieve better results than at p3 = 1√
3
.
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But one of the most interesting results in Figure 9.10 is at ε = 0.6, where the

optimal weightings show the optimal measurement set to collapse to the n = 4

measurement set. We can observe that this is one of the places in Figure 9.6 where

the optimal asymmetric strategy is the same as the optimal symmetric strategy,

and our optimisation data shows that Alice's optimal strategy in this case is still

the same as in the two equally-weighted situations. But more importantly, we can

observe from the ensemble orientations shown in Figure 9.6 that Alice's optimal

strategy at this point was a mixture of the (2,2) and (1,4) ensembles, both sets of

which are composed with symmetries such that no variation in (p3, p4) would change

the positions of their optimal ensembles (even if one of those weightings goes to

zero). As with many ensembles composed for non-regularly-spaced measurements,

both of these strategies give di�erent expectation values for Bob's measurements

depending on which measurement subset they belong to, but depending only on

which measurement subset they belong to (that is, the expectation value of each n4

measurement will be equal to every other n4 expectation value, and the same goes

for n3, but the n3 and n4 expectation values will be di�erent).

These two characteristics for the (2,2) and (1,4) ensembles are what leads to the

p4 = 1 collapse at ε = 0.6, counterintuitively, because the average values of the

n3 measurements happen to be lower than those for the n4 measurements in both

cases. It would seem that this should be reason to take the opposite course of action.

For situations where Alice uses the (1,4) strategy, there is no strategy that gives

a higher average value for the n4 measurements. There exist other strategies (the

(0,4), (2,4), and (3,4) strategies) that give the same expectation values for those

measurements, but none that give higher values. However, it is precisely for this

reason (in conjunction with the reasons above) that it is advantageous to increase

p4 when using this strategy. If Bob were to more heavily weight the octahedral

measurements, this would encourage Alice to simply choose a di�erent strategy at

this point which gave higher n3 measurement values � unless, of course, there was

no strategy that gave higher values for those measurements (like for n4 in this case).

Indeed, as p4 → 1, the ensembles of any other ε4 = 1 strategy would converge upon

the (1, 4) ensembles (these being the same ensembles as for the k4(1) bound in section

7.1.3). Similarly, for the (2,2) strategy, the optimal ensembles are the same as those

for the k4(0.5) bound, so as p4 → 1, the ensembles of any other ε4 = 0.5 strategy

would converge upon the (2,2) ensembles. So from this, we see that the n = 7 bound

would collapse to the k4(ε) bound at ε = 0.6, which is a slight improvement at this

point.

But in that regard, we can observe that ensembles for the (1,4) strategy are also

the same as for the k3(
1
3) strategy, and the same is true for the (2,2) strategy's

ensembles with the k3(
2
3) ensembles. And at ε = 0.6 for k3(ε) and k4(ε), the mixing

of ensembles is weighted exactly the same as they are here (i.e. 80% (2,2), 20% (1,4)

or equivalent). Therefore, Alice's mixture of the (1,4) and (2,2) ensembles is simply

an average between k3(0.6) and k4(0.6), and the same is true for her bound.
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Because no deterministic strategy exists with equal weighting for each measurement

(except at ε = 1
7 , and ε = 1), at least two more strategies must be mixed with the

(1,4) and (2,2), but there are not any deterministic strategies that perform better

than the k4(0.6) bound, so it is not worthwhile for Alice to change her strategy, even

as p3 → 0.

There are other interesting characteristics that we can observe in Figure 9.10, the

full analysis of which could �ll a much larger chapter than this, but we will limit our

discussion of them, for the sake of moving forward and further employing what we

have learned from this approach. In summary, it seems that where there exist deter-

ministic strategies whose ensemble orientations are invariant with pr, Bob is more

likely to gain some advantage in departing from equal weighting, and deterministic

strategies whose ensemble orientations vary with pr can also o�er some advantage

when departing from equal weighting, but their dependence upon pr tends to limit

the range for which a deviation from equal weighting can impart any improvement

in the EPR-steering bound.

So we see that there is quite some degree of complexity involved in determining

Alice's optimal strategies (and thereby determining our EPR-steering bounds) when

Bob has the option of varying his measurement weightings. We have also seen that

this added complexity contributes to de�nite advantages, and reliable improvements

in our EPR-steering bounds.

Such improvements could be conveyed to our n = 16 measurements, or any other

measurement set composed of regularly-spaced subsets, by optimising for {pr} after
reformulating the deterministic bounds as

Dn(i) = max
{Aij}

λmax

∑
r

nr∑
jr=1

Aijr σ̂
β
jr

pr
nr

 , (9.7)

where we have de�ned each measurement set as {jr}, for convenience.

But we shall forego calculating such bounds for any other measurement sets, in

favour of addressing a more important observation. At almost every ε-value, variable

weightings o�ered a nonzero reduction in the n = 7 EPR-steering bound. This

bene�t, and the behaviour we have observed in it, would suggest that for a measure-

ment set composed of more than two subsets, further numerical advantages may be

obtained. Furthermore, could this imply that measurement sets with no rotationally

equivalent vertices may make optimal use of such advantages? These considerations,

added to our knowledge that neither Platonic solids nor geodesic solids necessarily

o�er the optimal measurement sets for their representative measurement numbers,

o�er su�cient motivation for us to take the next logical step in a search for optimal

measurement sets: to consider measurement strategies which accommodate variation

of both measurement weightings and measurement orientations. This is what we

address in the next chapter, and what we use to then seek out the optimal choices

of these variables.
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Chapter 10

Optimal EPR-Steering Bounds

In this chapter, we consolidate what we have learned from all of our previous in-

vestigations of EPR-steering bounds and the measurements used to obtain them.

The research presented here has not yet been published, but will be detailed in

Reference [64] when it reaches publication.

We have observed from k4(ε) in Chapter 7 (most easily from Figure 7.10 in section

7.3) that measurement sets based upon Platonic solids are not generally optimal.

We were unsurprised to have observed from our n = 7 and n = 16 bounds (and their

failure to improve upon the lower-n Platonic bounds at all points) that measure-

ment sets based upon geodesic solids are not generally optimal either, though their

measurement sets are not limited in size like the Platonic measurements.

Both of these choices of measurement set were built upon the idea that regularly-

spaced measurements should be of the most bene�t for a rigorous test of EPR-

steering. In concert with this hypothesis, we also expected that equal weighting

of every such measurement should be the best choice for improving the diversity

of our measurements (and therefore the rigour of our test). Indeed, for Platonic

measurement sets, where every vertex is rotationally equivalent, there was no pos-

sible advantage in choosing unequal measurement weightings. But for our geodesic

measurements, we discovered that varying our measurement weightings away from

equality was able to grant distinct improvements in our bounds at almost every

ε-value.

In using geodesic measurements, which are not regularly spaced, we also discovered

that imposing a symmetry condition upon Alice's allowable cheating strategies af-

fords us another means of slightly lowering our EPR-steering bounds. We observed

this advantage to not always be substantial, but was present at most ε-values, and

is an advantage that only exists for measurements that are not regularly spaced.

So having conclusively shown that regularly spaced measurements are not generally

optimal, and having also observed that there are distinct advantages available only to

non-regularly-spaced measurements, it makes sense to now explore how our bounds

can be a�ected when we choose to compose our n measurements (for any n) with
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even higher degrees of irregularity.

To investigate this, we should consider the most general form of Sn, which requires

no assumptions about the symmetry group(s) of our measurement set. The form

of Eq. (3.19), the original de�nition of our linear EPR-steering function, included

a normalisation factor of 1
n due to the assumption that equally weighting every

measurement should be the most bene�cial choice of weighting in calculating Sn.

This assumption holds for regularly-spaced measurements, but as shown above, does

not necessarily hold in any other case. For optimal generality, we should not assume

any of our measurements to be rotationally equivalent, and this would lead us to

attaching a unique weighting value to every measurement term. Therefore, we shall

de�ne the weighting of each j-term as pj , which not only allows unequal weighting

of di�erent subsets, but also allows every measurement to be weighted di�erently.

However, given that we have been able to apply the same form of Sn to several

n-values in previous chapters, we can see that it has no inherent assumptions made

about the values that σ̂βj should take. Thus, our general form of our linear EPR-

steering function will be

Sn(ε) = −
n∑
j=1

EAj

[
Aj〈σ̂βj 〉Aj

]
pj , (10.1)

where the normalisation of this sum is maintained by requiring
∑

j pj = 1. Thus,

the allowable values of Sn(ε) are still constrained such that −1 ≤ Sn(ε) ≤ 1, which

we desire because this is the same range of values for EAj

[
Aj〈σ̂βj 〉Aj

]
which, for an

honest Alice, always equates to εµ (or simply µ, if postselected), and thus the scale

of our linear function is most indicative of our entanglement parameter µ in this

case. This form of pj maintains that characteristic without the use of any further

normalisation constants, since it neatly replaces our previous normalisation factor of
1
n . Indeed, all terms are equally weighted when pj = 1

n ∀j, in which case Eq. (10.1)

would be equivalent to Eq. (3.19).

Given that we are considering measurements that are generally not rotationally

equivalent, it will be bene�cial for us to consider this form of Sn in conjunction

with a symmetry constraint. Since, unlike all previous cases, we are making no

assumptions about the symmetries of our measurements, the symmetry constraint

that we use should also be completely general. Thus, our symmetry condition should

be such that the apparent e�ciency for every measurement is equal, and therefore

equal to Alice's total apparent e�ciency ε, which gives us∑
i

wi|Aij | = ε,∀j. (10.2)

In this expression, the variable i indexes Alice's deterministic cheating strategies.
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These will be given by

Dn(i) = max
{Aij}

λmax

 n∑
j=1

Aij σ̂
β
j pj

 . (10.3)

In indexing these strategies, we can still use the same labelling convention as when

we indexed D7(i) as the optimal strategy for the values of (mi
3,m

i
4) denoted by

i, but in making no assumptions about relationships between measurements, we

must now consider each measurement as its own subset. Therefore, we will de�ne

each m-value by mi
j = |Aij | ∈ {1, 0}, and de�ne each i to correspond to a value

of (mi
1,m

i
2, ...,m

i
n−1,m

i
n). Each Dn(i) will be de�ned by the optimal deterministic

strategy for the permutation of (mi
1,m

i
2, ...,m

i
n−1,m

i
n) de�ned by i (this means there

will be 2n of these). As such, this is what will be indexed to �nd the optimal

nondeterministic bound at each ε-value, which is

Kn(ε) = max
{wi}

[∑
i

wiDn(i)

]
, (10.4)

which we still de�ne with the constraints
∑

iwi = 1 and
∑

iwiεi = ε, though this

second constraint could now be omitted, since it will necessarily be ful�lled if Eq.

(10.2) is ful�lled. We can be certain that this de�nes our optimal bound, even though

i does not index all possible deterministic strategies, because the only motivation

a cheating Alice will ever have to use a suboptimal deterministic strategy will be

to achieve apparent e�ciencies for each measurement that satisfy the symmetry

condition. Therefore, whenever a cheating Alice has a choice of more than one

value of Dn(i) corresponding to some (mi
1,m

i
2, ...,m

i
n−1,m

i
n), she will never have

any reason to choose anything except the maximal value of Dn(i) for that i.

So we can be certain that Kn(ε) (or kn(ε) = 1
εKn(ε), in its postselected form)

de�nes the maximal value of Sn(ε) that can be attained with any cheating strategy.

However, we must brie�y question their applicability since a cheating Alice can't

actually attain those bounds without knowing what {pj} will be, since the optimal

deterministic bounds are now dependent upon {pj} in Eq. (10.3). Therefore, if

Alice is cheating, but does not know what the values of {pj} are, she is not likely to

attain Sn(ε) = Kn(ε) with any certainty, since the choices of pj do not necessarily

re�ect the frequency with which Bob chooses each measurement (which Alice would

be able to determine experimentally), but rather, are simply the weightings Bob uses

in calculating Sn(ε).

The values of {pj} do not a�ect the capabilities of an honest Alice, so there is no

reason to assume that Bob necessarily tells Alice what values he chooses for {pj}.
But our tests of EPR-steering clearly do require Bob to tell Alice his measurement

orientations, given that hers are the same � and from Bob's set of measurements,

Alice can easily determine the choices of {pj} which make Kn(ε) as low as possible

for any given ε (just as we did in section 9.3). Thus, a cheating Alice can easily
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discern Bob's optimal choices of {pj} (and tailor her cheating strategies to saturate

the bound for this case).

Of course, Bob's choice of {pj} is not constrained by anything Alice calculates, but

neither is he motivated to ever choose any suboptimal set for {pj} � to do so would

necessarily increase the EPR-steering bound itself, making it harder for an honest

Alice to rigorously demonstrate EPR-steering. Thus, it is logical to always choose

the {pj} set which gives the lowest possible bound (and pay no heed to the fact that

a cheating Alice can always determine this {pj}, and attain the bound).

Therefore, �nding the sets of {σ̂βj } and {pj} that yield the best possible EPR-steering
bounds � we will refer to such pairs of sets as optimal measurement schemes � requires

no other considerations except for determining the values that minimise kn(ε). As

we have seen in section 9.3, the values of {pj} that de�ne optimal varied-weighting

bounds can change depending on ε, and so we would also expect the values of {pj}
that de�ne any optimal measurement schemes are also likely to change with ε. For

reasons of symmetry with pj (not to mention geometric intuition), it also makes sense

to consider that the optimal {σ̂j} set may also vary with ε. Obviously, both of these

sets will necessarily also change with n. So in discussing the {σ̂j} and {pj} sets that
de�ne any optimal measurement schemes, we shall refer to them as such only for

the ε and n values for which we have found those sets to yield the optimal bound.

Therefore, the measurements and weightings that de�ne an optimal measurement

scheme for a given n and ε can be de�ned from

Cn(ε) = min
{σ̂j},{pj}

[Kn(ε)] , (10.5)

where Cn(ε) is the optimal nondeterministic EPR-steering bound for n measure-

ments, with an apparent e�ciency of ε. In keeping with our notation, Eq. (10.5)

de�nes the non-postselected optimal bound, and the postselected optimal bound is

simply given by cn(ε) = 1
εCn(ε).

To �nd these optimal bounds, we use global optimisation algorithms that calculate

Kn(ε) as a function of {σ̂j}, {pj}, and ε, and search for the values of these variables

which give the lowest value of Kn(ε) within their variable space. Our methods for

doing so are not relevant to the bounds themselves and are detailed in Appendix C.

