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Abstract

Corona on electrified conductors (power lines, transmission lines, and

antennas) is a significant source of electromagnetic interference to aircraft.

When corona occurs in radio frequency equipment, it usually signals the

failure of the system to operate as designed. The Townsend integral, which

describes breakdown in low-frequency non-uniform fields, was derived from

the electron continuity equation. Predictions of corona onset were developed

using new formulas for net ionization. Measurements of 60 Hz corona onset

for an isolated cylindrical monopole were compared with these predictions.

A corona onset criterion, which describes breakdown in non-uniform radio

frequency (RF) fields, was also derived from the electron continuity equation.

Measurements of corona onset at 300 MHz for the same isolated cylindrical

monopole were compared with predictions. The results confirm that the

derived breakdown criteria are good predictors of corona onset at both 60 Hz

and 300 MHz for cylindrical geometries in the range 0.1 ≤ rp ≤ 10.0 cm torr.

A discussion of the transition frequency between power frequency and high

frequency corona onset is included. The argument is made that corona onset

criteria developed for cylindrical geometries are useful for any geometry where

the local electric field strength can be characterized.

i



Statement of Originality

This work has not previously been submitted for a degree or diploma in

any university. To the best of my knowledge and belief, the thesis contains

no material previously published or written by another person except where

due reference is made in the thesis itself.

