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Abstract
In this thesis we extend BDI logics, which are normal multimodal logics
with an arbitrary set of normal modal operators, from three different perspectives. Firstly, based on some recent developments in modal logic, we
examine BDI logics from a combining logic perspective and apply combination techniques like fibring/dovetailing for explaining them. The second
perspective is to extend the underlying logics so as to include action constructs in an explicit way based on some recent action-related theories. The
third perspective is to adopt a non-monotonic logic like defeasible logic to
reason about intentions in BDI. As such, the research captured in this thesis
is theoretical in nature and situated at the crossroads of various disciplines
relevant to Artificial Intelligence (AI). More specifically this thesis makes
the following contributions:
• Combining BDI Logics through fibring/dovetailing [61]: BDI
systems modeling rational agents have a combined system of logics of
belief, time and intention which in turn are basically combinations
of well understood modal logics. The idea behind combining logics
is to develop general techniques that allow to produce combinations
of existing and well understood logics. To this end we adopt Gabbay’s [42] fibring/dovetailing technique to provide a general framework for the combinations of BDI logics. We show that the existing
BDI framework is a dovetailed system. Further we give conditions
on the fibring function to accommodate interaction axioms of the
type Gk,l,m,n (3k 2l ϕ ⇒ 2m 3n ϕ) based on Catach’s multimodal semantics. This is a major result when compared with other combining
techniques like fusion which fails to accommodate axioms of the above
type.
• Extending the BDI framework to accommodate Composite
Actions [98]: Taking motivation from a recent work on BDI theory [97], we incorporate the notion of composite actions, π1 ; π2 (interpreted as π1 followed by π2 ), to the existing BDI framework. To this
i

ii

Abstract
end we introduce two new constructs Result and Opportunity which
helps in reasoning about the actual execution of such actions. We
give a set of axioms that can accommodate the new constructs and
analyse the set of commitment axioms as given in the original work
in the background of the new framework.
• Intention reasoning as Defeasible reasoning [59, 60]: We argue for a non-monotonic logic of intention in BDI as opposed to the
usual normal modal logic one. Our argument is based on Bratman’s
policy-based intention [12]. We show that policy-based intention has
a defeasible/non-monotonic nature and hence the traditional normal
modal logic approach to reason about such intentions fails. We give a
formalisation of policy-based intention in the background of defeasible
logic. The problem of logical omniscience which usually accompanies
normal modal logics is avoided to a great extend through such an
approach.
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Chapter 1

Introduction
If you understand, things are
just as they are, if you do not
understand, things are just as
they are.
Zen proverb

In this chapter we briefly explain the belief, desire, intention (BDI) strategy
and its underlying logical framework. We then examine how and why the
existing logical framework could be extended. It is argued that modal logic
provides a good formal tool to model BDI-like systems. Finally, we conclude
the chapter with an overview of the structure of the work presented in this
thesis.

1.1
1.1.1

Representation & Reasoning with BDI
The BDI Strategy

There are many strategies for representing and reasoning about the problemsolving mechanisms involved in artificial entities like a robot/computer
system. For example, consider the physical strategy (or physical stance)
through which, one predicts the behavior of a robot by determining its
physical constitution (all the way down to the micro-physical level) using
the knowledge of the laws of physics and thereby predicts the outcome for
any input. Such a strategy was used by Laplace1 for predicting the entire
1

French mathematician (1749-1827) known for Laplace’s equation, which is one of
the important partial differential equations of physics.
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future of everything in the universe, but the difficulty is that the strategy is
not always practically viable. Then there is the design stance which helps
in predicting that a particular entity will behave as it is designed to behave
under various circumstances. For instance, most computer users have the
faintest idea about the hardware components in their system but if they
have a good idea of the operating system (the way the computer is designed to behave) they can predict its behavior with great accuracy and
reliability. But as the application domains become increasingly large and
complex, as in the design of a self contained problem solving system capable of autonomous, reactive, pro-active, social behavior (often termed as
agents), at times one is urged to adopt a stance through which the problem
and its solution could be expressed more naturally. In this thesis we deal
with such a strategy called the intentional stance to explain the rational
behavior involved in BDI-like agents. The strategy is stated as follows:
The intentional strategy consists of treating the object whose
behavior you want to predict as a rational agent with beliefs
and desires and other mental states exhibiting intentionality.
Daniel C. Dennet
Based on the above paradigm and following the philosophical work of
Bratman [12], Dennet [29] and the more formalised version of Cohen and
Levesque [25], Rao and Georgeff developed their own formalism for modeling rational agents [100, 102, 103, 107, 106], which they called BDI-agent
framework. BDI agents are systems2 that are situated in a changing environment, receive continuous perceptual input, and take actions to affect
their environment, all based on their internal mental states. The BDI model
focuses on three components of an agent: its beliefs, its desires (goals)3 and
its intentions, representing respectively, the information, the motivational
and the decision states of the agent. The notion of intention has equal
status with the notions of belief and desire, and cannot be reduced to these
concepts. This allows different types of rational agents to be modeled by
imposing certain conditions on the persistence of an agent’s beliefs, goals
and intentions.
Since the seminal work of Rao and Georgeff [107], the last decade has
witnessed a flowering interest in BDI-based agent research both on a theoretical and practical level. The theoretical level, often referred to as the
logical level, is concerned with specifying the properties of a BDI agent
2

Systems could be either defined as a complex of language, models and interpretations
from a logical point of view or a computer system capable of rational behavior.
3
In this thesis we do not differentiate between desires and goals.

1.1. Representation & Reasoning with BDI
and their formal representation in some logical language. From a systembuilding perspective this level is called the specification phase. The logical
level tries to answer questions related to the various components of a BDI
agent’s cognitive makeup and how to derive rational behavior from such a
setup. It is also concerned with providing explanations as to the relationships between the different cognitive components, the need for logic based
formalisms etc.
On the other hand, the practical side is divided into two levels called
the architectural level and the language level. At the architecture level,
issues related to the construction of computer systems that satisfy the
properties specified at the logical level is of prime concern, and is usually called the design phase. The BDI architecture is often deliberative
in nature in the sense that it contains an explicitly represented, symbolic
model of the world and the decisions are made via logical reasoning. This
is in contrast to the reactive architectures [13], which do not include any
kind of central symbolic model and does not use complex symbolic reasoning. In the later works an interactive architecture for BDI is also
considered [37, 63]. Finally, the language level (implementation phase),
is concerned with developing an interpreted programming language which
includes at least some structure corresponding to a BDI agent as is done
in [126, 102, 15, 11]. There are also a number of BDI implementations which
are used successfully in critical application domains as well as for implementing business, operational and advanced reasoning procedures (such as
PRS [34], DMARS, JAM [68] and JACK [16]). Further details are listed at
(http://www.agent-software.com/) and for a more comprehensive account
on agents see (http://www.agentbuilder.com).
Recent publications [94, 11, 97] show that advancement in BDI research
is happening at all three levels rapidly. This thesis offers no contribution
to the practical side but tries to enhance our understanding of the logical
level.

1.1.2

BDI Logics

BDI logics are multi-modal logics with three families of modal operators
BELi , DESi and INTi , where i ∈ A (agents). Multi-modal logics generalise
modal logics allowing more than one modal operator to appear in formulae.
In particular, a modal operator is named by means of a label, for instance
2i which identifies it. Hence a formula like 2i ϕ could be interpreted as
ϕ is believed by the agent i or ϕ is a goal for agent i or ϕ is true after
executing the action i, representing respectively the belief, goal and action
constructs of an agent. In addition, the BDI formalism extends a branching

3
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time logic called CT L∗ (Computation Tree Logic) [33] to first-order logic
along with the modalities for belief, goal and intention4 . Beliefs, desires
and intentions are modeled as sets of belief-, goal-, and intention-accessible
worlds5 associated to an agent in each situation (a particular time point in
a particular world is called a situation). The semantics is given in terms of
standard Kripke frames. Three families of accessibility relations are defined,
one each for belief, {BELi }, intention, {INTi } and desire, {DESi }. The
belief accessibility relation is serial, Euclidean and transitive whereas for
intention and goal the accessibility relation is serial. The properties which
characterise the modal operators BEL, GOAL and INT are expressed in
the form of axioms. One such axiom that is common to all the operators is
called axiom K and is given as follows
2i (ϕ ⇒ ψ) ⇒ (2i ϕ ⇒ 2i ψ)

(1.1)

The modal systems that are characterised by the above axiom are called
normal modal logics and the modal operators involved normal modal operators. Hence BEL, GOAL and INT are known as normal modal operators.
If we interpret 2i as BEL, then axiom (1.1) conveys the meaning that an
agent believes all the consequences of its beliefs. In a similar manner other
axioms satisfying specific properties could be given for each modal operator. One key assumption made in the BDI framework is that of intentions
being stronger than desires and desires being stronger than beliefs. These
constraints too are given in the form of axioms as shown below
INT(ϕ) ⇒ GOAL(ϕ)

(1.2)

GOAL(ϕ) ⇒ BEL(ϕ)

(1.3)

These axioms capture the rich inter-relationships between beliefs, desires
and intentions and are often termed interaction axioms. The K-axiom
(1.1) is also of this type but the difference is that axioms (1.2) and (1.3)
are non-homogeneous (i.e., every modal operator is not restricted to the
same system. For instance the underlying axiom systems for GOAL is K
and D of modal logic whereas that of BEL is KD45. In this thesis we are
interested in interaction axioms of the type (1.2) and (1.3) but having a
general form like
2i1 2i2 . . . 2in ϕ ⇒ 20i1 20i2 . . . 20im ϕ (n > 0, m ≥ 0)
and the modal systems charactrised by such general schemas.
4
5

We do not make any reference to temporal constructs in this thesis.
The notion is related to possible worlds which we explain in Chapter 2

1.2. What This Thesis is About
In addition to BEL, GOAL and INT, other notions such as commitments, capabilities, know-how, etc. have been investigated within the
framework of BDI. Sophisticated multi-modal, temporal, action, and dynamic logics have been used to formalize these notions, see among others, [97, 123, 117, 132, 111, 38]. Hence, as stated in [19], the main feature of
multi-modal systems is their ability to express complex modalities, obtained
by composing modal operators of different types. Such systems allow one
to design agent situations where the agents have different ways of reasoning
and different ways of interacting between them thereby allowing simultaneous study of several modal aspects (e.g., belief and knowledge, belief and
action etc.)

1.2

What This Thesis is About

In this thesis we extend the underlying logics in BDI-systems from three
different perspectives. Firstly, based on some recent developments in modal
logic, we examine BDI logics from a combining logic perspective and apply
combination techniques like fibring/dovetailing for explaining them. The
second perspective is to extend the underlying logics so as to include action
constructs in an explicit way based on some recent action-related theories.
The third perspective is to adopt a non-monotonic logic like defeasible logic
to reason about intentions in BDI. As such, the research captured in this
thesis is theoretical in nature and situated at the crossroads of various disciplines relevant to Artificial Intelligence (AI). More specifically this thesis
makes the following contributions:
• Combining BDI logics through fibring/dovetailing [61]: BDI
systems modeling rational agents have a combined system of logics of
belief, time and intention which in turn are basically combinations of
well understood modal logics. The idea behind combining logics is to
develop general techniques that allow to produce combinations of existing and well understood logics. To this end we adopt Gabbay’s [42]
fibring/dovetailing technique to provide a general framework for combining BDI logics. We show that the existing BDI framework is a
dovetailed system. Such general techniques help in formalising complex systems like BDI in a systematic way i.e., such a general methodology would permit a modular treatment of the modal components,
whereby each component is analysed and developed on its own with
the most appropriate methodology for it and reused in the combination. Further we give conditions on the fibring function to accommodate interaction axioms of the type Gk,l,m,n (3k 2l (ϕ) ⇒ 2m 3n ϕ)

5
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based on Catach’s multimodal semantics. This is a major result when
compared with other combining techniques like fusion which fails to
accommodate axioms of the above type.
• Extending the BDI framework to accommodate composite
actions [98]: Taking motivation from a recent work on BDI theory [97], we incorporate the notion of composite actions, π1 ; π2 (interpreted as π1 followed by π2 ), to the existing BDI framework. To this
end we introduce two new constructs Result and Opportunity which
help in reasoning about the actual execution of such actions. We give
a set of axioms that accommodates the new constructs.
• Intention reasoning as defeasible reasoning [59, 60]: We argue for a non-monotonic logic of intention in BDI as opposed to the
usual normal modal logic one. Our argument is based on Bratman’s
policy-based intention [12]. We show that policy-based intention has
a defeasible/non-monotonic nature and hence the traditional normal
modal logic approach to reason about such intentions fail. We give a
formalisation of policy-based intention in the background of defeasible
logic. The problem of logical omniscience which usually accompanies
normal modal logics is avoided to a great extent through such an
approach.

1.3

How We Go About Solving It (Tools Used)

The main formal tool used is Modal Logic [69, 70, 22, 21, 76, 10], as it is
widely known these days that they are suitable for structuring and representing cognitive constructs like knowledge and belief [73, 51, 64] as well as
other attitudes like intention, goals, obligation [107, 79, 123] etc. They are
also suited to formalize reasoning about actions and time [130] as well as in
the specification of interactions among agents [19, 8, 85]. Moreover, they
are used in theoretical computer science for program specification as well as
verification [32, 93, 75]. The advantages of using modal logic over classical
first-order logic in formalising cognitive notions like belief, intentions, etc.
has been presented many times as in [131, 63, 85, 123].
The most basic and the one that is important from this thesis point
of view is that modal languages could be seen as general tools for talking
about relational structures6 . A relational structure is simply a set together
with a collection of relations on that. Modal languages are the simplest
6

This view is sometimes called the Amsterdam-style perspective on modal logic and
for a full exposition see [10].

1.4. Plan Of This Thesis
languages in which relational structures can be described, constrained and
reasoned about locally. The term local denotes that modal formulas are
evaluated inside structures at a particular state.
The function of the modal operators is to permit the information
stored at other states to be scanned via an appropriate transition
with the condition that there should be a current state from
which these other states are accessible [10].
This localised perspective of modal languages on relational structures helps
in giving highly intuitive mathematical meaning to a variety of modal operators as opposed to that of classical languages which have an external
perspective on relational structures. Also from a combining logic point of
view this internal perspective is important as satisfaction of formulas in the
combined logic is done with respect to a particular state (world). Moreover,
as it is possible to reduce modal logic to (fragments of) first order logic7 it
is possible to import and export various techniques and results available at
both ends.

1.3.1

Fibring/Dovetailing

We adopt Gabbay’s [40, 41, 42] fibring/dovetailing technique for combining BDI logics. The methodology allows the user to combine (fibre) the
semantics of the two logics at hand and weave the two proof theories into
a combined logic that preserves the basic properties of the components. In
order to do so the two logics must be fully presentable through their syntax, semantics and proof-theory. If that is not the case the methodology is
still usable. The strategy is then to extract the consequence relations from
the two logics and finally fibre the relational semantics into the combined
logic. The fibring methodology is sufficiently general to be applied to any
combination.

1.4

Plan Of This Thesis

This thesis contains, in addition to the current one, five more chapters. In
the next chapter we outline the syntax and semantics of modal logic and
show their relationship with BDI logics. Two combining techniques called
fusion and fibring/dovetailing are analysed and we argue that fibring is
more suited for BDI-like logics than fusion.
7

The study cf this sort of translation of any modal language into its corresponding
classical language is known as Correspondence Theory.
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In the third chapter, Fibring semantics for BDI logics, we first show that
BDI logics without interaction axioms is a dovetailed system (i.e., dovetailing can be used as a semantic methodology to generate BDI logics). In
order to accommodate interaction axioms we adopt Catach’s multi-modal
semantics which consists of a class of interaction axioms Ga,b,c,d through
which a wide class of modal systems including that of BDI could be generated. Further, we show that it is necessary to give conditions on the
fibring function in order to combine BDI logics with interaction axioms. It
is also shown that fibring as a combining technique could be extended to
non-normal logics.
In the fourth chapter, Extending BDI with composite actions, we extend the BDI framework to accommodate composite actions. Three recent
theories on action and ability are reviewed and it is argued that the notion of ability alone in BDI is not sufficient for reasoning about composite
actions. It is shown that along with ability, notions like opportunity and
result should be incorporated for the successful execution of such actions.
Further we analyse the set of commitment axioms as given in [107] in the
background of the new framework.
The fifth chapter advocates a non-monotonic logic for reasoning about
intentions and as such deviates from the usual normal modal logic approach.
Our view is based on Bratman’s theory of policy-based intentions and we
argue that policy-based intentions exhibit non-monotonic behavior which
could be captured through a non-monotonic system like defeasible logic.
The usual problems accompanying logical omniscience are avoided to a
great extent by such an approach. We outline a proof-theory showing how
intention-consistency could be maintained in BDI-like systems.
Finally, we conclude the thesis with a summary of the main contributions
and a discussion on future research problems.

1.5

Bibliographic Note

Most of the research presented in the thesis has been previously published
in some form. The main results of Chapter 3 on fibring semantics for
BDI logics was presented as full paper [61] at the European Conference for
logics in Artificial Intelligence (JELIA-02) in Italy. Chapter 4 is a longer
version of the full paper presented at the fourteenth Australian Joint Conference for Artificial Intelligence (AI-01) in Adelaide (Australia). The results related to the defeasible nature of policy-based intentions reported in
Chapter 5 appeared in a much shortened version in the proceedings of the
Australian workshop on computational logic (AWCL-02) and was presented

1.5. Bibliographic Note
at the workshop held in Canberra. It also appeared as a poster paper in
the proceedings of the fifteenth Australian Joint Conference for Artificial
Intelligence (AI-02) in Canberra (Australia).
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Chapter 2

Intensional Logics and BDI
The limits of my language
means the limits of my world;
Logic pervades the world: the
limits of the world are also its
limits.
Ludwig Wittgenstein

As mentioned in the previous chapter, the underlying formal language
in intentional systems like BDI is that of Modal Logic. In this chapter we
give an overview of Modal Logic stating some of its important properties
such as completeness and establish its relationship with BDI in a multimodal setting. We then introduce two combining techniques called fusion
and fibring and show why fibring is more suitable to combine BDI logics
than fusion.

2.1

Modal Logic (The Basic Case)

Intentional notions like belief, desires and so forth are most commonly formulated by using a modal logic or some variants of it. In brief, the syntax
of a modal language is that of classical languages (propositional or firstorder) with an addition of non-truth functional operators. Many, however
believe that anything that can be represented in non-classical languages
such as modal logic, can be reduced to a problem in first-order logic. For
instance, John McCarthy [92] questions the usefulness of modality in artificial intelligence (AI) and knowledge representation (KR). For McCarthy
[i]ntroducing new modalities should involve no more fuss than introducing a
10
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new predicate. But as Heinrich Wansing points out [125], using new predicates instead of modal operators deprives us of the appealing and insightful
interpretation of modal formulas relative to possibly compound states with
an interesting relational structure.
Secondly, from a combining logic point of view, though modal logics like
S4 and S5 may be viewed as fragments of first-order logic, it is not the case
that the reducing theory (first-order) is meant to replace the reduced theory
(modal). It might be the case that such reductions may prove to be technically useful due to a transfer of known properties from the reducing theory
to the reduced one. For instance, in description logics, which are restricted
first-order formalisms, though the concept language ALC is only a syntactic
variant of the smallest polymodal logic, it nevertheless has been suggested
to further extend ALC by modal epistemic operators (see [86, 21]). Moreover, modal logic is no longer seen as just an extension of propositional
logic, but also as a restriction of first-order logic. Other reasons against the
use of classical logics for reasoning about intentional notions has been given
in [131]. Thus modal logic is conceived as a much richer and more versatile
research paradigm than interpreting normal modal operators as philosophically or otherwise interesting modalities. The new perspective on modal
logic has enriched our theoretical understanding of what modal logic is by
making use of new tools such as translation and bi-simulation and thereby
showing which fragments of first-order logic they correspond to (see [10] for
further details). It has encouraged modal logicians to think of themselves
as logic engineers, whose task is to craft logics to fit particular applications,
and this has lead to the development of new extended modal logics.

2.1.1

Syntax

The language of basic modal logic is that of propositional logic (PL) with
two extra connectives, 2 and 3,1 and denoted by LPML in this thesis. The
alphabet of LPML consists of
• An enumerable set of propositional variables: Φ =

0, 1, . . . , 0, 1

... ;

• The logical constants: > (true) and ⊥ (false);
• The Boolean connectives: ∧ (and), ∨ (or), ⇒ (implies), ⇔ (if and
only if) and ¬ (not);
1

Though C.I. Lewis [82, 83] is considered as the creator of the first modal systems, it
was Orlov and Godel who added it explicitly to classical propositional logic. (For details
see [45]).
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• The Modal operators: 2 (it is necessary) and 3 (it is possible)
Definition 1 The language of basic modal logic is defined by the following
Backus Naur Form (BNF):
LPML ::= ⊥ | > |

i

| ¬ϕ | (ϕ ∧ ψ) | (ϕ ∨ ψ) | (ϕ ⇒ ψ)(ϕ ⇔ ψ) | 2ϕ | 3ϕ,

The propositional variables ( 0 , 1 , . . .) and constants (⊥, >) denote atomic
formulas (LPML − f ormula) intended for representing compound propositions. Greek letters like ϕ, ψ, χ are reserved for formulas whereas Σ, ∆ denotes sets of formulas. If ϕ and ψ are LPML -formulas then so are (ϕ ∧ ψ),
(ϕ ∨ ψ) etc. as with the standard tradition. Example formulas of basic
modal logic are ( 0 ∧ 3( 0 ⇒ 2¬ 3 )) and 2((3 1 ∧ ¬ 3 ) ⇒ 2 0 ). Though
many such formulas can be constructed using the basic modal language
LPML , not all of them constitute a modal system. The basic idea of constructing a modal system is to single out and describe those formulas that
represent true propositions no matter what values are assigned to the variables. This set of formulas (usually referred to as axioms), together with a
set of rules is denoted by Λ and is often called the logic of the corresponding
system.

2.1.2

Semantics

As mentioned above, the formulas in a modal system should satisfy certain
truth conditions. Hence we need a method for evaluating the truth or falsity
of modal formulas. Though LPML is built on the language of classical
propositional logic PL, it is not possible to adopt the classical semantics
for LPML due to the operators 2 and 3. The reason is that in PL the
only conditions to be accounted for is the truth/falsity of a variable in a
state whereas in the case of 2 0 one has to think of truth or falsity of a
variable with respect to states and certain relations between the states.
Hence we need to interpret our modal language as a way of talking about
relational structures. To this end we use relational semantics or Kripke
semantics (possible worlds semantics) [78] to explicate the logical structure
of our modal systems. This is done both at the level of models and at the
level of frames. Both levels are important as they support the key notions
of satisfaction and validity.
Definition 2 (Kripke frames and Kripke models) A Kripke-frame is
a pair F= (W, R) where W is a set called the set of worlds and R is a
binary relation called an accessibility relation. A frame is just a set of
points and the relation between them. Whereas a Kripke model is a triple
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ω2

ω3

ω2

ω3

ω1

(A)

(B)

Figure 2.1: A Kripke model (A) and Kripke frame (B)
= (F, ν, ω) where ω ∈ W and ν is a valuation on F. A valuation is a
function ν : Φ → 2W . We say that the model is based on the frame F, or
that F is the underlying frame of .
In Figure 2.1 W = {x1 , x2 , x3 } represents the set of possible worlds
and x1 Rx2 , x1 Rx3 , x2 Rx2 , x2 Rx3 and x3 Rx2 denote the accessibility relations. Elements of W are called worlds, states or points and x1 Rx2 could
be interpreted as x2 is accessible from x1 or x1 sees x2 or x2 is a successor
of x1 . A frame (as in Fig 2.1(B)) is more like a directed graph and has
no information about the truth of atomic formulas at the various points.
But in the case of models we have to evaluate the truth of propositions and
hence need to introduce the notion of satisfaction in a world and this is
defined inductively as follows:
iff ω ∈ ν( 0 )

1.

, ω |=

2.

, ω |= ¬ϕ iff

3.

, ω |= ϕ ∧ ψ iff

4.

, ω |= 2ϕ iff for all ω 0 ∈ W with ωRω 0 implies

0

, ω 6|= ϕ
, ω |= ϕ and

, ω |= ψ
, ω 0 |= ϕ

It follows from this definition that , ω |= 3ϕ iff for some ω 0 ∈ W we have
ωRω 0 and , ω 0 |= ϕ. Satisfaction for the other logical connectives can be
defined in the usual way.
Definition 3 (Satisfaction) Let
= (F, ν, ω) be a model based on the
frame F= (W, R). A formula ϕ is said to be globally true in (in symbols:
|= ϕ) if it is satisfied at all states in
(that is, if , ω |= ϕ, for all ω
∈ W, which means ν(ϕ) = W). Dually ϕ is satisfied in
if ν(ϕ) is not
empty.
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If we consider the Kripke model in figure 2.1(A) then we can find the
following instances of the satisfaction condition:
• x1 |= , since
true at x1 ;

∈ Σ(x1 ) where Σ(x1 ) is the set of all atomic formulas

• x1 |= 3 for there is a world related to x1 (i.e. x2 ) which satisfies ;
• x1 6|= 2 because x1 |= 2 means that all worlds related to x1 (ie. x2
and x3 ) satisfy ; but x3 does not;
• x2 |= 2 ⇒ and x3 |= 2 ⇒ . x1 6|= 2 ⇒
satisfies 2 it does not satisfy ;

because though it

Definition 4 (Validity) We say that a formula ϕ is valid in a frame F(or
Fvalidates ϕ) and write F |= ϕ, if for every valuation ν, ν(ϕ) = W, i.e.,
if ϕ is true in all models based on F. And ϕ is satisfiable in F, if it is
satisfiable in some model based on F. A formula ϕ is valid on a class of
frames (notation: |= ϕ) if it is valid on every frame F in . For a set Γ
of LPML -formulas, we say that F is a frame for Γ if all formulas in Γ are
valid in F and write F |= Γ. A formula ϕ is Γ-satisfiable if it is satisfiable
in a frame for Γ. The set of all formulas valid in a class of frames is
called the logic of .
The above definition establishes a connection between logics and frames
which is helpful in determining the semantical characterization of some
modal logics. For instance if we consider to be an arbitrary class of
frames then,
∆ = {ϕ ∈ LPML | ∀F ∈ , F |= ϕ}
(2.1)


is a modal logic called the logic of . We talk more about this relationship
in the next section when we discuss soundness and completeness of modal
logics. So far we have seen many different variations on the concept of truth
or satisfaction from a semantic (possible worlds semantics) point of view,
viz.
• truth of a formula at a world of a model,
• truth of a formula in a model,
• truth of a formula in a frame,
• truth of a formula in a class of frames.
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But there is also a syntactic way of defining a logic with the help of inference
systems like Hilbert-style calculi. To define such a system one has to indicate
which formulas are regarded as axioms of the system and then specify its
inference rules. A derivation of a formula ϕ in such systems is a finite
sequence of formulas ending with ϕ, such that, each formula in the sequence
is either an axiom or obtained from earlier formulas in the sequence by
applying one of the inference rules. A logic defined in this way is the
smallest set of formulas which contains the axioms and is closed under the
inference rules. For instance, it is well known that classical propositional
logic PL can be defined using a particular Hilbert-style calculus.
Usually it is desirable that the semantical and syntactical definitions
complement each other as the former explains the (intended) meaning of
the logical constants and connectives while the latter provides us with the
reasoning machinery. Hence, if the reasoning principles of PL are accepted,
it is possible to come up with a modal calculi by adding to the Hilbert-style
calculus of PL those axioms and inference rules describing the additional
modal operators. The usual question is as to whether there is a syntactic
mechanism capable of generating Λ , the formulas valid on , for a certain
class of frames. Such a mechanism is best explained in the concept of
Normal modal logic (NML). A Normal modal logic Λ is a subset of
formulas of basic modal logic LPML , as specified in Definition 1, and can
be deduced from a set of axioms and inference rules. The set of axioms
include the following:


1. All instances of the propositional calculus
2. (Axiom K) 2(
3. 3

0

⇔ ¬2¬

0

⇒

1)

⇒ (2

0

⇒ 2 1)

0

The set of inference rules are as follows:
• Modus Ponens (MP): if ϕ and ϕ ⇒ ψ are theorems so is ψ
• Necessitation (NEC): if ϕ is a theorem, so is 2ϕ
• Uniform Substitution (Subst): given a formula ϕ( 1 , . . . , n ), derive
the formula ϕ{ψ1 / 1 , . . . , ψn / n } which is obtained by uniformly
substituting formulas ψ1 . . . ψn instead of the variables 1 , . . . , n in
ϕ respectively.
Definition 5 (Normal Modal Logics) A normal modal logic Λ is a set
of modal formulas that contains all propositional tautologies, 2( ⇒ ) ⇒
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(2 ⇒ 2 ), 3 ⇔ ¬2¬ , and that is closed under necessitation (that is,
if `Λ ϕ then `Λ 2ϕ where , `Λ ϕ means ϕ is a theorem of Λ), modus
ponens and uniform substitution.
The smallest normal modal logic is called K as it just contains propositional
logic and all instances of the formula schema K, together with other formulas from applying inference rules like modus ponens, necessitation and
uniform substitution. Every other normal modal logic Λ can be obtained
by extending this system with a set Σ of axioms, denoted as Λ = K ⊕ Σ.
If Σ is finite then Λ is called finitely axiomatisable and for a given normal
logic Λ and a set Σ of LPML formulas Λ ⊕ Σ is the smallest normal logic
containing Λ ∪ Σ and we denote Λ ⊕ ϕ if Σ = {ϕ}. Table 2.1 shows a list
of logics thus obtained.
Name of the Logic
T
KD
K4
S4
S5
S4.2
KD45
Triv

Logic
K⊕20⇒ 0
K⊕2 0⇒3 0
K ⊕ 2 0 ⇒ 22 0
K ⊕ 2 0 ⇒ 22 0 ⊕ 2 0 ⇒ 0
S4 ⊕ 3 0 ⇒ 23 0
S4 ⊕ 0 ⇒ 23 0
S4 ⊕ 32 0 ⇒ 23 0
K4 ⊕ 2 0 ⇒ 3 0 ⊕ 3 0 ⇒ 23
K⊕ ⇒2

0

Axiom Name
T
D
4
4, T
5
B
G
S5
Triv

Table 2.1: Some important logics

Though we defined that there is a correspondence between frames and
some of the modal logics (2.1) we were not specific in pointing out what
kind of frames correspond to the different modal logics. Given below is an
example that shows, for a given frame F= (W, R), the properties R should
have in order to satisfy a given formula. For instance, consider the frame
F (1A) given in Figure 2.2. F satisfies the formula 2 0 ⇒ 0 . Though a
frame has no information about what atomic formulas are true at various
points, it could be said that a frame as a whole satisfies a formula. In order
to show the satisfaction of the above formula we have to show that for any
world ω if ω |= 2 0 then ω |= 0 . Since ωRω, as can be seen from the
diagram, it follows from the definition of 2 that ω |= 0 (since ω |= 2 0 iff
for each ω 0 ∈ W we have ω R ω 0 implies ω 0 |= 0 ).
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ω3

ω3

ω2
ω1

0

0

(1A)

ω2

ω1
(1B)

Figure 2.2: A Kripke frame satisfying the formula 2
associated Kripke Model (1B)

0

⇒

0

(1A) and the

Therefore F satisfies the schema 2 0 ⇒ 0 . It is also equivalent to say
that since the relation R is reflexive 2 the frame satisfies the schema. But
F does not satisfy the formula 2 0 ⇒ 22 0 because if we consider (1B)
then ω1 |= 0 , but ω1 6|= 22 0 . In other words we can say that R is not
transitive 3 .
To sum up, we can prove that
1. If R has the property then the frame satisfies the formula scheme.
2. If the frame satisfies the schema then it satisfies an instance of it and
3. If the frame satisfies the formula, then R has the property.
Table 2.2 shows the property of R corresponding to a collection of formulas.
Theorem 1 A frame F= (W, R) satisfies an axiom scheme in table 2.2 iff
R has the corresponding property in that table.
Theorem 2 A frame F = (W, R) satisfies an axiom scheme in table 2.2
iff R has the corresponding property in that table.
The theorem is important for it helps one in choosing the specific axiom
schema relevant for his/her application domain by looking at the properties of R. A correspondence can be drawn between formulae that are valid
on specific classes of frames and structural properties of the frames themselves4 . This means that under certain circumstances syntax and semantics
2

R is reflexive if ∀ ω ∈ W ωRω.
R is transitive if ∀ω, ω 0 , ω 00 ∈ W(ωRω 0 ∧ ω 0 Rω 00 ⇒ ωRω 00 ).
4
This is the subject matter of Correspondence theory [122].

