PUNCHING SHEAR FAILURE ANALYSIS OF
REINFORCED CONCRETE FLAT PLATES
USING SIMPLIFIED UST FAILURE CRITERION

A thesis submitted in fulfilment of the requirements
for the award of the degree of

Master of Philosophy

XUESONG ZHANG
B.E. (Civil), M.E. (Civil)

from

School of Engineering
Faculty of Engineering and Information Technology
GRIFFITH UNIVERSITY
GOLD COAST CAMPUS

December 2002

Declaration

ii

This work has not previously been submitted for a degree or diploma in any university.
To the best of my knowledge and belief, the thesis contains no material previously
published or written by another person except where due reference is made in the thesis
itself.

Xuesong Zhang
June 2003

Punching Shear Failure Analysis of Reinforced Concrete Flat Plates using Simplified UST Failure Criterion

Acknowledgements

iii

The author is indebted to Professor Yew-Chaye Loo, Head, School of Engineering, one
of his principal supervisors, for having provided this invaluable professional training
opportunity. The author appreciates his supervision and guidance in the course of the
research.

The author is also indebted to Dr. Hong Guan, his other principal supervisor, for her
enthusiastic s~lpervisionand precious technical suggestions towards the research work.

Griffith University's Postgraduate Research Scholarship Scheme and the School of
Engineering Scholarship have provided financial support which allowed this research to
continue unhindered. The support is gratefully acknowledged.

Thanks are also extended to the author's friends Ms Tracy Wang and Ms Angela
Salzman for their unselfish support during the author's study in Australia.

Punching Shear Failure Analysis of Reinforced Concrete Flat Plates using SimpliJied UST Failure Criterion

List ofPublicntions

iv

During the course of this research work, the following papers have been published.

1. Zhang X.S., and Guan H., (2000), "Derivation of element stiffness matrix for post-

tensioned concrete flat plates", Civil Engineering Challenges in the 21" Centziry,
Proceedings, Queensland Civil Engineering Postgraduate Conference, Brisbane,
pp.85-92.

2.

Zhang, X.S., Guan, H. and Loo, Y.C. (2001), "UST failure criterion for punching
shear analysis of reinforcement concrete slab-column connections", Computational
Mechanics

-

New Frontiers for the New Millennium, Proceedings, First Asian-

Pacz3c Congress on Computational Mechanics (APCOM'OI), Elsevier, Sydney,
pp.299-304.

3. Zhang, X.S., Guan, H. and Loo, Y.C. (2002), "Unified strength theory for
punching shear analyses of edge column-slab connections with stud shear
reinforcement", Proceedings, The Second International Conference on Advances in
Structural Engineering and Mechanics (ASEM102), Pusan, Korea, p.249.

Punching Shear Failure Analysis of Reinforced Concrete Flat Plates using Simpl9ed Failure Criterion

Synopsis

v

Synopsis
Failure criteria play a vital role in the nzimerical analysis of reinforced concrete
structures. The current failure criteria can be classiJied into two types, namely the
empirical and theoretical failure criteria. Empirical failure criteria normally lack
reasonable theoretical backgrounds, while theoretical ones either involve too many
parameters or ignore the effects of intermediate principal stress on the concrete
strength.

Based on the octahedral shear stress model and the concrete tensile strength under the
state of triaxial and uniaxial stress, a new failure criterion, that is, the simplzjed uniJied
strength theory (UST), is developed by simplzfiing the Jive-parameter UST for the
analysis of reinforced concrete structures.

According to the simplified USTfailure criterion, the concrete strength is injlz~encedby
the maximum and intermediate principal shear stresses together with the corresponding
normal stresses. Moreover, the effect of hydrostatic pressure on the concrete strength is
also taken into account. The failure criterion involves three concrete strengths, namely
the uniaxial tensile and compressive strengths and the equal biaxial compressive
strength.

In the numerical analysis, a degenerated shell element with the layered approach is
adopted for the simulation of concrete structures. In the layered approach, concrete is
divided into several layers over the thickness of the elements and reinforcing steel is
smeared into the corresponding number of layers of equivalent thickness. In each
concrete layer, three-dimensional stresses are calculated at the integration points.

For the material modelling, concrete is treated as isotropic material until cracking
occurs. Cracked concrete is treated as an orthotropic material incorporating tension
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stiffening and the reduction of cracked shear stiffness. Meanwhile, the smeared craclc
model is employed. The bending reinforcements and the stirrups are simzilated using a
trilinear material model.

To verzfi the correctness of the simpliJied UST failure criterion, comparisons are made
with concrete triaxial empirical results as well as with the Kupfer and the Ottosen
failure criteria.

Finally, the proposed failure criterion is used for the flexural analysis of simply
supported reinforced concrete beams. Also conducted are the punching shear analyses
of single- and multi-column-slab connections and of half-scale flat plate models.

In view oj. its accuracy and capabilities, the sirnpliJied UST failure criterion may be
used to analyse beam- and slab-type reinforced concrete strz~ctures.
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INTRODUCTION

1.1

General Remarks

Flat plates are widely used in multi-storey structures such as office buildings and car
parks. A flat plate structure is composed of slabs and columns only, interconnected as
shown in Figure 1.1. The foremost advantage of the flat plate structure over other types
of structures is that the elimination of beams and girders reduces overall floor depth,
thereby creating additional floor space for a given building height.

Figure 1.1 Flat plate structure
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In general, the flat plate system may be of one of the three categories, as illustrated
in Figure 1.2.

(a) Standard construction where exterior columns are located at the edge of the slabs;
(b) Band-beam slabs where the portion of the slab along the column line is thickened in
one direction or the other. This is coupled with a thickness reduction at the
remaining portions of the slab; and,
(c) Flat plates with overhanging edges.

(a) Standard construction

(b) Band-beam slab

(c) Flat plate with over-hanging edges

Figure 1.2 Flat plate categories (Guan, 1996)

Figure 1.3 shows a portion of a typical concrete flat plate structure with spandrel
beams. Note that for a slab-column connection the punching shear strength VU , is
defined as the net ultimate reaction at the column contraflexural point.

I\

Edge column

,'

Slab
Spandrel beam

/

iA

section

I v.

Figure 1.3 Slab-column-spandrel beam connection (Cuan, 1996)
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Unlike ordinary reinforced concrete structures, flat plates are usually subject to
complex stress states under normal load conditions. One of the major design problems
for flat plate structures lies in the large bending moments and shear forces generated at
the connections between the slab and the supporting columns. For edge and corner
columns in particular, the presence of the free edge adds further to the concentrated
stress conditions at the slab-column connections.

Punching shear failure is a local phenomenon which generally occurs in a brittle
manner, at concentrated load or column support regions. This type of failure is
catastrophic because no external, visible signs are shown prior to the occurrence of the
failure. Punching shear failure disasters have occurred several times in the last decade.
In June 30, 1995, the five-storey Sampoong department store in South Korea collapsed
(as shown in Figure 1.4) due to punching shear failure. In this disaster some 500 people
were killed and almost 1000 people were injured.

Figure 1.4. Collapse of Sampoong department store (Jung, 2001)

A typical flat plate punching shear failure is characterised by the punching of a

column through a portion of the surrounding slab. Figure 1.5 shows an example of a
punching shear failure. This type of failure is one of the most critical considerations
when determining the thickness of flat plates at the column-slab intersection.
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Figure 1.5 Punching shear failure in a bridge deck (Ngo, 2001)

Therefore, the safe design of concrete flat plates is of great importance. The accurate
prediction of punching shear strength is a major concern for engineers designing flat
plates.

1.2

Current Methods of Punching Shear Analysis

At present, the punching shear strength and failure mechanism of concrete flat plates is
studied using mainly empirical and semi-empirical methods of one form or another.
Such methods rely heavily on a considerable amount of model test results. The main
defects of these methods are attributed to gross approximations, inconsistent reliability
and limited scopes of application. These drawbacks result in rather wide divergences
between different empirical treatments and no consensus on a certain theoretical level at
times. Moreover, it is very labour-intensive and time-consuming, i.e. it is a very
expensive exercise.

In recent years, the finite element method has been used in the analysis of punching
shear failure problems. The applications of the finite element method to problems of
reinforced concrete flat plate structures include such aspects as the load-deflection
response, ultimate load capacity, cracking and crack propagation. Among these, Guan
and Loo (1997a,b) successfully developed and studied the cracking and punching shear
Punching Shear Failure Analysis of Reinforced Concrete Flat Plates using Simplified UST Failure Criterion
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failure of reinforced concrete flat plates by the layered finite element method (LFEM).

A finite element analysis based on a realistic material model for concrete is a helpful
tool for the development of an analytical model for the punching shear failure analysis
of reinforced concrete flat plates. It serves as a support to the experimental studies in
which several difficulties can be confronted in it. Some of such problems are
summarised as follows:

The available punching tests exhibit an enormous scatter with respect to test set-

(1)

ups and test results;
(2)

Within comparable test programs only a few parameters can be varied;

(3)

The tested slab thickness and column dimensions are relatively small (size effect);

(4)

Important material properties of concrete, such as fracture energy and tensile
strength, can not be controlled directly;
The formation and propagation of internal cracks can not be observed directly

(5)

during the test; and
Punching shear tests are rather expensive.

(6)

In view of this, the finite element method, with further development, will be useful
for the close examination of the punching shear strength of reinforced concrete flat
plates.

1.3

Failure Criteria for Concrete

In a numerical analysis, the failure criterion always plays a vital role in obtaining
accurate solutions. This is because concrete is normally under a complicated stress state
when subjected to loading. The strength of concrete under multiaxial stresses is a
function of the state of stress and cannot be predicted by simple tensile, compressive
and shear stresses independently. For example, concrete with a uniaxial compressive
strength ofh'and pure shear strength of 0.080f,'would fail under compressive stress of
0.5

f,' with the shear stress increased to approximately 0.2 f,' (Chen, 1982).

Consequently, the strength of concrete elements can only be determined accurately
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using appropriate failure criteria.

At present, many failure criteria have been suggested and some of them, such as the
Mohr-Coulomb failure criterion (Chen, 1982), the von Mises failure criterion (Chen,
1982) and the Drucker-Prager failure criterion (Prager, 1952; Drucker, 1959) have been
implemented into commercially available finite element packages like ANSYS, MSCNASTRAN, and so forth.

Generally, all failure criteria can be categorised into two groups, namely theoretical
or empirical failure criteria.

Theoretical failure criteria are developed theoretically, such as the Mohr-Coulomb
failure criterion and the von Mises failure criterion. They normally have clear
theoretical backgrounds but might not satisfactorily agree with the experimental
results.

Empirical failure criteria are developed based on the experimental data. They are
technically developed for special materials and do not have adequate theoretical
explanations.

Among all failure criteria, the unified strength theory (UST) (Yu and He, 1991) is
advantageous over the others because it has a clear theoretical background and can
unify the available failure criteria. Its five-parameter model (Yu et al, 1997) w.as
successfully used in the analysis of the concrete dam and the corresponding rock
foundation which concrete and rock are in the state of triaxial stresses (Yu, 2002).
However, it involves five parameters, which is very difficult to be used in practice.

1.4

Objectives and Scope

The main objectives of this study are to simplify the five-parameter unified strength
theory (UST) (Yu et al., 1997), which leads to the development of a new failure
criterion, i.e. the simplified UST, and apply the simplified UST failure criterion in the
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analysis of punching shear failure of reinforced concrete flat plates.

Compared with existing failure criteria, the simplified UST should

Have a clear theoretical background;
Take into account all independent stresses;
Be applicable to various types of concrete; and,
Have a minimum number of variableslparameters.

Therefore, the objectives of this research work are to

(1)

Verify the three-parameter UST (Yu et al., 1992);

(2)

Develop the simplified UST by simplifying the five-parameter UST;

(3)

Determine the coefficients involved in the simplified UST;

(4)

Validate the simplified UST by comparing the prediction of the simplified UST
with the experimental results as well as the predictions of the Kupfer failure
criterion (Kupfer et al., 1969) and the Ottosen failure criterion (Ottosen, 1977);

(5)

Investigate the punching shear failure of reinforced concrete slab-column
connections and multi-column flat plates using the simplified UST.

1.5

Layout of Thesis

Chapter 1 briefly introduces the research significance and the research tasks.

Chapter 2 provides a literature review on those failure criteria extensively employed
in the commercial packages or used in the analysis of concrete structures. The review
also covers various aspects of punching shear failure analysis and various finite
elements (such as brick elements and shell elements) used for the analysis of punching
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shear failure of reinforced concrete flat plates.

Chapter 3 discusses the development of the simplified unified strength theory (UST)
and studies the selection of the appropriatelrelevant parameters. The justification of the
three-parameter UST (Yu and He, 1991) is also included. In addition, the comparative
study between the simplified UST and the triaxial experimental results of concrete as
well as other existing failure criteria, such as the Kupfer failure criterion (Kupfer et al.,
1969) and the Ottosen failure criterion (Ottosen, 1977) etc., is also presented.

Chapter 4 deals with the structure simulation using the Layered Finite Element
Method (LFEM) and the structure meshing principle.

Chapter 5 introduces the material models of concrete and steel in the analysis. The
uncracked and cracked concrete models are considered separately.

Chapter 6 presents the analysis of punching shear failure of column-slab connections
and multi-column flat plates based on the simplified UST and the Kufer and Ottosen
failure criteria.

Finally, Chapter 7 summarises the outcomes of this research work, draws associated
conclusions and makes recommendations for hrther studies.

In addition, relevant information is given in appendices.
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LITERATURE REVIEW

2.1

General Remarks

This chapter attempts to review those failure criteria popularly used for the analysis of
reinforced concrete structures or employed in commercial packages and therefore to
investigate the necessity of developing simplified unified strength theory (UST).

The study of failure criteria for the nonlinear analysis of concrete structures has been
consistently highlighted over the past half century. Therefore, there is no .wonder that
many failure criteria are available. However, those existing failure criteria are normally
suitable for the analysis of specific materials and can hardly be extended to cover all
sorts of cases and materials.

Flat plates are widely used for floor construction in multi-story buildings, as such a
significant amount of research work has been done on the punching shear failure
analysis of concrete flat plates. These will be presented herein. Additionally, the finite
element method for the analyses of punching shear failure of reinforced concrete flat
plates has been centre of attention recently; the state-of-the art achievements in this area
will also be highlighted in this chapter.