10.1 Optimal Measurement Schemes for n = 2, 3, 4

Performing the optimisation indicated by Eq. (10.5), we can determine the optimal

bounds cn(ε) for any speci�ed number of measurements n, and for any chosen ε-value.

Doing so for two or three measurements, and a wide variety of ε-values, reveals the

optimal measurement schemes for n = 2 and n = 3 to be the same measurement

sets that we used in sections 7.2.1 and 7.2.2 (and also with pj = 1
n ∀j). This is not

surprising since we would expect completely orthogonal measurements to be a more

rigorous choice than non-orthogonal measurements in any situation. So the optimal
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bounds for n = 2 and n = 3 are the same as those given by the square and octahedral

measurements in section 7.3.

However, unlike n = 2 and n = 3, we know from Figure 7.10 that our Platonic n = 4

measurements cannot be optimal for all ε-values. Optimising to �nd the best possible

EPR-steering bounds, cn(ε), for n = 4 at all ε-values, we �nd that the optimal bounds

are indeed better than the cubic bounds � not only for a region around ε = 0.5, but

at every ε-value with ε & 0.42. These optimised bounds are shown in Figure 10.1,

along with the Platonic n = 3 and n = 4 bounds for comparison.

Figure 10.1: Optimised n = 4 bounds, plotted alongside the Platonic n = 3 and n = 4
bounds, for comparison. The data points for the Platonic curves are deterministic bounds,
and the lines are nondeterministic bounds. For the optimised curve, the data points are
nondeterministic bounds, and the lines are estimates based on the data points.

In Figure 10.1, the data points for the Platonic n = 3 and 4 bounds are the optimal

deterministic bounds, and the lines connecting them (or bypassing them) are the

optimal nondeterministic bounds. However, for the optimised n = 4 bounds, the

optimised measurement schemes can only calculated for each individual ε-value,

because the value of ε has an e�ect on which measurement schemes are actually

optimal. Thus, the orientations and weightings of our measurements change with ε,

so the value of each deterministic strategy (as well as each strategy itself) changes

as a function of ε. Therefore, it is an arduous and largely pointless task to in-

dividually describe every deterministic strategy that can be calculated for every

di�erent measurement scheme, just as there would be no use in describing the optimal

nondeterministic strategies at every ε-value for a measurement strategy that only

produces the optimal nondeterministic bound at a single ε-value.

To this end, the data points on the line of optimised n = 4 bounds shown in Figure
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10.1 are all optimal nondeterministic bounds: i.e. the c4(ε) values for those points.

There are 19 of these data points, which are calculated with intervals of ∆ε = 0.75
18 ≈

0.042 between every ε-value. Each of these bounds is calculated from a computational

search for the measurement scheme that yields the lowest possible nondeterministic

bound at that ε-value, with the exception of the ε = 0.25 data point, which necessarily

gives k4(0.25) = 1 for any measurement scheme. Therefore, the lines connecting these

data points are not optimised bounds; they are only estimates of the intermediate

bounds calculated from the neighbouring data points.

The way we calculate these estimates is e�ectively the same way that we calculated

the values of the nondeterministic bounds in Chapter 7, but for di�erent reasons.

Because we have allowed {σ̂βj } to vary with ε, we cannot compare the cheating

strategies between any two given points. However, every n = 4 data point seems to

indicate that c4(ε) is a convex function of ε (and that C4(ε) is a concave function

of ε). That is, every pairing of c4(ε) points satis�es the criteria de�ning a convex

function, that

cn(tε1 + (1− t)ε2) ≤ tcn(ε1) + (1− t)cn(ε2),

where this only de�nes a convex function if it is valid for all t such that 0 < t < 1,

and for all ε in the range of that function. So because we only know this is valid

for any non-adjacent pair of ε-values in our set of 19 data points, and for t-values

that are allowed by the ε-values in our set of data points, we cannot say for certain

that it holds for all ε. But since there is no reason to suspect that the set of data

points we have selected are not representative of the behaviour of c4(ε) (and since we

observe the same behaviour in every other cn(ε) data set below), it is a reasonable

assumption to make for the purposes of �tting our data to a curve.

As such, the lines we have used to connect our optimised data points are de�ned

by the minimum condition of both convexity for cn(ε) and concavity for Cn(ε) (i.e.

linearity for Cn(ε)), which gives our estimates of Cn(ε) at each ε to be

Est[Cn(ε)] = P1Cn(ε1) + P2Cn(ε2),

where P1 = (ε− ε1)/∆ε, P2 = (ε2− ε)/∆ε = 1−P1 , and ∆ε = ε2− ε1, since we have
de�ned our estimates using only adjacent pairs of data points for ε1 and ε2 (with

ε1 < ε < ε2 = ε1 + ∆ε here). Although we have no expectation that our estimated

bounds should be optimal bounds, we do expect that they will be reliable upper

bounds on cn(ε). As such, we would expect them to be quite close to the values that

optimal bounds would give, and for them to become more accurate approximations

when we have smaller values of ∆ε.

Of course, no such estimations were required for the n = 2 or n = 3 bounds, as their

optimal measurement schemes did not appear to vary at all with ε. The optimal

measurement schemes were calculated for n = 2 and n = 3 at a large number of ε-

values (over regular and irregular intervals), and every generated data point indicated

the Platonic measurements to be optimal for that ε-value. Thus, we cannot state
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with certainty that these were the optimal measurement schemes at all points, but

we can state it with great con�dence, as there is no evidence that suggests this may

not be true.

However, as expected, we found many ε-values for which the optimised measurement

schemes for n = 4 did not correspond to the vertices of the cube (or equal weight-

ings). As we can see from Figure 10.1, our optimisation of bounds could �nd no

improvement upon the Platonic n = 4 bounds between ε = 0.25 and ε ≈ 0.42, and

as such, the optimised measurement schemes approximate equally weighted cubic

measurements in this region.

However, as ε increases above ε = 0.42, the optimal measurement scheme begins

to deviate away from equally weighted cubic measurements. This deviation peaks

around ε = 0.5, where the optimal quartet of measurements consists of two measure-

ments that are closer together than cubic vertices, and two that are farther apart.

These measurement orientations are represented by a solid that is shown from various

angles in Figure 10.2.

(a): (b):

(c): (d):

Figure 10.2: The solid de�ned by the optimal measurement orientations for n = 4 when
ε = 0.5, shown from multiple angles.

It seems that these two pairs of measurements are actually two subsets of rotationally-

interchangeable measurements. Thus, the optimal weighting for each measurement

is equal to that of its partner � these being pj ≈ 1
6 for each of the closer-spaced

pair, and pj ≈ 1
3 for each of the farther spaced pair. We can see from Figure 10.1

that this measurement scheme performs signi�cantly better than the cubic n = 4

measurements at ε = 0.5, and noticeably better than the n = 3 measurements at

ε = 0.5. Although the optimal measurement scheme converges upon this arrangement

as ε → 0.5, as ε increases further, the optimal measurement scheme departs from

this arrangement, and appears to move gradually closer to the measurement scheme

that is optimal for ε = 1.

The measurement orientations de�ned by the optimal ε = 1 measurement scheme
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are represented by the vertices of the solid shown in Figure 10.3. These optimised

measurement orientations entail three measurements being almost regularly spaced

in one plane, and the fourth measurement being orthogonal to the other three.

This outlying measurement has a weighting of pj ≈ 0.31, and the other three have

weightings of pj ≈ 0.23.

It can be observed that the almost-regular spacing of the three planar measure-

ments does not actually approximate regular spacing. More rigorous analysis of the

optimised solid shown in Figure 10.3 (involving repeated and directed simulations)

indicates that the optimal angular distances between its vertices are θ1,2 = π/3 ≈
π ∗ 0.333 for one pair (which would lead to regular spacing if this were true of all

pairs), but θ2,3 ≈ π ∗ 0.344, and θ1,3 ≈ π ∗ 0.322 for the other two pairs (the choice

of which vertices correspond to j = 1, 2, or 3 is inconsequential). Therefore, it seems

that there is some advantage in maintaining, but not exceeding, this small degree of

irregularity in the more closely spaced measurements in this con�guration.

Figure 10.3: The solid de�ned by the optimal measurement orientations for n = 4 when
ε = 1.

The optimal measurement schemes close to ε = 1 also have quite similar arrange-

ments to that shown in Figure 10.3, merely with some measurements being slightly

di�erently spaced and/or slightly di�erently weighted. The optimal measurement

schemes for 0.5 < ε < 1 seem to be a continuum of schemes that show a smooth

transition between the schemes of Figures 10.2 and 10.3. To e�ect this transition, as

ε decreases, two of the three planar measurement pairs seem to move out of the plane

(in opposite directions), more closely approaching the polar vertices. This leads to

con�gurations for 0.5 < ε < 1 that can share quite visible similarities to both Figures

10.2 and 10.3.

To show this, the optimal measurement scheme for ε = 0.75 is shown in Figure 10.4,

which can be seen in Figure 10.4(b) to have the same �top-down� (relative to the

perspective of Figure 10.3) con�guration of vertices as Figure 10.3, though the three

measurements that were in a single plane for ε = 1 are somewhat skewed from this

in Figure 10.4 � as we should expect for a smooth transition to a shape closer to that

shown in Figure 10.2. However, it is noticeable from Figure 10.4 that the optimal

scheme at ε = 0.75 is somewhat more closely related to the ε = 1 scheme than
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the ε = 0.5 scheme. This is also noticeable in the weightings of the measurements

represented by this solid's vertices � with the measurement corresponding to the

central vertex in Figure 10.4(b) having pj ≈ 0.31 (in Figure 10.4(a), this is the

uppermost vertex), and the other three measurements having pj ≈ 0.23.

(a): (b):

Figure 10.4: The solid de�ned by the optimal measurement orientations for n = 4 when
ε = 0.75, shown from two near-orthogonal angles.

So while the cubic measurements still seem to be optimal for ε < 0.4, and some of the

optimal measurement sets for other ε-values with n = 4 have notable similarities to

the cubic measurements, we have seen that there certainly exist other non-cubic

measurement schemes that are capable of attaining far more loss-tolerant EPR-

steering bounds for n = 4.

So we have found that the Platonic n = 2 and n = 3 measurement schemes are indeed

optimal, but we have also found the optimal measurement schemes for n = 4 to o�er

a clear improvement over the Platonic n = 4 measurements � not only around ε ≈ 0.5

(where we found k3(ε) < k4(ε) with Platonic measurements), but for every ε-value

with ε < 0.42. This strongly suggests that there may be available improvements to

be made over the Platonic measurement schemes for n > 4.

10.2 Optimal Measurement Schemes for n > 4

But before investigating this (i.e. before optimising for n = 6), it is logical to �rst

consider the results we are now able to attain for n = 5, which was not an option to

us until we abandoned our hypothesis for the optimality of Platonic solids.

Interestingly, we �nd that the optimal measurement schemes for n = 5 are somewhat

similar to the optimal measurement scheme for n = 4 at ε = 1. The optimal n = 5

measurements (at ε = 1) correspond to the vertices of a solid that is shown in Figure

10.5, and the perspective from Figure 10.5(a) is clearly quite similar to the n = 4

solid of Figure 10.3. This solid is comprised of three vertex pairs in the same plane,

which are not quite regularly spaced, and instead of one pair of polar vertices, we now

have two vertices � neither being orthogonal to the plane of the other measurements,

but both being equidistant from the direction that is orthogonal to this plane.
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A �top-down� view of Figure 10.3 gives the same image as that of Figure 10.4(b). In

this context, Figure 10.5(b) can be seen as a �top-down� view of Figure 10.5(a). In

comparing Figures 10.4(b) and 10.5(b), we can more accurately observe the spacing

of the planar vertices (as compared to those of Figure 10.4), and the positioning of

the extraplanar vertices relative to them.

Also like n = 4, the weightings of each of these measurement orientations all seem

to deviate from pj = 1/n. The two extraplanar measurements have equal weightings

of pj ≈ 0.21, the most isolated planar vertex pair (the top-right/bottom left pair

in Figure 10.5(b)) has weighting of pj ≈ 0.25, larger than any other measurement,

and the two closer-spaced planar vertices have weightings of pj ≈ 0.16 and pj ≈ 0.17

(though these may be approximating the same value).

(a): (b):

Figure 10.5: The solid de�ned by the optimal measurement orientations for n = 5 when
ε = 1, shown from two near-orthogonal angles.

As ε decreases, we can see the optimal measurements for n = 5 move slightly,

but their changes are slightly less pronounced than that observed in the n = 4

measurements. To show this, the same approximate perspectives as for Figure

10.5 are displayed in Figure 10.6, but now representing the optimal measurement

orientations for ε = 0.6.

From Figure 10.6(a), we can see that spacing of the planar vertices has changed, but

this change is most clear in Figure 10.6(b). Having oriented this �gure to have the

two extraplanar vertices close to their con�guration in Figure 10.5(b), we can see

that the two extraplanar vertices in Figure 10.6(b) are slightly closer together. We

can also see that the planar vertex which is the most isolated is now the left/right

vertex pair, which is now slightly closer to the extraplanar measurements, but quite

a bit farther from the other two planar vertex pairs, which are even more closely

spaced than for ε = 1.

The extraplanar measurements again have equal weightings, but which are reduced to

pj ≈ 0.17. The most isolated planar measurement's weighting is slightly increased, at

pj ≈ 0.28. Although we may have suspected the other two extraplanar measurements

to be rotationally interchangeable for ε = 1, they are de�nitely not for ε = 0.6, since

one of them is closer to an extraplanar measurement than the other planar vertex

is to either extraplanar measurement. Presumably for this reason, the weighting of

the former vertices' measurement (the top-most/bottom-most vertex pair in Figure
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10.5(b)) is pj ≈ 0.18, and the weighting of the latter vertices' measurement (the

vertex pair which shares face edges with both extraplanar vertices, instead of just

one of them) is pj ≈ 0.24.

(a): (b):

Figure 10.6: The solid de�ned by the optimal measurement orientations for n = 5 when
ε = 0.6, shown from two near-orthogonal angles.

As ε decreases further, we �nd that the optimal measurement schemes for n = 5

diverge even further from any scheme involving subsets of planar and extraplanar

measurements. Indeed, as ε → 1
n , we �nd that, just like every other n-value, the

optimal measurement scheme tends towards measurements that are as regularly

spaced as possible, with equal weightings. For n = 5, this leads to a collection

of orientations that do not easily show a recognisable shape, so we have not shown

this con�guration.

