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Abstract
Many formalisms with various expressive power and reasoning properties have
been proposed in knowledge representation (KR). Possibilistic logic is a weighted
logic for dealing with incomplete and uncertain information by assigning weights
to propositional formulas. A possibilistic knowledge base (KB) is a finite set of
such formulas. The importance of incorporating possibilistic reasoning has been
recognised by some researchers. However, some issues are still unsolved yet: (1)
While possibilistic answer set programming (PASP) provides an elegant framework for combining possibilistic logic and answer set programming (ASP), PASP
is unable to reason with inconsistent possibilistic logic programs; (2) The problem
of revising a possibilistic KB by a possibilistic formula has been studied by several
researchers. However, existing approaches to possibilistic revision suﬀer from the
so-called drowning eﬀect. Moreover, revisions by certain and uncertain formulas
are handled separately and most revision operators are defined only for certain
inputs; (3) Multi-context systems (MCSs) provide a unifying framework for representing distributed and heterogeneous information sources in an integrated way.
An MCS is a set of component KR systems called contexts, which are interconnected via so-called bridge rules. It is still unclear how to incorporate possibilistic
reasoning in MCSs. Besides, while MCSs address the heterogeneity of knowledge
formalisms in an elegant theoretical manner, research on distributed and parallel
reasoning systems for MCSs is still in its early development. Thus a more eﬃcient
reasoning framework is needed.
In this thesis, we investigate these issues and present some research results.
Firstly, we consider the inference problems in PASP. Based on the skeptical reasoning determined by possibilistic answer sets, we introduce three inference relations
for PASP, provide their equivalent characterisations regarding possibility distributions, and develop algorithms for these possibilistic inferences. Our algorithms are
i

obtained by generalising some important results in ASP to PASP, such as Clarke’s
completion, loop formulas, and guarded resolution. Secondly, we look into the
revision problem in possibilistic logic. We propose a unified approach that caters
for revision by both certain and uncertain new inputs. The approach is based on
a refined inconsistency degree function called compatibility degree and provides
a unifying framework called cd-revision for defining specific revision operators for
possibilistic KBs. Our definition leads directly to an algorithm for computing the
result of the proposed revision. The revision operators defined in cd-revision possess some desirable properties including those in classic belief revision and some
that are unique to possibilistic revision. We also show that several major revision
operators for possibilistic, stratified and prioritised KBs can be embedded in our
cd-revision. Thirdly, we make the first attempt to establish a framework for possibilistic reasoning in MCSs, called possibilistic MCSs (poss-MCSs). We do so by
first introduce the syntax for poss-MCSs and then define its equilibria semantics.
We then investigate several properties and develop a fix-point theory for a particular type of poss-MCSs. Finally, we present a parallel reasoning algorithm for
MCSs. The basic idea is to use an eﬃcient SAT solver for guessing a candidate
equilibrium for the given MCS and then distribute most of other tasks to individual contexts. In this way, our algorithm can compute an equilibrium distributively.
We show that this algorithm can serve as a basis for other reasoning tasks in MCSs
as well.
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Chapter 1
Introduction
1.1

Knowledge Representation Formalisms

One goal of artificial intelligence (AI) is to empower machines to process knowledge
and to solve real-life problems. To make automated processing of knowledge on
machine possible, a formal language for representing the knowledge and a mechanism to process such representation are needed. Knowledge representation (KR)
is a field of AI that focuses on how to use formal languages to represent knowledge to solve problems [33]. Once knowledge is represented in a formal language,
automated reasoning can be carried out to process the knowledge and derive new
conclusions. Knowledge represented in a formal language is often called a knowledge base (KB).
In KR literature, many formalisms have been developed with various expressive
power and reasoning properties. Propositional logic [67], first-order logic [7], description logics [3], and logic programs [5] are notable examples. These formalisms
are developed based on diﬀerent knowledge modelling needs and are also due to
the strive to achieve a good balance between expressivity and reasoning complexity
[76]. For example, propositional logic is a powerful formalism for expressing circuit
1
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satisfiability problems in circuit design [110]. However, its expressivity turns out
to be insuﬃcient to handle certain problems. On the other hand, first order logic
(FOL) is relatively expressive, but its reasoning is in worst case semi-decidable.
Which means there is an eﬀective method which, given an arbitrary FOL formula,
will always tell correctly when the formula is in the FOL, but may give either a
negative answer or no answer at all when the formula is not in the FOL. The family
of Description Logics (DLs) were introduced as decidable fragments of FOL, with
expressivity and reasoning complexity tailored for various applications in ontologies and the Semantic Web. For example, the Web Ontology Language (OWL) is
based on DLs [87]. These formalisms for knowledge representation are monotonic
in the sense that derived conclusions are still valid when new information is added
to the original knowledge base. However, commonsense reasoning is nonmonotonic
and thus numerous formalisms for nonmonotonic reasoning have been proposed in
the literature. Especially, answer set programming (ASP) [60] has been recognised
as one of the major formalism for nonmonotonic reasoning and has been used in
many application domains such as (NP-hard) search problems [78] and mathematical modelling in systems biology [111]. A KR system is usually coupled with
an eﬃcient reasoning engine that conducts reasoning based on input knowledge
expressed in the formalism. For example, MiniSAT1 [48] for propositional logic,
HermiT2 [88] for DLs, and clasp3 [58] for ASP.

1.2

Multi-Context Systems

Existing approaches and tools mostly focus on individual KR formalisms and reasoning over single knowledge bases, with inadequate support to knowledge ex1

http://minisat.se/Main.html
http://www.hermit-reasoner.com/
3
http://potassco.sourceforge.net/
2
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change and reasoning across heterogeneous and distributed KR systems. However,
with the rapid development of various KR systems, overlapping and complimentary knowledge is often stored and maintained in multiple KR systems. Especially
with the advent of the world wide web, sharing and reasoning about information
in a distributed environment is becoming more important than ever [26]. KR systems on the web need to be connected in order to exchanging information through
the web. The KR systems connected online are not necessarily in the same KR
formalism, and thus their reasoning mechanisms are also diﬀerent. Therefore, heterogeneous and distributed nature of knowledge on the web poses challenges to
existing KR approaches and tools.
Due to the requirement on reasoning eﬃciency, developing a single uniform
formalism to represent such heterogeneous knowledge and deploying a universal
solver for reasoning are impractical. As a result, there has been an increasing interest in systems that allows multiple KBs in various KR formalisms and supports
reasoning over distributed KBs [23], which leads to the development of many distributed reasoning systems [1, 103, 105, 114, 115]. Most of these systems support
only a single KR formalism. More recently, heterogeneous nonmonotonic multicontext systems (MCSs) was proposed by Brewka & Eiter [22] which supports
heterogeneous and possibly nonmonotonic KR systems. Each KR system is considered as a context in heterogeneous nonmonotonic MCSs for historical reasons
[65]. That is, each context may be in a (distinct) KR formalism, ranging from
propositional logic to FOL and logic program, and has its associated solvers. Contexts are interconnected using so-called bridge rules, which facilitate knowledge
exchange between contexts. In the following, we use MCSs to denote heterogeneous nonmonotonic MCSs, unless otherwise stated. MCSs has several advantages
over other distributed systems.
• It allows heterogeneous KR formalisms, instead of single (or a prescribed
3
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selection of) KR formalisms.
• The bridge rules facilitate knowledge exchange between contexts in a fully
declarative manner, which allows an easy extension to cater complex knowledge management tasks [24, 56].
• It makes use of existing solvers developed for various KR formalisms.
The following example illustrates a simple case of an MCS.
Example 1.1 Suppose that we have an online grocery store which sells all kinds
of products. The store puts diﬀerent items on sale to attract customers. Customers
using this online store each has a wish list of products they want to buy. The store
will also send messages to customers whenever an item on their wish list is on sale
to encourage purchase. The customers also have their ideas about purchasing; e.g.,
they will only purchase some item if those items are on sale, but for other items,
they do not mind if it is full price. Meanwhile, there is a third party marketing
research company doing research on how diﬀerent products are aﬀected by sales.
If a product sells regardless of its price, then the product is not price sensitive.
Otherwise, the product is price sensitive.
The online grocery store wants to analyse customers’ consumption habit and
needs to hire a marketing research company. However, in fear of industrial espionage, the online grocery store will only choose to disclose necessary information.
Meanwhile, the marketing research company also do not want it analysing method
to be known by others. Moreover, the customers do not want to hand in personal
information as well.
To model such discrete system, a three contexts MCS can be used. One for the
online store, one for customers, and one for a marketing research company. The
online store will hold a list of products that are on sale. Also, it will import wish list
4
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information using bridge rules from customers and send notifications to customers
whenever a relevant good is on sale. The customers’ context will hold a wish list
on its own and will import sales information using bridge rules from online store
context to help make the purchase decision. Last, the marketing research company
will collect data from the online store and customers regarding their purchase and
whether a product is on sale.

1.3

Uncertain Reasoning

Many KR systems like ASP, DLs, and MCSs only concern with certain knowledge,
that is, knowledge that can be expressed as statements that are either true or
false. However, descriptions of many real-world problems often contain words
like “rarely”, “likely”, or “surely” to represent knowledge at diﬀerent certainty
level [93]. In Example 1.1, we assume sales can fully determine a customer’s
purchase decision, which is not true in the real-world situation. Although sales
will significantly influence someone’s purchase decision, it does not determine it.
What happened is, “when there is a sale, some customers will more likely buy those
products even if they do not need them immediately”. This expression involves
some uncertainty. Such knowledge is referred to as uncertain knowledge.
The high demand of representing uncertain knowledge stems from practical
applications, especially in a web-based scenario where the information on many
websites are based on user-generated contents and thus has the reliability issue. For
example, on Wikipedia, user-created articles are reviewed and edited by a group
of contributors and require references to ensure accuracy; similarly, on Quora,
answers to questions written by users are voted by readers to determine correctness
and usefulness. Such knowledge often comes with some degrees of uncertainty.
Uncertainty also originates from the intrinsic nature of the domain. One example
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is weather forecast where the knowledge is uncertain in nature. Such uncertain
knowledge cannot be represented in certain KR formalisms.
Representing and reasoning with uncertain knowledge is an important but challenging task, and intensive research have been dedicated to it over the past decades.
Most noticeably, possibility theory [39, 116] and probability theory [68] are two theories often used to representing and reasoning with uncertain knowledge. When
representing uncertainty embedded in propositional calculus, possibility theory
has many advantages over probability theory [45]. Thus in this thesis, we focus
on logics derived from possibility theory. We will discuss the diﬀerences between
possibility theory and probabilistic theory in detail in a later chapter.
Possibilistic logic [37], which is originated from possibility theory, is particularly
useful for handling uncertain knowledge. Possibilistic logic extended propositional
logic to include weights to represent and automatically reasoning uncertain information. It can also handle previously considered inconsistent KB in propositional
logic by taking advantage of the weight associated with propositional formulas.
There has been little work on uncertainty reasoning over heterogeneous (and
distributed) knowledge bases. In particular, the incorporation of possibilistic reasoning into MCSs has not been studied before. Such an incorporation is challenging
due the following factors:
1. Research on nonmonotonic possibilistic reasoning is inadequate:
Classical possibilistic logic is an extension of propositional logic, which is
monotonic in nature. On the other hand, MCSs allow non-monotonic KR
formalisms, and more specifically, answer set programming (ASP) plays a significant role in MCSs, as bridge rules are in the form of ASP rules and one
of the semantics of MCSs (namely grounded equilibria semantics) is based
on ASP semantics. The possibilistic extension for ASP (PASP) has been
studied in the literature [91, 94], but the existing research is still inadequate.
6
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For example, unlike classical possibilistic logic, the proposed PASP lacks the
ability to handle contradicting knowledge. Also, many important techniques
that empower classical ASP solvers, like Clarke’s completion and loop formulas, are missing their counterpart in PASP. This posts both theoretical
and implementation challenge to the incorporation of possibilistic reasoning
into MCSs.
2. Support to knowledge update is limited in possibilistic logic: Besides standard deductive reasoning, KR systems also need to handle knowledge update as a form of non-standard reasoning task. Knowledge update is
common in practical applications, especially in a web-based scenario where
information get updated regularly, and is also an important research topic,
as the update may introduce knowledge inconsistency and harm reasoning.
Knowledge update has been widely researched for various KR formalisms
[57], and can be naturally extended to MCSs where each context updates
its own knowledge using existing approaches. Although knowledge update is
studied in possibilistic logic, currently a uniformed framework is still missing. In particular, existing approaches focus on an update with either certain
knowledge or uncertain knowledge, but not both. Also, existing approaches
often suﬀer from the so-called “drowning eﬀect” [15], where unrelated formulas are been removed and causing unintuitive consequences after the knowledge is updated. A theoretical framework for knowledge update is needed
for the incorporation of possibilistic reasoning into MCSs.
3. Distributed parallel reasoning of MCSs is still premature: After
addressing the theoretical issues of incorporating possibilistic reasoning to
MCSs, a next question is how the system can be implemented eﬃciently.
Although MCSs solve the heterogeneity of knowledge formalisms in an ele-
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gant theoretical manner, research on distributed and/or parallel reasoning
systems for MCSs is still in its early development. The existing reasoning
mechanisms for MCSs, including centralised, distributed, and combined approaches have certain drawbacks and may not scale over a relatively large
number of contexts. To handle more contexts often required by real-world
applications, a more eﬃcient reasoning framework is needed.

1.4

Goals of the Thesis, Main Results, and Structure

Motivated by the above challenges, we address them in this thesis by investigating
possibilistic reasoning and MCSs. More specifically, the main contributions of the
thesis are as follows:
• We first extend PASP with the capability of reasoning over inconsistent ASP
knowledge bases. We define three forms of possibilistic inferences in PASP
which are generalisations of classical inferences in possibilistic logic. These
three possibilistic inferences allow PASP to derive non-trivially conclusions
even the knowledge base is considered inconsistent in ASP semantics, hence
extends the inconsistency-resolving capability of classical possibilistic logic
to PASP. To provide a semantic characterisation of such inferences, we extend possibility distribution in normal PASP programs to disjunctive PASP
programs and show that these possibilistic inferences can be equally characterised by possibility distribution.
• For reasoning, to take advantages of existing propositional logic solvers, we
provide two transformation methods from PASP programs to possibilistic
logic knowledge bases. Our transformation is a generalisation of the classical
8
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transformation from ASP to propositional logic, which is often employed in
ASP solvers to take advantages of highly eﬃcient propositional logic (SAT)
solvers. In a similar way, our transformation reduces the inference problems
we newly proposed in PASP to reasoning in possibilistic logic.
• We establish a unified knowledge update framework that accepts with both
certain and uncertain knowledge as input, which can eﬀectively reduce “drown
eﬀect” of such update. We define a new concept called compatibility degree and based which we establish a revision operator for possibilistic logic
called cd-revision. This revision operator satisfies major postulates which
are considered essential for classical AGM belief revision. We also develop
an algorithm for cd-revision. Our new revision framework is general enough
to subsume some major existing approaches in the literature.
• Based on the above results, we can establish a framework for combining possibilistic reasoning with MCSs called possibilistic MCSs (poss-MCSs). Our
framework allows uncertain knowledge to be exchanged among contexts. As
a semantic characterisation, we define the possibilistic equilibria semantics
for poss-MCSs, as a generalisation of the classical semantics of MCSs, that is,
it is equivalent to the classical semantics when no context contains possibilistic knowledge. We study a special case of poss-MCSs where each context is
in PASP. We define possibility distribution and possibilistic grounded equilibria semantics for such poss-MCSs, and we provide a syntactic algorithm
to calculate possibilistic grounded equilibria for any given poss-MCS.
• Finally, we develop a reasoning framework for parallel reasoning of MCSs, as
a step towards eﬃcient reasoning for poss-MCSs. In particular, we present
a generic algorithm supports parallel processing of contexts in an MCS. The
algorithm consists of three phases: In the first phase, our algorithm process
9
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the bridge rules, and the results are fed into each context respectively for
the second phase. In this phase, each context will only receive information
related to itself, not about other contexts, to ensure privacy. In the second
phase, each context processes its received information and derive new conclusions in parallel. In the third phase, each context reports back to the global
process and the global process then syntheses the results from individual
contexts and decides the next steps. During the entire reasoning process, no
local knowledge will be disclosed between contexts unless they choose to do
so, which provides a good privacy control.
Thesis Organisation. The remainder of this thesis is organised as follows.
In the following chapter, we will review state of the art in related research areas,
including possibilistic logic, possibilistic ASP, and MCSs. We will also elaborate
the problems we want to solve in details. The main contributions are presented in
Chapters 3 to 6. In Chapter 3, we present three forms of possibilistic inferences
in PASP and two transformation methods for PASP programs. In Chapter 4,
we propose a unified knowledge update framework that deals with both certain
and uncertain knowledge as input. In Chapter 5, we establish a framework for
combining possibilistic reasoning and MCSs. In Chapter 6, we provide a framework
for parallel reasoning over MCSs. Finally, the results of the thesis are summarised
in Chapter 7, together with a comparison to related works and an outlook to future
works.

10
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Literature Reviews
This chapter provides current developments and a more technical view of the underlying machinery used in this thesis. We first introduce the basics and principles
of ASP. Then we show possibility theory and its combination with propositional
logic and ASP. Finally, we outline the heterogeneous nonmonotonic MCSs.

2.1

Answer Set Programming

ASP is a form of declarative programming oriented towards diﬃcult (primarily NPhard) search problems [78]. It is based on the answer set (stable model) semantics
for logic programs with negation [60]. ASP combines logic programming and
nonmonotonic reasoning and is well-suited for common sense reasoning.
In ASP, problems are modelled using nonmonotonic logic programs. As a result,
finding a solution to a problem is reduced to finding an answer set (or stable model)
of a nonmonotonic logic program. A logic program is a set of sentences in logical
form, expressing facts and rules about a problem. A nonmonotonic logic program
does not provide a concrete algorithm, rather, it describes the problem and its
possible solutions. Then the encoded problem will be fed into an ASP solver. The

12
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Figure 2.1: A Sudoku problem and its solution marked in red1
ASP solver will compute answer sets for which the solutions to a problem can be
derived.
As a simple example, consider the popular Sudoku puzzle game [50]. For those
who do not know, Sudoku is a logic-based, combinatorial, number placement puzzle
game. The objective is to fill a 9 × 9 grid with digits so that each column, each
row, and each of the nine 3 × 3 blocks that compose the grid contains all of the
natural numbers between 1 to 9.
Using a traditional method, one can design a search algorithm that assigns
numbers to the grid and checks whether the solution constraints are satisfied. A
straight forward brute force algorithm that considers all possible assignments can
be easily implemented in popular programming languages like C++. However, an
optimized search algorithm will need more consideration and time to implement.
In this traditional approach, given an individual problem, a programmer will need
to come up with an algorithm and implement it using a particular language to
1

https://en.wikipedia.org/wiki/File:Sudoku-by-L2G-20050714_solution.svg

13

Chapter 2
solve it.
ASP, on the other hand, tackles this problem from an entirely diﬀerent view.
Instead of encoding an algorithm, ASP lets the user directly describe an issue in a
declarative way. This declarative way is much closer to how we describe a problem
in natural language but without ambiguities. For example, encoding Sudoku in
ASP will include statements such as “Each cell in the 9 × 9 grid will have one and
only one nature number between 1 to 9” and “Each row in the 9 × 9 grid cannot
have the same number appears twice”. These encodings along with a problem
instance, will then fed to an ASP solver and be automatically executed. As a
result, in ASP, users can switch their focus from “how to solve a problem” to
“how to describe a problem”, which is arguably much easier.
The answer set semantics used in ASP was first introduced in [60] on normal
logic programs. The disjunctive logic program was later introduced to ASP in
[61]. One of the advantages of the disjunctive logic program is its ability to model
incomplete knowledge as shown in [83]. The answer set semantics was then further extended to nested logic programs [80] where the bodies and heads of rules
can contain arbitrary Boolean formulas. Works in [80] further enriched syntax
for describing problems in ASP. A polynomial reduction of nested programs to
disjunctive programs has also been shown in [95].
From the application point of view, cardinality and weight constraints are often
used in describing a problem. However, they are not straightforward to encode
in traditional logic programs. In [55, 107], the authors extended normal logic
programs to allow the representation of cardinality and weight constraints. On
the other hand, aggregates on a set of elements using arithmetic operators such as
sum or maximum are also widely used in real world applications. Naturally, ASP
has been extended to support such aggregate functions [52, 70, 96].
An ASP program can potentially return multiple stable models, all of them
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can be seen as a solution for a given problem. However, in practical applications,
making more fine-grained distinctions among solutions may be required. As a
result, preferences in ASP have been developed in [21, 34, 102] to help identify
which stable model is more preferred.
Thought ASP provided a declarative method to let user encode problems into
logic programs, the logic programs still need to be fed to an ASP solver to get
results. Moreover, it is not an easy task for solvers to find a stable model of a logic
program, as the problem is NP-complete even for the normal logic program. As a
result, a number of diﬀerent algorithms have been proposed over the past decades
and we now have many eﬃcient ASP solvers like DLV2 [74, 75], Smodels3 [107], and
clasp4 [58].
Formally speaking, an ASP program is defined as follows.
Definition 2.1 A disjunctive ASP program is a finite set of rules r in the form
s1 ; . . . ; sk ← p1 , . . . , pm , not pm+1 , . . . , not pn

(2.1)

where s1 , . . . , sk , p1 , . . . , pn are all propositional atoms.
We call head(r) = {s1 , . . . , sk } the heads of the rule r while body(r) = {p1 , . . . , pm ,

not pm+1 , . . . , not pn } represent the body of r. In addition, body + (r) = {p1 , . . . , pm }
and body − (r) = {pm+1 , . . . , pn } are used to denote positive and negative part of

the body. We say an ASP program is normal if for all its rules r, head(r) is a
singleton, an ASP program is positive if for all its rules r, body − (r) = ∅, and an
ASP program is definite if it is normal and positive.
2

http://www.dlvsystem.com/
http://www.tcs.hut.fi/Software/smodels/
4
http://potassco.sourceforge.net/
3
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The meaning of an ASP rule is straightforward. For example, the rule
reachable(Sydney, M elbourne) ← connected(Sydney, Canberra),
connected(Canberra, M elbourne).

(2.2)

can be intuitively interpreted as “if Sydney and Canberra are connected, Canberra
and Melbourne are connected; then it is possible to reach Sydney from Melbourne”.
This kind of rule is often referred to as the ground rule. Rules in ASP program can
also be non-ground rules like reachable(X, Z) ← connected(X, Y ), connected(Y, Z)
where X, Y, Z are variables. However, traditional ASP solvers cannot deal with
non-ground rules, and every ASP program with non-ground rules will first be
“grounded”. The grounding process is to replace every variable in the program
with atoms appear in the program. Thus we say the ASP program is essentially
propositional, and variables only act as syntax sugar.
Given an ASP program P , the Herbrand base of P , HB(P ) is the set of
all ground atoms in P and a Herbrand interpretation (or just interpretation) I
is a subset of HB(P ). For example, let P only contains the above rule (2.2),
then HB(P ) = {reachable(Sydney, M elbourne), connected(Sydney, Canberra),
connected(Canberra, M elbourne)} and {connected(Canberra, M elbourne)} is one
possible interpretation I of P .
The semantics of an ASP program is defined by a certain type of model. Intuitively, a model is an interpretation that is compatible with rules appearing in
a program. Formally, we have
Definition 2.2 Let I be an interpretation, then I is a model of a rule r if head(r)∩
I ̸= ∅ whenever body + (r) ⊆ I and body − (r) ∩ I = ∅. And I is a model of an ASP
program P if and only if I is a model of every rule in P .
In general, there are multiple models of a program P , for example, consider the
program P that contains only rule (2.2), it has three models: ∅, {reachable(Sydney, M elbourne)},
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and {reachable(Sydney, M elbourne), connected(Sydney, Canberra),
connected(Canberra, M elbourne)}. However, the last two models seem unreliable
as there is no justification for those atoms to be true. One might ask if there
exists a model such that all atoms in it can be justified. Such a question leads to
the definition of minimal models where models contain as few facts as is possible.
Formally,
Definition 2.3 A model I of a program P is minimal if there exists no model J
of P such that J ⊂ I.
If an ASP program P is definite, then P has only one minimal model as the
next property shows [50].
Proposition 2.1 Every definite ASP program P has a single minimal model (called
the least model), denoted LM (P ).
It turns out that, given a positive ASP program P , the minimal models of P
contain only the atoms which are necessarily true according to P and every atom
in minimal models is justified. The answer set semantics of positive ASP programs
is then defined as follows.
Definition 2.4 Given a positive ASP program P and an interpretation I, I is an
answer set (stable model) of P if and only if I is a minimal model of P .
Moreover, for definite ASP programs P , there exists a syntax method that can
be used to calculate the least model of P . That method is called the immediate
consequence operator. Given a definite ASP program P and a set of atoms I, the
immediate consequence operator is defined as
TP (I) = {head(r) | r ∈ P, body + (r) ⊆ I}

(2.3)

Let TP0 = ∅ and TPi+1 = TP (TPi ) for i ≥ 0. Then we have
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Proposition 2.2 TP has a least fix-point lf p(TP ) and lf p(TP ) = LM (P ).
Positive ASP programs can already model a large variety of problems in a
declarative way. However, it turns out that many situations require a construct
which models the intuitive notion of negation. The requirement of modelling the
concept of negation is the reason why we have not in Equation 2.1. Now let us
consider the semantics of an ASP program with not in it. For such ASP program
P , a reduction is defined as follows.
Definition 2.5 The Gelfond-Lifschitz reduct (short GL-reduct or simply reduct)
of an ASP program P w.r.t. an interpretation I, denoted P I , is an ASP program
obtained by
1. Removing rules with not p in the body for each p ∈ I; and
2. Removing not p from all remaining rules.
Intuitively, given an interpretation I, the above two conditions enforce truth
values for negative atoms and can be seen as an assumption about which negative
atoms are true and which are false. The program P I then represent a positive
ASP program that satisfies such assumptions.
Definition 2.6 An interpretation I of an ASP program P is an answer set (stable
model) of P , if and only if I is a minimal model of P I
Intuitively, we can say if P I does not “contradict” with I, then, I can be
reconstructed from scratch by applying the rules in P I . Programs with not
may have multiple answer sets. Given a simple example, let P = {f emale ←
not male. male ← not f emale.} we have I1 = {male} and I2 = {f emale} are
both answer set of P .
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Given an ASP program, two kinds of reasoning tasks can be defined due to
the fact that an ASP program may have multiple answer sets. The two diﬀerent
reasoning tasks are:
• Credulous Reasoning An atom a is a credulous (or brave) consequence of
an ASP program P , denoted P |=c a, if a ∈ I for some answer sets of P .
• Skeptical Reasoning An atom a is a skeptical (or cautious) consequence
of an ASP program P , denoted P |=s a, if a ∈ I for all answer sets of P .
Both reasoning tasks are nonmonotonic in general, as adding further rules to
P can invalidate a conclusion. For example, let P = {human ← . f emale ←
human, not male. male ← human, not f emale.}. Then we have P |=c f emale,
P |=c male, and P |=s human. However, if we added a new rule f emale ← . to P
then P ∪ {f emale ← .} !c male.

Loop Formulas
Observing the definition of rules in an ASP program, one may wonder what will
happen if we treat not as ¬, comma as ∧, ; as ∨ and ← as the implication in
propositional logic. In such a case, an ASP program can be equivalently treated
as a propositional logic KB. The problem is, what is the relation between an ASP
program and its related propositional logic KB?
Indeed, ASP and propositional logic are closely related. In [92], the author
proposed a method to translate propositional clauses to ASP rules such that the
model of such clauses and the answer sets of its corresponding ASP program are
in one-to-one correspondence. The other direction, meaning from ASP program to
propositional logic KB, however, is much more diﬃcult. In [28] Clark proposed a
method to transfer a normal ASP program to a propositional logic KB. Formally,
given a normal ASP program P , let G(r) = p1 ∧ · · · ∧ pm ∧ ¬pm+1 ∧ · · · ∧ ¬pn where
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r is in the form of Equation 2.1 where k = 1. The Clark completion Comp(P ) of
P is, for each atom s appear in P , let s ← body(r1 ), . . . , s ← body(rn ) be all the
rules with heads equal to s, then s ↔ G(r1 ) ∨ · · · ∨ G(rn ) is in Comp(P ). Specially,
for a given atom s, if there does not have any rule r in P such that head(r) = s,
we have ¬s is in Comp(P ).
Such completion can also be extended to disjunctive ASP programs as shown
in [73].
Definition 2.7 Given a disjunctive ASP program P , the completion of P , Comp(P )
is defined to contain the following propositional formulas.
• G(r) → ∨head(r) for every rule of the form of Equation 2.1 in P .
"
$
!
#
• s→
G(r) ∧
¬s′ for each atom s appears in P and r ∈ P
s′ ∈head(r)\{s}

where s ∈ head(r).

