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ABSTRACT 
 
 
 
Cold-formed steel (CFS) members are extensively used in construction industry as the 

primary and/or secondary load-bearing structural systems. CFS products can be mass 

manufactured at room temperature and rapidly installed on-site. Compared to the 

traditional hot-rolled steel and concrete structures, CFS structures have a high 

capacity-to-weight ratio and present real benefits and opportunities for architects and 

engineers to achieve a greener structural solution. 

 

CFS products are typically formed by bending steel sheets or strips (up to 6 mm thick) 

using a number of rollers (roll-forming) or die blocks (brake-pressing). The current 

manufacturing process allows the CFS products to be shaped into any desired (infinite) 

cross-sectional shapes with consecutive manufacturing bends. However, most of the 

commonly used CFS cross-sectional shapes are mainly restricted to “Cee”, “Zee” and 

“Sigma”. To address the issue of local instabilities, the conventional cross-sections 

have been improved by the inclusion of web and/or flange stiffeners and the 

optimisation of their dimensions (height, width and thickness). Despite these advances 

in cross-sectional design, little research has been done to discover new cross-sectional 

shapes to achieve an optimum solution. A revolutionary innovation in the cross-

sectional shape of the CFS products is therefore being pushed forward in this research. 

 

Being inspired by the compelling engineering applications of the CFS products, this 

thesis seeks to discover innovative CFS cross-sectional profiles that are industrially 

applicable and more efficient than the conventional ones. 

 

In this study, an algorithm, derived from a previously developed Genetic Algorithm (GA) 

based algorithm for shape optimisation of CFS columns, is proposed to optimise the 

cross-sectional profiles in a defined design space, without presumptions of their shapes. 

The objective of the proposed GA is to minimise the cross-sectional area of CFS 

members with or without constraints. The augmented Lagrangian (AL) constraint-

handling method is incorporated during the optimisation process to avoid numerical 

instability. The nominal member capacities of the optimised CFS members are 

evaluated in the proposed algorithm by the Direct Strength Method (DSM) in 

accordance with the Australian standard AS4600. Elastic buckling analysis using the 
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Finite Strip Method (FSM) and/or the constrained Finite Strip Method (cFSM) is 

performed to plot buckling (signature) curves in an open source CUFSM. The elastic 

local and distortional buckling stresses are determined on the plotted buckling curves 

using the previously developed and verified automated rules for the columns. The 

elastic global buckling stress is calculated by the Clauses in AS4600.  

 

This thesis contributes to (i) introducing the manufacturing rules and assembly aspects 

into the algorithm, (ii) quantifying the impact of buckling mode interactions on optimised 

results, and (iii) shape optimising the cross-sections subject to bending moment or 

combined axial load and bending moment actions.  

 

The simple manufacturing rules are defined on the basis of the current manufacturing 

processes and applied to the proposed algorithm for shape optimising columns. 

Different numbers of cross-sectional elements (bends) are permitted to obtain the 

manufacturable CFS sections. The constraint-based method using the Hough 

transform, i.e. an image processing technique, is initially used to incorporate the 

manufacturing rules in the penalty function. The newly introduced constraint is able to 

detect the straight manufacturable elements in the optimisation process, but on the 

other hand adds complexity to the algorithm. To overcome this limitation, an improved 

method is therefore further developed in this study by arbitrarily creating the 

manufacturable elements as an intrinsic part of the cross-sections in the initial 

population. The improved method has been proven to be more efficient than the 

constraint-based method. Whilst similar results can be produced by both methods, the 

improved method is more efficient and simple in application. 

 

For end-use purposes, the assembly features of CFS columns are also incorporated 

into the proposed algorithm. At least one flat face, i.e. horizontal flange and/or vertical 

web, of the cross-sections is allowed to connect the optimised CFS members to the 

adjacent ones. In addition, the utility clearance is imposed on the singly-symmetric and 

open cross-sections to facilitate the bridging systems and/or conduits running through 

the web. 

 

The likelihood of buckling mode interactions in shape optimisation of manufacturable 

CFS columns, obtained from the research and the relevant literature, is also 

investigated in this thesis. 
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In addition, the above-mentioned automated rules of determining the elastic local and 

distortional buckling stresses are verified for the beams and used for shape optimising 

beams and beam-columns without manufacturing and assembly features. 

 

In summary, one major achievement of this research is attributed to introducing the 

manufacturing and assembly features of CFS columns into the GA, so as to allow the 

shape optimisation of CFS cross-sectional profiles to be practically performed in light-

gauge steel industry. Another important achievement of this thesis relies on optimising 

the cross-sectional shape of CFS beams and beam-columns, where the evaluation of 

nominal member bending capacity and combined axial load and bending capacity is 

successfully incorporated into the GA. The results show that the significant capacity 

improvement is achieved between the optimised solutions and the existing 

conventional ones.  
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CHAPTER 1 

 

INTRODUCTION 

 

 

 

1.1 BACKGROUND 

 

Cold-formed steel (CFS) members were first applied to the construction industry in the 

1850s in North America and Britain [1.1]. Widespread use of the CFS structures 

however did not attract much attention until 1946 when the first specification for CFS 

structural steel members  was published by the American Iron and Steel Institute (AISI) 

[1.2]. Based on the AISI specification, the Australian cold-formed steel standard was 

first published by the Standards Australia and Standards New Zealand in 1974 [1.3]. 

Currently, codes and standards for the CFS structures are commonly used and 

regularly updated around the world. CFS structures can be widely used for various 

applications, such as low- to mid-rise buildings, storage racks, highway products and 

transmission towers, where the conventional construction materials, e.g. hot-rolled 

steel and reinforced concrete, have been proven to be uneconomical [1.3]. 

 

One of the greatest advantages of the CFS members lies in their great flexibility in 

cross-sectional dimensions and shapes available to the designers. CFS member 

capacities can be efficiently improved by varying these parameters, rather than 

increasing the wall thickness. CFS members are manufactured at room temperature 

and rapidly assembled in factory and/or on site. From an engineering perspective, the 

main characteristics of the CFS members are: (i) high capacity-to-mass ratio, (ii) low 

tensile-strength-to-yield ratio, and (iii) high width-to-thickness ratio that likely causes 

local and distortional buckling failure [1.4]. 

 

Australia is a world recognised leader in the manufacturing of light-gauge steels. The 

cross-sectional profiles, used as the secondary structural elements (e.g. purlins and 

girts), in the building industry are usually CFS members. They are usually in the form of 

“Cee”, “Sigma” or “Zed” sections with or without local stiffeners, as shown in Fig. 1.1. 

The framed steel residential house (see Fig. 1.2) is one of the prevailing applications of 

CFS as the primary load-bearing CFS system [1.5]. The stud framed wall seen in Fig. 
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1.3 is typically composed of unlipped top and bottom channel plates, lipped channel 

studs and braces, and unlipped channel noggins. The floor truss shown in Fig. 1.4 

contains unlipped top and bottom channel chords and lipped channel braces. For 

storage racks (see Fig. 1.5), complex channels with or without local stiffeners and/or 

lips seen in Fig. 1.6 are normally used for the uprights, and closed rectangular hollow 

or welded toe-to-toe “Cee” sections profiles often used for pallet beams [1.3]. As can 

be seen, singly- or doubly-symmetric and open cross-sections are mostly used for 

these applications. 

 

   

(a) (b)  (c) 

Fig. 1.1: CFS sections with or without stiffeners, (a) “Cee”, (b) “Zed” and (c) “Sigma” 

 

 

Fig. 1.2: CFS framed house 
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Fig. 1.3: Stud wall frame 

 

 

Fig. 1.4: Floor truss 

 

Although the existing conventional cross-sections, as stated above, are being 

extensively used, little innovative cross-sectional shapes for commercialised CFS 

products have been found and used in industry. The current manufacturing process 

allows the cross-sections to be formed to almost any desired shapes. The cross-

sectional shape is a key element affecting the strength of the CFS products, as it 

controls the three fundamental buckling modes, i.e. local, distortional and global. 
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channel 
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Lipped 
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Recently, a new design method, the Direct Strength Method (DSM) [1.6], has been 

developed and allows designing any cross-section with the same degree of complexity 

[1.6]. The research on optimisation of CFS profiles, on the other hand, has mainly 

focused on dimensions (height, width and thickness) and local instabilities (with or 

without stiffeners) for the existing sections. In the last decade, increasing attention has 

been drawn to the shape optimisation of CFS cross-sections aiming to discover more 

efficient cross-sectional profiles than those currently used.  

 

 

Fig. 1.5: Drive-in rack (from [1.7]) 

 

 

(a) (b)  (c) (d) 

Fig. 1.6: Typical upright profiles for storage racks, (a) with web and lip stiffeners, (b) 

with web stiffener only, (c) with lip stiffener only, and (d) without web and lip stiffeners 
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1.2 RESEARCH OBJECTIVES 

 

This PhD project is motivated by the fact that innovative CFS cross-sections, with 

lighter and stronger profiles than those currently used, may exist and could be widely 

used in industry. The objectives of this study are summarised as below: 

 This study intends to introduce manufacturing rules into the proposed algorithm, 

derived from a previously developed shape optimisation algorithm, to make 

optimised column cross-sections manufacturable. Traditional manufacturing 

processes will be considered. 

 Based on the resulting optimised column cross-sections, this study seeks to 

quantify the impact of buckling mode interactions on manufacturable optimised 

sections.  

 The research then aims to incorporate assembly features into the proposed 

algorithm to achieve optimised column cross-sections for practical use. The 

section with flat flanges and web and utility passage distance will be 

investigated. 

 The study finally intends to further develop the shape optimisation algorithm for 

the CFS members subject to bending moment or combined axial load and 

bending actions.  

 

1.3 RESEARCH METHODOLOGY 

 

The objectives outlined above are achieved by the following steps and approaches: 

 To optimise the shape of manufacturable cross-sections subject to an axial 

load, simple manufacturing rules are defined based on the current 

manufacturing processes, i.e. roll-forming and brake-pressing, and incorporated 

into a previously developed augmented Lagrangian Genetic Algorithm (GA) 

[1.8, 1.9]. The Hough transform [1.10] is used for this purpose. A well-known 

optimisation problem, i.e. bisymmetric closed thin-walled profile with eight 

cross-sectional elements, for which an analytical solution exists (an “octagon”), 

is used to validate the proposed algorithm. The inequality violation for column 

capacity and the equality violation for manufacturing constraints are used in the 

penalty function of the proposed algorithm. The cross-sectional shapes of 

manufacturable columns are optimised.   

 To improve the efficiency of the proposed algorithm, a novel (improved) method 

of introducing the manufacturing rules to the algorithm is developed by directly 

creating manufacturable cross-sections in the initial population of the GA. This 

method avoids the complexity of solving manufacturing constraints in the fitness 
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function and therefore removes the external computational tool, the Hough 

transform as stated above, from the algorithm. The cross-sectional shapes of 

manufacturable columns are optimised by using the improved method, and 

compared to those obtained from the above-mentioned method, the Hough 

transform. 

 To quantify if local, distortional and global buckling mode interactions are 

required to be considered in the DSM [1.6] during the process of shape 

optimisation, relevant literature is reviewed. The optimised manufacturable 

results from the above-mentioned novel method of introducing the 

manufacturing rules to the proposed algorithm are examined. 

 For end-use purposes, assembly constraints, i.e. fastening elements (horizontal 

flange and vertical web) and utility distance, are defined and introduced to the 

proposed algorithm, in order to allow CFS columns to be attached (screwed) to 

adjacent members and to enable utilities (e.g. bridgings and conduits) to run 

through the cross-sectional web, respectively. The manufacturable and usable 

columns are shape optimised. 

 To evaluate nominal bending capacity in the DSM for shape optimisation 

purpose, the automated rules, previously developed for columns [1.9] to obtain 

elastic local and distortional buckling stresses, is incorporated into the proposed 

algorithm. The rules are validated against the existing commercialised beam 

cross-sections. The cross-sectional shapes of beams and beam-columns 

without manufacturing and assembly constraints are optimised. 

 

To summarise, this research as described in Sections 1.2 and 1.3 makes a valuable 

contribution to shape optimisation of CFS cross-sectional profiles by (i) introducing 

manufacturing and assembly features into the proposed algorithm, (ii) quantifying the 

impact of buckling mode interactions on optimised results, and (iii) shape optimising the 

cross-sections subject to bending moment or combined axial load and bending moment 

actions. 

 

1.4 THESIS OUTLINE 

 

This thesis is prepared based on a series of peer-reviewed publications and structured 

as follows: 

 Chapter 1 represents an introduction to the research, where the research 

objectives and methodologies are briefed. 

 Chapter 2 reviews up-to-date literature related to this research. The advantages 

and disadvantages of different shape optimisation algorithms together with 
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different constraint-handling methods are presented. The current manufacturing 

and assembly aspects of CFS members used for shape optimisation are 

reviewed. The two design methods for CFS members are introduced. The 

previously developed “self-shape” optimisation algorithm for CFS columns [1.8, 

1.9] that is used in this research is also reviewed. 

 Chapter 3 is based on the published journal paper [1.11], which introduces 

manufacturing constraints into the proposed algorithm by using the Hough 

transform. The simple manufacturing rules are defined. 

 Chapter 4 is in line with the published conference paper [1.12], which proposes 

a new method of incorporating the manufacturing rules into the proposed 

algorithm by drawing manufacturable cross-sectional elements as an intrinsic 

part of the cross-section. 

 Chapter 5 follows the published conference paper [1.13] to investigate the 

likelihood of buckling mode interactions for the manufacturable optimised 

columns resulted from Chapter 4 and relevant literature. 

 Chapter 6 is based on a submitted journal paper [1.14]. The paper introduces 

assembly constraints into the proposed algorithm. The assembly features 

include fastening elements (horizontal flange and/or vertical web) and utility 

distance. 

 Chapter 7 complies with the published journal paper [1.15], which examines the 

performance of unconstrained shape optimisation of CFS beams and beam-

columns. Various combinations of axial load and bending moment are 

considered. 

 Chapter 8 summarises the thesis findings and provides the limitations and 

recommendations for future research. 
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CHAPTER 2 

 

LITERATURE REVIEW 

 

 

 

2.1 OPTIMISATION OF COLD-FORMED STEEL CROSS-SECTIONS 

 

2.1.1 General remarks 

 

Optimisation of cold-formed steel (CFS) cross-sections can be classified into two 

categories: (i) size optimisation for existing cross-sections, of which the shapes is 

known and being optimised, and (ii) shape optimisation aiming at discovering 

innovative cross-sections inclusive of simultaneously optimising the dimensions of 

cross-section.  

 

2.1.2 Size optimisation 

 

Extensive research has been done to-date to discover optimised cross-sectional 

dimensions of CFS. The most representative studies are reviewed below. 

 

Seaburg and Salmon [2.1] were among the first group of researchers who conducted a 

minimum weight design of existing “Hat” shaped (see Fig. 2.1 (a)) CFS cross-sections 

using gradient search techniques by varying the dimensions (sizes) of the cross-

section. 

 

Adeli and Park [2.2] and Park and Adeli [2.3] developed and verified a neural network 

(NN) algorithm for optimisation problems, respectively. Adeli and Karim [2.4] adopted 

the NN algorithm to optimise the geometric variables of flange width, web depth and 

thickness for CFS “Hat”, “I” and “Zed” beam profiles (Fig. 2.1). The beams were simply-

supported, subject to uniformly distributed and concentrated loads, and were fully 

restrained, unrestrained or restrained at a specified number of points. Karim and Adeli 

[2.5, 2.6] continued to develop the optimum design curves of thickness, web depth-to-

thickness ratio and flange width-to-thickness ratio versus span length for simply-

supported and unrestrained “Zed” and “Hat” CFS beams. The design curve (Fig. 2.2) of 
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global optimum weights per unit length versus span length for the “Hat” beams was 

summarised in [2.6].  

    

 (a)  (b)  (c)  

Fig. 2.1: Existing shapes of CFS beams, (a) “Hat”, (b) “I” and (c) “Zed”, with size 

variables (from [2.4]) 

 

 

Fig. 2.2: Global optimum weights per unit length versus span length of “Hat” beams for 

various loads and yield stresses (from [2.6]) 

 

Lu [2.7] and Lu and Mäkeläinen [2.8] developed a genetic algorithm based optimum 

design method for CFS Lipped “Zed” and “Sigma” shape purlins (see Fig. 2.3), with two 

continuous spans under gravity load, and recognised buckling behaviours of the purlins 

studied. For the “Zed” shape, the local buckling mode was found to be a combined 

buckling mode of the lip, flange and web and was initiated by the longest element 

among these three parts. Short lengths of the flange and lip led to non-local but 

distortional buckling mode. For the “Sigma” shape, four types of buckling modes were 
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found, (i) the local buckling of the flange, lip and the element above the web stiffener, (ii) 

the local buckling of the compression part under the web stiffener, (iii) the unstiffened 

web distortional buckling, and (iv) the global buckling mode. Using their own method, 

Lu and Mäkeläinen [2.9, 2.10] continued to optimise the dimensions of the CFS 

trapezoidal sheeting. In [2.10], the constraint-handling method in conjunction with the 

fuzzy optimisation theory [2.11] (i.e. allowing a transition at the boundary from an 

infeasible region to a feasible one) was found to obtain better results than the “black 

and white” method [2.12] (i.e. keeping all feasible solutions and deleting all infeasible 

ones). The augmented Lagrangian method [2.13], also referred to as a fuzzy 

constraint-handling method, was then used in [2.14] to avoid numerical ill-conditions 

during the process of optimising “Hat” shaped CFS profiles. 

 

Similar to [2.7, 2.8, 2.9, 2.10, 2.14], Lee et al. [2.15, 2.16] employed a micro genetic 

algorithm, having small populations (iterations) to reduce computational expenses, to 

optimise the CFS channel beams (Fig. 2.4 (a)) and channel or lipped channel columns 

(Fig. 2.4 (b)). The capacity of the channel beams, subject to a uniformly distributed load, 

was observed to be governed by bending about the axis of symmetry for a long span 

length and by web crippling for a short one. The lipped channel column was found 15% 

more efficient than the channel ones.  

 

Tran and Li [2.17] applied a trust-region based algorithm to globally optimise simply-

supported CFS lipped channel beams (Fig. 2.4 (b)). The cross-sectional area was 

minimised based on the yield strength, deflection limitation and three buckling modes, 

i.e. local, distortional and global. Similar to [2.6], the relationships of the capacity or 

geometric sizes versus span length were plotted. Tian and Lu [2.18] also minimised the 

weight of channel beams by finding the optimal geometric dimensions of the sections 

through theoretical and experimental studies. 

 

      

 (a) (b) 

Fig. 2.3: Existing shapes of CFS lipped purlins, (a) “Zed” and (b) “Sigma”, with size 

variables (from [2.7]) 



CHAPTER 2 

2-4 
 

 

    

 (a) (b) 

Fig. 2.4: Existing shapes of CFS members, (a) channel beam and (b) lipped channel 

beam or column, with size variables (from [2.16]) 

 

 

 (a)  (b)  (c) 

Fig. 2.5: Existing CFS beams, (a) channel with “Cosine” shape flanges, (b) singly-

symmetric “I” and (c) point-symmetric “I”, with size variables (from [2.19, 2.20]) 

 

Magnucki et al. [2.19], on the other hand, performed a numerical analysis to optimise 

the CFS beams of channel sections having a “Cosine” shape corrugated flange (Fig. 

2.5 (a)). The long and short optimum beams consisted of a small and medium extent of 

flange corrugation, respectively. Magnucki et al. [2.20] also analysed CFS singly-

symmetric (Fig. 2.5 (b)) and point-symmetric (Fig. 2.5 (c)) “I” beams. The two beams 

were found to have a similar performance to each other, with a 30% more efficiency 

than the hot-rolled “I” section beams. Pastor et al. [2.21] analysed a prototype shape of 

uprights (Fig. 2.6) to evaluate their overall strength. The effective cross-sectional area 

was found to be the dominant, influential aspect for short (200 to 500 mm long) 

columns, the second moment of area about the weak axis for long (longer than 1,100 

mm) columns, and the short lip for other column lengths. 

Opening Opening 
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 (a)  (b) 

Fig. 2.6: Existing shape of CFS upright for storage racks, (a) cross-sectional geometry 

with size variables and (b) 3D viewed uprights (from [2.21]) 

 

Kasperska et al. [2.22, 2.23, 2.24] set two objective criteria, i.e. cross-sectional area 

and deflection, for the optimal design of CFS open section beams by varying the 

geometric parameters of the cross-sections with variable flanges (Fig. 2.7). The 

constraints included global and local stability conditions, strength conditions, and 

constructional requirements. The compromised (Pareto [2.25]) results due to the bi-

criteria optimisation were obtained. Ostwald and Rodak [2.26] used the similar bi-

criteria optimisation method to [2.22, 2.23, 2.24] to analyse generalised CFS singly-

symmetric (Fig. 2.8 (a)) and point-symmetric (Fig. 2.8 (b)) open sections. The 

geometric size condition was confirmed to be the most dominant constraint in 

optimising the generalised sections. 

 

 

 (a)  (b)  (c) 

Fig. 2.7: Existing CFS open section beams with, (a) single bent flanges, (b) double 

flanges, and (c) rectangular corrugated flanges (from [2.24]) 
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 (a)  (b) 

Fig. 2.8: Existing shapes of CFS generalised open cross-sections, (a) singly-symmetric 

and (b) point-symmetric, with size variables (from [2.26]) 

 

      

 (a) (b) (c) (d) (e) (f) 

Fig. 2.9: Six initial lipped channel beam sections with size variables (from [2.27]) 

 

Ye et al. [2.27] performed the latest size optimisation of CFS beams using particle 

swarm optimisation method [2.28]. The six prototypes of lipped channel beam sections 

with none, one or two web stiffeners (Fig. 2.9) using the same amount of material were 

optimised under laterally restrained and unrestrained (1 m to 4 m long) conditions. The 

objective was to maximise moment capacity with fabrication constraints. The optimised 

laterally restrained beams (Fig. 2.10) were generally slimmer than the initial ones (Fig. 

2.9), and the web stiffener/s was relocated from the centre (initial) to the edge/s 

(optimised) of the web. For unrestrained sections, the cross-sectional depth-to-width 

ratio of the sections (for example in Fig. 2.9 (a)) was optimised gradually in proximity to 

1.0 from 1 m to 4 m (Fig. 2.11). 
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Prototype (a) (b) (c) (d) (e) (f) 

Optimised 

sections 

      

* The bold lines indicate effective parts of the cross-section. 

Fig. 2.10: Six optimised laterally restrained lipped channel beam sections (from [2.27]) 

 

Length L = 1 m L = 2 m L = 3 m L = 4 m 

Optimum 

Sectional 

dimensions 

 
 

 
 

 

Fig. 2.11: Optimised unrestrained lipped channel beam sections (for example in Fig. 

2.9 (a)) for various beam lengths (from [2.27]) 

 

2.1.3 Shape optimisation 

 

In this subsection, published literature in relation to unconstrained and constrained 

shape optimisations is individually reviewed. 

 

2.1.3.1 Unconstrained shape optimisation 

 

Unconstrained shape optimisation algorithm, where the sole aim is to optimise the 

capacity-to-weight ratio of CFS profiles without manufacturing and/or assembly 

constraints, is free to converge to any cross-sectional shapes.  

 

Vinot et al. [2.29] presented the earliest shape optimisation of thin-walled beam-like 

members. The cost function was defined to minimise the cross-sectional area. The 
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beam characteristics including the moment of inertia and torsional rigidity were 

expressed as the functions of nodal coordinates defining the cross-sectional geometry. 

 

Liu et al. [2.30] performed unconstrained shape optimisation of column members. A 

knowledge-based global optimisation algorithm, aiming at optimising the capacity of 

columns manufactured from a 280 mm wide and 1 mm thick plane steel sheeting, was 

used. Singly-symmetric or point-symmetric cross-sections were allowed in the analysis. 

At least four bends were permitted per half cross-section. The Direct Strength Method 

(DSM) [2.31] was used to calculate the nominal column capacity of the section, and the 

open source code finite strip software CUFSM [2.32] was incorporated into the 

algorithm for elastic buckling analysis. The point-symmetric sections in Fig. 2.12 were 

obtained for optimised intermediately long columns. Following [2.30], Leng et al. [2.33] 

optimised the cross-sectional shape of simply-supported open columns using two types 

of optimisation, namely gradient descent search algorithm [2.34] and stochastic search 

algorithms, i.e. Genetic Algorithm (GA) [2.35] and Simulated Annealing (SA) [2.36]. The 

gradient-based optimiser using first-order derivatives only produced local optima (no 

guarantee of global optimality), while the stochastic algorithms searched the elite 

solutions with biases in a global design space. For the example of the long columns, 

the total numbers of analysed solutions in the two stochastic methods were similar to 

each other, however the GA converged to one cross-sectional shape (Squashed “S” in 

Fig. 2.13) and the SA to various shapes (Squashed “S”, “Bobby pin” and “Circular” in 

the subscript (b, c and d), respectively, of Fig. 2.14). The Squashed “S” (Fig. 2.14 (b)) 

shape from the SA was regarded as the best optimised solution and was similar to the 

one arising from the GA (Fig. 2.13). Moharrami et al. [2.37] improved the study in [2.33] 

by introducing various types of boundary conditions into the optimisation algorithm. 

 

Pn = 58.8 kN  Pn = 58.4 kN  Pn = 58.2 kN  Pn = 58.1 kN Pn = 58.0 kN 

     

 

Fig. 2.12: Optimised shapes of CFS columns for intermediately long columns (from 

[2.30]) 
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 Pn = 13.97 kN  Pn = 13.92 kN 

     

 (a) (b) 

 

 Pn = 13.89 kN  Pn = 13.74 kN 

    

 (c) (d) 

Fig. 2.13: Optimised Squashed “S” shape of CFS columns for long columns from the 

GA (from [2.33]) 

 

Gilbert et al. [2.38, 2.39] proposed a GA-based Augmented Lagrangian (AL) [2.40] 

shape optimisation algorithm for CFS columns. The accuracy of the algorithm was 

verified against an optimisation problem, for which an analytical solution was known a 

priori. The cross-sectional shape of simply-supported, singly-symmetric, open and free-

to-warp columns, subjected to a given axial load, was optimised with the objective of 

minimising the cross-sectional area. A specific set of rules to accurately determine the 

elastic local and distortional buckling stresses by elastic bucking analysis in CUFSM 

was also developed and verified against the existing column cross-sections. The 

optimised shapes being very close to “Cee” or “Sigma” (Fig. 2.15) were observed from 

1,000 mm to 2,500 mm long columns.  
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  (a) Convergence 

 

 Pn = 14.17 kN  Pn = 12.38 kN Pn = 11.54 kN  

  

 (b) (c) (d) 

Fig. 2.14: Optimised results and convergence of CFS columns for long columns from 

the SA,  (b) Squashed “S”, (c) “Bobby pin” and (d) “Circular” (from [2.33]) 

 

 

 (a)  (b)  (c) (d) 

Fig. 2.15: Optimised shapes of CFS singly-symmetric and open columns, (a) 1,000 

mm, (b) 1,500 mm, (c) 2,000 mm and (d) 2,500 mm (from [2.39]) 

 

Sharafi et al. [2.41] used an ant colony optimisation (ACO) algorithm [2.42] to shape 

optimise closed and open CFS sections. The algorithm was verified against the same 

known closed profile as the one reported in [2.38]. “I” shape was typically found for the 

optimised profiles (Fig. 2.16). 
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 (a)  (b) 

Fig. 2.16: Optimised shapes of CFS profiles, (a) closed section and (b) open section 

(from [2.41]) 

 

 

Fig. 2.17: Overall Pareto (non-dominated) front of singly-symmetric and point-

symmetric optimised columns (from [2.43]) 

 

Recently, Madeira et al. [2.43] defined the Direct Multi-Search (DMS) method [2.44] to 

shape optimise CFS singly-symmetric and point-symmetric columns with bi-objectives: 

local-global buckling strength and distortional buckling strength. The same initial flat 
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steel sheet as [2.30] was used. Fig. 2.17 denotes the group of non-dominated 

optimised cross-sectional shapes that have maximum local-global strength Pnle at x-

axis and maximum distortional strength Pnd at y-axis. The optimised singly-symmetric 

sections tend to have a higher distortional strength, while the point-symmetric ones 

have a higher local-global strength. 

 

2.1.3.2 Constrained shape optimisation 

 

Leng et al. [2.45] first introduced the flat flanges, i.e. horizontal cross-sectional 

elements (Fig. 2.18) used for assembly, into the shape optimisation algorithm, SA as 

expressed in [2.33], for short to long open-section columns. Singly-symmetric or point-

symmetric cross-sections were allowed. The optimised “Sigma” shapes (Fig. 2.18 (a), 

(b)) were observed for short and intermediate columns and the inversed “S” shape (Fig. 

2.18 (c)) for long ones. Leng et al. [2.46, 2.47] continued to incorporate the even 

numbers of manufacturing rollers (bends) into the algorithm to enable the optimised 

cross-sections manufacturable. The optimised “S” shapes (subfigures ((c)-8, -10 and -

12) of Fig. 2.19) were obtained when the number of rollers was more than 6 for long 

columns, and the other shapes achieved in Fig. 2.19 were singly-symmetric “Cee” or 

“Sigma”.  

 

       

 (a)  (b)  (c) 

Fig. 2.18: Constrained optimised shapes of CFS columns with the flat flanges, (a) 

short, (b) intermediate, and (c) long columns (from [2.45]) 

 

Franco et al. [2.48] proposed a shape grammar of manufacturing constraints in a GA-

based shape optimisation of CFS columns, beams and beam-columns. The 

manufacturing aspects, i.e. wall, stiffener, angle between walls and folding’s location, 

were considered. The free-form optimised shapes together with the relationship 

between the number of folding (rollers) and capacity are shown in Fig. 2.20 (a) for 

columns, Fig. 2.20 (b) for beams and Fig. 2.20 (c) for beam-columns. 
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 (a)-4  (a)-6  (a)-8  (a)-10  (a)-12 

  

 (b)-4  (b)-6  (b)-8  (b)-10  (b)-12 

 

 (c)-4  (c)-6  (c)-8  (c)-10 (c)-12 

Fig. 2.19: Constrained best optimised shapes of CFS columns with 4 to 12 rollers, (a) 

short, (b) intermediate and (c) long columns (from [2.47]) 

 

2.2 SHAPE OPTIMISATION ALGORITHMS 

 

Shape optimisation algorithms available in the literature can be classified into two 

categories, i.e. Gradient Descent search method (GD, used in [2.33]) and stochastic 

search method, e.g. Genetic Algorithm (GA, used in [2.33, 2.37, 2.38, 2.39, 2.48]), 

Simulated Annealing (SA, used in [2.33, 2.45, 2.46, 2.47]), Ant Colony Optimisation 

(ACO, used in [2.41]) and Direct Multi-Search (DMS, used in [2.43]). 
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(a) Columns 

 

(b) Beams 

 

(c) Beam-columns 

Fig. 2.20: Relationship of capacity and foldings (bends), and free-form constrained 

optimised shapes of (a) columns, (b) beams and (c) beam-columns (from [2.48]) 
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The GD algorithm given in Table 2.1 is an optimiser to discover a unique (best) local 

optimum. It is a linear search method by calculating the gradient (the direction of the 

steepest descent) at each step. The algorithm converges to the local optimum when 

the gradient is equal to zero. The total number of solutions evaluated in [2.33] was 

medium (21,000). 

 

Table 2.1 Comparison of shape optimisation algorithms 

Algorithms 
available in 
the literature 

Maximum total 
number of 

solutions used in 
literature 

Search 
method 

Optimum 
solution 

GD [2.34] 21,000 Line Unique local optimum 

GA [2.35] 40,000 Stochastic Unique global optimum 

SA [2.36] 30,000 Stochastic Global optima 

ACO [2.42] 893 Stochastic Unique global optimum 

DMS [2.44] 40,000 Stochastic Pareto optimal set 

 

The other algorithms presented in Table 2.1 are stochastic search methods in a full 

design space. These algorithms are said to converge when the design variables remain 

unchanged over a certain amount of iterations. To maintain diversity of population, the 

GA, SA and DMS employ a higher number (30,000 to 40,000) of solutions as 

documented in the literature [2.33, 2.37, 2.38, 2.39, 2.43, 2.45, 2.46, 2.47, 2.48]. The 

GA is a population-based algorithm that mimics the Darwin’s evolutionary theory [2.35]. 

It produces superior off-springs in a new generation that bear a strong similarity to their 

parents from the previous generation and theoretically converges to a unique global 

optimum. While, the SA that mimics the natural process of annealing for metal [2.49] 

generates several sub-optima during the process of optimisation, where the optimum is 

manually selected in the results. It takes 40,000 solutions reported in [2.33, 2.37, 2.38, 

2.39, 2.48] and 10,000 in [2.33, 2.45, 2.46, 2.47], i.e. 1/3 of 30,000, to obtain the 

optimum, from the GA and the SA, respectively. Similar to the GA, the ACO, a graph-

based algorithm, enables convergence to a unique global optimum, but consumes a 

small number of individuals (e.g. 893 in [2.41]). In the ACO, however, one cross-

section is composed of too many elements, e.g. represented by the maximum of 1,200 

ants in [2.41], which increases computation expense [2.50]. The DMS is a derivative-

free and multi-objective algorithm that does not aggregate any components in the multi-

objective function [2.44]. The non-dominated Pareto optimal set solutions are therefore 

obtained. This method however does not include “fuzzy” but “black and white” 

constraints in the optimised results. 
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As seen from the above, the GA is able to avoid local optima and produce a near 

optimum using a reasonable number of solutions in shape optimisation of CFS cross-

sectional profiles. For these reasons, the GA is used as the optimiser in this research. 

 

The main characteristics of the GA [2.51] is summarised as follows: 

 The GA works with finite-length binary strings (chromosomes) rather than real 

parameter sets. 

 The GA considers a group of individuals in a full and bounded design space in 

every generation (iteration). 

 The GA uses arbitrary initial individuals and random (stochastic) search instead 

of gradient search. The derivative information and step-size parameters can 

therefore be avoided. 

 The GA is not a hill-climbing algorithm, and therefore reduces the probability of 

being trapped in a local minimum. 

 

These characteristics of the GA are suitable for optimisation with a large number of 

chromosomes [2.51]. For example, the nodal coordinates composed of CFS cross-

sections in shape optimisation are chromosomes. Each chromosome in an individual is 

independent from the others and thus can be processed concurrently (namely parallel 

processing [2.52]). The GA has a group of random individuals (points) instead of one 

single starting point and therefore guarantees a direct convergence to a unique 

optimum solution. The GA only requires a solution to the simple fitness function f 

expressed as,  

 

∑
n

i

ii )x(φα)x(ff
1

   (2.1) 

 

where f(x) is the objective function, x is the vector of design variables, φi(x) is the ith 

constraint violation (n constraints) and αi is the penalty factor. It therefore results in a 

numerically efficient algorithm. It should be noted, however, that the GA can only solve 

unconstrained optimisation problems [2.51]. Therefore, in the GA, a constrained 

optimisation problem must be transformed to an unconstrained one by employing a 

constraint-handling method to manage the constraint violation φi(x) in Eq. 2.1. 

 

 

 

 



CHAPTER 2 

2-17 
 

 

2.3 CONSTRAINT-HANDLING METHODS USED IN THE GA 

 

Constraint-handling techniques are used to incorporate the constraints, actually 

existing in any real-world application, into the GA. The constraint-handling methods can 

be basically classified into three categories [2.53]: 

 Penalty function based method 

 Hybrid method 

 Feasibility based method 

 

The penalty function based method is the most common approach to introduce 

constraints to the GA [2.54]. The penalty violation should be ideally controlled as low as 

possible, that is to say, just above the limit, below which the infeasible solutions are 

optimal [2.55]. The penalty function coefficient is therefore needed and usually remains 

as a constant value during the process of optimisation. However, choosing a suitable 

penalty function coefficient requires an arbitrary “trial and error” approach. A large 

value of the penalty function coefficient may cause ill-conditions and/or slow 

convergence, while a small one may not take effect on the penalty function [2.40].  

 

The hybrid method, by using the penalty function method together with an outer loop to 

efficiently manage the convergence, has been proposed to avoid ill-conditioning 

problems. For example, the augmented Lagrangian (AL) constraint-handling method 

[2.40] is one of the most common hybrid methods, expressed by Eq. 2.2 as 

transformed from Eq. 2.1,  

 

  



n

i

iii μ)x(φ,maxγ)x(ff
1

2
0

2

1
   (2.2) 

 

where γi and µi are the penalty function coefficients and the real parameters associated 

with the ith constraint, respectively. Instead of a single penalty factor (αi in Eq. 2.1), the 

primal-dual solution includes two parameters (γi and µi in Eq. 2.2) associated with each 

penalty function. The multiplication of the two parameters, the so-called Lagrange 

multiplier, is automatically undated in the outer loop and is not allowed to approach 

infinity during the process of optimisation. This method therefore avoids the arbitrary 

selection of a suitable penalty function coefficient and ensures convergence of the 

solution. The outer loop however may add further complexity to the algorithm [2.40]. 
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Deb [2.56] proposed a tournament selection constraint-handling method based on a 

distinction between the feasible and infeasible solutions. Two solutions (pairwise) are 

compared at a time by the following criteria: (i) a feasible solution is always preferred 

over an infeasible one, (ii) between two feasible solutions, the one with better objective 

function value is preferred, and (iii) between two infeasible solutions, the one with 

smaller constraint value (violation) is preferred. This method does not require a penalty 

function coefficient, because the selection procedure is only dependent on the pairwise 

comparison. It however has a problem of maintaining diversity in the population, and 

the algorithm therefore quickly converges to the “optimum” that may be easily trapped 

into the local optimised region. 