William O. Price

ii



Contents

Abstract i

Statement of Originality ii

List of Figures viii

List of Tables xxiii

Acknowledgements xxvi

1 Introduction 1

1.1 A History of Corona on Aircraft . . . . . . . . . . . . . . . . . 1

1.1.1 Precipitation Static . . . . . . . . . . . . . . . . . . . . 2

1.1.2 Radio Frequency Corona . . . . . . . . . . . . . . . . . 4

1.2 Research Before World War II . . . . . . . . . . . . . . . . . . 8

1.2.1 Thomson and Townsend in England . . . . . . . . . . . 8

1.2.2 Research in North America . . . . . . . . . . . . . . . 13

1.2.3 Research in Germany . . . . . . . . . . . . . . . . . . . 31

1.2.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . 42

1.3 Research During and After World War II . . . . . . . . . . . . 43

iii



1.3.1 Early Research at M.I.T’s Radiation Laboratory . . . . 43

1.3.2 Later Work at the Radiation Laboratory . . . . . . . . 49

1.3.3 Research at Stanford . . . . . . . . . . . . . . . . . . . 53

1.3.4 Research at AVCO and the AFRL . . . . . . . . . . . . 60

1.3.5 Other Contributions from Academia . . . . . . . . . . 64

1.3.6 Other Contributions from Industry . . . . . . . . . . . 72

1.3.7 Other Contributions from Government . . . . . . . . . 74

1.3.8 Summary . . . . . . . . . . . . . . . . . . . . . . . . . 76

1.4 Description of the Flight Regime . . . . . . . . . . . . . . . . 79

1.4.1 Geometry . . . . . . . . . . . . . . . . . . . . . . . . . 79

1.4.2 Density . . . . . . . . . . . . . . . . . . . . . . . . . . 80

1.4.3 Water Vapor . . . . . . . . . . . . . . . . . . . . . . . 84

1.4.4 Sources of Electrons . . . . . . . . . . . . . . . . . . . 87

1.5 Method of Investigation . . . . . . . . . . . . . . . . . . . . . 91

1.5.1 Toward a Unified Theory . . . . . . . . . . . . . . . . . 91

1.5.2 Purpose and Approach . . . . . . . . . . . . . . . . . . 92

1.5.3 Scope of the Research . . . . . . . . . . . . . . . . . . 95

2 The Theory of Monopolar Discharge 97

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

2.1.1 Proper Variables . . . . . . . . . . . . . . . . . . . . . 99

2.2 The Behavior of the Electron in Corona Onset . . . . . . . . . 102

2.2.1 Electron Characterization . . . . . . . . . . . . . . . . 103

2.2.2 The Boltzmann Transport Equation . . . . . . . . . . . 105

2.3 Formulation of Corona Onset Criteria . . . . . . . . . . . . . . 113

iv



2.3.1 Low Frequency Corona . . . . . . . . . . . . . . . . . . 113

2.3.2 High Frequency Corona . . . . . . . . . . . . . . . . . 119

2.4 Calculation of Corona Onset Criteria . . . . . . . . . . . . . . 124

2.4.1 Electron Ionization by Collision . . . . . . . . . . . . . 124

2.4.2 Electron Attachment . . . . . . . . . . . . . . . . . . . 132

2.4.3 Electron Drift Velocity . . . . . . . . . . . . . . . . . . 138

2.4.4 Electron Diffusion . . . . . . . . . . . . . . . . . . . . . 140

2.4.5 Prediction of Corona Onset at 60 Hz . . . . . . . . . . 141

2.4.6 Prediction of Corona Onset at Radio Frequencies . . . 143

2.4.7 Transition Frequency . . . . . . . . . . . . . . . . . . . 146

2.5 A Numerical Model of Corona Onset . . . . . . . . . . . . . . 152

2.5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 152

2.5.2 The Diffusion Equation . . . . . . . . . . . . . . . . . . 152

2.5.3 The Reaction Term . . . . . . . . . . . . . . . . . . . . 153

2.5.4 A Finite Element Analysis of RF Corona Onset . . . . 154

2.5.5 Finite Element Model Accuracy . . . . . . . . . . . . . 164

2.6 Comparison with Predictions . . . . . . . . . . . . . . . . . . . 169

2.6.1 Corona Onset at Power Frequencies . . . . . . . . . . . 169

2.6.2 Corona Onset at Radio Frequencies . . . . . . . . . . . 170

2.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173

3 Experimental Investigation 175

3.1 Objectives of the Investigation . . . . . . . . . . . . . . . . . . 175

3.2 Experimental Protocols . . . . . . . . . . . . . . . . . . . . . . 177

3.2.1 Sequence and Location . . . . . . . . . . . . . . . . . . 177

v



3.2.2 Safety Protocols . . . . . . . . . . . . . . . . . . . . . . 178

3.2.3 Calibration . . . . . . . . . . . . . . . . . . . . . . . . 181

3.3 Design of the Experiment . . . . . . . . . . . . . . . . . . . . 181

3.3.1 Primary Considerations for an Experimental Antenna . 181

3.3.2 A Theoretical Analysis . . . . . . . . . . . . . . . . . . 183

3.3.3 A FEM Calculation . . . . . . . . . . . . . . . . . . . . 196

3.3.4 Design of the Experimental Apparatus . . . . . . . . . 219

3.4 Experimental Measurements . . . . . . . . . . . . . . . . . . . 232

3.4.1 Measurement of Corona Onset at 60 Hz . . . . . . . . 232

3.4.2 Measurement of Corona Onset at 300 MHz . . . . . . . 240

3.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 261

4 Discussion and Conclusions 265

4.1 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 265

4.2 Contributions to Knowledge . . . . . . . . . . . . . . . . . . . 270

4.3 Engineering Design Guidelines . . . . . . . . . . . . . . . . . . 271

4.4 Suggestions for Future Work . . . . . . . . . . . . . . . . . . . 274

A First Paper 277

B Second Paper 283

C Third Paper 289

D Near Field Calculations 299

E Finite Element Method Models 303

E.1 Corona Onset for an Infinite Cylindrical Electrode . . . . . . . 304

vi



E.2 Corona Onset for a Spherical Electrode . . . . . . . . . . . . . 315

E.3 A Model of a the Fields Near a Resonant Dipole . . . . . . . . 328

E.4 A Monopole Model . . . . . . . . . . . . . . . . . . . . . . . . 349

E.5 A Model of a Monopole in a Steel Vacuum Bell . . . . . . . . 364

E.6 A Model of a Monopole at 300 MHz . . . . . . . . . . . . . . . 376

F A Note on Robust Linear Regression 393

G List of Variables 395

vii



viii



List of Figures

1.1 Technical publications on gas discharges, 1900-1940 . . . . . . 9

1.2 Ryan’s measurement of corona onset voltage at 60 Hz and 88

kHz compared . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

1.3 Whitehead’s measurement of the relation of critical electric

field strength at the surface of the wire and wire diameter . . 21

1.4 Comparison of Peek’s law of corona onset with Whitehead’s

in terms of electric field strength at the surface of the wire as

a function of pressure . . . . . . . . . . . . . . . . . . . . . . . 23

1.5 Peek’s measured corona power loss as a function of line voltage 24

1.6 Peek’s measurement of critical electric field strength at the

surface of the wire, gv, as a function of wire diameter at stan-

dard temperature and pressure . . . . . . . . . . . . . . . . . . 26

1.7 Peek’s measured critical electric field strength at the surface

of the wire, gv, as a function of 1/
√
r . . . . . . . . . . . . . . 27

1.8 Lassen’s observation of spark-over voltage as a function of

spark gap width for several frequencies of excitation . . . . . . 32

1.9 Miseré’s measurement of spark-over voltage as a function of

spark gap width for pointed electrodes . . . . . . . . . . . . . 34

ix



1.10 Luft’s measurement of flashover voltage versus gap width for

point-plane electrodes at 500 kHz compared to breakdown at

50 Hz . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

1.11 Mehlhardt’s measurement of normalized corona onset in terms

of electric field strength at the surface of the wire as a function

of normalized air density for 1 to 2.5 mm diameter wire . . . . 40

1.12 Mehlhardt’s observation of critical electric field strength for

four wire diameters as a function of altitude . . . . . . . . . . 41

1.13 Rose and Brown’s comparison of measurements by several re-

searchers demonstrating the effect of changing the air between

repeated measurements of high-frequency corona onset . . . . 53

1.14 Measurement by Scharfman et al. of high-frequency corona

onset for a cylindrical monopole as a function of monopole

radius and pressure . . . . . . . . . . . . . . . . . . . . . . . . 55

1.15 The ratio of applied electric field to effective electric field,

E/Eeff , as a function of frequency at p = 140 torr . . . . . . . 69

1.16 The difference, ∆, between the electric field strength, E/p, and

the effective electric field strength, Eeff/p, due to the modu-

lation of average electron energy by the sinusoidal excitation

and vibrational and rotational energy losses of air molecules

as a function of pressure and wavelength, pλ . . . . . . . . . . 73

1.17 Air density from the standard model in terms of pressure as a

function of altitude . . . . . . . . . . . . . . . . . . . . . . . . 82

1.18 Percentage variability about the mean density due to location

and season . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

x



1.19 Normalized mass density of water vapor, H/δ, in the tropo-

sphere and lower stratosphere as a function of altitude . . . . 86

1.20 Number of ion pairs produced by cosmic rays as a function of

altitude, ni = 0 for reference . . . . . . . . . . . . . . . . . . . 89

2.1 Measurement of the ionization coefficient, α/p, by various re-

searchers, 1915-1963, as a function of electric field strength

and pressure . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