When the program P is normal, the above definition is equivalent to the Clark
completion.
Example 2.1 Consider the simple program P = {a ← b.

b ← a}. Then we have

Comp(P ) = {a → b, b → a}.
The completion of an ASP program P has a property that if I is an answer set
of P , then I is a model of Comp(P ). However, the reverse is not true. Consider
the program P in Example 2.1, Comp(P ) has two models ∅ and {a, b} however,
{a, b} is not an answer set of P due to the fact that a and b depends on each other
and forms a self-justification which is not allowed in ASP. Several ideas have been
proposed to create a one-to-one relation between ASP programs and propositional
logic KB [11, 66]. One of the most popular is proposed in [82] which uses positive
cycles and loop formulas to eliminate unwanted models from Comp(P ).
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Given an ASP program P , the positive dependency graph is a directed graph
GP = (V, E) such that the V are the atoms occurring in P and for every rule
r ∈ P , E contains an edge from each atom in head(r) to each atom in body + (r).
Among all diﬀerent kinds of positive dependency graphs, one particular type
of graph we are interested in is the strongly connected graph. The definition of the
strongly connected graph is based on subgraph and reachability defined as follows.
Definition 2.8 Given a graph G = (V, E), a subgraph H = (V ′ , E ′ ) of G w.r.t. V ′ ,
is a graph where V ′ ⊆ V , E ′ ⊆ E, and (vi , vj ) ∈ E ′ if and only if vi , vj ∈ V ′ and
(vi , vj ) ∈ E
Definition 2.9 For a directed graph G = (V, E),we say that a vertex s can reach
a vertex t if there exists a sequence of vertices s = v0 , v1 , v2 , . . . , vn = t such that
the edge (vi−1 , vi ) is in E for all 1 ≤ i ≤ n.
The first definition expresses that given a graph G = (V, E), we can extract a
subgraph from it by selection of a subset of vertexes V ′ and a subset of edges E ′
such that E ′ only connect vertexes in V ′ . The second definition tells us if vertex
t is reachable from another vertex s, then starting from s, it is possible to reach t
by following the edges.
The strongly connected graph and strongly connected components are then
defined as follows.
Definition 2.10 A graph G = (V, E) is strongly connected if given any two
vertices vi , vj ∈ V vi is reachable from vj . The strongly connected components
(V ′ , E ′ ) of G are those subgraphs of G w.r.t. V ′ that are themselves strongly connected and no additional edges or vertices from G can be included in the subgraph
without breaking its property of being strongly connected
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Given an ASP program P , a non-empty subset L of all atoms in P is called a
loop of P if the subgraph of GP w.r.t. L is a strongly connected component of GP .
The program in Example 2.1 has one loop {a, b}.
Definition 2.11 Given a program P and a loop L, the loop formula defined in
[73] is:
LFP (L) =
where R(L) is
R(L) = {G(r) ∧

&

s∈head(r)\L

%

L→

%

R(L)

¬s | r ∈ P, head(r) ∩ L ̸= ∅ and body + (r) ∩ L = ∅}

If given a loop L there is no such r ∈ P that head(r)∩L ̸= ∅ and body + (r)∩L = ∅,
!
we have LFP (L) = ¬ L.

Consider again the program P in Example 2.1 where L = {a, b}, we have

LFP (L) = ¬a ∧ ¬b. Add this formula to Comp(P ) will eliminate the unwanted
model {a, b} in Comp(P ) and the remaining model ∅ is the answer set of P .
The following property in [73] shows the correctness of the translation.
Proposition 2.3 Let P be a logic program, Comp(P ) its completion, and LF the
set of loop formulas associated with the loops of P . Then I is an answer set of P
if and only if I is a model of Comp(P ) ∪ LF .
The loop formulas approach has provided an elegant way to help find answer
set of an ASP program. It has been used in many ASP solvers like ASSAT and
clasp. Moreover, many works cover further aspects of loop formulas. In [72], the
authors have explored a model-theoretic counterpart of loop formulas, and in [79]
an explanation of why so many loop formulas have been provided.
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Guarded resolution
Another research approach that provides a diﬀerent characterization of answer
sets of normal logic programs is guarded resolution [85]. It uses so called guarded
atoms and guarded rules to provide a resolution proof method to obtain answer
sets. Moreover, it also provides a translation method to translate ASP programs
to propositional logic KBs just like loop formulas.
Given a normal logic program rule r = s ← p1 , . . . , pm , not pm+1 , . . . , pn , a
guarded Horn clause is defined:
g(r) = s ← p1 , . . . , pm : {pm+1 , . . . , pn }.
We call head(g(r)) = {s}, body(g(r)) = {p1 , . . . , pm }, and guard(g(r)) = {pm+1 , . . . , pn }
the head, body, and guard of g(r). Then a normal logic program P can be represented using guarded Horn clause as g(P ) = {g(r) | r ∈ P }. By convention,
if given a rule r = s ← not p1 , . . . , pn such that body + (r) = ∅, we represent
g(r) = s : {p1 , . . . , pn } and also call it a guarded atom.
Given a guarded Horn clause g(r1 ) and a guarded atom g(r2 ) such that head(g(r2 )) ∈
body(g(r1 )), then the guarded resolution rule is defined as follows [85].
s ← p1 , . . . , pm : {pm+1 , . . . , pn }
pj : {q1 , . . . , qn }
s ← p1 , . . . , pj−1 , pj+1 , . . . , pm : {pm+1 , . . . , pn , q1 , . . . , qn }

(2.4)

Note that given an ASP program P and its corresponding g(P ), application of
the above rule (2.4) will generate a new guarded Horn clause with fewer atoms in
its body and more atoms in its guard. Since P is propositional and finite, applying
the rule (2.4) on g(P ) and adding the new guarded Horn clause to it will reach
a fix-point after limited times where not more new guarded Horn clause can be
generated. We will use GR(g(P )) to denote such fix-point.
Given an ASP program P with finite rules, for every guarded atom s : {p1 , . . . , pn } ∈
GR(g(P )) there exists a set of guarded Horn clauses C in GR(g(P )) such that
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s : {p1 , . . . , pn } can be derived from those clauses by applying the guarded resolution rule (2.4) finite times. Observe that for each new guarded clause derived by
rule (2.4), it requires two guarded Horn clauses. Thus the procedure of applying
rule (2.4) using guarded Horn clauses in C to derive s : {p1 , . . . , pn } can be represented by a binary tree. We call such binary tree the guarded resolution proof
of s : {p1 , . . . , pn }. Note that in a guarded resolution proof, guards only grow as
proceeding down the tree. Thus, the root of a proof contains the guards of every
guarded Horn clause in the tree. In the following we use s : {p1 , . . . , pn } to denote
both a guarded atom as well as the guarded resolution proof associated with it.
We say a set of atoms I admits a guarded atom s : {p1 , . . . , pn } if I∩{p1 , . . . , pn } =
∅. Then there is following property [85]
Proposition 2.4 Let P be a normal ASP program and I a set of atoms. Then I
is an answer set of P if and only if the following two conditions are satisfied:
1. for every atom a ∈ I, there is a set of atoms S such that there is a guarded
resolution proof of a : S ∈ GR(g(P )) admitted by I.
2. for every a ∈
/ I, there is no set of atoms S such that there is a guarded
resolution proof of a : S ∈ GR(g(P )) admitted by I.
Guarded resolution also provides a transformation method to transfer normal
ASP programs to propositional logic KBs. Given that a normal ASP program P
and an atom a appears in P , Let eqP (a) = a ↔ ¬S1 ∨ · · · ∨ ¬Sn where Si are
all diﬀerent set of atoms such that a : Si ∈ GR(g(P )). Specially, if for all Si ,
Si = ∅ we have eqP (a) = a. If there is no S such that a : S ∈ GR(g(P )) we have
eqP (a) = ¬a. Now, let EP be the propositional theory consisting of eqP (a) for all
atoms a in P , then there is following property [85]
Proposition 2.5 Let P be a normal ASP program and I be a set of atoms. Then
I is an answer set of P if and only if I is a model of EP .
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2.2

Possibilistic Logic

Possibilistic logic is based on the possibility theory. Possibility theory is an uncertainty theory used to handle incomplete and uncertain information. Possibility
theory is characterised by the use of two dual set functions: possibility degree and
necessity degree to grade the possibility and necessity of events. Modern possibility
theory was developed from Zadeh’s framework [116] as an extension of his theory
of fuzzy logic. In Zadeh’s paper, the authors encoded flexible constraints derived
from natural language statements into an interpretation of membership functions
of fuzzy sets called possibility distributions. He also related the possibility theory
to other formalisations like belief functions in his paper [117] and [118].
Possibility theory was then further developed in [40, 43, 35]. In possibility
theory, given a system, each state of the system was assigned to a totally ordered
scale, normally 0 to 1 to represent what state is more possible and what is less
possible. The assignment to all the states is called possibility distribution. More
specifically, assume there is a finite set S, a possibility distribution is a mapping
π from S to a total ordered scale [0, 1] such that:
• π(s) = 0, s ∈ S means that state s is considered as impossible;
• π(s) = 1, s ∈ S means that state s is totally possible.
If S contains all possible states, then at least one of the states s should be the
actual real world and π(s) = 1. Given a set of states A, a dual set function can
be defined to indicate to what extend A is consistent with π and to what extend
A is indeed implied by π. That dual set function is called possibility degree and
necessity degree. Formally, given a set of states A ⊆ S, the possibility degree
Π(A) = max{π(s) | s ∈ A}, and the necessity degree N (A) = 1 − max{π(s) | s ∈
/
A}.
There are four special cases for possibility and necessity degrees.
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• N (A) = 1 means A is certainly true and it also implies Π(A) = 1.
• Π(A) = 0 means A is impossible and it implies N (A) = 0.
• Π(A) = 1 means A is totally possible but it does not implies any N (A).
• N (A) = 0 means A is totally unnecessary but it does not implies any Π(A).
Observe from this example; we can see given a set of states A, Π(A) and N (A)
are not always directly related. This is because possibility theory is not always
compositional. Given a weighted theory, it is said to be compositional if and only
if the weight of a complex formula can be calculated by combining the weights of
its atomic constituents. For example, given N (A) = α and N (B) = β, if we can
calculate N (A ∨ B) by combining α and β, then we say N is compositional w.r.t.
disjunction. In possibility theory, Π and N are not always compositional except
in the following two situations.
• Π(A ∨ B) = max(Π(A), Π(B)).
• N (A ∧ B) = min(N (A), N (B)).
Now we consider uncertainty in propositional logic. Given a Propositional logic
KB, interpretation is a truth assignment where every atom in the KB is assigned to
be either true or false. A model of a KB is then defined on a set of interpretations
that satisfies particular conditions. From this perspective, there is no uncertainty
in propositional logic since every atom in a KB is certain, and there is no doubt
about its truth value.
However, in real-world scenarios, a KB is also treated as a set of knowledge
believed by an intelligent agent. The question “Is the agent sure that φ is true
by its belief K” can be equally interpreted as whether K entails φ. From this
perspective, the deductive procedure of a KB in an intelligent agent can be seen
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as computing the degree of belief in φ. More specifically, if K entails φ, then the
agent believes φ and the degree of belief in φ is 1. If K cannot entail φ, then the
agent does not believe φ and the degree of belief in φ is 0.
Moreover, it is impossible for an agent to have all knowledge in the world, thus
K is incomplete and does not contain all information. That is, there exists φ such
that neither φ and ¬φ can be proved from K. This means the agent believes neither
φ nor ¬φ. Therefore, the state of belief of the agent regarding φ is uncertain. Note
that from this perspective, that an agent does not believe φ does not imply the
agent believes ¬φ.
It turns out that, this uncertainty can be captured by using a pair of necessity
degree from possibility theory. Namely,
• (N (φ), N (¬φ)) = (1, 0), representing the agent believes φ
• (N (φ), N (¬φ)) = (0, 1), representing the agent does not believe φ
• (N (φ), N (¬φ)) = (0, 0), representing the agent is fully ignorant about φ
It is also possible to have (N (φ), N (¬φ)) = (1, 1). In this case, the KB is
inconsistent, thus we ignore this possibility.
From this example, we can see that possibility theory can model the uncertainty
in propositional calculus. Therefore, it is natural to consider a logic that can
encode possibility distributions to be expressed at a syntactical level. The result is
the introduction of possibilistic logic [37, 45, 54]. The contribution of possibilistic
logic is to encode the framework of possibility theory into propositional logic.
It provides a straightforward and tight approach to automated reasoning from
uncertain, incomplete information [71].
Possibilistic logic also combines the idea of stratified logic that can measure the
strength of a proof by its weakest argument. The concept of stratified logic has
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existed for a long time. In [29], Cohen pointed out that Rescher already proposed
a deductive method based on the concept that the strength of a conclusion is
the strength of the weakest argument used in its proof [99]. However, Rescher’s
method is only based on syntactic, no semantics for his proposal was provided.
The contribution of possibilistic logic is that it connects the stratified idea with the
necessity degree in possibility theory, therefore providing a semantic justification
for the claim that the weight of a conclusion should be the weakest weight involved
in its derivation.
As we mentioned in Chapter 1, probability theory is another popular framework to handle uncertainty. However, possibility theory and probability theory
are quite diﬀerent in many aspects. First of all, probability theory uses one probability set function unlike possibility theory that uses dual set functions Π and
N . Moreover, when dealing with uncertainty theory embedded in propositional
calculus, possibility theory has some advantages as the following discussion shows
in [44].
We have discussed that possibility theory can be used to represent uncertainty
in propositional logic. The state of belief of the agent regarding φ can be captured
by using a pair of necessity degree from possibility theory where (N (φ), N (¬φ)) =
(1, 0) representing the agent believes φ, (N (φ), N (¬φ)) = (0, 1) representing the
agent does not believe φ, and (N (φ), N (¬φ)) = (0, 0) representing the agent is
fully ignorant about φ.
As pointed out in [44], this kind of uncertainty cannot be represented in probability theory as the necessity degree does not coincide with the probability function.
If we map the agent’s belief of a formula φ to a three-valued chain {0, α, 1}, and
define g(φ) = 1 if φ is believed, g(φ) = 0 if φ is not believed, and g(φ) = α if
ignorance. This function can only be a probability function if the set of models of
K contains only two elements [47]. Moreover, in probability theory, an agent who
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does not believe φ is forced to believe ¬φ, which contradicts the above discussion
about possibility theory.
Also, using possibility theory to represent uncertainty embedded in propositional calculus has many advantages over probability theory as shown in [45].
Firstly, possibility theory fits very well with logical entailment. It maintains possibility bounds across inference steps. Secondly, possibility theory makes it easy for
computing the best lower bound of the possibility of a formula from a set of constraints. Lastly, probability theory uses conditioning bar | which is not a Boolean
logical connective. Thus it is hard to model probabilistic conditional constraints
using weight attached to a classical formula [77].
We now introduce the formal definition of possibilistic logic. A possibilistic KB
is defined as follows [37].
Definition 2.12 A possibilistic KB contains a finite set of weighted propositional
formula in the form of (φ, α). Where φ is a well-formed propositional formula and
α is a weight between 0 and 1.
The weighted formula is interpreted as a constraint N (φ) ≥ α meaning that

φ is believed to the degree at least α. Given a possibilistic KB K, we use K ∗ =

{φ | (φ, α) ∈ K} denotes the propositional KB that ignoring all weights in K. We
use AK to represent all atoms that appeared in K ∗ , then an interpretation of K ∗

is a set of literals such that for all atom a ∈ AK we have either a ∈ I or ¬a ∈ I but
not both. Intuitively, interpretation is a function that maps each atom a ∈ AK to
one of the truth values true and false. Let Ω be the set of all interpretations for
K ∗ . Then for every interpretation I ∈ Ω the possibility distribution of π is defined
as follows [37].
Definition 2.13 Given a KB K and an interpretation I ∈ Ω, a possibility distri29
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bution π that satisfies K is:
π(I) = 1

If I is a model of K ∗

(2.5)

π(I) ≤ 1 − max{αi | (φi , αi ) ∈ K, I ! φi }

Otherwise

(2.6)

Intuitively, this definition says an interpretation I has lower credibility if it
contradicts a formula with higher weight. By convention, π(I) = 0 means that I is
impossible, and π(I) = 1 means that nothing prevents I from being the real world.
When π(I) > π(I ′ ), I is a preferred candidate to I ′ for being the real state of the
world. Given two possibility distributions π and π ′ , π is said to be less specific
than π ′ if for all interpretation I, π(I) ≥ π ′ (I). There is a single least possibility
distribution that satisfies K; it is defined as follows [37].
Definition 2.14 Given a KB K and an interpretation I ∈ Ω, the least specific
possibility distribution πK that satisfies K is:
πK (I) = 1

If I is a model of K ∗

(2.7)

πK (I) = 1 − max{αi | (φi , αi ) ∈ K, I ! φi }

Otherwise

(2.8)

Given a possibility distribution π satisfies K, possibility degree and necessity degree can be defined as Ππ (φ) = max{π(I) | I |= φ} and Nπ (φ) = 1 −

max{π(I) | I ! φ}, respectively. We say a possibility distribution π satisfies a
possibilistic formula (φ, α), denoted π |= (φ, α) if Nπ (φ) ≥ α.
A possibilistic KB is consistent if there exists an interpretation I such that
πK (I) = 1. From the definition, πK (I) = 1 if and only if I is a model of K ∗ and
I is a model of K ∗ if and only if K ∗ is consistent. Then it is easy to see, given a
possibilistic KB K, K is consistent if and only if K ∗ is consistent.
In possibilistic logic, when a KB is inconsistent, it is possible to extract certain
consistent sub-KBs based on the priority level determined by weights of formulas
and to use inconsistency degree to characterise the inconsistency of a possibilistic
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KB. In possibilistic logic, each priority level is referred to as a cut. Formally, given
a possibilistic KB K and a weight α, K≥α = {(φ, β) | (φ, β) ∈ K, β ≥ α} is an
α-cut of K, and K>α = {(φ, β) | (φ, β) ∈ K, β > α} is a strict α-cut of K. Given
∗
an α-cut for K, we use K≥α
= {φ | (φ, α) ∈ K≥α } to represent the propositional

KB by ignoring all weights in K≥α . By using these cut notions, a degree that can
represent the consistency level of a possibilistic KB can be defined [37].
Definition 2.15 The inconsistency degree Inc(K) of a possibilistic KB K is:
Inc(K) = max{α | K≥α is inconsistent }.
Intuitively, this inconsistency degree defines a plausibility level under which
information is no more pertinent. As a result, every α-cut such that α > Inc(K) for
a possibilistic KB K is consistent. Obviously, for a consistent K, Inc(K) = 0. The
inconsistency degree of K can also be determined by its least specific possibility
distribution. Specifically, Inc(K) = 1 − max{πK (I) | I ∈ Ω}.
With the above notions, three major inferences in possibilistic logic can be
defined:
Definition 2.16 Given a possibilistic KB K we have
1. A formula φ is said to be a plausible consequence of K, denoted K |=p φ, if
∗
K>Inc(K)
|= φ.

2. A possibilistic formula (φ, α) is a consequence of K, denoted by K |= (φ, α),
∗
if α > Inc(K) and K≥α
|= φ.

3. A formula φ is said to be a possibilistic consequence of K to degree α, denoted
by K |=π (φ, α), if the following conditions are satisfied:(1)K≥α is consistent,
∗
∗
(2)K≥α
|= φ, and (3)∀β > α, K≥β
! φ.

The second and third inferences attach to the consequence degree α that is at
least higher to the inconsistency degree of the possibilistic KB K, yet they deal
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with diﬀerent consequences. The second inference checks if a possibilistic formula
(φ, α) can be inferred from K, whereas the third checks whether a formula φ can
be inferred from K and to what degree it can be inferred. Clearly, K |=π (φ, α)
implies K |= (φ, α), which in turn implies K |=p φ. In [45], it has been proven that
K |=p φ if and only if NπK (φ) > Inc(K), K |= (φ, α) if and only if NπK (φ) ≥ α
and α > Inc(K), and K |=π (φ, α) if and only if NπK (φ) = α and α > Inc(K).
We can see that, from this definition, meaningful consequences can be inferred
from an inconsistent possibilistic KB and thus possibilistic logic is inconsistency
tolerant.
One of the research topics in possibilistic logic is knowledge base updating.
It is a practical problem as systems in real-world scenarios, especially uncertain
knowledge on the internet, tend to update very often. Belief revision is a major
research area in knowledge base updating. The area of belief revision deals with
incorporating new information into a KB while preserving its consistency. Belief
revision for possibilistic KBs has been studied in for example [15, 42]. In the
syntactical level, given a possibilistic KB K and a possibilistic formula (φ, α),
revision comes down to adding the formula (φ, α) to K while keeping the necessity
degree of φ in the new KB the same. Belief revision in possibilistic logic has been
researched in [13, 14] to form a series of belief revision operators. However, many
of them suﬀered from the so-called “drowning eﬀect”. That is, after revising a KB,
formulas with weights lower than a certain degree of the KB are either entirely
neglected or heavily modified.
Consider the possibilistic KB {(¬rainy → go outing, 0.9), (rainy ∨ windy, 0.8),
(¬go outing, 0.8)}, which says it is quite possible that (1) if it does not rain then
we will go outing, (2) it will be rainy or windy, and (3) we will not go outing.
When revising the KB by the fact that it is not rainy, i.e., (¬rainy, 1), methods in
[13, 14] will discard (rainy ∨ windy, 0.8), even though this formula has nothing to
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do with inconsistency. The problem gets worse if the inconsistency degree is high.
Many eﬀorts have been made to deal with this problem [12, 16, 90, 97, 98]. Some
do it by restricting the input pieces of information to be entirely certain ones (i.e.,
formulas with weight 1), and some are based on semantic approaches. One of our
goal in this thesis is to establish a unified belief revision function that deals with
both certain and uncertain input and at the same time avoids the drowning eﬀect
as much as possible.
Aside from propositional logic, possibility theory has also been introduced to
nonmonotonic reasoning like ASP. In the next section, we will introduce possibilistic extension in ASP.

2.3

Possibilistic ASP

The idea of incorporating possibility theory into logic programming has come a
long way since it was first proposed in [36]. The work in [36] was restricted to
classical formulas without default negation. Thus the reasoning ability is limited.
Later, Wagner in [112] combined answer sets with a compositional version of possibilistic logic and proposed a new framework. However, as shown in [41], the
classical Boolean tautologies are not preserved in this logic. Another framework
that combines defeasible logic and possibility theory was proposed in [27], which
allows resolving conflicts between conflicting goals.
Possibilistic ASP (PASP) is a combination of possibilistic theory and ASP. It
allows uncertainty information to be expressed in ASP. PASP was introduced in
[91] and then later extended to disjunctive programs [94] and nested logic programs
[93]. Moreover, in [30], Nicolas’ approach was combined with ordered disjunction
programs. It allows for a rich approach to capturing preferences in ASP.
Formally, a disjunctive PASP program is defined as follows [94].
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Definition 2.17 A disjunctive PASP program is a finite set of rules (r, α) of the
form
(s1 ; . . . ; sk ← p1 . . . , pm , not pm+1 , . . . , pn , α)

(2.9)

where r is a disjunctive ASP rule and α is a weight representing the necessity
degree of r.
Intuitively, the possibilistic rule (r, α) expresses that the rule r is certain at
least to the level of α. Rules with zero degrees are not explicitly represented in the
KB. Given a PASP program P , we use P ∗ to denote the ASP program obtained
by ignoring all weights in P , that is, P ∗ = {r | (r, α) ∈ P }.
Each PASP program has a set of possibilistic interpretations. Given a PASP
program P , a possibilistic interpretation I˜ of P contains a set of possibilistic
atoms (a, α) where a is a propositional atom and α the necessity degree of a. The
semantics of a PASP program is then defined by a particular set of possibilistic
interpretations that satisfies certain conditions called possibilistic answer set.
The way to define possibilistic answer sets of a PASP program P is based on a
syntactic reduction like GL-reduct and an unfolding method on the reduced program. Specifically, Let P be a PASP program and I a set of atoms, the reduction
PI is the positive PASP program:
PI = {(head(r) ∩ I ← body + (r), α) | (r, α) ∈ P, head(r) ∩ I ̸= ∅,
body − (r) ∩ I = ∅, body + (r) ⊆ I}

(2.10)

Example 2.2 Now consider a simple PASP program P containing the following
rules
(sunny ←, 0.8) (kids ←, 1) (surf ing; swimming ← not raining, 0.6)
(swimming ← sunny, kids, 0.9)
This program models how a family chooses their weekend activity. It says if it is not
raining in the weekend, then they will probably go surfing or swimming. In addition,
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if it is sunny and kids also want to go, they prefer to go swimming. Now we know
weekend will likely be sunny and kids want to go. Given such program and a set of
atoms I = {sunny, kids, swimming}, the reduction PI is then the positive PASP
program PI = {(sunny ←, 0.8), (kids ←, 1), (swimming ←, 0.6), (swimming ←
sunny, kids, 0.9)}.
We then need to apply a form of unfolding for the reduced positive PASP
program [94].
Definition 2.18 Let P be a positive PASP programs, two rules (r1 , α1 ) and (r2 , α2 )
in P such that body + (r1 ) ̸= ∅, body(r2 ) = ∅, and body + (r1 ) ∩ head(r2 ) = a. The
restricted unfolding of r1 with r2 is the following positive possibilistic rule:
(head(r1 ) ∪ {head(r2 ) \ {a}} ← body + (r1 ) \ {a}, min(α1 , α2 ))

(2.11)

We use Unfold (P ) to denote the positive PASP program obtained by fully
performing the restricted unfolding on P . This process will terminate in finite
steps since P is propositional and finite.
Consider the above Example 2.2, we have Unfold (PI ) = {(sunny ←, 0.8), (kids ←
, 1), (swimming ←, 0.6)}, (swimming ← sunny, kids, 0.9), (swimming ← sunny, 0.9),
(swimming ←, 0.8), }.
Observe that in Unfold (PI ); there are some rules with empty bodies and only
one atom in their heads. We call such rules fact rules. There also exist such fact
rules with diﬀerent weights. In PASP, the optimal weight of each fact rule is the
highest weight among fact rules with the same head. Based on this idea, Semmin
is defined as follows [94].
Definition 2.19 Let P be a possibilistic logic program and facts(P, a) = {(a, α) | (r, α) ∈
P, a = head(r), r is a fact rule}. Then
Semmin = {(a, α) | facts(P, a) ̸= ∅, α = max{β | (a, β) ∈ facts(P, a)}}} where
a is an atom appears in P .
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Then possibilistic answer sets for a PASP program P can be defined as follows.
Definition 2.20 Let P be a PASP program and I˜ be a set of possibilistic atoms
such that I is an answer set of P ∗ . We say I˜ is a possibilistic answer set of P if
and only if
I˜ = Semmin (Unfold (PI )).

(2.12)

Back to the above Example 2.2, we have I˜ = {(sunny, 0.8), (kids, 1), (swimming, 0.8)}

where I = {sunny, kids, swimming} is an answer set of P ∗ and I˜ = Semmin (Unfold (PI )).
Thus I˜ is a possibilistic answer set of P .

A PASP program P can have zero, one or multiple answer sets. We say P is
consistent if P has at least one possibilistic answer set; otherwise P is inconsistent.
As in possibilistic logic, the semantics of PASP can also be characterised by
possibility distribution. Before we defined possibility distribution, we need to
introduce two additional notions.
Given a PASP program P and a set of atoms I, the applicable rules in P w.r.t. I
is the set of rules app(P, I) = {r | (r, α) ∈ P, body + (r) ⊆ I, body − (r) ∩ I =
∅}. Moreover, we say a set of rules R is grounded if it can be ordered as a
sequence r0 , . . . , rn such that body(r0 ) = ∅ and for each i (1 ≤ i ≤ n), body + (ri ) ⊆
{head(r) | r ∈ {r0 , . . . , ri−1 }}.

In possibilistic PASP, given a PASP program and a set of atoms I, P I =

{(rI , α) | (r, α) ∈ P } is an extension of GL-reduct in PASP, where rI is the GL-

reduct on r w.r.t. I. Let Ω be the set of all interpretations for P ∗ . Then possibility
distribution for PASP is defined as follows [91].
Definition 2.21 Given a normal PASP program P , a possibility distribution π
satisfies P , denoted π |= P , if for every interpretation I ∈ Ω, the following condi-
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tions are satisfied.
π(I) = 0, if I " head(app(P I , I)) or app(P I , I) is not grounded

(2.13)

π(I) = 1, if I is a model of (P I )∗

(2.14)

π(I) ≤ 1 − max{α | I ! r and (r, α) ∈ P I }, otherwise

(2.15)

Similar to possibilistic logic, the least specific possibility distribution is.
Definition 2.22 Given a normal PASP program P , πP is the least specific possibility distribution of P , if for every interpretation I ∈ Ω, the following conditions
are satisfied.
πP (I) = 0, if I " head(app(P I , I)) or app(P I , I) is not grounded

(2.16)

πP (I) = 1, if I is a model of (P I )∗

(2.17)

πP (I) = 1 − max{α | I ! r and (r, α) ∈ P I }, otherwise

(2.18)

Moreover, many concepts in possibilistic logic can be extended to PASP. Specifically, given a PASP program P and a weight α, P≥α = {(r, β) | (r, β) ∈ P, β ≥ α}
and P>α = {(r, β) | (r, β) ∈ P, β > α} represent the α-cut and strict α-cut in

∗
PASP. Similarly, P≥α
= {r | (r, α) ∈ P≥α } is used to represent the ASP pro-

grams by ignoring all weights in P≥α . Given a possibility distribution π satisfies P and an atom a, possibility degree and necessity degree can be defined as
Ππ (a) = max{π(I) | a ∈ I} and Nπ (a) = 1 − max{π(I) | a ∈
/ I}. We say a
possibility distribution π satisfies a possibilistic atom (a, α), denoted π |= (a, α) if
Nπ (a) ≥ α.
Using the least specific possibility distribution, the inconsistency degree of a
PASP program P can be defined as Inc(P ) = 1 − max{πP (I) | I ∈ Ω}. However,
unlike in possibilistic logic where given a possibilistic logic KB K and its inconsistency degree Inc(K), we have K>α is consistent. P does not have such property
as the following example shows.
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Example 2.3 Consider a simple PASP program P = {(a ←, 0.9), (b ← not b, 0.8),
(c ← not c, 0.7), (b ←, 0.5)}. This program is inconsistent and we have
π(∅) = 0.1,

π({a}) = 0.2,

π({c}) = 0,

π({a, b}) = 0.3,

π({b, c}) = 0,

π({b}) = 0.1,
π({a, c}) = 0,

(2.19)

π({a, b, c}) = 0

and Inc(P ) = 1 − max{πP (I) | I ∈ Ω} = 1 − 0.3 = 0.7. However, P>Inc(P ) = P>0.7
is not consistent.
Another definition for characterizing inconsistency in PASP has been proposed
in [91] to deal with this problem, named consistency cut degree.
Definition 2.23 Let P be a PASP program, the consistency cut degree of P is
⎧
⎨ 0,
if P is consistent
ConsCutDegree(P ) =
⎩ min{α | P is consistent },
>α

(2.20)
otherwise

Intuitively, this consistency cut degree defines the minimum level of certainty
for which a strict α-cut of P is consistent. When P is inconsistent P>ConsCutDeg(P )
is the biggest consistent subset of P in terms of strict α-cut. Still, due to the nonmonotonic nature of PASP, it does not guarantee that for all α > ConsCutDeg(P ),
P≥α is consistent.
It has also been proven in [91] such that given a PASP program P , we have
Inc(P ) ≤ ConsCutDegree(P ). According to this property, a cut function can be
defined to compute the P>ConsCutDegree(P ) . That is, let cut(P ) = P>Inc(P ) , then
given a PASP program P , there will be a sequence of PASP program P0 , . . . , Pn
where P0 = P , Pi = cut(Pi−1 ) for 1 ≤ i ≤ n and Pn−1 = Pn , such that Pn =
P>ConsCutDegree(P ) .
Credulous reasoning and skeptical reasoning have also been defined for PASP
in [91]:
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• Credulous Reasoning A possibilistic atom (a, α) is a credulous (or brave)
possibilistic consequence of a PASP program P if (a, α) ∈ I for some possibilistic answer set I of P .
• Skeptical Reasoning A possibilistic atom (a, α) is a skeptical (or cautious)
possibilistic consequence of a PASP program P if (a, α) ∈ I for all possibilistic answer sets I of P .
However, as we can see here, the two reasoning methods determined by this
semantics are not inconsistency-tolerant as in possibilistic logic. For instance,
the PASP program P in Example 2.3 is inconsistent, thus from Definition 2.20, P
does not have any possibilistic answer set. As a result, the credulous reasoning and
skeptical reasoning defined in PASP cannot entail anything. However, if we think
about possibilistic logic KB K = {(a, 0.8), (b ∧ ¬b, 0.1)} which is also inconsistent,
we could still have K |= (a, 0.8) by Definition 2.16. This shows that reasoning in
possibilistic logic is inconsistency-tolerant. In this thesis, we aim to define a set of
similar inconsistency-tolerant inference methods for PASP and shows that these
inference methods can be characterised by both α-cut and possibility distribution
like in possibilistic logic. To achieve such goal, we will also extend possibility
distribution from normal PASP to disjunctive PASP.
Moreover, we will provide a transformation method from a PASP programs to
a possibilistic logic KB. This transformation is achieved by generalizing Clarke’s
completion and loop formulas from standard ASP to PASP. As a result, possibilistic completion and loop formulas allow us to compute the least specific distribution
of a PASP program by just computing that of the corresponding possibilistic logic
knowledge base. Moreover, this result can provide alternative algorithms for our
possibilistic inference methods in PASP through computing inconsistency degrees.
We will also propose the possibilistic guarded resolution for PASP, which generalises the guarded resolution for normal ASP programs in [85] to disjunctive PASP
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programs. We show that the new resolution algorithm is sound and complete with
possibilistic answer sets. This result also provides algorithms for our possibilistic
inferences in PASP.