 

As described above, the AL constraint-handling hybrid method is thus used in this 

research. 

 

2.4 DETERMINATION OF NOMINAL MEMBER CAPACITY 

 

2.4.1 General remarks 

 

To estimate the nominal member capacities of CFS profiles, the Australian Standard 

AS/NZS 4600:2005 [2.57] is used in the present research. This standard allows two 

distinct methods, referred to as the “Effective Width Method” and the “Direct Strength 

Method”, to be used. 

 

2.4.2 Effective Width Method 

 

The Effective Width Method (EWM) [2.58] is an elemental method that considers the 

CFS section as isolated elements. No interactive effect among the isolated elements is 

considered. The EWM for designing the nominal member capacities is based on an 

idea of stress redistribution, in the post-buckling stage, to the stiffened edge subject to 

uniform or gradient compression [2.59]. Von Karman et al. [2.60] first named the 

stiffened edge the effective width (be). Many international standards, such as the 

Australian Standard for Cold-formed Steel Structures (AS/NZS 4600:2005) [2.57] and 

the North American Specification for the design of Cold-formed Steel Structural 

Members (AISI-S100-12) [2.61], recommend the EWM method. 

 

In Clause 2.2.1.2 of AS/NZS 4600:2005 [2.57], the design stress (f*) used in the EWM 

is evaluated on the basis of flexural, torsional or flexural-torsional buckling as specified 

in Clause 3.4 [2.57] for nominal member capacity in compression (Nc), and on the basis 
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of lateral buckling as specified in Clause 3.3.3.2 [2.57] or distortional buckling as 

specified in Clause 3.3.3.3 [2.57] for nominal member moment capacity (Mb). 

Specifically, the effective width (be) locations can be basically classified to four 

categories: 

 be is on stiffened elements with uniform (Fig. 2.21) or gradient compression.  

 be is on unstiffened elements with uniform (Fig. 2.22) or gradient compression. 

 be is on uniformly compressed elements with an edge stiffener (Fig. 2.23). 

 be is on uniformly compressed elements with intermediate stiffener/s (Fig. 2.24). 

 

 

Fig. 2.21: Effective width (be) on stiffened elements subject to uniform compression 

(from [2.57]) 

 

 

Fig. 2.22: Effective width (be) on unstiffened elements subject to uniform compression 

(from [2.57]) 

 

 

Fig. 2.23: Effective width (be) on uniformly compressed elements with an edge stiffener 

(from [2.57]) 

 

It is obvious that the EWM is incapable of allocating the design stress when the cross-

sectional shape becomes complex with a large number of bends and stiffeners. The 

interaction among the cross-sectional elements may occur and the concept of isolated 

elements is therefore less accurate [2.62].   
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Fig. 2.24: Effective width (be) on uniformly compressed elements with one intermediate 

stiffener (from [2.57]) 

 

2.4.3 Direct Strength Method 

 

The Direct Strength Method (DSM), reviewed by Schafer [2.31], is a new method to 

design the entire CFS member rather than the isolated cross-sectional elements. The 

three fundamental buckling modes, i.e. global, local and distortional have been 

considered as seen in Fig. 2.25. Hancock et al. [2.63] evaluated the distortional 

buckling behaviour of CFS cross-sections. Schafer and Pekoz [2.64] performed the 

direct strength prediction of CFS members for local and distortional behaviours and 

declared a possibility of shape optimisation of CFS cross-sections. The global buckling 

behaviour is referred to as Timoshenko’s buckling theory [2.65] given in the AS/NZS 

4600:2005 Edition [2.57]. These research outcomes have been incorporated into the 

design specifications (e.g. in [2.57] and [2.61]) to calculate the global, local and 

distortional buckling strengths of compression and flexural members, where the 

interaction of global and local buckling modes are considered. To date, the current 

DSM as published in the design specifications can only calculate the nominal axial load 

and bending capacities of CFS members [2.31]. Recently, a number of researchers 

have extended the DSM for the provisions of shear [2.66, 2.67, 2.68, 2.69, 2.70], web 

crippling [2.71, 2.72, 2.73], and perforated members [2.74, 2.75]. 

 

      

 (a)  (b)  (c) 

Fig. 2.25: Three fundamental buckling modes of a lipped channel, (a) global, (b) local, 

and (c) distortional (from [2.76]) 
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The DSM requires performing an elastic buckling analysis, as described in further detail 

in Section 2.4.4 for the entire cross-sectional elements (strips).  The slender element/s 

in compression may buckle first, which leads to low member strength and therefore 

causing a conservative strength evaluation [2.59]. The buckled elements also shift the 

neutral axis of the cross-sections, which is not considered by the DSM [2.62]. The 

geometric limitation seen in Clause 7 of the AS/NZS 4600:2005 Edition [2.57], on the 

other hand, is imposed on the pre-qualified compression and bending members 

designed by the DSM.  

 

The DSM empirical equations are published in Clauses 7.2 of the AS/NZS 4600:2005 

Edition [2.57] to calculate the nominal member compression and moment capacities. 

The nominal member capacity in compression Nc is expressed as, 

 

 cdclcc N,N,NminN e     (2.3)  

 

where Nce, Ncl and Ncd are the nominal member capacities in compression for global, 

local and distortional buckling, respectively. Nce is expressed as,  
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where λc is the non-dimensional slenderness to determine Nce and expressed as, 

 

oc

y
c

N

N
λ    (2.5) 

 

where Noc is the elastic global compression member buckling load and Ny is the 

nominal yield capacity in compression, expressed, respectively, as, 

 

 ocsoc fAN       (2.6) 

 

ysy fAN       (2.7) 
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where foc is the least of the elastic flexural, torsional and flexural-torsional buckling 

stress and referred to as Clause 3.4 of the AS/NZS 4600:2005 Edition [2.57], As is the 

cross-sectional area, and fy is the material yield stress. Ncl is given as, 
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where λcl is the non-dimensional slenderness to determine Ncl and expressed as, 
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where Nol is the elastic local buckling load and calculated using Eq. (2.6) by replacing  

foc with fol. fol is the elastic local buckling stress and evaluated by an elastic buckling 

analysis for compression (see Section 2.4.4 for details). Ncd is given as, 
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where λcd is the non-dimensional slenderness to determine Ncd and expressed as, 
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where Nod is the elastic distortional buckling load calculated using Eq. (2.6) by 

replacing  foc with fod. fod is the elastic distortional buckling stress and evaluated by an 

elastic buckling analysis for compression (see Section 2.4.4 for details). 

 

Similarly, the nominal member moment capacity Mb is expressed as, 

 

 bdblbeb M,M,MminM      (2.12) 

 

where Mbe, Mbl and Mbd are the nominal member moment capacities for global, local 

and distortional buckling, respectively. Mbe is expressed as, 
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where Mo is the elastic lateral-torsional buckling moment as calculated in Clause 

3.3.3.2 of the AS/NZS 4600:2005 Edition [2.57], and My is the nominal bending yield 

capacity and expressed as, 

 

yfy fZM       (2.14) 

 

where Zf  is the full section modulus of the extreme fibre at the first yield point. Mbl is 

expressed as, 
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where λbl is the non-dimensional slenderness to determine Mbl and expressed as, 
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where Mol is the elastic local buckling moment and calculated using Eq. (2.14) by 

replacing  fy with fol. fol is the elastic local buckling stress and evaluated by an elastic 

buckling analysis for bending (see Section 2.4.4 for details). Mbd is expressed as, 
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where λbd is the non-dimensional slenderness to determine Mbd and expressed as, 
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where Mod is the elastic distortional buckling moment and calculated using Eq. (2.14) 

by replacing  fy with fod. fod is the elastic distortional buckling stress and evaluated by an 

elastic buckling analysis for bending (see Section 2.4.4 for details). 

 

2.4.4 Elastic buckling analysis 

 

As mentioned above in Section 2.4.3, the elastic local (fol) and distortional (fod) buckling 

stresses obtained by elastic buckling analysis are used to calculate the nominal 

member compression (Nc) and moment (Mb) capacities. The elastic buckling analysis is 

in practice conducted by using the Finite Strip Method (FSM) [2.77], where the entire 

cross-sectional perimeter is divided into a finite number of local longitudinal strips, as 

shown in Fig. 2.26. Each strip subject to an uniform or gradient compressive load is 

free to deform in-plane and out-of-plane along a half-wave length [2.59]. The two FSM 

software packages, i.e. CUFSM [2.32] and THIN-WALL [2.59], for elastic buckling 

analysis are commonly used in industry. 

 

The FSM analysis produces a buckling curve, namely the “signature curve” of buckling 

stresses against the half-wavelength, for the example shown in Fig. 2.27, as the solid 

line for a simply-supported 1,200 mms long conventional lipped channel. The signature 

curve ideally contains two local minima, i.e. the first (left) and second (middle) minima 

representing the elastic local and distortional buckling modes, respectively. The global 

buckling mode is located at the half-wavelength equal to the member length (1,200 

mm) due to the simply-supported condition at the member end. For complex cross-

sections, the FSM analysis however may produce one or none local minimum and 

therefore be unable to distinctly identify the elastic local and/or distortional buckling 

modes [2.77].  

 

 

Fig. 2.26: Finite strips with degree of freedom and compressive loads on one strip 

(from [2.78]) 
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Under this circumstance, Schafer [2.62] proposed a manual method to identify these 

indistinct buckling modes. The indistinct local buckling mode can be identified by using 

one or more of the following methods: 

 Refining the half-wavelength steps; 

 Basing the judgement on the local buckling mode definition;  

 Pining the internal fold lines to force local buckling if possible; 

 Choosing the lowest elastic buckling stress at the half-wavelength less than the 

largest dimension of the cross-section. 

 

Similarly, the option/s to handle an indistinct distortional mode involves: 

 Refining the half-wavelength steps; 

 Basing the judgement on the distortional buckling mode definition; 

 Pining the internal fold lines to isolate local buckling from distortional buckling if 

possible; 

 Altering the dimensions of the cross-section to detect a trend in the distortional 

buckling minima; 

 Selecting the lowest buckling mode which exhibits the distortional buckling 

features at the half-wavelength greater than the local buckling half-wavelength. 

 

Recently, an automated method, called constrained FSM (cFSM), was developed in 

[2.32, 2.79, 2.80, 2.81] to identify the indistinct buckling modes. The cFSM is able to 

separate the buckling modes into four subspaces, i.e. global, local, distortional and 

others and therefore capable of identifying the three “pure” buckling modes by using 

the definition in the Generalised Beam Theory (GBT) [2.79]. For example in Fig. 2.27, 

the buckling modes are decomposed of local and distortional buckling modes 

represented by the dashed lines (cFSM). The “pure” local minimum on the distortional 

buckling curve is slightly higher than the second local minimum on the signature curve, 

because the elastic distortional buckling mode has an interactive effect with the other 

buckling modes. However, the cFSM cannot automatically evaluate the elastic local 

and distortional buckling stresses on the signature curve. Specifically, the cFSM 

requires the straight-line cross-section without rounded corners [2.81] when predicting 

the local buckling stresses. 
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Fig. 2.27: Buckling curves of a 1,200 mm long conventional lipped channel (from [2.76]) 

One can genuinely ask if a generalised automated method exists to evaluate the elastic 

local and distortional buckling stresses on the signature curve for any cross-sectional 

shape. Schafer [2.31] was the first researcher who suggested to use the cFSM to 

determine the critical half-wavelength from the “pure” buckling curve, and then to use 

the FSM to calculate the buckling stress at the critical half-wavelength from the 

signature curve. 

For shape optimisation purposes, Leng et al. [2.33] first set the rules to automatically 

determine the elastic local and distortional buckling stresses by using the FSM only as, 

(1) If more than one local minimum exists on the signature curve, the first local

minimum is taken as fol and the smallest of the remaining local minima as fod.

(2) If only one local minimum exists, this minimum is chosen for fol if its half-

wavelength is less than the total width of the unfolded coil (perimeter),

otherwise, the local minimum is chosen for fod.

Franco et al. [2.48] and Madeira et al. [2.43] then employed the similar rules to those 

suggested in [2.33] for predicting the elastic local and distortional buckling stresses for 

shape optimisation. The automated Rule (2) however does not clearly distinguish the 

elastic local and distortional buckling stresses and therefore may overestimate fol when 

the half-wavelength of the single local minimum is greater than the perimeter length or 

underestimate fod when the half-wavelength is less than the perimeter length.  
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To address this issue, Gilbert et al. [2.39] thus proposed another set of rules by 

defining the specific half-wavelength ranges for the local and distortional buckling 

modes, and verified the rules against standard cross-sections. See Section 2.5.3 in 

further detail. 

 

2.5 “SELF-SHAPE OPTIMISATION” METHOD  

 

The optimisation method proposed in this research is derived from a previously 

developed GA-based algorithm in [2.38, 2.39], namely “self-shape optimisation” 

algorithm. This algorithm discovered innovative CFS cross-sectional shapes without 

presumptions of their dimensions and shapes. 

 

2.5.1 Algorithm 

 

Gilbert et al. [2.38] developed a “self-shape optimisation” approach for CFS cross-

sections using the augmented Lagrangian Genetic Algorithm [2.40] (ALGA). This is 

also the fundamental algorithm used for this research. The flowchart of the ALGA 

shown in Fig. 2.28 contains: (i) arbitrary creation of the initial generation, (ii) ranking of 

the individuals by fitness and (iii) reproduction of the new generation by cross-over and 

mutation operators. 

 

This algorithm was verified in [2.38] by optimising the shape of a doubly-symmetric 

thin-walled closed profile where its optimum shape (circular ring) is known a priori. The 

objective was to minimise the cross-sectional area As for imposed second moments of 

area Isx and Isy about the two axes of symmetry. A quarter of the doubly-symmetric 

cross-section is shown in Fig. 2.29. The general fitness function of the optimisation 

problem is written as, 
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where Aoptimum, Ix and Iy are the known (targeting) optimum cross-sectional area and 

second moments of area about the x and y axes, respectively, of a circular ring. αx and 

αy are penalty factors. The equality constraints from the two second moments of area 

were used. The AL [2.40, 2.51] fitness function used in the GA was derived from Eq. 

(2.19) as, 
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where γx and γy are the penalty function coefficients and μx and μy are the real 

parameters associated with each equality constraint. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2.28: Flowchart of the algorithm (from [2.82]) 
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The initial cross-sections in the GA are arbitrarily drawn using self-avoiding random 

walks, seen in Fig. 2.30, on a defined design space. The vector of a new element is set 

to 1 mm in the direction randomly chosen between -45° and 45° to the horizontal (Fig. 

2.30 (a)) and the orientation of the last built element (Fig. 2.30 (b)). Note that, the last 

built element is not allowed to intersect the cross-section (Fig. 2.30 (c)) or the 

boundaries of the design space. The examples of drawn cross-sections with various 

cross-sectional sizes are illustrated in Fig. 2.31. 

 

 

Fig. 2.29: Optimum doubly-symmetric closed thin-walled section (circular ring) 

 

  

 (a)  (b) 

 

(c) 

Fig. 2.30: Creating the initial cross-sections, (a) First element, (b) New element and (c) 

Intersection (from [2.82]) 

 

Centre-line of the wall 

Origin 
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Fig. 2.31: Created initial solutions with various cross-sectional sizes (from [2.82]) 

 

 

(a) 

 

 (b)  (c) 

Fig. 2.32: Cross-over operator, (a) find cross-over points, (b) first offspring and (c) 

second offspring (from [2.82]) 

 

The one-point cross-over operator, seen in Fig. 2.32, is used to reproduce the 

offsprings that bear similarity to their parents. The cross-over points P1 and P2 (Fig. 

2.32 (a)) are linearly interpolated between Pparent1 and Pparent2 (randomly located at 

Parent 1 and Parent 2, respectively) as, 

 

211 1 parentparent P)δ(PδP     (2.21) 
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122 1 parentparent P)δ(PδP     (2.22) 

 

where δ is a random number in the interval [0, 1]. For the first offspring (Fig. 2.32 (b)), 

the right hand part of Parent 1 is rotated about the end point Py1 (pin at Py1) and the left 

hand part of Parent 2 rotated about the end point Px2 (pin at Px2), till Pparent1 is matched 

to P1 and Pparent2 matched to P1. Similarly, the second offspring (Fig. 2.32 (c)) is 

created. The offspring section is not allowed to intersect itself and the boundary of the 

design space. A typical cross-over probability of 0.8 is used. 

 

The mutation operator allows the offspring cross-section to be partially modified. The 

elements before and after the mutated point in either middle (Fig. 2.33 (a)) or edge 

(Fig. 2.33 (b)) part of the cross-section are deleted and replaced by the new arbitrarily 

drawn elements. The section after mutation is not allowed to intersect itself and the 

boundary of the design space. A typical mutation probability of 0.01 is used. 

 

   

 (a)  (b) 

Fig. 2.33: Mutation operator, (a) middle part of the cross-section modified and (b) edge 

part of the cross-section modified (from [2.82]) 

 

2.5.2 Parametric study 

 

The parametric study is performed to guarantee the algorithm to converge. The 

reasonable parameters of the algorithm were obtained.   

 

Gilbert et al. [2.38] conducted a series of parametric studies for the AL GA in shape 

optimisation to achieve better convergence and to set references for future researches. 

The parameters given in Table 2.2 include: population size (number of individuals per 

generation), maximum mutation length (percentage of cross-sectional perimeter), 

penalty increasing constant β and penalty function coefficient γ for the AL, distribution 
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of the initial population, and radius of circular ring rc. The convergence rate ρ for the AL 

is set to 1.5. 100 generation was used per run and 10 runs were performed per 

combination of parameters. The design space was set to 20 mm × 20 mm for r = 10 

mm, 40 mm × 40 mm for r = 20 mm, and 60 mm × 60 mm for r = 30 mm. 

 

Table 2.2 Combination of parameters (from [2.82]) 

Parameter 
Combination of parameters 

1 2
(2)

 3 4 5 6 7 8 9 10 11 12 

Population 
size 

400 700 1000 700 700 700 700 700 700 700 700 700 

Maximum 
mutation 

length (%) 
50 50 50 30 70 50 50 50 50 50 50 50 

Penalty 
increasing 
constant β 

1.05 1.05 1.05 1.05 1.05 1.01 2 1.05 1.05 1.05 1.05 1.05 

Penalty 
function 

coefficient γ 
2 2 2 2 2 2 2 1 5 2 2 2 

Distribution  
of the initial 
population

(1)
 

U U U U U U U U U NU NU U 

Radius r 
(mm) 

20 20 20 20 20 20 20 20 20 20 30 30 

(1)
 U and NU stand for uniform and non-uniform distributions, respectively. 

(2)
 The underlined combination is recommended. 

 

Table 2.3 Average results (from [2.82]) 

Combination 
of parameters 

Average results over 10 runs at the 100
th
 generation 

As Isx Isy 

Error (%) CoV Error (%) CoV Error (%) CoV 

2 0.30 0.0015 0.02 0.0002 0.01 0.0001 

6 0.31 0.0018 0.06 0.0010 0.07 0.0012 

7 4.43 0.0147 0.00 0.0000 0.00 0.0000 

10 0.36 0.0016 0.02 0.0001 0.04 0.0005 

11 0.82 0.0020 0.06 0.0005 0.05 0.0004 

12 0.87 0.0030 0.04 0.0006 0.04 0.0004 

 

For the average results over 10 runs as seen in Table 2.3, the penalty increasing 

constant β (tuned in Combinations 2, 6 and 7) had a significant influence on the 

accuracy of the algorithm. The moderate β = 1.05 in Combination 2 was selected. 

Comparing Combinations 2 with 12 (under uniform distribution) or Combinations 10 

with 11 (under non-uniform distribution), the small radius (r = 20 mm) was found to 

produce better results than the large radius (r = 30 mm), because the larger the cross-

section, the higher the probability of the cross-section is to be self-trapped. The 

distribution of the initial population, on the other hand, seemed to have little influence 

on the accuracy of the algorithm when comparing Combinations 2 with 10. However, in 

the non-uniformly distributed initial population (see Fig. 2.34), small and large cross-

sections were normally over (high frequency) and under (low frequency) represented, 
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respectively, because the algorithm easily rejected large cross-sections that were 

prone to be self-trapped. This caused less diversity within the initial population. The 

uniform distribution of the initial cross-sections was therefore recommended. 

 

 

Fig. 2.34: Distribution of cross-sectional area (from [2.82]) 

 

As clearly seen in Table 2.2, one combination of parameters with each parameter 

being mostly used in the other combinations was regarded as the best combination. 

Combination 2 therefore had the best parameters (underlined). 

 

2.5.3 Rules of determining elastic buckling stresses 

 

The elastic buckling stresses are obtained by using elastic buckling analysis (see 

Section 2.4.4) and required to evaluate nominal member capacities in the DSM (see 

Section 2.4.3). 

 

Gilbert et al. [2.39] proposed and verified a set of rules to automatically determine the 

elastic local (fol) and distortional (fod) buckling stresses for shape optimisation of CFS 

columns. The optimisation problem was to minimise the cross-sectional area As of 

columns. The general fitness function was given as, 
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where Nc is the nominal member compression capacity referred to as Eq. (2.3) in 

Section 2.4.3, and N* is the applied axial compressive load, set to 75 kN. α is the 

penalty factor. Asquash represents the lower bound cross-sectional area of the profile, 

defined as, 

 

y
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N
A       (2.24) 

The AL [2.40, 2.51] fitness function used in the shape optimisation algorithm was then 

derived from Eq. (2.23) as, 
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where γ is the penalty function coefficient and μ is the real parameter associated with 

each the equality constraint. 

 

 

Fig. 2.35: Local buckling mode of a standard lipped channel (from [2.76]) 

 

The automated rules were stated as follows: 

 For the elastic local buckling stress fol:  

Step 1: Calculate the signature curve in CUFSM [2.32] using the FSM [2.77] in 

the half-wavelength interval [r0, d] (see Fig. 2.35), where r0 is the least 

radius of gyration and d is the largest overall dimension of the cross-

section. 



CHAPTER 2 

2-35 
 

Step 2: a) If at least one local minimum exists in the interval, then fol is taken as 

the smallest local minimum; 

b) Else, fol is taken as the minimum gradient of the signature curve in the 

interval. 

 For the elastic distortional buckling stress fod:  

Step 1: a) Calculate the “pure” distortional buckling curve using the cFSM [2.83] 

in CUFSM in the half-wavelength interval [min (20r0, 3d), 10d] (see 

Fig. 2.36); 

b) If at least one local minimum exists in the interval, then record the 

critical half-wavelength Lcrd corresponding to the minimum value on 

the curve between the smallest local minimum and the values at the 

bounds of the interval, and go to Step 3; 

c) Else, go to Step 2. 

Step 2: Expand the upper limit of the interval by 3d and go to Step 1 b). 

Step 3: Calculate fod from the signature curve using the FSM at the half-

wavelength Lcrd. 

 

 

Fig. 2.36: Distortional buckling mode of a standard lipped channel (from [2.76]) 

 

The rules were verified against the manual method of identifying indistinct buckling 

modes stated in Section 2.4.4 from [2.62] for 60 standard (“Cee”, “Zed” and Upright 

with or without lips for racks) and optimised cross-sections. The average difference in 

elastic buckling stresses between the proposed rules and manual method was found to 

be as small as 0.08%. 
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2.6 SUMMARY 

 

This chapter has reviewed relevant literature on size/shape optimisation of cold-formed 

steel (CFS) cross-sections, the search algorithms, the constraint-handling methods, the 

methods of calculating nominal member capacities, and the “self-shape optimisation” 

algorithm to be used in this thesis. The main findings are summarised as below: 

 The size optimisation focuses on finding optimum local dimensions for given 

commercialised cross-sectional shapes, while the shape optimisation with or 

without manufacturing and end-use constraints aims at discovering new 

innovative cross-sectional shapes, which includes finding the optimum 

dimensions.  

 The Genetic Algorithm (GA), a stochastic search algorithm, guarantees a unique 

global optimum solution using reasonable number of individuals and iterations, 

without presumptions of cross-sectional profiles. 

 The augmented Lagrangian (AL) method, a hybrid constraint-handling method, 

prevents the penalty function coefficients from becoming infinity and therefore 

avoids numerical ill-conditions.  

 The Direct Strength Method (DSM) is able to design any CFS cross-sectional 

profile and therefore to facilitate desired shape optimisation. The current DSM is 

only available for evaluating the nominal member capacities in compression and 

bending, where the elastic local and distortional buckling stresses are obtained 

by performing elastic buckling analysis. 

 The “self-shape” optimisation method using the augmented Lagrangian Genetic 

Algorithm (ALGA) builds the fundamental philosophy for optimising the cross-

sectional shape of CFS sections in this thesis.   

 

Directly derived from the above-mentioned “self-shape optimisation” method, the shape 

optimisation algorithm proposed in this study will be depicted in detail in Chapters 3 to 

7 in the form of peer-reviewed publications. 
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Shape optimisation of cold-formed steel columns with 

manufacturing constraints using the Hough transform 

 

ABSTRACT  

 

This chapter introduces manufacturing constraints into a recently developed 

evolutionary algorithm for shape optimisation of CFS profiles. The algorithm is referred 

to as “self-shape optimisation” and uses Genetic Algorithm (GA) together with the 

Augmented Lagrangian (AL) method to avoid ill-conditioned problems. Simple 

manufacturing rules derived from the limitations of current cold-forming processes, i.e. 

a limited ability to form continuously curved surfaces without discrete bends, are 

described in the chapter and incorporated into the algorithm. The Hough transform is 

used to detect straight lines and transform arbitrarily drawn cross-sections into 

manufacturable ones. Firstly, the algorithm is verified against a known optimisation 

problem and found to accurately converge to a manufacturable optimum solution. 

Secondly, the algorithm is applied to singly-symmetric CFS columns each of which is 

subject to an axial compressive load of 75 kN and has a uniform wall thickness of 1.2 

mm. The strength of the columns is evaluated by the Direct Strength Method (DSM) 

and all buckling modes are considered. Various column lengths (from 500 mm to 3,000 

mm) and numbers of roll-forming bends were investigated. The optimised cross-

sections are presented and discussed.  

 

KEYWORDS  

 

Shape optimisation; Cold-formed steel structures; Hough transform; Genetic Algorithm. 
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3.1 INTRODUCTION 

 

Cold-formed steel (CFS) profiles are usually an attractive and cost-effective building 

structural solution relative to more “conventional” building materials, such as hot-rolled 

steel and concrete. They are thin-walled structural members with a high capacity-to-

weight ratio [3.1] and can be pre-fabricated off-site and readily installed on-site.  

 

The main advantage of CFS members lies in their manufacturing processes that allow 

the formation of almost any cross-sectional shape at room temperature. The profiles 

are typically formed by bending coils of thin steel sheets (up to 6 mm thick) with a finite 

number of rollers (roll-forming) or die blocks (brake-pressing). However, despite this 

flexibility, the use of CFS sections has been mainly restricted to Cee, Zed and Sigma 

cross-sectional shapes, with or without stiffeners, as shown in Fig. 3.1. As the cross-

sectional shape controls the strength of CFS members, there is a real potential to 

eventually discover new optimised cross-sectional shapes tailored to specific 

applications, such as purlins, girts and studs for buildings, and uprights for storage 

racks for instance. Such discoveries will enhance the competitiveness of CFS 

structures and are now facilitated by the development of a new structural design 

method, the Direct Strength Method (DSM) [3.2], which allows any cross-sectional 

shapes with the same degree of complexity to be designed. 

 

   

 (a) (b)  (c) 
Fig. 3.1: Conventional CFS profiles with or without stiffeners, (a) Cee, (b) Z and (c) Σ-

sections 
 

This chapter aims at incorporating manufacturing constraints for optimising the cross-

sectional shape of CFS columns by minimising the cross-sectional area for a given 

design axial compressive load. Optimisation for specific applications is not considered 

in the present study, and will be investigated in the future. Simple roll-forming (or 

brake-pressing) manufacturing rules are defined and incorporated into the recently 

developed “self-shape optimisation” algorithm [3.3, 3.4] as manufacturing constraints. 

The specificity of the algorithm is briefly described in the chapter. The Hough transform, 

used to detect straight lines and transform non-manufacturable cross-sections into 

manufacturable ones, is explained herein. The algorithm is verified against a known 
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optimisation problem, being the optimisation of the cross-sectional shape of a doubly-

symmetric closed thin-walled profile for given second moments of area. The verified 

algorithm is then used to optimise simply-supported, singly-symmetric and free-to-warp 

open-section CFS columns. The optimised manufacturable cross-sections are 

presented and discussed in the chapter. For comparison purposes, the algorithm is 

also run to obtain non-manufacturable cross-sections.  

  

3.2 BACKGROUND 

 

3.2.1 General remarks 

 

One of the early studies on shape optimisation of CFS profiles is attributed to Liu et al. 

[3.5]. A knowledge-based global optimisation algorithm, aiming at optimising the 

capacity of CFS columns manufactured from coils of set width and thickness, was 

used. Leng et al. [3.6] optimised the cross-sectional shapes of CFS open columns 

using three different optimisation algorithms, namely gradient-based steepest descent 

method, Genetic Algorithm (GA) and Simulated Annealing (SA). Sections having a wall 

thickness of 1 mm and a perimeter of 280 mm were divided into 21 elements and 

optimised. ‘‘Open circular’’ and ‘‘S’’ cross-sections were found. Moharrami et al. [3.7] 

improved the study in [3.6] by introducing various types of boundary conditions into the 

algorithm. Gilbert et al. [3.3] proposed a GA-based Augmented Lagrangian (AL) 

constraint-handling shape optimisation method for CFS profiles. The accuracy of the 

algorithm was verified against an optimisation problem for which an analytical solution 

is known. Gilbert et al. [3.4] then applied the verified algorithm to optimise the cross-

sectional shape of CFS simply-supported, singly-symmetric and open-section columns, 

subjected to a certain axial compressive load. A set of rules to accurately determine the 

local and distortional elastic buckling stresses from the Finite Strip signature curves 

was also developed.  

 

Manufacturing constraints were first introduced into shape optimisation algorithms for 

CFS profiles by Leng et al. [3.8]. The authors introduced partial manufacturing and 

construction (geometric end uses) constraints using an SA algorithm. The constraints 

were implemented by defining (i) flat “horizontal” flanges, (ii) minimum dimensions for 

the “vertical” web, flanges and lips, (iii) allowance passage for utilities between lips and 

(iv) no overlapping elements in the cross-sections. The study was improved in Leng et 

al. [3.9] by introducing a limited number of rollers (representing the number of discrete 

bends between flat segments, see Section 2.3). These enhancements resulted in 

manufacturable cross-sections with improved capacities when compared to 
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conventional Cee-sections of identical cross-sectional area. Leng et al. [3.10] also 

presented optimised cross-sectional shapes, i.e. singly-symmetric “Cee” and “Sigma” 

and anti-symmetric “S”, with both manufacturing and construction constraints. Franco 

et al. [3.11] proposed CFS shape grammar rules, with an “alphabet”, for shape 

optimisation of CFS profiles. Manufacturing constraints, with given stiffener sizes, were 

intrinsic to the shape grammar resulting in manufacturable cross-sections. Genetic 

Algorithm (GA) was used in [3.11] as a search algorithm. 

 

3.2.2 Present shape optimisation algorithm  

 

The algorithm referred to as “self-shape optimisation” and developed in [3.3, 3.4] is 

used in the current study. The method rigorously explores the natural evolution process 

and the latent potential of GA in an innovative way. GA was initially developed by 

Holland [3.12] and is an adaptive heuristic search algorithm that mimics the Darwin’s 

evolutionary survival of the fittest theory. It is less susceptible to be self-trapped into 

local optima, and is able to handle non-linear problems. The classical GA principles 

can be found in Adeli and Sarma [3.13]. 

 

GA is an unconstrained optimisation method, and constrained problems are 

transformed into unconstrained problems by using a fitness function f expressed as,  

 

∑ ∑
k

i

n

ki

iiii )x(hβ)x(gα)x(ff
1 1 

  (3.1) 

 

where f(x) is the objective function, x is the vector of design variables, gi(x) and hi(x) 

are the ith inequality and equality constraint violations (k inequality and n-k equality 

constraints), respectively, and αi and βi are penalty factors. The algorithm aims at 

minimising f.  

 

In theory, the penalty factors in Eq. (3.1) increase when the constraint violations 

decrease and convergence can be facilitated by increasing the penalty factors. 

Nevertheless, large values of the penalty factors lead to ill-conditioned problems or 

slow down the algorithm [3.14, 3.15]. To avoid the problem of having penalty factors 

increasing to infinity, the Augmented Lagrangian (AL) constraint-handling method for 

GA proposed by Adeli and Cheng [3.14] is used in this research to solve the problem. 

The fitness function f is then re-arranged as,  
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where γi and µi are penalty function coefficients and real parameters associated with 

the ith inequality and equality constraints, respectively. γi and µi are automatically 

updated at each GA generation but are kept to finite values [3.14].  

 

The main characteristics of the “self-shape optimisation” principle [3.3] are summarised 

below: 

• The initial population in the GA is generated by arbitrarily drawing cross-sections 

using self-avoiding random walks in a defined design space. These random 

walks enable cross-sections to be generated without presumptions of their 

shapes.   

• A floating-point type GA is used, implying that a cross-section is defined by 

floating-point numbers representing the coordinates of the points constituting the 

cross-section. 

• Cross-over and mutation operators are performed in relation to the design space 

but not to the floating-point variables. The cross-over operator allows for the 

merging of two cross-sections to generate off-springs bearing similarity in cross-

sectional shapes to the two parents. In the mutation operator, a part of the cross-

section is deleted and redrawn. 

 

3.2.3 Manufacturing constraints 

 

3.2.3.1 Traditional manufacturing processes 

 

CFS profiles are typically mass-produced by two main cold-forming processes, referred 

to as “roll-forming” and “brake-pressing”. Both processes involve bending a flat sheet of 

steel to a desired cross-sectional shape. In roll-forming operations, as shown in Fig. 3.2 

(a), the sheet is gradually rolled to a desired cross-sectional shape through successive 

rollers. This continuous manufacturing process allows long profiles to be manufactured. 

In brake-pressing operations, as shown in Fig. 3.2 (b), the sheet is repetitively pressed 

between differently shaped brake punches and die blocks to bend it to the desired 

cross-sectional shape. Brake-pressing is limited in manufacturing long members. Both 

manufacturing processes can only bend the flat sheet of metal at discrete bending 

locations, leaving flat (straight) segments between bends. This limitation needs to be 

considered in the shape optimisation algorithms to obtain manufacturable cross-

sections. 
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 (a) roll-forming  (b) brake-pressing 
Fig. 3.2: Cold-forming processes (Courtesy of CustomPartNet Inc.) 

 

3.2.3.2 Simple manufacturing rules 

 

Simple manufacturing rules have been defined in Fig. 3.3 based on the basic roll-

forming constraints encountered by a European steel storage rack manufacturer. They 

consist of three main rules: 

(1) The minimum internal bending radius rb to steel sheet thickness t ratio is 1.0; 

(2) The minimum length of a single flat segment is 10 mm; 

(3) The number of flat segments per cross-section cannot exceed 20 (i.e. a 

maximum number of 19 bends per open cross-section and 10 flat segments per 

half cross-section). 

 

 

Fig. 3.3: Manufacturing rules 
 

In the present study, Rule (1) is neglected since it does not affect the basic shape of 

the optimised manufacturable cross-section, and only Rules (2) and (3) are considered. 

A nil internal bending radius (i.e. perfect bends) is assumed to simplify the algorithm. 

Actual bending radii can be added to the optimised cross-section prior to manufacture. 
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3.2.3.3 Hough transform 

 

The Hough transform is used in this chapter to detect straight lines, i.e. flat 

manufacturable segments, in the cross-section. This transform is commonly used in 

image processing to detect regular shapes, such as straight lines, circles and ellipses, 

from the discrete points forming the image [3.16].  

 

The method consists of defining a “parametric space” in which each straight line in the 

image is represented by its orientation angle θ, with respect to the Cartesian x-axis, 

and its normal distance r to the origin, as shown in Fig. 3.4(a). If θ is restricted to the 

interval [0˚; 180˚[, each straight line is represented by an unique coordinate (r, θ) in the 

parametric space. An image point of coordinate (xi, yi) in the Cartesian x-y space is 

transformed into a sinusoidal curve in the parametric r-θ space as 

 

θsinyθcosxr ii                                           (3.3) 

 

Sinusoidal curves having common intersecting points have collinear (aligned) points in 

the image. This is illustrated in Fig. 3.4(b) with 4 points aligned on the line of coordinate 

(r = 10 mm, θ = 60˚) in the parametric space. 

 

 

(a) Cartesian coordinate system                   (b) Hough parameter space 
Fig. 3.4. Hough transform from Cartesian space to Hough parametric space 

 

For image processing purposes, an array referred to as the accumulator array (or 

accumulator matrix), is created in the discretised parametric space. The columns of the 

array correspond to the increasing values of θ, at Δθ intervals, and the lines to 

increasing values of r, at Δr intervals. Aligned image points are detected as, 

 Step 1: Set θ = 0˚.  
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 Step 2: For each image point (i) calculate its r value from Eq. (3.3) for the set

value of θ, (ii) calculate the closest discrete r value matching the lines of the

accumulator array and (iii) add the point reference number to the corresponding

cell in the accumulator array.