2.2 Detail of measurement of the ionization coefficient, α/p, by

various researchers, 1915-1963, as a function of electric field

strength and pressure over the range of electric field strength

and pressure for which measurements diverge most . . . . . . 126

2.3 Measurements of the ionization coefficient, α/p, by various

researchers as a function of electric field strength and pressure

with the fitted curve of Sarma and Janischewskyj . . . . . . . 128

2.4 Detail of the measurements of the ionization coefficient, α/p,

by various researchers as a function of electric field strength

and pressure with the fitted curve of Sarma and Janischewskyj

over the range of electric field strength and pressure for which

measurements diverge most . . . . . . . . . . . . . . . . . . . 129

2.5 Measurements of the ionization coefficient, α/p, by various

researchers as a function of electric field strength and pressure

with the fitted curve of Schroeder . . . . . . . . . . . . . . . . 130

xi



2.6 Detail of the measurements of the ionization coefficient, α/p,

by various researchers as a function of electric field strength

and pressure with the fitted curve of Schroeder over the range

of electric field strength and pressure for which measurements

diverge most . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

2.7 Measurement of the electron attachment coefficient, η/p, by

various researchers as a function of electric field strength and

pressure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

2.8 Measurement of the electron attachment coefficient, η/p, by

various researchers as a function of electric field strength and

pressure compared with the fitted curve of Sarma and Janis-

chewskyj . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

2.9 Measurement of the electron attachment coefficient, η/p, by

various researchers as a function of electric field strength and

pressure compared with the fitted curve of Schroeder . . . . . 136

2.10 Measurements of net ionization, (α/p− η/p), by various re-

searchers as a function of electric field strength and pressure . 136

2.11 Measurements of net ionization, (α/p− η/p), by various re-

searchers as a function of electric field strength and pressure

compared with the fitted curve of Sarma and Janischewskyj . 137

2.12 Measurements of net ionization, (α/p− η/p), by various re-

searchers as a function of electric field strength and pressure

compared with the fitted curve of Schroeder . . . . . . . . . . 137

xii



2.13 The electron drift velocity measurements of Townsend and Ti-

zard compared with the empirical curve of Ryzko as a function

of electric field strength and pressure . . . . . . . . . . . . . . 139

2.14 Empirical curve fitted to corona onset threshold, E/p, calcu-

lated from (2.64) as a function of electrode radius and pressure,

rp, for power frequencies . . . . . . . . . . . . . . . . . . . . . 142

2.15 The condition number of the determinant in (2.94) as a func-

tion of electric field strength and pressure, E/p . . . . . . . . 144

2.16 The skewing of Cramer’s rule calculation in (2.94) toward the

second eigenvalue of (2.84) for rp < 1 cm torr . . . . . . . . . 146

2.17 Corona onset threshold calculated from (2.94) as a function of

monopole radius and pressure, rp, with a fitted curve as an

aid to interpolation . . . . . . . . . . . . . . . . . . . . . . . . 147

2.18 The characteristic time of attachment, τα, from (2.106) as a

function of radial distance from the monopole for two pres-

sures, 5 torr and 100 torr . . . . . . . . . . . . . . . . . . . . . 150

2.19 The reaction term, ξ2, in the diffusion equation (2.84) in terms

of electric field strength and pressure . . . . . . . . . . . . . . 155

2.20 Calculated reaction, ξ2n, in (2.84) at corona onset versus ra-

dial distance from the axis of the monopole and pressure for

r0p = 3.981 cm torr and E0/p = 58.85 V cm−1 torr−1 . . . . . 157

2.21 The calculated electron density at corona onset in mol cm−3

as a function of radial distance from the axis of the cylindrical

monopole and pressure for r0p = 3.981 cm torr and E0/p =

58.85 V cm−1 torr−1 . . . . . . . . . . . . . . . . . . . . . . . . 157

xiii



2.22 A curve fitted to the corona onset data calculated using a

FEM model of a cylindrical monopole with empirical electron

ionization, attachment, and diffusion data (table 2.8) as an

aid to interpolation . . . . . . . . . . . . . . . . . . . . . . . . 159

2.23 Comparison of corona onset predictions of the finite element

method (table 2.8) and of the boundary value problem solution

(2.94) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

2.24 The calculated electron density at corona onset in mol cm−3

as a function of radial distance from the axis of the isolated

spherical electrode and pressure . . . . . . . . . . . . . . . . . 161

2.25 Comparison of corona onset predictions of the finite element

method for isolated cylindrical and spherical electrodes . . . . 163

2.26 The convergence of the FEM solution of RF corona onset for

an infinite cylinder as a function of number of elements . . . . 166

2.27 The convergence of the FEM solution of RF corona onset for

an infinite cylinder as a function of number of elements with

a robust linear regression . . . . . . . . . . . . . . . . . . . . . 167

2.28 The convergence of the FEM solution of RF corona onset for

an isolated, spherical electrode as a function of number of

elements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168

2.29 The convergence of the FEM solution of RF corona onset for

an isolated spherical electrode as a function of number of ele-

ments with a robust linear regression . . . . . . . . . . . . . . 168

xiv



2.30 Comparison of Whitehead’s measurements of corona onset at

power frequencies with the corona onset prediction calculated

from (2.94) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169

2.31 Comparison of Peek’s measurements of corona onset at power

frequencies with the corona onset prediction calculated from

(2.94) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170

2.32 Scharfman’s measurement of corona onset for a cylindrical

monopole compared with predictions of corona onset calcu-

lated from (2.94) . . . . . . . . . . . . . . . . . . . . . . . . . 171

2.33 Scharfman’s measurement of corona onset for a cylindrical

monopole compared with a prediction of corona onset calcu-

lated from the solution to the boundary value problem (2.94) . 172

3.1 A hemispherically capped monopole and ground plane . . . . . 188

3.2 The electric field strength near the tip of a dipole of height

0.2 meters excited at 150 MHz as a function of radial distance

from the axis of the dipole . . . . . . . . . . . . . . . . . . . . 193

3.3 The quasistatic and dynamic electric field intensities near the

tip of a cylindrical monopole as a function of radial distance

from the axis the monopole (height was 0.25 meters and fre-

quency 300 MHz) . . . . . . . . . . . . . . . . . . . . . . . . . 194

3.4 The quasistatic and dynamic electric field intensities along the

length of a quarter-wave monopole excited at 300 MHz . . . . 195

xv



3.5 A FEM model geometry of a monopole on a finite ground

plane for calculating antenna impedance and surface electric

field strength . . . . . . . . . . . . . . . . . . . . . . . . . . . 198

3.6 Detail of a FEM model geometry of a monopole on a finite

ground plane for calculating antenna impedance and surface

electric field strength (the z-axis is vertical and dimensions are

in meters) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199

3.7 Detail of a FEM model geometry of a cylindrical monopole on

a finite ground plane showing boundaries on which E and H

are integrated in order to calculate antenna impedance . . . . 200

3.8 Cylindrical monopole conductance calculated using the FEM

model as a function of monopole height and wavelength com-

pared with measurements by King . . . . . . . . . . . . . . . . 202

3.9 Cylindrical monopole susceptance calculated using the FEM

model as a function of monopole height and wavelength com-

pared with measurements by King . . . . . . . . . . . . . . . . 203

3.10 Cylindrical monopole conductance calculated using a FEM

model as a function of number of elements for h/λ = 0.267 . . 205

3.11 Cylindrical monopole susceptance calculated using the FEM

model as a function of number of elements for h/λ = 0.267 . . 205

3.12 The real part of the cylindrical monopole current calculated

using a FEM model as a function of number of elements with

a robust linear regression . . . . . . . . . . . . . . . . . . . . . 207

xvi



3.13 The imaginary part of the cylindrical monopole current calcu-

lated using a FEM model as a function of number of elements

with a robust linear regression . . . . . . . . . . . . . . . . . . 207

3.14 The real part of the cylindrical monopole voltage calculated

using a FEM model as a function of number of elements with

a robust linear regression . . . . . . . . . . . . . . . . . . . . . 208

3.15 The imaginary part of the cylindrical monopole voltage calcu-

