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Abstract 

3D face recognition has gained favour in the scientific community and industry 

due to the rapid development and decreasing cost of 3D sensors, with various novel 

techniques for face recognition presented in recent years. In comparison to 2D face 

images, 3D face images contain more explicit information, which is very useful to 

manage pose and illumination problems. However, the field of 3D face recognition 

is yet to fully mature and become widely used in industrial or commercial 

communities, mainly because of high error in non-cooperative and uncontrolled 

scenarios—particularly in challenging conditions of occlusions and partial data. 

Further, many existing 3D face recognition techniques require a training stage in 

their approach, which can suffer dramatic performance drop or even fail to work if 

only one training sample per person is available to the system. Thus, the one 

training sample issue is an important factor hindering the performance of 3D face 

recognition systems. 

In this thesis, we propose several 3D face recognition approaches to address 

the above issues. In the first half of this thesis, we propose two low-level structural 

representations 3D polygonal line chains (3DPLC) and 3D directional vertices 

(3D
2
V) to encode and match 3D faces. These representations, alongside their 

similarity metrics, can effectively integrate spatial and local structural information 
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on 3D surfaces, and reduce the data storage requirements and computation time of 

the 3D matching algorithm. The experimental results show that the added structural 

information can provide more and better discriminative power for object 

recognition. 

In the second half of this thesis, we explore two high-level structural 

representation-based methods to perform 3D face recognition under partial 

occlusions and partial data. We first present a new radial string representation. 

Combining the proposed partial matching mechanism and the well-known 

AdaBoost algorithm, we select the most discriminative and stable strings to 

construct a composite classifier for robust 3D face recognition under expression and 

occlusions. We then propose a context-based string representation, 3D bag-of-

strings, where a bag-of-strings can match to another bag-of-strings directly, without 

needing order or direction information of string. This is believed to be the first piece 

of work using a syntactic matching method to approach the 3D face recognition 

problem. Moreover, the embedded partial matching mechanism is expected to 

enable our method to automatically use every piece of the non-occluded region 

(regardless of shape) in the recognition process. 

This research demonstrates that the proposed structural representations and 

concepts are effective approaches for 3D face recognition under the one sample 

problem or occlusions. With the added structural discriminative power, the 

proposed approaches achieve superior recognition performance when compared to 

conventional curve-based approaches. This research can also be extended to other 
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shape matching or object recognition issues (such as 3D trademark or sketch image 

retrieval).
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Introduction 

Face recognition has become the most attractive area of research in computer 

vision and pattern recognition, with widespread applications in access control, 

security, surveillance, law enforcement, human–computer interaction, 

communication and many other vigilance systems. Compared with other biometric 

traits—such as iris and fingerprints, which are often intrusive and not suitable for 

non-collaborative individuals—face recognition is non-intrusive and requires the 

least user attention, which makes it a good compromise between reliability and 

social acceptance, while also balancing security and privacy [1]. A face recognition 

system for real-world application is expected to detect and recognise a person‘s 

identity without the awareness of person being biometrically examined. This may 

make it the most reliable and preferred candidate among all biometric techniques in 

the future. 

Conventional 2D face recognition systems have achieved many significant 

improvements over the past decades, and most systems are now capable of 
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obtaining high performance under controlled environments, yet still encounter huge 

challenges under non-cooperative and uncontrolled scenarios. After the conduction 

of the face recognition vendor tests, FRVT-2000 [2] and FRVT-2002 [3], work on 

3D modality attracted increased interest. Unlike 2D intensity images, 3D modality 

scans convey complete shape geometry information of facial surfaces, which is 

independent of illumination and allows more convenient pose correction. However, 

using 3D modality for face recognition also has drawbacks, and obtaining 

acceptable performance under challenging conditions (such as expression variances 

and occlusions) remains an unsolved problem. 

Besides the above challenging conditions that prevent 3D face recognition 

approaches from being used in real-world applications, many reported 3D face 

recognition techniques rely heavily on the size and representativeness of training 

sets, and most suffer serious performance decreases or even fail to work if only one 

training sample per person is available to the system. Thus, the goal of this study is 

to investigate the concept and implementation of structural representation and 

matching for 3D face recognition with one sample per person. Compared with 

conventional curve representations that only contain spatial information and lack 

structural representation, the proposed structural representations can be regarded a 

high-level shape representation, whose primitives (such as 3D line segments or 3D 

directional vertices) contain added structural attributes, such as orientation. The 

according distance metrics (such as 3D polygonal line segment Hausdorff distance 

and 3D directional vertex converting process) can effectively take advantage of the 

added structural attributes in the matching process. Further, the proposed string 
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representations (3D radial strings and 3D bag-of-strings), alongside the 

corresponding string-to-string matching strategies, can effectively find the most 

discriminative local parts (substrings) for recognition, without making any 

assumptions regarding the distributions of the deformation parts. The substring 

matching ability is used to address occlusion problems. 

1.1 Motivation 

Meshes and point clouds, which are interconvertible, are widely used for 3D 

object representation and registration [4-8]. However, the conventional 3D surface 

matching methods—which match the whole 3D surface meshes or points on 3D 

scans—are computationally expensive and have high storage space demands. 

Moreover, a large number of points on the mesh may not contain discriminative 

information useful for differentiating one object from another. Therefore, it is 

crucial to develop efficient and meaningful feature description and matching 

techniques for 3D recognition to meet the speed requirement in many real-world 

applications. 

Facial curves on the 3D surface have been widely used in much research to 

encode and match 3D faces [9-13]. Compared with meshes and point clouds, facial 

curves (such as ridges and valley curves) are geometrically and perceptually salient 

surface features that identify areas that contain more identity information useful for 

recognition purpose than flat regions do [14, 15]. However, these curve-based 

methods only use spatial information from 3D data, and lack local structure 
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representation, such as orientation information. In addition, dense points on facial 

curves still contain redundant information and are sensitive to data noise and 

segmentation errors. 

In contrast to a large number of efforts to manage expression variance in 3D 

face recognition, the problem of managing occlusions and missing parts in face 

images has not been sufficiently addressed [16]. Although a few approaches [16-18]  

have attempted to recognise partially occluded faces, most of these require a pre-

processing step to detect or partition occluded parts before the matching stage, 

which often tends to be time consuming or structurally complicated. Moreover, 

eliminating the occluded regions before the matching stage means that these 

approaches are not completely occlusion invariant. It is very likely that some un-

occluded parts are also removed, which may degrade the final recognition result. To 

the best of our knowledge, there remains no 3D face recognition method that can 

reliably determine the occluded regions and exclude them from further processing, 

while making full use of the un-occluded information. 

1.2 Proposed Approaches 

The proposed structural representation-based 3D face recognition approaches 

employ four different types of geometric features derived from conventional facial 

curves, which effectively harness structural and spatial information on the 3D 

surface. We conducted this research in two stages. In the first stage, we presented 

two shape descriptors—3D polygonal line chains (3DPLC) and 3D directional 
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vertices (3D
2
V)—that combine the spatial and local structural information of a 3D 

shape. In the second stage, we investigated two string-based representations—3D 

radial strings (3DRS) and 3D bag-of-strings (3DBoS)—and accordingly developed 

attributed string matching methods using the structural and syntactic representation 

of faces. 

Facial curves only contain spatial information and lack structural 

representation; thus, we sought to extend the conventional curve-based 3D face 

recognition approaches and examine four different types of structural 

representations for 3D face recognition. In the first type, we used 3DPLC generated 

from ridge and valley curves to represent a 3D surface. We then developed a 3D 

polygonal line segment Hausdorff distance to compute the similarity of two 

different 3D surfaces. This representation, alongside the distance metric, can 

effectively harness structural and spatial information on a 3D surface (Chapter 3). 

In the second type, we presented a novel 3D directional vertex (3D
2
V)–based 

approach to efficiently represent and match 3D surfaces with much fewer sparsely 

distributed structured vertices that carry structural information transferred from 

their deleted neighbouring points. We employed a 3D
2
V conversion and similarity 

measurement method to compute the distance between two different 3D
2
Vs. 

In the third type, we presented a radial string representation and matching 

approach for 3D face recognition under expression variations and partial occlusions. 

The radial strings were an indexed collection of strings emanating from the nose tip 

of a face scan. Matching between two radial strings was conducted with a dynamic 

programming process, in which a partial matching mechanism was established to 
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find the un-occluded substrings effectively. Moreover, the most discriminative and 

stable radial strings were selected optimally by the well-known AdaBoost algorithm 

to achieve a composite classifier for 3D face recognition under facial expression 

changes. In the fourth type, we proposed a novel 3DBoS representation and 

matching method to address the limitation of the current string matching approach 

to the level of complicated object matching, and to investigate its application in 3D 

face recognition. Bag-of-strings (BoS) is a compact syntactic representation of face 

images that integrates the relational organisation of intermediate-level features (line 

segments) into a high-level global structure (string). The recognition of faces is 

undertaken by matching two BoS through a strings-to-bag matching scheme, which 

can efficiently find the most discriminative local parts (substrings) for recognition, 

without any prior knowledge of the distributions of the deformed facial regions. It 

fully explores information from all un-occluded data to achieve occlusion-invariant 

3D face recognition. 

1.3 Contributions 

The major contributions of this research are as follows: 

1. This study proposes and verifies two low-level structural representation and 

matching concepts (Chapters 3 and 4), which aim to extract local structural 

attributes from the conventional crest lines on 3D surfaces. The 

experiments demonstrate that, compared with 3D curves, the proposed 

3DPLC and 3D
2
V representations contain a more discriminative power for 
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3D object recognition, while reducing storage requirement (Chapters 3 and 

4). 

2. This study presents a new string-based representation, 3DRS, which 

combines with the well-known AdaBoost algorithm to construct a compact 

classifier to solve 3D face recognition under expression and occlusions 

(Chapter 5). 

3. This study proposes a context-based string representation, 3DBoS, for 3D 

face recognition under occlusions. To the best of our knowledge, this is 

believed to be the first attempt in 3D face recognition to use high-level 

syntactic representation and matching method (Chapter 6). 

4. This study‘s proposed high-level structural representation-based 

approaches can effectively find the discriminative local parts (substrings) 

for recognition, without making any assumptions about the distributions of 

the deformed facial regions. This substring matching ability can address the 

partial occlusion problem (Chapters 5 and 6). 

5. This study found that the basic primitives of 3DPLC, 3D
2
V, 3DRS and 

3DBoS are 3D line segments or 3D
2
V, which are less sensitive to data 

noise and segmentation errors. 

6. Except for the 3D radial string-based approach (Chapter 5), all this study‘s 

proposed methods can perform face recognition with one sample per person. 
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1.4 Organisation of Thesis 

The remainder of this thesis is organised as follows. Chapter 2 discusses the 

development of face recognition techniques in the 3D domain. Representative 3D 

face recognition approaches, 3D face databases and evaluation approaches are 

reviewed as the research background of this study. 

The main body of this thesis is divided into two parts. The first part (Chapters 3 

and 4) presents two low-level structural representations. Specifically, Chapter 3 

presents 3DPLC and a line segment Hausdorff distance metric. Chapter 4 proposes 

the 3D directional vertex (3D
2
V) and the according converting operations to 

calculate the difference between two 3D
2
Vs. In this part, we conduct comparative 

experiments between the proposed low-level structural representation-based 

approaches and the 3D curve approach regarding both recognition performance and 

computing efficiency. 

The second part (Chapters 5 and 6) investigates two high-level structural 

representation and matching approaches for 3D face recognition. In Chapter 5, we 

investigate an indexed string representation for face recognition under occlusions 

and expression. Relying on the AdaBoost algorithm, the most stable and salient 

strings are selected for face matching. Chapter 6 proposes a novel 3DBoS 

representation and matching for face recognition. In this part, we propose a novel 

attributed string matching concept that can effectively find the discriminative local 

parts (substrings) for recognition, without making any assumptions about the 
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distributions of the deformed facial regions. This substring matching ability can 

address the partial occlusion problem. 

Finally, this thesis is summarised and concluded in Chapter 7, with a 

discussion of the findings and suggestions for future research. 
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 CHAPTER 2

 

Background 

During the past several decades, automatic face recognition has become one of 

the most active research areas in computer vision and pattern recognition, with 

many review papers offering comprehensive surveys of face recognition at different 

times [19-22]. However, despite impressive progress made in 2D face recognition, 

it still suffers from sensibility to challenging conditions, such as pose, lighting, 

expression, aging, makeup variations and occlusions. More recent studies on face 

recognition have shifted their focus towards face recognition based on 3D data, 

which present more discriminating features by measuring the geometry of rigid 

features on the face. 

This chapter presents a literature review to discuss recent 3D face recognition 

techniques. We first offer a brief introduction to the conventional 3D face 

recognition system (Section 2.1), followed by an overview of the most 

representative 3D face recognition methods and a particular investigation of the 

methods for 3D face recognition under occlusions and missing data (Sections 2.2 
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and 2.3). Following this, we detail the publicly available 3D face databases used in 

this thesis (Section 2.4). At the end of this chapter, we present the testing 

methodologies by which performance is evaluated (Section 2.5). 

2.1 3D Face Recognition System 

 

Figure 2-1: Block diagram of a general 3D face recognition system. 

3D face recognition can refer to two main application scenarios: recognition 

(or identification) and verification (or authentication). In both scenarios, 3D face 

models from known people are initially collected in the system to construct the 

gallery set. Following this, 3D face models from unknown people are used as a 

probe set to match against the 3D face in the gallery. 

Figure 2-1 illustrates a flowchart of a general 3D face recognition system 

(containing the above two scenarios). Typically, a 3D face recognition system can 
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be divided into two phases: offline (for training) and online (for testing). 

Specifically, in each phase, there are four basic steps in the processing stage: 3D 

face acquisition, face normalisation, feature extraction and matching. Raw facial 

scans captured during the face acquisition may contain a lot of noise (such as holes 

and spikes) and non-facial parts (such as hair, neck and shoulder). In the following 

face normalisation step, all facial scans need: (1) cropping to eliminate undesired 

parts, (2) smoothing and hole filling to remove all the spikes and holes, and (3) 

registration to face shape alignment. The discriminant features are then extracted 

and matched using the surveyed approaches (as described in Section 2.2). 

After calculating the similarity scores between the probe and gallery scans in 

the feature space, we obtain the recognition/verification results. In the recognition 

scenario, the probe subject is identified with the subject in the gallery set by 

achieving the highest similarity matching scores with the probe scan. In the 

verification scenario, the probe subject matches only with one facial scan in the 

gallery set belonging to the identity he/she claimed to be. A threshold is employed 

to compare with the calculated similarity score to verify the claimed identity. 

2.2 General 3D Face Recognition Techniques 

Traditionally, 3D face recognition techniques can be categorised into holistic 

and feature-based approaches. Holistic approaches match the faces as a whole for 

recognition. The descriptions of holistic approaches are based on entire point clouds, 

meshes or range data. In contrast, feature-based approaches extract and use local 
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features, spatial relationships or statistical information to represent and identify a 

face. In addition to relying on only 3D models, there are approaches employing 

both 2D and 3D images, and we list these approaches into the multimodal 

approaches. 

2.2.1 Holistic Methods 

Holistic methods use global representation to describe and recognise a face. 

The descriptions in holistic methods are based on entire range data or 3D meshes. 

The representative holistic methods include linear projection methods (such as 

principal component analysis (PCA) and linear discriminant analysis (LDA), 

iterative closest point and Hausdorff distance. 

2.2.1.1 Linear Projection Methods (PCA and LDA) 

As a linear projection method, PCA has been widely used for recognition of 2D 

facial images because of its simplicity and ability for dimensionality reduction [23-

26]. More recently, PCA has also been applied to 3D data [27-29]. Hesher et al. [27] 

presented a method using PCA to reduce the dimensionality of range images, and 

used the Euclidean distance to measure the similarities among the resulting feature 

vectors. The method worked on 222 range images of 37 subjects with different 

expressions, providing a recognition rate of 100%. Further, the study in [28] 

evaluated the PCA method with different numbers of eigenvectors and image sizes. 

The highest recognition rate achieved was 90% when 185 training images and 37 
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testing images were used, while using 37 images for training and 185 images for 

testing reduced the recognition rate to 83%. 

In contrast to the aforementioned range-based PCA modelling methods [27, 

28], Russ et al. [29] generated a generic 3D reference face that was scaled to enable 

good alignment of 3D points across faces, while still preserving face size 

information. The iterative closest point algorithm and a special normal search 

criterion obtained correspondence to the reference face. Experiments on the Face 

Recognition Grand Challenge (FRGC) database indicated a verification rate (VR) 

of 91% at 0.1% false acceptance rate (FAR) and an identification rate of 82.6%. 

LDA [30-34] has been proposed as a better alternative to PCA. LDA deals 

directly with discrimination between classes, while PCA deals with the data in their 

entirety, without paying any particular attention to the underlying class structure. As 

described in [30], LDA seeks an optimal transformation     , defined as below: 

             
 

     

     
 Eq. 2-1 

where    and    are the inter-class and intra-class scatter matrix, which are 

formally defined in Eq. 2-2 and Eq. 2-3, respectively: 
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where    is the number of training samples in class  , c is the total number of 

different classes,    is the mean vector of the samples belonging to class  , and    

represents the set of samples in class  . 

However, LDA provides superior classification performance only when a wide 

training set is available [35]. Thus, some authors [36, 37] have combined PCA and 

LDA to tackle the problem of small sample size. PCA is first employed as a 

preliminary step to reduce the dimensionality of the sample space, and then LDA is 

applied to the achieved space for real classification. In [38], Heseltine et al. 

compared PCA and LDA with different distances as similarity measurements for 

3D face verification. The performance was evaluated on a dataset of 1,470 range 

images from 230 subjects. They reported that the lowest equal error rate (EER) of 

15.3% was obtained by LDA with Cosine distance. 

Linear subspace analysis approaches, such as PCA and LDA, are simple, fast 

and straightforward, yet are sensitive to face alignment and require a training 

dataset. Moreover, due to the high non-linearity of the face manifolds [39], linear 

subspace analysis is an approximation of this non-manifold and does not possess a 

modelling capacity that is sufficiently powerful to preserve the variations of the 

face manifold and distinguish between individuals in order to achieve robust 

recognition results. 

2.2.1.2 Iterative Closest Point (ICP) 

The iterative closest point (ICP) algorithm is widely used for registering two 

3D surfaces represented as point clouds or meshes  [4, 40]. There are two main 
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steps of ICP: (1) to find the closest point in one point set for each point in the other 

set, and (2) to estimate the transformation between the two point sets by using only 

the corresponding point pairs. Intuitively, starting by giving a pre-estimated motion 

value (the initial rotation matrix    and translation vector    of the two point sets) 

and two point clouds or meshes, the reference surface   *  +(          ) 

and query surface   *  +(          ) , the two computing steps can be 

described as follows: 

Step 1: build up correspondence between two point sets,   and  , according to 

the known rigid transformation,    and   : 

     ( )        
  *        +

‖          ‖
  Eq. 2-4 

Step 2: compute the new rotation     , and translation      transformations by 

minimising squared distance: 

 (          )        
           

∑‖              ‖
 

  

   

 Eq. 2-5 

the ICP algorithm performs these two steps repeatedly and stops when the distance 

between the corresponding points does not decrease much more, or the iteration 

reaches the maximum iteration number. 

 



Chapter 2 Background 

17 

 

 

Figure 2-2: The coarse-to-fine alignment process of 3D facial surfaces [41]. 

Lu et al. [41] built a coarse-to-fine alignment strategy to robustly match a 2.5D 

probe and fully 3D facial model (constructed by integrating five 2.5D face scans 

from different views). In the coarse alignment step, three manually selected 

landmark points were used to compute the rigid transformation between 2.5D 

probes and 3D models, and the shape index at each point was also compared. In the 

fine alignment step, a modified ICP algorithm was applied on the grid of control 

points to refine the alignment. Figure 2-2 illustrates the coarse-to-fine alignment 

process of 3D facial surfaces. 

Instead of using the original ICP algorithm, there are many variants of ICP 

used for 3D face recognition. Amberg et al. [42] presented a 3D morphable model 

that was learned from face models with neutral expression and adapted to gallery 

and query faces using a variant of the non-rigid ICP algorithm. The distance 
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between the deformation coefficients was used to assess the matching. 

Mohammadzade and Hatzinakos [43] developed a variation of ICP—named 

iterative closest normal point (ICNP)—to find the corresponding points between a 

generic reference face and every input face. Their experimental results 

demonstrated that the surface normal vectors of the face showed more 

discriminatory information than the coordinates of the points. 

Generally, ICP-based methods support accurate face matching and robustness 

to misalignment to a certain extent, yet are extremely computational expensive and 

only work well for rigid transformations. 

2.2.1.3 Hausdorff Distance (HD) 

Compared to the ICP algorithm, the Hausdorff distance (HD) is another 

distance-based technique that has been used extensively to measure the similarity of 

two sets of points [44, 45]. Unlike most shape-matching methods, HD can be 

calculated without one-to-one correspondence of points. The undirected HD 

between two point sets,   and  , is presented below: 

  (   )     ( (   )  (   )) Eq. 2-6 

where  (   ) denotes the directed HD: 

  (   )     
   

   
   

‖   ‖ Eq. 2-7 

and ‖   ‖ is some underlying norm. In most cases, the Euclidean distance is used 

here. A comprehensive study of 24 different variants of HD can be found in [46].  