 Step 3: Set θ = θ + Δθ. If θ ≥ 180˚ go to Step 4, else go to Step 2.

 Step 4: All points sharing the same cell in the accumulator array are considered

aligned.

Fig. 3.5. Alignment tolerance for Hough transform 

The choice of the intervals Δθ and Δr influences the ability and accuracy of the Hough 

transform in detecting straight lines. The smaller Δθ, the more refined the search 

space. A larger value of Δr (wider corridor) represents a less stringent alignment 

tolerance, as illustrated in Fig. 3.5, where two values of Δr are shown. A larger Δr1 

results in all the four points in Fig. 3.5 being aligned by the Hough transform. A smaller 

Δr2 results in only two points being aligned by the Hough transform. 

3.2.3.4 Manufacturing constraints in the GA 

The manufacturing constraints are introduced into the fitness function (see Eq. (3.1)) as 

an equality constraint halign, expressed as, 

1-
nbElement

nbAligned
ωhalign   (3.4) 

where ω is a weight associated with the constraint (see Section 3.3.3.1 for details of 

ω), nbElement is the total number of elements per half cross-section and nbAligned 

represents the number of aligned elements composed of the longest non-concurrent 

flat segments per half cross-section. The number of non-concurrent flat segments is 
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taken to Nmax if there are more than Nmax non-concurrent flat segments per half cross-

section or to the actual number of non-concurrent flat segments otherwise. Nmax 

corresponds to a maximum number of flat segments per half cross-section set by the 

manufacturer, with Nmax less than or equal to the maximum possible number of flat 

segments defined in Rule (3) outlined in Section 2.3.2. In the algorithm, a flat segment 

is determined from the Hough transform as consecutive aligned cross-sectional 

elements of total length equal to or greater than the minimum manufacturable length as 

defined in Rule (2) in Section 2.3.2. If the cross-section is made of less than Nmax flat 

segments, the constraint is considered satisfied and halign = 0. 

 

3.3 VALIDATION 

 

3.3.1 Optimisation problem 

 

A similar optimisation problem to the one used in [3.3], for which an analytical solution 

exists, is used herein to verify the ability and accuracy of the algorithm in optimising 

manufacturable cross-sectional columns. It consists of minimising the cross-sectional 

area As of a thin-walled bisymmetric closed cross-section for given second moments of 

area, Ixt and Iyt, about the two axes of symmetry. Ragnedda and Serra [3.17] indicated 

that, when Ixt equals Iyt, the optimised cross-section is a circle and therefore a regular 

polygon of np sides if the cross-section is manufactured with np flat segments. 

 

A regular octagon (np = 8) with apothem a (at mid-wall thickness) of 20 mm and wall 

thickness t of 1 mm is used herein to verify the algorithm. The cross-sectional area of 

the octagon Ao is 132.55 mm2 and the length Lside of one side for the octagon is 

therefore 16.6 mm. Its second moments of area Ixt = Iyt are 28043.3 mm4. As the 

problem is bisymmetric, only a quarter of the cross-section in Fig. 3.6 is optimised 

herein and the maximum number of flat segments Nmax is therefore set to 2. The fitness 

function f derived from Eqs. (3.1) and (3.4) is expressed as, 

 

Minimise 11010 ---
nbElement

nbAligned
ωα)

I

I
,max(α)

I

I
,max(α

A

A
f align

yt

y
y

xt

x
x

o

s
     (3.5) 

 

where Ix and Iy are the calculated second moments of area of the cross-section, and αx, 

αy and αalign are penalty factors associated with each constraint. In Eq. (3.5), the 

constraints on the given second moments of area are expressed as inequality 

constraints. In other words, the algorithm is not penalised if Ix ≥ Ixt or Iy ≥ Iyt. This was 

found to have significantly improved convergence. 
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In Fig. 3.6, the circle with the same second moment of area and wall thickness as the 

octagon is also shown for comparison. The cross-sectional area Ac of the circle is 

130.31 mm2, i.e. 1.7% less than that of the manufacturable octagon. 

 

 

Fig. 3.6. Optimum octagon, only a quarter section shown 
 

The AL fitness function used in the algorithm and derived from Eqs. (3.2) and (3.5) is 

given as, 
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1 alignalign μ
nbElement

nbAligned
ωγ  (3.6) 

 

where γx, γy and γalign are the AL penalty function coefficients, µx, µy and µalign are the 

real parameters associated with each penalty function coefficient. Gilbert et al. [3.3] 

investigated the appropriate initial values for γx and γy, and their recommendation of γx 

= γy = 2.0 is used herein. For initial values of γx and γy less than 0.5, the algorithm 

tends to select cross-sections with a small number of elements as the fittest ones. The 

appropriate initial value of γalign, associated with ω, is investigated in Section 3.3.3. 

Initial values of μx = μy = μalign = 0 are used, as recommended by Belegundu and Arorat 

[3.18]. 
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3.3.2 Other parameters used 

 

An AL penalty increasing constant β of 1.05 and a convergence rate ρ of 1.5, as 

recommended in [3.3], are used. A value of β greater than 1.5 forces the algorithm to 

converge prematurely [3.3]. The design space is set to 40 mm × 40 mm [3.3] and the 

maximum number of generations to 150 per run. Ten runs are performed to verify the 

robustness of the algorithm. The number of individuals is set to 700 per generation and 

the cross-sections are drawn with short elements of nominal length of 2 mm (see [3.3] 

for more details). The probabilities of cross-over and mutation operations in the GA are 

equal to 80% and 1%, respectively, as used in [3.3]. 

 

3.3.3 Parametric studies and results 

 

3.3.3.1 AL penalty function coefficient γalign and associated weight ω 

 

In order to determine the appropriate initial value for γalign and constant value for weight 

ω, nine different combinations are investigated, as shown in Table 3.7. The value of 

γalign and ω are selected in the intervals [0, 1]. The alignment tolerance and step of 

orientation angle in the Hough transform are set to Δr = 0.5t and Δθ = 0.5˚, 

respectively, in this section. 

 

 

Fig. 3.7. Average fitness f for parametric study of AL penalty function coefficient γalign 
and weight ω 
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Fig. 3.7 illustrates the average fitness function f given in Eq. (3.5) over 10 runs, with α = 

10, for all studied combinations of γalign and ω. The convergence rate improves as γalign 

increases from 0.01 to 1.0. The algorithm tends not to converge when γalign is too small 

(equal to 0.01), as the weight of the alignment penalty function in the AL fitness 

function in Eq. (3.6) is too small when compared to the objective function. The 

algorithm, on the other hand, is able to converge to a solution for the remaining studied 

combinations (4) to (9). 

 
Table 3.1. AL penalty function coefficient γalign and associated weight ω selected for 

parametric study 

Combination 
γalign 

0.01 0.10 1.00 

ω 

0.3 (1) (4) (7) 

0.5 (2) (5) (8) 

0.7 (3) (6) (9) 

 

Table 3.2. Average results over 10 runs for parametric study of γalign and ω 

Comb- 
ination 

Cross-sectional area 
Second moment 

of area Ix 
Second moment 

of area Iy 
nbAligned / 
nbElement 

As 
(mm

2
) 

Error
(1)

 
(%) 

CoV 
(%) 

Error
(2)

 
(%) 

CoV 
(%) 

Error
(2)

 
(%) 

CoV 
(%) 

Error 
(%) 

CoV 
(%) 

(1) 132.01 -0.4 0.5 -0.1 3.7 -0.2 2.1 -1.1 3.4 

(2) 132.32 -0.2 0.6 0.5 2.3 -0.3 1.6 0.0 0.0 

(3) 132.36 -0.1 0.6 0.5 2.0 0.4 0.8 0.0 0.0 

(4) 132.13 -0.3 0.4 0.1 0.6 0.4 0.6 0.0 0.0 

(5) 131.96 -0.4 0.2 0.1 0.2 0.1 0.3 0.0 0.0 

(6) 132.20 -0.3 0.3 0.0 0.2 0.4 0.6 0.0 0.0 

(7) 132.88 0.2 0.3 0.2 0.7 0.6 1.0 0.0 0.0 

(8) 133.12 0.4 0.9 1.4 4.0 0.2 0.5 0.0 0.0 

(9) 133.71 0.9 0.6 1.0 2.5 0.6 1.1 0.0 0.0 

Note: the negative error represents the optimised results are less than the optimum octagon’s 
(1)

: Relative error when compared to Ao = 132.55 mm
2
 of the optimum octagon 

(2)
: Relative error when compared to Ixt = Iyt are 28043.3 mm

4
 of the optimum octagon 

 

Table 3.2 compares the average results over 10 runs to the known optimum solution 

for all studied combinations. A negative sign in Table 3.2 means that the optimised 

results are less than the optimum solution. Combination (1), i.e. γalign =0.01 and ω = 

0.3, experiences incomplete alignment with a relative alignment error of -1.1%, while all 

the remaining combinations allow complete alignment. The average second moments 

of area are similar to the optimum ones for all combinations within a maximum average 

error of 1.4% (combination (8)). Yet, the coefficient of variation (CoV) on the second 

moments of area is minimum for γalign = 0.1 (combination (4) to (6)). The minimum 

average cross-sectional area of 131.96 mm2 is found for combination (5) and is 0.4% 

less than the one of the optimum octagon, therefore implying this combination 

represents a more optimal solution. Combination (5), i.e. γalign = 0.1 and ω = 0.5, is 

therefore chosen for further analysis in this study. 
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3.3.3.2 Alignment tolerance Δr  

 

Table 3.3 shows the values of Δr and corresponding alignment tolerance ratios Δr /Lside 

analysed to find the appropriate value of the alignment tolerance to ensure 

convergence and accuracy of the algorithm. Δθ is kept constant at 0.5˚. 

 

Table 3.3. Alignment tolerance Δr selected for parametric study 

Δr (mm) Δr / Lele 

0.5t 0.03 

1.0t 0.06 

1.5t 0.09 

2.0t 0.12 

 

Similar to Fig. 3.7, Fig. 3.8 plots the average fitness function f over 10 runs for all 

studied cases of Δr. The algorithm always converges to a solution. The larger the 

alignment tolerance Δr, the faster the convergence rate is, with Δr = 2.0t converging at 

the 50th generation approximately. The algorithm converges in about 100 generations 

for Δr = 0.5t. 

 

Table 3.4. Average results over 10 runs for parametric study of Δr 

Case 
of Δr 

Cross-sectional area 
Second moment 

of area Ix 
Second moment 

of area Iy 
nbAligned / 
nbElement 

As 
(mm

2
) 

Error
(1)

 
(%) 

CoV 
(%) 

Error
(2)

 
(%) 

CoV 
(%) 

Error
(2)

 
(%) 

CoV 
(%) 

Error 
(%) 

CoV 
(%) 

0.5t 131.96 -0.4 0.2 0.1 0.2 0.1 0.3 0.0 0.0 

1.0t 131.06 -1.1 0.1 -0.1 0.2 0.1 0.1 0.0 0.0 

1.5t 131.23 -1.0 0.1 0.2 0.4 0.1 0.3 0.0 0.0 

2.0t 130.43 -1.6 0.0 0.0 0.1 0.0 0.1 0.0 0.0 

Note: the negative error represents the optimised results are less than the optimum octagon’s 
(1)

: Relative error when compared to Ao = 132.55 mm
2
 of the optimum octagon 

(2)
: Relative error when compared to Ixt = Iyt are 28043.3 mm

4
 of the optimum octagon 

 

Table 3.4 summarises the average results for all studied cases of Δr. The algorithm 

always satisfies the alignment criteria and converges to consistent solutions with small 

CoVs (within 0.5%) for all cases. In the case Δr = 2.0t, the average relative errors on 

the cross-sectional area and second moments of area about the two axes of symmetry 

are -1.6% (CoV = 0.0%) and 0.0% (CoV = 0.1%), respectively. This average cross-

sectional area (130.43 mm2) is closer to (less than 0.1%) the absolute optimum circle 

cross-sectional area than the targeted octagon. To illustrate, Fig. 3.9 plots the fittest 

optimised cross-sections, with the wall thickness of 1 mm shown, at the 150th (final) 

generation for all cases of Δr. The larger the alignment tolerance is, the closer the 

cross-section to the absolute optimum circle is. A “circle” like shape is mainly observed 

for the case Δr = 2.0t, while an “octagon” like shape is mainly observed for the other 
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cases. Fig. 3.10 shows the second, third, second least and least fit optimised cross-

sections (the remaining sections are shown in Fig. A3.1 of Appendix), out of ten runs, 

for the stringiest alignment tolerance, Δr = 0.5t. The fittest cross-section for this case is 

given in Fig. 3.9 (a). All cross-sections can converge to a consistent “octagon” shape 

outlining the robustness of the algorithm. 

 

 

Fig. 3.8. Average fitness f for parametric study of alignment tolerance Δr 
 

 

 (a) Δr = 0.5t (b) Δr = 1.0t  (c) Δr = 1.5t  (d) Δr = 2.0t 
 As = 131.7 mm

2
  As = 131.0 mm

2
  As = 130.9 mm

2
  As = 130.4 mm

2
 

 Ix = 28096.6 mm
4
  Ix = 27989.9 mm

4
  Ix = 28011.2 mm

4
  Ix = 28036.7 mm

4
 

 Iy = 28076.7 mm
4
  Iy = 27984.8mm

4
  Iy = 28019.4 mm

4
  Iy = 27999.2 mm

4
 

Fig. 3.9. Fittest optimised cross-sections at the last generation (150th) for all cases of Δr 
from (a) to (d) 

 

Based on the above results and as a simple rule, an alignment tolerance ratio Δr /Lside 

greater than 0.03 but no more than 0.1 is used in the Hough transform through this 

research, as a compromise between accuracy and convergence rate. Alignment 

tolerance ratios Δr /Lside less than 0.03 would allow more optimal shapes, i.e. closer to 
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the octagon, but will require a large number of generations to be analysed and may 

cause convergence issues due to a stringent alignment tolerance. 

 

 

 (a) 2nd fittest  (b) 3rd least fit  (c) 2nd least fit  (d) Least fit 
 As = 131.8 mm

2
 As = 132.1 mm

2
  As = 132.3 mm

2
  As = 132.4 mm

2
 

 Ix = 28024.9 mm
4
  Ix = 28021.5 mm

4
  Ix = 27985.3 mm

4
  Ix = 28074.3 mm

4
 

 Iy = 28114.3 mm
4
  Iy = 28246.1 mm

4
  Iy = 27972.3 mm

4
  Iy = 28034.9 mm

4
 

Fig. 3.10. Optimised cross-sections at the last generation (150th), for the 2nd fittest (a), 
3rd fittest (b), 2nd least fit (c) and least fit (d) cross-sections out of 10 runs for the case 

Δr = 0.5t 
 

3.4 OPTIMISATION OF CFS COLUMNS 

 

3.4.1 Optimisation problem 

 

 

Fig. 3.11: Optimisation problem 
 

The validated algorithm is applied to minimise the cross-sectional area As of 

manufacturable CFS columns subjected to an axial compressive force N* of 75 kN. The 

columns are simply-supported, symmetric and free to warp, with a uniform wall 

thickness t of 1.2 mm. Column lengths of 500 mm (short), 1,500 mm (intermediate) and 

3,000 mm (long) are investigated. The yield stress fy of the column is 450 MPa, the 

Young’s modulus E is 200 GPa and the shear modulus G is 80 GPa. The optimisation 

problem is illustrated in Fig. 3.11. The algorithm is also run without considering the 

manufacturing constraints for comparison purposes. 

 

The constrained optimisation problem is transformed into an unconstrained problem 

suitable for the GA and involves minimising the fitness function f, 
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where the first term in the equation represents the objective. Asquash is the squash area, 

defined as the lower bound cross-sectional area of the profile:  

 

y
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squash

f

N
A   (3.8) 

 

The second term in Eq. (3.7) represents the constraint on the axial capacity and is 

expressed as an inequality constraint. In other words, the cross-section is not 

penalised if its capacity exceeds the targeted capacity of 75 kN. Nc is the nominal 

member capacity in compression, calculated from the Australian standard AS4600 

[3.19] (see Section 3.1), and α is the penalty factor associated with the capacity 

constraint. The last term represents the manufacturing constraint and is expressed as 

an equality constraint (see Section 2.3.4). Nmax is the maximum possible number of flat 

segments per half cross-section set by the manufacturer, but is less than the upper 

limit of flat segments defined in Rule (3) in Section 2.3.2. In the algorithm, a flat 

segment is determined from the Hough transform as consecutive aligned cross-

sectional elements of a total length equal to or greater than the minimum 

manufacturable length (10 mm), defined in Rule (2) in Section 2.3.2. If the half cross-

section is made of less than Nmax flat segments, the constraint is considered satisfied.  

 

The AL method for GA proposed by Adeli and Cheng [3.14] is also used herein to 

handle the axial capacity and manufacturing constraints. The fitness function f is then 

expressed as, 
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where γ and γalign are the penalty function coefficients, and µ and µalign are the real 

parameters associated with each penalty function coefficient. From the parametric 

study in Section 3 and [3.3], initial values of γ = 2.0, γalign = 0.1, μ = μalign = 0 and ω = 

0.5 are used. An AL penalty increasing constant β of 1.05 and a convergence rate ρ of 

1.5 are also used [3.3].    
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3.4.2 Column capacity 

 

3.4.2.1 Design method for CFS columns 

 

Similar to [3.4], the DSM [3.2] as detailed in Section 7 of the Australian Standard 

AS4600 [3.19] is used in this research to calculate the nominal member capacity in 

compression, Nc of the cross-sections given as, 

 

  cdclcc N,N,NminN e                                      (3.10) 

 

where Nce, Ncl and Ncd are the nominal axial compressive capacities for global, local 

and distortional buckling, respectively (see [3.19] for more details).  

 

3.4.2.2 Determination of the elastic buckling stresses 

 

In this study, the elastic global buckling stress foc of the cross-sections is estimated 

from Timoshenko’s buckling theory, as given in Clause 3.4.3 for singly-symmetric open 

cross-section of the Australian Standard AS4600 [3.19]. The rules developed in [3.4] to 

automatically estimate the elastic local and distortional buckling stresses fol and fod, 

respectively, from the Finite Strip Method (FSM) [3.20] and the constrained Finite Strip 

Method (cFSM) [3.21] signature curves, are used. The open source software CUFSM 

[3.22] is used to perform the Finite Strip analyses.  

 

3.4.3 Other parameters 

 

To study the influence of the maximum number of discrete bends on the optimised 

cross-sectional shape, various maximum numbers of flat segments Nmax per half cross-

section are investigated. The number of investigated flat segments Nmax considered for 

each column length is given in Table 3.5. Δr is adjusted to the value of Nmax and 

column lengths according to the results obtained from Section 3.3.2. Specifically, the 

maximum length of the cross-sectional elements Lmax for the optimised solutions was 

first estimated for each combination of Nmax and column length by pre-running the 

algorithm with a large alignment tolerance. Δr was then chosen for each case to satisfy 

Δr / Lmax within the interval [0.03, 0.1]. The value of Δr for each studied case is given in 

Table 3.5. The step of orientation angle Δθ is set to 1˚ for all cases.  

 

In view of the parameters of the GA, the design space is set to 100 mm × 100 mm [3.3] 

and the maximum number of generations per run to 150 for manufacturable cross-
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sections and 80 [3.4] for non-manufacturable ones. 10 runs are performed. The 

number of individuals per generation is set to 500 and the cross-sections are arbitrarily 

drawn with short elements of nominal length of 4 mm [3.3]. The cross-over and 

mutation operators for singly-symmetric cross-sections detailed in [3.4] apply. The 

probabilities of the cross-over and mutation operators in the GA are equal to 80% and 

1%, respectively [3.3].  

 

Table 3.5: Alignment tolerance Δr proposed for various Nmax and column length (t = 1.2 
mm) 

500 mm Column 1,500 mm Column 3,000 mm Column 

Nmax 
Δr 

(mm) 
Lmax 
(mm) 

Δr / 
Lmax 

Nmax 
Δr 

(mm) 
Lmax 
(mm) 

Δr / 
Lmax 

Nmax 
Δr 

(mm) 
Lmax 
(mm) 

Δr / 
Lmax 

3 1.5t 40 0.045 3 2.5t 50 0.060 3 4.0t 65 0.074 

4 1.3t 32 0.049 4 2.5t 44 0.068 4 3.7t 60 0.074 

5 1.0t 32 0.038 5 2.0t 36 0.067 5 3.5t 46 0.091 

6 1.0t 32 0.038 6 1.5t 36 0.050 6 3.5t 46 0.091 

- - - - 7 1.5t 36 0.050 7 3.0t 40 0.090 

- - - - - - - - 8 2.5t 36 0.083 

 

To improve computation time when elements are aligned, i.e. forming a flat segment, 

only the coordinates of the flat segments are entered into CUFSM [3.22]. However, for 

accuracy of the Finite Strip analysis [3.10], flat segments between 10 mm to 15 mm in 

length are divided into two segments of equal length, and flat segments longer than 15 

mm are divided into three segments of equal length. 

 

 

Fig. 3.12: Simplified flowchart of the algorithm  
 

A simplified flowchart is presented in Fig. 3.12 showing that half cross-sections are 

used in the GA and entire cross-sections are only formed for elastic bucking analyses 

in CUFSM [3.22]. The detailed flowchart of the algorithm is shown in [3.3]. While singly-

symmetric and/or anti-symmetric sections can be readily incorporated into the 

algorithm, only singly-symmetric columns are optimised in this study. 

Arbitrarily 
draw 
initial half 
cross-
sections  

Check alignment 
of the half 
sections using 
the Hough 
transform 

Form entire cross-
sections (e.g. singly-
symmetric and/or 
anti-symmetric) from 
the half cross-
sections 

Run elastic 
bucking 
analyses for the 
entire cross-
sections in 
CUFSM 

Calculate fitness 
for the entire 
cross-sections 
and only keep 
the half cross-
sections  

Assign the 
half cross-
sections to 
the mating 
pool based on 
the fitness  

Perform the cross-
over and mutation 
on the half cross-
sections and obtain 
the new generation    
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3.4.4 Results and discussion 

 

3.4.4.1 Convergence 

 

Fig. 3.13 shows the average fitness functions f given in Eq. (3.7) times the squash area 

Asquash over 10 runs for 500 mm (Fig. 3.13(a)), 1,500 mm (Fig. 3.13(b)) and 3,000 mm 

(Fig. 3.13(c)) long columns. In Fig. 3.13, the penalty factor in Eq. (3.7) is set to α = 10. 

The algorithm always converges to an optimised solution. Typically, the higher Nmax, 

the fastest the convergence is, likely because the length of the flat segments of the 

optimised cross-sections increases when Nmax decreases. The algorithm always 

converges the fastest for the non-manufacturable cases. The algorithm approaches an 

optimised solution at about the 100th generation for all manufacturable cases of the 500 

mm long columns (Fig. 3.13(a)), Nmax = 5 to 7 of the 1,500 mm long columns (Fig. 

3.13(b)) and Nmax = 5 to 8 of the 3,000 mm long columns (Fig. 3.13(c)). An optimum 

solution is approached after the 140th generation for the remaining cases. For the non-

manufacturable cases, 60 generations are sufficient to approach an optimised solution 

for all column lengths. 

 

 

(a) 
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(b) 

 

(c) 

Fig. 3.13: Average fitness f for the (a) 500 mm, (b) 1,500 mm and (c) 3,000 mm long 
columns 

 

The computation time is highly dependent on the number of cross-sectional elements 

analysed in CUFSM [3.22] (written in MATLAB), to perform the Finite Strip analyses. 

The greater the number of elements, the longer the computation time is. The main 
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algorithm is written in Python and does not use parallel processing, while the Finite 

Strip analyses operated in CUFSM does. Up to 8 computer cores are selected per 

MATLAB analysis in a high performance computer cluster consisting of a mixture of 

SGI Altix XE and SGI® Rackable™ C2114-4TY14 servers for this purpose. The Finite 

Strip analyses take about 80% of the computation time and the main algorithm takes 

the remaining 20%. It takes on average 20, 35 and 65 minutes to optimise one 

generation for the manufacturable columns and 30, 50 and 75 minutes for the non-

manufacturable ones for the 500 mm, 1,500 mm and 3,000 mm long columns, 

respectively. 

 

In this study, a strict maximum of 75,000 solutions are evaluated (150 generations × 

500 cross-sections) per run with the algorithm often converging in less than 50,000 

solutions. This number is of the same order of magnitude as the 40,000 solutions 

evaluated in [3.6, 3.23]. 

 

3.4.4.2 Average results 

 

Table 3.6 to Table 3.8 summarise the average results over 10 runs for the 500 mm, 

1,500 mm and 3,000 mm long columns, respectively. When the algorithm is run with 

manufacturing constraints, the algorithm always satisfies the alignment criteria and 

converges to consistent solutions with small CoVs on the cross-sectional area 

(maximum of 0.91% when Nmax = 3 in Table 3.7). This further confirms the robustness 

of the algorithm. The average nominal member capacity Nc is always close to the 

targeted axial compressive capacity of 75 kN, with the largest average absolute error 

equal to 0.50% for the 3,000 mm long columns when Nmax = 3 (see Table 3.8). For all 

cases, except for Nmax = 7 and 8 of the 3,000 mm long columns, the average ultimate 

compressive stress (nominal axial capacity-to-area ratio) is always lower than the same 

of the non-manufacturable solutions, as the latter are more optimum. However, for Nmax 

= 7 and 8 of the 3,000 mm long columns (Table 3.8), the average ultimate compressive 

stress is up to 0.6% higher than the same of the non-manufacturable cross-sections. 

This outcome is due to the extremely close cross-sectional shapes between the 

manufacturable and non-manufacturable cases and the large number of elements for 

the non-manufacturable cross-sections that limits the ability of the algorithm in forming 

perfectly curved cross-sections. The lowest average ultimate compressive stress of the 

manufacturable cases, found for Nmax = 3, is 1.1%, 2.5% and 1.9% lower than the same 

of the non-manufacturable case for the 500 mm (Table 3.6), 1,500 mm (Table 3.7) and 

3,000 mm (Table 3.8) long columns, respectively. This validates the finding in [3.8] that 
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introducing manufacturing constraints into shape optimisation algorithms marginally 

reduces the performance of the sections. 

 

Table 3.6: Average results over 10 runs for the 500 mm long columns 

Nmax 

Cross-sectional 
area 

Nominal member capacity 
Ultimate 

compressive 
stress 

Alignment 

As 
(mm

2
) 

CoV 
(%) 

Nc 
(kN) 

Error
(2)

 
(%) 

CoV 
(%) 

Nc / As 
(MPa) 

Error 
(%) 

CoV 
(%) 

3 196.8 0.64 74.99 0.06 0.08 381.0 0.00 0.00 

4 195.4 0.33 75.01 0.04 0.05 383.9 0.00 0.00 

5 196.1 0.63 74.98 0.05 0.07 382.4 0.00 0.00 

6 195.6 0.74 75.00 0.03 0.04 383.4 0.00 0.00 

∞
(1)

 194.7 0.48 75.00 0.16 0.19 385.2 -- -- 
(1)

: Algorithm ran without manufacturing constraints (non-manufacturable cross-section) 
(2)

: Absolute error when compared to N
*
 = 75 kN 

  

Table 3.7: Average results over 10 runs for the 1,500 mm long columns 

Nmax 

Cross-sectional 
area 

Nominal member capacity 
Ultimate 

compressive 
stress 

Alignment 

As 
(mm

2
) 

CoV 
(%) 

Nc 
(kN) 

Error
(2)

 
(%) 

CoV 
(%) 

Nc / As 
(MPa) 

Error 
(%) 

CoV 
(%) 

3 297.0 0.91 75.30 0.40 0.49 253.6 0.0 0.00 

4 292.1 0.56 74.97 0.23 0.29 256.7 0.0 0.00 

5 290.4 0.27 74.99 0.12 0.13 258.5 0.0 0.00 

6 289.6 0.35 75.07 0.06 0.06 259.0 0.0 0.00 

7 289.1 0.31 75.01 0.04 0.05 259.4 0.0 0.00 

∞
(1)

 288.1 0.26 74.97 0.16 0.20 260.2 -- -- 
(1)

: Algorithm ran without manufacturing constraints (non-manufacturable cross-section) 
(2)

: Absolute error when compared to N
*
 = 75 kN 

 

Table 3.8: Average results over 10 runs for the 3,000 mm long columns 

Nmax 

Cross-sectional 
area 

Nominal member capacity 
Ultimate 

compressive 
stress 

Alignment 

As 
(mm

2
) 

CoV 
(%) 

Nc 
(kN) 

Error
(2)

 
(%) 

CoV 
(%) 

Nc / As 
(MPa) 

Error 
(%) 

CoV 
(%) 

3 444.7 0.64 75.37 0.50 0.35 169.5 0.0 0.00 

4 440.3 0.32 75.30 0.40 0.32 171.0 0.0 0.00 

5 436.5 0.20 75.15 0.20 0.30 172.2 0.0 0.00 

6 435.8 0.23 75.10 0.13 0.34 172.3 0.0 0.00 

7 434.3 0.19 75.03 0.04 0.16 172.8 0.0 0.00 

8 434.5 0.29 75.02 0.02 0.08 172.7 0.0 0.00 

∞
(1)

 435.3 0.35 75.16 0.21 0.54 172.7 -- -- 
(1)

: Algorithm ran without manufacturing constraints (non-manufacturable cross-section) 
(2)

: Absolute error when compared to N
*
 = 75 kN 

 

3.4.4.3 Cross-sectional shapes 

 

Fig. 3.14 to Fig. 3.18 illustrate the optimised non-manufacturable (Fig. 3.14) and 

manufacturable (Fig. 3.15 to Fig. 3.18) cross-sections for the 500 mm long columns. 

Based on the value of the ultimate compressive stress, the two fittest and two least fit 

cross-sections are shown in each figure (see Fig. A3.2 to Fig. A3.6 in Appendix for the 
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six remaining sections from fitter (subscript (a)) to less fit (subscript (f))). The two fittest 

cross-sections for all cases typically converge to “bean” cross-sectional shapes 

(subscripts (a-b) in Fig. 3.14 to Fig. 3.18), while the least fit ones mostly converge to 

open “Cee” sections (Fig 13 (c), Fig. 3.16 (d), Fig. 3.17 (d) and Fig. 3.18 (c, d)). Fig. 

3.17 (c) shows a closed “Cee” section, Fig. 3.14 (d) and Fig. 3.15 (d) a “Sigma” cross-

sectional shape, and Fig. 3.14 (c) and Fig. 3.16 (c) a “bean” cross-sectional shape. The 

fittest non-manufacturable cross-section in Fig. 3.14 (a) has the largest ultimate 

compressive stress, 387.8 MPa, of all cross-sections. Its cross-sectional depth and 

width are 64.9 mm and 36.5 mm, respectively, i.e. a depth-to-width ratio of 1.78. The 

case Nmax = 3 (Fig. 3.15 (a)) has the lowest ultimate compressive stress of all fittest 

manufacturable cross-sections, which is only 0.9% lower than that of the fittest non-

manufacturable solution (Fig. 3.14 (a)). Its cross-sectional depth and width are 5.2% 

and 1.4%, respectively, greater than the fittest non-manufacturable solution. 

 

 

 (a) As = 193.8 mm
2
 (b) As = 193.7 mm

2
 (c) As = 195.8 mm

2
 (d) As = 196.9 mm

2
 

 Nc = 75.16 kN Nc = 75.07 kN  Nc = 74.90 kN Nc = 74.81 kN 
 Nc/As = 387.8 MPa Nc/As = 387.6 MPa Nc/As = 382.5 MPa  Nc/As = 379.9 MPa 

Fig. 3.14: Optimised cross-sections for the 500 mm long columns and the non-
manufacturable case, (a, b) fittest cross-sections and (c, d) least fit cross-sections 

 

 

 (a) As = 195.1 mm
2 

(b) As = 195.3 mm
2 

(c) As = 197.7 mm
2 

(d) As = 199.4 mm
2
 

 Nc = 74.98 kN  Nc = 75.00 kN Nc = 74.97 kN Nc = 75.00 kN 
 Nc/As = 384.3 MPa Nc/As = 384.0 MPa Nc/As = 379.2 MPa  Nc/As = 376.1 MPa 

Fig. 3.15: Optimised cross-sections for the 500 mm long columns and Nmax = 3, (a, b) 
fittest cross-sections and (c, d) least fit cross-sections 
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 (a) As = 194.7 mm
2
  (b) As = 194.8 mm

2 
(c) As = 196.0 mm

2 
(d) As = 196.9 mm

2
 

 Nc = 75.00 kN  Nc = 75.00 kN Nc = 75.04 kN Nc = 75.01 kN 
 Nc/As = 385.2 MPa Nc/As = 384.9 MPa Nc/As = 383.0 MPa Nc/As = 380.9 MPa 

Fig. 3.16: Optimised cross-sections for the 500 mm long columns and Nmax = 4, (a, b) 
fittest cross-sections and (c, d) least fit cross-sections 

 

 

 (a) As = 194.0 mm
2
  (b) As = 194.2 mm

2 
(c) As = 197.2 mm

2 
(d) As = 198.4 mm

2
 

 Nc = 74.95 kN  Nc = 75.00 kN Nc = 75.00 kN Nc = 75.05 kN 
 Nc/As = 386.3 MPa Nc/As = 386.2 MPa Nc/As = 380.2 MPa  Nc/As = 378.3 MPa 

Fig. 3.17: Optimised cross-sections for the 500 mm long columns and Nmax = 5, (a, b) 
fittest cross-sections and (c, d) least fit cross-sections 

 

 

 (a) As = 193.9 mm
2
  (b) As = 194.2 mm

2
 (c) As = 197.9 mm

2
 (d) As = 198.2 mm

2
 

 Nc = 74.93 kN  Nc = 75.01 kN Nc = 75.01 kN Nc = 74.98 kN 
 Nc/As = 386.4 MPa Nc/As = 386.3 MPa Nc/As = 379.0 MPa  Nc/As = 378.3 MPa 

Fig. 3.18: Optimised cross-sections for the 500 mm long columns and Nmax = 6, (a, b) 
fittest cross-sections and (c, d) least fit cross-sections 

 

Similar to Fig. 3.14 to Fig. 3.18, for the 1,500 mm long columns, Fig. 3.19 to Fig. 3.24 

show the fittest and least fit optimised cross-sections (see Fig. A3.7 to Fig. A3.12 in 

Appendix for the six remaining ones). The fittest cross-sections converge to “bean” 

(Fig. 3.19 (a, b), Fig. 3.20 (a, b), Fig. 3.22 (b), Fig. 3.23 (b) and Fig. 3.24 (a, b)) and 
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closed “Cee” (Fig. 3.21 (a, b), Fig. 3.22 (a) and Fig. 3.23 (a)) cross-sectional shapes, 

while the least fit ones converge to “Sigma” cross-section shapes (subscripts (c, d) in 

Fig. 3.19 and Fig. 3.21 to Fig. 3.23) and nearly closed “Cee” (Fig. 3.20 (c, d)). For Nmax 

= 7, Fig. 3.24 (c, d) show closed (or nearly closed) “Cee” sections with lip stiffeners. 