lated using a FEM model as a function of number of elements

with a robust linear regression . . . . . . . . . . . . . . . . . . 208

3.16 Convergence of the electric field strength one radius from the

monopole as a function of the number of elements . . . . . . . 210

3.17 The electric field strength one radius from the surface of the

monopole calculated using a FEM model as a function of num-

ber of elements with a robust linear regression . . . . . . . . . 210

3.18 A body of revolution FEM model of a cylindrical monopole

on a finite ground plane within a steel vacuum bell (z-axis is

vertical and dimensions in meters) . . . . . . . . . . . . . . . . 212

3.19 The electric field strength in V m−1 from an excited cylindrical

monopole on a finite ground plane within a steel bell calculated

using the finite element method . . . . . . . . . . . . . . . . . 212

3.20 Convergence of the maximum electric field strength at the sur-

face of the electrode for a 1 V static potential as a function of

the number of elements . . . . . . . . . . . . . . . . . . . . . . 213

xvii



3.21 The maximum electric field strength at the surface of the elec-

trode for a 1 V static potential as a function of the number of

elements with a robust linear regression . . . . . . . . . . . . . 214

3.22 The body of revolution finite element model of the cylindri-

cal monopole, vacuum connector, and ground plane with an

absorbing boundary . . . . . . . . . . . . . . . . . . . . . . . . 216

3.23 Detail of the FEM model of the cylindrical monopole coaxial

feed and vacuum connector . . . . . . . . . . . . . . . . . . . . 217

3.24 Detail of the FEM model of the vacuum connector and coaxial

feed showing portions with alumina ceramic . . . . . . . . . . 217

3.25 A robust linear regression showing the convergence of the so-

lution, E/I, as a function of element length, h, at the surface

of the antenna . . . . . . . . . . . . . . . . . . . . . . . . . . . 218

3.26 The electric field strength at 60 Hz as a function of r from the

tip of the electrode to the wall of the steel vacuum chamber

predicted by a FEM model . . . . . . . . . . . . . . . . . . . . 220

3.27 The electric field strength at 60 Hz as a function of z from the

tip of the electrode to the wall of the steel vacuum chamber

predicted by a FEM model . . . . . . . . . . . . . . . . . . . . 221

3.28 The steel bell used in the 60 Hz experimental work mounted

on an access ring and a vacuum plate with a pressure gauge . 223

3.29 A view of the cylindrical monopole mounted on a G4 (fiber-

glass) platform inside the bell. The view was taken through

one side view port with the second view port visible behind

the monopole. . . . . . . . . . . . . . . . . . . . . . . . . . . . 224

xviii



3.30 A view of the cylindrical monopole mounted on a G4 (fiber-

glass) platform without the bell. Clearly visible are the vac-

uum penetrations on the vacuum plate, the coaxial cable and

high-voltage vacuum connectors. . . . . . . . . . . . . . . . . . 225

3.31 The glass bell, vacuum plate, cylindrical monopole, and ion-

izing sources used in the measurement of corona onset at 300

MHz. To the left of the monopole inside the bell was an Am241

source on a plastic pedestal. To the right of the monopole out-

side the bell was a mercury arc lamp used as an ionizing source

in a later set of measurements. . . . . . . . . . . . . . . . . . . 227

3.32 A detail view of the cylindrical monopole inside the glass bell

used for measurements of corona onset at 300 MHz. A small

plastic disk was placed at the base of the monopole adjacent to

the vacuum plate to inhibit breakdown between the monopole

to the plate. Breakdown at the base of the monopole was

further discouraged by coating the lower 5 cm of the monopole

with paraffin wax. The Am241 ionizing source is visible to the

left of the monopole on a plastic pedestal. . . . . . . . . . . . 228

3.33 A schematic showing the vacuum plate, bell, pump, valves,

gauge, and desiccant used in the experimental work . . . . . . 229

3.34 A view of the vacuum pump located outside the screen room,

vacuum fittings, and screen room penetration used in the mea-

surement of corona onset at 300 MHz . . . . . . . . . . . . . . 230

xix



3.35 Another view of the vacuum pump located outside the screen

room, valves, and screen room penetration used in the mea-

surement of corona onset at 300 MHz . . . . . . . . . . . . . . 231

3.36 A schematic showing the relation of the vacuum plate, bell,

electrode, 60 Hz voltage source, and the Am241 ionization source233

3.37 Measured electric field strength at the surface of a cylindrical

monopole at corona onset as a function of monopole radius and

pressure for 60 Hz excitation compared with the prediction of

corona onset of (2.64) . . . . . . . . . . . . . . . . . . . . . . . 239

3.38 The arrangement of the radio frequency apparatus used to

excite the cylindrical monopole at 300 MHz and to indirectly

measure the electric field strength at corona onset . . . . . . . 244

3.39 Measured insertion loss, s21, from port 1 to port 2 of figure

3.38 as a function of frequency near 300 MHz . . . . . . . . . 245

3.40 Measured insertion loss, s31, from port 1 to port 3 of figure

3.38 with the step attenuator (6) set to 20 dB as a function of

frequency near 300 MHz . . . . . . . . . . . . . . . . . . . . . 246

3.41 Measured return loss, s22, at port 2 of figure 3.38 with the

adapter cable and vacuum connector as a function of frequency

near 300 MHz. The insertion loss, s42, is half the value of s22

in dB. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 247

xx



3.42 Measured return loss, s22, at port 2 of figure 3.38 with the

adapter cable, vacuum connector, and monopole as a function

of frequency near 300 MHz. All equipment were in place in

the screen room and the screen room door was closed. The

data were corrected for the propagation delay of the cable and

connector. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 248

3.43 The measured antenna impedance of the cylindrical monopole

between 200 and 400 MHz (the monopole was mounted on

the vacuum plate in an open area outside the screen room

building). The data point indicated by the black square was

the frequency chosen for the experiment, 299.875 MHz. . . . . 250

3.44 The magnitude of the reflection coefficient, |Γ|, measured at

the end of the vacuum connector as a function of frequency

for two conditions: 1) in an open area test site, and 2) in the

screen room . . . . . . . . . . . . . . . . . . . . . . . . . . . . 256

3.45 The electric field strength at the surface of the cylindrical

monopole at corona onset as a function of monopole radius

and pressure for 300 MHz excitation and an Am241 ionization

source . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 258

3.46 The electric field strength at the surface of the cylindrical

monopole at corona onset as a function of monopole radius

and pressure for 300 MHz excitation and a mercury arc lamp

ionization source compared with the prediction of corona onset

from (2.94) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 260

xxi



3.47 Measured and predicted electric field strength at the surface

of the hemispherically-capped, cylindrical monopole at corona

onset for 60 Hz and 300 MHz excitation as a function of

monopole radius and pressure . . . . . . . . . . . . . . . . . . 262

3.48 The relative electric field strength along the z-axis (r = 0)

from the the surface of the monopole’s hemispherical cap as a

function of distance from the monopole . . . . . . . . . . . . . 263

4.1 Predicted electric field strength at corona onset for an isolated

cylindrical monopole as a function of monopole radius and

pressure compared to a flight trajectory for which E and r are

constant and p varies with altitude . . . . . . . . . . . . . . . 273

xxii



List of Tables

1.1 The mean free path of an electron for ionizing collisions for

two values of E/p and two pressure extremes . . . . . . . . . . 59

1.2 Standard temperature, pressure and density of air as a func-

tion of geometric altitude . . . . . . . . . . . . . . . . . . . . . 82

1.3 Water vapor in ppm by mass in the troposphere and lower

stratosphere as a function of altitude . . . . . . . . . . . . . . 86

1.4 Number of ion pairs, ni, produced by cosmic rays above sea

level . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

2.1 Corona onset threshold, E/p, calculated from (2.64) as a func-

tion of electrode radius and pressure, rp, for power frequencies 141

2.2 Corona onset threshold calculated from (2.94) as a function of

monopole radius and pressure, rp, for radio frequencies . . . . 145

2.3 Three-body electron attachment coefficient for oxygen . . . . . 148

2.4 An estimate of the frequency at which drift-controlled corona

onset transitions to diffusion-controlled corona onset for four

pressures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

xxiii



2.5 The characteristic attachment length of electrons calculated

from an estimate of the characteristic attachment time at four

