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Abstract

To obtain information about a system of interest a measurement has to be made.

In experiments that probe the quantum nature of our world, the system itself

is, in general, necessarily affected by the act of measurement. If the system is

weakly coupled to its bath and the dynamics are such that information concern-

ing the system is spread throughout the many degrees of freedom of the bath,

and the bath is being measured then a stochastic master equation for the con-

ditioned state of the system can be found. This is termed a quantum trajectory

equation.

Realistic detectors are not perfect. Information is lost in the conversion to a

signal that the observer can use. This loss may occur in the detector itself, in

the circuit containing the detector (described by a response time and electronic

noise) or at the circuit output (electronic output noise). In order to obtain a true

quantum trajectory for the experiment, the observer must condition the state

of the quantum system on results that are available in the laboratory rather

than on the microscopic events considered previously in quantum trajectories.

A method for treating this was first proposed by Warszawski, Wiseman and

Mabuchi [Phys. Rev. A 65, 023802 (2002)], in which the quantum system is

embedded within a supersystem that also contains the state of the detector.

They applied their theory to photodetectors of various sorts. Warszawski has

also done the preliminary work on applying this theory to detecting the state of

a pair of quantum dots using a SET (single-electron transistor) [MSc. Thesis,

Griffith University (2001)]. The resulting theory is termed “realistic” quantum

trajectory theory.

In this thesis, the approach of Warszawski, et al.is applied to various solid-

state readout devices. These include the SET, the QPC (quantum point con-

tact), and the RF-QPC (radio-frequency QPC). Numerically obtained realistic

quantum trajectories for the QPC agree with heuristic results. In particular, in

certain limits, the realistic quantum trajectories can take on the appearance of

ideal quantum trajectories.
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This thesis also resolves a problem in solid-state continuous quantum mea-

surement theory by deriving a quantum trajectory model for a SET-monitored

charge qubit, that guarantees physically meaningful qubit states. The particular

limit necessary to achieve this is discussed, and the SET measurement quality is

analysed using techniques borrowed from quantum optics. Conditions for which

the SET can approach operation at the limit allowed by quantum mechanics are

given. This is also done for the QPC, for which the results agree with previous

work.
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List of Abbreviations and Symbols

An incomplete list of abbreviations and symbols used in this thesis.

1̂ the 2× 2 identity matrix

A an anticommutating superoperator: A [X] ρ = 1
2

(
X†Xρ+ ρX†X

)
D a dephasing superoperator:

D [X] ρ = XρX† − 1
2

(
X†Xρ+ ρX†X

)
= J [X] ρ−A [X] ρ

DQD double quantum dot

dN a stochastic increment representing a point process

dW , dW stochastic increments representing Gaussian white noise processes

E [ · ] a classical expectation value, or ensemble average

G a composite state matrix (density operator)

~ Planck’s constant

Ĥ a Hamiltonian

H a nonlinear superoperator: H [X] ρ = Xρ+ ρX† − Tr
[
Xρ+ ρX†] ρ

J a jump superoperator: J [X] ρ = XρX†

L a Liouvillian (superoperator)

P (r|x) the conditional probability of obtaining result r given x

QPC quantum point contact

ρ a quantum state matrix (density operator)

x̆ / x̃ a quantity in an interaction picture / rotating frame

ρ̄, Ḡ unnormalised state matrices

RF radio-frequency

RWA rotating wave approximation

R, S shorthand superoperators

σ̂x, σ̂y, σ̂z Pauli matrices

SET single-electron transistor

SKS superoperator Kushner-Stratonovich

SME stochastic master equation

〈X〉 = Tr [Xρ] a quantum expectation value, or average, of the operator X
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Chapter 1

Introduction

“For a successful technology, reality must take precedence over

public relations, for Nature cannot be fooled.”

— Richard P. Feynman (1918–1988).

The field of quantum information represents the combination of quantum me-

chanics and information theory. The discovery of a number of quantum algo-

rithms [1–5] that outperform classical algorithms for various tasks has lead to

a widespread interest in quantum computation. Quantum computation uses

quantum binary digits (bits) rather than the classical bits used in present-day

digital computers. A quantum bit, or qubit, can exist in the classical bit states

0 and 1, as well as a quantum-mechanical superposition of these.

The field of research that surrounds the quest for a large-scale quantum com-

puter is very exciting. At present, solid-state proposals [6–10] seem promising

candidates for a number of reasons, scalability being a primary one. That is, it is

envisioned that the semiconductor industry’s ability to manufacture integrated

chips for classical computers promises similar abilities for quantum computers.

The ability to read out the state of the qubits of information is of obvious im-

portance in any quantum computational scheme. In the solid-state context,

qubits based on a quantum system’s “spin” degree of freedom [6–10] are consid-

ered more favourably than those based on the charge degree of freedom due to

the relatively long coherence time [11]. The coherence time is a characteristic

timescale over which the quantum information contained in the qubit is lost to

the environment. The long coherence time for spin qubits is largely due to the

fact that they can be well isolated from their environment. This good isolation

in turn makes coupling the spin qubit to a detector quite difficult. That is, the

quantum information is preserved for longer times, but it is harder to extract.

For this reason, readout of spin qubits via spin-to-charge conversion has been

suggested [6, 12–14].
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1.1. Research Question

1.1 Research Question

Measurement of a quantum system is often expressed in textbooks [15] in terms

of an instantaneous “collapse”, or projection, into an eigenstate of the system.

In reality, however, all physical measurements take some time. Thus, any pro-

jective (strong) measurement can be decomposed into a continuous sequence of

weak measurements that each perturb the state only slightly, and each reveal a

correspondingly small amount of information about the state. This decomposi-

tion can be made for generalised measurements (not just projective), as shown

in Reference [16], where weak measurements are referred to as being universal

for this reason.

In this thesis we consider continuous weak measurement (monitoring) of the

quantum state of a solid-state realisation of a two-level quantum system — the

double quantum dot (DQD) charge qubit [17, 18]. The DQD is occupied by a

single excess electron. The two localised states of the electron (in either dot) can

be considered to be the classical states 0 and 1, while the electron wavefunction

can also be “shared” by the dots (a superposition of 0 and 1). The evolution

of solid-state charge qubits subject to continuous measurement has received

considerable theoretical consideration recently [19–35]. Single realisations of the

continuous measurement of a DQD qubit, known as conditional (or selective)

evolution, have also been treated by a number of these groups. For theories of

conditional qubit measurement using a quantum point contact (QPC) [21, 22,

24–28,32,33], and a single-electron transistor (SET) [23,30], the qubit evolution

was conditioned on idealised measurement results (such as tunnelling) at the

scale of the mesoscopic detector. That is, the observer’s state of knowledge

about the qubit state is updated based on these idealised measurement results.

Conditioning the qubit state on the macroscopic current that is realistically

available to an observer has not previously been considered. In particular, these

works ignored the noisy filtering characteristic of the external circuit, including

an amplifier. In the situation where the external circuit is ignored, we refer

to the detector as a “bare” detector. In an experiment, the output from this

bare detector is filtered through various noisy electronic devices. Due to the

finite bandwidth of all electronic devices, the evolution of the conditional state

of the quantum system must be non-Markovian. A general method of describing

this evolution was presented by Warszawski, Wiseman, and Mabuchi in recent

papers [36, 37] in the context of photodetection, where it was applied to an

avalanche photo-diode and a photo-receiver. The primary aim of this thesis is

to apply the realistic quantum trajectory theory approach of Reference [37] to

2



Chapter 1. Introduction

solid-state detectors, in particular the QPC and the strongly coupled SET.

Being able to determine the state of a quantum system conditioned on actual

measurement results is expected to be vitally important for quantum compu-

tation, particularly for state preparation and quantum error correction [38–41].

More broadly, it is also essential for understanding and designing optimal feed-

back control [22,42–51].

1.2 Overview

The main focus of this thesis is the theoretical modelling of realistic continuous

measurements of a charge qubit, as discussed in the preceding section. In order

to comprehend the new work contained herein, it is advantageous for the reader

to be familiar with the background information given in Chapter 2. Chapter

3 is a review of previous theoretical models of continuous charge qubit mea-

surement, including a summary of previous attempts at considering nonideal

measurements. The original work of this thesis is contained in Chapters 4, 5,

6, and 7. Chapter 4 presents a model for charge qubit monitoring by a SET

that guarantees valid (normalised) qubit states. The first such model was pre-

sented in Reference [23] for the simplified case of a SET with an adiabatically

eliminated island (reducing the SET-qubit system degrees of freedom by half).

The model of Chapter 4 considers the SET in general, taking into account the

island degree of freedom. Before presenting the new models for realistic charge

qubit monitoring by a QPC and by a SET in Chapter 6, the quality of charge

qubit measurement by a SET is considered in Chapter 5. Widely considered

to be a poor-quality detector of charge qubits, it is shown in Chapter 5 that,

in a particular limit, the SET can in fact be a very high quality charge qubit

detector. In Chapter 7 a new model is presented for realistic monitoring of a

charge qubit by coupling it to a classical oscillator — the so-called RF-QPC

(radio-frequency QPC). This detection method has become a preferred method

for measuring charge qubit states in experiments. The thesis is concluded in

Chapter 8.

1.3 How to read this thesis

The reader who is knowledgeable in the areas of classical and quantum mea-

surement theory, including continuous measurements, may wish to skip the first

two sections of Chapter 2. However, these sections also describe a numerical

3



1.3. How to read this thesis

technique [52] convenient for solving the “realistic quantum trajectory” equa-

tions derived in Chapters 6 and 7. Numerical solutions are presented for the

equations in Chapters 6. The third (and final) section in Chapter 2 pertains to

the QPC and SET, so the reader to whom these devices are familiar may skip

this final section.

The main results of this thesis are as follows: The new model for charge

qubit monitoring by a SET, including conditional monitoring, that guarantees

valid qubit states (in Chapter 4); The subsequent analysis of the quality of the

SET as a charge qubit detector in Chapter 5; The models for realistic charge

qubit measurement in Chapters 6 and 7.
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Chapter 2

Background: Measurement Theory and

Solid-State Devices

“Using italics isn’t a substitute for a definition!”

— Stephen Bartlett (1973–).

This chapter contains background information intended to assist the reader’s

comprehension of the thesis.

Quantum measurement theory and classical measurement theory are dis-

cussed in Sections 2.1 and 2.2. The limit of continuous (in time) measurement is

of particular relevance to this thesis. Included also is discussion of the situation

of partially observed systems (quantum and classical), and a technique [52] for

simple simulation of the resulting stochastic equations. A brief introduction to

the physics of the solid-state quantum measurement devices considered within

this thesis is given in Section 2.4.

2.1 Quantum measurement theory

2.1.1 General theory

Our state of knowledge of a quantum system is most generally represented by

the state matrix ρ(t). It is a positive, semi-definite operator that acts in the

system Hilbert space. The conditional state ρr(t
′) given a measurement result r

is [53]

ρr(t
′) =

Or(t
′, t)ρ(t)

P (r, t′)
, (2.1)

where the probability of getting result r at time t′ = t + T is P (r, t′). Here

T is the duration of the measurement. The completely positive superoperator1

1Superoperators act on operators with other operators, thereby producing yet another
operator. We use calligraphic font for superoperators throughout this thesis.
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2.1. Quantum measurement theory

Or(t
′, t) is known as the operation of the measurement and can be defined for

purity-preserving (efficient/ideal) measurements by

Or(t
′, t)ρ(t) = J

[
M̂r(T )

]
ρ(t) ≡ M̂r(T )ρ(t)M̂ †

r (T ), (2.2)

where M̂r(T ) is called a measurement operator. The probability of getting result

r is

P (r, t′) = Tr [Or(t
′, t)ρ(t)] = Tr

[
F̂r(T )ρ(t)

]
, (2.3)

where the set {F̂r(T ) = M̂ †
r (T )M̂r(T )} is the positive operator measure (POM)

for observable R. Completeness ensures that the POM elements sum to the

identity:
∑

r F̂r(T ) = 1̂.

Inefficient measurements

Inefficient measurements can be considered as a measurement of one observable,

and one “unobservable”. The measurement of the unobservable can be thought

of as a fictitious measurement [52], while measurement of the observable con-

stitutes the real measurement. For such inefficient measurements, the theory

above is modified by replacing the measurement operator M̂r(T ) with the Kraus

operator K̂r,f (T ) [53], which depends on both the real result r and the fictitious

result f . The operation of the measurement is then redefined by the following

average over all possible fictitious measurement results:

Or(t
′, t)ρ(t) =

∑
f

J
[
K̂r,f (T )

]
ρ(t). (2.4)

The POM elements for inefficient measurements are F̂r(T ) =
∑

f K̂
†
r,f (T )K̂r,f (T ).

The average evolution of the system can be found from

ρ(t′) =
∑

r

P (r)ρr(t
′) = O(t′, t)ρ(t), (2.5)

where the non-selective operation is an average over all measurement results:

O(t′, t) =
∑

rOr(t
′, t).

2.1.2 Continuous measurement: quantum trajectory the-

ory

Applying quantum measurement theory to a system monitored continuously (in

time) results in quantum trajectory theory [54–62]. Continuous monitoring of

6



Chapter 2. Background: Measurement Theory and Solid-State Devices

the system consists of repeated weak measurements of infinitesimal duration T =

dt (these repeated measurements are identical). The state is then conditioned

on a string R (the measurement “record”) of the results rk of each measurement

at time tk = k dt ∈ (0, t]. The system state conditioned on the record R is

ρR(t) =
ρ̃R(t)

P (R)
, (2.6)

where the unnormalised state ρ̃R(t) is

ρ̃R(t) = Ork
(tk, tk−1) . . .Or2(t2, t1)Or1(t1, 0)ρ(0). (2.7)

The probability of observing the record R is given by the trace over the unnor-

malised state: P (R) = Tr [ρ̃R(t)].

If the apparatus (reservoir/bath) is coupled to the system in a Markovian

fashion, then the average state

ρ(t) = O(tk, tk−1) . . .O(t2, t1)O(t1, 0)ρ(0) (2.8)

is equivalent to the reduced state found by tracing out the apparatus from the

apparatus-plus-system state. This reduced state obeys the non-selective master

equation [63]

ρ̇(t) = Lρ(t) = −i
[
Ĥ, ρ(t)

]
+
∑



γD
[
L̂

]
ρ(t), (2.9)

where the L̂ are system operators (often corresponding to system observables),

and the γ are constants. Here the superoperator D represents dissipation of

information about the system into the baths (apparatus). It is defined by

D
[
X̂
]
ρ = X̂ρX̂† − 1

2

(
X̂†X̂ρ+ ρX̂†X̂

)
≡ J

[
X̂
]
ρ−A

[
X̂
]
ρ, (2.10)

where the second line defines the superoperator A, and J was defined in Equa-

tion (2.2). The non-selective master equation (2.9) describes the unconditional

(average) evolution of a quantum system undergoing measurement. That is, the

best estimate of the quantum state evolution without taking into account mea-

surement results (equivalently, averaging over all possible measurement results).

Taking the measurement results into account, a selective (conditional) master

equation can be derived from the non-selective master equation. Unravelling
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2.1. Quantum measurement theory

non-selective master equations in such a way will occur in Chapter 3 and the

reader will be guided through the process.

2.1.3 Fictitious quantum trajectories

This section introduces the ostensible numerical technique of Reference [52].

This technique will be used in this thesis to solve the realistic quantum trajectory

equations derived herein.

When a system is only partly observed, the system state will be mixed (as

opposed to pure). That is, the observer has incomplete information about the

quantum state. Simulating the dynamics of large systems therefore becomes

computationally expensive because of the additional storage space required to

describe mixed states. As shown in Reference [52] and discussed below, the

mixed state conditioned on the real record, ρR(t), can be simulated using pure

states (less storage space) conditioned on fictitious results.

Assume that a fictitious measurement is made on the unobservable process.

The conditioned state can be written as an average over all possible fictitious

records F as

ρR(t) =
∑
F

ρR,F(t)P (F,R), (2.11)

where the normalised state conditioned on both the real record and the fictitious

record is pure: ρR,F(t) = |ψR,F(t)〉〈ψR,F(t)|. In quantum trajectory theory, this

conditioned state is defined as

|ψR,F(t)〉 =
|ψ̃R,F(t)〉√
P (F,R)

, (2.12)

where the unnormalised pure state is

|ψ̃R,F(t)〉 = M̂rk,fk
(dt) . . . M̂r1,f1(dt)|ψ(0)〉. (2.13)

Here the real and fictitious results of the measurement operator

M̂rk,fk
(dt) = 〈rk|〈fk|Û(tk, tk−1)|0〉|0〉 (2.14)

are rk and fk, respectively. The initial bath state is |0〉|0〉, and Û(tk, tk−1) is

a Unitary operator. Equation (2.11) suggests that ρR(t) can be calculated by

averaging over an ensemble of pure states |ψR,F(t)〉. The task is actually more

complicated, as shown in the appendix of Reference [52]. Without knowing the

full numerical solution (for all times), a single trajectory that steps through time
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Chapter 2. Background: Measurement Theory and Solid-State Devices

cannot be generated with the correct statistics for fk. This is because the full

real record determines the true statistics of the fictitious results. Reference [52]

circumvents this problem using quantum trajectory theory with ostensible dis-

tributions.

Within the framework of linear/ostensible quantum trajectory theory [58–

60], the pure state in Equation (2.12) is redefined as the unnormalised state

|ψ̄R,F(t)〉 =
|ψ̃R,F(t)〉√

Λ(F,R)
. (2.15)

The bar indicates that this state is no longer normalised to one. The ostensible

distribution Λ(F,R) is a guessed distribution with the only requirement that it

be nonzero when the true distribution P (F,R) is nonzero. The norm of |ψ̄R,F(t)〉
provides the link between the true and ostensible distributions. That is,

P (F,R) = 〈ψ̄R,F(t)||ψ̄R,F(t)〉Λ(F,R). (2.16)

Using these results with Equation (2.11), ρR(t) becomes

ρR(t) =

∑
f |ψ̄R,F(t)〉〈ψ̄R,F(t)|Λ(F,R)

P (R)
, (2.17)

where the normalisation is P (R) =
∑

f P (F,R). Therefore, the mixed state

conditioned on the real record can be expressed as the following average over

the ensemble of pure states conditioned on both the real record and all possible

fictitious records:

ρR(t) =
EF

[
|ψ̄R,F(t)〉〈ψ̄R,F(t)|

]
EF

[
〈ψ̄R,F(t)||ψ̄R,F(t)〉

] , (2.18)

where E [ · ] denotes an ensemble average (in this case over the fictitious record

F, made explicit by the subscript).

2.2 Classical measurement theory

In later chapters, we consider the situation where a quantum system is driving a

classical system. This necessitates use of a combination of quantum and classical

measurement theory. In this section we introduce the latter.

The state of a classical system can be described by a probability density

P (x, t). That is, it can be thought of as a quantum state ρ with the off-diagonal

elements zero. Conditioning the state on a measurement result r of an observable
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2.2. Classical measurement theory

R is performed via Bayes’ theorem, which gives [64]

P (x, t|r, t) =
P (r, t|x, t)P (x, t)

P (r, t)
, (2.19)

where the normalisation is

P (r, t) =

∫
dxP (r, t|x, t)P (x, t). (2.20)

As in the previous section, it is notationally convenient to write the variable

upon which a quantity is conditioned as a subscript. Thus we have the condi-

tional state Pr(x, t) ≡ P (x, t|r, t), which represents our new state of knowledge

given that we observed the result r. This analysis assumes minimally disturbing

classical measurements, where there is no back action on the system due to the

measurement. The generalisation of Bayes’ theorem to include measurement

back action is given in Reference [52]. It is achieved mathematically by splitting

the measurement into a two-stage process, the first of which is the Bayesian

update. The second stage is described by the probability for the measurement

to cause a transition from the state x at time t to the state x′ at time t′ = t+T ,

given the result r. This probability is denoted by Br(x
′, t′|x, t) and satisfies

∀x′, x, r : Br(x
′, t′|x, t) ≥ 0, (2.21)

∀x, r :
∫
dx′Br(x

′, t′|x, t) = 1. (2.22)

The two stages can be defined, analogously to the quantum case, as one opera-

tion:

Or(x
′, t′|x, t) = Br(x

′, t′|x, t)P (r, t|x, t). (2.23)

The conditional state of the system is then

Pr(x
′, t′) =

∫
dx Or(x

′, t′|x, t)P (x, t)

P (r, t′)
, (2.24)

where the normalisation is

P (r, t′) =

∫
dx′
∫
dxOr(x

′, t′|x, t)P (x, t). (2.25)

Using equation (2.22), this can be expressed more simply as

P (r, t′) =

∫
dxFr(x, t)P (x, t), (2.26)

10



Chapter 2. Background: Measurement Theory and Solid-State Devices

where Fr(x, t) ≡ P (r, t|x, t), which satisfies
∑

r Fr(x, t) = 1. Thus, Fr(x, t) is

the classical analogue of the POM element. The average evolution is given by

P (x′, t′) =
∑

r

Pr(x
′, t′)P (r, t′)

=

∫
dxO(x′, t′|x, t)P (x, t), (2.27)

where the non-selective operation is O(x′, t′|x, t) =
∑

rOr(x
′, t′|x, t).

In analogy to the quantum case of an inefficient measurement, we can rewrite

any Br(x
′, t′|x, t) that satisfies (2.21) and (2.22) as a sum over a fictitious result

f :

Br(x
′, t′|x, t) =

∑
f

δ [x′ − xr,f (t
′)]P (f, t′|x, t; r, t), (2.28)

where xr,f (t
′) is the new system configuration x′ at time t′ given the measurement

result r and extra noise f (stochastic back action). Finally, the operation for

the measurement can be written as

Or(x
′, t′|x, t) =

∑
f

δ [x′ − xr,f (t
′)]P (f, t′; r, t|x, t)

≡
∑

f

Jr,f (x
′, t′|x, t). (2.29)

Note that classical back action can be completely separated from the ob-

server’s information gain, whereas quantum back action cannot (it can only be

partially separated from information gain, at best).

2.2.1 Continuous measurement: classical trajectory the-

ory

Classical measurement theory can also be expressed in a continuous-in-time

form by taking the measurement time to be dt, and making t/dt consecutive

measurements. The state of the classical system conditioned on the record R is

PR(x, t) =
P̃R(x, t)

P (R)
, (2.30)
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2.2. Classical measurement theory

where the unnormalised state is defined by

P̃R(x, t) =

∫
dxk−1 . . .

∫
dx1

∫
dx0

×Ork
(x, t|xk−1, tk−1) . . .Or2(x2, t2|x1, t1)Or1(x1, t1|x0, 0)P (x0, 0).

(2.31)

The probability of observing the record R is given by the norm of the unnor-

malised state above:

P (R) =

∫
dxP̃R(x, t). (2.32)

The unconditional state P (x, t) is found by integrating Equation (2.31) over

all possible results r. If the classical noise is white, then this obeys the Fokker-

Planck equation [65]

∂

∂t
P (x, t) = − ∂

∂x
[A(x, t)P (x, t)] +

1

2

∂2

∂x2
[D(x, t)P (x, t)] , (2.33)

where the drift is determined by A(x, t), and the diffusion by D(x, t).

2.2.2 Fictitious classical trajectories

Let us assume that the unobservable process, F, generates the back action (al-

though back action can also be generated by observable processes). In the os-

tensible technique for classical systems [52], this is simulated fictitiously. That

is, we define the unnormalised state

P̃R,F(x, t) =

∫
dxk−1 . . .

∫
dx1

∫
dx0 Jrk,fk

(x, t|xk−1, tk−1) . . .

× Jr2,f2(x2, t2|x1, t1)Jr1,f1(x1, t1|x0, 0)P (x0, 0), (2.34)

which is conditioned on the total record (real and fictitious). Note that Jr1,f1(x
′, t′|x, t)

is defined in Equation (2.29). Performing a weighted average over the fictitious

results in Equation (2.34) gives the state conditioned on the real record:

PR(x, t) =
∑
F

PR,F(x, t)P (F|R), (2.35)

where the normalised state conditioned on both records is

PR,F(x, t) =
P̃R,F(x, t)

P (R,F)
. (2.36)
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Chapter 2. Background: Measurement Theory and Solid-State Devices

Analogously to the quantum case, P (F|R) cannot be calculated directly. Again,

the solution is to use a theory with ostensible distributions. The (unnormalised)

ostensible state is

P̄R,F(x, t) =
P̃R,F(x, t)

Λ(R,F)
. (2.37)

The true distribution can be found from the ostensible distribution as

P (R,F) =

∫
dx P̄R,F(x, t)Λ(R,F). (2.38)

The weighted average over the fictitious records, Equation (2.35), can be

expressed in terms of the ostensible state as

PR(t) =

∑
F P̄R,F(x, t)Λ(F,R)

P (R)
, (2.39)

where the normalisation is P (R) =
∑

F

∫
dx P̄F,R(x, t)Λ(F,R). The classical

state conditioned on the real record can be written as the following ensemble

average over all possible fictitious records:

PR(x, t) =
EF

[
P̄R,F(x, t)

]
EF

[∫
dx P̄R,F(x, t)

] . (2.40)

The classical state conditioned on the total record is unnormalised and can

therefore be written P̄R,F(x, t) = pR,F(t)δ(x − xR,F(t)), where pR,F(t) is the

norm. This is shown in Reference [52] by considering the system to be in the

initial state P̄ (x, 0) = pδ(x − x0); then finding the next (t = t1) conditioned

ostensible state from Equations (2.37) and (2.34) to be

Pr1,f1(x
′, t1) = pr1,f1(t1)δ(x

′ − xf1,r1(t1)). (2.41)

That is, the ostensible state preserves a delta function solution. The norm is

given by

pr1,f1(t1) =
P (f1, t1; r1, 0|x0, 0)p(0)

Λ(r1, f1)
, (2.42)

and the total dynamics determine xf1,r1(t1). Therefore, the classical system state

(distribution) can be simulated by solving two coupled stochastic differential

equations: one for the parameter xR,F(t), and the other for the norm pR,F(t).
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2.3. Fictitious quantum-classical trajectories

2.3 Fictitious quantum-classical trajectories

In experiments involving measurement of a quantum system, the quantum sys-

tem output (f) drives a classical system. The output of this classical system (r)

is what can realistically be observed. Indeed, this situation motivates the thesis

topic. In this section, we describe the ostensible numerical technique [52] for

a classical system driven by an unobservable quantum system. Note that the

following quantum and classical states can be defined:

ρ̄f (t+ dt) =
Ôf (t+ dt, t)ρ(t)

Λ(f)
, (2.43)

and

P̄r,f (t+ dt) =

∫
dxŌr,f (x

′, t+ dt|x, t)P (x, t)

Λ(f)Λ(r)
, (2.44)

where

Ōr,f (x
′, t+ dt|x, t) = δ[x′ − xf (t+ dt)]P (r, t|x, t)Λ(f). (2.45)

In Equation (2.44), for simplicity we have chosen a factorising ostensible distri-

bution Λ(r, f) = Λ(f)Λ(r), but this is not necessary. Using these equations, the

quantum state conditioned on the real results can be written in terms of the

ostensible state

ρr(x
′, t+ dt) =

∑
f Λ(f)Λ(r)P̄r,f (x

′, t+ dt)ρ̄f (t+ dt)

P (r, t+ dt)
, (2.46)

where the normalisation is

P (r, t+ dt) =

∫
dx
∑

f

Tr
[
Λ(f)Λ(r)P̄r,f (x, t+ dt)ρ̄f (t+ dt)

]
. (2.47)

Thus, the combined quantum-classical state conditioned on the real record,

ρR(x) [a combination of P (x) and ρ], can be simulated by calculating P̄R,F(x, t)

and ρ̄F(t) for a specific record R. The reduced quantum state is found by inte-

grating out the classical degrees of freedom from the combined state: ρR(t) =∫
ρR(x, t)dx. Similarly, the marginal classical state is found by tracing out the

quantum part: PR(x, t) = Tr [ρR(x, t)].

The reader will be guided through more specific details in Chapter 6, where

this technique is used to obtain some realistic quantum trajectories.
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Chapter 2. Background: Measurement Theory and Solid-State Devices

2.4 Solid-state quantum measurement devices

This section introduces the reader to the quantum point contact (QPC) and

single-electron transistor (SET). These devices can be coupled to certain solid-

state quantum systems, and used to measure the quantum state. The reader who

is familiar with the QPC and SET may skip this section without compromising

their comprehension of the thesis.

2.4.1 Quantum point contact
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µD

Source Drain

AlxGa1−xAs

TOP END

T

2-DEG

GaAs

µS

V

Figure 2.1: UPPER: Schematic of a PC fabricated within a semiconducting
GaAs/AlxGa1−xAs heterostructure. Negative voltages applied to the gate elec-
trodes (shown in gold) deplete the 2DEG below them, allowing the point contact
to be formed. LOWER: Energy level diagram for the PC, also showing the tun-
nel barrier between source and drain. T is the transparency of the barrier.

A point contact (PC) [66, 67] is a short channel/constriction between two

macroscopic electrodes (leads). The schematic in the upper part of Figure 2.1

is based on the PC formed in a semiconducting GaAs/AlxGa1−xAs heterostruc-

ture. The gate electrodes, shown in gold in Figure 2.1, are deposited on the

surface of the heterostructure. Applying negative voltage to the gate electrodes

depletes the two-dimensional electron gas (2-DEG) below, thus forming the

PC. In the limit where the width of this constriction becomes comparable to

the electron Fermi wavelength in the semiconductor, the constriction becomes

one-dimensional, and conductance through the PC becomes quantised (at suffi-

ciently low temperatures), as found in Reference [66]. The device is then called
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2.4. Solid-state quantum measurement devices

a quantum point contact (QPC). In the limit where the barrier height in the

QPC becomes larger than the Fermi energies in the leads, the transparency, T ,

approaches zero and electrons must quantum-mechanically tunnel through the

constriction. This is called the tunnel-junction limit. In this thesis, we consider

only the low-transparency QPC limit where T � 1, and refer to the device as a

QPC for simplicity.

Applying a voltage bias across the PC defines the source and drain electrodes

as shown in Figure 2.1. These electrodes are macroscopic conducting leads

which can be modelled microscopically as semi-infinite metals [68], i.e., electron

reservoirs. The reservoirs are assumed to be large enough so that the current

through the PC does not perturb the bulk electrochemical potentials µS and

µD. Thus, the leads can be described by a one-particle Hamiltonian with non-

interacting electrons (except for an overall mean field potential) [68].

The lower part of Figure 2.1 shows the energy level diagram for the PC. The

leads are assumed to have a continuum of energy levels. The transparency of the

PC depends on the height (and width — see References [69,70], for example) of

the potential barrier. The potential barrier is initially determined by the gate

voltages, but can be modified further by other nearby charges/voltages. Note

that QPCs can also be formed in metals.

2.4.2 Single-electron transistor

The single-electron transistor [71,72] (SET) is a device consisting of two tunnel

junctions in series (see Figure 2.2). The mesoscopic region between the junctions,

known as the island, is capacitively coupled to a gate voltage VG. This gate

voltage can be used to alter the electrostatic potential on the island, thereby

controlling the flow of electrons between source and drain. Thus, the two tunnel

barriers and island play a similar role to the inversion layer in a typical metal-

oxide semiconductor field-effect transistor (MOSFET) [73].

In contrast to the macroscopic leads, electron-electron interactions on the

mesoscopic island play an important role. Single-electron phenomena are often

characterised by the island charging energy

EC = e2/2C, (2.48)

where C is the capacitance of the island. This energy represents the amount of

energy required to add a single extra electron to the island. Charging effects

could be expected to dominate thermal fluctuations for EC > kBT . Typical de-

16



Chapter 2. Background: Measurement Theory and Solid-State Devices

Drain

µD

µS
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V

Island

CG

VG

Source

Figure 2.2: Schematic of a metallic SET. The island is connected to source and
drain leads via two tunnel junctions (Left and Right), through which electrons
may tunnel. The island is also capacitively coupled to a gate voltage VG that
can be used to control the electrostatic potential on the island.

vices in early single-electronics satisfied this condition, as given in Reference [73].

Specifically, EC ∼ 10−3eV ∼ 10kBT , so that charging effects were noticeable

for temperatures below 10K. Saying that charging effects dominate means that

electron-electron interactions dictate transport through the SET.

When the island size becomes comparable to the de Broglie wavelength of

electrons on the island, a more general concept is used to quantify the energy

scale of charging effects. The electron addition energy is well approximated (in

most cases of interest) by [73]

Ea = EC + Ek, (2.49)
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2.4. Solid-state quantum measurement devices

where Ek is the quantum kinetic energy of the added electron. The reader is

referred to the review paper, Reference [73], for discussion of Ek. The main point

is that Ek dominates EC for island length scales smaller than 1nm — where the

island becomes known as a quantum dot. In this thesis we consider the case

where charging effects are dominated by the charging energy, and not by the

quantum kinetic energy.

Orthodox theory of single-electron tunnelling

This theory describes sequential, incoherent tunnelling of electrons through a

nano-scale device coupled to electrodes by tunnel junctions, in the limit where

the coupling can be treated to first order in perturbation theory. The theory

was developed for small metallic islands [71] and was referred to as the “ortho-

dox theory” of single-electron tunnelling. It was later adapted to semiconductor

quantum dots and molecules (discrete energy levels) [74–76]. The three funda-

mental assumptions (approximations) of the orthodox theory are:

1. Continuous electron energy spectra in the leads and island. This is ade-

quate for Ek � EC [73]. The electron energy levels on the island become

discretised for EC > kBT .

2. The time taken for an electron to tunnel through each barrier is negligible

compared to all other time scales, including the time between successive

events. For a tunnel junction, this time is typically ∼ 10−15s [73].

3. Weak-coupling between island and electrodes, allowing the tunnelling to

be treated with lowest-order perturbation theory.

The final assumption allows neglection of coherent quantum processes consist-

ing of numerous simultaneous tunnelling events (known as cotunnelling). This

assumption is valid for large junction resistances

R� RQ = ~/e2. (2.50)

This can be seen by considering the characteristic time, τ , taken for an elec-

tron charge to diffuse into the leads after a tunnelling event through a junction.

This is the time taken for the charging energy to reduce to zero. Using classical

electromagnetism to find an order of magnitude approximation, this charac-

teristic time is of the order of the RC time-constant for the junction. If τ is

too small, the energy uncertainty (the lifetime energy broadening) ~/τ can be
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Chapter 2. Background: Measurement Theory and Solid-State Devices

larger than the charging energy e2/2C. Requiring ~/τ < e2/2C and substitut-

ing τ ≈ RC gives R > ~/e2. A consequence of Equation (2.50) is that the

island’s charge state can be described by the (classical) integer number of elec-

trons N (rather than the quantum mechanical expectation value 〈N〉). That is,

Equation (2.50) ensures that low transparency barriers effectively suppress the

quantum-mechanical uncertainty of the electron location in the vicinity of the

tunnel barrier.

The importance of the orthodox theory is evident in the good quantitative

agreement it gives with most experimental data for metallic conductors. It also

gives a qualitative description for many semiconductor nanostructures [73].

The main result of the orthodox theory is that the random single-electron

tunnelling events through a particular barrier occur with a certain probability

per unit time (a rate) that depends only upon the resulting change to the global

electrostatic energy of the system. Orthodox theory gives this dependence as

Γ(∆F ) =
1

e
I(∆F/e)

1

1− exp (∆F/kBT )
, (2.51)

where ∆F is the change in the Gibbs free energy, i.e., the global electrostatic

energy, of the system; and I(V ) is the DC I-V curve of the barrier in the absence

of single-electron charging effects (often the Ohmic approximation is sufficient

[73]). It is apparent from this expression that for low temperatures kBT � ∆F ,

the probability of a tunnelling event that increases the free energy (∆F > 0)

approaches zero exponentially. A further result in this limit is that the tunnelling

rate is proportional to the DC I-V curve (independent of single-electron charging

effects).

The Gibbs free energy of the SET is [73]

F =
(Ne−QG)2

2CΣ

− eV
(NLCR +NRCL)

CΣ

+ constant. (2.52)

Here NL,R are the numbers of electrons passed through the Left and Right junc-

tions in the source-drain direction, and the number of electrons on the island is

N = NL−NR. The gate charge QG = VGCG can take on continuous values, and

the total capacitance of the island, CΣ, is a sum of the junction capacitances,

gate capacitance, and any stray capacitances in the system. The first term rep-

resents the charging energy of the island, and the second term represents the

energy due to the charges that have travelled through the SET.
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2.4. Solid-state quantum measurement devices

Consider a tunnelling event from source to island (NL → NL + 1). The

change in the free energy of the system is

∆FNL→NL+1 = F (NL + 1)− F (NL)

=

(
N +

1

2
− QG

e

)
e2

CΣ

− eV
CR

CΣ

. (2.53)

The energy differences for such tunnelling events onto the island are equally

spaced and tuneable by the gate voltage. This can be seen by considering an

additional event:

∆FNL+1→NL+2 =

(
N +

3

2
− QG

e

)
e2

CΣ

− eV
CR

CΣ

.

The energy spacing on the island is therefore e2/CΣ. This is shown in Fig-

ure 2.3, which is a plot of the charging energy as a function of the number of

excess charges on the island, N . The charging energy is the first term of F

in Equation (2.52). The black line clearly shows the island energy spacing of

e2/CΣ.
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Figure 2.3: Charging energy as a function of SET island occupation for QG =
e/2. For this value of gate charge, there is no energy cost to add an electron
to the island when N = 0. The circles are data points calculated from the first
term in the global electrostatic energy, Equation (2.52). The joining lines are to
guide the reader’s eye.

For small bias V , the charging energy term (the first term) dominates the

change in global electrostatic energy given by Equation (2.53). That is, the free
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energy, F , can increase due to a tunnelling event (∆F > 0) and tunnelling is

exponentially suppressed at low temperatures, as predicted by Equation (2.51).

This low-voltage suppression of DC current is known as the Coulomb blockade.2

At some threshold bias voltage Vt, ∆F becomes negative, the Coulomb blockade

is overcome, and the SET can conduct.

