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Abstract

Microscopic physical systems requiring a quantum description are increasingly be-

ing harnessed to develop useful technologies. The appeal of such an approach lies

in the fact that quantum systems possess inherently different properties from those

observed on a macroscopic scale. Uniquely quantum phenomena, such as entangle-

ment, offer new tools for performing experimental tasks. For instance, the use of

quantum systems for implementing cryptographic protocols and performing compu-

tation has caused significant excitement in recent years as it seems likely that the

quantum approach offers an advantage over purely classical implementations.

The development of quantum technologies leads to the concept of quantum re-

sources. One key quantum resource that lies at the heart of the divergence between

quantum and classical descriptions is that of entanglement. However, for entan-

glement to act as a resource, it must be possible for the parties (we will restrict

ourselves to only two) sharing the entanglement to verify its presence. This may

seem like a simple task, however, verifying the properties of quantum systems can

be nontrivial. To make matters more complicated, there are often constraints un-

der which the parties sharing the quantum systems find themselves which further

restrict the ability of the quantum systems to act as a resource.

One family of constraints arises when the two parties are dealing with quantum

systems which have properties constrained by a conservation law, or some other

constraint which limits knowledge of the properties of the local subsystems. These

constraints can be expressed using the well studied formalism of superselection rules.

When a superselection rule applies to quantum systems it can be ambiguous as to

whether entanglement survives between the systems. This thesis considers a situ-

ation that arises naturally in a nuclear magnetic resonance experiment where two

parties share many copies of identical quantum systems. In this case a superselection

rule associated with the finite symmetric group applies due to the indistinguisha-

bility of the systems. The concept of a reference frame for the symmetric group is
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used to alleviate the effect of the superselection rule and demonstrate when entan-

glement survives despite the constraint of indistinguishability. In addition to this, a

situation which goes beyond the superselection formalism is considered, one where

the operations performable by the two parties are further constrained. It is shown

that despite this stronger constraint, it is still possible in principle to verify the

existence of entanglement experimentally as demonstrated by the violation of a Bell

inequality.

Methods for verifying the presence of entanglement can also prove useful in char-

acterising the properties of entangled quantum systems. Such characterisation may

offer insight into the possible advantages offered by quantum systems over their clas-

sical counterparts. It becomes possible to more accurately characterise entangled

systems by considering a conceptual constraint under which the two parties may find

themselves. This is the situation that arises when one of the parties, say Bob, dis-

trusts the other, Alice. In this situation, Alice can only convince Bob of the presence

of their entanglement if the entangled system they share possesses a certain prop-

erty. We term this property steerability, after Schrödinger’s term “steering” [Proc.

Camb. Phil. Soc. 31, 553 (1935)] for the Einstein-Podolsky-Rosen effect. This the-

sis offers a rigorous characterisation of steering in a quantum information context

and probes a number of questions relating to this property. First, a number of exam-

ples are presented which demonstrate state steerability which is a uniquely quantum

property possessed by certain entangled states. Second, the task of experimentally

detecting steerability, and thus entanglement, is addressed through the introduction

of steerability criteria. Finally two more detailed examples are explored which il-

lustrate various aspects of the measurement dependence of steerability in realistic

experiments.
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Chapter 1

Introduction

“ A fundamental rule in technology says that whatever can be done

will be done.”

– Andrew Grove (1936 –).

Modern society has come to depend upon technological devices allowing near

instantaneous, wide scale communication and transfer of information. Hence, infor-

mation theory has become an increasingly important field of study. The standard

unit of classical information is the “bit”, which can take the value of 0 or 1, and

strings of bits can be used to transfer information or perform computations. As

technological devices are miniaturized, the individual components may become mi-

croscopic and it is no wonder that quantum theory may become important in their

descriptions.

Quantum theory is the most successful physical theory that we possess for pre-

dicting the behaviour of the the physical world on the microscopic scale. Quantum

systems possess the interesting feature of existing as superpositions of two (or more)

states at once. This allows for systems which simultaneously take the values 0 and

1; so-called “quantum bits” or “qubits”. The emerging field of quantum information

science exploits this concept and uses quantum systems to store, transfer and ma-

nipulate information [1]. This allows us to exploit quantum phenomena to carry out

tasks in ways which are impossible classically. For example, quantum computation

is one application which has sparked considerable excitement in recent years. This is

because algorithms have been found (see Ref. [2] for example) which suggest that a

quantum computer could perform certain tasks exponentially faster than a classical

computer. One such task is the factorisation of large numbers. The security of cur-

rent communication is based on the difficulty of factoring large numbers, so if a full

scale quantum computer were to be developed, the public’s private information may

no longer be secure. This would present a significant hurdle to today’s increasingly

digital society.

1



2 CHAPTER 1. INTRODUCTION

However, while quantum information science has the potential to disrupt modern

communication by compromising security based on factoring large numbers, it also

offers a reprieve. This is because it is also possible to develop cryptographic schemes

which make use of quantum phenomena to provide security schemes which are not

based on the difficulty of factoring large numbers. Such schemes would remain

secure even in the event that a quantum computer were to be developed. This field

of research has become known as quantum cryptography, with a vital component of

this being comprised of quantum key distribution (QKD). This involves distributing

the analogue of classical secret keys which are shared by two parties in order to

encode (and decode) a message. Furthermore, since obtaining information about

a quantum system necessarily disturbs it, any attempt by an unauthorized party

to intercept information about a quantum key can be detected by the legitimate

parties. In such a case, the legitimate parties could discard the compromised key

and distribute a new one.

It is arguable that the concept of entanglement lies at the heart of the differ-

ence between classical and quantum systems. Indeed, the quantum information

processing tasks described above (as well as many others) can be performed in such

a way as to make use of entangled quantum systems as resources [3]. Therefore it

is important to understand the properties of entangled systems. In particular, it is

vital (in the bipartite setting) that two parties are certain that they possess a given

entangled state. If the entanglement properties of a shared state cannot be verified

then it becomes ambiguous as to whether such a state could be used as a resource

in quantum protocols.

This thesis will primarily be concerned with bipartite entangled quantum sys-

tems and will deal with this very issue. That is, the problem of determining when

two parties (Alice and Bob) can verify that they possess an entangled system. In

general, even in the bipartite setting, it is not a simple task to ascertain whether a

given system is entangled. The entanglement properties of a bipartite system are

dependent on the situation in which the two parties possessing the quantum systems

find themselves. For instance, if the two parties do not possess a shared reference

frame, it is meaningless to say that their systems are correlated in some property.

For example, say the two parties (henceforth Alice and Bob) were attempting to

establish a secret key by making measurements of the spins of their particles along

certain directions. Without an agreed upon set of axes for making the measure-

ments it would be impossible for them to make use of the correlations in their spins.
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That is, they may know that their entangled state ensures that they will obtain the

same result for measurements in the same direction, but if they cannot agree on

directions, their shared key will never agree. Hence, a lack of a shared reference

frame is an operational constraint that can make the entanglement properties of a

bipartite quantum system ambiguous.

In situations making use of conserved properties of quantum systems one must be

careful in determining how to manipulate the systems. Without a suitable reference

frame (relating to the conserved quantity) practical limitations exist in the way

the systems can be handled. In these situations the existence of the conservation

law is said to have induced a superselection rule (SSR) for the system. That is,

a constraint on operations that prevents the demonstration of superpositions of

differing eigenstates of the conserved quantity. Interestingly, the same situation

can arise when practical constraints limit the accessible knowledge about quantum

systems. For instance, when dealing with an ensemble of identical particles it is

impossible to verify superpositions of different permutations of the ensemble, as

there are no operations that could be performed to distinguish between them. The

operational constraints arising due to the SSR applicable to ensembles of entangled

systems will be a main focus of the first part of this thesis.

Other interesting situations arise under conceptual constraints. That is, when

we ask questions about how experimental results could be interpreted. For instance,

asking whether the correlations exhibited by an entangled state could be explained

by a local hidden variable (LHV) theory can be posed as the problem of Alice and

Bob convincing a distrustful third party that they share entanglement (this will be

described in more detail in Chapter 8). This is equivalent to a test of a Bell inequality

which is famous for pointing out the disconcerting fact that certain quantum systems

cannot conform to our preconceived notions of locality and realism.

If, instead, we limit the trust between the two parties sharing the quantum

state we arrive at another interesting conceptual constraint. If, for instance, one

of the parties (Bob) distrusts the other, then it becomes nontrivial to verify that

entanglement is present. While this may seem an artificial scenario, it leads to

a situation which is similar to a recent cryptographic protocol. That is, it has

recently been shown [4] that it is possible to gain an advantage in QKD protocols

when only one party makes use of quantum theory. This scenario is suggestive of

the situation where Bob believes that he has a quantum system but does not trust

that Alice does. That is, he does not believe that Alice’s measurement results have
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necessarily been determined by measurement of a quantum system. Even under

such a constraint, it is still possible for Bob to be convinced that they share an

entangled state. This conceptual problem allows the definition of a new class of

entangled states; a generalisation of the steerable states introduced by Schrödinger

[5]. This concept will be explored in detail in Part II of this thesis.

1.1 Structure of this thesis

The main body of this thesis is broken into two parts. As discussed in this chapter,

there are various constraints that may apply to quantum systems and these can

strongly influence the way in which an experimenter can make use of the properties

of these systems. Chapter 2 of this thesis provides introductory material that will

be of benefit in following the main results of the thesis presented in both Parts I and

II. In particular, it contains a brief review of the formalism of quantum mechanics

and a slightly more detailed account of entanglement theory in general. Readers

familiar with this content may wish to skip this chapter.

Part I of the thesis deals with operational constraints that may influence quantum

systems. In particular it is concerned with those constraints that can be formulated

as superselection rules (SSRs). Chapter 3 gives an overview of the formalism of SSRs

and gives examples of well studied SSRs and their consequences. The remainder of

Part I is dedicated to a particular case study which illustrates the impact that

constraints can have on the study of bipartite entanglement. Chapter 4 reviews the

previous work that has been carried out studying the consequences of the symmetric

group (SN) SSR which arises due to indistinguishability of elements in ensemble

systems. The concept of a reference frame or the SN -group is discussed in Chapter 5,

and presents new work demonstrating that use of suitable reference frames allows

lifting of the constraint of the SSR and subsequent recovery of lost entanglement.

Part I is completed in Chapter 6 which outlines new work going beyond the SN -SSR

and shows that in principle an ensemble of identical entangled systems can be used

to violate a Bell inequality even in the absence of a suitable reference frame.

The main contribution of this thesis is contained in Part II which considers

another type of constraint on quantum systems; a conceptual constraint based on

the level of trust between parties sharing the entangled state. Chapter 7 reviews

Schrödinger’s concept of steering and outlines recent attempts to renew interest

in this phenomenon. These attempts are somewhat lacking, and in Chapter 8 a
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main contribution of this thesis is presented: a generalisation of steering which

is also applicable to mixed quantum states. In Chapter 9 the question of state

steerability is addressed, providing examples showing that steerability is a concept

which is strictly distinct from nonseparability and Bell nonlocality. The concept of

experimental steerability is introduced in Chapter 10 and experimental criteria for

demonstrating steering are discussed. Chapters 11 and 12 provide specific examples

using experimental steering criteria to demonstrate steering with Werner states and

a single photon state respectively. The final chapter reviews the contributions of

this thesis and outlines directions for future work.



Chapter 2

Quantum theory and Entanglement

“If you can’t explain it simply, you don’t understand it well

enough.”

– Albert Einstein (1879 – 1955).

Before discussing the relevance of this thesis in the context of the literature, or

indeed the main results of the thesis itself, it is necessary for the reader to have

some familiarity with concepts in quantum theory. To this end, this chapter will

provide background material that will be useful for understanding the remainder

of the thesis. The chapter begins with a brief review of quantum mechanics, but

will quickly progress to describing quantum concepts that are directly related to the

content of this thesis.

2.1 Overview of quantum mechanics

In classical physics (which describes the every day world that we experience) the

evolution of physical systems is usually deterministic. That is, if the position and

momentum of a system is accurately known at some time t, then classical physics

equips us with the tools to predict the subsequent evolution of the system.

Quantum mechanics is a fundamentally different theory which describes the evo-

lution of microscopic physical systems. We do not experience the laws of nature at

the microscopic level and hence the way microscopic systems behave is often un-

intuitive to us. In particular, the quantum world is inherently non-determinstic.

This arises due to the important and unintuitive role of measurement in quantum

mechanics (this will be discussed later in more detail).

6



2.1. OVERVIEW OF QUANTUM MECHANICS 7

2.1.1 Quantum states

Pure states

First, in order to discuss quantum theory and the predictions that it makes about

physical systems we need a frame-work for describing systems and their evolution.

The basic mathematical frame-work of quantum theory is based upon linear algebra

theory as follows. We will begin with the simplest case where we have the maximum

allowed knowledge of a quantum system. Such a system is called a pure state and

can be described by a state vector, or wave function, which embodies our knowledge

of the physical system. The wave function is represented by a vector in a complex

vector space known as a Hilbert space. Using Dirac’s notation we can write the

orthonormal basis vectors for the Hilbert space as |φi〉 where i ∈ {1, 2, . . . , d} and d

is the dimension of the space (and may be infinite). This allows an inner product to

be defined as 〈φi|φj〉 = δi,j, where 〈φi| is the dual vector to |φi〉. An arbitrary pure

state can thus be represented by the state vector

|ψ〉 =
d
∑

i

ci|φi〉, (2.1)

where the ci are complex coefficients. For the state vector to be normalised (i.e. for

|ψ〉 to represent a valid state) it must be the case that

〈ψ|ψ〉 =
d
∑

i

|ci|2 = 1, (2.2)

as this ensures conservation of probability.

Quantum theory makes predictions about experimental results of measurements

on quantum systems. Thus we require a method for relating the state vector to

observable phenomena in a laboratory. Hence we introduce the concept of an ob-

servable quantity described by an operator on the Hilbert space which maps quan-

tum states to other quantum states. That is, an observable Â is represented by an

operator

Â =
d
∑

i.j

ai,j|φi〉〈φj|, (2.3)

where again the ai,j are complex coefficients. All operators associated with a real

(i.e. observable) physical quantity must also have the property of being Hermitian.
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That is, the operator must be equal to its Hermitian adjoint, which is defined as

Â† =

d
∑

i,j

a∗j,i|φi〉〈φj|. (2.4)

Hermiticity is thus equivalent to saying that Â = (Â∗)T , or that the operator is

equal to the transpose of its complex conjugation.

In general, quantum mechanics does not predict the precise outcome for a given

measurement but rather deals with probabilities for outcomes occurring. Thus the

expectation value for a measurement of an observable Â associated with the property

A is given by

〈A〉 = 〈ψ|Â|ψ〉, (2.5)

which is a real number representing the mean value for the outcome of the measure-

ment.

Mixed states

In the event that we have the maximum allowed knowledge of a quantum system we

describe it as a pure state as outlined above. However, in realistic situations there

may be some uncertainty about which pure state describes the quantum system. For

instance, the system may interact with the environment causing a loss of knowledge

about the state of the system. In the event that we only know the probabilities ℘i

of the system being in a particular pure state then a new operator to describe the

system would be used, the density operator or state matrix,

ρ =
d
∑

i=1

℘i|ψi〉〈ψi|. (2.6)

Strictly since ρ is an operator it should be denoted ρ̂, however, due to its special role

in describing the state of a quantum system ρ will simply be used when describing

a state matrix.

An important feature of the state matrix description of quantum states is its

non-uniqueness. That is, it is possible for the same state matrix ρ to be expressed

as an infinite number of different mixtures of pure states. This has the interesting

consequence that it is impossible to tell the difference between different ensembles

of quantum states described by the same state matrix, even though the properties

of the ensembles themselves may be quite different.
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As for pure states, a mixed quantum state must be normalized,

Tr[ρ] =

d
∑

i=1

℘i = 1, (2.7)

where Tr[Â] is the trace operation which is equivalent to taking the sum of the

diagonal elements of matrix Â. Hence we can take the definition analogous to

Eq. (2.5) for the expectation value of an observable Â for a system described by ρ

〈A〉 = Tr[ρÂ]. (2.8)

Finally, a mixed state is also known as an impure state. That is, a state which

cannot be be described by a single pure state. If there were a single pure state in

the decomposition of ρ it is straightforward to show that ρ2 = ρ since ρ = |ψ〉〈ψ|
is a rank one projector. Hence, this is a necessary and sufficient condition for a

quantum state to be pure; any state for which this condition does not hold can only

be described as a mixed state.

2.1.2 Measurement theory

As mentioned in the previous section, measurement plays a central role in quantum

theory. It is by modelling measurements that we tie the abstract Hilbert space de-

scription of the theory with what is actually observed in a laboratory. First the most

common type of quantum measurement will be considered before the generalisation

of this concept will be discussed.

Projective measurements

The simplest type of measurement that can be made on a quantum system is a

projective or von Neumann measurement. This is a measurement that obtains max-

imum knowledge about the system and causes maximum disturbance to a system by

forcing it to occupy a unique eigenstate of the measured observable. It is possible

to diagonalize the operator Â

Â =
∑

i

aiΠ̂i, (2.9)

where the ai represent the eigenvalues of Â, and Π̂i is a projector onto the eigenstate

of Â associated with the eigenvalue ai. For the simplest case where Â has a non-



10 CHAPTER 2. QUANTUM THEORY AND ENTANGLEMENT

degenerate set of eigenvalues, the projectors are rank one and have the simple form

Π̂i = |ai〉〈ai|.
Most often one is interested in making a sequence of measurements on a quan-

tum system, so we need to know what the state of the system will be after the

measurement. When making measurement of Â we obtain one of the eigenvalues ai

as the result. Assuming that the system of interest is initially in a pure state |ψ〉,
then after the measurement we have a conditioned state

|ψai
〉 =

Π̂i|ψ〉√
Pi,

(2.10)

where Pi = 〈ψ|Π̂i|ψ〉 is the probability for obtaining the result ai. That is, the

measurement projects the initial state at random into one of the eigenstates of the

measured observable.

If instead, the system is initially in a mixed state ρ then the conditioned state

after the measurement becomes

ρai
=

Π̂iρΠ̂i

Pi
, (2.11)

where the probabilities are now given by Pi = Tr[ρΠ̂i].

A general property of projective measurements (which makes them useful) is

that if the same measurement is repeated immediately, then we are guaranteed (i.e.

with probability equal to one) to obtain the same result for the measurement. This

concept lies at the heart of the so-called quantum zeno effect [6]. By continually

performing projective measurements on a quantum system it is possible to ‘trap’

the system in a random eigenstate of the measured observable.

Tthe previous examples have discussed the conditioned state of a quantum sys-

tem after a measurement. That is, the quantum state that is inferred for the system

based on the result of the measurement. However, it is also possible to perform a

projective measurement and ignore the result. In contrast to a normal projective

measurement, this obtains minimal knowledge about the system (as one would ex-

pect, since by ignoring the result we have explicitly discarded information). The

unconditioned state matrix for the system after the measurement is then a weighted

average of the possible states that could have been obtained for the measurement

ρu =
∑

i

Piρai
=
∑

i

Π̂iρΠ̂i. (2.12)
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This shows that if a projective measurement is made and the result discarded, the

unconditioned state is in general a mixed state.

Generalised measurements

In actual experimental conditions, it is often difficult to perform a perfect projective

measurement of a quantum system. This is because quantum systems readily couple

to other nearby systems (often collectively described as the environment). If a probe

system (part of a measuring apparatus) is brought into contact with the quantum

system of interest, the two systems will couple and become correlated. Subsequently,

gaining knowledge of the apparatus or meter allows one to obtain knowledge about

the state of the system (due to their past interaction). Technically, the states of

the system and the meter are said to have become entangled (this concept will be

discussed in more detail in the remainder of this chapter). During a generalised

measurement, the meter is allowed to interact with the system, then a projective

measurement is performed on the meter which allows us to infer information about

the system (via its entanglement with the meter). This does not result in a projective

measurement of the system, but requires a more general formalism.

Let the system be in the initial state |ψ〉 and the measuring apparatus, or meter,

be in the state |θ〉 so that the combined (factorisable) state for system and meter is

given by

|Ψ〉 = |θ〉|ψ〉. (2.13)

After the two systems are allowed to interact for some time t they will become

coupled by a unitary evolution operator Û(t) such that the coupled system is sub-

sequently described by

|Ψ(t)〉 = Û(t)|θ〉|ψ〉, (2.14)

which is in general no longer factorisable (that is, entangled). Now imagine making a

projective measurement Π̂r = |r〉〈r| of the apparatus where {|r〉} is an orthonormal

basis for the apparatus Hilbert space. This leads to the state of the system plus

meter becoming

|Ψr(t)〉 =
1̂S ⊗ |r〉〈r|Û(t)|θ〉|ψ〉√

Pr
, (2.15)

where 1̂S is the identity operator on the system Hilbert space and the probability of
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obtaining the result r is given by

Pr = 〈ψ|〈θ|Û †(t)
[

1̂S ⊗ |r〉〈r|
]

Û(t)|θ〉|ψ〉. (2.16)

The measurement of the meter projects it into the state |r〉 and causes it to

become disentangled from the system. So the combined state can be again written

in factorisable form

|Ψr(t)〉 =
M̂r|ψ〉√
Pr

|r〉, (2.17)

where the operator M̂r acts only on the system Hilbert space and is called a mea-

surement operator. Comparing with Eq. (2.15) shows that this operator takes the

form

M̂r = 〈r|Û(t)|θ〉. (2.18)

Now since the meter is no longer entangled with the system, we are able to drop the

meter from our description and simply consider

|Ψr(t)〉 =
M̂r|ψ〉√
Pr

. (2.19)

In terms of the measurement operators we can simplify our expression for the prob-

ability for result r occurring,

Pr = 〈ψ|M̂ †
r M̂r|ψ〉. (2.20)

If we now define a new operator F̂r = M̂ †
r M̂r then the probability for result r can

be interpreted simply as the expectation value of F̂r. This operator is known as

the probability operator, or simply the effect, for result r. Since for any quantum

state the probabilities for different results occurring must sum to unity we have the

restriction that
∑

r

F̂r = 1̂. (2.21)

That is, the effect operators must sum to the identity. The set of all the effects {F̂r}
form what is known as a probability operator valued measure, or POVM. In this

setting we have a POVM over the results r rather than a probability distribution

over results. Thus for general measurements we no longer associate measurement

outcomes with the eigenvalues of a Hermitian operator representing an observable.

The results r are simply labels for the possible outcomes of the POVM measurement.
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Examples

The simplest quantum systems to deal with are those that can be described as two-

level systems. A common example is the two-level atom, that is, an atom that only

possesses two accessible energy levels (or one that can be manipulated such that only

two atomic energy levels are relevant). There are a number of ways to monitor such

a system. Typically the atom would be isolated (for instance in a cavity) so that

it couples with the electromagnetic field, and it is then the emitted electromagnetic

field which is observed. Due to the coupling with the system (the two-level atom)

the measurement of the field allows the state of the atom to be inferred.

Direct detection The simplest way to measure such a system is through direct

detection. That is, to collect much (ideally, all) of the outgoing radiation field

(through suitable use of lenses and mirrors to focus it on a detector), and to use

a photodetector to record the incidence of photons from the cavity. Such a mea-

surement records the number of photons emitted from the cavity and measures the

operator N̂ = â†â, where â and â† are the annihilation and creation operators re-

spectively for the outgoing field. For a two-level system we are restricted to the 0

and 1 excitation subspace and the POVM elements are simply the projectors

F̂0 = |0〉〈0|, (2.22)

for no detection and

F̂1 = |1〉〈1|, (2.23)

for detection of a single photon.

Homodyne detection The direct detection measurements considered above only

provide information about the number of photons in the field (from which the atomic

energy level occupied by the system could be inferred for instance). However, it

does not provide any information about possible coherences between the two levels.

It is often desirable to obtain such information and in order to so we require a

more complicated measurement strategy. One such measurement scheme is known

as homodyne detection. As for direct detection, the outgoing radiation may be

collected, but rather than directly measuring this field, a more sophisticated scheme

can be used. By first mixing the collected radiation with a local oscillator (or

phase reference) with a large coherent amplitude, it is possible to access the phase
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Figure 2.1: Setup for homodyne detection. The input signal â is mixed at a 50 :
50 beamsplitter with a large amplitude local oscillator which is in phase with the
input signal. In this balanced setup, photoreceivers detect the photons in each of
the two modes emerging from the beamsplitter, and the measurement signal is a
photocurrent of the difference between these detections.

information it possesses. This is typically done by obtaining a photocurrent by using

photodetectors to measure the photon number difference between the two output

modes. This is explained in more detail in Fig. 2.1

It can be shown [7] that the integral of the homodyne photocurrent measures

the initial value of the quadrature operator

x̂ = â+ â†. (2.24)

The statistics for the homodyne measurement are the same as for a projective mea-

surement of the relevant quadrature x (although the homodyne measurement is not

projective). Thus, in the language of generalised measurements described above, we

say that the effect for the result X = x is the projector

F̂hom(x) = |x〉〈x|. (2.25)

Now an x-eigenstate can be expressed in terms of number states as

|x〉 =

∞
∑

n=0

(2nn!
√

2π)−1/2 exp(−x2/4)Hn(x/
√

2)|n〉, (2.26)

where Hn are the Hermite polynomials [8]. By projecting onto the subspace of 0

or 1 excitations and substituing Eq. (2.26) into Eq. (2.25) the POVM element for a
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homodyne x measurement of a two-level system can be rewritten as

F̂hom(x) = (2π)−1/2 exp(−x2/2)
(

|0〉〈0| + xσ̂x + x2|1〉〈1|
)

, (2.27)

where σ̂x = |0〉〈1|+ |1〉〈0| is the x Pauli operator.

It is possible to define the conjugate variable to the x quadrature using

ŷ = −iâ + iâ†. (2.28)

This allows one to define any arbitrary quadrature by taking a complex sum of the x

and y qudratures. For instance, one could define an arbitrary phase quadrature θ by

the operator θ̂ = cos(θ)x̂+i sin(θ)ŷ. Now, by varying the phase of the local oscillator,

it is possible to perform a homodyne measurement of this arbitrary quadrature. This

modifies the effect operator as one might expect,

F̂hom(r) = (2π)−1/2 exp(−r2/2)
(

|0〉〈0|+ rσ̂θ + r2|1〉〈1|
)

, (2.29)

where the general Pauli operator is σ̂θ = cos(θ)σ̂x + sin(θ)σ̂y and the measurement

result is denoted r.

Heterodyne detection In homodyne detection, each measurement provides in-

formation about a single quadrature. However, it is also possible to obtain informa-

tion about both x and y quadratures in a single measurement. Such a measurement

scheme is known as heterodyne detection. An experimental setup similar to homo-

dyne detection is used, but the local oscillator is far detuned from the input field

so that its phase can be taken to vary rapidly over the decay time of the system.

The detuning modulates the measured photocurrent so that an in-phase and out-of-

phase component may both be identified. It is these two components which allow

the simultaneous measurement of both quadratures.

One might expect that since the x and y quadratures do not commute that their

simultaneous measurement would not be allowed due to the uncertainty principle.

Indeed, this would be the case if heterodyne detection provided maximal information

about both quadratures. However, it can be shown [9] that a perfectly efficient

heterodyne measurement only provides as much information as measuring the x

and y quadrature with 50% efficient homodyne detection. The operator associated

with heterodyne detection is a ‘complex’ observable represented by a non-Hermitian

operator Â, which again might cause one to suspect that it does not represent a valid
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measurement. However, since the operator Â is found to commute with its Hermitian

conjugate Â† we avoid difficulties that would arise due to operator ordering. See [7]

for more details.

Now, the effect operator for heterodyne measurements associated with the result

A = α is given by

F̂het(α) = π−1|α〉〈α|, (2.30)

where |α〉 denotes a coherent. Since the coherent states form an over-complete basis

the effect operator F̂het(α) does not project the measured system into a unique

eigenstate. In the number state basis the coherent states can be expressed [8] as

|α〉 =
∞
∑

n=0

αn√
n!

exp(−|α|2/2)|n〉. (2.31)

Again we project onto the subspace containing only 0 or 1 excitations and substitute

Eq. (2.31) into Eq. (2.30). This allows the heterodyne effects to be rewritten as

F̂het(α) = π−1 exp(−|α|2)
(

|0〉〈0|+ ασ̂† + α∗σ̂ + |α|2|1〉〈1|
)

. (2.32)

where the Pauli operator is defined as σ̂ = 1/2(σ̂x + iσ̂y).

Homodyne and heterodyne equivalence

There is a useful equivalence between homodyne and heterodyne detection that will

be made use of in Part II. This is most easily seen in the Heisenberg picture. In the

Schrödinger picture, states evolve in time and we see from Eq. (2.14) that a unitary

operator entangles the system and meter states. Subsequent measurement of the

meter unentangles the system and meter, allowing a simple representation in terms

of the system state alone. In the Heisenberg picture, the operators evolve in time,

and the action of the unitary operator is to non-trivially ‘mix up’ the operators for

the system and meter Hilbert spaces. Thus it is not possible to rewrite an equation

such as Eq. (2.17) with a measurement operator that acts only on the system Hilbert

space.

Consider an experiment where the input signal is split at a 50:50 beam splitter

and each half of the output is measured via homodyne detecton. The field operators

for the modes incident on the beam splitter are given by â (for the system) and ν̂

(for the meter) and after passing through the beamsplitter the operators for the two
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Figure 2.2: The input signal â is mixed at a 50 : 50 beamsplitter with the vacuum ν̂.
The resulting modes ĉ and d̂ are then measured via homodyne-x and homodyne-y
detection respectively.

modes become

ĉ = (â+ ν̂)/
√

2

d̂ = (â− ν̂)/
√

2. (2.33)

Already we see that the system and meter operators have become mixed up in the

output modes.

The first mode is measured via homodyne detection of the x-quadrature (see

Fig. 2.2), for which the relevant operator is given by

x̂φ = ĉ exp(−iφ) + ĉ† exp(iφ). (2.34)

The other mode is measured via homodyne detection of the y-quadrature, with the

operator,

x̂φ+π/2 = d̂ exp[−i(φ+ π/2)] + d̂† exp[i(φ+ π/2)]. (2.35)

Now, it is possible to take a complex sum of these two operators such that

Â = x̂φ + ix̂φ+π/2

=
√

2[exp(−iφ)â + exp(iφ)ν̂†]. (2.36)

It is straightforward to verify that while Â is not a Hermitian system operator, it
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is a normal operator [7] (i.e. commutes with its Hermitian conjugate). This is ex-

actly the operator that is obtained for the case of heterodyne detection [7]. The

two components of Â are equivalent to the in-phase and out-of-phase components of

a heterodyne photocurrent which allow simultaneous measurement of both quadra-

tures. This point will be revisited in Part II.

2.1.3 Interpretations

There are a number of operationally equivalent interpretations of quantum theory.

The theory itself makes predictions about the results of measurements on quantum

systems. Any additional assumptions about what the state vector represents or how

the measurement process affects a system is essentially part of an interpretation of

the theory. It is not the goal of this thesis to delve into deep interpretational issues

in quantum mechanics. The orthodox interpretation can be primarily assumed for

the remainder of this thesis, although in Chapter 7 mention will be made of an

information interpretation. For completeness, these interpretations will be briefly

introduced here.

Orthodox interpretation

The orthodox or “Copenhagen” interpretation1 of quantum theory takes the view

that the state vector represents the state of the system. In the case of superpositions,

this means that the system is taken to exist simultaneously in each of the relevant

eigenstates. It is then assumed that the process of measurement “collapses the wave

function” into a single eigenstate corresponding to the result of the measurement.

This interpretation seems to most naturally reflect the mathematical structure of

what occurs during the measurement process, however it does not offer insight into

the physical process that causes the instantaneous collapse.

Information interpretation

With the advent of quantum information theory, there has arisen a new form of

the Copenhagen interpretation of quantum theory. This interpretation takes an

informational view of the quantum state. That is, that the quantum state, rather

than representing a physical entity, simply represents our state of knowledge about

1Named after the city where Niels Bohr and Werner Heisenberg resided when they developed
the core of the interpretation.
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a system. The system itself possesses an “ontic” or real state (after the Greek

term ontos meaning “to be”) and the quantum state is an “epistemic” state (from

the Greek term episteme, meaning knowledge) which specifies our knowledge of

which ontic state the system is in. Such an interpretation has the advantage of

a conceptually appealing explanation of the measurement process. Rather than a

measurement causing a real discontinuous “collapse” of a quantum system, all that

is collapsing in this interpretation is our uncertainty about the ontic state. That is,

the measurement process gives us an instantaneous update of our knowledge of the

ontic state, and hence the “collapse” of the epistemic state represents this increase

of knowledge.

2.2 Entanglement theory

An interesting consequence of applying quantum theory to predict the behaviour of

two previously interacting systems was first pointed out by Einstein, Podolsky and

Rosen (henceforth EPR) in 1935 [10]. They considered a pure bipartite system with

a nonfactorizable description, that is, a system representable by

|Ψ〉 =
∑

i=1

ci|ui〉|ψi〉 (2.37)

Clearly the subsystems of such a state are correlated. If the first subsystem is

found to be represented by |ui〉 then the second subsystem must be representable

by |ψi〉. This presents no mystery; the systems previously interacted and thus their

future properties may be correlated. However, an equally valid description of |Ψ〉 is

given by

|Ψ〉 =
∑

i=1

di|vi〉|φi〉, (2.38)

where {|vi〉} and {|φi〉} are different orthonormal bases for Alice and Bob’s systems

respectively. This non-uniqueness of the decomposition of the pure state |Ψ〉 leads

to an interesting situation. The two subsystems are so correlated that for every

valid decomposition of |Ψ〉 it is possible to infer the state of the second system by

measuring the first. This situation, and the interesting implications of considering

different measurements of |Ψ〉 will be considered in more detail in Chapter 7.

Schrödinger called nonfactorizable states such as Eq. (7.1), entangled [5]. He

realised the importance of such states in quantum theory, describing entanglement
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as

the characteristic feature of quantum mechanics, the one that enforces

its entire departure from classical lines of thought [5].

This statement was somewhat prophetic, as entanglement is now regarded as the

key resource in quantum information science.

For maximally entangled systems, the state of the combined system is known as

well as possible (i.e. it is a pure state), however, the descriptions of the individual

subsystems are completely mixed before measurements. That is, as noted generally

by Schrödinger,

the best possible knowledge of the whole, does not necessarily include the

best possible knowledge of the parts [5].

Thus, if we have maximal knowledge about the subsystems then the combined sys-

tem has a factorizable representation and is hence separable, or unentangled. For

the case of mixed states, Werner [11] is credited with identifying the fact that en-

tangled states are those states which cannot be written as a mixture of factorizable

pure states. That is, it is not possible to describe entangled states using correlated

local hidden states2 (LHSs) for each of the subsystems.

2.2.1 Local operations and classical communication

The concept of entanglement is tied to the notion of local operations and classical

communication (LOCC). These are constraints that arise naturally when multiple

parties share a distributed quantum state, but each party can only perform quantum

operations on their own local subsystem (because they may be spatially separated).

This is not to say that the measurements are entirely independent, as the parties are

able to communicate the outcomes of measurements to one another using a classical

channel (which are readily available e.g. a telephone). Under such constraints,

one would not expect to be able to create quantum correlations (since only local

operations are performed, not joint operations on the entire state).

That is, under the constraint of LOCC, two parties are unable to create entan-

glement. However, if they possess entanglement (given to them by an external party,

or prepared at an earlier time when the LOCC constraint did not apply), then they

2We use this terminology in analogy with the terminology of local hidden variables which will
be introduced in Sec. 2.4.
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are able to use it as a resource (see for example [12]) to allow them to perform tasks

that would otherwise be impossible under the constraint of LOCC. The notion of

possessing a resource which allows a constraint to be lifted will be expanded upon

in Chapter 3.

2.2.2 Types of entanglement

There are a number of different notions of what entanglement is, even in the bipartite

setting. The previous section discussed the most general concept of entanglement;

that the combined quantum system cannot be described by a separable (or factor-

izable) representation. This tends to suggest that entanglement is a mathematical

concept that a system either possesses or does not possess - it does not lend itself

well to the idea of measuring entanglement.

Alternatively, entanglement may be categorised by the types of tasks that it al-

lows one to perform. Such operational notions of entanglement become useful in the

definition of quantitative measures of entanglement. Thus, before introducing en-

tanglement measures, several concepts that allow entangled states to be categorised

should be discussed.

Distillation

In many quantum protocols it is useful to have maximally entangled states such as

the singlet state

|ψ〉 =
1√
2

(|01〉 − |10〉) , (2.39)

where |0〉, |1〉 are spin up and down eigenstates respectively in the computational

basis. Such states are a useful resource as they possess the maximum amount of

entanglement possible for a two-qubit state. However, in practice, it may be difficult

to produce such perfectly entangled states. Thus, one may wish to extract the

entanglement from many non maximally entangled states and combine it to produce

(some smaller number of) maximally entangled states. A process which distills the

entanglement from non maximally entangled states into a more useful form is known

as an entanglement purification protocol [13]. For pure states, it is always possible

to perform entanglement distillation which converts non maximally entangled states

into singlet states. Hence, it is possible to use LOCC on copies of the entangled

state to prepare maximally entangled states for use in quantum protocols. In the

case of mixed states, the properties of entangled states are more complex and it may
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be nontrivial to determine protocols for distilling maximally entangled states from

an arbitrary entangled state.

n-distillability

While it may be difficult in general to determine if it is possible to distill a maximally

entangled state from a given entangled state, one may ask a simpler question. That

is, can an entangled two-qubit state be distilled from a finite number of copies of a

given entangled state? If it is possible to distill an entangled two-qubit state from

a single copy of an entangled state (of larger dimension), then the state is said to

be 1-distillable. Since all 2 × 2 entangled systems are distillable [14], repetition of

this protocol would then allow maximally entangled two-qubit states to be distilled.

Analogously, one says that ρ is n-distillable if there exists a LOCC protocol whereby

Alice and Bob can convert n copies of ρ to a shared pair of qubits that is entangled

[15]. It is important to note that this definition places no restriction on the amount

of entanglement of the shared pair of qubits output by the procedure; it requires only

that this pair of qubits be in some entangled (i.e., nonseparable) state. The concept

of n-distillability can be useful as it is generally easier to verify than distillability

(i.e. ∞-distillability). Note, that a necessary and sufficient condition for a state ρ

to be distillable is that ρ is n-distillable for some n.

Bound entanglement

There exist some mixed quantum states which possesses entanglement (that is, can-

not be factorized), but still cannot be used to distill maximally entangled states,

no matter how many copies of the state are used. Such states are said to be bound

entangled [16]. In general, such states require a nonzero amount of entanglement

to prepare, but this entanglement cannot be recovered using distillation protocols.

The entanglement is bound, and it is therefore questionable if the entanglement is

useful as a resource (although see [17] for recent progress).

It is often difficult to determine if a particular entangled state is bound entan-

gled (as there are no known algorithms for testing if distillation protocols will be

successful for a given state). However, for protocols using entangled systems in low

dimensional Hilbert spaces the issue of bound entanglement is not a concern: there

are no bound entangled states for 2 × 2 or 2 × 3 Hilbert spaces (since for these

dimensions all entangled states are distillable [18, 19]).
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Activation

While there exist entangled states ρ which have their entanglement bound, it may

still be possible to access this entanglement. This is done by introducing an ancillary

system σ, such that the combined state ρ ⊗ σ is distillable. This process is known

as activation [20]. It is said that the state σ has activated the entanglement of ρ.

This concept can be applied analogously to n-distillation. That is, one can

introduce an ancillary system σ to the state ρ (which is not n-distillable), so that

ρ⊗ σ is n-distillable.

Biorthogonal mixtures

If a quantum state is composed of states that are are locally distinguishable (for

both Alice and Bob) then it is known as a biorthogonal mixture (see Ref. [21] for

more details). The expected entanglement3 of such a state is simply a weighted sum

of the entanglement present in each of the the possible states. That is,

E(ρ) = ℘1E(ρ1) + ℘2E(ρ2) + . . . , (2.40)

where E(ρj) is the entanglement of the locally distinguishable states making up the

mixture, and ℘j are the corresponding probabilities of each state occurring.

2.2.3 Entanglement witnesses

In an experimental setting it is desirable to know when a given quantum state

is entangled. In practice, it may be difficult or impractical to perform full state

tomography (and even with complete knowledge of the state it may be difficult to

determine if it has a separable representation). Hence, having an experimental test

to determine if a state is entangled is a useful tool. One such test can be described

by an entanglement witness.

A linear entanglement witness [19] can be represented by a Hermitian operator

Ŵ such that

Tr[Ŵρ] < 0, (2.41)

for some entangled state ρ, but Tr[Ŵσ] ≥ 0 for all separable states σ. The operator

Ŵ is said to have witnessed the entanglement of ρ. For every entangled state ρ there

exists at least one entanglement witness Ŵ satisfying Eq. (2.41).

3Using a suitable measure of entanglement as will be defined in Sec. 2.3.
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In an experimental setting if an entanglement witness operator is known for

the particular entangled state that experimentalists are trying to prepare then they

may simply measure the expectation value for that operator to verify that they have

prepared an entangled state.

Note that in general entanglement witnesses do not give an indication of the

amount of entanglement present. Nor does a given entanglement witness indicate

the particular form of the entangled state prepared. An instance where entanglement

witnesses could be useful is when the state has been determined by tomography,

but it is still unclear if it possesses a separable representation. In such a case, an

entanglement witness could be used to verify the presence of entanglement.

The above categorisation of entanglement witnesses has only dealt with linear

entanglement witnesses. Much of the initial work on entanglement witnesses dealt

only with linear witnesses, and in many instances when entanglement witnesses are

referred to, it is implicitly assumed to mean a linear entanglement witness. However,

recent work has extended the concept of entanglement witnesses to allow for non-

linear entanglement witnesses (see Ref. [22] for example). The concept of non-linear

witnesses will be revisited in more detail in Chapter 10.

2.3 Entanglement measures

With the advent of quantum information experiments, entanglement has come to

be viewed as a resource which allows certain tasks to be performed. Clearly this

viewpoint requires some measure of how much entanglement a quantum system

possesses. As was seen in Sec. 2.2.2 however, there are a number of different types

of entanglement. It is therefore not surprising that there are a number of ways to

measure entanglement. The study of entanglement measures has received significant

attention in recent years (see Ref. [23] for a review).

A discussion of entanglement measures begins with the concept of an entangle-

ment monotone. This is a non-negative real function of a quantum state which

cannot increase (hence the term monotone) on average under LOCC. Various au-

thors (see for instance [24, 25, 26] and Refs. therein) have discussed the properties

that a function should possess in order to be a satisfactory entanglement measure.

It possible to take a purely axiomatic approach by specifying theoretical conditions

that an entanglement measure should logically satisfy. However, this may lead to

measures without a clear physical interpretation. Alternatively, one may take an
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operational approach in defining a measure. Unfortunately the most popular opera-

tional measures of entanglement can be particularly difficult to evaluate analytically.

The difficulty in determining a canonical measure of entanglement lies with the fact

that in the mixed state setting there are different types of entangled states. Thus it

is perhaps not surprising that different measures of entanglement exist.

Nevertheless, it is generally agreed [23] that the following conditions are useful

to identify a suitable measure of entanglement E(M):

1. E(σ) = 0 for all separable states σ.

2. E(|ψ−〉) = 1 for maximally entangled two-qubit states |ψ−〉.

3. E(|ψ〉) cannot increase on average under LOCC.

The first condition arises by the definition that separable states cannot be entan-

gled. It is arguable [26] that an entanglement measure should be zero if and only if

the state is separable. This subtlety arises due to the existence of bound entangled

states and the fact that distillable entanglement is a highly regarded measure of

entanglement due to its physical interpretation. The second condition is reasonable,

as it simply ensures that for two-qubit systems entanglement is scaled to lie between

zero and one. Finally, the LOCC constraint is of fundamental importance in quan-

tum information processing, particularly for dealing with entangled systems, so the

third condition attaches a natural operational constraint on dealing with entangled

systems.

Now that we are equipped with criteria for defining entanglement measures, it

is possible to discuss some of the more popular measures.

2.3.1 Entanglement measures for pure states

Pure state entanglement in the bipartite setting is comparatively straightforward to

deal with. A pure state is entangled if it cannot be expressed as a product of pure

states, and if this is the case, the state will certainly violate some Bell inequality4

(and is also steerable, as we will see in Part II).

Quantitatively the entanglement of a pure state can be measured by its entropy

of entanglement [27]

E(|Ψ〉) = S(ρA) = S(ρB), (2.42)

4Bell inequalities will be discussed in detail in Sec. 2.4.
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which is the entropy of either of the subsystems. Here S(ρ) = −Tr[ρ log2 ρ] is the

von Neumann entropy and ρA(B) = TrB(A)[|Ψ〉〈Ψ|] is the reduced state matrix of

Alice’s (Bob’s) system found by tracing over the other subsystem. The entropy

function works well as a measure for entanglement, as it can immediately be de-

duced that it is zero for separable states (since the entropy of a pure state is zero),

and gives log2(N) for a pair of maximally entangled N -state particles. Hence for

qubit systems, the entropy of entanglement ranges from 0 for separable states to 1

for maximally entangled states. However, the most compelling argument for this

function as a measure of entanglement is its physical interpretation. The entangle-

ment properties of a pure bipartite state |Ψ〉 are completely described by E(|Ψ〉),
with E(|Ψ〉) giving both the asymptotic number of standard singlets required to

locally prepare many copies of the state |Ψ〉 - its “entanglement of formation” and

the asymptotic number of standard singlets that can be prepared from a system in

state |Ψ〉 by local operations - its “distillable entanglement” [27].

These concepts will be discussed in more detail in the following account of mixed

state entanglement measures. In the case of mixed states, the rich structure of en-

tanglement means that it is not possible to simply measure entanglement by the

reduced state entropy; depending on the specific measure to be used there are dif-

ferent ways to characterise the entanglement.

2.3.2 Entanglement measures for mixed states

Entanglement of distillation (distillable entanglement)

This is a popular entanglement measure as it has a clear physical interpretation. The

distillable entanglement of a system ρ is the average maximum number of entangled

singlet states that could be prepared (per pair) from an arbitrarily large ensemble

of copies of ρ using entanglement distillation protocols [13].

