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Abstract 

 

This dissertation explores a special class of the performance measurement problem where the 

overall performance is defined as the sum or arithmetic mean of two or more ratios (fractions). 

The problem is investigated with its links to the sum of linear ratios (SLR) problem in 

optimization theory, and a solution procedure based on linear goal programming (GP) is 

developed. 

The developed GP model is applied in three main areas of (i) the joint measurement of 

efficiency and effectiveness, (ii) the joint measurement of the technical efficiency and 

ecological efficiency, and (iii) the joint measurement of the efficiencies of the stages 1 and 2 of 

a two-stage process or activity. These three problems require simultaneous optimization of two 

linear ratios and can be defined as the maximization of the sum of two ratios. Unlike the 

traditional data envelopment analysis (DEA) models with only one efficiency ratio in the 

objective function, the problems investigated in this thesis do not belong to the class of quasi-

convex optimization problems, and they also cannot be converted into linear models using the 

Charnes–Cooper transformation approach. Furthermore, optimizing the sum of linear ratios is a 

challenging problem, since several local optima might exist and obtaining a global optimal 

solution is not always guaranteed.   

The thesis which consists of six articles in addition to this summary chapter examines 

alternative approaches found in the literature which are used to solve the three aforementioned 

problems and analyzes the advantages and benefits of the developed GP model compared to the 

existing alternatives. Article 1 discusses the basics of the GP based solution procedure to solve 

the problem of the joint measurement of efficiency and effectiveness, and justifies the 

application of the approach through a detailed comparison with two nonlinear and parametric 

linear models extracted from the related literature. Article 2 applies the GP approach to jointly 

measure technical and ecological efficiencies. It demonstrates that the eco-efficiency, as the 

combination of the technical and ecological efficiency indicators, calculated with the developed 

GP model is more valid than the existing models. Articles 3 and 4 extend the arguments and the 

model developed in Article 2 to consider a new dimension called “process environmental 

quality efficiency” at the same time as the technical and ecological efficiency indicators in the 

overall efficiency evaluation of the decision making units (DMUs). Article 5 develops a GP 

based two-stage DEA model to measure the efficiencies of the two-stage processes. The 

developed model is validated by comparison with the cooperative and non-cooperative game 

approaches from two-stage DEA literature. Article 6 extends the model developed in Article 5 

to improve the discrimination power of the model and also demonstrates an improved approach 

to the distribution of the weights among input and output factors.  
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1. Background to the thesis 

 

Data envelopment analysis (DEA) is a linear programming based methodology to 

measure the efficiency of peer decision making units (DMUs) which use multiple inputs 

to produce multiple outputs. A detailed history of the development of DEA has been 

offered by Cooper (2005), but in summary, the initial approach can be found in the 

work of Edward Rhodes while he undertook as part of his Ph.D. dissertation (Rhodes, 

1978). Following unsatisfactory results with statistical regression and correlation 

techniques, Rhodes  discovered a key article written by Farrell (1957) which provided 

the foundation for the development of DEA, with the results got reported in Charnes et 

al. (1978, 1981). Since then, DEA has been used in a wide range of applications, e.g. 

banking (LaPlante and Paradi, 2015; Fukuyama and Weber, 2015; Avkiran, 2015), the 

hotel industry (Wu et al., 2011; Shuai and Wu, 2011; Shyu and Hung, 2012), agriculture 

(Atici and Podinovski, 2015; Adhikari and Bjorndal, 2012; Frija et al., 2011), the  

insurance industry (Kao and Hwang, 2014; Huang and Eling, 2013; Cummins and Xie, 

2013), transportation (Merkert and Mangia, 2014; Yu, 2012; Zhao et al., 2011), to name 

but a few. 

Many models have been developed for different purposes and these have different 

properties. Prominent amongst these are:  ‘CCR’ (Charnes, Cooper, and Rhodes, 1978), 

‘BCC’ (Banker, Charnes and Cooper, 1984), slacks-based measure (SBM) of efficiency 

(Tone, 2001), Additive (Charnes et al., 1985), and range adjusted measure (RAM) 

(Cooper et al., 1999).  

CCR and BCC are known as radial models and they are oriented toward either 

inputs (input oriented) or outputs (output oriented). CCR measures the efficiency of 

each particular DMU under a constant return to scale (CRS) assumption while the 

assumption in BCC is variable returns to scale (VRS). Unlike the CCR and BCC models 

which are either input or output oriented, Additive, RAM and SBM models can 

simultaneously maximize outputs and minimize inputs (Cooper et al., 1999). These 

models are used when the decision maker is willing or able to control both inputs and 

outputs (Joro and Korhonen, 2015). 

Model (1) is the popular CCR model introduced by Charnes et al. (1978) to 

measure the efficiency of each DMU. The efficiency is defined as the ratio of the 

weighted sum of outputs to the weighted sum of inputs. The subscript o indicates the 

DMU under evaluation (DMUo). The objective of the model (addressed as the objective 
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function) is to maximize the efficiency of the DMUo by choosing the best possible 

weights for the decision variables 𝑢𝑟 and 𝑣𝑖. The variables 𝑢𝑟 and 𝑣𝑖 are the weights for 

the rth output and ith input, respectively and their values are determined as the solution 

of the nonlinear (fractional) Model (1). 𝑦𝑟𝑜 and 𝑥𝑖𝑜 are the rth output and ith input of the 

DMUo, respectively. Apart from the non-negativity constraints of the decision variables 

(𝑢𝑟 ≥  0 and 𝑣𝑖 ≥  0), the optimization is done subject to getting the ratios of weighted 

sum outputs to the weighted sum of inputs for all DMUs less than or equal to one. The 

efficiency score determined by this optimization problem is the maximum possible 

efficiency score for each DMU.  

    

 

max
∑ 𝑢𝑟

𝑠
𝑟=1 𝑦𝑟𝑜

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜

s. t.
∑ 𝑢𝑟

𝑠
𝑟=1 𝑦𝑟𝑗

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑗

≤ 1  𝑗 = 1, 2, … , 𝑛,

𝑢𝑟 ≥ 0 𝑟 = 1, 2, … , 𝑠,

𝑣𝑖  ≥ 0  𝑖 = 1, 2, … , 𝑚.

  (1) 

 

To solve the fractional Model (1), Charnes et al. (1978) first converted it to a 

linear program. This transformation was achieved using the popular Charnes–Cooper 

transformation, based on the theory developed previously by Charnes and Cooper 

(1962). The following discussions provide a summary of the Charnes–Cooper 

transformation. In this approach, a linear fractional model with one fraction in the 

objective function can be shown as follows (Charnes and Cooper, 1962):  

 

 
max

𝒄𝑇𝒙+𝛼

𝒅𝑇𝒙+𝛽

s. t. 𝑨𝒙 ≤ 𝒃  
𝒙 ≥ 𝟎.

                               (2) 

 

where A is an 𝑚 × 𝑛 matrix of constants, b is an 𝑚 × 1 vector of constants, x is an 

𝑛 × 1 vector of variables, 𝒄𝑇and 𝒅𝑇 are the transpose of the 𝑛 × 1 vectors of 

coefficients c and d, respectively, and 𝛼 and 𝛽 are scalar constants. With the 

transformation of variables, 𝑦 ≡ 𝑡𝑥 and 𝑑𝑇𝑦 + 𝛽𝑡 = 𝛾 where 𝑡 >0 and 𝛾 ≠ 0 and 

multiplying numerator and denominator of the ratio in the objective function and both 

sides of the constraints by t, the fractional Model (2) is changed to its linear 

programming form Model (3). 
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max 𝒄𝑇𝒚 + 𝛼𝑡 

s. t. 𝑨𝒚 − 𝒃𝑡 ≤ 0    

𝒅𝑇𝒚 + 𝜷𝑡 = 𝛾 

𝒚 ≥ 0      

𝑡 > 0.

                     (3) 

 

This transformation is applicable to problems with only one ratio in the objective 

function. This is the case with the efficiency evaluation problem defined in the 

fractional DEA Model (1). Therefore, with the use of the same theory, the equivalent 

linear formulation for Model (1) was developed and shown in Charnes et al. (1978). 

Since then, Charnes–Cooper transformation has been used in the development of many 

DEA models with one ratio in the objective function. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



4 

 

2. Problem definition and objectives of the thesis  

 

However, the aim of this thesis is to examine situations where the overall performance 

indicator is made from the combination of ratios more than one, and the performance 

can be defined as the sum of two or more linear fractions. Unfortunately, such problems 

cannot be converted into a linear program using the Charnes-Cooper transformation. 

With this in mind, the thesis specifically focuses on three different areas of: 

(i) the joint measurement of the efficiency and effectiveness,  

(ii) the joint measurement of the technical and ecological efficiencies, and  

(iii) the joint measurement of the efficiencies of the stages 1 and 2 of a DMU 

with two-stage.  

Unlike the efficiency ratio in Model (1) which consists of one ratio, the problems that 

are the focus of this thesis have objective functions of the forms below: 

 

 max Efficiency ratio +  Effectiveness ratio                                   (4) 
 

 max Technical efficiency ratio +  Ecological efficiency ratio   (5) 
 

 max Efficiency ratio of stage 1 +  Efficiency ratio of stage 2   (6) 
 

At first glance, replacing one ratio in the objective function of Model (1) with any 

of the functions defined in (4)-(6) does not look challenging. However, by investigating 

optimization theory, and especially fractional programming, it is clear that the 

maximization of the sum of ratios is not a simple problem.  

Fractional programming is: “the problem of optimizing one or several ratios of 

functions” (Schaible and Shi, 2003; p. 219). In many applications, researchers have 

been primarily interested in maximizing a ratio of a concave and a convex function, 

since a function of this type is semi-strictly quasi-concave and, therefore, the solution is 

always a global maximum (Schaible and Shi, 2003). After originally being developed to 

deal with only one ratio, fractional programming has later received a growing attention 

by being able to consider several ratios (Ashtiani and Ferreira, 2015). 

There is an extensive literature in fractional programming with a focus on the sum 

of linear ratios problem (SLR). Unfortunately, with the sum of concave–convex ratios, 

there might be several local optima which are not the global optimal solutions (Yanjun 

et al., 2005; Benson, 2010). This makes SLR one of the most difficult problems in 
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fractional programming (Schaible and Shi, 2003) and even the sum of only one 

concave–convex ratio with a concave function is proved to be NP-hard (Freund and 

Jarre, 2001; Schaible and Shi, 2003). The same result has been reported in Lim and Zhu 

(2013, p. 277) who argue that “the sum of two quasi-convex functions is not necessarily 

quasi-convex in general”.  

Thus, as mentioned by Yanjun et al. (2005), optimization of SLR is a special case 

of fractional programming which is being researched in the area of the nonlinear 

optimization. The interest to research in this area has been growing in light of the large 

variety of application domains and the computational challenges faced in solving this 

problem. Indeed, the SLR problem has broad application in “management science, 

system engineering, optimization designing, transportation planning, finance and 

investment, bond portfolio optimization, cluster analysis, engineering optimization, 

geometric application, computer vision, biodiversity conservation and data envelopment 

analysis” (Jiao and Liu, 2015, p. 723). 

The problem of optimizing the sum of p linear ratios is shown by Yanjun et al. 

(2005) as in (7) and (8). 

 

 
min ℎ(𝑥) = ∑ ℎ𝑗(𝑥)𝑝

𝑗=1 = ∑
𝒅𝑗

𝑇𝒙+𝑑𝑗𝑜

𝒄𝑗
𝑇𝒙+𝑐𝑗𝑜

𝑝
𝑗=1

s. t. 𝑨𝒙 ≤ 𝒃  
𝒙 ≥ 𝟎.

  (7) 

 

 
max ℎ(𝑥) = ∑ ℎ𝑗(𝑥)𝑝

𝑗=1 = ∑
𝒅𝑗

𝑇𝒙+𝑑𝑗𝑜

𝒄𝑗
𝑇𝒙+𝑐𝑗𝑜

𝑝
𝑗=1

s. t. 𝑨𝒙 ≤ 𝒃  
𝒙 ≥ 𝟎.

  (8) 

 

where p is a positive integer value and the problem with only one fraction, i.e., 𝑝 =1, is 

a typical fractional programming problem which can be converted to a linear program 

using the Charnes-Cooper transformation. The wide range of applications has led to the 

emergence of many global optimization approaches to solve the associated problems. 

Different solution approaches to solve the SLR problem include “parametric simplex 

method, outer approximation method, image space method, unified monotonic 

approach, interior point algorithm, heuristic method, simplicial branch and bound 
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duality-bounds algorithm, concave minimization method, branch and cut technique and 

branch and bound algorithm” (Jiao and Liu, 2015, p. 723).  

Returning to DEA models, when a model is based on maximizing a linear ratio, 

e.g. Model (1), it belongs to the class of quasi-convex optimization problems and can be 

solved with either the existing efficient fractional programming algorithms or after 

Charnes–Cooper transformation (Lim and Zhu, 2013). However, objective functions 

defined in (4)-(6) do not belong to this class. The three problems that are the focus of 

this research (the joint measurements of the efficiency and effectiveness, the technical 

and ecological efficiencies and the efficiencies of the stages 1 and 2 of a DMU with 

two-stage structure) are popular research topics within DEA literature but only limited 

consideration has been given to the problem of optimizing the sum of a number of linear 

fractions. For example, papers in the general area of the optimizing sum of linear ratios 

in optimization theory are rarely related to these topics, although the two are closely 

related.   

That said, Liang et al. (2006) and Lim and Zhu (2013) have suggested the use of a 

parametric linear program in the joint measurement of the efficiencies of the supplier 

and the buyer in a supply chain (a DMU with two-stage structure), and the joint 

measurement of the efficiency and effectiveness, respectively. These are two of the few 

papers relating DEA with the SLR problem since the parametric linear program is one 

of the solution approaches to solve the SLR problem reported by Jiao and Liu (2015). 

However, it is clear that the algorithm proposed in Liang et al. (2006) and Lim and Zhu 

(2013) require the researcher to follow many steps and solve a sequence of multiple 

linear programs. Moreover, the heuristic search solution used by Liang et al (2006) and 

Lim and Zhu (2013) is likely to have estimation errors. 

As a result, this thesis considers the three problems of the joint measurement of 

(1) the efficiency and effectiveness, (2) technical and ecological efficiencies and (3) 

stages 1 and 2 of a two-stage process from the SLR problem perspective. It will 

demonstrate that these problems are a special class of the SLR problem and can be 

solved by a new and more efficient approach. Unlike Liang et al. (2006) and Lim and 

Zhu (2013), the author will not use the parametric linear program - with its many steps 

and its sequence of many linear programs to solve these problems. Instead, this thesis 

demonstrates the mapping of these problems using the goal programming (GP) 

approach. GP is easy to understand and to apply since it is based on linear mathematical 

programming (Aouni and Kettani, 2001). It will be shown that the proposed GP model 
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is more efficient than the parametric linear program and can solve the same sorts of 

problems with only one linear program (instead of a sequence of linear programs) and 

without estimation error. Therefore, the proposed GP model will be applied to solve the 

three problems described above.  

The remainder of this overview section is organized as follows. In section 3, the 

problems of the joint measurement of the efficiency and effectiveness, the technical and 

ecological efficiencies and the efficiencies of the stages 1 and 2 of a two-stage process 

are exposed, and the basics are addressed. In section 4, GP and its variations are 

introduced. Some of the applications of GP together with DEA are also discussed in this 

section. In Section 5 a summary of the articles that have been published or are under 

review is provided. Section 6 concludes by highlighting the contributions of the thesis 

to the knowledge.  
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3. The sum of linear ratios (SLR) problem and its link with DEA 

 

This section, together with the three subsections that follow, introduces the three 

application areas for the developed GP model. As such it aims to provide a more 

detailed understanding of the objectives of the thesis. It should be noted that, in order to 

avoid confusion for the reader, the formulae are presented using the same notations as 

found in the original articles that form part of this overall thesis. 

  

3.1 The joint measurement of the efficiency and the effectiveness 

Chiou et al. (2010) developed a DEA model to jointly measure the efficiency and 

effectiveness of non-storable commodities such as transport services. To represent the 

potential conflict between the ratios of the efficiency and effectiveness, and to jointly 

measure and optimize the resultant overall performance, they introduced a nonlinear 

DEA model. Within this model, the technical efficiency is the ratio of the weighted sum 

of outputs to the weighted sum of inputs. The service effectiveness is defined as the 

ratio of the weighted sum of consumptions to the weighted sum of outputs. Thus, 

technical efficiency measures the ability of DMUs in transforming the resources to 

productions while service effectiveness is about transforming productions to 

consumptions. There is also a third dimension in evaluating the overall performance of 

the DMUs, i.e. the technical effectiveness, which is the ratio of the consumptions to 

inputs. These three ratios were initially discussed and used with Fielding (1987).  

 Whilst other studies which also suggest decomposing the overall performance to 

its efficiency and effectiveness components include: Karlaftis (2004), Chiou and Chen 

(2006), Keh et al. (2006), Lan and Lin (2006), Chiou et al. (2007), Yu and Lin (2008), 

Yu (2008), Yu and Lee (2009), Yu and Fan (2009), Hsieh and Lin (2010), Wu et al. 

(2013), Huang et al. (2014) and Wong et al. (2015).  However, the work of Chiou et al. 

(2010) has been used as the basis for this research because these authors have developed 

an integrated DEA model to jointly measure technical efficiency, service effectiveness, 

and technical effectiveness. This is perceived to be not only a sophisticated approach 

but also one that will have particular benefit for the users of the resultant models as they 

are more reflective of reality. 

With the joint measurement of these three measures in the nonlinear model 

developed by Chiou et al. (2010), the optimal weights of the input, output and 

consumption factors are determined simultaneously. However, given that output factors 
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appear in the numerator of the technical efficiency ratio and the denominator of the 

service effectiveness ratio, this leads to a conflict between these two ratios. For 

example, larger values of the production represent better technical efficiency but 

potentially lead to worsening the service effectiveness. Figure 1 (taken from Chiou et al. 

(2010)) represents the joint measurement of the efficiency and effectiveness.  

 

 
Figure 1. The joint measurement of the efficiency and the effectiveness Chiou et al. (2010, p.478) 

 

Model (9) was developed by Chiou et al. (2010) to simultaneously optimize 

(maximize) the technical efficiency and service effectiveness of the DMU under 

evaluation. Optimization is achieved by choosing the best possible values for the 

decision variables 𝑣𝑗 , 𝑢𝑟 and 𝑤𝑠 which are the weights of the inputs, productions and 

consumptions, respectively. The objective function of the model has a value between 

zero and 2 and the DMU is said to be efficient and effective if: 
∑ 𝑢𝑟

∗𝑦𝑘𝑟
𝑅
𝑟=1

∑ 𝑣𝑗
∗𝐽

𝑗=1 𝑥𝑘𝑗 

+

∑ 𝑤𝑠
∗𝑆

𝑠=1 𝑧𝑘𝑠

∑ 𝑢𝑟
∗𝑦𝑘𝑟

𝑅
𝑟=1

=2. Note that 𝑥𝑘𝑗 , 𝑦𝑘𝑟 and 𝑧𝑘𝑠 denote the jth input, the rth output and the sth 

consumption associated with the DMU k, respectively.  

 

 

max
∑ 𝑢𝑟𝑦𝑘𝑟

𝑅
𝑟=1

∑ 𝑣𝑗
𝐽
𝑗=1

𝑥𝑘𝑗 

+
∑ 𝑤𝑠

𝑆
𝑠=1 𝑧𝑘𝑠

∑ 𝑢𝑟𝑦𝑘𝑟
𝑅
𝑟=1

 

s. t. ∑ 𝑢𝑟𝑦𝑖𝑟
𝑅
𝑟=1 ≤ ∑ 𝑣𝑗

𝐽
𝑗=1 𝑥𝑖𝑗  𝑖 = 1, 2, … , 𝐼,

∑ 𝑤𝑠
𝑆
𝑠=1 𝑧𝑖𝑠 ≤ ∑ 𝑢𝑟𝑦𝑖𝑟

𝑅
𝑟=1  𝑖 = 1, 2, … , 𝐼,

𝑣𝑗 ≥ 0 𝑗 = 1, 2, … , 𝐽,

𝑤𝑠 ≥ 0 𝑠 = 1, 2, … , 𝑆,

𝑢𝑟 ≥ 0 𝑟 = 1, 2, … , 𝑅.

  (9) 

 

Service 

effectiveness 
 

  
Technical 

efficiency 

Outputs (production) 

Technical 

effectiveness 

Outputs (consumption) 

Inputs 
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This nonlinear model can also be rewritten in the following form (Chiou et al., 

2010): 

 

 

max (∑ 𝑢𝑟𝑦𝑘𝑟
𝑅
𝑟=1 )(∑ 𝑢𝑟𝑦𝑘𝑟

𝑅
𝑟=1 ) + (∑ 𝑤𝑠

𝑆
𝑠=1 𝑧𝑘𝑠)(∑ 𝑣𝑗

𝐽
𝑗=1 𝑥𝑘𝑗 )

s. t. (∑ 𝑣𝑗
𝐽
𝑗=1 𝑥𝑘𝑗 )(∑ 𝑢𝑟𝑦𝑘𝑟

𝑅
𝑟=1 ) = 1 

∑ 𝑢𝑟𝑦𝑖𝑟
𝑅
𝑟=1 ≤ ∑ 𝑣𝑗

𝐽
𝑗=1 𝑥𝑖𝑗  𝑖 = 1, 2, … , 𝐼,

∑ 𝑤𝑠
𝑆
𝑠=1 𝑧𝑖𝑠 ≤ ∑ 𝑢𝑟𝑦𝑖𝑟 𝑅

𝑟=1  𝑖 = 1, 2, … , 𝐼,

𝑣𝑗 ≥ 0 𝑗 = 1, 2, … , 𝐽,

𝑤𝑠 ≥ 0 𝑠 = 1, 2, … , 𝑆,

𝑢𝑟 ≥ 0 𝑟 = 1, 2, … , 𝑅.

  (10) 

 

In a key part of their paper, Chiou et al. (2010) provided a proof that the values of 

𝑣𝑗 , 𝑢𝑟 and 𝑤𝑠 determined by the nonlinear Programs (9) or (10) are the global optimum 

and not the local optimum. Since all the constraints of the Model (9) are linear, Chiou et 

al. (2010) only investigated the concavity or convexity of the nonlinear objective 

function of the Model (9). They used the bordered Hessian matrix and proved that the 

objective function is concave and that it satisfies the requirements for the global 

solution of the nonlinear model. In other words, they proved that Model (9) is a convex 

optimization problem.  

It is important to note that each local optimum is globally optimal in convex 

optimization and to solve these problems efficient and reliable algorithms are provided 

in the literature (Lim and Zhu, 2013). However, Lim and Zhu (2013) have strongly 

argued against this proof. These authors suggest that Chiou et al. (2010) have not used 

the Hessian matrix correctly and Model (9) is actually a non-convex optimization 

problem. The usability of the model has, therefore, been called into question due to the 

lack of an efficient algorithm to solve it. In order to solve this nonlinear model, Lim and 

Zhu (2013) converted the model into a parametric linear program and then used a 

heuristic technique to approximate the global solution.  

Model (11) is the parametric linear model of Lim and Zhu (2013). This model is 

obtained after some transformation steps of the nonlinear Model (9). The model is 

shown in its vector form. 
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max 𝑐1
𝑇𝑦𝑘 + 𝜇𝑇𝑧𝑘

s. t. 𝑐1
𝑇𝑦𝑖 ≤ 𝜔𝑇𝑥𝑖  𝑖 = 1, 2, … , 𝐼,

𝜇𝑇𝑧𝑖 ≤ ℎ𝑐1
𝑇𝑦𝑖 𝑖 = 1, 2, … , 𝐼,

𝜔𝑇𝑥𝑘 = 1  

ℎ𝑐1
𝑇𝑦𝑘 = 1

𝜇 ≥ 0

𝜔 ≥ 0
𝑐1 ≥ 0 

ℎ > 0.

  (11) 

 

By considering h as a parameter, Model (11) is solved as a linear program. The 

lower and upper bounds of h are determined by running three different linear programs. 

The Model (11) is solved several times with different values of the parameter h. In the 

initial run of the model, the upper bound determined in the previous step is set as the 

value of h. The value of h is then decreased by the small positive number 𝜀 (say 

𝜀 = 0.01) each step and the model is run with the new h. This process is continued till 

the model is run with the lower bound h. After several runs of the model with different 

values of h, the largest objective function value is determined as the best heuristic 

solution of the model. It should be noted, however, that this sort of solution procedure is 

likely to have estimation errors, and with smaller values of ε the solution of the heuristic 

search will improve (Liang et al., 2006). Apart from the estimation error, to 

approximate the global optimal solution, it is necessary to go through many steps and 

run a sequence of many linear programs.  

Nevertheless, the problem discussed in this section is, indeed, an SLR problem. 

The objective function of the Model (9) is the sum of two ratios  

∑ 𝑢𝑟𝑦𝑘𝑟
𝑅
𝑟=1

∑ 𝑣𝑗
𝐽
𝑗=1 𝑥𝑘𝑗 

 and 
∑ 𝑤𝑠

𝑆
𝑠=1 𝑧𝑘𝑠

∑ 𝑢𝑟𝑦𝑘𝑟
𝑅
𝑟=1

. With this in mind, Article 1 of this thesis considers this 

problem in some depth. It demonstrates how this problem can be mapped into a GP 

search procedure, and thereby achieves solutions with only one linear program and 

without incurring the estimation error of the heuristic search procedure of the parametric 

linear program approach.  

 

3.2 The joint measurement of the technical and ecological efficiencies 

Social and environmental sustainability and achievements are often said to be in conflict 

with the economic sustainability since measures to increase a country’s gross national 

product (GNP) may well damage the environment and the social capital (Korhonen and 
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Luptacik, 2004). This argues for the development of new approaches which can 

consider both environmental and the economic factors in measuring the performance of 

the entities. The simultaneous production of desirable outputs (production of goods, 

profit, etc.) and undesirable pollutants (undesirable outputs) has created the need to 

measure the eco, ecological or environmental efficiencies at the same time as the 

technical (operational) efficiency. The question is no longer how much more we can 

produce with fewer resources (inputs), but rather the amount of environmental impacts 

should be taken into consideration. The question and the focus have thus shifted to the 

creation of more desirable outputs with fewer inputs and undesirable by-products.  

Technical efficiency can be calculated by means of the ratio of the outputs to the 

inputs. On the other hand, ecological efficiency is the ratio of desirable outputs to 

undesirable outputs. This is consistent with the definition of the ecological efficiency 

which is the ratio of the added value of products or services to their added 

environmental damage (Korhonen and Luptacik, 2004; Kuosmanen and Kortelainen, 

2005; Zhang et al., 2008; Kortelainen, 2008; Lee and Farzipoor Saen, 2012). A larger 

value of this ratio indicates the better environmental performance of an entity or activity 

(Kortelainen, 2008). In short, ecological efficiency can be seen as creating more value 

with less environmental damage. The combination of these two measures, i.e. the 

technical and ecological efficiencies, is called eco-efficiency (Korhonen and Luptacik, 

2004; Kuosmanen and Kortelainen, 2005; Zhang et al., 2008). 

Korhonen and Luptacik (2004) have introduced two major approaches to the 

inclusion of undesirable outputs in the efficiency measurement of the DMUs. In the first 

approach, the efficiency measurement problem is decomposed into two parts by 

measuring technical efficiency as the ratio of the weighted sum of desirable outputs to 

the weighted sum of inputs, whilst ecological efficiency is the ratio of the weighted sum 

of desirable outputs to the weighted sum of undesirable outputs. These ratios of the 

technical and ecological efficiencies are used by Korhonen and Luptacik (2004) as the 

objective functions of the two separate linear programs and are optimized separately. 

Models (12) and (13) are the technical and ecological efficiency models. They are 

shown in their fractional forms and can be converted into linear programs using the 

Charnes–Cooper transformation.  ∑ 𝑢𝑟𝑦𝑟𝑜
𝑔𝑠

𝑟=1 , ∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜, ∑ 𝜇𝑘

𝑝
𝑘=1 𝑦𝑘𝑜

𝑏 , represent the 

weighted sum of desirable outputs, the weighted sum of inputs and the weighted sum of 

undesirable outputs for the DMU under evaluation, respectively.   
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max
∑ 𝑢𝑟𝑦𝑟𝑜

𝑔𝑠
𝑟=1

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜

s. t.
∑ 𝑢𝑟𝑦𝑟𝑗

𝑔𝑠
𝑟=1

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑗

≤ 1  𝑗 = 1, 2, … , 𝑛,

𝑣𝑖 ≥ 0 𝑖 = 1, 2, … , 𝑚,

𝑢𝑟 ≥ 0 𝑟 = 1, 2, … , 𝑠.

  (12) 

 

 

max
∑ 𝑢𝑟𝑦𝑟𝑜

𝑔𝑠
𝑟=1

∑ 𝜇𝑘
𝑝
𝑘=1

𝑦𝑘𝑜
𝑏  

s. t.
∑ 𝑢𝑟𝑦𝑟𝑗

𝑔𝑠
𝑟=1

∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑗

𝑏 ≤ 1  𝑗 = 1, 2, … , 𝑛,

𝑢𝑟 ≥ 0 𝑟 =  1, 2, … , 𝑠,

𝜇𝑘 ≥ 0 𝑘 = 1, 2, … , 𝑝.

  (13) 

 

After running Models (12) and (13) the eco-efficiency is then defined and 

measured as the combination of the technical and ecological efficiency indicators. Eco-

efficiency is measured with running of the third linear program which uses the technical 

and ecological efficiencies as the output factors of the new DEA model with a dummy 

input factor. The values of the technical and ecological efficiencies are provided from 

the first two linear programs, and the value of the dummy input factor is considered 1 

for all DMUs. 

The second approach of Korhonen and Luptacik (2004) is based on the idea of 

simultaneously taking both desirable and undesirable outputs into account. They 

discussed three different possibilities as the eco-efficiency ratio: 

1. The eco-efficiency ratio is defined as the ratio of the weighted sum of all 

outputs (desirable and undesirable) to the weighted sum of inputs, but 

undesirable outputs have appeared in the numerator with the negative sign. 

The objective function is shown as: 
∑ 𝑢𝑟𝑦𝑟𝑜

𝑔
−∑ 𝜇𝑘

𝑝
𝑘=1 𝑦𝑘𝑜

𝑏𝑠
𝑟=1

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜

. 

2. For the second definition, undesirable outputs are simply considered and 

modeled as inputs. Using this assumption, eco-efficiency ratio can be 

defined as: 
∑ 𝑢𝑟𝑦𝑟𝑜

𝑔𝑠
𝑟=1

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜+∑ 𝜇𝑘

𝑝
𝑘=1 𝑦𝑘𝑜

𝑏 . 

3. In the third approach, the eco-efficiency ratio is defined as the ratio of the 

weighted sum of desirable outputs minus the weighted sum of inputs over 

the weighted sum of undesirable outputs. This leads to: 

∑ 𝑢𝑟𝑦𝑟𝑜
𝑔𝑠

𝑟=1 −∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜

∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑜

𝑏 . 
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The models addressed in Korhonen and Luptacik (2004) have been applied by 

Zhang et al. (2008) in measuring the eco-efficiency of the regional industrial systems in 

China, by Yin et al. (2014) in measuring urban sustainable development in China and 

by Lábaj et al. (2014) in measuring the economic performance of 30 European 

countries.  

A similar decomposition of the efficiency (Models 14 and 15) can also be seen in 

Färe et al. (1996) where they measured the environmental performance indicator by 

decomposing the overall performance into a pollution index and an input-output 

efficiency index.  

 

 

min 𝜌

s. t. ∑ 𝑧𝑘𝑥𝑛
𝑘𝐾

𝑘=1 ≤ 𝜌𝑥𝑛
𝑘′

  𝑛 = 1, 2, … , 𝑁,

∑ 𝑧𝑘𝑦𝑚
𝑘𝐾

𝑘=1 ≥ 𝑦𝑚
𝑘′

 𝑚 = 1, 2, … , 𝑀,    

∑ 𝑧𝑘𝑤𝑗
𝑘𝐾

𝑘=1 = 𝑤𝑗
𝑘′

  𝑗 = 1, 2, … , 𝐽,

𝑧𝑘 ≥ 0 𝑘 = 1, 2, … , 𝐾.

  (14) 

 

 

min 𝜎

s. t. ∑ 𝑧𝑘𝑥𝑛
𝑘𝐾

𝑘=1 ≤ 𝜎𝑥𝑛
𝑘′

  𝑛 = 1, 2, … , 𝑁,

∑ 𝑧𝑘𝑦𝑚
𝑘𝐾

𝑘=1 ≥ 𝑦𝑚
𝑘′

 𝑚 = 1, 2, … , 𝑀,      

𝑧𝑘 ≥ 0 𝑘 = 1, 2, … , 𝐾.

  (15) 

 

The values of 𝜌 and 𝜎 are between 0 and 1. As Färe et al. (1996) explained, Model 

(14) is restricted to taking the undesirable outputs into account, and its degree of 

freedom is less than Model (15). Therefore 𝜎 ≥ 𝜌. After running two linear Models (14) 

and (15), the environmental indicator is then calculated as: 
𝜌

𝜎
. The equality sign in the 

constraint ∑ 𝑧𝑘𝑤𝑗
𝑘𝐾

𝑘=1 = 𝑤𝑗
𝑘′

is due to the weak disposabilty of undesirable outputs. This 

assumption regarding undesirable outputs indicates that decreasing the amount of the 

pollution is not freely possible, and it requires either increasing amounts of inputs or 

decreasing the production of desirable outputs. In other words, undesirable outputs 

cannot freely and without cost be disposed (Korhonen and Luptacik, 2004). The logic 

behind this equality sign, as well as the modelling of weak versus strong disposability of 

undesirable outputs, has been a controversial topic in Färe et al. (1989), Hailu and 

Veeman (2001), Färe and Grosskopf (2003), Hailu (2003) and Kuosmanen (2005).  

To get a better insight into the Models (14) and (15), the dual of these models is 

shown below: 
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max ∑ 𝑢𝑟𝑦𝑟𝑜
𝑔𝑠

𝑟=1 + ∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑜

𝑏

s. t. ∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜 =  1   

∑ 𝑢𝑟𝑦𝑟𝑗
𝑔𝑠

𝑟=1 + ∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑗

𝑏 − ∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑗 ≤ 0 𝑗 = 1, 2, … , 𝑛,

𝑣𝑖 ≥ 0  𝑖 = 1, 2, … , 𝑚,

𝑢𝑟 ≥ 0 𝑟 = 1, 2, … , 𝑠,

𝜇𝑘  free in sign 𝑘 = 1, 2, … , 𝑝.

  (16) 

 

 

max ∑ 𝑢𝑟𝑦𝑟𝑜
𝑔𝑠

𝑟=1

s. t. ∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜 = 1

∑ 𝑢𝑟𝑦𝑟𝑗
𝑔𝑠

𝑟=1 − ∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑗 ≤ 0                           𝑗 = 1, 2, … , 𝑛,

𝑣𝑖 ≥ 0 𝑖 = 1, 2, … , 𝑚,

𝑢𝑟 ≥ 0 𝑟 = 1, 2, … , 𝑠.

  (17) 

 

It will, therefore, be appreciated that the problem discussed in this section is also 

an SLR problem given that the eco-efficiency, as the combination of the technical and 

ecological efficiencies, can be defined as 
∑ 𝑢𝑟𝑦𝑟𝑜

𝑔𝑠
𝑟=1

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜

+
∑ 𝑢𝑟𝑦𝑟𝑜

𝑔𝑠
𝑟=1

∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑜

𝑏 . Thus, the maximization 

of the eco-efficiency requires maximization of the sum of two ratios of the technical 

efficiency (
∑ 𝑢𝑟𝑦𝑟𝑜

𝑔𝑠
𝑟=1

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜

) and the ecological efficiency (
∑ 𝑢𝑟𝑦𝑟𝑜

𝑔𝑠
𝑟=1

∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑜

𝑏 ).  

A solution to this problem using the developed GP model is demonstrated in 

Article 2, with important extensions in Articles 3 and 4. The key contribution of these 

articles is the development of a GP based DEA model that is able to measure technical, 

ecological and eco-efficiency indicators with significantly less computational 

complexity than the related models found in the literature to date. The papers also 

demonstrate that the resultant eco-efficiency score determined using the developed GP 

model is more valid than the eco-efficiency score measured using the relevant models in 

the literature. This is achieved through an improved combination of the technical and 

ecological efficiency objectives. Unlike the conventional models, the GP based DEA 

model developed in this research identifies DMUs as being eco-efficient if, and only if, 

they are both technically and ecologically efficient. 

 

3.3 The joint measurement of efficiencies of stages 1 and 2 of a two-stage process 

Two-stage DEA models are used to evaluate the efficiency of the processes which are 

made up of two separate and distinct stages. The first stage of such a two-stage process 

consumes some inputs and produces some outputs. The outputs of the first stage are 

then used as the inputs to the second stage, and are called the intermediate measures. 
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The main difficulty in the modelling and measurement of the efficiency of such two-

stage processes arises from the presence of the intermediate measures since larger 

values of these measures represent the better performance of the first stage and worse 

performance of the second stage. Thus, conventional DEA models reflect a ‘black box’ 

approach and do not relate the sources of the inefficiency of the process to its different 

stages.  However, recently developed two-stage DEA models are capable of measuring 

the efficiency of the two-stage processes and, in this way, are able to address the 

conflicting presence of the intermediate measures between the stages (Cook et al., 

2010). By using the two-stage DEA models the black box is opened, and benchmarking 

from the best practices can also be achieved by looking in greater depth at the source of 

the inefficiencies.   

A two-stage process for a set of n DMUs is shown in Figure 2. Each DMUj (𝑗 = 1,

2, … , 𝑛) uses m inputs 𝑥𝑖𝑗 , 𝑖 = 1, 2, … , 𝑚 in the first stage, and produces D outputs 

𝑧𝑑𝑗 , 𝑑 = 1, 2, … , 𝐷. All the outputs of the first stage then become the inputs of the 

second stage to produce s outputs 𝑦𝑟𝑗 , 𝑟 = 1, 2, … , 𝑠. As explained above, the outputs 

of the first stage which are the inputs of the second stage are generally referred to as the 

intermediate measures. For the modelling purposes, we use the notations used in Liang 

et al. (2008) and Cook et al. (2010).  

 

 

Figure 2. Two-stage process; Liang et al. (2008) and Cook et al. (2010)  

 

The efficiency of the first stage (𝑒𝑗
1) and the second stage (𝑒𝑗

2) can be defined as 

follows:  

 

 𝑒𝑗
1 =

∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑗

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑗

  (18) 

 

 𝑒𝑗
2 =

∑ 𝑢𝑟𝑦𝑟𝑗
𝑠
𝑟=1

∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑗

  (19) 

 

Stage 1 Stage 2 

DMUj, 𝑗 = 1, 2, … , 𝑛 

𝑥𝑖𝑗 , 𝑖 = 1, 2, … , 𝑚 𝑧𝑑𝑗, 𝑑 = 1, 2, … , 𝐷 

 

𝑦𝑟𝑗 , 𝑟 = 1, 2, … , 𝑠 
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where 𝑣𝑖, 𝑤𝑑, and 𝑢𝑟 are the weights of the inputs, intermediate measures, and outputs, 

respectively. The optimal values of these unknown decision variables can be determined 

using a linear program. As in Liang et al. (2008) and Cook et al. (2010), the weights of 

the intermediate measures in the two different ratios (18) and (19) are set equal. It is 

possible to run two separate linear programs to measure the efficiency of the stages 1 

and 2. Models (20) and (21) can be used for this purpose. 

 

 

max 𝑒𝑜
1∗ = ∑ 𝑤𝑑

𝐷
𝑑=1 𝑧𝑑𝑜

s. t. ∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜 = 1 

∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑗 − ∑ 𝑣𝑖

𝑚
𝑖=1 𝑥𝑖𝑗 ≤ 0 𝑗 = 1, 2, … , 𝑛,

𝑤𝑑 ≥ 0 𝑑 = 1, 2, … , 𝐷,

𝑣𝑖 ≥ 0 𝑖 = 1, 2, … , 𝑚.

  (20) 

 

 

max 𝑒𝑜
2∗ = ∑ 𝑢𝑟𝑦𝑟𝑜

𝑠
𝑟=1

s. t. ∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑜 = 1 

∑ 𝑢𝑟𝑦𝑟𝑗 −𝑠
𝑟=1 ∑ 𝑤𝑑

𝐷
𝑑=1 𝑧𝑑𝑗 ≤ 0 𝑗 = 1, 2, … , 𝑛,

𝑢𝑟 ≥ 0 𝑟 = 1, 2, … , 𝑠,

𝑤𝑑 ≥ 0 𝑑 = 1, 2, … , 𝐷.

  (21) 

 

The overall efficiency of the two-stage process can be defined as 1 2⁄ (𝑒𝑗
1 + 𝑒𝑗

2) or 

𝑒𝑗
1 × 𝑒𝑗

2 (Liang et al., 2008; Cook et al., 2010). However, this way of measuring the 

efficiency of the stages, as well as the overall efficiency, does not reflect the conflict 

between the stages. This conflict is as a result of having ∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑗 both in the 

numerator of the efficiency ratio of the first stage and also in the denominator of the 

efficiency ratio of the second stage. In order to improve the efficiency of a DMU in the 

first stage, it may be suggested that its outputs 𝑧𝑑𝑜 be increased, but to do so might 

decrease the efficiency of the second stage. With this challenge in mind, different ways 

of modeling and measuring the efficiencies of the stages 1 and 2 of a two-stage process 

can be seen in Seiford and Zhu (1999), Liang et al. (2006), Liang et al. (2008), Kao and 

Hwang (2008), Chen et al. (2010), Chen et al. (2009), Cook et al. (2010), Li et al. 

(2012), Wang et al. (2014). A summary of these has been offered by Cook et al. (2010) 

who reviewed the relevant two-stage DEA models found in the literature and noted that 

they can be solved using either the cooperative or the non-cooperative models 

introduced by Liang et al. (2008).  



18 

 

Based on the approach of Liang et al. (2008), a number of steps are required to 

measure the overall efficiency as well as the efficiency scores of each step. Briefly, if 

the efficiency of the first step is assumed to be more important, one linear program is 

solved first in order to measure its efficiency score, and then the optimal solutions of 

this model are used in the second linear program and the efficiency score of the second 

stage thus measured. If the efficiency of the second stage is considered more important, 

a similar process measures the efficiency of the second stage first and then uses the 

optimal solutions in the second linear program to measure the efficiency of the first 

stage. These two methods of modeling are called the non-cooperative approaches to the 

measurement of the efficiency of the processes. On the other hand, if both stages are 

considered to have equal importance, then the process is called a cooperative model, 

and this obtains the optimal weights of the intermediate measures to maximize the 

efficiency scores of both stages simultaneously.  

In practice, operationalizing the cooperative and non-cooperative approaches 

requires running five different linear programs which are based on the cooperative and 

non-cooperative assumptions, and that can clearly be cumbersome and time-consuming.  

It will also be noted that maximizing the overall efficiency of a two-stage process is also 

an SLR problem given that the overall efficiency is the sum of efficiencies of the stages 

1 and 2. The purpose is to maximize 
∑ 𝑤𝑑

𝐷
𝑑=1 𝑧𝑑𝑗

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑗

+
∑ 𝑢𝑟𝑦𝑟𝑗

𝑠
𝑟=1

∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑗

.  

In Article 5, it is shown that how this problem can be solved with the developed 

GP solution procedure. The key contribution of this article is to demonstrate how the 

five different linear programs used in the cooperative and non-cooperative models can 

be replaced with only one linear GP model. This has clear benefits in terms of 

simplicity and in reduced computational time. Apart from the theoretical developments 

in this article, the paper also contributes to the application of the DEA models by 

introducing an efficient way of solving DEA models in the spreadsheet. 

In Article 6, the multiple criteria DEA (MCDEA) approach is used to improve the 

discrimination power of the GP based two-stage DEA model developed in Article 5. 

The outcome is a multiple criteria two-stage DEA model which yields more realistic 

weights for the inputs and outputs and has better discrimination power than traditional 

two-stage DEA models. The detailed contributions of all the above articles are provided 

in subsections 5.1-5.6. 
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4. Goal programming and its mathematical formulations  

  

As has been explained in Section 3, the use of the GP approach has clear benefits over 

existing methods for solving SLR type problems of DEA in that it is more 

computationally efficient and is free of estimation error. In this section, the GP 

approach is explained in greater detail, and a review of the simultaneous applications of 

GP and DEA is provided. 

Multiple criteria decision-making (MCDM) tools have been generally developed 

to support complex decision-making processes. GP is one of the most well-known 

MCDM approaches which has been created to assist decision-makers in resolving the 

challenge of the simultaneous consideration of several conflicting goals (Munro and 

Aouni, 2012; Caballero et al., 2009). The underlying aim of GP is to allow simultaneous 

consideration of more than one objective and, thereby, enable a search for the best 

solution for all of the objectives of the problem.  

The underpinning GP concept was first formulated in Charnes et al. (1955) 

although the term GP was first used by Charnes and Cooper (1961). Since the 

introduction of GP, many papers with different applications have been published, and 

numerous conferences held to gather together researchers from different disciplines with 

the common interest in multi-objective optimization (Aouni and Kettani 2001). 

Caballero et al. (2009) reviewed the multiple areas in which GP had been used and 

identified that engineering, decision sciences, mathematics, social sciences, computer 

science, business, management and accounting, environmental science, economics, 

econometrics, and finance are the fields with the most applications. Furthermore, Aouni 

and Kettani (2001) argue that GP has become very popular mainly because it is easy to 

understand and easy to apply. Being developed based on linear mathematical 

programming has contributed to these two advantages. 

 Based on the basic GP approach, for any of the objectives considered in the 

model such as cost, waste, environmental impacts, service quality, etc., a goal is set and 

then the unwanted deviations above or under the respective goals are minimized (Tamiz 

and Jones, 1997; Hillier and Lieberman, 2005). The resultant objective function of a 

linear GP model is, therefore, a composite function which minimizes the sum of all 

unwanted deviations from the goals (Nhantumbo et al., 2001). Since the goals applied 

are usually conflicting, the GP model does not provide an optimal solution to the 

decision maker, but rather a compromise or ‘satisfactory’ solution. This is contrary to 
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most operations research (OR) techniques which are devised to search for an optimal or 

ideal solution from among a set of feasible solutions (Munro and Aouni, 2012).  

Based on Despotis (1996) and Tamiz et al. (1995), lexicographic (preemptive) 

GP, the weighted (non-preemptive) GP and the minmax GP were the formulations 

mostly used in the GP until 1995. In preemptive GP, goals are prioritized and satisfied 

in a lexicographic order. In non-preemptive GP, all goals are considered and satisfied 

simultaneously by minimizing the weighted sum of the deviations from all goals. In 

minmax GP, the problem is optimized by minimizing the maximum deviation among all 

deviational variables. However, more recently and according to a review conducted by 

Caballero et al. (2009), non-preemptive GP has become the most widely used approach. 

However, preemptive GP continues to be used in some applications as is demonstrated 

in the papers that form part of this thesis.  The mathematical formulations of the non-

preemptive and preemptive GP are, thus, provided in the following section.  

By considering all the goals as having roughly equal importance, non-preemptive 

goal programming can be modeled and solved. In non-preemptive goal programming, 

the penalty weights for missing all goals are roughly comparable to each other (Hillier 

and Lieberman, 2005). Suppose, 𝑓ℎ(𝑥), ℎ = 1, … , 𝑞 are different linear objective 

functions to be optimized. 𝑥 is the vector of decision variables, X is the feasible region, 

and 𝑏ℎ is the target value of the hth goal. 𝑑ℎ and 𝑡ℎ are the negative and positive 

deviations from the target value of the hth goal, respectively. By these definitions, a 

non-preemptive GP can be shown as Model (22) (Davoodi and Rezai, 2012; Nhantumbo 

et al., 2001; Tamiz et al., 1998).  

 

 

min ∑ (𝑤ℎ𝑑ℎ + 𝑣ℎ𝑡ℎ)𝑞
ℎ=1

s. t. 𝑓ℎ(𝑥) + 𝑑ℎ − 𝑡ℎ = 𝑏ℎ ℎ =  1, 2, … , 𝑞,

𝑥 ∈ 𝑋 
𝑑ℎ ≥ 0

𝑡ℎ ≥ 0.

  (22) 

 

where 𝑤ℎ and 𝑣ℎ are the relative weights of the negative and positive deviations. The 

purpose is to reach each objective function 𝑓ℎ(𝑥) to the aspiration level 𝑏ℎ. If the 

optimization requires 𝑓ℎ(𝑥) ≤ 𝑏ℎ, then minimizing the difference between 𝑓ℎ(𝑥) and 𝑏ℎ 

is done by minimizing 𝑑ℎ. On the other hand, if it requires 𝑓ℎ(𝑥) ≥ 𝑏ℎ, then it is 

achieved by minimizing 𝑡ℎ. In short, the objective is to minimize the sum of deviations 

from the aspirations (Davoodi and Rezai, 2012). This is explained in more detail by 
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Foued and Sameh (2001) who have addressed three possible forms for the goals being 

used in a goal programming model as: 

1. If the purpose is to reach the value of 𝑓ℎ(𝑥) to be less than or equal to 𝑏ℎ, 

the goal can be expressed as 𝑓ℎ(𝑥) ≤ 𝑏ℎ. To satisfy this goal, the deviation 

variable 𝑑ℎ is minimized.  

2. If the purpose is to have a value for 𝑓ℎ(𝑥) which is greater than or equal to 

𝑏ℎ, the goal is 𝑓ℎ(𝑥) ≥ 𝑏ℎ and it is satisfied by minimizing the deviation 

variable 𝑡ℎ. 

3. In searching for an exact value of 𝑏ℎ for 𝑓ℎ(𝑥), the goal is expressed as  

𝑓ℎ(𝑥) = 𝑏ℎ and is achieved by minimizing both negative and positive 

deviation variables 𝑑ℎ and 𝑡ℎ.   

A non-preemptive GP model can also be shown in a different form using Model 

(23) (Cooper, 2005). This is the same as Model (22), but Model (23) is expanded to 

include two main aspiration levels (goals) 𝑏𝑖 and 𝑏𝑟. Cooper (2005) used Model (23) to 

show the relationship between GP and the additive DEA model developed by Charnes 

et al. (1985).  

 

 

min (∑ (𝑑𝑖 + 𝑡𝑖)
𝑚
𝑖=1 + ∑ (𝑑𝑟 + 𝑡𝑟)𝑠

𝑟=1 )

s. t. ∑ 𝑎𝑖𝑗𝑥𝑗
𝑛
𝑗=1 + 𝑑𝑖 − 𝑡𝑖 = 𝑏𝑖 𝑖 =  1, 2, … , 𝑚,

∑ 𝑏𝑟𝑗𝑦𝑗
𝑛
𝑗=1 + 𝑑𝑟 − 𝑡𝑟 = 𝑏𝑟 𝑟 =  1, 2, … , 𝑠,

𝑑𝑖 ≥ 0 𝑖 =  1, 2, … , 𝑚,

𝑡𝑖 ≥ 0 𝑖 =  1, 2, … , 𝑚,

𝑑𝑟 ≥ 0 𝑟 =  1, 2, … , 𝑠,

𝑡𝑟 ≥ 0 𝑟 =  1, 2, … , 𝑠,

𝑥𝑗 ≥ 0 𝑗 =  1, 2, … , 𝑛,

𝑦𝑗 ≥ 0 𝑗 =  1, 2, … , 𝑛.

  (23) 

 

This formulation of GP is important since some of the SLR problems explored in 

this thesis ( i.e. the sum of efficiency ratio and effectiveness ratio, the sum of technical 

efficiency ratio and ecological efficiency ratio, and the sum of efficiency ratio of stage 1 

and efficiency ratio of stage 2 of a two-stage process) are mapped in this GP model.  

On the other hand, if there is a hierarchy of priority levels for the goals, 

preemptive GP should be used. When using preemptive GP, primary importance is 

allocated to the first priority goal, after which the second priority goal is considered, and 

so on (Hillier and Lieberman, 2005). The two ways of dealing with the multiple goals in 
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a preemptive GP are (a) sequential and (b) streamlined procedures. In the sequential 

approach, the model is run only with respect to the first goal. If the solution that is 

obtained is unique, it can be accepted without considering other goals. Alternatively, if 

there are multiple optimal solutions, consideration of the other goals can be undertaken. 

Model (24) is the mathematical representation of the sequential preemptive GP 

(Nhantumbo et al., 2001; Tamiz et al., 1998).  

 

 

Lex min [𝑔1(𝑑, 𝑡), 𝑔2(𝑑, 𝑡), … , 𝑔𝑘(𝑑, 𝑡)]

s. t. 𝑓𝑖(𝑥) + 𝑑𝑖 − 𝑡𝑖 = 𝑏𝑖 𝑖 =  1, 2, … , 𝑚,

𝑥 ∈ 𝑋
𝑑𝑖 ≥ 0 

𝑡𝑖 ≥ 0.

  (24) 

 

where 𝑔𝑘 is the kth priority applied to each of the goals and their associated 

deviation variables. The notation lex min means that the deviations associated with the 

first goal, i.e. 𝑔1(𝑑, 𝑡) are minimized first and, if the solution is not unique, the second 

goal is optimized by minimizing the deviations 𝑔2(𝑑, 𝑡). If the optimal solution of the 

first goal is unique, the other goals will not be considered (Joro and Korhonen, 2015).  

The alternative is the use of the streamlined procedure which allows the 

identification of the solutions in one run rather than by undertaking a sequence of linear 

programming models. Using the basic idea of streamlined preemptive GP, the first goal 

is multiplied by a big and positive penalty weight like M (Hillier and Lieberman, 2005). 

This is similar to using a non-preemptive GP model like Models (22) and (23), but 

using the weight of M on the deviation variable associated with the first priority goal. 

This formulation of GP is also important since it is applied to solve some of the 

problems discussed in the research articles that form this thesis.  