pressures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

2.6 Equivalent factors in the diffusion equations . . . . . . . . . . 153

2.7 The reaction term, ξ2, in the diffusion equation (2.84) in terms

of electric field strength and pressure . . . . . . . . . . . . . . 154

2.8 Corona onset calculated using a FEM model of a cylindrical

monopole with empirical electron ionization, attachment, and

diffusion data . . . . . . . . . . . . . . . . . . . . . . . . . . . 158

2.9 Corona onset calculated using a FEM model of an isolated

spherical electrode with empirical electron ionization, attach-

ment, and diffusion data . . . . . . . . . . . . . . . . . . . . . 162

3.1 Comparison of the admittance of a hemispherically-capped

monopole reported by King with admittance predicted by the

finite element method . . . . . . . . . . . . . . . . . . . . . . . 201

3.2 Calculated values of the line integrals ofH and E as a function

of N , number of elements, in a FEM model of hemispherically-

capped cylindrical monopole for h/λ = 0.267 . . . . . . . . . . 204

3.3 Vacuum apparatus . . . . . . . . . . . . . . . . . . . . . . . . 226

3.4 Uncertainty in parameters of the corona onset measurement . 237

3.5 Measured corona onset voltage as a function of pressure, calcu-

lated equivalent pressure, p′, monopole radius, r, and surface

electric field strength, E0/p, for 60 Hz excitation . . . . . . . . 238

xxiv



3.6 The ratio of the applied electric field, E, to the effective electric

field, Eeff , as a function of pressure at 300 MHz . . . . . . . . 241

3.7 The radio frequency apparatus used to excite the cylindrical

monopole at 300 MHz and to measure the antenna terminal

voltage at corona onset . . . . . . . . . . . . . . . . . . . . . . 244

3.8 The measured insertion loss of the directional coupler, atten-

uator, and cable at 300 MHz . . . . . . . . . . . . . . . . . . . 245

3.9 Effective range and ionization density for 1 µC of Am241 at

various air densities expressed as effective pressure . . . . . . . 251

3.10 The magnitude of the reflection coefficient of the experimen-

tal monopole in an occupied screen room with personnel in

different positions . . . . . . . . . . . . . . . . . . . . . . . . . 257

3.11 Measured current at the cylindrical monopole’s antenna ter-

minals with calculated electric field strength at the tip of the

antenna as a function of monopole radius and pressure at 300

MHz with an Am241 ionization source . . . . . . . . . . . . . . 258

3.12 Measured current at the cylindrical monopole’s antenna ter-

minals with calculated electric field strength at the tip of the

monopole for 300 MHz excitation and a mercury arc light ion-

ization source . . . . . . . . . . . . . . . . . . . . . . . . . . . 259

xxv



Acknowledgements

I thank my supervisors, Professor David Thiel and Doctor Jun Lu of Grif-

fith University, and Professor Robert Olsen of Washington State University

for their guidance, wise advice and encouragement over the years. Without

their kind and studious attention, the learning process that is a doctoral

research program would not have been.

I also thank my colleague, John Drapala, who assisted me in all exper-

imental work. John is an experimentalist of the classic type, insisting on

the excruciatingly tedious protocols that make for reproducible and accurate

results.

I also thank Dr. Gary Miller, a colleague and mentor, who listened pa-

tiently as I too often thought outloud in his presence.

xxvi



This work is dedicated to my wife, Dr. Nancy Lynn Price, who has

continually inspired and encouraged me with her very remarkable life.

xxvii



xxviii



Chapter 1

Introduction

1.1 A History of Corona on Aircraft

From the first days of manned flight until now, electrical discharges have

played a significant role in aviation incidents and accidents. Best known are

the lightning and static discharges that have both claimed their victims;1

precipitation static has interfered with flight-critical communications and

navigation. Less known are the corona discharges and arcing that disable

electric power and RF systems in the rarefied air of the flight regime. While

the literature on lightning and precipitation static is relatively immense, that

on electrical and radio frequency corona on airborne conductors is compara-

tively sparse.

1The earliest records of lightning disasters include the German Naval dirigible L10
which crashed on September 3, 1915, at the mouth of the Elbe with 19 killed after a
lightning attachment [1]; the German Naval dirigible SL9 crashed and burned on March 30,
1917, in the Baltic sea with 23 people killed after lightning attachment. The Hindenburg
tragedy, it is thought, was the result of an inadvertent static discharge while mooring. An
untold number of fixed-wing aircraft succumbed to lightning before western governments
kept adequate records. Loss of life and aircraft by lightning extends into the present era.

1
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1.1.1 Precipitation Static

Electromagnetic interference to aircraft has been noted since governments

around the world required installation of communication and navigation ra-

dios [2].2 The interference generally coincided with local weather marked by

precipitation. The interference was originally named after its chief symp-

tom, “radio range variation,” [4] but soon came to be known as “precipitation

static” after the first hypothesis that purported to explain its cause. Cur-

tis [5] is credited with proposing that electrically charged rain, ice or snow

impinging on a radio’s antenna were responsible for the interference. Nearly

two decades of effort to treat victim antennas did little to reduce the interfer-

ence. Gunn [6] reported that, during World War II, precipitation static was

responsible for the loss of one per cent of military aircraft based in certain

regions in the U.S.

The first practical attempt to solve the problem involved insulating the

antenna so that particles could not transfer charge directly to it. Such

proved completely ineffective, though the use of insulation design persisted

for years [2]. The adoption of the loop antenna improved radio range, but

only mildly. Morgan [7] attributed the slight improvement to the fact that

charged particles could not easily strike the surface of the antenna. That

only perpetuated Curtis’ hypothesis. However, the reason the loop antenna

experienced reduced interference from precipitation static is because below

resonance loop antenna gain falls off at 40 dB per decade while linear antenna

2The U.S. Department of Commerce’s Bureau of Air Commerce, a predecessor to the
Federal Aviation Administration, required the installation of radios on all commercial
transport aircraft for air traffic control communication and navigation in the 1930s. [3]
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gain falls off by only 20 dB per decade. The loop antenna was inherently

more immune to low-frequency interference [2].

It was not until 1937 that the correct mechanism of precipitation static

interference was identified. Researchers from Reed College, Purdue Univer-

sity, Oregon State College, Bendix Radio Corporation, Bell Telephone Lab-

oratories and United Airlines (then a subsidiary of the Boeing Company)

collaborated to investigate precipitation static phenomena in flight [2, 6, 8].

The group concluded that the interference did not result from the impact

of charged particles on the victim antenna but from corona discharge at the

extremities of the aircraft. Then the focus of the investigators changed from

treating the victim antenna to controlling the discharge of the aircraft. They

subsequently discovered methods of promoting the discharge at low poten-

tials and so reduced the radiated energy from the corona. Discharge devices

were also located at remote extremities of the aircraft to increase the distance

between the discharge and ship’s antennas.

Tanner [9] characterized corona discharge on an aircraft as a localized cur-

rent density and applied a modification of the Lorentz reciprocity theorem to

relate the amplitude and extent of the discharge mathematically to the noise

power received in the bandwidth of a victim aircraft antenna and its radio.

Vasiliadis [10] further characterized the relation between corona discharge

current density and received noise power as a function of frequency. The

application of the reciprocity theorem illuminated those factors important

in suppressing precipitation static interference, e.g., controlling the location

and amplitude of the discharge.3

3The most effective measures in suppressing precipitation static interference have been,
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While precipitation static cannot be entirely eliminated from aircraft in

flight, it can be controlled so that it does not generally result in interference

to communication and navigation radios. On the other hand, radio frequency

corona can and must be eliminated through prudent design.