2.4

Multi-Context Systems

MCSs provide a promising way to representing interchanging and distributed KR
systems. Diﬀerent KR systems are treated as contexts in this approach and
equipped with a collection of so-called bridge rules to model information flow
among contexts. The contexts themselves may be heterogeneous in the sense that
they can use diﬀerent logical languages and diﬀerent reasoning systems. The idea
behind MCSs is to allow diﬀerent KR systems to work together. In this subsection,
the basic notions underlying MCSs and the equilibria semantics both proposed in
[22] will be presented.
The concept of context was first introduced in [113] for mechanizing logical theories in FOL system. However, it is not widely discussed until Fausto Giunchiglia
[64] and John McCarthy [86] both proposed contexts as an important means for
formalising reasoning. In their papers, a context is a subset of the complete state
of an individual that is used for reasoning about a given goal. They also discussed the possibility of using diﬀerent contexts to axiomatise diﬀerent situation
and reasoning between multiple contexts.
Based on the idea of contexts, many high-level formalisms that represent distributed context systems have been proposed. Farquhar et al. proposed an approach to integrating information sources use context logic in [53]. Serafini et al.
presented contextualised knowledge repository (CKR) to compose a set of OWL
2 knowledge bases in [104]. A hierarchical coverage relation is used to organise
CKR to provide easy reuse between contexts. Ghidini et al. provided a model-
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theoretic semantics for distributed database systems in [63]. They later developed
a new semantics called local models semantics which formalised the local semantics of contexts and the compatibility among contexts in [62]. Operations among
contexts like updating, combining, and comparing are formalised in [109].
Despite the plethora of diﬀerent approaches, most distributed context systems
are still limited about what KR system they can use in contexts. This problem was
first tackled in [65] where contexts can use arbitrary logics with diﬀerent inference
systems. A set of inference rules called bridge rules is associated with contexts that
are used as the communication method between contexts. However, the bridge
rules here are still monotonic meaning reasoning across contexts is monotonic.
There are some attempts to try to incorporate nonmonotonic reasoning between contexts. In [25] and [100], default negation was added to the bridge rules.
As a result, reasoning based on the absence of information became possible in their
frameworks. However, their nonmonotonic systems are still limited to the fact that
the KR system is the same in all contexts. In [17], Bikakis et al. extended distributed context systems with nonmonotonic features like local defeasible theories,
defeasible mapping rules, and a preference ordering on the contexts. Moreover,
preference information is used to resolve potential conflicts caused by interactions.
They also developed an algorithm for query evaluation.
A more flexible and less restricted distributed context systems called heterogeneous nonmonotonic MCSs was presented in [22]. This framework is capable
of integrating all kinds of diﬀerent logics including propositional logic, description
logics, and answer set programming. Moreover, it also uses nonmonotonic bridge
rules, thus reasoning among contexts can be based on the absence of information.
The bridge rules are similar to ASP rules, but allow access to other contexts in
their bodies.
Based on the work of MCSs in [22], Brewka et al. introduced so-called managed
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bridge rules in [24]. Such bridge rules allow diﬀerent operations to be freely defined
on their heads. The resulting MCSs is called managed MCSs (mMCSs), unlike
MCSs where the head of a bridge rule can only add to the knowledge base if the
bridge rule is applicable. Arbitrary operations can be done for a context while a
bridge rule is applicable in mMCSs.
Still, the body of the bridge rules remains propositional. This means information exchange among contexts must be grounded as bridge rules do not allow
variables. However, many real-world knowledge representation formalisms were
built on predicate logic setting, not propositional; this leads to unnecessary hurdles while modelling information exchange. Moreover, aggregate data is also an
important aspect in many scenarios like bioinformatics or linguistics and it is not
supported by bridge rules. To address these problems, [56] introduced open bridge
rules that may contain variables and aggregate expressions. The new framework
is called relational MCSs with aggregates.
We now introduce the formal definition of MCSs defined in [22]. MCSs is built
on an abstract notion of a logic L. Logic is defined as follows.
Definition 2.24 A logic L = (KBL , BSL , ACCL ) is composed of the following
components:
• KBL is the set of well-formed KB of L, each of which consists of a set of
elements called formulas;
• BSL is the set of possible belief sets, where each S ∈ BSL is a set of elements
called beliefs;
• ACCL : KBL → 2BSL is a function describing the semantics of the logic, by
assigning to each element of KBL a set of acceptable sets of beliefs.
This generic definition of logic is intended to capture a range of diﬀerent logics
for knowledge representation and reasoning systems. Including propositional logic,
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modal logics, description logics, and nonmonotonic logics. KBL abstractly defined
the representation of a knowledge base without going into details about how those
formulas are constructed. BSL abstractly defined all possible beliefs a logic could
hold without considering if the beliefs are true or false under a particular KB.
ACCL is a mapping function that represents the semantics of L. It indicates what
belief sets are considered true under a specific semantics. ACCL also does not
limit how many belief sets a KB can accept, thus capturing a wide variety of logic
semantics.
For example, let L = (KBL , BSL , ACCL ) be propositional logic, we have.
• KBL is the set of propositional KBs which contains well-formed propositional
formulas over a signature,
• BSL is the set of set of propositional literals, representing all possible interpretations,
• ACCL is the set of models for a given KB.
let L = (KBL , BSL , ACCL ) be logic program under answer set semantics, we
have.
• KBL is the set of ASP programs,
• BSL is the set of sets of atoms,
• ACCL is the set of answer sets of an ASP program.
In MCSs, each context has its logic. Based on logics, bridge rules are introduced
to provide information flow among contexts. A bridge rule is defined as follows.
Definition 2.25 Let L = {L1 , . . . , Ln } be a set of logics. An Lk -bridge rule over
L, 1 ≤ k ≤ n, is of the form
k : s ← c1 : p1 , . . . , cj : pj , not cj+1 : pj+1 , . . . , not cm : pm .

(2.21)
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where for each 1 ≤ i ≤ m, ci ∈ {1, . . . , n} and pi is an element of some belief
set of Lci , and for each kb ∈ KBk , it holds that kb ∪ {s} ∈ KBk .
Informally, bridge rules refer to their bodies to other contexts using labelled
atoms and will add information to a context if the body is satisfied. The last
condition in above definition, for each kb ∈ KBk kb ∪ {s} ∈ KBk ensures after
added new information, the knowledge base in context k is still a valid knowledge
base in Lk . Each context will have their set of bridge rules. We use brM to denote
all bridge rules in M . With logics and bridge rules in place, MCSs can now be
formally defined as follows.
Definition 2.26 An MCS M = (C1 , . . . , Cn ) consists of a collection of contexts
Ci = (Li , kbi , bri ) where Li = (KBi , BSi , ACCi ) is a logic, kbi ∈ KBi is a KB,
and bri is a set of Li -bridge rules over {L1 , . . . , Ln }
The semantics of an MCS is defined regarding a set of particular belief states.
A belief state is a sequences S = (S1 , . . . , Sn ) where each Si is an element of BSi .
Intuitively, each Si should be an acceptable belief set of kbi . However, bridge rules
must be considered since new information will be added to kbi if some of its bridge
rules are applicable. As a result, if viewed operationally, given a belief sequence
S = (S1 , . . . , Sn ), Si needs to remain unchanged as an acceptable belief set of kbi
even after applying bridge rules. Formally, we have.
Definition 2.27 A belief state S = (S1 , . . . , Sn ) of an MCS M = (C1 , . . . , Cn ) is
an equilibrium, if Si ∈ ACCi (kbi ∪ {head(r) | r ∈ bri and r is applicable in S})
for all 1 ≤ i ≤ n.
We say a bridge rule r of form (2.21) is applicable in S, if pi ∈ Sci , for 1 ≤ i ≤ j,
and pl ∈
/ Scl , for j + 1 ≤ l ≤ m.
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Example 2.4 Let M = (C1 , C2 , C3 ) be a formalisation of an MCS described in Example 1.1. C1 represent the online store and C2 represent customers, both contexts
use propositional logic to represent their KB. C3 represent a marketing research
company and is using ASP. suppose that
• kb1 = {onsale(cloth)}
br1 = {1 : notif y sale(X) ← 2 : wish(X), 1 : onsale(X)}
• kb2 = {wish(f ood).

wish(cloth).

buy(f ood) ← wish(f ood)}

br2 = {2 : buy(cloth) ← 1 : notif y sale(cloth), 2 : wish(cloth)}
• kb3 = ∅
br3 = {3 : price sensitive(X) ← 2 : buy(X), 1 : onsale(X)
3 : not price sensitive(X) ← 2 : buy(X), not 1 : onsale(X)}
Here X is a variable that ranges over food and cloth. During the process of
finding an equilibrium, this variable will be grounded, and MCSs will not contain
any variables. Thus this variable acts as a syntax sugar just as in ASP programs.
The shop context C1 holds sales information and will send notifications when customers have particular products in their wishlist. C2 as customers decide how to
spend money based on sales information from C1 . C3 decide whether a product is
price sensitive based on information from C1 and C2 .
It is easy to see ({onsale(cloth), notif y sale(cloth)}, {wish(f ood), wish(cloth),
buy(f ood), buy(cloth)}, {price sensitive(cloth), not price sensitive(f ood)}) is an
equilibrium of this MCS.

Minimal and Groundedness
Equilibria are not necessarily minimal under set inclusion. This allows for a form
of self-justification via bridge rules, as the next example shows.
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Example 2.5 Consider an MCS M = (C1 , C2 ) where kb1 and kb2 are empty,
br1 = {1 : a ← 2 : b} and br2 = {2 : b ← 1 : a}. Now according to Definition 2.27,
({a}, {b}) is a equilibrium of M . However, this is questionable as a and b justify
each other by themselves.
This problem can be solved by considering minimal equilibria. However, MCSs
is a distributed system. Thus there may be situations where minimality is nonessential for part of the contexts. The solution is to define a so-called C-minimal where
C is a subset of the contexts in M . This definition allows explicitly select contexts
for which minimality is required.
Definition 2.28 Let M = (C1 , . . . , Cn ) be an MCS, S = (S1 , . . . , Sn ) an equilibrium of M , C a subset of the contexts in M . S is called C-minimal if and only if
there is no equilibrium S ′ = (S1′ , . . . , Sn′ ) such that
1. Si′ ⊆ Si for all contexts Ci ∈ C,
2. Si′ ⊂ Si for some context Ci ∈ C,
3. Si′ = Si for all contexts Ci ∈
/ C.
In this definition, C is the set of contexts where minimality is required and
{C1 , . . . , Cn } \ C is the set of contexts where minimality is not necessary. We then
collect all equilibria where for every context Ci ∈ C, Si is subset minimal.
Unfortunately, there are also cases where minimality is not strong enough just
as in ASP programs, especially when nonmonotonic reasoning is involved.
Example 2.6 Consider an MCS M = (C1 , C2 ) where kb1 and kb2 are empty,
br1 = {1 : a ← 2 : b.} and br2 = {2 : b ← 1 : a.

2 : c ← not 1 : a.}. Now

({a}, {b}) and ({∅}, {c}) are both minimal equilibria of M . However, ({a}, {b}) is
questionable as a and b justify each other by themselves.
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This issue could be solved by defining grounded equilibria for a restricted class
of so-called reducible MCSs, an idea borrowed from ASP. Intuitively, an MCS is
reducible if each context in it is using monotonic logic or a kind of nonmonotonic
logic that a guess belief set can be tested for groundedness by transforming the
original program to a simpler one like ASP with GL-reduct.
Formally, given a logic L = (KBL , BSL , ACCL ), we say L is monotonic if and
only if ACCL (kb) is a singleton set for each kb ∈ KBL , and kb ⊆ kb′ , ACCL (kb) =
{S}, and ACCL (kb′ ) = {S ′ } implies S ⊆ S ′ .

Then we say a logic is reducible if and only if there is KBL′ ⊆ KBL such that

the restriction of L to KBL′ is monotonic. In addition, there is a reduction function
redL : KBL × BSL → KBL′ such that for each kb ∈ KBL , S, S ′ ∈ BSL , we have:
• redL (kb, S) = kb whenever kb ∈ KBL′ ,
• redL (kb, S) ⊆ redL (kb, S ′ ) whenever S ′ ⊆ S,
• S ∈ ACCL (kb) if and only if ACCL (redL (kb, S)) = {S}
At last, a context C = (L, kb, br) is reducible if and only if its logic L is
reducible and for all H ⊆ {head(r) | r ∈ br} and belief set S, redL (kb ∪ H, S) =
redL (kb, S) ∪ H. An MCS is reducible if all of its contexts are.
If an MCS is reducible, a GL-style reduct of M = (C1 , . . . , Cn ) w.r.t. S =
(S1 , . . . , Sn ) can be defined as M S = (C1S , . . . , CnS ) where CiS = (Li , redi (kbi , S), briS ),
and briS is the GL-reduct of bri w.r.t. S. Grounded equilibria are then defined as
follows [22].
Definition 2.29 A belief state S = (S1 , . . . , Sn ) is a grounded equilibrium of M
if and only if S is the unique minimal equilibrium of M S .
Grounded equilibria are equilibria of M , as well as minimal equilibria. Similar
as for answer sets, we call an MCS definite if and only if its bridge rules do not
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contain not , and knowledge bases are already in reduced form. The grounded
equilibrium of a definite M can then be characterised as the least fix-point of an
operator.
Let kb0i = kbi and define, for each successor ordinal α + 1, kbα+1
= kbαi ∪
i

{head(r) | r ∈ bri is applicable in E α }, where E α = (E1α , . . . , Enα ) and Eiα =
*
ACCi (kbαi ). Furthermore, for each limit ordinal α, define kbαi = β≤α kbβi , and let
*
α
kb∞
i =
α>0 kbi . Then we have:
Proposition 2.6 Let M = (C1 , . . . , Cn ) be a definite MCS. A belief state S =
(S1 , . . . , Sn ) is the grounded equilibrium of M if and only if ACCi (kb∞
i ) = {Si },
for 1 ≤ i ≤ n.
ω
For many logics, kb∞
i = kbi holds; that is, any bridge rule is applied after

finitely many steps; this is also trivial if bri is finite. For each MCS M and each
belief set S, we have that M S is definite. We can thus check whether S is a
grounded equilibrium using the fix-point method.

MCSs Implementation
Heterogeneous nonmonotonic MCSs can represent real-world distributed systems.
To put it into use, reasoning systems that can be used to calculate equilibria of
an MCS are needed. Some implementations have been proposed for MCSs, some
centralised, some distributed.
In [22], Eiter et al. provided an algorithm to reduce MCSs into HEX-programs
[51]. Hex-programs extended the answer set semantics to a higher-order logic
program, which accommodates meta-reasoning through higher-order atoms. In
their definition, a higher-order atom allows us to quantify values over predicate
names and to exchange predicate symbols with constant symbols freely.
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To compute equilibria using Hex-program, an input MCS M will first be rewritten to a Hex-program PM [49]. The basic idea of this algorithm is to successively
guess input and output beliefs for contexts, then use those guesses to evaluate
bridge rules. Finally, higher-order atoms are used to eliminate all answer sets
where the bridge rule evaluation does not yield the same inputs that were guessed
for each context. For this algorithm, diﬀerent higher-order atoms need to be defined for diﬀerent contexts. The answer sets of such PM are then corresponding to
the equilibria of M .
The same idea of using HEX-programs in MCSs can also be used to analyse
inconsistencies in MCSs. This was demonstrated in [18]. The MCS-IE system
allows for evaluation of equilibria and reasons of inconsistencies in MCSs.
The above implementations are mainly focused on a centralised method. On
the other hand, [4, 31, 32] presented a suite of distributed algorithms for reasoning
in MCSs.
Their first algorithm DMCS is a fully distributed algorithm. In this algorithm,
contexts only exchange belief sets and call histories with each other. The idea is
simple, starting with a context, DMCS first checks if the context needs additional
information from its neighbour contexts through bridge rules. If not, it simply
calculates its acceptable belief sets and returns. If it requires information from
neighbour contexts, the algorithm adds current context into calling history and
asks for the acceptable belief sets from its neighbours. The algorithm then passes
to those contexts. The calling history in this algorithm is also passed among
contexts to detect circles. If a context starts an evaluation of finding acceptable
belief sets and finds itself already in the calling history, that means there exists a
circular dependency in the MCSs. The algorithm DMCS then guesses a belief set
and returns it to the calling context.
The DMCS is fully distributed and only requires minimal information before
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evaluation an equilibrium. However, it obviously faces some scalability issues.
Thus, an optimised version DMCSOPT was proposed by the same authors [4, 31, 32].
In this optimised algorithm, decomposition and simplification method are carried
out based on the topology of MCSs. By using pruning and ear decomposition from
graphic theory, an MCS will be broken down to a block tree and forms a query
plan. Such a query plan will then be used as the input of DMCSOPT. The algorithm
then processes according to the query plan and returns all equilibria of an MCS.
The basic idea of DMCSOPT is first to run a centralised algorithm on an MCS that
can determine the order of contexts finding their acceptable belief sets then run
another distributed algorithm in each context in order and return the result.
Another approach to reasoning a distributed systems is to run algorithms on
individual contexts in parallel and collect results using a centralised process. A satisfiability check algorithm for homogeneous monotonic MCSs using this approach
has been proposed in [101]. Their algorithm uses a distributed fix-point method
to check satisfiability of a distributed SAT system. In their fix-point method, the
algorithm starts with a general belief state that each belief set satisfies its local
KB, but may not satisfy some bridge rules. Then the algorithm gradually expands
the belief state to comply with bridge rules that are not satisfied until it leads
to inconsistency or no more unsatisfied bridge rules exist. Since the distributed
SAT system is monotonic, once a formula is satisfied, it remains satisfied with the
whole process. In this algorithm, SAT solvers run individually in each context and
then results are combined by a centralised process. This algorithm runs fine on a
distributed SAT system. However, an extension to heterogeneous nonmonotonic
MCSs does not exist.
Overall, MCSs oﬀers a flexible way to integrate diﬀerent KR systems into a
heterogeneous nonmonotonic system. However, it still lacks the ability to represent contexts with uncertainty information. In this thesis, we pursue a framework
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for combining possibilistic reasoning and MCSs. We will extend the existing MCSs
with the ability to incorporate possibilistic contexts such as contexts using possibilistic logic or PASP. We call such systems possibilistic MCSs (poss-MCSs). The
semantics of poss-MCSs will be based on the equilibria semantics of MCSs, with
the ability to contain possibilistic belief sets in belief states. We will also analyse
a particular case in poss-MCSs where contexts are all PASP. In such restricted
poss-MCSs, possibility distribution and grounded equilibria can be defined.
We will also develop a reasoning method for MCSs based on the idea behind
[101]. Unlike their method that only works on distributed SAT system, our method
supports MCSs. In details, our method first work on a globe level, in this step,
bridge rules in an MCS are considered. Since bridge rules are the reason behind
inter-connection among contexts, in this step, we are primarily dealing with the
connectivity aspect of the contexts in an MCS. We will then distribute most of
other reasoning tasks to individual contexts. In this way, our algorithm can compute an equilibrium distributively and in parallel. Moreover, the method proposed
in our work can also serve as a basis for other reasoning tasks in MCSs like inconsistency diagnosis and query answering.
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Possibilistic Reasoning in Answer
Set Programming
In Chapter 2.3, we have seen the skeptical reasoning determined by possibilistic
answer set semantics are not inconsistency-tolerant. That means if a PASP program is inconsistent, then the skeptical reasoning cannot entail anything. This is
not the case in possibilistic logic as Definition 2.16 shows. To enable inconsistencytolerant reasoning in PASP, in this chapter, we will define three inference methods
for PASP which extend Definition 2.16 in possibilistic logic. These inference methods enable PASP to non-trivially inference results even if the whole PASP program
is inconsistent. We will also define possibility distribution for disjunctive PASP
programs, and we will show that possibility distribution can equally characterise
the newly defined three inference methods.
Besides these reasoning methods, we will extend important concepts such as
loop formulas and guarded resolution in ASP to PASP. We will show that the
extended loop formulas and guarded resolution can also be used to solve important reasoning tasks in PASP and translate PASP programs to possibilistic logic
knowledge bases.
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3.1

Possibilistic inferences

Possibility distribution has been defined in [91] for normal PASP programs. When
normal PASP was extended to disjunctive PASP in [93, 94], the possibility distribution was left undefined for disjunctive PASP programs. It is possible to
direct adapt the definition of possibility distribution for normal PASP programs
to disjunctive PASP programs. However, possibility distribution for normal PASP
programs has a useful property, that is, given a normal PASP program P , a set of
atoms I, and the least specific possibility distribution πP . Then πP (I) = 1 if and
only if I is an answer set of P ∗ [91]. If we just replace P with a disjunctive PASP
program, this property will not hold as the following example shows.
Example 3.1 Consider a simple disjunctive PASP program P = {(a; b ←, 0.8)}.

I = {a, b} satisfies that I ⊆ head(app(P I , I)) and app(P I , I) is grounded, moreover, I is a model of (P I )∗ . Then according to Definition 2.22, πP (I) = 1. However, I is not an answer set of P ∗ because it is not a minimal model of (P I )∗ .
The problem here is, suppose there is a PASP program P . If P ∗ is a normal
ASP program, then given a set of atoms I such that I ⊆ head(app(P I , I)) and

app(P I , I) is grounded, we have I is a model of (P I )∗ if and only if I is a model of
(P I )∗ . This is not true if P ∗ is a disjunctive ASP program. Thus, if we want to keep
the same property, we need to extend the possibility distribution for disjunctive
PASP as follows.
Definition 3.1 Given a disjunctive PASP program P , a possibility distribution π
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satisfies P , denoted π |= P , if for each I ∈ Ω, the following conditions are satisfied
π(I) = 0, if I " head(app(P I , I)) or app(P I , I) is not grounded

(3.1)

π(I) = 0, if I is a model of (P I )∗ but not minimal

(3.2)

π(I) = 1, if I is a minimal model of (P I )∗

(3.3)

π(I) ≤ 1 − max{α | I ! r and (r, α) ∈ P I }, otherwise

(3.4)

Similarly, the least specific possibility distribution πP for P satisfies for each I ∈

Ω, the above conditions (3.1), (3.2), (3.3), and otherwise πP (I) = 1 − max{α | I !
r and (r, α) ∈ P I }.

This possibility distribution is an extended version of the possibility distribution defined in [91] and if P is a normal PASP program, Definition 3.1 is equivalent
to Definition 2.22. For disjunctive PASP programs, by adding condition (3.2), we
have the following property.
Proposition 3.1 Let P be a PASP program, πP the least specific possibility distribution, and I a set of atoms. Then πP (I) = 1 if and only if I is an answer set
of P ∗ .
Proof

If I is an answer set of P ∗ , I is a minimal model of (P I )∗ , according to

condition (2.14) we have πP (I) = 1.
If πP (I) = 1, we have I ⊆ head(app(P I , I)), app(P I , I) is grounded and I is a

minimal model of (P I )∗ . We prove if I is a minimal model of (P I )∗ , then it implies
I ⊆ head(app((P I )∗ , I)) and app((P I )∗ , I) is grounded.

Note that, for every minimal model of (P I )∗ , if I " head(app(P I , I)), there

exists an atom a ∈ I such that a ∈
/ head(app(P I , I)). Then I \ {a} is also a model
of (P I )∗ , contradiction, thus I ⊆ head(app(P I , I)). In addition, if app(P I , I) is

not grounded then there exists a set of atoms S ⊆ I such that S ⊆ {head(r) | r ∈

app(P I , I)} and S ⊆ {body(r) | r ∈ app(P I , I)}. In addition, there does not
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have an atom a ∈ S such that there exists a sequence {a0 , . . . , an }, where a0 ∈
{head(r) | r ∈ app(P I , ∅)}, ai ∈ {head(r) | r ∈ app(P I , {a0 , . . . , ai−1 })} and
an = a. Then I \ S is also a model, contradiction, thus app(P I , I) is grounded.
Since I is a minimal model of (P I )∗ , we have I is an answer set of P ∗ .

It has also be proven in [91] that there is a one-to-one mapping between the
possibilistic answer sets of a normal PASP program P and the answer sets of its
classical part P ∗ . This is also true for disjunctive PASP program as the next
property shows.
Proposition 3.2 Given a PASP program P , P is consistent if and only if P ∗ is
consistent.
Proof

˜ By
If P is consistent, then P has at least one possibilistic answer set I.

Definition 2.20, I is an answer set of P ∗ , thus P ∗ is consistent.
Conversely, we assume that S is an answer set of P ∗ , let I˜ = Mmin (Unfold (PS )),
if we can prove I = S, then I˜ = Mmin (Unfold (PI )), which means that I˜ is a
possibilistic answer set of P .
Since S is an answer set of P ∗ , S is a minimal model of P ∗ S where P ∗ S is the
GL-reduct of P ∗ w.r.t. S. We first prove S is also an answer set of (PS )∗ .
P ∗ S can be separated into two parts:
• P ∗ S1 = {r | r ∈ P ∗ S such that body + (r) ⊆ S}.
• P ∗ S2 = {r | r ∈ P ∗ S such that body + (r) " S}.
If S is a minimal model of P ∗ S , then S is also a minimal model of P ∗ S1 . If not,
assuming there is a set of atoms S ′ ⊂ S such that S ′ is a model of P ∗ S1 , then S ′ is
also a model of P ∗ S2 and a model of P ∗ S , a contradiction.

If S is a minimal model of P ∗ S1 , S is also a minimal model of (PS )∗ = {head(r)∩

S ← body + (r) | r ∈ P ∗ S1 }. If not, assuming there is a set of atoms S ′ ⊂ S such
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that S ′ is a model of (PS )∗ , then S ′ is also a model of P ∗ S1 , a contradiction. Thus
we have S is an answer set of P ∗ then S is an answer set of (PS )∗ .
Next, we prove if S is a minimal model of P ∗ S , then S = {a | r ∈ (PS )∗ , a ∈

head(r)}. We first prove S ⊆ {a | r ∈ P ∗ S1 , a ∈ head(r)}. If not, assuming

there is an atom p ∈ S, p ∈
/ {a | r ∈ P ∗ S1 , a ∈ head(r)} and p ∈ {a | r ∈

P ∗ S2 , a ∈ head(r)}. Then S \ {p} is also a model of P ∗ S , a contradiction. Since
(PS )∗ = {head(r) ∩ S ← body + (r) | r ∈ P ∗ S1 }, we have S = {a | r ∈ (PS )∗ , a ∈

head(r)}. Moreover, for every r ∈ (PS )∗ we have body(r) ⊆ S. Thus every rule
r ∈ (PS )∗ can be fully unfolded to a rule r′ such that body(r′ ) = ∅. Since S is an

answer set of (PS )∗ , according to [19], S is an answer set and a minimal model of
{r | r ∈ (Unfold (PS ))∗ , body(r) = ∅}.

Note that the set of rules {r | r ∈ (Unfold (PS ))∗ , body(r) = ∅} is a set of

disjunctive rules with empty bodies, we now need to prove for such set of rules, if
it satisfies some certain conditions, then the answer set of that set is equal to the
head of the rules r which head(r) is a singleton. Specifically, given a set R of rules
such that body(r) = ∅, if a set of atoms S = {a | r ∈ R, a ∈ head(r)} is a minimal
model of R then S = {a | r ∈ R, head(r) = a}.
We first prove there exists at least one rule r ∈ R such that head(r) is singleton.

