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Abstract

This thesis presents the theory of LQG (linear-quadratic-Gaussian) and Markovian feedback

control for quantum systems.

We devote Part I to a review of both classical and quantum feedback but with an emphasis

on LQG and linear systems control. The language of classical stochastic control is that

of probability theory and stochastic differential equations. Thus we first introduce the

essential mathematics (within the context of measurement and control) such as the Kushner–

Stratonovich and Langevin equations. We then specialize to linear classical systems and

introduce traditional engineering principles such as stabilizing solutions of Riccati equations,

controllability, certainty equivalence, and the like. The classical Kushner–Stratonovich and

Langevin equations have well-known quantum analogues — the stochastic master equation

and the quantum Langevin equation. These, and other relevant tools for doing quantum

feedback control are reviewed. Subsequently the concepts of stabilizing solutions of Riccati

equations, controllability, separation theorem, amongst other related notions are shown to

be adaptable for quantum systems. An essential difference between quantum and classical

feedback lies in the in-loop measurement. Quantum measurements induce quantum back-

action, non-existent in classsical measurements. This means the measurement strength and

strategy in a quantum feedback loop should be optimized for a given control objective. We

illustrate each of these points with examples in LQG control.

Part II is devoted to the theory of diffusive quantum measurements (measurements that

have Gaussian distributed outcomes) and Markovian feedback control for nonlinear systems.

A new and general representation of diffusive quantum measurements is derived. This

representation is compared with an old representation (which we introduce in Part I) and

shown to possess advantages over the old representation. We also propose a quantum optical

scheme as a universal method for physically realizing diffusive quantum measurements. Our

new representation of diffusive measurements is then applied to build a general theory of

multiple-input multiple-output Markovian quantum feedback. Previously known results of

Markovian feedback are reproduced as special cases of this more general framework.
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This work has not previously been submitted for a degree or diploma in any university.

To the best of my knowledge and belief, the thesis contains no material previously published

or written by another person except where due reference is made in the thesis itself.

Andy Chia
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Preface

The field of quantum control has grown tremendously over the last two decades [1, 2, 3] and

is continuing to grow at a rapid pace [4, 5]. In fact, feedback control [6] alone has grown

tremendously. This is evident from the number of review articles compiled on feedback and

continuous measurements within the last decade [6, 7, 8, 9, 10, 11, 12, 13]. Quantum control

(in general) has now expanded to a point where it may be difficult for a specialist of one sub-

field to engage in research in another due to the variety of theoretical methods and physical

systems used by its different branches [14, 15, 16]. Even within measurement-based feedback

control there is a language barrier between mathematicians [12, 13, 17, 18], and physicists

[1, 19, 20]. Considerable effort by Jacobs and co-workers has been directed at reducing this

barrier [9, 10, 21] (see especially Chap. 10 of Ref. [21]). A regular international meeting, The

Principles and Applications of Control in Quantum Systems, was formed also to encourage

communication between the different branches of quantum control. This thesis, in part,

hopes to make a similar contribution by communicating important and interesting aspects

of feedback control engineering, a discipline unfamiliar to physicists, in a manner accessible

to our physicist colleagues in the form of a review. In addition, the thesis develops new and

general models of known continuous quantum measurement and feedback strategies.

Scope and Aims

Analogies between quantum feedback control and classical control theory have been recog-

nized [22] before by both physicists and mathematicians (who essentially speak the language

of quantum probability) and this will also be an overriding theme in Part I. We aim our

review at quantum physicists who have little or no knowledge of optimal control theory. Our

two principal goals are: 1) to provide an introduction to classical optimal feedback control

theory, with an emphasis on the concepts that are useful in the quantum case; and 2) to

explain quantum optimal feedback control theory, wherever possible by mirroring our pre-

sentation of the classical theory. While we concentrate upon LQG theory, we begin with the

completely general case. Thus our presentation includes for the classical (quantum) cases:

random variables (operators), probability vectors (density matrices), generalized Bayes’ rule

(quantum measurement theory), (quantum) Langevin equations, Fokker-Planck equations

and (quantum) master equations, (quantum) filtering equations: point processes (quantum

vii
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jumps), Wiener processes (quantum diffusion), and the (quantum) separation principle.

Although Part I is intended to be accessible for a working physicist, certain concepts

from stochastic processes such as the conditional probability, or the Wiener process can be

non-intuitive for someone who has not used statistical analysis before. Prior exposure to

stochastic processes especially Markov processes at an elementary level would be preferable.

In Part II we present entirely new results on diffusive measurements and Markovian

feedback. The readership here is at the level of a working physicist or engineer in quantum

feedback control or continuous measurements.

Overview of Thesis

We open the thesis with motivation and historical background in Chap. 1. The system of

notation for the thesis and vector-operator algebra are introduced in Secs. 1.3 and 1.4 respec-

tively. Vector-operator algebra facilitates calculations in vector notation without the need

to write equations in component-form. We will introduce simple and important definitions

from this section in the main text when they are first used for the reader’s convenience so

the reader can gloss over the section on vector-operator algebra on a first reading and refer

back when necessary.

Part I begins in Chap. 2 with a discussion of general (nonlinear) classical systems. Most

of the time here is spent on preparing the reader to be comfortable with the probability

concepts which appear later. The chapter is quite technical, especially for those who have not

met stochastic differential equations before. The most central concept in Chap. 2 is Bayes’

rule and its modification to include classical measurement back-action. Chapter 2 ends with

an introduction of optimal feedback control. In Chap. 3 we concentrate on systems and

measurements for which the time evolution are linear. For many physicists Chap. 3 will be

the first time they are exposed to engineering concepts such as stabilizability, controllability,

detectability, and observability. Consequences and related issues of these concepts are also

addressed. Central to this chapter are the problems of state-estimation1 (also called filtering)

and LQG optimal control. The solutions to these problems, namely the Kalman–Bucy

filter (estimation), and the optimal feedback law (control) have underpinned a wealth of

engineering studies on linear systems control. An important and interesting problem which

can be addressed within filtering theory is if and when two observers with different initial

states (or prior knowledge) about a given system will eventually agree on the steady state of

the observed system. This can be described by what is called an algebraic Riccati equation

and a special matrix known as the stabilizing solution to the Riccati equation. This is

discussed in detail in Chap. 3 as the algebraic Riccati equation is an recurring equation in

our review.

We begin our treatment of quantum systems with an introduction of (general) quantum

dynamics in Chap. 4. Quantum analogues of the classical concepts introduced in Chap. 2

1We will be using the word state to mean a classical probability distribution in our review whereas

engineers normally use the word state to mean a vector. This point will raised again in Chaps. 1 and 2.
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Time evolutionControl

Fig. 1: Thesis structure. The emphasis of each part is denoted by bold and italic font.

are presented here, most notably the quantum master equation and the stochastic master

equation. Quantum optimal control is also introduced. The reader may wish to revisit

Chap. 2 at this point to see how the results there are mirrored by the results of Chap. 4.

In Chap. 5 we turn to linear quantum systems. The goal here is to apply the engineering

principles introduced in Chap. 3 to quantum systems, and to see where differences arise.

Perhaps the most important of these differences between classical and quantum feedback lie

in the Schrödinger–Heisenberg uncertainty principle from which the fluctuation–dissipation

and fluctuation–observation theorems are derived. The fluctuation–dissipation theorem con-

strains the set of permissible system evolution given either its drift or diffusion, while the

fluctuation–observation relation formalizes the concept of measurement back-action, a vi-

tal concept in measurement-based quantum feedback control. These theorems then pose

interesting questions for quantum dynamics that do not make sense for classical systems.

These are the notions of potential detectability and optimal measurement strength. We also

study the algebraic Riccati equation and the conditions for a stabilizing solution to exist for

quantum systems. We shall find that quantum mechanically the conditions for the existence

of a stabilizing solution are weaker than in the classical case. Also of interest is the formula-

tion of controllability using Lie algebras, an approach often used in open-loop Hamiltonian

control. We will show how the engineering definition of controllability can be put in Lie

algebraic terms. We then conclude Part I with a summary and discussion of future work in

Chap. 6.

The emphasis of the thesis now shifts from LQG to Markovian feedback of nonlinear sys-

tems and we focus only on diffusive measurements. An overview of the thesis in terms of the

type of control, system and measurement dynamics, and measurement noise is summarized

in Fig. 1. We note that Part II is based entirely on the two arXiv papers quant-ph/1102.3073

(Chap. 7), and quant-ph/1102.3098 (Chap. 8), which are under review at Physical Review

A, but typeset to the format of a thesis. There will be a small amount of overlap between

Part I and Part II. Specifically a condensed discussion of the input-output relation first

discussed in Sec. 4.2 appears also in Secs. 7.1, 7.3.5, and 8.2.1. The different sections each

use a slightly different notation (chosen in the best interest of the chapter) so I have decided

that these parts should be kept just to be absolutely clear. This also allows the relevant

equations to be recalled from within the chapter.
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In Chap. 7 we develop parameterizations (mathematical representations) of arbitrary

diffusive unravellings (solutions of stochastic master equations with Gaussian white noise).

So far only one parameterization for arbitrary diffusive unravellings of a system described by

a master equation with L Lindblad terms has been found [23, 24]. This parameterization,

which we call the U-rep, parameterizes diffusive unravellings by L2 + 2L real numbers,

arranged in a matrix U subject to three constraints. In this paper we investigate alternative

parameterizations of diffusive measurements. We find, rather surprisingly, the description

of diffusive unravellings can be unified by a single equation for a non-square complex matrix

if one is willing to allow for some redundancy by lifting the number of real parameters

necessary from L2 + 2L to 3L2 + L. We call this parameterization the M-rep. Both the

M-rep and U-rep lack a physical picture of what the measurement should look like. We

thus propose another parameterization, the B-rep, that details how the measurement is

implemented in terms of beam-splitters, phase shifters, and homodyne detectors. Relations

between the different representations are derived.

Because our description of diffusive unravellings in Chap. 7 is completely general it

can used to derive a MIMO (multiple-input multiple-output) theory of Markovian feedback

mediated by arbitrary diffusive measurements. So far the most complete theory of Markovian

feedback is the SISO (single-input single-output) framework due to Wiseman [25] and also

Wiseman and Milburn [26]. We devote Chap. 8 to developing such a theory of Markovian

feedback. We thus obtain a MIMO framework which resembles the SISO theory and whose

additional mathematical structure is highlighted by the extensive use of vector-operator

algebra. Finally we conclude Part II in Chap. 9 with a summary of the results obtained in

Chaps. 7 and 8 and an outlook.

Contribution of Others

The structure of this thesis is unconventional as it incorporates a review and thus deserves

some additional comments. The review in Part I began as a project commissioned by the

Reviews of Modern Physics of the American Physical Society which my supervisor Howard

Wiseman started with Andrew Doherty before the days of my PhD. I should point out that

we have not yet submitted this paper as it still needs more work. Our intention is to have

it ready to submit to the Reviews of Modern Physics in 2011.

A plan of what material to include had already been laid out, and most of the content

had already been written, by the time I was recruited. I became involved with this project

from proof reading Howard’s textbook on the subject [1]. At some point my proof reading

job switched from being part-time to full-time, and it was at this point Howard invited me

to work on the review as many sections of the review overlapped with his book. Because

Howard’s book was published first the changes we made for the review prior to the publica-

tion of the book now appear in his book. As we reflect on the present state of this (review)

paper our views about how to write it continue to change.2 This never-ending evolution of

2In fact more changes have been adopted during the writing of this preface.
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the paper has been partially responsible for its delayed completion. I knew that this would

be the labour in compiling an article of this magnitude, but good things have also come out

of reconsidering old results. It was, after all, during the writing of the review paper3 that

led me to a problem, which, with Howard’s insight and guidance developed into what is now

Part II of my thesis.

As alluded to above, I have taken Howard’s draft of the review paper and used it as a base

for Part I. My original contributions include: corrections to theorems, making additional

explanatory comments, review of literature, rewriting of certain parts, the addition of extra

parts to include definitions, examples, lemmas, and derivations. These are the kind of inputs

that I have made throughout Part I and in particular they have been more concentrated

in Secs. 2.1 (Configurations and States) and 5.5 (Optimal Control with Quadratic Costs).

Principal credit for Part I, however, should go to Howard and Andrew as their work formed

the foundations for it, particularly Howard’s in both supervision and writing.
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Chapter 1

BACKGROUND

The history of classical1 control theory is vast, and its development is intricate, like a spider

web, with each strand being an event, interconnected to other events like the crossings

in the web. For the physicists who have not studied control theory before (or engineers

who have not read about its history), we will unveil (in Secs. 1.1 and 1.2) only a small

piece of the subject’s historical development — a piece that is suitable for the scope of this

thesis. To avoid straying too far off track we will refrain from equations and diagrams, or

detailed explanations of nomenclature. The reader may thus find parts which are vague

or imprecise. We hope that mentioning the names (either terminology or people) will be

enough to stimulate an enthusiastic reader to delve further into a well documented topic,

see e.g. Refs. [27, 28, 29, 30, 31]. To assist the reader we will provide the article title (if

available) for all references in Secs. 1.1 and 1.2 in the bibliography. Note also that in Sec. 1.2

only we will use the word “state” in the traditional engineering sense in accord with the

usage in the references. We then give a system of notation that is used in the thesis in

Sec. 1.3 followed by vector-operator algebra in Sec. 1.4.

1.1 Motivation — Dynamical Systems in History

It may be useful for our reader to know that control engineers divide the history of control

into four periods:

• Early/primitive control: pre-1900

• Pre-classical control: 1900–1940

• Classical control: 1935–1960

• Modern control: 1960–present

1That is, non-quantum.

1
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While the history of all four periods are interesting we will not discuss the pre-classical

control era. The key words appearing in Part I of the thesis relate most to the events during

the classical and modern control periods. In Secs. 1.1 and 1.2 we will indicate the times

when important figures lived, their publications, and also when certain events took place.

This will allow the reader to place that person, publication, or event into one of the control

periods above.

We make our entry into the history of control theory in the early control period. The

significance of this era is marked by the development of the Watt engine [named after

the Scottish engineer James Watt (1736–1819)]. The Watt engine was made commercially

available in 1774 and its wide-spread use eventually gave rise to the Industrial Revolution

in England, with a similar effect on other parts of the world when it was later introduced.

A key steam engine technology, which determined whether the engine was usable or not,

was the ability to stabilize the engine speed at some desired operating value. In general

(and as one would expect) the engine speed decreased if one assigned a greater workload to

the engine (e.g. if the engine was used to lift heavier objects). The technology which had

been responsible for this speed regulation in engines was the Watt governor (also referred

to as the centrifugal, or flyball governor). After Watt’s death steam engines continued

to develop, giving birth to engines that could run at higher operating speeds, were more

powerful, and also more efficient. Engineers eventually realized that the speed regulation

in the newly designed engines became worse than that in their predecessors. The engine-

governor system then could not stabilize the engine speed quickly enough when the engine’s

workload changed, and even worse, it sometimes could not reach a steady state at all.

This was a pressing problem (by 1868 an estimated 75,000 speed governors were operating

in factories, coal mines etc in England alone) and received the name of hunting. Among

the group of scientists who tried to solve the hunting problem were Carl Wilhelm Siemens

(1823–1883), a sibling of Werner von Siemens (who founded the engineering conglomerate

Siemens); and Jean Bernard Léon Foucault (1819–1868), known for devising the Foucault

pendulum to demonstrate the rotation of the Earth.

The problem was not solved until 1868, when James Clerk Maxwell (1831–1879) pub-

lished the first thorough analysis of the different types of governor systems in his paper

“On Governors” [32]. Maxwell derived the equations of motion of the various governors and

linearized them about an equilibrium point. Mathematicians and physicists at the time of

Maxwell already knew that the stability of a dynamic system depended on the position of

the roots of the characteristic equation on the complex plane. They knew that a complex

root of the characteristic equation with a positive real part meant instability. Maxwell es-

tablished, by examining the coefficients of characteristic equations for second-, third-, and

fourth-order systems, the necessary and sufficient conditions for stability. Unfortunately

Maxwell did not care about the practical significance to his work. For him it was a problem

on the theory of dynamical systems and he did little to translate his (what was then math-

ematically sophisticated) solution into practical terms. Sadly his solution to the governor

problem was not well understood by practicing engineers of his time and hunting gover-
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nors continued to plague factory owners and engineers for another decade after Maxwell’s

publication. It was a Russian mathematician by the name of Ivan Vyshnegradskii who

independently worked on the hunting problem and interpreted his solution in terms that

non-mathematicians could understand, such as increasing the mass of the flyballs leads to

instability [33]. Because Vyshnegradskii was the one who communicated his conclusions

clearly to non-mathematicians it was he who ultimately saved the day.

Maxwell also studied the coefficients of the characteristic equation for a fifth-order system

and he managed to give two necessary conditions for stability. In his paper “On Governors”

he encouraged mathematicians to take up the problem of relating the roots of the character-

istic polynomial to its coefficients in general. Edward John Routh (1831–1907) responded

to Maxwell in 1877 and published “A Treatise on The Stability of Motion” in which he

solved the problem Maxwell had posed [34]. For this work Routh won the 1877 Adams

Prize2. In 1895 (20 years after Routh) a Swiss mathematician, Adolf Hurwitz (1859–1919)

independently found his own stability criteria which were identical to Routh’s [35]. The

results of Routh and Hurwitz are now known jointly as the Routh–Hurwitz stability crite-

rion, a necessary and sufficient condition for the stability of single-input single-output, linear

time-invariant systems.

The steam engine governor is an important motivating example for us as it shows the

application of advanced mathematics to solve a pressing social problem. Especially relevant

to the scope of this thesis is the simplifying assumption of linearization, and stability analysis

which allows one to predict a dynamic system’s long-time behaviour.

1.2 History of Optimal Control

1.2.1 The Rise of Stochastic Methods

The Second World War has made an indelible mark on human history and its imagery has

been overwhelmingly one of chaos, suffering, and heroism. What is often unknown to those

without a science background is the intense scientific research induced by World War II in the

fields of physics, computer science, communications, and, of course, control engineering. This

can be seen in the vast amount of papers and books that were published after the war. The

Radiation Laboratory (a hub at MIT responsible for many classical control techniques for

single-input linear systems in the frequency domain) alone produced an impressive 28-volume

record of the wartime effort now commonly known as “The MIT Radiation Laboratory

Series”. In this gigantic collection was the seminal book “Theory of Servomechanisms” which

specifically tackled feedback control. A major problem during the war was the tracking of

aircraft positions. This drew the attention of the mathematician Norbert Wiener (1894–

1964) who had been known (prior to World War II) for his contributions to the theory of

2Maxwell was on the judging committee and a recipient of the prize in 1857. The Adams Prize is still in

existence today at Cambridge University.
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stochastic processes and harmonic analysis3. Wiener’s efforts to design a control system for

anti-aircraft-fire resulted in the monograph “Extrapolation, Interpolation and Smoothing

of Stationary Time Series, with Engineering Applications” [38] which was unreadable by

his contemporaries who were not acquainted with the formidable mathematics presumed in

Wiener’s work [39]. The monograph was written in 1942 but remained classified until 1949.

Wiener gave, in this monograph, the first explicit solutions to the problem of linear least-

squares estimation, or Wiener filtering as it has come to be called. The problem consists of

finding an estimate of a stationary random signal which minimizes the mean-square error

of the estimate given noisy observations of the signal (the sum of the signal and a white-

noise process). The optimum filter is thus also referred to as a minimum-mean-square

estimator. Wiener’s approach to linear filtering was to reduce the problem to one of solving

a supplementary integral equation. Wiener was delighted to have been able to formulate the

problem in this way because in 1931 (ten years earlier!) he and Eberhard Frederich Ferdinand

Hopf (1902–1983), using Wiener’s results in harmonic analysis [40], had developed a method

of solution for such problems [41]. Their technique, which also gave the integral equation

its name, is known as the Wiener–Hopf method, or spectral factorization, and is widely

used in fields of physics and engineering. Wiener–Hopf equations in fact appeared first in

astrophysics [42] and it was the common interest that Wiener and Hopf shared in solving

radiative transfer equations that initiated their collaboration [43] culminating in Ref. [41].

In 1941 Andrey Nikolaevich Kolmogorov (1903–1987) published essentially the same

results that Wiener (who was unaware of Kolmogorov’s work) later derived in 1942 [44].

Kolmogorov’s results applied to discrete-time processes4 while Wiener’s were for continuous

time. The two also took different approaches to linear filtering. Komolgorov’s method used

a representation of stochastic processes known as the Wold decomposition5 [45]. Wiener

on the other hand mainly worked in the frequency domain (perhaps due to his expertise

with harmonic analysis). The two approaches were later unified by Peter Whittle (1927–

) [46], who was a student of Wold’s. Today the Wiener filter is often referred to as the

Wiener–Kolmogorov filter and we will use this terminology below.

The Wiener–Kolmogorov filter was very influential. It brought stochastic methods into

prominence in communication and control theory. It also found a multitude of applications

and sparked many further investigations into various fields of mathematics and engineering

[29]. Among the works inspired by Wiener and Kolmogorov was another hugely influential

result, the Kalman filter, which takes us to the Space Age and into the era of modern control.

3Amongst his other great works Wiener was also the founder of Cybernetics [36, 37] which developed

after World War II. This is probably Wiener’s only work that is known outside the scientific community.
4Kolmogorov’s results were later extended to continuous time by Mark Grigorievich Krein (1907–1989)

[47, 48]. Krein was awarded the 1982 Wolf prize in mathematics for “his fundamental contributions to

functional analysis and its applications” the same prize that Kolmogorov was awarded only two years earlier

in 1980.
5Based on a theorem due to Herman Ole Andreas Wold (1908–1992) which states that any stationary

discrete-time stochastic process can be decomposed into a deterministic and a moving-average process.
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1.2.2 Optimal Control in Disguise

Of all the Wiener–Kolmogorov extensions the Kalman filter [due to Rudolf Emil Kalman

(1930–)] has been the most far-reaching, superseding all its predecessors. Kalman derived it

in his 1960 paper “A New Approach to Linear Filtering and Prediction Problems” [49]. As

Kalman emphasized, it is the methodology and its consequences that should be valued in

his solution to least-squares filtering (which also explains his choice of the paper title). In

Kalman’s approach the optimal estimate is given by a recursive algorithm (because his results

are in discrete-time). The departure from Wiener’s approach is that the optimal estimate is

generated by a linear dynamical system (the recursive algorithm), but somewhat analogous

to Wiener’s work, it too had a subsidiary equation that need to be solved first. This is a

nonlinear difference equation for the covariance of the estimation error. Kalman reached

his filter by applying the well-known orthogonality theorem from stochastic processes. This

provided a very elegant route to filtering and the orthogonality theorem is now in most

textbooks on statistical signal processing. What he did not emphasize, but only noted,

was the equation for the covariance of the estimation error is much easier to solve than

the Wiener–Hopf equation. Kalman had a bigger gem up his sleeve. In the same paper

he showed that the problem of finding the control in a deterministic linear system (i.e. one

having state variables known exactly at every time) which minimizes a sum (over time)

of quadratics in the system state is the dual to the Wiener–Kolmogorov filtering problem.

Kalman called the former problem the noise-free regulator. The duality meant the filtering

problem can be obtained upon a systematic change of the time arguments of the noise-free

regulator problem, a problem that he and Koepcke solved in 1958 [50] which showed the

optimal control (i.e. the regulator) to be linear in the state. We note that Kalman and

Koepcke’s optimal control minimizes a quadratic cost function with only the system state,

without control.

Kalman also raised questions about the stability of his filter (both the equations for

the optimal estimate and the covariance of estimation error). In the same year (1960)

Kalman presented “On the General Theory of Control Systems” [51] at the first international

conference on automatic control and it was then that he addressed these issues by using his

principle of duality. In this second paper of Kalman’s the notions of controllability, complete

controllability, observability, and complete observability were introduced for the first time.

Although Kalman never used these terms, here we see, for the first time, the necessary and

sufficient condition for controllability in terms of the rank of the “controllability matrix”.

We also see, for the first time, the duality between controllability and observability (now a

textbook result) as a consequence of the principle of duality. The reader should be warned

that complete controllability and complete observability are often referred to simply as

“controllability” and “observability” in modern accounts of these concepts and we will do so

as well. Kalman derives a handful of necessary and sufficient conditions for controllability

and observability. He also proves the so-called fundamental theorem for linear control (and

observation) systems, which pertain to time-optimal control.

In the above two papers [49, 51] Kalman gave his formulation of filtering and control
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predominantly in discrete time. Kalman started to fully develop optimal control theory in

continuous time in his “Contributions to the Theory of Optimal Control” [52], published also

in 1960. Here Kalman essentially solves a more general version of the noise-free regulator

problem based on the calculus of variations, namely the Hamilton–Jacobi equation. From

this and the properties of controllability and observability he solved the deterministic optimal

regulator problem for a linear time-varying system (with linear measurements) and a cost

function that is the integral (over time) of a function quadratic in the state variables and

quadratic in the control variables. He showed the optimal feedback control to be linear in the

state variables and that its gain is to be obtained from a backwards-in-time matrix Riccati

differential equation. These results along with other existence and stability theorems about

the matrix Riccati differential equation was later named the Linear Quadratic Regulator

problem, due to Athans [53].

In 1961 Kalman returned to the problem of linear filtering and published, with Richard

Bucy, “New Results in Linear Filtering and Prediction Theory” [54] which is essentially a

continuous-time analogue of his discrete-time filter. The nonlinear difference equation for

the covariance of the optimal filtering error derived earlier is now a (foward-in-time) matrix

Riccati differential equation. However here, influenced by Bucy, his view about the status of

this equation changes. A short history of Bucy’s work and why he and Kalman collaborated

is contained in Ref. [54]. In brief, the result which came from Bucy’s work [55] (and the work

of others) on filtering that gave birth to their collaboration was that the Riccati differential

equation follows from the Wiener–Hopf integral equation. In the words of Kalman and Bucy:

Rather than to attack the Wiener–Hopf integral equation directly, it is better

to convert it into a nonlinear differential equation, whose solution yields the

covariance matrix of the minimum filtering error, which in turn contains all

necessary information for the design of the optimal filter.

The Kalman–Bucy (and Kalman) filter may thus be viewed as a solution to least-squares fil-

tering that side-steps the Wiener–Hopf integral equation, in addition to its other generaliza-

tions of the Wiener–Kolmogorov filter such as allowing for multiple-inputs multiple-outputs,

nonstationary signal and noise statistics.

The idea of finding the optimal control subject to the integral of the square of the tracking

error was proposed first by Wiener in Ref. [38], and Albert Hall in his contribution to the

Radiation Laboratory series [56]. Kalman was not the only person to have obtained his

filtering equations. In 1959 Peter Swerling (1929–2000) while working on the tracking of

satellite orbits [57, 58, 59] derived a recursive filter for deterministic nonlinear systems and

noisy nonlinear measurements. Although Swerling did not specialize his results, the Kalman

filter is now widely accepted as a more restrictive algorithm than Swerling’s6. In 1960 Ruslan

Leont’evich Stratonovich (1930–1997) (who invented a form of stochastic calculus named

after him [60]) solved the problem of finding recursive nonlinear least-squares estimates of

6Swerling was a child prodigy, entering Caltech at only 15. He has been regarded as one of the world’s

most influential radar theorists.
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nonlinear systems driven by white noise. Stratonovich also linearized his equations and in

the process obtained the Kalman filter as a special case [61].

1.2.3 A Certain Kind of Randomness

Kalman and Koepcke raised a question of fundamental importance in their 1958 paper [50],

which is whether separately optimizing the estimation and control could yield a feedback

system that is optimal overall. Later, Kalman remarks in his “Contributions to the Theory

of Optimal Control” that these two problems can indeed be separated and that this follows

from his duality principle, but no proof was given. The answer to this question was another

significant advancement in the history of optimal control which came when Joseph and Tou

[62], and also Gunckel and Franklin [63] showed, for discrete-time systems, that feeding back

the stochastic estimate from the Kalman filter with the LQR gain actually minimized the

expectation value of the quadratic cost function when the white noise inputs are Gaussian.

This class of optimal controllers was then dubbed the Linear Quadratic Gaussian compen-

sator and instantly became a cornerstone of feedback control. This showed that one can

indeed optimize the filter and controller separately and the entire feedback loop would be

optimal. This property became known as the separation theorem. Wonham proved the sep-

aration theorem for continuous-time systems in 1968 [64] and extended it to non-quadratic

cost functions.

Control theorists were not the first to have contemplated the separation theorem. The

separation theorem is in fact a weaker statement of what is known as certainty equivalence, a

concept first introduced by the econometricians Simon [65] and Thiel [66]. That is certainty

equivalence implies separation but not vice versa [67, 68, 69]. Certainty equivalence can be

given a precise mathematical formulation [70] but its essence can be stated quite simply:

The optimal control law for a stochastic control problem has the same form as its certainty

equivalent system (found by setting all noise terms to zero) but with the state variables

replaced by their best estimates.

Our journey through the historical development of classical feedback ends here at the

landmark theory of LQG control. We saw, since the time of Maxwell in Sec. 1.1, through

to LQG and certainty equivalence, that parallel works converged to the same or a similar

result. The interconnections between the different works and the human relations between

their authors make the history of control theory highly entangled and a very interesting

subject. There is much more than what we have said. The use of stochastic methods,

in particular state estimation, has gone beyond just physics and engineering. The works

of Wiener, Kolmogorov, Kalman, and many others which we have ignored, have impacted

truly diverse fields of research and have remained relevant up to the present day [71, 72].

1.3 Notation

We will not give a complete list of symbols used in the thesis as there are too many. However,

information about the kind of quantity or mathematical object in question can be conveyed
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by associating all similar quantities with a particular font type or using particular diacritical

marks. Here we will introduce such a system of notation used throughout the thesis.

We will distinguish between scalars, vectors, and matrices with the general rule that

vectors may or may not be written in capitals and always in boldface; matrices are always

written in capitals and never in boldface; scalars may or may not be written in capitals but

never in boldface. In the following the first three letters of the alphabet is written in the font

that is used to represent the mathematical object shown in parenthesis. We then express

the font in words in the next line.

Classical and quantum theory

• ă, b̆, c̆ (Realizations of random variables a, b, c respectively),

standard italic font with breve.

• â, b̂, ĉ or α̂, β̂, γ̂ (Scalar operators),

standard italic font with hat, or Greek with hat.

• a,b, c (Classical vectors),

Roman boldface.

• ă, b̆, c̆ (Realizations of random vectors a,b, c respectively),

Roman boldface with breve.

• â, b̂, ĉ or α̂, β̂, γ̂ (Vector operators),

Roman boldface with hat, or Greek with hat.

• A,B, C (Superoperators),

capital letters in calligraphic font.

System dynamics and measurement

• A,B,C (Matrices relating to system dynamics),

capital letters in standard italic font.

• A,B,C (Matrices relating to measurement),

capital letters in San-serif font.

• A,B,Γ (Matrices relating to both system dynamics and measurement),

capital letters in Greek.

Miscellaneous

We will exempt identity operations with respect to multiplication from the above system of

notation. The following symbols are assigned for the identity operation:

• 1̂ for a scalar-operator identity,

• IN for an N ×N identity matrix,
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• ÎN for a matrix-operator identity (defined by ÎN = IN 1̂, see Sec. 1.4),

• 1 for a superoperator identity.

While it is common to find special symbols for identity operations for multiplication in the

literature, it is also of common practice to not denote the identity with respect to addition

by any distinguished symbol. We will follow this convention except for the zero vector which

we write as 0, and use 0 for everything else.

Sometimes it will be useful to refer to the eigenvalues and dimensions of a matrix gener-

ally. This can be accomplished for an arbitrary matrix A by using

• λ(A) for the set of eigenvalues of A (and also Â),

• ω[A] for the number of columns of A ,

• ε[A] for the number of rows of A .

In some occasions we will also define sets of matrices or operators with common features

and the following notation will be used.

• A,B,C (Vector spaces),

capital letters in blackboard font.

• A,B,C (Special sets of operators or matrices),

capital letters in Fraktur font.

1.4 Vector-operator Algebra

In the same manner that we write a set of equations compactly using vectors and matrices

in classical theories, we would also like to write a set of operator equations compactly. In

order to do this we have to introduce a vector whose elements are operators which we call

a vop, short for vector-operator. This section will make clear particular definitions that we

adopt for vops and their algebra.

1.4.1 Basic Operations

We begin with the definitions of the vop, its transpose, and its Hermitian conjugate. For an

arbitrary vop Â consisting of n components,

Â ≡













Â1

Â2

...

Ân













≡
(

Â1, Â2, . . . , Ân

)⊤

, (1.1)

we define its Hermitian conjugate as

Â† ≡ (Â†
1, Â

†
2, . . . , Â

†
n) , (1.2)
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where 〈α|Â†|β〉 ≡ 〈β|Â|α〉∗ for any |α〉 and |β〉, and the complex conjugate of an arbitrary

scalar c is denoted by c∗. Note the Hermitian conjugate of Â is defined by transposing Â

(as usually defined), and then taking the Hermitian conjugate of each element of Â. We will

say that a vop is Hermitian if and only if Â⊤ = Â†. Matrix-operators also appear in this

paper and we will define the Hermitian conjugate of an m×n matrix-operator Â as follows:

Â ≡













Â11 Â12 · · · Â1n

Â21 Â22

...
. . .

Âm1 Âmn













, Â
† ≡















Â
†

11 Â
†

21 · · · Â†

m1

Â
†

12 Â
†

22

...
. . .

Â
†

1n Â
†

mn















. (1.3)

Hermitian conjugates of complex matrices will be defined as usual, i.e. C† ≡ (C⊤)∗ for any

matrix C. We will denote, for this chapter only, matrix-operators (which we refer to as

mops), by the typewriter font with a hat on top. We will also refer to a 1× 1 operator as a

sop, short for scalar-operator. We retain the familiar properties of the Hermitian conjugate

for complex matrices:
(

Â
⊤)†

=
(

Â
†)⊤

, (1.4)

(

ÂB̂
)†

= B̂
†
Â
†
, (1.5)

where Â and B̂ are respectively m×n and n×k mops. The quantities in (1.4) crop up often,

so for convenience we define

Â
‡

=
(

Â
⊤)†

. (1.6)

It will also be useful for us to define the real and imaginary parts of an arbitrary sop ĉ to

be the Hermitian operators

ℜ[ĉ] ≡ 1

2
(ĉ+ ĉ†) , ℑ[ĉ] ≡ 1

2i
(ĉ− ĉ†) . (1.7)

Since we also deal with complex matrices, we have also defined the real and imaginary parts

of a complex matrix C to be

ℜ[C] ≡ 1

2
(C + C∗) , ℑ[C] ≡ 1

2i
(C − C∗) , (1.8)

where C∗ denotes the complex conjugate of C. We generalize the definitions of the real and

imaginary parts of a sop to a mop:

ℜ
[

Â
]

≡













ℜ[Â11] ℜ[Â12] · · · ℜ[Â1n]

ℜ[Â21] ℜ[Â22]
...

. . .

ℜ[Âm1] ℜ[Âmn]













=
1

2

(

Â+ Â
‡ )
, (1.9)

ℑ
[

Â
]

≡













ℑ[Â11] ℑ[Â12] · · · ℑ[Â1n]

ℑ[Â21] ℑ[Â22]
...

. . .

ℑ[Âm1] ℑ[Âmn]













=
1

2i

(

Â− Â
‡ )
. (1.10)
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Note the necessity of taking both the transpose and Hermitian conjugate in (1.9) and (1.10)

in order to retain an m× n mop.

Multiplication of Â by an arbitrary sop ĉ is defined component-wise by

ĉ Â ≡













ĉ Â11 ĉ Â12 · · · ĉ Â1n

ĉ Â21 ĉ Â22

...
. . .

ĉ Âm1 ĉ Âmn













, (1.11)

and similarly for the action of an arbitrary superoperator N ,

N Â ≡













N Â11 N Â12 · · · N Â1n

N Â21 N Â22

...
. . .

N Âm1 N Âmn













. (1.12)

It is straightforward to see (and will be useful to remember), from (1.11) that

ĉ Â
⊤

=
(

ĉ Â
)⊤
, (1.13)

(

CÂ
)⊤

= Â
⊤
C⊤ , (1.14)

for any k ×m matrix C.

Two special cases of (1.5) that we are interested in are the inner- and outer-products

between vops for which (1.5) reads

(

Â⊤B̂
)†

= B̂†Â‡ , (1.15)
(

ÂB̂⊤
)†

= B̂‡Â† . (1.16)

The following identities will also be useful for manipulating vop products

(

Â⊤B̂
)

Ĉ =
(

Â⊤B̂Ĉ⊤
)⊤

, (1.17)

(

ÂB̂⊤
)⊤

Ĉ =
[

Â⊤
(

B̂Ĉ⊤
)⊤
]⊤

. (1.18)

The tensor product for vops are defined analogous to standard multiplication rules. If

Â and B̂ have different dimensions then we define

Â ⊗ B̂⊤ ≡













Â1 ⊗ B̂1 Â1 ⊗ B̂2 · · · Â1 ⊗ B̂n

Â2 ⊗ B̂1 Â2 ⊗ B̂2

...
. . .

Âm ⊗ B̂1 Âm ⊗ B̂n













. (1.19)

When Â and B̂ have the same dimension then

Â⊤ ⊗ B̂ ≡
∑

k

Âk ⊗ B̂k . (1.20)
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1.4.2 Commutativity

Sop brackets

Unlike normal vectors the order of the vops in an inner-product may not be changed in

general,

B̂⊤Â 6= Â⊤B̂ , (1.21)

and this motivates us to define the sop-bracket

⌈

Â, B̂
⌋

= Â⊤B̂ − B̂⊤Â , (1.22)

so called because it maps two vops to a sop. We then have the following sufficient (but not

necessary) condition for reordering the inner-product,

∀ k, [Âk, B̂k] = 0 =⇒
⌈

Â, B̂
⌋

= 0 . (1.23)

That [Âk, B̂k] = 0 is not necessary for
⌈

Â, B̂
⌋

= 0 can be seen in the following example,

Â = (q̂, p̂)⊤ , B̂ = (p̂, q̂)⊤ , [q̂, p̂] = i~ . (1.24)

Here Â1 does not commute with B̂1, and Â2 does not commute with B̂2 but we still have

Â⊤B̂ = B̂⊤Â. Note that we have not overloaded the usual notation for commutator brackets

in (1.22) because while the sop-bracket satisfies the following (which is easy to check)

⌈

Â, B̂
⌋

= −
⌈

B̂, Â
⌋

, (1.25)
⌈

Â + B̂, Ĉ
⌋

=
⌈

Â, Ĉ
⌋

+
⌈

B̂, Ĉ
⌋

, (1.26)

it cannot satisfy a property analogous to the Jacobi identity which the standard commutator

does.

The inner-product is a sop so by definition Â⊤B̂ = (Â⊤B̂)⊤. Thus (1.23) may also be

seen as a sufficient condition for (Â⊤B̂)⊤ = B̂⊤Â.

Mop brackets

For the vop outer-product we do have a necessary and sufficient condition for writing the

transpose of ÂB̂⊤ as a product of transposes:

∀ j, k, [ Âj , B̂k ] = 0 ⇐⇒
(

Â B̂⊤
)⊤

= B̂ Â⊤ . (1.27)

Therefore we define the mop-bracket

⌊

Â, B̂
⌉

≡ ÂB̂⊤ −
(

B̂Â⊤
)⊤

, (1.28)

which maps vops to mops, and refer to Â and B̂ as commuting vops if and only if
⌊

Â, B̂
⌉

= 0.

It is easy to see that this satisfies

⌊

Â, B̂
⌉

= −
⌊

B̂, Â
⌉⊤

, (1.29)
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⌊

Â + B̂, Ĉ
⌉

=
⌊

Â, Ĉ
⌉

+
⌊

B̂, Ĉ
⌉

. (1.30)

The symbol for the mop-bracket in (1.28) has the ceiling (⌉) on B̂ to remind us of ÂB̂⊤,

which is a mop. For the sop-bracket of (1.22) the ceiling is placed on Â to remind us of

Â⊤B̂. Note the commutativity of vops thus defined means that an arbitrary vop will not

necessarily commute with itself as that is a question about its components.

From the above one may verify the following formulae which help simplify expressions

containing mop-brackets: For any matrix C (with the appropriate dimensions)

⌊

CÂ, B̂
⌉

= C
⌊

Â, B̂
⌉

, (1.31)
⌊

Â, CB̂
⌉

=
⌊

Â, B̂
⌉

C⊤ . (1.32)

For any sop ĉ,

⌊

ĉ, Â
⌉

=
[

ĉ, Â⊤
]

, (1.33)
⌊

Â, ĉ
⌉

=
[

Â, ĉ
]

. (1.34)

Note that it is the standard commutator which appears on the RHS (right-hand side) of

(1.33) and (1.34). We also have

⌊

Â ĉ, B̂
⌉

= Â
[

ĉ, B̂⊤
]

+
⌊

Â, B̂
⌉

ĉ , (1.35)

⌊

ĉÂ, B̂
⌉

= ĉ
⌊

Â, B̂
⌉

+
(

[

ĉ, B̂
]

Â⊤
)⊤

, (1.36)

⌊

Â, B̂ ĉ
⌉

=
(

B̂
[

Â⊤, ĉ
]

)⊤

+
⌊

Â, B̂
⌉

ĉ , (1.37)
⌊

Â, ĉB̂
⌉

= ĉ
⌊

Â, B̂⌉ +
[

Â, ĉ
]

B̂⊤ . (1.38)

1.4.3 Trace and Average

Since both matrices and operators appear we will denote an operator-trace by Tr[ĉ] and the

trace of a matrix C by tr[C]. This distinction is especially important for operators with a

continuous eigenvalue spectrum where the operator-matrix analogy breaks down. The trace

of an m× n mop is a matrix in Cm×n

Tr
[

Â
]

≡













Tr[Â11] Tr[Â12] · · · Tr[Â1n]

Tr[Â21] Tr[Â22]
...

. . .

Tr[Âm1] Tr[Âmn]













. (1.39)

From this it should be simple to see that

Tr
[

Â
⊤]

=
(

Tr
[

Â
])⊤

, (1.40)

(

Tr[Â]
)∗

= Tr
[

Â
‡ ]
. (1.41)

Particular cases of (1.40) and (1.41) which we are interested in are

(

Tr[Â]
)†

= Tr[Â†] , (1.42)
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(

Tr
[

ÂB̂⊤
])∗

= Tr
[

Â‡B̂†
]

. (1.43)

If Â is any m× n mop and B̂ is n× k, then we have the “cyclic” property

Tr
[

(ÂB̂)⊤
]

= Tr
[

B̂
⊤
Â
⊤]

. (1.44)

Special cases of the “cyclic” property (1.44) are

Tr
[

ĉÂ
]

= Tr
[

Â ĉ
]

, (1.45)

Tr
[(

ÂB̂⊤
)⊤]

= Tr
[

B̂Â⊤
]

. (1.46)

On some occasions we will want to permute a product of three vops inside a trace and

the following identity may be verified,

Tr
[

ÂB̂⊤Ĉ
]

= Tr
[

B̂⊤ĈÂ
]

= Tr
[

(ĈÂ⊤)⊤B̂
]

. (1.47)

An important tool from quantum statistics that we will use is the quantum regression

formula, also known as the quantum regression theorem, formulated by Lax [73, 74]. A

good discussion of this can be found in [75]. In essence this result expresses the average of

a product of two operators, each at a different time, as a trace in the Schrödinger picture.

To write down the vop counterpart of this result we first recall the regression formulae for

sops: Given any two operators Â and B̂ in the system Hilbert space, and the solution to the

Markovian master equation ρ̇ = Lρ,
〈

Â(t) B̂(t+ τ)
〉

= Tr
{

B̂(0) eLτ
[

ρ(t) Â(0)
]}

, (1.48)

〈

Â(t+ τ) B̂(t)
〉

= Tr
{

Â(0) eLτ
[

B̂(0) ρ(t)
]}

. (1.49)

for any τ > 0 . Let us define the quantum average of a mop Â at time t as

〈Â〉 = Tr[ρ(t)Â] . (1.50)

A corollary which follows from this definition and (1.42) is

〈

ĉ Â
〉†

=
〈

Â† ĉ†
〉

, (1.51)

obtained by letting Â → ρĉÂ in (1.42). We can now extend (1.48) and (1.49) to

〈

Â(t) B̂⊤(t+ τ)
〉

=
(

Tr
{

B̂(0) eLτ
[

ρ(t) Â⊤(0)
]})⊤

, (1.52)

〈

Â(t+ τ) B̂⊤(t)
〉

= Tr
{

Â(0) eLτ
[

B̂⊤(0) ρ(t)
]}

. (1.53)

1.4.4 Superoperators of Special Interest

When considering continuous measurements terms of certain forms arise frequently. Here

we will define superoperators whose forms allow us to write these frequently occuring terms

compactly. For arbitrary sops Â and B̂ we define

J [Â]B̂ ≡ ÂB̂ Â† . (1.54)
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Note that Â here should be treated as a parameter and B̂ the input for J [Â], the output

of the superoperator is another sop given by the RHS of (1.54). The definition (1.54) thus

implies that J [Â†]B̂ = Â† B̂ Â.

Often we encounter a sum of terms in the form of (1.54) so we define

J [Â]B̂ ≡
∑

k

J [Âk]B̂ =
∑

k

Âk B̂ Â
†
k = Â⊤B̂ Â‡ . (1.55)

From (1.12) and (1.55) the action of J [Â] on a vop produces another vop, given by

J [Â]B̂ =
∑

k

Âk B̂ Â†
k =

(

ÂB̂⊤
)⊤

Â‡ . (1.56)

This also gives J [Â‡]B̂ =
(

Â‡B̂⊤
)⊤

Â . Here we note that J [Â‡] is formally equivalent to

its superoperator adjoint7.

From (1.54) we can define what is sometimes referred to as the “dissipator” [76]

D[Â]B̂ ≡ J [Â]B̂ − 1

2

{

Â†Â, B̂
}

, (1.57)

where
{

Â, B̂
}

≡ ÂB̂+B̂Â. When Â = Â† one may prefer to write the dissipator as a nested

commutator,

D[Â]B̂ = −1

2

[

Â, [Â, B̂]
]

. (1.58)

As in (1.55), we shorthand a sum of dissipators by

D[Â]B̂ ≡
∑

k

D[Âk]B̂ . (1.59)

Equations (1.12) and (1.59) then permit us to write

D[Â]B̂ = J [Â]B̂ − 1

2

{

Â†Â, B̂
}

=
(

ÂB̂⊤
)⊤

Â‡ − 1

2

{

Â†Â, B̂
}

. (1.60)

In the case when Â = Â‡ the vop-generalization of (1.58) is

D[Â]B̂ = −1

2

{

(

Â⊤
⌊

Â, B̂
⌉)⊤

+
⌊

B̂, Â
⌉

Â
}

. (1.61)

The appearance of a dissipator D[Â] in the master equation is associated with the cou-

pling of the system to the environment via Â. If the system is also under continuous

observation then measurement back-action terms arise and they can be written concisely by

defining

H[Â]B̂ ≡ ÂB̂ + B̂Â† − Tr
(

ÂB̂ + B̂Â†
)

B̂ . (1.62)

7The standard definition of the adjoint of a superoperator N [76], is another superoperator N †, such

that for any sop Â, and any state ρ, Tr
ˆ

Â(Nρ)
˜

= Tr
ˆ

(N †Â)ρ
˜

. We can generalize Â in this definition to a

vop Â so that N † is such that Tr
ˆ

Â(Nρ)
˜

= Tr
ˆ

(N †Â)ρ
˜

. From this it follows that
`

J [Â]
´†

= J [Â‡].
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We will invariably be considering H[C⊤Â] with C = C∗. In this case one may prefer to

generalize (1.62) to

H[Â]B̂ ≡ ÂB̂ + B̂Â‡ − Tr
[

ÂB̂ + B̂Â‡
]

B̂ (1.63)

and write

H[C⊤Â] = C⊤H[Â] . (1.64)

Note that (1.62) and (1.63) each contain a term which is nonlinear in B̂. We may find it

useful to also define the linear versions of (1.62) and (1.63),

H̄[Â]B̂ ≡ ÂB̂ + B̂Â† , (1.65)

H̄[Â]B̂ ≡ ÂB̂ + B̂Â‡ . (1.66)
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Chapter 2

GENERAL CLASSICAL SYSTEMS

In this chapter we will consider the problems of measurement and control for general stochas-

tic classical systems prior to specializing to the linear case. We begin in Sec. 2.1 by discussing

the probabilistic description of classical systems and the use of Bayes’ rule [77, 78, 79] to up-

date probability distributions conditioned on a measurement of the system. Then in Sec. 2.2

we introduce continuous-in-time measurements for which the analogous update equation is

known as the Kushner-Stratonovich equation. We also allow for back-action and other noise,

leading to a general Markovian stochastic dynamical model in Sec. 2.3. Finally in Sec. 2.4

we introduce the control problem in this context, including the separability principle.