3
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Frame property
∀ω ∈ W ωRω
∀ω ∈ W ∃ω 0 ωRω 0
∀ω,ω 0 , ω 00 ∈ W (ωRω 0 ∧ ω 0 Rω 00 ⇒ ωRω 00 )
∀ω, ω 0 ∈ W (ωRω 0 ⇒ ω 0 Rω)
∀ω, ω 0 , ω 00 ∈ W (ωRω 0 ∧ ωRω 00 ⇒ ω 0 Rω 00 )
∀ω ωRω ∧ ∀ω 0 (ωRω 0 ⇒ ω = ω 0 )
∀ω, ω 0 , ω 00 ∈ W (ωRω 0 ∧ ωRω 00 ⇒ ω 0 = ω 00 )
∀ω, ω 0 , ω 00 ∈ W (ωRω 0 ∧ ωRω 00 ⇒
∃ω 000 (ω 0 Rω 000 ∧ ω 00 Rω 000 ))

Property Name
Reflexive
Serial
Transitive
Symmetric
Euclidean
Reflexive dead-end
Functional
Convergent

Axiom
2ϕ ⇒ ϕ
2ϕ ⇒ 3ϕ
2ϕ ⇒ 22ϕ
ϕ ⇒ 23ϕ
3ϕ ⇒ 23ϕ
ϕ ⇔ 2ϕ
3ϕ ⇒ 2ϕ
32ϕ⇒ 23ϕ

Table 2.2: The property of R corresponding to some formulas

in modal logic are interchangeable and leads us to the fundamental concepts
of soundness and completeness which links the syntactic and semantic perspectives. It should be noted that working out the formulae corresponding
to some properties can be done in an automatic fashion by means of a result
by Sahlqvist [110]. The algorithm calculates the frame condition associated
to particular formulas. Moreover, it is possible to guess frame correspondence once some expereince is gained.
Before examining the notions of soundness and completeness we introduce another important concept that needs mention in relation to frames:
morphism (structure preserving maps), which helps in establishing invariance results. The usual practice is to identify the kind of morphisms suitable
for a particular class of frames/models and check whether they give rise to
invariance results (i.e., to check whether a particular class of frames/models
can be made to do the work of another class of frames/models). We consider
two kinds of morphism here and for further reference see [10].
Definition 6 Two frames F = (W, R), F 0 = (W0 , R0 ) in a class
are isomorphic (F ∼
= F 0 ) if and only if

of frames



• There exists a bijection b : W 7→ W0 ;
• For all ω, ω 0 ∈ W, ωRω 0 if and only if b(ω)R0 b(ω 0 ).
The models, (W, R, ν) and (W0 , R0 , ν 0 ) are said to be isomorphic if and only
if (W, R) and (W0 , R0 ) are isomorphic frames, and for any variable 0 and
any ω ∈ W, ν( 0 , ω) = ν 0 ( 0 , b(ω)).
Lemma 1 If F and F 0 are isomorphic frames then for all ϕ we have F |= ϕ
if and only if F 0 |= ϕ.
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Frame isomorphism, as defined above, is structure preserving in a strong
sense. A slightly weaker property called pseudo-epimorphism or p-morphism
is given by Segerberg and it could be defined both at the level of frames
and at the level of Kripke models.
Definition 7 (p-morphisms) Let = (W, R, ν) and
models, and p : W 7→ W0 a function satisfying

0

= (W0 , R0 , ν 0 ) be

1. p is a function from W onto W0 (p is surjective);
2. for all ω, ω 0 ∈ W ωRω 0 implies p(ω)R0 p(ω 0 );
3. For any ω ∈ W and ω 00 ∈ W0 p(ω)R0 ω 00 implies ∃ω 0 ∈ W(ωRω 0 ∧p(ω 0 ) =
ω 00 .
4. for every proposition
if p(ω) ∈ ν 0 ( 0 )

0

and every world ω ∈ W ω ∈ ν( 0 ) if and only

then p is called a model p-morphism from to 0 . A function satisfying the
first three conditions is a frame p-morphism from frame (W, R) to frame
(W0 , R0 ). If there is a p-morphism from F to F 0 , F 0 is also said to be a
p-morphic image of F.
Lemma 2 [54] If p is a model p-morphism from
to 0 then for all
worlds ω of
and formulae ϕ ∈ LPML , we have , ω |= ϕ if and only if
0
if and only if ϕ is valid in 0 . If
, p(ω) |= ϕ. A formula ϕ is valid in
p is a frame p-morphism from F to F 0 then for all ϕ ∈ LPML , if F |= ϕ
then F 0 |= ϕ.
The above lemma shows that p-morphisms preserve satisfaction and validity
for the language LPML .

2.1.3

Soundness, Completeness and Canonical
Models

So far we have come across the syntactic and semantic specification of modal
logics, in particular normal modal logics, where we have seen that NML’s
are sets of formulae satisfying certain closure conditions. We have seen
how they can be specified semantically through relational semantics and
syntactically through a Hilbert-style inference system. It is often asked
whether a syntactically specified logic can be characterised on a semantic
basis and vice versa; this has led to the development of several formal
techniques such as completeness proofs via canonical models [28, 89, 80],
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decidability via filtrations [80] etc. Recently completeness and decidability
transfer via combining techniques like fusion and fibring [77, 42] have been
proposed.
In this thesis we make use of the canonical model construction to show
the individual properties of BDI logics and fibring as the semantic methodology to generate such combined logics. Before going into the details we
have to fix few notations which would be used frequently in this thesis.
In the previous section we defined Σ to be a set of axioms, when added
to the K axiom can give rise to different normal logics. It is often the case
that Σ could also be referred to as a set of formulae that generates a logic,
which is the usual way of syntactically specifying a normal logic. (Since
Hibert-style terminology is used more often, Σ is referred to as axioms).
The consistency conditions for such sets of formulae is defined as follows:
Definition 8 (Maximal consistency) Let Σ ⊆ LPML . We say that Σ
is Λ-inconsistent if there are ψ1 , . . . , ψn ∈ Σ such that Λ ` ¬(ψ1 ∧ . . . ∧ ψn ).
If that is not the case, Σ is said Λ-consistent. A formula ϕ is Λ-consistent
if {ϕ} is. An infinite set of formulae Σ is Λ-consistent if any finite subset
of Σ is Λ-consistent. A set Σ of formulas is maximal if for every formula
ϕ, either ϕ ∈ Σ or ¬ ϕ ∈ Σ. A set Σ is Λ-maximal consistent if it is
both Λ-consistent and maximal (denoted by M axΛ Σ with the reading Σ is
Λ-maximal).
Lemma 3 Let Σ ⊆ LPML be a maximal Λ-consistent set. Then the following properties hold:
1. For any ϕ, ψ ∈ LPML : ϕ ∨ ψ ∈ Σ iff either ϕ ∈ Σ, or ψ ∈ Σ.
2. For any ϕ, ψ ∈ LPML : ϕ ∧ ψ ∈ Σ iff both ϕ ∈ Σ, and ψ ∈ Σ.
3. Σ is closed under modus ponens.
4. Λ ⊆ Σ (i.e., for any ϕ ∈ LPML , ϕ ∈ Λ).
Lemma 4 (Lindenbaum’s Lemma) If Σ is a Λ-consistent set of formulas (ConΛ Σ) then there is a Λ-maximal consistent set ∆ (M axΛ ∆) such
that Σ ⊆ ∆.
Lemma 5 Let Λ be a logic and Σ a maximal Λ-consistent set such that
3ϕ ∈ Σ. Then there exists a maximal Λ-consistent set ∆ such that {ψ |
2ψ ∈ Σ} ∪ {ϕ} ⊆ ∆.
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Proof. We first prove that ∆− = {ψ | 2ψ ∈ Σ} ∪ {ϕ} is Λ-consistent.
By contradiction, suppose that is not the case. Then there must exist
ψ1 , . . . , ψn ∈ LPML such that Λ ` ¬(ψ1 ∧ . . . ∧ ψn ∧ ϕ). So by propositional calculus Λ ` (ψ1 ∧ . . . ∧ ψn ) ⇒ ¬ϕ. But since Λ is normal,
Λ ` 2(ψ1 ∧ . . . ∧ ψn ) ⇒ 2¬ϕ. By the distributivity property, 2 distributes over ∧ and so Λ ` (2ψ1 ∧ . . . ∧ 2ψn ) ⇒ 2¬ϕ. But by hypothesis
2ψ1 ∈ Σ, . . . , 2ψn ∈ Σ and therefore 2¬ϕ ∈ Σ (because if ψ1 ∈ Σ and
Λ ` ψ1 ⇒ ψ2 , then ψ2 ∈ Σ). From this it follows that ¬3ϕ ∈ Σ and
thereby ⊥ ∈ Σ which is absurd because Σ is assumed consistent.
Now consider ∆− . Then by Lindenbaum’s Lemma, there exists a maximal Λ-consistent extension and this is what was left to be shown.
The concept of Λ-maximal consistent set of formulas (M axΛ Σ) is used to
prove completeness via canonical models, which are special models, whose
worlds are all Λ-maximal consistent set of formulas. This means that if ϕ is
true in some canonical model for Λ, then ϕ belongs to a Λ-maximal consistent set. We deal more with canonical models when we prove completeness
for a logic.
Definition 9 (Soundness) A normal modal logic Λ is sound with respect
to a class of frames (or -sound), if Λ ⊆ ∆ (i.e., if F |= ϕ for all ϕ ∈
Λ and all F∈ ). If Λ is sound with respect to then it is said that is a
class of frames (or models, or general frames) for Λ


Definition 10 (Completeness) A normal modal logic Λ is complete
with respect to a class of frames ( -complete), if ∆ ⊆ Λ (i.e., if for
any formula ϕ ∈ Λ we have that |= ϕ implies Λ ` ϕ). We say that Λ
is determined (or characterised b) by if Λ is both -sound and
-complete, i.e., Λ = ∆ .




While defining maximal consistent sets we mentioned that they are helpful
in defining completeness proofs via canonical models. Using the canonical
model construction is one of the easiest ways to prove completeness. It
should be noted that completeness is defined with respect to a class of
frames, not with respect to a class of models.
Definition 11 (Canonical model) The canonical model
mal modal logic Λ is the triple (WζΛ , RΛζ , νζΛ ) where:

Λ
ζ

for a nor-

• WζΛ is the set of all M axΛ Σ
• RΛζ the canonical relation, is a binary relation on W 2 such that
ωRΛζ ω 0 if and only if for all ϕ: 2ϕ ∈ ω implies ϕ ∈ ω 0
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• νζΛ is the canonical valuation defined by ν Λ ( 0 ) = {ω ∈ WΛ |
ω}.

0

∈

The pair FζΛ = (WΛ , RΛ ) is called the canonical frame for Λ. It is to be
noted that the definition of RΛζ is also equivalent to:
ωRΛζ ω 0 iff for all ϕ : ϕ ∈ ω 0 implies 3ϕ ∈ ω.
The basic idea behind canonicity is that, given a class of frames , and
a Hilbert system Λ, defined on a modal language LPML , can we find
|= ϕ ⇒ Λ ` ϕ? For this to happen we have to check if it is possible to built
a model Λζ = (FζΛ , ν), such that for any ϕ ∈ LPML we have that FζΛ |= ϕ
if and only if Λ ` ϕ. Here the worlds are particular sets of formulas, and
prove Λζ , ω |= ϕ iff ϕ ∈ ω.
The canonical model will have the property that Λζ |= ϕ if and only if
Λ ` ϕ. If we can establish that FζΛ ∈ then we can reason |= ϕ implies
FζΛ |= ϕ. So Λζ |= ϕ and therefore Λ ` ϕ. In this way we can prove
completeness for Λ with respect to . An important point to note is that
we cannot have any formulas in the worlds, as we risk having ⊥ ∈ ω, which
would entail Λ ` ⊥. Hence, as mentioned earlier the set of formulas should
be M axΛ Σ (maximal consistent sets).
Lemma 6 (Truth Lemma) For any normal modal logic Λ and any formula ϕ, Λζ , ω |= ϕ if and only if ϕ ∈ ω.
Proof. The proof is by structural induction on ϕ (the atomic case is satisfied
by definition, and the propositional connectives can be verified as usual).
The inductive step for the modalities is as follows:
1. Suppose 2ϕ ∈ ω, it remains to prove Λζ , ω |= 2ϕ, i.e., that for any
ω 0 such that ωRΛζ ω 0 we have Λζ , ω 0 |= ϕ. But by induction hypothesis
this is equivalent to proving ϕ ∈ ω 0 . In turn, this is satisfied because of
the definition of RΛζ and of the assumption 2ϕ ∈ ω. So, Λζ , ω |= 2ϕ.
2. Suppose 2ϕ 6∈ ω. So, by maximality, we have that 3¬ϕ ∈ ω. So by
Lemma 2 there exists a ω 0 such that {ψ | 2ψ ∈ ω} ∪ ¬ϕ ⊆ ω 0 ; but
then ωRΛζ ω 0 and by induction hypothesis Λζ , ω 0 |= ¬ϕ. So we have
that Λζ , ω |= ¬2ϕ

The lemma above leads to the following result

2.1. Modal Logic (The Basic Case)
Corollary 1 For any logic Λ:
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Λ
ζ

|= ϕ if and only if Λ |= ϕ.

Proof. Suppose Λ |= ϕ. Then ϕ is in every maximal Λ-consistent set; so
ϕ ∈ ω and ω ∈ WζΛ . So by Lemma 3 Λζ , ω |= ϕ for any ω ∈ WζΛ , i.e.,
Λ
ζ |= ϕ. Suppose Λ 0 ϕ. Then ¬ϕ is Λ-consistent. So there exists a world
ω such that ¬ϕ ∈ ω. But then Λζ , ω |= ¬ϕ, so Λζ 6|= ϕ.
The corollary above shows that all and only the theorems of Λ are valid
on a particular semantic structure: the canonical model Λζ . But since Λζ
is an infinite model and its relational properties are not known apriori the
need arises to move toward results that establish one-to-one correspondence
between theorems of a system and formulas valid in a class of frames. The
canonical model helps in doing so.
Theorem 3 (Completeness via canonical model) Let Λ be a logic and
let be a class of frames. If the frame FζΛ underlying the canonical model
Λ
then the logic Λ is complete with respect to
ζ for Λ is in the class
Theorem 4 K is complete with respect to all frames.
Theorem 5 (Completeness of basic logics) For the properties and logics shown in Table 2.3 we have that: Λ is sound and complete with respect
to the class of frames that have the corresponding property.
Frame property
Logic Λi
Reflexive
T
Serial
KD
Transitive
4
Reflexive and Transitive (quasi-ordered) S4
Reflexive, Transitive and Convergent
S4.2
Reflexive, Symmetric and Transitive
S5
Serial and Transitive
KD4
Serial, Transitive and Euclidean
KD45
Functional
Alt
Reflexive dead-end
Triv
Table 2.3: Completeness table for some of the basic Logics
Some of the definitions are as follows; A transitive and reflexive relation
on W is called a quasi-order on W and a symmetric quasi-order is called
an equivalence relation. F is a quasi-ordered frame if R is quasi-order on
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W. A transitive, reflexive and antisymmetric R is called a partial order.
An irreflexive and transitive relation is known as strict partial order. It
could be observed that by imposing various restrictions on the accessibility
relation R we can obtain different systems of propositional modal logic as
shown in Table 2.3.

2.1.4

The Schema Gk,l,m,n

The work by Lemmon and Scott [80] on canonical models and completenessvia-canonicity arguments, provided some important results, of which, one
was a general canonicity result for axioms of the form 3k 2l ϕ ⇒ 2m 3n ϕ.
In a later work Catach [19] proposed a set of interaction axioms based
on such a general scheme and proved completeness for the normal multimodal systems generated by the interaction axioms. The schema Gk,l,m,n
is a generalisation of an axiom scheme 32ϕ ⇒ 23ϕ which corresponds to
the frame property
∀ω, ω 0 , ω 00 ∈ W(ωRω 0 ∧ ωRω 00 ⇒ ∃ω 000 (ω 0 Rω 000 ∧ ω 00 Rω 000 ))

(2.2)

When a relation R has this property it is called incestual (or confluent), since
it means that offspring ω 0 and ω 00 of a common parent ω have themselves
an offspring ω 000 in common.
Definition 12 Let ω and ω 0 be worlds in a standard model

= (W, R, ν)

• ωR0 ω 0 iff ω = ω 0
• For n > 0, ωRn ω 0 iff for some ω 00 in

, ωRω 00 and ω 00 Rn−1 ω 0

where the relation Rn is called the n-th relative product of R. From the
above definition we can come to the conclusion that R0 is the relation of
identity, R1 is the relation R itself and for ω R3 ω 0 iff ∃ ω 00 , ω 000 such that
ωRω 00 , ω 00 Rω 000 and ω 000 Rω 0 . The truth conditions for sentences of the form
2n A and 3n A could be stated using Rn as 2A is true at a world exactly
when A is true at all worlds lying n steps from it. Hence 2n A holds at
a world just in case A holds at all worlds n times removed from it. This
condition could be generalised to say that R is k, l, m, n − incestual if and
only if for every ω, ω 0 , and ω 00 in ,
if ωRk ω 0 and ωRm ω 00 , then ∃ω 000 in

, ω 0 Rl ω 000 and ω 00 Rn ω 000

To be more general, when ωRω 0 in a standard model (W, R, ν) we say that
ω 0 is once removed from ω and write as ωRn ω 0 .

2.2. Multi-Modal Logics

25

Proposition 1 If ω is a world in a standard model
n ≥ 0:

= (W, R, ν), then for

•

, ω |= 2n ϕ iff for every ω 0 in

such that ωRn ω 0 ,

, ω 0 |= ϕ

•

, ω |= 3n ϕ iff for some ω 0 in

such that ωRn ω 0 ,

, ω 0 |= ϕ

The result of this proposition could be generalised with the Gk,l,m,n
schema as mentioned above and we could see that the schemas D, T, B,
4, 5 as shown in Figure 2.1 are special cases of Gk,l,m,n .

D = G0,1,0,1




 T = G0,1,0,0
k,l,m,n
k l
m n
G
=3 2ϕ⇒2 3 ϕ
B = G0,0,1,1


4 = G0,1,2,0



5 = G1,0,1,1

Theorem 6 If Λζ = (WζΛ , RΛζ , νζΛ ) be the canonical model for a normal
logic Λ, then for every ω,ω 0 in and every k ≥ 0
• ωRk ω 0 iff {ϕ : 2k ϕ ∈ ω } ⊆ ω 0
• ωRk ω 0 iff {3k ϕ : ϕ ∈ ω 0 ⊆ ω
Theorem 7 The schema Gk,l,m,n is valid in the class of k,l,m,n-incestual
models.
From this theorem we can conclude that the modal logic K⊕Gk,l,m,n is sound
with respect to any class of k, l, m, n-incestual models. The completeness
of the logic is stated in the following theorem the proof of which could be
found in [22].
Theorem 8 The canonical model for a normal K⊕Gk,l,m,n logic is k,l,m,nincestual, for every k, l, m, n ≥ 0.

2.2

Multi-Modal Logics

Multimodal logics generalise modal logics allowing more than one modal
operator to appear in formulae. They are particularly suitable to reason in
a multiagent environment, to modal several agents and to represent group
properties like knowledge, beliefs and flow of time. For instance, if one
wants to represent the beliefs of n agents developing in time one may need
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n+1 pairs of boxes and diamonds where one pair is used to talk about
time and one pair for representing the beliefs of each agent. The only
difference between LPML (propositional modal language) as given in the
previous section and LPMLn (propositional multi-modal language) is that
2i ϕ and 3i ϕ are formulas of LPMLn whenever 1 ≤ i ≤ n and ϕ is an LPMLn
formula (the difference amounts to have 21 , . . . , 2n necessity operators and
31 , . . . , 3n possibility operators). The syntax of n-modal normal logics
consists of the K-axiom and the generalisation rule formulated for each of
the boxes 21 , . . . , 2n
• (K) 2i (

0

⇒

1)

⇒ (2i

0

⇒ 2i 1 )

• (N EC) given ϕ, derive 2i ϕ
A set of ΛPMLn -formulas is called an n-modal logic if it contains all propositional tautologies and (K), for 1 ≤ i ≤ n, and is closed under the rules
modus ponens (MP), substitution (Subst) and Necessitation (N EC), for
all i = 1, . . . , n. Kn is defined as the smallest (minimal) n-modal logic. As
before, for afn n-modal Λ0 and a set Σ of LPMLn formulas, the smallest
n-modal logic is denoted by Λ0 ⊕ Σ containing Λ0 ∪ Σ. Table 2.4 shows
examples of multi-modal logics for n-modal variants of some logics.
Name of the Logic
K4n
Tn
S4n
KD45n
S5n

Axiom
Kn ⊕ {2i 0 ⇒ 2i 2i 0 | 1 ≤ i ≤ n}
Kn ⊕ {2i 0 ⇒ 0 | 1 ≤ i ≤ n}
K4n ⊕ {2i 0 ⇒ 0 | 1 ≤ i ≤ n}
K4n ⊕ {2i 0 ⇒ 3i 0 , 3i 0 ⇒ 2i 3i 0 | 1 ≤ i ≤ n}
S4n ⊕ {3i 0 ⇒ 2i 3i 0 | 1 ≤ i ≤ n}

Table 2.4: Examples of Multi-Modal Logics
It should be noted that the axioms of the different multi-modal logics
shown in Table 2.4 does not allow any interaction between the different
modal operators. Therefore, the axioms of K4n require each 2i to behave
like a K4-box and the same is the case with the other logics too. No axiom
with two different boxes is shown and hence there is no interaction. As we
will show in the next chapter this interaction between the modal operators
forms a major part of this thesis.
The interpretation of ΛPMLn -formulas in terms of possible worlds semantics requires n accessibility relations R1 , . . . , Rn (one for each 2i ) between
worlds in a Kripke frame (W, R). Thus the structure of an n-frame has the
form
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F = (W, R1 , . . . , Rn )
where W is a non-empty set of of worlds and R1 , . . . , Rn is the n binary
relations on W. Valuation in an n-frame F is as usual a map ν associating
with each propositional variable 0 a subset ν( 0 ) of W. The pair = (F, ν)
is a model for ΛP M Ln . Satisfaction is defined as follows:
, ω |= 2i ϕ iff ( , ω 0 ) |= ϕ for all ω 0 ∈ W such that ωRi ω 0
, ω |= 3i ϕ iff ( , ω 0 ) |= ϕ for some ω 0 ∈ W such that ωRi ω 0
for all i = 1, . . . , n. Given a class

of n-frames the logic of

∆ = {ϕ ∈ LPMLn | ∀F ∈ ∆F |= ϕ}


is defined as
(2.3)

The only difference between this formulation and the one given in (2.1) is
with regard to the n modalities. In a similar manner the definitions given
in the previous section for the monomodal case could be interpreted for the
multi-modal language LPMLn .
Theorem 9 The n-modal logics Kn , K4n , Tn , S4n , KD45n and S5n are
complete with respect to their n-frames as given in Table 2.4

2.2.1

BDI Logics

In this section we give an overview of how a modal language as developed in the previous sections can be used to represent the mental states of
an agent, in particular its belief-desire-intention state (BDI-model). Here
we describe only the static fragment of BDI logics, so no temporal evolution will be present (for further reference see [101]). The language (L BDI )
is a propositional modal language with three families of modal operators
BELi , DESi , INTi , i ∈ A (agents) representing, respectively, the beliefs, desires and intentions of the agents. The K-axiom of modal logic is adopted
for beliefs, desires and intentions. As mentioned earlier the K-axiom characterize the minimal system for NML’s. This axiom states that if an agent
believes ϕ and and believes ϕ ⇒ ψ then he/she will believe ψ. This constraint is extended to desires and intentions. In addition to the K-axiom,
axioms D, 4, 5 are adopted for beliefs which gives rise to the logic KD45
which is basically the logic S5 in which the axiom T:2(ϕ) ⇒ ϕ is replaced
by the weaker D:2ϕ ⇒ ¬2¬ϕ. The reason for this change of axiom results
from the fact that the belief of an agent may be false as opposed to its
knowledge which cannot be false. Hence, the D-axiom expresses the consistency of beliefs and the 4-axiom and 5-axiom expresses the positive and
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negative introspection capabilities of an agent with respect to its beliefs.
The logic KD45 can be axiomatised as shown below where BEL(ϕ) means
the agent believes that ϕ.
(K)
BEL(ϕ ⇒ ψ) ⇒ (BEL(ϕ) ⇒ BEL(ψ)
(D)
BEL(ϕ) ⇒ ¬BEL¬(ϕ)
(4)
BEL(ϕ) ⇒ BEL(BEL(ϕ))
(5)
¬BEL(ϕ) ⇒ BEL(¬BEL(ϕ))
(T aut)
> where > is any propositional tautology
(U S)
If ϕ, then ϕ{ψ1 /p1 . . . ψn /pn }
(M P )
If ϕ and ϕ ⇒ ψ, then ψ
(N ec)
If ϕ, then BEL(ψ)
For desires and intentions, in addition to the K-axiom we adopt the standard D-axiom which expresses the consistency of desires and intentions.
We have the following axioms for desires and intentions
(K)
INT(ϕ ⇒ ψ) ⇒ (INT(ϕ) ⇒ INT(ψ)
(K)
DES(ϕ ⇒ ψ) ⇒ (DES(ϕ) ⇒ DES(ψ)
(D)
DES(ϕ) ⇒ ¬DES¬(ϕ)
(D)
INT(ϕ) ⇒ ¬INT¬(ϕ)
(T aut)
> where > is any propositional tautology
(U S)
If ϕ, then ϕ{ψ1 . . . ψn /pn }
(M P )
If ϕ and ϕ ⇒ ψ, thenψ
(N ec)
If ϕ, then INT(ϕ)
(N ec)
If ϕ, then DES(ϕ)
The semantics is given through Kripke structures which is explained as
follows
Definition 13 A Kripke structure is defined to be a tuple
M = (W, {Sω : ω ∈ W}, {Rω : ω ∈ W}, ν, B, G, I),
where W is a set of possible worlds, Sω is the set of states in each world W,
Rω is a binary relation, i.e., Rω ⊆ Sω × Sω , ν is a truth assignment to the
primitive propositions of Φ for each world ω ∈ W at each state s ∈ S ω , (i.e.,
ν(ω, s) : Φ → { true, false }, and B, G and I are relations on the worlds, W
and states, S (i.e., B ⊆ W × S × W).
Definition 14 A world ω 0 is a sub-world of the world ω, denoted ω 0 v ω,
if and only if
• Sω 0 ⊆ Sω
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• Rω 0 ⊆ Rω
• ∀s ∈ Sω0 , ν(ω 0 , s) = ν(ω, s)
• ∀s ∈ Sω0 , (ω 0 , s, ω 00 ) ∈ B iff (ω 0 , s, ω 00 ) ∈ B; and similarly for G and I.
Definition 15 ω 0 is a strict sub-world of ω, denoted by ω 0 @ ω, if and
only if ω 0 v ω and ω 6v ω 0 . If ω 0 is a sub-world of ω then ω is a superworld of ω 0 , denoted by ω w ω 0 . ω 0 is said to be structurally equivalent
to ω, denoted by ω 0 ® ω iff ω 0 v ω and ω v ω 0 .
It should be noted that the above definitions correspond to a BDI-model in
a temporal setting as given in the original work of Rao and Georgeff [101].
But as pointed out earlier, in this thesis we do not make any reference to
temporal notions. We use the above definition to differentiate the set and
structural relationship that exists between BEL, GOAL and INT modalities
as will be shown in the next section. Since in this work we focus on the
set relationship we need to augment the above definition appropriately. We
define a Kripke structure to be a tuple
= (W, ν, B, G, I),
where W is a set of possible worlds, ν is a truth assignment to the primitive
propositions of Φ for each world ω ∈ W (i.e., ν(ω) : Φ → {true, f alse}, and
BEL, GOAL and INT are binary relations on the worlds of W (i.e., BEL
⊆ W × W). Satisfaction of formulas is given with respect to a structure ,
and a world ω. The expression , ω |= ϕ is read as structure at world ω
satisfies ϕ.
,ω
,ω
,ω
,ω
,ω
,ω

|= 0 iff ω ∈ ν( 0 ) where 0 is a primitive proposition ;
|= ¬ϕ iff , ω 6|= ϕ;
|= ϕ ∧ ψ iff , ω |= ϕ and , ω |= ψ;
|= BEL(ϕ) iff ∀ω 0 satisfying (ω, ω 0 ) ∈ B, , ω 0 |= ϕ;
|= GOAL(ϕ) iff ∀ω 0 satisfying (ω, ω 0 ) ∈ G, , ω 0 |= ϕ;
|= INT(ϕ) iff ∀ω 0 satisfying (ω, ω 0 ) ∈ I, , ω 0 |= ϕ.

We say that an agent has a belief ϕ (BEL(ϕ)) in world s iff ϕ is true
in all the belief-accessible worlds of the agent. As the belief-accessibility
relation is dependent on the world, the mapping of BEL at some other
world may be different. The reason for having multiple belief-accessible
worlds is to allow different worlds (possibilities) to be modeled in cases
where the agent lacks enough information (or is uncertain) about the current
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world. Similar to belief-accessible worlds, there is also a set of desire (goal)accessible worlds to represent the desires (goals) of the agent. An agent has
a desire ϕ in world ω iff ϕ is true in all the desire (goal)-accessible worlds
of the agent. Intentions are also modeled in this way using an intentionaccessibility relation. Intention worlds are the ones the agent has chosen
to attempt to realise. We say that the agent intends a formula in a certain
world iff it is true in all the agent’s intention-accessible worlds.
Validity is defined in the standard manner where a formula is valid if it
is true in every world of every structure. A formula ϕ is said to be valid in
, written as |= ϕ, if , ω |= ϕ for every world ω ∈ W. Similarly, validity
and satisfiability with respect to a class M of structures can be defined. ϕ
is valid with respect to a class M of structures (M |= ϕ) if ϕ is valid in all
structures in M and ϕ is satisfiable with respect to a class M of structures
if ϕ is satisfiable in some structure in M.
Theorem 10 [100] For all formulas ϕ, ψ ∈ LBDI , structures
1. if ϕ is an instance of a propositional tautology, then
2. if
3.

|= ϕ and

|= ϕ ⇒ ψ, then

∈ M,

|= ϕ;

|= ψ;

|= (2(ϕ) ∧ 2(ϕ ⇒ ψ)) ⇒ 2(ψ), where 2 stands for BEL, GOAL,
INT;

4. if

|= ϕ then

|= 2(ϕ), where 2 stands for BEL, GOAL and INT.