The literature reviewed in this chapter is divided into three groups: those dealing
with the failure criteria; those describing the key factors involved in the punching shear
failure of reinforced concrete flat plates; and, finally those on structural stimulation of
flat plates.
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The maximum tensile stress criterion, developed by Rankine in 1876 (Chen,1982), is
the first theory relating to the strength of materials under complex stress. According to
this criterion, tensile failure of concrete occurs once the maximum principal stress at a
point inside the material reaches the concrete uniaxial tensile strength f, (the
corresponding normal or shear stresses are ignored). The equation for the failure surface
defined by this criterion is

where

0-1

is the maximum principal stress (or the first principal sress).

The corresponding surface is defined as the fracture-cutoff surface or tension-failure
surface or simply tension cutoff. This theory is generally acceptable to determine
whether a tensile or a compressive type of failure has occurred for concrete.

The Mohr-coulomb failure criterion, dating from 1900 (Chen, 1982), states that
failure of a material is governed by the relation

where the limit shear stress z in a plane is dependent only on the normal stress o in the
same plane at a point, c is the cohesion and

4 is

the internal-fkiction angle of the

material.

The main disadvantage of this criterion lies in that the intermediate principal stress
(or the second principal stress) is not taken into account. In addition, its tensile and
compressive meridians are straight lines which is not t n ~ efor concrete under a large
hydrostatic pressure.
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von Mises proposed a failure criterion, known as the von Mises failure criterion (or
octahedral shearing stress criterion) in 1913 (Chen, 1982). It states that yielding begins
when the octahedral shear stress reaches a critical value k. It can be expressed as

where roc,is the octahedral shear stress, J , is the second invariant of the stress deviator
tensor, k is the material constant.

Similar to the Mohr-coulomb failure criterion, this failure criterion only takes into
account the influence of the first principal shear stress on the material strength. The
intermediate principal stress is commonly ignored. As a result, the difference between
the tensile and compressive strength of concrete cannot be taken into account.

Drucker (1959) and Prager (Prager, 1952; Drucker, 1959) proposed a failure criterion
to rectify the shortcomings of Mohr-Coulumb failure criterion. In their failure criterion,
a smooth approximation to the Mohr-Coulomb surface is adopted as a simple
modification of the von Mises yield criterion in the form

where I, is the first invariant of the stress tensor; a and k are positive constants at each
point of the material. It can be noticed that Eq. 2.4 reduces to the von Mises yield
criterion when a is zero.

The Drucker-Prager failure criterion is still not suitable for the analysis of concrete
structures because of the round shape of its failure surface in the deviatoric plane
(namely the difference between the tensile and compressive strength of concrete cannot
be reflected).

Yu and He (1991) suggested the unified strength theory (UST) based on the
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assumption that the plastic flow of stress is controlled by the combination of the two
larger principal shear stresses and their corresponding normal stresses. A class of
convex criteria can be obtained by varying the coefficient in the UST to suit different
materials like metal, concrete, rock and soil, etc. The UST can be presented by the
following two simple mathematical formulae

z,,

+ bz,,+P(o,, + ba,,)

z,,

+ bz,,+fi(o,, + bo2,) = C

=C

when z,,

+ Po,, 2 zI3+ Po2,

(2.5-a)

when

+ P o , , < zI3+ Po2,

(2.5-b)

T,,

where z,, , z,, and z,, are the principal shear stresses and o,,, o,, and o,, are the
corresponding normal stresses which are in the stress planes of ( o , , o,),( o , , o , ) and
( o, ,o, ), respectively; o,,o, and o, are the principal stresses and o, 2 o, 2 o, ; C is a

material strength parameter; b and

P are the coefficients that reflect the influence of the

intermediate principal shear stress z,, (or z,, ) and the corresponding normal stresses on
the strength of material, respectively.

The advantage of this failure criterion is that it covers all previously developed
theoretical failure criteria. However, it is unable to reflect the difference between the
equal biaxial and uniaxial compressive strength of concrete and the effect of hydrostatic
pressure on the concrete strength is not appropriately accounted for.

To tackle this problem, the three-parameter UST was developed by Yu et al. (1992).
The corresponding formulae are described as follows:
z13+ bz,,+P(o,, + bo,,)

z,,

+ ao,, = (2 when

+ bz,,+j3(oI3 + bo2,) + ao,

=C

+ Pol22

+ Poz3

(2.6-a)

when z,, + Po,, <

+ Po2,

(2.6-b)

where o, is the hydrostatic pressure, a is a coefficient reflecting the effect of the
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hydrostatic pressure on the concrete strength.

Compared with the other failure criteria, this failure criterion can explain the effect
of hydrostatic pressure on the concrete strength and also take into consideration the
strength increase when concrete is under the biaxial compression. However, its tensile
and compressive meridians are still linear, namely this model cannot be used for the
analysis of some concrete structures (like concrete dams and prestressed concrete
containers) where concrete is usually under high hydrostatic pressure.

Further, Yu et al. (1997) developed the five-parameter UST to simulate the concrete
strength under various states of stress. This failure criterion can be expressed as follows

F

= z,,+ bz,,

F' = z,,+ bz,,

+ ,B(o,, + bo,,) + Ale, + A,O;
+ ,B(o,, + bo,,) + B,o, + B,O;

=C

=C

when

(2.7-a)

when F<Fr

(2.7-b)

where A, , A,, B, and B, are coefficients also reflecting the effect of thi hydrostatic
pressure on the concrete strength.

This failure criterion gives good agreement with the experimental results (Mills and
Zirnmerman, 1970). Its failure surface represents the concrete strength perfectly well.
However, it is difficult to determine the coefficients of the criterion due to heavy
involvement of biaxial or triaxial material tests.

2.2.2 Empirical failure criteria

Bresler and Pister (1958) suggested a failure criterion to mediate the drawbacks of the
Drucker-Prager failure criterion which has linear tensile and compressive meridians.
According to Bresler and Pister, the failure of concrete occurs when the octagonal
and z,,, at a point satisfy the following equation
normal and shear stress oOct
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where o,,,is taken positive as long as the compressive strength of concrete f; is
positive. The failure parameters a, b and c can be established by curve fitting of
available experimental test data.

The failure criterion of Brester and Pister (1958) still cannot describe the difference
of concrete tensile and compressive strength in that the shape of its failure surface in the
deviatoric plane is round. Moreover, its tensile and compressive meridians meet the
hydrostatic axis under a low hydrostatic pressure.

Reimann (1965) suggested a four-parameter criterion for concrete that is subject to
compressive stresses only. Its formula is written as follows

where

5 is the hydrostatic coordinate which reflects the influence of hydrostatic stress

on the concrete strength, r, is the compressive meridian. a, b and c are parameters which
can be obtained from concrete triaxial material tests. It is an improvement over the
Mohr-Coulomb failure criterion as it considers the curved tensile and compressive
meridians. However, its application is limited because it is only applicable for concrete
in compression.

Kupfer et al. (1969) suggested a failure criterion based on their experimental test
results. The criterion is given by

where a and p a r e material parameters which can be determined by the curve fitting of
the experimental results (Kupfer et al., 1969). This failure criterion is only suitable for
Punching Shear Failure Analysis of Reinforced Concrete Flat Plates using SirnpliJied USTFailure Criterion

Chapter 2: Literatzlre Review

2-7

the analysis of concrete structure in the plane state of stress.

William and Warnke (1975) developed a five-parameter failure criterion to reflect
the behaviour of concrete suffering low and high compressive stresses. Its failure
surface can describe curved meridians and the elliptical type of noncircular cross
section. The tensile and compressive meridians are given by

when 8 = 0"

when 8 = 60"

(2.11-b)

where z,, and zmc are the octahedral shear stresses corresponding to the tensile and
compressive meridians, respectively. r, and rc are the radii of tensile and compressive
meridians, respectively. ao, a,, az, bo, bl and b2 are the constants which can be
determined by the experimental data; 8 is the Lode angle. This failure criterion closely
agrees with experimental results of Launay and Gachon (1971). Nevertheless, it is
difficult to determine its parameters as it requires biaxial material tests of concrete.

Ottosen (1977) suggested the following four-parameter criterion involving all the
stress invariants I I , Jz and cos39

where A = A(cos38) > 0 , in which 8 is the Lode angle; a and b are the constants which
can be determined by the uniaxial compressive and tensile strengths fc' and f , ,
respectively together with the biaxial and triaxial strengths.

The advantage of this failure criterion is the close agreement with the experimental
results (Chinn and Zirnmerman 1965; Mills and Zimrnerman, 1970; Launay and
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Gachon, 1971) when concrete is in triaxial compression or biaxial state of stress.
However, it is difficult to determine the coefficients of the failure criterion and the
concrete strength in tensile and compressive meridians is overestimated under the high
hydrostatic pressure.

Hsieh et al. (1979) suggested a four-parameter criterion involving the stress
invariants 11,Jz and the maximum principal stress

01,which

can be expressed as

where constants a, b, c and d are determined as 2.0108, 0.9714, 9.1412 and 0.2312,
respectively, according to the experimental results (Mills and Zimmerman, 1970).

This failure criterion is in good agreement with experimental results (Mills and
Zimmerman, 1970) in the low-pressure regime. In the high-compression regime,
however, the criterion seems to give a conservative estimate.

Kotsovos (1979) suggested a failure criterion for concrete, in which the
approximation function for the meridians is derived from a wealth of experimental data.
The shape function in the deviatoric plane is an elliptical function similar to that
proposed by William and Warnker (1975). It can be expressed as

when B = 0"

when B = 60"
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where z,,,, and roc, are the octahedral shear stresses in the tensile and compressive
meridians, respectively. o,,, is the octahedral normal stress (hydrostatic pressure); z,,,
is the octahedral shear stress (radius in the deviatoric plane). The advantage of this
failure criterion lies in that it has simple expressions (see Eqs. 2.14a7b).However, the
concrete strength tends to be overestimated in the high hydrostatic pressure.

Podgorski (1985) suggested a failure criterion to cover different materials like
metals, rock, concrete and clay. It has five parameters which are used to analyse
concrete strength. The expressions are given as

where o,,, and z,,, are the octahedral normal and shear stresses of concrete,
respectively; Coy CI, Cz,a and

P are

five parameters which can be determined by

experimental results.

The shape of this failure criterion in the deviatoric plane is similar to Ottosen failure
criterion (Ottosen, 1977), but it is in better agreement with experimental results (Mills
and Zimmerman, 1970) than the latter. However, the concrete strength is still
overestimated under a high hydrostatic pressure.

Wang and Fan (1998) suggested a failure criterion based on the UST (Yu and He,
1991) and the Kotsovos failure criterion (Kotsovos, 1979). Its formulae can be
expressed as

r=

qr, sin 60"
5
(1-17)+0=
r, sin 0 + rc sin(6O0- 0)

when 0" 5 B 5 0,

(2.16-a)
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r, sin 6 + rc sin(60° - 6 )

- ') +

'

"c

cos(60° - 6)

when 0" I 6 5 8,
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(2.16-b)

k 2f

and 6, = arctan -

-- 1

where r is the radius in the deviatoric plane; r, and r, are the radii of tensile and
compressive meridians, respectively, which can be obtained from Eq. 2.14.

This failure criterion was employed to analyse the high-strength concrete slabs
(Wang and Fan, 1998) and the corresponding numerical results give good agreement
with the experimental results. However, this failure criterion was still developed on the
experimental basis since it involves the Kotsovos failure criterion (Kotsovos, 1979) in
its tensile and compressive meridians.

Generally, the main advantage of empirical failure criteria is that they are in good
agreement with experimental results; on the other hand, they are lacking in clear
theoretical backgrounds and are normally only suitable to a certain type of material.

As mentioned above, the existing failure criteria either involve triaxial material tests
or unable to accurately predict the strength of concrete under the high hydrostatic
pressure. Therefore, it is necessary to develop a new failure criterion which involves
fewer parameters.

2.3

Punching Shear Failure Analysis

2.3.1 Punching shear failure mechanisms and patterns

Punching shear failure normally occurs around a column or a concentrated load on a
slab. It is associated with a particular collapse mechanism in which a conical plug of
concrete suddenly perforates the slab above the column (Menetrey, 2002).
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Punching shear failure is a three-dimensional problem due to the high shear stress in
concrete. The punching crack is generated at different inclinations: 30°, 45", 60°, 90" to
the middle plane of the slab (Alexander and Simmonds, 1987; Menetrey, 2002). The
punching crack is initiated by coalescence of micro-cracks at the top of the slab. Those
micro-cracks are formed across the slab thickness before failure occurs. At failure, the
punching crack has reached the comer of the slab-column intersection (Moe, 1961;
Regan, 1983; Chana, 1991, Menetrey, 2002).

Three typical punching shear failures have been discussed by Alexander and
Simmonds (1 987), as shown in Figure 2.1. When the structure is under symmetric loads,
the inclined punching shear failure surface takes place in the shape of a truncated cone
surrounding the column (see Figure 2.la). In contrast, a combination of flexural failure
and punching shear failure would occur once the unbalanced load exists (see Figure
2.lb). The punched region is confined to the area near the more heavily loaded face of
the column. The regions around the two adjacent sides show extensive torsional
cracking while the area near the opposite face show little or no distress (Alexander and
Simmonds, 1987).

(a) Shear only

(b) Moment and shear

Figure 2.1 Typical punching shear failure and crack patterns (Guan, 1996)

2.3.2 Factors influencing punching shear strength, Vu

Various factors influencing the punching shear strength have been identified by many
researchers. The following discussions deal only with those factors that are most
relevant to the present study.
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(a) Concrete strength

The effects of concrete strength have been investigated through experimental work by
Elstner and Hognestad (1956), Regan (1986), Gonzalez-Vidosa et al. (1988) and
Gardner (1990). The conclusion reached was that the punching shear capacity is
proportional to the cube root of concrete compressive strength. However, numerical
results of Ozbolt et al. (2000) and Menetrey (2002) show that the concrete fracture
energy is one of the overriding factors influencing the punching shear resistance. The
influence of the concrete compressive and tensile strengths are relatively small.

(b) Ratio and arrangement of reinforcing steel

Hawkins's theoretical analysis (1974) shows that both steel ratio and yield strength do
not evidently affect the punching shear strength. However, the experimental work of
Elstner and Hognestad (1956), Regan (1974) and Zaghlool and de Paiva (1973) show
that the punching shear strength can be improved by the increase in reinforcement ratio.
The numerical analyses conducted by Ozbolt et al. (2000) and Menetrey (2002) show
that the increase in reinforcement ratio leads to a higher punching shear strength while
the ductility of the structure is decreased.