2.1 Configurations and States

A classical system can be described by a set of dynamical variables that can be expressed

as a vector x⊤ = (x1, x2, · · · , xn). Here v⊤ indicates the transpose of vector v. We require

that these variables form a complete set, by which we mean that any property o of the

system is a function of (i.e. can be determined from) x, and that none of the xk can be

determined from the remainder of them. For simplicity we will take each element xk to

be a real number. For example, for a system with several mechanical degrees of freedom

one could have x⊤ = (q⊤,p⊤), where q is the vector of co-ordinates and p the vector of

conjugate momenta. Taking x to be complete, we will refer to it as the configuration of the

system, so that Rn is the system’s configuration space. We point out that often the term

“phase space” is used with the same meaning with the term “configuration space” reserved

to mean only spatial coordinates. We will not use “configuration space” with this meaning.

We are interested in situations where x is not known exactly, and is therefore a set of

random variables. An observer’s state of knowledge of the system is then described by a

probability density function ℘x(x̆, t) such that

℘x(x̆, t) dnx̆ = Prob
{

∀ k, xk(t) ∈ [ x̆k, x̆k + dx̆k ]
}

. (2.1)

where dnx̆ ≡ ∏n
k=1 dx̆k. The subscript in ℘x denotes that ℘x is the probability density

19
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for the random variable x with possible realizations x̆ (a dummy variable). We are using

Prob{S} to denote the probability that S occurs. The probability density is a non-negative

function normalized according to

∀ t ,
∫

dnx̆ ℘x(x̆, t) = 1 . (2.2)

We will follow the convention that an indefinite integral indicates integration over all of

configuration space unless otherwise specified. The state defines an expectation value for

any property o(x), by

E[o] =

∫

dnx̆ ℘x(x̆, t) o(x̆). (2.3)

We will also use the notation 〈o〉 for E[o], which denotes a classical ensemble average. Note

that in (2.3) the time-dependence of E[o] arises from the time-dependence of ℘x; this is

analogous to working in the Schrödinger picture of quantum mechanics. Readers interested

in more complete background on stochastic processes are referred to the texts by Gardiner

[80] and Jaynes [81]. Following the advice of Jaynes [81], we avoid mathematically rigorous

discussions of concepts in probability theory (such as the language of Kolmogorov probability

spaces). For readers who prefer more rigour there are very comprehensive mathematical

texts, for example Refs. [82, 83].

One property of interest is χβ(x), which equals 1 for x ∈ β and 0 otherwise. For any

β ⊂ Rn, the expected value of this property,

pβ ≡ 〈χβ〉 =

∫

dnx̆ ℘x(x̆, t)χβ(x̆), (2.4)

is the probability the observer assigns to the event that x ∈ β at time t. This can be used

to give an operational definition of ℘x(x̆, t) in terms of betting [84]. That is, for all β, pβ is

the number such that, if x were about to be measured precisely, the observer would, for a

payoff of $1, be prepared to bet up to, but not more than, $pβ that x would be found within

β. The distribution ℘x can also be defined directly in terms of the expectation the observer

has for a singular quantity:

℘x(x̆, t) =
〈

δ(n)(x − x̆)
〉

. (2.5)

We will refer to ℘x as the state of the system. The reason is that (as we will see) ℘x is

analogous to what is commonly called the state of a quantum system, that is |ψ〉 (the state

vector) or ρ (the state matrix). Note that this differs from usual engineering practice, where

x is sometimes called the state or (even more confusingly) the state vector. Since we will

be concerned with feedback control, there is another potential confusion worth mentioning:

engineers use the term “plant” to refer to the configuration x and its dynamics, reserving

“system” for the operation of the combined plant and controller [85].

An important difference between the state ℘x and the configuration x is that the former

is subjective. That is, different observers (Alice and Bob, say) will in general assign different

states to the system because they will have different knowledge about the system. There

are various concepts of the consistency of different states [86], but the most obvious and



2.1. CONFIGURATIONS AND STATES 21

strongest is that two states are consistent if and only if their supports on configuration

space are not disjoint. That is, Alice and Bob have consistent knowledge if and only if they

both assign a non-zero value of ℘x(x̆, t) for at least one point x̆ in configuration space.

2.1.1 Conditional Evolution

A dynamical variable will be random if the observer is uncertain about its value. Classically,

it is always possible in principle to eliminate this uncertainty by gathering information

about the system through measurement. In practice measurements do not reveal the system

configuration instantaneously. Rather, measurement results gathered in a finite time contain

only a finite amount of information about the system. This is because typically the result

of a finite-duration measurement would be unpredictable even if the system configuration

were known exactly. This randomness makes it impossible to infer from these measurement

results the exact configuration when it is not known. When there are other sources of

randomness affecting the system (as will be discussed in the Sec. 2.3) this means that even

at infinite times it may not be possible to reduce the uncertainty in the system state to zero.

The reduction in uncertainty by information gathering can be described by Bayes’ rule

[77] as follows. Suppose that we would like to measure some function of x and that the

measurement starts at t and finishes at t′ = t+ T , where T is the duration of the measure-

ment, taken to be fixed. At the end of the measurement we get a result y̆ ∈ Rm, which is

one of an infinite number of results distributed according to Py(y̆, t) . Note that here we

are assuming y to be continuous but it may be taken to be discrete if required. In fact in

Sec. 2.2.1 we will discuss an example when y is discrete. Say our prior state of knowledge

is ℘x(x̆, t), and that we obtained the result y̆. The physics of the measurement device will

typically determine Py|x(y̆, t|x̆, t), which we call the forward probability, defined as

Py|x(y̆, t|x̆, t) dmy̆ ≡ Prob
{

∀ k, yk(t) ∈ [ y̆k, y̆k + dy̆k ] given x(t) = x̆
}

. (2.6)

This information then allows us to find the probability density of x given y by applying

Bayes’ rule:

℘x|y(x̆, t′|y̆, t) =
Py|x(y̆, t|x̆, t)
Py(y̆, t)

℘x(x̆, t) . (2.7)

where the denominator is

Py(y̆, t) =

∫

dnx̆Py|x(y̆, t|x̆, t)℘x(x̆, t) , (2.8)

required by the normalization of ℘x|y(x̆, t′|y̆, t) . It is equal to the probability density the

observer assigns to obtaining the result y̆. We will call ℘x|y(x̆, t′|y̆, t) the updated, or con-

ditioned, or posterior state. It is because Py|x(y̆, t|x̆, t) in general has some width (that

is, y is not predictable even given x) that measurement does not immediately reveal x,

collapsing ℘x|y(x̆, t′|y̆, t) to a δ-function. We have assumed in (2.7) that the system does

not evolve by itself (or at least that this evolution is negligible) during the measurement.

More importantly, we have also assumed that the measurement does not change the system
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configuration. We will show below how to account for changes in the system configuration

brought about by measurement or by any other mechanisms. With this in mind, a mea-

surement in which x remains constant will be referred to as a non-disturbing measurement.

Equation (2.7) then says for a non-disturbing measurement,

℘x(x̆, t′) = ℘x(x̆, t) . (2.9)

As a simple example, consider the case of a one-dimensional system where the prior state

is ℘x(x̆, t) = g(x̆; x̄, V ). Here g(x̆; x̄, V ) is a Gaussian distribution for x̆ with mean x̄ and

variance V . Say the forward probability is also Gaussian: Py|x(y̆, t|x̆, t) = g(y̆; x̆, U). This

means that y is an unbiased estimator of x [87] (that is, the conditional expected value of y

is x) with a mean-squared uncertainty of U . Then it is simple to verify from (2.7) that the

posterior state is also Gaussian: ℘x|y(x̆, t′|y̆, t) = g(x̆; x̄′, V ′), where

V ′ = (V −1 + U−1)−1 , (2.10)

x̄′ = V ′(V −1x̄+ U−1y̆) , (2.11)

We expect y̆ not to be far from x̄, so that the prior and forward distributions will usually

overlap significantly. In that case, the results in (2.10) and (2.11) are quite intuitive. First,

V ′ is smaller than V — by gathering information we have narrowed the distribution ℘x(x̆, t).

Second, V ′ is also smaller than U — our prior information means that our final knowledge

is more precise than the uncertainty in the estimate y given x. Third, the new mean x̄′ of

our state is a weighted average of the previous mean and the measurement result y̆, with

weighting such that x̄′ will be close to the old mean x̄ if our initial variance V was small, but

close to the estimate y̆ if its uncertainty U is small. Note however that these results apply no

matter how far away y̆ is from x̄, as shown in Fig. 2.1. This is a somewhat counter-intuitive

result, as multiplying two distributions with well separated peaks might be expected to give

a bimodal distribution, or at least a broad, distribution.

In general the system will evolve dynamically at the same time as information is being

gathered and this dynamics may be irreversible (i.e. cause loss of knowledge) and may also be

correlated with the result of the measurement y̆. This evolution may include free evolution

(changes in x as a result of the system’s internal dynamics) as well as measurement back-

action, and any other means by which the system may evolve. We can encapsulate this

combined evolution by the map

x(t) −→ x(t′) = x(t) + g(t) (2.12)

where any randomness in g is described by the probability distribution Pg|x,y(ğ|x̆, y̆), nor-

malized so that

∀ y̆, x̆,

∫

dnğ Pg|x,y(ğ, t|x̆, t; y̆, t) = 1 . (2.13)

We can interpret Pg|x,y as the probability density for the system configuration to make a

transition from x(t) to x(t′) = x(t) + g(t) given y(t). This dynamics can be incorporated

into the equation for the state by modifying Bayes’ rule (2.7) as follows.
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Fig. 2.1: The process of Bayesian updating: We plot ℘x|y(x̆, t′|y̆, t) (solid line), ℘x(x̆, t) (dotted line), and

Py|x(y̆, t|x̆, t) (dashed line) on the vertical axis and x̆ on the horizontal axis. The parameters are U = 20,

V = 40, and x̄ = 0 for both plots. We have taken y̆ = 5 in Fig. 2.1(a) and y̆ = 20 in Fig. 2.1(b). Note that

when considered as a function of x̆, Py|x(y̆, t|x̆, t) is still a Gaussian. The updated knowledge is described

by another Gaussian with mean and variance given by (2.10) and (2.11). For Gaussian prior and forward

distributions, Bayes’ rule says that our updated knowledge is always a Gaussian, even for widely separated

prior and forward distributions as shown in Fig. 2.1(b).
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We begin by first asking for the probability of getting a particular realization of both

x(t′) and y(t) with x(t′) = x(t)+g(t). This is the total probability for obtaining all possible

realizations of x(t), g(t), and y(t) such that x(t) + g(t) = x(t′). This can be expressed by

Px,y(x̆′, t′; y̆, t) =

∫

dnx̆

∫

dnğ Px,g,y(x̆, t; ğ, t; y̆, t) δ(n)(x̆ + ğ − x̆′) , (2.14)

where all joint distributions are to be interpreted in a similar manner as

Px,y(x̆, t′; y̆, t) dnx̆ dmy̆ = Prob
{

∀ j, k, xj(t
′) ∈ [ x̆j , x̆j + dx̆j ] ∧ yk(t) ∈ [ y̆k, y̆k + dy̆k ]

}

.

(2.15)

Note that the time argument (t or t′) determines which random variable [x(t) or x(t′)]

x̆ refers to, even though we simply use x as the subscript. We can rewrite Px,g,y in the

integrand of (2.14) as

Px,g,y(x̆, t; ğ, t; y̆, t) = Pg|x,y(ğ, t|x̆, t; y̆, t)Px,y(x̆, t; y̆, t)

= Pg|x,y(ğ, t|x̆, t; y̆, t)Py|x(y̆, t|x̆, t)℘x(x̆, t) . (2.16)

Hence (2.14) has the form of,

Px,y(x̆′, t′; y̆, t) =

∫

dnx̆ Oy̆(x̆′, x̆)℘x(x̆, t) . (2.17)

where Oy̆(x̆′, x̆) is defined to be

Oy̆(x̆′, x̆) =

∫

dnğ Pg|x,y(ğ, t|x̆, t; y̆, t) Py|x(y̆, t|x̆, t) δ(n)(x̆ + ğ − x̆′) . (2.18)

Note that Oy̆(x̆′, x̆) is not a probability distribution. The joint distribution Px,y can also

be expressed as

Px,y(x̆′, t′; y̆, t) = ℘x|y(x̆′, t′|y̆, t) Py(y̆, t) . (2.19)

Equating this to (2.17) then gives us

℘x|y(x̆′, t′|y̆, t) =
1

Py(y̆, t)

∫

dnx̆ Oy̆(x̆′, x̆)℘x(x̆, t) , (2.20)

which describes both information gathering and measurement “back-action”. Equations

(2.20) and (2.18) will no longer reproduce the simple form of (2.9); that is in general we

have ℘x(x̆, t′) 6= ℘x(x̆, t). The density Py(y̆, t) is such that (2.20) is normalized:

Py(y̆, t) =

∫

dnx̆′

∫

dnx̆ Oy̆(x̆′, x̆)℘x(x̆, t) . (2.21)

The non-disturbing (which implies no back-action) limit may be taken by simply letting

Pg|x,y(ğ, t|x̆, t; y̆, t) = δ(n)(ğ) , (2.22)

in (2.18) and (2.20), from which (2.7) is recovered.
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2.2 Monitoring and Conditional Evolution

In most of this review we specialize to continuous-time systems. That is, to systems for which

the evolution of the state can be described by a differential equation in time. Discrete-time

systems, where the state dynamics are described by a map between finitely separated times,

can always be generated from integrating differential equations over a finite time interval, and

many of the concepts discussed here could be applied to discrete-time systems [88, 89, 90].

The evolution of quantum mechanical systems are most commonly described in continuous

time (e.g. the Schrödinger equation). Thus it is natural to consider measurements on the

system that are continuous in time, a process which we call monitoring.

Monitoring can be considered to be a sequence of measurements each of infinitesimal du-

ration. Just as a finite-duration measurement contains finite information about the system,

so an infinitesimal-duration measurement is expected to yield an infinitesimal amount of

information about the system. This means that the result of a measurement in an infinites-

imal time interval is expected to be almost completely noise. The evolution of the system

state conditioned on these measurement results is correspondingly also noisy.

2.2.1 Point Process

It turns out that there are two distinct stochastic processes that can arise from monitoring

a system [1]. The first is described by a point process [91, 92]. An example of such a process

is the counting of radioactive decays by a particle detector. We denote the number of counts

up to time t as N(t). Here the result of a measurement in the infinitesimal interval [t, t+dt)

is a random variable

y(t) dt ≡ dN(t) = N(t+ dt) −N(t) (2.23)

defined by

[dN(t)]2 = dN(t), (2.24)

E[dN(t)|x(t)] = κ(xt) dt . (2.25)

Here we are using E[dN(t)|x(t)] to mean the conditional expectation of dN(t). When the

result of a measurement refers to a point process it is also common to write dN instead of y

so we will adhere to this convention below. This will also remind us that we are dealing with

a point process. The first equation above indicates that dN(t) is either zero or one (which

is always true for an infinitesimal counting interval). The second equation indicates that

the probability of dN = 1 is infinitesimal, being equal to κ(xt)dt. That is to say, dN = 0

almost all of the time, with dN = 1 occurring at rate κ ≥ 0. Note also that because dN is

infinitesimal in some sense [that of (2.25) to be precise], we can say dN dt = o(dt). That is,

dN dt is infinitesimal compared to dt.

Having defined dN we now determine how knowledge of this measurement result changes

one’s knowledge about the system. To apply Bayes’ rule we first note from (2.24) and (2.25)
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that

PdN |x(dN̆, t|x̆, t) = dN̆κ(x̆) dt+ (1 − dN̆)[1 − κ(x̆) dt] . (2.26)

This can be derived by considering the cases dN = 1 and dN = 0 in turn. Thus

PdN (dN̆, t) = dN̆ E[κ(xt)] dt+ (1 − dN̆)
{

1 − E[κ(xt)] dt
}

, (2.27)

where E[κ(xt)] =
∫

dnx̆κ(x̆)℘x(x̆, t). The conditioned state is thus

℘x|dN (x̆, t+ dt|dN̆, t) =
PdN |x(dN̆, t|x̆, t)
PdN (dN̆, t)

℘x(x̆, t) . (2.28)

Again considering the cases dN = 1 and dN = 0 in turn, and using the fact that dN dt =

o(dt) we obtain

d℘x|dN (x̆, t|dN̆, t) ≡ ℘x|dN (x̆, t+ dt|dN̆, t) − ℘x(x̆, t)

= dN̆
{

κ(x̆)/E[κ(xt)] − 1
}

℘x(x̆; t) − dt
{

κ(x̆) − E[κ(xt)]
}

℘x(x̆, t) .

(2.29)

We have thus obtained a differential equation for the conditioned state.

So far we have assumed that the result dN(t) gives us information only about the system

configuration xt. In general, it also gives us information about a change in xt to xt+dt, like

in (2.12). For example, consider the radioactive decay of a sample containing x Uranium-239

atoms. Assuming we have a perfect geiger counter that detects all decays, the monitoring

can be described by a point process dN with κ(x) = (ln 2/τhalf)x, with τhalf ≈ 23 minutes

being the half-life. If we were initially uncertain about x then after counting for a while we

would reduce our uncertainty. For very large x we could take the decay into account simply

by assuming an exponential decay of x in time. But if x were small then it would be sensible

to take into account the fact that every decay observed means that x → x− 1. That is, as

well as provided information about x, the measurement result dN has a “back-action” on

the system as described earlier. There is of course nothing quantum about this back-action,

despite the example here being chosen from nuclear physics.

We can generalize this example by assuming that if dN(t) = 1 then the system configu-

ration changes from x(t) to x(t+ dt) = x(t) + g(t). That is,

dx(t) = dN(t)g(t) , (2.30)

where g(t) is a random variable. We call such a stochastic differential equation for the

configuration a Langevin equation [93, 94]. Equation (2.30) says that,

Pg|x,dN (ğ, t|x̆, t; 0, t) = δ(n)(ğ) , (2.31)

and we will define

Pg|x,dN (ğ, t|x̆, t; 1, t) = Q(ğ, x̆) . (2.32)
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As in (2.20) we can take this jump into account after updating our system state, giving the

modified evolution for the posterior system state

d℘x|dN (x̆, t|dN̆, t) = dN̆

∫

dnğ Q(ğ, x̆ − ğ)
κ(x̆ − ğ)

E[κ(xt)]
℘x(x̆ − ğ, t)

−
{

dN̆ + dt κ(x̆) − dtE[κ(xt)]
}

℘x(x̆, t) . (2.33)

2.2.2 Wiener Process

The second type of stochastic process that can arise in monitoring a system is a Wiener

process. Here the measurement result in an infinitesimal time interval [t, t + dt) is a real

number, defined by

y(t)dt = ȳ(xt) dt+ dv(t) , (2.34)

where ȳ(xt) is an arbitrary real function of xt and dv(t) is a Wiener process1. It is defined

by a mean of zero

E[dv(t)] = 0 , (2.35)

and the second-order moments

[dv(t)]2 = dt , (2.36)

dv(t) dv(t′) = 0 ∀ t 6= t′ . (2.37)

Although we write dv(t) as an infinitesimal, it is not of order dt, as (2.36) shows. In fact,

it is best to think of dv(t) for different times as independent Gaussian random variables

with mean zero and variance dt. Put another way, the result y(t) corresponds to a signal

corrupted by Gaussian noise ξ(t) = dv(t)/dt with correlation function 〈ξ(t)ξ(t′)〉 = δ(t− t′).
This noise has finite power in any frequency band. In fact, the noise spectrum, defined by

(the Wiener–Khinchin theorem [80])

S(ω) = lim
t→∞

∫ ∞

−∞

〈ξ(t+ τ)ξ(t)〉 e−iωτdτ , (2.38)

equals unity for all ω. For this reason, the noise is called white noise, in analogy with white

light which is a mixture of light at all frequencies (colours).

This description is an idealization of any real measurement process because y(t) as defined

does not have bounded variation (E[y2(t)] is not finite). Strictly, ξ(t), and hence y(t), does

not even exist, which is why we have written (2.34) in terms of y(t)dt, a quantity that may

be defined rigorously. This idealization is not a problem in practice because any integral

of y(t) over a finite time, such as
∫ t

0
y(t′)dt′, will have bounded variation. This is because

the noise is independent from one moment to the next, as reflected in (2.37). Nevertheless,

(2.36) implies that in finding the infinitesimal increment in some random variable it is in

general necessary to expand to second order in dv(t). This compares with the point process

1The notation y(t)dt is unconventional in mathematics but we use it since physically y(t) often corresponds

directly to a measured current (when suitably bandwidth-limited).
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case where it is necessary to expand to infinite order in dN , but which is actually easy to

implement by considering the two cases dN = 0 and dN = 1 separately. For an introduction

to stochastic calculus in a physical context, see Refs. [1, 21, 80, 93, 95]. The form of (2.34)

is not the most general. We have assumed (2.34) to be linear in the noise (a necessary

assumption), and that the strength of this noise is independent of the system configuration.

Real measurements in optics with noise that can be modelled by a Wiener process in fact

yield measurement results precisely in the form of (2.34). Equation (2.34) is thus sufficient

for describing any sort of measurement with Wiener noise that we will consider in this

review.

Compared to the case of a point process, it is a little less straightforward to apply Bayes’

rule in this case. However, the end result (commonly known as the Kushner–Stratonovich

equation) is easy to state:

d℘x|y(x̆, t|y̆, t) = dw̆(t)
{

ȳ(x̆) − E[ȳ(xt)]
}

℘x(x̆, t) . (2.39)

Remember that E[ȳ(xt)] =
∫

dnx̆℘x(x̆, t) ȳ(x̆). Here dw̆(t) is a realization of another Wiener

process defined by

dw(t) ≡ y(t)dt− E[y(t)dt] (2.40)

= y(t)dt− E[ȳ(xt)]dt = dv(t) + ȳ(xt)dt− E[ȳ(xt)]dt . (2.41)

This dw(t) is known as the innovation or residual. It is the unexpected part of the result

y(t)dt, which is the only part that can yield new information about the system.

It may appear odd to claim that dw is a Wiener increment (and so has zero mean)

when it is equal to another Wiener increment dv plus something non-zero, namely ȳ(xt)dt−
E[ȳ(xt)]dt. The point is that the observer (say Alice) whose state of knowledge is ℘x(x̆, t)

does not know xt. There is no way therefore for her to discover the “true” noise dv, or

ȳ(xt) − E[ȳ(xt)]. According to her probability distribution ℘x(x̆, t), the latter is a random

variable of mean zero and bounded variation, so it makes no difference if this is added to

dv/dt, which has unbounded variation as explained above. In more sophisticated treatments,

dw is known as a Girsanov transformation of dv [96].

Just as in the point process case, in general the system configuration will change in

conjunction with yielding the measurement result y(t)dt. Allowing for deterministic change

(as we will have to do at some point) as well as a purely stochastic change, the system

configuration will obey the Langevin equation

dx = a(x) dt+ b(x) dv

= [a(x) − b(x) ȳ(x)] dt+ b(x) y(t) dt . (2.42)

Note that the noise that appears in this stochastic differential equation is not the innovation

dw, as that is an observer-dependent quantity which has no role in the dynamics of the

system configuration (unless introduced by a particular observer through feedback as will

be considered later). It can be shown that these dynamics alter the conditional evolution
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for the system state from the “purely Bayesian” Kushner–Stratonovich equation (2.39) to

the following:

d℘x|y(x̆, t|y̆, t) =
dt

2

∑

k,k′

∇k∇k′ bk(x̆) bk′(x̆)℘x(x̆, t) − dt
∑

k

∇k ak(x̆)℘x(x̆, t)

+ dw̆(t)

{

ȳ(x̆) −
∑

k

∇k bk(x̆) − E[ȳ(xt)]

}

℘x(x̆, t) . (2.43)

Here ∇k ≡ ∂/∂x̆k and the derivatives act on all functions of x̆ to their right. Note that this

equation has a solution corresponding to complete knowledge: ℘x|y(x̆, t|y̆, t) = δ(n)
(

x̆−xt

)

,

where xt obeys (2.42). For an observer who starts with complete knowledge, dv and dw are

identical in this case.

2.2.3 General Conditional Evolution

The most general conditional dynamics for a monitored system will contain terms like (2.33)

and (2.43). Also the state can be conditioned on a vector-valued measurement record

y[0,t) ≡
{

y(s) | 0 ≤ s < t
}

, (2.44)

rather than just a single outcome of y at one time, or even simpler (as we have been

assuming) just a scalar current y at one time. Such conditional evolution equations are

known generally as filtering equations. This terminology will be better motivated by results

in later sections, but the basic idea is that the conditioned state as generated by (2.33) or

(2.43) is a functional of the measurement record with y given by (2.23) or (2.34) respectively.

That is, the measurement record is processed or filtered in order to yield the state. This is

in contrast to precise measurements, yielding an infinite amount of information, where the

result y̆ simply tells the observer the state ℘x|y(x̆, t|y̆, t) = δ(n)(x̆ − y̆).

It will be convenient to write the evolution of the state conditioned on (2.44) simply as

℘c(x̆, t). This also coincides with the notation often used to denote conditional quantum

states which will appear in later sections. In this notation we may turn, for example, (2.39)

into

d℘c(x̆, t) = dw(t)
{

ȳ(x̆) − E[ȳ(x̆)]
}

℘c(x̆, t) . (2.45)

Note that we have dropped the breve on dw(t). Here we think of (2.45) as a stochastic

differential equation for the conditional probability density, regarding ℘c(x̆, t) as a stochastic

quantity. This is in fact what one normally finds in the literature on classical filtering.

2.3 Unconditional Dynamics

If we ignore the measurement record then our state of knowledge is given by the uncondi-

tioned probability density ℘x(x̆, t). The unconditioned evolution can be obtained by aver-

aging the conditioned evolution

d℘x(x̆, t) = E
[

d℘c(x̆, t)
]

. (2.46)
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Note that E
[

℘c(x̆, t)
]

is the average of ℘c(x̆, t) over all possible realizations of (2.44). If the

conditioning is only on y(t) then this can be written simply as

E
[

℘c(x̆, t)
]

≡
∫

dy̆ ℘x|y(x̆, t|y̆, t)Py(y̆, t) . (2.47)

Having determined the most general conditional dynamics for a monitored system, in-

cluding back-action, we can ask now what happens if we uncondition the system. Combining

both point process and Wiener noise, and allowing for more than one of each, we find

∂

∂t
℘x(x̆, t) =

1

2

∑

k,k′

∇k∇k′D̄k,k′(x̆)℘x(x̆, t) −
∑

k

∇k ak(x̆)℘x(x̆, t)

+

∫

dx̆′
[

γ̄(x̆|x̆′)℘x(x̆′, t) − γ̄(x̆′|x̆)℘x(x̆, t)
]

. (2.48)

Here D̄(x̆) is an arbitrary positive semi-definite (PSD) matrix

D̄(x̆) =
∑

l

b(l)(x̆) [b(l)(x̆)]⊤ (2.49)

formed from the sum of diffusive back-action terms (described by the Langevin equation

dx =
∑

l b
(l)dv(l)). Similarly, ∀ x̆′, γ̄(x̆|x̆′) is an arbitrary non-negative function of x̆

γ̄(x̆|x̆′) =
∑

j

∫

dnğ(j) Q(j)(ğ(j)|x̆′)κ(j)(x̆′) δ(n)(x̆′ + ğ(j) − x̆) (2.50)

formed from the sum of jumpy back-action terms. As in (2.33), Q(j) is the probability of

g = ğ in the jth decay channel when a jump has occurred in the interval from t to t + dt

(i.e. when dN (j) = 1). Strictly, it is not necessary to consider more than one jump term

(described by dx = g dN) because it is always possible to lump them together as a single

jump process with a jump g having a distribution determined by the relative likelihood of

each jump.

Equation (2.48) is known as a differential Chapman–Kolmogorov equation [80], and is

the most general autonomous differential equation for a classical state ℘x(x̆, t). That is, it

describes all Markov stochastic processes for which ℘x(x̆, t) is differentiable in time. There

are two well-known special cases of the differential Chapman–Kolmogorov equation: 1)

The Fokker–Planck equation, which is when (2.48) has no jump terms, and 2) the master

equation, when (2.48) has only jump terms, i.e. ak = D̄j,k = 0 ∀ j , k. In general the

dynamics of the state will lie somewhere between the (2.48) and the filtering equations

(2.33) and (2.43), because measurements that are performed will not be perfectly efficient

and because there are typically noise terms in the Langevin equations unrelated to the

measurements.

If one is told that the unconditional evolution of the classical state is given by (2.48),

how does that constrain the possible conditional evolution? The answer is: not much.

Any “purely Bayesian” filtering (i.e. with no back-action) can be added to the conditional

evolution without invalidating it. The unconditional evolution only constrains terms with
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back-action. Let the differential Chapman-Kolmogorov equation be expressed as (2.48) but

with the bars removed from γ and D. Then, with γ̄ and D̄ defined as above (i.e. relating

to measurements with back-action), the constraint on these sets of Wiener-process and

point-process monitorings with back-actions described respectively by {b(1),b(2), . . .} and

{g(1), κ(1)(x̆),g(2), κ(2)(x̆), . . .} is simply that D− D̄ ≥ 0 and γ− γ̄ ≥ 0. By contrast, in the

quantum case (as we will see), the unconditional evolution puts strong constraints on the

conditional evolution.

2.4 Optimal Feedback Control

2.4.1 Optimality

Control of a system means that the observer (Alice) can influence the dynamics of the system

in a time-dependent fashion. Optimal control means that she implements the control so as to

minimize some cost function. Feedback control means that Alice is monitoring the system

and taking into account the results of that monitoring in her control. We will write the

result of that monitoring as the vector y(t), but without meaning to imply a restriction to

Wiener process noise at this stage.

Let the dynamical parameters that Alice can control be represented by the vector u(t).

The dimension of u is independent of the dimension of the configuration x. A completely

general cost function would be the expectation value of an arbitrary functional of the time-

functions x(t) and u(t). Setting a start time t0 and a terminal time t1 for the control

problem, we notate such a control cost by

j = E
{

m
[

u[t0,t1],x[t0,t1]

]}

, (2.51)

for some functional m, where u[t0,t1] = {u(s) | t0 ≤ s ≤ t1} and similarly for x[t0,t1]. Of

course in the minimization of j it is necessary to restrict u(t) to being a functional f of the

system output for times less than t, as well as the initial state

u(t) = f
[

y[t0,t), ℘x(x̆, t0), t
]

. (2.52)

A special case is where the cost j that Alice is to minimize is of the form

j = E

[ ∫ t1

t0

dt h(xt,ut, t)

]

, (2.53)

which can also be written as

j =

∫ t1

t0

dt E
[

h(xt,ut, t)
]

. (2.54)

Physically this is very reasonable as it simply says that the total cost is additive over time.

As we discuss next, a major simplification in optimizing u(t) for a given j results when j is

an additive cost function.
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ESTIMATOR

CONTROLLER
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Fig. 2.2: Schematic of the state-based feedback control scheme. The environment is the source of noise in

the system and also mediates the system output into the detector. The controller is split into two parts: an

estimator that determines the state conditioned on the record y(t) from the detector, and an actuator that

uses this state to control the system input u(t). The state, here written as p(t) would be the probability

distribution ℘x(x̆; t) in the classical case, and the state matrix ρ(t) in the quantum case.

2.4.2 Principle of Separation

The principle of separation can be stated as follows:

Given an additive cost function, the optimal control strategy is

uopt = fh

(

℘c(x̆, t), t
)

. (2.55)

In words, Alice should control the system based on the control objective and her current

knowledge of the system and nothing else. All of the information in y[t0,t) is irrelevant except

in so far that it determines the present state ℘c(x̆, t). This is illustrated in Fig. 2.2.

Note that we we are calling (2.55) the separation principle but some prefer to call it

the generalized separation theorem [97]. The more familiar form of the separation principle

that one will find in the classical control literature is uopt = fh(x̄, t) where x̄ is the best

estimate of x according to some measure. This definition of control separability is only valid

for linear systems [see (3.1)] while (2.55) is true in general (even for nonlinear systems). We

have stated the separation theorem in this form because in the most general case it is the

conditional probability that is the sufficient statistic for specifying what the optimal control

should be when the system is separable.

The principle of separation is an extremely powerful concept for two reasons. First, as

just mentioned (2.55) implies that one only needs to optimize u(t) based on the output

of the state estimator (or filter) ℘c(x̆, t). This means the state estimator and feedback

actuator can in fact be designed independently. The separation principle thus splits what

one might have thought should be a simultaneous optimization into two separate problems,

one of determining ℘c(x̆, t), and the other finding the best form of control u(t). Second,

(2.55) gives an independent definition of ℘c(x̆, t). That is, instead of defining ℘c(x̆, t) as

a conditional probability, we can define it as whatever functional of y(t) that is sufficient

to produce uopt for any additive cost function. We will come back to this point later in
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Chap. 4 where we will meet the quantum equivalent of (2.55). For obvious reasons, this type

of feedback control is sometimes called state-based feedback. Determining the function fh is

non-trivial, but can be done using the technique of dynamic programming. This involves a

backwards-in-time equation called the Bellman equation [98].

It should be noted that there are reasons (e.g. “risk-sensitive” control) to consider cost

functions not of the form of (2.53) [99, 100]. In such cases, ℘c(x̆, t) is not sufficient to specify

the optimal control law. Interestingly, sometimes the optimal control law is a function of a

different state, ℘′
c(x̆, t). That is, a state differently conditioned upon y[t0,t). This type of

control, and its quantum equivalent [90], are outside the realms of this review.
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Chapter 3

LINEAR CLASSICAL SYSTEMS

In this chapter we specialize to the case of linear classical systems. This entails two restric-

tions, defined in Secs. 3.1 and 3.2. In Sec. 3.3 we introduce the concept of a stabilizing

solution that is important for optimal feedback control which we discuss in Secs. 3.4.

3.1 Unconditional Dynamics

The first restriction is explicable in terms of the unconditional dynamics of the system, as

follows:

The system configuration obeys a linear dynamical equation

dx = Axdt+B u(t)dt+Edvp(t). (3.1)

Here A, B, and E are constant matrices, while u(t) is a vector of arbitrary time-dependent

functions. It is known as the input to the system. Finally, the process noise dvp is a vector

of ω[E] independent Wiener increments (Recall the notation of Sec. 1.3). That is,

E[dvp(t)] = 0 , (3.2)

dvp(t) dv⊤
p (t) = Iω[E] dt , (3.3)

dvp(t) dv⊤
p (t′) = 0 ∀ t 6= t′ . (3.4)

Thus A is square with dimensions n×n, while B and E are not necessarily square. However,

B and E can be taken to be of full column rank, and so ω[B] and ω[E] can be taken to be

no greater than n. It is worth mentioning that (3.1) is a special case of the general equation

dx = a(x,u, t) dt+B(x, t) dvp(t) . (3.5)

In the terminology of differential equations (3.5) is a linear system if a and B are both

linear in x, and time-invariant (or autonomous) if a and B are both time-independent. Note

that this definition of linearity allows for multiplicative driving. For example, in the case

35
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of one control input and one noise term, the general definition of linearity of (3.5) would

permit terms such as x dvp and xu(t). This is in fact the terminology used to describe the

stochastic differential equations for quantum states that we shall meet later. Thus (3.1)

is a more restricted form of linearity but it is the form that is meant in classical control

literature.

Strictly, the Wiener process is an example of a time-dependent function, so u(t) dt could

be extended to include dvp(t), and the matrix E eliminated. This is a common convention,

but we will keep the distinction because u(t) will later be taken to be the feedback term,

which is known by the observer, whereas dvp(t) is not. Note that from here on we have

excluded jump processes.

Using the results of Sec. 2.3 we can turn the Langevin equation (3.1) into an equation

for the state ℘x. With no jump processes, and with u(t) known but dvp(t) not known, ℘x

obeys an Fokker–Planck equation [80, 101]

℘̇x(x̆, t) =
{

−∇⊤[Ax̆ +Bu(t)] + 1
2∇⊤D∇

}

℘x(x̆, t) , (3.6)

where D = EE⊤ and the dot on ℘x(x̆, t) denotes the time derivative. This equation has

the property that it evolves a Gaussian state into a Gaussian state. A Gaussian state for a

multivariate system has the form

℘x(x̆, t) = g(x̆; 〈x〉 , V ) ≡ (2πdetV )−1/2 exp[−(x̆ − 〈x〉)⊤(2V )−1(x̆ − 〈x〉)] , (3.7)

where 〈x〉 is the system mean and V = 〈xx⊤〉 − 〈x〉 〈x〉⊤ is the system covariance matrix.

By using integration by parts, we can in fact show that in general, (3.6) leads to

〈ẋ〉 = A 〈x〉 +Bu(t) , (3.8)

V̇ = AV + V A⊤ +D . (3.9)

These equations can also be obtained directly from the Langevin equation for the con-

figuration (3.1) using (3.2). For example, (3.8) can be derived directly from (3.1) by taking

the expectation value, while

d(xx⊤) = (dx)x⊤ + x (dx⊤) + (dx) (dx⊤)

=
{

[Ax dt+B u(t)dt+ E dv(t)]x⊤ + mt
}

+ E E⊤dt , (3.10)

where mt stands for matrix transpose, and we have used (3.2). Taking the expectation

value, and subtracting

d
(〈

x
〉 〈

x⊤
〉)

=
〈

dx
〉〈

x
〉⊤

+
〈

x
〉〈

dx⊤
〉

=
{

[A 〈x〉 +B u(t)]
〈

x⊤
〉

dt+ mt
}

(3.11)

yields (3.9).
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3.1.1 Stability

Consider the case u = 0 — that is, no driving of the system. Then the stability of the

system state can be characterized by

λmax(A) ≡ max
{

ℜ[λ(A)]
}

. (3.12)

Recall from Sec. 1.3 that λ(A) is the set of eigenvalues of A. We say A is stable if λmax(A) ≤
0, and more specifically,

• strictly stable if λmax(A) < 0 ,

• marginally stable if λmax(A) = 0 ,

• unstable if λmax(A) > 0 .

The system state will relax to a time-independent (stationary) state if and only if A is strictly

stable. In the context of dynamical systems, we call the eigenvectors {xλ : Axλ = λxλ} the

dynamical modes of the system. For linear systems we can use the same descriptions for the

dynamics, but note that the commonly used terminology asymptotically stable is appropriate

to describe the dynamics if and only if A is strictly stable. If A is strictly stable then the

stationary state (ss) is given by a Gaussian state with

〈x〉ss = 0 , (3.13)

AVss + VssA
⊤ +D = 0 . (3.14)

The matrix equation (3.14) is called the Lyapunov equation which is actually a special case

of a more general equation known as the Sylvester equation [102]. For a strictly stable A

the (unique) solution to (3.14) is given by

Vss =

∫ ∞

0

eAtD eA⊤t dt , (3.15)

It can be seen from (3.15) that Vss is symmetric, and furthermore that Vss > 0 if D > 0 .

Conversely, if we were given D > 0 and Vss > 0 then this in fact implies that A is strictly

stable in (3.14) [103]. It can also be seen from (3.15) that Vss ≥ 0 if D ≥ 0 . However given

D ≥ 0 and Vss ≥ 0 does not imply that A is strictly stable [102].

The uniqueness of Vss means that all observers will end up agreeing on the state of the

system: ℘ss(x̆) = g(x̆;0, Vss). Moreover, there is an analytical solution for n = 1 (trivially)

or n = 2, for which [80]

Vss =
(detA)D + (A− I2 trA)D(A− I2 trA)⊤

2(trA)(detA)
, (3.16)

For n > 2, (3.14) can be readily solved numerically.
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3.1.2 Stabilizability and Controllability

As explained above, the above concept of stability has ready applicability to a system with

noise (E 6= 0) but with no driving [u(t) = 0]. However there is another concept of stability

that has ready applicability in the opposite case — that is, when there is no noise (E = 0)

but the driving u(t) may be chosen arbitrarily. In that case, if we ignore uncertain initial

conditions, the system state is ℘x(x̆, t) = δ(xt − x̆) where the system configuration obeys

ẋ = Ax +B u(t) . (3.17)

Since u(t) is arbitrary and x is known to the observer, we can consider the case u(t) = Fx(t)

so that

ẋ = (A+BF )x . (3.18)

This motivates the following definition.

The pair (A,B) is said to be stabilizable if and only if

∃F : λmax(A+BF ) < 0 . (3.19)

This ensures that the observer can control the system to ensure that x → 0 in the long-time

limit. The above motivation might have given the impression that this ability to stabilize

the system (or not) is dependent upon the assumption of the form of u being Fx. It is a

remarkable fact that it actually does not [102]. The definition applies to any form of u. As

we will see later, the concept of stabilizability is useful even in the presence of noise.

Consider for example a free particle of mass m and suppose the observer can directly

affect only its momentum (such as by a time-dependent linear potential). Then by writing

the particle configuration as x⊤ = (q, p), we obtain

A =

(

0 1/m

0 0

)

, B =

(

0

1

)

. (3.20)

Then, with arbitrary F = (fq, fp)

A+BF =

(

0 1/m

fq fp

)

, (3.21)

which has eigenvalues λ given by λ2 − λfp − fq/m = 0. Clearly, for suitable fq and fp,

λmax(A+BF ) < 0, so the system is stabilizable. This is because by affecting the momentum,

the observer can also affect the position via the free evolution. By contrast, if the observer

can directly affect only the position then B = (1, 0)⊤ and

A+BF =

(

fq fp + 1/m

0 0

)

. (3.22)

This always has a zero eigenvalue, so the system is not stabilizable. The zero eigenvalue

arises because the momentum never changes under this assumption.
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A stronger property than being stabilizable is for (A,B) to be controllable [102]. This

allows the observer to do more: by suitable choice of u(t) Alice can move the configuration

from x0 at t0 to any x1 at any t1 > t0. It can be shown that [102]:

The pair (A,B) is controllable if and only if

∀ O∈R
n×n , ∃F : λ(A+BF ) = λ(O) . (3.23)

An equivalent characterization of controllability is that the controllability matrix

C ≡ [B AB A2B · · · An−1B] (3.24)

has full row rank. That is, the number of independent rows (or columns) of this matrix is

equal to the number of its rows (that is, n). It can be shown that this is also equivalent to

the condition that [sI −A B] has rank n for all s ∈ C. For proofs see Ref. [102].

In the above example the stabilizable system (3.20) is also controllable because in fact

the eigenvalues of (3.21) are those of an arbitrary real matrix. Note that does not mean

that A+BF is an arbitrary real matrix — two of its elements are fixed!

3.2 Conditional Dynamics

The second restriction necessary to obtain a linear system relates to the conditional dynam-

ics:

The measurement result has the form

y dt = Cx dt+ dvm(t) . (3.25)

This is usually known as the output of the system, but we will also refer to it as the measured

current. Here C is not necessarily square, but can be taken to be of full row rank. Thus ε[C]

(the number of rows of C) can be taken to be at most n. The measurement noise dvm is a

vector of ε[C] independent Wiener processes. That is,

E[dvm(t)] = 0 , (3.26)

dvm(t) dv⊤
m(t) = Iε[C] dt , (3.27)

dvm(t) dv⊤
m(t′) = 0 ∀ t 6= t′ . (3.28)

As explored in Sec. 2.2.2, the measurement noise need not be independent of the process

noise (although in many control theory texts this assumption is made). We can describe the

correlations between the measurement and process noise by introducing another matrix Γ:

E dvp dv
⊤
m = Γ⊤dt . (3.29)

This cross-correlation is consistent only if we can define a matrix Ξ such that

ΞΞ⊤ = EE⊤ − Γ⊤Γ . (3.30)
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That is, the matrix on the RHS (right-hand side) must be positive-semidefinite.

Using the theory presented in Sec. 2.2.2 the Kushner–Stratonovich equation appropriate

to this conditioning is

d℘c(x̆, t) = dt
{

−∇⊤[Ax̆ +Bu(t)] + 1
2∇⊤D∇

}

℘c(x̆, t)

+ dw⊤ {C (x̆ − 〈x〉) − Γ∇}℘c(x̆, t) . (3.31)

Here the vector of innovations is given by

dw = y dt− C 〈x〉c dt = dvm + C(x − 〈x〉c) dt . (3.32)

Using Itô calculus it can be shown that, like the unconditional equation (3.6), the conditional

equation (3.31) admits a Gaussian state as its solution. However, it is easier to derive this

solution directly from the Langevin equation (3.1) and the output equation (3.25) as we

show in Sec. 3.2.2. The resulting stochastic differential equations which define the solution

to (3.31) together are known as the Kalman–Bucy filter.

3.2.1 The Minimum Mean-Square-Error Estimator

The Kalman–Bucy filter is known as a minimum-mean-square-error estimator. This means

that it produces an estimate x̄ of x such that the mean-square error

‖x − x̄‖2 = E
[

(x − x̄)⊤(x − x̄)
]

(3.33)

is minimized. One can in fact show the estimator which minimizes (3.33) is uniquely given

by the conditional expectation 〈x〉c . A useful property of the conditional expectation is that

it satisfies the orthogonality principle [104]

E
[ (

x − 〈x〉c
)

〈x〉⊤c
]

= 0 . (3.34)

Note that this says the best estimate is uncorrelated with the estimation error. We will use

this property of 〈x〉c in later sections.

An important result underlying our derivation of the Kalman–Bucy filter is how do we

optimally obtain a new estimate x̄3 with covariance V3 for a random variable x given two

Gaussian estimates x̄1 and x̄2 with covariance matrices V1 and V2 respectively. Using the

mean-square error as our measure of optimality, the optimal way to combine x̄1, V1 and

x̄2, V2 is

V3 = (V −1
1 + V −1

2 )−1 , (3.35)

x̄3 = V3(V
−1
1 x̄1 + V −1

2 x̄2) . (3.36)

Note that x̄3 and V3 are of exactly the same form as (2.10) and (2.11) describing Bayesian

updating of a univariate Gaussian. They could be derived from Bayes’ rule, with g(x̆; x̄1, V1)

being the prior state and g(x̆; x̄2, V2) the forward probability (or vice versa), and g(x̆; x̄3, V3)

the posterior probability [105]. Equations (3.35) and (3.36) are also well known from error

analysis and can be derived using such a method [106].



