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ABSTRACT 

 

It is widely known that the best classifier for a given problem is often problem 

dependent and there is no one classification algorithm that is the best for all 

classification tasks. A natural question that arise is: can we combine multiple 

classification algorithms to achieve higher classification accuracy than a single one? 

That is the idea behind a class of methods called ensemble method. Ensemble method 

is defined as the combination of several classifiers with the aim of achieving lower 

classification error rate than using a single classifier. Ensemble methods have been 

applying to various applications ranging from computer aided medical diagnosis, 

computer vision, software engineering, to information retrieval.  

In this study, we focus on heterogeneous ensemble methods in which a fixed set 

of diverse learning algorithms are learned on the same training set to generate the 

different classifiers and the class prediction is then made based on the output of these 

classifiers (called Level1 data or meta-data). The research on heterogeneous ensemble 

methods is mainly focused on two aspects: (i) to propose efficient classifiers combining 

methods on meta-data to achieve high accuracy, and (ii) to optimize the ensemble by 

performing feature and classifier selection. Although various approaches related to 

heterogeneous ensemble methods have been proposed, some research gaps still exist. 

First, in ensemble learning, the meta-data of an observation reflects the agreement and 

disagreement between the different base classifiers. A combiner which can explicitly 

represent knowledge with uncertainty is therefore desirable. Until now, there is a lack 
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of combining methods which can explicitly capture the uncertainty within the meta-

data. Second, learning methods from different AI domains can be used to create hybrid 

systems that combine the strength of each component. Finally, there is a need to further 

advance the research on feature and classifier selection for heterogeneous ensemble 

system since existing methods do not consider feature and classifier selection 

simultaneously. 

To bridge these research gaps, we first propose an algorithm based on Information 

Granularity to capture the uncertainty in the meta-data. Specifically, instead of dealing 

with precise numerical posterior probabilities like that encountered in traditional 

classification systems, we propose a novel combining classifiers algorithm that 

captures the uncertainty in the outputs of base classifiers explicitly using an interval-

based representation. Next, we introduce a hybrid system where a fuzzy rule-based 

inference system is combined with a heterogeneous ensemble system. Our hybrid 

system is able to represent the uncertainty in the meta-data using fuzzy sets. By 

studying the property of the meta-data from an ensemble of base classifiers, we also 

propose a combining method based on Bayesian framework in which the likelihood 

distribution is approximated by Variational Inference. Finally, we propose using 

Genetic Algorithm to simultaneously select the base classifiers and their associated 

feature set so as to minimize the classification error rate for the ensemble. Extensive 

experimental results on the UCI datasets show that our proposed methods are better 

than the benchmark algorithms we compared with, including AdaBoost, Decision 

Template, Two State Ensemble System, Discriminative Restricted Boltzmann 

Machine, and L2-Loss Linear Support Vector Machine. 
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Notations Description 

 Observation data or training set 

= { } = 1, … ,  An observation with  features 

 Number of classes 

 Number of training observations 

 Number of learning algorithms 

= { } ,…,    Set of labels 

∈  Class label of  

 ( = 1, … , ) Number of training observations belonging to class  

{ } ,…,   learning algorithms 

{ } ,…,   base classifiers associated with  learning algorithms 

 Meta-data or Level1 data of  

( ) Meta-data or Level1 data of observation  

 Meta-data or Level1 data belonging to class  

,   column of  

C{ ∙ } Relative cardinality of a set 

⟦∙⟧ Equals to 1 if condition is true, otherwise 0 

ℎ Hypothesis about the relationship between  and  

Tr(. ) Trace operator of a matrix 

Γ(. ) Gamma function defined by Γ(. ) = ∫  . 
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CHAPTER 1 

Introduction 

 

 

1.1 SUPERVISED LEARNING 

Supervised learning has found numerous applications in many fields likes 

information retrieval [1, 2], medical applications [3-6], and software engineering [7, 

8]. In this type of learning, we have a labeled dataset called training set. Our job is to 

exploit the knowledge and relationship in the training set for decision making. On 

that basis, we apply decision model obtained from training to predict the class label 

of new observations. In supervised learning, we distinguish between two modes, 

namely regression and classification, where the input space is mapped into a real-

valued domain by the first and into predefined classes by the later. 

In some situations, instead of having a training set, only raw data is available. 

To solve this problem using supervised learning, we need to process the raw data to 

generate the training set. For example, in automatic image annotation problem, we 

only have the raw data in the form of digital images. To obtain the training set, first, 

each image is segmented by a segmentation algorithm, and after that, each important 

region in the image is annotated manually. The training set here is not the raw image 

data. Instead, it is the feature vector of each region and the assigned tagging [9]. 
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In a training set  with  observations, each observation can be written as 

( , ), where = ( , , … , )  is a vector of  features, called feature vector, 

and ∈  is the class label of . The domain of  can consist of a set of indices 

like (1,2, … , ) or labels like ( , ). The relationship between   and  

can be described by an unknown function  i.e. = ( ). 

The features of an observation can vary by: 

 Different data types: features in a feature vector may have different data type 

depending on the data set. The data type can be numerical, nominal, string 

label. 

 Different measurement type and range: components in a feature vector reflect 

different attributes of the same object; as a result, they usually have different 

measurement type and range. 

 Different nature: each attribute reflects different characteristic of an object  

In addition, some attributes of a feature vector may not be collected in 

practice. For example, some data cannot be obtained due to weather condition, or due 

to negligence in data collection, or due to the sampling process, or due to the 

interviewee unwilling to provide information. These attributes are marked as 

missing. There are methods to handle missing data such as missing data imputation 

from observed attributes or omitting feature vectors having missing attributes. In the 

former, average value computed from non-missing attributes is usually used to 

replace the missing value. Other more sophisticated imputation methods can also be 

employed to generate value for missing attributes [10]. In the latter, all feature 

vectors that contain missing attributes will be removed from the dataset. Although 
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this approach is simple, it is not good in case only a small dataset is available. In our 

research, we apply both approaches depending on the number of observations in the 

dataset as well as the context of the problem. 

 

Figure 1.1: A model of learning system 

Figure 1.1 illustrates the general framework of a supervised learning system. 

Features of each observation in the training set are first pre-processed depending on 

the context of the application. For example, missing attributes are imputed or are 

removed from the training set. Attributes may be normalized or be transformed by a 

kernel function. A learning algorithm is then applied to the processed feature vectors 

to generate a classifier, which is the model describing the relationship between 

feature vector and its class label. The model can be viewed as the hypothesis 

proposed by the learning algorithm to describe about the hidden relationship. The 

model can then be used to generate prediction for an observation. Depending on the 

context of the problem, the predicted value may be a number in regression task or 

category label in classification task. 

 

1.2 ENSEMBLE METHODS  

In practice, data gathered from various sources can vary in nature. A classifier 

generated from a learning algorithm can achieve high accuracy with some datasets 
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but has high error rate with others. In particular, applying different learning 

algorithms to a dataset could produce different classification output. There is no 

single learning algorithm that performs well on all datasets. Experiments have shown 

that simple algorithms like -Nearest Neighbor ( NN) in some cases may have 

better accuracy compared with more sophisticated approaches such as Decision Tree 

(DT) or Support Vector Machine (SVM).  

Another approach to achieve high performance in a classification task is to 

combine several learning algorithms in an ensemble system to obtain higher accuracy 

compared with that of single one. In general, it is difficult to know a priori which 

learning algorithm is suitable for a particular dataset. Ensemble method combines 

different models with the aim of achieving lower classification error rate than using a 

single model. The concept of “model” in ensemble methods is to be understood in a 

broad sense, including not only the implementation of different learning algorithms, 

or the creation of multiple training sets for the same learning algorithm, but also the 

generation of generic classifiers in combination to improve the accuracy of a 

classification task.  

1.2.1 How ensemble methods work? 

Assume that we have a training set with  observations. A learning algorithm 

outputs a classifier which is a hypothesis about the relationship  between the 

observation and the class label. The class label of an observation  will be predicted 

based on that hypothesis. A system with  learning algorithms will output  

classifiers with  hypotheses, denoted by ℎ , ℎ , … , ℎ . Dietterich [11] showed three 
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reasons why an ensemble method may perform better than a single classifier system 

(Figure 1.2). 

 

Figure 1.2. Three reasons why ensemble methods may be more powerful  

(a) Statistical (b) Computational (c) Representational 

(a) Statistical: In some circumstances, the number of observations in a training 

set is not enough compared with the size of the hypothesis space H that 

includes all hypotheses generated by a learning algorithm. Consequently, the 

algorithm will search on many hypotheses with the same error rate. By using 

ensemble methods, we can perform average voting among all learning 

algorithms. 

(b) Computational: Many algorithms perform local search to obtain locally 

optimum solution. In ensemble methods, by changing the starting point of 
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algorithms, we can have a better approximation of the relationship  between 

feature vector  and its class label  compared with that of single learning 

algorithm. 

(c) Representational: The unknown relationship   between  and   in some

cases cannot be modeled by a single hypothesis. By using a linear

combinations of multiple hypotheses, we can achieve a better approximation

for .

1.2.2 Taxonomy of ensemble methods 

Over the past 30 years, various ensemble-based approaches have been 

proposed. As a result, there are many taxonomies of ensemble methods that focus on 

the different factors and conceptual views of the ensemble system. First, Sharkey 

[12] classified ensemble methods in 3 ways:

 Competition and Cooperation: Using one model or multi model for a

classification task. In the first, the best model in the group will be selected. In

the later, all models in the group will be used and their results are combined.

 Top-down and Bottom-up approach: Bottom-up approach uses outputs from

members to combine and based on the nature of the combination task, we can

divide Bottom-up approaches into two types, namely fixed and dynamic

combining methods. In the later, each classifier has different contribution to

the final combination by being assigned a different weight. In Top-down

approach, combination is not formed by getting results from members,

instead, different approaches are used in a hierarchical strategy.
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 Pure and Modular Ensemble: Pure Ensemble is a type of ensemble that uses a

group of different learning algorithms to solve a task by generating different

classifiers on the same training set. These classifiers will be combined to

create the final model for the function . By contrast, Modular Ensemble is a

strategy in which the problem is divided into many small manageable

problems, and different learning algorithm solves a single small problem or

the same learning algorithm is performed on different training set scheme.

Meanwhile, Ho [13] divided ensemble methods into two types: 

 Mixture of experts: Using a fixed set of different classifiers and after that

making decision from the outputs of these classifiers. The approach focuses

more on the algorithm that combines the classifiers’ outputs to achieve higher

accuracy than any of the single classifier.

 Coverage: Generating generic classifiers on different training sets generated

from an original one. Generic classifiers are generated from the same learning

algorithm but have different parameters. Next, these classifiers are combined

to give the final decision.

Kuncheva [14] categorized ensemble systems into 4 types: 

 Combination Level: The type of combination used. From the outputs of each

classifier, what kind of combination is used to combine the results to produce

the final class label prediction for the observations in the test set?

 Classifier Level: Determine what classifiers are selected to build the

ensemble?
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 Feature Level: Determine what attributes in a feature vector are chosen for a 

particular classifier? 

 Data Level: Determine what data set is used for each classifier. In many 

cases, we can extract from an object many different feature vectors. For 

example, from an image, we can extract feature vectors related to the 

distribution of gray levels in the image, texture, or the shape of objects in the 

image. Thus, many different dataset can be created from the same image. The 

problem here is how to decide whether a dataset is suitable for a classifier. 

This can be seen as learning from data, in which we determine which data set 

is most appropriate for which classifier. 

Zhou [15] discussed three threads of research in ensemble methods; that is 

combining classifiers, ensemble of weak learners, and mixture of experts. Combining 

classifiers has been mostly studied in the pattern recognition community in which the 

main task is to design powerful combining rules to obtain better classification result 

than any of the single classifier. Ensemble of weak learners has been mostly studied 

in the machine learning community where researchers try to design powerful 

algorithm to boost classification performance from weak to strong. This thread of 

work has led to insights on how to combine multiple weak learners to form a strong 

one. There are several state-of-the-art ensemble methods introduced based on this 

approach like AdaBoost and Bagging. The mixture of experts concept has been 

mostly studied in the neural network community. In this thread, a mixture of 

parametric models is learned together and combining rules are proposed to get an 

overall solution.  
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Figure 1.3: Taxonomy of ensemble methods by Rokach [16] 

Finally, in a more detailed way, Rokach proposed a taxonomy [16] based on 

the relationship between the components of an ensemble system. This classification 

has a lot of overlap, but it covers almost the entire spectrum of ensemble approaches. 
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To use this classification, the definition of 3 fundamental elements in an ensemble 

was introduced: 

 Inducer: a learning algorithm that forms a model from training set, describing 

the relationship between  and its target ( ). 

 Ensemble generator: generate diverse classifiers, which are different 

classifiers from the same family. 

 Combiner: combine different classifiers to make final decision. 

Based on the above components, five dimensions of the taxonomy of an 

ensemble system were introduced as illustrated in Figure 1.3 

 Combiner usage: This grouping looks at the relationship between the 

ensemble generator and the combiner, i.e. whether the ensemble generator is 

dependent or independent to the combiner.  

 Classifier dependency: This grouping looks at whether the classifiers are 

independent or dependent in each step of the process. Specifically, whether 

the output of a classifier in the previous step will affect the generation of 

subsequent classifiers in the next step. 

 Ensemble diversity: Diversity is achieved when the outputs of classifiers are 

not correlated. This involves choosing learning algorithms that use different 

strategies. Besides, another way to create diversity is to create different 

training sets from the original training set for the ensemble of classifiers. 

 Ensemble size: It is difficult to know how many classifiers are good enough 

for a classification task. Hansen et al. [17] showed that 10 classifiers are 

sufficient but this is not the case with some ensemble systems such as 
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AdaBoost with decision tree as weak learner. In general, the number of 

classifiers is determined by criteria like available resources for computation, 

nature of classification problem, and the desired accuracy [16]. In some 

situations, the removal of one or several classifiers can improve the 

performance of ensemble method. 

 Cross-Inducer: This grouping is based on the relationship between the 

ensemble technique and the inducer. Some ensembles are created only with 

specific inducers whereas others can be used with many different types of 

inducers. 

1.2.3 Applications of ensemble methods 

Ensemble methods have found wide application in many real life problems 

ranging from medical diagnosis to malware detection. The wide range of applications 

shows the importance and practicality of ensemble methods. Below we describe 

some of these applications.   

In [6], Mangiameli et al. built a model selection system for a Medical Decision 

Support System (MDSS). Their purpose was to explore how model selection affects 

the accuracy of MDSS. In this approach, the authors used Bagging algorithm to make 

a fusion. Experiment was conducted on 5 medical datasets and they showed that 

ensemble method was better than single method on 4 out of 5 datasets. In [4], 

AdaBoost was combined with SVM learning algorithm to detect Alzheimer’s disease 

through automated hippocampal segmentation. The idea was to use AdaBoost for 

feature selection and SVM as a classifier. By divide the training set into two sets, 

namely negative and positive set based on the output of SVM, a classification tree 
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was built. Their experiment showed that their proposed model obtained higher 

accuracy for classifying Alzheimer’s disease data compared with that of SVM and 

AdaBoost alone.  

The most well-known application of ensemble method in computer vision field 

came from Viola and Jones [18]. They proposed an algorithm for face detection in 

which a cascade of AdaBoost algorithm was designed to handle face and non-face 

images. They reported that their method is 15 times faster than the other state-of-the-

art face detectors at the time, requiring only 0.067 seconds for a 384x288 images on 

a 466MHz CPU. Moreover, ensemble method has also been applied to detect land-

cover transitions in remote-sensing images. Bruzzone et al. [19] used three base 

classifiers, namely Multilayer Perceptron Neural Network, Radial Basis Function 

Neural Network, and NN in an ensemble framework. Experiment was also 

conducted with different combining strategy like majority voting, Bayesian average 

and Bayesian weight average. Recently, a group of SVM was designed to analyze 

hyper spectral images to discover regions such as grass, roof, road or tree in an image 

[20].  

In malware analysis, an ensemble system using five different base classifiers 

(C4.5 Decision Tree, Naïve Bayes, NN, VFI, and OneR) was used to detect 

malware such as virus and worm [7]. Seven combining methods were run on 5 

datasets to determine which was best for the detection of malicious software. In [8], 

Moskovitch et al. explored the activity of unknown worm in individual computers 

monitored by an agent. The authors applied ensemble method by building 4 learning 

algorithms running on a subset of feature vector selected by 4 feature selection 
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methods. Their framework obtained more than 90% accuracy in the worm 

classification task. 

In addition to computer aided medical diagnosis, computer vision, and malware 

analysis mentioned above, ensemble methods have also being applied in 

manufacturing [21] and bioinformatics [22]. Besides, algorithms based on ensemble 

method have also won many competitions such as the Netflix Prize 

(http://www.netflixprize.com) and the KDD-Cup (http://www.sigkdd.org/kddcup). 

The Netflix competition was organized by Netflix in which they wanted to improve 

their system’s prediction accuracy by a least 10%. On 21th September 2009, the team 

Bell Kor’s Pragmatic Chaos won the $1M grant prize from Netflix by combining 

multiple classifiers including NN, Discriminative Restricted Boltzmann Machine 

(DRBM), and Asymmetric Factor Model. The KDD-Cup competition is organized 

every year by the data mining community and has attracted interests from all over the 

world. Both the first and second-place winners from 2009 to 2011 have employed 

ensemble method in their algorithms. 

 

1.3 LEARNING ALGORITHMS 

In this section, we introduce the different learning algorithms, some of which 

we have used in our work to construct our ensemble systems. 

1.3.1 Linear Discriminant Analysis and Fisher classifier 

Linear Discriminative Analysis (LDA) is one of the most popular learning 

algorithms. We illustrate the idea of LDA for binary classification problem in which 
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the discriminative decision is given by ∈  if ( | )
( | )

> 1 and vice versa. Using 

Bayesian theorem, P( | ) = ( | ) ( )
( )

,  we have: 

∈  if  ( | ) ( )
( | ) ( )

> 1 (1.1) 

Assume that the distributions of P( | ) and P( | ) are  P( | )~ ( , ) and 

P( | )~ ( , ), and the covariance matrix of the two distributions are equal, i.e. 

= = , we have: 

( | )
( | )

=
( ) ( )

( ) ( )
 (1.2) 

↔ log ( | )
( | )

= ( − ) −  (1.3) 

So the discriminative model is given in the form of a linear function: 

∈  if  log ( | ) ( )
( | ) ( )

= + > 0 (1.4) 

in which = ( − ) and = − ( − ) + log ( )
( )

 

For the case of diminishing  so that the discriminative function is in the form of 

= ( − ) , we obtain the Fisher classifier. Similar analysis can be used 

for the classification problem with more than two classes. 

 

1.3.2 Naïve Bayes classifier 

Naive Bayes classifier is based on the assumption that the value of a particular 

feature is independent of the value of any other feature, given the class variable. 
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Given a problem instance represented by a vector = ( , , … , ) , it computes 

the posterior probabilities P( | ) for each of the  classes. Using Bayes theorem, 

the conditional probability can be decomposed as P( | ) = ( ) ( | )
( )

 

The numerator is equivalent to the joint probability model P( , ) =

P( , , , … , ) which can be rewritten using the chain rule as: 

P( , , , … , ) =

P( | , … , , )P( | , … , , ) … P( | , )P( | )P( ) (1.5) 

The Naïve Bayes classifier assumes that given the class label, the features are 

independent of each other within each class: 

P( | , … , , ) = P( | ) = 1, … , − 1 (1.6) 

Thus, the conditional distribution over the class  is given by: 

P( | ) = ( , , ,…, )
( )

= ( )
( )

∏ P( | ) (1.7) 

where P( ) is a scaling factor dependent only on , , … , , that is, a constant if 

the values of the feature variables are known. Therefore, the class label  is predicted 

for an observation  based on the maximum of posterior probability P( | ) 

( = 1, … , ) as follows: 

∈  if = arg max ,…, P( ) ∏ P( | ) (1.8) 

To compute the likelihood P( | ), we can assume its distribution to be: 

P( | )~ ( | , ) → P( | )~P( ) ∏
√

exp −  (1.9) 
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or 

P( | )~ ( ) → P( | )~P( ) ∏ (1 − )( ) in which 

∈ {0,1} (1.10) 

 

1.3.3  Nearest Neighbors 

The NN is a non-parametric learning algorithm in supervised learning. The input 

consists of the  closest training examples and an observation is classified by a 

majority vote of its neighbors, with the observation being assigned to the class that is 

the most common among its  nearest neighbors. Specifically, suppose that we have 

a training set comprising  observations belonging to class  and ∑ = . 

To classify an observation , we draw a sphere centered on  containing precisely  

observations. Suppose this sphere has volume  and contains  data points from 

class  (∑ = ). The likelihood density associated with each class label is 

given by [23]: 

P( | ) =  (1.11) 

The evidence density is given by: 

P( ) =  (1.12) 

and the prior associated with each class label is given by: 

P( ) =  (1.13) 
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Using Bayes theorem, the posterior associated with class  is obtained as: 

P( | ) = ( | ) ( )
( )

=  (1.14) 

The class label once again is predicted based on the maximum of the posterior 

probabilities P( | ) ( = 1, … , ). 

 

1.3.4 Support Vector Machine 

Support Vector Machine (SVM) is a learning algorithm that tries to separate 

observations of different classes with a maximum margin hyperplane. Here, we 

illustrate the idea of SVM for binary classification. Suppose that positive (+1) and 

negative (-1) training observations can be separated by a hyperplane { : ( ) = +

= 0} where  is the weight vector and  is the bias. If the training data from 

the two classes are linearly separable, we can select two parallel hyperplanes (1.15) 

that separate the observations into two classes, so that the distance between them is 

as large as possible. Training observations that lie on either one of the hyperplanes 

are said to be the support vectors 

+ = +1
+ = −1

 (1.15) 

The region bounded by these two hyperplanes is called the "margin" which has value 

2 ‖ ‖⁄ . So to maximize the margin, we minimize: 

min ‖ ‖   (1.16) 
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As we also have to prevent data points from falling into the margin, the following 

constraint (1.17) is added: 

( + ) ≥ 1 ( = 1, … , ) (1.17) 

The convex optimization problem (1.17) is solved by using Lagrangian multipliers 

[24]. In cases where the data is intrinsically nonlinear and not linearly separable, we 

can use a kernel function to map from the original feature space to a higher-

dimensional space where the data become linearly separable [24]. It is noted that 

Linear SVM can take a long time to run on datasets that have many observations due 

to the algorithm’s computational complexity. Recently, L2-loss linear SVM, a 

modification of Linear SVM, was introduced for large datasets [25]. 

 

1.4 EVALUATION AND COMPARISON 

1.4.1 Performance Measurement 

Classification error rate is commonly used to assess the performance of a 

classification system. However, in some situations, classification error rate alone is 

not sufficient to judge a system’s performance. For example, for a datasets with 95% 

of the observations belonging to class 1 and 5% to class 2, if we simply assign every 

observation to class 1, the accuracy of our classification system would be 95%. 

Obviously, this classifier will not be very useful as it will always fail to predict class 

2. 



Chapter 1 
 

19 
 

In this study, besides classification error rate, we also use F1 score to evaluate 

the performance [26]. Specifically, let   be the number of observations from the 

 class  predicted to be in the  class for , = 1, … , .  The classification error 

rate is given by: 

Error Rate = 1 − ∑
∑ ∑

 (1.18) 

The Precision, Recall and F1 score associated with the  class are computed as: 

Precision =
∑

 (1.19) 

Recall =
∑

 (1.20) 

F1 = × ×  (1.21) 

The F1 score is the average value on all F1   

F1 = ∑ F1  (1.22) 

 

1.4.2 Statistical Tests of Significance 

In this section, we introduce several statistical tests that can be used to compare 

the performance of two learning algorithms. Here we test the null hypothesis that 

“two methods perform equally”. Algorithm 1.1 outlines the steps involved to 

compare the performance of two learning algorithms using a separate training and 

test set. 
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Algorithms 1.1: Procedure to compare two learning algorithms 

Input Training set ; test set ; learning algorithm 

,   

Output Statistical test result 

 Classifier  = Learn( , ) 

Classifier  = Learn( , ) 

Predicted Labels 1 = Classify( , ) 

Predicted Labels 2 = Classify( , ) 

Report performance scores based on Predicted 

Labels 1 and Predicted Labels 2 

Conduct statistical test on the performance 

scores  

Report the result of statistical test 

 

However, many experimental datasets are not separated into training and test sets. 