1.1.2 Radio Frequency Corona

Scharfman summarized the symptoms of “voltage breakdown” in antennas:

“The presence of antenna voltage breakdown is manifested by a de-

crease in transmitted signal strength, change in the input impedance

and radiation pattern of the . . . antenna, modifications of the pulse

shape, and noise modulation on the signal.” [11]

The first recorded instance of radio frequency corona on an aircraft was

found in a German scientific document captured at the end of World War

II and translated by the U.S Army Air Forces’ Air Materiel Command [12].

The author, Mehlhardt, wrote three years before the first installation of an

airborne German radar [13]. The details of the report suggest it was written

to understand the breakdown of air around the long wire of a high-frequency

(HF) communications antenna. Mehlhardt very usefully summarized the

total German research of high-frequency breakdown to his day and offered

some critical insights.

In 1940 the British brought the cavity magnetron to America to hasten

development of high-power microwave radar [13]. Posin said,

in order of importance, 1) reducing the amplitude of the discharge and 2) increasing the
distance from the discharge to victim antennas. Installation of discharge wicks fixed the
location of the discharge and promoted discharge at relatively low potentials and so reduced
the amplitude of the discharge.
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“[d]uring the course of the radar work at the Radiation Laboratory,

M.I.T., serious problems were posed by undesired sparking of radiofre-

quency components when high power emanated from magnetrons.” [14]

At its first demonstration at Bell Laboratories, observers noted “a glow

discharge about an inch long coming from the output terminal” [13].

The early difficulties with voltage breakdown4 limited the usefulness of

the newly-invented magnetron and imposed a limit on the power that could

be transmitted to and radiated from an antenna, and therefore the detection

range of the radar. RF corona and consequent breakdown was a singular

roadblock to further progress. There soon followed a flurry of research from

the staff of the Radiation Laboratory on microwave breakdown.5 A cursory

inspection of the M.I.T Radiation Laboratory’s Series shows coaxial outputs,

coaxial-to-waveguide transitions and waveguide windows specifically designed

to prevent corona at high power [15] and the report of a detailed investigation

of breakdown in microwave transmission systems as a function of electric field

strength and pressure [16].

The Radiation Laboratory staff issued eight major papers on the subject

in 1948 alone [14,17–23]. Several focused on microwave breakdown in cavities,

suggesting the magnetron itself was bedeviled by the problem of breakdown.

The long-wire HF antenna on aircraft was abandoned in favor of confor-

mal shunt antennas and aerodynamic probes as the jet age dawned because

4The term “voltage breakdown” describes the breakdown of any dielectric under elec-
trical stress at any frequency.

5The term “microwave breakdown” was more specific than “voltage breakdown”: it
was applied consistently to the breakdown of gaseous dielectrics under the influence of
radio frequency fields at a frequency such that diffusion was the dominant electron loss
mechanism.
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the long-wire could not survive on the much faster aircraft. But this change

only aggravated the problem of breakdown because the new antennas were

electrically shorter and operated at higher voltages. It was Tanner who first

described the difficulties of this new generation of HF antennas:

“High rf voltages are troublesome under any circumstance, but if the

aircraft is to be operated at high altitudes the problem of voltage

breakdown becomes acute.” [24]

With regard to radar, MacDonald noted that

“Airborne radar system may initiate electrical discharges in front of

the antennas at high altitudes because, at ultra-high frequencies, the

electric field required to break down air at low pressures is, in general,

much less than that required at atmospheric pressure.” [25]

The cold war gave birth to ballistic missiles and the launch vehicles used

by the space programs of several nations as well as high-altitude jet aircraft.

As science moved into the stratosphere and on into space, RF corona was

found to disable the radio communications and telemetry critical to the air

vehicle’s mission. Scharfman commented that

“The signal received from electronic systems on various missiles has

contained evidence of voltage breakdown on antennas at altitudes from

50,000 to 300,000 feet at VHF, UHF, and microwave frequencies.” [11]

Scientists among the major aerospace contractors confronted the problem

with increased research. For a decade and a half, scientists from Martin [26],

Stanford Research Institute [27–34], Boeing [35, 36], Sylvania [25], North
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American Aviation [37, 38], Lockheed [39], NASA [40–42], Canada’s Na-

tional Research Council [43], The U.S. Air Force [44–47], AVCO [48–57],

Sandia [58], and MIT [59,60] pursued the problem of breakdown.

By 1973 the published research on microwave breakdown had all but

dissipated. The principal reason was, perhaps, that the push into the upper

reaches of the atmosphere by aircraft, missiles and rockets was complete. The

fundamental physics of microwave breakdown had been described. But the

work on microwave discharge did not begin during World War II; it continued

the research on gas dielectric breakdown conducted forty years earlier at

Cambridge’s Cavendish Laboratory and at Oxford’s Clarendon Laboratory

by J. J. Thomson and J. S. Townsend. Significant work was done also in the

United States and in Germany before the second World War.
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1.2 Research Before World War II

1.2.1 Thomson and Townsend in England

In the late 1880s Professor J. J. Thomson of Cambridge’s Cavendish Labora-

tory suggested his new graduate student, J. S. Townsend, study the electrical

properties of gases [61]. Townsend went on to pioneer the theory of the elec-

trical breakdown of gases. He said his contribution to knowledge was

“. . . a description of the conductivity obtained in gases at ordinary

temperatures and at pressures ranging from atmospheric pressure to

pressures of the order of one millimetre in which the discharges may

be explained by the theory of ionisation by collision.” [62]

In 1900 Townsend was appointed to the newly established Wykeham chair

of Physics at Oxford University where he pursued fundamental research in the

electricity of gases and founded a laboratory. Both Thomson and Townsend

mentored graduate students from all over the world [61]. Thomson’s work in

gaseous electricity [63] combined with Townsend’s resulted in an explosion of

research on the continent, in North America, Australia, New Zealand and the

far reaches of Asia. Figure 1.1 shows the number of technical publications in

gas discharges for each five-year period between 1900 and 1940 [64].

In 1900 Townsend published a highly cited short note in Nature [65]

relating his observation of the electron avalanche. At the heart of his theory

Townsend postulated the electron avalanche in uniform fields,

n = n0

∫ d

0

eαxdx = n0
eαd − 1

α
, (1.1)
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Figure 1.1: Technical publications world-wide on gas discharges, 1900-
1940 [64]

where n is electron density, n0 the initial electron density due to incipient ra-

diation, d is the distance between electrified, parallel plates, and the variable,

α, is now defined as Townsend’s first coefficient of ionization.

By experiment Townsend understood that α was a function of both elec-

tric field strength and gas pressure and independent of initial electron density,

α

p
= f

(
E

p

)
, (1.2)

where p is pressure and E is electric field strength.