3.2. CONDITIONAL DYNAMICS 41

3.2.2 The Kalman–Bucy Filter

To begin our derivation it is useful to write the problem in terms of independent noise

processes. It is straightforward to check from (3.30) that this is achieved by defining

E dvp = Γ⊤dvm + Ξ dvp:m , (3.37)

where dvp:m is pure process noise, uncorrelated with dvm. This allows the system Langevin

equation to be rewritten as

dx = Axdt+B u(t) dt+ Γ⊤(y − Cx) dt+ Ξ dvp:m(t) . (3.38)

We now derive the equations for the mean and covariance matrix for the Gaussian system

state conditioned on the measurement y. Consider an initial Gaussian state ℘x(x̆, t) =

g(x̆; 〈x〉 , V ), and the effect of the observation y(t)dt. Let x̄1 be an estimate for x + dx,

taking into account the dynamical (back-action) effect of y on x. From (3.38), this is

x̄1 = 〈x〉 + (A− Γ⊤C) 〈x〉 dt+Bu(t) dt+ Γ⊤y dt . (3.39)

The uncertainty in this estimate is quantified by the covariance matrix

V1 =
〈

(x + dx − x̄1)(x + dx − x̄1)
⊤
〉

= V +
{[

(A− Γ⊤C)V + mt
]

+ ΞΞ⊤
}

dt , (3.40)

where the final term comes from the pure process (and unknown) noise in (3.38). The

estimate x̄1 for x + dx does not take into account the fact that y depends upon x and so

yields information about it. Thus from (3.25) we can form another estimate

x̄2 = C−1y (3.41)

with a covariance

V2 =
〈

(x + dx − x̄2)(x + dx − x̄2)
⊤
〉

= (C⊤C dt)−1 (3.42)

to leading order. Strictly, x̄2 as defined is an estimate for x, not x + dx. However, the

infinite noise in this estimate (3.42) means that the distinction is irrelevant. Note that we

have assumed C to be invertible (i.e. square and full rank). This is a simplifying assumption

which may be relaxed, but would require a different derivation to ours.

Because dvm is independent of dvp:m, the estimates x̄1 and x̄2 are independent. Thus

we can optimally combine these two estimates to obtain a new estimate x̄3 using the above

formulae (3.35) and (3.36). Expanding these expressions to O(dt), we get

V3 = V +
[

(A− Γ⊤C)V + V (A− Γ⊤C)⊤ + ΞΞ⊤ − V C⊤CV
]

dt , (3.43)

x̄3 = 〈x〉 +
[

(A− Γ⊤C) 〈x〉 +B u(t) − V C⊤C 〈x〉
]

dt+ (V C⊤ + Γ⊤)y(t) dt . (3.44)

Since x̄3 is the optimal estimate for the system configuration, it can be identified with

〈x(t+ dt)〉c and V3 with Vc(t + dt). Thus we arrive at the following stochastic differential
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equations, together known as the Kalman–Bucy filter [98], which define the Gaussian state

℘c(x̆, t):

The Kalman–Bucy filter defined by

d 〈x〉c =
[

A〈x〉c +B u(t)
]

dt+
(

Vc C⊤ + Γ⊤
)

dw , (3.45)

V̇c = AVc + VcA
⊤ +D −

(

Vc C⊤ + Γ⊤
)(

CVc + Γ
)

(3.46)

is the minimum-mean-square-error estimator of x.

The use of the term “filter” for (3.45) and (3.46) will be clearer after we have introduced the

concept of stabilizing systems, defined in Sec. 3.3. Note that the equation for Vc is actually

not stochastic, and is of the form known as a Riccati differential equation [107]. Riccati

equations appear often in optimal control theory. We thus assure the reader of the existence

and uniqueness of its solution under the conditions that we will be assuming in this review

with the following theorem [108]:

The matrix Riccati (differential) equation

Ẋt = F Xt +Xt F
⊤ −XtGXt +R , (3.47)

subject to the initial condition

Xt0 = X⊤
t0 , Xt0 ≥ 0 , (3.48)

where F , G, and R are square constant matrices, with G and R symmetric and positive-

semidefinite, has a unique solution for all t ≥ t0 that is symmetric and positive-

semidefinite.

3.2.3 Detectability and Observability

The traditional engineering concepts of stabilizability and controllability introduced earlier

in Sec. 3.1.2 are defined in terms of one’s ability to control a system. There is a complemen-

tary pair of concepts, detectability and observability, that quantify one’s ability to acquire

information about a system.

A system is said to be detectable if every dynamical mode (recall a dynamical mode is an

eigenvector of the matrix A) that is not strictly stable can produce a nonvanishing current

in the absence of measurement noise (dvm = 0). That is, given a system described by (3.1)

and (3.25), detectability means that if the drift matrix A leads to unstable or marginally

stable motion, then y ∝ Cx should contain information about that motion. Mathematically,

we say that:

The pair (C, A) is detectable if and only if

Cxλ 6= 0 ∀xλ : xλ 6= 0 , Axλ = λxλ , ℜ[λ] ≥ 0 . (3.49)
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Clearly, if a system is not detectable then any process noise in the unstable or marginally

stable modes will lead to an increasing uncertainty in those modes. That is, there cannot

be a stationary conditional covariance matrix for the system. A simple example is a free

particle in which only the momentum is observed. That is,

A =

(

0 1/m

0 0

)

, C = (0, c) . (3.50)

The only eigenvector of A is (1, 0)⊤ with eigenvalue 0. Thus, (C, A) is not detectable since

C(1, 0)⊤ = 0. No information about the position will ever be obtained so its uncertainty can

only increase with time. By contrast, a free particle in which only the position is observed,

that is,

A =

(

0 1/m

0 0

)

, C = (c, 0) , (3.51)

is detectable, since (1, 0)⊤ is the only eigenvector of A, and C(1, 0)⊤ = c.

A very important result is the duality between detectability and stabilizability [102]:

(C, A) is detectable if and only if (A⊤,C⊤) is stabilizable.

This means that the above definition of detectability gives another definition for stabilizabil-

ity, while the definition of stabilizability in Sec. 3.1.2 gives another definition for detectability.

A stronger concept related to information gathering is observability. Like controllability,

it has a simple definition for the case where there is no process noise and, in this case,

no measurement noise either (although there must be uncertainty in the initial conditions

otherwise there is no information to gather). Thus the system is defined by ẋ = Ax +

Bu(t) and y = Cx, and this is observable if and only if the initial condition x0 can be

determined with certainty from the measurement record y[t0,t1). This can be shown to

imply the following:

The pair (C, A) is observable if and only if

Cxλ 6= 0 ∀xλ : Axλ = λxλ. (3.52)

That is, even strictly stable modes are monitored. For the example of the free particle above,

observability and detectability coincide because there are no stable modes.

Like the detectable–stabilizable duality, there exists an observable–controllable duality

[102]:

(C, A) is observable if and only if (A⊤,C⊤) is controllable.

Thus the above definition of observability gives another definition for controllability, while

the other definitions of controllability in Sec. 3.1.2 give alternate definitions for observability.
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3.3 Stabilizing Solutions

Even if the unconditioned system evolution is unstable (see Sec. 3.1.1), there may be a

unique stable solution to the Riccati equation (3.46) for the conditioned variance. If such a

solution V ss
c exists, it satisfies the algebraic Riccati equation

ΛV ss
c + V ss

c Λ⊤ + ΞΞ⊤ − V ss
c C⊤CV ss

c = 0 , (3.53)

where

Λ ≡ A− Γ⊤C . (3.54)

If V ss
c does exist, this means that if two observers were to start with different initial Gaussian

states to describe their information about the system, they would end up with the same

uncertainty, described by V ss
c .

It might be thought that this is all that could be asked for in a solution to (3.53).

However, it should not be forgotten that there is more to the dynamics than the conditioned

covariance matrix; there is also the conditioned mean 〈x〉c. Consider two observers (Alice

and Bob) with different initial knowledge so that they describe the system by different initial

states, g(x̆; 〈x〉A , V A) and g(x̆; 〈x〉B , V B) respectively. Consider the equation of motion for

the discrepancy between their means 〈x〉Ac − 〈x〉Bc . Assuming both observers know y(t) and

u(t), we find from (3.45)

d
(

〈x〉Ac − 〈x〉Bc
)

=
[

Λ
(

〈x〉Ac − 〈x〉Bc
)

− V A
c C⊤C 〈x〉Ac + V B

c C⊤C 〈x〉Bc
]

dt

+
(

V A
c − V B

c

)

C⊤y(t) dt . (3.55)

Now say in the long time limit V A
c and V B

c asymptotically approach V ss
c . In this limit the

equation for 〈x〉Ac − 〈x〉Bc becomes deterministic:

d

dt

(

〈x〉Ac − 〈x〉Bc
)

= M
(

〈x〉Ac − 〈x〉Bc
)

, (3.56)

where

M ≡ Λ − V ss
c C⊤C = A−

(

V ss
c C⊤ + Γ⊤

)

C . (3.57)

Thus for Alice and Bob to eventually agree on the system state it is necessary to have M

(the Greek capital of µ) strictly stable.

A solution V ss
c to (3.53) that makes M strictly stable is known as a stabilizing solution.

Because of their nice properties, we are interested in the conditions under which stabilizing

solutions (rather than merely stationary solutions) arise. We will also introduce a new

notation Ω to denote a stabilizing V ss
c . Note that from (3.53) if Ω exists then

−MΩ − ΩM⊤ = ΞΞ⊤ + ΩC⊤CΩ . (3.58)

Now the matrix on the RHS is positive-semidefinite, and so is Ω, if it exists. From this it

can be shown that M is necessarily stable. But to obtain a stabilizing solution we require
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M to be strictly stable. It can be shown that [109]:

A stabilizing solution exists if and only if

Ξ⊤xλ 6= 0 ∀xλ : Λ⊤xλ = λxλ , ℜ[λ] = 0 , (3.59)

and (C,Λ) is detectable.

Note that (3.59) is satisfied if (Λ,Ξ) is stabilizable, or indeed if (−Λ,Ξ) is stabilizable. If

this is the case, then Ω is unique [110]:

A unique stabilizing solution to the algebraic Riccati equation (3.53) exists if and only if

(Λ,Ξ) is stabilizable and (C,Λ) is detectable.

It can also be shown that (C,Λ) is detectable if and only if (C, A) is detectable (see Exercise

6.13 of Ref. [1]) so the above theorems may be restated in terms of the detectability of (C, A)

instead of (C,Λ) .

The condition given by (3.59) above deserves some discussion. Recall that Ξ is related

to the process noise in the system — if there is no diffusion (D = 0) then Ξ = 0 [recall that

D = EE⊤ and also (3.29) and (3.30)]. The condition means that there is process noise in all

modes of Λ that are marginally stable. It might seem odd that the existence of noise helps

make the system more stable, in the sense of having all observers agree on the best estimate

for the system configuration x in the long-time limit. The reason that noise can help can

be understood as follows. Consider a system with a marginally stable mode x with the

dynamics ẋ = 0 (i.e. no process noise). Now say our two observers begin with inconsistent

states of knowledge, say ℘α
x(x̆) = δ(x̆ − xα) with α = A or B and xA 6= xB . Then with no

process noise, they will never come to agreement, because the noise in y(t) enables each of

them to maintain that their initial conditions are consistent with the measurement record.

By contrast, if there is process noise in x then Alice’s and Bob’s states will broaden, and

then conditioning on the measurement record will enable them to come into agreement.

We can now explain why (3.45) and (3.46) are referred to as a filter in Sec. 3.2. For

simplicity we will assume that the system has a stabilizing solution and also set u(t) = 0.

Equation (3.45) in the long-time is then

d〈x〉c = M〈x〉c dt+ F⊤y(t) dt , (3.60)

where F (the Greek capital of ̥) is defined as

F ≡ CΩ + Γ . (3.61)

In the long-time limit (3.60) gives

〈x(t)〉c −→
∫ t

−∞

ds eM(t−s) F⊤y(s) . (3.62)

Since M < 0, the Kalman–Bucy filter for the mean becomes exactly a low-pass filter of the

current y.
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3.3.1 Possible Conditional Steady States

For a linear system with a stabilizing solution of the algebraic Riccati equation we have

from the above analysis a simple description for the steady state conditioned dynamics. The

conditioned state is a Gaussian that jitters around in configuration space without changing

“shape”. That is, Vc is constant, while 〈x〉c evolves stochastically. For u(t) ≡ 0, the

evolution of 〈x〉c is

d 〈x〉c = A 〈x〉c dt+ F⊤dw. (3.63)

For A strictly stable, we can write, using (3.34),

Vss = Ess[xx⊤]

= Ess[(x − 〈x〉c)(x − 〈x〉c)⊤ + 〈x〉c 〈x〉
⊤
c ]

= Ω + Ess[〈x〉c 〈x〉
⊤
c ] , (3.64)

where Ess[X] denotes the ensemble average of X at steady state. Thus for a system with a

strictly stable A, one can find Ess[〈x〉c 〈x〉
⊤
c ] from the Ornstein–Uhlenbeck equation (3.63).

By doing so, and recall that Ω satisfies

AΩ + ΩA⊤ +D = F⊤F , (3.65)

we can check that (3.64) does indeed satisfy (3.14), AVss + VssA
⊤ +D = 0 .

Since Ess[〈x〉c 〈x〉
⊤
c ] ≥ 0 it is clear that

Vss − Ω ≥ 0 . (3.66)

That is, the conditioned state is more certain than the unconditioned state. It might be

thought that for any given (strictly stable) unconditioned dynamics there would always be

a way to monitor the system so that the conditional state is any Gaussian described by a

covariance matrix Ω as long as Ω satisfies (3.66). That is, any conditional state that “fits

inside” the unconditional state would be a possible stationary conditional state. However,

this is not the case. Since F⊤F ≥ 0, it follows from (3.65) that Ω must satisfy

AΩ + ΩA⊤ +D ≥ 0, (3.67)

which is strictly stronger than (3.66). That is, it is the unconditioned dynamics (A and

D), not just the unconditioned steady state Vss, that determines the possible asymptotic

conditioned states.

Equation (3.67) is easy to interpret. Say the system has reached an asymptotic condi-

tioned state, but from time t to t + dt we ignore the result of the monitoring. Then the

covariance matrix for the state an infinitesimal time later is, from (3.9),

V (t+ dt) = Ω + (AΩ + ΩA⊤ +D) dt . (3.68)

Now if we had not ignored the results of the monitoring then by definition the conditioned

covariance matrix at time t+dt would have been Ω. For this to be consistent with the state
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unconditioned upon the result y(t), the unconditioned state must be a convex (Gaussian)

combination of the conditioned states. In simpler language, the conditioned states must “fit

inside” the unconditioned state. This will be the case if and only if

V (t+ dt) − Ω ≥ 0 , (3.69)

which is identical to (3.67).

Note that one can actually show the existence of a C and Γ such that (3.65) holds for any

Ω satisfying (3.67), and D > 0. This result is in fact also true if one relaxes the assertion

of D > 0 and instead allow D ≥ 0, but the proof is more difficult. Thus we can safely take

(3.67) to be both a necessary and sufficient condition for a given Ω to be realized through

measurement.

3.4 LQG Optimal Feedback Control

3.4.1 Definition

Recall from Sec 2.4 that the separation principle for optimal feedback control can be derived

only if the control problem has an additive cost function, i.e. (2.53). To make best use of

the linear systems theory we have presented above, it is desirable to put some additional

restrictions on the control cost, namely that in (2.53),

h(xt,ut, t) = 2 δ(t− t1)x
⊤
t P1xt + x⊤

t Pxt + u⊤
t Qut . (3.70)

Here P1, P are positive-semidefinite matrices, while Q must be positive definite. In general

P and Q could be time-dependent, but we will not consider that option. They represent on-

going costs associated with deviation of the system configuration x(t) and control parameters

u(t) from zero. We call the cost associated with P1 the terminal cost. That is, it is the cost

associated with not achieving x(t1) = 0. (The factor of two before the δ-function is so that

this term integrates to x⊤
t1P1xt1 .)

It is also convenient to place one final restriction on our control problem: that all noise

be Gaussian. We have assumed from the start of Sec. 3 that the measurement and process

noise is Gaussian, and we now assume that the initial conditions also have Gaussian noise

so that the Riccati equation (3.46) applies. With these restrictions we have defined an LQG

control problem: linear dynamics for x and linear map from x and u to output y; quadratic

cost in x and u, and Gaussian noise, including initial conditions.
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LQG CONTROLLER

OUTPUT

ENVIRONMENT

y(t)

u(t)

u(t)
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Ax dt
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u(t)B dt
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Fig. 3.1: Schematic of the LQG feedback control scheme. Here we have introduced Z(t) = Vc(t)C⊤ − Γ⊤

where Vc(t) is the conditioned covariance matrix of x and E dvp dv⊤
m = Γ⊤dt. The gain K depends upon

the control costs for the system and actuator. Note how the Kalman–Bucy filter (the equation for d 〈x〉c)
depends upon u(t), the output of the actuator.

3.4.2 Optimal Control

We begin by summarizing the most well-known results which underpin LQG control:

The optimal control law for an LQG problem is

uopt(t) = −K(t) 〈x(t)〉c , K(t) ≡ Q−1B⊤X(t) (3.71)

where X(t) is a symmetric positive-semidefinite matrix satisfying (for a control interval

t0 ≤ t ≤ t1)

dX

d(−t) = P +A⊤X +XA−XBQ−1B⊤X , X(t1) = P1 . (3.72)

Note that K is independent of D and C, and so is independent of the size of the process and

measurement noise — this part of the feedback control problem is completely equivalent

to the no-noise control problem, a property known as certainty equivalence. The overall

feedback control scheme is shown in Fig. 3.1 (which should be compared with Fig. 2.2).

3.4.3 Asymptotic Problems

Equation (3.72) has the form of a Riccati equation, like that for the conditioned covariance

Vc. As in that case, we are often interested in asymptotic problems where t1 − t0 is much

greater than any relevant relaxation time. For such times, X will equal Xss, the unique

stationary solution [recall the theorem surrounding (3.47)], for the greater part of the control

interval having relaxed there from P1 (which is thus irrelevant). In such cases, the matrix K

in (3.71) will be time-independent but 〈x〉c will still be time-dependent and therefore uopt

is time-dependent.
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For such asymptotic problems it is natural to consider the stability and uniqueness of

solutions. There is a close relation between this analysis of stability and uniqueness, and

that for the conditioned state in Sec. 3.3. In particular, the concept of a stabilizing solution

applies here as well. We show these relations in Table 3.1, but first we motivate a few

definitions. Just as we denote a stabilizing solution V ss
c of the algebraic Riccati equation

(3.53) as Ω, so we will denote a stabilizing solution Xss of the Riccati equation (3.72) in

steady state by Y . By this we mean that Y is a symmetric positive-semidefinite matrix

satisfying

A⊤Y + Y A+ P − Y BQ−1B⊤Y = 0 (3.73)

such that

N = A−BQ−1B⊤Y (3.74)

is strictly stable. The relevance for this is that in steady state the conditioned system mean

obeys the linear equation

d 〈x〉c = N 〈x〉c dt+ F⊤dw , (3.75)

where F = CΩ + Γ as before. This follows from the control law in (3.71). A stabilizing

solution Y ensures that the feedback-controlled system mean will be asymptotically stable.

The conditions under which Y is a stabilizing solution, given in Table 3.1, follow from those

for Ω, using the duality relations of Sec. 3.2.3. Recall that Q > 0 so that BQ−1B⊤ ≥ 0 and

also the assumption of P ≥ 0.

Just as in the case of Sec. 3.3 with the noise E, it might be questioned as to why putting

a lower bound on the cost, by requiring that (P,A) be detectable, should help make the

feedback loop stable. The explanation is as follows. If (P,A) were not detectable that

would mean that there were some unstable or marginally stable modes of A to which no

cost was assigned. Hence the optimal control loop would expend no resources to control

such modes, and they would drift or diffuse to infinity. In theory this would not matter,

as the associated cost is zero, but in practice any instability in the system is bad, not least

because the linearization of the system will probably break down.

In summary, for the optimal LQG controller to be strictly stablizing it is sufficient that

(A,B) and (Λ,Ξ) be stabilizable, and (C,Λ) and (P,A) be detectable. If we do not require

the controller to be optimal, then it can be shown (see Lemma 12.1 of Ref. [102]) that

stability can be achieved if, and only if, (A,B) is stabilizable and (C, A) is detectable.

The ‘if’ part (sufficiency) can be easily shown since without the requirement of optimality

there are a very large family of stable controllers. By assumption we can choose F such that

A + BF is strictly stable and L such that A + LC is strictly stable. Then if the observer

uses a (non-optimal) estimate x̄ for the system mean defined by

dx̄ = A x̄ dt+Bu dt− L(y − Cx̄)dt (3.76)

[compare with (3.45)] and uses the control law

u = F x̄ (3.77)



50 CHAPTER 3. LINEAR CLASSICAL SYSTEMS

Observing Controlling

ARE ΛΩ + ΩΛ⊤ + ΞΞ⊤ = ΩC
⊤

CΩ A⊤Y + Y A + P = Y BQ−1B⊤Y

Stabilizing Ω : λmax(M) < 0 , Y : λmax(N) < 0 ,

solution Ω, Y M = Λ − ΩC
⊤

C N⊤ = A⊤ − Y BQ−1B⊤

Conditions for Ω, Y (C, Λ) is detectable, (A, B) is stabilizable,

to be unique (Λ, Ξ) is stabilizable (P, A) is detectable

Quantities stabilized d = 〈x〉A
c
− 〈x〉B

c
, E[x] = E[〈x〉

c
] ,

at steady state ḋ = Md d 〈x〉
c

= N 〈x〉
c
dt + F⊤dw

Table 3.1: Relations between stabilizing solutions of the algebraic Riccati Equation for the

cases of observing and controlling a linear system. Note the conditions expressed here for Ω

and Y to be unique are both necessary and sufficient.

then the resulting controller is stable. This can be seen by considering the equations for the

system configuration x and the estimation error e = x− x̄ which obey the coupled equations

dx = (A+BF )x dt−BFe dt+ E dvp , (3.78)

de = (A+ LC) e dt+ Ldvm + E dvp. (3.79)

Strict stability of A + BF and A + LC guarantee that 〈x〉 → 0 and that e has bounded

variation, so that V = 〈xx⊤〉 is bounded also.

3.4.4 Control Costs and Pacifiability

For a stable asymptotic problem the stochastic dynamics in the long-time limit are governed

by the Ornstein–Uhlenbeck process (3.75). This has a closed-form solution, and thus the

controller u from (3.71) as well. Hence any statistical properties of the system and controller

can be determined. For example, the stationary variance of x is given by (3.64)

Vss = Ω + Ess[〈x〉c 〈x〉
⊤
c ] , (3.80)

where Ω is as usual. From (3.75), it follows that

N(Vss − Ω) + (Vss − Ω)N⊤ + F⊤F = 0 , (3.81)

and hence Vss can be determined since N is strictly stable.

One quantity we are particularly interested in is the integrand in the cost function,

h̃(xt,ut, t) = x⊤
t P xt + u⊤

t Qut , (3.82)

which has the stationary expectation value

Ess[h̃] = tr[PVss ] + tr[QKss(Vss − Ω)K⊤
ss ] , (3.83)

where Kss is K(t) in steady state. We have defined (3.82) because steady state here means

a time which is long after the initial time t0 but still far from the terminal time t1. In this
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case the initial condition for x and the terminal condition for X are unimportant. From the

above results it is not too difficult to show, for Xss = Y , that this evaluates to [98]

Ess[h̃] = tr[Y BQ−1B⊤Y Ω ] + tr[Y D ] . (3.84)

Note that this result depends implicitly upon A, C, Γ, and P through Ω and Y . If the cost

of control approaches zero (Q → 0) (“cheap control”) then the costs will be dominated by

P (assumed positive-semidefinite):

Ess[h̃] −→ tr[PVss] . (3.85)

Clearly this is bounded below by tr[PΩ], and if P > 0 this minimum could be achieved if

and only if Vss = Ω. That is, if and only if the fluctuations in 〈x〉c would be completely

suppressed.

It might be thought that if control is cheap (Q→ 0) then the gain K could be arbitrarily

large, and hence N = A−BKss would be such that from (3.81), the distinction between the

conditioned Ω and unconditioned Vss covariance matrix would vanish as desired. However,

this will be the case only ifB allows a sufficient degree of control over the system. Specifically,

it can be seen from (3.81) [or perhaps more clearly from (3.75)] that what is required is for

the columns of F⊤ to be in the column space of B (i.e. they are linear combinations of the

columns of B). This is equivalent to the condition rank[B] = rank[B F⊤]. This leads us to

define the pacifiability of a linear system:

A system is said to be pacifiable if and only if

rank[B] = rank[B F⊤] , (3.86)

where F = CΩ + Γ.

Note that unlike the concepts of stabilizability and controllability, the notion of pacifia-

bility relies not only upon the unconditioned evolution (matrices B and A), but also upon

the measurement via C and Γ (both explicitly in F and implicitly through Ω). Thus it

cannot be said that pacifiability is stronger or weaker than stabilizability or controllability;

that depends upon C, Γ, and D. However, if B is full column rank then all three notions

will be satisfied. In this case, for cheap control the solution Y of (3.73) will scale as
√
Q,

and we can approximate Y by the solution to the equation

Y BQ−1B⊤Y = P, (3.87)

which is independent of the parameters for the system dynamics or monitoring. In this case

the second term in (3.84) scales as
√
Q so that

Ess[h̃] −→ tr[PΩ] . (3.88)
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Chapter 4

GENERAL QUANTUM SYSTEMS

This chapter mirrors that of Chap. 2 but for quantum systems, covering states, evolution

and measurement in Sec. 4.1, monitoring and conditional evolution Sec. 4.2, the description

of general Markovian processes by master equations and their unravellings in Sec. 4.3, and

finally optimal feedback control in Sec. 4.4.

4.1 Quantum Observables and States

In quantum mechanics the system configuration x = (x1, x2, · · · , xn) is represented not by

real numbers, but rather by self-adjoint operators on a Hilbert space (i.e. a complex vector

space that may be infinite-dimensional) [111, 112]. We write L(H) for the set of all operators

on a Hilbert space H, and D(H) ⊂ L(H) for all self-adjoint operators. Thus, using a hat to

emphasize their operator nature, x̂k ∈ D(H) for all k. The quantum variables represented

by members of D(H) are often referred to as observables. Their self-adjointness (x̂ = x̂†)

ensures that λ(x̂) ⊆ R. To obtain λ(x̂) = R x̂ has to be a continuous quantum variable on a

infinite-dimensional Hilbert space. This entails some mathematical subtleties which we will

largely ignore; see for example Refs. [111, 113].

As in the classical case, we assume that x̂ is a complete set of observables in the sense that

any operator in L(H) can be expressed as a function of x̂, but this is not so if any element

x̂k of x̂ is omitted. The operator nature of x̂ means that its elements do not commute:

∃ k′, k : [x̂k′ , x̂k] 6= 0 , (4.1)

where [â, b̂] ≡ âb̂ − b̂â. Equation (4.1) may also be written compactly using the mop-

bracket introduced in Sec. 1.4.2 as
⌊

x̂, x̂
⌉

6= 0 . Sometimes the terminology of c-numbers (for

complex numbers) versus q-numbers (for operators) is used, where c could stand for classical

or commuting, and q stands for quantum. The simplest connection between operators and

physical reality is that when an observable o represented by the operator ô ∈ D(H) is

measured, it is found to be a real number ŏ ∈ λ(ô). Observables whose operators do

not commute are termed incompatible, because they cannot simultaneously be measured

53
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to infinite precision (as this would mean they could be simultaneously represented by real

numbers, which commute). Note that we are writing the eigenvalues of the operator ô as

ŏ, because it should be regarded as a realization of what is a random variable o. That is,

when we use quantum mechanics we make yet another distinction, namely ô, which is again

different to ŏ and o.

The state of a quantum system is not a probability density. It is an operator in D(H),

which we denote as ρ . We do not put a hat on this operator to emphasize that it represents

the system state, i.e. an observer’s knowledge about a system and not a dynamical variable

like position, or momentum. Like a classical state, it is positive1 [ρ ≥ 0], and in analogy to

(2.2), it is normalized:

Tr[ρ] = 1. (4.2)

Recall from Sec. 1.4.3 that we are denoting the trace of an operator Â by Tr[Â] and not

tr[Â]. We denote the set of such operators as S(H) ⊂ D(H). As in the classical case, the

quantum state defines the expectation value of observables:

E[o] = Tr[ρô] . (4.3)

Specifically, for an observable with λ(ô) discrete and non-degenerate, the probability density

for finding that ô takes the value ŏ is

℘o(ŏ) = 〈ŏ|ρ|ŏ〉 . (4.4)

Here |ŏ〉 ∈ H is the eigenvector of ô with eigenvalue ŏ, with 〈ŏ| being the dual vector

[111, 112]. For an observable x with λ(x̂) = R, the quantum state ρ defines a function

℘x(x̆) = Tr[ρ δ(x̆− x̂)] (4.5)

which is the probability density for x (or, more precisely, for the results of a measurement

of x). Note that a multidimensional δ(n)(x̆ − x̂) cannot be defined as an operator in D(H)

because of the non-commutativity of the elements of x̂.

Because δ(n)(x̆ − x̂) does not exist in S(H), there are no quantum states of complete

knowledge. That is, there do not exist states such that the values of all observables are

determined. However, we can identify quantum states of maximal knowledge. These are

states such that there exists an observable o which has a non-degenerate eigenvalue, and

which is guaranteed to have that value if measured. These states of maximal knowledge are

represented by rank-one projectors: ρ = π̂ with

λ(π̂) = {1, 0, 0, 0, · · · } , (4.6)

and π̂ itself represents an observable whose value, when measured, is equal to one. Such

states are called pure states, in contrast to mixed states where

λ(ρ) = {p1, p2, p3, · · · } , 1 ≤ pj ≥ 0 ∀ j , (4.7)

1A positive operator Â is such that its eigenvalues are 0 or greater, written as Â ≥ 0. When Â > 0 we

say that Â is positive-definite. Thus when referring to operators the terminology is slightly different to that

used for matrices but it is standard [181, 182].
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where condition (4.2) implies
∑

j

pj = 1 . (4.8)

Pure states can be written as ρ = |ψ〉〈ψ|, where |ψ〉 ∈ H is called the state vector. In

analogy, ρ is called the state matrix. For historical reasons it is sometimes called the density

matrix, or density operator. Most often ρ is referred to simply as “the state” and we will

do so as well.

4.1.1 Quantum Dynamics and Measurement

Quantum dynamics is more constrained than classical dynamics. Specifically, the evolution

of x̂ must preserve the commutation relations [x̂k, x̂k′ ] . Requiring a map x̂ → x̂′ that can

be continuously deformed to the identity map, it can be shown that the evolution must be

unitary:

x̂ −→ x̂′ = Û†x̂ Û , (4.9)

where Û† = Û−1 so that the map is reversible. Evolving operators according to (4.9) and

leaving states constant defines what is known as the Heisenberg picture. If Û acts only in

H then there is an equivalent description, known as the Schrödinger picture evolution, in

which operators stay constant and states evolve according to

ρ −→ ρ′ = Ûρ Û† . (4.10)

Note however that Û need not act only on H. If there are other systems (the “environ-

ment” or “bath”) that couple to the system of interest, then Û acts in the larger Hilbert

space H⊗HB. This means that the x̂ in (4.9) must be understood to act on H⊗HB, even if

it acts as the identity in HB. In this case, even if the initial state of system and environment

is ρSB = ρ ⊗ ρB, the evolved state ÛρSBÛ
† does not factorize in general. The system state,

sometimes called a reduced state (reminiscent of a marginal probability distribution), is ob-

tained by tracing over the environment. That is, the dynamical map for the system state

is

ρ −→ ρ′ = T ρ ≡ TrB[Û(ρ⊗ ρB)Û†] . (4.11)

where the trace on the RHS here is a partial trace defined, for any Â ∈ L(H ⊗ HB) by

TrB[Â] ≡
∑

k

〈ψk|Â|ψk〉 (4.12)

where |ψk〉 ∈ HB for every k and
∑

k |ψk〉〈ψk| = 1̂B . It can be shown that (4.11) can give

rise to any completely-positive trace-preserving map [181]. A completely-positive trace-

preserving map is the most general form of unconditional evolution that preserves the pos-

itivity of the state, even if it has quantum correlations with another system. That is,

a completely-positive trace-preserving map TA for a system A is such that for any state

ρAB ∈ S(HA ⊗ HB),

ρ′
AB

≡ (TA ⊗ 1B) ρAB , (4.13)
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where 1B is the identity map, is also a valid quantum state: ρ′
AB

∈ S(HA ⊗ HB). It can be

shown that any completely-positive trace-preserving map T can also be written as a Kraus

decomposition [114]

T ρ =
∑

k

M̂k ρ M̂
†
k , (4.14)

where
∑

k M̂
†
kM̂k = 1̂ .

Just as in the classical case, it is common for information gathering to occur in con-

junction (and correlated) with system dynamics. Unlike the classical case, it is actually

impossible to obtain information about a system without inducing back-action. This is be-

cause, as discussed above, it is impossible to have complete information about all observables.

Therefore if one obtains information about one observable, this must disturb incompatible

observables. The most general conditional evolution of a quantum state, analogous to (2.20)

is,

ρ′r̆ =
Or̆ρ

℘r(r̆)
, (4.15)

where the operation for a measurement result r̆ is, in general, a completely-positive trace-

reducing map

Or̆ ρ =
∑

k

M̂r̆,k ρ M̂
†
r̆,k . (4.16)

The probability of getting the result r̆ is

℘r(r̆) = Tr[Or̆ρ] = Tr[ρÊr̆] , (4.17)

where Êr̆ =
∑

k M̂
†
r̆,kM̂r̆,k must satisfy

∑

r̆ Êr̆ = 1̂.

Since a general completely-positive trace-preserving map T can be achieved by coupling

a system to an environment and then ignoring (tracing over) the environment as in (4.11),

and since the conditional evolution map (4.16) has a similar form as (4.14), it might be

wondered whether the general conditional evolution can be similarly achieved. The answer

is yes: by coupling the system to an environment and then determining the value of a

particular environment observable r, one obtains information about the system and its

dynamics as described above. Without loss of generality we can assume that λ(r̂) is discrete

and non-degenerate, so that from (4.4) one would think the probability of measuring r to be

r̆ should be 〈r̆|Û(ρ⊗ ρB)Û†|r̆〉 except that this is actually a system operator because |r̆〉 is

in HB, not H ⊗ HB. Instead, this quantity is actually the unnormalized conditioned system

state:

Or̆ρ = 〈r̆|Û(ρ⊗ ρB)Û†|r̆〉 , (4.18)

and the probability of measuring r to be r̆ is given in (4.17). From (4.12) it is clear that

measuring the environment and averaging over the results is the same as ignoring the envi-

ronment altogether, giving T =
∑

r̆ Or̆ .
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4.2 Monitoring and Conditional Evolution

As in the classical case, we are interested in the conditional dynamics for systems with

Markovian evolution. As explained above, in the quantum case we cannot obtain information

about the system without back-action. Consider, as before, the infinitesimal time interval

[t, t + dt). In the classical case we considered the conditioning upon a point process and a

Wiener process separately. In the quantum case we can derive both of these from a single

unitary operator Û acting on H ⊗ HB. This operator is defined by the Itô equation

dÛ(t, t0) =
[

−
(

iĤ + 1
2 ĉ

†ĉ
)

dt− ĉ†dB̂z:=−t + ĉ dB̂†
z:=−t

]

Û(t, t0) , (4.19)

with Û(t0, t0) = 1̂ for any t0 and dÛ(t, t0) is

dÛ(t, t0) = Û(t+ dt, t0) − Û(t, t0) . (4.20)

Here ĉ ∈ L(H) and Ĥ ∈ D(H) are system operators. By contrast, dB̂z:=−t is a bath operator

in the Schrödinger picture defined by

dB̂z:=−t = b̂(z := −t) dt , (4.21)

where b̂(z) ∈ L(HB) for all z ∈ R. It can be thought of as the annihilation operator for

a one-dimensional field of massless boson propagating in the vacuum, and we have set the

speed of light in vacuum to unity. It obeys the commutation relation

[b̂(z), b̂†(z′)] = δ(z − z′) . (4.22)

Equation (4.19) arises from assuming that this field propagates unidirectionally (in the

negative direction) and without dispersion at unit speed past the point z := t where it

interacts with the system. For a general initial bath state, (4.19) will not give a unitary Û ,

but it will if we take the environment to be initially in the vacuum state |0〉 of b̂(z).2 This

simply means that for all t, dB̂z:=−t acting on the environment state gives zero. It follows

from this and also (4.22) that

dB̂z:=−t dB̂
†
z:=−t = dt , (4.23)

with all other second-order moments vanishing. The similarity of (4.23) to (2.36) prompts

us to call dB̂z:=−t a quantum Wiener increment.

Due to the coupling of the system operator ĉ to the bath operators in (4.19), the evolution

of the system alone is irreversible. The exception is when ĉ ∝ 1̂, in which case Û(t, t0) =

exp[−iĤ(t − t0)] up to some phase factor. Coupling of this sort between the system and

the bath typically derives from a secular, or rotating-wave approximation [115, 116]. From

(4.23) it can easily be verified that

d(Û†Û) = (dÛ†)Û + Û†(dÛ) + (dÛ†)(dÛ) = o(dt) , (4.24)

2It is possible to generalize (4.19) and the rest of this theory to the more general case of a thermal or

squeezed bath [122, 123], which are also white-noise baths.
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and similarly for d(Û Û†), as required for unitarity. Note the necessity of keeping second

order infinitesimals, because of (4.23).

Up to now we have been in the Schrödinger picture where operators do not carry any

time-dependence. The subscript in dB̂z:=−t comes from evaluating the position at z := −t.
When we move to the Heisenberg picture dB̂z:=−t then gains a time-dependence which we

write as

dB̂z:=−t(t) = b̂(z := −t, t) dt . (4.25)

That is, the second argument of b̂ on the RHS denotes that dB̂z:=−t is in the Heisenberg

picture. This can be used to define what is commonly referred to as an input field operator

(technically a field increment in this case). Referring to only the time argument, dB̂z:=−t(t)

commutes with dB̂†
z:=−t(t

′) for t′ 6= t. Thus the operator defined by (4.25) remains constant

for all t′ ≤ t; and

The input quantum Wiener increment is defined as

dB̂in(t) ≡ dB̂z:=−t(t
′) ∀ t′ ≤ t . (4.26)

The input field is thus defined as the bath field operator dB̂z:=−t over a semi-infinite time

interval in the Heisenberg picture. Therefore the subscript “in” should be associated with the

time interval as shown in (4.26), and not simply as a shorthand for the subscript “z := −t”.

Just as b̂(z := −t, t′) is independent of t′ for t′ ≤ t, so too is b̂(z := −t, t′) independent

of t′ for t′ > t. But for t = t′, the unitary evolution induces a finite change in the interval

[t, t+ dt). By definition,

b̂(z := −t, t+ dt) = Û†(t+ dt, 0) b̂(z := −t) Û(t+ dt, 0) (4.27)

= Û†(t, 0) Û†(t+ dt, t) b̂(z := −t) Û(t+ dt, t) Û(t, 0) . (4.28)

Inserting an identity on each side of b̂(z := −t),

b̂(z := −t, t+ dt) = Û†
H(t+ dt, t) b̂(z := −t, t) ÛH(t+ dt, t) , (4.29)

where we have defined for ease of writing

ÛH(t+ dt, t) ≡ Û†(t, 0) Û(t+ dt, t) Û(t, 0) . (4.30)

It is simple to find ÛH(t+dt, t) from (4.19). Substituting the resulting expression into (4.29)

and using (4.23) we arrive at

b̂(z := −t, t+ dt) = b̂(z := −t, t) + ĉ(t) . (4.31)

This motivates the following definition:

The output quantum Wiener increment is defined as

dB̂out(t) ≡ dB̂z:=−t(t
′) ∀ t′ > t . (4.32)



4.2. MONITORING AND CONDITIONAL EVOLUTION 59

For an arbitrary system vop (vector-operator, see Sec. 1.4) ŝ ∈ L(H) in the Heisenberg

picture,

ŝ(t) = Û†(t, 0) ŝ(0) Û(t, 0) , (4.33)

it is not difficult to show that dB̂in(t) commutes with ŝ(t′) for all t′ ≤ t, while

dB̂out(t) = dB̂in(t) + ĉ(t)dt (4.34)

commutes with ŝ(t′) for all t′ > t:

[

dB̂in(t), ŝ(t′)
]

= 0 ∀ t′ ≤ t , (4.35)
[

dB̂out(t), ŝ(t
′)
]

= 0 ∀ t′ > t . (4.36)

We can derive a quantum stochastic differential equation of motion for ŝ in the Heisenberg

picture from (4.19) and (4.33):

dŝ =
(

i[Ĥ, ŝ] + ĉ† ŝ ĉ− 1
2{ĉ† ĉ, ŝ}

)

dt− [ĉ dB̂†
in − ĉ† dB̂in, ŝ ] , (4.37)

where {Â, B̂} ≡ ÂB̂ + B̂Â and we have omitted the argument t in all operators.

The Schrödinger picture equivalent, an equation for the system state ρ, can be found

from the identity Tr[ρ(t) ŝ(0)] = Tr[ρ(0) ŝ(t)] . This yields

ρ̇ = −i [Ĥ, ρ] + D[ĉ]ρ ≡ L ρ . (4.38)

Recall from Sec. 1.4.4 that D is defined, for any Â ∈ L(H) by

D[Â]ρ ≡ ÂρÂ† − 1
2{Â†Â, ρ} . (4.39)

Equation (4.38) is usually known as a (quantum) master equation.

4.2.1 Point Process

The coupling between the quantum system and the environment allows information to be

obtained about the former by monitoring the latter. The simplest way to monitor the

environment yields a point process measurement record. Consider the Heisenberg-picture

observable
dN̂(t)

dt
=
dB̂†

out(t)

dt

dB̂out(t)

dt
. (4.40)

We use the notation dN̂ because it is the q-number analogue of a point process, as it satisfies

[dN̂(t)]2 = dN̂(t) (4.41)
〈

dN̂(t)
〉

=
〈

κ(x̂t)
〉

dt , (4.42)

where κ(x̂t) = ĉ†(t)ĉ(t) . Like dB̂out(t), the operator dN̂(t) commutes with ŝ(t′) for all

t′ > t, and it also commutes with itself at different times. Thus it acts as a c-number.

Now consider a measurement at time t + dt of dN̂(t). In the Schrödinger picture this

means we apply (4.18), with r = dN . Considering only the segment of the field on which
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dB̂in(t) acts, we have ρB = |0〉〈0|, the vacuum state, and |r̆〉 = |dN̆〉. For dN = 0, |r̆〉 = |0〉,
the vacuum state, while for dN = 1, |r̆〉 = |1〉. It is easy to verify that |1〉 ∝ dB̂†

in|0〉
does satisfy dN̂ |1〉 = |1〉, and also that the state |1〉 is normalized if defined by [for any

Â ∈ L(HB)]

〈1|Â|1〉 = 〈0|dB̂in(t) Â dB̂†
in(t)|0〉/dt . (4.43)

Substituting into (4.18) yields

O0 = 1̂ − H̄[ iĤ + 1
2 ĉ

†ĉ ] dt (4.44)

O1 = J [ĉ] dt, (4.45)

where we have defined H̄ and J in Sec. 1.4.4 to be

H̄[Â]ρ ≡ Âρ+ ρÂ† , (4.46)

J [Â]ρ ≡ ÂρÂ†. (4.47)

The significance of the above equations is as follows. Since Tr
[

O0ρ(t)
]

= 1 − O(dt), in

almost every time step the result is dN(t) = 0. Applying O0 then changes the system only

by O(dt). That is, the system state evolves smoothly. However, once in a while, at rate

Tr
[

O1ρ(t)
]

/dt = Tr
[

ρ(t) ĉ†ĉ
]

=
〈

κ(x̂t)
〉

, (4.48)

the result is dN(t) = 1 and O1 is applied, changing the system state discontinuously. This is

what is known as a “quantum jump”, although we have already met the analogous “classical

jump” in (2.28) arising from Bayes’ rule. Just as in the classical case, we can write an

explicit stochastic differential equation for the system state conditioned on dN(t), again

using dN dt = o(dt):

dρdN (t) = dN(t)

{

J [ĉ]

Tr
[

ĉ†ĉ ρ(t)
] − 1} ρ(t) −H

[

iĤ + 1
2 ĉ

†ĉ
]

ρ(t) dt . (4.49)

where dρdN (t) ≡ ρdN (t+ dt) − ρ(t) and

H[Â]ρ ≡ Âρ+ ρÂ† − Tr[Âρ+ ρÂ†]ρ (4.50)

is the nonlinear (traceless) version of H̄. Note that if Â = −Â†, as for Â = −iĤ, the

nonlinear term in the definition (4.50) that distinguishes H from H̄ is zero. The evolution

generated by (4.49) is commonly known as a quantum trajectory [117].

4.2.2 Wiener Process

We now show the same system-environment interaction allows us to monitor the system

in a way that produces a record with Wiener noise. This time the Heisenberg-picture

environment observable we measure is

ŷ(t)dt = dB̂out(t) + dB̂†
out(t) . (4.51)
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As with the point process dN̂(t), this acts as a c-number as it commutes with ŝ(t′) for all

t′ > t. We can make ŷ(t) look more like the classical expression (2.34):

ŷ(t) dt = ȳ(x̂t) dt+ dv̂(t) , (4.52)

where

ȳ(x̂t) = ĉ(t) + ĉ†(t), (4.53)

dv̂(t) = dB̂in(t) + dB̂†
in(t) . (4.54)

It is easy to verify that for the environment in the vacuum state, dv̂(t) obeys all the properties

of a Wiener process,

〈

dv̂(t)
〉

= 0 , (4.55)

[dv̂(t)]
2

= dt , (4.56)

dv̂(t) dv̂(t′) = o(dt) ∀ t 6= t′ . (4.57)

As in the classical case, it is more complicated to derive the conditional evolution for the

case of a Wiener process than for a point process. However, the procedure is essentially the

same as above. In the Schrödinger picture we apply (4.18) at time t + dt, with |r̆〉 = |y̆〉,
satisfying

[

b̂(z := −t, 0) + b̂†(z := −t, 0)
]

|y̆〉 = y̆ |y̆〉 . (4.58)

The end result can be rewritten most compactly as

dρyt
(t) = Lρ(t) dt+ H[ĉ]ρ(t) dw(t) , (4.59)

where L was defined in (4.38). As in the classical case, dw(t) is the innovation appearing in

the measurement result on which (4.59) is conditioned on

y(t) dt =
〈

ĉ+ ĉ†
〉

dt+ dw(t) . (4.60)

The quantum trajectories generated by (4.59) are continuous, but not differentiable. For

this reason, it can be called a quantum diffusion process. The fact that a single system-

bath coupling can lead to qualitatively different trajectories is sometimes emphasized by

referring to different unravellings of the master equation (4.38). Thus (4.49) defines a jump

unravelling, while (4.59) defines a diffusive unravelling. The term “unravelling” is particu-

larly appropriate for conditioning equations of this form if the initial state is pure, because

then the conditioned state ρr(t) is pure for all times. That is, we have the picture that the

mixing process described by (4.38) is a consequence of combining many different pure-state

trajectories, which can be unravelled by using, for example, (4.49) or (4.59). Such pure-state

trajectories are useful for numerical simulation of open quantum systems [118, 120, 119, 121],

but that is of no concern to us here. If one wished instead to emphasize the analogies with

classical conditioning, then the term quantum filtering equation for these equations would

be more appropriate. This term was used by Belavkin [89, 124, 125], who first introduced

equations of the form of (4.59) in this context, and indeed the term Belavkin equation has

also been used [126].
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4.3 General Markovian Evolution

4.3.1 Unconditional Dynamics

The most general unconditioned evolution for any Markovian system, obtained by averaging

over the results of any monitoring, can always be written in the form

~ρ̇ = −i [Ĥ, ρ] + D[ĉ]ρ ≡ Lρ . (4.61)

Here Ĥ = Ĥ† as before, and we have defined the vop ĉ = (ĉ1, ĉ2, . . . , ĉL)⊤. We are also

using the following shorthand (see Sec. 1.4.4):

D[ĉ] ≡
L
∑

k=1

D[ĉk] . (4.62)

The result (4.61) was proven by Lindblad [127], and also Gorini, Kossakowski, and Sudarshan

for a finite-dimensional Hilbert space H [128]. The master equation (4.61) is thus said to be

in the Lindblad form3, or a Lindblad master equation. The rigorous proof requires that for

each l, ĉl be a bounded operator (i.e. eigenvalues of ĉ†l ĉl should be finite), but this is usually

ignored.