As expected, the values of the optimised EPR-steering bounds for n = 5 are lower

than the optimised n = 4 bounds at every point, and this is shown in Figure 10.7. In

this �gure, the Platonic bound for n = 6 is also plotted, to show that the optimised

n = 5 bounds are not only better than the n = 4 bounds at every point, but are also

better than the Platonic n = 6 bounds at some points � namely, in a range around

ε = 0.5. From this, we can conclude � as we already suspected � that the Platonic

n = 6 bounds are de�nitely not optimal for every ε-value.

Calculating the optimal bounds for n = 6, we �nd that there is not only room for

improvement in the Platonic bounds around ε = 0.5, but evidently also at every

ε-value where ε > 0.46 (or greater than some ε-value close to our data point at

ε ≈ 0.46). This is not surprising given that the optimal n = 4 bounds also showed

improvement over their Platonic counterparts at every ε-value greater than ε ≈ 0.42.

The optimised n = 6 bounds are shown in Figure 10.8, along with the optimised

n = 5 bounds, and Platonic n = 6 bounds, for the sake of comparison.

The optimal measurement scheme for the n = 6 bounds is the same as the Platonic

measurement scheme (with each vertex equally weighted) when ε ≤ 0.46, which is the

arrangement shown in Figures 5 and 7.3. As ε increases, the optimal measurement

orientations change slightly, as do the corresponding optimal weightings. The optimal

measurement scheme they approach at ε = 1 is that shown in Figure 10.9. The

perspective shown in Figure 10.9 can be thought of as the same manner of �top-
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Figure 10.7: Optimised n = 5 bounds, plotted alongside the optimised n = 4 and Platonic
n = 6 bounds, for comparison.

down� perspective as in Figures 10.4(b), 10.5(b), and 10.6(b), since it shows that

the con�guration of vertices can be accurately described as six vertices in the same

plane (the outermost vertices in Figure 10.9), which are not regularly spaced, but

are close to it, along with three more vertices that are close to the axis orthogonal

to this plane, and are all approximately equidistant from this axis. But due to the

symmetries of this solid, Figure 10.9 is equally indicative of its �side-on� perspective

as well.

However, with closer analysis, it can be found that this shape is not quite as

regularly arranged as it appears to the eye. One of the three extraplanar measure-

ments is slightly closer to the planar measurements (than the other two extraplanar

measurements are), but not noticeably, as it cannot be easily identi�ed in Figure

10.9. The weighting of this measurement is somewhat lower than that of any

other measurements, at pj ≈ 0.113. The planar measurement that is closest to

this pj ≈ 0.113 measurement (which is also not visually discernible) is weighted

slightly more heavily than any other measurement, with pj ≈ 0.186 (which may be

complimenting the fact that the weighting of the pj ≈ 0.113 measurement is so much

lower than 1/6 ≈ 0.1667, despite still being quite close to regularly spaced). Of

the two other extraplanar measurements, one is slightly farther from the pj ≈ 0.113

measurement, and has a weighting of pj ≈ 0.168. The remaining three measurements'

weightings (including the third extraplanar measurement) are all approximately

pj ≈ 0.18.

As ε decreases, the appearances of the optimal measurement con�gurations seem to

change very slowly, and look almost identical to Figure 10.9 until we reach ε ≈ 0.75.
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Figure 10.8: Optimised n = 6 bounds, plotted alongside the optimised n = 5 and Platonic
n = 6 bounds, for comparison.

Figure 10.9: The solid de�ned by the optimal measurement orientations for n = 6 when
ε = 1.

Transformation between these two arrangements is not overly apparent, and only

takes a slight movement of vertices. We can �nd, with decreasing ε, that the most

heavily-weighted measurement moves farther apart from the rest, and this leads to

the optimal measurement con�guration being closer to an icosahedron than the solid

shown in Figure 10.9 (which, upon closer inspection, are not hugely di�erent in

terms of vertex positioning). At ε = 0.75, the optimal measurement con�guration

is that shown in Figure 10.10, which is almost identical to an icosahedron, but with

one vertex slightly farther apart from the rest, and weighted more heavily (with

pj ≈ 0.245, leaving the other measurements with pj ≈ 0.151).

It is worth noticing that ε = 0.75 is one of the points in Figure 10.8 where the

optimised bound is almost as low as the Platonic bound, and in this context, it

makes sense that the optimal measurement scheme should be somewhat similar to
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Figure 10.10: The solid de�ned by the optimal measurement orientations for n = 6 when
ε = 0.75.

the Platonic scheme. However, another reason it is worth remembering Figure 10.8 is

that when ε decreases further, there is a much greater di�erence between the Platonic

and optimised bounds � particularly around ε = 0.5. Indeed, here we can observe the

optimal measurement scheme diverge even farther from the Platonic scheme before

it starts to converge upon it. As ε decreases below 0.75, the most heavily weighted

measurement (the topmost/bottommost vertex pair in Figure 10.10) becomes even

more distantly spaced from the other �ve. The measurement con�guration this

requires is shown in Figure 10.11.

Figure 10.11: The solid de�ned by the optimal measurement orientations for n = 6 when
ε = 0.5.

At ε = 0.5, it is quite clear which vertex pair is the most distantly spaced, and

these measurements, corresponding to the topmost/bottommost vertex pair in Figure

10.11, accordingly have the highest weightings, of pj ≈ 0.28, with the other mea-

surements having weightings such that 0.140 ≤ pj ≤ 0.145. For ε-values decreasing

below this, the optimal measurement scheme visibly approaches the n = 6 Platonic

measurement scheme (with weightings all converging upon pj = 1). This is a

remarkably swift approach, with the optimised measurement scheme almost exactly

converging upon the Platonic n = 6 measurement scheme at ε ≈ 0.46, and appearing

to approximate this measurement scheme for all further ε-values below this point.

Performing the bound optimisation for n = 7, we �nd that the optimal measurement
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scheme for ε = 1 is, at a glance, con�gurationally similar to the Platonic measurement

scheme for n = 6, in that it involves two parallel planes of measurements, and

one measurement orthogonal to this plane. The solid which represents the relative

positions of these measurements is shown in Figure 10.12, with Figure 10.12(a) being

close to what we have de�ned as the �side-on� perspective, and Figure 10.12(b) taking

what we have de�ned as the �top-down� perspective. We can see from Figure 10.12(a)

that this solid is notionally similar to the icosahedron, and somewhat similar to the

optimal n = 4 solid for ε = 1, simply with two parallel planes of vertices instead of

just one plane. But from Figure 10.12(b), we can see even more clearly that there is

quite a similarity between the icosahedron and the ε = 1 solids for n = 4 and n = 7,

as this �top-down� view is virtually identical for these three shapes.

(a): (b):

Figure 10.12: The solid de�ned by the optimal measurement orientations for n = 7 when
ε = 1, shown from two near-orthogonal angles.

The optimal measurement weightings associated with the solid shown in Figure 10.12

also behave somewhat similarly to the n = 4 and n = 6 weightings for Figures 10.3

an 10.10, those being the n = 4 and n = 6 measurement arrangements most similar

to that of Figure 10.12. For n = 7 at ε = 1, the most isolated measurement (the one

corresponding to the central vertex in Figure 10.12(b)) has an optimal weighting of

pj ≈ 0.234, and the other six measurements all have similar weightings that are close

to pj ≈ 0.13 (their speci�c values are pj ≈ {0.119, 0.123, 0.125, 0.130, 0.132, 0.135},
which indicates that none of them are rotationally interchangeable, though the

appearance of Figure 10.12 shows that they are quite close to it).

As ε decreases, the optimal measurement schemes for n = 7 seem to retain the same

general shape, until we reach ε ≈ 0.66, when the two parallel planes of measurements

move much closer together, and the measurements in each plane cluster into pairs

which are spaced as far as possible from the pairs that make up the other plane

of measurements (each pair being staggered between the measurement pairs in the

other plane). This measurement con�guration is shown in Figure 10.13, from similar

angles to those used in Figure 10.12.

We can see from this �gure that the one extraplanar measurement (represented by

the topmost/bottommost vertex pair in Figure 10.13(a)) has moved from its position

in Figure 10.12 to a position that is much more distant from the other vertices. The

optimal weighting of this measurement is pj ≈ 0.33, much higher than any of the

others (and much higher than 1/n ≈ 0.14). The other six measurements are close to
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(a): (b):

Figure 10.13: The solid de�ned by the optimal measurement orientations for n = 7 when
ε ≈ 0.66, shown from two near-orthogonal angles.

pj ≈ 0.11 (but just as for ε = 1, they do not appear to be rotationally interchangeable,

and give slightly varied weightings, of pj ≈ {0.117, 0.106, 0.116, 0.120, 0.102, 0.118}).

It seems quite likely that at some point between our data points (most likely between

ε ≈ 0.57 and ε ≈ 0.66), the optimal measurement con�guration may collapse to a

single plane of six measurements with one orthogonal to this plane, and quite heavily

weighted. However, this is di�cult to con�rm or refute (without many further

optimisations at various ε-values) because when ε drops below this point's hypo-

thetical location, the optimal measurement scheme for n = 7 again approaches the

measurement con�guration represented by Figure 10.13, and ultimately approaching

that of Figure 10.12.

When we calculate the optimal measurement scheme for n = 8, we see more of

the same general patterns that we have observed for the other n-values. It is not

easily likened to any Platonic solid, and is irregular enough that no pattern may

be immediately visible, but it is possible to identify two parallel planes that are

(very roughly) de�ned by the optimised n = 8 measurement orientations, with

one measurement orthogonal to them. The solid representing these measurement

orientations is shown in Figure 10.14(a), from a perspective where the orthogonal

measurement is represented by the topmost/bottommost vertex pair, and the other

vertices approximately de�ne two horizontal planes.

(a): (b):

Figure 10.14: The solid de�ned by the optimal measurement orientations for n = 8 when
ε = 1, shown from two near-orthogonal angles.
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However, upon further inspection of this solid, we �nd that it is possible to view this

solid as an arrangement with a single plane of six vertices (three measurements),

and all others clustered near the axis orthogonal to this plane. The vertices that

de�ne this plane are those almost exactly de�ning a vertical line down the middle of

Figure 10.14(a). The three measurements de�ning this plane are the most distantly

spaced from one another, but not from every other vertex, so their weightings are

not the largest, at pj ≈ 0.104, 0.103, and 0.116 (in physically descending order from

the top of Figure 10.14). These three measurements de�ne the six outermost vertices

of Figure 10.14(b).

The �ve measurements near the axis orthogonal to this plane are those closest to

the centre of 10.14(b). They do not seem to approximate a pentagon or any other

regular shape, except perhaps a square with an extraneous vertex in the middle of one

edge. Taking this interpretation, the two measurements that de�ne the corners of this

square farthest from the extraneous vertex are the most isolated in this measurement

scheme, and have the heaviest weightings, of pj ≈ 0.178 and pj ≈ 0.161. The

remaining three measurements (that form the edge of the square with the extraneous

vertex) all have weightings of pj ≈ 0.115.

As in all previous cases, the weighting of each measurement appears to be determined

(and thus, possibly wholly determined) by the relative spacing of each measurement,

with the most isolated measurements consistently being the most heavily weighted

(and vice versa, necessarily), and the most closely-spaced measurements consistently

being the least heavily weighted (and vice versa).

Perhaps partially because of the inexact way we have ascribed structural characteri-

sations to the optimised n = 8 measurement arrangement, there is very little obvious

change in this arrangement as a function of ε. For ε = 0.75, the optimised measure-

ment arrangement describes a solid with a similar (but not the same) con�guration

of vertices as the ε = 1 solid, as shown in Figure 10.15.

(a): (b):

Figure 10.15: The solid de�ned by the optimal measurement orientations for n = 8 when
ε ≈ 0.75, shown from two near-orthogonal angles.

We can see that the vertices in Figure 10.15(a) still approximately describe two

parallel planes of measurements, and one vertex pair along the axis orthogonal to

those planes. Figure 10.15(b) shows a �top-down� view of this �gure, and is almost
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exactly the same image we would obtain from a �top-down� view of Figure 10.14. The

weighting of vertices in this con�guration is also relatively similar to the previous

case. The measurement represented by the central vertex in Figure 10.15(b) has

a weighting of pj ≈ 0.14, and that of the uppermost vertex in Figure 10.15(b) is

the most isolated measurement (though not by a large margin), and the heaviest

weighting, with pj ≈ 0.17. The two vertices on either side of this correspond to

the two next-most heavily weighted measurements, with pj ≈ 0.15 and 0.14. The

remaining four vertices all have weightings of pj ≈ 0.10.

Before moving on, we should note that unlike Figure 10.14, the shape of Figure 10.15

cannot be oriented in any way that convincingly accommodates the interpretation

that these measurements could be arranged with three in a single plane, and �ve

clustered about an axis orthogonal to that plane. The failure of any two edges

in Figure 10.15(b) to accurately approximate a single straight line shows that this

con�guration is not present, or at least not as apparent as it was for ε = 1.

However, this property is restored when we examine the optimised measurement

scheme for ε = 0.5. Indeed, for ε = 0.5, the arrangement of measurements is almost

identical to the arrangement we saw for ε = 1. In Figure 10.16, we have displayed

the solid these measurements de�ne, but from two angles that are approximately

orthogonal to that used for Figure 10.14. The six vertices that approximately de�ne

a single plane are the six outermost vertices in in Figure 10.16(a), and Figure 10.16(b)

shows a similar (but perhaps slightly rotated) perspective as that used for Figure

10.15(b).

(a): (b):

Figure 10.16: The solid de�ned by the optimal measurement orientations for n = 8 when
ε ≈ 0.5, shown from two near-orthogonal angles.

Figure 10.16(a) is almost exactly the image we see upon rotating Figure 10.14 90

degrees to the left or right, but with a few vertices slightly repositioned. Accordingly,

the weightings assigned to each vertex are almost (but not quite) the same as those

detailed for the ε = 1 shape, for the relative positions of each measurement.

The three measurements approximately de�ning a single plane have weightings of

pj ≈ 0.10, 0.14, and 0.12. The other �ve measurements de�ne a shape which is

quite irregular, but slightly resembles a square with an extra vertex, when viewed

from the angle of Figure 10.16(a) (in which these �ve vertices are the central ones).
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Given their farther spacing, the most heavily weighted of these measurements are

the bottom two, with pj ≈ 0.167 and pj ≈ 0.144. The three upper measurements of

this subset all have quite similar weightings of pj ≈ 0.11.