As for the arrangement of reinforcing steel, Taylor et al. (1966), Regan (1986)
reported that the concentration of the reinforcing steel towards the loaded area has no
significant beneficial effect on punching shear resistance; but it does reduce the slab
deformation. Alexander and Simmonds (1992), from the test of eight isolated interior
column-flat plate connections, found that for a certain reinforcement ratio, decreasing
the bar spacing increased the load capacity but decreased the ductility of the connection.

(c) Shear reinforcement

Various types of shear reinforcement, such as stirrups, shear studs, bent-up bars, hooked
bars and welded-wire fabric were investigated by Lovrovich and McLean (1990),
Broms (1990), Mortin and Ghali (1991), Chana (1991)' Hammill and Ghali (1994) and
Lim and Rangan (1995) to study the effects of shear reinforcement on the punching
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shear resistance of flat plates. It was found, as expected, that shear reinforcement is
effective in increasing both punching shear resistance and ductility.

(d) Size effect

Size effect is one of the salient aspects of fracture mechanics. The adoption of large
scale model structures would help to eliminate the problem of size effects (Falamaki,
1990). By assuming a constant fracture energy, Bazant (1 984) derived a size-effect law
which was shown by Bazant and Cao (1987) to describe the size effect in punching
failure. This law was adopted by Menetrey et al. (1997) in the numerial analysis of four
slabs of different thicknesses. It was concluded that the nominal shear stress decreases
with increasing thickness of the slab.

(e) Boundary restraint

According to the published experimental results of Taylor and Hayes (1965), the
beneficial effect of edge restraint on the punching shear failure load appeared to taper
off as the main reinforcement percentage was increased. Falamaki and Loo (1989),
Kuang and Morley (1992) investigated the effect of the edge beams on the punching
shear capacity of half-scale reinforced concrete flat plates and slabs, respectively. All
their experimental results proved that edge restraint had a significant effect on the
ultimate punching load, resulting in a significant increase of shear resistance in the slab
and enhancement of the load-carrying capacity.

Other factors, such as loading type and area, column shape and size, as well as slab
thickness, also influence, to different degrees, the punching shear strength.

2.4

Structural Simulation

During the last decade, a great deal of research effort has been devoted to the
development of numerical models for the nonlinear behaviour of reinforced concrete
structures. Special attention was paid to the application of such models to the analysis
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of punching shear failure. The following subsections mainly discuss the finite elements
that have been previously used for modelling flat plates.

2.4.1

Shell element

A nonlinear Layered Finite Element Method (LFEM) developed by Loo and Guan
(1997) was successfully used for the analysis of cracking and punching shear failure of
reinforced concrete flat plates with spandrel beams and torsion strips. In their study,
eight-node degenerated shell elements were adopted to discretise a flat plate.
Incorporating a layered approach with transverse shear capabilities, the analysis
procedure takes into account the full interaction between the spandrel beam and
adjoining slab (in bending, shear, and torsion). A comparative study based on a series of
eleven half-scale reinforced concrete plate models each having six columns (including
interior, edge and corner columns) and four single slab-column specimens confirms the
method's ability to successfully predict the punching shear strength, deflection, crack
patterns, as well as the collapse loads.

Polak (1998) also used the degenerated shell element with the layered approach in
the analysis of reinforced concrete shell structures subjected to high transverse shear
stresses. In the study, a three-dimensional constitutive model for concrete was
implemented and the contribution of the out-of-plane reinforcement to the stiffness of
elements was considered. Therefore, the elements can model the influence of in-plane
stresses on transverse shear deformations and the influence of transverse shear stresses
on the capacity of shell structures. Finally, the model was checked against the
experimental results from eight reinforced concrete shell panels subjected to out-ofplane (transverse) and in-plane shear; and five reinforced concrete shells subjected to
punching shear loads. However, the correlation was not satisfactory between the
numerical and experimental results.

2.4.2 3D element

Megally and Ghali (2000) presented a model for the nonlinear finite element analysis of
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interior and edge column-slab connections. In the model, concrete is simulated by
twenty-node isoparametric brick elements with a 2 x 2 ~ 2reduced Ga~lssintegration
scheme. Each one of the twenty nodes in any one brick element is assigned three
translational degrees of freedom. The slab thickness is divided into five layers. The
flexural and the shear reinforcing bars are modelled as individual bar sub-elements
embedded within the concrete elements but not necessarily connected to the nodes of
the concrete elements. The stiffness of the bar sub-element is added to that of the
concrete element. In addition, no bond-slip is assumed to occur between concrete and
reinforcing bars. Cracks are assumed to occur perpendicular to the principal strain
directions when the ultimate tensile stress or tensile strain of concrete is exceeded. The
ability of cracked concrete to share the tensile forces with steel reinforcement between
cracks is modelled by means of the tension softening model. Moreover, the so-called
shear retention model is employed in the analysis. The numerical results indicate that
the developed model provides realistic estimates of both the ultimate capacity and
deformations of column-slab connections failing by punching shear. In addition, the
analysis confirms that variations in mesh size and the locations of supports do not affect
the results of the slabs being analysed.

Bhatt and Lim (2000) developed a model for the analysis of punching shear failure of
interior column-slab connections. In their model, twenty-node isoparametric elements
were used to discretise the structure. Concrete remains isotropic until cracking or
crushing occurs. The smeared crack representation was used to model cracks, and the
cracks are orthogonal and once formed remain fixed in their direction. Reinforcing steel
was modelled as individual uni-axial embedded bars with full bond. Dowel action was
ignored. Steel bars were simulated as elastic-plastic with allowances made for strain
hardening. Using this model, eighty-four slabs were analysed and their study covered a
very wide range of variables including slabs with and without shear reinforcement. The
results showed a strong correlation between the predicted ultimate load and the
experimentally measured load.

Ozbolt et al. (2000) used a finite element software named MASA for the analysis of
interior slab-column connections. In the model, the spatial discretisation of concrete
was performed by eight-node solid elements. The reinforcement was modelled using
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discrete bar elements or smeared within the concrete elements. In addition, the
microplane material model and a smeared crack approach were employed for modelling
the concrete. By means of this software model, they studied the influence of concrete
fracture energy, reinforcement ratio and slab size on the shear capacity of interior
column-slab connections. The results shows that concrete fracture energy and
reinforcement ratio give a dominant influence on the punching shear capacity of the
slab. In addition, increasing the effective depth of a slab leads to a decrease in the
nominal shear capacity of the slab.

As mentioned above, most of the previous research work was carried out on the
analysis of punching shear capacities of single interior column-slab connections using

3D brick elements. However, limited research was focused on the analysis of punching
shear failure of corner column-slab connections in which stresses are significantly more
complicated than those in the interior and edge column-slab connections.

2.4.3 Four-Node isoparametric element

Apart from using shell or 3D elements, various other elements have been adopted for
the analysis of punching shear failure of concrete slabs. Menetrey et al. (1997)
developed a model to reproduce the punching failure of circular slabs. In the model,
slabs were modelled by using four-node quadrilateral axisymmetric elements. Based on
the experimental data, a triaxial strength criterion and a non-associated flow rule were
employed to model concrete. In addition, a cracking model was used to account for the
brittleness of concrete failure under various states of stress. The visual simulation of
punching failure in a circular slab was successfully performed.

Hallgren (2000) studied two reinforced concrete circular column footings by using a
specified software developed for the analysis of axisymmetric structures. In his study,
4-node isoparametric elements were used to analyse the punching shear strength of
single interior column-slab connections due to polar symmetry of circular slabs.
Additionally, a rotated-crack model was adopted for modelling concrete so as to avoid
any stress locking phenomenon in the shear cracks. The failure model for concrete was
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based on nonlinear fracture mechanics. A smear model was employed to model the
reinforcement. With this model, a parametric study was carried out to investigate the
influence of various parameters on the punching shear behaviour of column footings.
The results show that the compressive strength of concrete has the largest influence on
the ultimate load capacity. This effect is more pronounced for small shear-span to depth
ratios, and considerably reduced for those slabs with larger shear-span to depth ratios.

Although the models based on the 4-node isoparametric element can be used for the
analysis of axisymmetric slabs, they cannot be used for the analysis of asymmetric slabs
and edge and comer column-slab connections simply because they cannot be simplified
to two dimensional situations.

2.4.4 Reinforced concrete beam element and beam-column element

Hueste and Wight (1 999) developed DRAIN-2DM, a software for predicting punching
shear failures at interior slab-column connections. In their model, reinforced concrete
beam elements and beam-column elements were used to model slabs and columns,
respectively. The reinforced concrete beam element is idealized as a single-component
element that yields on the basis of bending only. It is made up of an elastic line element,
two nonlinear rotational springs, and two rigid end zones, as shown in Figure 2.2. The
beam-column element has both flexural and axial stiffnesses, and flexural yielding is
concentrated in the plastic hinges located at the element ends. A bilinear model was
used for the moment-rotation relationship in the plastic hinging zone. The yielding point
of the bilinear model was defined by a moment-axial load interaction yield surface,
which models how the axial load varies. A specified value of member-end rotation was
adopted as a failure criterion for the analysis of the punching shear problem. By means
of this model, a four-storey office building that suffered punching shear damage during
the Northridge earthquake was investigated. The building was essentially rectangular in
shape, with three bays in one direction and five to six bays in the other direction. The
results showed that punching shear failure at interior column-slab connections can be
simulated successfully. However, this method can only be used for analysing the
punching shear failure of a flat plate structure whose shape has no significant
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irregularities. Furthermore, it cannot be employed to analyse the punching shear failure
of comer or edge column-slab connections.

Rigid zone

Inelastic flexural spring

Column
Elastic element

Beam

L

Figure 2.2 Reinforced concrete beam element (Hueste and Wight, 1999)

As discussed in this section, amongst the elements most commonly employed for the
analysis of punching shear failure of column-slab connections, the d~generatedshell
element is the most suitable one for flat plates. This is because the thickness of the slab
is thin in comparison to its span. Therefore, a degenerated shell element is advantageous
over the 3D brick element in the analysis of flat plate structures. The reasons are as
follows (Zienkiewicz and Taylor, 2000):

Firstly, the retention of three displacement degrees of freedom at each node in a
brick element leads to large stiffness coefficients from strains in the shell thickness
direction. This presents numerical problems and may lead to ill-conditioned
equations when the shell thickness becomes small compared to other element
dimensions.

The second reason is that of economy. The use of several nodes across the shell
thickness ignores the well-known fact that the "normals" to the mid-surface remain
practically straight after deformation. Thus, an unnecessarily high number of
degrees of freedom have to be carried, involving significant penalties in computer
processing time.
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Summary

This chapter focuses on the reviews of the existing failure criteria, which are popularly
used for the analysis of reinforced concrete structures. Moreover, their advantages as
well as disadvantages have been discussed in terms of their theoretical basis and the
agreement with the experimental results.

The punching shear failure mechanism and the factors influencing punching shear
strength are also discussed.

In addition, the structural simulation methods are also discussed in this chapter. The
review shows that the degenerated shell element is the most suitable element for the
punching shear failure analysis of reinforced concrete flat plates.
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SIMPLIFIED UST FAILURE CRITERION

General Remarks

3.1

The failure criterion is of great importance in determining the accurate numerical
solutions in the analysis of concrete structures. This chapter discusses the strength
characteristics of concrete and the resultant failure surface.

Based on the octahedral shear stress model and the assumption of the triaxial tensile
strength of concrete equivalent to the uniaxial tensile strength of concrete, the threeparameter unified strength theory (UST) (Yu et al., 1992) is verified via mathematical
derivation. This leads to the development of the simplified UST failure criterion by
simplifying five-parameter UST (Yu et al., 1997). The detailed mathematical derivation
of the simplified UST failure criterion is presented. Also given in this chapter is the
parameter-selection method for the simplified UST failure criterion.

To verify the simplified UST, a comparative study is carried out between this failure
criterion and the experimental results of Richard et al. (1928), Balmer (1949), Chinn
and Zimmerman (1965), Kupfer et al. ('1969) and Mills and Zimmerman (1 970) as well
as the Kupfer failure criterion (Kupfer et al., 1969), the Ottosen failure criterion
(Ottosen, 1977), the UST (Yu and He, 1991) and three-parameter UST.

3.2

Concrete Strength

In general, concrete is regarded as an isotropic material whose strength perfoms very

Punching Shear Failure Analysis of Reinforced Concrete Flat Plates using Simplzjed UST Failure Criterion

Chapter 3: SimpliJied USTFailure Criterion

3-2

differently when it is under the uniaxial, biaxial and triaxial stress states. The
experimental test results of Chinn and Zimmerman (1965); Mills and Zimmerman
(1970) and Launay and Gachon (1972) show that concrete strength is influenced by the
following (Yu, 2002):

1.

Strength difference effect;

2.

Shear stress effect (minimum principal stress 0 3 effect);

3.

Hydrostatic pressure effect (0, effect); and,

4.

Intermediate principal stress effect (02 effect).

These are discussed more elaborately in this section.

3.2.1 Strength difference effect

It is well-known that the concrete compressive strength

fcf

is much larger than its

tensile strength f,, even though their stress-strain curves are similar (See Figure 3.1).
Moreover, the concrete tensile strength is almost independent of its compressive
strength. Therefore, the failure criterion for concrete should take into account both the
tensile strengthJ; and the compressive strength fC1.

Figure 3.1 Constitutive relation of concrete in the uniaxial stress state (Yu, 2002)

3.2.2 Shear stress effect

Unlike normal stress fields, an even continuous shear stress field does not usually exist.
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The principal shear stresses can be expressed in terms of the principal stresses as

where z,, , z,, and z,, are the principal shear stresses in the stress planes of ( o , , o,),
( o , , o , ) and ( o , , o,), respectively; and o , , a, and
0, 20,

0,

are the principal stresses and

203.