Lee et al. [47] presented a 3D face recognition system that used a depth-

weighted HD combined with the surface curvature information to calculate the 
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similarity score between faces. Experiments on a database of 42 subjects showed 

that this variant of the HD surpasses the traditional implementation of the HD. Russ 

et al. [8] also explored Hausdorff matching on facial range images. An iterative 

registration procedure similar to that in ICP was used to finely align the probe 

image to the gallery image. To reduce the space and time complexity of the 

matching process, they modified the standard 3D formulation of the Hausdorff 

matching algorithm to operate on a 2D range image. In experiments on the FRGC 

v1 database, performances were reported 98.5% as rank-1 recognition or 93.5% 

verification at 0.1% FAR. 

Mahoor and Mohamed [12] encoded the range data of 3D face into a ridge 

image that indicated the locations of ridge lines around the important facial regions 

on the face (eyes, nose and mouth). A least trimmed square HD [48] was used to 

match the 3D points lying on a ridge image of a given probe to the created ridge 

images of the subjects in the gallery. They only used approximately 14% of the total 

number of points on the range data, yet achieved 93.5% accuracy on the GavabDB 

database, which contains images from 61 subjects. 

2.2.2 Feature-based Methods 

Feature-based methods extract features to represent a face, and then identify a 

face by comparing these features. Compared with holistic methods, feature-based 

methods tend to be more robust to challenging conditions, such as expression 

variance and occlusions. 
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2.2.2.1 Keypoint Descriptors 

The well-known 2D SIFT feature descriptor has been extended to 3D space. 

Smeets et al. [49] proposed a local surface feature descriptor named meshSIFT. In 

their method, salient points were first detected by the difference of mean curvature. 

Then, for each salient point, a feature vector was generated by concatenating 

histograms of shape indices and slant angles. The comparison of two 3D shapes was 

performed by calculating the angles of two feature vectors. More recently, Li et al. 

[50] developed a 3D SIFT-like keypoint descriptor for registration-free 3D face 

recognition. In order to describe local features of keypoints, three histograms (HOG, 

HOS and HOGS) were generated and fused in feature level. A sparse 

representation-based multi-task matching strategy was then employed for similarity 

measurement between two 3D faces. Experiments on the Bosphorus database 

achieved the best reported results in the literature.  

Krizaj et al. [51] assessed two local descriptors—SIFT and FREAK—via 3D 

face verification experiments on the FRGC v2 and UMB-DB databases. Unlike the 

SIFT descriptor, FREAK is a more recent descriptor that does not include a 

keypoint detecting step, but relies on existing keypoint detectors, such as the 

AGAST [51] corner detector. The experimental results demonstrated that, compared 

to the SIFT descriptor, the FREAK descriptor achieved competitive verification 

performance while dramatically reducing time consumption. 

Werghil et al. [52] proposed a local descriptor matching method for 3D face 

recognition with expression variance and missing data. meshDOG [53] was first 

used for keypoint detection, and then multi-ring geometric histograms were 
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generated to extract feature information around the neighbourhood of keypoints. 

The random sample consensus (RANSAC) algorithm eliminated those outlier 

keypoints and the matching between two 3D faces was conducted by spare 

keypoints matching. 

Mayo and Zhang [54] developed and evaluated a 3D face recognition approach 

based on multi-view keypoint matching. By rotating the point cloud along the x, y 

and z axes around the centre of the mass, multiple 2.5D projections were obtained. 

SIFT descriptors were extracted in each projecting shape, and a keypoint voting 

algorithm was then employed to perform 3D face classification. 

2.2.2.2 Normal Vector 

Li et al. [55] first extracted facial normal information with a local normal 

pattern, and then encoded this shape information into histograms. They employed a 

weighted sparse representation classifier for 3D face recognition. More recently, the 

same authors [56] relied on three different types of facial normal descriptors for 

recognising 3D identical twins. They fed a group of facial normal descriptors 

containing normal local binary pattern (N-LBP), normal Gabor filter (N-GF) and 

normal local Gabor binary pattern (N-LGBPs) descriptors in a sparse representation 

classifier for identification. 

2.2.2.3 Curvature 

Surface curvatures—such as principal, mean and Gaussian curvatures—are 

intrinsic surface properties to describe the local shape, and can be used for 3D face 

recognition. A crucial limitation of curvature-based approaches is the extreme 
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sensibility of curvature values to perturbations of surface points that may occur due 

to noise, fallacious acquisition or changes of expressions. Lee and Milios [57] 

explored a region-based method for matching range images. They first segmented 

the range image into convex regions by using the sign of the mean and Gaussian 

curvature at each point, and then created extended Gaussian images (EGIs) for each 

convex region, which provided a 1-to-1 mapping between curvature normal and the 

unit sphere. To measure the similarity between two convex regions, they developed 

a matching algorithm that compared the correlating EGIs by using graph matching 

with relation constraints. EGI representation is robust to changes in scale and 

orientation; thus, the authors reported that their method can manage the problem of 

facial expression to a certain extent. 

Gorden [58] presented a face recognition system that used features extracted 

from range and curvature data to represent the face. Regions of the nose, eyes and 

the surrounding areas were extracted and defined based on their curvature values. 

Thus, each face was encoded in a feature vector formed by these curvature values, 

and the Euclidean distance was then used in the scaled feature space for matching 

purposes. A recognition rate was reported as high as 100% on a database of 24 

images from eight subjects.  

Moreno et al. [59] segmented pronounced curvatures using the signs of the 

mean and Gaussian curvature. They employed a set of 86 features from the 

segmented regions, and created a feature vector for each image. In order to achieve 

the maximum discriminative power, they conducted a feature selection process and 

selected 35 more discriminative feature descriptors for the resulting features. 
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Experiments performed on a database of 420 3D facial images of 60 subjects 

reported a rank-1 recognition rate of 78%. 

More recently, Tang et al. [60] used three principal curvatures on discrete 

surfaces to extract a local surface descriptor for 3D face recognition. These 

principal curvatures were estimated by asymptotic cones [61] and analysed in 

different scales of the Borel subset [61] to generate multi-scale surface descriptors. 

In the matching stage, the weighted spare representation-based classifier generated 

the fusion matching scores. Experiments on the FRGC v2 database reported a VR 

of 93.33% on FAR 01% and a rank-1 recognition rate of 93.11%. 

As well as being used to compute similarity measurements, in most recent 

work, curvature information has been extensively introduced as a key step in pre-

processing to detect landmarks, which is important for the following recognition 

stage. 

2.2.2.4 Tensor 

Mian et al. [62] explored a tensor-based approach for pose invariant 3D face 

recognition. After mesh simplification, 3D face surfaces were represented by third-

order tensors and indexed by a hash table. Face identification task was 

accomplished through two steps: (1) using the hash table to rank gallery faces with 

their votes and (2) calculating both the correlation coefficient and registration error 

as similarity scores for only high-ranked faces. Al-Osaimi et al. [63] proposed an 

efficient 3D face recognition approach that effectively combined local and global 

geometrical cues. To represent a 3D facial surface, both the local and global shape 



Chapter 2 Background 

24 

 

features were extracted by multiple rank-0 tensors. A 2D histogram was then 

constructed by integrating the local and global fields. PCA was applied to compress 

the histograms and further improve recognition performance. 

Jin et al. [64] developed a face reconstruction and recognition method, named 

Tensor Orthogonal Locality Sensitive Discriminant Analysis (Tensor-OLSDA) by 

combing the conventional orthogonal Laplacianfaces [65] and local sensitive 

discriminant analysis [66] with the information of higher order tensors. Compared 

to other dimensionality reduction approaches, such as PCA and LDA, the proposed 

Tensor-OLSDA shares the same discriminant and local geometrical characters, yet 

also preserves the 2D matrix metric structure to further improve discriminative 

power for 3D face recognition. Further, Minoi and Gillies [67] explored a 3D face 

recognition approach robust to facial expression. A multivariate statistical 

discriminant tensor model was generated to encode expression variation. The 

similarity between two 3D faces was calculated by using a set of coefficient vectors 

yielded from the sub-tensors projection. 

2.2.2.5 Facial Curves 

Samir et al. [9] proposed a 3D face recognition approach using an indexed 

collection of level curves to approximately represent the 3D facial surface (see 

Figure 2-3). Such level curves are closed and planar curves, which are selected by a 

depth function and thus tend to be sensitive to the changes in gaze directions. The 

comparison of two 3D facial shapes was conducted by two metrics: Euclidean mean 

and geometric mean. In [68], by using the similar level curves, Samir and another 
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set of authors developed a Riemannian metric and a path-straightening approach to 

calculate the geodesic paths between two facial surfaces. 

 

 

Figure 2-3: Geodesic path between corresponding facial curves: (a) same 

subject with different facial expressions and (b) different subjects [9]. 

Ballihi et al. [69] relied on a boosting algorithm to select the most salient facial 

curves to perform 3D face recognition and gender classification. In their method, 

after extracting a large set of facial curves (containing both radial curves and 

circular curves, see Figure 2-4), the well-known AdaBoost algorithm was 

employed to generate a composite classifier that used the minimal set of features to 

achieve high performance. Experiments on the FRGC v2 database reported a rank-1 

identification rate of 98% and a gender classification rate of 86%. 
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Figure 2-4: The most salient radial and circular curves selected by boosting 

for face recognition [69]. 

Berretti et al. [13] developed a sparse curve matching approach for 3D face 

recognition with partial data. They first extracted keypoints on the 3D facial surface, 

and then generated facial curves by connecting keypoint pairs. A saliency metric 

was proposed to select those facial curves with the highest discriminative power. 

Experiments on three different 3D face databases comprising shapes with missing 

parts demonstrated that their approach was effective for managing missing data 

problems. 

Drira et al. [70] extracted circular curves from nasal regions for performing 

partial human biometrics. More recently, in [11], the same authors proposed a 3D 

face recognition approach robust to pose and expression variance. Facial surfaces 

were approximately represented with an indexed collection of radial curves 

emanating from the nose tips. A quality filter was applied to eliminate corrupted 

curves, which made their approach robust to expression variance and partial data. 
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Experiments on the GavabDB database reported promising results, even when the 

probes were non-neutral and non-frontal. 

 

 

Figure 2-5: Selected contours used for matching [10]. 

Haar and Veltkamp [10] explored a framework for selecting optimal curve sets. 

In their work, profile curves and contour curves with different types and numbers 

were investigated in a series of training experiments (see Figure 2-5). A set of eight 

geodesic contours was eventually selected to achieve a trade-off balance between 

recognition performance and time efficiency for 3D face matching. 

Mahoor and Abdel-Mottaleb [71] encoded the range data of a 3D face into a 

3D ridge image, which described the locations of ridge lines around facial regions 

containing rich identity information (such as the eyes, nose and mouth—see Figure 

2-6). The robust HD [45] and ICP [6] matching mechanisms were then used to 

match the 3D curve points between the ridge image of the probe scan and the 

gallery scan. Although the method significantly reduced the computational time and 

data storage space, it used only the spatial information of points on 3D curves, and 
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ignored the intrinsic structural characteristics implicitly embedded among these 

curve points. 

 

 

Figure 2-6: Sample of ridge images extracted for different subjects [71]. 

2.2.2.6 Subregions of Face 

The facial surface can be segmented into relative rigid and non-rigid regions. 

Compared with non-rigid regions, rigid regions are relatively less influenced by the 

deformations that are caused by facial expressions, and subsequently have more 

potential for 3D recognition under expressions and other challenging conditions. In 

particular, nasal regions (the regions around the nose) are observed to be relatively 

stable under expression variation, and have the potential to be salient features for 

accurate and robust face recognition. 

Chang et al. [72] explored multiple overlapping nose regions for 3D face 

recognition (see Figure 2-7). The regions were detected by a curvature-based 

segmentation algorithm. The ICP matching mechanism was used to match those 

regions. The results of this approach were compared to the results from PCA- and 

ICP-based baselines. Similarly, Faltemier et al. [73] selected 28 different subregions 
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that were robust to expression. The ICP algorithm was applied to respective regions 

for matching purposes. The Borda count technique was then used to fuse all the 

similarity scores generated from the matched respective regions to perform face 

recognition. Experiments on the FRGC v2 reported 97.2% rank-1 identification rate 

and 93.2% VR at 0.1% FAR. 

 

 

Figure 2-7: Extraction of multiple overlapping nose regions from four facial 

scans of the same subject: (a) normalised facial scan, (b) general centre face 

region, (c) nose region and (d) interior nose region [72]. 
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Lei et al. [74] used the eyes–forehead and nose regions for 3D face recognition. 

Local geometrical features—such as angles, distances and radii—were employed to 

generate a region-based histogram as the input to a support vector machine to 

perform face classification. In their experiments, both feature-level and score-level 

fusion were tested and compared. More recently, Emambakhsh and Evans [75] 

explored using nasal patches and curves for expression-robust 3D face recognition. 

By using a landmarking algorithm and Gabor-wavelet filter, seven keypoints around 

the nasal region were detected to generate a set of spherical patches and curves as 

feature descriptors. To achieve promising performance under different expression, a 

feature selector was applied to select the most stable patches and curves. 

Experiments on the FRGC, Bosphorus and BU-3D FE databases reported the 

highest results from the nasal region–based approaches. 

2.2.3 Multimodal Methods 

Traditionally, the meaning of multimodal refers to the use of more than one 

modality (2D + 3D) and sensor (charge-coupled device cameras, infrared sensors or 

3D scanners). 2D intensity images contain a lot of texture information that captures 

many face features; thus, fusion with texture data is the most popular way to 

improve 3D face recognition. In multimodal-based 3D face recognition techniques, 

fusion techniques can be categorised into two different levels: feature fusion and 

score fusion. Feature-level fusion involves combining features extracted from 

different facial representations of a single subject, while score-level fusion is the 
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combination of the match scores of individual classifiers based on different 

weighing schemes. 

Blanz et al. [76] explored both shape and texture information of the input facial 

scan. The point-to-point correspondence was established using an optical flow 

technique. A 3D morphable model was then generated for PCA-based 

representation of faces. They claimed that this technique was insensitive to changes 

in pose and illumination. Papatheodorou and Rueckert [77] used the ICP algorithm 

to register two facial surfaces and calculate their similarities. In their similarity 

measurement, a fusion technique was presented by using both the spatial location 

and texture intensity of those corresponding point sets. Following a similar idea, 

Maurer et al. [78] proposed a method combining 2D and 3D facial images for 3D 

face recognition. After aligning two facial images by using the ICP algorithm, a 

distance map was generated to calculate the final matching score. 

Chang et al. [79] investigated PCA-based face recognition methods using face 

depth images and 2D face images separately, and then fused the results together. A 

set of experiments on 200 subjects led to the interesting conclusion that the 

combination of 2D and 3D data, as well as representing a subject with multiple 

images under different conditions, can both improve face recognition performance. 

Elaiwat et al. [80] extended their previous work in [81] to a Curvelet-based 

multimodal approach for 3D face recognition. Robust and distinctive keypoints 

were extracted from both texture images and 3D shapes. To counter the effect of 

illumination and expression variances, keypoints were detected across some 

frequency bands. Experiments on three well-known and challenging databases 
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indicated that their multimodal approach achieved superior performance compared 

to its single modal counterpart. 

Werghi et al. [82] explored a 3D face recognition approach that fused shape 

and texture local binary patterns on a mesh. In their approach, there was no need for 

pose normalisation and a feature-level fusion was employed. By separating the 3D 

face surface into a set of ordered regions, regional histograms were constructed and 

then concatenated for either a partial or global representation of the face. 

Experiments on the BU-3DFE and Bosphorus databases demonstrated that their 

approach achieved competitive performance under facial expressions and missing 

data. 

Wang et al. [83] proposed a feature-based fusion method for 3D face 

recognition. Feature points described by point signatures and Gabor filter were first 

extracted from 3D depth images and 2D gray-level images, respectively. Following 

this, PCA was employed to project these features into subspace, and the augmented 

feature was input to a support vector machine classifier to conduct face recognition. 

In this section, we have classified the current 3D face approaches into three 

categories: holistic approaches, feature-based approaches and multimodal 

approaches. To summarise, we list the representative works in Table 2-1. 
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Table 2-1: Detailed taxonomy for 3D face recognition technologies. 

 

Approaches Representative work 

Holistic  

Hausdorff Depth-weighted Hausdorff [47] and trimmed square 

Hausdorff [12]  

ICP Coarse-to-fine alignment [41], non-rigid ICP [42] and 

ICNP [43] 

Linear projection PCA [27-29], LDA [35] and a combination of PCA 

and LDA [36, 37] 

Feature-based  

Keypoint descriptors meshSIFT [49], FREAK [51] and meshDOG [53] 

Normal vector Local normal pattern [55] and the combination of three 

facial normal descriptors: N-LBPs, N-GFs and N-

LGBPs [56] 

Curvature EGI for matching range images [57] and three 

principal curvatures on discrete surfaces [60] 

Tensor Third-order tensor [62], rank-0 tensor [63] and Tensor-

OLSDA [64] 

Facial curve Level curves [9], circular curves [70], 3D ridge image 

[71] and the combination of radial curves and circular 

curves [69] 

Subregions of face Fusion of multiple overlapping nose regions [72] and 

nasal patches and curves [75] 

Multimodal (2D + 3D)  

Feature fusion Feature fusion in spatial, wavelet and eigenspace 

domains [76-79]  

Decision fusion PCA [72] and ICP [73] 
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2.3 3D Partial Face Recognition 

Achieving 3D face recognition in non-cooperative and uncontrolled scenarios 

is an important and challenging task. Real-world face recognition systems often 

suffer from missing parts, occlusions and data corruptions (see Figure 2-8). In 

contrast to the significant effort invested in managing expression variance for 3D 

face recognition, the problem of handling occlusions and missing parts in face 

images has not been sufficiently addressed [16]. Although a few approaches [18, 84, 

85] have attempted to recognise partially occluded faces, most of these require a 

pre-processing step to detect or partition occluded parts before the matching stage, 

which often tends to be time consuming or structurally complicated. Moreover, 

eliminating the occluded regions before the matching stage means that these 

approaches are not completely occlusion invariant. It is very likely that some un-

occluded parts are also removed, which may degrade the final recognition result.  

To the best of our knowledge, there remains no 3D face recognition method 

that can reliably determine the occluded regions and exclude them from further 

processing, while making full use of the un-occluded information. In this section, 

we briefly review several 3D face recognition methods for occlusions or missing 

data. 
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Figure 2-8: Major challenges for 3D partial face recognition: missing parts 

(first row), occlusions (second row) and data corruptions (third row) [86]. 

Alyuz et al. [87] introduced a region-based 3D face recognition method to 

handle partial occlusions and missing parts. Motivated by the fast average face 

model (AFM)–based registration approach proposed by İrfanoğlu et al. [88], they 

used average region models (ARMs) for face registration. The facial area was 

manually segmented into several meaningful components, and the registration of 

faces was performed with separate dense alignments to relative ARMs. In a more 

recent paper [84], the same authors explored an adaptively selected model-based 

registration scheme to detect and remove occlusions. A masked projection was 

implemented in the classification stage to enable applicability to incomplete data. 
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Berretti et al. [13] represented 3D facial scans with a set of facial curves, which 

were generated by connecting pairs of SIFT keypoints along the 3D surface. Using 

a statistical model based on Weibull distribution [89], the most salient curves were 

selected to perform partial face matching. Similarly, Li and Da [90] investigated an 

efficient 3D face recognition method to handle hair occlusion. The facial curve in 

the nose region was used to quickly filter dissimilar faces from the gallery set. Six 

facial curves then generated a deformation mapping in segmented regions to detect 

expression and hair occlusions. A score-level fusion strategy was implemented in 

the selected regions to perform face recognition. 

Drira et al. [16] represented facial surfaces with radial curves emanating from 

the nose tips. A differential geometry tool was developed to analyse these curves 

and measure facial deformations. The representation and elastic Riemannian 

framework were robust to handle expressions, pose variations, missing parts and 

partial occlusions. Colombo et al. [91] proposed a method to detect occlusions by 

analysing the difference between the input face and its eigenface approximation. By 

using Gappy PCA [92], the detected occlusion parts were removed and restored. 

Identification was performed with the Fisherfaces algorithm. In a follow-up work 

[18], the same authors introduced an occlusion detection strategy [17] into their face 

recognition approach. 

Li et al. [93] explored a canonical pre-processing algorithm that canonicalises 

non-frontal faces from a low-resolution 3D sensor for robust face recognition in 

non-cooperative and uncontrolled scenarios. The resulting canonical faces, 

containing both depth data and texture image, were then sparse coded, and the 
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reconstruction error was used as the metric for accomplishing identification tasks. 

Zhao et al. [94] combined the work in [95] and [96] to present a statistical facial 

feature model called SFAM for landmark localisation in 3D faces under challenging 

conditions. Both global and local features from range and texture maps were 

extracted for the robustness against shape deformation. Relying on an occlusion 

detection and classification algorithm, they achieved competitive performance for 

facial landmarking under expressions and occlusions. 

Chu et al. [97] relied on an annotated face model [98] to enable UV mapping 

between points on 2D images and 3D meshes to normalise the effects of pose, 

expression and lighting. A semi-coupled dictionary learning method was then 

proposed for face recognition using partial data. Experiments on the FRGC v2 and 

UND databases demonstrated that their proposed approach had superior 

performance to other wavelet signature-based approaches. Li et al. [85] investigated 

a sparse keypoint detection and matching approach for real-life 3D face recognition. 