At low temperature, the source reservoir has sufficient energy to supply an

electron to the island if µL > ∆FNL→NL+1. Similarly, the electron will then

tunnel into the drain reservoir from the island if ∆FNL→NL+1 > µR. So, a

current can flow for

µL > ∆FNL→NL+1 > µR. (2.54)

If the bias is comparable to the island energy level spacing, i.e., eV ∼ e2/CΣ (and

still both are � kBT ), it is possible within the orthodox theory to engineer the

situation where only two island energy levels participate in transport through

the SET. This can be achieved using similar arguments to those used to obtain

Equation (2.54). It is an important point that will be used later in this thesis.

2Cotunnelling provides a small current proportional to R2
Q/(RLRR) � 1 by assumption.

See references within [73] for discussion of cotunnelling.
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Chapter 3

Review of continuous measurement

theory for solid-state charge qubits

“Obstacles are those frightful things you see when you take your

eyes off your goal.”

— Henry Ford (1863–1947).

The evolution of solid-state qubits subject to continuous weak measurement has

received considerable theoretical consideration recently [19–28, 30–35]. In this

chapter we present a review of theoretical treatments of continuous measure-

ments of solid-state charge qubits, focussing on the double-quantum-dot (DQD)

charge qubit [17,18], and detectors in the so-called “high-bias” régime (explained

below). The next section contains a description of the DQD qubit and introduces

the general concept of a solid-state detector capacitively coupled to the DQD.

Subsequent sections contain discussions of the specific models for DQD mea-

surement by a quantum point contact (QPC) and by a single-electron transistor

(SET).

3.1 System

3.1.1 The double-quantum-dot charge qubit

We consider the DQD charge qubit [17,18], but discuss measurement models for

the single Cooper-pair box (CPB) charge qubit [77]. The CPB can be described

by a microscopic model analogous to the DQD. A schematic of the isolated

DQD [18] and capacitively coupled detector is shown in Figure 3.1. The dots

are occupied by a single excess electron, the location of which determines the

charge state of the qubit. We denote the charge basis states as |0〉 and |1〉 (see

Figure 3.1). We assume that each quantum dot has only one single-electron

energy level available for occupation by the qubit electron, denoted by En and

Ef for the near and far dot, respectively.
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0

1

Detector (SET or QPC)

Γ Γ′

DQD qubit

DS DetectorDS Detector

Figure 3.1: Schematic of an isolated double-quantum-dot (DQD) qubit and
capacitively coupled detector (a QPC or SET) between source (S) and drain
(D) leads. A single excess electron is shared by the dots. When the far (near)
QD is occupied, the average electron tunnelling rates through the detector are
denoted Γ (Γ′).

Using the convention of ~ = 1 (as we will throughout this thesis unless

otherwise noted), the Hamiltonian for the qubit can be written as

Ĥqb =
1

2
(εσ̂z + Ω0σ̂x) , (3.1)

where the qubit energy asymmetry is ε ≡ En−Ef , Ω0 is the DQD tunnel-coupling

strength, and σ̂x,z are Pauli matrices in the charge basis. The eigenvalues of

Ĥqb are ∓Ω/2, where Ω ≡
√

Ω2
0 + ε2. The eigenstates define the logical, or

computational, basis. We are interested in the measurement process which, for

the purposes of this thesis, is performed in the (σ̂z) charge basis.

3.1.2 Detector response to changes in the qubit state

Associated with each of the qubit states is a current through the detector (see

Figure 3.1). The average current through the detector is I ′ = eΓ′ when the

nearby dot is occupied, and I = eΓ when the nearby dot is unoccupied. Here Γ′

and Γ are the detector tunnelling rates corresponding to the qubit charge states

|1〉 and |0〉, respectively, and e > 0 is the quantum of electronic charge.1 The

1The choice e > 0 corresponds to defining current in terms of the direction of electron flow.
That is, in the opposite direction to conventional current.
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3.2. DQD monitoring by a quantum point contact (QPC)

variation in the detector output that depends on the qubit state is referred to

as the detector’s response and is denoted ∆I ≡ I ′ − I. We can quantify the

strength of the detector response by

0 ≤ |∆I|
Ī

≤ 2, (3.2)

where Ī ≡ (I ′ + I) /2. Thus, a weakly responding detector [21,22,28] satisfies

|∆I| � Ī , (3.3)

and a detector with finite, or strong, response satisfies

|∆I| ∼ Ī . (3.4)

Detector response in recent experiments

Typical detector responses in recent experiments are |∆I| ≈ 0.01Ī for the QPC

[107, 115], and |∆I| ∼ 0.1Ī for the SET [18]. The QPC is clearly a weakly

responding detector since |∆I| � Ī, but the SET is approaching the régime of

moderate response strength |∆I| ∼ Ī.

3.2 DQD monitoring by a QPC

The theory of continuous measurement of a DQD was originally formulated for

the QPC detector, in both the conventional [19] and the conditional [21] ap-

proaches. The conventional approach [19, 20] is to consider unconditional mea-

surements, where the measurement result is ignored. This has also been called

the decoherence approach and is equivalent to either taking an average of many

measurements on a single qubit, or to measuring an ensemble of identically pre-

pared qubits. Single realisations of the continuous measurement of a DQD qubit

where the experimenter updates their knowledge of (conditions, or selects) the

qubit state based on measurement results are known as conditional, or selective,

measurements. This is because the qubit state is conditioned upon (selected by)

the measurement result. Conditional measurement of a DQD qubit has been

treated in a number of papers [21–28,30,32,33]. We will present the conditional

and unconditional measurement theory in separate sections.

Note that References [19, 20, 29, 34] also performed a form of conditioning,

where the qubit state was conditioned on the number of electrons, N , accumu-

lated in the drain at the end of the measurement. This approach represents
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suboptimal conditioning of the qubit state matrix because some information is

lost or unused. This information is the times of electron tunnelling events in

the detector. In the case of the SET as detector in Reference [20], further in-

formation is ignored — the information carried by electrons tunnelling from the

source. These points will become clearer in the SET section of this chapter. The

upshot is that these theories do not allow real-time tracking of the qubit state

during the measurement. That is, one cannot generate a typical qubit trajec-

tory, nor can one condition the qubit state on the detector output. Therefore,

in this chapter we review only the unconditional theory of References [19, 20],

and limit our review of conditional theories to those potentially useful to an

experimentalist — where the detector output can be used to condition the qubit

state optimally.

The work of Reference [34] is a generalisation of Gurvitz’s work to arbitrary

bias voltage and temperature that also accounts for energy exchange between

detector and qubit (which we ignore for the QPC). The effects of such inelastic

processes, as well as arbitrary bias voltage are also considered by Stace and Bar-

rett in References [32, 33], using the quantum trajectory formalism. There has

been recent debate [78,79] over one of Stace’s and Barrett’s results, which have

since been generalised by Barrett and Stace to the case of a driven qubit [35].

We ignore the effects of inelastic processes in this thesis. This is because they

are peripheral to our main focus — modelling the additional effects of a realistic

(finite bandwidth, noisy) measurement circuit on the observer’s knowledge of

the qubit state.

The quantum trajectory model of Reference [24] has been shown (in that

paper) to reproduce both the original unconditional theory of Gurvitz [19], and

the semiphenomenological conditional theory of Korotkov [21], which originally

only considered the limit of a weakly responding detector [21]. Korotkov has

since expanded his so-called Bayesian approach to include the case of finite,

or strong, detector response, as well presenting a more rigorous derivation of

his Langevin rate equations [22, 28]. By contrast with the Bayesian approach,

the quantum trajectory model of Reference [24] treats the qubit, detector and

their interaction microscopically, thereby arguably allowing a more thorough

understanding of the measurement process. It also treats both limits of weak

and strong detector response.

For these reasons, in this section we review the quantum trajectory model of

Reference [24] as a compact encapsulation of most previous work on continuous

measurement of solid-state charge qubits by a QPC. We limit our discussion
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3.2. DQD monitoring by a quantum point contact (QPC)

to the zero-temperature equations, although Reference [24] does consider the

effects that nonzero temperature has on the unconditional qubit dynamics.

Figure 3.2 is a schematic of the DQD and QPC.2 The QPC is represented as

a tunnel barrier between source and drain leads (reservoirs) at respective Fermi

levels µS and µD. The QPC is voltage biased to eVd = µS − µD.

1

0

Quantum point contact (QPC)

Γ′

µS
µD

µS
µD

Γ

DQD qubit

Figure 3.2: Schematic of an isolated DQD qubit and capacitively coupled QPC
between source (S) and drain (D) leads.

The total Hamiltonian for the system is

ĤTot = Ĥqb + Ĥ0 + ĤT + Ĥcoup. (3.5)

Here the qubit Hamiltonian Ĥqb is given by Equation (3.1). The free Hamil-

tonian describing the continua of electron channels (momenta) k and q in the

source and drain leads is

Ĥ0 =
∑

k

ωSkâ
†
SkâSk +

∑
q

ωDqâ
†
DqâDq, (3.6)

where âS and âD are the Fermi field annihilation operators for the source and

drain leads, respectively. The tunnelling Hamiltonian

ĤT =
∑
k,q

Tkqâ
†
SkâDq + T ∗qkâ

†
DqâSk (3.7)

2The figure shows the low-transparency QPC, as we consider throughout. For the case of
a QPC with arbitrary transparency, see references within [24].
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describes tunnelling between the source and drain leads; and the coupling Hamil-

tonian

Ĥcoup = n̂

(∑
k,q

χkqâ
†
SkâDq + χ∗qkâ

†
DqâSk

)
(3.8)

describes the change in the effective QPC tunnelling amplitude from Tkq →
Tkq +χkq when the nearby dot is occupied. This changes the QPC current from

I → I ′. Note that, due to electrostatic repulsion, the height of the QPC (tunnel-

junction) barrier is increased when the nearby dot is occupied, so that Γ′ < Γ

in Figure 3.2.

3.2.1 Conventional approach

We will now outline the details of the unconditional master equation derivation,

which closely follows the approach first presented for a single tunnel-junction

device in Reference [23], and the subsequent master equation derivation for the

QPC in Reference [24]. For simplicity, consideration is limited to tunnelling

from source to drain only (eVd � kBT ).

First consider the state matrix W (t) for the total system (qubit, QPC and

leads). The leads are treated as perfect Fermi thermal reservoirs with very fast

relaxation constants. Each lead then remains in thermal equilibrium at its re-

spective chemical potential. Define a time interval ∆t that is long compared

to the relaxation time of the leads, but short (infinitesimal) compared to the

dynamics of the qubit and the QPC (the tunnelling). Transforming to an inter-

action picture with respect to Ĥ0 + Ĥqb leaves only tunnelling Hamiltonians in

the (time-dependent) interaction picture Hamiltonian ĤIP(t):

ĤIP(t) =
∑
k,q

(Tkq + χkqn̂) â†SkâDq exp [i (ωSk − ωDq) t] + H.c., (3.9)

where H.c. stands for Hermitian conjugate of the previous term, and n̂ = (1̂ +

σ̂z)/2. Here it is assumed that n̂(t) → n̂ so that the QPC tunnelling amplitudes

are independent of the qubit frequency. This is strictly valid for Ω → 0, but is

a good approximation for ~Ω � |eVd| [21, 24].3

The change in W (t) from time t to t + ∆t to second order in the tunnel-

3See footnote 44 of Reference [24] for further discussion of this point.
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coupling energy (between the leads) is then given by

W (t+ ∆t) = W (t)− i∆t
[
ĤIP(t),W (t)

]
−∆t

∫ t+∆t

t

dt′
[
ĤIP(t′),

[
ĤIP(t′),W (t′)

]]
. (3.10)

Now a Markov approximation is made for the instantaneous relaxation of the

source and drain leads so that W (t) = ρ(t) ⊗ ρS ⊗ ρD. The resulting evolu-

tion equation for ρ(t) is found by tracing over the leads in the second-order

term (the Born approximation). Moving back to the Schrödinger picture, the

unconditional master equation for the qubit state ρ(t) is found to be

ρ̇(t) = −i
[
Ĥqb, ρ(t)

]
+D [T + X n̂] ρ(t), (3.11)

where the QPC tunnelling parameters T and X are given by [24]

|T |2 = Γ = 2πeVdgSgD |T22|2 ≡
1

e
GVd, (3.12a)

|T + X|2 = Γ′ = 2πeVdgSgD |T22 + χ22|2 ≡
1

e
GVd

|T22 + χ22|2

|T22|2
, (3.12b)

where G is a convenient constant with the dimensions of conductance. Here the

assumption [24] of energy-independent electron tunnelling amplitudes T22 and

χ22, and densities of states gS and gD, over the energy range of |eVd| has been

made.

Expressing the dephasing4 term of the unconditional master equation (3.11)

in terms of the measured observable (σ̂z) allows the ensemble qubit dephasing

rate, Γd, to be found by inspection. This procedure yields the new expression:

ρ̇(t) = −i
[
Ĥθ, ρ(t)

]
+
|X |2

4
D [σ̂z] ρ(t) (3.13)

≡ L1ρ(t),

where the ‘shifted’ qubit Hamiltonian is Ĥθ ≡ Ĥqb + 1
2
∆εσ̂z. Here ∆ε ≡

|T | |X | sin (θ) is a function of the relative phase θ between the QPC tunnelling

amplitudes T and X . That is, defining T ≡ |T | eiθT and X ≡ |X | eiθX , gives

T ∗X = |T | |X | eiθ, where θ ≡ θX −θT . By inspection, the average qubit dephas-

4This dephasing represents the dissipation of system information into the apparatus due
to the measurement, and is also referred to as “measurement-induced decoherence”.
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ing occurs at the rate

Γd =
|X |2

2
. (3.14)

If the QPC tunnelling amplitudes are either in-phase or anti-phase, i.e., if θ =

0 or π, then Equation (3.14) yields Γd = (
√

Γ′ −
√

Γ )2/2, as first shown in

Reference [19], and reproduced later in References [21,24].

3.2.2 Conditional DQD monitoring by a QPC

When the qubit state is conditioned by the stochastic measurement results, the

description of the qubit dynamics can occur via a stochastic master equation

(SME). This is also called a quantum trajectory equation [54,59,80] or quantum

filtering equation [81, 82]. It is, by definition, the optimal way to process the

measurement results to find the system state [54,83]. The unconditional master

equation (3.13) can be unravelled [54] into two different SMEs, depending on

the strength of the QPC response as described in Equations (3.3) and (3.4).

Stochastic master equation for strong QPC response

For finite (strong) QPC response (|∆I| ∼ Ī), each tunnelling event through

the QPC carries significant information and necessarily affects the qubit state

significantly. This régime results in the observation of a “quantum jump” [80,84]

every time an electron passes through the QPC. That is, an abrupt change in

the observer’s description of the qubit state. In this case, the QPC current

consists of a stochastic sequence of Poissonian, δ-function spikes of magnitude

e. Obviously this is an idealised situation in which the response time of an

external circuit is ignored. We can express this stochastic current as

I(t) = e
dN(t)

dt
, (3.15)

where dN(t) is a classical point process that represents the number (either 0

or 1) of electron tunnelling events through the QPC in an infinitesimal time

interval [t, t+ dt). So, dN(t) can be thought of as the increment in the number

of electrons in the drain, N(t), in this infinitesimal time interval. The point

process satisfies

E [dN(t)] = dt {Γ′nc(t) + Γ (1− nc(t))} , (3.16a)

[dN(t)]2 = dN(t), (3.16b)
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where nc(t) = Tr[n̂ρc(t)] is the population of the nearby DQD, and ρc(t) is the

conditioned qubit state. Equation (3.16a) expresses the (infinitesimal) proba-

bility of observing a jump in the time interval [t, t+ dt) in terms of ρc(t). Equa-

tion (3.16b) is a compact statement of the fact that dN(t) = 0 or 1. Considering

these two possible measurement outcomes for each particular infinitesimal in-

crement of time, the conditioned qubit state is given by

ρc(t+ dt) = dN(t)
ρ̃1(t+ dt)

Tr [ρ̃1(t+ dt)]
+ [1− dN(t)]

ρ̃0(t+ dt)

Tr [ρ̃0(t+ dt)]
, (3.17)

where the probabilities of each outcome are P1,0 = E [dN(t) = 1, 0] = dtTr [ρ̃1,0(t+ dt)],

and the unnormalised qubit state matrices are found from Equation (2.2) to be

ρ̃1,0(t+ dt) = J
[
M̂1,0(dt)

]
ρc(t). (3.18)

Here M̂1,0(dt) are the measurement operators for the two possible outcomes.

They are [24]

M̂1(dt) =
√
dt (T + X n̂) , (3.19)

M̂0(dt) = 1− dt

[
iĤqb +

1

2
(T + X n̂)† (T + X n̂)

]
. (3.20)

So, the probability of observing a jump is

E [dN(t)] = dt Tr [J [T + X n̂] ρc(t)] (3.21)

=
dt

e

(
Ī +

∆I

2
zc(t)

)
, (3.22)

where we define the average of the observable σ̂z conditioned on measurement

results to be zc(t) ≡ Tr [σ̂zρc(t)]. This quantity can take values between −1 and

1, and is the z-component of the 3-dimensional Bloch vector that represents the

conditioned qubit state.

Combining these results into Equation (3.17) and keeping terms up to first

order in dt produces the following Itō stochastic master equation describing the

conditional evolution of ρ(t):

dρc(t) = dN(t)

{
J [T + X n̂]

E [dN(t)] /dt
− 1

}
ρc(t)− dt H

[
1
2
R̂ + iĤqb

]
ρc(t), (3.23)
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where the convenient superoperator H and operator R̂ are defined by

H
[
X̂
]
ρ ≡ X̂ρ+ ρX̂† − Tr

[(
X̂ + X̂†

)
ρ
]
ρ, (3.24)

R̂ ≡ (T + X n̂)† (T + X n̂) . (3.25)

In an idealised conditional qubit measurement by a strongly responding QPC,

the qubit evolves according to the quantum jump stochastic master equation

(3.23). For the times when no electrons pass through the QPC, the qubit state

evolves deterministically according to the final term (H) of the SME (3.23).

At the random times where an electron tunnels through the QPC, the qubit

state changes abruptly (exhibits a “quantum jump”) via the first term [dN(t)]

of the SME. On average, that is, ignoring the output, the qubit state matrix

obeys the unconditional master equation (3.13). Averaging over dN(t) in Equa-

tion (3.23) (by taking the expectation value: dN(t) = E [dN(t)]), produces the

unconditional master equation (3.11).

Stochastic master equation for weak QPC response

For weak QPC response (|∆I| � Ī), the number of tunnelling events in an

infinitesimal time becomes large, and the information carried by each event

becomes correspondingly small. Thus, many electrons pass through the QPC

before the charge states of the qubit can be distinguished. In this limit the QPC

current (electron counts) can be well approximated [57] by a continuous variable

satisfying a Gaussian white noise distribution. Hence the alternative name for

the weak detector response limit — the quantum diffusive limit [24]. Weak QPC

response corresponds to |X | � |T |. Taking this limit in Equation (3.21) (the

details are in [24], with the original treatment for quantum optics in [57]) gives

the average number of detections in a short time interval [t, t+ δt) to be

E [δN(t)] = δt |T |2 [1 + 2ε cos (θ) 〈n̂(t)〉c] , (3.26)

where ε ≡ |X | / |T | � 1, and 〈n̂(t)〉c = Tr[n̂ρc(t)]. The variance of δN(t)

will be dominated by the Poisson statistics of I = e |T |2 in the time δt. Since

the number of counts in δt is very large, the statistics will be approximately

Gaussian. It has been shown in Reference [57] that δN(t) is well approximated

by a Gaussian random variable with the mean given by Equation (3.26) and
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3.2. DQD monitoring by a quantum point contact (QPC)

variance of |T |2 δt:

δN(t) = δt
{
|T |2 [1 + ε cos (θ) (1 + zc(t))] + |T | ξ(t)

}
, (3.27)

where ξ(t) is a normalised Gaussian white noise process (a Wiener process)

satisfying [65]

ξ(t)ξ(t′) = δ(t− t′), (3.28a)

E [ξ(t)] = 0. (3.28b)

In the weak response limit, it is sensible to replace the point process dN(t)

in the jump SME by the continuous random variable δN(t). Essentially this is

because each jump is infinitesimal, so that the effect of many jumps is approxi-

mately equal to the effect of each jump scaled by the number of jumps. A more

rigorous justification can be found in Reference [57]. The quantum diffusive SME

for the weakly responding QPC is then found by expanding Equation (3.23) in

powers of ε, substituting δN(t) in for dN(t), keeping only terms up to order ε3/2,

and letting δt→ dt. The result is [24]

dρc(t) = −i
[
Ĥqb, ρc(t)

]
dt+D [T + X n̂] ρc(t)dt

+
dW (t)

|T |
[
T ∗X n̂ρc(t) + X ∗T ρc(t)n̂− 2 |T |2 ε cos (θ) 〈n̂(t)〉c ρc(t)

]
,

(3.29)

where the Wiener increment, dW (t) ≡ ξ(t)dt, satisfies [dW (t)2] = dt [from Equa-

tion (3.28a)]. For clarity, we rewrite Equation (3.29) in terms of the measured

observable (σ̂z) as

dρc(t) ≡ −i
[
Ĥθ, ρc(t)

]
dt+ [κ0 + κ1]D [σ̂z] ρc(t)dt

+ dW (t) {
√
κ0H [σ̂z] +

√
κ1H [iσ̂z]} ρc(t). (3.30)

This form of the diffusive SME clarifies some of the physics in this limit. The

“pure” dephasing rate of the qubit 2κ0, also called the information-limited de-

phasing rate [27], is defined by

√
κ0 ≡

|X |
2

cos (θ) . (3.31)

This dephasing is the quantum-mechanical cost of obtaining information about
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σ̂z. The “impure” dephasing rate 2κ1 is defined by

√
κ1 ≡

|X |
2

sin (θ) . (3.32)

This quantifies additional detector back action on the qubit without information

gain. Nonzero κ1 in Equation (3.30) implies that the QPC is not operating at the

quantum limit (information is lost due to the additional back action). Discussed

further in Chapter 5, κ1 = 0 when θ = 0 or π (θ is the relative phase between

T and X , introduced earlier in this chapter). Note also that ∆ε = −2 |T |√κ1

clearly also becomes zero for these cases.

The total qubit dephasing rate (3.14) can be expressed alternatively as

Γd = 2 (κ0 + κ1) . (3.33)

We can now express the weakly responding QPC current as

I(t) = e
δN

δt
= Ī +

∆I

2
zc(t) +

√
SIξ(t), (3.34)

where SI = eĪ is the weakly responding QPC shot noise power.

On average, the qubit dynamics are still governed by the unconditional mas-

ter equation (3.13). It is simple to see this by substituting the average value of

E [ξ(t)] = 0 into the SME (3.30), thereby recovering the unconditional master

equation (3.13).

3.3 DQD monitoring by a SET

The theory of continuous measurement of a charge qubit by a single-electron

transistor (SET) was originally formulated in the conventional form in Refer-

ence [20], and in the conditional form in Reference [30]. In both cases, the

charge qubit was the single Cooper-pair box qubit [77, 85], which has a mi-

croscopic model analogous to the DQD (with notational differences). We use

the DQD notations, and present the conventional and conditional measurement

theory in separate sections. Section 3.3.1 considers the unconditional qubit dy-

namics where the detector output is ignored, and Section 3.3.2 considers the

conditional qubit dynamics. We note that Reference [23] contains a quantum

trajectory model for the SET-monitored DQD qubit, but only considers the

limit where the SET island state is adiabatically eliminated. This results in the
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3.3. DQD monitoring by a single-electron transistor (SET)

detector behaving as a single tunnel-junction device, akin to the QPC. Thus we

don’t review the equations of Reference [23] here.

As discussed in Section 3.2, the only conditional theories we review are op-

timal ones where all information available is used to condition the qubit state,

as in Reference [30]. Therefore, we review only the unconditional theory con-

tained in Reference [20] (and the equivalent unconditional theories in Refer-

ences [20, 30, 85–87]). As discussed, we ignore the effects of finite detector bias,

and energy transfer between qubit and detector as studied for the QPC in Ref-

erences [31–35].

We consider models where the dominant form of transport through the SET

is sequential tunnelling, with higher-order processes such as cotunnelling neg-

ligible. This requires the SET tunnel junction resistances to be greater than

the resistance quantum h/e2 ≈ 26kΩ [76, 88], and the SET to be biased near a

charge degeneracy point [89] (see Figure 4.1 on page 52). Higher-order processes

become more important away from a charge degeneracy point, where sequential

tunnelling events become less energetically favourable. In the sequential tun-

nelling régime, the so-called orthodox theory of single-electron tunnelling [71,90]

applies.

For low temperature kBT < eVd (typically it is assumed that kBT � eVd)

and sufficiently low bias voltage eVd < EC (where the SET island charging

energy EC is given in Chapter 2), the SET island has only two possible charge

configurations, say N = 0 and N = 1.5 With these conditions satisfied, the

gate voltage (which is modified by the qubit electron) controls the amount of

current flow through the SET. This enables the SET to measure the qubit state.

For convenience, we again assume that electron transport occurs only in the

source–drain direction due to the low temperature relative to bias voltage eVd

(see Figure 3.3).

Again the source and drain leads (reservoirs) are biased to Fermi levels µS

and µD, respectively. Associated with each of the qubit states is a tunnelling

process onto, and a tunnelling process off, the SET island. These processes

occur at rates denoted ΓL, Γ′L (source to island through the left junction) and

ΓR, Γ′R (island to drain through the right junction). In orthodox theory [71,90]

the average current through the SET is I ′ = eΓ′LΓ′R/ (Γ′L + Γ′R) when the nearby

dot is occupied, and I = eΓLΓR/ (ΓL + ΓR) when the nearby dot is unoccupied.

For later convenience, we now define the averages Γ̄L,R ≡
(
Γ′L,R + ΓL,R

)
/2 and

differences ∆ΓL,R ≡ Γ′L,R − ΓL,R.

5The quantity N(t) used in the previous sections to represent the number of accumulated
electrons in the drain is here redefined to represent the charge state of the SET island.
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Single-electron transistor (SET)
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µD
R
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µD

DQD qubit

ΓL ΓR Γ′L Γ′R

χ

Figure 3.3: Schematic of an isolated DQD charge qubit and capacitively coupled
SET. A single excess electron is shared by the DQDs. When the near (far) QD
is occupied, the electron tunnelling rates through the SET junctions j = L,R
are denoted Γ′j (Γj). The charging energy of the SET island is increased by χ
(~ = 1) when the near QD is occupied.

When both the SET island and nearby dot are occupied, the system energy

increases by the mutual charging energy ~χ. From Section 2.4.2, the change

in charging energy for adding an extra electron to the island (for fixed gate

charge, i.e., the nearby dot is already occupied) is ~χ = e2/CΣ. Conrad et al.

[91–93] have calculated the capacitances for an aluminium SET and Phosphorous

cluster DQD system [94] using finite element modelling techniques. We use

Conrad’s result CΣ ≈ 2 × 10−16F [95] to find the order-of-magnitude estimate

χ ∼ 1012~. We expect that this estimate could be increased by up to a few orders

of magnitude, by reducing the capacitance CΣ to the sub-atto-Farad régime.

(χ is obviously bound below by zero.) The SET-DQD coupling is described

microscopically by the coupling Hamiltonian

Ĥχ = χN̂ ⊗ n̂, (3.35)

where N̂ = b̂†b̂ is the occupation number operator of the SET island, and we

remind the reader that n̂ ≡ (σ̂z + 1̂)/2 is the occupation number operator for

the nearby qubit dot. That is, the qubit energy asymmetry is shifted by χ, as

is the SET island charging energy.

The total Hamiltonian for the system (qubit, SET island and reservoirs)
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3.3. DQD monitoring by a single-electron transistor (SET)

is [23]

ĤTot = Ĥ0 + 1̂⊗ Ĥqb + Ĥχ + ĤLT + ĤRT. (3.36)

The tunnelling Hamiltonians ĤLT and ĤRT describe electron tunnelling through

the left and right junctions, respectively — between the many modes in the

source and drain leads and the SET island [20,96]. They are given by

ĤLT =
∑

k

TLkâ
†
Sk ⊗ b̂+ H.c., (3.37)

ĤRT =
∑

q

TRqâ
†
Dq ⊗ b̂+ H.c., (3.38)

where âSk and âDq are the Fermi field annihilation operators for the source and

drain at momentum k (source) and q (drain), respectively, and H.c. stands for

Hermitian conjugate. The tunnelling matrix elements across the left and right

SET junctions are TLk and TRq, respectively. The free Hamiltonian is

Ĥ0 =
∑

k

ωSkâ
†
SkâSk +

∑
q

ωDqâ
†
DqâDq + ωIb̂

†b̂, (3.39)

where the subscript I refers to the SET island. For the master equation, the

leads will be traced out of the total state matrix in order to consider only the

SET and qubit in the Born-Markov approximation. The Hamiltonian describing

the DQD-SET system is

Ĥ ≡ 1̂⊗ Ĥqb + Ĥχ. (3.40)

3.3.1 Conventional approach

To date, most of the theoretical treatments [20,30,85–87] of charge qubit contin-

uous measurements by SETs operating in the sequential-tunnelling mode have

focussed on the weakly responding detector.6 In this section, we review a master

equation equivalent to the previous SET models of References [20,30,85–87]. The

following section contains our consideration of the quantum trajectory model of

Reference [30], which reproduces the unconditional results in [20, 85–87]. We

also show in this section that the master equations presented in these references

are not of the Lindblad [63] form. Specifically, we show that for short times

the qubit state matrix may become nonpositive. Positivity of the state matrix

is a fundamental requirement for a model to represent a real physical system.

6The only exception is Goan [30], who doesn’t specify the strength of the SET response in
his quantum trajectory model.
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Consequently, using these models, the qubit density matrix cannot possibly rep-

resent the state of a real physical system. In Chapter 4 we offer a resolution to

this problem by deriving a Lindblad-form unconditional master equation (and

SME) from a microscopic model for the charge qubit measurement by a SET.

We represent the combined state of the SET island and qubit by the com-

posite state matrix

G(t) = |0〉〈0|SET ⊗ ρ0(t) + |1〉〈1|SET ⊗ ρ1(t), (3.41)

where the qubit states matrices conditioned on the SET state (occupation of

N = 0 or 1) are ρN(t) = 〈N |SETG(t)|N〉SET, and the reduced state matrix for

the qubit is ρ(t) = TrSET [G(t)] = ρ0(t) + ρ1(t). We prefer to present master

equations in terms of G(t) for compactness, but occasionally present coupled

master equations for the qubit states ρ0(t) and ρ1(t), as done in References

[30, 85–87], for example. Although the state of the SET island is considered in

a composite density matrix with the qubit, no charge superposition states exist

on the SET island in the orthodox theory (the SET state matrix is diagonal).

The unconditional master equation of Reference [20] can be obtained by

averaging over, or ignoring, their measurement record. As discussed, the “mea-

surement record” considered in References [20,85–87] is the number of electrons

NR(t) that have accumulated in the SET drain during the measurement. Av-

eraging over NR(t) is achieved by setting k = 0 in Equations (20)–(27) of [20].

To perform a quantitative analysis of these equations, it is imagined that the

Josephson coupling energy can be “turned off” during the measurement (the

equivalent Hamiltonian parameter from Section 3.1 is Ω0). Using our notations

for clarity, the resulting unconditional master equation [Equations (31) and (35)

of that paper] can be written as

ρ̇0
11 = −Γ′Lρ

0
11 + Γ′Rρ

1
11, (3.42a)

ρ̇0
22 = −ΓLρ

0
22 + ΓRρ

1
22, (3.42b)

ρ̇0
12 = iερ0

12 − Γ̄Lρ
0
12 + Γ̄Rρ

1
12, (3.42c)

ρ̇1
11 = Γ′Lρ

0
11 − Γ′Rρ

1
11, (3.43a)

ρ̇1
22 = ΓLρ

0
22 − ΓRρ

1
22, (3.43b)

ρ̇1
12 = i (ε+ χ) ρ1

12 − Γ̄Rρ
1
12 + Γ̄Lρ

0
12. (3.43c)
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Here ρN
ı is the element in the ıth row and th column of the qubit state matrix

conditioned by the SET state N = 0, 1. The states are normalised such that

PN ≡ Tr
[
ρN
]

is the probability that the SET occupation is N .

We now demonstrate that Equations (3.42) and (3.43) can produce a non-

positive, and therefore nonphysical, qubit state matrix. We begin by noting that

the following inequality is satisfied by all positive 2× 2 matrices.

ρ11ρ22 ≥
∣∣ρ12

∣∣2 . (3.44)

Now consider the short-time solution for ρ0 [Equations (3.42)] when the SET is

initially occupied (ρ0 = 0̂ at t = 0) and the qubit is in the following superposition

state: ρ1
11 = ρ1

22 = ρ1
12 = 1

2
. After an infinitesimally short time δt, we have

ρ0
11 ≈ 1

2
Γ′Rδt,

ρ0
22 ≈ 1

2
ΓRδt, (3.45)

ρ0
12 ≈ 1

2
Γ̄Rδt.

Substituting these into Equation (3.44), cancelling factors of (δt)2 /4 on both

sides, and rearranging gives

|∆ΓR|2 ≤ 0, (3.46)

which is false for all values of Γ′R 6= ΓR. The case of Γ′R = ΓR corresponds to

there being no response from the SET for a change in the qubit state, i.e., no

measurement is being performed.7 The result (3.46) shows that the inequal-

ity (3.44) is not satisfied, positivity is not preserved, and the master equation

of Reference [20] is not of the Lindblad form. This is also true of the equiva-

lent master equations presented in References [30,85–87]. The numerical results

in Figure 3.4 show that the violation of Equation (3.44) occurs only for short

times (compared to the characteristic dephasing time for ρ0, i.e., Γ̄−1
L — dis-

cussed in the following chapter). However, a conditional measurement involves

continuously preparing the qubit state (conditioning the state on measurement

results), so that short-time nonpositivity is a non-negligible effect. Thus, us-

ing this model, one cannot be confident in the ability of the qubit state matrix

at later times to describe a real physical system. Parameters used to generate

Figure 3.4 were ε = Ω0 = χ = 0, ΓL = ΓR = 1, Γ′L = 1/10, and Γ′R = 100.

Goan presented a master equation in Reference [30] for the combined state

of the qubit plus island and drain of the SET, and showed that it is equivalent

7See also the paragraph following Equation (30) of Reference [20].
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Figure 3.4: Numerical solution to the unconditional master equation of Refer-
ence [20], given in Equations (3.42) and (3.43). Shows short-time violation of
qubit state matrix positivity via violation of Equation (3.44). Parameter values
are given in the text.

to the master equation of Makhlin, Schön and Shnirman [86]. The other papers

of Makhlin, Schön and Shnirman [20, 85–87] use the same model. Using our

notation and tracing over the drain degrees of freedom in Goan’s master equation

gives

Ġ =− i
[
Ĥ,G

]
+ Γ′LD

[
b̂† ⊗ n̂

]
G+ Γ′RD

[
b̂⊗ n̂

]
G

+ ΓLD
[
b̂† ⊗

(
1̂− n̂

)]
G+ ΓRD

[
b̂⊗

(
1̂− n̂

)]
G

+ 2Γ̄LD
[(

1̂− n̂
)]
b̂†Gb̂+ 2Γ̄RD

[(
1̂− n̂

)]
b̂Gb̂†, (3.47)

where b̂† corresponds to eiφ in Reference [30]. Here we have used the fact that[(
1̂− n̂

)
,
[(

1̂− n̂
)
, x̂
]]

= −2D
[(

1̂− n̂
)]
x̂. Equation (3.47) will be compared

to the unconditional master equation that we derive in Chapter 4.

3.3.2 Conditional DQD monitoring by a SET

The first, and to date only (prior to this thesis), attempt at deriving an optimal

conditional theory for the SET-monitored charge qubit is the quantum trajectory

model of Goan [30]. In this section we present the steps in the derivation of

Goan’s quantum trajectory equation (the unravelling of the master equation).

We also point out a minor error in his work, and offer a simple solution. In

Chapter 4 we present our own quantum trajectory model for this measurement
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process.

The optimal conditioning of the qubit state corresponds to maximal knowl-

edge of the SET influence on the qubit. This requires knowledge of the SET

island state (occupied or unoccupied) at all times, which corresponds to tracking

the tunnelling events both onto and off the SET island. These increments are

denoted by dNL,R(t), where the subscript refers to the tunnel junction involved

— left or right (see Figure 3.3). They are the increments to the numbers of elec-

trons that have tunnelled through each SET junction. Thus, we can formally

express the currents through each junction as

IL,R(t) = e
dNL,R(t)

dt
. (3.48)

In the sequential tunnelling régime, the SET occupation N changes as 0 →
1 → 0, so that only one of dNL,R(t) can be nonzero for each coarse-grained time

interval of length dt. That is, there are three possible measurement outcomes

for each interval [t, t+dt). These correspond to one of the three following terms

being equal to one, with the others equal to zero: dNL(t), dNR(t), 1− dNL(t)−
dNR(t). Formally, the probability of dNL(t)dNR(t) = 1 is proportional to dt2

in the sequential tunnelling régime, and is therefore negligible. The conditioned

state matrix at the end of the time interval [t, t+ dt) is, to order dt,

Gc(t+ dt) = dNL(t)
G̃Lc(t+ dt)

Tr
[
G̃Lc(t+ dt)

] + dNR(t)
G̃Rc(t+ dt)

Tr
[
G̃Rc(t+ dt)

]
+ [1− dNL(t)− dNR(t)]

G̃0c(t+ dt)

Tr
[
G̃0c(t+ dt)

] , (3.49)

where the unnormalised state matrices G̃Lc(t+ dt), G̃Rc(t+ dt), and G̃0c(t+ dt)

correspond to the three measurement outcomes dNL(t), dNR(t), and 1−dNL(t)−
dNR(t), respectively. The expressions for these unnormalised state matrices are
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most easily found from Goan’s unconditional master equation (3.47) to be:

G̃Lc(t+ dt) = dt
{

Γ′LJ
[
b̂† ⊗ n̂

]
Gc(t) + ΓLJ

[
b̂† ⊗

(
1̂− n̂

)]
Gc(t)

+ 2Γ̄LD
[(

1̂− n̂
)]
b̂†Gc(t)b̂

}
, (3.50a)

G̃Rc(t+ dt) = dt
{

Γ′RJ
[
b̂ ⊗ n̂

]
Gc(t) + ΓRJ

[
b̂ ⊗

(
1̂− n̂

)]
Gc(t)

+ 2Γ̄RD
[(

1̂− n̂
)]
b̂ Gc(t)b̂

†
}
, (3.50b)

G̃0c(t+ dt) = Gc(t)− dt i
[
Ĥ,Gc(t)

]
− dt

{
Γ′LA

[
b̂† ⊗ n̂

]
+ ΓLA

[
b̂† ⊗

(
1̂− n̂

)]
+Γ′RA

[
b̂ ⊗ n̂

]
+ ΓRA

[
b̂ ⊗

(
1̂− n̂

)]}
Gc(t). (3.50c)

That is, these expressions were found in an analogous way to those in Sec-

tion 3.2.2, and by requiring the unconditional state matrix E [Gc(t+ dt)] =

G(t+dt) = G̃Lc(t+dt)+ G̃Rc(t+dt)+ G̃0c(t+dt) to satisfy the master equation

(3.47).