The simultaneous application of GP and DEA has previously been demonstrated  

by some authors, for example: Athanassopoulos (1995), Despotis (2002), Despotis 

(2005a), Despotis (2005b), Cook and Zhu (2007), Dharmapala and Saber (2007), 

Davoodi and Rezai (2012), Bal et al. (2010), Stewart (2010), Örkcü and Bal (2011), 

Omrani (2013), Ghasemi et al. (2014), Kengpol et al. (2014), Hatami-Marbini et al. 

(2015) and Zografidou et al. (2016).   

Importantly, however, this approach has not been used in the context of the 

problems discussed in this thesis. More specifically, it is clear from the literature that 

the combination of GP and DEA is most commonly used to either solve resource 
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allocation problems or GP is used to obtain a common set of weights (CSW) for the 

input and output factors of different DEA models. In this respect, it should be noted that 

the use of CSW is an approach in DEA used to avoid obtaining different weights for the 

same factors among DMUs. This is necessary not least because, in some cases, using 

different weights for the same factors among homogeneous DMUs may not be 

acceptable (Zohrehbandian et al., 2010).  

However, as mentioned earlier, GP has not previously been used for the joint 

measurement and maximization of the efficiency and effectiveness, technical and 

ecological efficiencies, and stages 1 and 2 of a two-stage process. This thesis will 

explore these important new applications which will benefit from the advantageous 

properties of the linear GP solution procedure.    
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5. Summary of the research papers 

 

In this section, the contributions of each research article within the thesis are addressed. 

The thesis consists of six research articles and they are all linked through the 

investigation of the SLR problem. In summary:  the first article discusses the joint 

measurement of the efficiency and effectiveness. The GP model is developed to deal 

with this problem and its advantages, compared to other methods, are presented. Article 

2 applies GP to jointly measure technical, ecological (environmental) and eco-efficiency 

indicators. The results of the developed approach are compared with the existing models 

in the literature, and the superiority of the GP approach is demonstrated. Article 3 

introduces a new measure called “process environmental quality efficiency” and 

justifies its application with technical and ecological efficiency indicators in the 

assessment of the overall efficiency of the DMUs. Article 4 demonstrated the joint 

measurement of the technical, ecological and process environmental quality efficiency 

indicators using the GP model. In Articles 5 and 6 GP is applied to solve two-stage 

DEA problems.     

The following sections provide a more detailed summary of the contribution of 

each of the articles within the thesis. 

 

5.1 Research Article 1: Integrated data envelopment analysis: nonlinear, 

parametric linear and linear models 

This paper proposes an alternative model to the nonlinear and parametric linear models 

developed by Chiou et al. (2010) and Lim and Zhu (2013) for the simultaneous 

measurement of the efficiency and effectiveness. Lim and Zhu (2013) have argued that 

the nonlinear model developed by Chiou et al. (2010) is not a convex optimization 

problem and that the solutions of the model might not always be global. As a result, 

they have suggested the application of a parametric linear model to solve the nonlinear 

problem. Article 1 investigates the model suggested by Lim and Zhu (2013), but argues 

that application of this model requires the following of multiple steps and the running of 

a sequence of many linear programs, and it is also likely to have an estimation error.  

The required steps and the heuristic search procedure of the model are explained 

in detail in this paper in which we argue that the problem of optimizing efficiency and 

effectiveness is a special class of the SLR problem. As a result, a new model based on 
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linear GP is developed to maximize the sum of efficiency and effectiveness ratios. The 

application of the developed model requires only one step and the running of only one 

linear program. It does not also have the estimation error of the parametric linear 

program used by Lim and Zhu (2013). We believe that the GP based model developed 

in this paper is an efficient alternative model to the nonlinear and parametric linear 

models. 

 

5.2 Research Article 2: Technical, environmental and eco-efficiency measurement 

for supplier selection: an extension and application of data envelopment analysis 

This paper improves the approaches and models developed by Korhonen and Luptacik 

(2004). As discussed in Section 3.2, in order to decompose the efficiency into the 

technical, ecological and eco-efficiencies, the approach introduced by Korhonen and 

Luptacik (2004) requires the use of three steps and the running of three separate linear 

programs. In Article 2 we show that this approach is computationally intensive and that 

a linear GP model can be used far more efficiently to achieve the same purpose. As the 

title of the paper suggests, the term “environmental efficiency” is used instead of the 

term “ecological efficiency”.  

We also argue against the eco-efficiency indicator calculated by Korhonen and 

Luptacik (2004) and show that it does not represent a valid combination of the technical 

and environmental efficiencies. Basically, the eco-efficiency score calculated in their 

approach is highly correlated with the maximum value of the technical and 

environmental efficiency scores. In this way, if a DMU is either technically or 

environmentally efficient, it is identified as being eco-efficient. This is clearly 

inappropriate and the GP model that has been presented identifies DMUs as being eco-

efficient if, and only if, they are both technically and environmentally efficient. 

This paper also contributes to the application of DEA by using the developed GP 

model in evaluating the technical, environmental and eco-efficiency scores of the 

Hyundai Steel Company’s suppliers in South Korea. A real data set collected by the 

Korean National Cleaner Production Centre (KNCPC) is used to test and validate the 

GP model.    

The contributions made in this paper can also be used to improve the research 

undertaken by Zhang et al. (2008), Yin et al. (2014) and Lábaj et al. (2014) as these 

authors have applied the approaches developed by Korhonen and Luptacik (2004) to 

solve a variety of problems.   
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5.3 Research Article 3: A game theoretic approach to modeling undesirable 

outputs and efficiency decomposition in data envelopment analysis 

This paper discusses the importance of considering a new dimension called “process 

environmental quality efficiency” at the same time as the technical and ecological 

efficiency indicators in the overall efficiency evaluation of the DMUs. The process 

environmental quality efficiency is measured as the ratio of the weighted sum of inputs 

to the weighted sum of undesirable outputs. This ratio has not been found previously in 

the literature, and Research Article 3 explains and justifies the approach developed for 

the measurement and consideration of the process environmental quality efficiency ratio 

in the overall efficiency measurement. This ratio is used to investigate whether or not a 

DMU is using its resources efficiently to produce less undesirable outputs.  

Using this approach a manager or decision maker can discover potential 

improvements in their systems and processes that will lead to a decrease in the amount 

of unwanted and undesirable outputs produced by the DMUs. The DMUs with low 

process environmental quality efficiency scores are likely to have low-quality inputs 

(such as the consumption of coal) or low-quality processes which have led to a high 

production of pollution.  

In the second part of the paper, an approach is offered that will jointly measure the 

technical, ecological and process environmental quality efficiency ratios. This is 

achieved by the application of the cooperative and non-cooperative game concepts from 

the game theory. Since the input factors are seen in the denominator of the technical 

efficiency ratio and the numerator of the process environmental quality efficiency ratio, 

maximization of the overall efficiency is faced a conflict between these two ratios. The 

approach to the joint measurement of these efficiency ratios explained in this paper is 

able to address the conflict. By adopting the concepts of cooperative and non-

cooperative games, the analyst can decide on the priority of the improvements in respect 

of the conflicting ratios. If the focus is on improving technical efficiency, technical 

efficiency can be considered as the leader and process environmental quality efficiency 

as the follower.  Alternatively, the process can be reversed and technical efficiency will 

be modeled as the follower. If the ratios of the technical and process environmental 

quality efficiencies have the same priority, both ratios will be modeled using the 

cooperative game assumption.  
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5.4 Research Article 4: Modeling undesirable outputs in multiple objective data 

envelopment analysis 

This paper applies the GP model developed in Article 2 to solve the problem defined in 

Article 3 (rather than the game theory approach). In Article 3 the problem of 

maximizing three ratios is defined and solved using the cooperative and non-

cooperative game approach. Article 4 starts with a slight modification of the technical 

and process environmental quality efficiency ratios by dividing input factors into 

pollution-related and pollution-unrelated inputs. The different types of fuel consumed in 

the production process and the different environmental investments in infrastructure and 

environmental R&D are examples of the pollution-related inputs. These inputs clearly 

have a direct impact on the amount of pollution created in the production process. The 

process environmental quality efficiency ratio discussed above is, thus, changed to the 

ratio of the pollution-related inputs to undesirable outputs. The use of this measure can 

identify some potential improvements in the quality of the processes or activities which 

lead to a high volume of pollution. 

The resultant problem that is investigated in this article is now one of maximizing 

the sum of three ratios by means of the GP model. The GP model is used to optimize the 

overall efficiency of each DMU with the simultaneous maximization of the technical, 

ecological, and process environmental quality efficiency ratios. This paper has two 

further contributions to knowledge. Firstly, using a detailed step by step process, we 

demonstrate how the reference targets can be defined for the inefficient DMUs and, 

secondly, unlike Article 3, we show how to measure the overall efficiency of DMUs 

with both CRS and VRS assumptions.  

 

5.5 Research Article 5: Measuring efficiency of two-stage processes by a linear 

multiple objective DEA model 

This article discusses the application of the GP model in measuring the efficiency of the 

two-stage activities and processes. A two-stage process refers to an activity in which the 

outputs of the first stage become the inputs of the second stage. The purpose of the DEA 

model is to maximize the overall efficiency through the simultaneous maximization of 

the efficiencies of the stages 1 and 2. Although different two-stage DEA models have 

been demonstrated in the literature, a review conducted by Cook et al. (2010), explained 

that the cooperative and non-cooperative game approaches introduced in Liang et al. 
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(2006) and Liang et al. (2008) can be used to solve many of the problems discussed in 

the related two-stage DEA models literature.  

The purpose of the Article 5 is to use the GP approach to solve the problem of 

maximizing the overall efficiency of a two-stage process by maximizing the sum of 

efficiency ratios of the stages 1 and 2. We will show that the approach introduced in 

Liang et al. (2006) and Liang et al. (2008) requires the running of multiple linear 

programs. However, the research developed in Article 5 shows that the five different 

linear programs found in the work of Liang et al. (2006) and Liang et al. (2008) can be 

replaced with just one linear GP model. The article also shows that the GP model is able 

to maximize the arithmetic mean of the efficiencies of the stages 1 and 2. This result is 

different from the idea of maximizing the product of the efficiencies of the stages 1 and 

2 used by Liang et al. (2008) and Cook et al. (2010). These authors used the product of 

the efficiency ratios since they were not able to maximize the arithmetic mean through 

the use of a linear program. The model developed in this paper is tested by means of the 

data set for 24 non-life insurance companies in Taiwan previously used with Kao and 

Hwang (2008) and Cook et al. (2010) and the results clearly demonstrated the efficiency 

of the GP model as an alternative to the cooperative and non-cooperative game 

methods.  

Apart from the theoretical developments and contributions, Article 5 also offers 

an efficient way of implementing and solving the developed GP based DEA model or, 

indeed, any type of DEA model through the use of a spreadsheet. The overall approach 

is (1) to implement the optimization problem in Excel, (2) solve the problem for one of 

the DMUs using Excel Solver, (3) consider the other 𝑛 −1 DMUs as 𝑛 −1 times 

sensitivity (what-if) analysis questions for the first DMU and (4) use a free Excel add-in 

called “SolverTable” to answer the sensitivity analysis questions. The resultant 

solutions of the 𝑛 −1 times sensitivity analysis questions are the efficiency scores of 

𝑛 −1 DMUs and the optimal multipliers of their associated inputs and outputs. This is 

clearly a highly efficient way of solving DEA models in the spreadsheet and differs 

from the traditional way which requires manually solving the models for each DMU (n 

times). 
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5.6 Research Article 6: A multiple criteria approach to two-stage data 

envelopment analysis 

In this paper, the weak discrimination power of existing two-stage DEA models and 

their unrealistic distribution of the weights among input and output factors are 

investigated. These two problems can occur when: (1) the number of DMUs being 

evaluated is insufficient relative to the number of input and output factors, and (2) the 

optimization process unrealistically determines extremely large or small weights to 

some of the inputs or outputs in favor of one or some DMUs (Li and Reeves, 1999). 

Both these categories of the problem can lead to the identification of multiple DMUs 

classed as efficient, but with no order of rankings between them.  

Although such problems are generally discussed in relation to the classic DEA 

models that are used for the evaluation of the activities with one stage, both the two-

stage DEA models previously found in the literature and the GP based two-stage DEA 

model introduced in Article 5 can also face the same kind of problem. These two groups 

of models measure the efficiencies of the stages 1 and 2 of each DMU under evaluation 

subject to maximizing its own efficiency score. This challenge is the motivation for 

Article 6 which is designed to improve the discrimination power of the GP model 

investigated in Article 5. For this purpose, the MCDEA model developed by Li and 

Reeves (1999) is combined with the GP model to solve the two-stage problems. The 

multiple criteria two-stage DEA model developed in Article 6 has three objective 

functions; each of which is called a criterion. The first objective function of the model 

maximizes the efficiencies of the stages 1 and 2 for only DMUo. The second objective 

function is to maximize the efficiencies of the stages 1 and 2 of all DMUs 

simultaneously, and the third objective function is to maximize the efficiencies of the 

stages 1 and 2 of the DMU with the lowest efficiency among all DMUs. The second and 

the third objective functions are more restrictive to DMUo than the first objective. 

Therefore, DMUo should pass a more rigorous evaluation to get high-efficiency score. 

In another word, if DMUo is efficient under the second and the third objective, it must 

also be efficient in relation to the first objective. As a result, the discrimination power of 

the model developed in Article 5 is increased, a result that is particularly valuable in 

situations where the decision maker wishes to rank the DMUs.      

The approach developed in Article 6 is tested using the dataset published by Chen 

et al. (2012) which evaluates the sustainable design performances of different 

automobile manufacturers.  
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6. Concluding remarks 

 

This thesis has developed a GP based solution procedure to solve three categories of 

problems that are found in the DEA literature, namely: (1) the joint measurement of 

efficiency and effectiveness, (2) the joint measurement of technical and ecological 

efficiencies and (3) the joint measurement of the efficiencies of the stages 1 and 2 of a 

two-stage activity. Different approaches exist in the literature to deal with each of these 

problems which include the separate running and optimization of the models (Korhonen 

and Luptacik, 2004), nonlinear optimization (Chiou et al., 2010), parametric linear 

models (Lim and Zhu, 2013), and cooperative and non-cooperative game approaches 

(Liang et al., 2006; Liang et al., 2008; Cook et al., 2010).  However, this dissertation 

has argued that these apparently different problems are, in fact, similar since they all can 

be seen as problems that require the optimization of the sum of linear ratios.  Thus, this 

thesis demonstrates that the GP model can be used as the solution procedure for all 

these three problem categories. 

In the joint measurement of the efficiency and the effectiveness, the usefulness of 

the developed GP model in comparison with the state of the art models, i.e., the 

nonlinear model of Chiou et al. (2010) and the parametric linear model of Lim and Zhu 

(2013) is demonstrated. In simultaneous measurement and optimization of the technical 

and ecological efficiencies, the developed GP model was able to provide a better 

combination of these two measures than the approach suggested by Korhonen and 

Luptacik (2004). The developed GP model was also able to simultaneously maximize 

the efficiencies of the stages 1 and 2 of a two-stage activity in a linear model. This is 

different than the generally accepted idea in two-stage DEA literature where it says that 

the arithmetic mean of two efficiency ratios cannot be optimized in a linear model.   

The development of the GP based formulation and its application to solve the 

problems discussed above offers a number of important contributions to the literature. 

Specifically, the developed GP model requires the running of only one linear program 

and thus has less computational complexity than the existing approaches in the literature 

(i.e., separate run and optimization of the models, nonlinear optimization, parametric 

linear model and cooperative and non-cooperative game approaches). Moreover, unlike 

the nonlinear model, the GP model is linear and the solutions of the model are global. 

Furthermore, the GP model is free of the estimation error of the parametric linear 

model. 
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Whilst the GP model developed in this thesis offers clear improvements and 

advantages, it is recommended that other approaches from optimization theory 

especially from the fractional programming and optimization of the SLR problems can 

be tested to solve the same problems discussed in this thesis. The discussions made in 

this dissertation can be a starting point for that.  
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Abstract  

 

This paper develops a goal programming (GP) based linear programming for the joint 

measurement of efficiency and effectiveness of decision making units (DMUs). We 

demonstrate that the developed GP model is an efficient alternative algorithm for two 

nonlinear and parametric linear data envelopment analysis (DEA) models that have 

been recently developed and used in the literature. The GP model has clear advantages 

compared to the existing nonlinear and parametric linear models since it (i) is more 

computationally efficient, (ii) does not have the potential estimation error of the 

heuristic search procedure used in parametric linear model, and (iii) unlike the nonlinear 

model, determines global optimum solutions and not the local optimum.       

 

Keywords: Data envelopment analysis; Efficiency; Effectiveness; Nonlinear; 

Parametric linear; Linear.  

 

1. Introduction 

 

Simultaneous measurement of efficiency and effectiveness has been a recent research 

topic in data envelopment analysis (DEA) with so-called ‘integrated’ DEA models 

having been developed to measure the overall performance of the decision making units 

(DMUs) as the combination of their efficiency and effectiveness. Thus, Chiou et al. 

(2010) developed an integrated DEA model to jointly evaluate the efficiency and 

effectiveness of a group of intercity bus companies in Taiwan. Within this model, the 

transport service is known as a non-storable commodity, and the overall performance 
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depends not only on the ability of the DMU in transforming resources and inputs to the 

production but also on its ability in the transformation of the production to 

consumption. This unified measurement of the efficiency and effectiveness is important 

since it is more informative in identifying the sources of the poor activity performance 

rather than solely measuring the efficiency (Chiou et al., 2010). Other studies which 

also suggest decomposing the overall performance into its efficiency and effectiveness 

components include: Karlaftis (2004), Chiou and Chen (2006), Keh et al. (2006), Lan 

and Lin (2006), Chiou et al. (2007), Yu and Lin (2008), Yu (2008), Yu and Lee (2009), 

Yu and Fan (2009), Hsieh and Lin (2010), Wu et al. (2013), Huang et al. (2014) and 

Wong et al. (2015). 

Figure 1 is taken from Chiou et al. (2010) and represents the joint measurement of 

the efficiency and effectiveness. Within this model, the technical efficiency is the ratio 

of the weighted sum of outputs to the weighted sum of inputs. The service effectiveness 

is defined as the ratio of the weighted sum of consumptions to the weighted sum of 

productions, and the technical effectiveness is the ratio of the consumptions to inputs.  

 

 
Figure 1. The joint measurement of the efficiency and effectiveness Chiou et al. (2010, p.478) 

 

The main focus of our paper is not on the application of this conceptual model but 

rather on the mathematical model developed by Chiou et al. (2010) and later improved 

by Lim and Zhu (2013). In this respect, a nonlinear model was developed by Chiou et 

al. (2010) to measure the overall performance as the sum of the technical efficiency 

ratio and the service effectiveness ratio. The optimal multipliers associated with the 

input, output and consumption factors are determined with the nonlinear model. Chiou 

et al. (2010) provided a proof that their nonlinear model is a convex optimization 

problem, and that the values of the multipliers determined by their model are the global 
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optimum and not the local optimum. However, Lim and Zhu (2013) have argued that 

Chiou et al. (2010) have not used the Hessian matrix correctly in their proof and 

actually their nonlinear model is a non-convex optimization problem. The usability of 

the model has, therefore, been called into question due to the lack of an efficient 

algorithm to solve it. In order to solve this nonlinear model, Lim and Zhu (2013) 

converted the Chiou et al. (2010) model into a parametric linear program and then used 

a heuristic technique to approximate the global solution. 

However, the parametric model suggested by Lim and Zhu (2013) requires the 

researcher to go through many steps and run a sequence of multiple linear programs.  

Furthermore, this model is not free of the estimation error. In summary, in the approach 

of Lim and Zhu (2013): (i) three different linear programs are run first to determine the 

upper and lower bounds of a parameter in the parametric linear model, (ii) a formula is 

then used to determine other values of the parameter between the upper and lower 

bounds (iii) a sequence of linear programs associated with each parameter is run, and 

(iv) the best heuristic solution is finally selected from the solutions of the parametric 

model. These steps are explained in more detail in the next section.   

The purpose of this paper is, therefore, to develop a linear model to solve the 

same problem discussed by Chiou et al. (2010) and Lim and Zhu (2013), but with only 

one step (rather than following the multiple steps of Lim and Zhu, 2013), with only one 

linear program (rather than using a sequence of linear programs as in Lim and Zhu, 

2013), and without the estimation error of the heuristic search procedure of the 

parametric model. The developed model in our paper is based on the use of a linear goal 

programming (GP) search procedure, and it will be shown that the proposed GP model 

is more efficient than the parametric linear program. In this way, we demonstrate how to 

map the problem of the joint measurement of the efficiency and effectiveness in a GP 

model.  

We also argue that the simultaneous maximization of the efficiency and 

effectiveness is a special class of the sum of linear ratios (SLR) problem discussed in 

optimization theory. The objective function of the model in this problem can be defined 

as the sum of two linear ratios, and can be shown as: 

 

 max Efficiency ratio +  Effectiveness ratio   (1) 
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As discussed by Yanjun et al. (2005), optimization of SLR is a special case of 

fractional programming which is a focus of research in the area of the nonlinear 

optimization. The interest in researching this problem set has been growing in light of 

the large variety of application domains as well as the computational challenges that are 

faced. Different solution approaches include the “parametric simplex method, outer 

approximation method, image space method, unified monotonic approach, interior point 

algorithm, heuristic method, simplicial branch and bound duality-bounds algorithm, 

concave minimization method, branch and cut technique and branch and bound 

algorithm” (Jiao and Liu, 2015, p. 723). However, as can be seen, GP is not one of the 

approaches that have been previously used to solve SLR problems.  

In summary, the current paper has some distinctive contributions to the literature. 

Unlike the nonlinear model developed by Chiou et al. (2010), the developed model is 

linear and this means that simplex, as an efficient algorithm, can be used to solve it and 

also the solutions of the model are global. Unlike the parametric linear model offered by 

Lim and Zhu (2013), the solutions of the developed model are determined by running 

only one linear program, and the model is free of the estimation error of the heuristic 

search. Finally, it is demonstrated that GP can be used to solve a special class of the 

SLR problems, although it was not identified as one of the solution approaches to solve 

such problems by Jiao and Liu (2015). 

The rest of this paper is organized as follows. In Section 2 the nonlinear and 

parametric linear models are introduced. In Section 3 the GP based linear model is 

developed. In Section 4, a data set published by Chen et al. (2012) is used to test the 

developed model. Section 5 concludes the paper. 

 

2. Nonlinear and parametric linear model  

 

We start this section with introducing the nonlinear model of Chiou et al. (2010) and the 

parametric model of Lim and Zhu (2013). 

Model (2) is the nonlinear model developed by Chiou et al. (2010) to 

simultaneously optimize (maximize) the technical efficiency and service effectiveness 

of the DMU under evaluation. Optimization is achieved by choosing the best possible 

values for the decision variables 𝑣𝑗 , 𝑢𝑟 and 𝑤𝑠 which are the weights of the inputs, 

productions, and consumptions, respectively. The objective function of the model is the 
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sum of the technical efficiency ratio (
∑ 𝑢𝑟𝑦𝑘𝑟

𝑅
𝑟=1

∑ 𝑣𝑗
𝐽
𝑗=1 𝑥𝑘𝑗 

) and service effectiveness ratio 

(
∑ 𝑤𝑠

𝑆
𝑠=1 𝑧𝑘𝑠

∑ 𝑢𝑟𝑦𝑘𝑟
𝑅
𝑟=1

) and it has a value between 0 and 2. The DMU is said to be efficient and 

effective if: 
∑ 𝑢𝑟

∗𝑦𝑘𝑟
𝑅
𝑟=1

∑ 𝑣𝑗
∗𝐽

𝑗=1 𝑥𝑘𝑗 

+
∑ 𝑤𝑠

∗𝑆
𝑠=1 𝑧𝑘𝑠

∑ 𝑢𝑟
∗𝑦𝑘𝑟

𝑅
𝑟=1

=2. Note that 𝑥𝑘𝑗 , 𝑦𝑘𝑟, and 𝑧𝑘𝑠 denote the jth input, 

the rth output, and the sth consumption associated with the DMU k, respectively. These 

are the same notations used by Chiou et al. (2010) and Lim and Zhu (2013). 

 

 

max
∑ 𝑢𝑟𝑦𝑘𝑟

𝑅
𝑟=1

∑ 𝑣𝑗
𝐽
𝑗=1 𝑥𝑘𝑗 

+
∑ 𝑤𝑠

𝑆
𝑠=1 𝑧𝑘𝑠

∑ 𝑢𝑟𝑦𝑘𝑟
𝑅
𝑟=1

s. t. ∑ 𝑢𝑟𝑦𝑖𝑟
𝑅
𝑟=1 ≤ ∑ 𝑣𝑗

𝐽
𝑗=1 𝑥𝑖𝑗 𝑖 = 1, 2, … , 𝐼,

∑ 𝑤𝑠
𝑆
𝑠=1 𝑧𝑖𝑠 ≤ ∑ 𝑢𝑟𝑦𝑖𝑟

𝑅
𝑟=1 𝑖 = 1, 2, … , 𝐼,

𝑣𝑗 ≥ 0 𝑗 = 1, 2, … , 𝐽,

𝑤𝑠 ≥ 0 𝑠 = 1, 2, … , 𝑆,

𝑢𝑟 ≥ 0 𝑟 = 1, 2, … , 𝑅.

  (2) 

 

This nonlinear model can also be rewritten in the following form (Chiou et al., 

2010): 

 

 

max (∑ 𝑢𝑟𝑦𝑘𝑟
𝑅
𝑟=1 )(∑ 𝑢𝑟𝑦𝑘𝑟

𝑅
𝑟=1 ) + (∑ 𝑤𝑠

𝑆
𝑠=1 𝑧𝑘𝑠)(∑ 𝑣𝑗

𝐽
𝑗=1 𝑥𝑘𝑗 )

s. t. (∑ 𝑣𝑗
𝐽
𝑗=1 𝑥𝑘𝑗 )(∑ 𝑢𝑟𝑦𝑘𝑟

𝑅
𝑟=1 ) = 1

∑ 𝑢𝑟𝑦𝑖𝑟
𝑅
𝑟=1 ≤ ∑ 𝑣𝑗

𝐽
𝑗=1 𝑥𝑖𝑗 𝑖 = 1,2, … , 𝐼,

∑ 𝑤𝑠
𝑆
𝑠=1 𝑧𝑖𝑠 ≤ ∑ 𝑢𝑟𝑦𝑖𝑟

𝑅
𝑟=1 𝑖 = 1,2, … , 𝐼,

𝑣𝑗 ≥ 0 𝑗 = 1,2, … , 𝐽,

𝑤𝑠 ≥ 0 𝑠 = 1,2, … , 𝑆,

𝑢𝑟 ≥ 0 𝑟 = 1, 2, … , 𝑅.

  (3) 

 

This model is run once for each DMU, and the efficiency and effectiveness of the 

DMUs are measured. Chiou et al. (2010) provided a proof that the values of 𝑣𝑗 , 𝑢𝑟 and 

𝑤𝑠 determined by the nonlinear Programs (2) or (3) are the global optimum and not the 

local optimum. Since all the constraints of the Model (1) are linear, Chiou et al. (2010) 

only investigated the concavity or convexity of the nonlinear objective function of the 

Model (2). They used the bordered Hessian matrix and proved that the objective 

function is concave and that it satisfies the requirements for the global solution of the 

nonlinear model. In other words, they proved that Model (2) is a convex optimization 

problem. It is important to note that each local optimum is globally optimal in convex 
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optimization and efficient and reliable algorithms are found in the literature to solve 

such problems (Lim and Zhu, 2013).  

However, Lim and Zhu (2013) have strongly argued against this proof. These 

authors suggest that Chiou et al. (2010) have not used the Hessian matrix correctly and 

Model (2) is actually a non-convex optimization problem. The usability of the model 

has, therefore, been called into question due to the lack of an efficient algorithm to solve 

it. In order to solve this nonlinear model, Lim and Zhu (2013) converted the model into 

a parametric linear program and then used a heuristic technique to approximate the 

global solution.  

Model (4) is the parametric linear model of Lim and Zhu (2013). This model is 

obtained after some transformation steps of the nonlinear Model (2). The model is 

shown in its vector form. 

 

 

max 𝑐1
𝑇𝑦𝑘 + 𝜇𝑇𝑧𝑘

s. t. 𝑐1
𝑇𝑦𝑖 ≤ 𝜔𝑇𝑥𝑖 𝑖 = 1, 2, … , 𝐼,

𝜇𝑇𝑧𝑖 ≤ ℎ𝑐1
𝑇𝑦𝑖 𝑖 = 1, 2, … , 𝐼,

𝜔𝑇𝑥𝑘 = 1

ℎ𝑐1
𝑇𝑦𝑘 = 1

𝜇 ≥ 0

𝜔 ≥ 0
𝑐1 ≥ 0 

ℎ > 0.

  (4) 

 

By considering h as a parameter, Model (4) is solved as a linear program. The 

lower and upper bounds of h are determined by running three different linear programs. 

The Model (4) is solved several times with different values of the parameter h. In the 

initial run of the model, the upper bound determined in the previous step is set as the 

value of h. The value of h is then decreased by the small positive number 𝜀 (say 

𝜀 = 0.01) each step, and the model is run with the new h. This process is continued 

until the model is run with the lower bound h. After several runs of the model with 

different values of h, the largest objective function value is determined as the best 

heuristic solution of the model. It should be noted, however, that this sort of solution 

procedure is likely to have estimation errors, but with smaller values of ε the solution of 

the heuristic search will improve (Liang et al., 2006). Apart from the estimation error, in 

order to approximate the global optimal solution, it is necessary to go through multiple 
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steps and run a sequence of multiple linear programs. We show the steps of the 

parametric model in detail below: 

1. Run Model (5) and use its optimal values in Model (6) to determine the 

upper bound of h. Model (5) maximizes the service effectiveness of the 

DMU under evaluation. Model (6) optimizes the technical efficiency of 

the DMU subject to keeping the service effectiveness of the DMU 

unchanged. The objective function of the Model (6) gives the upper bound 

of h as ℎ𝑈 = ∑ 𝑣𝑗
∗𝐽

𝑗=1 𝑥𝑘𝑗 .   

2. Run Model (7) to determine the lower bound of h. It is determined as 

ℎ𝐿 =
1

∑ 𝑢𝑟
∗𝑦𝑘𝑟

𝑅
𝑟=1

.   

3. Use ℎ𝑡 = ℎ𝑈 − 𝜀 × 𝑡 to determine the other values of h between the upper 

and lower bounds of h where 𝜀 is a small positive number like 0.01. 

4. Run Model (4) with the upper and lower bounds of h and also the other 

values determined with ℎ𝑡 = ℎ𝑈 − 𝜀 × 𝑡. 

5. Select max of the 𝑐1
∗𝑇𝑦𝑘 + 𝜇∗𝑇𝑧𝑘 values obtained from Step 4 as the 

optimal solution of the Model (4).  

 

 

max 𝑒∗ = ∑ 𝑤𝑠
𝑆
𝑠=1 𝑧𝑘𝑠 

s. t. ∑ 𝑢𝑟𝑦𝑘𝑟
𝑅
𝑟=1 = 1

∑ 𝑤𝑠
𝑆
𝑠=1 𝑧𝑖𝑠 − ∑ 𝑢𝑟𝑦𝑖𝑟

𝑅
𝑟=1 ≤  0 𝑖 = 1, 2, … , 𝐼,

𝑤𝑠 ≥ 0 𝑠 = 1, 2, … , 𝑆,

𝑢𝑟 ≥ 0 𝑟 = 1, 2, … , 𝑅.

  (5) 

 

 

min ℎ𝑈 = ∑ 𝑣𝑗
𝐽
𝑗=1 𝑥𝑘𝑗  

s. t. ∑ 𝑢𝑟𝑦𝑖𝑟
𝑅
𝑟=1 − ∑ 𝑣𝑗

𝐽
𝑗=1 𝑥𝑖𝑗 ≤ 0 𝑖 = 1, 2, … , 𝐼,

∑ 𝑤𝑠
𝑆
𝑠=1 𝑧𝑖𝑠 − ∑ 𝑢𝑟𝑦𝑖𝑟

𝑅
𝑟=1 ≤ 0 𝑖 = 1, 2, … , 𝐼,

∑ 𝑢𝑟𝑦𝑘𝑟
𝑅
𝑟=1 = 1 

∑ 𝑤𝑠
𝑆
𝑠=1 𝑧𝑘𝑠 = 𝑒∗   

𝑣𝑗 ≥ 0 𝑗 = 1, 2, … , 𝐽,

𝑤𝑠 ≥ 0 𝑠 = 1, 2, … , 𝑆,

𝑢𝑟 ≥ 0 𝑟 = 1, 2, … , 𝑅.

  (6) 
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max
1

ℎ𝐿 = ∑ 𝑢𝑟𝑦𝑘𝑟
𝑅
𝑟=1

s. t. ∑ 𝑣𝑗
𝐽
𝑗=1 𝑥𝑘𝑗 = 1

∑ 𝑢𝑟𝑦𝑖𝑟
𝑅
𝑟=1 − ∑ 𝑣𝑗

𝐽
𝑗=1 𝑥𝑖𝑗 ≤ 0 𝑖 = 1, 2, … , 𝐼,

𝑣𝑗 ≥ 0 𝑗 = 1, 2, … , 𝐽,

𝑢𝑟 ≥ 0 𝑟 = 1, 2, … , 𝑅.

  (7) 

 

In the next section, a linear model is developed for the simultaneous maximization 

of the efficiency and effectiveness. Unlike the parametric model suggested by Lim and 

Zhu (2013), the developed model does not require the completion of the multiple steps 

described above, rather only one linear program is run.  

  

3. Proposed model- a GP based linear model 

 

Optimizing the sum of linear ratios has been a popular research topic in nonlinear 

optimization and in fractional programming. The extensive literature in fractional 

programming with a focus on the SLR problem argues that, with the sum of concave–

convex ratios, there might be several local optima which are not the global optimal 

solutions (Yanjun et al., 2005; Benson, 2010). This makes SLR one of the most difficult 

problems in fractional programming (Schaible and Shi, 2003). Furthermore, the 

problem of the simultaneous maximization of the technical efficiency and service 

effectiveness is a special class of SLR problem where the numerator of the first ratio 

and the denominator of the second ratio are identical. The objective function of the 

Model (2) is the sum of two ratios 
∑ 𝑢𝑟𝑦𝑘𝑟

𝑅
𝑟=1

∑ 𝑣𝑗
𝐽
𝑗=1

𝑥𝑘𝑗 

 and 
∑ 𝑤𝑠

𝑆
𝑠=1 𝑧𝑘𝑠

∑ 𝑢𝑟𝑦𝑘𝑟
𝑅
𝑟=1

.  

With this in mind, we demonstrate how this problem can be mapped into a GP 

search procedure to obtain the solutions with only one linear program and without 

incurring the estimation error of the heuristic search procedure of the parametric linear 

program approach. As discussed in Section 1, Jiao and Liu (2015) have addressed 

different approaches to solve SLR problems but did not include GP as one of those 

approaches. 

This is, perhaps, surprising given that GP is one of the most well-known multiple 

criteria decision making (MCDM) approaches which have been developed to assist 

decision-makers in resolving the challenge of the simultaneous consideration of several 

conflicting goals (Munro and Aouni, 2012; Caballero et al., 2009). The underlying aim 

of GP is to allow the simultaneous consideration of more than one objective and, 
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thereby, enable a search for the best solution for all of the objectives of the problem. 

The underpinning GP concept was first formulated in Charnes et al. (1955), although 

the term ‘GP’ was only first used by Charnes and Cooper (1961). 

By considering all the goals as having roughly equal importance, non-preemptive 

goal programming can be modelled and solved. In non-preemptive goal programming, 

the penalty weights for missing all goals are roughly comparable to each other (Hillier 

and Lieberman, 2005). Thus, suppose, 𝑓ℎ(𝑥), ℎ = 1, … , 𝑞 are different linear objective 

functions to be optimized. 𝑥 is the vector of decision variables, X is the feasible region, 

and 𝑏ℎ is the target value of the hth goal. 𝑑ℎ and 𝑡ℎ are the negative and positive 

deviations from the target value of the hth goal, respectively. By these definitions, a 

non-preemptive GP can be shown as Model (8) (Davoodi and Rezai, 2012; Nhantumbo 

et al., 2001; Tamiz et al., 1998).  

 

 

min ∑ (𝑤ℎ𝑑ℎ + 𝑣ℎ𝑡ℎ)𝑞
ℎ=1  

s. t. 𝑓ℎ(𝑥) + 𝑑ℎ − 𝑡ℎ = 𝑏ℎ ℎ = 1, 2, … , 𝑞,

𝑥 ∈ 𝑋 
𝑑ℎ ≥ 0

𝑡ℎ ≥ 0.

  (8) 

 

where 𝑤ℎ and 𝑣ℎ are the relative weights of the negative and positive deviations. The 

purpose is to drive each objective function 𝑓ℎ(𝑥) to the aspiration level 𝑏ℎ. If the 

optimization requires 𝑓ℎ(𝑥) ≤ 𝑏ℎ, then minimizing the difference between 𝑓ℎ(𝑥) and 𝑏ℎ 

is done by minimizing 𝑑ℎ. On the other hand, if it requires 𝑓ℎ(𝑥) ≥ 𝑏ℎ, then this is 

achieved by minimizing 𝑡ℎ. In short, the objective is to minimize the sum of deviations 

from the aspirations (Davoodi and Rezai, 2012).  

The problem of the simultaneous maximization of 
∑ 𝑢𝑟𝑦𝑘𝑟

𝑅
𝑟=1

∑ 𝑣𝑗
𝐽
𝑗=1 𝑥𝑘𝑗 

 and 
∑ 𝑤𝑠

𝑆
𝑠=1 𝑧𝑘𝑠

∑ 𝑢𝑟𝑦𝑘𝑟
𝑅
𝑟=1

 as the 

technical efficiency and service effectiveness ratios is a multiple objective problem and 

can be mapped into the GP Model (8). The purpose of the GP model is to maximize the 

ratios 
∑ 𝑢𝑟𝑦𝑘𝑟

𝑅
𝑟=1

∑ 𝑣𝑗
𝐽
𝑗=1

𝑥𝑘𝑗 

 and 
∑ 𝑤𝑠

𝑆
𝑠=1 𝑧𝑘𝑠

∑ 𝑢𝑟𝑦𝑘𝑟
𝑅
𝑟=1

 together. In the ideal condition, 
∑ 𝑢𝑟

∗𝑦𝑘𝑟
𝑅
𝑟=1

∑ 𝑣𝑗
∗𝐽

𝑗=1
𝑥𝑘𝑗 

 and 
∑ 𝑤𝑠

∗𝑆
𝑠=1 𝑧𝑘𝑠

∑ 𝑢𝑟
∗𝑦𝑘𝑟

𝑅
𝑟=1

 

are equal to 1. The DMU under evaluation is efficient and effective if: 

 

 {
∑ 𝑣𝑗

∗𝐽
𝑗=1 𝑥𝑘𝑗 − ∑ 𝑢𝑟

∗𝑦𝑘𝑟
𝑅
𝑟=1 = 0

∑ 𝑢𝑟
∗𝑦𝑘𝑟

𝑅
𝑟=1 − ∑ 𝑤𝑠

∗𝑆
𝑠=1 𝑧𝑘𝑠 = 0

  (9) 
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We define 𝑡1 = ∑ 𝑣𝑗
∗𝐽

𝑗=1 𝑥𝑘𝑗 − ∑ 𝑢𝑟
∗𝑦𝑘𝑟

𝑅
𝑟=1  as the deviation from full technical 

efficiency score of 1 and 𝑡2 = ∑ 𝑢𝑟
∗𝑦𝑘𝑟

𝑅
𝑟=1 − ∑ 𝑤𝑠

∗𝑆
𝑠=1 𝑧𝑘𝑠 as the deviation from full 

service effectiveness of 1. The objective function of the GP model should, therefore, 

minimize 𝑡1 + 𝑡2. Since the values of the technical efficiency and service effectiveness 

ratios will not exceed the goal of 1, the negative deviation variable 𝑑ℎ is not required in 

the GP model. Model (10) is the GP based linear program developed in our paper to 

maximize the sum of the technical efficiency and service effectiveness.  

 

 

min 𝑡1 +  𝑡2 

s. t. ∑ 𝑢𝑟𝑦𝑘𝑟
𝑅
𝑟=1 = 1

∑ 𝑣𝑗
𝐽
𝑗=1 𝑥𝑖𝑗 − ∑ 𝑢𝑟𝑦𝑖𝑟

𝑅
𝑟=1 ≥ 0 𝑖 = 1, 2, … , 𝐼,

∑ 𝑣𝑗
𝐽
𝑗=1 𝑥𝑘𝑗 − ∑ 𝑢𝑟𝑦𝑘𝑟

𝑅
𝑟=1 − 𝑡1 = 0

∑ 𝑢𝑟𝑦𝑖𝑟
𝑅
𝑟=1 − ∑ 𝑤𝑠

𝑆
𝑠=1 𝑧𝑖𝑠 ≥ 0 𝑖 = 1, 2, … , 𝐼,

∑ 𝑢𝑟𝑦𝑘𝑟
𝑅
𝑟=1 − ∑ 𝑤𝑠

𝑆
𝑠=1 𝑧𝑘𝑠 − 𝑡2 = 0

𝑣𝑗 ≥ 0 𝑗 = 1, 2, … , 𝐽,

𝑤𝑠  ≥ 0 𝑠 = 1, 2, … , 𝑆,

𝑢𝑟  ≥ 0 𝑟 = 1, 2, … , 𝑅,

𝑡1 ≥ 0

𝑡2 ≥ 0.

  (10) 

 

The objective function of the model minimizes the sum of the deviations from the 

full technical efficiency score of 1 and the full service effectiveness of 1. The common 

term between the technical efficiency ratio and service effectiveness ratio, i.e. 

∑ 𝑢𝑟𝑦𝑘𝑟
𝑅
𝑟=1 , is set equal to 1. In order to minimize 𝑡1, the model searches for the 

solutions to minimize ∑ 𝑣𝑗
𝐽
𝑗=1 𝑥𝑘𝑗 − 1. Also to minimize 𝑡2, the model searches for the 

solutions which minimize 1 − ∑ 𝑤𝑠
𝑆
𝑠=1 𝑧𝑘𝑠. In other words, 𝑡1 + 𝑡2 is minimized by 

minimizing ∑ 𝑣𝑗
𝐽
𝑗=1 𝑥𝑘𝑗  and maximizing ∑ 𝑤𝑠

𝑆
𝑠=1 𝑧𝑘𝑠. This linear model does not 

require completion of the 5 steps of the parametric linear program (discussed in Section 

2) and also running a sequence of multiple linear programs are no longer required. In 

addition, the linear GP Model (10) is free of the estimation error of the heuristic search 

used by Lim and Zhu (2013).    
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4. Application 

 

To test the model developed in this paper we apply it in one of the data sets used by 

Chen et al. (2012, p. 355). The data set is related to 23 car lines of an American 

company and is used to evaluate the sustainable design performances of the carlines. 

Different carlines lead to the production of cars with different designs. Each design can, 

therefore, be considered as a DMU to be evaluated. Each design is made of two internal 

modules, namely:  the “industrial design process” and the “bio-design process”. The 

overall performance of each design is measured as the combination of the industrial 

design process performance and bio design process performance.  

The industrial design process performance is evaluated in terms of the engineering 

specifications and product attributes and is based on the ratio of the weighted sum of 

product attributes to the weighted sum of the engineering specifications. The bio design 

process is evaluated as the ratio of the weighted sum of the environmental factors to the 

weighted sum of the product attributes. Product attributes are in the numerator of the 

industrial design process ratio and in the denominator of the bio design process ratio. 

Therefore, the aim is to jointly maximize these two ratios, and it will be seen that this 

represents a similar problem to that of simultaneously maximizing efficiency and 

effectiveness. In this example, we apply three different nonlinear, parametric linear and 

linear models to this data set and jointly measure the overall performance of the carlines 

or the designs. 

The engineering specifications considered in the evaluation of the industrial 

design process are the cubic inch displacement (cid), rated horsepower (rhp), 

compression ratio (cmp) and axle ratio (axle). The equivalent test weight (etw) and fuel 

economy (mpg) are the product attributes considered in both industrial design process 

and bio design process ratios. The hydrocarbon emissions (hc), carbon monoxide 

emissions (CO), carbon dioxide emissions (CO2), and nitrogen oxide emissions (nox) 

are the factors used in the numerator of the bio design process ratio. In order to make 

the data fit the DEA approach, Chen et al. (2012) suggested that the reciprocal of the 

emissions level should be used. The same applies to the cubic inch displacement, rated 

horsepower, compression ratio, and equivalent test weights where their reciprocals are 

also used. 

Table 1 shows the data set. The results are shown in Table 2. 𝑒1, 𝑒2, and 𝑒 

represent the efficiency of the industrial design process, bio design process, and the 
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overall performance of each DMU, respectively. The results of the parametric model are 

based on following 5 steps of the model introduced in Section 2 and running Model (4). 

All three different models, i.e. the nonlinear, parametric linear, and linear, obtain the 

same results when applied on the 23 carlines data set. However, based on Lim and Zhu 

(2013), and with the application of the nonlinear model, there is no guarantee that we 

can always get the global optimum. The results of the linear model are obtained by only 

running Model (10). 

Unlike the linear model developed in this paper, the parametric model requires 

running a sequence of many models. Models (5), (6), and (7) are used first to determine 

the upper and lower bounds of h. The results are shown in Table 3. ℎ𝑡 = ℎ𝑈 − 𝜀 × 𝑡 is 

then used to calculate the other values of h. Model (4) is finally run with each parameter 

h. The detailed results of the parametric model for two sample DMUs 17 and 23 are 

presented in Tables 4 and 5, respectively. As can be seen from Table 4, Model (4) is run 

44 times associated with 44 parameters h for DMU 17. The optimal solution of the 

model is obtained with ℎ = 1.21975 where it gives the maximum overall performance 

of the DMU by 𝑒 =0.533. The overall performance of the same DMU (DMU 17) 

calculated with the linear model is also equal to 0.533. The linear model attains the 

same results by running only 1 linear program compared to 47 linear programs (3 linear 

programs to calculate the upper and lower bounds of h and 44 linear programs to run 

Model (4) with different h parameter values) of the parametric linear approach. Similar 

analysis can be completed for DMU 23 with the results presented in Table 5. There are 

36 h values for DMU 23 and therefore, Model (4) is run 36 times for this DMU. The 

best solution of the model is 𝑒 =0.584 where ℎ = 1.1135. This is the same efficiency 

score calculated with the developed GP model but by running only one linear program.   
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Table 1. Data set for the carlines  

Carline (DMU) cid rhp cmp axle etw mpg Hc CO CO2 nox 

1 268.31 247.23 9.84 3.31 3923 19.32 0.0216 0.4108 329.77 0.0054 

2 140 160 9.7 4.04 3583 25.83 0.0067 0.1667 343.67 0.0033 

3 182 217 10 3.46 3750 22.3 0.024 0.18 397 0.01 

4 182 215.5 10 3.46 3938 20.85 0.0075 0.0425 107.5 0.005 

5 281 250 9.4 3.27 4500 15.5 0.04 0.57 485.5 0.005 

6 161 205.5 10 3.82 3688 25.55 0.0055 0.145 157 0.005 

7 140 155 9.7 2 4250 37.4 0.008 0.23 237 0.02 

8 140 155 9.7 2 4000 45.2 0.007 0.19 196 0.01 

9 244 210 9.7 3.64 5250 16.1 0.028 0.53 283 0.005 

10 280 292 9.8 3.55 5250 16.75 0.026 0.36 531.5 0.015 

11 330 310 9.8 3.31 6000 15.27 0.04 0.7467 522.33 0.01 

12 280 262.67 9.4 3.69 5556 16.9 0.0062 0.1333 117 0.0011 

13 280 292 9.8 3.55 5000 17.9 0.026 0.21 495 0.01 

14 330 310 9.8 3.31 6000 17.1 0.039 0.945 517.5 0.01 

15 330 310 9.8 3.15 5375 17.85 0.0215 0.445 250.5 0.005 

16 330 310 9.8 3.53 5900 16.92 0.0132 0.228 105 0.002 

17 330 310 9.8 3.31 6000 11.6 0.042 0.35 532 0.01 

18 330 310 9.8 3.15 5375 12.9 0.0145 0.235 244.5 0.005 

19 330 310 9.8 3.53 5900 12.22 0.007 0.084 102.8 0.004 

20 140 171 9.7 4.13 3625 28.3 0.011 0.29 314 0.01 

21 140 171 9.7 4.09 3875 23.75 0.0235 0.335 374 0.01 

22 140 143 9.7 4.01 3594 24.28 0.0225 0.2325 366.75 0.01 

23 244 207 9.7 3.85 4250 17.6 0.032 0.5767 334 0.0033 

 

 

Table 2. Results with the nonlinear, parametric linear, and linear models 

 

 

 

 

 Nonlinear model  Parametric linear model  Linear model 

DMU 𝒆𝟏 𝒆𝟐 𝒆  𝒆𝟏 𝒆𝟐 𝒆  𝒆𝟏 𝒆𝟐 𝒆 

1 1.000 0.238 0.619   1.000 0.238 0.619   1.000 0.238 0.619 

2 0.998 0.597 0.798   0.998 0.597 0.798   0.998 0.597 0.798 

3 1.000 0.253 0.626   1.000 0.253 0.626   1.000 0.253 0.626 

4 0.952 1.000 0.976   0.952 1.000 0.976   0.952 1.000 0.976 

5 0.913 0.191 0.552   0.913 0.191 0.552   0.913 0.191 0.552 

6 1.000 0.748 0.874   1.000 0.748 0.874   1.000 0.748 0.874 

7 0.941 0.593 0.767   0.941 0.593 0.767   0.941 0.593 0.767 

8 1.000 0.638 0.819   1.000 0.638 0.819   1.000 0.638 0.819 

9 0.737 0.347 0.542   0.737 0.347 0.542   0.737 0.347 0.542 

10 0.932 0.223 0.577   0.932 0.223 0.577   0.932 0.223 0.577 

11 0.880 0.203 0.541   0.880 0.203 0.541   0.880 0.203 0.541 

12 0.828 1.000 0.914   0.828 1.000 0.914   0.828 1.000 0.914 

13 0.985 0.290 0.637   0.985 0.290 0.637   0.985 0.290 0.637 

14 0.949 0.175 0.562   0.949 0.175 0.562   0.949 0.175 0.562 

15 1.000 0.370 0.685   1.000 0.370 0.685   1.000 0.370 0.685 

16 0.926 0.962 0.944   0.921 0.966 0.944   0.926 0.962 0.944 

17 0.820 0.247 0.533   0.820 0.247 0.533   0.820 0.247 0.533 

18 0.898 0.443 0.671   0.904 0.437 0.670   0.915 0.425 0.670 

19 0.834 1.000 0.917   0.834 1.000 0.917   0.834 1.000 0.917 

20 0.998 0.363 0.681   0.998 0.363 0.681   0.998 0.363 0.681 

21 0.923 0.192 0.557   0.923 0.192 0.557   0.923 0.192 0.557 

22 0.995 0.211 0.603   0.995 0.211 0.603   0.995 0.211 0.603 

23 0.896 0.273 0.584   0.898 0.269 0.584   0.896 0.273 0.584 
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Table 3. Upper and lower bounds of h 

Carline (DMU) 𝒉𝑳 𝒉𝑼 

1 1.00000 1.22074 

2 1.00158 1.11213 

3 1.00000 1.00000 

4 1.05013 1.05013 

5 1.09528 1.45288 

6 1.00000 1.00000 

7 1.06250 1.06250 

8 1.00000 1.00000 

9 1.35545 1.35617 

10 1.07312 1.13308 

11 1.13697 1.24353 

12 1.20836 1.20836 

13 1.01511 1.07912 

14 1.05393 1.24353 

15 1.00000 1.11399 

16 1.06105 1.15543 

17 1.21975 1.65308 

18 1.09270 1.48649 

19 1.19943 1.22280 

20 1.00189 1.01332 

21 1.08320 1.08320 

22 1.00465 1.00465 

23 1.11069 1.47355 
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Table 4. Results of the heuristic search procedure of the parametric linear model for DMU 17 

t 𝒉𝒕 = 𝒉𝑼 − 𝜺 × 𝒕 𝒆𝟏 𝒆𝟐 𝒆  

0 1.65308 0.60493 0.29504 0.44998  

1 1.64308 0.60861 0.29477 0.45169  

2 1.63308 0.61234 0.29449 0.45342  

3 1.62308 0.61611 0.29422 0.45517  

4 1.61308 0.61993 0.29395 0.45694  

5 1.60308 0.62380 0.29368 0.45874  

6 1.59308 0.62771 0.29341 0.46056  

7 1.58308 0.63168 0.29314 0.46241  

8 1.57308 0.63569 0.29279 0.46424  

9 1.56308 0.63976 0.29230 0.46603  

10 1.55308 0.64388 0.29182 0.46785  

11 1.54308 0.64805 0.29133 0.46969  

12 1.53308 0.65228 0.29084 0.47156  

13 1.52308 0.65656 0.29035 0.47346  

14 1.51308 0.66090 0.28986 0.47538  

15 1.50308 0.66530 0.28937 0.47734  

16 1.49308 0.66976 0.28888 0.47932  

17 1.48308 0.67427 0.28839 0.48133  

18 1.47308 0.67885 0.28790 0.48338  

19 1.46308 0.68349 0.28741 0.48545  

20 1.45308 0.68819 0.28662 0.48741  

21 1.44308 0.69296 0.28544 0.48920  

22 1.43308 0.69780 0.28427 0.49103  

23 1.42308 0.70270 0.28309 0.49290  

24 1.41308 0.70767 0.28191 0.49479  

25 1.40308 0.71272 0.28074 0.49673  

26 1.39308 0.71783 0.27956 0.49870  

27 1.38308 0.72302 0.27838 0.50070  

28 1.37308 0.72829 0.27721 0.50275  

29 1.36308 0.73363 0.27603 0.50483  

30 1.35308 0.73905 0.27485 0.50695  

31 1.34308 0.74456 0.27368 0.50912  

32 1.33308 0.75014 0.27250 0.51132  

33 1.32308 0.75581 0.27132 0.51357  

34 1.31308 0.76157 0.27015 0.51586  

35 1.30308 0.76741 0.26897 0.51819  

36 1.29308 0.77335 0.26780 0.52057  

37 1.28308 0.77937 0.26662 0.52300  

38 1.27308 0.78550 0.26544 0.52547  

39 1.26308 0.79171 0.26427 0.52799  

40 1.25308 0.79803 0.26226 0.53015  

41 1.24308 0.80445 0.25768 0.53107  

42 1.23308 0.81098 0.25310 0.53204  

43 1.22308 0.81761 0.24852 0.53306  

44 1.21975 0.81984 0.24699 0.53342  (best solution) 
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Table 5. Results of the heuristic search procedure of the parametric linear model for DMU 23 

t 𝒉𝒕 = 𝒉𝑼 − 𝜺 × 𝒕 𝒆𝟏 𝒆𝟐 𝒆  

0 1.47355 0.67863 0.32853 0.50358  

1 1.46355 0.68327 0.32780 0.50553  

2 1.45355 0.68797 0.32706 0.50752  

3 1.44355 0.69274 0.32633 0.50953  

4 1.43355 0.69757 0.32559 0.51158  

5 1.42355 0.70247 0.32486 0.51366  

6 1.41355 0.70744 0.32412 0.51578  

7 1.40355 0.71248 0.32339 0.51793  

8 1.39355 0.71759 0.32265 0.52012  

9 1.38355 0.72278 0.32191 0.52235  

10 1.37355 0.72804 0.32118 0.52461  

11 1.36355 0.73338 0.32044 0.52691  

12 1.35355 0.73880 0.31971 0.52925  

13 1.34355 0.74430 0.31897 0.53164  

14 1.33355 0.74988 0.31824 0.53406  

15 1.32355 0.75555 0.31750 0.53652  

16 1.31355 0.76130 0.31663 0.53896  

17 1.30355 0.76714 0.31548 0.54131  

18 1.29355 0.77307 0.31432 0.54370  

19 1.28355 0.77909 0.31317 0.54613  

20 1.27355 0.78521 0.31202 0.54861  

21 1.26355 0.79142 0.31086 0.55114  

22 1.25355 0.79774 0.30971 0.55372  

23 1.24355 0.80415 0.30856 0.55635  

24 1.23355 0.81067 0.30741 0.55904  

25 1.22355 0.81730 0.30625 0.56177  

26 1.21355 0.82403 0.30510 0.56456  

27 1.20355 0.83088 0.30395 0.56741  

28 1.19355 0.83784 0.30279 0.57032  

29 1.18355 0.84492 0.30098 0.57295  

30 1.17355 0.85212 0.29689 0.57450  

31 1.16355 0.85944 0.29280 0.57612  

32 1.15355 0.86689 0.28871 0.57780  

33 1.14355 0.87447 0.28463 0.57955  

34 1.13355 0.88219 0.28054 0.58136  

35 1.12355 0.89004 0.27644 0.58324  

36 1.11355 0.89803 0.26919 0.58361  (best solution) 
37 1.11069 0.90034 0.26399 0.58217  
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5. Concluding remarks 

 

In this paper, we argued that simultaneously maximizing efficiency and effectiveness 

ratios of DMUs is a special class of the SLR problem. Two existing nonlinear and 

parametric linear DEA models developed by Chiou et al. (2010) and Lim and Zhu 

(2013) to solve this problem are investigated, and a new linear model based on GP is 

developed. This does not have the computational complexity and potential estimation 

error of the parametric linear model, and unlike the nonlinear model, it determines the 

global optimal solution. We, therefore, considered that the use of the developed GP 

model rather than the nonlinear and parametric linear models in maximizing the sum of 

two linear ratios of the efficiency and effectiveness has clear benefits for decision 

makers. 
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a b s t r a c t

With increased global awareness of environmental sustainability, green supply chain management
(GSCM) has received considerable attention in the literature over the decade. Green supplier selection
and assessment in GSCM is one of the most significant and complex challenges for supply chain
managers. This paper provides a new model and approach for green supplier selections by decomposing
their efficiency indicators into technical, environmental and eco-efficiency scores. We show that the
models in the literature are computationally intensive and are not able to measure eco-efficiency
properly. Instead of running three different models, linear goal programming is used to integrate
technical, environmental and eco-efficiency objectives into a multiple objective linear programming
(MOLP) data envelopment analysis (DEA) model. Therefore, the model proposed in this paper is less
computationally intensive than the models in the literature. The new model provides a more valid eco-
efficiency indicator of decision-making units (DMUs) by utilizing a better combination of the technical
and environmental efficiency objectives compared to the conventional models. Unlike the conventional
models, the new model identifies DMUs as being eco-efficient if, and only if, they are both technically
and environmentally efficient. We also discuss the non-dominated weights as the solutions of the MOLP
model and use them to construct technical, environmental and eco cross-efficiency matrices of the
DMUs. In order to illustrate the effectiveness and applicability of the proposed model, we present the
real world business case of the Hyundai Steel Company and its suppliers.