Having calculated optimal measurement schemes for 2 ≤ n ≤ 8, and found them to

o�er novel arrangements for all n-values, and to be distinct from the previously best-

known schemes in each case except for those of two or three orthogonal measurements

(n = 2 or n = 3), we should have enough data to thoroughly analyse the properties

of optimal measurement schemes.

However, the reason that we have not calculated optimal measurement schemes for

n > 8 is not that they would be super�uous for our purposes, but rather because

n = 9 is the point where computational demands for the accurate calculation of these

schemes at a signi�cant number of ε-values begin to tax the capabilities of a home

computer. Further information on our practical implementation of the above method

for calculating optimal EPR-steering bounds and optimal measurement schemes,

and further information on the limits of this practical implementation, is given in

Appendix C.

10.3 Characteristics of Optimal Measurements

In the previous chapter, we hypothesised the merits of non-regularly spaced mea-

surements, and we have seen that there are indeed large ranges of ε-values (for any

choice of n above) where our results have con�rmed regularly-spaced measurements

to be suboptimal. But until now, we have not outlined any speci�c properties

that seem to be de�nitive of optimal measurement schemes. Indeed, the only such

property that we deemed intuitively predictable for optimal measurement schemes

was that non-regularly spaced measurement sets should generally be paired with

measurement weightings such that the most closely-spaced measurements have lower

weightings, and the most sparsely-positioned measurements have higher weightings

(this property should prevent a cheating Alice from attaining higher results for some

closely-spaced measurements than are possible with regularly-spaced and equally-

weighted measurements) � and the results we have observed so far seem to con�rm

this prediction.

We also expected that, where Platonic measurement schemes are not optimal, we

should �nd the optimal measurement orientations for most (if not all) n measure-

ments to be reasonably close to being regularly spaced, but irregular enough to

not approximate regularly-spaced measurements. This expectation seems to hold in

some places, but the conceptual bene�ts o�ered by such arrangements do not seem

to dominantly de�ne all of our optimal schemes.

But throughout this chapter so far, we have only discussed the behaviour of the

optimised measurement schemes, and described their characterisations as functions

of Alice's apparent e�ciency. We have avoided much detailed analysis, for the sake
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of easily �tting all of the above data closely together, so that we may now view the

above data as a whole, and discuss behaviours that they all exhibit. But �rstly, we

shall discuss the improvements that we observed in the n = 4 and n = 6 bounds

over their Platonic counterparts � something which by de�nition cannot include any

other measurement numbers. But it is a discussion that will become relevant for the

other measurement schemes as we progress.

In Figure 10.17, we have plotted the numerical improvement that the optimised

bounds o�er over the Platonic bounds for n = 4 and n = 6. The shapes of these

functions are something that we could already get a sense of from Figures 10.1 and

10.8, but are much more visible in Figure 10.17, it being 6% of the scale of our

previous kn(ε) plots.

Figure 10.17: The numerical di�erence between the Platonic bounds and the optimised
bounds for n = 4 and n = 6.

From this �gure, we can see even more clearly the similarities between the behaviour

of the n = 4 and n = 6 bounds. Upon further analysis of the optimal measurement

schemes associated with each region of Figure 10.17, we can conclude that the reasons

for this behaviour are also quite similar. We shall discuss these behaviours with

respect to graph segments de�ned by the local minima and maxima.

Minima at ε . 0.4

All schemes necessarily go to kn(ε) = 1 at ε = 1/n, which is simple to deduce,

knowing that for ε = 1/n, a cheating Alice can always choose to align Bob's spin

state orientation with one of his measurements, and submit nulls for the others. At ε-

values slightly greater than this, we can tell that the spacing between measurements

will become important. If two measurements are identical, then it is clear that a

cheating Alice would be able to attain sn(ε) = 1 for any ε-value with ε ≤ 2/n.

Similarly, if some two measurements are simply closer together than they would be

in the respective case of n regularly-spaced measurements (if applicable), then if all

n measurements are equally weighted, this will clearly result in values of sn(ε) that

are larger than the bounds that Platonic measurements yield for 1/n < ε ≤ 2/n.

However, if we employ measurements that are not equally weighted, it is clear to
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see that with any measurement spacing, this will allow a cheating Alice to attain

sn(ε) = 1 at some places where ε > 1/n.

If, in some deterministic cheating strategy, Alice chooses the orientation of Bob's

spin state, r, to be parallel to one of Bob's measurement orientations, vβj , this will

lead to the postselected result of sn(ε) = 1
εpj when ε = 1

n . If the relevant weighting

is pj >
1
n , this can give sn( 1

n) > 1, but still gives kn( 1
n) = 1 when the symmetry

condition is applied). But for ε > 1
n , this would lead to the same value for that

j-term, in addition to the values of the other n − 1 j-terms, and even under the

symmetry condition, this can still result in kn(ε) = 1 for some ε > 1/n � because of

the nonlinear scaling of Bob's expectation values with respect to the distance between

each measurement and Bob's spin axis, as described in Eq. (4.1). Thus, it seems

clear that no measurement schemes should be able to outperform equally-weighted

Platonic measurements, for at least some range of ε-values close to ε = 1/n.

The optimal deterministic strategy for ε = 2/n will be for Alice to align Bob's spin

state orientation between the closest of any pair of adjacent measurements. This is

a fairly intuitive result, but is also what we obtain when we calculate Alice's optimal

choice of LHS orientation from Eq. (4.4), with any set of measurement orientations.

Thus, it is not surprising that the optimal measurement scheme for ε = 2/n is given

by equally-weighted Platonic measurements for n = 6 � these being the farthest

that all measurements can be from one another. Any measurement set that is not

regularly spaced will necessarily have some pair of measurements which are closer

together than Platonic measurements, and will thus allow for a higher sn(ε) value

(even with the symmetry condition).

But it should be noted that Eq. (4.4) cannot be relied upon to exactly justify the

optimal measurement scheme, considering that it does not account for the variability

of pj in calculating the optimal LHS (it does not depend upon Bob's whole measure-

ment scheme). The relevant formula we should use to de�ne the optimal choice of

LHS would be

max(Sn)|{Aj},{pj} = λmax

∑
j

pjAj σ̂
β
j


= λmax

∑
j

pjAjv
β
j · σ
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= max
r

∑
j

pjAjv
β
j

 · r (10.6)

=

∣∣∣∣∣∣
∑
j

pjAjv
β
j

∣∣∣∣∣∣ ,
where the last line is the value of this maximisation, and is obtained when Bob's

LHS orientation, r, is parallel to the vector 1
n

∑
j pjAjv

β
j . This vector, unlike the

corresponding value in Eq. (4.4), is not simply an average of Bob's measurement

orientations, weighted by Alice's measurement result for each orientation � it is

also weighted by pj here. So if any measurements are more heavily weighted than

others (i.e. for any set of unbalanced measurement weightings), aligning Bob's LHS

between the closest pair will not necessarily give the highest average results for each

measurement, despite giving the highest expectation values for each measurement,

on (an equally-weighted) average.

So it is quite conceivable that optimal bounds may be obtained with non-regularly-

spaced measurements, if the most isolated measurements are more heavily weighted

(with pj > 1/n), and the more closely-spaced measurements are less heavily weighted

(with pj < 1/n). However, whether such schemes are generally capable of attaining

bounds as good as (or better than) regularly-spaced measurements would give, it

is clear that this would be quite complicated for Bob to arrange � which does not

preclude the possibility of such schemes being optimal, but their lack of generality

(in their composition) would suggest that any such scheme is generally not likely to

be optimal, and not signi�cantly better than regularly-spaced measurements if such

a scheme actually is optimal.

Thus, it makes a great deal of sense for regularly-spaced and equally-weighted mea-

surements to be generally optimal measurement schemes for ε = 2/n for most values

of n. Accordingly, the optimal cheating strategies for 1/n < ε < 2/n will generally

(but not necessarily) be nondeterministic mixtures of the ε = 1/n and ε = 2/n

cheating strategies, so Platonic measurement schemes should generally be optimal

(or quite nearly optimal) throughout this range � which is what we observe for

1/n < ε < 2/n with n = 6, and also for n = 4 for most of this range.

Therefore, it is quite logical to have observed in Figure 10.17 that the optimal

measurement schemes for n = 4 and n = 6 o�er no discernible improvement upon

the Platonic measurement schemes for low ε-values, and observed that the optimal

measurement schemes at low ε-values do seem to approximate the Platonic solids for

n = 4 and n = 6.

Indeed, for other n-values that do not accommodate a Platonic arrangement of

measurements, we have still found that the optimal measurement schemes at low

ε-values still tend towards measurement con�gurations that are approximately regu-

larly spaced, and approximately equally weighted. This also �ts with the character-

isations we have given for optimal measurement schemes at low ε-values.
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Maxima at ε = 0.5

In Figure 10.17, we see an extremely pronounced peak at ε = 0.5, for both n-

values. The behaviour we have observed in all of our optimal measurement schemes

around this ε-value was a clear divergence from regularly-spaced or equally-weighted

measurements. At a glance, this is the only similarity between the behaviours of the

optimal measurement schemes for n = 4 and n = 6, but upon closer inspection, there

is a more notable similarity between the con�gurations of Figures 10.2 and 10.11.

The optimal measurement scheme for n = 6 largely resembled the arrangement of

the Platonic n = 6 measurement scheme, simply with one measurement chosen to be

much farther apart from the other �ve which, as a result, were much closer together.

Accordingly, the optimal weightings for these closer measurements was approximately

equal, but was smaller than 1/n, resulting in the most isolated measurement having

a weighting that was not only larger than 1/n, but was around twice the weighting

of the other �ve measurements.

Conversely, the optimal measurement scheme for n = 4 with this ε-value was de-

scribed by two pairs of measurements, one pair being orthogonal to one another and

weighted equally (to one another), and the other pair being quite close together, but

positioned closely (and equidistantly) from the axis orthogonal to the plane de�ned

by the other pair of measurements. The orthogonal pair were weighted twice as

heavily as the closer pair.

Comparing these two schemes does not reveal any particularly obvious shared traits.

However, we can see the similarity in the advantages they o�er by considering the

weaknesses that arise in Platonic measurement schemes around ε = 0.5, which can

be hinted at from even a cursory analysis of (or refamiliarisation with) Figure 7.10.

As n increases, the Platonic bounds generally approximate a diagonal line more and

more, but the point which most de�es this pattern is that at ε = 0.5, for n = 4, 6, and

10. Thus, it is reasonable to hypothesise that regularly-spaced and equally-weighted

measurements accommodate more �exible cheating strategies around ε = 0.5.

A compelling explanation for this begins to present itself when we observe that

without the relatively high deterministic bounds at ε = 0.5 for these Platonic n-

values, the optimal bounds at these points (which would then be nondeterministic

mixtures of other deterministic strategies) would all be much lower than the kn(0.5)

bounds in Figure 7.10. Thus, it seems that the property of Platonic solids that leads

to higher bounds at ε = 0.5 is most likely emergent only in deterministic strategies

with m = n/2 (this is supported by the observation that no deterministic strategy

exists for the n = 3 Platonic measurement scheme).

To compose an optimal deterministic cheating strategy for m = n/2, in the presence

of the symmetry condition, we can easily deduce that a cheating Alice would most

desire closely-spaced con�gurations of m measurements (to be chosen for her non-

null results), and would bene�t from having as many such con�gurations in as many

directions as possible. This would allow her to maintain the highest possible sn(ε)
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value, even in the presence of the symmetry condition. Platonic measurements ful�l

these conditions, o�ering con�gurations of n/2 measurements that are reasonably

close � a quali�cation we justify by the fact that for n = 6 and 10, the closest

arrangements for n/2 measurements give average measurement spacings that are

not much greater than those for m = n/2 − 1 measurement arrangements (relative

to the average increase that is incurred in adding another measurement to any

con�guration) � and the Platonic solids also o�er symmetry groups such that a

con�guration of m nearest neighbours will necessarily be the same con�guration of

any m nearest neighbours.

So not only do Platonic measurement schemes o�er relatively close con�gurations for

cheating strategies employing n/2 measurements, they also o�er ample degeneracy

for a cheating Alice to satisfy the symmetry condition without making any sacri�ce

in the potency of her strategies.

Note that our justi�cation for Platonic solids accommodating more e�ective cheating

strategies for m = n/2 holds equally well (on both counts) whether we say this in

comparison with m = n/2−1 or m = n/2 + 1 strategies. The Platonic measurement

con�gurations themselves that are o�ered at m = n/2 were observed (in Chapter

7) to employ LHS orientations that were either face-centred or vertex-centred on

the Platonic solids, because the geometric symmetries of the solids more neatly

accommodated close relationships with n/2 vertices, these being the number of

vertices to de�ne a face, or to de�ne a ring of equidistant vertices. Thus, it is

unsurprising to see a similar disruption in this relationship in either of them = n/2±1

cases.

There is a similar, but more obvious, justi�cation for the number of rotationally-

equivalent con�gurations both being lower for m = n/2± 1, and to an equal extent

in either case: we can see that for n measurements, the number of degenerate

arrangements for them nearest neighbours � which de�ne the optimal choices of non-

nulls in deterministic cheating strategies � increases as m increases, but the closest

arrangements for each m-value also de�ne the optimal sets of null measurement

choices for the respective n−m deterministic strategies (i.e. if we remove the closest

possible set ofmmeasurements from a set of n rotationally-equivalent measurements,

the remaining n−m measurements will necessarily de�ne the closest possible set of

n − m measurements). Thus, the degeneracy of deterministic strategies for any

Platonic solid is equal for any two strategies with m = n
2 ±x, for x being any integer

up to x = n
2−1 (which does not follow, because the deterministic strategies form = 1

are independent measurement spacing), and we can see that the m = n/2 strategies

o�er more degeneracy than any other m-value when using Platonic measurements.

Therefore, we can now extrapolate the advantages that are available around ε = 0.5

in choosing measurement schemes that are not regularly spaced.

Although the optimal n = 4 measurement set (displayed in Figure 10.2) is not

geometrically similar to the optimal n = 6 measurement set (displayed in Figure
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10.11), we can see that they o�er similar deviations from the Platonic solids. Both

solids deviate from regular spacing and weighting by having some measurements

that are clustered closer together, and weighted less heavily, with the remaining,

more heavily weighted measurements, being much more isolated, and being quite

close to orthogonal from all other measurements.