The next step is to substitute the conditional state matrices into Equa-

tion (3.49) and replace Tr [G0c(t+ dt)] = 1−Tr [GLc(t+ dt)]−Tr [GRc(t+ dt)].

The resulting stochastic master equation for Gc(t) (not given explicitly in Ref-

erence [30]) is8

dGc(t) =− dt i
[
Ĥ,Gc(t)

]
+ E [dNL(t) + dNR(t)]Gc(t)

− dt
{

Γ′LA
[
b̂† ⊗ n̂

]
+ ΓLA

[
b̂† ⊗

(
1̂− n̂

)]
Γ′RA

[
b̂ ⊗ n̂

]
+ ΓRA

[
b̂ ⊗

(
1̂− n̂

)]}
Gc(t)

+ dNL(t)


(
Γ′LJ

[
b̂† ⊗ n̂

]
+ ΓLJ

[
b̂† ⊗

(
1̂− n̂

)])
Gc(t)

E [dNL(t)] /dt
−Gc(t)


+ dNR(t)


(
Γ′RJ

[
b̂ ⊗ n̂

]
+ ΓRJ

[
b̂ ⊗

(
1̂− n̂

)])
Gc(t)

E [dNR(t)] /dt
−Gc(t)


+ dNL(t)

2Γ̄LD
[(

1̂− n̂
)]
b̂†Gc(t)b̂

E [dNL(t)] /dt
+ dNR(t)

2Γ̄RD
[(

1̂− n̂
)]
b̂ Gc(t)b̂

†

E [dNR(t)] /dt
,

(3.51)

where the explicit increment inG is dGc(t) ≡ Gc(t+dt)−Gc(t). The probabilities

8The E [dN ] terms come from a binomial expansion of the denominator 1−E [dNL + dNR].
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for each jump process are given by

E [dNL(t)] = dtTr
[
G̃Lc(t+ dt)

]
,

= dtTr
[(

Γ′LJ
[
b̂† ⊗ n̂

]
+ ΓLJ

[
b̂† ⊗

(
1̂− n̂

)])
Gc(t)

]
(3.52a)

E [dNR(t)] = dtTr
[
G̃Rc(t+ dt)

]
= dtTr

[(
Γ′RJ

[
b̂ ⊗ n̂

]
+ ΓRJ

[
b̂ ⊗

(
1̂− n̂

)])
Gc(t)

]
. (3.52b)

Averaging over the measurement results (the jump processes) in Equation (3.51)

gives the unconditional state G(t+ dt) = E [Gc(t+ dt)], which self-consistently

reproduces Goan’s unconditional master equation (3.47). Evaluating the stochas-

tic master equation (3.51) in terms of the unnormalised qubit state matrices

ρ0,1
c = 〈0, 1|SETGc|0, 1〉SET gives

dρ0
c(t) = −dt i

[
Ĥqb, ρ

0
c(t)
]

+ E [dNL(t) + dNR(t)] ρ0
c(t)

−dt {Γ′LA [n̂] + ΓLA [1− n̂]} ρ0
c(t)− dNL(t)ρ0

c(t)

+dNR(t)

{
Γ′RJ [n̂] + ΓRJ [1− n̂] + 2Γ̄RD

[(
1̂− n̂

)]
E [dNR(t)] /dt

ρ1
c(t)− ρ0

c(t)

}
,

(3.53a)

dρ1
c(t) = −dt i

[
Ĥqb + χn̂, ρ1

c(t)
]

+ E [dNL(t) + dNR(t)] ρ1
c(t)

−dt {Γ′RA [n̂] + ΓRA [1− n̂]} ρ1
c(t)− dNR(t)ρ1

c(t)

+dNL(t)

{
Γ′LJ [n̂] + ΓLJ [1− n̂] + 2Γ̄LD

[(
1̂− n̂

)]
E [dNL(t)] /dt

ρ0
c(t)− ρ1

c(t)

}
.

(3.53b)

In Reference [30], Goan presents his stochastic master equation [Equations (21)

to (26) of that paper] as9

dρ0
c(t) = −i

[
Ĥqb, ρ

0
c(t)
]
dt+ E [dNL(t) + dNR(t)] ρ0

c(t)

− dtΓ̌Lρ
0
c(t)− dNL(t)ρ0

c(t)

+ dNR(t)

{
Γ̌Rρ

1
c(t)

E [dNR(t)] /dt
− ρ0

c(t)

}
, (3.54a)

9We express Goan’s equations using our notation. Notational changes from Goan’s model
to ours include n̂ → 1− n̂, ΓL,R → Γ′

L,R, Γ′
L,R → ΓL,R.
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dρ1
c(t) = −i

[
Ĥqb + χn̂, ρ1

c(t)
]
dt+ E [dNL(t) + dNR(t)] ρ1

c(t)

− dtΓ̌Rρ
1
c(t)− dNR(t)ρ1

c(t)

+ dNL(t)

{
Γ̌Lρ

0
c(t)

E [dNL(t)] /dt
− ρ1

c(t)

}
. (3.54b)

Here the operators Γ̌L and Γ̌R are defined in Reference [30] as

Γ̌Lρ
0
c = Γ′Lρ

0
c + ∆ΓLA

[(
1̂− n̂

)]
ρ0

c, (3.55)

Γ̌Rρ
1
c = Γ′Rρ

1
c + ∆ΓRA

[(
1̂− n̂

)]
ρ1

c, (3.56)

where we remind the reader that ∆ΓL,R ≡ Γ′L,R − ΓL,R.

Our version of Goan’s SME, given by both Equation (3.51) and Equation (3.53),

is consistent with Goan’s master equation (3.47) — the SME reproduces the ME

in the ensemble average. The ensemble average of Goan’s expression of his SME

[presented in Reference [30] and given by Equation (3.54)] does not reproduce

the master equation (3.47). We found no errors of principle in Goan’s SME

derivation, and so infer that Goan’s SME expression in Reference [30] should

agree with ours. Thus, we equate Equations (3.53) and (3.54) and find that the

operators Γ̌L,R must each satisfy two different definitions simultaneously. This,

we conclude, is the source of error in the SME of Reference [30]. For example,

for Equation (3.53) to agree with Equation (3.54) requires both

Γ̌Lρ
0
c = Γ′LA [n̂] ρ0

c + ΓLA [1− n̂] ρ0
c, (3.57)

and

Γ̌Lρ
0
c =

(
Γ′LJ [n̂] + ΓLJ [1− n̂] + 2Γ̄LD

[(
1̂− n̂

)])
ρ0

c, (3.58)

which is impossible.

In summary, the previous models for unconditional charge qubit monitoring

by a SET in References [20, 30, 85–87] are equivalent to each other (shown in

Reference [30]), and have unphysical master equations (not of the Lindblad [63]

form). Additionally, in this section we have shown that the first attempt [30]

at derivation of a measurement model where the maximal information is used

to condition the qubit state (optimal conditioning) used a valid method, but

incorrectly stated the result. Our version of the SME, Equation (3.51) [also

(3.53)], is the correct expression of the result from Reference [30]. Neither of the

expressions are of the Lindblad form. In Chapter 4 we present a microscopic

model for the measurement of a DQD charge qubit by a SET operating in the
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sequential tunnelling régime, including a master equation (and corresponding

SME) that is of the Lindblad form.

3.4 Measurement quality

At its core, measurement of a quantum system consists of two intimately re-

lated processes. They are the gain of information about the quantum state by

the detector, and the measurement-induced decoherence (dephasing) necessary

to obtain this information (referred to as the “collapse” of the wave function

in the Copenhagen interpretation of quantum mechanics). For continuous mea-

surement by a weakly responding detector, these processes occur continuously

over time scales characteristic of the measurement setup, and in particular, of the

detector. During such a continuous measurement, the conditioned qubit state is

gradually projected into an eigenstate in the measurement basis. As discussed

earlier, the conditioned state is one that an experimenter would calculate know-

ing the output of the detector. On average (that is, ignoring this information)

the effect of the measurement is simply to dephase (that is, remove the phase

information of) the qubit in the measurement basis. This quantum back action

is unavoidable because the coherences between the qubit states (which indicate

that the qubit is in a superposition of these states) must vanish for one or the

other qubit state to be realised. For an ideal [21] or quantum-limited [15] de-

tector, this dephasing is equal to the minimum back action allowed by quantum

mechanics given the information obtained from the detector. Consequently,

a qubit state conditioned upon the output of an ideal detector would remain

pure if it began pure. Hence our suggested alternative nomenclature of purity-

preserving detector. The usual model for the QPC [19,21,24] shows that it can

operate as a purity-preserving/ideal detector.

We maintain the purity of the conditioned state as the ultimate quantifier of

the quality of the measurement. However, it has been common to use a different

quantifier, namely a comparison between the ensemble dephasing rate Γd and

the measurement rate τ−1
m . These are the characteristic rates of the dephasing

and information gain processes discussed above. (It is usually assumed that

there is only one characteristic rate for each.) For weakly responding detectors,

the ratio of these rates is limited by [88]

Γdτm ≥
1

2
, (3.59)

with equality implying an ideal detector. In Chapter 5, we show that in general
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the measurement quality cannot be captured by such a simple ratio, which is

sometimes referred to as the detector efficiency [97]. For example, for a QPC it

is easy to verify that Γdτm varies between 1 (in the strong-response limit) and

1/2 (in the weak-response limit). We also present general definitions for Γd and

τ−1
m , valid for arbitrary detector response, based upon techniques from quantum

optics.

3.4.1 Qubit dephasing rate

In previous work [19, 21] the dephasing rate, Γd, was defined as the rate at

which the coherences in the qubit decay according to the unconditional master

equation. For charge qubit measurements by a QPC, this description is unam-

biguous: there is one decay rate for the coherences which can be obtained [19]

by inspection of the master equation (see Section 3.2.1). This is not the case

for the SET because there are two qubit state matrices, namely ρ0 and ρ1, con-

ditioned by the SET island state. Thus, there exists a rate of decay for each of

these conditional qubit coherences, neither of which alone accurately represents

the average dephasing of the qubit state ρ = ρ0 + ρ1. In References [20, 85–87]

the qubit dephasing rate is defined as the slowest of these two rates under the

premise that the qubit state cannot collapse any faster. This therefore repre-

sents an over-estimate of the quality of the measurement device, as it minimizes

Equation (3.59).

3.4.2 Qubit measurement time

Previously [20, 85–87] the measurement time, τm, was defined for the SET as

follows. Keeping track of the number of electrons NR(t) that have tunnelled

into the drain during the measurement process (while ignoring the information

contained by electrons tunnelling from the source onto the island) allows track-

ing of the dynamics of the probability distribution for this number, P (NR, t).

Gaussian statistics were assumed for NR, thereby implicitly assuming weak de-

tector response. After starting the measurement as a delta function at NR = 0,

P (NR, t) displays two peaks (corresponding to the two qubit states) which drift

linearly in time to positive values of NR with velocities Γ ≡ I/e and Γ′ ≡ I ′/e,

respectively. The widths of the peaks broaden due to counting statistics, grow-

ing as
√
fΓt and

√
f ′Γ′t, respectively [87]. In References [86] and [85] these are

given with an extra factor of
√

2 as
√

2fΓt and
√

2f ′Γ′t. Here the Fano factors

are f = (Γ2
L + Γ2

R) / (ΓL + ΓR)2 and f ′ = (Γ′2L + Γ′2R) / (Γ′L + Γ′R)2. The peaks
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emerge from the broadened distribution when the separation of the distribu-

tions is larger than their widths, |Γ− Γ′| t ≥
(√

fΓt+
√
f ′Γ′t

)
. The time after

which this occurs is then defined as the measurement time:

τm ≡
(√

fΓ +
√
f ′Γ′

)2
(∆Γ)2 . (3.60)

Previous definitions of τm for the QPC as detector [21, 22] are based upon

similar assumptions to the definition (3.60). The QPC measurement time ex-

pression in these references is slightly different, as given in Reference [22]:

τm ≡

(√
S +

√
S ′
)2

2 (∆I)2 , (3.61)

where S = 2eI and S ′ = 2eI ′ are the detector shot noise powers for the two

QPC currents, given here by the Schottky formula.

Fundamentally, the measurement time relates to distinguishing the qubit

states using information gained from the detector. This obviously involves the

conditioned state of the qubit. Since the quantum trajectory equation is by def-

inition the optimal way to process the detector current to get information about

the qubit, it should be used to define the measurement time. Our quantum tra-

jectory equation is given in Section 4.1.2, and our definition of measurement time

valid for arbitrary detector response is given in Section 5.1.2. It is based upon a

technique originally presented in Reference [23], and also used in Reference [24].

3.5 Modelling detector imperfections

Here we briefly review previous modelling of detector imperfections (also referred

to as nonidealities). As a minimum, they all consider the effects of excessive

back action, leading to additional qubit dephasing without information gain —

“nonideal” operation as first coined by Korotkov [21]. Some go beyond this

minimum, as we now discuss.

In the first paper on conditional measurement of a charge qubit [21], Ko-

rotkov introduced a phenomenological dephasing rate to account for additional

dephasing either due to the environment, or unrecoverable information in the

detector. The dephasing rate was simply added into the appropriate place in the

qubit master equations. More details and discussion of this is presented in Ref-

erence [22], where it is pointed out that this phenomenological approach assumes

that there exists no correlation between the output noise of the detector and the
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Chapter 3. Review of continuous measurement theory for charge qubits

detector’s back action on the qubit which affects the qubit energy asymmetry

ε (the back action occurs in the measurement basis). The effects of a detector

with excessive back action were also discussed in Reference [23]. Korotkov later

extended his phenomenological model of a nonideal detector in Reference [27]

to account for correlated output and back action noises. In this later paper, the

noise causing back action is separated into two parts — one uncorrelated with

the detector output (as in Korotkov’s earlier work), and the other correlated

with the detector output. In Appendix A we use linear quantum trajectory the-

ory [59], and a technique involving observed and unobserved quantities (partial

observation [52]) to derive a diffusive stochastic master equation equivalent to

Korotkov’s nonideal (and weakly responding) detector model. The result is

dρc(t) = dtLρc(t) + dW(t)
(√

γ0
S0

SΣ
H [σ̂z] +

√
γ1

S1

SΣ
H [−iσ̂z]

)
ρc(t), (3.62)

where the Liouvillian L produces the deterministic evolution of ρc(t), and dW(t) =

ξ(t)dt is a normalised Wiener (white noise) increment.

In Reference [26], Goan and Milburn consider what they call “inefficient”

detection by a QPC (not the same meaning as the term efficiency in Refer-

ence [97]). This was achieved in the same way as in quantum optics, where

some of the detector output is “missed”. This description is fine for quantum

optics where a detector can miss a photon with probability 1− η (η is called the

“efficiency” of the detector), but it is somewhat unsatisfying for electrons in a

solid-state detector. This is because, although some processes may be inacces-

sible (unobservable) in the solid state, no electrons are actually “missed”. For

this reason we disagree with the efficiency model in Reference [26] for the case

of strong detector response (where the QPC output consists of resolvable single-

electron tunnelling events). However, for weak detector response the detector

output is approximately continuous and it is possible to show (see Appendix A)

that the dynamics of a partially observed quantum system, where some of the

quantum information is unrecoverable, can be described with an inefficiency pa-

rameter such as η in the way presented in Reference [26]. Our result is achieved

by adding extra noise (dark noise of power Sdk) to the detector output, then

expressing the SME in terms of the observed processes only. The result is

dρc(t) = dtLρc(t) +
√
ηdW(t) (

√
κ0H [σ̂z] +

√
κ1H [iσ̂z]) ρc(t), (3.63)

47



3.5. Modelling detector imperfections

where the effective efficiency of the QPC is

η ≡ (1 + Sdk)
−1 . (3.64)

Our work shows that Goan/Milburn’s SME for “inefficient” detection by a weakly

responding QPC accurately models the nonideality whereby some of the quan-

tum information is unrecoverable from the detector.

All of this previous work conditioned the qubit evolution on quantum pro-

cesses (such as tunnelling) at the scale of a mesoscopic detector. They did not

consider conditioning on the macroscopic current that is realistically available

to an observer. In particular, they ignored the noisy filtering characteristic of

the external circuit, including an amplifier.
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Chapter 4

Quantum trajectory model for

continuous DQD charge qubit

measurement by a strongly coupled

single-electron transistor

“Failure is a success if we learn from it.”

— Malcolm Forbes (1919–1990).

In this chapter we present our microscopic model for the continuous measure-

ment of a DQD charge qubit by a strongly coupled single-electron transistor

(SET). It is similar to the model presented in Reference [23], with the impor-

tant difference that we consider the combined qubit-SET (island) state, whereas

the authors of Reference [23] consider the reduced state of the qubit alone. This

is achieved by eliminating the SET island adiabatically (by assuming highly

asymmetric tunnel junctions), effectively resulting in a single tunnel junction

device akin to the QPC. We require strong qubit-SET coupling in order to de-

rive our master equation, as will be discussed. Using the quantum trajectory

approach, we describe both the conditional and unconditional (conventional)

time evolution of the combined qubit-SET state during the continuous measure-

ment.

Our unconditional master equation is of the Lindblad [63] form necessary for

guaranteeing valid (physical) qubit states. It is the first of this kind for the com-

bined qubit-SET state because, as we showed in Section 3.3, all of the previous

master equations for the SET-monitored charge qubit are not of the Lindblad

form. (The master equations for the reduced-state model of Reference [23],

where the SET island state is adiabatically eliminated, are also of the Lindblad

form.) Our conditional master equation, which unravels [54] our unconditional

master equation, also guarantees physical qubit states. Therefore, our quantum

trajectory model describing single realisations of the continuous measurement of
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4.1. Microscopic model of the measurement by a SET

a charge qubit by a SET is the first to do so while guaranteeing valid (physical)

qubit states.

This chapter consists of mostly new material. Previous work is cited appro-

priately and our main contributions (new results) will be highlighted.

4.1 Microscopic model of the measurement by

a SET

For measurement purposes, sequential tunnelling processes are the most im-

portant as they yield the largest SET currents [89]. Thus, we assume that

the dominant form of transport through the SET is sequential tunnelling, with

higher-order processes such as cotunnelling negligible. Requirements for, and

implications of, this assumption were discussed in Section 3.3. The previous

models discussed in Section 3.3 also considered SET operation in this régime.

A schematic for the DQD, SET and leads was shown in Figure 3.3 on page

35. As presented in Section 3.3, the total Hamiltonian for the system (qubit,

SET island and leads) is ĤTot = Ĥ0 + 1̂ ⊗ Ĥqb + Ĥχ + ĤLT + ĤRT, where the

individual terms are described in Section 3.3. For the master equation we will

trace the leads out of the total state matrix in order to consider only the SET

and qubit in the Born-Markov approximation. The Hamiltonian describing the

DQD-SET system is

Ĥ ≡ 1̂⊗ Ĥqb + Ĥχ, (4.1)

where we remind the reader that Ĥqb = 1
2
(εσ̂z + Ω0σ̂x), and Ĥχ = χN̂ ⊗ n̂.

Thus far, the microscopic model is the same as that presented in Section 3.3.

In order to consider the tunnelling processes through the SET as distin-

guishable, that is, in order to ignore the finite width hΓ̄ = h
(
Γ̄L + Γ̄R

)
of the

transmission resonance through the SET, requires [74]

χ� Γ̄L + Γ̄R. (4.2)

This assumption of a strongly coupled SET (relative to the SET tunnelling rates)

allows the island state to be characterised by a set of occupation numbers —

one for each energy level. The assumption is critical to our ability to derive

a master equation using our approach. Recall from Section 3.3 our order-of-

magnitude estimate of χ ∼ 1012~ using the results of Conrad et al. [91–93,

95]. To get an idea of the feasibility of the strong coupling régime (4.2), we

compare this estimate of χ to the maximum SET tunnelling rate in the recent
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experiment of Reference [18]. The maximum SET current in Reference [18]

was of the order of 10−10A, corresponding to the SET tunnelling rate energy of

∼ 109~ � χ, suggesting that the strong coupling régime of Equation (4.2) may

be experimentally achievable. [Also, Reference [98] contains the description and

implementation of a technique used to obtain increased coupling between a SET

and a quantum dot, further suggesting the possibility of achieving the strong

coupling régime of Equation (4.2)].

As mentioned, the qubit energy asymmetry ε is shifted by χ when both the

SET island and the nearby dot are occupied. For the strongly coupled SET, this

causes a large shift (∝ χ) in Ω =
√

Ω2
0 + ε2. One could conceivably posit that

this situation cannot be considered as measurement as it has such a large effect

on the qubit state. However, because this energy shift is in the same basis as the

measurement, it affects only the qubit coherence, and not the populations. This

will be analysed further in Chapter 5 where the quality of the DQD measurement

by a strongly coupled SET is analysed.

Note that the time to determine the qubit state (the measurement time) is

related to the time it takes to distinguish between the two corresponding cur-

rents through the SET. Intuitively, larger separation between these two currents

decreases the measurement time. Indeed, this leads to the prediction that the

strongly responding SET would enable faster charge qubit measurement than

its weakly responding counterpart. Qualitatively, the largest separation of these

currents occurs when tunnelling through the SET switches between on and off

for the two qubit states. When the SET is operated near this so-called “switch-

ing point”, thermal fluctuations and higher-order processes such as cotunnelling

become the leading contribution to the current [20]. As these processes yield

very small currents [89], they may well be negligible in a laboratory setting.

We assume that the SET conducts for both qubit states to ensure that higher-

order processes are negligible. Figure 4.1 shows this assumption schematically

on a hypothetical SET conductance-oscillation (Coulomb blockade) plot. The

qubit state shifts the gate voltage by an amount that changes the SET conduc-

tance significantly for the case of strong response, while remaining always in a

conducting state. This figure shows qualitatively the Coulomb blockade where

the SET conductance is a minimum. The conductance peaks correspond to the

points where there is no energy cost to add an electron to the SET island (see

Section 2.4.2), so the SET conducts maximally. We note that Figure 4.1 rep-

resents only one dimension of the SET conductance, i.e., its dependence on the

gate voltage. The SET conductance also depends on the bias voltage [72]. The

Coulomb blockade peaks of Figure 4.1 correspond to relatively low bias voltage,
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which is the régime commonly used in experiments to maximise the sensitivity

of the SET.

SET

(arb.)

VG (arb.)
∆VG

∼∝ χ

Conductance

Figure 4.1: Hypothetical SET conductance vs SET gate voltage, for some fixed,
low bias voltage. The two dots show the SET conductance corresponding to the
two qubit charge states for the case of strong response.

4.1.1 Unconditional master equation

In Section 3.3 we reviewed previous charge qubit master equations for measure-

ment by a SET [20, 30, 85–87] and showed that they are not of the Lindblad

form. This is a problem in continuous quantum measurement theory because

non-Lindblad master equations do not guarantee positivity of the qubit state

matrix. This is a problem even for short times because continuous measurement

is akin to re-preparing the reservoir every time a measurement is made, so an

error which only occurs on short times in the average evolution can, over time,

have a large effect on the conditional evolution. We now offer a resolution to

this problem by deriving a Lindblad-form unconditional master equation. The

derivation closely follows the derivation in the appendix of Reference [23] that

was performed for a SET with an adiabatically eliminated island, effectively

reducing the detector to a single tunnel junction device. As discussed above,

our derivation requires the SET and DQD qubit to be coupled strongly. Using

techniques unfamiliar to us, previous SET master equations were apparently de-

rived independent of coupling, but the detector quality (sensitivity versus back

action) was analysed in the weak coupling limit.

Consider the state matrix W (t) for the total system (qubit, SET and leads).

The leads are treated as perfect Fermi thermal reservoirs with very fast relax-

ation constants. Each lead then remains in thermal equilibrium at its respective

chemical potential. We define a time interval ∆t that is long compared to the

relaxation time of the leads, but short (infinitesimal) compared to the dynamics

of the SET island and qubit. We assume ~Ω0 � |eVB| (as done for the QPC
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master equation in Section 3.2.1), so that n̂(t) → n̂. Transforming to an inter-

action picture with respect to Ĥ0 +Ĥ [Equations (3.39) and (3.40), respectively]

removes all but the tunnel-coupling terms (between the leads and the SET is-

land) in the total system Hamiltonian. The dynamics in the Schrödinger picture

are now described by the time-dependent Hamiltonian ĤIP(t):

ĤIP(t) =
∑

k

TLkâ
†
Skb̂ e

iχn̂te−i(ωSk−ωI )t + H.c.

+
∑

q

TRqâ
†
Dq b̂ e

iχn̂te−i(ωDq−ωI )t + H.c. (4.3)

Using the fact that, for all integers m, n̂m = n̂, we find eiχtn̂ = 1̂ + n̂(eiχt− 1) =

(1̂− n̂) + n̂eiχt. We can then write ĤIP(t) = Ĥn(t) + Ĥ1−n(t), where

Ĥn(t) = n̂

{∑
k

[
TLkâ

†
Skb̂ e

−i(ωSk−[ωI +χ])t +H.c.
]

+
∑

q

[
TRqâ

†
Dq b̂ e

−i(ωDq−[ωI +χ])t +H.c.
]}

, (4.4)

Ĥ1−n(t) =
(
1̂− n̂

){∑
k

[
TLkâ

†
Skb̂ e

−i(ωSk−ωI )t +H.c.
]

+
∑

q

[
TRqâ

†
Dq b̂ e

−i(ωDq−ωI )t +H.c.
]}

. (4.5)

These terms are standard tunnelling Hamiltonians between a reservoir and a

bound state (on the SET island). In the first case (when the nearby dot is

occupied) the bound state energy is ~(ωI +χ), and in the second case (when the

nearby dot is unoccupied) it is ~ωI .

The change in W (t) from time t to t + ∆t to second order in the tunnel-

coupling energy is then given by

W (t+ ∆t) = W (t)− i∆t
[
ĤIP,W (t)

]
−∆t

∫ t+∆t

t

dt′
[
ĤIP(t′),

[
ĤIP(t′),W (t′)

]]
. (4.6)

Invoking the assumption of instantaneous relaxation of the leads, we can

write the total state as W (t) = G(t) ⊗ ρS ⊗ ρD. This is the first Markov ap-

proximation. Tracing over the reservoirs in the second-order term (the Born
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approximation) gives the following evolution equation for G(t)

Ġ(t) =
{

Γ′LfS(ωI + χ) + Γ′RfD(ωI + χ)
}
D
[
b̂† ⊗ n̂

]
G(t)

+
{

Γ′R

(
1− fD(ωI + χ)

)
+ Γ′L

(
1− fS(ωI + χ)

)}
D
[
b̂ ⊗ n̂

]
G(t)

+
{

ΓLfS(ωI ) + ΓRfD(ωI )
}
D
[
b̂† ⊗ (1̂− n̂)

]
G(t)

+
{

ΓR

(
1− fD(ωI )

)
+ ΓL

(
1− fS(ωI )

)}
D
[
b̂ ⊗ (1̂− n̂)

]
G(t), (4.7)

where fS/D(ω) is the source/drain Fermi filling probability at the energy ~ω.

The rates of electron tunnelling between the island’s quasibound state and the

leads are ΓL,R and Γ′L,R, where a prime denotes that the nearby dot is occupied,

and the subscript refers to the junction through which the tunnelling occurs (see

Figure 3.3). Making the second Markov approximation, these are given as

ΓL =
∣∣TSkI

∣∣2 , (4.8a)

Γ′L =
∣∣TSk′I

∣∣2 , (4.8b)

ΓR =
∣∣TDkI

∣∣2 , (4.8c)

Γ′R =
∣∣TDk′I

∣∣2 , (4.8d)

where the momenta are kI =
√

2mωI/~ and k′I =
√

2m(ωI + χ)/~.

Note that we have treated the leads at frequencies ωI and ωI + χ as in-

dependent reservoirs. This requires the strong coupling assumption given in

Equation (4.2). In principle, then, electrons tunnelling through the SET at one

of these energies are distinguishable from electrons tunnelling through the SET

at the other. In practice, however, they are not distinguished as the energy

dissipated into the drain is not measured, only the electrical current.

Assuming that all tunnelling occurs from source to drain (kBT � eVB), the

Fermi filling probabilities will be fS(ωI ) = 1, fD(ωI ) = 0, fS(ωI + χ) = 1, and

fD(ωI + χ) = 0. Substituting these into Equation (4.7) and moving back to the

Schrödinger picture, we obtain the unconditional master equation for G(t) as

Ġ = −i
[
Ĥ,G

]
+ Γ′LD

[
b̂† ⊗ n̂

]
G+ Γ′RD

[
b̂ ⊗ n̂

]
G

+ ΓLD
[
b̂† ⊗ (1̂− n̂)

]
G+ ΓRD

[
b̂ ⊗ (1̂− n̂)

]
G

≡ L2G, (4.9)

which is explicitly of the Lindblad [63] form. Here we have omitted the time ar-

gument of G(t) for brevity. We remind the reader that b̂ = |0〉〈1|SET is the SET
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Chapter 4. Quantum trajectory model for DQD measurement by a SET

island lowering operator, and n̂ = (σ̂z + 1) /2 is the nearby dot occupation num-

ber operator. Equation (4.9) describes the evolution of the combined qubit-SET

island system state G(t) when the measurement result is ignored. In deriving

Equation (4.9), our assumption of strong SET-qubit coupling (χ� Γ̄L + Γ̄R) is

the main difference between our assumptions and those of the previous models

in References [20, 30, 85–87]. As discussed, this assumption is essential to our

ability to derive Equation (4.9), as it allows each lead to be treated as two inde-

pendent reservoirs that differ in energy by ~χ (four reservoirs in total), resulting

in the four separate dissipative terms in Equation (4.9).

The solution to the master equation (4.9) gives rapidly oscillating, decaying

off-diagonal elements (coherences) of the qubit state matrix.1 By assumption,

the rapid oscillations are very fast compared to the SET tunnelling rates (since

χ� Γ̄L, Γ̄R). Moreover, the strong coupling assumption implies that the oscilla-

tions are faster than ∆t in Equation (4.6). This ensures that, even in principle, it

is impossible to observe them. As a consequence, even if an individual tunnelling

event could be detected, it would be impossible to know when it occurred with

sufficient accuracy to allow the phase of the oscillation to be known. The result

of this is that the observer effectively averages over the rapid oscillations. The

resulting observable state can be obtained from G(t) by moving to an interac-

tion picture with respect to Ĥχ, different from the interaction picture in Equa-

tion (4.3), and making a rotating wave approximation by dropping all rapidly

oscillating terms (those involving χ). Our result is the following unconditional

master equation

˙̆
G = −i

[
H̆I, Ğ

]
+ Γ′LD

[
b̂† ⊗ n̂

]
Ğ+ Γ′RD

[
b̂ ⊗ n̂

]
Ğ

+ ΓLD
[
b̂† ⊗ (1̂− n̂)

]
Ğ+ ΓRD

[
b̂ ⊗ (1̂− n̂)

]
Ğ

≡ L̆2Ğ, (4.10)

where the observable state Ğ is given by

Ğ = |0〉〈0|SET ⊗ ρ̆0 + |1〉〈1|SET ⊗ ρ̆1, (4.11)

with ρ̆0 ≡ ρ0, and ρ̆1 ≡ diag (ρ1
11, ρ

1
22). The Hamiltonian for this interaction

picture and rotating wave approximation is

H̆I = |0〉〈0|SET ⊗ Ĥqb + |1〉〈1|SET ⊗
ε

2
σ̂z. (4.12)

1This will be shown explicitly in Chapter 5.
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4.1. Microscopic model of the measurement by a SET

Thus we see that in the interaction picture (which reflects the observable effects

of the actual dynamics), no qubit coherence exists when the SET is occupied.

That is, the off-diagonal elements of ρ1 are equal to zero.

The observable state dynamics will be analysed in some detail in Chapter 5

where we quantify the SET sensitivity and back action during the measurement.

4.1.2 Conditional master equation

We obtain a stochastic master equation (SME) for Gc(t) in a similar way as in

Reference [23]. However, and importantly, we do not eliminate the SET island

state as done in that paper, which was achieved by setting Γ′R,ΓR � Γ′L,ΓL. As

with the QPC, the underlying physical processes upon which the qubit state can

be conditioned are single-electron tunnelling processes. Therefore it is natural

to unravel the unconditional master equation into a quantum jump SME. Unlike

the QPC, however, the quantum jump SME will not be converted into a quantum

diffusion SME, as will be discussed later in this section.

Proceeding with the SME derivation, as in Section 3.3.2, the single-electron

tunnelling events through the left and right junctions of the SET are repre-

sented by the classical point processes dNL(t) and dNR(t), respectively. Again

there are three possible measurement outcomes (for each time interval of length

dt), corresponding to the three combinations of dNL,R(t) = 0, 1 possible in the

orthodox theory. These correspond to one of the three following terms being

equal to one, with the remainder equal to zero: dNL (a tunnelling event through

the left junction), dNR (a tunnelling event through the right junction), and

[1 − dNL − dNR] (no tunnelling event recorded). To order dt, the conditional

state matrix Gc(t+dt) at the end of the time interval [t, t+dt) can be written in

terms of the unnormalised state matrices conditioned by the three measurement

outcomes [ḠLc(t+ dt), ḠRc(t+ dt), and Ḡ0c(t+ dt), respectively] as

Gc(t+ dt) = dNL(t)
ḠLc(t+ dt)

Tr
[
ḠLc(t+ dt)

] + dNR(t)
ḠRc(t+ dt)

Tr
[
ḠRc(t+ dt)

]
+ [1− dNL(t)− dNR(t)]

Ḡ0c(t+ dt)

Tr
[
Ḡ0c(t+ dt)

] . (4.13)

The unnormalised state matrices conditioned by each measurement outcome

can be derived by applying the appropriate measurement operation [see Equa-

tion (2.2)]. They are easily obtained from the unconditional master equation
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(4.9) as

ḠLc(t+ dt) = dt
{

Γ′LJ
[
b̂† ⊗ n̂

]
+ ΓLJ

[
b̂† ⊗ (1− n̂)

]}
Gc(t), (4.14a)

ḠRc(t+ dt) = dt
{

Γ′RJ
[
b̂ ⊗ n̂

]
+ ΓRJ

[
b̂ ⊗ (1− n̂)

]}
Gc(t), (4.14b)

Ḡ0c(t+ dt) = Gc(t)− dt i
[
Ĥ,Gc(t)

]
− dt

{
Γ′LA

[
b̂† ⊗ n̂

]
+ ΓLA

[
b̂† ⊗ (1− n̂)

]}
Gc(t)

− dt
{

Γ′RA
[
b̂ ⊗ n̂

]
+ ΓRA

[
b̂ ⊗ (1− n̂)

]}
Gc(t). (4.14c)

Averaging over the measurement result gives the unconditional state G(t+dt) =

E [Gc(t+ dt)] = ḠLc(t+ dt) + ḠRc(t+ dt) + Ḡ0c(t+ dt), which self-consistently

reproduces the unconditional master equation (4.9). Substitution of the con-

ditional state matrices, Equations (4.14), into Equation (4.13) and replacing

Tr[Ḡ0c(t+ dt)] = 1−Tr[ḠLc(t+ dt)]−Tr[ḠRc(t+ dt)] yields the explicit form of

the stochastic master equation:

Gc(t+ dt) = Gc(t)− dt
{
i
[
Ĥ,Gc(t)

]
+ (RL +RR)Gc(t)

}
+ E [dNL(t) + dNR(t)]Gc(t)

+ dNL(t)

{
SLGc(t)

E [dNL(t)] /dt
−Gc(t)

}
+ dNR(t)

{
SRGc(t)

E [dNR(t)] /dt
−Gc(t)

}
, (4.15)

where we have defined the shorthand superoperators

SL ≡ Γ′LJ
[
b̂† ⊗ n̂

]
+ ΓLJ

[
b̂† ⊗ (1̂− n̂)

]
, (4.16a)

SR ≡ Γ′RJ
[
b̂ ⊗ n̂

]
+ ΓRJ

[
b̂ ⊗ (1̂− n̂)

]
, (4.16b)

for jumps, and the corresponding anti-commutating shorthand superoperators

RL ≡ Γ′LA
[
b̂† ⊗ n̂

]
+ ΓLA

[
b̂† ⊗ (1̂− n̂)

]
, (4.17a)

RR ≡ Γ′RA
[
b̂ ⊗ n̂

]
+ ΓRA

[
b̂ ⊗ (1̂− n̂)

]
. (4.17b)

The expectation values of the SET tunnelling events are given by their re-

spective quantum averages as

E [dNL,R(t)] = dtTr [SL,RGc(t)] . (4.18)
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4.1. Microscopic model of the measurement by a SET

The stochastic increment to the qubit-SET state matrix Gc(t) conditioned

on the microscopic tunnelling events both onto and off the SET island is given

by dGc(t) ≡ Gc(t+ dt)−Gc(t), which can be found from Equation (4.15). The

resulting SME can be compactly expressed in the Itō form as

dGc =
∑

j=L,R

dNj

{
Sj

Tr [SjGc]
− 1

}
Gc − dtH

[
1
2
R̂2 + iĤ

]
Gc, (4.19)

where the superoperator H is defined by Equation (3.24). The operator R̂2 is

given by

R̂2 ≡ Γ′Lb̂b̂
† ⊗ n̂+ ΓLb̂b̂

† ⊗ (1̂− n̂) + Γ′Rb̂
†b̂ ⊗ n̂+ ΓRb̂

†b̂ ⊗ (1̂− n̂). (4.20)

The SME for the observable state (4.11) is identical to Equation (4.19), but with

Ğ in place of G and H̆I in place of Ĥ. It is instructive to point out that

−H
[

1
2
R̂2 + iĤ

]
Gc = −

{
i
[
Ĥ,Gc

]
+ (RL +RR)Gc

}
+

1

dt
E [dNL + dNR]Gc

= {L2 − SL − SR}Gc +
1

dt
E [dNL + dNR]Gc. (4.21)

We now discuss the physics of our conditional master equation (4.19). The

final term in this equation represents the deterministic evolution of Gc(t) that is

due to the Hamiltonian and the null measurement of no SET tunnelling events

in the time interval [t, t + dt). When a tunnelling event occurs through either

SET junction (L or R), the state Gc(t) exhibits quantum jumps according to the

two terms summed in the first term of Equation (4.19). Each quantum jump is

represented by an incoherent mixture of the two possible paths by which this

can occur (corresponding to the two charge states of the qubit). We contrast

the incoherent nature of these processes, characteristic of the orthodox theory,

with the coherent nature of the corresponding processes for the QPC. The inco-

herent nature of the jumps for the SET is due to the assumption of a classical

SET island state. It is at this point that the coherence between electronic

states in the source and drain is lost. Beyond the orthodox theory, this source-

drain coherence can be recovered. For example, as considered in Reference [99],

when cotunnelling (a negligible second-order effect in the orthodox theory) is

the leading contribution to the SET current, tunnelling through the SET can

be a coherent, one-step process. That is, the two SET junctions are effectively

reduced to a single tunnel junction. This can lead to a great improvement in the

quality of the measurement [99], although the cotunnelling régime is probably
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Chapter 4. Quantum trajectory model for DQD measurement by a SET

impractical for performing qubit measurements with a SET, due to the small

size of SET currents arising from cotunnelling processes [89].