Although a training set and test set can be randomly selected from a dataset for the 

experiment in Algorithm 1, here we introduce Algorithm 2 to compare the 

performances of two methods by another approach. In this algorithm, a  -fold Cross 

Validation procedure is used to randomly separate a single set of observations  into 

 non-intersecting sets ( ). Two learning algorithms are trained on the same 

training set − ( ) to obtain the learners which are then used to classify the 

observations in ( ). In this study, the -fold Cross Validation procedure is run a 

number of times and the performance scores on each ( ) are used for the statistical 

test. 
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Algorithms 1.2: CV-based procedure to compare two learning 

algorithms  

Input Dataset ; number of times to run -fold Cross 

Validation: iter; ; learning algorithm ,  

Output Statistical test result 

 For  = 1 to iter 

        Call T-fold Cross Validation on dataset  

        For t = 1 to T 

            Test set  = ( ) 

            Training set  =  −  

            Classifier  = Learn( , ) 

            Classifier  = Learn( , ) 

            Predicted Labels 1 = Classify( , ) 

            Predicted Labels 2 = Classify( , ) 

            Report performance scores based on  

            Predicted Labels 1 and Predicted  

            Labels 2 

        End 

End 

Conduct statistical test on the performance 

scores  

Report the result of statistical test 

 

Based on Algorithms 2, we obtain (iter × ) pairs of performance score of two 

learning algorithms. We use two statistical tests, i.e. paired t-test and Wilcoxon 
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signed rank test, to assess the statistical significance of the difference between the 

classification results on a dataset [27]. We denote  as the difference between the 

performance scores of  and  on  out of (iter × ) test sets. The paired t–test 

assumes that the differences between pairs are normally distributed while does not 

assume that the observations within each group are normal. To conduct the test, we 

compute sample mean and variance of the differences and then compute the  

statistic  

̅ =
| × |

∑( × )  (1.23) 

=
| × |

∑ − ̅( × )  (1.24) 

=
( × )⁄

 (1.25) 

If |iter × | is large enough, the distribution of the  statistic will be approximated 

by Student distribution with |iter × − 1| degree of freedom i.e.  ~Student(iter ×

− 1).  

The Wilcoxon signed rank test is a non-parametric test with no assumption about the 

distribution of the differences. To conduct the test, first,  are ranked according to 

their absolute values and in cases of no difference between two values, averaged 

ranks are assigned to them. Then, we compute  and  as the sum of ranks for 

> 0 and < 0, respectively. 

= ∑ rank( ) + ∑ rank( ) (1.26) 

= ∑ rank( ) + ∑ rank( ) (1.27) 



Chapter 1 
 

23 
 

Let  be the smaller of the two sums 

= min( , ) (1.28) 

For large number of (iter × ), the distribution of the statistic 

=
× × ( × )

× ( × )( × × )
 (1.29) 

will be approximately normally distributed.  

Based on the value of statistic  or , we can obtain the −  of the test. The 

performance scores of two methods are treated as significantly different if the −

 of the test is smaller than a given significant level . In the experiments in 

following chapters, we perform 10-fold CV and repeated it 10 times to obtain 100 

test results for each dataset. The Wilcoxon signed rank test will be used with =0.05 

to assess the performances between the proposed method and the algorithms we 

benchmark with. 
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CHAPTER 2 

Literature Review and Proposed 
Research 
 

In this chapter, we describe some major research done in ensemble methods as 

well as the research problem proposed in this study. Although many approaches for 

ensemble method have been proposed, they can be categorized into two types [28]: 

 Heterogeneous ensemble methods: A fixed set of diverse learning algorithms 

are used on the same training set to generate the different base classifiers and 

then a combiner is used to make decision on the outputs of these classifiers 

[28, 29]. The approach focuses more on the algorithms to combine the base 

classifiers’ outputs to achieve higher accuracy than any single base 

classifiers. 

 Homogeneous ensemble methods: Generic classifiers are generated by 

learning a single learning algorithm on different training set schemes 

obtained from an original one. Then, the outputs of these classifiers are 

combined to give the final decision. There are four state-of-the-art 

homogeneous ensemble methods, namely Bagging [30], Boosting [31], 

Random Subspace [32], and Random Forest [33]. 

 

 



PhD Thesis, Griffith University 
 

25 
 

2.1 HOMOGENEOUS ENSEMBLE SYSTEMS 

2.1.1 Research on homogeneous ensemble systems 

Research in this category mainly focused on creating new training set from the 

original one. Typically, the set of classifiers are generated from a single learning 

algorithm applied to many different training set schemes. In the literature, the 

research in homogeneous ensemble method can be categorized based on three 

aspects: 

 Design of new ensemble systems: Some recent research has focus on 

designing new ensemble systems. Verma and Rahman generated ensemble of 

classifiers based on clustering a dataset at multi-layer [34] as well as the 

learning of cluster boundaries [35]. Rodriguez et al. [36] proposed Rotation 

Forest in which principal component analysis (PCA) is applied to each of the 

 subsets randomly splitted from a feature set. Therefore,  axis rotations 

form the new features for a base classifier. Schclar and Lokach [37] learned 

ensemble system on training set schemes generated from a training set by 

using random matrices. Blaser and Fryzlewicz [38] designed a novel 

ensemble system by generating random rotation matrices to rotate the feature 

space before generating the base classifiers. 

 Enhancement of ensemble methods: This approach focuses on introducing 

techniques to enhance the performance of Bagging, Boosting, Random 

Subspace, and Random Forest. For example, several classifiers selection or 

redundant classifiers pruning methods were proposed e.g. dynamic classifiers 

selection [39], instance-based pruning [40], ordered aggregation-based 
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pruning [41], semi-definite programming [42], and clustering-and-selection 

approach [43]. There are also proposed hybrid approaches to weigh base 

classifiers in Random Subspace [44], and weigh feature subspaces in Bagging 

[45]. Several methods had also been introduced to improve the performance 

of AdaBoost, for example by maximizing the margin between training 

samples of different classes via linear programming in LPBoost [46], via 

quadratic programming in TotalBoost [47], and learning from skewed 

training data in RUSBoost [48] to handle imbalance datasets. Besides the 

well-known combining algorithms like Sum and Majority Vote [49], novel 

combiners were introduced to enhance the task of combining on classifiers’ 

outputs. For example, Kuncheva et al. [14] used Ordered Weighted 

Averaging (OWA) operators to aggregate the classifiers’ outputs. Wang et al. 

[50] proposed a new fusion scheme based on upper integral. 

 Study on properties of ensemble: Several researches look at properties of 

ensemble such as diversity, margin, and generalization error bound, and their 

relationships. For instance, Kuncheva et al. [51] studied ten diversity 

measures among binary classifiers and examined the relationships between 

accuracy and measures of diversity. Tang et al. [52] studied six diversity 

measures theoretically to understand the relations between them and the 

concept of margin. Gao and Zhou [53] obtained a tight generalization error 

bound by considering the empirical average margin and margin variance. 

Wang et al. [54] studied the relationship between the model’s generalization 

ability and fuzziness of fuzzy classifiers. Kuncheva et al. [55] derived bound 
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of kappa-error diagram which is used to analyze the performance of ensemble 

systems. 

Although many approaches concerning homogeneous ensemble method have 

been introduced, in this thesis, we briefly describe two well-known methods namely 

Boosting and Bagging which are applied widely to many real-life applications. 

2.1.2 Boosting family 

The most well-known ensemble method is Boosting, where Breiman [33] 

referred to as the most significant research in classifier design at the end of the 20th 

century. The idea of this approach is to combine a group of weak learners, with 

accuracy slightly better than 50%, i.e. slightly better than random guessing, to form a 

single strong classifier with the aim of achieving lower error rate than that of the 

weak learning algorithms running on the same training set (see Algorithm 2.1). 

Based on the taxonomy [16] discussed in Chapter 1, Boosting is a model guided 

instance selection method in which the model in the next iteration is guided by the 

previous one.  

Algorithm 2.1: The general Boosting procedure 

Input Training set ; learning algorithm ; and 

number of learning rounds  

 Initialize distribution 

=  

For = 1 to  

Learn hypothesis ℎ = ( , ); 

Compute error rate = P ~ (ℎ ( ) ≠ ) 

= _ ( , ) 
End 
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Return H(∙) = _ ℎ (∙), … , ℎ (∙)  

 

One of the most well-known Boosting algorithms is AdaBoost, which was 

introduced by Freund and Schapire in 1996 [31]. It is an algorithm in the Boosting 

family which helps improve the performance of any learning methods. The main idea 

of this algorithm is to maintain a distribution (weight) over the given training 

samples. In each iteration, the distribution (weights) of training samples is changed; 

consequently hypothesis associated with these samples will also change accordingly. 

AdaBoost focuses on hard samples in the training set by increasing the weights of 

misclassified observations in each step of the algorithm. The finally hypothesis is 

obtained by weighted-based voting in which greater weight is given to hypotheses 

with lower error. 

Two extensions for multi-class problem, namely AdaBoost.M1 and 

AdaBoost.M2, have been proposed after that. AdaBoost.M1 assigns only one label 

for each sample through hypothesis and computes error just using the difference 

between assigned label of sample and its true label. The loop in this algorithm breaks 

when classification error is greater than 0.5. So if one of the classifiers has lower 

accuracy than random guessing, the algorithm will fail. AdaBoost.M2 overcomes this 

issue by extending the communication between the boosting algorithm and the weak 

learner. Instead of choosing one label for each sample as in M1, AdaBoost.M2 gives 

a set of “plausible” labels. Each weak hypothesis returns a vector in which each 

component belongs to (0, 1) and components close to 1 or 0 are considered to be 

plausible and implausible, respectively.  
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AdaBoost was improved in [56] by employing a reweighting and relabeling 

technique in a 2-step algorithms. Both the weight and the label of the observations in 

the training set are updated at each iteration of the algorithm.  Sun et al. [57] 

proposed an approach that excludes observations too hard to be classified correctly. 

To implement this idea, two algorithms called AdaBoostKL and AdaBoostNorm2 

were introduced based on Kullback-Leibler divergence and L2-Norm to smooth the 

convex penalty function. In addition, there are several Boosting algorithms being 

proposed like LPBoost [46] (maximizes the minimum margin of all observations in 

the training set) and LogisBoost [58] (replaces exponential cost function in AdaBoost 

with logistic regression). Shen et al. [59] showed that maximizing the margins and 

controlling the margin variance simultaneously can maintain the margin distribution 

to ensure a successful Boosting algorithm. 

 

2.1.3 Bagging family 

Bagging is an acronym for the phrase “Bootstrap Aggregating” introduced by 

Breiman [30]. This approach creates new training set from the original one using 

bootstrap method in statistics. In this technique, observations is drawn with 

replacement from training set until the size of the new training set is equal to that of 

the original one. An observation may appear many times in the new set. A 

consequence of this resampling process is that the new training set is not statistically 

independent to the original training set, although diversity is achieved by having 

many training set schemes. A learning algorithm runs on all newly generated training 

sets, and then the outputs are combined in some way, such as voting. 
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Bagging requires the learning algorithms to be unstable. This means that when 

training set changes slightly, the learning algorithm generates different classifiers. In 

bagging approach, new training sets are created based on random drawing with 

replacement in which 1⁄ ≈ 36.8% of the original observations in the training set 

will not appear in the new set [24]. Here, observations are selected with equal 

probability, distinguishing it from Boosting in which observations are selected based 

on their weights computed from previous iteration. If the learning algorithm is stable, 

its outputs will only have small differences among each other; as a result, the result 

of combining will be almost similar to that of single learning algorithm applied to the 

original training set. Because of this requirement, only unstable learning algorithms 

like Decision Tree (DT) and Neural Network are used in Bagging. 

 

Figure 2.1: The model of Bagging algorithm 
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2.2 HETEROGENEOUS ENSEMBLE SYSTEMS 

As mentioned earlier, in heterogeneous ensemble systems, a fixed set of different 

learning algorithms learn on the same training set to generate the different classifiers. 

A combiner is then used to combine the classifiers’ output for the final decision 

making. In this thesis, we focus on algorithms that are used to combine the 

classifiers’ outputs to achieve better performance. First, we introduce some basic 

concepts of heterogeneous ensemble. 

Let { } ,…,   denotes the set of  labels,  denotes the number of training 

observations, and  denotes the number of learning algorithms. For an observation , 

P ( | ) is the probability that  belongs to the class with label  given by the  

classifier. There are two output types for  for each  = 1, … ,  : 

 Crisp Label: returns only class label, i.e.  P ( | ) ∈ {0,1} and 

∑ P ( | ) = 1 

 Soft Label: returns posterior probabilities that  belongs to a class, i.e. 

P ( | ) ∈ [0,1] and  ∑ P ( | ) = 1 

In this study, we focus on the soft label where each of the posterior probability 

components reflects the support of a class to an observation. In some circumstances, 

it is difficult to have a good decision because the supports are approximately equal. 

Combining algorithm based on soft label provides an effective way to make 

successful classification decision. In the next section, we introduce two types of 

heterogeneous ensemble methods, namely fixed combiner and trainable combiner, 

which are different from each other by the way they exploit posterior probabilities. 
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2.2.1 Fixed Combining Methods 

The model of fixed combining methods is illustrated in Figure 2.2 and 

Algorithm 2.2 in which  learning algorithms learn on the entire training set to 

produce  base classifiers. To obtain a prediction for an observation , first,  is 

classified by the  base classifiers to output the meta-data (or Level1 data). Here the 

meta-data of  is represented in the form of matrix (2.1) or vector (2.2): 

( ) ≔
P ( | ) ⋯ P ( | )

⋮ ⋱ ⋮
P ( | ) ⋯ P ( | )

 (2.1) 

( ) ≔ [P ( | ) ⋯ P ( | )   ⋯    P ( | ) ⋯ P ( | )] (2.2) 

Then, a combining algorithm based on some fixed combining rules works on the 

meta-data of  to give the final predicted label. It is noted that in fixed combining 

methods, the class label information in the meta-data of the training set are not used 

to generate the combiner. 

Algorithm 2.2: Fixed combining classifiers method 

Training process 

Input: Training set  and  learning algorithms { } ,…,  

Output:  base classifiers 

 (Learning the base classifiers) 

For each  

 = ( , ) 

End for 

Return  ( = 1, … , ) 

Classification process 
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Input: Unlabeled observation set , base classifiers  

( = 1, … , ) 

Output: Predicted class label for  

 (Generating Meta-data) 

( ) = ∅ 

For each  ( = 1, … , )   

( ) = ( ) ∪ ( , ) 

End 

 (Assigning class label to each unlabeled 

observation) 

Predicted class label = _ _ ( )  

 

 

Figure 2.2: The model of fixed combining methods 
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To interpret the fixed combining rules under a Bayesian framework, we 

denote { } ,…  as the  learning algorithms so that for an observation , the 

posterior probability P ( | ) is given by P( | , ). For simplicity of notation, 

we omit  in the posterior probability, i.e. we use P( | ). Bayes decision model 

is given by: 

∈   if  P |{ } ,… = max ,…, P |{ } ,…    (2.3) 

Rewrite the posterior probability P |{ } ,…  using Bayes theorem, we 

have: 

P |{ } ,… = { } ,… | ( )
{ } ,…

~P { } ,… | P( )   (2.4) 

where P( ) is the prior probability of class . If all { } ,…  are conditionally 

independent, we have: 

P { } ,… | = ∏ P( | )  (2.5) 

Now, using (2.5) and (2.4) in (2.3) we have: 

∈   if  P( ) ∏ P( | ) = max ,…, P( ) ∏ P( | )  (2.6) 

Replace P( | ) by ( | ) ( )
( )   in (2.6) we have: 

∈   if  P ( )( ) ∏ P( | ) = max ,…, P ( )( ) ∏ P( | )  (2.7) 

If prior probabilities of all classes { } have equal value, (2.7) can be simplified to: 

∈   if  ∏ P( | ) = max ,…, ∏ P( | )  (2.8) 

Or 

∈   if  ∏ P ( | ) = max ,…, ∏ P ( | ) (2.9) 

Equation (2.9) is the Product Rule to combine the outputs of base classifiers. There 

are several popular fixed combining methods studied in the literature, namely Sum, 
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Product, Vote, Max, Min, and Median rules [14, 49, 60] (see Table 2.1). According 

to our knowledge, Vote and Sum are the most popular rules and have been 

successfully applied to many combining classifier situations. Kittler et al. [49] 

showed that Sum rule is developed under two assumptions: “conditional 

independence of respective representations used by the classifiers and classes being 

highly ambiguous” and Sum rule results in the most reliable predictions. Kuncheva 

[60] proved the theoretical probability of error related to the rules by making 

assumptions about normal and uniform distribution. 

TABLE 2.1. FIXED COMBINING RULES 

Rule name Description 

Sum rule ∈   if  = arg max ,…, ( | ) 

Product rule ∈   if  = arg max ,…, ( | ) 

Majority Vote 

rule 

∈   if  = arg max ,…, ∆  

∆ = 1    if = arg max ,…, ( | )
0                                            otherwise

 

 

Max rule ∈   if  = arg max ,…, max ,…, ( | ) 

Min rule ∈   if  = arg max ,…, min ,…, ( | ) 

Median rule ∈   if  = arg max ,…, median ,…, ( | ) 
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The Ordered Weighted Averaging operator (OWA) [14], one of the most well-

known operators applied to Decision Making Systems, has also been applied to the 

combiners in ensemble systems. This operator is used to compute average value 

based on weight, but instead of focusing on the original data it is linked to the order 

of data. As a result, elements at specific locations like head, tail or middle can 

receive more attention than the others. 

An OWA operator of dimension  is a mapping from ℝ → ℝ
 
that has an 

associated weight vector { | = 1, … , } such that ∈ [0,1] and ∑ = 1. The 

function ( | = 1, … , ) determines the aggregated value of the arguments =

{ | = 1, … , }: = ∑  where  is the  largest value in . We introduce 

four popular types of function to build the weight vector, which are Constant (2.10), 

Linear Increasing (2.11), Gaussian (2.12), and Linear Decreasing (2.13). 

= 1⁄  (2.10) 

= 2 ( + 1)⁄  (2.11) 

= exp − ( ) ∑ exp − ( )  (2.12) 

= ( + 1) 2⁄  and = ∑ ( − )  

= 2( + 1 − ) ( + 1)⁄  (2.13) 

The combining function for the  base classifiers is = ∑  where  is 

the  largest value in the predictions of the  base classifiers classifying the 

observation to class  ( = 1, … , ), i.e. { ( | ), = 1, … , }. The final 
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predicted class label is obtained by getting the class label associated with the 

maximum value of . 

 

2.2.2 Trainable Combining Methods 

In contrast, trainable combining methods work on the meta-data of training 

set to form the discriminative decision model. Although the computational cost 

would increase since we need to generate the meta-data of all training observations 

compared to fixed combining methods, exploiting the label information in the meta-

data of training observations would enhance the accuracy of classification tasks. 

Several well-known trainable combining algorithms are Multi Response Linear 

Regression (MLR) [61], Decision Template [62], and SCANN [63].  

Figure 2.3 illustrates the method to generate the meta-data of a training set .  

is first divided into  disjoint parts { , … , } and their corresponding 

{ , … , } in which = − ,  = ∪ … ∪ , ∩ = ∅ ( ≠ ), 

and | | ≈ ⋯ ≈ | |. The meta-data of observations in  is then obtained by the 

classifiers generated by learning the  learning algorithms on the associated part 

. After the procedure, the meta-data of all training observations belonging to  is 

obtained in the form of a ×  matrix  given by: 

≔

P ( | ) ⋯ P ( | )
P ( | ) ⋯ P ( | )

⋮ ⋱ ⋮
     

⋯
⋯
⋱

     
P ( | ) ⋯ P ( | )
P ( | ) ⋯ P ( | )

⋮ ⋱ ⋮
 

P ( | ) ⋯ P ( | )   ⋯    P ( | ) ⋯ P ( | )

 (2.14) 
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Figure 2.3: Meta-data generation 

Algorithm 2.3:  Meta-data generation 

Input: Training set  and   learning algorithms  { | =

1, … , } 
Output: Meta-data   

 (Meta-data generation) 

= ∅,   { , … , } = T-partition( ) 

For each  

       = −  

        For each  

               Classifier  =  Learn ( , ) 

                =  ∪ Test ,  

        End For 
End For 

Training set 

    

   

BC  BC  
… 

BC  BC  
… 

Meta-data of 
training set 

… 

… 

Learning 
algorithms 

Partition into T 
parts 

… 
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We prove some results concerning the meta-data: 

Lemma 1: Meta-data generated by using soft label is not full column rank. 

Proof: The meta-data generated by using soft label is a ×  matrix (2.14) in 

which ∑ P ( | ) = 1 for each = 1, … ,  and = 1, … , . Due to this 

property, we can address a non-trivial combination of all columns given by: 

( − 1) ∑
P ( | )

⋮
P ( | )

− ∑ ∑
P ( | )

⋮
P ( | )

, = 0  (2.15)

 

Therefore, the columns are not independent, consequently the rank of the matrix  is 

smaller than the number of columns or the matrix  is not full column rank □ 

 

Corollary 1: Covariance matrix of meta-data is singular. 

Proof:  Let ̅   denotes the ×  matrix   

̅ ≔
∑ P ( | )

⋮
∑ P ( | )

     
∑ P ( | )

⋮
∑ P ( | )

     
⋯
⋱
⋮

     
∑ P ( | )

⋮
∑ P ( | )

 (2.16)

 
Then ×  covariance matrix of , denoted by  is computed by =

( − ̅ ) ( − ̅ ). Based on the property of rank operator we have rank( ) =

rank[( − ̅ ) ( − ̅ )] = rank( − ̅ ). By Lemma 1, rank( − ̅ ) < . As a 

result, the covariance matrix  is singular □ 

 

The meta-data has several properties: 

 As mentioned above, the meta-data is a ×  matrix as its dimension is 

depended on the number of classifiers and the number of classes. For 

example, solving a binary classification problem by using 3 learning 
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algorithms only generates meta-data with 6 components. As a result, meta-

data can have low dimensions compared with the original data, thus reducing 

storage cost. 

 Meta-data is of uniform, real-data type (all elements are real number from 

[0,1]) compared with the original data which can be of mixed type. 

 Meta-data can be viewed as scaled data from feature domain to posterior 

domain so that observations that belong to the same class will likely have 

similar  posterior probabilities and stay close together in the posterior 

domain. Consequently, learning a combiner on the meta-data can be more 

effective than learning on the original data. 

The model of trainable combining methods is illustrated in Figure 2.4 and 

Algorithm 2.4. A combining algorithm works on the meta-data to obtain the 

discriminative decision model. At the end of the training process, similar to fixed 

combining method, the  learning algorithms would learn on the entire training set 

to output the  base classifiers. The prediction process is straightforward where, 

first, the observation  is classified by the  base classifiers to generate the meta-

data. The class label of  is finally predicted by feeding its meta-data to the 

discriminative model given by the combiner. 

Algorithm 2.4: Trainable combining classifiers method 

Training process 

Input: Training set  and  learning algorithms { } =

1, … ,  

Output:  base classifiers and discriminative model 
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Step1: (Learning the discriminative model) 

Meta-data  = Call Algorithm 2.3 with  and 

{ } = 1, … , ; 

Discriminative Model  = Combining_Algorithm( );  

Step2: (Learning the base classifiers) 

For each  

 = Learn ( , ) 

End for 

Return  ( = 1, … , ) and   

Classification process 

Input: Unlabeled observation set , base classifiers  

( = 1, … , ), and discriminative model  

Output: Predicted class label for  

 (Meta-data Generation) 

( ) = ∅ 

For each  ( = 1, … , )   

( ) = ( ) ∪ Classify( , ) 

End 

 (Assigning class label) 

Predicted class label = Predict , ( )  
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Figure 2.4: The model of trainable combining methods 

TABLE 2.2.THE MODEL FOR WEIGHT-BASED CLASSIFIERS METHODS 

 Class 1 Class 2 … Class  … Class  

Classifier 1 P ( | )  P ( | )  … P |    P ( | )  

Classifier 2 P ( | )  P ( | )  … P |   … P ( | )  

… … … … … … … 

Classifier  P ( | )  P ( | )  … P |   … P ( | )  

… … … … … … … 

Classifier  P ( | )  P ( | )   P |    P ( | )  

LM LM  LM  … LM  … LM  

 

Training set 

   Learning 
algorithms 

BC  BC  BC  

P  P  P  

  

Trainable 
Combiner 

N
ew

 data 

Base 
classifiers 

Predictions 

… 

… Meta-data of 
training set 

Final prediction 

Meta-data 
generation 

Meta-data of new 
data 

Discriminative Model 
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Although several strategies have been proposed to exploit the label information 

in the meta-data of training set, two well-known strategies to obtain the 

discriminative decision model are weight-based classifiers methods [61, 64-66] and 

Decision Template [62]. On the one hand, weight-based classifiers methods are 

based on the assumption that each classifier puts a different weight on each class and 

the combining algorithm is then obtained based on the  linear combinations of 

posterior probabilities and the associated weights for the  classes (see Table 2.2). 