Townsend’s description of ionization in (1.1) applied to currents mea-

sured between parallel plate electrodes with DC voltage applied up to a

certain plate separation. Townsend noted that for larger distances the cur-

rent increased more rapidly with distance than the exponential term eαd. He

attributed the excess current to ionization by collision of positive ions [62].
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To explain the phenomenon he added a coefficient of ionization by positive

ions, β, and (1.1) was rewritten as

n = n0
(α− β)e(α−β)d

α− βe(α−β)d
. (1.3)

Townsend claimed this formulation, as opposed to that of (1.1), led di-

rectly to “a theory of sparking” [62] by which he meant the avalanche grew

without bound when the denominator of (1.3) vanished. Thus, the sparking

or breakdown criterion was
α

β
= e(α−β)d. (1.4)

Nasser [66] pointed out that Townsend’s description of breakdown was

an observation about his empirical formula rather than of the actual phe-

nomenon because electron production does not grow without bound. Com-

menting further, Nasser said Townsend’s breakdown criterion “does not have

a sound physical basis because of the inability of ions to ionize by collision.”6

Hulburt [71], whose interest as an astronomer was in emission lines and

not breakdown phenomena, calculated the voltage required to impart suffi-

cient energy to an ion to cause ionization and determined only the electron

6From a reading of Townsend’s first paper in which he claims to have discovered ion-
ization by electron collision [65], it appears he used the terms “electron” and “negative ion”
interchangeably. That practice is also apparent in his texts on the subject [62,67] and his
later papers [68, 69]. The same equivalence appears ten years later when Whitehead calls
ionization

“. . . a separation of the ultimate particles of the air into positive and
negative charges or gaseous ions which render the air highly conduct-
ing.” [70] [emphasis mine]

Nasser’s criticism of Townsend may have been colored by his misunderstanding of
Townsend’s usage of the term, ion.
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participates significantly.

Though the role of positive ions in breakdown was in doubt even in his day,

Townsend’s theory became entrenched in the literature. By 1947 Townsend

himself expressed doubt about the role of positive ions in ionization:

“The positive ions may contribute to the currents by ionising molecules

of the gas or by setting free electrons from the negative electrode, but

it is impossible to decide from measurements of the currents between

parallel plates which is the predominating action. This may be seen by

comparing the expression for the currents between the plates obtained

on the hypothesis that positive ions ionise molecules, with the expres-

sion obtained on the hypothesis that positive ions set free electrons

from the negative electrode.” [67]

He proposed yet another coefficient, γ, to describe the contribution of positive

ions. The production of electrons in the uniform field between parallel plates

then became,

n = n0
eαd

1− γ(eαd − 1)
, (1.5)

and since at breakdown eαd >> 1, the breakdown criterion became,

γeαd = 1. (1.6)

Meek and Craggs noted also that the breakdown described by (1.6) is

non-physical: the current in a gas discharge cannot approach infinity. They

suggested instead that it be interpreted as

“. . . a replacement condition at which on the average, each electron
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produced at the cathode is just replaced by primary and secondary

ionization processes.” [72]

Loeb [73] attributed a modification of the electron avalanche equation for

non-uniform electric fields to Townsend [67],

n = n0e
∫
αdx, (1.7)

known today as the Townsend integral. Townsend recognized that while

breakdown of a gas in a uniform field is a function of electric field strength

and gas density only, in a non-uniform field the breakdown threshold is com-

plicated by the degree of field non-uniformity. Thus the geometry of the

electrodes will also affect the breakdown threshold.

A careful reading of Townsend’s works suggests his theory of ionization by

electron collision with molecules was constructed from a simple mechanical

understanding of electron action rather than the statistical physics that char-

acterizes modern plasma physics. Following the mechanical model, Townsend

predicted that breakdown would involve an exponential growth of electrons

and that, if the electric force were just so, that growth would result in spark-

ing. Nowhere did Townsend appear to derive his theory from more funda-

mental physics.7

7Boltzmann’s theory of statistical mechanics had yet to carry the day in Great Britain.
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1.2.2 Research in North America

While Townsend’s theory of ionization by electron collision is best described

as mathematical physics8, the work of those in North America in the same

period is best described as experimental electrical engineering. Their chief

interest was practical and the equations they popularized were empirical.

Whitehead [74] commented in 1920 that “Townsend’s is the only attempt to

coördinate corona phenomena with modern physical theory.” The empirical

tendency was so strong at times that Steinmetz once criticized a fellow with

these words:

“. . . even an empirical law cannot be accepted as an approximation,

unless it appears rational in its application. [75]”9

Among these early investigators, the work of Steinmetz, Ryan, Whitehead

and Peek stand out.

Steinmetz

Steinmetz is credited as the first to apply the term “corona” to the bluish

discharge around high voltage wires [77]. He did his most significant work

on corona late in the nineteenth century [78]. For several years he had per-

formed groundbreaking experiments “[t]o investigate the dielectric strength of

air . . . between parallel cylinders of different diameters, between sharp points,
8Townsend’s university degree was in mathematics [61]
9There seems to have been some small rivalry between Steinmetz and Whitehead.

Steinmetz’s acerbic comment may have been directed toward Whitehead’s advocacy of a
corona law attributed to Russell, E = 32 + 13.4√

d
, where d is wire diameter in cm and E is

electric field strength in V/cm, of which he said, “Such a uniform and regular law should
prevent all further use of such artificial suggestions as that the air in the neighborhood of
a wire has a greater electric strength than at a distance. . . .” [76]
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and between spheres of different sizes” [78]. The language Steinmetz used

betrays an assumption he would be much criticized for later, viz. that the

dielectric strength of air varies in proximity to conductors. His observation

that the breakdown fields at the surface of certain conductors greatly ex-

ceeded that demonstrated for uniform fields was correct, but his attribution

of that change to some property of the air was not.

Steinmetz’s focus on some malleable characteristic of air may have re-

sulted from his adoption of an analogy from mechanical engineering.