The shear stresses as given above can be obtained through triaxial material tests.
Two groups of tests were done by Hannant (1974) to investigate the effect of the
minimum principal stress o, on the concrete compressive strength. The first group of
tests kept the maximum and the intermediate principal stresses equal and constant
(namely o,= o,), when the minimum principal stress was changeable. The second
group, on the other hand, kept the intermediate and the minimum principal stresses even
and stable (namely o,

= o,)

while the maximum principal stress varied. The results

showed that concrete in the first group did not fail as long as the minimum principal
stress o, kept increasing. This is because the difference between o, and o, is reduced
and the shear stress T,, is diminished accordingly. This fact was also confirmed in the
real triaxial material tests of Michelis (1987). Table 3.1 shows the variation of the
concrete strength versus the increase of the minimum principal stress. For example,
under the condition of fixed intermediate principal stress ( o , = 6.89MPa), the
maximum principal stress o, increased from 48.OMPa to 5 1,OMPa when the minimum
principal stress o, was growing. This means that the shear stress can be one of the main
factors which causes the failure of concrete.
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Table 3.1 Concrete strength in real triaxial experiments (Hannant, 1974)
Intermediate principal stress Minimum principal stress
0 2 (MPa)
0 3 (MPa)
1.72
6.89
3.45
3.45
13.79
6.89
6.89
36.50
36.50

Maximum principal stress
0, (MPa)
48.0
51.0
59.8
61 .O
59.5
70.0

Additionally, according to the fundamental theory of contact mechanics, the shear
strength of concrete is influenced by the corresponding normal stress which is applied in
the same plane. Therefore, the normal stress also needs to be considered in determining
the failure of concrete. The normal stresses can be obtained by

where o,,, o,, and o,, are the normal stresses related to z,, , z,, and z2,, which are in
the stress planes of ( o , , 03), ( o , , 0 2 ) and ( 0 , ,o,), respectively.

3.2.3 Hydrostatic pressure effect

The hydrostatic pressure significantly influences the concrete compressive strength. The
experimental results of Richard et al. (1928), Balmer (1949) and Newman and Newman
(1971) show that the concrete compressive strength increases along with the growth of
confining pressure o, (or o, and o, ), as shown in Figure 3.2.
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(a) Low and medium confining pressure (Richard et al., 1928)

(a) High confining pressure (Balmer, 1949)
Figure 3.2 Stress-strain curve of concrete under confining pressure
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Intermediate principal stress effect

Much attention was paid to the study of the effect of intermediate principal stress o, on
the concrete strength in 1970's and 1980's. The experimental results of Mills and
Zimmerman (1970), Launay and Gachon (1972) and Mechelis (1987) show that wellknown failure criteria, such as the von Mises failure criterion or the Mohr-Coulomb
failure criterion, could not estimate concrete strength satisfactorily. This is because the
intermediate principal stress was not considered.

Table 3.2 shows the results of triaxial material tests of Mechelis (1987). For
example, when the minimum principal stress is fixed ( o , = 3.45 MPa), the maximum
principal stress o, increased from 40.6MPa to 59.8MPa when the intermediate principal
stress o, grew from 3.45 MPa to 13.79 MPa. This indicated that the concrete is
strengthened once the intermediate principal stress o, is increased.

Table 3.2 Effect of intermediate principal stress on the concrete strength (Yu, 2002)
Minimum principal stress C3
(MPa)

1.72

3.45

6.89

27.58
36.50
82.74

Intermediate principal stress
(MPa)
1.72
3.45
6.89
13.79
3.45
6.89
13.79
6.89
13.79
27.58
36.50
27.58
36.50
55.16
36.50
82.74
82.74

o2

Maximum principal stress 0,
(MPa)
38.3
46.3
48.0
-

-

-

40.6
5 1.O
59.8
43.0

7
63.0
59.5
59.8
-

70.8
70.0
84.6
105.0

Figure 3.3 depicts the triaxial experimental results of Launay and Gachon (1972).
Undoubtedly, the concrete strength is improved when the intermediate principal stress
o, increases from zero. However, the concrete strength will reach its ultimate value
when o, reaches a specific value. Beyond that, the concrete strength will decrease. This
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fact implies that the intermediate stress effect has restrictions on the increase of concrete
compressive strength.

Figure 3.3 Intermediate stress effect (Launay and Gachon, 1972)

3.3

Characteristics of the Failure Surface of Concrete

The general shape of a failure surface in a three-dimensional stress space can best be
described by its cross-sectional shape in the deviatoric planes and its meridians in the
meridian planes (Chen, 1982). The cross sections of the failure surface are the
intersecting curves, which are in the deviatoric plane ( 5 = constant). The meridians of
the failure surface are the intersecting curves between the failure surface and a plane
(the meridian plane) (8= constant). The two extreme meridian planes corresponding to

8

=

0" and 0

=

60" are called the tensile meridian and compressive meridian,

respectively. Figure 3.4 shows the failure surface and the deviatoric plane. In Figure 3.4,

5 is the hydrostatic axis, r is the random radius of the failure surface; rt, r, are the tensile
and compressive radii, respectively; 8 is the Lode angle. 5, r and 0 can be obtained
using Eq. A. 17 provided in Appendix A.
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(a) Spatial shape of the concrete failure surface

(b) Deviatoric plane of concrete

Figure 3.4 Failure surface of concrete

According to the test results of published concrete triaxial material tests (Mills and
Zimmerman, 1970; Launay and Gachon, 1972; Mechelis, 1987; Wang et al., 1987), the
failure curve of concrete in the deviatoric plane has the following general characteristics
(see Figure 3.4):

The failure curve is smooth;
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The failure curve is convex, at least for compressive stress; and,

The failure curve is nearly triangular for tensile and small compressive stresses
(corresponding to small

5 values),

and becomes increasingly bulged (more

circular) for higher compressive stresses (corresponding to the increase of

6

values or high hydrostatic pressures).

With respect to the failure curves in the meridian plane, they have the following
general characteristics:

The failure curves depend on the hydrostatic component of stress II or

5;

The failure curves are curved, smooth and convex;

The tensile radius r,, is smaller than the compressive radius r, in the deviatoric
plane;

The ratio of tensile radius to compressive radius increases as hydrostatic
pressure increases; and,

Pure hydrostatic loading cannot cause failure.

3.4

Unified Strength Theory

According to the octahedral shear stress model, any stress state can be expressed by the
three principal shear stresses zl3, zl2 and
012

~ 2 and
3

their corresponding normal stresses 013,

and ~ 2 3 .Principal shear stress acts on four sections of a stress element. These

sections are perpendicular to each other as shown in Figure 3.5. Among the three
principal shear stresses, only two are independent in that the maximum principal shear
stress is the sum of the other two.
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(b) Horizontal direction

Figure 3.5 Octahedral shear stress model (Yu ,2002)

Based on the octahedral shear model, the unified strength theory (UST) was
developed by Yu and He (1991). This theory assumes that the yielding or failure of a
material begins when a function of the two large principal shear stresses and the
corresponding normal stresses reach certain value. Its mathematical expressions are as
follows,

F = z,, + bz,, + p(o,, + bol,)

=C

when F 2 F' (or 6, 2 6 2 0")

F'= z13+ bz2, + p ( o , , + bo2,) = C when F < F' (or 6, r 6 5 6 0 " )

(3.3~~)

(3.3b)

where F and F'are the functions expressing the failure surface of concrete; z,, , z,,and
z,, are the principal shear stresses and o,,, o,, and o,, are the corresponding normal
stresses which are in the stress planes of ( o , , o,), ( o , , o, ) and ( o , ,o,), respectively;
o,, o, and o, are the principal stresses ( o , 2 o, 2 0,); C is a material strength
parameter; b and p a r e the coefficients that reflect the influence of the intermediate
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principal shear stress z,,(or z,,) and the corresponding normal stresses on the strength
of material, respectively; Lode angle B, is the demarcating angle of the angular point on
the trajectory in the deviatoric plane, a is the ratio of uniaxial tensile strength f , to
compressive strength

fi .

Figure 3.6 shows the deviatoric plane of unified strength theory (UST) under various
material coefficients b. The value of b is in the range between 0 and 1 for any convex
strength surface. When b approaches 0, the UST becomes the Mohr-Coulomb criterion
(the lower limit of hexagon). When b is equal to 1, it becomes the twin-shear strength
criterion (the upper limit of hexagon) (Yu, 1983). As b varies from 0 to 1, a series of
yield or failure criteria can be established (as shown in Figure 3.6). For concrete, b
generally varies between 0.5 and 0.75 (Yu, 2002).

Figure 3.6 Deviatoric plane of UST (Yu and He, 1991)

In terms of the principal stresses, Eq. 3.3 can be re-written as

when o,

F ' = - I (0,+ b o , ) - ao, = f ,
1+b

when o, >

0,

+ ao,

1+ a

o, + ao,
l+a

Apparently, the unified strength theory takes into account the effect of all the
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independent stress components of the material. The beauty of the failure criterion is that
it encompasses all of the existing failure criteria by the introduction of the weighting
coefficient, b. As a result, this failure criterion can be used for the analysis of all
isotropic materials.

3.5

Unified Strength Theory for Concrete

Note that the unified strength theory (UST) (Yu and He, 1991) involves only the tensile
and compressive strengths of a material. The biaxial compressive strength is regarded
the same as the uniaxial compressive strength, which is not true for concrete. Therefore,
the UST should be modified for the analysis of concrete structures. This led to the
establishment of the three-parameter UST (Yu et al., 1992) and the five-parameter UST
(Yu et al., 1997).

3.5.1 Three-parameter model

This section discussed the verification of the three-parameter unified strength theory
(UST) (Yu et al., 1992) based on the UST (Yu and He, 1991) and the assumption of the
triaxial tensile strength of concrete equivalent to its uniaxial tensile strength.
According to various published experimental data (Kupfer et al., 1969; Launay and
Gachon, 1970; Newman and Newman, 1971; Schimmelpfenning, 197I), the hydrostatic
sress influences the concrete strength. Therefore, the UST (Yu and He, 1991) should be
modified to consider the effect of the hydrostatic pressure on the concrete strength. That
is,

F

+ b ~ , +, p ( o I 3+ b o 1 2 ) + A o m= C

when F 2 F 1

(3.6a)

F ' = ~ , , + b ~ , , + p ( o , ~ - t b ~ ~ ~ ) + B o ~ = Cwhen F < F 1

(3.6b)

=T,,

where omis the hydrostatic pressure; A, 3, C and fi are material coefficients which can
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be determined by the material tests.

In terms of the principal stresses, Eq. 3.6 can be re-written as

1
1
F=-(l+b)(l+P)o,--(I-P)(bo,+o,)+Ao,=C
2
2

when F 2 F ' (3.7a)

1
1
Fr=-(l+P)(o,+bo,)--(l+b)(l-P)o,+Bo,,=C
2
2

when F < F ' (3.7b)

where the material coefficients A, B, C and ,f? can be obtained from the following
selected tests:
(1) Concrete triaxial tensile test, namely o, = o,= o, = f, ;
(2) Concrete uniaxial tensile test, that is, o, = f, , o,= o,= 0 ;

(3) Concrete uniaxial compressive test, o, = o, = 0 , o, = -fCr ; and,
(4) Concrete equal biaxial compressive test, o, = 0 , o,= o, = -fd,

Considering the condition (I), Eq. 3.7 is changed into
F=(l+b)f,+Aom=C

when F 2 F'

(3.8a)

F r = ( l + b ) f , + B o m= C

when F < F'

(3.8b)

Comparing with Eq. 3.8a and Eq. 3.8b leads to
A=B=a
Therefore, Eq. 3.6 is changed into

F = z,,

+ bz,, + P(o,, + bo,,) + ao,

=C

when F 2 F'

(3.10a)
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+ bz,, + P(o,, + bo2,) + n o ,

where a, C and

p are

=C

when F < F r
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(3.1 0b)

material parameters to be determined by means of concrete

material tests.

Eq. 3.10 is the mathematical expression of the three-parameter UST suggested by
Yu, et al. (1 992). In another word, the correctness of the three-parameter UST is proved
mathematically.

Compared with the UST, the three-parameter UST takes into consideration the
biaxial compressive strength of concrete and modifies the effect of the hydrostatic
pressure on the concrete strength. According to the three-parameter UST, the
hydrostatic pressure has the same effect on the tensile and compressive meridians of
concrete.

The three coefficients in Eq. 3.10 can be obtained on the basis of the concrete
uniaxial tensile and compressive tests as well as concrete equal biaxial compressive test.
This leads to

(3.1 la)

where

a = -f ,

f,'
(3.1 1e)
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fk is the equal biaxial compressive strength of concrete.

Figure 3.7 presents a comparison between the three-parameter UST and the empirical
results (represented by dots) of Launay and Gachon (1970). It shows that this failure
criterion gives good agreement with the experimental results, particularly when concrete
is subject to low and medium hydrostatic pressure

(1 51 14).

Tensile meridian

(a) Tensile and compressive meridians

t

4%'

(b) Deviatoric plane

Figure 3.7 Comparison between three-parameter UST and experimental results
(Yu, 2002)
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Five-parameter model

To solve the probiem of the linear meridians of the three-parameter unified strength
theory (UST) (Yu et al., 1992), Yu, et al. (1997) proposed a five-parameter UST based
on the twin shear element model. The failure criterion was given as

F = z,,

+ bz,, + P(o,, + bo,,) + A , o m + A,O;

=C

F' = z,, + bz12+ P(o13+ b o 1 2 ) +Blom+ 3,o; = C

when Qb28200

(3.12a)

when 60°26k8b

(3.12b)

where Al, A2, B1, B2, C and p are material coefficients to be determined experimentally;
on,
is the hydrostatic stress.

In terms of the principal stresses, Eq. 3.12 can be re-written as

1
-(I+ b)(l + P ) o ,
2

-

1
(1 + P)(o, + bo,)
2

-

1
-(I2

1
2

- -(I

P)(bo,

+ o , ) + A , o m + 3,o: = C

+ b)(l - P)o, + Azo, + B,O';

=C

Based on the Haigh-Westergaard coordinates system

when 8b28200 (3.13a)

when 6O028L8b (3.13b)

(6,r, 9, the

tensile and

compressive meridians of this theory are expressed as

when 8 = 0"

when 8 = 60"

(3.14b)

where r,, v, are the tensile and compressive radii, respectively; the parameters a,, a , ,
a,, b, , b, and b, can be obtained from the following material tests
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,

(1) Uniaxial tensile strength, namely o = f, , o, = o, = 0 , (8=0°)

(2) Uniaxial compressive strength,^, = o, = 0, o, = -f,' , (8=60°)

,

(3) Equal biaxial compressive strength, o = 0 , o 2 = o, = -fd, , (8=0°)

(4) High hydrostatic pressure point in the tensile meridian,

(5,

= -om1fcl, r, = r l fcl,

%=0°)

(5) High hydrostatic pressure point in the compressive meridian,

(5,

= -oml fcl,

r2 = r 1fcl , 8=60°)

(6) Tensile meridian meets compressive meridian at the point of hydrostatic axis,

( 5 = rc = 0)

Therefore,
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- pb2

where,

Correspondingly, the parameters in Eq. 3.12 can be expressed as

Qb

2rc - ?