Here we denote the weight matrix by Ψ =  in which   is the weight of the  

classifier on the  class). The predicted class label for an unlabeled observation is 

decided by selecting the maximum value among these combinations. Specifically, 

the discriminative decision model for the  class is given by: 

LM ( ) = ∑ ( | ) (2.17) 

and the predicted label of an observation   is given by: 

∈  if = arg max ,…, {LM ( )} (2.18) 

As a result, it is important to find the suitable combining weights so as to achieve 

high classification accuracy.  

There are several approaches to find the weights. Ting et al. [61] proposed the 

Multi-Response Linear Regression (denote by MLR) method by solving  Linear 

Regression models corresponding with the  classes based on the meta-data and the 

training data labels in crisp form to find these combining weights. Zhang and Zhou 

[64] proposed using linear programming to find the weights. Sen et al. [65] 

introduced a method that was inspired by MLR which uses hinge loss function in the 

combiner instead of the conventional least square loss. By using this new function 

with regularization, three different combinations were proposed, namely weighted 
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sum, dependent weighted sum, and linear stacked generalization, based on using 

different regularizations with group sparsity. Mao et al. [66] proposed three ways to 

weigh the classifiers in the ensemble by maximizing three different quadratic forms 

as the approximated objective functions of ensemble error with two constraints. 

Among all weight-based classifiers methods, MLR is the most popular method. 

The idea of MLR is to solve  Linear Regression model independently by 

minimizing  objective functions: 

∑ ( ) − ( ) → min (2.19) 

where   is an observation in the training set and ( ) ( = 1, … , ) is a crisp 

label vector of  given by: 

( ) = 1   ∈
0  otherwise

 (2.20) 

On the other hand, Decision Template is based on computing the distance 

between the template associated with a class and the meta-data of an unlabeled 

observation. In Decision Template method [62], the meta-data of the training set is 

grouped according to the class label of the training observations and the Decision 

Template for each class is constructed by averaging the meta-data associated with 

each class label. In detail, the Decision Template of the  class is given by a ×  

matrix: 

( , ) ,…, ; ,…, = ∑ ( )× ( | )
∑ ( )

 (2.21) 

where ( ) is defined in (2.20). In fact, the Decision Template of the  class is 

the average of the Decision Profile of observations in the training set with label . 
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In the classification process, the distances between the meta-data of an 

observation   and each of the  Decision Template are computed. Kuncheva et al. 

[62] introduced and experimented with 11 measurements between ( ) and each 

Decision Template. Let  and  be two fuzzy sets on = { }, the first 10 fuzzy-

based measurements between  and  are shown in Table 2.3 below. 

 

TABLE 2.3 FUZZY-BASED MESUREMENTS BETWEEN TWO FUZZY SETS 

Measurement Description 

( , ) =
‖ ∩ ‖
‖ ∪ ‖ ‖ ∩ ‖ =

1
∩ ( ) 

‖ ∪ ‖ =
1

∪ ( ) 

( , ) = 1 − ‖ ∇ ‖ ∇ ( ) = | ( ) − ( )| 

( , ) = 1 − ‖ ∆ ‖ ∆ ( ) = max ∩ ( ), ∩ ( )  

( , ) = 1 − ∈ { ∆ ( )}  

( , ) = ‖ ∩ ‖ ‖ ‖⁄   

( , ) = 1 − ‖ |−|  ‖ | | ( ) = max 0, ( ) − ( )  

( , ) = ‖ ̅ ∪ ‖ ̅( ) = 1 − ( ) 

( , ) = inf ∈ | | ( )   

( , ) = inf ∈ { ̅∪ ( )}  

( , ) = sup ∈ { ∩ ( )}  

 

The 11th measurement is based on the Euclidean distance between  and ( )  
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, ( ) = 1 − ∑ ∑ ( , ) − , ( )  (2.22) 

where , ( ) are the element at the  column and  row of ( ) in the form of 

matrix (2.2). The class label for  is predicted by: 

∈  if = arg max ,…, { ( ( ), )} (2.23) 

The advantage of Decision Template is that it saves time in both training and 

classification due to its simple computation. However, this method could have high 

error rate if the classifiers do not have high enough accuracy due to the fact that the 

simple Decision Template may not provide a good representation for a particular 

class. 

 Merz [63] combined Stacking, Correspondence Analysis (CA) and NN in a 

single algorithm called SCANN. The idea of SCANN is to discover the relationship 

between the learning observations and the classification outputs of base classifiers 

generated by stacking by applying CA to the indicator matrix formed by the meta-

data and the true label of these observations. After that, NN is used to classify the 

unseen observations in the new scaled space. In real-world application, the method is 

sometimes impractical due to the singularity characteristic of the indicator matrix 

obtained by CA. Moreover, the classification process of SCANN is more 

complicated than that of the other combining classifier algorithms and this increases 

the classification time. Another approach proposed by Todorovski and Džeroski [67] 

is the Meta Decision Tree, a new DT on meta-data where at each node of the tree, a 

classifier is chosen instead of an attribute for splitting. The authors also proposed an 

expansion for meta-data by adding entropy and maximum posterior probability so as 

to increase the discrimination ability. However, no theoretical basis was provided 
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about the effectiveness of that expansion. Zhang and Duin [28] compared and 

experimented with some heterogeneous ensemble methods in which the combiners 

are fixed combining rules or several learning algorithms such as DT, NB, and Fisher 

classifier.  

 

2.3 THE PROPOSED RESEARCH 

2.3.1 Research questions and objectives 

The research questions addressed in this study are summarized as followed: 

Question 1: How to effectively capture the uncertainty in the outputs of base 

classifiers?  

Question 2: How to generate a combiner which provides an interpretable mechanism 

about the classification process? 

Question 3: How to propose a combiner based on approximating the distribution of 

meta-data when the meta-data is not of full column rank?  

Question 4: How to optimize heterogeneous ensemble systems by selecting an 

optimal subset of classifiers as well as subset of features associated with each 

classifiers? 

This research aims to achieve the following objectives which are expected to answer 

these research questions: 

Objective 1: To handle uncertainty in the classifiers’ outputs via an information 

granular-based approach. This objective corresponds to research question 1. In 
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ensemble systems, each learning algorithm uses different methodology to learn the 

base classifier on a given training set, thereby introducing uncertainty to the outputs. 

In this research, the prediction of the base classifiers will be processed by using the 

concept of justifiable information granularity to generate interval class memberships, 

which is a flexible way to describe the uncertainty in the underlying data [68]. 

Information granules and Granular Computing have been demonstrated to be 

effective in capturing uncertainty in information [69, 70] so it is expected that they 

will improve the accuracy of classification system. 

Objective 2: To develop a hybrid ensemble system in which fuzzy IF-THEN rules 

work on the outputs of base classifiers on training observations to form the 

discriminative model. This objective corresponds to research question 1 and 2. Fuzzy 

inference systems are well suited to deal with imprecise data [71, 72] or representing 

knowledge with uncertainty [73, 74]. Moreover, fuzzy IF-THEN rules in the form of 

“if x is A then y is B” represent knowledge in an easily interpretable manner [74] so 

that users can understand the classification process through observing how the base 

classifiers’ prediction are synthesized together. 

Objective 3: To develop Bayesian-based combining method in which the likelihood 

density is approximated by a Gaussian distribution computed using Variational 

Inference method [23]. This objective corresponds to research question 3. As we 

have proven in Lemma 1 and Corollary 1 that the meta-data generated by using soft 

label is not full column rank and its covariance matrix is singular, traditional 

methods to approximate the density distribution of meta-data such as maximum 

likelihood estimation is not applicable. Therefore, in this research we develop an 

approach to estimate the distribution of meta-data by a multivariate Gaussian. The 
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combining algorithm is then obtained using Bayesian theorem where a sample is 

assigned to the class label associated with the maximum posterior probability. 

Objective 4: To develop simultaneous classifier and feature selection method for 

heterogeneous ensemble systems based on Genetic Algorithm (GA). This objective 

corresponds to research question 4. Our aim here is to solve both the classifier 

selection and the feature selection problems. Here, a subset of features suitable for 

each base classifier is found such that the classifier achieves higher accuracy than 

using the entire feature set. In addition, we also find an optimal classifier subset for a 

particular problem by eliminating poor performing base classifiers that degrade the 

ensemble system’s performance. 

 

2.3.2 Research Significance 

In this research, we focus on two important problems in heterogeneous 

ensemble system design i.e. proposing effective combining algorithms and 

developing methods to select optimal subset of classifiers and subset of features for 

each classifier. In heterogeneous ensemble systems, several learning algorithms learn 

on the entire training set to form the base classifiers. The learning algorithms are 

usually chosen arbitrarily, resulting in a very general and flexibility ensemble 

architecture. However, the inclusion of poor classifiers in the set of base classifiers 

will sometime degrade the performance accuracy of the ensemble system. Therefore, 

classifiers selection is one of the most important challenges in heterogeneous 

ensemble system, in which the aim is to find a subset of classifiers that gives low 

classification error on a dataset [75]. Although there are some existing research been 
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done on the classifier selection problem, most of these algorithms did not perform 

well in our experiments. Our approach based on genetic algorithm (GA) can solve 

both the classifier and feature selection problem simultaneously and are easy to 

implement. 

In ensemble learning, the meta-data of an observation reflects the agreements 

and disagreements between the different base classifiers. A major challenge in 

constructing an effective heterogeneous ensemble system is how to explicitly capture 

and represent the uncertainty in the meta-data. In contrast to existing combiners, we 

are the first to propose using interval representation to capture the uncertainty in the 

base classifiers’ outputs. Our study therefore opens up a new research direction in 

which a combiner is constructed via intervals-based approach. We also introduce 

another way to handle the uncertainty in the meta-data using fuzzy IF-THEN rules, 

which provides a hybrid framework that combine a heterogeneous ensemble system 

with a fuzzy inference classification system. 

Finally, this research shows that meta-data in the form of soft label is not of 

full column rank and its covariance matrix is singular. To handle the singularity 

problem, we proposed a novel Bayesian-based combiner in which the distribution of 

the likelihood density of meta-data is approximated by a multivariate Gaussian 

distribution obtained through the method of variational inference (VI). We 

demonstrated with extensive experiments that the new algorithm outperformed many 

state-of-the-art algorithms. 
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2.4 THESIS STRUCTURE 

The thesis is organized into seven chapters as depicted in Figure 2.5. In 

chapter 1, we briefly discuss ensemble methods including how ensemble systems 

work, the history and taxonomy of ensemble methods, some applications of 

ensemble methods, and several popular learning algorithms. We also introduce the 

evaluation criteria and statistical test of significance to compare different algorithms. 

In chapter 2, we review the literature on ensemble methods with a focus on 

heterogeneous ensemble systems. In addition, the research questions, research 

objectives, research significance, thesis structure, and the published papers are also 

described in this chapter. In chapter 3, we describe a novel combining method based 

on the idea of justifiable granularity. In Chapter 4, we describe a novel hybrid 

ensemble system that combines a heterogeneous ensemble system and a fuzzy IF-

THEN rule inference together. In Chapter 5, we present a novel combining method 

based on the Bayes framework through VI. In chapter 6, we describe a novel 

approach using GA in the simultaneous selection of optimal classifiers and the 

feature subset associated with each classifier in a heterogeneous ensemble system in 

order to improve the ensemble’s performance. Finally, in chapter 7 we draw the 

conclusion and describe possible avenues for further studies. 



Chapter 2 

52 
 

 

Figure 2.5: The thesis structure 
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CHAPTER 3 

Combining Heterogeneous Classifiers 

via Granular Prototypes 

 

3.1 INTRODUCTION 

In heterogeneous ensembles, each learning algorithm learns a classifier on a 

given training set to describe the relationship between feature vector and class label 

of training observations. The generated classifier returns the posterior probabilities 

i.e. numerical class memberships that an observation belongs to different class. A 

combination method is then used to aggregate the outputs of all classifiers to 

generate the discriminative model. As each classifier can output different results on 

each observation, uncertainty thereby is introduced. 

A combiner that can capture the facet of uncertainty when combining the base 

classifiers’ outputs would be desirable. In the literature, several combiners have been 

introduced based on this consideration, such as Decision Template [62]. In this 

chapter, we propose an ensemble framework based on modelling the uncertainty in 

the base classifiers’ output using interval-based representations. Here interval-based 

representations are generated by the notion of information granularity [69, 70]. 

Starting from the pioneering work of Zadeh [76-78], the concept of information 

granules have been used to model human cognitive and decision making activities 

[69, 79, 80], and have been applied to many real-world applications [81]. In this 
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work, we use the principle of justifiable information granularity to generate multi-

dimensional information granules resulting from the outputs of base classifiers 

obtained from the training observations. By defining a distance function between a 

feature vector and a multi-dimensional information granule, we propose a 

discriminative decision model via a shortest distance-based mechanism. The novelty 

of our work lies in the following: (i) to the best of our knowledge, this is the first 

approach to model the uncertainty in the meta-data of an ensemble system by using a 

multi-dimensional information granule formalized as a multidimensional interval, 

and (ii) we define a way to quantify the distance between meta-data of an 

observation and a multi-dimensional information granule. 

The chapter is organized as follows. In Section 3.2, the concept of justifiable 

granularity in the design of information granules are briefly introduced. In Section 

3.3, the novel combining method based on the idea of justifiable granularity is 

proposed. Experimental results are presented in Section 3.4; here the results of the 

proposed method are compared with the results produced by a number of benchmark 

algorithms. Finally, the conclusions are presented in Section 3.5. 

 

3.2 JUSTIFIABLE INFORMATION GRANULARITY 

If the probability distribution of data is known in advance, it is easy to 

represent the data by its distribution function. However, this information is usually 

unavailable in many real-world applications, and point estimates such as mean, 

median and skewness are often used to describe the data. Nevertheless, in many 

scenarios, pointwise information is less useful for subsequent reasoning [69]. Instead, 
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information granularity explicitly models the inherent uncertainty present in the data. 

The concept of information granularity has been defined by a number of formal ways 

of describing information granules, such as sets ( : → {0, 1}), fuzzy sets [82, 83] 

( : → [0, 1]), shadowed sets [84, 85] ( : → {0,1, [0, 1]}), and rough sets [86-

88]. 

In this study, we design the information granule in the form of interval Ω =

[ , ] in which  and  are lower and upper bounds of the interval, respectively, to 

model the uncertainty in the sample data . In this design, two intuitively compelling 

requirements need to be considered [69, 89-91]: 

 Experimental evidence: The information granule Ω should reflect the existing 

experimental data so that the numeric evidence accumulated within the 

bounds of Ω attains the highest value. When a granule is formalized as a set 

(interval), the more data are included within the bounds of the granule, the 

more legitimate the set becomes. 

 Sound semantics: This requirement implies that the information granule 

should have well-defined semantics and exhibit high specificity. This implies 

that the smaller (more compact) the information granule is, the better it is 

(has higher specificity). For example, if the information granule comes in the 

form of an interval, the knowledge expressed in the interval [2, 4] is regarded 

to be more specific than the one residing within the interval [0, 10]. 

 

The principle of justifiable granularity is about constructing an information 

granule in the form of an interval to satisfy the two requirements described above. It 
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is noted that the two requirements mentioned above are only for the form of 

information granule proposed in this paper and are not the only choice. 

We apply the principle of justifiable granularity [70, 90] to construct interval 

Ω to satisfy the two requirements above. As the distribution of  is generally not 

known in advance, the experimental evidence can be determined by the cardinality 

C{ } of the set of elements in  falling within the bounds of Ω. More generally, an 

increasing function  of C{ } can be considered in the form of: 

(C{ }) = (C{ }) , > 0 (3.1) 

Meanwhile, the specificity of the interval can be specified based on its length since 

shorter interval results in better specificity. In the same way, we use a continuous 

non-increasing function of the length of the interval expressed in the form: 

(| − |) = exp(− | − |),  > 0 (3.2) 

in which | − | is the length of the interval Ω = [ , ]. 

The two requirements above lead to the following optimization problem: 

C{ } →
{| − |} →

(3.3) 

It is noted that the two objective functions in (3.3) are in conflict since increasing 

C{ }  would increase | − |, resulting in the decrease in ( ). A compromise 

can be reached by using the product of these two functions and maximizing the 

expression with respect to the bounds of the interval: 

(C{ }) × (| − |) (3.4) 

We choose the median of data in  (denoted by ( )) as the numerical 

representative of the set of data around which Ω is created. Here, we only discuss the 
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procedure to construct  (  is determined in the same way). Based on (3.1), (3.2), 

and (3.4), we compute the compromise associated with : 

( ) = (C{ ∈  | ( ) ≤ ≤ }) × exp − (| ( ) − |)  (3.5) 

The optimal upper bound of the interval is determined by maximizing the values of 

( ) i.e. 

= arg max { ( )| ≥ ( ), ∈ } (3.6) 

The optimal lower bound is found in the same manner 

= arg max { ( )| ≤ ( ), ∈ } (3.7)  

where 

( ) = (C{ ∈  | ≤ ≤ ( )}) × exp − (| ( ) − |)  (3.8) 

 

A special case is noted in proposition 3.1 when the principle of justifiable granularity 

is applied to the two-class classification problems. 

Proposition 3.1: If ,   is the interval built by justifiable granularity on the 

meta-data associated with the first class label of a two-class classification problem, 

the interval associated with the other class label is 1 − , 1 −   

Proof: Let  and  be the two random variables for the meta-data associated with 

the first and the second class label, respectively. Based on the property of meta-data 

with soft label, we have: 

+ = 1 (3.9) 

Denote ( ) and ( ) as the median of  and . Based on the definition of 

median, we have: 

P < ( ) = P ≥ ( ) = 1 2⁄  (3.10) 

Replace  by 1 −  we obtain: 
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P 1 − < ( ) = P 1 − ≥ ( ) = 1 2⁄  

⇔  P(1 − ( ) < ) = P(1 − ( ) ≥ ) = 1 2⁄  (3.11) 

⟹ ( ) = 1 − ( ) is the median of the meta-data associated with the 

second class label. 

Since [ , ] is the interval built by justifiable information granularity, based on (3.4)-

(3.8) we have: 

( ) = (C{ ( ) ≤ ≤ }) × (| ( ) − |) and = arg max { ( )| ≥

( )} (3.12) 

( ) = (C{ ≤ ≤ ( )}) × (| − ( )|) and = arg max { ( )| ≤

( )} (3.13) 

Replace  by 1 −  and ( ) by 1 − ( ) in (3.12), we have: 

( ) = (C{1 − ( ) ≤ 1 − ≤ }) × (|1 − ( ) − |) 

⇔ ( ) = (C{1 − ≤ ≤ ( )}) × (|1 − − ( )|) (3.14) 

Comparing (3.14) and (3.13), the lower bound of the interval for  is 1 − . 

Similarly, the upper bound of the interval for  is 1 − □ 

 

Therefore, for binary classification, interval construction is only needed for the first 

class label while the interval for the second class label can be derived directly from 

the first one. 

 

3.3 GRANULAR-BASED METHOD 

We focus on developing a classification framework by applying justifiable 

granularity to the meta-data of training observations. Specifically, we model the 
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uncertainty in the base classifier outputs by constructing class interval associated 

with each class label (called granular prototype) from the meta-data. The proposed 

framework is illustrated in Figures 3.1 and 3.2. 

=   

⎣
⎢
⎢
⎡ P ( | ) ⋯ P ( | )

P ( | ) ⋯ P ( | )
⋮ ⋱ ⋮

      ⋯      
⋯
⋱

P ( | ) ⋯ P ( | )
P ( | ) ⋯ P ( | )

⋮ ⋱ ⋮
P | ⋯ P |  ⋯  P | ⋯ P | ⎦

⎥
⎥
⎤
 (3.15) 

 

P ( |. ), P ( |. ) ... P ( |. ), P ( |. )         …          P ( |. ), P ( |. )  

 

To generate the meta-data  from the training set, the CV-based procedure is 

used (see Algorithm 2.3 in chapter 2). Since class labels of training observations are 

known in advance,  can be separated into  groups corresponding to the  class 

labels i.e. = { ( )| ( ) = }( = 1, … , ). If the meta-data of the  class 

contains  observations,  is a ×  matrix as shown in (3.15). On the  

column of ( = 1, … , ), the principle of justifiable granularity is applied to 

obtain the interval to represent all elements (posterior probabilities) in that column. 

Let = ,  denotes the interval obtained on the  column 

( = 1, … , ) of . After looping though all  columns, we obtain  

intervals associated with the  columns of , denoted by =
,…,

. 

Doing this for all , we obtain a set of  granular prototypes, i.e. = { }( =

1, … , ), representing the  class labels.  is our novel multi-dimensional 

information granules representation for the  class label. Note that  is a vector 

of interval values and is different to the representation used in Decision Template 
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[62] where mean value is used to describe the posterior probabilities in each column 

of . 

During classification, for each observation , we compute its meta-data ( ) 

in the form of vector (2.1) by classifying  with the  base classifiers  obtained 

by learning  learning algorithms on the entire training set. The class label for  is 

predicted by calculating the distance between ( ) and the prototype ( =

1, … , ) and then selecting the smallest value among all distances. To do this, we 

need to define the concept of distance between a numerical vector and a multi-

dimensional granular prototype. 

 

 

Figure 3.1: Training process of the Granular-based method 

Training set 

   Learning 
algorithms 

BC  BC  BC  Base 
classifiers … 

Meta-data of 
training set 

Meta-data 
generation 

  
… 

= , , … , , , ,  = , , … , , , ,  

Justifiable Granularity 

 

= , , … , , , ,  
… 

… 
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Figure 3.2: Classification process of the Granular-based method 

 

We start with the definition of a distance between a numerical value and an 

interval. The distance is inspired by the distance between two intervals 

([ , ], [ , ]) = max  {| − |, | − |} as defined in [92]. Since we can write 

= [ , ], we define the distance between a numerical value and an interval as: 

 

Definition 3.1: The distance between a numerical value  and an interval [ , ] is 

given by:  

( , [ , ]) = max{| − |, | − |} (3.16) 

BC  BC  BC  

P (∙) P (∙) P (∙)

N
ew

 data 
Base 

classifiers 

Predictions 

… 

… 

Meta-data of new 
data 

   
… 

d  d  d  … 

min { , = 1, … , } 

Final prediction 
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Several interesting properties of the distance function in (3.16) are listed 

below. They can be regarded as a generalization of the “classical” vector distance. 

The proof of these properties is given in the Appendix C. These properties ensure 

that the distance function defined in (3.16) is a proper metric. For example, Property 

3.3 ensures that any prediction that falls inside the interval is more reliable than those 

that falls outside the interval. Property 3.4 ensures that if  is close to [ , ] and  

is close to [ , ], then  and  must be close to each other. 

 

Property 3.1 (Positive Definiteness): ( , [ , ]) ≥ 0 and ( , [ , ]) = 0 ↔ =

=  (3.17) 

Property 3.2 (Equality): ( , [ , ]) = ( , [ , ]) ↔ =  or + = +

 (3.18) 

Property 3.3 (Consistency): If ∈ [ , ] and ∉ [ , ] then ( , [ , ]) <

( , [ , ]) (3.19) 

Property 3.4 (Triangle Inequality): ( , [ , ]) ≤ ( , ) + ( , [ , ]) (3.20) 

Property 3.5 (Symmetry): ( , [ , ]) = ([ , ], ) (3.21) 

Property 3.6 (Scale Invariance): ( , [ , ][ , ]) = | | ( , [ , ]) (3.22) 

Property 3.7 (Translation Invariance): ( , [ , ]) = ( + , [ , ] + [ , ])(3.23) 

 

Using Definition 3.1, we can define the distance between a numerical vector and a 

granular prototype as: 

Definition 3.2: The distance between a vector  and a granular prototype =

( = 1, … , | |) is defined by: 
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( , ) = ∑ ,| |  (3.24) 

in which ,  is the distance between the  attribute of  and the interval  

given by (3.16).  