Proof. 1 and 2 follows from from PL. For part 3 the proof runs as follows:
If , ω |= 2(ϕ) ∧ 2(ϕ ⇒ ψ), then for all worlds ω 0 such that (ω, ω 0 ) ∈ 2, we
have , ω 0 |= ϕ and , ω 0 |= ϕ ⇒ ψ. By propositional reasoning we have
, ω 0 |= ψ for all ω 0 such that (ω, ω 0 ) ∈ 2. Hence, , ω |= 2(ψ). As this line
of reasoning holds for any arbitrary ω ∈ W, we have |= (2(ϕ) ∧ 2(ϕ ⇒
ψ)) ⇒ 2(ψ).
If
|= ϕ then , ω 0 |= ϕ for all worlds ω 0 in . In particular if we
consider a world ω, then , ω 0 |= ϕ for all ω 0 such that (ω, ω 0 ) ∈ 2. Thus,
, ω |= ϕ for all worlds ω in , and hence |= 2(ϕ)
Since we will introduce a number of different logics it is recommended to
use a common nomenclature for identifying them. As shown above beliefs,
desires and intentions are abbreviated as BEL, DES and INT and their respective axiom systems are written as a superscript. Thus the modal logic
BEL(K) , DES(K) and INT(K) shows that we have adopted the K-axiom system for beliefs, desires and intentions. When the same axiom system is
used for the modal operators BEL, DES and INT the notation is simplified
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by writing the superscript once for all the modal operators as in BDI(K) .
According to this nomenclature the above axiom systems for beliefs, desires
and intentions is denoted by B(KD45) , D(KD) , I(KD) (as noted in the introduction, for the purpose of this thesis we don’t differentiate between DES
and GOAL and hence the rules remain the same for both of them).
Lemma 7 [64] In any axiom system Λ that includes all propositional tautologies and modus ponens, every consistent set ∆ can be extended to a
maximal Λ-consistent set. In addition, if ∆ is a maximal consistent set,
then it satisfies the following properties:
1. for every formula ϕ, exactly one of ϕ and ¬ϕ is in ∆;
2. ϕ ∧ ψ ∈ ∆ iff ϕ ∈ ∆ and ψ ∈ ∆;
3. if ϕ and ψ are both in ∆, then ψ is in ∆;
4. if ϕ is (BDI)K -provable, then ϕ ∈ ∆.
Using the standard definitions of soundness and completeness as given in
the previous section and the Lemma given above Rao proves the following
two theorems:
Theorem 11 [100] The basic axiom system (BDI)K is a sound and complete axiomatisation with respect to the unrestricted class of structures M.
Theorem 12 [100](Soundness and completeness of basic BDI systems)
1. BDI(T) is a sound and complete axiomatisation with respect to a class
M of structures where the relations B, D and I are reflexive;
2. BDI(S4) is a sound and complete axiomatisation with respect to a class
M of structures where the relations B, D and I are reflexive and transitive;
3. BDI(S5) is a sound and complete axiomatisation with respect to a class
M of structures where the relations B, D and I are reflexive, symmetric and transitive;
4. BDI(KD45) is a sound and complete axiomatisation with respect to a
class M of structures where the relations B, D and I are Euclidean,
serial and transitive;
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5. B (KD45) D(KD) I (T) is a sound and complete axiomatisation with respect to a class M of structures where the relation B is Euclidean,
serial and transitive; D is serial and I is reflexive;
6. B (KD45) D(S5) I (S5) is a sound and complete axiomatisation with respect
to a class M of structures where the relation B is Euclidean, serial
and transitive; D and I are reflexive, symmetric and transitive.

2.2.2

BDI logics with interaction axioms

The axiom systems of beliefs, desires and intentions considered so far do not
capture the rich inter-relationships between the different mental modalities.
In this section we outline the various multi-modal axioms that capture
these relationships and also show the corresponding semantic conditions.
But, before giving the semantic conditions and the corresponding axioms
for the various relationships among the mental modalities (for BDI) we
give an overview of other related work that has been done to capture the
relationship between beliefs, goals and intentions.
Most of the formalisms dealing with the inter-relationship of mental
modalities has roots in the philosophical work of Bratman [12]. Bratman
argues that it is irrational for an agent to intend to do an action and also
believe that he will not do it which is formally given as
6|= INT(ϕ) ∧ BEL(¬ϕ)

(2.4)

At the same time it is rational for the agent to intend to do an action ϕ
but not believe that he will do it.
|= INT(ϕ) ∧ ¬BEL(ϕ)

(2.5)

The difference here is that, it is irrational for an agent to have beliefs that
are inconsistent with his intentions but perfectly rational to have incomplete beliefs about his intentions. These two principles of intention-belief
consistency (2.4) and intention-belief incompleteness (2.5) has been termed
as asymmetry thesis by Bratman. The asymmetry thesis could be extended
to intentions and goals and goals and beliefs maintaining intention-goal consistency and goal-belief consistency as well as intention-goal incompleteness
and goal-belief incompleteness. The way in which the relationships between
beliefs, goals and intentions are captured can have a significant impact on
the design of a rational agent. Two related problems that can arise while
defining the inter-relationships between the different mental modalities is
that of side-effect problem and transference problem. The side-effect problem (in relation to belief and intention) states that an agent who intends
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to do ϕ should not be forced to do ψ, no matter how strongly5 he believes
that doing ϕ will force him to do ψ. Formally this is given as
|= INT(ϕ) ∧ 2BEL(2(ϕ ⇒ ψ)) ∧ ¬INT(ψ)

(2.6)

On the other hand the problem of transference states that no matter how
strongly an agent believes in a proposition, he should not be forced to adopt
it as a goal and is formally given as
|= BEL(ϕ) ∧ ¬GOAL(ϕ)

(2.7)

The four conditions given above are called principles by Bratman and for
him a rational agent is one who satisfies all the above principles.
The first direct attempt to provide a logical analysis of Bratman’s theory as explained above was made by Cohen and Levesque [25, 24], though
Allen was the first one to give a formal notion of intention [2]. But for Allen
intentions could be reducible to beliefs about future actions. According to
Cohen and Levesque’s formalism the semantics of BEL and DES are given
by belief- and goal(des)-accessibility relations on possible worlds where
goal(des)-accessibility worlds are a subset of belief-accessibility worlds, (i.e.,
G ⊆ B). Each possible world in their formalism is a time-line that imposes
the condition that the chosen (or desire-accessible worlds) be compatible
with the agent’s belief-accessible worlds. This is called the realism constraint and it is meant to ensure that the worlds chosen by the agent are
not ruled out by its beliefs. Figure 2.3 shows the subset (Fig (A)) and
sub-world (Fig (B)) relations. Formally this could be shown as:
BEL( 0 ) ⇒ GOAL( 0 )
∀ω∀ω 0 if (ω, ω 0 ) ∈ G then (ω, ω 0 ) ∈ B (or GOAL ⊆ BEL)
GOAL( 0 ) ⇒ INT( 0 )
∀ω∀ω 0 if (ω, ω 0 ) ∈ I then (ω, ω 0 ) ∈ G (or INT ⊆ GOAL)
which means if an agent i believes a proposition 0 it will also have the
intention (or goal) towards that proposition. These axioms correspond to
a multi-modal containment condition where all intention-accessible worlds
are contained in the set of goal-accessible worlds and all goal-accessible
worlds are contained in the set of belief-accessible worlds. This relationship
is shown in Fig. 2.3.
Based on this proposition Cohen and Levesque go on to define what
they call achievement goal, persistent goal, relativised persistent goal etc..
5

The three types of strong conditions given by Cohen and Levesque are BEL(ϕ ⇒ ψ),
BEL(2(ϕ ⇒ ψ)) or 2BEL(2(ϕ ⇒ ψ)).
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Belief worlds
Belief Worlds

Intention worlds
Goal worlds
Goal worlds

Intention worlds
FIG (A)
FIG (B)

Figure 2.3: Realism possible worlds structure (I ⊆ G ⊆ B)

For a good overview refer [63]. Several criticisms have been raised against
Cohen and Levesque’s work [109, 105, 116] of which the work by Rao and
Georgeff [105] is important as far as this thesis is concerned. Rao and
Georgeff argue that though the above axioms ensure that the goals of an
agent are not ruled out by its beliefs, it forces the agent to adopt as beliefs
certain inevitable facts about the world. For them, the realism constraint
characterises an agent that intends all future propositions that it desires
(or has as its goals) to bring about and desires all future propositions that
it believes can be achieved. Such an agent is over-enthusiastic. Hence they
introduce the notion of strong realism, which is captured by imposing the
following restrictions.
GOAL(ϕ) ⇒ BEL(ϕ)
∀ω, ∀ω 0 if (ω, ω 0 ) ∈ B then ∃ω 00 , (ω, ω 00 ) ∈ G and ω 0 w ω 00 (or B ⊆sup G)
The constraint states that for each and every belief-accessible world there is
a corresponding goal-accessible world such that the goal-world is a sub-world
of the belief-world. In other words, a strong realism constraint is one where
the set of belief-accessible worlds is a subset of goal-accessible worlds and
each belief- accessible world is a super-world of some goal-accessible world
(Bω ⊆sup Gω ). The notion of subset and sub-world\super-world relationship
between belief- and goal-accessible worlds arises due to a difference in the
set and structural relationship among the possible worlds. In [107] the
relationship between the belief-, desire-, and intention- accessible worlds are
examined with respect to the set relationship among the possible worlds as
well as with respect to the structure of possible worlds. For instance, given
two sets Σ and Γ, the following relationships can hold between them: Σ ⊆ Γ,
Γ ⊆ Σ, Σ ∩ Γ 6= ∅, and Σ ∩ Γ = ∅. These set relationships hold between
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the sets of belief- and goal(desire)-accessible worlds, goal- and intentionaccessible worlds and belief- and intention-accessible worlds. As far as the
structural relationships are concerned since each possible world is a time
tree, one can consider additional structural relationships between two given
worlds. Given two worlds ω and ω 0 , if the tree structure of ω 0 is a sub-tree of
ω and has the same truth-assignment and accessibility relations as ω then
ω 0 is a sub-world of ω. Hence if ω and ω 0 are two worlds then
• ω could be a sub-world of ω 0 ;
• ω 0 could be a sub-world of ω;
• ω and ω 0 could be identical;
• ω and ω 0 could be totally different.
The set and structural relationships can be combined to obtain a variety
of different possible-world structures. Figure 2.4(A) shows the subset relation ship for strong-realism whereas Figure 2.4(B) indicates the sub-world
relation for the same.
Belief Worlds
Intention Worlds

Belief Worlds
Goal Worlds

Goal worlds

Intention Worlds

FIG (A)
FIG (B)

Figure 2.4: Strong realism possible worlds structure (Bω ⊆sup Gω ⊆sup Iω )

The strong-realism axiom mentioned above holds when ϕ is an Oformula. Well-formed formulas that contain no positive occurrences of
inevitable (or negative occurrences of optional )6 outside the scope of the
modal operators BEL, GOAL or INT are called O-formulas in [107]. The
6

inevitable and optional are two modalities which operate on path formulas. Rao
and Georgeff uses Computation Tree Logic (CT L∗ [32, 33]) to distinguish between state
and path formulas where the former are evaluated at a specified time point in a time tree
and the latter over a specified path in a time tree.
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axiom states that if the agent has the goal (desire) towards optional(ϕ), it
also believes that optional(ϕ); or in other words there is at-least one path
in all the belief-accessible worlds in which ϕ is true. In a similar manner,
if the formula ψ above is eventually 0 (sometime in the future 0 ), then
the axiom states that in all the belief-accessible worlds of the agent there is
at-least one path where eventually 0 is true. But, because of the branching
nature of time, the agent need not believe that it will ever reach the state
where 0 is true. The semantic condition for strong realism in terms of
GOAL and INT can be given in similar lines as:
INT(ϕ) ⇒ GOAL(ϕ)
∀ω, ∀ω 0 if (ω, ω 0 ) ∈ G then ∃ω 00 , (ω, ω 00 ) ∈ I and ω 0 w ω 00 (or G ⊆sup I)
There is a slight difference in the interpretation of I-formulas7 in terms
of the sub-set and structural relationships. In the case of I-formulas the
subset relationship is kept the same as in the case of O-formulas, whereas
in the structural relationship a belief-accessible world is a sub-world of the
goal-accessible world which in turn is a sub-world of an intention-accessible
world. Hence the semantic condition runs like:
GOAL(χ) ⇒ BEL(χ)
∀ω∀ω 0 if (ω, ω 0 ) ∈ B then ∃ω 00 , (ω, ω 00 ) ∈ G and ω 0 v ω 00 (B ⊆sub G)
INT(χ) ⇒ GOAL(χ)
∀ω∀ω 0 if (ω, ω 0 ) ∈ G then ∃ω 00 , (ω, ω 00 ) ∈ I and ω 0 v ω 00 (G ⊆sub I)
If the structures in corresponding belief-, goal- and intention-accessible
worlds are identical then the semantic condition can be given as:
GOAL(ψ) ⇒ BEL(ψ)
∀ω∀ω 0 if (ω, ω 0 ) ∈ B then (ω, ω 0 ) ∈ G (B ⊆ G)
INT(ψ) ⇒ GOAL(ψ)
∀ω∀ω 0 if (ω, ω 0 ) ∈ G then (ω, ω 0 ) ∈ I (GOAL ⊆ INT)
It could also be said that these axioms correspond to a multi-modal containment condition where all goal-accessible worlds are contained in the set
of intention-accessible worlds and all belief-accessible worlds are contained
in the set of goal-accessible worlds. As a result of this if the agent desires to
optionally achieve a proposition, the agent also believes the proposition to
7

I-formulas do not contain any positive occurrences of optional outside the scope of
the modal, operators BEL, GOAL and INT.
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be an option it can achieve (if it chooses). Under strong realism, different
belief-, desire- and intention accessible worlds represent different possible
scenarios for the agent. Intuitively, the agent believes the actual world to
be one of its belief-accessible worlds; if it were to be in belief world b1 ,
then its goals (with respect to b1 ) would be a corresponding goal-accessible
world, g1 , and its intentions a corresponding intention-accessible world i1 .
The worlds g1 and i1 represent increasingly selective choices from b1 about
the goal and choice of possible future courses of action. But this doesn’t
mean that rational agents based on strong-realism constraints gives the best
choice. It again depends on the domain of choice.
Rational agents based on the strong-realism constraint are over-cautious
in that they only desire future propositions that are believed to be achievable and only intend future propositions that are part of their desires.
Though such constraints form an important part in the design of agents
with mental states they do not seem to be in agreement with the sort of
reasoning in human beings. A balance between the two can be obtained if
agents have the property that they do not desire propositions the negations
of which are believed; do not intend propositions the negations of which are
desired; and do not intend propositions the negations of which are believed
by the agent. Such a property is called weak realism [105] and is formally
given as:

INT( 0 ) ⇒ ¬GOAL(¬ 0 )
∀ω∀ω 0 ∃ω 00 (ω, ω 0 , ω 00 ) ∈ I iff (ω, ω 0 , ω 00 ) ∈ G (or G ∩ I 6= ∅)
INT( 1 ) ⇒ ¬BEL(¬ 1 )
∀ω∀ω 0 ∃ω 00 (ω, ω 0 , ω 00 ) ∈ I iff (ω, ω 0 , ω 00 ) ∈ B (or B ∩ I 6= ∅)
GOAL( 2 ) ⇒ ¬BEL(¬ 2 )
∀ω∀ω 0 ∃ω 00 (ω, ω 0 , ω 00 ) ∈ G iff (ω, ω 0 , ω 00 ) ∈ B (or B ∩ G 6= ∅)

These axioms correspond to a multi-modal version of the seriality condition
which semantically requires that there is at least one world common to
intention-accessible worlds and belief-accessible worlds. Similarly, it is also
required that there should be at least one world that is both intentionaccessible and goal-accessible and also at least one world that is both goalaccessible and belief-accessible. Figure 2.5 depicts this relationship.
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Figure 2.5: Weak realism possible worlds structure

2.3

Combining Logics

As shown in the previous section, BDI-logics are multi-modal logics for
modeling belief, desire (goal) and intention; comprises of three different
logical layers (KD45 for belief, KD for goals (desires) and KD for intentions) and is linked together by specific interaction axioms. BDI logics are
nothing but extensions of many basic normal logics combined together to
model different facets of the agents. This combined nature of BDI-logics
makes it worthwhile in exploring certain existing combining techniques in
the background of BDI and thereby prove some general results about them.
We explore two such techniques, fusion and fibring.
The field of combining logics is emerging as an active area, promising
powerful results about the preservation of important properties of the logics
being combined [77, 42, 43, 114, 128, 129]. The novelty of combining logics is
the aim to develop general techniques that allow us to produce combinations
of existing and well understood logics. Such general techniques provide
answer to the need of formalising complex systems in a systematic way.
Combining logics recognizes that the big problems involved in formalising
complex logics such as those required in many areas of AI and Linguistics
require two main strategies: divide and conquer and hide and unpack 8 , i.e.,
try to split problems and delegate sub-problems to the component logics and
when working inside one of the component logics view information related
to other component logics as alien information and hide it- don’t unpack
the hidden information until we have reduced a given problem to a subproblem in the relevant component logic. Hence a good understanding and
8

This strategy called embedding is the one adopted by Finger and Gabbay in [36].
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practical methodology for combining logics could provide vital tools in the
design of a complex system. Such a methodology can help decompose the
problem of designing a complex system into developing components (logics)
and combining them.
Combining logics suggests identifying the basic components of a system, define the corresponding formal tools and combine them to produce a
scalable formalisation of the whole system. This methodology would allow
the user to re-use previously defined and understood components (logics)
and would guide him on how to combine these in a proficient way. Put in
simple terms the problem of combining logics is this: given two logics Λ1
and Λ2 , how to combine them into a single logic Λ1 ⊗ Λ2 which extends the
expressive power of each one. For example, suppose Λ1 addresses temporal
aspects of agents and Λ2 addresses epistemic aspects. Their combination
should be able to express both temporal and epistemic properties, but also
the interaction of these two aspects: evolving knowledge, and knowledge
about a changing world. Even if the logics are similar it might be the case
that they are presented in different ways; for example Λ1 may be described
by an axiomatisation, while we may have only the semantics of Λ2 . Hence
a methodology for combining systems has now become essential for most
applications. Recent trends in logic-based agent technology shows that any
logical system modelling agents should be a combined system of logics of
knowledge, belief, time and modal logics (of actions). But the problem of
combining systems can be pretty difficult in practice, not only because the
two systems to be combined may be presented in two completely different
ways, but also because that even when they are presented in the same way,
it is not clear how to combine them. It is therefore necessary to identify the
problems involved in combining logics and come up with a uniform working
definition of a logic system that allows to define combination of the different
logics involved. The problem of combining logics can be defined as follows:9
1. Given two logics Λ1 and Λ2 in languages L1 and L2 can we define a
logic Λ for the combined language, (Λ1 ⊗ Λ2 ), which is a conservative
extension of each of Λ1 and Λ2 ?
Define the syntax of Λ1 ⊗ Λ2 from the syntax of Λ1 and Λ2 .
2. If Λ1 and Λ2 are complete with respect to classes of models (it could be
K1 and K2 of Kripke models), is it possible to identify natural semantic
constructions that would yield a new semantics for Λ (Λ1 ⊗ Λ2 )?
Define the semantics of Λ1 ⊗ Λ2 from the semantics of Λ1 and Λ2 .
9

We adopt the following symbols (1) ⊕ Addition of Axioms (2) ⊗ Combination of
logics (3) ~ Fusion of logics (4) } Fibring of logics.
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3. How many options for Λ are there and how do they relate to each
other?
4. Is it possible for Λ1 and Λ2 to interact? And if so how?
5. If Λ1 and Λ2 are presented as proof systems Π1 and Π2 can we find a
combinatorial definition for combining them?
Define the proof theory of Λ1 ⊗ Λ2 from Λ1 and Λ2 .
6. How can we account for transfer of properties from Λ1 and Λ2 to Λ?
Prove transfer of important properties like soundness,completeness,
decidability, finite model property etc. of the logics Λ1 and Λ2 into
Λ1 ⊗ Λ 2 .
7. If Λ is already given then is it possible to decompose Λ into Λ1 and Λ2
where Λi are projections onto the sub-languages Li , so that Λ could be
reconstructed back as some combination of Λ1 and Λ2 with possibly
additional interaction axioms?
8. Is it possible to characterise known poly-modal logics?
A few different techniques [35, 77, 46, 47, 129, 128] have been put forward
to address some of these problems but it is still a long way to go before
we have a comprehensive understanding of the issue at hand. We give
importance to two such techniques viz. fusion [77] and fibring [42] and
recast BDI logics in terms of fibring.

2.3.1

Fusion of Modal Logics

The formation of fusions or independent joins, is the simplest and perhaps
most frequently used way of combining logics. This operation is done on
the proof theoretic level when two proof theoretic systems are combined.
Kracht and Wolter [77] investigate the transfer properties for a combination
between two mono-modal normal logics into a particular normal bi-modal
logic. Their definition runs as follows: Given a set Φ of propositional variables 0 , 1 , . . ., and primitive connectives ∧, ¬, 21 , 22 , let L21 22 , be the
language of the bimodal logic built from it. Then L21 denotes the fragment of 22 -free formula and L22 denotes the fragment of 21 -free formula.
We can then say that Λ is a normal bi-modal logic if Λ ⊆ L21 22 and Λ
satisfies Definition 5 (i.e., closed under axiom K and the inference rules of
necessitation (for both connectives) and uniform substitution). If Λ is a
normal bimodal logic then Λ21 = Λ ∩ L21 and Λ22 = Λ ∩ L22 are normal
mono-modal logics which means that the projections of a normal bi-modal
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logic Λ onto its two constituent languages are normal mono-modal logics.
If Λ = Λ21 ~ Λ22 then Λ is called independently axiomatisable. It is also the
case that given two mono-modal logics Λ1 and Λ2 formulated in languages
L1 and L2 (but containing the language PL of propositional logic) and having disjoint sets of modal operators we can form the fusion of Λ1 ~Λ2 , which
is the least bi-modal logic Λ in the language L1,2 containing Λ1 ∪ Λ2 What
this means is that if Λ1 is axiomatised by a set of axioms Ax1 and Λ2 is axiomatised by a set of axioms Ax2 , then Λ1 ~ Λ2 is axiomatised by the union
Ax1 ∪ Ax2 . This means that no axioms containing modal operators from
both languages L1 and L2 is required to axiomatize the fusion of Λ1 and Λ2 .
The modal operators in L1 and L2 remain independent, i.e., they do not interact. In another sense we can argue that the fusion of two logics Λ1 and Λ2
need not be equal to the union of Λ1 with Λ2 . For instance Λ = (Λ1 ~ Λ2 ) is
closed under substitution and hence if Λ1 and Λ2 are normal mono-modal
logics with operators 21 , 22 , then 22 (21 0 ⇒ 1 ) ⇒ (22 21 0 ) ⇒ (22 1 )
belongs to Λ1 ~ Λ2 10 .
Definition 16 If Λ1 , Λ2 are normal modal logics, the fusion Λ1 ~ Λ2 is the
least normal bi-modal logic containing the two.
In a similar manner one can define the fusion Λ1 ~Λ2 ~. . .~Λn of n logics
for any natural number n ≥ 2 as the formation of fusions is an associative
binary operation on logics. Hence the definitions and theorems will be
related to multi-modal version rather than to the bi-modal one. In addition
to the syntactic interpretation done so far with regard to fusions, we can
also define a semantic counterpart for logics which are Kripke-complete.
Consider two classes 1 and 2 of m- and n-frames that are closed under
disjoint union and are isomorphic copies. The fusion 1 ~ 2 of 1 and 2
is the class of all n + m-frames of the form hW, R1 , . . . , Rm , S1 , . . . , S n i such
that hW, R1 , . . . , Rm i ∈ 1 and hW, S1 , . . . , Sm i ∈ 2 . 1 ~ 2 consists of
arbitrary combinations of frames from 1 and 2 sharing the same set of
worlds. The case is that if 1 and 2 determine logics Λ1 and Λ2 , then all
frames in 1 ~ 2 validate the fusion Λ1 ~ Λ2 .
Theorem 13 [45] (Fusion of logics preserves Kripke completeness)
If multi-modal logics Λ1 and Λ2 are characterised by the classes of frames
1 and 2 , respectively, and if 1 and 2 are closed under the formation of
disjoint unions and isomorphic copies, then the fusion Λ1 ~ Λ2 of Λ1 and
Λ2 is characterised by 1 and 2
10

The example is taken from [85].
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A number of other properties have been proved for fusion of bi-modal
logics by Kracht and Wolter. They give a word of caution saying that
though their results could be generalised to logics with arbitrary many
modal operators some care should be taken in the case of certain properties
(like finite model property). We list some of the important properties
Theorem 14 [77] (Properties of Fusion) If Λ1 and Λ2 are two consistent normal modal logics then the following properties hold
1. The logic Λ1 ~ Λ2 is finitely axiomatisable iff both Λ1 and Λ2 are and
⊥∈
/ Λ 1 , Λ2
2. The logic Λ1 ~ Λ2 is complete iff both Λ1 and Λ2 are and ⊥∈
/ Λ 1 , Λ2
3. The logic Λ1 ~ Λ2 is compact iff both Λ1 and Λ2 are and ⊥∈
/ Λ 1 , Λ2
4. The logic Λ1 ~ Λ2 has finite model property (f.m.p) iff both Λ1 and
Λ2 have f.m.p and ⊥∈
/ Λ 1 , Λ2
5. If the logics Λ1 and Λ2 are complete, then the logic Λ1 ~Λ2 is decidable
iff both Λ1 and Λ2 are and ⊥∈
/ Λ 1 , Λ2
6. If the logics Λ1 and Λ2 are complete, then the logic Λ1 ~Λ2 is Hallde0 n−
complete 11 iff both Λ1 and Λ2 are and ⊥∈
/ Λ 1 , Λ2
7. If the logics Λ1 and Λ2 are complete, then the logic Λ1 ~ Λ2 has
interpolation12 iff both Λ1 and Λ2 have interpolation and ⊥∈
/ Λ 1 , Λ2 .
Some of the results like decidability, interpolation and f.m.p as given above
for normal bi-modal logics do hold in the case of multi-modal logics as
shown by Gabbay [45]. Gabbay gives the following theorem in the case of
f.m.p.
Theorem 15 [45](Finite Model Property) If both Λ1 and Λ2 are Kripke
complete multi-modal logics having the finite model property, then their fusion Λ1 ~ Λ2 has the finite model property as well.
11

A logic Λ is said to be Hallde0 n − complete if ϕ ∨ ψ ∈ Λ and var(φ) ∩ var(ψ) = ∅
implies ϕ ∈ Λ or ψ ∈ Λ, where var(φ) and var(ψ) are the sets of propositional variables
that appear in φ and ψ respectively. The notion of Hallde0 n − completeness is related
to the concept of relevance.
12
A logic Λ has the interpolation property if whenever ϕ ⇒ ψ ∈ Λ then there is a
formula φ with var(φ) ⊆var(ϕ) ∩ var(ψ) such that ϕ ⇒ φ ∈ Λ and ϕ ⇒ φ ∈ Λ. The
formula φ is called the interpolant for φ ⇒ ψ in Λ.
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Though the results given by Kracht [77] are strong and it is possible to extend the process of fusion to normal n-ary modal logics it does not give any
result if we want to express interactions between the respective logics. The
earliest papers dealing with transfer issues [35, 36, 77] all deal with combining logical systems without interaction. Negative results in the presence
of interaction has been shown in [127, 66, 91, 90, 129]. Hence we need
a more general technique which allows us to accommodate the respective
interaction axioms.