If not, there will be a set of atoms S ′ ⊂ {a | r ∈ R, a ∈ head(r)} = S a model

of R, contradiction. Also, given a set of atoms S ′ = {a | r ∈ R, head(r) = a}
there does not exists a subset R′ ⊆ R such that R′ = {r | r ∈ R, head(r) ∩

S ′ = ∅, and head(r) is not singleton}. Otherwise, there would be a set of atoms
S ′′ ⊂ {a | r ∈ R′ , a ∈ head(r)} such that S ′′ is a model of R′ , since S ′ is a model

of R \ R′ , we have S ′ ∪ S ′′ ⊂ S is a model of R, contradiction. Thus for every rule
r ∈ R such that head(r) is not singleton, we have head(r) ∩ S ′ ̸= ∅. Then S ′ is a
model for R. Moreover, since S ′ contains all heads of rules of the form a ← in R,

there is not S ′′ ⊂ S ′ where S ′′ is also a model of R, thus S ′ is the minimal model
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of R and S ′ = S.
Therefore, I = (Mmin (Unfold (PS )))∗ = {a | r ∈ (Unfold (PS ))∗ , body(r) =
∅, head(r) = a} = S.
Now we introduce three forms of possibilistic reasoning for PASP based on possibilistic answer sets. They are defined using classical skeptical reasoning for certain α-cut of a given PASP program. Our possibilistic inferences are inconsistencytolerant and can reason intuitively with PASP programs.
There is a problem when adopting inferences defined for possibilistic logic KBs
to PASP programs. In Definition 2.16, the inferences defined for possibilistic logic
KB K consider for all α-cut of K such that α > Inc(K). This is not feasible for
PASP programs as given a PASP program P and a weight α such that α ≥ Inc(P ),
P>α may not be consistent as shown in Chapter 2.3. So, we need to take care the
(in)consistency of cuts when adapting definitions of possibilistic reasoning from
ordinary possibilistic logic to possibilistic logic programs.
Recall that an atom a is a skeptical consequence of an ASP program P ∗ under
answer set semantics, denoted P ∗ |=s a, if a is in every answer set of P ∗ . Then we
have.
Definition 3.2 Let P be a PASP program.
1. An atom a is a plausible consequence of P , denoted P |=p a, if there exists
∗
∗
α ∈ [0, 1] such that P≥α
is consistent and P≥α
|=s a.

∗
2. A possibilistic atom (a, α) is a consequence of P , written P |= (a, α) if P≥α
∗
is consistent and P≥α
|=s a.

3. An atom a is a possibilistic consequence of P to degree α, written P |=π

∗
∗
∗
(a, α), if P≥α
is consistent, P≥α
|=s a, and for all β > α, P≥β
is inconsistent
∗
or P≥β
!s a.
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The possibilistic reasoning services introduced above allow us to deal with
uncertainty and inconsistency. For example, possibilistic inference with degree
allows us to infer to what degree an individual atom can be nontrivially inferred
from a PASP program.
It is obvious that P |=π (a, α) implies P |= (a, α), and the latter implies P |=p a.
Before exploring formal properties of these forms of possibilistic reasoning for
PASP programs, we first take a look at some examples.
Example 3.2 (1). Let P = {(c ← not c, 0.9), (b ← not c, 0.8), (c ← not a, 0.7),
∗
∗
(a ←, 0.1)}. Since P≥0.7
is consistent and P≥0.7
|=s c, we have that P |=

(c, 0.7) even though the whole PSAP program is inconsistent.
(2). Let P = {(raining ←, 0.1), (running ← not tired, 0.9)}. Then P |=π
(running, 0.9) and thus P |=p (running, 0.9) and P |= (running, 0.9). Also,
P |=π (raining, 0.1).
(3). Let P = {(raining ←, 0.1), (running ← not raining, 0.9)}. Then P |=π
(running, 0.9) and thus P |=p (running, 0.9) and P |= (running, 0.9). Also,
P |=π (raining, 0.1).
These reasoning services are also closely related to possibilistic distribution as
the following properties shows.
Proposition 3.3 Let P be a PASP program and a be an atom. Then P |= (a, α)
if and only if the following two conditions are satisfied:
∗
1. P≥α
is consistent, and

2. πP≥α |= (a, α).
Proof

∗
⇒): Suppose P |= (a, α), then by definition, P≥α
is consistent. To prove

πP≥α |= (a, α), it is suﬃcient to prove NπP≥α (a) ≥ α. We note that NπP≥α (a) ≥ α if
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and only if 1−max{πP≥α (I) | I ! a} ≥ α. Moreover, max{πP≥α (I) | I ! a} ≤ 1−α

if and only if πP≥α (I) ≤ 1 − α for every I ! a. Thus we only need to show that
πP≥α (I) ≤ 1 − α for every I ! a.

I
I
If I " head(app(P≥α
, I)) or app(P≥α
, I) is not grounded, or I is not a minimal

I ∗
model of (P≥α
) , then πP≥α (I) = 0 ≤ 1−α. Otherwise, since I ! a and P |= (a, α),

∗
we have I ! P≥α
. So there exists a rule (r, β) ∈ P≥α , β ≥ α and I ! r such that
I
I
(rI , β) ∈ P≥α
. If not, I will satisfies every rules in P≥α
, and is a model of P≥α , a

contradiction. Thus, for all I ! rI , πP≥α (I) ≤ 1 − β ≤ 1 − α. So πP≥α (I) ≤ 1 − α.
∗
⇐): By assumption, P≥α
is consistent. We show P |= (a, α) by contradiction.

∗
On the contrary, suppose there exists an answer set I of P≥α
but I ! a. Then

I ∗
I ∗
I ⊆ head(app((P≥α
) , I)), app((P≥α
) , I) is grounded and I is a minimal model of
I ∗
(P≥α
) , thus we have πP≥α (I) = 1. Since NπP≥α (a) = 1 − max{πP≥α (I) | I ! a},

we have NπP≥α (a) = 0 and πP≥α ! (a, α), a contradiction. So P |= (a, α).

Using Proposition 3.3, we can show the following result for plausible consequences.
Proposition 3.4 Let P be a PASP program and a be an atom. Then P |=p a if
and only if the following conditions are satisfied:
∗
1. P≥α
is consistent for some α ∈ [0, 1].

2. πP≥α |= (a, α).
Proof

∗
If P |=p a, then there exists an α such that P≥α
is consistent and

∗
P≥α
|=s a. Thus P |= (a, α). By Proposition 3.3, we have πP≥α |= (a, α). Con-

∗
versely, suppose there exists α such that P≥α
is consistent and πP≥α |= (a, α). By

Proposition 3.3, P |= (a, α). It follows that P |=p a.
While the above two properties are similar to those in possibilistic logic in form,
the characterisation of possibilistic inference regarding possibility distributions is
quite diﬀerent from that in possibilistic logic. In possibilistic logic, if a formula
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φ is a possibilistic inference in possibilistic logic KB Σ to the degree α, denoted
Σ |=π (φ, α), then α = NπΣ (φ). This is not the case in PASP programs as the
following example shows.
∗
Example 3.3 (Example 3.2 case 1 continued) For all β > 0.7, P≥β
is inconsistent.
∗
Thus, P |=π (c, 0.7). But NπP≥0.7 (c) = 1 − max{πP≥0.7 (I) | I ! c} = 0.9 and P≥0.9

is not consistent.
Still, we have the following characterisation of possibilistic inference, which is
diﬀerent from its counterpart in possibilistic logic.
Proposition 3.5 Let P be a PASP program and a be an atom. Then P |=π (a, α)

∗
if and only if P≥α
is consistent, πP≥α |= (a, α), and there is no β > α s.t. πP≥β |=
∗
(a, β) and P≥β
is consistent.

Proof

⇒): Suppose P |=π (a, α), by Definition 3.2, P |= (a, α) and there

∗
does not exist β > α such that P |= (a, β). Follow Proposition 3.3 we have P≥α

∗
is consistent, πP≥α |= (a, α), and there is no β > α s.t. πP≥β |= (a, β) and P≥β
is

consistent.
∗
⇐): Suppose P≥α
is consistent, πP≥α |= (a, α), and there is no β > α s.t.

∗
πP≥β |= (a, β) and P≥β
is consistent. By Proposition 3.3 we have P |= (a, α) and

for all β > α P ! (a, α). Thus P |=π (a, α).

In possibilistic logic, inferences can be easily reduced to computing the inconsistency degree of a possibilistic logic KB. However, this is not straightforward in
PASP due to its nonmonotonicity. Moreover, inconsistency degree in PASP programs is now only defined under possibilistic distribution [91], there is no syntactic
definition of inconsistency degree in PASP programs. We will address these issues
by extending loop formulas and guarded resolution in ASP to PASP.
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3.2

Possibilistic Loop Formulas

There are several reasons for studying the concept of loop formulas for PASP
programs. First, it is interesting and useful to provide a transformation from PASP
programs to possibilistic logic KBs by extending the definitions of completion and
loop formulas to PASP programs. Moreover, loop formulas provide a nice way to
compute inconsistency degrees and the least specific possibility distribution, which
are important for developing inference algorithms for PASP programs.
Given a PASP program rule (r, α) = (a1 ; . . . ; ak ← ak+1 , . . . , am , not am+1 ,
. . . , not an , α). Recall G(r) = ak+1 ∧ · · · ∧ am ∧ ¬am+1 ∧ · · · ∧ ¬an . The completion
of a PASP program P is defined by Comp(P ) = Comp+ (P ) ∪ Comp− (P ) where
Comp+ (P ) = {(G(r) →
for every rule r in P , and

Comp− (P ) = {(a →

%

⎛

⎝G(r) ∧

%

a∈head(r)

&

p∈head(r)\{a}

a, α) | (r, α) ∈ P }

(3.5)

⎞

¬p), 1⎠ | r ∈ P ∗ , a ∈ head(r)}

(3.6)

for each atom a appears in P .
Moreover, given a PASP program P and a loop L of P ∗ , the possibilistic loop
formula LFP (L) associated with L for a PASP programs P is
LFP (L) = (LFP ∗ (L), 1)
where LFP ∗ (L) is defined in Definition 2.11.
Let F (P ) = Comp(P )∪LFP where LFP is the set of all loop formulas associated
with the loops of P . Then F (P ) is a possibilistic logic KB. It turns out the
possibility distribution of F (P ) is related to the possibility distribution of P as
the next property shows.
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Proposition 3.6 If P is a PASP program and I a set of atoms, then πP (I) = 1
if and only if πF (P ) (I) = 1.
Proof

Since F (P ) is a possibilistic logic KB, πF (P ) (I) = 1 if and only if I is a

model of (F (P ))∗ . It has been proved in [73] that I is a model of (F (P ))∗ if and
only if I is an answer set of P ∗ , thus πP (I) = 1 if and only if πF (P ) (I) = 1.
If P is a normal PASP program, a stronger result could be obtained.
Proposition 3.7 If P is a normal PASP program and I a set of atoms, then
πP (I) = πF (P ) (I).
Proof

First, note that, given I, P ∗ can be split into two disjoint subsets:

P ∗ = R1 ∪ R2 where
R1 = {r | (r, α) ∈ P, body + (r) ⊆ I and body − (r) ∩ I = ∅}
and
R2 = {r | (r, α) ∈ P, body + (r) ̸⊆ I or body − (r) ∩ I ̸= ∅}.
Observe that {head(r) ← body + (r) | r ∈ R1 } = app(P I , I). Given an interpretation I, we prove πP (I) = πF (P ) (I) according to four cases specified in
Equation (2.13), (2.14), (2.15).
Case 1. I " head(app(P I , I)): Then for some atom a, a ∈ I but a ∈
/ head(app(P I , I)).
This implies that a ̸= head(r) for each rule r in R1 . Consider two subcases:
Subcase 1. a = head(r) for some r ∈ R2 : Let {r1 , . . . , rn } be the set of all
rules ri ∈ R2 such that a = head(ri ) (i = 1, . . . , n). Then, from the definition of

Comp− (P ), the possibilistic formula (a → G(r1 ) ∨ · · · ∨ G(rn ), 1) ∈ Comp− (P ).
Since for every rule r in R2 we have body + (r) ̸⊆ I or body − (r) ∩ I ̸= ∅, then

I ! G(ri ) for 1 ≤ i ≤ n. As a ∈ I, we have I ! a → G(r1 ) ∨ · · · ∨ G(rn ) and thus,
πF (P ) (I) = 0 = πP (I).
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Subcase 2. a ̸∈ head(r) for every r ∈ head(R2 ): This implies a ̸= head(r)

for every rule r ∈ P ∗ . Consider the definition for Comp− (P ), we have (¬a, 1) ∈
Comp− (P ). Since a ∈ I, we have I ! ¬a and πF (P ) (I) = 0 = πP (I).

Case 2. I ⊆ head(app(P I , I)) and app(P I , I) is not grounded: For every rule
*
*
r ∈ R1 , we have that body + (r) ⊆ I, thus {body + (r) | r ∈ R1 } = {body + (r) | r ∈
*
app(P I , I)} ⊆ I. By the assumption that I ⊆ head(app(P I , I)), {body + (r) | r ∈
R1 } ⊆ {head(r) | r ∈ R1 }.

This indicates that, for each rule r ∈ R1 , if

a ∈ body + (r), then there exists a rule r′ ∈ R1 such that a = head(r′ ). We
claim that there exists an atom a such that a = head(r) for some r ∈ app(P I , I)
and a is in some loop L of the standard program app(P I , I). If not, then, for
each atom a with a = head(r) for some r ∈ app(P I , I), there would exist a se-

quence {r0 , r1 , . . . , rn } such that head(rn ) = a, body + (r0 ) = ∅ and body + (ri ) ⊆

{head(r) | r ∈ {r0 , . . . , ri−1 }}. This implies that app(P I , I) is grounded, contradiction.
Moreover, we can show that there exists a loop L such that there is no rule
r ∈ app(P I , I) satisfying head(r) ∩ L ̸= ∅ and body + (r) ∩ L = ∅. On the contrary,
assume that there was such a rule r. Since app(P I , I) is finite, we can suppose

that L is a maximal one among all such loops. We consider two possible subcases:
Subcase 1. An atom in body + (r) belongs to another loop L′ : Then L ∪ L′ is
also a loop that contains r, impossible.
Subcase 2. No atom in body + (r) belongs to another loop: Then there exists a ground sequence of rules {r0 , r1 , . . . , rn } and body + (r) ⊆ {head(r) | r ∈
{r0 , r1 , . . . , rn }}. This means {r0 , r1 , . . . , rn } ∪ {r | head(r) ∈ L} is also grounded.
If all loops L in the positive dependency graph of app(P I , I) are like this, then

app(P I , I) would be grounded, contradiction. Thus there exists a loop L such that
no rule r ∈ app(P I , I) satisfies head(r) ∩ L ̸= ∅ and body + (r) ∩ L = ∅ at the same
time. That is, no rule r ∈ R1 satisfies both head(r) ∩ L ̸= ∅ and body + (r) ∩ L = ∅.
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Now recall that RP (L) consists of rules r satisfying head(r) ∩ L ̸= ∅ and

body + (r) ∩ L = ∅. We have already shown that no rule r ∈ RP (L) is in R1 . We
again consider two subcases:
Subcase 1. There is no rule r ∈ R2 such that head(r)∩L ̸= ∅ and body + (r)∩L =

∅: Then we have (¬L, 1) ∈ LFF (P ) . By I ! ¬L, πF (P ) (I) = 0 = πP (I).

Subcase 2. There exists r0 ∈ R2 such that head(r)∩L ̸= ∅ and body + (r)∩L = ∅:

Since I does not satisfy G(r) for each r in R2 and I satisfies L, I does not satisfy
LFP ∗ (L) either. Thus, in this case we also have πF (P ) (I) = 0 = πP (I).
Case 3. I ⊆ head(app(P I , I)), app(P I , I) is grounded and I is a model of (P I )∗ :
In this case, I is an answer set of P ∗ , thus I is a model of (F (P ))∗ . As a result,
πF (P ) (I) = 1 = πP (I).
Case 4. I ⊆ head(app(P I , I)), app(P I , I) is grounded and I is not a model of
(P I )∗ : In this case, I satisfies r for every (r, 1) ∈ LFP (L) and for every (r, 1) ∈

Comp− (P ). Since I is not a model of (P I )∗ , I does not satisfy at least one rule
r with (r, α) ∈ Comp+ (P ), thus πF (P ) (I) = 1 − max{α | (r, α) ∈ Comp+ (P ), I !
r} = πP (I).
Thus, in every case, πP (I) = πF (P ) (I).
By Proposition 3.7, we have the following useful result.
Corollary 3.1 If P is a normal PASP program and a an atom, then
1. Inc(P ) = Inc(F (P )).
2. Inc(P ) = max{α | F (P ) ⊢ (⊥, α)}.
3. NπP (a) = NπF (P ) (a).
4. ΠπP (a) = ΠπF (P ) (a).
The above corollary shows that the inconsistency degree of normal PASP program P can be obtained from those of the corresponding possibilistic theory F (P ).
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This allows us to deal with inconsistency degree of a normal PASP program in a
syntactic way. As a result, the loop formulas can be used to reduce possibilistic reasoning in PASP to the task of computing inconsistency degree of the corresponding
possibilistic logic KB. For PASP program, we have the following properties holds.
Proposition 3.8 Given a PASP program P , then P |= (a, α) if and only if
Inc(F (P≥α )) = 0 and Inc(F (P≥α ) ∪ {(¬a, 1)}) > 0
Proof

If Inc(F (P≥α )) = 0 then there exists a set of atoms I such that π(I) = 1

and I is a model of (F (P≥α ))∗ . Note that I is a model of (F (P≥α ))∗ if and only if I is
∗
∗
an answer set of P≥α
. Thus, P≥α
is consistent. Moreover, by Inc(F (P≥α )) = 0 and

Inc(F (P≥α ) ∪ {(¬a, 1)}) > 0, it follows that a ∈ I for all models I of (F (P≥α ))∗ ,
∗
which means P≥α
|=s a and P |= (a, α).

Plausible consequences of a PASP program can also be obtained by computing
inconsistency degrees of possibilistic logic KB.
Proposition 3.9 If P is a PASP program and a an atom, then P |=p a if and
only if there exists α such that Inc(F (P≥α )) = 0 and Inc(F (P≥α ) ∪ {(¬a, 1)}) > 0.
Moreover, possibilistic consequences of a PASP program can also be achieved
by computing inconsistency degrees of possibilistic logic KB.
Proposition 3.10 If P is a PASP program, then P |=π (a, α) if and only if the
following three conditions are satisfied:
1. Inc(F (P≥α )) = 0,
2. Inc(F (P≥α ) ∪ {(¬a, 1)}) > 0, and
3. For all β > α, either Inc(F (P≥β )) ̸= 0 or Inc(F (P≥β ) ∪ {(¬a, 1)}) = 0
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Proof

From Proposition 3.8, we have P |= (a, α) if and only if Inc(F (P≥α )) = 0

and Inc(F (P≥α ) ∪ {(¬a, 1)}) > 0. From condition 3, either P≥β is inconsistent or
a not in every model of F (P≥β ), thus according to Definition 3.2, P |=π (a, α).
By Corollary 3.1, a straightforward approach to computing the inconsistency
degree of a normal PASP program is to compute its loop formulas. Similar to
the case of ASP, such a naive approach may not be practical, as there can be an
exponential number of loops in a normal PASP program. For this reason, it will
be more eﬃcient if only necessary loop formulas are included into the completion.
This motivates the following method of computing its inconsistency degree when
a normal PASP program is inconsistent.
Algorithm 1 Computing Inconsistency Degree
1: procedure
input: Normal PASP program P .
output: Inconsistency degree of P .
2:

Set TP := Comp(P ).

3:

If (TP )∗ has no models, then terminate and return Inc(TP ).

4:

Find a model S of (TP )∗ .

5:

If S is an answer set of P ∗ , then terminate and return 0.

6:

If S is not an answer set of P ∗ , then find a loop L of P such that its loop
formula LFP (L) is not satisfied by S.

7:

Set TP := TP ∪ {LFP (L)} and go back to step 2.
It is evident that the above algorithm will terminate in a finite number of steps.

We can show that the algorithm is sound.
Proposition 3.11 Let P be an inconsistent normal PASP program P , then Algorithm 1 outputs Inc(P ).
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Proof

Let

*

M

LFP (L) denote the union of all LFP (L) added to Comp(P ) in

Algorithm 1, which is a subset of all loop formulas LPP . Since F (P ) = Comp(P )∪
*
LFP and TP = Comp(P )∪ M LFP (L). If P is inconsistent, we need only to prove
πF (P ) (I) = πTP (I).

Given a set of atoms I and an inconsistent logic program P , there are three
possible cases:
Case 1. I satisfies every rule r with (r, 1) ∈ LPP but does not satisfy r0 for some
rule r0 with (r1 , α) ∈ Comp(P ): Since Comp(P ) is a subset of both F (P ) and TP ,
it is easy to see πF (P ) (I) = πTP (I).
Case 2. I does not satisfy some loop formula: In this case, πF (P ) (I) = 0, and
from the definition of TP , in step 6 a loop formula LFP (L), which is not satisfied
by I, is added to TP . Thus, we also have πTP (I) = 0, then πF (P ) (I) = πTP (I).
Thus, in all cases we have πF (P ) (I) = πTP (I), and Inc(P ) = Inc(TP ).
The notions of completion and loop formulas for PASP programs can be used
to compute possibility distribution and inconsistency degree of a PASP program.
Also, it can be used to reduce the task of computing the inconsistency degree, like
the three inferences for PASP and consistency-restoring method investigated in
[91]. In the next section, we will introduce a resolution procedure for PASP programs, which provides a sound and complete procedure with respect to possibilistic
answer sets.

3.3

Possibilistic Guarded Resolution

In this section, we first present a resolution procedure for possibilistic reasoning
in logic programs, which is a generalisation of the resolution rule defined in [85].
We will first extend the guarded resolution rule presented in [85] to allow disjunctive rules. Then show that our procedure is sound and complete with respect to
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possibilistic answer sets [91]. Moreover, as a useful application of the guarded
resolution, we show that it can provide an alternative way of reducing an inference
task in a normal PASP program to that of computing inconsistency degrees of the
PASP program and its cuts.
Given a possibilistic rule (r, α) = (a1 ; . . . ; ak ← ak+1 , . . . , am , not am+1 , . . . , not an , α),
a possibilistic guarded clause pg(r, α) for (r, α) is defined as
(a1 ; . . . ; ak ← ak+1 , . . . , am : {am+1 , . . . , an }, α).

(3.7)

We say {a1 , . . . , ak } head of the clause, {ak+1 , . . . , am } body of the clause and
{am+1 , . . . , an } guard of the clause. If a possibilistic guarded clause has no atoms
in its body, then pg(r, α) can also be denoted as (a1 ; . . . ; ak : {am+1 , . . . , an }, α),
and by convention, we call it possibilistic guarded atom with {a1 , . . . , ak } is its
head and {am+1 , . . . , an } is its guard. For a PASP program P , define pg(P ) =
{pg(r, α) : (r, α) ∈ P }.
Given two possibilistic guarded clauses pg(r1 , α) = (H1 ← A : B, α) and
pg(r2 , β) = (H2 : C, β), let a ∈ A ∩ H2 where a is an atom, we extend the guarded
resolution rule presented in [85] to the following possibilistic guarded resolution
rule:
(H1 ← A : B, α). (H2 : C, β).
(3.8)
(H1 ∪ H2 \ {a} ← A \ {a} : B ∪ C, min{α, β})
Compare with the guarded resolution rule presented in [85], we not only allow
disjunctive PASP programs, but also added possibilistic reasoning in it. Moreover, if the program is a normal ASP program, this definition is equivalent to the
definition in [85].
Notice that given a PASP program P and its corresponding pg(P ), whenever
the above rule (3.8) is applicable, it will generate a new guarded clause with less
atom in its body and more atom in its guard. Since P is propositional and finite,
applying rule (3.8) on pg(P ) and add the new guarded clause to it will reach a
fixpoint after finite times. We will use GR(pg(P )) to denote such fix-point.
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Given a PASP program P with finite rules, for every possibilistic guarded
atom (H : S, α) ∈ GR(pg(P )) there exists a set of possibilistic guarded clauses C
in GR(pg(P )) such that (H : S, α) can be derived from those clauses by applying
the possibilistic guarded resolution rule (3.8) finite times. Observe that for each
new guarded clause derived by rule (3.8), it requires two possibilistic guarded
clause. Therefore the procedure of applying rule (3.8) using possibilistic guarded
clauses in C to derive (H : S, α) can be represented by a binary tree. We call such
binary tree the guarded resolution proof of (H : S, α). Note that in a guarded
resolution proof, guards only grow as proceeding down the tree. Thus, the root
of the proof contains the guards of every possibilistic guarded clause in the tree.
In the following, we use (H : S, α) to denote both a possibilistic guarded atom as
well as the guarded resolution proof associated with it.
We say a set of atoms I admits a possibilistic guarded atom (H : S, α) if
I ∩ S = ∅.
The following result shows that possibilistic guarded resolution is sound and
complete with respect to possibilistic answer sets.
Proposition 3.12 Let P be a possibilistic disjunctive program and I˜ a set of
possibilistic atoms such that I is an answer set of P ∗ . Then I˜ is a possibilistic
answer set of P iﬀ for every (a, α) ∈ tildeI, there is a guarded resolution proof of
(H : S, α) in GR(pg(P )) that satisfies the following three conditions:
(1) (H : S, α) is admitted by I and H ∩ I = {a}.
(2) For every possibilistic clause (H ′ ← B ′ : S ′ , γ) involved in the resolution
proof, H ′ ∩ I ̸= ∅ and B ′ ⊆ I.

(3) α is maximal in the sense that α ≥ β for each guarded resolution proof of
(H ′ : S ′ , β) in GR(pg(P )) that satisfies the conditions (1) and (2).
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Proof

⇒): Let I˜ be a possibilistic answer set of P , then I˜ = Mmin (Unfold (PI ))

by Definition 2.20. Therefore, (a, α) ∈ I˜ if and only if there is a fact rule (a, α) ∈
Unfold (PI ), and for any other fact rule (a, β) ∈ Unfold (PI ), α ≥ β.
Observe that the guarded resolution rule (3.8) is essentially equivalent to the
restricted unfolding rule (2.11). Therefore, given any two rules (r1 , α1 ), (r2 , α2 ) ∈
Unfold (PI ) satisfy conditions for the restricted unfolding rule (2.11), there are two

equivalent guarded clauses (H1 ← B1 : S1 , α1 ) and (H2 : S2 , α2 ) in GR(pg(P ))
satisfy the requirement for the guarded resolution rule (3.8). Moreover, Hi ∩ I =
head(ri ), B1 ⊆ I, and Si ∩ I = ∅ for i = {1, 2}, and they satisfy condition (2).
Given any fact rule (a, α) ∈ Unfold (PI ), (a, α) is derived by applying the restricted
unfolding rule (2.11) using rules in Unfold (PI ). Therefore, there exist an equivalent
guarded resolution proof of (H : S, α) in GR(pg(P )) where H ∩ I = a, S ∩ I = ∅,
thus (H : S, α) satisfies condition (1). Moreover, every possibilistic clause involved
˜ α is maximal in the sense
in the proof satisfies condition (2). Also, since (a, α) ∈ I,
that α ≥ β for each fact rule (a, β) ∈ Unfold (PI ), then α satisfies condition (3).
Thus if I˜ a possibilistic answer set of P , for every (a, α) ∈ I˜ there is a guarded
resolution proof of (H : S, α) in GR(pg(P )) satisfies the three conditions.
⇐): Similarly, given an answer set I of P ∗ , for all (a, α) ∈ I˜ and any guarded
resolution proof of (H : S, α) in GR(pg(P )) that satisfies condition (1)(2). For
every two guarded clauses (H1 ← B1 : S1 , α1 ) and (H2 : S2 , α2 ) involved in the
proof of (H : S, α), if they satisfy the requirement for the guarded resolution
rule (3.8), then there are two equivalent rules (r1 , α1 ), (r2 , α2 ) ∈ Unfold (PI ) satisfy
conditions for the restricted unfolding rule (2.11). Where hear(ri ) = Hi ∩ I, B1 =
body(r1 ), for i = {1, 2}. Therefore, for any guarded resolution proof of (H : S, α) in
GR(pg(P )) that satisfies condition (1)(2), there is a fact rule (a, α) ∈ Unfold (PI ).

If α also satisfies condition (3), then I˜ = Mmin (Unfold (PI )). Since I is an answer
set of P ∗ , by Definition 2.20, we have I˜ is a possibilistic answer set of P .
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Also, if P is a possibilistic normal PASP program, we have a stronger result.
Proposition 3.13 Let P be a normal PASP program and I˜ a set of possibilistic
atoms. Then I˜ is a possibilistic answer set of P if and only if the following two
conditions are satisfied:
˜ there is a guarded resolution proof of (a : S, α) in
(1) for every (a, α) ∈ I,
GR(pg(P )) that is admitted by I and α ≥ β for all other guarded resolution proof
of (a : S ′ , β) in GR(pg(P )) admitted by I.

(2) for every a ∈
/ I and each S, there is no guarded resolution proof of (a : S, α)
from GR(pg(P )) that is admitted by I.
Proof

Since it has already been proved in [85], if P ∗ is a normal logic program,

then I is an answer set of P ∗ if and only if the above two conditions holds.
For this property, we only need to prove for normal PASP programs P and an
answer set I if P ∗ , given any guarded resolution proof of (a : S, α) in GR(pg(P ))
that is admitted by I, every possibilistic clauses (H ′ ← B ′ : S ′ , γ) involved in the
proof have H ′ ∈ I and B ′ ⊆ I. We prove this by induction.

Given an answer set I if P ∗ , for any rule (r, α) ∈ P such that body + (r) = ∅

and body − (r) ∩ I = ∅, we have (a : S, α) is a guarded resolution proof admitted
by I where a = head(r), S = body − (r). Since (a : S, α) is the only possibilistic

clause involved in the proof, we have for all possibilistic clauses (H ′ ← B ′ : S ′ , α)

involved in the proof, H ′ = a ∈ I and B ′ = ∅ ⊆ I. Suppose after applying guarded
resolution rule (3.8) k times we still have this property.
Now assuming after applying guarded resolution rule (3.8) k+1 times, if we have
a guarded atom (b : S, α′ ) admitted by I, then it was derived by the following two
clauses: (a : S1 , α) and (b ← a : S2 , β) where α′ = min{α, β}. From assumption,
we already have for all possibilistic clauses (H ′ ← B ′ : S ′ , γ) involved in the proof of
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(a : S1 , α) we have H ′ ∈ I and B ′ ⊆ I. On another hand, for all possibilistic clauses
involved in the proof of (b ← a : S2 , β), if there is a rule r = (b ← a, not S2 , β) ∈ P ,
we have b ∈ I and {a} ⊆ I. If there is no such rule, then we have a sequence of
rules

rule t : (b ← a, a1 , . . . , at : St+2 , βt )
...
rule 1 : (b ← a, a1 , : S3 , β1 )
rule 0 : (b ← a : S2 , β)
′
where for each rule i we have a possibilistic guarded atom (ai : Si+2
, αi ) admitted
′
by I such that rule i and (ai : Si+2
, αi ) results in rule i − 1. Now for all possibilistic
′
clauses (H ′ ← B ′ : S ′ , γ) involved in the proof of any guarded atom (ai : Si+2
, αi ),

we have H ′ ∈ I and B ′ ⊆ I since the proof is less than or equal to k steps. Thus
for all ai in rule i, we have ai ∈ I. Then for any guarded atom (b : S, α′ ) admitted

by I after applying guarded resolution rule (3.8) k + 1 times, we still have for
possibilistic clauses (H ′ ← B ′ : S ′ , γ) involved in the proof, H ′ ∈ I and B ′ ⊆ I.