After keypoint detection using the differences of Gaussian operators, histograms of 

multiple order quantities were generated on each keypoint, which provided strong 

discriminative power. The matching between two faces was calculated through the 

average reconstruction errors of sparse representation for the descriptor set. Their 

approach achieved the best recognition performance on the Bosphorus database. 

Table 2-2 illustrates a comparison study of 3D face recognition robust to occlusions 

and partial data. 
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Table 2-2: A comparison study of 3D face recognition robust to occlusions and 

partial data. 

 

Methods 

(year) 
Subjects Images Face representation Matching metric Rates 

Colombo[91]

(2006) 
22 208 Generic model ICP, Gappy PCA 70.3% 

Alyuz [87] 

(2008) 
47 217 AFM ICP ~94.0% 

Colombo[18]

(2011) 
105 360 Generic model ICP, Gappy PCA 87.66% 

Li [90] 

(2012) 
943 4,007 Subregions ICP 97.4% 

Alyuz [84] 

(2013) 
142 590 Adaptive model ICP, Gappy PCA 93.7% 

Berretti [13] 

(2013) 
39 (33) 78 (66) Facial curves RANSAC 

82.1% 

(66.7%) 

Drira [16] 

(2013) 
105 486 (465) Radial curves Riemannian metric 

87.1% 

(89.3%) 

Li [93] 

(2013) 
52 260 

6D point cloud 

(XYZ-RGB) 
SRC 90.4% 

Chu [97] 

(2013) 
118 (87) 236 (174) AFM 

SCD-KSVD, 

Cosine distance 

~75% 

(~85%) 

Li [85] 

(2015) 
105 486 SIFT-like descriptor FGM 99.21% 

Lei [86] 

(2016) 
105 486 (465) KMTS TPWCRC 

92.7% 

(94.2%) 
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2.4 Databases 

For an objective comparison of the performance of the various face recognition 

approaches proposed in the literature and the development of high-quality robust 

face recognition algorithms, many benchmark 3D face databases have been 

collected and released for research. Generally, three aspects are considered for 

constructing a face database to meet the requirements of evaluating 3D face 

recognition algorithms for real-world applications: (1) the number of subjects and 

images; (2) the inclusion of face variations, such as pose, illumination, expression 

variations and occlusions; and (3) multiple face modalities (texture image, 3D shape 

and so forth). Table 2-3 lists various publicly available 3D face databases. 

Table 2-3: Most available 3D face databases. 

 

Database Subjects Images/subject Texture Conditions 

XM2VTS [99] 295 2 Yes P 

3DRMA [100] 120 3 No P, E, O 

GavabDB [101] 61 Total: 549 No P, E 

FRAV3D [102] 106 16 Yes P, E, I 

York [103] 350 15 Yes P, E 

BU3D-FE [104] 100 Total: 2,500 Yes E 

Bosphorus [105] 105 Total: 4,666 Yes P, E, O 

FRGC v2 [106] 466 Total: 4,007 Yes E, O, I 

UMB-DB [107] 143 Total: 1,473 Yes P, E, O 

 

Condition labels: P = pose, E = expression, O = occlusions and I = illumination. 
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In this section, we provide a brief introduction to the 3D face databases that are 

used for experimental evaluations and analysis in our proposed approaches—that is, 

FRGC v2, GavabDB and Bosphorus. 

2.4.1 FRGC Database 

The FRGC database [106] was created by the University of Notre Dame, and 

consists of 50,000 recordings. The 3D images in the database were captured using a 

Vivid 900/910 sensor under controlled illumination, and consist of both range and 

texture channels. The data for the FRGC experiments were divided into training and 

validation partitions. The 3D training set contains 3D scans and controlled and 

uncontrolled still images from 943 subject sessions. The data in the training 

partition were collected between 2002 and 2003. The images in the validation set 

were collected between 2003 and 2004. The validation set contains images from 

466 subjects collected in 4,007 subject sessions. Figure 2-9 presents the analytical 

graph of the validation, broken down by sex, age and race. 

 

 

Figure 2-9: Demographics of FRGC v2 validation partition by: (a) race, (b) 

age and (c) sex [106]. 
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2.4.2 GavabDB Database 

The GavabDB database [101] consists of 549 3D facial surface images from 61 

individuals. It was collected by the GAVAB research group of the computer science 

department at the University of King Juan Carlos. The whole set of individuals are 

Caucasian (16 female and 45 male) and most are aged between 18 and 40 years. For 

each person, there are nine different images captured under different settings (see 

Figure 2-10): two frontal images with neutral expression, four neutral images with 

pose (looking left, right, up and down), and three frontal gesture images with the 

subjects presenting different facial expressions (smiling, laughing and a random 

gesture chosen by the person). 

 

Figure 2-10: Sample scans from the GavabDB database. 
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2.4.3 Bosphorus Database 

The Bosphorus database [105] was constructed by the Boğaziçi University to 

provide a comprehensive 3D face database with multi-expressions, multi-poses and 

realistic occlusions. The database has 4,652 face scans of 105 subjects (60 men and 

45 women) and most of the subjects are Caucasian. The Bosphorus database has 47 

subjects with 53 scans. Each subject has 34 scans for different expressions, 13 scans 

for pose variations, four occlusions and one or two frontal/neutral faces. Figure 2-

11 illustrates one subject in the Bosphorus database with different expressions, 

poses and occlusions. 

 

 

Figure 2-11: Subject example of Bosphorus database: (a) expressions, (b) 

head poses and (c) occlusions. 

(b) (a) 

(c) 
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2.5 Performance Evaluation of Face Recognition 

Approaches 

Some general principals are employed to evaluate the performance of a face 

recognition system. The most common evaluation protocols for face recognition 

benchmarking are identification and verification. In both the identification and 

verification protocols, the face images are divided into two sets. The first is the set 

of known facial images, which are referred to as the ‗gallery set‘. The second is the 

‗probe set‘, which are presented to the system for verification or identification. 

2.5.1 Identification Test 

For an identification test, a system seeks to identify an unknown test face from 

the probe set and match it against the whole gallery set of known faces. That is, for 

each input image from the probe set, the system conducts one-to-many matching 

that results in similarity scores between the test image and each image in the gallery 

set. After sorting the similarity scores, the most similar face in the gallery set is 

given as output. If the system correctly identifies the test face, when only the match 

at the first rank position is considered, this is called a top-1 match. After inputting 

all the faces in the probe set to conduct one-to-many matching, the percentage of 

top-1 matches is used to calculate the rank-1 recognition rate. The percentage of 

top-n matches in which the top-n similarity scores achieve a correct match is called 
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a rank-n identification rate. Figure 2-12 plots a cumulative match characteristic 

curve to show the relationship between the rank and identification performance. 

 

 

Figure 2-12: An example of the cumulative match characteristic curve. 

2.5.2 Verification Test 

For a verification test, a system compares a test face from the probe set to a 

modal face in the gallery set to determine whether it accepts or rejects the claimed 

identity of the test face. The test face matches only with a face in the gallery set 

belonging to the identity that subject claim to be. 

To present the results in the context of a verification test, there are two types of 

protocols: VR and FAR. VR is the probability that the system correctly verifies a 
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claim, while FAR is the probability that the system incorrectly accepts an incorrect 

identity. Both VR and FAR are functions of the defined threshold. When the 

threshold is chosen to be infinite, all claims will be rejected, which gives a 100% 

VR and 100% FAR. Conversely, when set to zero, all claims will be accepted, 

giving VR = 0% and FAR = 0%. The system performance at all thresholds can be 

depicted in the form of a receiver operating characteristic (ROC) curve, which plots 

the VR versus the FAR. Figure 2-13 presents an example of a verification ROC 

curve. 

 

 

Figure 2-13: Example of the ROC curve. 
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2.6 Summary 

In this chapter, we have presented extensive coverage of the related and 

relevant work in the literature. We first presented a general review of 3D face 

recognition systems. We then extensively reviewed the existing 3D face algorithms 

and categorised them into three classes: holistic, feature-based and multimodal 

methods. In particular, we elaborately discussed these methods with special 

consideration of managing occlusions and partial data. To fairly compare and 

evaluate the above methods in the literature, both publically available benchmark 

3D databases and standard evaluation protocols are required; thus, we concluded 

this chapter with a brief introduction of these two evaluation factors. 
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 CHAPTER 3

 

A Polygonal Line Chains Matching 

Method for 3D Face Recognition 

In this chapter, a novel 3D polygonal line chains matching method is proposed. 

Traditionally, points and meshes are applied to represent and match 3D shapes. 

Here we represent 3D surfaces by 3D polygonal line chains generated from ridge 

and valley curves and develop a 3D polygonal line segment Hausdorff distance to 

compute the similarity of two different 3D surfaces. This representation, along with 

the distance metric can effectively harness structural and spatial information on a 

3D surface. The added information can provide more and better discrimination 

power for object recognition. It strengthens and improves the matching process of 

similar 3D objects such as 3D faces. Experiments on FRGC v2 database result in a 

rank one recognition rate of 96.1%. 

The rest of chapter is organised as follows: Section 3.1 discusses related work 

in the area of 3D face recognition. Section 3.2 presents the proposed 3D polygonal 
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line chains. Section 3.3 presents our 3D polygonal line chains matching method. 

Encouraging experimental results using a public database are reported in Section 

3.4. Finally, conclusions are discussed in Section 3.5. 

3.1 Related Work 

For a comprehensive review of 3D face recognition methods one may refer to 

[4]. Here, we will not perform a thorough review of research in 3D face recognition, 

but mention those findings more relevant to our work. 

Mahoor and Mohamed [5] encoded the range date of 3D face into a ridge 

image, which showed the locations of ridge lines around the important facial 

regions on the face (i.e. eyes, nose, and mouth). A least trimmed square Hausdorff 

distance [6] was utilized to match the 3D points lying on ridge image of a given 

probe to the created ridge images of the subjects in the gallery. In their work, only 

about 14% of the total number of points on the range data were used, but achieved 

93.5% accuracy in experiments on GavabDB database that contains of images from 

61 subjects. However, without considering the inherent local structural 

characteristics inside such images, the Hausdorff distance uses only the spatial 

information of ridge image. The approach described in this paper harness the 

structural and spatial information of ridge image. In addition, compared to [5], our 

approach further reduces storage demand. 

Kim et al. [7] proposed a face recognition algorithm using combined depth 

information on the edge obtained by stereo camera and the conventional Line Edge 
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Map (LEM) [8]. To match two faces, the LEM approach was first implemented to 

extract line segments from a face edge map. Then, the corresponding depth 

information was added to the end points of each line segment and formed a 3D 

LEM. A modified line segment Hausdorff distance [9] was then proposed to 

measure the similarity of two 3D LEMs. Experimental results showed that the 

recognition rate of their approach increased 1.3% ~ 7.8% over that of the 

conventional 2D LEM approach under conditions like face expression changes and 

facial occlusions. This shows that the increase in performance can be achieved by 

using 3D data. However, the approach in [108] is not a complete 3D face 

recognition method and still needs using 2D images. Moreover, simply adding 

depth information to 2D end points of line segment does not consider the inherent 

information of 3D objects. In contrast, the proposed approach directly extracts 

feature lines from 3D face and utilizes additional 3D geometry information in the 

matching process. 

3.2 3D Polygonal Line Chains 

In this section, we first give a brief introduction on the concept of principle 

curvatures, based on which we then propose 3D polygonal line chain as a descriptor 

for 3D shapes. 

For a given point on 3D face surface  , the maximal and minimal principal 

curvature are      and     , and their corresponding principal directions are 
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denoted as      and     . The definition of points on ridge or valley curves in 

differential geometry are characterized by 

 

                ⁄                  ⁄  

                       ⁄      |    | (ridges) 

                       ⁄       |    | (valleys) 

Eq. 3-1 

As a curvature-based feature descriptor, ridge and valley curves on a 3D face 

surface along the eyes, the nose, and the mouth where the surface bends sharply are 

geometrically and perceptually salient surface features, so they are expected to 

contain enough discriminative information for face recognition. In addition, coding 

3D face into ridge and valley can decrease the storage demand and computational 

expense. However, ridge (or valley) image utilize spatial information of 3D face but 

lack structural representation. 

In this chapter, we propose a new 3D shape representation, the 3D Polygonal 

Line Chains (PLCs), which combines the structural information with spatial 

information. It groups the ridge and valley curves into two distinctive sets of 3D 

line chains, to enable the effective description of local structural characteristics of 

salient curves on the 3D surface. As demonstrated in [15], ridge and valley curves 

on a surface along which the surface bends sharply are geometrically and 

perceptually salient surface features and, therefore, can be potentially used for 

shape coding and recognition. After using the algorithm in [15], the 3D face are 

featured into a ridge line set and a valley line set, according to their curvature 

directions on the surface. Each line set contains a number of curves that are 

composed of short ridge (or valley) line segments. The Douglas-Peucker algorithm 
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[109], is then applied to generate the 3D PLCs of the two line sets, which further 

reduces the number of points on the curves. Figure 3-1 shows the 3D PLCs of a 3D 

face from the FRGC v2 database. Compared to ridge and valley curves, 3D PLCs 

can be regarded as a higher level face coding method since it contains local 

structural characteristics by grouping connected ridge (or valley) line segments into 

a polygonal line. The orientation of such polygonal line, a kind of local structural 

representation, is more robust to the noise caused by 3D scanner than that of ridge 

and valley line segments. The polygonal line segment is the basic element of 3D 

PLC. A method to calculate the similarity between two 3D PLCs will be described 

in the next section. 

 

 

Figure 3-1: Describing 3D shapes using 3D Polygonal Line Chains. 
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3.3 3D Polygonal Line Chains Matching 

3.3.1 3D Hausdorff Distance 

The Hausdorff distance is a measure for shape comparsion in computer vision, 

which was originally used for point sets in the 2D plane [45] and then also applied 

to points in 3D space [110]. Unlike most shape matching methods, Hausdorff 

distance can be calculated without one-to-one correspondence of points. The 

undirected Hausdorff distance between two point sets   and   is presented in Eq. 

3-2 

  (   )     ( (   )  (   )) Eq. 3-2 

where  (   ) denotes the directed Hausdorff distance 

  (   )     
   

   
   

‖   ‖ Eq. 3-3 

and ‖   ‖is some underlying norm. In most cases, the Euclidean distance is used 

here. 

In [46], the modified Hausdorff distance (MHD) was proved experimentally to 

be the most effective one among 24 different forms of Hausdorff distance. Here we 

extend the MHD to 3D space. Same as 2D MHD, the directed 3D MHD is defined 

as  

  (   )  
 

  
∑   

   
‖   ‖

   

 Eq. 3-4 

where   and   are two 3D point sets (i.e. range data) and    is the number of 

points in  . The definition of undirected 3D MHD is the same as Eq. 3-2.  
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Such 3D MHD method is more robust to outlier points compared to 

generalized 3D Hausdorff distance. However, it still lacks the capability in using 

structural representation of 3D shape (i.e. the orientation information). Nonetheless, 

the proposed 3D PLHD can harness the spatial information and structural 

information of 3D shape and can be expected to increase the recognition 

performance. 

3.3.2 Proposed 3D Polygonal Line Segment Hausdorff 

Distance 

We start from definition of two 3D polygonal line chains         

{  
    

      
    

    
      

 }  and         *  
    

      
    

    
      

 + 

that represent a gallery 3D shape and a probe 3D shape respectively, where 

superscripts r and v stand for ridge and valley.   consists of  two subset   and 

  that correspond to 3D line chains along ridge and valley curves. 3D PLHD is 

built on  (  
    

 ) (k represents r or v) that calculates the distance between two 3D 

polygonal line segments belong to   and   .  (  
    

 ) consists of three aspects of 

difference between two 3D polygonal line segments: perpendicular distance (  ), 

parallel distance (  ) and orientation distance (  ). They are defined as: 

   (  
    

 )     Eq. 3-5 

   (  
    

 )     (       ) Eq. 3-6 
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   (  
    

 )   . (  
    

 )/ Eq. 3-7 

where 

  (  
    

 )       .| 
  
     

 |/ Eq. 3-8 

In this equation,  
  
  and  

  
  are the unit direction vector of   

  and   
 . In Eq. 3-

7,  ( )       (  is capped by     to avoid calculating       ) is a non-linear 

penalty function to penalize large angle deviation but ignore small variation.  

 

 
 

Figure 3-2: An illustration of perpendicular and parallel distances. 

 

As shown in Figure 3-2, parallel distance is the minimum displacement to 

align either the left end points or the right points of the lines. Perpendicular distance 
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is the vertical distance between the lines. If   
  and   

  are not parallel, the shorter 

line is rotated along its midpoint to be parallel with the longer line before 

calculating the parallel distance and the perpendicular distance, since less distortion 

to the original line pairs would be caused. An example of the 3D polyline segment 

rotation is illustrated in Figure 3-3. To demonstrate the rotation process in 3D 

space, the projection of each polyline segment is also showed here.  

 

 

Figure 3-3: Rotation of shorter 3D polygonal line segment. (a) The original 

line pairs. (b) Rotate the shorter line. 

Finally, the distance between two line segments can be calculated as the Euclidean 

distance of all three distances mentioned above: 

  (  
    

 )  √  (  
    

 )
 
   (  

    
 )
 
 .    (  

    
 )
 
/ Eq. 3-9 

where   is the weight for the orientation distance to be determined by a training 

process. 
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Based on the distance in Eq. 3-9, the 3D PLHD is defined as  

 

        (   )          ( 
    )          ( 

    ) 

    ( (     )  (     ))     ( (     )  (     )) 
Eq. 3-10 

where 

  (     )  
 

∑    
   

     
∑    

     
  
    

 (  
    

 )

  
     

 Eq. 3-11 

In this equation,    
  is the length of 3D polygonal line segment   

 . The distance 

contribution from each 3D polygonal line segment is weighted by its length. In Eq. 

3-10, the 3D PLHD between gallery and probe is merged from 3D PLHD between 

ridge subset and valley subset. This fusion process can further improve the 

distinctive power. 

3.4 Experimental Results 

In our experiments, we used the FRGC v2 3D database [106] which is one of 

the largest available 3D facial images database. This database contains 466 persons 

collected in 4007 sessions (from 1 to 22 sessions per person). 388 persons have 

more than one session with neutral expressions to be used in our experiments. The 

3D images were acquired with a Minolta Vivid 900/910 series laser scanner under 

controlled illumination conditions. In the FRGC v2, 3D images consist of both 

range and texture channels. Here, we only use the range data. In the following 

experiments, the performance of the proposed method is compared with 3D MHD 
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method without 3D polyline feature and the method proposed by Mahoor and 

Abdel-Mottaleb [12]. 

3.4.1 Determination of Parameter   

In this section, we investigate the effect of parameter   in Eq. 3-9 to determine 

a value of   which provides the 3D PLHD a better recognition performance. To do 

so, a 100-person training dataset from the FRGC v2 was created. In this training set, 

for each person, the neutral 3D face in the first session was selected as the gallery 

image, and the neutral 3D face in the second session was used as the probe image. 

The recognition rate is plotted against the values of   in Figure 3-4. It is observed 

that 3D PLHD with a low value of   performed badly. The performance increased 

quickly and reached the optimal value when   range from 0 to 25. In the rest of 

experiments in this study,   is set as 20. 

 

 

Figure 3-4: Recognition rate versus the value of  . 
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3.4.2 Face Recognition Results  

In our experiments, 388 persons with 2 neutral 3D faces per person from the 

FRGC v2 were used to test the effectiveness of the proposed approach. For each 

person, one neutral 3D face was used as a model while the other was used as a test. 

 

 

Figure 3-5: An example 3D face in the FRGC v2 database. 

Figure 3-5 shows an example of the raw 3D face extracted from the dataset. 

The raw data contains a number of imperfections, such as holes, spikes, and include 

some non-facial regions, such as neck, ears. Prior to applying our algorithm, the 
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face images were extracted, normalised, aligned and cropped in the same manner as 

in [111]. Spikes in the range data were removed and holes are filled. Figure 3-6 

illustrates samples of normalized and copped faces in the FRGC v2 database and 

their corresponding ridge and valley data. 

 

 

Figure 3-6: Samples of the faces used in our tests.  (a) normalised faces. (b) 

valley data. (c) ridge data. 

The performance is measured in terms of the Cumulative Match Characteristics 

(CMC) [112] and the rank-1 recognition rate. The CMC of the proposed method 
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together with 3D MHD methods that based on points lying on ridge and valley 

curves (curve points) and points lying on 3D PLCs (corner points). In order to 

demonstrate the performance improvement resulted from the fusion process, Figure 

3-7 illustrates the CMC curves of the proposed method against benchmarks 

methods using ridge data, valley data, and both ridge and valley data respectively. 

Note that the recognition rate of the proposed method is always higher than the 

benchmark methods. This demonstrates that the added structural information makes 

3D PLHD to be a more discriminative measure than 3D MHD. 

The rank-1 recognition rates of the methods given in Figure 3-7 are tabulated 

in Table 3-1 together with the reported results of [12]. It is encouraging to find that 

3D PLHD achieve higher score than all other 3 methods.  

In addition, compared with 3D MHD (curve points), 3D PLHD requires only 

18.9% storage space but increases the recognition rate from 94.55% to 96.10%. 