 

 

 (a) As = 287.6 mm
2
 (b) As = 287.7 mm

2
 (c) As = 289.0 mm

2
 (d) As = 288.8 mm

2
 

 Nc = 75.05 kN Nc = 75.06 kN  Nc = 74.95 kN Nc = 74.84 kN 
 Nc/As = 261.0 MPa Nc/As = 261.0 MPa Nc/As = 259.3 MPa  Nc/As = 259.1 MPa 

Fig. 3.19: Optimised cross-sections for the 1,500 mm long columns and the non-
manufacturable case, (a, b) fittest cross-sections and (c, d) least fit cross-sections 

 

 

 (a) As = 292.5 mm
2
  (b) As = 296.3 mm

2
 (c) As = 296.1 mm

2
 (d) As = 301.7 mm

2
 

 Nc = 75.03 kN  Nc = 75.87 kN Nc = 74.52 kN Nc = 75.29 kN 
 Nc/As = 256.5 MPa Nc/As = 256.1 MPa Nc/As = 251.7 MPa  Nc/As = 249.6 MPa 

Fig. 3.20: Optimised cross-sections for the 1,500 mm long columns and Nmax = 3, (a, b) 
fittest cross-sections and (c, d) least fit cross-sections 

 

Similar conclusions to the ones drawn for the 500 mm long columns apply: (i) the fittest 

non-manufacturable cross-section (Fig. 3.19 (a)) has the largest ultimate compressive 

stress (261.0 MPa) of all studied cases, and (ii) the fittest manufacturable cross-section 

with the lowest ultimate compressive stress (Nmax = 3 in Fig. 20 (a)) performs similarly 

to the fittest non-manufacturable solution, with only 2.5% difference in ultimate 

compressive stresses between the two solutions. The cross-sectional depth and width 

of the former manufacturable cross-section are 7.5% and 2.8%, respectively, lower 

than that of the fittest non-manufacturable solution. 
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 (a) As = 291.0 mm
2
  (b) As = 291.6 mm

2
 (c) As = 294.0 mm

2
 (d) As = 293.5 mm

2
 

 Nc = 75.08 kN  Nc = 75.17 kN Nc = 74.96 kN Nc = 74.67 kN 
 Nc/As = 258.0 MPa Nc/As = 257.8 MPa Nc/As = 255.0 MPa  Nc/As = 254.4 MPa 

Fig. 3.21: Optimised cross-sections for the 1,500 mm long columns and Nmax = 4, (a, b) 
fittest cross-sections and (c, d) least fit cross-sections 

 

 

 (a) As = 290.1 mm
2
  (b) As = 289.8 mm

2
 (c) As = 290.3 mm

2
 (d) As = 292.6 mm

2
 

 Nc = 75.22 kN  Nc = 75.13 kN Nc = 74.92 kN Nc = 75.02 kN 
 Nc/As = 259.3 MPa Nc/As = 259.3 MPa Nc/As = 258.0 MPa  Nc/As = 256.4 MPa 

Fig. 3.22: Optimised cross-sections for the 1,500 mm long columns and Nmax = 5, (a, b) 
fittest cross-sections and (c, d) least fit cross-sections 

 

 

 (a) As = 288.7 mm
2
  (b) As = 288.8 mm

2
 (c) As = 290.4 mm

2
 (d) As = 292.1 mm

2
 

 Nc = 75.01 kN  Nc = 75.02 kN Nc = 74.93 kN Nc = 74.98 kN 
 Nc/As = 259.8 MPa Nc/As = 259.8 MPa Nc/As = 258.1 MPa  Nc/As = 256.7 MPa 

Fig. 3.23: Optimised cross-sections for the 1,500 mm long columns and Nmax = 6, (a, b) 
fittest cross-sections and (c, d) least fit cross-sections 
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 (a) As = 288.3 mm
2
   (b) As = 288.4 mm

2  
(c) As = 289.8 mm

2 
(d) As = 291.5 mm

2
 

 Nc = 75.02 kN Nc = 75.02 kN Nc = 75.00 kN Nc = 74.97 kN 
 Nc/As = 260.2 MPa Nc/As = 260.1 MPa  Nc/As = 258.8 MPa  Nc/As = 257.2 MPa 

Fig. 3.24: Optimised cross-sections for the 1,500 mm long columns and Nmax = 7, (a, b) 
fittest cross-sections and (c, d) least fit cross-sections 

 

Fig. 3.25 to Fig. 3.31 show the two fittest and two least fit optimised non-

manufacturable and manufacturable cross-sections and Fig. A3.13 to Fig. A3.19 in 

Appendix show the six remaining sections for the 3,000 mm long columns. All cross-

sections converge to “bean” cross-sectional shapes, with the least fit cross-sections 

usually having a more open cross-sectional shape than the fittest ones. The large 

number of elements forming the non-manufacturable cross-sections in Fig. 3.25 results 

in not perfectly curved shapes, and the largest ultimate compressive stress (173.6 

MPa) is found for the manufacturable case Nmax = 6 in Fig. 3.29 (a). However, this 

value is only 0.11 % greater than the ultimate compressive stress of the fittest non-

manufacturable case in Fig. 3.25 (a). The cross-sectional depth and width of the fittest 

cross-section are 134.1 mm and 82.6 mm, respectively, which represents a cross-

section that is 1.8% less deep and 4.2% wider than the fittest non-manufacturable 

solution. The ultimate compressive stresses of the fittest cross-sections for all studied 

cases are close to each other and no more than 1.8% apart. 

 

 

 (a) As = 437.4 mm
2
 (b) As = 435.8 mm

2
 (c) As = 434.2 mm

2
 (d) As = 436.4 mm

2
 

 Nc = 75.86 kN  Nc = 75.52 kN Nc = 74.78 kN Nc = 74.94 kN 
 Nc/As = 173.4MPa Nc/As = 173.3 MPa Nc/As = 172.2MPa Nc/As = 171.7 MPa 

Fig. 3.25: Optimised cross-sections for the 3,000 mm long columns and the non-
manufacturable case, (a, b) fittest cross-sections and (c, d) least fit cross-sections 
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 (a) As = 439.8 mm
2
  (b) As = 441.6 mm

2
 (c) As = 446.2 mm

2
 (d) As = 447.4 mm

2
 

 Nc = 75.17 kN  Nc = 75.31 kN  Nc = 75.24 kN Nc = 75.30 kN 
 Nc/As = 170.9 MPa Nc/As = 170.5 MPa Nc/As = 168.6 MPa  Nc/As = 168.3 MPa 

Fig. 3.26: Optimised cross-sections for the 3,000 mm long columns and Nmax = 3, (a, b) 
fittest cross-sections and (c, d) least fit cross-sections 

 

 

 (a) As = 438.8 mm
2
  (b) As = 439.0 mm

2
 (c) As = 442.8 mm

2
 (d) As = 442.0 mm

2
 

 Nc = 75.57 kN  Nc = 75.23 kN  Nc = 75.38 kN Nc = 75.19 kN 
 Nc/As = 172.2MPa Nc/As = 171.4 MPa Nc/As = 170.2 MPa  Nc/As = 170.1 MPa 

Fig. 3.27: Optimised cross-sections for the 3,000 mm long columns and Nmax = 4, (a, b) 
fittest cross-sections and (c, d) least fit cross-sections 

 

 

 (a) As = 437.8 mm
2
  (b) As = 435.7 mm

2
 (c) As = 436.9 mm

2
 (d) As = 436.7 mm

2
 

 Nc = 75.78 kN  Nc = 75.22 kN  Nc = 75.04 kN Nc = 75.01 kN 
 Nc/As = 173.1 MPa Nc/As = 172.6 MPa Nc/As = 171.8 MPa  Nc/As = 171.8 MPa 

Fig. 3.28: Optimised cross-sections for the 3,000 mm long columns and Nmax = 5, (a, b) 
fittest cross-sections and (c, d) least fit cross-sections 
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 (a) As = 436.3 mm
2
  (b) As = 434.3 mm

2
 (c) As = 436.0 mm

2
 (d) As = 437.4 mm

2
 

 Nc = 75.75 kN  Nc = 75.11 kN  Nc = 74.81 kN Nc = 74.80 kN 
 Nc/As = 173.6 MPa Nc/As = 172.9 MPa Nc/As = 171.6 MPa  Nc/As = 171.0 MPa 

Fig. 3.29: Optimised cross-sections for the 3,000 mm long columns and Nmax = 6, (a, b) 
fittest cross-sections and (c, d) least fit cross-sections 

 

 

 (a) As = 433.9 mm
2
  (b) As = 433.0 mm

2
 (c) As = 434.5 mm

2
 (d) As = 435.4 mm

2
 

 Nc = 75.17 kN  Nc = 74.90 kN  Nc = 74.98 kN Nc = 75.07 kN 
 Nc/As = 173.2 MPa Nc/As = 172.9 MPa Nc/As = 172.6 MPa  Nc/As = 172.4 MPa 

Fig. 3.30: Optimised cross-sections for the 3,000 mm long columns and Nmax = 7, (a, b) 
fittest cross-sections and (c, d) least fit cross-sections 

 

 

 (a) As = 433.1 mm
2
  (b) As = 433.3 mm

2
  (c) As = 435.4 mm

2
 (d) As = 437.3 mm

2
 

 Nc = 74.99 kN  Nc = 75.00 kN Nc = 75.02 kN  Nc = 74.93 kN 
 Nc/As = 173.2 MPa Nc/As = 173.1 MPa Nc/As = 172.3 MPa  Nc/As = 171.4 MPa 

Fig. 3.31: Optimised cross-sections for the 3,000 mm long columns and Nmax = 8, (a, b) 
fittest cross-sections and (c, d) least fit cross-sections 
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3.4.4.4 Improvement in capacity  

 

The nominal member capacities in compression of the optimised manufacturable 

solutions in Table 3.6 through Table 3.8 are compared to conventional lipped channel 

cross-sections that have similar aspect ratios to the sections manufactured in Australia 

by Bluescope Lysaght [3.24] and the same cross-sectional area of the optimised 

sections. Table 3.9 summarises the dimensions and capacity of the conventional lipped 

channels used for each investigated column length. The conventional sections in Table 

3.9 satisfy the geometric limitations for pre-qualified DSM compression members given 

in Table 7.1.1 of Australian standard AS4600 [3.19].  As noted in Table 3.9, the 

nominal member capacities of the optimised solutions are significantly larger than the 

corresponding conventional ones. The improvement ranges from 30% for the 500 mm 

long columns to 151% for the 3,000 mm long columns. 

 

Table 3.9: Results of conventional lipped channel cross-sections 

Column 
length 
(mm) 

Conventional lipped channel section 

Improvement 
in capacity

 (2) 

(%) 
Depth 
(mm) 

Width 
(mm) 

Lip 
(mm) 

Thick-
ness 
(mm) 

Cross-
section 
area

(1)
 

(mm
2
) 

Nominal 
member 
capacity 

(kN) 

Ultimate 
compressive 

stress 
(MPa) 

500 68.6 42.3 10.8 1.2 196.0 57.7 294.4 30 

1,500 118.6 55.3 13.1 1.2 290.3 39.3 135.4 91 

3,000 195.2 75.2 16.5 1.2 435.3 29.9 68.7 151 
(1)

: Equal to the average optimised cross-sectional area of manufacturable cases 
(2)

: Compared to the average optimised capacity of manufacturable cases 

 

3.5 SUMMARY 

 

This chapter has defined a set of simple manufacturing rules and incorporated them 

into the previously developed “self-shape optimisation” algorithm for CFS profiles using 

the Hough transform. The objective of the fitness function is to minimise cross-sectional 

area subjected to a targeted axial member compressive capacity and manufacturing 

constraints. The ability and accuracy of the algorithm in optimising manufacturable thin-

walled cross-sections have been verified against a known optimisation problem. The 

algorithm was used to shape-optimise manufacturable simply-supported, singly-

symmetric and free to warp CFS open-section columns for all buckling modes. Short, 

intermediate and long columns, with various numbers of manufacturable flat segments, 

were investigated.  The main conclusions are summarised below: 

 The robustness of the algorithm is demonstrated by the consistency of the 

optimised solutions over 10 runs. 

 The Hough transform accurately allows the formation of manufacturable CFS 

cross-sections, and the algorithm always converges to optimised solutions. The 
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convergence rate for manufacturable cross-sections is slower than for non-

manufacturable ones.  

 However, the computation time per generation to shape-optimise short to long 

manufacturable columns is approximately 26% to 66% faster than for non-

manufacturable ones, because in CUFSM it takes more time to analyse non-

manufacturable cross-sections composed of a large number of short elements 

than to analyse manufacturable ones with a small number of flat segments.  

 Introducing manufacturing constraints into shape optimisation algorithms was 

found to marginally affect the performance of the resulting sections, with the 

average ultimate compressive stress of the manufacturable columns being within 

1.1% of that of the non-manufacturable ones. 

 The manufacturable cross-sectional shapes were usually found to be similar. 

“Bean” and closed “Cee” cross-sectional shapes without local stiffeners were 

mainly found to be the fittest, and likely represent optimum manufacturable or 

non-manufacturable cross-sectional shapes. Typically, local buckling is 

prevented by shaping these rounded optimum cross-sections rather than forming 

local stiffeners in the algorithm.  

 The optimised singly-symmetric manufacturable cross-sections have a capacity 

30% to 151% higher than that of the conventional lipped channel sections. 

 

3.6 REFERENCES 

 

[3.1] Hancock GJ, Design of cold-formed steel structures (to AS/NZ 4600:2007) - 4th 

Edition, Australian Steel Institute, North Sydney, Australia, 2007. 

[3.2] Schafer BW "Review: the direct strength method of cold-formed steel member 

design", Journal of Constructional Steel Research, 64, 766-778, 2008. 

[3.3] Gilbert BP, Teh LH, Guan H "Self-shape optimisation principles: Optimisation of 

section capacity for thin-walled profiles", Thin-Walled Structures, 60, 194-204, 

2012a. 

[3.4] Gilbert BP, Savoyat TJM, Teh LH "Self-shape optimisation application: 

Optimisation of cold-formed steel columns", Thin-Walled Structures, 60, 173-

184, 2012b. 

[3.5] Liu H, Igusa T, Schafer B "Knowledge-based global optimization of cold-formed 

steel columns", Thin-Walled Structures, 42, 785-801, 2004. 

[3.6] Leng J, Guest JK, Schafer BW "Shape optimization of cold-formed steel 

columns", Thin-Walled Structures, 49, 1492-1503, 2011. 



CHAPTER 3 

3-33 
 

[3.7] Moharrami M, Louhghalam A, Tootkaboni M "Optimal folding of cold formed 

steel cross sections under compression", Thin-Walled Structures, 76, 145-156, 

2014. 

[3.8] Leng J, Li Z, Guest JK, Schafer BW, "Constrained shape optimization of cold-

formed steel columns", Proceedings of the 21st International Specialty 

Conference on Cold-Formed Steel Structures, St. Louis, MO; United States, 59-

73, 2012. 

[3.9] Leng J, Li Z, Guest JK, Schafer BW, "Shape optimization of cold-formed steel 

columns with manufacturing constraints and limited number of rollers", 

Proceedings of the Structural Stability Research Council Annual Stability 

Conference, 313-331, 2013. 

[3.10] Leng J, Li Z, Guest JK, Schafer BW "Shape optimization of cold-formed steel 

columns with fabrication and geometric end-use constraints", Thin-Walled 

Structures, 85, 271-290, 2014. 

[3.11] Franco JMS, Duarte JP, Batista EdM, Landesmann A "Shape Grammar of steel 

cold-formed sections based on manufacturing rules", Thin-Walled Structures, 

79, 218-232, 2014. 

[3.12] Holland JH, Adaptation in natural and artificial systems, University of Michigan 

Press, Ann Arbor, MI, USA, 1975. 

[3.13] Adeli H, Sarma KC, Evolutionary Computing and the Genetic Algorithm, in:  

Cost Optimization of Structures, John Wiley & Sons, Ltd, 2006, pp. 37-52. 

[3.14] Adeli H, Cheng N "Augmented Lagrangian Genetic Algorithm for Structural 

Optimization", Journal of Aerospace Engineering, 7, 104-118, 1994. 

[3.15] Smith S, Using Evolutionary Algorithms Incorporating the Augmented 

Lagrangian Penalty Function to Solve Discrete and Continuous Constrained 

Non-linear Optimal Control Problems, in: P. Collet, C. Fonlupt, J.-K. Hao, E. 

Lutton, M. Schoenauer (Eds.) Artificial Evolution, Springer Berlin Heidelberg, 

pp. 295-308, 2002. 

[3.16] Lee K, Application of the Hough transform, University of Massachusetts, Lowell, 

USA, 2006. 

[3.17] Ragnedda F, Serra M "On optimum thin-walled closed cross section", Structural 

and Multidisciplinary Optimization, 30, 233-235, 2005. 

[3.18] Belegundu AD, Arorat JS "A computational study of transformation methods for 

optimal design", AIAA journal, 22, 535-542, 1984. 

[3.19] AS/NZS 4600, Cold-formed steel structures, Standards Australia, Sydney, 

2005. 

[3.20] Cheung YK, Finite strip method in structural analysis, Elsevier, 1976. 



CHAPTER 3 

3-34 
 

[3.21] Ádány S, Joó AL, Schafer BW "Buckling mode identification of thin-walled 

members by using cFSM base functions", Thin-Walled Structures, 48, 806-817, 

2010. 

[3.22] Schafer B, Ádány S, "Buckling analysis of cold-formed steel members using 

CUFSM: conventional and constrained finite strip methods", Proceedings of the 

Eighteenth international specialty conference on cold-formed steel structures 

(Eds.: R.A. LaBoube, W.-W. Yu), St. Louis, Missouri, USA, 39-54, 2006. 

[3.23] Madeira JFA, Dias J, Silvestre N "Multiobjective optimization of cold-formed 

steel columns", Thin-Walled Structures, 96, 29-38, 2015. 

[3.24] The Lysaght Referee - 32nd Edition, BlueScope Steel Limited, NSW, Australia, 

2009. 

 



CHAPTER 4 

4-1 
 

 

CHAPTER 4 

 

SHAPE OPTIMISATION OF MANUFACTURABLE COLD-

FORMED STEEL COLUMNS FOR ALL BUCKLING MODES – 

IMPROVED METHOD 

 

 

 

Statement of contribution to co-authored published paper 

 

This chapter includes a co-authored and peer reviewed paper. The bibliographic details 

of the co-authored paper, including all authors, are: 

Wang B, Gilbert BP, Guan H, Teh LH, "Shape optimisation of manufacturable 

cold-formed steel columns for all buckling modes - Part II: Improved method", 

Proceedings of the Eight International Conference on Advances in Steel 

Structures, Lisbon, Portugal, 2015. 

 

The paper has been reformatted to meet the guidelines of the thesis. Minor explanation 

has been added in the paper for further clarity. 

 

My contribution to this paper involved: literature review, algorithm improvement, run 

setup, discussion of the results, writing and editing.  

 
(Signed) _________________________________ (Date) 09.09.2016 

Bin Wang 

 

(Countersigned) ___________________________ (Date) 09.09.2016 

Dr Benoit P. Gilbert (principal supervisor and co-author) 

 

(Countersigned) ___________________________ (Date) 09.09.2016 

Professor Hong Guan (principal supervisor and co-author) 

 

(Countersigned) ___________________________ (Date) 09.09.2016 

A/Professor Lip H. Teh (co-author) 



CHAPTER 4 

4-2 
 

 

 

 

 

Shape optimisation of manufacturable cold-formed steel 

columns for all buckling modes – Improved method  

 

ABSTRACT.  

 

This chapter builds on the companion chapter (Chapter 3) and presents an improved 

method to introduce manufacturing rules into the evolutionary algorithm for shape 

optimisation of cold-formed steel (CFS) sections. Unlike Chapter 3, where the cross-

sections were arbitrarily drawn with short elements and the manufacturing rules were 

introduced as constraints into the algorithm, the manufacturing rules are introduced 

herein as an intrinsic part of the cross-sectional shapes, therefore avoiding the 

complexity of dealing with constraints in the Genetic Algorithm. Specifically, the cross-

sections in the first generation are arbitrarily drawn with a fixed number of consecutive 

flat segments (greater than 10 mm long) directly resulting in manufacturable cross-

sections. The improved algorithm is applied to optimise the simply-supported, singly-

symmetric and free-to-warp columns analysed in this chapter. The obtained cross-

sectional shapes are compared to those found in Chapter 3. The convergence rate and 

computation time are also compared between the two methods. Results show that the 

improved method is more efficient in terms of computation time than using the Hough 

transform in Chapter 3. 

 

KEYWORDS  

 

Shape optimisation; Cold-formed steel Structures; Manufacturable sections.  
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4.1 INTRODUCTION 

 

Simple manufacturing rules to shape optimise manufacturable cold-formed steel (CFS) 

cross-sections were defined and introduced using the Hough transform into the “self-

shape optimisation” algorithm [4.1, 4.2] in the companion chapter (also referred to as 

[4.3]). Specifically, the manufacturing rules were introduced in the fitness function as an 

equality constraint. This added complexity to the algorithm and slowed down the 

convergence as the algorithm had to deal with an additional constraint in the Genetic 

Algorithm (GA). In this chapter, the algorithm is improved and the manufacturing rules 

are now introduced as an intrinsic part of the cross-sectional shapes. Instead of 

aligning the elements constituting the cross-sections using the Hough transform, the 

cross-sections in the first generation are now arbitrarily drawn with a fixed number of 

elements of various sizes. This directly results into manufacturable cross-sections. The 

self-avoiding random walks method defined in Gilbert et al. [4.1] is still used to 

generate the initial cross-sections. The cross-over and mutation operators developed in 

Gilbert et al. [4.1] are adapted and presented in this study. The algorithm is applied to 

optimise the same manufacturable columns, column length and number of 

manufacturable flat segments, as in the companion chapter (also referred to as [4.3]). 

Similar to the companion chapter, the cross-sections are optimised for global, local and 

distortional buckling modes. 

 

The optimised cross-sectional shapes and convergence rate from the improved method 

are presented and compared to those found in the companion chapter. The 

computation time between the two methods is also compared. 

 

4.2 IMPROVED METHOD 

 

4.2.1 General remarks 

 

The algorithm used in this study is referred to as “self-shape optimisation” and is 

developed in [4.1, 4.2]. The algorithm uses GA [4.4, 4.5] as the search algorithm. The 

philosophy behind the method is summarised in the companion chapter and the GA 

operators modified in this study are developed in Sections 2.2 to 2.4. 

 

4.2.2 Initial population 

 

Similar to the companion chapter, continuous cross-sections are arbitrarily drawn in the 

first generation using self-avoiding random walks within a design space of 100 mm × 
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100 mm for all column lengths. However, while the cross-sections were drawn with 

small elements in the companion chapter, longer elements directly representing 

manufacturable flat segments are used herein. A fixed number Nmax of elements, with 

Nmax greater than 2 and corresponding to the maximum possible number of flat 

segments per half cross-section set by the manufacturer, is used in this chapter to 

draw the cross-sections.  

 

The steps to create the cross-sections in the initial population are adapted from Gilbert 

et al. [4.1]: 

 Step 1: Create the first element, as shown in Fig. 4.1 (a): 

1) Define the starting point Pstart of the element at one fourth of the symmetric 

horizontal axis of the design space, i.e. at the coordinates (25 mm, 0 mm). 

2) Randomly select the length Lelem of the element in the interval [10 mm, Lmax], 

where 10 mm is the minimum element length set in Rule (2) in Section 2.3.2 in 

the companion chapter and Lmax is a maximum defined length of the element, 

given in Table 4.1.  

3) Randomly select the orientation angle θelem of the element in the interval [-45°, 

45°].  

4) Create the element of length Lelem and orientation angle θelem to the vertical 

axis. 

 Step 2: Create a new element from the last built element of length randomly 

selected in the interval [10 mm, Lmax] and of direction to the orientation of the last 

built element randomly chosen in the interval [-90°, 90°], as illustrated in Fig. 4.1 

(b).  

 Step 3: Check the validity of the cross-section:  

1) If the last built element intersects the cross-section or the boundary of the 

design space (xmin = 0, xmax = 100 mm, ymin = 0 or ymax = 100 mm), delete the 

element and go to Step 2. If Step 3.1 is repeated more than 10 times per 

element, then the cross-section is considered to be self-trapped (see [1] for more 

details) and deleted. A new cross-section is then generated. 

2) Else, keep the element.  

2.1) If the number of elements is less than Nmax, go to Step 2,  

2.2) Else, go the Step 4. 

 Step 4: Check the number of individuals. 

1) If the number of individuals equals the set maximum number of individual per 

generation, then the initial population is created 

2) Else, go to Step 1. 

 



CHAPTER 4 

4-5 
 

      

  (a) Step 1 (b) Step 2 
Fig. 4.1: Creating the initial cross-sections 

 

Examples of initial cross-sections for Nmax = 3 are given in Fig. 4.2. 

 

 

  (a) Area = 173.9 mm2  (b) Area = 224.7 mm2  (c) Area = 262.7 mm2 
Fig. 4.2: Examples of initial cross-sections for Nmax = 3 

 

Table 4.1: Values of Lmax per column length 
Column length 500 mm  1,500 mm  3,000 mm  

Lmax (mm) 40 50 60 

 

4.2.3 Cross-over operator 

 

The one-point cross-over operator in this study is adapted from the one described in 

Gilbert et al. [4.2]. A point number is randomly selected in the internal [2, Nmax], i.e. 

between the second and second last points constituting a cross-section, and the 

corresponding points Pco1 and Pco2 of the first and second parents, respectively, are 

selected for the cross-over. Two points P1 and P2 are then defined using a linear 

interpolation between Pco1 and Pco2 as, 

  

211 1 coco P)δ(PδP 
     

                                         (4.1) 



CHAPTER 4 

4-6 
 

122 1 coco P)δ(PδP 
     

                                         (4.2)  

  

where δ is a random number in the interval [0, 1]. The cross-over points are shown in 

Fig. 4.3 (a). 

 

Two offsprings are created per cross-over operator (see Fig. 4.3 (b,c)). The first 

offspring is formed by the right hand part of Parent 1 and the left hand part of Parent 2, 

and the second offspring by the left hand part of Parent 1 and the right hand part of 

Parent 2. As the cross-over point is the same for the two parents, the offsprings have 

the same number of elements as their parents, resulting in manufacturable cross-

sections. The steps of the cross-over operator to create the first offspring are: 

 Step 1: The right hand part of Parent 1 is rotated about its last point PEnd1 and 

scaled, so its cross-over point Pco1 matches point P1 in Eq. (4.1) (see Fig. 4.3 (b)).  

 Step 2: The left hand part of Parent 2 is rotated about its starting point PStart and 

scaled, so its cross-over point Pco2 matches point P1 in Eq. (4.1) (see Fig. 4.3 (b)). 

 Step 3: The two parts created in Steps 1 and 2 are joined together and form the 

first offspring, as illustrated in Fig. 4.3 (b). 

 Step 4: If the offspring intersects itself or the boundary of the design space, the 

offspring is deleted and the second offspring is created. 

 

The second offspring is similarly created by using point P2 in Eq. (4.2) instead of point 

P1 in Eq. (4.1), as illustrated in Fig. 4.3 (c). A typical cross-over probability of 0.8 is 

used herein. 

 

   

 (a) selecting cross-over point  (b) first offspring  (c) second offspring 
Fig. 4.3: Cross-over operator 

 

4.2.4 Mutation operator 

 

The operator allows new cross-sectional shape to be created by changing the 

coordinates of one or more cross-sectional points. All points can mutate at the 
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exception of the starting point on the axis of symmetry. If a point mutates, the following 

steps, illustrated in Fig. 4.4, applies: 

 Step 1: The point is randomly moved within a 20 mm radius circle from its original 

position. The coordinates (x0, y0) of the mutated point is calculated as a function 

of the coordinates (x, y) of the original point as,  

 

xθcosrx mm 0

     
                                              (4.3)  

yθsinry mm 0

     
                                              (4.4)  

 

where rm is the mutation radius randomly chosen in the interval [0 mm, 20 mm] 

and θm the mutation angle randomly chosen in the interval [0°, 360°[. 

 Step 2: If the cross-section intersects itself or the boundary of the design space, 

then move the point back to its original position (x, y) and go to Step 1. If Step 2 

is repeated more than 10 times, the point is not mutated. 

 

  

Fig. 4.4: Mutation operator 
 

A typical mutation probability of 0.01 is used herein for each point. In both the cross-

over and mutation operators, the algorithm allows elements of length greater than the 

maximum length Lmax used to generate the initial population in Section 2.2. However, if 

one or more elements are less than 10 mm long, then the offspring does not comply 

with Rule (2) in Section 2.3.2 in the companion chapter, and will be deleted. Another 

one is created through the cross-over operator. 

 

4.3 OPTIMISATION PROBLEM AND PARAMETERS 

 

For comparison purposes, the algorithm is applied to the same columns, column 

lengths and number of manufacturable flat segments Nmax as in the companion 
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chapter. As the manufacturing rules are an intrinsic part of the cross-sectional shape, 

the optimisation problem now consists of minimising the fitness function f, 

 

)
N

N
,max(α

A

A
f

c

*

x

squash

s
1-0                                            (4.5) 

 

where As is the cross-sectional area, Asquash is the squash area (defined by Eq. (3.8) in 

Chapter 3), N* is the axial compressive force (shown in Fig. 3.11 in Chapter 3), Nc is 

the nominal member capacity in compression calculated from the Australian standard 

AS4600 [4.9], and αx is the penalty factor associated with the capacity constraint. 

 

The Augmented Lagrangian method for GA [4.4] is also used herein, and the fitness 

function f becomes, 

 

2

10
2

1








 )μ

N

N
,max(γ

A

A
f x

c

*

x
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s                                      (4.6) 

 

where initial values of penalty function coefficient γx = 2 and real parameter µx = 0, as 

in the companion chapter, are used in this study. An AL penalty increasing constant β 

of 1.05 and a convergence rate ρ of 1.5 [4.1, 4.6] are also used. 

 

Ten runs are performed per given column length and set value of Nmax. The maximum 

number of generations per run is set to 80 for all cases. 500 individuals are used per 

generation. Similarly to [4.3], for the accuracy of the Finite Strip analysis [4.7], elements 

between 10 mm to 15 mm in length are divided into two elements of equal length, and 

elements longer than 15 mm are divided into three elements of equal length in CUFSM 

[4.8]. 

 

4.4 RESULTS AND DISCUSSION 

 

4.4.1 Column length of 500 mm 

 

Fig. 4.5 plots the average fitness functions f given in Eq. (4.5), with penalty factor αx = 

10, times the squash area Asquash over 10 runs for the 500 mm long columns. The 

algorithm converges to optimised solutions for all cases. The algorithm converges at a 

similar rate to the non-manufacturable case in Section 5.1 of the companion chapter, 

and therefore converges faster than when using the Hough transform. It takes about 50 

to 60 generations for all cases to approach optimised manufacturable cross-sections in 
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the present study against about 100 generations when using the Hough transform in 

the companion chapter. 

 

 

Fig. 4.5: Average fitness f for the 500 mm long columns 
 

Table 4.2 summarises the average results over 10 runs for all cases. The algorithm is 

able to converge to the targeted axial compressive capacity of 75 kN for all cases, with 

the largest average absolute error equal to 0.33% (Nmax = 3). The case Nmax = 6 has the 

largest average ultimate compressive stress of 382.4 MPa. When compared to the 

cross-sections found in Section 5.1 in the companion chapter, the cross-sections found 

in this study are less optimum. They have lower ultimate compressive stress, with a 

maximum average difference of 2.28% for Nmax = 3. The fittest cross-section found in 

this study for Nmax = 3 has an ultimate compressive stress of 379.7 MPa, i.e. 1.2% 

lower than the ultimate compressive stress of the fittest cross-section in the companion 

chapter for the same case. However, for Nmax = 6, the differences in ultimate 

compressive stresses between the two fittest cross-sections generated by the two 

methods do not exceed 0.7%. The inferior performance may be explained by the faster 

convergence rate of the improved method, which may not allow the algorithm to fully 

explore the design space. Moreover, more generations may be required to further 

refine the optimised solutions in the present study. 

 

Similar to the companion chapter, the nominal member axial compressive capacity Nc 

of the optimised cross-sections is typically governed by global buckling (49 runs out of 

50), with Ncl = Nce in the DSM [4.9]. On average, the nominal distortional axial 

compressive capacity Ncd is close to and only 2.0% greater than the nominal member 
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axial compressive capacity Nc for all cases. Therefore, the cross-sections are also 

likely to undergo global-distortional buckling interaction, not considered herein. 

 

Fig. 4.6 plots the two fittest solutions (Fig. 4.6 (a, b)) and the two least fit ones (Fig. 4.6 

(c, d)) at the last generation (80th generation) for Nmax = 3. The remaining optimised 

solutions are referred to as Fig. A4.1 in Appendix. The algorithm converges to similar 

cross-sectional shapes to the ones found in the companion chapter, and the fittest 

cross-sections found in the study form “angular Cee” sections, as shown in Fig. 4.6 (a, 

b). However, while the fittest cross-sections found in the companion chapter were 

closed, the ones found in this study are more open. The least fit cross-sections in both 

studies are “Ʃ” sections. The height to width ratio of the cross-sections generated in 

this study tends to be greater than that found in the companion chapter. 

 

Table 4.2: Average results over 10 runs for the 500 mm long columns 

Nmax 

Average cross-
sectional area 

Average nominal member 
capacity 

Ultimate 
compressive stress 

As 
(mm

2
) 

CoV 
Nc 

(kN) 
Error

(1)
 

(%) 
CoV 

Nc / 
As 

(MPa) 

Difference with 
Chapter 3 

(%)
(2)

 

3 201.5  0.0154 75.05 0.33 0.0041 372.5 -2.28 

4 199.0  0.0086 75.19 0.32 0.0032 377.9 -1.59 

5 196.6  0.0062 75.07 0.29 0.0034 381.8 -0.16 

6 196.3  0.0076 75.07 0.13 0.0012 382.4 -0.26 
 (1)

: The Error refers to an average error over 10 runs when compared to 75 kN 
(2)

: A negative value means the improved method yields cross-sections of lower ultimate 
stresses than when using the Hough transform in the companion chapter 

 

  

  (a) As = 197.5 mm
2
  (b) As = 199.8 mm

2
 (c) As = 204.8 mm

2
 (d) As = 208.2 mm

2
 

 Nc = 75.00 kN  Nc = 75.64 kN Nc = 74.98 kN Nc = 75.35 kN 
  Nc/As = 379.7 MPa Nc/As = 378.5 MPa Nc/As = 366.0 MPa  Nc/As = 362.0 MPa 

Fig. 4.6: Optimised cross-sections at the last generation (80th) for the manufacturable 
case of 500 mm long columns when Nmax = 3, (a, b) fittest and (c, d) least fit cross-

sections 
 

Fig. 4.7 plots the two fittest solutions (Fig. 4.7 (a, b)) and the two least fit ones (Fig. 4.7 

(c, d)) at the last generation (80th generation) for Nmax = 6. The remaining optimised 

solutions are referred to as Fig. A4.4 in Appendix. The two fittest cross-sections in Fig. 

4.7 (a, b) have similar “Cee” cross-sectional shapes, yet more open, to the two fittest 
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cross-sections found in the companion chapter for Nmax = 6. However, the two least fit 

cross-sections in Fig. 4.7 (c, d) are “Ʃ” sections, while the two least fit cross-sections in 

the companion chapter are open “Cee” sections. Similar to Nmax = 3, the height to width 

ratio of the cross-sections generated in this study for Nmax = 6 tends to be greater than 

that found in the companion chapter. 

 

  (a) As = 195.8 mm
2
  (b) As = 196.1 mm

2
 (c) As = 198.1 mm

2
 (d) As = 198.2 mm

2
 

 Nc = 75.14 kN  Nc = 75.10 kN Nc = 75.05 kN Nc = 74.98 kN 
  Nc/As = 383.7 MPa Nc/As = 383.0 MPa Nc/As = 378.9 MPa  Nc/As = 378.2 MPa 

Fig. 4.7: Optimised cross-sections at the last generation (80th) for the manufacturable 
case of 500 mm long columns when Nmax = 6, (a, b) fittest and (c, d) least fit cross-

sections 
 

The average computation time on a 792 core HPC cluster consisting of a mixture of 

SGI Altix XE and SGI® Rackable™ C2114-4TY14 servers is 15 minutes per generation 

for the improved method, and is 35% faster than when using the Hough transform in 

the companion chapter. Such improvements are mainly explained by the difference in 

the number of cross-sectional elements between the two methods. The less the 

number of elements, the faster the GA operators and the analyses in CUFSM [4.8] are. 

 

4.4.2 Column length of 1,500 mm 

 

Fig. 4.8 plots the average fitness functions f given in Eq. (4.5), with penalty factor αx = 

10, times the squash area Asquash over 10 runs for the 1,500 mm long columns. The 

algorithm converges to an optimised solution for all cases. As for the 500 mm long 

columns, the algorithm converges at a similar rate to the non-manufacturable columns 

in Section 5.2 in the companion chapter. 60 to 70 generations are needed to approach 

an optimised solution.  

 

Table 4.3 summarises the average results over 10 runs for all cases. The algorithm is 

also able to converge to the targeted compressive axial capacity of 75 kN for all cases, 

with the largest average absolute error equal to 0.53% (Nmax = 4). For the 1,500 mm 

long columns, the cross-sections found in this study are still less optimum on average 

than the ones found in the companion chapter. However, the present difference in 
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ultimate compressive stresses between the two studies is less than for the 500 mm 

long columns, with a maximum average difference of 0.35% (Nmax = 5). For Nmax = 4, 

the fittest cross-section found in this study has an ultimate compressive stress 0.2% 

greater than the ultimate compressive stress of the fittest cross-section in the 

companion chapter for the same case. For Nmax = 7, the fittest cross-section found in 

this study is only 0.2% less optimum than the fittest cross-section in the companion 

chapter for the same case. 

 

 

Fig. 4.8: Average fitness f for the 1,500 mm long columns 

 

Table 4.3: Average results over 10 runs for the 1,500 mm long columns  

Nmax 

Average cross-
sectional area 

Average nominal member 
capacity 

Ultimate 
compressive stress 

As 
(mm

2
) 

CoV 
Nc 

(kN) 
Error

(1)
 

(%) 
CoV 

Nc / 
As 

(MPa) 

Difference with 
Chapter 3 

(%)
(2)

 

4 294.6  0.0052 75.40 0.53 0.0044 255.9 -0.31 

5 291.3  0.0051 75.04 0.20 0.0025 257.6 -0.35 

6 290.2  0.0030 74.99 0.18 0.0024 258.4 -0.23 

7 290.4  0.0086 75.11 0.22 0.0032 258.7 -0.27 
 (1)

: The Error refers to an average error over 10 runs when compared to 75 kN 
(2)

: A negative value means the improved method yields cross-sections of lower ultimate 
stresses than when using the Hough transform in the companion chapter 

 

The nominal member axial compressive capacity Nc of the optimised cross-sections is 

also typically governed by global buckling (48 runs out of 50), with Ncl = Nce in the DSM 

[4.9]. On average, the nominal distortional axial compressive capacity Ncd is only 0.4% 

greater than the nominal member axial compressive capacity Nc for all cases.  

 

Fig. 4.9 shows the two fittest solutions (Fig. 4.9 (a, b)) and the two least fit ones (Fig. 