Note that we have introduced the factor ~ on the LHS (left-hand side) of (4.61). This is

simply a matter of redefinition of units. The constant ~ (on the order of 10−34Js) is known

as Planck’s constant, and is necessary to connect quantum operators with their classical

counterparts. For example, in this case it is necessary if Ĥ is to be identified as the system

Hamiltonian or energy operator in conventional units. We will see later in Chap. 5 that

keeping ~ in the formulae, rather setting ~ = 1 as is often done, is useful for keeping track

of what is particularly quantum about quantum control.

Equation (4.61) can be derived by generalizing (4.19) to

~ dÛ =
[

−(iĤ + 1
2 ĉ†ĉ) dt− ĉ†dB̂z:=−t + dB̂†

z:=−t ĉ
]

Û . (4.63)

As with (4.19) all operators have the same time-dependence, in the Schrödinger picture.

Note also that ĉ† means the transpose of ĉ as well as the Hermitian adjoint of its elements

(see Sec. 1.4):

ĉ† = (ĉ†1, ĉ
†
2, . . . , ĉ

†
L) . (4.64)

The vop dB̂z:=−t has all second-order moments equal to zero except for

dB̂z:=−t dB̂
†
z:=−t = ~ ÎL dt . (4.65)

Note the appearance ~ here, it will appear in all such equations. If we move to the Heisenberg

picture then the relation between the input and output fields when multiple output channels

3Non-Lindblad-form master equations are also widely used, when the Markov approximation is invalid.

These include integro-differential equations and non-autonomous differential equations. For non-Markovian

systems the unravelling of the master equation into stochastic trajectories cannot be interpreted using

quantum measurement theory in the same way as for Markovian systems — see Ref. [129]. The theory of

this article is thus limited to master equations of the Lindblad form.
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are present can also be generalized from (4.31) to

dB̂out(t) = ĉ(t) dt+ dB̂in(t) , (4.66)

where dB̂in(t) and dB̂out(t) are defined similarly to (4.26) and (4.32).

Equation (4.61) is the quantum analogue of the differential Chapman–Kolmogorov equa-

tion (2.48). Because a given Lindblad equation can be unravelled as jumps or diffusion (or

both), there is no analogy with the special cases of the (2.48) corresponding to jumps (the

classical master equation) or diffusion (the Fokker–Planck equation). However, in Chap. 5

where we specialize to linear systems, we need consider only diffusive unravellings. In that

case, the Lindblad equation may be thought of as a quantum analogue of the Fokker–Planck

equation, and the quantum filtering equation as an analogue of the Kushner–Stratonovich

equation.

4.3.2 Diffusive Conditional Dynamics

The most general conditional equation would contain any number of terms as in (4.49)

and (4.59) and may be conditioned on the history of the measurement output. Just as we

denoted a general conditioned classical state by using a subscript c in Sec. 2.2.3 we will

now denote a general conditioned quantum state by ρc(t). Such quantum filtering equations

formed from (4.49) and (4.59) would still preserve the purity of the conditional state ρc(t).

However, if arbitrary measurement back-action is allowed, as in the classical case, then we

have to consider equations that would not preserve the purity of ρc(t). Here we will give the

most general diffusive unravelling.

As discussed in Sec. 2.3, in the classical case the unconditioned evolution does not con-

strain very much the possible conditioned evolution. In the quantum case, the constraints

are severe. This is because measurements disturb systems, so the possible measurements

cannot cause more disturbance than described by the Lindblad equation. Considering only

diffusive unravellings then it can be shown [23, 24] that:

The most general diffusive quantum filtering equation compatible with (4.61) is

~ dρc = Lρc dt+ H[dz†(t) ĉ ]ρc . (4.67)

Here we are defining dz = (dz1, dz2, . . . , dzL)⊤, a vector of infinitesimal complex Wiener

increments [80]. Like dw, these are c-number innovations so the Hermitian conjugate is

defined as usual for matrices: dz† = (dz∗)⊤.

The innovation vector dz satisfies E[dz] = 0, and has the correlations

dz dz† = ~Hdt , dz dz⊤ = ~ Ydt , (4.68)

where Y is a complex symmetric matrix. Here we are allowing for inefficient detection by

introducing a positive-semidefinite diagonal matrix H. An allowed H must belong to

H = {H = diag(η1, η2, . . . , ηL) | ∀ k, ηk ∈ [0, 1]} . (4.69)
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Here ηk can be interpreted as the efficiency of monitoring the kth output channel. This

allows for conditional evolution that does not preserve the purity of states when H 6= IL.

It is convenient to combine Y and H in an unravelling matrix U, defined as the following

correlation matrix

U ≡
(

ℜ[dz]

ℑ[dz]

)

(

ℜ[dz⊤] ℑ[dz⊤]
)

/~ . (4.70)

Using (4.68) it is straightforward to show that this is

U(H,Y) =
~

2

(

H + ℜ[Y] ℑ[Y]

ℑ[Y] H −ℜ[Y]

)

. (4.71)

The set of valid unravelling matrices can then be defined by

U =
{

U(H,Y) | Y = Y⊤, H ∈ H , U(H,Y) ≥ 0
}

. (4.72)

Note the requirement that U be real and positive-semidefinite means there will be a 2L ×
rank[U] matrix T such that

~U = TT⊤ . (4.73)

The output upon which the state of (4.67) is conditioned can be written as a vector of

complex functions of time

Jdt =
〈

Hĉ + Yĉ‡
〉

c
dt+ dz⊤. (4.74)

where the conditional average of an arbitrary operator ô is defined using the conditional

state:

〈ô〉c = Tr[ρc ô ] . (4.75)

In optics, measurements like this (e.g. homodyne detection) give rise to photocurrents, so

we call J a current. In situations where J really is a photocurrent the innovation can be

called shot noise, as it can be attributed to the randomness in the arrival times of photons

at the detectors [130].

Equation (4.74) is the most general output of a quantum system with Wiener noise but

it is complex so we will work with (ℜ[J⊤] ,ℑ[J⊤])dt instead of Jdt. The noise in this vector

has components which may be cross-correlated, specified by the unravelling matrix U. The

matrix U does not necessarily have to be full rank so in general there will only be rank[U]

statistically independent noise components in (ℜ[J⊤] ,ℑ[J⊤])dt. Note the components of

Jdt that contribute to the rank of U are the ones which contain a non-zero signal [i.e. the

term proportional to dt in (4.74)]. It is thus only necessary to have a representation of the

measured current that contains only these components of J. We can do this by using T+,

the Moore–Penrose inverse of T [131], which has dimensions rank[U] × 2L. We define

y dt ≡ T+

(

ℜ [J]

ℑ [J]

)

dt =
2

~
T⊤

(

ℜ[〈ĉ〉c]
ℑ[〈ĉ〉c]

)

dt + dw , (4.76)
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where T+ can always taken to be full row rank and we have defined

dw = T+

(

ℜ[dz]

ℑ[dz]

)

. (4.77)

It can be seen from the properties of T+ that dw satisfies

dw dw⊤ = Irank[U] dt . (4.78)

The assumption that T+ has full row rank implies the following identities

(T+)⊤ T+ = ~
−1U+ , (4.79)

T+ T = Irank[U] . (4.80)

4.3.3 Measurement Output in the Heisenberg Picture

We can derive a Heisenberg picture equivalent of (4.74) and (4.76). This would have to be

a vop Ĵdt such that it reproduces the statistics obtained from (4.74)

〈 Ĵ dt
〉

= E
[

J dt
]

, (4.81)

(Ĵdt)(Ĵ⊤dt) = dz dz⊤1̂ = ~ Y 1̂ dt , (4.82)

(Ĵdt)(Ĵ†dt) = dz dz†1̂ = ~ H 1̂ dt . (4.83)

If we demand Ĵ to be a classical-like object then it must also satisfy the self-nondemolition

conditions [132, 133]

⌊

Ĵ(t), Ĵ(t′)
⌉

= 0 ∀ t, t′ , (4.84)
⌊

Ĵ(t), Ĵ‡(t′)
⌉

= 0 ∀ t, t′ . (4.85)

Recall from (1.28) that
⌊

â, b̂
⌉

≡ âb̂⊤ − (b̂â⊤)⊤ and remember also that â‡ ≡ (â†)⊤.

It can be shown that such a Ĵ is given by the non-Hermitian vop

Ĵdt = H dB̂out + Y dB̂‡
out + E dV̂ + F dV̂‡ + G dÂ‡ . (4.86)

where the coefficient matrices E,F and G are given by the positive matrix square roots

E =
√

H (IL − H) , F = Y
√

H+ − IL , G =
√

H − Y H+Y∗ . (4.87)

This is the analogue of (4.74) in the Heisenberg picture. Note that for efficient monitoring

(H = IL), the ancilliary operators dV̂ and dV̂‡ are not needed, but dÂ is still required.

Just as we defined a real vector (4.76) from (4.74) we can define a Hermitian vector-

operator from (4.86),

ŷ dt = T+

(

ℜ[Ĵ]

ℑ[Ĵ]

)

dt =
2

~
T⊤

(

ℜ[ĉ]

ℑ[ĉ]

)

dt+ dv̂m . (4.88)
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The noise increment dv̂m is given by

dv̂m = T+

(

ℜ [ δĴ ]

ℑ [ δĴ ]

)

dt , (4.89)

with δĴ being [compared with (4.86)]

δĴ dt = H dB̂in + Y dB̂‡
in + E dV̂ + F dV̂‡ + G dÂ‡ . (4.90)

One can check that dv̂m fulfills the requirements to be a (Hermitian) quantum Wiener

increment i.e. 〈dv̂m(t)〉 = 0 and

dv̂m(t) dv̂⊤
m(t) = Îrank[U] dt , (4.91)

dv̂m(t) dv̂⊤
m(t′) = o(dt) ∀ t 6= t′ . (4.92)

In Chap. 7 we will see that by using a different representation of the unravelling (another

matrix which call M) the current vop ŷ can be derived more straightforwardly.

4.4 Optimal Feedback Control

The discussion of optimal feedback control for classical systems in Sec. 2.4 applies to quan-

tum systems with essentially no changes. To re-establish the notation, we will use y(t) to

represent the result of the monitoring. In the Heisenberg picture, this will be a vop ŷ(t)

(4.88). Similarly the feedback signal u(t), a functional of y(t), will be a vop û(t) in the

Heisenberg picture. Given the restrictions on quantum dynamics, we cannot postulate ar-

bitrary terms in the evolution equation for the system configuration dependent upon u(t).

Rather we must work within the structure of quantum dynamics, for example by postulating

a feedback Hamiltonian that is a function of û(t):

Ĥfb(t) = F (ût, t) . (4.93)

Say the aim of the control is to minimize a cost function that is additive in time. In the

Heisenberg picture we can write the minimand as

j =

∫ t1

t0

dt
〈

h
(

x̂t, ût, t
)〉

, (4.94)

where the expectation value is taken using the initial state of the system and bath, including

any ancillary baths needed to define the current such as in (4.86). The optimal control is

then a vop functional ûopt of ŷ such that (4.94) is minimized.

In the Schrödinger picture, the current can be treated as a c-number, and we need only

the system state. However this state ρc(t) is conditioned and hence stochastic, so we must

also take an ensemble average over this stochasticity. Also, the system variables must still

be represented by operators, x̂, so that the final expression is

j =

∫ t1

t0

dt E
{

Tr[ ρc(t)h(x̂t,ut, t) ]
}

. (4.95)
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As in Sec. 2.4, for an additive cost function the separation principle holds. That a

quantum separation principle [134] also holds for quantum control problems was first pointed

out by Belavkin [88] who also developed the quantum Bellman equation [88, 89, 124] (see

also Refs. [22, 90]). The quantum separation principle means the optimal control strategy

is state-based:

uopt = fh

(

ρc(t), t
)

. (4.96)

Even in the Heisenberg picture this equation will hold, but with hats on. The conditional

state ρc(t) is a functional (or a filter in the broad sense of the word) of the output y(t).

So in the Heisenberg picture, ŷ(t) begets ρ̂c(t), which begets ûopt(t). This distinction is

another reason that we do not put a hat on ρc(t) in the usual situation where it is a state

conditioned upon a c-number measurement record. It is important to realize that in the

Heisenberg picture the hat on ρ̂c does not mean that it is a state conditioned on a vop-

valued current ŷ, because it is not — conditioning is a concept which does not even exist in

the Heisenberg picture ! To make sense of (4.96) in the Heisenberg picture we can invoke the

independent definition of ℘c(x̆, t) which we discussed in Sec. 2.4.2 [the second point under

(2.55)]. In this way we simply interpret ρ̂c as that functional of ŷ sufficient to give us the

optimal control ûopt.
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Chapter 5

LINEAR QUANTUM SYSTEMS

It is commonly stated, see for example [135], that quantum control is a bilinear control

problem, because even if the time-dependent Hamiltonian is linear in the control signal, such

as F̂ u(t), the equations of motion are not linear.1 Rather, taking ρ(t) and u(t) together as

describing the control loop, we have the bilinear equation

~ρ̇ = −iu(t)[F̂ , ρ(t)] . (5.1)

However, from our point of view there is nothing peculiarly quantum about this situation.

The classical control problem, expressed in terms of the classical state, has a completely

analogous form. For example, consider a classical system with configuration (q, p), and a

classical control Hamiltonian u(t)F (q, p). Then the equation for the classical state is given

by the Liouville equation [116, 136, 137, 138]

℘̇(q, p; t) = u(t)
{

F (q, p), ℘(q, p; t)
}

PB
, (5.2)

where
{

F, ℘
}

PB
is the classical Poisson bracket [139].

The existence of this bilinear description of classical control of course does not preclude

a linear description in terms of the system configuration. Exactly as in the classical case,

a quantum system may have linear dynamics (i.e. a suitable set of observables may have

linear Heisenberg equations of motion), and the measured current may be a linear function

of these observables, with added Gaussian noise (which will be operator-valued). As we will

see, a great deal of classical control theory for such linear systems goes over to the quantum

case. In particular Secs. 3.1–3.4 are mirrored in Secs. 5.2–5.5. However there are several

differences between classical and quantum feedback control that it is necessary or at least

interesting to discuss in additional sections. These are the structure of quantum phase space

in Sec. 5.1 and optimal unravellings in Sec. 5.6.

1Again, linearity here is in the same sense as (3.1), being a reduction from (3.5) with x → ρ, a → a, and

B = 0.
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5.1 Quantum Phase Space

In order to obtain linear dynamics we require observables with unbounded spectrum. For

example, the position q̂ of a particle for which λ(q̂) = R. Say our system has N such position

observables, which all commute. To obtain a complete set of such observables, for each q̂m

we must include a canonically conjugate observable p̂m. This is known as the canonical

momentum. It satisfies the canonical commutation relation

[p̂m, q̂m] = −i~ (5.3)

with its partner q̂m, but commutes with all other positions and momenta. To connect with

the classical theory, we write our complete set of observables as

x̂ = (q̂1, p̂1, q̂2, p̂2, · · · , q̂N , p̂N ). (5.4)

Then the commutation relations they satisfy can be written as

[x̂m, x̂n] = i~Zm,n , (5.5)

where Z is a 2N × 2N skew-symmetric matrix with the following block-diagonal form:

Z =

N
⊕

1

(

0 1

−1 0

)

. (5.6)

This matrix is real and orthogonal, satisfying Z−1 = Z⊤ = −Z, so that iZ is Hermitian.

In this situation, the configuration space has a symplectic structure and is usually called

“phase space”, with the term “configuration space” being reserved for the space in which q

resides. However we will not use “configuration space” with this meaning.

A consequence of the canonical commutation relation is the Schrödinger–Heisenberg

uncertainty relation [140], which for any given conjugate pair (q̂, p̂) is

VqVp − V 2
qp ≥ ~2

4
. (5.7)

Here the variances are

Vq =
〈

(∆q̂)2
〉

, Vp =
〈

(∆p̂)2
〉

, (5.8)

while the covariance is

Vqp =
1

2
〈∆q̂ ∆p̂+ ∆q̂ ∆p̂ 〉 . (5.9)

We have defined the deviation for an arbitrary observable ô as

∆ô = ô− 〈ô〉 . (5.10)

Note the symmetrization necessary in the covariance because of the non-commutation of the

deviation terms. The original Heisenberg uncertainty relation [141] is weaker, lacking the

term involving the covariance. Using the matrix Z and the covariance matrix

Vm,n =
1

2
〈∆x̂m ∆x̂n + ∆x̂n ∆x̂m〉 , (5.11)
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we can write the 2N -dimensional Schrödinger–Heisenberg uncertainty relation as a linear-

matrix inequality for V [143, 144]:

A real symmetric positive-definite 2N×2N matrix V is a valid quantum covariance matrix

if and only if

V +
i~

2
Z ≥ 0 . (5.12)

This linear-matrix inequality can be derived immediately from (5.5) and (5.11), since

V +
i~

2
Z =

〈

(∆x̂)(∆x̂)⊤
〉

, (5.13)

where the vop deviation is defined by ∆x̂ = x̂ − 〈x̂〉. The matrix on the RHS is positive-

semidefinite by construction. Note that V can also be defined by taking the real part of

(5.13),

V = ℜ
[〈

(∆x̂)(∆x̂)⊤
〉]

. (5.14)

It can be shown that (5.12) also implies V (if finite) must be strictly positive [1].

The Hilbert space H on which the observables in x̂ act is of course infinite dimensional.

It is often convenient to represent a quantum state for this type of system not by ρ but as a

Wigner function W (x̆) [116, 145]. This is a pseudo-probability distribution over the classical

configuration x corresponding to x̂. It is related to ρ by

W (x̆) = 〈δW (x̆ − x̂)〉 = Tr
[

ρ δW (x̆ − x̂)
]

, (5.15)

[compared with (2.5)] where

δW (x̆ − x̂) =

∫

d2Nk exp
[

i2πk⊤(x̆ − x̂)
]

. (5.16)

If the observables commuted then δW (x̆− x̂) would become a Dirac δ-function δ(2N)(x̆−
x̂). Recall from Sec. 4.1 that the latter object does not exist, which is why the state of a

quantum system cannot in general be represented by a true probability distribution over the

values of its observables. The Wigner function evades this because δW (x̆− x̂) is not positive.

Thus for some states, the Wigner function will take negative values for some x. Nevertheless

it is easy to verify that for any subset of N commuting observables the marginal Wigner

function is a true probability distribution for those observables. For example,

℘q(q̆) =

∫

dNpW (x̆) (5.17)

is the true probability density for finding the system positions to be equal to q̆. Moreover,

any moments calculated using the Wigner function equal the corresponding symmetrized

moments of the quantum state [75]. For example, with a two-dimensional phase space,
∫

dq̆

∫

dp̆ W (q̆, p̆) q̆2p̆ = Tr
[

ρ(q̂2p̂+ 2 q̂ p̂ q̂ + p̂ q̂2)/4
]

. (5.18)

Having defined the Wigner function, we can now define a Gaussian state to be a state

with a Gaussian Wigner function. That is, W (x̆) is of the form of (3.7), with mean vector
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〈x̂〉 and covariance matrix V as defined in (5.11) or (5.14). Such a Wigner function is of

course positive everywhere, and so has the form of a classical distribution function. Thus

if one restricts one’s attentions to the observables symmetric in x, Gaussian states have a

classical analogue. The vacuum state of a bosonic field, which is the bath state we assumed

in Sec. 4.2, is a Gaussian state. This is because it is equivalent to the ground state of a set

of harmonic oscillators, where the positions and momenta are the real and imaginary parts

of a mode annihilation operator. A useful theorem for systems described by Gaussian states

is that its purity can be characterized by the determinant of the covariance matrix:

A Gaussian state with covariance matrix V is pure if and only if

det[V ] =

(

~

2

)2N

. (5.19)

5.2 Unconditional Dynamics

Having delineated the structure of quantum phase space, we can now state the first restric-

tion we require to obtain a linear quantum system (in the control theory sense):

The system configuration obeys a linear dynamical equation

dx̂ = A x̂ dt+B u(t) dt+ E dv̂p(t) . (5.20)

This is precisely the same as the classical condition. Unlike that case, the restrictions on

quantum dynamics mean that the matrices A and E cannot be specified independently. To

see this, we must derive (5.20) from the quantum Langevin equation generated by (4.63),

~ dx̂ =
(

i[Ĥ, x̂] +
(

ĉ‡x̂⊤
)⊤

ĉ − 1
2

{

ĉ†ĉ, x̂
}

)

dt+
[

ĉ†dB̂in(t) − dB̂†
in(t) ĉ, x̂

]

. (5.21)

This can be done if we choose the system Hamiltonian to be quadratic in x̂, with the form

Ĥ = 1
2 x̂⊤G x̂ − x̂⊤Z Bu(t) , (5.22)

with G real and symmetric, and the vector of Lindblad operators to be linear in x̂:

ĉ = C̃ x̂ . (5.23)

In terms of these we then have the quantum drift matrix and process noise

A = Z
(

G+ ℑ[C̃†C̃]
)

(5.24)

E dv̂p(t) =
[

− i dB̂†
in(t) C̃Z + i dB̂⊤

in(t) C̃∗Z
]⊤
. (5.25)

The last expression can be interpreted as Gaussian quantum process noise, because of the

stochastic properties of dB̂in(t) as defined by (4.65).

We have not specified E and dv̂p(t) separately because the choice would not be unique.

All that is required (for the moment) is for the above expression for Edv̂p(t) to give the

correct diffusion matrix:
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Ddt = ℜ[E dv̂p(t) dv̂⊤
p (t)E⊤]

= ~Z ℜ[C̃†C̃]Z⊤dt

= ~Z C̄⊤C̄ Z⊤dt . (5.26)

Here we have defined (in block form)

C̄⊤ = (ℜ[C̃⊤] ℑ[C̃⊤] ) . (5.27)

Using this we can also write

A = Z
(

G+ C̄⊤SC̄
)

, (5.28)

where

S =

(

0 IL

−IL 0

)

. (5.29)

That (5.26) is the correct expression for D can be verified by calculating (3.9) for V : We

begin by first working out

d 〈(∆x̂)(∆x̂)⊤〉 =
[

AV + V A⊤ +
i~

2

(

AZ + ZA⊤
)

]

dt+ E dv̂p dv̂
⊤
p E

⊤ (5.30)

where we have used Itô calculus and (5.20) for d(∆x̂) = dx̂ − 〈dx̂〉. Taking the real part of

(5.30) we arrive at

dV =
(

AV + V A⊤
)

dt+ ℜ
[

E dv̂p dv̂
⊤
p E

⊤
]

. (5.31)

Comparing (5.31) to (3.9), the appropriate form for the quantum diffusion matrix D should

be taken as (5.26). It is simple to show (5.26), and (5.26) follows by writing C̃ and C̃† in

terms of its real and imaginary parts. Note the non-commutativity of the noise operators

actually plays no important role here, because of the linearity of the dynamics.

Alternatively, the moment equations can be calculated (as in the classical case) directly

from the equation for the state:

~ ρ̇ = −i [Ĥ, ρ] + D[ĉ]ρ . (5.32)

To make an even closer connection to the classical case we can convert this master equation

into an equation for the Wigner function by using the vop correspondences

x̂ ρ −→
(

x̆ +
i~

2
Z∇

)

W (x̆) , (5.33)

ρ x̂ −→
(

x̆ − i~

2
Z∇

)

W (x̆) . (5.34)

These rules can be derived from assuming the more familiar correspondences for the scalar

operators q̂ and p̂ [1]. The transpose of the RHS of (5.33) corresponds to x̂⊤ρ. Similarly

the transpose of the RHS of (5.34) corresponds to ρ x̂⊤. Applying (5.33) and (5.34) and

these rules we find the time evolution of W (x̆) to be governed by precisely a Fokker–Planck

equation as in (3.6). Thus, the Wigner function has a Gaussian solution if it has a Gaussian

initial state. As explained above, this means that for Gaussian states there is a classical

analogue to the quantum state, which is precisely the probability distribution that arises

from the classical Langevin equation (3.1).
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5.2.1 Quantum Fluctuation–Dissipation Theorem

If we restrict ourselves to considering symmetric moments of the quantum system, then

we can go further and say that there is a classical system that is completely equivalent to

our quantum system. This is because the linearity of the dynamics means that the quan-

tum configuration ends up being a linear combination of the initial quantum configuration

(assumed to have a Gaussian state) and the bath configuration (also assumed to have a

Gaussian state, the vacuum). Thus any symmetric function of the system configuration will

be symmetric in the initial system and bath configuration, and corresponds to a function of

a classical random variable with a Gaussian probability distribution.

This analysis suggests that there is nothing different, in the unconditional dynamics of

linear systems, between quantum and classical. However, this ignores a fact mooted above,

that the conditions of unitarity place restrictions on quantum evolutions not present classi-

cally. Specifically, the drift A and diffusion D matrices cannot be specified independently of

one another because both are related to C̃ (or C̄). This is despite the fact that, considered on

their own, neither A nor D are restricted by quantum mechanics. That is, the drift matrix

A is an arbitrary real matrix. To see this recall that G is any real and symmetric matrix,

whereas C̄⊤SC̄ is an arbitrary real skew-symmetric matrix, and Z is invertible. Also, since

Z is orthogonal, the diffusion matrix D is an arbitrary real positive-semidefinite matrix.

The relation between D and A can be found by noting that the differential of (5.13) also

gives an equation for dV , which is equal to (5.30). Thus we could have also defined D to

satisfy

Ddt =
i~

2
(AZ + ZA⊤) dt+ E dv̂p dv̂

⊤
p E

⊤ , (5.35)

where it is simple to show that

E dv̂p dv̂
⊤
p E

⊤ = ~Z C̃†C̃Z⊤dt . (5.36)

This immediately gives us the relation

D − i~

2

(

AZ − Z⊤A⊤
)

≥ 0 . (5.37)

The first thing to note about this equation is that it is quantum in origin. If ~ were zero,

there would be no lower bound on the diffusion D. As well as being a necessary condition,

this linear-matrix inequality is also a sufficient condition on D for a given drift matrix A.

That is (5.37) guarantees V (t) + i~Z/2 ≥ 0 for all t > t0 provided that it is true at t = t0.

This is because the invertibility of Z allows us to construct a Lindblad master equation

explicitly from the above equations given valid A and D matrices.

Equation (5.37) can be interpreted as a quantum fluctuation–dissipation for the following

reason. A dissipative system is one that loses energy so that the evolution is strictly stable

(assuming that the energy is bounded below i.e. G ≥ 0). As discussed in Sec. 3.1.1, this

means that the real parts of the eigenvalues of A must be negative. Any strictly stable A

must have a non-zero value of AZ − Z⊤A⊤ and in this case the linear-matrix inequality

(5.37) places a lower bound on the fluctuations D about equilibrium. Note that in fact
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exactly the same argument holds for a unstable system (i.e. one for which all dynamical

modes of A are unstable). We can thus state the fluctuation–dissipation theorem as follows

For a given dissipation (matrix A), the fluctuations in the system (matrix D) is valid if

and only if

D − i~

2

(

AZ − Z⊤A⊤
)

≥ 0 . (5.38)

By contrast, it is easy to verify that the contribution to A arising from the Hamiltonian

Ĥ places no restriction on D. This is because energy-conserving dynamics cannot give rise

to dissipation. To see this note that

Z−1 (ZG)Z = GZ = − (ZG)
⊤

(5.39)

and so ZG is similar to the negative of its transpose. If λ is an eigenvalue of ZG, then so is

−λ, therefore it is impossible for all the eigenvalues of ZG to have negative real parts. That

is, A = ZG cannot be a strictly stable system.

It might be questioned as to whether it is appropriate to call (5.37) a fluctuation–

dissipation relation, because in equilibrium thermodynamics this term is used for a rela-

tion that precisely specifies (not merely bounds) the strength of the fluctuations for a given

linear dissipation [80, 146]. The reason our relation is weaker is that we have not made

the assumption that our system is governed by an evolution equation that will bring it to

thermal equilibrium at any particular temperature (including zero temperature). We are

considering completely general linear evolution. Our formalism can describe the situation of

thermal equilibrium, but also a situation of coupling to baths at different temperatures, and

even more general situations. Thus just as the Schrödinger–Heisenberg uncertainty relation

can provide only a lower bound on uncertainties in the system observables, our fluctuation–

dissipation relation can provide only a lower bound on fluctuations in their evolution.

5.2.2 Stabilizability and Controllability

The concepts of stabilizability and controllability for linear quantum systems can be brought

over without change from the corresponding classical definitions in Sec. 3.1.2. However, the

term “controllability” is also used in the control of Hamiltonian quantum systems [147]

with a different meaning. To appreciate the relation, let us write the system Hamiltonian,

including the control term, as

Ĥ = Ĥ0 +

ω[B]
∑

k=1

Ĥk uk(t) (5.40)

where

Ĥ0 = 1
2 x̂⊤G x̂ , Ĥk = −x̂⊤Z B ej , (5.41)

where {e1, e2, . . . , eω[B]} is a complete set of orthonormal vectors such that

u(t) =

ω[B]
∑

k=1

uk(t) ek . (5.42)
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Note that k in this section is understood to range from 1 to ω[B] (the number of columns

of B). Since we are assuming Hamiltonian (i.e. closed) quantum systems we are also taking

A = ZG. From these operators we can form

Ĥk = − x̂⊤ZB ek , (5.43)
[

Ĥ0, Ĥk

]

/i~ = − x̂⊤ZAB ek , (5.44)
[

Ĥ0,
[

Ĥ0, Ĥk

]]

/(i~)2 = − x̂⊤ZA2B ek , (5.45)

and more like-wise nested commutators. Let us label the set of all such nested commutators

for all values of k by G. Note that we are not considering commutators with more than

one Ĥk as all such terms are proportional to a constant. The set of all possible linear

combinations of the members of G and Ĥ0 is known as the Lie algebra [3] generated by

{Ĥ0, Ĥ1, . . . , Ĥω[B]} , i.e. it is the set

A = span
(

G ∪ {Ĥ0}
)

. (5.46)

Now, the criterion for the controllability of a linear system is that the controllability

matrix [recall (3.24)]

C =
[

B AB A2B · · · A2N−1B
]

(5.47)

has full row rank, i.e. rank[C] = 2N . By inspection,

ĝ⊤ ≡ x̂⊤Z C = x̂⊤Z
[

B AB A2B · · · A2N−1B
]

(5.48)

is a 1 × 2Nω[B] vop and each component of ĝ is a linear combination of the 2N canonical

phase-space variables x̂n given by

ĝα =

2N
∑

n=1

(ZC)nα x̂n ∀ α ∈
{

1, 2, . . . , 2Nω[B]
}

. (5.49)

Note that rank[ZC] = rank[C] so that for a controllable system ĝ contains 2N linearly

independent combinations of the 2N phase-space observables x̂n [in the form of (5.49)]

which form another complete set of observables (see Sec. 4.1 for the definition of a complete

set of observables). From the above relations, we can see that controllability in the sense

appropriate to linear systems can be restated as follows:

A linear quantum system is controllable if and only if the Lie algebra generated by

{Ĥ0, Ĥ1, Ĥ2, . . . , Ĥω[B]} includes a complete set of observables.

The significance of this concept of controllability is that, as defined in Sec. 3.1.2, the centroid

in phase space 〈x̂〉 can be arbitrarily displaced as a function of time for a suitable choice of

u(t). Note that this concept of controllability does not mean that it is possible to prepare

an arbitrary quantum state of the system.

Having formulated our sense of controllability in Lie-algebraic terms, we can now compare

this with the other sense used in Refs. [147, 148, 149, 150] and elsewhere. This sense applies
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to arbitrary quantum systems, and is much stronger than the notion used above. We consider

a Hamiltonian of the form of (5.40), but with no restrictions on the forms of Ĥ0 and the

Ĥj . Then Ref. [147] defines operator-controllability as follows.

A quantum system is operator-controllable if and only if the Lie algebra generated by

{Ĥ0, Ĥ1, Ĥ2, . . . , Ĥω[B]} is equal to D(H).

[See Sec. 4.1 for the definition of D(H).] The significance of this concept of controllability

is that any unitary evolution Û(t, t0) can be realized by some control vector u(t). Hence,

operator controllability means that from an initial pure state it is possible to prepare an

arbitrary quantum state of the system.

5.3 Conditional Dynamics

As for the first restriction of Sec. 5.2, the second restriction necessary to obtain a linear

quantum system is again identical to the classical case (apart from hats on all of the quan-

tities):

The measurement result is represented by a vop of the form

ŷdt = C x̂ dt+ dv̂m(t) . (5.50)

This follows automatically from the assumption (5.23) that we have already made, provided

that we use a Wiener-process unravelling to condition the system. Once again, however,

quantum mechanics places restrictions on the matrix C and the correlations of dv̂m(t).

In Sec. 4.3.2 we derived a Hermitian current vop for general (nonlinear) systems. We

can now specialize to linear systems by enforcing (5.50) on (4.88):

ŷ dt =
2

~
T⊤

(

ℜ[ĉ]

ℑ[ĉ]

)

dt+ dv̂m ≡ C x̂ dt+ dv̂m . (5.51)

This can be made consistent by choosing C to be

C =
2

~
T⊤C̄ . (5.52)

In this definition T must have ε[C̄] rows, and ε[C] columns. Note the number of columns of

C̄ and of C are equal: ω[C] = ω[C̄] = 2N . The number of rows of C, ε[C] (also equal to the

dimension of ŷ), is equal to rank[U]. The number of rows of C̄, ε[C̄] (also equal to twice the

dimension of ĉ), is equal to ε[U] (or ω[U]). This guarantees that T exists.

From (5.25) and (4.89) it is simple to verify that the measurement noise dv̂m is in general

correlated with the process noise. Using the same notation as in the classical case,

ℜ[E dv̂p dv̂
⊤
m ] = Γ⊤dt , (5.53)

where here

Γ = −T⊤SC̄Z⊤ . (5.54)
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The evolution conditioned upon measuring y(t) is the same as in the classical case. That

is, the conditioned state ρc is Gaussian, with mean vector and covariance matrix obeying

equations of the same form as (3.45) and (3.46) but using the quantum analogues of A, D,

C, and Γ:

The quantum Kalman filter is defined by

d 〈x̂〉c = [A〈x̂〉c +Bu(t) ] dt+
(

Vc C
⊤ + Γ⊤

)

dw , (5.55)

V̇c = AVc + VcA
⊤ +D − (Vc C

⊤ + Γ⊤)(CVc + Γ) , (5.56)

where the innovation is

dw = y dt− C 〈x̂〉c dt . (5.57)

These quantum Kalman filter equations can be derived from the quantum version of the

Kushner–Stratonovich equation, (4.67). By using the Wigner function to represent the

quantum state, the evolution can be expressed precisely as the Kushner–Stratonovich equa-

tion (3.31), involving the matrices A, B, D, C and Γ.

5.3.1 Quantum Fluctuation–Observation Theorem

The above analysis shows that, even including measurement, there is a linear classical system

with all the same properties as our linear quantum system. As in the case of the uncon-

ditioned dynamics, however, the structure of quantum mechanics constrains the possible

conditional dynamics. In the unconditioned case this was expressed by the fluctuation–

dissipation relation. That is, any dissipation puts lower bounds on the fluctuations. In the

present case we can express the constraints as a fluctuation–observation relation. That is,

for a quantum system, any information gained puts lower bounds on fluctuations in the

conjugate variables, necessary to preserve the uncertainty relations. Although the relation

we derive has not previously been formulated, to our knowledge, particular cases are well-

known as instances of Heisenberg’s measurement-disturbance relation, necessary to preserve

his uncertainty relations.

Recall that the Riccati equation for the conditioned covariance matrix can be written as

V̇c = ΛVc + Vc Λ⊤ + ΞΞ⊤ − Vc C⊤CVc , (5.58)

where in the quantum case

Λ = A− Γ⊤C = Z
[

G+ C̄⊤S
(

I2L − 2U
)

C̄
]

, (5.59)

ΞΞ⊤ = D − Γ⊤Γ = ~Z C̄⊤
(

I2L − S⊤US
)

C̄Z⊤ . (5.60)

From Eq. (5.58) we see that ΞΞ⊤ always increases the uncertainty in the system state. This

represents fluctuations. By contrast, the term −Vc C⊤CVc always decreases the uncertainty.

This represents information gathering, or observation. The relationship between these two
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effects can be formally captured by the fluctuation–observation theorem

For a given observation (matrix C), the fluctuations in conjugate variables (matrix Ξ) is

valid if and only if

ΞΞ⊤ − ~2

4
Z C⊤CZ⊤ ≥ 0 . (5.61)

This linear-matrix inequality may be derived by showing

ΞΞ⊤ − ~2

4
Z C⊤CZ⊤ = ~Z C̄⊤

(

IL − H 0

0 IL − H

)

C̄Z⊤ , (5.62)

which is clearly a positive-semidefinite matrix.

Like (5.38), the fluctuation–observation relation is also quantum in origin, since if ~ were

zero, there would be no lower bound on the fluctuations. The second thing to notice is that

observation of one variable induces fluctuations in the conjugate variable. This follows from

the presence of the matrix Z⊤ that postmultiplies C in (5.61). It is most easily seen in the

case of a particle moving in one dimension (N = 1). Say we observe the position q, so that

y dt =
√
κ 〈q̂〉c dt+ dw, (5.63)

where here κ is a scalar expressing the measurement strength. Then (5.61) says that

ΞΞ⊤ − ~2

4

(

0 0

0 κ

)

≥ 0. (5.64)

That is, there is a lower bound of ~2κ/4 on the momentum fluctuation term. The third

thing to note about (5.61) is that since D = ΞΞ⊤ + Γ⊤Γ, our relation implies the weaker

relation

D − ~2

4
Z C⊤CZ⊤ ≥ 0 . (5.65)

5.3.2 Detectability and Observability

The definitions of detectability and observability for linear quantum systems replicate those

for their classical counterparts (see Sec. 3.2.3). However, there are some interesting points

to make about the quantum case.

First, we can define the notion of potential detectability and potential observability: A

quantum system with unconditioned dynamics described by A and D is potentially de-

tectable (observable) if

∃C : (C, A) is detectable (observable) . (5.66)

Classically this is always the case because C can be specified independently of A and D, so

this notion would be trivial. But quantum mechanically there are some evolutions that are

not potentially detectable; Hamiltonian evolution is the obvious example.
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We can determine which unconditional evolutions are potentially detectable from A and

D as follows. First note that from (5.52) the existence of an unravelling U such that (C, A)

is detectable is equivalent to (C̄, A) being detectable. Indeed C = C̄ results from the

unravelling U = I2L/2, so a system is potentially detectable if and only if the U = I2L/2

unravelling is detectable. Now, (C̄, A) being detectable is equivalent to (C̄⊤C̄, A) being

detectable. But from (5.26), C̄⊤C̄ = Z⊤DZ/~. Thus, a quantum system is potentially

detectable if and only if (Z⊤DZ,A) is detectable. Potential observability can be formulated

with exactly the same statements by replacing “detectable” in the above with “observable.”

We thus have,

A quantum system is potentially detectable (observable) if and only if (Z⊤DZ,A) is de-

tectable (observable).

The second interesting point to make in this section is that for quantum systems, if

(C,Λ) is detectable then (−Λ,Ξ) is stabilizable. Consider for simplicity the case of efficient

detection, where H = IL. Then the LHS of (5.61) is zero, and we can choose

Ξ =
~

2
ZC⊤ . (5.67)

Moreover, Λ = ZG̃, where

G̃ = G+ C̄⊤

(

−ℑ[Y] ℜ[Y]

ℜ[Y] ℑ[Y]

)

C̄ (5.68)

is a symmetric matrix, so that x̂⊤G̃x̂/2 is a pseudo-Hamiltonian that generates the part of

the drift of the system which is independent of the current y. Now since Z is invertible, we

can replace xλ by Zxλ everywhere in the definition (3.49) of detectability. It follows then

that (C,Λ) detectable is equivalent to (CZ⊤, ZΛΣ⊤) detectable (remember that Z−1 = Z⊤).

But

ZΛZ⊤ = Z2G̃Z⊤ = −G̃Z⊤ = −Λ⊤ , (5.69)

while CZ⊤ ∝ Ξ⊤. Thus, by the detectable–stabilizable duality, we have (−Λ,Ξ) stabilizable.

Now for inefficient detection the fluctuations in the system are greater for C fixed, and so

(−Λ,Ξ) will also be stabilizable in this case.

5.4 Stabilizing Solutions

As in the classical case, for the purposes of feedback control we are interested in observed

systems for which the Riccati equation (5.58) has a stationary solution that is stabilizing.

We will denote that solution by ΩU with a subscript U to emphasize that the stationary

conditioned covariance matrix depends upon the unravelling U, since all of the matrices Λ,

Ξ, and C depend upon U. Thus ΩU satisfies

−MΩU − ΩU M⊤ = ΞΞ⊤ + ΩU C⊤CΩU , (5.70)
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and is such that

M ≡ Λ − ΩU C⊤C , (5.71)

is strictly stable. We call an unravelling stabilizing if (5.70) has a stabilizing solution.

As discussed in Sec. 3.3, the stabilizing solution ΩU exists if and only if (C,Λ) [or (C, A)]

is detectable and condition (3.59) is satisfied. As stated there, the second condition is

satisfied if (−Λ,Ξ) is stabilizable which also implies the uniqueness of ΩU. But as we saw

in the preceding section, in the quantum case, this follows automatically from the the first

condition. That is, quantum mechanically, the conditions for the existence of a unique

stabilizing solution are weaker than classically: The (quantum) algebraic Riccati equation

−MV ss
c − V ss

c M⊤ = ΞΞ⊤ + V ss
c C⊤CV ss

c (5.72)

has a unique stabilizing solution ΩU if and only if (C, A) is detectable.

5.4.1 Possible Conditional Steady States

We showed in the classical case that the necessary and sufficient condition on the possible

stationary conditioned covariance matrices that a system described by A and D can have is

the linear-matrix inequality

AΩU + ΩUA
⊤ +D ≥ 0 . (5.73)

Intuitively one might think that (5.73), together with the Schrödinger–Heisenberg uncer-

tainty relation (5.12), which we repeat here:

ΩU +
i~

2
Z ≥ 0 , (5.74)

would form the necessary and sufficient conditions for the set of possible conditional states in

the quantum case. If ΩU is the covariance matrix of a pure state, then this is indeed correct,

i.e. (5.73) and (5.74) are necessary and sufficient conditions for ΩU to be generated through

monitoring. To see that (5.73) is a sufficient condition we can assume that the system is in a

pure Gaussian state at time t with a covariance matrix ΩU satisfying (5.73). From Sec. 3.3.1

the unconditioned state at time t+ dt will be a mixture of states with Gaussian-distributed

conditional means and each with a covariance matrix ΩU. Let us refer to this ensemble

of states as a uniform Gaussian pure-state ensemble. By the Schrödinger–HJW theorem

[151, 152] there is always a way to measure the environment at time t + dt such that with

some probability (described by a Gaussian) the state is found to be in one of the pure states

in the uniform Gaussian (pure-state) ensemble. We can then repeat this argument again for

the next infinitesimal time interval and of course the one after that. This ensures that there

is a continuous measurement by which we can obtain a pure state with a covariance matrix

ΩU in steady state. Now recall from (5.1) that the conditional covariance matrix ΩU will

correspond to a pure (Gaussian) state if and only if

det[ΩU] =

(

~

2

)2N

. (5.75)
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Thus if we were given a ΩU satisfying (5.73) and (5.75) then that is sufficient, due to the

Schrödinger–HJW theorem, to assert that there is some monitoring scheme, i.e. some U,

which will generate a pure state in the long-time limit with ΩU as its covariance matrix. To

find an unravelling (which may be non-unique) generating ΩU as a stationary conditioned

covariance matrix, it is simply necessary to put the U-dependence explicitly in (5.70). This

yields the linear-matrix equation for U:

~ Σ⊤UΣ = AΩU + ΩUA
⊤ +D , (5.76)

where Σ is defined by

Σ =
2

~
C̄ ΩU + S C̄ Z . (5.77)

This can be solved efficiently (that is, in a time polynomial in the size of the matrices) even

in the case when Σ is not invertible. It does not matter if this equation has a non-unique

solution U, because in steady-state the conditional state and its dynamics will be the same

for all U satisfying (5.76) for a given ΩU. This can be seen explicitly as follows. The “shape”

of the state at steady-state is simply ΩU, which is given, while the stochastic dynamics of

the mean 〈x̂〉c is given by

d 〈x̂〉c = [A〈x̂〉c +B u(t)] dt+ F⊤ dw , (5.78)

which depends upon U only through the stochastic term. Recall that F = ΩU C⊤ + Γ⊤,

which depends on U through C and Γ as well as ΩU. However, statistically, all that matters

is the covariance of the noise in (5.78), which, from the algebraic Riccati equation (5.70) is

given by

F⊤dw dw⊤F⊤ = (AΩU + ΩUA
⊤ +D)dt . (5.79)

Clearly this depends on U only through ΩU .

Consider the case where A is strictly stable so that for u(t) = 0 an unconditional steady-

state exists, with covariance matrix satisfying

AVss + VssA
⊤ +D = 0. (5.80)

As noted in the classical case, there exist states with covariance matrix ΩU satisfying Vss −
ΩU ≥ 0 and yet not satisfying (5.73). This is also true in the quantum case, even with the

added restriction that ΩU correspond to a pure state by satisfying (5.75). That is, there

exist uniform Gaussian pure-state ensembles which represent the stationary solution ρΩU

ss of

the quantum master equation but which cannot be realized by any unravelling. In saying

that the ensemble represents ρΩU

ss we mean

ρΩU

ss =

∫

d2N〈x̂〉c ℘(〈x̂〉c) ρΩU

〈x̂〉
c

, (5.81)

where ρΩU

〈x̂〉
c

has the Gaussian Wigner function Wc(x) = g(x; 〈x̂〉c ,ΩU), and the Gaussian

distribution of means is

℘(〈x̂〉c) = g(〈x̂〉c ;0, Vss − ΩU) . (5.82)
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In saying that the ensemble cannot be realized we mean that there is no way an observer can

monitor the output of the system so as to know that the system is in the state ρΩU

〈x̂〉
c

, such that

ΩU remains fixed in time but 〈x̂〉c varies so as to sample the Gaussian distribution (5.82)

over time. On the other hand there are ensembles which do satisfy (5.73) and (5.75) and

are thus physically realizable in this sense. That there are some ensembles representing ρss

which are physically realizable and some that are not is an instance of the preferred-ensemble

fact [153].