When the same storage space is used, a higher score increase from 92.99% of 3D 

MHD (corner points) to 96.10% of 3D PLHD is achieved. 

 

Table 3-1: Recognition accuracies on 3D face scans. 

Method Recognition Result 

3D PLHD 96.10% 

3D MHD(corner points) 92.99% 

3D MHD(curve points) 94.55% 

Mahoor and Abdel-Mottaleb [12]* 93.50% 
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Figure 3-7: CMC curves of the proposed method against benchmarks 

methods using ridge data: (a) ridge data, (b) valley data, (c) both ridge and 

valley data. 
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3.5 Summary 

This chapter presents a novel 3D shape matching method based on 3D PLCs 

representation, which employs both spatial and structural information of ridge and 

valley curves on 3D surface. Because 3D polygonal line segments other than 

extreme points (points lying on ridge and valley curves) are used as basic 

computation unit, the proposed method has achieved better performance than that of 

conventional point-based Hausdorff distance method. 

The proposed algorithm has been evaluated on FRGC v2 database and 

compared with 3D MHD and the approach presented by [12]. It is very encouraging 

to find that the 3D PLHD method performs consistently superior to these two 

benchmarks in terms of higher recognition rate and less storage space demand. This 

research reveals that 3D PLCs provides a new solution for the 3D face recognition, 

which, may also find its application in general 3D object representation and 

recognition. 
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 CHAPTER 4

 

Sparse 3D Directional Vertices vs 

Continuous 3D Curves: Efficient 3D 

Surface Matching and Its Application for 

Single Model Face Recognition 

Traditionally, point clouds and meshes are used to represent and match 3D 

shapes, which often cannot meet the computational speed and storage space 

requirements in many 3D data matching and retrieval applications. In this chapter, we 

present a novel 3D directional vertices (3D
2
V) approach to efficiently represent and 

match 3D surfaces by much fewer sparsely distributed structured vertices that carry 

structural information transferred from their deleted neighbouring points. A 3D
2
V 

conversion and similarity measurement method is developed to compute the distance 
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between two different 3D
2
Vs. The performance of the proposed method is evaluated 

on 3D face recognition using the FRGC v2 database and the GavabDB database and 

compared with the curve-based benchmark method. The experimental results 

demonstrate that the proposed 3D
2
V method can significantly reduce the data storage 

requirement and computation time with a moderate increase of accuracy at the same 

time. It provides a new tool for developing fast 3D surface matching algorithms for 

large scale 3D data classification and retrieval. 

In this chapter, Section 4.1 gives a general review of related work. Section 4.2 

introduces a new 3D directional vertices (3D
2
V) representation to characterize 3D 

surfaces. The proposed 3D
2
V-to-3D

2
V correspondence method is discussed in detail. 

Section 4.3 presents two set-to-set matching algorithms built from the cost function 

of 3D
2
V-to-3D

2
V conversion. Experimental results on two public databases together 

with experimental analysis on computational complexity, data size, and sensitivity to 

parameter are reported in Section 4.4. Finally, this chapter concludes in Section 4.5. 

4.1 Introduction 

Using 3D information for object recognition has attracted increasing attention in 

recent years due to its inherent advantage of containing more accurate 3D shape 

information over its 2D counterpart of images. For example, 3D face recognition is 

expected to be less sensitive to illumination and pose variations because 3D shape of 

a facial surface is closely related to the unique anatomy of the subject‘s face and 

invariant to changes of external environment. Spreeuwers [37] proposed a robust 3D 
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face registration approach, in which the 3D point cloud was finely registered by 

determining a region of interest, and then the PCA-LDA likelihood classifier and 

fusion strategy were used for robust face comparison. Li et al. [85] used 3D keypoint 

descriptors for 3D face recognition that is robust to pose changes and occlusions. 

Emambakhsh and Evans [75] developed an expression-robust face recognition 

approach, in which a set of spherical patches and curves localised over the nasal 

region of a 3D face were used to select the most stable patches and curves under 

different facial expressions. These 3D methods achieved higher level of performance 

and robustness than their 2D counterparts. 

Meshes and point clouds, which are interconvertible, are widely used for 3D 

object representation and registration [4-8]. However, conventional 3D surface 

matching methods, which match the whole 3D surface meshes or points on 3D scans 

(see Figure 4-1(a)) are both computationally expensive and in high demand of 

storage space. Moreover, a large number of points on the mesh may not contain 

discriminative information useful for differentiating an object from others. Therefore, 

it is crucial to develop efficient and meaningful feature description and matching 

techniques for 3D object recognition to meet the speed requirement in many real-

world applications.  

Ridge and valley curves on a 3D surface along which the surface bends sharply 

are geometrically and perceptually salient surface features that identify areas 

containing more useful identity information for recognition purpose than flat regions 

[14, 15] (see Figure 4-1(b)). Mahoor and Abdel-Mottaleb [71] proposed to encode 

the range data of a 3D face into a 3D ridge image, which describes the locations of 
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ridge lines around facial regions containing rich identity information (e.g., eyes, nose, 

and mouth). Then the robust Hausdorff distance (HD) [45] and iterative closest points 

(ICP) [6] matching mechanisms were utilized to match the 3D curve points between 

the ridge image of the probe scan and that of the gallery scan. Although the method 

significantly reduces the computational time and data storage space, it uses only the 

spatial information of points on 3D curves but ignores the intrinsic structural 

characteristics implicitly embedded among these curve points. 

 
      (a)                                           (b)                                          (c) 

Figure 4-1: 3D surface representation by (a) 3D meshes (b) 3D ridge (in blue 

colour) and valley (in red colour) curves (c) the proposed 3D directional 

vertices (points with two or one arrows). 

In this chapter, we propose a novel 3D Directional Vertices (3D
2
V) surface 

description and matching approach that can greatly reduce the data storage space (to 

as low as 16% of that is required by the 3D curve-based method [71]) and 

significantly increase the computation efficiency. Compared to the curve 

representation as shown in Figure 4-1(b), the proposed 3D
2
Vs (see Figure 4-1(c)) 

are sparsely distributed structured vertices that carry structural information of the 



Chapter 4 3D Directional Vertices 

67 

 

curve implicitly embedded in those deleted curve points. Transferring such structural 

information shared by all points on the curve to only a few points (making them more 

information bearing structured vertices) and deleting the remaining ones can increase 

the 3D matching speed and reduce the data storage space, which are important 

problems to be solved in large scale 3D data matching and retrieval applications. It is 

very encouraging to observe that the proposed 3D
2
V representation and matching 

approach can also increase the recognition accuracy while the data size and 

computation time are significantly reduced. 

4.2 Proposed 3D directional vertices representation 

and matching  

In this section, we propose a novel 3D surface description and similarity 

measuring technique, which can effectively harness structural and spatial information 

around sparse vertices for efficient and accurate recognition of 3D objects. Unlike 

existing ridge curve [71] and mesh [5, 6, 8] matching methods, the proposed 

approach only extracts and matches much less number of structured points on a 3D 

surface, in which structural relationship information showing connectivity to their 

neighbours is utilized in establishing the vertex correspondence. Compared to the 

curve matching techniques, the storage and computation costs are further reduced by 

using sparse directional vertices instead of all the points on curves. 
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4.2.1 Describing 3D surface using sparse structured 

vertices 

3D surfaces are represented in continuously connected meshes or dense point 

clouds (see Figure 4-1(a)). In 3D object recognition, only a subset of these surface 

data contains most of the discriminative information of the object and is important for 

recognition purposes. For example, the regions of a surface bends sharply, such as the 

regions around the eyes, the nose and the mouth in a 3D face, are geometrically and 

perceptually salient for characterizing the 3D object. 3D curves [9, 13, 71] are thus 

proposed for 3D object recognition. They can effectively reduce the computational 

time and storage demand (see Figure 4-1(b)), which is a critical bottleneck for large 

scale 3D data matching and retrieval tasks. In this study, we propose a novel 3D 

Directional Vertices (3D
2
V) representation and matching approach, which uses a few 

sparsely distributed vertices with structure attributes to minimize the data required for 

3D surface matching and also increase the accuracy. 

Let  (           ) denote a 3D Directional Vertex that depicts both the spatial 

location of the vertex and the structural connectivity information to its neighbors. 

After detecting ridge and valley curves on a 3D surface, a corner point detection 

process, which is based on Douglas-Peucker algorithm [109], is applied to generate 

3D
2
Vs. (     ) are the Cartesian coordinates of the vertex.    and    are the unit 

vectors that point to its two neighboring vertices on the curve, respectively (see 

examples in Figure 4-1(c)). If a 3D
2
V is a start point of a curve, a null is assigned to 

  . If a 3D
2
V is an end point of a curve, a null is assigned to   . A 3D

2
V is a two-
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directional vertex with two unit directional vectors pointing to its two neighboring 

3D
2
Vs or a one-directional vertex (if it is the start/end point of a curve) with a single 

unit directional vector pointing to its neighboring 3D
2
V. These directional vectors 

provide isolated vertices with additional structural information about the connectivity 

to their neighbors, which can enhance the discriminative power of the 3D surface 

descriptor. Moreover, the 3D
2
V descriptor, using spare vertices, further reduces the 

storage demand of a 3D surface representation. Figure 4-2 gives an example set of 

3D
2
Vs generated from a 3D face in the FRGC v2.0 database. It can be seen that the 

3D surface originally constructed by 14355 mesh points can be characterised by 

curves of 24.4% of the original mesh points (3498 points), and the 3D
2
V descriptor 

further reduces to 5.0% of the original mesh points (718 points) through attaching 

directional attributes to each of them. These attributes carry the structural information 

implicitly contained in those deleted curved points and assign to the few remaining 

points in 3D
2
V making them more information bearing structured vertices. 
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4.2.2 Establishing 3D
2
V-to-3D

2
V correspondence 

Let   (           
    

 )  and  (           
    

 )  be two structured 

vertices of 3D
2
Vs, where (     ) is the spatial location of the 3D

2
V, and unit vectors 

   and    are the connectivity vectors of the 3D
2
V pointing to its two neighbouring 

Figure 4-2:  Visual illustration of an example 3D face using 3D
2
Vs as primitives. 

3D face ID in FRGC v2.0 database: 04225d295; points on mesh triangles: 

14355; points on curves: 3498; points in the 3D
2
V descriptor: 718. 
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vertices, respectively. Their connectivity vectors determine planes       
      

  

and       
      

  (  ,    and   ,    are constant values) for 3D
2
V   and 3D

2
V   

respectively, where      and      (see Figure 4-3(a)). For each 3D
2
V, a unit 

vector   (     ) |     |  is defined as its principal direction vector for 

rotation purpose. Thus the principal direction vectors of 3D
2
V   and 3D

2
V  , which 

are plotted in red and blue dashed lines in Figure 4-3(a), can be calculated by 

   (  
    

 ) |  
    

 |  and    (  
    

 ) |  
    

 | . Note that the 

principal direction vector of a 3D
2
V falls in the plane determined by the two 

connectivity vectors, i.e.,      and     . 

Here, we design a similarity measurement between two single 3D
2
Vs that can be 

used to establish correspondence of 3D
2
V-to-3D

2
V from two different objects and 

effectively measure their difference. Considering both the spatial and structural 

features of 3D
2
Vs, a multi-operation conversion process is developed to make these 

two 3D
2
Vs fully overlapped and the cost of this conversion process is regarded as the 

dissimilarity between them. More specifically, the difference between these two 

3D
2
Vs is defined as the cost of converting   to   (or vice versa) through a four-

operation process consisting of a translation operation, a spin operation, a swing 

operation and a structure deformation operation. The translation operation moves the 

spatial location of   to be aligned to that of  . Because every 3D
2
V is a structured 

vertex that determines a 2D plane, the spin and swing operations rotate the plan of   

to be overlapped with that of  , without changing the structure of either   or  . The 
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structure deformation operation deforms the intrinsic structure of   to be the same as 

that of  .  

 

Figure 4-3: An illustration of 3D
2
V-to-3D

2
V matching process: (a) original 

states of 3D
2
Vs A and B, (b) after translation operation, (c) after spin 

operation, (d) after swing operation, (e) after structure deformation 

operation. 3D
2
Vs A and B are in red and blue respectively. Principal 

direction vectors (   and   ) and unit vectors of 3D
2
Vs are shown by dashed 

line arrows and solid line arrows respectively. 2D planes , ,  are marked 

in light red, blue and green, respectively. Violet color illustrates a region 

where light red and blue regions become overlapped. 
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1) Translation operation: A translation operation from   to  , denoted as 

 (   ), moves the spatial location of   to be aligned to the location of   so that 

            and       (see changes from Figure 4-3(a) to Figure 4-3(b)). 

After that a 2D plane   is created, which is determined by the two principal direction 

vectors    and    as illustrated in Figure 4-3(b) and Figure 4-3(c). The fast L1 

Minkowski distance of this movement is defined as the cost function for a translation 

operation from   to  : 

  , (   )-  |     |  |     |  |     | Eq. 4-1 

2) Spin operation: A spin operation from   to  , denoted as   (   ), spins 

the plane   of structured vertex   around its principal direction vector    till the line 

connecting the end points of   
  and   

  (i.e. vector   
    

 ) is parallel to the plane 

  of structured vertex   (see changes from Figure 4-3(b) to Figure 4-3(c)). The 

degree of this spin angle is defined as the cost function for a spin operation from   to 

 : 

 

 ,  (   )-       (|(  
    

 )   
 
|) 

                     .|(  
    

 )  .    
 
/|/ 

                     (|(  
    

 )  (   (  
    

 ))|) 

Eq. 4-2 

where  
 
   

    
  is the normal vector of plane  . The absolute value of 

(  
    

 )  .    
 
/ is used to obtain the smaller intersecting angle as the cost of 
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spin, ensuring the designated cost to remain the same regardless whether or not the 

order of the two connectivity vectors   
  and   

  are interchanged. 

3) Swing operation: A swing operation from   to  , denoted as    (   ), 

swings the spined plane   of structured vertex   with respect to the origin till it is 

overlapped with the plane   of structured vertex   (see changes from Figure 4-3(c) 

to Figure 4-3(d)). During the swing operation, the vector    must remain in the 

plane   and vector    
    

  shall be parallel to the plane   when it swings to the 

position of the vector   . The degree of this swing angle is defined as the cost 

function for a swing operation from   to  : 

  ,  (   )-       (     ) Eq. 4-3 

4) Structure deformation operation: An structure deformation operation from   

to  , denoted as  (   ) , deforms the two directional vectors of   until they 

coincide with the corresponding directional vectors of   (see changes from Figure 4-

3(d) to Figure 4-3(e)). The amount of this deformation is defined as the cost function 

for a structure deformation operation from   to  : 

  , (   )-  |     (  
    

 )       (  
    

 )| Eq. 4-4 

Together, the overall cost for converting   to   is an aggregated cost of above 

four operations: 

 

 (   )   , (   )-   ( ,  (   )-

  ,  (   )-  , (   )-) 
Eq. 4-5 

where  (   ) is a non-linear mapping function for combining two types of 

heterogeneous costs represented in degree and pixel respectively. Because a small 
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angle of difference tends to be the perturbation (i.e. the intra-class variation) from the 

same object and a large angle of difference tends to be the inter-class difference, in 

this study, an elliptic paraboloid function is used to ignore small angle variations but 

penalize large angle differences: 

  (   )  (
  

  
 
  

  
)    Eq. 4-6 

where   is the weight to balance the contributions of spatial distance 

measurement and angle difference measurement. Because  ,  (   )-  ,     - 

 ,  (   )-  ,      -  , (   )-  ,      ) , we have   ,      -  and 

  ,      ) respectively. Thus       and     are used in  (   ) to normalize 

  and    into the same range of ,      ). 

For matching two single-vector 3D
2
Vs  (           

 ) and  (           
 ) 

where   and   can be either 1 or  , their spin and structure deformation operations do 

not exist and the swing operation becomes an action of swing the vector   
  of   to 

be aligned with the vector   
  of   along the 2D plane determined by the two vectors 

of   
  and   

 . The cost function for a swing operation between two single-vector 

3D
2
V is defined as  

 ,  (   )-       (  
    

 ) Eq. 4-7 

The cost function of matching two single-vector 3D
2
Vs becomes 

  (   )   , (   )-   ( ,  (   )-  ) Eq. 4-8 

where  , (   )- is the same as defined in Eq. 4-1. 
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It is desirable to penalize matching between two 3D
2
Vs of different types. We 

set  ,  (   )-,  ,  (   )-, and  , (   )- to their maximum values of 

   ,      and      respectively when matching a single-vector 3D
2
V to a two-

vector 3D
2
V or vice versa. Thus the total cost function of matching two 3D

2
Vs of 

different types becomes 

  (   )   , (   )-   (             ) Eq. 4-9 

Figure 4-4 gives an example illustrating the effectiveness and difference of point 

correspondence in the proposed 3D
2
V matching in comparison with that in the 

existing 3D curve-based matching [71]. Given a point   on a 3D curve of gallery  , 

and three points   ,   , and    on 3D curves of probe   (see Figure 4-4(a)), it is 

clear that   in   shall be matched to    in   due to the high similarity of their curves. 

The 3D curve-based matching will mis-identify    as the corresponding point of   

(see Figure 4-4(a) and Figure 4-4(b)) because    is slightly closer to   than the other 

two points although they are structurally very different. However, if encoding the 3D 

curves into sparse 3D
2
Vs (see Figure 4-4(c)), the point correspondence is established 

by finding the pair with minimum conversion cost calculated using Eq. 4-5. Let 

 , (   )- denote the cost of structural conversion operation  (( ,  (   )-  

 ,  (   )-)  , (   )-) . Although  , (    )-   , (    )-    

 , (    )-, we have   , (    )-     , (    )- and  , (    )-  

   , (    )- (see Figure 4-4(d)), which results in  (    )   (    ), 

 (    )   (    ) and correctly identifies    as the corresponding 3D
2
V of  . 
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Figure 4-4: An example illustrating the correspondence process of the 

proposed 3D
2
V method in comparison with that of the 3D curve-based method 

[71]: (a) 3D curve points in 3D space, (b) 3D curve points projected onto a 2D 

plane, (c) 3D
2
Vs in 3D space, (d) 3D

2
V points projected onto a 2D plane. 3D 

curve point   and it corresponding 3D
2
V   in the gallery   are marked in blue 

color, and 3D curve points   ,   ,    and their corresponding 3D
2
Vs   ,   , 

   in the probe   are marked in red color. 
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4.3 Set-to-set dissimilarity measurement 

In this section, we developed two global matching algorithms for measuring the 

dissimilarity between two 3D
2
V sets using Hausdorff distance (HD) and iterative 

closest point (ICP) mechanisms respectively.  In order to compare directly with the 

3D ridge curve method, both of them are implemented in the similar way as in the 

benchmark method [71] without employing any other performance improvement 

tricks/techniques.  

4.3.1 Matching two 3D
2
V sets by HD mechanism 

Given two finite 3D
2
V sets   ⋃     {  

    
     

  
 

      
    

     
  
 

 } 

and   ⋃     {  
    

     
  
 
      

    
     

  
 
 }  representing gallery and 

probe 3D objects respectively. Each 3D
2
V set is comprised of   3D

2
V subsets.   is 

the number of types of 3D
2
Vs (In our experiments,   is set as 2 where    1 denotes 

a ridge type 3D
2
V and    2 denotes a valley type 3D

2
V).   

  and   
  are the 

numbers of 3D
2
Vs in the k

th
 subsets    and    respectively. For each 3D

2
V   

  in 

subset   , its corresponding 3D
2
V   

   in subset    is identified as the one with 

minimum conversion cost from   
  to   

  among all   
    . Note that   

  in subset 

   can only find its correspondence in the 3D
2
Vs of the same type, that is in the 

subset of    with the same type index  . The cost for establishing the correspondence 

for   
  can be calculated by 
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  (  
 )     

  
    

 (  
    

 ) Eq. 4-10 

The least trimmed square strategy [48] is used in our design to alleviate the 

problem of outliers in 3D data and from segmentation process. The cost for 

converting subset    in   to subset    in  , denoted as      , is defined as  

  (     )  
 

 
∑ (  

 )  

 

   

 

 
∑    

  
    

 (  
    

 )

 

   

 Eq. 4-11 

where       
 (     ),   

  is the number of 3D
2
V   

  in subset   ,   is 

the percentage of 3D
2
Vs to be kept for calculating the cost, and  (  

 )  for   

        
  are sorted in ascending order as a sequence of  (  

 )   (  
 )    

 ( 
  
 

 ). The measure is calculated by eliminating the large conversion cost values 

which tend to be generated from outliers and only keeping the   percent of the 

smallest conversion costs. In our experiments, the value of   is set heuristically to 

80%.  

Finally, the dissimilarity between subset    and subset    is defined as the 

maximum of the two minimum costs that establish correspondences from subset    

to subset    and subset    to subset    respectively. The dissimilarity between a 

gallery and probe scans, noted as  (   ), is defined as the aggregated cost using 

score-level fusion by summing all the subset-to-subset dissimilarity scores  (     ) 

for all types of 3D
2
Vs: 

  (   )  ∑ (     )   

 

   

∑   , (     )  (     )-

 

   

 Eq. 4-12 
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4.3.2 Matching two 3D
2
V sets by ICP mechanism 

The iterative closest point (ICP) [6] is a widely adopted method to deal with the 

rigid registration problem. It involves two processes: (1) establishing correspondence 

between two point sets; (2) computing the transformation under which one point set 

aligns with the other one. Different variants of ICP have been proposed, which use 

unique techniques for selecting and matching points, and minimizing the error of 

estimation [113].  