= arctan ---

A?
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This failure criterion is advantageous over the UST and the three-parameter UST.
This is because it has curved tensile and compressive meridians which can accurately
simulate the effect of the hydrostatic pressure on the concrete strength. However, it is
worth noticing that the parameters in the five-parameter UST are too complicated to be
obtained. This is because this model involves the concrete triaxial material tests which
are difficult to be performed in practice.

3.6

Simplified Unified Strength Theory

3.6.1 Theory

According to the five-parameter unified strength theory (UST) (Yu et al., 1997), the
hydrostatic pressure is regarded as taking different effects on the tensile and
compressive meridians of concrete (see Eq. 3.13).

However, if the concrete triaxial tensile strength is considered to be equal to its
uniaxial tensile strength, then the following conditions are established.

Triaxial tensile strength for 8.0": o,= o,= o,= f ,

Triaxial tensile strength for &60°: o,= o,= o,= f ,

Correspondingly, Eq. 3.13 can be simplified by employing the above two conditions
as :

Mathematically, the solution to the following
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is given by,

Therefore, a comparison between Eq. 3.17a and Eq. 3.17b leads to

A, = A, = A

B,

= B, = B

As a result, Eq. 3.13 can be modified to,

1

I

+ o,) + A o , + ~ o= iC

when 0b2&0°

(3.21a)

+ P)(o, + bo,) - -1 (1 + b)(1 - P)o, + A o , + ~ o= iC

when 6 O 0 2 & 0 b

(3.21b)

-(I+ b)(l + P ) o , --(I
2
2
1
2

- (1

- P)(bo,

2

Eq 3.21 means that the general expression of the simplified UST has been
established.

3.6.2 Parameter selection
The coefficients in the simplified UST are required to be determined by a series of
selective concrete material tests. The material tests involve the concrete uniaxial tensile
and compressive strength, triaxial tensile strength and biaxial tensile strength or equal
biaxial compressive strength. Two methods of choosing parameters for the simplified
UST are studied herein.
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Method 1
This method involves the uniaxial, biaxial tensile and triaxial tensile strength as well as
the uniaxial compressive strength of concrete.
1. Uniaxial tensile strength, namely o ,= f , , o, = o, = 0 , (9=0°)

,

,

,

2. Uniaxial compressive strength,^ = o = 0 , o = -f,', (9=60°)

,

3. Biaxial tensile strength, o = o, = f ,, o, = 0 , (9=60°)

4.

, , ,

Triaxial tensile strength, o = o = o = f , , (8=0°)

(i+b)pfi + A A + ~ , ~ B = C

Based on Eqs. 3.22 and 3.24, the following relation can be obtained

A=-f,B

Substituting Eq. 3.26 into Eq. 3.22,
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Substituting Eq. 3.26 into Eq. 3.23,

Substitute Eq. 3.26 into Eq. 3.25,

Then, substituting Eq. 3.29 into Eq. 3.27,

Finally, substituting Eq. 3.29 into Eq. 3.28,

results in,

Consequently,
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In this method, only two concrete strength parameters, namely the concrete tensile
strength f , and the compressive strength

fcl

are required.

Method 2
Coefficients of the simplified UST can also be obtained by the material tests 1, 2 and 4
of Method I, together with

5.

Equal biaxial compressive strength, a,= 0 , o, = a,= -fd, , (8=0°)

Substituting Eq. 3.26 into Eq. 3.33,

Consequently, another series of coefficients can thereby be obtained as
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2(2fd, - fc1)(2fd,+ fcl
+ 3-6 I f , +1 = - 2(2C - 1)(2Z + 1 + 3 a ) a
(1 + a ) ( a + a)(&- - 1)
(fcl+ f, Xfd,+ f ,)(4fd, - fcl)

+1
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(3.35d)

Three parameters, namely uniaxial tensile, uniaxial compressive and biaxial
compressive strengths are required in Method 2. Obviously, the simplified UST is more
convenient than the five-parameter UST in practice due to a fewer number of
parameters involved.

3.6.3 Parametric verification of Methods 1 and 2
The experimental tests suggested in Section 3.6.2 are regarded as the boundary
conditions for Eq. 3.21 in a mathematical sense. It seems that Methods I and 2 both
enable to be used to determine the coefficients involved in the simplified UST.

However, this situation requires to be clarified according to the characteristics of the
concrete failure surface as mentioned in Section 3.3. Therefore, a comparison is
conducted between the two methods described previously in Section 3.6.2 and the
experimental results of Richard, et a1.(1928), Balmer (1949); Chinn and Zimmerman
(1965), Kupfer et al. (1969), Mills and Zimmerman (1970).
Figure 3.8 shows the predicted tensile and compressive meridians of concrete based
on the simplified UST. In Figure 3.8, Methods I and 2 are referred to those outlined in
Section 3.6.2. It is of interest to note that there is a good agreement between the
experimental results and the predicted values using Method 2. On the contrary,
absolutely incorrect values are obtained if Method I is used, even if the coefficients
given in the method are obtained via the mathematical derivation.
The reason which results in the invalidity of Method 1 lies in that most of the
material tests selected for determining the coefficients of this method are related to the
concrete tensile strengths; namely, not enough compressive tests are involved.
Therefore, it is very difficult to trace the development of the concrete strength when it is
in compression.
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Figure 3.8 Comparison of two methods used for determining coefficients

As a result, Method 2 is suggested herein for determining the coefficients in the
simplified UST.

3.7

Comparative Study

It is well known that the most effective method used for justifying the correctness of a
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failure criterion is to compare its prediction with the triaxial experimental results.
Therefore, to verify the accuracy and applicability of the simplified unified strength
theory (UST) for the analysis of reinforced concrete structures, comparisons are
undertaken between this failure criterion and the published experimental results as well
as other existing failure criteria.

To meet this objective, the experimental results of Richard, et al. (1928), Balmer
(1949), Chinn and Zimmerman (1965), Kupfer, et al. (1969) and Mills and Zimrnerman
(1970) are employed. Moreover, the Kupfer failure criterion (Kupfer et al., 1969), the
Ottosen failure criterion (Ottosen, 1977), the unified strength theory UST (Yu and He,
1991) and the three-parameter UST (Yu et al., 1992) are selected to be compared with
the simplified UST. This is because the simplified UST, the UST and the threeparameter UST are all based on the octahedral shear model. In addition, the Kupfer
failure criterion and the Ottosen failure criterion have been used for the analysis of
punching shear failure of reinforced concrete flat plates (Guan, 1996). This study is
carried out in the Haigh-Westergaard coordinate system and the tensile and compressive
meridians of the abovementioned failure criteria are compared.

In the Haigh-Westergaard coordinate system, the simplified UST is expressed as

( 1 + b ) ( 3 + , 8 ) ~ ~ 0 ~ 0 + ~ 3 ( 1 - b ) ( l - / ? ) ~ s i nf (Oc )+= O

when Qb26&00(3.36a)

r
(3+/?-2b,8)-cosO+&(1+2b-p)~sinQ+

when 0b26&0° (3.36b)

&

&

45

&

f(~)=0

where the material coefficients A, B, C, p are defined in Section 3.6.

In the same way, the Kupfer failure criterion can be re-written as
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P = 1.355 (Owen and Figueiras, 1984).

where a = 0.355f,',

The Ottosen failure criterion is expressed as the following equations:

1

arccos(K, cos 38 )

I

arccos(-K, cos 38 )

when cos38 2 0

(3.38b)

when cos 38 i 0

(3.38~)

where a, b, K1 and K2 are material coefficients which can be determined by
experimental results.
Based on expressions of the failure criteria in the Haigh-Westergaard coordinate
system, a program has been developed herein to investigate the failure surfaces of the
various failure criteria. The results of the comparison are presented in Figure 3.9. For
convenience, only the compressive parts of tensile and compressive meridians are
shown in Figure 3.9. In the comparative study, a=0.355fc and P=1.355 are defined for
the Kupfer failure criterion; a=1.8076, b=4.0962 K1=14.4863 and K2=0.9914 are used
for the Ottosen failure criterion; fbc=1.15fc, b=0.5 are assigned for the UST, threeparameter UST and the simplified UST.
As the comparisons shown in Figures 3.9, both the Ottosen failure criterion and the
simplified UST give the best agreement with the experimental results amongst the
selected failure criteria. This is especially true when the concrete is under low and
medium hydrostatic pressure. However, it seems that the compressive strength of
concrete is slightly overestimated if using either the Ottosen failure criterion or the
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p
p

simplified UST when concrete is subjected to high hydrostatic pressure. Among the
failure criteria based on the octahedral shear stress model, the simplified UST performs
much better than the three-parameter UST and the UST.
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Figure 3.9 Comparative study between the simplified UST and
other existing failure criteria

On the other hand, it may be observed that the Kupfer failure criterion does not
perform well in predicting the concrete strength in the complicated three-dimensional
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stress state. Its tensile and compressive meridians tend to become flat with an increase
in the hydrostatic pressure, which is far more different from the others' (see Figure 3.9).
This might be explained by the fact that the Kupfer failure criterion was developed on
the basis of two-dimensional concrete strength experimental results. It might bring
about some problems when it is extended to cover the three-dimensional stress state of
concrete.

3.8

Summary

This chapter focuses on the verification of the three-parameter unified strength theory
(UST) (Yu et al., 1992) and development of the simplified UST based on the fiveparameter UST (Yu et al., 1997). Compared with published experimental results, the
predicted concrete strength based on the simplified UST is proved correct and accurate.
This is especially true for concrete under low and medium hydrostatic pressure. This
implies that the simplified UST may be used for the analysis of concrete structures such
as beams, slabs, plates and so on. Moreover, the method used for determining its
coefficients is given.

In addition, a comparative study is conducted between the Kupfer failure criterion
(Kupfer et al., 1969), the Ottosen failure criterion (Ottosen, 1977)' the three-parameter
UST (Yu et al., 1992), the UST (Yu and He, 1991) and the simplified UST. The results
showed that both the simplified UST and the Ottosen failure criteria are better for the
prediction of concrete strength when concrete is under a three-dimensional stress state.
On the other hand, the three-parameter UST and the UST can only be used for the
analysis of concrete structures when concrete is under low hydrostatic pressure.
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STRUCTURAL SIMULATION

4.1

General Remarks

This chapter presents the layered finite element method (LFEM) (Guan and Loo,
1997a,b), adopted herein for the simulation of reinforced concrete single- and multicolumn-slab connections. The layered finite element method is primarily concerned
with the degenerated shell element with layered approach, which can be used for the
simulation of concrete and reinforcing steel in plate and slab structures.

4.2

Degenerated Isoparametric Shell Element

There are three methods, namely Kirchhoff s classical thin plate theory, Mindlin7s (or
Reissner's) plate theory and the fill three-dimensional analysis, normally used in the
numerical analysis of plate structures (Zienkiewicz and Taylor, 2000). Compared with
Kirchhoff s classical thin plate theory, Mindlin plate theory allows for the transverse
shear effects. Because of this, it has an advantage in the analysis of thick plate
structures. In addition, Mindlin plate theory can easily be extended to become the
Ahmad type degenerated shell element with arbitrary geometry (Ahmad et al., 1970).

The main assumptions for Mindlin plate theory are:

(1)

Displacements are small in comparison with plate thickness;

(2)

Stress normal to the mid-surface of the plate is negligible, namely o,=O;

(3)

Plane normal to the mid-surface before deformation remains straight but not
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necessarily normal to the mid-surface after deformation.

Obviously, the thickness of the flat plate is much smaller than the other two
dimensions. Based on the Mindlin plate theory, the ordinary brick element can be
degenerated into the specific shell element, namely degenerated isoparametric shell
element (Ahmad, et al., 1970). Therefore, a degenerated isoparametric shell element can
be adopted to simulate the single- and multi-column-slab connections. Figure 4.1 gives
a general description of the degenerated shell element. As indicated in Figure 4.1, each
element has eight nodal points located at the mid-surface of the element and five
degrees of freedom are specified for each nodal point. They are: the in-plane
displacements, u and v; transverse displacement w; and two independent bending
rotations about the x- and y- axes (namely,

4.1 and a). The

definition of the three

displacements and two rotations permits the transverse shear deformation to be taken
into consideration, as the rotations are free from any association with the slope of the
mid-surface.

Figure 4.1 Degenerated shell element (Guan, 1996)

4.2.1

Coordinate systems

In the formulation of degenerated curved shell elements, four coordinate sets, classified
as global, nodal, curvilinear and local coordinate systems, are employed in the present
formulation. The detailed coordinate systems are presented in Appendix B.
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Geometric field

Considering a typical shell element as illustrated in Figure 4.1, the geometry of an
arbitrary point in the element can be expressed as

4-

+A
k=l N ~ ( < > V ) ~ { V ~ ~ ]
mid

'gNk(cyv)<$F]
mid

in which X, Y,

V3k

Zare the coordinates of an arbitrary point in the element; n is the total

number of nodes per element; Nk(<,q) (k
corresponding to the surface where

6is

=

1, n) are the element shape functions

constant; Xk, Yk and Zk (k

=

1, n) are the

coordinates of mid-surface nodes; V3k is the vector which defines the direction of the
'normal' at node

k; hk is the thickness of the element at node k; FL,

FL and F;'k are

three unit components of the vector V3k. The first term on the right hand side of Eqs.
4.1a, b represents the intercept of the 'normal' with the mid-surface, whereas the second
term defines the position of the point along this 'normal'.

4.2.3 Displacement field

Based on the Mindlin theory, the displacement throughout the element is taken to be
uniquely described by the three displacements of the element mid-point, { nzid) (i=l, 2,
3), and two rotations,

ak

and ,LIk (see Figure 4.1). The displacements of a point on the

'normal' resulting from the two rotations can be obtained from
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)

directions, respectively.