& 2015 Elsevier B.V. All rights reserved.

1. Introduction

In recent years, sustainability or sustainable development has
become a lexicon for many purchasing and supply chain managers.
In particular, environmental and social standards such as the ISO
14000 and the SA 8000 are in common practice in the purchasing and
supply chain contracts between buyers and suppliers (Lee and Kim,
2009). The concept of sustainable development has evolved during
the last decade, and one of the most accepted definitions of sustain-
able development is “a development that meets the needs of the
present without compromising the ability of the future generation to
meet their own needs’’ (WCDE, 1987). Some scholars from the
discipline of supply chain management have attempted to explore
sustainable development within supply chain management, and they
have often referred to sustainable supply chain management (SSCM).
For example, Seuring and Müller (2008) define SSCM as “the

management of material, information and capital flows, as well as
cooperation among companies along the supply chain, while taking
into account goals from all three dimensions of sustainable develop-
ment, i.e., economic, environmental and social, into account (p. 1700)”.
Seuring and Müller (2008) showed that social factors under SSCM are
dominated by environmental issues among academics and also in
industrial practice. They continue to argue that economic and
environmental aspects of sustainability are dominant, and this is
called ‘green supply chain management (GSCM)’.

The successful implementation of sustainable or green supply
chain management depends significantly on the selection of the ‘right’
suppliers from the perspective of sustainability (Seuring and Müller,
2008; Lee andWu, 2014). Supplier selection is the process of selecting
the ‘right’ strategic suppliers to the focal company to increase
competitive advantage (Baskaran et al., 2012; Bai and Sarkis, 2010;
Lee and Kim, 2011). Seuring and Müller (2008) found a positive
relationship between selection of green suppliers and green supply
chain practices and outcomes. It is the difficult job of the purchasing
or supply chain managers to control the trade-off between the cost of
supplied material, as representative of economic sustainability, and
the social and environmental sustainability of suppliers. If a supplier is
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not socially or environmentally sustainable, buying the supplied
materials at the lowest price may risk reputational damage, resulting
in negative financial performance for the focal company (Goebel et al.,
2012; Lee and Kim, 2009).

Supplier selection is a multiple criteria decision-making
(MCDM) issue. It is a complex assessment to make since it is
generally necessary to take into consideration various criteria in
making the final decision. In the extant literature, many meth-
odologies for supplier selections have been developed and include
analytic hierarchy process (AHP), analytical network process
(ANP), case-based reasoning (CBR), artificial neural network
(ANN), and data envelopment analysis (DEA), among the most
well-known methodologies (Mahdiloo et al., 2014). Some aca-
demics have studied innovative applications of the existing meth-
odological tools while others have focused on improvements in
those tools. In the next section, we provide a brief review of the
tools and approaches used for supplier selection.

1.1. Supplier selection evaluation in green and sustainable supply
chain management

Handfield et al. (2002) proposed the use of the AHP to assist
managers to make environmentally friendly purchasing decisions.
They discussed how the purchasing decision in a GSCM is not only
based on the cost, quality and delivery factors, but also on the
environmental performance of the suppliers. Wu et al. (2007) used
AHP and fuzzy logic in their assessment of environmentally aware
suppliers. They considered the environmental impact of products
supplied by suppliers during the life cycle of these products. Hsu
and Hu (2009) used ANP to evaluate suppliers in GSCM. They
conducted their research in two stages: first, recognizing suppli-
ers' evaluation criteria and then developing an ANP-based frame-
work for the evaluation and selection of suppliers. Lee et al. (2009)
proposed a green supplier selection model for high-tech industries
using the Delphi method and fuzzy AHP. Tuzkaya et al. (2009)
modeled the environmental performance evaluation of suppliers
in fuzzy ANP and fuzzy preference ranking organization method
for enrichment evaluation (PROMETHEE) methodology. Sarkis
et al. (2012) used both AHP and ANP in the selection of sustainable
sub-contractors. All three dimensions of the triple bottom line (i.e.
economic, environmental, and social dimensions) are used in the
developed framework. Both tools are MCDM techniques and use
pairwise comparisons to the relative importance of different
criteria and ranking of alternatives. ANP differs from AHP since it
allows for interdependencies among attributes. Shen et al. (2013)
used the fuzzy TOPSIS model to evaluate the performance of
suppliers in GSCM. Vague and subjective human judgments and
preferences are changed to crisp numbers by the use of the fuzzy
set theory. TOPSIS, as the decision-making tool, is used to integrate
experts' ideas regarding relative weight of factors and suppliers'
performance.

Kuo et al. (2010) selected green suppliers for a camera manu-
facturer using a combination of DEA, ANN and ANP. This hybrid
method is called ANN–MADA. They showed that ANN–MADA
outperforms the other two hybrid methods tested in their study,
i.e. ANN–DEA and ANP–DEA. They also demonstrated that their
proposed approach has more discriminatory power than DEA.
Decision makers' preferences are also incorporated into the model
as additional constraints. Kumar et al. (2014) developed green DEA
(GDEA) to evaluate suppliers in the steel industry. They called this
‘a comprehensive DEA model’ because it has three features: (i) the
feasible region of the final solution of factors' weights is limited by
some weight restriction constraints, (ii) the carbon footprint is
modeled as a dual-role factor, rather than considering it as a strict
input or undesirable output, therefore, the behavior of this factor
as an input or output factor is determined by the weighting

mechanism of the developed GDEA model, and (iii) the model
accounts for non-homogeneity of suppliers when some of the
suppliers do not use the same type of inputs to supply the same
type of outputs. The non-homogeneity of the suppliers lacking
some of the input or output factors is handled by considering the
corresponding data as being missing values.

1.2. DEA and modeling undesirable outputs

For the analysis of the dataset of this research, DEA is chosen as
an analytical tool and this is because the objectivity arising from
the DEA weighting system makes it distinguishable from others
(Wong and Wong, 2008; Lee and Farzipoor Saen, 2012).

One of the steps to be taken before running each type of DEA
model is to recognize inputs and outputs. In the classical forms of
DEA models, the factors incorporated into the models are sepa-
rated as inputs and outputs while outputs with larger values
represent better performance. However, this is not the case for all
the outputs produced in the production process. In an evaluation
of the efficiency of production units, as a by-product there might
be some undesirable (bad) outputs which necessitate careful
modeling. The suppliers' carbon emissions are an example of this.

Different ways of modeling undesirable outputs have been
developed and are discussed in the literature (e.g. Färe et al.,
1989; Seiford and Zhu, 2002; Färe and Grosskopf, 2004; Korhonen
and Luptacik, 2004; Kuosmanen and Kortelainen, 2005; Zhang et
al., 2008; Yang and Pollitt, 2009). Many studies discussed how to
consider inputs, desirable and undesirable outputs simultaneously
in the efficiency evaluations of decision-making units (DMUs).
Among the studies, Korhonen and Luptacik (2004) and Zhang et al.
(2008) provided useful insights into the efficiency of DMUs by
obtaining information about the technical, environmental and eco-
efficiency scores. They proposed that technical efficiency be
measured as the ratio of desirable outputs to inputs, and environ-
mental efficiency as the ratio of desirable outputs to undesirable
outputs. They called the combination of these two measures (i.e.
technical and environmental efficiencies, eco-efficiency), and they
introduced different ways of measuring it.1 In one of their
suggested methods, eco-efficiency is measured by treating unde-
sirable outputs as inputs. We call this approach ‘the three-step
methodology’ to measure technical, environmental and eco-
efficiency scores.

1.3. Gaps in the literature

Research gaps are found both in the supplier selection and in
the DEA literature. The three-step methodology gives useful
insights into decomposing the efficiency of DMUs from different
aspects. However, we believe that there still is room for improve-
ment in the methodology. First, the three-step method is compu-
tationally intensive since it is required that three different models
are run to measure the technical, environmental and eco-
efficiency scores of each DMU. Therefore, for a dataset with n
DMUs, 3�n linear programming is required. Application and
implementation of 3�n linear programming, especially for large
scope applications, can be cumbersome. Second, it will be shown
that the eco-efficiency model, which is a combination of the
technical and environmental efficiency models, is unable to
provide a valid score as the combination of them. Basically, the
three-step methodology picks out the maximum value between
technical and environmental efficiency scores of each DMU and

1 Different terminologies are used in different papers to refer to technical and
environmental efficiencies. Operational, resource and technology efficiencies are in
general referred to as technical efficiency. Ecological efficiency is used to refer to
environmental efficiency.
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shows it as its eco-efficiency score. Therefore, if a DMU is either
technically or environmentally efficient, it is identified as being
eco-efficient. Consider one simple example with three DMUs. The
three-step methodology is used and the efficiency scores of the
DMUs are shown in Table 1.

The technical and environmental efficiency scores of DMU 1 are
0.2 and 1, respectively. DMU 2 has a technical and environmental
efficiency score of 1. Based on the results of the eco-efficiency
model of the three-step methodology, the eco-efficiency score of
both DMUs 1 and 2 is 1. Therefore, this model cannot distinguish
between DMUs 1 and 2, and the low technical efficiency of DMU
1 is ignored in favor of its high environmental efficiency. Also,
consider DMUs 1 and 3. The technical and environmental effi-
ciency scores of DMU 3 are 0.98 and 0.96, respectively. Despite the
high technical and environmental efficiency scores of DMU 3, DMU
1 is identified as a more eco-efficient DMU than DMU 3. This issue
can be seen in the efficiency results provided by Zhang et al.
(2008). In the next sections, the reason behind this problem will
be explained in detail.

Regarding the application of the DEA models, to the best of our
knowledge, there is no paper decomposing the efficiency scores of
suppliers simultaneously using three different aspects of technical,
environmental and eco-efficiencies.

1.4. Purpose and contributions of the paper

This paper aims to contribute to the body of knowledge of the
application of DEA by simultaneously measuring suppliers' tech-
nical, environmental and eco-efficiency scores. The concepts of the
technical, environmental and eco-efficiency scores are applied and
measured in a dataset from the Hyundai Steel Company's suppliers
in South Korea.

This paper also attempts to contribute to the DEA theory devel-
opment. An effort is made to decrease the computational intensity of
the three-step methodology by integrating it into a single multiple
objective linear programming (MOLP) model. Immediately, the three
different measures of technical, environmental and eco-efficiency
scores are found. Linear goal programming is applied to create the
MOLP model and to solve it in the form of a linear model. The
solutions found by the developed model are introduced as non-
dominated weights rather than optimal weights. The cross-efficiency
approach is adapted to the MOLP model and the technical, environ-
mental and eco cross-efficiency matrices are constructed by using the
non-dominated weights.

Apart from being less computationally intensive, the developed
model has one more important advantage; it provides a valid
indicator of the eco-efficiency score of DMUs. It identifies DMUs as
being eco-efficient if, and only if, they are technically and envir-
onmentally efficient. In other words, if a DMU is either technically
or environmentally inefficient, it is identified as an eco-
inefficient DMU.

The remainder of this paper is organized as follows. In
Section 2, the mathematical formulations of the three-step
methodology are presented. It shows how the technical, envir-
onmental and eco-efficiencies are measured by using three
different models. The proposed MOLP model is also introduced
in this section. In Section 3, a case study is presented and the

applicability of the proposed model is illustrated. Some compar-
isons between results of the proposed model and three-step
methodology will be made. In Section 4, we present our
managerial implications, and in Section 5 we summarize the
conclusions and directions of further research.

2. Proposed model

2.1. Three-step methodology to find technical, environmental and
eco-efficiencies

Assume that there are n DMUs each consuming m inputs to
produce s desirable and p undesirable outputs. The outputs corre-
sponding to indices 1, 2,…, s are desirable and the outputs corre-
sponding to indices 1, 2,…, p are undesirable. Let XARm�n

þ , YgARs�n
þ ,

and YbARp�n
þ be the matrices, containing the observed input, desir-

able and undesirable output measures, respectively. The notations
used in this study are briefly listed in Table 2.

Technical efficiency is measured in terms of inputs and desir-
able outputs and shows how efficiently DMUs transform their
inputs into desirable outputs. Model (1) evaluates the technical
efficiency of DMUo.

Max
Ps

r ¼ 1
ury

g
roPm

i ¼ 1
vixio

s:t:
Ps

r ¼ 1
ury

g
rjPm

i ¼ 1
vixij

r1 j¼ 1;…;n;

viZ0 i¼ 1;2;…;m;

urZ0 r¼ 1;2;…; s:

ð1Þ

The objective function of the Model (1) is between 0 and 1, and
1 is an indicator of full technical efficiency. Model (1) is known as a
fractional model and it can also be shown and solved as a linear
programming model (Model 2).

Max

Xs

r ¼ 1

urygro

Xm

i ¼ 1

vixio ¼ 1

s:t:
Xs

r ¼ 1

ury
g
rj�

Xm

i ¼ 1

vixijr0 j¼ 1;…;n;

viZ0 i¼ 1;2;…;m;

urZ0 r¼ 1;2;…; s:

ð2Þ

Model (2) is linear and can be solved by the simplex algorithm.
The purpose of Model (2) is to find the best optimal weights of the
inputs and desirable outputs which can maximize the technical
efficiency of each DMU. The maximum value that the objective

Table 1
Simple example and results using the three-step methodology.

DMUs Technical efficiency Environmental efficiency Eco-efficiency

DMU 1 0.20 1.00 1.00
DMU 2 1.00 1.00 1.00
DMU 3 0.98 0.96 0.98

Table 2
The nomenclatures.

DMUo: The decision making unit under investigation
j¼1,…,n Collection of DMUs (suppliers)
r¼1,…,s The set of desirable outputs
i¼1,…,m The set of inputs
k¼1,…,p The set of undesirable outputs
ygro: rth desirable output of the DMUo

ygrj : rth desirable output of DMUj

ur: The weight for rth desirable output
xio: ith input of the DMUo

xij: ith input of DMUj

vi: The weight for ith input
ybko: kth undesirable output of the DMUo

ybkj :
kth undesirable output of DMUj

μk: The weight for kth undesirable output
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function can reach is one, since
Ps

r ¼ 1 ury
g
rjr

Pm
i ¼ 1 vixij and alsoPm

i ¼ 1 vixio ¼ 1, and the minimum value that objective function can
reach is zero, since viZ 0 and urZ 0. To find the technical
efficiency of n DMUs, Model (2) should be run separately for each
DMU, which will lead to running n linear programming.

On the other hand, if the purpose is to find the environmental
efficiency of the DMUs and to show how efficiently they add value
relative to their environmental impacts, the environmental effi-
ciency of DMUs is measured in terms of their desirable and
undesirable outputs. Model (3) measures environmental efficiency
and it is shown in its linear programming form as Model (4).

Max
Ps

r ¼ 1
ury

g
roPp

k ¼ 1
μkybko

s:t:
Ps

r ¼ 1
ury

g
rjPp

k ¼ 1
μkybkj

r1 j¼ 1;…;n;

urZ0 r¼ 1; 2; …; s;

μkZ0 k¼ 1;2;…p:

ð3Þ

Max

Xs

r ¼ 1

urygro

Xp

k ¼ 1

μky
b
ko ¼ 1

s:t:
Xs

r ¼ 1

ury
g
rj�

Xp

k ¼ 1

μky
b
kjr0 j¼ 1;…;n;

viZ0 i¼ 1;2;…;m;

μkZ0 k¼ 1;2;…; p:

ð4Þ

The combination of the technical and environmental efficien-
cies is called eco-efficiency (Korhonen and Luptacik, 2004; Zhang
et al., 2008) and it is measured by simultaneous consideration of
inputs, desirable and undesirable outputs. Zhang et al. (2008)
measured eco-efficiency by Model (5). This model was also
discussed and introduced by Korhonen and Luptacik (2004).

Max

Xs

r ¼ 1

urygro

Xm

i ¼ 1

vixioþ
Xp

k ¼ 1

μky
b
ko ¼ 1

s:t:
Xs

r ¼ 1

ury
g
rj�

Xm

i ¼ 1

vixij�
Xp

k ¼ 1

μky
b
kor0 j¼ 1;…;n;

viZ0 i¼ 1;2;…;m;

urZ0 r¼ 1;2;…; s;

μkZ0 k¼ 1;2;…; p:

ð5Þ

Three linear Models (2), (4), and (5) are used by Zhang et al.
(2008) as well as other authors to measure technical, environ-
mental and eco-efficiency scores. However, our paper is aimed at
proposing a new way to consider undesirable outputs in DEA and
to measure technical, environmental and eco-efficiency scores.
Therefore, Models (2), (4) and (5) are not applied in their current
form in our evaluation of the Hyundai Steel Company's suppliers.
We will provide a new model since some difficulties have been
identified in the three-step methodology.

2.2. Weak points of the three-step methodology

As discussed before, there is a major difficulty in implementing
the three-step methodology. For a dataset with 20 DMUs, which is
the case for the Hyundai Steel Company's suppliers, running 60
models or linear programming is required.

Apart from being computationally intensive, the eco-efficiency
scores found by Model (5) are not valid scores. This issue is

discussed in more detail here. Theoretically, Model (5) is a
combination of Models (2) and (4). But the way inputs and
undesirable outputs are modeled in the eco-efficiency ratio of
the Model

Ps
r ¼ 1 ury

g
ro=

Pm
i ¼ 1 vixijþ

Pp
k ¼ 1 μky

b
ko

� �
allows it to

search for the solutions that maximize the eco-efficiency ratio,
but not two separate ratios of technical

Ps
r ¼ 1 ury

g
ro=

Pm
i ¼ 1 vixio

� �

and environmental
Ps

r ¼ 1 ury
g
ro=

Pp
k ¼ 1 μky

b
ko

� �
efficiency scores.

In Model (5), if the DMU has a low relative technical efficie-
ncy score, maximization of the ratio of

Ps
r ¼ 1 ury

g
ro=

Pm
i ¼ 1 vixijþPp

k ¼ 1 μky
b
ko might be done by giving small values to vi and dis-

regarding inputs. In this case, the low technical efficiency score of the
DMU will not affect the combination or eco-efficiency score of the
DMU, and the eco-efficiency of the DMU will be significantly
correlated with its environmental efficiency score. On the other hand,
if the DMU has a low relative environmental efficiency score,
maximization of the ratio of

Ps
r ¼ 1 ury

g
ro=

Pm
i ¼ 1 vixijþ

Pp
k ¼ 1 μky

b
ko

can be done by giving small values to μk and disregarding undesirable
outputs. In this case, the low environmental efficiency score of the
DMU will not affect the eco-efficiency score of the DMU.

Therefore, the eco-efficiency score of the DMUs will be similar
to their technical or environmental efficiency scores. In other
words, the eco-efficiency score is highly correlated with the
maximum of the technical and environmental efficiency scores.
Therefore, if Models (2) and (4) are used to measure technical and
environmental efficiency scores, one can consider the maximum
value between these two measures as being the eco-efficiency
indicator and running Model (5) is not required. In both cases –

running Model (5) or considering the maximum value between
technical and environmental efficiency scores – there will be
DMUs which are either technically or environmentally inefficient,
but they have been recognized as eco-efficient DMUs, which is not
acceptable. Notably, Zhang et al. (2008) study measured technical,
environmental and eco-efficiency scores within Chinese provinces.
In reviewing their datasets and results however, we notice that
Zhang et al. (2008) study has limited results because their model
identified some DMUs as being eco-efficient even if they were
either technically or environmentally inefficient. In our new
model, therefore, we will accept DMUs as being eco-efficient if,
and only if, they are technically and environmentally efficient.

Technical and environmental efficiency models will be inte-
grated into a single multi-objective model and the model will
search for the solutions. At the same time the two separate ratios
of the technical

Ps
r ¼ 1 ury

g
ro=

Pm
i ¼ 1 vixio

� �
and environmentalPs

r ¼ 1 ury
g
ro=

Pp
k ¼ 1 μky

b
ko

� �
efficiency ratios will be maximized.

The new model will recognize DMUs as being eco-efficient if they
are technically and environmentally efficient.

2.3. A MOLP model to find technical, environmental and eco-
efficiencies

At this stage, a new single model is developed to measure
technical, environmental and eco-efficiency scores of DMUs with less
computational intensity. The new model does not recognize DMUs as
being eco-efficient if they are either technically or environmentally
inefficient.

Consider the objective functions of the two technical and environ-
mental efficiency models, i.e.

Ps
r ¼ 1 ury

g
ro=

Pm
i ¼ 1 vixio andPs

r ¼ 1 ury
g
ro=

Pp
k ¼ 1 μky

b
ko, as being maximized. That is, there are

multiple objectives with their own set of constraints to be optimized.
Linear goal programming is used to consider these two objectives
simultaneously. Goal programming is applicable in our case, since the
numeric goal for each of the objectives (technical and environmental
efficiencies) is known beforehand. The maximum efficiency score of
1 is the ultimate goal for each of the objectives and linear goal
programming is applied to find a solution that minimizes the sum of
deviations from full technical and environmental efficiency scores.
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Since there is no order of priorities between these two objectives,
non-preemptive goal programming is used.2

Suppose
Ps

r ¼ 1 ury
g
ro=

Pm
i ¼ 1 vixio and

Ps
r ¼ 1 ury

g
ro=

Pp
k ¼ 1 μky

b
ko

are two objective functions to be optimized. A full efficiency score
of 1 is the aspiration level for both technical and environmental
efficiency models. Variables do and do' are defined as deviations of
the DMUo from the aspiration level of technical and environmental
efficiencies, respectively. do and do' can be shown as do ¼

P
i ¼ 1

mvixio�
Ps

r ¼ 1 ury
g
ro and do' ¼

Pp
k ¼ 1 μky

b
ko�

Ps
r ¼ 1 ury

g
ro. A linear

model is required to search for the weights of inputs, desirable
and undesirable outputs by simultaneous minimization of do and
do' . The term

Ps
r ¼ 1 ury

g
ro is fixed to one and minimization of do and

do' is done by minimizing
Pm

i ¼ 1 vixio and
Pp

k ¼ 1 μky
b
ko, respectively.

By giving the possible smallest value to do and do' , i.e. zero, the
expressions

Pm
i ¼ 1 vixio�

Ps
r ¼ 1 ury

g
ro and

Pp
k ¼ 1 μky

b
ko�

Ps
r ¼ 1 ury

g
ro

will be equal to zero and DMUo will be identified as being
technically, environmentally, and consequently eco-efficient. By
these definitions, Model (6) is developed.

Min doþ do'
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b
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viZ0 i¼ 1;2;…;m;

μkZ0 k¼ 1;2;…; p;

djZ0 j¼ 1;…;n;

dj'Z0 j¼ 1;…;n:

ð6Þ

Model (6) is a multiple objective linear programming (MOLP) DEA
model which finds the best values for vi;ur ; and μk to maximize
three different measures of technical, environmental, and eco-
efficiency scores subject to these three ratios being less than or
equal to 1. This model is run once for each DMU instead of three
separate runs of Models (2), (4), and (5). Apart from its less
computational intensity, another important capability of the
model is that it identifies a DMU as eco-efficient if, and only if,
the DMU is technically and environmentally efficient. After run-
ning one linear programming for each DMU, the non-dominated
weights of un

r , vni , and μn

k are used in (7)–(9) and technical,
environmental and eco-efficiency ratios and efficient and ineffi-
cient DMUs are identified.
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Lemma 1. The values of E1o, E2o and E3o in (7)–(9) always lie
between zero and one.

Proof. Since
Ps

r ¼ 1 u
n
roy

g
rj ¼ 1,

Ps
r ¼ 1 u

n
roy

g
rjr

Pm
i ¼ 1 v

n

ioxij andPs
r ¼ 1 u

n
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Pp
k ¼ 1 μ
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koy
b
kj, the values of the fractions E1o, E2o

and E3o are always less than or equal to one. Also, since un
roZ0,

vnioZ0 and μn

koZ0, the values of E1o, E2o and E3o cannot be less
than zero. This proves the Lemma 1.&

It is noteworthy to mention that, according to Li and Reeves
(1999), a MOLP model generally cannot find a solution to optimiz-
ing all objectives simultaneously, and instead will find non-
dominated solutions. Borrowing from the discussions made by Li
and Reeves (1999), a solution is non-dominated in our case if it is
not possible to move within the feasible region to improve either
technical or environmental efficiency scores without deteriorating
the other one. In our case, the two objective functions are not
conflicting goals, and it is likely that the MOLP model will find
technical and environmental efficiency scores of DMUs signifi-
cantly similar to the solutions found when Models (2) and (4) are
run separately. We identify the two objectives

Ps
r ¼ 1 ury

g
ro

=
Pm

i ¼ 1 vixio and
Ps

r ¼ 1 ury
g
ro=

Pp
k ¼ 1 μky

b
ko to be non-conflicting,

since the common term between them, ie.
Ps

r ¼ 1 ury
g
ro, appears

in the numerator of both functions, and the MOLP model will
search for the values of ur to maximize

Ps
r ¼ 1 ury

g
ro in both ratios. If

the common term was in the numerator of one objective function
and in the denominator of the other objective function, the
objectives were in conflict.

2.4. A cross-efficiency approach to the developed MOLP model

Model (6) can find the technical, environmental and eco-
efficiency scores of each DMU by running only one linear program
and also can provide valid eco-efficiency scores. At this stage, the
cross-efficiency approach is adopted for the developed MOLP
model to measure efficiency scores of the DMUs by non-
dominated weights of their own (self-appraisal) and also others
(peer-appraisal). A DMU with a high cross-efficiency score is more
likely to be a good performing DMU than a DMU with high simple
efficiency score (when the efficiency score of the DMU is calcu-
lated based on its own non-dominated weights), since n different
set of non-dominated weights are now used to calculate the
efficiency score of the DMU. By applying the cross-efficiency
approach, each DMU is tested in a more rigorous way. The
emphasis and importance of obtaining high cross-efficiency score
can be found in Doyle and Green (1994), p. 577 where they state:
“to be the most cross-efficient DMU is likewise a great mark of
distinction, and harder to attain than 100% efficiency”. The cross-
efficiency approach was developed by Sexton et al. (1986) and was
further extended and applied by Doyle and Green (1994), Wang
and Chin (2010), (2011), Alcaraz et al. (2013), and Ruiz (2013).

For each DMU, after running Model (6), there are a set of non-
dominated weights. Technical, environmental and eco cross-
efficiencies of DMUo can then be calculated by the weights of
DMUo and also other DMUs.

Technical efficiency scores of all DMUs (DMUj) with the non-
dominated weights of DMUo can be calculated by (10).

E1oj ¼
Ps

r ¼ 1 u
n
roy

g
rjPm

i ¼ 1 v
n

ioxij
; o; j¼ 1;2;…;n: ð10Þ

where E1oj is the technical relative efficiency of DMUj with optimal
weights of inputs and desirable outputs of DMUo. The un

ro is the
non-dominated weight of rth desirable output of DMUo and vnio is
the non-dominated weight of ith input of DMUo.

Environmental efficiency scores of DMUj with non-dominated
weights of DMUo can be calculated by (11).

E2oj ¼
Ps

r ¼ 1 u
n
roy

g
rjPp

k ¼ 1 μ
n

koy
b
kj

; o; j¼ 1;2;…;n: ð11Þ

where E2oj is the environmental relative efficiency of DMUj with
2 For more details on different classifications and approaches of goal program-

ming, readers are referred to Hillier and Lieberman (2005).
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non-dominated weights of desirable and undesirable outputs of
DMUo. The μn

ko is the non-dominated weight of kth undesirable
output of DMUo.

Eco-efficiency score of DMUj with optimal weights of DMUo can
be calculated by (12).

E3oj ¼
Ps

r ¼ 1 u
n
roy

g
rjPm

i ¼ 1 v
n

ioxijþ
Pp

k ¼ 1 μ
n

koy
b
kj

; o; j¼ 1;2;…;n: ð12Þ

Note that, E1oj, E2oj and E3oj in (10)–(12) also lie between zero and
one, since the best peer appraisal score of each DMU cannot be
greater than the self-appraisal score of the DMU (Doyle and Green,
1994).

Since Model (6) is run n times for n DMUs, each DMU gets n
technical, environmental and eco-efficiency scores, which con-
struct a n� n matrix, called technical, environmental and eco
cross-efficiency matrices. For DMUj (j¼1,…,n), the average of all
E1oj (o¼1,…,n), namely E1j ¼ 1

n

Pn
o ¼ 1 E1oj can be used as the

technical efficiency measure for DMUj, and is called the technical
cross-efficiency score for DMUj. Similarly, the average of all E2oj
(o¼1,…,n), namely E2j ¼ 1

n

Pn
o ¼ 1 E2oj is the environmental cross-

efficiency score for DMUj and the average of all E3oj (o¼1,…,n),
namely E3j ¼ 1

n

Pn
o ¼ 1 E3oj is the eco cross-efficiency score for DMUj.

The values of E1j, E2j and E3j are also between zero and one, since
they are obtained by taking the average of the values E1oj, E2oj and
E3oj which are between zero and one.

3. A case study on the Hyundai Steel Company's suppliers'
evaluation

The Hyundai Steel Company was established in 1953 and is the
oldest steel making company in Korea. It is based in Incheon and
Seoul, South Korea, and is a member of the Hyundai-Kia Auto-
motive Group. It operates in three provinces of Korea, namely
Incheon, Dangjin and Pohang, and in Chengdu province in China.
Moving toward a “world-class eco-friendly steelworks”, Hyundai
Steel installed the world's first enclosed raw material processing
system and became a best practice benchmark company for many
other steelmakers. As one of the strategic goals, the focus from
increasing steel production was shifted to sustainable production
and development. The company's top management is committed
to balanced growth in the company's economic, environmental,
societal and ethical value and they believe that the company is at a
turning point in the integration of its steel mills (Hyundai Steel
Company, 2013).

The dataset related to the Hyundai Steel Company's 20 suppli-
ers, collected by the Korean National Cleaner Production Centre
(KNCPC) in 2012, is used to test the developed model in this
research. According to WRI/WBCSD (2011)'s the Greenhouse Gas
Protocol, KNCPC collected the 2012 year data of carbon emissions
in Scope 1 (direct emissions from owned sources) and Scope 2
(indirect emissions from purchased electricity consumption) from
the Hyundai Steel Company's suppliers. Sample firm's profitability
is measured by ROA (Return on Asset), calculated by dividing a
company's annual earning by its total assets. Financial information
(number of employees, sales, annual earnings, total assets, envir-
onmental R&D investment expenditures) is collected from each
company's annual financial reports. The dataset is shown in
Table 3. In evaluating efficiency, enough attention should be given
in selecting measures which properly show the process under
study (Cook et al., 2014). Considering the data availability and also
the purpose of the evaluation, two inputs and four outputs are
used in the evaluation of the Hyundai Steel Company's suppliers.
The number of employees and energy consumption is considered
as inputs. Sales, return on assets (ROA), and environmental R&D
investment are the desirable outputs, and carbon dioxide (CO2)

emission is the undesirable output in the evaluation of the
suppliers.

Cook et al. (2014) state that classifying the measures as inputs
or outputs for the processes which clearly do not represent a
production process is more difficult than production process. They
have used the terms the “less-the-better” for inputs and the
“more-the-better” for the outputs to assist with classifying evalua-
tion factors. When the process being evaluated represents a
production, the resources used are the inputs and the outcomes
are the outputs. The number of employees and energy consump-
tion are clearly the resources and sales, return on assets (ROA) and
CO2 emission are the outcomes of the production process and are
identified as the inputs and outputs. By applying the rule the
“more-the-better”, the environmental R&D investment is consid-
ered as an output. This factor can be seen as a proxy for the
environmental performance of the suppliers. Note that, suppliers'
evaluation is a multiple criteria (mþsþp dimensional) decision-
making problem and an application of a tool which is capable of
dealing with multiple measures is required. DEA as a multiple
criteria decision-making (MCDM) tool fits this problem.

To eliminate the impacts of units of measurement, the values of
the inputs, desirable outputs and undesirable outputs are normal-
ized. The normalization is done by dividing the values of the input
and output factors of the DMUo by the summation of the values of
the DMUj. However, this will not change the efficient units, since
the CCR model has the property of the unit-invariance (Wang
et al., 2009).

In order to first apply the three-step methodology, the linear
Models (2), (4), and (5) are run separately. Ranking of suppliers
and their technical, environmental and eco-efficiency scores is
displayed in Table 4. To complete the analysis, 60 3� nð Þ linear
programs are run. To avoid giving zero values to vi;ur ; and μk,
constraints viZ10�6, urZ10�6; and μkZ10�6 are added to the
models. Full efficiency scores of 1 are shown in bold.

Suppliers 2, 15, 16, 17, and 18 are technically efficient and
suppliers 2, 15, and 18 are environmentally efficient. Eco-efficiency
score is an indicator of the combination of the technical and
environmental efficiency scores. Ranking of the suppliers is given
based on their eco-efficiency score. The eco-efficiency scores
found by Model (5) are not acceptable, because any supplier which
is either technically or environmentally efficient is identified as
being eco-efficient. Therefore, the eco-efficiency score found by
Model (5) is not a valid representation as the combination of the
technical and environmental efficiency scores found by Models
(2) and (4). Model (5) is designed in a way that disregards either
weak technical or weak environmental efficiency of the DMUs.

However, if one is interested in using Model (5) to measure eco-
efficiency score, we suggest an easier way of finding the current
scores. One can run Models (2) and (4) and consider the maximum
value between technical and environmental efficiency scores as an
eco-efficiency indicator. In this way, technical, environmental and
eco-efficiency scores of 20 suppliers are found by running 40 linear
programming instead of 60. Table 5 shows the eco-efficiency of
suppliers measured by considering the maximum value between the
results of the Models (2) and (4). Suppliers' ranking is also shown in
the table. Both approaches give exactly the same results. Therefore,
running Model (5), for the case of Hyundai Steel Company and its
suppliers, is not required and the maximum value between the
results of the Models (2) and (4) can be considered instead.

Further discussion shows how the weighting system of Model
(5) leads to invalid eco-efficiency scores of the suppliers. Consider
the optimal weights of the inputs and undesirable output of the
suppliers found by Model (5) which are shown in Table 6.

The weights assigned to the factors follow one rule. If the DMU
has a low technical efficiency score, Model (5) gives small values to
the input multipliers. On the other hand, if the DMU has a low
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environmental efficiency score, Model (5) assigns small values to
the undesirable output multiplier. For instance, consider supplier
9 with 0.50, 0.93, and 0.93 technical, environmental and eco-
efficiency scores, respectively. It is seen that the eco-efficiency score
of the supplier is unrealistically high since its technical efficiency
score is equal to 0.50. Therefore, the technical efficiency of the
supplier is disregarded in favor of its environmental efficiency score.
The optimal weights of the inputs and undesirable output of the
supplier 9, show that Model (5) determined values almost equal to
zero (10�6) to discard the low technical efficiency of the supplier
from being considered in measuring its eco-efficiency score. Note
that the value 10�6 is equal to the minimum acceptable weights
imposed by the constraints viZ10�6, urZ10�6; and μkZ10�6 to
the model. Without these constraints, vn1 and vn2 for supplier 9 will
be equal to zero and the technical efficiency of the supplier will be
completely ignored. The same argument can be made for other
suppliers including those whose environmental efficiency is dis-
regarded. Therefore, if Model (5) is used to measure the eco-

efficiency of a set of DMUs, the average eco-efficiency of the DMUs
might unrealistically be high. The last column of Table 6 shows
whether suppliers' technical or environmental efficiency is disre-
garded in measuring their eco-efficiency indicator.

The same analysis is conducted by the developed MOLP Model (6),
and the efficiency scores of the suppliers are found. Model (6) is run
first and the non-dominated weights vni , u

n
r , and μn

k found by the

model are used in
Ps

r ¼ 1 u
n
r y

g
ro=

Pm
i ¼ 1 v

n

i xio ,
Ps

r ¼ 1 u
n
r y

g
ro=

P
k ¼

1pμn

ky
b
so

and
Ps

r ¼ 1 u
n
r y

g
ro=

Pm
i ¼ 1 v

n

i xio þ Pp
k ¼ 1 μ

n

ky
b
so to measure technical,

environmental and eco-efficiency scores. The results are shown in
Table 7. To avoid giving zero values to the vi; ur ; and μk, constraints

viZ10�6, urZ10�6; and μkZ10�6 are also added to the
MOLP model.

The technical, environmental and eco-efficiency scores of each
supplier are found by running only one model, which is the first
advantage of the developed model. Therefore, instead of running
3�n linear programs, n linear programs are run. Note that in the

Table 3
Dataset of Hyundai Steel Company's suppliers.

Suppliers Number of
employees

Energy consumption (kW h/yr) Sales (1000 Korean
Won)

ROA Environmental R&D investment (100,000 Korean
Won)

CO2

(kg)

1 1112 1267 119,477 0.04046 67 43,562
2 118 968 125,762 0.04499 65 45,000
3 458 1001 58,770 0.02221 57 42,400
4 416 1393 62,989 0.02920 62 43,734
5 413 1586 67,088 0.03269 50 44,890
6 430 1802 72,318 0.03116 36 42,913
7 426 1998 74,626 0.02184 47 39,438
8 452 1824 74,476 0.03480 44 40,078
9 503 1479 79,710 0.03976 47 39,500

10 498 1623 79,384 0.03723 89 45,023
11 192 1322 73,124 0.01269 256 41,324
12 171 831 62,529 0.00385 423 45,000
13 163 913 65,424 0.02776 508 42,400
14 161 893 71,027 0.04847 536 43,734
15 161 903 74,093 0.05140 570 44,890
16 162 778 72,830 0.04356 472 42,913
17 159 710 71,940 0.03932 426 39,438
18 157 695 82,203 0.02599 386 40,078
19 151 637 55,681 0.00001 376 39,500
20 151 781 64,839 0.02742 369 38,570

Table 4
Suppliers technical, environmental, and eco-efficiency scores obtained from run-
ning three separate models of the three-step methodology (Models 2, 4, and 5).

Suppliers Technical
efficiency
(Model 2)

Environmental
efficiency (Model 4)

Eco-
efficiency
(Model 5)

Rankings

1 0.73 0.99 0.99 6
2 1.00 1.00 1.00 1
3 0.47 0.52 0.52 20
4 0.40 0.63 0.63 19
5 0.39 0.68 0.68 17
6 0.34 0.69 0.69 16
7 0.29 0.68 0.68 17
8 0.37 0.82 0.82 13
9 0.50 0.93 0.93 10

10 0.44 0.78 0.78 15
11 0.55 0.80 0.80 14
12 0.83 0.79 0.83 12
13 0.88 0.94 0.94 9
14 0.96 0.98 0.98 7
15 1.00 1.00 1.00 1
16 1.00 0.95 1.00 1
17 1.00 0.99 1.00 1
18 1.00 1.00 1.00 1
19 0.96 0.80 0.96 8
20 0.84 0.89 0.89 11

Table 5
Eco-efficiency score of suppliers by considering the maximum value between the
results of Models (2) and (4).

Suppliers Eco-efficiency Rankings

1 0.99 6
2 1.00 1
3 0.52 20
4 0.63 19
5 0.68 17
6 0.69 16
7 0.68 17
8 0.82 13
9 0.93 10

10 0.78 15
11 0.80 14
12 0.83 12
13 0.94 9
14 0.98 7
15 1.00 1
16 1.00 1
17 1.00 1
18 1.00 1
19 0.96 8
20 0.89 11
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MOLP model, the maximum eco-efficiency each supplier can reach
is 0.50 and the results shown in Table 7 are normalized scores to
bring the eco-efficiency score of each supplier to the range
between zero and one. Regarding validation of the results, both
technical and environmental efficiency scores and also their
corresponding rankings are significantly correlated with the
results found by a separate run of Models (2) and (4). The average
technical efficiency of the suppliers in Model (2) is 0.70 and with
the developed model is 0.69. The average environmental efficiency
of the suppliers in Model (4) is 0.84 and with the developed model
is 0.83. Therefore, the developed model is able to measure
technical and environmental efficiency scores with less computa-
tional intensity.

As expected, the technical and environmental efficiencies of
each supplier, also the average among all suppliers with the
developed model, are less than or equal to their scores found by
Models (2) and (4). The developed multiple objective model is not
free to choose optimal weights for each of the single technical and

environmental objectives and instead finds the non-dominated
solutions. However, it is shown that the MOLP model found the
suppliers' efficiency scores to be significantly similar to those
found by the single objective models.

Suppliers 2, 15, 17, and 18 are technically efficient, and suppliers
2, 15, and 18 are environmentally efficient. Only suppliers 2, 15,
and 18, which are both technically and environmentally efficient,
are identified as eco-efficient. Any supplier which is either
technically or environmentally inefficient is not recognized as
being eco-efficient. Therefore to be eco-efficient, suppliers need
to be both technically and environmentally efficient. The average
eco-efficiency among all suppliers is 0.86 and 0.74 with Models
(5) and the developed multiple objective model, respectively. We
believe that the way technical and environmental efficiencies are
integrated in Model (5) points to high and unrealistic eco-
efficiencies of the suppliers.

Matrices of the cross-efficiencies are constructed for all of the three
measures of the technical, environmental and eco-efficiencies. By
adopting the cross-efficiency approach in the developed MOLP model,
each supplier will be evaluated by the non-dominated weights of the
supplier itself, and also others. This evaluation can also be called peer
appraisal of the suppliers. To construct the technical, environmental
and eco-efficiency matrices, Model (6) is separately run for each
supplier, non-dominated weights are found and finally the weights
are used to calculate the technical, environmental and eco-efficiencies
of the supplier under evaluation itself, and also other suppliers. This
process is completed for all suppliers until there is a matrix of
efficiencies for them.

The leading diagonals in the matrices show the efficiency
scores of each supplier by its non-dominated weights, and in the
rest of the matrix efficiency scores of the suppliers by the non-
dominated weights of other suppliers are displayed. To aggregate
the values in each column, the average of the efficiency scores for
each supplier is calculated and represented as the technical,
environmental and eco cross-efficiency scores. This way of effi-
ciency evaluation is more rigorous than giving freedom to each
supplier to choose their own non-dominated weights. Therefore, if
a DMU is ranked first and selected as the best supplier by the
cross-efficiency evaluation, the selection of the supplier is more
reliable.

Tables 8–10 are the technical, environmental and eco cross-
efficiency matrices. Suppliers 17, 16, 15 and 14 are identified as the
best suppliers with the technical cross-efficiency matrix. Technical
efficiency represents suppliers' abilities in creating larger values of
desirable outputs by using smaller values of the inputs. By
revisiting the data in Table 3, it can be seen that these three
suppliers have relatively small number of employees and small
amount of the energy consumption. Also these suppliers have
relatively large desirable outputs values.

Suppliers 15, 14, 17 and 16 are ranked as the best environmentally
efficient suppliers with the environmental cross-efficiency matrix.
Environmental efficiency represents suppliers' performance in creat-
ing more desirable outputs with less undesirable outputs. Once again
by revisiting the data set, suppliers 15 and 14 have the largest ROA and
environmental R&D investment values which leads to their high
environmental efficiency scores.

Suppliers 14, 15, 16 and 17 are the best eco-efficient suppliers
identified with the eco cross-efficiency matrix. These are the suppliers
which have the best technical and environmental efficiency
performance.

4. Managerial implications

For supply chain managers, supplier selection decisions are one
of the most significant tasks, and at the same time one of the most

Table 6
Optimal weights of the factors obtained by Model (5).

Suppliers vn

1 vn

2 μn

1 Disregarded efficiency
(technical/environmental)

1 0.000001 0.000001 19.383518 Technical
2 0.000001 24.177684 0.000001 Environmental
3 0.000001 0.000001 19.914738 Technical
4 0.000001 0.000001 19.307287 Technical
5 0.000001 0.000001 18.810089 Technical
6 0.000001 0.000001 19.676669 Technical
7 0.000001 0.000001 21.410438 Technical
8 0.000001 0.000001 21.068538 Technical
9 0.000001 0.000001 21.376832 Technical

10 0.000001 0.000001 18.754523 Technical
11 0.000001 0.000001 20.433282 Technical
12 0.000001 28.163656 0.000001 Environmental
13 0.000001 0.000001 19.914739 Technical
14 0.000001 0.000001 19.307288 Technical
15 0.000001 25.918049 0.000001 Environmental
16 0.000001 30.082260 0.000001 Environmental
17 0.000001 32.963378 0.000001 Environmental
18 0.000001 33.674818 0.000001 Environmental
19 0.000001 36.740971 0.000001 Environmental
20 0.000001 0.000001 21.892273 Technical

Table 7
Technical, environmental and eco-efficiency scores of suppliers obtained from the
developed Model (6).

Suppliers Technical
efficiency

Environmental
efficiency

Eco-
efficiency

Rankings

1 0.73 0.98 0.84 10
2 1.00 1.00 1.00 1
3 0.47 0.51 0.49 16
4 0.39 0.63 0.48 18
5 0.38 0.68 0.49 16
6 0.34 0.67 0.45 19
7 0.29 0.68 0.40 20
8 0.37 0.77 0.50 15
9 0.49 0.93 0.65 12

10 0.43 0.78 0.55 14
11 0.54 0.77 0.64 13
12 0.82 0.77 0.79 11
13 0.88 0.94 0.91 7
14 0.95 0.97 0.96 6
15 1.00 1.00 1.00 1
16 0.99 0.94 0.97 5
17 1.00 0.97 0.99 4
18 1.00 1.00 1.00 1
19 0.95 0.78 0.85 9
20 0.84 0.88 0.86 8
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complex issues they should deal with. Traditionally purchasing
and supply chain managers select suppliers using selection criteria
(price, quality, delivery time), which contribute to ‘economic’
sustainability of a company (Hashemi et al., 2015). Under the
tightened environmental regulations and standards in the market-
place, corporate managers need to purchase from ‘safe’ suppliers
that can provide them goods and services with low price, high
quality, short lead time, and strong focus on environmental com-
pliance (Lee and Kim, 2011). In the context of green and sustain-
able supply chain management, purchasing and supply chain
managers face the dilemma – to purchase at the lowest possible
price while to ensure sustainability beyond the focal company's
borders, requiring environmentally and economically sound
decisions.

The proposed model in this study encompasses technical, environ-
mental and eco-efficiencies that can be used to shape an evaluation
platform for green supplier selections in green supply chain manage-
ment. The newly proposed model can specifically provide supply

chain managers a better understanding on the application of green
supplier selections and evaluation. Without proper knowledge in
green supplier selection, it would be hard decisions to make for
purchasing and supply chain managers under environmental and
economic sustainability pressure. As we explored in this study,
economic sustainability-based supplier selection decisions are popu-
lar, but there is little consensus for supplier selection evaluation and
criteria from the perspectives of environmental and economic sustain-
ability simultaneously (Kuo et al., 2010; Lee and Kim, 2011).

In our review of available tools and approaches in green supplier
selection, we identified pros and cons of each approach, in particular
the subjective nature of weighting system in existing approaches
except using DEA approach. More accurate and applicable methodol-
ogy with practical relevance will help managers to make better
supplier selection decisions in green supply chain management. With
the case of Hyundai Steel Company and its suppliers, our proposed
model and approach provide a better understanding on green supplier
selections from technical, environmental and eco-efficiency

Table 8
Technical cross-efficiency matrix.