In this study, the ICP matching mechanism with outlier rejection [114] is also 

used in implementing the matching algorithm of the proposed 3D
2
V approach (see 

Algorithm 4-1) and comparing its performance against the 3D curve-based 

benchmark method [71]. During each iteration of ICP registration, the 3D
2
V pairs are 

established by finding the closest point from one object to the other. A distance 

threshold is implemented to reject outlier pairs. Rigid transforms are then determined 

by a point-to-point error metric. After terminating the iteration process and obtaining 

the optimal rigid transforms, the average conversion cost between the selected 3D
2
V 

corresponding pairs are used to measure the dissimilarity between gallery and probe 

scans.  
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Algorithm 4-1 Set-to-set 3D2V matching algorithm using ICP mechanism 

Input: Two 3D2V sets   ⋃     {  
    

        
      

    
     

  
 

 }  and   

⋃     {  
    

        
      

    
     

  
 
 } , where   

  and   
  are the numbers of 

3D2Vs in subsets    and    respectively.   is the number of types of 3D2Vs. 

Initialization: Distance threshold   (=4 in our experiments), maximum number of 

iteration         (=10 in our experiments), translation vector   [
 
 
 
] , and rotation 

matrix     [
       
       
       

]. 

1: For                 

2: Establish the correspondence of point sets using the (   )th transformations   

and  . 

 ̂ 
        

          
 
‖  

  [ (  
 )   ]‖ 

For each 3D2V   
  in subset   , find the closest 3D2V  ̂ 

  from the subset    

using the Euclidian distance to build an estimated correspondence pair. If the 

distance between  ̂ 
  and   

  is larger than τ, it will be considered as an outlier 

and discarded. 

3: Compute the  th transformations   and   that minimize the mean square error 

(   ) of the estimated correspondence pairs: 

    
 

 ̂ 
∑∑‖  

  , ( ̂ 
 )   -‖

 
  

 ̂ 
 

   

 

   

 

where  ̂  ∑  ̂ 
  

   , and  ̂ 
  is the number of estimated correspondence pair in 

subset    of the probe scan.  

4: If the change of     is sufficiently small (smaller than 0.01 in our experiments), 

terminate the iteration. 

Output: the average conversion cost for all  ̂  estimated 3D2V pairs from   to  .    

     
 

 ̂ 
∑∑ (  

  , ( ̂ 
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 ̂ 
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4.4 Experimental results 

The effectiveness and efficiency of the proposed 3D
2
V method are evaluated and 

compared directly with its counterpart that uses 3D curves [71]. In order to have a fair 

and direct comparison with the proposed method, the 3D curve-based benchmark 

method in the following experiments uses both ridge and valley curves, instead of 

only the ridge curves as in [71]. The comparative experiments are conducted on two 

publicly available 3D face databases, GavabDB [101] and FRGCv2.0 [106]. All the 

3D faces are normalized and cropped by a pre-processing step as described in [111]. 

No performance enhancement techniques are used in this study to ensure a fair and 

direct comparative study of the competing techniques. 

In our experiments, ridge and valley curves are detected using [115] which 

consists of three steps: (1) estimate the principal curvature tensor and derivatives, (2) 

trace the ridge and valley curves, and (3) efficiently threshold the curves. After 

detecting ridge and valley curves on a 3D surface, the fast corner point detection 

algorithm [109] is applied to generate 3D
2
Vs, in which a constant threshold is 

employed to control the maximum error between the original curves and the 

generated polygonal lines. However, the proposed method in this paper is not limited 

to using above particular algorithms for generating 3D
2
Vs. In theory, any ridge/valley 

detection and corner detection algorithms can be used. 
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4.4.1 Determination of parameter   

In this section, we investigate the effect and sensitivity of parameter   in Eq. 4-6 

on the recognition accuracy. In theory, the parameter   is a weight used to balance 

the contributions from the spatial translation distance and the local structural 

difference between two 3D
2
Vs to be matched. When the value of   is small, the 

contribution of the spatial translation distance to the overall cost for converting one 

3D
2
V to the other is small. With the increase of  , the contribution from the 

translation distance increases.  

The first 100 people with at least two neutral 3D faces per person from the 

FRGC v2.0 Spring2003 dataset were used in our parameter sensitivity analysis. The 

neutral 3D face in the first replicate subject session was used as the gallery of the 

person, and the neutral 3D face in the second replicate subject session was used as the 

probe. The recognition rates (calculated using the nearest neighbour classification 

with the defined matching cost) of the proposed method using both HD and ICP 

matching mechanisms are plotted against the values of   in Figure 4-5. It is observed 

that, using HD and ICP matching mechanisms, the proposed 3D
2
V method achieved 

54 % and 67% respectively when   = 1. Their performances increased quickly and 

reached the optimal value of 93% and 95% when   became 200 (for HD matching 

scheme) and 150 (for ICP matching scheme), and remained stable till 300 and 250 

respectively. For the rest of the experiments in this paper, we set   as 200.  
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Figure 4-6: Examples of normalized 3D face scans in the FRGC v2 database 

[106]. For each column, the upper one is the gallery scan while the bottom 

one is the probe scan from the same subject. 
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Figure 4-5: The effect of   on recognition rate. 
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4.4.2 Experiments on FRGC 2.0 Face Database 

In this section, we conducted comparative experiments on the FRGC v2 database 

[106], which is one of the largest 2D and 3D face databases. The FRGC database 

contains 4950 3D face scans acquired with the Minolta Vivid scanner, in the presence 

of minor pose variations and major illumination and expression variations. The 

database is divided into three sets based on acquisition time: Spring2003, Fall2003, 

and Spring2004. The Spring2003 is specified as the training set, while the Fall2003 

and Spring2004 are specified as the validation sets. In our experiments, we used all 

the 2410 3D face scans with neutral expression (466 gallery faces and 1944 probe 

faces) from the validation sets (Fall2003 and Spring2004). Both identification and 

verification experimental protocols were used for evaluating the performance of the 

algorithms.  

For the identification experiments, the 385 subjects which have at least two 3D 

scans were selected. For each subject, the first scan was used as the gallery while the 

second scan was used as the probe (see examples in Figure 4-6). Each probe was 

matched against all the galleries of the 385 subjects. Note that this was a single 

gallery identification experiment, in which each person was represented by only a 

single 3D scan. The cumulative match characteristic (CMC) curve [116], which 

judges the ranking capabilities of an identification system, was used for performance 

measurement. For an identification test, the CMC curve plots the recognition rates 

against ranks that are used to determine how a correct match is counted. In rank N 

matching, a correct match is counted only when the model face from the same person 
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as the test face is among the best N matched model faces. Figure 4-7 shows the CMC 

curves of the proposed method and the benchmark method. Although the proposed 

method only uses a significantly smaller sized feature data that is only 16.0% of curve 

points used by the benchmark method [71] (see Section 4.4), its CMC curve is much 

higher than that of the 3D curve based benchmark with a noticeable margin for both 

HD and ICP matching mechanisms. Note that the proposed method achieved 96.9% 

(for HD matching scheme) and 98.2% (for ICP matching scheme) rank-1 

identification accuracy, which outperformed the benchmark method by 5.2% and 5.7% 

respectively. 
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        (a) 

 
       (b) 

Figure 4-7: Comparison of CMC curves between the proposed 3D
2
V method 

and the 3D curve method [11] obtained from the “neutral vs. neutral” 

identification experiments on FRGC v2.0 database. (a) The results obtained 

using the HD matching mechanism and (b) the results obtained using the ICP 

matching mechanism. 
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Our verification experiments adopted the standard FRGC ROC III protocol 

[106], in which the 1060 3D scans collected in the Fall2003 were used as galleries 

and the 1350 3D scans collected in the Spring2004 were used as probes. The time 

difference between taking the galleries in Fall2003 and taking the probes in 

Spring2004 of the same subject varies from two to ten months. The Receiver 

Operating Characteristic (ROC) curves [117] illustrating the trade-off between 

verification and false acceptance rates are plotted in Figure 4-8. For a verification 

test, the ROC curve is a plot of the verification rates (also called true positive 

rates) against the false positive rates that are computed at different thresholds. 

Consistent to the results obtained from the identification experiments, the 

proposed method achieved a higher ROC curve than that of the 3D curve method 

with an obvious margin for both HD and ICP matching schemes. The proposed 

method obtained 91.1% (for HD matching scheme) and 94.5% (for ICP matching 

scheme) of verification rate at 0.1% false acceptance rate (FAR), outperforming 

the benchmark method by 2.9% and 1.7% respectively. 
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        (a) 

 
       (b) 

Figure 4-8: Comparison of ROC curves between the proposed 3D
2
V method 

and the 3D curve method [11] obtained from the “neutral vs. neutral” 

identification experiments on FRGC v2.0 database. (a) The results obtained 

using the HD matching mechanism and (b) the results obtained using the ICP 

matching mechanism. 
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Figure 4-9: Examples of normalized GavabDB 3D face scans used in our 

comparative experiments. For each subject (displayed in a row), the leftmost 

(frontal scan with neutral expression) was used as the gallery and the 

remaining 6 (the other neutral expression frontal scan, a neutral expression 

scan with looking down pose, a neutral expression scan with looking up pose, 

and three frontal scans with smile, laugh, and an arbitrary expression chosen 

freely by the subject) were used as the probes. 

4.4.3 Experiments on GavabDB Database 

Comparative experimental study is also conducted on the GavabDB database 

[101] with 3D face scans acquired using a Minolta Vi-700 laser scanner. The 

database contains a total of 549 3D face scans from 61 subjects (45 males and 16 

females). Each subject was scanned nine times from different angles and under 

different facial expressions (two neutral expression frontal scans, two neutral 
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expression scans with looking down and up poses, three frontal scans with smile, 

laugh, and an arbitrary expression chosen freely by the subject, and two profile scans).  

The first frontal 3D scan with neutral expression was taken as the gallery of the 

subject, and the remaining six 3D scans were used as probes (except the 2 profile 

scans). There were 427 3D scans in total (61 used as galleries and 366 used as probes) 

in our experiment. Figure 4-9 shows two sets of normalized 3D face scans from two 

subjects in the GavabDB database. The leftmost scan in each row is the gallery scan 

of the subject. Unlike the benchmark method [71] that used an iterative HD matching 

mechanism to handle the imperfect alignment problem and concerned only the upper 

part of 3D face scans when matching 3D scans with facial expressions to eliminate 

negative impact of large expression variation around mouth region, we ignored all 

these accuracy improvement tricks for pure comparison of algorithms. 

Figure 4-10 gives the Cumulative Matching Characteristic (CMC) curves of the 

proposed method and the 3D curve-based benchmark method using both HD and ICP 

matching mechanisms. Similar to the ―neutral vs. neutral‖ experimental results 

obtained on the FRGC v2.0 database, the proposed method performed better than the 

curve-based benchmark method in the ―all vs. neutral‖ identification experiment. Our 

approach achieved average rank-1 identification accuracies of 80.1% and 87.9% with 

HD and ICP matching mechanisms respectively, outperforming the benchmark 

method by 6.0% and 5.5% respectively. 
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Figure 4-10: Comparison of CMC curves between the proposed 3D
2
V method 

and the 3D curve method [71] obtained from the “all vs. neutral” identification 

experiments on GavabDB database. (a) The results obtained using the HD 

matching mechanism and (b) the results obtained using the ICP matching 

mechanism. 
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To further analyse the performance of the proposed approach, we separated the 

probes into neutral set (the second frontal neutral expression scan, the neutral scan 

with looking down pose, and the neutral expression scan with looking up pose) and 

expressive set (the three frontal scans with different expressions). Using the first 

frontal neutral expression scan as the only gallery for each person, we conducted a 

single model ―neutral vs. neutral‖ identification test and a single model ―expressive 

vs. neutral‖ identification test. The Cumulative Matching Characteristic (CMC) 

curves of the proposed method and the 3D curve-based benchmark method using 

both HD and ICP matching mechanisms are shown in Figure 4-11 and Figure 4-12, 

respectively.  

In the ―neutral vs. neutral‖ identification test, our approach achieved average 

rank-1 identification accuracies of 89.6% and 95.6% with HD and ICP matching 

mechanisms respectively, outperforming the benchmark method by 9.3% and 8.2% 

respectively. Similarly, in the ―expressive vs. neutral‖ identification test, our 

approach obtained average rank-1 identification accuracies of 70.5% and 79.8% 

with HD and ICP matching mechanisms respectively, outperforming the benchmark 

method by smaller margins of 2.7% and 2.8% respectively.  

These results demonstrate that using only a few sparsely distributed vertices 

with structure attributes can effectively minimise the data required for 3D surface 

matching and also increase the matching accuracy. 
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         (a) 

 
         (b) 

Figure 4-11: Comparison of CMC curves between the proposed 3D
2
V method 

and the 3D curve method [71] obtained from the “neutral vs. neutral” 

identification experiments on GavabDB database. (a) The results obtained 

using the HD matching mechanism and (b) the results obtained using the ICP 

matching mechanism. 
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         (a) 

 
         (b) 

Figure 4-12: Comparison of CMC curves between the proposed 3D
2
V method 

and the 3D curve method [71] obtained from the “expressive vs. neutral” 

identification experiments on GavabDB database. (a) The results obtained 

using the HD matching mechanism and (b) the results obtained using the ICP 

matching mechanism. 
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4.4.4 Storage and Computational Complexity 

The storage requirement of the proposed 3D
2
V method is analysed and compared 

with the 3D curve method [71] using all the 2410 scans with neutral expression in the 

validation set of FRGC v2.0 database. The results are summarised in Table 4-1. On 

average, the 3D curve method uses 3888 point, 29.8% of the original mesh points to 

represent a 3D face scan. The proposed 3D
2
V descriptor further reduces its data size 

to 623 points, only 16.0% of the storage space that is required by the 3D curve 

benchmark and 4.8% of the original mesh points. It is worth stressing that compared 

to the 3D curve benchmark method [71], the 84.0% reduction of storage space is 

achieved together with an accuracy increase of 5.2% (for HD matching mechanism) 

and 5.7% (for ICP matching mechanism) (see Section 4.2). This improvement ought 

to be attributed to, as discussed in Section 4.3, the fact that the 3D
2
Vs carry the 

structural information implicitly contained in those deleted curve points, which 

makes them more information bearing structured vertices for effective 3D surface 

matching. 

Table 4-1: Comparison of average data size on the FRGC v2.0 database. 

 3D curve [71] 3D
2
V 

Average number of 

(feature) points 
3888 623 

Percentage of original 

3D data size 
29.8% 4.8% 
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The computational complexities of the proposed 3D
2
V method and the 3D curve 

method [71] are of the order  (      ) and  (      ) respectively.    and    are the 

numbers of 3D
2
Vs in probe and gallery scans, while    and    are the numbers of 3D 

curve points in probe and gallery scans.    and    are the time to compute the 3D
2
V-

to-3D
2
V conversion cost in 3D

2
V matching and the Euclidean distance in 3D curve 

matching [71], respectively. Table 4-2 gives the actual average computational time of 

the proposed 3D
2
V matching method and 3D curve matching method by using both 

HD and ICP mechanisms obtained on the FRGC v2.0 database. All the reported time 

was obtained by algorithms implemented using MATLAB running on a PC with an 

INTEL Core i5 3.2GHz and 4 GB RAM. Our approach requires on average only 0.35 

second for matching a single probe with a gallery dataset of 466 3D face scans (1-to-

466 matching) under HD matching mechanism while the 3D curve benchmark 

method takes an average of 0.83 second to match against the same dataset. A 57.8% 

reduction of computation time is achieved. The time difference is greater when using 

ICP matching mechanism, with 0.46 second and 2.66 seconds respectively, which 

translate into an 82.7% reduction of computation time. Since the time (   ) of 

calculating the 3D
2
V-to-3D

2
V conversion cost is larger than the time (   ) of 

calculating a simple Euclidean distance in the 3D curve method, we have 

 (      )

 (      )
 
 (    )

 (    )
  

With some acceleration techniques (such as, hardware acceleration or look up table), 

the time of calculating 3D
2
V-to-3D

2
V conversion cost can be reduced by minimizing 
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  . When      , the computation time of 3D
2
V matching would be approaching to 

only about 3 percent of the time needed for 3D curve matching [71]: 

  
  
 
  
  
 (     )     

This is equivalent to a 97% reduction of time, which is the ideal upper bound of 

computational time reduction for the proposed 3D
2
V matching method with respect 

to the 3D curve matching benchmark method [71].  

Table 4-2: Comparison of average computational time on the FRGC v2.0 

database. 

Approach HD ICP 

3D Curve Matching [71] 0.83s 2.66s 

3D
2
V Matching 0.35s 0.46s 

Reduction in time (%) 57.8% 82.7% 

 

4.4.5 Sensitivity to noise and number of 3D
2
Vs 

In this section, we used the GavabDB database to analyse the sensitivity to noise 

of the proposed method. The first frontal scan with neutral expression in the database 

was used as the single gallery of each person, while the second frontal scan with 

neutral expression was used as the probe. All probe scans were randomly perturbed 

by adding a Gaussian noise with zero mean and varying standard deviation (  

           ) to the depth of the point clouds on the 3D facial surface (see 

examples in the bottom row of Figure 4-13). Figure 4-13 illustrates the rank-1 
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recognition rates of the proposed method obtained on the 3D surfaces corrupted by 

various levels of noise. It is found that the recognition rate remained stable at 96.72% 

till    , when the 3D surfaces were already obviously corrupted. When the noise 

level continued to increase, the recognition rate started decreasing to 95.08% for 

    and dropped significantly from     when the facial components (e.g., mouth, 

nose and eyes) become difficult to identify. 

 

 

        

Figure 4-13: Rank-1 recognition rates of the proposed method by using HD 

matching mechanism on 3D faces from the GavabDB database (neutral vs. 

neutral) corrupted by different levels of Gaussian noise. 
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Table 4-3: The effect of number of 3D
2
Vs on recognition rate. The data in bold 

indicate the parameters used in all other comparative experiments. 

  0.1 0.2 0.4 0.6 0.8 1 

Average number of 3D
2
Vs 2157 1563 927 623 511 422 

Average percentage of 

original 3D data size 
16.6% 12.0% 7.1% 4.8% 3.9% 3.2% 

Average percentage of curve 

points 
55.6% 40.3% 23.9% 16.1% 13.2% 10.9% 

HD matching mechanism 94% 95% 94% 93% 94% 93% 

ICP matching mechanism 95% 95% 95% 95% 95% 95% 

 

 

A sensitivity evaluation to varying number of 3D
2
Vs was also conducted in this 

study. In our implementation, the number of 3D
2
Vs was controlled by a threshold 

parameter   in the corner detection algorithm as described in the beginning of Section 

4. When the value of   is small, more corner points are detected from the original 

curves and thus more 3D
2
Vs are generated. The number of 3D

2
Vs (and thus the 

storage space and computational time) can be reduced by increasing the value of  . 

Same as the experiment in Section 4.1, the first 100 subjects with at least two 

neutral 3D faces per person from the FRGC v2.0 Spring2003 dataset were used, 

where the neutral 3D face scan in the first replicate subject session was used as the 

gallery of the person, and the neutral 3D face scan in the second replicate subject 

session was used as the probe. The recognition rates of the proposed method using 
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both HD and ICP mechanisms with varying number of 3D
2
Vs, which are also 

described by the percentage of the original 3D mesh points and percentage of the 3D 

curve points respectively, are summarised in Table 4-3. When the average number of 

3D
2
Vs changes from 2157 to 422 (that is, 16.6% to 3.2% of the original 3D mesh 

points, 55.6% to 10.9% of the 3D curve points), the recognition rates of the proposed 

method using both HD and ICP matching mechanisms remained stable with only 1% 

of variation. Note that the number of 3D
2
Vs used in all the other experiments of this 

paper (highlighted in bold) is reasonably chosen. 

4.5 Summary 

Large storage space requirement and expensive computational cost are two 

major technical barriers in developing 3D data matching and retrieval application 

systems. In this chapter, we present a new tool that can be used for developing more 

efficient 3D surfaces matching algorithms. Derived from ridge and valley curves, the 

proposed 3D directional vertices (3D
2
V) representation and matching approach can 

effectively employ both spatial and structural information on 3D surfaces with much 

less data and running time.  

The proposed method has been evaluated on the FRGC v2.0 and GavabDB 

databases and been compared with the 3D ridge curve benchmark method. The 

experimental results show that the proposed 3D
2
V method can significantly reduce 

the data storage demand to only 16% of the storage space required by the 3D curve 

benchmark method, which is a merely 4.8% of the mesh points in original 3D scan 
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data. Computational time is reduced to 42% (using HD matching scheme) and 17% 

(using ICP matching scheme) of that required by the 3D curve benchmark method. It 

is very encouraging to find that the proposed method also achieved a recognition 

accuracy increase of 5.2%-6.0% at the same time with above significant reductions of 

data storage space and computational time. This attests that the added directional 

features of 3D
2
Vs together with their four conversion operation matching approach 

can effectively improve discriminating power. This study reveals that 3D
2
Vs can 

provide an efficient solution for 3D surface matching, which may find its application 

in general 3D object representation and recognition. 
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 CHAPTER 5

 

Boosting Radial Strings for 3D Face 

Recognition with Expressions and 

Occlusions 

In this chapter, we present a new radial string representation and matching 

approach for 3D face recognition under expression variations and partial occlusions. 

