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Abstract 

 

Knowledge of free-energy differences for states of a system provides an essential component 

in understanding many processes, including solubility, reaction rates, and phase changes.  

Therefore, the development of efficient, accurate free-energy calculation routines has long 

been of interest within the field of molecular modelling.  Until recently, thermodynamic 

integration, free-energy perturbation and slow-change techniques were the only approaches 

available for the calculation of free-energy differences between two states of a system. 

However, with the discovery of non-equilibrium free-energy relations in the late nineties, new 

calculation approaches are now possible.   

This thesis demonstrates the application of these new relations by deriving them from 

statistical mechanical concepts and applying them to a variety of systems.  Although other 

types of systems are considered, the focus of this work is on the investigation of density 

changes, as the density of a system is one of its fundamental intrinsic properties, and 

expansion and compression phenomena are central to many thermodynamic investigations.   

To investigate the convergence properties of the free-energy calculation methods prior to 

their application to systems undergoing a density change, a novel transformation between 

Lennard-Jones systems possessing different potentials is developed and simulations are 

completed for a variety of transformation parameters.  In particular, the accuracy of free-

energy calculations as a function of transformation rate is considered, along with a detailed 

analysis of free-energy convergence as a function of the number of transformations 

completed. 

The non-equilibrium free-energy relations are then derived from statistical mechanical 

concepts for an arbitrary system undergoing a density change.  This derivation is general, and 

shown to be valid for both a system of particles in a vessel under a piston, and for a system of 
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particles in a unit cell with periodic boundary conditions.  Although difficulties regarding the 

derivation of the free-energy relations, for systems where the domain of the phase space 

changes, have previously been discussed, the work here establishes how these difficulties can 

be accounted for, and demonstrates density-change free-energy calculations in good 

agreement with the Lennard-Jones equation of state. 

Having developed a general method of deriving the free-energy difference between states of 

some arbitrary system at different densities, a novel transformation algorithm is proposed and 

demonstrated to improve computation efficiency by approximately 90%.  This algorithm, 

based on truncation of the inter-particle interaction potential during the completion of the 

non-equilibrium component of the simulation, is shown to work well in three very different 

density ranges. 

Finally, various free-energy transformation protocols are simulated and compared for 

accuracy.  It is found that for a deterministic dynamical system of weakly interacting particles 

in a vessel under a piston, the most accurate free-energy calculations are those completed 

from a linearly changing piston.  This result is in sharp contrast to that expected from 

stochastic dynamics, and demonstrates the differing results that can be obtained between 

these two fundamentally different models of the same type of system.    
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Notation 

 

Scalars are denoted in plain font 

Vectors are denoted in bold font 

 

Greek Pronumerals  

    Inverse dimensionless temperature 

Γ    Phase space vector 
*

Γ    Time reversed phase space vector 

    Dirac Delta function 

    Depth of potential well for Lennard-Jones potentials 

shift    Potential energy shift  

    Discrete canonical partition function 

  Γ    Phase space compression factor as function of phase space vector Γ  

    Arbitrary switching parameter/external variable 

 a    Error of order a 

    Probability density 

    Distance at which Lennard-Jones potentials are zero 

 ijr    Potential energy as function of distance 
ijr  

 LJ ijr   Lennard Jones potential as a function of distance 
ijr  

 WCA ijr   WCA potential as a function of distance 
ijr  

    Number of microstates 
 

Latin Pronumerals  

A    Helmholtz free energy 
    Phase variable 

E    Energy 

 F q    Force vector as function of position vector q  

 f Γ    Phase space distribution function 

 ;f Γ   Phase space distribution function, subject to parameter   

G    Gibbs free energy 

H    Enthalpy 

 H Γ    Hamiltonian of system at point Γ  

1 2 3 4, , ,k k k k   Runge-Kutta prediction terms 

Bk    Boltzmann’s constant 

 ,iK p   Kinetic energy of particle i along coordinate axis   corresponding to 

momentum 
,ip 
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m    Particle mass 
TM    Time reversal mapping operator 

N    Number of particles 

cN    Number of configurations 

P    Pressure 

,ip 
   Momentum of particle i along coordinate axis   

p    3N dimensional vector consisting of all particle momenta 
*

p    Time reversed particle momenta  

Pr    Probability  

Q    Heat 

q    3N dimensional vector consisting of all particle positions 
*

q    Time reversed particle positions  

cutr    Potential cut-off radius 

ijr    Distance between particles i and j 

1S    System 1 

2S    System 2 

S    Entropy 

1 2

tS 
   Time evolution operator 

T     Temperature 
t    Time 

t    Time step 

U    Internal energy 

V    Volume 

revw    Reversible work 

1 2w
   Work done driving system from state 1 to state 2 

Z    Partition function  
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1. Introduction 

 

In the mid-20th century, molecular science was revolutionised.  With the advent of the 

computer, scientists were presented with a means through which they were capable of 

simulating the interactions of a many bodied system on the micro-scale.  Although the original 

simulations were performed with very simple systems, comprised of hard spheres and disks,1 it 

was not long before this work was extended to more realistic, continuous potentials, with 

results comparable to those experimentally obtained from physical systems.2  Since then, 

molecular simulation has become a cornerstone of the micro- and nano-scale natural sciences; 

an essential tool in the understanding of processes as diverse as ligand binding,3-5 thin film 

growth,6-8 and high accuracy energy calculations.9-12  Furthermore, as modern computational 

power steadily increases, so too does the size and complexity of the systems that can be 

simulated, making the development of efficient yet accurate simulation routines an important 

field of modern research. 

Just as computer processing power has increased, so too has the sophistication with which 

molecular simulations are executed.  Many modern computational techniques have been 

developed to allow the convenient calculation of system properties that might otherwise not 

have been viable.  One such example used in this work, are simulated thermostats,13,14  which 

provide a means through which the dynamics of a small system can be used to accurately 

calculate the bulk properties of a system at equilibrium or out of equilibrium.  Further 

development of the tools accessible to the molecular modeller is an ongoing endeavour, as 

molecular simulation aims to provide an inexpensive and efficient means to determine a range 

of system specific properties, to complement experiment.   
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One such property, a fundamental component in the understanding of any chemical reaction, 

is a system’s free energy.  The free energy of a system is a thermodynamic property, related to 

the amount of useful work that a system is capable of producing.  Indeed, as chemical 

reactions tend towards the lowest free energy state,15 free-energy calculations are an essential 

element in a variety of fields from drug and material design,16-20 to compound stability and 

phase equilibria.21-23  This has resulted in the development of efficient, accurate, free-energy 

calculation routines becoming an integral part of the field of molecular modelling, and the 

application of such routines of great utility.   

For decades, the majority of free-energy calculations were completed using either Monte Carlo 

algorithms that sample equilibrium distributions,24,25 or equilibrium molecular dynamics 

methods.4  However, the discovery of new free-energy relations in the 90’s by Jarzynski26,27 

and Crooks28,29 made it possible to calculate free-energy changes from non-equilibrium 

simulations instead, and in this work they are used in non-equilibrium molecular dynamics 

simulations.  Similar to equilibrium molecular dynamics simulations in that they operate 

through the calculation of particle positions, momenta and interactions for a driven system at 

discrete timesteps, non-equilibrium molecular dynamics simulations are unable to relax to 

equilibrium due to interaction with some external parameter, and were already an important 

tool in the field of molecular modelling for the calculation of a variety of properties including 

alignment of molecules due to shear, flow due to application of a field, and various other 

transport coefficients.30-35  As the free energy of a system is a state property, independent of 

any dynamics or transformation that moved the system into that state, the non-equilibrium 

free-energy relations provide a means of performing accurate free-energy calculations through 

use of rapid molecular dynamics transformations between two systems.  Determining the 

relative strengths of the non-equilibrium free-energy calculation techniques, and the 

development of non-equilibrium free-energy calculation algorithms, is an important field of 

research, posing potential benefits to the whole molecular science community. 
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In this work, non-equilibrium free-energy calculations are applied to density changes in a 

Lennard-Jones fluid.i,36  The density of a system is one of its fundamental thermodynamic 

properties, and a thorough understanding of the dynamics underlying density changes is 

central to the comprehension of many physical phenomena, such as phase changes and 

combustion.  Despite the relatively recent discovery of the non-equilibrium free-energy 

relations, the free energy of expansion and compression has already been investigated in some 

detail using this approach.37-50   

The most common density change system investigated in the literature is the classical system 

of a particle in a one dimensional vessel under a piston.  By summing the interactions over all 

possible particle-piston collisions, Lua and Grosberg37 were able to determine the work 

distribution for the system, and demonstrate that it satisfied the non-equilibrium free-energy 

relations.  Similarly, Bena et al.38 were able to derive an expression for the free energy of a 

Jepsen gas (a one dimensional system of point particles undergoing perfectly elastic collisions), 

and demonstrate good numerical agreement with the compression and expansion of a two 

dimensional dilute gas of hard disks.  This work was expanded upon by Baule et al.,39 who 

considered a similar particle-piston system completing isothermal transformations, and more 

recently generalized by Nolte and Engel40 for a relativistic ideal gas and a photon gas with 

quantum effects.  In addition, Lechner and Dellago41 used Lua and Grosberg’s piston model for 

comparison of the efficiency of various path sampling methods for reducing statistical errors in 

the free-energy relations, with results compared to analytic solutions; while the detailed work 

of Palmieri and Ronis42 considered the nature of the Jarzynski Equality in relation to other 

thermodynamic properties. 

After these original proofs of concept, the non-equilibrium free-energy relations began to be 

applied to a variety of more realistic density change systems.  By expressing the Jarzynski 

                                                           
i
The Lennard-Jones potential is a semi-realistic atomic potential that is easy to simulate.  Greater 
discussion on the Lennard-Jones potential occurs in Chapter 2. 
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Equality as a cumulant expansion of the work for a transformation, Pressé and Silbey43 

investigated the convergence properties of the free-energy relation for the expansion of a gas 

through removal of a partition and the expansion of a polymer chain.  Pressé and Silbey found 

that cumulant expansion is slowly convergent for highly entropic processes, and concluded 

that for the Jarzynski Equality to accurately calculate free-energy changes, knowledge of the 

work distribution for the transformation is required.  Crooks and Jarzynski44 found that the 

non-equilibrium free-energy relations are valid for a dilute classical gas of interacting particles 

undergoing adiabatic and quasistatic compression or expansion, despite the work distribution 

for the transformation being statistically described by a gamma distribution.  This result was 

significant, with many free-energy error estimates assuming the work distribution of a 

transformation to be Gaussian.45-47  Jarzynski48 also considered this system, relating the 

likelihood of observing dominant contributions to the free-energy estimate with the work 

required to complete the reverse transformation.   

 

Recent research has further developed the application of the non-equilibrium free-energy 

relations.   Quan and Jarzynski,49 utilising exact solutions to the time-dependent Schrödinger 

equation, demonstrated the validity of the free-energy relations for a one dimensional 

quantum piston undergoing rapid expansion; a result contrasting that of Teifel and Mahler.50  

Quan and Jarzynski showed that for the free-energy relations to be valid, it is vital that the 

relation is averaged over all possible realisations of a transformation, including rare instances 

such as those where the particle begins with a high enough energy to interact with the rapidly 

moving piston.  In addition, novel transformation protocols based upon stochastic optimisation 

techniques have been proposed, potentially offering a means of increasing free-energy 

calculation efficiency through the application of nonlinear expansion and compression 

routines.  Through consideration of Langevin models, Schmeidl and Seifert51 and Aurell et 
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al.52,53 conclude that optimal protocols are not continuous, but are characterised by sudden 

jumps at the beginning and end of a transformation process. 

The research presented in this thesis adds to the literature in several distinct ways.  First, an 

alternative derivation of the Jarzynski Equality and the Crooks Relation is provided using 

statistical mechanical concepts, based upon the relative probabilities of observing conjugate 

transformation trajectories, for two markedly different density change systems and compared 

to the literature.  Unlike previous research, here the range of systems that can be considered is 

much broader than has been considered previously, with accurate free-energy calculations 

obtained from the expansion and contraction of piston-less, periodic Lennard-Jones fluids.  

Second, a novel transformation algorithm is designed and demonstrated to vastly improve 

free-energy calculation efficiency.  Distinct from previous free-energy calculations for density-

change systems, the approach presented here combines the rapid transformation speeds 

made possible by the non-equilibrium free-energy relations, with the creation of non-physical 

transformation pathways commonly seen in thermodynamic integration techniques.  By 

combining these methods, high accuracy results are obtained with computational savings of up 

to 90%.  Finally, a variety of non-linear non-equilibrium molecular dynamics transformation 

routines are considered for the expansion and contraction of a gas in a vessel under a piston, 

and compared to those predicted optimal with respect to free-energy calculation accuracy by 

the stochastic analysis of Schmeidl and Seifert,51 and Aurell et al.52,53  It is numerically found 

that for the deterministic systems considered here, a linear transformation algorithm provides 

the most accurate results. 
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Thesis Outline 

The structure of the rest of this thesis is as follows: 

Chapter 2 introduces the key concepts required for molecular dynamics simulations, including 

the derivation of a system’s equations of motion from Hamilton’s equations, and the details 

regarding the potentials through which the particles interact.  In addition, Chapter 2 also 

outlines several common simulation techniques, used in this work, and designed to ensure 

accuracy of results and efficiency of calculations. 