2.3.2

Fibring/Dovetailing Modal Logics

Fibring is one of the most general approaches for combining logical systems
through their semantics and took shape in the works of Gabbay [40, 41,
42]. The methodology allows the user to combine the semantics of the
two systems and weave the two proof-theories into a combined logic that
preserves the basic properties of the components. Though Gabbay [42]
shows that fibring could be used as a general methodology for combining
logics irrespective of their presentation and type, the most successful case
of fibring is in the case of modal logic. The reason for this is that the
modality operators allows one to speak directly about the possible worlds
where the local fibring is being done. In this thesis we are concerned with
modal fibring based on Kripke semantics.
On the other side of the spectrum, much work has been done of late
concerning property transfer of logics based on algebraic semantics [134, 17]
as well as defining new semantics for the fibred logics [112, 27]. For them,
the essential concept of fibred semantics is the internal structure of models
and not necessarily the notion of world [26]. In our work we do not explicitly
give a fibred semantics for BDI logics, but show the necessary conditions the
fibring function ought to satisfy in-order to accomodate types of interaction
axioms. Ongoing research from the algebraic side is also concerned with that
of analysing first-order modal logic in terms of the fibring methodology so
as to come up with a new semantics as a result of fibring modal logic and
first-order logic [113, 115]. Work has also been done relating fibring and
para-consistent logics [26]. Our aim in this work is to analyse BDI-logics in
terms of fibring based on the work by Gabbay [42] and account for certain
transference of properties from the component logics to the fibred one.
As stated earlier the fibring of two logics is obtained by combining their
languages, deduction systems and semantics. For this to happen an analysis of the syntax, semantics and proof-theory of the respective logics need
to be done. In the case of fibring one can have two views regarding the
atomic structure which leads to two notions of fibring called disjoint fibring
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and ordinary fibring. Let 1 and 2 be the sets of atoms from which the
languages L1 and L2 are built. If 1 ∩ 2 = ∅ i.e., if the languages have
no atoms in common, then the fibring of L1 } L2 is called disjoint fibring
then it is called ordinary fibring. For our work we
and if 1 = 2 =
prefer ordinary fibring. Consider two modal logics Λ1 and Λ2 and their
corresponding languages L1 , L2 sharing the same set of atomic propositions. Let it also be the case that the logics are presented via classes K1 ,
K2 of Kripke models and satisfaction relations |=1 , |=2 . As far as fibring
is concerned there is no need to assume that the classes are frame classes
or normal or anything of that sort. The aim is to define a logic that has
the expressivity of both the components. To combine them syntactically is
easy as one can consider the formation rules of both languages L1 , L2 . The
problem arises when we try to define the models and satisfaction relations
(i.e., when we try to define them semantically). Suppose that 21 and 22
are two modalities belonging to the K1 , K2 classes of models as mentioned
above. We know how to evaluate 21 ϕ in K1 (i.e. in 1 = (F 1 , ω 1 , ν 1 ))
and 22 ϕ in K2 (i.e., in 2 = (F 2 , ω 2 , ν 2 ))13 and propositional formulas in
both. But the difficulty arises when we try to interpret a formula composed
of operators from both logics (for example 21 22 (ϕ). We can inductively
interpret 21 in one of the models for Λ1 ( 1 = (F 1 , ω 1 , ν 1 ))14 and then
interpret the rest. In order to interpret the modal operator 22 we have to
use a model for Λ2 and in this case it is possible only if we link (fibre), via
a fibring function, the model for Λ1 with a model for Λ2 and build a fibred
model of the combination. In other words each time we need to evaluate
a formula ϕ of the form 22 ϕ in a world in a model of K1 we associate via
the fibring function  , to the world a model in K2 where we calculate the
truth value of the formula. Formally
ω |=

1

∈K1

22 ϕ if and only if



1

(ω) |=

2

∈K2

22 ϕ

ϕ holds in ω iff it holds in the model associated to W through the fibring
function  . In more general terms this could be given as
|=ω ϕ if and only if |=∗ (ω) ϕ

where  is a fibring function that maps a world to a model suitable for
interpreting ϕ and |=∗ is the corresponding satisfaction relation (either |=1
for Λ1 or |=2 for Λ2 ). The basic idea of fibring is to perform a model construction while calculating the interpretation of a formula. To demonstrate
how the fibring function works consider the following example



By 1 = (F 1 , ω 1 , ν 1 ) we denote a model in K1 and by
in K2 .
14
where F 1 = (W1 , R1 ).
13



2

= (F 2 , ω 2 , ν 2 ) a model
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Example 1 Consider two modal logics K21 and KB22 and let ϕ = 21 32 0
be a formula on a world ω0 of the fibred semantics. ϕ belongs to the language L(1,2) as the outer connective (21 ) belongs to the language L1 and the
inner connective (32 ) belongs to the language L2 .
By the standard definition we start evaluating 21 of 21 32 at ω0 . Hence
according to the standard definition we have to check whether 32 0 is true
at every ω1 accessible from ω0 since from the point of view of L1 this formula
has the form 21 p (where p = 32 0 is atomic) and F 1 does not recognize
32 . But at ω1 we cannot interpret the operator 32 , because we are in a
model of K21 , not of KB22 . In order to do this evaluation we need the
fibring function  which at ω1 points to a world v0 , a world in a model
suitable to interpret formula with 22 as the main operator (Figure 2.6).
Now all we have to check is whether 32 0 , is true at v0 in this last model
and this can be done in the usual way. Hence the fibred semantics for the
combined language L(1,2) has models of the form (F 1 , ω 1 , ν 1 ,  1 ) where  1
is the fibring function which associates a model 2ω from L2 with ω in L1
i.e.  1 (ω) = 2ω .
MK

M KB

2

1

f

w1

v0

w3

w0
w2

v1

Figure 2.6: An example of Fibring

2.3.3

The language of Modal Fibring/Dovetailing

The basic syntax of fibring includes a family Λi , i ∈ I (set of labels) of modal
logics in the language Li , consisting of the expressions Ei , built from a set
of atomic units i and Ci of constructors of Li . It is usually the case that
. The expression Ei = ( i1 , . . . , in ) indicates that Ei is built up
1 =
2 =
from the atoms i1 , . . . , in ∈ i . The semantic construction is the same as in
modal logics where Λi is characterised by a class Ki of models ( i1 , i2 , . . .)
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where each in is built from a set Wni of basic semantic components called
worlds ω ∈ Wni and usually has a distinguished point ain ∈ Wni . This
distinguished point called the actual world is important in terms of semantic
i
evaluation in the model. It is also assumed that Wm
∩ Wni = ∅ for m 6= n.
The value of a general expression Ei of Λi evaluated at a model in is given
as ν i ( in , Ei ) and at a world ω as ν i (ω, Ei ) where ω ∈ Wni . The fibred
language L(a1 ,...,an ) is defined as follows:
• Let L(i) be Li , i ∈ I
• Let b be (j, b1 , . . . , bk ) such that (j, b1 , . . . , bk ) ∈ I and i 6= j. Let L(i)∗
b be the family of all expressions of the form ϕ = Ei ( 1 / 1 . . . , n / n )
where Ei ( 1 , . . . , n ) ∈ Li and 1 . . . , n are in Lb , and x / x indicates
the substitution of x to x in Ei .
S
• LI = b Lb

What this means is that given two modal logics Λ1 and Λ2 in languages
L1 and L2 the language L1,2 of Λ1,2 contains L1 and L2 as well as the
expressions obtained from them by substituting atoms with formulas of
the other language. So if we consider Λi i ∈ I to be modal logics in the
respective languages Li and complete with respect to a class of models
Ki = { i1 , i2 , . . . , } then each model in has the form (W, R, a, ν) where
W is the set of possible worlds, a ∈ W is the actual world and R ⊆ W 2 is
the accessibility relation. ν being a binary function gives a value ν(ω, 0 ) ∈
{0, 1} for any ω ∈ W and atomic 0 . a plays an important role in the
semantic evaluation, as satisfaction in the model is defined as satisfaction
at a. Gabbay [42] gives the following semantic condition for models
W = { x | ∃ n aRn x}

Points not accessible from a by any power Rn of R do not affect truth values
at a and hence such an assumption is feasible in terms of satisfaction relation. It is also assumed that all sets of possible worlds in any Ki are all pairwise disjoint and there are infinitely many isomorphic (but disjoint) copies
of each model in Ki . Since we are dealing with modal logic fibring, what
this means is that each model involved has the form in = (Wni , Rin , ain , νni )
and since all Wni are pairwise disjoint
S we can put the semantics together in
one big set of possible worlds W = (i,n) : In a similar manner the relations
Rin can all be unified under a single relation. We don’t expand on this point
here as we give the entire formalism while defining the fibred structure. To
   
make the notations simple we represent a model as = (W , R , a , ν )
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and write
∈ Ki when the model
is in the semantics Ki . What this

means is that if
6= then W ∩ W = ∅ and it is possible to identify

a model by its actual world by saying that =
iff a = a . The final definition we have to give in this section is with regard to the fibring
function  . The assumptions to be made in this case are as follows. For
two logics Λ1 and Λ2 in languages L1 and L2 it is required that the values
ν 2 ( 2n , E 2 ) for models 2n of Λ2 and E 2 of L2 are acceptable values for the
function ν 1 (ω, 0 ), for ω ∈ W1 and 0 atomic. Hence for L(1,2) the fibred
models will have the form 1n ,  (1,2)
, where  (1,2)
is a fibring function on
n
n
Wn1 assigning for each ω ∈ Wn1 a model 2t ∈ K2 and the basic evaluation
clause for ω ∈ W1 is given as ν 1,2 (ω, E 2 ) = ν 2 ( 2ω , E 2 ). Since for each ω,
 (1,2)(ω) is a model 2ω , an index nω is given to the fibred modal so that it
is uniquely represented ( 2ω = 2nω ). The fibring function  (1,2)
either gives
n
2
the numerical value nω or some actual world a ∈ Wnω so that any aω ∈ W2
will characterise a model 2nω . In fact it is possible to allow  (1,2) (ω) to
be a2nω ∈ W2 , as the models always have a distinguished world called the
actual world ain ∈ Wni . Another assumption made with regard to the fibring
function is that  (1,2) is a one-to-one function from W1 into W2 satisfying
the condition
ω 6= ω 0 where ω, ω 0 ∈ W1 ⇒ nω 6= nω0




1
What this means is that if we have ω ∈ Wk1 and ω 0 ∈ Wm
and k < m then
(1,2)
(1,2)
2
0
2
(ω) = anω and 
(ω ) = anω0 satisfy nω < nω0 .
the fibred models 
To summarise, if ω ∈ W1 then  (ω) = a2nω ∈ W2 and if ω ∈ W2 then
 (ω) = a1nω ∈ W1. Basically, given a model and ω as a possible world in
then  ( , ω) is a Kripke model of the other semantics. A formula
  ϕ holds
in ω, ω |= ϕ, if and only if  ( , ω) |= ϕ, i.e. if and only if a ( ,ω) |= ϕ
where ϕ is a formula with main connective not in the logic of the model

and a ( ,ω) is the actual world of the model  ( , ω). The properties given
so far with regard to modal fibring can be given in the form of a definition
as follows

Definition 17 Let Λi , i ∈ I, be a family of modal logics with 2i Λ ∈ I
respectively. Let Ki be
 a class of models for which Λi is complete. A fibred
model for the logic Λi is a structure (W, Wi,i∈I , Wa , R, ω0 , ν,  ) where
• W=

S



∈∪i Ki





W ;

• Wi,i∈I = {a |
S
• W a = i Wi ;

∈ Ki };
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• R=

S



∈∪i Ki



R ;

• ω0 ∈ Wa is the actual world;



• ν(ω, ) = ν (ω, ), for the unique
•





such that ω ∈ W ;

: I × W 7→ Wi , is the fibring function.

The fibring function  is a function giving for each i and each ω ∈ W
another point (actual world) in Wi as follows:
½

ω
if ω ∈ W and ∈ Ki
 i(ω) = a value in W , otherwise
i

such that if ω 6= ω 0 then  i (ω) 6=  i (ω 0 ).
Satisfaction is defined as follows with the usual truth tables for boolean
connectives:
ω |=

iff ν(ω,
) = 1, where is an atom
(
ω ∈ i and ∀ω 0 (ωRω 0 → ω 0 |= 1 ) or
ω |= 2i ϕ iff
ω ∈ , and ∈
/ Ki and  i (ω) |= 2i ϕ

We say the model satisfies ϕ iff ω0 ² ϕ.
In a similar manner we can define
(
ω ∈ i and ∃ω 0 (ωRω 0 ∧ ω 0 |= 1 ) or
ω |= 3i ϕ iff
ω ∈ , and ∈
/ Ki and  i (ω) |= 3i ϕ
We say the model satisfies ϕ iff ω0  |= ϕ. In the case of validity we say
that ϕ is valid if for all models of Λi with actual world ω0 ∈ W we have
(ω0 , aω0 ) |= ϕ.



Theorem 16 [42] (Completeness theorem for the fibred logic ΛI )
Let Λi , i ∈ I be modal logics in the respective language Li with classes of
structures
 Ki and set of theorems i(i.e., i = {ϕ of Li | ϕ is valid in all Ki models })
Let Λi be defined as follows:



1. Λi ⊆ Λi for any i ∈ I
2. Modal Fibring Rule If i 6= j, and

Vn
Wm
ϕ = ( k=1 2i ψk ⇒ k=1 2i φk ) ∈ ΛI ,
then for all d, 2dj ϕ ∈ ΛI ;
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3. Λi is the smallest set closed under 1, 2, modus ponens and uniform
substitution.
Gabbay [42] proves the following properties:
Theorem 17 (Properties of the fibred modal logic)



1. ΛI is the set of valid formulae of every model in

Λ



i

.



2. If all the Λi , i ∈ I, satisfy finite model property, then so does Λi .



3. If all the Λi are finitely axiomatisable, so is Λi .
So far we were concerned with the general notion of fibring and didn’t
mention anything about dovetailing which is a special case of ordinary fibring. As mentioned earlier ordinary fibring happens when the languages L1
and L2 share the same set of atoms . We noted in the section above that
 can be viewed as a function giving for each ω ∈ W1 ∪ W2 an element
 (ω) ∈ W1 ∪ W2 such that if ω ∈ Wi then  (ω) ∈ Wj , i 6= j. Now if we
compare the values ν i (ω, ) and ν i ( (ω), ) for atom they need not be
identical. But it is possible that the fibring function  could account for a
valuation like
ν i (ω, ) = ν i ( (ω), )
for each ω ∈ ω i ,  (ω) ∈ Wj and each ∈ . Such instances of fibring
is called dovetailing i.e. instances in which the fibred model at ω has the
world ω itself as its actual world.

Definition 18 Let Λi , i ∈ I be modal logics with Ki , the class of models for
Λi . Let ΛI (the dovetailing combination of Λi , i ∈ I) be defined semantically
through the class of all (dovetailed) models of the form (W, R, a, ν), where
W is a set of worlds, a ∈ W, ν is a value assignment, and for each i ∈
I, R(i) ⊆ W × W. We require that for each i, (W, R(i), a, ν) is a model in
Ki . We further require the following:
Let ω ∈ W be such that there exist n1 , . . . , nk and ω1 , . . . , ωk such that
aRn1 (ω1 ) ◦ Rn2 (ω2 ) . . . ◦ Rnk (ωk )ω holds;
The notion of ω |= ϕ by induction is defined as follows.
• ω |= if ν(ω, ) = 1 for

atomic.

• ω |= 2i ϕ if for all ω 0 ∈ W, such that ωR(i)ω 0 we have ω 0 ² ϕ.
• |= ϕ iff for all models and actual worlds a |= ϕ.
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Definition 19 Let Λi , i ∈ I, be modal logics; let ΛI be defined as follows:
1. Λi ⊆ ΛI
2. Modal
Vm Rule: If i 6=Wj,mand
Vn Dovetailing
ϕ = ( k=1 2i ψk ∧ k=1 3i ¬φk ⇒ k=1 k ) ∈ i ,
then for all d, 2dj ϕ ∈ i , where k are atoms (or their negations) and
1 , . . . , r list all the atoms (or their negations) in any ψ k , φk , k = 1, . . .
3. ΛI is the smallest set closed under 1, 2, modus ponens and substitution.
The following properties hold in the case of dovetailed logics.
Theorem 18 (Properties of the dovetailed modal logic)
1. ΛI is the set of valid formulae of every model in

ΛI

.

2. If each of the Λi , i ∈ I include the K axiom and can be formulated
by an Hilbert style system with necessitation rule, then ΛI can be
axiomatised by taking the union of the axiomatisations.
3. If all the Λi satisfy finite model property, then so does ΛI .
It has been shown in [35] that on the semantic level fusion of two normal
1-modal logics corresponds to dovetailing. For instance, let Λ1 and Λ2 be
two mono-modal logics and F1 and F2 the respective frames for which they
are complete. Then the fusion Λ1 ~ Λ2 is complete with respect to the class
of all frames obtained by iterated dovetailing constructions from F1 and F2 .
Gabbay has also shown that in some cases fibring and dovetailing produce
the same result. In particular
Theorem 19 If each of the Λ
 i, i ∈ I admits necessitation and satisfies the
15
disjunction property then ΛI = ΛI .

2.4

Summary and Discussion

In this chapter we first introduced modal logics (its syntax, semantics) along
with the idea of canonical models which helps in proving completeness of a
system of modal logic. We then introduced BDI logics and showed that they
are normal multimodal logics with an arbitrary set of normal modal operators and specific interaction axioms. It was shown that any BDI system
modelling rational agents consists of a combined system of logics of belief,
15

If |= 2ϕ ⇒ (2ψ ∨ 2φ), then |= 2ϕ ⇒ 2ψ or |= 2ϕ ⇒ 2φ.

2.4. Summary and Discussion
goal and intentions. In order to account for this combined nature we introduced two combining techniques called fusion and fibring and showed that
fibring is more suited to combine BDI logics that fusion. Our idea behind
adopting such combining techniques is to provide a general methodology
for combining the component logics involved in BDI-like systems.
Though results like Theorem 18 makes one think of the chances of fibring being boiled down to fusion, in principle fibring is more powerful than
fusion because of the possibility of adding conditions on the fibring function. These conditions could encode interactions between the two classes of
models that are being combined and therefore could represent interaction
axioms between the two logics. Moreover fibring is not restricted to normal
modal logics. Gabbay shows how to extend it to some non-standard logic
systems. Adaptations of the fibring technique can apparently be applied to
many other cases as well. It is possible to fibre a logic with a fuzzy logic,
fibre a first order logic with itself, combine a logic with its meta level etc.
The main thrust of fibring as far as BDI logics is concerned is given in
the following statement [85]:
It is sometimes possible to recognize some existing combined
systems as fibrings or dovetailings but difficulties arise when the
combination is not a simple fusion, but an interaction between
the components is present. By investigating some class of fibring
functions it will be possible to give a basic class of interactions
and prove properties about these.
As BDI logics are nothing but combinations of basic normal logics it is
possible to analyse them in terms of fibring/dovetailing and get some general
results about them. In the next chapter we show that the BDI-system is a
dovetailed logic. In order to accommodate the interaction axioms involved
in BDI we give conditions on the fibring function. Though fusion offers
transfer theorems for properties like completeness, decidability etc. for both
single modal and multi-modal settings its inability to account for interaction
axioms makes it less suited for BDI-like logics. Hence we prefer fibring over
fusion.
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Chapter 3

Fibring Semantics for BDI Logics
Logic takes care of itself; all we
have to do is to look and see
how it does it.
Ludwig Wittgenstein

In this chapter we examine BDI logics in the context of Gabbay’s [42]
fibring semantics. We show that dovetailing (a special form of fibring)
can be adopted as a semantic methodology to characterise BDI logics. We
develop a set of interaction axioms that can capture static as well as dynamic aspects of the mental states in BDI systems, using Catach’s incestual
schema Ga,b,c,d [19]. Further we exemplify the constraints required on fibring function to capture the semantics of interactions among modalities.
The advantages of having a fibred approach is discussed in the final section.

3.1

Background and motivations

In the previous chapter we showed that any BDI system modelling rational agents consists of a combined system of logics of belief, goal and
intentions. Moreover, many more logics are studied for modeling BDI-like
agents wherein a combination of knowledge, time and modal logic of actions
is considered [123, 103, 111]. These combined systems was presented and
motivated by different authors for different reasons and different applications. However, the general methodology for combining the different logics
involved has been mainly neglected. We believe that investigating a general methodology for combining the component logics involved in BDI-like
systems is an important research issue. This would result in a better understanding of the formal groundings of complex rational agent architectures
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and enable the designer to elegantly and easily incorporate new features
of rational agency within her framework. Moreover the proposed general
methodology should permit a modular treatment of the modal components,
whereby, each component is analysed and developed on its own, with the
most appropriate methodology for it, and is then reused in the combination. Furthermore each module has its own features but the framework
remains unchanged among the combined systems. Finally the combined
system should offer preservation of some important logical properties of its
elements.
In this chapter we investigate one such method, viz. fibring [42], and use
it to reconstruct the logical account of BDI in terms of dovetailing together
with the multi-modal semantics of Catach [19]. In doing so we identify a
set of interaction axioms for BDI, based on the incestual schema Ga,b,c,d ,
which covers many of the existing BDI axioms and also make possible the
generation of a large class of new ones. Further, we identify conditions under which completeness transfers from  the component logics (Λ1 and Λ2 ) to
their fibred/dovetailed composition (Λ1,2 /Λ1,2 ), with the help of canonical
model structures. We also show completeness preservation
in the case of
 ,
interaction axiom of the form 21 α ⇒ 22 α (Λ1,2 ⊕ 21 α ⇒ 22 α). Our
study differs from that of other combining techniques like fusion in terms
of the interaction axiom. For instance, normal bimodal and polymodal logics without any interaction axioms are well-studied as fusions of normal
monomodal logics in [128] and property transfer for such logics has also
been dealt with [77]. For a slightly different account on fusions of logics
one can refer [86]. Moreover fusions of normal modal logics without interaction axioms is the same as dovetailing. But difficulty arises with the
extra interaction axiom. Then we need a more general concept like fibring. Our study starts with the assumption that the combination of two
complete logics need not be complete when we add interaction axioms [76].
We want to identify conditions under which completeness can be preserved
when interaction axioms are included.

3.2

The Problem

As noted in the previous chapter, the main advantage of using Multi-Modal
Logics in BDI is their ability to express complex modalities, that can capture
the inter-relationships existing among the different mental attitudes. This
can be achieved by either composing modal operators of different types, or
by using formal operations over modalities. For instance the idea that an
agent’s goal is always supported by its belief is captured by the following
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BDI axioms:
GOALKD (ϕ) ⇒ BELKD45 (ϕ)
GOAL

KD

(ϕ) ⇒ BEL

KD45

(GOAL

KD

(3.1)
(ϕ))

(3.2)

Accordingly, the semantic conditions for (1) and (2) are:
if (ω 0 , ω 00 ) ∈ BEL then (ω 0 , ω 00 ) ∈ GOAL
if (ω 0 , ω 00 ) ∈ BEL and (ω 00 , ω 000 ) ∈ GOAL then (ω 0 , ω 000 ) ∈ GOAL

(3.3)
(3.4)

Condition (3.3) captures inclusion (containment) of a binary relation
for beliefs in the relation for goals, whereas (3.4) captures the combined
transitivity on two binary relations R1 and R2 . The problem here is that
the axiom systems for GOAL and BEL is a combination of other axiom
systems and hence they are different. They can be considered as two different languages L1 and L2 with 21 (BEL) and 22 (GOAL) built up from the
respective sets 1 and 2 of atoms and supported by the logics KD45(Λ1 )
and KD(Λ2 ). Hence we are dealing with two different systems S1 and S2
characterized, respectively, by the class of Kripke models K1 and K2 and
this fact should be taken into consideration while defining semantic conditions for interaction axioms like those given above. For instance, we know
how to evaluate 21 ϕ (BEL(ϕ)) in K1 (KD45) and 22 ϕ (GOAL(ϕ)) in K2
(KD). We need a method for evaluating 21 (resp. 22 ) with respect to K2
(resp. K1 ).
The problem in its general form is how to construct a multi-modal logic
containing several unary modalities, each coming with its own system of
specific axioms. The fibring technique as described in the previous chapter
allows one to combine systems through their semantics. The fibring function
can evaluate (give a yes/no) answer with respect to a modality in S2 , being
in S1 and vice versa. Each time we have to evaluate a formula ϕ of the
form 22 ψ in a world in a model of K1 we associate, via the fibring function
 , to the world a model in K2 where we calculate the truth value of the
formula. Formally
ω |=

∈K1

22 ψ iff



2 (ω)

|=

0

∈K2

22 ψ

ψ holds in ω iff it holds in the model associated to w through the fibring
function  . Moreover ψ could be a mixed wff consisting of operators from
Λ1 and Λ2 (for instance ψ can be 31 22 q). This is possible because the
axiom systems of BEL and GOAL itself are combined systems. Then we
have to say that the wff ψ belongs to the language L(1,2) . The existing
BDI semantics fails to give adequate explanation for such formulas. The
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problem becomes even more complex when we allow the system to vary in
time. Then we have to combine the BDI system with a suitable temporal
logic. The fibring/dovetailing technique provides a general methodology for
such combinations as shown in the next section.
It is also important to note that since each mental operator (BEL,
GOAL) itself is a combination of different axiom systems, the underlying multi-modal language (LBDI ) should be such that we should be able to
develop each single operator on its own within its own semantics so that
in the later stage the operators and models can be glued together through
fibring/dovetailing to form a comprehensive system. The multi-modal language should also be able to express multiple concepts like rational agents,
actions, plans etc. The problem with the existing BDI-Language is that
each time we want to incorporate a new concept we have to redefine the
system and come up with characterization results. For instance, if we want
to capture the notion of actions, plans, programs etc. in BDI, we need to
come up with specific axiom systems for each of them and then show that
they are characterized within the system. What we need is a set of interaction axioms that can generate a range of multi-modal systems for which
there is a general characterization theorem so that we could avoid the need
for showing it each time a new system is considered. To this end we adopt
the class of interaction axioms Ga,b,c,d of Catach [19] that can account for a
range of multi-modal systems.

3.3

Fibring of BDI Logics

In this section we show how fibring/dovetailing could be adopted as a general semantic methodology to combine BDI logics. Two theorems stating
relationships between dovetailing and BDI logics and dovetailing and fibring
are shown. It is shown that the existing BDI logic is a dovetailed system.
Fibring two semantics
Let I be a set of labels representing intentional states (belief, goal, intention)
and Λi , i ∈ I be modal logics whose respective modalities are 2i , i ∈ I.
Definition 20 [42] A fibred model is a structure (W, S, R, a, ν, τ, F) where
• W is a set of possible worlds;
• S is a function giving for each ω a set of possible worlds, Sω ⊆ W;
• R is a function giving for each ω, a relation Rω ⊆ Sω × Sω ;
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• a is a function giving the actual world aω of the model labelled by ω;
• ν is an assignment function ν ω ( 0 ) ⊆ Sω , for each atomic

0;

• τ is the semantical identifying function τ : W → I. τ (ω) = i means
that the model (Sw , Rω , aω , ν ω ) is a model in Ki , we use Wi to denote
the set of worlds of type i;
• F, is the set of fibring functions  : I × W 7→ W. A fibring function
 is a function giving for each i and each ω ∈ W another point (actual
world) in W as follows:
½

ω ∈ S and ∈ Ki
 i(ω) = ωa value in W , ifotherwise
i

such that if ω 6= ω 0 then  i (ω) 6=  i (ω 0 ). It should be noted that fibring
happens when τ (ω) 6= i. Satisfaction is defined as follows with the usual
truth tables for boolean connectives:
t |=

iff ν(ω,( 0 ) = 1, where 0 is an atom
ω ∈ and ∈ Ki and ∀ω 0 (ωRω 0 → ω 0 |= ϕ), or
ω |= 2i ϕ iff
ω ∈ , and 6∈ Ki and ∀ ∈ F,  i (ω) |= 2i ϕ.
0



We say the model satisfies ϕ iff ω0 |= ϕ.
A fibred model for ΛI can be generated from fibring the semantics for
the modal logics Λi , i ∈ I. The detailed construction runs as follows: Let Ki
be a class of models { i1 , i2 , . . .} for which Λi is complete. Each model in
has the form (S, R, a, ν) where, as given in the second chapter, S is the set of
possible worlds, a ∈ S is the actual world and R ⊆ S × S is the accessibility
relation. ν is the assignment function, a binary function, giving a value
ν(ω, 0 ) ∈ {0, 1} for any ω ∈ S and atomic 0 . The actual world a plays
a role in the semantic evaluation in the model, in so far as satisfaction in
the model is defined as satisfaction at a. We can assume that the models
satisfy the condition S = {ω | ∃n a Rn ω}. This assumption does not affect
satisfaction in models because points not accessible from a by any power
Rn of R do not affect truth values at a. Moreover we assume that all sets
of possible worlds in any Ki are all pairwise disjoint, and that there are
infinitely many isomorphic (but disjoint) copies of each model in Ki . We
   
for a model and present it as
= (S , R , a , ν )
use the notation
and write
∈ Ki , when the model
is in the semantics Ki . Thus our

assumption boils down to
6= ⇒ S ∩ S = ∅. In fact a model can

be identified by its actual world, i.e., = iff a = a . Then the fibred
semantics can be given as follows:
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• W=
• R=

S

S





∈∪i Ki

∈∪i Ki
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S ;



R ;

• ν(ω, 0 ) = ν (ω, 0 ), for the unique
• aω = a





such that ω ∈ S ;



such that ω ∈ S .

for the unique

Dovetailing
As we pointed out in the second chapter, dovetailing is a special case of
fibring in the sense that a dovetailed model is a fibred model that must
agree with the current world on the values of atoms. For instance, in the
previous section we saw that the function  can be viewed as functions
giving for each ω ∈ S1 ∪ S2 , an element  (ω) ∈ S1 ∪ S2 such that if ω ∈ Si
then
then  (ω) ∈ Sj , i 6= j. If L1 and L2 share the same set of atoms
we can compare the values ν(ω, 0 ) and ν( (t), 0 ) for an atom 0 which
need not be identical. If we require from the fibring functions that for each
ω ∈ Si ,  j (t) ∈ Sj and each 0 ∈ we want
ν(ω, 0 ) = ν(

i (ω), 0 ),

then this fibring case is referred to as dovetailing. This means that the
actual world of the model fibred at ω,  i (ω), can be identified with ω. The
set of fibring functions F is no longer needed, since we identified ω with
 i(ω), for every fibring function  .
Definition 21 [42] Let Λi be modal logics, where Ki is the class of models
for Λi . Let ΛI (the dovetailing combination of Λi , i ∈ I) be defined semantically through the class of all (dovetailed) models of the form (W, R, a, ν),
where W is a set of worlds, a ∈ W, ν is an assignment and for each
i ∈ I, R(i) ⊆ W × W. We require that for each i, (W, R(i), a, ν) is a model
in Ki . It is further required that all t ∈ W be such that there exist n1 , . . . , nk
and i1 , . . . , ik such that aRn1 (i1 )◦Rn2 (i2 ) · · ·◦Rnk (ik )t holds. The satisfaction
condition ω |= ϕ, is defined by induction as
• ω |=

0

if ω ∈ ν( 0 ) for

0

atomic;

• ω |= 2i ϕ if for all ω 0 ∈ W, such that ωR(i)ω 0 we have ω 0 |= ϕ;
• |= ϕ iff for all models and actual worlds a |= ϕ.
Two theorems are given below, the proof of which can be found in [42].
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Theorem 20 (Dovetailing and Normal Modal Logic) Assume Λi , i ∈
I all are extensions of K formulated using traditional Hilbert axioms and
the rule of necessitation, then ΛI can be axiomatized by taking the union of
the axioms and the rules of necessitation for each modality 2i of each Λi
Theorem 21 (Fibring = Dovetailing) If Λi , i ∈ I admit necessitation
and satisfy the disjunction property, then ΛI = ΛI .
It is immediate to see that BDI logic without interaction axioms is
nothing else but normal multi-modal logics —combinations of normal modal
logics (e.g., the basic BDI logic proposed in [107] is the combination of
a KD45 modality for BEL, KD for GOAL and KD for INT)— hence,
according to Theorem 1, dovetailing provides a general methodology for
generating BDI-like systems.

3.4

Semantics for Mental States

In the previous section we have seen how to provide a general semantics
for BDI logics in the background of fibring/dovetailing without taking into
account any interaction of modalities. However, mental states are very often connected to each other, for example the interaction axioms like (3.1)
and (3.2); thus what is needed is a methodology to capture them. In this
section we use Catach approach [19] to extend dovetailing in order to develop a general semantics that covers both the basic modalities and their
interactions. Catach proposed a class of normal multimodal logics that is
determined by the interaction axiom Ga,b,c,d , called a, b, c, d-incestuality
axiom. It includes most of the modal and multimodal systems given in
chapter 2. The idea is to label modal operators with complex parameters
using an operator of composition and an operator of union.