4.9 (c, d)) at the last generation (80th generation) for Nmax = 4. Similarly, Fig. 4.10 
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shows the two fittest solutions (Fig. 4.10 (a, b)) and the two least fit ones (Fig. 4.10 (c, 

d) at the last generation (80th generation) for Nmax = 7. The remaining optimised 

solutions are referred to as Figs. A4.5 to A4.8 in Appendix. For both Nmax = 4 and 7, the 

algorithm converges to similar closed (fittest cross-sections) and open (least fit cross-

sections) “Cee” cross-sectional shapes to the ones presented in Section 5.2 in the 

companion chapter. 

 

  
  (a) As = 291.4 mm

2
 (b) As = 295.2 mm

2
 (c) As = 295.2 mm

2
 (d) As = 296.9 mm

2
 

 Nc = 75.37 kN  Nc = 76.17 kN Nc = 75.04 kN Nc = 75.17 kN 
  Nc/As = 258.6 MPa Nc/As = 258.1 MPa Nc/As = 254.2 MPa  Nc/As = 253.2 MPa 

Fig. 4.9: Optimised cross-sections at the last generation (80th) for the manufacturable 
case of 1,500 mm long columns when Nmax = 4, (a, b) fittest and (c, d) least fit cross-

sections 
 

 
  (a) As = 289.3 mm

2
  (b) As = 288.3 mm

2
 (c) As = 290.0 mm

2
 (d) As = 297.6 mm

2
 

 Nc = 75.10 kN  Nc = 74.80 kN Nc = 75.00 kN Nc = 75.76 kN 
  Nc/As = 259.6 MPa Nc/As = 259.4 MPa Nc/As = 258.6 MPa  Nc/As = 254.5 MPa 

Fig. 4.10: Optimised cross-sections at the last generation (80th) for the manufacturable 
case of 1,500 mm long columns when Nmax = 7, (a, b) fittest and (c, d) least fit cross-

sections 
 

The average computation time on a 792 core HPC cluster consisting of a mixture of 

SGI Altix XE and SGI® Rackable™ C2114-4TY14 servers is 25 minutes per generation 

for the improved method, and is 40% faster than when using the Hough transform in 

the companion chapter. 
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4.4.3 Column length of 3,000 mm 

 

Fig. 4.11 plots the average fitness functions f given in Eq. (4.5), with penalty factor αx = 

10, times the squash area Asquash over 10 runs for the 3,000 mm long columns. Similar 

conclusions to the 500 mm and 1,500 mm long columns can be drawn: (i) the algorithm 

converges to an optimised solution for all cases, (ii) the convergence rate is similar to 

the convergence rate of the non-manufacturable cross-sections in the companion 

chapter, (iii) the improved algorithm converges faster than when using the Hough 

transform and (iv) 60 to 70 generations are needed to approach an optimised solution. 

 

Table 4.4 summarises the average results over 10 runs for all cases. The algorithm is 

also able to converge to the targeted axial compressive capacity of 75 kN for all cases, 

with the largest average error equal to 0.31% (Nmax = 8). For the 3,000 mm long 

columns, the cross-sections found in this study are still less optimum on average than 

the ones found in the companion chapter. However, similar to the 1,500 mm long 

columns, the difference in ultimate compressive stress between the two studies is small 

and no more than 0.53% on average (Nmax = 5). For Nmax = 5, the fittest cross-section 

found in this study has an ultimate compressive stress 0.5% lower than the ultimate 

compressive stress of the fittest cross-section in the companion chapter for the same 

case. For Nmax = 8, the fittest cross-section found in this study is 0.1% more optimum 

than the fittest cross-section in the companion chapter for the same case. 

 

 

Fig. 4.11: Average fitness f for the 3,000 mm long columns 

 

The nominal member axial compressive capacity Nc of the fittest cross-sections is 

always governed by global buckling, with Ncl = Nce in the DSM [4.9]. On average, the 
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nominal distortional axial compressive capacity is 8.0% greater than the nominal 

member axial compressive capacity Nc for all cases.  

 

Fig. 4.12 shows the two fittest solutions (Fig. 4.12 (a, b)) and the two least fit ones (Fig. 

4.12 (c, d)) at the last generation (80th generation) for Nmax = 5. Similarly, Fig. 4.13 

shows the two fittest solutions (Fig. 4.13 (a, b)) and the two least fit ones (Fig. 4.13 (c, 

d)) at the last generation (80th generation) for Nmax = 8. The remaining optimised 

solutions are referred to as Figs. A4.9 to A4.12 in Appendix. For both Nmax = 5 and 8, 

the algorithm converges to similar closed (fittest cross-sections) and open (least fit 

cross-sections) “bean” cross-sectional shapes to the ones presented in Section 5.3 in 

the companion chapter. 

 

Table 4.4: Average results over 10 runs for the 3,000 mm long columns  

Nmax 

Average cross-
sectional area 

Average nominal member 
capacity 

Ultimate 
compressive stress 

As 
(mm

2
) 

CoV 
Nc 

(kN) 
Error

(1)
 

(%) 
CoV 

Nc / 
As 

(MPa) 

Difference with 
Chapter 3 

(%)
(2)

 

5 437.9  0.0047 75.02 0.16 0.0022 171.3 -0.53 

6 437.5  0.0042 75.14 0.27 0.0031 171.8 -0.29 

7 436.7 0.0055 75.07 0.12 0.0012 171.9 -0.52 

8 436.8  0.0066 75.22 0.31 0.0031 172.2 -0.29 
 (1)

: The Error refers to an average error over 10 runs when compared to 75 kN 
(2)

: A negative value means the improved method yields cross-sections of lower stresses  
than when using the Hough transform in the companion chapter 

 

  
  (a) As = 436.9 mm

2
 (b) As = 436.4 mm

2 
(c) As = 440.7 mm

2
 (d) As = 442.4 mm

2
 

 Nc = 75.28 kN  Nc = 75.18 kN Nc = 75.01 kN Nc = 75.20 kN 
 Nc/As = 172.3 MPa Nc/As = 172.3 MPa Nc/As = 170.2 MPa Nc/As = 170.0 MPa 

Fig. 4.12: Optimised cross-sections at the last generation (80th) for the manufacturable 
case of 3,000 mm long columns when Nmax = 5, (a, b) fittest and (c, d) least fit cross-

sections 
 

The average computation time on a 792 core HPC cluster consisting of a mixture of 

SGI Altix XE and SGI® Rackable™ C2114-4TY14 servers is 45 minutes per generation 

for the improved and is 50% faster than when using the Hough transform in the 

companion chapter. 
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 (a) As = 434.6 mm

2 
(b) As = 433.5 mm

2 
(c) As = 438.9 mm

2 
(d) As = 440.1 mm

2
 

 Nc = 75.31 kN Nc = 75.07 kN Nc = 75.12 kN Nc = 74.96 kN 
 Nc/As = 173.3 MPa Nc/As = 173.2 MPa Nc/As = 171.2 MPa Nc/As = 170.3 MPa 

Fig. 4.13: Optimised cross-sections at the last generation (80th) for the manufacturable 
case of 3,000 mm long columns when Nmax = 8, (a, b) fittest and (c, d) least fit cross-

sections 
 

4.5 SUMMARY 

 

This chapter develops an efficient and improved method to incorporate simple 

manufacturing rules into the previously developed “self-shape optimisation” algorithm 

for CFS profiles. The algorithm is applied to the optimisation problem presented in the 

companion chapter. 

 

The improved algorithm always converges to an optimised solution. The cross-sections 

generated by the improved algorithm are less optimum on average than the ones 

generated using the Hough transform in the companion chapter. However, the average 

differences in ultimate compressive stresses between the two methods are small and 

are no more than 2.28%, 0.35% and 0.53% for the 500 mm, 1,500 mm and 3,000 mm 

long columns, respectively. The two methods usually generate similar optimised cross-

sectional shapes. 

 

The main advantage of the improved algorithm lies in its convergence rate and speed. 

The improved algorithm approaches an optimised solution in less than 70 generations, 

compared to more than 100 generations when using the Hough transform in the 

companion chapter. Additionally, the average computation time per generation for the 

improved algorithm is 35% to 50% faster than when using the Hough transform in the 

companion chapter. 
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Likelihood of buckling mode interaction in shape optimisation 

of manufacturable cold-formed steel columns 

 

ABSTRACT 

 

This chapter investigates the likelihood of buckling mode interaction in shape 

optimisation of manufacturable cold-formed steel columns. A literature review is carried 

on local, distortional and global buckling mode interactions. Optimised columns found 

in both the literature and the research performed by the authors are analysed. Their 

average elastic buckling stresses are reported herein and the need of incorporating 

buckling mode interaction into shape optimisation algorithms is quantified. 

 

KEYWORDS  

 

Shape optimisation; Cold-formed steel structures; Buckling mode interactions. 
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5.1 INTRODUCTION 

 

Cold-formed steel (CFS) structures are widely used due to their advantages over hot-

rolled steel, which include a high capacity to weight ratio, lightweight profiles, reduced 

installation time and manufacturing processes at room temperature [5.1]. The 

manufacturing processes, namely “roll-forming” and “brake-pressing”, allow the 

formation of any cross-sectional shape. Yet, CFS cross-sections used in practice are 

mainly limited to “Cee”, “Z” and “Σ” cross-sectional shapes, with or without intermediate 

stiffeners [5.2]. As the cross-sectional shape of CFS profiles controls the fundamental 

buckling modes (local (L), distortional (D) (for open sections) and global (G)), 

discovering innovative and optimum cross-sectional shapes is a key element in saving 

material and enhancing the profitability of CFS members. The need is reinforced by the 

recent development of a new structural design method, the Direct Strength Method 

(DSM) [5.3], which allows designing any cross-sectional shape with the same degree of 

difficulty. 

 

In the literature, shape optimisation of manufacturable CFS profiles has mainly been 

performed by Leng et al. [5.4], Wang et. al. [5.5, 5.6] and Franco et al. [5.7]. In these 

studies, different optimisation methods were used to achieve similar objectives. 

Nevertheless, the capacity of the optimised profiles was always calculated using the 

DSM as published in the North American [5.8] and Australian [5.9] design 

specifications. Therefore, only local-global buckling mode interaction was considered in 

the DSM equations [5.8, 5.9]. In all of the above studies, various column lengths and 

number of manufacturing folds per cross-section were investigated. 

 

Results from the research performed by the authors [5.5, 5.6] show that, (i) the nominal 

member axial compressive capacity of the optimised manufacturable cross-sections is 

typically governed by global buckling and (ii) the nominal distortional and global axial 

compressive capacities are close. This indicates that global-distortional buckling mode 

interaction may occur. However, as the different buckling modes have different post-

buckling reserves [5.10], close local, distortional and global capacities does not 

necessarily involve interaction. The aim of this chapter is to quantify if buckling mode 

interaction needs to be considered in the design equations in shape optimisation of 

CFS manufacturable columns.  

 

In this chapter, the literature on local-distortional (LD), distortional-global (DG) and 

local-distortional-global (LDG) buckling mode interactions is reviewed. The proposed 

corresponding DSM equations in compression are also reviewed. The available 
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average elastic buckling stresses of the optimised cross-sections found in the literature 

[5.4] and the authors’ previous study [5.6] are summarised herein and the likelihood of 

the buckling mode interaction occurring in shape optimisation of manufacturable CFS 

columns is quantified. 

 

5.2 FUNDAMENTALS OF BUCKLING MODE INTERACTION 

 

Buckling mode interaction was shown to significantly affect the post-buckling behaviour 

and ultimate strength of CFS members [5.11, 5.12, 5.13]. Yet, only LG buckling mode 

interaction is currently considered in design specifications [5.8, 5.9]. Numerical and 

experimental investigations, such as in [5.11, 5.12, 5.13, 5.14], are currently performed 

to better understand LD, DG and LDG buckling mode interactions and new DSM 

buckling mode interaction equations are being developed. However, as the new 

equations are usually conservative when no buckling mode interaction occurs, the 

domain of validity of these equations is currently unclear. A summary of the DSM 

equations can be found in [5.15] and in Sections 5.2.1 to 5.2.3. 

 

CFS columns usually experience buckling mode interaction due to close values of 

elastic buckling stresses [5.15], i.e. fol ≈ fod (for LD buckling mode interaction), fod ≈ foc 

(for DG buckling mode interaction) and fol ≈ fod ≈ foc (for LDG buckling mode interaction), 

where fol, fod and foc are the local, distortional and global elastic buckling stresses, 

respectively. 

 

Silvestre et. al. [5.13, 5.16] numerically investigated the influence of LD buckling mode 

interaction on CFS lipped channels. The ratio between the distortional and local elastic 

buckling stresses (fod / fol) was chosen between 0.9 and 1.1. The studies conclude that 

for stocky columns against distortional buckling (distortional slenderness ratio λd ≤ 1.5) 

and the fod / fol ratios range considered, the LD interactive compressive strength is fairly 

accurately estimated by the DSM pure distortional nominal capacity in compression 

Ncd. For slender column against distortional buckling (λd > 1.5), the LD interactive 

compressive strength can be estimated by the NDL (referred to as Eq. (5.3)) approach 

modified DSM equations presented in Section 5.2.1. Young et al. [5.14] and Kwon et al. 

[5.17] experimentally tested CFS lipped channels that experienced LD buckling mode 

interaction despite large fod / fol ratios, between 1.1 and 2.7 in [5.14] and 1.4 and 3.2 in 

[5.17]. In these two studies, interaction was deemed to occur due to the high yield 

stress of the specimens and therefore the possibility of the emergence of secondary 

bifurcation phenomenon before yielding. 
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Dinis and Camotim [5.12] studied DG buckling mode interaction and selected the 

length of the columns so fod = foc. To avoid LD buckling mode interaction, the columns 

were designed for the distortional elastic buckling stress to be 20% lower than the local 

elastic buckling stress. This suggests that a ratio fod / fol less than 0.8 is enough to 

prevent LD buckling mode interaction. 

 

Dinis et. al. [5.11, 5.18] experimentally and numerically investigated LDG buckling 

mode interaction of CFS lipped channels and designed the profiles to ensure strong 

interaction with the elastic buckling stresses, fol,  fod and foc, no more than 3-4% apart.  

 

5.2.1 LD buckling mode interaction DSM equations 

 

Schafer [5.10] proposed to estimate the nominal capacity of CFS columns against LD 

buckling mode interaction by replacing the nominal yield capacity Ny  in the DSM 

equations for pure local buckling by the nominal distortional capacity Ncd. The nominal 

capacity in compression Ncld for LD buckling mode interaction is then given as, 
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where Nol is the elastic local buckling load and λld is the LD non-dimensional 

slenderness ratio expressed as, 
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Eq. (5.1) is referred to as an NLD approach. Yang and Hancock [5.19] used a similar 

method to Schafer [5.10] but replaced the nominal yield capacity Ny in the DSM 

equation for pure distortional buckling by the nominal local capacity Ncl. The nominal 

capacity in compression Ncdl for DL buckling mode interaction (referred to as the NDL 

approach) is then given as, 
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where Nod is the elastic distortional buckling load and λdl is the DL non-dimensional 

slenderness ratio expressed as, 

 

od

cl
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N

N
λ     (5.4) 

 

5.2.2 DG buckling mode interaction DSM equations 

 

Silvestre et al. [5.20] expressed the nominal capacity in compression Ncde for DG 

buckling mode interaction in a similar way to [5.19] and replaced the nominal local 

capacity Ncl in the DSM equation for pure distortional buckling by the nominal global 

capacity Nce. Ncde is then expressed as, 
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where λde is the DL non-dimensional slenderness ratio expressed as, 
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5.2.3 LDG buckling mode interaction DSM equations 

 

Dinis et al. [5.11] proposed a new DSM equation for LDG buckling mode interaction 

and assessed its accuracy. The nominal capacity Nclde in compression against LDG 

buckling mode interaction is given as, 
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where Ncde is the nominal capacity for DG buckling mode interaction (Eq. (5)) and λlde is 

the LDG non-dimensional slenderness ratio expressed as, 
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5.3 RESULTS AND DISCUSSION 

 

The studies on shape optimisation of manufacturable CFS columns found in the 

literature [5.4] and the authors’ previous research [5.6] are summarised in Table 5.1. 

The study in [5.7] is not considered herein as the elastic buckling stresses of the 

optimised sections are not reported. The study in [5.4] includes both construction (for 

end-use purposes) and manufacturing constraints, and considers singly and point-

symmetric cross-sections. The algorithm converges to “Cee” and “Σ” cross-sectional 

shapes for the 610 mm and 1,220 mm long columns, respectively, and to “Cee” and 

squashed “S” cross-sectional shapes for the 4,880 long columns. The algorithm in [5.6] 

only considers singly-symmetric cross-sections and converges to closed or nearly 

closed “Cee” and “bean” cross-sectional shapes for all column lengths. The elastic 

buckling stresses in compression from the 4,880 mm long column in [5.4] are not 

presented and discussed herein as they are not reported in the chapter. 

 

Fig. 5.1 plots the elastic buckling stress ratios fod / fol, fol / foc and fod / foc for the cases 

reported in Table 5.1. The 610 mm when Nf = 6 and 8 and 1,220 mm long columns 

when Nf = 8 and 12 in [5.4] and the 500 mm long columns when Nf = 5, 7 and 9 in [5.6] 

show close local and distortional elastic buckling stresses, with fol and fod within 20% of 

each other. LD buckling mode interaction is therefore likely to occur. However, for 

these columns, the distortional slenderness ratio is less than 1.5 and the DSM equation 

for pure distortional buckling will accurately predict the strength of the columns (see 

Section 4 and [5.9]). No DSM interaction equations therefore need to be considered for 

these columns. For the 1,500 mm and 3,000 mm long columns in [5.6], fol is usually at 

least twice greater than fod and no LD buckling mode interactions is likely to occur. 

 

Table 5.1: Summary of available studies found in the literature 

Study 

Yield 
stress 

fy 
(MPa) 

Objective of algorithm 
Number of 

folds Nf 
Column length 

(mm) 

Leng et 
al. [5.4] 

228 
Maximise the column capacity for a 

279.4 mm wide and 1 mm thick steel 
sheet 

4, 6, 8, 10 
and 12 

610 1220 4880 

Wang et 
al. [5.6] 

450 
Minimise the cross-section area of a 
1.2 mm thick columns subjected to 

axial compressive load of 75 kN 

5, 7, 9, 11, 
13 and 15 

500 1500 3000 

 

 

The global elastic buckling stress is always greater than the distortional elastic buckling 

stress. For 5 cases out of 22, the ratio fod / foc is less than 0.5. Therefore DG buckling 
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mode interaction is unlikely to occur for these cases. For the other cases, the fod / foc 

ratio closer to unity (1.0) is 0.85 and the average fod / foc  ratio equal to 0.68, Therefore, 

there is usually no close proximity of the global and distortional elastic buckling 

stresses for the latter cases and DG buckling mode interaction is likely limited. 

 

Additionally, the elastic local, distortional and global buckling stresses are never close 

to each other, let’s say all within 15 % of each other, and LDG buckling mode 

interaction is therefore unlikely to be encountered. 

 

 

Fig. 5.1 Elastic buckling stress ratios for studied optimised columns 

 

5.4 SUMMARY 

 

The chapter investigated the likelihood of buckling mode interaction in published 

shape-optimised manufacturable CFS columns. A quick literature review on buckling 

mode interaction was performed. Proposed DSM equations to determine the nominal 

capacity of a column experiencing LD, DG and LDG buckling mode interaction were 

reviewed. Despite the shape-optimisation algorithm in the authors’ previous work 

optimising for all buckling modes, with nominal global and distortional capacities close 
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to each other, this chapter showed that strong buckling mode interactions are unlikely 

to be encountered for the studied optimised columns. The current DSM equations 

ignoring LD, DG and LDG buckling mode interactions are likely to accurately predict 

the capacity of the optimised cross-sections. However, buckling mode interactions still 

need to be further assessed in future studies on shape-optimisation of CFS members. 
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Shape optimisation of manufacturable and usable cold-formed 

steel singly-symmetric and open columns  

 

ABSTRACT.  

 

This chapter aims at incorporating manufacturing and assembly features into a shape 

optimisation algorithm for cold-formed steel (CFS) profiles. Genetic algorithm (GA) is 

used as the search algorithm and is combined with the augmented Lagrangian 

constraint-handling method to avoid ill-conditioning. Manufacturable cross-sections are 

arbitrarily drawn in the initial generation and subsequently treated as an integral part of 

the GA. The assembly features considered in the study reflect the ones commonly 

encountered in the construction industry. They include fastening elements (horizontal 

flange and vertical web) and allowances for utilities, and are treated as constraints. The 

algorithm is applied to simply-supported singly-symmetric, free-to-warp open section 

columns with various numbers of manufacturing bends. Three assembly cases for half 

sections are investigated: (a) a horizontal flange, (b) a horizontal flange and a vertical 

web, and (c) a horizontal flange and a vertical web with a utility clearance. A two-step 

optimisation process is used to optimise the columns: (i) the optimum positions of the 

fastening elements (horizontal flange and vertical web) are determined first and (ii) the 

cross-sectional shapes are then optimised. The optimised columns are discussed and 

compared to the unconstrained optimised columns and the conventional lipped Cee-

sections. The results demonstrate the robustness and efficiency of the algorithm. 

 

KEYWORDS  

 

Shape optimisation; Cold-formed steel structures; Manufacturable cross-sections; 

Assembly constraints; Genetic Algorithm.  
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6.1 INTRODUCTION 

 

Cold-formed steel (CFS) members, having a high strength-to-weight ratio [6.1], have 

been widely used in engineered structures such as low-to-medium rise buildings and 

storage racks where hot-rolled steel profiles have been proven uneconomic. CFS 

members are manufactured by bending thin-walled steel coils at room temperature to 

the desired cross-sectional shapes. These light-gauge structural components provide 

flexible member profiles for architects and engineers, and facilitate onsite 

manufacturing and/or installation. 

 

Finding new and optimised cross-sections can significantly enhance the member 

capacity and reduce costs compared to the commonly used “Cee”, “Zed” and “Sigma” 

shapes. However, previous research efforts on shape optimisation of CFS members 

usually focused on unconstrained solutions [6.2-6.8], leading to cross-sections that 

cannot be manufactured by the current cold-forming processes and/or be used in 

construction.  

 

Recently, manufacturing constraints have been introduced into shape optimisation 

algorithms for CFS members in [6.9-6.12]. This inclusion resulted in cross-sections with 

a marginal reduction in the member capacity relative to their unconstrained counter-

parts. Franco et al. [6.12] developed a grammar-based model to shape optimise CFS 

open profiles in which the manufacturing features, with given stiffener sizes, were 

intrinsically considered in the algorithm. Leng et al. [6.9] and Wang et al. [6.10] 

incorporated manufacturing constraints into CFS shape optimisation algorithms by 

allowing limited numbers of roll-forming bends per cross-section. Handling constraints, 

however, may add complexity to the algorithm and cause convergence issues. For this 

reason, Wang et al. [6.11] have improved their own algorithm and proposed a method 

of incorporating the manufacturing features as an integral part of the algorithm, 

addressing the challenges of dealing with manufacturing constraints.  

 

For assembly purposes, Leng et al. [6.13, 6.14] introduced end-use constraints into a 

stochastic shape optimisation algorithm, namely simulated annealing (SA). The 

constraints include singly-symmetry or point-symmetry, number of rollers (bends), 

vertical webs located at the mid-point (mid-height) of the cross-section, parallel flanges, 

rear lips and utility pass-through allowance. Both short (610 mm) to long (4,880 mm) 

columns were investigated. The SA converged to singly-symmetric cross-sections for 

short and intermediate columns and to point-symmetric cross-sections with large 

number of rollers for long columns.  
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The present study focuses on incorporating manufacturing and assembly features into 

the published GA-based “self-shape” optimisation algorithm for CFS columns [6.4, 6.5]. 

The algorithm is applied to simply-supported singly-symmetric, free-to-warp open 

section columns. Manufacturing features, defined in [6.10], are incorporated into the 

algorithm as an intrinsic part of the cross-sections. Assembly features, defined in this 

chapter, are introduced as constraints into the fitness function. Two main types of 

assembly features, aimed at creating cross-sections that can be practically used on site, 

are taken into account by having (i) fastening elements (horizontal flange and/or 

vertical web elements) to connect the profile to adjacent structures/elements and (ii) a 

clearance distance in the open part of the cross-section to allow utilities passage. The 

optimised cross-sections are discussed and compared to their unconstrained counter-

parts and the conventional lipped Cee-sections. 

 

6.2 THE SHAPE-OPTIMISATION ALGORITHM 

 

6.2.1 Overview  

 

This chapter employs the previously developed GA-based shape optimisation algorithm 

[6.4, 6.5], referred to as the “self-shape optimisation algorithm”. The algorithm uses the 

coordinates (xp, yp) of the floating points constituting the cross-sections to define the 

individuals in a given design space. The stochastic search algorithm yields superior off-

springs that bear similarities to their parents in succeeding generations. An augmented 

Lagrangian constraint-handling method [6.15] is used to automatically control the 

penalty function coefficients to remain finite in order to avoid ill-conditioned solutions. 

Cross-over and mutation operators are performed on the floating points constituting a 

cross-section (see [6.4, 6.5], Sections 6.2.4 and 6.2.5 for more details). As the problem 

is singly-symmetric, only half of the cross-section is considered by the GA operators. 

Nevertheless, the entire cross-section is used to calculate the member capacity 

presented in Section 6.3.1. 

 

6.2.2 Constraints 

 

6.2.2.1 Manufacturing constraints 

 

The same manufacturing rules published in [6.10], emerged from the limitations of 

rolled-forming machines, are applied to the algorithm in this chapter. The rules are:  
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(1) The minimum length Lmin of a single straight cross-sectional element (i.e. 

between roll-forming bends) is equal to 10 mm; 

(2) The maximum number of straight cross-sectional elements is limited to 20 (i.e. a 

maximum number of 19 roll-forming bends per cross-section). 

 

Sharp roll-forming bending corners are conservatively considered herein and actual 

internal bending radii can be determined prior to manufacture.   

 

The new proposed method of allowing optimised cross-sections to be manufactured 

and initially published in Wang et al. [6.11] is used herein. Manufacturing rules are now 

introduced as an intrinsic part of the cross-sectional shapes. Specifically, instead of 

drawing the cross-sections in the first generation with short elements (2 mm long) and 

aligning them using the Hough transform to ultimately create manufacturable cross-

sections as in [6.10], the cross-sections are initially drawn herein with a fixed number of 

longer elements of random sizes, directly resulting in manufacturable cross-sections. 

The cross-over and mutation operators keep the cross-sections manufacturable. More 

details on this intrinsic feature of the algorithm are given Sections 6.2.3 to 6.2.5. The 

number of elements are set by the manufacturer, and is less than or equal to the 

maximum possible number of elements defined in the Rule (2). The self-avoiding 

random walks method defined by Gilbert et al. [6.4] is used to generate the initial cross-

sections (see Section 6.2.3). The cross-over and mutation operators are detailed in 

Sections 6.2.4 and 6.2.5, respectively. 

 

6.2.2.2 Assembly constraints 

 

Adjacent members are connected to columns at the horizontal flange, the vertical web 

or both. Additionally, columns are often designed with an “utility clearance”, as per 

[6.16], allowing bridging system and/or conduits to pass through the web. While 

specific applications of CFS columns are not considered in this chapter, three 

combinations of the assembly features introduced above are considered herein for 

undertaking a case study:  

 Case I: One horizontal flange per half cross-section, with the flange at least 

Lmin,fas (Lmin,fas is the minimum length of the horizontal flange) = 25 mm long to 

connect a M12 bolt, as per [6.16]; 

 Case II: Case I with a vertical web per half cross-section, with the overall web at 

least Lmin,fas = 25 mm long also to connect a M12 bolt; 

 Case III: Case II with utility allowance of a minimum overall clearance of 2×Dmin 

(Dmin is the minimum distance per half cross-section) = 30 mm. 
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These cases have similar end-use purposes to those described in [6.14].  

 

Fig. 6.1 illustrates the assembly constraints per half cross-section for Case III, with the 

x-axis being the axis of symmetry. The fastening elements are formed in the initial 

population (see Section 6.2.3 for more details). To satisfy the utility allowance 

constraint, the y-coordinate of the last cross-sectional point P4 on the horizontal flange 

and all the succeeding points shall be greater than the minimum utility distance Dmin 

(also see Section 6.3.1) per half cross-section. The cross-over and mutation operators 

allow the fastening elements to remain horizontal and/or vertical, as explained in 

Sections 6.2.4 and 6.2.5, respectively.  

 

 
Fig. 6.1: Assembly constraints per half cross-section with the vertical web shown for 

the second element and the horizontal flange for the fourth element 
 

6.2.3 Initial population 

 

Manufacturable half cross-sections are arbitrarily drawn in the first generation within 

the design space of xmax = 100 mm × ymax = 100 mm. The steps to create the 

manufacturable half cross-sections in the initial population are adapted from [6.4, 6.5], 

and are given below when fastening elements are not considered: 

 Step 1: Create the first element, as shown in Fig. 6.2 (a): 

1.1 Set the starting point P0 of the element on the symmetric x-axis of the design 

space at the coordinate (xmax/4, 0), i.e. at (25 mm, 0 mm) herein. 

1.2 Randomly select the length Lele of the element in the interval [Lmin, Lmax], 

where Lmin is set in Rule (1) in Section 6.2.2.1 and Lmax is an arbitrary 

maximum length of the element, selected by a trial and error method to 
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achieve an uniform distribution of the initial population (see Section 6.3.1 and 

[6.17] for more details).   

1.3 Randomly select the orientation angle θele of the element in the interval [-45°, 

45°] relative to the vertical direction. 

1.4 Create the element. 

 Step 2: Create a new element relative to the last built element, of the length 

randomly selected in the interval [Lmin, Lmax] and of the direction randomly chosen 

in the interval [-45°, 45°], as illustrated in Fig. 6.2 (b).   

 Step 3: Perform the following checks:  

3.1 If the last built element intersects the cross-section or the boundary of the 

design space (xmin = 0, xmax = 100 mm, ymin = 0 or ymax = 100 mm), delete this 

element and go to Step 2. If this step is repeated more than 10 times per 

element, then the cross-section is considered to be self-trapped (see [6.1] for 

more details) and is subsequently removed.  

3.2 Else, keep the element.  

3.2.1 If the number of elements is less than the pre-defined number per half 

cross-section Nele determined by the manufacturer, go to Step 2,  

3.2.2 Else, a new cross-section is generated. Go to Step 4. 

 Step 4: Check the number of individuals in the population. 

4.1 If the number of individuals equals the target number of individuals per 

generation, then the initial population is created. 

4.2 Else, go to Step 1. 

 

When fastening elements are taken into account in the algorithm and an element is 

selected to be a flange or a web, the above steps are modified as follows:  

 Lmin in Step 2 is replaced by Lmin,fas that is set in Cases I and II of Section 

6.2.2.2. 

 The orientation of the element is set to be horizontal (flange) or vertical (web). 

 

    
  (a) First element (b) New element 

Fig. 6.2: Creating an initial half cross-section  
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The elements are labelled sequentially, as shown in Fig. 6.1, from the first element (‘1’) 

(with its first node on the symmetry axis) to the final element (‘Nele’). Similarly, the 

floating points representing the elements are sequentially ordered from point P0 on the 

axis of symmetry to the last point PNele. In the algorithm, the horizontal flange is allowed 

to be located at any element except for the first element (‘1’), and the vertical web to be 

at any element from the first element to the element before the horizontal flange. 

 

6.2.4 Cross-over operator 

 

The one-point cross-over operator used in this study is revised from Gilbert et al. [6.5] 

to keep the sections manufacturable and the fastening elements horizontal and vertical. 

Two parents, having the same number of elements and the same location of fastening 

elements, are selected for cross-over. This guarantees that the two offsprings have the 

same number of elements and the same location of fastening elements as their 

parents, therefore keeping the set number of elements and location of the fastening 

elements by the manufacturer.  The concept is illustrated in Fig. 6.3. 

 

A cross-over point, having the same sequential point number on each of the two cross-

sections, is randomly selected between the second and the second last points 

constituting the cross-sections. These two cross-over points are referred to as Pco1 and 

Pco2 for Parent 1 and Parent 2, respectively, and are shown in Fig. 6.3 (a). Two points 

Pt1 and Pt2 are then defined using a linear interpolation between Pco1 and Pco2 as [6.15], 

  

211 1 cocot P)δ(PδP   (6.1) 

122 1 cocot P)δ(PδP   (6.2) 

  

where δ is a random number in the interval [0, 1].  

 

Two offsprings are created by stretching portions of the parents to the new points Pt1 or 

Pt2 as illustrated in Fig. 6.3 (b, c) and detailed in the steps below. The first offspring is 

formed using the left-hand part of Parent 1 (from its first point to Pco1) and the right-

hand part of Parent 2 (from Pco2 to its last point), and the second offspring using the 

right hand part of Parent 1 (from Pco1 to its last point) and the left hand part of Parent 2 

(from its first point to Pco2). The procedure of creating the first offspring is detailed 

below; a similar procedure applies to the second offspring: 
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 Step 1: The left-hand part of Parent 1 is linearly stretched vertically and 

horizontally, using its starting point P0 as the fixed (reference) point, so its cross-

over point Pco1 matches point Pt1 in Eq. (6.1) (see Fig. 6.3 (b)). 

 Step 2: The right-hand part of Parent 2 is linearly stretched vertically and 

horizontally, using its end point PNele as the fixed (reference) point, so its cross-

over point Pco2 matches point Pt1 in Eq. (6.1) (see Fig. 6.3 (b)). 

 Step 3: The two parts created in Steps 1 and 2 are joined together and form the 

first offspring, as illustrated in Fig. 6.3 (b). 

 Step 4: If the offspring intersects itself or the boundary of the design space, the 

offspring is deleted. 

 

The above cross-over operator allows the length of all elements, including the fastening 

ones, to vary and therefore their length to be optimised. The starting point of the cross-

section P0 is a reference point common to all cross-sections and avoids having 

duplicate cross-sections with the exact same cross-sectional shape but different node 

coordinates. The end point of the cross-sections PNele is fixed during the cross-over 

operation but can mutate in Section 6.2.5, allowing new cross-sectional shape to be 

created. 

 

Offsprings are created until the overall population is replaced. As the cross-over points 

Pco1 and Pco2 have the same sequential point number for the two parents, the offsprings 

thus have the same number of elements as their parents. Stretching the cross-sections 

vertically and horizontally, and not rotating and scaling them as in [6.5], allows the 

fastening element to remain horizontal or vertical in the offsprings. Similar to [6.5], a 

cross-over probability of 0.8 is used in this study. 

 

 
(a) Select cross-over points Pt1 and Pt2 
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(b) First offspring  (c) Second offspring 

Fig. 6.3. Cross-over operator, illustrated with cross-sections (five segments per half 
section) 

 

6.2.5 Mutation operator 

 

The mutation operator allows a new cross-sectional shape to be created by changing 

the coordinates of one or more cross-sectional points. All points can mutate except for 

the starting point P0.  Similar to [6.5], each point has a probability of mutation of 0.01. If 

a point mutates, the following steps, illustrated in Fig. 6.4, apply: 

 Step 1: The point is randomly moved within a 20 mm radius circle from its original 

position. The radius is chosen as twice the minimum length of the 

manufacturable elements (see Section 6.2.2.1) and was found to adequately 

create new cross-sectional shapes for the overall dimensions of cross-sections 

optimised in this study. The new coordinates (x0, y0) of the mutated point is 

calculated as a function of the coordinates (x, y) of the original point as,  

 

xθcosrx 0  (6.3) 

yθsinry 0  (6.4) 

 

where r is the mutation radius randomly chosen in the interval [0 mm, 20 mm] 

and θ is the mutation angle randomly chosen in the interval [0°, 360°[. 

 Step 2: Perform the following checks.  

2.1 If the cross-section intersects itself or the boundary of the design space, then 

move the point back to its original position (x, y) and go to Step 1. If Step 2.1 

is repeated more than 10 times, the point is not mutated. 



CHAPTER 6 

6-11 
 

2.2 If one of the two points of a fastening element is mutated, the second point of 

the element is also mutated and moved by the same vector of the mutated 

point so as to keep the fastening element horizontal or vertical.  

 

 
Fig. 6.4. Mutation operator 

 

6.3 OPTIMISATION PROBLEM 

 

6.3.1 General 

 

The algorithm is used to minimise the cross-sectional area As of simply-supported 

singly-symmetric, free-to-warp open CFS columns subject to an axial compressive load 

N* of 75 kN. The column length is set to 2 m and the wall-thickness to 1.2 mm.  

 

Numbers of cross-sectional elements per half-section Nele = 4, 6 and 8 are investigated 

for each of the three assembly cases (see Section 6.2.2.2). A uniformly distributed 

initial population in terms of cross-sectional areas (see [6.17] for more details) is 

created. If the maximum element length Lmax is too large relative to Nele, the algorithm 

tends to generate large cross-sections that do not fit in the design space and therefore 

have difficulties creating the initial population. To address this issue, the maximum 

element length Lmax was adjusted using a trial-and-error method based on the value of 

Nele. The different values of Lmax chosen are reported in Table 6.1.  

 

Table 6.1: Maximum length of manufacturable elements per Nele  
Nele 4  6  8  

Lmax (mm) 50 40 30 
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Ten runs are performed for each scenario being investigated to verify the robustness of 

the algorithm. The number of generations and individuals per generation is reported in 

Section 6.3.2. The yield stress fy is 450 MPa, the Young’s modulus E is 200 GPa and 

the shear modulus G is 80 GPa. 