In Chapter 3, the statistical mechanical identities relevant to this work are derived, and details 

regarding the microcanonical and canonical ensembles are given.  The nature of a system’s 

equilibrium state properties is discussed, along with the relationship between the bulk 

properties and the individual particles of a system.  Finally, simulated thermostats, designed to 

allow the modelling of the statistical mechanical ensembles, are derived, in preparation for 

application in later chapters. 

In Chapter 4, the thermodynamic and statistical mechanical definitions of free energy are 

derived, before giving a brief overview of how free energies can be calculated in molecular 

dynamics simulations.  The modern non-equilibrium free-energy relations of Jarzynski, Crooks 

and Shirt et al. are also derived and discussed. 

Chapter 5 considers the accuracy and convergence of the non-equilibrium free-energy 

calculations by considering a simple, novel transformation: a system of Lennard-Jones particles 

changing size.  This preliminary work tests some of the free-energy calculation approaches that 

are applied to density changes in later chapters.  A detailed analysis on the function of 

transformation speed and the number of transformations required for convergence of the 

non-equilibrium free-energy calculations is also provided, along with a brief discussion on 

other influencing factors. 
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In Chapter 6, the non-equilibrium free-energy relations for any arbitrary system undergoing a 

density change are derived, and applied to a Lennard-Jones system in a vessel under a piston 

and to a system with periodic boundary conditions.  The free-energy differences obtained are 

compared to analytical results and the Lennard-Jones equation of state to good agreement. 

Chapter 7 develops and applies a novel transformation algorithm to greatly improve free-

energy calculation efficiency for a Lennard-Jones system changing density.  This protocol, 

which truncates the range of the inter-particle potential during the transformation to reduce 

the number of particle interactions, is shown to be accurate, and decrease simulation times by 

approximately 90%. 

Chapter 8 considers the effects of non-linear transformation routines in the expansion and 

contraction of a Lennard-Jones fluid, and compares them to the literature.  In contrast to 

stochastic predictions, it is found that for the molecular dynamics system investigated, linear 

transformations provide the most accurate calculations.  The nature of this result is 

investigated; with a focus on the distribution of transformation work values and the role that 

minimising dissipation has in non-equilibrium free-energy calculations.  

Chapter 9 concludes this work with a global consideration of the importance of the results 

obtained, and the future potential that this work presents.   
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2. Molecular Dynamics 

 

Introduction 

Molecular dynamics techniques form the backbone of the simulation of classical systems at the 

molecular level, computing the position and momentum of every particle within a system at 

any given point in time.  Thus, for deterministic systems, molecular dynamics simulations 

present a means of accurately calculating system properties through the processing of every 

individual interaction and motion of each particle within the system.  Although being an 

accurate, thorough and conceptually straightforward means of calculating various attributes of 

a system, molecular dynamics based simulation techniques require extensive computational 

cost associated with simulating large systems or systems with long ranged potentials.  For any 

physical system, each particle will interact with all of the other particles within the system, 

even as the separation between any two given particles approaches infinity.  Moreover, 

although not all of these interactions will be strong enough to noticeably affect the system on 

an observable timescale, it can be seen that the number of interactions within a system is 

approximately 
2N , where N is the number of particles within the system, resulting in very 

large molecular dynamics systems quickly becoming prohibitively large to compute. 

The number of particles and the potential cut-off radii (discussed below) place an upper bound 

on systems that can be reasonably simulated using molecular dynamics techniques.  However, 

the rapid advances in computer power developed in recent decades have allowed these 

techniques to be applied to systems previously deemed too complex.  This, in turn, has 

maintained the importance of molecular dynamics simulations within the scientific 

community, and has expanded the volume of fields that the application of molecular dynamics 

simulation techniques are vital to progressing. 



Chapter 2: Molecular Dynamics  11 

 
 

 
 

Equations of Motion 

Molecular dynamics simulations work by defining the position and momenta of all particles 

within the system at discrete steps of time and the entire system can be defined by a set of 

equations known as the equations of motion.  For a classical, Hamiltonian system comprised of 

N identical particles in three dimensional Euclidean space, where each particle is defined by a 

point mass with a well-defined position and momentum, particle interactions are assumed to 

be via a pair potential and there are no external fields acting on the system, the total energy of 

the system can be expressed by the Hamiltonian 

      ,ij i

i i j i

H r K p 


   Γ . (2.1) 

Here,  ijr is the potential energy due to interactions between particles i and j, and 

ij i jr  q q  where 
nq is the absolute position of particle n (  , , ,, ,n n x n y n zq q qq );  ,iK p   

is the kinetic energy of particle i in the  th geometric degree of freedom; and  H   is the 

Hamiltonian of the system at the point in phase space  , corresponding to all of the 

coordinates and momenta for each particle within the system 

  1, 1, 1, 2, , 1, ,, , , ,..., , ,...,x y z x N z x N zq q q q q p pΓ .  By substituting the classical definition of the 

kinetic energy, 

   , ,

,
2

i i

i

p p
K p

m

 

   (2.2) 

Equation (2.1) becomes, 

     , ,

2

i i

ij

i i j i

p p
H r

m

 



   Γ  (2.3) 
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As the entirety of the work presented here will be based in three dimensional Euclidean space, 

it is convenient to rewrite the form of equations (2.1)-(2.3) into that of a 3N vector space, 

allowing the removal of the summation.  Thus, by letting q represent a 3N dimensional vector 

consisting of the position of each particle along each geometric degree of freedom (so that 

 1, 1, ,, ,...,x y N zq q qq ), and by similarly letting p  represent a 3N dimensional vector 

consisting of the momentum of each particle along each geometrical degree of freedom,  

equation (2.1) can be re-expressed as, 

      H K Γ q p  (2.4) 

where  ,Γ q p , and equation (2.3) can be re-expressed as, 

    
2

H
m


  

p p
Γ q  (2.5) 

Finally, for Hamiltonian mechanics, the equations of motion defining a system’s propagation 

through time are, 

 

 

 

H

H


 








Γ
p

q

Γ
q

p

 (2.6) 

which, through substitution of the Hamiltonian expressed in equation (2.5), becomes, 

 

 
 

 
1

2m m


  




  



q
p F q

q

p
q p p

p

 (2.7) 

where  F q  represent a 3N dimensional vector consisting of the force experienced by each 

particle along each geometric degree of freedom.  As outlined, the equations (2.7) are known 
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as the equations of motion of the system previously defined, and with these the time evolution 

of the system is given.  In a molecular dynamics simulation, the particle positions, momenta, 

and the inter-particle forces are calculated through the equations of motion at discrete time 

steps, moving the system forward.  Additionally, for a Hamiltonian system such as that defined 

above, the system can be made to propagate backwards through time, simply be reversing the 

particles’ momenta. 

 

Potentials 

An inter-particle interaction potential describes how two particles interact with each other.  In 

a molecular dynamics simulation, this potential can be made as simple or as complex as 

required, allowing simulations to trade-off between computational speed and calculation 

accuracy.   Due to the limited processing power of the first computers, early molecular 

dynamics simulations were limited to the investigation of the interactions of hard spheres.1  

This changed in the 1960’s, as vastly increased processor speeds allowed the accurate 

calculation of more realistic systems through the use of continuous potentials,2 and 

simulations were shown to approach the analytically determined properties of an ideal gas at 

sufficiently low densities.3  As a system at the limit of an ideal gas consists of particles that do 

not interact, the inter-particle interaction potential can be taken as zero, and the equations of 

motion for such a system would no longer have a force term in the time derivative of the 

momentum.  Alternatively, hard spheres are considered to possess an infinite step potential at 

their boundary, allowing the particles to collide and interact, but keeping the dynamics simple 

to calculate (indeed, all that is required to determine the dynamics is the incident angle of 

collision between the two particles).  

Whilst these simple models are still regularly used to produce interesting results, more 

complex interaction potentials can be readily created to simulate particle interactions which 
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are more physically accurate.  This can be achieved as simply as with the inclusion of a short 

ranged repulsive potential, to arbitrary complexity through introduction of interactions 

including attractive interactions, long-ranged Coulombic interactions, and multi-body 

interactions.4-7 Whilst these complex potentials are not applied in the work presented here, 

the free-energy calculation techniques developed for simple potentials in later chapters are 

equally valid for them.   

 

Lennard-Jones Potential 

One of the most extensively used simulation potentials today is the Lennard-Jones (LJ) 

potential (for examples of recent studies using LJ potentials, see Ref. 8-11).  Also known as the 

6-12 potential and the 12-6 potential, the LJ potential offers a computationally efficient means 

of simulating systems exhibiting strongly repulsive, short range interactions (representing non-

bonded overlap between electron clouds), and weakly attractive long range interactions 

(representing van der Waals forces).12  The LJ potential is expressed as, 

  
12 6

4LJ ij

ij ij

r
r r

 

    
              

 (2.8) 

where   represents the depth of the potential well (see Figure 2-1) which in turn defines the 

potential ‘strength’, and   determines where the potential is zero, or the ‘size’ of the 

particles.  The attractive component of the curve varies at a rate of 
61/ r  and has been shown 

to be a simple yet accurate approximation for the dispersion forces, whereas the repulsive 

121/ r  term represents the interaction due to the overlap of electrons, and is partly chosen for 

computational efficiency, being the square of 
61/ r .2  For additional simulation efficiency, the 

LJ potential is generally truncated at a point where the attractive potential is deemed 

insignificant, removing the need to calculate negligible interparticle forces, so that, 
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 (2.9) 

where 
cutr  is the cut-off radius and the constant, 

shift , shifts the potential slightly, ensuring 

that   0LJ cutr   and the potential is a continuous function for 0ijr  .  It should be noted 

that truncating the interparticle potential anywhere other than the potential minimum will 

introduce a discontinuity to the interparticle force.  The error introduced by this discontinuity 

may cause system instability, and will be discussed in further detail in Chapter 5. 

 

Figure 2-1.  The Lennard-Jones potential.  A full length LJ potential, a LJ potential truncated at 1.8cutr  , and the 

Weeks-Chandler-Andersen potential.  Note that the truncated LJ potential is shifted by 
shift  from the original LJ 

potential, and the WCA potential is shifted by the full depth of the potential well,  , to avoid discontinuities. 

 

The LJ potential is versatile, capable of describing the equations of state for many weakly 

interacting systems (such as noble gases) in their liquid and gaseous phases.2  The LJ system is 

-2

-1

0

1

2

1 1.5 2 2.5 3

Full Lennard Jones
Truncated Lennard-Jones
Weeks-Chandler-Anderson

Particle Seperation

1.8

 

 

shift


 /ijr 



Chapter 2: Molecular Dynamics  16 

 
 

 
 

also capable of forming solids, and provides a computationally efficient means of simulating 

large scale system transformations, such as compression, expansion or phase changes, with a 

‘realistic behaving’ system.13,14  Because of the large number of systems that can be accurately 

modelled by the LJ potential, and due to the small number of parameters defining the 

potential, the LJ potential is invariably described in reduced units, allowing results to be 

applied between systems through use of a straightforward conversion (see Appendix 10-1).  

This allows the results from simulations to be readily adapted to similar systems with 

equivalent states, and as such, all simulations within this work are reported using LJ reduced 

units. 

The LJ potential is used throughout this work, as it exhibits typical properties of fluids and is 

computationally efficient.  Results from the LJ equation of state are also available, providing a 

valuable test for the accuracy of the techniques used in Chapter 6.    

 

Weeks-Chandler-Andersen Potential 

In many situations, the attractive component of the LJ potential is not necessary to model the 

particular physical phenomena of interest. As reducing the length of the cut-off radius also 

reduces the number of interparticle calculations to be completed, Weeks, Chandler and 

Andersen proposed truncating and shifting the LJ potential at its minimum, thereby removing 

the long range attractive component of the potential entirely.15  This minimum occurs at the 

distance 1/62WCAr  , giving the Weeks-Chandler-Andersen (WCA) potential to be 

  

6 12

1/6

1/6

4 ,  2

0,                                      2   

ij

ij ijWCA ij

ij

r
r rr

r

 
  



     
                   




 (2.10) 
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where the energy shift term from equation (2.9), 
shift , is simply equal to the depth of the 

potential well,  .  Whilst both the LJ and the WCA potentials are continuous after being 

shifted by 
shift , by being truncated at its minimum the WCA potential produces continuous 

interparticle forces as well.  In Chapter 6, the WCA potential is used in low density, high 

temperature simulations in order to approximate an ideal gas.  This allows system 

transformations to be simulated rapidly, with ease of comparison between the calculated 

results and theory.  The WCA potential is again used in Chapter 8 where the simulations are 

designed to test the relationship between rapid transformations and gradual transformations, 

and to compare the relationship between work and free energy, as the nature of the 

relationships is general and a more complicated potential is not necessary.  