In the case of the optimal n = 4 measurements, these are easily grouped into

two di�erent sets: the measurement pair that has expanded to be orthogonal to

one another, with weightings of pj ≈ 0.33, and the measurement pair that has

contracted to be closer to one another, which have weightings of pj ≈ 0.17, and are

equidistantly close to the axis orthogonal to both of the other two measurements.

Upon observation of these properties, it is worth recalling that ε = 0.5 was where

the n = 4 bounds o�ered the least improvement over the n = 3 bounds (and could

not o�er improvement, in the Platonic case). The reason this is relevant is because

the optimal n = 4 measurements appear, beyond coincidence, to be approximating

the properties of the optimal n = 3 measurements � if we imagine the two closer

measurements as an approximation to a single measurement in between them, with

a weighting approximately equal to the sum of their two weightings, then what we

visualise would be three measurements, all orthogonal to each other, each one with

an equal weighting of pj = 1/3.

Therefore, seeing that this arrangement is a kind of approximation to the (octahedral)

optimal n = 3 measurement scheme, it is plain to see that this arrangement should

perform better than cubic measurements. It should also outperform the octahedral

measurements, since its only deviation from them is that deterministic cheating

strategies will give slightly higher results (than their n = 3 analogues) if they include

both of the closer measurements, as well as one (or both) of the heavily-weighted

measurements, and cheating strategies will give the same, or lower, results in any

other case (and quite a bit lower for strategies only including one of the pj ≈ 0.17

measurements). But notably, these �other cases� will need to be weighted much more

heavily than deterministic strategies which include both pj ≈ 0.17 measurements,

due to the requirements of the symmetry condition when n = 4.

The improvement over Platonic measurement schemes that is o�ered by the optimal

n = 6 scheme at ε = 0.5 is not by approximating another measurement arrangement,

but is similar to the n = 4 scheme in the respect that, as mentioned above, it

limits the rotational equivalence of the measurements, and generally moves some of

the measurements towards a single plane, and the rest of the measurements (the

remaining one, in the case of n = 6) to be orthogonal to this plane. In Figure 10.11,

we see �ve measurements de�ning two parallel planes, but which are considerably

closer to being a single plane than they are in the Platonic n = 6 scheme, and which

are generally weighted slightly higher than pj ≈ 0.14. The one measurement that is

orthogonal to this plane has a weighting of twice this amount, pj ≈ 0.28.

In conjunction with the symmetry condition, this rather e�ectively decreases the

bene�ts of degenerate cheating strategies: the planar measurements have weight-
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ings that are lowered enough to prevent much (if any) increase in the results of

m = 3 strategies (or any strategies that use only the points in these planes),

that may otherwise arise from these measurements' enhanced proximity; but more

importantly, because the single extraplanar measurement is so far removed from

the rest, most cheating strategies that include it as non-null measurement would

receive an extremely low average value for its result (despite its increased weighting)

unless the LHS orientation for that strategy was intermediately spaced between the

extraplanar measurement, and the included planar measurements � which would lead

to a signi�cant decrease in the contributions to sn(ε) from the planar measurements.

Thus, the application of the symmetry condition in this situation forces a cheating

Alice to use strategies which are approximately as potent as the m = 3 strategies

for the icosahedron, as well as m = 3 strategies that are noticeably less potent �

unless, of course, she opts to ameliorate the latter of these e�ects by also including

deterministic strategies of other m-values, which she must do here to attain the

EPR-steering bound.

Having observed the behaviour of these two measurement scheme, we can easily

revisit section 10.2 and see this same behaviour also emerges for every other n-value:

that the optimal measurement sets for ε ≈ 0.5 tend to consist of most measurements

being clustered into a single plane or very close to it, and the remaining minority of

measurements forming a tight cluster near the axis orthogonal to this plane.

Indeed, we can also see that the n = 4 and n = 5 measurement schemes to �t this

general description, though not exactly � however, upon closer inspection, it seems

that they don't actually defy this description, they simply extend it, in that we can

see the n = 4 and n = 5 measurements to not only form planes of measurements

and orthogonal clusters, but for ε ≈ 0.5, the measurements composing these planes

actually approach orthogonality to one another as well (as is achieved in the case of

n = 4).

Minima at ε ≈ 0.75

As we mentioned in the previous subsection, the advantages (and disadvantages) that

Platonic measurements o�er at m = n/2−1 are very similar to those at m = n/2+1.

Thus, the minima around ε ≈ 0.75 in Figure 10.17 occurs for similar reasons to the

minima at ε . 0.4: any ease with which a cheating Alice can choose small numbers

of non-null measurements that are close together directly translates to an ease in

choosing large numbers of non-null measurements which as far as possible from a

small number of null measurements.

This is true for regularly-spaced or non-regularly-spaced measurements. However,

with measurements that are not regularly spaced, this irregularity allows for even

more ease in choosing deterministic strategies that exclude the farthest-�ung mea-

surements. With most sets of measurements that aren't regularly spaced, there are

multiple con�gurations that can be used to omit small subset of null measurements,
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and this leads to multiple deterministic strategies that have similar properties as

far as the symmetry condition is a�ected, but which can o�er di�erent dn(ε) values.

Indeed, this is an e�ect that can be observed in irregular measurements, and is more

prevalent for higher n-values � though it is not clear if this is more accurately at-

tributed to the greater capacity for asymmetry that arises from large n, or to the fact

that bounds employing large n-values incur the existence of more m-values, allowing

for much greater numbers of nondeterministic strategies to exist (and therefore be

more likely to include the above weaknesses).

But in any case, the association of such properties with non-regularly-spaced mea-

surement sets strongly implies that more regularly-spaced measurements o�er deter-

ministic strategies that entail less mixture of strong and weak strategies, and instead

largely o�er deterministic strategies with similar (if not equal) values and behaviours

at each m-value. This kind of advantage is indeed found in the Platonic solids, which

o�ers a likely explanation for the failure of our optimal measurement schemes to o�er

much, if any, improvement over the Platonic solids around ε ≈ 0.75, as evidenced by

the minima in this region for both of the functions in Figure 10.17.

Similarly, this also �ts with our observations of the optimal measurement schemes

for n = 4 and n = 6 being remarkably similar to the Platonic measurement schemes.

For n = 4, Figure 10.4(a) shows the optimal measurement scheme at ε = 0.75 to

be much closer to a cube than the measurement scheme in Figures 10.2 or 10.3,

and for n = 6, Figure 10.10 shows the optimal measurement scheme at ε = 0.75 to

be almost identical to the icosahedron. However, the n = 4 measurement scheme

of Figure 10.4(a) is still noticeably removed from that of the cube, indicating that

cubic measurements are not quite optimal here, but this is something we already

knew, given that the minima at ε ≈ 0.75 in Figure 10.17 is nonzero for n = 4.

Upon inspection, it does seem that the optimal measurement schemes for other n-

values approximate regularly-spaced arrangements much moreso around ε ≈ 0.75

than they do around ε ≈ 0.5 or ε ≈ 1, but the absence of completely regularly-

spaced measurement arrangements for any of the other n we have considered makes

this di�cult to con�rm.

Maxima at ε = 1

As ε approaches unity, the number of available cheating strategies becomes more

restricted than at any other ε-value. This is in keeping with our above observa-

tion that the variety of deterministic strategies peaks at m = n/2, and decreases

monotonically as m diverges in either direction.

Considering our analysis of the minima observed for ε . 0.4, this may lead one

to consider regularly-spaced measurements to be good candidates for measurement

schemes at high ε-values, but this is not the case because here, a cheating Alice would

not only prefer closer-than-regular clusters for high-m (m = n−2 or n−1) strategies
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for ε → 1, but would also prefer to be as close as possible to all measurements for

strategies at ε = 1. The optimal LHS orientations for Platonic solids were either face-

centred or vertex-centred, these being the orientations given by the spatial averages

of the n measurements (as shown by Eq. (10.6), and discussed earlier in Chapter 7).

This suggests that the symmetry of the Platonic solids may be bene�cial for cheating

strategies at ε = 1.

What suggests this even more strongly is that the optimal cheating strategies at

ε = 1 for all n-values appear to adopt measurement con�gurations that are extremely

regular, but which are much less symmetric than the Platonic solids. Indeed, it is true

for not only n = 4 and n = 6, but for all observed n, that the optimal measurement

schemes at ε = 1 tend to be composed of measurements almost equally aligned in

either a single plane, or in a pair of parallel planes (which are aligned such that each

plane's measurements are as far as possible from the other plane's measurements),

with either a single measurement, or a relatively tight cluster of a few measurements,

being aligned orthogonal to these planes.

The obvious bene�ts of planar measurements are the same as the bene�ts for Platonic

solids: regularly-spaced measurements impose the restriction that being as close as

possible to any given measurement (or group of measurements) will result in being

farther away from some other measurement (or similar group of measurements). The

bene�ts of extraplanar measurements being orthogonal or nearly orthogonal to all

other measurements are the same as the bene�ts we identi�ed for them at ε = 0.5:

this makes it more di�cult for a cheating strategy to achieve large dn(ε) values when

the extraplanar measurements cannot be assigned null results. With ε = 1, the only

deterministic cheating strategies that can be used are those which submit non-null

results for every measurement, so the advantage of our optimal measurement schemes

is simply that they force the spatial average of the n measurement orientations to be

farther from most of the n measurements (i.e. somewhere in between the plane and

its orthogonal axis) than the Platonic spatial averages are from their measurements.

There is an obvious disadvantage for a cheating Alice who does this, but an optimally

balanced measurement scheme will still ensure that any LHS that is closer to the

planar or the extraplanar cluster of measurements gives a lower sn(ε) value than this

optimal position.

It is true in each case, but most observable in the n = 4 case, that the angular distance

between the planar measurements and the extraplanar measurements is somewhat

greater than the angular distance between any other points in the more regularly-

spaced arrangements of measurements. As one may deduce from the optimised

measurement schemes we have observed, this advantage is most e�ectively employed

by making the extraplanar points (which there are fewer of) more heavily weighted

than the planar points. Such an arrangement is not disadvantageous when we do

not allow measurements to be unequally weighted, but is most bene�cial when these

extraplanar measurements can be weighted more heavily than the (more numerous)

planar measurements, so as to create a more equal distribution of weighting between
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planar and extraplanar measurements.

By now, it may be clear that the optimal schemes for ε = 1 make use of the same

advantages that are employed for the optimal schemes at ε = 0.5, and as such, this

is the reason there is so much similarity between the optimal ε = 1 and ε = 0.5

schemes for most solids. However, the greatest advantage of these measurement

schemes at ε ≈ 0.5 was in ensuring that at least one or two measurements were much

farther from the rest (given that the symmetry condition would require them to be

included in a predictable portion of deterministic strategies), and this outweighed

the disadvantages of pushing the planar measurements closer together (which would

only allow signi�cant increases in dn(ε) for a relatively small fraction of necessary

deterministic strategies) � whereas for ε = 1, all measurements are always non-

null, so it is more important to also ensure that each measurement is farther apart

from every other measurement than at ε ≈ 0.5. Of course, regular spacing of

measurements becomes even more important for ε-values slightly under ε = 1, as

these will necessarily include deterministic strategies with m < n, and still more

important for even lower ε-values, given the nature of the minima around ε ≈ 0.75.

This is why the optimal measurement schemes are more regularly spaced for ε ≈ 1

than ε ≈ 0.5, despite their other similarities.

In the four subsections above, we have principally discussed the behaviours that we

observed in Figure 10.17, and characteristics of the optimal measurement schemes

for n = 4 and n = 6 that lead to these behaviours. However, in analysing those

characteristics, we have seen that the general properties which are most advantageous

at each ε-value seem to be shared by all of the optimal measurement schemes we

calculated.

10.4 Performance of Optimal Bounds

We did not calculate optimisations over measurement sets and weighting sets inde-

pendently, so we cannot decisively separate the advantages o�ered by optimisation

of either of these sets of variables. Indeed, even if we did explore this, it is not likely

to o�er signi�cant insight, because � given the above analysis � many advantages

of unbalanced weighting and irregular spacing in measurement schemes can only

be employed when both of these variables are used in concert, towards the same

goal (as exempli�ed in such cases as the optimal measurement scheme for n = 4

at ε = 0.5, discussed in the section above). In addition to this, we have also

observed several advantages of optimal measurement schemes which rely completely

on manipulation of the symmetry condition, Eq. (10.2), and cannot be directly

credited to the symmetry condition, but are, nonetheless, only practicable because

of its enforcement. So the symmetry condition grants us improvements in our EPR-

steering bounds which are clear and undeniable, but which are also di�cult to qualify

(or quantify) outside of the contexts in which they are applied � just as is true for
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our variation in measurement weightings and orientations.

However, for n = 7, we did optimise our weightings before we began to optimise our

measurements, so we do have the ability to discuss the improvements o�ered by �rst

introducing a symmetry condition, then allowing for unbalanced weightings in a set

of near-regular measurements, and then allowing for arbitrary measurement orienta-

tions. We were able to observe, in Figure 9.9, the improvements in k7(ε) that were

gained by implementing a symmetry condition, and also by allowing for unbalanced

measurement weightings. We have taken the data from this �gure, and replotted it

in Figure 10.18, with the inclusion of the improvement over the asymmetric geodesic

bounds that we obtain with the optimal measurement scheme for n = 7 (doubling

its vertical scale to accommodate the magnitude of this improvement).

Figure 10.18: The numerical improvement over the asymmetric n = 7 geodesic bounds
o�ered by: A) the null-symmetric, equally-weighted geodesic bounds, B) the null-symmetric,
optimally-weighted geodesic bounds, and C) the optimised n = 7 bounds.

From this graph, we can clearly see that the optimised measurement scheme of-

fers the most signi�cant improvement around ε ≈ 0.55, as was true of all bounds

we could compare with Platonic solids. This is congruent with the properties we

identi�ed for optimal measurement schemes around ε ≈ 0.5, which relied most

strongly on separating measurements into distinct clusters, a tactic which clearly

cannot be e�ectively employed with unbalanced weightings alone (or at least, with

the ability only to unbalance two subsets of the n measurements). However, the

non-interchangeability of the composite measurement sets still o�ered an avenue of

improvement with unbalanced weightings, and also o�ered a signi�cant improvement

to be gained with the symmetry condition, since the almost-regular spacing of

the two composite measurement sets led to some closer and wider (than average)

con�gurations of measurements, and thus, a greater variety in the values of di�erent

deterministic strategies at this point.