Suppliers 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

1 0.73 1.00 0.46 0.35 0.33 0.31 0.29 0.31 0.42 0.38 0.46 0.66 0.65 0.71 0.74 0.82 0.88 1.00 0.77 0.72
2 0.36 1.00 0.33 0.35 0.35 0.31 0.22 0.33 0.42 0.38 0.26 0.20 0.59 0.95 1.00 0.97 0.96 0.74 0.15 0.67
3 0.71 1.00 0.47 0.40 0.39 0.34 0.26 0.37 0.50 0.44 0.31 0.32 0.61 0.91 0.95 0.98 1.00 0.85 0.31 0.70
4 0.64 0.92 0.43 0.39 0.38 0.33 0.23 0.36 0.49 0.43 0.24 0.21 0.58 0.94 0.99 0.99 1.00 0.77 0.16 0.67
5 0.64 0.92 0.43 0.39 0.38 0.33 0.23 0.36 0.49 0.43 0.24 0.21 0.58 0.94 0.99 0.99 1.00 0.77 0.16 0.67
6 0.71 1.00 0.47 0.40 0.39 0.34 0.26 0.37 0.50 0.44 0.31 0.32 0.61 0.91 0.95 0.98 1.00 0.85 0.31 0.70
7 0.73 1.00 0.46 0.35 0.33 0.31 0.29 0.31 0.42 0.38 0.46 0.66 0.65 0.71 0.74 0.82 0.88 1.00 0.77 0.72
8 0.71 1.00 0.47 0.40 0.39 0.34 0.26 0.37 0.50 0.44 0.31 0.32 0.61 0.91 0.95 0.98 1.00 0.85 0.31 0.70
9 0.64 0.92 0.43 0.39 0.38 0.33 0.23 0.36 0.49 0.43 0.24 0.21 0.58 0.94 0.99 0.99 1.00 0.77 0.16 0.67
10 0.64 0.92 0.43 0.39 0.38 0.33 0.23 0.36 0.49 0.43 0.24 0.21 0.58 0.94 0.99 0.99 1.00 0.77 0.16 0.67
11 0.19 1.00 0.21 0.22 0.22 0.21 0.22 0.21 0.23 0.24 0.54 0.79 0.88 0.95 1.00 0.96 0.95 1.00 0.84 0.84
12 0.26 0.50 0.22 0.18 0.16 0.15 0.14 0.15 0.19 0.20 0.41 0.82 0.88 0.95 1.00 0.99 1.00 1.00 0.94 0.81
13 0.08 0.11 0.09 0.07 0.05 0.03 0.04 0.04 0.05 0.09 0.31 0.81 0.88 0.95 1.00 0.96 0.95 0.88 0.94 0.75
14 0.29 1.00 0.29 0.28 0.28 0.26 0.24 0.27 0.31 0.31 0.47 0.68 0.81 0.96 1.00 0.99 1.00 1.00 0.73 0.82
15 0.17 1.00 0.20 0.26 0.29 0.25 0.17 0.27 0.31 0.28 0.19 0.07 0.53 0.95 1.00 0.90 0.85 0.57 0.00 0.59
16 0.29 1.00 0.29 0.28 0.28 0.26 0.24 0.27 0.31 0.31 0.47 0.68 0.81 0.96 1.00 0.99 1.00 1.00 0.73 0.82
17 0.33 1.00 0.31 0.30 0.29 0.27 0.24 0.28 0.33 0.32 0.46 0.66 0.79 0.94 0.98 0.99 1.00 1.00 0.72 0.81
18 0.20 1.00 0.22 0.22 0.22 0.22 0.22 0.22 0.23 0.24 0.54 0.78 0.86 0.94 0.99 0.95 0.95 1.00 0.84 0.83
19 0.35 0.47 0.24 0.19 0.16 0.14 0.14 0.15 0.20 0.21 0.39 0.82 0.86 0.93 0.98 0.98 1.00 1.00 0.95 0.80
20 0.19 1.00 0.21 0.22 0.22 0.21 0.22 0.21 0.23 0.24 0.54 0.79 0.88 0.95 1.00 0.96 0.95 1.00 0.84 0.84
Average 0.44 0.89 0.33 0.30 0.29 0.26 0.22 0.28 0.36 0.33 0.37 0.51 0.71 0.92 0.96 0.96 0.97 0.89 0.54 0.74

The leading diagonal is shown in bold.

Table 9
Environmental cross-efficiency matrix.

Suppliers 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

1 0.98 1.00 0.50 0.52 0.54 0.60 0.68 0.67 0.72 0.64 0.68 0.57 0.65 0.68 0.69 0.69 0.74 0.81 0.58 0.67
2 0.94 1.00 0.52 0.63 0.68 0.69 0.59 0.82 0.93 0.78 0.39 0.19 0.63 0.97 1.00 0.91 0.91 0.67 0.13 0.68
3 0.95 1.00 0.51 0.60 0.64 0.67 0.61 0.77 0.87 0.74 0.46 0.28 0.61 0.86 0.89 0.83 0.84 0.69 0.23 0.66
4 0.94 1.00 0.52 0.63 0.68 0.69 0.59 0.82 0.93 0.78 0.39 0.19 0.63 0.97 1.00 0.91 0.91 0.67 0.13 0.68
5 0.94 1.00 0.52 0.63 0.68 0.69 0.59 0.82 0.93 0.78 0.39 0.19 0.63 0.97 1.00 0.91 0.91 0.67 0.13 0.68
6 0.95 1.00 0.51 0.60 0.64 0.67 0.61 0.77 0.87 0.74 0.46 0.28 0.61 0.86 0.89 0.83 0.84 0.69 0.23 0.66
7 0.98 1.00 0.50 0.52 0.54 0.60 0.68 0.67 0.72 0.64 0.68 0.57 0.65 0.68 0.69 0.69 0.74 0.81 0.58 0.67
8 0.95 1.00 0.51 0.60 0.64 0.67 0.61 0.77 0.87 0.74 0.46 0.28 0.61 0.86 0.89 0.83 0.84 0.69 0.23 0.66
9 0.94 1.00 0.52 0.63 0.68 0.69 0.59 0.82 0.93 0.78 0.39 0.19 0.63 0.97 1.00 0.91 0.91 0.67 0.13 0.68
10 0.94 1.00 0.52 0.63 0.68 0.69 0.59 0.82 0.93 0.78 0.39 0.19 0.63 0.97 1.00 0.91 0.91 0.67 0.13 0.68
11 0.87 0.88 0.46 0.48 0.48 0.53 0.60 0.59 0.64 0.60 0.77 0.79 0.94 0.97 1.00 0.94 0.97 0.99 0.80 0.88
12 0.52 0.52 0.30 0.31 0.30 0.31 0.37 0.36 0.39 0.39 0.64 0.77 0.94 0.97 1.00 0.91 0.92 0.88 0.78 0.82
13 0.12 0.11 0.11 0.11 0.09 0.07 0.09 0.09 0.09 0.16 0.49 0.74 0.94 0.97 1.00 0.87 0.85 0.76 0.75 0.75
14 0.94 0.96 0.50 0.54 0.56 0.60 0.64 0.68 0.75 0.67 0.70 0.65 0.87 0.97 1.00 0.94 0.97 0.93 0.65 0.84
15 0.81 0.87 0.46 0.58 0.64 0.63 0.48 0.76 0.88 0.72 0.27 0.07 0.57 0.97 1.00 0.89 0.87 0.57 0.00 0.62
16 0.94 0.96 0.50 0.54 0.56 0.60 0.64 0.68 0.75 0.67 0.70 0.65 0.87 0.97 1.00 0.94 0.97 0.93 0.65 0.84
17 0.97 1.00 0.52 0.56 0.58 0.63 0.66 0.71 0.78 0.70 0.71 0.64 0.86 0.97 1.00 0.94 0.97 0.94 0.63 0.85
18 0.89 0.90 0.47 0.49 0.50 0.54 0.62 0.60 0.66 0.61 0.78 0.79 0.94 0.97 1.00 0.95 0.98 1.00 0.80 0.89
19 0.51 0.52 0.29 0.31 0.30 0.31 0.36 0.35 0.38 0.39 0.64 0.77 0.94 0.97 1.00 0.91 0.92 0.88 0.78 0.82
20 0.87 0.88 0.46 0.48 0.48 0.53 0.60 0.59 0.64 0.60 0.77 0.79 0.94 0.97 1.00 0.94 0.97 0.99 0.80 0.88
Average 0.85 0.88 0.46 0.52 0.54 0.57 0.56 0.66 0.73 0.64 0.56 0.48 0.75 0.93 0.95 0.88 0.90 0.80 0.46 0.75
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perspective. In order to improve operational practice and applications,
we propose a MOLP DEA model with technical, environmental and
eco-efficiency matrices for green supplier selection decisions. Existing
available models and approaches adopted technical, environmental
and eco-efficiency matrices in separate models. Running the separate
models for green evaluation and application is neither efficient nor
accurate for green supplier selection decisions. In order to improve the
limitation of the existing model and application, we integrate three
separate technical, environmental and eco-efficiencies into a single
MOLP model. With the green supplier selection criteria (e.g. number
of employees, energy consumption, sales, return on assets, environ-
mental R&D investment, and CO2 emissions), we measure economic
and environmental performance from a group of suppliers to screen
and to select potential green suppliers for purchasing contract
considerations. Evaluation of supplier performance is a multiple
criteria decision-making issue, a multiple criteria decision making
tool such as DEA is required for better decision making. This study
stresses the importance of taking into consideration simultaneous
economic and environmental performance by utilizing integrated
MOLP model.

Green supplier selection is clearly a critical decision in purchasing
and supply chain management because a firm's environmental and
economic performance can be demonstrated by its suppliers. By
implementing green supplier selection and evaluation program,
companies can identify risks and opportunities from supplier selec-
tions, and they can prioritize business opportunities for improving
their economic and environmental performance within the supply
chain. This would lead to reduction of volatilities, costs, risks, negative
environmental impacts of their activities and increases in economic
benefits, business opportunities, and reputation.

5. Conclusions and future research directions

This paper proposed a new way of modeling undesirable outputs
in DEA and applied it to technical, environmental and eco-efficiency
measurement of suppliers of the Hyundai Steel Company in South
Korea. This study shows that the existing DEA models for this purpose
are computationally intensive, since for a dataset with n DMUs,
running 3�n models and linear programming is required. In acknowl-
edging the limitations of existing DEA models and approaches, we

made an effort to decrease the number of linear programming from
3�n to n run by integrating three different technical, environmental
and eco-efficiencies models into a single MOLP model. The technical
and environmental efficiency scores and also the corresponding
rankings of the suppliers found by the MOPL model are significantly
similar to those found by the separate runs of the single objective
models. Being significantly correlated with the results of the two
separate models, the technical and environmental efficiency results of
the developed MOLP model are validated.

We also discussed the difficulty of the so-called three-step
methodology in measuring eco-efficiency scores of DMUs. It is
shown that this approach is not able to provide valid scores as eco-
efficiencies of the DMUs. The three-step methodology identified
DMUs as eco-efficient if they are either technically or environ-
mentally efficient. We also showed that in using the three-step
methodology, the eco-efficiency scores of the DMUs are signifi-
cantly correlated with the maximum value between technical and
environmental efficiency scores. The reason behind this is
explained in detail. The model is modified in a way to identify
DMUs as eco-efficient if, and only if, they are both technically and
environmentally efficient. We believe that this paper contributes
to DEA, green supplier selection, and sustainable supply chain
management literature. Our main contributions are summarized
as follows:

To the best of our knowledge, our study is the first attempt to
examine suppliers' efficiency with the decomposition of three differ-
ent aspects of technical, environmental and eco efficiencies. Second,
our proposed model is designed to identify DMUs as eco-efficient if
the DMU is simultaneously technically and environmentally efficient.

A MOLP model is developed to measure technical, environmental
and eco-efficiency scores of each DMU by running one linear program.
The MOLP model is less computationally intensive than other models
in the DEA literature. Furthermore, the MOLP model enables the
identification of a DMU as being eco-inefficient if the DMU is either
technically or environmentally inefficient.

There are opportunities for further study. Researchers will
benefit from testing our MOLP model in different settings to
increase research validity.

The unavailability of the upstream suppliers' data is a limitation of
our study which we reflect it here as a potential future improvement
to the approach discussed in our paper. In future, we plan to collect

Table 10
Eco cross-efficiency matrix.

Suppliers 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

1 1.00 1.00 0.98 0.87 0.83 0.90 1.00 0.86 0.82 0.87 0.86 0.77 0.71 0.72 0.71 0.78 0.81 0.89 0.78 0.81
2 0.63 1.00 0.83 0.93 0.95 0.95 0.80 0.95 0.90 0.92 0.49 0.25 0.67 1.00 1.00 0.97 0.95 0.70 0.17 0.79
3 0.97 1.00 1.00 1.00 0.99 1.00 0.90 1.00 0.99 1.00 0.58 0.38 0.67 0.92 0.92 0.93 0.92 0.76 0.31 0.79
4 0.92 0.96 0.97 1.00 1.00 0.98 0.82 1.00 1.00 1.00 0.47 0.25 0.66 0.99 0.99 0.98 0.97 0.72 0.17 0.79
5 0.92 0.96 0.97 1.00 1.00 0.98 0.82 1.00 1.00 1.00 0.47 0.25 0.66 0.99 0.99 0.98 0.97 0.72 0.17 0.79
6 0.97 1.00 1.00 1.00 0.99 1.00 0.90 1.00 0.99 1.00 0.58 0.38 0.67 0.92 0.92 0.93 0.92 0.76 0.31 0.79
7 1.00 1.00 0.98 0.87 0.83 0.90 1.00 0.86 0.82 0.87 0.86 0.77 0.71 0.72 0.71 0.78 0.81 0.89 0.78 0.81
8 0.97 1.00 1.00 1.00 0.99 1.00 0.90 1.00 0.99 1.00 0.58 0.38 0.67 0.92 0.92 0.93 0.92 0.76 0.31 0.79
9 0.92 0.96 0.97 1.00 1.00 0.98 0.82 1.00 1.00 1.00 0.47 0.25 0.66 0.99 0.99 0.98 0.97 0.72 0.17 0.79
10 0.92 0.96 0.97 1.00 1.00 0.98 0.82 1.00 1.00 1.00 0.47 0.25 0.66 0.99 0.99 0.98 0.97 0.72 0.17 0.79
11 0.37 0.93 0.59 0.62 0.62 0.67 0.78 0.63 0.52 0.61 1.00 1.00 1.00 1.00 1.00 0.98 0.98 1.00 0.96 1.00
12 0.42 0.51 0.52 0.48 0.43 0.44 0.51 0.43 0.40 0.49 0.78 1.00 1.00 1.00 1.00 0.98 0.97 0.94 1.00 0.95
13 0.12 0.11 0.20 0.18 0.13 0.09 0.13 0.11 0.10 0.20 0.59 0.97 1.00 0.99 1.00 0.94 0.91 0.81 0.98 0.88
14 0.53 0.98 0.75 0.77 0.76 0.80 0.86 0.77 0.68 0.76 0.89 0.84 0.92 1.00 1.00 1.00 1.00 0.97 0.81 0.97
15 0.34 0.93 0.58 0.76 0.81 0.80 0.63 0.81 0.71 0.74 0.35 0.09 0.61 0.99 1.00 0.92 0.87 0.57 0.00 0.70
16 0.53 0.98 0.75 0.77 0.76 0.80 0.86 0.77 0.68 0.76 0.89 0.84 0.92 1.00 1.00 1.00 1.00 0.97 0.81 0.97
17 0.59 1.00 0.79 0.81 0.79 0.83 0.88 0.81 0.72 0.80 0.88 0.82 0.90 0.99 0.99 1.00 1.00 0.97 0.79 0.96
18 0.38 0.95 0.61 0.64 0.63 0.68 0.80 0.65 0.53 0.63 1.00 0.99 0.99 0.99 0.99 0.98 0.98 1.00 0.96 1.00
19 0.50 0.49 0.55 0.48 0.43 0.44 0.50 0.43 0.41 0.50 0.76 1.00 0.99 0.99 0.99 0.98 0.97 0.94 1.00 0.94
20 0.37 0.93 0.59 0.62 0.62 0.67 0.78 0.63 0.52 0.61 1.00 1.00 1.00 1.00 1.00 0.98 0.98 1.00 0.96 1.00
Average 0.67 0.88 0.78 0.79 0.78 0.80 0.77 0.78 0.74 0.79 0.70 0.62 0.80 0.96 0.96 0.95 0.94 0.84 0.58 0.87

The original values in eco cross-efficiency matrix are normalized by dividing to the largest value in each column.
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data from the upstream suppliers (suppliers of the Hyundai Steel
Company) and include them in the evaluation of the suppliers of the
Hyundai Steel Company. The logic behind this is to open the black box
in the evaluation of the suppliers and search for the causes of their
inefficiencies which might be originated from the upstream suppliers.
Therefore, the purpose for future research will be the evaluation of the
entire supply chains (networks) rather than suppliers alone. This will
lead to the development of a network structured model for the
developed model in our paper. Due to the relatively small sample size
and single industry sector, this study has limitations in generalizability.
The proposed model in this study is recommended in different
industry sectors, in different nations. Further studies should also
consider additional factors such as environmental regulation violation,
number of multi-tier suppliers in upstream part of supply chain
network, multi-industry sectors in different nations to test and to
advance the proposed model in this study. With environmental
violation variable, future studies may broaden the research boundaries
and scopes of green supplier selection and green supply chain
management in different countries.
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The changing economic conditions have challenged many organizations to search for more
effective performance measurement methods. Data envelopment analysis (DEA) is a widely
used mathematical programming approach for comparing the inputs and outputs of a set
of homogeneous decision making units (DMUs) by evaluating their relative efficiency. Per-
formance measurement in the conventional DEA is based on the assumptions that inputs
should be minimized and outputs should be maximized. However, there are circumstances
in real-world problems where some output variables should be minimized. We consider
the concepts of technical efficiency (the ratio of the desirable outputs to inputs) and ecolog-
ical efficiency (the ratio of the desirable outputs to undesirable outputs) in DEA. We then
introduce a new measure called process environmental quality efficiency (the ratio of the
inputs to the undesirable outputs) and use game theory to integrate these three different
efficiency scores into one overall efficiency score. The cooperative and non-cooperative
game theory concepts are used to integrate different efficiency ratios into a linear model.
We also present a case study to exhibit the efficacy of the procedures and to demonstrate
the applicability of the proposed models.

� 2014 Elsevier Inc. All rights reserved.
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inputs and desirable (good) outputs. For example, CCR [3], BCC [1], the slack-based measure (SBM) [22] approach, the addi-
tive ([4]) and the range adjusted measure (RAM) [9] method are among the mostly used models of this type. The efficiency
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efficiently DMUs use their resources to produce desirable outputs and products. Technical efficiency (TE) is the ratio of the
desirable outputs to inputs.

However, there might also be some undesirable by-products like CO2 that are outputs in the production process. Chemical
oxygen demand, sulphur dioxide emission, soot, dust and solid waste are some other examples of undesirable outputs. Some
authors have studied the modeling of these factors in DEA. Färe et al. [11], Korhonen and Luptacik [14], Hailu and Veeman
[12], Seiford and Zhu [19], Färe and Grosskopf [10], Yang and Pollitt [24] and Sueyoshi and Goto [21,20] have addressed dif-
ferent ways to model undesirable outputs. The models discussed by these authors measure overall efficiency (OE) of the
DMUs by simultaneous consideration of the inputs, desirable and undesirable outputs. Overall efficiency can be seen as a
combination of the technical and ecological efficiency (ECE) scores. The ecological efficiency can be measured as the ratio
of the desirable outputs to undesirable outputs. The ecological efficiency, in short, is a measure that is maximized by creating
more value with less environmental damage. Among others, Korhonen and Luptacik [14] addressed different ways to mea-
sure all three measures represented by the technical, ecological and overall efficiency scores.

The above mentioned researchers have made great strides in modeling undesirable outputs by considering the trade-off
between the inputs and the desirable outputs (technical efficiency measurement) and also the trade-off between the desirable
outputs and the undesirable outputs (ecological efficiency measurement). These advances have led to the overall efficiency
measurement of DMUs which produce undesirable outputs in their production process. The technical efficiency is measured
as the ratio of the weighted sum of the desirable outputs divided by the weighted sum of the inputs, while the ecological effi-
ciency is calculated as the weighted sum of the desirable outputs divided by the weighted sum of the undesirable outputs.

However, our paper introduces a new measure of efficiency called ‘‘the process environmental quality efficiency (PEQE)’’
which is considered to be an overall efficiency measurement of the DMUs. The process environmental quality efficiency m is
calculated as the ratio of the inputs to undesirable outputs. The process environmental quality efficiency is used to show how
a DMU is efficiently using its resources to produce less undesirable outputs. This approach allows the practicing managers
and decision makers to discover improvements in the system and decrease the amount of unwanted and undesirable outputs
produced by the DMUs.

As an example, consider a performance evaluation problem with two DMUs. DMU 1 with 2 units of input produces 50
units of undesirable output while DMU 2 with 50 units of input produces 2 units of undesirable output. Both DMUs equally
produce 1 unit of desirable output. This information suggests that there could be a problem with the quality of the fuel,
technology or the process used by DMU 1 which leads to a relatively high emission of the pollution. DMU 1 can be seen
as inefficient, since there is another DMU (DMU 2) which is able to produce less undesirable output with more inputs
and the same amount of desirable output. This information can be useful to the management of the DMU. The process
environmental quality efficiency uses this information to measure the inefficiency of DMU 1. The inefficiency can be due
to the low quality of the inputs or the process which has created a high production of pollution.

The goal of our paper is to develop a model to measure the process environmental quality efficiency of the DMUs and also
to integrate the technical, ecological and process environmental quality efficiency scores of the DMUs into a single model.
For integration, cooperative and non-cooperative game theory concepts are used.

The main contributions of this paper to the performance measurement problems with undesirable outputs are threefold.
For the first time: (1) the new concept called the process environmental quality efficiency is introduced and a new model is
developed to measure it; (2) the efficiency score for DEA problems with undesirable outputs is decomposed into three
different scores: technical, ecological and process environmental quality efficiency scores; and (3) some approaches are
proposed to integrate these three efficiency scores into a single model.

The remainder of this paper is organized as follows. In Section 2, we first introduce a new model to measure the quality of
the production process from an environmental perspective (PEQE). We then propose some linear and non-linear models to
integrate the three different measures of efficiency into a single model. Finally, we show how to implement the proposed
models under a common set of weights (CSW). In Section 3, we present a case study to exhibit the efficacy of the procedures
and to demonstrate the applicability of the proposed methods in a real-world case. In Section 4, we present our conclusions
and future research directions.

2. Proposed model

2.1. Measuring process environmental quality efficiency

Assume we have n DMUs each consuming m inputs to produce s desirable and p undesirable outputs. The outputs
corresponding to indices 1;2; . . . ; s are desirable and the outputs corresponding to indices 1;2; . . . ; p are undesirable. Let
X 2 Rm�n

þ , Yg 2 Rs�n
þ and Yb 2 Rp�n

þ be the matrices, containing the observed input, desirable and undesirable output measures,
respectively. xij, yg

rj, and yb
kj are the ith input, rth desirable and kth undesirable output of DMUj, respectively. v i, ur , and lk are

the weights of inputs, desirable and undesirable outputs, respectively. Subscript o indicates the DMU under observation.
Model (1), known as the CCR model, developed by Charnes et al. [3] is used to measure the technical efficiency of such a
DMU. Model (2) is used to measure the ecological efficiency of the DMU under observation. In this model, Korhonen and
Luptacik [14] used the ratio of the weighted sum of the desirable outputs divided by the weighted sum of the undesirable
outputs as a measure of ecological efficiency.
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ð2Þ
We propose Model (3) to consider the trade-off between the inputs and the undesirable outputs and to measure the qual-
ity of the production process from an environmental perspective (process environmental quality efficiency).
Max PEQE� ¼
Pm

i¼1
v ixioPp

k¼1
lkyb

ko

;

s:t:
Pm

i¼1
v ixijPp

k¼1
lkyb
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6 1; j ¼ 1; . . . ;n;

v i P 0; i ¼ 1;2; . . . ;m;
lk P 0; k ¼ 1;2; . . . ;p:

ð3Þ
Model (3) is intended to find the best possible weights for the inputs and the undesirable outputs of the DMUo that max-
imize the ratio of the process environmental quality efficiency. This optimization process is performed under some con-
straints: (i) the weights v i and lk should be equal or greater than zero, and (ii) with the optimal weights v�i and l�k, the
ratio of the process environmental quality efficiency should be less than or equal to one for DMUj. Model (3) is written in
its linear form as follows.
Max PEQE� ¼
Xm

i¼1

v ixio;

s:t:
Xp

k¼1

lkyb
ko ¼ 1; ;

Xm

i¼1

v ixij �
Xp

k¼1

lkyb
kj 6 0; j ¼ 1; . . . n;

v i � 0; i ¼ 1;2; . . . ;m;

lk � 0; k ¼ 1;2; . . . ;p:

ð4Þ
The objective function of Model (4) is between 0 and 1. DMUs with efficiency scores of 1 are recognized as efficient and
those with efficiency scores of less than one are considered inefficient. This model can provide useful information on poten-
tial improvements in the quality of the process, fuel and technology to produce less undesirable outputs.

2.2. Integrating TE, PEQE and ECE into a non-linear model

At this stage, an effort is made to unify technical, ecological and process environmental quality efficiency scores and mea-
sure the overall efficiency score of the DMUs. The unification is done by two non-linear and linear procedures borrowed from
[8,16], respectively. The non-linear unification leads to a one-step evaluation of technical, ecological and process environ-
mental quality efficiency scores, while the linear formulation uses a two-stage procedure to solve the problem. First, the
non-linear unification (Model 5) is developed as follows:
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ð5Þ
Model (5) can also be shown as Model (6) and is run n times to measure the overall efficiency of n DMUs.
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ð6Þ
The objective function of Model (6), which is an integrated measure of the technical and process environmental quality
efficiencies, is between 0 and 2. The optimal weights of u�r , v�i , and l�k are used in (7)–(10) to measure the technical, process
environmental quality, ecological and overall efficiencies of DMUo separately as follows:
Technical efficiency ¼
Ps

r¼1u�r yg
roPm

i¼1v�i xio
; ð7Þ

Process environmental quality efficiency ¼
Pm

i¼1v�i xioPp
k¼1l�kyb

ko

; ð8Þ

Ecological efficiency ¼
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r¼1u�r yg
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ko

; ð9Þ

Overall efficiency ¼ 1=3
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Note that constraints
Ps

r¼1ury
g
rj �

Pm
i¼1v ixij 6 0,

Pm
i¼1v ixij �

Pp
k¼1lkyb

kj 6 0 and
Ps

r¼1ury
g
rj �

Pp
k¼1lkyb

kj 6 0 in Model (6)
guarantee each single ratio of the technical, process environmental quality and ecological efficiencies to be less than or equal
to one for each DMU.

Chiou et al. [8] provided a discussion regarding the global optimal solution (as opposed to a local optimum) of their devel-
oped non-linear model. The same discussion is valid for Models (5) and (6). Chiou et al. [8] have showed that their non-linear
model provides a global optimal solution for the efficiency and effectiveness scores obtained by their model. They inspected
two conditions of concavity (or convexity) with regards to the objective function and the feasible region and concluded that
the necessary requirements for a global maximum are met in their non-linear model.

However, Lim and Zhu [18] showed that the conclusion made by Chiou et al. [8] is a false statement and Chiou et al.’s [8]
DEA model is actually a non-convex optimization problem due to the misuse of the Hessian matrix in examining the con-
cavity of the objective function. Lim and Zhu [18] concluded that Chiou et al.’s [8] DEA model is unusable in practice due
to a lack of an efficient algorithm for this particular non-convex DEA model. Therefore, the same discussion can also be made
for our proposed non-linear model.
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Lim and Zhu [18] further showed some alternative linear formulations to solve Chiou et al.’s [8] model. They suggested
linear formulations addressed in the two-stage DEA literature [17,13,16] to solve Chiou et al.’s [8] model, since it has a
similar two-stage structure. We will adopt the approach developed by Liang et al. [16] to model the linear unification of
the technical, ecological and process environmental quality efficiency scores.1 This unification procedure is chosen for two
reasons.

First, unlike separate modeling of the two efficiency ratios, it will reflect the potential conflict between technical and pro-
cess environmental quality efficiency scores (this conflict exists since the weighted-sum of the inputs appears in the denom-
inator of the technical efficiency ratio and in the numerator of the process environmental quality efficiency ratio and the
larger values of the inputs shows a weak performance in the technical and a good performance in the process environmental
quality efficiency ratio). Without this reflection of the conflict in two ratios when they are modeled separately, one criticism
can arise; suppose the DMU under evaluation is a technically inefficient DMU but its process environmental quality effi-
ciency is equal to 1. When the improvement target defined by the technical efficiency model suggests a decrement in input
values of the technically inefficient DMU, this action may worsen process environmental quality efficiency of the DMU.

Second, by adopting the concepts of cooperative and non-cooperative games proposed by Liang et al. [16], the analyst can
decide on the priority of the improvements on technical or process environmental quality efficiency scores.2 If the focus is on
improving technical efficiency, technical efficiency is considered as the leader and process environmental quality efficiency as
the follower; otherwise, technical efficiency will be modeled as the follower. If both ratios of the technical and process environ-
mental quality efficiencies have the same priorities, both ratios will be modeled in a cooperative manner.

2.3. Integrating TE, PEQE and ECE into a linear model

We model undesirable outputs in DEA similar to a two-stage DEA, where the operation in DMU is completed in two stages
and the outputs of the first stage is used as the inputs of the second stage. These intermediate measures create the conflict
between the two stages. We propose to model process environmental quality efficiency similar to the first stage of a two
stage DEA and technical efficiency similar to the second stage of a two-stage DEA. Inputs are the intermediate measures
of the developed models. Fig. 1 shows the conceptual model of the two-stage structured modeling of undesirable outputs
in DEA.

Considering that the first stage (process environmental quality efficiency) is the leader and the second stage (technical
efficiency) is the follower, process environmental quality efficiency is assumed more important in a non-cooperative game
and the efficiency of the technical efficiency is computed, subject to the condition that the efficiency score of the first stage
remains fixed. The process environmental quality efficiency score of the DMU under observation is calculated by Model (4)
and process environmental quality efficiency ðPEQE�Þ is identified. As soon as the process environmental quality efficiency
score of the DMU under evaluation is found, the technical efficiency of the DMU is measured subject to keeping to the pro-
cess environmental quality efficiency score of the DMU equal to the PEQE� obtained by Model (4). The model for measuring
technical efficiency, the follower (second stage), is written as follows:
1 Lim
2 Con
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followe
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ð11Þ
Constraints
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kj 6 0;

Pp
k¼1lkyb

ko ¼ 1 and
Pm

i¼1v ixio ¼ PEQE� are intended to maintain the process
environmental quality efficiency of the DMU under evaluation equal to PEQE� in Model (4). Model (11) can equivalently
be written in the following linear from:
and Zhu [18] showed how to adopt [17] model to solve [8] two-stage structured model.
sider for example a non-cooperative game between a supplier and manufacturer where the manufacturer plays the main role in defining price and
uantity to reach its maximum profit. In modeling this non-cooperative supply chain, the manufacturer is treated as the leader and the supplier as a
r.
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Fig. 1. Two-stage modeling of undesirable outputs.
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The outcome of Model (12) is the technical efficiency score of the DMU under evaluation. Ecological efficiency of the DMU
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addition, similar to the non-linear model, OE� ¼ 1=3ðTE� þ PEQE� þ ECE�Þ.
If the technical efficiency is assumed to be more important and the leader, is first calculated by Model (1) and the process

environmental quality efficiency is then calculated by the following model:
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The ecological and overall efficiency scores are also calculated in a similar manner when the process environmental qual-
ity efficiency is the leader.

An alternative approach to the non-cooperative game approach of modeling undesirable outputs is measuring technical,
process environmental quality and ecological efficiencies from a cooperative game perspective or centralized perspective, as
[16] called it. In the cooperative game approach, optimal weights of the inputs (as intermediate factors) are determined in a
way to maximize the aggregate efficiency score and the efficiency of both stages (technical and process environmental qual-
ity efficiencies) are evaluated simultaneously. In the cooperative game approach, the objective function is similar to the non-
linear model, but instead of maximizing the arithmetic mean of the two objectives the geometric mean of them is maxi-

mized. Since
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first and then the optimal weights of the inputs and outputs will be used to calculate technical and process environmental
quality efficiencies. Model (14) is the cooperative model.
Max Cooperative efficiency ¼ EE� ¼
Ps

r¼1
ur yg

roPp

k¼1
lkyb

ko

;

s:t: TE 6 1;

PEQE 6 1;

EE 6 1;

v i � 0; r ¼ 1;2; . . . ; s;

ur � 0; i ¼ 1;2; . . . ;m;

lk � 0; k ¼ 1;2; . . . ; p:

ð14Þ
Model (14) in its linear formulation can be written as follows:
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2.4. A CSWs approach for the developed cooperative and non-cooperative model

The models developed in the previous section are run n times to find the most optimal weights that maximize the tech-
nical, process environmental quality, ecological and overall efficiency scores of each DMU. The separate runs of the models
lets each DMU to freely choose its own optimal weights which sometimes may lead to unrealistically high efficiency scores
for some DMUs. The problem is more severe when the freedom of this weighting system causes a lack of discrimination
among efficient DMUs. Moreover, sometimes it is not acceptable for a factor to assume different weights among different
DMUs. In order to find the CSWs for all DMUs, we suggest considering all the DMUs as a subset of a main entity with a goal
of maximizing its efficiency score. Therefore, there will be a main entity with n DMUs. The main entity is a virtual DMU
which is made by aggregating n DMUs. To find three sets of technical, process environmental quality and ecological efficien-
cies, i.e. (i) when process environmental quality efficiency is the leader and the technical efficiency the follower, (ii) when
technical efficiency is the leader and the process environmental quality efficiency the follower and (iii) when the technical,
process environmental quality and ecological efficiencies are determined by a cooperative game approach) all the models
introduced in previous section are modified to measure the efficiency scores of the aggregated virtual DMU. The optimal
weights of the inputs and outputs of the aggregated virtual DMU are then used as CSW to measure efficiency scores of
the n DMUs. By using these common set of weights, efficiency scores of n DMUs are found in one step, discrimination
between DMUs will increase and all the DMUs will be evaluated on a common base (weights).

A similar approach is proposed by Chen [5], where the CCR model is modified to consider the aggregated virtual DMU and
to find CSW. We list all the modified models below to measure the efficiency scores of the aggregated virtual DMU and to
find a set of CSW for n DMUs.

Models (16) and (17) are developed to measure the process environmental quality and technical efficiencies of the aggre-
gated virtual DMU when the process environmental quality efficiency is the leader. Subscript av represents the aggregated
virtual DMU. The inputs, desirable and undesirable outputs of the aggregated virtual DMU are made by the summation of the
inputs, desirable and undesirable outputs of all DMUs.
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Max PEQE�av ¼
Xm

i¼1

v ixiav ;

s:t:
Xp

k¼1

lkyb
kav ¼ 1;

Xm

i¼1

v ixij �
Xp

k¼1

lkyb
kj 6 0; j ¼ 1; . . . ;n;

Xm

i¼1

v ixiav �
Xp

k¼1

lkyb
kav 6 0;

v i � 0; i ¼ 1;2; . . . ;m;

lk � 0; k ¼ 1;2; . . . ; p;

ð16Þ
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i¼1

v ixiav ¼ PEQE�av ;

v i � 0;

ur � 0; i ¼ 1;2; . . . ;m;

lk � 0; k ¼ 1;2; . . . ; p:

ð17Þ
Models (18) and (19) measure the technical and process environmental quality efficiencies of the aggregated virtual DMU
when the technical efficiency is the leader.
Max TE�av ¼
Xs

r¼1

ury
g
rav ;

s:t:
Xm

i¼1

v ixiav ¼ 1;

Xs

r¼1

ury
g
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Xm

i¼1

v ixij 6 0;

Xs

r¼1
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g
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Xm

i¼1

v ixiav 6 0;

v i � 0; i ¼ 1;2; . . . ;m;

ur � 0; r ¼ 1;2; . . . ; s;

ð18Þ



Table 1
Data set for 30 provinces.

Area Provinces x1 (100 Million
m3)

x2 (100 Million
Yuan)

x3 (10,000
Units)

x4 (10,000 Tons of
SCE*)

yg
1 (100 Million

Yuan)
yb

1

(10,000 Tons)
yb

2

(10,000 Tons)
yb

3

(10,000 Tons)
yb

4

(10,000 Tons)
yb

5

(10,000 Tons)

North Beijing 23.08 5402.95 38.45 6954.05 14113.58 9.20 5.68 2.13 1.66 1269
Tianjin 9.20 6278.09 16.85 6818.08 9224.46 13.20 21.76 5.38 0.80 1862
Hebei 138.92 15083.35 34.58 27531.11 20394.26 54.61 99.42 32.26 32.09 31688
Shanxi 91.55 6063.17 20.52 16808.03 9200.86 33.31 114.71 43.23 36.51 18270
Inner
Mongolia

388.54 8926.46 13.85 16820.30 11672.00 27.51 119.30 47.59 16.04 16996

Northeast Liaoning 606.67 16043.03 36.90 20946.52 18457.27 54.16 85.94 39.79 16.73 17273
Jilin 686.68 7870.38 11.80 8297.31 8667.58 35.22 30.06 20.96 5.30 4642
Heilongjiang 853.48 6812.56 17.58 11233.51 10368.60 44.44 41.71 29.68 5.71 5405

East Shanghai 36.81 5108.90 39.95 11201.13 17165.98 21.98 22.15 4.18 0.97 2448
Jiangsu 383.53 23184.28 86.22 25773.71 41425.48 78.80 100.24 29.91 15.11 9064
Zhejiang 1398.55 12376.04 68.55 16865.29 27722.31 48.68 65.39 16.54 13.92 4268
Anhui 922.82 11542.94 24.26 9706.60 12359.33 41.11 48.39 20.74 26.37 9158
Fujian 1652.71 8199.12 30.78 9808.52 14737.12 37.26 39.12 10.00 14.01 7487
Jiangxi 2275.49 8772.27 18.46 6354.88 9451.26 43.11 47.10 13.90 22.36 9407
Shandong 309.12 23280.52 77.36 34807.77 39169.92 62.05 138.29 29.12 18.94 16038

South Henan 534.89 16585.86 40.07 21437.76 23092.36 61.97 116.29 47.37 22.70 10714
Hubei 1268.72 10262.70 34.58 15137.59 15967.61 57.23 51.60 14.51 14.65 6813
Hunan 1906.61 9663.58 29.72 14880.06 16037.96 79.81 62.74 23.50 39.44 5773
Guangdong 1998.79 15623.70 80.28 26908.02 46013.06 85.84 98.91 25.33 10.43 5456
Guangxi 1823.57 7057.56 20.50 7918.97 9569.85 93.69 84.80 25.01 31.77 6232
Hainan 479.82 1317.04 3.76 1358.51 2064.50 9.23 2.82 0.65 0.66 212

Southwest Chongqing 464.30 6688.91 17.79 7855.52 7925.58 23.45 57.27 10.21 8.36 2837
Sichuan 2575.29 13116.72 35.30 17891.83 17185.48 74.08 93.76 25.97 14.14 11239
Guizhou 956.54 3104.92 11.03 8175.43 4602.16 20.79 63.78 11.32 8.64 8188
Yunnan 1941.45 5528.71 17.09 8674.17 7224.18 26.83 43.96 8.92 9.18 9392

Northwest Shaanxi 507.50 7963.67 20.67 8882.11 10123.48 30.77 70.70 11.50 18.55 6892
Gansu 215.25 3158.34 10.84 5923.13 4120.75 16.76 45.25 9.81 9.26 3745
Qinghai 741.11 1016.87 2.83 2568.26 1350.43 8.31 13.31 5.19 9.75 1783
Ningxia 9.32 1444.16 3.60 3681.10 1689.65 12.17 28.04 13.62 6.09 2465
Xinjiang 1113.14 3423.24 9.67 8290.20 5437.47 29.60 51.84 24.84 18.46 3914

* Standard coal equivalent.
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Table 2
Efficiency scores obtained from non-linear Model (6).

Provinces TE PEQE EE OE

Beijing 1.000 1.000 1.000 1.000
Tianjin 1.000 0.916 0.916 0.944
Hebei 0.984 0.209 0.206 0.467
Shanxi 0.842 0.181 0.152 0.392
Inner Mongolia 0.933 0.260 0.242 0.478
Liaoning 0.748 0.260 0.195 0.401
Jilin 0.937 0.166 0.155 0.419
Heilongjiang 0.856 0.161 0.137 0.385
Shanghai 1.000 1.000 1.000 1.000
Jiangsu 1.000 0.404 0.404 0.603
Zhejiang 0.891 0.656 0.584 0.710
Anhui 0.835 0.178 0.148 0.387
Fujian 0.869 0.297 0.258 0.474
Jiangxi 0.875 0.163 0.143 0.394
Shandong 0.873 0.471 0.411 0.585
Henan 0.899 0.237 0.213 0.449
Hubei 0.662 0.314 0.208 0.395
Hunan 0.808 0.234 0.189 0.410
Guangdong 1.000 0.758 0.758 0.839
Guangxi 0.775 0.135 0.105 0.338
Hainan 0.876 1.000 0.876 0.917
Chongqing 0.666 0.372 0.248 0.429
Sichuan 0.725 0.158 0.114 0.332
Guizhou 0.667 0.147 0.098 0.304
Yunnan 0.629 0.211 0.133 0.324
Shaanxi 0.749 0.286 0.214 0.417
Gansu 0.627 0.215 0.135 0.326
Qinghai 0.710 0.101 0.072 0.294
Ningxia 0.818 0.094 0.077 0.329
Xinjiang 0.841 0.100 0.084 0.342
Mean efficiency 0.837 0.356 0.316 0.503
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Max PEQE�av ¼ 1Pp
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r¼1
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r¼1
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k¼1
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kj 6 0;

Xs

r¼1

ury
g
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Xp

k¼1

lkyb
kav 6 0;

summ
i¼1v ixiav ¼ 1;Xs

r¼1

ury
g
rav ¼ TE�av ;

v i � 0; r ¼ 1;2; . . . ; s;

ur � 0; i ¼ 1;2; . . . ;m;

lk � 0; k ¼ 1;2; . . . ; p:

ð19Þ
Model (20) measures technical, process environmental quality and ecological efficiencies of the aggregated virtual DMU
with a cooperative game approach.
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Max Cooperative efficiency ¼ ECE�av ¼
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lk P 0; k ¼ 1;2; . . . ; p:

ð20Þ
In the next section, the applicability of the developed models is tested by a case study.
cy scores obtained from the cooperative and non-cooperative game approaches.

inces PEQE as the leader TE as the leader Cooperative

TE PEQE ECE OE TE PEQE ECE OE TE PEQE ECE OE

ng 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
jin 0.916 1.000 0.916 0.944 1.000 0.916 0.916 0.944 0.916 1.000 0.916 0.944
i 0.362 0.673* 0.243 0.426 1.000 0.176 0.176 0.451 0.437 0.557 0.243 0.413
xi 0.267 0.675 0.180 0.374 0.842 0.181 0.152 0.392 0.534 0.337 0.180 0.350
r Mongolia 0.328 0.666 0.218 0.404 1.000 0.242 0.242 0.495 0.535 0.517 0.277 0.443
ing 0.295 0.594 0.175 0.355 0.748 0.260 0.195 0.401 0.378 0.587 0.222 0.396

0.211 0.627 0.132 0.324 0.937 0.149 0.140 0.409 0.592 0.311 0.184 0.362
ngjiang 0.274 0.609 0.167 0.350 0.856 0.161 0.137 0.385 0.549 0.361 0.198 0.369
ghai 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
su 0.532 0.590 0.314 0.479 1.000 0.404 0.404 0.603 0.921 0.446 0.411 0.593

iang 0.521 0.833 0.434 0.596 0.891 0.656 0.584 0.710 0.887 0.658 0.584 0.710
i 0.232 0.668 0.155 0.351 0.835 0.178 0.148 0.387 0.468 0.419 0.196 0.361
n 0.232 0.834 0.193 0.419 0.869 0.297 0.258 0.474 0.399 0.646 0.258 0.434
xi 0.114 0.885 0.101 0.367 0.885 0.122 0.108 0.372 0.262 0.546 0.143 0.317
dong 0.539 0.763 0.411 0.571 0.951 0.366 0.348 0.555 0.831 0.495 0.411 0.579
n 0.367 0.523 0.192 0.360 0.899 0.237 0.213 0.449 0.830 0.293 0.243 0.455

ei 0.297 0.605 0.180 0.361 0.731 0.218 0.160 0.370 0.651 0.324 0.211 0.395
an 0.284 0.568 0.162 0.338 0.828 0.205 0.170 0.401 0.677 0.369 0.250 0.432
gdong 0.843 0.866 0.729 0.813 1.000 0.758 0.758 0.839 1.000 0.758 0.758 0.839
gxi 0.160 0.381 0.061 0.201 0.775 0.135 0.105 0.338 0.716 0.193 0.138 0.349

an 0.876 1.000 0.876 0.917 0.934 0.710 0.663 0.769 0.876 1.000 0.876 0.917
gqing 0.256 0.704 0.180 0.380 0.703 0.271 0.190 0.388 0.625 0.402 0.251 0.426
an 0.205 0.722 0.148 0.359 0.725 0.158 0.114 0.332 0.300 0.504 0.151 0.318

hou 0.161 0.864 0.139 0.388 0.667 0.147 0.098 0.304 0.210 0.688 0.144 0.347
an 0.174 1.000 0.174 0.449 0.650 0.183 0.119 0.317 0.194 0.906 0.176 0.425

nxi 0.293 0.578 0.169 0.347 0.784 0.237 0.186 0.402 0.544 0.394 0.214 0.384
u 0.294 0.549 0.161 0.335 0.627 0.217 0.136 0.327 0.411 0.390 0.161 0.321
hai 0.106 1.000 0.106 0.404 0.710 0.101 0.072 0.294 0.106 1.000 0.106 0.404
xia 0.226 0.400 0.091 0.239 0.822 0.080 0.065 0.322 0.490 0.185 0.091 0.255
ang 0.169 0.720 0.122 0.337 0.841 0.101 0.085 0.342 0.442 0.283 0.125 0.283
n efficiency 0.384 0.730 0.304 0.473 0.850 0.329 0.298 0.492 0.593 0.552 0.337 0.494

se note that, when the PEQE� score of DMU#3 (0.673) from the first stage is found and used with 6 decimal places in the second stage, the second
model faces an infeasible solution. To avoid this problem, we used optimal efficiency scores found from the first stage with 7 decimal places in the

stage models.
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3. Case study

In this section, we demonstrate the applicability of all the linear and non-linear models through a real-life case study of
overall efficiency measurement for 30 provinces in China similar to studies by Zhang et al. [25], Bian and Yang [2] and Wang
et al. [23]. Zhang et al. [25] divided China’s provinces and municipalities into six areas (i.e. north, northeast, east, south,
southwest, and northwest) as presented in Table 1.

Zhang et al. [25] used a three-step process to find an overall efficiency for each of the 30 provinces in these six regions.
They first used the CCR model with inputs and desirable outputs and measured the technical efficiency or as they referred to,
the resource efficiency. They then ignored the inputs and solved the model once again by considering the undesirable out-
puts as inputs. They referred to the resulting efficiencies as environmental efficiencies. In the last step of the process, they
considered the inputs, undesirable outputs, and desirable outputs to measure an eco-efficiency for each city. The input and
output factors used in our study are similar to the input and output factors used by Zhang et al. [25].

We used the following four input factors in our study: water resource ðx1Þ, fixed assets ðx2Þ, the number of entities (x3),
and energy ðx4Þ. The gross regional product ðyg

1Þ is the only desirable output while chemical oxygen demand (COD) (yb
1), sul-

phur dioxide emission (SO2) ðyb
2Þ, soot ðyb

3Þ, dust ðyb
4Þ, and solid waste ðyb

5Þ are considered as undesirable outputs. Table 1
shows the data set used in our case study which are all collected from [7,6]. The technical, process environmental quality,
ecological and overall efficiency scores of the provinces presented in Table 1 were first measured by using the proposed non-
linear Model (6). The model is run separately for each DMU and the purpose of each separate run is to find the most optimal
weights that maximize different efficiency scores for each particular province. The results are shown in Table 2. Beijing and
Shanghai with an overall efficiency score of 1 were identified as the best DMUs.

Model (6) allowed us to study the efficiency of the provinces from different perspectives. At this stage, the developed
cooperative and non-cooperative models are tested on the same data set and the results are shown in Table 3. In all the three
scenarios reported in Table 3 (process environmental quality efficiency as the leader, technical efficiency as the leader and
cooperative model) the same provinces, i.e. Beijing and Shanghai got the full overall efficiency score of 1, therefore, recog-
nizing them as efficient provinces can be validated.

Based on the results reported in Tables 2 and 3, two important features of the non-linear model can be deduced; (i) the
non-linear model was able to correctly construct the overall efficiency frontier, since it recognized the same efficient prov-
inces as the linear models; and (ii) the ranking results of the provinces by the non-linear model is significantly correlated by
the non-cooperative model when the second stage (technical efficiency) is considered as the leader (the correlation
Table 4
Efficiency scores obtained from the cooperative and non-cooperative game approaches with CSW.

Provinces PEQE as the leader TE as the leader Centralized

TE PEQE ECE OE TE PEQE ECE OE PEQE TE ECE OE

Beijing 1.000 1.000 1.000 1.000 0.757 1.000 0.757 0.838 1.000 1.000 1.000 1.000
Tianjin 0.679 0.703 0.477 0.620 0.893 0.386 0.345 0.541 0.750 0.607 0.456 0.604
Hebei 0.359 0.408 0.147 0.305 0.705 0.262 0.184 0.383 0.557 0.437 0.243 0.413
Shanxi 0.264 0.371 0.098 0.245 0.527 0.259 0.136 0.307 0.464 0.388 0.180 0.344
Inner Mongolia 0.289 0.563 0.163 0.338 0.783 0.268 0.209 0.420 0.754 0.367 0.277 0.466
Liaoning 0.351 0.505 0.177 0.344 0.708 0.237 0.168 0.371 0.587 0.378 0.222 0.396
Jilin 0.296 0.552 0.164 0.337 0.937 0.130 0.121 0.396 0.503 0.319 0.160 0.327
Heilongjiang 0.272 0.583 0.158 0.338 0.789 0.146 0.115 0.350 0.439 0.347 0.152 0.312
Shanghai 0.755 0.737 0.557 0.683 0.793 0.486 0.385 0.555 0.509 1.000 0.509 0.673
Jiangsu 0.715 0.489 0.350 0.518 0.870 0.298 0.259 0.476 0.504 0.680 0.343 0.509
Zhejiang 0.466 0.808 0.376 0.550 0.775 0.363 0.281 0.473 0.665 0.558 0.371 0.532
Anhui 0.339 0.451 0.153 0.314 0.835 0.178 0.148 0.387 0.585 0.335 0.196 0.372
Fujian 0.292 0.767 0.224 0.428 0.849 0.230 0.195 0.425 0.714 0.361 0.258 0.444
Jiangxi 0.171 0.682 0.116 0.323 0.885 0.122 0.108 0.372 0.706 0.202 0.143 0.350
Shandong 0.527 0.658 0.347 0.511 0.793 0.393 0.312 0.499 0.706 0.583 0.411 0.567
Henan 0.442 0.493 0.218 0.384 0.838 0.219 0.184 0.414 0.517 0.470 0.243 0.410
Hubei 0.297 0.605 0.180 0.361 0.731 0.188 0.138 0.352 0.495 0.367 0.182 0.348
Hunan 0.246 0.505 0.124 0.292 0.808 0.123 0.099 0.343 0.410 0.319 0.131 0.287
Guangdong 0.508 0.770 0.391 0.557 1.000 0.265 0.265 0.510 0.532 0.657 0.349 0.513
Guangxi 0.192 0.353 0.068 0.204 0.775 0.065 0.050 0.297 0.276 0.241 0.067 0.195
Hainan 0.176 1.000 0.176 0.451 0.934 0.118 0.110 0.387 0.638 0.229 0.146 0.337
Chongqing 0.328 0.639 0.209 0.392 0.703 0.237 0.167 0.369 0.619 0.356 0.220 0.398
Sichuan 0.205 0.722 0.148 0.359 0.725 0.158 0.114 0.332 0.582 0.260 0.151 0.331
Guizhou 0.135 0.774 0.104 0.338 0.518 0.211 0.109 0.279 0.723 0.200 0.144 0.356
Yunnan 0.135 1.000 0.135 0.423 0.629 0.211 0.133 0.324 0.956 0.184 0.176 0.438
Shaanxi 0.375 0.451 0.169 0.332 0.781 0.208 0.162 0.384 0.542 0.396 0.214 0.384
Gansu 0.262 0.490 0.128 0.293 0.548 0.222 0.121 0.297 0.475 0.338 0.160 0.324
Qinghai 0.071 1.000 0.071 0.381 0.530 0.151 0.080 0.254 1.000 0.106 0.106 0.404
Ningxia 0.228 0.330 0.075 0.211 0.486 0.141 0.069 0.232 0.281 0.322 0.091 0.231
Xinjiang 0.146 0.699 0.102 0.316 0.645 0.141 0.091 0.292 0.563 0.213 0.120 0.298
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coefficient between its technical, process environmental quality, ecological and overall efficiency ranking results and those of
the linear model when technical efficiency is the leader, at significant level of 0.01, is 0.98).

As the last analysis, the developed cooperative and non-cooperative models with CSW are run and the results are shown
in Table 4. These models are developed and applied to avoid unrealistically high efficiency scores, increase the discrimination
power among the provinces and to carry out the efficiency analysis of the provinces based on a common base. Unlike the
non-linear model and the cooperative and non-cooperative models, the weights determined for the input and output factors
are not the best possible weights for each particular province (DMUo) but for all the provinces (DMUj). The developed coop-
erative and non-cooperative models with CSW provide a complete ranking among all provinces and based on all the scenar-
ios, Beijing is recognized as the most efficient province with the highest overall efficiency score.

4. Conclusions and future research directions

In DEA, there are a number of producers known as DMUs. The production process for each DMU involves using a set of
inputs to produce a set of outputs. Each producer has varying levels of inputs and generates varying levels of outputs. DEA
assumes that either making more output with the same input or making the same output with less input is a criterion of
efficiency. In the presence of undesirable outputs, DMUs with better (more desirable) outputs and worse (less undesirable)
outputs (relative to less input resources) should be recognized as efficient. For example, if there are inefficiencies in the pro-
duction process, the outputs of wastes and pollutants (which are undesirable) should be reduced to improve the perfor-
mance [19,15].

We considered the concepts of technical efficiency and ecological efficiency in performance measurement problems. We
also introduced the concept of process environmental quality efficiency and proposed several new linear and non-linear
models to integrate these three different efficiency scores into an overall efficiency score. We presented a case study to exhi-
bit the efficacy of the procedures and to demonstrate the applicability of the proposed models.