Therefore, for normal PASP programs P and an answer set I if P ∗ , given any

guarded resolution proof of (a : S, α) in GR(pg(P )) that is admitted by I, every
possibilistic clauses (H ′ ← B ′ : S ′ , γ) involved in the proof have H ′ ∈ I and
B ′ ⊆ I. Then this property is a direct follow up of proposition 3.12.

Based on the soundness and completeness of possibilistic guarded resolution,
for a normal PASP program P , we can transform P into possibilistic logic KB
E (P ) such that all three inferences of P can be obtained from the inconsistency
degrees of E (P ) and its cuts.
The possibilistic logic KB E (P ) can be obtained as follows. Given an atom a,
assume that (a : S1 , α1 ), . . . , (a : Sn , αn ) are all possibilistic guarded resolution
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proofs from pg(P ) appearing in P . Then eqP (a) is defined as conjunction of the
following possibilistic logic formulas:

(a ⇔ ¬S1 ∨ . . . ¬Sn , max(α1 , . . . , αn ))

(3.9)

If every Si is empty, eqP (a) is defined as (a, max(α1 , . . . , αn )) and if for an
atom a, a does not have any possibilistic guarded resolution proof, then eqP (a) is
defined as (¬a, 1).
Let E (P ) denote the possibilistic logic KB consisting of all eqP (a) for all a
appear in P . Then E (P ) has the following property that is useful for reducing the
tasks of computing inferences of P to the task of computing inconsistency degrees
of E (P ) and its cuts.
Proposition 3.14 Let P be a normal PASP program and I a set of atoms. Then
πP (I) = 1 if and only if πE (P ) (I) = 1.
Proof

As it is already proven in [85], I is an answer set of P ∗ if and only if I

is a model of (E(P ))∗ , and πP (I) = 1 if and only if I is an answer set of P ∗ , thus
πP (I) = 1 if and only if πE (P ) (I) = 1 and I is a minimal model of (E(P ))∗ .
With Proposition 3.14, the three reasoning tasks in PASP program P can be
reduced to that of computing inconsistency degrees of the corresponding E (P ) and
its cuts just like those in loop formulas as the next three properties show.
Proposition 3.15 Let P be a PASP program. Then P |= (a, α) if and only if
Inc(E (P≥α )) = 0 and Inc(E (P≥α ) ∪ {(¬a, 1)}) > 0.
Proposition 3.16 Let P be a PASP program. Then P |=p a if and only if there
exists an α such that Inc(E (P≥α )) = 0 and Inc(E (P≥α ) ∪ {(¬a, 1)}) > 0.
Proposition 3.17 If P is a PASP program, then P |=π (a, α) if and only if the
following three conditions are satisfied:
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1. Inc(E (P≥α )) = 0,
2. Inc(E (P≥α ) ∪ {(¬a, 1)}) > 0, and
3. for all β > α, either Inc(E (P≥β )) ̸= 0 or Inc(E (P≥β ) ∪ {(¬a, 1)}) = 0

3.4

Summary

In this chapter, we have introduced three forms of possibilistic reasoning in PASP,
thus provided their characterisations regarding possibility distributions. Our possibilistic inferences are inconsistency-tolerant. To develop inference algorithms for
these possibilistic inferences, the notions of possibilistic loop formulas and possibilistic guarded resolution are proposed, which extends their counterparts in standard ASP. We have demonstrated how these techniques can be used to perform
possibilistic reasoning in a PASP program by computing inconsistency degrees
of the corresponding possibilistic theory and its cuts. Besides their theoretical
importance, our results provide promising inference algorithms for PASP.
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Revising Possibilistic Knowledge
Bases via Compatibility Degrees
In Chapter 2.2, we mentioned the “drowning eﬀect” that plagued the possibilistic
logic KB while updating the information. In this chapter, we will establish a
unified belief revision function that deals with both certain and uncertain inputs
and at the same time and avoids the drowning eﬀect as much as possible.
Our revision function adapts the view of seeing (φ, α) as a constraint, which
means that the formula φ should be believed to a degree of certainty α exactly.
In this respect, [15] and [97] are closely related to our work. We first propose a
syntactic characterisation for inconsistency of possibilistic KBs, called compatibility
degree, which measures the inconsistency for each collection of formulas. Then
based on this characterisation, we establish a framework for defining revisions in
possibilistic logic, referred to as compatibility degree based revision or simply cdrevision. It satisfies major postulates for belief revision. An algorithm is also
developed for the proposed revision. Significantly, the new revision framework is
general enough to subsume the earlier approaches [15, 13, 97] thus providing a
unifying framework for possibilistic logic belief revision.
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4.1

Compatibility Degree

To avoid the “drowning eﬀect”, we introduce a degree that can characterise the
consistency of all subsets of a given possibilistic KB. Inspired by an approach in
[8, 9], we define the following degree function called compatibility degree.
Definition 4.1 Given a possibilistic KB K, the compatibility degree CK : 2K 7→
[0, 1] is such that for each K ′ ⊆ K,

⎧
⎨ 1 − max{α | (φ, α) ∈ K \ K ′ } if K ′∗ is consistent
′
CK (K ) =
⎩ 0
otherwise

Intuitively, only a consistent subset K ′ of K has a positive compatibility degree,
and the degree is higher (closer to 1) if K ′ contains formulas (from K) with higher
certainty. When the background KB K is clear, we will omit the subscript.
Example 4.1 Let K = {(p∨r, 0.9), (p∨¬q, 0.8), (¬r, 0.8)}. Consider the following
sub-KB: K1 = {(p ∨ r, 0.9)}, K2 = {(p ∨ ¬q, 0.8)}, K3 = {(p ∨ r, 0.9), (p ∨ ¬q, 0.8)},
K4 = K. We have CK (K1 ) = 0.2, CK (K2 ) = 0.1, CK (K3 ) = 0.2 and CK (K4 ) = 1.
It is easy to see that the compatibility degree is monotonically non-decreasing.
Lemma 4.1 Given a possibilistic KB K, if K ′ and K ′′ are consistent and K ′′ ⊆
K ′ ⊆ K, then CK (K ′′ ) ≤ CK (K ′ ).
Proof

If K ′′ ⊆ K ′ ⊆ K then we have K \ K ′ ⊆ K \ K ′′ Thus max{α | (φ, α) ∈

K \ K ′ } ≤ max{α | (φ, α) ∈ K \ K ′′ }. As a result, CK (K ′′ ) = 1 − max{α | (φ, α) ∈
K \ K ′′ } ≤ CK (K ′ ) = 1 − max{α | (φ, α) ∈ K \ K ′ }.

While the compatibility degree is defined syntactically, it can characterise the
semantics of possibilistic logic. The following proposition shows that the least specific possibility distribution satisfying K can be characterised by the compatibility
degree function.
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Proposition 4.1 Let K be a possibilistic KB. For every interpretation I the least
specific possibility distribution πK w.r.t. I corresponds to the compatibility degree
of some subset K ′ of K, such that πK (I) = CK (K ′ ).
Proof

Given an interpretation I, let K ′ = {(φ, α) | (φ, α) ∈ K and I |= φ}

and for each formula (φ, α) ∈ K \ K ′ we require I ! φ. Thus, πK (I) = 1 −
max{α | (φ, α) ∈ K and I ! φ)} = 1 − max{α | (φ, α) ∈ K \ K ′ } = CK (K ′ ).

A corollary of Proposition 4.1 is that the necessity degree and inconsistency
degree can both be characterised by the compatibility degree.
Corollary 4.1 Let K be a possibilistic KB, πK be the least specific distribution
for K, I be an interpretation and φ be a propositional formula. Then the following
three statements hold:
1. πK (I) ≥ CK (K ′ ) for each I and K ′ such that K ′ ⊆ K and I |= K ′∗ .
2. N (φ) = 1 − max{CK (K ′ ) | K ′ ⊆ K and K ′∗ ! φ}.
3. Inc(K) = 1 − max{CK (K ′ ) | K ′ ⊆ K}.

4.2

Revision Based on Compatibility Degrees

In this section, we study the problem of revising a possibilistic KB K by a possibilistic formula (µ, α). As usual, we assume K is consistent. Similar to classic
belief revision, when (µ, α) is added to K, the union K ∪ {(µ, α)} can be inconsistent and thus we need to obtain a new KB K ′ such that K ′ ∪ {(µ, α)} is consistent
and K ′ is as close to K as possible. The basic idea of our approach is to find

subsets of K that are consistent with (µ, α) and have the maximum compatibility
degree. To formalise this idea, we first propose a unified revision method based on
compatibility degree. This method can be applied to both the cases of α = 1 (i.e.,
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revision by certain information) and α < 1 (i.e., revision by uncertain information).
Then we give the details of our revision for the two cases.

Definition of Possibilistic Revision
Our revision is defined based on a selection function. A selection function γ maps
each collection of classical KBs S to a subset of S such that γ(S) is non-empty
whenever S is so. Two concrete selection functions are γmax , which maps a set of
classical KBs to the set of its maximal elements w.r.t. subset relation, and γmin ,
which maps a set of classical KBs to the set of its minimal elements w.r.t. subset
relation. If S = {{ϕ}, {ψ}, {ϕ, ψ}}, then γmax (S) = {{ϕ, ψ}} and γmin (S) =
{{ϕ}, {ψ}}.
When revising possibilistic KB K with a possibilistic formula (µ, α) (0 < α ≤
1), we have three possible cases.
1. When K ∗ ! µ and K ∗ ! ¬µ. This case is trivial since K does not contain
any information about µ, and the revision result is simply K ∪ {(µ, α)}.
2. When K ∗ |= ¬µ, that is, K ∗ is inconsistent with µ. In this case, we need to
select certain subsets of K that are consistent with µ and have the maximum
compatibility degree, so as to preserve as many formulas from K with high
certainty as possible.
3. When K ∗ |= µ, µ is believed to a degree β in K and it is possible that β > α.
Hence in this case, simply adding (µ, α) to K may not guarantee µ to have
a certainty degree α in the result. We need to first find those subsets K ′ of
K that do not entail µ and have the maximum compatibility degree (which
is again to preserve as many formulas from K with their initial certainty as
possible). Then adjust the weights of the remaining formulas in K (not in
K ′ ) according to α.
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Before defining our revision, we need to introduce some notations as a preparation. For a possibilistic KB K and a propositional formula φ, let c(K, φ) =
max{C(K ′ ) | K ′ ⊆ K, K ′∗ ! φ} and S(K, φ) = {K ′ ⊆ K | C(K ′ ) = c(K, φ), K ′∗ !
φ}. We are interested in two sets S(K, ¬µ) and S(K, µ). The first set is the set of

subsets K ′ of K that are consistent with µ (i.e., K ′∗ ! ¬µ) and with the maximum

compatibility degree c(K, ¬µ), while the second is the set of subsets K ′ of K that
do not entail µ (i.e., K ′∗ ! µ) with the maximum compatibility degree c(K, µ).

As we use a selection function to determine the result of revision, it is possible
that multiple subsets of K can be returned, resulting in multiple candidates for
revision results. A common practice to handle multiple candidates in classic belief
revision is to use the intersection. To avoid lost of information in the revision,
we define the intersection of multiple possibilistic KBs as the intersection of their
logical closures. Given a possibilistic logic KB K, its logical consequences are the
possibilistic formulas obtained by exhaustively applying the following inference
rules [38]:
(φ, α), (¬φ ∨ ψ, β) ⊢ (ψ, min{α, β})
(φ, α) ⊢ (φ, β) if β ≤ α.
In theory, the second inference rule will lead to an infinite number of possibilistic formulas. In practice, however, for each propositional formula φ in K, we
keep only the possibilistic formula (φ, α) that has the maximum weight α for φ.
That is, if α1 > α2 , then (φ, α2 ) is omitted. In this way, the set of consequences
of (φ, α) has a finite representation although it is essentially infinite.
Without loss of generality, in what follows, we assume K is logically closed,
that is, K contains all of its logical consequences.
Now we are ready to give our compatibility degree-based framework cd-revision,
for revising a possibilistic KB by a possibilistic formula.
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Definition 4.2 Let K be a possibilistic KB, (µ, α) be a formula, and γ a selection
function. The result of revising K by (µ, α), denoted K ◦ (µ, α), is
•
•

/
/

γ(S(K, ¬µ)) ∪ {(µ, α)}, if K ∗ ! µ; and
{K ′ ∪ K̃ ′ | K ′ ∈ γ(S(K, µ))} ∪ {(µ, α)} where K̃ ′ = {(φ, β ′ ) | (φ, β) ∈

K \ K ′ , β ′ = min(α, β)}, otherwise.

Note that cases 1 and 2 correspond to the first item, while case 3 corresponds
to the second item in which K̃ ′ is obtained by revising the weights of certain
formulas so that K ◦ (µ, α) |=π (µ, α) holds. The basic idea of the possibilistic
revision is similar to classical revision, that is, the revision of possibilistic K by
(µ, α) is defined regarding a generalised notion of “maximal subsets of K that
are consistent with (µ, α)”. However, the problem of possibilistic revision is more
complex than classical revision in that we need to take care of weights of formulas
as well as resolving inconsistency.
Existing approaches to possibilistic revision provide diﬀerent definitions for the
case when the new information (φ, α) is certain (α = 1) and when it is uncertain
(α < 1). Definition 4.2 provides a unifying revision framework for both cases.
In the following two subsections, we will discuss in detail the properties of our
cd-revision in the two distinct cases, and provide some further discussions on the
definition of cd-revision as well as some examples.

Revision by Certain Information
When the new information (µ, α) is certain, i.e., α = 1, case 3 in Chapter 4.2) does
/
not occur. Thus, we have from Definition 4.2: K◦(µ, 1) = γ(S(K, ¬µ))∪{(µ, 1)}.
The next proposition shows that c(K, ¬µ) can be obtained from the inconsis-

tency degree of the union of K and {(µ, 1)}. It will be useful for computing the
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revision K ◦(µ, 1). The following proposition shows that the maximal compatibility
in this case can be obtained via inconsistency degree.
Proposition 4.2 Given a possibilistic KB K and a propositional formula φ, then
c(K, φ) = 1 − Inc(K ∪ {(¬φ, 1)}) = N (φ).
The following example shows that cd-revision can avoid the “drowning eﬀect”
occurring in some existing approaches to revision by certain information [13, 15].
Example 4.2 Let K = {(p ∨ r, 0.9), (p ∨ ¬q, 0.8), (¬r, 0.8)} and µ = ¬p. We have
c(K, ¬µ) = 0.2 and S(K, ¬µ) = {{(p ∨ r, 0.9), (p ∨ ¬q, 0.8)}, {(p ∨ r, 0.9)}}. Taking
the selection function γmax , the result of revising K by (µ, 1) is K ◦ (¬p, 1) =
{(p ∨ r, 0.9), (p ∨ ¬q, 0.8), (¬p, 1)}.
On the other hand, both approaches in [13, 15] suﬀer from the drowning eﬀect
since they discard (p ∨ ¬q, 0.8).
The following result relates the necessity degree of a formula in the result of
revision to those of the same formula in the selected subsets of K.
Proposition 4.3 Let K be a possibilistic KB, µ and φ be two propositional formulas. Then the necessity degree of φ w.r.t. K ◦(µ, 1) is N (φ) = min{N ′ (φ) | K ′ ∈
γ(S(K, ¬µ)) and N ′ (φ) is the necessity degree of φ w.r.t. K ′ }.
Proof

Suppose two KBs K ′ and K ′′ are elements of γ(S(K, ¬µ)). Let K ′ |=π

(φ, α), K ′′ |=π (φ, β), and α ≥ β. Following the inference rules above, we have
(φ, α) |= (φ, β). Therefore, N (φ) = min{N ′ (φ) | K ′ ∈ γ(S(K, ¬µ)) and N ′ (φ) is
the necessity degree of φ w.r.t. K ′ }.

By the above proposition, it is easy to see the following corollary, which relates
the possibility distribution to those of the selected subsets of K.
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Corollary 4.2 Let K be a possibilistic KB, µ be a propositional formula and π
be the most specific possibility distribution of K ◦ (µ, 1). Then, for each interpre′
′
′
tation I, π(I) = max{πK
′ (I) | K ∈ γ(S(K, ¬µ))} where πK ′ is the least specific

possibility distribution of K ′ .

Revision by Uncertain Information
When the new information (µ, α) is uncertain, i.e., 0 < α < 1, in contrast to the
case of revision by certain information, we need to take care of formula weights
as well as inconsistency. In particular, the necessity degree of µ in the result of
revision must be N (µ) = α. This diﬀerence is reflected in case 3 in Chapter 4.2
and the second item of Definition 4.2. In this subsection, we will focus on this
case, i.e., when the initial KB entails µ.
Given the selection function, in this case, the result of revision is determined
by the set S(K, µ), which consists of the subsets of K that do not entail µ and is
in turn determined by the maximum compatibility degree c(K, µ). As shown in
Proposition 4.2, c(K, µ) = 1 − Inc(K ∪ {(¬µ, 1)}).
Existing approaches [13, 15] also suﬀer from the drowning eﬀect when revising
a possibilistic KB K by uncertain information (µ, α), especially when K entails
µ. In this case all formulas in K with weight less or equal to c(K, µ) would be
changed. Such changes are often unnecessary and can be avoided by cd-revision,
as shown in the following example.
Example 4.3 Let K = {(p ∨ ¬r, 0.9), (r, 0.8), (a, 0.8)} and µ = p. We have
c(K, µ) = 0.2 and S(K, µ) = {{(p ∨ ¬r, 0.9), (a, 0.8)}, {(p ∨ ¬r, 0.9)}}. Taking
the selection function γmax , the result of revising K by (p, 0, 9) is K ◦ (p, 0.9) =
{(p, 0.9), (p ∨ ¬r, 0.9), (r, 0.8), (a, 0.8)}, where all the initial weights are preserved.
The result of revising K by (p, 0, 3) is K◦(p, 0.3) = {(p, 0.3), (p∨¬r, 0.9), (r, 0.3), (a, 0.8)},
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where only initial formula (r, 0.8) is changed to (r, 0.3). This is because only r is
relevant to the necessity degree of p.
However, methods in [15] will also change the weight of a to 0.3, which is
unnecessary.

4.3

Revision Algorithm

In this section, we present an algorithm for our revision approach with a specific
selection function γmax . For the case where the initial possibilistic KB K does
not entail µ (i.e., the first item in Definition 4.2), the revision operator behaves
in a similar way as classic belief revision and hence can be computed by adapting
algorithms for classic belief revision. The interesting and challenging case is when
K does entail µ (i.e., the second item in Definition 4.2).
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Algorithm 2 Computing the result of revision
Input: A possibilistic KB K and a possibilistic formula (µ, α)
Output: K ◦ (µ, α)
1: initially, assign S := {∅} and i := 1
2: let l1 > l2 > · · · > lm > 0 be the sequence of all the distinct weights in K
3: while i ≤ m do
4:

Ti := {(φ, β) ∈ K | β = li }

5:

for all S ∈ S do

if K ∗ |= µ then

6:
7:

T ′ ⊆ Ti }

TS := {T ⊆ Ti | T ∗ ∪ S ∗ ! µ, and T ′∗ ∪ S ∗ |= µ for all T ′ s.t. T ⊂

else

8:
9:

T ′ ⊆ Ti }

TS := {T ⊆ Ti | T ∗ ∪ S ∗ ! ¬µ, and T ′∗ ∪ S ∗ |= ¬µ for all T ′ s.t. T ⊂

10:

S := {S ∪ T | S ∈ S, T ∈ TS }

11:

i := i + 1

12: if K ∗ |= µ then
13:

for all S ∈ S and DS = K \ S do
for all (φ, β) ∈ DS do

14:
15:
16:

if β > α then DS := DS \ {(φ, β)} ∪ {(φ, α)}
/
return {S ∪ DS | S ∈ S} ∪ {(µ, α)}

17: else
18:

return

/

{S | S ∈ S} ∪ {(µ, α)}

The algorithm manages a set S of subsets of K such that each subset does not

entail µ if K ∗ entails µ or does not entail ¬µ when K ∗ does not entail µ. Initially,

S contains only the empty set (line 1); then the algorithm incrementally extends
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the sets in S till each set has the maximum compatibility degree. This is achieved
by first dividing the formulas in K into m tiers according to their weights (lines 2
and 4). Then attempting to add the formulas (in decreasing order of their weights)
to the sets S in S, as long as the extended set S ∪ T does not entail µ if K ∗ entails
µ (lines 6-7), or as long as the extended set S ∪ T does not entail ¬µ if K ∗ does
not entail µ. Finally, S consists of all the subsets of K that does not entail µ if K ∗

entails µ or does not entail ¬µ if K ∗ does not entail µ. The sets in S will have the
maximum compatibility degree, that is S(K, µ) in Chapter 4.2. The rest of the
algorithm (lines 12-16) implements the second item of Definition 4.2 and returns
the result of revision respectively.
Example 4.4 (Example 4.3 cont.) To revise K by (p, 0.3), Algorithm 2 first divides the formulas in K into two tiers T1 = {(p∨¬r, 0.9)} and T2 = {(r, 0.8), (a, 0.8)}.
For i = 1 and S = ∅, it computes in line 7 TS = {{(p ∨ ¬r, 0.9)}}, and adds
it to S in line 10. As a result, the new S = {{(p ∨ ¬r, 0.9)}}. For i = 2
and S = {(p ∨ ¬r, 0.9)}, TS = {{(a, 0.8)}}, and S = {{(p ∨ ¬r, 0.9), (a, 0.8)}}.
After this, the algorithm takes (line 12) S = {(p ∨ ¬r, 0.9), (a, 0.8)} and DS =
{(r, 0.8)}, and modifies (lines 14-15) DS to DS′ = {(r, 0.3)}. Finally, the KB

{(p, 0.3), (p ∨ ¬r, 0.9), (a, 0.8), (r, 0.3)} is returned, which is the revision result defined in Definition 4.2.
When revising K by (µ, α) in the case that K ∗ entails µ, the revision amounts
to adjusting the weights of some formulas in K to α and adding (µ, α) to K.
Algorithm 2 searches for the formulas in K whose weights need to be adjusted
according to the definition of revision, that is, by computing γmax (S(K, µ)) and
checking the complements of the sets in γmax (S(K, µ)). The following result shows
that Algorithm 2 correctly computes the revision.
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Proposition 4.4 Let K be a possibilistic KB, (µ, α) be a formula and γmax be the
selection function. Then, Algorithm 2 returns K ◦ (µ, α).
Proof

Let us consider the case such that K ∗ |= µ. This could be proved

by induction. For all formulas in K such that l1 > l2 > · · · > lm > 0 is the
sequence of all the distinct weights in K. First consider when m = 1. In this case,
γmax (S(K, µ)) select all maximal subset of K such that its classical projection does
not entail µ, this equals to S in Algorithm 2. Thus the result holds.

Now assume when m = n the result holds, then for m = n + 1, if K ′ =

{(φi , αi ) | αi ∈ {l1 , . . . , ln }} ! µ then γmax (S(K, µ)) in Definition 4.2 contains
K ′ and maximal subsets of {(φi , αi ) | αi = ln+1 } which does not entail µ, this
coincide with S in Algorithm 2. Next, if K ′ = {(φi , αi ) | αi ∈ {l1 , . . . , ln }} |= µ, by
induction, we have for all previous n layers, γmax (S(K, µ)) and S in Algorithm 2
are equal. Moreover, adding formulas in the n + 1 level to sets in γmax (S(K, µ))
will not change its compatibility degree since ln+1 < ln . Thus the result holds for
m = n + 1.
It is also possible to slightly change lines 7 and 9 in this algorithm to handle
other selection functions. For example, let TS := {T ⊆ Ti | T ∗ ∪ S ∗ ! µ and T ′∗ ∪

S ∗ |= µ for all T ′ s.t. |T | < |T ′ | and T ′ ⊆ Ti }, and this corresponds to cardinalitymaximal selection function.
According to the algorithm, if there are m distinct weights in K, we need
to apply line 7 or 9 m times. Suppose we use γmax as selection function, then
the complexity of this algorithm is not much harder than that of full meet base
revision operator in [90]. That is, it needs at most [O(log n)] calls to a N P oracle
to generate a revised base.
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4.4

Properties of the Proposed Possibilistic Revision

In this section, we present some logical properties of our possibilistic revision. We
first adapt the well know KM postulates to revision of possibilistic revision and
show that they are satisfied by our cd-revision (for both certain and uncertain
information). Then we study properties that characterise the change of formula
weights in possibilistic revision.
AGM postulates are commonly accepted as the best set of postulates for capturing the intuition behind rational belief revision. A reformulation of these postulates is given in [69], which are often referred to as the KM postulates.
The KM postulates have been adapted for belief revision in [84, 97], however,
the adapted postulates are either only defined for revision by certain information,
or only take into account uncertainty input if it leads to stronger certainty. Here,
we further generalise the postulates for revision by both certain and uncertain
information.
Proposition 4.5 Let ◦ be the cd-revision operator defined by the selection function
γmax . Then the following statements hold:
(R1) K ◦ (µ, α) |=π (µ, α).
(R2) If µ is consistent, then K ◦ (µ, α) is consistent.
(R3) If µ1 ≡ µ2 then K ◦ (µ1 , α) ≡ K ◦ (µ2 , α).
(R4) ((K ◦ (µ, α)) ∪ (φ, β))∗ |= (K ◦ (µ ∧ φ, min(α, β)))∗ .
(R5) If (K ◦ (µ, α))∗ |= φ and (K ◦ (φ, β))∗ |= µ, then (K ◦ (µ, α))∗ ≡
(K ◦ (φ, β))∗ .
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(R6) (K ◦ (µ, α))∗ ∪ (K ◦ (φ, β))∗ |= (K ◦ (µ ∨ φ, max(α, β)))∗ .
The (R1) says the new information is firmly believed “as is”, that is, the
necessity degree of the new formula µ will keep the same after revision. In this way,
we see the new information as a constraint. This postulate is a direct consequence
of Definition 4.2. (R2) says the revision result will be consistent. This is easy
to see from Definition 4.2. Notice we do not have K ◦ (µ, α) ≡ K ∪ {(µ, α)} if
K ∪ {(µ, α)} is consistent in general. This is because formula weights in K can be
changed during revision. However, we do have a modified version of the postulate
in place: K ◦(µ, α) ≡ K ∪{(µ, α)} if K ∪{(µ, α)} is consistent and N (µ) ≤ α in K.
(R3) is a weakening version of the syntactic independent postulate. (R4) − (R6)
are natural variants of KM postulates in possibilistic revision.
In the case when K ∗ |= ¬µ, the correctness of these postulates have been

shown in [97]. Also, for K ∗ |= µ, the cd-revision operator will only change the
weights, not the the classic formulas. Thus the postulates still hold and the proofs
of these postulates can be derived from proofs in [69]. However, as the problem
of drowning eﬀect is our focus, we are more interested in the formula necessity
degree changes before and after revision. We now consider the logical properties
of cd-revision that characterise the change of formula necessity degrees (as well as
formula change).
First, we consider the case when K ∗ |= ¬µ. Recall that the inconsistency
degree Inc(K ∪ {µ, α}) can be defined regarding compatibility degree as shown in
Corollary 4.1. Thus, we have the following proposition.
Proposition 4.6 Let ◦ be the cd-revision operator defined by the selection function
γmax . If K ∗ |= ¬µ. Then the following statements hold:

(R7−) If K |=π (φ, β), β ≤ Inc(K ∪ {µ, α}) and ((K ◦ (µ, α))≥β )∗ |= φ, then
K ◦ (µ, α) |=π (φ, β).
90

Chapter 4
(R7+) If K |=π (φ, β), β > Inc(K ∪ {µ, α}), then K ◦ (µ, α) |=π (φ, β).
Proof

If K ∗ |= ¬µ, according to Definition 4.2, S contains those subsets of

K that are consistent with µ and have the maximum compatibility degree. Recall
the definition of inconsistency degree, all formulas with weights greater than the
inconsistency degree are consistent with new formula µ. Thus those formulas must
be contained in sets of S. On the contrary, if some formula with weight greater
than the inconsistency degree does not appear in any sets of S, we would be able to
construct a subset of K such that it contains all formulas with weight greater than
the inconsistency degree. This subset would then have higher compatibility degree
than the sets in S, a contradiction. As a result, the sets of S will always contain
formulas with weight greater than the inconsistency degree and some formulas
with weight lower or equal to the inconsistency degree will be deleted to restore
consistency.
Thus, if β ≤ Inc(K ∪ {µ, α}), we have (K ◦ (µ, α))≥β ⊆ K≥β . As a result, if

((K ◦ (µ, α))≥β )∗ |= φ then K≥β |= φ and if K≥β ! φ then ((K ◦ (µ, α))≥β )∗ ! φ.

Therefore, if (K≥β )∗ |= φ and (K≥δ )∗ ! φ for all δ > β, then ((K ◦ (µ, α))≥δ )∗ !

φ. If ((K ◦ (µ, α))≥β )∗ |= φ, then K ◦ (µ, α) |=π (φ, β). Thus, (R7−) is satisfied.