 

The general fitness functions, suitable for GA, are expressed for the three assembly 

cases as, 

 

For Case I and II: 
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For Case III: 
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(6.6) 

where Asquash is the squash area, defined as the lower bound cross-sectional area of 

the profile,  

 

y

*

squash

f

N
A       (6.7) 

 

αN, αL,i and αD,j are the penalty factors associated with the capacity, the length of 

element i and the utility clearance violations of point j, respectively. Le,i is the actual 

length of element i and Lm,i is the minimum allowable length of element i, either equals 

Lmin,fas for the fastening elements (see Cases I and II in Section 6.2.2.2) or Lmin for the 

other elements (see the manufacturing Rule (1) in Section 6.2.2.1). If a vertical web is 

located at the first element of the half cross-section, Lmin,fas is then divided by two 

making the total length of the web as Lmin,fas.  

 

In Eq. (6.6), PD is the last point number of the horizontal flange, PNele is the total 

number of cross-sectional points, and yj is the y-coordinate of point number j. Nc is the 

nominal member capacity in compression evaluated by the Direct Strength Method 

(DSM) [6.18], as specified in Clause 7.2.1 of AS/NZS 4600 [6.19]. Therefore, the cross-

sections are optimised for global, local and distortional buckling. The rules to 

automatically calculate Nc for shape optimisation purpose as fully detailed in [6.5] are 

applied in the study. The open source software CUFSM [6.20] is used to perform 

elastic buckling analysis on the full cross-sections. To achieve required accuracy of 
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analysis in CUFSM, the cross-sectional elements are subdivided into two or three 

segments of equal length, as defined in [6.10]. 

 

To avoid ill-conditioning, the fitness functions in Eqs. (6.5) and (6.6) are re-arranged in 

Eqs. (6.8) and (6.9), respectively, to be used in the algorithm with the augmented 

Lagrangian method [6.21], as, 

 

For Case I and II: 
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For Case III: 
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where γN, γL,i and γD,j are the penalty function coefficients associated with the real 

parameters µN, µL,i and µD,j for the capacity, the length of element i and the utility 

distance of point j, respectively. Adeli and Cheng [6.21] recommended real parameters 

to be zero. Gilbert et al. [6.4] investigated the initial penalty function coefficients from 

0.35 to 5 and eventually recommended the coefficient of 2. The initial values of γN = γL,i 

= γD,j = 2 and μN = μL,i = μD,j = 0 are therefore used in this chapter. The penalty 

increasing constant is taken as β = 1.05 and the convergence rate as ρ = 1.5 [6.4]. 

 

6.3.2 Two-step optimisation process 

 

The fastening elements, i.e. horizontal flange and vertical web, can be at various 

locations within a cross-section, and all possible locations need to be investigated to 

fully optimise the cross-section. Therefore, a two-step optimisation process is 

employed as below: 

 Step 1: The location optimisation, solely aimed at finding the optimum locations 

of the fastening elements using a large population on a small number of iterations 

(generations), is performed first. All possible locations of the fastening elements 

are equally represented in the initial generation and compete to dominate the 

overall population. The optimum location of the fastening elements is found when 
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all the individuals in the population have the fastening elements at the same 

location. This step is further articulated as follows: 

1.1 Identify all possible locations of the fastening elements (vertical web and/or 

horizontal flange), as tabulated in Table 6.2, for all numbers of cross-

sectional elements (Nele). Then perform the GA analysis in the following 

manner. 

1.2 Create an initial population (Section 6.2.3) composed of an equal number of 

individuals from each identified fastening element locations in Step 1.1. The 

number of individuals per fastening element location is given in Table 6.3, 

aiming to keep the overall population to a reasonable size, but with no less 

than 200 individuals for diversity per fastening element location. 

1.3 Rank all individuals based on the AL fitness function in Eq. (6.8) (Cases I and 

II) or (6.9) (Case III). 

1.4 Select the two parents for the cross-over operator amongst all individuals 

using the roulette wheel. 

1.5 Reproduce the offsprings by performing the cross-over operator (outlined in 

Section 6.2.4) and the mutation operator (outlined in Section 6.2.5), and go to 

Step 1.4 until the entire new population is created. 

1.6 Update the AL coefficients and go to Step 1.3 until the number of generations 

analysed, as given in Table 6.3, is met.  

 Step 2: The shape optimisation aiming to find the optimum cross-section using a 

small population and a large number of iterations is then performed. This step is 

articulated as follows: 

2.1 Create the initial population (Section 6.2.3) with 500 individuals, all having the 

fastening elements located at the optimum location found in Step 1. 

2.2 Perform the GA analysis detailed in [6.4, 6.5] using the cross-over and 

mutation operators described in Sections 6.2.4 and 6.2.5 over 80 

generations. 

2.3 Repeat Steps 2.1 and 2.2 over 10 runs. 

 

Table 6.2. Analysed positon of fastening elements 

Nele 4 6 8 

Fastening elements 
Vertical 

web 
Horizontal 

flange 
Vertical 

web 
Horizontal 

flange 
Vertical 

web 
Horizontal 

flange 

Sequential positions ‘1’ to ‘3’  ‘2’ to ‘4’ ‘1’ to ‘5’ ‘2’ to ‘6’ ‘1’ to ‘7’ ‘2’ to ‘8’ 
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Table 6.3: Parameters and results of fastening element/s position for all Nele and 
assembly cases 

Assembly 
case 

Nele No.
(2)

 No.
(3)

 No.
(4)

 No.
(5)

 No.
(6)

 
Optimum 
position 

Case I 

4 400 3 1200 10 10 Horizontal ‘2’ 

6 250 5 1300 25 10 Horizontal ‘2’ 

8 200 7 1400 25 10 Horizontal ‘3’ 

Case II 

4 300 6 1800 25 10 
Horizontal ‘3’ 
- Vertical ‘2’ 

6 240 15 3600 35 9 
Horizontal ‘3’ 
- Vertical ‘2’ 

8 200 28 5600 35 9 
Horizontal ‘3’ 
- Vertical ‘1’ 

Case III
(1)

 

6 240 15 3600 35 9 
Horizontal ‘3’ 
- Vertical ‘1’ 

8 200 28 5600 35 8 
Horizontal ‘4’ 
- Vertical ‘1’ 

(1)
: Nele = 4 is not shown for Case III (see Section 6.4.4.2 for more details) 

(2)
: Initial number of individuals per position 

(3)
: Number of positions analysed 

(4)
: Total number of individuals per generation 

(5)
: Number of analysed generations per run 

(6)
: Number of runs converging to the same optimum position 

 

6.4 RESULTS AND DISCUSSION 

 

6.4.1 Optimum location of fastening elements (Step 1) 

 

Fig. 6.5 and Fig. 6.6 plot the evolution of the average number of individuals per 

fastening element position over 10 runs for Nele = 4 for Cases I and II, respectively. 

Other configurations investigated in Figs. A6.1 to A6.6 of Appendix show a similar trend 

to Fig. 6.5 and Fig. 6.6, with the individuals of one fastening element position 

dominating the entire population in a relatively small number of generations. In Fig. 6.5 

and Fig. 6.6, typically, two or three fastening element positions compete in the first 10 

generations and one position starts dominating afterwards. 

 

The optimum locations of the fastening elements for all configurations investigated are 

given in Table 6.3. For Case I, all 10 runs converge to the same location of the 

fastening elements. For Cases II and III, at least 8 out of 10 runs converge to the same 

location. These results demonstrate the consistency of the extended algorithm in 

finding the optimum position of the fastening elements. The optimum position of the 

horizontal flange is usually found at element 2, 3 or 4, while the optimum location of the 

vertical web is usually observed at element 1 or 2. 
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Fig. 6.5: Number of individuals per possible locations of the fastening element, shown 

for Nele = 4 and Case I 
 

 
Fig. 6.6: Number of individuals per possible locations of the fastening elements, shown 

for Nele = 4 and Case II 
 

6.4.2 Convergence (Step 2) 

 

Fig. 6.7 illustrates the average fitness function f in Eq. (6.5) for Case I (Fig. 6.7 (a)) and 

Case II (Fig. 6.7 (b)), and f in Eq. (6.6) for Case III (Fig. 6.7 (c)), with αN, αL,i and αD,j = 

10, over 10 runs. The average fitness f in Fig. 6.7 is multiplied by Asquash for the 

equations to converge to the optimum cross-sectional area. For comparison purposes, 
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the constrained (Nele = 4, 6 and 8 in this chapter) and unconstrained (no assembly and 

manufacturing constraints published in [6.5]) cases are plotted. The comparison shows 

that the extended algorithm always converges to an optimised solution. The 

unconstrained case converges slightly faster than the constrained ones. The 

convergence rate of all constrained cases is similar to each other, with convergence 

achieved at about 50 to 60 generations, which is slower than the ones achieved during 

Step 1, i.e. 10 to 15 generations (referred to Section 6.4.1). This denotes that the 

position of fastening elements predominates in finding the optimum solutions at the 

beginning of convergence.  

 

Based on the runs performed on a cluster consisting of a mixture of SGI Altix XE and 

SGI® Rackable™ C2114-4TY14 servers, with the set no more than eight computer 

cores used per run, the average computation time of the constrained cases is 30 

minutes per generation. This compares with an average computational time of 45 

minutes per generation when the Hough transform was used to formulate 

manufacturable cross-sections in the authors’ previous work [6.10]. In Fig. 6.7, to 

obtain convergence, 30,000 solutions (up to 60 generations) were investigated, 

compared to 70,000 solutions (up to 140 generations) in [6.10]. 

 

 
(a)  



CHAPTER 6 

6-18 
 

 
(b)  

 
(c)  

Fig. 6.7: Convergence for assembly (a) Case I, (b) Case II and (c) Case III (see [6.5] 
for reference of no manufacturing and assembly features)  

 

6.4.3 Average results 

 

Table 6.4 to Table 6.6 summarise the average results of the optimised solutions over 

10 runs for all the cases investigated. The extended algorithm reasonably satisfies all 

the constraints, with the average violation on the element length and utility clearance 
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constraints in Eqs. (6.5, 6.6) being close or equal to zero. The maximum constraint 

violation is found for Case III and Nele = 8 (Table 6.6) on the utility clearance in Eq. 

(6.6), and is equal to 2.7 × 10-3. The algorithm always converges to a consistent 

optimised solution, with a maximum CoV of 0.49% on the cross-sectional area for Case 

I and Nele = 8 (Table 6.4). This outcome demonstrates the robustness of the algorithm. 

The most optimised unconstrained cross-section (Nele = ∞ in Table 6.4 to Table 6.6) 

has a higher average ultimate compressive stress, defined as the ratio between the 

capacity Nc and the cross-section area As, than all assembly cases by up to 7%. For 

each assembly case, the more the cross-sectional elements, the greater (more 

efficient) the average ultimate compressive stress is. As the assembly cases become 

more complex, i.e. from Case I to Case III, the average ultimate compressive stress of 

the optimised solutions usually decreases to satisfy the constraints, as illustrated in Fig. 

6.8. Case I and Case II yield similar (within 0.3%) average ultimate compressive 

stresses for Nele = 6 and 8. For Nele = 4, the difference in average ultimate compressive 

stresses reaches 4.8%.  

 

Table 6.4: Average results over 10 runs for assembly Case I  

Nele 

Cross-sectional 
area 

Nominal member capacity 
Ultimate 

compressive 
stress 

Element 
length 

constraint 

As 
(mm

2
) 

CoV 
(%) 

Nc 
(kN) 

Error
(2)

 
(%) 

CoV 
(%) 

Nc / As 
(MPa) 

g(Lele)
(3)

 

4 343.9 0.30 75.1 0.24 0.28 218.4 3.3×10
-4

 

6 339.4 0.16 75.0 0.18 0.25 221.0 3.5×10
-4

 

8 339.6 0.49 75.1 0.22 0.38 221.1 8.7×10
-4

 

∞
(1)

 337.4 0.25 75.1 0.21 0.24 222.6 - 
(1)

: Algorithm ran without manufacturing and assembly constraints (see [6.5] for reference) 
(2)

: Absolute error when compared to 75 kN 
(3)

: Element length constraint per half cross-section expressed as the 3
rd

 term in Eq. (6.5) 
without αL 

 

Table 6.5: Average results over 10 runs for assembly Case II  

Nele 

Cross-sectional 
area 

Nominal member capacity 
Ultimate 

compressive 
stress 

Element 
length 

constraint 

As 
(mm

2
) 

CoV 
(%) 

Nc 
(kN) 

Error
(2)

 
(%) 

CoV 
(%) 

Nc / As 
(MPa) 

g(Lele)
(3)

 

4 361.6 0.41 75.2 0.34 0.54 208.0 2.0×10
-3

 

6 340.3 0.20 75.0 0.17 0.30 220.4 9.1×10
-4

 

8 338.9 0.20 75.0 0.08 0.12 221.3 0.0 

∞
(1)

 337.4 0.25 75.1 0.21 0.24 222.6 - 
(1)

: Algorithm ran without manufacturing and assembly constraints (see [6.5] for reference) 
(2)

: Absolute error when compared to 75 kN 
(3)

: Element length constraint per half cross-section expressed as the 3
rd

 term in Eq. (6.5) 
without αL 
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Fig. 6.8: Average ultimate compressive stress for all the cases investigated 

 

Table 6.6: Average results over 10 runs for assembly Case III  

Nele 

Cross-sectional 
area 

Nominal member capacity 

Ultimate 
compres

-sive 
stress 

Element 
length 

constraint 

Utility 
clearance 
constraint 

As 
(mm

2
) 

CoV 
(%) 

Nc 
(kN) 

Error
(3)

 
(%) 

CoV 
(%) 

Nc / As 
(MPa) 

g(Lele)
(4)

 g(y)
(5)

 

4
(2)

 361.6 0.41 75.2 0.34 0.54 208.0 2.0×10
-3

 0.0 

6 348.8 0.41 75.0 0.07 0.08 215.0 0.8×10
-4

 0.0 

8 346.0 0.37 75.1 0.22 0.32 217.1 2.4×10
-4

 2.7×10
-3

 

∞
(1)

 337.4 0.25 75.1 0.21 0.24 222.6 - - 
(1)

: Algorithm ran without manufacturing and assembly constraints (see [6.5] for reference) 
(2)

: The results are replicated from Nele = 4 for Case II (Table 6.5).  
(3)

: Absolute error when compared to 75 kN 
(4)

: Element length constraint per half section expressed as the 3
rd

 term in Eq. (6.6) without αL 
(5)

: Utility constraint per half cross-section expressed as the 4
th

 term in Eq. (6.6) without αD 

 

6.4.4 Cross-sectional shapes 

 

6.4.4.1 Unconstrained shapes 

 

Fig. 6.9 illustrates the two fittest (Fig. 6.9 (a, b)) and two least fit (Fig. 6.9 (c, d)) 

unconstrained optimised cross-sections (see [6.5] for reference). The ultimate 

compressive stress Nc/As is used to rank the cross-section from the fittest to the least 

fit. Closed or nearly closed rounded “bean” shapes are observed. The fittest solution in 

Fig. 6.9 (a) has an ultimate compressive stress of 223.2 MPa, a cross-sectional depth 

of 108.3 mm, a width of 61.1 mm, and therefore a depth-to-width ratio of 1.8.  
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6.4.4.2 Case I shapes 

 

Fig. 6.10 to Fig. 6.12 show the optimised cross-sections for assembly Case I (only 

horizontal flange) and all investigated number of elements Nele per half cross-section. 

The two fittest cross-sections (subscript (a, b)) and two least fit ones (subscript (c, d)) 

for each number of elements Nele are presented in these figures. The remaining 

optimised solutions are seen in Figs. A6.7 to A6.9 of Appendix. “Sigma” or “Cee” type 

shapes are found, with the cross-section being open for Nele = 4 and closed up when 

Nele increases to 8. As Nele increases from 4 (Fig. 6.10) to 8 (Fig. 6.12), the shape of 

the two fittest cross-sections tends to approach the unconstrained ones (Fig. 6.9). The 

fittest cross-section when Nele = 8 in Fig. 6.12(a) has a depth of 100.8 mm, a width of 

60.6 mm and therefore a depth-to-width ratio of 1.7. It is therefore slightly shallower 

(6.9%) than the unconstrained solution in Fig. 6.9(a), while being of a similar width 

(within 0.7%). 

 

For all values of Nele, the algorithm tends to have a horizontal flange about 25 mm to 35 

mm long and to curve the cross-section next to the horizontal flange with a nearly 

uniform curvature radius (subscript (a, b) in Fig. 6.10 to Fig. 6.12) to resist flexural-

torsional and distortional buckling. The web is typically composed of two (subscript (a, 

b) in Fig. 6.10 and Fig. 6.11) or three (Fig. 6.12 (a, b)) segments (per entire section) 

forming a long web stiffener about 35 mm to 55 mm long located at the first or second 

element (per half section), to enhance the local buckling resistance of the overall web. 

 

 
  (a) As = 336.5 mm

2
 (b) As = 338.0 mm

2
 (c) As = 338.3 mm

2
 (d) As = 339.0 mm

2
 

 Nc = 75.1 kN Nc = 75.4 kN  Nc = 75.0 kN Nc = 75.1 kN 
  Nc/As = 223.2 MPa Nc/As = 223.1 MPa Nc/As = 221.7 MPa  Nc/As = 221.5 MPa 

Fig. 6.9: Optimised cross-sections of unconstrained algorithm (see [6.5] for reference), 
(a, b) fittest cross-sections and (c, d) least fit cross-sections 
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  (a) As = 342.7 mm

2
 (b) As = 342.5 mm

2
 (c) As = 345.6 mm

2
 (d) As = 345.0 mm

2
 

 Nc = 75.5 kN Nc = 75.3 kN  Nc = 75.2 kN Nc = 75.0 kN 
  Nc/As = 220.3 MPa Nc/As = 219.9 MPa Nc/As = 217.6 MPa  Nc/As = 217.4 MPa 

Fig. 6.10: Optimised cross-sections for assembly Case I and Nele = 4, (a, b) fittest 
cross-sections and (c, d) least fit cross-sections  

 

 
  (a) As = 338.5 mm

2
 (b) As = 339.8 mm

2
 (c) As = 340.4 mm

2
 (d) As = 339.4 mm

2
 

 Nc = 75.1 kN  Nc = 75.3 kN Nc = 75.0 kN Nc = 74.6 kN 
  Nc/As = 221.9 MPa Nc/As = 221.6 MPa Nc/As = 220.3 MPa  Nc/As = 219.8 MPa 

Fig. 6.11: Optimised cross-sections for assembly Case I and Nele = 6, (a, b) fittest 
cross-sections and (c, d) least fit cross-sections  

 

 
 (a) As = 338.2 mm

2
  (b) As = 338.1 mm

2
 (c) As = 340.0 mm

2
 (d) As = 342.4 mm

2
 

 Nc = 75.1 kN  Nc = 74.9 kN Nc = 74.9 kN Nc = 75.0 kN 
  Nc/As = 222.1 MPa Nc/As = 221.5 MPa Nc/As = 220.3 MPa  Nc/As = 219.0 MPa 

Fig. 6.12: Optimised cross-sections for assembly Case I and Nele = 8, (a, b) fittest 
cross-sections and (c, d) least fit cross-sections 
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6.4.4.3 Case II shapes 

 

Fig. 6.13 to Fig. 6.15 illustrate the optimised cross-sections for assembly Case II 

(horizontal flange and vertical web). The other optimised solutions are seen in Figs. 

A6.10 to A6.12 of Appendix. Similar to Case I, open “Sigma” type shapes for Nele = 4 

(Fig. 6.13) and closed or nearly closed “Sigma” type shapes are observed for Nele = 6 

(Fig. 6.14) and Nele = 8 (Fig. 6.15). The vertical web and horizontal flange for Nele = 4 

(Fig. 6.13) and 6 (Fig. 6.14) are consecutive and forms a “right-angle” bend. As the 

vertical web is positioned at the second element number, an odd number of 

manufacturing bends is observed for these cross-sections. For Nele = 8 in Fig. 6.15, as 

the vertical web is located at the first element and an even number of manufacturing 

bends is required for these cross-sections.  

 

The cross-sectional shape of the fittest solution for Nele = 8 in Fig. 6.15 (a) is similar to 

the one for assembly Case I (Fig. 6.12 (a)), for which a vertical web was generated by 

the algorithm, despite not being part of the constraints. Similar to assembly Case I, for 

the two fittest cross-sections when Nele = 6 (Fig. 6.14 (a, b)) and 8 (Fig. 6.15 (a, b)), the 

algorithm tends to curve the elements next to the flange and to create a large web 

stiffener.  

 

 
 (a) As = 363.9 mm

2
  (b) As = 361.3 mm

2
 (c) As = 362.5 mm

2
 (d) As = 360.9 mm

2
 

 Nc = 76.2 kN  Nc = 75.2 kN Nc = 75.3 kN Nc = 74.9 kN 
  Nc/As = 209.4 MPa Nc/As = 208.1 MPa Nc/As = 207.7 MPa  Nc/As = 207.5 MPa 

Fig. 6.13: Optimised cross-sections for assembly Case II and Nele = 4, (a, b) fittest 
cross-sections and (c, d) least fit cross-sections 

 

For Nele = 4 in Fig. 6.13, the algorithm generates cross-sections that are on average 

about 38% deeper and 16% wider than those for Nele = 6 (Fig. 6.14) and 8 (Fig. 6.15). 

The depth and width of the fittest cross-sections in Fig. 6.13 (a) is 140.8 mm and 69.6 

mm, respectively, therefore leading to a depth-to-width ratio of 2.0. Its cross-sectional 
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area is 363.9 mm2, which is 7.6% and 6.2% larger than the one of the fittest cross-

section for Nele = 8 in Fig. 6.15 (a) (assembly Case II) and Nele = 4 in Fig. 6.10 (a) 

(assembly Case I), respectively. To satisfy the strength criteria with the small number 

of elements (Nele = 4) and the two fastening elements, the algorithm tends to enlarge 

and open the cross-section when compared to Nele = 8 for Case II and Nele = 4 for Case 

I. 

 

Again for Nele = 4 in Fig. 6.13, the sections have a relatively long horizontal flange 

(approximately 50 mm to 55 mm long), when compared to Nele = 6 (Fig. 6.14) and 8 

(Fig. 6.15), to resist lateral and flexural-torsional buckling by increasing the second 

moment of area about the axis perpendicular to the axis of symmetry. The sections 

also have a short lip stiffener (approximately 20 mm to 25 mm long), oriented at 

approximately 45° to the horizontal flange, to resist distortional buckling. On the other 

hand, similar to assembly Case I, a long web stiffener, oriented at approximately 20° to 

the vertical web, allows deep cross-sections by improving the local buckling resistance 

of the web. Due to the large open cross-section for Nele = 4, the utility constraint (set in 

assembly Case III) is satisfied. The y-coordinate of the last cross-sectional point of all 

cross-sections in Fig. 6.13 is greater than the minimum utility clearance distance Dmin = 

30 mm. Nele = 4 for assembly Case III is therefore not run and results from Nele = 4 for 

assembly Case II are used in the following Sections. 

 

 
 (a) As = 341.0 mm

2
  (b) As = 339.0 mm

2
 (c) As = 340.6 mm

2
 (d) As = 340.7 mm

2
 

 Nc = 75.6 kN  Nc = 75.0 kN Nc = 74.9 kN Nc = 74.8 kN 
  Nc/As = 221.7 MPa Nc/As = 221.2 MPa Nc/As = 219.9 MPa  Nc/As = 219.5 MPa 

Fig. 6.14: Optimised cross-sections for assembly Case II and Nele = 6, (a, b) fittest 
cross-sections and (c, d) least fit cross-sections  
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 (a) As = 338.1 mm

2
 (b) As = 338.3 mm

2
 (c) As = 339.4 mm

2
 (d) As = 339.7 mm

2
 

 Nc = 75.0 kN Nc = 75.0 kN  Nc = 74.9 kN Nc = 74.9 kN 
  Nc/As = 221.8 MPa Nc/As = 221.7 MPa Nc/As = 220.7 MPa  Nc/As = 220.5 MPa 

Fig. 6.15: Optimised cross-sections for assembly Case II and Nele = 8, (a, b) fittest 
cross-sections and (c, d) least fit cross-sections 

 

 
 (a) As = 346.1 mm

2
  (b) As = 348.1 mm

2
 (c) As = 350.5 mm

2
 (d) As = 351.0 mm

2
 

 Nc = 75.0 kN  Nc = 75.0 kN Nc = 74.9 kN Nc = 74.9 kN 
  Nc/As = 216.7 MPa Nc/As = 215.5 MPa Nc/As = 213.7 MPa  Nc/As = 213.4 MPa 

Fig. 6.16: Optimised cross-sections for assembly Case III and Nele = 6, (a, b) fittest 
cross-sections and (c, d) least fit cross-sections 

 

6.4.4.4 Case III shapes 

 

Fig. 6.16 and Fig. 6.17 represent the two fittest (a, b) and two least fit (c, d) optimised 

cross-sections for Nele = 6 and 8, respectively, for assembly Case III. The remaining 

optimised solutions are seen in Figs. A6.13 and A6.14 of Appendix. Open “Sigma” type 

cross-sectional shapes are typically observed. The fittest solutions for Nele = 6 and 8 

have utility distances of 30.6 mm (Fig. 6.16 (a)) and 29.4 mm (Fig. 6.17 (a)), 

respectively. These distances are close (within 2 %) to the minimum utility clearance 

Dmin of 30 mm set per half cross-section (see Section 6.2.2.2). Similar to all previous 

assembly cases, except for Nele = 4 in Case II, the algorithm tends to have a short 

horizontal flange, curve elements next to the flange and large web stiffener. The fittest 
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cross-section for Nele = 8 in Fig. 6.17 (a) has an ultimate compressive stress of 218.3 

MPa. It is 118.8 mm deep and 67.7 mm wide, which is 8.8% deeper and 9.8% wider 

than the fittest unconstrained cross-section in Fig. 6.9 (a). Its depth-to-width ratio is 1.8. 

It is worth mentioning that while the vertical web is located at the first element in Fig. 

6.17 (a), the third element is also vertical and forms a “right-angle” bend with the 

horizontal flange, creating the overall web stiffener. 

 

 
 (a) As = 345.8 mm

2
  (b) As = 344.2 mm

2
 (c) As = 346.6 mm

2
 (d) As = 348.5 mm

2
 

 Nc = 75.5 kN  Nc = 75.0 kN Nc = 74.6 kN Nc = 74.9 kN 
 Nc/As = 218.3 MPa Nc/As = 217.9 MPa Nc/As = 215.2 MPa  Nc/As = 214.9 MPa 

Fig. 6.17: Optimised cross-sections for assembly Case III and Nele = 8, (a, b) fittest 
cross-sections and (c, d) least fit cross-sections 

 

6.4.5 Capacity improvement 

 

The average nominal member capacity in compression of the constrained optimised 

solutions in Table 6.4 to Table 6.6 is compared to the capacity of conventional lipped 

channels that have similar aspect ratios to the cross-sections manufactured by 

Bluescope Lysaght [6.16] in Australia. These conventional lipped channels satisfy the 

geometric limitations for compression members for design using the Direct Strength 

Method given in Table 7.1.1 of the Australian Standard AS4600 [6.19]. The 

conventional cross-sections have a wall thickness of 1.2 mm (same as the optimised 

cross-sections) and are designed with a cross-sectional area equal to the ones of the 

optimised solutions for Nele = 4. Table 6.7 summarises the comparison between the 

conventional cross-sections and the optimised ones for each assembly case. The 

nominal member capacity of the optimised solutions is significantly higher (up to 116% 

and no less than 101%) than the conventional cross-sections.  
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Table 6.7: Comparison to conventional lipped Cee-sections 

Assembly category 
by cross-sectional 

area 

Conventional lipped channel section 

Difference 
in capacity 

(%) 
Depth 
(mm) 

Width 
(mm) 

Lip 
(mm) 

Thick-
ness 
(mm) 

Cross-
section 

area 
(mm

2
)

Nominal 
member 
capacity 

(kN) 

Case I, Nele = 4 146.9 62.7 14.3 1.2 343.9
(1)

34.7 116 

Case II & III, Nele = 4 156.2 65.1 14.8 1.2 361.6
(2)

37.4 101 
(1)

: Same cross-sectional area as the optimised cross-section when Nele = 4 in Table 6.4
(2)

: Same cross-sectional area as the optimised cross-section when Nele = 4 in Table 6.6 

6.5 SUMMARY 

This chapter has introduced manufacturing and assembly features into a shape 

optimisation algorithm for CFS columns. The principles of the extended algorithm have 

been explained and applied to simply-supported singly-symmetry, free to warp open 

section columns. The major findings are: 

 The robustness of the algorithm was verified by having consistent optimised

solutions with a maximum CoV of 0.49% (Nele = 8 in Case I) and 0.54% (Nele = 4

in Cases II and III) for the cross-sectional area and the member capacity,

respectively, over 10 runs.

 The algorithm converged rapidly in 50 to 60 generations to an optimised solution,

and 500 individuals and 80 generations (40,000 solutions) are found adequate for

convergence.

 The more the cross-sectional elements, the less the cross-section area is.

Moreover, when the number of cross-sectional elements increases, the cross-

section tends to close. Specifically, a small number of elements (Nele = 4) with a

horizontal flange and a vertical web resulted in (i) largely open “Sigma” type

cross-sectional shapes, (ii) long horizontal flange and web stiffener and (iii) lip

stiffener oriented at 45 degree to the horizontal flange. A large number of

elements (Nele = 8), on the other hand, resulted in (i) closed “Sigma” type cross-

sectional shapes, (ii) short horizontal flange and long web stiffener and (iii)

curved elements next to the flange.

 When the utility constraint was considered (assembly Case III) with a large

number of cross-sectional elements (Nele = 8), the algorithm tended to close the

cross-section to its maximum while satisfying the minimum utility clearance. The

curved cross-sectional shape next to the flange was also present.

 The optimised manufacturable and usable cross-sections are only up to 7% less

efficient than the optimised unconstrained ones. The optimised solutions exhibit a

member capacity in compression more than twice that of the conventional lipped

Cee-sections of a similar cross-section area.



CHAPTER 6 

6-28 
 

 

6.6 REFERENCES 

 

[6.1] Hancock GJ, Design of cold-formed steel structures (to AS/NZ 4600:2007) - 4th 

Edition, Australian Steel Institute, North Sydney, Australia, 2007. 

[6.2] Liu H, Igusa T, Schafer B "Knowledge-based global optimization of cold-formed 

steel columns", Thin-Walled Structures, 42, 785-801, 2004. 

[6.3] Leng J, Guest JK, Schafer BW "Shape optimization of cold-formed steel 

columns", Thin-Walled Structures, 49, 1492-1503, 2011. 

[6.4] Gilbert BP, Teh LH, Guan H "Self-shape optimisation principles: Optimisation of 

section capacity for thin-walled profiles", Thin-Walled Structures, 60, 194-204, 

2012a. 

[6.5] Gilbert BP, Savoyat TJM, Teh LH "Self-shape optimisation application: 

Optimisation of cold-formed steel columns", Thin-Walled Structures, 60, 173-

184, 2012b. 

[6.6] Moharrami M, Louhghalam A, Tootkaboni M "Optimal folding of cold formed 

steel cross sections under compression", Thin-Walled Structures, 76, 145-156, 

2014. 

[6.7] Madeira JFA, Dias J, Silvestre N "Multiobjective optimization of cold-formed 

steel columns", Thin-Walled Structures, 96, 29-38, 2015. 

[6.8] Wang B, Bosco GL, Gilbert BP, Guan H, Teh LH " Unconstrained shape 

optimisation of singly-symmetric and open cold-formed steel beams and beam-

columns ", Thin-Walled Structures, 104, 54-61, 2016. 

[6.9] Leng J, Li Z, Guest JK, Schafer BW, "Shape optimization of cold-formed steel 

columns with manufacturing constraints and limited number of rollers", 

Proceedings of the Structural Stability Research Council Annual Stability 

Conference, 313-331, 2013. 

[6.10] Wang B, Gilbert BP, Molinier AM, Guan H, Teh LH "Shape optimisation of cold-

formed steel columns with manufacturing constraints using the Hough 

transform", Thin-Walled Structures, 106, 75-92, 2016. 

[6.11] Wang B, Gilbert BP, Guan H, Teh LH, "Shape optimisation of manufacturable 

cold-formed steel columns for all buckling modes - Part II: Improved method", 

Proceedings of the Eight International Conference on Advances in Steel 

Structures, Lisbon, Portugal, 2015. 

[6.12] Franco JMS, Duarte JP, Batista EdM, Landesmann A "Shape Grammar of steel 

cold-formed sections based on manufacturing rules", Thin-Walled Structures, 

79, 218-232, 2014. 



CHAPTER 6 

6-29 
 

[6.13] Leng J, Li Z, Guest JK, Schafer BW, "Constrained shape optimization of cold-

formed steel columns", Proceedings of the 21st International Specialty 

Conference on Cold-Formed Steel Structures, St. Louis, MO; United States, 59-

73, 2012. 

[6.14] Leng J, Li Z, Guest JK, Schafer BW "Shape optimization of cold-formed steel 

columns with fabrication and geometric end-use constraints", Thin-Walled 

Structures, 85, 271-290, 2014. 

[6.15] Adeli H, Sarma KC, Evolutionary Computing and the Genetic Algorithm, in:  

Cost Optimization of Structures, John Wiley & Sons, Ltd, 2006, pp. 37-52. 

[6.16] The Lysaght Referee - 32nd Edition, BlueScope Steel Limited, NSW, Australia, 

2009. 

[6.17] Gilbert BP, Teh LH, Guan H, Self-shape optimisation of cold-formed steel 

closed profiles using Genetic Algorithm, Research Report CIEM/2011/R01, 

2011. 

[6.18] Schafer BW "Review: the direct strength method of cold-formed steel member 

design", Journal of Constructional Steel Research, 64, 766-778, 2008. 

[6.19] AS/NZS 4600, Cold-formed steel structures, Standards Australia, Sydney, 

2005. 

[6.20] Schafer B, Ádány S, "Buckling analysis of cold-formed steel members using 

CUFSM: conventional and constrained finite strip methods", Proceedings of the 

Eighteenth international specialty conference on cold-formed steel structures 

(Eds.: R.A. LaBoube, W.-W. Yu), St. Louis, Missouri, USA, 39-54, 2006. 

[6.21] Adeli H, Cheng N "Augmented Lagrangian Genetic Algorithm for Structural 

Optimization", Journal of Aerospace Engineering, 7, 104-118, 1994. 



CHAPTER 7 

7-1 
 

 

CHAPTER 7 

 

UNCONSTRAINED SHAPE OPTIMISATION OF SINGLY-

SYMMETRIC AND OPEN COLD-FORMED STEEL BEAMS AND 

BEAM-COLUMNS 

 

 

 

Statement of contribution to co-authored published paper 

 

This chapter includes a co-authored and peer reviewed paper. The bibliographic details 

of the co-authored paper, including all authors, are: 

Wang B, Bosco GL, Gilbert BP, Guan H, Teh LH "Unconstrained shape 

optimisation of singly-symmetric and open cold-formed steel beams and beam-

columns", Thin-Walled Structures, 104, 54-61, 2016. 

 

The paper has been reformatted to meet the guidelines of the thesis. Minor explanation 

has been added in the paper for further clarity. 

 

My contribution to this paper involved: literature review, algorithm improvement, run 

setup, discussion of the results, writing, editing and response to reviewers.  

 
(Signed) _________________________________ (Date) 09.09.2016 

Bin Wang 

 

(Countersigned) ___________________________ (Date) 09.09.2016 

Dr Benoit P. Gilbert (principal supervisor and co-author) 

 

(Countersigned) ___________________________ (Date) 09.09.2016 

Professor Hong Guan (principal supervisor and co-author) 

 

(Countersigned) ___________________________ (Date) 09.09.2016 

A/Professor Lip H. Teh (co-author) 

 



CHAPTER 7 

7-2 
 

 

 

 

 

Unconstrained shape optimisation of singly-symmetric and 

open cold-formed steel beams and beam-columns  

 

ABSTRACT  

 

This study aims to optimise the cross-sectional shape of singly-symmetric and simply-

supported cold-formed steel (CFS) beams and beam-columns. No manufacturing or 

assembly constraints are considered. The previously developed augmented 

Lagrangian Genetic Algorithm (GA), referred to as the “self-shape” optimisation 

algorithm, is used herein. Fully restrained and unrestrained beams against lateral 

deflection and twist, as well as unrestrained beam-columns are optimised. Various 

combinations of axial compressive load and bending moment are analysed for the 

beam-columns. The Direct Strength Method (DSM) is used to evaluate the nominal 

member compressive and bending capacities. The accuracy of the automated rules, 

developed in the literature to determine the elastic local and distortional axial buckling 

stresses from Finite Strip signature curves, is verified herein to estimate the elastic 

bending buckling stresses. The optimised cross-sectional shapes are presented for all 

cases and the evolution of the unrestrained shapes from pure axial compression to 

pure bending is discussed. 

 

KEYWORDS  

 

Shape optimisation; Cold-formed steel structures; Beams; Beam-columns; Genetic 

Algorithm.  
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7.1 INTRODUCTION 

 

Cold-formed steel (CFS) members are intensively used in the construction industry due 

to their ease of erection and low weight-to-capacity ratio [7.1]. Their structural efficiency 

lies in the versatility of the cross-sectional shapes that enhances the strength by 

controlling the three fundamental buckling modes, i.e. local, distortional and global. 