 

Simulation Techniques 

Although the same fundamental components are found in most molecular dynamics 

simulation algorithms, the optimal way of completing these central actions is highly system 

and study dependent.  For example, there are many different numerical methods that can be 

used to solve the system’s equations of motion, such as the Gear predictor-corrector, the 

Verlet algorithm or Runge-Kutta methods to name a few of the most common,16,17 with a 

‘fourth order Runge-Kutta algorithm’ being used in this work for its ability to ‘self-start’, and 

due to its ability to accurately model sudden, sharp system changes.  Additionally, various 

computational techniques can be employed to increase simulation accuracy and/or simulation 

efficiency.  Two such techniques used in this work are ‘periodic boundary conditions’ to 

approximate systems of infinite size, and the use of ‘cell code’ to increase computational 

efficiency.  These techniques, along with the details of the fourth order Runge-Kutta algorithm 

are detailed below. 
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Runge-Kutta Integration 

Runge-Kutta methods for the numerical integration of ordinary differential equations are a 

popular choice for molecular dynamics simulations due to their ability to ‘self-start’ and their 

robust nature towards system changes; calculating the evolution of a system, with respect to 

time, given the initial positions and momenta of the particles within the system, and the 

equations of motion governing the system.  This is different to the Verlet algorithms, for 

example, which although offering a direct solution to the equations of motion, uses both  tΓ  

and  t tΓ  to predict  t tΓ , where t  is a small change in t.16  As the next iteration 

of particle positions is in part calculated from previous timesteps, the initial dynamics of 

sudden changes to system properties or the system’s equations of motion will not be 

accurately modelled, introducing avoidable error.  Likewise, the Gear predictor-corrector 

algorithm, which uses a simple approximation (for example, a Taylor expansion) to predict the 

next iteration of particle positions before correcting them upon comparison of particle 

accelerations calculated from the new positions and particle accelerations predicted from the 

last step, does not always accurately model sudden changes to the system dynamics, despite 

generally being more efficient for equilibrium simulations.17,18 

Implementation of the fourth order Runge-Kutta algorithm is straightforward.  Consider an 

unknown function y  (equivalent to p  or q  in equation (2.7)) which is dependent on both 

time t, and some functional x  (equivalent to  F q  or 
m

p
 in equation (2.7)), such that 

 ,g ty x  .  Additionally, the value of y  is known at time 
st , giving  s st y y .  Then, the 

fourth order Runge-Kutta value for  st ty  is given to be 

    1 2 3 4

1
2 2

6
s st t k k k k     y y  (2.11) 

where  
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 (2.12) 

Thus, the fourth order Runge-Kutta integrator is a weighted average of four terms, each a 

prediction based upon an estimation of the rate of change of y , where 
1k  is based on the rate 

of change at the beginning of the timestep; 
2k  and 

3k  are based on the rate of change at the 

midpoint of the timestep using slightly different estimates, and 
4k  is based on the estimated 

rate of change at the end of the slope.  It is through using multiple estimates of the slope of y

to determine a more accurate average that the fourth order Runge-Kutta algorithm develops a 

global accuracy that is to the fourth order,  4t  .19  This makes the fourth order Runge-

Kutta algorithm accurate and robust, and, through the use of certain techniques designed to 

increase efficiency (such as adaptive time increments), potentially more productive than 

predictor-corrector routines when applied to specific systems.18  Note that there are an infinite 

number of weighting schemes that offer valid approximations to higher order Runge-Kutta 

algorithms, the one used here being chosen for its wide spread acceptance (indeed, it is often 

referred to as the ‘classical’ fourth order Runge-Kutta algorithm).19 

Periodic Boundary Conditions 

Periodic boundary conditions (PBCs) are a powerful tool to the molecular modeller, allowing 

the approximation of bulk systems despite finite size constraints.  Indeed, whilst it can be 

interesting to investigate the properties of systems approaching the thermodynamic limit, in 

practice there are computational constraints that must be accounted for.  Additionally, 

confinement of a system within a vessel introduces ‘surface effects’; the system’s bulk 

properties are influenced by the artificial interactions between the particles and the vessel’s 
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walls.  To overcome these limitations, PBCs are commonly used, when simulation of a bulk 

system is required.   

PBCs take a unit cell and replicate it throughout all space to create an infinite lattice (Figure 2-

2).  There are no walls, and thus no surface effects, as, for the simplest case, when a particle 

moves across the boundary of the unit cell, its image moves into the unit cell from the 

opposite side.  Although this can introduce system specific difficulties that must be accounted 

for when simulating phenomena such as density changes or systems where an external field is 

driving molecular flow, for an equilibrium bulk fluid, such as that described by equations (2.7), 

the implementation of PBCs are straightforward. 

 

Figure 2-2.  A two dimensional system with periodic boundary conditions and a square unit cell. As a particle 
moves across the boundary of the simulated unit cell (shaded purple), its image from the adjacent cell moves into 
the unit cell. As the unit cell and all particles within are replicated throughout all space, this process occurs 
infinitely throughout all space. 

 

In the work presented here, PBCs are implemented through the use of a cubic unit cell.  Cubic 

unit cells are a common choice for PBCs due to their geometric simplicity, although numerous 
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different unit cell geometries are possible, so long as the corresponding lattice fills the entirety 

of space, and that the cut-off radius of the interparticle potential is less than half of the unit 

cell length (to prevent a particle interacting with its own images, or other particle images 

multiple times).  For a Hamiltonian system with PBCs and a cubic unit cell, when a particle 

moves out of one face of the cube, it immediately appears directly opposite with its 

momentum intact.  This means that the total number of particles, the energy, and the density 

of the system are always conserved, creating a microcanonical ensemble.  Another 

consequence of the cell-structure of PBCs is the inhibiting of long wavelength fluctuations, 

such as those dominant in a liquid at the liquid-gas critical point;16 and suppressing fluctuations 

associated with a variety of other transitions that are system dependent, such as phase 

changes20 and reaction transitions.21  Finally, it should be noted that despite the dominant use 

of a cubic unit cell in three dimensional molecular dynamics simulations, other regular 

polyhedral, such as the rhombic dodecahedron or the truncated octahedron, can be more 

useful when simulating systems with a largely isotropic structure, such as liquids, due to their 

larger volume to surface area ratio.22,23 

Cell Code 

The cell index method for keeping track of particle positions is an effective strategy to increase 

simulation efficiency in systems of large volume.16  It works by dividing the unit cell into a grid 

of smaller cells, each with a length no smaller than the interparticle potential cut-off radius. 

From here, the position of each particle within the unit cell confers upon the particle a grid 

number.  Thus, when calculating the interparticle forces, only particles within the same or 

adjacent grids need be considered (Figure 2-3).  This reduces the N dependence of the number 

of force interactions to  N  for large N.  

Cell code is a useful tool to molecular dynamics simulators as it does not affect the dynamics of 

the system at all; however, the increase in processing efficiency the use of cell code would 
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grant a simulation is dependent on the number of cells the interparticle interaction potential 

cut-off and the cell length allow.  This is an important consideration in later chapters where 

the interparticle interaction potential cut-off is altered during molecular dynamics simulations 

in order to increase efficiency.   

 

Figure 2-3.  Cell index set-up for a two dimensional system. The length of each cell is no smaller than the cut-off 
radius of the inter-particle interaction potential.  As cell 34 is adjacent to cell 27 and the image of cell 4, the 
separation between the particle in cell 34 and the particles in both cell 27 and the image of cell 4 are calculated, 
although cell 13 is ignored.  For this system, the particle in cell 34 is only close enough to interact with the image 
of the bottom particle in cell 4, as the particle in cell 27 and the upper particle in cell 4 are still too distant.  
Although cell code does not eliminate all particle separation calculations that are in excess of the potential cut-

off radius, it reduces the N dependence of the number of force interactions to  N  for large N.   
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3. Statistical Mechanical Overview 

Introduction 

Microscopically, the behaviour of a deterministic system can be thoroughly described through 

the system’s equations of motion; one could solve the equations of motion and witness the 

complete dynamical evolution of the system for all future times, and, by reversing the 

direction of the equations of motion (i.e. making  p p ), past times as well.  

Macroscopically, the behaviour of a closed, isolated system at equilibrium can be completely 

defined through its thermodynamic properties of volume, pressure, energy, entropy and 

temperature – considered constants at equilibrium – without needing to know the microscopic 

details of the system.  As molecular dynamics simulations attempt to calculate details about 

macroscopic systems, through the simulation of microscopic interactions, a means of 

reconciling the two regimes is necessary, and this reconciliation comes through statistical 

mechanics.   

Statistical mechanics is the framework through which macroscopic properties can be predicted 

from microscopic behaviour, and has been an important tool for physicists for over a century.1-

3  In particular, statistical mechanical techniques are considered essential when investigating 

bulk systems, where it is impractical to consider every system state individually.  Much of the 

work presented here consists of large dynamical systems constrained to possess various bulk 

properties, such as constant system temperature or total energy, whilst permitting other 

system properties to fluctuate naturally.  Statistical mechanics makes these types of 

simulations possible, by considering the systems of interest as statistical mechanical 

ensembles. 
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Statistical Mechanical Ensembles 

A statistical mechanical ensemble is a representation of all of the possible microstates of a 

system, with a distribution function that defines the probability of each microstate occurring.4  

Thus, a statistical mechanical ensemble defines the microscopic probabilities for a system with 

given macroscopic constraints.  Two of the most commonly considered ensembles are the 

microcanonical ensemble, where a system possesses a fixed number of particles, N, a fixed 

volume, V, and a fixed total energy, E; and the canonical ensemble, where the system 

possesses fixed N, V, and temperature, T.4  The microcanonical ensemble provides a means of 

considering isolated systems, where the total energy of the system is known.  Although its 

simplicity makes the microcanonical ensemble useful for a variety of fundamental applications 

(for recent examples, see Ref. 5-10), the constant energy regime of the microcanonical 

ensemble is an inappropriate approximation for a system capable of interacting with its 

surroundings.   This, in turn, necessitates the use of other thermodynamic ensembles (such as 

the canonical ensemble for systems in thermal equilibrium with their environment) when 

considering many physical systems and their practical applications.  Due to the relative 

practicability of applying constant-temperature system changes, as opposed to constant-

energy system changes, to physical systems, all work completed here will utilize the canonical 

ensemble; however, the details of the microcanonical ensemble will be briefly outlined first, as 

the way in which the canonical ensemble distribution function is derived is based on knowing 

the microcanonical distribution.  

 

Microcanonical Ensemble 

Any closed, constant energy system with a constant volume and constant number of particles 

can be described by a microcanonical ensemble, making the microcanonical ensemble a useful 

theoretical basis to consider many fundamental systems.  Indeed, even the simple system 
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evolving under the Hamiltonian equations of motion described in Chapter 2 generates a 

microcanonical ensemble.  Like all of the statistical mechanical ensembles, the microcanonical 

ensemble assumes the fundamental postulate of statistical mechanics, the principle of a priori 

probability, which states, “All possible microstates of an isolated assembly are equally 

probable.4”  This postulate has traditionally been justified for isolated systems at equilibrium 

by the extensive results which support it (although a recent proof has been derived by Evans et 

al.11).  As the microcanonical ensemble is a closed system with a fixed total energy, for simple 

systems (such as a system of independent simple harmonic oscillators fixed on a lattice,i also 

known as an Einstein Solid4,12) it is possible to use analytical techniques to count the number of 

system microstates and determine equilibrium system properties from their average.  Indeed, 

the statistical mechanical interpretation of the entropy of a system is defined through the 

number of microstates available to the system by the formula, 

 logBS k   (3.1) 

where 
Bk  is Boltzmann’s constant and    is the number of microstates the system possesses, 

and is associated with the volume of phase space accessible by the system, known as the 

microcanonical partition function, given by   Z d H U  Γ Γ .  Here, U  is the internal 

energy of the system which is a constant, and  is the Dirac delta function:   0x   when 

0x   and   1x dx




 .  Note that for any given system the partition function is a constant.  

Finally, it is possible to define a distribution function  f Γ , such that the ensemble average 

of some phase variable   is equal to, 

    B d f B  Γ Γ Γ  (3.2) 

                                                           
i
Which is not ‘ergodic’, discussed later, as phase and time averages will not be equal. 
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For the microcanonical ensemble, this distribution function is 

  
  H U

f
Z

 


Γ
Γ  (3.3) 

     

Canonical Ensemble 

In order to simulate many practical phenomena, such as a realistic system completing some 

form of work or transformation, the microcanonical ensemble is often insufficient.  For 

example, many physical systems can be considered to be at a constant temperature, with the 

system coupled to some form of thermal reservoir (the reservoir can be as simple as the 

surrounding environment).  This allows the transfer of heat from the reservoir to the system 

for the purpose of performing work, and vice versa, and forms a microcanonical ensemble 

when the system and reservoir are considered together.  In the limit of a reservoir of infinite 

size, the equilibrium temperature of the system will be constant, so the individual particles of 

the reservoir can generally be ignored in favour of their macroscopic properties, and the way 

that these properties influence the system of interest.  The ensemble used to describe such a 

system is known as the canonical ensemble, and represents a system of a constant number of 

particles, constant volume, with a constant system temperature.4   The canonical ensemble is 

used extensively in this work, and through the use of thermostats, molecular dynamics 

simulations are capable of being performed efficiently without the need to simulate the 

infinite number of particles of the thermal reservoir.  