The model proposed in this study is intended to find the best possible input and output weights for maximizing the effi-
ciency of the entire performance evaluation system. It is often important to seek experts’ opinions on the importance of the
factors and incorporate these opinions as weight restrictions in the model. These restrictions will limit the feasible region of
the weights and lead to an integration of the objective and subjective weighting systems. Also, in this paper, we studied
undesirable outputs in the performance evaluation systems. We are currently studying the effects of desirable inputs in
the model proposed in this study. We also plan to study the overall simultaneous effects of both undesirable outputs and
desirable inputs in our model.
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Abstract 

 

Recent empirical and conceptual work in data envelopment analysis (DEA) has 

emphasized importance and potential for the technique to highlight environmental 

performance of economic entities. Initial work in this emerging research area has 

focused on the separation of output factors into desirable and undesirable ones. In this 

paper, we describe recent developments of DEA in modeling undesirable outputs. In 

particular, modeling undesirable outputs in the range adjusted measure (RAM) is 

investigated. We discuss some difficulties of RAM in assessing the environmental 

efficiency of decision making units (DMUs) and propose a new multiple objective DEA 

model to overcome these difficulties. The proposed multiple objective model is solved 

by linear goal programming and its applicability as a mechanism for assessing 

environmental efficiency is demonstrated by evaluating the technical, ecological, and 

process environmental quality efficiency scores of China’s provinces.  

 

Keywords: Data envelopment analysis; Undesirable outputs; Multiple objective; Linear 

goal programming. 

 

1. Introduction 

 

Data envelopment analysis (DEA) is a linear-programming based methodology that 

calculates efficiency scores of peer decision making units (DMUs). DEA was first 

introduced by Charnes et al. (1978) and since then it has been used in a wide range of 

settings. Many models with different properties and different purposes have been 
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developed. CCR (Charnes, Cooper, and Rhodes, 1978), BCC (Banker, Charnes, and 

Cooper, 1984), slacks-based measure (SBM) (Tone, 2001), additive (Charnes et al., 

1985), and range adjusted measure (RAM) (Cooper et al., 1999) are among the most 

well-known DEA models. CCR and BCC are known as radial models and they are 

oriented toward either inputs (input-oriented) or outputs (output-oriented). CCR 

measures the efficiency of each DMU assuming constant returns to scale (CRS) while 

BCC assumes variable returns to scale (VRS). On the other hand, additive, RAM, and 

SBM are known as non-oriented and non-radial models. 

Prior to determining which DEA models is appropriate for a particular efficiency 

evaluation problem, an assessment of various forms of inputs and outputs is required. In 

the basic form of the models, the factors are separated into inputs and outputs, where 

outputs with larger values generally represent better performance. However, outputs that 

are deemed negative (for example, pollution) should be valued differently, with higher 

values representing a relatively worse performance. In efficiency evaluation of 

production units, therefore, by-product undesirable outputs need to be incorporated 

differently into DEA models. 

DEA measures “technical efficiency” of each DMU in terms of its consumed 

inputs and produced desirable outputs. Technical efficiency is the ratio of desirable 

outputs to inputs. Koopmans (1951) called a producer technically efficient if any 

amount of increase in an output needs a decrease in at least one other output or an 

increase in at least one input, and if a decrease in any input needs an increase in at least 

one another input or a reduction in at least one output. 

Alternatively, if the efficiency score of each DMU is calculated in terms of its 

desirable and undesirable outputs, the efficiency score is known as “ecological 

efficiency”. The ecological efficiency is defined as the ratio of added values of products 

or services to added environmental impacts (Zhang et al., 2008; Kuosmanen and 

Kortelainen, 2005). The ecological efficiency, in short, assesses the creation of more 

value with less environmental impact. 

The ratio of inputs to undesirable outputs can also be measured and is called the 

“process environmental quality efficiency” (Mahdiloo et al., 2014). This ratio can help 

managers and decision makers to define potential improvements in the quality of the 

machines and processes which create relatively high volumes of the pollution.  

Figure 1 shows three different trade-offs among inputs, desirable, and undesirable 

outputs. These different trade-offs can be modeled as three separate ratios and can be 
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used to determine whether a DMU can: (i) efficiently use its resources to produce more 

desirable outputs (technical efficiency), (ii) produce more desirable outputs with less 

undesirable outputs (ecological efficiency), and (iii) produce less undesirable outputs 

with more inputs (process environmental quality efficiency). 

 

 

Figure 1. Possible trade-offs between inputs and outputs 

 

The technical efficiency can be obtained either by radial models like CCR and 

BCC or by the models that directly deal with shortage slack variables of desirable 

outputs and excess slack variables of inputs such as SBM, Additive, and RAM
1
. The 

ecological efficiency can be measured by assessing the ratio of desirable outputs to 

undesirable outputs or similarly assessing the shortage slack variables of desirable 

outputs and excess slack variables of undesirable outputs. Similarly, the process 

environmental quality efficiency can be measured. 

Having three possible efficiency ratios will lead to three linear programs. One 

possible way to measure the overall efficiency is to run three separate and independent 

linear programming models. However, this way of modeling, aside from the creation of 

a requirement for intensive computations, cannot address potential conflicts among the 

ratios. For example, consider a DMU which is inefficient with regards to the process 

environmental quality efficiency ratio. This inefficient DMU may increase its inputs to 

be projected on the efficiency frontier. However, this leads to an increase in the 

denominator of the technical efficiency ratio and consequently it may lead to a decrease 

                                                           
1
 Shortage of desirable outputs and excess of inputs or undesirable outputs of inefficient DMUs are 

measured by their distance from their reference sets. 
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in technical efficiency. A discussion and challenge similar to this can be found in two-

stage DEA literature where there is the same sort of conflict between the two stages of a 

two-stage activity. Liang et al. (2008) discussed this potential conflict and developed a 

game theoretic approach to deal with it. Mahdiloo et al. (2014) applied Liang et al’s 

approach to measure technical, ecological, and process environmental quality 

efficiencies.  

The purpose of our paper is to develop a multiple objective linear programming 

model to measure the technical, ecological, and process environmental quality 

efficiencies. The developed model is based on linear goal programming and considers 

the conflicts among the goals (different ratios). We discuss how the reference targets 

can be defined for the inefficient DMUs. The developed model is run under both 

constant returns to scale (CRS) and variable returns to scale (VRS) assumptions. 

The remainder of this paper is organized as follows. In Section 2, the literature 

review and knowledge gaps are given. In Section 3,  some mathematical models from 

the literature are presented. In Section 4, the proposed model is developed. In Sections 5 

and 6, the proposed model is tested by a numerical example and a real data set related to 

the provinces in China, respectively. Section 7 concludes the paper. 

 

2. Literature review 

 

There are different ways in the DEA literature to simultaneously take into account 

inputs, desirable outputs, and undesirable outputs. A benefit of this unified approach is 

that it can be used to measure overall efficiency score by combining different efficiency 

ratios. Färe et al. (1989) were among the first authors to model undesirable outputs. 

They introduced the new concept of weak versus strong disposability of undesirable 

outputs and showed how this concept can be modeled in DEA. Some authors discussed 

that undesirable outputs can be modeled by considering them as inputs (Hailu and 

Veeman, 2001; Korhonen and Luptacik, 2004). They justified this by saying that 

undesirable outputs have similar characteristics to inputs since a reduction in an 

undesirable output is possible by using some other inputs or decreasing some of the 

desirable outputs. As an alternative approach, Seiford and Zhu (2002) transformed the 

value of undesirable outputs via multiplying them by -1 and then adding a positive 

scalar to make transformed values greater than zero. With this new value, undesirable 

outputs are considered as desirable outputs. Färe and Grosskopf (2004) used the 
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directional distance function to model undesirable outputs. Unlike the model proposed 

by Seiford and Zhu (2002), weak disposability property of undesirable outputs was 

assumed in directional distance function. Song et al. (2012) provided a comprehensive 

review of papers dealing with undesirable outputs in DEA. 

Sueyoshi and Goto (2010; 2011) used non-radial RAM to measure technical 

efficiency. Then, they measured the environmental efficiency score by modifying RAM. 

The modified RAM model measures environmental efficiency in terms of inputs and 

undesirable outputs. Finally, to measure overall efficiency of DMUs, they used inputs, 

desirable outputs, and undesirable outputs
2
. The sign of input slacks in their 

environmental efficiency model indicates that inefficient DMUs can reach their 

reference sets even by increasing their inputs. However, the models proposed by 

Sueyoshi and Goto (2010 2011) have some limitations. Sueyoshi and Goto (2010; 2011) 

calculated technical, environmental, and overall efficiencies by solving three different 

models. This is technically difficult to implement as calculation of three separate 

models can be cumbersome. Moreover, overall efficiency models developed by 

Sueyoshi and Goto (2010; 2011) employed either nonlinear or mixed integer 

programming or did not provide a single set of intensity variables for desirable and 

undesirable outputs. Regarding their nonlinear model, it is not easy to develop its dual 

form and, therefore, determine the type of returns to scale (RTS). Furthermore, this 

model is possible to face an unbounded solution. Finally, we will show that RAM, 

without convexity constraint (∑ 𝜆𝑗
𝑛
𝑗=1 = 1, ), may lead to negative efficiency scores. 

Our paper is aimed at developing a multiple objective DEA model to measure 

technical, ecological, and process environmental quality efficiency scores. We believe 

that the developed model and our paper contributes to the theory and application of 

DEA in the following ways: (i) the developed model is linear and it guarantees that the 

solutions found by the model are global optimal solutions. Also, the linearity of the 

model makes it possible to develop its dual form, (ii) based on our multiple objective 

model, technical, ecological, and process environmental quality efficiencies are found 

by running only one linear programming. Therefore, computational complexity is 

considerably decreased, (iii) the developed model considers the conflicting goals among 

                                                           
2
 Note that the terms “technical efficiency” and “overall efficiency” are referred to as “operational 

efficiency” and “unified efficiency” measures in Sueyoshi and Goto (2010; 2011), respectively. However, 

in order to maintain semantic consistency, we refer to the efficiency score calculated in terms of inputs 

and desirable outputs as technical efficiency score. Also, the term “overall efficiency” is used instead of 

“unified efficiency”.   
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different efficiency ratios and (iv) we show that the multiple objective model can define 

reference targets for the inefficient DMUs. 

 

3. Modeling undesirable outputs 

 

Assume we have n DMUs with each consuming m inputs to produce s desirable outputs 

and p undesirable outputs. The outputs corresponding to indices 1, 2, …, s are desirable 

and the outputs corresponding to indices 1, 2, …, p are undesirable. Let X∈ 𝑹+
𝑚×𝑛, 

𝒀𝒈 ∈ 𝑹+
𝑠×𝑛, and 𝒀𝑏 ∈ 𝑹+

𝑝×𝑛
 to be matrices of inputs, desirable outputs, and undesirable 

outputs, respectively. The 𝑣𝑖, 𝑢𝑟, and 𝜇𝑘 are weights of inputs, desirable outputs, and 

undesirable outputs, respectively. Subscript o shows the DMU under evaluation. The 

notations used in this paper are summarized in Table 1. 
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Table 1. The notations 

DMUo: The decision making unit under evaluation 

𝑗=1,…,n           Collection of DMUs  

𝑟=1,…,s          The set of desirable outputs 

𝑖=1,…,m          The set of inputs 

𝑘=1,…,p     The set of undesirable outputs 

𝑦𝑟𝑜
𝑔

:  The rth desirable output of DMUo 

𝑦𝑟𝑗

𝑔
:  The rth desirable output of  DMUj 

𝑢𝑟:  The weight of rth desirable output 

𝑥𝑖𝑜:  The ith input of DMUo 

𝑥𝑖𝑗:  The ith input of DMUj 

𝑣𝑖:  The weight of ith pollution-related input 

𝑔𝑓: The weight of fth pollution-unrelated input 

𝑦𝑘𝑜
𝑏 :  The kth undesirable output of DMUo 

𝑦𝑘𝑗

𝑏 :   The kth undesirable output of DMUj   

𝜇𝑘: The weight of kth undesirable output 

𝑑𝑟
𝑔: Shortages in rth desirable output 

𝑑𝑖
𝑥: Excesses in ith input 

𝑑𝑘
𝑏: Excesses in kth undesirable output 

𝜆𝑗 :  Benchmarks associated with DMUj 

𝜃: Radial efficiency measure for DMUo 

 

Models (1) and (2) can evaluate the technical and ecological efficiencies of 

DMUo, respectively. 

 

 

max
∑ 𝑢𝑟𝑦𝑟𝑜

𝑔𝑠
𝑟=1

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜

s. t.
∑ 𝑢𝑟𝑦𝑟𝑗

𝑔𝑠
𝑟=1

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑗

≤ 1 𝑗 = 1, 2, … , 𝑛,

𝑣𝑖 ≥ 0 𝑖 = 1, 2, … , 𝑚,

𝑢𝑟 ≥ 0 𝑟 = 1, 2, … , 𝑠.

  (1) 

 

 

max
∑ 𝑢𝑟𝑦𝑟𝑜

𝑔𝑠
𝑟=1

∑ 𝜇𝑘
𝑝
𝑘=1

𝑦𝑘𝑜
𝑏

s. t.
∑ 𝑢𝑟𝑦𝑟𝑗

𝑔𝑠
𝑟=1

∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑗

𝑏 ≤ 1 𝑗 = 1, 2, … , 𝑛,

𝑢𝑟 ≥ 0 𝑟 = 1, 2, … , 𝑠,

𝜇𝑘 ≥ 0 𝑘 = 1, 2, … , 𝑝.

  (2) 

 

In this section, we review some of the models from the literature which 

simultaneously consider inputs, desirable and undesirable outputs. These models can be 

regarded as the combination of the Models (1) and (2). Table 2 summarizes the models 

developed by Färe et al. (1989), Hailu and Veeman (2001), Seiford and Zhu (2002), and 
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Korhonen and Luptacik (2004). The last column of the table shows characteristics of the 

models. Note that some of the models are shown in envelopment and others are shown 

in their multiplicative forms. 

 

Table 2. The models dealing with undesirable outputs 

Authors DEA model  Characteristics 

Färe et al. (1989) 

max 𝜃 

s.t. 

𝜃𝑦𝑟𝑜
𝑔

≤ ∑ 𝜆𝑗𝑦𝑟𝑗
𝑔𝑛

𝑗=1         𝑟 =1, 2, …, s, 

𝑥𝑖𝑜 ≥ ∑ 𝜆𝑗𝑥𝑖𝑗
𝑛
𝑗=1            𝑖 =1, 2, …, m,           (3) 

𝜃−1𝑦𝑘𝑜
𝑏 = ∑ 𝜆𝑗𝑦𝑘𝑗

𝑏𝑛
𝑗=1    𝑘 =1, 2, …, p, 

𝜆𝑗 ≥ 0                           j =1, 2, …, n. 

 Original values of the undesirable 

outputs are used, i.e., there is no 

need to transform undesirable 

outputs. 

 Equality sign in the constraint 

related to the undesirable outputs 

shows weak disposability 

assumption. 

Hailu and 

Veeman (2001) 

min 𝜃 

s.t. 

𝑦𝑟𝑜
𝑔

≤ ∑ 𝜆𝑗𝑦𝑟𝑗
𝑔𝑛

𝑗=1        𝑟 =1, 2, …, s,        

𝜃𝑥𝑖𝑜 ≥ ∑ 𝜆𝑗𝑥𝑖𝑗
𝑛
𝑗=1     𝑖 =1, 2, …, m,                  (4) 

𝑦𝑘𝑜
𝑏 ≥ ∑ 𝜆𝑗𝑦𝑘𝑗

𝑏𝑛
𝑗=1      𝑘 =1, 2, …, p, 

𝜆𝑗 ≥ 0                       j =1, 2, …, n. 

 Original values of the undesirable 

output are used.  

 The undesirable outputs are 

modeled like inputs. 

 Since 𝜃 is only multiplied by the 

input factors, undesirable outputs 

can be seen beyond the control of 

management. In other words, 

undesirable outputs are considered 

as nondiscretionary factors3. 

Seiford and Zhu 

(2002) 

max 𝜃 

 s.t. 

∑ 𝜆𝑗𝑦𝑟𝑗 ≥ 𝜃𝑦𝑟𝑜
𝑔

      𝑛
𝑗=1 𝑟 =1, 2, …, s,     

∑ 𝜆𝑗𝑥𝑖𝑗 ≤ 𝑥𝑖𝑜        𝑛
𝑗=1 𝑖 =1, 2, …, m,               (5) 

∑ 𝜆𝑗�̅�𝑘𝑗
𝑏 ≥ 𝜃�̅�𝑘𝑜

𝑏      𝑛
𝑗=1 𝑘 =1, 2, …, p, 

∑ 𝜆𝑗
𝑛
𝑗=1 = 1       j =1, 2, …, n,    

𝜆𝑗 ≥ 0               j =1, 2, …, n. 

 Undesirable outputs are 

transformed to desirable outputs 

by multiplying their values by -1 

and adding a positive scalar that is 

large enough to make transformed 

values greater than zero. The 

transformed undesirable outputs 

are shown by �̅�𝑘𝑗
𝑏 . 

 When this type of transformation 

is used, translation invariance 

property should be considered. If 

the model does not have 

translation invariance property, by 

changing the arbitrary positive 

scalar, inefficiency score of DMUs 

may change. 

                                                           
3
 Banker and Morey (1986) distinguished between discretionary and non-discretionary inputs via 

multiplying 𝜃 by just those inputs which are completely under control of management. 



9 
 

Authors DEA model  Characteristics 

Korhonen and 

Luptacik (2004) 

max ∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑜

𝑔
 

s.t. 

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜 + ∑ 𝜇𝑘

𝑝
𝑘=1 𝑦𝑘𝑜

𝑏 = 1, 

∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑗

𝑔
− (∑ 𝑣𝑖

𝑚
𝑖=1 𝑥𝑖𝑗 + ∑ 𝜇𝑘

𝑝
𝑘=1 𝑦𝑘𝑗

𝑏 ) ≤ 0  j =1, …, n,       

𝑢𝑟≥ 0            𝑟 =1, 2, …, s,                      (6) 

𝑣𝑖  ≥ 0           𝑖 =1, 2, …, m, 

𝜇𝑘≥ 0           𝑘 =1, 2, …, p. 

 Original values of undesirable 

outputs are used.  

 Undesirable outputs are treated 

like inputs. 

Korhonen and 

Luptacik (2004) 

max ∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑜

𝑔
− ∑ 𝑣𝑖

𝑚
𝑖=1 𝑥𝑖𝑜  

s.t. 

∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑜

𝑏 = 1, 

∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑗

𝑔
− ∑ 𝑣𝑖

𝑚
𝑖=1 𝑥𝑖𝑗 − ∑ 𝜇𝑘

𝑝
𝑘=1 𝑦𝑘𝑗

𝑏 ≤0  j =1, …, n,       

𝑢𝑟≥ 0           𝑟 =1, 2, …, s,                     (7) 

𝑣𝑖  ≥ 0           𝑖 =1, 2, …, m, 

𝜇𝑘≥ 0           𝑘 =1, 2, …, p. 

 Original values of undesirable 

outputs are used.  

 Undesirable outputs are treated 

like inputs. 

 Inputs are treated like 

nondiscretionary factors. 

   

There are also papers which have discussed modeling of undesirable outputs in 

the RAM model. Sueyoshi and Goto (2010; 2011) used RAM to measure technical and 

environmental efficiencies of DMUs. They used the original RAM model to evaluate 

the technical efficiency of DMUs which was originally developed by Cooper et al. 

(1999). They then measured the environmental efficiency of DMUs by modifying the 

original RAM. Technical and environmental efficiency models are then unified in two 

different ways and overall efficiency is measured.  Model (8) is the RAM model which 

is used to measure the technical efficiency. 

 

 

max 1 − (∑ 𝑅𝑖
𝑥𝑑𝑖

𝑥 +𝑚
𝑖=1 ∑ 𝑅𝑟

𝑔
𝑑𝑟

𝑔𝑠
𝑟=1 ) 

s. t. ∑ 𝑥𝑖𝑗𝜆𝑗 +𝑛
𝑗=1 𝑑𝑖

𝑥 = 𝑥𝑖𝑜 𝑖 = 1, 2, … , 𝑚,

∑ 𝑦𝑟𝑗
𝑔

𝜆𝑗 −𝑛
𝑗=1 𝑑𝑟

𝑔
= 𝑦𝑟𝑜

𝑔
𝑟 = 1, 2, … , 𝑠,

∑ 𝜆𝑗
𝑛
𝑗=1 = 1 

𝜆𝑗 ≥ 0 𝑗 = 1, 2, … , 𝑛,

𝑑𝑖
𝑥 ≥ 0 𝑖 = 1, 2, … , 𝑚,

𝑑𝑟
𝑔

≥ 0 𝑟 = 1, 2, … , 𝑠.

  (8) 

 

where 𝑑𝑖
𝑥 and 𝑑𝑟

𝑔
 are slack variables related to inputs and desirable outputs, 

respectively. 𝑅𝑖
𝑥 and 𝑅𝑟

𝑔
 are ranges associated with inputs and outputs, respectively; and 

are determined as: 𝑅𝑖
𝑥 = 1/(𝑚 + 𝑠)(𝑥�̅� − 𝑥𝑖) and 𝑅𝑟

𝑔
= 1/(𝑚 + 𝑠)(𝑦𝑟

𝑔̅̅̅̅ − 𝑦𝑟
𝑔

). The 𝑥�̅�, 
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𝑥𝑖, 𝑦𝑟
𝑔̅̅̅̅ , and 𝑦𝑟

𝑔
 are determined by 𝑥�̅�= max {𝑥𝑖𝑗}, 𝑥𝑖 = min{𝑥𝑖𝑗}, 𝑦𝑟

𝑔̅̅̅̅ = max {𝑦𝑟𝑗
𝑔

}, and 

𝑦𝑟
𝑔

= min{𝑦𝑟𝑗
𝑔

}. 

Models (9) and (10) can be used to measure environmental efficiency. 

 

 

max 1 − (∑ 𝑅𝑖
𝑥𝑑𝑖

𝑥 +𝑚
𝑖=1 ∑ 𝑅𝑘

𝑏𝑑𝑘
𝑏𝑝

𝑘=1 )

s. t. ∑ 𝑥𝑖𝑗𝜆𝑗 −𝑛
𝑗=1 𝑑𝑖

𝑥 = 𝑥𝑖𝑜 𝑖 = 1, 2, … , 𝑚,

∑ 𝑦𝑘𝑗
𝑏 𝜆𝑗 +𝑛

𝑗=1 𝑑𝑘
𝑏 = 𝑦𝑘𝑜

𝑏 𝑘 = 1, 2, … , 𝑝,

∑ 𝜆𝑗
𝑛
𝑗=1 = 1

𝜆𝑗 ≥ 0 𝑗 = 1, 2, … , 𝑛,

𝑑𝑖
𝑥 ≥ 0 𝑖 = 1, 2, … , 𝑚,

𝑑𝑘
𝑏 ≥ 0 𝑘 = 1, 2, … , 𝑝.

  (9) 

 

 

max 1 − (∑ 𝑅𝑖
𝑥(𝑑𝑖

𝑥+ + 𝑑𝑖
𝑥−) +𝑚

𝑖=1 ∑ 𝑅𝑘
𝑏𝑑𝑘

𝑏𝑝
𝑘=1 )

s. t. ∑ 𝑥𝑖𝑗𝜆𝑗 −𝑛
𝑗=1 𝑑𝑖

𝑥+ + 𝑑𝑖
𝑥− = 𝑥𝑖𝑜 𝑖 = 1, 2, … , 𝑚,

∑ 𝑦𝑘𝑗
𝑏 𝜆𝑗 +𝑛

𝑗=1 𝑑𝑘
𝑏 = 𝑦𝑘𝑜

𝑏  𝑘 = 1, 2, … , 𝑝,

∑ 𝜆𝑗
𝑛
𝑗=1 = 1

𝑑𝑖
𝑥+𝑑𝑖

𝑥− = 0 𝑖 = 1, 2, … , 𝑚,

𝜆𝑗 ≥ 0 𝑗 = 1, 2, … , 𝑛,

𝑑𝑖
𝑥+ ≥ 0 𝑖 = 1, 2, … , 𝑚,

𝑑𝑖
𝑥− ≥ 0 𝑖 = 1, 2, … , 𝑚,

𝑑𝑘
𝑏 ≥ 0 𝑘 = 1, 2, … , 𝑝.

  (10) 

 

The 𝑑𝑘
𝑏 is the slack variable related to the undesirable outputs. Ranges are 

calculated as 𝑅𝑖
𝑥 = 1/(𝑚 + 𝑝)(𝑥�̅� − 𝑥𝑖) and 𝑅𝑘

𝑏 = 1/(𝑚 + 𝑝)(𝑦𝑘
𝑏̅̅ ̅ − 𝑦𝑘

𝑏). 𝑦𝑘
𝑏̅̅ ̅ and 𝑦𝑘

𝑏 are 

determined by 𝑦𝑘
𝑏̅̅ ̅= max {𝑦𝑘𝑗

𝑏 } and 𝑦𝑘
𝑏 = min{𝑦𝑘𝑗

𝑏 }. 

Assuming two-dimensional space in which inputs are in the horizontal axis and 

desirable and undesirable outputs are in the vertical axis, projections of technically 

inefficient DMUs in the Model (8) are toward the North West. The projection toward 

North West is determined by the positive sign of input slacks (𝑑𝑖
𝑥) and the negative sign 

of desirable output slacks (𝑑𝑟
𝑔

). Therefore, a DMU can be technically efficient by 

decreasing inputs or/and increasing desirable outputs. The projection suggested by the 

Model (9) requires that inefficient DMUs move toward the South East, indicating a 

decrease in undesirable outputs and/or an increase in inputs. Therefore, it is 

recommended that inefficient DMUs increase their inputs in order to decrease their 
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undesirable outputs. This method of projecting inefficient DMUs on efficiency frontier 

requires corporate and managerial efforts. 

Model (10) is slightly different from Model (9). The slack variable related to the 

ith input is separated into its positive and negative parts (𝑑𝑖
𝑥+ and 𝑑𝑖

𝑥−) and nonlinear 

constraint 𝑑𝑖
𝑥+𝑑𝑖

𝑥− = 0 shows that the two slacks cannot simultaneously be strictly 

positive. Model (10) is a nonlinear programming problem and can also be solved as a 

mixed-integer programming (for more details see Sueyoshi and Goto, 2011). Given the 

𝑑𝑖
𝑥+𝑑𝑖

𝑥− = 0, the inefficient DMUs are projected by moving toward either South West 

or South East. Since the two slack variables are mutually exclusive, simultaneous 

projection toward South West and South East is impossible. Sueyoshi and Goto (2010 

and 2011) based their models on RAM since it is a slack based efficiency model and 

they believe that it can be easily adapted to combine different models into a single and 

unified form. 

Models (11) and (12) measure overall efficiency of DMUs. The Model (11) is the 

combination of the Models (8) and (9) and the Model (12) is the combination of the 

Models (8) and (10). 

 

 

max 1 − (∑ 𝑅𝑖
𝑥𝑑𝑖

𝑥𝑔
+𝑚

𝑖=1 ∑ 𝑅𝑟
𝑔

𝑑𝑟
𝑔𝑠

𝑟=1 + ∑ 𝑅𝑖
𝑥𝑑𝑖

𝑥𝑏 +𝑚
𝑖=1 ∑ 𝑅𝑘

𝑏𝑑𝑘
𝑏𝑝

𝑘=1 ) 

s. t. ∑ 𝑥𝑖𝑗𝜆𝑗
𝑔

+𝑛
𝑗=1 𝑑𝑖

𝑥𝑔
= 𝑥𝑖𝑜 𝑖 = 1, 2, … , 𝑚,

∑ 𝑦𝑟𝑗
𝑔

𝜆𝑗
𝑔

−𝑛
𝑗=1 𝑑𝑟

𝑔
= 𝑦𝑟𝑜

𝑔
𝑟 = 1, 2, … , 𝑠,

∑ 𝜆𝑗
𝑔𝑛

𝑗=1 = 1 

∑ 𝑥𝑖𝑗𝜆𝑗
𝑏 −𝑛

𝑗=1 𝑑𝑖
𝑥𝑏 = 𝑥𝑖𝑜 𝑖 = 1, 2, … , 𝑚,

∑ 𝑦𝑘𝑗
𝑏 𝜆𝑗

𝑏 +𝑛
𝑗=1 𝑑𝑘

𝑏 = 𝑦𝑘𝑜
𝑏  𝑘 = 1, 2, … , 𝑝,

∑ 𝜆𝑗
𝑏𝑛

𝑗=1 = 1 

𝜆𝑗
𝑔

≥ 0 𝑗 = 1, 2, … , 𝑛,

𝜆𝑗
𝑏 ≥ 0 𝑗 = 1, 2, … , 𝑛,

𝑑𝑖
𝑥𝑔

≥ 0 𝑖 = 1, 2, … , 𝑚,

𝑑𝑖
𝑥𝑏 ≥ 0 𝑖 = 1, 2, … , 𝑚,

𝑑𝑟
𝑔

≥ 0 𝑟 = 1, 2, … , 𝑠,

𝑑𝑘
𝑏 ≥ 0 𝑘 = 1, 2, … , 𝑝.

  (11) 

 

 

 

 



12 
 

 

max 1 − (∑ 𝑅𝑖
𝑥(𝑑𝑖

𝑥+ + 𝑑𝑖
𝑥−) + ∑ 𝑅𝑟

𝑔
𝑑𝑟

𝑔𝑠
𝑟=1 +𝑚

𝑖=1 ∑ 𝑅𝑘
𝑔

𝑑𝑘
𝑏𝑝

𝑘=1 ) 

s. t. ∑ 𝑥𝑖𝑗𝜆𝑗 −𝑛
𝑗=1 𝑑𝑖

𝑥+ + 𝑑𝑖
𝑥− = 𝑥𝑖𝑜 𝑖 = 1, 2, … , 𝑚,

∑ 𝑦𝑟𝑗
𝑔

𝜆𝑗 −𝑛
𝑗=1 𝑑𝑟

𝑔
= 𝑦𝑟𝑜

𝑔
𝑟 = 1, 2, … , 𝑠,

∑ 𝑦𝑘𝑗
𝑏 𝜆𝑗 +𝑛

𝑗=1 𝑑𝑘
𝑏 = 𝑦𝑘𝑜

𝑏  𝑘 = 1, 2, … , 𝑝,

∑ 𝜆𝑗
𝑛
𝑗=1 = 1 

𝑑𝑖
𝑥+𝑑𝑖

𝑥− = 0 𝑖 = 1, 2, … , 𝑚,

𝜆𝑗 ≥ 0 𝑗 = 1, 2, … , 𝑛,

𝑑𝑖
𝑥+ ≥ 0 𝑖 = 1, 2, … , 𝑚,

𝑑𝑖
𝑥− ≥ 0 𝑖 = 1, 2, … , 𝑚,

𝑑𝑟
𝑔

≥ 0 𝑟 = 1, 2, … , 𝑠,

𝑑𝑘
𝑏 ≥ 0 𝑘 = 1, 2, … , 𝑝.

  (12) 

 

The ranges are determined as 𝑅𝑖
𝑥 = 1/(𝑚 + 𝑠 + 𝑝)(𝑥�̅� − 𝑥𝑖), 𝑅𝑟

𝑔
= 1/(𝑚 + 𝑠 +

𝑝)(𝑦𝑟
𝑔̅̅̅̅ − 𝑦𝑟

𝑔
), and 𝑅𝑘

𝑏 = 1/(𝑚 + 𝑠 + 𝑝)(𝑦𝑘
𝑏̅̅ ̅ − 𝑦𝑘

𝑏). The unified Model (11) uses two 

different intensity variables (𝜆𝑗
𝑔

 and 𝜆𝑗
𝑏). 

Models (11) and (12) measure overall efficiency of DMUs. Model (12) uses a 

single intensity variable (𝜆𝑗) to combine technical and environmental efficiency models. 

This is an advantage for Model (12) in comparison with Model (11) which has two 

intensity variables (𝜆𝑗
𝑔

 and 𝜆𝑗
𝑏). Model (11) is a linear programming problem while 

Model (12) is a nonlinear or mixed integer programming. Therefore, writing the dual 

form of Model (12) and using it in determining the type of returns to scale of DMUs is 

difficult. 

 

4. Proposed model 

 

In this section, we discuss measuring the technical, ecological, and process 

environmental quality efficiency scores by running only one linear model. In other 

words, a linear multiple objective model is developed which is a combination of the 

three separate models of the technical, ecological, and process environmental quality 

efficiency models. The linear model is run with both CRS and VRS assumptions and 

considers the conflicts among different efficiency ratios. This new model can define the 

reference sets and optimal projections for the inefficient DMUs. 
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At first, the process environmental quality efficiency model which was developed 

by Mahdiloo et al. (2014) is introduced. We slightly modify this model and explain the 

application and importance of the model. 

4.1 Measuring process environmental quality efficiency 

To consider the trade-off between inputs and undesirable outputs and to measure the 

quality of the production process from an environmental perspective, Model (13) was 

developed by Mahdiloo et al. (2014). The ratio 
∑ 𝑣𝑖

𝑚
𝑖=1 𝑥𝑖𝑜

∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑜

𝑏  is called the process 

environmental quality efficiency. 

 

 

max
∑ 𝑣𝑖

𝑚
𝑖=1 𝑥𝑖𝑜

∑ 𝜇𝑘
𝑝
𝑘=1

𝑦𝑘𝑜
𝑏

s. t.
∑ 𝑣𝑖

𝑚
𝑖=1 𝑥𝑖𝑗

∑ 𝜇𝑘
𝑝
𝑘=1

𝑦𝑘𝑗
𝑏 ≤ 1 𝑗 = 1, 2, … , 𝑛,

𝑣𝑖 ≥ 0 𝑖 = 1, 2, … , 𝑚,

𝜇𝑘 ≥ 0 𝑘 = 1, 2, … , 𝑝.

  (13) 

 

We slightly change the Model (13) by separating input factors as pollution-related 

and pollution-unrelated inputs. The different types of fuel consumed in the production 

process and also different environmental investment on infrastructure and 

environmental R&D are examples of the pollution-related inputs. These inputs have a 

direct impact on the amount of the pollution in the production process. Model (14) is the 

modified process environmental quality efficiency model and the superscript P-R in the 

inputs stands for pollution-related. 

 

 

max
∑ 𝑔𝑓

𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅

∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑜

𝑏

s. t.
∑ 𝑔𝑖

𝑧
𝑓=1 𝑥𝑓𝑗

𝑃−𝑅

∑ 𝜇𝑘
𝑝
𝑘=1

𝑦𝑘𝑗
𝑏 ≤ 1 𝑗 = 1, 2, … , 𝑛,

𝑔𝑓 ≥ 0 𝑓 = 1, 2, … , 𝑧,

𝜇𝑘 ≥ 0 𝑘 = 1, 2, … , 𝑝.

  (14) 

 

The purpose of Model (14) is to find the best possible weights for inputs and 

undesirable outputs that can maximize the ratio of the weighted sum of inputs to the 

weighted sum of undesirable outputs. This optimization process is done under some 

constraints: (i) weights 𝑔𝑓 and 𝜇𝑘 should be equal or greater than zero and (ii) with 

optimal weights 𝑔𝑓
∗  and 𝜇𝑘

∗  of DMU under evaluation, ratio of the process 
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environmental quality efficiency should be less than or equal to one for all DMUs. The 

objective function value of Model (14) is between 0 and 1. The DMUs with an 

efficiency score of 1 are recognized as process environmentally efficient, otherwise, 

process environmentally inefficient. 

Since inputs are separated as the pollution-related and pollution-unrelated inputs, 

we can measure the efficiency of the DMUs in terms of their undesirable outputs 

relative to their consumed pollution-related inputs. The development of this new 

measure will help decision makers to evaluate their level of undesirable outputs 

production not only compared to their desirable outputs production (Model 2) but also 

compared to the consumed inputs. This measure can identify some potential 

improvements in the quality of the processes leading to a high volume of pollution. 

For example, assume that there are two DMUs which consume one type of 

pollution-related input (coal consumption) and produce one type of undesirable output 

(CO2). DMU 1 uses 1 unit of coal and produces 100 units of CO2 while DMU 2 uses 

100 units of coal and produces 1 unit of CO2. Both DMUs produce 1 unit of desirable 

output. Based on the process environmental quality efficiency ratio (
∑ 𝑔𝑓

𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅

∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑜

𝑏 ), DMU 

2 is a better DMU than the DMU 1. The figures indicate that there might be a problem 

with the quality of fuel, technology, labor or processes used by DMU 1 which leads to 

the relatively high emission of CO2. DMU 1, with 1 unit of input and 100 units of 

pollution, is environmentally inefficient since there is another DMU (DMU 2) which 

uses more units of input but is able to produce less undesirable output. Here, the Model 

(14) should be applied to measure the process environmental quality inefficiency of the 

DMU 1. 

Given different possible projections of the DMUs, the projection of inefficient 

DMUs by the process environmental quality efficiency model is explained. Sueyoshi 

and Goto (2011) addressed two projections for environmentally inefficient DMUs 

toward “South West” and “South East” to achieve efficiency frontier. Again, consider 

the DMUs 1 and 2 being plotted in a two-dimensional space with input on the horizontal 

axis and undesirable output on the vertical axis. In moving toward South West, the 

inefficient DMU 1 is projected on efficiency frontier by decreasing both input and 

undesirable output. On the other hand, inefficient DMU 1 is projected toward South 

East by decreasing the amount of its undesirable output and/or increasing its input. The 

CO2 is emitted from combustion of the coal. If a manager decides to decrease coal 
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consumption, the amount of CO2 emission will also decrease and the DMU will be 

projected toward the South West. Sueyoshi and Goto (2011) called this as a ‘‘natural 

reduction’’ and claimed that any DMU can achieve this CO2 emission without any 

technological or process related changes. On the other hand, projection toward South 

East refers to “a managerial effort to reduce amount of CO2 emission (e.g., through an 

effort to use a high-quality coal with less CO2 emission) and/or an engineering effort to 

utilize new generation technology (e.g., clean coal technology) that can reduce amount 

of CO2 emission” (Sueyoshi and Goto, 2011, p. 687). This will be a projection of 

inefficient DMU to the South East by decreasing undesirable outputs and/or increasing 

inputs. 

 

4.2 A linear multiple objective model to simultaneously measure technical, 

ecological, and process environmental quality efficiency scores 

The Models (1), (2), and (14) can be separately run to measure technical, ecological, 

and process environmental quality efficiency scores, respectively. However, this sort of 

modeling is computationally intensive and, more importantly, it does not express the 

potential conflicts between the ratios. One alternative is Model (15) which is an 

integration of the three separate models. Note that in technical efficiency, the inputs are 

separated as pollution-related and pollution-unrelated inputs. 

 

 

max
∑ 𝑢𝑟𝑦𝑟𝑜

𝑔𝑠
𝑟=1

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜

𝑃−𝑈𝑅+∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅 +
∑ 𝑢𝑟

𝑠
𝑟=1 𝑦𝑟𝑜

𝑔

∑ 𝜇𝑘
𝑝
𝑘=1

𝑦𝑘𝑜
𝑏 +

∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅

∑ 𝜇𝑘
𝑝
𝑘=1

𝑦𝑘𝑜
𝑏

s. t.
∑ 𝑢𝑟𝑦𝑟𝑗

𝑔𝑠
𝑟=1

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑗

𝑃−𝑈𝑅+∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑗

𝑃−𝑅 ≤ 1 𝑗 = 1, 2, … , 𝑛,

∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑗

𝑔

∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑗

𝑏 ≤ 1 𝑗 = 1, 2, … , 𝑛,

∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑗

𝑃−𝑅

∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑗

𝑏 ≤ 1 𝑗 = 1, 2, … , 𝑛,

𝑢𝑟 ≥ 0 𝑟 = 1, 2, … , 𝑠,

𝑣𝑖 ≥ 0 𝑖 = 1, 2, … , 𝑚,

𝑔𝑓 ≥ 0 𝑓 = 1, 2, … , 𝑧,

𝜇𝑘 ≥ 0 𝑘 = 1, 2, … , 𝑝.

  (15) 

 

However, this model is a nonlinear model and it is a challenging task to find the 

global optimal solutions for the model. This limitation is a motivation for the following 
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of this section. The purpose is to develop a linear model which simultaneously 

maximizes technical, ecological and process environmental efficiency ratios. 

We wish to maximize three different efficiency ratios 
∑ 𝑢𝑟𝑦𝑟𝑜

𝑔𝑠
𝑟=1

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜

𝑃−𝑈𝑅+∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅, 

∑ 𝑢𝑟𝑦𝑟𝑜
𝑔𝑠

𝑟=1

∑ 𝜇𝑘
𝑚
𝑖=1 𝑦𝑘𝑜

𝑏 , and 
∑ 𝑔𝑓

𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅

∑ 𝜇𝑘
𝑝
𝑘=1

𝑦𝑘𝑜
𝑏 . In order to maximize the first ratio (

∑ 𝑢𝑟𝑦𝑟𝑜
𝑔𝑠

𝑟=1

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜

𝑃−𝑈𝑅+∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅), 

it is enough to consider numerator equal to 1 and then minimize the difference between 

denominator and numerator (∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜

𝑃−𝑈𝑅 + ∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅 − ∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑜

𝑔
). By fixing 

∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑜

𝑔
 in the first ratio, we can maximize the second ratio by minimizing 

∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑜

𝑏 − ∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑜

𝑔
 (in Appendix we show how minimizing the difference 

between denominator and numerator of a ratio leads to maximization of the ratio). By 

fixing ∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑜

𝑔
 to 1, the first fraction is minimizing the expression ∑ 𝑣𝑖

𝑚
𝑖=1 𝑥𝑖𝑜

𝑃−𝑈𝑅 +

∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅and the second fraction is minimizing the expression ∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑜

𝑏 . 

Therefore, we can define a linear model which minimizes Expression (16) as the 

objective function while ∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑜

𝑔
= 1, 

∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑗

𝑔
− ∑ 𝑣𝑖

𝑚
𝑖=1 𝑥𝑖𝑜

𝑃−𝑈𝑅 − ∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅 ≤ 0, and ∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑗

𝑔
− ∑ 𝜇𝑘

𝑝
𝑘=1 𝑦𝑘𝑗

𝑏 ≤ 0 

are used as the constraints of the model. 

 

 ((∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜

𝑃−𝑈𝑅 + ∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅 −  ∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑜

𝑔
) + (∑ 𝜇𝑘

𝑝
𝑘=1 𝑦𝑘𝑜

𝑏 − ∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑜

𝑔
))   (16) 

 

Using optimal weights of this linear programming problem we can measure the 

technical and ecological efficiency of the DMU under observation. However, we are 

also interested to observe DMUs performance in the 
∑ 𝑔𝑓

𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅

∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑜

𝑏  ratio. If we simply add 

the difference between the denominator and the numerator of this ratio to the objective 

function and also ∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅 − ∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑗

𝑏 ≤ 0 as a constraint, DMUs which are 

able to produce less pollution by using more pollution-related inputs will be identified. 

However, the ∑ gf
z
f=1 xfo

P−R has appeared in both the denominator of the technical 

efficiency ratio and the numerator of the process environmental quality efficiency. This 

means that projection of an inefficient DMU on the process environmental quality 

efficiency frontier may decrease the technical efficiency of the DMU. We wish to 

measure the process environmental quality efficiency while keeping the technical 

efficiency unchanged. 
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We can show and solve this multiple objective problem as a linear goal 

programming problem. Linear goal programming, introduced by Charnes et al. (1955) 

and Charnes and Cooper (1961), deals with multiple objectives. In goal programming 

we set specific goals (here in our problem, the maximum efficiency score of 1) for each 

of the objectives and then seek a solution to minimize sum of deviations of the objective 

functions from their related goals (full efficiency score of 1). Therfore, 

∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑜

𝑔

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜

𝑃−𝑈𝑅+∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅 = 1, 
∑ 𝑢𝑟

𝑠
𝑟=1 𝑦𝑟𝑜

𝑔

∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑜

𝑏 = 1, and 
∑ 𝑔𝑓

𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅

∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑜

𝑏 = 1, are the goals. In other 

words, if the DMU under evaluation is technically, ecologically, and process 

environmentally efficient, the following three conditions are satisfied: 

 

 {

∑ 𝑢𝑟𝑦𝑟𝑜
𝑔

− ∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜

𝑃−𝑈𝑅 − ∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅 = 0𝑠
𝑟=1

∑ 𝑢𝑟𝑦𝑟𝑜
𝑔

− ∑ 𝜇𝑘𝑦𝑘𝑜
𝑏 = 0𝑝

𝑘=1
𝑠
𝑟=1                                  

∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅 − ∑ 𝜇𝑘𝑦𝑘𝑜
𝑏 = 0                            𝑝

𝑘=1

  (17) 

 

The objective is to find the weights 𝑢𝑟, 𝑣𝑖, 𝑔𝑓 , and 𝜇𝑘 to meet three goals defined 

by (17). Therefore, a similar objective function defined by (16) can be shown as 

follows: 

 

min (
The deviation from full technical efficiency +  the deviation from full ecological

 efficiency + the deviation from full environmental quality  efficiency
)   (18) 

 

To show (18) algebraically, some auxiliary variables, which are called deviation 

variables, are defined as follows: 

 

 {

𝑑𝑜 = ∑ 𝑢𝑟𝑦𝑟𝑜
𝑔

− ∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜

𝑃−𝑈𝑅 − ∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅𝑠
𝑟=1

𝑑𝑜
′ = ∑ 𝑢𝑟𝑦𝑟𝑜

𝑔
− ∑ 𝜇𝑘𝑦𝑘𝑜

𝑏                                  𝑝
𝑘=1

𝑠
𝑟=1

𝑑𝑜
′′ = ∑ 𝑔𝑓

𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅 − ∑ 𝜇𝑘𝑦𝑘𝑜
𝑏𝑝

𝑘=1                              

  (19) 

 

Here, the goals are “two-sided” as we do not want either to fall under nor exceed 

them (the goals are to meet ∑ 𝑢𝑟𝑦𝑟𝑜
𝑔

− ∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜

𝑃−𝑈𝑅 − ∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅 = 0𝑠
𝑟=1 , 

∑ 𝑢𝑟𝑦𝑟𝑜
𝑔

− ∑ 𝜇𝑘𝑦𝑘𝑜
𝑏 = 0𝑝

𝑘=1
𝑠
𝑟=1 , and ∑ 𝑔𝑓

𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅 − ∑ 𝜇𝑘𝑦𝑘𝑜
𝑏 = 0𝑝

𝑘=1 ). Since deviations 

of the expressions ∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑜

𝑔
− ∑ 𝑣𝑖

𝑚
𝑖=1 𝑥𝑖𝑜

𝑃−𝑈𝑅 − ∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅, ∑ 𝑢𝑟𝑦𝑟𝑜
𝑔

−𝑠
𝑟=1
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∑ 𝜇𝑘𝑦𝑘𝑜
𝑏𝑝

𝑘=1 , and ∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅 − ∑ 𝜇𝑘𝑦𝑘𝑜
𝑏𝑝

𝑘=1  from the zero goals can be either positive 

or negative, we replace the 𝑑𝑜, 𝑑𝑜
′ , and 𝑑𝑜

′′ by the difference of two nonnegative 

variables: 

 

𝑑𝑜 = 𝑑𝑜
+ − 𝑑𝑜

−, 𝑑𝑜
+ ≥ 0, 𝑑𝑜

− ≥ 0, 

𝑑𝑜
′ = 𝑑𝑜

′+ − 𝑑𝑜
′−, 𝑑𝑜

′+ ≥ 0, 𝑑𝑜
′− ≥ 0, 

𝑑𝑜
′′ = 𝑑𝑜

′′+ − 𝑑𝑜
′′−, 𝑑𝑜

′′+ ≥ 0, 𝑑𝑜
′′− ≥ 0.  

 

Therefore the goals in (17) can be changed as follows: 

 

 {

∑ 𝑢𝑟𝑦𝑟𝑜
𝑔

− ∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜

𝑃−𝑈𝑅 − ∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅𝑠
𝑟=1 − (𝑑𝑜

+ − 𝑑𝑜
−) = 0

∑ 𝑢𝑟𝑦𝑟𝑜
𝑔

− ∑ 𝜇𝑘𝑦𝑘𝑜
𝑏 − (𝑑𝑜

′+ − 𝑑𝑜
′−) = 0𝑝

𝑘=1
𝑠
𝑟=1                                 

∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅 − ∑ 𝜇𝑘𝑦𝑘𝑜
𝑏𝑝

𝑘=1 − (𝑑𝑜
′′+ − 𝑑𝑜

′′−) = 0                         

  (20) 

 

However, since in DEA the expressions ∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑜

𝑔
− ∑ 𝑣𝑖

𝑚
𝑖=1 𝑥𝑖𝑜

𝑃−𝑈𝑅 −

∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅, ∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑜

𝑔
− ∑ 𝜇𝑘

𝑝
𝑘=1 𝑦𝑘𝑜

𝑏 , and ∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅 − ∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑜

𝑏  cannot 

exceed the goal (zero), we show the goals by only negative deviations, i.e. 𝑑𝑜
−, 𝑑𝑜

′−, and 

𝑑𝑜
′′− as follows: 

 

 {

∑ 𝑢𝑟𝑦𝑟𝑜
𝑔

− ∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜

𝑃−𝑈𝑅 − ∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅 + 𝑑𝑜
− = 0𝑠

𝑟=1

∑ 𝑢𝑟𝑦𝑟𝑜
𝑔

− ∑ 𝜇𝑘𝑦𝑘𝑜
𝑏 + 𝑑𝑜

′− = 0𝑝
𝑘=1

𝑠
𝑟=1                                  

∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅 − ∑ 𝜇𝑘𝑦𝑘𝑜
𝑏 + 𝑑𝑜

′′− = 0𝑝
𝑘=1                             

  (21) 

 

Therefore, the purpose is to minimize deviations under the target. By considering 

all the goals as roughly of equal importance, non-preemptive goal programming can be 

modeled and solved. In non-preemptive goal programming, penalty weights of missing 

all these goals are equal to each other. However, if we wish to measure process 

environmental quality efficiency without deteriorating technical efficiency, preemptive 

goal programming should be used for this purpose. Using preemptive goal 

programming, we will allocate primary importance to technical and ecological 

efficiencies, ensuring their first priority of attention. Therefore, the initial focus is on 

achieving, as closely as possible, to technical and ecological efficiency scores of 1, after 

which the second priority goal (process environmental quality efficiency) will be 

considered. 



19 
 

The two ways of dealing with multiple goals in a preemptive goal programming 

approach include sequential and streamlined procedures. In the sequential approach, the 

model is run only by the first priority goal(s). If the obtained solution is unique, it will 

be accepted without considering other goals. Otherwise, if there are multiple optimal 

solutions, we can break the ties by considering other goals. On the other hand, the 

streamlined procedure allows to find solutions by one run rather than running a 

sequence of linear programming models. We can find optimal solution(s) based solely 

on technical and ecological goals and break the ties among multiple optimal solutions 

(if there is any) by considering the process environmental quality efficiency goal. Using 

the basic idea of streamlined preemptive goal programming, we need to multiply the 

first goals (technical and ecological efficiencies) by an extremely large and positive 

penalty weight like M. Given penalty weights in the objective function and also 

previously defined constraints, the multiple objective model is developed as follows: 

 

 

min 𝑀𝑑𝑜
− + 𝑀′𝑑𝑜

′− + 𝑑𝑜
′′− 

s. t. ∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑜

𝑔
=  1

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑗

𝑃−𝑈𝑅 + ∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑗

𝑃−𝑅 − ∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑗

𝑔
≥  0 𝑗 = 1, 2, … , 𝑛,

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜

𝑃−𝑈𝑅 + ∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅 − ∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑜

𝑔
− 𝑑𝑜

− =  0

∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑗

𝑏 − ∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑗

𝑔
≥  0 𝑗 = 1, 2, … , 𝑛,

∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑜

𝑏 − ∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑜

𝑔
− 𝑑𝑜

′− =  0 

∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑗

𝑏 − ∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑗

𝑃−𝑅 ≥  0 𝑗 = 1, 2, … , 𝑛,

∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑜

𝑏 − ∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅 − 𝑑𝑜
′′− =  0 

𝑢𝑟0 𝑟 = 1, 2, … , 𝑠,

𝑣𝑖 ≥  0 𝑖 = 1, 2, … , 𝑚,

𝑔𝑓 ≥  0 𝑓 = 1, 2, … , 𝑧,

𝜇𝑘 ≥  0 𝑘 = 1, 2, … , 𝑝,

𝑑𝑜
− ≥  0

𝑑𝑜
′− ≥  0 

𝑑𝑜
′′− ≥  0.

  (22) 

 

Basically, the efficiency score is calculated based on the optimal weights of the 

factors. To maximize the efficiency ratio, optimal weights of the factors are determined 

by linear programming model. For example, consider the ecological efficiency ratio 

which is 
∑ 𝑢𝑟

𝑠
𝑟=1 𝑦𝑟𝑜

𝑔

∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑜

𝑏 . The linear programming model will seek the best possible weights 

for 𝑢𝑟 and 𝜇𝑘 to maximize the ecological efficiency ratio. Optimal weights of 𝑢𝑟 should 

make the ∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑜

𝑔
 equal to one. Optimal weights of  𝜇𝑘 should make the 
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∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑜

𝑏 ≥ 1. This idea is slightly different in the process environmental quality 

efficiency ratio (
∑ 𝑔𝑓

𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅

∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑜

𝑏 ), since this ratio has a common expression (∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅) 

with the technical efficiency ratio. The deviation of each DMU from the full technical 

efficiency of 1 (𝑑𝑜
−) is multiplied by an extremely large penalty weight (𝑀) and the 

optimal amount of the ∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅 is determined to maximize the technical efficiency 

score of each DMU. Then, if there are multiple optimal solutions for 𝜇𝑘, the tie is 

broken by maximizing the process environmental quality efficiency score. Basically, M 

is multiplied by 𝑑𝑜
− to guarantee that a DMU with process environmental quality 

efficiency less than 1 is not suggested to increase its pollution-related inputs if this 

change decreases the technical efficiency score of the DMU
i
. 