The radial strings are an indexed collection of strings emanating from the nose tip 

of a face scan. The matching between two radial strings is conducted through a 

dynamic programming process, in which a partial matching mechanism is 

established to effectively find those un-occluded substrings. Moreover, the most 

discriminative and stable radial strings are selected optimally by the well-known 

AdaBoost algorithm to achieve a composite classifier for 3D face recognition under 

facial expression changes. Experimental results on the GavabDB and the Bosphorus 
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databases show that the proposed approach achieves promising results for human 

face recognition with expressions and occlusions. 

The rest of chapter is organised as follows: Section 5.1 discusses related work 

in the area of 3D face recognition. Section 5.2 describes radial string extraction. In 

Section 5.3, we explain the edit cost operations and the similarity measurement of 

radial strings. Section 5.4 gives the radial string selection step by using the 

AdaBoost algorithm. Section 5.5 presents the experimental results. Finally, we 

concludes this chapter in Section 5.6.  

5.1 Related work 

Face is very popular as biometric modality since its natural, contact free, 

nonintrusive and psychologically supported. However, 2D image-based face 

recognition technologies still meet huge challenge to identify humans when 

noncooperative and uncontrolled scenarios are considered. As the technology for 

capturing shape of facial surface becomes simpler and cheaper, 3D image-based 

face recognition has emerged as a major research trend in the last few years. 

Compared to conventional 2D face recognition, 3D face recognition is expected to 

be less sensitive to illumination and pose variances. This is because the actual 

geometric information residing in the 3D data is inherently robust to changes in 

illumination and pose which adversely affect 2D data [22]. However, handling of 

expressions and occlusions is still a challenging task of most of the existing 3D face 

recognition approaches. 
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In this chapter, we present a novel radial string representation and similarity 

measuring technique to recognize 3D facial scans under expressions and occlusions. 

Basically, a 3D face is represented by an indexed collection of attributed strings 

emanating from the nose tip. The matching of two 3D faces is performed by the 

matching of the corresponding attributed string sets. A string-to-string matching 

scheme is developed by using dynamic programming (DP), which includes a partial 

matching mechanism that can effectively eliminate those occluded parts during the 

matching process. Moreover, we use the well-known AdaBoost algorithm to learn a 

strong classifier which identifies and then combine the most stable and 

discriminative radial strings for 3D face recognition especially under expression 

variances.  

In recent years, a large number of papers have been concerned on 3D face 

recognition based on local geometric features. Compared to holistic face 

recognition approaches, local face recognition approaches are more robust to 

expression variances and partial data. In [71], a 3D face was encoded into a 3D 

ridge image, which showed the locations of ridge curves around the important facial 

regions on the face. Berretti et al. [118] used concave and convex regions to 

represent a 3D face scan, a compact graph was then constructed to measure spatial 

relationships between those regions. Moreno et al. [119] extracted thirty local 

geometrical features from a 3D face surface by using the HK algorithm [120], and 

both the PCA and SVM  matching schemes were tested in their work. 

Unlike the problem of expression handling has been extensively studied in 

recent years, there are only a relatively few studies directly attacking the occlusion 
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problem in the literature. Colombo et al. introduced an occlusion detection strategy 

[17] into their face recognition approach. Alyuz et al. [87] used the Average Region 

Models (ARMs) for 3D face recognition under occlusions. The facial area was 

manually divided into several meaningful components and the registration of faces 

was performed by separate dense alignments to relative ARMs. Berretti et al. [13] 

represented 3D facial scans by a set of facial curves, which were generated by 

connecting SIFT keypoints. The most saliency curves were selected to perform 

partial face matching. Drira et al. [16] represented facial surfaces by radial curves 

emanating from the nose tips. A Riemannian framework was developed to analysis 

these curves and to measure facial deformations. The representation and the elastic 

Riemannian framework are robust to handle expressions, pose variations, missing 

parts and partial occlusions. Lei et al. [86] explored an efficient 3D face recognition 

that encoded a face scan by a set of local-feature descriptors called KMTS, then a 

TPWCRC framework was proposed to address the problem of 3D partial face 

recognition. 

5.2 Radial String Extraction 

Give a normalised facial range image  , a radial curve   is obtained by slicing 

the facial scan   by a plane   that rotates with the respect to the nosetip (chosen as 

the origin of the facial scan image) and makes an angle α with the reference xz-

plane (see Figure 5-1(a)). By repeating this step to extract radial curves, a 3D face 



Chapter 5 3D Radial Strings 

107 

 

representation is constructed by considering   radial curves taken at equal angular 

interval in ,     -(see Figure 5-1(b)). 

 

 

 

 

Figure 5-1: Extraction of radial curves. (a) Illustrates the intersection 

between the 3D face scan and a plan to form two radial curves. (b) Illustrates 

the collection of radial curves. 

However, without considering the inherent local structural characteristics 

inside radial curves, such radial curve based face representation lacks the local 

structural discriminative power. In this paper, we propose a new 3D face 

representation based on radial strings, which combines the structural information 

with spatial information. In practice, a corner detection process based on Douglas-

Peucker algorithm [109] is then applied to generate radial strings after extracting 
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radial curves, which are formed by connected line segments. Figure 5-2(a) 

illustrates a 3D face model where a radial curve   originated from the nose tip. In 

Figure 5-2(b), we enlarge the radial curve   and show the corresponding curve 

string   in Figure 5-2(c), where line segment  (         ) is the primitive.  ,   

and (     ) are the length, directional vector and midpoint location of the line 

segment, respectively. The directional vector   is defined as the vector that directs 

to the ending corner point from the starting corner point of the line segment. 

 

 

 

 

 

Figure 5-2: (a) A 3D face scan with the radial curve at 18 degree. (b) 

Enlarge the radial curve in (a). (c) The corresponding radial string to radial 

curve (b), where red squares are the corner points. 

 

(a) 

(b) 

(c) 
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5.3 Radial String Matching 

The goal of string matching algorithms is to find a sequence of elementary edit 

operations which transform one string into another at a minimal cost. However, the 

conventional string matching algorithm [121] cannot tackle the problem of face 

recognition under partial occlusions. In order to overcome this limitation, we 

propose a new attributed string matching algorithm to perform partial matching for 

3D face recognition under partial occlusions. 

In this section, we first introduce the edit cost functions used in our algorithm 

and then provide details of the proposed string-to-string matching algorithm. 

5.3.1 Edit Cost Functions 

We start by considering two radial strings    and    where   〈 〉 and   〈 〉 

are the  th and  th primitives in    and    with attributes (              )  and 

(              )  respectively. Following to this, a substring of   is denoted by 

 〈   〉 starting at position   and ending at position   in radial string  .  

The cost function for change operation from   〈 〉 to   〈 〉 is defined as  

 

 (  〈 〉      〈 〉 )  |     |   (〈     〉)   

                                      ‖(                 )‖   
Eq. 5-1 

where 〈     〉  ,     -  is the angle difference between two primitives, and 

 ( )       is a non-linear function to penalize large angle deviation resulted 
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from inter-class difference but ignore small variation derived from data noise or 

intra-class difference.   is a weight to be determined experimentally in Section 5.5. 

A merge operation [122] with modified merge cost is used to tackle the 

problem of adding, missing and shifting of feature points. The cost of merging a 

sequence of k primitives   〈       〉  into one merged primitive   
 〈 〉  is 

defined as 

 

 (  〈       〉      
 〈 〉  )   (

   

  
∑ 〈     〉    

 

       

) 

 

Eq. 5-2 

where    and    are the length and the directional vector of merged primitive   
 ,    

and    are the length and the directional vector of primitive   〈 〉 in   〈    

   〉 before merging. So the cost function for a change operation after merge can be 

rewritten as  

 

 (  
 〈 〉      

 〈 〉 )  |  
    

 |   (〈  
    

 〉) 

                                          ‖(                 )‖   
Eq. 5-3 

if     and    , no merge is performed and the above change operation reduces 

to the conventional one-to-one change operation (see Eq. 5-1). 

5.3.2 Similarity Measure via Dynamic Programming 

In order to compare the shapes of two radial strings, we compute the similarity 

between them by utilizing the edit cost functions via DP. Let      〈 〉   〈 〉 

and      〈 〉   〈 〉 be radial strings from a probe and a gallery facial scans, 
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where   and   are numbers of primitives in    and   . Accordingly to this, a 

similarity matrix   with a size of (   )  (   )  is set up through the DP, 

which is defined as follows: 

   (

 (   )    (   )      (   )

 (   )    (   )      (   )
                                                 
 (   )  (   )  (   )

) Eq. 5-4 

where each element  (   )  stores the maximum accumulated similarity value 

between the strings (or substrings)   〈   〉 and   〈   〉, as defined in Eq. 5-5. 

  (   )     
   
( (   )) Eq. 5-5 

where  (   ) is the accumulated similarity resulting from edit operations as defined 

below. 

  (   )  {
 (       )               
                                           

 Eq. 5-6 

To seamlessly include the partial matching mechanism in our approach, the 

similarity parameter   in Eq. 5-6 is defined as  

 

     , (  
 〈 〉      

 〈 〉 )   (  〈       〉    
 〈 〉) 

                                     (  〈       〉    
 〈 〉)- 

Eq. 5-7 

where   is a threshold to decide whether   
 〈 〉 and   

 〈 〉 are matched substrings. If 

the combined cost of merging and changing operations is greater than   (which 

gives    ), these primitives are considered as outliers. This is achieved by setting 

 (   )    when    . 

Algorithm 5-1 gives the detailed process of creating the similarity matrix  , 

where       
  and       

  are the controlling upper limits on the number of 
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primitives to be merged into a new one in    and    respectively. In our 

experiments, the controlling upper limits are set as 5 to balance the recognition 

performance and computing cost. To compute the similarity score between    and 

  , we fuse all the similarity values of substrings from    with substrings from   , 

which is defined as follows: 

      (     )  ∑  

 

   

 Eq. 5-8 

The term    is the similarity (the  th maximal element in   matrix table) of the  th 

best similar substrings between two radial strings and   is the number of best 

similar substrings. 

 

Algorithm 5-1 Generate Similarity Matrix   

Input:      〈 〉   〈 〉,      〈 〉   〈 〉 

Initialization:  (   )      (   )      (   )    

1: For                         do 

2:     For            (      
   )           (      

   ) do 

3:               , (  
 〈 〉      

 〈 〉 )   (  〈       〉  

                                            
 〈 〉)   (  〈       〉    

 〈 〉)- 

4:           (   )  {
 (       )             

                                         
  

5:      (   )        ( (   )) 

Output:  (     ) 
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5.4 Radial String Selection 

As described in Section 5.3, we introduced the string matching algorithm to 

compute the similarity between two radial strings, in which a partial matching 

mechanism is established to effectively eliminate those occluded parts and find the 

most discriminative parts during the matching process. However, after we 

approximately represent 3D facial scans by indexed collections of radial strings, 

comparing two 3D facial scans under expression variations may still run into 

trouble. This is because the shapes of radial strings are affected by changes in facial 

expression. For example, a smile greatly changes the shapes of the strings in the 

lower part of a face. In order to address the recognition problems with expression 

variances, a feature selection step is introduced in our approach to identify the most 

stable and discriminative strings. 

In our approach, we leverage the classic machine learning algorithm, AdaBoost 

introduced by Freund and Schapire in [123], to learn a strong classifier based on 

weighted selection of weak classifiers. In our case, the individual strings are used to 

build the weak classifiers. In order to apply real AdaBoost for face recognition, we 

adopt the intra-personal and inter-personal difference method to convert face 

recognition to a two-class classification problem. Formally, we consider a set of 

pairs (  
    )      corresponding to similarity scores between corresponding radial 

strings, where    can equal to   or    referring to intra-personal similarity score 

and inter-personal similarity score, respectively. For those radial strings, the 

boosting can then be used to optimize their performance. AdaBoost is based on 
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iterative selection of weak classifiers by using a distribution of training samples. In 

each iteration, one string is selected by choosing the corresponding weak classifier 

which has the lowest error. After   iterations, the most discriminative   strings are 

selected. The pseudocode of the AdaBoost algorithm is given in Algorithm 5-2. 

Algorithm 5-2 AdaBoost Algorithm 

Input: Training set {(  
    )   (  

    )}, where   
  is the similarity score of 

 th radial string and     ,  indicates intra-personal and inter-personal samples 

respectively. 

Initialization:                for     ,   where   and   are the numbers 

of match and non-match score,  respectively. 

1:     For             

2:     Normalize the weights,            ∑     
 
    so that   is a probability 

distribution. 

3:     For each string   , train a weak classifier    which uses  asingle string. The 

error    is evaluated with the weight   : 

   ∑     |  (  )    |
 

 

4:     Choose the classifier    with the lowest error.  

5:     Update the weights:  

             
     

where    (  ) (    ) and       if example    is classified correctly,      

otherwise. 

Output: The final strong classifier   is a weighted linear combination of 

classifiers with the lowest error found in each iteration. 

 ( )      [∑   
 

  
  ( )

 

   

] 
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The GavabDB database [101] is used to train AdaBoost classifier for face 

recognition under expression variance. A subset of the GavabDB database 

containing 305 scans from 61 subjects is used in our experiments. For each subject,  

there  are two frontal neutral scans and three expressive scans with a smile, a 

laughing and an arbitrary expression respectively, and the first neutral scan is taken 

as gallery model, while the remaining are used as probes. For each radial string, we 

compute the 305 × 305 similarity score matrix. Then, the similarity score matrix is 

split into two parts: Gallery versus Probe (61 × 244) for testing and Probe versus 

Probe (244 × 244) for training. Thus the testing and training samples are disjoint in 

our experiments.  

 

(a) Intra-class selected radial strings 

 

(b) Inter-class selected radial strings 

 

Figure 5-3: The most stable and discriminative radial strings selected by 

AdaBoost for face recognition. 
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As illustrated in Figure 5-3, we find that the selected radial strings returned by 

AdaBoost do not pass through two regions, the mouth and eye/eyebow regions, 

which are easily affected by expressions such as laughing and surprising, 

respectively. Here, we present the illustrations in both cases: the first row gives the 

selected radial string of the identical person with different expressions (intra-class), 

while the second row shows the selected radial strings of different subjects (inter-

class). 

 

Figure 5-4: ROC curves produced from the training set. 

In order to demonstrate the effectiveness of the string selection step, the ROC 

curves [124] generated by the Probe versus Probe score matrix are plot in Figure 5-

4 for both conditions of using selected radial strings and all radial strings. Note that 

the string selection step increases the 0.1% FAR verification rate from 60.2% to 

66.3%.  
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After the radial string selection by AdaBoost, the matching between two face 

scans    and    is conducted by the fusion of all the scores of selected radial 

strings. 

      (     )  ∑     (  
    

 )

  

   

  Eq. 5-9 

where    is the number of selected radial strings in each face scan. 

5.5 Experimental Results 

In the following, we firstly analyze the effect of parameters to our algorithm. 

Then, we test our proposed approach with a set of experiments on the GavabDB 

[101] and the Bosphorus [105] databases.  

All face images are preprocessed in the same manner as [111]. A template with 

three manually selected features points (the nose tip and two inner eye corners) is 

used to initially align the cropped face images and a recursive-ICP algorithm [16] is 

then applied to finely align those face images. 

5.5.1 Databases 

The GavabDB database consists of 549 3D facial surface images from 61 

individuals. It was created by the GAVAB research group of computer science 

department at the University of King Juan Carlos. All the subjects of this database 

are Caucasian (16 female and 45 male) and most of them aged between 18 to 40. 

For each subject, there are 9 different images captured under different settings. 
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More specifically, two frontal images with neutral expression, four neutral images 

with pose (looking left, right, up and down), and three frontal gesture images with 

different facial expressions (smile, laugh and random gesture chosen by the person 

respectively). 

The Bosphorus database was constructed by the Boğaziçi University to provide 

a comprehensive 3D face databases with expressions, poses and partial occlusions. 

In this database, there are 4652 face scans of 105 subjects (60 men and 45 women). 

Most of the subjects are Caucasian and aged between 25 and 35. The Bosphorus 

database contains two versions: v1 and v2 sets. In the Bosphorus v1 set, there are 34 

subjects with 31 scans per each: 10 types of expressions, 13 different poses, 4 

partial occlusions, and 4 neutral scans. Multiple neutral scans for each subject are 

also available, so that 3D face recognition algorithms can be evaluated for neutral 

scans. Compared to the Bosphorus v1 set, the Bosphorus v2 set has more facial 

expression changes. In the Bosphorus v2 set, there are 47 subjects having 53 scans. 

Each subject has 34 scans for different expressions, 13 scans for pose variations, 4 

partial occluded and 1 (or 2) neutral faces.  

5.5.2 Determination of Parameters 

In this section, we determine parameters involved in the proposed method, i.e. 

the parameter of weight w in Eq. 5-1 and the parameter of threshold   in Eq. 5-7. 

In theory, the parameter   is a threshold to decide the strength of partial 

matching. When   is close to 0, all string pairs are considered as outliers and are 

discarded in the matching process, unless they are identical string pairs. As   



Chapter 5 3D Radial Strings 

119 

 

increases, the percentage of outlier strings decreases. The parameter w is a weight 

to balance the contribution of spatial and structural distance. When the value of w is 

small, the contribution of spatial distance to the overall edit operation cost is small. 

With the increase of w, the contribution from the spatial distance increases. 

The parameter   and w are determined experimentally on a training dataset. 

105 people with 2 neutral 3D faces per person from the Bosphorus database are 

used to create a training dataset. The first neutral 3D face of each subject is used to 

construct the model database, and the second neutral 3D face is used as query image. 

The system performance with different values of   and w is illustrated in Figure 5-

5. It can be seen that the recognition rate increases when   increases. The system 

reaches its best performance when   = 8, Then it drops when   increases further. 

Hence, we set   = 8 and w = 120 in the rest of experiments in this study. 

 
w 

Figure 5-5: The effect of w and   on the recognition rate. 
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5.5.3 Resutls on the GavabDB Database 

In this section, experiments on the GavabDB database are conducted to 

evaluate the effects of facial expression on the system performance. As mentioned 

in Section 5.4, we separate a subset of the GavabDB database into two parts for 

testing and training, respectively. In our testing experiment, we use the remaining 

Gallery versus Probe (61 × 244) similarity matrices and then divide the probe set 

into two categories: the neutral (contains 61 neutral scans) and the expressive 

(contains 183 expressive scans).  

 

Table 5-1: Comparion of rank-1 recognition rates using different 

methods: (A) Neutral, (B) Expressive, (C) Neutral + Expressive. 

 Moreno[119] Mahoor [71] Berretti [118] Ours 

(A) 90.16% 95% 94% 95.0% 

(B) 77.90% 72% 81% 82.9% 

(C) - - 82.66% 86.1% 
 

 

The experimental results for different categories of probe faces are summarized 

in Table 5-1. It is encouraging to find that, compared with other three local 

geometrical features based methods from Moreno et al. [119], Mahoor and Abdel-

Mottaleb [71] and Berretti et al. [118], the proposed approach gives the highest 

rank-1 recognition rate 82.9 % for expressive faces. This is due to both the radial 

string representation and feature selection step in our approach. 
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5.5.4 Results on the Bosphorus Database 

In this section, to compare with the benchmark methods on the Bosphorus 

database, we follow the same experiment protocol used by Colombo et al. [17]. A 

neutral scan for each person is selected to form a gallery set of size 105. The probe 

set contains 360 scans that have four different types of occlusions as illustrated in 

Figure 5-6. 

 

 

 

Figure 5-6: Scans of one subject in the Bosphorus database with four 

occlusion types. 

Table 5-2 shows the recognition results for different approaches under various 

types of occlusions. In the four experiments under varying occlusions, the proposed 

method has significantly outperformed other methods in one type of occlusion, and 

match or close to the best results in three other cases. The overall recognition rate is 

7.7%, 6.1%, and 1.1% higher than the methods from Colombo et al. [17], Drira et 
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al. [16] and Lei et al. [86], respectively. This has confirmed that our method can 

effectively handle partial occlusions. 

 

Table 5-2: Comparison of rank-1 recognition rates on the subset of occlusion 

on the Bosphorus database. 

Approaches eye mouth glassses hair all 

Colombo[17] 91.1% 74.7% 94.2% 90.4% 87.6% 

Drira [16] 98.9% 78.5% 94.2% 85.2% 89.2% 

Lei [86] 90.2% 94.3% 96.2% 98.0% 94.2% 

Ours 96.1% 96.1% 94.2% 97.2% 95.3% 
 

 

5.6 Summary 

In this chapter, we proposed a local geometric feature based 3D face 

recognition approach and tested its performance on the GavabDB and the 

Bosphorus databases. A facial scan is represented by a set of radial strings that 

integrates local structural information with spatial information of a 3D surface. The 

matching of two 3D facial scans is conducted by matching two radial string sets 

through string-to-string matching, which is able to effectively find the most similar 

substrings for each corresponding radial string pair. To further improve the 

recognition performance especially under facial expression changes, a radial string 

selection step was implemented in our approach by using the AdaBoost algorithm. 