Another consequence of the incoherent nature of the SET tunnelling is the

inability to derive a diffusive stochastic master equation. This is because the

limit where the jumps can be well approximated by a diffusive process (as in

Section 3.2.2) does not exist for tunnelling through the SET. This is not a

problem since the weakly responding SET would be impractical as a qubit de-

tector, as we will show in Chapter 5. Briefly, this is because the qubit dephasing

rate due to a weakly responding SET is much larger than the corresponding

rate of qubit information gain (the measurement rate). In spite of this, we are

not limited to considering only qubit trajectories resulting from detection by a

strongly responding SET. On the contrary, the weakly responding SET can be

studied numerically using parameters corresponding to weak SET response in

our quantum jump SME. The qubit trajectories so produced would take on the

appearance of diffusion.

It is important to note that the microscopic processes dNL,R in Equation (4.19)

may not necessarily be directly observed by a realistic observer. We address this

situation in Chapters 6 and 7, by conditioning the qubit state on realistically

observable processes. Nevertheless, it is sensible to unravel the unconditional

master equation (4.9) into a quantum jump SME because the underlying phys-

ical processes consist of single electron tunnelling events.

The ensemble-average evolution of G(t) [Equation (4.9)] can be recovered

by averaging over all possible trajectories given by Equation (4.19). Indeed,

replacing the stochastic increments dNL and dNR in Equation (4.19) with their

expectation values given in Equation (4.18) reproduces Equation (4.9) self-

consistently.

4.2 Contrast with previous models

There are some remarkable differences between the quantum trajectory model

presented here, and the earlier model of Goan [30]. First, we contrast the un-

conditional master equation of our model [Equation (4.9)] with that of Goan’s

model [Equation (3.47)]. Recall that Equation (3.47) is equivalent to the master

equations of References [20, 85–87]. The additional terms in the final line of

Equation (3.47) are not of the Lindblad form. That is, they are not of the most

general form prescribed by Lindblad (in Reference [63]) for guaranteeing posi-

tive, normalised states (when starting with such a state). In Equations (3.42)
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4.2. Contrast with previous models

and (3.42), the non-Lindblad terms result in coupling of the off-diagonal ele-

ments of ρ0 to the off-diagonal elements of ρ1. The resulting terms are directly

responsible for the violation of qubit state matrix positivity that we showed both

analytically and numerically in Section 3.3.

Second, we contrast the conditional aspects of our model with those of

Goan’s, i.e., the SMEs. The reader may have noticed that the steps used to

derive our SME are exactly the same as those used by Goan (see Reference [30],

or our review in Section 3.3.2). That is, we unravel our respective uncondi-

tional master equations into SMEs in exactly the same way. The difference,

then, between our SME (4.19) and Goan’s SME (3.54) should be due to the

fact that each party unravels a different unconditional master equation. Indeed,

our unravelling of Equation (3.47) presented in Section 3.3.2 [Equation (3.51)]

is consistent with Equation (3.47). It is also clear that the differences between

Equation (3.51) and the SME in our model [Equation (4.19)] are due to the

different unconditional master equations. However, as noted in Section 3.3.2,

Goan’s unravelling is inconsistent since his SME does not reproduce his uncon-

ditional master equation in the ensemble average. Refer to Section 3.3.2 for

details.
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Chapter 5

Detector sensitivity and back action in

charge qubit measurements

“The first principle is that you must not fool yourself and you

are the easiest person to fool.”

— Richard P. Feynman (1918–1988).

As discussed in Section 3.4, the traditional way [20, 22, 85–87] to quantify the

quality of charge qubit measurements (and hence detectors) is to compare the

characteristic rate of measurement-induced qubit decoherence, called the de-

phasing rate Γd, to the characteristic rate of information gain about the qubit

state, called the measurement rate τ−1
m . For weakly responding detectors, the

ratio of these rates is limited by Equation (3.59), which we restate here:

Γdτm ≥
1

2
, (5.1)

with equality implying an ideal [21] weakly responding detector operating at

the quantum limit [15]. While not the main focus of this chapter, we show that

in general the measurement quality cannot be captured by such a simple ratio,

which is sometimes referred to as the detector efficiency [97]. We also present

general definitions for Γd and τ−1
m (valid for arbitrary detector response) based

upon techniques from quantum optics.

The main focus of this chapter is to quantify the quality of charge qubit

measurements by the strongly responding SET, and by the QPC. We maintain

the purity of the conditioned qubit state as the ultimate quantifier of the quality

of the measurement. We also compare the qubit dephasing and measurement

rates. This comparison provides some insight into the measurement quality,

despite being inadequate for describing the measurement quality in general,

as will be discussed. The motivation for this chapter originates in the widely

held opinion [20,22,85–87] that the SET is a low quality charge qubit detector.

By herein showing that the SET can operate as a high quality detector (in a
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5.1. Definitions of measurement and dephasing times

particular régime), we justify considering how a realistic circuit with bandwidth

limitations and extra noise will affect the charge qubit measurement by a SET

(in Chapter 6).

This chapter is organized as follows. In Section 5.1 we present new general

definitions for the dephasing and measurement times (rates) that are valid for

arbitrary detector-qubit coupling strength and detector response. In Section 5.2,

we present quantitative analyses of our master equations (conditional and un-

conditional) from Chapter 4, focussing on comparing sensitivity and back action

in the charge qubit measurement by a strongly coupled SET. We do the same

for the QPC in Section 5.3, using the master equations from Section 3.2. The

chapter is concluded in Section 5.4.

5.1 Definitions of measurement and dephasing

times

In Section 3.3 we showed that previous master equations for the SET-monitored

charge qubit are not of the Lindblad form. In Chapter 4 we derived a Lindblad-

form master equation for the qubit-SET state (and “unravelled” [54] it into a

conditional master equation), valid for strong SET-qubit coupling. In the strong

coupling régime it is natural for the detector also to be strongly responding

since the coupling energy largely determines the detector’s response [20]. As

discussed earlier, the more traditional measures of sensitivity and back action

in this type of measurement are the measurement time τm and dephasing rate

Γd, respectively. Previous definitions of these quantities [20, 22, 85–87] assumed

weak detector response, either explicitly or implicitly. Therefore it is necessary

to use more general definitions, which we give in this section.

5.1.1 Dephasing time

The qubit dephasing rate Γd was previously defined as the rate at which the

coherences in the qubit decay according to the unconditional master equation.

We refer the reader to Section 3.4.1 for discussion of why this description is

unambiguous for the QPC, but not for the SET.

In an effort to more precisely quantify the dephasing, we find a characteristic

qubit dephasing time by borrowing a technique from the field of quantum optics.

In a typical quantum optics scenario, where the detector signal consists of ab-

sorption of photons emitted by a quantum system, the coherence of the source
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is defined by the Glauber coherence function [100]. For a two-level quantum

system (such as the two-level atom) this is given in terms of the steady-state,

two-time correlation function g(τ) ∝
〈
σ̂†(τ)σ̂(0)

〉
ss
. Here σ̂ = |0〉〈1| is the low-

ering operator for the atom (in the Heisenberg picture, hence the time argument

in g(τ)). The expression involves the lowering operator because the detection

involves absorption.

In the solid-state context where the detection does not “lower” the DQD

state it is more appropriate to consider an expression that treats |0〉 and |1〉
symmetrically. The obvious expression is

g(τ) ≡
〈
σ̂†(τ)σ̂(0)

〉
ss

+
〈
σ̂(τ)σ̂†(0)

〉∗
ss
. (5.2)

In the Schrödinger picture, this coherence function can be expressed as

g(τ) = Tr
[
σ̂†ρ−(τ)

]
+ Tr

[
σ̂ρ+(τ)

]∗ ≡ ρ−21(τ) +
[
ρ+

12(τ)
]∗
, (5.3)

where ρ(τ) ≡ exp (Lτ) ρ(0), ρ+(0) ≡ σ̂†ρss, and ρ−(0) ≡ σ̂ρss. The Liouvillian L
is the detector-dependent qubit time evolution superoperator from the uncon-

ditional master equations. That is, L = L1 from Equation (3.13) for the QPC,

and L = L2 from Equation (4.9) for the SET.1

The coherence function thus defined has the property that it is normalised,

in the sense that g(0) ≡ 1 and limτ→∞ g(τ) = 0. Therefore we can now define

the dephasing time as [62]

τd ≡
∫ ∞

0

g(τ)dτ. (5.4)

It is apparent from this definition that the dephasing time is related to the rate

at which the qubit coherence (function) approaches zero, as would be expected

in a sensible definition of the qubit dephasing time. The dephasing rate, then,

is simply the inverse of the dephasing time: Γd = τ−1
d . For an exponentially de-

caying coherence it is easy to verify that Γd is the exponential decay coefficient.

For example, for the QPC master equation (3.13), this coherence function defi-

nition yields the same dephasing rate as the QPC models of References [19], [21],

and [24] (see Section 5.3). A particular, and intended, benefit of this definition

is that it can be applied to both QPCs and SETs.

1For the SET, the combined qubit-SET state G must be used in place of ρ, and the trace
is taken over the SET island and the qubit.
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5.1.2 Measurement time

As discussed in Section 3.4.2, the qubit measurement time has only been defined

previously for weakly responding detectors. Here we define a qubit measurement

time valid for arbitrary detector response.

Fundamentally, the measurement time relates to distinguishing the qubit

states using information gained from the detector. This obviously involves the

conditioned state of the qubit. Since the stochastic master equation is by defini-

tion the optimal way to process the detector current to get information about the

qubit [54, 83], it should be used to define the measurement time. Our SME for

the SET as detector is given in Section 4.1.2. The SMEs (one for weak response

and one for strong response) for the QPC as detector are given in Section 3.2.2.

In the measurement basis we can, quite generally, define an uncertainty func-

tion for the qubit state as the conditional variance in σ̂z:

V (t) = E
[〈
σ̂2

z

〉
c
(t)− 〈σ̂z〉2c (t)

]
= 1− E

[
z2
c (t)
]
, (5.5)

where 〈 · 〉 denotes a quantum average and we again use z as shorthand for 〈σ̂z〉.
Provided that the qubit Hamiltonian commutes with the measured observable,

σ̂z, the measurement will not disturb the qubit populations (but will necessarily

affect the qubit coherence). Thus, for a non-disturbing measurement we require

Ω0 = 0. In this case, and assuming no initial knowledge of σ̂z [zc(0) = 0], V (t)

will have the properties that V (0) = 1, and limτ→∞ V (τ) = 0. That is, we start

off with no knowledge of σ̂z and end up with complete knowledge. This means

that, in analogy with Equation (5.4), V (t) can be used to give a quite general

definition of the measurement time as

τm ≡
∫ ∞

0

V (τ)dτ. (5.6)

However, because V (t) arises from stochastic evolution, it is not generally pos-

sible to obtain an analytical expression for V (τ), unlike g(τ), which arises from

the deterministic evolution of the master equation. If V (t) decays exponentially

with time, then τm can be evaluated as

τ−1
m = − dV (t)

dt

∣∣∣∣
t=0

. (5.7)

This equation (expressed differently) was first used in Reference [23]. It has the

advantage that it can be evaluated analytically. (In Section 5.3 we report this

calculation for the QPC.) As we will see later, for the SET in a wide range of
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parameter régimes, the exponential approximation for V (τ) is a good one, so

that Equation (5.7) can be used.

5.2 Sensitivity and back action in charge qubit

measurements by a strongly coupled SET

In this section we analyze the quality of the charge qubit measurement (sensi-

tivity versus back action) by a SET in two ways. We first use the traditional

technique of comparing the qubit dephasing and measurement times using our

general definitions for these quantities from Section 5.1. We then analyze the

average purity of the conditioned qubit state during the measurement. The

conditioned state of the qubit can only be obtained from the stochastic master

equation.

5.2.1 Dephasing time

The unconditional master equation (4.9) describes the system evolution when

the measurement result is ignored or averaged over. When quantifying the SET

measurement quality, we assume a non-disturbing measurement as noted in the

paragraph preceding Equation (5.6). That is, we assume Ω0 = 0 (as was assumed

in previous quantitative analyses [20, 85–87] of the measurement quality for a

SET). The numerical solution of the master equation (4.9) gives oscillating,

decaying off-diagonal elements of the qubit state matrix. We quantify this by

the coherence function g(τ) given in Equation (5.3). For SET monitoring of the

qubit, L acts on the qubit-plus-SET state G, so ρ must be replaced by G in the

coherence function of Equation (5.3). The resulting g(τ) is plotted as the blue

line in Figure 5.1.

The four subplots in Figure 5.1 correspond to increasing values of SET re-

sponse |∆I| /Ī, which is bounded above by 2. The strength of the SET response

was modified by varying Γ′L, the slowest rate of tunnelling onto the SET island.

The initial qubit state is completely mixed:

ρss =
1

2
1̂, (5.8)

and the SET island is initially in the corresponding steady-state, which is rep-

resented by the island occupation probability P 1 = Tr [ρ1] (with P 0 = 1 − P 1)
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Figure 5.1: Measurement-induced decoherence (dephasing) of a charge qubit
undergoing continuous measurement by a strongly coupled SET. The rapid os-
cillations are too fast to be observed — the red line shows the observable result.
From (a) to (d) the SET response increases: |∆I| /Ī = 1/10, 1/3, 1, and 3/2.
Other parameters were Ω0 = 0, χ = 50ΓL, ΓR = 1.1ΓL, Γ′R = 1.2ΓL.

as

P 1
ss =

Γ̄L

Γ̄L + Γ̄R

. (5.9)

The strongest SET response [in Fig. 5.1 (d)] corresponds to

0 < Γ′L � ΓL ∼ ΓR ∼ Γ′R, (5.10)

where we assume that Γ′L is large enough in order to ignore higher-order processes

such as cotunnelling, as discussed in Section 2.4.2.

The rapid oscillations in Figure 5.1 are due to the strong SET-qubit coupling

given in Equation (4.2). As discussed in Section 4.1.1, these oscillations are too

fast to be observed and should be averaged over. This produces the observable

dephasing given by the red line in Figure 5.1. Using the observable state Ğ in

Equation (4.11), and the corresponding master equation (4.10), we obtain the

following analytical expression for the observable coherence function

gobs(τ) = P 0(0) exp
(
−Γ̄Lτ

)
. (5.11)

Note that, in general, gobs(0) = P 0(0) 6= 1. The red line in Figure 5.1 shows

gobs(τ) for steady-state initial conditions, P 0(0) = P 0
ss = Γ̄R/

(
Γ̄L + Γ̄R

)
. This

immediate loss of a portion of the observable coherence [quantified by P 0(0)]
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Chapter 5. Detector sensitivity and back action in charge qubit measurements

is due to the strong SET-qubit coupling, Equation (4.2). In the resulting ob-

servable state Ğ, ρ̆1 is diagonal [see Equation (4.11)]. That is, all of the qubit’s

observable coherence is contained in ρ̆0, so for P 0(0) 6= 1 the qubit partially

dephases instantaneously. After this initial dephasing, the qubit dephases expo-

nentially at the rate Γ̄L. This is obviously the average rate at which ρ̆0 dephases.

Physically, the instantaneous dephasing is due to the large influence of the SET

island state on the qubit coherence in the strong coupling limit. In the limit

where the SET is initially occupied so that P 0(0) = 0, the strongly coupled SET

dephases the qubit completely upon commencing the measurement. This fact

alone shows that the quality of charge qubit measurements by a SET cannot be

captured by a simple quantity such as Γdτm (although this quantity can provide

some insight into the measurement quality as we will show). For steady-state

initial conditions, the qubit dephasing time is

τd ≡
∫ ∞

0

gobs(τ)dτ =
P 0

ss

Γ̄L

=
Γ̄R

Γ̄L

(
Γ̄L + Γ̄R

) . (5.12)

It is apparent from the similarity of the subplots in Figure 5.1 that the

observable qubit dephasing is approximately independent of the SET response.

This suggests that, to a first approximation, the dephasing is independent of the

information gain (which itself would intuitively speed up for increased detector

response as discussed in the final paragraph of Section 4.1). We show in the

next section that gaining information about the qubit state does indeed occur

faster for stronger SET response.

The results above suggest that the qubit dephasing by the SET is dominated

by the uncontrolled degree of freedom of the island charge, and is unrelated to

the gain of information about the qubit state by the SET. We quantify the

information gain in the next section.

5.2.2 Measurement time

Having presented the quantum trajectory equation (4.19), we are now in a po-

sition to consider the SET measurement sensitivity using τm and V (t) defined

in Section 5.1.2. We proceed by noting that the qubit state matrix ρ can be

represented in terms of the Pauli spin matrices as

ρN = 1
2

(
PN 1̂ + xN σ̂x + yN σ̂y + zN σ̂z

)
. (5.13)
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5.2. Sensitivity and back action in charge qubit measurements by a SET

The conditional master equation [for the observable state (4.11)] can be ex-

pressed in terms of the conditional Bloch sphere variables xN
c , yN

c , and zN
c , as

well as the conditional SET island occupation probabilities PN
c . The condition-

ing here is upon both the measurement results (subscript c) and the SET island

state (superscript N = 0 or 1). To find V (t) (and hence approximate τm), we are

interested in the expectation value of (zc)
2 = (z0

c + z1
c )

2. Here z0,1
c = Tr [σ̂zρ̆

0,1
c ].

Averaging over the jumps in the conditional master equation for zc and using

the Itō rule d(z2) = 2zdz+ dz dz, we obtain the following equation for the time

rate of change of this expectation value:

dE [z2
c ]

dt
= E

[(
2Γ̄Lz

0
c + P 0

c ∆ΓL

)2
4P 0

c Γ̄L + 2∆ΓLz0
c

+

(
2Γ̄Rz

1
c + P 1

c ∆ΓR

)2
4P 1

c Γ̄R + 2∆ΓRz1
c

]
. (5.14)

Knowing this and ensuring V (0) = 1 by assuming a minimal information ini-

tial condition, zN
c (0) = 0, we find from the analytical approximation of Equa-

tion (5.7) that

τ−1
m ≈ P 0

ss

(∆ΓL)2

4Γ̄L

+ P 1
ss

(∆ΓR)2

4Γ̄R

=
Γ̄LΓ̄R

Γ̄L + Γ̄R

[(
∆ΓL

2Γ̄L

)2

+

(
∆ΓR

2Γ̄R

)2
]
. (5.15)

A more precise value for the measurement time is obtained from Equa-

tion (5.5) by numerical solution of the conditional master equation for the

observable state [see equations (4.11) and (4.19)]. Figure 5.2 shows plots of

V (t) = 1 − E [z2
c (t)] for a strongly coupled SET for the same parameter values

and initial conditions as the corresponding qubit dephasing plots in Figure 5.1.

Notice that the analytical approximation (the solid line) agrees well with all of

the numerical results (dashed lines).

5.2.3 Comparison: Measurement time and dephasing time

Comparing qubit measurement and dephasing time scales gives an intuitive idea

of the quality of the measurement. If these time scales are of the same order,

then we can say that the detector is operating close to the quantum limit. A

comparison of Figure 5.1 and Figure 5.2 shows that the strongly responding

SET [in plots (d)] has comparable dephasing and measurement times because

the functions V (t) and gobs(τ) are comparable in magnitude at all times shown.
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Figure 5.2: The variance in σ̂z (the population difference operator in the mea-
surement basis), V (t) = 1 − E [z2

c (t)] for measurement by a strongly coupled
SET. The dashed line is an average over 2000 trajectories obtained using the
stochastic master equation. The solid line is the analytical approximation as-
suming exponential decay of V (t). Other details are as in Figure 5.1.

Using equations (5.12) and (5.15) we obtain the following analytical approxima-

tion for Γdτm:

Γdτm ≈
(
1 + Γ̄L/Γ̄R

)2(
∆ΓL/2Γ̄L

)2
+
(
∆ΓR/2Γ̄R

)2 . (5.16)

This result is a valid approximation when V (t) is a decaying exponential, which

is valid for a wide range of parameter values as shown numerically in Figure 5.2.

The minimum for Equation (5.16) is 1/2, which occurs only for Γ̄L � Γ̄R (high

SET asymmetry) and ∆ΓL,R ≈ 2Γ̄L,R. The second condition requires both Γ′L �
ΓL and ΓR � Γ′R, which could theoretically be realized by careful arrangement

of the SET parameters (specifically bias and gate voltages, and tunnel junction

conductances).

The necessary conditions for Equation (5.16) to be of order unity are not

obvious in general. However, taking a few different limits is instructive. For

the symmetric SET, where Γ̄L ≈ Γ̄R, we find that Γdτm � 1 for all values

of ∆ΓL,R (which are bounded above by 2Γ̄L,R). This partially supports the

widely held opinion [20, 22, 85–87] that the SET is a low quality charge qubit

detector. That is, by comparing dephasing and measurement times, we find

that the strongly coupled, symmetric SET (Γ̄L ≈ Γ̄R) is likely to be a low

quality charge detector. For the asymmetric SET, where Γ̄L � Γ̄R, we find

two limits for Γdτm corresponding to strong and weak SET response. Strong
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5.2. Sensitivity and back action in charge qubit measurements by a SET

response for the asymmetric SET corresponds to ∆ΓL → 2Γ̄L, and weak response

corresponds to ∆ΓL � 2Γ̄L. Thus, for the weakly responding asymmetric SET

we find Γdτm � 1, while for the strongly responding asymmetric SET we find

Γdτm ∼ 1. These results merely suggest the required conditions for the strongly

coupled SET to operate close to the quantum limit, i.e., as an ideal (purity-

preserving) detector. In the next section we determine the required conditions

for the strongly coupled SET to preserve the qubit state purity, by explicitly

considering the average purity of the conditioned qubit state.

5.2.4 Average purity of the conditioned qubit state

For the sake of comparison with the results from the previous sections, we use the

same parameter sets in this section. Figure 5.3 contains four plots of the average

purity of the conditioned qubit state, E [x2
c + y2

c + z2
c ]. Here we choose the qubit

to start in a pure state [a superposition so that z(0) = 0], rather than a mixture.

This directly tests the detector’s ideality, since an ideal detector will preserve the

a pure qubit state during the measurement (discussed below). Figure 5.3 shows

that the averaged purity of the observed conditional state drops instantaneously

[as did gobs(τ)]. For weaker response [Figures 5.3(a) and 5.3(b)], the purity

continues to drop for some time because the SET takes much longer to determine

the qubit state than it does to dephase it. This can be seen graphically by

comparing Figures 5.2(a) and 5.2(b) with Figures 5.1(a) and 5.1(b). For stronger

response the purity approaches 1 rapidly [see Figure 5.3(c) and 5.3(d)] because

the measurement time is significantly decreased, as can be seen in Figures 5.2(c)

and 5.2(d). In all four cases shown in Figure 5.3, the continuous measurement

eventually purifies the conditioned quantum state [101–103].

As discussed above, an ideal (purity-preserving) detector operates at the

quantum limit, where the qubit dephasing induced by the measurement is the

minimum allowed by quantum mechanics given the information gained by the

detector. We now consider the conditions required for the strongly coupled SET

to approach ideal operation. For the initial observable qubit state to be pure, the

SET must be unoccupied. That is, P 0(0) = 1. This is most likely if electrons oc-

cupy the island for vanishingly short times, which occurs when ΓL,Γ
′
L � ΓR,Γ

′
R.

That is, for high SET asymmetry. This asymmetry adiabatically eliminates the

influence of the SET island state on the qubit, as in the model of Reference [23].

For parameters approaching this condition, we obtained another ensemble of

2000 quantum trajectories using the stochastic master equation (4.19) with the

observable state, and plotted the average purity of the conditioned qubit state
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Figure 5.3: Average purity of the observable conditioned qubit state,
E [x2

c + y2
c + z2

c ], when monitored by a strongly coupled SET. The average is
over 2000 trajectories. The four plots correspond to the same parameter values
in the corresponding four ensembles calculated in Figure 5.2.

in Figure 5.4. Note the zoom-in on the y-axis, now ranging between 0.97 and 1.

Again the SET response was controlled by changing Γ′L [again Γ′L was decreased

incrementally from Figure 5.4(a) to 5.4(d)]. The SET response was, from (a)

to (d), ∆I/Ī = 0.23, 0.58, 1.32, and 1.70. Other parameters for Figure 5.4

were Ω0 = 0.01ΓL, ΓR = 100ΓL, Γ′R = 100ΓR, χ = 50Γ′R. Similar results were

obtained for the less extreme value of Γ′R = 10ΓR. For the strong response plot

of Figure 5.4(d), this set of parameters corresponds to the régime given after

Equation (5.16). That is, the régime where the quantity Γdτm approaches 1/2.

Indeed, the values of Γdτm for Figure 5.4 approach this limit of 1/2, as given in

the figure caption.

A remarkable feature of all four plots in Figure 5.4 is the initial decrease

in the average purity of the conditioned qubit state. This feature indicates

nonideal detector operation because the purity is not maintained at 1. There

are two reasons for this nonideal behaviour. One is that, in general, tracing over

the correlations between the SET island and qubit will always result in a mixed

reduced state for the qubit. The other reason for the nonideal behaviour of the

SET is more subtle. It is due to the incoherent nature of the way in which the

SET tunnelling processes are modified by the qubit in the orthodox theory (the

sequential tunnelling régime). In the orthodox theory (a first-order perturbation

theory), the first-order SET tunnelling terms in the master equation must be

nonzero (in order to justify ignoring higher order terms). The incoherent nature

of the manner in which the SET tunnelling rates are modified by the qubit can
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Figure 5.4: Average purity of the conditioned qubit state, E [x2
c + y2

c + z2
c ], when

monitored by an asymmetric (Γ̄L � Γ̄R), strongly coupled SET. The average is
over 2000 trajectories. Parameter values are given in the text. From (a) to (d),
we have Γdτm = 1.03, 0.95, 0.72, and 0.59, respectively.

be seen in the stochastic master equation (4.19).2 Each SET tunnelling event

dNL results in a new state matrix that is an incoherent sum of two terms, one

proportional to ΓL, the other proportional to Γ′L. Since both of these rates must

be nonzero in the orthodox theory, this incoherent sum (and the associated

loss of purity) will always occur. Thus, the SET operating in the sequential

tunnelling régime will never reach ideal operation. This is true even in the limit

of adiabatic elimination of the SET island [23], where it was shown that a nonzero

minimum rate of tunnelling through the SET causes qubit dephasing without

information gain. Despite the SET being incapable of reaching the quantum

limit in the sequential tunnelling régime, we point out that the average purity

of the observable conditioned qubit state can remain very close to 1 throughout

the measurement (see Figure 5.4). For this reason, we can say that the strongly

coupled asymmetric SET can operate very close to the quantum limit. This

conclusion could not be drawn from the values of Γdτm alone, although they are

suggestive. Interestingly, the SET response [increasing from plot (a) to (d), as

before] has very little effect on the purity of the conditioned qubit state measured

by a SET with high asymmetry. This is similar to the case of a QPC, which,

as we show in the next section, can operate as an ideal detector independent of

the strength of its response.

2Contrast this with the coherent nature in which the QPC tunnelling amplitudes are mod-
ified by the qubit in the stochastic master equation (3.23).
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Chapter 5. Detector sensitivity and back action in charge qubit measurements

5.3 Sensitivity and back action in charge qubit

measurements by a QPC

5.3.1 Dephasing time

The qubit dephasing time Γ−1
d for measurement by a low-transparency QPC can

be obtained either by inspection of the unconditional master equation (3.13)

[19, 21, 24], or using the technique introduced in Section 5.1.1. For θ = 0 or

θ = π (see Section 3.2.1), the same result is obtained using both methods:

Γd =

(√
Γ−

√
Γ′
)2

2
. (5.17)

This result shows that the qubit dephasing by a QPC depends on the difference

between the two QPC currents, i.e., the QPC response.

Figure 5.5 shows the coherence function for the QPC-monitored charge qubit

calculated from Equation (5.3). The four subplots in Figure 5.5 correspond to

increasing values of QPC response |∆I| /Ī ≤ 2. The strength of the QPC

response was modified by varying Γ′ (the slowest rate of tunnelling through the

QPC), while keeping Γ constant. The strongest QPC response [in Figure 5.5(d)]

corresponds to Γ′ � Γ. For simplicity we take the QPC tunnelling amplitudes

to be real numbers: T ,X ∈ R.3 As with the corresponding results for the SET

in Section 5.2.1, the initial qubit state is completely mixed [Equation (5.8)]. In

contrast to the SET results in Figure 5.1, the qubit dephasing by a QPC does

depend upon the detector response, suggesting an intimate link between the

qubit dephasing and the gain of qubit information by the QPC.

5.3.2 Measurement time

Using the technique introduced in Section 5.1.2, the analytical approximation

of the qubit measurement time (which agrees with Reference [24]) is

τ−1
m =

|∆Γ|2

4Γ̄
=

(√
Γ +

√
Γ′
)2

2Γ̄
Γd. (5.18)

A more precise value for the measurement time4 is obtained from Equation (5.5)

by numerical solution of the stochastic master equation (3.23). Figure 5.6 shows

3For real tunnelling amplitudes, we find that X < 0, and so θ = π.
4The precision of the numerically obtained value for τm increases with increasing ensemble

size.
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Figure 5.5: Dephasing of a charge qubit undergoing continuous measurement by
a QPC. Parameters were chosen to correspond as closely as possible to those for
the strongly coupled SET dephasing results in Figure 5.1. From (a) to (d) the
QPC response increases thus: |∆I| /Ī = 1/10, 1/3, 1, 3/2. Also, Ω0 = 0.01Γ,
ε = 0.

plots of the qubit’s conditional variance V (t) = 1−E [z2
c (t)] when monitored by

a QPC. The average is over an ensemble of 2000 qubit trajectories, and the same

parameter values were used as in the corresponding plots in Figure 5.5. Notice

that the analytical approximation given in Equation (5.18) (the solid blue line)

agrees well with all of the numerical results (dashed red lines).

5.3.3 Comparison: Measurement time and dephasing time

Combining the analytical results above for the ensemble dephasing rate Γd and

measurement time τm for QPC-monitoring of a charge qubit gives

Γdτm =
2Γ̄(√

Γ +
√

Γ′
)2 . (5.19)

Note that 1 ≥ Γdτm ≥ 1/2. The upper bound is approached for a strongly

responding QPC (Γ � Γ′). The lower bound is approached for a weakly re-

sponding QPC (Γ ≈ Γ′), for which the measurement and decoherence rates go

to zero. In contrast to the SET results, the rates of qubit dephasing and infor-

mation gain are always comparable, independent of QPC response. Using the
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Figure 5.6: The variance in σ̂z (the population difference operator in the mea-
surement basis), V (t) = 1 − E [z2

c (t)] for measurement by a QPC. The dashed
line is an average over 2000 trajectories obtained using the conditional master
equation. The solid line is the analytical approximation assuming exponential
decay of V (t). Other details are as in Figure 5.5.

analytical approximations, values for Γdτm were found for the parameter sets

shown in Figure 5.7 (which combines the results in Figures 5.5 and 5.6) to be

approximately (a) 0.502, (b) 0.511, (c) 0.571, (d) 0.657. This further suggests

an intimate link between sensitivity and back action for QPC-monitoring of a

charge qubit that was hinted at by the dephasing being dependent upon the

QPC response.

5.3.4 Average purity of the conditioned qubit state

The average qubit purities of the ensembles calculated in Figure 5.6 are shown

in Figure 5.8. Note that the purity E [x2
c + y2

c + z2
c ] starts, and stays, at 1

for all values of detector response |∆I| /Ī. This can only occur if during each

qubit trajectory in each ensemble, the qubit state remained pure throughout.

Therefore, we agree with the claims (see, for example, References [21,104]) that

the QPC can be operated as a purity-preserving (ideal) detector.

5.4 Conclusions

In this chapter we have examined sensitivity and back action in charge qubit

measurements by two detectors: a single-electron transistor (SET) operating in
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Figure 5.7: Comparison of analytical results for information gain (blue) and
dephasing (red) for monitoring by a QPC. The QPC response increases in plots
(a) to (d) from |∆I| /Ī = 1/10, 1/3, 1, and 3/2.
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Figure 5.8: Average purity of the conditioned qubit state, E [Tr (ρ2
c)] =

E [x2
c + y2

c + z2
c ], when monitored by a QPC. The four plots correspond to the

same ensembles of 2000 trajectories calculated in Figure 5.5.

the sequential tunnelling mode, and a low-transparency quantum point contact

(QPC). For describing the qubit dynamics under continuous measurement by a

SET, we used our quantum trajectory [54, 59, 80] model introduced in Chapter

4. It is valid for strong SET-qubit coupling, and guarantees physical states for

the qubit. For describing the qubit dynamics under continuous measurement by
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a QPC, we used the quantum trajectory model of Reference [24], as reviewed in

Chapter 3.

We have shown that, in general, quantifying the quality of charge qubit mea-

surements by a SET is not as simple as merely comparing the qubit dephasing

time and measurement time (as done previously for the weakly responding SET

in References [20, 85–87]). This is because, for strong SET-qubit coupling, the

SET island charge state has a large effect on the qubit coherence. Despite this,

comparing qubit dephasing and measurement times does provide some insight

into the measurement quality.

Previous definitions for the qubit dephasing time [20, 22, 85–87] either pro-

duced an overestimate of the measurement quality (as in References [20,85–87]),

or are only valid for a weakly responding detector (as in Reference [22]). We pre-

sented a new definition for the dephasing time that is valid for strong detector-

qubit coupling and arbitrary detector response, by adopting a coherence function

technique [62] from the field of quantum optics.

Previous definitions for the measurement time [20–22, 85–87] are only valid

for weakly responding detectors. Thus, we also presented a new definition of

the measurement time which is analogous to the new dephasing time definition.

Our definition is in terms of the conditioned qubit state, and involves an average

over many stochastic measurement records. An analytical approximation for the

measurement time compared well to the numerical solution. A similar approach

to quantifying the measurement sensitivity was first considered in Reference [23].

An important result of this chapter was to show that the strongly coupled

SET can theoretically approach operation at the quantum limit during charge

qubit measurements. This was shown in two ways. The first involved comparing

the dephasing and measurement times found using our Lindblad-form master

equations from Chapter 4. In the strong response limit, these times were found

to be of the same order as each other. For the highly asymmetric SET where

tunnelling into the drain (collector) occurs at a much higher rate than tunnelling

onto the SET from the source (emitter), these times were of the same order as

each other, independent of the SET response. We showed that this is also the

case for the QPC, which can be operated as an ideal, purity-preserving detector

for all values of detector response. The second, and our preferred, way to show

that the strongly coupled SET can operate close to the quantum limit was by

considering the average purity of the conditioned qubit state for an ensemble of

stochastic measurement records. Again the asymmetric SET (for Γ̄R ≈ 5000Γ̄L)

displayed near-ideal detector behaviour by maintaining the purity of the qubit

state above 98%.
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Having shown that the SET can approach operation at the quantum limit for

charge qubit measurements, it is now meaningful to study how the measurement

is affected by extra classical noises and filtering due to a realistic measurement

circuit such as that originally presented for quantum optics by Warszawski,

Wiseman and Mabuchi [36,37]. This is the topic of the next chapter.
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Chapter 6

Realistic measurement of a charge

qubit

“Reality is merely an illusion, albeit a very persistent one.”

— Albert Einstein (1879–1955).

As reviewed in Chapter 3, the conditional evolution of solid-state qubits subject

to continuous measurement using a quantum point contact (QPC) [21,22,24–28],

and a single-electron transistor (SET) [23, 30], the qubit evolution was condi-

tioned on idealised measurement results (such as tunnelling) at the scale of the

mesoscopic detector. Conditioning the qubit state on the macroscopic current

that is realistically available to an observer has not previously been considered.

In particular, these works ignored the noisy filtering characteristic of the exter-

nal circuit, including an amplifier. In the situation where the external circuit

is ignored, we refer to the detector as a “bare” detector. In an experiment,

the output from this bare detector is filtered through various noisy electronic

devices. Due to the finite bandwidth of all electronic devices, the evolution of

the conditional state of the quantum system must be non-Markovian. A gen-

eral method of describing this evolution was presented by Warszawski, Wiseman

and Mabuchi in recent papers [36,37] in the context of photodetection, where it

was applied to an avalanche photo-diode and a photo-receiver. In the present

chapter, the theory of Reference [37] is applied to solid-state detectors, in par-

ticular, the QPC and the strongly coupled SET. When the external circuit has

been included in the description of the detector, we refer to the detector as a

measurement “device”.