Consider two closed systems, 
1S  and 

2S , connected by a rigid, thermally conducting wall, 

such that both systems are at thermal equilibrium.  Together, these systems form a 

microcanonical ensemble.  Now, the probability,  1Pr iE , of a particular microstate of 
1S  
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with a particular energy, 
iE , is proportional to the number of microstates of 

2S  with an 

energy 
iU E ,    

    1 2Pr  i iE Q U E    (3.4) 

where  2 iU E   represents the number of microstates of 
2S  with an energy 

iU E , and 

Q  is a constant of proportionality.  Now, by considering the size of the system 
1S to be much 

smaller than the reservoir 
2S , the number of microstates of 

2S  can be approximated by 

taking the log of both sides and then taking a Taylor expansion about  2 U , such that,  

 

       

    
  

1 2

2

2

ln Pr ln  +ln 

ln 
ln  +ln 

i i

i

E Q U E

d U
Q U E

dU

  


  

 (3.5) 

As the differential in equation (3.5) is dependent on a constant, U , it itself must be a 

constant.  Thus, by letting  2ln /d U dU    and taking the exponential of both sides, it is 

found, 

    1 2Pr  iE

iE Q U e


   (3.6) 

where 1/ Bk T  , generally referred to as the inverse temperature, and 
Bk  is Boltzmann’s 

constant.  Finally, by defining a new scaling constant 1   such that the sum of probabilities 

over all microstates is equal to one, the probability of microstate  1Pr iE  occurring can be 

found through the ‘Boltzmann probability distribution’ 

   1

1Pr iE

iE e
   (3.7) 
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where   is known as the ‘Partition Function’, equal to iE

i

e
 

 , and only valid for 

systems at equilibrium.  This is a well-known result of statistical mechanics and can be derived 

in alternative ways, from different conceptual bases.4,13,14  

Equation (3.7) is an important result, with many statistical mechanical properties being derived 

from its roots.  For example, by allowing the calculation of individual microstate probabilities, 

the ensemble average of any measurable quantity can be determined.  In addition, the 

Maxwell-Boltzmann distribution, easily derived from the Boltzmann distribution, can be used 

to determine the probabilistic velocity profile of the particles within the system, as each 

unique set of particle positions and momenta represent a unique microstate.13  Alternatively, 

by considering the individual microstates of the system as merely points in the system’s phase 

space, Γ , the partition function can be expressed as15   

  H
Z e d


 

Γ
Γ  (3.8) 

 and a canonical ensemble distribution function can be defined as 

  
 H

e
f

Z




Γ

Γ  (3.9) 

such that the probability of the system existing in some small region of phase space, dΓ , is  

    Pr ,d f dΓ Γ Γ Γ  (3.10) 

Again, note that equations (3.8), (3.9) and (3.10) are only valid for systems at equilibrium, and 

when completing non-equilibrium molecular dynamics simulations, alternative methods for 

the calculation of the system’s properties must be used. 
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Ergodicity 

For real physical systems or simulation systems of interest at equilibrium, the time averages of 

a given observable property almost always appear to approach the same value.  Accordingly, 

the time average of these quantities must be independent of the initial conditions of the 

system, and the trajectory through phase space the evolution of the system took.  A system for 

which the time average of any phase function is equal to its ensemble average is called 

ergodic, and the trajectory of the system will explore phase space such that the time spent in a 

region of phase space is proportional to the local ensemble probability density.  Thus, for an 

ergodic system, the expected value for some phase function, B , is 

      
0

1
lim

t

t
B d f B dtB t

t
  Γ Γ Γ  (3.11) 

Ergodicity is an important concept in the simulation of molecular systems as it allows the 

assertion that the (more easily calculated) time averages are equal to the phase averages given 

by the theory of statistical mechanics.  Although ergodicity is difficult to prove and some 

systems of thermodynamic interest are known not to be ergodic, in practice most simulation 

systems of interest behave ergodically in the sense that the time average of the 

thermodynamically interesting properties always give their phase averages.  For a more 

detailed discussion on the validity of ergodic theory, see Ref. 16. 

 

Modelling Equilibrium Statistical Mechanical Ensembles 

Thermostats 

Thermostats are a convenient means of escaping the microcanonical ensemble by artificially 

constraining a system’s kinetic energy or temperature, and the thermostats used in this work 

operate through the introduction of an extra term to the system’s equations of motion.   
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Although thermostatted systems are capable of producing a wide range of useful, accurate 

system dynamics, the artificial nature of thermostats means that care must be taken when 

introducing them in simulation. Several different thermostats have been developed, 

comprising significantly different methods of constraining the system temperature, each with 

their own system-dependent strengths (for a review of common thermostats, see Ref. 17).  

The work presented here utilised the Gaussian isokinetic thermostat, which keeps the total 

kinetic energy of a system constant through use of a constraint to the particles’ momenta at 

each time step of a simulation;18 and the Nosé-Hoover thermostat, which introduces an extra 

degree of freedom to the system to mimic an external reservoir.19,20  These thermostats were 

used due to their simplicity to implement; the way they allow particle trajectories to evolve 

smoothly; their ability to accurately operate inside the canonical ensemble; and their 

reversibility. 

Gaussian Isokinetic Thermostat 

The Gaussian isokinetic thermostat, developed independently by Evans18 and Hoover,21 

constrains the dynamical evolution of a system to a constant kinetic energy hypersurface 

within the unconstrained phase space.  The thermostat is named after Gauss, as it is serves as 

a non-holonomicii example of Gauss’ Principle of Least Constraint,22 which states that the 

dynamics of a constrained system would vary as little as possible, in a least-squared sense with 

respect to the acceleration, from the original, unconstrained Newtonian trajectories; or 

alternatively, a mechanical system will evolve such that the curvature, C, is a minimum, where  

 C = p
i ,d

- F
i ,d( )

d

å
i

å
2

 (3.12) 

                                                           
ii
Holonomic constraints constrain the positional component of the motion, for example, the distance 

between two particles in a molecule.  Non-holonomic constraints constrain the momenta of the motion, 
for example, constraining the kinetic energy. 
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It is straightforward to see that for an unconstrained system, the curvature will be zero – 

however, for isokinetic simulations, this is not necessarily the case.  In order to minimise C 

subject to the constraint plane, 

   0, , 0
2

g t K
m


  

p p
q p  (3.13) 

where  , ,g tq p  is the equation representing the isokinetic hypersurface in phase space and 

0K  is the fixed total kinetic energy of the system. A Lagrange multiplier,  , is introduced to 

the equations of motion, and for a system at equilibrium this gives,15 

 
q =

p

m

p = F q( ) -ap

 (3.14) 

where, 

 





F p

p p
 (3.15) 

It is important to note that by constraining the motion of the system, the system phase space 

will change dimensionality in two ways.  First, constraining the kinetic energy of the system will 

reduce the dimension of the phase space, as the system loses a degree of freedom in the 

momentum space.  Second, as the thermostat fixes the kinetic energy of the system, but not 

the potential energy, the total energy of the system will fluctuate, and the phase space volume 

will no longer be preserved by the system dynamics.  The magnitude of this phase space 

compression (or expansion) can be derived through consideration of a phase space 

compression factor,   Γ , where 

 L G( ) =
¶

¶G
×G  (3.16) 
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For a constrained system governed by the equations of motion (3.14) and (3.15), the phase 

space compression factor becomes, 

 

 

 

 

, ,

,

,

,

3 1

i i

i i

i

i i

F p
p

p
p

N

 
 


 







 
    

 


 



   
        

  





Γ q p
q p

F p

p p

 (3.17) 

The minus one term in equation (3.17) corresponds to the loss of one degree of freedom (the 

total kinetic energy) in comparison to the canonical ensemble, and by additionally constraining 

the total momentum in each plane, this freezing of degrees of freedom will increase 

accordingly to give15,23 

    3 4N    Γ  (3.18) 

This result is used in Chapters 6 and 7, and can be derived in a number of conceptually 

different ways, seen in Ref. 15,23.  Note that whilst the Gaussian isokinetic thermostat is 

capable of preserving the canonical ensemble, these lost degrees of freedom result in the 

thermostat being unable to generate the full canonical ensemble from a single trajectory; in 

order to use the Gaussian isokinetic thermostat to complete simulations within the canonical 

ensemble, initial system phase points must be generated in other ways.   

Evans and Morriss have demonstrated that the above equations of motion conserve the 

isokinetic distribution function given by,15 

  
    

    
0

0

G

e K K
f

d e K K









 

 






Γ

Γ

Γ
Γ

Γ Γ
 (3.19) 
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where   03 4 / 2N K   . Note that this is precisely the canonical distribution (equation 

(3.9)) locked onto a constant kinetic energy hypersurface.iii  Finally, by  fixing the thermostat 

multiplier to zero (i.e. 0  ), the system will possess no constraints, reducing the dynamics 

to Hamiltonian dynamics and allowing one to perform isoenergetic equilibrium simulations,21 

sampling the microcanonical ensemble.     

 

Nosé-Hoover Thermostat 

In contrast to the Gaussian isokinetic thermostat, the Nosé-Hoover thermostativ regulates the 

temperature of a system through the introduction of an additional two degrees of freedom, s 

and 
sp , which allow the temperature to fluctuate.19,24  In effect, these additional degrees of 

freedom mimic an external reservoir, and through a particular selection of a potential for s, the 

Nosé-Hoover thermostat is capable of generating the canonical ensemble.  Letting s represent 

an additional degree of freedom that scales the momenta of a system’s particles such that 

s
m


p
q , and letting 

sp  represent the kinetic contribution of the additional degree of 

freedom, the Hamiltonian of a system constrained by the Nosé-Hoover thermostat is 

    
2

0 , 1 ln
2

s
N

p
H H g kT s

s Q

 
    

 

p
Γ q  (3.20) 

  where 
0H  represents the Hamiltonian of the unthermostated system, but with momenta 

scaled by s; g  is the number of degrees of freedom within the system, T  is the desired 

temperature and the term  1 lnBg k T s  represents the potential contribution of the 

additional degree of freedom, chosen so as to allow the generation of the canonical ensemble; 

                                                           
iii
Or alternatively, the canonical distribution in the position space, with a hypersphere of fixed radius in 

the momentum space. 
iv
Originally proposed and demonstrated by Nosé, before being simplified by Hoover 
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and Q  can be considered a dimensionless ‘mass’ term, with the function of determining how 

‘stiff’ the constraint is. 

 

As demonstrated by Nosé, the extended Hamiltonian in equation (3.20) produces the 

microcanonical ensemble over the variables  , , , ss pp q , however, it produces the canonical 

ensemble over the rescaled variables  ', ', , , , ,s ss p s p
s

 
  
 

p
p q q .   By simply scaling the 

momentum by s, it can be considered that Nosé’s system introduces a non-Galilean time 

frame, which can be cumbersome when attempting to calculate finite size effects on 

dynamical averages.15,25  Hoover, through the introduction of a new time variable, ' /dt dt s , 

and defining a friction coefficient /sp Q  , reformulated Nosé’s equations of motionv to be  

 

q =
p

m

p = F -xp

x =
1

Q

p ×p

m
- gk

B
T

æ

èç
ö

ø÷

 (3.21) 

 The equilibrium distribution function of a system constrained by a Nosé-Hoover thermostat is 

canonical, given by 

  

2
0

2
0

1

2

1

2

,

H Q

NH
H Q

e
f

d e

 

 





 
  

 

 
  

 





Γ

Γ

 (3.22) 

The derivation of equation (3.22) assumes the system is ergodic, and for systems sufficiently 

small or stiff, it has been shown that the thermostat can fail to produce the canonical 

ensemble.26-28  These limitations are, however, not relevant for many interesting systems, and 

                                                           
v
Dropping the primes 



Chapter 3: Statistical Mechanical Overview  36 

 
 

 
 

the Nosé-Hoover thermostat is an important tool in modern constant-temperature molecular 

dynamics simulations (for recent examples, see Ref. 29-31).  The Nosé-Hoover thermostat is used 

in the work presented in Chapters 6 and 8. 
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4. Free-Energy Calculations 

Introduction 

When considering the characterization of the physical equilibrium of a system, an 

understanding of the thermodynamics occurring within the system is vital.  This makes 

thermodynamics widely applied in the scientific community, and, at its core, are free energies.  