5.4.2 Example: On-threshold OPO

To illustrate this idea, consider a single particle with motion in one dimension (N = 1) and

a single decay channel (L = 1), described by the master equation

~ρ̇ = −i[(q̂p̂+ p̂q̂)/2, ρ] + D[q̂ + ip̂ ]ρ , (5.83)

where the output arising from the second term may be monitored. This could be realized in

quantum optics as a damped cavity (a harmonic oscillator in the rotating frame) containing

an on-threshold parametric down converter [117], also known as an optical parametric os-

cillator (OPO). Here p would be known as the squeezed quadrature and q the anti-squeezed

quadrature. The monitoring of the output could be realized by techniques such as homodyne

or heterodyne detection [117, 154].

In this example we have

G =

(

0 1

1 0

)

, C̃ = (1, i) (5.84)

so the drift and diffusion matrices evaluate to

A =

(

0 0

0 −2

)

, D = ~

(

1 0

0 1

)

. (5.85)

Since A is not strictly stable there is no stationary unconditional covariance matrix. How-

ever, in the long-time limit

V −→ ~

(

∞ 0

0 1/2

)

, (5.86)

and we come to no harm in defining this to be Vss. Writing the conditional steady-state

covariance matrix as

ΩU =
~

2

(

α β

β γ

)

, (5.87)

the linear-matrix inequalities (5.73) and (5.74) become

(

α β + i

β − i γ

)

≥ 0 , (5.88)

(

1 −β
−β 1 − 2γ

)

≥ 0 . (5.89)
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Fig. 5.1: Representation of states in phase space for the system described in the text. The horizontal and

vertical axes are q and p respectively, and the curves representing the states are one-standard deviation

contours of the Wigner function W (q, p). That is, they are curves defined by the parametric equation

W (q, p) = e−1W (q̄, q̄), where (q̄, p̄)⊤ is the centroid of the state. The stationary unconditioned state has

a p-variance of ~/2 and an unbounded q-variance. A short segment of the Wigner function of this state is

represented by the lightly shaded region between the horizontal lines at p = ±
p

~/2. The ellipses represent

pure states, with area π~. They are possible conditioned states of the system, since they “fit inside” the

stationary state. For states realizable by continuous monitoring of the system output, the centroid of the

ellipses wanders stochastically in phase space, which is indicated in the diagram by the fact that the states

are not centred at the origin. The state in the top-right corner is shaded differently from the others because

it cannot be physically realized in this way, as the next figure demonstrates.

The first of these implies α > 0, γ > 0 and αγ ≥ 1 + β2. The second then implies

γ ≤ (1 − β2)/2.

In Fig. 5.1 we show four quantum states ρΩU

〈x̂〉 which are pure [they saturate (5.88)], and

which satisfy Vss − ΩU ≥ 0. That is, they “fit inside” ρΩU

ss . However, one of them does not

satisfy (5.89). We see the consequence of that when we show the mixed states that these four

pure states evolve into after a short time τ = 0.2 in Fig. 5.2. [We obtain this by analytically

solving the moment equation (3.9), starting with 〈x̂〉 = 0 for simplicity.] This clearly shows

that, for the initial state that fails to satisfy (5.89), the mixed state at time τ can no longer

be represented by a mixture of the original pure state (with random displacements), because

the original state does not “fit inside” the evolved state. The ensemble formed from these

states is not physically realizable. We will see later in Sec. 5.6 how this has consequences in

quantum feedback control.

5.5 Optimal Control with Quadratic Costs

We can now consider a cost function (4.95) for the quantum system and controller where h

is quadratic, as in (3.70) but with x replaced by x̂. This can be justified in the quantum

case for the same sorts of reasons as in the classical case; for instance, in linear systems,

the free energy is a quadratic function of x̂. The resulting optimization (cost minimization)
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p
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q

p

q

p
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Fig. 5.2: Representation of the four pure states from the preceding figure, plus the mixed states they evolve

into after a time τ = 0.2. For ease of comparison we have centred each of these states at the origin, and we

have omitted the shading for the stationary state, but the other details are the same as for the preceding

figure. Note that, apart from the top-right state, the initial states (heavy shading) all “fit inside” the evolved

states (light shading). Hence they are all physically realizable. The top-right initial state is unshaded, as

is apparent from the parts that do not “fit inside” the evolved state (light shading) and so is not PR. (The

part that does “fit inside” appears with medium shading, as in the preceding figure). The four initial states

that appear here are defined as follows. Top-left: the state with minimum q-variance that fits inside the

stationary state. Bottom-left: the state arising from the U = I2/2 unravelling. Top-right: the state with

minimum (q − p)2 that fits inside the stationary state. Bottom-right: the state with minimum (q − p)2 that

is physically realizable.

problem has exactly the same solution as in the classical case, so all of the discussion on

LQG control in Sec. 3.4 applies here.

One new feature that arises in the quantum case is the following. Classically, for a non-

disturbing measurement, the stronger the measurement, the better the control. Consider

the steady-state case for simplicity. If we say that C =
√
κC1, with C1 fixed, then the

stationary conditioned covariance matrix W is given by the algebraic Riccati equation

AW +WA⊤ +D = κWC⊤
1 C1W . (5.90)

Note that we have set Γ = 0 as appropriate for a non-disturbing measurement. For fixed

A, D, and C1 the eigenvalues of W will decrease monotonically as κ increases. Thus the

integrand in the cost function

E[h̃] = tr[Y BQ−1B⊤YW ] + tr[Y D] (5.91)

[recall (3.84)] is monotonically decreasing with κ. By contrast, in the quantum case it is

not possible to say that D is fixed as κ increases. No quantum measurement can be non-

disturbing, only minimally disturbing. For a minimally disturbing quantum measurement,

the measurement necessarily contributes to D a term ~2κZC⊤
1 C1Z

⊤/4, so that with D0

fixed we have the algebraic Riccati equation

AΩU + ΩUA
⊤ +D0 +

~2κ

4
Z C⊤

1 C1 Z
⊤ = κΩUC

⊤
1 C1ΩU . (5.92)
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Here, the eigenvalues of ΩU are not monotonically decreasing with κ, and neither (in general)

is E[h̃]. The cost may actually monotonically increase with κ, or there may be some optimum

κ which minimizes E[h̃].

5.5.1 Example: the Harmonic Oscillator

We can illustrate the above idea, as well as other concepts in LQG control, using the ex-

ample of the harmonic oscillator with position measurement and controlled by a spatially

invariant (but time varying) force. This was considered by Doherty and Jacobs [155], who

also discussed a physical realization of this system in cavity QED. We do not assume that

the oscillator frequency is much larger than the measurement rate κ, so it is not appropriate

to work in the interaction frame. Indeed, we take the oscillator frequency to be unity, and for

convenience we will also take the particle mass to be unity. We can model this by choosing

G =

(

1 0

0 1

)

, C̃ =
√
κ (1, 0) , U =

(

1 0

0 0

)

(5.93)

One can then show that this gives Γ = 0 and

A =

(

0 1

−1 0

)

, D = ~

(

0 0

0 κ

)

, C1 = (2, 0)/
√

~ . (5.94)

In the above we have assumed that D0 = 0 (that is, that there are no noise sources apart

from the measurement back-action). This allows a simple solution to the algebraic Riccati

equation (5.92):

ΩU =
~

4κ

(√
2ν ν

ν (1 + ν)
√

2ν

)

, (5.95)

where ν =
√

1 + 4κ2−1. Note that (5.95) is an example of a conditional pure-state covariance

matrix (in steady-state), since

det[ΩU] =

(

~

4κ

)2

(ν2 + 2ν) =

(

~

2

)2

. (5.96)

When κ≪ 1, the measurement of position is slow compared to the oscillation of the particle.

In this limit, ν → 2κ2 and ΩU → ~I2/2. That is, the conditioned state is a coherent state of

the oscillator, and the conditioned variance in position is ~/2. In physical units, this (the

standard quantum limit for the position variance) is ~/2mω.

Now consider feedback control of the oscillator, for the purpose of minimizing the energy

in steady-state. That is, we choose the cost function P = I2, and (from the control constraint

mentioned above), B = (0, 1)⊤, so that Q is just a scalar. Then (3.73) for Y becomes

(

0 −1

1 0

)

Y + Y

(

0 1

−1 0

)

+

(

1 0

0 1

)

= Y

(

0 0

0 Q−1

)

Y . (5.97)



5.5. OPTIMAL CONTROL WITH QUADRATIC COSTS 87

Defining Y to be

Y =

(

Y11 Y12

Y21 Y22

)

, Y12 = Y21 , (5.98)

the solution to (5.97) must satisfy

2Y12 − 1 = Q−1 Y 2
12 , (5.99)

Y11 − Y22 = Q−1Y12 Y22 , (5.100)

1 + 2Y12 = Q−1 Y 2
22 . (5.101)

On solving (5.99)–(5.101) we find there is only one solution such that Y ≥ 0 for all Q > 0.

This particular solution is given by

Y11 =
√

(1 +Q)(1 − 2Q+ 2s) , (5.102)

Y12 = −Q+ s , (5.103)

Y22 =
√

Q(1 − 2Q+ 2s) , (5.104)

where s =
√

Q(1 +Q) . This Y has eigenvalues

λ±(Y ) =
1

2
(Y11 + Y22 ± 1) . (5.105)

Recall from Table. 3.1 the necessary and sufficient conditions for a unique stabilizing solution

to (5.97) are that (A,B) be detectable and (P,A) be stabilizable. One can show that A

has eigenvalues λ±(A) = ±i with corresponding eigenvectors x± = (1,±i)⊤/
√

2 . It is then

straightforward to see from x± that (A,B) is detectable and (P,A) is stabilizable.

We are interested in the cheap control limit when Q → 0. Taking this limit in (5.102)–

(5.104) gives2

Y ≈
(

1
√
Q

√
Q

√
Q

)

. (5.106)

This then gives an approximate form for N

N = A−BQ−1B⊤Y ≈
(

0 1

−1 0

)

− 1√
Q

(

0 0

1 1

)

, (5.107)

which has eigenvalues

λ±(N) = − 1

2
√
Q

± 1

2

√

Q−1 − 4
(

1 +Q−1/2
)

. (5.108)

2Recall from Sec. 3.4.4 that we can make the cheap-cost approximation at an earlier stage of the calcula-

tion by taking the limit Q → 0 in (5.97) and solve (3.87) instead. If one takes this approach for the example

we are considering here, then Y is still given by (5.106) except that Y11 would be arbitrary instead of being

uniquely determined by 1. This non-uniqueness of Y11 (and therefore Y ) is not an issue because N is in fact

independent of Y11. Thus we have here an example where a non-unique Y produces no discernible effect as

far as the stability of the control is concerned.
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Since Q > 0 it is clear that λmax(N) < 0. Hence

d 〈x̂〉c = N 〈x̂〉c dt+ F⊤dw (5.109)

produces Ess[〈x̂〉c] = 0. Now for this problem we have

F = CΩU =

√

~

4κ
(
√

2ν , ν) . (5.110)

Thus dw must be a scalar and the system evolves, with feedback, according to

d〈q̂〉c = 〈p̂〉c dt+

√

~

κ
ν dw , (5.111)

d〈p̂〉c = −〈q̂〉c dt−
1√
Q

(〈q̂〉c + 〈p̂〉c ) dt+

√

~

4κ
ν dw , (5.112)

from which we see the contributions to the estimate 〈x̂(t+ dt)〉c due to system dynamics,

feedback, and noise. The above gives, under the optimal feedback, the approximate (for

Q≪ 1) equation for the the unconditioned variance (3.81)

{(

0 −1

Q−1/2 Q−1/2

)

(Vss −W ) + mt

}

= − ~

4κ

(

2ν ν
√

2ν

ν
√

2ν ν2

)

. (5.113)

We can find the form of Vss − ΩU so as to keep the matrix products on the LHS of (5.113)

finite in the limit Q→ 0 by expanding Vss − ΩU as a power series in
√
Q :

Vss − ΩU = Λ(0) +
√

QΛ(1) +QΛ(2) + . . . (5.114)

where Λ(n) is independent of Q for all n. To first order the LHS of (3.81) becomes

N(Vss − ΩU) + mt=
[

NΛ(0)+ mt

]

+O(1) (5.115)

where O(1) are the terms containing Λ(1), and we must choose the form of Λ(0) so that

(5.115) remains finite. The choice of Λ(0) which keeps Vss − ΩU ≥ 0 gives

Vss − ΩU = ǫ

(

1 −1

−1 1

)

+O(
√

Q ) . (5.116)

Substituting (5.116) into (5.113) we obtain

(

−2ǫ ǫ

ǫ 0

)

= − ~

4κ

(

2ν ν
√

2ν

ν
√

2ν ν2

)

+O(1) . (5.117)

To determine ǫ we note that O(1) turns out to be a matrix with a vanishing top left element

as Q→ 0. Thus equating the top left elements of each side in (5.117) yields

ǫ = ~ν/4κ+O(
√

Q ) (5.118)
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and we have

Vss =
~

4κ

(

ν +
√

2ν 0

0 ν + (1 + ν)
√

2ν

)

+O(
√

Q ) . (5.119)

Note that even though we have set the control cost Q to zero, V does not approach ΩU. The

“classical” fluctuations V − ΩU are of the same order (~) as the quantum noise ΩU. This is

because the control constraint, that B = (0, 1)⊤, means that the system is not pacifiable.

This follows from (3.86), since rank[B] is one, but rank[B F⊤] is two.

What is also interesting is that a general argument can be made about why the particle’s

position and momentum should be uncorrelated at steady-state [i.e. (Vss)qp = 0] when being

controlled by the above scheme. Returning to (5.20), one can verify the following equations

of motion for q̂ and p̂ :

dq̂ = p̂ dt , (5.120)

dp̂ = −q̂ dt− 1√
Q

(〈q̂〉c + 〈p̂〉c ) dt+ 2
√
κ ℜ[dB̂in] . (5.121)

Note that while (5.120) only contains dt it is still a stochastic equation through the stochas-

ticity of p̂ . From (5.120),

d

dt

〈

q̂2
〉

= 〈q̂p̂+ p̂ q̂〉 . (5.122)

We have already shown above that the feedback is stabilizing which means 〈q̂〉ss = 〈p̂〉ss = 0,

so that (Vss)qp = 〈q̂p̂+ p̂ q̂〉ss. From this and (5.122), we obtain

d

dt

〈

q̂2
〉

ss
= 2 (Vss)qp ≡ 0 , (5.123)

which implies that (Vss)qp = 0 .

Under this optimal feedback control, the integrand in the cost function (3.84) evaluates

to

E[h̃] = tr[Y BQ−1B⊤YW ] + tr[Y D] (5.124)

= ~

√

2ν

κ

(

1 +
ν

2
+

√

ν

2

)

+ ~O(
√

Q ) . (5.125)

Considered as a function of κ, this cost has a minimum of ~ as κ→ 0 (since then ν → κ/2).

That is, the optimal measurement strength is zero, and the cost rises monotonically with

κ. Of course the measurement strength must be nonzero for it be possible to stabilize the

system at all. Moreover, the time scale for the conditioned system covariance Vc to reach

its equilibrium value ΩU is of order κ−1, so in practice κ cannot be set too small. Finally,

in a realistic system there will be other sources of noise. That is, D0 will not be zero. The

full solution in that case is considerably more complicated, but it is not difficult to see that

in general there will be an optimal non-zero value of κ that depends upon D0.
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Pacifiability revisited

In the limit κ → 0 as we have been considering, ν → 0 and so Vss − ΩU → 0. That is,

the feedback stabilized system has no excess variance above the conditioned quantum state.

This is what we expect for a pacifiable system, but we just showed above that the system

is not pacifiable. To understand this conundrum note that in the limit κ→ 0, the matrix F

in (5.110) has one element much larger than the other. Thus to leading order F ≃ (
√

~κ, 0),

so that the measurement-induced noise in the conditioned mean position is much larger

than that for the conditioned mean momentum. Using this approximation, the system is

pacifiable from the definition (3.86).

5.6 Optimal Unravellings

The preceding section showed that, as a consequence of the fluctuation–observation relation,

quantum feedback control differs from classical feedback control in that it is often the case

that it is not optimal to increase the measurement strength without limit. However, even

for a given (fixed) measurement strength, there are questions that arise in quantum control

that are meaningless classically. In particular, given a linear system with dynamics described

by the drift A and diffusion D matrices, what is the optimal way to monitor the bath to

minimize some cost function? Classically, the unconditioned evolution described by A and

D would not proscribe the measurements that can be made on the system in any way.

But for quantum systems the observation–fluctuation relation means that the stationary

conditioned covariance matrix ΩU will be positive-definite. Thus the control cost associated

with the system will always be nonzero, and will have depend upon the unravelling U.

Consider an asymptotic LQG problem. Then the cost to be minimized (by choice of

unravelling) is

m ≡ E[h̃] = tr[Y BQ−1B⊤Y ΩU] + tr[Y D] , (5.126)

where Y , B, Q, and D are constant matrices (independent of the unravelling U). If Y is

a stabilizing solution then Y BQ−1B⊤Y will be uncertainty in some system modes to grow

to infinity. Because of this the optimal solution ΩU will always be found to correspond to a

pure state, as that of a mixed state would necessarily give a larger value for tr[Y BQ−1B⊤Y ].

Thus simply minimizing (5.126), subject to the condition that ΩU correspond to a quantum

state, will guarantee that ΩU corresponds to a pure state. Recall that ΩU corresponds to a

quantum state provided it satisfies the linear-matrix inequality

ΩU +
i~

2
Z ≥ 0. (5.127)

Recall also from Sec. 6.6.4 that there is a sufficient condition on a pure state ΩU for it to

be physically realizable, namely that it satisfy the second linear-matrix inequality

AΩU + ΩUA
⊤ +D ≥ 0 , (5.128)
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The problem of minimizing a linear function of a matrix (here ΩU) subject to the restriction

of one or more linear-matrix inequalities for that matrix is a well-known mathematical prob-

lem. Significantly, it can be solved numerically using the efficient technique of semidefinite

programming [156]. This is a generalization of linear programming, and a specialization

of convex optimization. Note that here “efficient” means that the execution time for the

semi-definite program scales polynomially in the system size n. As pointed out earlier, an

unravelling U that gives any particular permissible ΩU can also be found efficiently by solving

the linear-matrix equation (5.76).

5.6.1 Example: On-threshold OPO

We now illustrate this with an example. Consider the system described in Sec. 5.4.2, a

damped harmonic oscillator at threshold subject to dyne detection (such as homodyne or

heterdodyne). Since optimal performance will always be obtained for efficient detection, such

detection is parametrized by the complex number υ, such that |υ| ≤ 1, with the unravelling

matrix given by

U =
1

2

(

1 + ℜ[υ] ℑ[υ]

ℑ[υ] 1 −ℜ[υ]

)

. (5.129)

Homodyne detection of the cavity output corresponds to υ = ei2θ, with θ the phase of the

measured quadrature,

x̂θ = q̂ cos θ − p̂ sin θ . (5.130)

That is, θ = 0 corresponds to obtaining information only about q, while θ = π/2 corresponds

to obtaining information only about p. In heterodyne detection information about both

quadratures is obtained equally, and υ = 0 so that U = I2/2.

Now let us say that the aim of the feedback control is to produce a stationary state where

q = p as nearly as possible. (There is no motivation behind this aim other than to illustrate

the technique.) The quadratic cost function to be minimized is thus
〈

(q̂ − p̂)2
〉

ss
. That is,

P =

(

1 −1

−1 1

)

. (5.131)

In this optical example it is simple to displace the system in its phase space by application

of a coherent driving field [117]. That is, we are justified in taking B to be full row rank so

that the system will be pacifiable.

Any quadratic cost function will be minimized for a pure state so we may assume that

(5.127) is saturated, with αγ = 1 + β2. Thus the minimum cost m achievable by optimal is

m = tr[PΩU] =
~

2

(

1 + β2

γ
+ γ − 2β

)

, (5.132)

constrained only by 0 < γ ≤ (1 − β2)/2. The minimum is found numerically to be

m⋆ ≈ 1.12~ , β⋆ ≈ 0.248 , γ⋆ = [1 − (β⋆)2]/2 . (5.133)
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Note that for this simple example we do not need semidefinite programming to find this

optimum, but for larger problems it would be necessary.

Having found the optimal Ω⋆
U
, we now use (5.76) to find the optimal unravelling:

U⋆ =

(

cos2 θ cos θ sin θ

cos θ sin θ sin2 θ

)

for θ ≈ 0.278π . (5.134)

This corresponds to homodyne detection with θ being the phase of the measured quadrature

(θ above). Naively, since one wishes to minimize (q − p)2, one might have expected that it

would be optimal to obtain information only about q − p . That is, from (5.130), one might

have expected the optimal θ to be π/4. The fact that the optimal θ is different from this

points to the non-triviality of the problem of finding the optimal unravelling in general, and

hence the usefulness of an efficient numerical technique for achieving it.



Chapter 6

Summary and Morals

6.1 Analogies and Differences

We have reviewed in Chaps. 2–5 the classical and quantum theories of LQG control. The

classical theory amounts to adding Gaussian white noise inputs to the system and mea-

surement dynamics in the deterministic linear-quadratic problem. This requires the use

of stochastic differential equations to describe the time evolution of the control system.

Stochastic differential equations do not form a standard part of a physicist’s training, even

for the quantum physicists who would be familiar with statistical concepts. Our review thus

began by laying the essential groundwork in Chap. 2 with an introduction of probability

theory and the stochastic dynamics of general classical systems. Similar concepts and tools

also exist which describe the time evolution of general quantum systems and these were

introduced Chap. 4.

We then introduced some important control engineering concepts for linear classical

systems in Chap. 3. This knowledge is usually unfamiliar to physicists but as we have

shown in Chap. 5, the theory of linear systems control is very useful for analyzing quantum

dynamics with feedback. There, we pointed out some essential analogies and differences

between classical and quantum LQG feedback beginning first with the definition of linear

systems. We saw that in order to define a linear quantum system consistent with a linear

classical system it is necessary to restrict the quantum configuration x̂ to phase-space. In

contrast no such assumption was necessary for classical systems. In considering the evolution

in phase-space we showed that a linear quantum system can be obtained by restricting the

Hamiltonian to be quadratic in x̂ as given in (5.22), and the Lindblad vector-operator

(“vop”) to a linear function of x̂, as in (5.23). This relates the “microscopic” quantum

model to redefining the drift, diffusion, and observation matrices given by A,D and C

respectively. From this we saw that a great deal of classical feedback control theory can

be applied to quantum systems without change. The results about stability, stabilizability,

controllability, detectability, and observability all carry over to the quantum setting. LQG

control is underpinned by the problems of finding a mean-square-error estimator and an
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optimal control for a quadratic cost function. We have seen that these problems can be recast

in the quantum setting with solutions in exact correspondence to their classical counterparts,

being the Kalman–Bucy filter given by (3.45) and (3.46), and the linear control law given by

(3.71) and (3.72). The Riccati equation and its associated theorems, in particular relating

to stabilizing solutions are also transferable to the quantum case. Therefore quantum LQG

control, to a large extent can be understood within the classical theory of LQG control.

This serves as a strong motivation for learning the traditional methods of feedback control

engineering.

Nevertheless there are also significant differences between classical and quantum LQG

control systems. A defining feature of quantum theory is the Schrödinger–Heisenberg in-

equality (5.13) and the required unitary evolution of quantum systems in order to preserve

this inequality. This constraint has many ramifications which set linear quantum systems

apart from classical systems. There two particularly important consequences which in turn

complicates the design of a quantum LQG feedback loop, complications that otherwise would

not arise classically.

The first consequence of the Schrödinger–Heisenberg inequality relates to the system’s

unconditional evolution and is given by the fluctuation–dissipation theorem — the system

fluctuations (represented by D) has a lower bound set by the dissipation (represented by A).

The second is the fluctuation–observation theorem. That is, it sets a lower bound on the

fluctuations (represented by ΞΞ⊤, allowing for correlated process and measurement noise)

in those system observables conjugate to the ones being measured (described by C).

The fluctuation–observation theorem can be taken as a “generalized” measurement-

disturbance relation for linear quantum systems and thus implies that one cannot increase

the measurement strength indefinitely so as to improve the performance of the feedback

loop (as measured by the cost function) in a quantum LQG scheme. Instead there is usually

some optimal measurement strength for a given unravelling U which we illustrated with an

example in Sec. 5.5.1. Such problems do not arise in classical feedback since there is no

such trade-off between measurement and disturbance. That is, classical measurements can

be non-disturbing (whereas quantum measurements are at best minimally disturbing).

The fluctuation–dissipation theorem and the observation–fluctuation theorem mean that

for quantum systems C may not be chosen independently of the unconditional dynamics

specified by A and D. This is interesting as classically one would never expect the (uncon-

ditional) system dynamics to have any implications about the monitoring scheme. That C

cannot be chosen independently of A and D has led us to the notion of potential detectabil-

ity. The dependence of C on A and D also means that for quantum LQG control the cost

function will depend on the unravelling and in general some optimum U should be found in

order to attain the minimal cost. We have illustrated this by an example in Sec. 5.6.1.

In summary, the equations describing the evolution of quantum stochastic systems can

be regarded as extensions (and therefore analogues) of similar equations for classical stochas-

tic systems. Understanding this analogy allows one to harness the existing framework of

classical linear systems control to effectively obtain a quantum theory of feedback control.
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Quantum systems are restrained by the Schrödinger–Heisenberg uncertainty principle which

renders the design of a quantum LQG feedback loop uniquely different to any classical LQG

problem. As a reminder to ourselves and our reader not to undervalue the understanding of

known results we quote Thomas Kailath’s critique of how filtering theory progressed in the

1960s [29], which seems just as true today if not truer:

In my opinion, it was the peculiar atmosphere of the sixties, with its catchwords

of “building research competence,” “training more scientists” etc., that supported

the uncritical growth of a literature in which quantity and formal novelty were

often prized over significance and attention to scholarship. There was little con-

cern for fitting new results into the body of old ones; it was important to have

“new” results !

6.2 Future Work

Here we would like to briefly mention some improvements we may make on our review.

Classical filtering and optimal control is unfamiliar to physicists and so is its long and

rich history. This has prompted an introduction of its history as in Secs. 1.1 and 1.2. For

quantum filtering and optimal control we have left the story-telling to references and brief

comments in the review. Although quantum filtering and control has a much shorter history

than the classical theory its historical development should also be reviewed in a separate

section.

The two key ingredients of LQG control are the Kalman–Bucy filter and the actual

optimal control law. We have presented a heuristic derivation of the Kalman–Bucy filter

but not the actual optimal control. This seems to be an imbalance which can be offset by a

heuristic argument for the optimality of the linear control law. In relation to optimal control

the reader may have noticed that we have not mentioned the calculus of variations at all

and only briefly mentioned the Bellman equation in Sec. 2.4.2 although these key words are

often found in the literature on optimal control. The classical Bellman equation has also

been extended to quantum control and perhaps should also be reviewed, even if only to a

limited extent.

An important class of quantum measurements are back-action evading, or quantum non-

demolition measurements. These have been in the quantum optics literature since its in-

ception in the 1970s. It thus seems quite appropriate to review quantum non-demolition

measurements in the context of linear systems control. This is also very fitting given that

we have already discussed the fluctuation–observation relation and also the concepts of

detectability, and stabilizable solutions versus convergence of states. Also the notion of

standard quantum limits should be reviewed as it often appears in applications of quantum

non-demolition measurements. A section on standard quantum limits after quantum non-

demolition measurements would thus follow on quite naturally. In the spirit of our review

a section on quantum nondemolition measurements warrants a further section on classical

back-action evading measurements.
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Our review has concentrated on LQG control for linear systems. Another important

class of control strategy is Markovian feedback. We have presented Markovian feedback for

nonlinear systems in detail in Part II which can be put in the framework of linear systems.

Our model of Markovian feedback uses a representation of diffusive unravellings introduced

in Chap. 7 which is different to the unravelling matrix U discussed in Sec. 4.3.2 so this new

representation of diffusive unravellings should also be introduced.



Part II

DIFFUSIVE MONITORINGS

AND MARKOVIAN FEEDBACK

CONTROL OF NONLINEAR

QUANTUM SYSTEMS
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Chapter 7

COMPLETE

REPRESENTATIONS OF

DIFFUSIVE QUANTUM

MONITORINGS

7.1 Introduction

Methods of detection for optical fields such as the heterodyne (and homodyne) [157] en-

able measurements of the field amplitude (and quadratures) and are useful for detecting

nonclassical light [158, 159]. The heterodyne (or homodyne) detector is an example of

general diffusive measurements [1, 18], so-called because the statistical fluctuations in the

current outputted by the measurement is driven by a Gaussian-white-noise process, a prime

example of a diffusion process. This is the process responsible for the broadening of a prob-

ability distribution described by the diffusive term appearing in Fokker-Planck equations

[21, 160]. The heterodyne technique, originally conceived for radio technology more than

100 years ago [161, 162], of which the homodyne is a variant, has now become an indispens-

able part of many quantum information processing applications. Some of these applications

include quantum-state tomography [163, 164, 165], teleportation [166, 167, 168, 169], and

state preparation [170, 171, 172, 173, 174, 175]. It also enables tests of quantum mechanics

[178, 176, 177].

In this chapter we are concerned with continuous measurements (also referred to as mon-

itorings) of an open system in a vacuum bosonic environment (Fig. 7.1). Specifically we are

interested in how one can specify the class of all possible diffusive quantum measurements

given how many inputs to the measuring device there are. There is already one solution to

this problem [23, 24], a parameterization that we shall call the U-rep. The U-rep parame-
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terizes an arbitrary diffusive measurement by a square, real matrix U, with three constraints

imposed on the blocks of U. We will present two more solutions with certain advantages over

the U-rep: The M-rep — a non-square complex matrix M; and the B-rep — a square matrix

and two vectors. We will be comparing the different parameterizations in detail later but

let us first say why one might consider these alternative parameterizations.

A good reason, and also the more theoretical reason for considering the M-rep, is that

aesthetically it is more attractive than the U-rep. As we will show, the M-rep has the

ability to unify all diffusive measurements by a single equation whereas three would be

required to define U.1 The aesthetic advantage of the M-rep continues when we come to

the quantum theory of multiple-input multiple-output Markovian feedback control based on

diffusive measurements in Chap. 8. There, the theory is simpler when the equations are

expressed in terms of the M-rep rather than the U-rep. Furthermore, the defining equation

for M has an intuitive interpretation which makes it easy to remember.

Either the U-rep or the M-rep can be used when we know what the measurement is and

would like to parameterize it in order to model the state of the open system conditioned on

the results of the monitoring. If on the other hand we were given either a U, or an M, and

were asked to describe the measurement with actual optical elements then this is a much

more difficult task for arbitrary measurements. Such a setting where one may be given an M

without knowing its physical implementation can in fact arise naturally in quantum feedback

control [24, 180]: As measurement is an inherent part of the feedback loop, a design of the

feedback loop can thus incorporate a design of measurement and it is natural to ask what

sort of measurement one should do in order to achieve a particular objective for the control.

In the case of optimal control the objective would be to minimize a measurement-dependent

cost function. The result of this optimization would be a matrix M⋆, which one would then

need to realize in the laboratory. That is, the theorist who now has obtained M⋆ would like

to inform his/her experimentalist colleague about how to construct the measurement.

The above considerations motivate us to propose yet another parameterization of diffusive

measurements; one which we call the block-rep, or B-rep for short. Unlike the M- and U-

rep, the B-rep is a realization of the measurement in terms of beam-splitters, phase shifters

and homodyne detectors. The B-rep is so-called because it parameterizes the diffusive

measurement in terms of three distinct blocks, with each block corresponding to a set of

parameters (beam-splitter transmission coefficients and phase shifts). Note that being given

an M is equivalent to being given a POVM (positive-operator-valued-measure2). From this

1However, the M-rep is numerically more cumbersome than the U-rep in the sense that it requires more

real numbers to specify a diffusive measurement. In particular, the extra number of parameters that M

needs scales as a quadratic in the number of rows of M.
2The outcomes of a measurement can be labelled by a random variable y (here assumed to be discrete). In

a general formulation of quantum measurements the distribution of the particular outcomes y̆ (a deterministic

variable) of y is described by a set of “probability operators” [1, 181], defined by
˘

Êy̆ | ∀ y̆ Êy̆ ≥ 0 ,
P

y̆
Êy̆ =

1̂
¯

. This set is known as a POVM and sometimes also as a POM, short for probability-operator-measure.

We shall find in Sec. 7.3.1 that y depends on M (see (7.35)) so that a given M will restrict the set of possible

realizations y̆. Each choice of M therefore defines a POVM and each value of y̆ corresponds to a particular

POVM element Êy̆.
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point of view the relationship between the M-rep and B-rep is thus one of a POVM and its

realization. As we shall see, proving that an arbitrary POVM has a realization defined by the

B-rep is much more difficult than translating a given B-rep into an M, and hence a POVM.

Here we point out that this line of thought had in fact been applied to N -port homodyne

detection — a generalization of the standard homodyne measurement but a subset of all

diffusive measurements, as early as 1987 [183]. A similar question was raised again in 1994,

but for unitary operators instead of a POVM [185]. Our construction of the B-rep in fact

relies on this result of Ref. [185].

This chapter is organized as follows. In Sec. 7.2 the unconditional dynamics of open

quantum systems is reviewed and the concept of unravellings and its relation to continuous

measurements are also briefly sketched. As we frequently make use of vector-operators,

henceforth referred to as vops, a comprehensive review of their definitions and algebra is

provided in Sec. 1.4. Note that not all of the results in Sec. 1.4 will be used in this chapter

so we will refer to the ones that do appear. We also mention that for convenience we will

not necessarily reflect the multi-component nature of vectors or vops in our language when

they are referred to, such as in “the field â”, or, “the current ŷ”, as opposed to using plurals

as in “the fields â” or “the currents ŷ”. Our first results section begins with Sec. 7.3. The

key results here are the definition of the M-rep and its relation with the U-rep. It should

be noted that Sec. 7.3 begins by postulating the most general diffusive stochastic master

equation. The purpose of Sec. 7.2 is thus to help the reader gain the intuition required to

make this leap. In Sec. 7.4 we define the B-rep and discuss its relation with the M-rep. Here

we conjecture a matrix decomposition of M in terms of the matrices in the B-rep triple. We

then conclude in Sec. 9.1.

7.2 Diffusive Monitorings in the Schrödinger Picture

7.2.1 Unconditional System Dynamics

A general open quantum system with Markovian dynamics [76, 186] can be described by a

master equation in the Lindblad form [75, 127]

~ ρ̇ = −i [Ĥ, ρ] + D[ĉ]ρ ≡ Lρ (7.1)

where Ĥ is Hermitian and ĉ ≡ (ĉ1, ĉ2, . . . , ĉL)⊤ (which we will refer to as a vop) is a vector

of Lindblad operators, all time-independent. We have also defined [see (1.57)]

D[ĉ]ρ = ĉ⊤ρ ĉ‡ − 1
2

{

ĉ†ĉ, ρ
}

(7.2)

Note that instead of working in natural units by setting ~ = 1 we will work in units such

that a factor of ~ appears on the LHS of (7.1). This was done in Refs. [1, 24] so we

will keep their convention for ease of comparison with the results therein. The reason for

redefining units this way is to keep track of the correspondence between quantum operators

and their classical counterpart (the dynamical variables which they represent) and aspects of
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Fig. 7.1: Schematic of some photoemissive system which couples to the environment via some set of operators

ĉ.

quantum control that are not present in the classical theory. Equation (7.1) can be derived

by a unitary operator Û(t, t0) acting on the joint Hilbert space of the system and bath [76].

This describes the interaction between the system and its environment, which we assume to

be given by the Itô stochastic differential equation

~ dÛ(t, t0) =
(

−iĤ − 1
2 ĉ†ĉ + b̂†ĉ − ĉ†b̂

)

Û(t, t0) dt , (7.3)

where dÛ(t, t0) ≡ Û(t + dt, t0) − Û(t, t0) and ĉ† ≡
(

ĉ†1, ĉ
†
2, . . . , ĉ

†
L

)

. Here b̂ represents a

bosonic bath field shown in Fig. 7.1 and assumed to be in the vacuum state. External

driving of the system is included in Ĥ. In this section we are working in the Schrödinger

picture so operators are time-independent, equal to their initial value.

It is well known that the evolution described by (7.1) can be decomposed into stochastic

paths in Hilbert space, called quantum trajectories (a term coined by Carmichael [117] who

also referred to this decomposition as unravelling the master equation) by considering the

evolution of ρ conditioned on the results of monitoring [117, 187]. We will also refer to the

results of monitoring as a current, denoted by a vector y(t). The concepts of conditioning

and unconditioning are shown in Fig. 7.2 for a single decay channel and one measurement

output. For Markovian evolution it is sufficient to consider unravellings (the set of possible

quantum trajectories the system state may take over time) generated by measurements with

either or both of two classes of noise [1, 80]: 1) A point (or jump) process [188], also called

a Poissonian random variable, or; 2) a Wiener process also called Gaussian white noise.

We will refer to this second case as a diffusive measurement. Physicists usually neglect the

technical difference between an “unravelling” and a “measurement,” and one often finds the

two terms used interchangeably. We will do so as well for convenience.
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Fig. 7.2: (a) The time evolution of the system based on knowledge of the noisy signal y (observer looking at

the measurement record) also follows a noisy path, which can be described by a stochastic master equation.

The stochastic master equation updates the system state continuously in time as the measurement record

grows. (b) If one ignores the measured result y (observer looking away from the measurement record) then

the system state evolves according to the deterministic master equation. This corresponds to averaging over

the stochastic evolution described in (a).

7.2.2 Conditional System Dynamics — Homodyne and Heterodyne Un-

ravellings

The most familiar forms of diffusive measurements in quantum optics are homodyne and

heterodyne detection schemes of a single output field of some photoemissive source. Apart

from being characterized by Gaussian white noise (as opposed to point-process noise) these

measurements are also determined by physical properties such as the specific arrangement

of linear optical elements and the specific parameter values at which they operate. Here we

will first show how the master equation (7.1) is unravelled by the homodyne and heterodyne

detection schemes. This will familiarize the reader with the notation used for describing

conditional evolution and build some intuition about how the measurement parameters

enter into a quantum trajectory equation. For convenience we will set ~ = 1 for the rest of

this section.

The homodyne stochastic master equation

We begin with the example of a single mode of an intracavity field. For simplicity we will

assume the optical cavity to be one-ended with transmission coefficient γ and that the bath

is in the vacuum state. In this case the master equation (7.1) has only one Lindblad term
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(i.e. L = 1), given by ĉ =
√
γ â, where â is the cavity mode annihilation operator. A

homodyne measurement [157] of the field at the leaky port would then give us information

about a particular quadrature of â. Such a continuous measurement would yield a result,

for some state ρ(t), given by the Itô formula [1, 189] (assuming a measurement efficiency of

η)

y(t)dt =
√
η
〈

ĉ+ ĉ†
〉

(t) dt+ dw(t) . (7.4)

We have defined, for an arbitrary operator Â, 〈Â〉(t) = Tr[Â ρ(t)], reserving angle brackets

for quantum (operator) averages. The term dw(t) is a Wiener increment. It is a Gaussian

random variable defined by the mean

E[dw(t)] = 0 (7.5)

and variance

[dw(t)]2 = dt , (7.6)

dw(t)dw(t′) = 0 ∀ t 6= t′ . (7.7)

We shall always denote an average taken with respect to a probability distribution by an E

as in (7.5).

From the measurement result y(t) the observer can update her prior state from ρ(t) to

a posterior state ρyt
(t+ dt) according to the stochastic master equation

dρyt
(t) = Lρ(t) dt+

√
η H[ĉ]ρ(t) dw , (7.8)

where L is given by (7.1) and the change in the state is

dρyt
(t) = ρyt

(t+ dt) − ρ(t) . (7.9)

We have also defined [see also (1.62) in Sec. 1.4]

H[Â]B̂ ≡ ÂB̂ + B̂Â† − Tr
(

ÂB̂ + B̂Â†
)

B̂ , (7.10)

for any Â and B̂. Here ρyt
(t + dt) is the state given a particular realization of y(t). We

have also written the time-dependence of y as a subscript. For clarity it is best to have this

flexibility in writing the time-dependence. Averaging (7.8) over y(t) according to its actual

distribution ℘(y̆t) (a Gaussian with mean
√
η
〈

ĉ+ ĉ†
〉

and variance 1/dt) simply returns the

master equation (7.1). Note that a breve over a random variable denotes its realization.

Equation (7.8) is a nonlinear stochastic differential equation in the state. This would

not have been the case if we did not insist on keeping the state normalized at all times

and having the measurement results distributed according to its true statistics described by

℘(y̆t). An alternative theory is to assign an ostensible distribution ℘ost(y̆t) to y(t) and just

disregard the norm of the state. When ℘ost(y̆t) is a Gaussian with zero mean and variance

1/dt the state evolves according to a linear stochastic master equation given by

dρ̄yt
(t) = Lρ(t) dt+ y(t)dt H̄[ĉ]ρ(t) , (7.11)
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where the updated state is now unnormalized

dρ̄yt
(t) = ρ̄yt

(t+ dt) − ρ(t) , (7.12)

and we have defined a “linear” version of (7.10)

H̄[Â]B̂ ≡ ÂB̂ + B̂Â† . (7.13)

The solutions to (7.11) are called linear quantum trajectories [189]. For linear quantum

trajectories to be equivalent to the standard theory [the case when the measurement results

are distributed according to their true distribution ℘(y̆t) and the state follows a nonlinear

stochastic master equation] the ostensible distribution must be such that [1]

℘(y̆t) dy̆t = Tr
[

ρ̄yt
(t+ dt)

]

℘ost(y̆t) dy̆t . (7.14)

The form of the linear stochastic master equation is specific to the form of ℘ost(y̆t), so choos-

ing a different form for ℘ost(y̆t) will result in a different linear stochastic master equation

[1].

In the above we have assumed the prior state to be unconditioned [implied by (7.9)], no

matter how it is obtained. In general this need not be the case, and certainly will not be

once the prior state is propagated for any finite time interval under (7.11) [or (7.8)]. Thus

for generality and clarity we will introduce a Roman subscript c (for “conditioned”) and

write the linear stochastic master equation as

dρ̄c(t) = L ρ(t) dt+ y(t)dt H̄[ĉ]ρ(t) , (7.15)

where

dρ̄c(t) = ρ̄c(t+ dt) − ρ(t) . (7.16)

Tacked onto (7.15) and (7.16) is the system of notation that ρ(t) denotes a state of knowl-

edge that is arbitrarily conditioned on the measurement record during [0, t). Once ρ(t) is

determined the precise conditioning of ρ̄c(t + dt) can then be expressed. We will inform

the reader about the dependence of ρ(t) on the measurement record when it is necessary to

assume a particular conditioning for ρ(t).

The heterodyne stochastic master equation

A heterodyne measurement of efficiency η can be shown to be formally equivalent to two

simultaneous measurements of orthogonal quadratures of the signal field by two homodyne

detectors each with efficiency η/2. This latter detection scheme of using two homodyne

detectors is also referred to as a dual-homodyne measurement. It is a convenient way of

understanding the heterodyne measurement and is how we will think about it. That is,

while we use the term “heterodyne” often, we will always realize it using a dual-homodyne

scheme. This decomposition of a heterodyne measurement into two homodyne ones will also

be of use later in Sec. 7.4.
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If we now keep the above example of a leaky cavity and perform a heterodyne (or dual-

homodyne) measurement of the output of the cavity then we obtain two currents, y1 and

y2, which we write as the components of a 2 × 1 vector y,

y dt =

√

η

2

(

〈

ĉ+ ĉ†
〉

−i
〈

ĉ− ĉ†
〉

)

dt+ dw . (7.17)

where dw = (dw1, dw2)
⊤ and dw1 and dw2 are independent Wiener increments,

dw1(t)dw2(t
′) = 0 ∀ t, t′ . (7.18)

Conditioning the system state on (7.17) then leads to the heterodyne stochastic master

equation

dρc(t) = L ρ(t) dt+

√

η

2
H[ĉ]ρ(t) dw1 +

√

η

2
H[−iĉ ]ρ(t) dw2 . (7.19)

We can write this more compactly by defining the row vector

M =

√

η

2
(1, i) . (7.20)

Equation (7.19) is then equivalent to

dρc(t) = L ρ(t) dt+ dw⊤H[M†ĉ ]ρ(t) . (7.21)

Note here the use of the vop-valued superoperator (1.63), defined for any Â and B̂ as

H[Â]B̂ ≡ ÂB̂ + B̂Â‡ − Tr
[

ÂB̂ + B̂Â‡
]

B̂ , (7.22)

where Â‡ ≡
(

Â⊤
)†

. The heterodyne measurement illustrates how y can be a two-component

vector even though L = 1 so there is only one output field b̂out.

7.3 The M-representation

In this section we show how a single complex matrix can capture any such properties of

diffusive measurements of an arbitrary number of system outputs in the Schrödinger picture.

In Sec. 7.4 a second and physically intuitive method of parameterizing diffusive unravellings

is formulated in the Heisenberg picture.

7.3.1 Measurement Statistics

Based on the foregoing examples of homodyne and heterodyne unravellings in Sec. 7.2.2 we

propose the following form of a general diffusive stochastic master equation

~ dρc(t) = Lρ(t) dt+ dw⊤H[M†ĉ ]ρ(t) , (7.23)
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conditioned on the 2L× 1 real vector

y(t)dt = E
[

y(t)
]

dt+ dw(t) , (7.24)

which represents the measured current. The length of y is motivated by the example of

heterodyne detection in Sec. 7.2.2 and the fact that here we are allowing L inputs to the

detector. The measurement is a noisy process. The noise in the measurement is given by

a vector of independent Wiener increments dw (also 2L× 1 by default). The vector dw(t)

therefore has zero mean

E
[

dw(t)
]

= 0 ∀ t , (7.25)

and correlation matrices

dw(t) dw⊤(t) = I2L dt , (7.26)

dw(t) dw⊤(t′) = 0 ∀ t 6= t′ . (7.27)

In (7.23) we have used (7.22) and defined M to be an L× 2L complex matrix that parame-

terizes the unravelling3. The constraints which define M will be determined in the following

sections, here we will obtain the form of the measured current consistent with (7.23).

The precise of form of E
[

y(t)
]

can in fact be derived from the theory of linear quantum

trajectories which allows us to calculate the actual statistics of the measured current by

using an ostensible distribution in the following way: Here we are only concerned with the

average of yt and this is

E
[

y(t)
]

dt = Ē
[

y(t)Tr
{

ρ(t) + dρ̄c(t)
}]

dt , (7.28)

where ρ(t) is normalized and dρ̄c(t) is given by

~ dρ̄c(t) = Lρ(t) dt+ y⊤(t)H̄[M†ĉ]ρ(t)dt . (7.29)

Here we have used (7.14) to rewrite the average on the LHS as an average with respect to

the ostensible distribution (denoted by an overbar on E)

℘ost(y̆t) =

(

dt√
2π

)L

exp
[

− 1
2 y̆⊤

t y̆t dt
]

. (7.30)

This is a Gaussian with mean zero and covariance

Ē
[

y(t)y⊤(t)
]

= I2L/dt . (7.31)

Defining a linear version of (7.22),

H[Â]B̂ ≡ ÂB̂ + B̂Â‡ , (7.32)

3In the case when some of the columns of M are zero, say R (≤ 2L), then dw can be defined to be R× 1

instead of 2L × 1 (in fact we do this in Chap. 8). Defining M to be L × 2L and dw to be 2L × 1 here just

simplifies our theory.
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we then obtain, on substituting (7.29) into (7.28),

E
[

y(t)
]

dt = ~
−1 Ē

[

y(t)dt y⊤(t)dtTr
{

H̄[M† ĉ]ρ(t)
}]

(7.33)

= ~
−1 Tr

{

M†ĉρ(t) + ρ(t)M⊤ĉ‡
}

=
dt

~

〈

M†ĉ + M⊤ĉ‡
〉

. (7.34)

We have used the facts that Lρ is traceless and that Ē[y] = 0 in (7.33). Later (Sec. 7.4) we

will be considering a different representation of diffusive measurements. In order to distin-

guish between different representations we will use a subscript on the current. Substituting

(7.34) back into (7.24) we will thus write

~yM dt =
〈

M†ĉ + M⊤ĉ‡
〉

dt+ ~ dw . (7.35)

It is clear from (7.34) that M determines what property of the system gets measured,

represented by some Hermitian operator f̂(ĉ), and also the measurement statistics (i.e. the

statistics of yt) for a measurement of f̂(ĉ). That M defines the diffusive measurement could

have been anticipated from (7.23) since M appears in the H superoperator which stems from

considering measurement. Its appearance in (7.23) also means that not every M will be a

valid parameterization of a diffusive measurement. In Sec. 7.3.2 we find the necessary and

sufficient condition for M to be valid.