As reviewed in Chapter 3, some detector nonidealities have been considered

in some of the works mentioned above. Specifically, Reference [23] considered

a detector with excessive back action. Reference [27] did this also, and also

phenomenologically considered extra classical noise. Reference [26] considered

“inefficient” measurements. None of these considered a bandwidth limitation in

the measurement.
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Being able to determine the state of a quantum system conditioned on ac-

tual measurement results is essential for understanding and designing optimal

feedback control [22, 42–51]. It is also expected to be important in quantum

computing, both for state preparation and quantum error correction [38–41].

The aim of realistic quantum trajectory theory is to condition the qubit

state on a noisy, filtered signal from a realistic experimental apparatus. This

is achieved by combining optimal quantum measurement theory (quantum tra-

jectory theory) with optimal classical measurement theory (Bayesian theory).

That is, the underlying dynamics of the qubit are still governed by a stochastic

master equation (as given in quantum trajectory theory). This conditions the

qubit state, represented by a state/density matrix ρc, on “measurement results”

to which a realistic observer has no direct access, in general. In the solid-state,

these unobserved processes are typically electron tunnelling events through a de-

tector like a QPC or SET. The classical apparatus is described by an equivalent

circuit, the state of which is represented by a probability distribution (density),

P , for one or more circuit variables (charge on a capacitor, for example). Clas-

sical probability and measurement theory are used to condition this quantity

on the realistic (noisy, filtered) output I(t), as well as on the unobserved pro-

cesses. The resulting conditioned state is denoted P c
I . Combining the states of

knowledge for the qubit and the apparatus, and averaging over the unobserved

processes, gives an equation for the stochastic evolution of the observer’s state

of knowledge of the combined apparatus-qubit conditioned only on the realistic

output I (an electrical current, for example). The reduced state of the qubit

is found by integrating out the classical degrees of freedom from the combined

state. Similarly, the marginal state of the apparatus is found by tracing out the

qubit from the combined state.

This chapter is divided into four sections. Section 6.1 contains the deriva-

tion of the realistic quantum trajectory equations for the case when the QPC is

the detector, concurrently demonstrating the general method for deriving such

equations that was first presented for photodetectors in Reference [37]. (We

present the general method in a slightly different way to the original presen-

tation — see the following paragraph.) Section 6.2 contains the corresponding

derivation for the case when the strongly coupled SET is the detector. The

results are discussed in Section 6.3.1, and qualitative predictions are made for

the numerical solutions to the realistic equations. These solutions are know as

realistic quantum trajectories. Some realistic quantum trajectories are presented

in Section 6.3.2, and the results are reconciled with the predictions. The chapter

is concluded in Section 6.4.
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Chapter 6. Realistic measurement of a charge qubit, DC style

The new work contained in this chapter was started by P. Warszawski, H.

M. Wiseman and R. E. S. Polkinghorne for the SET (see Warszawski’s Master’s

thesis [105]), and for this I am indebted to them.1 However, their microscopic

model of the measurement by the SET was wrong (our new model is in Chap-

ter 4) because they completely ignored the coupling energy. Further, my thesis

makes significant contributions to the realistic model. These include refining

the equivalent circuit for measurement (Section 6.1.2), and deriving the real-

istic quantum trajectory equations using linear classical measurement theory,

instead of the original approach using nonlinear classical measurement theory.

A particular benefit of this is that the linear equations allow the use of the im-

proved numerical approach of Reference [52] for solving the realistic equations.

All of the numerical results presented in this chapter are new work. As a final

remark on previous work, the author has previously derived a realistic quantum

trajectory equation (without numerical solutions) for a single-tunnel junction

device [23] akin to a QPC in Reference [106].

6.1 QPC

This section contains the derivation of realistic quantum trajectory equations

for the case when the QPC is the detector. We begin with the stochastic master

equation for the bare QPC (as reviewed in Section 3.2). We then introduce

and analyse our equivalent circuit for realistic measurement in Section 6.1.2. A

general method of deriving realistic quantum trajectory equations is presented

in Section 6.1.3, in the context of a QPC. As discussed, this follows the original

presentation of the method in Reference [37], but uses linear classical measure-

ment theory instead of the original normalised (nonlinear) approach used in

Reference [37]. The results are discussed in Section 6.3.1.

6.1.1 Bare QPC stochastic master equation

The stochastic master equations describing the qubit dynamics conditioned on

the output of the bare QPC were reviewed in Section 3.2.2. Here we give only

the quantum jump stochastic master equation (SME) valid for strong QPC

response. From a practical point of view it is more interesting to consider the

strongly responding QPC because the weakly responding QPC takes a very long

time to measure the qubit state (as shown in Chapter 5). However, a QPC

1They appear as co-authors on the first paper on the subject — listed in the publications
section at the start of this thesis.
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6.1. QPC

with weak response to changes in the qubit state can also be studied using our

equations, by taking the diffusive limit as done in Section 3.2.2. As reviewed in

Section 3.2.2, the conditional evolution of the qubit state ρc(t) is described by

the following Itō SME [24]

dρc(t) = dN(t)

{
J [T + X n̂]

E [dN(t)] /dt
− 1

}
ρc(t)

+ dt

{
H
[
−iĤqb

]
−A [T + X n̂] +

E [dN(t)]

dt

}
ρc(t), (6.1)

where the details are explained in Section 3.2.

6.1.2 Equivalent circuit for realistic measurement

Our equivalent circuit for realistic measurement of the DQDs is shown in Fig-

ure 6.1. We emphasize that this circuit models effects of realistic measurement

(additional classical noise and filtering of the signal), not necessarily an actual

experimental apparatus.2

C
Qubit

Detector

Vi

Ri

A
I(t)

ρ(t)

Ro

V N
i

V N
o

Current amplifier

+Q(t)

−Q(t)

Figure 6.1: A schematic of our equivalent circuit for the realistic measurement
of the state of a DQD charge qubit. The bare detector is either a QPC or a
SET.

The circuit is biased by a non-ideal DC voltage consisting of a noiseless

voltage Vi and a noisy voltage source V N
i (t). This (white) noise source could be

considered as the Johnson-Nyquist noise from the equivalent circuit resistance

Ri at some effective temperature Ti. The small current through the detector

is amplified, then measured. In this process an observer will see white noise in

2After the work in this chapter was completed, the author became aware of Reference [107],
where an example circuit for a similar experiment can be found.
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Chapter 6. Realistic measurement of a charge qubit, DC style

addition to the current through the detector. This is modelled by adding a noisy

output current V N
o (t)/Ro to the signal from the detector prior to measurement

by a perfect ammeter, yielding the current I(t). It is this current upon which the

qubit state will be conditioned. The parasitic capacitance C across the detector

is due to the large cross-sectional area of the leads relative to the detector.

Again, it is important to note that the circuit components are not necessarily

representative of an actual experimental setup. For example, an amplifier does

not consist of a noisy voltage and a resistor, rather the observed effect of ampli-

fication of the current through the detector can be modelled as the addition of

an output noise V N
o (t)/Ro to the current through the detector. We assume that

any filtering of the signal due to the amplification stage will be small compared

to the filtering provided by the circuit itself. Although our description of the

circuit is rather simple, we believe that it is a reasonable starting point that

models some essential effects of a realistic measurement. Improvements to this

circuit model could include considering an actual circuit from an experiment.

We hereby analyse the equivalent circuit with the QPC as detector and

produce expressions for the measured current I(t) and the time evolution of the

parasitic capacitor charge Q(t). The variable Q(t) is used to describe the state

of the circuit part of the measurement device.

For the moment, ignore tunnelling through the QPC. Analysis of the mea-

surement circuit using Kirchhoff’s electrical circuit laws yields the following dif-

ferential equation for the increment in Q (the charge on the parasitic capacitor)

due to the circuit components

dQ(t) =

(
−Q(t)

RiC
+
Vi

Ri

+
V N

i (t)

Ri

)
dt. (6.2)

Similar analysis yields an expression for the measured current as a function of

time:

I(t) = −Q(t)

RiC
+
Vi

Ri

+
V N

i (t)

Ri

+
V N

o (t)

Ro

. (6.3)

For the purposes of our work it is useful to express the (Johnson-Nyquist)

noise sources V N
i (t) and V N

o (t) in terms of stochastic increments. In the steady

state, Johnson-Nyquist voltage noise is white noise and has the frequency-independent

spectrum

S = 2kBTR, (6.4)

where T is the temperature of the resistor R, and kB is Boltzmann’s constant.
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6.1. QPC

The current spectrum (‘spectral density’) definition [89] used here is

S(ω) =

∫ ∞

−∞
exp [iωτ ] g(2)(τ)dτ, (6.5)

where g(2)(τ) is the two-time autocorrelation function of the measured current.3

Obviously a current flow is not an equilibrium situation, but for reasonable bias

voltages the approximation of Equation (6.4) remains valid [108]. For simplicity,

we take the flat spectra of the input and output voltage noises to be SiR
2
i and

SoR
2
o, respectively. This allows us to write Equations (6.2) and (6.3) in terms

of the input and output Wiener increments, dWi(t) and dWo(t), as

dQ(t) =

(
−Q(t)

RiC
+
Vi

Ri

)
dt+

√
SidWi(t), (6.6)

I(t) = −Q(t)

RiC
+
Vi

Ri

+
√
Si
dWi(t)

dt
+
√
So
dWo(t)

dt
, (6.7)

where Si = 2kBTi/Ri and So = 2kBTo/Ro. These expressions correct the expres-

sions in References [36, 37, 106, 109] from 4kBT/R to 2kBT/R. We remind the

reader that the Wiener increments are related to Gaussian white noise ξ(t) by

dW (t) = ξ(t)dt (see Reference [65]). From the properties of ξ(t) in Equations

(3.28), we see that the Wiener increments obey [65]

dW (t)dW (t) = dt, (6.8a)

dW (t)dW (t′) = 0, (6.8b)

E [dW (t)] = 0. (6.8c)

Thus far we have ignored tunnelling through the QPC. Now consider a single

electron tunnelling event through the QPC [dN(t) = 1]. The charge on the

parasitic capacitor will change by an amount −edN(t), where e = |e| is the

electronic charge quantum. This gives

dQ(t) = [−αQ(t) + β] dt+
√
SidWi(t)− edN(t), (6.9)

where we have introduced the simplifying notations α ≡ 1/RiC and β ≡ Vi/Ri.

The solution to this differential equation gives the value of Q(t) that may be

3The engineering definition of the spectral density is a factor of two larger than Equa-
tion (6.5) due to the addition of the negative and positive frequency components of the spectral
density. See Reference [89] for a detailed consideration of this.
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Chapter 6. Realistic measurement of a charge qubit, DC style

substituted into Equation (6.7) to give a lengthy expression for the measured

current [106,109].

6.1.3 Derivation of realistic quantum trajectories (QPC)

The derivation of realistic quantum trajectories follows a number of well defined

steps as presented for photodetectors in References [37, 105]. We present the

details of the derivation here, and refer the interested reader to Reference [37]

for the (slightly different) original treatment.

Stochastic differential Chapman-Kolmogorov equation

Equation (6.9) describes the evolution of the circuit state for situations where

Q(t) is known. A realistic observer will not have direct access to the precise

value of Q(t) due to the randomness of the microscopic events occurring within

the device. We therefore require an equation for the evolution of the probability

density for Q(t), written P (q, t).

Starting with complete knowledge of Q at time t, the probability density is

a delta function P (q) = δ(q −Q). Introducing the function m(Q) ≡ −αQ + β,

the evolution of P (q) follows

dP (q) = dδ(q −Q) = δ(q − (Q+ dQ))− δ(q −Q)

= δ
(
q −Q−m(Q)dt−

√
SidWi + edN

)
− δ(q −Q),

(6.10)

where we have used Equation (6.9) for dQ and time arguments have been omitted

for simplicity.

Converting the first term of Equation (6.10) into a Taylor series about q = Q

yields an exponential. This exponential can be expanded to all orders and the

expression simplified using the rules of Itō stochastic calculus: dN2 = dN ,

dW 2 = dt and all other products equal to zero. This gives

dδ(q −Q) =

{
− ∂

∂q

[
m(Q)dt+

√
SidWi

]
+
Si

2

∂2

∂q2
dt

}
δ(q −Q)

+ dN [δ(q −Q+ e)− δ(q −Q)] (6.11)

Changing m(Q) to m(q) with the delta function and then averaging over the

stochastic variable Q yields an Itō equation for the probability density increment
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6.1. QPC

dP c(q) = E [dδ(q −Q)], conditioned on the (in general unobserved) detector

tunnelling events dN(t), and the input noise dWi(t):

dP c(q) = dt

{
− ∂

∂q

[
m(q) +

√
Si
dWi

dt

]
+
Si

2

∂2

∂q2

}
P (q)

+ dN [P (q + e)− P (q)] . (6.12)

This equation has been called [65] the stochastic differential Chapman-Kolmogorov

(SDCK) equation. It is similar to a stochastic Fokker-Planck equation in that

it includes both deterministic and stochastic drift terms (the first and second

terms in square brackets, respectively), and a diffusion term (the ∂2/∂q2 term).

The final term in the SDCK equation (dN) is the stochastic jump term, without

which Equation (6.12) would be a stochastic Fokker-Planck equation. Phys-

ically, Equation (6.12) gives the increment in the probability density for the

charge on the parasitic capacitor, conditioned (superscript c) by the unobserved

microscopic processes (dN and dWi) occurring within the measurement device.

Zakai equation

The state of the classical apparatus changes upon measurement of the current,

and so P (q, t) must be updated. The best estimate of the new probability den-

sity, PI(q, t+ dt), representing the state of the measurement device conditioned

on the measurement result I(t), is found using Bayesian analysis [64] to be

P̄I(q, t+ dt) =
Pq(I)P (q, t)

Λ(I)
. (6.13)

Here the bar denotes an unnormalised distribution where
∫
dqP̄ (q) 6= 1. The

quantity Pq(I) is the probability density for obtaining the result I(t) given that

the state of the circuit is q. (The subscript denotes the result upon which the

conditioning is performed.) From our expression for the measured current, Equa-

tion (6.7), Pq(I) is a Gaussian distribution with variance ν = (Si + So)/dt, and

mean m(q) = −αq+β. That is, Pq(I) = exp[−(I−m(q))2/2ν]/
√

2πν. Choosing

the ostensible probability distribution [59] for I to be that of Gaussian white

noise with the ostensible mean λ (not a function of q), we have Λ(I) = Pm=λ(I).

The true probability distribution for I is (in the absence of the qubit)

P (I) =

∫
dqPq(I)P (q) = Λ(I)

∫
dqP̄I(q), (6.14)
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Chapter 6. Realistic measurement of a charge qubit, DC style

that replaces Λ(I) in the normalised expression of Equation (6.13). Using the

true distribution results in Equation (6.13) giving the Kushner-Stratonovich

equation for the normalised distribution PI(q) as in the original realistic quan-

tum trajectory equation derivations of Reference [37]. For simplicity, we use

λ = 0 in the ostensible distribution: Λ(I) = exp [−I2/2ν] /
√

2πν. This gives

the Zakai equation (to order dt):

P̄I(q, t+ dt) =

[
1 + I(t)dt

m(q)

SΣ

]
P̄ (q, t), (6.15)

where we have defined SΣ ≡ Si + So. The Zakai equation tells us how to up-

date the probability distribution P (q, t) (that in general will be unnormalised

as above) when the measurement result I(t) is obtained.

Combining the stochastic increments

Our description of the stochastic conditional evolution of the classical apparatus

is found by combining the increments dP c(q) and dP̄I(q) given in Equations

(6.12) and (6.15), respectively. The stochasticity of these two increments is

related because the input noise dWi plays a role in both. For this reason we

must combine them into one increment using

P̄ (q) + dP̄ c
I(q) =

[
1 + Idtm(q)

SΣ

]
[P (q) + dP c(q)] , (6.16)

rather than by simply adding them together. Here we have chosen to condition

on measurement results after the microscopic processes. The converse choice

merely implies a different interpretation of the order in which the apparatus state

is conditioned. Remembering that we will eventually average over unobserved

processes, the input noise needs to be separated into observed and unobserved

parts. We express this as

dWi = aIdt+ bdW ′ + cdt, (6.17)

where

dW ′Idt = 0. (6.18)

Here a, b and c are as yet undetermined expressions and dW ′ is unobserved,

normalised white noise that is unrelated to the known output I. When aver-

ages are taken, dW ′ will be averaged over and I kept. The observed output
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6.1. QPC

[Equation (6.7)] can be expressed as

Idt = m(Q)dt+
√
SidWi +

√
SodWo. (6.19)

Using Equations (6.18) and (6.19) gives the expression for dW ′:

dW ′ =

√
SidWo −

√
SodWi√

SΣ

. (6.20)

Using this in Equation (6.17) and equating coefficients on the left- and right-

hand sides allows a, b and c to be determined. Substitution of a, b and c back

into Equation (6.17) yields

dWi =

√
Si

SΣ

Idt−
√
So

SΣ

dW ′ −
√
Si

SΣ

m(q)dt. (6.21)

Combining this result and the SDCK equation [Equation (6.12)] using Equa-

tion (6.16) gives

P (q) + dP̄ c
I(q) =

{
1 + dt

[
− ∂

∂q
m(q) +

Si

2

∂2

∂q2

]
+

Idt
SΣ

[
m(q)− Si

∂

∂q

]
+

√
SiSo

SΣ

dW ′ ∂

∂q

}
P (q)

+ dN [P (q + e)− P (q)] . (6.22)

This result represents the evolution of the apparatus (circuit) state conditioned

on both the microscopic events occurring within the device and the observed

measurement results I(t).

Joint stochastic equation

The stochastic state of the joint classical-quantum system is found by forming

the new conditional quantity

ρ̄c
I(q) = P̄ c

I(q)ρ
c(t). (6.23)

The evolution of ρ̄c
I(q) is described by

ρ̄(q) + dρ̄c
I(q) =

[
P̄ (q) + dP̄ c

I(q)
][
ρ(t) + dρc(t)

]
. (6.24)
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Chapter 6. Realistic measurement of a charge qubit, DC style

The result of this process is the following joint stochastic equation [37] describing

the evolution of the joint classical-quantum (apparatus-qubit) state conditioned

on observed and unobserved processes:

dρ̄c
I(q) =

{
dt

[
− ∂

∂q
m(q) +

Si

2

∂2

∂q2

]
+
Idt
SΣ

[
m(q)− Si

∂

∂q

]
+

√
SiSo

SΣ

dW ′ ∂

∂q

+ dt
(
H
[
−iĤqb

]
−A [T + X n̂]

)
+ E [dN(t)]

}
ρ̄(q)

+ dN

{
J [T + X n̂] ρ̄ (q + e)

E [dN ] /dt
− ρ̄(q)

}
. (6.25)

Averaging over the unobserved processes (dW ′ and dN) is the next step in the

derivation of realistic quantum trajectory equations and yields an expression for

dρ̄I(q). This procedure removes the stochasticity associated with the unobserved

processes within the device (c) and leaves the stochasticity associated with the

measurement (I). The resulting equation is called a superoperator Zakai equa-

tion, a quantum analogue of the Zakai equation — in that from measurement we

are conditioning the state of a super-system that contains a quantum system.

It is important to realise that after averaging over unobserved processes, the

super-system state ρ̄(q) + dρ̄I(q) will not factorise as in Equation (6.24). The

superoperator Zakai equation is

dρ̄I(q) =

{
dt

[
− ∂

∂q
m(q) +

Si

2

∂2

∂q2

]
+
Idt
SΣ

[
m(q)− Si

∂

∂q

]}
ρ̄(q)

− i
[
Ĥqb, ρ̄(q)

]
dt

+ dt {J [T + X n̂] ρ̄ (q + e)−A [T + X n̂] ρ̄ (q)} , (6.26)

where we have used H [−iH] ρ = −i [H, ρ].

Normalisation

Normalisation of the superoperator Zakai equation is the final step in our deriva-

tion and yields the superoperator Kushner-Stratonovich (SKS) equation. The

normalisation is achieved as follows:

ρI(q) + dρI(q) =
ρ̄I(q) + dρ̄I(q)∫

Tr [ρ̄I(q) + dρ̄I(q)] dq
(6.27a)

≡ ρ̄I(q) + dρ̄I(q)

N (1 +K)
, (6.27b)
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where N =
∫

Tr [ρ̄I ] dq and K =
∫

Tr [dρ̄I ] dq/N . Since K is no greater than

order
√
dt, we can use the binomial expansion to write, to order dt,

ρI(q) + dρI(q) =
ρ̄I(q) + dρ̄I(q)

N
(
1−K +K2

)
,

=
ρ̄I
N
(
1−K +K2

)
+
dρ̄I
N

(1−K) . (6.28)

We find

K =
Idt 〈m(q)〉ρ

SΣ

, (6.29a)

K2 =
〈m(q)〉2ρ
SΣ

dt, (6.29b)

where the means 〈m(q)〉 are taken over the joint quantum-classical system and

contain information about the qubit state (hence the subscript ρ):

〈m(q)〉ρ =

∫
m(q)Tr [ρI(q)] dq. (6.30)

In deriving (6.29) we have used integration by parts to find that ∂n

∂qn Tr [ρ(q = ±∞)] =

0, and
∫

∂n

∂qn Tr [ρ(q = ±∞)] = 0.

After normalisation the true expression for the observed current, I, should

be substituted into the SKS equation. The true probability distribution for I
can be found using Equation (6.15) in Equation (6.14) to yield

P (I) = (2πν)−1/2 exp
[
− (I − 〈m(q)〉)2 /2ν

]
, (6.31)

where 〈m(q)〉 =
∫
m(q)P (q)dq = m(〈Q〉). However, since we are considering

the combined super-system, I will depend on the qubit state. Thus, the true

expression for the observed current is

Idt = 〈m(q)〉ρ dt+
√
SΣdW , (6.32)

where dW is the observed white noise (a normalised Wiener increment), and the

average is given in Equation (6.30).

Performing the normalisation as described above, and substitution of Equa-
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tion (6.32) for I produces the following SKS equation

dρI(q) = dt

{
− ∂

∂q
m(q) +

Si

2

∂2

∂q2

}
ρI(q)−

dW√
SΣ

{
α
(
q − 〈Q〉ρ

)
+ Si

∂

∂q

}
ρI(q)

− i
[
Ĥqb, ρI(q)

]
dt

+ dt {J [T + X n̂] ρI (q + e)−A [T + X n̂] ρI (q)} , (6.33)

where we have included the subscript I on the right-hand side to indicate that,

in general, previous states will also have been conditioned on the realistic mea-

surement record I. Equation (6.33) is the main result of our realistic theory for

the QPC. The first term in the first line describes the evolution of the classical

measurement apparatus (the circuit), via drift and diffusion of the distribution.

The second term in the first line (dW) consists of two terms with different func-

tions: the first term describes information gain about the measurement device

(〈Q〉ρ) from its output — Equation (6.32); the second term describes back ac-

tion (stochastic drift) on the apparatus due to the observed noise. The final line

contains the Hamiltonian evolution of the qubit, as well as the average effects

of the coupling between the measurement apparatus and the qubit.

The SKS equation is a diffusive unravelling of the unconditional dynamics of

ρ(q). This is remarkable because the underlying process is electrons tunnelling

through the QPC in a discrete fashion, i.e., a jump process. The diffusive

unravelling is chosen because the realistic signal, I(t), upon which an observer

must condition ρ(q) is a diffusive process (involving white noise). However, we

still model the single-electron tunnelling events through the detector as a jump

process, as expected. These jumps are “hidden” in the white noise, but may be

observed in appropriate limits (as discussed in Section 6.3.2). We contrast our

approach of modelling detector nonideality with the phenomenological approach

of Korotkov [28]. In his approach, Korotkov acknowledges that the observed

signal will be of a diffusive nature (involving Gaussian white noise). Korotkov

then restricts the applicability of his theory by assuming that the underlying

processes occurring within the detector are also of a diffusive nature. This limits

consideration to weakly responding detectors, where jumps cannot be observed.

Numerical solutions of Equation (6.33) produce realistic trajectories for the

state of the combined apparatus-qubit system conditioned by particular realisa-

tions of the measured current I(t). Thus, the SKS is also referred to as a realistic

quantum trajectory equation because it generates realistic quantum trajectories.

91



6.2. SET

Integrating out the apparatus state gives the reduced state for the qubit:

ρI(t) =

∫
ρI(q, t)dq. (6.34)

Similarly, the marginal state for the apparatus is found by tracing out the qubit:

PI(q, t) = Tr [ρI(q, t)] . (6.35)

We present some realistic quantum trajectories in Section 6.3.2.

6.2 SET

This section contains the derivation of realistic quantum trajectory equations

for the case when the strongly coupled SET is the detector. We follow the same

logical order as for the QPC derivation in the previous section. The results are

discussed in Section 6.3.1.

Many of the circuit-related results of this section were derived previously

in Reference [105]. The author’s contributions include correcting and complet-

ing the microscopic model for the SET (as presented in Chapter 4), thereby

validating the realistic approach using a SET as the bare detector. Again we

use linear measurement theory (the Zakai equation) instead of the nonlinear ap-

proach in Reference [37,105] (the Kushner-Stratonovich equation). The required

normalisation procedure that this entails is, of course, another contribution of

the author’s.

6.2.1 Bare SET stochastic master equation

The stochastic master equation describing the dynamics of the observable, com-

bined SET-qubit state Ğ(t) was presented in Section 4.1.2. We present it again

below for the reader’s convenience. It is important to note that, in general,

this observable state is not necessarily observable by a realistic observer. That

is, when used in reference to Ğ(t), the term observable takes on the meaning

in Chapter 4. It refers to operating in an interaction picture with respect to

the coupling Hamiltonian Ĥχ, and making a rotating wave approximation. So,

the evolution of Ğ(t) conditioned on the microscopic single-electron tunnelling

events through the SET, namely dNL and dNR, is described by the following Itō
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stochastic master equation

dĞc(t) = dNL(t)

{
SL

E [dNL] /dt
− 1

}
Ğc(t) + dNR(t)

{
SR

E [dNR] /dt
− 1

}
Ğc(t)

+ dt

{
H
[
−iH̆I

]
− (RL +RR) +

E [dNL + dNR]

dt

}
Ğc, (6.36)

where we remind the reader of the following superoperators from Chapter 4:

SL ≡ Γ′LJ
[
b̂† ⊗ n̂

]
+ ΓLJ

[
b̂† ⊗ (1̂− n̂)

]
, (6.37a)

SR ≡ Γ′RJ
[
b̂ ⊗ n̂

]
+ ΓRJ

[
b̂† ⊗ (1̂− n̂)

]
, (6.37b)

RL ≡ Γ′LA
[
b̂† ⊗ n̂

]
+ ΓLA

[
b̂† ⊗ (1̂− n̂)

]
, (6.37c)

RR ≡ Γ′RA
[
b̂ ⊗ n̂

]
+ ΓRA

[
b̂ ⊗ (1̂− n̂)

]
. (6.37d)

For further details, see the derivation of the stochastic master equation in Sec-

tion 4.1.2.

6.2.2 Equivalent circuit for realistic measurement

An equivalent circuit for the SET is shown in Figure 6.2. The two tunnel

junctions of the SET are represented by capacitors CL and CR. The charges on

these capacitors are denoted by QL(t) and QR(t), respectively. Single electron

tunnelling events through the junctions are represented by (stochastic) current

sources.

Our equivalent circuit for realistic measurement of the qubit by a SET is

found by substituting the equivalent SET circuit of Figure 6.2 into the detector

part of the measurement circuit of Figure 6.1. Analysis of the resulting measure-

ment circuit using Kirchhoff’s electrical circuit laws and assuming no electron

tunnelling events through the SET yields the following Itō differential equation

for the increment in Q(t), the charge on the parasitic capacitance,

dQ(t) =
1

F

(
m(Q)dt+

√
SidWi(t)

)
. (6.38)

Here we again have m(Q) = −αQ(t)+β. The dimensionless quantity F is given

by

F = 1 +
CLCR

C (CL + CR)
, (6.39)

where C is the parasitic capacitance across the detector, as in Section 6.1. Note

that these equations reduce to those for the QPC with the substitution CR = 0.
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Qubitn̂

CL

CR

b̂†b̂

dNR(t)

dNL(t)
−QL(t)

+QL(t)

−QR(t)

+QR(t)

S.E.T.

Figure 6.2: Equivalent circuit for a SET. Each tunnel junction is modelled as
an ideal capacitance CL,R with single-electron tunnelling events represented by
stochastic current sources.

Similar analysis to find the measured current I as a function of time yields the

same expression as for the QPC — Equation (6.7).

Now consider the ‘jumps’ in charge on the parasitic capacitor due to electron

tunnelling events through the SET junctions. Consider first tunnelling onto the

island. Using a prime (′) to denote immediately after a tunnelling event, the

following relationships are found

−Q′ −Q′
L = −Q−QL + e, (6.40a)

Q′
L −Q′

R = −e, (6.40b)

Q′ +Q′
R = Q+QR, (6.40c)

Q

C
=

QL

CL

+
QR

CR

, (6.40d)

where we remind the reader that e > 0. Using these relationships along with

the before-jump relationships (that are simple to derive) yields the jump in the

charge on the parasitic capacitor due to an electron tunnelling onto the SET

island from the source:

Q′ −Q = − e

F

CR

CL + CR

≡ −eL. (6.41)

Similarly, the jump in the parasitic capacitor charge due to a tunnelling off event
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is

Q′ −Q = − e

F

CL

CL + CR

≡ −eR. (6.42)

Note that eL + eR = e/F .

Adding these results to Equation (6.38) produces the following Itō differential

equation for the change in the charge on the parasitic capacitor when the detector

is a SET:

dQ(t) =
1

F

{
m(Q)dt+

√
SidWi(t)

}
− eLdNL(t)− eRdNR(t). (6.43)

Note that substitution of CR = 0 into this equation reduces it to an expression

equivalent to the corresponding QPC result given in Equation (6.9).

6.2.3 Derivation of realistic quantum trajectories (SET)

In this section we derive a realistic quantum trajectory equation for the case

of the SET as detector, following the same steps as presented for the QPC in

Section 6.1.3.

Stochastic differential Chapman-Kolmogorov equation

Equation (6.43) describes evolution of the circuit state for situations where Q(t)

is known, i.e., P (q) = δ(q−Q) is a delta function. For the general case where Q

is not known, we find the corresponding differential equation for the probability

distribution P (q) = E [δ(q −Q)] using the same process as in Section 6.1.3

dP c(q) = dt

{
− ∂

∂q

[
m(q)

F
+

√
Si

F

dWi

dt

]
+

Si

2F 2

∂2

∂q2

}
P (q)

+ dNL [P (q + eL)− P (q)]

+ dNR [P (q + eR)− P (q)] . (6.44)

Zakai equation

Recall that the expression for the measured current I(t), Equation (6.7), is the

same for the QPC and SET. This means that the Zakai equation is also the

same for both detectors. That is, the Zakai equation corresponding to the SET

as the detector is the same as the Zakai equation for the QPC as the detector —

Equation (6.15). However, the measurement record I differs for the two cases

because Q evolves differently.
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Combining the stochastic increments

Combining the two probability increments dP c(q) and dP̄I(q) is again achieved

simply by applying Equation (6.15) to the microscopically conditioned state

P c(q) as in Equation (6.16). We find for the SET that the combined stochastic

evolution of the apparatus is given by

P (q) + dP̄ c
I(q) =

{
1 + dt

[
− ∂

∂q

m(q)

F
+

Si

2F 2

∂2

∂q2

]
+
Idt
SΣ

[
m(q)− Si

F

∂

∂q

]
+

√
SiSo

SΣ

dW ′

F

∂

∂q

}
P (q)

+ dNL [P (q + eL)− P (q)] + dNR [P (q + eR)− P (q)] .

(6.45)

Joint stochastic equation

The stochastic state of the joint classical-quantum system is found by forming

the new conditional quantity

Ḡc
I(q) = P̄ c

I(q)Ğ
c(t). (6.46)

The evolution of Ḡc
I(q) is described by the joint stochastic equation [37]

Ḡ(q) + dḠc
I(q) =

[
P̄ (q) + dP̄ c

I(q)
][
Ğ(t) + dĞc(t)

]
. (6.47)

Here dĞc(t) is the increment in the ‘observable’ (see Chapter 4) state matrix of

the quantum system conditioned on the microscopic processes occurring within

the detector [given by Equation (6.36)]. We find the joint stochastic equation

describing the conditional evolution of the joint quantum-classical supersystem

to be

dḠc
I(q) =

{
dt

[
− ∂

∂q

m(q)

F
+

Si

2F 2

∂2

∂q2

]
+
Idt
SΣ

[
m(q)− Si

F

∂

∂q

]
+

√
SiSo

SΣ

dW ′

F

∂

∂q

+ dt
(
H
[
−iH̆I

]
− [RL +RR]

)
+ E [dNL + dNR]

}
Ḡ(q)

+ dNL

{
SLḠ (q + eL)

E [dNL] /dt
− Ḡ(q)

}
+ dNR

{
SRḠ (q + eR)

E [dNR] /dt
− Ḡ(q)

}
.

(6.48)
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Averaging over the unobserved microscopic processes dW ′ and dNL,R yields the

superoperator Zakai equation:

dḠI(q) =

{
dt

[
− ∂

∂q

m(q)

F
+

Si

2F 2

∂2

∂q2

]
+
Idt
SΣ

[
m(q)− Si

F

∂

∂q

]}
Ḡ(q)

− i
[
H̆I, Ḡ (q)

]
dt

+ dt
{
SLḠ (q + eL)−RLḠ (q)

}
+ dt

{
SRḠ (q + eR)−RRḠ (q)

}
, (6.49)

with SL,R and RL,R given explicitly by Equations (6.37).

Normalisation

The normalisation procedure introduced in Section 6.1.3 shows that normalisa-

tion of the superoperator Zakai equation (6.49) is achieved by

G(q) + dGI(q) =
Ḡ(q) + dḠI(q)∫

Tr
[
ḠI(q) + dḠI(q)

]
dq
. (6.50)

The details of the normalisation procedure are much the same as in Section 6.1.3,

so we simply quote the resulting SKS equation:

dGI(q) =

{
dt

[
− ∂

∂q

m(q)

F
+

Si

2F 2

∂2

∂q2

]
− dW√

SΣ

[
α (q − 〈Q〉G) +

Si

F

∂

∂q

]}
GI(q)

− i
[
H̆I, GI (q)

]
dt

+ dt {SLGI (q + eL)−RLGI (q)}

+ dt {SRGI (q + eR)−RRGI (q)} . (6.51)

We have again included the subscript I on the right-hand side to indicate that,

in general, previous states will also have been conditioned on the realistic mea-

surement results in I. Note the similarities between the SKS equation for the

SET [Equation (6.51)], and the SKS equation for the QPC [Equation (6.33)].

Both equations are of the same form, with the extra features in Equation (6.51)

due to the extra junction (and tunnelling process) in the SET. They include

the extra terms in the coupled part of the SKS equation, the factor F , and the

additional degree of freedom of the SET island state (using G, as opposed to ρ).

Naturally, an analogous physics discussion applies to the SKS equation (6.51) to

that given below the QPC result, Equation (6.33). That is, the first (dt) term

in the first line of Equation (6.51) describes drift and diffusion of the classical
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apparatus (the circuit). The second (dW) term in the first line describes both

information gain about the measurement device (in the first term: 〈Q〉G) from

its output in Equation (6.32) and back action (stochastic drift) on the apparatus

due to the observed noise. The second line contains the Hamiltonian evolution

of the qubit. Finally, the penultimate and ultimate lines describe the coupling

between the qubit and the apparatus.

Again it is natural to have a diffusive unravelling of the unconditional dy-

namics of the supersystem state, in spite of the fact that the underlying SET

tunnelling events are jumpy (discrete) in nature (see the discussion below the

QPC SKS equation on page 91).

Numerical solutions of Equation (6.51) produce realistic trajectories for the

state of the combined circuit-SET-qubit system conditioned on particular reali-

sations of the measured current I(t). The reduced state for the qubit conditioned

on the realistic output is found from

ρI(t) =

∫
TrSET [GI(q, t)] dq =

1∑
N=0

∫
ρN
I (q, t)dq, (6.52)

where TrSET [G] is a partial trace over the SET island. The marginal state for

the circuit can be calculated in a similar way as

PI(q, t) = Tr [GI(q, t)] . (6.53)

6.3 Discussion and analysis of realistic quan-

tum trajectories

6.3.1 Discussion of the realistic equations

A simple consistency check for our SKS equations [Equation (6.33) for the QPC,

Equation (6.51) for the SET] is to integrate them over all q and recover the

unconditional master equations. It is easy to confirm that this is indeed the

case using integration by parts and P (q = ±∞) = 0. Similarly, integrating the

joint stochastic equations [Equation (6.25) for the QPC, Equation (6.48) for the

SET] over all q recovers the conditional master equations.

A considerably more difficult task is to attempt recovery of the bare detector

conditional master equations [Equation (6.1) for the QPC, Equation (6.36) for

the SET] from the SKS equations. This amounts to attempting to find the

conditions under which a realistic observer should be able to observe single
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electron tunnelling events through the detector. One would expect this to be

possible in the limit of a measurement circuit with a large bandwidth α =

1/ (RiC) (small response time RiC), and low circuit noises Si and So.

Effective bandwidth of the device

If there were no noises in the external circuit, the (bare) detector signal could be

perfectly reconstructed from the filtered output. That is, the observer would see

a spike in the current every time there was a detector tunnelling event. The effect

of the output noise (arising from amplification of the detector signal) is to mask

the detector signal, so that a finite integration time is required to distinguish the

signal from the noise. The input noise affects the situation in a more complex

way because it is filtered by the circuit. To obtain a good signal-to-noise ratio,

we require the signal power to be larger than the noise power at the output.

In the limit of low output noise power (as discussed below), it is possible to

characterise the quality of the measurement device by an effective bandwidth.

This is defined [37] as the frequency for which the signal-to-noise ratio of the

observed current I(t) is equal to one. For sufficiently large effective bandwidth,

the information loss in the measurement device is expected to be small.