The performance of the proposed approach has been evaluated and compared with 
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several state-of-the-art approaches. Preliminary experimental results demonstrated 

the feasibility and effectiveness of our approach for tackling problems of facial 

expressions and partial occlusions 



 

124 

 

 CHAPTER 6

 

Bag of Strings Matching for Occlusion 

Invariant 3D Face Recognition 

3D face recognition with partial occlusions and missing data is a highly 

challenging problem. In this chapter, we present a novel 3D bag-of-strings (3DBoS) 

representation and matching method to address this problem. 3DBoS is a compact 

syntactic representation of face images, which integrates the relational organization 

of intermediate-level features (line segments) into a high-level global structure 

(string). The recognition of faces is done by matching two 3DBoS through a bag-to-

bag matching scheme, which is able to efficiently find the most discriminative local 

parts (substrings) for recognition without any prior knowledge on the distributions 

of the deformed facial regions. It fully explores information from all un-occluded 

data to achieve occlusion invariant 3D face recognition. Preliminary experimental 

results on the FRGC v2 and Bosphorus datasets demonstrate that the proposed 
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approach yields competitive performance compared with the state-of-the-art 

methods on un-occluded data, and superior performance on partially occluded data. 

This rest of chapter is organised as follows. Section 6.1 gives a brief literature 

review on closely related 3D face recognition approaches. Section 6.2 describes the 

proposed 3D bag-of-strings representation and matching method. The experimental 

results are reported in Section 6.3. Finally, conclusions are drawn in Section 6.4. 

6.1 Introduction 

3D face recognition in non-cooperative and uncontrolled scenarios is an 

important and challenging task. Real-world face recognition systems are often 

suffered from self or external occlusions. In contrast to a large amount of efforts in 

dealing with expression variance for 3D face recognition, the problem of handling 

occlusions and missing parts in face images has not been sufficiently addressed 

[16]. Although a few approaches [18, 84, 85] have attempt to recognize partially 

occluded faces, most of them require a preprocessing step to detect or partition 

occluded parts before the matching stage, which often tends to be time-consuming 

or structurally complicated.  

Moreover, eliminating those occluded regions before matching stage cannot 

make those approaches completely occlusion invariant. It is very likely that some 

un-occluded parts are also removed which may degrade the final recognition result. 

To the best of our knowledge, there is still no 3D face recognition method that can 
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reliably determine the occluded regions and exclude them from further processing, 

while making full use of the un-occluded information.  

3D occlusion invariant face recognition can benefit from developing effective 

face representation and matching methods. Current widely used feature is mainly 

based on curve definition, which include for example level curves [9], radial curves 

[16], and crest lines based on surface gradients [14]. Compare to the first two kinds 

of facial curves that require knowledge on the direction of z axis (point to the 

frontal of facial scan) or the position of nose tip respectively, crest lines feature is 

the only content based feature. The generation of crest lines only relies on intrinsic 

characteristics of 3D surface itself. As a curvature-based feature descriptor, crest 

line provides sound discriminative information for face recognition. It is 

geometrically and perceptually salient on a 3D face surface along the eyes, the nose, 

and the mouth where the surface bends sharply. However, computation of gradients 

and curvatures involve high order derivatives and is thus sensitive to data noise. 

In this chapter, we propose a novel 3DBoS representation and matching 

method for 3D face recognition under partial occlusions. The contributions of our 

work are three fold. First, we polygonise crest lines into connected line segments 

that are less sensitive to data noise and local variation. Unlike crest lines that only 

utilizes spatial information but lacks structural representation, the connected line 

segments integrate both spatial and local-structure information, which makes it 

more discriminative.  

Second, based on the connected line segments, we present a bag of attributed 

strings approach for face representation. It groups the relational organization of 
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intermediate-level features (connected line segments) into a high-level global 

structure representation. Therefore, the feature representation is invariant to how 

primitive line segments are described, e.g., their direction or orders. The 3DBoS can 

be constructed using only a single facial scan without need for a training stage.  

Third, we propose a BoS-to-BoS matching scheme to match 3DBoS of two 3D 

facial scans. The proposed attributed string matching mechanism is able to 

effectively detect every piece of un-occluded substrings (a segment of string) 

without making any assumption on the distributions of the deformed facial regions. 

This enables the face recognition method take full advantage of arbitrary un-

occluded data. Based on our knowledge, our method is the first of this kind that is 

truly invariant to occlusions or corrupted data. 

Alyuz et al. [87] introduced a region-based 3D face recognition method to 

handle partial occlusions. Motivated by the fast average face model-based (AFM) 

registration approach proposed by İrfanoğlu et al. [88], they utilized average region 

models (ARMs) for face registration. The facial area was manually divided into 

several meaningful components and the registration of faces was performed by 

separate dense alignments to relative ARMs. In a more recent paper [84], the same 

authors reported an adaptively selected model based registration scheme to detect 

and remove occlusions. Then a masked projection was proposed in the 

classification stage to enable applicability to incomplete data. Berretti et al. [13] 

represented 3D facial scans by a set of facial curves, which were generated by 

connecting SIFT keypoints. The most saliency curves were selected to perform 

partial face matching. Similarly, Li and Da [90] presented an efficient 3D face 
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recognition method to handle hair occlusion. The facial curves in the nose region 

were used to quickly filter dissimilar faces from gallery set. In order to deal with 

occlusions, a facial deformation mapping was developed to select non-occluded 

regions. Drira et al. [16] represented facial surfaces by radial curves emanating 

from the nose tips. A Riemannian framework was developed to analysis these 

curves and to measure facial deformations. The representation and the elastic 

Riemannian framework are robust to handle expressions, pose variations, missing 

parts and partial occlusions. Colombo et al. [91] proposed a method to detect 

occlusions by analysing the difference between the input face and its eigenface 

approximation. By using Gappy PCA [92], the detected occlusion parts were 

removed and restored. Identification was performed by fisherfaces algorithm. In a 

following up work [18], Colombo et al. introduced an occlusion detection strategy 

[17] into their face recognition approach. 

6.2 Bag-of-Strings Matching of 3D Surfaces 

Traditionally, 3D objects, for example 3D faces, are represented by 

continuously connected meshes or dense point clouds [14]. However, when it 

comes to 3D object recognition, only a subset of these surface data preserves the 

most discriminate information for 3D object recognition. In [15], the authors 

encoded 3D shapes into saliency curves, named crest lines, which effectively 

describe those regions bending sharply, being geometrical and perceptual feature 

descriptors for 3D object recognition. In this study, we propose a novel 3DBoS 
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representation and matching strategy, which is derived from the above crest lines 

and additionally contain structural attributes for 3D surface matching. 

6.2.1 Bag-of-Strings Representation of 3D Surface 

Actually, the proposed 3DBoS is a compact and high-level string based 

representation. However, conventional string matching techniques are limited to 

continuous (or connected) primitive representation and matching until our previous 

work [16] presented an ensemble strings matching approach to tackling 2D frontal 

face matching problems. Different from the previous work, this paper presents a 

novel 3DBoS representation that (1) extends the previous 2D string representation 

to 3D objects (2) designs a new potential matching string searching and matching 

strategy and (3) reduces computation complexity. 

For clarity of notation, we assume that each facial scan is finely aligned before 

encoding it into 3DBoS. A novel syntactic representation, 3DBoS, is proposed here 

to describe the complex discontinuous facial features as a collection of bags of 

attributed strings with multiple types. 

       *                ++ Eq. 6-1 

where K is the number of string types (In our experiments, K is set as 2 where k=1 

denotes a ridge type string and k=2 denotes a valley type string). The BoS of type k 

is given by 

      *                 + Eq. 6-2 

where    is the number of strings in bag-of-strings     , k represents the type of 

    . The string      in     is given by 



Chapter 6 3D Bag-of-Strings 

130 

 

       〈   
 〉           Eq. 6-3 

where    is the mth primitive in string     ) and    is the number of primitives in 

string     . 

 

 

Figure 6-1: An illustration of 3DBoS with multiple types: (a) the original 

3DBoS with all strings, (b) the bag-of-strings      with strings of ridge 

type (k = 1), (c) the bag-of-strings      with strings of valley type (k = 2). 

(b) bag-of-strings 𝑩𝒐𝑺𝟏 

(a)  𝐷𝐵𝑜𝑆 

(c) bag-of-strings 𝑩𝒐𝑺𝟐 
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In this study, after detecting crest lines [15] on 3D facial surfaces, a fast corner 

point detection process [17] is applied to generate 3D strings, which is represented 

by a continuous 3D line segments as their primitives. A 3D line segment  , 

represented as  (           ) , consists of four attributes  ,  , (     )  and   

representing the length, directional vector, midpoint position and type index of the 

line segment, respectively. Figure 6-1 illustrates an example of such syntactic 

representation 3DBoS with multiple types. It can be seen that the original 3DBoS 

contains two types of strings, ridge strings in blue and valley strings in red. 

6.2.2 Bag-of-Strings Matching 

Different from the traditional 1-to-1 string matching problem, the bag-of-

strings matching is a much more complex n-to-n string matching problem. One 

string in one bag-of-strings can potentially match to any string in the other bag-of-

strings. Moreover, due to segmentation error and/or occlusions on the 3D surfaces, 

one string may break into several disconnected strings, and thus one string in one 

bag-of-strings may have to match to more than one string in the other bag-of-strings 

(and vice versa). In theory, N (e.g., two) strings in one bag-of-strings may have to 

match to M (e.g., three) strings in the other bag-of-strings (and vice versa). When 

the number of strings is large (such as the case as shown in Figure 6-1), it becomes 

computationally very expensive and sometimes intractable to conduct such a bag-

of-strings matching. In this chapter, we propose a novel pooled bag-of-strings 

matching method to effectively and efficiently perform BoS-to-BoS matching. 
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Figure 6-2: An illustration of the proposed pooled bag-of-strings matching 

process. (a) Probe bag-of-strings     
  (in blue color) and gallery bag-of-

strings     
  (in red color), (b) pooled bag-of-strings          

  

    
 , (c) string-to-bag matching within sub-bag-of-strings      , (d) 

updating pooled bag-of-strings          
      

  after string-to-bag 

matching. 

6.2.2.1 Pooled Bag-of-Strings Matching 

In this section, we present an entirely new pooled matching strategy and 

approach to perform string matching between two un-ordered collections of strings. 

Given a probe bag-of-strings     
  and a gallery bag-of-strings     

 . We label 
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strings in     
  and     

  in different colors (see Figure 6-2(a)), and then pool 

them into a single pooled bag-of-strings          
      

  (see Figure 6-

2(b)). By sorting and matching all strings of different colors together in descending 

order of string length, we can prevent the possible matching of short strings to long 

strings in traditional string matching methods. This new strategy can effectively 

handle the inevitable broken string problem (i.e., one string may break into several 

disconnected strings) in a computational efficient manner. A string-to-bag matching 

is proposed and applied iteratively only on a small subset of candidate strings (see 

Figure 6-2(c)), which further reduce the computation complexity to a tractable 

level for 3D surface matching. 

Pooling&Sorting: From Figure 6-2(a), it is clear that     
  in     

  should be 

matched to both     
  and     

  in     
 . After pooling all strings from     

  and 

    
  into the pooled bag-of-strings          

      
 , we sort all strings in 

     by length and pick the longest string          , which is the red     
  in this 

example (see Figure 6-2(b)).  

String-to-Bag matching: The longest string           in the pooled bag-of-

strings is then matched to a small collection of candidate strings, which constitute 

the sub-bag-of-string       as defined in Section 6.2.2.2 (see the blue     
  and 

    
  in Figure 6-3(c)). As the proposed string-to-bag matching is a partial 

matching algorithm (see details in Section 6.2.2.2), the red     
  is matched to the 

blue     
  and part of the blue     

  (the color of matched string segments are 

changed to green while the unmatched portion remains the same). 
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Updating pooled bag-of-strings: After string-to-bag matching between     
  

and its corresponding      , all matched string segments     
 ,     

 ,       
  (in 

green color) are removed from      and the remaining segment       
  (in red 

color) is kept and becomes a new red string in      (see Figure 6-2(d)). 

Repeating the above three steps, we can establish the pairing of strings or 

substrings (i.e., string segments) and obtain their similarity score for every string in 

    
  or     

 . The algorithm stops when the pooled bag-of-strings      

    
      

   becomes empty or only contains strings of one color (see Algorithm 

6-1). The sum of all the similarity scores      ( ) is the similarity between the 

probe bag-of-strings     
  and galley bag-of-strings     

 . 

Note that the longest string           in each iteration is dependent on the 

contents of the probe bag-of-strings     
  or the gallery bag-of-strings     

 . Thus 

the proposed algorithm is completely symmetry and its output similarity score is 

guaranteed the same when the roles of the probe and the gallery are interchanged 

(i.e.,  (    
      

 ) =  (    
      

 )).  
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Algorithm 6-1    -to-    pooled matching 

Inputs: probe bag-of-strings     
 , gallery bag-of-strings     

  

Outputs:  (    
      

 ) 

1: Combine probe bag-of-strings     
  and gallery bag-of-strings     

  into 

      one bag-of-strings          
      

 . 

2:      ; 

3: do 

4: Sort strings in          
      

  by length. 

5:  Pick the longest string           in          
      

 . 

6:  Create sub-bag-of-strings       *                + for          . (see 

           Section 6.2.2.2) 

7:  if (       ) 

8: Calculate similarity score      ( ) between string           and strings in 

                    (see Algorithm 7-2),        . 

10: else 

11: Remove           from          
      

  and remove all matched 

              string segments from      . 

12: Goto step 5. 

13: end 

14: while (    
            

   ) 

15:  (    
      

 )  ∑      ( )  
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6.2.2.2 Sub-Bag-of-Strings Generation 

In Algorithm 6-1, step 5 pick the longest string           from          
  

    
 , which can belong to either the probe bag-of-strings     

  or the gallery bag-

of-strings     
 . A tunnel along           is then constructed to set the searching 

space of potential matching strings for          . We place the center of a sphere 

with radii   on one end of           and let it roll along the continuous line 

segments of           to the other end. All the strings whose color is different from 

the color of           and are hit by this moving sphere are collected to construct a 

sub-bag-of-strings        for           to limit the searching space of each string-

to-bag matching. 

6.2.2.3 String-to-Bag Matching 

Given a selected longest string           and its      . Let           

 〈    〉    
   

  
  and        *                 + , where      

  
   

   
 ,        .   and   indicate that the strings are in different colors 

(if    , then    ; if    , then    ). In the first step of Algorithm 6-2, 

we utilize two operation costs (change cost and merge cost) to calculate the 

similarity between           and             and employ the dynamic 

programing to generate S-M matrix pairs,    (              )  and   (          

    ) ,        . 

The cost of merging a sequence of   primitives   〈       〉  into one 

merged primitive   
 〈 〉 is defined as 
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 (  〈       〉    
 〈 〉)    (

   

  
∑ 〈     〉    

 

       

) Eq. 6-4 

where    and    are the length and directional vector of merged primitive   
 〈 〉,    

and    are the length and directional vector of primitive   
  in   〈       〉 

before merging. 

  
 〈 〉 and   

  〈 〉 are two primitives merged from substring   〈       〉  

      
    

  and    〈       〉        
     

   respectively. The cost function 

for change operation from   
 〈 〉 to   

  〈 〉 is defined as 

 (  
 〈 〉    

  〈 〉)

 |     |   (〈     〉)  ‖(     )  (     ) ‖ 

Eq. 6-5 

where 〈     〉  ,     -  is the intersecting angle between primitive   
 〈 〉  and 

  
  〈 〉, and  ( ) is a non-linear penalty function to map the angle to scalar using 

 ( )      . The value of   is empirically set to 1000 in our study. When     

and    , no merge is performed and the above change operation reduces to the 

conventional one-to-one change operation   
    

 . 

When trying to match two primitives   
 〈 〉 and   

  〈 〉, we consider both the 

merge cost and change cost, and use parameter   as a threshold to decide whether 

  
 〈 〉  and   

  〈 〉  are matched substrings. If the combined cost of merging and 

changing operations is greater than   (which gives  (  
 〈 〉   

  〈 〉)   ), these 



Chapter 6 3D Bag-of-Strings 

138 

 

primitives are considered as outliers. The similarity score between primitives   
 〈 〉 

and   
  〈 〉 is given in Eq. 6-6. 

 (  
 〈 〉   

  〈 〉)

   *, (  
 〈 〉    

  〈 〉)

  (  〈       〉    
  〈 〉)

  (  〈       〉    
  〈 〉)-+ 

Eq. 6-6 

In order to compute the similarity scores between string            〈   
 〉 

and       〈   
  〉, the dynamic programing is employed here to generate a S-M 

matrix pair with size (    )  (     ), which is shown as follows, 

    (

 (   )       (   )      (     )

 (   )       (   )      (     )
                                                   

 (    )   (    )  (      )

) Eq. 6-7 

where  (   )  is the similarity value between           and      along the path 

determined by its corresponding element in  (   ). 

    (

 (   )       (   )      (     )

 (   )       (   )      (     )
                                                   

 (    )  (    )  (      )

) Eq. 6-8 

where  (   ) contains values   and   to control the merge path. The element  (   ) 

stores the maximum accumulated similarity between two substrings     
    

  and 

    
     

  , which starting from     
  and     

  , and ending at   
  and   

   respectively, 

is defined as follows: 
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 (   )  {
   
   
( (   )) 

               
 Eq. 6-9 

where  (   ) is the accumulated similarity value resulting from edit operations as 

defined below, 

 (   )  {
 (       )               
                                           

 Eq. 6-10 

The merge steps that produce the maximum  (   ) are stored in  (   ) as 

 (   )        
   
( (   )) Eq. 6-11 

The step 1 of Algorithm 6-2 describes the process of generating    (          

    )  and    (              ). 

After generating S-M matrix pairs,    (              )  and    (          

    )，  we concatenate these S-M pairs into one concatenated S-M pair 

 (               ) and  (               )with size of (    )  ∑ (     
   

 )  where    and     are the number of primitives in string           and 

     (         ) respectively, which are given in Eq. 6-12 and Eq. 6-13. 

 (               )  ,             - Eq. 6-12 

 (               )  ,             - Eq. 6-13 

In step 3 of Algorithm 6-2, we calculate similarity score      ( ) between 

          and       . A traceback process is then utilized to find all the matched 

string (or substring) pairs and their corresponding similarity values. The starting 

point of matched substring pair is first found by locating the maximal element in the 

concatenated score matrix S. Other matrix elements leading to this maximal value 

are then sequentially determined by the corresponding elements in the concatenated 
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merge matrix M. The ending point of the matched substring pair is determined by 

tracing back to the element that equals zero in S. The maximum value is recorded as 

the similarity score of the matched substring pair. Before searching for the next 

matched string (or substring), all the elements in the S-M pair related to the 

previous matched pair are set to zero to avoid matching a primitive in one           

to multiple primitives in the      . The above traceback process is repeated until 

all the elements in S are 0. 

As illustrated in Algorithm 6-2, the similarity between the  th longest string 

          and its corresponding       is calculated by summing all the similarity 

       ( ) of all the matched string (or substrings), which is denoted as 

     ( )  ∑       ( )

 

 Eq. 6-14 

where   is number of matched string (or strings) between           and      . 
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Algorithm 6-2 Matching one string against strings in sub-bag-of-strings and 

calculating similarity score      ( ) 

Inputs:            〈   
 〉       *           +  * 〈   

  〉    〈     〉+ 

if                                

Outputs:      ( ) 

//Step1: Create matrix-pairs    (              )  and    (              ) ,    

        

for            

  for                

      (   )    

end 

for                 

       (   )    

end 

for                           

for                 
                 

   

 (  
 〈 〉   

  〈 〉)    *, (  
 〈 〉    

  〈 〉)   (  〈       〉  

  
 〈 〉)   (   〈       〉    

  〈 〉)-+ 

 ,   -  {
 ,       -                
                                           

 

end 

 (   )        ( (   )),  (   )           ( (   ))  

end 

end 

//Step 2: Create matrix-pair  (               ) and  (               ). 

 (               )  [   (              )      (              )] 

 (               )  [   (              )      (              )] 
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//Step 3: Calculate similarity score      ( ) between           and       . 

   ; 

do 

 // find the maximum element in   and it location. 

            ( )  (   )   location of     ( ); 

 // initialize Start & End of matched subrings. 

 (             )  (   ), (         )  (   )  

 // trace back using k,l in m(r,c). 

           –               –     

 while   (     )    

   (             )  (     )           –               –     

 end  

        ( )                

 // reset related elements in S to 0 

  (              ∑    
 )      (                )   ; 

while     ( )     

     ( )  ∑       ( )

 

 

 

6.2.2.4 Bag-to-Bag Similarity Measurement 

The similarity between bag-of-strings     
  and bag-of-strings     

  is the 

sum of all the similarities of matched strings (or substrings), which is denoted in Eq. 

6-15. 

 (    
      

 )     ∑     ( )

  

   

 Eq. 6-15 
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  Eq. 6-16 

where   is the number of matched          , and    is a weight term which 

emphasizes the importance of matching large parts from both     
  and     

  in 

the similarity measurement design, according to the observation that humans 

consider the percentage of similar content between two objects when judging the 

quality of matching. 