The careful reader who is familiar with the quantum theory of indirect measurements

[1, 19] will know that the conditioning for the state is in general just a label which allows us

to distinguish between measurement outcomes, and as such it does not have to be real. Our

choice of conditioning the state on a real vector is motivated by its use in control theory in

which the prevalent treatments regard y as a real process [190].

The assumption that ρ(t) is unnormalized can be relaxed. Say the measurement began

at time 0 and that ρ̄c(t) is obtained by evolving ρ(0) via (7.29) to time t. In this case the

correct modification to the above calculation is to divide the trace in (7.28) by Tr{ρ̄c(t)}.
Keeping the same ostensible distribution as (7.30) we get

E
[

yt

∣

∣y[0,t)

]

dt = Ē

[

yt

Tr
{

dρ̄c(t)
}

Tr
{

ρ̄c(t)
}

]

dt , (7.36)

where on the RHS the state ρ̄c is conditioned on the measurement record

y[0,t) ≡
{

y(s) | 0 ≤ s < t
}

. (7.37)

The end result from calculating (7.36) is to replace the unconditioned averages in (7.34) by

conditional ones,

〈ĉ〉 −→ 〈ĉ〉c = Tr
[

ĉρ̄c(t)
]

, (7.38)

as one would have guessed, where

ρc(t) =
ρ̄c(t)

Tr[ρ̄c(t)]
. (7.39)
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7.3.2 The Set of Allowed M

Necessary condition for M

If M is to be a valid parameterization of a diffusive quantum measurement it must be such

that (7.23) evolves a valid state at time t to another valid state ρ(t + dt) for all t. Here

we remind the reader that a valid state is represented by an Hermitian operator that is

normalized and positive. From this it follows that its eigenvalues all lie in the interval [0, 1],

which we can write as an operator-inequality 0 ≤ ρ ≤ 1̂. The positivity condition is the

only nontrivial criterion because Lρ and Hρ are each Hermitian and traceless so (7.23) will

always preserve Hermiticity and normalization for any M. Since these conditions must hold

for any measurement process, they are necessary for a given M to be valid, and we establish

the following implication

M is valid =⇒ M : 0 ≤ ρ(t) + dρc(t) ≤ 1̂ . (7.40)

where ρ(t) is understood to be any valid state and dρc(t) is given by (7.23). It is simple

(given dρc(t) is traceless) to see that

0 ≤ ρ(t) + dρc(t) ≤ 1̂ =⇒ Tr
{

[ρ(t) + dρc(t)]
2
}

≤ 1 . (7.41)

Without loss of generality we can assume that ρ(t) is a pure state, because of the convexity

of Tr
[

ρ2
]

in ρ. We will show

Tr
{

[ρ(t) + dρc(t)]
2
}

≤ 1 ⇐⇒ MM†/~ ∈ H , (7.42)

where H is

H = {H = diag(η ) |∀ k, ηk ∈ [0, 1]} , (7.43)

thereby establishing the RHS of the equivalence (7.42) as a necessary condition for M to be

valid.

The equivalence (7.42) can be proven by first proving the following lemma:

Tr
{

[ρ(t) + dρc(t)]
2
}

= 1 ⇐⇒ MM†/~ = IL , (7.44)

where IL is the L× L identity matrix. We first write (suppressing the time-dependence)

Tr
[

(ρ+ dρc)
2
]

= 1 +
2

~
Tr
[

ρ (~dρc)
]

+
1

~2
Tr
[

(~dρc)
2
]

, (7.45)

where the change in the state is given by

~ dρc = Lρ dt+ H[dw⊤M†ĉ]ρ . (7.46)

Recall that L is defined by (7.1). We will assume that ρ(t) is unconditioned and such that

Tr[ρ(t)] = 1 and ρ2(t) = ρ(t).

We first work out the second term in (7.45). Taking the trace of (7.46) against ρ,

Tr
{

ρ(~ dρc)
}

= Tr
{

ρLρ
}

dt+ Tr
{

ρH[dw⊤M†ĉ]ρ
}

. (7.47)
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From (1.62) we find, for any Â,

Tr
{

ρH[Â]ρ
}

= Tr
{

ρ
[

Âρ+ ρÂ† − Tr(Âρ+ ρÂ†)ρ
]}

= 0 . (7.48)

From (7.1) we get

Tr
{

ρLρ
}

= − iTr
{

ρ [Ĥ, ρ]
}

+ Tr
{

ρ ĉ⊤ρ ĉ‡ − 1
2 ρ ĉ

†ĉρ− 1
2 ρ

2ĉ†ĉ
}

= Tr
{

ρ ĉ⊤ρ ĉ‡ − ρ ĉ†ĉ
}

=
〈

ĉ†
〉〈

ĉ
〉

−
〈

ĉ†ĉ
〉

. (7.49)

Therefore (7.47) is

Tr
{

ρ(~ dρc)
}

= Tr
{

ρLρ
}

dt =
(〈

ĉ†
〉〈

ĉ
〉

−
〈

ĉ†ĉ
〉)

dt . (7.50)

To order dt the third term in (7.45) is proportional to

Tr
[

(~dρc)
2
]

= Tr
[(

H[dw⊤M†ĉ]ρ
)2 ]

. (7.51)

For any Â,

(

H[Â]ρ
)2

=
[

Âρ+ ρÂ† − Tr(Âρ+ ρÂ†)ρ
][

Âρ+ ρÂ† − Tr(Âρ+ ρÂ†)ρ
]

= (Âρ)(Âρ) + (Âρ)(ρÂ†) − (Âρ)Tr
[

Âρ+ ρÂ†
]

ρ

+ (ρÂ†)(Âρ) + (ρÂ†)(ρÂ†) − (ρÂ†)Tr
[

Âρ+ ρÂ†
]

ρ

+ Tr
[

Âρ+ ρÂ†
]

Tr
[

Âρ+ ρÂ†
]

ρ2 . (7.52)

Taking the trace and using ρ2 = ρ,

Tr
{(

H[Â]ρ
)2}

=
〈

Â
〉2

+
〈

Â†Â
〉

−
〈

Â
〉〈

Â+ Â†
〉

+
〈

Â†Â
〉

+
〈

Â†
〉〈

Â†
〉

−
〈

Â†
〉〈

Â+ Â†
〉

−
〈

Â+ Â†
〉〈

A
〉

−
〈

Â+ Â†
〉〈

Â†
〉

+
〈

Â+ Â†
〉2

= 2
(〈

Â†Â
〉

−
〈

Â
〉〈

Â
〉)

. (7.53)

This gives, for Â = dw⊤M†ĉ,

Tr
{(

H[dw⊤M†ĉ ]ρ
)2}

= 2
(〈

ĉ†MM†ĉ
〉

−
〈

ĉ
〉

MM†
〈

ĉ
〉)

dt . (7.54)

Thus substituting (7.50) and (7.54) into (7.45),

Tr
[

(ρ+ dρc)
2
]

= 1 +
2

~

(〈

ĉ†
〉〈

ĉ
〉

−
〈

ĉ†ĉ
〉)

dt+
2

~2

(〈

ĉ†MM†ĉ
〉

−
〈

ĉ
〉

MM†
〈

ĉ
〉)

dt

= 1 +
2

~

[

〈

ĉ†
(

IL − MM†/~
)

ĉ
〉

−
〈

ĉ†
〉(

IL − MM†/~
)〈

ĉ
〉

]

dt

= 1 +
2

~

〈(

ĉ − 〈ĉ〉
)†(

IL − MM†/~
)(

ĉ − 〈ĉ〉
)〉

dt

= 1 +
2

~
tr
[

H
(

IL − MM†/~
)⊤]

dt . (7.55)
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where H is the Hermitian, positive-semidefinite matrix (not to be confused with the Hamil-

tonian Ĥ, which is an operator)

H =
〈

(

ĉ − 〈ĉ〉
)‡(

ĉ − 〈ĉ〉
)⊤
〉

. (7.56)

Since ρ(t) is an arbitrary pure state, H can be assumed to be strictly positive (i.e positive

definite). Thus (7.55) will be 1 if and only if MM†/~ = IL . This completes the proof of

(7.44), a necessary condition on M in the case of efficient monitoring (i.e. monitoring which

preserves the purity of the state).

To prove (7.42) we must consider the case when the purity at time t+ dt drops to below

1. Given that we had a pure state at time t this is possible if and only if we had inefficient

monitoring. For a single decay channel we can bundle the sum of all losses4 into a single

parameter η, and consider only a fraction η (between 0 and 1) of the system operator ĉ to be

measured perfectly. This can by modelled by introducing an imaginary beam-splitter with

transmission coefficient η in the path of the decay channel followed by an ideal detector [191].

When multiple decay channels are present we simply repeat this setup for each channel. This

motivates us to rewrite the master equation (7.1) as

~ ρ̇ = −i [Ĥ, ρ] + D
[
√

IL − H ĉ
]

ρ+ D
[
√

H ĉ
]

ρ , (7.57)

where H ∈ H [recall (7.43)], and unravel the last term with unit detection efficiency. Such

an unravelling is defined by the stochastic master equation

~dρc = Lρ dt+ dw⊤H[M′†ĉ′]ρ , (7.58)

where ĉ′ ≡
√

H ĉ and (7.58) is conditioned on the current

yM′ dt =
dt

~

〈

M′†ĉ′ + M′⊤ĉ′‡
〉

+ dw . (7.59)

Since (7.58) and (7.59) describe efficient monitoring, from the lemma of (7.44), M′ must

satisfy

M′M′†/~ = IL . (7.60)

The unravelling defined by (7.58), (7.59), and (7.60) is equivalent to (7.23), (7.24), and

(7.34), but the latter make the measurement efficiency H explicit. The set of quantum

trajectories generated by (7.23) must therefore be the same as the set generated by (7.58).

This will be the case if and only if the two equations have the same stochastic term, i.e.

dw⊤H[M†ĉ]ρ = dw⊤H[M′†ĉ′]ρ . (7.61)

This is true for any ρ and ĉ if and only if M =
√

HM′. This gives

MM† = H . (7.62)

4Note that “loss” here refers to any process which leads to a loss of information, not necessarily imper-

fections of the measuring device.
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We have arrived at (7.62) by considering inefficient detection. However there are other prop-

erties of the measurement that one would like to capture with M so it would seem that (7.62)

is necessary but not sufficient. As we show next, (7.62) is in fact, surprisingly, a sufficient

constraint on M for it to be a valid parameterization of general diffusive measurements.

Sufficient condition for M

To show that (7.62) is a sufficient condition we will connect M to another parameterization U,

which is a different way of representing diffusive measurements and has conditions that have

previously been shown to be necessary and sufficient [23, 24]. In this chapter we introduce

an elegant way to connect M and U by considering a generalized diffusion operator which

we denote by D̂. If the system state is in an N -dimensional Hilbert space H, then D̂ is an

operator in H ⊗ H, defined by

D̂ dt ≡ dρc ⊗ dρc . (7.63)

This is the mathematical object which characterizes the set of all equivalent representations

(i.e. M-matrices) of a given unravelling as we now explain.

Stochastic paths of the quantum state itself are rather abstract but we can make the

trajectories more concrete by considering

ρc = Tr[ êρc ] , (7.64)

where ê = (ê1, ê2, . . . , êN2)⊤ is an operator-basis for all linear Hermitian operators. Thus

ρc is a stochastic process in RN2

, satisfying

dρc = adt+Bdw . (7.65)

Note that a = Tr
[

êLρ
]

is a vector while

B = Tr
{

êH[ĉ⊤M]ρ
}

(7.66)

is a matrix. Recall that L and H[ĉ⊤M] are defined by (7.1) and (7.22) respectively. The

diffusion matrix for ρc is given by

Ddt = dρc dρ
⊤
c = BB⊤dt . (7.67)

We can see how D̂ arises by rewriting the RHS of the first equality in (7.67),

Ddt = Tr
[

êdρc

]

Tr
[

ê⊤dρc

]

= Tr
[

(êdρc) ⊗ (ê⊤dρc)
]

= Tr
[

(ê ⊗ ê⊤) D̂
]

. (7.68)

Thus D̂ is an operator-valued diffusion coefficient whose trace against ê ⊗ ê⊤ gives us the

diffusion of the more tangible process (7.64). Turning ρc, a stochastic process in H, into ρc,

an equivalent stochastic process in RN2

, allows us to grasp the abstract diffusion operator

D̂ by using well known properties of classical stochastic processes; namely that the diffusion
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of ρc is characterized by the matrix D, and that for a given D there are many matrices B

such that BB⊤ = D. The equivalence between ρc and ρc, and more specifically between B

and M, and also between D and D̂ [as given by (7.66) and (7.68)], mean that D̂ characterizes

the diffusion of ρc just as D characterizes the diffusion of ρc. There will be many matrices

M that generate the same D̂ (through the nonlinear term H[ĉ⊤M]ρ) just as there are more

than one B corresponding to a given D.

We mentioned earlier in Sec. 7.2.1 that an unravelling can be defined as the set of solutions

to the stochastic master equation and this set will correspond to some M. In general the

set of solutions will change everytime M is changed but it may also be possible to have two

different choices of M, say M1 and M2 which generate the same solution set. In this case we

say that M1 and M2 are equivalent representations of the same unravelling. Let us substitute

(7.23) into (7.63) and define

T ≡
(

T1

T2

)

≡
(

ℜ[M]

ℑ[M]

)

, (7.69)

where T1 and T2 are each real, and L × 2L so that T is a real 2L × 2L matrix. We have

defined the real and imaginary parts of an arbitrary complex matrix A by

ℜ[A] ≡ 1

2

(

A+A∗
)

, ℑ[A] ≡ −i
2

(

A−A∗
)

. (7.70)

We can then write M as

M = T1 + iT2 . (7.71)

The vop M†ĉ can be rewritten as

M†ĉ = T⊤ĉ& , (7.72)

where ĉ⊤& ≡
(

ĉ⊤, −i ĉ⊤
)

. Using this, (7.63) is

D̂dt = H[ ĉ⊤&Tdw]ρ⊗H[dw⊤T⊤ĉ& ]ρ

= H[ ĉ⊤&]ρTdw ⊗ dw⊤T⊤H[ĉ&]ρ

= ~H[ ĉ⊤&]ρ ⊗ UH[ĉ&]ρ dt . (7.73)

In the last line we have defined a 2L× 2L real matrix U by

TT⊤ = ~U ≡ ~

(

U11 U12

U21 U22

)

, (7.74)

where Umn are L × L blocks of U. Equation (7.73) tells us that given the set of Lindblad

operators ĉ, U is what uniquely specifies D̂, and therefore the unravelling. That U defines the

unravelling was independently formulated in Ref. [23] for the case of pure-state trajectories,

and later generalized to include non-unit detection efficiency in Ref. [24]. The necessary and

sufficient conditions for a U to be valid [in the same sense as (7.40)] are
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U ≥ 0 , (7.75)

U11 + U22 ∈ H , (7.76)

U12 = U21 . (7.77)

We will denote the set of valid U-matrices as

U =

{(

U11 U12

U21 U22

)

∣

∣

∣U ≥ 0,U11 + U22 ∈ H,U12 = U21

}

. (7.78)

The question is now whether any U derived from (7.62) is valid. Since T is a real matrix, the

definition (7.74) ensures (7.75) for any T. Using (7.74) conditions (7.76) and (7.77) become,

respectively,

T1 T⊤
1 + T2T

⊤
2 ∈ H , (7.79)

T1 T⊤
2 = T2 T⊤

1 . (7.80)

This defines the set of valid T-matrices

T =

{(

T1

T2

)

∣

∣

∣T1 T⊤
1 + T2T

⊤
2 ∈ H,T1 T⊤

2 = T2 T⊤
1

}

. (7.81)

It is easy to see, on substituting (7.71) into (7.62), that (7.79) and (7.80) are satisfied

and thereby showing the sufficiency (and in fact necessity) of (7.62) for M to be a valid

representation of an arbitrary diffusive unravelling:

U(M) ∈ U ⇐⇒ M ∈ M , (7.82)

where M is the set of valid M-matrices:

The M-representation of diffusive unravellings is defined by

M =
{

M |MM† ∈ H
}

. (7.83)

Note that even though we have imported a previous result which proves altogether the

sufficiency and necessity of (7.62), our analysis in Sec. 7.3.2 remains instrumental; since

without it there is no reason to consider the set M. For ease of reference we call the

members of M “M-reps”, and similarly the members of U “U-reps”.

7.3.3 Comparison Between M and U

Here we discuss some general features of M-reps and compare them with U-reps. To do so

we first recall the essential features of the U-reps from Refs. [23, 24] (refer also to Sec. 4.3.2).

There, Wiseman and co-workers derived a stochastic master equation of the form

dρc = Lρ(t) dt+ H[dz†ĉ ]ρ(t) (7.84)
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[with L given by (7.1)] that conditioned on an L× 1 complex current

J dt =
〈

H ĉ + Y ĉ‡
〉

dt+ dz , (7.85)

where dz (also L × 1 by default) is a complex white-noise increment defined by E[dz] = 0

and the correlations

dz dz† = ~ H dt , dz dz⊤ = ~ Y dt . (7.86)

The matrix H is a member of H, while Y is complex and only has to be symmetric. The

matrix U, or the “unravelling matrix” as it was originally called, is defined as the correlations

of
(

ℜ[dz⊤],ℑ[dz⊤]
)

/
√

~ . This can be shown to be

U =
1

2

(

H + ℜ[Y] ℑ[Y]

ℑ[Y] H −ℜ[Y]

)

, (7.87)

which is consistent with (7.78).

The first noteworthy feature of M-reps is that they capture physically valid measurements

by a single equation, (7.62), whereas U-reps require three, namely (7.75)–(7.77). This point

makes our theory of M-reps rather elegant. If however we compare the number of real

parameters required to specify M to that of U, then we find that U-reps are a more efficient

parameterization: We know directly from (7.87) that the number of real parameters in U is

L2 + 2L, being the total number of real parameters required to specify H and Y. To find

the number of real parameters required to specify M, we note that M is L× 2L, so the total

number of real parameters in M is 4L2. But (7.62) means that L2 − L of these parameters

are redundant (since it imposes L2 − L independent real conditions on the elements of M).

Subtracting this redundancy from 4L2 leaves 3L2 + L. Thus M-reps require 2L2 − L more

parameters than U-reps.

The second attractive feature of M-reps is that M can be understood as the generalization

of
√

H , encapsulating more information than just measurement efficiency. This was in fact

part of our motivation for developing M-reps and postulating (7.23), as stated at the start of

Sec. 7.3.1. So in hindsight, the fact that M turns out to be the matrix square root of H, i.e.

constrained by (7.62), seems “natural” given that we were thinking of generalizing
√
η to√

H , and then from
√

H to M from the start. The interpretation of U-reps on the other hand

was derived [summarized in (7.84)–(7.87)] as the correlation between the real and imaginary

parts of a complex measurement output. This has the advantage that it reflects directly the

quantum trajectory diffusion as was evident in (7.73). Equations (7.75)–(7.77) are simply

constraints on the allowed correlations of dz.

Finally, we mentioned before [two paragraphs under (7.35)] that we prefer to work with

a real current, namely yM, for the purpose of feedback control even though quantum mea-

surement theory does not impose such a restriction. However, by allowing the system state

to be conditioned on a real vector, yM now has the capacity to be an observable (i.e. corre-

spond to an actual physical process) rather than a mere dummy variable for distinguishing

the different measurement outcomes. Of course, one may also prefer a real current over a
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complex one simply because it is real. Motivated by exactly these reasons Ref. [24] defines

a real current from J as

y dt ≡ T+

(

ℜ[J]

ℑ[J]

)

dt , (7.88)

where T+ is the Moore–Penrose inverse of T [131]. Substituting (7.85) into (7.88) and using

the properties of T+ it can be shown that (7.88) simplifies to the form of (7.35) [recall

(7.71)]. Thus the U-rep achieves the same current as the M-rep but less directly by deriving

y via J.

7.3.4 Relations Between T, U, and M

The relation between M and T is straightforward, given by (7.69) and (7.71). From these

it should be clear that M maps one-to-one and onto T. We said above that M-reps are

parameterized by 3L2 + L real numbers, therefore T also has the same number of real

parameters. This number is 2L2 − L more than the number of real parameters in the

U-rep. We can see where the extra parameters lie by returning to (7.74) which defines

T as the matrix square root of U. We can always write, using the polar decomposition,

T =
√

TT⊤/~ O ≡
√

U O where
√

U is the positive matrix square root5 of U and O is

some 2L × 2L orthogonal matrix which may or may not be unique given T (see following

paragraph). The number of parameters in
√

U is L2 + 2L, inherited from U, while the

number of parameters in O is 2L2 − L.6 Adding the number of parameters in
√

U and O

gives 3L2 +L. The extra parameters thus lie in O, leading us to define the set of pairs (not

to be confused with a block matrix)

UO =
{(

√
U ,O

)

|U ∈ U,O⊤ = O−1
}

, (7.89)

where O is understood to have dimensions 2L× 2L.

We can divide the set T into two subsets: a subset of invertible Ts and a subset of non-

invertible Ts. The subset of Ts that are invertible maps one-to-one and onto UO, since in

this case the polar decomposition of T is unique, i.e. given any T, both entries of the pair

(
√

TT⊤/~ ,O) ∈ UO are uniquely determined by T. The subset of Ts that are not invertible

maps infinitely-many-to-one and onto a subset of UO. In this case the first entry of the pair

(
√

TT⊤/~ ,O) will still be uniquely determined by T but corresponding to this T there are

an infinite number of orthogonal matrices O. We depict these relations in Fig. 7.3. Note the

cardinality of the non-invertible subset of T is less than the cardinality of T. That is, the

former is a subset of measure zero.

5The positive square root of a matrix A is defined by a matrix B such that B2 = A, and is itself positive-

semidefinite. The positive square root always exists and is uniquely given by A so it is common to denote

it by
√

A .
6An n × n real orthogonal matrix is parameterized by n(n − 1)/2 real numbers.
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Fig. 7.3: Multivalued mappings between different parameterizations of diffusive unravellings. The set of

non-invertible Ts maps to a subset of UO (shown as a clear dot) which is also a set of measure zero.

7.3.5 The M-representation in the Heisenberg Picture

We now consider diffusive quantum measurements in the Heisenberg picture where operators

evolve and states are static, equal to their initial value. Moving from the Schrödinger picture

to the Heisenberg picture requires two conceptual changes which we summarize below. In

Sec. 7.4 we will formulate another representation of diffusive measurements in the Heisenberg

picture so the discussion here apply to Sec. 7.4 as well.

The bath field b̂in is now a vop-valued white-noise process. As such, dB̂in(t) ≡ b̂in(t)dt

satisfies Itô rules analogous to (7.25)–(7.27) [192, 193]. That is

〈

dB̂in(t)
〉

= 0 , (7.90)

where the angle brackets denote a quantum average and

dB̂in(t) dB̂†
in(t) = ~ ÎL dt , (7.91)

with all other second-order moments negligible. Note that

⌊

dB̂in(t), dB̂‡
in(t′)

⌉

= 0 ∀ t 6= t′ , (7.92)

where we have used the mop-bracket (1.28), defined for any two vops Â and B̂ as

⌊

Â, B̂
⌉

= ÂB̂⊤ −
(

B̂Â⊤
)⊤

. (7.93)

Thus all other second-order moments with unequal times also vanish. As a consequence

of the singularity of b̂in it is necessary to distinguish the bath field before and after its

interaction with the system. This gives rise to an output field (Fig. 7.4)

dB̂out(t) = Û†(t+ dt, t) dB̂in(t) Û(t+ dt, t) (7.94)
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Fig. 7.4: Quantum entanglement and measurement are two processes which have conventionally been de-

scribed in the Schrödinger picture. When we move to the Heisenberg picture we move to a different mindset,

where the system-bath entanglement and the measurement process are all captured by time-dependent

operators, given by (7.95) [194, 195] and (7.96).

where Û(t + dt, t) is defined by (7.3) but with b̂ replaced by b̂in. From this one can show

that

dB̂out(t) = ĉ(t)dt+ dB̂in(t) . (7.95)

This input-output relation and is what allows us to relate our measurement performed on

the bath back to properties of the system [193, 197].

We next turn the measured current y(t) into a vop [198, 199, 200]. Note that this does not

mean we are taking the measured current to be a quantum object. The current is interpreted

as a classical quantity but it is represented by a vop in the theory. The classicality of the

measured current can be formally captured by the “self-nondemolition” property of the vop

ŷ(t) [132, 133],

⌊

ŷ(t), ŷ(t′)
⌉

= 0 , ∀ t, t′ . (7.96)

It should also correspond to an observable process so ŷ(t) must be Hermitian. In brief,

quantum measurement theory in the Heisenberg picture just assigns an operator ŷ(t) (a

quantum stochastic process) which reproduces the correct measurement statistics [i.e. the

statistics of y(t), a classical stochastic process] [1].

If a vop ŷ is to represent the measured current y then it must be such that the statistics

of y are reproduced, namely,

〈

ŷ(t)
〉

= E
[

y(t)
]

, (7.97)

and

[

ŷ(t) dt
][

ŷ(t) dt
]⊤

=
[

y(t) dt
][

y(t) dt
]⊤

1̂ . (7.98)

Physically the measurement is never performed directly on the system but rather on the

bath which involves detecting the output fields. Therefore ŷ should depend on b̂out. It thus
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makes sense to write

~ ŷM dt = M†dB̂out + M⊤dB̂‡
out + ~ dυ̂M . (7.99)

We have defined the noise increment dυ̂M to be

dυ̂M = L dÛ + L∗ dÛ‡ , (7.100)

where L is 2L × 2L, to be chosen so that (7.97) and (7.98) are satisfied. The vop dÛ is a

free vacuum field just like dB̂in except that it is 2L×1 so the only non-vanishing moment is

dÛ(t) dÛ†(t) = ~ Î2L dt . (7.101)

Note that this means (7.97) is automatically satisfied. Enforcing (7.98) we obtain

~
2 L L† = ~ I2L − M†M . (7.102)

For convenience we will define Z = ~ I2L − M†M. We can thus choose ~ L to be the positive

square root of the RHS of (7.102) and write

~ L =
√

Z . (7.103)

Note that dυ̂M is not a Wiener increment (it has correlations given by Z dt/~) but we can

write ŷM as

~ ŷM dt =
(

M†ĉ + M⊤ĉ‡
)

dt+ ~ [dv̂m]M (7.104)

where

~ [dv̂m]M = M†dB̂in + M⊤dB̂‡
in + ~ L dÛ + ~ L∗ dÛ‡ (7.105)

is a Wiener increment (when divided by ~), i.e.

[dv̂m(t)]M [dv̂m(t)]⊤M = I2L dt , (7.106)

[dv̂m(t)]M [dv̂m(t′)]⊤M = 0 ∀ t 6= t′ . (7.107)

We can show that ŷM satisfies the self-nondemolition property (7.96) by first substituting

either (7.99), or (7.104) into (7.96) and then considering the two cases t = t′ and t 6= t′

separately. It will be quicker to use (7.104) and write (7.96) in terms vacuum increments.

Doing so gives

⌊

ŷ(t)dt, ŷ(t′)dt
⌉

=
⌊

[dv̂m(t)]M, [dv̂m(t′)]M
⌉

= 0 , (7.108)

by virtue of (7.106) and (7.107).

Often one would measure, in the laboratory, the autocorrelation function of the pho-

tocurrent and its spectrum (which is the Fourier transform of the autocorrelation function

at steady-state), hence we now consider the autocorrelation function of ŷM. This is a two-

time average which can be calculated by using the vop quantum regression formula (1.52).
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The derivation of the autocorrelation of ŷM follows the same method as in Sec. 8.4.2 which

derives the same quantity but with feedback. The only difference here is that these feedback

terms would not appear so we will refer the reader to Sec. 8.4.2 for details. However we

make the following heuristic argument which leads us to the correct form for the correlation

function: First generalizing the correlation function of the homodyne current when L = 1

found previously in Ref. [196] to the case of arbitrary L we obtain,

〈

ŷM(t) ŷ⊤
M(t+ τ)

〉

=
(

Tr
{

(
√

H ĉ +
√

H ĉ‡
)

eLτ
[

ĉ⊤
√

H ρ(t) + ρ(t) ĉ†
√

H
]

})⊤

+ ~
2 I2L δ(τ) ,

(7.109)

where H ∈ H was defined in (7.43) and L is given by (7.1). The action of the superoperator

and the trace are defined in (1.12) and (1.39) respectively. We said in Sec. 7.3.3 that M is

a generalization of
√

H . So the next logical step would be to replace
√

H by M. However

this would not keep the Hermiticity of the terms standing on either side of exp(Lτ), so the

correct replacements in (7.109) should be

√
H ĉ −→ M†ĉ ,

√
H ĉ‡ −→ M⊤ĉ‡ . (7.110)

The most general two-time autocorrelation of diffusive currents is

~
2
〈

ŷM(t) ŷ⊤
M(t+ τ)

〉

=

(

Tr
{

(

M†ĉ + M⊤ĉ‡
)

eLτ
[

ĉ⊤M∗ρ(t) + ρ(t)ĉ†M
]}

)⊤

+ ~
2 I2L δ(τ) .

(7.111)

This is a generalization of the homodyne autocorrelation function found in Ref. [196] to

arbitrary diffusive measurements.

7.4 The Block-representation

In this section we parameterize diffusive measurements by starting in the Heisenberg picture.

The advantage of this is that it allows us to model the measurement by thinking directly

about the physical transformations b̂out must undergo to produce a suitable current ŷ. We

show that the measurement block in Fig. 7.4 can be decomposed in a way shown in Fig. 7.5.

7.4.1 Definition

The blocks of Fig. 7.5 are as follows:

1) Perhaps the first property of measurements that comes to one’s mind is detection

inefficiencies. For a single output this can be modelled by placing a beam-splitter with

transmission coefficient η in the path of b̂out. The other input to the beam-splitter is not

excited (i.e. no photons) so it is simply a field v̂ in the vacuum state. We will choose a

phase convention for the beam-splitter such that its output is

ŝin =
√
η b̂out +

√
η̄ v̂ . (7.112)
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Fig. 7.5: Decomposition of the measurement box in Fig. 7.4 into blocks. Vacuum inputs are denoted by

orange arrows. We are ignoring half of the output modes of H. Note that H and K do not mix the input

modes (not counting vacuum inputs) i.e. each output mode of either H or K will not depend on more

than one signal mode (mode coming from the left) and one vacuum mode (mode coming from the top).

We represent this in the diagram by using highly asymmetric rectangles. Each output of K then enters a

homodyne detector, set to measure the input quadrature as defined in (7.117) (also see Fig. 7.6).

where η̄ ≡ 1 − η. Note that we are retaining only one of the beam-splitter outputs since

this is all that is necessary to model detector efficiencies. When multiple outputs from the

system are present (7.112) simply generalizes to

ŝin =
√

H b̂out +
√

H̄ v̂ , (7.113)

where H̄ ≡ IL − H. This is the first block in Fig. 7.5.

2) Next, one is free to mix and phase shift the different components of b̂out to obtain an

arbitrary linear combination of them. Hence we multiply ŝin by an L× L matrix to get

ŝout = S ŝin . (7.114)

We assume this mixing of the components of b̂out conserves total boson number so that

ŝ
†
inŝin = ŝ

†
outŝout. This constrains S to be a unitary matrix. Note that S can be explic-

itly constructed out of L(L− 1)/2 beam-splitters, L(L+ 1)/2 phase-shifters in a triangular

arrangement [185] as shown schematically in Fig. 7.5. This scheme assumes that each com-

ponent of b̂out have the same polarization, transverse mode structure, and mean frequency.

If this were not the case then the appropriate corrections would have to be made prior to

entering the array in Fig. 7.5.

3) We then split each component of ŝout into quadratures. The process represented by K

in Fig. 7.5 is shown in detail in Fig. 7.6. In general the intensities of the quadratures need

not be equal so each beam-splitter in Fig. 7.6 has a different transmission coefficient which
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Fig. 7.6: Expanded diagram of K. This prepares the components of ŝout into quadratures, ready to be

measured by units of homodyne detectors.

we denote by θk (k = 1, 2, . . . , L). This gives

d̂ = K

(

ŝout

â

)

. (7.115)

If we define Q = diag(θ) where θk ∈ [0, 1] for every k, and Q̄ = IL−Q, then K can be written

explicitly as

K =

( √
Q

√

Q̄

i
√

Q̄ −i
√

Q

)

. (7.116)

Note that K is also a unitary matrix since d̂†d̂ = ŝ
†
outŝout + â†â.

4) Individual homodyne detectors are then placed in the path of each component of

d̂. The detectors are “tuned” to give a current that is normalized to the local oscillator

amplitude that is inside it. Each homodyne detector is set to measure Re[d̂k]. This final

current can therefore be defined to be

ŷ =
d̂ + d̂‡

√
~

. (7.117)

We see then, that once η, θ, and S are specified, it seems plausible that steps one to four

above, by construction, will simulate an arbitrary diffusive measurement. This motivates
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the following definition:

The block-representation of diffusive measurements is defined by

B =
{

(η,S,θ) | ∀ k, ηk, θk ∈ [0, 1], S† = S−1
}

. (7.118)

We will label elements of B by B ≡ (η,S,θ).

5) We shall henceforth label the B-rep current in (7.117) as ŷB. Once ŷB has been

obtained one is free to do some post-processing on this current. This will only be so if O

is an orthogonal matrix and the post-processing produces O⊤ŷB. We will have more to say

about this in Sec. 7.4.3.

7.4.2 The Current Vector-operator

Working out the input-output relation for each block in Fig. 7.5 we arrive at an equation

for ŷ that is a function of B = (η,S,θ). Let us denote this dependence by using a subscript

on ŷ

~ ŷB dt = J dB̂out + J∗ dB̂‡
out + ~ dυ̂B , (7.119)

where

J ≡
√

~

( √
Q S

√
H

i
√

Q̄ S
√

H

)

, (7.120)

and ~ dυ̂B is given by

~ dυ̂B = V dV̂ + V∗ dV̂‡ + A dÂ + A∗ dÂ‡ . (7.121)

The noise increments dV̂ and dÂ are mutually uncorrelated quantum Wiener increments.

The coefficient matrices in (7.121) are defined by

V =
1√
~

( √
Q S

√
H̄

i
√

Q̄ S
√

H̄

)

, (7.122)

A =
1√
~

( √

Q̄

−i
√

Q

)

. (7.123)

Like the current in the M-rep, dυ̂B represents correlated noise but we can write

~ ŷB dt = J ĉ + J∗ ĉ‡ + [dv̂m]B (7.124)

where

[dv̂m]B = J dB̂in + J∗ dB̂‡
in + V dV̂ + V∗ dV̂‡ + A dÂ + A∗ dÂ‡ (7.125)

has a mean of zero

〈

[dv̂m(t)]B
〉

= 0 , (7.126)
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Fig. 7.7: Ideal dual-homodyne detection for L = 1.

and the only non-vanishing second-order moment

[dv̂m(t)]B [dv̂m(t)]⊤B = Î2Ldt . (7.127)

These can be understood physically by considering a vacuum input, i.e. b̂out = b̂in. None

of the transformations applied to the vacuum inputs in Fig. 7.5 alter their statistics, only

add one vacuum field to another, which is again vacuum. We can also verify this intuition

mathematically by using (7.120), (7.123), and (7.122) to derive (7.127). All vanishing statis-

tics should be obvious from the properties of the vacuum inputs. One may also verify that

(7.96) is satisfied by ŷB.

Example — dual-homodyne detection

To illustrate how the B-rep works we will consider the familiar example of ideal heterodyne

detection from quantum optics in the case of L = 1, for which H ≡ η = 1, S ≡ eiφ,

and Q ≡ θ = 1/2. A schematic of heterodyne detection is shown in Fig. 7.7. Since the

measurement has unit detection efficiency, there is no vacuum field v̂. It is simple to see

that

K =
1√
2

(

1 1

i −i

)

, (7.128)

which transforms ŝout = eiφb̂out and â into d̂ = (d̂1, d̂2)
⊤. From d̂ the final output ŷB can

be seen to be

ŷB =

(

ŷ1

ŷ2

)

=
2√
2~

(

X̂out(φ) + ℜ[â]

X̂out(φ+ π/2) + ℑ[â]

)

, (7.129)

where we have defined the the quadrature operator

X̂out(φ) = (b̂out e
iφ + b̂†out e

−iφ)/2 . (7.130)
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7.4.3 Relations Between B, M, and U

Now that we have the M-rep, B-rep, and also the U-rep found previously in Refs. [23, 24], it

would be instructive to study how one may convert from one representation to another. We

can first derive a map B → M by noting that if the B-rep is to realize an arbitrary diffusive

measurement then it must be the case that

〈

ŷB

〉

=
〈

ŷM

〉

. (7.131)

Note that this is all we need since the second-order moments have already been made equal.

From (7.99), (7.119), and (7.120) we obtain

M = J† =
√

~H S†
(√

Q , −i
√

Q̄

)

. (7.132)

One can verify from this that MM† = ~H, as required if M is to be a valid representation of

the measurement. Taking the real and imaginary parts of (7.132) we get,

T =
√

~

( √
H ℜ[S⊤]

√
Q −

√
Hℑ[S⊤]

√

Q̄

−
√

H ℑ[S⊤]
√

Q −
√

Q̄ℑ[S⊤]
√

H

)

. (7.133)

From T we can construct U using the definition (7.74). This gives

U11 =
√

H ℜ[S⊤]Qℜ[S]
√

H +
√

H ℑ[S⊤]Q̄ℑ[S]
√

H , (7.134)

U12 = −
√

H ℜ[S⊤]Qℑ[S]
√

H +
√

H ℑ[S⊤]Q̄ℜ[S]
√

H , (7.135)

U21 = −
√

H ℑ[S⊤]Qℜ[S]
√

H +
√

H ℜ[S⊤]Q̄ℑ[S]
√

H , (7.136)

U22 =
√

H ℑ[S⊤]Qℑ[S]
√

H +
√

H ℜ[S⊤]Q̄ℜ[S]
√

H . (7.137)

By construction this U is positive-semidefinite. By noting that if S is unitary,

ℜ[S⊤]ℜ[S] + ℑ[S⊤]ℑ[S] = IL , (7.138)

ℜ[S⊤]ℑ[S] = ℑ[S⊤]ℜ[S] , (7.139)

we can verify that the remaining conditions for U to be a valid parameterization, (7.76) and

(7.77), are indeed satisfied by (7.134)–(7.137).

Equation (7.132) says that given a B we can always find an M. But if we are given a valid

M can we always find a B-rep? To answer this question we begin by counting the number

of parameters required to specify B. The total number of real parameters in B is simply the

sum of the parameters in each block. It should be clear that H and K each contribute L real

parameters. The number of real parameters in an L× L unitary matrix is L2 so the B-rep

has L2 + 2L real parameters, the same as the U-rep. We said earlier that M-reps require

3L2 + L real parameters, which is 2L2 − L more than the B-rep implying that (7.132) is

one-to-many from B to M. However, observe that for any 2L× 2L orthogonal matrix O

M =
√

~H S†
(√

Q , −i
√

Q̄

)

O (7.140)
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is not only a valid M-rep but its RHS has 3L2 + L number of real parameters, exactly the

number of parameters required to specify M. It is then very natural to ask whether every

valid M-rep can be factorized in the form of (7.140). There does not seem to be a simple

proof in general (for any L) but we can show that for L = 1 it is always possible to find a

decomposition in the form of (7.140) for an arbitrary M as follows.

Factorizing M for L = 1

The most general 2 × 2 orthogonal matrix can be parameterized by a single variable ϕ,

O =

(

cosϕ sinϕ

∓ sinϕ ± cosϕ

)

(7.141)

where the sign in the second row corresponds to det(O) = ±1. This gives, from (7.140),

M⊤ =
√

~η eiφ

(√
θ cosϕ± i

√
θ̄ sinϕ√

θ sinϕ∓ i
√
θ̄ cosϕ

)

. (7.142)

If we define

M⊤ =

(

m1

m2

)

=

(

|m1|eiα1

|m2|eiα2

)

, (7.143)

then our problem is to find (η, φ, θ, ϕ) such that

|m1|eiα1 =
√

~η eiφ
(
√
θ cosϕ± i

√

θ̄ sinϕ
)

(7.144)

|m2|eiα2 =
√

~η eiφ
(
√
θ sinϕ∓ i

√

θ̄ cosϕ
)

, (7.145)

given m1, m2, which determine η by

|m1|2 + |m2|2 = ~ η . (7.146)

Equations (7.144) and (7.145) are true if and only if the modulus and argument (phase) of

each side are equal, i.e.

|m1|2 = ~η [θ cos2 ϕ+ θ̄ sin2 ϕ] , (7.147)

|m2|2 = ~η [θ sin2 ϕ+ θ̄ cos2 ϕ] , (7.148)

and

α1 = φ+ arg
(
√
θ cosϕ± i

√

θ̄ sinϕ
)

, (7.149)

α2 = φ+ arg
(
√
θ sinϕ∓ i

√

θ̄ cosϕ
)

. (7.150)

Rearranging (7.147) we find

θ =
|m1|2 − ~η sin2 ϕ

~η cos(2ϕ)
. (7.151)
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If we now substitute (7.146) into (7.151) and define r = (|m1|/|m2|)2, then we get

θr(ϕ) ≡ r cos2 ϕ− sin2 ϕ

(r + 1)(cos2 ϕ− sin2 ϕ)
. (7.152)

Note that ϕ must also ensure 0 ≤ θ ≤ 1. For small r we find, from (7.152),

θ0(ϕ) =
− sin2 ϕ

cos2 ϕ− sin2 ϕ
(7.153)

while for r large θr(ϕ) approaches

θ∞(ϕ) ≡ cos2 ϕ

cos2 ϕ− sin2 ϕ
. (7.154)

At these extremes the only values of ϕ that enforce θ ∈ [0, 1] are integer multiples of π/2,

for which θ is either 0 or 1.

If we now attempt to eliminate θ in (7.148) by substituting in (7.152) we simply arrive

at (7.146), which is independent of ϕ. Thus (7.147) and (7.148) are solved simultaneously

with any ϕ and (7.152). The value of ϕ is determined from solving (7.149) and (7.150)

simultaneously. First eliminating φ we see that ϕ must satisfy

δ ≡ α1 − α2 = F±
r (ϕ) , (7.155)

where we have defined the argument of m1/m2 as

F±
r (ϕ) ≡ arg

[

√

θr(ϕ) cosϕ± i
√

1 − θr(ϕ) sinϕ
√

θr(ϕ) sinϕ∓ i
√

1 − θr(ϕ) cosϕ

]

. (7.156)

We have written θr(ϕ) in (7.156) to signify that here we are substituting in (7.152). Recall

the signs here correspond to det(O) = ±1. Equation (7.155) is transcendental. We plot

F+
r (ϕ) in Fig. 7.8 as a function of r and ϕ. We find that for det(O) = 1

ℑ
[√

θ cosϕ+ i
√

1 − θ sinϕ√
θ sinϕ− i

√
1 − θ cosϕ

]

=

√

θ(1 − θ)

θ sin2 ϕ+ (1 − θ) cos2 ϕ
≥ 0 , (7.157)

which means the range of F+
r should be between 0 and π as seen in Fig. 7.8. A noteworthy

feature occurs at r = 1. From (7.152) we get θ1 = 1/2 which gives

F+
1 = arg

[

cosϕ+ i sinϕ

sinϕ− i cosϕ

]

= arg[i] = π/2 . (7.158)

We also plot F+
r (ϕ) (solid blue line) together with θr(ϕ) (purple dashed line) for selected

values of r as a function of ϕ in Fig. 7.9. Observe that F+
r (ϕ) always has a support which

corresponds to θr ∈ [0, 1]. We illustrate this region in Fig. 7.9(b) with a light shade. It can

be seen in Fig. 7.9 that this region persists for the various values of r that we have chosen.

This illustrates that there is always a value of ϕ which solves (7.155) for δ ∈ [0, π], and for

which θ ∈ [0, 1]. Note that more than one value of ϕ will solve (7.155) for a given δ which
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Fig. 7.8: F+
r (ϕ) for different values of r ≡ |m1/m2|2 and ϕ. (a) Behaviour of F+

r (ϕ) for large values of r.

(b) F+
r (ϕ) around r = 1. F+

r (ϕ) becomes π/2 at r = 1 [see (7.158)] and has a “twist” in crossing r = 1.

Remember that |m1|2 and |m2|2 are constrained by (7.146) so given an |m2|2 6= 0, |m1|2 cannot be an

arbitrary multiple of |m2|2 with |m2|2 staying constant. The limit r → ∞ is thus equivalent to the limits

|m1|2 → 1 and |m2|2 → 0. Similarly, if we are given an |m1|2 6= 0, then |m2|2 cannot be an arbitrary

multiple of |m1|2 with |m1|2 staying constant so the limit r → 0 is equivalent to the limits |m1|2 → 0 and

|m2|2 → 1.

means that M can be factorized by more than one O [recall (7.141) and (7.142)]. Having

obtained a value of ϕ we can then substitute it back into either (7.149) or (7.150) to obtain

φ.

In the above we have concentrated on the case δ ∈ [0, π]. Here we show how M can be

factorized by (7.140) if we were given δ ∈ [−π, 0]. The analysis up to (7.155) would remain

the same but in this case we can first let α′
2 ≡ α2 ± π and solve

α1 − α′
2 = F+

r (ϕ′) (7.159)

for ϕ′. The factorization of M⊤ is then given by

(

|m1|eiα1

|m2|eiα2

)

=

(

|m1|eiα1

|m2|ei(α′

2∓π)

)

=

(

1 0

0 −1

)(

|m1|eiα1

|m2|eiα′

2

)

. (7.160)

where
(

|m1|eiα1 , |m2|eiα′

2

)⊤

is factorized by

(

|m1|eiα1

|m2|eiα′

2

)

=
√

~η eiφ

(

cosϕ′ − sinϕ′

sinϕ′ cosϕ′

)( √
θ

−i
√
θ̄

)

. (7.161)

Substituting this into (7.160) and taking the transpose we see that M has the form of (7.140)

with the orthogonal matrix O given by

O =

(

cosϕ′ sinϕ′

− sinϕ′ cosϕ′

)(

1 0

0 −1

)

, (7.162)
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Fig. 7.9: Plots of F+
r (ϕ) (solid blue line) and θr(ϕ) (dashed purple line) for selected values of r: (a) r = 0.05,

(b) r = 0.5 (c) r = 2, (d) r = 20.

where ϕ′ defined by (7.159). Note that (7.162) now has a determinant of minus one. We see

then for δ ∈ [−π, 0] M is still factorized by (7.140) but with an O such that det(O) = −1.