The signal and noise powers are found from the power spectrum of the real-

istic measurement record I. This spectrum is given by4

SI(ω) =

∫ ∞

−∞

{
〈I(t+ τ)I(t)〉ss − I

2
ss

}
eiωτdτ. (6.54)

This is the Fourier transform of the steady-state autocorrelation function for

I(t) [see also Equation (6.5)]. For the nontrivial exercise of calculating SI(ω),

we consider the case of the QPC. That is, we substitute the solution to Equa-

tion (6.9) [Q(t)] into the stochastic equation for I(t) [Equation (6.7)], and use

it to calculate SI(ω) via Equation (6.54). The details of this calculation can be

found in Appendix C. We write the resulting power spectrum of I(t) in terms

of the signal (QPC) and noise (circuit) components as

SI = Ssig + Snoise. (6.55)

The noise power is quite intuitively given by the sum of the output Johnson

4To within a constant factor, depending on your definition. Note that, for classical quan-
tities, 〈X〉 = E [X].
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noise and the (high-pass) filtered input Johnson noise [105,106,109]

Snoise(ω) = So + Si

(
ω2

α2 + ω2

)
. (6.56)

The QPC signal power is due to correlations between QPC tunnelling events,

some of which depend on the qubit-state. The bare QPC spectrum has been

calculated in References [24, 110–112], for example. In the case of a symmet-

ric qubit ε = 0, the expression is much simpler, so we also assume this case.

We calculate the QPC signal power in the presence of the external circuit (see

Appendix C). Sensibly, we find that the bare QPC signal power is (low-pass)

filtered by the external circuit:

Ssig(Ω0, ω) =

[
Sshot +

1

4

Ω2
0 (∆I)2 Γd

(ω2 + Ω2
0)

2
+ Γ2

dω
2

]
α2

α2 + ω2
, (6.57)

where the shot noise is given by Sshot = eĪ. The reader may recall that

∆I = e (Γ′ − Γ) is the (bare) detector response. In order to make a simple

approximation of the effective bandwidth, we take the signal power to be the

shot noise component only. This represents a lower bound on the effective band-

width approximation because we have reduced the QPC signal to its absolute

minimum value. That is, for the effective bandwidth estimated below, a realistic

observer should be able to detect the QPC shot noise (and therefore also the

symmetric-qubit oscillations). So, the signal power we consider here is

Ssig(ω) = Sshot
α2

α2 + ω2
. (6.58)

The frequency at which the signal power begins to dominate the noise power

in Equation (6.55) is defined [37] as the effective bandwidth αeff . That is, we set

the signal and noise powers equal to each other: Snoise(ω) = Ssig(ω), and solve

for ω = αeff to obtain

αeff = α
√

N

√
1− So

Sshot

, (6.59)

where a measure of the relative sizes of the maximum signal power and maximum

noise power is provided by the dimensionless parameter N, defined as

N =
Sshot

SΣ

. (6.60)

100



Chapter 6. Realistic measurement of a charge qubit, DC style

We remind the reader that SΣ = Si + So. Note that Equation (6.59) only gives

a sensible answer, i.e., a real number, for low output noise relative to the signal

So/Sshot < 1. In the limit where this quantity vanishes (i.e., the amplification

stage adds negligible noise relative to the signal), we can approximate

αeff ≈ α
√

N. (6.61)

This shows that the effective bandwidth of the device is less than α when the

Johnson noise power dominates the signal power (N < 1). Conversely, the

effective bandwidth is greater than α when the signal power dominates the

Johnson noise power. Both of these results are physically sensible.

As stated above, for an observer to be able to track the evolution of the qubit

state reasonably well requires αeff > Ω [37,113].

Observation of detector tunnelling events

If the measurement is being performed at a frequency for which the position

of the qubit electron can be easily tracked, a more searching question may be

asked: Can single tunnelling events through the detector be observed?

This should be theoretically possible when the circuit response time is shorter

than the time between detector tunnelling events. The shortest average time be-

tween these Poissonian-distributed stochastic tunnelling events is given by the

inverse of the largest tunnelling rate through the detector. Therefore, detec-

tor tunnelling events should be observable when the effective bandwidth of the

device is larger than both detector tunnelling rates: αeff > Γ,Γ′.

Above we have presented some simple theoretical predictions of régimes for

which (1) the qubit state can be tracked, and (2) single QPC tunnelling events

can be observed, in a realistic measurement. In the next section we calculate

some realistic trajectories and test these predictions in the régimes where they

apply.

6.3.2 Realistic quantum trajectories

In this section we calculate some realistic quantum trajectories for the qubit

state when monitored by a QPC. That is, we present numerical solutions of the

superoperator Kushner-Stratonovich (SKS) equation (6.33), using the numerical

approach of Reference [52]. The solutions represent a realistic observer’s state

of knowledge of the qubit state in a single experimental run of the continuous

measurement.
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The numerical technique [52] for a classical system driven by an unobserved

quantum system is described in Section 2.3. We refer the reader to that section

for the details, but note the essential point that the combined quantum-classical

system state conditioned by the real record I can be expressed in terms of

an ensemble average over many fictitious records F. We are free to choose

the ostensible distribution for the fictitious record, that in our case contains

the unobserved processes dW ′ and dN . We choose the ostensible distribution

for the real record I to be a Gaussian of mean λ, the ostensible distribution

for the unobserved white noise (dW ′) to be a zero-mean Gaussian, and the

unobserved jumps (dN) to be a Poissonian process occurring at an average

rate of µ. Given that we have access to the fictitious results in each fictitious

quantum trajectory in the ensemble, the apparatus state will preserve a delta

function solution [although the norm, pI,F(t), will not be equal to unity since

we are using ostensible statistics]. That is, the state of the combined system

conditioned by the real record I can be expressed in terms of the following

ensemble average over many fictitious records F:

ρI(q, t) =
EF [δ[q − qI,F(t)]pI,F(t)ρ̄F(t)]

EF [pI,F(t)Tr [ρ̄F(t)]]
, (6.62)

where qI,F(t) is given by the stochastic differential equation forQ [Equation (6.9)],

with dWi expressed in terms of Idt and dW ′:5

dqI,F(t) = m(qI,F(t))dt−
√
SiSo

SΣ

dW ′ − edN(t) +
Si

SΣ

[I(t)−m(qI,F(t))] dt,

(6.63)

where we remind the reader that m(q) = −αq + β. Here the ostensible means

are E [dN(t)] = µ dt, and E [dWi] = 0, as stated above. The evolution of the

norm of the marginal state of the apparatus is given by the Zakai equation (for

the non-zero ostensible mean λ):

dpI,F(t) = dt [I(t)− λ] [m(qI,F(t))− λ] pI,F(t)/SΣ. (6.64)

The ostensible quantum state ρ̄F(t) evolves according to the quantum jump

stochastic master equation (3.23), but now dN has the ostensible statistics given

5We also tried implementing Equation (6.63) in two stages, with the first stage conditioning
q on the fictitious results, and the second stage conditioning q on the real results and the
fictitiously conditioned q from the first stage. The second stage consists of the final term in
Equation (6.63), (the term in square brackets).
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above. Explicitly, the ostensible quantum state evolves via

dρ̄F(t) = dN(t)

{
J [T + X n̂]

µ
− 1

}
ρ̄F(t)− i dt

[
Ĥqb, ρ̄F(t)

]
+ dt {µ−A [T + X n̂]} ρ̄F(t). (6.65)

Since we know the fictitious quantum state, this can be reduced to a stochastic

Schrödinger equation (the pure-state equivalent of the mixed-state stochastic

master equation), thereby reducing the computational complexity of the prob-

lem. This would be a more significant reduction for larger dimensional systems.

In summary, the solution to the (QPC) SKS equation (6.33) is found via

Equation (6.62), using Equations (6.63), (6.64), and (6.65) as described above.

Benefits and limitations of the ostensible numerical technique

The ostensible numerical technique [52] described above has a number of ben-

efits and limitations, with some discussed in Reference [52]. We discuss two

here, including introducing a simple figure of merit for the convergence of the

ostensible technique.

The previous technique [113] for directly solving the SKS equation used a

matrix approach where the SKS equation (a stochastic differential equation) is

written in terms of a state vector for the quantum-classical supersystem and a

corresponding set of evolution matrices. This requires forming a discrete grid for

all the possible values of the classical parameter (within some practical range

found either by estimation, or by trial and error). For each of the, say N ,

grid values exists a quantum state matrix (in vector form) with d2 components,

resulting in a supersystem state vector of dimension M = N × d2. Here d is

the dimension of the quantum system. The evolution matrices will then be of

dimension M2, i.e., very large in general! The ostensible technique is much

simpler in that the classical parameter can take on continuous values (so a grid

is not required), and the quantum system can be described by a state vector, as

opposed to a matrix (thereby requiring less storage space on a computer). The

benefit here is obvious and great, particularly for higher-dimensional quantum

systems. This reduction in computational complexity when using the ostensible

technique comes at the cost of having to calculate an ensemble average (over

the fictitious trajectories). This point brings up another issue: the size of this

ensemble required to obtain satisfactory convergence to the true conditioned

evolution.
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In order for the ensemble to produce a “good” average, i.e., one that closely

reflects the true conditioned evolution, many fictitious trajectories (say 1000 or

more) need to be close to the true evolution. That is, a good average requires

that at least 1000 of the randomly-generated fictitious trajectories be close to

the true conditioned evolution. Therefore, the choice of ostensible distributions

has a strong influence on convergence. It is reasonable to expect that ostensible

distributions that are very different from the true distributions (for real and

fictitious results) will result in many fictitious trajectories that are very different

from the true conditioned evolution (the realistic trajectory). The norms of these

trajectories tend to zero and they do not contribute to the average, thus wasting

computational resources. For ostensible distributions that are close to the true

real and fictitious distributions, many of the fictitious trajectories will be close

to the true conditioned evolution. The corresponding norms will be comparable

in magnitude, and better convergence will result. Hence, a “better” guess of λ

and µ will require a smaller ensemble to obtain satisfactory convergence, and so

requiring less computational resources. It is therefore useful to introduce a figure

of merit to estimate, at each point in time, the number of fictitious trajectories

that contribute to the average. For this purpose we introduce the concept of the

effective ensemble size, Eeff(t), as the ratio of the sum of all fictitious norms (at

each time) to the largest norm (at each time):

Eeff(t) ≡ ΣpI,F(t)

max [pI,F(t)]
≥ 1. (6.66)

If one fictitious trajectory dominates the ensemble, its norm will be much larger

than any of the others and so Eeff → 1. If all the fictitious trajectories are

similar (and close to the true evolution), the maximum norm will approach the

average norm and Eeff → E ≡ Eeff(t = 0), where E � 1 is the actual number of

fictitious trajectories calculated. When using the ostensible technique to solve

the SKS equation, we use the effective ensemble size as a figure of merit for the

convergence of the ostensible technique. Empirically, we found Eeff(t) & 103 (for

all t) to be an acceptable effective ensemble size leading to good convergence of

the ostensible technique. For example, we found that realistic quantum trajecto-

ries for which Eeff(t) > 103, compared very well with those calculated for which

Eeff(t) > 104 (and larger). This implied that the realistic quantum trajectories

were indeed close to the true evolution. Figure 6.3 shows the effective ensemble

size for the realistic quantum trajectory shown in Figure 6.5. Due to the sub-

optimal choice of ostensible means λ and µ for this ensemble (discussed below),

as time goes on, more fictitious trajectories diverge from the true evolution, and
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Chapter 6. Realistic measurement of a charge qubit, DC style

so the effective ensemble size decreases. Note that Eeff(t) & 103 for the entire

range, as required.
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Figure 6.3: Effective ensemble size for the realistic quantum trajectory of Fig-
ure 6.5, calculated via Equation (6.66). We use this figure of merit to test the
convergence of the ostensible numerical technique of Reference [52]. Explicitly,
we require Eeff(t) > 103 for all time in order to ensure that the true conditioned
evolution of the quantum system is obtained using the ostensible technique (see
text for discussion). Note the decrease in Eeff for large times (also note the
logarithmic vertical axis).

Numerical results

Our choices of parameters are guided primarily by the desire to test the predic-

tions of Section 6.3.1. That is, we wish to explore whether or not is is indeed

possible to track the qubit state (if αeff > Ω), and to observe detector tunnelling

events in a realistic measurement.

To study the effects of a realistic measurement on the observer’s state of

knowledge of the qubit state, we must vary some parameters. The sensible

choices are to vary the circuit bandwidth α (relative to the classical noise in the

circuit), and the strength of the QPC response, R ≡ |∆I| /Ī < 2. To this end,

we fix the largest QPC tunnelling rate, Γ, and vary the smallest tunnelling rate,

Γ′.6 It is then convenient to approximate the shot noise by Sshot ≈ eI, where

6From the QPC physics in Chapter 3, we choose Γ′ < Γ.
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6.3. Discussion and analysis of realistic quantum trajectories

I = eΓ. This ensures a constant signal noise power level while varying the QPC

response, R.

We choose ~ = e = Γ = 1. All other parameters are normalised by these; in

particular time is plotted in units of Γ−1. We consider only the symmetric qubit

(ε = 0), and fix the qubit tunnel coupling strength to be Ω0 = Ω = 3Γ. We

choose the output noise power to be SΣ = e2Γ = Sshot, so that N = SΣ/Sshot = 1.

The effective bandwidth approximation (6.61) is only valid for low output noise

power, So, compared to the shot noise power Sshot = SΣ. Explicitly, we choose

So = 0.01SΣ, so that Si = 0.99SΣ, and the effective bandwidth is αeff ≈ α.

Finally, we chose β = Vi/Ri = 0 for convenience. This is simply a convenient

shift in the parasitic capacitor charge, Q.

Unless stated otherwise, the initial conditions for all results below were a

pure qubit state: ρ(0) = |0〉〈0| (the “ground” state); the steady-state value of

parasitic capacitance: qF(0) = qss
F = −Ī/α; and unity norm: pI,F(0) = 1.

Our choices for the ostensible means of dN(t) and I(t) (µ and λ, respectively)

were quite unsophisticated. We chose µ = Γ̄ (the average QPC tunnelling rate),

and λ = Ī (a guess at the initial mean of I). For large values of α and R,

these unsophisticated guesses lead to divergence of the ostensible technique for

sufficiently large times, as expected. This can be seen in Figure 6.3, where

the effective ensemble size reduces significantly over time. Consequently, we

required quite large ensembles (E ∼ 105, 106) to ensure Eeff(t) & 103, and we

were restricted to relatively short times. Despite this, we were able to show

some physics in the results below.

As shown in Chapter 5, for small QPC response R = |∆I| /Ī � 1, the qubit

information is extracted by the QPC at a vanishingly slow rate (τ−1
m � 1).

For reasons already discussed, this would be impractical for many applications.

Thus, we limit consideration to the limit of strong QPC response where 1.5 ≤
R < 2. We consider three régimes of circuit bandwidth α relative to the noise

SΣ/e
2 (e2 ensures dimensional consistency).

Consider first the case of small bandwidth-to-noise ratio, αe2/SΣ = 0.1. In

this case, we would expect the circuit to be unable to respond quickly enough in

order to overcome the Johnson noise. As expected, the result is that conditioning

the qubit state on the measurement result I yields no information about the

qubit state. This is shown in Figure 6.4, where the qubit evolution conditioned

on I is the solid red line, and the unconditional evolution (the limit of no

information) is the dotted blue line. (The no-information limit is given by the

unconditional master equation.) We plot the qubit evolution in the form of a

Bloch-component plot. The top three subplots are the x, y, and z components
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Chapter 6. Realistic measurement of a charge qubit, DC style

of the Bloch vector (representing the qubit state). The bottom subplot shows

the purity of the qubit state, x2 + y2 + z2, (the square of the length of the

Bloch vector). Note that the x-component is always zero because of the tunnel

coupling (Ω0σ̂x), and the fact that x(0) = 0. The z-component represents the

qubit populations. That is, z = −1 corresponds to ρ = |0〉〈0|, and z = +1

corresponds to ρ = |1〉〈1|. Figure 6.4 shows that the realistic measurement is

yielding no qubit information due to the small bandwidth-to-noise ratio. This

is to be expected.
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Figure 6.4: Bloch-component plot of a realistic quantum trajectory for small
circuit bandwidth-to-noise ratio, αe2/SΣ = 0.1. The evolution of the qubit state
conditioned on the realistic output, I, (shown in red) is almost identical to the
unconditional evolution (shown in blue). Thus, for small bandwidth-to-noise
ratio, the realistic measurement reveals no information about the qubit state.
The QPC response is strong: R = 1.5. See text for further parameters.

Consider the case of “moderate” bandwidth-to-noise ratio, αe2/SΣ = 1. In

this case, since the circuit response time has improved (decreased), we might

expect to obtain some qubit information from the realistic measurement. Fig-

ure 6.5 shows this to be the case, although the conditional purity (in the lowest

subplot) is only greater than the no-information limit for a short period of time.

This is reasonable since the noise in a particular run (trajectory) could dominate

more than we might expect from the value of αe2/SΣ = 1. It is remarkable that

the purity drops below the no-information limit. This is not an error. It simply

shows that, for this particular trajectory (corresponding to a particular run of an

experiment), the realistic measurement record reduced our confidence (purity)

about the qubit state below the confidence we would expect on average. In an
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6.3. Discussion and analysis of realistic quantum trajectories

extreme limit, a simple classical analogy exists. That is, consider that you have

a ticket in a lottery that was drawn yesterday. Being somewhat mathematically

inclined, you have a reasonable level of confidence that you did not win the

lottery. However, a reasonably trustworthy friend informs you that you have

indeed won. This significantly reduces your confidence that you did not win.

On average (that is, ignoring the measurement result provided by your reason-

ably trustworthy friend), you would still be reasonably confident that you have

not won the lottery. Thus, the measurement result has reduced your confidence

level.7
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Figure 6.5: Bloch-component plot of a realistic quantum trajectory for moderate
circuit bandwidth-to-noise ratio, αe2/SΣ = 1. All other details are as in Figures
6.4 and 6.6. Here, the increased bandwidth relative to Figure 6.4 is starting
to have an effect. That is, the evolution of the qubit state conditioned on the
realistic output, I, (shown in red) is slightly different from the unconditional
evolution (shown in blue). Thus, for moderate bandwidth-to-noise ratio, the
realistic measurement reveals some information about the qubit state.

Consider the case of “large” bandwidth-to-noise ratio, αe2/SΣ = 5. In this

case, since the circuit bandwidth has increased to a level somewhat above the

noise, we might expect to obtain a significant amount of qubit information from

the realistic measurement. This expectation is confirmed in Figure 6.6, where

the conditional purity remains close to unity throughout the measurement. That

is, the realistic charge qubit measurement by a strongly responding QPC in the

limit of large bandwidth-to-noise ratio is capable of revealing near-optimal qubit

information. The optimal case (operation at the quantum limit) corresponds to

7The author is indebted to his principal supervisor for this illuminating example.
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Chapter 6. Realistic measurement of a charge qubit, DC style

maintaining a purity of unity throughout the measurement, as investigated for

bare detectors in Chapter 5.
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Figure 6.6: Bloch-component plot of a realistic quantum trajectory for large
circuit bandwidth-to-noise ratio, αe2/SΣ = 5. All other details are as in Figures
6.4 and 6.5. Here, the increased bandwidth relative to Figure 6.5 has a clear
effect on the observer’s state of knowledge of the qubit state. That is, the
purity of the qubit state conditioned on the realistic output, I, (shown in red)
is significantly larger than the unconditional evolution (shown in blue). Indeed,
the conditional purity is close to unity throughout Thus, for large bandwidth-
to-noise ratio, the realistic measurement is very efficient.

Purification of an initially mixed state in a realistic measurement.

Having shown that a realistic QPC measurement can preserve an initially pure

qubit state, it is sensible to investigate whether or not a realistic QPC mea-

surement can purify an initially mixed state. For this purpose, we consider the

high bandwidth-to-noise ratio αe2/SΣ = 5, and start the qubit in the completely

mixed state ρ = 1
2
1̂. A resulting realistic quantum trajectory for this scenario is

shown in Figure 6.7. A relatively short time t ≈ 0.7Γ−1 after the measurement

commences, the purity of the conditioned qubit state rapidly changes from the

initial value of zero to about 0.7. From the population plot of zI(t), it appears as

though the conditioned qubit state jumped into the qubit ground state (z = −1).

After this point, the qubit oscillations are observable in the conditioned state.

Figure 6.7 therefore suggests that, for sufficient bandwidth-to-noise ratio and

QPC response strength, a realistic measurement can purify an initially mixed

state.
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Figure 6.7: Bloch-component plot of a realistic quantum trajectory for large
circuit bandwidth-to-noise ratio, αe2/SΣ = 5, and very strong QPC response
R = 1.8. The qubit is initially completely mixed, but all other details are as in
previous figures. The purification of the conditioned qubit state (red) is quite
obvious.

Tracking the qubit and observing jumps in a realistic measurement.

Conditions required for tracking the qubit, and observing single tunnelling events

through the QPC in a realistic measurement were given in Section 6.3.1. A

prerequisite for either of these is a large bandwidth-to-noise ratio, as in Figures

6.6 and 6.7. From Section 6.3.1, tracking the qubit state should be possible in

a realistic measurement where the effective bandwidth is greater than the qubit

tunnelling: αeff ≈ α > Ω. This is the case in both Figures 6.6 and 6.7, and

they show good qubit tracking (for Figure 6.7, the qubit is tracked well after the

purification).

The approximate condition for observing single tunnelling events through the

QPC (and corresponding jumps in the qubit state) given in Section 6.3.1 was

αeff > Γ,Γ′. This is satisfied by the parameters in Figures 6.6 and 6.7. Neither

of these figures exhibited any convincing jumps in the qubit state, although

the qubit state purity jumps noticeably in Figure 6.7. A “convincing jump”

as we define it requires high, and relatively constant, qubit state purity. This

ensures that we can be confident of the jump actually occurring. The lack of

convincing jumps can be rationalised as follows. The average time between QPC

tunnelling events is approximately Γ̄−1. For R = 1.5, as in Figure 6.6, this time

is Γ̄−1 → 2Γ−1. This is nearing the maximum time in Figure 6.6, so it is highly

likely that no jumps are observed for this particular trajectory. As mentioned
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above, realistic quantum trajectories for longer times were not calculated due

to divergence of the ostensible technique (for our choices of ostensible means).

Optimisation of the ostensible technique may be the subject of future work.

6.4 Summary and Conclusion

6.4.1 Summary

Here we have presented a new model for continuous measurement of a double

quantum dot (DQD) charge qubit. This was achieved by generalising the re-

alistic quantum trajectory theory of References [36, 37] (recently developed for

photodetectors) to treat solid-state detectors. We have presented results for two

detectors: the low transparency quantum point contact (QPC), and the strongly

coupled single-electron transistor (SET). We considered the evolution of the

solid-state qubit conditioned on the output available to a realistic observer, that

has been filtered and degraded (i.e. made more noisy) by an external circuit.

This description is closer to the true conditioned evolution of the system, not a

hypothetical evolution conditioned on the microscopic events occurring within

the detector, to which a real observer has no direct access. The main results of

the realistic theory are the superoperator Kushner-Stratonovich (SKS) equations

(6.33) and (6.51) for the QPC and SET, respectively. The numerical solutions

to these equations produce so-called [36, 37, 113] realistic quantum trajectories.

We presented some realistic quantum trajectories for the QPC as detector. The

SKS equation (6.33) was solved using the ostensible numerical technique of Ref-

erence [52], that was explained in Chapter 2 and expanded upon in Section 6.3.2.

The realistic quantum trajectories revealed a number of results for the strongly

responding QPC. The first is intuitive: qubit information is obtainable in a re-

alistic measurement with a sufficiently large bandwidth-to-noise ratio. In this

large bandwidth régime, we found from the realistic quantum trajectories that,

in a realistic measurement by a QPC, (1) purification of an initially mixed state

is possible, and (2) tracking the qubit state is possible for an effective bandwidth

larger than the qubit tunnelling frequency. In summary, the numerical results

suggest that, for sufficient circuit bandwidth (larger than both the noise and the

qubit tunnelling frequency), the qubit state evolution conditioned on realistic

QPC measurement results resembles (in many ways) the qubit state evolution

conditioned on the idealised measurement results from the bare QPC. That is,

realistic quantum trajectory theory [36,37] as described in this Chapter may not

be required, and quantum trajectory theory applies. However, it is reasonable to
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expect that the high-bandwidth, low-noise limit will not be achievable in many

situations, and realistic quantum trajectory theory must be employed to find the

true conditioned evolution of the qubit. Knowledge of the state of a quantum

system conditioned on actual measurement results is essential for understanding

and designing optimal feedback control [22,42–51]. It is also expected to be im-

portant in quantum computing, both for state preparation and quantum error

correction [38–41].

We noted that preliminary realistic equations were presented in Reference [105]

for the SET, and in Reference [106] for the asymmetric SET (limit of adiabati-

cally eliminated SET island). However, and importantly, the equations in Ref-

erence [105] are incomplete and incorrect due to omissions in the microscopic

model for the SET. The numerical solutions of our realistic equations presented

in Section 6.3.2 are the realistic quantum trajectories of the measured qubit state,

conditioned on realistic measurement results.

6.4.2 Comparison to previous work

Comparable conditional dynamics of continuously monitored DQD systems has

been studied in References [21–28]. However, the model of realistic measure-

ment that we have presented in this chapter is new.8 Korotkov has recently

presented a phenomenological theory [27] involving “nonideal” detectors that is

in the same spirit as ours (see Appendix A for a derivation of Korotkov’s result

using a stochastic master equation approach). However, Korotkov still assumed

an infinite bandwidth detector and also assumed that the bare detector could

be described by diffusion rather than jumps. We believe that our approach

offers a more satisfying description of this measurement process because the

non-Markovian9 effects of a realistic measurement circuit are included and the

tunnelling processes through the bare detector are described by point processes

(jumps) as one would expect.

Finite temperature effects in the case of a bare detector were not consid-

ered in our model. The effects of a nonzero detector temperature Td have

been considered previously [22, 24, 112] and result in an approximately linear

(coth [eVi/2kBTd]) increase in the ensemble decoherence rate and shot noise level

8Caveat: Preliminary work in this area was presented in References [105,106] as mentioned
earlier.

9The authors in Reference [112] take into account the effect of a finite bandwidth on a
feedback algorithm (that has not been optimized because it is not based on the conditional
state of the qubit). This is different to our work where we have calculated the conditional
state given a bandwidth limitation in the measurement.
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with Td for eVi < 2kBTd, where Vi is the detector bias voltage. With a detector

temperature of the order of mK [114], finite temperature effects could be ex-

pected to become important at bias voltages of Vi < 3× 10−7V. These voltages

are several orders of magnitude below sample bias voltages for a QPC detecting

the charge state of a quantum dot [107,115] (Vi & 2.5× 10−4V), and for a SET

detecting the charge state of a quantum dot [18,116,117] (Vi & 3×10−4V). This

suggests that our omission of finite detector temperature effects on the bare

detector is reasonable.
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Chapter 7

Realistic measurement of a charge qubit

by coupling to a classical oscillator

“Only slaves love being powerful.”

— Hans Erich Nossack (1901–1977).

For the charge-qubit measurement models presented in Chapter 6, DC mea-

surements were considered. This is where the detector is voltage biased, and

the detector current is amplified, then measured.1 Consider the SET. The best

detector sensitivity is obtained by operating around a nonlinearity on the SET

I-V curve. This corresponds to operating in the régime of the Coulomb block-

ade (see Section 2.4.2). The large SET resistance in this régime (R ∼ 100kΩ),

coupled with the large capacitance of the cabling to the amplifier (C ∼ 0.1nF)

limits the SET bandwidth to f < 1/(2πRC) ∼ 10kHz [118]. At these relatively

low frequencies, the SET charge sensitivity is limited by so-called “1/f noise”

(named for its spectral profile) due to background charge fluctuations. In prin-

ciple, the SET should be limited by the RC constant of the junctions, that can

be greater than 10GHz [118].

It is desirable to operate the SET at higher frequencies in order to circumvent

the 1/f noise limitation on the charge sensitivity. To this end, Schoelkopf et al.

[118] introduced the so-called radio-frequency SET (RF-SET). For the original

configuration, the RF-SET demonstrated constant gain from DC to 100MHz —

an improvement on the conventional SET bandwidth by two orders of magnitude

[118]. The idea is to measure the damping of a resonant (oscillator) circuit in

which the SET is embedded. In the context of charge-qubit detection [119], the

damping depends on the qubit state, via the SET. Thus, monitoring the damping

of the oscillator constitutes a continuous measurement of the charge qubit. This

concept could be applied to any charge-sensitive detector, in particular to the

quantum point contact (QPC), for example.

1Alternatively, the detector could be current-biased, or the detector voltage could be mea-
sured, for example.
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Some previous work has been done on calculating the charge sensitivity and

response of the RF-SET [120, 121], as well as various other work that is not

of particular relevance to this thesis. However, to our knowledge, there are

no continuous measurement theories describing the conditional evolution of a

charge qubit state monitored by a RF-SET, nor a RF-QPC. This chapter aims

to remedy this situation, as well as to consider conditioning the qubit state on

measurement results available to a realistic observer. The latter goal is achieved

using the approach presented in the previous chapter, where the bare charge-

qubit detector (QPC or SET) is embedded in a realistic circuit, and an equation

is derived that describes the evolution of the combined circuit-qubit state con-

ditioned on measurement results available to a realistic observer.

As a first step towards understanding how to condition the qubit state on

measurement results obtained in an experiment using the RF configuration, in

this chapter, we simplify matters in a number of ways. First, we use the QPC

as the charge-sensitive detector embedded in the RF circuit, instead of the SET.

Second, we seek to make a rotating wave approximation to remove the 1/f noise

from our equations (as the RF configuration removes it in the experiment). In

order to do this, we assume the QPC to be operating in the weakly-responding

(diffusive) limit discussed in Chapter 3. This ensures that all noise processes we

consider are Gaussian white noise processes, that can be treated quite simply in

the rotating wave approximation (as opposed to jump processes, for example).

The rotating wave approximation is also only valid in the limit of large quality

factors for the circuit and detector, as will be discussed. Third, we assume that

the RF-QPC is operated in the RF+DC mode introduced in the context of a

SET in Reference [122]. This is where the QPC is subjected to a small amplitude

sinusoidal oscillation (RF) superposed on a relatively large bias (DC).

The chapter is organised as follows. The experimental setup and principle

of operation is discussed in Section 7.1. An equivalent circuit for the RF con-

figuration is presented in Section 7.2. The bare detector (QPC) is considered in

Section 7.3, where a stochastic master equation for the qubit state is given. The

circuit analysis is presented in Section 7.4, resulting in a stochastic differential

equation describing the state of the oscillator circuit. The realistic quantum tra-

jectory derivation then proceeds in an analogous manner to Chapter 6, where

the circuit state was described by one parameter — the (probability distribution

for the) charge on a capacitor. The oscillator circuit needs two parameters to

describe its state, thus hinting at a complication in deriving our realistic equa-

tions for the RF configuration. However, under some reasonable assumptions,

we reduce this requirement to one parameter and proceed with the derivation.
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As always, numerical calculations must be performed to obtain the realistic

quantum trajectories. However, analytical results for the heavily damped limit

where the circuit is slaved to the qubit (adiabatic elimination of the circuit) are

presented in Section 7.7. The chapter is concluded in Section 7.8.

7.1 Principle of radio-frequency monitoring of

a charge qubit

As mentioned, the continuous charge-qubit measurement is realised by monitor-

ing the damping of an oscillator circuit in which the detector is embedded. In

this section we discuss specific details of the experimental setup and measure-

ment process.

An oscillator circuit, or tank circuit, consists of an inductor L, and capacitor

C. The (angular) frequency for which resonance occurs in such an unloaded

tank circuit, ω0 = 1/
√
LC, is known as the resonance frequency.2 (We find it

convenient to refer to angular frequencies simply as frequencies.) Embedding a

dissipative component, like a resistor, into the tank circuit provides a source of

damping. For our purposes, a charge detector provides the damping, so that the

damping is determined by the charge qubit. It therefore makes sense to monitor

the damping of the tank circuit in order to ascertain the qubit state. This is

achieved by using the tank circuit to terminate a transmission line. Impedance

mismatch between the tank circuit and transmission line causes a signal launched

towards the tank circuit to be reflected back along the transmission line, where

the reflected signal can be observed. In this way, it can be seen that changing the

tank circuit’s impedance with a dissipative load that depends on the qubit state

(the detector) allows the qubit state to be inferred from the reflected signal.3

See Figure 7.2 for our equivalent circuit.

The AC voltage signal launched towards the tank circuit is referred to as the

“carrier” [118]. Using a carrier signal frequency equal to the resonance frequency

of the unloaded tank circuit allows the detector to be replaced by its dynamic

resistance Rd [121,122].4 This is a valid first-order approximation since the tank

2The widely used term “resonant frequency” is incorrect since being resonant is not an
attribute that can properly be ascribed to frequency — from F. V. Hunt, The Journal of the
Acoustical Society of America 50, No. 2 (Part 1), August 1971.

3There is also a technique involving the transmission of RF radiation. See References
[123–125], for example.

4Rd has also been referred to as the differential resistance [121].
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circuit is most sensitive to frequencies within a small bandwidth around the

resonance frequency.

The first demonstration of this principle [118] used the SET as the charge-

sensitive detector. Typical experimental setups for the RF-SET can be found

in References [118,119,121,122]. For simplicity, we instead consider embedding

a QPC in an oscillator circuit, and refer to it as a RF-QPC. A recent exper-

iment [125] reports experimental realisation of a semiconductor RF-PC, with

two benefits over the SET — lower PC impedance (thus simplifying impedance

matching with the transmission line), and easier fabrication. This as yet unop-

timised device exhibits a lower charge sensitivity than the RF-SET.

It has been discovered [122] that the charge sensitivity of the RF-SET can

be improved by operating it in the so-called [122] “RF+DC” mode, rather than

the “Pure RF” mode. In the RF+DC mode, the detector is biased near a non-

linearity in the I-Vd curve, and is subjected to a relatively small-amplitude RF

carrier signal,

Vc(t) = V RF
in cos (ω0t) . (7.1)

This is shown schematically in Figure 7.1(a), where the voltage across the de-

tector, Vd(t), is shown (normalised by the bias). The detector voltage is the

topic of Section 7.2.1. Figure 7.1(b) shows a hypothetical Vd-I plot for the

SET, in the Coulomb blockade régime (see Section 2.4.2). The plot has been

lined up with Figure 7.1(a) to show the location of Vd(t) — specifically, that the

small amplitude RF oscillations ensures Vd(t) remains in the vicinity of the Vd-I

nonlinearity (to maximise sensitivity).

In the pure RF mode, there is no bias and the carrier signal has a larger

amplitude (about the same as the bias amplitude in the RF+DC mode) in or-

der to exploit the I-Vd non-linearity of the SET. The significant Vd-I (or I-Vd)

nonlinearity is not present in the case of the QPC (there is no Coulomb block-

ade). However, we use the RF+DC mode for convenience, and leave modelling

the conditional monitoring of a charge qubit using the pure RF mode as a fu-

ture goal. Despite limiting consideration to the RF+DC mode, we continue

to refer to the device as an RF-QPC. Our equivalent circuit for this RF-QPC

configuration is shown in Figure 7.2, and is discussed in the next section.

7.2 Equivalent circuit for RF measurement

Consider the equivalent circuit of Figure 7.2. The oscillator circuit consist-

ing of an inductance L and capacitance C terminates the transmission line of
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0 2 4 6 8 10
0

0.5

1

1.5

V
d
(t
)/

V
0

t (arb)

Detector voltage Vd(t) for RF+DC mode

(a)

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5
Hypothetical SET Vd-I curve

I (arb)

V
d
/V

0

(b)

Figure 7.1: The voltage across the detector, Vd, for the RF+DC mode. Plot
(a) shows Vd(t) as a small amplitude sinusoid (RF) superposed on a relatively
large bias (DC). Plot (b) shows the location of this Vd(t) on a hypothetical Vd-I
curve for the SET in the Coulomb blockade régime. Biasing the SET around
a change in conductance as shown (equivalently, between conductance plateaux
in the I-Vd curve) maximises the SET sensitivity. In order to remain in this
vicinity, the amplitude of the RF oscillations must be much smaller than the
bias, as shown.

impedance Z0 = 50Ω. The voltages (potential drops) across the oscillator com-

ponents can be written as

VL(t) = Φ̇(t), (7.2a)

VC(t) =
Q(t)

C
, (7.2b)

where Φ(t) is the flux through the inductor, and Q(t) is the charge on the

capacitor. The detector, shown coupled to a double-quantum-dot (DQD) charge

qubit, can be replaced in the circuit analysis by the resistance Rd (as discussed in

Section 7.1). The voltage across the detector, Vd(t), is the topic of the following

section. The current flowing through the detector, J(t), will be discussed in

Section 7.3. We define the incoming (relative to the tank circuit) transmission

line voltage

Vin(t) = Vc(t) +
√
SV

inξin(t) (7.3)

as the carrier signal plus some voltage white noise ξin(t) of spectral density

SV
in. Here the normalised Wiener process ξin(t) satisfies the usual relationships

(3.28). The outgoing voltage in the transmission line is denoted Vout(t). As

in the experiments of Reference [126], the bias is added at a bias tee at the

end of the transmission line. We lump the DC bias and the small-amplitude,

low-frequency 1/f fluctuations into V0(t) = V DC
in + V1/f (t).
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Bias tee

Qubit

L
Φ(t)

Detector

Vin(t)

Vout(t)
Q̇(t)

C

V0

Vd(t)
Z0

J(t)

|1〉 |0〉

Figure 7.2: Equivalent circuit for continuous monitoring of a charge qubit cou-
pled to a classical oscillator. The detection stage is not included, but is consid-
ered later. We consider the charge-sensitive detector that loads the oscillator
circuit to be a QPC. See the text for discussion of this circuit.

7.2.1 Detector voltage

In Section 7.3, we will discuss the conditional dynamics of the quantum system

undergoing RF-QPC monitoring. Since the QPC tunnelling rates depend on

Vd(t) (see Section 3.2.1), we calculate it here. For simplicity we assume that the

detector tunnelling rates do not depend on the input voltage noise ξin(t), and so

we ignore it in this section (Vin = Vc).