While this measure has a clear operational interpretation, in general it can be

difficult to calculate as it requires an optimisation over all possible distillation pro-

tocols. Thus, it is useful to find other measures of entanglement that upper bound

the distillable entanglement.

Entanglement of formation

If two parties, Alice and Bob, share quantum states under the LOCC restriction,

then by definition, they cannot create entanglement. The entanglement of formation



2.3. ENTANGLEMENT MEASURES 27

EF (ρ) of a mixed state ρ is defined as the least expected average entanglement per

copy of any arbitrarily large ensemble of pure states realizing the entangled state ρ

[27]. In order for Alice and Bob to create the state ρ without transferring quantum

states between them, they must already share the equivalent of EF (ρ) pure singlets

states. If they already share this much entanglement on average, then they will be

able to create EF (ρ)×N copies of ρ by performing suitable LOCC transformations

on an ensemble of N → ∞ singlets.

One reason why the entanglement of formation is such an attractive measure of

entanglement (at least for qubit systems) is that there exists an analytic expression

for calculating it. Wootters provided [28] an explicit formula based on the spin-flip

transformation that allows the entanglement of formation for an arbitrary entangled

state of two qubits to be calculated. Thus, for qubit systems it is straightforward

to bound the distillable entanglement; one may simply calculate the entanglement

of formation.

Other measures

As mentioned above, there are a number of types of entanglement, and subsequently

a number of different entanglement measures. Among the many proposed measures

of entanglement only the distillable entanglement and entanglement of formation

have been focused on for two reasons. First, as described above, these measures

have clear operational (physical) interpretations, but they have also been shown

[26] to be extreme measures given a set of reasonable conditions. That is, any

suitable entanglement measure E must satisfy

ED ≤ E ≤ EF . (2.43)

By suitable we mean satisfying constraints 1-3 outlined in Sec. 2.3 as well as pos-

tulates satisfied by ED. As argued by Horodecki et al. [26] this is a necessary

requirement since they regard the distillable entanglement as a ‘good’ measure and

hence they only accept measures which respect it. This means (as they acknowl-

edge) that entanglement measures may be accepted which indicate no entanglement

for some entangled states; this is due to the existence of bound entangled states.
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2.4 Bell inequalities

For many years after the emergence of quantum mechanics as a successful theory,

the troubling implications of entanglement were thought to be merely philosoph-

ical concerns. In 1964, Irish physicist John Bell published a paper [29], inspired

by EPR’s concerns, that set about resolving the question of the completeness of

quantum mechanics. For the first time, he derived a criterion that could be directly

tested by experiment to determine if a local hidden variable (LHV) theory could

possibly describe nature. His work showed that there are predictions of quantum

theory that are incompatible with any local hidden variable theory. This prompted

an experimental effort to determine if the world can be described by a local hidden

variable theory, or if quantum mechanics is correct. Shockingly (to some physi-

cists) experiments have supported quantum theory5 and suggest that nature cannot

be described by any local hidden variable theory. That is, there exist correlations

possessed by certain quantum systems that cannot be explained using correlated

LHVs for each subsystem. This important result has since become known as Bell’s

theorem, and any inequality similar to Bell’s which is based on assumptions of local

realism6 is called a Bell inequality. Schrödinger would have been shocked by experi-

mental violation of Bell inequalities as he believed that the nonlocal effects predicted

by quantum theory would be washed out by the separation process of entangled sys-

tems [30]. Similarly, experimental tests verifying violations of Bell inequalities show

that Einstein’s dream of completing quantum mechanics to restore local realism to

the theory was doomed to fail.

2.4.1 CHSH inequality

Bell’s original inequality was based on the assumption of perfect correlation be-

tween the two subsystems of interest. In practical experiments the systems may

be highly correlated, but it is unlikely that perfect correlation will be realised. In

1969, Clauser, Horne, Shimony and Holt (CHSH) derived an inequality [31] which

retains the spirit of Bell’s original inequality, but is easier to realise experimentally.

This inequality has received a great deal of attention and is often used to test if

qubit entangled systems are entangled. In order to give the reader some insight into

5Within technical loopholes (discussed at the end of this section) which most physicists accept
will be closed by improved experiments.

6The assumptions of local realism are demonstrated in the following section and elaborated
upon in Sec. 7.1 in the context of the original EPR example.
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Bell inequalities, rather than discussing Bell’s original inequality in detail, consider

instead the argument behind the more commonly used CHSH inequality.

The situation considered by CHSH is an ensemble of correlated pairs of particles

which are sent to two different apparatuses respectively. At each apparatus there is

an adjustable parameter associated with measurement, respectively labeled a and b

and a choice of two directions for the particles to take, labeled +1 and -1. Hence

the results of the measurements are labeled A(a) and B(b) which take the values

±1 depending on which arm is taken.

CHSH propose [31] that any correlation between the outcomes A(a) and B(b) is

due to information carried by, and localised within, each particle. This information

can be described by a set of hidden variables denoted λ. Thus the results of the

measurements are determined by the functions A(a, λ), which is independent of

the parameter b, and B(b, λ), which is independent of a. This independence of

the alternate measurement parameter embodies the locality assumption, since the

two measurement apparatuses may be located at an arbitrarily large distance apart.

Finally, since the source of the pairs of particles is also remote from the measurement

apparatuses we are safe in assuming that the particles are emitted with a normalized

probability distribution ρ(λ) (independent of a and b) which encodes the relevant

hidden variable information to the two particles.

CHSH make use of the correlation function C(a, b) =
∫

Γ
A(a, λ)B(b, λ)ρ(λ)dλ,

where Γ is the total space of the hidden variables. They then consider the simple

inequality

|C(a, b) − C(a, c)| ≤
∫

Γ

|A(a, λ)B(b, λ) − A(a, λ)B(b, λ)| ρ(λ)dλ

= 1 −
∫

Γ

B(b, λ)B(c, λ)ρ(λ)dλ, (2.44)

where the simplification arises due to the fact that both result functions take values

of ±1 and ρ(λ) is a normalized distribution.

Imagining that for some b and b′ we have C(b, b′) = 1 − δ where 0 ≤ δ ≤
1 avoids Bell’s experimentally unrealistic perfect correlation (i.e. δ = 0). This

allows the hidden variable parameter space to be divided into Γ+ and Γ− such that

Γ± = {λ|A(b′, λ) = ±B(b, λ)}, which means
∫

Γ−
ρ(λ)dλ = δ/2. Therefore, it is

straightforward to show (using similar methods as those used in Eq. (2.44) above)
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that

∫

Γ

B(b, λ)B(c, λ)ρ(λ)dλ ≥ C(b′, c) − 2

∫

Γ

A(b′, λ)B(c, λ)ρ(λ)dλ = C(b′, c) − δ.

(2.45)

Finally combining Eq. (2.44) and Eq. (2.45) and using the fact that C(b, b′) =

1 − δ we obtain the CHSH inequality |C(a, b) − C(a, c)| + C(b′, b) + C(b′, c) ≤ 2.

It will prove useful to consider a form of this inequality arrived at by removing the

absolute value signs,

C(a, b) − C(a, c) + C(b′, b) + C(b′, c) ≤ 2. (2.46)

Clearly this weaker form of the inequality is still valid, since by removing the absolute

value signs we have simply allowed a term to become negative that may have been

positive. Making this change cannot allow extra states to violate the inequality, so

Eq. (2.46) is a valid form of the CHSH inequality.

This is an inequality which is applicable to experiments on correlated systems

where each experimenter has a choice of measuring two dichotomic observables. A

violation of this inequality signals the failure of local hidden variable theories to

explain the observed correlations.

2.4.2 Bell operators

A useful concept when considering Bell inequalities is that of the Bell operator [32].

This operator plays an analogous role to that of entanglement witnesses. That is,

the Bell operator is a linear operator, defined such that the sign of its expectation

value for a given quantum state ρ determines if the state violates the inequality.

We see now why we used Eq. (2.46) for the CHSH inequality. Defining the CHSH

Bell operator as

B̂CHSH = â · σ ⊗
(

b̂+ b̂′
)

·σ + ĉ ·σ
(

b̂− b̂′
)

·σ, (2.47)

allows the CHSH inequality to be rewritten simply as

〈B̂CHSH〉ρ ≤ 2, (2.48)

where 〈B̂CHSH〉ρ = Tr[ρB̂CHSH]. This provides a simple condition for determining if

a two-qubit state violates the CHSH inequality.
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2.4.3 Loop-holes

Formulation of Bell type inequalities typically rely on two assumptions; commonly

referred to as local realism. Violation of the inequality then logically demands

that one (or both) of these assumptions must be false. Consequently, if there are

imperfections in an experimental setup that would logically lead to falsification

of one of these assumptions, then there is no mystery surrounding the violation.

This leads to the possibility of two loop-holes which would allow the experimental

violation of Bell inequalities and a local realistic description of nature to coexist.

Locality loop-hole

The locality assumption requires the two subsystems to be spatially remote. This

means that the systems are separated sufficiently that it would be impossible for a

signal traveling at the speed of light to pass between them to correlate measurement

outcomes once one system’s property has been determined. If the subsystems are

not sufficiently separated then any violation of a Bell inequality using these systems

is said to suffer from the locality loop-hole.

This loop-hole is a particular problem for experiments dealing with atomic sys-

tems or trapped ions, as the two subsystems of interest are typically very close

together [33]. Hence, this would allow the possibility of the hidden variables (or val-

ues for properties of the systems) to become sufficiently correlated to violate Bell’s

inequality without ruling out a local realistic description of nature.

Detection loop-hole

The nature of the so-called detection loop-hole is slightly more subtle and strictly

arises from a technical assumption. It was first considered by Pearle [34] and later by

Clauser and Horne [35]. The issue is that in many actual Bell inequality experiments,

only a small fraction of the collected data is actually included in the statistical

analysis for the experiment. This is because detector efficiencies are often quite

low, and the quantities of interest are coincidence events. Thus, on occasion only a

single detector fires (and the other fails to detect the corresponding particle), and

these single events are omitted from the analysis. That this is a valid analytical

technique is often referred to as the fair sampling assumption (or alternatively the

no enhancement assumption). This essentially means that one must assume that

the statistics gained from the detected coincidence events is a fair representation
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of the statistics of the entire ensemble (that would be obtained if all events were

detected).

If one envisages a local hidden variable theory which allows the detection of a

particle to depend on the property value of the particle, then it may be able to

reproduce the observed violation of the inequality. In such a case this would mean

that the observed experimental data fails to obey the fair sampling assumption; it

would be a biased subset of the data. Hence the apparent violation of the inequality

would not imply a failure of local realistic descriptions of the world.

This loop-hole is a problem for quantum optical implementations testing Bell

inequalities. Typically photon detectors have low efficiencies and thus photonic

experiments are susceptible to this loop-hole. However, it seems unlikely that such

experiments agree so well with quantum mechanics [36] with low efficiency detectors

but would suffer a drastic change in behaviour in improved experiments with efficient

detectors.

Closing the loop-holes

In order to undeniably refute local realism we require a single experimental demon-

stration of a Bell inequality violation in which the setup simultaneously closes both

loop-holes. Trapped atom (or ion) experiments have the advantage of very high

efficiency detectors, which allow for the detection loop-hole to be closed. Photonic

systems can be easily separated before measurement and hence they allow for the

locality loop-hole to be closed. As of yet, there is no single experiment which simul-

taneously closes both these loopholes. However, there have been several promising

proposals recently (see for instance [37]) which suggest the combination of atomic

and photonic systems to exploit the useful features of both, to allow a loop-hole free

refutation of local realism.



Part I

Operational constraints on

entanglement
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Chapter 3

Superselection Rules (SSRs)

“Progress imposes not only new possibilities for the future but new

restrictions”

– Norbert Wiener (1894 – 1964).

The notion of restricted operations arises quite naturally in the frame-work of

quantum information science. One never possesses unlimited resources when setting

out to perform some task and this limits how the task is performed. As discussed in

Chapter 2 the concept of local operations and classical communication is a natural

constraint that applies when dealing with distributed quantum systems. In this

chapter, we will consider another type of operational constraint that arises naturally

in quantum theory; those constraints imposed by superselection rules (SSRs).

The study of the effects of SSRs is important for the manipulation of entan-

gled systems for the following reason. Superselection rules are closely linked to the

concept of reference frames for quantum systems, while entanglement is inherently

about correlated properties shared by distributed quantum systems. For instance,

for two parties to utilise entanglement of a pair of spin-half particles they must be

able to agree on the spatial orientation against which to compare their respective

spins. Thus, in the multipartite settings relevant to the study of entanglement, it

becomes important for all parties to share appropriate reference frames in order

to utilise their entanglement. Describing the limitations arising due to a lack of

appropriate reference frames can be precisely done using the theory of SSRs.

3.1 SSRs as operational constraints

In nature, there are various physical quantities that are found to be conserved, e.g.

electric charge, momentum and fermion number. Conservation laws must therefore

be respected within any physical theory. A consequence of conservation laws for

34
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isolated systems (that is, systems in the absence of a reference frame1)in quantum

theory is that it is impossible to observe coherences between eigenstates of the

conserved quantity with different eigenvalues. Correspondingly there is a said to

be a superselection rule (SSR) [38] arising from the conservation law that forbids

observation of such coherences. Originally it was thought [38] that SSRs enforce

constraints on the allowable states of a quantum system. For instance, that states

could not exist as superpositions of conserved quantities. However, it is not necessary

to postulate such a constraint; whether the system exists as a superposition or not

is irrelevant. The key point is that in an isolated experiment we are unable to

observe coherences due to such superpositions. Therefore, it is possible to restate

SSRs as constraints on the allowable operations that may be performed on a system;

no allowable operation will show coherences between eigenstates of the conserved

quantity. That is, it is possible to formulate SSRs as another class of operational

constraints that may apply to quantum systems.

Consider as an example the SSR for charge (the first such SSR ever proposed)

[38]. In the original formulation, this SSR would amount to saying that it is not

possible to create superpositions of different charge eigenstates. Alternatively, all

operations on the system must commute with charge-preserving operations such as

measurement of charge. Charge-preserving operations can be built up from transfor-

mations in the Lie group U(1) generated by the charge operator. This formulation

allows the concept of SSRs to be generalized to arbitrary compact Lie groups, or

finite groups [39, 40], as is now explained.

While conceptually appealing for motivating many SSRs, conservation laws are

not a necessary cause of SSRs. Thus, rather than considering SSRs as applying

to conserved quantities, we imagine them to apply more generally to a group of

physical transformations2. The SSR for a group G of physical transformations can

be defined operationally as follows [41]. Consider a single party, Alice, who possesses

a quantum system, described by a Hilbert space HA. Let the physical transformation

corresponding to an element g of group G be denoted T̂A(g). Then the G-SSR is the

rule that all operations must be G-invariant. That is, if O is the completely positive

1The meaning of reference frames will be discussed in Sec. 3.2.
2For instance, the SSR forbids transformations that would allow observation of superpositions

of conserved quantities. However, other restrictions, apart from conservation laws, can give rise
to SSRs constraining the allowed operations on quantum systems. Indeed, the main focus of
Chapters 4-6 is a SSR that does not arise due to a conservation law.
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map ρ→ Oρ representing the operation, then

∀ρ and ∀g ∈ G , O[T̂A(g)ρT̂ †
A(g)] = T̂A(g)[Oρ]T̂ †

A(g). (3.1)

Note that “operations” includes unitaries, where Oρ = ÛρÛ †, and also measure-

ments, where for example Orρ = M̂rρM̂
†
r and

∑

r M̂
†
r M̂r = 1̂.

According to this definition, we would say that a SSR for charge Q̂A, for example,

would be a SSR for the group U(1) generated by Q̂A. Such a SSR can be motivated

from consideration of a conservation law for a local additive quantity, such as charge.

Note however that we do not assume that the operational restriction described by

a general SSR must be derivable from a conservation law. For the purposes of this

thesis, it is more fruitful to take the modern quantum information science perspective

which regards a G-SSR as being due to the lack (by Alice) of an appropriate reference

frame [42, 43, 44]. This idea will be expanded upon in this chapter and explored

later in the particular context of the SN -SSR.

3.1.1 SSRs and Mixing

When performing quantum information processing tasks, it is ultimately necessary

to gather informaton about the state of the quantum system of interest. Thus, any

quantum information processing ultimately ends in measurement. If a G-SSR is in

force over the entire process, then no outcomes will be changed if the state matrix

for the quantum system ρ is replaced by the state matrix T̂A(g)ρT̂ †
A(g) for any group

element g ∈ G. That is, under the G-SSR the state of the quantum system is

represented by an equivalence class of state matrices. The most mixed state matrix

to which ρ is physically equivalent is given by the average over the equivalence class

GAρ ≡ |G|−1
∑

g∈G
T̂A(g)ρT̂ †

A(g), (3.2)

for finite groups, where |G| is the group order, and

GAρ ≡
∫

G

dµ(g) T̂A(g)ρT̂ †
A(g), (3.3)
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for compact Lie groups, where dµ(g) is the group invariant (or Haar [45]) measure.

We call this the G-invariant state, as

∀g ∈ G, T̂A(g)[GAρ]T̂ †
A(g) = GAρ. (3.4)

That is, this state is unchanged by applying the transformation associated with any

element of the group G. For traditional SSRs, i.e. groups with a single generator

Q̂A =
∑

q q Π̂q, the G-invariant state is simply the block-diagonal state GAρ =
∑

q Π̂q ρ Π̂q. This maximum-entropy member of the equivalence class is the one

containing no irrelevant information, and hence it is the natural representation of

the state of the system as a state matrix.

It is important to note that if Alice has two systems with states ρ1 and ρ2, which

are globally subject to the SSR, that is, where

GA(ρ1 ⊗ ρ2) = |G|−1
∑

g∈G
[T̂1(g) ⊗ T̂2(g)]ρ[T̂

†
1 (g) ⊗ T̂ †

2 (g)], (3.5)

then this state is not the same as GAρ1 ⊗ GAρ2, which equals

|G|−2
∑

g,g′∈G
[T̂1(g) ⊗ T̂2(g

′)]ρ[T̂ †
1 (g) ⊗ T̂ †

2 (g′)]. (3.6)

That is, applying the G-SSR globally to a combined quantum system is different

to applying the same G-SSR individually to the two subsystems. This is why we

referred to the quantum system, not a quantum system. If we are considering the

whole quantum system (or at least all parts to which the SSR applies), then the

state ρ of the system can be replaced by GAρ. However, if there are other quantum

systems that may enter into the quantum information processing at a later time,

then it is not true in general that GAρ contains all of the relevant information about

that system.

3.1.2 Bipartite SSRs

The purpose of this thesis is to study the impact that certain constraints have

on bipartite entangled systems. In this context two parties each operate locally

on a distributed quantum system, so it is necessary to define the concept of local

SSRs. That is, the local operations of Alice and Bob (say) must respect local SSRs,

rather than a global SSR. This is obviously applicable in the case when a SSR is
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motivated by a conservation law for a locally additive quantity. It is also applicable

more generally if Alice and Bob each lack a reference frame. It turns out that for

the purpose of nonlocal quantum information processing, what is important is that

Alice and Bob have a shared reference frame. Furthermore, such a reference frame

need only be correlated between the two parties. This point will be clarified by later

examples.

For the concept of a local SSR or a local reference frame to make sense, the

physical transformation on the joint Hilbert space HA ⊗ HB corresponding to an

element g of the group G must have the following tensor product form:

T̂ (g) = T̂A(g) ⊗ T̂B(g). (3.7)

Now if Alice and Bob lack reference frames, then the effective state for the bipartite

system is the locally G-invariant state [39]

(GA ⊗ GB)ρ, (3.8)

where GA is defined as above, and GB similarly, and these act locally according to

the tensor-product structure of the joint system. Note once again that this state is

in general very different from the globally G-invariant state

Gρ =
∑

|G|−1
∑

g∈G
[T̂A(g) ⊗ T̂B(g)]ρ[T̂ †

A(g) ⊗ T̂ †
B(g)]. (3.9)

Just as in the case of a single party, it is important to remember that ρ can only

be replaced by (GA ⊗GB)ρ if it is the state of the entire quantum system shared by

Alice and Bob (or at least all parts to which the SSR applies).

3.1.3 SSRs and Hilbert Space Technicalities

To determine the effect of SSRs on entanglement it is necessary to understand how

a SSR induces a structure on Hilbert space. A local G-SSR for Alice splits HA into

so-called “charge sectors” labelled by y:

HA =
⊕

y

HA
y , (3.10)
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where each HA
y carries inequivalent representations T̂Ay of the group G. These sectors

can then be further decomposed into tensor products:

HA
y = MA

y ⊗ QA
y , (3.11)

a process technically known as dividing the system into subsystems. The subsystem

MA
y carries an irreducible representation (irrep) t̂Ay (g) and the subsystem QA

y carries

a trivial representation of G. That is to say,

T̂Ay (g) = t̂Ay (g) ⊗ ÎAy . (3.12)

For an Abelian SSR such as charge, the subsystems MA
y are one-dimensional, and so

the additional tensor product structure within the irreps is not required. However,

for a non-Abelian SSR such as we will consider later, they are nontrivial.

The subsystems QA
y are clearly G-invariant because they carry only the trivial

representation ofG. They have been called noiseless subsystems, or decoherence-free

subsystems, relative to the decoherence map GA [46]. By contrast, the subsystems

MA
y become completely mixed under the action of GA, because t̂Ay (g) is irreducible.

Thus the action of GA on an arbitrary state matrix ρ is, in terms of this decompo-

sition,

GAρ =
∑

y

DA
y ⊗ IAy (Π̂A

y ρΠ̂
A
y ). (3.13)

Here Π̂A
y is the projection onto the charge sector y, DA

y is the trace-preserving map

that takes every operator for the subsystem MA
y to a maximally mixed operator

(i.e. proportional to the identity operator on that space), and IAy is the identity

map over operators for the subsystem QA
y . The effect of the local superselection

rule, then, is to remove the coherence between different local charge sectors (as in

the Abelian case) and to make the subsystems MA
y completely mixed. The same

structure arises for HB and provides an analogous decomposition of GB. For further

details, see [39, 40, 47].

3.2 Reference frames

The concept of a reference frame is required in practically all aspects of physics.

In order to test theories (which allow us to make future predictions about physical

systems), it is necessary to make measurements. In classical physics, there are
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typically many objects around us which may serve as a reference for a physical

quantity of interest. For example, macroscopic objects all have some mass, and it

is a simple matter to compare the mass of two objects (in which case one of the

objects is essentially used as a crude reference frame for mass). Another problem

which requires a reference frame is to define a direction. Typically there are specific

macroscopic objects readily available on the Earth to define a directional reference,

however, any object which is not rotationally symmetric could be used as a crude

directional reference frame. While such classical reference frames are ubiquitous, it is

not difficult to imagine a situation where two parties might lack a useful directional

reference frame, as follows.

Consider the case where two parties are potentially travelling in space and thus

do not share the global abundance of reference frames associated with the earth.

The two parties, Alice and Bob, may both have a set of Cartesian axes, yet with no

global reference frame, the two sets of axes are unlikely to be aligned. Thus, both

Alice and Bob possess a perfectly good local directional reference frame, however,

the problem is that they do not possess a shared reference frame. If they had some

method of communicating the relative misalignment of their Cartesian frames then

they could align their axes, and the local Cartesian axes would become a shared

reference frame. Then Alice and Bob could both perform experiments locally, with

the knowledge that they would agree upon directions.

So far we have discussed superselection rules in the context of a group of physical

transformations under which the quantum state of interest is invariant. From a

quantum information perspective, a SSR is considered to arise due to the lack of a

suitable reference frame for the relevant group [47]. A suitable reference frame allows

different group operations to be distinguished, and thus these operations become

allowable for preparing states. This effectively removes the restriction of the SSR

and allows states (such as states with coherences for some conserved quantity for

example) to be prepared that were forbidden without the reference frame.

Thus, whether the restriction associated with a SSR applies to a quantum system

becomes a question of the availability of a suitable reference frame [47]. In general,

a reference frame for a SSR can be thought of as something that removes its effect.

When a reference frame is able to completely remove the effect of, or “lift” the SSR,

we say that the reference systems acts as a perfect reference frame. This is the ideal

case; in practice one may have a partial reference frame which only partially removes

the effect of the SSR.
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Usually a reference frame is an extra system added to the system of interest

which allows access to degrees of freedom otherwise unaccessible due to the SSR.

Another way of looking at it is that a suitable reference system breaks the group

symmetry associated with the G-SSR, and as such, the quantum system of interest

no longer remains described by the G-invariant state.

3.2.1 Lack of a reference frame

The connection between the lack of a reference frame and a SSR is useful for the

study of constraints on quantum systems. Some SSRs have traditionally been

thought of as axiomatic, usually when associated with a conservation law. How-

ever, labelling some SSRs as fundamental, and others as practical constraints is an

arbitrary exercise. One can always describe a SSR in terms of a restriction on a

related group of transformations3, and the ability to remove the restriction of the

SSR can be determined by the availability of a suitable reference frame. It has been

suggested [47], that the grouping of some SSRs as axiomatic, and others as practical,

may have arisen due to the relative ease of obtaining or preparing the associated

reference frame.

To illustrate the concept of a SSR arising due to the lack of a reference frame

it useful to consider a common example. We use the constraint on photon number

arising due to the lack of a phase reference for this purpose by considering the

following.

Typically, in optical experiments, states of an optical mode are described with

respect to some phase reference. Consider the case where Alice and Bob share a

distributed state over several optical modes. A third party, Charlie, may possess

a local phase reference (for instance, a high intensity laser) to which the quantum

states of Alice and Bob’s modes could be referred. Imagine that Alice and Bob do

not share Charlie’s phase reference (i.e. they do not possess a laser phase-locked with

Charlie’s), so that the relative phase between their phase references and Charlie’s is

completely unknown. As shown in [44] this situation leads to a local particle SSR

for Alice (and Bob) as follows.

Let φ be the angle that relates Charlie’s phase reference to Alice’s. Alice can

perform a transformation on her system of optical modes by allowing them to evolve

under a Hamiltonian proportional to the total number operator, N̂total =
∑K

i=1Ni.

3To be precise, SSRs associated with a compact symmetry group can be formulated as arising
due to the lack of a reference frame for that group.
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The unitary transformation Û(φ) = exp(iφN̂total) advances her system by an angle

ϕ. Therefore, if Alice prepares a pure state |ψ〉, then relative to Charlie’s phase

reference, this state is represented by the transformed state

U(φ)|ψ〉 = eiφN̂total |ψ〉. (3.14)

For example, let Alice prepare a single-mode coherent state

|α〉 =
∞
∑

n=0

e−|α|2/2 α
n

√
n
, (3.15)

where α ∈ C and the phase of the state relative to Alice’s phase reference is given

by arg(α). Charlie would also describe this state as a coherent state with the same

amplitude, but relative to his phase reference he would assign the phase arg(α)+φ.

This transformation agrees with Eq. (3.14) due to the fact that

|eiφα〉 = eiφN̂ |α〉, (3.16)

where N̂ is the number operator on this single mode.

In order to relate to the concept of SSRs, it is useful to decompose the Hilbert

space H(K) of K modes into subspaces that transform in a simple way under the

action of the group U(1), as follows [44]. Defining Hn to be the Hilbert space

consisting of states of K modes with precisely n total photons, i.e., eigenspaces of

N̂total with eigenvalue n, we can express the Hilbert space H(K) as a direct sum

H(K) =

∞
⊕

n=0

Hn. (3.17)

The transformation under phase shifts, that is, under the representation U of U(1),

for any state |ψn〉 ∈ Hn is then given by

U(φ)|ψn〉 = einφ|ψ〉. (3.18)

If one defines Πn to be the projector onto Hn, an arbitrary state |ψ〉 ∈ H(K) trans-

forms as

U(φ)|ψ〉 =
∑

n

einφΠn|ψ〉. (3.19)

Returning to the case where Charlie has no knowledge of the phase relation φ be-
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tween his phase reference and Alices, we have the following situation. Say that Alice

prepares a quantum state |ψ〉 of K modes relative to her phase reference. To obtain

the state relative to Charlie, one must average over all possible values of φ, since it

is completely unknown. Performing this average leads to the mixed state [44]

U [|ψ〉〈ψ|] =
1

2π

∫ 2π

0

dφ U(φ)|ψ〉〈ψ|U(φ)†. (3.20)

Using the transformation Eq. (3.18) one obtains

U [|ψ〉〈ψ|] =
1

2π

∫ 2π

0

dφ
∑

n,n′

einφΠn|ψ〉〈ψ|Πn′e−in
′φ

=
∑

n,n′

Πn|ψ〉〈ψ|Πn′

(
∫ 2π

0

dφ

2π
ei(n−n

′)φ

)

=
∑

n

Πn|ψ〉〈ψ|Πn. (3.21)

Now, this result applies to any pure state, so we can use an arbitrary density operator

and describe the action of U as

U [ρ] =
∑

n

ΠnρΠn (3.22)

This representation show that the effect of U is to remove all coherence between

states with different total photon number on Alice’s systems. It follows that U [ρ] is

invariant under phase shifts. Thus, if Charlie’s phase reference is used to describe

states, then Alice is restricted in what she can prepare. This restriction ensures that

Charlie will describe any state prepared by Alice as block-diagonal in total photon

number; as determined by the quantum operation U . That is, the only pure states

that Alice can prepare are those which lie entirely within one eigenspace of Hn.

As noted in Sec. 3.1.3 the requirement that states are block diagonal in the

eigenspaces of some operator, is formally equivalent to a SSR [48]. Thus, the re-

striction described above can be referred to as a SSR for photon number [44]. Note

that the SSR only restricts the preparations by Alice (or any party who does not

share Charlie’s phase reference). The SSR does not fundamentally forbid states with

coherence between different total number eigenstates from existing, as Charlie (or

any party who shares Charlie’s phase reference) suffers no restriction on what states

he can prepare.
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Finally, it is important to note that despite the SSR, Alice is still able to incoher-

ently change the total photon number of her system. Thus, while the lack of a phase

reference leads to a SSR for photon number, this restriction is not equivalent to a

conservation law for photon number. This should make it clear that while conser-

vation laws often lead to SSRs, the converse is not true - a SSR is never equivalent

to a conservation law.

3.3 Analogies with mixed-state entanglement

In this section we briefly point out some analogies between concepts arising for

mixed-state entanglement and their counterparts in the theory of pure-state en-

tanglement constrained by SSRs. For a more detailed account see Ref. [41]. The

analogies are demonstrated using some examples arising in the case of the U(1)

group as described in Ref. [44].

3.3.1 Activation

Recall from Sec. 2.2.2 that a general state ρ is called 1-distillable if by LOCC Al-

ice and Bob can, with some probability, create from it a nonseparable two-qubit

state. Also recall from Sec. 2.2.2 that by the process of activation, there are bound

entangled states that become 1-distillable when the two parties have their LOCC

supplemented by additional resources. As discussed in Ref. [41] these additional re-

sources can be described as a shared PPT-channel (which amounts to Alice and Bob

having access to all shared states with a positive partial transpose). The process of

activation occurs when one of the PPT states is used to make a bound entangled

state 1-distillable.

An analogous situation arises for pure state entanglement constrained by a SSR.

As an example, we return to the case of a local photon-number SSR which was

introduced in Sec. 3.2.1 in the context of a lack of a reference frame. Consider the

state [44]

|ψ〉 =
1√
2

(|0〉A|1〉B + |1〉A|0〉B) , (3.23)

which has the form of a maximally entangled state, but is not 1-distillable under

the constraint of a local photon-number SSR. That is, the pure state |ψ〉 is bound
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entangled under the local photon-number SSR. Consider also the state

|φ〉 = |+〉A|+〉B, (3.24)

where |+〉 = (|0〉 + |1〉)/
√

2. Under the local photon-number SSR the state |φ〉
cannot be prepared locally [49, 50], but neither is it 1-distillable since it is a product

state. The state |φ〉 can be used to activate the bound entanglement of |ψ〉 under

the local photon-number SSR as follows [44].

Alice and Bob combine the states |ψ〉 and |φ〉 and both perform a quantum non-

demolition (QND) measurement4 of local photon number. They post-select the case

where they both obtain a local photon number of 1. In this scenario, their resulting

state, up to a constant factor, is given by

1√
2

(|01〉A|10〉B + |10〉A|01〉B) , (3.25)

which clearly is 1-distillable despite the local photon-number SSR. Thus, while the

state |ψ〉 is not 1-distillable under the local photon-number SSR, the combined state

|ψ〉 ⊗ |φ〉 is 1-distillable under the SSR, which is clearly the analogue of activation.

3.3.2 Distillation

Recall from Sec. 2.2.2 that the process of distillation ‘concentrates’ partial entan-

glement from multiples copies of a state into singlet form and n-distillation converts

partial entanglement of n copies of a state into a two-qubit entangled state. For

example, as discussed in the previous activation example, the state |ψ〉 is not 1-

distillable under the local photon-number SSR. However, consider the case where

Alice and Bob possess two copies of |ψ〉 and carry out the same protocol [44, 51]

as above, by each performing a QND measurement of local photon number and

post-selecting the 1 photon result. This situation leads to

Â1 ⊗ B̂1

[

1√
2

(|0〉A|1〉B + |1〉A|0〉B)

]⊗ 2

∝ 1√
2

(|01〉A|10〉B + |10〉A|01〉B) , (3.26)

where Â1 and B̂1 are measurement operators associated with Alice and Bob each

obtaining a QND result of 1 photon. The resulting two-copy state Eq. (3.26) is

4Typical photodetection measurements absorb the detected photons. In contrast, quantum
nondemonlition (QND) measurements are a special generalised measurement which are carried out
so that the photons in the state of interest are detected, but not themselves absorbed.
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clearly distillable using the outlined protocol. Thus, while |ψ〉 is not 1-distillable

under the local photon-number SSR, it is 2-distillable. That is to say that this

example demonstrates the fact that the 1-distillable states are a strict subset of the

2-distillable states, and that the analogue of mixed state distillation occurs for pure

state entanglement constrained by a SSR.

3.4 Summary

In this chapter we have reviewed the concept of superselection rules arising as con-

straints on quantum systems. In particular, we have seen that not only conservation

laws, but other restrictions associated with a particular group of transformations,

can be described operationally using the formalism of SSRs. Such a description can

be recast as a restriction on the possible operations which may be implemented for

preparing states, rather than as a restriction on allowable states themselves. When

a SSR applies to a quantum system, the state of the system is operationally indis-

tinguishable from an equivalence class of states, so it is appropriate to describe the

system by the most mixed state in this class.

The quantum information viewpoint considers SSRs to arise due to the lack of an

appropriate reference frame for a group of transformations applicable to the system.

The concept of using a reference frame to alleviate the effect of a SSR was also

discussed. The latter part of this chapter showed how the lack of a reference frame

can give rise to an effective SSR, which is not equivalent to a conservation law and

also pointed out some analogies with mixed state entanglement.

The examples demonstrating the analogies between mixed state entanglement

and entanglement constrained by a SSR introduced an example of a SSR which

does not arise due to a conservation law. This SSR arises due to another constraint

which restricts the information which one may possess about the system of interest.

This leads us to the symmetric group (SN) SSR, which arises when dealing with an

ensemble of identical subsystems, and will be the focus of the remainder of Part I

of this thesis.



Chapter 4

The symmetric group SSR

“The universe is built on a plan the profound symmetry of which is

somehow present in the inner structure of our intellect”

– Paul Valery (1871 – 1945).

Equipped with the formalism of the previous chapter, we are now in a position

to explore a particular example in more detail. The focus of this chapter will be a

study of the symmetric group (SN ) SSR. There are a number of reasons for choosing

this example. First, SSRs for Lie groups such as U(1) have been widely studied (for

instance the charge SSR [42]), whereas SSRs for finite groups (such as SN) have

received less attention. Second, this thesis is interested in verifying the presence of

entanglement under constraints in a quantum information processing context. As

we will see in the remainder of this chapter, the SN -SSR arises quite naturally in

the context of nuclear magnetic resonance (NMR), which is a candidate system for

quantum information processing. Thus, verifying the entanglement properties of

such systems is a necessary prerequisite for using such systems for QIP. Finally, the

SN -SSR is an example of a SSR which is not associated with a conservation law.

Thus, it is interesting as an example of how another type of constraint on a physical

system can be formalised as a SSR.

In this chapter we will review the context in which the SN -SSR arises in the

study of quantum systems, focusing on the previous work relating to entanglement.

4.1 Indistinguishability as a constraint

The notion of indistinguishability (or symmetry) as a constraint arises when dealing

with many identical systems, that is, with ensembles. Since the individual systems

are identical, unless one has sufficient control to be able to isolate each subsystem to

47
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manipulate individually1, then all operations must affect the entire ensemble iden-

tically. Typically when dealing with ensembles of identical systems in a laboratory

it is not feasible to attempt the level of individually addressing each system in the

ensemble, so we will consider that operations affect all subsystems identically.

Thus, we will use the term ensemble quantum information processing to mean:

(i) there are N (typically � 1) identical “molecules” each consisting of M “atoms”

(typically qubits); (ii) all operations are symmetric (i.e. affect each molecule identi-

cally).

For example, in a NMR experiment [52, 53] each molecule contains M atoms

typically having a spin-1
2

nucleus. Operations may be implemented using radio

frequency (RF) magnetic pulses and an antenna. For the case of M = 4 the qubits

could be the spin-1
2

nuclei of 1H, 17O, 13C, 19F. Another example occurs in spin

squeezing experiments [54]. In this case each molecule is a single two-level, or multi-

level, atom (M = 1). Operations are implemented using uniform laser fields (and

detectors for them), and thus affect all molecules identically.

In NMR quantum information processing it is also the case that the molecules

are typically prepared in highly mixed states, and the detection efficiency is very

small. These are practical constraints that apply to current experimental techniques

rather than fundamental constraints such as those previously studied as SSRs. That

is, these constraints are not caused by a lack of a reference system, and may be lifted

through improved procedure, rather than augmenting the system. The consequences

of such practical constraints will be discussed in more detail later, although we note

that the first of these can be overcome at least for small molecules. For example,

Ref. [55] shows that by initiating a chemical reaction involving pure parahydrogen it

is possible to prepare a hydrogen derived two-spin system with an effective spin-state

purity of 0.916.

For a system comprised of N identical molecules, there are N ! possible ways of

permuting the system. The set of these permutations p (under the permutation oper-

ation) form the symmetric group SN . The indistinguishability of identical molecules

leads to what is known as the SN -SSR. Using the SSR formalism introduced in Chap-

ter 3, the restriction on operations O for ensemble quantum information processing

1In order to perform such individual operations, it would be necessary to have a method for
distinguishing individual subsystems. Clearly this would break the symmetry and lift any resulting
constraints; this would require a suitable reference frame for the SN group and will be discussed in
Chapter 5. Hence, indistinguishability, and thus the SSR associated with it, arises from the lack
of a suitable SN reference frame.
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systems can be stated as

O[T̂ (p)ρT̂ †(p)] = T̂ (p)[Oρ]T̂ †(p), ∀p ∈ SN , (4.1)

where p is a permutation of the N molecules and T̂ (p) is the unitary operator that

implements that permutation. The N molecules can be thought of as individual

subsystems of M atoms. Each of the atoms within a subsystems is acted on by the

same permutation, T̂ (p), because they are attached to the same molecule.

When the SN -SSR is in effect the allowable operations on the system are re-

stricted to being symmetric. Under such operations the state ρ is indistinguishable

from the states T̂ (p)ρT̂ †(p) for any p ∈ SN . Thus we define the most mixed state

with which ρ is equivalent (the SN -invariant or randomly permuted state) as

Pρ ≡ 1

N !

∑

p∈SN

T̂ (p)ρT̂ †(p). (4.2)

Under the SN -SSR it is operationally appropriate to use Pρ to describe the state ρ.

4.1.1 Local SN-SSR

NMR quantum information processing with pure states may allow the possibility of

scalable quantum computing. In this thesis we are not concerned with this question,

but rather a question of principle: even with pure states, can one verify the presence

of entanglement between different subsystems comprising atoms of the same species?

Say we can create molecules such that there is entanglement between two species

of atom (call them A and B) on each molecule, as in Ref. [55]. Then if we could

isolate an individual molecule, and give one of the relevant atoms to Alice and the

other to Bob, then Alice and Bob would share entanglement. We could even “give”

one atom (A) to Alice and one (B) to Bob without splitting the molecule, merely

by saying that Alice can control an applied magnetic field and antenna resonant

with the frequency of A’s nucleus, and Bob similarly with B’s nucleus. However,

the symmetry constraint (lack of labelling) means that Alice and Bob cannot hope

to isolate a single molecule. So the question then becomes: what is the nature of

the entanglement between Alice’s ensemble of A atoms and Bob’s ensemble of B

atoms?

Both Alice and Bob are restricted from individually addressing the N molecules
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A’A B

A’A B

Molecule 1

Molecule 2

Figure 4.1: A simple example with two molecules. The As and A′s belong to Alice
and the Bs belong to Bob.

in their possession2, so we must apply the SN -SSR locally. That is to say, the

effective quantum state is (PA ⊗ PB) ρ. To understand this, it is helpful to consider

a simple example; say M = 3 (nuclei A, A′ and B, per molecule) and N = 2 (there

are two molecules, 1 and 2). We consider that the As and A′s belong to Alice and

the Bs to Bob as in Fig. 4.1. The typical situation in NMR is to assume that the two

molecules are prepared identically. However, for illustrative purposes it will be useful

to consider the following state, where the molecules are not prepared identically:

|ψ〉 = |↑1
A↑1

A′↑1
B〉|↓2

A↓2
A′↓2

B〉. (4.3)

This is so that we can allow for (and see the effect of the local SN -SSR on) correla-

tions between Alice’s atoms and Bob’s atom without considering entangled states or

mixed states. Here the states |↑〉 and |↓〉 are orthogonal states of the nucleus (spin

up and spin down).

Now if Alice’s local operations (acting only on As and A′s) cannot distinguish

molecules 1 and 2, then the state |ψ〉 is equivalent to

T̂A(p1)|ψ〉 = |↓1
A↓1

A′↑1
B〉|↑2

A↑2
A′↓2

B〉, (4.4)

where p1 is the swap permutation. Thus under the action of PA, |ψ〉 goes to an

equal mixture:

|ψ〉 PA−→ PA ⊗ IB[|ψ〉〈ψ|]

= ] 1√
2
|↑1
A↑1

A′↑1
B〉|↓2

A↓2
A′↓2

B〉 ]
1√
2
|↓1
A↓1

A′↑1
B〉|↑2

A↑2
A′↓2

B〉. (4.5)

2Assuming that Alice and Bob do not have SN reference frames.
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Recall the notation ] defined in Sec. 3.3.1 as a shorthand for describing a projector.

The two terms in the mixture are due to the two elements in the S2 group. Thus,

under the SN -SSR Alice knows that both her atoms’ spins are aligned. However, she

loses knowledge of their orientation with respect to Bob’s atom. Similarly, applying

the SN -SSR locally for Bob causes him to lose information about the orientation of

his spins with respect to Alice’s atoms resulting in the mixture

|ψ〉 PB−→ IA ⊗ PB[|ψ〉〈ψ|]

= ] 1√
2
|↑1
A↑1

A′↑1
B〉|↓2

A↓2
A′↓2

B〉 ]
1√
2
|↑1
A↑1

A′↓1
B〉|↓2

A↓2
A′↑2

B〉. (4.6)

Finally, if neither Alice nor Bob’s operations can locally distinguish molecules 1 and

2 then the resulting state becomes

|ψ〉 PA⊗PB−→ PA ⊗ PB[|ψ〉〈ψ|]

= ] 1

2
|↑1
A↑1

A′↑1
B〉|↓2

A↓2
A′↓2

B〉 ]
1

2
|↓1
A↓1

A′↑1
B〉|↑2

A↑2
A′↓2

B〉

] 1

2
|↑1
A↑1

A′↓1
B〉|↓2

A↓2
A′↑2

B〉 ]
1

2
|↓1
A↓1

A′↓1
B〉|↑2

A↑2
A′↑2

B〉. (4.7)

If one also applies a global SN -SSR - corresponding to averaging identity and the

collective swap operation - then the output states of PA, PB, and PA ⊗PB become

the same3.

4.1.2 General Action of P

In the previous example we considered a case with two permutations, PA on Alice’s

system of Hilbert space dimension dA = 22, and PB on Bob’s system of dimension

dB = 21. This illustrates that for the general action of a single permutation P
acting on N copies of a d-dimensional system we have d as the total Hilbert space

dimension of a single molecule made up of M qubits, so that d = 2M . The general

action of P can then be understood by analyzing the structure that it induces on the

Hilbert space of the total system, (Cd)
⊗N . When the SN -SSR applies to the system,

as is the case for an ensemble of identical particles or subsystems, this Hilbert space

3The example outlined here was also presented in Ref. [41]. However, in that case, for the
example to be correct, one needs to implicitly assume that the global SN -SSR was also applied so
that the output states of PA, PB, and PA ⊗ PB are the same. Although this was not made clear
in Ref. [41], as the example was only used for illustrative purposes, and did not directly influence
any subsequent results, the omission does not detract from the validity of the paper.
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carries a reducible representation T̂ of SN . Recall from Sec. 3.1.3 that this splits

the Hilbert space into ‘charge sectors’:

(Cd)
⊗N =

⊕

y∈Y
Cy . (4.8)

The sectors are further decomposed into irreps of SN :

Cy = My ⊗ Qy , (4.9)

where My carries an irrep T̂y of SN , Qy carries the trivial irrep and has dimension

given by the multiplicity of T̂y in T̂ . The label y can now be interpreted as a Young

frame corresponding to an irrep of SN . The set of Young frames Y , viewed as Young

diagrams, are those consisting of N boxes in up to d rows of non-increasing length.

We define Dy ≡ dim(My). For further details on the representations of SN , see

Appendix A as well as [56].

Spin-1/2 particles

There are two cases where the structure of the Hilbert space induced by P is par-

ticularly straightforward. The first is when the subsystems comprising the ensemble

are identical spin-1/2 particles. That is, when the ensemble is composed of d = 2

dimensional systems and the possible Young diagrams4 are those consisting of N

boxes in no more than d = 2 rows. This limits the set of possible Young frames Y

to having bN/2c+ 1 elements, where bN/2c is the largest integer less than or equal

to N/2. Thus we are able to label each element by a single number. In this case,

since we are dealing with spin systems, it is sensible to set the label y for the Young

frames equal to j, the “total angular momentum” of the ensemble.