The corresponding displacement components are obtained subsequently as

{ ~ a =) 6 l k (Vlk}

{up) = 62k(-(V2k))

Similar to Eq. (4.I), the element displacement field is therefore

where 7; , 7: and V i are three components of the vector

{ F l k};

7;, V;k and

v:~are

three components of the vector {j72k).

Therefore, the contribution to the global displacements for a given node k can be
expressed as
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where {uk} is the element displacement vector, [Nk] is the shape function matrix and
(&) is the vector containing element nodal variables at node k.

Correspondingly, for the entire element having a total of n nodes, the displacement
field is given as

where { u ) is the element displacement vector,

[Mis the shape function matrix and (6)

is the vector containing element nodal variables. They can be determined from:

4.2.4

Strain and stress fields

One of the three basic assumptions in Mindlin theory indicates that the stress in the z
direction (see Figure 4.1) is equal to zero, namely o, = 0. Consequently, it is convenient
to define the strain and stress components in terms of the local coordinate system.
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The strain components are

where u : v'and w'are the displacement components in the local system {xi). The local
derivatives in Eq. (4.8) are obtained from the global derivatives of the displacements u,
v, and w by the following operation

where [t9Jis the transformation matrix.

The derivatives of the displacements associated with the global X, Y, and Z
coordinates are given as

where [JJ,
the Jacobian matrix, is expressed as
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In the local coordinate system, the strain-displacement matrix [B], relating the strain
components

{E)

(in Eq. 4.8) to the element nodal displacements

(6)(in Eq. 4.6), can be

constructed as

where [B] is a strain-displacement matrix having five rows and the same number of
columns as element nodal variables.

Once the strain is available, the resultant stress will be obtained, in local system, as

where

{a}and {uii) are the initial strain and stress vectors,

respectively, representing

the possible expansion and corresponding stress caused by thermal load; [Dl is the
material matrix to be discussed in Chapter 5.

4.3

Layered Approach

The layered finite element model was introduced in order to simulate the plasticity of
the cross-section of the element (Figueiras and Owen, 1984; Su and Zhu, 1994; Guan
and Loo, 1997a,b). In this model, each element is subdivided into a chosen number of
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layers. The element, as illustrated in Figure 4.2, has the following characters:

All layers are perfectly bonded together.

Each layer has a uniform thiclaess but the thickness may vary from layer to layer.

Each layer has its own material properties which are assumed to be constant over the
layer thickness. Different layers may assume different material properties.

Each layer contains integration points on its mid-surface. The stresses within the
layer are computed at these points and are also assumed to be constant over the layer
thickness. These lead to a stepwise approximation of the stress distribution over the
thickness of the element (see Figure 4.2).

Concrete layer
c1.0

Steel bars

(a) Element

7

-1.0

(b) Layered approach

(c) Stress distributions in
concrete and steel

Figure 4.2 Concrete and steel layers (Guan, 1996)

For convenience, the layer and interfaces are numbered in sequence from the bottom
to the top of the element. The geometric mid-surface of the element is taken as the
reference plane. The layer thickness and reinforcement locations are specified in terms
of the normalised curvilinear coordinate,

6.This

permits the variation of the layer

thickness with non-prismatic cross sections. It is also economic in the numerical
analysis.
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According to the layered approach, the concrete characteristics are specified
individually for each layer over its thickness. However, reinforcing steel is represented
by smeared layers of equivalent thickness (see Figure 4.2). The steel layer coiltaining
reinforcing bars running in the prescribed directions simulates the actual reinforcement
configuration.

On the basis of this layered approach, the strain-displacement matrix [B] and the
material stiffness matrix [Dl of each layer element are evaluated for all the Gauss
integration points located at the mid-surface of each layer. The resultant stresses are
obtained by integrating the corresponding stress components over the thickness of the
element.

The stress resultants or the normal forces in an element are

The bending moments,

And, the shear forces,

where i (i = 1, n) is the layer number and n is the total number of layers.

Therefore, the element stiffness matrix [Ke] and the internal force vector {re) are
defined, respectively, as
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[JJdefined in Eq. (4.11).

The total number of layers to be employed for discretising and integrating in the
thickness direction depends on the problem concerned. To describe nonlinear material
behaviour in moderately thin structures, between 6 and 12 layers have been found to be
acceptable (Guan, 1996).

4.4

Summary

The degenerated shell element with a layered approach used in the analysis is
introduced in this chapter. Based on the layered approach, concrete can be discretised
into several layers. Furthermore, the reinforcing steel can also be represented by several
smeared layers.

Correspondingly, the material nonlinearity of concrete can be simulated.
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MATERIAL MODELLING AND CONSTITUTIVE
RELATIONSHIPS

5.1

General Remarks

Punching shear failure in the slab-column connections of reinforced concrete flat plates
has distinct three-dimensional features. This is primarily due to the large shear stresses
that exist in the specific regions around the connections. Hence, it is necessary that a
three-dimensional material modelling and constitutive relationship for concrete be
adopted so as to effectively predict the transverse shear failure, in particular the
punching shear failure.

This chapter deals mainly with the material models and constitutive relationships of
concrete and reinforcing steel. Concrete is regarded as an isotropic material until
cracking has occurred. The smeared crack model, together with tension stiffening effect,
is employed to simulate the post-cracking behaviour of structural concrete.
Additionally, the effect of transverse reinforcements on the element stiffness is also
considered.

5.2

Concrete

5.2.1 Material modelling of concrete

The drawback of concrete is its low tensile strength, which results in cracking at very
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low tensile stress levels. Tensile cracking reduces the stiffness of the concrete and is
usually the major contributor to the nonlinear behaviour of reinforced concrete
structures. The nonlinear response can be approximated by three stages: uncracked
elastic stage; crack propagation stage; and, plasticity stage where steel yielding and/or
concrete crushing occur.

In the nonlinear analysis of reinforced concrete structures, two salient features
should always be emphasised. One is the nonlinear constitutive relationship for
concrete, and the other is the post-cracking behaviour of concrete.

In the analysis, concrete in tension is modelled as a linear elastic-brittle material on
the basis of tension cut-off model (Chen, 1982). This is to distinguish elastic behaviour
from brittle fracture. The smeared crack model with tension stiffening effect is adopted
to simulate the post-cracking behaviour (Vecchio, 1989). A nonlinear constitutive
model based on the incremental theory of strain-hardening plasticity is implemented
(Owen and Figueiras, 1984). Moreover, both the perfect and strain-hardening plasticity
approaches are employed to model the compressive behaviour of concrete (Owen and
Figueiras, 1984).

5.2.2

Constitutive relationship for uncracked concrete

Concrete under tensile stress is assumed to be linearly elastic and its behaviour is
characterised as isotropic until the specified fracture surface is reached. In terms of the
local system and the zero normal stress assumption namely o, = 0, the constitutive
equation is given as

where the incremental stress vector is
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the incremental strain vector is

and the material matrix is

K + ~ G0 0 0
3
G O O

in Eq. 5 . 2 the
~ ~bulk modulus is given by

and the shear modulus is

In Eq. 5.3, E is the modulus of elasticity and v is Poisson's ratio of concrete.

Employing the three-dimensional orthotropic model of Buyukozturk and Shareef

(1985), the constitutive law in terms of the material stiffness tensor Dvkl is expressed as

where d o ij and dc

are the incremental stress and strain tensors, respectively

d k r r = { d u , do,

do,

dr,,

d i , , dr,,)

(5.5a)
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and the material matrix is

where K and G have been defined previously in Eq. 5.3a and b, respectively.

5.2.3

Constitutive relationship for cracked concrete in tension

According to the tension cut-off model (Chen, 1982), cracking is govqrned by the
maximum tensile stress in concrete. This means once the tensile strength of concrete
reaches an integration point, a cracked plane is assumed to form (see Figure 5.1).

0

4

I

Perfect plasticity model

/

1

Strain-hardening model

Effect of bulk
modulus

Effect of tensioi'7
stiffening

Figure 5.1 Tension stiffening in concrete after cracking (Guan, 1996)

Once cracking has taken place, concrete becomes orthotropic and the material axes
coincide with the principal stress directions (1, 2 and 3). Therefore, Eq. 5 . 5 ~may be
rewritten in terms of the three principal directions
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where El, E2 and E3 are the moduli of elasticity in directions 1, 2 and 3, respectively; v
is Poisson's ratio; GI2,GI3 and G23are the shear moduli for planes parallel to planes 1-

2, 1-3 and 2-3, respectively, and

For concrete at a previously uncracked integration point, the principal stresses and
their directions are evaluated. In addition, it is presumed that cracks form in a plane
perpendicular to the direction of maximum principal tensile stress as soon as the current
stress reaches the specified concrete tensile strengthJ.

A maximum of two sets of cracks are allowed to form at each integration point. In
addition, the crack directions are assumed to be orthogonal. Therefore, once the first set
of cracks is formed at a point, the maximum stress in the orthogonal plane and its
corresponding direction are determined. If the stress exceeds the limiting value, a new
set of cracks is assumed to form.

If the tension stiffening effect is taken into consideration, the stress normal to the
cracked plane does not diminish to zero immediately when a crack is formed. Instead,
the normal and shear stiffnesses across the crack plane and the corresponding normal
and shear stresses are gradually released upon further straining. This is caused by the
effect of interaction between reinforcing steel and concrete (called "dowel action"). The
intact concrete between each pair of adjacent tensile cracks assists the reinforcing steel
in carrying a certain amount of tensile force normal to the cracked plane, and
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consequently contributes to the overall stiffness of the structure.

When cracking is initiated, the material matrix becomes a diagonal matrix. Taking 1
and 2 as the two principal directions in the plane of the structure, the material matrix for
concrete cracked in direction 1,

where the fictitious modulus of elasticity Ei is given in Eq. 5.10, and the reduced
cracked shear moduli Gy2, Gt3, G53 can be obtained by Eq. 5.11 to take into account
the aggregate interlock effect and dowel action (Owen and Figueiras, 1984).

where a( and E, are the tension stiffening parameters; Ei is the maximum value reached
by the tensile strain at the point currently under consideration.

For concrete cracked in direction 1,
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where G is the uncracked shear modulus given in Eq. 5.3b and
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is the current tensile

strain in direction 1.

When the tensile stress in direction 2 also reaches

A,

a second cracked plane

perpendicular to the first one is assumed to form, and the material matrix becomes

,
are the modified cracked shear moduli expressed as follows
where ~ 7 1 ~, f ; G&
(Owen and Figueiras, 1984)

If the crack has closed, G is again assumed to act in the corresponding direction.
During the loading process, a previously opened crack can be closed and eventually
close completely or re-open again. Once a crack is completely closed, the concrete is
assumed to recover its initial strength normal to the crack (Cervera and Hinton, 1986).

The principal normal stress

01

(andlor oz) can be obtained from
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E,

and

EZ
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are the current tensile strains in the material directions 1 and 2,

respectively; oi is the stress corresponding to the strain si ; and art and

E,

are tension

stiffening parameters.

5.2.4

Constitutive relationship for concrete in compression

Concrete in compression is usually treated as an elasto-plastic material. Its overall
compressive behaviour can be distinguished in terms of the initial yield point and the
failure surfaces, which define the limits of the elastic and plastic regions. When the
material is stressed beyond the initial yield surface, a subsequent new series of yield
surfaces (or the loading surfaces) are developed and microcracks will propagate. The
development of microcracks causes a further increase in plastic deformatio'n (Chen and
Saleeb, 1993). Concrete finally fails when the loading surface reaches the failure
surface.

The inelastic deformation of concrete can be divided into recoverable and
irrecoverable components. In an analysis, the elastic theory is used for the recoverable
strain components while a strain-hardening plasticity approach is employed to model
the irrecoverable part of the deformation (Chen, 1982; Owen and Figueiras, 1984;
Buyukozturk and Shareef, 1985). Between the initial yielding and failure states, an
incremental stress-strain relationship is used to trace the plastic history of concrete.

In order to apply the incremental theory of plasticity to concrete, four basic
assumptions must be made. They are (Owen and Figueiras, 1984):

(I)

the initial yield and failure surfaces (which define respectively the boundaries of
elastic and strain-hardening regions, and the upper bound in the stress space);
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(2) the flow rule (which leads to an incremental plastic stress-strain relationship);
(3)

the hardening rule (which describes the evolution of the subsequent loading
surface); and,

(4)

the crushing condition (which defines the boundary of compressive region).

When the state of stress lies inside the initial yield surface, the material is assumed to
be linearly elastic. Beyond the elastic limit, the normality condition, or the associated
flow rule is assumed to govern the post-yielding stress-strain relationships for concrete.

In this analysis, the simplified unified strength theory (UST) suggested in Chapter 3
is adopted to be used as a yield (in terms of stresses) and crush (in terms of strains)
criteria.

After initial yielding, material behaviour will be partly elastic and partly plastic. For
any increment of stress, the changes of strain are assumed to be divisible into elastic and
plastic components. That is,

where d { ~ , ] , d{~,],, dkAp are the strain increment, and its elastic and plastic
components, respectively.

Correspondingly, the plastic flow rule is adopted to define the direction of the plastic
strain increment. The normality of the plastic deformation rate vector to the yield
surface is commonly assumed to establish the stress-strain relationship in the plastic
range (Owen and Figueiras, 1984). The plastic strain increment is defined as
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where dA is a proportionality constant which determines the magnitude of the plastic
strain increment. The gradient @(o)/doij defines its direction which is perpendicular to
the yield surface. The current stress function f(o) can either be the yield function in the
perfect plasticity model, or the subsequent loading function in the strain-hardening
model.

The elasto-plastic incremental stress-strain relationship may be expressed as

The formulation of the elasto-plastic constitutive matrix, [D,] may be defined as

and

where a is the flow vector; H'is the hardening parameter associated with the expansion
of the yield surface and can be obtained by differentiating oewith respect to

E,

(Chen

and Saleeb, 1993), or

where o, is the effective stress and E~ is the effective plastic strain.

Whilst concrete compressive strain reaches the specified ultimate value, the material
is assumed to lose some, but not all, of its strength and rigidity. As a result, the material
matrix for crushed concrete may be expressed as (Guan, 1996):
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5.3

Reinforcing Steel

5.3.1

Material modelling of reinforcing steel

5-1 1

There are three alternative models (discrete, distributed and embedded models) for
reinforcing steel in reinforced concrete structures (ASCE, 1982).