Moreover, if β > Inc(K ∪ {µ, α}), then all formulas with weight greater or
equal to β will be preserved, thus (K≥β ) ≡ (K ◦ (µ, α))≥β if β ≥ Inc(K ∪ {µ, α}).
Thus, (R7+) is also satisfied.
(R7−) and (R7+) characterise the change of necessity degrees in possibilistic
revision in the case when K ∗ |= ¬µ. Specifically, (R7−) says if a formula φ can be
entailed before and after revision, and its necessity degree is lower or equal to the
inconsistency degree, then its necessity degree will not be changed after revision.
This is an advantage compared to existing revision methods that suﬀer from the
drowning eﬀect. In those methods, all formulas with necessity degree lower than
or equal to Inc(K) will be removed. (R7+) says if a formula φ can be entailed
91

Chapter 4
before revision, and its necessity degree is higher than the inconsistency degree,
then its necessity degree will not change after revision.
Now we consider the case where K ∗ |= µ, in this case, we have.
Proposition 4.7 Let ◦ be the cd-revision operator defined by the selection function
γmax . If K ∗ |= µ, then the following statements hold:

(R8−) If K |=π (φ, β), β ≤ α, then K ◦ (µ, α) |=π (φ, β).
(R8+) If K |=π (φ, β), β > α, then K ◦ (µ, α) |= (φ, α).
Proof

Recall in Definition 4.2, if K ∗ |= µ, only formulas with weight β > α

are aﬀected during revision since we choose the new weight equals to min(α, β),
the formulas will not be changed in any form. Thus we have (K ◦ (µ, α))≥β ≡ K≥β
if β ≤ α and (K ◦ (µ, α))≥β ⊆ K≥β ⊆ (K ◦ (µ, α))≥α if β > α.

As a result, ((K ◦ (µ, α))≥β )∗ |= φ if and only if (K≥β )∗ |= φ when β ≤ α.

((K ◦ (µ, α))≥β )∗ ! φ if (K≥β )∗ ! φ and ((K ◦ (µ, α))≥α )∗ |= φ if (K≥β )∗ |= φ when
β > α.
Therefore, if (K≥β )∗ |= φ and (K≥δ )∗ ! φ for all δ > β, then ((K ◦(µ, α))≥β )∗ |=

φ and ((K ◦ (µ, α))≥δ )∗ ! φ when β < α, thus (R8−). However, if β > α, we only
have ((K ◦ (µ, α))≥α )∗ |= φ, thus (R8+).

(R8−) and (R8+) characterise the necessity degree changes before and after
revision if K ∗ |= µ. Specifically, (R8−) states that if a formula φ’s necessity degree
is lower than or equal to the weight of the revision formula µ, then its necessity
degree will not be changed. On the contrary, (R8+) states that if a formula’s
necessity degree is higher than the weight of the revision formula µ before revision,
then its necessity degree might be lower after revision. Note that we use |= instead
of |=π . This is because not all formulas with higher necessity degree than α will be
lowered to α, compared to existing revision methods where all necessity degrees of
such formulas will be reduced to α, our cd-revision operator is more fine-grained.
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4.5

Relation to Other Possibilistic Revisions

As explained previously, our possibilistic revision is a generalisation of classic belief revision if each propositional formula φ is regarded as a possibilistic formula
with weight 1, i.e., (φ, 1). In this section, we show that the approaches to possibilistic revision in [15, 97] can also be embedded in our compatibility degree based
framework.
Firstly, we show that compatibility degree based revision of a possibilistic KB
by a certain formula is expressible in possibilistic logic.
We first present the following lemma which states that γmin can always return
a unique (minimum) element.
Lemma 4.2 Let K be a possibilistic KB and (µ, 1) be a certain formula. Then
the set S(K, ¬µ) always has a (unique) minimum element.
Proof

Let K0 = {(φ, α) | (φ, α) ∈ K, α > 1 − c(K, ¬µ)}. Then C(K0 ) =

c(K, ¬µ). Also, K0∗ ̸|= ¬µ. Thus, K0 ∈ S(K, ¬µ).

On the other hand, if K ′ ∈ S(K, ¬µ), then C(K ′ ) = c(K, ¬µ), which implies

that every formula whose weight is strictly greater than 1 − c(K, ¬µ) must be in
K ′ . That is, K0 ⊆ K ′ and thus K0 is the minimum element of S(K, ¬µ).

In [15] a revision operator is defined for both certain input and uncertain input.
For convenience, we name it as b-revision. We will show that their revision for
certain input is equivalent to ours. Example 4.3 demonstrates that b-revision for
uncertain inputs is diﬀerent from our cd-revision in general. However, we will also
show that b-revision can be characterised using our compatibility degree based
approach.
Proposition 4.8 Let K be a possibilistic KB and (µ, 1) be a possibilistic formula.
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If the selection function is γmin , then the compatibility degree based revision of K
by (µ, 1) coincides with the revision in [15].
Proposition 4.9 Let K be a possibilistic logic KB K and (µ, α) be a possibilistic
formula with (µ, α) such that K ∗ is inconsistent with ¬µ. Set S = γmin (S(K, µ))
and define K ⊙ (µ, α) = {(µ, α)} ∪ S ∪ {(φ ∨ ¬µ, α) | (φ, α) ∈ K \ S)}. Then
K ⊙ (µ, α) coincides with b-revision.
These two propositions follows directly from Corollary 4.1 and Lemma 4.2.
A syntactic revision operator for possibilistic revision by certain information
(abbreviated q-revision) is proposed by Qi in [97]. We show that q-revision can
also be embedded in our compatibility degree based approach.
Proposition 4.10 Let K be a possibilistic KB, (µ, 1) be a certain formula and
the selection function be γmax . Then q-revision coincides with cd-revision.
The above result implies that the syntactical algorithm (Algorithm 2) in [97]
computes our cd-revision. So, cd-revision is a semantic counterpart of q-revision.
Moreover, some revision methods developed for other prioritised/stratified KBs
can also be embedded in our cd-revision framework by using diﬀerent selection
functions. We note that each stratified KB KS = (K1 , K2 , . . . , Km ) be expressed
′
as a possibilistic logic base K = (K1′ , K2′ , . . . , Km
) where Ki′ = {(φ, α) | φ ∈

Ki , α = li } and l1 > l2 > · · · > lm > 0 is a sequence of distinct weights.
In [20, 89], the authors introduced the discrimin revision operator ◦discrimin
for stratified KBs. In Definition 4.2 in Chapter 4.2, by choosing the selection
function as γmax , we can define a cd-revision operator ◦m as K ◦m (µ, 1) = ∩{K ′ ∪
{(µ, 1)} | K ′ ∈ γmax (S(K, ¬µ))}. Then we have the following proposition.

Proposition 4.11 Let KS be a stratified KB, K be its associated possibilistic logic,
and ◦discrimin be the discrimin revision operator. Then KS ◦discrimin µ = (K ◦m
(µ, 1))∗ .
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Aside from selection function γmax , it is possible to use cardinality-maximal
selection function γcmax . Thus we are able to define another cd-revision operator
◦cm as K ◦cm (µ, 1) = ∩{K ′ ∪ {(µ, 1)} | K ′ ∈ γcmax (S(K, ¬µ))}. It is interesting
to observe that this cd-revision operator is essentially the lex-preferred revision
operator ◦leximin for stratified KBs in [12].
Proposition 4.12 Let KS be a stratified KB, K be its associated possibilistic logic,
and ◦leximin be the lex-preferred revision operator. Then KS ◦leximin µ = (K ◦cm
(µ, 1))∗ .

The above results show that several major revision operators for certain inputs
in stratified/prioritised KBs can be seen as special cases or variations of cd-revision
in possibilistic logic.
Also, there are some other methods for revising stratified/prioritised KBs such
as [12, 20]. These revisions are quite diﬀerent from ours in that they aim to
provide a more fine-grained result for belief revision in propositional logic. Thus,
in their approaches, the preference/stratification information is used only for better
resolving inconsistency. For this reason, the result of their revision is still a KB in
propositional logic, while possibilistic revisions including the proposed cd-revision,
b-revision and q-revision require the revision result be a possibilistic KB.

4.6

Summary

In this chapter, we have proposed the notion of compatibility degrees for better
characterising or as an alternative measure for the inconsistency degree of a possibilistic KB. Based on this notion, we have developed a novel syntactic approach
to revision in possibilistic logic, which serves as a unifying framework for defining
possibilistic revision by both certain and uncertain new information. Significantly,
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our approach can lessen the undesired drowning eﬀect. We have shown that our
cd-revision satisfies major postulates adapted from classic belief revision. We have
also developed a sound and complete algorithm for computing the results of revision. Finally, we have shown that our approach subsumes two major approaches
for possibilistic revision.
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Possibilistic Reasoning in
Multi-Context Systems
In this chapter, we will establish a framework for combining possibilistic reasoning
and MCSs called poss-MCSs. We first extend the definition of bridge rules in MCSs
to enable the ability to represent uncertain information flow. This extension will
also aﬀect how we define a bridge rule is applicable under a belief state. Moreover,
the belief states in MCSs will now contain possibilistic belief sets, this further complicated the problem of how a bridge rule is applicable. After solving this issue,
we will define the possibilistic equilibria for poss-MCSs, which is an extension of
equilibria in MCSs. Furthermore, these possibilistic equilibria in poss-MCSs are
equivalent to equilibria in MCSs if none of the contexts in poss-MCSs have possibility reasoning ability. We then consider a restricted version of poss-MCSs where
every context’s logic is PASP. In this restricted poss-MCSs, possibility distribution and grounded equilibria can be defined. We will also investigate important
properties in such restricted poss-MCSs.
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5.1

Syntax of Poss-MCSs

Just like MCSs, poss-MCSs is also built on an abstract notion of a logic L. Recall
the definition of logics in Definition 2.24. It represents a logic L in three components: a set of well-formed knowledge base KBL , a set of possible belief sets
BSL , and a function ACCL describing the semantics of the logic. It turns out this
definition can also capture possibilistic reasoning systems like possibilistic logic
and PASP.
For example, let L = (KBL , BSL , ACCL ) be PASP, we have.
• KBL is a set of PASP programs,
• BSL is a set of sets of possibilistic atoms,
• ACCL is the set of possibilistic answer sets of a logic program or one of the
possibilistic inference defined in Definition 3.2.
In MCSs, information flow among contexts is all certain. Thus bridge rules in
MCSs are always certain. However, this is not the case in poss-MCSs. If a context
in poss-MCSs has possibilistic reasoning ability, bridge rules that can represent uncertain information flow are needed. We call such bridge rules possibilistic bridge
rules. Intuitively, a possibilistic bridge rule makes it possible to infer new knowledge for a context based on some other contexts to a certain degree. Formally, we
have.
Definition 5.1 Let L1 , . . . , Ln be a set of logics, Lk be a logic with possibilistic
reasoning ability. An Lk possibilistic bridge rule over L (1 ≤ k ≤ n) is of the form
(k : s ← c1 : p1 , . . . , cj : pj , not cj+1 : pj+1 , . . . , not cm : pm , α)

(5.1)

where for each 1 ≤ i ≤ m, ci ∈ {1, . . . , n} and pi is an element of some belief set
of Lci , and for each kb ∈ KBk , it holds that kb ∪ {(s, β)} ∈ KBk .
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This possibilistic bridge rule is similar to the bridge rule for non-possibilistic logics
but with its own weight α to represent the uncertainty. Moreover, a bridge rule for
non-possibilistic logic can be seen as a special possibilistic bridge rule (r, α) with
α = 1.
With possibilistic bridge rules in place, poss-MCSs can now be formally defined
as follows.
Definition 5.2 A poss-MCS M = (C1 , . . . , Cn ) is a collection of contexts Ci =
(Li , kbi , bri ) where Li = (KBi , BSi , ACCi ) is a logic that can have possibilistic
reasoning ability, kbi ∈ KBi is a knowledge base, and bri is a set of Li possibilistic
bridge rules over {L1 , . . . , Ln } if Li have possibilistic reasoning ability, or a set of
Li bridge rules over {L1 , . . . , Ln } if Li does not have possibilistic reasoning ability.
Example 5.1 Consider the MCS in Example 2.4. For the marketing research
company represented by C3 , br3 says a thing X is price sensitive if someone buys
it on sale and X is not price sensitive if someone buys it even if it is not on sale.
This may be correct in most situations. However, there are still cases when these
rules are not applicable. By changing the logic C3 used from ASP to PASP, we
could represent such uncertainty by changing br3 to
br3 = {(3 : price sensitive(X) ← 2 : buy(X), 1 : onsale(X), 0.8)
(3 : not price sensitive(X) ← 2 : buy(X), not 1 : onsale(X), 0.8)}

5.2

Possibilistic Equilibria for Poss-MCSs

Semantics for poss-MCSs is also defined over a certain type of belief states just
like in MCSs. However, given a belief state S = (S1 , . . . , Sn ) for a poss-MCS
M = (C1 , . . . , Cn ), if Li is a logic that have possibilistic reasoning ability, then
Si will also contains elements with weights. For example, if Li is PASP, then Si
will contains a set of possibilistic atoms of the form (a, α). To distinguish, we call
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such belief state possibilistic belief state and denoted as S̃. This diﬀerence will
not change how a belief state is defined, however, it will change how we defined
a bridge rule r or possibilistic bridge rule (r, α) is applicable under S̃ and how
head(r) is added to contexts’ knowledge bases.
Given an Lk bridge rule r of the form (2.21), since Lk does not have possibility
reasoning ability, weights appear in possibilistic belief states have no meaning to
such bridge rule. Therefore, we ignore weights in belief states when consider the
applicability of a bridge rule r. Specifically, we say an Lk bridge rule r of the
form (2.21) is applicable in S̃ if pi or (pi , αi ) in S̃ci for 1 ≤ i ≤ j, and pl or (pl , αl )
not in S̃cl , for j + 1 ≤ l ≤ m. Then if such Lk bridge rule r is applicable under S̃,
head(r) will be added to kbk .
Consider an Lk possibilistic bridge rule (r, α), we say (r, α) is applicable in
S̃ if r is applicable in S̃. Then in ordinary case, head(r) will be added to kbk .
However, now we have weight associated with bridge rules, the problem is, how
can head(r) added to kbk with weight? Given an applicable possibilistic bridge
rule (r, α) of the form (5.1), we have pi or (pi , αi ) in S̃ci for 1 ≤ i ≤ j. For logic
Li without possibilistic reasoning ability, pi can be seen as a special possibilistic
element (pi , 1) with a weight of 1. Remember in possibilistic logics, the strength
of a proof is measured by its weakest argument. Therefore, for bridge rule of the
form (5.1), we could define β = min({αi | (pi , αi ) ∈ S̃ci , 1 ≤ i ≤ j} ∪ {α}), and
(head(r), β) will be added to kbk .
Now we could define the possibilistic equilibria for poss-MCSs.
Definition 5.3 A possibilistic belief state S̃ = (S̃1 , . . . , S̃n ) of an MCS M =
(C1 , . . . , Cn ) is a possibilistic equilibrium, if for all 1 ≤ i ≤ n,
• For context with logic Lk such that Lk does not have possibility reasoning
ability, S̃k ∈ ACCk (kbk ∪ {head(r) | r ∈ brk , r is applicable in S̃}).
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• For context with logic Lk such that Lk has possibility reasoning ability, S̃k ∈
ACCk (kbk ∪ {(head(r), β) | (r, α) ∈ brk , r is applicable in S̃}) where (r, α) is
the form of (5.1) and β = min({αi | (pi , αi ) ∈ S̃ci , 1 ≤ i ≤ j} ∪ {α}).
Example 5.2 Continue from Example 5.1, it is easy to see ({onsale(cloth),
notif y sale(cloth)}, {wish(f ood), wish(cloth), buy(f ood), buy(cloth)},
{(price sensitive(cloth), 0.8), (not price sensitive(f ood), 0.8)}) is a possibilistic equilibrium of this MCS.
It can be seen from the definition, if an MCS M does not contain a context
Ci = (Li , kbi , bri ) such that Li has possibility reasoning ability, then the set of
possibilistic equilibria of M is equivalent to the set of equilibria defined in Definition 2.27.
Like in MCSs, possibilistic equilibria in poss-MCSs allow for a certain form
of self-justification. Possibilistic grounded equilibria are defined to eliminate such
self-justification. Similar to the case in MCSs, possibilistic grounded equilibria
can only be defined on reducible poss-MCSs. An important and useful example of
reducible poss-MCSs is the poss-MCSs where for every context Ci = (Li , kbi , bri ),
Li is PASP. In the next sections, we will investigate such poss-MCSs, examine
possibility distribution and possibilistic grounded equilibria on it in details.

5.3

Model Theory for Definite Restricted PossMCSs

Given a poss-MCS M where for every context Ci = (Li , kbi , bri ), Li is PASP,
we will call such poss-MCSs M restricted poss-MCSs. we will first specify the
semantics for definite restricted poss-MCSs (i. e. for every rule (r, α) in kbi and
bri , r is without default negation) and then define the semantics for such restricted
102

Chapter 5
poss-MCSs with default negation by reducing the given restricted poss-MCSs to a
definite restricted poss-MCSs.
Since for every context Ci in restricted poss-MCSs M , Li is PASP, it is possible
to characterise M using possibility distribution just like in PASP. We use M ∗ to
denote an restricted MCS by ignoring all weights appearing in M . Therefore, given
a definite restricted poss-MCS M , then M ∗ will be a definite restricted MCS and
for every context Ci∗ = (L∗i , kb∗i , bri∗ ) we have L∗i is ASP, kb∗i = {r | (r, α) ∈ kbi }
an ASP program, and bri∗ = {r | (r, α) ∈ bri }.

We first clarify the links between the grounded equilibrium S of M ∗ and the

rules producing it. Like how we define the applicable rules in PASP in Chapter 2.3,
given a definite restricted poss-MCS M and a belief state S, we define
app i (M, S) = {r | (r, α) ∈ kbi or (r, α) ∈ bri such that body(r) ⊆ S}
be the set of rules in kbi and bri that is applicable w.r.t. S. Observe that for an
MCS such that all contexts are in ASP, it can be equivalently treated as a single
ASP program, thus we have the following property.
Proposition 5.1 Let M be a definite restricted poss-MCS and S a belief state,
then

⎧
⎪
⎪
⎨Si = head(app i (M, S))
∗
S is the grounded equilibrium of M ⇔ 1
⎪
⎪
⎩ app i (M, S) is grounded

(5.2)

i

Proof

⇒: Since S is the grounded equilibrium of M ∗ , for each context i, Si is

the answer set of the logic program Pi = kbi ∪{head(r) | r ∈ bri is applicable in S}
that means Si = ACCi (kbi ∪ {head (r) | r ∈ bri is applicable w.r.t. S}). By the
definition of ACCi , If Si = ACCi (Pi ) then we have Si = head(app(Pi , Si )). So
we have Si = head(app(kbi ∪ {head (r) | r ∈ bri is applicable w.r.t. S}, Si )).
Now the right part of this equation can be separated into two parts: first is
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head(app(kbi , Si )) because S is the grounded equilibrium of M ∗ then {head(r) | r ∈
bri is applicable w.r.t. S} ⊆ Si holds. Second is head(app(bri , S)) this mean the
atom set of head(r) that r is applicable w.r.t. S. Now we can combine these two
part together as head(app(kbi ∪ bri , S)) since they have the same semantics. Then
we have Si = head(app(kbi ∪ bri , S)) = head(app i (M, S)). And the definition of
ACCi operator is followed the iterative computation of the least fix-point of TPi ,
it produces a sequence of rule sets, thus the groundedness is proven.
⇐: Since app i (M, S) is the projection of all the applicable rules in the context i
w.r.t. S it can be rewrite to Si = head(app(kbi ∪{head (r) | r ∈ bri is applicable w.r.t.
S}, Si )). Let Pi = kbi ∪ {head(r) | r ∈ bri is applicable in S} we have Si = TPi (Si )
*
by definition of TPi . In addition to the groundedness of i app i (M, S), we have Si

is the least fix-point of TPi . That means Si is the answer set of Pi then S is the
grounded equilibrium of M ∗ .
Now let us consider how we could define possibility distribution on definite
restricted poss-MCSs to characterise its semantics. We wish to have a possibility
distribution πM of M close to that defined in PASP such that it can represent
a meaningful connection between a belief state S of M ∗ and the value assigned
to πM (S). Therefore, the least specific possibility distribution πM for a definite
restricted poss-MCS can be defined as follows.
Definition 5.4 Let M = (C1 , . . . , Cn ) be a definite restricted poss-MCS and S =
(S1 , . . . , Sn ) be a belief state. The possibility distribution πM for M is defined as,
for every S, the following conditions are satisfied.
πM (S) = 0, if Si " head(app i (M, S)) for some i or

1

app i (M, S) is not grounded

i

(5.3)

πM (S) = 1, if S is an equilibrium of M ∗

(5.4)

πM (S) = 1 − max{α | S ! r, (r, α) ∈ kbi or (r, α) ∈ bri }, otherwise.

(5.5)
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The possibility distribution specifies the degree of compatibility of each belief
set S with definite restricted poss-MCSs M . Given a restricted poss-MCS M , the
possibility distribution πM has the following useful properties.
Proposition 5.2 Let M = (C1 , . . . , Cn ) be a definite restricted poss-MCS, S =
(S1 , . . . , Sn ) be a belief state, and GE = (GE1 , . . . , GEn ) the grounded equilibrium
of M ∗ , then
1. πM (S) = 1 if and only if S = GE.
2. If for every i, GEi ⊂ Si , then πM (S) = 0.
3. If GE ̸= ∅, then πM (∅) = 1 − max{α | body + (r) = ∅, (r, α) ∈ kbi or (r, α) ∈
bri }.
Proof

1. ⇒): If πM (S) = 1, then Si ⊆ head(app i (M, S)) for all i,

*

i

app i (M, S)

is not grounded and S is an equilibrium of M ∗ by Definition 5.4. Since for all
r ∈ kbi and r ∈ bri , Si |= r, then Si = head(app i (M, S)) for all i. Therefore, by
Proposition 5.1, S the grounded equilibrium of M .
⇐):If S = GE, S is an equilibrium, by Definition 5.4 we have πM (S) = 1.
2. Since GEi ⊂ Si for every i, we have for each i: head(Appi (M, S)) ⊂ Si and
app(M, S) is not grounded by Proposition 5.1. So by Definition 5.4 πM (S) = 0.
3. It is obvious that ∅ ⊆ head(app i (M, ∅)) and app i (M, ∅) is grounded. So it
can only apply to the fourth case of Definition 5.4.
Given a definite restricted poss-MCS M , possibility degree and necessity degree
of an atom appear in M can also be defined as follows.
Definition 5.5 Let M be a definite restricted poss-MCS and πM be the least specific possibility distribution. The possibility and necessity of an atom is defined
by:
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ΠM (ai ) = max{πM (S) | ai ∈ Si }

(5.6)

NM (ai ) = 1 − max{πM (S) | ai ∈
/ Si }

(5.7)

We also have the following property.
Proposition 5.3 Let M be a definite restricted poss-MCS and S = (S1 , . . . , Sn )
is a belief state, and GE = (GE1 , . . . , GEn ) the the grounded equilibrium of M ∗ ,
then
1. ai ∈
/ GEi if and only if NM (ai ) = 0.
2. If ai ∈ GEi , then NM (ai ) = min{max{α | Si ! r, (r, α) ∈ bri or (r, α) ∈
kbi } | ai ∈
/ Si , Si ⊂ GEi }.
Proof

1. Because πM (GE) = 1, NM (ai ) = 0 is obvious when ai ∈
/ Si . And

when NM (ai ) = 0 it means there is an S such that ai ∈
/ Si and πM (S) = 1, So
such an S must be the ground equilibrium of M . Thus, ai ∈
/ GEi
2.
NM (ai ) =1 − max{πM (S) | ai ∈
/ Si }
=1 − max{πM (S) | ai ∈
/ Si , Si ⊂ GEi }
since by Proposition 5.2 other πM (S) is either 0 or 1
=1 − max{1 − max{α | Si ! r, (r, α) ∈ bri or (r, α) ∈ kbi | ai ∈
/ Si , Si ⊂ GEi }
since πM (S) = 1 − max{α | Si ! r, (r, α) ∈ bri or (r, α) ∈ kbi }
=min{max{α | Si ! r, (r, α) ∈ bri or (r, α) ∈ kbi } | ai ∈
/ Si , Si ⊂ GEi }.

By using Definition 5.5, a unique possibilistic grounded equilibrium can be
defined as follows.
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Definition 5.6 Let M be a definite restricted poss-MCS. Then the following set
of possibilistic atoms is referred to as the possibilistic grounded equilibrium.
M D(M ) = (S˜1 , . . . , S˜n )
where S̃i = {(ai , NM (ai )) | ai appears in Ci , NM (ai ) > 0} for i = 1, . . . , n.
By the first statement of Proposition 5.3, it is easy to see the following result
holds.
Proposition 5.4 Let M be a definite restricted poss-MCS, then (M D(M ))∗ =
{S1 , . . . , Sn } where Si = {a | (a, α) ∈ S̃i } is the grounded equilibrium of the
definite restricted MCS M ∗ .

Example 5.3 Let M = (C1 , C2 ) be a definite restricted poss-MCS where kb1 =
{(a, 0.9) (c ← b, 0.8)}, kb2 = br1 = ∅, br2 = {(b ← 1 : a, 0.7)}.
By Definition 5.4, πM ({∅}, {∅})=1−max{0.9}=0.1, πM ({∅}, {b})=1−max{0.9, 0.8}=0.1,
πM ({∅}, {c}) = 1−max{0.9} = 0.1, πM ({∅}, {b, c}) = 0 (not inclusion), πM ({a}, {∅}) =
1 − max{0.7} = 0.3, πM ({a}, {b}) = 1 − max{0.8, 0.7} = 0.2, πM ({a}, {c}) = 0
(not inclusion), and πM ({a}, {b, c}) = 1 (the grounded equilibrium).
And thus, by Definition 5.5, we can get the necessity value for each atom:
NM (a) = 1 − max{0.1} = 0.9, NM (b) = 1 − max{0.1, 0.3, 0} = 0.7, and NM (c) =
1 − max{0.1, 0.3, 0.2} = 0.7.
Then by Definition 5.6 we can get the possibilistic grounded equilibrium M D(M ) =
({(a, 0.9)}, {(b, 0.7), (c, 0.7)}).

5.4

Fix-point Theory for Definite Restricted PossMCSs

In the last section, we introduced the possibility distribution and possibilistic
grounded equilibrium for definite restricted poss-MCSs. Such possibilistic grounded
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equilibrium was defined using necessity degree of an atom. However, just like
definite MCSs, possibilistic grounded equilibrium can also be defined using a fixpoint theory. In this section, we will develop a fix-point theory for the possibilistic grounded equilibrium and thus provide a way for computing the possibilistic
grounded equilibrium for definite restricted poss-MCSs.
Similar to definite MCSs in Chapter 2.4, given a definite restricted poss-MCSs
M , let (r, α) in bri has the from of Equation 5.1, for 1 ≤ i ≤ n, let kb0i = kbi and
for each successor ordinal
kbk+1
= kbki ∪ {(head(r), β) | (r, α) ∈ bri is applicable in S̃ k }
i

(5.8)

where S̃ k = (S̃1k , . . . , S̃nk ), β = min({αl | pl ∈ body + (r), (pl , αl ) ∈ S̃ckl , 1 ≤ l ≤
j} ∪ {α}), and ACCi (kbki ) = {S̃ik }. Furthermore, define kbki = ∪m≤k kbm
i , and
k
kb∞
i = ∪k>0 kbi . Then we have:

Definition 5.7 Let M be a definite restricted poss-MCS, a possibilistic belief state
S̃ is the possibilistic grounded equilibrium of M , denoted F P (M ), if and only if
ACCi (kb∞
i ) = {S̃i }, for 1 ≤ i ≤ n.
Since bridge rules are finite for each context, the iteration based on kbki will
reach a fix-point. Moreover, since every kbi is a definite PASP program, ACCi (kbki )
can be calculated using immediate consequence operator introduced in [91]
In [91], Nicolas et al. defined an immediate consequence operator for definite
PASP programs, which is similar to the immediate consequence operator defined
in definite ASP program. By using this immediate consequence operator, a set of
possibilistic atoms can be produced to form a possibilistic answer set. To defined
the immediate consequence operator for positive PASP programs, we first need
the notion of β-applicable. Formally,
Let (r, α) = (s ← p1 , . . . , pn , α) be a positive PASP rule and I˜ be a set of possi-

bilistic atoms. We say that (r, α) is β-applicable in I˜ if {(p1 , α1 ), . . . , (pn , αn )} ⊆ I˜
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and β = min{α, α1 , . . . , αn }. For example, given a possibilistic rule (s ← a, b, 0.8)
and a set of possibilistic atoms (a, 0.7), (b, 0.9). We say this rule is 0.7-applicable
in I.
Now given an atom s, define
˜ s) = {(r, α) ∈ P | head(r) = s, r is β-applicable in I,
˜ β > 0}.
AP (P, I,
Intuitively, AP (P, I, s) represent those rules in P such that their head is s and are
β-applicable in I.
The immediate consequence operator TP for definite PASP program P can then

defined by, for each set I˜ of possibilistic literals,
⎧
⎫
2
⎨
2 s = {head(r) | (r, α) ∈ P }, AP (P, I,
⎬
˜
s) ̸= ∅,
2
˜
TP (I) = (s, α)2
(5.9)
⎩
2 α = max{β | r is β-applicable in I,
˜ r ∈ AP (P, I,
˜ s)} ⎭

Let TP0 = ∅ and TPi+1 = TP (TPi ), like in ASP programs, TP has a least fix-point

L(TP ).
The possibilistic answer set of a definite PASP program can then be defined
by the least fix-point L(TP ).
Definition 5.8 Given a definite PASP program P and a set of possibilistic atoms
˜ I˜ is a possibilistic answer set of P if and only if I˜ = L(TP )
I,
It has been proven in [94] this definition for possibilistic answer set is equivalent
to Definition 2.20 if P is a definite PASP program.
The fundamental idea for using a fix-point-based method in definite restricted
poss-MCSs to calculate possibilistic grounded equilibrium is, for each knowledge
base kbki , we use the immediate consequence operator defined in Equation 5.9 to
obtain its possibilistic answer set. Then using Equation 5.8 to form the new kbk+1
.
i
Repeat this process until we reach the fix-point.
Let us consider an example.
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Example 5.4 Let M = (C1 , C2 , C3 ) be a definite restricted poss-MCS, where
- kb1 = {(a, 0.9)},

br1 = ∅;

- kb2 = ∅,

br2 = {(b ← (1 : a), 0.8)};

- kb3 = {(c, 0.7), (d ← c, 0.6), (f ← e, 0.5)}, br3 = {(e ← (2 : b), 0.4)}.
In the beginning, we will start with kb0i for each context.
For context C1 with kb01 = kb1 = {(a, 0.9)}:

Tkb0 0 = ∅, Tkb1 0 = Tkb01 (∅) = {(a, 0.9)}, Tkb2 0 = {(a, 0.9)}.
1

1

1

For context C2 with kb02 = kb2 = ∅:
Tkb0 0 = ∅, Tkb1 0 = Tkb0 0 = ∅.
2

2

2

For context C3 with kb03 = kb3 = {(c, 0.7) (d ← c, 0.6) (f ← e, 0.5)}:

Tkb0 0 = ∅, Tkb1 0 = Tkb03 (∅) = {(c, 0.7)}, Tkb2 0 = Tkb03 ({(c, 0.7)}) = {(c, 0.7), (d, 0.6)},
3

Tkb3 0
3

=

Tkb2 0
3

3

3

= {(c, 0.7), (d, 0.6)}.