The Model (22) is a multiple objective DEA model which finds solutions for 𝑢𝑟 , 

𝑣𝑖 , 𝑔𝑓 , and 𝜇𝑘 to maximize ratios 
∑ 𝑢𝑟𝑦𝑟𝑜

𝑔𝑠
𝑟=1

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜

𝑃−𝑈𝑅+∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅, 
∑ 𝑢𝑟𝑦𝑟𝑜

𝑔𝑠
𝑟=1

∑ 𝜇𝑘
𝑚
𝑖=1 𝑦𝑘𝑜

𝑏 , and 
∑ 𝑔𝑓

𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅

∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑜

𝑏  

with the condition that all three ratios are less than or equal to 1. This model is linear 

and measures the technical, ecological, and process environmental quality efficiencies 

in one step. The Simplex method is applied to find optimal solutions. This model 

suggests decreasing pollution-related inputs by minimizing 𝑑𝑜
−. In other words, 

minimizing 𝑑𝑜
− will lead to a natural reduction of undesirable outputs. Also, by 

minimizing 𝑑𝑜
′′− it is suggested to increase pollution-related inputs in process 

environmental quality efficiency ratio. Minimizing 𝑑𝑜
′′− will lead to a managerial and 

corporate effort to decrease undesirable outputs. 

After running the model, it is necessary to use solutions to calculate technical, 

ecological, process environmental quality and overall efficiency scores. This can be 

done in two ways: using optimal weights (𝑢𝑟
∗, 𝑣𝑖

∗, 𝑔𝑓
∗ , and 𝜇𝑘

∗ ) or using 𝑑𝑜 , 𝑑𝑜
′ , and 𝑑𝑜

′′− 

values. Finding different efficiency scores by optimal weights is done by (23)-(26). 

 

          Technical efficiency =
∑ 𝑢𝑟

∗𝑠
𝑟=1 𝑦𝑟𝑜

𝑔

∑ 𝑣𝑖
∗𝑚

𝑖=1 𝑥𝑖𝑜
𝑃−𝑈𝑅+∑ 𝑔𝑓

∗𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅                                (23) 

                                                               

 Ecological efficiency =
∑ 𝑢𝑟

∗𝑠
𝑟=1 𝑦𝑟𝑜

𝑔

∑ 𝜇𝑘
∗𝑝

𝑘=1 𝑦𝑠𝑜
𝑏  

                                                         (24) 

 

 Process environmental quality efficiency =
∑ 𝑔𝑓

∗𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅

∑ 𝜇𝑘
∗𝑝

𝑘=1
𝑦𝑠𝑜

𝑏                (25) 
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 Overall efficiency =
1

3
× (

∑ 𝑢𝑟
∗𝑠

𝑟=1 𝑦𝑟𝑜
𝑔

∑ 𝑣𝑖
∗𝑚

𝑖=1 𝑥𝑖𝑜
𝑃−𝑈𝑅+∑ 𝑔𝑓

∗𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅 +
∑ 𝑢𝑟

∗𝑠
𝑟=1 𝑦𝑟𝑜

𝑔

∑ 𝜇𝑘
∗𝑝

𝑘=1 𝑦𝑠𝑜
𝑏 +

∑ 𝑔𝑓
∗𝑧

𝑓=1 𝑥𝑓𝑜
𝑃−𝑅

∑ 𝜇𝑘
∗𝑝

𝑘=1 𝑦𝑠𝑜
𝑏 )   (26) 

 

To find overall efficiency score, we use arithmetic mean of the technical, 

ecological, and process environmental quality efficiency scores. Since we may not have 

at least one overall efficient DMU so averaged overall efficiency scores are normalized 

to get at least one overall efficient DMU. Overall efficiency scores are normalized by 

dividing them by the maximum score of all DMUs. We use mean to calculate overall 

efficiency score because it is common in measuring overall efficiency (see for example 

Chiou et al., 2010; Kao and Hwang, 2008). 

As an alternative to (23)-(26), we could also use the values of 𝑑𝑜
−, 𝑑𝑜

′−, and 𝑑𝑜
′′− to 

measure technical, ecological, and process environmental quality efficiency scores as 

follows: 

Since technical efficiency =
∑ 𝑢𝑟

∗𝑠
𝑟=1 𝑦𝑟𝑜

𝑔

∑ 𝑣𝑖
∗𝑚

𝑖=1 𝑥𝑖𝑜
𝑃−𝑈𝑅+∑ 𝑔𝑓

∗𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅, ∑ 𝑢𝑟
∗𝑠

𝑟=1 𝑦𝑟𝑜
𝑔

=1, and 

∑ 𝑣𝑖
∗𝑚

𝑖=1 𝑥𝑖𝑜
𝑃−𝑈𝑅 + ∑ 𝑔𝑓

∗𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅 =1+𝑑𝑜
−, the technical efficiency can be measured by:

                                                       

 Technical efficiency =
1

1+𝑑𝑜
−                                                (27) 

 

Since ecological efficiency =
∑ 𝑢𝑟

∗𝑠
𝑟=1 𝑦𝑟𝑜

𝑔

∑ 𝜇𝑘
∗𝑝

𝑘=1 𝑦𝑠𝑜
𝑏 , ∑ 𝑢𝑟

∗𝑠
𝑟=1 𝑦𝑟𝑜

𝑔
=1, and 

∑ 𝜇𝑘
∗𝑝

𝑘=1 𝑦𝑠𝑜
𝑏 =1+𝑑𝑜

′−, the ecological efficiency can be measured by: 

                                                    

   Ecological efficiency =
1

1+𝑑𝑜
′−                                                       (28) 

 

Since process environmental quality=
∑ 𝑔𝑓

∗𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅

∑ 𝜇𝑘
∗𝑝

𝑘=1
𝑦𝑠𝑜

𝑏 , 

∑ 𝜇𝑘
∗𝑝

𝑘=1 𝑦𝑠𝑜
𝑏 =1+𝑑𝑜

′−, ∑ 𝑔𝑓
∗𝑧

𝑓=1 𝑥𝑓𝑜
𝑃−𝑅 = ∑ 𝜇𝑘

∗𝑝
𝑘=1 𝑦𝑠𝑜

𝑏 − 𝑑𝑜
′′−, and   

∑ 𝑔𝑓
∗𝑧

𝑓=1 𝑥𝑓𝑜
𝑃−𝑅 =1+𝑑𝑜

′− − 𝑑𝑜
′′−, the process environmental quality efficiency can be 

measured by: 

               

 Process environmental quality efficiency =
1+𝑑𝑜

′−−𝑑𝑜
′′−

1+𝑑𝑜
′−   (29) 

 

Finally, overall efficiency is measured as follows: 
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 Overall Efficiency =
1

3
× (

1

1+𝑑𝑜
− +

1

1+𝑑𝑜
′− +

1+𝑑𝑜
′−−𝑑𝑜

′′−

1+𝑑𝑜
′− )        (30) 

 

In addition to calculating the efficiency scores of the DMUs, the developed model 

is used to determine the reference targets for the inefficient DMUs. To determine the 

benchmarks, the dual of the DEA models have been generally developed in the 

literature. Each constraint in the primal model is represented by a variable like 𝜆𝑗 in the 

dual model. If 𝜆𝑗 is a variable corresponding to the constraint ∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑗

𝑃−𝑈𝑅 +

∑ 𝑔𝑖
𝑧
𝑓=1 𝑥𝑓𝑗

𝑃−𝑅 − ∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑗

𝑔
≥ 0 in Model (22), the optimal value of the 𝜆𝑗 will show 

the benchmark DMU for the DMU under assessment and also the intensity of the 

changes the DMU requires to be projected on the technical efficiency frontier. The 

constraints ∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑗

𝑏 − ∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑗

𝑔
≥ 0 and ∑ 𝜇𝑘

𝑝
𝑘=1 𝑦𝑘𝑗

𝑏 − ∑ 𝑔𝑖
𝑧
𝑓=1 𝑥𝑓𝑗

𝑃−𝑅 ≥ 0 can 

also be represented by 𝜆𝑗
′ and 𝜆𝑗

′′. 

Without developing the dual of a linear DEA model, an efficient DMU is chosen 

as the reference set for an inefficient DMU, if the DMU is able to get the efficiency 

score of 1 with the optimal weights of the inputs and outputs of the DMU itself and also 

the inefficient DMU. In another word, to find the technical, ecological, and process 

environmental quality benchmarks of an inefficient DMU, the efficiency scores of all 

DMUs are calculated by the optimal weights of this inefficient DMU. A DMU is then 

identified as a benchmark if it is able to get the full efficiency score of 1. This approach 

is good enough to determine the benchmarks for the inefficient DMUs. However, to 

determine the intensity of changes, we need to look at the shadow prices corresponding 

to each of the constraints ∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑗

𝑃−𝑈𝑅 + ∑ 𝑔𝑖
𝑧
𝑓=1 𝑥𝑓𝑗

𝑃−𝑅 − ∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑗

𝑔
≥ 0, 

∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑗

𝑏 − ∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑗

𝑔
≥ 0, and ∑ 𝜇𝑘

𝑝
𝑘=1 𝑦𝑘𝑗

𝑏 − ∑ 𝑔𝑖
𝑧
𝑓=1 𝑥𝑓𝑗

𝑃−𝑅 ≥ 0. When the 

shadow price of any of these constraints is more than zero, the constraint is a binding 

constraint and the corresponding DMU is an efficient benchmark DMU for the DMU 

under assessment. The optimal amount of the shadow price represents the intensity of 

the changes and is equal to the optimal value of the corresponding dual variable in the 

dual model. We show the shadow prices corresponding to the constraints 

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑗

𝑃−𝑈𝑅 + ∑ 𝑔𝑖
𝑧
𝑓=1 𝑥𝑓𝑗

𝑃−𝑅 − ∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑗

𝑔
≥ 0, ∑ 𝜇𝑘

𝑝
𝑘=1 𝑦𝑘𝑗

𝑏 − ∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑗

𝑔
≥ 0 and 

∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑗

𝑏 − ∑ 𝑔𝑖
𝑧
𝑓=1 𝑥𝑓𝑗

𝑃−𝑅 ≥ 0 with 𝑠𝑗, 𝑠𝑗
′ and 𝑠𝑗

′′, respectively. In summary, the 

benchmarking is done using following steps: (i) the Model (22) is run for the DMUo, (ii) 
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the shadow prices corresponding to the constraints ∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑗

𝑃−𝑈𝑅 + ∑ 𝑔𝑖
𝑧
𝑓=1 𝑥𝑓𝑗

𝑃−𝑅 −

∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑗

𝑔
≥ 0 and ∑ 𝜇𝑘

𝑝
𝑘=1 𝑦𝑘𝑗

𝑏 − ∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑗

𝑔
≥0 are determined and are called 𝑠𝑗 and 

𝑠𝑗
′, respectively. The 𝑠𝑗 and 𝑠𝑗

′ are equal to the optimal amount of the dual variables 𝜆𝑗 

and 𝜆𝑗
′. Note that the benchmarking is done only based on the 𝑠𝑗 and 𝑠𝑗

′. The 𝑠𝑗
′′ is not 

used, since the purpose is to achieve the full technical and ecological efficiency scores 

and then to maximize the process environmental quality efficiency score to the extent 

that the technical efficiency score is not decreased, and (iii) the values of the 𝑠𝑗 and 𝑠𝑗
′ 

are divided by the penalty weights M and 𝑀′ as 
𝑠𝑗

𝑀
 and 

𝑠𝑗
′

𝑀′ and are used to project the 

DMUo on the technical and ecological efficiency frontiers. The amount of the ∑ 𝑠𝑗
𝑛
𝑗=1  

and ∑ 𝑠𝑗
′𝑛

𝑗=1  can be less than, equal or more than one, as in a basic CCR model where 

the same condition is applied for the ∑ 𝜆𝑗
𝑛
𝑗=1 . 

The developed linear goal programming model can also be run with the variable 

returns to scale assumption.  

 

 min 𝑀𝑑𝑜
− +  𝑀′𝑑𝑜

′− + 𝑑𝑜
′′− 

s. t. ∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑜

𝑔
=  1

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑗

𝑃−𝑈𝑅 + ∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑗

𝑃−𝑅 − ∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑗

𝑔
− 𝑤 ≥  0 𝑗 = 1, 2, … , 𝑛,   

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜

𝑃−𝑈𝑅 + ∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅 − ∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑜

𝑔
− 𝑑𝑜

− − 𝑤 =  0 

∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑗

𝑏 − ∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑗

𝑔
− 𝑤′ ≥  0 𝑗 = 1, 2, … , 𝑛,

∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑜

𝑏 − ∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑜

𝑔
− 𝑑𝑜

′−−𝑤′ =  0 

∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑗

𝑏 − ∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑗

𝑃−𝑅 − 𝑤′ ≥  0 𝑗 = 1, 2, … , 𝑛,

∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑜

𝑏 − ∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑜

𝑃−𝑅 − 𝑑𝑜
′′− − 𝑤′ =  0  

𝑢𝑟 ≥  0 𝑟 = 1, 2, … , 𝑠,

𝑣𝑖 ≥  0 𝑖 = 1, 2, … , 𝑚,

𝑔𝑓 ≥  0 𝑓 = 1, 2, … , 𝑧,

𝜇𝑘 ≥  0 𝑘 = 1, 2, … , 𝑝,

𝑑𝑜
− ≥  0

𝑑𝑜
′− ≥  0

𝑑𝑜
′′− ≥  0 

𝑤 free in sign

𝑤′  free in sign.

  (31) 

 

The efficiency scores obtained by the Model (31) are greater than or equal to the 

efficiency scores obtained by the Model (22). This property is similar to the CCR and 

BCC models, where the efficiency scores determined by the BCC model are greater 

than or equal to the efficiency scores obtained by the CCR model. The amount of the 
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∑ 𝑠𝑗
𝑛
𝑗=1  is equal to 1 as in the BCC model where the same property exists with the 

∑ 𝜆𝑗
𝑛
𝑗=1 = 1. 

 

5. Numerical example and validation of the new model 

 

Here, a simple numerical example is presented to validate the developed model. Assume 

that there are 10 power plants with one input (energy consumption), one desirable 

output (electricity generation), and one undesirable output (CO2). Energy and CO2 are 

measured in terms of tons and electricity is measured in terms of KWh. Table 3 shows 

the data set. 

 

Table 3. Data set 

DMU 𝒙𝟏 𝒚𝟏
𝒃 𝒚𝟏

𝒈
 

1 1 100 1 

2 20 10 1 

3 30 10 1 

4 300 100 1 

5 100 1 1 

6 180 60 2 

7 100 50 2 

8 70 70 2 

9 90 40 2 

10 20 80 2 

 

First, we run five different models developed by Sueyoshi and Goto (2010; 2011) 

and show the results in Table 4. 

 

Table 4. Efficiency scores obtained from the models developed by Sueyoshi and Goto (2010; 2011) 

DMU 
Model 

(8) 

Model 

(9) 

Model 

(10) 

Model 

(11) 

Model 

(12) 

Model (8) with CRS 

assumption 

1 1.0000 0.3344 0.3344 0.5563 0.3654 1.0000 

2 0.5000 0.8208 0.8208 0.5472 0.8464 -8.5000 

3 0.4833 0.8375 0.8375 0.5472 0.8575 -13.5000 

4 0.0318 1.0000 0.1656 0.3545 0.4437 -148.5000 

5 0.3662 1.0000 1.0000 0.5775 1.0000 -48.5000 

6 0.7325 0.9020 0.5682 0.7563 0.8323 -88.0000 

7 0.8662 0.7525 0.7525 0.7458 0.9552 -48.0000 

8 0.9164 0.6013 0.6133 0.6785 0.8767 -33.0000 

9 0.8830 0.7863 0.7314 0.7795 1.0000 -43.0000 

10 1.0000 0.4672 0.6464 0.6448 0.7873 -8.0000 

 

The last column of Table 4 shows the environmental efficiency score of DMUs 

when convexity constraint ∑ 𝜆𝑗
𝑛
𝑗=1 = 1 is omitted from the RAM model. In other words, 

the model is solved assuming CRS. As is shown, the CRS efficiency score is positive 
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only for DMU 1.  In the next stage, we run our developed model and show the results in 

Table 5. 

Table 5. Efficiency scores obtained from the developed model 

DMU Technical efficiency  Ecological efficiency Process environmental quality efficiency 

1 1.0000 0.0001 0.0001 

2 0.0500 0.0010 0.0200 

3 0.0333 0.0010 0.0300 

4 0.0033 0.0001 0.0300 

5 0.0100 0.0100 1.0000 

6 0.0111 0.0003 0.0300 

7 0.0200 0.0004 0.0200 

8 0.0286 0.0003 0.0100 

9 0.0222 0.0005 0.0225 

10 0.1000 0.0003 0.0025 

 

The efficiency scores obtained from the developed model are validated by 

comparing them with the scores obtained from the models developed by Sueyoshi and 

Goto (2010; 2011). 

 Technical efficiency scores obtained from the Model (8) vs. the developed 

Model (22): 

Both models deal with inputs and desirable outputs. Both models identified DMU 1 as 

technically efficient. Based on the Model (8), DMU 10 is also technically efficient. The 

efficiency frontier in Model (8) is made by DMUs 1 and 10 while in the developed 

model is made by DMU 1. The efficiency scores of the other DMUs are calculated by 

their distance from the DMUs on the frontier. The average technical efficiency obtained 

by the Model (8) is 0.68 and by the developed model is 0.13. The developed model has 

better discriminatory power than the Model (8). To validate the technical efficiency 

scores obtained from the developed model, we can measure technical efficiency of each 

DMU relative to technically efficient DMU 1. Following ratio gives the same scores 

obtained by the Model (22). 

 

Technical efficieny =
                

𝑤𝑒𝑖𝑔ℎ𝑡𝑒𝑑 𝑠𝑢𝑚 𝑜𝑓 𝑑𝑒𝑠𝑖𝑟𝑎𝑏𝑙𝑒 𝑜𝑢𝑡𝑝𝑢𝑡𝑠 𝑜𝑓 𝐷𝑀𝑈𝑜
𝑤𝑒𝑖𝑔ℎ𝑡𝑒𝑑 𝑠𝑢𝑚 𝑜𝑓 𝑖𝑛𝑝𝑢𝑡𝑠 𝑜𝑓 𝐷𝑀𝑈𝑜

               

𝑤𝑒𝑖𝑔ℎ𝑡𝑒𝑑 𝑠𝑢𝑚 𝑜𝑓 𝑜𝑢𝑡𝑝𝑢𝑡𝑠 𝑜𝑓 𝐷𝑀𝑈1
𝑤𝑒𝑖𝑔ℎ𝑡𝑒𝑑 𝑠𝑢𝑚 𝑜𝑓 𝑖𝑛𝑝𝑢𝑡𝑠  𝑜𝑓 𝐷𝑀𝑈1

 

 

In this ratio, the relative efficiency of each DMU is calculated relative to efficient 

DMU 1. Rankings of DMUs by the developed model and the Model (8) are different. 

For example, using the Model (8), the DMUs 2 and 7 are ranked seventh and fifth, 

respectively. Using our developed model, rankings of the DMUs 2 and 7 are third and 
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seventh, respectively. In other words, using the developed model, the DMU 2 is better 

than DMU 7. Comparing inputs and outputs of these two DMUs with the technically 

efficient DMU 1 indicates that DMU 2 is relatively better than DMU 7. Using the 

Model (8), efficiency scores of the DMUs 2 and 7 should be calculated relative to both 

DMUs 1 and 10 or combination of them. Since intensity variable (𝜆𝑗 ) corresponding to 

technically efficient DMU 10 for technically inefficient DMUs 2 and 7 is equal to one, 

their efficiency scores should only be calculated relative to DMU 10. The efficiency 

scores found by this way contradict with the results of the Model (8) and the DMU 2 

gets a better rank than the DMU 7. 

 Results of Models (9) and (10) vs. the developed Model (22): 

Sueyoshi and Goto (2010; 2011) developed both Models (9) and (10), with the same 

purpose, to measure the environmental efficiency of DMUs. The first point is that the 

efficiency scores and ranking results obtained from these models are not stable. 

Spearman correlation coefficient between ranking results of these two models, at the 

significance level of 0.01, is 0.22. Therefore, there is no significant correlation between 

ranking results of these two models. For example, by shifting from Model (9) to Model 

(10), the environmental efficiency of DMU 4 is changed from 1 to 0.166. This shows 

that the results are sensitive to the used model. The Models (9) and (10) and also our 

developed Model (22) identified DMU 5 as efficient. The ranking results of our 

developed model are significantly correlated with the Model (9) which is also a linear 

model.  

As another example, consider DMUs 3 and 4. DMU 3 consumes 30 units of inputs 

and produces 10 units of undesirable outputs. DMU 4 consumes 10 times more inputs 

than  DMU 3 (300 units of inputs) and produces 10 times more undesirable outputs (100 

units of the undesirable output). Based on the developed model, these two DMUs have 

the same efficiency scores which are consistent with the CRS assumption of the 

developed model. However, this is not the case with Models (9) and (10) which have 

determined a different order of rankings between these two DMUs. 

Based on the developed model there is only one process environmental quality 

efficient DMU (DMU 5) and efficiency of the other DMUs are calculated by their 

distance from this DMU. The following ratio gives the same scores found by developed 

model. 
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Process environmental quality efficiency =
      

𝑤𝑒𝑖𝑔ℎ𝑡𝑒𝑑 𝑠𝑢𝑚 𝑜𝑓 𝑖𝑛𝑝𝑢𝑡𝑠 𝑜𝑓 𝐷𝑀𝑈𝑜

𝑤𝑒𝑖𝑔ℎ𝑡𝑒𝑑 𝑠𝑢𝑚 𝑜𝑓 𝑢𝑛𝑑𝑒𝑠𝑖𝑟𝑎𝑏𝑙𝑒 𝑜𝑢𝑡𝑝𝑢𝑡𝑠 𝑜𝑓 𝐷𝑀𝑈𝑜

      
𝑤𝑒𝑖𝑔ℎ𝑡𝑒𝑑 𝑠𝑢𝑚 𝑜𝑓 𝑖𝑛𝑝𝑢𝑡𝑠 𝑜𝑓 𝐷𝑀𝑈5

𝑤𝑒𝑖𝑔ℎ𝑡𝑒𝑑 𝑠𝑢𝑚 𝑜𝑓 𝑢𝑛𝑑𝑒𝑠𝑖𝑟𝑎𝑏𝑙𝑒 𝑜𝑢𝑡𝑝𝑢𝑡𝑠  𝑜𝑓 𝐷𝑀𝑈5

 

 

 Results of Models (11) and (12) vs. overall efficiency score obtained by the 

developed Model (22):  

Both Models (11) and (12) are developed by Sueyoshi and Goto (2010; 2011) to 

measure overall efficiency of DMUs. Spearman correlation coefficient between ranking 

results of DMUs obtained by Models (11) and (12), at the significant level of 0.01, is 

0.51. The efficiency scores and rankings of DMUs are not stable when evaluation model 

is changed from Model (11) to Model (12). DMU 5 is identified as the most efficient 

overall DMU by our developed model and also Model (12). 

 

6. Testing the developed model on a real data set of China’s Provinces 

 

In this section, we validate the developed model by a data set related to the provinces in 

China. Efficiency evaluation of Chinese provinces has been studied by some authors 

before. Li et al. (2013) measured China’s regional environmental efficiency by Super-

SBM model. They considered undesirable outputs in Super-SBM model and also used 

Tobit regression model to identify most influential factors in environmental efficiency 

of the regions. Wu et al. (2013) used DEA to measure congestion in China’s regions. 

They combined the models developed by Seiford and Zhu (2002) and Wei and Yan 

(2004) and measured congestion in the presence of desirable and undesirable outputs. 

Song et al. (2013) used Super-SBM and measured energy efficiency of BRICS’ 

economies (i.e. Brazil, Russia, India, China, and South Africa). They discussed that in 

their small sample, DEA led to the biased estimates. Therefore, they used bootstrap-

DEA to modify efficiencies. Bootstrap-DEA was used for the statistical test by 

providing confidence intervals of efficiency measures. Zhang et al. (2008), Bian and 

Yang (2010), and Wang et al. (2012) are also other researchers who worked in this area. 

These studies contributed to research stream in efficiency evaluation of China’s 

provinces and provided us an adequate understanding of the problem. 

The inputs and outputs employed in this section are similar to Zhang et al. (2008). 

The four inputs of this research include water resources (𝒙𝟏
𝑷−𝑼𝑹), fixed assets (𝒙𝟐

𝑷−𝑼𝑹), 
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number of entities4 (𝒙𝟏
𝑷−𝑹), and energy (𝒙𝟐

𝑷−𝑹). The gross regional product (𝑦1
𝑔

) is the only 

desirable output and chemical oxygen demand (COD) (𝑦1
𝑏), sulfur dioxide emission 

(SO2) (𝑦2
𝑏), soot (𝑦3

𝑏), dust (𝑦4
𝑏), and solid waste (𝑦5

𝑏) are considered as undesirable 

outputs. To validate our developed model, the third and the fourth inputs are considered 

as pollution-related inputs. Table 6 shows the dataset which is collected from China 

Statistical Yearbook and China Energy Statistical Yearbook for the year 2011. The 

same data set was also used by Mahdiloo et al. (2014). Since some of the data were 

unavailable, Tibet is not included in our analysis. 

 

Table 6. Data set for provinces in China 

Provinces 𝒙𝟏
𝑷−𝑼𝑹 𝒙𝟐

𝑷−𝑼𝑹 𝒙𝟏
𝑷−𝑹 𝒙𝟐

𝑷−𝑹 𝒚𝟏
𝒈

 𝒚𝟏
𝒃 𝒚𝟐

𝒃 𝒚𝟑
𝒃 𝒚𝟒

𝒃 𝒚𝟓
𝒃 

Beijing 23.08 5402.95 38.45 6954.05 14113.58 9.20 5.68 2.13 1.66 1269 

Tianjin 9.20 6278.09 16.85 6818.08 9224.46 13.20 21.76 5.38 0.80 1862 

Hebei 138.92 15083.35 34.58 27531.11 20394.26 54.61 99.42 32.26 32.09 31688 

Shanxi 91.55 6063.17 20.52 16808.03 9200.86 33.31 114.71 43.23 36.51 18270 

Inner Mongolia 388.54 8926.46 13.85 16820.30 11672.00 27.51 119.30 47.59 16.04 16996 

Liaoning 606.67 16043.03 36.90 20946.52 18457.27 54.16 85.94 39.79 16.73 17273 

Jilin 686.68 7870.38 11.80 8297.31 8667.58 35.22 30.06 20.96 5.30 4642 

Heilongjiang 853.48 6812.56 17.58 11233.51 10368.60 44.44 41.71 29.68 5.71 5405 

Shanghai 36.81 5108.90 39.95 11201.13 17165.98 21.98 22.15 4.18 0.97 2448 

Jiangsu 383.53 23184.28 86.22 25773.71 41425.48 78.80 100.24 29.91 15.11 9064 

Zhejiang 1398.55 12376.04 68.55 16865.29 27722.31 48.68 65.39 16.54 13.92 4268 

Anhui 922.82 11542.94 24.26 9706.60 12359.33 41.11 48.39 20.74 26.37 9158 

Fujian 1652.71 8199.12 30.78 9808.52 14737.12 37.26 39.12 10.00 14.01 7487 

Jiangxi 2275.49 8772.27 18.46 6354.88 9451.26 43.11 47.10 13.90 22.36 9407 

Shandong 309.12 23280.52 77.36 34807.77 39169.92 62.05 138.29 29.12 18.94 16038 

Henan 534.89 16585.86 40.07 21437.76 23092.36 61.97 116.29 47.37 22.70 10714 

Hubei 1268.72 10262.70 34.58 15137.59 15967.61 57.23 51.60 14.51 14.65 6813 

Hunan 1906.61 9663.58 29.72 14880.06 16037.96 79.81 62.74 23.50 39.44 5773 

Guangdong 1998.79 15623.70 80.28 26908.02 46013.06 85.84 98.91 25.33 10.43 5456 

Guangxi 1823.57 7057.56 20.50 7918.97 9569.85 93.69 84.80 25.01 31.77 6232 

Hainan 479.82 1317.04 3.76 1358.51 2064.50 9.23 2.82 0.65 0.66 212 

Chongqing 464.30 6688.91 17.79 7855.52 7925.58 23.45 57.27 10.21 8.36 2837 

Sichuan 2575.29 13116.72 35.30 17891.83 17185.48 74.08 93.76 25.97 14.14 11239 

Guizhou 956.54 3104.92 11.03 8175.43 4602.16 20.79 63.78 11.32 8.64 8188 

Yunnan 1941.45 5528.71 17.09 8674.17 7224.18 26.83 43.96 8.92 9.18 9392 

Shaanxi 507.50 7963.67 20.67 8882.11 10123.48 30.77 70.70 11.50 18.55 6892 

Gansu 215.25 3158.34 10.84 5923.13 4120.75 16.76 45.25 9.81 9.26 3745 

Qinghai 741.11 1016.87 2.83 2568.26 1350.43 8.31 13.31 5.19 9.75 1783 

Ningxia 9.32 1444.16 3.60 3681.10 1689.65 12.17 28.04 13.62 6.09 2465 

Xinjiang 1113.14 3423.24 9.67 8290.20 5437.47 29.60 51.84 24.84 18.46 3914 

*𝑥1 :100 million cu.m; 𝑥2: 100 million Yuan; 𝑥3: 10000 units; 𝑥4: 10000 tons of Standard coal equivalent; 𝑦1
𝑔

: 100 million Yuan; 

𝑦1
𝑏: 10000 tons; 𝑦2

𝑏: 10000 tons; 𝑦3
𝑏: 10000 tons; 𝑦4

𝑏: 10000 tons; 𝑦5
𝑏: 10000 tons. 

 

We first run Models (8)-(12) which were developed by Sueyoshi and Goto (2010; 

2011). The results are shown in Table 7. All these models measure efficiency scores in a 

range between 0 and 1, where 1 shows full efficiency score. The Model (8) measures 

the technical efficiency. Twelve provinces are recognized as technically efficient DMUs 

                                                           
4
 This factor refers to number of legal entities working in industry. This factor does not include number of 

international organizations. 
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and average technical efficiency of all provinces is 0.93. The Models (9) and (10) 

measure the environmental efficiency of provinces. Due to the constraint 𝑑𝑖
𝑥+𝑑𝑖

𝑥− = 0, 

the Model (10) is a nonlinear model. 

Environmental efficiency of provinces and their corresponding rankings are not 

stable when environmental efficiency model is changed from the Model (9) to the 

Model (10). Spearman correlation coefficient between ranking results obtained by these 

two models, at the significance level of 0.01, is 0.15. Based on Model (9), there are 16 

environmentally efficient provinces (DMUs) and average environmental efficiency of 

provinces is 0.93. Given Model (10), there are only 8 environmentally efficient 

provinces and average environmental efficiency is also decreased to 0.76. The same 

analyses are provided for overall efficiency scores obtained by the Models (11) and 

(12). Spearman correlation coefficient, at a significance level of 0.01, is 0.51. The 

average overall efficiency of provinces obtained by the Models (11) and (12) are 0.90 

and 0.81, respectively. 

 

Table 7. Technical, environmental, and overall efficiency scores obtained by the models developed by 

Sueyoshi and Goto (2010; 2011) 

Provinces Model (8) Model (9) Model (10) Model (11) Model (12) 

Beijing 1.00 1.00 0.88 1.00 1.00 

Tianjin 1.00 1.00 1.00 1.00 1.00 

Hebei 1.00 1.00 0.37 1.00 0.58 

Shanxi 0.92 0.66 0.50 0.66 0.59 

Inner Mongolia 1.00 1.00 0.58 1.00 0.62 

Liaoning 0.85 0.85 0.56 0.79 0.66 

Jilin 1.00 0.90 0.80 0.91 0.81 

Heilongjiang 0.93 0.87 0.75 0.85 0.76 

Shanghai 1.00 1.00 0.83 1.00 1.00 

Jiangsu 1.00 1.00 0.38 1.00 0.83 

Zhejiang 0.89 1.00 0.57 0.94 0.89 

Anhui 0.88 0.88 0.68 0.84 0.71 

Fujian 0.86 1.00 0.76 0.93 0.79 

Jiangxi 0.81 1.00 1.00 0.90 1.00 

Shandong 1.00 1.00 1.00 1.00 1.00 

Henan 0.96 0.80 1.00 0.80 1.00 

Hubei 0.84 0.94 0.70 0.86 0.75 

Hunan 0.83 1.00 0.55 0.92 0.61 

Guangdong 1.00 1.00 1.00 1.00 1.00 

Guangxi 0.83 0.75 0.55 0.69 0.59 

Hainan 1.00 1.00 1.00 1.00 1.00 

Chongqing 0.93 0.90 0.84 0.87 0.84 

Sichuan 0.72 1.00 0.53 0.86 0.61 

Guizhou 0.90 0.89 0.78 0.85 0.78 

Yunnan 0.81 1.00 0.76 0.91 0.77 

Shaanxi 0.93 0.85 0.76 0.83 0.78 

Gansu 0.96 0.87 1.00 0.86 0.88 

Qinghai 1.00 1.00 1.00 1.00 1.00 

Ningxia 1.00 0.86 0.86 0.87 0.84 

Xinjiang 0.91 0.86 0.72 0.83 0.73 
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In the next step, the technical, ecological, process environmental quality, and 

overall efficiency scores of provinces are measured by the Model (22) and the results 

are depicted in Table 8. The M and 𝑀′ are set to 10,000. This model is run assuming the 

CRS. 

 

Table 8. Technical, ecological, process environmental quality, and overall efficiency scores obtained by 

the developed Model (22)  

Provinces 

Technical 

 efficiency  

 

 Ecological 

 efficiency 

Process environmental 

 quality efficiency 

Overall 

 efficiency 

Beijing 1.000 1.000 1.000 1.000 

Tianjin 1.000 0.801 0.777 0.859 

Hebei 0.985 0.243 0.152 0.460 

Shanxi 0.842 0.180 0.145 0.389 

Inner Mongolia 1.000 0.277 0.143 0.473 

Liaoning 0.762 0.222 0.174 0.386 

Jilin 0.771 0.180 0.099 0.350 

Heilongjiang 0.762 0.192 0.120 0.358 

Shanghai 1.000 1.000 0.941 0.980 

Jiangsu 1.000 0.411 0.400 0.604 

Zhejiang 0.891 0.584 0.656 0.710 

Anhui 0.772 0.196 0.254 0.407 

Fujian 0.869 0.258 0.297 0.475 

Jiangxi 0.875 0.143 0.163 0.394 

Shandong 0.951 0.411 0.294 0.552 

Henan 0.913 0.243 0.165 0.440 

Hubei 0.683 0.211 0.168 0.354 

Hunan 0.759 0.250 0.170 0.393 

Guangdong 1.000 0.758 0.758 0.839 

Guangxi 0.728 0.138 0.190 0.352 

Hainan 0.903 0.876 0.970 0.916 

Chongqing 0.673 0.251 0.311 0.412 

Sichuan 0.640 0.151 0.114 0.302 

Guizhou 0.627 0.144 0.127 0.299 

Yunnan 0.596 0.176 0.152 0.308 

Shaanxi 0.755 0.214 0.238 0.402 

Gansu 0.627 0.160 0.149 0.312 

Qinghai 0.638 0.106 0.081 0.275 

Ningxia 0.819 0.091 0.071 0.327 

Xinjiang 0.758 0.125 0.082 0.322 

 

This model is run for each province to find the best weights of factors that 

maximize technical, process environmental quality, ecological, and overall efficiency 

scores. The developed model produces optimal values of 𝑢𝑟
∗, 𝑣𝑖

∗, 𝑔𝑓
∗ , 𝜇𝑘

∗ , 𝑑𝑜
∗ , 𝑑𝑜

∗′, and 

𝑑𝑜
∗′′. To find different types of efficiency scores, either 𝑢𝑟

∗, 𝑣𝑖
∗, 𝑔𝑓

∗ , 𝜇𝑘
∗  or 𝑑𝑜

∗ , 𝑑𝑜
∗′, and 

𝑑𝑜
∗′′ can be used in (23)-(26) or in (27)-(30), respectively. Only one province, Beijing, is 

identified as overall efficient. The average technical, ecological, process environmental 

quality and overall efficiency scores of provinces are equal to 0.82, 0.33, 0.31, and 0.49, 

respectively. 
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Our developed model has more discrimination power than the Sueyoshi and Goto’s 

models. With respect to the results of the Models (11) and (12), 10 and 9 provinces get 

overall efficiency score of 1, respectively. Using the Model (22), only one province is 

fully efficient. 

To project the inefficient DMUs, we look at the shadow prices of the technical 

and ecological efficiency constraints. The purpose is to achieve the technical and 

ecological efficiency scores of 1 and to maximize the process environmental quality 

efficiency scores to the extent that the technical efficiency is not decreased. Using the 

shadow prices 𝑠𝑗 and 𝑠𝑗
′, the projected inputs and outputs are obtained and shown in 

Table 9.  

 

Table 9. The optimal projected inputs and outputs  

 Projections with 𝒔𝒋 Projections with 𝒔𝒋
′ 

Provinces 𝒚𝟏
𝒈

 𝒙𝟏
𝑷−𝑼𝑹 𝒙𝟐

𝑷−𝑼𝑹 𝒙𝟏
𝑷−𝑹 𝒙𝟐

𝑷−𝑹 𝒚𝟏
𝒈

 𝒚𝟏
𝒃 𝒚𝟐

𝒃 𝒚𝟑
𝒃 𝒚𝟒

𝒃 𝒚𝟓
𝒃 

Beijing 14113.58 23.08 5402.95 38.45 6954.05 14113.58 9.20 5.68 2.13 1.66 1269.00 
Tianjin 9224.25 9.20 6277.85 16.85 6817.85 11510.99 13.20 12.68 2.58 0.80 1512.57 

Hebei 21712.93 138.92 15083.35 37.34 18597.83 82771.18 53.95 33.31 12.49 9.74 7442.24 

Shanxi 10930.23 91.55 6063.17 20.52 9373.65 51105.47 33.31 20.57 7.71 6.01 4595.07 

Inner Mongolia 11672.99 388.54 8926.46 13.85 16819.41 42205.29 27.51 16.99 6.37 4.96 3794.82 

Liaoning 27772.13 606.67 16043.03 46.60 22698.87 79533.60 51.84 32.01 12.00 9.35 7151.14 

Jilin 19158.34 686.68 7870.38 33.38 12199.31 40230.85 29.96 21.46 6.62 4.37 3930.26 

Heilongjiang 19712.93 853.48 6812.56 34.24 11767.68 47873.05 37.78 28.56 8.19 4.99 4855.73 
Shanghai 17164.36 36.81 5108.90 39.95 11200.01 17167.70 21.98 22.15 4.18 0.97 2448.24 

Jiangsu 41421.45 383.53 23181.74 86.21 25771.13 100818.19 65.72 40.57 15.22 11.86 9064.91 

Zhejiang 34203.93 749.50 12376.04 76.93 18380.50 44394.03 28.94 17.87 6.70 5.22 3991.62 

Anhui 32385.17 878.73 11542.94 68.88 17775.54 46694.27 30.44 18.79 7.05 5.49 4198.44 

Fujian 16961.33 686.26 5811.51 30.78 9807.54 57165.71 37.26 23.01 8.63 6.72 5139.96 

Jiangxi 24181.02 507.82 8772.27 54.90 12945.81 52763.10 34.39 21.23 7.96 6.21 4744.11 

Shandong 41201.76 309.12 23280.52 77.35 34702.05 95199.48 62.06 38.31 14.37 11.20 8559.71 

Henan 27929.69 534.89 16585.86 47.26 22737.28 92434.95 60.25 37.20 13.95 10.87 8311.14 
Hubei 29366.60 1268.72 10262.70 50.85 17759.91 69805.55 45.50 28.09 10.53 8.21 6276.45 

Hunan 28460.02 1236.29 9663.58 49.65 16643.16 56894.21 37.09 22.90 8.59 6.69 5115.55 

Guangdong 46012.54 1998.60 15623.70 80.28 26907.34 60682.60 39.56 24.42 9.16 7.14 5456.18 

Guangxi 20203.53 686.86 7057.56 39.72 11394.68 62262.35 40.59 25.06 9.40 7.32 5598.22 

Hainan 3725.17 111.43 1317.04 7.68 2067.46 918.94 0.60 0.37 0.14 0.11 82.62 

Chongqing 15186.17 464.30 6688.91 27.06 9531.45 28152.77 18.35 11.33 4.25 3.31 2531.31 

Sichuan 38629.80 1678.06 13116.72 67.40 22590.36 101872.98 66.41 41.00 15.37 11.98 9159.75 

Guizhou 9144.24 397.22 3104.92 15.95 5347.47 30088.93 19.61 12.11 4.54 3.54 2705.40 
Yunnan 16282.50 707.31 5528.71 28.41 9521.86 37008.40 24.12 14.89 5.59 4.35 3327.55 

Shaanxi 17789.24 507.50 7963.67 32.58 11035.97 42835.35 27.92 17.24 6.46 5.04 3851.47 

Gansu 6568.14 215.25 3158.34 10.84 5882.36 25713.83 16.76 10.35 3.88 3.02 2312.02 

Qinghai 2994.76 130.09 1016.87 5.23 1751.31 11870.29 7.74 4.78 1.79 1.40 1067.30 

Ningxia 2094.22 9.32 1444.16 3.68 1705.10 18641.41 12.15 7.50 2.81 2.19 1676.11 

Xinjiang 10081.72 437.95 3423.24 17.59 5895.70 40627.71 26.48 16.35 6.13 4.78 3652.98 

 

To validate the projected points, the Models (1) and (2) are run with the projected 

data of Table 9. Using these optimal points, all the DMUs get the technical and 

ecological efficiency scores of 1. Although the shadow prices corresponding to the 

process environmental quality constraint (∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑗

𝑏 − ∑ 𝑔𝑓
𝑧
𝑓=1 𝑥𝑓𝑗

𝑃−𝑅 ≥ 0) is not used 

to project the inefficient DMUs on the process environmental quality frontier, it is 

important to have the deviation of DMUs from full process environmental quality 



32 
 

efficiency score (𝑑𝑜
′′−) in the objective function. This enables the developed model to 

suggest some DMUs to increase their pollution-related inputs. 

For instance, consider Anhui with the technical efficiency score of 0.772. The 

optimal solutions for this DMU are 𝑢1
∗ = 0.00008, 𝑣1

∗ = 0, 𝑣2
∗ = 0, 𝑔1

∗ = 0.01016, 

𝑔2
∗ = 0.00011, 𝜇1

∗ = 0.12412, 𝜇2
∗ = 0, 𝜇3

∗ = 0, 𝜇4
∗ = 0, 𝜇5

∗ = 0, 𝑑𝑜
∗ = 0.295, 𝑑𝑜

∗′ =

4.103, and 𝑑𝑜
∗′′ = 3.807. By applying the optimal solutions of 𝑢𝑟

∗, 𝑣𝑖
∗, 𝑔𝑓

∗ , 𝜇𝑘
∗  in (23)-

(26) or the optimal solutions of 𝑑𝑜
∗ , 𝑑𝑜

∗′, and 𝑑𝑜
∗′′ in (27)-(30), the different efficiency 

scores of this province are obtained. Anhui received the technical, ecological, process 

environmental quality, and overall efficiency scores of 0.772, 0.196, 0.254, and 0.407, 

respectively. Beijing and Guangdong are the only provinces which can get the technical 

efficiency of 1 using the optimal weights of inputs and outputs of Anhui. Therefore, 

these two provinces are identified as benchmarks of Anhui. The shadow price of the 

technical efficiency constraint (∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑗

𝑃−𝑈𝑅 + ∑ 𝑔𝑖
𝑧
𝑓=1 𝑥𝑓𝑗

𝑃−𝑅 − ∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑗

𝑔
≥ 0) for 

these two benchmarks are 𝑠1 =0.895 and 𝑠19 =0.429. The sum of the shadow prices 

(∑ 𝑠𝑗
𝑛
𝑗=1 ) is equal to 1.324 which is equivalent to the ∑ 𝜆𝑗

𝑛
𝑗=1 =1.324 in the dual model. 

The subscripts 1 and 19 represent the first province (Beijing) and the nineteenth 

province (Guangdong). The values of 𝑥1
𝑃−𝑈𝑅, 𝑥2

𝑃−𝑈𝑅, 𝑥1
𝑃−𝑅, 𝑥2

𝑃−𝑅, and 𝑦1
𝑔

 of Anhui 

should change from its original values to new values of 878.73, 11542.94, 68.88, 

17775.54, and 32385.17, respectively. Both pollution-related inputs are suggested to be 

increased for this province. The projections on the technical efficiency frontier are done 

based on the shadow prices of the constraint ∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑗

𝑃−𝑈𝑅 + ∑ 𝑔𝑖
𝑧
𝑓=1 𝑥𝑓𝑗

𝑃−𝑅 −

∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑗

𝑔
≥ 0 and are shown on the left side of Table 9. The projections shown in the 

right side of Table 9 are done based on the shadow prices of the constraint 

∑ 𝜇𝑘
𝑝
𝑘=1 𝑦𝑘𝑗

𝑏 − ∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑗

𝑔
≥ 0. For Anhui, the original values of 𝑦1

𝑏, 𝑦2
𝑏, 𝑦3

𝑏, 𝑦4
𝑏, 𝑦5

𝑏, 

and 𝑦1
𝑔

 are changed to new values 30.44, 18.79, 7.05, 5.49, 4198.44, and 46694.27, 

respectively. The ecological benchmark for Anhui is Beijing with shadow price 

𝑠1
′ =3.308. It means that 3.308 times the desirable and undesirable outputs values of 

Beijing are the optimal projected points for Anhui. 

The VRS Model (31) is used to measure the efficiency scores of the provinces and 

the results are shown in Table 10. Under the VRS assumption, the new average 

technical, ecological, process environmental quality, and overall efficiency scores of all 

provinces are 0.867, 0.571, 0.544, and 0.661, respectively. 
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Table 10. Technical, ecological, process environmental quality, and overall efficiency scores obtained by 

the developed VRS Model (31) 

Provinces 

Technical 

 efficiency  

 

 Ecological 

 efficiency 

Process environmental 

 quality efficiency 

Overall 

 efficiency 

Beijing 1.000 1.000 1.000 1.000 

Tianjin 1.000 1.000 1.000 1.000 

Hebei 1.000 0.587 0.445 0.677 

Shanxi 0.844 0.360 0.294 0.499 

Inner Mongolia 1.000 0.512 0.274 0.595 

Liaoning 0.829 0.534 0.518 0.627 

Jilin 0.790 0.386 0.301 0.492 

Heilongjiang 0.796 0.392 0.244 0.477 

Shanghai 1.000 1.000 0.983 0.994 

Jiangsu 1.000 0.952 0.848 0.933 

Zhejiang 0.925 0.868 0.844 0.879 

Anhui 0.806 0.430 0.507 0.581 

Fujian 0.869 0.577 0.655 0.700 

Jiangxi 0.884 0.332 0.379 0.532 

Shandong 1.000 1.000 0.924 0.975 

Henan 0.991 0.607 0.506 0.701 

Hubei 0.690 0.535 0.426 0.550 

Hunan 0.831 0.460 0.383 0.558 

Guangdong 1.000 1.000 1.000 1.000 

Guangxi 0.757 0.230 0.307 0.431 

Hainan 1.000 1.000 1.000 1.000 

Chongqing 0.697 0.391 0.413 0.500 

Sichuan 0.748 0.405 0.421 0.525 

Guizhou 0.685 0.235 0.206 0.375 

Yunnan 0.621 0.331 0.287 0.413 

Shaanxi 0.759 0.424 0.429 0.537 

Gansu 0.672 0.233 0.313 0.406 

Qinghai 1.000 1.000 1.000 1.000 

Ningxia 1.000 0.109 0.267 0.459 

Xinjiang 0.828 0.236 0.154 0.406 

 

 

7. Concluding remarks 

 

Our paper addressed the problem of modeling undesirable outputs in DEA. This 

problem was discussed in the literature and considered in a variety of models. RAM is 

one of the models which has been used in the literature for this purpose. We showed 

that RAM measures overall efficiency of DMUs in three steps, where, in the first two 

steps, technical and environmental efficiencies are measured and in the last step, these 

two measures are unified in a single model and the overall efficiency is calculated. Our 

paper has, therefore, argued against the computational complexity of this approach. We 

also showed that RAM may find negative efficiency scores when it is run with the CRS 

assumption. 

We considered similar concepts in a multiple objective model and argued its 

advantages compared to RAM. The multiple objective problem discussed in our paper 
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was solved by linear goal programming and is shown that has a more discrimination 

power than RAM. The proposed model determined the technical, ecological, process 

environmental quality, and overall efficiency scores in one step. This is computationally 

less complex than RAM. We also showed that our developed model can determine the 

reference sets and benchmarks for the inefficient DMUs. 

Further research can be done based on the results of this paper. For instance, in 

our developed model, provinces were completely free to choose their own weights for 

inputs and outputs. It may be worthwhile seeking experts’ ideas regarding the 

importance of factors relative to each other while incorporating these ideas as weight 

restrictions into DEA models. These restrictions can limit feasible region of weights and 

can lead to an integration of objective and subjective weighting systems. 
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Appendix 

 

Here, we show how minimizing the difference between the denominator and the 

numerator of an efficiency ratio can lead to maximization of the ratio. Model (1) is the 

basic CCR model to measure the technical efficiency of the DMU under evaluation. 

This model in its linear form can be shown as Model (32). This model finds the weights 

of inputs and outputs to maximize the technical efficiency of each DMU. 

 

 

max ∑ 𝑢𝑟𝑦𝑟𝑜
𝑔𝑠

𝑟=1

s. t. ∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜 = 1 

∑ 𝑢𝑟𝑦𝑟𝑗
𝑔𝑠

𝑟=1 − ∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑗 ≤ 0 𝑗 = 1, 2, … , 𝑛,

𝑣𝑖 ≥ 0 𝑖 = 1, 2, … , 𝑚,

𝑢𝑟 ≥ 0 𝑟 = 1, 2, … , 𝑠.

  (32) 

 

Also, consider Model (33) which was developed by Li and Reeves (1999) and is 

an equivalent to the Model (32). This model finds the weights of inputs and outputs to 

minimize inefficiency score (𝑑𝑜) of each DMU, where 1−𝑑𝑜 gives the same efficiency 

score found by Model (32). 

 

 

min 𝑑𝑜

s. t. ∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜 = 1 

∑ 𝑢𝑟𝑦𝑟𝑜
𝑔𝑠

𝑟=1 − ∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜 + 𝑑𝑜 = 0 

∑ 𝑢𝑟𝑦𝑟𝑗
𝑔𝑠

𝑟=1 − ∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑗 ≤ 0 𝑗 = 1, 2, … , 𝑛,

𝑣𝑖 ≥ 0 𝑖 = 1, 2, … , 𝑚,

𝑢𝑟 ≥ 0 𝑟 = 1, 2, … , 𝑠.

  (33) 

 

On the other hand, moving ∑ 𝑢𝑟𝑦𝑟𝑜
𝑔𝑠

𝑟=1  and ∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜 in the second constraint of 

the Model (33) to the other side of the equation gives: 

 

 𝑑𝑜 = ∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜 −  ∑ 𝑢𝑟

𝑠
𝑟=1 𝑦𝑟𝑜

𝑔   (34) 
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In other words, to find optimal weights which can maximize efficiency scores 

(or minimize inefficiency score), we can minimize the difference between the 

denominator and numerator (∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜 −  ∑ 𝑢𝑟

𝑠
𝑟=1 𝑦𝑟𝑜

𝑔
). When ∑ 𝑣𝑖

𝑚
𝑖=1 𝑥𝑖𝑜 =

 ∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑜

𝑔
, the DMU under evaluation is efficient. That is why we need to minimize 

the difference between denominator (∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜) and the numerator (∑ 𝑢𝑟

𝑠
𝑟=1 𝑦𝑟𝑜

𝑔
). The 

minimum value that the difference between ∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜 and ∑ 𝑢𝑟

𝑠
𝑟=1 𝑦𝑟𝑜

𝑔
 can get is zero. 

When the difference is equal to zero, it means that the inefficiency score of the DMU is 

equal to zero or the DMU is efficient. Also, since ∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜 =1, minimizing 

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜 −  ∑ 𝑢𝑟

𝑠
𝑟=1 𝑦𝑟𝑜

𝑔
 is similar to minimizing − ∑ 𝑢𝑟

𝑠
𝑟=1 𝑦𝑟𝑜

𝑔
 or maximizing 

∑ 𝑢𝑟
𝑠
𝑟=1 𝑦𝑟𝑜

𝑔
. 

                                                           
i
 The ∑ 𝑔𝑖

𝑧
𝑓=1 𝑥𝑓𝑗

𝑃−𝑅 is a common expression between the technical and process environmental quality 

efficiency ratios. Basically, the optimal amount of each variable or an expression like ∑ 𝑔𝑖
𝑧
𝑓=1 𝑥𝑓𝑗

𝑃−𝑅 

should be determined to maximize its own objective function. However, since 𝑑𝑜
− is multiplied by 𝑀, the 

expression ∑ 𝑔𝑓
∗𝑧

𝑓=1 𝑥𝑓𝑜
𝑃−𝑅 is determined to maximize the technical efficiency of each DMU first and then 

the process environmental quality efficiency. This might lead to having the ∑ 𝑔𝑓
∗𝑧

𝑓=1 𝑥𝑓𝑜
𝑃−𝑅 =0 and 

consequently the process environmental quality efficiency of the DMU becomes zero. To avoid zero 

process environmental quality efficiency, adding a constraint like ∑ 𝑔𝑖
𝑧
𝑓=1 ≥ 𝜀 is suggested. 
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Abstract  

 

Recent developments in data envelopment analysis (DEA) have made it possible to 

measure the efficiency of processes using a two-stage structure. Cooperative and non-

cooperative game approaches provide different ways to deal with these two-stage 

processes and their intermediate measures. To accommodate different assumptions of 

the cooperative and non-cooperative game approaches, five different linear programs 

are addressed in the literature. In the first part of our paper, we will develop a multiple 

objective model which can provide the same information as that extracted from these 

five different models. Also, unlike the generally accepted idea in the literature, we will 

show that it is possible to maximize the arithmetic mean of efficiency ratios of the two-

stage process in a linear model. 

In addition to the theoretical developments, this paper contributes to the 

application of the DEA by introducing an efficient way of solving DEA models in the 

spreadsheet. By using this approach, we eliminate the need to manually re-run Excel 

Solver and extract information or to use an Excel macro to control the repeats. For this 

purpose, we will borrow and invoke a sensitivity analysis tool from the spreadsheet 

modelling context.  