The discrete model uses one-dimensional elements for simulating reinforcing steel in
the case of the relative displacement between reinforcing steel and concrete.

In the distributed model where reinforcing steel is assumed to be distributed over the
concrete element, a composite concrete-steel constitutive relationship is used and
perfect bond is assumed.

In the embedded model, each reinforcing steel is considered to be an axial member
built into the isoparametric element such that its displacements are enforced to be
consistent with those of the element. Perfect bond is again assumed.

As mentioned in the Section 4.3, the embedded model (smeared model) is employed
in this analysis.

5.3.2

Constitutive relationship for in- and out-of-plane steel

In the analysis, the lateral reinforcing steel (in-plane) is considered to be an additional
set of uniformly distributed steel layers of equivalent thickness. The layer thickness of
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steel can be obtained from the following equation (Guan, 1996)

where As is the cross-sectional area of a single reinforcing bar; n, is the total number of
reinforcing bars distributed in the same level; ds is the centre-to-centre spacing between
the bars; b is the element width and, Es is the Young's modulus for steel and E, is the
initial modulus of elasticity for concrete.

Figure 5.2 shows the constitutive relation for reinforcing steel. The stress-strain
curves for steel are assumed to be identical in tension and compression (namely
Bauschinger effect is ignored). Moreover, a trilinear idealisation can be used to model
the elastic-plastic behaviour of steel. Figure 5.2 shows the trilinear stress-strain
relationship for reinforcing steel.

Figure 5.2 Trilinear idealisation of reinforcing steel (Gonzalez-Vidosa et al., 1988)

For a steel layer, the constitutive equation may be given as

d { ~=)[ z s ] d { ~ )

where the material matrix in the material coordinate system is
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where ps (s = x: y 3 is the reinforcement ratio (in the x '- and y '-directions) in the steel
layer. When the stress in the direction of the reinforcement exceeds 80% of the yield
strength&, Es is replaced by Esl; and iff, is reached, the steel is assumed to have yielded
and then Es2is assumed.

For the out-of-plane steel (transverse reinforcements), its material matrix also can be
obtained by Eq. 5.24. For transverse reinforcements, p, is the reinforcement ratio in an
element (Guan, 1996; Polak, 1998).

5.4

Element Material Constitutive Matrix
-

The abovementioned constitutive matrices ( [D_]
, [D,] and

[z,]
) must be

transformed from the principal axes 1, 2 and 3 to the local (xyz) coordinate system by

1,

adopting the transform matrix [T,.

in which li, mi and ni (i=1,2,3) are the direction cosines of 01, 0 2 and 03, namely the
cosines of the angles between

01,

02, 0 3 and the x, y and z axes respectively.

For example, the new material matrix

[D,']of reinforcing steel in the local system is
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After evaluating the material matrices of concrete and reinforcing steel in the local
coordinate system, the element material constitutive matrix can be calculated by the
direct superposition of the contributions of concrete and steel. Or,

where

[TIis

the general concrete material matrix which depends on the stress

condition considered; n, and n, respectively, are the total numbers of concrete and steel
layers.

Note that

[s]
is now of size 6x6. However, in a local coordinate system

constitutive matrix
condensed to

[B] is

*yz,

of size 5x5 due to the fact that o,=O. Therefore, [$I

the
is

[Dl (Guan, 1996) as:

where
m=O,

if

l<i12

m=l,

if

31i15

n=O,

if

11j52

n=l,

if

31j15

A summary of the material modelling of and the constitutive relationships for
concrete and steel is given in Table 5.1.
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Table 5.1 Material modelling and constitutive relationships for concrete and steel
(Guan, 1996)
Material modelling Constitutive equation

Material matrix
2
K--G
3
4
K+-G
3

4

Uncracked
concrete

K+-G
3

-

Isotropic model

-

die) = [ D cId{&}

2
K--G
3
2
K--G
3

cDcl =

0

0

0

O 0

0

o o o

K + -4G
3

G O O
G 0

Symm

G

Crack in one direction:
4

0

0

I-v-v2
EI

IDcr] =

Concrete in
tension

Tension cut-off
representation

0

0

0

0

0

0

0
0
G ; ~ 0

0

LJE2E3

E,

Symm

Gf3

d { ~=)[D,, ]d { E )

0
O
~C23-

Crack in two directions:
E

I

O
E

O
O

I
E

O
O

]

[Dcr I =

O
O

O

G;;

Symm

O
O

O

0

0
G$

0
0

~ c ,_ ;
-,

d dT

[ D e p l = [ D c 1 - ,D D
.
H +dTa

Concrete in
compression

Perfect and
strain-hardening
plasticity
approaches

D

d {D)= [

Cmshed concrete:

D]d {~E ) ~

K

[ D mI =

K O O O
K O 0 0

K
K

0 0 0

symm

L

0
0

psEs

Steel in
tension and
compression

-

Distributed
d { o )= [Ds]d{g)
(smeared) model

[Ds]=

Symm

1

T

[ D e l = [T,tl

Element
material
constitutive
matrix

0 0 0 0
0 0 0 0

,

[ D s I = [T,'
I
nc - ns 7
[ D I = . x [ D ~ I +Z I D ~ I
1=1
i=l

I

[D,, I[T&,l

T =
[ D s l[T,f

I

-

([%I [ D ' C I , [
-

-

[@i,

j ) ] = [D' ( i + m, j

=

+ n ) ]-

D ~ ~[ ID ~~ O~ ~ I )
-

[ D '( i + m,3)] [D'( 3 , j
-

+ n)]

[D'(3,311
m=O, 1 S i 1 2 ; m = l , 3 l i 1 5 ; n= O,1 S j 1 2 ; n= 1,3 S j X.5
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Summary

In this chapter, the material models and constitutive relationships for concrete and steel
are discussed. The linear elastic-brittle material model is employed to simulate concrete
in tension. The smeared crack model with tension stiffening effect is adopted to
simulate the post-cracking behaviour. When concrete is in compression, it is modelled
using a nonlinear constitutive model as well as the perfect and strain-hardening
plasticity approaches. For reinforcing steel, a trilinear idealisation can be used.

Moreover, the material matrix of reinforced concrete element is discussed in terms of
characteristics of the degenerated shell element.

Punching Shear Failure Analysis of Reinforced Concrete Flat Plates using SirnpliJied USTFailure Criterion

Chapter 6: Nzunerical Investigations

6-1

NUMERICAL INVESTIGATIONS

6.1

General Remarks

As mentioned in Section 3.7, the simplified unified strength theory (UST) has been
proved correct and accurate in predicting the concrete strength. This chapter focuses on
the numerical investigations of the ultimate bearing capacities as well as the loaddisplacement relations of beams, single- and multi-column-slab connections based on
the simplified UST. In the investigations, the structures are simulated with the
degenerated shell elements with the layered approach. The three-dimensional material
modelling and constitutive relationships for concrete and steel are adopted in the
analysis.

6.2

Numerical Investigations

In the analysis, the following published model test results are studied:

I.

Simply supported beams by Bresler and Scordelis (1963);

2. Interior column-slab connections tested by Regan (1986);
3. Edge column-slab connections tested by Lim and Rangan (1995); and,
4. Half-scale reinforced concrete flat plates tested by Falamaki and Loo (1992).

The finite element package RCEPFA developed by Guan (1996) has been modified
to incorporate the simplified unified strength theory (UST), the UST (Yu and He, 1991)
and three-parameter UST (Yu, 1992). Therefore, seven failure criteria are available in
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the RCEPFA for the numerical analysis of concrete structures including the existing von
Mises, Tresca, Ottosen and Kupfer failure criteria.

6.2.1

Simply supported beams

A series of simply supported, reinforced concrete beams were tested by Bresler and
Scordelis (1963) to determine the cracking load and the ultimate strength of a specially
designed series of 12 beams. Each beam is subjected to a concentrated load applied at
mid-span as illustrated in Figure 6.1. The test beams were grouped into four series
(Series OA, A, B and C). The OA-series (without web reinforcement) and two beams of

B series (with web reinforcement) are analysed herein. Table 6.1 shows the dimensions
and material properties of the beams. Other relevant data can be found elsewhere
(Bresler and Scordelis 1963).

Figure 6.1 Simply supported beam under central concentrated load (Guan, 1996)

Table 6.1 Summary of test data of simply supported beams
Dimensions
Beam

bxhxdxL

Concrete
properties
f c

h

OA-I

(mm)
(MPa)
307.3~556.3~461.0~3657.622.54

(MPa)
3.96

OA-2

304.8~561.3~466.1~4572.023.72

4.34

OA-3

307.3~556.3~461.5~6400.837.57

B-1
B-3

Reinforcement
properties

Es

fy

Spacing of
stirrups -

P

s

(%)

(mm)

(MPa)
(MPa)
2 . 2 ~ 1 0 ~ 555.0

1.81

2.1x105

552.2

2.74

4.14

2.1xlo5

552.2

2.74

231.1~556.3~461.0~3657.624.75

3.98

2 . 2 ~ 1 0 ~ 555.0

2.43

190.5

228.6~556.3~460.5~6400.838.75

4.21

2 . 1 ~ 1 0 ~ 552.2

3.06

190.5

In the analysis, only one forth of each beam is studied owing to the existence of two
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planes of symmetry. Each beam is modelled using five elements and each element is
subdivided into five layers over its thickness (Guan, 1996). The simplified UST as well
as the Ottosen and the Kupfer failure criteria, the UST and the three-parameter UST
have been used and the corresponding results have been compared. All results have
been presented in Figures 6.2 to 6.6. In these figures, UST denotes the unified strength
theory; UST(3) means the three-parameter unified strength theory; SUST represents the
simplified UST. Table 6.2 summarises the parameters used for all the failure criteria.
Note that the value of b varies according to different concrete strength of each beam.

Table 6.2 Summary of parameters of failure criteria for beams

1

Ottosen

Kupfer
Ream

a

I a

A

1

B

I

KI

Displacement

I

UST; UST(3); SUST

I

~2

fhc/fc

b

(mm)

Figure 6.2 Load versus displacement of OA-l
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Figure 6.4 Load versus displacement of OA-3
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Figure 6.5 Load versus displacement of B-1

Figure 6.6 Load versus displacement of B-3

Of all failure criteria used in the analysis, the Ottosen failure criterion performs
consistently and satisfactorily in predicting the ultimate loads of the beams. The other
failure criteria on the other hand have large dependencies. The problems mainly lie in
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the initial crack load being seriously overestimated, which, in turn, overestimated the
ultimate load. Table 6.3 summarises the failure loads of the beams based on the
experimental work and numerical analysis.

Table 6.3 Surnniary of failure loads of beams

Unit:kN

Beam

Experimental

Ottosen

Kupfer

UST

UST(3)

SUST

OA-1

333.6

370.0

645.0

525.0

590.0

645.0

6.2.2 Interior column-slab connections

Two typical slab-interior column connections (Slabs I1 and 12) tested by Regan (1986)
are analysed. Both slabs were 2.00 m square and 100 mm thick; they were simply
supported at four sides with spans 1.83 m and with the corner free to lift up. For each
slab, load was applied through a 200 mm monolithically cast column stub which
projected above and below the slab. These two slabs were designed mainly to
investigate the effect of the arrangement of flexural reinforcement. Both slabs have the
same reinforcement ratios, however, Slab I2 has a uniform arrangement of flexural
reinforcement whereas the steel arrangement in Slab I1 is not uniform.

Table 6.4 shows the parameters used for all the failure criteria. Figure 6.7 shows the
reinforcement details of Slab 11.

Table 6.4 Parameters of failure criteria for interior-column-slab connections
Kupfer

Ottosen

Beam

UST; UST(3); SUST

a

P

A

B

KI

K2

PbcIPc

b

Slab11

0.355fC

1.355

0.9218

2.5969

9.9110

0.9647

1.15

0.53

Slab I2

0.355fc

1.355

0.9218

2.5969

9.9110

0.9647

1.15

0.49
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Figure 6.7 Dimensions and reinforcement details of Slab I1
The load-displacement responses are shown in Figures 6.8 and 6.9. In the analysis, a
7x7 unequal-sized mesh is employed to sim~tlate the non-uniformly spaced
reinforcement layout. Each element is sub divided into 10 concrete layers over the
thickness; the reinforcing steel is represented by 2 smeared steel layers (Guan,1996).

Experimental

----- Ottosen

-

......... Kupfer

UST
- - 4 - - UST(3)

Displacement (mm)

Figure 6.8 Load versus displacement of Slab I1
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Experimental

----- Ottosen

-

- - - - - Kupfer
UST

- - 4- . UST(3)
SUST

Displacement (mm)

Figure 6.9 Load versus displacement of Slab I2

Figures 6.8 and 6.9 demonstrate that good predictions of ultimate load and
displacement are obtained based on the simplified UST. On the basis of the Kupfer
failure criterion, the numerical results of Slab I1 are also very close to the experimental
results. However, no accurate solutions to both of the connections are achieved using
the Ottosen failure criterion. Table 6.5 shows the failure loads of these two connections.
The discrepancy between the experimental and numerical failure loads of Slab I2 might
be caused by the material coefficients adopted for the simplified UST, which are not
available.
Unit:kN

Table 6.5 Summary of failure loads of column-slab connections
Connection

Experimental

Ottosen

Kupfer

UST

UST(3)

SUST

I1

176.2

110.6

162.5

166.9

145.6

166.9

I2

162.5

101.9

104.4

113.9

119.5

121.9

6.2.3 Edge column-slab connections

Seven edge column-slab connections with stud shear reinforcements (SSR) (Slabs 1, 2,
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uniforrn loads through the application of 24 point loads as shown in Figure 6.10. The
displacements of the slabs are recorded by using dial gauges located at Points Dl, D2
and D3 (see Figure 6.10). Each slab has two reinforcement meshes which are placed on
the top and bottom of the slab, respectively (see Figure 6.1 1). Figure 6.11 presents the
typical arrangement of stud rails in Slab 2. The stud is composed of vertical bars with
anchor heads, welded to a steel rail at the bottom (see Figure 6.1 1). Slab I is a control
specimen and has no SSR, whereas Slabs 2 to 7 contain SSR in the vicinity of the
column. The dimension of each column (ClxCz), the compressive strength of concrete
(fc'), the yield strength of flexural steel reinforcement (f,), as well as the ratio of
spacing of studs-to-slab thickness (slD,) are given in Table 6.6. The yield strength of the
stud is 365 MPa.