Two important properties of ( , ) are outlined as follows 

Property 3.8 (Consistency): If  = , ∈  and = , ∉  , ∀ =

1, … , | | then ( , ) < ( , ) (3.25) 

Property 3.9 (Triangle Inequality): ( , ) ≤ ( , ) + ( , ) (3.26) 

where ( , ) is the distance between two vector  and . Their proof is 

presented in Appendix C. 

We can now compute the distance between the meta-data of an observation , i.e. 

( ), and the  granular prototypes ( = 1, … , ) and predict the class label to 

be the one that is associated with the shortest distance 

∈  if ( ( ), ) = min ,…, ( ( ), ) (3.27) 

The following algorithm summarizes the training and testing process of the proposed 

method. It is noted that there are two parameters  and  whose values need to be 

set. Their effect on the classification results will be discussed in the next section. 

 

Algorithm: Training process 

Input: Training set  ; learning algorithms { } = 1, … , ; 

parameters to generate intervals  ,  

Output:  granular prototype = { } ,…,  and base 

classifier { } ,…,  
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Step1: (Generate meta-data) 

Call Algorithm 2.3 to generate meta-data  

Step2: (Generate granular prototype) 

= { ( )| ( ) = }, ( = 1, … , ), = { } ,…, = ∅ 

For m=1 to M 

    For j=1 to MK 

         Get jth column of  i.e. ,  

         Find ,  

         (Find the upper bound) 

         For each ∈ , , ≥ ,  

             Compute ( ) by (3.5) 

       End For 

       , = arg max ( ) 

      (Find the lower bound) 

      For each ∈ , , ≤ ,  

          Compute ( ) by (3.8) 

      End For 

      , = arg max ( ) 
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                = , , ,  

  End For 

     = ∪  

End For 

Return = { } ,…,  and { } ,…,  

Algorithm: Classification process 

Input: Unlabeled observation , set of granular prototypes 

 , base classifier { }  = 1, … ,    

Output: Class label of  

Step 1 (Generate meta-data of unlabeled observation) 

( ) = ∅ 

For each  

   ( ) = ( ) ∪ Test( , ) 

End For 

Step 2 (Compute the distance between the meta-data of 

unlabeled observation and the granular prototypes) 

For m=1 to M 
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3.4 EXPERIMENTAL STUDIES 

We conduct the experiment on the UCI datasets introduced in Appendix A. We 

choose 3 diverse learning algorithms, namely LDA, Naïve Bayes, and NN (  sets to 

5 denoted by NN5) to construct the heterogeneous ensemble. The means and 

variances of these learning algorithms for classification error rate and F1 score are 

showed in Table B1 and B2 in Appendix B. To assess the performance of the 

proposed method, we choose the benchmark algorithms including: Decision 

Template (we use the similarity measure S  defined as S ( ( ), ) =

{ ( )∩ }
{ ( )∪ }

 where  is the Decision Template of class [62]), AdaBoost 

[31] (DT is used as the learning algorithm with 200 iterations [93]),  L2-loss Linear 

Support Vector Machine (L2LSVM, from the package LIBLINEAR [25]), 

Discriminative Restricted Boltzmann Machines (DRBM) [94], and Two States 

Ensemble System (TSES) [28]. The two benchmark algorithms i.e. Decision 

   For j=1 to MK 

       Compute ,  by (3.16) 

   End 

   Compute ( ( ), ) by (3.24) 

End For 

Step3 (Predict class label) 

∈  if ( ), = min ,…, ( ( ), ) 
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Template and TSES, and the proposed method are all trainable combining methods, 

while AdaBoost is a well-known homogeneous ensemble method. These benchmark 

algorithms and their parameter settings are also used in the next chapters.  

 

3.4.1 The influence of parameters 

In the proposed method, we use two parameters, i.e.  and , to control the 

generation of interval (see (3.5) and (3.8)). Figure 3.3 shows the relationship between 

the classification error rate and the values of  where ∈ {0,0.1, … ,3.9,4} in which 

 was fixed as = 1. It can be seen that  can have a significant effect on the 

classification error and its optimal value is somewhat data dependent. For some 

datasets like Breast Cancer and Conn-Bench-Vowel, the classification error rate 

reduces sharply and then remain unchanged with the increase of . For datasets such 

as Biodeg, Haberman, and Vertebral, the classification error rate reduces sharply to a 

minimum before increases slightly.  Although the optimum value of  can be found 

via a validation set, in this study we wish to demonstrate that even with a specific 

predefined , the proposed method can still outperform the benchmark algorithms. In 

what follows, we simply set = 2. 

We also examine the effect of  on the classification error rate for fixed value 

of ∈ {0,0.1, … ,3.9,4} while  was chosen from the range of {0.5, 1, 1.5, 2}. Figure 

3.4 shows the relationship between  and classification error rate on six datasets. It 

can be seen that  only have an effect on the classification error rate at small values 

of  (except when  = 0). For larger values of , the classification error rate remain 

nearly unchanged for the four values of  (similar pattern exists on the other datasets 

and are not shown). Hence, in what follows, we simply set = 1. 



 PhD Thesis, Griffith University 

70 
 

 

 

Figure 3.3: Effect of parameter (x axis) on classification error rate (y axis) on 
fifteen selected datasets 
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Figure 3.4: Effect of parameter  (x axis) on classification error rate (y axis) on 

six selected datasets 
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3.4.2 Comparison with benchmark algorithms 

The mean and variance of the classification error rates of the benchmark 

algorithms and the proposed method are shown in Tables B3 in Appendix B. The 

statistical test results displayed in Figure 3.5 shows that the proposed method is 

better than the two trainable combining algorithms. Comparing the proposed method 

to Decision Template, we reject 20 null hypotheses that the two methods perform 

equally.  In 14 cases, the classification error rate of the proposed method are smaller 

than that of Decision Template. Comparing with TSES, we reject 25 null hypotheses, 

in which the proposed method is better on 18 datasets and worse on 7 datasets. The 

proposed method also outperformed DRBM (15 wins, 11 losses), L2LSVM (20 wins, 

5 losses), and AdaBoost (18 wins, 9 losses). For F1 score, the statistical test results in 

Figure 3.6 show similar pattern to that in Figure 3.5 (The F1 score can be found in 

Table B4 in Appendix B). Our Granular-based method is better than AdaBoost, 

TSES, DRBM, and Decision Template, and is significantly better than L2LSVM. 

The statistical test results clearly show the superior performance of the proposed 

method compared to the benchmark algorithms on the experimental datasets. 

Table 3.1 shows the average ranking of the proposed method and the 

benchmark algorithms. The average ranking was computed based on averaging the 

rankings of the benchmark algorithms and the proposed method on all experimental 

datasets. These rankings were specified based on the classification accuracy and F1 

score of the classification task: the higher the classification accuracy or F1 score of 

the method, the higher is its ranking. It can be seen that the proposed method clearly 

ranked first, followed by Decision Template with respect to both the classification 

accuracy and F1 score. 
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In Table 3.2, we show an example of granular prototypes associated with the 

class labels of two datasets. For the Iris dataset, the intervals of prototype  

associated with the  class predicted by each base classifier are usually very tight 

and the intervals of different classes are well separated. Therefore, the discriminative 

decision model is highly unambiguous, resulting in significantly smaller 

classification error rate. In contrast, on the Contraceptive dataset, the intervals are 

highly overlapped, and this resulted in high ambiguity in the discriminative model 

which leads to higher classification error rate.  

 

 

Figure 3.5: Statistical test results comparing Granular-based method to the 

benchmark algorithms with respect to the classification error rate 
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Figure 3.6: Statistical test results comparing Granular-based method to the 

benchmark algorithms with respect to the F1 score  

 
 

TABLE 3.1. AVERAGE RANKING OF GRANULAR-BASED METHOD AND THE 

BENCHMARK ALGORITHMS 

Algorithm Accuracy-Based Ranking F1-Based Ranking 
Decision Template 3.4259 2.8519 
AdaBoost 3.6481 3.9444 
DRBM 3.4444 3.6667 
TSES 3.7778 3.4630 
L2LSVM 4.0370 4.5926 
Granualar-based method 2.6667 2.4815 

 

TABLE 3.2. EXAMPLE OF GRANULAR PROTOTYPES FOR TWO DATASETS  

Dataset name Granular prototypes 

Contraceptive 

V1={[0.16152, 0.96449] [0.00921, 0.41199] [0.03979, 0.58603] [0.10900, 0.96204] [0.00116, 0.66490] [0.03767, 0.59979] [0.20000, 1.00000] 

[0.00000, 0.40000] [0.00000, 0.40000]} 

V2={[0.10282, 0.62354] [0.06022, 0.57610] [0.13421, 0.58900] [0.05647, 0.68147] [0.00232, 0.86498] [0.09485, 0.53928] [0.20000, 0.60000] 

[0.00000, 0.80000] [0.00000, 0.60000]} 

V3={[0.14256, 0.67763] [0.02580, 0.49724] [0.16817, 0.63002] [0.07716, 0.75685] [0.00103, 0.69072] [0.14702, 0.63025] [0.20000, 0.60000] 

[0.00000, 0.40000] [0.20000, 0.80000]} 

Iris 

V1= {[1.00000, 1.00000] [0.00000, 0.00000] [0.00000, 0.00000] [1.00000, 1.00000] [0.00000, 0.00000] [0.00000, 0.00000] [1.00000, 1.00000] 

[0.00000, 0.00000] [0.00000, 0.00000]} 

V2={[0.00000, 0.00000] [0.91273, 1.00000] [0.00000, 0.08727] [0.00000, 0.00001] [0.94101, 1.00000] [0.00000, 0.05899] [0.00000, 0.00000] 
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[1.00000, 1.00000] [0.00000, 0.00000]} 

V3={[0.00000, 0.00000] [0.00000, 0.19505] [0.80495, 1.00000] [0.00000, 0.00000] [0.00000, 0.06187] [0.93813, 1.00000] [0.00000, 0.00000] 

[0.00000, 0.00000] [1.00000, 1.00000]} 

 

Figure 3.7 shows the granular prototype and Decision Template associated 

with each class label for the Vertebral dataset. Clearly, granular prototype with 

interval values offers greater flexibility than Decision Template with point values. In 

many scenarios, pointwise statistics such as mean and median are less informative 

for subsequent reasoning [69]. The proposed method provides a more general and 

flexible way to describe the meta-data of training observations than Decision 

Template. 
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Note: x marks the Decision Template. Top, middle, and bottom figures are associated with class 1, 2, and 3, 

respectively.  

Figure 3.7: Decision Templates and Granular Prototypes for the Vertebral 

Dataset 
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3.4.3 Time complexity analysis 

Let ( ) denotes the complexity of the  learning algorithm , the 

complexity of the learning process of the proposed method is 

max × arg max ,…, ( ) , (combiner)  in which 

× arg max ,…, ( )  is the time complexity of generating meta-data of 

training set via running -fold CV and (combiner) is the time complexity of the 

combiner working on the meta-data of the training set to produce the decision model. 

In the proposed method, we use justifiable granularity to construct the interval for 

each column of the meta-data of each class. The computation of the median of 

unsorted posterior probability array with ( = 1, … , ) elements as well as the 

bounds of interval class memberships based on (7) and (10) can be done by first 

applying a sorting algorithm to the array. We can apply a sorting algorithm 

introduced in [95] to an array with  elements in which the time complexity is 

( × ). The procedure runs though all ×  columns of the meta-data of 

the training observations for each = 1, … ,  so that the time complexity of the 

combiner is × × arg max ,…, ( × ) . Therefore, the time 

complexity of the training process of the proposed method is 

max × arg max ,…, ( ) , × × arg max ,…, ( × ) . 

For TSES the time complexity of the training process is 

max × arg max ,…, ( ) , ( )  in which ( ) is the time complexity 

of the learning algorithm for the combiner. Therefore, depending on the learning 

algorithm for the combiner, TSES could have a longer or shorter training time than 
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the proposed method. It is noted that the proposed method can be implemented via 

parallel mechanism by using  processors to learn the meta-data and ×  

processors to learn the intervals. The time complexity of the proposed method then 

becomes max arg max ,…, ( ) , arg max ,…, ( × )  

Table B5 in Appendix B shows the average training and classification time 

(in seconds) for Decision Template, TSES, and the proposed method, computed on 

100 training sets and associated test sets partitioned from each dataset. Although the 

proposed method generally has longer training time and classification time than 

Decision Template and TSES, the differences are within practical limit.  

 

3.5 SUMMARY 

In this chapter, we have introduced a novel trainable ensemble classifiers 

system based on the concept of justifiable granularity. In our approach, we construct 

granular prototype for each class from the meta-data of training observations with the 

same class label. Each granular prototype forms a multi-dimensional information 

granule in the form of a vector of intervals, where the intervals reflect the uncertainty 

in the class prediction generated by the base classifiers. The class label of an 

unlabeled observation is predicted by selecting the class label associated with the 

granular prototype that is the closest to the meta-data of the unlabeled observation. 

Extensive experiments were carried out by using an ensemble system of three 

learning algorithms and performance comparison was done with five benchmark 

algorithms including AdaBoost, DRBM, Decision Template, TSES, and L2LSVM on 

the UCI datasets. Statistical test results indicated that our method significantly 

outperforms all the benchmark algorithms. 
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CHAPTER 4 

A Hybrid Classification System with 

Fuzzy Rule and Classifier Ensemble 

 

4.1 INTRODUCTION 

In this chapter, we present a hybrid intelligence system in which fuzzy IF-

THEN rules are generated on the output of base classifiers to produce the 

discriminative decision model. Fuzzy IF-THEN rule classifiers have found wide 

application in problems involving pattern recognition, decision making, and image 

processing [96] and a lot of research has been done on fuzzy membership function 

design [71, 73, 97-100], fuzzy rules selection [72, 101-104], and fuzzy rules 

refinement [74]. 

 Our contribution is to propose a hybrid intelligence system which consists of 

a heterogeneous ensemble classifier system and a fuzzy IF-THEN rule-based 

combiner. Fuzzy inference systems are well suited to deal with imprecise data [71, 

72] or representing knowledge with uncertainty [73, 74]. Whereas features in the 

original data often differ in scale and type, meta-data, which can be viewed as a 

transformation from feature domain to posterior domain, has all values between [0, 

1]. Therefore, there is no need to build feature-specific antecedent fuzzy set as is the 

case for the original data [105]. In a heterogeneous ensemble system with a small 

number of base classifiers, the meta-data usually has a much lower dimension than 
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the original data for datasets with a small number of classes. For a -dimension 

dataset and = { }  antecedent fuzzy sets, the total number of generated rules is 

| | , i.e. the number of rules increases exponentially with the dimension of the 

feature vector [71, 73, 101]. Therefore, the number of fuzzy rules generated by a 

fuzzy combiner from the meta-data is usually much smaller than that generated from 

the original data. Our hybrid system is able to outperform many well-known 

ensemble classifiers as shown by our experiments.  

The rest of this chapter is organized as followed. Section 4.2 describes the 

proposed hybrid intelligence system in detail. Experiment results and discussions are 

reported in Section 4.3. The conclusion is given in the last section. 

 

4.2 PROPOSED HYBRID INTELLIGENCE SYSTEM 

The proposed hybrid intelligence system with data flow in both the training 

(showed by black arrows) and classification process (showed by blue arrows) is 

illustrated in Figure 4.1. There are three functional modules in our hybrid 

intelligence system. The first is the heterogeneous ensemble module consisting of K 

base classifiers trained on the training data. This module is used to generate the meta-

data from the original data. The second module is the fuzzy inference module that 

generates the set of fuzzy IF-THEN rules from the meta-data of training set. The 

third module is the classification module that predicts the class label of an unlabeled 

observation based on the output of the K base classifiers and the fuzzy rule set. 

The role of the heterogeneous ensemble module is to generate the meta-data 

of observations from the K base classifiers during classification. During the training 

phase, the CV procedure is used to generate the meta-data from the training set (see 
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Algorithm 2.3 in chapter 2). In heterogeneous ensemble system, the learning 

algorithms are usually chosen to be as diverse and complementary as possible such 

that the obtained meta-data is highly discriminative in the classification tasks. In this 

study, we applied the Fast Correlation Based Filter (FCBF) [106] to the columns of  

in which a subset of discriminative columns in  are retained as inputs to generate 

the fuzzy rules. After this step, a new meta-data ∗ is obtained which has a column 

dimension ∗ that is smaller than the column dimension  of . Fuzzy IF-THEN 

rules are then generated based on the selected meta-data ∗ of the training 

observations. 

 

 

Figure 4.1: The proposed hybrid intelligence system 

 

We will first illustrate the form of fuzzy rules generated on the input features 

with an example. Assume that we have a dataset of observations with four features 

{ , , , }. We define  as the maximum number of features that will appear in the 

Fuzzy Inference 
module 

Heterogeneous 
Ensemble Module 

Training set 

Fuzzy Rule Set 

Unlabeled 
Observation 

Meta-data 

Classification 
module 

Training process Classification process 
Predicted label 
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rule expression. In case of = 1, we have 4 rules in which only one feature will 

appear in the rules. In case of  = 2, the rules can be generated based on one or two 

features, so there are a total of 10 rules possible (see detail below). 

 The form of rule 

= 1 If  is…then observation belongs to… 

If  is… then observation belongs to… 

If  is… then observation belongs to… 

If  is… then observation belongs to… 

 

 

= 2 

If  is…then observation belongs to…                   

If  is… then observation belongs to… 

If  is…and  is…then observation belongs to… 

If  is…and  is… then observation belongs to… 

If  is…and  is… then observation belongs to… 

If  is… then observation belongs to… 

If  is… then observation belongs to… 

If  is…and  is… then observation belongs 

to… 

If  is…and  is… then observation belongs 

to… 

If  is…and  is… then observation belongs 

to… 

 

In general, with the pre-defined , a fuzzy IF-THEN rule  corresponding 

with consequence class  is generated in the form of: 

Rule : If ∈  and ∈  and … and ∈  then ∈  with CF (4.1) 

in which  is a variable getting value from 1 to , { | = 1, … ,  } are the  features 

from the feature set,  represents the observation,  ( = 1, … , ) is a -permutation 

obtained from the set  of the given antecedent fuzzy sets, and CF ∈ [0,1] is the 

weight of rule  (i.e., certainty factor or grade of certainty). To completely construct 

, we need to compute its consequence class and its weight. 

Based on ∗ and the class label information of the training observations, we 

compute the consequence class of rule  by [98]: 

Rule →   if ( ) = max ,…, ( ) (4.2) 
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where →  denotes the consequence class  of rule  and ( ) is the total 

grade of compatibility of all meta-data training observations ( , ) ∈ ∗ that belong 

to class  denoted by ∗  

( ) = ∑ ( )∈ ∗  (4.3) 

The membership value of  is given by the product of all membership values of the 

feature value of  in the selected meta-data of observation , denoted by  ∗( , ) 

( ) = ∏ ∗( , )  (4.4) 

Meanwhile, the weight of rule  is given by: 

CF( ) =
( )

∑ ( ),

∑ ( )
 (4.5) 

in which ( ) is computed by (4.3). In fact, CF( ) is built based on the difference 

between the maximum of the total grade of compatibility and the average of the 

others. It is noted that if the weight of a generated rule is equal to 0, we simply 

remove that rule since the rule has no effect on the classification task. 

The number of rules in a rule set  associated with a consequent class label 

 may be very large if a large number of features are used to generate the rules.  

Therefore, only  rules from  with the highest rank are kept. In this work, we used 

the criteria introduced in [72, 98] by computing the product of confident and support 

of a rule to a consequence class to rank the rules in  

= ( , )| →    and   = confident → × support → (4.6) 



 PhD Thesis, Griffith University 

84 
 

confident → =
∑ ( )∈ ∗

∑ ( )∈ ∗
 (4.7) 

support → =
∑ ( )∈ ∗

| ∗|
 (4.8) 

Therefore, the final rule set  for classification is given by: 

 = {  rules with highest rank values from }, = 1, … ,  (4.9) 

The module is summarized as follow: 

Input: Training set ; learning algorithms { } = 1, … , ; 

the number of retained rules associated with each 

class label  ; the maximum number of features 

appear in the rule ; the set of antecedent fuzzy 

set   

Output: Classification rule set  ; base classifier { }; 

indexes of selected meta-data   

 (Meta-data generation) 

Calling Algorithm 2.3 to generate meta-data   

 (Base classifiers generation) 

For each  

               Base classifier  = Learn( , ) 

 End For 

(Meta data selection) 

( ∗, ) = Select_meta-data( ) 

 (Rules Generation and Reduction) 

For = 1 to  

 For each   - permutation { | = 1, . . , } obtained from   

Compute ( ) = ∏ ∗( , )   where ( , ) ∈ ∗ 

Rule →   if ( ) = max ,…, ( ) 

where ( ) = ∑ ( )∈ ∗   ( = 1, … , ) 

     The weight of rule :  
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During classification, for each observation , we compute its meta-data ( ) 

in the form of vector: 

( ) ≔ [P ( | ) ⋯ P ( | )   ⋯    P ( | ) ⋯ P ( | )] (4.10) 

and then obtain the corresponding reduced set of meta-data ∗( ) by referencing 

.  is then assigned to a class using the single winner fuzzy reasoning 

strategy [107]. Specifically, the rule ∈  is called a winner on   if the product 

( ) × CF  is maximum among all rules in . The label   is assigned to   if 

  is the consequence class label associated with the winner rule . 

 →   →  and = arg max ∈ ( ) × CF( )  (4.11)  

The classification module is summarized as follow: 

                     CF( ) =
( )

∑ ( ),

∑ ( )  

     Save  
 End For 

End For 

(Rule Selection) 

For each rule :  

          confident → =
∑ ( )∈ ∗

∑ ( )∈ ∗
       

        support → =
∑ ( )∈ ∗

| ∗|  

End For 

= ( , )| →  and 

= confident → × support →  

 ={  rules with highest rank values from } = 1, … ,  

Return  , { }, and   
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4.3 EXPERIMENTAL STUDIES 

4.3.1 Experimental Setting 

Similar to chapter 3, we choose three diverse learning algorithms, namely 

LDA, Naïve Bayes, and NN5 to construct the heterogeneous ensemble. The 

proposed method is compared with the five benchmark algorithms mentioned in 

chapter 3. We also compare the proposed method with Granular-based method 

introduced in chapter 3. In the experiment, fuzzy IF-THEN rules are generated based 

on 6 fuzzy sets given by equations (4.12-4.17) as in [72, 101]. Meanwhile, the 

number of retained rules  corresponding to each class was set from 1 to the total 

number of generated rules. 

Input: Base classifiers { } ,…, ; unlabeled observation  ; 

classification rule set  ; indexes of selected 

meta-data   

Output: Class label of   

 (Meta-data generation) 

( ) = ∅ 

For each  = 1, … ,  

               ( ) = ( ) ∪ Classify( , ) 

 End For 

Choose meta-data in  ( ) based on   to obtain 

∗( ). 

(Single winner strategy) 

For each ∈  

        Compute  ( ) = ( ) × CF( ) 

End for 

 →   →  and  = arg max ∈ ( )  
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( ) = 1    (0 ≤ ≤ 1) (4.12) 

( ) = 1 − 4     (0 ≤ ≤ 1 4⁄ )
0                  otherwise

 (4.13) 

( ) =
4              (0 ≤ ≤ 1 4⁄ )

2 − 4      (1 4⁄ < ≤ 1 2⁄ )
0                       otherwise

 (4.14) 

( ) =
4 − 1       (1 4⁄ ≤ ≤ 1/2)
3 − 4       (1 2⁄ < ≤ 3 4⁄ )

0                       otherwise
 (4.15) 

( ) =
4 − 2     (1 2⁄ ≤ ≤ 3 4⁄ )
4 − 4       (3 4⁄ < ≤ 1)
0                       otherwise

 (4.16) 

( ) = 4 − 3      (3 4⁄ ≤ ≤ 1)
0                  otherwise

 (4.17) 

4.3.2 Influence of  and  

In this study, the maximum number of features  that appear in the generated 

rule and the number of retained rules  were set to be in the range of {1, 2, 3} and 

from 1 to the total number of generated rules for each dataset, respectively. Our goal 

is to examine the influence of  and  on the classification error rate so that we could 

choose appropriate value for these parameters. Figure 4.2 illustrates the relationship 

between the two parameters and the classification error rate on 14 datasets. The error 

rate at specific values of  and  was computed by averaging over all 100 tests. 