In summary our analysis shows that for L = 1 and for any M we can find a (B,O)

such that (7.140) is satisfied. However it involves the solutions of transcendental equations.

The appearance of these transcendental equations, even in the simplest case, suggests why

proving (7.140) in general may be nontrivial. But based on the parameter-count and the

verification of the L = 1 case we conjecture that every M ∈ M has a matrix decomposition

in the form of (7.140). This motivates us to define

BO =
{

(B,O) |B ∈ B,O⊤ = O−1
}

. (7.163)

Equation (7.140) is then shown in Fig. 7.10 by the dotted line. This is a many-to-one map

from BO to M as there will be more than one orthogonal matrix O that will factorize M.

This can be seen directly from Fig. 7.9 which shows that given an M (and therefore r and
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Fig. 7.10: Multivalued mappings between the different parameterizations of diffusive quantum measurements.

The lines have been drawn tangent to the circles to denote that one set is mapped onto the other, i.e. each

member of one set has a corresponding member in the set to which they are connected to.

δ) there is a range of values for ϕ [which in turn determine O via (7.141)] at one’s disposal

for factoring M in the form of (7.140).

We can connect the orthogonal matrix in (7.140) and (7.163) to Fig. 7.5. Since given an

M ∈ M we can write M′ = MO which is also in M, (7.99) and (7.131) imply that

〈

ŷM′

〉

=
〈

ŷMO

〉

= O⊤
〈

ŷM

〉

= O⊤
〈

ŷB

〉

. (7.164)

That is to say, if ŷB emulates ŷM, then O⊤ŷB (obtained from post-processing ŷB) will

emulate ŷMO.

The completeness of the B-rep also means that every valid U must have a matrix decom-

position of the form given in (7.134)–(7.137). The map B → U is thus onto. Even though B

and U are parameterized by the same number of real parameters the map B → U is actually

many-to-one. To see this we can consider (7.134)–(7.137) for L = 1. In this case U is 2 × 2

and S ≡ eiφ, H ≡ η, and Q ≡ θ as in Sec. 7.4.2. It is sufficient to consider η = 1, in which

case (7.134)–(7.137) simplify to

U11 = θ cos2 φ+ (1 − θ) sin2 φ , (7.165)

U12 = (1 − 2θ) cosφ sinφ , (7.166)

U22 = θ sin2 φ+ (1 − θ) cos2 φ , (7.167)

where U12 is identically equal to U21 as can be verified directly from (7.135) and (7.136)

for any L. Remembering that cos(φ + π) = − cosφ and sin(φ + π) = − sinφ, we can

see that B1 ≡ (1, eiφ, θ) and B2 ≡ (1, ei(φ+π), θ) (recall the order of the B-rep triple from

(7.118)) both map to the same U but yet B1 6= B2. We can consider another example in

which B3 ≡ (1, ei(φ+π/2), 1 − θ) and B1 map to the same U but B1 6= B3 [this time noting
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cos(φ + π/2) = − sinφ and sin(φ + π/2) = cosφ]. The relation between B and U is shown

in Fig. 7.10.
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Chapter 8

THE QUANTUM THEORY OF

MIMO MARKOVIAN FEEDBACK

WITH DIFFUSIVE

MEASUREMENTS

8.1 Introduction

Feedback control engineering [215] is ubiquitous in modern technology [216, 217]. As we

further miniaturise technology, a quantum theory of feedback control can be expected to be

essential [1, 6]. In fact the realisation that quantum technology may benefit from modern

control theory is currently driving a research program in which concepts from classical

control systems [102, 218] are being applied and extended to quantum systems [10, 22, 155,

208, 219, 220, 221, 222, 223, 224, 225]. This facet of quantum feedback control makes it an

interdisciplinary field, attracting both engineers and physicists.

A control strategy that has been widely studied is Markovian feedback [1] which has

useful applications in quantum information [206, 226, 227, 228, 229, 230]. This is a contin-

uous (in time) process which can be briefly summarized by Fig. 8.1. A general framework

for such a process when the system has only one measurement output, one feedback input

[Fig. 8.1(a), a case which we refer to as single-input single-output, abbreviated to SISO],

mediated by homodyne detection was first put forth by Wiseman and Milburn [26]. In that

work they treated feedback as an instantaneous process. A more detailed treatment that

showed how to account for a feedback delay and how the limit of zero delay should be ap-

propriately taken, giving rise to Markovian system evolution, was later given by Wiseman

[25]. This is the most complete theory of Markovian feedback developed to date.

A theory of MIMO [multiple-input multiple-output, Fig. 8.1(b)] quantum feedback would

133
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(a)

(b)

outb̂

bin
^

Fig. 8.1: Markovian feedback in the case of (a) SISO, and (b) MIMO. Note the number of b̂in fields is

not part of the definition of MIMO. For generality we will take there to be L such inputs. We take the

environment to be a collection of (bosonic) harmonic oscillators. The system interacts with the bath field

b̂in and this process turns b̂in into b̂out which then gets detected. The detection process produces a current,

modelled by ŷ1, which is then fed back into a feedback actuator. The actuator uses the information in the

measured current to implement a control û on the system. The measurement ouput ŷ1 is usually referred

to as just the “output” and the control vop û as the “input”. It is possible to allow the number of outputs

be different to the number of inputs, but for simplicity we will let these be the same, equal to R. Markovian

feedback may then be defined by û = ŷ1.
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be necessary in any situation where multiple degrees of freedom of a quantum system are

monitored and controlled. The system could be a register of qubits, or the different canonical

momenta (or positions) of a system of quantum objects. Indeed, investigations in this

direction with a few inputs and outputs have already begun [180, 206, 231, 232, 233, 234].

With the drive to build realistic quantum computing devices where quantum information

would be encoded in many qubits a general theory of MIMO control would be an valuable

tool to obtain.

The extension of Ref. [25] to multiple inputs and multiple outputs would seem to be

the obvious follow-up so it is natural to ask why this generalization was not made until

now. There are two reasons for this. The first is related to the strategy underlying a

master equation approach to open systems — Changes in our distinguished system due to

its interactions with other ancillary quantum systems are taken into account by including, in

the master equation, parameters (numbers) which characterize these ancillary objects. The

measurement step in the feedback loop shown in Fig. 8.1 then defines a necessary point of

interaction between the system and the measuring device. A mathematical representation

of the measurement is therefore necessary; without it a master equation for the controlled

system cannot be derived. Finding this mathematical representation is nontrivial and it

was not until 2001 that a representation of diffusive measurements with unit detection

efficiency was found [23]. The end result is a parameterization called the unravelling matrix,

generalized in 2005 to include non-unit detection efficiency [24]. In this chapter we will use

the M-rep from Chap. 7 because our results are simpler when expressed in terms of the

M-representation of diffusive measurements.

The second reason for not extending the SISO work of Ref. [25] to multiple inputs and

multiple outputs earlier was due to a lack of motivation. The aforementioned research

program of finding quantum-mechanical parallels of classical control has only proliferated in

recent times1. The physics and engineering communities at the time of Ref. [25] were more

or less separated and terms such as “MIMO” and “nonlinear systems” did not mean much to

physicists. Control engineers have long been interested in generalizing various SISO results

to the MIMO case, due to both its mathematical structure, and the prospects of practical

applications that MIMO systems can offer [238, 239, 240, 241, 242, 243]. It remains to be

an active line of research today in the engineering community [244, 245, 246, 247]. So a

second motivation for constructing a MIMO theory of feedback is to allow quantum control

to benefit from the works of engineers, and more generally, aid in the broader program of

drawing analogies between classical and quantum theories of feedback control.

This chapter is organized as follows: In Sec. 8.2 we introduce the theory of quantum

measurements in the Heisenberg picture and discuss how such a model can be extended to

include feedback. This theory is then used immediately in Sec. 8.3 to describe the uncondi-

tional evolution of the system by deriving the Markovian MIMO feedback master equation

and the Markovian quantum Langevin equation. There are two well-known approaches to

1It is interesting to note that some engineers were already curious about such questions much earlier

[149, 236, 237].
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obtaining these results and they are both discussed in Sec. 8.3. In Sec. 8.4 we consider time

evolution with conditioning. The MIMO stochastic feedback master equation and two-time

correlation function of the measured current are derived in this section. In Sec. 8.5 we show

how our theory of MIMO feedback correctly reproduces previously known results in the

limiting cases of homodyne- and heterodyne-mediated feedback.

At this point we would like to refer the reader to our exposition of vop algebra in Sec. 1.4

as this is used extensively in this chapter. We will refer the reader to the results of Sec. 1.4

when they are used but keep their restatements in the main text to a minimum. As with

earlier chapters we will not necessarily reflect the multi-component nature of vectors or vops

in our language when they are referred to.

8.2 Review of Heisenberg-picture Dynamics

8.2.1 Open Quantum Systems

To set the premise of our theory we refer to Fig. 8.1 but in the absence of the feedback

actuator (i.e. û = 0). The fields b̂in and b̂out were introduced in Sec. 7.3.5 and they will

be used again in this chapter. However, motivated by feedback we will introduce a slightly

different notation from that used in Sec. 7.3.5 and we devote this section to clarifying our

conventions for this chapter.

The system and environment can be considered as one closed system whose time evolution

is described by

Ĥ = Ĥ0 + Ĥ1 + Ĥm , (8.1)

where Ĥ0 consists of the free Hamiltonians for the system and bath. Evolution due to

external driving, or, for example, the extra Lamb shift that is often dropped in quantum

optics [75] are accounted for by Ĥ1. The environment is assumed to be a free bosonic field

in one dimension (i.e. specified by a space-time coordinate) in the vacuum state and the

system interacts with the environment by exchanging energy quanta with the bath field. We

model this by the coupling Hamiltonian

Ĥm = i(b̂†
in ĉ − ĉ† b̂in) . (8.2)

where ĉ and b̂in are each an L-component vop and the Hermitian conjugate of a vop is

defined by (1.2). Note that our measurement is performed on the bath, so within the

standard quantum theory of indirect measurements [19] the environment acts as our mea-

suring apparatus and (8.2) effects a measurement interaction. Recall from Sec. 7.3.5 that

dB̂in(t) ≡ b̂in(t) dt is a quantum Wiener increment [192] with zero mean and satisfies the

(quantum) Itô rule

dB̂in(t) dB̂†
in(t) = ~ ÎL dt , (8.3)

with all other second or higher moments negligible. The dynamics due to Ĥ0 is usually well

known and we can simplify matters by first transforming to a frame rotating at a frequency
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set by Ĥ0 and subsequently define all time evolution with respect to this frame. Unless

required we will generally omit the time-dependence due to Ĥ0 and define our Schrödinger

and Heisenberg pictures with respect to the rotating frame defined by Ĥ0 [1].

For simplicity we group Ĥ1 with Ĥm to define the time-evolution operator due to “mea-

surement” by the Hudson–Parthasarathy equation [248] [see (7.3)]

~ dÛm(t, t0) =
(

− iĤ1 dt− 1
2 ĉ†ĉ dt+ dB̂†

in ĉ − ĉ†dB̂in

)

Ûm(t, t0) , (8.4)

where Ûm(t0, t0) = 1̂. This gives rise to the output field [see (7.95)]

dB̂out(t) ≡ Û†
m(t+ dt, t) dB̂in(t) Ûm(t+ dt, t) = ĉ(t)dt+ dB̂in(t) . (8.5)

Note that b̂in and b̂out are different parts of the same quantum field, namely before and

after interaction with the system [193, 197]. As such the input and output fields will only

commute with an arbitrary system operator ŝ at different times,

⌊

dB̂in(t), ŝ(t′)
⌉

= 0 ∀ t′ ≤ t , (8.6)
⌊

dB̂out(t), ŝ(t
′)
⌉

= 0 ∀ t′ > t . (8.7)

where the mop-bracket was defined in (1.28).

An arbitrary vop ŝ will evolve, due to the measurement interaction, according to the

quantum Langevin equation derived from (8.4)

~ [dŝ ]m =
(

i [Ĥ1, ŝ ] + J [ĉ‡] ŝ − 1
2 {ĉ†ĉ, ŝ}

)

dt+ [ ĉ†dB̂in − dB̂†
inĉ, ŝ ] , (8.8)

where [see (1.56)]

J [Â‡] B̂ =
(

Â‡B̂⊤
)⊤

Â . (8.9)

It is then easy to show that transforming this to the Schrödinger picture gives the master

equation due to measurement

~ [dρ ]m ≡ Lm ρ dt = −i [Ĥ1, ρ]dt+ D[ĉ]ρ dt , (8.10)

where D[ĉ] is given by (1.59) [or (7.2)], and
{

Â, B̂
}

≡ ÂB̂ + B̂Â .

8.2.2 Quantum Measurements

The output field b̂out is then measured and the detector produces a current y. In the

Heisenberg picture the current is represented by a vector-operator, which in general will be

some function of the output field b̂out

ŷ1 = g
(

b̂out, ξ̂
)

, (8.11)

where ξ̂ is measurement noise. The subscript for the current here does not mean that it is

related to Ĥ0 and Ĥ1 in (8.1), instead it is to remind us that the current is defined in terms
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of output field dB̂out. This will be useful when we consider feedback in Sec. 8.3.2 when the

current will be defined in terms of the input field.

For the remainder of this chapter we concentrate on the class of diffusive measurements.

It was shown in Sec. 7.3.5 that the output of such a measurement can be represented by an

R× 1 vop [1]

~ ŷ1 dt = M†dB̂out + M⊤dB̂‡
out + ~ dυ̂in . (8.12)

Note that corresponding to each component of ĉ (or each dissipative channel) we need at

most two quadrature measurements soR ≤ 2L. In this chapter we will be working exclusively

in the M-rep of diffusive measurements so we will not denote the dependence on M for the

current [cf. (7.104)]. The matrix M is L×R defined by [recall (7.71)]

MM†/~ ∈ H , (8.13)

where H = {diag(η ) |∀ k, ηk ∈ [0, 1]} . The noise dυ̂in in (8.12) is a R × 1 Hermitian vop

with zero mean and correlations given by

(~ dυ̂in) (~ dυ̂in)⊤ = ~ Z dt , (8.14)

where

Z = ~ IR − M†M . (8.15)

Here we are using a subscript “in” for noise increments which will be useful later when we

come to consider feedback. We can express dυ̂in in terms of independent quantum Wiener

increments

~ dυ̂in =
√

Z dÛin +
√

Z ∗ dÛ‡
in . (8.16)

The increments dÛin are completely uncorrelated with the system so they satisfy

⌊

dÛin(t), ŝ(t′)
⌉

= 0 ∀ t, t′ . (8.17)

We remind the reader that this is not what is usually referred to as the measurement noise

dv̂m.

8.2.3 Adding Feedback

We can describe feedback on the system by adding another Hamiltonian Ĥfb to (8.1):

Ĥ = Ĥ0 + Ĥ1 + Ĥm + Ĥfb . (8.18)

In general Ĥfb will describe the coupling of the input û, which may be a functional of

the current ŷ1, to the system. Markovian feedback can be defined as the coupling of the

measured current ŷ1 (in which case û = ŷ1) to a Hermitian system vop f̂ . As a result of
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working in the idealized limit where ŷ1 contains white noise it is only sensible to consider f̂

being coupled linearly to ŷ1, i.e.

Ĥfb = ~ f̂⊤ ŷ1 , (8.19)

where f̂ and ŷ1 are at the same time. Coupling f̂ to any nonlinear function of ŷ1 would

generate time evolution which is indescribable by (quantum) stochastic calculus.

The careful reader will notice a number of issues with the Hamiltonian (8.19). First,

ŷ1 does not commute with f̂ at the same time, so Ĥfb as it stands is not even Hermitian.

Second, it does not strictly exist because although ŷ1 dt exists as a stochastic increment, ŷ1

does not.

The first problem can be solved in two ways as was recognized in Ref. [25]. The first is

to realize that in actuality there must be a finite time delay in the feedback loop. Thus,

strictly we have

Ĥfb = ~ f̂⊤ ŷ1(t− τ) , (8.20)

and ŷ1(t − τ) commutes with all system operators at times later than t − τ and so acts as

a complex number for τ 6= 0. The limit τ → 0+ can be taken at the end of all calculations.

We will derive a Markovian (τ → 0+) master equation with feedback using this method in

Sec. 8.3.1. The second approach is to treat the feedback as an instantaneous process at the

outset by ensuring that the measurement acts before the feedback. We follow this approach

in Sec. 8.3.2.

The second issue is more serious, and for general (not necessarily linear) quantum systems

care must be taken in determining the evolution generated by (8.20).

8.3 Unconditional Dynamics

8.3.1 Diffusion-mediated Feedback Starting with Non-zero Feedback

Delay

Feedback master equation

Since we have already introduced the most general form of a master equation in the absence

of feedback (8.10), we will only derive Lfb in

~ ρ̇ =
(

Lm + Lfb

)

ρ . (8.21)

We will start in the Heisenberg picture in which case the quantum Langevin equation cor-

responding to ρ̇ is

dŝ = [dŝ ]m + [dŝ ]fb , (8.22)

where [dŝ]m is given by (8.8). The feedback contribution [dŝ ]fb can be obtained from

[dŝ ]fb = Û†
fb(t+ dt, t) ŝ Ûfb(t+ dt, t) − ŝ . (8.23)
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The unitary operator here is given by

Ûfb(t+ dt, t) = e−iĤfbdt/~ . (8.24)

It is perhaps not entirely obvious that deriving Lfb (from either the Schrödinger or Heisen-

berg picture) and adding it to Lm should result in the correct master equation since [dŝ]m

and [dŝ]fb are defined with different time-evolution operators. We can show that (8.22) is

indeed a valid starting point and therefore we only have to derive [dŝ]fb to obtain the full

quantum Langevin equation since [dŝ]m is known. It would be most natural to derive the

infinitesimal evolution given by (8.22) with the full unitary operator

Ûmfb(t+ dt, t) = exp
[

−i
(

Ĥ1 + Ĥm + Ĥfb

)

dt/ ~
]

, (8.25)

where Ĥm and Ĥfb are given by (8.2) and (8.20) respectively. Expanding this to order dt,

Ûmfb(t+ dt, t) = 1̂ − i
dt

~

(

Ĥ1 + Ĥm + Ĥfb

)

− 1

2~2

(

Ĥm dt+ Ĥfb dt
)2
. (8.26)

The important step here is to note that cross terms between Ĥm and Ĥfb do not contribute

for a nonzero feedback delay τ :

(Ĥm dt)(Ĥfb dt) =
(

dB̂†
in ĉ − ĉ†dB̂in

)[

~ f̂⊤ŷ1(t− τ) dt
]

(8.27)

= ~ ĉ⊤
[

dB̂‡
in ŷ⊤

1 (t− τ)dt
]

f̂ − ~ ĉ†
[

dB̂in ŷ⊤
1 (t− τ)dt

]

f̂ . (8.28)

Recall that ŷ1(t− τ)dt is defined in terms of dB̂out(t− τ) and dB̂‡
out(t− τ), which for τ > 0,

⌊

dB̂out(t− τ), dB̂in(t)
⌉

=
⌊

dB̂out(t− τ), dB̂‡
in(t)

⌉

= 0 , (8.29)

and similarly with dB̂out replaced by dB̂‡
out. Therefore the products dB̂‡

in ŷ⊤
1 (t − τ)dt and

dB̂in ŷ⊤
1 (t−τ) can always be written as normally ordered functions in the input fields which

average to zero for a vacuum bath. Similarly, (Ĥfb dt) (Ĥm dt) is also negligible. Letting

~ ≡ 1 for simplicity, we thus obtain

Û†
mfb(t+ dt, t) ŝ Ûmfb(t+ dt, t) = ŝ − i ŝ

(

Ĥ1 + Ĥm + Ĥfb

)

dt− 1
2 ŝ
(

Ĥm dt+ Ĥfb dt
)2

+ i
(

Ĥ1 + Ĥm + Ĥfb

)

dt ŝ − 1
2

(

Ĥm dt+ Ĥfb dt
)2

ŝ

+
(

Ĥm dt+ Ĥfb dt
)

ŝ
(

Ĥm dt+ Ĥfb dt
)

. (8.30)

Expanding and collecting terms proportional to Ĥ1 + Ĥm as one group and terms propor-

tional to Ĥfb as another group we get
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Û†
mfb(t+ dt, t) ŝ Ûmfb(t+ dt, t) = ŝ +

[

− i ŝ
(

Ĥ1 + Ĥm

)

dt+ i
(

Ĥ1 + Ĥm

)

dt ŝ

− 1
2 ŝ
(

Ĥm dt
)2 − 1

2

(

Ĥm dt
)2

ŝ +
(

Ĥm dt
)

ŝ
(

Ĥm dt
)

]

+
[

− i ŝ
(

Ĥfb dt
)

+ i
(

Ĥfb dt
)

ŝ

− 1
2 ŝ
(

Ĥfb dt
)2 − 1

2

(

Ĥfb dt
)2

ŝ +
(

Ĥfb dt
)

ŝ
(

Ĥfb dt
)

]

= ŝ +
[

ei(Ĥ1+Ĥm)dt ŝ e−i(Ĥ1+Ĥm)dt − ŝ
]

+
[

eiĤfbdt ŝ e−iĤfbdt − ŝ
]

. (8.31)

We have noted that adding Ĥ1 to Ĥm on the exponent of the exponential only has an effect

to order dt. Subtracting ŝ from each side this is simply (8.22). It should be apparent from

the above that the validity of (8.22) relies on the procedure of first allowing τ 6= 0 and then

letting τ → 0+ in the end.

Expanding (8.24) to order dt,

Ûfb(t+ dt, t) = 1̂ − i f̂⊤ŷ1(t− τ)dt− 1
2 f̂⊤f̂ dt . (8.32)

We have used the Itô rule to obtain the last term in (8.32). Substituting (8.32) into (8.23),

retaining only terms of order dt, and multiplying by ~ we obtain

~ [dŝ ]fb = −i~ ŝ [ f̂⊤ŷ1(t− τ)dt ] + i~ [ f̂⊤ŷ1(t− τ)dt ] ŝ + ~D[f̂ ] ŝ dt . (8.33)

The bath is assumed to be in the vacuum state so the initial joint system-bath state is

ρSB = ρ⊗ |0〉〈0| , (8.34)

where ρ is the system state and |0〉〈0| the bath state. Remember that we are in the Heisen-

berg picture so ρSB does not evolve. To derive a master equation for ρ we will take the

ensemble average of (8.33) with respect to ρSB and this immediately eliminates the vacuum

noise contained in ŷ1 since the vacuum inputs are completely independent of the system.

This also suggests that we should normally order the terms containing dB̂out (since then

dB̂in will annihilate the vacuum to give zero when averaged). Considering the first term of

(8.33) for the moment, we obtain, upon substituting in (8.12)

−i~
〈

ŝ [ f̂⊤ŷ1(t− τ)dt ]
〉

= −i
〈

ŝ [ f̂⊤M†dB̂out(t− τ)] + ŝ [ f̂⊤M⊤dB̂‡
out(t− τ)]

〉

. (8.35)

The first term here is already in normal order while the second term can be written as

ŝ [ f̂⊤M⊤dB̂‡
out(t− τ)] = [ŝ dB̂†

out(t− τ)]M f̂⊤ = [dB̂‡
out(t− τ) ŝ⊤]⊤M f̂ , (8.36)

where we have noted the mop-bracket (8.7) in (8.36). Using these orderings and (8.5), the

average of (8.35) is simply

−i~
〈

ŝ [ f̂⊤ŷ(t− τ)dt ]
〉

= −i
〈

ŝ [ f̂⊤M†ĉ(t− τ)] + [ ĉ‡(t− τ) ŝ⊤]⊤M f̂
〉

. (8.37)
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Now taking the Markovian (τ → 0) limit and writing the average as a trace we get

−i~
〈

ŝ [ f̂⊤ŷ1 dt ]
〉

= − iTr
{

ŝ f̂⊤M†ĉρSB +
(

ĉ‡ ŝ⊤
)⊤

M f̂ ρSB

}

dt

= − iTr
{

ŝ f̂⊤M†ĉρSB + ŝ
(

M f̂ ρSB

)⊤
ĉ‡
}

dt

= − iTr
{

ŝ f̂⊤
(

M†ĉρSB + ρSB M⊤ ĉ‡
)

}

dt . (8.38)

To obtain the Markovian limit of the average of the second term in (8.33) we can perform

a similar calculation as above, or, alternatively note that

lim
τ→0+

i~
〈

[ ŷ⊤
1 (t− τ)dt f̂ ] ŝ

〉

=
{

lim
τ→0+

−i~
〈

ŝ† [ f̂⊤ŷ1(t− τ) dt ]
〉

}†

= iTr
{

ŝ
(

ρSB ĉ†M f̂ + ĉ⊤ M∗ρSB

)

f̂
}

dt . (8.39)

The last line is obtained by letting ŝ → ŝ† in (8.38) and using the cyclic property of trace

to permute ŝ to the left. The average of D[f̂ ]ŝdt in (8.33) can simply be expressed as

~
〈

D[f̂ ] ŝ
〉

dt = Tr
{

ŝ ~D[f̂ ]ρSB

}

dt . (8.40)

Adding (8.38), (8.39), and (8.40), we arrive at

~
〈

[dŝ]fb
〉

= Tr
{

ŝ
[

~D[f̂ ] ρSB − i f̂⊤
(

M†ĉρSB + ρSB M⊤ ĉ‡
)

+ i
(

ρSB ĉ † M + ĉ⊤ M∗ ρSB

)

f̂
]}

dt

= Tr
{

ŝ
(

−i
⌈

f̂ ,M†ĉρSB + ρSB M⊤ĉ‡
⌋

+ ~D[f̂ ] ρSB

)}

dt . (8.41)

In the last equality we have made use of the sop-bracket, defined by (1.22). Remember that

we are only working out the time evolution due to feedback so the feedback contribution to

the full master equation is defined by

~ 〈 [dŝ(t)]fb〉 = TrS

{

ŝ(0) ~ [dρ(t)]fb

}

(8.42)

where ρ(t) here is defined by the partial trace over the bath ρ(t) = TrB{ρSB(t)}. We thus

obtain, in the Schrödinger picture, where operators are understood to be time-independent

and ρ time-dependent,

~ [dρ ]fb ≡ Lfb ρ dt =
(

~D[f̂ ]ρ − i
⌈

f̂ ,M†ĉρ+ ρM⊤ĉ‡
⌋

)

dt . (8.43)

Adding this to the measurement master equation defined by (8.10) we obtain

The diffusion-mediated Markovian feedback master equation

~ ρ̇ ≡ Lmfb ρ = −i
[

Ĥ1, ρ
]

+ D[ĉ]ρ+ ~D[f̂ ]ρ− i
⌈

f̂ ,M†ĉρ+ ρM⊤ĉ‡
⌋

. (8.44)

Note that (8.44) is valid for nonlinear systems (see Secs. 5.2 and 5.3) as no assumptions

about Ĥ1, ĉ, and f̂ were made in our derivation. Next we derive the Lindblad form of

(8.44).
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Lindblad form of the MIMO diffusion-mediated feedback master equation

Consider first the terms D[ĉ]ρ and
⌈

f̂ ,M⊤ĉρ+ρM†ĉ‡
⌋

in (8.44). Expanding the sop-bracket,

D[ĉ]ρ− i
⌈

f̂ ,M†ĉρ+ ρM⊤ĉ‡
⌋

= ĉ⊤ρ ĉ‡ − 1
2 ρ ĉ

†ĉ − 1
2 ĉ†ĉρ

+ i ĉ⊤ρM∗ f̂ − i f̂⊤M⊤ρ ĉ‡ + iρ ĉ†M f̂ − i f̂⊤M†ĉ ρ . (8.45)

We can regroup terms as follows

D[ĉ]ρ− i
⌈

f̂ ,M†ĉρ+ ρM⊤ĉ‡
⌋

=
(

1
2 ĉ⊤ρ ĉ‡ + i

2 ĉ⊤ρM∗ f̂
)

+ i
2 ĉ⊤ρM∗ f̂ +

(

1
2 ĉ⊤ρ ĉ‡ − i

2 f̂⊤M⊤ρ ĉ‡
)

− i
2 f̂⊤M⊤ρ ĉ‡

−
(

1
2 ρ ĉ

†ĉ − i
2 ρ ĉ

†M f̂
)

+ i
2 ρ ĉ

†M f̂ −
(

1
2 ĉ†ĉρ+ i

2 f̂⊤M†ĉρ
)

− i
2 f̂⊤M†ĉρ

= 1
2 ĉ⊤ρ

(

ĉ‡ + iM∗ f̂
)

+ 1
2

(

ĉ⊤ − i f̂⊤M⊤
)

ρ ĉ‡ − 1
2 ρ ĉ

†
(

ĉ − iM f̂
)

− 1
2

(

ĉ† + i f̂⊤M†
)

ĉρ

+ i
2 ĉ⊤ρM∗ f̂ − i

2 f̂⊤M⊤ρ ĉ‡ + i
2 ρ ĉ

†M f̂ − i
2 f̂⊤M†ĉρ . (8.46)

Guided by the terms with parentheses in (8.46) we add and subtract D[M f̂ ]ρ to the last

line in (8.46). Using the identity

i
2 ρ ĉ

†M f̂ − i
2 f̂⊤M† ĉρ = i

2 ĉ†M f̂ρ− i
2 ρ f̂

⊤M†ĉ − i
2

[

f̂⊤M†ĉ + ĉ†M f̂ , ρ
]

, (8.47)

the last line of (8.46) can be written as

i
2 ĉ⊤ρM∗ f̂ − i

2 f̂⊤M⊤ρ ĉ‡ + i
2 ρ ĉ

†M f̂ − i
2 f̂⊤M†ĉρ

= − i
2

[

f̂⊤M†ĉ + ĉ†M f̂ , ρ
]

+ D[M f̂ ]ρ−D[M f̂ ]ρ

+ i
2 ĉ⊤ ρM∗ f̂ − i

2 f̂⊤M⊤ρ ĉ‡ + i
2 ĉ†M f̂ρ− i

2 ρ f̂
⊤M†ĉ

= − i
2

[

f̂⊤M†ĉ + ĉ†M f̂ , ρ
]

−D[M f̂ ]ρ

+
(

i
2 ĉ⊤ρM∗ f̂ + 1

2 f̂⊤M⊤ρM∗ f̂
)

−
(

i
2 f̂⊤M⊤ρ ĉ‡ − 1

2 f̂⊤M⊤ρM∗ f̂
)

+
(

i
2 ĉ†M f̂ρ− 1

2 f̂⊤M†M f̂ρ
)

−
(

i
2 ρ f̂

⊤M†ĉ + 1
2 ρ f̂

⊤M†M f̂
)

= − i
2

[

f̂⊤M†ĉ + ĉ†M f̂ , ρ
]

−D[M f̂ ]ρ

+ i
2

(

ĉ⊤ − i f̂⊤M⊤
)

ρM∗ f̂ − i
2 f̂⊤M⊤ρ

(

ĉ‡ + iM∗ f̂
)

+ i
2

(

ĉ† + i f̂⊤M†
)

M f̂ρ− i
2 ρ f̂

⊤M†
(

ĉ − iM f̂
)

. (8.48)

Substituting this back into (8.46) and collecting like terms we get

D[ĉ]ρ− i
⌈

f̂ ,M†ĉρ+ ρM⊤ĉ‡
⌋

= − i
2

[

f̂⊤M†ĉ + ĉ†M f̂ , ρ
]

−D[M f̂ ]ρ+
(

ĉ⊤ − i f̂⊤M⊤
)

ρ
(

ĉ‡ + iM∗ f̂
)

+ 1
2 ρ
(

ĉ† + i f̂⊤M†
)(

ĉ − iM f̂
)

− 1
2

(

ĉ† + i f̂⊤M†
)(

ĉ − iM f̂
)

ρ (8.49)

= − i
2

[

f̂⊤M†ĉ + ĉ†M f̂ , ρ
]

+ D[ĉ − iM f̂ ]ρ−D[M f̂ ]ρ . (8.50)
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Substituting this back into Lρ we arrive at

Lρ = −i
[

Ĥ1 + 1
2 ( f̂⊤M†ĉ + ĉ†M f̂ ), ρ

]

+ D[ĉ − iM f̂ ]ρ+ ~D[f̂ ]ρ−D[M f̂ ]ρ . (8.51)

The final two terms can be written as

~D[ f̂ ]ρ−D[M f̂ ]ρ

= ~ f̂⊤ ρ f̂ − 1
2 f̂⊤M⊤ρM∗ f̂ − ~

2 f̂⊤f̂ρ+ 1
2 f̂⊤M†M f̂ρ− ~

2 ρ f̂
⊤f̂ + 1

2 ρ f̂
⊤M†M f̂

= f̂⊤ρ
(

~ IR − M†M
)∗

f̂ − 1
2 f̂⊤

(

~ IR − M†M
)

f̂ ρ− 1
2 ρ f̂

⊤
(

~ IR − M†M
)

f̂

= f̂⊤ρZ∗ f̂ − 1
2 f̂⊤Z f̂ ρ− 1

2 ρ f̂⊤Z f̂ . (8.52)

Recall that Z = ~ IR − M†M , which was defined under (8.14). Since Z ≥ 0 (M†M share the

same non-zero eigenvalues with MM†, which are bounded above by ~), there exists a B such

that Z = B†B. Therefore we are free to write

~D[ f̂ ]ρ−D[M f̂ ]ρ = f̂⊤B⊤ρB∗ f̂ − 1
2 f̂⊤

(

B†B
)

f̂ρ− 1
2 ρ f̂

⊤
(

B†B
)

f̂

=
(

B f̂
)

⊤ρ
(

B f̂
)‡ − 1

2

(

B f̂
)

†
(

B f̂
)

ρ− 1
2ρ
(

B f̂
)

†
(

B f̂
)

= D[B f̂ ]ρ . (8.53)

Choosing B as the positive square root of Z, we arrive at

The Lindblad form of the diffusion-mediated Markovian feedback master equation

~ ρ̇ = −i
[

Ĥ1 + 1
2 ( f̂⊤M†ĉ + ĉ†M f̂ ), ρ

]

+ D
[

ĉ − iM f̂
]

ρ+ D
[

√

~ IR − M†M f̂
]

ρ . (8.54)

We remark that while the Lindblad form is an important part of the theory, (8.54) is not

necessarily more useful than (8.44).

Feedback quantum Langevin equation

Equation (8.44), or (8.54), describes feedback in the Schrödinger picture but they are not

the only equations of motion capable of capturing the feedback process. An alternative

theory of feedback exists in the Heisenberg picture where feedback is described by a quan-

tum Langevin equation for an arbitrary system vop ŝ. Such an equation follows unitary

evolution and has the interpretation that measurements (namely the collapse of ρ as occurs

by using a measurement operator) never happens. Thus it also describes “feedback without

measurement” [25].

As before, the calculation can be simplified by first deriving the change in ŝ due to

feedback only and then adding it to the measurement contribution. This can be obtained

from (8.33) by substituting in the expression for ŷ1 and then normally ordering dB̂out. The

final result, including the measurement contribution is given by

The diffusion-mediated non-Markovian feedback quantum Langevin equation

~ dŝ =
(

i [Ĥ1, ŝ ] + J [ĉ‡] ŝ − 1
2 {ĉ†ĉ, ŝ} + ~D[f̂ ] ŝ

)

dt+ [ ĉ†dB̂in − dB̂†
inĉ, ŝ ]

− i
⌊

ŝ,M∗ f̂
⌉[

ĉ(t− τ)dt+ dB̂in(t− τ)
]

+ i
{

[

ĉ†(t− τ)dt+ dB̂†
in(t− τ)

]⌊

M f̂ , ŝ
⌉

}⊤

− i
⌊

ŝ,
√

Z∗ f̂
⌉

dÛin(t− τ) + i
{

dÛ†
in(t− τ)

⌊
√

Z f̂ , ŝ
⌉

}⊤

. (8.55)
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The matrix
√

Z is the positive square root of (8.15) and dÛin is an independent Wiener

increment (recall (8.16) and (8.17)). One can check that (8.55) is a valid Itô equation, i.e.

d(ŝ α̂) = (dŝ) α̂+ ŝ (dα̂) + (dŝ)(dα̂) , (8.56)

for any operator α̂. Note that we can take the Markovian limit of (8.55) by setting τ = 0 in

dB̂in(t−τ) since b̂in(t) is continuous in time, although nowhere differentiable. The resulting

equation with τ = 0 in (8.55) is then the Heisenberg-picure equivalent of (8.44) in the sense

that

d 〈ŝ〉 = Tr
[

ρSB(0) dŝ(t)
]

= TrS

[

dρ(t) ŝ(0)
]

. (8.57)

8.3.2 Diffusion-mediated Feedback Starting with Zero Feedback Delay

When we allow the feedback delay to be zero we are letting the time at which f̂ interacts

with the bath converge to the same point in time as the interaction between ĉ and the

bath. This eliminates the concept of b̂out. Consequently the feedback interaction should be

defined by

Ĥfb = ~ f̂⊤ŷ0 , (8.58)

where ŷ0 is

~ ŷ0 dt = M†dB̂in + M⊤dB̂‡
in + ~ dυ̂in . (8.59)

By working in the limit of zero feedback delay we are also allowing the measurement and

feedback interactions to occur in the same infinitesimal time interval [t, t+ dt),

Ûmfb(t, t+ dt) = Ûfb(t, t+ dt) Ûm(t, t+ dt) . (8.60)

where

Ûfb(t, t+ dt) = exp
(

− iĤfbdt/~
)

= exp
(

− i f̂⊤ŷ0 dt
)

. (8.61)

Since Ĥfb and Ĥm do not commute the order of Ûfb and Ûm matters and the correct order

is defined by the order in which the two processes happen in reality. This order should

correspond to the order in which the unitaries act on a state, as shown in (8.60). That is

the Schrödinger picture is what defines the order in which we compose Ûm and Ûfb to give

Ûmfb. When we evolve a vop ŝ in the Heisenberg picture from t to t+dt under measurement

and feedback the order is then given by (with the unitary operators understood to act over

an infinitesimal interval from t to t+ dt)

ŝ(t+ dt) = Û†
mfb ŝ Ûmfb = Û†

m Û
†
fb ŝ Ûfb Ûm . (8.62)

There is of course nothing odd about letting Ûfb act on ŝ first in (8.62), it is simply a

consequence of the definition of the Heisenberg picture. If one insists on having Ûm act on

ŝ first, even in the Heisenberg picture, then we can rewrite (8.62) as

ŝ(t+ dt) = Û†
fb1Û

†
m ŝ ÛmÛfb1 , (8.63)
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where we have defined

Ûfb1 = Û†
m Ûfb Ûm = exp

(

−i Ĥfb1 dt/~
)

. (8.64)

The Hamiltonian Ĥfb1 is given by

Ĥfb1 dt = ~ f̂⊤(t+ dt) ŷ1 dt , (8.65)

and ŷ1 is as before, given by (8.12). Note that (8.65) has no ordering ambiguity [recall the

discussion surrounding (8.20)] on its RHS since the current ŷ1 appears at an (infinitesimally)

earlier time than f̂(t + dt). In what follows we will take the former approach, i.e. with a

vop in the Heisenberg picture defined by (8.62) and a feedback Hamiltonian given by (8.58)

and (8.59).

The Hudson–Parthasarathy equation for Ûmfb(t, t0) is

~ dÛmfb(t, t0) =
[

(

−iĤ1 − ĉ†ĉ/2 − ~ f̂⊤f̂/2 − i f̂⊤M†ĉ
)

dt+ dB̂†
in

(

ĉ − iM f̂
)

−
(

ĉ† + i f̂⊤M†
)

dB̂in − i
(

f̂⊤
√

Z dÛin + dÛ†
in

√
Z f̂
)

]

Ûmfb(t, t0) , (8.66)

with the initial condition Ûmfb(t0, t0) = 1̂. From this we can derive

The diffusion-mediated Markovian feedback quantum Langevin equation

~ dŝ = i
[

Ĥ1, ŝ
]

dt+ ~D[f̂ ] ŝ dt−
⌊

ŝ, ĉ‡
⌉(

1
2 ĉdt+ dB̂in

)

−
{

(

1
2 ĉ†dt+ dB̂†

in

)⌊

ĉ, ŝ
⌉

}⊤

+ i
{

(

ĉ†dt+ dB̂†
in

)⌊

M f̂ , ŝ
⌉

}⊤

− i
⌊

ŝ,M∗ f̂
⌉(

ĉdt+ dB̂in

)

− i
⌊

ŝ,
√

Z ∗ f̂
⌉

dÛin + i
{

dÛ†
in

⌊
√

Z f̂ , ŝ
⌉

}⊤

. (8.67)

This is again a valid Itô equation in the sense of (8.56) and we have also placed the bath

fields on the exterior so that terms containing dB̂in or dB̂†
in vanish when averaged against a

vacuum bath state.

Here we have to be careful that (8.67) is not quite the same as the equation which results

from setting τ = 0 in (8.55). Setting ŝ = dB̂in in (8.67) will not give the correct output bath

field dB̂out, whereas (8.55) will. The reason is that we have explicitly used the commutability

of dB̂in and dB̂‡
in with ŝ to rewrite the first line of (8.55) in the form shown in (8.67). This

assumption is then violated when we let ŝ = dB̂in since dB̂‡
in does not commute with dB̂in.

The form of (8.67) is motivated by the form of (4.21) in Ref. [25] or (5.162) of Ref. [1].

To derive a master equation we may move into the Schrödinger picture from (8.66) or

simply take the average of (8.67). Since (8.67) is normally ordered in the bath vops, its

average with respect to (8.34) is simply

~
〈

dŝ
〉

=
〈

i
[

Ĥ1, ŝ
]

− 1
2

⌊

ŝ, ĉ‡
⌉

ĉ − 1
2

(

ĉ†
⌊

ĉ, ŝ
⌉)⊤

+ ~D[f̂ ] ŝ + i
(

ĉ†
⌊

M f̂ , ŝ
⌉)⊤ − i

⌊

ŝ,M∗ f̂
⌉〉

dt .

(8.68)

It is easy to show that

− 1
2

⌊

ŝ, ĉ‡
⌉

ĉ − 1
2

(

ĉ†
⌊

ĉ, ŝ
⌉)⊤

=
(

ĉ‡ŝ⊤
)⊤

ĉ − 1
2

{

ĉ†ĉ, ŝ
}

= J [ĉ‡] ŝ − 1
2

{

ĉ†ĉ, ŝ
}

. (8.69)
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So the first line of (8.68) is just the average (8.8) for which the contribution to ρ̇ is well-

known, given by (8.10). The first term on the second line is given by (8.40) while

〈

ĉ†
⌊

M f̂ , ŝ
⌉〉⊤

= Tr
{

ŝ
(

ρSB ĉ†M f̂ − f̂⊤ρSB M⊤ĉ‡
)

}

, (8.70)

〈⌊

ŝ,M∗ f̂
⌉

ĉ
〉

= Tr
{

ŝ
(

f̂⊤M†ĉρSB − ĉ⊤M∗ρSB f̂
)

}

. (8.71)

Therefore the second line of (8.68) is in fact (8.41). From these it should be clear that a

master equation exactly of the form given by (8.44) results, as expected. If we were not

interested in the quantum Langevin equation then one would, and is in fact quicker, to

derive the master equation directly from (8.66).

8.4 Conditional Dynamics

To better understand applications of feedback one would like to know the controlled system

dynamics as the monitoring and feedback occurs in real-time. It is well-known that con-

tinuously measured systems can be described by a nonlinear stochastic differential equation

for the system state [7, 9]. Here we will derive the a general diffusion-mediated stochastic

feedback master equation in the Heisenberg picture. This is an extension of the diffusive

stochastic master equation found in Refs. [23, 24] to include feedback but using a differ-

ent parameterization of the measurement. We illustrate the two cases (with and without

feedback) in Fig. 8.2.

8.4.1 Diffusion-mediated Feedback Stochastic Master Equation

Previously we found the most general diffusive stochastic master equation with measure-

ments alone to be given by,

dρc = Lm ρc dt+ H[dw⊤M†ĉ]ρc , (8.72)

where Lm is given by (8.10) and dw is a Wiener increment defined similarly to (7.25)–(7.27)

except here dw is R× 1 so that (7.26) should now be written as

dw(t) dw⊤(t) = IR dt , (8.73)

while the dimensionality of (7.25) and (7.27) remain implicit. The superoperator H[Â], for

any Â, is defined by (1.62), or (7.10). To generalize (8.72) to account for feedback we first

note that our foregoing derivation of the master equation prescribes us with the rule

Lm −→ Lmfb = Lm + Lfb (8.74)

for the unconditioned evolution. But how does the conditional dynamics change? That is

how can the nonlinear term in (8.72) be altered to include feedback?

A derivation of the stochastic master equation in the Heisenberg picture would be possible

if we can establish a relation about the time evolution in the Schrödinger and Heisenberg
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Fig. 8.2: For simplicity we have shown only the SISO case with L = 1. (a) The situation described by the

works of Refs. [23, 24], in which the observer uses his/her knowledge of the measurement record y (treated

as a number in the Schrödinger picture) to infer the state of the system but in the absence of feedback.

(b) The situation described by the stochastic master equation (8.87): The observer infers the state of the

system from the measurement record in the presence of feedback. The inclusion of feedback (i.e. f̂) changes

the interaction between b̂in and the system. That is, b̂in now “sees” both ĉ and f̂ , which is why we have

written them as a pair in the figure. The result of this is to produce an output field b̂outt which evolves

according to (8.66), which is different to b̂out (hence the extra “t” in the subscript). The actual system-bath

input-output relation with respect to (8.66) is worked out in Sec. 8.4.2.

pictures that involves the conditioning. For unconditional evolution such a relation is given

by (8.57), which made the derivation of the master equation possible in the Heisenberg

picture. We can in fact find an analogous relation that incorporates the conditioning of ρ

on the measured current. By considering the evolution over an infinitesimal time interval

such an equation is given by

~
2
〈

(

ŷ1 − 〈ŷ1〉
)

ŝ⊤(t+ dt)
〉

dt = ~
2 E
{

dw TrS

[

ŝ⊤ρyt
(t+ dt)

]

}

, (8.75)

where we have multiplied each side by ~2 for convenience. This identity can be derived using

quantum measurement theory. For simplicity we are assuming the state to be given at time

t (i.e. deterministic). The state on the RHS of (8.75) is conditioned on the vector-valued

current

~y dt =
〈

M†ĉ + M†ĉ‡
〉

dt+ ~ dw , (8.76)

at only one time, t, where dw is a vector Wiener increment. To use (8.75) we note from

quantum measurement theory that any diffusive unravelling will be of the form

dρc = Lρc dt+ H[dw⊤α̂ ]ρc , (8.77)
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for some α̂ and L. We therefore make this ansatz in (8.75) with α̂ to be determined by the

LHS, which is in the Heisenberg picture.