Thus, S̃ 0 = {{(a, 0.9)}, ∅, {(c, 0.7), (d, 0.6)}}.

By applying Equation 5.8, we have kb11 = kb01 , kb12 = kb02 ∪ {(b, 0.8)}, kb13 = kb03 .
By applying the same immediate consequence operator T for each kb1i , we got

S̃ 1 = {{(a, 0.9)}, {(b, 0.8)}, {(c, 0.7), (d, 0.6)}} and kb21 = kb11 , kb22 = kb12 , kb23 =
kb13 ∪ {(e, 0.4)}.

Eventually, we have S̃ 2 = {{(a, 0.9)}, {(b, 0.8)}, {(c, 0.7), (d, 0.6), (e, 0.4), (f, 0.4)}}.

Since S̃ 2 is a fix-point, we have F P (M ) = {{(a, 0.9)}, {(b, 0.8)}, {(c, 0.7), (d, 0.6),
(e, 0.4), (f, 0.4)}} is the possibilistic grounded equilibrium of M .

This fix-point-based approach is equivalent to the model based approach introduced in the previous chapter regarding the possibilistic grounded equilibrium as
the next property shows.
Proposition 5.5 Let M be a definite restricted poss-MCSs, then GE(M ) = M D(M ).
Since the definite restricted poss-MCSs can be equivalently treated as a single
definite PASP program, the proof of this property is similar to that in [91].
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5.5

Normal Restricted Poss-MCSs

Having introduced the semantics for definite restricted poss-MCSs, we are ready to
define the semantics for normal restricted poss-MCSs with default negation. The
idea is similar to the definition in MCSs, we will reduce a restricted poss-MCS
with default negation to a definite restricted poss-MCS. Based on the GL-reduct,
we can define the reduct for normal restricted poss-MCSs.
Definition 5.9 Let M = (C1 , . . . , Cn ) be a normal restricted poss-MCS and S =
(S1 , . . . , Sn ) be a belief state. The reduct of M w.r.t. S is the definite restricted
poss-MCSs
M S = (C1S , . . . , CnS ).

(5.10)

where CiS = (Li , kbSi , brSi ).
We note that the reduct of kbi relies only on Si while the reduct of bri depends
on the whole belief state S. This is another role diﬀerence of kbi from bri .
Given the notion of reduct for normal restricted poss-MCSs, the possibilistic
grounded equilibrium semantics of normal restricted poss-MCSs can be defined
easily.
Definition 5.10 Let M be a normal restricted poss-MCS and S̃ be a possibilistic
belief state. S̃ is a possibilistic grounded equilibrium of M if S̃ = F P (M S ).
Example 5.5 Let M = (C1 , C2 , C3 ) be a normal restricted poss-MCS with 3 contexts:
- kb1 = {(a, 0.9)}

br1 = {(b ← not 3 : e, 0.8)};

- kb2 = {(d ← not c, 0.7)} br2 = {(c ← 1 : a, 0.6)};
- kb3 = ∅
br3 = {(e ← not 1 : b, 0.5)}
Let S = ({a}, {c}, {e}) then
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⎧
⎪
⎪
⎪
kb1 = {(a, 0.9)},
⎪
⎪
⎨
M S = kb2 = ∅,
⎪
⎪
⎪
⎪
⎪
⎩ kb3 = ∅,

br1 = ∅
br2 = {(c ← 1 : a, 0.6)}

(5.11)

br3 = {(e, 0.5)}

Following Definition 5.7, we can get S̃ = ({(a, 0.9)}, {(c, 0.6)}, {(e, 0.5)}) is a
possibilistic grounded equilibrium of M .
Also, let S ′ = ({a, b}, {c}, ∅), then

MS

′

⎧
⎪
⎪
⎪
kb1 = {(a, 0.9)},
⎪
⎪
⎨
= kb2 = ∅,
⎪
⎪
⎪
⎪
⎪
⎩ kb3 = ∅,

br1 = {(b, 0.8)}
br2 = {(c ← 1 : a, 0.6)}

(5.12)

br3 = ∅

And we have S̃ ′ = ({(a, 0.9), (b, 0.8)}, {(c, 0.6)}, ∅) is another possibilistic grounded
equilibrium of M .
The following proposition shows that a possibilistic grounded equilibrium is
determined by its classical counterpart and the necessity function, and vice versa.
Proposition 5.6 Let M be a normal restricted poss-MCS.
1. If S̃ is a possibilistic grounded equilibrium of M and atom ai appears in Ci ,
then (ai , α) ∈ Si if and only if α = NM S (ai ).

2. If S is a grounded equilibrium of M ∗ , then S̃ = (S̃1 , . . . , S̃n ) where S̃i =

{(ai , NM S (ai )) | NM S (ai ) > 0 and ai appears in Ci } (1 ≤ i ≤ n).
3. If S̃ is a possibilistic grounded equilibrium of M , then S is a grounded
equilibrium of M ∗ .
Let us introduce the possibility distribution for normal restricted poss-MCSs.
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Definition 5.11 Let M be a normal restricted poss-MCS and S be a belief state.
Then the possibility distribution, denoted πM , is defined by:
∀S, πM (S) = πM S (S).

(5.13)

The possibility degree for a normal restricted poss-MCSs M and a grounded
equilibrium of the classical projection M of M has the following connection.
Proposition 5.7 Let M be a restricted poss-MCS and S be a belief state. Then
πM (S) = 1 if and only if S is a grounded equilibrium of M ∗ .
Proof

If πM (S) = 1 then πM S (S) = 1, thus S = M D(M S ). So S is a grounded

equilibrium of M ∗ . And if S is a grounded equilibrium of M ∗ , then S = M D(M S ),
thus πM S (S) = 1 then πM (S) = 1.
The possibility distribution for normal restricted poss-MCSs defines two measures.
Definition 5.12 The two dual possibility and necessity measures for each atom
in a normal restricted poss-MCS are defined by
• ΠM (ai ) = max{πM (S) | ai ∈ Si }
• NM (ai ) = 1 − max{πM (S) | ai ∈
/ Si }

5.6

Summary

In this chapter, we have established the first framework for possibilistic reasoning
and nonmonotonic reasoning in multi-context systems, called possibilistic multicontext systems (poss-MCSs). In our framework, the semantics for a poss-MCSs
is defined by its possibilistic equilibria. We have also investigated a restricted
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version of poss-MCSs where every context’s logic is PASP. In such restricted possMCSs, possibility distribution and grounded possibilistic equilibria are defined.
We have studied several properties of restricted poss-MCSs, and in particular,
developed a fix-point theory for restricted poss-MCSs, which provides a natural
connection between the declarative semantics and the computation of the grounded
possibilistic equilibria. As a result, algorithms for restricted poss-MCSs are also
provided.
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Multi-Context Systems
Implementation
In Chapter 2.4, the diﬀerent approaches for implementing MCSs have been discussed. Those approaches including centralised methods (e.g. [22]), pure distributed algorithms (e.g. DMCS in [32]), and combined approaches (e.g. DMCSOPT
in [32]). However, we also find that, for the distributed and mixed algorithms,
the process of finding acceptable belief sets in contexts need to do in order. No
parallel method exists. This can lead to lengthy time if the number of contexts is
height.
Parallel evaluation is not a new concept in distributed systems implementation.
In [101], Roelofsen et al. had provided an algorithm for distributed SAT systems.
Such algorithm runs in every context in parallel and then collect results in a
centralised manner. The advantage of their algorithm is contexts are not evaluated
in order. Thus there is no unnecessary waiting time between contexts if they are
not related, and this algorithm can improve the overall eﬃciency of finding models
in a distributed system.
However, their algorithm can only apply to the satisfiability problem in dis116
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tributed SAT systems, which is a monotonic and homogeneous distributed system.
This limited the usability of their algorithm. In this chapter, we aim to develop
an algorithm that in the same vein as the algorithm in [101] but with the ability to evaluate heterogeneous nonmonotonic MCSs. We will first investigate the
topology in MCSs to see how contexts are connected and what we can do to decomposite such connectivity. Then we define our algorithm on a particular type
of MCSs which uses the same idea behind [101]. We then extend our algorithm to
arbitrary MCSs and implement it in a prototype system. We show that our algorithm will not only be able to evaluate equilibria in MCSs, but also help diagnosis
inconsistency and answer queries in MCSs. Thus provides an extensive usability.

6.1

MCSs topology

To develop a parallel method for finding equilibria of MCSs, we need to understand the topology of MCSs, that is, how contexts are interrelated or arranged. In
this chapter, we will introduce some basic concepts about the topology in MCSs.
Since contexts in MCSs are connected via bridge rules, the topology information
of an MCS can be collected from bridge rules. Bridge rules are used to interchanging information among contexts, so it is safe to assume bridge rules are publicly
available information. Therefore, to determine the topology of an MCS, it is not
needed to involve complex queries to MCSs and especially, the topology can be
obtained separately from the process of finding equilibria.
Given a context Ck in MCSs, contexts that are directly connected to Ck are
called the import neighbourhood of Ck , and contexts that are related to Ck are
called the import closure of Ck . Formally, given a context Ck , with all its bridge
rules have the form of Equation (2.21), these concepts are defined in [32] as follows.
Definition 6.1 Let M be an MCS, The import neighbourhood of context Ck ,
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k ∈ {1, . . . , n}, is the set In(k) = {ci | (ci , pi ) ∈ Body + (r) ∪ Body − (r), r ∈ brk }.
Furthermore, the import closure IC(k) of Ck is the smallest set such that (i)
Ck ∈ IC(k) and (ii) for all Ci ∈ IC(k), In(i) ⊆ IC(k).
Intuitively, the import neighbourhood represents all contexts that appear in one
context’s bridge rules, and the import closure captures the reachability starting
from one context. By using these concepts, an MCS can be intuitively represented
as a directed graph.
Definition 6.2 Let M = (C1 , . . . , Cn ). The dependency graph of M is defined as
the directed graph GM = (V, E) where V = {v1 , v2 , ..., vn } is the set of vertices and
each vertex corresponds to a context in M ), and E = {(vi , vj )|j ∈ In(i)} is the set
of edges.
Intuitively, each vertex represents a context and there is an edge from one
context Ci to another context Cj if Ci depends on Cj .
Example 6.1 Let M = (C1 , C2 , C3 ) be an MCS from Example 2.4. Then In(1) =
{2}, In(2) = {1}, In(3) = {1, 2}, IC(1) = IC(2) = {1, 2}, IC(3) = {1, 2, 3} and
GM is shown in Figure 6.1.
3

1

2

Figure 6.1: The dependence graph GM of M

6.2

MCSs Parallel Evaluation

Given an MCS M , if its dependency graph GM does not contain any strongly
connected components, then the MCS is stratified. Evaluating a stratified MCS
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is straightforward. One can start with a context that does not connect to any
other contexts in the stratified MCS and then evaluate contexts one by one in
order according to a path in the dependency graph. This idea has been used in
evaluation and query answering system for simple MCSs in [6, 32].
In this chapter, we focus on the evaluation of general MCSs whose dependency
graphs may contain strongly connected components. Instead of finding acceptable
belief set of contexts one after another during the process of finding an equilibrium,
our method lets contexts find their acceptable belief set in parallel. Given a general
MCS, our method will first obtain an equilibrium for each strongly connected
component of the MCS and then assemble these equilibria into an equilibrium of
the original MCS.

Strongly Connected MCSs
To illustrate our method, we first consider an MCS M whose dependency graph GM
is strongly connected. Firstly, we transform each bridge rule into a propositional
formula by treating each contextual atom (ci : pi ) as a standard atom f (ci : pi )
and the default negation not (ci : pi ) as ¬f (ci : pi ). Thus, in this way, a set of
bridge rules is transformed into a theory in propositional logic. Especially, given
an MCS M , we use PM to denote the propositional theory transformed from the
set brM of bridge rules in M . A model I of PM is represented as a set of literals
where for every atom p appears in PM , p ∈ I if and only if p is assigned true and
¬p ∈ I if and only if p is assigned f alse.
Example 6.2 Consider M = (C1 , C2 ) where C1 and C2 are defined in Example 2.4
and brM = {1 : notif y sale(cloth) ← 2 : wish(cloth), 1 : onsale(cloth).
notif y sale(f ood) ← 2 : wish(f ood), 1 : onsale(f ood).

1 :

2 : buy(cloth) ← 1 :

notif y sale(cloth), 2 : wish(cloth)}. Denote f (1 : notif y sale(cloth)) = nsc1 ,
f (2 : wish(cloth)) = wc2 , f (1 : onsale(cloth)) = oc1 , f (1 : notif y sale(f ood)) =
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nsf1 , f (2 : wish(f ood)) = wf2 , f (1 : onsale(f ood)) = of1 , f (2 : buy(cloth)) =
bc2 . Then brM is transformed into the propositional theory P = {wc2 ∧ oc1 →
nsc1 ; wf2 ∧ of1 → nsf1 ; nsc1 ∧ wc2 → bc2 }.
Let I be a model of PM for MCS M . Then we want to figure out an equilibrium
for each context of M . Let Ck be a context of M and kb′k = kbk ∪ {s | r ∈ brk , (k :
s) = head(r), I satisifies f (l) for every literal l ∈ body(r)}. S = (S1 , . . . , Sn ) is a
belief states w.r.t. I if Si ∈ ACCi (kb′i ). S denotes the set of all such pairs (S, I).
Then we have the following characterisation of equilibria for an MCS M .
Proposition 6.1 Let M be an MCS such that GM is strongly connected. Then a
belief set E of M is an equilibrium iﬀ the following conditions are satisfied:
1. (E, I) ∈ S.
2. for every i (1 ≤ i ≤ n), if f (i : pi ) ∈ I, then pi ∈ Ei .
3. for every i (1 ≤ i ≤ n), if ¬f (i : pi ) ∈ I, then pi ∈
/ Ei .
Proof

“⇒” Given an equilibrium E = (E1 , . . . , En ) of M , we want to show that

PM has a model I such that the three conditions in Proposition 6.1 are satisfied.
Let I = {f (i : pi ) | (i : pi ) ∈ body + (r) ∪ body − (r), r ∈ brM and pi ∈ Ei , 1 ≤ i ≤

n} ∪ {¬f (i : pi ) | (i : pi ) ∈ body + (r) ∪ body − (r), r ∈ brM and pi ∈
/ Ei , 1 ≤ i ≤ n}.
Since E is an equilibrium, it is obvious that I is a model of PM and S is a belief
state w.r.t. to I. Thus, (E, I) ∈ S. By the construction of I, the other two
conditions are satisfied.
“⇐” Let I be a model of PM and the three conditions are satisfied. We want
to show that E is an equilibrium of M .
Let (E, I) ∈ S where E = (E1 , . . . , En ). From the Definition of S, for ev-

ery 1 ≤ k ≤ n, Ek ∈ ACCk (kb′k ) and kb′k = kbk ∪ {s | r ∈ brk , (k : s) =
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head(r), I satisifies f (l) for every literal l ∈ body(r)}. Given condition (2) and
(3), for r ∈ brk , if I satisifies f (l) for every literal l ∈ body(r) then E satisfies body(r).
Therefore, kb′k = kbk ∪ {s | r ∈ brk , (k : s) = head(r), E satisfies body(r)}. Since
Ek ∈ ACCk (kb′k ) for every 1 ≤ k ≤ n, E is an equilibrium of M .
By Proposition 6.1, we have the following useful corollary.
Corollary 6.1 Given an MCS M , if PM is inconsistent, then M does not have
an equilibrium.
Example 6.3 Consider Example 6.2 again. Then I1 = {wc2 , ¬oc1 , ¬nsc1 , ¬wf2 , ¬of1 ,
¬nsf1 , ¬bc2 } and
I2 = {wc2 , oc1 , nsc1 , wf2 , ¬of1 , ¬nsf1 , bc2 } are two models of PM .
For I1 ,
kb′1 = {onsale(cloth)},

kb′2 = {wish(f ood), wish(cloth), buy(f ood) ← wish(f ood)}, and
S1 = ({onsale(cloth)}, {wish(f ood), wish(cloth), buy(f ood)}).

However, ¬f (2 : wish(f ood)) ∈ I1 and wish(f ood) ∈ ACC2 (kb′2 ), thus S1 is
not an equilibrium of M .
For I2 ,
kb′′1 = {onsale(cloth), notif y sale(cloth)},

kb′2 = {wish(f ood), wish(cloth), buy(f ood) ← wish(f ood), buy(cloth)}, and
S2 = ({onsale(cloth), notif y sale(cloth)}, {wish(f ood), wish(cloth), buy(f ood), buy(cloth)}).
Since (S, I2 ) satisfies all conditions in Proposition 6.1, S2 is an equilibrium of
M.
Proposition 6.1 provides a new way to find out an equilibrium using a model of
PM . We note that the three conditions in the theorem need to be checked centrally.
However, this can essentially be done in a distributed way since each context can
check their results separately. Thus we have the following Corollary
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Corollary 6.2 Let M be an MCS such that GM is strongly connected. Then a
belief set E = (E1 , . . . , En ) of M is an equilibrium iﬀ for every i (1 ≤ i ≤ n), the
following conditions are satisfied:
1. Ei is an acceptable belief set of kbi ∪ Hi .
2. if pi ∈ Ii , then pi ∈ Ei .
3. if ¬pi ∈ Ii , then pi ∈
/ Ei .
where Ii = {pi | f (i : pi ) ∈ I} ∪ {¬pi | ¬f (i : pi ) ∈ I, Hi = {s | r ∈ bri , (i : s) =
head(r), I satisfies f (l) for every literal l ∈ body(r)}.
This result shows that once a model I of PM is given, the task of checking
whether a candidate is an equilibrium can be done for each context independently.
Specifically, by using this method, the process of finding an equilibrium of an
MCS can be split into two parts: (1) A fast SAT solver is used to compute a model
I of PM ; (2) For each context Ci , take an acceptable belief set of kbi ∪Hi and check
whether the last two conditions in Proposition 6.1 are satisfied. If not, repeat this
step.
While the above method can be used to compute an equilibrium for any MCS
(not necessarily strongly connected one), it would be beneficial if a general MCS
can be split into several strongly connected components, each of which is itself a
(smaller) MCS.

Arbitrary MCSs
In this subsection, we consider the problem of computing an equilibrium of a
general MCS M . Given an MCS M , contexts in M can be split into a sequence
of sets (P0 , . . . , Pn ) where each Pi is a set of contexts in M , Pi s are mutually
exclusive, and ∪Pi contains all contexts in M . Among all such possible sequences,
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we are particular interested in a kind of sequence such that for every context
*
i ∈ Pi , the import neighbourhood In(i) ⊆ 1≤j≤i Pj . We define such sequence
a splitting of MCSs. Splitting has a property that evaluation results in earlier

components in the sequence can be used to simplify local knowledge bases and
bridge rules for latter components in the sequence. This is in the same line as
the technique of splitting logic programs in ASP [81]. Given an MCS M , we are
particular interested in a splitting derived from the dependency graph GM and its
strongly connected components (Definition 2.10), such kind of splitting is shown
in the following property.
Proposition 6.2 Given an MCS M and its dependency graph GM . A sequence
of sets (P0 , . . . , Pn ) is a splitting of M if the following conditions are satisfied:
1. Pi s are sets of mutually exclusive contexts in M and
texts in M .

*

Pi contains all con-

2. The subgraph GPi = (V ′ , E ′ ) of GM w.r.t. V ′ where V ′ represent all contexts
in Pi is a strongly connected component of GM .
3. Given GPi , if there is an edge (vi , vj ) in GM such that vi is a vertex in GPi
and vj is a vertex in GPj , then j ≤ i.
We are interested in this kind of splitting because each GPi in this splitting is a
strongly connected graph. Therefore, methods proposed in the previous section
can be used in this kind of splittings.
Example 6.4 Consider the MCS M from Example 2.4 and its dependency graph
GM presented in Figure 6.1. M can be separated into two parts (P0 , P1 ) where
{C1 , C2 } ∈ P0 and {C3 } ∈ P1 as the next figure shows.
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P1
3

1

2
P0

Figure 6.2: Partition of M over GM
Given a splitting (P0 , P1 , . . . , Pn ) of M , it is easy to see contexts in Pi only
depends on contexts in Pj where j ≤ i. Based on this observation, a splitting
provides a natural order for finding equilibria in MCSs. An evaluation system can
start with P0 , get a set of equilibria for contexts in P0 and use the result to simplify
bridge rules for contexts in P1 . This process can then repeat until the evaluation
system reaches Pn . During the process, the evaluation system will generate sets
of belief states that only contain results for contexts in a particular set Pi . This
kind of belief states is called partial belief states. The partial belief states and the
partial equilibria are both defined in [32] as follows.
Definition 6.3 Let M = (C1 , . . . , Cn ) be an MCS and let ϵ ∈
/ BSi . Then a
sequence S = (S1 , . . . , Sn ) such that Si ∈ BSi ∪ {ϵ}, for all 1 ≤ i ≤ n, is a partial
belief state of M . A partial belief state S is a partial equilibrium if for all Si ̸= ϵ,
Si ∈ ACCi (kbi ∪ {head(r) | r ∈ bri and r is applicable in S})
Example 6.5 Consider MCS M from Example 2.4, we have ({onsale(cloth),
notif y sale(cloth)}, {wish(f ood), wish(cloth), buy(f ood), buy(cloth)}, {ϵ}) is a partial belief state of M , and it is also a partial equilibrium.
Given two partial belief states S = (S1 , . . . , Sn ) and T = (T1 , . . . , Tn ) the
combination of S and T , denoted S ◃▹ T is U = (U1 , . . . , Un ) where Ui = Si if
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Ti = ϵ or Si = Ti , and Ui = Ti if Ti ̸= ϵ and Si = ϵ [32]. Note that S ◃▹ T is void
if for some i, Si ̸= Ti . Naturally, the join of two partial belief states sets S and T
is S ◃▹ T = {S ◃▹ T | S ∈ S, T ∈ T }
Since contexts in Pi only depends on contexts in Pj , j ≤ i. If we have a partial
belief state S = (S1 , . . . , Sn ) where for all Cj ∈ Pj , j < i we have Sj ̸= ϵ and Sj = ϵ
otherwise. This partial belief state can then be used to simplify bridge rules in Pi .
More specifically, we have.
Definition 6.4 Given a partial belief state S and a bridge rule r, the simplification
of the rule r w.r.t. S is
• If (i : pi ) appears in the body of r, but pi does not appear in S for context Ci
and Si ̸= ϵ, then delete r.
• If not (i : pi ) appears in the body of r, and pi appears in S for context Ci
and Si ̸= ϵ, then delete r.
• If (i : pi ) appears in the body of r, and pi appears in S for context Ci and
Si ̸= ϵ, then delete (ci : pi ) from the body of r.
• If not (i : pi ) appears in the body of r, and pi does not appear in S for context
Ci and Si ̸= ϵ, then delete not (ci : pi ) from the body of r.
Example 6.6 Continue from Example 6.5, we have a partial belief state ({onsale(cloth),
notif y sale(cloth)}, {wish(f ood), wish(cloth), buy(f ood), buy(cloth)}, {ϵ}). Bridge
rules in br3 can then be simplifies to br3′ = {3 : price sensitive(cloth) ← .
3 : not price sensitive(f ood) ← .}.
After applying Definition 6.4, bridge rules in a splitting set Pi will not contain
any labelled atoms in their body that refer to contexts in Pj , j < i as the next
property shows.
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Proposition 6.3 Given an MCS M and a splitting (P0 , P1 , . . . , Pn ). Bridge rules
of contexts in Pi will not contain any atoms from Pj after simplifies using partial
equilibria from Pj , j < i.
Splitting, partial belief states and bridge rules simplification together provide
a simplification method for MCSs. The idea is as follows.
Given a splitting (P0 , P1 , . . . , Pn ) of an MCS M . Let E 0 be the set of partial
equilibria of P0 . Then for 1 ≤ i ≤ n, let Ei,E be the set of partial equilibria

of PiE where PiE is obtained by applying the bridge rules simplification defined
in Definition 6.4 for the contexts in Pi using E ∈ E i−1 . Furthermore, let E i =
∪E∈E i−1 E ◃▹ Ei,E . Then we have
Proposition 6.4 Given an MCS M and a splitting (P0 , P1 , . . . , Pn ). E is an
equilibrium of M if and only if E ∈ E n .
Proof

⇒): Given an equilibrium E = (E1 , . . . , En ) of M and (P0 , P1 , . . . , Pm )

the splitting of M . We prove by construct a sequence of partial equilibrium
E 0 , E 1 , . . . , E m from E that can be used to simplify contexts in the splitting Pi
and E i is an equilibrium of PiE

i−1

.

Indeed, such sequence of partial equilibrium E i exists, we defined for each

E i = (E1i , . . . , Eni ), Eji = Ej if j ∈ Pi and Eji = ϵ if j ∈
/ Pi . Obviously E 0 is a
partial equilibrium of P0 . Assuming E i is a partial equilibrium of PiE

i−1

. Since

E j , (1 ≤ j ≤ i) are all partial equilibrium of their corresponding splitting Pj ,
i

E
simplify bridge rules in Pi+1 using ∪1≤j≤i E j results Pi+1
, and it does not contains

any atoms from contexts in Pj , (1 ≤ j ≤ i). Therefore, it is easy to see E i+1 is a
i

E
partial equilibrium of Pi+1
. Thus E i ∈ Ei,E and ∪1≤j≤i E j ∈ E i .

⇐): Given a belief states E, we prove if E ∈ E n , then E is an equilibrium.

We prove this by induction. Let E 0 be a partial equilibrium of P0 . If M cannot

be split, then E 0 is an equilibrium of M . Suppose E is an equilibrium of M if M
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can be split in to k parts. Then for M that can be split into k + 1 parts, we have
E
E = ∪1≤i≤k E k is a partial equilibrium of ∪1≤i≤k Pi . Since Pk+1
only contains atoms

E
in Pk+1 , it is easy to see given a partial equilibrium E k+1 of Pk+1
, ∪1≤i≤k+1 E i is

an equilibrium of M .
Example 6.7 Continue from Example 6.5, we already have for P0 , there is a partial equilibrium ({onsale(cloth), notif y sale(cloth)}, {wish(f ood), wish(cloth), buy(f ood),
buy(cloth)}, {ϵ}). By using this partial equilibrium, the bridge rules in br3 can be

simplifies to br3′ = {3 : price sensitive(cloth) ← .; 3 : not price sensitive(f ood) ←
.}, thus the partial equilibrium for contexts in P1 is ({ϵ}, {ϵ}, {price sensitive(cloth),
not price sensitive(f ood)}). Combine them together, ({onsale(cloth), notif y sale(cloth)},
{wish(f ood), wish(cloth), buy(f ood), buy(cloth)}, {price sensitive(cloth),
not price sensitive(f ood)}) is an equilibrium of M .
The simplification process using partial belief states only concerns bridge rules.
Thus, this simplification can be done separately from contexts. Partial equilibria
can also be obtained by using methods proposed in the last section. Contexts do
not need to apply additional changes to use this method.

6.3

Algorithms

In this section, we present an algorithm PEMCS for our method of finding equilibria
in parallel proposed in the previous section. This algorithm takes an MCS as input
and generates all equilibria of that MCS.
The algorithm PEMCS is defined as follows.
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Algorithm 3 Computing Equilibria
1: procedure pemcs(M )
input:An MCS M .
output: Set of equilibria.
2:

P := PM

3:

E := ∅

4:

repeat

5:

if P is inconsistent then
Break

6:
7:

Let I be a model of P

8:

for all Bridge rules bri do
Let

9:

Hi

=

{s

|

r

∈

bri , (i

:

s)

=

head(r), I satisifies f (l) for every literal l ∈ body(r)}
10:

for all Contexts Ci do (Fi , Ei ) =cp(Ii , Hi )

11:

if for all Fi , Fi = true then
E = E ∪ {(E1 , . . . , En ) | Ei ∈ Ei }

12:
13:

else
P := P ∪ ¬I

14:
15:

until

16:

return E
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Algorithm 4 Return results based on pair send from PEMCS
1: procedure CP(Ii , Hi )
input: A pair (Ii , Hi ).
output: A flag Fi indicate whether accept the input data, and a set of acceptable belief set Ei
2:

if Cache(Ii , Hi ) exists then

3:

return Cache(Ii , Hi )

4:
5:

Let Fi := true, kb′i := kbi ∪ Hi , Si := ∅
if kb′i is inconsistent then

6:

Fi := f alse

7:

Cache(Ii , Hi ) := (Fi , ∅)

8:

return (Fi , ∅)

9:
10:

for all Ei ∈ ACCi (kb′i ) do
for all Negation atoms ¬pi in Ii do

11:

if ∃pi ∈ Ei then

12:

Continue

13:

for all Positive atoms pi in Ii do

14:

if ∃pi ∈
/ Ei then

15:

Continue

16:
17:
18:

Si = Si ∪ E i
if Si = ∅ then
Fi = f alse

19:

Cache(Ii , Hi ) := (Fi , Si )

20:

return (Fi , Si )
Intuitively, PEMCS proceeds in the following way:
• Let P = PM , check if P is consistent, if not, return M is inconsistent.
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Otherwise, get a model I of P .
• Send Ii and Hi to every context.
• Contexts then run Algorithm 4 by themselves and return (Fi , Ei ) by comparing its acceptable belief sets and Ii according to Corollary 6.2. Algorithm 4
uses cache mechanism to avoid re-calculation and speed up evaluation.
• Collect answers from contexts and check Fi from all contexts.
• Add E = (E1 , . . . , En ) where Ei ∈ Ei as an equilibrium if all Fi from contexts
are true and continue.
• Stop when P is inconsistent.
Using Corollary 6.2, it is easy to prove the set of equilibria returned by Algorithm PEMCS is indeed the equilibria of M as the next property shows.
Proposition 6.5 Given an MCS M and E the set of belief states returned from
PEMCS. Then E is all equilibria of M .
It is also straightforward to modify Algorithm 4 to return one equilibrium
instead of all equilibria, just stop at line 12 in Algorithm 4 when an equilibrium
is found. In real-world scenarios, finding one equilibrium usually is enough. The
next example illustrates such modified PEMCS for finding an equilibrium.
Example 6.8 Consider MCS M in Example 6.2. The process PEMCS(M ) will first
collect all bridge rules and build a propositional theory:
P = {wc2 ∧ oc1 → nsc1 .

wf2 ∧ of1 → nsf1

nsc1 ∧ wc2 → bc2 }.