 On the Heart datasets, using a maximum number of 2 or 3 features reduce the 

classification error rate by roughly 3% and 1%, respectively, compared with the case 

of using only one feature. On the other hand, there are nearly no difference in 

classification error rates for different values of  on some datasets like Pima, Ring, 
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and Fertility. On several datasets like Breast Cancer, Phoneme and Sonar, the error 

rate in the case = 1 is the lowest among all three values of . As a result, in 

practice, users can just construct one-feature rules from ∗ in the fuzzy rule 

generation process. 

On several datasets like Australia, Breast Cancer, Phoneme, Ring, and 

Skin&NonSkin, increasing  resulted in the decrease of error rate. However, this is 

not true on other datasets such as Artificial and Sonar. Hence, there is no one 

common best  for all datasets. If needed, the optimal  and  can be found via a 

CV-based procedure. In many practical applications, we suggest one can set = 1  

and use all the generated rules to construct the fuzzy inference system. In the next 

section, we will compare the performance of the proposed method in the case of 

setting the parameter values to = 1, = maximum number of generated rules, as 

well as in the case of using a CV-based procedure to find the optimum parameter 

values. 
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Figure 4.2: The average classification error rate with different values of  and  

 

4.3.3 Comparison with benchmark algorithms 

Table B3 and B4 in Appendix B show the experimental results of the 

benchmark algorithms and the proposed method. We report the result of the proposed 

method for the best   and  values chosen by a CV-based procedure on the training 

set (called Validation Based, where we applied 10-fold  on the training set to find 

the best  and ) as well as the result for = 1 and =total number of rules 

generated (called Particular Case).  

The statistical test result displayed in Figure 4.3 and Figure 4.4 shows that 

Validation Based is better than the benchmark algorithms with respect to both the 

classification error rate and the F1 score. Comparing to AdaBoost, we rejected 27 

null hypotheses that the two methods perform equally. In 20 of the 27 cases, the 

classification error rates of Validation Based are smaller than that of AdaBoost. 

Validation Based also significantly outperforms the other heterogeneous ensemble 

methods. Specifically, Validation Based is better than Decision Template (21 wins 

vs. 2 loses for classification error rate, and 16 wins vs. 3 loses for F1 score), and 

TSES (23 wins vs. 3 loses for classification error rate, and 21 wins vs. 4 loses for F1 
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score). Validation Based is also better than Granular-based method introduced in 

chapter 3 with respect to classification error rate (16 wins, 4 loses) and F1 score (14 

wins, 5 loses), respectively. The statistical test results clearly demonstrated the 

superior performance of using fuzzy rules to capture the uncertainty in the base 

classifiers’ outputs and as a combiner in a heterogeneous ensemble system. Finally, 

Validation Based is also better than two state-of-the-art single learning algorithms 

i.e. DRBM (10 wins and 5 loses), and L2LSVM (21 wins and 1 lose). 

When fixed values of  and  are used, i.e. Particular Case, the proposed 

method is still better than all the benchmark algorithms. Particular Case outperforms 

AdaBoost (19 wins vs 8 losses for classification error rate, and 20 wins vs 7 losses 

for F1 score), DRBM (18 wins vs 8 losses for classification error rate, and 19 wins vs 

6 losses for F1 score), L2LSVM (17 wins vs 8 losses for classification error rate, 19 

wins vs 8 losses for F1 score). It also outperforms Decision Template by 18 wins vs. 

5 losses for classification error rate and 14 wins vs. 6 losses for F1 score, and TSES 

by 22 wins vs. 3 losses for classification error rate and 19 wins vs. 4 losses for F1 

score. Comparing to Validation Based, it loses in 8 cases and 7 cases with respect to 

classification error rate and F1 score, respectively. Our experiments demonstrated 

that Particular Case can be used on many datasets with low error rate and high F1 

score with significant saving in training time compared to Validation Based.  

Table 4.1 shows the average ranking of the benchmark algorithms and the 

proposed method (Validation Based and Particular Case). It can be seen that 

Validation Based and Particular Case have the highest two rankings for both 

classification error rate and F1 score. In detail, Validation Based ranks 2.4074 for 

classification error rate while the two heterogeneous ensemble methods we compared 
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with, i.e. Decision Template and TSES, rank more than 5. It is noted that although 

similar pattern is observed in the average ranking for F1 score, the gap in ranking 

between Particular Case and Granular-based method is smaller than that associated 

with the classification error rate. 

 

Figure 4.3: Statistical test results comparing Fuzzy Rule-based method (Validation 

Based) to the benchmark algorithms with respect to classification error rate 

 

Figure 4.4: Statistical test results comparing Fuzzy Rule-based method 

(Validation Based) to the benchmark algorithms with respect to F1 score 
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Figure 4.5: Statistical test results comparing Fuzzy Rule-based method 

(Particular Case) to the benchmark algorithms with respect to classification 

error rate 

 

Figure 4.6: Statistical test results comparing Fuzzy Rule-based method 

(Particular Case) to the benchmark algorithms with respect to F1 score 
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TABLE 4.1. AVERAGE RANKING OF FUZZY RULE-BASED METHOD AND THE 

BENCHMARK ALGORITHMS 

Method Accuracy-based  
Ranking 

F1 score-based  
Ranking 

AdaBoost 5.0926 5.4259 
DRBM 4.8519 5.1852 
Decision Template 5.0370 4.2963 
TSES 5.5185 5.0556 
L2LSVM 5.4444 6.0000 
Granular-based approach 4.1481 3.7407 
Fuzzy Rule-based method (Validation Based) 2.4074 2.6111 
Fuzzy Rule-based method (Particular Case) 3.5000 3.6852 

 

To compare the training and classification time, we compute the average 

training and classification time for all 100 trials, and report the average value. Here 

we report the training and testing time for = 1 in Table B5 in Appendix B. The 

proposed method takes more training time than the trainable combining methods on 

the experimental datasets. Although the time for generating meta-data is similar 

among all trainable combining methods, the generation of fuzzy rules takes longer 

than the other combiners such as Decision Template where the meta-data associated 

with each class label are simply averaged. If the number of retained features is ∗, 

the total number of generated rules is ∑
∗

| |  in which 
∗

| |  is the total 

number of rules with  features ( = 1, … , ). The proposed method takes much 

longer time in both the training and classification processes on some large datasets 

like Skin&NonSkin (Table B5). 
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4.3.4 Comparison with other fuzzy IF-THEN rules algorithms 

Table 4.2 shows the classification error rates of several well-known as well as 

recent fuzzy IF-THEN rule benchmark algorithms. Although these benchmark 

algorithms works on the original data while the proposed method works on the 

selected meta-data, the comparison is still fair because the benchmark algorithms 

also used optimization techniques such as Genetic Algorithm (GA) to generate the 

fuzzy IF-THEN rules.  As just six datasets, namely Heart, Wine, Pima, Iris, Sonar, 

and Breast Cancer, within the UCI datasets listed in Table A1 are used in these 

benchmark algorithms, we only conducted the comparison on them. It is noted that in 

the original papers, many authors only reported the mean classification error rates 

without the corresponding variances. 

From Table 4.2, it can be seen that the proposed method in the case of 

Validation Based is better than the benchmark algorithms on four out of six datasets 

(Breast Cancer, Heart, Sonar, and Pima). On the Wine dataset, the propose method is 

worse than SIFCO-PAF [71] and Wang et al. (refinement) [74] but better than the 

others. On the Iris dataset, we obtained better results than the other benchmark 

algorithms except Kim et al. [108], Soua et al. (both SIFCO and SIFCO-PAF) [71], 

and Mansoori et al. (SGERD) [72]. The Particular Case is only worse than three or 

four algorithms on the Wine and Iris datasets while it is competitive in the other 

cases. 

Among the benchmark algorithms, several methods such as Ishibuchi et al 

[98], Gonzalez et al. (SLAVE) [103], Kim et al. [108], Mansoori et al. (SGRED) 

[72], and Verikas et al. [73] used GA to optimize the set of classification rules for 
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high classification accuracy. In contrast, the proposed approach does not use 

optimization with high computation cost like GA but is still highly competitive. 

Table 4.3 shows the average number of fuzzy IF-THEN rules generated (in the case 

of using = 1) after removing the rules with CF = 0 on 100 test results for each 

dataset. Clearly, our approach generates a small number of rules (~9) compare to 

several benchmark algorithms, for instance: [98] (3,000,000 rules were generated 

through 5000 generations), [103] (20,000 rules were generated through 1000 

generations), and [72] (1,895 rules were generated through 8 generations) for Sonar 

dataset. Besides, the proposed method can be run on a wide range of datasets without 

the need to build specific membership functions for each feature as in [71]. 

TABLE 4.2. CLASSIFICATION ERROR RATES OF SEVERAL FUZZY IF-THEN RULE 

BASED CLASSIFICATION SYSTEMS ON SIX UCI DATASETS 

Benchmark algorithms Year 
published Pima Sonar Heart Iris Breast Cancer Wine 

Gonzalez et al.(SLAVE 1) [103] 1999 - - - 0.0430 - 0.1150 
Gonzalez et al. (SLAVE 2) [103] 1999 - - - 0.0430 - 0.1020 
Abonyi et al. [109] 2003 0.2695 - - 0.0389 0.0318 0.0878 
Ishibuchi et al. GBML [98] 2004 - 0.2406 - - 0.0325 0.0690 
Ishibuchi et al. Hybrid GBML [98] 2004 0.2417 0.2370 - 0.0533 0.0332 0.0494 
Kim et al. [108] 2005 0.2310 0.2248 0.2220 0.0201 0.0334 - 
Mansoori (2CV old) [104] 2007 - - - 0.0607 0.0494 0.0674 
Mansoori (new) [104] 2007 - - - 0.0620 0.0404 0.0478 
Mansoori (2CV old with grade) [104] 2007 - - - 0.0453 0.0485 0.0455 
Mansoori (new with grade) [104] 2007 - - - 0.0453 0.0336 0.0444 
Angelov et al. (class 1) [96] 2008 0.2326 0.2343 - - - 0.0278 
Angelov et al. (class 0) [96] 2008 0.3062 0.3924 - - - 0.0756 
Mansoori et al.(SGERD) [72] 2008 0.2536 0.2280 - 0.0307 0.0298 0.0381 
Jahromi et al. [110] 2008 - 0.2644 - - - 0.0337 
Wang et al. (without refinement) [74] 2009 0.2900 0.2500 - 0.0800 - 0.0220 
Wang et al. (refinement) [74] 2009 0.2500 0.2000 - 0.0600 - 0.0210 
Verikas et al. (selected features) [73] 2011 0.2408 - - - - - 
Verikas et al. (all features) [73]  2011 0.2808 - - - - - 
Soua et al. (SIFCO) [71] 2013 - 0.2837 - 0.0333 - 0.0674 
Soua et al. (SIFCO-PAF) [71] 2013 - 0.3029 - 0.0267 - 0.0112 
Proposed Method (Validation Based)  - 0.2290 0.1900 0.1649 0.0355 0.0298 0.0239 
Proposed Method (Particular Case) - 0.2328 0.2094 0.1711 0.0377 0.0304 0.0269 
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TABLE 4.3. AVERAGE NUMBER OF GENERATED RULES 

 
Average of number of generated rules 

( = 1) 
Artificial 10.5 
Australia 5.3 
Biodeg 5 
Blood 5 
Bupa 6 
Breast Cancer 9.98 
Cleveland 6.28 
Conn-Bench-Vowel 50.28 
Contraceptive 6 
Fertility 4.13 
Haberman 5.3 
Heart 5.4 
Iris 10.86 
Letter 129.69 
Madelon 9.96 
Penbased 45.89 
Phoneme 9.98 
Pima 5 
Ring 5 
Satimage 55.17 
Skin_NonSkin 10 
Sonar 9.2 
Spambase 10 
Texture 42.15 
Vertebral 7 
Wine 24.04 
Yeast 48.25 

 

 

4.4 SUMMARY 

In this chapter, we have introduced a hybrid intelligence system that 

combines a fuzzy IF-THEN rules-based inference system with a heterogeneous 

ensemble system. In our approach, the fuzzy rules for classification are generated on 

the outputs of an ensemble of base classifiers trained using the CV-based procedure. 

Our approach has several advantages over other conventional fuzzy rule-based 

classification systems. First, it can work with high dimension datasets since the set of 

fuzzy rules are generated from the meta-data with much lower dimension. Second, 

there is no need to tailor build the fuzzy membership functions, which is a common 

step in many fuzzy rule-based classification systems. Moreover, in many fuzzy rule-
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based classification systems, computationally expensive heuristic search algorithms 

such as GA are often used to optimize the set of fuzzy rules. In contrast, our 

approach is computationally simple and often resulted in a small set of rules for 

classification. Besides, the proposed method has advantage over the other 

heterogeneous ensemble methods in that it can capture the uncertainty exhibited by 

the set of base classifiers. Extensive experiments conducted on the UCI datasets 

demonstrated the advantage of the proposed method.  
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CHAPTER 5 

A Combining Classifier Method based 

on Bayesian Theorem 

 
 

5.1 INTRODUCTION 

The two approaches introduced in Chapter 3 and 4 are successful in working 

with heterogeneous ensemble system since they can capture the uncertainty in the base 

classifiers’ output by interval-based representations in the Granular-based method or 

by fuzzy IF-THEN rules in the Fuzzy Rules-based method. However, the training 

process of those approaches are time-consuming, especially on large datasets. Hence, 

the research on how to effectively combine several learning algorithms into a single 

framework to obtain not only a better discriminative decision model but also with a 

fast training and classification process is desirable. 

In this chapter, unlike the approaches in chapters 3 and 4, we propose a novel 

combining classifier method based on Bayesian Theorem. Specifically, the class label 

of an unlabeled observation is predicted to be the class with the maximum posterior 

probability value. The posterior probabilities are computed by considering the prior 

distribution of class labels and the likelihood distribution of the meta-data. In this 

study, the likelihood distribution is approximated by a multivariate Gaussian 

distribution. Since in chapter 1 we have proved that the maximum likelihood approach 
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is not applicable due to the singularity property of meta-data, we propose using 

Variational Inference (VI) for the multivariate Gaussian distribution estimation. The 

novelty of our work lies in the following: (i) to the best of our knowledge, this is the 

first approach to develop a Bayesian-based combiner to work on the meta-data of 

training observations in heterogeneous ensemble systems, and (ii) VI is used for the 

estimation of the multivariate Gaussian density distribution. 

The rest of this chapter is organized as followed. Section 5.2 introduces VI method for 

the multi-dimensional Gaussian distribution estimation. After that, the framework 

based on Bayesian decision model is proposed to combine the outputs of base 

classifiers. Experiment results conducted on the UCI datasets are reported and 

discussed in section 5.4. The conclusion is given in the last section. 

 

5.2 VARIATIONAL INFERENCE FOR MULTIVARIATE 

GAUSSIAN DISTRIBUTION 

Maximum likelihood estimation is a popular method to obtain the Gaussian 

distribution for an observed dataset. However when the covariance matrix of the 

dataset is not full rank, it cannot be applied. Kuncheva et al. [62] commented that if 

the accuracy of all classifiers is high, the covariance matrix of the meta-data is likely 

to be singular. In this work, we propose to use VI method to estimate the multivariate 

Gaussian model. The idea behind VI method is to approximate the posterior 

distribution ( | ) of hidden variables  given the observed data  by a more easily 

accessible distribution ( ) which minimizes the divergence between ( | ) and 

( ). In maximum-likelihood method, the mean and covariance ( , ) are not 
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considered as random variables, and the likelihood function is maximized by the 

parameters’ values. In contrast, in VI method the parameters ( , ) are treated as 

random variables and priors are placed over the parameters to obtain the posterior 

distribution ( , | ).  

In the literature, the Kullback-Leibler (KL) divergence is commonly used to compute 

the distance between two distributions: 

( ∥ ) = ln ( )
( | )

= − ∫ ( )ln ( | )
( )

 (5.1) 

By ( | ) = ( , )
( )

, we can rewrite (5.1) as: ( ∥ ) =

− ∫ ( ) ln ( , )
( ) ( )

= ln ( ) ∫ ( ) − ∫ ( ) ln ( , )
( )

 

Since ∫ ( ) = 1 we obtain: 

( ∥ ) = ln ( ) − ℒ( ) where ℒ( ) = ∫ ( ) ln ( , )
( )

 

It's worth noting that KL divergence is difficult to optimize since it requires knowledge 

about the distribution that we are trying to approximate. As ( ∥ ) ≥ 0 and 

( ∥ ) = ln ( ) − ℒ( ) where ℒ( ) = ∫ ( )ln ( , )
( )

 is the lower bound 

on the log marginal probability ln ( ) , we can maximize the lower bound ℒ( ) 

instead of minimizing ( ∥ ). 

If we assume that ( ) = ∏ ( ) in which = ⋃ , and iteratively maximize 

ℒ( ) with respect to  ∩ = ∅ , ≠  while  are held fixed, the 

optimal solution ∗  is given by [23, 111]: 

ln ∗ = [ ln ( , )] + const (5.2) 

Here the notation [⋯ ] denotes an expectation with respect to the  distributions 

over all variables ( ≠ ), and the constant is independent of . Convergence is 
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guaranteed because that bound is convex with respect to each of the factors ( ) 

[112]. 

In the literature, VI method have been used to estimate the density distributions of 

Dirichlet and Gaussian Mixture Model (GMM) [111, 113, 114]. In this work, we apply 

the VI method to estimate the parameters of a multivariate Gaussian distribution. It is 

the fact that Gaussian can be used to approximate a wide range of other distributions 

such as Poisson, Binominal and Gamma [115]. Meanwhile, Dirichlet distributions are 

most commonly used as the prior distribution of categorical variables or multinomial 

variables in Bayesian-based models [116, 117]. Here, the multivariate Gaussian 

distribution is used to approximate the likelihood function ( ( )| ) for each class 

label in which all features of ( ) are real and belong to [0,1]. Although GMM can 

also be used to approximate the model for class labels, GMM requires many 

parameters resulting in expensive computation in the training process. Moreover, 

when a small amount of data is available, the choice of the number of Gaussian 

components for GMM becomes critical [118].  

Our goal is to infer the posterior distribution for the mean  and precision matrix , 

where  is the inverse of the covariance matrix = , given a dataset =

{ | = 1, … , } of variable  which are assumed to be drawn independently from the 

multivariate Gaussian distribution ( | , ). The likelihood function is given by: 

( | , ) = ∏ ( | , ) = (2π) | | exp − ∑ ( − ) ( −

)  (5.3) 

where  is the dimensionality of the variable . 

In order to formulate a variational solution, we write down the joint distribution of all 

of the random variables: ( , , ) = ( | , ) ( | ) ( ). The conjugate prior of 
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a multivariate Gaussian distribution, ( , ), with  unknowns  and  are given by 

the Gaussian-Wishart distribution: ( , ) = ( | ) ( ), where ( | ) is a 

Gaussian distribution: 

( | ) = , ( ) = (2π) | | exp − ( − ) ( − )  (5.4) 

and ( ) is a Wishart distribution: 

( ) = ( | , ) = ( , )| |
( )

exp − Tr( )  (5.5) 

( , ) = | | 2
( )

∏ Γ  (5.6) 

where  and  are the -mean vector and the scale of precision matrix  of 

Gaussian distribution ( | ),  and  are the × -scale matrix and the number 

of degrees of freedom of Wishart distribution ( ), Tr(. ) denotes the trace operator 

of a matrix, and Γ(. ) denotes the Gamma function defined by Γ(. ) = ∫  .  

Putting our attention on a factorized variational approximation to the posterior 

distribution, i.e. ( , ) = ( ) ( ), the following update equations can be derived: 

ln ∗( ) = [ln ( , , )] + const  (5.7) 

ln ∗( ) = [ln ( , , )] + const (5.8) 

We have the following results: 

Lemma 5.1: The optimum solution ∗( ) of update equation (5.7) is a Gaussian 

∗( ) = ( , ) with mean  and precision  given by (5.9) and (5.10). 

=   (5.9) 

= ( + ) [ ]  (5.10) 
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Lemma 5.2: The optimum solution ∗( ) of update equation (5.8) is a Wishart 

∗( ) = ( | , ) with the number of degrees of freedom  and the scale matrix  

given by (5.11) and (5.12). 

= + + 1 (5.11) 

= + ( + ) + +   (5.12) 

where 

=
1

, = ( − )( − ) , = ( − )( − )
 

Lemma 5.3: The lower bound ℒ( ) of the VI for the multivariate Gaussian distribution 

is given by (5.13) 

ℒ( ) = ln ( , ) − ln ( , ) − ln(2 ) − ln( ) −  + ln| | +

Tr( ) + Tr( ) + Tr( )   (5.13) 

The proofs for Lemmas 5.1 – 5.3 are given in Appendix D. 

Denote as ℒ ( ) to be the value of the lower bound at the ith iteration, then it can be 

shown that: 

ℒ ( ) − ℒ ( ) = − ln ( , ) − Tr + + +

ln ( , ) + Tr + + − (ln| | − ln| |)  (5.14) 

where we have made use of the fact that 

ln| | − ln| | = ln
| [ ]|

| [ ]| = ln
| |

| | = ln| | − ln| | 

We have the following algorithm for multivariate Gaussian distribution estimation: 
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Algorithm 1: VI for multivariate Gaussian distribution 

estimation 

Input: Dataset ; threshold ;   ,  ,  ,  , [ ] 

Output: ,  of ( ) = ,
 
and ,  of ( ) = ( | , ) 

 ≔ 1 

For each  

      Update ,  using (5.9), (5.10) 

      Update ,  using (5.11), (5.12) 

      If > 1 and ℒ ( ) − ℒ ( ) <  then break 

      ≔ + 1 

End 

 

In the algorithm above, the four variables of  ( ) and ( ) are updated step by step 

from their initial values. The updating process will stop when the change in lower 

bound value ℒ( ) is smaller than a specified threshold . In our experiments, 3 or 4 

iterations typically proved sufficient to achieve convergence with a threshold =

1 − 10. In practice, simple values can be chosen to initialize the parameters for 

Algorithm 1:  is -vector with all zero elements (0, … ,0) , = 1, = ,  is 

×  identity matrix and [ ] = . 
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5.3 BAYESIAN-BASED COMBINING METHOD 

The most important distinction between this work and existing work is that we 

use statistical learning-based approach on the meta-data to build the combining 

classifier. Attributes in the original data are frequently varying in nature, measurement 

unit, and type. As a result, Gaussian model does not perform well when it is used to 

approximate the distribution of the original data. Meta-data, on the other hand, can be 

viewed as scaled data from feature domain to posterior domain where data is reshaped 

to be real values in [0, 1]. Observations that belong to the same class will likely have 

equal posterior probabilities generated from the base classifiers and located close 

together in the new domain. Consequently, the meta-data is expected to be more 

discriminative than the original data, and Gaussian model on meta-data will be more 

effective than on original data. 

The proposed Bayesian-based combining classifier method is illustrated in Figure 5.1. 

First, the CV-based procedure is applied on the training set to generate the meta data 

. Since the labels of the training observations = ( , )| ∈ { } ,…,  
are 

known, we can gather  into  groups that correspond with the  labels: =

{( ( ), )| ∈ , = } = 1, … , . Then, VI method is applied to  to model 

the distribution for each label by a multivariate Gaussian distribution. Based on the 

Bayesian decision model, the posterior probability of an observation  belonging to 

the  class is given by: 

| ( )  ~ ( ( )| ) ( ) (5.15) 

where  is the model for the  class and ( ) is the prior probability of the  

class. Many approaches about the choice of prior probability have been introduced 
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[119], and they generally belong to one of two classes: informative priors and 

uninformative priors. Spiegelhalter et al. [120] and Lauritzen et al. [121] demonstrated 

the improvement in prediction when informative priors are used in Bayesian-based 

system. Gelman [122] stated that the choice of prior distributions will have minor 

effect on the posterior probabilities in the case of a large number of observations and 

‘well-identified’ parameters, whereas it will play an important role when the number 

of observations is small or when the available data provide only indirect information 

about the parameters of interest. To show that even a simple empirical choice can 

achieve good performance in the classification tasks, we compute the prior probability 

simply by: 

( ) = | |
| |

 (5.16) 

where | ∙ |  denotes the cardinality of a set. The likelihood function ( ( )| ) is 

given by: 

( ( )| ) =  ( ( )| , ) = (2π) | | exp − [ ( ) − ] [ ( ) −

]  (5.17) 

where ,  in (5.17) are the mean and covariance matrix of the multivariate 

Gaussian model obtained by VI for the  class. Note that instead of  , the 

precision matrix  is computed by VI during the training process. 