At ε-values lower than ε ≈ 0.5, we can see that each modi�cation gives rise to

noticeable improvements, but that none of them can be said to o�er drastically

more improvement than the other two modi�cations on any signi�cant ε-range here

(though the improvement of the symmetry condition comes closest). From our anal-

ysis of the optimal n = 7 measurement schemes in this region, we can conclude that
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the sum of these contributions appears to simply result in optimised measurement

schemes which are better approximations of regularly-spaced measurements.

The minima around ε ≈ 0.8 in Figure 10.18 seem to indicate that the geodesic

measurement orientations are far from optimal for m = 5 (which is not surprising

when we revisit Figure 9.1), but are are considerably closer to optimal for ε ≈ 6/7.

This also makes sense in the context of our above analysis, given that the available

con�gurations for deterministic strategies at this point are all quite close to being

regularly spaced, just like the optimal measurement schemes for this region.

The most curious part of Figure 10.18 is in the improvement of the optimal mea-

surement scheme over the asymmetric geometric measurement scheme for ε → 1,

which we can see is almost identical to the improvement obtained only from using

unbalanced symmetric geodesic measurements (given the extreme similarity between

functions B and C here). But upon consideration, this does begin to align with our

previous analysis, given that reasonably regular spacing of measurements is fairly

important at ε ≈ 1 (which is certainly a property of geodesic measurements), and

that the optimal weighting of the geodesic measurements does e�ectively provide

heavier weightings for the most distantly spaced measurements.

But regardless of the individual mechanisms that characterise our optimal bounds

at each ε-value, we have seen that the optimal bounds for n = 7 o�er improvements

over the non-optimised n = 7 bounds that follow a very similar function to those

found for the n = 4 and n = 6 bounds in Figure 10.17. It is also the case that the

optimised EPR-steering bounds themselves all seem to follow a very similar function

of ε. To illustrate this, we have plotted the optimal bounds for n = 4, 5, 6, 7, and 8

in Figure 10.19, where we can see their steady approach to the in�nite measurement

limit, as a function of n. Indeed, with respect to n, these bounds seem to improve on

one another with a very regular progression at most ε-values, excluding only those

ε-values where the Platonic bounds were already close to optimal.

Many of the bounds are not easily discerned in Figure 10.19, but we can see that

there is very little improvement to be made around ε ≈ 0.35 and ε ≈ 0.8 for n > 6.

However, we can also see that the bounds at every other ε-value outside those regions

are quite predictably spaced in their progression. This is not surprising for any

ε ≈ 1/n bounds, as their progression is almost entirely independent of measurement

scheme (and entirely independent for ε = 1/n), but the existence of this pattern in

large ranges around ε ≈ 0.5 and ε ≈ 1 is more telling.

Our analysis of EPR-steering bounds leads us to expect that higher values of n

will generally lead to lower EPR-steering bounds, but not necessarily with mono-

tonic improvements with increasing n. But the optimal EPR-steering bounds for

n measurements will always necessarily perform at least as well as the optimal

EPR-steering bounds for n − 1 measurements. We see this in Figure 10.19, with

improvements existing for higher n-values in some places, and simply not existing

in others. The only reason this is worth further discussion is that we have observed
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Figure 10.19: Optimised EPR-steering bounds for n = 4, 5, 6, 7, and 8, with the analytical
in�nite measurement limit included.

all of our optimal measurement schemes to be characterised by the same general

properties as a function of ε. Because of this, it would seem reasonable to expect a

steady progression of improvements in cn(ε) with respect to n, which we observe in

all places except where regularly-spaced measurements o�er the greatest advantage

� but the capacity for measurements to be regularly spaced is dependent upon the

existence of regularly-spaced measurement arrangements (the Platonic solids) only

for certain n-values.

Therefore, it is quite possible that the only reason we don't see a more graduated

progression in our optimal bounds is the geometric coincidence of regularly-spaced

arrangements with a few n-values. This would suggest that we could expect to see

reasonably steady progression when we reach some bounds for n > 10, but our basis

for expecting this does not consider any other geometric factors that may arise for

n > 10.

But in more veri�able terms, although the progression of our bounds towards the

analytic limit as a function of n is not strictly monotonic (that is, cn−1(ε) − cn(ε)

is always non-negative, but not always nonzero), we do �nd it to generally be

diminishing with n � not only in the data of Figure 10.19, but also in observing the

improvements in the n = 4 bound to exceed the improvements in the n = 6 bound at

every point in Figure 10.17 � which is what we would unavoidably expect for optimal

bounds as they approach the �nite-valued bound de�ned by the theoretical limit of

n =∞.

As is also to be expected, however, we do �nd that our optimised EPR-steering
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Figure 10.20: Optimised EPR-steering bounds for n = 2, 3, 5, and 8, with the analytical
in�nite measurement limit included. The optimal n = 2 and n = 3 bounds were found to
be the same as the Platonic bounds.

bounds approach the analytical n =∞ limit more quickly than the Platonic bounds

do. Moreover, from our bounds that have been calculated to be optimal for all

values of ε, we can now see that the similar shapes of our Platonic kn(ε) curves for

larger n (namely, their tendencies towards discontinuity, and to behave di�erently

for di�erent ε-values) were not de�ned by any speci�c characteristic of EPR-steering,

but simply arose as relics of imperfect measurement schemes.

In Figure 10.20, we show a selection of our optimised bounds for appreciably-spaced

values of n, which show quite visibly that as n increases, the optimal EPR-steering

bounds do not simply come closer to the analytical n =∞ limit, but also approach

the same shape as the analytical limit, as a function of ε.

At this point, it should be noted that the analytical n =∞ bound that we are using

as an analytical limit on the performance of our EPR-steering bounds is the same one

derived in section 7.5, for an in�nite number of measurements that were uniformly

distributed on the Bloch sphere. Having seen that regularly-spaced measurements

� our best approximation for uniformly-spaced measurements with �nite n � do not

generally de�ne optimal measurement schemes, it is worth considering whether any

non-uniform measurement distribution might yield a di�erent bound for in�nitely

many measurements.

The general arrangements of our optimal measurement schemes were quite varied, but

were convincingly seen to share similar properties at similar ε-values. These measure-

ment schemes overwhelmingly made use of arrangements diving their measurements

into approximately-orthogonal subsets of several kinds: the vast majority of our
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optimal measurement schemes noticeably approximated a plane of measurements

(or a parallel pair of such planes) with tight clusters of measurements orthogonal to

this plane � and for n = 4 and n = 5 in particular, we could passably interpret the

optimal ε = 0.5 schemes as as approximations of three orthogonal measurements.

We rederived our calculation of k∞(ε) from Eq. (7.22) with measurement density

functions that no longer took the fraction of measurements per unit area to scale as

a linear function of area, or independently of the surface coordinates of the Bloch

sphere. This required little reformulation of our calculation for Eq. (7.22), except

for the substitution of our density function (which was cos θ for uniform density).

Conveniently, this approach did not require us to di�erentiate between the e�ects of

higher measurement densities and higher measurement weightings, as these behave

identically in the consideration of in�nitely many measurements.

This was done with distribution functions that were more clustered about three

orthogonal axes, with varying degrees of density gradient in approaching these areas

(it is trivial to �nd that de�ning an in�nite gradient � i.e. all measurements occurring

on one of these three axes � o�ers a suboptimal solution). The uniform density bound

was lower than every calculation with this kind of distribution. We also experimented

with density functions de�ning high-density clusters of measurements and single or

multiple orthogonal planes of higher measurement density. None of these were found

to o�er analytical bounds that improved upon our previous k∞(ε) function.

After this, we attempted distributions of overlapping planes of higher density, also

to no avail. We currently suspect there to exist a mathematical proof for the

optimality of the k∞(ε) bound calculated in Eq. (7.22), but are unable to con�rm

or deny this without a more comprehensive theoretical understanding of the de�ning

mathematical characteristics of optimal measurement schemes.

But the suboptimality in applying the properties of our observed optimal measure-

ment schemes to the measurement distribution for k∞(ε) seems to provide some

support for our tentative conclusion that the optimality of the measurement schemes

observed in this chapter is not de�ned by any tendency towards non-uniformity, but

rather by certain characteristics that approximate di�erent properties of uniformly-

spaced measurements.

A cheating Alice has the option of submitting any LHS orientation on the surface

of the Bloch sphere, and Bob's choice of measurements allow her to discern LHS

orientations that accommodate more powerful cheating strategies than other ori-

entations might. Our above analysis has highlighted the characteristics of optimal

measurement schemes that prevent any choices of LHS orientation on the Bloch

sphere from de�ning cheating strategies that perform signi�cantly better than those

using LHS orientations on any other region of the Bloch sphere. We have also seen

that the properties which most e�ectively allow our measurement schemes to attain

this goal are not generally the same properties at every value of ε. However, when we

consider the properties of in�nitely many uniformly-spaced measurements, we can
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see that they should be quite well-suited to this goal for any value of ε.

So for the purposes of attaining this goal, it does seem that the behaviours of in�nitely

many uniformly-spaced measurements are indeed more accurately approximated by

the behaviours we have observed in our optimal measurement schemes than those

we have observed in �nite sets of regularly-spaced measurements (in the situations

where our optimal measurements were not regularly spaced).

Thus, it seems quite likely for the k∞(ε) bound calculated with uniformly-spaced

measurements to be a suitable bound for our optimal measurement schemes, as well

as a suitable analytic bound for our Platonic measurements, despite these two cases

sharing di�erent claims to it.

Notably, for the analytic bound in the case of regularly-spaced measurements to be

the same bound as for optimal measurement schemes, this would actually highlight

the degree of improvement that is o�ered by our optimal measurement schemes over

Platonic measurement schemes � since the notable improvements we have observed

in our optimal measurement schemes are still ultimately constrained by the same

theoretical limits that existed for the Platonic measurements.

Comparing Figure 10.20 to Figure 7.17, where we �rst plotted our Linear EPR-

steering bounds for Platonic measurements with the analytic limit, we can see that

our optimised n = 8 bounds do not perform better than the Platonic n = 10 bounds

at all ε-values, but do o�er a clear improvement for many ε-values, which is a

noteworthy improvement for a scheme involving two fewer measurements. So we

see that our optimised bounds do not only remain much more reliable functions of ε

as they approach the analytic limit, but also do so with considerably greater overall

loss-tolerance.

We have seen that ensuring an optimal degree of loss-tolerance in our EPR-steering

bounds grants us clear and signi�cant improvements in detection-loophole-free tests

of EPR-steering. Deriving rigorous tests of EPR-steering is an exercise in accepting

our limitations � particularly the limitations in our trust of experimental parties (or

of quantum mechanics) and the limitations of our detectors. But we have seen that

it is quite worthwhile to explore exactly exactly how restricting these limitations are,

and choosing not to be restricted any more than absolutely necessary.
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Chapter 11

Conclusion

This purpose of this thesis was to contribute to the �eld of existing research on

quantum nonlocality. The path taken towards this goal was by addressing the

experimental rigour in tests of EPR-steering, closing the detection loophole in such

tests, and discerning how to make these detection loophole-free tests of EPR-steering

as loss-tolerant as possible.

It was not until recent years that the EPR paper's original challenge to the nature

of quantum mechanics was formally de�ned, and thus, it was not until recent years

that EPR-steering was shown to be a test of quantum nonlocality distinct from both

Bell nonlocality and nonseparability. As such, the body of work surrounding EPR-

steering is quickly growing in both its experimental and theoretical implications.

Because EPR-steering tests are intermediate between tests of nonseparability and

Bell nonlocality in their required degrees of nonlocality and experimental trust, they

can provide a valuable alternative in quantum tasks and proofs for which nonsepa-

rability is insu�cient, but Bell nonlocality is not required, or is too experimentally

demanding.

But the existence of experimental loopholes presents a serious obstacle in the rigour

of experimental EPR-steering, not just in the application of, but in the scienti�c ver-

i�cation of EPR-steering (and which had not been previously addressed, at the time

of this project's inception). Addressing this problem with a focus on loss-tolerance,

and taking advantage of experimental restrictions that are far more surmountable

than those required for loophole-free Bell tests, this thesis has outlined detection

loophole-free EPR-steering bounds, and shown them to be capable of extreme degrees

of loss-tolerance. This was done through a rigorous exploration of two kinds of exist-

ing EPR-steering criteria, which we analysed from the perspectives of hypothetical

experimental parties in quantum mechanical (honest) and LHS (dishonest) physical

models, allowing us to close the detection loopholes in these tests of EPR-steering,

and derive the most loss-tolerant EPR-steering bounds (i.e. tight bounds) that it is

possible to obtain for those tests.

We have derived EPR-steering bounds for several di�erent varieties of measure-
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ments, starting with the Platonic solids, motivated by their optimality in qubit

tomography [4], and their previous use in tests of EPR-steering [21]. We have

explored the bene�cial properties of Platonic solid measurements, and found them

to be insu�cient to generally de�ne optimal measurement sets for our EPR-steering

criteria � even for the idealised scenario of perfect e�ciency, in the case of our linear

criterion. With rigorous analysis of the strongest correlations that can be obtained

for these tests in a LHS model, we explored how the Platonic measurements' EPR-

steering bounds are a�ected by the presence of imperfect detectors, and how they

are di�erently a�ected by various methods of coping with the loss of a portion of

measurement results.

Following from this consideration of loss, and our level of rigour in dealing with

loss, we explored in depth how a LHS model could produce its greatest possible

correlations (in the context of either criteria) by manipulating the results of Platonic

measurements. Quantifying these maximal attainable values of either criteria in a

LHS model allowed us to thereby de�ne tight, loss-tolerant EPR-steering bounds for

Platonic measurements at all values of detector e�ciency.

We then compared the experimental requirements of the Platonic bounds for either

criteria, �nding our linear EPR-steering criteria to o�er a greater degree of loss-

tolerance for almost every possible value of detector e�ciency with every measure-

ment set (and simply performed equally well in the very few places where this was

not the case). An analytic calculation of the loophole-free EPR-steering bounds

for in�nitely many uniformly-spaced measurements (de�ned at all e�ciencies) was

then performed for both criteria, and comparison of these limits showed the linear

in�nite bound to allow a greater maximum degree of loss-tolerance than the nonlinear

in�nite bound at every nonzero detector e�ciency. We thus concluded the nonlinear

EPR-steering criteria to be unconditionally inferior.

We then discussed how our EPR-steering bounds could be a�ected by a dishonest

Alice who shared some degree of quantum nonlocality with Bob, and also possessed

the capability to locally manipulate Bob's state, and found that no loophole existed

in our bounds that could be exploited by any possible mixture or use of such

abilities. Having previously concluded that the nonlinear EPR-steering criteria to

be unconditionally inferior, we no longer considered it after this discussion.