The free energy of a thermodynamic system is the amount of ‘useful’ work the system is 

capable of performing, equal to the internal energy of the system minus the ‘un-useful’ energy 

involved in heating and entropic effects, and free-energy calculations have applications as 

diverse as protein folding in drug design,1-3 compound stability in material design4-6 and phase 

equilibria in thermodynamic systems.7-9  Alternatively, free-energy differences can be 

considered the ‘driving force’ of chemical reactions, with the direction of reaction occurring 

from the system with the greatest free energy, to that of the least.10  Although the free energy 

of a system is a state function, the standard prescription for the calculation of absolute free 

energies is to consider the difference between some realistic system and an ideal lattice for 

which an analytic expression can be derived.11-13 

Despite the generality of the concept of free energies, there are two, distinct, free energies 

that are commonly used and fundamentally different to each other, namely, the Helmholtz 

free energy and the Gibbs free energy.  The Helmholtz and Gibbs free energies can both be 

derived from either classical thermodynamics or statistical mechanical principles; however, 

while Helmholtz free-energy calculations are used for constant volume 

transformations/reactions, Gibbs free-energy calculations are used for constant pressure 

transformations/reactions.    
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Helmholtz and Gibbs Free Energies 

The Helmholtz free energy is one measure of the energy within a system that is available to do 

work, and is defined thermodynamically as, 

 A U TS   (4.1) 

where A  is the Helmholtz free energy, U  is the internal energy of the system, T  is the 

system temperature, and S  is the system entropy.  Thus, the Helmholtz free energy can be 

considered as the internal energy of the system, without the energy inaccessible due to 

heating and disorder effects.  This is a fundamental definition of classical thermodynamics, 

stemming from the first lawi and the thermodynamic definition of the entropy, and results in 

an infinitesimal change in free energy of a closed system being defined as, 

 dA SdT PdV    (4.2) 

where P  is the pressure of the system and V  the volume.   

Alternatively, the Gibbs free energy is defined through the consideration of enthalpy and 

entropy, and is defined as, 

 G H TS   (4.3) 

where G  is the Gibbs free energy, H  is the enthalpy of the system, given by 

 H U PV   (4.4) 

                                                           
i
The first law of thermodynamics states that a change in the energy of a system must be equal to the 

change in heat plus the work done on the system, dU Q W   , where dU  is a small change in 

energy U , and   is an infinitesimal change in a path function.  For a system where the only work done 

is through expansion, dU Q PdV  , where P  is the pressure of the system, and V  is the system 

volume. 
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Thus, the Gibbs free energy is equal to the Helmholtz free energy plus a pressure/volume 

term.  Despite the similarities, this difference changes the nature of the Gibbs free energy, 

with an infinitesimal change in a closed system, 

 dG SdT VdP    (4.5) 

making the Gibbs free energy more useful than the Helmholtz free energy for those 

performing isothermal, isobaric calculations, as opposed to isothermal, isochoric ones. 

As the Helmholtz free energy is used extensively in this work, it is useful to obtain a 

relationship for it in terms of statistical mechanical properties.  From the statistical mechanical 

definition of the entropy of a system, equation (3.1), the entropy can be expressed in terms of 

the distribution function,  f Γ : 

    lnBS k d f f   Γ Γ Γ  (4.6) 

where  f Γ  is the distribution function of the phase space, Γ , as per Chapter 3.  Using the 

canonical distribution (equation (3.9)) to substitute an expression for the second  f Γ  term 

in equation  (4.6), gives, 

 

      

      

ln

1
ln

B

B

S k d H f f Z

H f d k Z f d
T

 

 



 

Γ Γ Γ Γ

Γ Γ Γ Γ Γ
  (4.7) 

Considering that the integral of the distribution function over all phase space is one, 

  1f d  Γ Γ , and that the expected internal energy is simply the sum of the energy of each 

small region of phase space by the distribution function for that region, 

    H f d U Γ Γ Γ , equation (4.7) is simplified to give, 

 lnB

U
S k Z

T
   (4.8) 
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From which the Helmholtz free energy can be defined as 

 lnBA U TS k T Z     (4.9) 

The result of this equivalency will be built upon in the following sections.   

 

Traditional Free-Energy Calculation Techniques 

Free-Energy Perturbation and Thermodynamic Integration 

With the invention of computers and the subsequent development of simulation based 

scientific techniques, direct calculation of free-energy differences became possible.  The 

original algorithm for determining free-energy differences was pioneered by Robert Zwanzig in 

1954,14 building on the classical, statistical mechanics work of John Kirkwood.15  Zwanzig 

developed what is now known as the free-energy perturbation method for calculating the free-

energy difference between any two equilibrium states, 
1 2A : 

 
   2 1; ; /

1 2
1

ln BH H k T

BA k T e
    

  
Γ Γ

 (4.10)

where  ;H Γ   is the Hamiltonian of the system at the point in phase space   and is 

defined by some switching parameter  , which is 
1  in state 1 and 

2  in state 2, and 
1

...  

represents the ensemble average of the change in the Hamiltonian due to a transformation 

described by the equilibrium distribution function of state 1.   

Unfortunately, for many interesting systems, significant numerical errors can affect the 

determination of the ensemble average.  The ensemble average can be detrimentally 

influenced by an inadequate sampling of states, since rarely observed configurations (with 
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more negative values of    2 1; ;H H Γ Γ ) contribute significantly to the average.ii  

Consider a simple system described by the phase space labelled A in Figure 4-1 (adapted from 

Ref. 16).  In the ‘Nested Phase Space’ example, Figure 4-1a), the phase space of state B and 

state C can be considered as subsets of state A, such that all phase points in state B and state C 

exist within state A.  A transformation from state A to state B is likely to return values of 

   2 1; ;H H Γ Γ  for which equation (4.10) will converge quickly and accurately, as state 

A fully samples state B.  Conversely, equation (4.10) is likely to converge noticeably slower for 

transformations from state B to state A, as state B only samples a subset of state A.  

Furthermore, whilst equation (4.10) is likely to take a significant time to converge for a 

transformation from state A to state C, as the transformation will only rarely sample the 

relevant configurations of state C, calculations based on the reverse transformation from state 

C to state A may not noticeably converge at all.  For the offset phase space, Figure 4-1b), the 

Hamiltonians of state A and state B are identical, however are offset in phase space.  This 

could be something as simple as offsetting a system in positional space, whilst maintaining the 

same momentum space.  Despite the free-energy difference between the two systems being 

zero, the free-energy perturbation formula is likely to take significant convergence time as 

inadequate overlap will result in    2 1; ;H H Γ Γ  being large, whilst the free-energy 

perturbation formula is unlikely to return accurate results for a transformation between state 

A and state C at all.     

                                                           
ii
As these sampling difficulties can also affect the non-equilibrium free-energy calculation methods 

outlined later in this chapter (and used for the calculation of almost all of the results in this work), a 
more detailed analysis on the convergence properties of these methods is included in Chapter 5.   
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Figure 4-1.  Phase volumes for various states of a simple system adapted from Ref. 
16

.  Figure a) represents 
‘nested’ phase space, where the phase volume of state B and state C are subsets of state A , whilst Figure b) 
represents ‘offset’ phase space, where the phase volume of state B and state C are offset in phase space.  The 
accuracy and speed of convergence for the free-energy perturbation method of calculating free-energy 
differences is highly dependent on the overlap of the phase profiles above 

  

 

The sampling difficulties experienced by the free-energy perturbation method led to the 

creation of free-energy calculation algorithms which move a system between state 1 and state 

2 through other, more tractable states (note that these other states do not have to be physical 

in order to yield accurate results).  Consider the mixed Hamiltonian 

        1 2; 1 ; ;s sH H H      Γ Γ Γ  (4.11) 

where 
s  represents some switching mechanism that allows an iterative transformation 

between  1;H Γ  and  2;H Γ  and 0 1s  .  Here, the free energy difference between 

the initial and final states of the system can be calculated by summing the change in the mixed 

Hamiltonian for each new 
s .  In the limit of an infinitesimal change in 

s , the free energy 

change becomes equal to the integral: 

 
 2

1

1 2

;H
A d



 








 


Γ

 (4.12) 
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where ...


 indicates that each infinitesimal step of the integral is relative to the equilibrium 

distribution of the previous step.  This approach to free-calculations is known as 

thermodynamic integration.17  As the transformation between states occurs reversibly, the 

thermodynamic integration method of free-energy calculation results in the work required to 

move the system between two states being the same as the free-energy difference between 

the states, or, 

 
1 2 revA w   (4.13) 

Note that as the free energy of a system is a property of its state, there is no restriction on the 

path the integral can take, and completely unphysical transformation actions will return the 

same results;9 however, the system must accurately sample the equilibrium distribution of 

every point along the integration path.  For significant transformations, or transformations 

involving large systems, this necessity can result in calculations becoming prohibitively time-

consuming.   

 

Modern Non-equilibrium Free-Energy Calculation Techniques 

Variations of free-energy perturbation methods, thermodynamic integration, and Monte Carlo 

techniques, had been the literature standard for free-energy calculations for decades until the 

seminal work of Jarzynski in the latter half of the 1990’s.  Jarzynski derived an expression (now 

known as the Jarzynski Equality (JE)) relating the free-energy difference between two 

equilibrium states to a non-equilibrium path connecting those two states.18,19  This work was 

shortly followed by that of Crooks, who derived an expression that relates the free-energy 

difference between two states of a system to the relative probabilities of observing equivalent 

work values from forward and reverse non-equilibrium transformations between the 

states.20,21 
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The new, non-equilibrium, free-energy calculation methods developed by Jarzynski and Crooks 

represented a breakthrough in the calculation of free energies, often offering accurate free-

energy calculations via simpler algorithms or with increased efficiency through the use of non-

equilibrium processes, as investigated in this work.  In addition, these works have been further 

developed to create new expressions, such as the iterative Maximum Likelihood Estimator 

(also known as the Bennett Acceptance Ratio) of Shirts et al.,16,22 which is accurate, efficient 

and robust for a variety of interesting systems.23-25  As the original results presented in this 

body of work rely on these modern non-equilibrium techniques for the calculation of free-

energy differences, they are derived here in preparation of their applications to subsequent 

chapters.  The derivations presented here are slightly different to the original ones of Jarzynski 

and Crooks, but lead to the same results. 

 

Jarzynski Equality 

In 1997, the JE renewed interest in the calculation of free energies using molecular dynamics 

simulations.18,19  Jarzynski found that the free-energy difference between two canonical 

equilibrium states is related to an average of exponential work values required to drive the 

system from state 1 to state 2: 

 1 2 1 2

1

w A
e e

    
  (4.14) 

The consequence of this relationship is that the transformation need not be performed 

reversibly; indeed, the above-specified average 
1

...  is independent of the path taken from 

state 1 to state 2 regardless of how far the system is forced from equilibrium, or which control 

parameter is changed between the two states.  Although equation (4.14) allows the calculation 

of free-energy differences without the need for well-modelled, physically possible, processes 

underlying the transformation, it is important to note that the convergence properties of the 
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average on the right hand side of equation (4.14) can be strongly dependent on the nature of 

the path chosen, and an estimate based on a finite number of trajectoriesiii can vary 

significantly from the actual value.  Thus, in order to obtain accurate free-energy differences 

from equation (4.14), it is important that the work required to drive the system from state 1 to 

state 2 is calculated from a well sampled ensemble of trajectories.   

One approach towards the derivation of the Jarzynski Equality is to consider the relative 

probabilities of observing time-reversed, conjugate sets of transformation trajectories.  

Consider a system defined over all of phase space by the distribution function  ;f Γ , 

where   is a control parameter that defines the state of the system.  The probability of 

observing the system in some small region of phase space can be expressed as the product of 

the distribution function,  ;f Γ , and the volume of the region, that is, 

    
 

 
Pr ; ;

H
e

d f d d
Z



 




 Γ Γ Γ Γ



   (4.15) 

where it is assumed that the initial distribution is canonical,    
/

H
f e Z




Γ
Γ .   

Now, let 
1 2

tS 
 be a time-evolution operator that propagates a phase vector of the system 

with Hamiltonian  1;H Γ  and at point  0 0 0,Γ q p , to a point  ,t t tΓ q p  where the 

Hamiltonian has changed to  2;H Γ ,iv over some time t, so that  

    
1 2 0 0, ,t

t tS  q p q p  (4.16) 

Additionally, time-reversal mapping is applied through use of the time-reversal operator 
TM : 

                                                           
iii
In non-equilibrium molecular dynamics, a trajectory is the path traced in the phase space by Γ  under 

the time evolution operator 
tS .   

iv
Note that the system begins in the equilibrium distribution of state 1 with Hamiltonian  1;H Γ , but 

will not be in the equilibrium distribution of state 2 at time t, although the Hamiltonian of the dynamics 

will be  2;H Γ  
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 * *

0 0  and  T T

t t t tM M    q q q p p p  (4.17) 

The trajectories starting at 
 


0
 and evolving with operator 

1 2

tS   and those that start at *

0  

and evolve with the operator 
2 1

tS 
 (where the external variable changes from 

2  to 
1 )  will 

be related by time-reversal symmetry (see Figure 4.2). 

 

Figure 4-2.  Two trajectories related by time-reversal symmetry.  The top trajectory evolves from phase point 

 
0 0 0

, q p  to  ,
t t t
 q p  through the time evolution operator 

1 2

S
 

.   A time-reversal mapping 

operator, 
T

M  is then applied to give the phase point    * * *

0 0 0
, ,

t t
  q p q p .  If this new phase point is then 

operated upon by
2 1

S
 

 , it will take the system to the point in phase space  *

0 0 0
,

T

t
M  q p Γ . 