Local buckling is enhanced in practice by adding wall stiffeners, while lip stiffeners and 

rear flanges greatly influence distortional buckling [7.2]. 

 

Improving the overall cross-sectional shape of CFS members through shape 

optimisation algorithms is currently gaining significant interest. The ultimate objective is 

to discover new and innovative optimum cross-sections that can be manufactured and 

practicably used onsite. 

 

Nevertheless, research on shape optimisation of CFS members has been solely 

restricted to columns with unconstrained (where the algorithm is free to converge to 

any cross-sectional shapes) [7.3, 7.4, 7.5, 7.6, 7.7] and constrained (where sections 

are able to be manufactured and/or practicably assembled onsite) [7.8, 7.9, 7.10, 7.11, 

7.12] problems. Shape optimisation of CFS beams has been seldom investigated and 

the optimisation of CFS beams has been primarily performed so far by algorithms that 

aimed at optimising the dimensions of a given cross-section rather than optimising the 

cross-sectional shape itself, see [7.13, 7.14, 7.15, 7.16, 7.17] for instance. Shape 

optimisation of thin-walled beams has been performed to a certain extent [7.18, 7.19], 

but only to maximise the second moments of area and minimise the cross-sectional 

area. 

 

This chapter aims at shape optimising the cross-sections of unconstrained (no 

manufacturing and assembly constraints) CFS beams and beam-columns by 

minimising their cross-sectional area for various combinations of axial compressive 

load and bending moment. Unconstrained optimisation problems allow the “absolute” 

optimised cross-sectional shape to be discovered. This outcome provides a reference 

shape to be compared to when manufacturing and assembly constraints are later 

introduced into the algorithm. The present work is therefore an important step in shape 

optimisation of practical CFS sections. An existing shape optimisation algorithm [7.4, 

7.18] is used for this purpose. 

 

The Direct Strength Method (DSM) [7.20] is used to calculate the nominal axial 

compressive and bending capacities of the cross-sections. Rules to automatically 
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estimate the elastic bending local and distortional buckling stresses to be used in the 

DSM are given and verified against 64 cross-sections. The algorithm is applied to 

beams that are either restrained (braced) or not against lateral deflection and twist, and 

unrestrained (unbraced) beam-columns. The optimised cross-sectional shapes are 

presented and the evolution of the unrestrained shapes from pure axial compression to 

pure bending is discussed. 

 

7.2 THE SHAPE-OPTIMISATION ALGORITHM 

 

In this study, the “self-shape” optimisation algorithm for CFS members, for which the 

principles are published in [7.18] and its applications to singly-symmetric cross-sections 

are presented in [7.4], is used. Genetic Algorithm (GA) [7.21] is used as the search 

algorithm. The GA is combined with the Augmented Lagrangian (AL) method [7.22] to 

avoid ill-conditioned processes by ensuring finite values of the penalty factors.  

 

Initial cross-sections are drawn using self-avoiding random walks. Cross-over and 

mutation operators are performed on a design space [7.4, 7.18]. The algorithm has the 

advantages of (i) being verified against a known optimisation problem for which an 

analytical solution exists [7.18] and (ii) allowing arbitrary cross-sections to be initially 

created with no presumption of the optimised shape. Examples of arbitrary drawn 

singly-symmetric and open cross-sections in the initial population can be found in [7.4]. 

 

More information and full details of the algorithm are available elsewhere [7.4, 7.18]. 

The calibration of the factors used in the AL method is given in [7.18].  

 

7.3 THE OPTIMISATION PROBLEM 

 

 
Fig. 7.1: Optimisation problem 

 

The “self-shape” optimisation algorithm is used herein to optimise simply-supported, 

free-to-warp, singly-symmetric and open-section beams and beam-columns. The three 

fundamental buckling modes, i.e. local, distortional and global, are incorporated 

through the use of the DSM, as described in Section 7.4. The yield stress fy of the steel 
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is 450 MPa, the Young’s modulus E is 200 GPa and the shear modulus G is 80 GPa. 

The wall thickness t is taken as 1.2 mm. The member is subjected to a uniform bending 

moment M* about its axis of symmetry (x-axis) and a compressive axial load N*. The 

optimisation problem is illustrated in Fig. 7.1. 

 

In reference to Fig. 7.1, the member length L is fixed throughout this chapter at 1.5 m. 

Five load cases (LC) are considered to investigate the optimum cross-sectional shapes 

of simply supported beams, columns and beam-columns: 

 LC1: Pure bending (N* = 0 and M* = 2.5 kN·m) for a fully restrained beam, (i.e. 

Ley = Lez = 0 m, where Ley and Lez are the effective buckling lengths for bending 

about the y-axis and for twisting about the longitudinal z-axis, respectively). 

 LC2: Same moment as LC1 but for an unrestrained beam (i.e. Ley = Lez = L = 1.5 

m). 

 LC3: Pure axial compression (N* = 75 kN and M* = 0) for an unrestrained column 

(i.e. Lex = Ley = Lez = L = 1.5 m, where Lex is the effective buckling length for 

bending about the axis of symmetry). This case has already been investigated in 

[7.12] and the previously obtained results are used in this study. 

 LC4: Combined actions for an unrestrained beam-column with dominant bending 

(i.e. Lex = Ley = Lez = L = 1.5 m). N* is taken as 1/3 of the axial compressive load in 

LC3 and M* as 2/3 of the bending moment in LC2 (N* = 25 kN and M* = 1.67 

kN·m). 

 LC5: Combined actions for an unrestrained beam-column with dominant axial 

compression (i.e. Lex = Ley = Lez = L = 1.5 m). N* is taken as 2/3 of the axial 

compressive load in LC3 and M* as 1/3 of the bending moment in LC2 (N* = 50 kN 

and M* = 0.83 kN·m). 

 

As cold-rolled steel coil can usually be ordered in any width, the approach is to mimic a 

CFS manufacturer who wants to optimise the cross-sectional shape against a given 

design loading combination. The unconstrained problem in the GA consists of 

minimising the cross-sectional area As subject to an inequality penalty function on N* 

and M*. The interaction equation described in Clause 3.5 of the Australian cold-formed 

steel design specification AS/NZS 4600 [7.23] is used as the penalty function, 
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where φc and φb are capacity reduction factors, taken as 1.0 in this study. Nc and Mb 

are the nominal member compressive and bending capacities of the cross-section, 

respectively. The fitness function f in the GA is then expressed as, 
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where Aref is the reference area of similar value to the optimised cross-sectional area. 

Aref is estimated herein with preliminary runs and is taken as 190 mm2 for LC1, 292 

mm2 for LC3 [7.12], and 260 mm2 for other cases. α is a penalty factor [7.21].  

 

To avoid ill-conditioning problem, the AL constraint-handling method developed in 

[7.22] for the GA is used. The fitness function f becomes, 
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where γ is the penalty function coefficient, and µ is the real parameter associated with 

the penalty function. Initial values of γ = 2.0 and μ = 0 found in [7.18] are used. Similar 

to [7.18], the AL penalty increasing constant β and convergence rate ρ are set to 1.05 

and 1.5, respectively.  

 

Detailed parameters of the GA used in this chapter are given in [7.4, 7.18]. In this 

study, 500 cross-sections are analysed per generation and the algorithm converges in 

less than 60 generations (see Section 7.5.1). Therefore, a maximum of 30,000 

solutions in total are analysed per run, this is similar to the 40,000 solutions analysed 

per run in [7.7]. 10 runs are performed for each load case to verify the robustness of 

the algorithm. The design space is set to 100 mm × 100 mm. The cross-sections are 

composed of consecutive elements having nominal length of 4 mm. The probabilities of 

cross-over and mutation operators are equal to 80% and 1%, respectively. 

 

7.4 NOMINAL MEMBER COMPRESSIVE AND MOMENT CAPACITIES 

 

7.4.1 The Direct Strength Method (DSM) 

 

The DSM [7.20] allows designing CFS members for local, distortional and global 

buckling simultaneously. The method presents the same degree of complexity for any 

cross-sectional shapes and therefore is well suited for shape optimisation problems. 
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The DSM as published in Clauses 7.2.1 and 7.2.2 of the AS/NZS 4600 [7.23] is used in 

this study to calculate the nominal member compressive and moment capacities Nc 

and Mb, respectively. Nc is expressed as, 

 

 cdclcc N,N,NminN e      (7.4)  

 

where Nce, Ncl and Ncd are the nominal member capacities in compression for global, 

local and distortional buckling, respectively. Similarly, Mb is expressed as, 

 

 bdblbeb M,M,MminM       (7.5) 

 

where Mbe, Mbl and Mbd are the nominal member moment capacities for global, local 

and distortional buckling, respectively. The DSM is well developed in the literature and 

the references to [7.20, 7.23] are made for instance. 

 

7.4.2 Elastic buckling stresses 

 

7.4.2.1 Determining elastic buckling stresses 

 

The local and distortional elastic buckling stresses fol and fod in pure compression and 

bending, respectively,  needed in the DSM to determine the local and distortional 

nominal member capacities are estimated herein by performing Finite Strip analyses 

[7.24] using the open source software CUFSM [7.25]. CUFSM was incorporated into 

the algorithm in [7.4]. The elastic compression member buckling load Noc and lateral-

torsional buckling moment Mo needed to determine the global nominal capacities (Nce 

and Mbe) are calculated in accordance with Clauses 3.4.3 and 3.3.3.2.1 (a) of the 

AS/NZS 4600 [7.23], respectively. In the best case scenario, the signature curves 

produced by the Finite Strip Method (FSM) [7.24] have two distinct local minima 

representing the elastic local buckling stress fol (first minimum) and the elastic 

distortional buckling stress fod (second minimum). Nevertheless, the FSM often 

generates indistinct buckling modes with none, one or more than two local minima. In 

such cases, the elastic buckling stresses need to be “manually” identified using 

engineering judgement [7.26]. As manual methods are not compatible with optimisation 

algorithms, rules to automatically detect the elastic local and distortional buckling 

stresses from the signature curves have been developed in [7.4]. However, these rules 

have only been verified so far for elastic axial buckling stresses and need to be further 

verified for elastic bending buckling stresses. The rules are as follows (see [7.4] for 

more details and the underlining philosophy): 
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 For the elastic local buckling stress fol:  

Step 1: Calculate the signature curve in CUFSM using the FSM in the half-

wavelength interval [r0, d] where r0 is the least radius of gyration and d 

is the largest overall dimension of the cross-section. 

Step 2: a) If at least one local minimum exists in the interval, then fol is taken as 

the smallest local minimum; 

b) Else, fol is taken as the minimum gradient of the signature curve in the 

interval. 

 For the elastic distortional buckling stress fod:  

Step 1: a) Calculate the pure distortional signature curve using the constrained 

Finite Strip Method (cFSM) [7.27] in CUFSM in the half-wavelength 

interval [min (20r0, 3d), 10d]; 

b) If at least one local minimum exists in the interval, then record the 

critical half-wavelength Lcrd corresponding to the smallest local 

minimum and go to Step 3; 

c) Else, go to Step 2. 

Step 2: Expand the upper limit of the interval by 3d and run the pure distortional 

signature curve in the new interval using the cFSM module and go to 

Step 1 b). 

Step 3: Calculate fod from the signature curve using the FSM at the half-

wavelength Lcrd. 

 

7.4.2.2 Validation for elastic bending buckling stresses 

 

The automated rules in Section 7.4.2.1 are validated herein for elastic bending buckling 

stresses against the manual method described in Clause 3.3 of the Direct Strength 

Method Design Guide [7.26]. Specifically, to handle an indistinct local mode, the basic 

options include: (i) refining the half-wavelength steps, (ii) basing judgement on the local 

buckling mode definition, (iii) pining internal fold lines to force local buckling if possible, 

or (iv) conservatively choosing the lowest elastic buckling stress at a half-wavelength 

less than d. Similarly, the options to handle an indistinct distortional mode involve: (i) 

refining the half-wavelength steps, (ii) basing judgement on the distortional buckling 

mode definition, (iii) pining internal fold lines to isolate local buckling from distortional 

buckling if possible, (iv) slightly altering the dimensions of the cross-section to detect a 

trend in the distortional buckling minima, or (v) conservatively selecting the lowest 

buckling mode which exhibits the distortional buckling features at a half-wavelength 

greater than the local buckling half-wavelength. 
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The same forty-eight conventional cross-sections (sixteen “Cee” and sixteen “Zed” 

sections from BlueScope Lysaght [7.28] and sixteen storage rack uprights) used to 

validate the automated rules for elastic axial buckling stresses in [7.4] and sixteen 

optimised beam and beam-column sections obtained in the next section are used 

herein to validate the automated rules for elastic bending buckling stresses. The 

conventional sections are shown in Fig. 7.2 and the exact dimensions are given in 

[7.29]. Table 7.1 lists the differences between the automated rules and the manual 

method for both local and distortional buckling stresses. The automated rules are 

accurate with an average error of 0.01% and 0.33% for local and distortional buckling, 

respectively. The automated rules usually provide lower elastic buckling stresses 

(conservative) than the manual method. The maximum difference between the two 

methods is found for a 110 mm deep and 1.2 mm thick rack upright section with lip 

stiffeners, being 6.59%.  

 

Table 7.1: Comparison of elastic buckling stresses between automatic rules and 
manual method 

Section 
types 

No. of 
Sections 
analysed 

Depth to 
 thickness 

 ratio 

Difference in elastic buckling stresses 
between automatic rules and  manual method (%)

(1)
 

Local Distortional 

Min Max Average Min Max Average Min Max 

“Cee” 16 52.6 133.3 0.02 0.00 0.21 0.00 0.00 0.00 

“Zed” 16 52.6 133.3 0.02 0.00 0.18 1.89 0.00 6.58 

Upright (lips) 9 22.9 60.0 0.01 0.00 0.04 -1.02 -3.63 6.59 

Upright (no lips) 7 22.9 60.0 0.00 0.00 0.00 0.00 0.00 0.00 

Optimum (LC1) 4 100.3 103.1 0.00 0.00 0.00 - - - 

Optimum (LC2) 4 79.5 82.5 0.00 0.00 0.00 0.00 0.00 0.00 

Optimum (LC4) 4 88.4 98.5 0.00 0.00 0.00 0.00 0.00 0.00 

Optimum (LC5) 4 75.8 88.8 0.00 0.00 0.00 0.00 0.00 0.00 

All sections 64 22.9 133.3 0.01 - - 0.33 - - 
(1)

 A negative percentage value means that the elastic buckling stress from the automated rules  
is higher than that from the manual method. 

 

     
 (a)  (b)  (c)  (d)  (e)  (f) 
Fig. 7.2: Cross-sections, (a) “Cee” and (b) “Zed”, storage rack uprights (c) with web and 

lip stiffeners, (d) with web stiffener only, (e) with lip stiffener only, and (f) without web 
and lip stiffeners.  

 

The signature curves, together with the deformed buckling shapes, of the fittest 

optimised section for LC1 are shown in Fig. 7.3. The cross-section is an “I” type (see 

Section 7.5 for more details) and distortional buckling does not occur. The manual 

method would therefore not consider distortional buckling in the DSM while the 
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automated rules predict distortional buckling at a half-wavelength of 58 mm in Fig. 7.3. 

Therefore, by calculating the distortional nominal member moment capacity Mbd, the 

automated rules lead to conservative results. It is worth mentioning that the calculated 

Mbd is always equal to the moment causing initial yield at the extreme compression 

fibre My for all optimised sections for LC1. Local buckling is captured by the two 

methods at a half-wavelength of 33 mm. 

 

 
Fig. 7.3: Buckling curves for the fittest cross-section in LC1 

 

 
Fig. 7.4: Buckling curves for the fittest cross-section in LC2 
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The signature curves of the fittest optimised section for LC2 are shown in Fig. 7.4. The 

signature curves of the optimised sections for LC4 and LC5 present similarity to Fig. 

7.4, i.e. finding one local minimum or minimum gradient in the defined interval (see 

Step 1 of the rules for determining elastic local buckling stress fol) and one local 

minimum in the defined interval (see Step 1 a of the rules for determining elastic 

distortional buckling stress fod) in Section 7.4.2.1. One local minimum gradient is found 

at 60 mm on the FSM curve and is selected by both methods to predict the local elastic 

buckling stress. A local minimum at 338 mm is observed for the distortional buckling 

mode and is therefore selected by the manual method. The pure distortional buckling 

cFSM signature also presents a local minimum at 338 mm leading to the manual and 

automated rules selecting the same elastic distortional buckling stress. 

 

7.5 RESULTS AND DISCUSSION 

 

7.5.1 Convergence 

 

Fig. 7.5 shows the average fitness functions f in Eq. (7.2), with α = 10, times Aref /As 

over 10 runs and for all load cases. The ratio Aref /As, where As is the optimised cross-

sectional area reported in Section 7.5.2, enables comparisons of the convergence 

performance among the five load cases. The algorithm always converges to an 

optimised solution for all load cases in about 50 generations. The convergence rates of 

beams and beam-columns are similar to each other.  

 

 
Fig. 7.5: Average fitness f times Aref/As over 10 runs 
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The computation time is highly related to the number of cross-sectional elements in 

CUFSM [7.25], written in MATLAB, to perform the Finite Strip analyses. The more the 

number of elements, the longer the computation time is. Up to 8 computer cores are 

selected per MATLAB analysis in a 792 core HPC cluster consisting of a mixture of SGI 

Altix XE and SGI® Rackable™ C2114-4TY14 servers for this purpose. The Finite Strip 

analyses took about 80% of the total optimisation time. The main algorithm is written in 

Python and does not use parallel processing. 

 

The average computation time per generation is 40 minutes for fully restrained beams 

(LC1), 45 minutes for unrestrained beams (LC2) and 50 minutes for columns (LC3). 

For the beam-columns, the elastic buckling analyses in CUFSM are run for both the 

axial compression and bending moment. This considerably slows down the algorithm, 

and the average computation time per generation reaches 130 minutes for LC4 and 

140 minutes for LC5. 

 

7.5.2 Average results 

 

Table 7.2 summarises the average results over 10 runs for all load cases. The 

algorithm always satisfies the strength ratio criteria and converges to consistent 

solutions with small CoVs on the cross-sectional area (maximum of 0.34% for LC4). 

This outlines the robustness of the algorithm. For LC1 and LC2 (pure bending), the 

average nominal member moment capacity Mb is always equal to the target bending 

moment M* = 2.5 kN·m with a maximum CoV of 0.42% for LC2. The average optimised 

cross-sectional area (As = 189.2 mm2) of the fully restrained beams for LC1 is about 

20% smaller than the same of the unrestrained beams for LC2 (As = 235.2 mm2). For 

the beam-columns (LC4 and LC5), the interaction equation in Eq. (7.1) provides an 

average action-to-capacity ratio of 1.00 with a maximum CoV of 0.38% for LC4. 

 

Table 7.2: Average results over 10 runs for all load cases 

Load 
cases 

Cross-
sectional 

area 

Nominal member 
capacity 

in compression 

Nominal member 
moment capacity 

Combined 
Capacity ratio 

As 
(mm

2
) 

CoV 
(%) 

Nc 
(kN) 

N
*
/Nc 

CoV 
(%) 

Mb 
(kN·m) 

M
*
/Mb 

CoV 
(%) 

N
*
/Nc 

+ M
*
/Mb 

CoV 
(%) 

LC1 189.2 0.19 - - - 2.50 1.00 0.39 - - 

LC2 235.2 0.18 - - - 2.50 1.00 0.42 - - 

LC3 [7.12] 289.1 0.31 75.01 1.00 0.05 - - - - - 

LC4 264.4 0.34 55.40 0.45 2.94 3.04 0.55 2.47 1.00 0.38 

LC5 281.8 0.33 68.77 0.73 2.20 3.10 0.27 6.49 1.00 0.36 
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7.5.3 Cross-sectional shapes 

 

7.5.3.1 Fully restrained beams 

 

Fig. 7.6 illustrates the two fittest (Fig. 7.6 (a) and (b)) and two least fit (Fig. 7.6 (c) and 

(d)) optimised cross-sectional shapes for the fully restrained beams (LC1). The 

remaining optimised solutions are seen in Fig. A7.1 of Appendix. The optimised cross-

sectional area As is used to determine how fit a cross-section is. As seen in Fig. 7.6, 

the fully restrained beams converge to a slender “I” section type with a curved web. 

The parallel flanges are short and without lip stiffeners. The curved web enhances the 

local buckling capacity of the web and allows maximising the second moment of area 

by moving the material away from the neutral axis. “I” sections were already found to 

be the optimised cross-sectional shape for beams by Griffiths and Miles [7.30] where 

only maximising the second moment of area was considered. The slender web may fail 

under shear and the DSM for shear buckling [7.31, 7.32] will need to be introduced into 

the algorithm. The fittest solution in Fig. 7.6 (a) is 120.3 mm deep, 17.1 mm wide and 

therefore has a depth-to-width ratio of 7.0. 

 

 
 (a) As = 188.55 mm

2
 (b) As = 188.84 mm

2
 (c) As = 189.41 mm

2
 (d) As = 189.99 mm

2
 

 Ms = 2.49 kN·m Ms = 2.50 kN·m  Ms = 2.49 kN·m Ms = 2.52 kN·m 
 M*/Ms = 1.01 M*/Ms = 1.00 M*/Ms = 1.01  M*/Ms = 0.99 

Fig. 7.6: Optimised cross-sections for LC1, (a, b) fittest and (c, d) least fit cross-
sections  

 

7.5.3.2 Unrestrained beams 

 

Fig. 7.7 (a) to (d) shows the two fittest and two least fit cross-sections (see Fig. A7.2 of 

Appendix for other sections) for the unrestrained beams (LC2). Compared to the fully 

restrained beams with the slender cross-sectional shapes in Fig. 7.6, the unrestrained 

beams converge to a largely open and stocky “Cee” section type in Fig. 7.7. When 

compared to the restrained beam, this shape allows significantly larger (i) second 

moment of area about the y-axis that therefore enhances the flexural buckling load 
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about this axis and (ii) warping constant that therefore enhances the torsional buckling 

load. The difference in torsional constant between the two sections is about 20 %. The 

web is more rounded for the two fittest cross-sections in Fig. 7.7 (a) and (b) than the 

two least fit ones in Fig. 7.7 (c) and (d). All cross-sections in Fig. 7.7 have short lip 

stiffeners of about 18 mm, approximately orientated at 45° to the horizontal flange. The 

depth of the fittest section in Fig. 7.7 (a) is 95.9 mm, the width is 59.6 mm, and 

therefore the depth-to-width ratio is 1.6. This corresponds to a depth-to-width ratio 77% 

less than the fittest cross-section in Fig. 7.6 (a). 

 

 
  (a) As = 234.62 mm

2
 (b) As = 234.86 mm

2
 (c) As = 235.22 mm

2
 (d) As = 236.22 mm

2
 

 Mb = 2.50 kN·m Mb = 2.50 kN·m  Mb = 2.50 kN·m Mb = 2.52 kN·m 
 M*/Mb = 1.00 M*/Mb = 1.00 M*/Mb = 1.00  M*/Mb = 0.99 

Fig. 7.7: Optimised cross-sections for LC2, (a, b) fittest and (c, d) least fit cross-
sections  

 

7.5.3.3 Unrestrained columns 

 

Fig. 7.8 presents for reference the two fittest and two least fit cross-sections (see Fig. 

A7.3 of Appendix for other sections) for the 1.5 m long columns in [7.12]. These cross-

sections are typically rounded and close, especially for the fittest ones. The fittest 

cross-section in Fig. 7.8 (a) has a depth of 93.3 mm, a width of 50.6 mm and therefore 

a depth-to-width ratio of 1.8, similar to the fittest one of the unrestrained beams in Fig. 

7.7 (a). 

 

7.5.3.4 Unrestrained beam-columns 

 

Fig. 7.9 and Fig. 7.10 show the two fittest and two least fit cross-sections (see Figs. 

A7.4 and A7.5 of Appendix for other sections) for LC4 and LC5, respectively. In Fig. 7.9 

(a) to (c), an open “Cee” section type with curved lip stiffeners, approximately 

orientated at 45° to the flange, is found, whereas in Fig. 7.9 (d) a largely open “Sigma” 

type cross-sectional shape with short curved lip stiffeners is found. The lip stiffeners in 
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Fig. 7.9 (a) to (c) are about 25 mm longer than the ones of the unrestrained beams in 

Fig. 7.7 and the cross-sectional shapes are less open. 

 

  
 (a) As = 286.68 mm

2
 (b) As = 287.57 mm

2
 (c) As = 288.98 mm

2
 (d) As = 289.32 mm

2
 

 Nc = 74.63 kN Nc = 75.00 kN  Nc = 75.00 kN Nc = 75.00 kN 
 N*/Nc = 1.01 N*/Nc = 1.00 N*/Nc = 1.00  N*/Nc = 1.00 

Fig. 7.8: Optimised cross-sections for LC3 (from [7.12]), (a, b) fittest and (c, d) least fit 
cross-sections 

 

 
 (a) As = 263.10 mm

2
 (b) As = 263.33 mm

2
 (c) As = 265.18 mm

2
 (d) As = 266.06 mm

2
 

 Nc = 54.88 kN Nc = 53.71 kN  Nc = 56.32 kN Nc = 53.67 kN 
 Mb = 3.03 kN·m Mb = 3.09 kN·m  Mb = 3.01 kN·m Mb = 3.13 kN·m 
  N*/Nc+M*/Mb = 1.01 N*/Nc+M*/Mb = 1.01 N*/Nc+M*/Mb = 1.00 N*/Nc+M*/Mb = 1.00 

Fig. 7.9: Optimised cross-sections for LC4, (a, b) fittest and (c, d) least fit cross-
sections  

 

When the design axial load N* increases and the design bending moment M* decreases 

in LC5, the cross-sections in Fig. 7.10 tend to close up more than the ones in Fig. 7.9 

(LC4). The cross-sections also tend to resemble those of the columns in Fig. 7.8. The 

cross-sectional shapes in Fig. 7.10 (LC5) are therefore stockier than the ones in Fig. 

7.9 (LC4). The fittest solution in Fig. 7.10 (a) has a depth of 101.1 mm, a width of 49.4 

mm and thus a depth-to-width ratio of 2.1, i.e. about the same width as the fittest cross-

section for LC4 but 8.6% shorter. The fittest cross-sectional area As = 280.75 mm2 in 

Fig. 7.10 (a) is 6.3% larger than the one in Fig. 7.9 (a). 
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 (a) As = 280.75 mm

2
 (b) As = 280.79 mm

2
 (c) As = 282.82 mm

2
 (d) As = 283.82 mm

2
 

 Nc = 70.03 kN Nc = 70.07 kN  Nc = 71.50 kN Nc = 68.86 kN 
 Mb = 2.91 kN·m Mb = 2.92 kN·m  Mb = 2.77 kN·m Mb = 3.13 kN·m 
 N*/Nc+M*/Mb = 1.00 N*/Nc+M*/Mb = 1.00 N*/Nc+M*/Mb = 1.00 N*/Nc+M*/Mb = 0.99 

Fig. 7.10: Optimised cross-sections for LC5, (a, b) fittest and (c, d) least fit cross-
sections 

 

 
(1)

 The nominal axial compressive and bending capacities Nc and Mb for the cross-sections in 
LC2 and LC3 are calculated by hand, respectively. 

 
Fig. 7.11: Evolution of average cross-sectional areas and shapes for the unrestrained 

load cases 
 

While Fig. 7.10 (c) and (d) have similar cross-sectional areas (within 0.1%) and 

interaction ratios (Eq. (7.1)), they adopt different strategies to satisfy the strength 

requirement. The cross-section in Fig. 7.10 (c) has a depth-to-width ratio of 1.9 and is 

nearly closed, while the cross-section in Fig. 7.10 (d) is 14.6% deeper and 11.5% 

wider, with a depth-to-width ratio of 2.0, but open. This derives from the cross-section 
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in Fig. 7.10 (c) favouring its nominal axial capacity Nc instead of its nominal bending 

capacity Mb (Nc = 71.50 kN and Mb = 2.77 kN·m) to decrease the action-to-capacity 

ratio in Eq. (7.1) and the cross-section in Fig. 7.10 (d) (Nc = 68.86  and Mb = 3.13 

kN·m) favouring the opposite. The cross-section in Fig. 7.10 (c) therefore resembles 

more to the optimised columns in Fig. 7.8 (LC3) while the one in Fig. 7.10 (d) 

resembles more to the optimised beam-columns in Fig. 7.9 (LC4). 

 

7.5.4 Evolution of the optimised cross-sections 

 

The evolution of the average results (see Section 7.5.2) and the fittest shape (see 

Section 7.5.3) for the unrestrained cases is summarised in Fig. 7.11. As the design 

bending moment M* increases from zero to 2.5 kN·m and the design axial compression 

N* decreases from 75 kN to zero, the average cross-sectional area As decreases by 

18.6% from 289.1 to 235.2 mm2 and the fittest cross-sectional shape gradually opens 

up as described in Section 7.5.3. Specifically, the cross-sectional area only decreases 

by 2.5% between LC3 and LC5 where the design axial load N* decreases by 33%. This 

result implies that the value of the design moment (M* = 0.83 kN·m) in LC5 is not large 

enough to significantly influence the cross-sectional shape. However, the reduction in 

the cross-sectional area increases to 6.3% when the design axial load N* is further 

reduced from 50 kN to 25 kN between LC5 and LC4, and to 10.8% between LC4 and 

LC2 when N* is reduced from 25 kN to zero. 

 

7.6 SUMMARY 

 

This chapter aims to optimise the cross-sectional shapes of CFS beams and beam-

columns. Manufacturing and assembly constraints were not included in this study. 

Various load combinations of axial compressive load and bending moment were used 

to perform shape optimisations of simply-supported 1.5 m long singly-symmetric 

sections. Fully restrained beams and unrestrained beams and beam-columns against 

lateral deflection and twist were considered. The rules to automatically determine the 

elastic local and distortional buckling stresses from the Finite Strip Method signature 

curve developed in [7.4] were verified for elastic bending buckling stresses. The main 

conclusions can be summarised as follows: 

 The robustness of the algorithm is demonstrated by consistent optimised 

solutions over 10 runs. 

 The automated rules were found to accurately determine the elastic local and 

distortional bending buckling stresses. 
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 The algorithm was able to converge to optimised cross-sectional shapes of CFS 

members subject to pure bending and combined axial compression and bending. 

 An optimised slim “I” type cross-sectional shape with a curved web was typically 

found for the fully restrained beams, and a stocky and largely open “Cee” like 

cross-sectional shape with lip stiffeners for the unrestrained beams. For the 

unrestrained beam-columns, “Cee” type cross-sectional shapes were also found, 

with the cross-section tending to close up when the axial compressive load was 

increased and to open up when the bending moment was increased. 

 The unconstrained algorithm for shape optimisation of CFS beams or beam-

columns allows the cross-section able to freely converge to any cross-sectional 

shape. This gives a reference cross-sectional shape for the constrained one with 

manufacturing and assembly constraints found in the future.  
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CHAPTER 8 

 

CONCLUSIONS 

 

 

 

8.1 THESIS FINDINGS 

 

This thesis presents the methods of introducing manufacturing rules and assembly 

features of cold-formed steel (CFS) singly-symmetric and open columns into the 

proposed Genetic Algorithm (GA), derived from a previously developed shape 

optimisation algorithm. The cross-sectional shapes of CFS beams and beam-columns 

without constraints are optimised. The main contributions to the field of shape 

optimisation of CFS cross-sectional profiles and the outcomes in this research are 

summarised as below: 

 Chapter 3 defines the simple manufacturing rules and introduces them as 

manufacturing constraints using the Hough transform into the algorithm. This 

constraint method is found to accurately converge to optimised manufacturable 

solutions and marginally affect the performance of the optimised 

manufacturable results in comparison to the non-manufacturable ones (within 

1.1% less fit). However, this method adds further complexity to the algorithm in 

solving the manufacturing constraint in the penalty function of the GA.  

 To address the problem stated in Chapter 3, Chapter 4 proposes an improved 

(novel) method of introducing the above-mentioned manufacturing rules into the 

proposed algorithm. The improved method directly allows the creation of initial 

arbitrary CFS column cross-sections that satisfies the manufacturing rules 

(defined in Chapter 3). The constraint method (defined in Chapter 3) and the 

improved method can both converge to the similar optimised results. Yet, the 

convergence rate and speed of the improved method is found to be up to 50% 

faster than the constraint method. 

 Specifically, Chapter 5 preliminarily investigates the buckling mode interactions 

of global, local and distortional buckling modes for the shape optimised 

solutions obtained from the literature and Chapter 4. The results show that 

buckling mode interactions are unlikely to be encountered for the investigated 

optimised solutions.  
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 Chapter 6 focuses on defining and introducing the assembly features of CFS 

members into the proposed algorithm. The simple manufacturing rules (defined 

in Chapter 3) are also incorporated into the algorithm by using the improved 

method (defined in Chapter 4). The optimised manufacturable and usable 

solutions are found only up to 7% less efficient than the optimised 

unconstrained (without manufacturing and assembly features) ones. 

 Furthermore, Chapter 7 incorporated the nominal member moment capacity of 

CFS members into the proposed algorithm. The interaction of combined actions 

of axial load and bending moment is considered. This permits shape 

optimisation of beams and beam-columns. The algorithm is able to freely 

converge to any cross-sectional shape without constraints.  

 

8.2 LIMITATIONS AND RECOMMENDATIONS 

 

This thesis has proposed the shape optimisation algorithm that can be used to optimise 

the singly-symmetric cross-sectional profiles of CFS columns, beams and beam-

columns. Due to the limitation of the current elastic buckling analysis using the finite 

strip method in CUFSM, only axial load and bending moment can be applied to 

members. In future studies, the specifications of shear strength [8.1, 8.2, 8.3, 8.4, 8.5] 

and web crippling [8.6, 8.7, 8.8] are expected to be incorporated into the algorithm 

including the combined bending and shear and/or combined bending and web crippling. 

 

It should be noted that the manufacturing rules and assembly features of CFS 

members have been investigated without the structural system-level analysis during 

the process of shape optimisation presented in the thesis. The specific engineering 

applications of shape optimisation for cross-sections, such as storage racks, purlins 

and girts, will be studied at the next research stage. Not only strength criteria but also 

serviceability requirements will be incorporated in the optimisation algorithm.  
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APPENDIX 

 

REMAINING OPTIMISED SOLUTIONS 

 

 

 

This appendix presents the additional optimised cross-sectional shapes (the two fittest 

and two/three least fit sections have been shown in the context from Chapter 3 to 

Chapter 7) out of ten runs. 