Pinned suppoe

-Cii

~ectiona-a

(Note:All dimensions are in mm; * for Slabs 4 to 7)

Figure 6.10 Slab details (Guan and Loo, 2001)
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(Note: All dimensions are in mm)

Figure 6.1 1 Stud rails arrangement in Slab 2 (Guan and Loo, 2001)

Table 6.6 Relevant data for Slabs 1 to 7

I

Meshscheme

I

12x11

I

15x13

1

15x13

I

15x12

I

15x12

I

15x13

I

15x13

]

In the study, only half of each slab is analysed owing to symmetry. Figure 6.12
illustrates the detailed meshing strategy of Slabs 2 and 3. The mesh schemes for other
slabs are summarised in Table 6.6 (Guan and Loo, 2001). The principle of meshing the
slab is to refine the stud locations to simulate the local effect of the shear studs. In all
the slab models, each element is subdivided into eight concrete layers of different
thickness. The layer thickness becomes thicker towards the element mid-surface. The
reinforcement meshes are simulated by smeared steel layers. The shear studs are
simulated by adding their contributions to the concrete material matrix that corresponds
to the normal strain in the transverse direction ( ~ u a n ,1996). Table 6.7 presents the
parameters used for all the failure criteria. Similar to the beams presented in Section
6.2.2, the value of b is subjected to the variations in light of different concrete strength
of each slab.
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Figure 6.12 Finite element mesh for Slabs 2 and 3 (Guan and Loo, 2001)
Table 6.7 Summarv of ~arametersof failure criteria for Slabs I to 7

Tables 6.8 and 6.9 show the failure load and punching shear strength, respectively.
The comparative study shows that the predictions by all failure criteria are not
satisfactory. Apparently, the numerical analysis results are all give much lower ultimate
load and punching shear strength than the experimental ones (see Tables 6.8 and 6.9).
The best predicted failure load is obtained in Slab I , which is 16.11 kN/m2 based on the
simplified UST. The ratio of the experimental to the numerical value is 1.36. The ratios
of the experimental to the numerical results of the other slabs are in the range of 1.72 to
2.24. Correspondingly, the predicted punching shear strength Vu of Slab I is 46.6kN.
The ratio of the experimental and the analytical value is 2.27. The ratios of the
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Table 6.8 Com~arisonof failure load (kN/m2)

/

Slab

/

Experimental

/

Ottosen

Kupfer

UST

UST(3)

SUST

Experimental1
SUST

SUST

Experimentall
SUST

Table 6.9 Comparison of punching shear strength V,, (kN)
Slab

Experimental

Ottosen

Kupfer

UST

UST(3)

Figures 6.13 and 6.14 present the load versus displacement curves of Slab I based on
different failure criteria together with the experimental results. Except for the results
based on the Ottosen failure criterion, the ultimate loads based on the other failure
criteria are fairly close to its counterpart which used the simplified UST. However,
analysis based on the Kupfer failure criterion has seriously overestimated the
displacement. Figures 6.15 to 6.26 present the numerical results of other slabs with
SSR. As can be seen, the numerical results are not in good agreement with the
experimental results. The reason may lie in the fact that the "dowel" effect caused by
the SSR effectively prevents the cracking development in concrete and this effect is
very difficult to be simulated in the analysis.
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Figure 6.13 Load versus displacement of Slab I (Point D 1)
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Figure 6.14 Load versus displacement of Slab I (Point D2)

Punching Shear Failure Analysis of Reinforced Concrete Flat Plates using Simplified UST Failure Criterion

Chapter 6: Numerical Investigations

6-14

0
0
0

0

F- -

-

0
0
0

0
0

0
0
0
0

Emerimental

0

Displacement (mm)

Figure 6.15 Load versus displacement of Slab 2 (Point D 1)

Displacement (mm)

Figure 6.16 Load versus displacement of Slab 2 (Point D2)

Punching Shear Failure Analysis oJ'Reinforced Concrete Flat Plates using SimpliJied UST Faihrre Criterion

Chapter 6: Nzrmerical Investigations

6-15

0
0
0

0
0
0

Experimental
- - - - - Ottosen
......... Kupfer
UST
- - + -- UST(3)
SUST
---w--

0

10

20
30
Displacement (mm)

40

50

Figure 6.17 Load versus displacement of Slab 3 (Point D 1)

0
0
0
0
0
0
0

.--0

Experimental

- - - - - Ottosen

-

......... Kupfer

UST
UST(3)
SUST

--4--

0

10

20

30

40

50

Displacement (mm)

Figure 6.18 Load versus displacement of Slab 3 (Point D2)
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6.2.4 Half-scale reinforced concrete flat plates

A total of nine half-scale reinforced concrete flat plate models were tested by Falamaki
and Loo (1992). The nine test models are designated as Wl to W5 and M2 to M5. Each
of the columns was extended downward to the theoretical contraflexure point (taken as
half of the column height measured from the slab soffit). To simulate the practical
situations, the stiffness of each column was doubled due to the omission of the columns
above the slab in the test. The main test variables for W series were the spandrel beam
depth and the longitudinal and transverse reinforcement ratios. Other variables included
concrete strength and the slab reinforcement ratio in the vicinity of the columns. Slab
thickness in all the models of the W series was 1OOmm and the spandrel width was
200mm. Among the W series, three namely Wl, W2 and W4 are analysed herein. Figure
6.27 shows the layout of these three flat plate models. The column dimensions of all
three models are given in Table 6.10. The concrete strength and the details of spandrel
beams of these three models are shown in Table 6.1 1. Detailed reinforcements of the
slabs, columns and spandrel beams of each model can be found elsewhere (Falamaki,
1990).

Comer column

1

-

Edge column
2700

Comer column

f

2700

Figure 6.27 Layout of flat plate models Wl, W2 and W4 (Falamaki and Loo, 1992)
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Table 6.10 Column dimensions of flat plate models
Dimension

A

B

C

F

G

H

c1

200

200

200

370

370

550

c
2

200

200

400

200

200

400

Table 6.11 Other details of flat plate models
Models
Concrete strengthf, (MPa)
Depth of spandrel beam (mm)

W1

W2

W4

34.60

35.13

23.48

200

300

250

In the analysis, concrete is subdivided into eight layers with different thickness and
reinforcing steel is smashed into 4 layers (Guan, 1996). A typical meshing scheme of
model W l is presented in Figure 6.28. Table 6.12 shows the parameters used in the
failure criteria.

Figure 6.28 Typical meshing scheme for flat plate model W l (Guan, 1996)

Table 6.12 Parameters of failure criteria for analysed models
Kupfer

Flat plate

Ottosen

UST; UST(3); SUST

a

P

A

B

K1

K2

fbAPC

b

W1

0.355fc

1.355

0.9218

2.5969

9.9110

0.9647

1.15

0.39

W2

0.355fc

1.355

0.9218

2.5969

9.9110

0.9647

1.15

0.39

W4

0.355fc

1.355

0.9218

2.5969

9.9110

0.9647

1.15

0.40
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Table 6.13 shows the failure loads of the three models based on different failure
criteria. Note that better numerical results are obtained based on the Kupfer and the
simplified UST failure criteria.

Figures 6.29 to 6.37 depict the responses of loads versus displacements of the flat
plate models W1, W2 and W4. The numerical results indicate that the trends of the loaddeflection behaviour predicted by all failure criteria are very similar. The difference
among all predictions occurs in the plastic regions of the load-defection curves.
According to the Figures 6.29 to 6.37, the predictions based on the Kupfer failure
criterion and the simplified UST are in better agreement with the experimental results
than their counterparts based on the other failure criteria.

Experimental
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......... Kupfer
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- - 4 - .UST(3)
SUST

04
0

I

I

I

I

10

20

30

40
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50

I

60

Displacement (mm)
Figure 6.29 Load versus displacement of Model W l (Point 1)
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Figure 6.30 Load versus displacement of Model W l (Point 2)
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Figure 6.3 1 Load versus displacement of Model W l (Point 3)
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Figure 6.32 Load versus displacement of Model W2 (Point 1)
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Figure 6.33 Load versus displacement of Model W2 (Point 2)
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Figure 6.34 Load versus displacement of Model W2 (Point 3)
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Discussions

6.3

Undoubtedly, among those failure criteria compared in Section 3.7, the simplified UST
and the Ottosen failure criterion are proved the best ones used for the analysis of
concrete structures in which concrete is under the state of three-dimensional stress.
Therefore, theoretically, the most accurate numerical results of those models analysed in
Section 6.2 should be acquired using the simplified UST and Ottosen failure criteria.
However, the results in Section 6.2 show that the Ottosen failure criterion only
perfoms well in the analysis of simply-supported beams. On the contrary, the
simplified UST and the Kupfer failure criteria both work well in the analysis of the
interior column-slab connections and half-scale flat plate models. As for the analysis of
the edge column-slab connections with shear stud reinforcement (SSR), all results are
far from satisfaction.
The conflict results imply that the errors were caused by the other factors rather than
the failure criteria. These factors might involve the mesh scheme, the structural
simulation, the cracking model, the simulation of the interaction between concrete and
the out-of-plane steel. These factors could significantly influence the accuracy of stress
calculation.

6.4

Summary

This chapter presented the numerical analysis of the simply-supported beams, interior
column-slab connections, edge column-slab connections with SSR and half-scale flat
plate models based on the simplified UST and other failure criteria. A comparative
study is carried out in terms of the failure load, load-deflection response and the
punching shear strength
The unsatisfactory results might be caused by the other factors rather than the failure
criteria.
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A-I

PRINCIPAL STRESSES AND HAIGH-VVESTERGAARD
COORDINATE SYSTEM

A.1

Principal Stresses

For numerical computations it is convenient to express the stress state of a point in the
stress space in terms of principal stresses, or principal shear stresses together with the
corresponding normal stresses. This is because it is independent from the coordinate
systems. The principal stresses of a point in the stress space can be obtained by

which is a cubic equation for o with three real roots,

where

I , = o x+ o y+ o z
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A-2

If the coordinate axes are chosen to coincide with the principal stress axes 1, 2, 3,
Eqs. A.3a,b,c can be rewritten as

In addition, the stress vector can be expressed as the hydrostatic pressure and a
deviatortic stresses si. The hydrostatic pressure can be expressed as

and, the deviatoric stresses are given as

To obtain the invariants of the deviatoric stresses, a derivation similar to that used to
derive Eq. (A.l) is followed. Or,

which results in a cubic equation
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s3 - J , S ~+ J2s - J 3 = 0

A-3

(A.8)

where

In terms of principal stresses, Eqs. A.9a,b,c can be expressed as follows

(A. 1Oa)

(A. 1Ob)

(A. 1Oc)

To solve the cubic Eqs. A.2 and A.8, the following mathematical relation is
employed

(A. 1 1)

s = r cos8

(A. 12)
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then, substituting Eq. A. 12 into Eq. A. 11 leads to

(A. 13)

and

(A. 14)

If 0, denotes the first root of Eq. A. 14 for the angle 38 in the range 0 to n, it follows
that the angle 8, must fall in the range

n
0 5 0 <O-3

(A. 15)

With the limitation imposed on 8, by Eq. A.15, the three principal stresses are
therefore given as

(A. 16)

Theoretically, any strength criterion should be independent of the orientation of the
coordinate system employed and includes all the independent stress variables. However,
it is very convenient to employ Haigh-Westergaard coordiate system in the analysis of
material strength.

The Haigh-Westergaard coordinates

5, r,

0 are adopted to match the stress

equivalents of I], Jz, J3. 5 is the projection of stress point on hydrostatic pressure axis
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and r,0 are the polar coordinates in deviatoric plane. 5, r, and 0 have the relationships
with I ] ,Jz, J3 as follows

(A. 17a)

(A.17b)

(A. 17c)

For convenience to use, the coordinates are usually normalized with uniaxial
compressive strengthf,. Thus Eqs. A. 17a,b become

(A. 18a)

(A. 18b)

The expression for 0 remains the same as Eq. A. 17c.

This coordinate system is employed in the Chapter 3 to compare the predicted valued
based on the failure criterion with concrete triaxial experimental results.
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B-1

COORDINATE SYSTEMS FOR DEGENERATED
SHELL ELEMENT

In the formulation of degenerated curved shell elements, four coordinate sets, classified
as global, nodal, curvilinear and local coordinate systems, are employed. They are
briefly described as follows.

(1)

Global coordinate set -{Xi)

The global Cartesian coordinate system is an arbitrary system which is adopted to
define the geometry of the structure in the space. Nodal coordinates and displacements,
the applied force vectors, and the global stiffness matrix are all referred to this system.
In the system, {Xi)
represents the coordinate axes; {u,) denotes the displacement
components;

{Xi)
is a unit vector in the X idirection.

(2) Nodal coordinate set - {Xi)

The nodal coordinate system, which is defined at each nodal point with origin at the
reference mid-surface, has three translation coordinates and two rotation coordinates.
For the three translation coordinates

{y,) at an arbitrary node k (see Figure 4.1), the

vector (V,,)which directs along the shell thickness needs to be defined first. Its length
is the shell thickness. Noting that necessary that the vector

{v,)is not necessarily

normal to the mid-surface. After the vector {V,,)is defined, the other two coordinates
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B-2

will be established arbitrarily only if they are perpendicular to each other. For
convenience, the corresponding unit vectors

(F,) are normally used in practice. For the

two rotation coordinates, they are defined as a, which rotates about
which rotates about

(E,)and P,

(F,).The coordinate system allows the element enables to have

not only flexural deformations but also shear deformations.

( 3 ) Curvilinear coordinate set - 6, 77,

<

5 and 77 are the two curvilinear
shell element, and 6is a linear coordinate in the

According to the curvilinear coordinate system,
coordinates in the mid-plane of the

thickness direction (see Figure 4.1). Similar to the vector {V,,) in the nodal coordinate

4 is

not necessarily normal to the mid-plane. The value of these three

coordinates 5,

and <varies from -1 to +1 on the respective faces of the element. The

system,

curvilinear coordinate system brings the convenience to the computation due to the size
difference of the elements being eliminated.

(4)

Local coordinate set - {xi)

The local Cartesian coordinates system is defined as integration points wherein the
stresses and strains are to be calculated. The local coordinate system is variable along
the thickness depending on the shell curvature and various thickness at the
corresponding integration point.
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