In the classification phase, the meta-data of an unlabeled observation is first generated 

by the base classifiers. Its class prediction is then obtained by selecting the label 

associated with maximum posterior probabilities computed by the  multivariate 

Gaussian models. Therefore, the class label of an unlabeled observation   is predicted 

by: 
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 ∈   if  = arg max ,…, ( )  ~  arg max ,…,  ( ( )| ) ( ) (5.18) 

Our ensemble framework has some similarity with Bayesian Model Averaging 

(BMA) [123] since the results of all hypotheses (classifiers) are used to obtain the final 

discriminative model.  However, in our work, we just consider the output itself (which 

in our framework is obtained from the base classifiers) whereas in BMA the base 

classifier models are actually considered in the formulation. The Bayesian-based 

combining classifier method is given in Algorithm 5.2. 

 

 

Figure 5.1: The training process of the Bayesian-based combining classifier 

method 

Training set 

   Learning 
algorithms 

BC  BC  BC  Base 
classifiers … 

Meta-data of 
training set 

Meta-data 
generation 

Meta-data associated 
with class 1 

Meta-data associated 
with class  

… 
Meta-data associated 

with class 2 

… 

V
ariational Inference 



Chapter 5 
 

109 
 

 

Figure 5.2: The classification process of the Bayesian-based combining classifier 

method 

 

Algorithm 5.2: Bayesian-based combining classifiers method 

Training process: 

Input: Training set = {( , )}; ={  learning algorithms}; 

,  , ,  ,  , [ ] 

Output: Gaussian models { } with two parameters , ; ( ) 

= 1, … , ; base classifiers { } 

BC  BC  BC  

P (∙) P (∙) P (∙) 

N
ew

 data 
Base 

classifiers 

Predictions 

… 

… 

Meta-data of new 
data 

… 

P( | ∙) P( | ∙) P( | ∙) … 

min {P( | ∙), = 1, … , } 

Final prediction 

Prior Probability 
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 (Meta-data generation) 

Call Algorithm 2.3 to generate meta-data   

 (Base classifiers generation) 

For each  

               Base classifier  = Learn( , ) 

 End For 

(Model Parameters computation) 

 For  class 

    = {( ( ), )| ∈ , = } 

    ( , , , ) = Algorithm 5.1 

( , , , , , , [ ]) 

     ( ( )| ) =  ( ( )| , ) where =   

     and = ×  

     Compute ( ) using (5.16) 

End 

 Return , , ( ) = 1, … , , and { } 

Classification process: 

Input: Unlabeled observation  

Output: Predicted label for  

 
(Meta-data generation) 

( ) = ∅ 

For each  
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               ( ) = ( ) ∪ Classify( , ) 

 End For 

(Posterior probability computation) 

 For  class 

    Compute | ( )  ~ ( ( )| ) ( ) using (5.16) 

and (5.17) 

End 

 Predict label of  using (5.18) 

 

5.4 EXPERIMENTAL STUDIES  

5.4.1 Results and Discussion 

First, we compares the performance of our proposed method to DRBM and 

L2LSVM. The statistical test results in Figure 5.3 and 5.4 show a similar pattern in 

which ours is better with regarding to not only error rate but also F1 score (18 wins 

and 17 wins). In comparison to AdaBoost for classification error rate, our method 

achieves better results on 20 datasets and worse results on 7 datasets. Moreover, our 

method also performed significantly better than Decision Template method, posting 

22 wins and only 2 losses for classification error rate. Similar to our approach, 

Decision Template method also groups training observations based on their labels in 

the meta-data and then builds the template for each class. In fact, the Decision 

Template of the  class is the average of meta-data of training observations with 

label  [62]. However, the template representation is not as powerful as our 

Bayesian-based approach, so our method frequently outperforms that benchmark 
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algorithm. In TSES method, Decision Tree learns classifier on the meta-data of the 

training observations. Although TSES has better performance on datasets like Texture 

(TSES’s classification error rate is 0.0044), our method is significantly better, 

obtaining 24 wins and 2 losses for error rate and 21 wins and 5 losses for F1 score. 

Comparing to methods introduced in chapter 3 and 4, the proposed method is 

better than Granular-based method (18 wins vs. 3 loses for classification error rate and 

12 wins vs. 9 lost for F1 score), competitive to Fuzzy Rule-based method (Particular 

Case) (11 wins vs. 10 loses for classification error rate and 13 wins vs. 10 loses for F1 

score) and slightly worse than Fuzzy Rule-based method (Validation Based) (8 wins 

vs. 12 loses for both classification error rate and F1 score). The average ranking in 

Table 5.1 also indicates that the ranking of Bayesian-based method is worse than that 

of Fuzzy Rule-based method (Validation Based) (3.2963 vs. 2.8889 for classification 

error rate and 3.8519 vs. 3.1296 for F1 score) and better than those of the other 

benchmark algorithms. 

 

 

Figure 5.3: Statistical test results comparing Bayesian-based method with the 
benchmark algorithms with respect to classification error rate 
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Figure 5.4: Statistical test results comparing Bayesian-based method with the 
benchmark algorithms with respect to F1 score 

 
 
 
 

TABLE 5.1: AVERAGE RANKING OF BAYESIAN-BASED METHOD AND 
THE BENCHMARK ALGORITHMS 

 

Method Accuracy-
based Ranking 

F1 score-based 
Ranking 

AdaBoost 5.8333 6.0556 
DRBM 5.5556 5.8148 
Decision Template 5.8889 4.9630 
TSES 6.4444 5.8704 
L2LSVM 6.1852 6.7407 
Granular-based approach 4.8889 4.2963 
Fuzzy Rule-based method (Validation Based) 2.8889 3.1296 
Fuzzy Rule-based method (Particular Case) 4.0185 4.2778 
Bayesian-based method 3.2963 3.8519 
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TABLE 5.2: AVERAGE NUMBER OF ITERATIONS BY BAYESIAN-BASED 
METHOD 

 
 

  
  # of iterations  # of iterations 

Artificial 4 Madelon 4 
Australian 4 Penbased 4 
Biodeg 4 Phoneme 3.99 
Blood 4 Pima 4 
Breast Cancer 4 Ring 4 
Bupa 4 Satimage 11.67 
Cleveland 4 Skin_NonSkin 3 
Conn-Bench-Vowel 4 Sonar 4 
Contraceptive 4 Spambase 4 
Fertility 4.5 Texture 8.6 
Haberman 4 Vertebral 4 
Heart 4 Wine 4 
Iris 4 Yeast 4 
Letter    
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Figure 5.5: The values of −  ( ≥ ) in one experiment on selected 

datasets 

5.4.2 Training and classification time comparison 

To compare the training and classification time, we compute the average 

training and classification time for all 100 cases, and report the average value in Table 

B5 in Appendix B. First, in the training process, Bayesian-based method is better than 

Granular-based method and Fuzzy Rule-based method and is competitive to the two 

trainable ensemble method in training time performance evaluation. In some datasets 

like Artificial, Contraceptive, Australian, and Ring, Decision Template is the best 

among all methods. Decision Template is simpler than Bayesian-based method as it 

only calculates the average value on the meta-data of training observations associated 

with each class. In Bayesian-based method, several iterations are needed to find the 

mean and covariance parameters of the multivariate Gaussian distribution for each 

class. Table 5.2 shows the average value of the number of iterations among 10 runs of 
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the 10-fold CV procedure. The convergences are obtained after about 3 or 4 iterations 

so the training time in Bayesian-based method is acceptable. It is even better than the 

other methods on datasets like Heart and Madelon. In Figure 5.5, we show the 

decreases in the values of ℒ − ℒ  ( ≥ 2) in an experiment for some datasets. 

Although Decision Template is usually less time-consuming in the training process 

compared with the other three methods, the differences related to training time 

between Decision Template and Bayesian-based method are small. In Granular-based 

approach, we compute the  prototypes representations that correspond to the  

classes from the meta-data of the training observations. In Fuzzy Rules-based method, 

the number of fuzzy IF-THEN rules are generated on selected meta-data of the training 

observations. As a result, if the training set is large, they are frequently more time-

consuming than the other trainable methods. 

In the time taken for classification, Bayesian-based method is ranked first, followed 

by Decision Template, and TSES. Our method performs multiplication between the 

meta-data of the test observation and the precision matrix. So it is less time-consuming 

than Decision Template in the classification process, although the difference is not 

large.  

 

5.5 SUMMARY 

We have introduced a novel combining classifier method in which the class 

distribution of meta-data is exploited to form the decision making model. Our 

approach groups the meta-data of training observations based on their class labels, and 

estimate the distribution associated with each class label by a multivariate Gaussian 

using VI. Then, classification is conducted through maximization of the posterior 
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probability according to the Bayesian decision model. Experimental results on the UCI 

data files demonstrated the benefit of our approach compared with several well-known 

combining classifier methods. Specifically, the proposed method is better than 

Decision Template, AdaBoost, Granular-based method, and TSES, and is competitive 

with Fuzzy Rules-based method (Particular Case). It is also less time consuming 

during classification compared with the other trainable methods that we experimented. 
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CHAPTER 6 

Simultaneous Learning Algorithm and 

Feature Selection in Multi Classifier 

System 

 

6.1 INTRODUCTION 

Feature selection is an important problem in pattern recognition, data analysis 

and data mining [124, 125]. The main purpose of this task is to reduce the number of 

features while maintaining the accuracy at an acceptable rate. In fact, real world data 

usually contain redundant attributes; as a result, storage and computation costs will 

increase. Besides, some of the attributes may be irrelevant to the class the data belong 

to. Hence, eliminating redundant or irrelevant attributes will help to improve 

classification performance as well as reducing storage cost. Generally speaking, 

methods that transform features to a new domain with a reduction in the dimension of 

the feature can be treated as feature selection. Therefore, strategy to solve this problem 

is very diverse, for instance, through linear transformations, search techniques, and 

Genetic Algorithm (GA). Classifier selection is an interesting topic in classifier fusion 

since the presence of some classifiers may actually degrade the accuracy of 

classification systems because of their wrong predictions. Therefore removing them 
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would reduce the prediction error rate. In this study, we focus on using GA-based 

method to optimize heterogeneous ensemble systems. 

Application of GA in multi-classifier system to improve classification 

performance has been shown to be an effective strategy [126-128] and has been 

applying to many areas like power electronic circuits optimization [129], 

bioinformatics [130-132], and scheduling problem [133]. Several GA-based 

approaches to improve the accuracy of classifier fusion have also been proposed. 

Kuncheva and Jain [126] introduced two GA-based algorithms in which features are 

selected by join and disjoin mechanism. In the former, features are encoded by 

{0, … , } where  means that feature is only used by the  classifier and 0 means 

that feature is not used by any classifiers. In the latter, classifier encoding is added in 

the same chromosome with feature encoding and both of them work independently in 

the crossover and mutation stage. An encoding method is developed based on Venn 

diagram for feature encoding and integer values for classifier encoding. The first 

algorithm did not perform well according to their experimental results while the second 

algorithm is quite hard to implement since Venn diagram becomes more complicated 

with many classifiers. Nanni and Lumini [127] employed GA to improve the SCANN 

algorithm [63] by building representations where each includes encoding of  classes. 

Gabrys and Ruta [128] put classifier, feature and fixed rule encoding in a single 

chromosome as a 3-dimensional cube. These two approaches are difficult to implement 

because of the complicated crossover stage. Ledezma et al. [134] proposed an 

encoding structure which can encode not only the learning algorithms generating the 

base classifiers but also the method that combine these classifiers. In the advanced 

versions, the parameters of each learning algorithm were included in the genetic 
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search. While that approach can solve the classifier selection problem in both states, it 

does not consider the feature selection problem for each classifier. We address these 

issues with a new GA model for multi classifier system which is effective and easy to 

implement. It is noted that, classifier can be pre-selected or post-selected via the 

approach of the selection method. In the case of pre-selection, the classifier selection 

problem is similar to learning algorithm selection. Therefore, in the next section, we 

use the term “learning algorithm selection” which also means that “classifier 

selection”. 

In this study, we propose a GA-based approach to explore the optimal subset 

of learning algorithms and the associated subset of features for each algorithm to 

construct the heterogeneous ensemble system. By designing a two-part representation 

for each chromosome which encodes not only the learning algorithms but also their 

associated feature set, we can simultaneously solve the learning algorithm selection 

and feature selection problems for a heterogeneous ensemble system. The operations 

of GA i.e. crossover and mutation is implemented in a straightforward manner. The 

novelty of our work lies in the fact that we define a simple and effective way to solve 

the classifier and feature selection problems to obtain a high performance 

heterogeneous ensemble. 

The chapter is organized as follows. In Section 6.2, we introduce the proposed 

learning system based on GA to simultaneously select the learning algorithms and their 

associated features. Experimental results are presented in Section 6.3 in which the 

results of the proposed learning system are compared with the results produced by the 

benchmark algorithms. Finally, the conclusions are presented in Section 6.4. 
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6.2 SIMULTANEOUS LEARNING ALGORITHM AND 

FEATURE SELECTION  

6.2.1 Chromosome design 

To solve the simultaneous learning algorithm and feature selection problem, 

we design the two-part encoding representation for each chromosome (6.1). 

Specifically, the first part is the encoding for the  learning algorithms where each 

gene has two values ‘1’ and ‘0’ showing which algorithms are selected in the ensemble 

(6.2). Meanwhile, the second part contains the feature encoding giving information 

about which features are used by a specific algorithm (6.3). Based on this proposed 

structure, we can select not only the learning algorithms but also their associated 

feature sets to construct an optimal ensemble system. 

=

⎣
⎢
⎢
⎢
⎡

⋯
= { , , … , }
= { , , … , }

⋯
= { , , … , }⎦

⎥
⎥
⎥
⎤

  (6.1) 

= 1,   if  classifier is selected
0,                                 otherwise  (6.2) 

= 1,   if  feature is selected by the  classifier
0,                                                                 otherwise

  (6.3) 

6.2.2 Crossover operator 

To vary the structure of the chromosomes to obtain the next generation, we 

apply the crossover operator sequentially to two parts of a pair of chromosomes. In 

detail, crossover operator is conducted on the learning algorithm encoding first. We 
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employ single point splitter where each algorithm encoding exchanges its head with 

the other while retains its tail. Their feature encodings are then swapped accordingly 

based on the resulting learning algorithm encoding. In the second step, single point 

splitter is applied to the feature encoding of the  learning algorithm ( = 1, … , ) 

of two individuals. To illustrate, given two chromosomes  and  

=

⎣
⎢
⎢
⎢
⎢
⎡ ⋯

= { , , … , }
= { , , … , }

⋯
= { , , … , }⎦

⎥
⎥
⎥
⎥
⎤

    =

⎣
⎢
⎢
⎢
⎢
⎡ ⋯

= { , , … , }
= { , , … , }

⋯
= { , , … , }⎦

⎥
⎥
⎥
⎥
⎤

 

We first apply single point splitter to the learning algorithm encoding in the pair of 

chromosomes 
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⎢
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⎢
⎢
⎡   ⋯    ⋯

= { , , … , }
⋯

= , , , , … , ,

= { , , … , }
⋯

= { , , … , } ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

     =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡   ⋯    ⋯

= { , , … , }
⋯

= , , , , … , ,

= { , , … , }
⋯
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⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

Then, single point splitter is applied to the feature encoding of the  learning 

algorithm of the two chromosomes 

= , , … , ,   and = , , … , ,   ⟹  =

, , , , … , , , , , … , ,  and = , , , , … , , , , , … , ,  

( = 1, … , ) 
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6.2.3 Mutation 

Mutation operator introduce genetic diversity from one generation in a 

population to the next generation. It also prevents the algorithm from falling into local 

minima or maxima by making the population of chromosomes difference to each other. 

In the mutation process, the solution may change entirely from the previous solution; 

consequently, GA can escape from local minima or maxima and reach a better 

solution. Here, the mutation operator is applied to both parts of a chromosome. We 

define the probability  for the mutation process on the learning algorithm encoding 

in which mutation occurs by inverting a random gene if the generated mutation 

probability is smaller than . A similar process is conducted on the feature encoding 

by using the mutation probability . 

6.2.4 Fitness Computation 

 The fitness function is defined over the encoding representation and measures 

the quality of the represented solution. In this study, we find the optimal set of learning 

algorithms and their associated features to maximize the classification accuracy of the 

ensemble. Here, we use fixed combining method as the combiner in a heterogeneous 

ensemble system to compute the fitness of each individual, i.e. the ensemble’s 

classification accuracy. As mentioned in chapter 1, fixed combining methods do not 

use the label information in the meta-data of the training set. Although they generally 

have lower performance than trainable combing methods, they are much faster than 

their trainable counterparts. As GA search often requires a large number of expensive 

fitness function evaluations, fixed combining method is an appropriate choice to 

reduce computation cost.  
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Based on the encoding of an individual, the subset of learning algorithms 

(denoted by { ∗}) and their corresponding feature subset (denoted by {ℱ∗} ) are 

selected from all learning algorithms { } and feature set ℱ by (6.4) and (6.5)  

 
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ ∗ (6.4) 

ℱ
 

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ {ℱ∗} (6.5) 

The fitness of individual is then computed according to the classification 

accuracy on the validation set or on the sets generated from -fold CV. We propose a 

CV-based approach to compute the fitness of an individual as given in Algorithm 6.1. 

In detail, we first get the subset of learning algorithms { ∗} and their associated 

features {ℱ∗} from the original ones by referencing the individual encoding. The 

training set  is then divided into  parts { , … , } and their corresponding 

{ , … , } through T-fold CV in which = − . Each observation  in  

with ℱ∗ features (denoted by  ∗ ) is classified by the classifiers generated by learning 

∗ on ( ∗)−  obtained from . The hypothesis ℎ ( ) is obtained by using a fix 

combining rule on the meta-data of . The fitness of the individual is finally computed 

by averaging the classification accuracy on the T folds as ∑ ∑ ( )
{ }( , )∈  

where { } is the cardinality of  and ⟦∙⟧ return 1 if the condition is true and 0 

otherwise. The fitness can also be computed by using a validation set  as 

 
∑ ⟦ ( ) ⟧( , )∈

{ }
 where ℎ is hypothesis about the class label obtained from the fix 

combining rule, and { } is the cardinality of . 
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Algorithm 6.1: Fitness value computation using T-fold CV-based 

procedure 

Input Individual encoding ; learning algorithms { }; 

training set  with feature set ℱ. 

Output Fitness value of  

 (Get the subset of learning algorithms and 

their features) 

{ ∗} = Select_learning_algorithms( ,{ }) 

ℱ∗  = Select_features( , ℱ) 

 (Fitness Computation) 

 { , … , } = T-Fold-Cross-Validation( ) 

For t = 1 to T 

      =  - ; 

     Get ( ∗)  and ( ∗)  associated with   

     and  by referencing ℱ∗ ( = 1, … , );  

     For each ∗ 

         Classifier ( ∗)  = Learn( ∗,( ∗) ); 

     End 

     For each ∈  

         Get  ∗ ∈ ∗  associated with ∈ ; 

          For each ( ∗)   

               ( ) = ( ) ∪ Classify( ∗ , ( ∗) ); 

          End 

          ℎ ( )  = Fix_rule( ( )); 
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     End 

End 

 Return ∑ ∑ ( )
{ }( , )∈  

 

6.2.5 GA-based selection 

The GA-based method to simultaneously select features and learning 

algorithms is given in Algorithm 6.2. In detail, the initialized population is generated 

with  randomly generated individuals where their fitness is computed as the 

classification accuracy of the ensemble by referencing their encodings (Algorithm 

6.1). After this step, each individual is identified by a pair of encodings and a fitness 

value.  

The population evolution is conducted in the second step in which two 

individuals are randomly selected to undergo crossover and mutation. The fitness 

values of the two offsprings  and  obtaining from their parents are computed and 

then added to the population. This process is performs repeatedly until the number of 

individuals in the population is twice higher than the previous population. After this, 

only  individuals with the highest fitness are selected to breed a new generation. 

The evolution process is repeated until the maximum number of generation is 

reached or when the evolution no longer produce better results. The second termination 

condition means that the algorithm has converged to a single point e.g. all individuals 

in the generation no longer produce new encodings in the next generation. The elite 

solution is selected from the final population by selecting the individual with the 

highest fitness value. 
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Algorithm 6.2: Simultaneous feature and learning algorithm 

selection by GA-based approach  

Input: Number of individuals ; mutation probabilities ,

; maximum number of generations ; learning 

algorithms { } = 1, … , ; training set  

Output: Optimal encoding 

 (Population initialization) 

Randomly generate initialized population  =

, | = 1, … ,  where  := Fitness , , { }  

= 1, … ,  

 (Evolution Process) 

stop:=false; t=0; 

Do 

   t=t+1; 

Do 

    ,  = Random_Selection( )  

    
,  =Crossover( , ); 

 = Mutation( , , ); 

 = Mutation( , , ); 

 = Fitness (  , , ); 

 = Fitness ( , , ); 

 =  ∪ ,  ∪ ,  

While (| | ≤ 2 ∗ ) 
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Select top L individual with highest fitness 

from ; 

If (t> ) or converging( ) = true 

    stop = true; 

While(stop=false) 

Return  if = max ,…,  ( ) 

 

 At the end of the training process, and having obtained the elite solution, we first 

select the subset of learning algorithm { ∗} from the entire set of learning algorithms 

{ } as well as the features ℱ∗ associated with the ∗. Subset of the training set 

containing ℱ∗ feature (denoted by ∗) is then obtained from the original training set 

. Finally, the learning algorithm ∗ will learn on ∗  to generate the base classifier 

∗. The procedure is outlined in Algorithm 6.3. 

Algorithm 6.3: Learning base classifiers from the elite 

solution  

Input: Optimal encoding ; learning algorithms { }; 

training set  

Output: Base classifiers { ∗} and {ℱ∗}  

 { ∗} = Select learning algorithms( , { }) 

{ℱ∗} = Select_ features( , {ℱ}) 

For each ∗ 

    Get ∗ from  by referencing ℱ∗  

    Base classifier ∗ = Learn( ∗ , ∗) 

End 
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Return { ∗} and {ℱ∗} 

 

 The classification process works in a straightforward way in which each 

unlabeled observation  with ℱ∗ feature is classified by each of the base classifiers 

{ ∗ } to obtain the meta-data i.e. L( ). The class label of  is predicted by using a fix 

combining rule on its meta-data. 

Algorithm 6.4: Classification procedure 

Input: Unlabeled observation ; base classifiers { ∗}; 

{ℱ∗} 

Output: Predicted class label for  

 For each ∗ 

   Get ∗ from  by referencing ℱ∗ : 
ℱ∗

∗ 

   ( ) =  ( ) ∪ Classify( ∗, ∗)  

End 

Predicted label = fix_rule ( )  

Return ; 

 

6.3 EXPERIMENTAL STUDIES 

 We use three learning algorithms, namely LDA, Naïve Bayes, and NN5, as in 

our previous experiments to construct the ensemble. To initialize the parameters of GA, 

we set the mutation probabilities for both the first and second encoding part to 0.015, 

the population size L is set to 20, and the maximum number of generations  is set 
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to 50. We employ Sum Rule to compute the fitness of each individual since Sum Rule 

results in the most reliable predictions [49]. 

The mean and variance of the classification error rates of the benchmark 

algorithms and the proposed method are shown in Tables B3 in Appendix B. The 

statistical test results shown in Figure 6.1 indicated that the GA-based method is 

significantly better than all benchmark algorithms. Specifically, the proposed method 

outperforms DRBM (22 wins vs. 3 loses), L2LSVM (24 wins vs. 2 loses), AdaBoost 

(22 wins vs. 5 loses), Decision Template (25 wins and 0 lose), and TSES (25 wins vs. 

2 loses). GA-based method also achieves better performance on 18 datasets comparing 

to the Bayesian-based method, on 20 and 22 datasets comparing to the Validation Base 

and Particular Case of Fuzzy Rules-based method, and on 26 datasets comparing to 

the Granular-based method. The superior performance of GA-based method is due to 

the ability of GA to find the optimal subset of learning algorithms and their associated 

features which boost the ensemble’s performance. In Table 6.2, we show some 

examples of best chromosome found by the GA search procedure. For datasets like 

Artificial and Haberman, all three learning algorithms are employed to generate the 

base classifiers. Meanwhile, for datasets like Bupa, Contraceptive, and Sonar, the first 

(LDA) and third ( NN5) learning algorithms are selected in the optimal solution. In 

the optimal solution found by the proposed method, each learning algorithm uses a 

different feature set to generate the base classifier. This demonstrates that feature 

selection is also performed. 