 

 

 (a) As = 131.9 mm
2
  (b) As = 132.0 mm

2
  (c) As = 132.0 mm

2
 

 Ix = 27985.5 mm
4
  Ix = 28017.9 mm

4
  Ix = 28047.2 mm

4
   

 Iy = 28102.7 mm
4
  Iy = 28164.3 mm

4
  Iy = 28195.1 mm

4
 

 

 

 (d) As = 132.0 mm
2
  (e) As = 132.0 mm

2
   

 Ix = 27983.7 mm
4
  Ix = 28152.2 mm

4
    

 Iy = 28200.6 mm
4
  Iy = 27983.7 mm

4
   

 
Fig. A3.1: Five remaining optimised cross-sections at the last generation (150th), from 

fitter (a) to less fit (e) cross-sections out of 10 runs for the case Δr = 0.5t 
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 (a) As = 194.0 mm
2
  (b) As = 194.8 mm

2
 (c) As = 194.2 mm

2
 

 Nc = 75.0 kN  Nc = 75.3 kN Nc = 74.9 kN  
 Nc/As = 386.6 MPa  Nc/As = 386.4 MPa  Nc/As = 385.7 MPa 
 

 

 (d) As = 194.4 mm
2
  (e) As = 194.7 mm

2
 (f) As = 194.8 mm

2
 

 Nc = 74.9 kN  Nc = 75.0 kN Nc = 74.8 kN  
 Nc/As = 385.3 MPa  Nc/As = 385.3 MPa  Nc/As = 384.0 MPa   

 
Fig. A3.2: Six remaining optimised cross-sections for the 500 mm long columns and the 

non-manufacturable case, from fitter (a) to less fit (f) cross-sections 
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 (a) As = 195.3 mm
2
  (b) As = 196.1 mm

2
 (c) As = 196.4 mm

2
 

 Nc = 75.0 kN  Nc = 75.0 kN Nc = 74.9 kN  
 Nc/As = 384.0 MPa  Nc/As = 382.5 MPa  Nc/As = 381.4 MPa 
 

 

 (d) As = 197.3 mm
2
  (e) As = 197.5 mm

2
 (f) As = 197.4 mm

2
 

 Nc = 75.1 kN  Nc = 75.0 kN Nc = 74.9 kN  
 Nc/As = 380.6 MPa  Nc/As = 379.8 MPa  Nc/As = 379.4 MPa   

 
Fig. A3.3: Six remaining optimised cross-sections for the 500 mm long columns and the 

manufacturable case Nmax = 3, from fitter (a) to less fit (f) cross-sections 
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 (a) As = 194.9 mm
2
  (b) As = 195.2 mm

2
 (c) As = 194.8 mm

2
 

 Nc = 75.0 kN  Nc = 75.1 kN Nc = 74.9 kN  
 Nc/As = 384.8 MPa  Nc/As = 384.7 MPa  Nc/As = 384.5 MPa 
 

 

 (d) As = 195.3 mm
2
  (e) As = 195.4 mm

2
 (f) As = 195.5 mm

2
 

 Nc = 75.0 kN  Nc = 75.0 kN Nc = 75.0 kN  
 Nc/As = 384.1 MPa  Nc/As = 383.9 MPa  Nc/As = 383.7 MPa   

 
Fig. A3.4: Six remaining optimised cross-sections for the 500 mm long columns and the 

manufacturable case Nmax = 4, from fitter (a) to less fit (f) cross-sections 
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 (a) As = 195.7 mm
2
  (b) As = 195.7 mm

2
 (c) As = 196.0 mm

2
 

 Nc = 75.0 kN  Nc = 75.0 kN Nc = 75.0 kN  
 Nc/As = 383.4 MPa  Nc/As = 383.3 MPa  Nc/As = 382.6 MPa 
 

 

 (d) As = 196.2 mm
2
  (e) As = 196.8 mm

2
 (f) As = 196.5 mm

2
 

 Nc = 75.0 kN  Nc = 75.0 kN Nc = 74.8 kN  
 Nc/As = 382.1 MPa  Nc/As = 381.2 MPa  Nc/As = 380.9 MPa   

 
Fig. A3.5: Six remaining optimised cross-sections for the 500 mm long columns and the 

manufacturable case Nmax = 5, from fitter (a) to less fit (f) cross-sections 
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 (a) As = 194.2 mm
2
  (b) As = 194.5 mm

2
 (c) As = 194.9 mm

2
 

 Nc = 75.0 kN  Nc = 75.0 kN Nc = 75.0 kN  
 Nc/As = 386.2 MPa  Nc/As = 385.6 MPa  Nc/As = 384.9 MPa 
 

 

 (d) As = 196.0 mm
2
  (e) As = 196.0 mm

2
 (f) As = 196.1 mm

2
 

 Nc = 75.0 kN  Nc = 75.0 kN Nc = 75.0 kN  
 Nc/As = 382.9 MPa  Nc/As = 382.8 MPa  Nc/As = 382.5 MPa   

 
Fig. A3.6: Six remaining optimised cross-sections for the 500 mm long columns and the 

manufacturable case Nmax = 6, from fitter (a) to less fit (f) cross-sections 
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 (a) As = 287.9 mm
2
  (b) As = 288.4 mm

2
 (c) As = 287.7 mm

2
 

 Nc = 75.0 kN  Nc = 75.1 kN Nc = 74.9 kN  
 Nc/As = 260.5 MPa  Nc/As = 260.4 MPa  Nc/As = 260.3 MPa 
 

 

 (d) As = 286.7 mm
2
  (e) As = 287.9 mm

2
 (f) As = 289.3 mm

2
 

 Nc = 74.6 kN  Nc = 74.9 kN Nc = 75.2 kN  
 Nc/As = 260.3 MPa  Nc/As = 260.1 MPa  Nc/As = 259.9 MPa   

 
Fig. A3.7: Six remaining optimised cross-sections for the 1,500 mm long columns and 

the non-manufacturable case, from fitter (a) to less fit (f) cross-sections 
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 (a) As = 295.6 mm
2
  (b) As = 294.9 mm

2
 (c) As = 295.8 mm

2
 

 Nc = 75.4 kN  Nc = 75.1 kN Nc = 75.1 kN  
 Nc/As = 255.1 MPa  Nc/As = 254.8 MPa  Nc/As = 254.0 MPa 
 

 

 (d) As = 297.1 mm
2
  (e) As = 297.8 mm

2
 (f) As = 297.7 mm

2
 

 Nc = 75.3 kN  Nc = 75.2 kN Nc = 75.0 kN  
 Nc/As = 253.6 MPa  Nc/As = 252.6 MPa  Nc/As = 251.7 MPa   

 
Fig. A3.8: Six remaining optimised cross-sections for the 1,500 mm long columns and 

the manufacturable case Nmax = 3, from fitter (a) to less fit (f) cross-sections 
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 (a) As = 290.8 mm
2
  (b) As = 291.0 mm

2
 (c) As = 291.9 mm

2
 

 Nc = 74.9 kN  Nc = 75.0 kN Nc = 75.1 kN  
 Nc/As = 257.7 MPa  Nc/As = 257.7 MPa  Nc/As = 257.5 MPa 
 

 

 (d) As = 290.8 mm
2
  (e) As = 291.0 mm

2
 (f) As = 295.7 mm

2
 

 Nc = 74.8 kN  Nc = 74.8 kN Nc = 75.5 kN  
 Nc/As = 257.3 MPa  Nc/As = 257.2 MPa  Nc/As = 255.3 MPa   

 
Fig. A3.9: Six remaining optimised cross-sections for the 1,500 mm long columns and 

the manufacturable case Nmax = 4, from fitter (a) to less fit (f) cross-sections 
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 (a) As = 290.4 mm
2
  (b) As = 289.9 mm

2
 (c) As = 290.6 mm

2
 

 Nc = 75.2 kN  Nc = 75.0 kN Nc = 75.2 kN  
 Nc/As = 258.9 MPa  Nc/As = 258.8 MPa  Nc/As = 258.8 MPa 
 

 

 (d) As = 289.9 mm
2
  (e) As = 290.2 mm

2
 (f) As = 290.4 mm

2
 

 Nc = 75.0 kN  Nc = 75.0 kN Nc = 75.0 kN  
 Nc/As = 258.8 MPa  Nc/As = 258.5 MPa  Nc/As = 258.2 MPa   

 
Fig. A3.10: Six remaining optimised cross-sections for the 1,500 mm long columns and 

the manufacturable case Nmax = 5, from fitter (a) to less fit (f) cross-sections 
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 (a) As = 288.8 mm
2
  (b) As = 288.9 mm

2
 (c) As = 289.1 mm

2
 

 Nc = 75.0 kN  Nc = 75.0 kN Nc = 75.0 kN  
 Nc/As = 259.8 MPa  Nc/As = 259.5 MPa  Nc/As = 259.3 MPa 
 

 

 (d) As = 289.5 mm
2
  (e) As = 289.9 mm

2
 (f) As = 290.1 mm

2
 

 Nc = 75.0 kN  Nc = 75.1 kN Nc = 75.1 kN  
 Nc/As = 259.2 MPa  Nc/As = 259.0 MPa  Nc/As = 258.7 MPa   

 
Fig. A3.11: Six remaining optimised cross-sections for the 1,500 mm long columns and 

the manufacturable case Nmax = 6, from fitter (a) to less fit (f) cross-sections 
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 (a) As = 288.6 mm
2
  (b) As = 288.8 mm

2
 (c) As = 288.6 mm

2
 

 Nc = 75.0 kN  Nc = 75.0 kN Nc = 75.0 kN  
 Nc/As = 260.0 MPa  Nc/As = 259.9 MPa  Nc/As = 259.8 MPa 
 

 

 (d) As = 288.5 mm
2
  (e) As = 289.0 mm

2
 (f) As = 289.3 mm

2
 

 Nc = 75.0 kN  Nc = 75.0 kN Nc = 75.0 kN  
 Nc/As = 259.7 MPa  Nc/As = 259.5 MPa  Nc/As = 259.1 MPa   

 
Fig. A3.12: Six remaining optimised cross-sections for the 1,500 mm long columns and 

the manufacturable case Nmax = 7, from fitter (a) to less fit (f) cross-sections 
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 (a) As = 436.0 mm
2
  (b) As = 435.5 mm

2
 (c) As = 435.5 mm

2
 

 Nc = 75.4 kN  Nc = 75.2 kN Nc = 75.2 kN  
 Nc/As = 173.1 MPa  Nc/As = 172.7 MPa  Nc/As = 172.7 MPa 
 

 

 (d) As = 436.3 mm
2
  (e) As = 434.3 mm

2
 (f) As = 431.6 mm

2
 

 Nc = 75.3 kN  Nc = 74.9 kN Nc = 74.3 kN  
 Nc/As = 172.6 MPa  Nc/As = 172.5 MPa  Nc/As = 172.2 MPa   

 
Fig. A3.13: Six remaining optimised cross-sections for the 3,000 mm long columns and 

the non-manufacturable case, from fitter (a) to less fit (f) cross-sections 
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 (a) As = 444.7 mm
2
  (b) As = 442.8 mm

2
 (c) As = 444.6 mm

2
 

 Nc = 75.6 kN  Nc = 75.3 kN Nc = 75.6 kN  
 Nc/As = 170.1 MPa  Nc/As = 170.0 MPa  Nc/As = 170.0 MPa 
 

   

 (d) As = 448.5 mm
2
  (e) As = 447.8 mm

2
 (f) As = 446.0 mm

2
 

 Nc = 75.8 kN  Nc = 75.5 kN Nc = 75.2 kN  
 Nc/As = 169.0 MPa  Nc/As = 168.6 MPa  Nc/As = 168.6 MPa   

 
Fig. A3.14: Six remaining optimised cross-sections for the 3,000 mm long columns and 

the manufacturable case Nmax = 3, from fitter (a) to less fit (f) cross-sections 
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 (a) As = 438.8 mm
2
  (b) As = 441.3 mm

2
 (c) As = 439.0 mm

2
 

 Nc = 75.1 kN  Nc = 75.4 kN Nc = 75.0 kN  
 Nc/As = 171.2 MPa  Nc/As = 170.9 MPa  Nc/As = 170.8 MPa 
 

   

 (d) As = 440.6 mm
2
  (e) As = 441.0 mm

2
 (f) As = 440.4 mm

2
 

 Nc = 75.2 kN  Nc = 75.3 kN Nc = 75.1 kN  
 Nc/As = 170.7 MPa  Nc/As = 170.6 MPa  Nc/As = 170.5 MPa   

 
Fig. A3.15: Six remaining optimised cross-sections for the 3,000 mm long columns and 

the manufacturable case Nmax = 4, from fitter (a) to less fit (f) cross-sections 
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 (a) As = 435.2 mm
2
  (b) As = 435.9 mm

2
 (c) As = 435.6 mm

2
 

 Nc = 75.0 kN  Nc = 75.1 kN Nc = 75.0 kN  
 Nc/As = 172.4 MPa  Nc/As = 172.3 MPa  Nc/As = 172.1 MPa 
 

   

 (d) As = 436.4 mm
2
  (e) As = 437.2 mm

2
 (f) As = 437.7 mm

2
 

 Nc = 75.1 kN  Nc = 75.1 kN Nc = 75.2 kN  
 Nc/As = 172.0 MPa  Nc/As = 171.8 MPa  Nc/As = 171.8 MPa   

 
Fig. A3.16: Six remaining optimised cross-sections for the 3,000 mm long columns and 

the manufacturable case Nmax = 5, from fitter (a) to less fit (f) cross-sections 
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 (a) As = 434.9 mm
2
  (b) As = 434.3 mm

2
 (c) As = 435.3 mm

2
 

 Nc = 75.2 kN  Nc = 74.9 kN Nc = 75.1 kN  
 Nc/As = 172.8 MPa  Nc/As = 172.5 MPa  Nc/As = 172.5 MPa 
 

   

 (d) As = 436.1 mm
2
  (e) As = 436.6 mm

2
 (f) As = 436.6 mm

2
 

 Nc = 75.1 kN  Nc = 75.2 kN Nc = 75.0 kN  
 Nc/As = 172.3 MPa  Nc/As = 172.2 MPa  Nc/As = 171.8 MPa   

 
Fig. A3.17: Six remaining optimised cross-sections for the 3,000 mm long columns and 

the manufacturable case Nmax = 6, from fitter (a) to less fit (f) cross-sections 
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 (a) As = 433.5 mm
2
  (b) As = 435.2 mm

2
 (c) As = 434.0 mm

2
 

 Nc = 74.9 kN  Nc = 75.2 kN Nc = 75.0 kN  
 Nc/As = 172.9 MPa  Nc/As = 172.9 MPa  Nc/As = 172.9 MPa 
 

   

 (d) As = 433.2 mm
2
  (e) As = 434.7 mm

2
 (f) As = 435.3 mm

2
 

 Nc = 74.8 kN  Nc = 75.0 kN Nc = 75.1 kN  
 Nc/As = 172.7 MPa  Nc/As = 172.6 MPa  Nc/As = 172.6 MPa   

 
Fig. A3.18: Six remaining optimised cross-sections for the 3,000 mm long columns and 

the manufacturable case Nmax = 7, from fitter (a) to less fit (f) cross-sections 

  



APPENDIX 

A-19 
 

 

   

 (a) As = 433.6 mm
2
  (b) As = 433.7 mm

2
 (c) As = 433.8 mm

2
 

 Nc = 75.0 kN  Nc = 75.0 kN Nc = 75.0 kN  
 Nc/As = 173.1 MPa  Nc/As = 172.9 MPa  Nc/As = 172.9 MPa 
 

   

 (d) As = 433.9 mm
2
  (e) As = 435.0 mm

2
 (f) As = 435.8 mm

2
 

 Nc = 75.0 kN  Nc = 75.1 kN Nc = 75.1 kN  
 Nc/As = 172.8 MPa  Nc/As = 172.5 MPa  Nc/As = 172.5 MPa   

 
Fig. A3.19: Six remaining optimised cross-sections for the 3,000 mm long columns and 

the manufacturable case Nmax = 8, from fitter (a) to less fit (f) cross-sections 
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 (a) As = 198.7 mm

2
  (b) As = 199.3 mm

2
 (c) As = 199.6 mm

2
 

 Nc = 74.9 kN  Nc = 74.9 kN Nc = 74.7 kN  
 Nc/As = 376.8 MPa  Nc/As = 375.7 MPa  Nc/As = 374.3 MPa 
 

    

 (d) As = 201.9 mm
2
  (e) As = 200.9 mm

2
 (f) As = 203.8 mm

2
 

 Nc = 75.3 kN  Nc = 74.5 kN Nc = 75.1 kN  
 Nc/As = 373.2 MPa  Nc/As = 371.1 MPa  Nc/As = 368.8 MPa   

 
Fig. A4.1: Six remaining optimised cross-sections for the 500 mm long columns and the 

manufacturable case Nmax = 3, from fitter (a) to less fit (f) cross-sections 
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 (a) As = 197.5 mm
2
  (b) As = 197.5 mm

2
 (c) As = 198.3 mm

2
 (d) As = 197.5 mm

2
 

 Nc = 75.1 kN  Nc = 75.0 kN  Nc = 75.2 kN Nc = 74.9 kN 
 Nc/As = 380.3 MPa Nc/As = 380.0 MPa Nc/As = 379.5 MPa  Nc/As = 379.5 MPa 
 

 

 (e) As = 199.3 mm
2
  (f) As = 197.4 mm

2
 (g) As = 198.8 mm

2
 (h) As = 200.1 mm

2
 

 Nc = 75.6 kN  Nc = 74.8 kN  Nc = 75.2 kN Nc = 75.4 kN 
 Nc/As = 379.3 MPa Nc/As = 379.0 MPa Nc/As = 378.2 MPa  Nc/As = 377.0 MPa 

  

 

 (e) As = 201.1 mm
2
  (f) As = 203.1 mm

2
 

 Nc = 75.5 kN  Nc = 75.0 kN 
 Nc/As = 375.8 MPa Nc/As = 369.1 MPa 

 
Fig. A4.2: Ten optimised cross-sections for the 500 mm long columns and the 

manufacturable case Nmax = 4, from the fittest (a) to the least fit (j) cross-sections 
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 (a) As = 194.8 mm
2
  (b) As = 194.7 mm

2
 (c) As = 196.4 mm

2
 (d) As = 195.9 mm

2
 

 Nc = 75.1 kN  Nc = 74.9 kN  Nc = 75.3 kN Nc = 75.1 kN 
 Nc/As = 385.4 MPa Nc/As = 384.9 MPa Nc/As = 383.4 MPa  Nc/As = 383.3 MPa 
 

 

 (e) As = 196.7 mm
2
  (f) As = 196.1 mm

2
 (g) As = 196.8 mm

2
 (h) As = 197.9 mm

2
 

 Nc = 75.4 kN  Nc = 75.1 kN  Nc = 75.3 kN Nc = 75.1 kN 
 Nc/As = 383.2 MPa Nc/As = 383.1 MPa Nc/As = 382.5 MPa  Nc/As = 379.6 MPa 

  

 

 (e) As = 198.8 mm
2
  (f) As = 198.8 mm

2
 

 Nc = 75.4 kN  Nc = 75.0 kN 
 Nc/As = 379.2 MPa Nc/As = 377.1 MPa 

 
Fig. A4.3: Ten optimised cross-sections for the 500 mm long columns and the 

manufacturable case Nmax = 5, from the fittest (a) to the least fit (j) cross-sections 

  



APPENDIX 

A-23 
 

 

   
 (a) As = 196.8 mm

2
  (b) As = 196.1 mm

2
 (c) As = 196.5 mm

2
 

 Nc = 75.3 kN  Nc = 75.0 kN Nc = 75.1 kN  
 Nc/As = 382.6 MPa  Nc/As = 382.6 MPa  Nc/As = 382.1 MPa 
 

 
 (d) As = 196.8 mm

2
  (e) As = 197.5 mm

2
 (f) As = 196.9 mm

2
 

 Nc = 75.1 kN  Nc = 75.1 kN Nc = 74.9 kN  
 Nc/As = 381.5 MPa  Nc/As = 380.4 MPa  Nc/As = 380.1 MPa   

 
Fig. A4.4: Six remaining optimised cross-sections for the 500 mm long columns and the 

manufacturable case Nmax = 6, from fitter (a) to less fit (f) cross-sections 
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 (a) As = 293.3 mm

2
  (b) As = 293.6 mm

2
 (c) As = 294.0 mm

2
 

 Nc = 75.3 kN  Nc = 75.3 kN Nc = 75.4 kN  
 Nc/As = 256.8 MPa  Nc/As = 256.6 MPa  Nc/As = 256.4 MPa 
 

 
 (d) As = 295.6 mm

2
  (e) As = 294.1 mm

2
 (f) As = 296.5 mm

2
 

 Nc = 75.8 kN  Nc = 75.0 kN Nc = 75.3 kN  
 Nc/As = 256.3 MPa  Nc/As = 255.1 MPa  Nc/As = 254.2 MPa   

 
Fig. A4.5: Six remaining optimised cross-sections for the 1,500 mm long columns and 

the manufacturable case Nmax = 4, from fitter (a) to less fit (f) cross-sections 
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 (a) As = 290.7 mm
2
  (b) As = 289.9 mm

2
 (c) As = 290.0 mm

2
 (d) As = 289.6 mm

2
 

 Nc = 75.2 kN  Nc = 75.0 kN  Nc = 75.0 kN Nc = 74.8 kN 
 Nc/As = 258.9 MPa Nc/As = 258.7 MPa Nc/As = 258.5 MPa  Nc/As = 258.3 MPa 
 

 

 (e) As = 290.8 mm
2
  (f) As = 292.1 mm

2
 (g) As = 290.4 mm

2
 (h) As = 291.6 mm

2
 

 Nc = 75.1 kN  Nc = 75.4 kN  Nc = 74.8 kN Nc = 75.0 kN 
 Nc/As = 258.2 MPa Nc/As = 258.1 MPa Nc/As = 257.8 MPa  Nc/As = 257.1 MPa 

  

 

 (e) As = 292.7 mm
2
  (f) As = 294.8 mm

2
 

 Nc = 74.7 kN  Nc = 75.1 kN 
 Nc/As = 255.4 MPa Nc/As = 255.0 MPa 

 
Fig. A4.6: Ten optimised cross-sections for the 1,500 mm long columns and the 
manufacturable case Nmax = 5, from the fittest (a) to the least fit (j) cross-sections 
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 (a) As = 289.9 mm
2
  (b) As = 287.9 mm

2
 (c) As = 290.5 mm

2
 (d) As = 289.5 mm

2
 

 Nc = 75.2 kN  Nc = 74.6 kN  Nc = 75.2 kN Nc = 74.9 kN 
 Nc/As = 259.3 MPa Nc/As = 259.0 MPa Nc/As = 258.9 MPa  Nc/As = 258.8 MPa 
 

 

 (e) As = 290.5 mm
2
  (f) As = 290.6 mm

2
 (g) As = 290.4 mm

2
 (h) As = 289.8 mm

2
 

 Nc = 75.1 kN  Nc = 75.1 kN  Nc = 74.9 kN Nc = 74.7 kN 
 Nc/As = 258.7 MPa Nc/As = 258.3 MPa Nc/As = 257.7 MPa  Nc/As = 257.7 MPa 

  

 

 (e) As = 291.2 mm
2
  (f) As = 291.1 mm

2
 

 Nc = 75.0 kN  Nc = 74.8 kN 
 Nc/As = 257.6 MPa Nc/As = 257.3 MPa 

 
Fig. A4.7: Ten optimised cross-sections for the 1,500 mm long columns and the 
manufacturable case Nmax = 6, from the fittest (a) to the least fit (j) cross-sections 
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 (a) As = 289.2 mm

2
  (b) As = 288.8 mm

2
 (c) As = 289.3 mm

2
 

 Nc = 75.0 kN  Nc = 74.9 kN Nc = 75.0 kN  
 Nc/As = 259.3 MPa  Nc/As = 259.2 MPa  Nc/As = 259.2 MPa 
 

 
 (d) As = 289.6 mm

2
  (e) As = 290.0 mm

2
 (f) As = 290.5 mm

2
 

 Nc = 75.0 kN  Nc = 75.0 kN Nc = 75.0 kN  
 Nc/As = 258.9 MPa  Nc/As = 258.6 MPa  Nc/As = 258.2 MPa   

 
Fig. A4.8: Six remaining optimised cross-sections for the 1,500 mm long columns and 

the manufacturable case Nmax = 7, from fitter (a) to less fit (f) cross-sections 
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 (a) As = 435.8 mm

2
  (b) As = 437.1 mm

2
 (c) As = 437.2 mm

2
 

 Nc = 75.0 kN  Nc = 75.0 kN Nc = 75.0 kN  
 Nc/As = 172.0 MPa  Nc/As = 171.6 MPa  Nc/As = 171.5 MPa 
 

   
 (d) As = 435.6 mm

2
  (e) As = 438.3 mm

2
 (f) As = 438.4 mm

2
 

 Nc = 74.6 kN  Nc = 75.0 kN Nc = 75.0 kN  
 Nc/As = 171.3 MPa  Nc/As = 171.0 MPa  Nc/As = 171.0 MPa   

 
Fig. A4.9. Six remaining optimised cross-sections for the 3,000 mm long columns and 

the manufacturable case Nmax = 5, from fitter (a) to less fit (f) cross-sections 
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 (a) As = 289.9 mm
2
  (b) As = 287.9 mm

2
 (c) As = 290.5 mm

2
 (d) As = 289.5 mm

2
 

 Nc = 75.2 kN  Nc = 74.6 kN  Nc = 75.2 kN Nc = 74.9 kN 
 Nc/As = 259.3 MPa Nc/As = 259.0 MPa Nc/As = 258.9 MPa  Nc/As = 258.8 MPa 
 

 

 (e) As = 290.5 mm
2
  (f) As = 290.6 mm

2
 (g) As = 290.4 mm

2
 (h) As = 289.8 mm

2
 

 Nc = 75.1 kN  Nc = 75.1 kN  Nc = 74.9 kN Nc = 74.7 kN 
 Nc/As = 258.7 MPa Nc/As = 258.3 MPa Nc/As = 257.7 MPa  Nc/As = 257.7 MPa 

  

 

 (e) As = 291.2 mm
2
  (f) As = 291.1 mm

2
 

 Nc = 75.0 kN  Nc = 74.8 kN 
 Nc/As = 257.6 MPa Nc/As = 257.3 MPa 

 
Fig. A4.10: Ten optimised cross-sections for the 3,000 mm long columns and the 
manufacturable case Nmax = 6, from the fittest (a) to the least fit (j) cross-sections 
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 (a) As = 434.5 mm
2
  (b) As = 434.7 mm

2
 (c) As = 435.0 mm

2
 (d) As = 435.4 mm

2
 

 Nc = 75.0 kN  Nc = 75.0 kN  Nc = 75.0 kN Nc = 75.0 kN 
 Nc/As = 172.6 MPa Nc/As = 172.5 MPa Nc/As = 172.4 MPa  Nc/As = 172.3 MPa 
 

 

 (e) As = 436.9 mm
2
  (f) As = 436.1 mm

2
 (g) As = 437.0 mm

2
 (h) As = 437.3 mm

2
 

 Nc = 75.2 kN  Nc = 75.0 kN  Nc = 75.0 kN Nc = 75.0 kN 
 Nc/As = 172.0 MPa Nc/As = 172.0 MPa Nc/As = 171.6 MPa  Nc/As = 171.5 MPa 

  

 

 (e) As = 437.8 mm
2
  (f) As = 438.1 mm

2
 

 Nc = 75.0 kN  Nc = 75.0 kN 
 Nc/As = 171.3 MPa Nc/As = 171.2 MPa 

 
Fig. A4.11: Ten optimised cross-sections for the 3,000 mm long columns and the 
manufacturable case Nmax = 7, from the fittest (a) to the least fit (j) cross-sections 

  



APPENDIX 

A-31 
 

 

   
 (a) As = 433.5 mm

2
  (b) As = 435.5 mm

2
 (c) As = 434.9 mm

2
 

 Nc = 75.0 kN  Nc = 75.1 kN Nc = 75.1 kN  
 Nc/As = 173.0 MPa  Nc/As = 172.6 MPa  Nc/As = 172.5 MPa 
 

   
 (d) As = 435.5 mm

2
  (e) As = 440.3 mm

2
 (f) As = 441.4 mm

2
 

 Nc = 75.1 kN  Nc = 75.7 kN Nc = 75.5 kN  
 Nc/As = 172.5 MPa  Nc/As = 172.0 MPa  Nc/As = 171.2 MPa   

 
Fig. A4.12: Six remaining optimised cross-sections for the 3,000 mm long columns and 

the manufacturable case Nmax = 8, from fitter (a) to less fit (f) cross-sections 
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Fig. A6.1: Number of individuals per possible locations of the fastening element, shown 

for Nele = 6 and Case I 

 

 
Fig. A6.2: Number of individuals per possible locations of the fastening element, shown 

for Nele = 8 and Case I 
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Fig. A6.3: Number of individuals per possible locations of the fastening element, shown 

for Nele = 6 and Case II 

 

 
Fig. A6.4: Number of individuals per possible locations of the fastening element, shown 

for Nele = 8 and Case II 
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Fig. A6.5: Number of individuals per possible locations of the fastening element, shown 

for Nele = 6 and Case III 

 

 
Fig. A6.6: Number of individuals per possible locations of the fastening element, shown 

for Nele = 8 and Case III 
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 (a) As = 344.0 mm

2
  (b) As = 342.7 mm

2
 (c) As = 344.2 mm

2
 

 Nc = 75.3 kN  Nc = 75.0 kN Nc = 75.0 kN  
 Nc/As = 218.9 MPa  Nc/As = 218.9 MPa  Nc/As = 217.9 MPa 
 

   
 (d) As = 343.2 mm

2
  (e) As = 344.8 mm

2
 (f) As = 344.3 mm

2
 

 Nc = 74.8 kN  Nc = 75.1 kN Nc = 75.0 kN  
 Nc/As = 217.9 MPa  Nc/As = 217.8 MPa  Nc/As = 217.8 MPa   

 
Fig. A6.7: Six remaining optimised cross-sections for the 2,000 mm long columns and 

Nmax = 4 for Case I, from fitter (a) to less fit (f) cross-sections 
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 (a) As = 338.8 mm

2
  (b) As = 339.3 mm

2
 (c) As = 339.4 mm

2
 

 Nc = 75.0 kN  Nc = 75.0 kN Nc = 75.0 kN  
 Nc/As = 221.4 MPa  Nc/As = 221.0 MPa  Nc/As = 220.9 MPa 
 

   
 (d) As = 340.1 mm

2
  (e) As = 339.0 mm

2
 (f) As = 339.5 mm

2
 

 Nc = 75.0 kN  Nc = 74.7 kN Nc = 74.8 kN  
 Nc/As = 220.6 MPa  Nc/As = 220.5 MPa  Nc/As = 220.4 MPa   

 
Fig. A6.8: Six remaining optimised cross-sections for the 2,000 mm long columns and 

Nmax = 6 for Case I, from fitter (a) to less fit (f) cross-sections 
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 (a) As = 338.3 mm

2
  (b) As = 342.6 mm

2
 (c) As = 338.9 mm

2
 

 Nc = 75.0 kN  Nc = 75.7 kN Nc = 75.0 kN  
 Nc/As = 221.6 MPa  Nc/As = 221.2 MPa  Nc/As = 221.1 MPa 
 

   
 (d) As = 338.7 mm

2
  (e) As = 338.1 mm

2
 (f) As = 340.4 mm

2
 

 Nc = 74.8 kN  Nc = 74.6 kN Nc = 75.0 kN  
 Nc/As = 221.0 MPa  Nc/As = 220.8 MPa  Nc/As = 220.5 MPa   

 
Fig. A6.9: Six remaining optimised cross-sections for the 2,000 mm long columns and 

Nmax = 8 for Case I, from fitter (a) to less fit (f) cross-sections 
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 (a) As = 359.8 mm

2
  (b) As = 359.9 mm

2
 (c) As = 360.6 mm

2
 

 Nc = 74.9 kN  Nc = 75.0 kN Nc = 75.0 kN  
 Nc/As = 208.1 MPa  Nc/As = 208.1 MPa  Nc/As = 208.0 MPa 
 

   
 (d) As = 360.4 mm

2
  (e) As = 364.2 mm

2
 (f) As = 362.5 mm

2
 

 Nc = 75.0 kN  Nc = 75.7 kN Nc = 75.3 kN  
 Nc/As = 208.0 MPa  Nc/As = 207.8 MPa  Nc/As = 207.7 MPa   

 
Fig. A6.10: Six remaining optimised cross-sections for the 2,000 mm long columns and 

Nmax = 4 for Case II, from fitter (a) to less fit (f) cross-sections 
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 (a) As = 339.4 mm

2
  (b) As = 339.7 mm

2
 (c) As = 340.6 mm

2
 

 Nc = 75.0 kN  Nc = 75.0 kN Nc = 75.0 kN  
 Nc/As = 221.0 MPa  Nc/As = 220.9 MPa  Nc/As = 220.2 MPa 
 

   
 (d) As = 340.5 mm

2
  (e) As = 339.9 mm

2
 (f) As = 341.2 mm

2
 

 Nc = 75.0 kN  Nc = 74.9 kN Nc = 75.0 kN  
 Nc/As = 220.2 MPa  Nc/As = 220.2 MPa  Nc/As = 219.9 MPa   

 
Fig. A6.11: Six remaining optimised cross-sections for the 2,000 mm long columns and 

Nmax = 6 for Case II, from fitter (a) to less fit (f) cross-sections 
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 (a) As = 338.1 mm

2
  (b) As = 339.4 mm

2
 (c) As = 338.8 mm

2
 

 Nc = 75.0 kN  Nc = 75.1 kN Nc = 75.0 kN  
 Nc/As = 221.7 MPa  Nc/As = 221.5 MPa  Nc/As = 221.4 MPa 
 

   
 (d) As = 338.8 mm

2
  (e) As = 338.7 mm

2
 (f) As = 340.3 mm

2
 

 Nc = 75.0 kN  Nc = 74.9 kN Nc = 75.2 kN  
 Nc/As = 221.3 MPa  Nc/As = 221.2 MPa  Nc/As = 221.2 MPa   

 
Fig. A6.12: Six remaining optimised cross-sections for the 2,000 mm long columns and 

Nmax = 8 for Case II, from fitter (a) to less fit (f) cross-sections 
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 (a) As = 348.1 mm

2
  (b) As = 348.2 mm

2
 (c) As = 347.8 mm

2
 

 Nc = 75.0 kN  Nc = 75.0 kN Nc = 74.8 kN  
 Nc/As = 215.4 MPa  Nc/As = 215.3 MPa  Nc/As = 215.1 MPa 
 

   
 (d) As = 348.5 mm

2
  (e) As = 349.3 mm

2
 (f) As = 350.6 mm

2
 

 Nc = 74.9 kN  Nc = 74.9 kN Nc = 75.0 kN  
 Nc/As = 214.9 MPa  Nc/As = 214.6 MPa  Nc/As = 214.0 MPa   

 
Fig. A6.13: Six remaining optimised cross-sections for the 2,000 mm long columns and 

Nmax = 6 for Case III, from fitter (a) to less fit (f) cross-sections 
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 (a) As = 345.1 mm

2
  (b) As = 345.2 mm

2
 (c) As = 345.2 mm

2
 

 Nc = 75.0 kN  Nc = 75.0 kN Nc = 75.0 kN  
 Nc/As = 217.4 MPa  Nc/As = 217.2 MPa  Nc/As = 217.1 MPa 
 

   
 (d) As = 345.9 mm

2
  (e) As = 345.3 mm

2
 (f) As = 348.0 mm

2
 

 Nc = 75.1 kN  Nc = 74.9 kN Nc = 75.5 kN  
 Nc/As = 217.0 MPa  Nc/As = 216.9 MPa  Nc/As = 216.8 MPa   

 
Fig. A6.14. Six remaining optimised cross-sections for the 2,000 mm long columns and 

Nmax = 8 for Case III, from fitter (a) to less fit (f) cross-sections 
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 (a) As = 189.31 mm

2
  (b) As = 189.29 mm

2
 (c) As = 189.24 mm

2
 

 Ms = 2.50 kN·m  Ms = 2.50 kN·m Ms = 2.50 kN·m  
 M*/Ms = 1.00  M*/Ms = 1.00  M*/Ms = 1.00 
 

   
 (d) As = 189.16 mm

2
  (e) As = 189.16 mm

2
 (f)  As = 189.06 mm

2
 

 Ms = 2.50 kN·m  Ms = 2.50 kN·m Ms = 2.50 kN·m  
 M*/Ms = 1.00  M*/Ms = 1.00  M*/Ms = 1.00   

 
Fig. A7.1: Six remaining optimised cross-sections for the 1,500 mm long beams and 

the restrained load case (LC1), from fitter (a) to less fit (f) cross-sections 
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 (a) As = 235.21 mm

2
  (b) As = 235.71 mm

2
 (c) As = 235.17 mm

2
 

 Ms = 2.49 kN·m  Ms = 2.51 kN·m Ms = 2.51 kN·m  
 M*/Ms = 1.01  M*/Ms = 1.00  M*/Ms = 1.00 
 

   
 (d) As = 235.11 mm

2
  (e) As = 235.09 mm

2
 (f)  As = 234.88 mm

2
 

 Ms = 2.49 kN·m  Ms = 2.49 kN·m Ms = 2.50 kN·m  
 M*/Ms = 1.00  M*/Ms = 1.01  M*/Ms = 1.00   

 
Fig. A7.2: Six remaining optimised cross-sections for the 1,500 mm long beams and 

the unrestrained load case (LC2), from fitter (a) to less fit (f) cross-sections 
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 (a) As = 287.7 mm
2
  (b) As = 287.7 mm

2
 (c) As = 287.9 mm

2
 

 Nc = 74.9 kN  Nc = 75.1 kN Nc = 74.9 kN  
 N*/Nc = 1.00  N*/Nc = 1.00  N*/Nc = 1.00 
 

 

 (d) As = 287.9 mm
2
  (e) As = 288.4 mm

2
 (f)  As = 288.8 mm

2
 

 Nc = 75.0 kN  Nc = 75.1 kN Nc = 74.8 kN  
 N*/Nc = 1.00  N*/Nc = 1.00  N*/Nc = 1.00   

 
Fig. A7.3: Six remaining optimised cross-sections for the 1,500 mm long columns and 

the LC3, from fitter (a) to less fit (f) cross-sections 
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 (a) As = 287.7 mm
2
  (b) As = 287.7 mm

2
 (c) As = 287.9 mm

2
 

 Nc = 74.9 kN  Nc = 75.1 kN Nc = 74.9 kN  
 N*/Nc = 1.00  N*/Nc = 1.00  N*/Nc = 1.00 
 

 

 (d) As = 287.9 mm
2
  (e) As = 288.4 mm

2
 (f)  As = 288.8 mm

2
 

 Nc = 75.0 kN  Nc = 75.1 kN Nc = 74.8 kN  
 N*/Nc = 1.00  N*/Nc = 1.00  N*/Nc = 1.00   

 
Fig. A7.4: Six remaining optimised cross-sections for the 1,500 mm long beam-

columns and the LC4, from fitter (a) to less fit (f) cross-sections 
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(a) As = 282.28 mm
2

(b) As = 282.13 mm
2

(c) As = 281.47 mm
2

Nc = 67.5 kN Nc = 67.2 kN Nc = 69.7 kN
Mb = 3.20 kN·m Mb = 3.38 kN·m Mb = 2.94 kN·m
N*/Nc+M*/Mb = 1.00 N*/Nc+M*/Mb = 0.99 N*/Nc+M*/Mb = 1.00

(d) As = 281.27 mm
2

(e) As = 281.27 mm
2

(f) As = 281.12 mm
2

Nc = 68.4 kN Nc = 68.3 kN Nc = 66.2 kN
Mb = 3.18 kN·m Mb = 3.17 kN·m Mb = 3.42 kN·m
N*/Nc+M*/Mb = 0.99 N*/Nc+M*/Mb = 0.99 N*/Nc+M*/Mb = 1.00

Fig. A7.5: Six remaining optimised cross-sections for the 1,500 mm long beam-
columns and the LC5, from fitter (a) to less fit (f) cross-sections 
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