The voltage divider rule will be used to divide the voltage at the bias

tee between the inductor (impedance ZL = iω0L), and the RdC combination

(impedance Z−1
RC = R−1

d + iω0C). Using complex phasor notation, the voltage

divider rule gives the detector voltage as

Vd(t) = V0(t) + Re

[
ZRC

Z
V (t)

]
, (7.4)

where the total (complex) impedance of the tank circuit is Z = ZRC+ZL, and we

have used the fact that ZL(ω = 0) = 0. As a consequence, the (ideal) inductor

is approximately a “short-circuit” at low frequencies. Here the AC voltage in

the transmission line,

V (t) = (1 + β)Vc(t), (7.5)

consists of the incident and reflected AC signal (ignoring the input noise). The

reflection coefficient, β, is given in terms of the impedance mismatch between

tank circuit and transmission line as

β =
Z − Z0

Z + Z0

. (7.6)
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7.2. Equivalent circuit for RF measurement

That is, the AC signal reflected off the loaded tank circuit is given by βVc(t).

Combining these results, the detector voltage can be written as

Vd(t) = V0(t) + 2Re

[
ZRC

Z + Z0

Vc(t)

]
. (7.7)

Before combining the phasors in Equation (7.7) to find the detector voltage

explicitly, it is convenient to introduce the quality factors for the circuit and

for the detector. These quality factors provide a measure of how fast energy is

dissipated within the circuit by comparing the damping rate to the oscillation

frequency. The tank circuit damping rate is proportional to γ ≡ Z0/L for the

unloaded circuit (Rd = ∞), and γd ≡ Rd/L for Z0 = 0. The quality factors

are [121]

Q ≡ ω0/γ, (7.8a)

Qd ≡ γd/ω0, (7.8b)

Q−1
T ≡ Q−1 +Q−1

d , (7.8c)

for the unloaded tank circuit, detector, and loaded tank circuit, respectively.

Expressing the impedances ZRC, ZL, and Z0 in terms of these gives

ZRC

Z + Z0

= De−iφ, (7.9)

where

D ≡
(
Q−2

d Q−2 +Q−2
T

)−1/2
, (7.10a)

tan (φ) = QT. (7.10b)

Here D and φ respectively represent the amplitude gain and phase-shift of the

sinusoidal component of the detector voltage, with respect to the carrier signal

Vc(t). For good matching, Q ∼ Qd, it is possible to consider two simple limits

for D and φ.5 The first is the over-damped limit where the tank circuit damping

is due primarily to the transmission line, i.e., γ/γd � 1. We find in this limit

that (γ/γd)
2 = Q−2Q−2

d ∼ Q−4 � Q−2
T , so that D ∼ QQd � 1 and φ ∼ 0 —

corresponding to (practically) none of the RF signal making it to the detector.

5Using the parameters quoted in Reference [122] for the RF+DC SET experiment, we
estimate from Equations (7.8) that Q ≈ 26, and Qd ≈ 33, thus satisfying the good matching
condition Q ∼ Qd. Note, however, that these values give a calculated (by us) loaded quality
factor of QT ≈ 14, whereas the authors of Reference [122] quote QT ≈ 24. Despite lengthy
considerations, we cannot confidently ascertain the reason for this discrepancy.
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Chapter 7. Realistic measurement of a charge qubit, RF style

In the opposite limit (γ/γd � 1), the tank circuit damping is due primarily to

the detector, i.e., Q−2Q−2
d � Q−2

T , and D ∼ QT and φ ∼ π/2. In this limit, the

voltage across the detector experiences a −π/2 phase-shift (cos → sin) after the

inductor. This is expected, since the voltage across an (ideal) inductor lags the

driving signal by π/2.

Physically, the second limit corresponds to the highest RF-QPC sensitivity

in a charge qubit measurement (where also Q ∼ Qd), since the damping (the

quantity observed in an experiment) depends solely on the qubit state. Choosing

to operate in this high sensitivity limit, we substitute D = QT and φ = π/2 into

Equation (7.7), and find that the detector voltage is

Vd(t) = V0(t) [1 + εin sin (ω0t)] , (7.11)

Here we have defined the parameter εin ≡ 2QTV
RF
in /V0(t). Equation (7.11) is

in agreement with Reference [121]. Recall that the RF+DC mode [122] uses a

small amplitude RF signal across the detector so that we assume εin � 1 (see

Figure 7.1(a)). Note that, in calculating Equation (7.11), we have ignored any

contribution of input voltage noise to the detector voltage.

7.3 Qubit conditional dynamics

In this section we present the stochastic equations describing the qubit state

evolution conditioned by unobserved microscopic processes occurring within the

QPC. To describe the conditional qubit dynamics under monitoring by a QPC,

we start with the microscopic model of Reference [24], as reviewed in Chap-

ter 3. We make an important modification to the model that is primarily due

to the time-dependence of the voltage across the QPC, Vd(t). It results in

time-dependent QPC tunnelling rates. We also perform a rotating wave approx-

imation (RWA) to simplify the analysis. The RWA is only possible for diffusive

processes, so we start with the qubit stochastic master equation (SME) for quan-

tum diffusion from Section 3.2.2. As a final opening remark to this section, we

choose to use linear (unnormalised) equations in the realistic quantum trajectory

derivation, and normalise at the end. This simplifies the derivation significantly.

The diffusive, linear SME for charge qubit state evolution under continuous
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7.3. Qubit conditional dynamics

measurement by a (weakly responding) QPC is

dρ̄c(t) ≡ −i
[
Ĥθ, ρ̄

c(t)
]
dt+ 1

2
Γd(t)D [σ̂z] ρ̄

c(t)dt

+
J(t)√
SJ(t)

dt
{
H̄
[√

κ0(t)σ̂z

]
+H

[
i
√
κ1(t)σ̂z

]}
ρ̄c(t), (7.12)

where the ostensible QPC current is

J(t) =
√
SJ(t)ξJ(t), (7.13)

plus some small-amplitude 1/f noise. Here ξJ(t) is a normalised Wiener pro-

cess satisfying the usual relationships (3.28), and the QPC (shot) noise power,

SJ(t) = e2 |T |2 = eGVd(t), is now time-dependent. In Equation (7.12), the bar

denotes unnormalised states and linear superoperators, and a superscript c de-

notes the conditioned state. Explicitly, the linear H superoperator is defined for

arbitrary operators ĉ by

H̄ [ĉ] ρ = ĉρ+ ρĉ†. (7.14)

The time-dependencies of the rates κ0 and κ1 (and Γd = 2κ0 + 2κ1) are found

by combining the original definitions in Equations (3.12a) and (3.12b) with the

time-dependent QPC voltage Vd(t) from Equation (7.11). Treating the slow

fluctuations in V0(t) as insignificant relative to the frequency ω0, i.e. V0(t) ≈ V0,

we find √
κ0(t) =

√
(Gε2/4e)Vd(t) cos (θ) ≡

√
κ(t) cos (θ) , (7.15a)√

κ1(t) =
√

(Gε2/4e)Vd(t) sin (θ) =
√
κ(t) sin (θ) , (7.15b)

where we have defined
√
κ(t) ≡

√
(Gε2/4e)Vd(t). Using Equation (7.11) for

Vd(t), and defining κ ≡ (Gε2/4e)V0, we obtain√
κ(t) =

√
κ [1 + εin sin (ω0t)] ≈

√
κ
[
1 + 1

2
εin sin (ω0t)

]
, (7.16)

since εin � 1. The reader may recall from Chapter 3 that θ is the relative

phase between the QPC tunnelling amplitudes T and X , and the constant of

conductance G was introduced in Equations (3.12).
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Chapter 7. Realistic measurement of a charge qubit, RF style

Substituting J(t), κ0(t), and κ1(t) into Equation (7.12) gives

dρ̄c(t) = −i
[
Ĥθ(t), ρ̄

c(t)
]
dt+ κ [1 + εin sin (ω0t)]D [σ̂z] ρ̄

c(t)dt

+ ξJ(t)dt
√
κ
[
1 +

εin
2

sin (ω0t)
]{

cos (θ) H̄ [σ̂z] + sin (θ)H [iσ̂z]

}
ρ̄c(t),

(7.17)

where Ĥθ(t) has a component oscillating at ω0 due to the time-dependent qubit

energy asymmetry shift ∆ε(t) = −2
√
SJ(t)κ1(t)/e. The subscript θ denotes the

dependence of this shift on the value of θ. If θ = 0 or θ = π, then ∆ε = 0, and

Ĥθ(t) = Ĥqb. As far as the author is aware, Equation (7.17) represents the first

stochastic master equation presented for a charge qubit monitored by a detector

operated in the RF+DC (or even the RF) configuration.

7.3.1 Rotating wave approximation (qubit)

To simplify the analysis, we define a coarse-graining [57] time-scale dt (Roman

font d) that is short compared to the characteristic time for damping of the

RF circuit state given by γ−1, and long compared to the characteristic time of

oscillation of a frame rotating at the carrier angular frequency ω0. Explicitly,

γ−1 � dt� ω−1
0 . (7.18)

On this time-scale, terms oscillating at frequencies greater than or equal to ω0

take their average value (unless they multiply white noise terms ξ(t), which have

non-negligible components at all frequencies). This restricts our analysis to tank

circuits with a large (unloaded) quality factor

Q� 1. (7.19)

This is consistent with the high sensitivity limit Q−1Q1
d ∼ Q−2 � 1, assumed in

Section 7.2.1. Note also that, in the RF+DC SET experiment of Reference [122],

Q ≈ 26 is approaching the high quality limit (7.19).

On the new time-scale dt we define

dρ̄c(t) ≡
∫ t

t−dt

dρ̄c(t). (7.20)

We perform this transformation on the linear SME (7.17) as done in Refer-
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ence [80] using ∫ t

t−dt

V0(t) sin (ω0t) dt = 0, (7.21a)

dW ω0
J,y(t) ≡

√
2

∫ t

t−dt

sin (ω0t) ξJ(t)dt, (7.21b)

dW 0
J (t) ≡

∫ t

t−dt

ξJ(t)dt, (7.21c)

where dW 0
J (t) and dW ω0

J,y(t) are real, normalised (and independent) infinitesimal

pseudo-white-noise increments. The details are contained in Reference [80], with

the upshot that dW 0
J (t) and dW ω0

J,y(t) can be treated as independent, delta-

correlated white-noise increments (as before). In fact, they represent filtered

Gaussian noise over the frequency range (bandwidth) dt−1. Specifically, dW 0
J (t)

represents the filtered QPC white noise centred at zero-frequency, and dW ω0
J,y(t)

represents the imaginary part of
√

2
∫ t

t−dt
eiω0sdW (s), the filtered QPC white

noise centred at the frequency ω0. The resulting linear SME in the RWA is

dρ̄c(t) = −i
[
H̃ ′

θ, ρ̄
c(t)
]
dt+ κD [σ̂z] ρ̄

c(t)dt

+

[
dW 0

J (t) +
εin

2
√

2
dW ω0

J,y(t)

]{√
κ̃0H̄ [σ̂z] +

√
κ̃1H [iσ̂z]

}
ρ̄c(t), (7.22)

where
√
κ̃0 ≡

√
κ cos (θ),

√
κ̃1 ≡

√
κ sin (θ), and the oscillations in the shifted

qubit Hamiltonian H̃ ′
θ ≡ Ĥqb + 1

2
∆ε̃σ̂z, has been rotated away. That is, the shift

in the qubit energy asymmetry is now ∆ε̃ ≡ −GV0ε sin (θ).

Equation (7.22) reveals some interesting physics about the RF-QPC oper-

ating in the RF+DC mode, even before considering the effect of the external

circuit. First, we note that the qubit dephasing is due only to the DC component

of the detector voltage, since κ is a function of V0 [and is independent of the AC

component of Vd(t)]. Second, the RF-QPC is a highly inefficient detector (when

operated in the RF+DC mode). This is not immediately obvious from inspec-

tion of Equation (7.22). However, it will become clear in later sections and so

is worth mentioning here. Briefly, this situation arises because the information-

carrying noises in the realistically observed output are proportional to εin � 1.

We will explain this in more detail in Section 7.4.
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Chapter 7. Realistic measurement of a charge qubit, RF style

7.4 Classical oscillator conditional dynamics

An oscillator requires two parameters to describe its state. We represent the

oscillator (circuit) state by the flux through the inductor, Φ(t), and the charge

on the capacitor, Q(t). For incomplete knowledge of the state, we will use a

probability distribution for these parameters. The dynamics of the oscillator

are found by analysing the equivalent circuit of Figure 7.2 using the well known

Kirchhoff circuit laws.

Assuming conservation of energy (Kirchhoff’s voltage law) around the loop

Common-Bias tee-Inductor-Capacitor-Common gives

V0(t) + V (t) = VC(t)− VL(t) =
Q(t)

C
− Φ̇(t), (7.23)

where we have used Equations (7.2). Here the inward and outward travelling

voltages in the transmission line add to give

V (t) = Vin(t) + Vout(t). (7.24)

Using conservation of charge (Kirchhoff’s current law) at the junction of the

transmission line and tank circuit, i.e., current in equals current out, gives

Vin(t)

Z0

=
Vout(t)

Z0

− Φ(t)

L
. (7.25)

Multiplying through by Z0, solving for Vout(t), and substituting Vout(t) into

Equation (7.24) gives an expression for V (t) in terms of the inductor flux Φ(t)

and the inward travelling signal Vin(t). Substituting this expression into Equa-

tion (7.23) and solving for Φ̇(t) yields the following stochastic differential equa-

tion for Φ(t):

Φ̇(t) = −γΦ(t) +
1

C
Q(t)− [V0(t) + 2Vin(t)] . (7.26)

where we remind the reader that γ ≡ Z0/L the damping rate of the unloaded

tank circuit.

The stochastic differential equation for the capacitor charge, Q(t), is found

in a similar way by equating the currents into, and out of, the node between

inductor and capacitor. The result is

Q̇(t) = − 1

L
Φ(t)− J(t), (7.27)
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where J(t) is the detector current given by Equation (7.13). The steady-state

solutions to Equations (7.26) and (7.27) are

Φss = −LJss = 0, (7.28a)

Qss = CV0(t) + γCΦss = CV0(t), (7.28b)

where the ostensible QPC current is zero in the steady-state: Jss = 0.

Our description of the state of the oscillator, and its conditional evolution,

is now complete. However, it is convenient to recast the equations in terms of

the following shifted, dimensionless quantities

x(t) ≡
√

1

~Lω0

[Φ(t)− Φss] ≡ Ω−x [Φ(t)− Φss] , (7.29a)

y(t) ≡
√
Lω0

~
[Q(t)−Qss] ≡ Ω−y [Q(t)−Qss] , (7.29b)

where the origin in x− y space is the circuit’s steady state. Note that Ω−y/Ω−x =

ω0L and Ω−x/Ω−y = ω0C. Using the differential equations (7.26) and (7.27), along

with their steady-state solutions (7.28), gives the differential equations for x(t)

and y(t) as

ẋ(t) = −γx(t) + ω0y(t)− 2Ω−xVin(t), (7.30a)

ẏ(t) = −ω0x(t)− Ω−yJ(t). (7.30b)

The solutions to these equations involve sinusoids. In order to simplify the

analysis, we now make a rotating wave approximation (RWA) as in Section 7.3.1.

7.4.1 Rotating wave approximation (circuit)

Temporarily representing the circuit state as a vector, we move to a frame ro-

tating at the oscillator’s resonance frequency ω0 by simply rotating the axes an

angle of ω0t: (
x̃(t)

ỹ(t)

)
=

[
cos(ω0t) − sin(ω0t)

sin(ω0t) cos(ω0t)

](
x(t)

y(t)

)
. (7.31)

The conditional time evolution of the rotating quantities x̃(t) and ỹ(t) is found

by differentiating Equation (7.31) with respect to time using the product rule,

then substituting in for ẋ(t) and ẏ(t) via Equations (7.30). The RWA is then
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performed by an integration akin to Equation (7.20):

dx̃(t) =

∫ t

t−dt

dx̃(s), (7.32)

where dx(t) = ẋ(t)dt. We have written this result in the explicit, or Itō ,

form to explicitly show the new timescale dt (a Roman font d). The RWA

for y is performed analogously. The RWA timescale dt is again defined by

Equation (7.18) to be infinitesimal with respect to the circuit damping time γ−1,

and long with respect to the oscillation period ω−1
0 . This averages out (“rotates

away”) the rapidly oscillating terms in the rotating frame, that correspond to

quantities oscillating at frequencies different to the resonance frequency ω0. In

the first-order approximation, the oscillator dynamics are insensitive to these

quantities, as discussed in Section 7.1.

Performing the rotation (7.31) and the RWA (7.32) on Equations (7.30) yields

dx̃(t) = −γ
2
x̃(t)dt− Ω−x

[
V RF

in dt+
√

2
√
SV

indW
ω0
in,x(t)

]
+ Ω−y

∫ t

t−dt

J(s) sin (ω0s) ds, (7.33a)

dỹ(t) = −γ
2
ỹ(t)dt− Ω−x

√
2
√
SV

indW
ω0
in,y(t)

+ Ω−y

∫ t

t−dt

J(s) cos (ω0s) ds, (7.33b)

where dW ω0
in,y(t) ≡

√
2
∫ t

t−dt
sin(ω0s)ξin(s)ds, and dW ω0

in,x(t) ≡
√

2
∫ t

t−dt
cos(ω0s)ξin(s)ds.

Finalising the RWA for the circuit requires the integrals in Equations (7.33) to

be evaluated. We use Equation (7.13) and SJ(t) = eGVd(t) to find that

J(t) =
√
SJ(t)ξJ(t) =

√
eGV0

[
1 + 1

2
εin sin (ω0t)

]
ξJ(t). (7.34)

Substituting this into Equations (7.33) and evaluating the integrals (see Ap-

pendix D) gives the following stochastic differential equations for the oscillator

state in the rotating frame:

dx̃(t) = −γ
2
x̃(t)dt− Ω−xV

RF
in dt+

√
fJdW ω0

J,y(t)−
√
fV

indW ω0
in,x(t)

+
√
fJ

indW
0
J (t)−

√
1
2
fJ

indW
2ω0
J,x (t), (7.35a)

dỹ(t) = −γ
2
ỹ(t)dt+

√
fJdW ω0

J,x(t)−
√
fV

indW ω0
in,y(t) +

√
1
2
fJ

indW
2ω0
J,y (t). (7.35b)
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Here we have defined the convenient rates fV
in ≡ 2Ω−2

xS
V
in, f

J ≡ Ω−2
yS

J/2, and

fJ
in ≡ fJε2in/8.

All that remains in this section is to discuss the physics of these equations.

They are Langevin equations representing the stochastic evolution of the clas-

sical oscillator state conditioned on all of the noise processes in the circuit,

including the noises that lead to gaining qubit information in the SME — dW ω0
J,y

and dW 0
J . The oscillator state is represented by the dimensionless parame-

ters x̃(t) and ỹ(t), with the tilde here denoting quantities rotating at the res-

onance frequency of the oscillator, ω0. Physically, x̃(t) and ỹ(t) correspond to

the oscillator amplitude and phase quadratures, respectively. Some very impor-

tant physics to take from Equations (7.35) is that both of the noises ‘carrying’

qubit information are contained in the amplitude quadrature, so that monitoring

the damping of the oscillator (and ignoring the phase) constitutes a continuous

measurement of the qubit state. This result is supported by the fact that the

oscillator damping is the measured quantity in the RF experiments (see Refer-

ences [118,119,122,125,126], for example). Mathematically, the circuit can then

be described by one parameter, as in the original realistic quantum trajectory

derivations for photodetection presented in Reference [37], and for solid-state

detection presented in Chapter 6. Thus, we only consider detection of the am-

plitude quadrature.

Consider the idealised case where an imaginary observer has access to the

QPC current. In the amplitude quadrature, this is given by the integral in

Equation (7.33a). That is, the observer has access to

J̃y(t)dt ≡
∫ t

t−dt

J(s) sin (ω0s) ds

=

√
eGV0

2

[
dW ω0

J,y(t) +
εin

2
√

2
dW 0

J (t)− εin
4

dW 2ω0
J,x (t)

]
. (7.36)

We now wish to express the SME (7.22) in terms of this quantity and some

unobserved quantities (that are averaged over). Using the same procedure as in

Appendix A, the SME (7.22) becomes

dρ̄c(t) = −i
[
H̃ ′

θ, ρ̄
c(t)
]
dt+ κD [σ̂z] ρ̄

c(t)dt

+
√
ηJ̃y(t)dt

{√
κ̃0H̄ [σ̂z] +

√
κ̃1H [iσ̂z]

}
ρ̄c(t), (7.37)
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Vout(t)

VLO(t)

Vx(t)

G

LO

GVout(t)

Figure 7.3: Schematic of the observed output signal for simple dyne detection.
The outgoing signal from the transmission line is amplified (gain is G), then
mixed with a local oscillator of frequency ωLO. The process adds white noise to
the amplified, mixed signal (see the text).

where the efficiency of the RF-QPC is

η ≡ ε2in
2
. (7.38)

This shows explicitly that the RF-QPC operated in the RF+DC mode with

εin � 1 is a highly inefficient charge qubit detector. This was mentioned in the

discussion after Equation (7.22) on page 124.

7.5 Homodyne detection of the output

The previous section contains our description of the oscillator dynamics condi-

tioned on unrealistic information. That is, the dynamics in Equations (7.35) are

conditioned on all processes occurring within our model, including unobserved

processes not realistically available in an experiment. In the realistic quantum

trajectory approach [37], we seek to condition the combined qubit-oscillator state

upon realistically observed quantities, as done in Chapter 6. Therefore, in this

section we find an expression for the realistically available output in terms of

the oscillator state. We first must consider the detection procedure, homodyne

detection.

In simple dyne detection (see schematic in Figure 7.3), the output signal

Vout(t) is amplified (the gain is G), then mixed with that of a reference signal
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7.5. Homodyne detection of the output

(a local oscillator). The local oscillator for homodyne detection is VLO(t) =

VLO cos (ω0t+ ϕ), where the local oscillator frequency is the same as the output

signal, the phase is ϕ, and the (typically large) magnitude is VLO. The resulting

low-frequency beats due to mixing the signal with the local oscillator are easily

detected. Thus, mixing the output signal in this way allows easy observation

of the output signal, and elimination of signals at unwanted frequencies using a

simple low-pass filter. The phase of the local oscillator (LO) determines the

quadrature observed. The amplitude (X) quadrature is observed for ϕ = 0, and

the phase (Y) quadrature is observed for ϕ = −π/2. Thus, the local oscillator

for homodyne detection of the oscillator’s amplitude quadrature is

VLO(t) = VLO cos (ω0t) . (7.39)

Mixing the output signal with VLO(t) and low-pass filtering the result selects

out components of the output signal oscillating at, or very near, the oscillator

resonance frequency.

The dyning procedure (amplification and mixing) is unlikely to be perfect.

We ignore any filtering that may occur within the amplification and mixing

stages (assuming it is negligible compared to the filtering due to the tank circuit),

and model the imperfection by adding classical output (white) noise to the

homodyned signal:

Vx(t) = kVLO(t)GVout(t) +
√
SV

outξout(t). (7.40)

The parameter k ensures dimensional consistency, and charaterises the efficiency

and conversion factors for the mixing.

We now require an expression for the output voltage Vout(t), i.e., the volt-

age leaving the transmission line, in terms of the oscillator state. First, Equa-

tion (7.25) is solved for Vout(t) in terms of Vin(t) and Φ(t). Into this result is

substituted Vin(t) from Equation (7.3), and Φ(t) from Equation (7.29a) to yield

Vout(t) = V RF
in cos (ω0t) +

√
SV

inξin(t) +
γ

Ω−x

x(t)

= V RF
in cos (ω0t) +

√
SV

inξin(t) +
γ

Ω−x

[cos (ω0t) x̃(t) + sin (ω0t) ỹ(t)] .

(7.41)

In the second line we have expressed x(t) in terms of the amplitude and phase

quadrature parameters x̃(t) and ỹ(t) via the rotation x(t) = cos(ω0t)x̃(t) +
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sin(ω0t)ỹ(t) [see Equation (7.31)]. Mixing the output voltage (7.41) as per Equa-

tion (7.40) gives the homodyned output

Vx(t) = kGV RF
in VLO cos2 (ω0t) + kGVLO

√
SV

in cos (ω0t) ξin(t)

+ kGVLO
γ

Ω−x

[
cos2 (ω0t) x̃(t) + cos (ω0t) sin (ω0t) ỹ(t)

]
+
√
SV

outξout(t).

(7.42)

Passing this signal through a low-pass filter gives our expression for the realistic

output of the RF-QPC (written in the Itō form again):

Vx(t)dt =

∫ t

t−dt

Vx(t)dt

=
k

2
GVLO

[
V RF

in +
γ

Ω−x

x̃(t)

]
dt+ kGVLO

√
SV

in

2
dW ω0

in,x(t) +
√
SV

outdW
0
out(t)

≡ λx(x̃)dt+

√
S̃V

indW
ω0
in,x(t) +

√
SV

outdW
0
out(t), (7.43)

where the last line implicitly defines λx(x̃) and S̃V
in. In our model, Vx(t) is the

quantity to which a realistic observer has access, and upon which we can now

condition the supersystem (qubit-oscillator) state.

7.6 Realistic quantum trajectory derivation for

the RF-QPC

In this section, we derive a realistic quantum trajectory equation for the RF-QPC

monitored charge qubit. The derivation closely follows the derivations presented

for the conventional QPC and SET presented in Chapter 6. As discussed in

Section 7.4.1, we ignore the phase quadrature of the classical oscillator since

it reveals no qubit information [see Equations (7.35)]. Therefore, we describe

the imperfect knowledge of the oscillator by a probability distribution for the

amplitude quadrature, P (x̃).
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7.6.1 Stochastic Fokker-Planck equation for the oscilla-

tor

For notational simplicity, we express the Langevin equation for x̃(t), Equa-

tion (7.35a), as

dx̃(t) = mx(x̃)dt−
√
fV

indW ω0
in,x(t) +

√
fJdW ω0

J,y(t) +
√
fJ

indW
0
J (t)−

√
1
2
fJ

indW
2ω0
J,x (t),

≡ mx(x̃)dt+
∑



√
fdW(t), (7.44)

where we have lumped the white noise terms into a sum, and defined the “mean”

mx(x̃) = −γ
2
x̃(t)− Ω−xV

RF
in . (7.45)

Equation (7.44) describes the evolution of x̃(t) for perfect knowledge of x̃(t).

A realistic observer will not have direct access to all the microscopic processes

occurring in Equation (7.44), so we find an equation for P (x̃) in the same way

as Section 6.1.3. The result is the stochastic Fokker-Planck equation

dP c(x̃) = dt

{
− ∂

∂x̃

[
mx(x̃) +

∑


√
f

dW

dt

]
+
∑



f

2

∂2

∂x̃2

}
P (x̃). (7.46)

As expected, we have both deterministic and stochastic drift (∂/∂x̃) of P (x̃),

as well as the associated diffusion (∂2/∂x̃2). Equation (7.46) describes the evo-

lution of P (x̃) conditioned on all the processes in the Langevin equation for

x̃(t), Equation (7.44). We next consider conditioning P (x̃) on the homodyne

measurement results.

7.6.2 Zakai equation for the oscillator

In the same way as in Chapter 6, Bayesian analysis gives us the best estimate

for P (x̃) conditioned upon the measurement result Vx denoted PVx(x̃) to be

P̄Vx(x̃) =
Px̃(Vx)P (x̃)

Λ(Vx)
, (7.47)

where the bar indicates an unnormalised distribution, and we choose λx = 0, so

the ostensible distribution is

Λ(Vx) = Pλx=0(Vx). (7.48)
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That is, for the Zakai equation we consider the observed output Vxdt to be

ostensibly white noise of mean zero. This simplifies our derivation, but we note

that the choice of ostensible mean (the value of λx in Λ) in the Zakai equation

is arbitrary. Inspection of Equation (7.43) shows that Px̃(Vx) is a Gaussian

distribution of mean λx and variance ν = (S̃V
in + SV

out)/dt ≡ SV/dt. That is,

Px̃(Vx) =
1√
2πν

exp

[
−(Vx − λx)

2

2ν

]
. (7.49)

Our ostensible distribution is therefore

Λ(Vx) =
1√
2πν

exp

[
−V

2
x

2ν

]
. (7.50)

Using the approach presented in Section 6.1.3, the results above combine into

Equation (7.47) to give the Zakai equation

P̄Vx(x̃) =

{
1 + Vxdt

λx

SV

}
P (x̃). (7.51)

This is exactly analogous to the Zakai equations derived for the conventional

(DC-mode) QPC and SET in Chapter 6.

7.6.3 Combined equation for the oscillator

As in the previous chapter, conditioning on both measurement results (Zakai

equation), and unobserved processes (Stochastic Fokker-Planck equation) re-

quires careful consideration of correlations between the stochastic increments

dP̄V(x̃) and dP c(x̃), because both of them depend on the input noise. As in

Chapter 6, we choose to condition on measurement results after microscopic

processes, so that the combined conditional evolution of the oscillator is given

by

P (x̃) + dP̄ c
Vx

(x̃) =

{
1 + Vxdt

λx

SV

}
[P (x̃) + dP c(x̃)] , (7.52)

where dP c(x̃) is given by the SFP equation (7.46).

Since both of the increments in P (x̃) contain the input noise, we must expand

this in terms of observed and unobserved quantities. The unobserved quantities

(denoted by a prime) will be averaged over in the final realistic quantum tra-

jectory equation. Using the same procedure as in Section 6.1.3, we express the
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input noise in terms of observed and unobserved quantities as follows

dW ω0
in,x =

√
S̃V

in

SV
[Vx − λx] dt−

√
SV

out√
SV

dW ′
x, (7.53)

Substituting (7.53) into the SFP equation (7.46) after first using (∂/∂x̃)dW ω0
in,x =

dW ω0
in,x(∂/∂x̃), then combining the stochastic increments via Equation (7.52)

yields

dP̄ c
Vx

(x̃) =

{
− ∂

∂x̃
mx(x̃)dt+

dt

2

∑


f
∂2

∂x̃2

− ∂

∂x̃

[√
fV

inS
V
out

SV
dW ′

x −
√

1
2
fJ

indW
2ω0
J,x +

√
fJ

indW
0
J +

√
fJdW ω0

J,y

]

+
Vxdt

SV

[
λx +

√
S̃V

inf
V
in

∂

∂x̃

]}
P (x̃). (7.54)

This equation describes the evolution of the oscillator amplitude quadrature

conditioned on both observed and unobserved processes.

7.6.4 Stochastic equation for the joint qubit-oscillator

state

The joint system (supersystem) evolution conditioned by all processes is found

by joining the linear SME [Equation (7.22)] and the combined classical evolution

[Equation (7.54)]. As in Chapter 6, this step is performed via

ρ̄c
Vx

(x̃) + dρ̄c
Vx

(x̃) =
[
P̄ c
Vx

(x̃) + dP̄ c
Vx

(x̃)
]
[ρ̄c(t) + dρ̄c(t)] . (7.55)

The noise processes involved in both dP̄ c
Vx

and dρ̄c are dW ω0
J,y and dW 0

J . These

are the terms from which correlations between the circuit and qubit evolution
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arise in our joint stochastic equation:

dρ̄c
Vx

(x̃) =

{
− ∂

∂x̃
mx(x̃)dt+

dt

2

∑


f
∂2

∂x̃2

− ∂

∂x̃

[√
fV

inS
V
out

SV
dW ′

x −
√

1
2
fJ

indW
2ω0
J,x +

√
fJ

indW
0
J +

√
fJdW ω0

J,y

]

+
Vxdt

SV

[
λx +

√
S̃V

inf
V
in

∂

∂x̃

]
+ dtL̃+

[
dW 0

J +
εin

2
√

2
dW ω0

J,y

](√
κ̃0H̄ [σ̂z] +

√
κ̃1H [iσ̂z]

)
−2dt

√
fJ

in

∂

∂x̃

(√
κ̃0H̄ [σ̂z] +

√
κ̃1H [iσ̂z]

)}
ρ̄c
Vx

(x̃), (7.56)

where L̃ρ ≡ −i
[
H̃ ′

θ, ρ
]

+ κD [σ̂z] ρ describes the unconditional evolution of the

qubit. Through this equation we now have a description of the evolution of the

joint quantum-classical state conditioned on observed and unobserved processes.

To remove the conditioning on the unobserved processes, we simply average

over them in Equation (7.56). The result is the following superoperator Zakai

equation

dρ̄Vx(x̃) =

{
− ∂

∂x̃
mx(x̃)dt+

dt

2

∑


f
∂2

∂x̃2

+
Vxdt

SV

[
λx +

√
S̃V

inf
V
in

∂

∂x̃

]
+ dtL̃

−2dt
√
fJ

in

∂

∂x̃

(√
κ̃0H̄ [σ̂z] +

√
κ̃1H [iσ̂z]

)}
ρ̄Vx(x̃). (7.57)

This description of the joint quantum-classical system evolution conditioned on

the observed output Vx(t) does not preserve normalisation of the state. This is

because, in Section 7.6.2, ostensible statistics were chosen for Vx(t). To complete

the realistic quantum trajectory derivation, we must now find the true statistics

for Vx(t), and normalise the superoperator Zakai equation.

7.6.5 Superoperator Kushner-Stratonovich equation

Normalisation of the superoperator Zakai equation is performed using the tech-

nique introduced in Section 6.1.3. That is, by taking the trace over the qubit
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and integrating over the oscillator (x̃):

ρVx(x̃) + dρVx(x̃) =
ρ̄Vx(x̃) + dρ̄Vx(x̃)∫

Tr [ρ̄Vx(x̃) + dρ̄Vx(x̃)] dx̃
. (7.58)

Using the technique introduced in Section 6.1.3, we write

ρVx(x̃) + dρVx(x̃) =
ρ̄Vx(x̃) + dρ̄Vx(x̃)

N (1 +K)
,

where N =
∫

Tr [ρ̄Vx ] dx̃ and K = 1
N

∫
Tr [dρ̄Vx ] dx̃. Since K is of order

√
dt, we

can use the binomial expansion to write

ρVx(x̃) + dρVx(x̃) =
ρ̄Vx(x̃) + dρ̄Vx(x̃)

N
(
1−K +K2

)
,

=
ρ̄Vx

N
(
1−K +K2

)
+

dρ̄Vx

N
(1−K) . (7.59)

We find

K =
Vxdt 〈λx〉ρ

SV
, (7.60a)

K2 =
〈λx〉2ρ
SV

dt, (7.60b)

where the means are now over the joint qubit-oscillator system and contain

information about the qubit state (hence the subscript ρ):

〈λx〉ρ =

∫
λx(x̃)Tr [ρ̄Vx(x̃)] dx̃. (7.61)

Omitting the details (we refer the reader to Section 6.1.3 for the technique), we

find

dρVx(x̃) =

{
− ∂

∂x̃
mx(x̃)dt+

dt

2

∑


f
∂2

∂x̃2

+

(
Vx − 〈λx〉ρ

)
dt

SV

[
λx − 〈λx〉ρ +

√
S̃V

inf
V
in

∂

∂x̃

]
+ dtL̃

−2dt
√
fJ

in

∂

∂x̃

(√
κ̃0H̄ [σ̂z] +

√
κ̃1H [iσ̂z]

)}
ρVx(x̃). (7.62)

It is important to note that this is not the superoperator Kushner-Stratonovich

(SKS) equation because we are still using the ostensible statistics for the realistic

homodyne output Vx(t). To find the SKS equation, we must substitute the true
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expression for Vxdt into Equation (7.62). The true distribution for Vx is found

from the superoperator Zakai equation (7.57) by tracing over the qubit and

integrating over all x̃, then multiplying the result by the ostensible distribution

Λ(Vx) [Equation (7.50)]. That is,

P (Vx) = Λ(Vx)

∫
Tr [ρ̄Vx(x̃) + dρ̄Vx(x̃)] dx̃

=
1√
2πν

exp

−
(
Vx − 〈λx〉ρ

)2

2ν

 . (7.63)

This means that the true expression for Vx(t) is

Vx(t)dt = 〈λx〉ρ dt+
√
SVdWx(t), (7.64)

where we have defined the normalised observed white noise

dWx(t) ≡
[√

S̃V
indW

ω0
in,x +

√
SV

outdW
0
out

]
/
√
SV . (7.65)

Substituting (7.64) into Equation (7.62) gives the SKS equation:

dρVx(x̃) =

{
− ∂

∂x̃
mx(x̃)dt+

dt

2

∑


f
∂2

∂x̃2
+ dtL̃

+
dWx√
SV

[
Vλ

(
x̃− 〈x̃〉ρ

)
+

√
S̃V

inf
V
in

∂

∂x̃

]
−2dt

√
fJ

in

∂

∂x̃

(√
κ̃0H̄ [σ̂z] +

√
κ̃1H [iσ̂z]

)}
ρVx(x̃). (7.66)

where we have defined Vλ ≡ kGVLOγ/(2Ω−x), and used the fact that λx−〈λx〉ρ =

Vλ(x̃− 〈x̃〉ρ).
The realistic quantum trajectory equation (7.66) is the main result of this

chapter. The first line describes the uncoupled, average evolution of the oscil-

lator and the qubit (the average qubit evolution is the last term on this line).

The second line describes the update of the realistic observer’s state of knowl-

edge of the supersystem, conditioned on the realistic homodyne output given in

Equation (7.43). The final line contains the coupling between the circuit and

qubit.

This resembles the DC-QPC SKS equation from Chapter 6. The differences

between the structure of the simplified RF-QPC SKS equation (7.66), and the

structure of the DC-QPC SKS equation (6.33) are due to the different QPC
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response assumed for each, and the resulting different unravelling of the qubit

dynamics.

As always, the reduced state of the qubit conditioned on the realistic output

is found from ρVx by integrating out the circuit. Similarly, the marginal state of

the circuit can be found by tracing out the qubit.