Then PEMCS evaluate P and get a model:
I = {wc2 , oc1 , nsc1 , wf2 , ¬of1 , ¬nsf1 , bc2 }.
Afterwards, PEMCS send pairs to each context
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(I1 , H1 ) = ({on sale(cloth), notif y sale(cloth), ¬on sale(f ood), ¬notif y sale(f ood)},
{notif y sale(cloth)})
(I2 , H2 ) = ({wishlist(cloth), wishlist(f ood), buy(cloth)}, {buy(cloth)}).
Contexts then evaluate acceptable belief sets simultaneously and return results
(F1 , E1 ) = (true, {onsale(cloth), notif y sale(cloth)})
(F2 , E2 ) = (true, {wish(f ood), wish(cloth), buy(f ood), buy(cloth)})
Finally, the results from contexts are joints and return an equilibrium E =
({onsale(cloth), notif y sale(cloth)}, {wish(f ood), wish(cloth), buy(f ood), buy(cloth)}).
It is also easy to extend PEMCS to allow bridge rules simplification defined in
Definition 6.4. Algorithm 5 shows such algorithm OPEMCS. The idea of OPEMCS is
as follows:
On input MCS M , Algorithm 5 first find a splitting (P0 , . . . , Pn ) of M . Splitting
can be compute by using Kosaraju’s algorithm [106] or Tarjan’s strongly connected
components algorithm [108] in linear time according to Proposition 6.2. Starting
from P0 , OPEMCS calls PEMCS to evaluate Pi , the result will be a set of partial
equilibria. Those partial equilibria are then used to simplify bridge rules in Pi+1
by using Definition 6.4 Then OPEMCS calls PEMCS to evaluate each Pi+1 , the result
is a set of partial equilibria. These partial equilibria will be jointed with partial
equilibria from Pi and form a set of new partial equilibria. The process then repeat
until all Pi are evaluated.
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Algorithm 5 Finding an equilibrium of MCSs with bridge rules simplification
1: procedure opemcs(M )
input: An MCS M .
output: A set of equilibria.
2:

Let E = {(ϵ, . . . , ϵ)}, i = 0

3:

Find a splitting (P0 , . . . , Pn ) of M

4:

repeat

5:

Let brPi be all bridge rules in Pi

6:

for all E ∈ E do

7:

Obtain brP′ i based on Definition 6.4

8:

let Mt represent Pi where bridge rules brPi are replaced by brP′ i

9:

Ei,E :=pemcs(Mt )
Let E := ∪E∈E ◃▹ Ei,E and i := i + 1

10:
11:

until i = n + 1

12:

return E
According to Proposition 6.4, the next property shows E returned by OPEMCS

is indeed the set of equilibria of M .
Proposition 6.6 Given an MCS M and E a set of belief states returned from
OPEMCS. Then E is all equilibria of M .

6.4

Proof-of-Concept Prototype and Preliminary
Evaluation

We have developed a proof-of-concept implementation of our algorithm PEMCS.
For demonstration, our system prototype now only consider a particular type of
topology. This topology contains four contexts, and all of them are interconnected
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with each other as shown in Figure 6.3. This kind of topology requires guessing
and checking in all MCSs algorithm developed so far. Thus the result is quite
unpredictable and more exciting to analysis.

Benchmark Setup
1

2

3

4

Figure 6.3: Dependency graph of our MCSs
The benchmark is setting as follows. The contexts will be logic programs with
answer set semantics. We use two parameters to generate logic programs, that
is, atom numbers and rule numbers. We restrict the form of the rule to either
X1 ← X2 . or X1 ← not X2 . This restriction does not make a logic program any
easier as the computational complexity remain unchanged [66]. For every context,
we randomly generate bridge rules with a parameter controls the number of the
bridge rules. The form of bridge rules is also either X1 ← X2 . or X1 ← not X2
where X2 is selected from other contexts randomly. We do not restrict how many
diﬀerent atoms can appear in the bridge rules. The topology of the MCS is shown
in Figure 6.3. We use clasp[59] as ASP solver for each context and Glucose (simple
version)[2] as the sat solver. We use (n, r, b) as parameters to generate MCSs where
n represent the number of atoms appears in a context’s KB, r is the number of
rules appears in a context KB, and b is the number of bridge rules in MCS. For
each setting, we randomly generate 100 MCSs and test our algorithm on them
until we find an equilibrium or find the MCS is inconsistent.
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Experiment Results
We first tested our prototype on simple MCSs with (n, r, b) = (20, 8, 12). The
average time spent on finding an equilibrium in such MCSs is 1.51s. Within this
period, 1.34s was spent on propositional evaluation and 0.16s was spent on ASP
evaluation. Among all consistent MCSs generated in this setting, 50% of them can
be solved under 0.98s, 60% of them can be solved under 1.26s, 70% of them can be
solved under 1.70s, 80% of them can be solved under 2.16s, and 90% of them can
be solved under 3.14s. For those inconsistent MCSs, the algorithm spent average
1.9s to return.
We then increase MCSs to (n, r, b) = (80, 200, 24). The average time spent on
finding an equilibrium in such MCSs is 10.87s. Within this period, 9.3s was spent
on propositional evaluation and 1.57s was spent on ASP evaluation. Among all
consistent MCSs generated in this setting, 50% of them can be solved under 7.88s,
60% of them can be solved under 8.75s, 70% of them can be solved under 11.96s,
80% of them can be solved under 13.67s, and 90% of them can be solved under
20.23s. For those inconsistent MCSs, the algorithm spent average 10.2s to return.
Next, we tried on MCSs with (n, r, b) = (100, 400, 36). The average time spent
on finding an equilibrium in such MCSs is 32.99s. Within this period, 27.61s was
spent on propositional evaluation and 5.38s was spent on ASP evaluation. Among
all consistent MCSs generated in this setting, 50% of them can be solved under
19.24s, 60% of them can be solved under 23.67s, 70% of them can be solved under
29.29s, 80% of them can be solved under 44.16s, and 90% of them can be solved
under 83.21s. For those inconsistent MCSs, the algorithm spent average 12.72s to
return.
Then we increase bridge rules in MCSs with (n, r, b) = (40, 100, 60). The
average time spent on finding an equilibrium in such MCSs is 3.29s. Within this
period, 2.8s was spent on propositional evaluation and 0.49s was spent on ASP
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evaluation. Among all consistent MCSs generated in this setting, 50% of them can
be solved under 2.75s, 60% of them can be solved under 3.06s, 70% of them can be
solved under 3.65s, 80% of them can be solved under 4.6s, and 90% of them can
be solved under 5.82s. For those inconsistent MCSs, the algorithm spent average
3.5s to return.
Last, we tried on MCSs with (n, r, b) = (60, 120, 72). The average time spent
on finding an equilibrium in such MCSs is 95.52s. Within this period, 92.11s was
spent on propositional evaluation and 3.41s was spent on ASP evaluation. Among
all consistent MCSs generated in this setting, 50% of them can be solved under
45.42s, 60% of them can be solved under 55.64s, 70% of them can be solved under
84.28s, 80% of them can be solved under 133.34s, and 90% of them can be solved
under 272.22s. For those inconsistent MCSs, the algorithm spent average 113.83s
to return.
The results are shown in Figure 6.4 and 6.5. The graph on the left of Figure 6.4
shows the average time spent on finding an equilibrium of a generated MCSs. It
includes the time spent on evaluating PM , the time spent on evaluating the ASP
contexts, and the total time. The Y axis represents the logarithm of the time
spent in second. The remaining graphs show the time distribution of finding an
equilibrium among a set of generated MCSs. The Y axis represents the time spent
in second, and the X axis represents diﬀerent generated MCSs. We sorted the time
from low to high.
From the figures, we can see our prototype system is relatively fast even with
many bridge rules. Especially the time spent on ASP evaluation is relatively
short thanks to parallel evaluation. In comparison, the whole evaluation process
spent much longer time on evaluating propositional logic. One thing we can do
to improve is to use a more eﬃcient SAT solver instead of a simple solver we
used here. Moreover, consider every time, the propositional KB will increase
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with a few rules while keeping the old rules intact. Choosing a SAT solver with
incremental reasoning ability would be good. A better heuristic technique can also
help. Furthermore, pre-compute the propositional KB and cache the results when
needed is also a possible practice.
The time evaluation distribution showcased that our prototype system can
solve most generated MCSs relatively fast. From the graphs, we can see the time
increase starts slow and only spike at the last few instances. This indicates our
prototype system can do relatively well for most MCSs and only struggle on few
certain cases. The user could expect most MCSs to be solved below the average
time using this system, and research on why some instances are hard to solve is
also an interesting topic.
Propositional
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Figure 6.4: Experiment Results

Further Discussion on Optimisation Methods
Our current implementation is a straightforward implement of Algorithm PEMCS.
It is possible to apply further optimisation techniques while implementing our
algorithms. As we can see from the above results, time spent on finding a model
of propositional logic contributes to the most of the total evaluation time. One
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Figure 6.5: Experiment Results
thing we can do is to find a better SAT solver. However, we can also improve the
way propositional logic is generated and how unnecessary models are eliminated.
Moreover, when rewritten the bridge rules into a propositional theory P . Given
a head of a bridge rule (k : s), if it is sure s cannot be derived from kbk alone,
we can rewrite all bridge rules with head (k : s) using Clack’s completion. Such
s can be easily identified in ASP program that, if s does not appear in any head
of rules in kbk , then s cannot be derived from kbk alone. Since if s cannot be
derived from kbk alone, that means s needs outside information to be derived and
can only be derived from bridge rules in context Ck . In this case, it is safe to
use Clack’s completion instead of just implication in the transformation process.
More specifically, given bridge rules r1 , . . . , rn , if for all i, head(ri ) = (k : s) and
s cannot be derived from kbk alone. Then we can rewrite r1 , . . . , rn to f (k : s) ↔
f (Body(r1 )) ∨ · · · ∨ f (Body(rn )) in P .
In addition, in Proposition 6.1, we need to check whether pi ∈
/ Ei when ¬f (i :
pi ) ∈ I after evaluated the acceptable belief sets of context i. However, it is
possible to avoid the check and incorporate it directly to kbi in context Ci if logic
Li allows representation of the form ¬pi , as the following propositions shows.
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Proposition 6.7 Given an MCS M and PM . Let I a model of P , kb′i = kbi ∪
{¬pi | ¬f (i : pi ) ∈ I}∪{s | r ∈ bri , (i : s) = head(r), I satisfies f (l) for every literal l ∈
body(r)}, and Si = ACCi (kb′i ). If for all pi where f (i : pi ) ∈ I we have pi ∈ Si .
Then S = (S1 , . . . , Sn ) is an equilibrium of M .
This proposition indicates, if logic Li allows representation of the form ¬pi ,
it is possible to include ¬pi in kbi if ¬f (i : pi ) ∈ I. This method can avoid
the check for ¬f (i : pi ) ∈ I and help to find contradiction as early as possible.
One may wondering if it is possible to add pi in kbi if f (i : pi ) ∈ I as well and

only check if the result kb′i = kbi ∪ {¬pi | ¬f (i : pi ) ∈ I} ∪ {s | r ∈ bri , (i :
s) = head(r), I satisfies f (l) for every literal l ∈ body(r)} ∪ {pi | f (i : pi ) ∈ I}
is consistent. It turn out this method does not work. Consider an simple two
contexts MCS (C1 , C2 ) where kb1 = kb2 = br2 = ∅ and br1 = {(1 : a) ← .}. Let
I = {a}, then ({a}, ∅) will satisfies above condition but it is not an equilibrium.
There is also a better way to eliminate unnecessary models in P . In algorithm 3,
given a model I, if there is no equilibrium E associated with I, ¬I will be added
to P . However, if CP(Ii , Hi ) turns out lead to inconsistency kb′ in Algorithm 4, it
is possible to eliminate more models than I from P . More specifically, we have.
Proposition 6.8 Given an MCS M and a pair (Ii , Hi ). Let s1 , . . . , sm be all
atoms in Hi and r11 , . . . , r1n , . . . , rk1 , . . . , rkn , . . . , rm1 , . . . , rmn be all the bridge
rules in Ci such that head(rkj ) = sk ∈ Hi . Then, if kbi ∪ Hi is inconsistent, let
N = (body(r11 )∨· · ·∨body(r1n ))∧· · ·∧(body(rk1 )∨· · ·∨body(rkn ))∧· · ·∧(body(rm1 )∨
· · · ∨ body(rmn )), then line 14 in Algorithm 3 can be changed to P := P ∪ ¬I ∪ ¬N .
Also, if we follow the method proposed in Proposition 6.7, we have the following
corollary.
Corollary 6.3 Given an MCS M and a pair (Ii , Hi ). Let s1 , . . . , sm be all atoms
in Hi and r11 , . . . , r1n , . . . , rk1 , . . . , rkn , . . . , rm1 , . . . , rmn be all the bridge rules in
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Ci such that head(rkj ) = sk ∈ Hi . Then, if kbi ∪ Hi ∪ {¬p | ¬f (i : p) ∈ Ii }
is inconsistent, let N = ((body(r11 ) ∨ · · · ∨ body(r1n )) ∧ · · · ∧ (body(rk1 ) ∨ · · · ∨
#
body(rkn )) ∧ · · · ∧ (body(rm1 ) ∨ · · · ∨ body(rmn ))) ∧ ( {¬p | ¬f (i : p) ∈ Ii }), then
line 14 in Algorithm 3 can be changed to P := P ∪ ¬I ∪ ¬N .

By using these techniques, more models will be eliminated sooner, resulting
faster evaluation time.

6.5

Applications

There are other reasoning problems in MCSs than just finding an equilibrium.
Our method proposed in this chapter can be used as a fundamental tool to help
solve other reasoning problems in MCSs. In this section, we look into two of these
problems in MCSs, namely inconsistency diagnosis and query answering.

Inconsistency Diagnosis
Inconsistency in MCSs is the absence of equilibria. An inconsistent MCS yields
no information. In real world applications, system complexity tends to increase,
both regarding contexts and regarding interconnectivity. This leads to increasing
possibility of inconsistent MCSs. Therefore, inconsistency handling methods are
necessary. In [49], the authors proposed a method to analyse inconsistencies in
MCSs. Such method can be used to understand where and why such inconsistencies
occur, and how they can be removed.
In [18], the authors also developed a system based on dlvhex solver that can
be used to compute diagnosis and explanations. Their system works well for ASP
contexts. However, their system needs to know the knowledge base of a context,
which is not always possible consider privacy requirement. Plus, for none ASP
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contexts, they need to define external atoms case by case due to the limitation of
dlvhex solver, which is not flexible.
In this section, we will look back at the inconsistency handling methods proposed in [49], and show that our algorithm can be used to evaluate the diagnosis
introduced in [49] and avoid the limitation appears in [18].
We first recall necessary definitions for inconsistency diagnosis in MCSs. Given
an MCS M and a set R of bridge rules, by M [R] we denote the MCS obtained
from M by replacing all of its bridge rules with R. By M |= ⊥ we denote that M

has no equilibrium, i.e., is inconsistent, and by M ! ⊥ the opposite. The diagnosis
is defined as follows in [49].
Definition 6.5 Given an MCS M = (C1 , . . . , Cn ). Then a diagnosis of M is a
pair (D1 , D2 ), D1 , D2 ⊆ brM s.t. M [brM \ D1 ∪ head(D2 )] ! ⊥. D± (M ) is the set
of all such diagnoses.
Remember in Proposition 6.1, given a pair (S, I) ∈ S, for S to be an equilibrium, it needs to satisfies two conditions: (1) for all f (i : pi ) ∈ I, pi ∈ Si and (2)
for all ¬f (i : pi ) ∈ I, pi ∈
/ Si . Given a pair (S, I) ∈ S that does not satisfies such
condition, it is natural to think change atoms in I directly to let these two condition satisfied. For example, let I ′ = {f (i : pi ) ∈ I | pi ∈ Si } ∪ {¬f (i : pi ) | f (i :
pi ) ∈ I, pi ∈
/ Si } ∪ {¬f (i : pi ) ∈ I | pi ∈
/ Si } ∪ {f (i : pi ) | ¬f (i : pi ) ∈ I, pi ∈ Si }.
Naturally, such (S, I ′ ) will satisfies all two conditions, however, it is very likely that

(S, I ′ ) ∈
/ S. This is because (1) I ′ may not be a model of PM ; (2) I ′ will change
the applicable status of bridge rules thus S will not be the same after changing I
to I ′ .
The solution to such problem is to modify bridge rules in M such that I ′ is
still a model of P and the applicable bridge rules stay the same. It turns out a
diagnosis can represent such solution. More specifically, we have.
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Definition 6.6 Let (S, I) ∈ S, we define a pair of sets of bridge rules (D1 , D2 ) w.r.t. (S, I),
such that for D1 , it includes the following rules.
• All bridge rules r ∈ brM such that I \ f (i : pi ) ∪ ¬f (i : pi ) is applicable on r.
For all f (i : pi ) ∈ I and pi ∈
/ Si .
• All bridge rules r ∈ brM such that I \ ¬f (i : pi ) ∪ f (i : pi ) is applicable on r.
For all ¬f (i : pi ) ∈ I and pi ∈ Si .
D2 includes the following rules.
• All bridge rules r ∈ brM such that (i : pi ) ∈ body + (r) and r is applicable
under I. For all f (i : pi ) ∈ I and pi ∈
/ Si .
• All bridge rules r ∈ brM such that ¬(i : pi ) ∈ body − (r) and r is applicable
under I. For all ¬f (i : pi ) ∈ I and pi ∈ Si .
We say (D1 , D2 ) is a pair of diagnosis w.r.t. (S, I).
Lemma 6.1 Given an MCS M , a pair (S, I) ∈ S, and (D1 , D2 ) a pair of diagnosis
w.r.t. (S, I). I ′ = {f (i : pi ) ∈ I | pi ∈ Si } ∪ {¬f (i : pi ) | f (i : pi ) ∈ I, pi ∈
/

Si } ∪ {¬f (i : pi ) ∈ I | pi ∈
/ Si } ∪ {f (i : pi ) | ¬f (i : pi ) ∈ I, pi ∈ Si } is a model of
propositional knowledge base P ′ derived from brM \ D1 ∪ head(D2 )
Proof

If I ′ is not a model of propositional knowledge base P derived from

brM \ D1 ∪ head(D2 ), there must exists a rule r ∈ P ′ such that I ′ satisfies body of

r but not head of r. This could happen in two situations. (1) I ′ satisfies body of
r but I does not satisfy body of r. (2) I ′ satisfies body of r and I satisfies body
of r.
For the first case, by Definition 6.6, all such r are in D1 thus got deleted in P ′ .
For the second case, that means head(r) was changed from f (i : pi ) to ¬f (i : pi ),
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this only happens if f (i : pi ) ∈ I and pi ∈
/ Si . However, this is impossible as r is

applicable in I thus Si = ACCi (kbi ∪ pi ) and pi ∈ Si . Therefore, I ′ is a model of
P′

We now have the following property.
Proposition 6.9 Given an MCS M , if (D1 , D2 ) is a pair of diagnosis w.r.t. (S, I)
then (D1 , D2 ) is a diagnose of M
Proof

From Lemma 6.1 we know I ′ is a model of M [brM \ D1 ∪ head(D2 )]

and since D1 only delete all bridge rules that are not applicable in I and D2 add
all bridge rule head if its applicable under I, the Hi in (Ii′ , Hi ) will not change.
Plus I ′ satisfies all requirements in Proposition 6.1, thus S will be an equilibrium
of M [brM \ D1 ∪ head(D2 )] and (D1 , D2 ) a diagnose.
This property shows that our algorithm can be used to find diagnoses in inconsistent MCSs by manipulating bridge rules based on S in our algorithm. The
idea is straightforward and easy to understand. However, this method is far from
perfect, it cannot find all diagnoses of an inconsistent M and it does not guarantee
the calculated diagnoses are minimal. These problems left for future research.

Query Answering
Query answering in KR is the problem of given a query to a KB, find an answer
based on the semantics of the KB. Queries in this situation are often represented
using conjunctive formulas. For example, in MCSs, a simple query will be the
form of q ← (1 : a), (2 : b). Intuitively, this query asks: does atom a in context 1
and atom b in context 2 appear in some (or all) equilibria of M ? For such query,
the answer will be simply yes or no. A more complex query will involve variable,
for example q(t1 , t2 ) ← (1 : t1 ), (2 : t2 ). Intuitively, this query asks: finding all
atoms combination (t1 , t2 ) in M such that t1 is an atom in context 1, t2 is an atom
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in context 2, and (t1 , t2 ) appears in some (or all) equilibria of M . For such query,
the answer will be a set of atom vectors.
Formally, we consider conjunctive queries posed to a context Ci of the form [6]:
q(⃗t) ← (c1 : p1 ), . . . , (cj , pj ), not (cj+1 : pj+1 ), . . . , not (cm : pm )

(6.1)

where q is a query predicate, ⃗t = (t1 , . . . , tk ) a k-tuple of beliefs over signatures
in contexts, pj , 1 ≤ j ≤ m is a belief or variable tj of Lj . Query answers are
defined if there are some (or all) equilibria E of M such that q(⃗t), when replacing

variable with constant in respective contexts, is entailed by E. More specifically
it has been define in [6] as follows.
Definition 6.7 Given an MCS M and a query q(⃗t), a k-tuple of ground beliefs
⃗t′ = (t′1 , . . . , t′k ) is called a query answer (or certain query answer) to q(⃗t) if θ⃗t = ⃗t′
for some admissible substitution θ and E |= q(θ⃗t) holds for some (or all) equilibria
E of M
q(θ⃗t) where variables in ⃗t are replaced with constants is also called a ground
query. In [6], the authors developed a query answering algorithm for relational
MCSs. Their algorithm is based on both unfolding and weighted hyper-tree decomposition techniques. Their method can avoid unnecessary calculation of equilibria
and provided stepping stones towards eﬀective query answering in MCSs.
However, their method has some constraints: (1) Given a query for context Ci ,
the body of the query can only contain contexts in Ci ’s import closure. (2) MCSs
must be hierarchical. (3) MCSs is query-deterministic. The first constraint says
that all contexts appeared in Equation 6.1 are in IC(i), constraint 2 means the
dependency graph of the MCSs is hierarchical, the last constraint require for every
context j ∈ IC(i) such that j ̸= i, |ACCj (kb)| ≤ 1 holds for all kb ∈ KBj .
In this chapter, we show that our algorithm can be served as a basis for query
answering in MCSs. Moreover, our algorithm can be applied to more complex
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MCSs without the above constraints. To do so, we only need to calculate a model
of PM such that it can satisfy the body of a grounded query q(θ⃗t). Then if M is
consistent under this requirement, θ⃗t is an answer of the query q(⃗t).
Definition 6.8 Given an MCS M , a query q(⃗t), and a k-tuple of ground terms
⃗t′ = (t′1 , . . . , t′k ). Let Mq = M [brM ∪ {⊤ ← body(q(⃗t′ ))}]
This definition adds query as new bridge rules to an MCS. Intuitively, these
new bridge rules require their body must be true under at least one equilibrium,
or Mq will be inconsistent. This will also means if no equilibrium can satisfies q(⃗t′ )
then q(⃗t′ ) is not an answer of q(⃗t). This intuition can be represented using the
next property.
Proposition 6.10 Given a k-tuple of ground terms ⃗t′ = (t′1 , . . . , t′k ), ⃗t′ is an answer for query q(⃗t) in M if Mq is consistent.
By using this property, one could quickly verify if a substitution θ⃗t is an answer
for an MCS M . At this stage, this method also has some disadvantages. It cannot
directly calculate answers for a query, and if there are many possible substitutions,
it can take lots of time. Moreover, a method for verifying certain query answers is
not obvious. These problems will leave as further research topics.

6.6

Summary

In this chapter, we established a novel method for finding equilibria of MCSs.
Based on proposed method, we provided a parallel reasoning algorithm for MCSs.
Our algorithms first run on a globe level using a SAT solver, in this step, bridge
rules in an MCS are considered. Since bridge rules are the reason behind interconnection among contexts, we are primarily dealing with the connectivity aspect
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in this step. A candidate equilibrium for the given MCS is guessed in this step.
Next, we distribute the initial results to each context as a pair. Each context will
then find acceptable belief sets by themselves and compare them with received pair.
The results from contexts can be used to decide whether there is an equilibrium.
In this step, reasoning tasks are distributed to individual contexts. Thus our
algorithm can compute an equilibrium distributively and in parallel. We then
implemented a prototype system based on our algorithms. The test results from
our prototype system show the potential of an eﬃcient MCSs reasoner. We have
also demonstrated that our method can act as a basis for other reasoning problems
in MCSs like inconsistency diagnosis and query answering.
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Conclusion
The ability of being able to reason about uncertain, distributed and heterogeneous
information is important for intelligent systems. Significant eﬀort has been dedicated to related research problems, but there are still some unsolved problems, such
as combining possibilistic reasoning and MCSs. Motivated by such needs, we focus
on combining possibilistic reasoning with nonmonotonic reasoning and distributed
reasoning in this thesis. As a result, we have developed new inference methods
that can handle reasoning in inconsistent knowledge bases in PASP in Chapter 3.
We established a unifying framework for revising possibilistic knowledge bases in
Chapter 4. We then incorporate possibilistic reasoning in MCS in Chapter 5. Finally, we have provided a distributed method for computing equilibria in an MCS
in Chapter 6.
The aim in Chapter 3 was to equip PASP with the ability of reasoning in inconsistent knowledge bases and to extend important concepts in ASP to PASP.
To achieve this, we have first introduced three forms of possibilistic inferences in
ASP. Our possibilistic inferences are based on the notion of cuts in PASP and
are inconsistency tolerant. That is, under these inference relations, we can derive
meaningful conclusions from PASP programs that are inconsistent. We also ex147

Chapter 7
tend possibility distribution in normal PASP to disjunctive PASP and show that
these three possibilistic inferences can be characterised by cuts of programs and
possibility distributions can be characterised. The notions of possibilistic loop
formulas and possibilistic guarded resolution are proposed to develop inference
algorithms for these possibilistic inferences. Possibilistic loop formulas and possibilistic guarded resolution extend their counterparts in standard ASP. We have
demonstrated how these techniques can be used to perform possibilistic reasoning
in a possibilistic program by computing inconsistency degrees of the corresponding
possibilistic theory and its cuts. Besides their theoretical importance, our results
provide promising inference algorithms for PASP.
In Chapter 4, we have proposed a belief revision function for possibilistic logic
that can deal with both certain and uncertain inputs and at the same time avoid the
“drowning eﬀects” suﬀered by other approaches. We have proposed the notion of
compatibility degrees for better characterising or as an alternative measure for the
inconsistency degree of a possibilistic KB. Based on this concept, a novel syntactic
approach to revision in possibilistic logic has been proposed for both certain and
uncertain new information. We have shown that our approach subsumes two
major approaches for possibilistic revision. So, our approach provides a unifying
framework for belief revision in possibilistic logic. We have demonstrated that
our cd-revision satisfies major postulates adapted from classic belief revision. We
have also developed a sound and complete algorithm for computing the results of
revision.
In chapter 5, we have established a framework for combining possibilistic reasoning and MCSs called possibilistic MCSs (poss-MCSs). We have first extended
bridge rules in MCSs to allow uncertain information to be freely exchanged. In
our framework, poss-MCSs is defined by its possibilistic equilibria that are based
on the concepts of equilibria in standard MCSs. We have also studied a restricted
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poss-MCSs where every context is represented as a possibilistic logic program.
We have investigated several properties of restricted poss-MCSs and in particular,
developed a fix-point theory for restricted poss-MCSs, which provides a natural
connection between the declarative semantics and the computational procedure of
the grounded equilibria. As a result, algorithms for restricted poss-MCSs are also
provided.
Finally, in chapter 6, we established a novel method for finding equilibria of
MCSs. Based on existing SAT solvers, we have developed and implemented a
parallel reasoning algorithm for MCSs. Our algorithms first guess a candidate
equilibrium for a given MCS using an eﬃcient SAT solver and then distribute
most of other tasks to individual contexts. In this way, our algorithm can compute an equilibrium distributively and in parallel. We then proved the soundness
and completeness of our algorithm. Based on the notion of splitting, an optimised
version of our algorithm has also been proposed. Our proposed algorithm is implemented in a prototype system. The preliminary evaluation shows promising
results. We have also demonstrated that our method can be used as a tool to solve
problems such as inconsistency diagnosis and query answering in MCSs.
Several research issues for possibilistic reasoning and MCSs are interesting for
further investigations.
For PASP, an eﬃcient implementation of the three forms of inferences in PASP
is still missing, and it is unclear to us if both possibilistic loop formulas and
guarded resolution provide the same translation to a possibilistic program. It is
also interesting to see how to adapt some of our results to the alternative semantics
of PASP proposed in [10].
Regarding the revision method proposed for possibilistic logic, we are looking
into establishing a representation theorem for the cd-revision framework. This is
not straightforward, as possibilistic logic with disjunction is not a simple extension

149

Chapter 7
of possibilistic logic [46], and disjunction among possibilistic KBs may be required
in establishing the representation theorem. To this end, we might need to consider
alternate postulates or methods other than the intersection of candidates. Moreover, a more detailed analysis of diﬀerent selection functions and their properties
is also desired. Finally, our current algorithm is a direct implementation of the
definition of cd-revision. The algorithm can be significantly optimised by using
search methods to find the weights of which formulas need to be adjusted.
Last but not least, for poss-MCSs, the possibilistic grounded equilibria of a
restricted poss-MCSs are computed using a procedure based on double iterations.
Such an algorithm can be ineﬃcient in some cases. So it would be useful to
develop a more eﬃcient algorithm for computing possibilistic grounded equilibria
for restrictive poss-MCSs. Another important issue is to apply poss-MCSs in
some semantic web applications. The extension of our parallel evaluation method
in MCSs for poss-MCSs is also useful.
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