Being aware of the bene�cial properties of Platonic measurement sets (namely, their

regular spacing), we then constructed measurement sets based upon geodesic solids,

motivated by their similarity to Platonic solids, and the absence of an upper limit on

the number of measurements that they could accommodate. In doing so, we found

this approach to hold some of the same imperfections as the Platonic approach did,

failing to achieve EPR-steering inequalities that reliably o�ered lower bounds with

higher measurement numbers. We also encountered issues that did not exist for the

regularly-spaced measurements of the Platonic solids, the foremost being that it was

possible for a cheating Alice to produce larger correlation functions by submitting

nulls more often for some measurements than others. In the systems relevant to
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these EPR-steering tests, this is not something which happens naturally (to any

degree outside of nominal experimental margins), so given that our EPR-steering

functions are calculated by aggregation of both party's results, it was reasonable to

augment the EPR-steering criteria for non-regularly-spaced measurements to keep

track of Alice's measurement statistics, which conferred a noticeable enhancement

to our EPR-steering bounds on the condition that they re�ect natural (symmetric)

null probabilities.

The decreased symmetry in these measurement sets increased the complexity that

was required of Alice's cheating strategies in order to produce symmetric null prob-

abilities. This is how con�rmation of symmetric null probabilities can constrain the

correlations that are producible in a LHS model. Following from this, we found

that our EPR-steering bounds could be lowered further for non-regularly-spaced

measurements, by allocating unbalanced weightings to the measurements in our

EPR-steering function. The advantage in varying our measurement weightings was

found to rely heavily upon the symmetry condition also being applied, in that the

optimally unbalanced weightings did not so much increase the complexity required

of the optimal cheating strategies, but rather (it's more accurate to say) minimised

the potency of the local cheating strategies that were most e�ective at each apparent

e�ciency, under the existing symmetry constraint.

Because these enhancements require only that our EPR-steering criteria include

a predictable condition upon Alice's null results, and a slight modi�cation (i.e.

rede�ned measurement weightings) in the calculation of our EPR-steering inequality,

the augmentations they require will have no e�ect whatsoever on the capabilities of

an honest Alice in a quantum mechanical model, except for their e�ect on the EPR-

steering bound itself.

The pronounced symmetry of the Platonic solids led to all cheating strategies being

highly symmetric for Platonic measurement sets, and for this reason, neither of these

enhancements for non-regularly-spaced measurements were applicable to any bounds

derived from Platonic solids. Thus, we learned that although geodesic measurement

sets are no more optimal than Platonic measurement sets, they alleviated the problem

of limited measurement numbers, and o�ered distinct bene�ts that did not exist for

regularly-spaced measurements.

From this, we went on to construct computation optimisations capable of determining

the sets of measurements and weightings (measurement schemes) that would opti-

mally exploit these loss-tolerant properties, yielding the most loss-tolerant tests of

EPR-steering that can possibly be composed by any given number of measurements,

and for any given detector e�ciency. These optimal measurement schemes were

calculated for sets of up to eight measurements. The bounds produced by these

measurement schemes were shown to be far more loss-tolerant than any of their

previously calculated counterparts.

As we have seen, EPR-steering bounds tend to become more loss-tolerant as the size
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of our measurement sets, n, increases. We have also seen that any such improvement

cannot be guaranteed for any apparent e�ciency except ε ≈ 1/n, particularly because

the properties that lead to loss-tolerant measurement schemes are not the same for

all apparent e�ciencies. The optimal measurement schemes calculated in Chapter 10

o�er the advantage of monotonic improvements in loss-tolerance with any increase in

measurement number: any optimal scheme for n + 1 measurements will necessarily

yield EPR-steering bounds that, at every value of ε, are at least as loss-tolerant

as the optimal scheme for n measurements, and (by de�nition) o�er the greatest

possible improvement in loss-tolerance over any scheme for n measurements that it

is possible to obtain in any scheme for n + 1 measurements. Due to both the novel

consideration of symmetric measurement statistics and the rigour of our optimisation

procedure, the loss-tolerant measurement schemes that we have generated with this

procedure are ensured a level of superiority that cannot be guaranteed for any other

measurement schemes.

The examples that we calculated and presented in Chapter 10 revealed some unintu-

itive properties. The optimal values for every measurement weighting very strongly

seemed to be de�ned simply by a function of each measurements proximity and

weighting relative to all other measurements, leading to little more complexity than

most heavily weighting the most isolated measurements, and least heavily weighting

the most crowded measurements (though the exact nature of any such function has

not yet been quanti�ed). The optimal sets of measurement orientations, on the other

hand, were reasonably irregular. After thorough analysis, it does appear that the

optimal orientations for measurements are whichever o�ers the best approximation of

orthogonality to all other measurements � which is also supported by the optimality

of the Platonic n = 2 and n = 3 measurement schemes at all e�ciencies � but

the measurement sets that most closely approach this goal do so in ways that are

quite strongly dependent upon detector e�ciency, and quite clearly not satis�ed by

regularly-spaced measurements in many cases.

Indeed, our calculated measurement set for n = 8 was arguably the most irregular

one we observed � which is possibly creditable to the increasing computational

requirements (as a function of n) for accurate optimisations, but this is more likely

not to be the case, given the (albeit unexpected) striking similarity between the

n = 8 measurement schemes for all e�ciencies, and the similar irregularities in lower-

n measurement schemes. It seems reasonable for optimal measurement schemes to

become more irregular with increasing measurement number, with more measure-

ments needing to �nd a place among the crowd, and satisfy optimality requirements

that are clearly not heavily geared towards regular spacing. But this point may

not easily be resolved without further inquiry into the de�ning characteristics of the

optimally loss-tolerant measurement schemes derived in this thesis.

While we have represented our EPR-steering bounds in a few di�erent ways, it should

be noted that all EPR-steering bounds we have calculated were shown (at some point)

in the form of postselected bounds, for two predominant reasons. Not only does this
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format allow us to display our EPR-steering bounds as lower limits upon the values

of state entanglement parameter µ necessary for EPR-steering, rather than a factor

of this value that is dependent upon properties of our detectors (i.e. µ, instead

of εµ or εµ2 as in non-postselected bounds); but postselected bounds also allow

ease of comparison with results from most other photonic experiments, given that

most experiments are not tests of quantum mechanical principles, and do not require

experimenters to forsake the fair sampling assumption, which still o�ers considerable

convenience in many other kinds of experiments.

11.1 Future Prospects

Having derived measurement schemes for optimally loss-tolerant, detection-loophole-

free EPR-steering tests for spin-entangled photon pairs, and arguing for the e�ective-

ness of the linear EPR-steering criterion that they optimise, the next logical step for

the implementation of these measurement schemes would be to derive calculations for

the experimental error associated with these bounds. Error calculations for the linear

EPR-steering bounds themselves have previously been calculated and published [41]

for the Platonic bounds and asymmetric geodesic bounds. However, the strength of

these optimal bounds is partly drawn from the symmetry condition, which must also

be experimentally veri�ed to maintain the rigour of our bounds. No error calculation

has yet been derived for the symmetry condition, nor values theorised for the margins

it can be expected to meet. For the optimised bounds or the symmetric geodesic

bounds to be experimentally implemented, we require a rigorous calculation of how

our EPR-steering bounds are a�ected by experimental deviations from completely

symmetric null probabilities.

The absence of this error calculation is the only universal impediment to the imple-

mentation of the optimal measurements or geodesic measurements, so while there

is no foreseeable reason to use the n = 7 geodesic bound over the optimised n = 7

bound, the computational inconvenience of calculating the optimal higher-n bounds

may make geodesic bounds a more attractive alternative for large-n EPR-steering

tests, given the relative simplicity in deriving geodesic measurement sets. Thus, it

may be worth investigating how reliably geodesic bounds approach the analytical

EPR-steering limit with n, and possibly how the symmetry condition or variable

weightings a�ect higher-n geodesic bounds.

Another direction with room for improvement would be in deriving an analytic exam-

ination and proof (that our optimisation method does not provide) of the properties

that de�ne optimally loss-tolerant measurement schemes. However, we have seen

that even for two related criteria in the same experimental setting (correlations

between measurements upon a two-qubit Werner state), the properties de�ning the

optimal cheating strategies, although similar, are clearly distinct. Thus, given that

our optimised EPR-steering bounds are de�ned by tight bounds upon the correlations

that can be demonstrated in a LHS model, it seems likely that an analysis of the
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properties de�ning optimal measurement schemes for our linear criteria may serve

no purpose outside of characterising the above results (as much as it is possible to

extrapolate the direct bene�ts of any scienti�c research).

However, such an investigation would also let us derive a more rigorous analytic

in�nite measurement limit than the one we have used above � though the behaviour

of the optimal bounds we have observed seems to support the hypothesis that this

bound should be unchanged, this thesis only illustrates a few supporting arguments

for the value of this limit in the case of non-uniformly-spaced measurements, and

does not hold any mathematical proof that this is accurate.

A �nal consideration for future work, entailing a less predictable course of action, but

a more predictable bene�t, would be an application of this optimisation technique

for di�erent EPR-steering tests in two-qubit Werner states, or a possible repurposing

towards other varieties of EPR-steering tests for discrete variable measurements in

geometrically similar measurement spaces.

11.2 Applications

The most obvious application of the work in this thesis would be in completely closing

the detection loophole in experimental tests of EPR-steering, without the need for

detection e�ciencies that are as experimentally demanding as those required for

previously-existing tests. Although this thesis exhibits no work on closing the other

loopholes that exist in tests of EPR-steering (i.e. the locality and free will loopholes),

the results herein do advance the cause of closing those loopholes as well.

In particular, the biggest challenge in closing the locality loophole is that of transport-

ing entangled particles over large distances without loss or degradation. Even with

high-e�ciency photon detectors, there is a very modest limit on how much one can

experimentally compensate for imperfect transmission channels [39, 40]. However,

the results of this thesis o�er EPR-steering bounds that can be constructed with

arbitrarily high losses, which naturally means that they can be used to demonstrate

EPR-steering over signi�cantly larger transmission channels than was previously

possible. Indeed, the results calculated in this thesis have been previously employed

to demonstrate detection-loophole free EPR-steering over 1km of optic �bre by using

the n = 16 geodesic measurements [41].

Clearly, the loss-tolerance of our EPR-steering bounds provides a powerful means

of overcoming the locality loophole. The free will loophole, however, is not so

easily addressed by arbitrary loss-tolerance. However, many forms of the free will

loophole are based on the proposition of a causal connection between the creation

and measurement of an entangled subsystem [22, 40, 62]. Thus, simplifying the

closure of the locality loophole would greatly contribute to simplifying the closure

of the free will loophole. Having arbitrarily many measurement variables is also

something which could be of great use in closing free will loopholes, as large numbers
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of experimental variables can also be useful when addressing some interpretations of

the free will loophole [23,62].

Although rigorous tests of quantum nonlocality are a goal in themselves, their

availability also expands the possibilities in several other �elds of research. In

particular, rigorous tests of EPR-steering can be used to experimentally prove that

dynamical quantum jumps are detector-dependent. Reference [51] shows that this

can be proven by experimental violation of an EPR-steering inequality. Although the

detection e�ciency requirements of such an experiment are not the same as those

addressed herein, the same approaches towards experimental rigour are still quite

applicable, as this task still depends on a conclusive demonstration of EPR-steering.

Another application of EPR-steering is in device-independent one-sided quantum key

distribution [50]. This quantum cryptography task addresses cases where one party

is trusted, and another is untrusted, as would be the case in a real-world situation

where one party was sure that their own apparatus was trustworthy. Quantum

key distribution generally requires violation of a Bell inequality to guarantee that

both parties are employing genuine quantum behaviours, and thereby guarantee

that they can trust their quantum key. However, as mentioned in Chapter 2, this

incurs signi�cant experimental demands. It is quite reasonable to expect that one

party (say, "the Base") will have access to trusted equipment, and eavesdropping

should only be a risk along the communication channel, or in the apparatus of an

external party (say, "the Agent"). Therefore, it would be much more logical in any

such situation to only make as many experimental sacri�ces as are necessary to test

the capabilities of the untrusted experimental party (the Agent), rather than both

parties. It is plain to see that in this kind of situation, only assuming one party to

be untrustworthy could easily be an extremely small trade-o� for the sake of gaining

a substantial increase in the loss-tolerance of quantum key distribution. Indeed, it is

foreseeable that the same could easily be true of many other quantum cryptography

tasks.

The bene�ts in employing EPR-steering in these applications remind us of the

theoretical de�nition of EPR-steering: the ability, between entangled quantum sub-

systems, of one subsystem to nonlocally a�ect another subsystem � without speci�c

regard for the converse. However, Bell nonlocality is sometimes assumed to be nec-

essary in asymmetric situations where EPR-steering may be su�cient, and any such

oversight can take a high toll on experimental demands. Naturally, the situations

in which EPR-steering is most relevant are those where the capabilities of only one

member of an entangled quantum system are under investigation. Therefore, beyond

the immediately foreseeable applications of EPR-steering, it is quite conceivable that

it should be of importance in virtually any application of quantum entanglement

where the roles of each entangled subsystem are not completely symmetric. Iden-

tifying asymmetry in quantum tasks can in turn reveal asymmetric requirements

for closing experimental loopholes in those tasks. In any such task that would

bene�t from the most e�cient possible use of resources, or the most achievable
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experimental requirements (i.e. most, if not all, such tasks), it would clearly be

greatly advantageous to have the ability to construct rigorous tests of EPR-steering

that are optimally loss-tolerant.
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Appendix A

Calculating the Correlation

Function

Having simply de�ned Âj = σ̂αj and B̂j = σ̂βj , the correlation function of these

operators on our two-qubit Werner state of Eq. (3.33) can be calculated from

Sn =
1

n

∑
j

Trαβ

(
ραβσ̂αj σ̂

β
j

)
=

1

n

∑
j

Trαβ

(
µ|Ψ−〉〈Ψ−|σ̂αj σ̂

β
j + (1− µ)

Iαβ

4
σ̂αj σ̂

β
j

)
(A.1)

=
1

n

∑
j

µ
1

2
Trαβ

(
(|01〉〈01| − |01〉〈10| − |10〉〈01|+ |10〉〈10|) σ̂αj σ̂

β
j

)
+

1

n

∑
j

(1− µ)

4
Trαβ

(
Iαβσ̂αj σ̂

β
j

)
.