Consider the one-party case of N = 2J spin-1/2 particles (i.e. M = 1 qubit per

molecule). The Hilbert space for each of the particles is given by the 2-dimensional

complex vector space, C2. Using Eqs. (4.8) and (4.9) along with the fact that there

are bJc + 1 Young frames labelled by j, the total Hilbert space can be decomposed

into [57]

(C2)
⊗2J =

J
⊕

j=J−bJc
Mj ⊗ Qj . (4.10)

4These diagrams are a standard tool for describing the permutation group. See Appendix A
for more details.
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Mj and Qj correspond to permutation and angular momentum subspaces respec-

tively. Thus permutations of the spins T̂ (p) act only upon Mj and joint operations

such as rotations act only upon Qj . The dimensions of the subspaces are

dim(Mj) = dj ≡
(

2J

J − j

)

2j + 1

J + j + 1
, (4.11)

for the permutation subspace and

dim(Qj) = 2j + 1, (4.12)

for the angular momentum subspace.

Thus the basis for C⊗2J
2 in terms of these subspaces can be written as:

{

|j, n〉 ⊗ |j,m〉 : Jj=J−bJc ; jm=−j ;
dj

n=1

}

, (4.13)

where n is a permutation label and m is the magnetic quantum number. Now con-

sider the action of the permutation operator P. Physically, this operator destroys

coherence between the ‘charge sectors’ and also acts to randomly permute the par-

ticles. Mathematically this corresponds to P having the following effect on a state

matrix ρ for an ensemble of N = 2J qubits,

Pρ =

J
∑

j=J−bJc
Dj ⊗ Ij(Π̂jρΠ̂j). (4.14)

Here Π̂j is the projection onto the charge sector j, and Dj is the trace-preserving

map that acts on the permutation subspace to completely mix over the |j, n〉 basis

states. Ij is the identity map over operators for the angular momentum subspace,

Qj .

Ensemble of two molecules

The second instance where it is straightforward to study the Hilbert space structure

induced by P is when there are only two molecules in the ensemble (that is, N = 2,

so the S2 group applies). In general the molecules are d-dimensional systems, so the

Hilbert space for each molecule is given by Cd. In this case there are only two possible

Young frames, corresponding to the symmetric and antisymmetric representations

of the group S2. These are both 1-dimensional representations meaning that the
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total Hilbert space can be decomposed as,

(Cd)
⊗2 =

⊕

y∈{s,a}
M1 ⊗ Qy

=
⊕

y∈{s,a}
Qy, (4.15)

since D1 = dim(M1) = 1. The components of the angular momentum subspace, Qs

and Qa, correspond to symmetric and antisymmetric subspaces respectively. Their

dimensions are given by dim(Qs) = (d2 + d)/2 and dim(Qa) = (d2 − d)/2 [58].

This structure can be simply understood from the fact that there are only two

permutations in the S2 group, which can be represented by T̂ (p0) = Î, and the

operator T̂ (p1) = T̂ which swaps the two molecules. The group structure of S2

ensures that T̂ 2 = Î, which means that T̂ can be written as T̂ = Π̂s − Π̂a, where

the operators Π̂s and Π̂a project onto the symmetric and antisymmetric subspaces

respectively. Also note that the identity operator can be represented as Î = Π̂s+Π̂a.

Hence the action of P on the density matrix ρ for an N = 2 ensemble is given by

Pρ =
1

2

(

ÎρÎ + T̂ ρT̂ †
)

. (4.16)

Using the expressions for Î and T̂ in terms of projection operators gives,

Pρ =
1

2
[(Π̂s + Π̂a)ρ(Π̂s + Π̂a) + (Π̂s − Π̂a)ρ(Π̂s − Π̂a)]

= Π̂sρΠ̂s + Π̂aρΠ̂a. (4.17)

This illustrates the fact that P destroys coherence between the angular momentum

‘charge sectors’, which in this case means destroying coherence between the sym-

metric and antisymmetric subspaces. The symmetry constraint of SN -SSR restricts

the allowable operations and prevents preparation of states with coherence between

the symmetric and antisymmetric subspaces.

4.2 Loss of entanglement under the SN-SSR

One might expect that by constraining the allowable operations on an ensemble, and

hence describing the system by a mixed density matrix which is invariant under the

group operation, that the ability to use the system as a resource would be hindered.
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That is, in a QIP context, one might expect that the entanglement possessed by

the ensemble would be constrained (or limited) by the SSR. This is indeed the

case as was first shown by Eisert et al. [59]. Without considering the SN -SSR,

one might expect (by using some suitable measure) that the entanglement of an

ensemble of N systems each possessing E ebits of entanglement, would simply be

NE ebits. In practice, due the SSR, the ensemble will possess less than this amount

of entanglement. Here the term extractable entanglement will be used to refer to

the reduced amount of entanglement that is verifiable in the presence of the SSR.

Consider (as in Refs. [39, 59]) an ensemble of N = 2J identically prepared

molecules each consisting of two nuclei in the following state:

|ψ〉 = α|↓A↓B〉 + β|↑A↑B〉, (4.18)

where α and β can be taken to be real, so that α2 + β2 = 1 is the normalization

condition (for α = β = 1/
√

2 each subsystem is a maximally entangled Bell state).

Using the Hilbert space decomposition into permutation and angular momentum

subspaces from Sec. 4.1.2, the unconstrained total state of the ensemble can be

written as,

|ψ〉⊗N =
J
∑

j=J−bJc

dj
∑

n=1

j
∑

m=−j
αJ−mβJ+m|j, n〉A|j,m〉A ⊗ |j, n〉B|j,m〉B, (4.19)

where the condition α2 + β2 = 1 also indicates that |ψ〉⊗N is normalized. The

term bJc denotes the integer part of J in the lower limit for j. Since we have not

enforced that N be even, we allow J to be non-integer. The lower limit j = J −bJc
ensures that the first sum ranges from j = 0 or j = 1/2 to J for even N and odd N

respectively. From the spin representation [Eq. (4.18)] it is straightforward to see

that the entanglement for the ensemble is E(|ψ〉⊗N) = N(−α2 logα2 − β2 log β2) =

NE(|ψ〉).

We now consider the amount of extractable entanglement under the SN -SSR. To

do so, we must take into account the effect of the SSR on the ensemble state. The

permutation operator P results in a completely mixed state for both Alice and Bob

in the permutation subspace. That is, the system is equivalent to the SN -invariant
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state

|ψ〉⊗N PA⊗PB−→
J
∑

j=J−bJc

dj
∑

n=1

IjA
dj

⊗ IjB
dj

⊗
(

]
j
∑

m=−j
αJ−mβJ+m|j,m〉A|j,m〉B

)

, (4.20)

where implementation of the SN -SSR has also destroyed coherence between different

j terms. Note that IjA is the identity operator on the Hilbert space Mj for Alice,

and similarly IjB for Bob. Eq. (4.20) can be simplified by defining the angular

momentum part of the state as

|φj〉 =
1

√

dj℘j

j
∑

m=−j
αJ−mβJ+m|j,m〉A ⊗ |j,m〉B, (4.21)

where the term ℘j =
∑j

m=−j α
2(J−m)β2(J+m)/dj is the probability of obtaining the

jth angular momentum value and a particular irrep, indexed by nA and nB. Since

there are actually d2
j irreps for each j value, the probability of obtaining a particular

j is d2
j℘j . Recalling the definition of dj from Sec. 4.1.2, it is straightforward to see

that |φj〉 is a normalized state (i.e. 〈φj|φj〉 = 1) and conservation of probability

implies that
∑J

j=J−bJc d
2
j℘j = 1. Using these definitions allows Eq. (4.20) to be

rearranged as,

PA⊗PB (|ψ〉〈ψ|)⊗N =
J
∑

j=J−bJc
dj

(

IA
dj

⊗ IB
dj

)

⊗ dj℘j

(

] |φj〉
)

. (4.22)

For convenience we will omit writing the completely mixed states on the permu-

tation subspace, although when we write the SN -invariant state they are assumed

to be there. Using this convention, the SN -invariant state can be written compactly

as

PA ⊗ PB (|ψ〉〈ψ|)⊗N =

J
∑

j=J−bJc
d2
j℘j

(

] |φj〉
)

. (4.23)

Since no observed quantities can be changed by replacing |ψ〉⊗N with the SN -

invariant state, calculating the constrained entanglement of |ψ〉⊗N is equivalent to

ESN -SSR(|ψ〉⊗N) = ED

(

PA ⊗ PB (|ψ〉〈ψ|)⊗N
)

. (4.24)

Now both Alice and Bob can distinguish between the different states ]|φj〉 in

the SN -invariant state by making local measurements. Recall from Sec. 5.16 that
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this means that the SN -invariant state is in fact a biorthogonal mixture. Therefore,

Eq. (4.24) can be rewritten as

ESN -SSR(|ψ〉⊗N) =

J
∑

j=J−bJc
d2
j℘jE(|φj〉), (4.25)

where E(|φj〉) is the entanglement of the angular momentum state |φj〉. We ex-

pect the total amount of constrained entanglement to be less than the E(|ψ〉⊗N) =

N(−α2 logα2 − β2 log β2) ebits calculated [59] for the unconstrained system.

To demonstrate this, consider the particular case of Bell states, where α = β =

1/
√

2. This gives E(|ψ〉⊗N) = N , but, as shown by Bartlett and Wiseman [39],

ESN -SSR(|ψ〉⊗N) =

J
∑

j=J−bJc
d2
j℘j log2(2j + 1). (4.26)

This expression can be simplified significantly in the asymptotic limit (i.e. J =

N/2 → ∞) because the probability distribution d2
j℘j becomes sharply peaked at a

single j value. Thus, a single term in the sum essentially determines the value of

the entanglement. It can be shown that for large ensembles (N � 1) the signifi-

cant term in the sum is specified by j ≈
√
J . This means that in the asymptotic

limit Eq. (4.26) reduces to approximately (1/2) log2N . Since this is the maximum

total entanglement, the entanglement per molecule must always → 0 as N → ∞.

Hence, under the SN -SSR for an ensemble of maximally entangled pure states we

asymptotically lose the ability to extract the entanglement.

4.3 Summary

In this chapter we have introduced the concept of the symmetric group SSR which

arises naturally in a quantum information context. In particular, the structure

imparted to the ensemble system Hilbert space due to the SN -SSR was discussed,

with a focus on the examples of ensembles of spin-half particles and ensembles

containing only two elements. The reason for considering these special examples

became apparent as they result in a straightforward structure arising under the

constraint of the SN -SSR.

We have seen that the SN -SSR can be thought of as arising due to the lack of

an appropriate reference frame to distinguish between permutations of the identical
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subsystems. This leads to an effective loss of entanglement, as was demonstrated

for the example of an ensemble of N identically prepared entangled states.

The following chapter will review the concept of an SN reference frame, and will

address the problem of recovering entanglement that is lost due to the restriction of

the SN -SSR.



Chapter 5

Recovery of entanglement under SN-SSR

“It’s not what happens to you, it’s how you handle it”

– Jim Rohn (1930 -).

In the previous chapter we saw that the SN -SSR effectively causes a loss of

entanglement. In Chapter 3 we discussed the concept that a SSR arises due to a

lack of an appropriate reference frame. This might lead one correctly to assume that

a suitable reference allows the constraints imposed by a SSR to be lifted. The goal

of this chapter is to introduce the concept of a reference frame for the SN group, and

show how a simple reference frame obtained using multiple copies of the ensemble

subsystems can be used to ameliorate the effect of the SN -SSR and allow a recovery

of ‘lost entanglement’.

5.1 Ambiguity in the notion of many copies

A technique to produce simple reference frames is to use two (or more) copies of

the system of interest [41]. Both systems share the same property of interest, and

while this may not provide an absolute reference frame, it does allow the relationship

between the property of the two systems to be determined. For instance, without

a reference frame it is impossible to encode the direction of a spin. However, by

sending two spins, it is possible to define the relative orientation of their spins. Thus

one could consider that the first spin acts as an imperfect directional reference frame

for the other spin.

Care must be taken however, when applying the notion of multiple copies to

ensemble states which are subject to the SN -SSR. If one were simply to double

the number of molecules in the ensemble, there would be more possible ways of

permuting them and the system would in fact be constrained by a different SSR

(i.e. S2N -SSR rather than SN -SSR). Applying the notion of multiple copies under

59
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Figure 5.1: Creating multiple copies of an ensemble described by |ψ〉. N = 2 and
M ′ = 4, which means that Alice and Bob share two copies of the N = 2, M = 2
ensemble.

the SN -SSR means duplicating an ensemble of N molecules, each with M atoms, by

creating an ensemble of N molecules, each with 2M atoms. This way, each molecule

now contains two copies of the original state, and Alice and Bob possess two copies

of the original ensemble. In general they can obtain C copies of the original ensemble

by increasing the number of atoms in each of the N molecules to M ′ = CM . If the

original ensemble of N = 2 molecules had M = 2 atoms (with Alice and Bob each

‘owning’ one atom from each molecule in the original ensemble), two copies of the

ensemble is given by an ensemble of N = 2 molecules with M ′ = 4 atoms. This

is illustrated in Fig. 5.1. This concept will be discussed further in the context of

recovering entanglement ostensibly lost due to the SN -SSR.

5.2 Reference frame for SN-SSR

The concept of a reference frame for a SSR was introduced in Chapter 3 as a means

of negating its effect. This can be done by adding an extra system to the quantum

system of interest. As discussed in Sec. 5.1, due to the nature of the SN group,

care must be taken when applying the notion of multiple copies. It is not a simple

matter to add extra quantum systems to the ensemble; one must add the quantum

systems within each element of the ensemble. Otherwise the reference molecules

would actually be permuted with the system molecules, making it more, not less,

difficult to gain information about the system.

The type of reference frame needed for an ensemble system is analogous to a

labelling. Classically, one would think of physically writing a label (say a number)

on each object, to serve as a reference ordering. Physically this corresponds not to
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adding molecules to the ensemble, but adding an extra nucleus (or group of nuclei)

to each molecule in the ensemble.

To illustrate this, consider a simple example, with N = 3 molecules. In this

instance a pure state [where the three molecules happen to be uncorrelated, see Fig.

(5.2)] with a reference frame is

|Ψ〉 = |ψ1, 1〉|ψ2, 2〉|ψ3, 3〉 = |ψ1, ψ2, ψ3〉 ⊗ |1, 2, 3〉 (5.1)

Here |ψk〉 is the state of the M nuclei in the kth molecule (not including the refer-

ence frame) which we have assumed to factorize. In regards to the tensor product

structure it is important to remember that the second system is not in the same

state as the first (it need not even have the same Hilbert space dimension).

As discussed in [60] this problem can be described as Alice attempting to send N

identical boxes containing the numbers 1 to N through a classical channel to Bob.

Bob’s goal is to determine the correct sequence of numbers sent by Alice. However,

in general, the channel will not preserve the ordering of the boxes. Alice can attempt

to overcome this problem by labelling the boxes with an agreed upon ordering of

colours. In general, in order to perfectly characterise the ordering of N boxes (so

that Bob could determine their ordering perfectly), Alice will require N distinct

colours. In the example above, where N = 3, we would have the reference frame

states |1〉, |2〉, |3〉 each corresponding to a distinct colour. One might wonder how

well this task could be carried out with fewer than N colours. For instance, in our

example above, how well could Bob guess the ordering if Alice only used two colours,

say Red and Green, to label the boxes? In this case, Alice would have to assign two

different orderings to the same colour arrangement (for instance if she chose Red,

Red, Green to stand for the ordering 1, 2, 3 this would also be indistinguishable from

the ordering 2, 1, 3). Thus, under this scenario, it is obvious that Bob’s probability

of successfully guessing the ordering sent by Alice is given by p = 1/2. This is

because as demonstrated above, every colour arrangement is associated with two

different orderings, and Bob must then guess which one Alice really sent (that is,

Bob must guess the ordering between the two identical Red boxes). Thus, if we use

less than N label systems in the classical case, it becomes impossible for Bob to

perfectly predict the ordering sent to him by Alice.
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Figure 5.2: Classical versus quantum reference frames. The classical reference frames
on the left are represented by boxes and are uncorrelated. On the right the reference
frames are quantum systems and we allow for correlations between the label systems.

5.2.1 Quantum reference frames

In the classical example above, we placed each N -dimensional attached label system

(nucleus or group of nuclei) in a unique product state (which could be associated

with a distinct colour). An obvious question is whether or not it is possible to use

label systems of smaller dimension if we allow entanglement between the states of the

N label systems. In the previous classical example we saw that if we used less than

N label systems it became impossible for Bob to perfectly predict the ordering sent

by Alice. However, if we allow entanglement betweeen the labels, as demonstrated

by von Korff and Kempe [60], it is indeed possible to reduce the dimension of the

label systems by a constant factor in the limit N → ∞.

Recalling the structure of the Hilbert space from Sec. 4.1.2, a state of the N

label systems |p0〉 ∈ (Cd)
⊗N that works as a perfect quantum reference frame would

satisfy the property that the N ! states

|pn〉 = T̂ (pn)|p0〉 , (5.2)

for all pn ∈ SN satisfy |〈pn|pn′〉|2 = δn,n′. This property ensures that every different

ordering is classically distinguishable (i.e., is associated with an orthogonal quantum

state). So the problem reduces to the following: What is the minimum d that allows

such a set of orthogonal states to exist?

It can be shown [41] that if one demands that the label systems act as a perfect

reference frame for SN , then each label system must be at least N -dimensional.

However, von Korff and Kempe [60] have shown that it is possible to use label

systems with any dimension d > bN/ec if the requirement of a perfect reference
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frame is relaxed to the less-stringent demand that, for pn 6= pn′ , |〈pn|pn′〉|2 → 0 as

N → ∞. We refer the reader to [60] for details.

We now explicitly construct states of the form of Eq. (5.2), using the general

construction of [60] that was subsequently applied specifically to the SN group in [60].

Let {|y, i, j〉, i, j = 1, . . . , Dy} be a basis for My ⊗ Q′
y, where i labels a basis for My

and j labels a basis for Q′
y. Define D =

∑

yD
2
y . Also let Y be the set of irreps that

are contained in T̂ and have sufficient multiplicity, i.e., that satisfy dimQy ≥ Dy.

Now, for each y ∈ Y , choose an arbitrary subspace Q′
y ⊂ Qy of dimension Dy. Then

the state

|p0〉 =
∑

y∈Y

Dy
∑

i=1

√

Dy

D
|y, i, i〉 , (5.3)

can be used to define a set of states {|pn〉 = T̂ (pn)|p0〉} for pn ∈ SN as in Eq. (5.2).

As demonstrated in [60], limN→∞D = N ! and limN→∞ |〈pn|pn′〉|2 = δn,n′ provided

that d > bN/ec.

We return to the simplest non-trivial example, where the goal is to distinguish

between the possible permutations of N = 3 identical particles. In the classical

example of Sec. 5.2 we found that Bob could at best successfully determine the

permutation with probability 1/2 when d = 2 colours where used as labels. We now

wish to see how well Bob could successfully determine the correct permutation in

the equivalent case but using quantum labels, or quantum reference systems. The

equivalent of d = 2 colours is to use quantum systems of dimension d = 2, such

as spin-1/2 particles. The basis states |↑〉 and |↓〉 correspond to the two colours

considered earlier, although now we have the possibility of superpositions of basis

states and entanglement between the reference systems. As the discussion above

shows, making use of quantum reference frames does give an advantage over the

classical equivalent.

For the N = 3 case, consider the following state as described in [60]

|Ψ〉 =

√

1

5
|↑↑↑〉 +

√

2

5

[

1√
3

(

|↑↓↓〉 + e2πi/3|↓↑↓〉 + e−2πi/3|↓↓↑〉
)

]

+

√

2

5

[

1√
3

(

|↓↑↑〉 + e−2πi/3|↑↓↑〉 + e2πi/3|↑↑↓〉
)

]

. (5.4)

Letting T̂ (pi) be a matrix represention of the permutations pi ∈ S3 we find that the



64 CHAPTER 5. RECOVERY OF ENTANGLEMENT UNDER SN -SSR

state |Ψ〉 possesses the property

〈Ψ|T̂ (pi)|Ψ〉 =
1

5
, (5.5)

for all pi except p0 which represents the identity permutation. This property suggests

that |Ψ〉 is a good candidate for a reference frame for permutations of the three spins,

as all of the permutations T̂ (pi)|Ψ〉 are nearly distinguishable from |Ψ〉.

In order for Bob to determine which permutation has occurred he could define

a POVM using the six operators {F̂ (pi) = T̂ (pi)(5/6)|Ψ〉〈Ψ|T̂ (pi)
† : i = 0, . . . , 5}.

For three spin-1/2 particles the total Hilbert space is (C⊗2)3, but we find that this

POVM acts only on a reduced subspace of this total space. This is the reason for

the factor of 5/6 appearing in the POVM elements.

To calculate Bob’s success probability for determing the permutation, it is clear-

est to begin by considering the probability with which he predicts an incorrect

permutation. That is, consider the probability that Bob obtains p′ when the correct

permutation was p. This is given by

P (p′|p) = 〈Ψ|T̂ (p)†F̂ (p′)T̂ (p)|Ψ〉, (5.6)

for p 6= p′. Therefore, we have the following probability of Bob incorrectly assigning

the permutation

Perror =
∑

p′ 6=p
P (p′|p)

=
∑

p′ 6=p
〈Ψ|T̂ (p)†F̂ (p′)T̂ (p)|Ψ〉

=
5

6

∑

p′ 6=p
〈Ψ|T̂ (p)†T̂ (p′)|Ψ〉〈Ψ|T̂ (p′)†T̂ (p)|Ψ〉

=
5

6

∑

p′ 6=p

(

1

5

)(

1

5

)

=
1

6
, (5.7)

where we have used the fact that the overlap between any two different permutations

of |Ψ〉 is 1/5 as shown by Eq. (5.5). By conservation of probability, Eq. (5.7) shows

that the probability of Bob successfully determining the permutation in this scenario

is simply Psuccess = 5/6. This is a marked improvement over the classical case for
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d = 2 where the best success probability that Bob can attain is 1/2.

5.2.2 Shared reference frames

The simplest shared reference frame is for Alice and Bob each to have a reference

frame. In general, if Alice and Bob share N tensor product states and both have a

reference frame for each state, then the total system can be described as

|Ψ〉 =
N
⊗

i=1

|ψiAB, iA, iB〉. (5.8)

For example, this can be written out explicitly for the case when two product states

are shared,

|Ψ〉 = |ψ1
AB, 1A, 1B〉|ψ2

AB, 2A, 2B〉
= |ΨAB〉|p0〉A|p0〉B, (5.9)

where in the second line we have written the shared states first, followed by Alice

and Bob’s reference frames. Note that we have rewritten Alice’s reference state

|· · · , 1A, · · ·〉|· · · , 2A, · · ·〉 as the fiducial reference state |· · ·〉|p0〉A|· · ·〉B, and similarly

for Bob’s.

Although these states are separable, they cannot be prepared locally by PA⊗PB-

invariant operations from a PA ⊗ PB-invariant state.Note that such states are not

globally P-invariant. However, using the final reference frame basis above we can

write a separable state which is P-invariant as a reference frame:

⊎

pn∈SN

1√
N !

|pn〉A|pn〉B. (5.10)

This reference frame is an incoherent mixture of reference states which is an example

of a shared reference frame. The key point is that the same permutation is applied

to both Alice and Bob’s reference states resulting in perfect correlation between each

of Alice and Bob’s labels. That is, this reference frames gives no indication of labels

for individual states, but indicates that Alice and Bob’s particles are in the same

order.

Alternatively, a pure globally P-invariant reference frame can be constructed by
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considering non-separable states:

∑

pn∈SN

1√
N !

|pn〉A|pn〉B. (5.11)

This state is a coherent superposition of reference states which are the same for

Alice and Bob. Once again for an explicit example we consider a reference frame

for the S2 group

|Ψ〉RF =
1√
2

∑

pn∈S2

|pn〉A|pn〉B

=
1√
2

[|p0〉A|p0〉B + |p1〉A|p1〉B] , (5.12)

where p0 is the identity permutation and p1 is the swap permutation. In this case

it can be shown that the partial transpose of the state matrix ρRF = |Ψ〉RF〈Ψ|RF is

equal to ρRF. Thus it is a valid state matrix which means that ρRF has a positive

partial transpose [18]. This shows that for the S2 group, which is actually an Abelian

group, a shared reference state of the form of Eq. (5.12) is not 1-distillable1 (because

it contains no entanglement under the S2-SSR) but it has its entanglement activated

and becomes 1-distillable if the SSR is lifted using a reference frame system.

5.3 Recovery of entanglement

We have seen in Sec. 4.2 that under the SN -SSR we apparently ‘lose’ much of the en-

tanglement in an ensemble of identical entangled systems. This might seem contrary

to the intuition obtained from the U(1) case, for example, where in the limit of a

large number of particles, the entanglement per particle is recovered asymptotically

approaching the unconstrained entanglement [51]. This discrepancy arises from tak-

ing an inappropriate form of the asymptotic limit for the SN -SSR. As explained in

Sec. 5.1, having multiple copies under an SN -SSR does not mean changing N . The

asymptotic limit for the number of copies thus should be considered with N fixed.

We begin by considering an ensemble of N = 2 molecules. As discussed in

Sec. 4.1.2 this is a special case that considerably simplifies the action of P. To

relate to Sec. 4.2, imagine that Alice and Bob share an ensemble of two molecules

each of which is in a Bell state. The difference here is that we allow each molecule

1Recall Sec. 3.3 for analogies with mixed state entanglement.
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to be larger and to contain C copies of a Bell state. That is, we allow Alice and Bob

to share C copies of the original N = 2 ensemble.

For convenience we define the state matrix for C = 1 copy of the ensemble of

N = 2 Bell states as

ρAB =
[

|ψ−〉〈ψ−|
]⊗2

, (5.13)

where the Bell singlet state2 is defined as |ψ−〉 = 1√
2
(|↑A↓B〉 − |↓A↑B〉). The state

ρAB can also be expressed as

ρAB = ]1

2

[

|A〉 +
√

3|S〉
]

, (5.14)

where we define normalised states in the antisymmetric and symmetric subspaces

in terms of the |j,m〉 basis as |A〉 = |j = 0, m = 0〉A|j = 0, m = 0〉B and |S〉 =

(1/
√

3)
∑1

m=−1 |j = 1, m〉A|j = 1,−m〉B respectively. Recall from Sec. 4.1.2 that

the notation |j = 0, m = 0〉A = |↑↓〉A − |↓↑〉A is an antisymmetric state of Alice’s

two spins, and similarly for Bob.

Also recall from Sec. 4.1.2 that the action of P on an ensemble ofN = 2 molecules

is to destroy coherences between the symmetric and antisymmetric subspaces. Thus,

using Eq. (5.14) we see that

PρAB = ]
√

1

4
|A〉 ]

√

3

4
|S〉. (5.15)

Since Alice and Bob share a biorthogonal mixture, they can each make local

measurements to distinguish between the symmetric and antisymmetric subspaces.

This is equivalent to the situation considered by Eisert et al. [59]. With probability

1/4 they find that they have the locally antisymmetric state and they retain no

entanglement (as this is a separable state). However, with probability 3/4 they

obtain the locally symmetric state, which is equivalent to a maximally entangled

qutrit state. In that case they retain log2(3) ebits of entanglement. Therefore, on

average they will end up with 3/4 log2(3) ≈ 1.19 ebits of entanglement from this

protocol. Without the S2-SSR constraining their two Bell states, Alice and Bob

would possess 2 ebits of entanglement.

One might expect that by using the concept of multiple copies it would be

possible to ameliorate the effect of the SSR. This is indeed the case, as we now

2For simplicity with our formalism we make use of the Bell singlet state, however, our results
also hold for the Bell triplet states.
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Figure 5.3: Two copies (C = 2) of ρAB (which is composed of two Bell states |ψ−〉).
Each molecule can be extended to include more Bell states to increase the number
of copies C of ρAB.

show. For the S2-SSR to apply, Alice and Bob must share entanglement contained

in 2 molecules. In the simplest case, each molecule is simply a Bell singlet state and

the combined state is ρAB, as discussed above. To apply the concept of multiple

copies, Alice and Bob must share C copies of ρAB (see Fig. 5.3). With no restrictions

in place Alice and Bob would share 2C ebits of entanglement.

The calculation of how much entanglement is retained using multiple copies

can be significantly simplified by noting that in this case, each of the molecules

(containing C Bell pairs) can be considered as a maximally entangled qudit pair.

This is possible due to the global symmetry of the ensemble state chosen. In this

case, each molecule can be described as a maximally entangled pair of qudits, with

the qudits dimension given by d = 2C . This simplifies calculations, as the maximum

entanglement of a pair of entangled qudits is readily calculated to be Emax = log2 d.

Thus, without considering the S2-SSR constraint, the total entanglement for the two

maximally entangled qudit pairs is E = 2C ebits, as already derived.

We can express the state of C copies of ρAB under the S2-SSR explicitly as a

biorthogonal mixture of a locally symmetric and a locally antisymmetric state,

P (ρAB)⊗C = ℘sρs + ℘aρa, (5.16)

where the weightings ℘s and ℘a are the probabilities of both Alice and Bob obtaining

a locally symmetric or locally antisymmetric state respectively. These probabilities

depend upon the dimension of the subspace that each of the local states occupy:

℘s = dim (Qs) /d
2 and ℘a = dim (Qa) /d

2 (recall the expressions for the subspace

dimensions defined in Sec. 4.1.2).
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The structure of Eq. (5.16) means that it is quite straightforward to calculate

the extractable entanglement of (ρAB)⊗ C . It is simply a weighted average of the

entanglement in the two subspaces:

E =
d2 − d

2d2
log2

(

d2 − d

2

)

+
d2 + d

2d2
log2

(

d2 + d

2

)

. (5.17)

For a large number of copies (C � 1 ) the dimension d is large and we can make

the following approximations to Eq. (5.17)

E ≈ d2

2d2
log2

(

d2

2

)

+
d2

2d2
log2

(

d2

2

)

= log2

(

d2

2

)

= log2

(

d2
)

− log2 (2)

= 2C − 1, (5.18)

where we have used the facts that d2 ± d ≈ d2 for d � 1 and C = log2(d) by

definition. Thus in the asymptotic limit, nearly all of the entanglement has been

recovered (only a single ebit has been lost).

Another way to consider this problem is that Alice and Bob share many copies

of the state ρAB via a channel (see Fig. 5.4). The channel is deterministic and

either does nothing or performs a swap of the molecules. If Alice and Bob were

unable to make collective measurements on their entire collection of qubits then

they could still make use of their copies of ρAB to asymptotically retain much of

their entanglement. A non-optimal procedure that they could implement would be

to use up a small number of copies to find out what map the channel performs (either

identity or swapping). Once they know what the channel does they can then safely

use the 1 ebit of entanglement in each of their remaining Bell pairs. This method

is non-optimal because Alice and Bob lose at least a few ebits of entanglement in

characterizing the channel, whereas asymptotically with collective measurements

they need lose only 1 ebit.

In general, for the case of the SN -SSR with N > 2 it is difficult to optimally

calculate the exact asymptotic amount of entanglement recovered. However, con-

sidering the non-optimal procedure just discussed it is intuitive that Alice and Bob

could recover most of their entanglement (in the asymptotic limit) simply by using

up some copies of the state to characterize the ‘channel’. They would then retain
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Figure 5.4: Alice and Bob share C copies of ρAB via a channel. The central pair of
qubits in each diagram make up a single copy of ρAB, with the next pair of qubits
on each side composing the following copy etc., up to the outer pair of qubits on
each side denoting the final copy. In case (a) the channel distributes the states in
order. In (b) the channel swaps the ordering within each pair.

the entanglement in the remaining copies. As the size of the ensemble (N) increases,

more copies of the state will be required to satisfactorily characterize the ‘channel’

and thus more entanglement will be lost.

5.4 Summary

This chapter has discussed the concept of a reference frame for the SN group. The

notion of ‘many copies’ of a system to provide a reference frame has been clarified

in the context of ensemble systems. By considering the specific case of an ensemble

of two molecules, we have shown that many copies of the ensemble can be used

to recover essentially all of the entanglement lost due to the SN -SSR. This simple

example illustrates the fact that even for larger ensembles it is possible to ameliorate

the effect of the SSR by using a reference frame. The simple type of reference

frames considered in this chapter do not completely lift the effect of the SSR for

large ensemble sizes, but they are an illustrative example, and it may be possible

to define optimal reference frames that would allow for the complete lifting of the

SN -SSR, even for large ensembles.



Chapter 6

Beyond SN-SSR

“I am quite conscious that my speculations run quite beyond the

bounds of true science”

– Charles Darwin (1809 - 1882).

In Chapter 4 it was shown that although entanglement is effectively lost when

the SN -SSR applies to an ensemble of entangled systems, this entanglement can be

recovered. In order for this recovery to take place, a suitable reference frame must

be available. In this chapter we address a different problem, one that cannot be

completely characterised using the SSR formalism of the previous chapters. The

problem arises when one is further constrained in the operations that may be im-

plemented, beyond what occurs when one lacks a reference frame for the SN group.

When dealing with an ensemble of identical systems in an NMR context, as discussed

in Sec. 4.1, the SN -SSR pertains due to the indistinguishability of the subsystems.

However, in practice such experiments are further constrained, as we will see in this

chapter, with the allowed operations having to be non-collective as well as symmet-

ric. The question we wish to address is whether useful entanglement remains in

such ensemble systems when one considers this extra constraint on allowable oper-

ations in the absence of a reference frame. In order to provide an answer to this

question we must go beyond the SN -SSR. Beginning with the SN -SSR formalism

for an ensemble of identical systems, we then impose the extra constraint on the

allowable operations. In order to determine if useful entanglement remains under

this scenario, we investigate if the resulting system (with allowable operations) will

violate a Bell inequality.

As the system of interest to this chapter is an ensemble of molecules comprised

of various spin particles, we begin by reviewing a Bell inequality that is applicable

to ensembles of spin systems. Using this inequality as a basis, we then derive, in

Sec. 6.2, a Bell inequality which is applicable to an ensemble of Bell singlet states

71
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subject to the SN -SSR. We find that in order to experimentally test this inequality,

only non-collective operations are required, and thus the experiment could be carried

out in an NMR context. In Sec. 6.2.2 we establish the extent to which the Bell

inequality is violated for the ensemble of Bell singlet states. Finally, in Sec. 6.3 we

discuss the feasibility of the proposed experiments and present other considerations

which may be relevant when going beyond the SSR formalism.

6.1 Mermin spin inequality

Many of the original Bell inequalities were inspired by the EPR-Bohm paradox [61]

for two spin-1/2 particles. Their goal was to test if the correlations predicted for

such an entangled pair could be explained by a local realistic theory. Experiments

do not only deal with spin-1/2 systems in practice, so subsequent work has dealt

with generalising these concepts. One such example was studied by Mermin [62]

in 1980. He dealt with the case of generalising the EPR paradox for two spin-s

particles, and then deriving a Bell inequality that could test if the correlations of

such an entangled system could be explained with a local hidden variable model.

This particular Bell inequality will prove useful for the remainder of this chapter,

hence the derivation will be reproduced here for illustrative purposes.

Mermin’s Bell inequality [62] is derived by considering the spin-s generalisation

of Bohm’s version of the EPR experiment. That is, consider two spin-s particles

flying away from each other in a state |ψ〉 of zero total spin. Defining |m,m′〉~n, ~n ′

to be the simultaneous eigenstate of the projections along the ~n and ~n ′ directions

of the vector spin operators ~S(1) and ~S(2) gives:

~S(1) ·~n|m,m′〉~n, ~n ′ = m|m,m′〉~n, ~n ′ , (6.1)

~S(2) ·~n ′|m,m′〉~n, ~n ′ = m′|m,m′〉~n, ~n ′ (6.2)

The spin part of state |ψ〉 is given by

|φ〉 =
1

(2s+ 1)
1

2

s
∑

m=−s
(−1)s−m |m,m′〉~n, ~n. (6.3)

Since the total spin of the state |ψ〉 is zero, the spin part of the state |ψ〉 (i.e. |φ〉) is

invariant under rotation in spin space, and therefore has the structure of Eq. (6.3)
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no matter the direction of the axis ~n. Using this fact one can write the relation

s
∑

m=−s
(−1)s−m |m,m′〉~n, ~n =

s
∑

m=−s
(−1)s−m |m,m′〉~n ′, ~n ′ (6.4)

as a mathematical identity which is true regardless of the directions of ~n and ~n ′.

To arrive at the Bell inequality, one must assume that a set of local hidden

variables λ = mi(~n) exist such that the result of measuring the spin component of

particle i along the direction ~n will be the number mi(~n). These functions must

have some statistical distribution ℘(λ) (even if it is intrinsically unknowable). The

perfect correlation of the Bohm-EPR experiment in the state of zero total spin must

then be accounted for by the extra condition that in each run of the experiment, for

every direction ~n, we have

m1(~n) = −m2(~n). (6.5)

Mermin [62] bases his argument on the trivial inequality

s | m1(~a) +m1(~b) | ≥ −m1(~a)m1(~c) −m1(~b)m1(~c), (6.6)

which the variables m1(~n) of local realism must obey for any three directions ~a, ~b

and ~c. By using Eq. (6.5) and averaging over many runs of the experiment we obtain

Mermin’s Bell inequality

〈| m1(~a) −m2(~b) | 〉 ≥ 1

s

(

〈m1(~a)m2(~c)〉 + 〈m1(~b)m2(~c)〉
)

, (6.7)

which will be satisfied by any theory obeying local realism.

6.2 Realistic constraints and useful entanglement

So far we have considered the problem of describing ensemble quantum information

processing using the formalism for SSRs associated with some group G. The SN -

SSR says that all elements (molecules) are subject to identical operations. We have

seen that this constraint has a demonstrable effect on the properties of the system,

which can however be removed through use of additional resources such as reference

frames.

We now wish to determine if entanglement which is useful for some quantum

information task (such as violation of a Bell inequality) persists in an ensemble
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of singlet states under a stronger constraint than imposed by the SN -SSR. One

may question the usefulness of going beyond the SSR formalism for characterising

constraints on quantum systems. However, we argue that not all relevant physical

constraints applicable to quantum systems can be characterised completely using

this formalism.

To illustrate this, we first point out a difference between NMR experiments and

spin-squeezing experiments, for which the SN -SSR also applies. In the latter, it

is possible to perform symmetric operations which entangle the elements (atoms),

such as spin-squeezing unitaries [54] or quantum non-demolition measurements of

Ĵz [63]. By contrast, in NMR it is not possible to induce correlations between

different molecules. The reasons for this difference are subtle, and relate to practical

constraints due to decoherence during the read-out. This constraint also manifests

itself in very low measurement efficiencies, but here we ignore that issue1.

Consider the M = 1 case for simplicity. Then all that can be done in practice in

NMR experiments is

• Rotations exp(−iθ · Ĵ) = exp(−iθ · ∑N
k=1 σ̂

k/2).

• Destructive measurement of Ĵz =
∑N

k=1 σ̂
k
z/2.

Here σ̂k denotes I ⊗ . . . I ⊗ σ̂ ⊗ I . . . ⊗ I with σ̂ in the kth position. When mak-

ing a measurement of this type (e.g. measuring Ĵz) we actually get out an overall

signal which is proportional to the sum of the spin (σ̂z) for each particle. More-

over, the final state of the ensemble is unrelated to the measurement result, due to

thermal decoherence. Thus in general, the only operations possible in NMR are to

make destructive measurements of symmetric observables that are additive over the

ensemble:

Ôtotal =
∑

k

Ôk, (6.8)

where Ôk is the operator for the kth particle as above. We call such operations

non-collective. This terminology is appropriate because the result of such measure-

ments could be obtained by individually measuring each element of the ensemble

and summing the results.

We can contrast such non-collective operations with a collective operation like

measuring (destructively or otherwise) Ĵ2 to find out the value of the total angular

momentum j for the ensemble. This could not be done by measuring each particle

1This issue will be considered at the end of this chapter.
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and summing the results. Previous work using the SN -SSR assumed that such col-

lective measurements are possible. We will now consider the case where operations

need not only be symmetric but also non-collective, as a stronger constraint on the

system.

We suspect that we cannot completely characterize these constraints by any

G-SSR. Instead we must supplement the SN -SSR with the extra constraint that

the operations also be non-collective. This complicates matters, as we are now

unable to write down an equivalence class of states which remain invariant under all

the allowable operations. Despite this, we wish to determine if any entanglement

survives under this stronger constraint in the absence of a reference frame.

Since we are unable to determine an operationally equivalent state matrix for

the constrained state under all allowed operations, we cannot calculate the useful

entanglement directly. However, if a Bell inequality violation can be demonstrated

then this proves that entanglement survives even under these stronger constraints.

So the question becomes, using the SN -invariant state as a description for the system,

is it possible to demonstrate Bell nonlocality using only non-collective operations?

6.2.1 Bell inequality for an ensemble of singlets

For specificity, we consider the problem of demonstrating Bell nonlocality under

symmetric, non-collective measurements on an ensemble of N = 2J Bell singlets,

|ψ〉 = |ψ−〉⊗N . As discussed in Sec. 4.2 the interesting part of this state under the

SN -SSR can be written for simplicity as

P
[

(

|ψ−〉〈ψ−|
)⊗N

]

=
J
∑

j=J−bJc
dj

2℘j |φj〉〈φj|, (6.9)

which is an incoherent mixture of different spin (j) states as in Eq. (4.23), but now

we have

|φj〉 =
1√

2j + 1

j
∑

m=−j
|j,m〉A ⊗ |j,m〉B. (6.10)

The added constraint to non-collective operations means that we are unable to

measure Ĵ2 directly, but can only measure components of spin (such as Ĵz). Thus

we must be derive a Bell inequality that allows for particles of different spin (i.e.

different j) values.

As seen in Sec. 6.1, Mermin’s [62] Bell inequality applies precisely to entangled



76 CHAPTER 6. BEYOND SN -SSR

spin-j particles. Since the ensemble of singlet states is equivalent to an incoherent

mixture of different spin states under the SN -SSR, it is possible to evaluate the

terms of an inequality such as Eq. (6.7) by taking the appropriate weighted average

for each possible j value. However, we must take care in applying Eq. (6.7) directly

to the ensemble state considered here, as this inequality includes a factor of 1/s,

for the total spin of the system. In our case, we wish to use an inequality for an

incoherent mixture of spin states, so the individual spin cannot be determined in

each run of an experiment. Thus we replace the factor 1/s with 1/J , which is the

total spin for our ensemble system.

The appropriate new inequality for our situation becomes,

〈∣

∣

∣
mA(â) −mB(b̂)

∣

∣

∣

〉

≥ 1

J

(

〈mA(â)mB(ĉ)〉 + 〈mA(b̂)mB(ĉ)〉
)

, (6.11)

where mi(â) represents the spin component of the ith particle in the â direction

and J is an upper bound on the mi(â). For Mermin’s case one can (and Mermin

does) choose J = j. However, as noted above we require the use of the parameter

J because we cannot distinguish between different j-values. Inequality (6.11) will

be satisfied by any theory obeying local reality. For ease of analysis we define the

quantity

MJ(θ) =
〈∣

∣

∣
mA(â) −mB(b̂)

∣

∣

∣

〉

− 1

J

(

〈mA(â)mB(ĉ)〉 + 〈mA(b̂)mB(ĉ)〉
)

, (6.12)

so that the condition for local reality to be violated can be expressed simply as

MJ(θ) < 0.

Consider a Stern-Gerlach experiment such that the spin can be measured along

one of three axes defined by coplanar vectors â, b̂, and ĉ. Mermin defined [62] these

axes such that the vectors â and b̂ make the same angle π/2 + θ with ĉ, and the

angle π − 2θ with each other. Using this set up for two perfectly anticorrelated

spin-j particles, quantum mechanics predicts that Eq. (6.12) can be expressed as

M spin−j
J (θ) = fj(θ) −

1

J

2j

3
(j + 1) sin θ, (6.13)

where the functions fj(θ) are defined as

fj(θ) =
1

2j + 1

∑

m,m′

|m−m′|
∣

∣

∣
〈m|e−2iθŜy |m′〉

∣

∣

∣

2

, (6.14)



6.2. REALISTIC CONSTRAINTS AND USEFUL ENTANGLEMENT 77

and Ŝy is a spin matrix.

Now an ensemble of Bell singlet states is perfectly anticorrelated in spin and

thus Eq. (6.9) satisfies the necessary assumption for Eq. (6.11) to be applicable.

Also, when Mermin evaluated Eq. (6.13) he assumed only measurements of spin

components, that is, non-collective measurements. Thus it is possible to use the

method of Ref. [62] to evaluate the Bell inequality for an NMR ensemble, as all the

relevant constraints are accounted for. The ensemble state simply behaves like an

incoherent mixture of different spin-j states.

Thus, for an ensemble of Bell singlet states, quantum mechanics predicts Eq. (6.12)

can be written as

MEnsemble
J (θ) =

J
∑

j=J−bJc
d2
j℘jM

spin−j
J (θ), (6.15)

where MEnsemble
J (θ) < 0 demonstrates Bell-nonlocality.

6.2.2 Demonstrating Bell nonlocality

We are now in a position to show that Bell-nonlocality survives under stronger

constraints than those imposed by a SSR alone. To do this we must evaluate

MEnsemble
J (θ) and show that it can become negative. To simplify this task it is

instructive to recall the form of Eq. (6.13). The size of fj(θ) can only increase if the

integer m −m′ is replaced by its square in Eq. (6.14). Making this change allows

Eq. (6.13) to be approximated by

M spin−j′

J (θ) = f ′
j(θ) −

1

J

2j

3
(j + 1) sin θ, (6.16)

where we have used the approximation (see [62] for details)

fj(θ) ≈ f ′
j(θ) =

4 sin2 θ

3
j(j + 1). (6.17)

Since f ′
j(θ) > fj(θ), if M spin−j′

J (θ) < 0 then M spin−j
J (θ) < 0 is also true. Hence,

by using this approximation we have obtained a simpler test for determining if
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MEnsemble
J (θ) < 0, we simply need to evaluate the approximate expression

MEnsemble′

J (θ) =

J
∑

j=J−bJc
d2
j℘j

(

f ′
j(θ) −

1

J

2j

3
(j + 1) sin θ

)

=

J
∑

j=J−bJc
d2
j℘j

[

2

3
j (j + 1) sin θ

(

2 sin θ − 1

J

)]

. (6.18)

Now, the probability terms d2
j℘j in Eq. (6.18) are always positive, so the question

becomes, can the remaining factor be negative? If this factor is negative for all

terms in the sum, then MEnsemble′

J (θ) is negative and the ensemble state exhibits

Bell nonlocality. Examining the terms in the sum more closely reveals that there is

always a linear (in sin θ) term subtracted from a quadratic (in sin θ) term. Hence,

if θ (and thus sin θ) is small enough, then the linear term will always be dominant,

resulting in a negative contribution to the sum. It is possible to choose θ to be small

enough that every term in the sum will be negative, thus MEnsemble′

J (θ) < 0 and the

ensemble state exhibits Bell nonlocality.