 

The ratio of probabilities of observing trajectories in 
0d  sampled from an equilibrium 

distribution defined by 
1 , and in the conjugate set, *

0d , sampled from an equilibrium 

distribution defined by 
2  is then, 
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p q

p q

p q

p q

 (4.18) 

as the internal energy is unchanged on time reversal, so    *

0 2 2; ;tH H   ; 

* *

0 0 t td d d dp q p q  because phase volumes are unchanged on time reversal; and in both cases 

the system is initially at equilibrium with a canonical distribution.   

The final term of equation (4.18) considers the change in the size of the phase volume 

between the initial and final equilibrium distributions.  For an unthermostated (adiabatic) 

system, where the equations of motion are described by equation (2.7), phase space will be 

conserved and, 

 * * *

0 0 0 0 0 0t td d d d d d d d   Γ q p q p q p Γ  (4.19) 

If the system is thermostatted, phase space will not be conserved.  The additional terms to the 

equations of motion discussed in Chapter 3 will result in the extraction of heat during the 

transformation, and the rate of change of the phase space volume will be given by the phase-

space compression factor,  


 


Γ Γ
Γ

.26  Thus, the last term in equation (4.18) is 

equivalent to 

 0 1 2
( ( ))

0 0

t

ds s Q

t t

d d
e e

d d

 
   

q p

q p



 (4.20) 

where 
1 2Q 

 is the heat gained during the transformation from state 1 to state 2.  Thus, 

equation (4.18) becomes 
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 (4.21) 

where, from the first law of thermodynamics, 

    1 2 2 0 1 1 2; ;tw H H Q       (4.22) 

From this result, it can be observed, 

  
 

 
 1 2 2 * * *

0 1 0 0 0 2 0 0

1

; ;
w Z

e f d d f d d
Z

 
 




p q p q   (4.23) 

which, by integrating both sides over all phase space, gives the Jarzynski Equality 

 
 

 
1 2 1 22

1
1

w AZ
e e

Z

 


   

   (4.24) 

 

The robust nature of the JE and its importance to fundamental thermodynamics can be 

demonstrated by comparing it to the MD free-energy calculation techniques previously 

mentioned.  First, for an instantaneous transformation from 
1 2  , the work obtained will 

simply be the energy difference between the Hamiltonians of the two states for the initial 

configuration of the system when the change is performed,    0 2 0 1; ;H H Γ Γ .  Thus, 

equation (4.14) can be expressed as the ensemble average over the initial state, giving the 

free-energy perturbation formula derived by Zwanzig: 

   1 2

1

H A
e e

     


Γ
 (4.25) 
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Conversely, by transforming the system along a thermodynamically reversible pathway, the 

work calculated along each individual trajectory of the ensemble will be identical, resulting in 

an ensemble average that remains constant no matter the number of trajectories.  This allows 

equation (4.14) to be reduced to the form: 

 
1 2 1 2w A    (4.26) 

equivalent to equation (4.13).     

Whilst the remarkable utility of the JE is in its ability to give accurate free-energy differences 

after completely non-physical transformations, care must be taken to avoid sampling 

deficiencies similar to those of the free-energy perturbation method, particularly if the average 

is taken over too few trajectories that are themselves too rapid.  Calculation algorithms 

consisting of weighted ensemble averages have been developed to address these 

difficulties,27,28 but are largely system-dependent and have not been used in this work.  In 

addition, as the free energy of a system is a state function, the free-energy calculated from 

both the forward and reverse transformations should be equal, however the JE has been 

shown to converge for one direction faster than its reverse,23,29 due to similar sampling issues 

as those discussed for the free-energy perturbation method.   Further analysis of the JE will 

occur in Chapter 5 when considering the relative strengths of the various non-equilibrium free-

energy relations in calculating free-energy difference between two systems of different-sized 

particles. 

 

Crooks Relation 

As opposed to relating the free-energy difference between two states of a system to an 

ensemble average of the work required to transform the system from state 1 to state 2, like 

the JE, the Crooks Relation gives an expression relating the free-energy difference to the 
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relative probabilities of observing a forward and reverse trajectory with work of the same 

magnitude.20,21  Thus, the Crooks Relation requires both the forward and reverse 

transformation work distributions to calculate free energies.  As with the JE, it can only be 

estimated from well sampled work distributions. 

Consider the probability density of observing 
1 2w X   during the transformation of the 

Hamiltonian from state 1 to state 2, 

 

    
 

 
  

0 1

1 1 2 0 0 1 1 2 0

;

0 1 2 0

1

( ; )

H

w X d f w X

e
d w X

Z

 

  




 





  

 




Γ

Γ Γ Γ

Γ Γ
 (4.27) 

where 
1  is the probability density relative to the equilibrium distribution of state 1, 

 1 2 0w Γ  is the work from state 1 to state 2 starting at the phase point 
0Γ , and the system 

is distributed as per the canonical ensemble with  1 1;H Γ .  Similarly, the probability density 

of observing the time reversed conjugate with a work of X  sampled from the canonical 

distribution with  2 2;H Γ  is, 
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 (4.28) 

Now, as the work required to drive the system from state 1 to state 2 is simply the negative of 

the work required for the reverse transformation,      *

2 1 0 1 2 0w X w X    Γ Γ .  If 

there is no heat extracted due to thermostatting, from the definition of the time reversal 

mapping and the first law of thermodynamics,  

        *

0 2 2 0 1 1 2 0; ; ;tH H H w     Γ Γ Γ Γ  (4.29) 
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and  

 *

0 0d dΓ Γ  (4.30) 

Thus, equation (4.28) can be re-expressed as, 
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 (4.31) 

Finally, by combining equation (4.27) and equation (4.31), the Crooks Relation is found to be, 
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 (4.32) 

Note that if thermostatting is used, equations (4.29) and (4.30)  will include terms due to heat 

removal and phase space contraction, as discussed in the derivation of the JE.  By integrating 

over a small range of work values, such that    1 1 2 1 2Pr

dX

dX

w X dX w X x dx 



     , 

the probability that 1 2w  takes on a value between X dX  can be determined, and by 

redefining  1 1 2Pr w X   as the probability that 1 2w  takes on a value between X dX  

(the notation most commonly used in the literature), equation (4.32) can be expressed in 

terms of probabilities: 
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Maximum Likelihood Estimator (Bennett Acceptance Ratio) 

The ability to calculate the free-energy difference between two states of a system via 

transformation in both directions leads to a method of free-energy calculation derived by 

Shirts et al. known as the Maximum Likelihood Estimator (MLE) or Bennett Acceptance Ratio 

(BAR)v.16,22  The derivation of the MLE is straightforward: the probability of obtaining a work, 

X , from a forward transformation starting from the canonical distribution with 
1   is a 

conditional probability, equivalent to, 

    1 1 2Pr Pr |w X w X F     (4.34) 

 where 
1 2 2 1w w w     and the notation used on the RHS of equation (4.34) represents the 

probability of w X  given that the transformation is in the ‘forward’ (i.e. state 1 to state 2) 

direction, F .  Likewise, for the reverse transformation, used in the Crooks Relation, 

    2 2 1Pr Pr |w X w X R      (4.35) 

Note that the subscript is dropped from Pr  on the RHS of equations (4.34) and (4.35) because 

the F  (for the reverse transformation equivalent, R ) specifies the distribution (i.e. it is 

associated with state 1 ( F ) or state 2 ( R )).  By combining equations (4.34) and (4.35), the 

Crooks relation can be expressed as: 

 
 

 
 1 2

Pr |

Pr |

X Aw X F
e

w X R

 



 (4.36) 

                                                           
v
The origins of the MLE lay in the original BAR work of Bennett, who developed an iterative approach for 

measuring free-energy differences through the instantaneous switching of states.
30

  Whilst original BAR 
predates both the Jarzynski Equality and the Crooks Relation, the derivation of the MLE from Crooks 
Relation uses a similar approach, giving rise to the alternate naming. 
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Using Bayes’ Theoremvi on both the numerator and denominator of equation (4.36), and the 

fact that    Pr | Pr | 1F w X R w X    , the LHS of equation (4.36) can be shown to 

give, 

 
 

 

 

 

 

 

Pr | Pr | Pr

Pr | 1 Pr | Pr

w X F F w X R

w X R F w X F

 


  
 (4.37) 

where    Pr / PrR F  is the ratio of observing reverse trajectories over forward trajectories, 

and for unbiased sampling, is equivalent to 
2 1 1 2/N N 

, where 
2 1N 

 is the number of reverse 

trajectories taken, and 
1 2N 

 the number of forward trajectories taken.  Thus, by combining 

equation (4.36) with equation (4.37), it is found: 
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 (4.38) 

 from which the probability of a forward transformation given a single work measurement, 
iw , 

of X  is found to be: 

  
 2 1

1 2

1 2

1
Pr |

1 exp
iF w X
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 (4.39) 

An analogous expression can be obtained for the probability of the reverse transformation: 

  
 1 2

1 2

2 1

1
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vi
Bayes’ Theorem states:    

 

 

Pr
Pr | Pr |

Pr

A
A B B A

B
  



Chapter 4. Non-equilibrium Free-Calculations  55 

 
 

 
 

Finally, the overall likelihood of obtaining any free-energy difference,  1 2L A , from a series 

of work measurements given can be expressed as the product of the joint probability of 

obtaining the forward trajectories from a specified work value, and the joint probability of 

obtaining reverse trajectories from the specified work value,  

      
1 2 2 1

1 2 Pr | Pr |
N N

i j

i j

L A F w X R w X
 

      (4.41) 

The most likely value of 
1 2A  is the one that maximises  1 2L A .  Thus, taking the natural 

logarithm of both sides of equation (4.41) for convenience, and setting the derivative to zero, 

gives, 
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 (4.42) 

from which the MLE is found to be 
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   (4.43) 

for a distribution comprised of 
1 2N 

 forward work results and 
2 1N 

 reverse work results.   

The ability to parallelise the forward and reverse free-energy calculations means that for most 

systems, the MLE produces accurate results at a higher speed,16,23 and the iterative nature of 

the MLE allows a desired accuracy to be set, also aiding in computational efficiency.  

Additionally, as the MLE averages the free-energy differences from the forward and reverse 

trajectories, it can be considerably more robust than the standard JE free-energy calculation 

techniques,16,23,24,31 particularly when calculated using dynamical routines that minimise the 
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mean squared error of the MLE by adjusting the ratio of forward to reverse work results 

included in the average.32   
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5. Analysis of Non-equilibrium Free-Energy Calculation 

Techniques for Systems of Particles of Different Size 

 

Introduction 

For non-equilibrium free-energy calculation techniques to possess any real utility to the 

scientific community, a thorough understanding of their accuracy and convergence properties 

is required.  There are a number of simulation parameters which affect accurate convergence, 

including the length of time a transformation is completed over and the number of trajectories 

a transformation is driven for.  For a system in the thermodynamic limit undergoing a 

reversible change, the number of timesteps a transformation is driven over would diverge to 

infinity, the size of the timesteps would approach zero, and only a single trajectory would be 

required, as every trajectory taken would return the exact same work value, equivalent to the 

free-energy change of the transformation, as per equation (4.13).  Alternatively, in the limit of 

an infinite number of trajectories, the work distribution obtained from a transformation will be 

perfectly sampled, and even instantaneous transformations such as the free-energy 

perturbation method (equation (4.10)) would return perfect results.   

The strength of the non-equilibrium free-energy relations is in their use for the calculation of 

free-energy differences from non-equilibrium transformation protocols, and calculation 

efficiency can be increased through determination of an optimal transformation speed and 

number of trajectories, minimising total simulation time without loss of accuracy.  Although 

the optimal values of these parameters are highly system-dependent, the effects of varying 

these parameters are investigated in this chapter for a novel system of LJ particles changing 

size, to gain an understanding of the sensitivity of the non-equilibrium free-energy relations 

prior to their application to density-change systems. 
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Potential Change Work Function 

In order to obtain the free-energy difference between two states of a system from the JE or 

MLE, the work function describing the transformation must first be derived.  In this chapter, a 

system of LJ particles changing size is considered.  This is done by varying the parameter 

(see equation (2.9)) such that    in equation (4.22).  A Gaussian isokinetic thermostat was 

used to maintain a constant system temperature.  From equation (4.22), the change in internal 

energy of a system is equal to the difference between the work done upon the system and the 

heat lost  1 2Q  during the transformation.  Thus, the work function for a change from state 

1, defined by 1 , and state 2, defined by 2 , over some time t ,  is 

    1 2 2 0 1 1 2; ;tw H H Q    Γ Γ  (5.1) 

where, for a Gaussian thermostat, the heating term is equal to 

    1 2
0

3 4
t

BQ N k T s ds      (5.2) 

as per Chapter 3.   