Finally, the similarity between        *    
      

        
 +  and 

       *    
      

        
 + is the sum of all the similarity scores between 

    
  and     

 , as defined below: 

 (             )  ∑ (    
      

 )

 

   

 Eq. 6-17 

6.2.2.5 Example and Analysis 

We now show a real example of the proposed 3D bag-of-strings matching 

algorithm. Figure 6-3(a) and Figure 6-3(b) visualize 3D bag-of-strings     
  and 

    
 

 of two different face scans from the same person in the FRGC v2 database, 

where     
  is neutral and     

  is occluded. In order to better demonstrate the 

process of our matching mechanism, we select and visualize the longest 10 strings 

of ridge type from both     
  and     

 , which are in blue colour and in red colour 

respectively. It is observed that the locations of the longest ridge strings are around 

the important facial regions on the face (i.e., eyes, nose, and mouth), which are the 

most stable and discriminative for face recognition. 
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Figure 6-3: An example illustrating the proposed BoS-to-BoS matching 

process. (a) The longest 10 strings in blue color from the probe bag-of-

strings     
 , where the corresponding original indexes are labeled, (b) the 

longest 10 strings in red color from the gallery bag-of-strings     
 , where 

 

 

(𝒂) The longest 10 strings in 𝐵𝑜𝑆 
𝐴.           (𝒃) The longest 10 strings in 𝐵𝑜𝑆 

𝐵. 

(𝒄) The longest 10 strings in 𝑩𝒐𝑺𝟏  𝑩𝒐𝑺𝟏
𝑨  𝑩𝒐𝑺𝟏

𝑩. 
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the corresponding original indexes are labeled, (c) the longest 10 strings 

from the pooled bag-of-strings          
      

  , where both the 

sorting indexes and the original indexes are labeled. 

Figure 6-3(c) displays the string pooling process, in which we construct the 

pooled bag-of-strings          
      

 , and select the longest 10 strings to be 

displayed. In this figure, all the 10 strings have two indexes, the first one in black is 

its order by length in      and the second one in bracket is its original index     
  

or     
 . From this example, we can see that the 7th string     

  in the gallery 

    
  is the longest string in the the pooled      with 14 primitives 

   
    

     
    

 . A potential matching string searching process is then employed 

on string     
 , which is illustrated in Figure. 6-4. 

 

 

Figure 6-4: The illustration of     
 and its corresponding sub-bag-of-strings 

      {    
      

       
 }. 
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As illustrated in Figure 6-4, the sub-bag-of-strings       of     
  is generated, 

which contains three strings     
 ,     

 ,      
  in the probe     

  with 11, 2, 10 

primitives respectively. The S-M matrix pair calculated by Algorithm 6-2 is shown 

in Figure 6-5. Here, we give an example on traceback process between S-M 

(    
       ), which are illustrated in Figure 6-5 for matching     

  to      . 

In Figure 6-5, we illustrate the score matrix S(    
       ) and merge matrix 

M(    
       ) in Figure 6-5(a) and Figure 6-5(b) respectively. It can be noted 

that only substrings of     
  and      

  are matched to     
 , which is reasonable 

when referring to the locations and shapes of strings in Figure 6-4. During the 

traceback process, we first locate the maximal element of matrix S, which is 

 (   
     

 )       (see the red rectangle in Figure 6-5(a)). The corresponding 

merge step of this entry is  (   
     

 )  (   )  (see the red rectangle in Figure 6-

5(b)), which means there is no merge operation in this matching step. Then we trace 

back by one primitive in both     
  and     

  to entry (   
     

 )  with similarity 

value  (   
    

 )        and merge step  (   
    

 )   (   ). Repeat the similar 

traceback process in the previous step until reaching the matrix boundary. In each 

step, we reset all the related elements in S-M pair to zero (see Algorithm 2). The 

similarity score between     
  and        equals 19.82, and the matched substrings 

between     
  and       are denoted in green color in Figure 6-4. 
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S 
    

      
       

  

    
    

                                                  
       

     
     

     
     

     
     

     
     

     
  

    
  

  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
   
  0 0 0 0 0 0 0 0 0 0 0 0 0 2.62 3.12 0 0 0 0 0 0 0 0 0 0 0 
   
  0 0 0 0 0 0 0 0 0 0 0 0 0 0 2.45 0 0 0 0 0 0 0 0 0 0 0 
   
  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
   
  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1.51 1.60 0 0 0 0 0 0 0 0 
   
  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2.97 3.42 2.17 0 0 0 0 0 0 
   
  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 5.39 7.67 0 0 0 0 0 0 
   
  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 10.8 0 0 0 0 0 
   
  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
   
  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 10.9 5.04 0 0 0 
   
  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 16.7 0 0 0 
   
  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 15.2 0 0 0 
   
  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
   
  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
   
  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
   
  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
   
  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
   
  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
   
  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
   
  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

(a) 

M 
    

      
       

  

    
    

                                                  
       

     
     

     
     

     
     

     
     

     
  

    
  

  null null null null null null null null null null null null null null null null null null null null null null null null null null 
   
  null (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) null (   ) (   ) null (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) 
   
  null (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) null (   ) (   ) null (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) 
   
  null (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) null (   ) (   ) null (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) 
   
  null (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) null (   ) (   ) null (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) 
   
  null (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) null (   ) (   ) null (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) 
   
  null (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) null (   ) (   ) null (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) 
   
  null (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) null (   ) (   ) null (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) 
   
  null (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) null (   ) (   ) null (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) 
   
  null (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) null (   ) (   ) null (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) 
   
  null (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) null (   ) (   ) null (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) 
   
  null (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) null (   ) (   ) null (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) 
   
  null (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) null (   ) (   ) null (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) 
   
  null (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) null (   ) (   ) null (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) 
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6.3 Experimental Results 

In the following we provide a comparative performance analysis of our method 

with other state-of-the-art solutions, The experiments were run on two datasets: the 

FRGC v2 [106] and the Bosphorus [105]. 

The methods selected for the comparison include those from Drira et al. [16], 

Colombo et al. [18], Alyuz et al. [87], Berretti et al. [13], and Lei et al. [86]. These 

methods, except the most recent paper from Lei et al. [86], require training process 

or certain knowledge from multiple training data to generated the prediction 

models. Our method, similar to the work presented by Lei et al. [86], requires only 

one image per class for face recognition.   

6.3.1 Data Preprocessing and String Extraction 

Since the raw facial scans of the two datasets contain a lot of noises, such as 

holes and spikes, all raw data are normalized by four main steps in the same manner 

as [125]. (1) A sphere of radius 80mm centered at the nose tip is used to crop the 

3D face, in order to discard those undesired parts, such as clothes, neck, ears and 

hair. The nose tip is automatically located by a coarse to fine landmarking process, 

but manually selected for certain cases with random gesture and large variation.  (2) 

A decision-based median filter with a 3×3 window is then designed to remove 

spikes, which efficiently remove all the spikes without touching properly scanned 

vertices. (3) Once all the spikes are removed, a 3×3 window is used to search the 

border of the hole and a mean square surface fitting process is implemented to fill 
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holes. (4) A generic model with three main feature points (the nose tip and two 

inner eye corners) is used to align the cropped and smoothed 3D facial scan through 

a SVD process.  

Then crest lines are detected on normalized facial scans (in the following 

experiments, we divide the feature curves into 2 groups: ridge and valley, as shown 

in Figure 6-1, which are drawn in blue and red respectively). Those curves are then 

polygonised into strings by a line simplification algorithm [126]. 

6.3.2 Effect of Parameter   

In this section, we investigate the effect of parameter   in Algorithm 6-2 on 

the recognition accuracy. In theory, the parameter   is a threshold to decide the 

strength of partial matching. When   is close to 0, all string pairs are considered as 

outliers and are discarded in the matching process, unless they are identical string 

pairs. As   increases, the percentage of outlier strings decreases. 

The effect of   is evaluated experimentally on a training dataset. 100 people 

with 2 neutral 3D faces per person from the FRGC v2.0 Spring2003 are used to 

create a training dataset. The neutral 3D face in session one are used to construct 

the model database, and the neutral 3D face in session two are used as query images. 

The recognition rates are plotted against the values of   in Figure 6-6. It can be 

observed that the system performance has noticeably increased with a low value of 

  and reaches the optimal value of 100% when   ranges from 7.5 to 8. Performance 

degradation is noticed if   continues to increase beyond this range. In the rest of 

experiments in this study,   is set to 8.  
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Γ 

Figure 6-6: The effect of Γ on recognition rate. 

6.3.3 Effect of Parameter   

In this section, we analyse both the recognition performance and time 

consumption (1-to-1 image matching) when the   parameter in Algorithm 6-1 

changes. In theory,   parameter determines the number of potential matching 

strings in the sub-bag-of-strings      . When   increases, the radii of searching 

space increases and thus the number of searched potential matching strings could 

increase, which is supposed to improve the system performance but at the expense 

of time consumption.  The experiment is performed using the same experimental 

setup as the one discussed in Section 6.3.2.  
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From Figure 6-7, we observe that the recognition accuracy remains higher than 

98% when   ranges from 2 to 6, and reaches the optimal value of 100% when 

   . However, time consumption also increases from 0.36s to 0.59s when   

ranges from 2 to 10, and dramatical incensement of time cost is observed when   is 

larger than 8. Considering the balance of system performance and time efficiency, 

  is set to 8 in the rest of experiments in this study. 

 

R 

Figure 6-7: The effect of R on recognition rate and time consumption. 

6.3.4 Comparative Evaluation on FRGC v2 Dataset 

In this section, we present the experimental results on the FRGC v2 dataset 

which is one of the largest 2D and 3D face dataset. The FRGC dataset contains 
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4950 3D facial scans with their corresponding texture maps acquired using the 

Minolta Vivid scanner, in the presence of minor pose variations and major 

illumination and expression variations. The dataset is divided into three sets based 

on their acquisition time: Spring2003, Fall2003, and Spring2004. The Spring2003 is 

used for training while the other two sets are used for validation.  

In our experiments, we use 2410 3D facial scans with neutral expression (466 

gallery faces and 1944 probes) from the Fall2003 and Spring2004 sets. For 

recognition experiments, 385 subjects who have at least two scans are selected. For 

each subject, the first scan is used as the gallery and the other neutral scans are used 

as the probe. The results on FRGC dataset is given in Table 6-1. Our method has 

achieved comparable performance as the alternative methods. In particular, our 

method has outperformed the method from Berretti et al. [13] with a small margin. 

Though it is worse than Drira et al. [16], it requires a training process to generate a 

spare model, while our approach does not require any training process. Our method 

is about 1.7% lower in recognition rate compared with the method of Lei et al. [86]. 

This implies our method does not have clear advantage over the best method. 
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Table 6-1: Comparison of rank-1 recognition rates on FRGC v2 database. 

 

Approaches recognition rate 

Drira et al. [16] 99.2% 

Colombo et al. [18] N/A 

Alyuz et al. [87] N/A 

Berretti et al. [13] 97.3% 

Lei et al. [86]  99.6% 

Ours 97.9% 

 

6.3.5 Face Recognition on the Bosphorus Dataset with 

Partial Occlusions 

We are more interested in testing the performance of the proposed approach in 

coping with real partial occlusions. In this experiment, we used the Bosphorus 

dataset which includes 4652 scans collected from 105 subjects. The images are in 

various expressions, poses and partial occlusions. In Figure 6-8, four types of 

occlusions presented in the Bosphorus dataset are shown: (1) occlusion of mouth 

with hand, (2) occlusion of eye with hand, (3) occlusion of eye with eyeglasses, and 

(4) occlusion of the face with hair. 
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To compare with the benchmark methods, we follow the same experiment 

protocol used in by Colombo et al. [18]. A neutral scan for each person is selected 

to form a gallery set of size 105. The probe set contains 381 scans that have 

occlusions. For data preprocessing, after cropping and smoothing, the scans are 

coarse-aligned by the position of non-occluded landmarks, which are already 

provided by the Bosphorus dataset.  Then, the scans are registered to a template 

scan by ICP.  

The rank-1 recognition rate is reported in Table 6-2 for different approaches 

under various types of occlusions.  Our approach achieved the best overall rank-1 

recognition rate of 95.0%. This is significantly higher than all method being 

compared. In particular, we have outperformed or tied with alternative methods in 

three out of the four types of occlusions, with a large margin in the hair occlusion. 

This has demonstrated the superior occlusion invariant property of our method. 

 

 

 

 

 

 

 

 

 

Figure 6-8: Scans of one subject in the Bosphorus database with four 

occlusion types. 
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Table 6-2: Comparison of rank-1 recognition rates on the subset of occlusion 

on the Bosphorus database. (381 scan in probe set). 

Approaches eye mouth glasses hair all 

Drira et al. [16] 97.1% 78.0% 94.2% 81.0% 87% 

Colombo et al. [18] N/A N/A N/A N/A N/A 

Alyuz et al. [87] 93.6% 93.6% 97.8% 89.6% 93.6% 

Berretti et al. [13] N/A N/A N/A N/A N/A 

Lei et al. [86] 90.5% 94.3% 96.2% 88.1% 92.7% 

Ours 97.1% 95.2% 94.2% 95.5% 95.0% 

 

 

Colombo et al. [18] introduced another experiment setting by reducing the size 

of probe set to 360 after discarding bad quality facial scans. We follow their 

protocol and report the recognition results comparison in Table 6-3.  

In the four experiments under varying occlusions, the proposed method has 

significantly outperformed other methods in one type of occlusion, and match or 

close to the best results in two other cases. The overall recognition rate is 7.1%, 

8.7%, and 2.1% higher than the methods from Drira et al [16], Colombo et al. [18], 

and Lei et al [86], respectively. This has confirmed that our method can effectively 

handle partial occlusions. Besides, it is interesting to find that in our approach glass 

occlusions affect the recognition most. This is possibly because the occlusion 

shapes of glasses are similar between different subject classes and thus decrease the 

dissimilarity score between different classes. 
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Table 6-3: Comparison of rank-1 recognition rates on the subset of occlusion 

on the Bosphorus database. (360 scan in probe set). 

Approaches eye mouth glasses hair all 

Drira et al. [16] 98.9% 78.5% 94.2% 85.2% 89.2% 

Colombo et al. [18] 91.1% 74.7% 94.2% 90.4% 87.6% 

Alyuz et al. [87] N/A N/A N/A N/A N/A 

Berretti et al. [13] N/A N/A N/A N/A N/A 

Lei et al. [86] 90.2% 94.3% 96.2% 98.0% 94.2% 

Ours 98.1% 96.1% 94.2% 98.0% 96.3% 

 

 

 

 

6.4 Conclusions 

In this work, we have presented a new 3D face recognition approach using a 

high-level string representation and matching strategy to effectively tackle the 

challenges of partial occlusions. The proposed 3D bag-of-strings method is a 

syntactic representation that integrates local structural information with spatial 

information of a face surface. The matching of two faces is achieved by matching 

two 3D bag-of-strings through strings-to-strings matching, which is able to 

effectively find the most similar substrings between two 3D bag-of-strings. Its 

embedded partial matching mechanism can recognize 3D facial scans with 

occlusions of arbitrary shapes and locations without any prior knowledge or 
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assumption of the occluded regions. The performance of the proposed approach has 

been evaluated and compared with several state-of-the-art approaches. Preliminary 

experimental results demonstrated the feasibility and effectiveness of our approach, 

showing a new way for face representation and recognition. 
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Conclusions 

Face recognition has attracted significant research interest in the past three 

decades due to its non-intrusive and friendly acquisition nature, in comparison to 

other biometrics. Despite extensive research on 2D face recognition, recognising 

humans from their faces remains a challenging task under non-cooperative and 

uncontrolled conditions. In recent years, the research focus has shifted from the 2D 

to 3D domain in response to the rapid development and decreasing cost of 3D 

sensors. Compared to conventional 2D face recognition, 3D face recognition is 

expected to be less sensitive to illumination and pose variations. This is because the 

actual geometric information residing in 3D data is considered inherently robust to 

the changes in illumination and pose that adversely affect 2D face data [1]. 

However, 3D scans often suffer from problems such as expression and occlusions. 

While the issue of expression management has been extensively studied in recent 

years, relatively few studies have directly considered the occlusion problem. 



Chapter 7 Conclusions 

159 

 

Further, many studies have reported 3D face recognition techniques that involve a 

training stage and rely heavily on the size and representativeness of the training set. 

As such, most of these techniques suffer serious performance decreases or even fail 

to work if only one training sample per person is available to the system. Thus, in 

this thesis, we aimed to establish a concept of structural representation for 3D 

surfaces and to investigate its application to 3D face recognition. 

7.1 Work Summary 

Designing a single modal 3D face recognition algorithm that is robust to 

occlusions is a challenging task, and only limited research in the literature has 

attempted to deal with this problem. In this thesis, we proposed the concept of 

structural representation to tackle the aforementioned challenge in 3D face 

recognition. The proposed structural representations can be classified into two 

different levels. In the first low-level representation category, we presented two 

low-level structural representations (3DPLC and 3D
2
V) to represent and match 3D 

facial scans. These representations, alongside their distance metrics, can effectively 

integrate spatial and local structural information on 3D surfaces, as well as reduce 

the data storage requirements and computation time of the 3D matching algorithm. 

For these two low-level structural representation-based methods, only one single 

modal is needed and there is no training stage involved. 

In the second high-level representation category, we designed two high-level 

structural representations to perform 3D face recognition under partial expression 
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variations or occlusions. First, we presented a new radial string representation. 

Combining the proposed partial matching mechanism and the well-known 

AdaBoost algorithm, we selected the most discriminative and stable strings to 

construct a strong classifier for robust 3D face recognition under expression and 

occlusions. We then proposed a context-based string representation (3DBoS), in 

which we employed a potential string searching strategy to greatly reduce the time 

consumption and achieve acceptable recognition performance. Moreover, the 

embedded partial matching mechanism was expected to enable our method to 

automatically use every piece of the non-occluded region, regardless of shape, in 

the recognition process. 

Facial curves only contain spatial information and lack structural 

representation; thus, we aimed to extend the conventional curve-based 3D face 

recognition approaches and investigated four different types of structural 

representations for 3D face recognition. In the first type, we used 3DPLC generated 

from crest lines to represent a 3D surface. A new 3D polygonal line segment HD 

conducted the matching between two set of 3DPLC. This representation, along with 

the distance metric, could effectively harness structural and spatial information on a 

3D surface. In the second type, we encoded each 3D facial scan into a set of 3D
2
V 

with much fewer sparsely distributed structured vertices that carried structural 

information transferred from their deleted neighbouring points. Accordingly, we 

employed a 3D
2
V conversion and similarity measurement method to compute the 

distance between two different 3D
2
Vs. In the experiments, we investigated and 

tested the performance of our approach using HD and ICP algorithms, respectively. 
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In the third type, we presented a radial string representation and matching 

approach for 3D face recognition under expression variations and partial occlusions. 

The radial strings were an indexed collection of strings emanating from the nose tip 

of a face scan. We conducted matching between two radial strings via a dynamic 

programming process, in which a partial matching mechanism was established to 

find the un-occluded substrings effectively. Moreover, the most discriminative and 

stable radial strings were selected optimally by the well-known AdaBoost algorithm 

to achieve a composite classifier for 3D face recognition under facial expression 

changes. 

In the fourth type, we proposed a novel 3DBoS representation and matching 

method to address the limitation of the current string matching approach to the level 

of complicated object matching, and investigate its application in 3D face 

recognition. BoS is a compact syntactic representation of face images that integrates 

the relational organisation of intermediate-level features (line segments) into a high-

level global structure (string). We completed the recognition of faces by matching 

two BoS through a string-to-bag matching scheme, which can efficiently find the 

most discriminative local parts (substrings) for recognition, without any prior 

knowledge of the distributions of the deformed facial regions. This technique fully 

explores the information from all un-occluded data to achieve occlusion-invariant 

3D face recognition. In summary, this work has proposed four different types of 

structural representation-based methods and tested their application to 3D face 

recognition. 
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7.2 Future Work 

In this thesis, we designed and investigated a couple of 3D face recognition 

approaches derived from the concept of structural representation. With their added 

structural discriminative power, these approaches achieved considerable 

performance under the single sample problem and occlusions. To extend this 

research, we suggest several future perspectives. 

The primitives of the proposed structural representations—3DPLC, 3D
2
V, 

3DRS and 3DBoS—are 3D line segments or 3D
2
V, which have attributes such as 

length, direction and location. Obviously, they have shortcomings under severe 

pose variations or with large misalignment. Based on this observation, it is desirable 

to investigate the problem of pose variation and large misalignment in the future. 

One possible way to approach this challenge is to match 3D face scans by fusing 

spatial information and texture information, or by employing different feature 

descriptors (such as 3D SIFT). 

Although the proposed 3DRS representation preserves certain capability to 

manage expression variance, it is not a completely expression-invariant method. 

Moreover, the experimental results in Chapter 3 indicated that the proposed 3D
2
V 

representation was sensitive to a large degree of facial expression variations (such 

as laughing). The problem of large expression variations also requires extensive 

investigation. There are two possible ways to consider this problem. One is to 

improve the primitive detection algorithm so that it only detects points that remain 

stable against different expressions. The other is to employ a differential geometry 
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tool (such as Riemannian analysis) that can map shape deformation resulting from 

different expressions. 

Finally, the proposed structural representations and concepts (3DPLC, 3D
2
V, 

3DRS and 3DBoS) can be extended to other shape-matching or object-recognition 

issues. For example, 3D trademark retrieval is an ideal candidate to apply the 

proposed structural representations and concepts. Further, sketch image retrieval 

can be considered another ideal candidate to apply our approaches. 
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