By solving for θ in terms of J we find that

0 < sin θ < 1/2J, (6.19)

is the constraint on the measurement angle θ so that the NMR ensemble of singlet

state exhibits Bell nonlocality. That is, when θ satisfies Eq. (6.19) we are able to

demonstrate that useful entanglement is retained, despite the constraints on the

ensemble system.

To be precise, Eq. (6.19) actually provides a lower bound on the range of sin θ

for which a violation of the Bell inequality is possible. For small values of J (≤ 2),

Eq. (6.15) can be explicitly calculated (without resorting to approximations). Even

for these small values of J the exact numerical results agree quite well with the range

of angles specified by Eq. (6.19). For instance, for J = 1 we have from Eq. (6.15)

MEnsemble
1 (θ) = 2 sin2 θ − sin4 θ − sin θ, (6.20)

which violates MJ (θ) ≥ 0 when 0 ≤ sin θ ≤ 0.618. Comparing with Eq. (6.19) we

expect to certainly have a violation for J = 1 when 0 ≤ sin θ ≤ 0.5. This agrees

with our claim that the approximate approach provides a lower bound on the exact

range of violation, and even for J = 1 we that there is only approximately 20%
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Figure 6.1: Evaluations of MEnsemble
J (θ) for small J . In each case the solid line refers

to MEnsemble
J (θ), while the dotted line is the approximation MEnsemble′

J (θ). The red,
blue and green lines indicate J = 1, 1.5, and 2 respectively. Where the curves lie
below the black horizontal line at MEnsemble

J (θ) = 0, the ensemble Bell inequality is
violated.

difference between using the exact evaluation of Eq. (6.15) and the approximation

given by Eq. (6.19). For J = 2 we have

MEnsemble
2 (θ) = 4 sin2 θ − 6 sin4 θ + 6 sin6 θ − 5

2
sin8 θ − sin θ, (6.21)

which violates MJ(θ) ≥ 0 when 0 ≤ sin θ ≤ 0.281. Eq. (6.19) predicts a range of at

least 0 ≤ sin θ ≤ 0.25 for J = 2 which is approximately 10% different to the exact

range. Even for small values of J we see from Fig. 6.1 that the difference between the

approximate and exact expressions for MEnsemble
J (θ) is quickly reducing. As J → ∞

the difference in violation range between Eq. (6.15) and Eq. (6.19) vanishes. This

lends confidence that for large (but finite) J the approximation leading to Eq. (6.19)

is a valid one.

Somewhat surprisingly, Eq. (6.19) gives exactly the same angular range for which

Mermin demonstrated [62] a pair of (unconstrained) entangled spin-J particles ex-

hibit Bell nonlocality. One may then ask which of the two systems, an ensemble

of Bell states or a pair of spin-J particles, violates the inequality MJ (θ) ≥ 0 more

strongly. One way way to characterise this is to consider the depth (or size) of the



80 CHAPTER 6. BEYOND SN -SSR

violation, that is, how negative MJ(θ) becomes. In the asymptotic limit J → ∞
both a pair of perfectly anticorrelated spin-J particles and an ensemble of N = 2J

singlets violate MJ(θ) ≥ 0 in the range 0 ≤ sin θ ≤ 1/(2J). In this asymptotic

regime MJ (θ) for both systems is essentially a quadratic function of sin θ and hence

(due to the symmetry of the parabolic function) the minimum value of MJ(θ) occurs

when sin θ = 1/(4J). For a pair of perfectly anticorrelated spin-J particles, we find

that this minimum becomes

min
J→∞

[

M spin−j
J (θ)

]

=
4J2

3(4J)2
− 2J

3

1

4J

= − 1

12
. (6.22)

Hence the minimum value of MJ(θ) converges to a constant for large J .

In contrast, for an ensemble of N = 2J Bell states, the minimum of MEnsemble′

J (θ)

becomes

min
J→∞

[

MEnsemble
J (θ)

]

=
J
∑

j=J−bJc
d2
j℘j

[

2j2

3

1

4J

(

1

2J
− 1

J

)]

. (6.23)

This is a more complicated expression due to the presence of the probability term.

In order to proceed we note that the distribution d2
j℘j is sharply peaked and hence a

single term is dominant in determining the asymptotic minimum. Determining this

dominant term is most easily accomplished using a finite difference method, i.e. by

finding when the difference between subsequent d2
j℘j terms becomes negative. The

procedure is tedious, but straightforward, and one finds that the dominant term

occurs when j =
√
J . Using the fact that J � 1 it is also straightforward to show

that d2√
J
℘√

J ≈ 4. Finally, returning to Eq. (6.23) we find

min
J→∞

[

MEnsemble
J (θ)

]

= 4

[

2J

3

1

4J

(

1

2J
− 1

J

)]

= − 1

3J
. (6.24)

In contrast with a pair of entangled spin-J particles whose violation depth tends

to a constant, the depth of violation for our ensemble tends to zero as −1/J for

large ensembles. Thus, one might claim that a pair of spin-J particles violates this

Bell inequality more strongly than an ensemble of 2J Bell states under our stronger

constraint.
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6.3 Discussion

6.3.1 Realistic constraints

An aim of this chapter was to consider realistic constraints that apply (for example)

to NMR ensemble systems. This was achieved by noting that, additional to the

constraint of indistinguishability, NMR experiments only allow non-collective type

operations to be implemented.

It was noted in Sec. 6.2 that a reason for the restriction to non-collective op-

erations arises due to decoherence during the measurement read-out which is un-

avoidable. Another consequence of this decoherence manifests itself in very low

measurement efficiencies. In this chapter we have ignored the implications of the

low measurement efficiency constraint. However, as with all experimental tests of

Bell inequalities, measurement efficiency is an important consideration. In practice,

the low efficiencies typically achieved in NMR experiments would not be sufficient

to close the detection loop-hole, and consequently, it is arguable as to whether or

not one could claim the persistence of entanglement based on violation of a Bell

inequality dependent on such measurements.

However, one would hope that low measurement efficiencies are due to poor ex-

perimental setups and do not indicate fundamental restrictions. That is, we hope

that improved experimental techniques could raise the detection efficiency suffi-

ciently to close the detection loop-hole, meaning that the analysis of this chapter

would prove the retention of useful entanglement even under rigorous applicable

constraints.

The above considerations show that one must be careful when discussing con-

straints applicable to physical systems. As discussed in Sec. 3.2.1 the categorisation

of some constraints as fundamental and others as practical is an ambiguous task at

best. It may prove that the detection efficiency constraint is a hurdle that prevents

experimental demonstration of the results of this chapter. Nonetheless, this work is

a useful first step in the concept of augmenting the SSR formalism in order to com-

pletely capture the physical constraints that apply to experimental implementations

of quantum protocols.



Summary of Part I

The first part of this thesis has reviewed the concept of operational constraints on

quantum systems, particularly those constraints that can be described operationally

by SSRs. In Chapter 3, the constraints on allowed operations under SSRs and the

subsequent equivalent state matrices that describe the constrained quantum systems

were reviewed. The concept that a SSR arises due to the lack of an appropriate

reference frame was also considered.

An example of a less well studied SSR relevant to NMR experiments was then

studied in some detail. Chapter 4 presented the previous work on the symmetric

group SSR in the context of indistinguishable ensembles. In particular, the concept

that for an ensemble of entangled systems, the entanglement per system tends to

zero for large ensembles was discussed. This demonstrates an important consequence

arising due to operational constraints on quantum systems.

The new work of Part I began in Chapter 5. This chapter discussed the notion

of a reference frame for the SN group. It was shown how to interpret the concept

of a reference frame for an ensemble system, and also how to apply this notion in

order to recover entanglement that is thought to be lost due to the constraints of

the SSR. That is, the chapter shows how to essentially ‘lift’ the restriction of the

SN -SSR in order to recover entanglement.

Finally, Chapter 6 presented new work that goes beyond the concept of a SSR.

In order to consider the example of an ensemble of entangled systems in an NMR

experiment, without a reference frame, one must introduce an additional constraint

on the allowed operations. This constraint was encapsulated by further restricting

operations to be non-collective. It was shown, by making use of a Bell inequality

for arbitrary spin systems, that even under this additional constraint useful entan-

glement persists.
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Part II

Conceptual constraints on

entanglement
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Chapter 7

Quantum steering

“If a man does not know what port he is steering for, no wind is

favourable to him”

– Lucius Seneca (5 B.C. – 65 A.D.).

The first Part of this thesis considered the impact of an operational constraint

on bipartite entangled systems. In this part of the thesis, a fundamentally different

type of constraint is considered. The following chapters deal with situations that

can be formulated as conceptual constraints; that is, constraints that arise due to

a lack of trust between certain parties sharing entangled systems. It will be shown

that lack of trust can limit the manner in which entanglement can be used as a

resource in quantum information processing tasks.

For example, trust is a key feature when establishing secret keys for secure trans-

fer of information between two (or more) parties. In the quantum setting it is possi-

ble to use entangled systems [3] as a resource for performing key distribution. Thus

it is natural to expect that since limiting trust can influence the ability of entan-

gled states to act as a resource, that such constraints may be relevant to quantum

information tasks such as key distribution. This connection will be discussed later

in the context of open questions and possible applications of quantum steering.

As discussed in Chapter 2, EPR’s argument for the incompleteness of quan-

tum mechanics prompted an interesting response from Schrödinger. This chapter

discusses Schrödinger’s term “steering” as a generalisation of the phenomenon at

the heart of the EPR paradox. It begins by recounting EPR’s original argument

in Sec. 7.1 followed by an explanation of Schrödinger’s original work on steering

in Sec. 7.2. In Sec. 7.3 some recent attempts to revive interest in the concept of

steering are discussed.
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7.1 EPR paradox

As introduced in Chapter 2, EPR had concerns about certain implications of quan-

tum theory. In particular, EPR attacked the notion that quantum mechanics is a

complete theory. Their argument was dependent on a number of definitions, which

can be summarised as follows.

First, EPR require the concept of an element of reality, for which they claim a

“reasonable” criterion is

If, without in any way disturbing a system, we can predict with certainty

(i.e., with probability equal to unity) the value of a physical quantity, then

there exists an element of physical reality corresponding to this physical

quantity [10].

This definition for an element of reality is (as EPR point out) merely a sufficient

criterion and does not exhaust all the possible ways of defining physical reality.

However, they claim that this is a reasonable condition as it conforms with “classical

as well as quantum mechanical ideas of reality” [10].

Equipped with this definition, EPR were able to define a necessary condition for

a theory to be complete. That is, in a complete theory:

every element of the physical reality must have a counterpart in the

physical theory [10].

They term this “the condition of completeness”. These definitions encompass EPR’s

assumptions about “reality”.

EPR’s other important assumption was one that has come to be described as

locality. That is, that spatially remote1 systems do not influence one another. It is

interesting to note that EPR never explicitly used the term locality, instead assuming

simply that the two systems no longer interact, by which they mean

at the time of the measurement the two systems no longer interact, [so]

no real change can take place in the second system in consequence of

anything that may be done to the first system [10].

Now for EPR’s argument. Consider a general nonfactorizable pure state of the

form

|Ψ〉 =
∑

i

ci|ui〉α|ψi〉β =
∑

j

dj|vj〉α|ϕj〉β (7.1)

1Where spatially remote can be taken to mean that the systems lie outside each others past
light cones.
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where {|ui〉α}, {|vj〉α} ({|ψi〉β}, {|ϕj〉β}) are two orthonormal bases for Alice’s (Bob’s)

system. Now imagine a quantity A corresponding to a Hermitian operator with

eigenvalues {|uk〉α} and eigenvalues ak. If Alice chooses to measure the quantity A

on her system and finds the result ak, then one concludes that her system is de-

scribed by |uk〉α and correspondingly one can infer that Bob’s system is in the state

|ψk〉β. Since at the time of Alice’s measurement, the two systems no longer interact,

her measurement can have no influence on Bob’s system. Hence we may infer that

there exists an element of reality associated with |ψk〉β for Bob’s system.

By a similar argument, if Alice measures the Hermitian operator A′ on her system

and obtains the result a′r then her system is described by the state |vr〉α. This also

allows her to infer (without disturbing) that Bob’s system is described by the state

|ϕr〉β. Hence there must also exist an element of reality associated with |ϕr〉β for

Bob’s system, since one can predict this description with certainty and without

disturbing Bob’s system. That is, by performing two different measurements on her

system, Alice is able to infer the existence of elements of reality for Bob’s system

corresponding to two different pure state ensembles.

The fact that the two ensembles describing Bob’s system are different embodied

the problem for EPR (as evidenced by their specific example to be outlined below).

Traditionally, in quantum mechanics if the operators for two physical quantities do

not commute, then precise knowledge about one of them precludes such a knowledge

of the other (due to the uncertainty principle). EPR therefore claim that

when the operators corresponding to two physical quantities do not com-

mute the two quantities cannot have simultaneous reality [10].

This is because if both quantities had simultaneous reality, then the values for these

quantities would enter into the complete description (as required by the condition

of completeness).

To illustrate this, EPR introduce [10] the continuum case of Eq. (7.1) possessing

perfect correlations in momentum p and position x

|ψEPR〉 =

∫ ∞

−∞
|up〉α|ψp〉βdp =

∫ ∞

−∞
|vx〉α|ϕx〉βdx, (7.2)

where |up〉α, |ψp〉β are momentum eigenstates of Alice and Bob’s systems respectively

and |vx〉α, |ϕp〉β are position eigenstates respectively. Consider now that Alice’s per-

forms measurements A and A′ corresponding to position and momentum in separate

runs of the experiment. Following the general argument outlined above (assuming
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realism and that the two systems no longer interact), then one can predict (without

disturbing Bob’s system) the existence of elements of reality for both the position

and momentum of Bob’s system. However, quantum mechanics does not allow the

simultaneous prediction of both the position and momentum of Bob’s system due

to the uncertainty principle. Therefore, according to EPR, the quantum mechanical

description of nature must be incomplete.

It is interesting to note that despite name “EPR paradox” commonly applied to

this situation, EPR themselves never mention the term “paradox”. In their minds2

they presented a clear argument that quantum mechanics must be an incomplete de-

scription of nature. Their work was based on two assumptions (locality and realism)

that they thought no reasonable person could object to. It seemed a much more

plausible explanation that quantum theory (while agreeing well with experimental

data) required a modification in order to complete it.

EPR’s argument was based on a pure state example. It was pointed out in

1989 by Reid [64] that the perfectly correlated entangled states considered by EPR

are unlikely to ever be experimentally preparable in a laboratory. Reid therefore

generalized EPR’s argument to apply to physically realisable mixed states. This

generalisation will be discussed in more detail in Chapter 10 in the context of ex-

perimental criteria for demonstrating quantum steering.

Finally, it has recently been suggested that EPR’s argument is actually an attack

on the notion that quantum states are states of reality, or ontic states. This line

of reasoning takes the view that EPR’s argument leads to a “paradox” only if one

believes that quantum states are ontic states. That is, one can posit that EPR’s

argument is in fact an argument for adopting the epistemic view of quantum states.

For more details see Ref. [65].

7.2 Schrödinger’s steering

Like EPR, Schrödinger was concerned by certain implications present in quantum

theory. He considered that when two known systems interact and then separate

again that the wave functions for the systems may become entangled and he regarded

this feature as

the characteristic trait of quantum mechanics, the one that enforces it’s

entire departure from classical lines of thought [5].

2At least it seems from their published work.
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To Schrödinger the heart of the problem was that if such entangled states exist, then

quantum mechanics forces us to conclude that one party can remotely influence a

quantum system as in the EPR example [10]. As Schrödinger points out in response

to EPR

it is rather discomforting that the theory should allow a system to be

steered or piloted into one or the other type of state at the experimenter’s

mercy in spite of his having no access to it [5].

Schrödinger was particularly interested in the fact that when two parties share

an entangled state, the choice of measurement of one of the parties has a decided

impact on the state of the other parties’ system. He emphasizes that by suitable

measurements on only one of the subsystems

the state... of the other part can be determined without interfering with

it, but also that, in spite of this non-interference, the state arrived at

depends quite decidedly on what measurements one chooses to take -

not only on the results they yield [30].

Clearly, this measurement dependence is a key feature of steering. Consider

the possibility of following a particular measurement device, with all its possible

outcomes, which leaves Bob’s system as a mixture, where

such a mixture can be regarded as the result of extremely various compo-

sitions... [which] corresponds exactly to the variety of different measure-

ment programmes which can be carried out on [Alice’s] system [30].

In this quote Schrödinger uses the term “measurement programme” to mean “choice

of measurement” for Alice.

Schrödinger elaborated on this by demonstrating the range of states which one

party could steer the other system to. In particular, he showed that for perfectly

correlated state such as Eq. (7.2) considered by EPR, it is not only possible for Alice

to steer into a position or a momentum eigenstate of Bob’s system. He went on to

show that if Alice can steer Bob’s system into eigenstates of a pair of canonically

conjugate observables, then there are in fact infinitely many types of states that she

can steer to.

In the second of Schrödinger’s two part series [30] discussing entanglement and

the concept of steering, he elaborated on the importance of the measurement scheme.

In particular he shows that
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a sophisticated experimenter can, by a suitable device which does not in-

volve measuring non-commuting variables, produce a non-vanishing prob-

ability of driving the system into any state he chooses [30].

Schrödinger attributes this to the fact that there exist many valid decompositions

of the entangled state into orthonormal bases for Alice and Bob. That is,

it is just the multitude of non-orthogonal compositions of one and the

same mixture, which gives rise [to steering] [30].

For the pure entangled states considered by Schrödinger, this allows Alice to steer

Bob’s system into any state within the support of Bob’s subsystem by performing

different measurements. To prove this, Schrödinger makes use of a so-called “theo-

rem of mixtures” for which he claims no priority, but ironically states that it is not

well known. Indeed, we shall see in the following section that variations of this the-

orem have been re-derived several times in the subsequent years by authors ignorant

of Schrödinger’s work.

As Schrödinger points out, the phenomenon of steering, possible for entangled

states is

in present quantum mechanics, a necessary and indispensable feature

[30],

however, he doubted that it would be seen in experiments (we will discuss this

point more in Chapter 8). Unfortunately, as with the EPR paradox, Schrödinger’s

concept of steering was regarded for many years as an embarrassing philosophical

concern for quantum mechanics rather than a useful phenomenon to be exploited in

experiments.

7.3 Revival of steering

The work of Bell in 1964 [29] firmly moved the question of the existence of entangled

states from the realm of metaphysics to an experimentally testable proposition.

Arguably, the subsequent verification of entanglement [66] in nature led to the advent

of quantum information science. Indeed, rather than being a blemish on the theory,

entanglement lies at the center of the power of quantum mechanics for performing

experimental quantum information tasks. Since this renaissance of the theory of

entanglement, several authors have reconsidered Schrödinger’s 1935 work and the
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concept of steering. The remainder of this chapter briefly reviews these recent

contributions towards elucidating steering.

7.3.1 Schrödinger-HJW theorem

The “theorem of mixtures” that Schrödinger presented in [30] to describe the extent

of Alice’s ability to steer Bob’s state is a useful result that for many years was not well

known. A number of results relating to this theorem are often collectively referred

to as the Schrödinger - Hughston, Josza, Wootters (Schrödinger-HJW) theorem.

Schrödinger was the first to discuss the importance of these results, while HJW

subsequently rederived in 1993 much of the same theorem independently of (and in

ignorance of) Schrödinger’s work. Ironically, a number of authors have commented

that the theorem deserves wider exposure, only for subsequent authors to rederive

it. This has been illustrated by Kirkpatrick in [67] which presents a summary of

the Schrödinger-HJW theorem and a discussion of the details of the theorem due to

each of the authors.

Before presenting the theorem, we require some notation. The Hilbert spaces

Hα and Hβ for Alice and Bob have dimensions nα and nβ respectively. A pure state

in Hα ⊗ Hβ is denoted |Ψαβ〉 and ρβ = Trα[|Ψαβ〉〈Ψαβ|] is the reduced state matrix

for Bob’s system obtained by partial tracing over Alice’s Hilbert space.

For a valid decomposition of Bob’s system such as ρβ =
∑

s ws|φs〉〈φs|, the set

{|φj〉 ∈ Hβ, wj > 0}nj=1, with
∑n

s=1ws = 1, is termed a “ρβ-ensemble” of order

n. If the {|φj〉}nj=1 are linearly independent then the ρβ-ensemble is also called

linearly independent. An orthonormal set {|χj〉 ∈ Hα}nj=1 is called an ancilla of the

ρβ-ensemble if and only if one can write |Ψαβ〉 =
∑n

s=1 φs|χs〉|φs〉, where |φj|2 = wj.

Theorem 1. (Schrödinger -HJW [67]) For the state |Ψαβ〉 with ρβ = Trα[|Ψαβ〉〈Ψαβ|]:

(a) Every ρβ-ensemble of order n ≤ nα has a corresponding ancilla in Hα. If the

ρβ-ensemble is linearly independent the ancilla is unique.

(b) Every orthonormal basis of Hα contains exactly one ancilla corresponding to

exactly one ρβ-ensemble.

(c) Given any two ρβ-ensembles, there exist unitary transformations on Hα which

unitarily map from one to the other; if each ρβ-ensemble is linearly indepen-

dent, the transformation is unique.
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(d) Every unitary transformation on Hα generates a unitary map of every ρβ-

ensemble to another.

(e) Every vector in the support of ρβ appears as an element of at least one ρβ-

ensemble.

Kirkpatrick [67] points out that Schrödinger established parts (a), (d), and (e)

of the theorem in [30], while HJW independently established parts (a), (c), and

(d) in [68]. Part (b) of the theorem had its first explicit statement in [67]. Thus

Kirkpatrick claims that the theorem is primarily Schrödinger’s, with part (c) added

by HJW and it is rightly3 named the Schrödinger - HJW theorem.

This theorem is essentially a restatement of Schrödinger’s steering results for pure

states. Its usefulness is evidenced by its repeated rediscovery, however in order to

deal with the more general mixed state scenario we require a more general formalism.

7.3.2 Entanglement in quantum information theory

The concept of steering was a main focus of Verstraete’s 2002 thesis “A study of

entanglement in quantum information theory” [71]. This work reviewed the range

of states that one subsystem can be steered to in the pure state setting followed by a

generalisation to the mixed state scenario. In particular, considering a general n×n
bipartite state ραβ shared between Alice and Bob, [71] focused on the questions:

1. What are the set of ensembles {℘a, ρa} that Alice can steer Bob’s system into?

2. Given a state σ, what is the largest probability that Alice can steer Bob’s

system to this state?

Verstraete shows [71] that using the Bloch sphere parameterisation of the state

matrix, it is relatively straightforward to answer these questions. Such a parame-

terisation is defined as:

ραβ =
1

n2

n2−1
∑

i,j=0

Rij (σ̂j ⊗ σ̂i) (7.3)

Rij =
1

n
Tr [ραβ (σ̂j ⊗ σ̂i)] , (7.4)

3Parts of the theorem were also derived or considered by Jaynes [69] and Hadjisavvas [70]. See
[67] for a full discussion of the contributions of each author to the theorem.
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where σ̂0 is the identity operator and {σ̂i} denotes an orthogonal basis for operators

on each of Alice and Bob’s Hilbert spaces. It is important to note that there is a

one-to-one correspondence between R and the state matrices ραβ . Verstraete [71]

analogously defines a POVM element for Alice as

F̂a =
1

n

n2−1
∑

j=0

xaj σ̂j , (7.5)

where xaj = Tr[F̂aσ̂j ]. Similarly the reduced density matrix for Bob’s system condi-

tioned on Alice performing a measurement associated with F̂a is described by [71]

ρaβ =
1

n

n2−1
∑

i=0

yai σ̂i, (7.6)

where yai = Tr[ρaασ̂i] and ρaα is Alice’s reduced density matrix conditioned on mea-

surement of F̂a.

Using these definitions, Verstraete proves [71] the following theorem:

Theorem 2. For a mixed n×n state parameterised by R, Alice can, by performing

a POVM measurement {F̂a} := {xa} , prepare the ensemble {℘a, ρa} := {℘a, ya} for

Bob’s subsystem if and only if the following set of equations is satisfied:

∀a : ℘ay
a = Rxa 0 ≤ F̂a ≤ I

∑

a

F̂a = I (7.7)

This is a semidefinite programming problem in the variables {xa}. In the generic

case where R is full rank, this problem reduces to one that involves only testing

whether matrices are positive definite [71].

This theorem provides the answer to the first question and also allows the second

question to be answered straightforwardly. The maximal probability of steering

Bob’s system to a given state y is the maximal probability p such that the F̂a

corresponding to pR−1y satisfies the constraint 0 ≤ F̂a ≤ 1 (where p will equal zero

if y cannot be steered to).

For the case of two qubit systems, which is relevant to this thesis, Verstraete

performed significant refinement of the above characterisation. In particular, for

the mixed state case it was shown [71] that the possible state matrices ya in the

ensemble generated by the POVM {F̂a} are constrained to lie inside an ellipsoid
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within the Bloch sphere. This result is a consequence of the Lorentz singular value

decomposition (SVD) theorem which states that a matrix can be decomposed as

R = LαΣL
T
β , (7.8)

where Lα, Lβ are Lorentz transform matrices which can be considered to correspond

to rotations and Σ is a diagonal matrix of singular values which corresponds roughly

to a stretch matrix. Thus the action of R on any vector can be thought of as a

rotation followed by a stretch and then a final rotation. This will become useful in

the context of steering.

We now define ya = ℘a[1; ~ya] where ℘a is the probability of the outcome a

occurring and ~ya is the Bloch vector of the state at Bob’s side. This leads to the

following theorem proved in [71]:

Theorem 3. Given a mixed state of two qubits parameterised by R, the ensemble

{℘a, ~ya} for Bob can be created by a POVM measurement {F̂ a} by Alice if and only

if all the ~ya lie inside the “quantum steering ellipsoid” which will be the case if and

only if

(ya)T (R−1)TMR−1ya ≥ 0, (7.9)

and if

∑

a

℘ay
a = R













1

0

0

0













, (7.10)

where ya = [1; ~ya].

The fact that the Bloch vectors ~ya for Bob’s system are normalized ensures that

the steering ellipsoid is contained within the Bloch sphere. This theorem is also

a direct generalisation of pure state steering for which the ellipsoid corresponds to

the entire Bloch sphere. The right hand side of Eq. (7.10) denotes the elements of

R which correspond to acting with the Pauli operators on Alice’s side and doing

nothing at Bob’s. The left hand side indicates that these elements must be equal

to the average of the corresponding (x, y, z) Bloch vector elements in the resulting

states for Bob’s system within the steering ellipsoid.

For mixed states it is well known that the reduced states for Alice and Bob

do not necessarily contain all the information required to adequately describe the

complete two-qubit state. Verstraete points out [71] the interesting fact that it
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is the steering ellipsoid which encodes this extra information. That is, a state

matrix of two-qubits is completely specified by knowledge of the two local state

matrices supplemented with knowledge of the coordinates of the “quantum steering

ellipsoid” at Bob’s side. This becomes intuitive when one considers the dimensions

of the relevant ‘objects’. To describe a general mixed state ραβ of two qubits we

require 15 parameters (22 × 22 minus one parameter assuming normalization). The

local (normalized) mixed states for Alice and Bob provide six parameters towards

describing ραβ , while the steering ellipsoid provides the final nine parameters. These

ellipsoid parameters can be further broken down into: three parameters to define the

alignment of the principle axes of the ellipsoid, three parameters to define the shape

of the ellipsoid (i.e. it’s three radii), and three parameters to define the ellipsoid’s

centroid. Using the Lorentz SVD it is possible to distinguish between the elements

containing the local and global parameters defining R (and hence ραβ). In particular,

Lα contains the six local parameters defining the reduced states for Alice and Bob’s

systems, while the remaining nine “ellipsoid” or global parameters are contained in

the singular values in Σ and Lβ. See [71] for a more detailed discussion.

While the questions considered in [71] are interesting from a quantum informa-

tion perspective (as Verstraete points out), it is not obvious that such a categori-

sation of steering in the mixed state scenario captures the essence of Schrödinger’s

concerns about the phenomenon of steering for pure states. In particular, the ap-

proach taken by Verstraete makes no distinction between quantum steering and when

Alice’s apparent influence on Bob’s system could be explained by classical condi-

tioning. That is, the ‘steering ellipsoid’ can be of finite size even for some separable

states. The definition for steering presented in Chapter 8 does make a distinction

between steering and classical conditioning that allows one to address different ques-

tions to the ones considered in [71]. It will become obvious that the very general

approach to steering presented by Verstraete actually incorporates states which by

our strict definition are in fact not steerable.

7.3.3 Steering and information-theoretic constraints

In [72] Clifton et al. show that three information theoretic constraints are sufficient

to ensure that the observables and state space of a physical theory are quantum

mechanical. Of interest to this thesis is the fact that the authors use information

theoretic grounds to motivate the existence of steering.

Clifton et al. consider the phenomenon of steering as outlined by Schrödinger,
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focusing on his insights about it. In particular, as will be discussed in Sec. 8.2,

Schrödinger did not believe that steering would be witnessed in experiments. This

raises the possibility, as Schrödinger believed, that the world is essentially governed

by quantum mechanics, but that nonlocal entangled states could not be realised. A

goal of [72] was to exclude this possibility on information theoretic grounds.

The authors begin this proof using “no superluminal information transfer via

measurement” and so-called “no-broadcasting” conditions to infer that the com-

ponent subsystems for Alice and Bob are each non-Abelian and together mutually

commuting. These conditions therefore imply [72] the existence of nonlocal entan-

gled states within their formalism. However, such a demonstration does not ensure

that such states would be realised in nature.

In order to ensure that entangled states do indeed occur in nature, the authors

make use of the “no bit commitment” constraint [72] . Bit commitment is a two-

party cryptographic protocol in which Alice sends an encoded bit to Bob. The

encoding should not contain sufficient information for Bob to determine the value of

the bit until Alice provides further information at a later “reveal” stage. The pro-

tocol must also allow Bob to be convinced that the encoding does not allow Alice

the freedom to reveal either a 0 or 1 at will after sending. The original quantum

bit commitment protocol was devised by Bennett and Brassard in 1984 [73] and

is referred to as BB84. In this protocol, the 0 and 1 commitments are associated

with two equivalent quantum mechanical mixtures represented by a common state

matrix. This protocol then allows Alice to cheat by preparing an EPR state and

sending one of the particles to Bob. This allows her to simulate sending one of two

equivalent mixtures to Bob, and reveal either bit at will in the “reveal” stage by

using the phenomenon of steering to prepare the desired mixture for Bob’s particle.

Bob cannot detect Alice cheating via this strategy. It was shown by Mayers [74]

and Lo and Chau [75] that a generalised version of this EPR cheating strategy can

always be applied, if the Hilbert space is enlarged in a suitable way by introduc-

ing additional ancilla particles. The proof of the impossibility of unconditionally

secure bit commitment makes use of the Schrödinger-HJW theorem of Sec. 7.3.1

to show that steering allows Alice to cheat in her bit commitment protocol. Bub

[76] discusses the fact that this is also the case for any quantum bit commitment

protocol.

Clifton et al. point out that the impossibility of unconditionally secure bit com-

mitment in classical theories is due to entirely different reasons than in the quantum
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setting. In the classical setting the security question becomes an issue of computa-

tional complexity [72]. However, as pointed out in the BB84 example above (which

deals with a quantum setting), it is the possibility of Alice preparing a nonlocal

entangled state that allows her to cheat in a quantum bit commitment protocol.

She simply prepares the appropriate entangled state which results in Bob’s system

being describable by the appropriate mixtures corresponding to 0 or 1, and she uses

steering to choose her commitment at will, after sending the bit to Bob.

So Clifton et al. conclude that unconditionally secure bit commitment would

be possible in the absence of physically realisable nonlocal entangled states. They

paraphrase Schrödinger’s comments as proposing that we live in a world where

unconditionally secure bit commitment is possible. However, experimental tests of

Bell inequalities verify the existence of nonlocal entangled states and show that this

conjecture is false. The authors of [72] complete their discussion of this issue by

stating that Bell inequality violations can be seen as a criterion for the possibility

of steering in Schrödinger’s sense, and their violations as evidence that we live in a

world where unconditionally secure bit commitment is impossible.

These comments are indeed correct; a violation of a Bell inequality certainly

indicates that the entangled state present could be used to demonstrate steering as

outlined by Schrödinger. This point will be discussed in more detail in Chapter 8.

However, this discussion of steering does not make a distinction between steerable

states (i.e. states which can be used to demonstrate steering) and Bell nonlocal

states. As will be shown in subsequent chapters, the set of steerable states is in fact

larger than the set of Bell nonlocal states; violation of a Bell inequality is sufficient

but not necessary to show steerability.

So while the work of Ref. [72] is correct and makes an interesting connection

between the concept of steerability and the information theoretic “no bit commit-

ment” constraint, a more detailed discussion is required to categorise steering for

mixed states.

7.3.4 Epistemic view of quantum states and steering

In a recent work [77] Spekkens presents a toy theory to provide a defense of the

epistemic view of quantum states. That is, the view that quantum states rather

than being ontic (states of reality) are actually states of knowledge. The toy theory

is based on a knowledge balance principle, that is, that quantum states are states of

knowledge and that nature conspires to only allow us a certain amount of knowledge
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about a given state. The principle postulates that when one possesses maximal

knowledge, the amount of knowledge about the ontic state of the system must be

equal to the degree of ignorance about the ontic state of the system.

Using this principle, Spekkens derives a toy theory which is able to reproduce

many features which are typically considered to be quantum. Of interest to this thesis

is the fact that the toy theory (which is an essentially local theory) reproduces a

version of steering as follows [77].

Consider the example of a maximally entangled pair of qubits in the state

|Ψ〉 =
1√
2

(|0〉α|0〉β + |1〉α|1〉β) . (7.11)

If Alice were to make a measurement on her system in the {|0〉, |1〉} basis then

with probability 1/2 she would obtain |0〉α and correspondingly update the state

of the pair to |0〉α|0〉β. Alternatively (with probability 1/2) she would obtain |1〉α
and update the state of the pair to |1〉α|1〉β. If instead, Alice were to measure her

system in the {|+〉, |−〉} basis then with probability 1/2 she would obtain |+〉α and

update the combined state to |+〉α|+〉β. If she obtained the alternate result she

would update the state of the pair to |−〉α|−〉β.
It is obvious that for the first choice of Alice’s measurement, Bob’s system is left

in the state |0〉β or |1〉β, while for the second choice it is left in the state |+〉β or

|−〉β. This is an example of Alice’s choice of measurement steering Bob’s system

into different types of states.

Now consider the analog of this example in Spekken’s toy theory. In this theory,

a qubit system is considered to exist in one of four possible ontic states (labelled

1 − 4) and the theory deals with epistemic states which at most can specify one of

two ontic states for the system. The three distinct ways of partitioning the four

ontic states into pairs, are anlogous to the pairs of eigenstates for σ̂x, σ̂y and σ̂z.

It is also possible to define two-qubit states in the toy theory which are analogous

to entangled states (e.g. one can define a state equivalent to Eq. (7.11)). If Alice

makes a measurement in the {|0〉, |1〉} basis then this is equivalent to asking if the

ontic state of her system is 1 ∨ 2 (read as ‘one or two’) or 3 ∨ 4. With probability

1/2 she would obtain each outcome and correspondingly update her epistemic state

of Bob’s system to 1∨ 2 or 3∨ 4. If instead Alice were to measure in the {|+〉, |−〉}
basis based on her result she would update Bob’s epistemic state to 1 ∨ 3 or 2 ∨ 4.

Thus, Alice’s choice of measurement steers Bob’s system into two different types of

epistemic states.
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The interpretation of steering using the epistemic view point of the toy theory is

as follows. Since epistemic states do not correspond to unique states of reality for the

system, there is no nonlocal action on Bob’s system caused by Alice’s measurements.

It is possible to imagine that Bob’s system was in a fixed ontic state in each case, and

Alice just refined her knowledge about this state in two different ways corresponding

to the two measurements. For instance if her first measurement implied the 1 ∨ 2

state for Bob, this is perfectly consistent with her second type of measurement

implying Bob’s state is 1∨3. One can imagine that Bob’s ontic state was really 1 in

both cases, and Alice’s measurement had no real effect on the ontic state of Bob’s

system. If, instead, the second measurement implied the 2∨ 4 state, then one could

imagine that Bob’s state was really 2 in both cases4. Alice has just updated her

knowledge of Bob’s ontic state in two different ways.

While the toy theory reproduces an example of steering, and many other ‘quan-

tum’ phenomena, it is not equivalent to an interpretation of quantum theory, as

there is at least one important feature that it lacks. That is, the toy theory can-

not reproduce the correlations possessed by quantum systems which violate a Bell

inequality. As we will discover in Chapter 8, states which violate a Bell inequality

can always be used to demonstrate steering; so the toy theory will not be able to

completely describe the correlations possessed by all steerable states.

Furthermore, steering is not defined within the toy theory in a manner which al-

lows one to ask interesting questions about which types of states allow steering to be

demonstrated. This is because all entangled states within the toy theory are equiv-

alent to maximally entangled states and hence demonstrate steering. Even if such a

definition was provided, it would not be obvious that this would apply analogously

to steering within quantum theory, as the two theories are not equivalent.

For these reasons, the toy theory, while an interesting research program, does not

provide a rigorous definition for, nor categorisation of, the phenomenon of steering.

7.4 Summary of chapter

Clearly, Schrödinger’s original definition for steering (which was only formulated

for pure states) is insufficient for modern quantum information experiments which

necessarily make use of mixed quantum states. As described in this chapter, other

4For any combination of measurement results for these types of measurment it is always possible
to select one of the four ontic states which is consistent with both measurement results.
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authors have made use of Schrödinger’s term steering. However, as pointed out in the

relevant sections, none of these authors provide a rigorous definition of steering which

incorporates the quantum nature of steering for mixed states. For the purposes of

this thesis, a rigorous definition of steering will be applicable to both pure and

mixed states, will make a distinction between the ability to steer and violate a Bell

inequality, and will be distinct from classical conditioning.

A main result of this thesis is to provide such a definition. This will be presented

in the following chapter along with a justification of the use of terminology and the

definition.



Chapter 8

Quantum steering generalisation

“Generalisation is necessary to the advancement of knowledge... as

men know more and think more they look less at individuals and

more at classes. They therefore make better theories and worse

poems.”

– Thomas B. Macaulay (1800 – 1859).

A goal of this thesis is to present a definition of steering for mixed states which

demonstrates that not all entangled states possess the property of being steerable.

In order to make the following definitions clearer, we first consider the relevant

definitions for entanglement and Bell nonlocality in this formalism before going on

to give the promised steering definitions.

8.1 Definitions

8.1.1 Operational definitions

It is useful to begin with some operational definitions for the different properties of

quantum states that we wish to consider. This is useful for a number of reasons.

First, it presents the ideas that we wish to discuss in an accessible format for those

familiar with concepts in modern quantum information. Second, it allows us to

present an elementary proof of the hierarchy of the concepts (we will present a more

detailed proof of this hierarchy in subsequent sections).

Entanglement

First, let us define the simplest entanglement-related concept as a task with two

parties. That is, the task is for Alice and Bob to determine if a bipartite quantum

state that they share is nonseparable. In this case they can communicate results to

100
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one another, they trust each other, and they can repeat the experiment sufficiently

many times to perform state tomography. By analyzing the reconstructed bipartite

state, they could in principle determine whether it is nonseparable. That is, whether

it can be described by correlated local hidden states (LHSs) for Alice and Bob, where

the precise definition of LHSs will become clear in the models in Sec. 8.1.2. Since

Alice and Bob trust each other and can freely communicate, this is really a one party

task. That is, there is no difference between this scenario and the one where either

party prepares a bipartite state and attempts to determine if it is nonseparable.

Bell nonlocality

Next, we define the familiar concept of Bell-nonlocality [29] as a task, in this case

with three parties; Alice, Bob and Charlie. Alice and Bob can prepare a shared

bipartite state, and repeat this any number of times. Each time, they measure their

respective parts. Except for the preparation step, communication between them is

forbidden (this prevents them from colluding in an attempt to fool Charlie). Their

task is to convince Charlie (with whom they can communicate) that the state they

can prepare (or have been provided with) is entangled. Charlie accepts QM as

correct, but trusts neither Alice nor Bob. If the correlations between the results

they report can be explained by a LHV model, then Charlie will not be convinced

that the state is entangled; the reported results could have been fabricated from

shared classical randomness. Conversely, if the correlations cannot be so explained

then the state must be entangled. Therefore they will succeed in their task if and

only if they can demonstrate Bell-nonlocality; this task can be considered as an

operational definition of Bell nonlocality.

Steering

The analogous definition for steering uses a task with only two parties. Alice can

prepare a bipartite quantum state and send one part to Bob, and repeat this any

number of times. Each time, they measure their respective parts, and communicate

classically. Alice’s task is to convince Bob that the state she can prepare is entangled.

Bob (like Schrödinger) accepts that QM describes the results of the measurements

he makes (which, we assume, allow him to do local state tomography). However

Bob does not trust Alice. In this case Bob must determine whether the correlations

between his local state and Alice’s reported results are proof of entanglement. How

he should determine this is explained in detail in Sec. 8.1.2, but the basic idea is
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Figure 8.1: Operational definitions for classes of entangled states. Bell nonlocal
states (a) can be defined via a three-party task (involving Alice [A], Bob [B] and
Charlie [C]). Steerable states (b) may be defined using a two-party task. Defining an
entangled state (c) essentially requires only one party. In all cases shading indicates
the skeptical party, dotted arrows indicate two-way communication, and solid arrows
indicate trust and two-way communication.

that he should not accept the correlations as proof of entanglement if they can be

explained by a LHS model for Bob. If the correlations between Bob’s measurement

results and the results Alice reports can be so explained then Alice’s results could

have been fabricated from her knowledge of Bob’s LHS in each run. Conversely, if

the correlations cannot be so explained then the bipartite state must be entangled.

Therefore we say that Alice will succeed in her task if and only if she can steer Bob’s

state.

Comparisons

Using these operational definitions we can show that Bell nonlocality is a stronger

concept than steerability. That is, any demonstration of Bell nonlocality is a demon-

stration of steering. The operational definition of Bell nonlocality is based on three

parties and requires a completely distrustful Charlie. If we weaken this condition

by allowing Charlie to trust Bob completely, we arrive at the following situation.

Charlie can now in principle do state tomography for Bob’s local state (as he be-

lieves everything told to him by Bob), and he only distrusts the measurement results

reported by Alice. In this case, he will only concede that the state prepared by Alice
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and Bob is entangled if the state is steerable1. Thus it is possible to arrive at the

operational definition for steering by weakening the operational definition for Bell

nonlocality. Thus, the Bell nonlocal states are a subset of the steerable states.

Similarly, if we weaken the condition for steerability we arrive at the condition

for nonseparability as follows. In this case we weaken the condition by allowing

for Bob to trust Alice completely. Since Bob now has access to the measurement

information for both subsystems (as he believes everything told to him by Alice) he

can in principle perform state tomography. Clearly in this situation Bob will only

concede that they share an entangled state if the state that Alice prepares really is

entangled.

Thus, from these operational definitions we have three logically distinct concepts;

violation of a Bell inequality which is stronger than a demonstration of steering,

which is stronger than entanglement.

8.1.2 Mathematical definitions

In order to present rigorous mathematical definitions for the concepts of Sec. 8.1.1

we first require some notation. Let the set of all observables on the Hilbert space

for Alice’s system be denoted Dα. We denote an element of Dα by Â, and the set

of eigenvalues {a} of Â by λ(Â). By P (a|Â;W ) we mean the probability that Alice

will obtain the result a when she measures Â on a system with state matrix W . We

denote the measurements that Alice is able to perform by the set Mα ⊆ Dα. Note

that, following Werner [11], we are restricting to projective measurements (unless

otherwise stated). The corresponding notations for Bob, and for Alice and Bob

jointly, are obvious. Thus, for example,

P (a, b|Â, B̂;W ) = Tr[(Π̂A
a ⊗ Π̂B

b )W ], (8.1)

where Π̂A
a is the projector satisfying ÂΠ̂A

a = aΠ̂A
a .

1This is because under this scenario Charlie has essentially taken the place of Bob in the two-
party steering task.
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Entanglement

We begin again by first defining the weakest form of nonlocality2, that of nonsepa-

rability or entanglement. A nonseparable state is one that cannot be written as

W =
∑

ξ

σξ ⊗ ρξ ℘ξ. (8.2)

Here, and below, σξ ∈ Dα and ρξ ∈ Dβ are some (positive, normalized) quantum

states and ℘ξ is some (positive, normalized) probability distribution over the LHV

ξ. We can also give a rigorous operational definition, by allowing Alice and Bob the

ability to measure a quorum of local observables (i.e. a set sufficient to achieve state

tomography), so that they can reconstruct the state W [78]. Since the complete set

of observables D is obviously a quorum, we can say that a state W is nonseparable if

and only if it is not the case that for all a ∈ λ(Â), b ∈ λ(B̂), for all Â ∈ Dα, B̂ ∈ Dβ,

there exists an ensemble {℘ξ, σξ, ρξ} as defined above, such that

P (a, b|Â, B̂;W ) =
∑

ξ

P (a|Â; σξ)P (b|B̂; ρξ)℘ξ. (8.3)

If a bipartite state does have such a representation then it is separable (and not of

interest to the remainder of this thesis).