 

Simulation Details 

Generation of Non-Equilibrium Trajectories 

Having derived the work function for the transformation, isokinetic molecular dynamics 

simulations were completed to calculate the free-energy difference between the two system 

states.  The simulations incorporated periodic boundary conditions, as detailed in Chapter 2.  

At the beginning of each simulation, the particles within the system were arranged along a 

lattice, with randomly determined initial velocities generated according to a Maxwell-

Boltzmann distribution.  The system was then given a period of time to relax to equilibrium, 

before any transformations were driven.  For each transformation trajectory, the energy of the 
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system was calculated at the beginning and at the end, whilst the phase space compression 

factor was calculated and summed at each individual time step.  At the completion of each 

non-equilibrium trajectory, the simulation was returned to the point in the state 1 equilibrium 

ensemble at which the non-equilibrium trajectory began, and a second non-equilibrium 

trajectory was spawned with the sign of the momentum reversed – done because the 

equilibrium distribution is even with respect to momenta, and making generation of an 

ensemble of initial points more efficient.  The simulation was once again returned to the 

original equilibrium trajectory, which was then propagated forward in time to generate a new 

non-equilibrium transformation starting point and the process repeated.  This process is 

displayed graphically by Figure 5-1. 

 

Figure 5-1.  Branching trajectories of non-equilibrium molecular dynamics simulation.  The red line demonstrates 
the evolution of the equilibrium trajectory, sampling phase points from the state 1 equilibrium distribution 

through the operator 
eqt

eqS .  After every time, 
eqt , two non-equilibrium transformation trajectories are spawned 

(displayed as green lines): one from the original equilibrium distribution phase point, and one from an equally 
probable phase point with the reverse sign of the momenta.  These trajectories are evolved by the operator 

1 2

tS 
, resulting in final phase points sampling the equilibrium distribution of state 2. 
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Simulation Parameters 

The system used to compare the convergence properties of the JE and the MLE was comprised 

of 108 LJ particles, undergoing a change in   from 1.0 to 1.1 and vice versa.  As per Appendix 

10.1, all variables of the system are expressed in dimensionless LJ reduced units.  The density 

of the system was set to 0.5, and the potential cut-off radius set to 2.5 .  Furthermore, the 

temperature of the system was set to 1, and the size of the timesteps separating individual 

evaluations of the equations of motion set to 0.001.  This timestep size was selected to ensure 

that errors introduced from certain factors (such as discontinuities in the interparticle force 

from truncation of the potential and numerical integration of the equation of motion) are not 

significant.  Finally, 500 trajectories were simulated, each with a 1 000-timestep length, 

separated by 1 000-timestep equilibrium trajectories. 

 

Comparison of Methods 

Comparison of Convergence Based on Number of Trajectories 

Figure 5-2a displays the convergence of the free energy with time from the JE and MLE 

expressions for the forwardi transformation.  The negative of the free energy obtained using 

the JE for the reverse transformation is also displayed, as the absolute value of the free-energy 

difference between two states does not depend on the direction of transformation.   Similarly, 

Figure 5-2b displays the distribution of 
1 2w

 and 
2 1w  .  By plotting both distributions, the 

free-energy change of the transformation can be approximated from the Crooks Relation at 

the place of overlap, as per equation (4.32).   

                                                           
i
‘Forward’ representing a change in   from 1.0 to 1.1, and ‘reverse’ representing a change from 1.1 to 

1.0. 
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Figure 5-2. a) The convergence of free-energy calculations for an increase in   from 1.0 to 1.1.  b) The forward 

and negative reverse work distributions for the transformation.  Note that the free-energy difference predicted 
by the Crooks Relation can be estimated from the point of overlap.  

 

The convergence of the free energy with number of trajectories using the JE for the forward 

process, shown in Figure 5-2a, is typical of an average dominated by rare events, with 

trajectories of unusually low work causing sudden jumps in F .  After 500 trajectories, it is 

clear that the free energy obtained from the JE for the forward process has yet to converge.  

Conversely, over the same number of trajectories, the free energy obtained from the JE for the 

reverse process appears to have converged, although to a different value to that predicted by 

the MLE.  Poor convergence is a common difficulty in completing free-energy calculations, 

caused by an inadequate sampling of the dominant trajectories, and related to the phase-

space overlap between the equilibrium distributions of the two states of interest.1,2  By 

considering the probability of a single forward trajectory sampling the dominant region of the 

distribution function of the final state, and its relation to the average dissipation generated by 

the transformation, Jarzynski approximated that the number of simulation trajectories 

required for convergence of the JE is3 

 
2 1

1 2 ~
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where 
1 2

CN 
 is the number of trajectories required for the convergence of the JE for a forward 

transformation (from state 1 to state 2), and 
2 1

dissw 
 is the average dissipated workii from the 

reverse transformation, equal to the difference between the average work and the free 

energyiii  

 
2 1 2 1 2 1

dissw w A     (5.4) 

The remarkable consequence of equation (5.3) is that the JE rate of convergence is dependent 

upon the dissipation of the transformation in the opposite direction, 2 1

dissw  , and that the 

more dissipative transformation of the two directions is likely to converge faster, a result 

further discussed in Chapter 8.  This may seem counterintuitive, as between different 

transformation  algorithms, free-energy calculation convergence is expected to be more rapid 

when dissipation is minimised,7,8  but the reason is straightforward.  For two Gaussian profile 

work distributions to overlap, the distribution with the highest dissipation must also have the 

greatest standard deviation.  Thus, a more dissipative transformation is more likely to sample 

the rare, low-valued works than a narrower, less dissipative transformation.  An example of 

this can be seen in Figure 5-2a, where the more dissipative forward transformation can be 

seen to converge faster than the less dissipative reverse transformation.  Calculating the 

required number of trajectories for convergence for both the forward and reverse 

transformation process gives approximately 120 000 and 1 300 000 trajectories respectively.  

The convergence of the JE and MLE over this greater number of trajectories is displayed in 

Figure 5-3.  

                                                           
ii
As the dissipation of an ensemble of trajectories is an extensive property of the system, larger systems 

lead to slower convergence, a result proposed by Gore et al.
4
 and Lua and Grosberg,

5
 and considered in 

detail by Suarez et al.
6
 

iii
In the limit of a thermodynamically reversible change, the dissipation of the transformation goes to 

zero, as per equation (4.13) 
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Figure 5-3 Convergence of forward and negative reverse JE over number of trajectories estimated by equation 
(5.3).  The MLE calculated from 500 trajectories each way, and the MLE calculated from all trajectories are shown 
as constant lines for comparison.  By combining the forward and reverse work distributions, the MLE can obtain 
results significantly more accurate than the average of the two JE free energies.  In addition, despite the large 
number of trajectories required for JE convergence, the MLE from 500 trajectories each way is in good agreement 
with the MLE calculated over the extended amount. 

 

Despite an increased number of trajectories, the JE is still yet to finish converging for the 

forward transformation, but seems reasonably well converged for the reverse.  This is because 

equation (5.3) is only an estimate of the number of trajectories required to observe the rare 

events that are dominant in the JE average, and it is quite possible that an adequate number of 

rare events may not be observed in a single set of trajectories. This highlights an important 

consideration when completing nonequilibrium free-energy calculations: how does one 

estimate the error in the convergence of an exponential average?  Error estimation for the 

non-equilibrium free-energy relations is difficult, and many methods have been proposed.4,9-15  

Unfortunately, the utility of these error estimation methods is highly system-dependent, and 
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an accurate, robust free-energy error estimator has yet to be developed.  In its place, the 

statistical error obtained from completing multiple sets of simulations will be displayed here, 

representing the reproducibility of results, not absolute error.   

Free-energy calculation techniques that combine the forward and reverse sets of trajectories, 

such as the MLE and bidirectional JE, have been shown to generally converge more rapidly and 

more accurately than unidirectional techniques (see Figure 5-2a).13,16  This has made 

bidirectional free-energy calculation techniques the literature standard when both the forward 

and reverse work distributions are available.  Even so, and despite their relative stability, the 

accuracy of bidirectional free-energy calculation techniques is still limited by the need for 

adequate sampling of the forward and reverse work distributions, and when the sampling from 

one transformation direction is particularly poor, bidirectional free-energy calculation 

techniques can prove to be less accurate than the unidirectional free energy calculated from 

the better sampled transformation.13,17  Thus it is clear that in order to develop accurate, 

efficient free-energy calculation algorithms, an understanding of how to improve the sampling 

of the forward and reverse work distributions is essential. 

 

Comparison of MLE and JE against Different Non-equilibrium Trajectory Lengths 

An alternative way of improving the sampling of an ensemble of non-equilibrium 

transformations is to increase the length of time each transformation occurs over.  Commonly 

referred to as ‘slow-switching’18 algorithms, a more gradual change between two states of a 

system will reduce the dissipation along the trajectory, and in the limit of an infinitely slow 

change, the work values acquired along each trajectory will be identical and equal to the free-

energy difference between the two states, as per equation (4.13).  To investigate the 

dependence of the non-equilibrium free-energy relations on transformation speed, slower 

changes occurring over 10 000 and 100 000 timesteps were considered, along with a more 
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rapid change occurring over 100 timesteps.  An instantaneous change, equivalent to Zwanzig’s 

free-energy perturbation method, was also included for comparison.  500 trajectories were 

taken for each transformation algorithm, with the free-energy convergence and work 

distributions displayed in Figure 5-4. 

 

Figure 5-4 Work distributions and free-energy convergence obtained from varying transformation speeds over 
500 trajectories.  The top figure displays the work distributions obtained for each rate of transformation; the 
bottom left figure displays the free energy calculated with the JE for forward transformations, and the negative 
of the free energy calculated with the JE for reverse transformations, for each rate of transformation; and the 
bottom right figure displays the free energy calculate with the MLE for each rate of transformation.     
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As can be seen in Figure 5-4, over 500 trajectories, the forward and reverse free energies 

obtained for transformations using the JE have converged to approximately the same value for 

the slower transformations, although remain un-converged for the faster ones.  A similar result 

is obtained for the MLE, with the 1 000-, 10 000-, and 100 000-timestep trajectories all in 

excellent agreement after 500 trajectories.  However, although the MLE gave superior 

convergence over the JE for transformations of the same length, the JE for transformations of 

1 000 timesteps and greater outperformed the MLE for the instantaneous and 100-timestep 

transformations.  This is a result of the sampling difficulties commonly experienced by rapid 

transformations, with slower transformations generally yielding much narrower, more 

overlapped, work distributions.  In general, slower trajectories will return more accurate free-

energy differences from fewer trajectories, as they decrease the dissipation for both directions 

of a given transformation;iv an expected result considering the increased computational cost 

slower trajectories require.   

A more useful way of considering the free-energy calculation properties of various 

transformation speeds is to compare the difference in calculated free energies for equal 

computation times, as the strength of rapid transformations is in the ability to generate more 

trajectories faster.  Note that there will be computation time associated with calculating the 

dynamics of the equilibrium trajectory, regardless of how rapid the non-equilibrium 

trajectories spawned from it are.  As the length of the equilibrium trajectory in the simulations 

completed here is 1 000 timesteps, 1 500 instantaneous trajectories were completed in the 

same time as 500 trajectories of 1 000-timestep length.  Table 5-1 displays the JE and MLE 

calculated for transformations of various rates over the same simulation time.  In addition, the 

results obtained from Figure 5-3 are included for comparison. 

 

                                                           
iv
This may not always be the case in the limit of an instantaneous transformation, but is always true in 

the limit of an infinitely slow transformation.  This topic is considered more closely in Chapter 8. 
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Table 5-1.  Free-energy differences calculated from simulations with different transformation speeds. 

Transformation 
Speed 

Number of 
Trajectories 

Forward JE Negative 
Reverse JE 

MLE 

Instantaneous 1500 59.629 2.355 -68.947 1.077 -4.6565 1.320 

100 Timesteps 1250 24.291 0.720 -57.638 1.804 -16.676 1.161 

1 000 Timesteps 500 -21.047 0.524 -26.575 0.485 -23.926 0.172 

10 000 Timesteps 70 -23.895 0.074 -24.144 0.105 -24.015 0.052 

100 000 Timesteps 7 -23.991 0.062 -24.212 0.071 -24.084 0.066 

1 000 Timesteps Variable
§
 -22.755 -24.139 -24.021 

§The number of trajectories was determined through equation (5.3), and consisted of 120 000 

forward trajectories, and 1 300 000 reverse trajectories.  Errors signify statistical error, and 

represent the reproducibility of results from 10 sets of trajectories. 

 

Table 5-1 shows that, over the same simulation time, the slower transformations produced the 

most accurate results.  In addition, the 10 000-timestep and 100 000-timestep transformations 

returned comparable free energies to those obtained from the 1 000-timestep, high number of 

trajectory simulations completed in Figure 5-3, despite taking less than 0.1% of the total 

computation time.  Here, accuracy is determined by comparison of the forward and reverse JE 

free energies as before, and their agreement with the free energy calculated using the MLE; 

and the errors displayed in Table 5-1 represent statistical error, obtained from completing 

each simulation ten times and signifying result reproducibility.  For the 10 000-and 100 000-

timestep transformations, the differences between the free energies obtained from forward 

and reverse trajectories are similar, and within error of the free energy calculated by the MLE.  