3.4.1

Catach’s Incestual Schema

Let I be a set of atomic labels (denoting the mental states beleif, goal and
intention); complex labels can be built from atomic ones using the sequential
operator “;” (a binary operator for composition), the union operator “∪”
and the neutral element “λ” (w.r.t the composition). If i is an atomic
label and ϕ a well-formed formula, then the expression [i]α corresponds to
the modal formula 2i ϕ (or the belief formula BEL(ϕ)), and hiiα to 3i α.
Furthermore we assume that [λ] = hλi. The transformation of complex
labels into modalities is governed by the following rules:
[λ]ϕ ⇔ ϕ

(3.5)
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[a; b]ϕ ⇔ [a][b]ϕ

(3.6)

[a ∪ b]ϕ ⇔ [a]ϕ ∧ [b]ϕ

(3.7)

According to the above conditions we can identify, for example, the formula
21 22 A ∧ 2 3 A ∧ A
with the expression [(1; 2) ∪ 3 ∪ λ]. Let us consider now the expression
hai[b]α ⇒ [c]hdiα
known as the a, b, c, d-incestuality axiom, (we will use Ga,b,c,d to refer to it),
where a, b, c, and d are strings of modalities obtained from composition and
union as shown above. As it is remarked in [19], the fact that a, b, c, and
d of an incestual schema may be arbitrary expressions built from atomic
labels using the composition and union operators, makes axiom Ga,b,c,d very
general. In particular it covers the axiom
Gk,l,m,n : 3k 2l ϕ ⇒ 2n 3n ϕ
where k, l, m, n ≥ 0, as is given in section 2.1.4.. Therefore it can be used
to generate, among others, the well known D, T, B, 4 and 5 and their
multimodal versions. For example, when a = b = λ and c = d = 1 we
obtain the symmetry axiom B for 2i . See Table 3.1 for a list of such
axioms. It is then immediate to see that the above axiom schema covers
many existing systems of multi-modal logic, including the BDI system and
make the generation of a large class of new ones possible.
Example 2 Let ϕ be a formula and BEL, GOAL, INT, CAP, OPP and
RES be the modal operators for the mental constructs; then the following
are instances of Ga,b,c,d .
C1 GOAL(ϕ) ⇒ BEL(ϕ)
C2 INT(ϕ) ⇒ (GOAL(ϕ) ⇒ BEL(ϕ))
C3 RES(ϕ) ⇔ CAP(ϕ) ∧ OPP(ϕ)

(Inclusion)
(Relative Inclusion)
(Union)

The axioms C2 and C3 are possible additions to the existing BDI axioms.
The above axioms (as well as others) can be used to represent various
concepts such as rational agents, programs, actions etc. For instance C2
captures the fact that an agent’s intention to achieve ϕ is supported by
having a goal towards ϕ and this goal is based on its belief of ϕ. Similarly
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Axiom Name
B
T
D
4
5
Inclusion
Semi-commutativity
Relative Inclusion
Semi-adjunction
Common seriality
Union
Composition

Axiom Schema
ϕ ⇒ [i]hiiϕ
[i]ϕ ⇒ ϕ
[i]ϕ ⇒ hiiϕ
[i]ϕ ⇒ [i][i]ϕ
hiiϕ ⇒ [i]hiiϕ
[i]ϕ ⇒ [i0 ]ϕ
[i][i0 ]ϕ ⇒ [i0 ][i]ϕ
[i]ϕ ⇒ ([i0 ]ϕ ⇒ [i00 ]ϕ)
ϕ ⇒ [i]hi0 iϕ
[i]ϕ ⇒ hi0 iϕ
[i]ϕ ⇒ [i0 ]ϕ ∧ [i00 ]ϕ
[i0 ]ϕ ∧ [i00 ]ϕ ⇒ [i]ϕ
[i]ϕ ⇒ [i0 ][i00 ]ϕ
[i0 ][i00 ]ϕ ⇒ [i]ϕ

Incestual Schema
Gλ,λ,i,i
Gλ,i,λ,λ
Gλ,i,λ,i
Gλ,i,(i;i),λ
Gi,λ,i,i
0
Gλ,i,i ,λ
0
0
Gλ,(i;i ),(i ;i),λ
0
00
Gλ,(i∪i ),(i ),λ
0
Gλ,λ,i,i
0
Gλ,i,λ,i
0
00
Gλ,i,(i ∪i ),λ
0
00
Gλ,(i ∪i ),i,λ
0 00
Gλ,i,(i ;i ),λ
0
00
Gλ,(i ;i ),i,λ

Table 3.1: Some well known axiom schemas included by the incestual axioms

C3 is related to the ability and opportunity of an agent to perform an action
α so as to obtain a particular result 1 .
As far as dovetailed models are concerned it is possible to define a mapping ρ between labels and the accessibility relations of dovetailed models.
Definition 22 Let a and b be labels, i an atomic label, and (W, R(i), a, ν)
a dovetailed model. Then
ρ(i) = R(i);

ρ(λ) = ∆;

ρ(a; b) = ρ(a)|ρ(b);

ρ(a ∪ b) = ρ(a) ∪ ρ(b);

where the operators ∪ (union) and | (composition) are defined for binary
relations, and ∆ is the diagonal relation over W (i.e., ρ(λ) = ∆, where
∆ = {(ω, ω) | ω ∈ W}, the identity relation).
Definition 23 Let a, b, c, and d be labels. A dovetailed model
=
(W, R(i), a, ν) enjoys the a, b, c, d-incestuality property iff the following condition holds for .
ρ(a)−1 |ρ(c) ⊆ ρ(b)|ρ(d)−1 .
(3.8)
where ρ(i)−1 is the converse relation of ρ(i). The incestuality condition is
shown in Figure 3.1 and can be reformulated as follows:
1

We talk more about the ability, opportunity and result constructs in Chapter 3.
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w0

ρ(a)
w

ρ(a)−1

ρ(b)

ρ(a)−1 |ρ(c)

w∗

ρ(b)|ρ(d)−1
ρ(d)−1

ρ(c)

ρ(d)

w00
Figure 3.1: a, b, c, d incestuality property
If (ω, ω 0 ) ∈ ρ(a) and (ω, ω 00 ) ∈ ρ(c) then there exists ω ∗ such
that (ω 0 , ω ∗ ) ∈ ρ(b) and (ω 00 , ω ∗ ) ∈ ρ(d).
Theorem 22 [19] Let LBDI be a normal multi-modal system built from
a finite set of axioms Ga,b,c,d . Then LBDI is determined by the class of
dovetailed models satisfying the a,b,c,d-incestuality properties.
Catach originally proved the above theorem for what he calls multi-frames.
Trivially multi-frames correspond to dovetailed models. In particular this
result provides the characterization of a wide class of interaction axioms
such as the relationships among mental attitudes of rational agents in terms
of dovetailing.
Although the class of incestual modal logics includes a wide range of
multimodal systems as was shown above, it is worth noting that no set of
inclusion properties of the form (3.8) can characterise the indution axiom
that define both the iteration operator “∗” of dynamic logic [65] and the
common knowledge operator “C” [51, 64]. In [19] the following pair of
a,b-induction axioms are given:
[b]ϕ ⇒ ([a]ϕ ∧ [a][b]ϕ)

(3.9)

[b](ϕ ⇒ [a]ϕ) ⇒ ([a]ϕ ⇒ [b]ϕ)

(3.10)

By taking b = a∗ we get the axioms of dynamic logic and taking a =
1 ∪ 2 ∪ . . . ∪ n we get the axiom for the common knowledge operator. Axiom
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3.9 is an incestual axiom corresponding to
hλi[b]ϕ ⇒ [a ∪ a; b]hλiϕ
but 3.10 is not as shown in [19].

3.5

Conditions on the Fibring Function

Section 3.3 establishes how BDI-like systems (without interaction axioms)
can be reconstructed using dovetailing and section 3.4 introduces a general
axiom schema through which we can generate a range of BDI-like interaction axioms. In this section we demonstrate with the help of an example
what conditions would be required on the fibring functions in order to cope
with the a, b, c, d-incestuality schema. As noted earlier we assume that the
combination of two complete logics need not be complete when we include
interaction axioms. We want to identify conditions under which completeness can be preserved. But before identifying the specific conditions on
the fibring functions we need to introduce certain notions and constructions related to completeness preservation in terms of canonical models and
canonical logics.
In the canonical model construction, a world is a maximal consistent sets
of wff. Thus for any normal propositional modal system S, its canonical
model hW, R, νi is defined as follows:
• W = {ω : ω is a maximal S-consistent set of wff };
• For any pair of worlds ω and any ω 0 ∈ W, ωRω 0 iff {ϕ : 2ϕ ∈ ω} ⊆ ω 0 ;
• For any variable

0

and any ω ∈ W, ν( 0 , ω) = 1 iff

0

∈ ω.

But in the case of a fibred model the above construction needs to be modified accordingly as follows: Let Λi , i ∈ I be monomodal normal logic
with languages Li . Let ΣΛ be the set of all Λ-maximal consistent sets
of formula. Given a set S of formulas, Λ2i (S) = {ϕ : 2i ϕ ∈ S} and

ΛL i (S) = {ϕ : ϕ = 2i ψ or ϕ = 3i ψ, ϕ ∈ S}. The canonical model for ΛI ,
CI , is the structure hW, S, R, F, a, τ, νi, where
• W = ΣΛ × I.
• S is a function W 7→ ℘W such that S ω = {(x, i) ∈ W : τ (ω) = i}. In
other words the set of worlds of the same type as ω.
• Rω ⊆ S ω × S ω such that xRω y iff Λ2τ (ω) (x) ⊆ y.

3.5. Conditions on the Fibring Function
• F is the set of functions
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: I × W 7→ W (fibring functions) such that

 (x, j) i = j
(x, i) x = aω
i , (x, j) =

(y, i) otherwise

where ΛLi (x) ⊆ y, and if x 6= y, then



i (x)

6= 

j (y).

• aω = ω.
• τ (x, i) = i
• ν( 0 , ω) = 1 iff

0

∈ ω, for

0

atomic.

Lemma 8 For every formula ϕ and every world ω in the canonical model
ν(ω, ϕ) = 1 iff ϕ ∈ ω.
Proof. The proof is by induction on the complexity of ϕ. The only difference
with the proof of the monomodal case is when ϕ = 2i ψ and τ (ω) 6= i. If
ν(ω, 2i ψ) = 1, then for every  ∈ F ν( i (ω), 2i ψ) = 1, and we can apply
the standard construction for modalities and we obtain that 2i ψ ∈  i (ω).
Let us now suppose that 2i ψ is not in ω. Since ω is maximal ¬2i ψ ∈ ω;
thus 3i ¬ψ ∈ ω. ΛLi ⊆  i (ω), hence 3i ¬ψ ∈  i (ω), from which we derive
a contradiction. Thus 2i ψ ∈ ω. The other direction is similar.
As an immediate consequence of the Lemma we have the following theorem.





Theorem 23 ΛI ` ϕ iff CI |= ϕ.
Definition 24 Let FΛ be the frame of the canonical model for Λ. Λ is
canonical iff for every valuation ν, (FΛ , ν) is a model for Λ.
Clearly the above definition is equivalent to the usual condition for a modal
logic to be canonical (i.e., that the frame of the canonical model is a frame
for Λ). However the fibring construction inherits the valuation functions
from the underlying models, and we can obtain different logics imposing
conditions on the fibring functions based on the assignments of the variables.
The fibred frame for L1,2 is obtained in the same way as the fibred model,
replacing the occurrences of models with frames.





Lemma 9 Let ζ = (W, S, R, F, a, τ, ν) be the canonical model for ΛI .
Then for each ω ∈ W (S ω , Rω , ν ω ) is the canonical model for τ (ω).
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Proof. By inspection on the construction of the canonical model for ΛI .



From the above Lemma we obtain:

Theorem 24 Let Λi , i ∈ I be canonical monomodal logics. Then ΛI is
canonical.
For instance the inclusion axiom 21 ϕ ⇒ 22 ϕ is characterized by the dovetailed models where R2 ⊆ R1 . However, such a constraint would be meaningless for fibred models where each modality has its own set of possible
worlds. So, what is the corresponding condition on fibred models? As we
have already seen a fibring function is defined as



:I×W →W

where I is the set of modalities involved and W is a set of possible worlds.
It is worth noting that given a world we can identify the model it belongs
to, and that there is a bijection
between the actual worlds and their
models. So to deal with the inclusion axiom the following constraint must
be satisfied:
∀ω ∈ W ∀



∈F:

(

2 (w))

vN

(

1 (ω))

(3.11)

where vN is the inclusion morphism thus defined:
Definition 25 Let 1 and 2 be two models. Then
a morphism w : W2 7→ W1 , such that
• for each atom

0,

2

vN

1

iff there is

ν2 (ω, 0 ) = ν1 (w(ω), 0 );

• if xR2 y then w(x)R1 w(y).
The constraint on the fibring functions to support the inclusion axiom, is
in alliance with the incestuality axiom Ga,b,c,d as stated in the previous
section, that is, R2 = ρ(c) and R1 = ρ(b). The incestuality axiom can
be characterised by giving appropriate conditions that identify the (fibred)
models 1 and 2 involved in the inclusion morphism.
It is now possible to provide a characterisation of the fibring/dovetailing
of normal modal logics with the incestuality axiom (i.e. 3a 2b ϕ ⇒ 2c 3d ϕ).
But before giving the characterisation theorem we have to take care of some
constructions with respect to the labels a, b, c, d of Ga,b,c,d .
We have to define new cross-modality relations among the possible
worlds in a fibred model. Firstly we explain the relation Ri where i =
a, b, c, d and this is done at two levels. The first level deals with the construction of labels (atomic as well as complex) without taking the operations
of union and composition into consideration. This is given as follows:

3.5. Conditions on the Fibring Function
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1. When i = a and a is atomic, <a (ω) = {ω 0 : τ (ω) = a and ωRω ω 0 }



2. When i = a and τ (ω) 6= a,  a (ω)R a (ω) ω 0 where  a (ω) is the particular fibring function, belonging to the set of fibring functions F,
associating a model from ω 0 with the actual world ω.
From this definition and keeping in line with the definition of canonical
models as given in the previous section ωRa ω 0 iff {ϕ : [a]ϕ ∈ ω} ⊆ ω 0 . In a
similar manner, at the second level, complex labels in terms of union and
compostion could be given as follows
• <b;c (ω) = {ω 0 : ∃ω 00 : ω<b ω 00 ∧ ω 00 <c ω 0 }
• <b∪c (ω) = {ω 0 : ω<b ω 0 } ∪ {ω 0 : ω<c ω 0 }
From this we can arrive at the following definition
Definition 26 Let a and b be labels, i an atomic label, and hW, S, R, F, a, τ, νi
a fibred model. Then
ρ(i) = <i ;

ρ(λ) = ∆;

ρ(a; b) = ρ(a)|ρ(b);

ρ(a ∪ b) = ρ(a) ∪ ρ(b);

where the operators ∪ (union) and | (composition) are defined for binary
relations, and ∆ is the diagonal relation over W
Definition 27 Let = hW, S, R, F, Ba, τ, νi be a fibred model, a be a label,
and ω ∈ W. With (ω) ¹ <a we denote the fibred model hW0 , S, R, F, a, τ, νi,
where W0 = {w0 ∈ W : ω<a w0 }.
Theorem 25 Let Λa , Λb , Λc , Λd be canonical normal modal logics and Λabcd =
Λa } Λb } Λc } Λd . Then Λ = Λabcd ⊕ 3a 2b ϕ ⇒ 2c 3d ϕ is characterised by
the class of fibred models satisfying
∀ω ∈ W , ∀

∈F,

ac

(ω) vN

bd

(ω)

where
•

ac

(ω) =

(ω) ¹ ρ(a)−1 | ρ(c)

•

bd

(ω) =

(ω) ¹ ρ(b) | ρ(d)−1

Proof. For the proof we have to note that, thanks to the fact that Λi (i ∈
{a, b, c, d}) are canonical, for any pair of world ω and ω 0 , the maximal
0
consistent sets associated with them are the same, i.e., S ω = S ω , they are
the set of all the maximal consistent sets. Thus no matter of the fibring
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function we choose, we have that the structure of the models obtained
from the  i ’s are the same. Therefore we can use the identity over ΣΛ as
the morphism g in the inclusion morphism. Moreover by the definition of
canonical models the relation ω1 <a ω2 can be given as
ω1 <a ω2 iff {ϕ : [a]ϕ} ⊆ ω2

(3.12)

It should be kept in mind that a world ω in the canonical fibred model is
a pair, (Σ, t), where Σ is a maximal Λ-consistent set of formulas and t is
a label for a modality (check our construction of canonical models). Also
we have to be careful about <a as a could be a complex label and hence
we need steps 1. and 2. as mentioned above. Accordingly if we examine
the fibring of (Σ, t) with respect to the label a, i.e.,  a (Σ, t), we have two
cases:
1. τ (Σ, t) = a

(t = a)

2. τ (Σ, t) 6= a

(t 6= a)

For (1)
(Σ, a)<a (Σ0 , a) iff {ϕ : 2a ϕ ∈ Σ} ⊆ Σ0

(3.13)

For (2) we have two subcases
1. if a(Σ,t) = (Σ, t) then



a (Σ, t)

= (Σ, a) and then

(Σ, a)<a (Σ0 , a) iff {ϕ : 2a ϕ ∈ Σ} ⊆ Σ0

(3.14)

2. if a(Σ,t) 6= (Σ, t), where a is a function giving the actual world aω of
the model labelled by ω, then  a (Σ, t) = (Σ∗ , a) such that
ΣLa ⊆ Σ∗ and (Σ∗ , a)<a (Σ0 , a) iff {ϕ : 2a ϕ ∈ Σ∗ } ⊆ Σ0
and then
(Σ, t)<a (Σ0 , a) iff {ϕ : 2a ϕ ∈ Σ∗ } ⊆ Σ0

(3.15)

In both cases one can find that
(Σ, t)<a (Σ0 , a) iff {ϕ : 2a ϕ ∈ Σ} ⊆ Σ0 .

(3.16)

Hence by the above construction we obtain
ω<a ω1 iff {ϕ : 2a ϕ ∈ ω} ⊆ ω1

(3.17)

ω<a ω1 iff {3a ϕ : ϕ ∈ ω1 } ⊆ ω

(3.18)

or equivalently

3.5. Conditions on the Fibring Function
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Now according to the definition of inclusion morphism we have to show that
if
(ω1 , ω2 ) ∈ ρ(a)−1 | ρ(c)
then
(g(ω1 ), g(ω2 )) ∈ ρ(b) | ρ(d)−1
where g is the morphism of the inclusion morphism. Now
ω1 , ω2 ∈ ρ(a)−1 | ρ(c) iff ∃z : (ω1 , z) ∈ ρ(a)−1 ∧ (z, ω2 ∈ ρ(c)).
But this corresponds to
∃z, z<a ω1 ∧ z<c ω2 (if z = ω then ω<a ω1 and ω<c ω2 ).

(3.19)

On the other hand
(g(ω1 ), g(ω2 )) ∈ ρ(b) | ρ(d)−1 iff ∃t : (g(ω1b , t)) ∈ ρ(b) ∧ (t, g(ω2 )) ∈ ρ(d)−1
and therefore
∃t : g(ω1 )<b t ∧ g(ω2 )<d t (if t = ω ∗ then ω1 <b ω ∗ and ω2 <d ω ∗ )

(3.20)

Since g is the identity over Σmax (3.19) and (3.20) imply that for every
maximal Λ-consistent sets of sentences ω, ω1 and ω2
if {ϕ : 2a ϕ ∈ ω} ⊆ ω1 and {ϕ : 2c ϕ ∈ ω} ⊆ ω2 then
{ϕ : 2b ϕ ∈ ω1 } ∪ {ϕ : 2d ϕ ∈ ω2 } is Λ-consistent
For suppose that this not the case. Then for some 2b ϕ1 , . . . , 2b ϕn ∈ ω1
and some 2d ψ1 , . . . , 2d ψm ∈ ω2 we have
`Λ ϕ1 ∧ · · · ∧ ϕn ⇒ ¬(ψ1 ∧ · · · ∧ ψm )
and by the rule ` α ⇒ β/ ` 3α ⇒ 3β we can get
`Λ 3d (ϕ1 ∧ · · · ∧ ϕi ) ⇒ 3d ¬(ψ1 ∧ · · · ∧ ψj )

(3.21)

and thereby, by applying the (32)-interchange axiom2 , we get
`Λ 3d (ϕ1 ∧ · · · ∧ ϕi ) ⇒ ¬2d (ψ1 ∧ · · · ∧ ψj )
2

(3.22)

If ϕ is any wff which contains an unbroken sequence of 2 and/or 3 and ψ results
from ϕ by replacing 2 by 3 and 3 by 2 throughout that sequence and also inserting or
deleting a ¬ both immediately before and after that sequence, then ` ϕ ⇔ ψ (and hence
if ` ϕ then ` ψ).
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w1
<a = ρ(a)
w

ρ(a)−1

<b = ρ(b)

ρ(a)−1 |ρ(c)

ρ(b)|ρ(d)−1
ρ(d)−1

<c = ρ(c)

w0
<d = ρ(d)

w2
Figure 3.2: Incestuality with respect to cross-modality relations
Since 2b ϕ1 , . . . , 2b ϕm ∈ ω, so is 2b (ϕ1 ∧ · · · ∧ ϕn ). Hence, by ω<a ω1 and
by (3.18) we must have
3a 2b (ϕ1 ∧ · · · ∧ ϕn ∈ ω.
But ω contains the instance
3a 2b (ϕ1 ∧ · · · ∧ ϕn ) ⇒ 2c 3d (ϕ1 ∧ · · · ∧ ϕn )
of Ga,b,c,d and therefore we must have
2c 3d (ϕ1 ∧ · · · ∧ ϕn ) ∈ ω.
Since ω<c ω2 , by (3.17), we have
3d (ϕ1 ∧ · · · ∧ ϕn ) ∈ ω2
and, by (3.22), this means that
¬2d (ψ1 ∧ · · · ∧ ψm ) ∈ ω2 .
which contradicts the assumption that 2d ψ1 , . . . , 2d ψm ∈ ω2 , and then
2d (ψ1 ∧ · · · ∧ ψm ) ∈ ω2 . Thus Λ is consistent and completeness is thereby
proved.
Figure 3.2 shows the incestuality condition with respect to cross-modality
relations and Figure 3.3 shows how our definition of inclusion morphism fits
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ac

g
g2

w2

ρ(d)−1

<c
<d
v

w0

w∗

<a
ρ(a)−1

<b

g
g1

w1





a

b

w

Figure 3.3: Inclusion morphism ⊕ fibring ⊕ incestuality

in with that of fibring and incestual relation. Now it is time to show how
we can account for non-normal operators in such a framework.
It is well known that normal modal operators have certain properties
that are occasionally considered undesirable for the common sense notions
that they are intended to formalise. For instance the property of Logical
Omniscience though could hold for the beliefs of an agent is certainly undesirable for the knowledge part. For example to say that an agent knows
all the logical consequences of its knowledge (2ϕ ∧ 2(ϕ ⇒ ψ)) ⇒ 2ψ
is to live in an idealized world. The fibring methodology can be used
to combine single modal logics that are not normal. However, in general, simple adjustments are required to deal with classes of non-normal
modal logics. In what follows we show the modifications required for quasinormal modal logics (i.e. modal logics containing K and closed under RM
` ϕ ⇒ ψ/ ` 2ϕ ⇒ 2ψ). The first thing we have to consider is that
the structure of models appropriate for such a class is (W, N, R, a, ν) where
W and a are as usual, N ⊆ W (representing the set of normal worlds),
R ⊆ N × W , and we have the following two additional clauses on the valuation function ν:
if ω ∈
/ N, ν(ω, 2ϕ) = 0;

if ω ∈
/ N, ν(ω, 3ϕ) = 1.

Fibred, dovetailed, and canonical models can be obtained accordingly with
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the appropriate trivial modifications (cf. [81]).3 . We are now ready to give
the completeness theorem for the fibring of monotonic modal logics.
Theorem 26 Let Λi , i ∈ I be quasi-normal
 modal logics classes of structures
 Ki and set of theorems i. Let I be the following set of wffs of
ΛI .
1.

i

⊆



I

, for every i ∈ I;

2. If A(xm ) ∈

i

then A(xm /2j ϕj ) ∈

F
I ,

for any 2i ϕm , i ∈ I;

3. Monotonic Modal Fibring Rule: If 2i is the modality of Λi and 2j
that of Λj , where i, j are arbitrary, with i 6= j.

4.

Vn
Wm
F
I
k=1 2i Ak ⇒
k=1 2i Bk ∈
V
W
n
m
n
n
2j k=1 2i Ak ⇒ 2j k=1 2i Bk ∈

F
I

F
I

for all n;

is the smallest set closed under 1, 2, 3, modus ponens and substitution.



is
Then
 the set of all wffs of ΛI valid in all the fibred monotonic structures of ΛI .
F
I

Proof. The proof is a trivial modification of that of Theorem 3.10 of [42].
Intuitively the meaning of the Monotonic Modal Fibring Rule has to do with
the substitutions of formulas of one language into a formula of the other
language. If the substituted formulas are proof theoretically related we
want to propagate this relation to the other language. Moreover there are
formal similarities between the Monotonic Fibred Rule and RM. Consider
an implication of the form A ⇒ B where A and B are built from atoms of
the form 2i C. There our special RM says that if ` A ⇒ B then we can
derive ` 2j A ⇒ 2j B for any modality 2j other than 2i .
A similar theorem can be proved for the dovetailing of quasi-normal
modal logics with the appropriate modifications on the Dovetail Modal
Rule given by Gabbay [42].
At this stage we have to revise our definition of inclusion morphism.
Definition 28 Let
1.
3

1

vN

2;

1

and

2

be two quasi-normal models.

1

vM

2

iff

and

For normal modal logics N = W , thus any normal modal logic is also quasi-normal
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2. if ω ∈
/ N1 then w(ω) ∈
/ N2 .
Theorem 27 Let Λ1 and Λ2 be the logic obtained by the canonical quasinormal modal logic fibring/dovetailing of Λ1 and Λ2 . Then ΛM
1,2 ⊕ 21 α ⇒
22 α is characterized by the class of fibred/dovetailed models satisfying
∀w ∈ W∀

∈ F : M (

2 (w))

vM M ( 

1 (w)).

Proof. The proof is analogous to that of Theorem 25.
The main consequence of the above theorem is that it shows how to extend
the full power of fibring to non-normal modal logics with interaction axioms,
including combinations of a range of modalities required to model complex
BDI systems.
Corollary 2 Let Λ1 and Λ2 be the logic obtained by the canonical {quasi}normal modal logic fibring/dovetailing of L1 and L2 . Then LM
1,2 ⊕ 21 α ⇒
22 α is canonical.

3.6

Summary and Discussion

We have investigated the relationships between BDI logics and Gabbay’s
fibring semantics. In particular we have shown how to reconstruct the logical account of BDI in terms of dovetailing and Catach’s approach. Roughly
fibring (dovetailing) examines and develops each single operator on its own,
within its own semantics, and then the operators and models are glued together to form a comprehensive system.
The proposed methodology provides a general framework for BDI in so
far as it is not restricted to particular operators and, at the same time, it offers easy tools to study properties (e.g., soundness, completeness, . . . ) of the
resulting systems. The resulting multimodal system is not homogeneous in
the sense that it can accommodate interaction axioms of two types. (1) All
interactions involved between different mental attitudes of the same agent
(GOALKD
(ϕ) ⇒ BELKD45
(ϕ)) and (2) all interactions involved between
i
i
the same mental attitude of different agents (GOALKD
⇒ GOALKD
). Such
i
j
a classification is absent in BDI as proposed by Rao [107]. Transfer results,
even if limited to very small cases of interaction axioms, would be of extreme
importance to BDI theorists as this will help shift their attention from the
single case analysis to the general problem of combination of mental states.
The problem of interaction axioms between logic fragments in a combined
logic might become more central among the BDI theorists. Moreover the
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proposed approach is not restricted to normal modal operators —the use
of non-normal epistemic operators is one of the common strategies to (partially) obviate the problem of logical omniscience.
As we have seen dovetailing is a particular form of fibring, and the
latter offers a more fine grained analysis of the concepts at hand. In other
words we can say that fibring is more selective than dovetailing. Indeed,
there are formulas which are valid under dovetailing but false under some
interpretations using fibring; thus some unwanted consequences could be
discarded by fibring. Remember that the condition for dovetailing states
that sources and targets of the fibring functions agree on the evaluation of
atoms. However, this is not required for fibring, so, we can say that fibring
can be thought of as a change of perspective in passing from a model (modal
operator) to another model (modal operator). This has some important
consequences: for example, the interpretation of a piece of evidence may
depend on the mental state used to look at it.

Chapter 4

Extending BDI with Composite
Actions
The great end of life is not
knowledge but action.
Thoms Henry Huxley

In this chapter we extend the BDI-formalism to include composite actions of the type π1 ; π2 (read as π1 followed by π2 ). We argue that the
successful execution of such actions depends on the Result (RES) of its
components. Further, based on a recent work in BDI [97], we investigate
the close connection between the Result of an action performed by a BDI
agent and its capability of achieving that result. The capability factor is
supported using the RES construct and it is shown how the components of
a composite action is supported using these two. Further, we introduce an
OPP (opportunity) operator which in alliance with Result and Capability
provides a suitable semantics for practical reasoning in BDI.

4.1

Background and Motivations

The BDI architecture considered so far did not address issues related to
the concept of actions or events. Just as one can define the truth or falsity of formulas in a world, it is possible to define the success or failure
of events/actions in a world. Rao and Georgeff [107] gives a semantics for
events based on their temporal framework but does not address the types of
actions involved in particular events. The subtle difference between actions
and events lies in the fact that actions are considered to be descriptions
of causal processes which upon execution by an agent may turn one state
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of affairs into another whereas an event consists of the performance of a
particular action by a particular agent. Our aim in this chapter is to investigate the notion of composite actions in the framework of BDI thereby
answering questions as to:
1. When is it possible for a BDI agent to perform such actions?
2. What are the effects of such an event? (i.e., an event in which a
composite action is involved).
This chapter can be viewed as a further extension of the existing BDI theory, whereby, we reason about the mental state of a BDI agent during the
execution of an action. The actions are represented in an explicit way in
contrast to that of most philosophical accounts [14, 124, 31, 30]. We investigate the close connection between the result of an action performed
by a BDI agent and its capability of achieving that result. We argue that
though the agent might have a capability to perform an action it need not
be the case that the opportunity should always accompany it. This view
gets importance when we take into consideration composite actions where
one action follows the other (π1 ; π2 ), which means an agent performs π1 followed by π2 . In such cases the result of the component parts of the action
is needed for the overall success of the action. It also seems reasonable to
declare that the agent has the relevant opportunity to perform the component actions in such a way that the execution leads to an appropriate
state of affairs. By making actions explicit in BDI we try to avoid some
of the problems that plague the endogenous systems when dealing with
composite actions. We describe a formal relationship between the result,
opportunity, belief, desire and intention modalities. It is important to note
the close connection between intention and result. For instance, if an agent
intends to perform a plan, we can infer under certain conditions he intends
the result of the plan. Similar is the case with Goals and Results. This
work is partially motivated by the KARO architecture of Van Linder [123]
whereby we indicate how result and opportunity can be integrated to the
existing BDI framework. Such an addition definitely paves way for a better
understanding of the dynamics [48, 104] of BDI Systems.

4.2

Modal Logics of Action and Ability

In this section we give a brief account of some interesting theories pertaining
to the modal logics of agency and the related concepts of action and ability.
The central idea of these theories is that the notion of agency should be
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analysed as a web of concepts pertaining to control. Control is interpreted
as a power to bring about something, i.e., control involves a goal towards
which the agent is directed. Such a notion of agency gains importance
when viewed in the backdrop of BDI, as the central characteristic of a BDI
agent is its goal-directed behavior. Though the main theme of these theories
and that of BDI remains the same, the difference arises in our attempt to
include explicitly the different action constructs which includes composite
actions.