Bell nonlocality

In contrast, the strongest sort of nonlocality in QM is Bell-nonlocality [29]. This is

a property of entangled states which violate a Bell inequality. This is exhibited in

an experiment on state W if and only if the correlations between a and b cannot be

explained by a LHV model. That is, if it is not the case that for all a ∈ λ(Â), b ∈
λ(B̂), for all Â ∈ Mα, B̂ ∈ Mβ, we have

P (a, b|Â, B̂;W ) =
∑

ξ

℘(a|Â, ξ)℘(b|B̂, ξ)℘ξ. (8.4)

Here, and below, ℘(a|Â, ξ) and ℘(b|B̂, ξ) also denote some (positive, normalized)

probability distributions, involving the LHV ξ. We say that a state is Bell-nonlocal

if and only if there exists a measurement set Mα ×Mβ that allows Bell-nonlocality

2Entangled states can be considered nonlocal in the sense that they cannot be prepared by
distant parties using LOCC and separable states. We call this the weakest form of nonlocality
since it is strictly weaker than steering and Bell nonlocality.
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to be demonstrated. If Eq. (8.4) is always satisfied we say W is Bell-local.

Steering

Both nonseparability and Bell-nonlocality are concepts that are symmetric between

Alice and Bob. However steering, Schrödinger’s term for the EPR effect [5], is in-

herently asymmetric. It is about whether Alice, by her choice of measurement Â,

can collapse Bob’s system into different types of states in the different ensembles

EA ≡
{

ρ̃Aa : a ∈ λ(Â)
}

. Here ρ̃Aa ≡ Trα[W (Π̂A
a ⊗I)] ∈ Dβ, is Bob’s state conditioned

on Alice measuring Â with result a. The tilde denotes that this state is unnormal-

ized (its norm is the probability of its realization). Of course Alice cannot affect

Bob’s unconditioned state ρβ = Trα[W ] =
∑

a ρ̃
A
a — that would allow super-luminal

signaling. Despite this, steering is clearly nonlocal if one believes that the state of

a quantum system is a physical property of the system, as did Schrödinger. This is

apparent from his comments in [5, 30] and will be discussed in more detail in the

following section.

For now we will present the definition. To reiterate, we assume that the experi-

ment can be repeated at will, and that Bob can do state tomography. Prior to all ex-

periments, Bob demands that Alice announce the possible ensembles
{

EA : Â ∈ Mα

}

she can steer Bob’s state into. In any given run (after he has received his state), Bob

should randomly pick an ensemble EA, and ask Alice to prepare it3. Alice should

then do so, by measuring Â on her system, and announce to Bob the particular

member ρAa she has prepared. Over many runs, Bob can verify that each state an-

nounced is indeed produced, and is announced with the correct frequency Tr[ρ̃Aa ].

Bob is able to perform the verification by implementing a tomographically complete

set of measurements.

If Bob’s system did have a pre-existing LHS ρξ, (as Schrödinger thought), then

Alice could attempt to fool Bob, using her knowledge of ξ. This state would be drawn

at random from some prior ensemble of LHSs H = {℘ξρξ} with ρβ =
∑

ξ ℘ξρξ. Alice

would then have to announce a LHS ρ̃Aa based on her knowledge of ξ, according to

some stochastic map from ξ to a. Alice will have failed to convince Bob that she can

steer his system if, for all Â ∈ Mα, and for all a ∈ λ(Â), there exists an ensemble

3This ensures that Bob need not trust Alice that they share the same state W in each run,
because Alice gains nothing by preparing different states in different runs, because she never knows
which ensemble Bob is going to ask for.



106 CHAPTER 8. QUANTUM STEERING GENERALISATION

H and a stochastic map ℘(a|Â, ξ) from ξ to a such that

ρ̃Aa =
∑

ξ

℘(a|Â, ξ)ρξ℘ξ. (8.5)

That is, if, for all Â, there exists a coarse-graining of some ensemble H to ensemble

EA, then Alice may simply know Bob’s pre-existing state ρξ. Conversely, if Bob

cannot find any ensemble H and map ℘(a|Â, ξ) satisfying Eq. (8.5) then Bob must

admit that Alice can steer his system.

We can recast this definition as a ‘hybrid’ of Eq. (8.3) and Eq. (8.4): Alice’s

measurement strategy Mα on state W exhibits steering if and only if it is not the

case that for all a ∈ λ(Â), b ∈ λ(B̂), for all Â ∈ Mα, B̂ ∈ Dβ, we can write

P (a, b|Â, B̂;W ) =
∑

ξ

℘(a|Â, ξ)P (b|B̂; ρξ)℘ξ. (8.6)

That is, if the joint probabilities for Alice and Bob’s measurements can be explained

using a LHS model for Bob and a LHV model for Alice correlated with this state,

then we have failed to demonstrate steering. If and only if there exists a measurement

strategy Mα that exhibits steering, we say that the state W is steerable (by Alice).

Comparisons

It is straightforward to see that the condition for no steering implies the condition for

Bell-locality, since if there is a model with P (b|B̂, ρξ) satisfying Eq. (8.6), then there

is a model with ℘(b|B̂, ξ) that satisfies Eq. (8.4); simply make ℘(b|B̂, ξ) = P (b|B̂; ρξ)

for all B̂, ξ. Since no steering implies no Bell nonlocality, we see that if a state is

Bell nonlocal, then it implies that it is also steerable. Hence Bell nonlocality is a

stronger concept than steerability.

Similarly, the condition for separability implies the condition for no steering.

If there is a model with P (a|Â; σξ) satisfying Eq. (8.3), then there is a model

with ℘(a|Â, ξ) that satisfies Eq. (8.6); simply make ℘(a|Â, ξ) = P (a|Â; σξ) for all

Â, ξ. Thus, steerability is also a stronger concept than nonseparability. At least

one of these relations must be “strictly stronger than”, because Bell-nonlocality is

strictly stronger than nonseparability [11]. In the next chapter we prove that in

fact steerability is strictly stronger than nonseparability, and strictly weaker than

Bell-nonlocality.
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8.2 Discussion

In the previous section we have presented our proposed generalisation of the concept

of steering to describe the situation where Alice’s ability to prepare different states

on Bob’s system cannot be explained by a LHS existing for Bob’s system. We believe

this to be a valid generalisation of the concept which Schrödinger termed ‘steering’

for a number of reasons. First, he was quite explicit that a separable but correlated

state which allows

determining the state of the first system by suitable measurement of the

second or vice versa [30],

could never exhibit steering. Of this situation, he says that

it would utterly eliminate the experimenter’s influence on the state of

that system which he does not touch [30].

Thus it is apparent that by steering Schrödinger meant something that could not

be explained by Alice simply finding out which state Bob’s system is in, out of

some predefined ensemble of states. Our generalisation of steering to mixed states

is based explicitly upon this concept. Whenever it is possible that Alice could be

determining Bob’s state from a pre-existing ensemble of states, our definition says

that steering does not occur. It is only when Alice and Bob share an entangled state

for which no such LHS model exists that our definition predicts steering. Thus, our

definition distinguishes between cases of classical conditioning and when uniquely

quantum steering occurs.

It has been argued [79] that Schrödinger’s presentation of the concept of steering

was intended to supplement EPR’s critique of quantum mechanics, and as such is

an argument for incompleteness of QM. However, it is possible to argue against this

position for a number of reasons. First, Schrödinger introduced the concept of the

wavefunction for atoms [80] and never suggested it was not a correct and complete

description for microscopic local systems (such as a single atom). It was the more

exotic features of QM that Schrödinger was concerned with and he attempted to

highlight these as a means of expressing his own reservations about certain aspects

of the theory. A famous example is the so-called “Schrödinger’s cat paradox”, in

which Schrödinger attempted to demonstrate the difficulty in applying quantum

measurement theory to macroscopic objects (which may lead to the absurd situation

of a cat being simultaneously alive and dead). Schrödinger did not really believe that
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such a situation occurred in nature [81], he believed that all cats were either alive or

dead at a given instant. The relevance of this example is to show that Schrödinger,

while helping to develop quantum theory, had serious misgivings about assuming

the theory applied in situations beyond its original domain (atoms) such as for

macroscopic or separated systems.

The EPR paradox4 was another such example for Schrödinger. He believed that

QM had to be applied carefully in order to avoid paradoxes (which he did not

believe would exist in nature). If QM allowed prediction of a paradox, then this was

a situation in which it was doubtful to Schrödinger that QM could be validly applied.

The concept of steering fits into this category. Schrödinger was dubious about the

existence of entangled states and was looking for counterintuitive predictions for

such states that would lend weight to his belief that such states could not exist in

nature. The apparent remote influence possible in steering was precisely the type of

prediction that he thought strengthened his position that entanglement would not

be experimentally verified. That is, while acknowledging the existence of entangled

states and the possibility of steering in QM, Schrödinger was

not satisfied about there being sufficient experimental evidence for [its

existence in Nature] [30].

To him, being able to nonlocally disturb the wavefunction was “repugnant” [30].

Now, let us return to the argument that steering is evidence for the epistemic

view of quantum states. Equipped with such a view, the phenomenon of steering

does not seem paradoxical; one can argue that the different ensembles that Alice

prepares for Bob’s system are simply different ways of refining knowledge about

his system. However, the above discussion shows that Schrödinger clearly did not

take this view. He believed QM was correct and complete for individual systems,

however, he thought it was incorrect to apply QM to delocalised (or entangled)

quantum systems. Thus it seems that Schrödinger used steering as an argument for

the incorrectness5, rather than the incompleteness of QM.

Finally, one could raise the point [82] that since Schrödinger only considered

steering for pure states (a situation where all entangled states are steerable and also

violate a Bell inequality), that he might have been led to a generalisation such as

the nonseparability criterion (rather than our asymmetric definition for steering) of

Sec. 8.1.2. Or, one might claim that if he had thought a bit harder he would have

4Schrödinger was in fact the first to describe the EPR argument as a “paradox”.
5When applied to separated and no longer interacting quantum systems.
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perhaps written down the Bell nonlocality criterion of Sec. 8.1.2 and discovered Bell’s

theorem a generation earlier. However, it is difficult to discuss what Schrödinger

should have written. We are constrained to discuss what he did write about. He was

very clear that his concern with entangled states was the nonlocal influence that one

party could have on the other’s system. All of his language points to this asymmetric

situation as the phenomenon that interested him6. Thus, when generalising steering

to account for mixed states, it is necessary that the definition reflect this asymmetric

situation7.

For these reasons, the asymmetric, hybrid definition for steering as a phenomenon

which occurs in the absence of the existence of a LHS model for Bob’s system is a

valid generalisation of the concept which Schrödinger introduced for pure states.

8.3 Questions

Equipped with a rigorous definition for steering in the mixed state scenario we are

able to address a number of questions. Two questions of particular importance will

be addressed in the remainder of this thesis.

1. Given an entangled state described by a state matrix W , is the state steerable?

2. Given a set of experimental correlations, do these results constitute steering

(i.e. is there no LHS model to describe the correlations)?

The answer to the first question would be useful in designing quantum protocols.

For instance, if one required the use of steering in a quantum protocol then an answer

to the first question would allow one to determine if a given quantum state would

be a suitable resource to carry out the protocol. The second question is obviously

directly applicable to experiments. An experimenter may have tried to produce the

protocol just discussed, and want some verification that the experiment is working

correctly. By taking measurements of experimental correlations, the second question

would allow one to determine if the experiment really does demonstrate steering.

6Indeed, the EPR argument that motivated Schrödinger was also nested in asymmetric language
concerning the apparent remote influence that pure entangled states allow one to party to have on
another.

7Although one could also argue that Schrödinger would support the idea that the asymmetry
involved in steering lies only in the fact that one of the two sides is measured.
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8.4 Summary of chapter

This chapter has provided the promised generalisation of the concept of steering

which is applicable to mixed states as well as pure states. First, an operational

definition in terms of a task was presented in which Alice can only convince Bob that

they share an entangled state if the state is steerable. This definition was contrasted

with operational definitions for nonseparability and Bell nonlocality. These three

concepts can be considered as a hierarchy of tasks in terms of limiting trust. The

weakest concept, nonseparability, requires the most trust to verify as a task, while

Bell nonlocality, the strongest concept requires the least trust. Steerability lies

between these concepts in this operational picture.

These definitions were then formalised in a mathematical manner. In this pic-

ture, trust is replaced by a belief that quantum mechanics is describing the local

states. To verify entanglement, one must believe that there is a valid quantum de-

scription for both local systems (that is, that the combined state could have a valid

separable representation). When this does not occur, the state is entangled. In con-

trast, the condition to test for Bell nonlocality requires the least trust, and thus does

not require a belief that either system be described by a quantum state. Instead

any valid probability distribution8 can be used for each of the systems. This math-

ematical picture again places steering between these concepts; this time with the

steerability condition depending on the existence of a hybrid LHV/LHS model for

the combined system (or simply a LHS model for Bob’s system). This intermediate

concept requires trust in QM to validly describe at least one (Bob’s) system.

This chapter has also provided justification as to why the presented generalisation

of steering is consistent with Schrödinger’s use of the term. Finally, some questions

made possible by the rigorous definition have been introduced to be considered in

the subsequent chapters.

8That is, any LHV description.



Chapter 9

Quantum state steering

“Advice may be wrong, but examples prove themselves”

– H. W. Shaw (1815 – 1885).

As introduced in the previous chapter, this new generalisation of steering imme-

diately allows one to address the question of which mixed entangled states allow a

demonstration of steering. Addressing this concept will be the focus of this chapter.

First we will define some important concepts for determining state steerability, then

these concepts will be applied to a number of classes of states as examples.

9.1 Demonstrating steering

At this point it is instructive to stress the importance of the measurement scheme

for steering. In the steerability definition of Chapter 8, the measurement scheme

appears explicitly in the definition. If there exists any measurement scheme per-

formed by Alice for which there is no LHS model for Bob’s system, then the state in

question is steerable. This leads us to distinguish between two important concepts;

necessary conditions for steerability and sufficient conditions for steerability. For

state steerability, any measurement scheme for which there is no LHS model for

Bob is sufficient to demonstrate that the state is steerable. This means that if a

state is steerable, it is necessary that there exists some measurement scheme which

allows a demonstration of steering.

In general, it may be a difficult task to consider every possible measurement

scheme to determine if a state is steerable. Therefore, it may be useful to consider

specific examples of measurement schemes and show that there exists no possible

LHS model for these measurements. In such a situation we are specifying a sufficient

condition for steerability. In the remainder of this chapter, as in Chapter 8, we con-

sider the broad class of all possible projective measurement schemes. We therefore

111
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ask the question of which members of certain classes of states are steerable using

these measurements. In the first two examples (Werner and isotropic states) we

are able to answer this question by considering the complete set of projective mea-

surements, and therefore determine the necessary and sufficient condition for these

states to be steerable. In the final two examples (Inept states and Gaussian states)

the particular symmetries of the states suggest a specific subset of measurements to

consider, and thus we determine only a sufficient condition for these states to be

steerable.

9.2 Conditions for state steerability

Below we derive conditions for steerability for four families of states W . In each

example we parameterize the family of states in terms of a mixing parameter η ∈ R,

and a second parameter that may be discrete. In each case, the upper bound for W

to be a state is η = 1, and W is a product state if η = 0, and (except in the last

case) W is linear in η.

In terms of the parameter η we can define boundaries between different classes

of states. For example, we will make use of ηBell, defined by W η being Bell-nonlocal

if and only if η > ηBell. Similarly a state W η is entangled if and only if η > ηent.

Our goal is then to determine (or at least bound) the steerability boundaries for the

above classes of states, defined by W η being steerable if and only if η > ηsteer.

Crucial to the derivations of the conditions for steerability of these states is the

concept of an optimal ensemble H? = {ρ?ξ℘?ξ}; that is, an ensemble such that if it

cannot satisfy Eq. (8.5) for all relevant A then no ensemble can satisfy it. That is,

if an optimal ensemble does not explain Alice’s influence on Bob’s system, then no

possible ensemble will (and therefore the state is steerable by Alice). In finding an

optimal ensemble H? we use the symmetries of W and Mα:

Lemma 4. Suppose a measurement of Ûα(g)ÂÛ
†
α(g) on Alice’s system collapses

Bob’s system to the ensemble Ûβ(g)ρ̃
A
a Û

†
β(g) where Ûα(g) and Ûβ(g) are unitary

representations of a group G. If this is the case, ∀Â ∈ Mα, ∀a ∈ λ(Â), ∀g ∈ G,

and we have Û †
α(g)ÂÛα(g) ∈ Mα then Bob’s conditioned state can be realised as

ρ̃Û
†
α(g)ÂÛα(g)

a = Ûβ(g)ρ̃
A
a Û

†
β(g). (9.1)

If such an ensemble for Bob’s state exists, then a G-covariant optimal ensemble



9.2. CONDITIONS FOR STATE STEERABILITY 113

exists, i.e. one of the form {ρ?ς℘?ς} = {Ûβ(g)ρ?ς Û †
β(g)℘

?
ς}, ∀g ∈ G.

Proof. For specificity, consider a discrete group with order |G|. Say there exists an

ensemble H = {ρξ℘ξ} satisfying Eq. (8.5) for some map ℘(a|Â, ξ). Then under the

conditions of Lemma 4, ρ̃Aa can be rewritten as

ρ̃Aa = |G|−1
∑

g∈G

∑

ξ

Ûβ(g)ρξÛ
†
β(g)℘(a|Û †

α(g)ÂÛα(g), ξ)℘ξ

Thus the G-covariant ensemble H? = {ρ?(g,ξ)℘(g, ξ)}, with ρ?(g,ξ) = Ûβ(g)ρξÛ
†
β(g) and

℘(g, ξ) = ℘ξ/|G|, satisfies Eq. (8.5) with the choice

℘?(a|Â, (g, ξ)) = ℘(a|Û †
α(g)ÂÛα(g), ξ). (9.2)

The analogous formulas for the case of continuous groups are elementary.

Once we have determined an1 optimal ensemble for a given class of states (and a

given measurement strategy) it remains to determine if there exists a stochastic map

℘(a|Â, ξ) such that Eq. (8.5) is true. In each steering experiment we assume that

Alice really does send Bob an entangled state. To determine if the state is steerable,

we take the perspective of a skeptical Bob and imagine that in each case Alice is

attempting to cheat; that is, that she sends Bob a random state from the optimal

ensemble H? and does not perform her measurements. She simply announces her

alleged measurement results based on ℘(a|Â, ξ) which defines her cheating strategy.

We compare the states that Bob would obtain if Alice really did send half of an

entangled state and perform a measurement with those that could be prepared

using an optimal ensemble and cheating strategy.

There are two possible reasons why Bob could find that his measurements results

are consistent with results reported by Alice. First, Alice could really be sending

Bob half of an entangled state and steering his system via her measurements. Or,

as the skeptical Bob believes, Alice could really just be sending him different pure

states in each run and announcing her results based on her knowledge of this state.

Now if the optimal ensemble (which we are assuming Bob is clever enough to

determine) can explain the correlations between Alice’s announced results and Bob’s

results then the state sent by Alice is not steerable. However, if the best cheating

strategy that Alice could utilise is insufficient to explain the correlations then Bob

1We should refer to ‘an’ optimal ensemble since we have not proven that the G-covariant optimal
ensemble is unique. If we refer to ‘the’ optimal ensemble it is to be assumed that we are referring
to the G-covariant optimal ensemble.
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must admit that Alice has sent him part of an entangled state. Furthermore, if he

makes this admission, the state must be steerable, as per our operational definition

of steering provided in Chapter 8.

9.2.1 Werner states

This family of states in Cd⊗Cd was introduced by Werner in Ref. [11]. As mentioned

above, we parametrize it by η ∈ R such that W η
d is linear in η, it is a product state

for η = 0, and is a state at all only for η ≤ 1:

W η
d =

(

d− 1 + η

d− 1

)

I

d2
−
(

η

d− 1

)

V

d
. (9.3)

Here I is the identity and V the “flip” operator defined by V|ϕ〉 ⊗ |ψ〉 ≡ |ψ〉 ⊗ |ϕ〉.
Defining Φ = (1 − (d + 1)η)/d allows one to reproduce Werner’s notation [11] for

these states. Werner states are nonseparable if and only if η > ηent = 1/(d + 1)

[11]. For d = 2, the Werner states violate the Clauser-Horne-Shimony-Holt (CHSH)

inequality if and only if η > 1/
√

2 [32]. This places an upper bound on ηBell. For

d > 2 only the trivial upper bound2 of 1 is known. However, Werner found a lower

bound on ηBell of 1 − 1/d [11], which is strictly greater than ηent.

Now let us consider the possibility of steering Werner states. We allow Alice all

possible measurement strategies: Mα = Dα, and without loss of generality take the

projectors to be rank-one: Π̂A
a = |a〉〈a|. For Werner states, the conditions of Lemma

4 are then satisfied for the d-dimensional unitary group U(d). Specifically, g → Û ,

and Ûαβ(g) → Û ⊗ Û [11]. Again without loss of generality we can take the optimal

ensemble to consist of pure states3, in which case there is a unique covariant optimal

ensemble, H? = {|ψ〉〈ψ|dµHaar(ψ)}, where dµHaar(ψ) is the Haar measure over U(d).

If Alice were to make any projective measurement of her half of a Werner state

and obtain the result a, Bob’s unnormalized conditioned state would be given by

ρ̃Aa = TrA

[

(Π̂A
a ⊗ I)W η

d

]

= 〈a|W η
d |a〉

=

(

d− 1 + η

d (d− 1)

)

I

d
−
(

η

d (d− 1)

)

|a〉〈a|. (9.4)

2This is because no Bell inequality has been found that the Werner states violate for d > 2. It
is only an upper bound because this is not a test of all possible Bell inequalities.

3If the optimal ensemble were to consist of mixed states, one could simulate this ensemble by
taking a larger pure state ensemble and coarse-grain over this ensemble to obtain the required
mixed state ensemble.
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This is a state proportional to the completely mixed state minus a term proportional

to the state Alice’s system is projected into by her measurement.

We now determine if it is possible for Alice to simulate this conditioned state us-

ing the optimal ensemble H? and an optimal cheating strategy defined by ℘?(a|Â, ψ).

That is, we imagine that in each run of the experiment Alice simply sends Bob a

state ρψ = |ψ〉〈ψ| drawn at random from H? = {|ψ〉〈ψ|dµHaar(ψ)}. When asked to

perform a measurement Â and announce her result, she uses ℘?(a|Â, ψ) (which is

based on her knowledge of ρψ = |ψ〉〈ψ|) to determine her answer. In testing whether

this is actually what Alice could be doing, we only need to consider the quantity

〈a|ρ̃Aa |a〉. This is because Bob’s conditioned state differs from the completely mixed

state only in its overlap with the state |a〉〈a|. From Eq. (9.4), we deduce that

〈a|ρ̃Aa |a〉 =
(1 − η)

d2
. (9.5)

If (on average) the strategy used by Alice with the ensemble H? produces the

correct overlap with the state |a〉〈a| then Eq. (8.5) will hold and steering is not

possible. Thus Alice makes use of the overlap with |a〉〈a| of the random states |ψ〉
in determining the optimal ℘(a|Â, ψ).

Alice’s goal is to simulate ρ̃Aa , as defined in Eq. (9.4). Therefore, in each run of

the experiment she announces as her result the a corresponding to the eigenstate

of Â that has the highest overlap with ρ̃Aa . However, because |a〉〈a| appears with

a minus sign in ρ̃Aa , this corresponds to the eigenstate with the least overlap with

|a〉〈a|. Writing this explicitly, the optimal distribution is given by

℘?(a|Â, ψ) =

{

1 if 〈ψ|Π̂A
a |ψ〉 < 〈ψ|Π̂A

a′ |ψ〉 ∀ a′ 6= a

0 otherwise.
(9.6)

It is straightforward to see that this ensemble is normalized, that is, ∀Â, ψ,

∑

a

℘?(a|Â, ψ) = 1. (9.7)

Clearly the optimal distribution, ℘?(a|A,ψ), is the distribution that will predict

the same overlap with |a〉〈a| as that given by Eq. (9.5), precisely at the steering

boundary ηsteer. When η < ηsteer steering cannot be demonstrated, as it is possible

that Alice is using a cheating strategy to simulate Bob’s conditioned state. This

means that Alice’s optimal cheating strategy could actually make Bob believe that
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his conditioned state has a smaller overlap with |a〉〈a| than would be expected from

Eq. (9.5). In this case Alice could correctly simulate ρ̃Aa simply by introducing the

appropriate amount of randomness to her responses (i.e. increase the overlap to

the correct size by choosing a different ℘(a|Â, ψ)).To reiterate, when η < ηsteer it is

possible that Alice is performing a classical strategy which is consistent with Bob’s

results, so he will not believe that the state is genuinely steerable.

To find the form of ηsteer we compare with Werner’s result [11] for the lower

bound on ηent. We find that he actually used the construction outlined above. His

LHVs for Bob’s system were in fact the LHSs used in the optimal ensemble H?.

Werner shows that for any positive normalized distribution ℘(a|Â, ψ),

〈a|
∫

dµHaar(ψ)|ψ〉〈ψ|℘(a|Â, ψ)|a〉 ≥ 1/d3. (9.8)

The equality is attained for the optimal ℘?(a|Â, ψ) specified by Eq. (9.6) (this pro-

duces the smallest possible predicted overlap with |a〉〈a|).

Now to determine when Eq. (8.5) is satisfied by H? (and thus to determine ηsteer)

we simply compare Eq. (9.8) with Eq. (9.5). We find that Alice cannot simulate the

correct overlap with |a〉〈a| if and only if

(1 − η)/d2 < 1/d3. (9.9)

Hence we see that for Werner states

ηsteer = 1 − 1

d
. (9.10)

Recently a new lower bound for ηBell was found for d = 2 by Aćın et al. [83],

greater than ηsteer, as shown in Fig. 9.1. Ref. [83] makes use of a connection with

Grothendieck’s constant (a mathematical constant from Banach space theory) to

develop a local hidden variable model for projective measurements when d = 2.

Ac̀ın et al. show that for two-qubit Werner states

0.7071 ≈ 1/
√

2 ≥ ηBell ≥ 1/Kg(3) ≈ 0.6595, (9.11)

where Kg(3) ≈ 1.5163 is Grothendieck’s constant of order 3. Bounds on Kg(3)

ensure that for d = 2 Werner states ηBell ≥ 0.6595. Using Eq. (9.10), we see that

when d = 2, ηsteer = 1/2. This proves that steerability is strictly weaker than Bell-
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nonlocality as ηsteer < 0.6595 ≤ ηBell. It is also well known that for d = 2, ηent = 1/3

which is strictly less than ηsteer. Thus using the d = 2 Werner states as an example

we also see that steerability is strictly stronger than non-separability. This clear

distinction between the three classes can be seen on the left hand axis of Fig. 2 (a).

9.2.2 Isotropic states

The isotropic states, which were introduced in [84], can be parametrized identically

to the Werner states; that is, in terms of their dimension d and a mixing parameter

η:

W η
d = (1 − η)I/d2 + ηP+. (9.12)

Here P+ = |ψ+〉〈ψ+|, where |ψ+〉 =
∑d

i=1 |i〉|i〉/
√
d is a maximally entangled state.

In fact, for d = 2 it is straightforward to verify that the Isotropic states are identical

to Werner states up to local unitaries. Isotropic states are nonseparable if and only

if η > ηent = 1/(d+ 1) [84].

A non-trivial upper bound on ηBell for all d is known; in Ref. [85] it is shown

that a Bell inequality is certainly violated by a d-dimensional isotropic state if

η >
2

Id(QM)
, (9.13)

where Id(QM) is defined as

Id(QM) = 4d

[d/2]−1
∑

k=0

(

1 − 2k

d− 1

)

(

qk − q−(k+1)

)

, (9.14)

and qk = 1/{2d3 sin2[π(k + 1/4)/d]}. Thus, this expression is an upper bound on

ηBell. Collins et al. [85] go on to show that in the limit as d → ∞ the limiting

value of this upper bound on ηBell approaches π2/(16 × Catalan) ≈ 0.6734, where

Catalan ≈ 0.9159 is Catalan’s constant.

In determining steerability we again allow Alice all possible measurement strate-

gies: Mα = Dα, and take the projectors to be rank-one: Π̂A
a = |a〉〈a|. The isotropic

states have the symmetry property that they are invariant under transformations

of the form Û∗ ⊗ Û , hence the conditions of Lemma 4 are again satisfied for the

d-dimensional group U(d) of d-dimensional unitary transformations. In this case,

g → Û , and Ûαβ(g) → Û∗ ⊗ Û . Thus we can again take the optimal ensemble to be

H? = {|ψ〉〈ψ|dµHaar(ψ)}.
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Figure 9.1: (Color on-line.) Boundaries between classes of entangled states for
Werner (a) and Isotropic (b) states W η

d , Inept states W η
ε (c) and two-mode symmet-

ric Gaussian states W η
n̄ (d). The bottom (blue) line is ηent, above which states are

entangled. The next (red) line is ηsteer, above which states are steerable. In cases (c)
and (d) the down-arrows indicate that we have only an upper bound on ηsteer. The
top (green) line with down-arrows is an upper bound on ηBell, above which states
are Bell-nonlocal. The up-arrows in cases (a) and (b) are lower bounds on ηBell for
d = 2. This lower bound establishes that the classes are strictly distinct. In cases
(a) and (b), dots join values at finite d with those at d = ∞. The separate point in
(c) at ε = 0.5 is explained at the end of Sec. 9.2.3.
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Now consider the conditioned state that Bob would obtain if Alice were to make

a measurement Â on her half of W η
d ,

ρ̃Aa = TrA

[

(Π̂A
a ⊗ I)W η

d

]

=

(

1 − η

d

)

I

d
+
η

d
|a〉〈a|. (9.15)

This is a state proportional to the completely mixed state plus a term proportional

to the state Alice’s system would be projected into by her measurement. Note the

similarity with the Werner state example, where the conditioned state was propor-

tional to the completely mixed state minus a term proportional to |a〉〈a|. This

difference arises because the isotropic states are symmetrically correlated rather

than anti-symmetrically correlated as in the Werner state example.

Again we wish to determine if it is possible for Alice to simulate the conditioned

state ρ̃Aa using the optimal ensemble H? and a cheating strategy defined by an

optimal distribution ℘?(a|Â, ψ).

Imagine that in each run of a steering experiment Alice simply sends Bob a state

|ψ〉〈ψ| drawn at random from H? = {|ψ〉〈ψ|dµG(ψ,m)}. When asked to perform

a measurement Â and announce her result, she uses ℘?(a|Â, ψ) to determine her

answer. In testing whether this is actually what Alice could be doing, we again only

need to consider the quantity

〈a|ρ̃Aa |a〉 =
η

d
+

(1 − η)

d2
. (9.16)

In this case Alice’s strategy is similar to the Werner state example, except now she

wants to to simulate the maximum possible overlap with |a〉〈a| (due to the form of

ρ̃Aa ). Therefore, Bob will only concede that W η
d is steerable if the maximum overlap

with |a〉〈a| predicted using the ensemble H? and the optimal cheating strategy

℘?(a|A,ψ) is less than that predicted by Eq. (9.16). In this case there would be

no possible classical strategy that Alice could possibly be using to simulate the

correlations with Bob’s results. Identical predictions for the overlap with |a〉〈a| will

again occur precisely at the steering boundary ηsteer, which occurs when ℘?(a|Â, ψ)

is used.

The optimal ℘(a|Â, ψ) is defined in a similar manner to the Werner state example.

However, in each run of the experiment Alice now determines which of the eigenstates

of Â is closest to |ψ〉〈ψ| and announces the eigenvalue associated with that eigenstate
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as her result. That is,

℘?(a|Â, ψ) =

{

1 if 〈ψ|Π̂A
a |ψ〉 > 〈ψ|Π̂A

a′ |ψ〉 ∀ a′ 6= a

0 otherwise.
(9.17)

To test if Eq. (8.5) holds, Alice and Bob would need to run the experiment many

times and compare 〈a|ρ̃Aa |a〉 with the quantity

〈a|
∫

dµHaar|ψ〉〈ψ|℘?(a|A,ψ)|a〉. (9.18)

This can be written as

〈a|
∫

a

dµHaar(ψ)|ψ〉〈ψ|a〉 =

∫

a

dµHaar(ψ)|〈a|ψ〉|2, (9.19)

where the subscript a on the integral means that in the integral only those states

with |〈a|ψ〉| greater than all others will contribute. As shown in Appendix B.1, a

random state |ψ〉 from the ensemble H? can be described by the unnormalized state

|ψ̃〉 = m|ψ〉 =
1√
d

d
∑

j=1

zj |φj〉, (9.20)

where the zj are mutually independent complex Gaussian random variables with

zero mean and zero second moments except for 〈z∗j zk〉 = δjk. That is, we can

replace the Haar measure dµHaar(ψ) by dµG(ψ,m) = dµG(m)dµHaar(ψ). In terms of

the variables {zj},this can be expressed as

dµG(ψ,m) → π−d exp

(

−
d
∑

i=1

z2
i

)

d2z1...d
2zd. (9.21)

Now using the Gaussian measure dµG(ψ,m) to describe the ensemble H?, we

can rewrite Eq. (9.19) as

∫

a

dµHaar(ψ)|〈a|ψ〉|2 =

∫

a

dµHaar(ψ)|〈a|ψ〉|2
∫

dµG(m)m2

∫

dµG(m)m2

=

∫

a
dµG(ψ,m)|〈a|ψ̃〉|2
∫

dµG(m)m2
. (9.22)

It is straightforward to show that the denominator equals one (see Appendix B.2),
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and hence we can evaluate the numerator (left to Appendix B.3) to find that

∫

a

dµG(ψ,m)|〈a|ψ̃〉|2 =
Hd

d2
, (9.23)

where Hd = 1 + 1/2 + 1/3 + . . .+ 1/d is the Harmonic series.

Thus we find that for any positive normalized distribution ℘(a|Â, ψ) we must

have

〈a|
∫

dµHaar(ψ)|ψ〉〈ψ|℘(a|Â, ψ)|a〉 ≤ Hd

d2
, (9.24)

with the equality obtained for the optimal ℘?(a|Â, ψ) as defined in Eq. (9.17). Com-

paring this with Eq. (9.16) we see that steering can be demonstrated if and only

if
η

d
+

(1 − η)

d2
>
Hd

d2
. (9.25)

Thus for isotropic states

ηsteer =
Hd − 1

d− 1

−→
large d

log(d)

d
. (9.26)

For d = 2 the isotropic states are equivalent (up to local unitaries) to the Werner

states, and we again find that ηsteer = 1/2 which is strictly less than ηBell and strictly

greater than ηent. For d > 2, ηsteer is greater than ηent and significantly less than an

upper bound on ηBell. This is shown in Fig. 9.1 (b). For large d we see that both

ηsteer and ηent tend to zero, however, ηsteer approaches zero more slowly; it is larger

than ηent by a factor of log(d) [86].

9.2.3 Inept states

We now consider a family of states with less symmetry than the previous examples.

This makes the analysis more difficult, meaning that we cannot find ηsteer exactly.

However, making use of the symmetry properties of the states allows us to find an

upper bound on ηsteer. We define a family of two-qubit states by

W η
ε = η|ψε〉〈ψε| + (1 − η)ρα ⊗ ρβ , (9.27)

where

|ψε〉 =
√

1 − ε |0α0β〉 +
√
ε |1α1β〉, (9.28)
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and the reduced states ρα(β) are found by partial tracing with respect to Bob (Alice).

That is,

ρα(β) = Trβ(α)[|ψε〉〈ψε|]. (9.29)

As in the previous examples, this is a two-parameter family of states; the parameter

η is again a mixing parameter, and the parameter ε determines how much entangle-

ment is present in the state |ψε〉. Note that when ε = 1/2 these states are equivalent

to the two-dimensional Werner and isotropic states (see Appendix C.1 for details).

This family of states was studied in Ref. [87] in the context of distributing entan-

glement. The authors considered an inept company attempting to distribute pure

entangled states |ψε〉 to many pairs of parties. However, they mixed up the ad-

dresses some fraction 1−η of the time, meaning that on average the company would

actually distribute mixed entangled states of the form of Eq. (9.27). That is, the

state W η
ε arises as a result of applying a non-linear map to |ψε〉〈ψε| corresponding

to the mixing up of addresses (see Ref. [87] for details). Due to the introduction of

this family of states in the context of an inept delivery service, we will refer to them

as ‘Inept’ states.

As noted above, the Inept states are a family of two-qubit states, which means

that it is possible to evaluate ηent analytically. This was done in Ref. [87] leading

to the following condition for nonseparability of Inept states,

η > ηent =
ε(1 − ε)

ε(1 − ε) +
√

ε(1 − ε)
. (9.30)

Ref. [87] also considers Bell nonlocality of the state matrix W η
ε by testing if a

violation of the CHSH inequality [31] occurs. This was done using the method of [32]

for determining the optimal violation of the CHSH inequality for two-qubit states.

One finds that the state W η
ε violates the CHSH inequality if and only if

η >
4ε2 − 4ε+ 1 −

√
4ε2 − 4ε+ 3

4ε2 − 4ε− 1
.. (9.31)

The expression here is thus an upper bound on ηBell.

Now, in order to demonstrate steering we must specify a measurement strategy.

In the two previous examples we have used the complete set of projective measure-

ments, Mα = D. This would be a suitable measurement strategy to allow us to

define an optimal ensemble, however, in order to make our task simpler we will

consider a more restricted set of measurements. We note that states defined by
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Eq. (9.27) have the symmetry property that they are invariant under simultaneous

contrary rotations about the z-axes. This immediately suggests a restricted mea-

surement scheme; we allow all measurements in the xy-plane but only allow a single

measurement along the z-axis. That is, Alice’s measurement scheme is given by

Mα = {σ̂z} ∪ {σ̂θ : θ ∈ [0, 2π)}, where

σ̂θ = σ̂x cos(θ) + σ̂y sin(θ). (9.32)

In this case the conditions for Lemma 1 are satisfied for the Lie group G generated

by (1/2)σ̂z ⊗ I − (1/2)I⊗ σ̂z (see Appendix C.2).

This is a more restricted scheme than we have considered so far, but will be

sufficient to demonstrate steerability if Eq. (8.5) does not hold (since it must hold

for all measurements to preclude steering). Thus we are only considering an upper

bound on ηsteer (the boundary between steerable and non steerable states using all

projective measurements).

We now consider the optimal ensemble for this restricted set of measurements.

We use an ensemble of pure states H = {|ψ〉〈ψ|dµ(ψ)}, where

|ψ〉〈ψ| =
1

2

(

I +
√

1 − z2 cos(φ)σ̂x +
√

1 − z2 sin(φ)σ̂y − zσ̂z

)

(9.33)

and dµ(ψ) = (dφ/2π)℘(z)dz. It is straightforward to show that this ensemble is

of the form of the optimal ensemble since the conditions for Lemma 1 hold (see

Appendix C.2). While this ensemble has the form of the optimal, it is not completely

specified as ℘(z) is still general. Thus to find the optimal ensemble we need to

determine the optimal probability distribution ℘(z).

First consider the reduced states that Bob would obtain if Alice really were to

measure σ̂z on her half of W η
ε . If she did so, and obtained the +1 result then Bob’s

state would be given by

ρ̃σz

+1 = (ε)
1

2
[I − z+σ̂z] . (9.34)

Similarly, for the −1 result, Bob would obtain

ρ̃σz

−1 = (1 − ε)
1

2
[I − z−σ̂z] . (9.35)
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where the constants z+ and z− are defined as

z+ = 1 − 2η − 2ε (1 − η) ,

z− = 1 − 2ε (1 − η) . (9.36)

Now we wish to determine if Alice could simulate these conditioned states using

the ensemble H and a suitable strategy ℘(±1|σ̂z, (z, φ)). Due to the form of ρ̃σz

±1

the best strategy for Alice is to split the ensemble H into two sub-ensembles, one

to simulate ρ̃σz

+1 and the other to simulate ρ̃σz

−1. Thus we can separate ℘(z) into two

positive distributions

℘(z) = ℘+(z) + ℘−(z). (9.37)

We imagine that Alice will attempt to simulate measuring σ̂z by randomly generating

states |ψ〉〈ψ| using the distribution ℘(z) and sending them to Bob. If in a particular

run of the experiment the state she sent Bob was from the sub-ensemble determined

by ℘+(z) then she will announce the result +14. Similarly if she sent Bob a state

from ℘−(z) then she will announce −1.

Now if Alice uses this strategy, Bob will find on average

∫

dµ℘±(z)|ψ〉〈ψ| =
1

2

[

I

∫ +1

−1

dz℘±(z) − σ̂z

∫ +1

−1

dz℘±(z)z

]

, (9.38)

where the σx and σy terms average to zero5 in the integral over φ. Setting Eq. (9.38)

equal to ρ̃σz

±1 gives the following constraints on ℘(z),

∫ 1

−1

dz℘+(z) = ε, (9.39)

∫ 1

−1

dz℘−(z) = 1 − ε, (9.40)

∫ 1

−1

dz℘+(z)z = εz+, (9.41)

∫ 1

−1

dz℘−(z)z = (1 − ε)z−. (9.42)

Now consider the conditioned states that Bob would obtain if Alice were to

4It appears implicit that the distributions ℘+(z) and ℘
−

(z) are assumed to be disjoint. The
explanation is written in this manner for simplicity, since the calculations show that in the optimal
case the distributions are in fact disjoint, however, this was not assumed.

5The φ integrals average to unity for the identity and σz terms.
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measure σ̂θ:

ρ̃σθ

±1 =
1

2

[

I ± η
√

ε(1 − ε) cos(θ)σ̂x ± η
√

ε(1 − ε) sin(θ)σ̂y − (1 − 2ε)σ̂z

]

. (9.43)

How well could Alice simulate the above state using the ensemble H? and a cheating

strategy defined by ℘(±1|σ̂θ, (z, φ))? We know that the ensemble H? is symmetric

under rotations about the z-axis. So in this case Alice would use her knowledge

of φ to determine the outcome to announce when asked to measure σ̂θ. That is,

if the state |ψ〉〈ψ| that she sent Bob is closer to the positive axis defined by σ̂θ

then she will announce the +1 result. Similarly, if |ψ〉〈ψ| is closer to the negative

measurement axis then she announces −1. This corresponds to

℘(±1|σ̂θ, (z, φ)) =

{

1 if φ ∈ [θ ∓ π
2
, θ ± π

2
)

0 if φ ∈ [θ ± π
2
, θ ∓ π

2
).

(9.44)

From the symmetry under rotations about the z-axis we can see that Alice will

be able to do equally well using this strategy to simulate states prepared by any

measurement σ̂θ in the xy-plane. Thus without loss of generality we set θ = 0 and

consider the specific case where Alice allegedly measures σ̂x. Under these conditions

Eq. (9.43) reduces to

ρ̃σx

±1 =
1

2

[

I ± η
√

ε(1 − ε)σ̂x − (1 − 2ε)σ̂z

]

. (9.45)

If Alice randomly sends Bob states from H? and uses Eq. (9.44) to determine

her responses, Bob will find on average the state

1

2

[

I ± 1

π

∫ +1

−1

dz
√

1 − z2℘(z)σ̂x −
∫ +1

−1

dz℘(z)zσ̂z

]

. (9.46)

We know that when H is optimal, Eq. (9.46) will exactly simulate Eq. (9.45).

In determining the optimal H we must find the optimal ℘(z), however, we are

constrained in determining ℘(z) by the fact that the ensemble must also simulate

the states that Bob would obtain if Alice were to measure σ̂z. These constraints are

enforced by Eqs. (9.39) – (9.42).

Note that Eq. (9.39) and Eq. (9.40) ensure that the σ̂z term in Eq. (9.45) and

Eq. (9.46) will be the same. Therefore, to determine how well Alice’s strategy

can simulate Eq. (9.45) we only need to consider the coefficient of the σ̂x term.

If the coefficient of this term predicted by Eq. (9.46) is as large as in Eq. (9.45)
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then Alice’s strategy simulates Bob’s conditioned state perfectly. Thus Bob would

not believe that the state W η
ε is genuinely steerable. Hence we need to find the

distribution ℘?(z) which maximizes the σ̂x coefficient in Eq. (9.46) to determine if

steering is possible. That is, we wish to find the ℘(z) that gives the maximum value

of (1/π)
∫ +1

−1
dz

√
1 − z2℘(z). This is equivalent to maximizing

1

π

∫ +1

−1

dz
√

1 − z2 [℘+(z) + ℘−(z)] , (9.47)

subject to the constraints given by Eqs. (9.39) – (9.42).

Writing ℘±(z) = f 2
±(z) for real functions f±(z) we can use Lagrange multiplier

techniques to perform the optimization. We find that the optimal ℘(z) has the

unsurprising form

℘?(z) = εδ(z − z+) + (1 − ε)δ(z − z−), (9.48)

where the constants z± are defined in Eq. (9.36) and δ(z − z′) is the Dirac delta

function. We see now why the choice of splitting the ensemble into two distributions

was the best choice for Alice. The optimal ensemble H? is composed of pure states in

two rings around the z-axis of the Bloch sphere; one in the +z-hemisphere defined

by z+, which on average may be used to simulate ρ̃σz

+1, and the other in the −z-
hemisphere defined by z− which may simulate ρ̃σz

+1. (These comments apply to the

case 0 ≤ ε ≤ 1/2.)

Using ℘?(z) to evaluate Eq. (9.46) we find that

ρ̃σx

±1 =
1

2

[

I ± 1

π

{

ε
√

1 − z2
+ + (1 − ε)

√

1 − z2
−

}

σ̂x − (1 − 2ε)σ̂z

]

. (9.49)

Finally comparing this with ρ̃σx

±1 given by Eq. (9.45) we find that Alice’s optimal

cheating strategy fails to simulate measurements of σ̂x when

πη
√

ε(1 − ε) − (1 − ε)

√

1 − [1 − 2ε(1 − η)]2 − ε

√

1 − [1 − 2η − 2ε(1 − η)]2 > 0.

(9.50)

Thus under these conditions we know that steering is possible using the measurement

scheme Mα. Note that we have not determined ηsteer as we have not considered all

possible projective measurements. However, we can make Eq. (9.50) an equality

to provide an equation for η which is an upper bound on ηsteer. This boundary is

plotted in Fig. 9.1 (c).
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For ε = 1/2 we know explicitly that

ηBell > ηsteer > ηent, (9.51)

(since these states are equivalent to the d = 2 Werner states). This special case

yields the isolated points at ε = 1/2 in Fig. 9.1 (c). For the remaining range of ε we

find that our upper bound on ηsteer is significantly lower than the upper bound on

ηBell and significantly higher than ηent. This fact, taken with the known boundary

values for ε = 1/2 gives us good reason to conjecture that the three boundaries are

strictly distinct for all ε ∈ [0, 1].