Using (8.77) and the fact that ρc(t) ≡ ρ(t) is known, the RHS of (8.75) simply reduces

to

~
2 E
{

dw TrS

[

ŝ⊤ρyt
(t+ dt)

]

}

= ~ Tr
{

dw ŝ⊤H[dw⊤α̂ ]ρ
}

= ~ Tr
{

[

ŝ
(

α̂⊤ρ+ ρα̂† −
〈

α̂ + α̂†
〉

ρ
)]⊤

}

dt . (8.78)

The LHS of (8.75) is

~
2
〈

(ŷ1 − 〈ŷ1〉) ~ ŝ⊤(t+ dt)
〉

dt =
〈

(~ ŷ1dt) ~ ŝ⊤(t+ dt)
〉

−
〈

~ ŷ1dt
〉〈

~ ŝ⊤(t+ dt)
〉

. (8.79)

On substituting in (8.12), the first term in (8.79) is

〈

(~ ŷ1dt) ~ ŝ⊤(t+ dt)
〉

=
〈

M†dB̂⊤
out ~ ŝ⊤(t+ dt)

〉

+
〈

M⊤dB̂‡
out ~ ŝ⊤(t+ dt)

〉

+
〈

(~ dυ̂in) ~ ŝ⊤(t+ dt)
〉

. (8.80)

By examining (8.67) it is not difficult to see that

〈

M†dB̂⊤
out ~ ŝ⊤(t+ dt)

〉

= ~
〈

[ ŝ (M†ĉ)⊤]⊤
〉

dt+ i~
〈⌊

M†M f̂ , ŝ
⌉〉

dt , (8.81)
〈

M⊤dB̂‡
out ~ ŝ⊤(t+ dt)

〉

= ~
〈

M⊤ĉ‡ŝ⊤
〉

dt , (8.82)
〈

(~ dυ̂in) ~ ŝ⊤(t+ dt)
〉

= i~2
〈⌊

f̂ , ŝ
⌉〉

dt− i~
〈⌊

M†M f̂ , ŝ
⌉〉

dt , (8.83)
〈

~ ŷ1dt
〉〈

~ ŝ⊤(t+ dt)
〉

= ~
〈

M†ĉ
〉 〈

ŝ⊤
〉

dt+ ~
〈

M⊤ĉ‡
〉 〈

ŝ⊤
〉

dt . (8.84)

Writing (8.81)–(8.84) as a trace we get

~
2
〈(

ŷ1 − 〈ŷ1〉
)

[~ ŝ⊤(t+ dt)]
〉

dt = ~ Tr
{

[

ŝ{(M†ĉ − i~ f̂)⊤ρ+ ρ(M†ĉ − i~ f̂)†

−
〈

(M†ĉ)⊤ + (M†ĉ)†
〉

ρ}
]⊤
}

dt . (8.85)

Equating (8.85) to (8.78) and solving for α̂ gives

α̂ = M†ĉ − i~ f̂ . (8.86)

Invoking (8.74) and (8.86), we arrive at

The diffusion-mediated Markovian feedback stochastic master equation

~ dρc =−i
[

Ĥ1, ρc

]

+D[ĉ]ρc + ~D[f̂ ]ρc − i
⌈

f̂ ,M†ĉρc + ρc M⊤ĉ‡
⌋

+H
[

dw⊤(M†ĉ − i~ f̂ )
]

ρc.

(8.87)

Comparing (8.87) to (8.72) we can summarize the changes necessary to include feedback in

the stochastic master equation (8.72) by the two transformations

Lm −→ Lmfb , (8.88)

M†ĉ −→ M†ĉ − i~ f̂ . (8.89)
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We can understand why f̂ must appear in the nonlinear term by considering the case

when M = 0. In this case the feedback master equation is simply

~ ρ̇ = −i [Ĥ1, ρ ] + D[ĉ]ρ+ ~D[f̂ ]ρ , (8.90)

and the current fed back is pure noise

y dt = dw . (8.91)

Equation (8.90) is the unconditional evolution for the measurement defined by (8.91). If we

now condition the state on the pure-noise output then the stochastic master equation which

unravels (8.90) is

~ dρc = −i [Ĥ1, ρc] + D[ĉ]ρc + ~D[f̂ ]ρc + ~H[−idw⊤f̂ ]ρc (8.92)

This can be seen by noting that (8.91) can also be written as

y dt =
〈

−i f̂ + (−i f̂)‡
〉

+ dw , (8.93)

which gives rise to the nonlinear term in (8.92). When M 6= 0 we get the general case of

(8.87).

8.4.2 Output Correlation Function

When we include feedback in our theory the controlled dynamics can be accounted for by

transforming the input fields according to Ûmfb as opposed to Ûm. That is, instead of (8.5)

we now have the new output field

dB̂outt(t) ≡ Û†
mfb(t+ dt, t) dB̂in(t) Ûmfb(t+ dt, t)

=
[

ĉ(t) − iM f̂(t)
]

dt+ dB̂in , (8.94)

which can be derived from (8.66). The use of the subscript “outt” is deliberate, to be read as

“out twice”. This is to remind us that dB̂outt is the output field obtained from using Ûmfb,

which is a composition of two unitaries2. The input field dB̂in would still have the same

mop-bracket with an arbitrary system vop ŝ as given by (8.6), but dB̂out in (8.7) should be

replaced by dB̂outt. Thus we now have

⌊

dB̂in(t), ŝ(t′)
⌉

= 0 ∀ t′ ≤ t , (8.95)
⌊

dB̂outt(t), ŝ(t
′)
⌉

= 0 ∀ t′ > t . (8.96)

We should not forget to change the input field dÛin as well since it will now evolve under

the dynamics of feedback. Recall that dÛin was introduced in (8.16), where it appeared

as a vacuum noise in the current that did not interact with the system. When we add

feedback this noise is redirected onto the system so it is no longer correct to assume that

2Note however that Û†
mfb

b̂inÛmfb 6= Û†
fb

b̂outÛfb.
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it is independent of the system as was the case in (8.16). We thus have an additional

input-output relation, which can also be derived from (8.66),

dÛoutt(t) ≡ Û†
mfb(t+ dt, t) dÛin(t) Ûmfb(t+ dt, t)

= dÛin(t) − i
√

Z f̂(t) dt . (8.97)

Similarly to (8.95) and (8.96),

⌊

dÛin(t), ŝ(t′)
⌉

= 0 ∀ t′ ≤ t , (8.98)
⌊

dÛoutt(t), ŝ(t
′)
⌉

= 0 ∀ t′ > t . (8.99)

Relations (8.94) and (8.97) in turn define a new vop-valued current

~ ŷ2 dt = M†dB̂outt + M⊤dB̂‡
outt + ~ dυ̂outt , (8.100)

where the subscript on the current should remind us that it is defined in terms of dB̂outt,

or the number of times the letter “t” appears on the RHS.

~ dυ̂outt ≡
√

Z dÛoutt +
√

Z ∗ dÛ‡
outt

= ~ dυ̂in − iZ f̂ dt+ iZ∗ f̂ dt . (8.101)

From (8.94), (8.100), and (8.101), we can see that

ŷ2 = ŷ1 . (8.102)

That is the current evolved over an infinitesimal interval from t to t + dt under both mea-

surement and feedback is in fact the same as the current evolved in the same time interval

but with measurement alone. Equation (8.102) can also be seen from the form of the Hamil-

tonian (8.58), which gives

[

Ĥfb, ŷ0

]

= 0 . (8.103)

Substituting Ûmfb into the definition of ŷ2 we obtain

ŷ2(t) = Û†
mfb(t+ dt, t) ŷ0(t) Ûmfb(t+ dt, t)

= Û†
m(t+ dt, t) ŷ0(t) Ûm(t+ dt, t) = ŷ1(t) . (8.104)

Using (8.100) we can calculate how the current at time t is correlated to the current at a

later time t + τ during which feedback is applied. The time separation τ is assumed to be

non-negative. We then obtain
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~
2
〈

ŷ2(t) ŷ
⊤
2 (t+ τ)

〉

=
〈

M† b̂outt(t) b̂
⊤
outt(t+ τ)M∗

〉

term A

+
〈

M† b̂outt(t) b̂
†
outt(t+ τ)M

〉

term B

+
〈

M† b̂outt(t) ~ ζ̂⊤
outt(t+ τ)

〉

term E

+
〈

M⊤ b̂
‡
outt(t) b̂

⊤
outt(t+ τ)M∗

〉

term C

+
〈

M⊤ b̂
‡
outt(t) b̂

†
outt(t+ τ)M

〉

term D

+
〈

M⊤ b̂
‡
outt(t) ~ ζ̂⊤

outt(t+ τ)
〉

term F

+
〈

~ ζ̂outt(t) b̂
⊤
outt(t+ τ)M∗

〉

term G

+
〈

~ ζ̂outt(t) b̂
†
outt(t+ τ)M

〉

term H

+
〈

~ ζ̂outt(t) ~ ζ̂⊤
outt(t+ τ)

〉

term I

. (8.105)

We have labelled each term in (8.105) so they may be easily referred to. Note that here

we have introduced quantum stochastic processes ζ̂outt and µ̂outt, defined in terms of the

increments by

dυ̂outt = ζ̂outt dt =
(
√

Z µ̂outt +
√

Z ∗µ̂
‡
outt

)

dt , (8.106)

where

dÛoutt = µ̂outt dt =
(

µ̂in − i
√

Z f̂
)

dt . (8.107)

As with earlier calculations, the assumption of a vacuum bath state suggests that we should

substitute (8.106) into (8.105) and then normal and time order each term before the average

is taken. The output field vops satisfy the familiar free-field mop-brackets

⌊

b̂outt(t), b̂
‡
outt(t

′)
⌉

= ~ IL δ(t− t′) ∀ t, t′ , (8.108)

and also

⌊

b̂outt(t), b̂outt(t
′)
⌉

=
⌊

b̂
‡
outt(t), b̂

‡
outt(t

′)
⌉

= 0 ∀ t, t′ . (8.109)

The same is true for µ̂outt since it is also a free field, but remember that µ̂outt is R× 1 so

⌊

µ̂outt(t), µ̂
‡
outt(t

′)
⌉

= ~ IR δ(t− t′) . (8.110)

We also have, and it is not difficult to see, that

⌊

b̂outt(t), µ̂outt(t
′)
⌉

=
⌊

b̂outt(t), µ̂
‡
outt(t

′)
⌉

= 0 ∀ t, t′ . (8.111)

Using these properties of b̂outt and µ̂outt we can calculate each term in (8.105). For conve-

nience we use “cw” to abbreviate “cancels with”. Normal and time ordering of each term

in (8.105) leads to the following results.
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Term A:

〈

M† b̂outt(t) b̂
⊤
outt(t+ τ)M∗

〉

=
〈

M†ĉ(t+ τ) ĉ⊤(t)M∗
〉⊤

A1

−
〈

iM†ĉ(t+ τ) f̂⊤(t)(M†M)∗
〉⊤

A2 (cw G2)

−
〈

iM†M f̂(t+ τ) ĉ⊤(t)M∗
〉⊤

A3 (cw E1)

−
〈

M†M f̂(t+ τ) f̂⊤(t)(M†M)∗
〉⊤

A4 (cw G4)

. (8.112)

Term B:

〈

M† b̂outt(t) b̂
†
outt(t+ τ)M

〉

=
〈

M⊤ĉ‡(t+ τ) ĉ⊤(t)M∗
〉⊤

B1

−
〈

iM⊤ĉ‡(t+ τ) f̂⊤(t) (M†M)∗
〉⊤

B2 (cw H2)

+ ~
2 M†M δ(τ)
B5 (cw I1)

+
〈

i (M†M)∗ f̂(t+ τ) ĉ⊤(t)M∗
〉⊤

B3 (cw E3)

+
〈

(M†M)∗ f̂(t+ τ) f̂(t) (M†M)∗
〉⊤

B4 (cw E4)

. (8.113)

Term C:

〈

M⊤ b̂
‡
outt(t) b̂

⊤
outt(t+ τ)M∗

〉

=
〈

M⊤ĉ‡(t) ĉ⊤(t+ τ)M∗
〉

C1

−
〈

iM⊤ĉ‡(t) f̂⊤(t+ τ) (M†M)∗
〉

C2 (cw F1)

+
〈

i (M†M)∗ f̂(t) ĉ⊤(t+ τ)M∗
〉

C3 (cw G6)

+
〈

(M†M)∗ f̂(t) f̂⊤(t+ τ) (M†M)∗
〉

C4 (cw F2)

. (8.114)

Term D:

〈

M⊤ b̂
‡
outt(t) b̂

†
outt(t+ τ)M

〉

=
〈

M⊤ĉ‡(t) ĉ†(t+ τ)M
〉

D1

+
〈

iM⊤ĉ‡(t) f̂⊤(t+ τ)M†M
〉

D2 (cw F3)

+
〈

i (M†M)∗ f̂(t) ĉ†(t+ τ)M
〉

D3 (cw H6)

−
〈

(M†M)∗ f̂(t) f̂⊤(t+ τ)M†M
〉

D4 (cw F4)

. (8.115)

Term E:

〈

M† b̂outt(t) ~ ζ̂⊤
outt(t+ τ)

〉

=
〈

iM†M f̂(t+ τ) ĉ⊤(t)M∗
〉⊤

E1 (cw A3)

+
〈

M†M f̂(t+ τ) f̂⊤(t) (M†M)∗
〉⊤

E2 (cw I3)

−
〈

i (M†M)∗ f̂(t+ τ) ĉ⊤(t)M∗
〉⊤

E3 (cw B3)

−
〈

(M†M)∗ f̂(t+ τ) f̂⊤(t) (M†M)∗
〉⊤

E4 (cw B4)

. (8.116)
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Term F:

〈

M⊤ b̂
‡
outt(t) ~ ζ̂⊤

outt(t+ τ)
〉

=
〈

iM⊤ĉ‡(t) f̂⊤(t+ τ) (M†M)∗
〉

F1 (cw C2)

−
〈

(M†M)∗ f̂(t) f̂⊤(t+ τ) (M†M)∗
〉

F2 (cw C4)

−
〈

iM⊤ĉ‡(t) f̂⊤(t+ τ)M†M
〉

F3 (cw D2)

+
〈

(M†M)∗ f̂(t) f̂⊤(t+ τ)M†M
〉

F4 (cw D4)

. (8.117)

Term G:

〈

~ ζ̂outt(t) b̂
⊤
outt(t+ τ)M∗

〉

=
〈

−i~ M†ĉ(t+ τ) f̂⊤(t)
〉⊤

G1

+
〈

iM†ĉ(t+ τ) f̂⊤(t) (M†M)∗
〉⊤

G2 (cw A2)

−
〈

~ M†M f̂(t+ τ) f̂⊤(t)
〉⊤

G3 (cw I2)

+
〈

M†M f̂(t+ τ) f̂⊤(t) (M†M)∗
〉⊤

G4 (cw A4)

+
〈

i~ f̂(t) ĉ⊤(t+ τ)M∗
〉

G5

−
〈

i (M†M)∗ f̂(t) ĉ⊤(t+ τ)M∗
〉

G6 (cw C3)

+
〈

~ f̂(t) f̂⊤(t+ τ) (M†M)∗
〉

G7 (cw I6)

−
〈

(M†M)∗ f̂(t) f̂⊤(t+ τ)(M†M)∗
〉

G8 (cw I7)

. (8.118)

Term H:

〈

~ ζ̂outt(t) b̂
†
outt(t+ τ)M

〉

=
〈

−i~ M⊤ĉ‡(t+ τ) f̂⊤(t)
〉⊤

H1

+
〈

iM⊤ĉ‡(t+ τ) f̂⊤(t+ τ) (M†M)∗
〉⊤

H2 (cw B2)

+
〈

~ (M†M)∗ f̂(t+ τ) f̂⊤(t)
〉⊤

H3 (cw I4)

−
〈

(M†M)∗ f̂(t+ τ) f̂⊤(t) (M†M)∗
〉⊤

H4 (cw I5)

+
〈

i~ f̂(t) ĉ†(t+ τ)M
〉

H5

−
〈

i (M†M)∗ f̂(t) ĉ†(t+ τ)M
〉

H6 (cw D3)

−
〈

~ f̂(t) f̂⊤(t+ τ)M†M
〉

H7 (cw I8)

+
〈

(M†M)∗ f̂(t) f̂⊤(t+ τ)M†M
〉

H8 (cw I9)

. (8.119)

Term I:

〈

~ ζ̂outt(t) ~ ζ̂⊤
outt(t+ τ)

〉

= ~
2 IR δ(τ) − ~ M†M δ(τ)

I1 (cw B5)

+
〈

~ M†M f̂(t+ τ) f̂⊤(t)
〉⊤

I2 (cw G3)

−
〈

M†M f̂(t+ τ) f̂⊤(t) (M†M)∗
〉⊤

I3 (cw E2)

−
〈

~(M†M)∗ f̂(t+ τ) f̂⊤(t)
〉⊤

I4 (cw H3)

+
〈

(M†M)∗f̂(t+ τ) f̂⊤(t) (M†M)∗
〉⊤

I5 (cw H4)

−
〈

~ f̂(t) f̂⊤(t+ τ) (M†M)∗
〉

I6 (cw G7)

+
〈

(M†M)∗ f̂(t) f̂⊤(t+ τ) (M†M)∗
〉

I7 (cw G8)

+
〈

~ f̂(t) f̂⊤(t+ τ)M†M
〉

I8 (cw H7)

+
〈

(M†M)∗ f̂(t) f̂⊤(t+ τ)M†M
〉

I9 (cw H8)

. (8.120)

The remaining terms are A1, B1, C1, D1, G1, G5, H1, H5, and the ~2 IR δ(τ) in term I.

Adding these and collecting like terms we arrive at
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~
2
〈

ŷ2(t) ŷ
⊤
2 (t+ τ)

〉

=
〈

[M†ĉ(t+ τ) + M⊤ĉ‡(t+ τ)][ ĉ⊤(t)M∗ − i~ f̂⊤(t)]
〉⊤

+
〈

[M⊤ĉ‡(t) + i~ f̂(t)][ ĉ⊤(t+ τ)M∗ + ĉ†(t+ τ)M]
〉

+ ~
2 IR δ(τ) .

(8.121)

Applying vop quantum regression formulas to (8.121) the final result is

The most general two-time autocorrelation of diffusive currents with Markovian feedback

~
2
〈

ŷ2(t) ŷ
⊤
2 (t+ τ)

〉

=

(

Tr
{

(

M†ĉ + M⊤ĉ‡
)

eLmfb

[

(

ĉ⊤M∗ − i~ f̂⊤
)

ρ(t) + ρ(t)
(

ĉ†M + i~ f̂⊤
)

]}

)⊤

+ ~
2 IR δ(τ) ,

(8.122)

where the time-dependence has been placed in the system state and the vops are time-

independent. Note that (8.122) could have obtained by using the transformations (8.88)

and (8.89) in the measurement-only correlation function

~
2
〈

ŷ1(t) ŷ
⊤
1 (t+ τ)

〉

=
(

Tr
{

(

M†ĉ + M⊤ĉ‡
)

eLmτ
[

ĉ⊤M∗ ρ(t) + ρ(t) ĉ†M
]

})⊤

+ ~
2 IR δ(τ) .

(8.123)

as one might have guessed.

8.5 Special Cases

Here we illustrate how the above theory can be used by considering Markovian feedback

mediated by homodyne and heterodyne detection. For simplicity we take L = 1. In the

case of homodyne-mediated feedback we then obtain a SISO theory whereas for heterodyne-

mediated feedback we get a one-input two-output theory. In the case of homodyne-mediated

feedback we recover results previously derived in Refs. [25] and [249]. We will allow for non-

unit detection efficiency in both cases and write η in place of H.

8.5.1 Consistency with Previous Results — Homodyne-mediated Feed-

back

Consider the SISO limit defined by a quadrature measurement of the form

~
〈

ŷ1
〉

dt ∝
〈

dB̂out + dB̂†
out

〉

. (8.124)

The condition that M, now a scalar, must satisfy is simply

|M|2 = ~ η . (8.125)
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The measurement defined by (8.124) can be achieved by choosing M =
√

~ η . This gives

Z = ~ η̄, where we have defined η̄ = 1 − η for convenience. We find

~ ŷ1 dt =
√

~ η
(

ĉ+ ĉ†
)

dt+ ~ dv̂m , (8.126)

where the measurement noise is

~ dv̂m = 2
√

~ η ℜ[dB̂in] + 2
√

~ η̄ ℜ[dÛin] . (8.127)

It is clear that

(

~ dv̂m
)2

= 4~η
(

ℜ[dB̂in]
)2

+ 4~ η̄
(

ℜ[dÛin]
)2

= ~
2dt . (8.128)

From (8.87) the stochastic feedback master equation is then

~dρc =
(

− i [Ĥ1, ρc] + D[ĉ]ρc + ~D[f̂ ]ρc − i
√

~η [f̂ , ĉρc + ρc ĉ
† ]
)

dt

+ dwH[
√

~η ĉ− i~f̂ ]ρc . (8.129)

This is consistent with the stochastic master equation found in Ref. [249] for ~ = 1 and

when the current is suitably rescaled. It also reproduces the master equation in Ref. [25]

when ~ = η = 1. The Lindblad form of the unconditioned evolution can be found directly

from (8.54),

~ ρ̇ ≡ Lhom ρ = −i [Ĥ1 + 1
2

√

~η (f̂ ĉ+ ĉ†f̂), ρ] + D[ĉ− i
√

~η f̂ ]ρ+ ~ η̄D[f̂ ]ρ . (8.130)

Again, this is consistent with the Lindblad form obtained in Ref. [249] (for ~ = 1) and

Ref. [25] (for ~ = η = 1), but in these works the Lindblad form was obtained by algebraic

manipulation of (8.129). The two-time correlation function of (8.126) is, from (8.122),

~
2
〈

ŷ2(t) ŷ2(t+ τ)
〉

=
√

~η Tr
{

(

ĉ+ ĉ†
)

eLhom τ
[

(
√

~η ĉ− i~f̂)ρ+ hc
]

}

+ ~
2 δ(τ) . (8.131)

and reproduces (4.10) of Ref. [25] when ~ = η = 1. Here we are using hc to mean the

Hermitian conjugate of the immediate preceding term.

We can also find a Markovian quantum Langevin equation from either (8.55) or (8.67).

There is no restriction on the number of components that ŝ is allowed. For simplicity we

take it to be a scalar-operator. Taking the Markovian limit of (8.55) the homodyne feedback

quantum Langevin equation is

~ dŝ =
(

i [Ĥ1, ŝ ] + J [ĉ†] ŝ− 1
2 {ĉ†ĉ, ŝ} + ~D[f̂ ] ŝ

)

dt+
[

ĉ†dB̂in − dB̂†
inĉ, ŝ

]

− i
√

~η
[

ŝ, f̂
](

ĉ dt+ dB̂in

)

+ i
√

~η
(

ĉ† dt+ dB̂†
in

)[

f̂ , ŝ
]

− i
√

~ η̄
[

ŝ, f̂
]

dÛin + i
√

~ η̄ dÛ†
in

[

f̂ , ŝ
]

. (8.132)

As before, when ~ = η = 1 this correctly reproduces (4.16) of Ref. [25]. Note the extra noise

terms dÛin and dÛ†
in in (8.132) which do not appear in (4.16) of Ref. [25], since there, the

quantum Langevin equation was derived in the limit of η = 1.
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8.5.2 Heterodyne-mediated Feedback

A heterodyne detection is equivalent to two homodyne measurements of orthogonal quadra-

tures each with half the detection efficiency so this requires R = 2. Consider the heterodyne

current defined by

~
〈

ŷ1

〉

dt ∝
√

η

2

(

〈

dB̂out + dB̂†
out

〉

−i
〈

dB̂out − dB̂†
out

〉

)

. (8.133)

This can be effected by

M =

√

~η

2

(

1, i
)

, (8.134)

which satisfies (8.13). The stochastic master equation from (8.87) is thus

~ dρc =
(

− i
[

Ĥ1, ρc

]

+ D[ĉ]ρc + ~D[f̂1]ρc + ~D[f̂2]ρc

− i

√

~η

2

[

f̂1, ĉρc + ρcĉ
†
]

− i

√

~η

2

[

f̂2,−i(ĉρc − ρcĉ
†)
]

)

dt

+ dw1 H[
√

~η/2 ĉ− i~f̂1 ]ρc + dw2 H[−i
√

~η/2 ĉ− i~f̂2 ]ρc . (8.135)

Setting ~ = η = 1 this is consistent with a special case of the heterodyne feedback master

equation Ref. [123] (see (5.19)–(5.24) with N = M = 0). The Lindblad form of the master

equation unravelled by (8.135) can be obtained by noting that (8.134) leads to

Z = ~

(

1 − η/2 −iη/2
iη/2 1 − η/2

)

, (8.136)

which has the positive square root

√
Z =

√
~

2

(

1 +
√
η̄ −i(1 −√

η̄ )

i(1 −√
η̄ ) 1 +

√
η̄

)

. (8.137)

By introducing

F̂ = f̂1 + if̂2 , (8.138)

the unconditioned evolution unravelled by (8.135) has a Lindblad form which can be written

compactly as

~ ρ̇ ≡ Lhet ρ = − i
[

Ĥ1, ρ
]

− i

√

~η

8

[

F̂ †ĉ+ ĉ†F̂ , ρ
]

+ D
[

ĉ− i

√

~η

2
F̂
]

ρ

+
~

4
D
[

F̂ † +
√
η̄ F̂
]

ρ+
~

4
D
[

F̂ † −√
η̄ F̂
]

ρ . (8.139)

We find the heterodyne current has correlations given by

~
2
〈

ŷ2(t) ŷ
⊤
2 (t+ τ)

〉

≡
(

Υ11 Υ12

Υ21 Υ22

)

+ ~
2 I2 δ(τ) , (8.140)
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We have defined in (8.140)

Υ11 =

√

~η

2
Tr

{

(

ĉ+ ĉ†
)

eLhet τ

[(
√

~η

2
ĉ− i~f̂1

)

ρ+ hc

]}

, (8.141)

Υ12 =

√

~η

2
Tr

{

−i
(

ĉ− ĉ†
)

eLhet τ

[(
√

~η

2
ĉ− i~f̂1

)

ρ+ hc

]}

, (8.142)

Υ21 =

√

~η

2
Tr

{

(

ĉ+ ĉ†
)

eLhet τ

[(

−i
√

~η

2
ĉ− i~f̂2

)

ρ+ hc

]}

, (8.143)

Υ22 =

√

~η

2
Tr

{

−i
(

ĉ− ĉ†
)

eLhet τ

[(

−i
√

~η

2
ĉ− i~f̂2

)

ρ+ hc

]}

. (8.144)

As with the homodyne case we can derive a heterodyne quantum Langevin equation

assuming ŝ to be a scalar-operator by taking the Markovian limit from (8.55). The result is

~ dŝ =
(

i [Ĥ1, ŝ ] + J [ĉ†] ŝ− 1
2 {ĉ†ĉ, ŝ} + ~D[f̂ ] ŝ

)

dt+
[

ĉ†dB̂in − dB̂†
inĉ, ŝ

]

− i

√

~η

2

[

ŝ, F̂ †
](

ĉ dt+ dB̂in

)

+ i

√

~η

2

(

ĉ† dt+ dB̂†
in

)[

F̂ , ŝ
]

− i
[

ŝ, F̂ +
√
η̄ F †

]

dÛin1 + i dÛ†
in1

[√
η̄ F̂ + F̂ †, ŝ

]

− i
[

ŝ,−i(F̂ +
√
η̄ F †)

]

dÛin2 + i dÛ†
in2

[

− i(
√
η̄ F̂ − F̂ †), ŝ

]

. (8.145)



Chapter 9

SUMMARY AND DISCUSSION

9.1 Representations of Diffusive Quantum Monitorings

9.1.1 Summary of Key Results

In Chap. 7 we have put forth two new parameterizations of diffusive quantum measurements.

The first is the M-rep introduced in Sec. 7.3, defined by (7.83). This is a characterization of

diffusive measurements in the Schrödinger picture, and as a consequence is a rather abstract

parameterization. However it embodies all diffusive measurements by a single equation which

relates simply to the efficiency with which each output field is measured
√

H . The M-rep

has been shown to be a complete parameterization — every diffusive quantum measurement

can always be associated with an M ∈ M, and every M ∈ M must correspond to a diffusive

measurement.

We then turned to the Heisenberg picture in Sec. 7.4 and proposed a realization for

arbitrary diffusive measurements. This gave another parameterization which we have called

the B-rep (or block-rep), defined by (7.118). By construction every B ∈ B must correspond

to a diffusive measurement. In particular we derived (7.140) and used it to investigate the

existence of B-reps for arbitrary diffusive measurements. An analysis of (7.140) for L = 1

reveals that it requires solutions to transcendental equations, which do indeed exist, for

any M. The occurrence of transcendental equations even in this simplest case suggests that

proving (7.140) for any L may be non-trivial, or even formidable. The verification of (7.140)

and the fact that this equation (7.140) has the same number of parameters on each side

prompts us to propose it as a general matrix decomposition for every M ∈ M, and thereby

conjecturing the completeness of the B-rep.

Finally, we have explained the relations between the different parameterizations (includ-

ing the U-rep) and Fig. 7.10 provides a summary of these relations.

159
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9.1.2 Future Prospects

Quantum measurements are an integral part of many quantum computing architectures. The

monitoring of qubits (or qunats [201]) and their unwanted environmental coupling provides

a natural setting to apply quantum-trajectory theory. Indeed, the applicability of quantum

trajectories to quantum information was recognized in 1995 by Schack and colleagues [202].

At the same time a second group (Pellizzari et al.) had already applied quantum trajectories

to study decoherence in the cavity QED architecture of quantum computing [203]. Subse-

quently quantum-trajectory theory was adopted to study the effects of decoherence on the

quantum information processing of discrete-level systems to some generality in Ref. [204],

and more specifically in quantum error correction [205, 206, 207, 208], gate performance

[209], and teleportation (of both discrete and continuous variables) [210, 211, 212].

As we scale up our quantum processors one would expect quantum trajectories to remain

useful. A scale-up of existing protocols would inevitably mean a scale-up of the necessary

measurement from being a few-port device to many-port ones. In fact, the error syndrome

which conditions the corrective displacement of just one qunat in the nine-qunat error cor-

rection scheme of Braunstein [213, 214] already requires eight homodyne detectors. If one

wanted to simulate the conditioned evolution based on this eight-homodyne output using

(7.23), then it is necessary to parameterize this measurement as an M, in this case of dimen-

sions of 8 × 16. If all we knew was MM†/~ ∈ H then it is not so easy to see what M should

be, at least not without some thought. Parameterizing this measurement into a B-rep on

the other hand is much easier. One could then use (7.140) to obtain the appropriate M.

This illustrates that (7.140) can be useful when given a (B,O) ∈ BO. Given that simulating

(pure-state) quantum trajectories requires less time and computer memory than a direct in-

tegration of the corresponding master equation [1] one can expect applications of quantum

trajectories to quantum information to continue in the foreseeable future.

9.2 MIMO Markovian Quantum Feedback Control

9.2.1 Summary of Results

In Chap. 8 we constructed a theory of Markovian quantum feedback control for nonlinear

systems with an arbitrary number of decay channels, inputs, outputs, and mediated by arbi-

trary diffusive measurements. We have derived the time evolution of the system state both

with and without conditioning, for a vacuum bath input. When the evolution is uncondi-

tioned one may find an equivalent formulation in terms of quantum Langevin equations and

we have derived these equations too. We also derived the two-time correlation function for

the measured current including feedback.

We have performed our derivations using the Heisenberg picture, where the entire feed-

back loop is described by unitary evolution. Most notably we established relation (8.75),

which can be viewed as the analogue of (8.57) but for conditional evolution. This is what

allowed us to derive the stochastic master equation from the Heisenbergpicture quantum
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Langevin equations.

9.2.2 Discussion

It is interesting to note that the two-time correlation function of the measured current is an

expression about measurements at two separated times. It therefore lends itself as a different

way of deriving the stochastic master equation. In this approach one would calculate the

correlation function in the Schrödinger picture by making the ansatz (8.77) and equating

the end result to (8.122). Solving for α̂ should result in (8.86). If one was only interested

in the stochastic master equation then this second method is however much less direct than

the first approach, as the calculation of the correlation function in the Heisenberg picture

is a very lengthy process. Alternatively, one could derive a stochastic master equation first

and then use it to derive the autocorrelation of the current on which the state is conditioned

in the Schrödinger picture. However, our approach to obtaining the autocorrelation of the

current and the stochastic master equation, has not been to derive one result from the other,

but rather each result independently.

The interpretation of the Heisenberg picture approach was recognized in Ref. [25] and

also discussed in detail in Ref. [1]. In essence this is a no-measurement (or more precisely

no-collapse) model where the observer is never aware of the measurement record from the

monitoring. Consequently we have refrained from using terms such as “unravellings” or

“conditional” unless in explicit reference to results in the Schrödinger picture.

Finally we note that it would be possible to generalize the results of Chap. 8 even further

by allowing the bath to be non-vacuum. In such a theory we would have to allow dB̂in to

have a non-zero mean and more general correlations [122] as opposed just (8.3).
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[108] V. Kučera, Theorem 36.1 in the time-forward form in The Control Handbook (W. S.

Levine Ed.), (CRC Press, 1996).

[109] B. P. Molinari, SIAM J. Control 11, 262 (1973). See Theorem 7.

[110] V. Kučera, IEEE Trans. Automat. Contr. 17, 344 (1972). See Theorem 3.

[111] S. Hassani, Mathematical Physics, (Springer-Verlag, 1999).

[112] J. J. Sakurai, Modern Quantum Mechanics, (Addison-Wesley, 1994).

[113] L. E. Ballentine, Quantum Mechanics, (Prentice-Hall, 1990).

[114] K. Kraus, Ann. Phys. 64, 311 (1971).

[115] M. Fox, Quantum Optics, (Oxford University Press, 2006).

[116] W. P. Schleich, Quantum Optics in Phase Space, (Wiley-VCH, Berlin, 2001).

[117] H. J. Carmichael, An Open Systems Approach to Quantum Optics, (Springer-Verlag,

1993).

[118] J. Dalibard, Y. Castin, and K. Mølmer, Phys. Rev. Lett. 68, 580 (1992).

[119] K. Mølmer, Y. Castin, and J. Dalibard, J. Opt. Soc. Am. B 10, 524 (1993).

[120] C. W. Gardiner, A. S. Parkins, and P. Zoller, Phys. Rev. A 46, 4363 (1992).

[121] R. Dum, P. Zoller, and H. Ritsch, Phys. Rev. A 45, 4879 (1992).

[122] C. W. Gardiner and P. Zoller, Quantum Noise 2nd Edition (Springer, 2000).

[123] H. M. Wiseman and G. J. Milburn, Phys. Rev. A 49, 4110 (1994).

[124] V. P. Belavkin, in Modelling and control of systems (Lecture Notes in Control and

Information Systems), edited by A. Blaquière (Springer, Berlin, 1988).

[125] V. P. Belavkin, Commun. Math. Phys. 146, 611 (1992).

[126] L. Bouten, M. Guta, and H. Maassen, J. Phys. A 37, 3189 (2004).

[127] G. Lindblad, Commun. Math. Phys. 48, 199 (1976).

[128] V. Gorini, A. Kossakowski, and E. C. G. Sudarshan, J. Math. Phys. 17, 821 (1976).

[129] J. Gambetta and H. M. Wiseman, Phys. Rev. A 68, 062104 (2003).

[130] H. J. Carmichael, J. Opt. Soc. Am. B 4, 1588 (1987).

[131] H. Anton and R. C. Busby, Contemporary Linear Algebra, (Wiley, 2003).



170 BIBLIOGRAPHY

[132] V. P. Belavkin, Phys. Lett. A 140, 355 (1989).

[133] V. P. Belavkin and P. Staszewski, Phys. Lett. A 140, 359 (1989).

[134] L. Bouten and R. van Handel, On the Separation Principle of Quantum Control in

Ref. [17].

[135] F. Albertini and D. D’Alessandro, in Proceedings of the 40th IEEE Conference on

Decision and Control, Orlando, Florida, 2001, arXiv: quant-ph/0106128.

[136] W. Greiner, Classical Mechanics: Systems of Particles and Hamiltonian Dynamics

(Second edition), (Springer-Verlag, 2010).

[137] K. Huang, Statistical Mechanics, (John Wiley & Sons, 1987).

[138] J. P. Sethna, Statistical Mechanics: Entropy, Order Parameters, and Complexity, (Ox-

ford University Press, 2006).

[139] H. Goldstein, C. P. Poole Jr., and J. L. Safko, Classical Mechanics 3rd Edition, (Ad-

dison Wesley, 2002).

[140] E. Schrödinger, “On Heisenberg’s Uncertainty Relation”, Sitzungsber. Preuss. Akad.

Wiss. Berlin (Math.-Phys.) 19, 296-303 (1930). (English translation by A. Angelow,

M.-C. Batoni, Bulg. J. Phys. 26, 193-203 (1999). See also arXiv: quant-ph/9903100.)

[141] W. Heisenberg, Zeitschrift für Physik 43, 172 (1927). See also an English translation

in Ref. [142].

[142] J. A. Wheeler and W. H. Zurek (Eds.), Quantum Theory and Measurement, (Prince-

ton, 1983).

[143] A. S. Holevo, IEEE Trans. Inf. Theory 21, 533 (1975).

[144] R. Simon, N. Mukunda, and B. Dutta, Phys. Rev. A 49, 1567 (1994). See Theorem 2.

[145] E. Wigner, Phys. Rev. 40, 749 (1932).

[146] H. Nyquist, Phys. Rev. 32, 110 (1928).

[147] V. Ramakrishna, M. Salapaka, M. Dahleh, H. Rabitz and A. Peirce, Phys. Rev. A 51,

960 (1995).

[148] R. Brockett, SIAM J. Appl. Math. 75, 213 (1973).

[149] G. M. Huang, T. J. Tarn, and J. W. Clark, J. Math. Phys. 24, 2608 (1983).

[150] C. Altafini, J. Math. Phys. 43, 2051 (2002).

[151] E. Schrödinger, “Probability relations between separated system”, Proc. Camb. Phil.

Soc. 32, 446452 (1936). See also K. A. Kirkpatrick, “The Schrödinger-HJW Theorem”

arXiv: quant-ph/0305068 (2003).



BIBLIOGRAPHY 171

[152] L. P. Hughston, R. Jozsa, and W. K. Wootters, Phys. Lett. A 183, 14 (1993).

[153] H. M. Wiseman and J. A. Vaccaro, Phys. Rev. Lett. 87, 240402 (2001).

[154] H. M. Wiseman and G. J. Milburn, Phys. Rev. A 47, 1652 (1993).

[155] A. C. Doherty and K. Jacobs, Phys. Rev. A 60, 2700 (1999).

[156] L. Vandenberghe and S. Boyd, SIAM Review 38, 49 (1996).

[157] M. O. Scully and M. S. Zubairy, Quantum Optics, (Cambridge University Press, 1997).

[158] H. J. Carmichael, H. M. Castro-Beltran, G. T. Foster, and L. A. Orozco, Phys. Rev.

Lett. 85, 1855 (2000).

[159] H. J. Carmichael and H. Nha, J. Opt. B. 6, S645 (2004).

[160] D. T. Gillespie, Markov Processes: An Introduction For Physical Scientists, (Acam-

demic Press, 1992).

[161] J. E. Brittain, Proceedings of the IEEE, 92, 1866 (2004).

[162] I. Brodsky, Global Telecommunications Conference 2008, IEEE (DOI: 10.1109/GLO-

COM.2008.ECP.687).

[163] A. I. Lvovsky and M. G. Raymer, Rev. Mod. Phys. 80, 299 (2009).

[164] D. T. Smithey, M. Beck, M. G. Raymer, and A. Faridani, Phys. Rev. Lett. 70, 1244

(1993).

[165] A. Ourjoumtsev, R. Tualle-Brouri, and P. Grangier, Phys. Rev. Lett. 96, 213601

(2006).

[166] L. Vaidman, Phys. Rev. A. 49, 1473 (1994).

[167] S. L. Braunstein and H. J. Kimble, Phys. Rev. Lett. 80, 869 (1998).

[168] A. Furusawa, J. L. Sørensen, S. L. Braunstein, C. A. Fuchs, H. J. Kimble, and E. S.

Polzik, Science 282, 706 (1998).

[169] T. C. Zhang, K. W. Goh, C. W. Chou, P. Lodahl, and H. J. Kimble, Phys. Rev. A.

67, 033802 (2003).

[170] R. Ruskov and A. N. Korotkov, Phys. Rev. B. 67, 241305(R) (2003).

[171] H. Jeong, M. S. Kim, T. C. Ralph, and B. S. Ham, Phys. Rev. A. 70, 061801(R)

(2004).

[172] A. Ourjoumtsev, H. Jeong, R. Tualle-Brouri, and P. Grangier, Nature 448, 784 (2007).

[173] D. A. Rodrigues, C. E. A. Jarvis, B. Györffy, T. P. Spiller, and J. F. Annett, J. Phys.

Condens. Matter 20, 075211 (2008).



172 BIBLIOGRAPHY

[174] M. Ohlinger and J. Eisert, DOI: 10.1117/2.1200909.1729.

[175] Z. Liu, L. Kuang, K. Hu, L. Xu, S. Wei, L. Guo, and X.-Q. Li, Phys. Rev. A. 82,

032335 (2010).

[176] H. Nha and H. J. Carmichael, Phys. Rev. Lett. 93, 020401 (2004).
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1992).

[193] C. W. Gardiner and M. J. Collett, Phys. Rev. A. 31, 3761 (1985).

[194] M. A. Rubin, Found. Phys. Lett. 14, 301 (2001).

[195] B. d’Espagnat, Veiled Reality: An Analysis of Present-Day Quantum Mechanical Con-

cepts, (Addison-Wesley, 1995).



BIBLIOGRAPHY 173

[196] H. M. Wiseman and G. J. Milburn, Phys. Rev. A. 47, 642 (1993).

[197] M. J. Collett and C. W. Gardiner, Phys. Rev. A. 30, 1386 (1984).

[198] C. Noh et. al., Phys. Rev. Lett. 102, 230501 (2009).

[199] T. C. Ralph, Opt. Lett. 24, 348 (1998).

[200] J. H. Shapiro, G. Saplakoglu, S. T. Ho, P. Kumar, B. E. A. Saleh, and M. C. Teich,

J. Opt. Soc. Am. B 4, 1604 (1987).

[201] P. Kok and B. W. Lovett, An Introduction to Optical Quantum Information Processing,

(Cambridge University Press, 2010).

[202] R. Schack, T. A. Brun, and I. C. Percival, J. Phys. A. 28, 5401 (1995).

[203] T. Pellizzari, S. A. Gardiner, J. I. Cirac, and P. Zoller, Phys. Rev. Lett. 75, 3788

(1995).

[204] G. G. Carlo, G. Beneti, G. Casati, and C. Mej́ıa-Monasterio, Phys. Rev. A. 69, 062317

(2004).

[205] G. G. Carlo, G. Beneti, and G. Casati, Phys. Rev. Lett. 91, 257903 (2003).

[206] C. Ahn, H. M. Wiseman, and G. J. Milburn, Phys. Rev. A 67, 052310 (2003).

[207] R. van Handel and H. Mabuchi, arXiv: quant-ph/0511221, (2005).

[208] H. Mabuchi, New J. Phys. 11, 105044 (2009).

[209] H. Goto and K. Ichimura, Phys. Rev. A. 72, 054301 (2005).

[210] A. Barenco, T. A. Brun, R. Schack, and T. P. Spiller, Phys. Rev. A. 56, 1177 (1997).

[211] R. Wagner Jr. and J. P. Clemens, J. Opt. Soc. Am. B. 26, 541 (2009).

[212] H. J. Carmichael, Int. J. Quantum Inf. 3, Supplement, 11 (2005).

[213] S. L. Braunstein, Nature 394, 47 (1998).

[214] T. Aoki, G. Takahashi, T. Kajiya, J. Yoshikawa, S. L. Braunstein, P. van Loock, and

A. Furusawa, Nature Phys. 5, 541 (2009).

[215] J. Bechhoefer, Rev. Mod. Phys. 77, 783 (2005).

[216] D. S. Bernstein, IEEE Control Syst. Mag. 22, 53 (2002).

[217] G. F. Franklin, J. D. Powell, and A. Emami-Naeini, Feedback Control of Dynamic

Systems, (Pearson Prentice Hall, 2006).

[218] R. C. Dorf and R. H. Bishop, Modern Control Systems, (Pearson Prentice Hall, 2008).



174 BIBLIOGRAPHY

[219] A. Doherty, J. Doyle, H. Mabuchi, K. Jacobs, and S. Habib, Proceedings of the 39th

IEEE Conf Decision and Control, 949 (2000).

[220] J. Gough and M. R. James, IEEE Trans. Auto. Control 54, 2530 (2009).

[221] M. R. James, H. I. Nurdin, and I. R. Petersen, IEEE Trans. Auto. Control 53, 1787

(2008).

[222] R. Somaraju and I. R. Petersen, Proceedings of the 2009 American Control Conference

719.

[223] A. I. Maalouf and I. R. Petersen, Proceedings of the 2009 American Control Conference

1472.

[224] D. Dong and I. R. Petersen, New J. Phys. 11, 105033 (2009).

[225] M. Yanagisawa and H. Kimura, IEEE Trans. Auto. Control 48, 2107 (2003); M. Yanag-

isawa and H. Kimura, IEEE Trans. Auto. Control 48, 2121 (2003).

[226] L. K. Thomsen, S. Macini, and H. M. Wiseman, Phys Rev. A 65, 061801(R) (2002).

[227] P. Goetsch, P. Tombesi, and D. Vitali, Phys. Rev. A 54, 4519 (1996).

[228] D. B. Horoshko and S. Ya. Kilin, Phys. Rev. Lett. 54, 840 (1997).

[229] A. R. R. Carvalho and J. J. Hope, Phys. Rev. A 76, 010301(R) (2007).

[230] J. Wang, H. M. Wiseman, and G. J. Milburn, Phys. Rev. A 71, 042309 (2005).

[231] J. Zhang, R.-B. Wu, C.-W. Li, and T.-J. Tarn, IEEE Trans. Auto. Control 55, 619

(2010).

[232] J. Combes, H. M. Wiseman, and K. Jacobs, Phys. Rev. Lett. 100, 160503 (2008).

[233] S. Mancini and J. Wang, Eur. Phys. J. D 32, 257 (2005).

[234] S. Mancini, Phys. Rev. A 73, 010304(R) (2006).

[235] A. Chia and H. M. Wiseman, arXiv: quant-ph/1102.3073 (2011).

[236] T. J. Tarn, G. Huang, and J. W. Clark, Math. Modeling 1, 109 (1980).

[237] C. K. Ong, G. Huang, T. J. Tarn, and J. W. Clark, Math. Syst. Theory 17, 335 (1984).

[238] M. J. Maciejowski, Multivariable Feedback Design (Addison-Wesley, 1989).

[239] O. N. Gasparyan, Linear and Nonlinear Multivariable Feedback Control: A Classical

Approach, (John Wiley & Sons, 2008).

[240] S. Skogestad and I. Postlethwaite, Multivariable Feedback Control: Analysis and De-

sign, (John Wiley & Sons, 2005).



BIBLIOGRAPHY 175

[241] J. Q. Ying, Siam J. Control Optim. 38, 313 (1999).

[242] D. E. Rivera and S. V. Gaikwad, J. Proc. Cont. 5, 213 (1995).

[243] T. J. Harris, C. T. Seppala, and L. D. Desborough, J. Proc. Cont. 9, 1 (1999).

[244] S. Tong and H.-X. Li, IEEE Trans. Fuzzy Syst. 11, 354 (2003). H.-X. Li and S. Tong,

IEEE Trans. Fuzzy Syst. 11, 24 (2003).

[245] S. Lee and M. Park, IEE Proc. Control Theory Appl. 150, 421 (2003).

[246] Q. Zhang, IEEE Trans. Auto. Control 47, 525 (2002). See also: Internal publication

4111 of Institut National de Recherche en Informatique et en Automatique (available

at ftp://ftp.inria.fr/INRIA/publication/RR/RR-4111.pdf).

[247] M. Farza, M. M’ Saad, and L. Rossignol, Automatica 40, 135 (2004).

[248] R. L. Hudson and K. R. Parthasarathy, Commun. Math. Phys. 93, 301 (1984).

[249] H. M. Wiseman and G. J. Milburn, Phys. Rev. A 49, 1350 (1994).