In this study, we simply find the optimal set of learning algorithms and their 

associated feature set with a single objective i.e. maximizing the classification 

accuracy. To ensure consistency with the previous chapters, we also report the F1 score 
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of the classification system using the optimal individual in Table B4 in Appendix B. 

For F1 score, the statistical test results in Figure 6.2 show similar pattern to that in 

Figure 6.1 in which GA-based method is significant better than all the benchmark 

algorithms as well as the methods introduced in previous chapters. The average 

ranking of the proposed method and the benchmark algorithms in Table 6.1 once again 

shows the superior performance of the proposed method not only for the classification 

error rate but also for the F1 score. 

 

 

Figure 6.1: Statistical test results comparing GA-based method to the 

benchmark algorithms with respect to classification error rate 
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Figure 6.2: Statistical test results comparing GA-based method to the 

benchmark algorithms with respect to F1 score 

 

TABLE 6.1. AVERAGE RANKING OF GA-BASED METHOD AND THE 

BENCHMARK ALGORITHMS 

Method Accuracy-
based ranking 

F1 score-based  
ranking 

AdaBoost 6.6481 6.8704 
DRBM 6.4444 6.7037 
Decision Template 6.8519 5.9259 
TSES 7.3704 6.7593 
L2LSVM 7.1111 7.7037 
Granular-based approach 5.8519 5.2593 
Fuzzy Rule-based method (Validation Based) 3.7407 4.0926 
Fuzzy Rule-based method (Particular Case) 4.8704 5.2407 
Bayesian-based method 4.1852 4.8519 
GA-based method 1.9259 1.5925 
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TABLE 6.2. AVERAGE TRAINING TIME AND BEST CHROMOSOME OF 

EIGHT SELECTED DATASETS 

File name Time (s) Best Chromosome 

Artificial 1249.832 

Encoding for classifier : 111 
Encoding for select features for classifier1 : 1111111000 
Encoding for select features for classifier2 : 1100001001 
Encoding for select features for classifier3 : 0100100011 

Australian 2035.637 

Encoding for classifier: 110 
Encoding for select features for classifier1 : 11011001011011 
Encoding for select features for classifier2 : 00010100101110 
Encoding for select features for classifier3 : 00011111110010 

Bupa 1744.830 

Encoding for classifier: 101 
Encoding for select features for classifier1 : 111111 
Encoding for select features for classifier2 : 100111 
Encoding for select features for classifier3 : 001111 

Contraceptive 1529.539 

Encoding for classifier : 101 
Encoding for select features for classifier1 : 111110110 
Encoding for select features for classifier2 : 111111001 
Encoding for select features for classifier3 : 110110111 

Haberman 617.398 

Encoding for classifier : 111 
Encoding for select features for classifier1 : 101 
Encoding for select features for classifier2 : 101 
Encoding for select features for classifier3 :101  

Heart 1658.897 

Encoding for classifier : 111 
Encoding for select features for classifier1 : 1011000111111 
Encoding for select features for classifier2 : 1010111111111 
Encoding for select features for classifier3 : 0010011000111 

Pima 1074.830 

Encoding for classifier : 111 
Encoding for select features for classifier1 : 11100111 
Encoding for select features for classifier2 : 11010110 
Encoding for select features for classifier3 : 10011100 

Sonar 2989.861 

Encoding for classifier : 101 
Encoding for select features for classifier1 : 
1011000100100100000001111010011010001010000010001100001
01100  
Encoding for select features for classifier2 : 
0111100010010101010001011111001000000001010000101011101
11000      
Encoding for select features for classifier3 : 
0000111100100011101111111110111001111011111111010101011
11101 
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In Figure 6.3, we show the average classification error rate of individuals in 

each generation in the evolution process. Clearly, the average classification error rate 

reduces through each generation because of the selection mechanism of evolution 

process in GA in which only individuals with higher fitness value are kept for the next 

generation. For small dimensional datasets like Contraceptive, Haberman, and Bupa, 

the search space is small so that GA can quickly find the optimal solution (the 

convergence appears before the maximum number of iteration is reached). 
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Figure 6.3: Average classification error rate (y axis) of individuals in each 

generation (x axis) in the evolution process 

 

6.4 SUMMARY 

In this chapter, we have introduced a GA-based method to solve both the feature 

and learning algorithm selection problems in a multi-classifier system. Our objective 
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ability than using the entire learning algorithm and the entire feature set. We use Sum 
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still achieving acceptable accuracy. We have conducted extensive experiments and 

compare our approach with the benchmark algorithms as well as the methods 

introduced in previous chapters. Experimental results on UCI datasets has 

demonstrated that our method considerably reduces classification error rates by 

exploring optimal subsets of the original features and learning algorithms.  
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CHAPTER 7 

Conclusions and Further Studies 

7.1 CONCLUSIONS 

In recent years, ensemble method has been studied extensively, and is an active 

research area in the machine learning community. As data gathered from different 

sources can vary quite substantially, a learning algorithm that achieve high accuracy 

on one dataset can perform less well on another dataset. Experiments have shown that 

there is no single learning algorithm that performs well on all data and it is difficult to 

know a priori which learning algorithm is suitable for a particular dataset. Hence, the 

research on how to combine several learning algorithms into a single framework to 

obtain a better discriminative decision model has generated a great deal of interest.  

In this study, we concentrate on heterogeneous ensemble methods in which a 

fixed set of diverse learning algorithms is learned on the same training set to generate 

the different classifiers. The prediction for unlabeled observation is then made on the 

output of these classifiers i.e. the meta-data. The research on heterogeneous ensemble 

methods is generally focus on two aspects: (i) to propose efficient combiner that work 

on the meta-data and (ii) to optimize the ensemble by performing feature and classifier 

selection.  

The main contributions of this study are as follows: 
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1) We propose a novel combining method based on Information Granularity: 

Instead of working with numerical posterior probabilities like in existing 

combiners, we construct granular prototypes associated with each class 

label by using interval-based representation. We also define the distance 

between the meta-data of an observation and a granular prototype as well 

as introducing some properties of the distance. 

2) We propose a hybrid system in which a fuzzy rules-based inference system 

is combined with a heterogeneous ensemble system in a single framework. 

Specifically, fuzzy IF-THEN rules are generated on the selected meta-data 

of training set for inference purpose. Experimental results show that the 

hybrid system performs better than some existing heterogeneous ensembles 

as well as several existing fuzzy rule-based inference systems on the 

experimental datasets. 

3) We propose a novel combining method based on Bayesian Theorem. In the 

proposed method, prediction is obtained by selecting the class label 

associated with the maximum posterior probabilities. The posterior 

probabilities in turn are computed by considering the likelihood 

distribution which is approximated by a multivariate Gaussian. Since the 

meta-data is not full column rank and its covariance is singular, we use VI 

method for the approximation. 

4) We propose a GA-based method to simultaneously select classifiers and 

their associated features in a heterogeneous ensemble so as to minimize the 

classification error rate. By proposing chromosomes that have two parts to 
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encode both the classifiers and the features, our method can find the 

optimal solution for an ensemble via genetic search. 

We conduct the experiments on 27 UCI datasets for our proposed methods and 

the benchmark algorithms including AdaBoost, TSES, Decision Template, DRBM, 

and L2LSVM. The statistical test results based on Wilcoxon signed rank test indicates 

that our methods perform better than the benchmark algorithms with respect to not 

only the classification error rate but also the F1 score. In detail, the GA-based method 

is ranked first since via genetic search we can select optimal subset of classifiers and 

their associated features to boost the ensemble’s performance. The Fuzzy Rules-based 

method is ranked second, followed by Bayesian-based method and Granular-based 

method. The result demonstrates the superior performance of our proposed methods 

compared to the benchmark algorithms on the UCI datasets. 

 

7.2 FURTHER STUDIES 

Some research topics concerning our study can be done in the future: 

1) Multi objectives optimization for heterogeneous ensemble: In this study, we 

simply use GA-based method to find the optimal subset of classifiers and 

features to minimize the classification error rate of heterogeneous ensemble. 

Other criteria like F1 score and the number of base classifiers can also be 

considered for optimization. Therefore, applying multi-objective optimization 

methods to heterogeneous classifier ensemble is a potential research topic. 

2) Hybrid systems: In this study, we combine fuzzy rules-based inference system 

with heterogeneous ensemble system to obtain a high performance hybrid 
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system for classification. The heterogeneous ensemble system can be 

combined with other learning systems or systems from other different domains 

such as type-2 fuzzy set and rough set to further improve the performance of 

the classification task. 

3) The combination between heterogeneous and homogeneous ensembles: As 

mentioned in Chapter 2, there are two types of ensemble systems, namely 

homogeneous ensemble and heterogeneous ensemble. In the first ensemble, 

one learning algorithm learns on a number of training set schemes generated 

from the original one to obtain the base classifiers. While in the second 

ensemble, a fixed set of different learning algorithms learn on the same training 

set to obtain the base classifiers. Research can be done on the question of how 

to combine heterogeneous and homogeneous ensembles in a single framework 

in which a fixed set of different learning algorithms learn on a number of 

training set schemes. 
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APPENDIX A: 

Experimental Datasets 

 

TABLE A1. INFORMATION OF DATASETS USED IN EVALUATION 

  # of features # of classes # of observations 
Artificial 10 2 700 
Australian 14 2 690 
Biodeg 41 2 1055 
Blood 4 2 748 
Breast Cancer 9 2 683 
Bupa 6 2 345 
Cleveland 13 5 297 
Conn-Bench-Vowel 10 11 528 
Contraceptive 9 3 1473 
Fertility 9 2 100 
Haberman 3 2 306 
Heart 13 2 270 
Iris 4 3 150 
Letter 16 26 20000 
Madelon 500 2 2000 
Penbased 16 10 10992 
Phoneme 5 2 5404 
Pima 8 2 768 
Ring 20 2 7400 
Satimage 36 6 6435 
Skin_NonSkin 3 2 245057 
Sonar 60 2 208 
Spambase 57 2 4601 
Texture 40 10 5500 
Vertebral 6 3 310 
Wine 13 3 178 
Yeast 8 10 1484 

 

To evaluate the performance of our proposed algorithms, we perform 

experiments on 27 datasets from UCI Machine Learning Repository 

(http://archive.ics.uci.edu/ ml/datasets.html). To ensure the objectiveness of the 
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comparison between our method and the other benchmark algorithms, we choose those 

datasets with the number of observations varies significantly from small one like 

Fertility and Iris to big one such as Skin_NonSkin. The number of features also varies 

widely from 3 (Haberman, Skin&NonSkin) to more than five hundred (Madelon). The 

number of class labels also varies from 2 to 26. Information about the datasets is 

summarized in Table A1. 
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APPENDIX B: 

Experimental Results 

TABLE B1. MEAN AND VARIANCE OF CLASSIFICATION ERROR RATES OF THE THREE LEARNING ALGORITHMS 

  NN5 LDA Naïve Bayes  Error Rate 
  Mean Variance Mean Variance Mean Variance 
Artificial 0.2413 2.31E-03 0.3121 1.17E-03 0.3121 1.15E-03 
Australian 0.3439 2.99E-03 0.1443 1.42E-03 0.1287 1.39E-03 
Biodeg 0.1828 1.38E-03 0.1405 8.08E-04 0.2068 1.42E-03 
Blood 0.2341 1.56E-03 0.2281 3.05E-04 0.2453 1.11E-03 
Breast Cancer 0.0281 4.37E-04 0.0414 4.99E-04 0.0412 5.71E-04 
Bupa 0.3368 5.22E-03 0.3174 4.36E-03 0.3960 3.84E-03 
Cleveland 0.5521 3.64E-03 0.4228 4.21E-03 0.4328 4.31E-03 
Conn-Bench-Vowel 0.0701 1.36E-03 0.3856 3.80E-03 0.4699 4.91E-03 
Contraceptive 0.4840 1.17E-03 0.4829 1.46E-03 0.5247 1.95E-03 
Fertility 0.1600 4.00E-03 0.1630 6.73E-03 0.1400 4.20E-03 
Haberman 0.2884 3.51E-03 0.2530 2.48E-03 0.2559 2.51E-03 
Heart 0.3193 6.36E-03 0.1637 4.26E-03 0.1615 4.68E-03 
Iris 0.0393 1.79E-03 0.0193 1.00E-03 0.0400 2.31E-03 
Letter 0.0450 2.04E-05 0.2978 9.30E-05 0.4008 8.21E-05 
Madelon 0.2898 7.94E-04 0.4595 1.24E-03 0.4073 8.68E-04 
Penbased 0.0074 5.44E-06 0.1252 8.46E-05 0.1908 9.02E-05 
Phoneme 0.1140 1.74E-04 0.2409 2.35E-04 0.2270 2.66E-04 
Pima 0.2887 2.07E-03 0.2302 2.20E-03 0.2555 2.08E-03 
Ring 0.3083 1.68E-04 0.2374 2.33E-04 0.2363 2.13E-04 
Satimage 0.0910 1.15E-04 0.1598 1.28E-04 0.2126 1.76E-04 
Skin_NonSkin 4.59E-04 1.51E-08 0.0682 1.68E-06 0.1261 3.01E-06 
Sonar 0.1887 5.76E-03 0.2510 6.55E-03 0.3068 1.06E-02 
Spambase 0.1934 3.81E-04 0.1129 1.64E-04 0.1140 1.66E-04 
Texture 0.0133 2.52E-05 0.0053 7.93E-06 0.2470 2.68E-04 
Vertebral 0.1745 2.48E-03 0.1965 3.69E-03 0.2565 4.59E-03 
Wine 0.2971 8.24E-03 0.0095 4.45E-04 0.0463 1.98E-03 
Yeast 0.4366 1.15E-03 0.4115 1.50E-03 0.4159 1.49E-03 
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TABLE B2. MEAN AND VARIANCE OF F1 SCORES OF THE THREE LEARNING ALGORITHMS 

 

 

 

 

 

 

  NN5 LDA Naïve Bayes  F1 Score 
  Mean Variance Mean Variance Mean Variance 
Artificial 0.7522 2.49E-03 0.6063 3.30E-03 0.6060 3.24E-03 
Australian 0.6432 3.20E-03 0.8553 1.41E-03 0.8703 1.39E-03 
Biodeg 0.7984 1.57E-03 0.8405 1.10E-03 0.7797 1.51E-03 
Blood 0.6069 4.23E-03 0.5159 3.55E-03 0.5633 3.40E-03 
Breast Cancer 0.9692 5.18E-04 0.9538 6.22E-04 0.9542 7.06E-04 
Bupa 0.6375 6.27E-03 0.6575 5.46E-03 0.5437 5.15E-03 
Cleveland 0.1914 2.22E-03 0.3191 6.59E-03 0.3242 7.92E-03 
Conn-Bench-Vowel 0.9278 1.44E-03 0.6024 4.12E-03 0.5178 5.27E-03 
Contraceptive 0.4815 1.46E-03 0.4930 1.70E-03 0.4639 2.00E-03 
Fertility 0.4583 8.95E-04 0.4544 7.49E-04 0.4617 3.97E-04 
Haberman 0.5737 7.69E-03 0.5496 1.05E-02 0.5427 1.02E-02 
Heart 0.6714 6.69E-03 0.8319 4.58E-03 0.8346 4.92E-03 
Iris 0.9602 1.83E-03 0.9805 1.02E-03 0.9595 2.37E-03 
Letter 0.9548 2.06E-05 0.7018 9.28E-05 0.5860 7.63E-05 
Madelon 0.7093 8.09E-04 0.5400 1.25E-03 0.5922 8.79E-04 
Penbased 0.9926 5.40E-06 0.8728 8.81E-05 0.7976 1.05E-04 
Phoneme 0.8601 2.60E-04 0.6952 4.11E-04 0.7213 3.92E-04 
Pima 0.6698 2.69E-03 0.7307 3.35E-03 0.7118 2.86E-03 
Ring 0.6568 3.05E-04 0.7609 2.43E-04 0.7620 2.23E-04 
Satimage 0.8935 1.64E-04 0.7926 2.25E-04 0.7689 2.09E-04 
Skin_NonSkin 0.9993 3.48E-08 0.9013 3.28E-06 0.8013 7.71E-06 
Sonar 0.8061 6.40E-03 0.7452 6.91E-03 0.6881 1.11E-02 
Spambase 0.7965 4.12E-04 0.8781 2.05E-04 0.8782 1.97E-04 
Texture 0.9856 3.00E-05 0.9943 9.55E-06 0.7376 3.01E-04 
Vertebral 0.7792 4.19E-03 0.7687 5.27E-03 0.7107 6.23E-03 
Wine 0.6833 9.40E-03 0.9906 4.34E-04 0.9552 1.90E-03 
Yeast 0.4956 4.45E-03 0.5107 3.99E-03 0.4997 3.76E-03 
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TABLE B3. MEAN AND VARIANCE OF CLASSIFICATION ERROR RATES OF THE PROPOSED METHODS AND THE BENCHMARK ALGORITHMS 

  
AdaBoost DRBM L2LSVM Decision 

 Template TSES Granular- 
based method 

Fuzzy Rule-based method 
 (Validation Based) 

Fuzzy Rule-based method 
(Particular Case) Bayesian-based method GA-based method 

 Error Rate 

  Mean Variance Mean Variance Mean Variance Mean Variance Mean Variance Mean Variance Mean Variance Mean Variance Mean Variance Mean Variance 

Artificial 0.2163 2.10E-03 0.3111 1.30E-03 0.4550 1.54E-03 0.2377 2.27E-03 0.2883 2.93E-03 0.2484 3.27E-03 0.222 1.45E-03 0.2387 1.77E-03 0.2401 2.33E-03 0.1917 2.04E-03 

Australian 0.1475 1.50E-03 0.3232 2.59E-03 0.1526 1.94E-03 0.1375 1.52E-03 0.1817 2.29E-03 0.1322 2.10E-03 0.1309 1.88E-03 0.1314 1.23E-03 0.1225 1.49E-03 0.1219 1.56E-03 

Biodeg 0.1517 1.01E-03 0.1608 1.23E-03 0.1343 9.67E-04 0.1474 1.03E-03 0.1886 1.14E-03 0.1454 1.21E-03 0.1409 1.20E-03 0.1421 7.46E-04 0.1402 1.25E-03 0.1312 1.20E-03 

Blood 0.2060 8.41E-04 0.2331 3.74E-04 0.2215 5.08E-04 0.2716 2.43E-03 0.2960 2.42E-03 0.2528 3.05E-03 0.2208 5.92E-04 0.2245 6.21E-04 0.2289 5.58E-04 0.2110 5.90E-04 

Breast Cancer 0.0410 5.40E-04 0.0429 7.09E-04 0.1380 1.58E-03 0.0385 5.36E-04 0.0410 5.08E-04 0.0371 5.00E-04 0.0289 3.86E-04 0.0304 4.21E-04 0.0262 2.85E-04 0.0230 3.18E-04 

Bupa 0.2665 4.83E-03 0.2964 5.05E-03 0.3191 5.20E-03 0.3429 5.73E-03 0.3864 6.23E-03 0.3475 4.72E-03 0.3491 4.21E-03 0.3523 4.18E-03 0.3151 3.73E-03 0.2923 3.68E-03 

Cleveland 0.4306 1.88E-03 0.4341 2.67E-03 0.4136 3.28E-03 0.4457 4.92E-03 0.4717 4.89E-03 0.4224 2.77E-03 0.4078 3.09E-03 0.4193 2.82E-03 0.3967 2.78E-03 0.4012 2.98E-03 
Conn-Bench-Vowel 0.6335 3.05E-03 0.3043 4.78E-03 0.5475 3.86E-03 0.1286 1.81E-03 0.0871 1.46E-03 0.1246 1.98E-03 0.0617 1.38E-03 0.0624 1.33E-03 0.0509 8.72E-04 0.0500 7.32E-04 

Contraceptive 0.4976 1.04E-03 0.4438 1.30E-03 0.4895 1.15E-03 0.4739 1.95E-03 0.5434 1.36E-03 0.4805 1.38E-03 0.5176 1.09E-03 0.5325 1.12E-03 0.4634 1.32E-03 0.4586 1.32E-03 

Fertility 0.1750 1.01E-02 0.2340 1.20E-02 0.1210 1.66E-03 0.4760 2.66E-02 0.2000 1.24E-02 0.3740 6.57E-02 0.1200 1.62E-03 0.1200 1.62E-03 0.1310 2.34E-03 0.1280 2.62E-03 

Haberman 0.2830 2.69E-03 0.2929 3.14E-03 0.2582 2.26E-03 0.2836 4.36E-03 0.3278 4.81E-03 0.2563 3.44E-03 0.24649 2.07E-03 0.2490 2.12E-03 0.2605 1.62E-03 0.2343 2.04E-03 

Heart 0.1859 5.84E-03 0.2096 5.27E-03 0.1600 3.76E-03 0.1585 4.34E-03 0.2226 6.71E-03 0.1593 3.64E-03 0.1649 3.59E-03 0.1711 4.76E-03 0.1556 4.01E-03 0.1433 3.20E-03 

Iris 0.0540 2.20E-03 0.0380 1.89E-03 0.0493 2.19E-03 0.0420 2.10E-03 0.0373 2.07E-03 0.0400 2.31E-03 0.0355 1.77E-03 0.0377 1.92E-03 0.0313 2.00E-03 0.0200 1.20E-03 

Letter 0.7748 6.02E-04 0.4945 7.41E-04 0.2957 1.02E-04 0.1139 5.60E-05 0.0574 2.59E-05 0.0520 2.14E-05 0.0416 1.70E-05 0.0416 1.70E-05 0.0471 2.26E-05 0.0418 2.19E-05 

Madelon 0.3984 8.30E-04 0.3564 1.09E-03 0.4526 1.21E-03 0.2913 8.18E-04 0.3797 9.26E-04 0.2934 8.15E-04 0.2912 1.21E-03 0.2930 8.75E-04 0.2937 1.03E-03 0.2911 9.12E-04 

Penbased 0.4526 1.35E-04 0.0669 2.34E-04 0.0895 7.43E-05 0.0708 5.61E-05 0.0100 8.10E-06 0.0125 9.21E-06 0.0073 6.33E-06 0.0074 7.08E-06 0.0072 6.33E-06 0.0070 7.27E-06 

Phoneme 0.1912 2.31E-04 0.1620 2.14E-04 0.2451 2.40E-04 0.1468 2.33E-04 0.1553 2.43E-04 0.1302 3.70E-04 0.1135 2.02E-04 0.1135 2.02E-04 0.1164 1.96E-04 0.1152 1.98E-04 

Pima 0.2436 1.84E-03 0.2452 1.99E-03 0.3154 1.60E-03 0.2521 2.10E-03 0.3139 2.75E-03 0.2543 2.11E-03 0.2290 2.65E-03 0.2328 2.63E-03 0.2340 2.21E-03 0.2241 1.27E-03 

Ring 0.0452 5.50E-05 0.0223 2.75E-05 0.2605 1.46E-04 0.1893 2.05E-04 0.1515 1.56E-04 0.2262 2.06E-04 0.1252 1.42E-04 0.1252 1.42E-04 0.1168 1.00E-04 0.1179 1.28E-04 

Satimage 0.2036 1.46E-04 0.1267 1.55E-04 0.2277 1.14E-04 0.2970 9.10E-05 0.1061 1.51E-04 0.1299 1.70E-04 0.1320 1.82E-04 0.1421 2.15E-04 0.2858 6.70E-05 0.1224 1.92E-04 

Skin_NonSkin 0.0429 1.81E-06 0.0008 4.33E-08 0.0930 2.82E-06 0.0332 1.07E-06 0.0007 2.59E-08 0.0915 3.23E-06 4.00E-04 1.48E-08 4.13E-04 1.62E-08 4.28E-04 1.57E-08 0.0004 1.72E-08 

Sonar 0.1370 5.24E-03 0.1585 5.52E-03 0.2303 7.46E-03 0.2161 7.03E-03 0.2454 7.30E-03 0.2000 7.32E-03 0.1900 5.84E-03 0.2094 5.95E-03 0.2025 7.84E-03 0.1485 6.71E-03 