9.2.4 Gaussian states

Finally we investigate a general (multi-mode) bipartite Gaussian state W [88]. The

mode operators are defined as q̂i = âi + â†i and p̂i = −i(âi − â†i ) for the posi-

tion and momentum respectively. Here âi and â†i are the annihilation and cre-

ation operators for the ith mode. For an n-mode state one may define a vector

Λ̂αβ = (q̂1, p̂1, ..., q̂n, p̂n) which allows the commutation relations for the mode oper-

ators to be compactly expressed as

[Λi
αβ,Λ

j
αβ] = 2iΣij

αβ . (9.52)

Here Σij
αβ are matrix elements of the symplectic matrix Σαβ =

⊕n
k=1 Jk where

Jk =

(

0 1

−1 0

)

, (9.53)

and the subscripts αβ indicate that we are considering all modes possessed by Alice

and Bob.

A Gaussian state is defined by the mean of the vector of phase-space variables

Λ̂, as well as the covariance matrix (CM) Vαβ for these variables. The mean vector

can be arbitrarily altered by local unitary operations and hence cannot determine

the entanglement properties of W . Thus for our purposes a Gaussian state is char-

acterized by the CM. In (Alice, Bob) block form it appears as

CM[W ] = Vαβ =

(

Vα C

C> Vβ

)

, (9.54)
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where Vα, Vβ are block matrices containing the variances for Alice and Bob’s modes

respectively (as well as the covariances between pairs of modes on Alice’s side alone

and pairs of modes on Bob’s side alone) and C is a block matrix containing the co-

variances between their modes. The state W with covariance matrix Vαβ represents

a valid state if and only if the linear matrix inequality (LMI)

Vαβ + iΣαβ ≥ 0 (9.55)

is satisfied [88] .

Rather than addressing steerability in general, we consider the case where Alice

can only make Gaussian measurements [88, 89], the set of which will be denoted by

Gα (and will be defined in the subsequent example). Thus, as for the previous sec-

tion, since we are considering a restricted class of measurements, if we demonstrate

steerability with this measurement scheme it will provide an upper bound on ηsteer

for a class of two-mode symmetric Gaussian states indexed by η, to be defined in

Eq. (9.81).

A measurement A ∈ Gα is described by a Gaussian positive operator with a CM

TA satisfying TA + iΣα ≥ 0, where Σα is defined as for Σαβ but only for Alice’s

modes [88, 89]. When Alice makes such a POVM measurement, Bob’s conditioned

state ρAa is Gaussian with a CM [90]

CM[ρAa ] = V A
β = Vβ − C>(Vα + TA)−1C, (9.56)

which is independent of Alice’s outcome a (since the elements of a POVM differ only

in the mean values of the quadratures and not in the covariance matrices).

Our goal is to determine a sufficient condition for steerability of Gaussian states.

We do this by determining the necessary and sufficient condition for steerability

with Gaussian measurements. In the previous examples after specifying a mea-

surement scheme we considered Bob’s conditioned state if Alice were to perform a

measurement and determined when it was possible for this state to be simulated

by a cheating strategy. In the following we are working toward the same goal. If

Alice were to perform a Gaussian measurement on half of the state W and send

the other part to Bob, then Bob’s conditioned state would have a covariance matrix

defined by Eq. (9.56); however, this is independent of Alice’s result a. Thus we do

not need to consider a strategy for Alice to announce correctly correlated results to

Bob. We simply need to determine when Alice could simulate Bob’s conditioned
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state by sending Bob states from a pure state ensemble (rather than actually sending

part of W ). We will show that there exists an optimal ensemble of Gaussian states

distinguished by their mean vectors (but sharing the same covariance matrix, which

we will label U) which Alice could use for this task. If there exists a valid ensemble

of Gaussian states defined by U which can simulate V A
β then Bob will not believe

that W is entangled, and hence the state is not steerable.

Before moving to the presentation of the main result consider the following result

from linear algebra theory relating to Schur complements of block matrices. The

Schur complements of P and Q in a general block matrix

B =

(

P R

R> Q

)

, (9.57)

are defined as ∆P = Q−R>P−1R and ∆Q = P −RP−1R> respectively. The matrix

B is positive semidefinite (PSD), if and only if both P and its Schur complement

are PSD [56] (and likewise for Q and its Schur complement).

The proof of our main theorem for Gaussian states is based on the following

inequality

Vαβ + 0α ⊕ iΣβ ≥ 0, (9.58)

and relies on the following facts:

Lemma 5. If Eq. (9.58) is true then there exists an ensemble defined by covariance

matrix U such that ∀A ∈ Gα,

U + iΣβ ≥ 0, (9.59)

V A
β − U ≥ 0, (9.60)

which implies that the state W is not steerable.

Proof

Suppose Eq. (9.58) is true. Now since we know that Vα ≥ 0, taking the Schur

complement of Vα in Eq. (9.58) we see

Vβ + iΣβ − C>V −1
α C ≥ 0, (9.61)

which implies Eq. (9.59) where U = Vβ − C>V −1
α C. This LMI allows us to define

an ensemble HU = {ρUξ ℘Uξ } of Gaussian states with CM[ρUξ ] = U , distinguished by

their mean vectors (ξ).
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Now we wish to see if the ensemble U defined above could be used to simulate

Bob’s conditioned state V A
β . This will be the case if and only if V A

β − U is PSD as

explained below. Evaluating this matrix we see that

V A
β − U = Vβ − C>(Vα + TA)−1C − Vβ + C>V −1

α C

= C> [V −1
α − (Vα + TA)−1

]

C. (9.62)

The above expression is PSD if and only if the bracketed term is PSD, since any

matrix ABAT is PSD whenever B is PSD. To prove that it is, we make use of the

Woodbury formula [56], which can be expressed as

X−1 −
(

X + Y Z>)−1
= X−1Y

(

I + Z>X−1Y
)−1

Z>X−1. (9.63)

Thus to check the positivity of V −1
α − (Vα + TA)−1 we set X = Vα, Y =

√
TA and

Z> =
√
TA, and thus

V −1
α − (TA + Vα)

−1 = V −1
α

√
TA
(

I +
√
TAV −1

α

√
TA
)−1 √

TAV −1
α . (9.64)

Now the covariance matrices Vα and TA are positive by definition, so their inverse

and square root respectively must also be positive matrices. Since the product and

the sum of two positive matrices is PSD, the above expression is PSD if and only

if
√
TAV −1

α

√
TA is PSD, which again holds since Vα is PSD. Thus the ensemble

defined by U = Vβ − C>V −1
α C satisfies Eq. (9.60) which implies that ∀A ∈ G, ρAa

is a Gaussian mixture (over ξ) of Gaussian states ρUξ , all with the same covariance

matrix U , but with different mean vectors ξ. Specifically, ℘(a|ξ, A) is a Gaussian

distribution in ξ with a mean vector equal to a (which is determined by Alice’s

measurement A and the bipartite Gaussian state W ), and a covariance matrix equal

to V A
β − U . As long as V A

β − U ≥ 0, this distribution is well defined, so that Bob’s

state ρAa is consistent with Alice merely sending Bob Gaussian states drawn from

an ensemble HU = {ρUξ ℘Uξ } in which all states have a CM equal to U , and with

mean vectors ξ having a Gaussian distribution ℘Uξ which has a covariance matrix

Vβ−U = C>V −1
α C ≥ 0. Therefore W is not steerable by Alice for all measurements

A ∈ G if Eq. (9.58) is true.

Lemma 6. If the Gaussian state W defined in Eq. (9.54) is not steerable by Alice’s

Gaussian measurements then there exists a Gaussian ensemble defined by covariance

matrix U such that Eq. (9.59) and Eq. (9.60) hold.



9.2. CONDITIONS FOR STATE STEERABILITY 131

Proof

Suppose that W is not steerable. This means that there is some ensemble H =

{℘ξρξ} which satisfies Eq. (8.5). Therefore we know that Bob’s conditioned state

can be written as

ρAa =

∑

ξ ℘ξ℘(a|A, ξ)ρξ
∑

ξ ℘ξ℘(a|A, ξ) . (9.65)

This means that the covariance matrix satisfies

CM
[

ρAa
]

= V A
β ≥

∑

ξ ℘ξ℘(a|A, ξ)CM [ρξ]
∑

ξ ℘ξ℘(a|A, ξ) , (9.66)

since the CM of a state equal to a weighted sum of states must be at least as great

as the weighted sum of the individual CMs. The equality occurs if and only if all

the means are the same. Rearranging and taking a sum over a on both sides gives

∑

ξ,a

℘ξ℘(a|A, ξ)V A
β ≥

∑

ξ,a

℘ξ℘(a|A, ξ)CM [ρξ] . (9.67)

From the fact that V A
β is independent of a, and using the facts that

∑

a ℘(a|A, ξ) = 1

and
∑

ξ ℘ξ = 1, one sees that Eq. (9.67) simplifies to

V A
β ≥

∑

ξ

℘ξCM [ρξ] . (9.68)

Defining U =
∑

ξ ℘ξCM [ρξ] satisfies Eq. (9.59) by definition and Eq. (9.68) implies

Eq. (9.60). Therefore if W is not steerable then there exists an ensemble U such

that Eqs. (9.59)–(9.60) are true.

Lemma 7. If ∀ A ∈ G there exists U such that Eq. (9.59) and Eq. (9.60) hold, then

Vα + TA − C(Vβ + iΣβ)
−1C> ≥ 0, (9.69)

must also hold.

Proof

Eq. (9.60) defines the Schur complement of Vα + TA in the following matrix

M =

(

Vα + TA C

C> Vβ − U

)

. (9.70)
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Therefore, since Vα + TA ≥ 0 (recall that we are considering Gaussian measure-

ments), Eq. (9.60) is equivalent to the condition that the matrix M be PSD. Now

we know that the sum of two PSD matrices is PSD, so using M ≥ 0 and Eq. (9.59)

we arrive at

M + 0α ⊕ (U + iΣβ) =

(

Vα + TA C

C> Vβ + iΣ

)

≥ 0, (9.71)

as a consequence of Eqs. (9.59)–(9.60). Finally, we know that Vβ + iΣβ ≥ 0, so

the Schur complement of this term in the above matrix must be PSD. The Schur

complement of this term is the matrix in Eq. (9.69).

We are now in a position to present our main theorem for Gaussian states.

Theorem 8. The Gaussian state W defined in Eq. (9.54) is not steerable by Alice’s

Gaussian measurements if and only if Eq. (9.58) is true.

Proof. By Lemma 5 we know that if Eq. (9.58) is true then W is not steerable.

Now suppose that Eq. (9.58) does not hold, so that

Vαβ + 0α ⊕ iΣβ � 0. (9.72)

Since we know that Vβ+ iΣβ ≥ 0 (that is, Vβ is a valid covariance matrix), the Schur

complement in this term cannot be PSD (if it were it would imply that Eq. (9.58)

were true when we have assumed the opposite). Thus we have

G = ∆Vβ+iΣβ
= Vα − C (Vβ + iΣβ)

−1C> � 0. (9.73)

Consider an eigenvector of G, ~ν, associated with a negative eigenvalue, that is,

G~ν = −g~ν where g > 0. We can choose a measurement A along an axis such

that TA shares the eigenvector ~ν so that TA~ν = t~ν. Now it is possible to arrange

the measurement such that t < g. This is because it is always possible to make

one eigenvalue suitably small (the eigenvalue for the conjugate variable will become

large). Now we have chosen the measurement such that G+TA must have a negative

eigenvalue in the ~ν direction. Hence, for this choice of measurement we have

Vα + TA − C (Vβ + iΣβ)
−1C> � 0. (9.74)

This shows that if Eq. (9.58) does not hold then there exists a measurement A such

that Eq. (9.69) does not hold, which by Lemma 7 implies that for this measurement

there cannot exist an ensemble defined by U such that Eq. (9.59) and Eq. (9.60)
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hold.

However, from Lemma 6 we know that if W is not steerable then there must

exist an ensemble defined by U such that these equations hold. Since they do not

hold for all A when Eq. (9.58) is not true, we see that if Eq. (9.58) is not true then

we cannot define a suitable ensemble U to prevent steering. Therefore, a Gaussian

state W is not steerable if and only if Eq. (9.58) is true.

Theorem 8 provides a sufficient condition for demonstrating that the state W is

steerable (by any measurements), and hence specifies an upper bound on ηsteer. To

illustrate this, it is useful to consider a simple example.

Two mode states and the EPR paradox

We now consider the simplest case where Alice and Bob share a Gaussian state W

in which they each have a single mode. It is well known that such a Gaussian state

can be brought into standard form using local linear unitary Bogoliubov operations

(LLUBOs), so that the CM takes the form [91]

Vαβ =













n 0 c 0

0 n 0 c′

c 0 m 0

0 c′ 0 m













, (9.75)

where n,m ≥ 1.

The Peres-Horodecki criterion for separability can be written as a linear matrix

inequality for Gaussian states [92] as

Ṽαβ + iΣαβ ≥ 0, (9.76)

where Ṽαβ = ΛVαβΛ; Λ = diag(1, 1, 1,−1). This can be determined by finding when

the Schur complement (of the lower block) of Ṽαβ + iΣαβ is PSD, which occurs when

and only when

(

m− c2n

n2 − 1

)(

m− c′2n

n2 − 1

)

≥
(

1 − cc′

n2 − 1

)2

. (9.77)

Hence two-mode Gaussian states defined by Vαβ are separable if and only if Eq. (9.77)

is satisfied.

For Gaussian states, which have a positive Wigner function, it is not possible
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to demonstrate violation of a Bell inequality using Gaussian measurements. This

is because the Wigner function gives an explicit hidden variable description which

ensures satisfaction of Bell’s inequality.

To determine if the state W is steerable it is a simple matter of testing if V αβ +

0α ⊕ iΣβ is PSD. Again using Schur complements, we find that this is the case if

and only if
(

m− c2

n

)(

m− c′2

n

)

≥ 1. (9.78)

Recall that the interest in, and even the name, steering arose in response to the

EPR paradox. Therefore, one would expect that any reasonable characterization of

steering should include the EPR paradox. This is indeed the case for our formulation

of steering. For the class of two-mode Gaussian states that we have been considering,

Reid [64] has argued that the EPR “paradox” is demonstrated if and only if the

product of the conditional variances V (qβ|qα) and V (pβ|pα) violates the uncertainty

principle. This is the case if the conditional variances do not satisfy

V (qβ|qα)V (pβ|pα) ≥ 1. (9.79)

For a general two-mode Gaussian state W the conditional variances take the form,

V (qβ |qα) = min
µ [(qβ − µqα)

2] = m− c2

n
, (9.80)

and similarly for V (pα|pβ) except c → c′. Thus Eq. (9.79) is exactly Eq. (9.78).

That is, the EPR “paradox” occurs precisely when W is steerable with Gaussian

measurements. This example gives evidence for the fact6 that the EPR “paradox”

is merely a particular case of steering. As is well known [94], Reid’s EPR condition

is strictly stronger than the condition for nonseparability Eq. (9.77). The fact that

the EPR “paradox” is an example of steering explains why the EPR condition is

stronger than nonseparability; as we have shown in previous examples steering is a

strictly stronger concept than nonseparability.

Symmetric two-mode states

Finally we consider the specific case of two-mode Gaussian states prepared by optical

parametric amplifiers [94]. When the entanglement is symmetric between the two

modes the covariance matrix describing such states has a particularly simple form.

6The explicit proof of the EPR paradox as a particular case of steering will be presented in [93].
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The continuous variable entanglement properties of such a state has recently been

characterized experimentally [94]. In this case the covariance matrix of the state W

has just two parameters, η and n̄:

CM[W η
n̄ ] = V αβ

2 =













γ 0 δ 0

0 γ 0 −δ
δ 0 γ 0

0 −δ 0 γ













, (9.81)

where γ = 1 + 2n̄ and δ = 2η
√

n̄(1 + n̄). Here n̄ is the mean photon number for

each party, and η is a mixing parameter defined analogously with the other examples

except that here it is the covariance matrix that is linear in η, not the state matrix.

For such symmetric states the separability condition, Eq. (9.77), becomes

(

γ − δ2γ

γ2 − 1

)2

≥
(

1 +
δ2

γ2 − 1

)2

. (9.82)

Substituting for the values of γ and δ we find that the condition for states defined

by Eq. (9.81) to be nonseparable is simply

η > ηent =

√

n̄

1 + n̄
. (9.83)

In determining when symmetric two-mode Gaussian states are steerable, we find

that Eq. (9.78) becomes
(

γ − δ2

γ

)2

≥ 1. (9.84)

Hence, as an upper bound on the condition for steerability we have

η >

√

1 + 2n̄

2(1 + n̄)
≥ ηsteer. (9.85)

This is an upper bound as we have only considered a restricted class of measure-

ments. These results are plotted for some small values of n̄ in Fig. 9.1 (d). Since it

is not possible to demonstrate Bell nonlocality for a Gaussian state with Gaussian

measurements we have only plotted a trivial upper bound on ηBell in Fig. 9.1 (d).
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9.3 Summary of chapter

In this chapter we have introduced the problem of determining which members

of a family of states are steerable. In order to do so we introduced the concepts of

necessary and sufficient conditions for steerability. Crucial to the derivations of these

conditions was the concept of an optimal ensemble of LHSs. This is an ensemble of

states which if unable to explain Alice’s ability to predict the type of state obtained

by Bob, then no possible ensemble could do so.

For Werner states and isotropic states we provided both the necessary and suffi-

cient conditions for members of the family to be steerable. We contrasted this with

the members of the families which were entangled and Bell nonlocal respectively.

In both cases the results were suggestive that the three classes of states (entangled,

steerable and Bell nonlocal) were distinct. For the special case of the d = 2 Werner

states we were able to show that the three classes of states were strictly distinct.

For the Inept states and two-mode Gaussian states we considered restricted mea-

surement schemes and thus only determined sufficient conditions for these states to

be steerable. For the two mode Gaussian states considered, we derived a LMI which

provides a straightforward method for verifying that the states are steerable.



Chapter 10

Experimental quantum steering

“There is no such thing as a failed experiment, only experiments

with unexpected outcomes”

– Richard Buckminster Fuller (1895 – 1983).

In the previous chapter we considered the first of the two questions concerning

steerability posed in Sec. 8.3. In this chapter we consider the second question posed

in that chapter, that is, determining conditions for experimental steerability. As

previously discussed in this thesis, experimental verification of quantum phenomena

is now an active area of research, as these phenomena can be exploited for quantum

information processing tasks. Two common verification tasks relevant to QIP are

detecting the presence of entanglement and the violation of a Bell inequality. In

this chapter we propose a third task: experimental verification of steerability. That

is, does a quantum state in a given experiment demonstrate steering, or more pre-

cisely, do the correlations exhibited by the state constitute an example of steering?

This question is distinct from the considerations of the previous chapter, where we

considered the state-dependent property of whether it was possible to steer certain

states.

In this chapter we consider experimental correlations and the conditions under

which they can be explained by a LHS model for Bob. Clearly, any steerable state

must have some set of measurable correlations which do not admit such a model.

However, as we saw in the previous chapter, steerability of quantum states is a

measurement-dependent phenomenon. Thus, even for steerable states, not all mea-

surement schemes will constitute a demonstration of steering. When determining

the steerability of a quantum state in general, it was necessary to consider all possi-

ble measurements. However, in an experimental situation this is unfeasible. Finding

a single set of measurements for which the results cannot be explained by any LHS

model for Bob is sufficient for a demonstration of experimental steerability.

137
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This leads us to the concept of a steering inequality, that is, any condition on

correlations based upon the existence of a LHS model for Bob’s system. Violation

of a steering inequality is sufficient to demonstrate steerability, just as violation of

a Bell inequality is sufficient to demonstrate the failure of LHV theories to explain

an experiment. We will also use steering inequalities to define steerability criteria,

which are associated criteria that indicate steerability.

10.1 Steering inequalities and steerability criteria

There are many experimental criteria for detecting quantum properties such as en-

tanglement or violation of a Bell inequality (see for instance [95, 96]). In the case

of Bell inequalities, the family of experimental criteria all follow from the premise

that a LHV model exists for any measurable correlations. Experimental detection of

entanglement can be performed by the measurement of entanglement witnesses (as

discussed in Sec. 2.2.3) which are operators that separate the convex set of separable

states from an entangled state.

Steering, as we have seen, is a hybrid phenomenon. The existence of experimental

criteria for detecting both entanglement and Bell nonlocality suggests that there

should be a number of approaches to experimentally detecting steering. It is possible

to define steerability witness operators, in analogy with entanglement witnesses, to

separate the set of nonsteerable states from a steerable state. Alternatively, in

analogy with Bell inequalities, one could derive conditions which must be satisfied

under the assumption that Bob’s system possesses a LHS model. It is this second

approach that will be considered in this chapter.

Since we are concerned with the experimental demonstration of steering, it is

sufficient conditions for steerability that will be of interest. We will derive conditions

based upon the existence of a LHS model for Bob, rather than upon a general LHV

model, which will take the form of steering inequalities. These are, in analogy with

Bell inequalities, conditions whose violation is sufficient to demonstrate steering.

This is because, as with Bell inequalities, in each case we will be considering a

fixed number of measurement settings and outcomes and thus the satisfaction of a

single inequality does not prevent a demonstration of steering through violation of

a different inequality. This distinction is particularly important for experimental

steerability, which is by definition a measurement-dependent property.

At times it is useful to discuss criteria which indicate steering (rather than crite-
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ria whose violation indicates steering). It is always possible to define such a criterion

from a steering inequality, and when referring to conditions which indicate a demon-

stration of steering we will use the term steerability criterion.

Another useful concept, which will become important in subsequent chapters, is

that of a necessary condition for steerability. This concept makes use of optimal

ensembles of LHSs as discussed in Sec. 9.2. In order for steering to be possible

with a particular set of measurements it is necessary that the optimal ensemble of

LHSs cannot explain the experimental results. Any condition which ensures that

the relevant optimal ensemble of LHSs cannot explain the observed results will be

termed a necessary criterion for steerability.

10.1.1 Additive convex inequalities

We will first consider a class of steering inequalities that are based on convex con-

straints on Bob’s system which assume the existence of a LHS. The convexity of

the constraints on Bob’s system is the key feature which allows derivation of the

inequalities. If conditions derived upon this assumption are violated for certain mea-

surements, then these measurements constitute steering of Bob’s system by Alice.

Consider the case where relevant constraints on Bob’s system take the form

∑

j

fj(〈B̂j〉, αj) ≤ c, ∀αj ∈ λ(Âj), (10.1)

where fj is a convex function of the variable 〈B̂j〉 and λ(Âj) are the eigenvalues of

operator Âj . We term this an additive convex constraint. The convexity property

of fj ensures by definition that inequalities of the following type must be satisfied,

fj(px+ (1 − p)y, α) ≤ pfj(x, α) + (1 − p)fj(y, α). (10.2)

Now if Bob’s system possesses a LHS, then from Sec. 8.1.2 we know that the

joint probabilities for Alice making a measurement and obtaining result aj and Bob

obtaining result bj have the form

P (aj , bj) =
∑

ξ

℘(ξ)℘(aj|ξ)P (bj|ρξ), (10.3)
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where Bob’s conditional probabilities can then be described by

P (bj|aj) =
P (aj, bj)

℘(aj)

=

∑

ξ ℘(ξ)℘(aj|ξ)P (bj|ρξ)
℘(aj)

=
∑

ξ

℘(ξ|aj)P (bj|ρξ). (10.4)

In an experiment, Bob may not be interested in the full probabilities, but may

wish to know the average value he may obtain for a measurement given that Alice

obtained a certain result for her measurement. Thus we define Bob’s expectation

value given Alice’s result aj as

〈B̂j〉aj
=

∑

ξ,bj

℘(ξ|aj)P (bj|ρξ)bj

=
∑

ξ

℘(ξ|aj)Tr[ρξB̂j]

=
∑

ξ

℘(ξ|aj)〈B̂j〉ρξ
. (10.5)

Using this definition for 〈B̂j〉aj
and recalling the convexity property of fj one

finds
∑

j

fj(〈B̂j〉aj
, αj) ≤

∑

ξ

℘(ξ|aj)fj(〈B̂j〉ρξ
, αj). (10.6)

Writing out the definition of an expectation value explicitly we have

EAj
[fj(〈B̂j〉aj

, aj)] =
∑

aj

℘(aj)fj(〈B̂j〉aj
, aj). (10.7)

Now substituting for 〈B̂j〉aj
and using Eq. (10.6) we find

EAj
[fj(〈B̂j〉aj

, aj)] ≤
∑

ξ,aj

℘(ξ, aj)fj(〈B̂j〉ρξ
, aj). (10.8)

Taking a sum over the possible measurements j

∑

j

EAj
[fj(〈B̂j〉aj

, aj)] ≤
∑

ξ,aj

℘(ξ, aj)
∑

j

fj(〈B̂j〉ρξ
, aj), (10.9)
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and finally, using the initial constraint Eq. (10.1) gives

∑

j

EAj
[fj(〈B̂j〉aj

, aj)] ≤ c. (10.10)

So we have arrived at a steering inequality, which as we discussed in Sec. 10.1

is an experimental criterion for demonstrating steering. This is a condition which

allows detection of steering of Bob’s state based on measured expectation values for

his system (note that the criterion is not independent of Alice; Bob’s expectation

values are explicitly conditioned on Alice’s results).

10.1.2 Linear steering inequalities

There are a number of linear criteria for determining quantum phenomena. In

Sec. 2.2.3 we discussed the concept of an entanglement witness in terms of a linear

operator which defines a hyperplane between the convex set of separable states and

an entangled state. A large body of work exists for entanglement witnesses (see

for example [19, 97, 98]), as it is always possible to define a linear entanglement

witness to detect any entangled state. These witnesses are based on distinguishing

the set of separable states, for which both subsystems possess a valid quantum state

description, and an entangled state which does not possess such a description.

Similarly, it is possible to define a linear Bell operator associated with a particu-

lar Bell inequality. These criteria are based on measuring linear operators for which

the observed correlations cannot be described by a valid LHV model for both subsys-

tems. For a set number of measurements and outcomes, the set of LHV correlations

form a convex set, the extreme points of which define a polytope [99] possessing

linear faces. These faces can be described by Bell inequalities, which distinguish the

set of Bell nonlocal states and those possessing a LHV description. Thus, for a finite

number of measurement settings and outcomes, there exist a finite set of linear faces

to the polytope (Bell inequalities) which completely characterises the set of LHV

correlations.

The set of nonsteerable states (those possessing a LHS model for Bob) also form

a convex set. However, the set of these correlations do not form a polytope, since

the system at Bob’s side is further constrained to be consistent with a quantum

state. It should be possible to nonetheless determine linear criteria which separate

steerable states from those with a LHS model description for Bob. In general we will

define linear steering inequalities which can be used to define corresponding linear
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steerability criteria.

Example

To illustrate the concept from the previous section we will consider a simple example

which makes use of the following operator for Bob’s system

Ŝ2 =
1

2

2
∑

j=1

αjB̂j =
1

2
(α1σ̂x + α2σ̂y) , (10.11)

where σ̂x and σ̂y are 2 × 2 Pauli matrices. Now Ŝ2 denotes an observable for Bob’s

system aligned in some direction between the x and y axes (with the direction

determined by the particular choices of α1 and α2). Thus, if Bob’s system possesses

a LHS then the expectation value of the operator Ŝ2 must be bounded:

〈Ŝ2〉 =
1

2

2
∑

j=1

αj〈B̂j〉 ≤ c2. (10.12)

Assuming that Bob’s system possesses a LHS, Eq. (10.12) must hold for any

values of {αj}, thus, consider the case where {αj} correspond to the outcomes

of measurements Âj performed by Alice. If Alice’s projective measurements have

outcomes labeled {−1, 1} then the constant c2 can be calculated as follows:

c2 = max
{αj}λmax(Ŝ2), (10.13)

where λmax(Ŝ2) denotes the maximum eigenvalue of Ŝ2. In this simple case it is

straightforward to see that the possible values of {αj} correspond to the operators

Ŝ2 = 1
2
(±σ̂x ± σ̂y) and hence Eq. (10.13) gives c2 = 1/

√
2.

Now Eq. (10.12) has the form of an additive convex constraint as given in

Eq. (10.1) where fj is now a simple linear function of 〈B̂j〉. Therefore, one can

use the method of Sec. 10.1.1 based on Eq. (10.12) to derive the following linear

qubit steering inequality

1

2

2
∑

j=1

EAj

[

aj〈B̂j〉aj

]

≤ 1√
2
. (10.14)
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As an example, consider the two-qubit Werner states

Wη = η|ψ−〉〈ψ−| + (1 − η)
I

4
, (10.15)

where |ψ−〉 is a maximally entangled two-qubit state. From Sec. 9.2.1 we know

that the Werner states are steerable (using an infinite number of measurements)

whenever η > 1/2. What range of these states does Eq. (10.14) detect? In order to

determine this we wish to find the maximum value obtainable for the left hand side

of the inequality. Evaluating the left hand side of Eq. (10.14) results in terms of the

form
∑

a1

℘(a1)a1〈B̂1〉a1 , (10.16)

where the aj are the results that Alice obtained for her measurement Âj . For the

Werner states of Eq. (10.15) (which are anticorrelated) it can be shown that each

term in the left hand side of Eq. (10.14) will be maximized when Alice’s measurement

corresponds to the −B̂j direction. Alice’s results for projective measurements of

Werner states are equally likely so the probabilities are given by ℘(aj) = 1/2. Thus,

it is straightforward to see that the left hand side of the inequality becomes

1

2

2
∑

j=1

EAj

[

aj〈B̂j〉aj

]

=
1

2

(

1

2
(1)〈σ̂x〉1 +

1

2
(−1)〈σ̂x〉−1 +

1

2
(1)〈σ̂y〉1 +

1

2
(−1)〈σ̂y〉−1

)

.

(10.17)

Noting that 〈σ̂j〉±1 = ±η the condition for the steering inequality Eq. (10.14) to be

violated is given by

η >
1√
2
. (10.18)

When this condition is satisfied, Alice can use n = 2 orthogonal measurements

(given for instance by σ̂x, σ̂y) to steer Bob’s half of a two-qubit Werner state and

thus Eq. (10.18) represents a simple steerability criterion for this state.

10.2 General steering inequalities

As mentioned in the previous section, the set of nonsteerable states has a more

complex form than the set of states admitting a LHV description. Thus, completely

characterising the set may require an infinite number of inequalities even for a finite

number of settings and outcomes. However, if we allow nonlinear inequalities, it
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may be possible to characterise the set with a finite number of inequalities.

It has also recently been demonstrated [22] that nonlinear entanglement witnesses

can prove useful for detecting the presence of entanglement. Thus, while more com-

plicated than their linear counterparts, general, or nonlinear, steering inequalities

(and their corresponding steerability criteria) may prove useful in detecting a wider

class of steerable states than related single linear inequalities.

10.2.1 EPR-Reid inequality

The EPR paradox can be seen as a particular demonstration of steering, as was

pointed out in Sec. 9.2.4. In particular, a generalisation of the EPR paradox to

experimental scenarios demonstrates steering. Reid [64] was the first to generalise

EPR’s paradox in a way which avoided the unphysical perfect correlations of the

original example.

Reid modified EPR’s original example by changing the concept of an “element

of reality” to the concept of a “fuzzy element of reality”. That is, one assumes

that on the basis of Alice’s measurements, one can infer only an imprecise value

for properties of Bob’s system. In order to recreate the argument that this leads

to a conflict with the notion of the completeness of quantum mechanics, one must

provide an example in which the inferred properties of Bob’s system would violate

Heisenberg’s uncertainty principle. This is precisely the approach taken by Reid

[64], which yields the so-called EPR-Reid inequality of

∆2
inf(xB|x̂A)∆2

inf(pB|p̂A) ≤ 1, (10.19)

where ∆2
inf(xB|x̂A) =

∑

xa
P (xa)∆

2(xB|xA) denotes the average inferred variance for

the position of Bob’s system conditioned on Alice’s measurement of x̂A and similarly

for the momentum.

It now becomes clear why the EPR-Reid inequality is an example of a steering

inequality. Heisenberg’s uncertainty principle is one constraint that must be re-

spected by Bob’s system if it possesses a LHS model. Hence, if Alice can perform

measurements which allow properties of Bob’s system to be inferred that violate

this criterion, then there cannot exist a valid LHS model for Bob’s system. These

measurements then constitute a demonstration of steering.

We also see why the EPR paradox is a particular example of steering. Criteria for

the EPR paradox are based upon the conflict between assumptions of local realism
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and the completeness of quantum mechanics, the latter of which is assumed through

quantum uncertainty relations. Uncertainty relations such as HUP are however only

one class of constraints that must be satisfied for Bob’s system if it possesses a LHS.

Any condition on quantum states must be satisfied if Bob’s system possesses a LHS,

not just uncertainty relations, and thus demonstrations of the EPR paradox are

simply a subset of the possible experimental demonstrations of steering.

10.3 Summary

We have shown that is possible to derive experimental steering inequalities, the

violation of which signal the presence of steering in an experiment. This is analogous

to testing a Bell inequality to determine if LHV theories could describe experimental

correlations. We have also introduced the concept of corresponding steerability

criteria which indicate a demonstration of steering. These concepts will be illustrated

by examples in the subsequent chapters.



Chapter 11

Steerability for two-qubit entangled

states

“Nothing is new except arrangement”

– William J. Durant (1885 – 1981).

We have seen in the previous chapter that it is possible to derive criteria to

demonstrate steering in an experiment. In general, these criteria take the form

of inequalities which are derived from conditions which must be satisfied if Bob’s

system has a LHS model. In this chapter we will explore a particular example of a

family of linear steerability criteria for two-qubit entangled states. That is, we will

consider sufficient criteria of the form

1

n

n
∑

i=1

〈Âiσ̂Bi 〉 > cn. (11.1)

This is a family of n measurement criteria based on linear steering inequalities

as defined in Sec. 10.1.1. The σ̂Bi are operators corresponding to Bob’s projective

measurements along the nmeasurement directions. The constants cn are determined

by the particular symmetry of the measurement arrangement chosen. The Âi refer

to measurements performed by Alice1 (this is because in a steering experiment Alice

is free to report any results consistent with a valid probability distribution). As we

will see in this chapter, for a Werner state, the maximum correlations consistent with

Bob’s system possessing a LHS will arise when Alice’s measurements correspond to

projective measurements along axes anti-aligned with Bob’s measurements. The

form of Eq. (11.1) is in fact a specific way of writing steerability criteria based

on steering inequalities such as Eq. (10.10), but where the conditional expectation

values can be written in a simpler form. In this chapter we will make use of similar

1We consider measurements where |Â| is bounded by 1.

146
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additive, linear inequalities but we are able to rewrite them in terms of correlation

functions which are more easily evaluated.

A goal of this chapter will be to explore the effect of the arrangement of measure-

ment axes on demonstrating experimental steerability for two-qubit Werner states.

From Sec. 9.2.1 we know that for d = 2 the Werner states are described by

Wη = η|ψ−〉〈ψ−| +
(

1 − η

4

)

I, (11.2)

where |ψ−〉 is the singlet state and I is the identity. Sec. 9.2.1 shows that these states

are steerable with an infinite number of measurement settings whenever η > 0.5,

and from the previous chapter we know that these states are steerable with n = 2

projective measurements when η > 1/
√

2. In this chapter we will determine how

well we can experimentally verify the steerability of these states with other finite

numbers of projective measurements.

11.1 Platonic solid measurements

We are now in a position to consider the more interesting case where Alice’s mea-

surement scheme includes n > 2 projective measurements. It has been found that

using equally spaced measurements around the Bloch sphere can be useful for state

tomography [100]. The geometric analogue of such measurements are the so-called

Platonic solids; the tetrahedron, cube, octahedron, icosahedron and dodecahedron.

These solids are convex polyhedra that have the unique properties of having convex

geometric duals - a convex polyhedron formed by making vertices from the center

of each face. The tetrahedron is self-dual, while the cube is dual to the octahedron,

and the icosahedron and dodecahedron are dual.

We investigate the cases where Mα includes n = 3, 4, 6 and 10 equally spaced

measurements. These correspond to measurements in the Bloch sphere defined by

axes joining opposite vertices of an octahedron, cube, icosahedron and dodecahedron

respectively. Based on this convention it is clear why we omit the tetrahedron case

(which one might expect to relate to n = 2 measurements joining its four vertices).

For the tetrahedron the two axes joining opposite vertices do not pass through the

origin and thus cannot correspond to projective measurements.

The remainder of this chapter will investigate the four measurement arrange-

ments outlined above. In each case we will take the following approach:
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1. Derive a linear steering inequality as in Sec. 10.1.1, to obtain a steerability

criterion.

2. Show that the inequality can be saturated in the case that Alice can prepare

n similar LHS ensembles for Bob, corresponding to Bob’s n measurement

directions.

That is (in point 2), each ensemble comprises two equally weighted LHSs, one aligned

and one anti-aligned with Bob’s measurement direction. This situation is relevant

to the case of steering by Werner states. This approach has two advantages; it shows

that the bound derived in (1) is tight, and that for Werner states the ensemble in (2)

is optimal for Alice. Thus, the bound in (1) provides both a necessary and sufficient

criterion for steering of Werner states by Alice’s measurement schema comprising n

measurements in the specified directions.

11.1.1 Octahedral measurements (n = 3)

As a first example, we will consider a steerability criterion based on three orthogonal

measurements for Bob’s system2, an arrangement which defines the six vertices of

an octahedron within the Bloch sphere. In order to derive the criterion we make use

of the following operator for Bob’s system

Ŝ3 =
1

3

3
∑

i=1

αiσ̂
B
i , (11.3)

where the σ̂Bi correspond to the Pauli matrices, σ̂x, σ̂y, and σ̂z. The operator Ŝ3

corresponds to a spin observable along some axis defined by the particular αi. Hence,

it is straightforward to show that the expectation value of such an operator must

be bounded if Bob’s system possesses a LHS:

〈Ŝ3〉 =
1

3

3
∑

i=1

αi〈σ̂Bi 〉 ≤ c3. (11.4)

2Steering is performed by Alice’s measurements, but it is the existence of a LHS model for Bob’s
system that determines steerability. Thus, it is by considering measurements on Bob’s system that
we determine steerability criteria.
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The bound c3 is obtained by finding the maximum eigenvalue of Ŝ3 after maximising

over the possible coefficients αi. That is,

c3 = max
{αi}λmax(Ŝ3). (11.5)

Recall from Sec. 10.1.1 the convention that {αi} ∈ λ(Âi), where λ(Âi) are the

eigenvalues associated with Alice’s measurements Âi. Alice’s measurements have

associated results labelled by ai which take the values ai = ±1. To maximise Ŝ3 we

thus consider all possible combinations of αi = ai = ±1, which we simply label by

integers p, and calculate the corresponding maximum eigenvalue of Ŝ3 as shown in

Fig. 11.1.

1 2 3 4 5 6 7 8
0
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0.2

0.3

0.4
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0.7
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λ m
ax

(S
)

Figure 11.1: Maximum eigenvalue of Ŝ3 for all possible combinations of ai = ±1.
The 23 possible combinations are labelled by p. For three orthogonal measurements
the same maximum eigenvalue is obtained for all p.
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Calculating max
{ai}λmax(Ŝ3) shows that if Bob’s system possesses a LHS

1

3

3
∑

i=1

ai〈σ̂Bi 〉 ≤
1√
3
. (11.6)

Uniquely, due to the orthogonality of the three measurement axes, all eight possible

combinations of the ai lead to the same maximum eigenvalue. In order to gain

insight into this fact, consider the corresponding eigenvectors of each eigenvalue as

shown in Fig. 11.2. The eight possible combinations of coefficients lead to cases

where the direction of Ŝ3 points to the eight vertices of a cube inscribed within the

Bloch sphere. This cube is the geometric dual of the octahedron defining the three

measurement axes directions, a fact which will become useful later in this section.

Now, Eq. (11.6) gives a bound on the expectation of Ŝ3 under the condition that

Bob’s system possesses a LHS. This criterion takes the form of an additive, convex

constraint as described in Sec. 10.1.1 and thus leads to a steering inequality of the

form of Eq. (10.10). That is, the constraint Eq. (11.6) leads to

1

3

3
∑

i=1

EAi
[ai〈σ̂Bi 〉] ≤

1√
3
. (11.7)

It is possible to simplify this expression further by noting the explicit form of the

conditional expectation values

EAi
[ai〈σ̂Bi 〉] =

∑

ai

P (ai)ai
∑

bi

P (bi|ai)bi

=
∑

ai,bi

P (ai)P (bi|ai)aibi

=
∑

ai,bi

P (ai, bi)aibi

= 〈Âiσ̂Bi 〉. (11.8)

Making this substitution into Eq. (11.7) and defining the inequality as a steerability

criterion
1

3

3
∑

i=1

〈Âiσ̂Bi 〉 >
1√
3
. (11.9)
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Figure 11.2: Eigenvectors associated with the maximum eigenvalues of Ŝ3 for the
different combinations denoted by p. The red dot indicates the centre of the Bloch
sphere; a vector from this dot to each of the blue dots indicates the maximum
eigenvectors. The eight possible maximum eigenvectors define the vertices of a cube
(as indicated by the dotted blue lines).

Steering Werner states with octahedral measurements

We now consider two-qubit Werner states. For these states, Alice can prepare n

ensembles corresponding to Bob’s n measurement directions by making the same

types of measurements as Bob. Due to the anticorrelations of Werner states, if Alice

measures in the same direction as Bob, the result she gets will be anticorrelated

with Bob. Therefore to best satisfy the steerability criterion Eq. (11.9), Alice should

choose

Âi = −σ̂i (11.10)

That is, for this example Alice’s three measurements correspond to −σ̂x,−σ̂y and

−σ̂z respectively. Using such a measurement scheme for Alice, we now evaluate
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Eq. (11.9) for the two-qubit Werner states. We find that 〈−σ̂Ai σ̂Bi 〉 = η and thus

Eq. (11.9) gives the following sufficient criterion for steerability of two-qubit Werner

states

η > η
(3)
steer =

1√
3
≈ 0.5773. (11.11)

We now show that with Alice using the measurement schema {−σ̂i} = {−σ̂x,−σ̂y,
−σ̂x}, the necessary condition for demonstrating steering by Werner states is also

given by η > 1/
√

3. We do this by constructing a LHS ensemble for Bob that can

be coarse-grained to produce all the different ensembles of states that Alice’s mea-

surement schema can produce on a Werner state with η = 1/
√

3. If Alice measures

in direction −σ̂i, the conditioned state for Bob she produces is

ρBi =
I ± ησ̂i

2
, (11.12)

where the ± denotes the state obtained when Alice obtained the +1 and −1 results

for her measurement respectively. These states give the value of η for the steerability

criterion Eq. (11.11) as expected.

In order to simulate Bob’s conditioned states as given by Eq. (11.12), an obvious

choice of LHSs would be for Alice to use an ensemble of pure states lying at the

vertices of an octahedron aligned with the measurement axes as shown in Fig. 11.3

(a). By using such an ensemble, Alice could correctly guess Bob’s measurement

outcome whenever she sent one of the two hidden states aligned with the particular

axis Bob chooses to measure. However, she would have to guess the outcome when

she sent one of the four states lying on the equator of the Bloch sphere (relative

to Bob’s measurement axis). That is, by averaging, or coarse-graining, over half of

these states, corresponding to a positive measurement outcome, (or the other half of

the states, corresponding to the negative outcome) she could at best simulate states

of the form

ρBi =
I ± (1/3)σ̂i

2
. (11.13)

Thus, these states correctly simulate the conditioned states that Alice can prepare

for Bob, but this strategy only works up to η = 1/3. This is well below the sufficient

criterion for steering of η = 1/
√

3.

However, it is possible for Alice to do much better than this by recalling the

form of the original constraint Eq. (11.6). The maximum eigenvalues of Ŝ3 corre-

sponded to eigenvectors pointing towards the face centres of the octahedron defining

the measurement arrangement. Thus, one might expect that if Alice used a LHS
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ensemble aligned with these directions she could perform better. This is indeed the

case as we now show.

Figure 11.3: Possible arrangements of LHS ensembles. (a) shows an ensemble aligned
with the measurement axes. (b) shows an ensemble aligned with the face centres of
the octahedron defining the measurement arrangement - this ensemble defines the
vertices of a cube. For n = 3 projective measurements, case (b) provides the optimal
arrangement.

An ensemble of eight pure states aligned with the maximal eigenvectors of Ŝ3

define the vertices of a cube circumscribed by the Bloch sphere. Alternatively, as

shown in Fig. 11.3 (b), these states define the face centres of a larger octahedron

circumscribing the Bloch sphere. Consider the two-state ensembles that Alice could

simulate by coarse-graining over such LHSs. For each measurement Alice can par-

tition the eight pure states into two sub-ensembles of four states defining the two

cube faces centred around that axis. It is straightforward from the geometry of the

cube to see that by coarse-graining over these sub-ensembles Alice can simulate the

states

ρBi =
I ± (1/

√
3)σ̂i

2
. (11.14)

Thus, by using this LHS ensemble Alice can simulate conditioned states for Bob of

the form of Eq. (11.12) up to η = 1/
√

3. Therefore, it is necessary to have η > 1/
√

3

in order to demonstrate steering with this measurement strategy. However, we know

from Eq. (11.11) that η > 1/
√

3 is sufficient to demonstrate steering. Thus, we have

found the optimal LHS ensemble for Alice to use, and η > 1/
√

3 is both necessary

and sufficient for steering with this measurement schema of Alice’s.

Recall from the example in Sec. 10.1.2, that with two orthogonal, projective

measurements it was only possible to demonstrate steerability of Werner states when



154 CHAPTER 11. STEERABILITY FOR TWO-QUBIT STATES

η > 1/
√

2. Adding a third orthogonal measurement has improved our ability to

demonstrate steering.

11.1.2 Cubic measurements (n = 4)

A natural progression is to see if we can gain further improvement by adding an extra

measurement. Increasing to four equally spaced measurement axes around the Bloch

sphere moves the arrangement from an octahedron to its dual Platonic solid, the

cube (regular hexahedron). It is unclear whether including this extra measurement

will lead to an improvement for demonstrating steering, as previous work [100]

using Platonic solid measurements have found that in general using the dual solids

for tomography works equally well. Thus on the one hand, one might expect more

measurements to give improvement (as we found using three measurements rather

than two), but on the other, we may expect that since four measurements defined

by a cube is dual to the octahedron (three measurements) that four measurements

will only do as well as three.