4.2.1

Brown’s theory of Intentional control

Among the different theories we consider, Brown’s logic of ability [14] seems
to be closely related to our work. Brown’s logic of ability is based on classical
modal logic, i.e., logics closed under substitution of logical equivalents:
RE:

If |= ϕ ⇔ ψ then |= Θϕ ⇔ Θψ

where Θ stands for the respective operator. The main motivation for using
classical modal logic is to avoid the schema
DisAble:

Ability(ϕ ∨ ψ) ⇒ (Abilityϕ ∨ Abilityψ)

which is unwanted in a system where ability is intention-based (i.e., ability
is interpreted as intentional control 1 ). Brown gives the following example
in this regard:
even if a man might have the ability to draw a red card or
draw a black card from a deck of cards, he might not have the
ability to draw a red card or have the ability to draw a black
card.
But, as pointed out by Dag Elgesem [31], by using a classical modal logic
Brown is not able to avoid DisAble. The reason is that if the operator
interpreted as ability is defined as normal -possibility operator then one can
automatically get DisAble (C3: 3(ϕ ∨ ψ) ⇒ (3ϕ ∨ 3ψ)). Though Brown
gives this as a reason for employing a classical modal logic to characterize
the logic of ability, at the same time, he claims that one should only use
classical necessity operator to model ability. If so then normal necessity
operator will not have DisAble and hence there is no need to adopt a
classical system to avoid DisAble. There seems to be a contradiction
1

To say that ability is intention based is to think that intentional repetition is a
necessary condition for ability.
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in Brown’s account here. Another feature of Brown’s logic is the use of
minimal models. A minimal model is a structure = (W, f, ν) where W is
a set of possible worlds and ν gives a truth value to each atomic sentence
at each world and f is a function that associates with each possible world a
collection of sets of possible worlds called a cluster of worlds. The intuitive
idea is that each cluster of worlds represents an action done by the agent,
and that the agent could be said to have the ability to do an action ϕ if
there exists a relevant cluster wherein all of the worlds in the cluster ϕ
holds. The importance of this interpretation lies in the fact that ability
requires repeatability which in turn points out to an important aspect of
control viz. reliability. The following truth-definition is given for the notion
of ability and the logic is closed under the rules RE and RM2
, ω |= Ability ϕ iff ∃W0 ⊆ W, ωRW0 and ∀ω 0 ∈ W0 :

, ω 0 |= ϕ

It should be noted that in the formalism ωRW0 R is defined on worlds. Other
notions such as practical necessity, might, will etc. has been explained by
Brown in relation with agency. Among these the notion of practical necessity is interesting for analysing agents in planning systems. The importance
of formalising the knowledge the agents have on their practical possibilities
have been pointed out by Vanlinder [123]. The following definition is given
for practical necessity by Brown:
, ω |= Willϕ iff ∀W0 ⊆ W, if ωRW0 then ∀ω 0 ∈ W0 :

, ω |= ϕ

What this means is that a proposition ϕ is practically necessary for the
agent if every world in every cluster has ϕ true, hence ϕ is unavoidable for
the agent, i.e., in every world where the agent does something ϕ holds. The
notion of practical possibility is obtained by taking the dual, i.e., ¬Will¬ϕ
and is termed Might by Brown. The logic of Will is closed under RE, RM
and NEC. Brown gives a range of axioms that captures the interaction of
the different modal operators.

4.2.2

Elgesem’s Non-Intentional Theory of Ability

Another interesting theory of agency as goal-directedness is the one proposed by Elgesem [31] which is based on the notion of objective goaldirectedness. The main idea is to analyse goal-directedness as the ability
on the part of the agent to maintain a certain goal state in the face of variations in the environment so that its relationship with the environment is
2

|= ϕ ⇒ ψ then |= 2ϕ ⇒ 2ψ.
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not destroyed. Elgesem’s theory is based on the work of Sommerhoff [118]
and adopts a non-intentional strategy of agency. Though this conflicts with
the BDI theory of agency some of their notions are helpful in explaining
our theory of composite actions. By saying that Elgesem’s theory is nonintentional we mean that the notion of objective goal directedness involves
directedness towards a goal state without the agent necessarily being aware
of it (i.e., the agent is not aware of this as a state towards which its activity
is directed). Three criteria–criteria of success, avoidability and nonaccidence– are given central role in this theory. The criteria of Success
demands a causal condition for the goal-event to occur, i.e., a particular
relationship exists between the agent and the environment which gives a
causally necessary condition for the goal event to occur. Formally this is
given as
F (ak , ek ) = 0
(4.1)
and is interpreted as follows: For an action which is directed towards a
goal G, there exists at-least one point of time tk during the action and atleast one variable a associated with the action and at-least one variable e
associated with the environment such that at tk it is a necessary condition
for the occurrence of the goal event G that ak has a specific relation to ek .
This condition is often referred to as the Focal condition.
The criteria of avoidability is a negative condition saying that some
possible state of the system plus environment could not be a goal-state for
the agent if it always obtains in every state of the world. Here, by state, the
authors refer to different time points. Finally, the criteria of non-accidence
says that the production of the causally necessary condition should be the
manifestation of a capacity on the part of the agent. This is a counterfactual condition which stresses the fact that
the agent produces the appropriate action not only under the
actual environmental conditions, but also that it would have
produced an appropriate modified action under a variety of alternative circumstances each requiring a specific modification of
the action [31].
In order to capture semantic conditions of the above theory Elgesem adopts
the following formalism:
= (W, fi , ν)
where W is a set, ν is a valuation function and fi = f1 , . . . , fn are functions
from W × ℘(W) ⇒ ℘(W) where ℘(W) stands for the power set of W. The
selection function is defined as



fi (ω, || G || )
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where i is an agent ω is the actual world and || G || is the set of worlds

where some goal G is true. The value of the function fi (ω, || G || ) is the
set of worlds where the agent realises the ability he has in ω to bring about
the goal G. For each agent 1, . . . , n one such function is defined. Based on
this function the focal condition as stated in (4.1) is captured as follows:



ω 0 ∈ f1 (ω, || G || )if and only if the Focal condition obtains in ω 0 ,
i.e., f 0 (oω0 , eω0 ) = 0 for some function f 0
where oω0 and eω0 denote the value in ω 0 of some behavioral and environmental variables. The function fi (ω, X) is interpreted as giving the set of
worlds where the agent i realises his ability to bring about the goal G. In order to account for the Success condition Elgesem introduces the following
constraint on the function
fi (ω, X) ⊆ X where X ⊆ W

(4.2)

The constraint conveys the idea that in all worlds where the agent exercises
his ability to bring about the goal, the goal is realised. It is important to
distinguish between what it means to say that the goal is realised in every
world where the agent exercises his ability to bring about the goal and that
of he in fact brings it about in the actual world. In the case of the later the
semantic condition is given as follows:



, ω |= Doesi ϕ if and only if ω ∈ fi (ω, || ϕ || ).

(4.3)

Based on this notion of bringing it about Elgesem goes on to define his
concept of ability as given below:



, ω |= Abilityi ϕ if and only if fi (ω, || ϕ || ) 6= ∅.

(4.4)

The difference between bringing it about (4.2) and ability (4.3) lies in the
fact that in the former the agent is actually being directed towards some
goal whereas in the later the agent has the power or ability to realise the
goal state. In a similar manner, the criteria of Success, as mentioned
above, is captured through 4.2 and that of Non-accidence through 4.3
and 4.4 as is stated in the following axioms
(A1)
(A2)
(A3)

Doesi ϕ ⇒ ϕ
Doesi ϕ ⇒ Abilityi ϕ
¬Abilityi >

A1 comes from 4.2 and A2 from 4.3 and 4.4. The third axiom is related to
the Avoidability criteria and in-order to account for it Elgesem introduces
further constraints on the focal condition as is shown below:
fi (ω, W) = ∅

(4.5)
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The constraint stresses on the point that the focal condition should not be
realisable in every possible world and A3 captures this property by saying
that the goal state which is realised in every world is not a state any agent
is able to bring about. What this means is that other requirements like
the relationship between environmental variables and behaviour variables
should be taken into account (Elgesem gives the condition that they should
be orthogonal).
Having dealt with all of Somerhoff’s criteria, Elgesem goes on to analyse
other related theories and explains several other properties that are characteristic of his notion of agency. We do not want to outline the whole theory
here but would rather point out the difference in our approach. For further
details refer [31]. The fundamental difference is that Elgesem’s theory is a
non-intentional one, as stated before, and is based on the concept that a
theory of agency need not always have an intentional look. But, whereas
with BDI one can see that it is heavily based on cognitive notions like belief, desire and intention. Moreover, the fundamental characteristic of a
BDI agent is the dynamics involved in the interaction between these three
modalities. Hence, if we want to introduce a notion of ability it should be in
alliance with these mental notions. As far as Brown’s theory goes, though
he characterises ability as intentional control, he fails to relate it with intentional action and in a way is not able to explain the Non-accident
criteria. It is also the case that neither Brown’s nor Elgesem’s theory has a
notion of composite actions like α1 ; α2 (α1 followed by α2 ). When we take
such actions into consideration the result of the first action is important
for the successful execution of the second and thereafter for the success
of the whole action as such. Moreover, both theories use modal operators
as ranging over formulae to formalise ability as opposed to our approach
of representing the actions in an explicit manner. For a slightly critical
examination of Elgessem’s axiomatisation refer [62].

4.2.3

BDI with Capabilities

Recent work by Padgham [97] shows how a notion of capability can be integrated into the BDI logic. Their work is motivated by the use of a capability
construct in Jack [16], a java based BDI agent development environment.
Capability is interpreted in terms of plans, and plans are specifications for
achieving certain goals. Each plan is associated with a triggering event
which often has the form achieve goal α. To say that an agent has a capability to achieve α means that the agent has at-least one plan that has as its
trigger the goal event Achieve α, which in turn implies that the agent has
at-least one way it knows how to achieve α in some situation. It may be
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the case that at any given time the agent is unable to use this plan as each
plan has a precondition (context) which describes the situation in which the
plan is intended to be used. This precondition should match the state of the
world for the agent to perform the plan. Whether the precondition matches
the state of the world or not, the important point here is that having such a
plan is a prerequisite to being able to achieve α. We do not want to discuss
the details regarding the implementation of the capability construct in Jack
but would get into the logical formalism as given by Padgham.
The extended version of BDI logic with capability is called the ICsystem 3 by Padgham. We do not want to outline the basic I-system here as
this was done in Chapter 2 but will concentrate on the newly added capability construct. As far as the semantics goes capability is given equal status
with that of beliefs, desires and intentions. This means that capability is
not reduced to any of these notions. CAP(ϕ) is then defined as being true
if it is true in all the capability-accessible worlds . If C is the accessibility
relation with respect to capabilities, then the following semantic condition
holds:
, ω |= CAP(ϕ)if and only if ∀ω 0 ∈ C ω : , ω 0 |= ϕ
The K and D axioms are adopted for capabilities. We do not refer to any
temporal notions in this framework. When it comes to interaction axioms of
the type 21 ⇒ 22 , (originally compatibility axioms), the set and structural
relationships are used to explain the relation as was shown in chapter 2. The
interaction axiom for Belief-Capability and their corresponding structural
relationship is given as follows:
CAP(ϕ) ⇒ BEL(ϕ)
∀ω 0 ∈ B ω , ∃ω 00 ∈ C ω such that ω 00 v ω 0 (i.e.B ⊆ C)
The formalism conveys the meaning that if an agent i has a capability to
achieve ϕ, then agent i believes that it is possible for ϕ to be true. In a
similar manner the capability-goal interaction axiom and the corresponding
structural relationship is explained as follows:
GOAL(ϕ) ⇒ CAP(ϕ)
∀ω 0 ∈ C ω , ∃ω 00 ∈ Gω such that ω 00 v ω 0 (C ⊆ G)
In addition to these interaction axioms Padgham goes on to define mixed
modal axioms and their corresponding semantic conditions. These definitions too are characteristic of the original BDI axioms as was shown in
3

The original system proposed by Rao and Georgeff [107] is called the I-system
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Chapter 2. The mixed modality axiom showing capabilities regarding goals
and their corresponding semantic condition is stated as follows,
GOAL(ϕ) ⇒ CAP(GOAL(ϕ))
0
∀ω 0 ∈ C ω , ∀ω 00 ∈ Gω we have ω 00 ∈ Gω
with the reading that If the agent has a goal ϕ then it has the capability
to have the goal ϕ. Beliefs about capabilities and capabilities regarding
intentions can be given in a similar manner. In section 4.3, while defining
our approach, we give a full list of the axioms characterising the I-system of
Rao and Georgeff as well as the IC-system of Padgham. Further, based on
their IC-system Padgham and Lambrix examines the commitment axioms
as given in [107] and come up with their notion of a self-aware agent. To
explain the concept of a self-aware agent we have to check the commitment
strategies of an agent as given by Rao and Georgeff. According to them
there are three different commitment strategies: blind, single-minded and
open-minded. The blindly committed agent maintains its intentions until
they are believed true, the single-minded agent maintains intentions until
they are believed true or are believed impossible to achieve, while the openminded agent maintains intentions until they are believed true or are no
longer goals. Compared with this a self-aware agent is one which is able
to drop an intention if it believes it no longer has the capability to achieve
that intention. An axiom corresponding to this condition together with
the IC-system is used to define a self-aware agent. Padgham and Lambrix
proves certain properties of their logic and also shows how the notion of
capability could be adopted in the abstract BDI interpreter given in [108].
It should be noted that the theories described so far talk about action
related constructs and their formalism without directly dealing with actions
as such. Though the BDI formalism talks about events they do not mention
anything about the actual execution of actions. Moreover none of these
theories deals with the notion of composite actions. In the next section we
show the subtle difference involved in intentional action and intending to
do an action as outlined in Bratmans’ theory and on which we base our
explanation of composite actions.

4.2.4

Intentional Action vs Intending an Action

When one takes into account the compositional nature of actions α1 ; α2 (α1
followed by α2 ), it seems contradictory to believe that an implicit representation alone could account for the mental state of an agent during the
execution of such actions. The problem with the current formalisms is in
their failure to differentiate intentional action (predefined intention) from
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intending to do an action (future intention). The former applies to the
action or states that the agent performs or brings about but not with any
prior intention to do so whereas the later involves the true intentions or
preferences of the agent. Most of the work in BDI represent actions in the
former manner. For instance, in the work of Rao [107] axioms like
INT(does(e)) ⇒ does(e)
are used to capture the volitional commitment of an agent stating that
whenever an agent has an intention to a particular primitive action he/she
will do that action. The formalism remains true for single actions, but
when it comes to composite actions like (α1 ; α2 ) it fails to do justice as it
is taken for granted that the execution of the first action necessarily leads
to the second without mentioning anything about the result of the first
action on the second. Based on the existing BDI architecture the concept
of composite actions could be formalised as
INT(does(π1 ; π2 )) ⇒ does(π1 ; π2 ).
This need not be the case as the performance of π1 could result in a counterfactual state of affairs. It seems crucial to consider the result of the first
action for the overall success of the composite action. In the same manner
formulas like
GOAL(π1 ; π2 ) ⇒ CAP(GOAL(π1 ; π2 ))
seem to be problematic as the formulation does not tell anything about the
ability of the agent if the first action results in a counter-factual state of
affairs. It does not mention anything regarding the opportunity the agent
has in performing the second action.
It is important to make a division between the two notions of of Intentional and Intending for our framework. The former relates to a predefined
intention, where the Result of an action is taken for granted, whereas the
latter concerns a future intention, where further deliberation is done as to
what the result would be before an action is performed. Davidson [124]
oversees such a division and extends the concept of intentionally doing to
that of intending to. Though Bratman [12] points out this disparity the
current formalisms does not allow for sound representation using the existing modal operators. Hence the need for additional constructs like RES
and OPP. In intentional action, there is no temporal interval between what
Davidson terms as all-out evaluation and action. So there is no room for
further practical reasoning in which that all-out evaluation can play a significant role as input. The BDI framework gives primary importance to
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practical reasoning and hence to means-end reasoning which is important
to avoid further deliberation at the time of action. Therefore it seems appropriate to categorise composite actions under future intentions as they
play a crucial role in our practical thinking. More importantly, we form
future intentions as part of larger plans whose role is to aid co-ordination of
our activities over time. As elements in these plans, future intentions force
the formation of yet further intentions and constrain the formation of other
intentions and plans.

4.3

Integrating Results

In this section we show how a notion of Result could be integrated to the
logic of BDI without altering the basic framework. We briefly introduce the
axioms corresponding to the I-system as well as the IC-system and show
why we need extra constructs to accommodate composite actions. Before
going onto the details we need to fix certain definitions.
Definition 29 Let ϕ be a formula, BEL, INT and GOAL be the modal
operators for the mental constructs, done, does be the operators for event
types, and inevitable be the modal operator for a path formulae4 ; then Table
4.1 gives the corresponding axioms for the I-system and IC-system.
The
A1
A2
A3
A4
A5
A6
A7
A8

I-system
GOAL(ϕ) ⇒ BEL(ϕ)
INT(ϕ) ⇒ GOAL(ϕ)
INT(does(π)) ⇒ does(π)
INT(ϕ) ⇒ BEL(INT(ϕ))
GOAL(ϕ) ⇒ BEL(GOAL(ϕ))
INT(ϕ) ⇒ GOAL(INT(ϕ))
done(π) ⇒ BEL(done(π))
INT(ϕ) ⇒ inevitable3(¬INT(ϕ))

The
C1
C2
C4
C4
C5

IC-system
CAP(ϕ) ⇒ BEL(ϕ)
GOAL(ϕ) ⇒ CAP(ϕ)
CAP(ϕ) ⇒ BEL(CAP(ϕ))
GOAL(ϕ) ⇒ CAP(GOAL(ϕ))
INT(ϕ) ⇒ CAP(INT(ϕ))

Table 4.1: Axioms related to the I-system of Rao and IC-system of Padgham
Axiom A3 seems to be problematic because of the fact that the event
π need not be necessarily restricted to a single action. If the agent has a
4

Though we do not use any temporal concepts the notion of path formulae is needed
to explain the commitment axioms given in Section 4.6. state formulas are formulas that
are evaluated at a given time point in a given world whereas path formulas are formulas
that are evaluated along a given path in a given world.
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choice of actions at a particular world, he/she would be incapable of acting
intentionally until she deliberates and chooses one of them. It is the same
case when the particular event is a composite action. The agent needs to
deliberate on the result of the first action for the successful execution of
the second one. It might also be the case that the agent lacks the relevant
opportunity at that particular world of doing the specific action. The result
and opportunity constructs become more relevant in the case of IC-system
as given in Table 4.1 as they can convey some intuition regarding the capability of an agent in a counter-factual state of affairs. Axiom A8 has
got some temporal constructs like inevitable3 (inevitable eventually) and
conveys the meaning that if an agent forms an intention, then some time
in the future it will give up that intention. We wanted to list all the axioms
corresponding to the I-system and hence didn’t want to avoid A8.
It is clear that from what has been said till now regarding BDI based
systems the compositional behaviour of actions has not been dealt within
the BDI architecture. With the recent addition of the Capability construct
we believe that it is worthwhile exploring this concept. Whereas the BDI
framework is concerned with finding out what it means exactly to have
the ability to perform some action, we try to focus on the compositional
behavior of actions. In other terms we are concerned with finding a relation
between the capability to perform a composite action and relate it with the
capability for the components of that action. Not all actions are treated
equally in our approach but instead the result of each action is determined
individually and then the conclusion is made whether the agent succeeds in
performing that action.
Three types of actions are dealt with (π1 ; π2 ) (π1 followed by π2 ), (while
ϕ do π) (π as long as ϕ holds) and (if ϕ then π1 else π2 ) (π1 if ϕ holds and
π2 otherwise). The composite action (π1 ; π2 ) is discussed in detail. An additional operator RES (result) is introduced to show the success/failure of the
component actions. The RES operator functions as a practition operator
which indicates the sequence of actions being performed, i.e., which action
is performed next. The existing BDI architecture does not mention anything about the actual execution of actions. Since the transition caused by
the execution of the action (π1 ; π2 ) equals the sum of the transition caused
by π1 and the one caused by π2 in the state brought about by execution of
π1 , the RES operator helps in acting as a filter which checks whether the
first action results in a counter-factual state or not. Such a filtering helps in
avoiding further deliberation at the time of action as would otherwise be in
situations arising from counter-factual states. For example, the success of
the printer command (lpr ), in a Unix environment, depends on the result of
the execution of the command in the spooler phase followed by the recogni-
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tion of the command by the printer in the communication phase. Here the
action needs to be broken down into compartments and the success of each
action should be validated for the overall success. In such circumstances
the RES operator helps in providing the necessary specification. This goes
in alliance with our view of categorising composite actions under future
intentions, where the scope of practical reasoning is more.
Definition 30 Let π1 , π2 be actions, then the axioms for the operator RES
are:
^
R1 CAP(does(π1 ; π2 )) ⇒
BEL(does(πi )) ∧ BEL(RES(does(π1 )) 6= ⊥)
i=1,2

^

R2 GOAL(does(π1 ; π2 )) ⇒

CAP(does(πi )) ∧ RES(does(π1 ) 6= ⊥)

i=1,2

R3 CAP(doesπ1 ; π2 )) ⇒

^

BEL(CAP(does(φi ))) ∧ RES(does(π1 ) 6= ⊥)

i=1,2

R4 GOAL(does(π1 ; π2 )) ⇒

^

CAP(GOAL(does(πi ))) ∧ RES(does(π1 ) 6=

i=1,2

⊥)
R5 INT(does(π1 ; π2 )) ⇒

^

CAP(INT(does(πi ))) ∧ RES(does(π1 ) 6= ⊥)

i=1,2

The first axiom states that an agent has the capability of performing a
composite action π1 ; π2 then at some point of time the agent believes in
doing π1 and π2 and believes that the performance of π1 does not end in
counter-factual state of affairs (i.e, it does not end in falsity). Similarly
the third axiom states that an agent has the capability of performing a
composite action π1 ; π2 , then at some point of time, the agent believes that
it has the capability of doing π1 and believes in the capability of doing π2
and the result of π1 does not end up in a counter-factual state of affairs.
The semantic conditions for RES is the same as given for CAP in section
4.2.3. For instance it can be shown that the semantic condition for R2 is
00
0
000
0
000
w
∀w0 ∈ Ctw (i), ∃w 00 ∈ Gw
t (i), ∃w ∈ Rt (i) such that w v w and w v w

where Rtw (i) is the set of result-accessible worlds of agent i in world w at
time t. The temporal variable t is static as we do not make any explicit
representation of time. This constraint means that for every capabilityaccessible world w 0 at time-point t, there is a goal-accessible world w 00 at
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that time-point which is a sub-world of w 0 and a result-accessible world
w000 which is a sub-world of w 0 . The converse doesn’t hold as there can be
Goal-accessible worlds that do not have corresponding capability as well as
result-accessible worlds that do not have corresponding capability but only
has the opportunity. We shall deal with the opportunity construct in the
next section.
The action constructors dealing with while ϕ do π (which means that π
as long as ϕ holds) and if ϕ then π1 else π2 (π1 if ϕ holds and π2 otherwise) is
crucial from computational point of view. For an agent to be able to perform
an action while ϕ do π, it has to have the ability to perform some finite
actions constituting the body of the while-loop as well as the opportunity
to perform all the steps. Agents should not be able to perform an action
that goes indefinitely. These specifications are formally represented by the
following two axioms.
R6 CAP(while ϕ do π) ⇒ [¬ϕ∨(ϕ∧BEL(CAP(does(π))))∧RES(done(π)) 6=
⊥]
R7 CAP(if ϕ then π1 else π2 ) ⇒
[ϕ ∧ BEL(CAP(does(π1 ))) ∧ RES(done(π1 )) 6= ⊥] ∨
[¬ϕ ∧ BEL(CAP(does(π2 ))) ∧ RES(done(π2 )) 6= ⊥].
The first proposition states that an agent is capable of performing an action
while φ do π, as long as φ holds and the agent believes that it has the
capability of doing π and result of π does not end in falsity. Similarly R7
can be read as, an agent has the capability of performing an action if φ
then π1 else π2 , if φ holds and the agent believes that it has the capability
of doing π1 and the result of π1 is true, or it is the case that, φ does not
hold and the agent believes that it has the capability of doing π2 and result
of π2 does not end in a counter-factual state of affairs.

4.4

Integrating Opportunity

Though in many cases it seems reasonable to assume that Capability implies
Opportunity, when it comes to practical reasoning Opportunity seem to
play a significant role. Van Linder [123] explains opportunity in terms of
the correctness of action. An action is correct for some agent to bring
about some proposition iff the agent has the opportunity to perform the
action in such a way that its performance results in the proposition being
true. Integrating opportunity lays further constraint on the part of the
agent to think about an action before getting committed. Consider the
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example of a lion in a cage, which is perfectly well capable of eating a
zebra, but ideally never has the opportunity to do so.5 Using the BDI
formalism we would have to conclude that the lion is capable of performing
the sequential composition eat zebra ; fly to the moon which hardly seems to
be intuitive. In such situations it is very important to know the combination
of Capability and Opportunity so that no unwarranted conclusions can be
drawn. We introduce an operator OPP whose intuitive meaning is agent x
has the opportunity. The axioms for the OPP operator together with the
Capability construct can be given as follows
Definition 31 Let π1 , π2 be actions, then we have
^
O1 CAP(does(π1 ; π2 )) ⇒
BEL(OPP(does(πi )))
i=1,2

^

O2 GOAL(does(π1 ; π2 )) ⇒

CAP(does(πi )) ∧ OPP(does(πi ))

i=1,2

O3 CAP(does(π1 ; π2 )) ⇒

^

BEL(CAP(does(πi ))) ∧ OPP(does(πi ))

i=1,2

O4 GOAL(does(π1 ; π2 )) ⇒

^

CAP(GOAL(does(πi ))) ∧ OPP(does(πi ))

i=1,2

O5 INT(does(π1 ; π2 ) ⇒

^

CAP(INT(does(πi ))) ∧ OPP(does(πi ))

i=1,2

O6 CAP(while ϕ do π ) ⇒ [¬ϕ∨(ϕ∧BEL(CAP(does(π))))∧OPP(does(π))]
O7 CAP(if ϕ then π1 else π2 ) ⇒ [ϕ∧BEL(CAP(does(π1 )))∧OPP(does(π1 ))]∨
[¬ϕ ∧ BEL(CAP(does(π2 ))) ∧ OPP(does(π2 ))]
The third axiom states that an agent has the capability of performing π1 ; π2
then the agent believes that he has the capability of φ1 , if he has the opportunity of doing π1 , and, he has the capability of π2 , if he has the opportunity
of π2 . Similarly O7 can be interpreted as an agent has the capability of doing the action (if ϕ then π1 else π2 ) then either ϕ holds and the agent
believes that he/she has the capability of doing π1 provided the opportunity exists or ¬ϕ holds and the agent has the capability of doing π2 provided
the opportunity exists. The other axioms can be interpreted in a similar
manner.
5

The example is taken from [123].
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4.5

Opportunity + Results

In [123] a division is made between optimistic and pessimistic agents and
the interpretation of the OPP formulae is done accordingly. They make use
of two dynamic operators hdoi (α)iϕ and [doi (α)]ϕ. The first one denotes
that an agent i has to have the opportunity to perform the action α in
such a way that ϕ will result from the performance (Pessimistic Approach):
A pessimistic agent needs certainty. The second one is the dual of the
first and states that if the opportunity to do α is present then ϕ would be
among the results of doi (α) (Optimistic Approach). The formula [doi (α)]ϕ
is noncommittal about the opportunity of the agent i to perform the action
α. We do not go for such a division and interpret the OPP formulae in a
realistic manner linked with the RES operator. Such a formalism helps in
avoiding unwarranted results as were seen in the earlier examples. In what
follows we present the axioms capturing this intuition.
OR1 CAP(does(π
1 ; π2 )) ⇒
^
[BEL(does(πi )) ∧ OPP(does(πi ))] ∧ RES(done(π1 )) 6= ⊥
i=1,2

OR2 GOAL(does(π
1 ; π2 )) ⇒
^
[CAP(does(πi )) ∧ OPP(does(πi ))] ∧ RES(done(π1 )) 6= ⊥
i=1,2

OR3 CAP(does(π
1 ; φ2 )) ⇒
^
[BEL(CAP(does(πi ))) ∧ OPP(does(πi ))] ∧ RES(done(π1 )) 6= ⊥
i=1,2

OR4 GOAL(does(π
1 ; π2 )) ⇒
^
[CAP(GOAL(does(πi ))) ∧ OPP(does(πi ))] ∧ RES(done(π1 )) 6= ⊥
i=1,2

OR5 INT(does(π
1 ; π2 )) ⇒
^
[CAP(INT(does(πi ))) ∧ OPP(does(πi ))] ∧ RES(done(π1 )) 6= ⊥
i=1,2

OR6 CAP(while ϕ do π) ⇒
·

(ϕ ∧ BEL(CAP(does(π)) ∧ OPP(does(π))
∧ RES(done(π)) 6= ⊥) ∨ (¬ϕ)

¸

4.6. Commitment Axioms Revisited
OR7 CAP(if ϕ then π1 else π2 ) ⇒

ϕ ∧ BEL(CAP(does(π1 )) ∧ OPP(does(π1 ))∧

RES(done(π1 )) 6= ⊥) ∨

 (¬ϕ ∧ BEL(CAP(does(π2 )) ∧ OPP(does(π2 ))∧
RES(done(π1 )) 6= ⊥)
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Axioms OR1–OR7 are a formalisation of the results and opportunities together with the capability operator for composite actions. OR3 states that
agents have the capability of doing a composite action (π1 ; π2 ) to achieve ϕ
then the agent believes that it has the capability, provided the right opportunity, in each of the atomic states and the resulting condition is in alliance
with its beliefs, i.e., it does not result in counter-factual situations. The
actual execution of actions is made explicit through such a formalisation.
Similarly OR6 states that if an agent has the Capability and Opportunity
to perform a while-loop then it keeps this opportunity under execution of
the body of the loop as long as the condition holds, i.e., as long as the result
is true.

4.6

Commitment Axioms Revisited

In Section 4.2.3 we outlined the commitment strategies of an agent, categorising an agent as blindly committed agent, single minded agent, openminded agent and the recent self-aware agent. In this section we show how
to accommodate the RES and OPP constructs in the commitment axioms.
Though we didn’t make use of temporal operators till now, the commitment axioms as given in [107] are heavily based on them. To be on par
with the original formalism we adopt the temporal constructs as defined
below: There are two path operators inevitable and optional. A path formula ϕ is said to be optional if at a particular point in a time tree6 , ϕ is
true of at-least one path emanating from that point; and it is said to be inevitable if ϕ is true on all paths emanating from that point. TheSstandard
temporal operators 3 (eventually), 2 (always), ° (next) and
(until),
operate over sate and path formulae. Using these constructs together with
that of BDI we can formalise blindly committed agent, single minded agent
and open-minded agent as follows:
CA1 INT(inevitable3ϕ) ⇒
S
inevitable(INT(inevitable3ϕ) BEL(RES(ϕ)))
6

As noted earlier Rao and georgeff adopt CT L∗ [33] as the underlying temporal logic
in BDI.
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CA2 INT(inevitable3ϕ) ⇒
S
inevitable(INT(inevitable3ϕ) BEL(CAP(ϕ))∨¬BEL(OPP(optional3ϕ)))
CA3 INT(inevitable3ϕ) ⇒
S
inevitable(INT(inevitable3ϕ) BEL(GOAL(ϕ))∨¬CAP(optional3ϕ))
The axiom for self-aware agent [97] given below can be added to the above
set of commitment axioms directly.
SA1 INT(inevitable3ϕ) ⇒
S
inevitable(INT(inevitable3ϕ) (BEL(ϕ) ∨ ¬CAP(optional3ϕ))

It seems that the formalisation depicted above is much more intuitive than
the one given by Rao and Georgeff [107]. For instance the axiom of blind
commitment states that, if an agent intends that inevitably ϕ be eventually
true, then the agent will inevitably maintain its intentions until she believes
in the result of ϕ. The addition of result is important in the sense that the
blindly committed agent maintains the intentions until the agent actually
believes that she has achieved them, i.e., until the agent has a justified
true belief. This condition is needed for an agent blindly-committed to her
means to inevitably eventually believe that she has achieved her means or
ends. It also seems to be in alliance with the philosophical theories concerning the nature of belief7 . Similarly a single-minded agent maintains
her intentions as long as she believes that she has got the capability for
it. Since we do not say anything about an agent optionally achieving particular means or ends, even if the opportunity is present, the agent does
not believe that optionally ϕ be eventually true which is captured by the
¬BEL(OPP(optional3ϕ)). Finally, an open-minded agent maintains her
intentions as long these intentions are still her goals or as long as she lacks
the ability of optionally achieving them.