 

Keywords: Data envelopment analysis; Two-stage process; Multiple objectives; Linear 

goal programming; Sensitivity analysis; SolverTable.  
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1.  Introduction 

 

Two-stage data envelopment analysis (DEA) models are developed to measure the 

efficiency of decision making units (DMUs) which have a two-stage structure in their 

operations. As an example, the seller-buyer relationship in a supply chain can be 

described as a two-stage process, and DEA-based models have been developed to 

evaluate the efficiency of such a supply chain (Liang et al., 2006). In the seller-buyer 

supply chain context, outputs of the seller become inputs of the buyer and are called 

intermediate measures. Such intermediate measures are in the numerator of the first 

stage efficiency ratio but in the denominator of the second stage efficiency ratio. Thus, 

larger values of the intermediate measures represent the better performance of the first 

stage (the seller), but not the second stage (the buyer). As a result, the second stage (the 

buyer) is motivated to move toward decreasing its inputs which are the outputs of the 

first stage that the seller is attempting to increase. This summarizes the basic conflict 

between the stages of a two-stage supply chain or, indeed, any type of DMU with a two-

stage structure. 

Within the literature, a number of papers measure the efficiency of the two-stage 

processes using standard DEA models (see for example Seiford and Zhu, 1999; Zhu, 

2000).  However, such standard DEA models do not address the conflict between the 

two stages.  With this in mind, Liang et al. (2006), Liang et al. (2008), Kao and Hwang 

(2008), Cook et al. (2010), and Chiou et al. (2010) have developed two-stage DEA 

models to reflect this conflict between the stages. 

Liang et al. (2006) developed two DEA models to evaluate the efficiency of the 

DMUs with a two-stage structure. In the first model, these authors assumed that the 

relationship between the stages is non-cooperative and that the optimal weights of the 

intermediate measures are determined to maximize the efficiency of the leader stage 

(the stage with higher importance) first and then the follower stage (the less important 

stage). In this model, the efficiency score of the leader stage is measured first and then 

its optimal objective function value (and all of its associated constraints) are used as the 

constraints of the follower stage. The purpose of the non-cooperative model is to 

optimize the efficiency of the leader stage first and then maximize the efficiency of the 

follower stage to the maximum extent possible provided that the efficiency of the leader 

remains unchanged.  
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As a separate approach within the same paper, Liang et al. (2006) also developed 

a cooperative model where the average of the efficiencies of stages 1 and 2 is 

maximized. In this model, the efficiencies of both stages are maximized together and 

are evaluated simultaneously. The impact of the cooperative model is that it forces both 

stages to agree on the optimal weights of the intermediate measures. The non-

cooperative and cooperative models are both nonlinear models and are treated as 

parametric linear programs. Liang et al. (2006) demonstrated how these two models can 

be solved by a heuristic search procedure. 

Liang et al. (2008) subsequently provided a linear formulation for the nonlinear 

non-cooperative and cooperative models addressed in Liang et al. (2006). This was 

achieved by defining the overall efficiency as the product of the efficiencies of stages 1 

and 2 rather than the average of the stages. Liang et al. (2008) also discussed the issue 

of unique and multiple efficiency decompositions in their models. These authors argue 

that the non-cooperative model yields unique efficiency decomposition, but the 

cooperative model is likely to give multiple decompositions. With this in mind, Liang et 

al. (2008) developed a model to test if the efficiency scores obtained by the cooperative 

model are, indeed, unique.  

In parallel, Kao and Hwang (2008) measured overall efficiency as the product of 

the efficiencies of stages 1 and 2. Their overall efficiency model is, thus, similar to the 

cooperative model developed by Liang et al. (2008), but they incorporated one more 

constraint. However, it was subsequently demonstrated by Cook et al. (2010) that the 

extra constraint in Kao and Hwang (2008) is actually redundant. As a result, the overall 

efficiency model of Kao and Hwang (2008) and cooperative model of Liang et al. 

(2008) are, in effect, the same models which yield exactly the same results. 

Chiou et al. (2010) developed a nonlinear two-stage DEA model to measure the 

efficiency and effectiveness for non-storable commodities. They defined overall 

efficiency as a function of three ratios, namely: technical efficiency, service 

effectiveness, and technical effectiveness. The outputs of the technical efficiency ratio 

are the inputs to the service effectiveness ratio. Technical effectiveness ratio is defined 

as the product of the technical efficiency and service effectiveness ratios. However, Lim 

and Zhu (2013) demonstrated that the model developed by Chiou et al. (2010) might not 

always give a global optimal solution. In doing so, they suggested the model of Chiou et 

al. (2010) is valid, but that there is no efficient algorithm to determine a global optimal 

solution for their nonlinear model. Rather, Lim and Zhu (2013) suggested that this 



4 
 

nonlinear problem can be seen as a special case of the two-stage problem and can be 

solved as a parametric linear program utilizing the approach that was explained in detail 

by Liang et al. (2006). This conclusion aligns with the work of Cook et al. (2010) who 

reviewed the two-stage DEA models found in the literature  and demonstrated that these 

can be categorized using either the cooperative or the non-cooperative models 

introduced by Liang et al. (2008).  

Based on the approach of Liang et al. (2008), a number of steps are required to 

measure the overall efficiency as well as the efficiency scores of each step. Briefly, if 

the efficiency of the first step is assumed to be more important, one linear program is 

solved first in order to measure its efficiency score and then the optimal solutions of this 

model are used in the second linear program and the efficiency score of the second stage 

is measured. If the efficiency of the second stage is considered more important, a similar 

process measures the efficiency of the second stage first and then uses the optimal 

solutions in the second linear program to measure the efficiency of the first stage. These 

two methods of modelling are called the non-cooperative approaches to the 

measurement of the efficiency of the processes. On the other hand, if both stages are 

considered to have equal importance, then the cooperative model obtains the optimal 

weights of the intermediate measures to maximize the efficiency scores of both stages 

simultaneously. In practice, operationalising the cooperative and non-cooperative 

approaches requires running five different linear programs which are based on the 

cooperative and non-cooperative assumptions, and that can sometimes be cumbersome. 

 

2.  Aim 

 

With this introduction in mind, this paper aims to contribute to the literature by 

providing a new formulation to the model introduced by Liang et al. (2008) and further 

explained by Cook et al. (2010). The developments made in our paper are also 

applicable to the special case introduced by Lim and Zhu (2013) as well to for the 

models of Liang et al. (2006), and Kao and Hwang (2008). In doing so, we follow the 

idea of the cooperative and non-cooperative game approaches but offer a new 

formulation. Using this, we will demonstrate how a single linear program DEA model 

can be formulated to measure the cooperative and non-cooperative efficiency scores. 

The developed model is a linear multiple objective model based on the use of 
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preemptive and non-preemptive goal programming. This approach has a number of 

clear advantages: 

 All of the cooperative and non-cooperative (leader-follower) assumptions can be 

easily adopted into the developed model.  

 Shifting from one assumption to another can be easily achieved by means of a 

slight change in the objective function of the developed model. 

 As a result, in order to shift from one assumption to another, changing the linear 

program model is not required.  

More importantly, unlike the generally accepted idea of the literature that “the use 

of arithmetic mean of efficiency ratios cannot be converted into a linear DEA model” 

(Lim and Zhu, 2013; p. 276), we propose a linear model that does, indeed, maximize the 

arithmetic mean of the efficiency ratios. This maximization of the average of the 

efficiency of the stages is achieved by minimizing the average of their deviations from 

full efficiency scores. Thus, by maximizing the arithmetic mean of the efficiency of 

stages 1 and 2, we will obtain slightly better overall efficiency outcomes than those 

achieved by maximizing the product of the efficiencies of stages 1 and 2.  

In addition to the modelling contribution, we will also demonstrate an efficient 

way of implementing and solving DEA models within the spreadsheet. As far as the 

authors are aware, solving DEA models in Microsoft Excel have been achieved by 

running the Excel solver add-in for each DMU individually, and then either manually 

repeating the process for the other DMUs or using an Excel macro to control the 

repeats. The purpose of this part of our paper is to show how to solve a spreadsheet-

based DEA model without manually changing the DMUs’ codes and without using an 

Excel macro.  

In this regard, it will be appreciated that changing DMUs’ codes and extracting 

the results manually can be time-consuming (especially when large data sets are 

involved) and potentially results in errors. Also, using a macro to control the repeats and 

reports might be challenging for many of the users of the DEA models not least as it is 

likely to require some understanding of the Visual Basic for Applications (VBA) 

programming language. In making this observation, the authors are fully aware that 

DEA models can also be coded in many other software packages including Lingo, 

Matlab, and GAMS. However, it is clearly of value to be able to implement DEA 

models without using programming languages and with the least amount of effort. To 
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achieve this, we will borrow a sensitivity analysis tool called SolverTable which is, in 

essence, an Excel add-in designed to answer sensitivity and what-if analysis questions 

for the spreadsheet models. 

The remainder of this paper is organized as follows. In Section 3, the new two-

stage DEA model is developed. In Section 4, the developed model is tested on a dataset 

for Taiwanese non-life insurance companies which is the same dataset as was used by 

Kao and Hwang (2008) and Cook et al. (2010). In Section 5, it is demonstrated how 

SolverTable can be used to solve DEA models. Section 6 concludes the paper. 

 

3. Proposed model 

 

A two-stage process for a set of n DMUs is shown in Figure 1. Each DMUj (𝑗 =

1, 2, … , 𝑛) uses m inputs 𝑥𝑖𝑗 , 𝑖 = 1, 2, … , 𝑚 in the first stage and produces D outputs 

𝑧𝑑𝑗 , 𝑑 = 1, 2, … , 𝐷. All the outputs of the first stage then become the inputs of the 

second stage to produce s outputs 𝑦𝑟𝑗 , 𝑟 = 1, 2, … , 𝑠. As explained in Section 1, the 

outputs of the first stage which are the inputs of the second stage are generally referred 

to as the intermediate measures. For the modelling purposes, we use the notations used 

in Liang et al. (2008) and Cook et al. (2010).  

 

 

Figure 1. Two-stage process; Liang et al. (2008) and Cook et al. (2010)  
 

The efficiency of the first stage (𝑒𝑗
1) and the second stage (𝑒𝑗

2) can be defined as 

follows:  

 

 𝑒𝑗
1 =

∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑗

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑗

  (1) 

 

 𝑒𝑗
2 =

∑ 𝑢𝑟𝑦𝑟𝑗
𝑠
𝑟=1

∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑗

  (2) 

Stage 1 Stage 2 

DMUj, 𝑗 = 1, 2, … ,𝑛 

𝑥𝑖𝑗, 𝑖 = 1, 2, … ,𝑚 𝑧𝑑𝑗,𝑑 = 1, 2, … ,𝐷 𝑦𝑟𝑗 , 𝑟 = 1, 2, … , 𝑠 
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where 𝑣𝑖, 𝑤𝑑, and 𝑢𝑟 are the weights of the inputs, intermediate measures, and 

outputs, respectively. The optimal values of these unknown decision variables can be 

determined using the linear program. As in Liang et al. (2008) and Cook et al. (2010), 

the weights of the intermediate measures in two different ratios (1) and (2) are set equal. 

As discussed earlier, it is possible to run two separate linear programs to measure the 

efficiency of the stages 1 and 2. Models (3) and (4) can be used for this purpose.   

 

 

max 𝑒𝑜
1∗ = ∑ 𝑤𝑑

𝐷
𝑑=1 𝑧𝑑𝑜

s. t. ∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜 = 1 

∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑗 − ∑ 𝑣𝑖

𝑚
𝑖=1 𝑥𝑖𝑗 ≤ 0 𝑗 = 1, 2, … , 𝑛,

𝑤𝑑 ≥ 0 𝑑 = 1, 2, … , 𝐷,

𝑣𝑖 ≥ 0 𝑖 = 1, 2, … , 𝑚.

  (3) 

 

 

max 𝑒𝑜
2∗ = ∑ 𝑢𝑟𝑦𝑟𝑜

𝑠
𝑟=1  

s. t. ∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑜 = 1 

∑ 𝑢𝑟𝑦𝑟𝑗 −𝑠
𝑟=1 ∑ 𝑤𝑑

𝐷
𝑑=1 𝑧𝑑𝑗 ≤ 0 𝑗 = 1, 2, … , 𝑛,

𝑢𝑟 ≥ 0 𝑟 = 1, 2, … , 𝑠,

𝑤𝑑 ≥ 0 𝑑 = 1, 2, … , 𝐷.

  (4) 

 

The overall efficiency of the two-stage process can be defined as 1 2⁄ (𝑒𝑗
1 + 𝑒𝑗

2) or 

𝑒𝑗
1 × 𝑒𝑗

2 (Liang et al., 2008; Cook et al., 2010). However, this way of measuring the 

efficiency of the stages, as well as the overall efficiency, does not reflect the conflict 

between the stages. This conflict is as a result of having ∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑗 both in the 

numerator of the efficiency ratio of the first stage and also in the denominator of the 

efficiency ratio of the second stage. In order to improve the efficiency of a DMU in the 

first stage, it may be suggested that its outputs 𝑧𝑑𝑜 be increased but to do so it might 

decrease the efficiency of the second stage. 

Liang et al. (2008) and Cook et al. (2010) applied the non-cooperative and 

cooperative concepts from the game theory to reflect the conflicts between the stages 

described above. Based on the non-cooperative game, they argued that one of the two 

stage’s efficiency could be considered more important than the other stage and, as a 

result, its efficiency score was measured first. This more important stage is known as 

the leader, and the efficiency score of the other stage (designated the follower) is then 

measured subject to the restriction that the efficiency score of the leader stage does not 

change. Based on this leader-follower idea, if the efficiency of the first stage is assumed 
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to be more important, its efficiency score is measured first by Model (3), and then 

Model (5) is applied to measure the efficiency score of the follower stage 2.  

 

 

max 𝑒𝑗
2∗ =

(∑ 𝑢𝑟𝑦𝑟𝑜
𝑠
𝑟=1 )

𝑒𝑜
1∗  

s. t. ∑ 𝑢𝑟𝑦𝑟𝑗 −𝑠
𝑟=1 ∑ 𝑤𝑑

𝐷
𝑑=1 𝑧𝑑𝑗 ≤ 0 𝑗 = 1, 2, … , 𝑛,

∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑗 − ∑ 𝑣𝑖

𝑚
𝑖=1 𝑥𝑖𝑗 ≤ 0 𝑗 = 1, 2, … , 𝑛,

∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑜 = 𝑒𝑗

1∗ 

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜 = 1  

𝑢𝑟 ≥ 0 𝑟 = 1, 2, … , 𝑠,

𝑤𝑑 ≥ 0 𝑑 = 1, 2, … , 𝐷,

𝑣𝑖 ≥ 0 𝑖 = 1, 2, … , 𝑚.

  (5) 

 

The optimal values of the intermediate measures are determined in order to 

optimize the efficiency of the leader stage first and if there are multiple optimal 

solutions, these are differentiated by choosing weights which can also maximize the 

efficiency of the follower stage. In the same way, if the second stage is the leader and 

the first stage is the follower, Model (4) is run first to optimize the efficiency of the 

second stage and then the optimal solutions are used in Model (6). The Model (6) 

measures the efficiency of the follower stage 1 whilst keeping the efficiency of the 

leader stage 2 unchanged. 

 

 

min
1

𝑒𝑜
1∗ = ∑ 𝑣𝑖

𝑚
𝑖=1 𝑥𝑖𝑜 

s. t. ∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑗 − ∑ 𝑣𝑖

𝑚
𝑖=1 𝑥𝑖𝑗 ≤ 0 𝑗 = 1, 2, … , 𝑛,

∑ 𝑢𝑟𝑦𝑟𝑗 −𝑠
𝑟=1 ∑ 𝑤𝑑

𝐷
𝑑=1 𝑧𝑑𝑗 ≤ 0 𝑗 = 1, 2, … , 𝑛,

∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑜 = 1 

∑ 𝑢𝑟𝑦𝑟𝑜
𝑠
𝑟=1 = 𝑒𝑜

2∗ 

𝑢𝑟 ≥ 0 𝑟 = 1, 2, … , 𝑠,

𝑤𝑑 ≥ 0 𝑑 = 1, 2, … , 𝐷,

𝑣𝑖 ≥ 0 𝑖 = 1, 2, … , 𝑚.

  (6) 

 

On the other hand, the purpose of the cooperative model is to maximize the 

efficiency of the stages simultaneously. This requires an approach which views the two 

stages as a single process and forces the stages to jointly agree on the optimal values of 

the intermediate measures. This joint optimization has been possible by maximizing the 

average of 𝑒𝑜
1 and 𝑒𝑜

2 in a nonlinear model (Liang et al., 2006) or 𝑒𝑜
1 × 𝑒𝑜

2 in a linear 

model (Kao and Hwang, 2008; Liang et al., 2008; Cook et al., 2010). It is possible to 
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maximize 𝑒𝑜
1 × 𝑒𝑜

2 in a linear model, since 
∑ 𝑤𝑑

𝐷
𝑑=1 𝑧𝑑𝑗

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑗

×
∑ 𝑢𝑟𝑦𝑟𝑗

𝑠
𝑟=1

∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑗

 is equal to the single 

ratio of  
∑ 𝑢𝑟𝑦𝑟𝑗

𝑠
𝑟=1

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑗

. It means that, to maximize 𝑒𝑜
1 × 𝑒𝑜

2, it is only necessary to maximize 

∑ 𝑢𝑟𝑦𝑟𝑗
𝑠
𝑟=1

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑗

. Based on this property, it is possible to optimize the overall efficiency in a 

linear model. Model (7) is the linear cooperative model (Liang et al., 2008; Cook et al., 

2010).  

 

 

max 𝑒𝑜
∗ = 𝑒𝑜

1∗ × 𝑒𝑜
2∗ = ∑ 𝑢𝑟𝑦𝑟𝑜

𝑠
𝑟=1  

s. t. ∑ 𝑢𝑟𝑦𝑟𝑗 −𝑠
𝑟=1 ∑ 𝑤𝑑

𝐷
𝑑=1 𝑧𝑑𝑗 ≤ 0 𝑗 = 1, 2, … , 𝑛,

∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑗 − ∑ 𝑣𝑖

𝑚
𝑖=1 𝑥𝑖𝑗 ≤ 0 𝑗 = 1, 2, … , 𝑛,

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜 = 1 

𝑢𝑟 ≥ 0 𝑟 = 1, 2, … , 𝑠,     

𝑤𝑑 ≥ 0 𝑑 = 1, 2, … , 𝐷,

𝑣𝑖 ≥ 0 𝑖 = 1, 2, … , 𝑚.

  (7) 

 

This model was also presented in Kao and Hwang (2008) to maximize the overall 

efficiency of the stages. The Model in Kao and Hwang (2008) has one more constraint 

(∑ 𝑢𝑟𝑦𝑟𝑗 −𝑠
𝑟=1 ∑ 𝑣𝑖

𝑚
𝑖=1 𝑥𝑖𝑗 ≤ 0) than Model (7). However, as Cook et al. (2010) 

explained, ∑ 𝑢𝑟𝑦𝑟𝑗 −𝑠
𝑟=1 ∑ 𝑣𝑖

𝑚
𝑖=1 𝑥𝑖𝑗 ≤ 0 is a redundant constraint and both models yield 

the same efficiency results.  

After running the cooperative model, efficiency decomposition is achieved by:  

 

 𝑒𝑜
1 =

∑ 𝑤𝑑
∗𝐷

𝑑=1 𝑧𝑑𝑜

∑ 𝑣𝑖
∗𝑚

𝑖=1 𝑥𝑖𝑜
 and 𝑒𝑜

2 =
∑ 𝑢𝑟

∗𝑦𝑟𝑜
𝑠
𝑟=1

∑ 𝑤𝑑
∗𝐷

𝑑=1 𝑧𝑑𝑜
  (8) 

 

It has been shown by Cook et al. (2010) that all of the two-stage DEA models in 

the literature can be categorized as using the cooperative or non-cooperative approaches 

introduced in Liang et al. (2006) and Liang et al. (2008). For this purpose, five different 

Models (3)-(7) are introduced which can be used based on the cooperative/non-

cooperative (leader/follower) assumptions. Also, as mentioned previously, the 

cooperative Model (7) maximizes the product of the efficiencies of the stages 1 and 2 

(𝑒𝑜
1 × 𝑒𝑜

2).  

At this stage, we develop a two-stage DEA model to maximize the arithmetic 

mean of the efficiencies of the two stages. The developed model is linear, and all the 

assumptions of the cooperative/non-cooperative (leader/follower) can be easily applied 
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in the model. In the same way that Stock (1997) recommended that logistics, as an 

emerging field of study, should 'borrow' from other disciplines as a means of advancing 

knowledge, the authors of this research have adapted a similar principle by borrowing 

the preemptive and nonpreemptive solution procedures from the goal programming 

literature. Indeed, the work of Liang et al. (2006), Liang et al. (2008), and Cook et al. 

(2010) also follow the same approach through their use of the cooperative and non-

cooperative games that appear in the game theory literature. The problem of 

maximizing the efficiency ratios of the stages 1 and 2 with priority given to one of the 

goals (non-cooperative game) or without priority in respect the goals (cooperative 

game) is a multiple objective problem and the use of goal programming provides a way 

to deal with such objectives, simultaneously.  

The basic idea of the goal programming is (1) to set a goal for each of the 

objective functions, (2) to define a deviation variable from the respective goal for each 

of the objective functions, and (3) to develop one single objective function which 

minimizes the sum of the deviations (Hillier and Lieberman, 2005). In the two-stage 

DEA context, the goal for each of the efficiency ratios of the stages 1 and 2 is the full 

efficiency score of 1. Thus, the model should search for the solution that minimizes the 

deviations of the stages 1 and 2 from efficiency score of 1. Within this overall approach, 

goal programming models can be categorized based on the way that the goals are 

prioritized. If the goals are of roughly comparable importance, the goal programming 

model is called ‘non-preemptive’ goal programming (Hillier and Lieberman, 2005), 

noting that this uses the same assumption as the cooperative model described earlier. If 

on the other hand, there is an order of priorities between the goals, the goal 

programming model is called ‘preemptive’ goal programming and, again, this is similar 

to the non-cooperative models discussed above.  

In respect of preemptive goal programming, there are also two ways to deal with 

the goals, namely: sequential and streamlined procedures. Application of the sequential 

procedure to solve the preemptive goal programming results in solving a sequence of 

linear programs. In our two-stage context, the first linear programming should be solved 

with only the first priority goal, and its optimal solutions are then applied to limit the 

feasible region of the second model with the second priority goal. This is the same 

approach as that applied by Liang et al. (2006), Liang et al. (2008), and Cook et al. 

(2010) that we described above in our discussion of the non-cooperative model.  
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Therefore, the non-preemptive goal programming model in our paper will 

maximize the average of the efficiencies of the stages with the cooperative game 

assumption, whilst the preemptive-sequential approach in our paper is similar to the 

non-cooperative model in Liang et al. (2006), Liang et al. (2008), and Cook et al. 

(2010). However, the core concept within our paper is that of adopting the preemptive-

streamlined goal programming procedure to solve the non-cooperative models. Unlike 

the sequential approach, the streamlined approach finds the optimal solution for the 

preemptive goal programming by solving only one linear program.  

The purpose of the goal programming model is to maximize the efficiency ratios 

∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑜

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑗

 and 
∑ 𝑢𝑟𝑦𝑟𝑗

𝑠
𝑟=1

∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑗

. In the ideal condition, we will have 
∑ 𝑤𝑑

∗𝐷
𝑑=1 𝑧𝑑𝑜

∑ 𝑣𝑖
∗𝑚

𝑖=1 𝑥𝑖𝑜
= 1 and 

∑ 𝑢𝑟
∗𝑦𝑟𝑜

𝑠
𝑟=1

∑ 𝑤𝑑
∗𝐷

𝑑=1 𝑧𝑑𝑜
= 1. Therefore, the numeric goal for each of the efficiency ratios is 1 and the 

DMU is efficient if the following conditions are satisfied: 

 

 
{

∑ 𝑣𝑖
∗𝑚

𝑖=1 𝑥𝑖𝑜 = ∑ 𝑤𝑑
∗𝐷

𝑑=1 𝑧𝑑𝑜

∑ 𝑤𝑑
∗𝑧𝑑𝑜 = ∑ 𝑢𝑟

∗𝑦𝑟𝑜
𝑠
𝑟=1

𝐷
𝑑=1  

  

 

or 

 

{
∑ 𝑣𝑖

∗𝑚
𝑖=1 𝑥𝑖𝑜 − ∑ 𝑤𝑑

∗𝐷
𝑑=1 𝑧𝑑𝑜 = 0

∑ 𝑤𝑑
∗𝑧𝑑𝑜 − ∑ 𝑢𝑟

∗𝑦𝑟𝑜
𝑠
𝑟=1 =𝐷

𝑑=1 0
  

(9) 

 

If we define ∑ 𝑣𝑖
∗𝑚

𝑖=1 𝑥𝑖𝑜 − ∑ 𝑤𝑑
∗𝐷

𝑑=1 𝑧𝑑𝑜 as the deviation of stage 1 from full 

efficiency score of 1 and ∑ 𝑤𝑑
∗𝑧𝑑𝑜 − ∑ 𝑢𝑟

∗𝑦𝑟𝑜
𝑠
𝑟=1

𝐷
𝑑=1  as the deviation of stage 2, the 

objective function should minimize the sum of the deviations. Therefore, the objective 

function is defined as follows: 

 

min (
The deviation from the full efficiency of the stage 1 +  the deviation from full 

 efficiency of stage 2
) (10) 

 

To show (10) algebraically, some auxiliary variables which are called deviation 

variables are defined as follows: 

 

 {
𝑑𝑜 = ∑ 𝑣𝑖

∗𝑚
𝑖=1 𝑥𝑖𝑜 − ∑ 𝑤𝑑

∗𝐷
𝑑=1 𝑧𝑑𝑜

𝑑𝑜
′ = ∑ 𝑤𝑑

∗𝑧𝑑𝑜 − ∑ 𝑢𝑟
∗𝑦𝑟𝑜

𝑠
𝑟=1

𝐷
𝑑=1

  (11) 
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The goals in our two-stage DEA case are two sided (𝑑𝑜 = ∑ 𝑣𝑖
∗𝑚

𝑖=1 𝑥𝑖𝑜 −

∑ 𝑤𝑑
∗𝐷

𝑑=1 𝑧𝑑𝑜 = 0 and 𝑑𝑜
′ = ∑ 𝑤𝑑

∗𝑧𝑑𝑜 − ∑ 𝑢𝑟
∗𝑦𝑟𝑜

𝑠
𝑟=1

𝐷
𝑑=1 ), since we do not want to neither 

fall under nor exceed them. The purpose is to achieve 𝑑𝑜 = 𝑑𝑜
′ = 0. For each of the 

two-sided goals, two deviation variables like 𝑑𝑜
+ and 𝑑𝑜

− for the first goal, and 𝑑𝑜
′+ and 

𝑑𝑜
′− for the second goal should be defined. The positive and negative signs on the 

deviation variables represent deviations above and below the goals, respectively. 

However, we define the deviation variables with only 𝑑𝑜 and 𝑑𝑜
′ , since the efficiency 

ratios of the stages 1 and 2 will not exceed the goal of 1. Li and Reeves (1999) used a 

similar deviation variable (𝑑𝑗) to maximize the efficiency of the basic CCR (Charnes, 

Cooper, and Rhodes, 1978) model with a single objective function.  

Model (12) is, therefore, the developed model of this paper. The objective 

function of the model minimizes the sum of the deviations of the both stages. The 

∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑜 which is the common term between the efficiency ratios of the stages 1 and 

2 is set equal to 1. In order to minimize 𝑑𝑜, the model seeks for the solutions to 

minimize ∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜 − 1. Also to minimize 𝑑𝑜

′ , the model searches for the solutions 

which minimize 1 − ∑ 𝑢𝑟𝑦𝑟𝑜
𝑠
𝑟=1 . In other words, 𝑑𝑜 + 𝑑𝑜

′  is minimized by minimizing 

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜 and maximizing ∑ 𝑢𝑟𝑦𝑟𝑜

𝑠
𝑟=1 .  

 

 min ℎ = 𝑑𝑜 +  𝑑𝑜
′

s. t. ∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑜 = 1 

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑗 − ∑ 𝑤𝑑

𝐷
𝑑=1 𝑧𝑑𝑗 ≥ 0 𝑗 = 1, 2, … , 𝑛,

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜 − ∑ 𝑤𝑑

𝐷
𝑑=1 𝑧𝑑𝑜 − 𝑑𝑜 = 0 

∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑗 − ∑ 𝑢𝑟𝑦𝑟𝑗

𝑠
𝑟=1 ≥ 0 𝑗 = 1, 2, … , 𝑛,

∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑜 − ∑ 𝑢𝑟𝑦𝑟𝑜

𝑠
𝑟=1 − 𝑑𝑜

′ = 0 

𝑤𝑑 ≥ 0 𝑑 = 1, 2, … , 𝐷,

𝑣𝑖 ≥ 0 𝑖 = 1, 2, … , 𝑚,

𝑢𝑟 ≥ 0 𝑟 = 1, 2, … , 𝑠,     

𝑑𝑜 ≥ 0

𝑑𝑜
′ ≥ 0.

  (12) 

 

3.1 Cooperative and non-cooperative games with the developed model 

The Model (12) is the non-preemptive goal programming model to solve two-stage 

DEA models. Both goals of maximizing the efficiency of the stages 1 and 2 have equal 

importance. The model maximizes the arithmetic mean of the efficiencies of the stages 

1 and 2 by minimizing the arithmetic mean of the deviations of the stages 1 and 2 from 
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the full efficiency score of 1. It should be noted that we could use 1 2⁄ (𝑑𝑜 +  𝑑𝑜
′ ) as the 

objective function, but we have dropped 1
2⁄  from the objective function since it does 

not change the optimal solutions. The optimal weights of the intermediate measures 

(𝑤𝑑
∗) are the most favourable weights for both goals. Therefore, the non-preemptive 

goal programming Model (12) can be used to measure the cooperative efficiency scores 

of the stages 1 and 2 introduced by Kao and Hwang (2008), Liang et al. (2008), and 

Cook et al. (2010). 

On the other hand, we can measure the non-cooperative efficiency scores by 

simply multiplying the first priority goal by a huge positive penalty weight like M. This 

will convert the developed model into a streamlined preemptive goal programming 

model to solve the two-stage DEA models. Based on this idea, if the first stage is the 

leader and the second stage is the follower, expression (13) is replaced by the objective 

function of the Model (12) and the model can then be run with the same constraints. 

This model will give exactly the same results as solving Model (3) for the leader and 

then Model (5) for the follower. 

 

 𝑀𝑑𝑜 +  𝑑𝑜
′   (13) 

 

On the other hand, if the second stage is the leader and the first stage is the 

follower, expression (14) is used as the objective function of the Model (12). This 

model will give exactly the same results as solving Model (4) for the leader and then 

Model (6) for the follower. 

 

 𝑑𝑜 + 𝑀𝑑𝑜
′   (14) 

 

Therefore, Model (12) with 𝑑𝑜 +  𝑑𝑜
′  as the objective function is the cooperative 

model, with 𝑀𝑑𝑜 +  𝑑𝑜
′  is the non-cooperative model- stage 1 as the leader and stage 2 

as the follower, and with do + Mdo
′  is the non-cooperative model- stage 2 as the leader 

and stage 1 as the follower. Therefore, the Models (3) - (7) can be replaced by the single 

Model (12).  

A key difference between our cooperative Model (12) and the earlier cooperative 

Model (7) is that our approach maximizes the overall efficiency by maximizing outputs 

of the second stage, minimizing the inputs of the first stage and setting the weighted 

sum of intermediate measures equal to 1. By comparison, the cooperative Model (7) 
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addressed in Liang et al. (2008), Kao and Hwang (2008), and Cook et al. (2010) 

maximizes the overall efficiency by maximizing outputs of the second stage and setting 

the weighted sum of the inputs of the first stage equal to one. Thus, it will be seen that 

Model (7) does not directly deal with the intermediate measures. Moreover, our 

cooperative model maximizes the arithmetic mean of the efficiency of the stages instead 

of maximizing the product of the efficiency of the stages. In addition, being a linear 

model is also one of the important properties of the developed Model (12). 

It should also be noted that, in respect of the cooperative assumption, we prefer to 

maximize the arithmetic mean rather than the product of the efficiencies for two 

reasons: First, in total, the DMUs achieve better overall efficiency scores through 

maximizing the arithmetic mean rather than maximizing the product of the efficiencies. 

This is a clear advantage since the purpose of both models (maximizing the arithmetic 

mean of the efficiencies and maximizing the product of the efficiencies) is to find the 

maximum score for the stages. The second reason is explained by use of an example. 

Consider a DMU which has 𝑒𝑜
1 = 0.1 and 𝑒𝑜

2 = 1 as the efficiency scores of the stages 1 

and 2. This DMU has an overall efficiency score of 0.55 using the arithmetic mean, and 

0.1 with the product of the scores.  

After running Model (12) with any of the objective functions 𝑑𝑜 +  𝑑𝑜
′ , 𝑀𝑑𝑜 +  𝑑𝑜

′  

or 𝑑𝑜 +  𝑀𝑑𝑜
′ , the efficiency decomposition can be demonstrated by (15).    

 

 
𝑒𝑜

1 =
∑ 𝑤𝑑

∗𝐷
𝑑=1 𝑧𝑑𝑜

∑ 𝑣𝑖
∗𝑚

𝑖=1 𝑥𝑖𝑜
=

1

∑ 𝑣𝑖
∗𝑚

𝑖=1 𝑥𝑖𝑜
       

𝑒𝑜
2 =

∑ 𝑢𝑟
∗𝑦𝑟𝑜

𝑠
𝑟=1

∑ 𝑤𝑑
∗𝐷

𝑑=1 𝑧𝑑𝑜
=  ∑ 𝑢𝑟

∗𝑦𝑟𝑜
𝑠
𝑟=1

𝑒𝑜 = 1
2⁄ (𝑒𝑜

1 + 𝑒𝑜
2 )                

  (15) 

 

Here we examine the possible multiple optimal solutions of the developed model 

and possible multiple efficiency decompositions. 

 

Lemma 1: The efficiency score of the first stage is 𝑒𝑜
1 =

1

1+𝑑𝑜
. 

PROOF: Since 𝑑𝑜 = ∑ 𝑣𝑖
∗𝑚

𝑖=1 𝑥𝑖𝑜 − ∑ 𝑤𝑑
∗𝐷

𝑑=1 𝑧𝑑𝑜, ∑ 𝑣𝑖
∗𝑚

𝑖=1 𝑥𝑖𝑜 = ∑ 𝑤𝑑
∗𝐷

𝑑=1 𝑧𝑑𝑜 + 𝑑𝑜, and     

∑ 𝑤𝑑
∗𝐷

𝑑=1 𝑧𝑑𝑜 = 1, we have 𝑒𝑜
1 =

1

∑ 𝑣𝑖
∗𝑚

𝑖=1 𝑥𝑖𝑜
=

1

1+𝑑𝑜
. 

 

Lemma 2: The efficiency score of the second stage is 𝑒𝑜
2 = 1 − 𝑑𝑜

′ . 
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PROOF: Since 𝑑𝑜
′ = ∑ 𝑤𝑑

∗𝑧𝑑𝑜 − ∑ 𝑢𝑟
∗𝑦𝑟𝑜

𝑠
𝑟=1

𝐷
𝑑=1  and ∑ 𝑢𝑟

∗𝑦𝑟𝑜
𝑠
𝑟=1 = 1 − 𝑑𝑜

′ , we have 

𝑒𝑜
2 = ∑ 𝑢𝑟

∗𝑦𝑟𝑜
𝑠
𝑟=1 = 1 − 𝑑𝑜

′ .  

 

Lemma 3: In the non-cooperative model with 𝑀𝑑𝑜 + 𝑑𝑜
′  as the objective function, the 

𝑑𝑜 and 𝑑𝑜
′  are always unique. 

PROOF: To show 𝑑𝑜 is unique we need to show that ∑ 𝑣𝑖
∗𝑚

𝑖=1 𝑥𝑖𝑜 − ∑ 𝑤𝑑
∗𝐷

𝑑=1 𝑧𝑑𝑜 is 

unique. The ∑ 𝑤𝑑
∗𝐷

𝑑=1 𝑧𝑑𝑜 is always unique since ∑ 𝑤𝑑
∗𝐷

𝑑=1 𝑧𝑑𝑜 = 1. On the other hand, 

since M is multiplied by 𝑑𝑜, the linear program finds optimal solutions only based on 𝑑𝑜 

and breaks ties among the solutions by considering 𝑑𝑜
′ . It means that solving Model (12) 

with 𝑀𝑑𝑜 +  𝑑𝑜
′  or 𝑑𝑜 as the objective function will give the same solution for 𝑑𝑜 and, 

thus, the same efficiency score for the first stage. In other words, ∑ 𝑣𝑖
∗𝑚

𝑖=1 𝑥𝑖𝑜 found by 

the Model (12) with 𝑀𝑑𝑜 +  𝑑𝑜
′  is the optimal value of the linear program with only one 

objective of minimizing ∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜 as the objective function. Therefore, ∑ 𝑣𝑖

∗𝑚
𝑖=1 𝑥𝑖𝑜 is 

the least possible minimum value and is unique. By knowing that the optimal values of 

the objective function  𝑀𝑑𝑜 + 𝑑𝑜
′  and 𝑑𝑜 are always unique, 𝑑𝑜

′  and ∑ 𝑢𝑟
∗𝑦𝑟𝑜

𝑠
𝑟=1  should 

also be unique.  

THEOREM 1: The decomposition of the efficiency scores based on the non-

cooperative model is unique.  

PROOF: We first examine the non-cooperative model in the case when the first stage is 

the leader and the second stage is the follower. The objective function of this model is 

𝑀𝑑𝑜 +  𝑑𝑜
′ . Based on the Lemmas 1 and 2, the efficiency scores of the stages 1 and 2 

(𝑒𝑜
1 and 𝑒𝑜

2) are calculated based on the values of 𝑑𝑜 and 𝑑𝑜
′ , respectively. Also, based 

on the Lemma 3, ∑ 𝑣𝑖
∗𝑚

𝑖=1 𝑥𝑖𝑜, ∑ 𝑤𝑑
∗𝐷

𝑑=1 𝑧𝑑𝑜, ∑ 𝑢𝑟
∗𝑦𝑟𝑜

𝑠
𝑟=1 , 𝑑𝑜, and 𝑑𝑜

′  are always unique. 

Therefore, the efficiency decompositions with the non-cooperative model are always 

unique. 

In the same way, we can prove the theorem when the non-cooperative model is 

solved with 𝑑𝑜 +  𝑀𝑑𝑜
′  as the objective function. 

We can also show that the cooperative Model (12) with 𝑑𝑜 + 𝑑𝑜
′  as the objective 

function might not always give unique efficiency decomposition. Kao and Hwang 

(2008) suggested obtaining the maximum achievable scores of 𝑒𝑜
1 and 𝑒𝑜

2 in their 

cooperative model. Liang et al. (2008) and Cook et al. (2010) used the model suggested 

by Kao and Hwang (2008) to test if the efficiency decomposition from the cooperative 

model is unique. 
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A similar procedure is used in this paper to test whether 𝑒𝑜
1 and 𝑒𝑜

2 obtained from 

our cooperative model are unique. The maximum achievable value of 𝑒𝑜
1 (called 𝑒𝑜

1+) 

and minimum achievable value of 𝑒𝑜
2 (called 𝑒𝑜

2−) are determined by running Model 

(16). The maximum achievable value of 𝑒𝑜
2 (called 𝑒𝑜

2+) and minimum achievable value 

of 𝑒𝑜
1 (called 𝑒𝑜

1−) are determined with replacing the objective function of Model (16) by 

𝑑𝑜
′ . After running these models, if 𝑒𝑜

1+ = 𝑒𝑜
1− and 𝑒𝑜

2+ = 𝑒𝑜
2−, then  𝑒𝑜

1 and 𝑒𝑜
2 are 

uniquely determined by Model (12). 

 

 

min 𝑑𝑜

s. t. ∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑜 = 1

𝑑𝑜 +  𝑑𝑜
′ = ℎ∗

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑗 − ∑ 𝑤𝑑

𝐷
𝑑=1 𝑧𝑑𝑗 ≥ 0 𝑗 = 1, 2, … , 𝑛,   

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜 − ∑ 𝑤𝑑

𝐷
𝑑=1 𝑧𝑑𝑜 − 𝑑𝑜 = 0  

∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑗 − ∑ 𝑢𝑟𝑦𝑟𝑗

𝑠
𝑟=1 ≥ 0 𝑗 = 1, 2, … , 𝑛,

∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑜 − ∑ 𝑢𝑟𝑦𝑟𝑜

𝑠
𝑟=1 − 𝑑𝑜

′ = 0

𝑤𝑑 ≥ 0 𝑑 = 1, 2, … , 𝐷,

𝑣𝑖 ≥ 0 𝑖 = 1, 2, … , 𝑚,

𝑢𝑟 ≥ 0 𝑟 = 1, 2, … , 𝑠,

𝑑𝑜 ≥ 0

𝑑𝑜
′ ≥ 0.  

  (16) 

 

4. Application 

 

In order to compare the developed model of this paper with the models previously 

offered in the literature, the data set of  Kao and Hwang (2008) and Cook et al. (2010) is 

used. This data set is for 24 non-life insurance companies in Taiwan. The inputs of the 

first stage are operational expenses and insurance expenses. The intermediate measures 

are direct written premiums and reinsurance premiums. The outputs of the second stage 

are underwriting profit and investment profit. Table 1 presents the data set. Model (12) 

with 𝑑𝑜 +  𝑑𝑜
′  as a non-preemptive goal programming model is then run, and the results 

are reported as the cooperative efficiency scores. The model with 𝑀𝑑𝑜 + 𝑑𝑜
′  is run as 

the preemptive goal programming model and the results are also reported as the non-

cooperative- stage 1 as the leader- efficiency scores. Finally, the model is run with 

𝑑𝑜 + 𝑀𝑑𝑜
′  to obtain efficiency scores when the second stage is the leader. 𝑀 is set 

equal to 10
7
. After running Model (12), the optimal weights are used in (15) to 

decompose the efficiency scores. The unique efficiency decompositions are also tested 
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by Model (16). Since the maximum and minimum achievable values determined by 

Model (16) are equal, the efficiency scores obtained by Model (12) are unique. 

It will be noted that the developed model obtains the same non-cooperative 

efficiency scores (the last six columns of Table 2) as those calculated with Models (3)-

(6) developed by Liang et al. (2008) and Cook et al. (2010). Therefore, four different 

linear programs introduced by Liang et al. (2008) and Cook et al. (2010) to measure the 

non-cooperative efficiency scores can be replaced by the developed model, noting that 

we have calculated overall efficiency as the average of the efficiencies of the stages 1 

and 2. 

The cooperative efficiency scores obtained by the developed model are slightly 

different than the results obtained by Model (7). The cooperative efficiency results with 

Model (7) are reported in Table 3. Figure 2 is a graphical comparison of the results 

between these two approaches. The cooperative model refers to Model (7) and the 

multiple objective linear programming (MOLP) model refers to the developed model. 

As it can be seen from the figure, the MOLP model obtains slightly larger values than 

the cooperative model. From an optimization point of view, we consider slightly larger 

values as slightly better values, since the purpose of both models was to maximize the 

efficiency scores of the stages 1 and 2 and also the overall efficiency scores. That is an 

advantage of the MOLP model developed in this paper compared to the cooperative 

model suggested by Liang et al. (2008), Kao and Hwang (2008) and Cook et al. (2010).  

The developed model maximizes the arithmetic mean of the efficiencies of the 

stages 1 and 2 whereas Model (7) maximizes the product of the efficiencies. On the 

other hand, the developed model simultaneously minimizes the weighted sum of the 

inputs of the first stage and maximizes the weighted sum of the outputs of the second 

stage. By contrast, Model (7) maximizes the outputs of the second stage and the 

weighted sum of the inputs is set equal to 1. However, the overall efficiency scores and 

also ranking results of the DMUs based on these models are significantly correlated. 

The Spearman correlation coefficient between the overall efficiency ranking results of 

the developed cooperative model and the cooperative Model (7) at the significance level 

of 0.01, is 0.962. 

In order to validate the efficiency results, we considered the average of the 𝑒𝑜
1, 𝑒𝑜

2, 

and 𝑒𝑜 obtained by the three different assumptions of the cooperative, first stage as the 

leader and the second stage as the leader models. Based on the nature of the cooperative 
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and non-cooperative games, we expect to get the largest 𝑒𝑜 with the cooperative model. 

Also, the average values of 𝑒𝑜
1 and 𝑒𝑜

2 should be the largest with stage 1 as the leader 

and stage 2 as the leader, respectively. These are the cases with the results obtained with 

the developed model. 

Furthermore, the 𝑒𝑜 efficiency scores obtained by the developed cooperative 

model are slightly better than the results obtained by Model (7). In this respect, recall 

that the purpose of both models is to maximize the overall efficiency scores of the 

DMUs, and the average of  𝑒𝑜 obtained from the developed cooperative model is larger 

than the one with Model (7). 

 

Table 1. Data set for non-life insurance companies in Taiwan 

DMU Company 

Operation 

expenses 

(X1) 

Insurance 

expenses 

(X2) 

Direct written 

premiums (Z1) 

Reinsurance 

premiums 

(Z2) 

Underwritin

g profit (Y1) 

Investment 

profit (Y2) 

1 Taiwan Fire 1,178,744 673,512 7,451,757 856,735 984,143 681,687 

2 Chung Kuo 1,381,822 1,352,755 10,020,274 1,812,894 1,228,502 834,754 

3 Tai Ping 1,177,494 592,790 4,776,548 560,244 293,613 658,428 

4 China Mariners 601,320 594,259 3,174,851 371,863 248,709 177,331 

5 Fubon 6,699,063 3,531,614 37,392,862 1,753,794 7,851,229 3,925,272 

6 Zurich 2,627,707 668,363 9,747,908 952,326 1,713,598 415,058 

7 Taian 1,942,833 1,443,100 10,685,457 643,412 2,239,593 439,039 

8 Ming Tai 3,789,001 1,873,530 17,267,266 1,134,600 3,899,530 622,868 

9 Central 1,567,746 950,432 11,473,162 546,337 1,043,778 264,098 

10 The First 1,303,249 1,298,470 8,210,389 504,528 1,697,941 554,806 

11 Kuo Hua 1,962,448 672,414 7,222,378 643,178 1,486,014 18,259 

12 Union 2,592,790 650,952 9,434,406 1,118,489 1,574,191 909,295 

13 Shingkong 2,609,941 1,368,802 13,921,464 811,343 3,609,236 223,047 

14 South China 1,396,002 988,888 7,396,396 465,509 1,401,200 332,283 

15 Cathay Century 2,184,944 651,063 10,422,297 749,893 3,355,197 555,482 

16 Allianz President 1,211,716 415,071 5,606,013 402,881 854,054 197,947 

17 Newa 1,453,797 1,085,019 7,695,461 342,489 3,144,484 371,984 

18 AIU 757,515 547,997 3,631,484 995,620 692,731 163,927 

19 North America 159,422 182,338 1,141,951 483,291 519,121 46,857 

20 Federal 145,442 53,518 316,829 131,920 355,624 26,537 

21 Royal & Sunalliance 84,171 26,224 225,888 40,542 51,950 6491 

22 Aisa 15,993 10,502 52,063 14,574 82,141 4181 

23 AXA 54,693 28,408 245,910 49,864 0.1 18,980 

24 Mitsui Sumitomo 163,297 235,094 476,419 644,816 142,370 16,976 
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Table 2. Cooperative and non-cooperative efficiency results obtained from the developed Model (12)  

 

 

Table 3. Cooperative efficiency scores with Model (7) introduced by Kao and Hwang (2008), Liang et al. 

(2008), and Cook et al. (2010) 

 

 

 

  

 Cooperative  Stage 1 as the leader  Stage 2 as the leader 

DMU 𝒆𝒐
𝟏 𝒆𝒐

𝟐 𝒆𝒐  𝒆𝒐
𝟏 𝒆𝒐

𝟐 𝒆𝒐  𝒆𝒐
𝟏 𝒆𝒐

𝟐 𝒆𝒐 

1 0.99257 0.70447 0.84852  0.99257 0.70447 0.84852  0.92622 0.71337 0.81980 

2 0.99850 0.62571 0.81210  0.99850 0.62571 0.81210  0.99088 0.62748 0.80918 

3 0.69002 1.00000 0.84501  0.69002 1.00000 0.84501  0.69002 1.00000 0.84501 

4 0.72435 0.41999 0.57217  0.72435 0.41999 0.57217  0.49782 0.43232 0.46507 

5 0.83066 0.92334 0.87700  0.83752 0.80570 0.82161  0.73759 1.00000 0.86880 

6 0.96062 0.40566 0.68314  0.96369 0.40101 0.68235  0.96062 0.40566 0.68314 

7 0.75208 0.35216 0.55212  0.75208 0.35216 0.55212  0.29991 0.53784 0.41887 

8 0.72560 0.37803 0.55182  0.72560 0.37803 0.55182  0.38992 0.51135 0.45064 

9 1.00000 0.22328 0.61164  1.00000 0.22328 0.61164  0.43903 0.29196 0.36550 

10 0.86154 0.54084 0.70119  0.86154 0.54084 0.70119  0.25868 0.67360 0.46614 

11 0.72923 0.20661 0.46792  0.74055 0.16753 0.45404  0.47185 0.32667 0.39926 

12 1.00000 0.75958 0.87979  1.00000 0.75958 0.87979  1.00000 0.75958 0.87979 

13 0.81068 0.24306 0.52687  0.81068 0.24306 0.52687  0.33839 0.54349 0.44094 

14 0.72462 0.37396 0.54929  0.72462 0.37396 0.54929  0.30964 0.51782 0.41373 

15 1.00000 0.61383 0.80691  1.00000 0.61383 0.80691  0.71007 0.70473 0.70740 

16 0.90720 0.33557 0.62139  0.90720 0.33557 0.62139  0.59871 0.38475 0.49173 

17 0.72318 0.45972 0.59145  0.72331 0.45545 0.58938  0.25070 1.00000 0.62535 

18 0.79354 0.32619 0.55986  0.79354 0.32619 0.55986  0.65507 0.37366 0.51436 

19 1.00000 0.41120 0.70560  1.00000 0.41120 0.70560  0.97880 0.41578 0.69729 

20 0.93322 0.58566 0.75944  0.93322 0.58566 0.75944  0.40728 0.90137 0.65433 

21 0.75052 0.26232 0.50642  0.75052 0.26232 0.50642  0.69178 0.27951 0.48564 

22 0.58952 1.00000 0.79476  0.58952 1.00000 0.79476  0.58015 1.00000 0.79008 

23 0.84256 0.49889 0.67073  0.85005 0.45124 0.65065  0.68119 0.55992 0.62056 

24 1.00000 0.08703 0.54352  1.00000 0.08703 0.54352  0.39866 0.33509 0.36688 

Average 0.84751 0.48905 0.66828  0.84871 0.48016 0.66444  0.59429 0.59566 0.59498 

 Cooperative efficiency scores 

DMU 𝒆𝒐
𝟏 𝒆𝒐

𝟐 𝒆𝒐 

1 0.99257 0.70447 0.69924 

2 0.99850 0.62571 0.62477 

3 0.69002 1.00000 0.69002 

4 0.72435 0.41999 0.30422 

5 0.83066 0.92334 0.76698 

6 0.96062 0.40566 0.38969 

7 0.67064 0.41241 0.27658 

8 0.66302 0.41503 0.27517 

9 1.00000 0.22328 0.22328 

10 0.86154 0.54084 0.46596 

11 0.64679 0.25344 0.16392 

12 1.00000 0.75958 0.75958 

13 0.67198 0.30925 0.20781 

14 0.66992 0.43086 0.28864 

15 1.00000 0.61383 0.61383 

16 0.88558 0.36152 0.32015 

17 0.62761 0.57363 0.36002 

18 0.79354 0.32619 0.25884 

19 1.00000 0.41120 0.41120 

20 0.93322 0.58566 0.54655 

21 0.73210 0.27425 0.20078 

22 0.58952 1.00000 0.58952 

23 0.84256 0.49889 0.42034 

24 0.42869 0.31447 0.13481 

Average $0.801 $0.516 $0.416 
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Figure 2. Comparison of the overall efficiency scores obtained by the cooperative and the MOLP models 

 

5. Implementation of the DEA models in spreadsheet: an application of the 

SolverTable add-in 

 

Solver add-in as an optimization tool in Microsoft Excel is one of many tools available 

to solve DEA models. However, modelling DEA models in the spreadsheet and solving 

them using solver require the researcher to manually change the DMUs’ codes or to use 

an Excel macro to control the repeats. This is explained by Pasupathy and Medina-Borja 

(2008, p. 329): “the liner-programming model can be run for only one chapter at a time, 

and the user must manually move the results to the Results sheet before updating the 

model to run the next chapter. To avoid this manual task, an Excel macro controls the 

repetitive running of the linear programming model for each chapter in the group. The 

macro consists of a loop structure which, for each subsequent run, updates the chapter 

code and data for the indicators, then calls Solver to run the model. After the model has 

been run, the macro transfers the results to the Results sheet, updates the chapter code, 

and runs the next chapter”. Note that Pasupathy and Medina-Borja (2008) refer to 

DMUs in their paper as ‘chapters’. 

In this section, we introduce a free Excel add-in called SolverTable and will show 

how to use it to solve DEA models. SolverTable is a useful tool to do the sensitivity 

analysis for the linear, nonlinear, and integer models (Winston and Albright, 2011). 