In order to derive a relevent steerability criterion we again make use of an oper-

ator for Bob’s system

Ŝ4 =
1

4

4
∑

i=1

αiσ̂
B
i , (11.15)

where now the σ̂Bi correspond to operators of the form

σ̂i = sin θi cosφiσ̂x + sin θi sinφiσ̂y + cos θiσ̂z (11.16)

with θi, φi chosen so that the σ̂i define axes joining opposite vertices of a cube

within the Bloch sphere. The operator Ŝ4 is a sum of spin observables and hence

corresponds to a spin observable for Bob’s system along some axis defined by the

particular αi. Hence, it is straightforward to show that the expectation value of

such an operator must be bounded if Bob’s system possesses a LHS:

〈Ŝ4〉 =
1

4

4
∑

i=1

αi〈σ̂Bi 〉 ≤ c4. (11.17)

The bound c4 is obtained by finding the maximum eigenvalue of Ŝ4 after maximising

over the possible coefficients αi. That is,

c4 = max
{αi}λmax(Ŝ4). (11.18)
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Proceeding as in Sec. 11.1.1 we calculate the maximum eigenvalue of Ŝ4 for each

combination of ai = ±1 labelled by p. Unlike for three measurements, Fig. 11.4

shows a more complicated structure. In order to understand this, consider the

corresponding eigenvectors shown in Fig 11.5. The six peaks in Fig. 11.4 correspond

to the six eigenvectors defining an octahedron in Fig. 11.5 (marked by the dotted

lines) and give the value of max
{ai}λmax(Ŝ4) showing that

1

4

4
∑

i=1

ai〈σ̂Bi 〉 ≤
1√
3
. (11.19)

As for the n = 3 case, the maximum eigenvalues possible for Ŝ4 occur for com-

binations of ai which define the geometric dual to the Platonic solid defining the

measurement axes. However, increasing the number of measurement axes by one,

increased the number of possible arrangements of Ŝ4 to 16, i.e. more arrangements

than required to define the geometric dual. These extra (non-optimal) arrange-

ments define the vertices of a cube aligned with the measurement axes (shown by

the cyan dots in Fig. 11.5), and correspond to the eight points with eigenvalues 0.5

in Fig. 11.4. The two minimum points corresponding to zero eigenvalues have their

null eigenvectors hidden by the red dot at the origin of Fig. 11.5.

The constraint of Eq. (11.19) takes the form of an additive, convex constraint

and thus leads to a steering inequality of the form

1

4

4
∑

i=1

EAi
[ai〈σ̂Bi 〉] ≤ c4. (11.20)

As in Sec. 11.1.1 by substituting for EAi
[ai〈σ̂Bi 〉] it is possible to simplify Eq. (11.20)

and use it to define a steerability criterion. For four equally spaced projective

measurements we obtain
1

4

4
∑

i=1

〈Âiσ̂Bi 〉 >
1√
3
, (11.21)

as a sufficient criterion for steerability.

Steering Werner states with cubic measurements

We again consider the two-qubit Werner states, this time for the case where Alice

can prepare four ensembles corresponding to Bob’s four measurement directions by

making the same types of measurements as Bob. As in the previous example, to
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Figure 11.4: Maximum eigenvalue of Ŝ4 for all possible combinations of αi = ±1.
The 24 possible combinations are labelled by p.

best satisfy Eq. (11.21), Alice should choose, Âi = {−σ̂i}. As in Sec. 11.1.1 we find

that 〈−σ̂Ai σ̂Bi 〉 = η and thus Eq. (11.21) gives the following sufficient criterion for

steerability of two-qubit Werner states

η > η
(4)
steer =

1√
3
≈ 0.5773. (11.22)

This is the same condition as obtained in Eq. (11.11) using three evenly spaced

measurements. However, it remains for us to determine if this is also a necessary

condition for steering with four equally spaced measurements.

By making a measurement in the direction −σ̂i Alice again produces conditioned

states for Bob of the form

ρBi =
I ± ησ̂i

2
, (11.23)

but now the σ̂i are defined as in Eq. (11.16). These states again give the value of η
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Figure 11.5: Eigenvectors associated with the maximum eigenvalues of Ŝ4 for the
different combinations denoted by p. The red dot indicates the centre of the Bloch
sphere. A vector from this dot to each of the other dots indicates the eigenvector di-
rections. The blue dots (defining an octahedron) denote the maximum eigenvectors.
The cyan dots define a cube aligned with the measurement axes.

for the steerability criterion Eq. (11.22) as expected.

In order to simulate Bob’s conditioned states as given by Eq. (11.23), the obvious

choices for arrangement of the LHS ensembles are again aligned with the vertices

or the face centres of the geometric solid defining the measurement axes (as shown

in Fig. 11.6). Based on intuition from Sec. 11.1.1 and the fact that the eigenvectors

associated with the maximum eigenvalues of Ŝ4 pointed to the face centres of the

cube we will first consider an ensemble with this geometry.

That is, we consider an ensemble of six pure states defining an octahedron cir-

cumscribed by the Bloch sphere, or as equivalently shown in Fig. 11.6 (b), states on
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Figure 11.6: Possible arrangements of LHS ensembles. (a) shows an ensemble aligned
with the measurement axes. (b) shows an ensemble aligned with the face centres of
the cube defining the measurement arrangement - this ensemble defines the vertices
of an octahedron. For n = 4 projective measurements, case (b) provides the optimal
arrangement.

the face centres of a larger cube circumscribing the Bloch sphere. Using an analogous

method to the one described in Sec. 11.1.1, Alice could partition the ensemble into

two sub-ensembles of three states defining the two octahedron faces centred around

each measurement axis. By coarse-graining over each of these sub-ensembles, one

finds from the geometry of the octahedron that Alice can simulate the states

ρBi =
I ± (1/

√
3)σ̂i

2
. (11.24)

Thus, by using this LHS ensemble Alice can again simulate conditioned states for

Bob which saturate the bound of Eq. (11.21). Hence we have found the optimal

ensemble and η > 1/
√

3 is both necessary and sufficient for steering with four equally

spaced projective measurements by Alice. In this case we find no improvement over

three measurements; for demonstrating experimental steerability of Werner states

both three (octahedron) and four (cube) evenly spaced measurement axes perform

equally well.
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11.1.3 Icosahedral measurements (n = 6)

While Sec. 11.1.2 showed no improvement for detecting steerability of Werner states,

by increasing the number of measurement axes to six (using the next Platonic solid)

we would expect to gain an improved bound. In order to determine this we need

to derive a relevant steering inequality. Six equally spaced projective measurements

can be defined using the 12 vertices of a regular icosahedron suggesting the use of

an operator for Bob’s system of the form

Ŝ6 =
1

6

6
∑

i=1

αiσ̂
B
i , (11.25)

where now the σ̂Bi correspond to operators of the form of Eq. (11.16) but with θi, φi

chosen so that the σ̂i define axes joining opposite vertices of an icosahedron within

the Bloch sphere. As in the previous examples, since Ŝ6 is a sum of spin observables

it corresponds to a spin observable along some axis defined by the particular αi.

Thus if Bob’s system possesses a LHS then the expectation of Ŝ6 must be bounded

〈Ŝ6〉 =
1

6

6
∑

i=1

αi〈σ̂Bi 〉 ≤ c6. (11.26)

Proceeding as in Sec. 11.1.1 we note that αi = ai where ai = ±1 and perform a

maximisation over ai and of the associated eigenvalues of Ŝ6 to obtain c6. Labelling

the possible combinations of the ai by p we find that there are 26 = 64 possible ar-

rangements for Ŝ6 with the corresponding maximum eigenvalues shown in Fig. 11.7.

This shows a much more complicated arrangement than for either of the previous ex-

amples, however, it is still possible to assign these eigenvalues to their corresponding

eigenvectors as shown in Fig. 11.8

The twelve peaks in Fig. 11.7 correspond to eigenvectors defining the vertices

of an icosahedron aligned with the measurement axes (as shown by the blue dots

joined by dotted lines in Fig. 11.8). The values of these peaks in Fig. 11.7 provide
max
{ai}λmax(Ŝ6) giving the following numerical bound

1

6

6
∑

i=1

ai〈σ̂Bi 〉 ≤ c6 ≈ 0.5393. (11.27)

For completeness we assign the remaining eigenvalues of Ŝ6 shown in Fig. 11.7.
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Figure 11.7: Maximum eigenvalue of Ŝ6 for all possible combinations of ai = ±1.
The 26 possible combinations are labelled by p.

The twenty points with eigenvalues of approximately 0.49 correspond to eigenvectors

pointing to the face centres of the icosahedron (and thus define the vertices of a do-

decahedron). The remaining 32 points correspond to twenty points with eigenvalue

approximately 0.3 and twelve with eigenvalue 0.21. The eigenvectors corresponding

to these eigenvalues define the vertices of a smaller3 dodecahedron and icosahedron

respectively.

In Sec. 11.1.1 and Sec. 11.1.2 the maximum eigenvalue of Ŝ occurred along di-

rections pointing to the face centres of the Platonic solids defining the measurement

arrangements (i.e. in directions defining the vertices of the dual Platonic solid). For

six equally spaced measurements we have found an interesting change. The max-

imum eigenvalues of Ŝ6 correspond to eigenvectors pointing to the vertices of the

Platonic solid defining the measurement arrangement.

3In each case the eigenvectors have been scaled to the length of their eigenvalue to assist with
matching.
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Figure 11.8: Eigenvectors associated with the maximum eigenvalues of Ŝ6 for the
different combinations denoted by p. The red dot indicates the centre of the Bloch
sphere. A vector from this dot to each of the other dots indicates the eigenvector
directions. The blue dots (defining an icosahedron) denote the maximum eigenvec-
tors.

Using the fact that Eq. (11.27) is an additive, convex constraint and proceeding

analogously to Sec. 11.1.1 we arrive at the following steerability criterion for six

equally spaced measurements

1

6

6
∑

i=1

〈Âiσ̂Bi 〉 > c6 ≈ 0.5393. (11.28)

Steering Werner states with icosahedral measurements

As for the n = 3 and n = 4 examples above, Alice’s strategy for steering Werner

states with n = 6 equally spaced measurements is to choose Âi = {−σ̂i}. Proceeding
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analogously to the other examples and evaluating Eq. (11.28) we find that

η > η
(6)
steer ≈ 0.5393, (11.29)

is sufficient to indicate steering.

Alice’s measurements produce conditioned states for Bob’s system of the form

of Eq. (11.12) with the σ̂i defined as in Eq. (11.25) as the axes of a regular icosahe-

dron. Figure 11.9 shows the obvious choices for arrangements of LHS ensembles to

attempt to simulate these conditioned states. Based on the fact that the maximum

eigenvalues of Ŝ6 defined an icosahedron, rather than a dodecahedron, we will first

consider arrangement (a) shown in Fig. 11.9.

Figure 11.9: Possible arrangements of LHS ensembles. (a) shows an ensemble aligned
with the measurement axes. (b) show an ensemble aligned with the face centres of
the icosahedron defining the measurement arrangement - this ensemble defines the
vertices of a dodecahedron. For n = 6 projective measurements, case (a) provides
the optimal arrangement.

That is, we consider an ensemble of twelve pure states defining an icosahedron

circumscribed by the Bloch sphere, aligned with the six measurement axes. The sym-

metry of the ensemble ensures that for each measurement axis it is possible to divide

it into two sub-ensembles of six states centred around each axis. Coarse-graining

over these sub-ensembles results in simulation of two states lying on the particular

measurement axis. The geometry of the icosahedron determines the heights of these

states relative to the measurement axis. That is, Alice is able to simulate the states

ρBi =
I ± η

(6)
steerσ̂i
2

, (11.30)
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where the geometry of the icosahedron allows us to determine analytically that

η
(6)
steer =

1

6

[

1 + 5

(

1 − L6

2

√

4 − 1

cos2(3π
10

)

)]

, (11.31)

and L6 = 4/(
√

10 + 2
√

5) is the side length of a regular icosahedron circumscribed

by the unit sphere.

Clearly the states Eq. (11.30) saturate Eq. (11.28) so the icosahedral LHS ensem-

ble is optimal for Werner states with six equally spaced projective measurements,

and η > η
(6)
steer ≈ 0.5393 is both necessary and sufficient to demonstrate steering with

these measurements. By increasing to six measurements we have again increased

the range of Werner states for which we can demonstrate steerability with projective

measurements.

11.1.4 Dodecahedral measurements (n = 10)

Finally we consider the case where Alice performs ten equally spaced projective

measurements defined by the vertices of a dodecahedron. One might expect that

since the dodecahedron is dual to the icosahedron that ten measurements will not

do any better than six. Let us see if this is indeed the case.

Consider the operator for Bob’s system

Ŝ10 =
1

10

10
∑

i=1

αiσ̂
B
i , (11.32)

where the σ̂Bi correspond to operators of the form of Eq. (11.16) with θi, φi chosen

so that the σ̂i define axes joining opposite vertices of a dodecahedron within the

Bloch sphere. As in the previous examples, Ŝ10 is a sum of spin observables and

corresponds to a spin observable. Thus if Bob’s system possesses a LHS then the

expectation of Ŝ10 must be bounded

〈Ŝ10〉 =
1

10

10
∑

i=1

αi〈σ̂Bi 〉 ≤ c10. (11.33)

Proceeding as in the previous examples we find that there are 210 = 1024 pos-

sible arrangements for Ŝ10 corresponding to the possible combinations of αi = ai =

±1. The maximum eigenvalues of Ŝ10 for each possible arrangement are shown in
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Fig. 11.10. As one would expect with more than a thousand possible combinations,

Fig. 11.10 shows an extremely complicated arrangement. It is however possible to

determine the number of peaks and assign these to their corresponding eigenvectors.
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Figure 11.10: Maximum eigenvalue of Ŝ10 for all possible combinations of ai = ±1.
The 210 possible combinations are labelled by p.

The twenty peaks in Fig. 11.10 correspond to eigenvectors defining the vertices

of a dodecahedron aligned with the measurement axes (given by the blue dots in

Fig. 11.11). The values of these peaks provide max
{ai}λmax(Ŝ10), giving the following

numerical bound
1

10

10
∑

i=1

ai〈σ̂Bi 〉 ≤ c10 ≈ 0.5236. (11.34)

Again using the fact that Eq. (11.34) is an additive, convex constraint and pro-

ceeding analogously to Sec. 11.1.1 we arrive at the following steerability criterion



11.1. PLATONIC SOLID MEASUREMENTS 165

−0.5

0

0.5 −0.5

0

0.5
−0.4

−0.2

0

0.2

0.4

0.6

Figure 11.11: Eigenvectors associated with the maximum eigenvalues of Ŝ10 for the
different combinations denoted by p. The red dot indicates the centre of the Bloch
sphere. A vector from this dot to each of the other dots indicates the eigenvector
directions. The blue dots (defining an dodecahedron) denote the maximum eigen-
vectors.

for ten equally spaced measurements

1

10

10
∑

i=1

〈Âiσ̂Bi 〉 > c10 ≈ 0.5236. (11.35)

Steering Werner states with dodecahedral measurements

For the two-qubit Werner states we have seen that Alice’s optimal measurements are

to mirror Bob’s measurements, that is, to choose Âi = {−σ̂i}. Using this strategy

results in each term in the left hand side of Eq. (11.35) evaluating to η and thus
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the sufficient criterion for steerability of the Werner states with this measurement

arrangement is given by

η > η
(10)
steer ≈ 0.5236. (11.36)

As we have seen in the previous examples, each of Alice’s measurements results

in one of a pair of conditioned states for Bob’s system which lie along the particular

measurement axis. Thus, our task is to look for a LHS ensemble to simulate states

of the form of Eq. (11.12) with σ̂i defining the axes of a dodecahedron. Based

on intuition from Sec. 11.1.3 we begin by considering an ensemble of pure states

defining a dodecahedron aligned with the measurement axes as shown in Fig. 11.12

(a). Ideally, by considering the geometry of this ensemble it will be possible to

determine an analytic expression for c10.

Figure 11.12: Possible arrangements of LHS ensembles. (a) shows an ensemble
aligned with the measurement axes. (b) shows an ensemble aligned with the face
centres of the dodecahedron defining the measurement arrangement - this ensemble
defines the vertices of a icosahedron. For n = 10 projective measurements, case (a)
provides the optimal arrangement.

Consider an ensemble of twenty pure states defining an dodecahedron circum-

scribed by the Bloch sphere, aligned with the ten measurement axes. Again Alice

divides these states into two sub-ensembles centred around each measurement axis.

Using the geometry of the dodecahedron circumscribed by the unit sphere it is pos-

sible to determine analytic expressions for coarse-graining over the sub-ensembles.
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We find that Alice is able to simulate

ρBi =
I ± η

(10)
steerσ̂i
2

, (11.37)

where the steering bound is given by

η
(10)
steer =

1

10



1 + 3

(

1 −
√

L2
10 −

4

9

)

+ 6



1 −
1
2

√

L2
10 − 4

9
tan(2π

5
)

sin(π
5
)







 ,

and L10 = 4/(
√

15+
√

3) is the side length of a regular dodecahedron circumscribed

by the unit sphere.

As for the icosahedral example, we find that evaluating Eq. (11.35) using Eq. (11.37)

saturates the criterion. Hence, as for the previous example, we find that using a

LHS ensemble aligned with the measurement axes is the optimal ensemble. Hence,

η > η
(10)
steer ≈ 0.5236 provides the necessary and sufficient criterion for steering two-

qubit Werner states with ten equally spaced projective measurements.

Interestingly, we find that η
(10)
steer < η

(6)
steer which means that it is easier to demon-

strate steering with ten measurements than it is with six. That is, in this case we find

that we do not obtain the same result when using geometrically dual measurement

arrangements.

11.2 Discussion

In this chapter we have seen an interplay between improved ability to demonstrate

steering with more measurements, and the tendency for geometrically dual arrange-

ments to perform equally well for characterising properties of quantum states. When

increasing from two to three projective measurements there was a distinct increase in

the ability to detect steerable Werner states. This improvement is easily attributed

to the fact that the third measurement allows access to correlations along an extra

‘dimension’, i.e. moves from measurements in a plane to a sphere.

In the n = 4 measurement case defining the vertices of a cube, it was found

that the optimal arrangement of LHSs corresponded to the geometric dual of the

cube, the octahedron. In this case, the derived steerability criterion detected the

identical range of steerable Werner states as detected using the n = 3 measurement

criterion. Thus, despite increasing the number of measurements, no improvement is
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gained in detecting steerable Werner states. To understand this, it is necessary to

consider the properties of the dual Platonic solids, the cube and octahedron. The

n = 3 and n = 4 measurement steerability criteria are saturated by optimal LHS

ensembles defined by a cube and octahedron respectively. That is, the criteria are

both saturated by ensembles which are dual to the solid defining the measurement

arrangement. The cube and octahedron circumscribed by the Bloch sphere possess

the unique property that the distance from the centre of the sphere to a face centre

is identical for both Platonic solids. It is this fact that leads to the same bound on

the steerability criteria, despite the increase in measurement number.

As one would expect, when moving to the next Platonic solid arrangement with

n = 6 measurements there was again an increase in the range of steerable Werner

states detected by the derived steerability criterion. An interesting change in be-

haviour occurred for n = 6 measurements; the optimal ensemble of LHSs which

saturated the bound of the criterion possessed the same geometry as the measure-

ment arrangement rather than its dual. This behaviour continued for the n = 10

measurement arrangement defining a dodecahedron. In this final example, the opti-

mal ensemble of LHSs saturating the relevant steerability criterion again possessed

the same geometry as the measurement arrangement. Interestingly, when mov-

ing from six to ten measurements a further improvement in the ability to detect

steerable Werner states was achieved, despite the fact that the two measurement

arrangements defined dual Platonic solids.

One way to understand this change in behaviour is to consider the geometry

of the optimal LHS ensembles as well as the properties of the relevant Platonic

solids within the Bloch sphere. First, note that the increased complexity of the

measurement arrangement resulted in an optimal LHS ensemble that possessed the

same geometry as the measurement arrangement, rather than the dual solid as in the

n = 3 and n = 4 cases. Next, recall from Sec. 9.2.1 that the optimal arrangement

for detecting the steerability of Werner states corresponds to an infinite number

of projective measurements defining the entire Bloch sphere. Thus, in order to

gain insight into the improvement gained from six to ten measurements consider

the geometry of an icosahedron compared to a dodecahedron circumscribed by the

Bloch sphere. The icosahedron fills approximately 3/5 of the volume of the sphere,

while the dodecahedron fills approximately 2/3 of the volume. Thus, on average,

the geometry of the dodecahedron, with its increased number of vertices, is ‘closer’

to that of the sphere than the icosahedron’s geometry is to the sphere. That is,
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the dodecahedral ensemble approximates the ideal case of an infinite number of

measurements better than the icosahedral ensemble and hence ten measurements

provides an improvement for detecting the steerability of two-qubit Werner states,

despite being dual to the six measurement arrangement.

The steering boundaries for two projective measurements as well as the octa-

hedral, cubic, icosahedral and dodecahedral measurement arrangements for Werner

states are shown in Fig. 11.13. As discussed, the general trend found that utilising

more measurements increased the range of steerable states detected, with a rapid

approach to the bound achieved using an infinite number of measurement settings.
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Figure 11.13: Steering boundary as a function of the number of measurements used
in an experiment. Above the plotted line it is possible to experimentally demonstrate
steering with n projective measurements (at each side). The dotted line indicates
the optimal bound achievable with an infinite number of projective measurement
settings.



170 CHAPTER 11. STEERABILITY FOR TWO-QUBIT STATES

11.3 Summary

We have shown that it is possible to use projective measurement schemes based on

the Platonic solids to experimentally demonstrate steerability of two-qubit Werner

states. The results are based on a sufficient criterion for steerability derived from a

simple additive, convex constraint applicable to Bob’s system as described in Chap-

ter 10. By considering ensembles of LHSs which are able to simulate Bob’s condi-

tioned states up to the bound of the derived steerability criterion, we proved that

the ensembles were optimal and that each criterion was both necessary and sufficient

to demonstrate steering of Werner states with n projective measurements. Thus,

when, and only when, these criteria are satisfied, the Werner states are genuinely

steerable with the associated arrangements of projective measurements. Since these

results are for qubit states, it was possible to visualize the measurement schemes

(and the optimal ensembles of pure states) as geometric objects within a sphere in

three dimensions. Using geometric properties of the Platonic solids provided insight

into the results obtained.

For the purposes of this chapter it was sufficient to find experimental criteria

for small numbers of measurement settings that allow a demonstration of steering

for a quantum state of interest. It was useful that (in general) as per our intuition,

making use of more measurement settings eases the task of demonstrating steering.

However, it is also appealing to see that with relatively few measurement settings it

is possible to achieve steering bounds which are encouragingly close to the optimal

bounds achievable with an infinite number of measurement settings.



Chapter 12

Single-photon steering

“Efficiency is doing things right; effectiveness is doing the right

things”

– Peter F. Drucker (1909 – 2005).

So far we have considered a specific aspect of demonstrating experimental steer-

ability, that is, the arrangement of measurements. In realistic experiments however,

measurements are not perfect. This is one reason why experimental demonstrations

of other quantum phenomena, such as violation of a Bell inequality, are plagued

by loopholes arising due to measurement inefficiency. Clearly, any experimental

demonstration of steering will need to take measurement inefficiency into account.

In this chapter we extend upon the concepts of the previous chapters by considering

not only a more general class of measurements, but also allowing for inefficiencies

in these measurement schemes. This opens up a range of experimental parame-

ters which may be adjusted in order to facilitate an experimental demonstration of

steering. We do this in the context of a particular entangled state: a shared single

photon.

12.1 Steering inequalities and steerability criteria

In order to determine the steerability of the single photon state we will require rele-

vant steering inequalities in order to obtain steerability criteria. Before considering

the state in detail we will first derive three criteria which will prove useful in the

remainder of this chapter.

171
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12.1.1 Linear inequality for an infinite number of measure-

ments

We will begin by deriving a linear steering criterion for an infinite number of planar

measurements. By this we mean measurements defined by axes around a central

plane of the Bloch sphere, for instance, the xy-plane. Proceeding as in the examples

of the previous chapter we consider the following operator for Bob’s system

Ŝplane =
1

π

∫ π/2

−π/2
dθαθσ̂θ, (12.1)

where σ̂θ = cos(θ)σ̂x + sin(θ)σ̂y
1 defines a general projective measurement in the

xy-plane and θ is a continuous variable in the range [−π/2, π/2]. Again the {αθ}
assume the values aθ ∈ [−1, 1] of measurement outcomes for Alice’s system.

Assuming that Bob’s system possesses a LHS, the expectation value of the op-

erator Ŝplane will be bounded:

〈Ŝplane〉 =
1

π

∫ π/2

−π/2
dθαθ〈σ̂θ〉 ≤ cplane, (12.2)

where the bound is obtained by calculating

cplane = max
{αθ}λmax(Ŝplane). (12.3)

Based on the intuition from the examples in Chapter 11 one can verify that the

maximum over {αθ} occurs when the measurement axes are all chosen to lie on the

same semicircle in the plane (i.e. choose all the αθ = 1 or all αθ = −1). Under this

condition, we simply have Ŝplane = (2/π)σ̂x, for which the maximum eigenvalue, and

hence cplane, is 2/π and thus

〈Ŝplane〉 =
1

π

∫ π/2

−π/2
dθαθ〈σ̂θ〉 ≤

2

π
. (12.4)

As for the examples in the previous chapter, we have arrived at a constraint

on Bob’s system which takes an additive, convex form. Thus, using the method of

1Due to the symmetry of measurement axes we only need to consider measurements with positive
axes associated with half of a circle. For simplicity we will consider a semicircle of measurement
axes centred about the +x-axis.
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Sec. 10.1.1, one can derive from Eq. (12.4) the following steering inequality

1

π

∫ π/2

−π/2
dθEAθ

[aθ〈σ̂θ〉aθ
] ≤ 2

π
. (12.5)

Noting that, as shown in Eq. (11.8), the conditional expectation values take the

simple form EAθ
[aθ〈σ̂θ〉aθ

] = 〈Âθσ̂θ〉, we can rewrite Eq. (12.5) as

1

π

∫ π/2

−π/2
dθ〈Âθσ̂θ〉 ≤

2

π
. (12.6)

If this inequality is violated by a quantum state, then the state is genuinely steerable

(but the experimental demonstration of this steerability may require an infinite

number of measurements).

Note that the right hand side of Eq. (12.6) cannot be any smaller since we have

taken a maximum in Eq. (12.3). Thus the bound in Eq. (12.6) is tight for this

measurement scheme.

12.1.2 Nonlinear steering inequality

As discussed in Sec. 10.2, there may be instances when a general steering inequality

is better able to detect experimental steerability than simple linear inequalities.

Thus we will also make use of a nonlinear steering inequality. In order to derive

the inequality we make use of the linear inequality of the previous section and

take inspiration also from the Inept state example of Sec. 9.2.3. In that example,

the measurement scheme used by Alice included an infinite number of projective

measurements in the xy-plane, as well as a projective z measurement. Thus, we are

motivated to consider the following function

f({〈σ̂θ〉}, 〈σ̂z〉) =
1

π

∫ π/2

−π/2
dθaθ〈σ̂θ〉 −

2

π

√

1 − 〈σ̂z〉2, (12.7)

which as shown in Appendix D is a convex function of its arguments and satisfies

f ≤ 0 ∀ aθ ∈ {−1, 1}, ∀ ρ. Therefore, the constraint f({〈σ̂θ〉}, 〈σ̂z〉) ≤ 0 defines an

additive convex constraint on Bob’s system and using the approach of Sec. 10.1.1

leads to the nonlinear steering inequality

1

π

∫ π/2

−π/2
dθEAθ

[aθ〈σ̂θ〉aθ
] − 2

π
EA[
√

1 − (〈σ̂z〉a)2] ≤ 0, (12.8)
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where the difference between EAθ
and EA is that the latter is the ensemble average

with a different measurement performed by Alice. Noting that the first term in

Eq. (12.8) is the same as Eq. (12.5) and rearranging the inequality gives

1

π

∫ π/2

−π/2
dθ〈Âθσ̂θ〉 ≤

2

π
EA[
√

1 − 〈σ̂z〉2a]. (12.9)

Finally, we can write out the conditional expectation on the right hand side explicitly

for Alice’s dichotomic measurement Â with outcomes ±1 to obtain the nonlinear

steering inequality

1

π

∫ π/2

−π/2
dθ〈Âθσ̂θ〉 ≤

2

π

[

℘+

√

1 − z2
+ + ℘−

√

1 − z2
−

]

, (12.10)

where ℘± = 〈Â±〉 is the probability that Alice obtains results ±1 and z± = 〈Â± ⊗
σ̂z〉/℘± are determined from observable correlations when Alice performs measure-

ment Â (with Â± the operators associated with her obtaining the +1 and −1 results

respectively).

Generally the nonlinear bracketed term on the right hand side of Eq. (12.10) will

be less than 1 and hence this side of the inequality will be less than 2/π. Thus, as

one would expect, the nonlinear steering inequality which incorporates an additional

measurement setting, will be generally easier to violate than Eq. (12.6).

Recalling the similarity to the steering example with Inept states in Sec. 9.2.3

suggests a LHS model which can be used to show that Eq. (12.10) is a tight inequal-

ity. Consider two rings of pure states centred around the z axis, with the heights

of these rings relative to the z axis given by the average 〈σ̂z〉 conditioned on Alice

obtaining the +1 and −1 outcomes for her measurement respectively. The ensem-

ble is weighted so that the probability of a random state in the ensemble lying on

the upper ring is given by ℘+ and on the lower ring ℘−. By construction, such an

ensemble will produce the correct correlations when Bob performs the measurement

σ̂z. Thus, we simply need to determine how well such an ensemble simulates cor-

relations of the form 〈Âθσ̂θ〉. A straightforward calculation shows that the radii of

the rings of pure states are given by
√

1 − z2
± where z± = 〈Â± ⊗ σ̂z〉/℘±. Taking

the weighted average over half of each ring centred around the measurement axis

of interest results in the integral of Eq. (12.6), multiplied by each ring’s radius.

Thus, on average, the LHS model predicts that the left hand side of Eq. (12.10)

gives (2/π)
[

℘+

√

1 − z2
+ + ℘−

√

1 − z2
−

]

which proves that this ensemble of LHSs is
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optimal for these measurements. Hence, the violation of Eq. (12.10) given by

1

π

∫ π/2

−π/2
dθ〈Âθσ̂θ〉 >

2

π

[

℘+

√

1 − z2
+ + ℘−

√

1 − z2
−

]

, (12.11)

is a tight2 sufficient criterion for steerability.

12.1.3 Finite setting inequality

Finally we consider a family of general steering inequalities based on finite numbers

of measurement settings. Such inequalities should prove more difficult to violate

than the inequalities incorporating an infinite number of settings, but have the

advantage of being experimentally realisable. A goal of this section is to derive the

set of steering inequalities analogous to Eq. (12.10) but containing a finite number,

n, of measurements in the xy-plane.

We begin by considering the case analogous to Sec. 12.1.1 with n evenly spaced

planar measurements, which implies that the {θi} are separated by π/n. Assuming

a LHS model for Bob’s system

〈Ŝnplane〉 =
1

n

n
∑

i=1

αi〈σ̂θi
〉 ≤ f(n), (12.12)

where the bound is a function of the number of measurement axes and is given by

f(n) = max
{αi}λmax(Ŝ

n
plane). (12.13)

Following the approach used in the examples of Chapter 11, one finds that the eigen-

vectors associated with the maximum eigenvalues obtainable for Ŝnplane occur along

the direction of the measurement axes and a direction midway between measure-

ment axes for n odd and even respectively. Calculating these eigenvalues for the

first few small n allows one to obtain by induction

f(n) =
1

n





∣

∣

∣
sin
(nπ

2

)∣

∣

∣
+ 2

bn/2c
∑

k=1

sin
[

(2k − 1)
π

2n

]



 , (12.14)

Proceeding analogously to Sec. 12.1.1, the constraint Eq. (12.12) results in the steer-

2Here the term ‘tight’ is used analogously as for tight Bell inequalities, meaning that for the
specified number and type of measurements there are no better sufficient conditions.
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ing inequality
1

n

n
∑

i=1

〈Âiσ̂θi
〉 ≤ f(n). (12.15)

Next, to derive a stronger inequality, like that of Eq. (12.10), we need to incor-

porate an additional measurement axis orthogonal to the n planar measurements.

This can be done analogously to the proof of Eq. (12.10) by defining a function

f({〈σ̂θi
〉}, 〈σ̂z〉) as in Eq. (12.7) except that the integral is replaced by a sum, and

the factor of 2/π is replaced by f(n). The proof of convexity and that f ≤ 0 follows

from the proof given in Appendix D. Thus, following the proof in Sec. 12.1.2 leads

to the finite measurement steering inequality

1

n

n
∑

i=1

〈Âiσ̂θi
〉 ≤ f(n)

[

℘+

√

1 − z2
+ + ℘−

√

1 − z2
−

]

. (12.16)

To prove that violation of Eq. (12.16) provides a tight sufficient criterion for

steerability with n planar measurements and an orthogonal measurement like σ̂z,

consider the following ensembles of LHSs. Based on Sec. 12.1.2 we use ensembles

composed of two rings of pure states, but now with each ring containing a finite

number of evenly space pure states. It is straightforward to see by analogy with the

previous ensemble of infinite rings of pure states that on average the finite ensembles

will predict
1

n

n
∑

i=1

〈Âiσ̂θi
〉 = f(n)

[

℘+

√

1 − z2
+ + ℘−

√

1 − z2
−

]

, (12.17)

where it remains for us to prove that the particular functions f(n) are of the form

given by Eq. (12.14).

Consider the first few even and odd examples for n as shown in Fig. 12.13. For

the first even cases, n = 2 and n = 4, the ensembles are chosen with pure states

lying midway between the measurement axes (this reflects the directions of the

maximum eigenvectors of Ŝ2 and Ŝ4). For the first odd cases, n = 3 and n = 5, the

ensembles are chosen with pure states aligned with the measurement axes (reflecting

the directions of the maximum eigenvectors of Ŝ3 and Ŝ5). Partitioning each of these

ensembles in half (as indicated by the colouring in Fig. 12.1) leads to f(2) = 1/
√

2,

f(3) = 2/3, f(4) ≈ 0.6533, and f(5) ≈ 0.6472. It is straightforward to show that

these results generalise as one would expect for larger n (with ensembles of 2n pure

3In the diagram a single ring is shown, but the optimal arrangement of LHSs will be the same
for both rings.
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states off-axis per ring for even n, and 2n pure states on-axis per ring for odd n).

Thus, Eq. (12.17) saturates the right hand side of Eq. (12.16) and we have shown

that
1

n

n
∑

i=1

〈Âiσ̂θi
〉 > f(n)

[

℘+

√

1 − z2
+ + ℘−

√

1 − z2
−

]

, (12.18)

provides a tight sufficient criterion for steerability with n planar measurements and

one measurement orthogonal to the plane.

Note that for n → ∞ the n dependent term simplifies to f(∞) = 2/π and

Eq. (12.18) is equivalent to Eq. (12.11).

12.2 Single photon state

As pointed out in Chapter 2, maximally entangled two-qubit states are a useful

resource for QIP tasks, and as such, their experimental preparation is desirable.

Photonic systems provide a useful medium for the preparation of such states, thus,

one might consider the case where Alice and Bob share an entangled state formed

from a single photon incident on a 0.5 : 0.5 beamsplitter,

|ψ〉 =
1√
2

(|0, 1〉 − |1, 0〉) . (12.19)

However, as we have seen in Part I of this thesis, care must be taken when character-

ising the properties of quantum systems. In realistic experiments it is not possible to

prepare a single photon state with certainty, only with probability η, which means

that in practice Alice and Bob will end up with a mixed state that has a vacuum

component (which occurs when the initial single photon preparation fails without

detection). That is, the state that is actually prepared in such a situation has the

form

Wη = ]
√

1 − η|0, 0〉 ]
√

η

2
(|0, 1〉 − |1, 0〉) , (12.20)

where ]|a〉 = +|a〉〈a| as defined in Sec. 3.3.1.

This type of state has recently been prepared and studied by Babichev et al. [101].

This work reported preparation of states of the form of Wη with at best η = 0.64;

their goal was to use homodyne measurements to characterise the properties of Wη.

In particular, Babichev et al. [101] were interested if the state retained sufficent

entanglement to demonstrate violation of a Bell inequality. As discussed in Sec. 2.4,

Bell inequalities for qubit states are most commonly formulated for dichotomic vari-
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Figure 12.1: Finite LHS ensembles around a circular plane. In each case the black
vectors denote n measurement axes, and the coloured dots denote pure states. Plots
(a) and (c) correspond to the first two even cases, n = 2 and n = 4 respectively
and have optimal ensembles of states lying midway between the measurement axes.
Plots (b) and (d) correspond to the first two odd cases, n = 3 and n = 5 respectively
and have optimal ensembles aligned with the measurements axes. In each case the
blue and red colouring of the pure states denotes the partitioning of the ensemble
that Alice would use if the y-axis was the measurement of interest for a particular
run of an experiment.
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ables. Thus, in order to apply these types of Bell inequalities to experimental data

obtained from continuous variable measurements, such as homodyne detection, a

technique known as “binning” is employed. This is a procedure which maps the

continuous range of measurement outcomes onto two discrete values. In the case of

[101] the continuous results are actually divided into three “bins” corresponding to

a +1 result, a −1 result and a ‘no result’ which occurs when the measured signal has

insufficient intensity to be safely judged to lie beyond the threshold for a +1 or −1

result. The “no result” data is excluded. As mentioned in Sec. 2.4.3, testing a Bell

inequality when only using statistics obtained from measurements deemed to give a

“result” requires the so-called “fair-sampling” assumption. That is, that the data

obtained from the “result” data is representative of the statistics that would be ob-

tained if all of the experimental data could be sufficiently resolved to place in either

the +1 or −1 bin. Provided that this is a valid assumption in a given experiment,

we are free to test the experimental data against a given Bell inequality.

Babichev et al. [101] perform precisely this task, and find that the state Wη

violates their version of a Bell inequality with η = 0.64. This would suggest that

the experimental data in [101] also constitutes an experimental demonstration of

the steerability of Wη. However, before we proceed to address this possibility, we

will first examine the properties of Wη more closely.

Since Wη is a two-qubit entangled state, it is quite straightforward to show that

despite the introduction of the vacuum component, the state Wη always retains at

least some of its entanglement for any nonzero η. In fact, one finds that this state

possesses EF = η ebits of entanglement. Clearly this show that

ηent = 0, (12.21)

however, for small η, the state possesses little entanglement and this fact may limit

the usefulness of Wη for some QIP tasks.

One might wonder how much entanglement is needed to be deemed ‘useful’. If

Wη possesses sufficient entanglement to violate a Bell inequality then it is certainly

useful. For two-qubit states, the Horodeckis [32] have determined an analytical

expression in terms of the state matrix for deciding if the state violates the Clauser,

Horne, Shimony, Holt (CHSH) inequality. Using this criterion we find that for Wη,

ηCHSH =
1√
2
, (12.22)
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where ηCHSH is the value of η above which Wη certainly violates the CHSH inequality.

The astute observer will have noticed that in order forWη to violate a Bell inequality

we require η & 0.71, while the work of Babichev et al. [101] reports a violation for

η = 0.64. An obvious way to reconcile these two facts is to assume that if some of

the discarded experimental data had been included then the Bell inequality would

not have been violated when η = 0.64. That is, these facts can be reconciled if the

“fair-sampling” assumption was not justified in the experiment of interest.

This raises interesting questions. First, the experiment of Babichev et al. [101]

appears not to have demonstrated Bell nonlocality forW0.64, but do the experimental

results of this work constitute a demonstration of the weaker quantum phenomenon

of steering? Second, if they do not constitute steering, might we perform a simple

modification to the experiment that would enable them to? In order to answer these

questions we make use of the steerability criteria derived in Sec. 12.1.

12.2.1 Ideal case

To begin with, let us consider an ideal case to establish a proof of principle for when

steering is possible with Wη. That is, we will consider the steerability of Wη in an

experiment where Alice may perform perfect projective measurements. In order to

obtain the best steerability bound we would ideally allow projective measurements

in any direction around the Bloch sphere. Unfortunately, this unrestricted mea-

surement set is difficult to work with for the states Wη, so we will first consider a

restricted set. That is, we will consider the case where Alice can perform a projec-

tive z measurement, along with any projective measurement with an axis defined in

the xy plane. Using such a measurement scheme the relevant steering criterion is

given by Eq. (12.11) from Sec. 12.1.2. Evaluating the quantities in Eq. (12.11) for

Wη we find for the left hand side

1

π

∫ π

0

dθ〈Âθσ̂θ〉 =
Tr[WηÂ+ ⊗ σ̂]

1/2

= η. (12.23)

For the right hand side quantities we have

℘+ = 〈Â+〉 =
η

2
, (12.24)
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which clearly means that

℘− = 〈Â−〉 = 1 − η

2
. (12.25)

We also obtain

z+ =
〈Â+ ⊗ σ̂z〉

℘+
=

−η/2
η/2

= −1, (12.26)

and finally

z− =
〈Â− ⊗ σ̂z〉

℘−
=

(3η − 2)

2 − η
. (12.27)

Testing these values in Eq. (12.11) we find that the criterion is satisfied and thus

steering occurs when

η > ηproj.+p.d.
steer =

8

8 + π2
≈ 0.4477. (12.28)

That is, the state Wη is steerable using the projective measurement scheme outlined

above whenever η exceeds 0.4477.

12.2.2 Steering with homodyne measurements

Now that we have established that steering should be demonstrable for a wide range

of η we are in a position to include the effect of non idealities and determine if the

possibility of demonstrating steering remains. Rather than the perfect projective

measurements considered above, the experimental work of [101] made use of homo-

dyne detection, which as described in Sec. 2.1.2 is a non-projective measurement

technique. Let us now consider the possibility of demonstrating steering with such

measurements.

To make the task of determining Alice’s ability to steer Bob’s half of Wη simpler,

we will consider Bob’s conditioned state based on Alice’s homodyne measurements.

Determining this state will make it simpler to evaluate a criterion for ascertaining

if a LHS model exists for this state conditioned on Alice’s measurements.

If Alice makes a homodyne measurement associated with F̂ θ
hom(r) as defined in

Sec. 2.1.2, then Bob’s conditioned state is given by ρ̃FB = TrA[F̂ θ
hom(r)Wη] which

written out explicitly is

ρ̃rB = k(r)

(

η/m −rη (cos θ − i sin θ) /m

−rη (cos θ + i sin θ) /m (−2η + 2 + r2η)/m

)

, (12.29)

where k(r) = m(2π)−1/2 exp(−r2/2)/2 and m = −η + 2 + r2η.
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To determine if Wη is steerable by Alice using perfect homodyne measurements

we must determine if Bob’s conditioned state could be simulated by suitable aver-

aging over an ensemble of pure states. This can be determined by evaluating the

relevant steering criterion such as Eq. (12.6) from Sec. 12.1.1. Thus we wish to cal-

culate the maximum value of 1
π

∫ π

0
dθ〈Âθσ̂θ〉 allowed by quantum theory. However,

this may be simplified by noting that due to the anticorrelation in the state Wη, for

every measurement angle θ the maximum value of the correlation will be obtained

when Bob’s measurement is in the opposite direction to Alice’s. This will result in

the same value for the correlation function for every direction. Hence the correlation

function becomes independent of θ and we have

1

π

∫ π/2

−π/2
dθ〈Âθσ̂θ〉 = 〈Âσ̂x〉. (12.30)

Now we simply need to calculate the correlation function, which is given by

〈Âσ̂x〉 = max
A(r)

(

∑

r

Tr[ρ̃rσ̂xA(r)]

)

, (12.31)

where ρ̃rB is Bob’s conditioned state defined in Eq. (12.29) and the function A(r)

represents Alice’s result. Note that we require that Alice’s measurements satisfy

|A(r)| ≤ 1. Using A(r) in Eq. (12.31) is valid for determining steerability as Alice

is free to report any valid function of her results in place of r. Since r can take an

infinity of values we replace the sum with an integral and Eq. (12.31) evaluates to

max

(

−η
∫ ∞

−∞
dr

r√
2π

exp(−r2/2)A(r)

)

. (12.32)

Due to the anticorrelation of Wη, the maximum over A(r) occurs when Alice chooses

A(r) = −sign(r) and thus we have

1

π

∫ π

0

dθ〈Âθσ̂θ〉 =

√

2

π
η

∫ ∞

0

dr exp(−r2/2)r

=

√

2

π
η. (12.33)

In order to determine for which values of η the state Wη is steerable we simply
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compare Eq. (12.33) with the right hand side of Eq. (12.6). Doing so we find

η > ηhom.
steer =

√

2

π
≈ 0.7979, (12.34)

indicates steering, where ηhom.
steer denotes the steering bound for Wη using an infinite

number of homodyne measurements (around a single plane).

12.2.3 Adding photodetection

We have seen in Sec. 12.2.1, that the steering bound when Alice performs projective

measurements in the xy-plane and the z-direction is ηsteer > 0.4477. This bound

is obtained using the best possible knowledge that Alice could obtain about Bob’s

conditioned state with these types of measurements. When Alice performs a ho-

modyne measurement, the resulting mixed state for Bob is such that not only the

probabilities for x and y measurements, but also the probabilities for z measure-

ments, depend upon Alice’s result. So in a sense, Alice’s homodyne measurement

gives hybrid information about Bob’s measurement results in the xy-plane and in

the z-direction. Thus, as one would expect, we found in the previous section that the

steering bound using homodyne measurements, η > 0.7979, is greater than for the

projective measurement case. That is, it is more difficult to demonstrate steering

with homodyne measurements in a plane, than with projective measurements in a

plane supplemented by an orthogonal measurement.