Figure 5-5 displays the convergence of the various free-energy calculation techniques with 

respect to the speed of transformation, for simulations of equal time.  As per Table 5-1, this 

means that faster transformations were completed for a greater number of trajectories.   



Chapter 5: Analysis of Techniques for Particles Changing Size 69 

 
 

 
 

 

Figure 5-5 Convergence of free-energy calculations completed with varying transformation speeds for equal 
simulation time.  To keep simulation time equal, slower transformations were completed for fewer trajectories. 

 

It can be seen in Figure 5-5 that the MLE free energy has converged for simulations with non-

equilibrium trajectories of 1 000 timesteps and greater, and the forward and reverse JE free 

energies have converged for non-equilibrium trajectories of 10 000 timesteps and greater.  To 

determine the most efficient transformation speed, the convergence of the MLE relative to 

real simulation time was considered, with the results displayed in Figure 5-6.  
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Figure 5-6 MLE convergence profile relative to total simulation time.  Note that the visible gaps at the start of the 
10 000- and 100 000-timestep transformations indicate the simulation time required to complete the first 
trajectory. 

 

Figure 5-6 displays the convergence profile of the MLE for simulations of equal time.  Here, it 

can be seen that the 10 000- and 100 000-timestep transformations take approximately the 

same amount of time to converge, thus there appears to be little increase in efficiency gained 

by extending the transformation above 10 000 timesteps.  Furthermore, increasing the 

simulation length above 100 000 timesteps would reduce efficiency; increasing the simulation 

time required for each trajectory, with no gain in accuracy. 

Other Free-Energy Convergence Considerations  

Besides the number of non-equilibrium trajectories simulated, and the number of timesteps 

each trajectory is simulated over, there are other considerations that may affect the 

convergence of free-energy calculations from the non-equilibrium free-energy relations.  

Lechner et al.19 showed that for a point particle in a one dimensional potential,20 and for a 

dragged particle in a LJ fluid, increasing the size of the simulation timestep maintained 
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calculation accuracy with an increase in efficiency, even though large timesteps are not 

capable of faithfully reproducing the dynamics of a system.  Although the calculations of 

Lechner et al. were shown to be accurate with timesteps up to the computational stability 

limit,v this may not always be true, and is discussed in further detail in chapter 7.   

Another important consideration when completing non-equilibrium free-energy calculations is 

the profile of the transformation work distribution.  Although non-Gaussian distributions are a 

well-known result of non-equilibrium work calculations, free-energy error estimates usually 

assume Gaussian or near-Gaussian distributions when incorporating distribution properties 

(such as variance) into their error approximations.21,22  Although work has been done regarding 

the applicability of these approximations to distributions that are highly non-Gaussian through 

skewing,9,10,23-25 and the non-equilibrium free-energy relations in general, little consideration 

has been given to the accuracy of free energies calculated from other irregular distributions.  

In Chapter 8, such calculations are considered, when non-linear transformation algorithms 

generate multimodal distributions. 

  

 
    

  

                                                           
v
The stability limit is the maximum timestep size that can be simulated without phase functions (eg. 

energy, pressure etc.) diverging. 
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6. Density Change Simulations 

Introduction 

The following chapter contains the derivation of the Jarzynski Equality and the Crooks Relation 

for two systems undergoing a change in density through expansion and compression.  As 

discussed in detail in the Introduction, a number of recent studies have considered expansion 

and contraction; however the approach presented here differs in that it considers 

deterministic dynamics, a statistical mechanical approach, and interacting particles.  To 

demonstrate, the work relations are derived for both a system in a vessel under a piston, and a 

system simulated with periodic boundary conditions.  In the latter case, the fact that the 

accessible phase space varies needs to be directly accounted for.i  This approach is shown to 

return accurate results for systems possessing both long-ranged LJ interactions, and short-

ranged WCA interactions.   

 

 

 

 

 

 

 

 

 

 

 

                                                           
i.  Sung, J. Physical Review E, 2008 77 042101 
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7. Reduced Potential Cut-off Simulations 

 

Introduction 

To calculate the properties of a physical system accurately through simulation, a potential that 

accurately models the physical interactions of the particles within the system must be used.  In 

reality, the particles of a physical system will interact even as the distance between them 

diverges to infinity, despite such interactions becoming negligibly small.  As discussed in 

Chapter 2, this phenomenon is neatly addressed in molecular dynamics simulations by 

introducing a cut-off to the potential at a point where the potential is deemed insignificant.  

For systems possessing longer range interactions, such as the Coulomb interactions of ionic 

compounds, other approaches such as the Ewald summation are required.1 However, even if 

the interactions are short-ranged Lennard-Jones interactions, for which a cut-off radius of 

2.5  is widely considered an suitable compromise between simulation accuracy and 

computation speed, notable increases in accuracy occur as the cut-off is extended to 4 . 

Using non-physical transformation pathways and non-equilibrium free-energy relations that 

allow the calculation of free-energy differences along non-reversible pathways, algorithms can 

be created that transform a system between two ‘accurate potential’ states, through more 

efficient, ‘approximate potential’ transformation routes.  In this chapter, a simple 

transformation algorithm is presented, utilising the JE and MLE to remove both the need to 

transform a system reversibly, and reducing the range of interactions considered during the 

transformation.  This method of free-energy calculation is shown to reduce the computation 

time for a system of Lennard-Jones particles with a cut-off of 4  by approximately 90% when 

compared to equivalent non-equilibrium molecular dynamics free-energy calculations without 

cut-off reduction.  
                                                           
1.  Allen, M.P.; Tildesley, D.J., Computer Simulations of Liquids, Clarendon Press, Oxford, 2007. 
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8. Variable Change Rates 

 

Introduction 

Stochastic simulation protocols are an important tool in molecular simulation, allowing 

efficient calculations without the need to discretely model the dynamics of a system.  Although 

many system properties can be calculated using both stochastic and deterministic techniques, 

the fundamental difference in nature between the two methodologies gives rise to the 

possibility that the optimal transformation protocol for calculating the free-energy difference 

between two systems for one technique is different to the optimal protocol for the other.  

Recently, it has been shown that the efficiency of stochastic free-energy calculations can 

benefit from sudden ‘jumps’ at the beginning and end of a transformation routine.  Here 

numerical simulations are used to show that such jumps decrease accuracy for a deterministic 

system where the volume of a system is changed using a piston.  In addition, the convergence 

of free-energy calculations from multi-modal work-functions is considered. 
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9. Conclusion 

 

Free energies are an important component in the detailed understanding of any molecular 

reaction, and the development of efficient, robust calculation techniques is of vital interest to 

the molecular science community.  One aspect of free-energy calculations, the relative free 

energies associated with density change, can provide valuable insight into many physical 

processes, including determination of a system’s phase diagram.  With the discovery of new, 

non-equilibrium, free-energy relations, these free-energy calculations can be completed with 

fast-switching molecular dynamics simulations, potentially offering a means of determining 

relative free energies between systems that was previous not viable.  This thesis also considers 

calculation of free-energy changes for systems undergoing a change in density, extending 

existing work and considering ways of improving the efficiency of the calculations. 

In Chapter 5, free-energy differences were calculated for Lennard-Jones systems possessing 

different potentials, with the accuracy of the calculations investigated with respect to 

transformation rate and the number of trajectories the free-energy relations were averaged 

over.   

Although Chapter 5 considered a simple system change to test the convergence properties of 

the various free-energy relations, this work could be further extended.  Additional 

transformation of the depth of the potential well,  , would allow the accuracy of the results 

obtained to be directly compared to the free-energy difference separating two or more ideal 

gases (or any substance accurately approximated by the LJ potential).  This would be a 

demonstration of direct free-energy calculations between two different types of molecules, 

and would serve as a proof of concept for the completion of non-equilibrium free-energy 

calculations between any two arbitrary systems, regardless of the type of particles within the 
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system.  In turn, non-equilibrium free-energy calculation techniques could be used to calculate 

absolute free energies through rapid transformations from any known reference state.   

In Chapter 6, by considering the relative probabilities of conjugate transformation trajectories, 

a general method of deriving the non-equilibrium free-energy relations was presented that is 

valid for any arbitrary system undergoing any arbitrary density change.  To demonstrate the 

utility of the method of derivation, the JE and CR were derived for and applied to a system of 

WCA particles in a vessel under a piston, and a system of LJ particles with periodic boundary 

conditions expanding and contracting.  Although the free energy of expansion under a piston 

has previously been investigated in great detail, it is understood that this was the first time 

that the JE or CR have been used to calculate free-energy differences for density changes in a 

system with periodic boundary conditions.  Although the issues resulting when the domain of 

the phase space changes during a process have been previously discussed (see Ref. 1), the 

work presented here demonstrates how the difficulties discussed in Ref. 1 can be accounted 

for.  Here, it is shown how accurate free-energy changes can be calculated for such systems 

using an extended form of the JE.  This result is significant, presenting a means of calculating 

the free energy of expansion and contraction for any arbitrary system.   

The generality of the derivation in Chapter 6 means that it can be applied widely.  As 

mentioned in the paper of Chapter 6, a smoother expansion and contraction of liquid in a 

system with periodic boundary conditions can potentially be carried out through 

implementation of SLLOD algorithms,2 which can prevent possible empty space/crowding 

problems that may occur for rapid expansions, by introducing particle flow with respect to the 

unit cell boundaries. 

In Chapter 7, a novel transformation algorithm was developed and applied to greatly improve 

free-energy calculation efficiency for a Lennard-Jones system changing density.  Through the 

truncation of the interparticle potential during the non-equilibrium molecular dynamics 
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trajectories, simulation times were decreased by approximately 90% with negligible loss of 

accuracy.   

The possibility of application for this work is significant, with the efficiency of almost all non-

equilibrium free-energy calculations possibly benefitting from the reduced simulation time 

that this protocol presents.  It is anticipated that long-range interparticle potentials, such as 

the Coulombic interactions of ionic compounds, could potentially be replaced with significantly 

shorter, simpler potentials for the duration of the non-equilibrium part of a simulation, making 

free-energy calculations in such systems faster.  In addition, as this work serves as a 

demonstration of the accuracy of the non-equilibrium free-energy relations where 

transformation dynamics are completed with a different potential than the end states, 

development of alternative ‘transformation-only’ potentials could offer similar increases in 

efficiency, particularly for systems which usually suffer sampling problems, which the right 

choice of transformation potential could overcome.   

Finally, in Chapter 8 it was shown that non-linear transformation protocols, possessing regions 

of rapid transformation, are less efficient than linear changes in simulation of expansion and 

contraction of fluid due to movement of a piston if the dynamics is modelled deterministically.  

This contrasts with the prediction for some stochastic dynamics which suggest that rapid 

transformations are optimal when calculating free-energy differences.  This result serves both 

as a test of optimal density change protocols, and as a demonstration of the inherent 

differences between stochastic and deterministic dynamical systems. The work of this chapter 

could be extended by exploring the generality of this result. 
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10. Appendix 

10.1 - Lennard-Jones Reduced Units 

 
In molecular simulation, it is often much more convenient to operate in what is known as 

‘reduced units’.  For example, in a homogenous system of particles, the ‘real’ mass of a single 

particle can be used as the fundamental mass unit for the simulation,  

 
* 1m   (A.1.1) 

resulting in the particle momenta become equivalent to the particle velocities, and the particle 

forces become equivalent to the particle accelerations, 

 

*

*





p v

F a
 (A.1.2) 

The benefit of operating in reduced units is twofold.  First, by simply scaling the results of the 

simulation calculations with respect to the appropriate parameter values at the end of the 

simulation, the need to include such parameters in-simulation is removed, increasing efficiency 

and minimising possible truncation errors occurring when dealing with very large and very 

small values; and more importantly, reduced units allow the adaptation of results to system 

fundamentally similar, despite possessing different parameter values (for example, different 

ideal gases). 

For systems interacting through a LJ potential, there are other system parameters that are 

invariably expressed in reduced units, namely a fundamental energy,  , and a fundamental 

unit of length,  .  This reduces the LJ equation (equation (2.8)) to 

    * * * 12 * 64LJ ij ij ijr r r     (A.1.3) 
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From the reduction of the fundamental units of mass, distance and energy, reduced units 

expressions of other properties of the LJ system can be obtained.  For example, the LJ reduced 

time is, 

 * t
t

m




  (A.1.4) 

For a complete list of reduced system properties, see Ref. 1.     

Application of dimensionless results to real systems is straightforward.  The work in Chapter 6 

approximates an ideal gas, so, to apply these results to Neon, one would only need to scale the 

results using, 
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 (A.1.5) 

and where a reduced time of  
* 1t   corresponds to 

122.426 10 st  . Likewise, to apply the 

results to Argon, one would simply scale the values using, 
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 (A.1.6) 

and where a reduced time of 
* 1t   corresponds to 

122.166 10 st  . For a thorough list of 

various LJ scaling factors, see Ref. 2.  
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