Working through the �rst term in parts, and multiplying by 2 for notational conve-

nience, we �nd;

2|ψ〉〈ψ|σ̂αj = (|01〉〈01| − |01〉〈10| − |10〉〈01|+ |10〉〈10|)(vαxσαx + vαy σ
α
y + vαz σ

α
z )

= vαx (|01〉〈11| − |01〉〈00| − |10〉〈11|+ |10〉〈00|)

+ivαy (|01〉〈11|+ |01〉〈00| − |10〉〈11| − |10〉〈00|)

+vαz (|01〉〈01|+ |01〉〈10| − |10〉〈01| − |10〉〈10|)

2|ψ〉〈ψ|σ̂αj σ̂
β
j = (vαx (|01〉〈11| − |01〉〈00| − |10〉〈11|+ |10〉〈00|)

+ivαy (|01〉〈11|+ |01〉〈00| − |10〉〈11| − |10〉〈00|)

+vαz (|01〉〈01|+ |01〉〈10| − |10〉〈01| − |10〉〈10|))(vβxσβx + vβyσ
β
y + vβz σ

β
z )

Upon expanding this, we should apply the trace which, given our state basis, is of

the form

Tr(X) = 〈00|X|00〉+ 〈01|X|01〉+ 〈10|X|10〉+ 〈11|X|11〉.
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From the working above, this gives us

2Trαβ(|ψ〉〈ψ|σ̂αj σ̂
β
j ) = −2vαxv

β
x − 2vαy v

β
y − 2vαz v

β
z .

Thus,

Trαβ(|ψ〉〈ψ|σ̂αj σ̂
β
j ) = −(vαxv

β
x + vαy v

β
y + vαz v

β
z ) = −vαj · v

β
j .

This is the inner product between the Bloch Sphere vectors associated with the two

measurements (with a factor of −1). Now, we shall calculate

Trαβ(IαBσ̂αj σ̂
β
j ) = 〈00|σ̂αj σ̂

β
j |00〉+ 〈01|σ̂αj σ̂

β
j |01〉+ 〈10|σ̂αj σ̂

β
j |10〉+ 〈11|σ̂αj σ̂

β
j |11〉.

Again, working term by term, we see

〈00|σ̂αj σ̂
β
j |00〉 = 〈00|(vαxσαx + vαy σ

α
y + vαz σ

α
z )(vβxσ

β
x + vβyσ

β
y + vβz σ

β
z )|00〉

= 〈00|vαz σαz vβz σβz |00〉 = vαz v
β
z .

We can see that the σz operators are the only ones that don't �ip the qubit, so they

are the only elements that won't have a trace of zero (because of the orthonormality

of states).

〈01|σ̂αj σ̂
β
j |01〉 = 〈01|vαz σαz vβz σβz |01〉 = −vαz vβz

〈10|σ̂αj σ̂
β
j |10〉 = 〈10|vαz σαz vβz σβz |10〉 = −vαz vβz

〈11|σ̂αj σ̂
β
j |11〉 = 〈11|vαz σαz vβz σβz |11〉 = vαz v

β
z

From this, we can see that the trace in the second term of Eq. (A.1) is equal to zero;

Trαβ(Iαβσ̂αj σ̂
β
j ) = vαz v

β
z − vαz vβz − vαz vβz + vαz v

β
z = 0.

We can use these results to evaluate

Sn =
1

n

∑
j

Trαβ

(
µ|Ψ−〉〈Ψ−|σ̂αj σ̂

β
j

)
+

1

n

∑
j

(1− µ)

4
Trαβ

(
Iαβσ̂αj σ̂

β
j

)
=

1

n

∑
j

Trαβ

(
µ|Ψ−〉〈Ψ−|σ̂αj σ̂

β
j

)
= −µ 1

n

∑
j

vαj · v
β
j .

So this correlation function will give a maximum value of µ, but only when vαj is

antiparallel to vβj (and a minimum of −µ only when they are parallel).
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Appendix B

Angular Momentum Bound

In calculating an EPR-steering bound based upon the variance of Bob's results, it

is perhaps worth mentioning that reference [5] does include an example of an EPR-

steering criteria based upon the variance of Bob's results � or rather, the inference

variance of Bob's results � and the evaluation of this example gives the same bound

as we calculate for g3, our nonlinear bound in the case of three measurement settings.

Estimates of Bob's results can be inferred from Alice's results. Such results will be

labelled as 〈σ̂βj 〉inf . The accuracy of such inferred results would be dependent on

the degree of entanglement present. In the case of a completely entangled state (i.e.

µ = 1), Bob's results could be determined from Alice's with perfect accuracy. In this

case, the inference variance would be zero. But the less entangled the state is (the

lower µ is), the greater will the inference variance be. We will denote the inference

variance as ∆2
inf σ̂

β
j .

The derivation of the EPR-steering criterion below is given in [5], so we shall simply

employ its result. Using angular momentum measurements, Ĵβx , Ĵ
β
y , and Ĵβz , an

EPR-steering inequality can be derived such that

∆2
inf Ĵ

β
x + ∆2

inf Ĵ
β
y + ∆2

inf Ĵ
β
z ≥

1

2
〈N̂β〉, (B.1)

where 1
2N̂

β is the total angular momentum operator, which may also be written

as ĴβT . For a photon, as we have, we can simply substitute 〈ĴβT 〉 = 1
2 . We also

know that the angular momentum operators are related to the Pauli spin matrices

as Ĵβx = 1
2 σ̂

β
x (from which we can also deduce that 〈N̂β〉 = 1). Thus, the relation is

∆2
infJ

β
x + ∆2

infJ
β
y + ∆2

infJ
β
z ≥ 1

2 , and we know that ∆2
infJ

β
x = ∆2

inf

(
1
2 σ̂

β
x

)
, which

gives us
1

4

(
∆2
inf σ̂

β
x + ∆2

inf σ̂
β
y + ∆2

inf σ̂
β
z

)
≥ 1

2
〈N̂β〉. (B.2)

So our EPR-steering criterion becomes

∆2
inf σ̂

β
x + ∆2

inf σ̂
β
y + ∆2

inf σ̂
β
z ≥ 2. (B.3)
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With a detection e�ciency of ε in Alice's results, it can be shown for a Werner state

with entanglement parameter µ that ∆2
inf σ̂

β
z = 1−εµ2, and that ∆2

inf σ̂
β
x = ∆2

inf σ̂
β
y =

∆2
inf σ̂

β
z , which therefore gives us

2 ≤ 3− 3εµ2

3εµ2 ≤ 1

µ ≤
√

1

3ε
. (B.4)

The variance in Bob's inferred results is a function of µ (as mentioned above), which

can be anywhere in [0, 1] for a quantum mechanical model, but cannot always attain

the same lower bound in a no-steering model. The expression above gives the largest

possible value of µ that could be attained from the inference variance without

the presence of EPR-steering. Therefore, violation of the above inequality would

demonstrate EPR-steering. It is a function of ε because for apparent e�ciencies that

are low enough (ε ≤ 1
3 in this case), a cheating Alice could perfectly imitate the

results of an entangled system.

Notably, this expression is only for the case where Bob's measurements are {σ̂βj } =

{σ̂βx , σ̂βy , σ̂βz } � that is, when n = 3. Upon plotting this function, we �nd that it is

the same function as the Multiplicative Variance bound
√
gn, for n = 3, which is not

completely surprising since it was also calculated from a sum of variances in Bob's

predicted results.
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Appendix C

Optimal Bound Calculation

Our calculation of the optimal bound consisted of three optimisations, each nested

within one another. Our innermost optimisation was as simple as possible, and

calculated the set of optimal deterministic cheating strategies for each i-index over

(mi
1,m

i
2, ...,m

i
n−1,m

i
n), for any given n, {σ̂βj }, and {pj}. This optimisation involved

calculating the maximum eigenvalues for all permutations of {Aj} sets that could be

de�ned by each particular i-index, and de�ning the optimal deterministic strategy

for that i to be the one with the largest eigenvalue, much like the values denoted by

Eq. (10.3).

Weighting variables {wi} were then assigned to each element on this list of deter-

ministic bounds, and this {wi} set were optimised to �nd the weightings de�ning

the optimal nondeterministic bound at the selected value of ε. Since this was a

convex optimisation problem, it was expected that an interior point method [65]

would e�ciently solve this function for the maximal values of Kn(ε), as shown in

Eq. (10.4). We employed the interior point algorithm o�ered by Matlab's �fmincon�

function, constrained to satisfy the symmetry condition. This did indeed o�er an

e�cient solution, consistently calculating optimal Kn(ε) values in times on the order

of 0.001 second in every case, and with great accuracy.

When we optimised for the variable-weighting bounds in section 9.3, we used a similar

interior point optimisation function, knowing that {pr} was constrained similarly to

{wi} in being normalised to 1, and would probably behave similarly. However, we

applied this optimisation within a scatter search [66] metaheuristic, allowing us to

optimise for {pr} from several starting points, to ensure that our solutions were

global minima for Kn(ε). But just as for our {wi} optimisation, this turned out to

be unnecessary.

To �nd Cn(ε), we required a global minimum of Kn(ε) as a function of {σ̂βj } and
{pj} for a constant value of ε. Each measurement on the Bloch sphere can be de�ned

by no less than two scalar variables, so any {σ̂βj } and {pj} are collectively de�ned by

3n scalar variables. But from the knowledge that the positions of each measurement

only matter in specifying their positions relative to every other measurement, we
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would not lose any generality by de�ning σ̂β1 = σ̂z and constraining σ̂β2 to the x-z

plane, so by doing this, and also setting pn = 1−
∑n−1

j pj (from its normalisation),

we can decrease the number of necessary variables to 3n − 4 for any measurement

scheme.

Optimising Kn(ε) over {pj} would be the same as optimising over {pr} (just with
more dimensions), but unlike any optimisation over our weightings, the only con-

straints upon {σ̂βj } are those de�ning the surface of the Bloch sphere. Also, because

the mathematical speci�cations of our variables for {σ̂βj } are coordinates, as opposed
to our variables for {pj}, which are just the {pj} values themselves, the variables

de�ning the coordinates of {σ̂βj } will likely have a much more nonlinear e�ect on

Kn(ε) than our weightings. For both of these reasons, it is unlikely that linear

optimisation techniques would be optimal for minimising Kn(ε) as a function of

these variables.

It was also unknown how Kn(ε) should behave as a function of {σ̂βj } and {pj} on this

hyperspace of 3n−4 dimensions. However, it was expected that, as a function of every

σ̂βj , there should exist extremely many local minima, and far more non-global minima

than global minima. For example, consider the n = 6 or n = 10 Platonic solids: if we

varied the position of only one measurement, we would �nd local minima for Kn(ε)

(as a function of the orientation of that σ̂βj ) in every face-centre, as well as a much

lower global minima at the original position of that measurement. Interior point

algorithms are good choices for determining minima by using the convex properties

of the functions they optimise � for example, by assuming that each local minimum

is a global minimum. But clearly, we would not expect the value of Kn(ε) over our

parameter space to be a convex function.

Therefore, we had several reasons to expect that a nonlinear optimisation method

might perform better than our previous linear optimisation methods when searching

for our optimal measurement schemes. We also expected that Kn(ε) would be a

continuous function of these variables, and had no reason to expect its derivatives

to be discontinuous, so we expected an unconstrained nonlinear optimisation would

be a good choice of algorithm. To this end, we employed Sequential Quadratic

Programming [67] algorithm o�ered by Matlab's �fmincon� function, and Matlab's

unconstrained nonlinear optimisation function �fminunc�. These both work by using

the �rst and second derivatives of a function to seek out local minima, and were

found to yield similar degrees of success.

To ensure that we had identi�ed global minima for Kn(ε), we again applied our

�rst choice of minimisation function using the metaheuristic function �GlobalSearch�,

which employed a scatter search algorithm to enact these minimisations from many

(several hundreds, in this case) starting points in our variable space, seeking out

the best local minima, which we concluded with con�dence to usually be the global

minima, or very close approximations. Application of the unconstrained nonlinear

optimisation function �fminunc� required the function �MultiStart�, which allowed

us to �nd better solutions (after we had found approximate solutions) since it can
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be programmed to search more thoroughly than �GlobalSearch� (i.e. it allows for

user-de�ned numbers and distributions of starting points).

A simulated annealing algorithm was also employed, but with little success in ac-

curately �nding optimal solutions. This is suspected to be due to the existence of

extremely many local minima, and very many being of similar magnitude to our

global minima in this variable space.

It was found that accurately optimised measurement schemes required computation

times that grew exponentially with n. This was not surprising, given that every in-

crease in n necessarily increased the variable space by three more dimensions. When

we do not change our number of starting points, and give them a uniform distribution,

the amount of time taken to accurately calculate the optimal measurement scheme

for n was found to be roughly given by t ≈ 1500 × 1.85n seconds. This gives the

rather neat (if undesirable) result that our simulation time is almost doubling with

every increase in n. However, in reality, for lower n-values, very accurate solutions

can be found with fewer starting points than higher n-values. But this merely allows

us to decrease this computation time by an amount that scales polynomially with n

(and will actually increase t moreso for high n). This means that our optimisation

for n = 4 takes around one hour per data point (which is not the value given by t),

but for n = 8 takes just over two days per data point (which is roughly what t gives).

Some improvements in accuracy and computation time were obtained by setting

the coordinate starting points at each ε-value to be more densely distributed as

the solution coordinates of the previous ε-value. Several trials for di�erent n were

performed with and without this method to ensure that the apparent change in our

optimal measurement orientations was a genuine property of the optimal measure-

ment schemes, and not simply a result of this method of choosing initial values �

indeed, this choice of initial values was only implemented as a result of the observation

that the optimal measurement schemes appear to change as a continuous function

of ε.

Because we know that the optimal measurement schemes do (in general, at least)

change as continuous functions of ε, it should be possible to much more e�ciently �nd

optimal measurement schemes for sets of many data points (for the same n-value)

by applying this method for very small ε-steps. However, this does not address the

computational di�culty in �nding an initial solution for larger n-values.

Analytical identi�cation of the mathematical properties of optimal measurement

schemes would provide a direct route towards more e�cient algorithms, but so

would further research into more e�cient means of computational optimisation. But

although these optimisations do become exponentially more time-consuming with

n, it is still relevant to note that calculations of the optimal measurement schemes

presented in this thesis are still computationally viable for anyone with a mid-range

(circa 2010) personal computer.
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