SolverTable has been developed by Albright and it allows asking ‘what-if’ (sensitivity) 

questions to be applied to any of the parameters of the model (i.e. not only on 

coefficients of the objective function and right-hand sides of the constraints). However, 
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the question is how SolverTable can be used to solve a DEA model? The idea is to 

develop the spreadsheet model for only one of the DMUs (the DMU under evaluation) 

and then run solver to find the optimal multipliers and the efficiency scores for this 

DMU. After this, each of the other DMUs (n−1 DMUs) is considered as a sensitivity 

analysis question for this DMU and this allows SolverTable to be used for the 

sensitivity analyses. Therefore, n−1 times sensitivity analysis are carried out for the 

DMU under evaluation. The outcomes of the n−1 times sensitivity analysis are the 

optimal multipliers and efficiency scores of n−1 other DMUs. This is a very user-

friendly and efficient way of running DEA models in a computer package. Using this 

approach, it is possible to run SolverTable only once and get a matrix of the optimal 

weights of factors, the efficiency scores of all DMUs, and even the cross-efficiency 

matrix. More importantly, through the use of SolverTable, there is no need to manually 

change the DMUs’ codes and re-run solver n times nor it is necessary to use an Excel 

macro and VBA programming language.  

Figure 2 shows the developed two-stage DEA model in the spreadsheet. For the 

spreadsheet modelling of DEA models, readers are referred to Winston and Albright 

(2011). Note that the purpose of this section is not to show the spreadsheet modelling of 

a DEA model since this has been published in many textbooks (see, for example, 

Winston and Albright, 2011). Rather, the purpose is to demonstrate how it is possible to 

solve a spreadsheet modelled DEA model using SolverTable. In order to demonstrate 

this process, the developed two-stage DEA model and the Taiwanese insurance 

company data is used. However, it should be noted that the discussions here are not 

limited to the developed two-stage DEA model as any DEA model can be solved using 

this approach.  

The process is as follows:  First, Excel Solver is to run the DEA model for the 

DMU under evaluation (the DMU corresponding to the code defined in cell B1). Cells 

B37 and B38 show the efficiency scores of the stages 1 and 2. Cells C28:H28 show the 

optimal weights of inputs, intermediate measures, and outputs.  

After the spreadsheet model has been implemented and Excel Solver is run for 

one of the DMUs, we then invoke SolverTable to find the efficiency scores and optimal 

multipliers for the other 23 DMUs. For the detailed instructions on downloading, 

loading, and running SolverTable, the readers are referred to Winston and Albright 
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(2011)
1
. However, it should be noted that, Winston and Albright (2011) did not use 

SolverTable to solve DEA models, and that they also suggested that the DMUs’ codes 

should be changed manually.  

We assume that the model in Figure 3 has been formulated and optimal results for 

the first DMU are obtained. Figure 4 shows the SolverTable Dialog Box. The basic idea 

of the SolverTable is to change the parameter(s) in the data set and see the impact of 

such changes on the optimal solutions of the decision variables and objective function. 

Taking the conventional way of solving DEA models in spreadsheet one stage further, 

we propose that only the code of the DMU in cell B1 should be changed in a range 

between 1 and n, and the resultant changes on the optimal multipliers and efficiency 

scores of the stages 1 and 2 noted. Therefore, in SolverTable Dialog Box we put B1 as 

the input cell and it is changed between 1 (minimum value) and 24 (maximum value) 

with an increment of 1 (reflecting the fact that the modelling of the non-life insurance 

companies in Taiwan was solved with 24 DMUs). For the output cell(s), we put 

B37:B38, C28:H28, and P4:P27. As a result, with only one run of SolverTable, the 

efficiency scores of all DMUs, the optimal multipliers and the cross-efficiency matrix 

for the first stage are obtained. Figure 5 shows the efficiency scores of both stages 1 and 

2 and the optimal multipliers based on the cooperative model. Figure 6 shows the cross-

efficiency matrix for stage 1.  

                                                           
1
 SolverTable is freely available at http://www.kelley.iu.edu/albrightbooks/. 

http://www.kelley.iu.edu/albrightbooks/
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Figure 3. Spreadsheet two-stage DEA model for the insurance companies 

 
 

Figure 4. SolverTable Dialog Box to obtain the efficiency scores, optimal multipliers, and cross-

efficiency matrix for 24 insurance companies 
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Figure 5. Efficiency scores and optimal multipliers obtained from the SolverTable 

 
 

Figure 6. Cross-efficiency matrix for the first stage obtained from the SolverTable 
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6. Concluding remarks 

 

This paper offered a number of contributions to the theory and application of DEA. The 

focus of the theoretical development was on the two-stage DEA models. We developed 

a multiple objective model and showed that it can be used to replace five different linear 

program models introduced by Liang et al. (2006), Liang et al. (2008), and Cook et al. 

(2010) which are frequently used in the literature to measure the efficiency of the two-

stage processes with the cooperative and non-cooperative games assumptions.  

We also demonstrated that maximizing the arithmetic mean of the efficiency of 

both stages of a two-stage process does not necessarily result in a nonlinear model. This 

differs from the accepted wisdom in the literature. To achieve a linear model, we 

proposed to minimize the arithmetic mean of the deviations of the stages from full 

efficiency scores instead of maximizing the arithmetic mean of the efficiencies. Using 

this approach, a multiple objective linear model based on the linear goal programming 

was developed and applied to measure the cooperative and non-cooperative efficiency 

scores. The developed model was tested and validated using a data set related to non-

life insurance companies in Taiwan with results being compared to previous approaches 

that employed the same data set. 

Furthermore, we contributed to the application of DEA models by introducing a 

new way of solving spreadsheet-based DEA models. For this purpose, an Excel add-in 

called SolverTable was introduced and its application in solving DEA models was 

demonstrated. SolverTable is basically a sensitivity analysis tool for the mathematical 

models. By using this approach, it is not necessary to manually change DMUs’ codes in 

Excel or to use an Excel macro and VBA programming language to manage the changes 

and produce the associated reports. By using SolverTable it is only necessary to 

optimize the spreadsheet model for one single DMU (the DMU under evaluation) and 

the other 𝑛 − 1 DMUs are considered as 𝑛 − 1 times sensitivity and what-if analysis 

questions for the DMU under evaluation. Through just one run of the SolverTable, we 

got the efficiency scores of all DMUs, the optimal multipliers of the DMUs and even 

the cross-efficiency matrix. 

It should also be noted that whilst the approaches demonstrated in this paper offer 

clear improvements to the theory and application of the two-stage DEA, it is 

recommended that further developments can be done on the developed model. We 
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suggest extending the two-stage DEA Model (12) in order to consider weight 

restrictions, imprecise and fuzzy data. 
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Abstract  

 

Two-stage data envelopment analysis (DEA) models are commonly used in the 

evaluation and benchmarking of sustainable operations and processes across multiple 

research fields. To date, however, little attention has been given to the unrealistic weight 

distribution and weak discrimination power in the modelling and evaluation of the two-

stage sustainable operations when using two-stage DEA models. In order to overcome 

this methodological weakness, we use the multiple criteria DEA (MCDEA) approach in 

the evaluation of the two-stage processes. The outcome is a multiple criteria two-stage 

DEA model which yields more realistic weights for the inputs and outputs and thus has 

better discrimination power than traditional two-stage DEA models. The developed 

model is tested and validated by assessing the sustainable design performances of a 

sample of car product designs. 

 

Key words: Two-stage DEA; Multiple criteria DEA; Discrimination power; 

Sustainable design; Automobile manufacturers. 

 

1. Introduction 

 

Two-stage data envelopment analysis (DEA) models are used to evaluate the efficiency 

of the processes which are made up of two separate and distinct stages. The first stage 

of such a two-stage process consumes some inputs and produces some outputs. The 

outputs of the first stage, which are called the intermediate measures, are then used as 
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the inputs of the second stage. The main difficulty in the modelling and measurement of 

the efficiency of the two-stage processes arises from the presence of the intermediate 

measures since larger values of these measures represent the better performance of the 

first stage and worse performance of the second stage.  

Traditional DEA models use a “black-box” approach to measuring the 

efficiency of the activities and do not relate the sources of the inefficiency of the 

processes to their different stages. However, this approach is limited in its 

measurement of the efficiencies of activities which are consist of two stages (or sub-

processes) where the outputs of one stage are the inputs of another stage (Chen et al., 

2012). By applying the traditional black-box approach to the measurement of the 

efficiency of a two-stage process it is not always possible to track the sources of the 

inefficiencies. However, by using a two-stage DEA model to measure the overall 

efficiency as the combination of two separate efficiency ratios, i.e. efficiency ratio of 

stage 1 and efficiency ratio of stage 2, it is possible to identify not only the overall 

efficiency of the activities but also the efficiency status of their sub-processes. This is, 

clearly, more informative than simply measuring overall efficiency as the ratio of the 

final outputs of the whole system to its inputs.   

Moreover, by opening the black box and applying the two-stage DEA models, 

optimization of the decision making units (DMUs) and activities can be achieved by 

adopting different scenarios. It can be reached by: (i) simultaneously optimizing the 

efficiencies of the stages 1 and 2 of the two-stage process, or (ii) optimizing the 

efficiency of the stage 1 as the more important and the leader stage first, and then 

optimizing the less important and the follower stage 2, or (iii) optimizing the efficiency 

of the stage 2 first and then the stage 1. These alternative scenarios are not possible with 

the traditional DEA models since each activity and process is not represented by the 

combination of its sub-processes.   

Seiford and Zhu (1999) introduced one of the first two-stage DEA models and 

these authors used this to evaluate the efficiency of the US commercial banks by 

measuring their overall efficiency as a result of the two sub-processes of the 

marketability and profitability. However, the efficiency of each step was measured by a 

separate DEA model and thus did not reflect the potential conflict between the two 

stages. Following this initial approach, the focus shifted to the measurement of both the 

efficiency of each of the steps and also the overall efficiency in an integrated model. To 

achieve this, Liang et al. (2006) applied the concepts of the cooperative and non-
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cooperative games from the game theory literature to measure the efficiency of the 

DMUs through a two-stage process. In the non-cooperative context, the efficiency score 

of the more important stage (the leader) is measured and optimized first, and then the 

efficiency score of the less important stage (the follower) is measured subject to keeping 

the efficiency of the leader stage unchanged. In this cooperative approach, the efficiency 

scores of the both stages are simultaneously measured and optimized. It should be noted 

that both the cooperative and non-cooperative models developed in Liang et al. (2006) 

are nonlinear models and are solved as parametric linear programs.  

Liang et al. (2008) went on to develop a further set of linear cooperative and non-

cooperative two-stage DEA models. In order to create a linear cooperative model, Liang 

and his colleagues defined the overall efficiency as the product of the efficiency ratios 

of the stages 1 and 2. This allows for the linear formulation for the cooperative model 

since the intermediate measures exist in the denominator of the efficiency ratio of the 

first stage and in the numerator of the efficiency ratio of the second stage. By 

multiplying the efficiency ratios of the stages 1 and 2, the intermediate measures are 

omitted and the overall efficiency is maximized by maximizing only one efficiency 

ratio. Kao and Hwang (2008) also used a similar approach whereby the product of the 

efficiencies of the stages was treated as the overall efficiency, and this allowed them to 

maximize the efficiencies of the stages simultaneously.  

Chen et al. (2010) took the discussion further by highlighting that, due to the 

existence of intermediate measures, defining improvement targets for the inefficient 

DMUs is a challenging task. As a result, these authors developed an approach to 

determine the benchmark efficient DMUs for the inefficient DMUs within a two-stage 

structure. Chen at al. noted that, although many of the two-stage DEA models in the 

literature are able to measure the efficiency scores of the DMUs, they do not provide 

any information as to where the DEA efficiency frontier is located. Therefore, the 

projection of the inefficient DMUs onto the efficiency frontier is not possible. Using the 

model developed by Kao and Hwang (2008) as an example and employing two different 

tests, Chen et al. showed that the projections defined by this model do not yield efficient 

target DMUs for the inefficient DMUs. 

Chen et al. (2009) also developed an additive efficiency decomposition to 

measure the efficiency of the two-stage processes under both constant returns to scale 

(CRS) and variable returns to scale (VRS) assumptions. In a subsequent review of the 

existing two-stage DEA models, Cook et al. (2010) showed that all the approaches 
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found within the literature can be categorized as using either non-cooperative or 

cooperative game concepts. Li et al. (2012) extended the work of Kao and Hwang 

(2008) and Liang et al. (2008) by considering some other inputs entered into the second 

stage which were additional to the intermediate measures. They argued that, due to the 

existence of the additional inputs to the second stage, application of the product of the 

efficiency of the two stages will lead to a nonlinear program. In order to find the global 

optimal solutions, they converted the nonlinear models to parametric linear models. 

Wang et al. (2014) also developed the additive model proposed by Chen et al. (2009) by 

considering undesirable outputs and applied this approach to an efficiency evaluation of 

the Chinese commercial banks.  

However, from this overview of the extensive literature of the two-stage DEA 

models one common issue emerges. Current models do not consider the lack of 

discrimination power and unrealistic weights distribution among input, intermediate 

measure and output factors. This is not a new issue in the sense that it has been raised in 

the literature relating to the traditional one-stage (black box) DEA models where 

different solutions have been suggested. However, it is posited that the arguments made 

in the literature relating to one stage DEA models (where the focus is on improving 

discrimination power and gaining more realistic inputs and outputs weights) are also 

applicable in the two-stage DEA models.  

As a result, the main focus of our paper is to make a link between the approaches 

suggested and applied in the original black box DEA models literature to improve the 

discrimination power and weighting system of the two-stage DEA models. At the same 

time, since the two-stage DEA models are frequently used in sustainability assessment 

of different types of DMUs or processes, our developed procedure will contribute to a 

better and more effective application of the two-stage DEA models in this very 

important area.  

It will also be appreciated that the two problems of lack of discrimination and 

unrealistic weights distribution are inter-related and thus, as noted by Li and Reeves 

(1999) they are usually found simultaneously. The weak discrimination and 

consequential identification of many DMUs as ‘efficient’ takes place when the number 

of DMUs in the evaluation sample is not large enough relative to the number of 

evaluation factors (inputs and outputs). On the other hand, unrealistic weight 

distribution refers to a situation where some DMUs gain high-efficiency scores by 

attaching unrealistically large weight(s) (i.e. importance) and/or unrealistically small 
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weight(s) to a single factor(s) (Li and Reeves, 1999; Ghasemi et al. 2014). These 

problems are usually dealt with by using weight restriction techniques such as those 

suggested by Charnes et al. (1990) (cone ratio), Thompson et al. (1990) (assurance 

region) and Wong and Beasley (1990) who suggest using experts’ judgments to restrict 

the feasible region of the weights. In all of these cases, this can be done by adding lower 

and upper bounds on the weights in the form of some additional constraints.  

One main criticism on these approaches is, however, their need for prior 

information on the weights which are collected as human subjective judgments. 

Moreover, application of the weight restrictions, especially absolute weight restrictions, 

need a careful consideration before their use since they might lead to incorrect relative 

efficiency evaluation of the DMUs and this, in turn,  can lead to the conflict with 

economic principles of the efficiency evaluation (Førsund 2013).  

Therefore, we do not suggest using weight restriction techniques in two-stage 

DEA models and instead apply the multiple criteria DEA (MCDEA) model approach 

to tackle both these two problems (lack of discrimination and unrealistic weights).  

The MCDEA model was introduced by Li and Reeves (1999) and, as we will 

demonstrate, can deal with both the interrelated problems discussed above without the 

need to the human subjective judgments.  

Unlike the classical DEA models which measure the efficiency of each DMU by 

finding the best possible weights to maximize its own efficiency score, in MCDEA 

some other alternative objective functions are also used. Each of the objective 

functions is called a criterion to be optimized. To complete the efficiency analysis in 

the original MCDEA model developed by Li and Reeves (1999), three separate 

models are run. In each run of the model, one of the objective functions is optimized. 

However, in two recent papers, Bal et al. (2010) and Ghasemi et al. (2014) developed 

a unified model to optimize all the objective functions simultaneously. In the context 

of the development of this approach (which will be outlined in greater detail later in 

this paper), some applications of MCDEA in environmental assessments can be seen 

in evaluating the efficiency of the renewable energy technologies (San Cristóbal, 

2011), measuring sustainable energy index of the Asia-pacific economic cooperation 

(APEC) members (Hatefi and Torabi, 2010), and assessing the environmental impacts 

of the large construction projects (Zhao et al. 2006). 

In summary, therefore, the main focus of our paper is to develop a multiple 

criteria framework for a two-stage DEA model. The combined model will be more 
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effective than the basic two-stage DEA models when they are applied in environmental 

evaluations and in process-related sustainability assessments. We will subsequently 

demonstrate an application of the developed model in assessing the sustainable design 

in the vehicle industry. 

The remainder of this paper is organized as follows. In Section 2, the multiple 

criteria two-stage DEA model is developed. In Section 3, the developed model is tested 

by assessing the sustainable products design in the vehicle industry. Section 4 concludes 

the paper. 

 

2. Proposed model  

 

Figure 1 shows a two-stage process (DMU or activity) for a set of n DMUs. The 

process shown in the figure is completed in two stages named “stage 1” and “stage 2”. 

Each DMUj (𝑗 = 1, 2, … , 𝑛) uses m inputs 𝑥𝑖𝑗, (𝑖 = 1, 2, … , 𝑚) in the first stage, and 

produces D outputs 𝑧𝑑𝑗 , (𝑑 = 1, 2, … , 𝐷). These outputs of the first stage are called 

the intermediate measures and are then used as the inputs to the second stage which 

produces s outputs 𝑦𝑟𝑗 , (𝑟 = 1, 2, … , 𝑠), where 𝑗 = 1, 2, … , 𝑛, 𝑖 = 1, 2, … , 𝑚, 𝑑 =

1, 2, … , 𝐷 and 𝑟 = 1, 2, … , 𝑠 are the collection of DMUs, the set of inputs of the first 

stage, the set of intermediate measures and the set of outputs of the second stage, 

respectively. Also 𝑥𝑖𝑗, 𝑧𝑑𝑗 and 𝑦𝑟𝑗 are the ith input, dth intermediate measure and rth 

output of the DMUj, respectively. These are the same notations used by Liang et al. 

(2008) and Cook et al. (2010).  

 

 

Figure 1. Two-stage process; Liang et al. (2008), Cook et al. (2010) and Chen et al. (2012) 

 

The efficiency score of the first stage is defined as the ratio of the weighted sum 

of the intermediate measures to the weighted sum of inputs and is shown by (1). The 

ratio defined by (2) calculates the efficiency of the second stage and is the weighted 

Stage 1 Stage 2 

DMUj, 𝑗 = 1, 2, … ,𝑛 

𝑥𝑖𝑗 , 𝑖 = 1, 2, … ,𝑚 𝑧𝑑𝑗,𝑑 = 1, 2, … ,𝐷 𝑦𝑟𝑗 , 𝑟 = 1, 2, … , 𝑠 
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sum of the outputs of the second stage to the weighted sum of the intermediate 

measures. The 𝑣𝑖, 𝑤𝑑, and 𝑢𝑟 are the weights of ith input, dth intermediate measure, 

and rth output, respectively and their optimal values are determined by the linear 

program.  

 

 𝑒𝑗
1 =

∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑗

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑗

  (1) 

 

 𝑒𝑗
2 =

∑ 𝑢𝑟𝑦𝑟𝑗
𝑠
𝑟=1

∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑗

  (2) 

 

The main focus of the two-stage DEA models developed by Liang et al. (2006), 

Liang et al. (2008), Kao and Hwang (2008), Chen et al. (2009) and Cook et al. (2010) 

was to provide an integrated model to simultaneously measure and optimize the 

efficiencies of the two stages. Simultaneous maximization of the both ratios in a linear 

(rather than a nonlinear) model has been a challenge among many of the papers in 

two-stage DEA literature. As a simple and efficient solution, Kao and Hwang (2008) 

and Liang et al. (2008) suggested using the product of the efficiencies of the stages 1 

and 2 as the overall efficiency score. By doing this, the overall efficiency or the 

efficiency of the both stages can be maximized by the single efficiency ratio (3) which 

is the product of the efficiency ratios (1) and (2).  

 

 𝑒𝑗 =
∑ 𝑢𝑟𝑦𝑟𝑗

𝑠
𝑟=1

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑗

  (3) 

 

The Model (4) is the linear program offered by Kao and Hwang (2008) and 

Liang et al. (2008) to maximize and measure the efficiency scores of the stages 1 and 

2 for each DMU under evaluation. This model was named the ‘cooperative’ or 

‘centralized’ model in Liang et al. (2008) and Cook et al. (2010).  The model is called 

cooperative since there is no preference in maximizing the efficiency of stages 1 and 

2, and both stages are forced to agree on the weights of the intermediate measures 

which are the source of the conflict between the stages. The larger value of these 

measures can increase the stage 1 efficiency of each DMU, but might also decrease 

the stage 2 efficiency of the DMU. This model was subsequently used by Chen et al. 

(2012) to evaluate the sustainable product design of different vehicles.  
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max 𝑒𝑗 = ∑ 𝑢𝑟𝑦𝑟𝑜
𝑠
𝑟=1

s. t. ∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑗 − ∑ 𝑣𝑖

𝑚
𝑖=1 𝑥𝑖𝑗 ≤ 0 𝑗 = 1, 2, … , 𝑛,

∑ 𝑢𝑟𝑦𝑟𝑗 −𝑠
𝑟=1 ∑ 𝑤𝑑

𝐷
𝑑=1 𝑧𝑑𝑗 ≤ 0 𝑗 = 1, 2, … , 𝑛,

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜 = 1 

𝑢𝑟 ≥ 0 𝑟 = 1, 2, … , 𝑠,

𝑤𝑑 ≥ 0 𝑑 = 1, 2, … , 𝐷,

𝑣𝑖 ≥ 0 𝑖 = 1, 2, … , 𝑚.

  (4) 

 

The optimal value of the objective function of the Model (4) is between 0 and 1 

and this represents the overall efficiency score of the DMUo. The efficiency 

decompositions to yield the individual efficiency scores of the stages 1 and 2 are 

achieved by (5) and (6), respectively.  

 

 𝑒𝑜
1 =

∑ 𝑤𝑑
∗𝐷

𝑑=1 𝑧𝑑𝑜

∑ 𝑣𝑖
∗𝑚

𝑖=1 𝑥𝑖𝑜
  (5) 

 

 𝑒𝑜
2 =

∑ 𝑢𝑟
∗𝑦𝑟𝑜

𝑠
𝑟=1

∑ 𝑤𝑑
∗𝐷

𝑑=1 𝑧𝑑𝑜
  (6) 

 

Model (4) searches for the best possible values of 𝑣𝑖, 𝑤𝑑, and 𝑢𝑟 to yield the 

best possible efficiency score for the DMUo. However, it will be appreciated that this 

complete freedom of the DMUo in choosing its own weights for the inputs, 

intermediate measures and outputs can sometimes lead to an unrealistically high-

efficiency score of the DMU. This is because each DMU can determine extreme small 

weights or extreme large weights to some of its factors in order to get the highest 

possible efficiency score subject to the constraints defined by the linear program (4).  

To overcome this, we develop a multiple criteria approach for the two-stage 

DEA model. To develop the multiple criteria two-stage DEA model, we first introduce 

Model (7) to simultaneously maximize the efficiency of the stages 1 and 2 as an 

alternative to Model (4).  
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min 𝑑𝑜 +  𝑑𝑜
′  

s. t. ∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑜 = 1 

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑗 − ∑ 𝑤𝑑

𝐷
𝑑=1 𝑧𝑑𝑗 ≥ 0 𝑗 = 1, 2, … , 𝑛,

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜 − ∑ 𝑤𝑑

𝐷
𝑑=1 𝑧𝑑𝑜 − 𝑑𝑜 = 0 

∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑗 − ∑ 𝑢𝑟𝑦𝑟𝑗

𝑠
𝑟=1 ≥ 0 𝑗 = 1, 2, … , 𝑛,

∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑜 − ∑ 𝑢𝑟𝑦𝑟𝑜

𝑠
𝑟=1 − 𝑑𝑜

′ = 0

𝑢𝑟 ≥ 0 𝑟 = 1, 2, … , 𝑠,

𝑤𝑑  ≥ 0 𝑑 = 1, 2, … , 𝐷,

𝑣𝑖 ≥ 0 𝑖 = 1, 2, … , 𝑚,

𝑑𝑜 ≥ 0

𝑑𝑜
′ ≥ 0.  

  (7) 

 

The main property of the Model (7) is that it is able to maximize the arithmetic 

mean of the efficiency of the individual stages 1 and 2 rather than the product of the 

stages. This is made possible by minimizing the deviations of the stages 1 and 2 from 

the maximum efficiency score 1. The variable 𝑑𝑜 represents the deviation of stage 1 

from a full efficiency score 1. The variable 𝑑𝑜
′  is the deviation of stage 2 of the DMUo 

from the maximum possible efficiency score. The purpose of the linear program (7) is, 

thus, to find the best possible weights for 𝑣𝑖, 𝑤𝑑, and 𝑢𝑟 to minimize 𝑑𝑜 and 𝑑𝑜
′ . By 

minimizing 𝑑𝑜 and 𝑑𝑜
′  simultaneously, the efficiencies of the both stages are 

maximized at the same time and no priority is given to either of the stages.  

This approach uses the same idea that is applied in the cooperative Model (4), 

but Model (7) differs from Model (4) in that it maximizes the average of the efficiency 

of the stages rather than their product. Since ∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑜 = 1, the 𝑑𝑜 and 𝑑𝑜

′  are 

minimized by minimizing ∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜 and maximizing ∑ 𝑢𝑟𝑦𝑟𝑜

𝑠
𝑟=1  (or minimizing 

− ∑ 𝑢𝑟𝑦𝑟𝑜
𝑠
𝑟=1 ), respectively.   

 Model (7) determines the best possible values for the weights of the inputs, 

intermediate measures and outputs (𝑣𝑖, 𝑤𝑑, and 𝑢𝑟) in order to minimize the 

deviations of the only DMUo from the efficiency score 1. In an attempt to develop a 

multiple criteria approach to Model (7), the other two alternatives to the objective 

function of the model (i.e. minimizing 𝑑𝑜 +  𝑑𝑜
′ ) are to determine the best possible 

values for the 𝑣𝑖, 𝑤𝑑, and 𝑢𝑟 in order to maximize the efficiency score of all DMUs 

(not only DMUo), and also to minimize the maximum deviations among all DMUs 

from efficiency score 1.  

These three objectives are the three criteria of the multiple criteria model and are 

used to develop the multiple criteria two-stage DEA Model (8). The first objective 
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represented on the model (i.e. minimizing 𝑑𝑜 +  𝑑𝑜
′ ) maximizes the efficiencies of the 

stages 1 and 2 for only DMUo. By minimizing M+𝑀′, the maximum deviation of the 

stages 1 and 2 among all DMUs are minimized. By minimizing ∑ 𝑑𝑗
𝑛
𝑗=1 + ∑ +𝑑𝑗

′𝑛
𝑗=1 , 

efficiencies of all DMUs are maximized simultaneously. The objective functions 

“minimize M+𝑀′” and “minimize ∑ 𝑑𝑗
𝑛
𝑗=1 + ∑ +𝑑𝑗

′𝑛
𝑗=1 ” are identified as the minimax 

and minisum objectives in the literature, respectively. The minimax and minisum 

objective functions are more restrictive to DMUo than the first objective. Therefore, 

DMUo should pass a more rigorous evaluation to get high-efficiency score. In other 

words, if DMUo is efficient under minimax or minisum objectives, it must also be 

efficient in relation to the first objective. These two new objectives will, therefore, 

lead to a better discrimination in the model and to fewer efficient DMUs.  It will also 

be appreciated that this approach is generically the same idea as that introduced by Li 

and Reeves, (1999) and further developed by Bal et al. (2010) and Ghasemi et al. 

(2014). However, Li and Reeves, (1999), Bal et al. (2010) and Ghasemi et al. (2014) 

implemented their idea on a basic black box DEA model, whereas our formulation 

applies this approach to a two-stage DEA Model. 

 

 

min 𝑑𝑜 +  𝑑𝑜
′  

min 𝑀 + 𝑀′

min ∑ 𝑑𝑗
𝑛
𝑗=1 + ∑ 𝑑𝑗

′𝑛
𝑗=1

s. t. ∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑜 =  1 

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑗 − ∑ 𝑤𝑑

𝐷
𝑑=1 𝑧𝑑𝑗 − 𝑑𝑗 = 0 𝑗 = 1, 2, … , 𝑛,

∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑗 − ∑ 𝑢𝑟𝑦𝑟𝑗

𝑠
𝑟=1 − 𝑑𝑗

′ = 0 𝑗 = 1, 2, … , 𝑛,   

𝑢𝑟 ≥ 0 𝑟 = 1, 2, … , 𝑠,

𝑤𝑑 ≥ 0 𝑑 = 1, 2, … , 𝐷,

𝑣𝑖  ≥ 0 𝑖 = 1, 2, … , 𝑚,

𝑀 − 𝑑𝑗 ≥ 0 𝑗 = 1, 2, … , 𝑛,

𝑀′ − 𝑑𝑗
′ ≥ 0 𝑗 = 1, 2, … , 𝑛,

𝑑𝑗 ≥ 0 𝑗 = 1, 2, … , 𝑛,

𝑑𝑗
′ ≥ 0  𝑗 = 1, 2, … , 𝑛.

  (8) 

 

Model (8) should be run three times using one of the objectives on each 

occasion in order to complete the efficiency analysis for each DMU. Self-evidently, 

there may be some differences among the resulting efficiency scores of a DMU 

against the three different objectives, and, in this case, the analyst or decision maker is 

left to use the three objectives interactively. With this challenge in mind, a new form 
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of the multiple criteria model was developed by Ghasemi et al. (2014) in order to 

simultaneously maximize the three objectives in a single model.  

We apply the concept of Ghasemi et al. (2014) and develop Model (8) one step 

further to achieve the simultaneous optimization of the three objectives for both stages 

1 and 2. The outcome is Model (9) which has a single objective. This model 

minimizes 𝑀 + 𝑀′ and ∑ 𝑑𝑗
𝑛
𝑗=1 + ∑ +𝑑𝑗

′𝑛
𝑗=1  together, and the weights 𝑤1, 𝑤2, 𝑤3 and 

𝑤4 can be given to determine the order of priorities among the objectives. After 

running Model (9) once for each DMU, the decompositions of the efficiencies of the 

stages 1 and 2 can be achieved by means of (5) and (6). The overall efficiency is 

calculated by taking the average of the efficiencies of the stages 1 and 2. The first 

objective of Model (8) is not shown in the objective function of the Model (9) since 

∑ 𝑑𝑗
𝑛
𝑗=1 + ∑ 𝑑𝑗

′𝑛
𝑗=1  basically covers the objective function 𝑑𝑜 +  𝑑𝑜

′ . 

 

 

min 𝑤1𝑀 + 𝑤2𝑀′ + 𝑤3 ∑ 𝑑𝑗
𝑛
𝑗=1 + 𝑤4 ∑ 𝑑𝑗

′𝑛
𝑗=1  

s. t. ∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑜 = 1

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑗 − ∑ 𝑤𝑑

𝐷
𝑑=1 𝑧𝑑𝑗 − 𝑑𝑗 = 0 𝑗 = 1, 2, … , 𝑛,

∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑗 − ∑ 𝑢𝑟𝑦𝑟𝑗

𝑠
𝑟=1 − 𝑑𝑗

′ = 0 𝑗 = 1, 2, … , 𝑛,

𝑢𝑟 ≥ 0 𝑟 = 1, 2, … , 𝑠,

𝑤𝑑 ≥ 0 𝑑 = 1, 2, … , 𝐷,

𝑣𝑖  ≥ 0 𝑖 = 1, 2, … , 𝑚,

𝑀 − 𝑑𝑗 ≥ 0 𝑗 = 1, 2, … , 𝑛,

𝑀′ − 𝑑𝑗
′ ≥ 0 𝑗 = 1, 2, … , 𝑛,

𝑑𝑗 ≥ 0 𝑗 = 1, 2, … , 𝑛,

𝑑𝑗
′ ≥ 0 𝑗 = 1, 2, … , 𝑛.

  (9) 

 

Model (9) is the developed multiple criteria two-stage DEA model in this 

paper which is run under the CRS assumption. We develop this model one step further 

to include the VRS assumption. Model (10) is the VRS multiple criteria two-stage 

DEA model. The results of the VRS Model (10) are between 0 and 1. The overall 

efficiency scores obtained by the VRS model are greater than or equal to the results 

obtained by the CRS model.  
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min 𝑤1𝑀 + 𝑤2𝑀′ + 𝑤3 ∑ 𝑑𝑗
𝑛
𝑗=1 + 𝑤4 ∑ 𝑑𝑗

′𝑛
𝑗=1  

s. t. ∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑜 = 1 

(∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑗 − 𝜇) − ∑ 𝑤𝑑

𝐷
𝑑=1 𝑧𝑑𝑗 − 𝑑𝑗 = 0 𝑗 = 1, 2, … , 𝑛,

∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑗 − (∑ 𝑢𝑟𝑦𝑟𝑗

𝑠
𝑟=1 − 𝜇′) − 𝑑𝑗

′ = 0 𝑗 = 1, 2, … , 𝑛,

𝑢𝑟 ≥ 0 𝑟 = 1, 2, … , 𝑠,

𝑤𝑑 ≥ 0 𝑑 = 1, 2, … , 𝐷,

𝑣𝑖 ≥ 0 𝑖 = 1, 2, … , 𝑚,

𝑀 − 𝑑𝑗 ≥ 0 𝑗 = 1, 2, … , 𝑛,

𝑀′ − 𝑑𝑗
′ ≥ 0 𝑗 = 1, 2, … , 𝑛,

𝑑𝑗 ≥ 0 𝑗 = 1, 2, … , 𝑛,

𝑑𝑗
′ ≥ 0 𝑗 = 1, 2, … , 𝑛,

𝜇 free in sign.

  (10) 

 

3. Application 

 

To test the model developed in this paper we apply it to one of the data sets used in 

Chen et al. (2012). These authors used the data related to key engineering 

specifications, product attributes, and emissions to evaluate the sustainable design 

performances of different automobile manufacturers as published by the US 

Environmental Protection Agency. In their approach, the two-stage sustainable design 

process is made of two internal modules, namely:  the “industrial design process” and 

the “bio-design process”. These two modules can be seen as two stages of a two-stage 

process. As shown in Figure 2, different designs are considered as the DMUs, with 

“engineering specifications” as the inputs of the industrial design module and 

“product attributes” as the outputs of this first stage module and the inputs to the 

second stage bio-design module. Environmental performances are the outputs of the 

second stage.   

    

 

 

 

 

 

 

 

 

Figure 2. Two-stage structure of a sustainable product design; Chen et al. (2012) 
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Chen et al. (2012) used a data set related to 534 car product designs belonging to 

more than 20 different car manufacturers. The engineering specifications considered 

as the inputs of the first stage are: the cubic inch displacement (cid), rated horsepower 

(rhp), compression ratio (cmp) and axle ratio (axle). The equivalent test weight (etw) 

and fuel economy (mpg) are the product attributes considered as the intermediate 

measures. The outputs of the second stage are hydrocarbon emissions (hc), carbon 

monoxide emissions (CO), carbon dioxide emissions (CO2), and nitrogen oxide 

emissions (nox). 

In DEA, the terms the “less-the-better” and the “more-the-better” are usually 

used to classify evaluation factors as inputs and outputs, respectively. In line with 

these definitions and to make the data fit the DEA model, Chen et al. (2012) suggested 

that the reciprocals of the outputs of the second stage (the emissions level) should be 

used. They selected the reciprocal of the values of these factors since the basic 

definition of the output values indicates that the larger the value, the better the 

performance. However, this is not the case with the emissions levels where smaller is 

good. The same applies to the cubic inch displacement, rated horsepower, 

compression ratio, and equivalent test weights.  In all of these cases, their reciprocals 

are used.  

Table 1 shows the data set. To undertake their efficiency analysis, Chen et al. 

(2012) used the cooperative two-stage DEA Model (4), and we use one of their data 

sets (23 car lines of American Company 1; Chen et al., (2012, p. 355)) to compare the 

results between Model (4) and our developed Model (9). The results of Model (4) are 

shown in Table 2. The columns 𝑒𝑜
1, 𝑒𝑜

2, and 𝑒𝑜 represent the efficiency scores of stage 

1, stage 2 and overall efficiency, respectively. Based on the results of Model (4), 7 

carlines out of 23 car lines achieved a stage 1 efficiency score of 1, and the average of 

the efficiency scores among all DMUs is 0.92. Based on the efficiency results of stage 

2, 3 carlines scored an efficiency score of 1, and the average of the stage 2 efficiency 

is 0.46.  

It will be noted that for most DMUs, the efficiency scores of stage 1 are larger 

than stage 2.  Only DMUs 4, 12, 16 and 19 have larger values in their stage 2 

efficiency scores than their stage 1. To understand why this is happening, it is 

necessary to review the constraints of Model (4). Since  

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑜 = 1, ∑ 𝑤𝑑

𝐷
𝑑=1 𝑧𝑑𝑗 − ∑ 𝑣𝑖

𝑚
𝑖=1 𝑥𝑖𝑗 ≤ 0 and ∑ 𝑢𝑟𝑦𝑟𝑗 −𝑠

𝑟=1 ∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑗 ≤ 0, at 
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optimality we will have ∑ 𝑢𝑟
∗𝑦𝑟𝑜

𝑠
𝑟=1 ≤ ∑ 𝑤𝑑

∗𝐷
𝑑=1 𝑧𝑑𝑜 ≤ 1. To satisfy these constraints, 

Model (4) is forced to optimize the efficiency ratio of the stage 1, i.e. 
∑ 𝑤𝑑

𝐷
𝑑=1 𝑧𝑑𝑗

∑ 𝑣𝑖
𝑚
𝑖=1 𝑥𝑖𝑗

 first 

and then efficiency ratio of the stage 2, i.e. 
∑ 𝑢𝑟𝑦𝑟𝑗

𝑠
𝑟=1

∑ 𝑤𝑑
𝐷
𝑑=1 𝑧𝑑𝑗

. This leads to relatively larger 

values of the efficiencies of stage 1 compared to stage 2. However, this is inevitable in 

Model (9) if an extremely large penalty weight is applied to 𝑀′ and ∑ 𝑑𝑗
′𝑛

𝑗=1  in the 

objective function of the model.  

We apply the same data set to Model (8) and show the results in Table 3. The 

columns 𝑑𝑜 +  𝑑𝑜
′ , M+𝑀′and ∑ 𝑑𝑗

𝑛
𝑗=1 + ∑ +𝑑𝑗

′𝑛
𝑗=1  show the efficiency results from 

Model (8) when each of the objective functions 𝑑𝑜 +  𝑑𝑜
′ , M+𝑀′and ∑ 𝑑𝑗

𝑛
𝑗=1 +

∑ +𝑑𝑗
′𝑛

𝑗=1  are used in a separate model. Finally, we apply the developed Models (9) 

and (10) and show the results in Table 4. Model (9) combines all the three objective 

functions of the Model (8) and obtains the efficiencies of the stages 1 and 2 and also 

overall efficiency with one run (rather than three runs of the Model (8)). In doing so, 

we considered no order of priorities among the objectives, and set the weights 𝑤1, 𝑤2, 

𝑤3 and 𝑤4 equal to 1.  

To discuss the logic behind the weights 𝑤1, 𝑤2, 𝑤3 and 𝑤4 in the objective 

function of the Model (9), we highlight an argument from Chen et al. (2012), who 

discussed three different strategies for the measurement and optimization of the 

sustainable designs. The “simultaneous strategy” refers to a situation where the DMUs 

simultaneously optimize both stages 1 and 2 (industrial and bio-design modules). For 

this strategy, there should not be any order of priorities between stages 1 and 2. In the 

“reactive strategy”, the industrial design module is optimized first, followed by the 

bio-design. For this purpose, we suggest using extremely large values for 𝑤1 and 𝑤3 

as penalty weights of the deviations from the full efficiency of stage 1. The third 

option, the “proactive strategy” refers to optimizing the bio-design first and then the 

industrial design subsequently. For this strategy, we suggest using extremely large 

values for 𝑤2 and 𝑤4 as penalty weights of the deviations from the full efficiency of 

stage 2.  

It is clear, therefore, that the choice of the weights used in the objective function 

of the model depends on the optimization strategy that is employed. However, Chen et 

al. (2012) recommend the “simultaneous strategy” of optimizing both stages 1 and 2 at 

the same time unless there is sufficient information about the strategy used by the 
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DMUs that leads to an alternative approach. For this reason, we use the weights equal 

to 1. In doing so, this also enables the results of our model to be compared with those 

obtained through Model (4) by Chen et al. (2012) who used the “simultaneous 

strategy” in their research. 

Based on the results of the Model (9), the number of stage 1 efficient DMUs has 

decreased to 4, and the average of efficiency is also decreased from 0.92 to 0.86 when 

compared with Model (4). Stage 2 has also fewer efficient DMUs compared to Model 

(4), and the average of efficiency decreases from 0.46 to 0.37. These results represent 

a better discrimination power than those previously obtained by Model (4). We 

contend that the difference between the efficiency results obtained by Model (4) and 

the developed Model (9) is due to the unrealistic weighting system of Model (4). 

Model (4) gives each DMU complete freedom to choose their own optimal weights 

whereas we achieve a better level of discrimination and a lesser number of efficient 

DMUs through the application of Model (9). 

Turning to the consistency of the efficiency scores and, more importantly, the 

stability (robustness) of the efficiency frontier after shifting from Model (4) to Model 

(9), Avkiran (2007) tests the stability of the frontier by changing the data through the  

deletion or addition of variables or DMUs. However, we consider the frontier to be 

stable if it consists of the same DMUs when using the different models introduced in 

this research. It will be noted from Table (2) that DMUs 1, 2, 3, 6, 8, 15 and 22 make up 

the efficiency frontier of stage 1 with Model (4), whilst the efficiency frontier of stage 2 

is made up of DMUs 4, 12 and 19. When Model (9) is used, the efficient frontier of 

stage 1 is made up of DMUs 1, 3, 6 and 8, and stage 2 of DMUs 12 and 19 (based on 

the results in Table 4). Overall, therefore, both efficiency frontiers can be considered as 

robust since no other new DMU is moved to the frontiers.  

On the other hand, however, DMUs 2, 15 and 22 fell from the stage 1 efficient 

frontier and DMU 4 from the stage 2 frontier when using Model (9). The inconsistency 

of these DMUs’ efficiency scores provides a lack of confidence in their efficiency status 

but this decrease in the number of efficient DMUs can be explained by recognizing that 

they reflect the more restrictive weighting approach of Model (9) compared to Model 

(4).  

In summary, we would argue that the use of the developed Model (9) is to be 

preferred over Model (4) in assessing the efficiencies of two-stage processes for three 

reasons:  (i) Model (9) has better discrimination power compared to Model (4) and is 
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thus able to better identify the less efficient DMUs, (ii) Model (4) assess the efficiency 

of each particular DMU by searching the best possible weights for the input and 

output factors (𝑣𝑖, 𝑤𝑑, and 𝑢𝑟) of the DMU to maximize its own efficiency score and 

this can lead to unrealistic efficiency scores for some DMUs.  By contrast, Model (9) 

determines the weights of the factors to maximize the efficiency of all DMUs together 

with greater emphasis on choosing the weights to maximize the efficiency of the 

DMU with the poorest performance, and (iii) the weights determined by Model (9) are 

distributed more evenly than those determined by Model (4). For this purpose, we 

calculated the standard deviation for the optimal weights of all factors (i.e. 𝑣1, 𝑣2, 𝑣3, 

𝑣4, 𝑤1, 𝑤2, 𝑢1, 𝑢2, 𝑢3 and 𝑢4) determined by both Models (4) and (9). Except 𝑤1, the 

weights of all factors determined by Model (4) are spread out over a wider range of 

values than those obtained by Model (9). We also looked at the outlier values on the 

optimal weights. For this purpose, any optimal weight located at a distance of more 

than 1.5× interquartile range (IQR) below the first quartile or above the third quartile 

is considered as an outlier (Selvanathan et al., 2011). With Model (4), 19 data points 

(optimal weights) are identified as outliers while there are only 4 outlier optimal 

weights with Model (9). We, therefore, conclude that the weights determined by 

Model (9) are distributed more evenly. It should also be noted that the three problems 

of Model (4) discussed above are inter-related, and thus, they usually happen together. 

 

Table 1. Data set for the carlines of the American company  

Carline (DMU) cid rhp cmp axle etw mpg hc CO CO2 nox 
1 268.31 247.23 9.84 3.31 3923 19.32 0.0216 0.4108 329.77 0.0054 

2 140 160 9.7 4.04 3583 25.83 0.0067 0.1667 343.67 0.0033 

3 182 217 10 3.46 3750 22.3 0.024 0.18 397 0.01 

4 182 215.5 10 3.46 3938 20.85 0.0075 0.0425 107.5 0.005 

5 281 250 9.4 3.27 4500 15.5 0.04 0.57 485.5 0.005 

6 161 205.5 10 3.82 3688 25.55 0.0055 0.145 157 0.005 

7 140 155 9.7 2 4250 37.4 0.008 0.23 237 0.02 

8 140 155 9.7 2 4000 45.2 0.007 0.19 196 0.01 

9 244 210 9.7 3.64 5250 16.1 0.028 0.53 283 0.005 

10 280 292 9.8 3.55 5250 16.75 0.026 0.36 531.5 0.015 

11 330 310 9.8 3.31 6000 15.27 0.04 0.7467 522.33 0.01 

12 280 262.67 9.4 3.69 5556 16.9 0.0062 0.1333 117 0.0011 

13 280 292 9.8 3.55 5000 17.9 0.026 0.21 495 0.01 

14 330 310 9.8 3.31 6000 17.1 0.039 0.945 517.5 0.01 

15 330 310 9.8 3.15 5375 17.85 0.0215 0.445 250.5 0.005 

16 330 310 9.8 3.53 5900 16.92 0.0132 0.228 105 0.002 

17 330 310 9.8 3.31 6000 11.6 0.042 0.35 532 0.01 

18 330 310 9.8 3.15 5375 12.9 0.0145 0.235 244.5 0.005 

19 330 310 9.8 3.53 5900 12.22 0.007 0.084 102.8 0.004 

20 140 171 9.7 4.13 3625 28.3 0.011 0.29 314 0.01 

21 140 171 9.7 4.09 3875 23.75 0.0235 0.335 374 0.01 

22 140 143 9.7 4.01 3594 24.28 0.0225 0.2325 366.75 0.01 

23 244 207 9.7 3.85 4250 17.6 0.032 0.5767 334 0.0033 
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Table 2. Efficiency results obtained by the cooperative Model (4) introduced by Chen et al. (2012) 

DMU (Carline) 𝒆𝒐
𝟏 𝒆𝒐

𝟐 𝒆𝒐 

1 1.00 0.24 0.24 

2 1.00 0.60 0.60 

3 1.00 0.25 0.25 

4 0.95 1.00 0.95 

5 0.87 0.22 0.19 

6 1.00 0.75 0.75 

7 0.94 0.59 0.56 

8 1.00 0.64 0.64 

9 0.74 0.35 0.26 

10 0.91 0.23 0.21 

11 0.88 0.20 0.18 

12 0.83 1.00 0.83 

13 0.99 0.29 0.29 

14 0.92 0.20 0.18 

15 1.00 0.37 0.37 

16 0.93 0.96 0.89 

17 0.80 0.26 0.21 

18 0.89 0.45 0.40 

19 0.83 1.00 0.83 

20 0.99 0.37 0.36 

21 0.92 0.19 0.18 

22 1.00 0.21 0.21 

23 0.84 0.30 0.25 

Average 0.92 0.46 0.43 

 

 

Table 3. Efficiency results obtained by Model (8)  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 𝒅𝒐 +  𝒅𝒐
′   M+𝑴′  ∑ 𝒅𝒋

𝒏
𝒋=𝟏 + ∑ 𝒅𝒋

′𝒏
𝒋=𝟏    

DMU 𝒆𝒐
𝟏 𝒆𝒐

𝟐 𝒆𝒐  𝒆𝒐
𝟏 𝒆𝒐

𝟐 𝒆𝒐  𝒆𝒐
𝟏 𝒆𝒐

𝟐 𝒆𝒐  

1 1.00 0.24 0.62  1.00 0.20 0.60  1.00 0.20 0.60  

2 1.00 0.60 0.80  0.85 0.43 0.64  0.82 0.58 0.70  

3 1.00 0.25 0.63  0.92 0.25 0.59  1.00 0.19 0.60  

4 0.95 1.00 0.98  0.87 1.00 0.94  0.95 0.66 0.81  

5 0.91 0.19 0.55  0.85 0.16 0.51  0.84 0.13 0.49  

6 1.00 0.75 0.87  0.92 0.53 0.72  1.00 0.71 0.86  

7 0.94 0.59 0.77  0.88 0.33 0.61  0.87 0.41 0.64  

8 1.00 0.64 0.82  1.00 0.35 0.67  1.00 0.38 0.69  

9 0.74 0.35 0.54  0.72 0.22 0.47  0.73 0.21 0.47  

10 0.93 0.22 0.58  0.79 0.21 0.50  0.76 0.23 0.50  

11 0.88 0.20 0.54  0.74 0.16 0.45  0.74 0.17 0.45  

12 0.83 1.00 0.91  0.75 1.00 0.87  0.80 1.00 0.90  

13 0.99 0.29 0.64  0.84 0.29 0.56  0.81 0.23 0.52  

14 0.95 0.17 0.56  0.78 0.15 0.46  0.93 0.16 0.54  

15 1.00 0.37 0.69  0.85 0.26 0.56  0.95 0.27 0.61  

16 0.93 0.96 0.94  0.79 0.54 0.66  0.88 0.49 0.69  

17 0.82 0.25 0.53  0.69 0.23 0.46  0.67 0.18 0.42  

18 0.92 0.42 0.67  0.78 0.40 0.59  0.74 0.42 0.58  

19 0.83 1.00 0.92  0.71 1.00 0.85  0.68 1.00 0.84  

20 1.00 0.36 0.68  0.88 0.25 0.56  0.88 0.33 0.60  

21 0.92 0.19 0.56  0.79 0.17 0.48  0.86 0.18 0.52  

22 1.00 0.21 0.60  0.83 0.21 0.52  0.96 0.19 0.57  

23 0.90 0.27 0.58  0.88 0.20 0.54  0.90 0.15 0.53  

Average 0.93 0.46 0.69  0.83 0.37 0.60  0.86 0.37 0.61  
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Table 4. Efficiency results obtained by the final models (Models (9) and (10)) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4. Concluding remarks  

 

Two-stage DEA models have been developed to measure the efficiency of the stages 

within a two-stage structure. Through a study of the literature, we reviewed different 

two-stage DEA models with different properties and ascertained that the main focus 

has been to offer alternative formulations to measure the efficiency of the stages as 

well as suggesting new and innovative applications of the developed models.  

However, we would argue that existing two-stage DEA models use an unrealistic 

weighting system and this can lead to weak discrimination between DMUs. In an 

effort to overcome these issues, we have applied the multiple criteria approach to one 

of the most common two-stage DEA models (i.e. the cooperative model). This results 

in an improved discrimination power and more realistic efficiency scores in the 

cooperative two-stage DEA model. The developed model can also be seen as a 

multiple criteria two-stage DEA model.   

Both two-stage DEA and MCDEA models are often used in support of process-

related sustainability assessments. Thus by using the combined model described in 

 CRS- Model (9)  VRS- Model (10) 

DMU 𝒆𝒐
𝟏 𝒆𝒐

𝟐 𝒆𝒐  𝒆𝒐
𝟏 𝒆𝒐

𝟐 𝒆𝒐 

1 1.00 0.20 0.60  0.82 1.00 0.91 

2 0.91 0.60 0.75  0.91 0.70 0.80 

3 1.00 0.19 0.60  1.00 0.72 0.86 

4 0.95 0.66 0.81  0.96 0.75 0.86 

5 0.84 0.13 0.49  1.00 0.82 0.91 

6 1.00 0.73 0.86  0.95 0.72 0.86 

7 0.87 0.41 0.64  0.84 0.79 0.82 

8 1.00 0.40 0.70  0.88 0.76 0.82 

9 0.73 0.21 0.47  0.86 0.92 0.89 

10 0.80 0.23 0.51  0.90 0.91 0.91 

11 0.74 0.17 0.45  0.87 1.00 0.93 

12 0.74 1.00 0.87  0.85 0.97 0.91 

13 0.84 0.22 0.53  0.93 0.88 0.91 

14 0.88 0.16 0.52  0.87 1.00 0.93 

15 0.91 0.27 0.59  0.94 0.93 0.94 

16 0.84 0.49 0.67  0.87 1.00 0.94 

17 0.67 0.18 0.42  0.87 1.00 0.93 

18 0.74 0.42 0.58  0.94 0.93 0.94 

19 0.68 1.00 0.84  0.87 1.00 0.94 

20 0.90 0.34 0.62  0.90 0.70 0.80 

21 0.86 0.18 0.52  0.85 0.74 0.79 

22 0.89 0.19 0.54  0.91 0.70 0.80 

23 0.90 0.15 0.53  0.99 0.79 0.89 

Average 0.86 0.37 0.61  0.90 0.86 0.88 
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this research, a more effective sustainability assessment of the DMUs can be achieved. 

This approach was tested in a comparative evaluation of sustainable product designs 

using a data set from the literature and has clear application in the design, planning, 

and management of transportation systems.   

Whilst the developed multiple criteria two-stage DEA model provides 

improvements in this methodology, it is recommended that other approaches to 

increase discrimination in two-stage DEA models should be investigated including the 

testing of cross-efficiency, super efficiency and common set of weights (CSW) 

approaches. 

We also suggest applying the developed model in this research in measuring the 

overall performance of non-storable commodities such as transport services which is 

measured by integrating the efficiency and effectiveness of their services. To represent 

the potential conflict between the ratios of the efficiency and effectiveness and to 

jointly measure and optimize the resultant overall performance, some nonlinear DEA 

models have been introduced in the literature (Chiou et al., 2010). The usability of the 

integrated nonlinear models has, however, been recently called into question due to 

the lack of an efficient algorithm to solve them (Lim and Zhu, 2013). We suggest the 

inclusion of the environmental factors in the assessment of the performance of the 

transport companies and applying the model developed in this paper as a potential 

linear formulation in integrating their environmental efficiency and environmental 

effectiveness.  
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