4.7

Summary and Discussion

The representation and reasoning about composite actions in a BDI environment forms the primary contribution of this chapter. Our work is motivated by the fact that many BDI systems provide no clue as to the actual
execution of actions, and are only able to perform actions in an endogenous
manner. When dealing with composite actions the actual execution of actions need to be represented and reasoned about for the overall success of
7

Plato seems to be considering some such definition in Theaetetus and perhaps accepting one at Meno.

4.7. Summary and Discussion
the action. The addition of the two operators RES and OPP strengthens
the semantics and functions as a filter in avoiding counter-factual situations. Though some mention has been done in [20] about the composite
action construct (π1 ; π2 ), it has been restricted to the Intention domain and
nothing has been mentioned regarding the result of the actions. The only
other comparable work is given by [123].
An explicit representation of temporal constructs can be seen as a further extension to this work. We have used the temporal operators only
for the commitment axioms. When it comes to composite actions it is
important to mention explicitly the time of each action and the temporal
duration of the commitment an agent has towards each action. Our earlier
work on neighbourhood logic [99] would be appropriate in specifying this
criteria. The interpretation of the ° (next) operator in the original logic
needs to be verified. For example when it comes to composite actions like
(π1 ; π2 ) the temporal operator ° can be interpreted either as 3(φ ⇒ °ψ)
or (φ ⇒ °ψ). The temporal notion as to whether the action is performed
now or eventually needs to be clarified. It would also be worthwhile to investigate does(π1 ; π2 ) in terms of (done(π1 ); does(π2 ), i.e., to find whether
does(π1 ; π2 ) is concurrent or sequential.
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Chapter 5

Intention Reasoning as Defeasible
Reasoning
Upto now, common sense has
been under-valued out of
misunderstanding, especially by
those who are not well endowed
with it.
Alfred Adler

Chapter 3 showed how BDI-like logics could be combined through fibring
and Chapter 4 introduced the concept of composite action in a BDI framework. In this chapter we slightly deviate from the original work and argue
that the intention component of a BDI agent does not always need to
be monotonic. Most of the theories formalising intention interpret it as a
unary modal operator in Kripkean semantics, which gives it a monotonic
look. We argue that policy-based intentions [12] exhibit non-monotonic
behavior which could be captured through a non-monotonic system like defeasible logic. To this end we outline a defeasible logic of intention. The
problem of logical omniscience which usually accompanies normal modal
logics is avoided to a great extend in the proposed framework. The proof
theory given shows how our approach helps in the maintenance of intentionconsistency in agent systems like BDI.

5.1

Background and Motivations

Formalising cognitive states like intention has received much attention within
the AI community [25, 107, 117, 133]. All these theories are based on Nor92
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mal Modal Logics (NMLs), where intention is formalised into a modal operator on the framework of kripkean possible world semantics. Due to
this restriction, these theories suffer from the logical-omniscience problem [67, 123]. One of the solutions suggested to overcome this problem
is to adopt a non-Kripkean semantics as proposed in [23]. In that work intention is interpreted in terms of its content and the intention consequence
relation is explained based on the content of two intentions. There is also a
representationalist theory of intention [74] that employs the minimal model
semantics [22] to interpret the intention operator. Work has also been done
relating intention to preferences [120] as well as commitments [24, 105].
However none of these theories have explicitly addressed the need for a nonmonotonic theory of intention and we argue that to capture the properties
involved in policy-based intention we need such a non-monotonic setup.
Our claim is based on Bratman’s [12] classification of intention as deliberative, non-deliberative, policy-based and we show that the notion of
policy-based intention is a non-monotonic one (i.e., it has a defeasible nature). Though, many of the theories mentioned above are based on Bratman’s work, they fail to recognize the non-monotonic component involved
in intention. In this Chapter we adopt a particular non-monotonic system
(defeasible logic) to study the properties involved in policy-based intentions
and show how one can relate it with an intentional system like BDI [107].
The reason for defeasible logic is due to its computational efficiency [87]
and easy implementation [88]. We are unaware of any existing work relating reasoning about intention with non-monotonic reasoning to the best
of our knowledge. We believe that our approach helps in bridging the gap
between non-monotonic reasoning and reasoning about intention.
The proposed method provides a partial solution to the problem of
logical-omniscience which usually accompanies intention-formalisms based
on normal modal logics. The use of non-monotonic logics in intention reasoning allows the agent to reason with partial knowledge without having a
complete knowledge of the environment. This also helps the agent in avoiding a complete knowledge of the consequences. Moreover, we outline a
proof-theory whereby one can reason about ways of maintaining intentionconsistency in agent systems like BDI. This is important as it helps in
understanding the dynamics of BDI systems as outlined in [52]. The new
approach facilitates the designer of an agent system like BDI in describing
rules for constructing Intentions from Goals and Goals from Knowledge.
This is in agreement with the commitment axioms of Rao and Georgeff [107]
and also provides an explanation on the practical nature of intentional systems like BDI.
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5.2

Logics of Intention: An overview

In this section we outline two different logical approaches for modeling
intentions as given in the literature. The first one is syntax based whereas
the second one is a semantic based approach. It is noted that none of these
theories explicitly address the need for a non-monotonic theory of intention.

5.2.1

Konolige and Pollack’s Theory of Intention

Kurt Konolige and Martha Pollack (K&P) [74] advocates a non-normal
modal theory of intention. They argue that normal modal logics (NMLs)
are not suitable for modeling intentions as they suffer from the side-effect
problem [12]. The side-effect problem as stated in Chapter 2 has three
variants and is given as follows
|= BEL(ϕ ⇒ ψ) ⇒|= INT(ϕ) ⇒ INT(ψ)

(5.1)

|= ϕ ⇒ ψ ⇒|= INT(ϕ) ⇒ INT(ψ)

(5.2)

|= ϕ ⇔ ψ ⇒|= INT(ϕ) ⇔ INT(ψ)

(5.3)

(5.1) is the case of side-effect under belief implications and states that agents
intentions are closed under its belief implications. The side-effect under
logical consequences is captured by (5.2) and conveys the meaning that
an agent’s intentions are closed under tautological implications. Similarly
(5.3) is the side-effect under logical equivalence. Another negative remark
on NMLs is that they do not provide a means of relating intentions to each
other which is necessary to describe the means-end connection between
intentions. In order to overcome these problems K&P adopts a representationalist theory of intention in the sense that its semantic objects provide
a more direct representation of cognitive state of the intending agent. The
representationalist part of the model comes in representing the mental state
of the agent using scenarios. The concept of a scenario for a proposition
ϕ, in a language L is the set of worlds in W that make ϕ true. Formally
ϕ

= {ω ∈ W | ω, W |= ϕ}

where a scenario for ϕ ( ϕ ) identifies ϕ with the subset of W that make
ϕ true. The main idea behind scenarios is to make a division between
wanted and unwanted worlds which is based on the notion that intentions
divide the possible futures into those that the agent wants or prefers and
those he does not. Hence, according to K&P model the interpretation
rule for intention must take into account the complement of the intended
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worlds and that makes intention a non-normal modal operator. In the
model, courses of actions are represented by possible worlds as the concept
of intention is intimately connected with choosing among courses of future
actions. Each possible world is a complete history, specifying states of the
world at all instances of time. As usual there is a distinguished world
(the actual world ) in all worlds that is the evaluation point for statements.
Hence the underlying language L consists of W (set of possible worlds) and
for each world ω ∈ W an evaluation function that determines the value of
sentences in the language L. For any sentence ϕ of L, ω(ϕ) is the truth
value of ϕ. L is extended to L2 which includes the modal operators 2 and
3 in order to talk about contingent and necessary facts. 3ϕ says that there
is a world in W for which ϕ is true and is used to specify the background
of physically possible worlds under which reasoning about intentions take
place.
ω, W |= 3ϕ iff ∃ω 0 ∈ W such that ω 0 , W |= ϕ
This is important in describing the structure of a given domain. 2 is defined
accordingly. An assumption is made in the K&P model with regard to
primary intentions, saying that they do not depend on any other intention
the agent currently has.
The second component in the K&P model in addition to the possible
worlds is that of cognitive structures. A cognitive structure consists of the
background set of worlds, and the beliefs and intentions of an agent and is
defined as follows:
Definition 32 Cognitive Structure: A cognitive structure is a tuple (W, Σ,
I) consisting of a set of possible worlds W, a subset Σ of W (the beliefs of
the agent) and a set I of scenarios over W (the intentions of the agent).
The beliefs of an agent are taken to be the sentences true in all possible
worlds of Σ (though this enforces the condition of Logical omniscience on
the agent’s belief’s). If we consider Σ as a set of sentences in L2 and Σ
the corresponding possible worlds set then the following condition holds in
LI (the language of intention corresponding to K&P model):
(W, Σ, I) |= BEL(ϕ) iff ∀ω 0 ∈

Σ, ω

0

, W |= ϕ, (i.e.,

Σ

⊆

ϕ)

Therefore, the beliefs of an agent are always possible, that is, they are a
subset of the possible worlds (Σ ⊆ W). This also means that an agent
cannot be wrong about necessary truths. The key concept of this model
is that intentions are represented with respect to a background of beliefs
about possible courses of events (represented by 3), as well as beliefs about

96

Intention Reasoning as Defeasible Reasoning
contingent facts (represented by BEL). The following are theorems in LI
BEL(ϕ) ⇒ 3ϕ
BEL(2ϕ) ⇔ 2ϕ
In order to define intention structure K&P introduces the constraint that
each primary intention will include a scenario, i.e., an intention structure
is a set of scenarios ϕ . Hence if I is a set of sentences in L2 where each
sentence ϕ stands for its scenario ϕ then the following holds
(W, Σ, I) |= I(ϕ) iff ∃ψ ∈ I such that

ψ

is a scenario for ϕ, i.e.

ψ

=

ϕ.

The reason for identifying intentions with scenarios is to explicitly encode
in the semantics the distinction between preferred and rejected possible
worlds. From this definition it is easy to show that I(ϕ) will hold just in
case ϕ is equivalent to some proposition ψ ∈ INT, given the background
structure W.
Proposition 2 For any structure (W, Σ, I),
(W, Σ, I) |= I(ϕ) iff ∃ψ ∈ I, W |= 2(ϕ ≡ ψ).
K&P shows how their model is equivalent to the minimal modal semantics
of Chellas [22]. In order to show that the I operator is not subject to closure under logical consequence (5.2) or under the agent’s beliefs (5.1) K&P
gives the following example. Let (W, Σ, {ϕ}), be the cognitive structure
representing that an agent has the single intention to perform ϕ. It is assumed that ϕ logically implies ψ (ϕ ⇒ ψ) and not the converse. Hence the
following condition holds
W |= 2(ϕ ⇒ ψ) ∧ 3(ψ ∧ ¬ϕ).
from which it can be shown that ϕ 6= ψ because there is a world in which
ψ is true but ϕ is not. Further from the semantics of I it can be shown that
(W, Σ, {ϕ}) |= I(ϕ) ∧ ¬I(ψ))
The basic idea here is that in order to distinguish the intention of ϕ from
its necessary consequence ψ, there must be at least one possible world in
which ψ is true but ϕ is not. In a similar manner K&P go on to discuss
other satisfiability conditions for intention of which the one for conjunction
is given below.
(W, Σ, {ϕ ∧ ψ}) |= I(ϕ ∧ ψ) ∧ ¬I(ϕ) ∧ ¬I(ψ)
(W, Σ, {ϕ, ψ}) |= I(ϕ) ∧ I(ψ) ∧ ¬I(ϕ ∧ ψ).
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In order to show the relationship between intentions and beliefs K&P introduce notions like achievability, non-triviality etc. which are captured by
imposing the following conditions on cognitive structures:
∃ω ∈ Σ, ∀ϕ ∈ I, ω ∈
∀ϕ ∈ I, ∃ω ∈ Σ, ω ∈
/

ϕ
ϕ

From what has been said till now it can be shown that K&P’s theory
provides solution to (5.1) and (5.2) by making the constraint that if any
intention is derivable from any other in the theory then their content must
be logical equivalence. But there is no mention about (5.3). Though (5.3)
is usually considered harmless, as far as bounded rationality and resourceboundedness is concerned it is inappropriate. For example from
I(ϕ) ⇔ I((ϕ ∧ ψ) ∨ (ϕ ∧ ¬ψ))
the side-effect ψ is introduced conveying the meaning that logical equivalencies are not cognitive equivalencies.

5.2.2

Georgeff and Rao’s Theory of Intention

Georgeff and Rao (G&R) [52] advocate a dynamic theory of intention
wherein the main emphasis is in formalising revision of intentions, beliefs
and goals. Their main idea is to solve two related problems of logical omniscience, often known as problem of unrestricted combining and problem of
unrestricted weakening, in relation to intention maintenance. The problems
are stated as follows:
|= (INTϕ ∧ INTψ) ⇒ INT(ϕ ∧ ψ)

(5.4)

|= INTϕ ⇒ INT(ϕ ∨ ψ)

(5.5)

Although Konolige and Pollack’s theory as stated in the previous section
accounts for (5.4) they do it in relation to static rather than dynamic properties. As noted in Chapter 2 the semantic model of G&R is based on a
branching time logic (CT L∗ ) and consists of sets of possible worlds where
each possible world is a branching tree structure with a single past. A
particular index within a possible world is called a time point or situation.
The branches within a tree structure represent different courses of action or
execution paths. Beliefs, desires and intentions are modeled as sets of possible worlds such that corresponding to each belief-accessible world there is
a goal-accessible world and an intention-accessible world. These represent
the goals and intentions of the agent with respect to that particular belief
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world. Each path within the goal accessible world represents an execution
path that the agent wants to achieve and each path within the intention
accessible world represents an execution path the agent has decided upon.
The only constraint being placed is that of intention paths being a subset of both belief and goal paths in terms of the structural relationship as
explained in Chapter 2. This is shown in Figure 5.1. This reflects the intuw
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Figure 5.1: An example of belief, desire and intention revision
ition that an agent will only intend a course of action that is both believed
possible and has it as a goal. For example in Figure 5.1 as one moves from
I1ω (intention world at time point 1) to I2ω (intention worlds at time point 2)
the agents intentions are maintained as long as the agent’s beliefs and goals
are not significantly changed. Hence the intuition for G&R’s formalism is
to retain any existing intention path provided it was still both believed possible and the agent has it as its goal. Any intention path that was no longer
believed possible or doesn’t qualify as goal is pruned off the intention structure. New belief paths, i.e., new opportunities (shown as dotted path with
r true in the future, B2ω ) are not considered. Therefore, all intention paths
consistent with satisfying the static structural constraints at the next time
point are maintained. The logic used to capture the above intuition is the
same as we used in Chapter 2 (section 2.2.1 and 2.2.2) with the addition of
three functions f1ω , g1ω and hω1 as shown in Figure 5.1. f1ω is a mapping from
belief to goal worlds (f1ω : B1ω ⇒ Gω1 ), g1ω is a mapping from goal worlds to
intention worlds (g1ω : Gω1 ⇒ I1ω ) and hω1 is a mapping from Belief worlds
to intention worlds (hω1 : B1ω ⇒ I1ω ). A deterministic world assumption is
made which requires for a given model and all world time point pairs, that
∀b, b0 ∈ Btω , if ν(b, t) = ν(b0 , t) then b = b0 where ν is the truth assignment
function. This means that the mappings f, g and h are uniquely determined
by the truth function assignment ν, given the assumption of a deterministic
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world. The constraints and axioms given by G&R regarding the structural
relationship among the modalities is shown in Table 5.1.
Constraints
∀ω, ∀t, ftω , gtω , hωt are total 1-1 mappings
∀b ∈ Btω paths(hωt (b)) ⊆ paths(b)
∀g ∈ Gωt paths(gtω (b)) ⊆ paths(g)
∀b ∈ Btω paths(g) ∩ paths(ftω (b)) 6= ∅

Axiom
INT(ϕ) ⇒ BEL(ϕ)
BEL(ψ) ⇒ INT(ψ)
INT(ϕ) ⇒ GOAL(ϕ)
GOAL(ψ) ⇒ INT(ψ)
BEL(ϕ) ⇒ ¬GOAL(¬ϕ)

Table 5.1: Structural relationship among modalities in G&R formalism
In order to capture intention maintenance G&R introduce only forms of
the modalities for beliefs (OBEL), goals (OGOAL) and intentions (OINT)
as well as belief revision (BRtω ), goal revision (GRtω ) and intention revision
(IRtω ) functions for each world ω and time t. Intuitively, if an agent only
intends a formula ϕ then ϕ is true in all the intention-accessible worlds and
the set of intention accessible worlds includes all worlds where ϕ is true.
Formally,
, ωt |= OINT(ϕ) iff ∀ω 0 ∈ W, ω 0 ∈ Itω iff

, ωt0 |= ϕ

G&R prove that OINT is not closed under unrestricted combination and
gives the following theorem
Theorem 28 The OINT operator is true of the following statement
• 6|= OINT(ϕ ∧ ψ) ∧ (ϕ 6⇔ ψ) ⇔ OINT(ϕ) ∧ OINT(ψ)
In order to account for the revision functions the following definition is
given
Definition 33 For each world ω and time t the belief revision function
BRtω is a mapping from the set of belief-accessible worlds at t to the set of
belief-accessible worlds at the next instant t0 . Formally, BRtω ⇒ Btω0 .
The other revision functions can be interpreted similarly. The intuition
here is that the belief revision process maps each old belief world into a
corresponding new belief world. The propositions that hold in that new belief world may be quite different from those that were held in the previous
worlds but no new belief worlds are introduced nor old ones deleted. For
instance if we consider Figure 5.1 B1ω , Gω1 , and I1ω represents the belief, goal
and intention worlds with a branching structure. The set of belief-accessible
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worlds at world ω and time 1 has a total 1-1 mapping to its corresponding
goal-accessible world (denoted by f1ω ) and intention-accessible worlds (denoted by hω1 . The belief revision function (BR) maps each world in B1ω to
its corresponding world in B2ω and similarly for the goal (GR) and intention
revision (IR) functions.
If we consider Figure 5.1 the belief world at time point 1 has three
paths each ending with the propositions (p, q), (p) and (q) respectively. In
the new belief world at time point 2 only one path leading to (q) is left. This
is because belief revision has resulted in all paths leading to (p) as a result of
which (p) is removed. In the case of intention-accessible world which is a sub
world of belief-accessible world at time point 1 there are two paths leading
to (q). This world is filtered through the belief-accessible world at time
point 2 resulting in an intention-accessible world with just one path ending
with the proposition (q). This shows how the intention revision function
(IR1ω ) is related to the belief revision function and the previous intentions
of the agent. The same process could be defined for all the belief-accessible
worlds (and their corresponding intention-accessible worlds) of an agent at
any given time point. G&R gives the following definition for belief-filtration
∀b ∈ Btω , paths(IRtω (hωt (b))) = paths(BRtω (b)) ∩ paths(hωt (b)) 6= ∅.
which states that for all belief-accessible worlds at world ω and time t, the
set of paths of each revised intention-accessible world corresponding to each
belief-accessible world are equal to the intersection of the paths of the revised belief-accessible world and the previous intention-accessible world. In
order to ensure that an agent’s new intentions are compatible with its new
goals the intention-accessible worlds are filtered through the corresponding revised goal-accessible worlds to obtain new intention-accessible worlds.
Hence the new intention paths is an intersection of new believed paths, new
goal paths and old intention paths. Formally,
∀b ∈ Btω , paths(IRtω (hωt (b))) = paths(BRtω (b)) ∩ paths(DRtω (ftω (b))) ∩
paths(hωt (b)) 6= ∅
Based on these constraints G&R gives a set of axioms which together with
the basic BDI axioms forms what they call a dynamic BDI system.
It should be noted that G&R’s formalism as outlined above is a semantic
approach to intention reasoning as opposed to the syntactic approach of
K&P given in the previous section. Though the OINT modality of G&R
seems to have close connection with that of scenario of K&P the former is
based on a branching temporal model whereas the later have a static base.
Moreover G&R’s formalism deals with intention revision, belief revision etc.

5.3. The Case for Non-Monotonic Reasoning
which is not addressed in K&P. Other important theories of intention we
would like to mention in this regard is that of [25, 116, 117, 123, 23]. Most of
these theories aim to capture the dynamics involved in intention reasoning
from a modal logic point of view with the help of additional structures.
In [23] there is no discussion as to the dynamic behavior involved in intention
reasoning but they outline a logic that provides a formal specification and
decidable inference mechanism of intention consequences. We do not want
to outline these theories as our aim is to account for a non-monotonic theory
of intention.

5.3

The Case for Non-Monotonic
Reasoning

An important classification of intention that is useful in computer science is
that of intending versus doing intentionally [98], where the former involves
the true intentions or preferences of the agent whereas the latter applies
to the actions or states that the agent performs or brings about but not
with any prior intention to do so. Based on this division Bratman classifies
intentions as deliberative, non-deliberative and policy-based. When an agent
i has an intention of the form INTti1 ϕ, t2 (read as agent i intends at t1 to
ϕ at t2 ) as a process of present deliberation, then it is called deliberative
intention. On the other hand if the agent comes to have such an intention
not on the basis of present deliberation, but at some earlier time t0 and
have retained it from t0 to t1 without reconsidering it then it is called nondeliberative. There can be a third case when intentions can be general and
concern potentially recurring circumstances in an agent’s life. Such general
intentions constitute policy-based intentions, and is defined as follows:
Definition 34 An agent i has a general-(policy/intention) to ϕ in circumstances of type ψ and i notes at t1 that i am (will be) in a ψ-type circumstance at t2 , and thereby arrive at an intention to ϕ at t2 .
The difference here is that there is no present deliberation concerning the
action to be performed as the agent already has a general intention to do
a particular action (doing intentionally). Whether the agent is able to
perform that action or not depends on the circumstances.
When dealing with such general policies/intentions (hereafter intentions), we have to take into account two cases. General intentions could
be either (1) periodic or (2) circumstance-triggered. They are periodic in
the sense that their occasion for execution is guaranteed by the mere passage
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of a specific interval of time. For instance, the general intention of patching up and rebooting the Unix server, hobbit in our department on every
friday at 7pm. In contrast to this, general intention could be circumstance
triggered as in the case of being Super-User if one is Root. Its occasion is
not guaranteed by the mere passage of time but require that certain specific
circumstances obtain. In both cases one can find that the general intention has an underlying defeasible nature. The defeasible nature is explained
as follows. Consider the above example for circumstance-triggered general
intention:
SU (X) ⇒ Root(X)

(5.6)

which means, (super-users are typically root). Suppose, there exists an
agent i (a software program) that monitors tasks related to giving root
permissions as and according to whether a user is a normal-user (NU) or
Super-User (SU) and i has a general intention like 5.6. This general intention has a defeasible nature in the sense that, if i knows that X is a SU then
i may conclude that X is Root, unless there is other evidence suggesting
that X may not be root (for instance, when X has only read and write
permissions but not execute permission). But this does not mean that the
agent i should know all such conditions but, only those he considers necessary to the intended outcome and that he/she isn’t confident of their being
satisfied. Hence our definition of general intention boils down to:
An agent intends all the necessary consequences of his performing his general intention and he isn’t confident of their being
satisfied.
In order to intend the necessary consequence the agent has to make sure
that all the evidence to the contrary has been defeated which basically is a
defeasible logic conclusion. This is different from the usual NML interpretation where the agent intends all the consequences.
The formation of such general policies helps in extending the influence
of deliberation as it is a partial solution to the problems posed by our limited resources for calculation and deliberation at the time of action. General
policies also facilitate co-ordination. It may sometimes be easier to appreciate expectable consequences (both good and bad) of general ways of acting
in recurrent circumstances than to appreciate the expectable consequences
of a single case.

5.4. Logical Omniscience and Non-Monotonicity

5.4

Logical Omniscience and
Non-Monotonicity

As we mentioned before, most of the theories based on NMLs interpret
intention as a unary modal operator in Kripkean semantics which makes
it vulnerable to the problem of Logical-Omniscience. The problem in its
general form as stated in [123] is as follows: (where X could represent a
mental state, for example INT.
1. |= Xϕ ∧ X(ϕ → ψ) ⇒ Xψ (side-effect problem)
2. |= ϕ → ψ ⇒|= Xϕ → Xψ (side-effect problem)
3. |= ϕ ⇔ ψ ⇒|= Xϕ ⇔ Xψ (side-effect problem)
4. |= ϕ ⇒|= Xϕ (transference-problem)
5. |= (Xϕ ∧ Xψ) → X(ϕ ∧ ψ) (unrestricted combining)
6. |= Xϕ → X(ϕ ∨ ψ) (unrestricted weakening)
7. |= ¬(Xϕ ∧ X¬ϕ)
None of these properties except for (7) is valid when we take intention into
consideration. For instance, consider a situation where an agent i goes to
the bookstore with the intention of buying a paper-back and also with the
intention of buying a magazine because he has a general intention to buy
them.1 Hence according to (5) it could be formally given as:
INTi (paperback) ∧ INTi (magazine) → INTi (paperback ∧ magazine)
But this general intention is defeasible in the sense that at the bookstore
the agent might find that he doesn’t have enough money to buy both of
them and hence drops intention to buy each of them and now only intends
to buy one of them. NMLs fail to account for such type of reasoning.
In Sugimoto [120] an extra notion of preference is added and an ordering
among the preferences is introduced to capture the desired effect. But
we argue that, in general, such intentions are defeasible and hence a nonmonotonic reasoning system would be more efficient for such occasions. The
above example could be stated in a non-monotonic setup as
(1)
(2)
(3)
1

paper-back (X) ⇒ buy(X)
magazine (X) ⇒ buy(X)
costly (X) ; ¬buy(X)

The example is a slightly modified one as given in [120].
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where (1) and (2) are premises which reflects the agents general intention
of buying a paper-back and magazine unless there is other evidence like (3)
suggesting that he/she may not be able to buy (the meaning of the different
types of arrows will be explained in the next section). When intention is
formalised in the background of NMLs it is often the case that the agent
has to have a complete description of the environment before-hand or has to
be omniscient in the sense of knowing all the consequences. Classically the
logical omniscience problem amounts to say that an agent has to compute all
consequences of its own theory. It is obvious that some of the consequences
are not intended as shown above. Moreover in classical NML the set of
consequences is infinite. Hence we need a system like DL (defeasible logic)
which is easily implementable and where the set of consequences consists of
the set of literals occurring in the agent theory i.e. in the knowledge base,
which is finite.

5.5

Overview of Defeasible Logic

As shown in the previous section, reasoning about general intention has a
defeasible nature (in the sense that consequences may be overridden) and
hence we need an efficient and easily implementable system to capture the
required defeasible instances. Defeasible logic, as developed by Nute [96, 95]
with a particular concern about computational efficiency and developed over
the years by [9, 4, 3] is our choice. The reason being ease of implementation
[88], flexibility [3] (it has a constructively defined and easy to use proof
theory) and it is efficient: It is possible to compute the complete set of
consequences of a given theory in linear time [87]. We do not address any
semantic issues in this paper but the argumentation semantics given in [58]
could be straightforwardly extended to the present case.
We begin by presenting the basic ingredients of DL. A defeasible theory contains five different kinds of knowledge: facts, strict rules, defeasible
rules, defeaters, and a superiority relation. We consider only essentially
propositional rules. Rules containing free variables are interpreted as the
set of their variable-free instances.
Facts are indisputable statements, for example, “Vineet is a System
Administrator”. In the logic, this might be expressed as SA(vineet).
Strict rules are rules in the classical sense: whenever the premises are
indisputable (e.g., facts) then so is the conclusion. An example of a strict
rule is “System-Administrators are Super-Users”. Written formally:
SA(X) → SU (X).

5.5. Overview of Defeasible Logic
Defeasible rules are rules that can be defeated by contrary evidence. An
example of such a rule is “Super-Users are typically root”; written formally:
SU (X) ⇒ Root(X).
The idea is that if we know that someone is a super-user, then we may
conclude that he/she is root, unless there is other evidence suggesting that
he/she may not be root.
Defeaters are rules that cannot be used to draw any conclusions. Their
only use is to prevent some conclusions. In other words, they are used
to defeat some defeasible rules by producing evidence to the contrary. An
example is “If a user is normal-user then he might not be a root”. Formally:
N U (X) ; ¬Root(X).
The main point is that the information that a user is NU is not sufficient
evidence to conclude that he/she is not root. It is only evidence that the
user may not be able to become root. In other words, we don’t wish to
conclude ¬Root if N U , we simply want to prevent a conclusion Root.
The superiority relation among rules is used to define priorities among
rules, that is, where one rule may override the conclusion of another rule.
For example, given the defeasible rules
r : SU ⇒ Root
r0 : RW ⇒ ¬Root
which contradict one another, no conclusive decision can be made about
whether a Super-User with a read, write (RW) permission can be root. But
if we introduce a superiority relation > with r 0 > r, then we can indeed
conclude that the Super-User cannot be root. The superiority relation
is required to be acyclic. It turns out that we only need to define the
superiority relation over rules with contradictory conclusions.
A rule r consists of its antecedent (or body) A(r) (A(r) may be omitted
if it is the empty set) which is a finite set of literals, an arrow, and its
consequent (or head) C(r) which is a literal. Given a set R of rules, we
denote the set of all strict rules in R by Rs , the set of strict and defeasible
rules in R by Rsd , the set of defeasible rules in R by Rd , and the set of
defeaters in R by Rdf t . R[q] denotes the set of rules in R with consequent
q. If q is a literal, ∼q denotes the complementary literal (if q is a positive
literal p then ∼q is ¬p; and if q is ¬p, then ∼q is p).
A defeasible theory D is a triple (F, R, >) where F is a finite set of facts,
R a finite set of rules, and > a superiority relation on R.
A conclusion of D is a tagged literal and can have one of the following
four forms:

105

106

Intention Reasoning as Defeasible Reasoning
+∆q, which is intended to mean that q is definitely provable in D
(i.e., using only facts and strict rules).
−∆q, which is intended to mean that we have proved that q is not
definitely provable in D.
+∂q, which is intended to mean that q is defeasibly provable in D.
−∂q which is intended to mean that we have proved that q is not
defeasibly provable in D.
Provability is based on the concept of a derivation (or proof) in D =
(F, R, >). A derivation is a finite sequence P = (P (1), . . . P (n)) of tagged
literals satisfying four conditions (which correspond to inference rules for
each of the four kinds of conclusion). P (1..i) denotes the initial part of the
sequence P of length i
+∆: If P (i + 1) = +∆q then
(1) q ∈ F or
(2) ∃r ∈ Rs [q] ∀a ∈ A(r) : +∆a ∈ P (1..i)
−∆: If P (i + 1) = −∆q then
(1) q ∈
/ F and
(2) ∀r ∈ Rs [q] ∃a ∈ A(r) : −∆a ∈ P (1..i)
The definition of ∆ describes just forward chaining of strict rules. For a
literal q to be definitely provable we need to find a strict rule with head
q, of which all antecedents have been definitely proved previously. And
to establish that q cannot be proven definitely we must establish that for
every strict rule with head q there is at least one antecedent which has been
shown to be non-provable.
+∂: If P (i + 1) = +∂q then either
(1) +∆q ∈ P (1..i) or
(2) (2.1) ∃r ∈ Rsd [q]∀a ∈ A(r) : +∂a ∈ P (1..i) and
(2.2) −∆∼q ∈ P (1..i) and
(2.3) ∀s ∈ R[∼q] either
(2.3.1) ∃a ∈ A(s) : −∂a ∈ P (1..i) or
(2.3.2) ∃t ∈ Rsd [q] such that
∀a ∈ A(t) : +∂a ∈ P (1..i) and t > s

5.5. Overview of Defeasible Logic
Let us work through this condition. To show that q is provable defeasibly
we have two choices: (1) We show that q is already definitely provable; or
(2) we need to argue using the defeasible part of D as well. In particular,
we require that there must be a strict or defeasible rule with head q which
can be applied (2.1). But now we need to consider possible “attacks”, that
is, reasoning chains in support of ∼q. To be more specific: to prove q defeasibly we must show that ∼q is not definitely provable (2.2). Also (2.3)
we must consider the set of all rules which are not known to be inapplicable and which have head ∼q (note that here we consider defeaters, too,
whereas they could not be used to support the conclusion q; this is in line
with the motivation of defeaters given earlier). Essentially each such rule
s attacks the conclusion q. For q to be provable, each such rule s must be
counterattacked by a rule t with head q with the following properties: (i) t
must be applicable at this point, and (ii) t must be stronger than s. Thus
each attack on the conclusion q must be counterattacked by a stronger rule.
In other words, r and the rules t form a team (for q) that defeats the rules
s. In an analogous manner we can define −∂q as
−∂: If P (i + 1) = −∂q then
(1) −∆q ∈ P (1..i) and
(2) (2.1) ∀r ∈ Rsd [q] ∃a ∈ A(r) : −∂a ∈ P (1..i) or
(2.2) +∆∼q ∈ P (1..i) or
(2.3) ∃s ∈ R[∼q] such that
(2.3.1) ∀a ∈ A(s) : +∂a ∈ P (1..i) and
(2.3.2) ∀t ∈ Rsd [q] either
∃a ∈ A(t) : −∂a ∈ P (1..i) or t 6> s.
The purpose of the −∂ inference rules is to establish that it is not possible
to prove +∂. This rule is defined in such a way that all the possibilities
for proving +∂q (for example) are explored and shown to fail before −∂q
can be concluded. Thus conclusions tagged with −∂ are the outcome of
a constructive proof that the corresponding positive conclusion cannot be
obtained.
Sometimes all we want to know is whether a literal is supported, that is
if there is a chain of reasoning that would lead to a conclusion in absence
of conflicts. This notion is captured by the following proof conditions:
+Σ: if P (i + 1) = +Σp then
(1) +∆p ∈ P (1..i) or
(2) ∃rsd [p] : ∀a ∈ A(r) + Σa ∈ P (1..i).
and
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−Σ: if P (i + 1) = −Σp then
(1) −∆p ∈ P (1..i) and
(2) ∀rsd [p]∃a ∈ A(r) : −Σa ∈ P (1.i)
The notion of support corresponds to monotonic proofs using both the
monotonic (strict rules) and non-monotonic (defeasible rules) parts of defeasible theories.