Spambase 0.0593 1.02E-04 0.2982 3.88E-04 0.0819 1.79E-04 0.0923 1.24E-04 0.1205 1.77E-04 0.0974 2.16E-04 0.0919 1.62E-04 0.0919 1.58E-04 0.0995 1.55E-04 0.0925 1.76E-04 

Texture 0.3954 2.11E-04 0.0665 2.30E-03 0.0227 3.76E-05 0.7290 6.14E-06 0.0044 7.02E-06 0.0091 1.00E-05 0.0725 4.12E-05 0.0832 3.19E-05 0.0947 5.84E-06 0.0095 9.84E-04 

Vertebral 0.2258 9.57E-04 0.1558 2.37E-03 0.1935 3.00E-03 0.1939 3.61E-03 0.1939 2.97E-03 0.1765 2.78E-03 0.2158 2.84E-03 0.2665 3.18E-03 0.1603 2.92E-03 0.1650 2.34E-03 

Wine 0.0461 2.24E-03 0.1912 1.06E-02 0.0462 1.89E-03 0.0339 1.67E-03 0.0282 1.52E-03 0.0304 1.24E-03 0.0239 1.25E-03 0.0269 1.55E-03 0.0151 9.90E-04 0.0121 9.92E-04 

Yeast 0.5913 2.93E-04 0.4075 1.08E-03 0.4365 1.31E-03 0.4202 1.37E-03 0.4879 1.55E-03 0.4163 1.41E-03 4.15E-01 1.40E-03 0.4189 1.42E-03 0.4362 1.64E-03 0.4012 1.13E-03 
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TABLE B4. MEAN AND VARIANCE OF F1 SCORES OF THE PROPOSED METHODS AND THE BENCHMARK ALGORITHMS 

  
AdaBoost DRBM L2LSVM Decision  

Template TSES Granular- 
based method 

Fuzzy Rule-based method 
 (Validation Based) 

Fuzzy Rule-based method 
(Particular Case) Bayesian-based method GA-based method 

F1 Score  

  Mean Variance Mean Variance Mean Variance Mean Variance Mean Variance Mean Variance Mean Variance Mean Variance Mean Variance Mean Variance 

Artificial 0.7723 2.43E-03 0.6133 3.19E-03 0.5057 2.57E-03 0.7561 2.46E-03 0.7030 3.06E-03 0.7437 2.82E-03 0.7699 2.61E-03 0.7534 2.58E-03 0.755341 2.71E-03 0.8002 2.69E-03 

Australian 0.8506 1.54E-03 0.6503 3.19E-03 0.8463 1.95E-03 0.8619 1.52E-03 0.8152 2.38E-03 0.8639 1.42E-03 0.8658 1.55E-03 0.8642 1.61E-03 0.871438 1.32E-03 0.8726 1.36E-03 

Biodeg 0.8289 1.21E-03 0.8186 1.59E-03 0.8480 1.27E-03 0.8380 1.22E-03 0.7891 1.41E-03 0.8330 1.24E-03 0.8373 1.31E-03 0.8362 1.35E-03 0.838383 1.24E-03 0.8488 1.27E-03 

Blood 0.6440 3.24E-03 0.4971 2.91E-03 0.5568 3.51E-03 0.6526 3.22E-03 0.5775 4.15E-03 0.6483 3.12E-03 0.5370 4.01E-03 0.5325 3.97E-03 0.527063 3.82E-03 0.6899 3.02E-03 

Breast Cancer 0.9549 6.46E-04 0.9528 8.56E-04 0.8495 1.86E-03 0.9572 6.65E-04 0.9549 6.16E-04 0.9592 6.12E-04 0.9672 5.89E-04 0.9654 6.02E-04 0.969481 5.11E-04 0.9736 5.14E-04 

Bupa 0.7204 5.51E-03 0.6884 5.58E-03 0.6584 6.27E-03 0.6476 5.90E-03 0.5989 6.97E-03 0.6427 5.72E-03 0.6409 5.11E-03 0.6369 5.26E-03 0.6283 5.02E-03 0.6891 5.45E-03 

Cleveland 0.2300 3.21E-03 0.2642 4.22E-03 0.2811 6.01E-03 0.3213 7.07E-03 0.3071 6.85E-03 0.3376 6.43E-03 0.3244 6.28E-03 0.3126 6.43E-03 0.331254 6.55E-03 0.3700 6.19E-03 

Conn-Bench-Vowel 0.2990 2.77E-03 0.6573 6.14E-03 0.4356 4.11E-03 0.8676 1.96E-03 0.9108 1.63E-03 0.8726 1.35E-03 0.9353 1.09E-03 0.9345 1.19E-03 0.940253 1.07E-03 0.9432 1.02E-03 

Contraceptive 0.3740 8.50E-04 0.5275 1.63E-03 0.4783 1.35E-03 0.5163 1.94E-03 0.4329 1.50E-03 0.5070 1.72E-03 0.4536 1.56E-03 0.4298 1.48E-03 0.481239 1.43E-03 0.5126 1.65E-03 

Fertility 0.5487 3.49E-02 0.4705 1.23E-02 0.4675 1.42E-04 0.3850 1.70E-02 0.4790 1.62E-02 0.3672 1.75E-02 0.4989 2.45E-04 0.4989 2.45E-04 0.464844 2.21E-04 0.4720 2.11E-04 

Haberman 0.5658 7.71E-03 0.5574 8.46E-03 0.5328 9.54E-03 0.6184 8.44E-03 0.5542 8.18E-03 0.6360 7.21E-03 0.6635 8.12E-03 0.6610 8.10E-03 0.480549 5.10E-03 0.6747 8.21E-03 

Heart 0.8095 6.29E-03 0.7847 5.57E-03 0.8361 4.04E-03 0.8379 4.55E-03 0.7729 6.93E-03 0.8364 4.97E-03 0.8302 4.97E-03 0.8240 4.76E-03 0.83718 4.67E-03 0.8533 5.01E-03 

Iris 0.9454 2.26E-03 0.9615 1.94E-03 0.9500 2.26E-03 0.9575 2.16E-03 0.9621 2.19E-03 0.9595 1.98E-03 0.9644 1.80E-03 0.9622 1.73E-03 0.968251 1.60E-03 0.9799 1.80E-03 

Letter 0.1401 6.15E-04 0.4548 1.36E-03 0.7003 1.02E-04 0.8865 5.55E-05 0.9423 2.60E-05 0.9480 2.02E-05 0.9585 2.12E-05 0.9585 2.12E-05 0.953849 1.91E-05 0.9682 1.98E-05 

Madelon 0.6011 8.37E-04 0.6432 1.09E-03 0.5469 1.21E-03 0.7083 8.21E-04 0.6197 9.38E-04 0.7061 8.97E-04 0.7085 8.21E-04 0.7064 8.19E-04 0.70884 8.18E-04 0.7189 8.08E-04 

Penbased 0.4823 1.43E-04 0.9322 2.95E-04 0.9096 7.67E-05 0.9291 5.69E-05 0.9900 8.10E-06 0.9874 2.15E-05 0.9927 6.32E-06 0.9926 6.25E-06 0.992975 6.06E-06 0.9930 6.02E-06 

Phoneme 0.7677 3.34E-04 0.8040 2.89E-04 0.7005 3.42E-04 0.8305 2.78E-04 0.8132 3.51E-04 0.8468 3.21E-04 0.8555 2.24E-04 0.8555 2.24E-04 0.846279 2.87E-04 0.8619 2.90E-04 

Pima 0.7211 2.63E-03 0.7175 2.94E-03 0.6099 2.78E-03 0.7255 2.57E-03 0.6520 3.51E-03 0.7229 2.97E-03 0.7441 2.86E-03 0.7399 2.65E-03 0.698284 3.10E-03 0.7491 2.85E-03 

Ring 0.9548 5.54E-05 0.9777 2.75E-05 0.7234 2.06E-04 0.8083 2.21E-04 0.8484 1.56E-04 0.7726 1.82E-04 0.8737 1.35E-04 0.8737 1.35E-04 0.879933 1.21E-04 0.8809 1.15E-04 

Satimage 0.7286 2.27E-04 0.8434 2.41E-04 0.6742 1.89E-04 0.6735 8.45E-05 0.8763 1.99E-04 0.8432 2.12E-04 0.8496 2.10E-04 0.8387 1.98E-04 0.681034 7.03E-05 0.8555 2.05E-04 

Skin_NonSkin 0.9346 4.34E-06 0.9988 9.98E-08 0.8647 5.57E-06 0.9523 1.99E-06 0.9990 6.00E-08 0.8956 7.82E-06 0.9987 6.37E-08 0.9987 6.37E-08 0.999374 3.12E-08 0.9995 3.02E-08 

Sonar 0.8607 5.45E-03 0.8378 5.88E-03 0.7643 8.00E-03 0.7800 7.46E-03 0.7497 7.65E-03 0.7957 6.14E-03 0.8049 6.78E-03 0.7847 6.54E-03 0.797488 5.74E-03 0.8515 5.52E-03 

Spambase 0.9375 1.15E-04 0.6830 4.37E-04 0.9151 1.90E-04 0.9022 1.41E-04 0.8736 1.96E-04 0.8976 1.76E-04 0.9024 1.50E-04 0.9024 1.50E-04 0.894959 1.57E-04 0.9026 1.57E-04 

Texture 0.5165 3.21E-04 0.9068 5.03E-03 0.9752 4.54E-05 0.2922 8.80E-06 0.9952 8.26E-06 0.9909 8.12E-06 0.9267 1.12E-05 0.9151 1.19E-05 0.859309 1.44E-05 0.9905 7.99E-06 

Vertebral 0.5888 3.48E-03 0.8026 3.96E-03 0.7306 6.23E-03 0.7721 4.87E-03 0.7505 5.60E-03 0.7893 5.19E-03 0.7163 3.92E-03 0.6543 3.74E-03 0.785493 4.35E-03 0.8019 3.99E-03 

Wine 0.9544 2.24E-03 0.8012 1.14E-02 0.9548 1.83E-03 0.9678 1.53E-03 0.9717 1.61E-03 0.9796 1.14E-03 0.9782 1.21E-03 0.9749 1.32E-03 0.984286 8.31E-04 0.9899 8.19E-04 

Yeast 0.1384 2.90E-04 0.4606 3.78E-03 0.4068 2.03E-03 0.5068 4.05E-03 0.4522 4.68E-03 0.5149 4.12E-03 0.5128 4.12E-03 0.5088 4.25E-03 0.489296 3.97E-03 0.5271 4.07E-03 
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TABLE B5: AVERAGE TRAINING AND TESTING TIME OF THE PROPOSED METHODS AND THE TWO TRAINABLE ENSEMBLE METHODS 

  
  

Decision Template TSES Granular-based method Fuzzy Rule-based method  
(Particular Case) Bayesian-based approach 

Training Time Testing Time Training Time Testing Time Training Time Testing Time Training Time Testing Time Training Time Testing Time 
Artificial 0.5414 0.0099 0.5657 0.0744 0.7004 0.4838 1.1324 0.0359 0.5522 0.0089 
Australian 0.5374 0.0101 0.5467 0.0702 0.9727 0.7495 1.1493 0.0318 0.5486 0.0085 
Biodeg 0.7161 0.0170 0.6870 0.1141 0.9557 0.7999 1.4400 0.0431 0.6914 0.0153 
Blood 0.5192 0.0088 0.5453 0.0762 0.6808 0.4832 1.1453 0.0274 0.5422 0.0079 
Bupa 0.5707 0.0084 0.5307 0.0399 0.8652 0.4531 0.7178 0.0662 0.6179 0.0077 
Breast Cancer 0.5915 0.0102 0.5521 0.0693 1.1889 0.8579 1.5200 0.0483 0.5702 0.0087 
Cleveland 1.1949 0.0128 0.8905 0.0359 1.5874 0.2244 1.3774 0.0181 0.8428 0.0086 
Conn-Bench-Vowel 3.1417 0.0216 2.4259 0.0581 3.8660 1.0607 4.9120 0.1514 2.0286 0.0111 
Contraceptive 0.6583 0.0149 0.7007 0.0567 0.7510 0.6529 2.1582 0.2182 0.6631 0.0130 
Fertility 1.1552 0.0151 0.4677 0.0141 1.6548 0.0175 0.9851 0.0140 1.0228 0.0129 
Haberman 0.6945 0.0391 0.5203 0.0355 0.8757 0.1321 0.7321 0.0542 0.5243 0.0050 
Heart 0.4976 0.0122 0.4853 0.0316 0.5392 0.0981 1.0257 0.0199 0.4560 0.0076 
Iris 1.1778 0.0164 0.5311 0.0184 1.5024 0.1674 1.7753 0.0291 0.6079 0.0075 
Letter 22.1352 1.8121 38.6162 3.6186 44.3521 3.2365 180.4563 11.1553 23.9038 1.7455 
Madelon 15.0398 0.3284 11.0456 0.4682 17.6705 6.3617 16.5787 0.4073 10.4971 0.3197 
Penbased 5.0129 0.6743 5.7819 1.3320 7.5619 1.0346 38.1839 2.5029 5.1311 0.3939 
Phoneme 0.7662 0.0134 0.7984 0.5770 1.0762 0.4532 5.7173 0.2867 0.7726 0.0203 
Pima 0.5521 0.0094 0.5678 0.0806 0.7289 0.5430 0.9074 0.0209 0.5517 0.0083 
Ring 2.0250 0.1467 2.0583 0.9652 3.4561 0.8742 4.4889 0.2968 2.1058 0.1693 
Skin_NonSkin 14.3443 0.4515 14.8138 25.8964 17.9324 1.5361 221.8341 11.4284 17.5192 0.9563 
Satimage 3.0802 0.2286 4.8068 3.0047 6.9286 5.8245 10.2862 0.4521 3.4147 0.2480 
Sonar 0.6722 0.0090 0.5421 0.0538 0.7623 0.4329 0.7458 0.0150 0.6085 0.0094 
Spambase 1.9762 0.1642 5.8012 3.0219 7.2132 5.0042 6.7297 0.3656 2.7696 0.1981 
Texture 4.0408 0.2359 5.8136 2.2746 6.2438 4.5988 12.8723 0.5428 4.1451 0.2250 
Vertebral 0.5744 0.0078 0.5865 0.0345 0.6467 0.1954 1.2432 0.0532 0.6487 0.0077 
Wine 0.6189 0.0079 0.5316 0.0211 0.8392 0.1835 5.3851 0.1660 0.5534 0.0063 
Yeast 1.9967 0.0298 2.6987 0.1056 3.1276 1.5702 1.1942 0.0288 2.0583 0.0224 
Average 3.1419 0.1598 3.8486 1.5611 4.9881 1.4085 19.5072 1.0548 3.1240 0.1649 
*The bold value indicates the smallest training time or testing time among all methods 
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APPENDIX C: 

Proof of distance properties in 

Chapter 3 

Property 3.1: ( , [ , ]) ≥ 0 and ( , [ , ]) = 0 ↔ = =  

Proof: Since ( , [ , ]) = max{| − |, | − |}, and | − | ≥ 0, | − | ≥ 0 ⟹

( , [ , ]) ≥ 0. If = = , it is easy to see that ( , [ , ]) = 0.  

On the other hand, in case ( , [ , ]) = max{| − |, | − |} = 0, since | − | ≥

0, | − | ≥ 0 we obtain| − | =  | − | = 0 ⇒ = =  □ 

 

Property 3.2: ( , [ , ]) = ( , [ , ]) iff =  or + = +  

Proof: Denote ( , ) = ( + ) 2⁄ . Since max{| − |, | − |} = max{| −

|, | − |}, we have four cases (C1-C4). 

max{| − |, | − |} = | − |, max{| − |, | − |} = | − | ⇒ | −

| = | − | (C1) 

max{| − |, | − |} = | − |, max{| − |, | − |} = | − | ⇒ | −

| = | − | (C2) 

max{| − |, | − |} = | − |, max{| − |, | − |} = | − | ⇒ | −

| = | − | (C3) 

max{| − |, | − |} = | − |, max{| − |, | − |} = | − | ⇒ | −

| = | − | (C4) 
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Here we only consider (C1) and (C2) (C3 and C4 can be handled similarly). For the 

case (C1), it means that | − | > | − | and | − | > | − | ⇒ >

( , ) and > ( , ) ⇒ | − | = −   and | − | = − ⇒ =

 

For case (C2), by the proof above we have | − | = − , and | − | >

| − | ⇒ < ( , ) ⇒ | − | = − ⇒ − = − ⇒ + =

+ □ 

 

Property 3.3: If ∈ [ , ] and ∉ [ , ] then ( , [ , ]) < ( , [ , ]) 

Proof: Since ∈ [ , ] ⇒ ( , [ , ]) = max{| − |, | − |} ≤ | − |.  

Since ∉ [ , ] ⇒ ( , [ , ]) = max{| − |, | − |} =

| − | + | − |
| − | + | − | > | − | ≥  ( , [ , ]) □ 

 

Property 3.4: ( , [ , ]) ≤ ( , ) + ( , [ , ]) 

Proof: Since | − | = | − + − | ≤ | − | + | − | and  | − | =

| − + − | ≤ | − | + | − | 

⇒ ( , [ , ]) = max{| − |, | − |} ≤ max{| − | + | − |, | − | +

| − |} =  ( , ) + ( , [ , ])□ 

 

Property 3.5: ( , [ , ]) = ([ , ], ) 

It is the result of = [ , ]□ 

 

Property 3.6: ( , [ , ][ , ]) = | | ( , [ , ]) 

Proof: If ≥ 0, [ , ][ , ] = [ , ] 
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( , [ , ][ , ]) = ( , [ , ]) = max(| − |, | − |)

= max( | − |, | || − |) = max(| − |, | − |) = ( , [ , ]) 

Doing a similar way, if < 0, [ , ][ , ] = [ , ], we have 

( , [ , ][ , ]) = − ( , [ , ]) → ( , [ , ][ , ]) = | | ( , [ , ])□ 

 

Property 3.7: ( , [ , ]) = ( + , [ , ] + [ , ]) 

Proof: ( + , [ , ] + [ , ]) = ( + , [ + , + ]) = max(| + − −

|, | + − − |) = max(| − |, | − |) = ( , [ , ])□ 

 

Property 3.8: If  =  ∈  and =  ∉ ∀ = 1, … , | | then 

( , ) < ( , ) 

Proof: Using Property 3, we have if ∈  and ∉  then , < ,  

That inequation is true  ∀ = 1, … , | | so ∑ ,| | < ∑ ,| | ↔

( , ) < ( , )□ 

 

Property 3.9: ( , ) ≤ ( , ) + ( , ) where ( , ) is thedistance 

between two vector  and  

Proof: 

( , ) = ∑ ,| | = ∑ max − , −| | = ∑ max −| |

+ − , − + − ≤ ∑ max − + −| |

, − + − = ∑ − + max − , −| | =

( , ) + ( , )□ 
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APPENDIX D: 

Proof of Lemmas in Chapter 5 

 

 

Lemma 5.1:  Optimum solution ∗( ) of update equation (5.7) is a Gaussian ∗( ) =

( , ) with mean and precision given by (5.9) and (5.10). 

Proof: The optimal solution for ( ) is given by: 

ln ∗( ) = [ln ( , , )] + const 

= [ln ( | , ) + ln ( | )] + const 

= −
1
2

( − ) ( − ) + ( − ) ( − ) + const 

Completing the square over  

ln ∗( ) = −
1
2 − 2 + ( − ) + const 

                = − ( + ) [ ] + [ ]( + ∑ ) + const (D1) 

Hence,  ∗( ) is a Gaussian with mean  and precision  given by: 

= ( + ) [ ], = [ ]( + ∑ ) = [ ]( + ) (D2) 

and we can easily infer (5.9) and (5.10) □  

Lemma 5.2:  Optimum solution ∗( ) of update equation (5.8) is a Wishart ∗( ) =

( | , ) with the number of degrees of freedom  and the scale matrix  given by 

(5.11) and (5.12). 

Proof: The optimal solution for ( ) is given by: 
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ln ∗( ) = [ln ( , , )] + const 

= [ln ( | , ) + ln ( | )] + ln ( ) + const 

=
1
2 ln| | −

1
2

( − ) ( − ) + 2 ln| |

−
1
2

( − ) ( − ) +
− − 1

2 ln| | −
1
2 Tr( )

+ const 

ln ∗( ) = ln| | − Tr( ) + [( − ) ( − ) +

∑ ( − ) ( − )] + const (D3) 

Rewrite the  2nd  term on the RHS of ln ∗( ) as: 

= −
1
2

Tr( ) + Tr{ ( − )( − ) } + Tr ( − )( − )  

   = − Tr([ + ] ) (D4)
 

where  

= [( − )( − ) ] + [∑ ( − )( − ) ] (D5) 

Since 

[∑ ( − )( − ) ] = ∑ ( − )( − ) +  (D6) 

[ ] = , [ ] = , [ ] = +  (D7) 

[( − )( − ) ] = ( − )( − ) + ,  ~ ( , )  (D8) 

Using 

= {( − )( − ) + + − } 

= ( − )( − ) + + −  
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                    = +  (D9) 

∑ ( − )( − ) = ∑ ( − − + ) = +

( − )( − )  (D10) 

− = ( − ) (D11) 

  − = ( − ) (D12) 

( − )( − ) =  (D13) 

( − )( − ) =  (D14) 

we obtain: 

[( − )( − ) ] = +  (D15) 

∑ ( − )( − ) = +
( )

+  (D16) 

= ( + ) + +  (D17) 

Therefore, ∗( ) is a Wishart distribution of the form ∗( ) = ( | , ) with  

and  computed as in (5.11) and (5.12) □  

Lemma 5.3: The variational lower bound ℒ( ) is computed as in (5.13) 

Proof: Based on the expression of lower bound we have: 

ℒ = ( , ) ln
( , , )

( , ) = [ln ( , , )] − [ln ( , )] 

ℒ = [ln ( | , )] + [ln ( | )] + [ln ( )] − [ln ( )] −

[ln ( )] (D18) 

in which the first component is computed by: 
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[ln ( | , )] = [ln| |] − ln(2 ) − [∑ ( − ) ( −

)] (D19) 

[∑ ( − ) ( − )] = [Tr ∑ ( ( − )( − ) )] =

Tr [ ] [∑ ( − )( − ) ] = Tr [ ] +
( )

+ =

Tr( ) +
( )

Tr( ) +   (D20) 

where we have used  ~ ( | , ), [ ] = , = [ ] ( + )⁄ . 

Substituting (D20) into (D19), we get: 

[ln ( | , )] = [ln| |] − ln(2 ) − − ( ) −

( )
Tr( )  (D21) 

[ln ( | )] = − 2 ln(2 ) +
1
2 ln| | −

1
2

( − ) ( − )  

=
1
2

{ ln +  [ln| |] − ln(2 )

− [Tr(( − )( − ) )]} 

=
1
2 ln +  [ln| |] − ln(2 )

− Tr ( − )( − )

 
Referring to (D15) we get the second component in the lower bound’s expression. 

[ln ( | )] = ln +  [ln| |] − ln(2 ) − −
( )

Tr( )  (D22) 

In the same way, we obtain: 

[ln ( )] = ln ( , ) +
− − 1

2  [ln| |] −
1
2

[Tr( )] 

= ln ( , ) +
− − 1

2  [ln| |] −
1
2 Tr[ ( )] 
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[ln ( )] = ln ( , ) +  [ln| |] − Tr[ ] (D23) 

[ln ( )] = ln ( , )  

=
1
2 ln| | − ln(2 ) − Tr ( − ) ( − )  

=
1
2 ln| | − ln(2 ) − Tr [( − )( − ) ]  

=
1
2

{ln| | − ln(2 ) − Tr[ ]} 

=
1
2

{ln| | − ln(2 ) − Tr[ ]} 

[ln ( )] = {ln| | − ln(2 ) − } (D24) 

[ln ( )] = [ln ( | , )] 

= ln ( , ) +
− − 1

2  [ln| |] −
1
2  [Tr( )] 

= ln ( , ) +
− − 1

2  [ln| |] −
1
2  Tr[ ( )] 

= ln ( , ) +
− − 1

2  [ln| |] −
1
2  Tr[ ] 

= ln ( , ) +
− − 1

2  [ln| |] − 2  Tr[ ] 

[ln ( )] = ln ( , ) + [ln| |] −   (D25) 

where 

ln ( , ) = − ln| | − ln 2 − ( ) ln − ∑ ln Γ  (D26) 

ln ( , ) = − ln| | − ln 2 − ( ) ln − ∑ ln Γ  (D27)

Use (D21-D27) we have the lower bound given by (5.13) □ 