7.7 Oscillator slaved to qubit

For sufficiently large damping γ such that the first term in Equation (7.45)

dominates the dynamics of x̃, the oscillator immediately damps to a noisy, qubit-

dependent state.6 The circuit is thus said to be slaved to the qubit. This

adiabatically eliminates the circuit, so the qubit dynamics are governed by the

stochastic master equation alone. However, a realistic observer has access only

to the homodyne output, that involves different noise than the stochastic master

equation. Thus, we find the slaved output to which the realistic observer has

access, then use it to condition the qubit state. The slaved value of Vx(t) is

Vs
x(t)dt = λx(x̃

s)dt+

√
S̃V

indW
ω0
in,x(t) +

√
SV

outdW
0
out(t), (7.67)

where λx(x̃
s) = kGVLO[V RF

in /2 + γx̃s(t)/(2Ω−x)]. The slaved circuit state x̃s is

found by setting dx̃ = 0 in Equation (7.44):

γ

2
x̃s(t)dt = −Ω−xV

RF
in dt+

∑


√
fdW. (7.68)

Substituting Equation (7.68) into Equation (7.67) and denoting the non-noise

terms by 〈Vs
x〉 = −kGVLOV

RF
in for simplicity gives

Vs
x(t)dt = 〈Vs

x〉 dt+

√
f̃JdW ω0

J,y(t) +

√
f̃J

indW
0
J (t)−

√
1
2
f̃J

indW
2ω0
J,x (t)

−
√
S̃V

indW
ω0
in,x(t) +

√
SV

outdW
0
out(t) (7.69)

≡ 〈Vs
x〉 dt+

√
Ss

xdWs
x(t), (7.70)

6The state is still noisy due to the driving and the QPC current.
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where f̃J ≡ (kGVLO)2fJ/Ω−2
x, f̃

J
in ≡ ε2inf̃

J/8 have the dimensions of voltage noise

power. Here the observed noise dWs
x is defined as the sum of all the noises:

√
Ss

xdWs
x(t) ≡

√
f̃JdW ω0

J,y(t) +

√
f̃J

indW
0
J (t)−

√
1
2
f̃J

indW
2ω0
J,x (t)

−
√
S̃V

indW
ω0
in,x(t) +

√
SV

outdW
0
out(t). (7.71)

The observed noise power guaranteeing (dWs
x)

2 = dt is Ss
x ≡ f̃J + 3f̃J

in/2 + S̃V
in +

SV
out.

Now we have an expression for the observed noise, we wish to condition the

qubit state on this noise. We therefore must express the noises in the linear

stochastic master equation (7.22) in terms of the observed noise (7.71), and

some unobserved noises as

dW ω0
J,y(t) = adWs

x + bdW ′
y, (7.72a)

dW 0
J (t) = cdWs

x + ddW ′, (7.72b)

where dWs
xdW

′
y = 0 and dWs

xdW
′ = 0. Since we will average over dW ′

y and dW ′,

knowledge of the constants b and d is not required. Using Equations (7.72) with

Equation (7.71) gives dW ω0
J,ydWs

x = adt =
√
f̃J/Ss

xdt, and dW 0
J dWs

x = cdt =√
f̃J

in/S
s
xdt. Knowing a and c, we can express dW ω0

J,y(t) and dW 0
J (t) (and hence

the stochastic master equation) in terms of the observed noise dWs
x. After

averaging over unobserved processes and normalising, the result is the following

non-purity-preserving (inefficient) stochastic master equation

dρVs
x
(t) = dtL̃ρVs

x
(t) +

√
ηsdWs

x(t)
{√

κ̃0H [σ̂z] +
√
κ̃1H [iσ̂z]

}
ρVs

x
(t), (7.73)

where the efficiency of the realistic RF-QPC in the slaved limit is

ηs ≡ ε2in
2

f̃J

Ss
x

≤ η. (7.74)

This shows that the slaved RF-QPC operated in the RF+DC mode is also a

highly inefficient charge qubit detector in the limit of large damping, γ [as it was

in the idealised situation of Equation (7.37)]. This is expected because, in this

large damping limit, there is no uncertainty in the oscillator state and we remove

it from our description of the joint oscillator-qubit state by slaving it to the qubit.

Despite adiabatically eliminating the oscillator circuit in this way, the fact that

the efficiency η in Equation (7.73) is strictly less than unity shows that the RF-
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QPC is incapable of reaching the quantum limit of a purity-preserving detector.7

Although remarkable, this conclusion is expected from the discussion following

the idealised SME in the RWA, Equation (7.37). That is, even without including

the circuit in our description of the RF-QPC, Equation (7.37) shows that, for

εin � 1 (the RF+DC mode), the RF-QPC is a highly inefficient charge qubit

detector. Note that the theoretical maximum of ηs is the idealised efficiency η.

This corresponds to zero temperature (SV
in = SV

out = 0).

7.8 Discussion and summary of chapter

In this chapter we have presented the first model for conditional monitoring of a

charge qubit using the RF (radio-frequency) configuration. The RF configura-

tion was introduced for the single-electron transistor (SET) in Reference [118].

It involves coupling the SET to a resonant (oscillator) circuit, and monitoring

the resulting damping. This allows operation of the SET at high frequencies,

where the 1/f noise prevalent in conventional low-frequency, DC measurements

is completely negligible.

Our model used the quantum-point contact (QPC) in place of the SET, and

also assumed operation of the RF-QPC in the so-called [122] RF+DC mode. In

this mode, a small amplitude sinusoid at the resonance frequency of the oscillator

is superposed on a relatively large bias (DC). This allowed us to simplify the

analysis by makin a rotating wave approximation (RWA). Making such a RWA

is sensible as it removes terms from our equations involving processes that occur

on time scales much different to the high frequency of operation. These terms

are filtered away by the oscillator. In particular, the RWA removes the 1/f

noise, as the RF configuration does. In the bare-detector case, we found the

RF-QPC to be a highly inefficient charge-qubit detector in the RF+DC mode.

Physically, this is because of the assumption of vanishingly small RF amplitude,

relative to the DC bias (made for convenience).

Further, we have also considered the effects of a realistic measurement circuit

on an observer’s state of knowledge of the qubit state. That is, as in Chapter

6, we consider the evolution of the qubit conditioned on the output available

to a realistic observer. This output is a filtered, degraded (more noisy) version

of the signal flowing from the bare QPC (consisting of microscopic tunnelling

processes). The result of this is a realistic quantum trajectory [36, 37] equation

for the combined oscillator-qubit state [Equation (7.66)]. As mentioned, we

7As a point of interest, reaching this quantum limit would also require κ1 = 0.
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Chapter 7. Realistic measurement of a charge qubit, RF style

found the bare RF-QPC to be a highly inefficient charge-qubit detector in the

RF+DC mode. One may ask, then, if there is any point to considering how this

efficiency is reduced further by a realistic measurement circuit (as it would be

expected to, in general). The point to proceeding with the realistic quantum

trajectory derivation is to exemplify the realistic quantum trajectory approach

for the RF configuration. For these reasons, the work in this chapter is seen as

an important and instructive, yet preliminary, step in modelling the conditional

dynamics of a charge qubit measured by a detector in the RF configuration.

The extension of realistic quantum trajectory theory to the pure RF mode (zero

bias, larger RF amplitude), and to the RF-SET is an important future task.
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Chapter 8

Conclusion

“In theory, there is no difference between theory and practice.

But, in practice, there is.”

— Jan L.A. van de Snepscheut (1953–1994).

8.1 Conclusions

8.1.1 Main results

The primary goal of this thesis was to extend realistic quantum trajectory the-

ory [36, 37], introduced for quantum optical systems, to solid-state quantum

systems. Specifically, to derive realistic quantum trajectory equations for a

double-quantum dot (DQD) charge qubit (a particular two-level quantum sys-

tem) continuously measured by either a quantum point contact (QPC), or a

single-electron transistor (SET). A realistic quantum trajectory equation is one

for which the quantum state is conditioned on (updated based on) measurement

results available to a realistic observer. These measurement results typically

consist of filtered, degraded (noisier) versions of the signal flowing from the de-

tector. The ability to relate such realistic measurement results to the quantum

state is of obvious importance for understanding and designing optimal feedback

control [22, 42–51]. It is also expected to be important for quantum computa-

tion, particularly for state preparation and quantum error correction [38–41].

The primary goal was achieved in Chapters 6 and 7.

In Chapter 6, realistic quantum trajectory equations were presented for the

situation where the QPC/SET is operated in the conventional way (both detec-

tors were considered). This is where a nonideal (noisy) DC bias is applied to the

detector, and the detector current is measured after being degraded and filtered

by an equivalent circuit. Numerical solutions to the QPC realistic quantum tra-

jectory equation, called realistic quantum trajectories [36], were also presented,

and investigated. From these solutions, it was theoretically demonstrated that,
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under appropriate conditions, the filtered, degraded signal in a realistic mea-

surement could be used to accurately condition the qubit state. In particular,

the numerical results showed that sufficient circuit bandwidth was required to

overcome the classical noise present in the realistic measurement. Predictions

regarding the conditions for which qubit oscillations may be tracked were ver-

ified by the numerics. The numerics also suggested that a completely mixed

qubit state can be purified in a realistic measurement, opening the door to com-

bining realistic quantum trajectory theory with schemes for rapid purification

of quantum states using feedback [50,51].

In Chapter 7, a realistic quantum trajectory equation was presented for the

situation where the QPC is operated in the so-called RF (radio-frequency) con-

figuration [118]. In this configuration, the QPC is used to damp a resonant

(oscillator) circuit in which it is embedded. The damping (and hence the qubit)

is monitored via the reflected power of a radio-frequency signal sent down a

transmission line terminated by the oscillator. A slight modification to the

original configuration (where no bias was applied across the detector) was con-

sidered. This is the so-called [122] RF+DC mode, where the QPC is biased

(DC) and subjected to a relatively small amplitude RF signal. Prior to deriv-

ing the realistic quantum trajectory theory for this mode of QPC operation, a

quantum trajectory equation (stochastic master equation) was presented for the

idealised, unrealistic, case where the current through the RF-QPC is directly

accessible. This equation was found by extending a previous QPC model [24]

to incorporate the time-dependence of the voltage across the RF-QPC. As far

as the authors are aware, this is the first stochastic master equation presented

for a charge qubit monitored by a detector operated in the RF+DC (or RF)

configuration. Although numerical solutions to the RF-QPC realistic quantum

trajectory equation were not investigated, an analytical result was presented for

the limit where the circuit is slaved to the qubit (large damping of the oscillator

relative to other circuit dynamics). The conclusion reached was that the RF-

QPC is a very inefficient charge qubit detector when operated in the RF+DC

mode. The reason for this is that the qubit information is carried by the small

amplitude RF signal, and the back action on the qubit state is dominated by

the relatively large DC bias. It is therefore an important and challenging future

task to derive realistic quantum trajectory equations for a RF-QPC operating

in the pure RF mode (the original configuration). Further to this, because of

the high sensitivity of the SET, realistic quantum trajectory theory should be

considered for the RF-SET in both modes of operation. The work presented in
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Chapter 7 is therefore seen as a starting point, and hopefully launching pad, for

realistic quantum trajectory theory of RF-configured solid-state detectors.

8.1.2 Other results

The other two main results presented in this thesis were the quantum trajectory

model for the SET-monitored charge qubit in Chapter 4, and the analysis of

detector quality (sensitivity and back action) in Chapter 5.

The quantum trajectory model of Chapter 4 extended the model of Refer-

ence [23] to include the SET island dynamics (that were adiabatically eliminated

in the limit considered in Reference [23]). It is the first such model to guarantee

positivity of the qubit state matrix, a necessary requirement for the state to

be ascribed any physical meaning. The model is not entirely general in that

strong coupling between qubit and SET (relative to the SET tunnelling rates)

was assumed.

The detector quality analysis in Chapter 5 used the quantum trajectory

model of Chapter 4 to compare the SET sensitivity and back action in a charge

qubit measurement. It was shown that, in general, quantifying the quality (sen-

sitivity versus back action) of charge qubit measurements by a SET is not as

simple as merely comparing the qubit dephasing time and measurement time

(as done previously in References [20, 85–87]), although this comparison can

provide some insight into the measurement quality. In order to perform this

comparison for the strongly coupled SET, new definitions for these time scales

were required. This is because previous definitions [20–22, 85–87] were either

only valid for weak detector response, or produced an overestimate of the detec-

tor quality by underestimating the qubit dephasing rate. The new definitions

of qubit dephasing time and measurement time presented in Chapter 4 were

based upon techniques from quantum optics. (The measurement time definition

used a similar approach to the one used to quantify the detector sensitivity in

Reference [23].) The insight obtained by comparing the qubit dephasing time

and measurement time was that the strongly coupled SET may theoretically be

able to approach operation at the quantum limit. This insight was confirmed by

considering the average purity of the conditioned qubit state for an ensemble of

stochastic measurement records. This purity would be preserved by a detector

operating at the quantum limit (the qubit must necessarily start in a pure state).

In the highly asymmetric limit where the SET island is adiabatically eliminated

(as in Reference [23]), the conditioned qubit state remained, on average, at least

98% pure. Outside of the highly asymmetric limit, this average purity was highly
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dependent on the initial SET island charge state. The demonstration that the

SET can theoretically approach operation at the quantum limit justifies study-

ing how the measurement is affected by extra classical noises and filtering. That

is, deriving a realistic quantum trajectory theory for the SET, as presented in

Chapter 6.

The QPC quality was also analysed in the above ways, with the conclusion

reached that the QPC can theoretically be operated at the quantum limit. The

only requirement for this is that the relevant QPC tunnelling amplitudes be

either in-phase, or anti-phase. This conclusion agrees with previous analyses

[21,104], where different approaches were used.

8.2 Summary of contributions

The contributions of this thesis to new knowledge are

1. A quantum trajectory model for charge-qubit monitoring by a single-

electron transistor that guarantees valid, physical states (previously lack-

ing where the SET island state is included).

2. Analysis of the quality of charge-qubit measurements by a SET and a

QPC, using techniques borrowed from quantum optics.

3. Extension of realistic quantum trajectory theory from quantum optics to

solid-state. Analytical results presented for both the conventional config-

uration (DC circuit) and the RF+DC configuration [118, 122]. Numerical

results for the conventional QPC demonstrated applicability and useful-

ness of the theorem.

The most important contributions of this thesis are the realistic quantum

trajectory equations of Chapters 6 and 7. They describe the stochastic evolu-

tion of the combined circuit-qubit (classical-quantum) state, conditioned on the

realistically available measurement results. Known as superoperator Kushner-

Stratonovich (SKS) equations [37], for each detector they are:

QPC:

dρI(q) =

{
dt

[
− ∂

∂q
m(q) +

Si

2

∂2

∂q2

]
− dW√

SΣ

[
α
(
q − 〈Q〉ρ

)
+ Si

∂

∂q

]}
ρI(q)

− i
[
Ĥqb, ρI(q)

]
dt

+ dt {J [T + X n̂] ρI (q + e)−A [T + X n̂] ρI (q)} , (8.1)
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SET:

dGI(q) =

{
dt

[
− ∂

∂q

m(q)

F
+

Si

2F 2

∂2

∂q2

]
− dW√

SΣ

[
α (q − 〈Q〉G) +

Si

F

∂

∂q

]}
GI(q)

− i
[
H̆I, GI (q)

]
dt

+ dt {SLGI (q + eL)−RLGI (q)}+ dt {SRGI (q + eR)−RRGI (q)} .
(8.2)

RF-QPC (RF+DC mode):

dρVx(x̃) =

{
dt

[
− ∂

∂x̃
mx(x̃) +

∑


f

2

∂2

∂x̃2

]
+

dWx√
SV

[
Vλ

(
x̃− 〈x̃〉ρ

)
+

√
S̃V

inf
V
in

∂

∂x̃

]
+ dtL̃

− 2dt
√
fJ

in

∂

∂x̃

(√
κ̃0H̄ [σ̂z] +

√
κ̃1H [iσ̂z]

)}
ρVx(x̃). (8.3)

The most remarkable aspect about the SKS equations for the conventional

configuration [(8.1) and (8.2)] is that they are diffusive unravellings of jumpy

processes. Under appropriate conditions, the jumps may be observed through

the white noise. The similarities between the SKS equations (8.1) and (8.2) are

apparent. The essential differences between these SKS equations and the SKS

equation for the RF+DC QPC, Equation (8.3), are evident in the final lines of

the equations. They stem from the different unravellings of the idealised qubit

dynamics (the stochastic master equation) in each case.

8.3 Future Research

An important prospect for future work in the field of realistic quantum trajectory

theory in the solid-state is to apply it to the RF-SET. It would be interesting to

study the RF-SET operating in both the original configuration [118] (zero bias),

and in the RF+DC mode [122] (small amplitude RF superposed on a relatively

large DC bias), where it is claimed [122] to exhibit a higher sensitivity. This is

a challenging task due to the complicated effect of the oscillating signal on the

detector tunnelling rates. For the RF+DC mode, a rotating wave approximation

can simplify the analysis significantly (as with the QPC in Chapter 7). This

simplification only exists for a diffusive stochastic master equation (“idealised”

quantum trajectory equation). Deriving a diffusive stochastic master equation

for the SET is not a simple process because the SET tunnelling events are not
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Poissonian, and hence cannot be well-approximated by a continuous Gaussian

process in an appropriate limit. This approximation, described in Reference [57],

was performed for the QPC in Reference [24] and Section 3.2.2.

Perhaps the most interesting application of realistic quantum trajectory the-

ory is to feedback control. It would be instantly gratifying to investigate the

effects that a realistic measurement (bandwidth limited measurement and signal

degradation by extra classical noise) would have on a feedback algorithm.

8.4 Closing remark

As a closing remark, consider the quote at the start of this chapter regarding

theory and practice. It is attributed [127] to computer scientist Jan L.A. van de

Snepscheut. I agree with the sentiments of Snepscheut, and believe that theory

and practice differ. However, I like to think that realistic quantum trajectory

theory has contributed to reducing this difference.
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Appendix A

Previous detector nonidealities in

quantum trajectory formalism

In this appendix we derive two results pertaining to previous models of detector

nonideality using the quantum trajectory formalism.

A.1 Korotkov’s phenomenological model of a

nonideal detector

In this section we derive an equivalent result to Korotkov’s phenomenological

result for nonideal detectors [27] using a diffusive stochastic master equation

approach and our method involving observed and unobserved noises (a partially

observed [52] detector output).

We begin by defining a diffusive linear stochastic master equation [59] for the

state matrix of a measured two level system. The Itō stochastic master equation

involving three classical, normalized white noise processes dW0 (ideal detector

output noise), dW1 (extra output and back-action noise) and dW3 (unobserved

back action noise) is

dρ̃c(t) = dtLρ̃c(t) + dW0(t)
√
γ0H̄ [σ̂z] ρ̃c(t)

+ dW1(t)
√
γ1 H̄ [−iσ̂z] ρ̃c(t)

+ dW3(t)
√
γ3 H̄ [−iσ̂z] ρ̃c(t), (A.1)

where L = H
[
−iĤqb

]
+ (γ0 + γ1 + γ3)D [σ̂z]. Equation (3.24) defines the su-

peroperator H. The linear version of this superoperator is H̄ [x̂] ρ ≡ x̂ρ+ ρx̂†.

The three white noise processes dW0, dW1 and dW3 correspond to Korotkov’s

three unnormalised white noise processes ξ0(t), ξ1(t) and ξ3(t). (In what follows

we will omit time arguments for simplicity.) The white noise dW0/dt represents

the output of an ideal detector. Korotkov’s added output noise is known as dark
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noise,1 which we model by setting the output of the realistic detector to be the

current √
SΣIdt =

(√
S0dW0 +

√
S1dW1

)
, (A.2)

where S0 is the shot noise power, S1 is the dark noise power and SΣ ≡ S0 + S1

ensures that I has a normalised Gaussian white noise distribution.

We now desire the quantum trajectory for the system state ρI conditioned

on the realistic detector output in Equation (A.2) rather than on dW0/dt. We

rewrite dW0 as √
SΣdW0 =

(√
S0Idt+

√
S1dW

′
)
, (A.3)

where dW ′ =
(√

S1dW0 −
√
S0dW1

)
/
√
SΣ is an unobserved normalised white

noise process that is independent of the observed output I. The extra output

noise dW1 can be expressed in terms of observed and unobserved quantities as√
SΣdW1 =

(√
S1Idt−

√
S0dW

′
)
. (A.4)

Substituting these into Equation (A.1) yields

dρ̃c = dtLρ̃c +

√
S0Idt+

√
S1dW

′
√
SΣ

√
γ0 H̄ [σ̂z] ρ̃c

+

√
S1Idt−

√
S0dW

′
√
SΣ

√
γ1 H [−iσ̂z] ρ̃c

+ dW3
√
γ3 H [−iσ̂z] ρ̃c. (A.5)

Averaging over the unobserved noise processes dW ′ and dW3 removes the

terms involving dW ′ and dW3 from Equation (A.5). Normalization of this result

is performed in a similar manner as in Chapter 6 with the final result being the

following non-linear SME:

dρc = dtLρc +

√
γ0S0

SΣ

dt

(
I − 2 〈σ̂z〉

√
γ0S0

SΣ

)
H [σ̂z] ρc

+ dt

√
γ1S1

SΣ

(
I − 2 〈σ̂z〉

√
γ0S0

SΣ

)
H [−iσ̂z] ρc. (A.6)

Now we substitute in for the actual measured current, Idt = 2 〈σ̂z〉
√
γ0S0/SΣdt+

1This terminology is from quantum optics. Dark noise refers to electronic noise generated
within a detector even when no field illuminates it, i.e., in the dark.
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dW , to obtain

dρ = dtLρ+ dW

{√
γ0S0

SΣ

H [σ̂z] +

√
γ1S1

SΣ

H [−iσ̂z]

}
ρ, (A.7)

which is equivalent to the nonideal result of Korotkov in Reference [27] with

some notational differences.

A.2 Partial observation and detector inefficency

for weak QPC response

In this section we show that, for weak QPC response, the dynamics of a par-

tially observed quantum system (where some of the quantum information is

unrecoverable) can be described with an efficiency parameter such as η in the

way presented in Reference [26].

We begin with the stochastic master equation for weak QPC response —

Equation (3.30) from Section 3.2.2:

dρc ≡ − i

~

[
Ĥθ, ρc

]
dt+ [κ0 + κ1]D [σ̂z] ρcdt

+ ξ(t)dt {
√
κ0H [σ̂z] +

√
κ1H [iσ̂z]} ρc. (A.8)

In the same way as the previous section in this appendix, we define the observed

detector noise dW in terms of the idealised detector noise ξdt and a dark noise

dWdk (of power Sdk): √
1 + SdkdW = ξdt+

√
SdkdWdk. (A.9)

As in the previous section, dark noise causes extra back action on the measured

quantum system. The next step is to rewrite the detector output ξ in terms of

the observed dW and some unobserved dW ′ (where dWdW ′ = 0):√
1 + Sdkξdt = dW +

√
SdkdW

′. (A.10)

Substituting this back into Equation (A.8), and averaging over dW ′ gives

dρc ≡ −i
[
Ĥθ, ρc

]
dt+ [κ0 + κ1]D [σ̂z] ρcdt

+
√
ηdW {

√
κ0H [σ̂z] +

√
κ1H [iσ̂z]} ρc, (A.11)
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where the effective efficiency of the QPC is

η ≡ 1

1 + Sdk

. (A.12)

For continuous charge qubit measurement by a weakly responding QPC, here

we have shown that modelling the loss of quantum information by the detector

in terms of dark noise is completely equivalent to modelling the information loss

in terms of an efficiency parameter, η.
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Appendix B

Solution to QPC master equation

In this appendix we calculate the general solution to the unconditional master

equation for the QPC as detector. We also present a particular solution.

B.1 General solution

Assuming θ = π for simplicity, the unconditional master equation, (3.13), is

ρ̇(t) = −i
[
Ĥqb, ρ(t)

]
+

Γd

2
D [σ̂z] ρ(t). (B.1)

Expressing the qubit state matrix ρ(t) in terms of the state matrix elements as

ρ(t) =

[
ρ11(t) ρ10(t)

ρ01(t) ρ00(t)

]
, (B.2)

Equation (B.1) can be expressed in terms of these elements. The resulting set

of differential equations is

ρ̇11(t) = −iΩ0

2
[ρ01(t)− ρ10(t)] , (B.3a)

ρ̇00(t) = i
Ω0

2
[ρ01(t)− ρ10(t)] , (B.3b)

ρ̇10(t) = −Γdρ10(t)− iερ10(t) + i
Ω0

2
[ρ11(t)− ρ00(t)] , (B.3c)

ρ̇01(t) = −Γdρ01(t) + iερ01(t)− i
Ω0

2
[ρ11(t)− ρ00(t)] . (B.3d)

Assuming the symmetric qubit (ε = 0) for simplicity, this can be written in

matrix form as

~̇ρ = L~ρ, (B.4)
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where the qubit state matrix vector is ~ρ ≡ [ρ11, ρ10, ρ01, ρ00]
T , and

L ≡ 1

2


0 iΩ0 −iΩ0 0

iΩ0 −2Γd 0 −iΩ0

−iΩ0 0 −2Γd iΩ0

0 −iΩ0 iΩ0 0

 . (B.5)

The ME can now be solved by finding the eigenvalues of L, denoted Lk, and the

corresponding eigenvectors ~xk. The general solution is

~ρ(t) = AeL1t~x1 +BeL2t~x2 + CeL3t~x3 +DeL4t~x4, (B.6)

where A, B, C and D are constants to be determined by the initial conditions.

Using MatLab [128], the eigenvalues were found to be

L1 = 0, (B.7a)

L2 = −Γd, (B.7b)

L3 = −Γd

2
+

√(
Γd

2

)2

− Ω2
0 ≡ γ+, (B.7c)

L4 = −Γd

2
−

√(
Γd

2

)2

− Ω2
0 ≡ γ−. (B.7d)

The eigenvectors can be expressed as the columns of a matrix:

[~x1, ~x2, ~x3, ~x4] =


1 0 −1 −1

0 1 iγ+/Ω0 iγ−/Ω0

0 1 −iγ+/Ω0 −iγ−/Ω0

1 0 1 1

 . (B.8)

The general solution becomes

ρ11(t) = A− Ceγ+t −Deγ−t, (B.9a)

ρ10(t) = Be−Γdt + i

[
Cγ+e

γ+t +Dγ−e
γ−t

Ω0

]
, (B.9b)

ρ01(t) = Be−Γdt − i

[
Cγ+e

γ+t +Dγ−e
γ−t

Ω0

]
, (B.9c)

ρ00(t) = A+ Ceγ+t +Deγ−t, (B.9d)
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where the constants A, B, C, and D are determined by particular initial condi-

tions.

The steady-state solution to Equation (B.4) is proportional to the eigenvector

corresponding to the zero eigenvalue, L1 (since the others decay to zero for long

times t→∞). It is the completely mixed state (recall we have assumed ε = 0):

~ρss =
1

2


1

0

0

1

 . (B.10)

B.2 Particular solution

Consider the unnormalised state ρ̄(τ) = eLτ ρ̄i, for some time τ > 0. The initial

condition we wish to consider is the following modified steady-state: ρ̄i = n̂ρss =

ρss
11|1〉〈1| = (1/2)|1〉〈1|. Using t = 0 in Equations (B.9), we can determine the

constant coefficients A, B, C, and D. We find

A =
1

4
,

B = 0,

C =
γ−

4 (γ+ − γ−)
,

D = − γ+

4 (γ+ − γ−)
.

Note that γ+ − γ− = 2
√

(Γd/2)2 − Ω2
0.

Direct substitution of these results into Equations (B.9) for t = τ , and using

γ+γ− = Ω2
0, yields

ρ̄11(τ) =
1

4
+
γ+e

γ−τ − γ−e
γ+τ

8
√

(Γd/2)2 − Ω2
0

, (B.11a)

ρ̄10(τ) = i
Ω0

8
√

(Γd/2)2 − Ω2
0

[eγ+τ − eγ−τ ] , (B.11b)

ρ̄01(τ) = −i Ω0

8
√

(Γd/2)2 − Ω2
0

[eγ+τ − eγ−τ ] , (B.11c)

ρ̄00(τ) =
1

4
− γ+e

γ−τ − γ−e
γ+τ

8
√

(Γd/2)2 − Ω2
0

. (B.11d)
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Appendix C

Spectrum of realistic current through a

QPC

In this appendix we calculate the power spectrum of the realistic current, I(t),

when the detector is a QPC with real tunnelling amplitudes T and X . The

spectrum is the Fourier transform of the steady-state autocorrelation function

for I(t):

SI(ω) =

∫ ∞

−∞

{
E [I(t+ τ)I(t)]ss − I

2
ss

}
eiωτdτ. (C.1)

This spectrum will act as a tool with which to compare the classical and quantum

noises due to the circuit and QPC tunnelling events, respectively. Thus, we

require the expression for I(t) that contains both the classical and quantum

noise. For this, we start with the stochastic differential equation for Q(t) from

Section 6.1.2:

dQ(t)

dt
= −αQ(t) + β +

√
Si
dWi(t)

dt
− e

dN(t)

dt
. (C.2)

The solution to this equation (found simply using an integrating factor) for the

initially charged capacitor, Q(−∞) = β/α = CVi, is

Q(t) = Q(−∞)− β

α
+
√
Sie

−αt

∫ t

−∞
eαsdWi(s)

ds
ds− ee−αt

∫ t

−∞
eαsdN(s)

ds
ds.

(C.3)

The realistic current as a function of all processes is

I(t) = −αQ(t) + β +
√
Si
dWi(t)

dt
+
√
So
dWo(t)

dt
. (C.4)
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Substituting into this equation for Q(t) from Equation (C.3) yields the full

expression for I(t):

I(t) = −α
√
Sie

−αt

∫ t

−∞
eαsdWi(s)

ds
ds+ αee−αt

∫ t

−∞
eαsdN(s)

ds
ds

+
√
Si
dWi(t)

dt
+
√
So
dWo(t)

dt
. (C.5)

The steady-state current is therefore

Iss ≡ E [I(t)]ss = eE

[
dN(t)

dt

]
ss

lim
t→∞

{
αe−αt

∫ t

−∞
eαsds

}
= eTr [J [T + X n̂] ρss] = Ī , (C.6)

where we have used the result from Appendix B that ρss = 1
2
1̂ (assuming ε = 0).

Proceeding, we find

E [I(t+ τ)I(t)]ss = e2α2e−ατe−2αt

∫ t

−∞
ds eαs

∫ t+τ

−∞
ds′ eαs′E

[
dN(s)

ds

dN(s′)

ds′

]
ss

− Si
α

2
e−ατ + SΣδ(τ). (C.7)

The jump correlation is a function of s and s′, and in particular of their

relative sizes. Note the ranges s ∈ (−∞, t), and s′ ∈ (−∞, t + τ). We must

consider 3 cases: (1) s = s′, (2) s′ > s, and (3) s′ < s. The results are below.

1. s = s′. In this case, the double integral is in fact just one integral:

e2α2e−ατe−2αt

∫ t

−∞
ds eαs

∫ t+τ

−∞
ds′ eαs′E

[
dN(s)

ds

dN(s′)

ds′

]
ss

= e2α2e−ατe−2αt

∫ t

−∞
ds eαs

∫ t+τ

−∞
ds′ eαs′δ(s′ − s)E

[
dN

dt

]
ss

= e2α2e−ατe−2αt

∫ t

−∞
ds e2αsE

[
dN

dt

]
ss

= e2
α

2
e−ατE

[
dN

dt

]
ss

=
α

2
e−ατSshot. (C.8)

This is the filtered shot noise. The shot noise power is Sshot = eĪ.

2. s′ > s. In this case, the product E [{dN(s)/ds}{dN(s′)/ds′}] is only

nonzero when dN(s)/ds is nonzero (with probability E [dN(s)] /ds). This
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then conditions the later process as follows:

E

[
dN(s)

ds

dN(s′)

ds′

]
ss

=
E [dN(s)]

ds
E

[
dNc(s

′)

ds′

]
ss

= Tr [J [T + X n̂] ρc(s)] Tr [J [T + X n̂]E [ρc(s
′)]ss] ,

(C.9)

where the subscript c denotes the conditioning of the later jump process

on the earlier event. The quantity E [ρc(s
′)]ss satisfies the unconditional

master equation, so that we have

E [ρc(s
′)]ss = eL(s′−s)E [ρc(s)]ss = eL(s′−s) J [T + X n̂] ρss

Tr [J [T + X n̂] ρc(s)]
. (C.10)

Substituting this into Equation (C.9) yields

E

[
dN(s)

ds

dN(s′)

ds′

]
ss

= Tr
[
J [T + X n̂] eL(s′−s)J [T + X n̂] ρss

]
. (C.11)

For an arbitrary operatorA, the identities Tr [J [n̂]A] = Tr [n̂A], Tr
[
eLtA

]
=

Tr [A], and Tr
[
AeLtρss

]
= Tr [Aρss], can be used to expand and simplify

Equation (C.11). Using also the result from Appendix B that ρss is a

maximally mixed state, we find

E

[
dN(s)

ds

dN(s′)

ds′

]
ss

= ΓΓ′ + (∆Γ)2 Tr
[
n̂eL(s′−s)n̂ρss

]
≡ ΓΓ′ + (∆Γ)2 Tr [n̂ρ̄(s′ − s)] . (C.12)

Here we have defined the unnormalised state ρ̄(s′−s) ≡ eL(s′−s)n̂ρss (n̂ρss is

the initial condition). Recall that Γ = T 2, and Γ′ = (T + X )2. Evaluating

the trace using the particular master equation solution in Appendix B

gives

E

[
dN(s)

ds

dN(s′)

ds′

]
ss

=

(
Ī

e

)2

+
(∆Γ)2

8
√

(Γd/2)2 − Ω2
0

[
γ+e

γ−(s′−s) − γ−e
γ+(s′−s)

]
,

(C.13)

where Ī = e(Γ + Γ′)/2. This result must now be substituted into the

double integral in Equation (C.7), being careful to note the limits on each
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integral for s′ > s:

e2α2e−ατe−2αt

∫ t

−∞
ds eαs

∫ t+τ

s

ds′ eαs′E

[
dN(s)

ds

dN(s′)

ds′

]
ss

= e2α2e−ατe−2αt

∫ t

−∞
ds eαs

∫ t+τ

s

ds′ eαs′

×

{(
Ī

e

)2

+
(∆Γ)2

8
√

(Γd/2)2 − Ω2
0

[
γ+e

γ−(s′−s) − γ−e
γ+(s′−s)

]}
=
(
1− 1

2
e−ατ

) (
Ī
)2

+ α2 (∆I)2

8
√

(Γd/2)2 − Ω2
0

γ+

[
1

α2 − γ2
−
eγ−τ − 1

2α (α+ γ−)
e−ατ

]
− α2 (∆I)2

8
√

(Γd/2)2 − Ω2
0

γ−

[
1

α2 − γ2
+

eγ+τ − 1

2α (α+ γ+)
e−ατ

]
. (C.14)

Here we have used e∆Γ = ∆I.

3. s′ < s. This case is analogous to s′ > s, but with different limits on the

double integral. Specifically, for s′ < s, we have −∞ < s′ < s, and still

−∞ < s < t. Analogously to the previous case, we find

e2α2e−ατe−2αt

∫ t

−∞
ds eαs

∫ s

−∞
ds′ eαs′E

[
dN(s)

ds

dN(s′)

ds′

]
ss

= e2α2e−ατe−2αt

∫ t

−∞
ds eαs

∫ s

−∞
ds′ eαs′

×

{(
Ī

e

)2

+
(∆Γ)2

8
√

(Γd/2)2 − Ω2
0

[
γ+e

γ−(s−s′) − γ−e
γ+(s−s′)

]}
= 1

2
e−ατ

(
Ī
)2

+ α2 (∆I)2

8
√

(Γd/2)2 − Ω2
0

[
γ+

2α (α− γ−)
− γ−

2α (α− γ+)

]
e−ατ . (C.15)

Substituting the three results (C.8), (C.14), and (C.15) into Equation (C.7) gives

E [I(t+ τ)I(t)]ss =
(
Ī
)2

+ Soδ(τ) + Si

[
δ(τ)− α

2
e−ατ

]
+ Sshot

α

2
e−ατ

+
α2 (∆I)2

8
√

(Γd/2)2 − Ω2
0

[
γ+γ−

(
γ2
− − γ2

+

)
e−ατ

α (α2 − γ2
+) (α2 − γ2

−)
+

γ+e
γ−τ

α2 − γ2
−
− γ−e

γ+τ

α2 − γ2
+

]
.

(C.16)

Finally, we can calculate the steady-state spectrum of the realistic current
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through the QPC via Equation (C.1) as

SI(ω) = So + Si

(
1− α2

α2 + ω2

)
+ Sshot

α2

α2 + ω2

+
(∆I)2 Ω2

0Γd

4
[
(ω2 − Ω2

0)
2
+ Γ2

dω
2
] ( α2

α2 + ω2

)
. (C.17)

This result clearly shows the ideal spectral properties of the QPC [26,110] high-

pass filtered by the realistic circuit, as expected. Further, we can see that the

input white noise is low-pass filtered and the output white noise simply adds a

constant term to the spectral density.
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Appendix D

RWA integral from Chapter 7

Starting with Equation (7.34), J(t) =
√
SJ(t)ξJ(t), we find that the RWA pro-

duces∫ t

t−dt

J(s) sin (ω0s) ds =
√
eGV0

∫ t

t−dt

sin (ω0s)
[
1 + 1

2
εin sin (ω0s)

]
ξJ(s)ds

=

√
eGV0

2
dW ω0

J,y(t) +
εin
2

√
eGV0

∫ t

t−dt

sin2 (ω0s) ξJ(s)ds

=

√
eGV0

2
dW ω0

J,y(t)

+
εin
4

√
eGV0

[
dW 0

J (t)− 1√
2
dW 2ω0

J,x (t)
]
, (D.1a)∫ t

t−dt

J(s) cos (ω0s) ds =
√
eGV0

∫ t

t−dt

cos (ω0s)
[
1 + 1

2
εin sin (ω0s)

]
ξJ(s)ds

=

√
eGV0

2
dW ω0

J,x(t) +
εin
4

√
eGV0

2
dW 2ω0

J,y (t), (D.1b)

where we have used 2 sin2(x) = 1− cos(2x), and 2 sin(x) cos(x) = cos(2x).

Substituting these results into Equations (7.33) yields Equations (7.35).
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