5.6

Defeasible Logic for Intentions

As we have seen in section 5.4 NMLs have been put forward to capture
the intensional nature of mental attitudes such as, for example, intention.
Usually modal logics are extensions of classical propositional logic with
some intensional operators. Thus any classical (normal) modal logic should
account for two components: (1) the underlying logical structure of the
propositional base and (2) the logic behavior of the modal operators. Alas,
as is well-known, classical propositional logic is not well suited to deal with
real life scenarios. The main reason is that the descriptions of real-life cases
are, very often, partial and somewhat unreliable. In such circumstances
classical propositional logic might produce counterintuitive results insofar
as it requires complete, consistent and reliable information. Hence any
modal logic based on classical propositional logic is doomed to suffer from
the same problems.
On the other hand the logic should specify how modalities can be introduced and manipulated. The common rules for modalities are
`ϕ
Necessitation
` 2ϕ
`ϕ⊃ψ
RM
` 2ϕ ⊃ 2ψ
Consider the necessitation rule of normal modal logic which dictates the
condition that an agent knows all the valid formulas and thereby all the
tautologies. Such a formalisation might suit for the knowledge an agent
has but definitely not for the intention part. Moreover an agent need not
be intending all the consequences of a particular action it does. It might
be the case that it is not confident of them being successful. Thus the two
rules are not appropriate for a logic of intention.
A logic of policy-based intention should take care of the underlying
principles governing such intentions. It should have a notion of the direct
and indirect knowledge of the agent, where the former relates to facts as

5.6. Defeasible Logic for Intentions
literals whereas the latter to that of the agent’s theory of the world in the
form of rules. Similarly the logic should also be able to account for general
intentions as well as the policy-based (derived ones) intentions of the agent.
Accordingly a defeasible intention theory is a structure (F, R K , RI , >)
where, as usual F is a set of facts, RK is a set of rules for knowledge (i.e.,
→K , ⇒K , ;K ), RI is a set of rules for intention (i.e., →I , ⇒I , ;I ), and
>, the superiority relation, is a binary relation over the set of rules (i.e.,
> ⊆ (RK ∪ RI )2 ).
Intuitively, given an agent, F consists of the information the agent has
about the world and its immediate intentions; RK corresponds to the agent’s
theory of the world, while RI encodes its policy and > its strategy (or its
preferences). The policy part of a defeasible theory captures both intentions
and goals. The main difference is the way the agent perceives them: goals
are possible outcomes of a given context while intentions are the actual
goals the agent tries to achieve in the actual situation. In other words goals
are the choices an agent has and intentions are the chosen goals; in case of
conflicting goals (policies) the agent has to evaluate the pros and cons and
then decide according to its aims (preferences), which are encoded by the
superiority relation (the agent’s strategy).
In what follows we provide the appropriate inference rules for intentions,
and we identify strong intentions – i.e., intentions for which there are no
alternatives – using ±∆I ; goals using ±ΣI , and intentions using ±∂I .
In order to correctly capture the notion of intention we extend the signature of the logic with the modal operator INT; thus if l is literal then
INTl and ¬INTl are modal literals. However we impose some restrictions
on the form of the rules: modal literals can only occur in the antecedents
of rules for intention.
Derivability for knowledge (±∆K , ±∂K ) has the same conditions as
those given for derivability in Section 5.5. It is true that the complete
and accurate definition of the inference conditions is cumbersome but the
intuition is natural and easy to understand. The conditions for deriving an
intention are as follows:
+∆I : if P (i + 1) = +∆I p then
(1) INTp ∈ F or
(2) ∃r ∈ RsK [p]∀a ∈ A(r) : +∆I a ∈ P (1..i) or
(3) ∃r ∈ RsI [p] such that
(3.1) ∀INTa ∈ A(r) : +∆I a ∈ P (1..i) and
(3.2) ∀a ∈ A(r) : +∆K a ∈ P (1..i).
To prove a strong intention, we need either that the intention is unconditional (1), i.e., a basic intention, or that we have a strict rule for intention
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(an irrevocable policy) whose antecedent is indisputable (3). However we
have another case (2): if an agent knows that B is an indisputable consequence of A, and the agent strongly intends A, then it must intend B. This
is in contrast with the NML interpretation whereby the agent has to intend
all the consequences of his/her intention.
−∆I : if P (i + 1) = −∆I p then
(1) INTp ∈
/ F and
(2) ∀r ∈ RsK [p]
(2.1) ∃a ∈ A(r) : −∆K a ∈ P (1..i) or
(2.2) ∃a ∈ A(r) : −∆I a ∈ P (1..i); and
(3) ∀r ∈ RsI [p] either
(3.1) ∃INTa ∈ A(r) : −∆I a ∈ P (1..i) or
(3.2) ∃a ∈ A(r) : −∆K a ∈ P (1..i).
To prove that a strong intention A does not hold (−∆I A), first, A should
not be a basic intention (1); then we have to discard all possible reasons in
favor of it. If A is a definite consequence of B, that is B →K A ∈ RK , we
can disprove it if we can show that (2.1) B is not the case (i.e., −∆K B)
or (2.2) B is not strongly intended (i.e., −∆I B). In case of strict policies
for A (3), such as, for example the strict rule for intention INTB, C → I A,
we have to show that either B is not strongly intended (3.1), or the fact
triggering the policy is not the case (3.2).
At the other extreme we have goals: literals supported by evidence and
basic intentions.
+ΣI : if P (i + 1) = +ΣI p then
(1) INTp ∈ F or
K
(2) ∃r ∈ Rsd
[p]∀a ∈ A(r) : +ΣI a ∈ P (1..i) or
I
(3) ∃r ∈ Rsd
[p] such that
(3.1) ∀INTa ∈ A(r) : +ΣI a ∈ P (1..i) and
(3.2) ∀a ∈ A(r) : +ΣK a ∈ P (1..i).
−ΣI : if P (i + 1) = −ΣI p then
(1) INTp ∈
/ F and
K
(2) ∀r ∈ Rsd
[p]
(2.1) ∃a ∈ A(r) : −ΣK a ∈ P (1..i) or
(2.2) ∃a ∈ A(r) : −ΣI a ∈ P (1..i); and
I
(3) ∀r ∈ Rsd
[p] either
(3.1) ∃INTa ∈ A(r) : −ΣI a ∈ P (1..i) or
(3.2) ∃a ∈ A(r) : −ΣK a ∈ P (1..i).

5.6. Defeasible Logic for Intentions
The inference conditions for goals are very similar to those for strong intentions; essentially they are monotonic proofs using both the monotonic part
(strict rules) and the supportive non-monotonic part (defeasible rules) of a
defeasible theory.
On the other hand to capture intentions we have to use the superiority
relations to resolve conflicts. Thus we can give the following definition for
the inference rules for ±∂I .
+∂I : if P (i + 1) = +∂I p then
(1) +∆I p ∈ P (1..i) or
(2) (2.1) −∆K ∼p, −∆I ∼p ∈ P (1..i) and
(2.2) either
K
(2.2.1) ∃r ∈ Rsd
[p]∀a ∈ A(r) : +∂I a ∈ P (1..i), or
I
(2.2.2) ∃r ∈ Rsd
[p] ∀INTa ∈ A(s) : +∂I a ∈ P (1..i) and
∀a ∈ A(s) : +∂K a ∈ P (1..i); and
(2.3) ∀s ∈ R[∼p] either
(2.3.1) if s ∈ RK [∼p] then
∃a ∈ A(s) : −∂I a ∈ P (1..i) and
∃b ∈ A(s) : −∂K b ∈ P (1..i); and
if s ∈ RI [∼p] then either
∃INTa ∈ A(s) : −∂I a ∈ P (1..i) or
∃a ∈ A(s) : −∂K a ∈ P (1..i); or
(2.3.2) ∃t ∈ R[p] such that t > s and
if t ∈ RK [p] then ∀a ∈ A(t) : +∂K a or
∀a ∈ A(t) : +∂I a; and
I
if t ∈ R [p] then ∀a ∈ A(t) : +∂K a and
∀INTa ∈ A(t) : +∂I a.
The conditions for proving defeasible intentions are essentially the same
as those given for defeasible derivations in Section 5.5. The only difference is that at each stage we have to check for two cases, namely: (1) the
rule used is a rule for an intention; (2) the rule is a rule for knowledge.
In the first case we have to verify that factual antecedent are defeasibly
proved/disproved using knowledge (±∂K ), and intentional antecedent are
defeasibly proved/disproved using intention (±∂I ). In the second case we
have to remember that a conclusion of a factual rule can be transformed in
an intention if all the literals in the antecedent are defeasibly intended.
−∂I : if P (i + 1) = −∂I p then
(1) −∆I p ∈ P (1..i) and
(2) (2.1) +∆K ∼p or +∆I ∼p ∈ P (1..i) or
(2.2) both
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K
(2.2.1) ∀r ∈ Rsd
[p] ∃a ∈ A(r) : −∂K a ∈ P (1..i), and
∃a ∈ A(r) : −∂I a ∈ P (1..i); and
I
(2.2.2) ∀r ∈ Rsd [p] ∃INTa ∈ A(s) : −∂I a ∈ P (1..i) or
∃a ∈ A(s) : −∂K a ∈ P (1..i); or
K
(2.3) (2.3.1) ∃s ∈ R [∼p] ∀a ∈ A(s) : +∂K a or
∀a ∈ A(s) : +∂I a, or
K
∃s ∈ R [∼p] ∀a ∈ A(s) : +∂K a and
∀INTa ∈ A(s) : +∂I a; and
(2.3.2) ∃t ∈ R[p] such that t > s and
if t ∈ RK [p] then ∀a ∈ A(t) : +∂K a or
∀a ∈ A(t) : +∂I a; and
if t ∈ RI [p] then ∀a ∈ A(t) : +∂K a or
∀INTa ∈ A(t) : +∂I a.

The intuition behind the definition of −∂I is a combination of the motivation
for −∂ and the intuition of −∆I .
We want to illustrate some of the aspects of derivability by means of
examples. For instance, consider the following scenario: If it does not rain
we intend to play cricket, and if we intend to play cricket we intend to stay
outdoor. This example can be formalized as follows
¬rain ⇒I cricket
INTcricket ⇒I outdoor
Once the fact ¬rain is supplied we can derive +∂I cricket, and then the
intention of staying outdoor (+∂I outdoor ). However the same intention
cannot be derived if the fact cricket is given.
If Vineet intend to travel to Italy then he intend to travel to Europe
since Italy is in Europe. This argument can be formalized as
Italy →K Europe
plus the basic intention INTItaly. The conclusion +∆I Europe follows from
clause (2) of +∆I .
Most of the BDI systems are able to express positive and negative introspection of belief and intentions. Those notions are encoded, respectively,
by the following axioms.
INTφ → BEL(INTφ)
¬INTφ → BEL(¬INTφ)
One of the main effect of positive (resp. negative) introspection is the ability of using established (resp. rejected) intentions in epistemic contexts to
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derive (resp. prevent the derivation of) other intentions. But this is what
is done in Clause 2 of +∆I , Clause 2.2.1 of +∂I , for positive introspection,
and Clause 2.2 of −∆I and Clause 2.2.1 of −∂I for negative introspection.
The purpose of the −∆ and −∂ inference rules is to establish that it
is not possible to prove a corresponding tagged literal. These rules are defined in such a way that all the possibilities for proving +∂p (for example)
are explored and shown to fail before −∂p can be concluded. Thus conclusions with these tags are the outcome of a constructive proof that the
corresponding positive conclusion cannot be obtained.
As a result, there is a close relationship between the inference rules for
+∂ and −∂, (and also between those for +∆ and −∆, and +Σ and −Σ).
The structure of the inference rules is the same, but the conditions are
negated in some sense. This feature allows us to prove some properties
showing the well behaviour of defeasible logic.
Theorem 29 Let # = ∆K , ∂K , ΣK , ∆I , ∂I , ΣI , and D be a defeasible theory. There is no literal p such that D ` +#p and D ` −#p.
Proof. This Theorem is an immediate consequence of the Principle of strong
Negation and Theorem 2 of [3]. Indeed it is straightforward to prove that
the conditions for +# are the strong negation of those for −#, and viceversa.
Intuitively the above theorem states that no literal is simultaneously provable and demonstrably unprovable, thus it establishes the coherence of the
defeasible logic presented in this chapter.
Theorem 30 Let D be a defeasible theory, and M ∈ {K, I}. D ` +∂M p
and D ` +∂M ∼p iff D ` +∆M p and D ` +∆M ∼p.
Proof. For M = K see Proposition 3.3 in [4].
This theorem gives the consistency of defeasible logic. In particular it
affirms that it is not possible to obtain conflicting intentions (+∂I p and
+∂I ∼p) unless the information given about the environment is itself inconsistent. Notice, however, that the theorem does not cover goals (ΣI ).
Indeed, it is possible to have conflicting goals.
Let D be a defeasible theory. With ∆+
K we denote the set of literals
strictly provable using the epistemic (knowledge) part of D, i.e., ∆+
K = {p :
D ` +∆K p}. Similarly for the other proof tags.
Theorem 31 For every defeasible theory D, and M ∈ {K, I}
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+
+
1. ∆+
M ⊆ ∂M ⊆ Σ M ;
−
−
2. Σ−
M ⊆ ∂M ⊆ ∆M .

Proof. We prove 1, and 2 is a consequence of 1 and the principle of strong
negation [3]. For M = K see [4], since the conditions for knowledge are
those for derivability in DL. The inclusion +∆I ⊆ +∂I is immediate from
condition 1 of +∂I . For the other inclusion, i.e., +∂I ⊆ +ΣI we notice that
if we restrict ourselves to strict rules in +ΣI we obtain clause 1 of +∂I , the
basic case of the recursive definiton of derivation in DL. Moreover clause 2
and 3 of +ΣI correspond to clause 2.2.2 and 2.2.3 of +∂I .
+
This theorem states that strict intentions are intentions (∆+
I ⊆ ∂I ), and
intentions are goals (∂I+ ⊆ Σ+
I ), which corresponds to the well-known BDI
principle

INTφ → GOALφ.
+
At the same time, we have that ∆+
K ⊆ ∂K . Thus if we assume that ∆K
corresponds to knowledge and ∂K corresponds to belief we obtain

KNOWφ → BELφ,
the standard BDI axiom relating the two epistemic notions.
The proposed theory of intention satisfies many of the properties outlined by Bratman in [12]. The role of intention as a conduct-controlling
pro-attitude rather than conduct-influencing is clearly illustrated in the
elaborate proof-theory outlined for the types of intention. The proposed
theory supports the fact that the rationality of an agent for his intention
depends on the rationality of the relevant processes leading to that intention
where the relevant processes includes using superiority relations to resolve
conflicts as well as satisfying the rules of inclusion as shown in Theorem 30.
The new approach provides a good formalisation as to the relation between
guiding intention and intentional action termed as historical principle of
policy-based rationality in [12]. The problem in general is to account for
the rationality of an agent in performing a particular policy-based intention
from a general policy. In our approach the defeasibility of general policies
makes it possible to block/not block the application of the policy to the particular case without abandoning the policy. This idea is explained further
in the next section.
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5.7

Revisiting Intention Reconsideration
and Commitment Strategies

In the preceding section we showed how to account for a defeasible logic
of intention. This section tries to relate the new theory with an intensional system like BDI and tries to answer questions related to intentionreconsideration and commitment in such systems. As noted earlier we are
concerned only with the intention part and we assume the existence of factual knowledge. One of the issues in the design of agents that are based on
the models of intention is that of when to reconsider intentions. An agent
cannot simply maintain an intention, once adopted, without ever stopping
to reconsider. It is necessary from time to time for an agent to check whether
the intention has been achieved or whether it is no longer achievable. All
the existing models of intentional systems are based on deliberative or nondeliberative theory of intention where reconsideration of intention is hard
as the deliberation time required for such an act is huge. Whereas in the
case of our policy-based intention framework the defeasibility of general intentions makes it possible to block the application of the intention to the
particular case without abandoning/reconsidering the intention. Consider
the following scenario:
Example 3 Suppose that the software program i, as mentioned in the first
section, uses a policy server to grant root access to its users. One of the
rule the program uses corresponds to SU (X) ⇒ Root(X). In-order for the
program to successfully grant permission or to detect a conflict, the following
conditions should be satisfied according to our new approach
For granting permission the program should either find vineet (if X = vineet) in the data-base of facts or it should be able to defeasibly prove it,
which in turn means has to check with all the contrary evidence (for instance whether X satisfies all the root permissions etc.) On the other hand,
conflict detection is done either when the program cannot definitely prove
the identity of the user or when the program cannot defeasibly prove the
user’s identity. This approach to conflict detection is much simpler than
the ones mentioned in [119]. Moreover, in our framework we have the liberty of specifying a superiority relation among the rules which is absent
in policy description languages like PDL [84]. It is also the case that the
four different types of conclusion in DL helps to solve the issue as to when
an intention should be dropped. An intention is dropped when it is either
proved definitely (+∆) or cannot be proved defintely (−∆). The two defeasible rules (+∂) and (−∂) allows the agent to have sufficient deliberation
upon its intention.
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In [107] three different commitment strategies, blind, single-minded and
open-minded has been defined. A blindly committed agent maintains her
intentions until they succeed. This could be contrasted with the defeasible
logic conclusion of definitely proving, where the inference is made from facts
and strict rules. Hence a blindly committed agent will maintain her intention forever until he/she is able to prove it definitely (+∆). In other words
as long as there is no conflict between the intentions a blindly committed
agent succeeds in his/her pursuit. This could be formally represented as
INT(ϕ) ∧ INT(ψ) → ¬conf lict(ϕ, ψ)2
On the other hand a single-minded agent maintains her intention as long
as she believes her intentions to be achievable. This means that the agent
maintains her intentions as long as it is definitely provable (+∆) or not
definitely provable (−∆). This could be described in a rule format as
GOAL(ϕ) ∧ INT(ψ) ∧ conf lict(ϕ, ψ) ∧ (> (ϕ) = > (ψ))
→ ¬INT(ϕ)
The rule states that if an agent has a goal ϕ and has an intention ψ and
if there is a conflict between ϕ and ψ and the superiority relation between
ϕ and ψ are equal then the agent does not intend ϕ. Hence the agent fails
in definitely proving the intention as it finds a conflicting goal. This sort
of reasoning is truly in agreement with the BDI principle that the INT
(intention) of an agent is always supported by its GOAL i.e. INT(ϕ) →
GOAL(ϕ) (there should be at least one intention world that is a sub-world
of the goal world). Finally, an open-minded agent maintains her intentions
as long as these intentions are her goals which means that as long as they
could be achieved through either one of the inference mechanisms. Though
we have taken into account only goals and intentions similar considerations
are applicable in the case of beliefs and goals as well as beliefs and intentions.

5.8

Summary and Discussion

Based on Bratman’s classification of intention, we have outlined a policybased theory of intention which differs from the usual NML-based approaches in the sense of having a non-monotonic nature. To capture the
properties involved in such intentions we adopted defeasible logic as the nonmonotonic reasoning mechanism due to its efficiency and ease of implementation as well as the defeasible nature of policy-based intentions. The new
2

A similar formalism appears in [121]
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approach alleviates most of the problems related to logical-omniscience. We
pointed out that some of the problems related to intention re-consideration
could be easily understood through such an approach. The commitment
strategy adopted by BDI-like agents was reviewed in the light of the new
approach.
The approach outlined in this paper could be extended in at least two
different directions.
The first is in alliance with the work done in [119, 84]. Here they outline
a policy description language called PDL and use logic programs to reason
about the policies. The main concern in that work is in tracing the event
history that gives rise to an action history based on stable model semantics.
In a similar manner our approach could be developed using the appropriate
semantics (Kunen [43] or argumentation [58]) and developed from a logic
programming point of view. The advantage in our approach is the use of
the superiority relation (>) whereby we can mention a hierarchy between
the rules and this is absent in other works.
The second direction in which our work could be extended is to define
various rules required for constructing goals from beliefs, intentions from
goals, intentions from beliefs etc. and giving a superiority relation among
these rules. The recent work on BDI [121] seems to take this direction. On
the other hand many new applications in emerging information technologies
have advanced needs for managing relations such as authorization, trust
and control among interacting agents (humans or artificial) [57, 50, 71, 18].
This necessitates new models and mechanisms for structuring and flexible
management of those relations. The issues of automated management of
organisations in terms of policies and trust relations in highly dynamic and
decentralised environments has become the focus in recent years.
Finally, as we have alluded to many semantics have been devised for
defeasible logic and can be adapted straightforwardly to the extension proposed here. The method developed in [43] gives a set-theoretic fixed-point
construction for ∆+ , ∂ + , . . . , which leads to a logic programming characterization of defeasible logic. Programs corresponding to defeasible theories
are sound and complete wrt Kunen semantics. The same technique is applicable in the present case with the obvious adjustments; however, it does
not offer further insights on defeasible logic for BDI, because of the almost
one-to-one correspondence between the inference conditions and the steps
of the fixed-point construction. However semantics for defeasible BDI logic
remains an interesting technical problem.
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Conclusions and Future Work
The whole is more than sum of
its parts.
Aristotle

In this brief chapter we summarise the findings and contributions of the
thesis and discuss future research directions.

6.1

Summary

The overall aim of this dissertation has been to study BDI logics in the
background of combinations of modal logics. In order to address this aim
we adopted a general combining technique called fibring/dovetailing that
allows to produce combinations of BDI logics. In the course of the study we
also addressed ways of incorporating action constructs in a BDI framework
and also defined a non-monotonic theory of intention.
In more detail, Chapter 2 gives an overview of BDI logics by placing
it in the context of modal logic in a multi-modal setting. Two combining
techniques called fusion and fibring are discussed and it is argued that
fibring is more suited to combine BDI logics than fusion.
In Chapter 3 we reconstructed the logical account of BDI in terms of
dovetailing, which is a special case of fibring, with the help of the incestual
schema Ga,b,c,d . In doing so we identified a set of interaction axioms for
BDI which covers many of the existing BDI axioms and also make possible
the generation of a large class of new ones. We showed that BDI is determined by the class of dovetailed models satisfying the a,b,c,d-incestuality
properties. This should avoid the need for showing determination results
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each time a new BDI system is considered. Further we identified conditions under which completeness transfers from the component logics to
the fibred/dovetailed composition. This is done with the help of canonical
model structures where we modify the usual canonical model construction
in modal logic so as to account for fibred models. We also show completeness preservation in the case of interaction axioms of the type 21 ϕ ⇒ 22 ϕ.
The proof uses an extension of canonical model method for modal logics
together with certain morphism conditions. This is a major result when
compared to other combining techniques like fusion which doesn’t support
any interaction axioms. We also show that the resulting multimodal system is non-homogeneous in the sense that all interactions involved could
be either between different mental attitudes of the same agent or could involve same mental attitudes of different agents. This sort of classification
is absent in most agent theories with interaction axioms. It was further
observed that the our approach is not restricted to normal modal operators
but could be extended to non-normal ones too.
In Chapter 4 we outlined two important philosophical theories on modal
logics of action and ability. We showed that both of them like BDI fails
to address the concept of composite actions of the type π1 ; π2 (read as π1
followed by π2 ). In order to accommodate composite actions we introduced
two new operators opportunity (OPP) and result (RES). It is argued that
the successful execution of composite actions depends on the result of its
components. It is also observed that the new constructs fall in line with
Bratman’s classification of intentional action and intending an action. Further, we related the two new operators with the BDI framework as was
given in Chapter 2. This led to the investigation of the close connection
between the result of an action performed by a BDI agent and its capability
of achieving that result. Based on this investigation we showed that both
RES and OPP are necessary for a theory of composite actions. Further we
introduced two more action constructs, while ϕ do π and if ϕ then π1 else
π2 , We then explained our intuition on the composite behaviour of results,
opportunities and capabilities and presented a set of axioms that comply
with this intuition. Using the various modalities present in the framework,
we proposed a set of commitment axioms, that classifies a BDI agent as
blindly committed, single minded and open minded.
Chapter 5 investigated defeasible logic and proposed a non-monotonic
theory of intention. We started by arguing that normal modal logics was
not suitable to modal intention as it often leads to the problem of logical
omniscience. Two seminal theories on intention maintenance were reviewed
and conclusion made that the intention component of a BDI agent need not
always have a monotonic setup. We outlined the classification of intentions
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as given by Bratman and came to the conclusion that a non-monotonic
theory of intention is needed to account for policy-based intentions. To
this end we adopted defeasible logic and proposed a defeasible theory of
intention. Certain restrictions were made in the case of BDI modalities
as for instance we consider a knowledge operator in the place of belief.
Further, we outlined a proof theory which shows how our approach helps
in the maintenance of intention-consistency in agent systems like BDI. We
give three theorems of which the first two are related to properties like
coherence and consistency in defeasible logic. The third theorem accounts
for the interaction axioms in BDI. We conclude the chapter by showing how
our approach provides an adequate explanation to intention reconsideration
as well as the commitment axioms in BDI systems.

6.2
6.2.1

Future Work
Modeling Multi-Agent Systems (MAS)

We foresee several directions in which the research captured in this thesis
could proceed. As previously discussed, the main aim of the thesis has
been to study BDI logics in the background of combining techniques like
fibring/dovetailing. BDI is a multi agent system (MAS) and hence the tools
and techniques developed here could easily be applied in the case of MAS
theories. MAS require the specifications of a number of potentially heterogeneous agent systems, where each agent is itself a complex system arising
from the combinations of different aspects (for example, mental attitudes
for BDI-like agents). The main difficulty with trying to apply combining
logics to MAS theories is that while the later heavily depends on interaction axioms between the various logics to be combined, the former hardly
addresses this case at all. But as we have shown in Chapter 3 it is possible
to add conditions on the fibring function. These conditions could encode
interactions between the two classes of models that are being combined and
therefore could represent interaction axioms between the two logics. MAS
theories with interaction axioms will be one of the ideal test-beds for fibring
and as a result MAS theories could benefit much from this. The construction of cultural bridges between combining logics and MAS theories is a
useful exercise. On the one hand this could encourage MAS theorists to
recognize the need of shifting the attention from the single case analysis
to the general problem of the combination of mental states. Then MAS
theorists could built formal models of agency simply by considering basic well understood logics and study the possible interplay of the different
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components when combined together. On the other hand the problem of
interaction axioms between logic fragments in a combined logic might become more central in combining logics. Results of properties transfer, even
if limited to very small classes of interaction axioms, would be of extreme
importance to the whole area of MAS theories. If operating under the guide
lines of a well developed theory of logic combination, properties of the logics such as completeness and decidability would be inherited from the basic
components. This would permit us to develop not just a general theory for
MAS but to define the criteria in order to define appropriate specifications
of the system the AI-user has in mind. To summarise, the following are
some of the possible directions in which fibring could be extended to MAS
theories:
• families of interactions axioms appropriate to describe the relationships among the mental attitudes both in single agent environments
and in multiple agent settings.
• generalization of fibring with richer mathematical structure and the
fibring of (modal) algebras.
• Identification of the constraints on fibring required to characterize
some families of interaction axioms.
• inference rules and operations on labels appropriate for capturing the
constraints on fibring for interaction axioms

6.2.2

Tableaux Systems

Another possible extension is the development of tableaux systems to deal
with the class of normal multimodal logics determined by the axiom Ga,b,c,d .
Governatori and co-workers (see for example, [55, 5, 6]) have developed
a modular labelled tableaux system (called KEM) which is able to deal
with logic admitting possible world semantics. Gabbay and Governatori
[43, 44] have shown that KEM can be used in the context of fibring of
modal logics provided that KEM tableaux systems for the component logics
exist. In [7, 55, 56] tableaux for some multi-modal logics of agency with
interaction axioms have been given. However, so far, only a few interaction
axioms have been studied in this respect. Thus future investigation could
involve 1) KEM tableaux systems for the modal logics needed to represent
BDI-agents and MAS; and 2) conditions under which interaction axioms
can be represented in KEM.
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6.2.3

Dynamics of Multi-Agent Systems

Of the mental attitudes in BDI (belief, goal, intention), the revision of beliefs has been the subject of considerable study in both Artificial Intelligence
and Philosophy (e.g., [49, 39]). The more general problems of revising complex plans and knowledge of an agent’s capabilities remain open questions.
The fibred/dovetailed approach will address multi-modalities of agents in a
uniform manner using the combined logic. Any reasonable progress towards
identifying constraints that must be satisfied by agents while revising their
mental attitudes in a changing world, would be a significant contribution
to the field. Rationality postulates for belief revision exist in literature: the
AGM postulates by Alchourrón, Gärdenfors and Makinson [1] address the
case of a static environment, while those of Katzuno and Mendelzon [72] apply in the case of a dynamic environment. However, there has been almost
no work on generalizing these results to the case of modal logic, with the
notably exception of [53]. In particular it is possible 1) to investigate the
applicability of the method of [53] in the unified framework for multi-modal
logics; and 2) to extend and modifying the existing postulates for belief
change in order to provide more appropriate ground for theory change in
intensional contexts, and for the dynamic of multi-agent systems.
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