In the experimental work of [101] Lvovsky et al. were only able to achieve a

preparation efficiency of η ≤ 0.64. Thus, even using an infinite number of homo-

dyne measurement settings as outlined in Sec. 12.2.2, it would seem difficult to

verify steering in an experiment using this scheme. However, one may wonder if we

could demonstrate steerability more easily by using a more general measurement

scheme, in closer analogy to the ideal case outlined in Sec. 12.2.1. For a single pho-

ton state, this would involve incorporating photodetection measurements. Adding

extra measurements settings restricts the optimal ensembles which prevent steer-

ing and thus can lead to steerability bounds which are lower (i.e. allow a wider

class of states to exhibit genuine steering). This is the case that we expect if we

add photodetection to the planar homodyne measurements considered in the previ-

ous section. We would expect that this would allow us nearer to the ideal case of

ηsteer > 0.4477, as by adding photodetection we are effectively supplementing the

information gained in the z-direction from the partial information obtained via the
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homodyne measurements.

In this situation we can modify the steerability criterion to allow for this more

general case as outlined in Sec. 12.1.2. That is, we use the steerability criterion

1

π

∫ π/2

−π/2
dθ〈Âθσ̂θ〉 >

2

π

[

℘+

√

1 − z2
+ + ℘−

√

1 − z2
−

]

, (12.35)

where ℘± = 〈Â±〉 and z± = 〈Â± ⊗ σ̂z〉/℘± are determined from observable corre-

lations when Alice performs photodetection measurements (with Â± the operators

associated with detection of a photon, and no photon respectively).

Now, for the single photon state Wη we can evaluate the right hand side of

Eq. (12.35) by defining Â+ = |1〉〈1| and Â− = I − Â+ (that is, we assume perfect

photodetection), which is equivalent to a projective z measurement. Hence the quan-

tities in the right hand side of Eq. (12.35) take the values defined in Eqs. (12.24)–

(12.27). Making the relevant substitutions into Eq. (12.35) gives

1

π

∫ π

0

dθ〈Âθσ̂θ〉 >
2

π

[

(2 − η)

√

η(2 − 2η)

(2 − η)2

]

√

2

π
η >

2

π

√

2η(1 − η). (12.36)

Solving the inequality for η we find that

η > ηhom.+p.d.
steer =

4

4 + π
≈ 0.5601, (12.37)

indicates steerability. That is, if we include perfect photodetection measurements

with an infinite number of homodyne measurement settings it is possible to demon-

strate steering with preparation efficiencies as low as η = 0.56. This is well within

the experimental range reported in [101]. However, to achieve this steering bound

we have used the highly idealized case of an infinite number of homodyne measure-

ment settings and perfect efficiencies for the measurements. In a real experiment

neither of these conditions are likely to be satisfied. Hence we will now take these

non idealities into account.

12.2.4 Steering with finite numbers of measurements

In practice it is not feasible to require an infinite (or even a very large) number of

measurement settings to demonstrate steerability. Conveniently, it is also possible to
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define steering inequalities and criteria for a finite number of measurement settings

as shown in Sec. 12.1.3. We will consider the specific case of Eq. (12.18) (since this

nonlinear criterion allows for photodetection measurements and provides the lowest

steering bound). As one would expect, it is more difficult to demonstrate genuine

steerability with fewer measurements settings; this is reflected by the fact that the

right hand side of the steering inequalities is larger when fewer measurements are

allowed.

In order to see how well the finite setting criterion compares with the idealised

infinite setting case, consider the values of f(n). It can be seen in Fig. 12.2 that

the function f(n) quickly approaches its asymptotic value. Hence, it takes relatively

few planar measurement settings to arrive at a steerability criterion which works

almost as well as the ideal criterion which incorporates an infinite number of mea-

surement settings. This will prove a useful feature for experimental steering where

it is impractical to require a very large number of measurement settings to verify a

property.

Evaluating Eq. (12.18) for Wη simply amounts to scaling the right hand side by

the appropriate factor for the number of planar homodyne measurement settings to

be used. The steering bounds obtained for some low numbers of homodyne measure-

ment settings are shown in Fig 12.3 for both the linear and nonlinear inequalities

considered. That is, results using only planar projective measurements, and those

incorporating a photodetection measurement are compared. As one would expect,

the additional measurement setting allows a demonstration of steering with a wider

range of states.

12.2.5 Steerability with imperfect measurements

In the previous sections we have assumed that all of the required measurements

could be performed perfectly (i.e. with unit efficiency). While homodyne detection

can achieve very good efficiencies, they are still likely to be less than one. For the

case where photodetection was added we obtained much improved bounds, however,

photodetection measurement efficiencies are typically much lower than homodyne

efficiencies. We have seen in the previous sections that a single photon entangled

state can only tolerate a certain amount of vacuum component before it becomes

impossible to demonstrate steering (that is, there are bounds on the η for which

steering can be demonstrated). We now consider how inefficiencies in the measure-

ment schemes affect the experimental steering bounds obtained.
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Figure 12.2: The finite correction factor f(n) for some small values of the number of
planar measurements used, n. We see that f(n) quickly approaches the asymptotic
value of 2/π (indicated by the red dotted line).

We will consider the most general case using the nonlinear steering criterion

defined in Eq. (12.11), as this allows for both homodyne and photodetection mea-

surements. We must take into account the homodyne measurement inefficiency when

evaluating the left hand side of the inequality; the photodetection inefficiency will

manifest in the right hand side of the inequality.

First consider inefficiencies in the homodyne detection. Allowing these measure-

ments to be inefficient is equivalent to allowing a finite probability of photon loss

at Alice’s side at some stage before her measurement. If we model the state Wη to

include this loss, then we may proceed using the same formalism as in the previous

sections where the detection had unit efficiency.

Assuming a finite homodyne efficiency ηh, then if a loss occurs we act on the
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Figure 12.3: Steering bounds as a function of the number of planar measurement
settings used in an experiment. The upper (red) curve indicates that only planar ho-
modyne measurements were used. The center (blue) curve applies to homodyne mea-
surements supplemented with a photodetection measurement. The bottom (green)
dotted line represents the steering bound for projective planar measurements and
a projective z-measurement. In all cases the dotted lines indicate the asymptotic
bound obtained using an infinite number of planar measurement settings
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state with the operator

M̂loss =
√

1 − ηh|0〉α〈1|, (12.38)

and if no loss occurs we use

M̂no loss =

√

I − M̂ †
lossM̂loss = |0〉α〈0| +

√
ηh|1〉α〈1|. (12.39)

Therefore, assuming Alice’s homodyne detection is inefficient is equivalent to the

transformation

W → W hom
η = M̂lossWM̂ †

loss + M̂no lossWM̂ †
no loss

= [(1 − η) + 1/2(1 − ηh)η)]|00〉〈00|
+ (1/2)ηηh|10〉〈10| + (1/2)η|01〉|01〉
− (1/2)

√
ηhη (|10〉〈01| + |01〉〈10|) . (12.40)

Now we may proceed as in Sec. 12.2.2 and use the state W hom
η to evaluate the

left hand side of Eq. (12.18). As stated above, since we have transformed the single

photon state to incorporate potential photon loss, we may simply use measurement

operators of the form F θ
hom(r) as defined in Eq. (2.29). If Alice makes such a mea-

surement then Bob’s normalized conditioned state will be

ρrB =

(

η/m −r (cos θ − i sin θ)
√
ηh/m

−r (cos θ + i sin θ)
√
ηh/m (−2η + 2 + r2η)/m

)

, (12.41)

where ρ̃rB = k(r)ρrB and k(r) is defined as in Eq. (12.29).

Again we wish to calculate the maximum value of 1
π

∫ π

0
dθ〈Âθσ̂θ〉 allowed by quan-

tum theory. In spite of the slightly more complicated form of ρ̃rB, it is straightforward

to show that for any measurement angle θ the maximum value of the correlation

will still be obtained when Alice’s assigment of measurement axis is in the opposite

direction to Bob’s (i.e. Alice chooses A(r) = −sign(r)). Thus we may proceed

similarly to Sec. 12.2.2 to obtain

〈Âθσ̂θ〉 =

√

2

π
η
√
ηh. (12.42)

In order to evaluate the right hand side of the inequality we must now consider

inefficiencies in the photodetection measurement. This can be done by adding an

efficiency parameter ηp.d. to the photodetection measurement operators such that
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Â+ = ηp.d.|1〉〈1| and Â− = I−Â+. The quantities in the right hand side of Eq. (12.18)

then become

℘+ = 〈Â+〉 =
ηηp.d.

2
,

℘− = 〈Â−〉 = 1 − ηηp.d.

2
,

z+ =
〈Â+ ⊗ σ̂z〉

℘+

=
−ηηp.d./2

ηηp.d./2
= −1,

z− =
〈Â− ⊗ σ̂z〉

℘−
=

−(2η + ηηp.d. − 2)

ηηp.d. − 2
. (12.43)

Finally, substituting into Eq. (12.18)

√

2

π
η
√
ηh > f(n)

√

η(2 − η − ηηp.d.), (12.44)

which can be solved to give the steering bound

ηn
steer =

2πf 2(n)

2ηh + πf 2(n) (1 + ηp.d.)
. (12.45)

Now we have a steering bound in terms of three parameters, which is difficult to

visualise. However, in the previous sections we have seen that it takes relatively few

homodyne measurement settings to achieve excellent agreement with the asymptotic

bound. Thus for simplicity consider, n→ ∞ so that

η∞steer =
4

2 + πηh + 2ηp.d.
. (12.46)

This final bound has two free parameters and may be visualized on a contour plot

as shown in Fig. 12.4. The contours show the necessary value of η for Eq. (12.18)

to be violated. For low measurement efficiencies there are no contours as it would

require unphysical preparation efficiencies for the inequality to be violated.

12.2.6 Comparison with experiment

Our goal was to demonstrate the steerability of the single photon state Wη using

realistic measurement schemes which allow for inefficiencies. We have arrived at

conditions that determine when this is possible. However, do these bounds allow

for demonstration of steering in a real experiment with Wη? As mentioned previ-
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Figure 12.4: The contours indicate the value of η required to demonstrate steering
with inefficient homodyne and photodetection measurements. For lower measure-
ment efficiencies there are no contours, as it would require unphysical values of η
(i.e. η > 1) to satisfy the steerability criterion. The black contour (η = 0.64) marks
the preparation efficiency limit achieved experimentally in [101].
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ously, the recent experiment of Babichev et al. [101] was able to achieve preparation

efficiencies of up to 0.64 and homodyne detection efficiency of ηh = 0.86. Could

these values demonstrate steering with these states? Using an infinite number of

settings as in Eq. (2.4.3), one finds that the photodetection efficiency required to

demonstrate steering would be ηp.d. ≈ 0.63. Unfortunately, current photodetectors4

are quite inefficient and typically achieve efficiencies much lower than this [103].

Thus, based on current experimental values as reported in [101] it would appear

that demonstrating steering of Wη would be difficult. Thus, we must consider other

options for facilitating a demonstration of steering in such an experiment.

Another approach to facilitate the experimental demonstration of steerability

may be to make use of the asymmetric nature of steering itself. It is not unreasonable

to assume that Alice’s ability to steer Bob’s portion of a combined state could

be enhanced if she possessed ‘more’ of the initial state to manipulate. Thus, in

general we should allow for an experimental setup of an entangled state formed

when Alice and Bob unevenly share an initial imperfectly prepared single photon,

and ascertain if optimising the preparation of this entangled state offers an advantage

for demonstrating steering.

12.3 Uneven single photon state

We now reconsider the experimental situation of Sec. 12.2 by preparing an uneven

entangled state formed from a single photon incident on a beam splitter,

|ψχ〉 =
√
χ|0, 1〉 −

√

1 − χ|1, 0〉, (12.47)

where we have allowed for an arbitrary beam splitter by introducing the parameter

χ. For the special case of χ = 0.5, Eq. (12.47) denotes the Bell singlet state and

we arrive at the situation considered in the previous section. In general, we re-

quire highly efficient measurements or preparation procedures to observe quantum

phenomena such as steering. By allowing a general χ (which is easily implemented

simply by changing a beam splitter) we offer a new parameter to be adjusted to

facilitate an experimental demonstration of steering.

As in Eq. (12.20) allowing for imperfect preparation of the initial single photon

4Recent work [102] using visible light photon counters, rather than silicon avalanche photodi-
odes, show that in principle detection efficiencies of this magnitude may be possible. However,
typical experiments could not achieve this efficiency.
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results in a mixed state of the form

W χ
η = ]

√

1 − η|0, 0〉 ]
[√

ηχ|0, 1〉 −
√

η(1 − χ)|1, 0〉
]

, (12.48)

where again ]|a〉 = +|a〉〈a| and η is the preparation efficiency for the initial photon.

For this state we find that some entanglement is retained for any nonzero η

(provided that χ 6= 0, 1) since we have EF = η
√

χ(1 − χ). As for the even single

photon state we obtain

ηent = 0, (12.49)

with the added constraint, however, that χ 6= 0, 1.

Again using the Horodeckis [32] analytical expression for deciding if a state

violates the Clauser, Horne, Shimony, Holt (CHSH) inequality we find that for Wη,

ηCHSH =
1√
2

1

2
√

χ(1 − χ)
. (12.50)

As one would expect, we find the largest range of violation when the initial state

possesses maximum entanglement, which occurs when χ = 0.5. However, it is

interesting to note the symmetric form of this bound, and that for χ < 0.15 and

χ > 0.85, we would predict no violation of the CHSH inequality for any value of

η. Thus, there are values of χ for which we have not yet determined any sufficient

condition for steerability of the state W χ
η . We will now derive such conditions for

all χ.

12.3.1 Sufficient condition for steering with imperfect mea-

surements

We now consider steering specifically and desire a sufficient condition for demon-

strating the steerability of W χ
η with imperfect measurements. We wish to consider

the most general case, and thus we require a steering criterion which incorporates

both photodetection and homodyne measurements. Hence we will make use of the

general nonlinear criterion defined by Eq. (12.18).

Proceeding as in Sec. 12.2.5 we first wish to evaluate the left hand side of the in-

equality which incorporates the inefficient homodyne detection measurements. Mod-

elling the inefficiency as a probability ηh of loss before Alice’s measurement gives

operators M̂loss and M̂no loss as defined in Eq. (12.38) and Eq. (12.39), and results
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in the transformation

W χ
η →W χhom

η = M̂lossW
χ
η M̂

†
loss + M̂no lossW

χ
η M̂

†
no loss

= [(1 − η) + (1 − ηh)η(1 − χ)]|00〉〈00|
+ ηηh(1 − χ)|10〉〈10| + ηχ|01〉|01〉
− √

ηhη
√

χ(1 − χ) (|10〉〈01| + |01〉〈10|) . (12.51)

Proceeding analogously to Sec. 12.2.5, we use W χhom
η to evaluate the left hand

side of Eq. (12.16). Again we find that the maximum of this quantity is obtained

by maximising 〈Âθσ̂θ〉 which results in

〈Âθσ̂θ〉max = 2

√

2

π
η
√

ηhχ(1 − χ). (12.52)

Using the inefficient photodetection measurement operators Â+ and Â− for Alice

as defined in Se. 12.2.3 the quantities in the right hand side of Eq. (12.16) become

℘+ = 〈Â+ ⊗ 1̂〉 = ηηp.d.(1 − χ),

℘− = 〈Â− ⊗ 1̂〉 = 1 − ηηp.d.(1 − χ),

z+ =
〈Â+ ⊗ σ̂z〉

℘+
=

−ηηp.d.(1 − χ)

ηηp.d.(1 − χ)
= −1,

z− =
〈Â− ⊗ σ̂z〉

℘−
=

2ηχ− (2 − 2ηηp.d.(1 − χ))

2 − 2ηηp.d.(1 − χ)
. (12.53)

Substituting into Eq. (12.16) gives

2

√

2

π
η
√

ηhχ(1 − χ) > f(n)
√

4ηχ [1 − ηχ− ηηp.d.(1 − χ)], (12.54)

which results in the following general sufficient condition for W χ
η to be steerable

η

[

ηp.d.2(1 − χ) +
2

π
ηh2(1 − χ)

1

f 2(n)
+ 2χ

]

> 2. (12.55)

12.3.2 Necessary condition for steering with imperfect mea-

surements

While the sufficient condition of Sec. 12.3.1 is a useful experimental tool, it is also

desirable to have a necessary condition for steerability. That is, a method for deter-
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mining if it is even feasible that the parameters defining a given experiment could

exhibit steering. This is similar to the approach taken at the beginning of this chap-

ter. We began by determining if steering was possible for Wη in an ideal experiment,

which is a necessary condition for it to be steerable in realistic experiments. We now

derive a simple necessary condition for the state W χ
η to be steerable with imperfect

measurements.

First, we consider the basic fact that in order for steering to take place, Alice

must perform at least two separate measurements. In an experimental setup, if an

imperfectly prepared (with efficiency η) single photon is mixed with the vacuum at

a χ : (1 − χ) beam splitter, then we arrive at the situation where Alice and Bob

share the state W χ
η . In such an experiment, Alice is assumed to receive (1 − χ)η of

the light from the initial single photon.

Now, consider what Alice could do with this light. If the following inequality

(1 − χ)ηηp.d + (1 − χ)η2ηh > (1 − χ)η, (12.56)

is not satisfied, then as demonstrated in Fig. 12.5, Alice could use a complicated

scheme to partition her fraction of the light, and simultaneously perform photode-

tection and homodyne measurements of orthogonal phases. Despite its complexity,

this setup can be modelled as a single complicated measurement performed by Alice.

By definition however, a single measurement by Alice cannot demonstrate steering.

Therefore, it is necessary that Eq. (12.56) be satisfied in order for steering to be

possible.

We can in fact do better than Eq. (12.56). A completely paranoid Bob may

believe that a clever Alice could obtain a larger fraction of the light from the initial

single photon. That is, Alice may have access to the preparation of the initial

single photon and recover the fraction 1 − η of the light from this state that was

thought to be lost in the inefficient preparation. Thus, in order for Bob to be truly

convinced that Alice is not simply performing a complicated single measurement on

her fraction of the light, it must be the case that

(1 − χ)ηηp.d + (1 − χ)η2ηh > 1 − χη. (12.57)

That is, it must not be possible for Alice to partition her ‘boosted’ fraction of the

light such that she could perform a single complicated measurement on it. Rear-
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Figure 12.5: If Eq. (12.56) is not satisfied then it is possible that Alice could use
the measurement scheme depicted here, which would not constitute steering. That
is, she could partition her fraction of the light and use ηp.d. of it for performing
a perfect photodetection measurement, and two portions of ηh to perform homo-
dyne measurements of orthogonal phase angles. This is essentially a single, though
complicated, measurement scheme which by definition cannot demonstrate steering.

ranging Eq. (12.57), we arrive at a necessary condition for W χ
η to be steerable

η [ηp.d.2(1 − χ) + 2ηh2(1 − χ) + 2χ] > 2. (12.58)

12.3.3 Comparison with experiment

Finally, we are in a position to reconsider the recent experiment described in [101].

They obtained experimental parameters of η = 0.64, ηh = 0.86, and χ = 0.5, 0.92

(and we assume a value of ηp.d = 0.3 which is experimentally feasible [104]). First let

us test these parameters in Eq. (12.58) to determine if steering was possible in this

experiment. Evaluating the left hand side of the inequality we obtain 1.92 and 1.38

for χ = 0.5 and 0.92 respectively. Clearly the necessary condition for steerability is

not satisfied under either of these circumstances.
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The experiment of [101] made use of a symmetric as well as a decidedly asym-

metric arrangement (with Bob obtaining a much larger fraction of the light). In

order to construct optimal steering experiments, it would be useful to determine the

optimal χ to be used to facilitate steering. In the example above, the symmetric

arrangement came much closer to satisfying the necessary condition than the asym-

metric one. This might tempt one to (incorrectly) conclude that the symmetric

situation is more useful for a demonstration of steering. To show that this is not

the case, consider the dependence on χ for both the necessary and sufficient criteria

for steering.

Considering both Eq. (12.55) and Eq. (12.58) it is straightforward to see that

χ = 0 is the optimal value for satisfying these conditions. However, physically this

corresponds to the asymmetric case of Alice obtaining all of the light, in which case

Alice and Bob do not share an entangled state at all and steering cannot occur.

Thus, in practise the optimal arrangement would be to choose χ = ε where ε is some

small, but non-zero number.

We can see now why the experiment of [101] fails to allow a demonstration of

steering. Due to the definition of steering one may have expected that an asymmetric

setup would perform better, contrary to what was found for the parameters in [101].

However, this was because in the Babichev et al. experiment, the asymmetry was

weighted in the wrong direction. They had χ = 0.92, which sends more light to

Bob, and in fact moves further from the optimal arrangement. This makes intuitive

sense, as providing Alice with less of the initial state should make it more difficult

for her to influence (steer) Bob’s half of the state. If [101] were to reverse their

setup so that χ = 0.08 (i.e. Alice gets more of the light rather than Bob), then

they would have the following parameters: η = 0.64, ηh = 0.86, (ηp.d = 0.3), and

χ = 0.08. Testing these parameters in the necessary condition Eq. (12.58) we find

that the left hand side evaluates to 2.48; clearly steering may be possible using such

an experiment.

In order to determine if such an experiment could actually demonstrate steering

we need to test the sufficient condition Eq. (12.55). Using the parameters of [101]

as above, with χ = 0.08 and assuming eight homodyne measurement settings5 we

find that the left hand side of the sufficient condition evaluates to 2.02. Therefore,

rearranging the experiment of [101] so that χ = 0.08 and performing photodetection

would be sufficient to demonstrate experimental steerability.

5Using eight settings is few enough to seem experimentally feasible, but a large enough number
so that f(8) = 0.641 ≈ 2/π.
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However, the purpose of this chapter was to determine experimentally verifiable

steering. In theory, it should be possible to measure a violation of a steering criteria

with the parameters described above. However, in practice it would be extremely

difficult for experimentalists to satisfactorily observe a violation which equates to

2.02 > 2.00. Thus, in order to observe a conclusive demonstration of experimental

steering it would be desirable that we predict a larger violation of the steering

criterion. The appeal of the approach taken in this chapter is that we have provided

a number of experimental parameters that may be adjusted to facilitate steering. A

small improvement in any (or all) of them should allow a conclusive demonstration

of steering.

For example, if the experiment were improved slightly to achieve experimental

parameters of η = 0.69, ηh = 0.88, and χ = 0.05, ηp.d = 0.35 and n = 10 mea-

surement settings, giving f(10) ≈ 0.639, then a sufficient criterion for experimental

steering of W χ
η would become 2.33 > 2.00. Demonstrating this violation seems

a much more feasible task for experimentalists, and could be achieved with only

minimal improvements to experimental techniques.

12.4 Summary

In this chapter we have elaborated on the concept of experimental criteria for demon-

strating steering. In particular we have focused on W χ
η , a quantum state which is of

interest experimentally and has been recently prepared and studied in [101] in the

context of demonstrating nonlocality using homodyne measurements. This work left

some open questions about the nonlocal properties of W χ
η which suggested exploring

the possibility of demonstrating steering with this state.

Incorporating the effect of finite numbers of measurement settings as well as

inefficiencies in the measurement techniques, we arrived at necessary and sufficient

criteria for determining the steerability ofW χ
η . We found that this provides a number

of alternatives for improving experimental technique to facilitate a demonstration of

steering. While the experimental results of [101] do not constitute a demonstration

of steering, we have shown that with some small adjustments and improvements in

experimental setup, such an experiment could demonstrate experimental steerability

with relatively few measurement settings.



Chapter 13

Conclusions

“We should all be concerned about the future because we will have

to spend the rest of our lives there. ”

– Charles F. Kettering (1876–1958).

13.1 Conclusions

Based on the research carried out in this thesis the following conclusions have been

reached:

1. The problem of verifying entanglement for ensemble systems constrained by

the symmetric group superselection rule has been addressed: as shown in

Chapter 5 it is possible to use appropriate reference frames to recover access

to entanglement. Chapter 6 shows that in principle it is possible to verify

the presence of entanglement in ensembles under stronger constraints than

imposed by superselection rules.

2. The problem of verifying the presence of entanglement in a limited trust

situation has been solved: as shown in Sections 8.1 and 8.2 the solution

also addressed the problem of generalising the steerable states introduced by

Schrödinger.

3. The task of experimentally demonstrating entanglement can be more easily

achieved than by demonstrating the violation of a Bell inequality. This is be-

cause steerability implies entanglement and experimental criteria for demon-

strating steering, as introduced in Chapter 10, are more easily satisfied than

criteria for violating a Bell inequality.

198
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13.2 Summary of Contributions

This thesis makes contributions to new knowledge in two areas of constrained entan-

glement. The new contributions of Part I are contained in Chapter 5 and Chapter 6,

while the new contributions of Part II are contained in Chapters 8 to 12.

To summarise Part I: the new results demonstrate the use of a reference frame

to ameliorate the effect of the symmetric group superselection rule and recover en-

tanglement, as well demonstrating the persistence of useful entanglement despite

stronger constraints than a superselection rule which apply to nuclear magnetic res-

onance experiments. The demonstration of entanglement is shown in Chapter 6 by

illustrating how the constrained ensemble could be used to violate a Bell inequality.

To summarise Part II: the main result of Chapter 8 was to present a general

definition for steerable states, which can be interpreted as a quantum information

task from a limited trust perspective. Alternatively, steering can be considered from

a mathematical perspective as occurring when Bob’s system does not possess a local

hidden state description. Both these interpretations place steerability as a hybrid

concept between entanglement and Bell nonlocality. Chapter 9 gives explicit ex-

amples for four classes of states showing the region of parameter space for which

the states are steerable, contrasting to the regions in which the states are entan-

gled or violate a Bell inequality. An important area of new research is introduced

in Chapter 10 in the context of experimental demonstrations of steering. This is

accomplished by the definition of steering inequalities in analogy with Bell inequal-

ities, and these inequalities can subsequently be used to define steerability criteria

which demonstrate experimental steering. Finally, new results were presented in

Chapters 11 and 12 which dealt with examples which demonstrated experimental

steerability. The first of these illustrated the significance of measurement arrange-

ment for steerability and the latter critiqued a real experiment. It was shown that

despite imperfect measurement devices, in practice it should be possible to demon-

strate experimental steerability with modest improvements to current experimental

techniques.

13.3 Future Research

There are a number of areas of possible future research arising from this thesis.

For instance, it could prove useful to better characterise the constraints applicable

to NMR systems for processing quantum information. In order for any physical
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system to be useful for an experimental task it is necessary to understand relevant

constraints on manipulating the system, along with any resources that allow circum-

vention of the constratints. This thesis has examined one method for going beyond

the superselection rule formalism in order to more accurately characterise NMR

systems for use in quantum protocols. It may also prove fruitful to consider other

constraints, thought to be practical, in order to determine if there exist resources

which may allow for the constraints to be effectively lifted.

There are also a number of areas of research which could be further explored

to do with the concept of steering. First, from a theoretical perspective it would

be useful to consider possible quantum protocols that may be enhanced if steerable

states are available as a resource. This would place the concept of steering on an

equal footing with entanglement and violation of a Bell inequality. For instance,

violation of a Bell inequality is sufficient to demonstrate that a quantum state is a

useful resource for quantum cryptographic protocols. Can steerable states also be

considered as a useful resource in quantum cryptographic protocols?

The work of this thesis has considered only the situation of bipartite entangle-

ment. Considerable work has been carried out to extend the study of entanglement

to encompass the situation of multiple parties sharing correlated quantum systems.

It would be interesting to generalise the concept of steering to allow for multiple

parties. This would open a number of avenues for generalisation, as steering is an

asymmetric property and would allow for the possibility of one party steering the

state of multiple other parties. Alternatively, one could consider the possibility of

all parties but one collaborating in order to steer the final party’s state. It is even

ambiguous as to how one would define a demonstration of steering in such a multi-

partite case. One could consider that to prevent steering a LHS must exist for all

parties’ systems except the single party that was to perform the steering. Or in the

case of collaborative steering one would only require consideration of the case where

the systems to be steered possessed a LHS.

Another interesting approach would be to link our concept of steering with that

proposed by Verstraete [71]. For instance one could ask questions about the ’steering

ellipse’ defined by Verstraete. For instance, what are the necessary and sufficient

conditions on a steering ellipse for it to constitute steering by the definition proposed

in this thesis?

Other avenues of future experimental work are also promising. First, it would

be useful to have an experiment performed which demonstrates steerability for an
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entangled state which is known not to violate a Bell inequality. This would provide

evidence of the usefulness of steerability for verifying the presence of entanglement in

an experiment. Second, there is still much work which could be done on characteris-

ing specific steering inequalities and steerability criteria. This could be approached

by building upon the analogies with entanglement witnesses as well as Bell inequal-

ities.
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Appendix A

Group theory for SN

A.1 Definitions

The following could be found in most Representation or Group theory texts such

as [56, 105]. We begin with some quite basic definitions and concepts, but these

are necessary to follow the explanation of Young diagrams to be found in Sec. A.2.

Readers familiar with group theory terminology may wish to skip directly to Sec. A.2.

Conjugacy classes

Any two elements A and B in any group G are conjugate if there exists some element

C ∈ G such that: A = CBC−1. Some properties of conjugate elements:

• The elements in any group can be divided into non overlapping sets of mutually

conjugate elements.

• A set of mutually conjugate elements is called a conjugacy class.

• The number of distinct irreducible representations of a group is equal to the

number of conjugacy classes.

Cycles

The following definitions are relevant to the symmetric group of permutations of N

objects.

A cycle is a subset 1, 2, ..., N in which the elements are exchanged amongst

themselves. A permutation a of N = 4 objects can be written as a product of cycles

as a = (142)(3). This means that element 4 goes to 1, 2 goes to 4, 1 goes to 2 and

3 goes to 3.
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Cycles of length 1 can usually be omitted so if a number does not apppear in

any cycle it is assumed to remain in its place. Every permutation of N objects can

be expressed as a product of independent cycles (i.e. no number appears in more

than one cycle).

Cycle structure

The number of cycles of each length appearing in a permutation when it is written

as a product of independent cycles is known as the permutation’s cycle structure.

Multiple cycles of a given length are indicated with superscripts. For example,

the cycle structure of the permutation a = (362)(741)(58) can be written as either

(3, 3, 2) or (32, 2).

All the permutations in SN with the same cycle structure belong to the same

conjugacy class.

Transposition

Any cycle of length 2 is known as a transposition. Every cycle can be written as a

product of transpositions if we allow numbers to be in more than one cycle (that is,

we do not insist that the cycles be independent).

• Each transposition is its own inverse

• If a permutation can be expressed as an odd number of transpositions is it

said to be an odd permutation.

• If a permutation can be expressed as an even number of transpositions it is

called an even permutation.

Irreducible representations of SN

For N > 1 every symmetric group SN has two irreducible representations of dimen-

sion 1. They are:

1. The fully symmetric representation Γs, in which all permutations are repre-

sented by +1.

2. The fully antisymmetric representation Γa, in which even permutations are

represented by +1 and odd permutations are represented by -1.
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For S1 the only irreducible representation is Γs. For S2, Γs and Γa are the only

irreducible representations. When N > 2, SN has other irreducible representations,

however, Γs and Γa are the only 1-dimensional irreducible representations.

Associate representations

Suppose we have a representation Γν of dimension λν . We also know that Γa is the

antisymmetric representation (of dimension 1). Therefore, Γ̄ν = Γν ⊗ Γa is another

representation also of dimension λν .

For even permutations, Pe : Γ̄ν(Pe) = Γν(Pe)

For odd permutations, Po : Γ̄ν(Po) = −Γν(Po).

The two representations, Γν and Γ̄ν are called associative representations.

A.2 Describing permutations

There is a class of SN associated with each partition of N into non-negative integers.

Since the number of irreducible representations is equal to the number of conjugacy

classes of the group, we can also associate an irreducible representation of SN with

each partition of SN . Depicting this graphically leads to Young graphs.

Young graphs

Suppose that the (non-negative) integers η1, η2, ..., ηα (where
∑

ηi = N), are ar-

ranged in non-increasing order. The Young graph associated with this partition

consists of N boxes arranged in rows, with η1 boxes in the first row, η2 boxes in the

second row etc.

For example, the Young graphs associated with the partition (2, 11) of 4 and the

one associated with the partition (4,2,1) of 7 are shown below:

(2, 1, 1) = (2, 12) (4, 2, 1)
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Young Tableaux

Suppose that we place the numbers 1 to N in the boxes of a specific Young graph.

This results in what is known as a Young tableau, τ .

A Young tableau is called standard if the numbers are placed in increasing order

from left to right in a row and from top to bottom in a column. For instance,

1 2 4

3 6 is a standard Young tableau for S6.

5

The dimension of the irreducible representation associated with a particular

Young graph is given by the number of standard tableaux that the particular graph

has.

Hook length

It can be quite tedious to attempt to list all of the possible standard tableau as-

sociated with a particular Young graph. However, there is an easier method to

determine the dimension of of the associated irreducible representation. It is based

on the so-called Hook length formula,

Dimension of irrep =
N !

Πigi
, (A.1)

where gi are the Hook lengths of the Young graph. The Hook lengths are defined as

the number of boxes connected by a line going to the right, and a line going down

from within the Young graph.

Symmetric and antisymmetric representations

From the two previous methods it is simple to see that the dimensions of the single

row representation and the single column representation are always 1. That is,

there is only one way to write the numbers 1 to N in increasing order in a single

line (therefore only 1 standard tableau exists). Also, there will only be one Hook

length equal to the number of boxes (N !), so the Hook length formula also gives

dimensions of 1 for these irreducible representations.
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As we saw earlier the only two 1-dimensional irreducible representations are

the symmetric and antisymmetric ones. Due to definitions (relating to the Young

operators), the rows are related to symmetric permutations, and the columns to

antisymmetric permutations.

Thus, the single row Young graph, · · · corresponds to the symmetric

irreducible representation of SN .

Similarly, the single column Young graph corresponds

to the fully antisymmetric irreducible representation of SN .

Young diagrams for d-dimensional systems

Consider the case where we are permuting N quantum systems, each of which is

d-dimensional. How can the irreducible representations of such a situation be rep-

resented?

Imagine that we can distinguish between each of the d basis states for each

quantum system, thus there are d unique ways to describe each of the identical

systems.

Once we have N > d some of the subsystems must be in the same state, that is,

they are indistinguishable. That means that permutations of those subsystems must

be symmetric. Hence if N > d it is impossible for there to be a fully antisymmetric

irreducible representation for the system (as some of the systems are in the same

state and are thus symmetric under exchange). This sets a limit on the number of

rows allowed in Young diagrams describing an ensemble of d-dimensional systems.

Such an ensemble is described by Young diagrams of up to d rows (since we can

consider the rows as the distinguishable permutations).

For d = 2, as is the case in Sec. 4.1.2, the number of possible irreducible repre-

sentations will be given by bN/2c+1, where bN/2c denotes the integer part of N/2.

I believe this generalizes to give bN/dc + 1 possible irreducible representations for

an ensemble of N d-dimensional systems.
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Isotropic state steering

B.1 Optimal ensemble

First choose an orthonormal basis |1〉, |2〉, ..., |d〉 to describe the uniform ensemble

H?. Then consider randomly generated unnormalized states

|ψ̃〉 =
1√
d

d
∑

j=1

zj |φj〉, (B.1)

where zj are zero-mean Gaussian random variables with the properties 〈z∗j zk〉 = δj,k

and 〈zjzk〉 = 0. Writing |ψ̃〉 = m|ψ〉, we denote the measure for this ensemble as

dµG(ψ,m). From Eq. (B.1) it is straightforward to see

Û |ψ̃〉 =
1√
d

d
∑

j,j′=1

zjUjj′|φj′〉 =
1√
d

d
∑

j′=1

wj′|φj′〉, (B.2)

where wj′ =
∑

Ujj′zj. Due to unitarity, 〈w∗
j′wk′〉 = δj′k′ and 〈wj′wk′〉 = 0 (that is,

the ws satisfy the same statistical relations as the zs). Hence

dµG(ψ,m) = dµG(Ûψ,m), ∀Û , (B.3)

which means that the measure factorizes into a constant measure over ψ (the Haar

measure) and a measure over the weightings m, and can be written as

dµG(ψ,m) = dµHaar(ψ)dµG(m). (B.4)

Hence instead of simply using the Haar measure dµHaar to describe the distribution

of the ensemble H? we may use the Gaussian measure dµG(ψ,m).
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For simplicity we go on to define z =
√
ueiθ so that dµG(ψ,m) becomes

℘(u1, ..., ud, θ1, ..., θd)du1...duddθ1...dθd

=
1

(2π)d
exp

(

−
d
∑

i=1

ui

)

du1...duddθ1...dθd (B.5)

which is normalized:

1

(2π)d

∫ ∞

0

du1...dud exp

(

−
d
∑

i=1

ui

)

∫ 2π

0

dθ1...dθd = 1. (B.6)

B.2 Normalization term

The denominator of Eq. (9.22) evaluates to

∫

dµ(m)m2 =

∫ ∫

dµ(m)m2dµHaar(ψ)

=

∫

dµG(ψ,m)〈ψ̃|ψ̃〉

=

∫

dµG(ψ,m)

d
∑

i,j=1

z∗i zj
d

〈φi|φj〉

=

∫

dµG(ψ,m)

d
∑

i=1

|zi|2
d

= EG

[

d
∑

i=1

|zi|2
d

]

= 1. (B.7)

We have used the facts that
∫

dµHaar(ψ) = 1 and m2 = 〈ψ̃|ψ̃〉, while EG[x] denotes

the expected value of x with respect to the Gaussian measure dµG(ψ,m).

B.3 Evaluating Eq. (9.23)

To calculate the integral in Eq. (9.23) we need the limits of integration. These are

determined by considering the states in Hilbert space which are closer to |a〉〈a| than

any other basis state as outlined in Eq. (9.17). We can choose the orthornormal

basis in Eq. (B.1) such that |a〉 is one of the basis states. Since the states |ψ̃〉 are

unnormalized we must perform the the integral relating to |a〉 over the complete

range from 0 to ∞. That is, the coefficient ua associated with |a〉 ranges from 0 to
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∞. However, since this must be the largest parameter, the other ui must only range

from 0 to ua. Using these limits the integral
∫

a
dµG(ψ,m)|〈a|ψ̃〉|2 becomes

∫

a

dµG(ψ,m)

∣

∣

∣

∣

∣

〈a| 1√
d

d
∑

j=1

zj |φj〉
∣

∣

∣

∣

∣

2

=
1

d

∫

a

dµG(ψ,m)|za|2

=
1

d

∫

a

dµG(ψ,m)ua

=
1

d(2π)d

∫ ∞

0

duaua

∫ ua

0

du2...

∫ ua

0

dud

∫ 2π

0

dθ1...

∫ 2π

0

dθd exp

(

−
d
∑

i=1

ui

)

=
(2π)d

d(2π)d

∫ ∞

0

duauae
−ua

(
∫ ua

0

due−u
)d−1

=
1

d

∫ ∞

0

duauae
−ua
(

1 − e−ua
)d−1

=
1

d

∫ ∞

0

duauae
−ua

d−1
∑

k=0

(

d− 1

k

)

(

−e−ua
)k

=
1

d

d−1
∑

k=0

(−1)k
(

d− 1

k

)[

1

(k + 1)2

]

=
1

d

d
∑

k=1

(−1)k−1

(

d− 1

k − 1

)

1

k2

=
1

d2

d
∑

k=1

(−1)k−1

k

(

d

k

)

≡ εd. (B.8)

It is possible to further simplify εd. This can be done by considering the following

expression

1

d2

∫ 1

0

dx
1 − (1 − x)d

x
=

1

d2

∫ 1

0

dx
1 −∑d

k=0

(

d
k

)

(−x)k
x

=
1

d2

d
∑

k=1

(−1)k+1

k

(

d

k

)

. (B.9)

It is not immediately obvious that the above integral is a simpler expression for

εd. However, this expression can be evaluated alternatively using the subsitution



B.3. EVALUATING LHS INTEGRAL 219

y = 1 − x, which gives

εd =
1

d2

∫ 1

0

dy
1 − yd

1 − y

=
1

d2

∫ 1

0

dy(1 − yd)
∞
∑

k=0

yk

=
1

d2

(

d−1
∑

k=0

1

k + 1
+

∞
∑

k=d

1

k + 1
−

∞
∑

k=0

1

k + d+ 1

)

=
1

d2

d
∑

k=1

1

k
, (B.10)

which is the result in Eq. (9.23).



Appendix C

Inept state steering

C.1 Steering bound for ε = 1/2

We know that for d = 2 the Werner and isotropic states are equivalent. Now consider

the inept states when ε = 1/2. In this case Eq. (9.27) becomes

W η
1

2

= η|ψ〉〈ψ| + (1 − η)
I

4
, (C.1)

where |ψ〉 = 1√
2
(|0α0β〉 + |1α1β〉). Comparing this with Eq. (9.12) for isotropic

states (when d = 2), one immediately sees that the expressions are identical. Hence,

for ε = 1/2 the inept states are equivalent to the d = 2 isotropic (and Werner)

states.

Setting ε = 1/2 in Eq. (9.50) we find an upper bound of 0.5468 on ηsteer. However,

we know that the steering boundary for d = 2 isotropic states occurs at η = 1/2.

Thus for ε = 1/2 we can do better than an upper bound on ηsteer for inept states;

due to the equivalence with isotropic states we know that the true ηsteer occurs at

η = 1/2. We plot this as a separate point at ε = 1/2 in Fig. 9.1 (c).

C.2 Optimal ensemble

We need to show that the conditions for Lemma 1 hold for the ensemble defined by

Eq. (9.33). That is, we need to show that Eq. (9.33) defines an optimal ensemble. In

this instance G is the group generated by (1/2)σ̂z⊗I−(1/2)I⊗σ̂z , so g → φ ∈ [0, 2π)

and

Ûαβ(φ) = exp [−iφσ̂z/2] ⊗ exp [iφσ̂z/2] . (C.2)

For the particular measurement strategy chosen we need to consider only two types

of measurement σ̂z and σ̂θ. The condition Û †
α(φ)ÂÛα(φ) ∈ Mα clearly holds for

220
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Â = σ̂z since

exp (iφσ̂z) σ̂z exp (−iφσ̂z) = σ̂z . (C.3)

Therefore Eq. (9.1) holds trivially.

Now it simply remains to test these conditions for measurements of the form of

Â = σ̂θ. In this case we have

Û †
α(φ)σ̂θÛα(φ) = exp (iφσ̂z) σ̂θ exp (−iφσ̂z)

= cos (θ − φ) σ̂x + sin (θ − φ) σ̂y

= σ̂θ−φ, (C.4)

which is in Mα. Thus to test Eq. (9.1) we need to evaluate ρ̃
σθ−φ
a . Using Eq. (9.43)

we can see that this simply evaluates to

ρ̃
σθ−φ
a =

1

2

[

I + aη
√

ε(1 − ε) cos(θ − φ)σ̂x

+aη
√

ε(1 − ε) sin(θ − φ)σ̂y − (1 − 2ε)σ̂z

]

.

(C.5)

Finally we evaluate

Ûβ(φ)ρ̃σθ
a Û

†
β(φ) = exp (iφσ̂z) ρ̃

σθ
a exp (−iφσ̂z)

=
1

2

(

e−i(θ−φ)2ε κe−i(θ−φ)

κei(θ−φ) 2(1 − ε)

)

= ρ̃
σθ−φ
a , (C.6)

where κ = aη
√

ε(1 − ε). Thus Eq. (9.1) also holds for measurements of σ̂θ. Hence,

the conditions of Lemma 1 hold and the ensemble defined by Eq. (9.33) is of the

form of the optimal ensemble.



Appendix D

Single photon steering

We consider the function:

f({〈σ̂θ〉}, 〈σ̂z〉) =
1

π

∫ π/2

−π/2
dθaθ〈σ̂θ〉 −

2

π

√

1 − 〈σ̂z〉2, (D.1)

with the aim of showing that

1. f is a convex function of its arguments,

2. and that f ≤ 0 ∀ aθ ∈ {−1, 1}, ∀ρ.
In order to prove (i) we must show that both terms in Eq. (D.1) are convex

functions, as the sum of two convex functions is also a convex function [106]. The

first term is trivially convex, as the integral is just the continuous limit of adding

the arguments, which are linear, and hence convex.

To show that the second term is convex requires use of Eq. (10.2), which de-

fines convexity for functions. Substituting the function of the second term into the

convexity inequality gives

√

1 − [px+ (1 − p)y]2 ≥ p
√

1 − x2 + (1 − p)
√

1 − y2, (D.2)

where the inequality sign has reversed because −a ≤ −b implies a > b and we

have cancelled the common factor of 2/π. Now squaring both sides and simplifying

Eq. (D.2) gives

2p(1 − p) − 2p(1 − p)xy ≥ 2p(1 − p)
√

(1 − x2)(1 − y2). (D.3)

Finally, we can cancel the common (positive) factor of 2p(1 − p), and then square

both sides of the inequality. Simplifying the resulting expression gives the condition

(x− y)2 ≥ 0, (D.4)
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which is independent of p and true for all real x, y. Thus the second term of Eq. (D.1)

is convex and hence f is a convex function of its arguments, as required.

Now, to prove (ii) we must show that f ≤ 0, ∀ aθ ∈ {−1, 1}, ∀ρ. This amounts

to showing that
1

π

∫ π/2

−π/2
dθaθ〈σ̂θ〉 ≤

2

π

√

1 − 〈σ̂z〉2. (D.5)

In order to show this is true for all aθ ∈ {−1, 1}, consider the maximum value of

the first term over these variables, since if Eq. (D.5) holds for the maximum over

{aθ} then it must hold for all aθ ∈ {−1, 1}. As shown in Sec. 12.1.1, this maximum

occurs when, for instance, all {aθ} = 1. Making this substitution and evaluating

the integral results in the condition

2

π
〈σ̂x〉 ≤

2

π

√

1 − 〈σ̂z〉2. (D.6)

Now, we must prove that this condition holds for all ρ. Cancelling the positive factor

of 2/π, which does not affect if the inequality holds, we must prove

〈σ̂x〉 ≤
√

1 − 〈σ̂z〉2. (D.7)

Consider the following constraint which must hold for any valid quantum state ρ,

〈σ̂x〉2 + 〈σ̂z〉2 ≤ 1, (D.8)

which when rearranged and taken the square root of each side implies1 Eq. (D.7)

must hold for all ρ. This also implies that Eq. (D.5) is true for all aθ ∈ {−1, 1} and

for all ρ as required.

1Taking the square root technically implies −
√

1 − 〈σ̂z〉2 ≤ 〈σ̂x〉 ≤
√

1 − 〈σ̂z〉2, but we have
omitted the negative inequality as we have explicitly considered the case where 〈σ̂x〉 ≥ 0 by our
choice of {aθ} = 1.
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