“The disruptive electrical discharge bears a striking analogy to me-

chanical rupture. Thus, as the mechanical strength of a beam remains

practically unimpaired up to a certain load, and at this load suddenly

falls to zero by mechanical rupture, so the resistance of an air space

is practically infinite up to a certain potential, at which, under dis-

ruptive discharge, it suddenly falls down to practically nothing. In

looking for a physical law representing the electrical disruptive dis-

charge, it thus was to be investigated how far the laws of mechanical

strength would represent the observed effects . . . Thus I investigated

whether the disruptive discharge of air takes place as soon as the di-

electric stress, that is the electrostatic gradient anywhere in the path of

the discharge exceeds a certain constant value, which would be called

the “dielectric strength of air” in analogy to the “mechanical strength”

of a material.” [78]

Steinmetz discovered in the course of his experimental work that the

electric field near a wire did exceed the known dielectric strength of air yet

without breakdown. Steinmetz initially explained this departure from the
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mechanical analogy as the result of “a condensed air film at the surface of

the conductor” [79]. But he soon abandoned that hypothesis and, instead,

postulated that the breakdown of air required a certain amount of energy to

be stored in the vicinity of the conductor [80,81], though he did not explain

how stored energy caused breakdown. His revised view had the advantage of

showing that breakdown was not a strictly local phenomenon, but required

dielectric stress through some volume. In other words, breakdown would be

described not by the electric field strength at some point, but by the integral

of a function of the electric field strength through some volume. The new

hypothesis made sense as Townsend’s theory of ionization by electron colli-

sion gained acceptance. Writing of breakdown between spherical electrodes,

Steinmetz said,

“Experience shows that the voltage, ev, at which corona begins at

the surface is not the voltage at which the breakdown gradient of air,

g0 = 30, is reached at the sphere surface, but ev is the voltage at

which the breakdown gradient, g0, has extended up to a certain small

but definite distance the “energy distance” from the spheres. That

is, dielectric breakdown of the air requires a finite volume of over-

stressed air, that is, a finite amount of dielectric energy. As the result,

when corona begins, the gradient at the terminal surface, gv, is higher

than the breakdown gradient, g0, the more so the more the flux lines

converge, that is, the smaller the spheres (or parallel wires) are.” [81]

Steinmetz produced the high voltages required by his apparatus using a

generator and a network of step-up transformers, four attached in parallel to

the generator, a second four attached to the secondary windings of the first
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four, and the last four with secondaries in series. The intermediate voltages

were instrumented and the final voltage estimated from the instrument’s

readings and a calibration of the transformer ratios.

Even more ingenious was the treatment of the electrodes. Steinmetz was

aware that small surface features introduced variability in the measurement

of the breakdown field. So in an effort to achieve the smoothest possible

surface, Steinmetz used mercury.

“To secure a perfect smoothness, a film of liquid quicksilver was used

as electrode surface, that is polished brass cylinders and spheres were

used, and were immersed in a solution of mercuronitrate and after-

wards wiped off with a clean cloth. The fairly thick film of quicksilver

deposited on the electrode surface forms a liquid and thus perfectly

smooth surface. After every discharge the electrodes were reamalga-

mated. The effect of this precaution was that even with very small dis-

tances, the discharge appeared constantly at the same voltage, while

with merely polished electrodes with very small distances, a more or

less erratic behavior takes place due to minute unevenness of the sur-

face.” [78]

Though Steinmetz would later be called “the father of electrical engineer-

ing in America,” he gave over active experimentation to a younger colleague,

Peek, who took the lead in the General Electric Company’s laboratory efforts

to control corona in power systems.
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Ryan

Ryan was the first to systematically study the effect of temperature and

pressure on corona onset. It is important to note he was concerned with

the power losses associated with corona and looked for a sharply increased

power loss as the indicator of corona onset. He used only one size of conductor

but concluded corona onset voltage was a linear function of pressure. Ryan

noticed that the electric fields very near a cylindrical conductor may exceed

the breakdown strength of air without breakdown by as much as a factor

of five. Perhaps echoing Steinmetz, he attributed this phenomenon to the

character of air.

“The thin zones of atmosphere that enclose the electrode and which are

in immediate contact therewith have a far greater dielectric strength

than air in bulk, corresponding to a ratio of dielectric strengths of from

five to ten.” [77]

Ryan’s work, reported in 1904, was an attempt first to correlate existing

data on corona loss thresholds to line voltage, geometry, pressure and tem-

perature. He performed some limited measurements of his own to duplicate

previous work and found good agreement when data were corrected for tem-

perature and pressure and proposed an empirical equation to predict corona

loss thresholds. When he applied the equation to data collected by others

on smaller diameter wires, the predicted and measured corona onset voltages

differed. Ryan knew that others had measured the voltage at which visible

corona began rather than at the point where corona power loss increased, as

he had done. So some experiments were in order to see if the two criteria
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correlated.

While initially he championed Steinmetz’s idea that the dielectric prop-

erties of air changed in proximity to conductors, by 1911 he thought better

of it and postulated that

“. . . corona is dependent not only on the application of a certain mini-

mum stress but also upon a certain minimum striking distance through

which such stress must be applied.” [82]

Ryan astutely noted that as the diameter of a wire decreased, the surface

electric field at corona onset increased, but that the “striking distance” was

also smaller. Implicit in his observation is the idea that some product of

electric field strength and striking distance is important to corona onset. In

this he anticipated the Townsend integral. Ryan determined that corona

onset is dependent upon:

1. “The density of the gas, i.e., upon its temperature and pressure.

2. Upon the degrees of uniformity of the electric stress producing

the corona.

3. The spread of the electric stress in the air about the conduc-

tor and, therefore, upon the radius of curvature of the conduc-

tor.” [82]

Ryan also recognized that, if Townsend’s theory of ionization by collision

was correct, then the development of corona required a certain “headway” [82]

and that corona would not be established unless the electron avalanche

reached a critical density.
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“This then is the underlying cause . . . for those effects that lead one

earlier to assume the existence at the surface of the conductor of a

thin zone of air having remarkably great dielectric strength. . . . The

term “dielectric strength” as applied to the open atmosphere, from the

inherent nature of things, can have no definite meaning.” [82]

Ryan worked with Marx [83] on sustained high frequency corona, very

likely the first work on the subject, though the highest frequency of excitation

was outside the audio range (88 kHz). Figure 1.2 shows a comparison of 60 Hz

and 88 kHz corona onset for point-to-plate and point-to-point electrodes. The

reduced threshold of corona onset at the higher frequency was pronounced.

The difference between corona onset at 60 Hz and at 88 kHz is probably

due to the formation of a positive space charge and consequent intensifica-

tion of the electric field near the electrodes as noted later by Reukema [84].

Reukema noted the critical frequency above which positive space charge

formed for similar electrode geometries at ground level was about 20 kHz.

Whitehead

Beginning in 1910 Whitehead published a series of articles on the electric

strength of air [70,76,85–87]. His practical interest was in high-voltage power

transmission and so the aim of his investigation was “determining the electric

strength of air in the neighborhood of round wires. . . ” [70]. Whitehead drew

attention to a known but unexplained phenomenon: the electric field strength

at the surface of a small wire (< 1 cm diameter) may greatly exceed the

measured “rupture strength” of air without obvious breakdown [70]. Figure

(1.3) shows Whitehead’s own measured data of critical surface field strength
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Figure 1.2: Ryan’s measurement of corona onset voltage at 60 Hz and 88
kHz compared [83]

and wire diameter. Whitehead commented in a later work,

“Perhaps the most interesting problem in connection with the phe-

nomenon of corona formation is the explanation of the greater values of

electric intensity at which corona starts around smaller wires . . . .” [76]

Whitehead was not satisfied with Russell’s postulating “lost volts” at the

surface of small wires [88] to explain the phenomenon. Peek [79] claimed

Steinmetz suggested “a condensed air film at the surface of the conductor”

as the cause of apparent increased dielectric strength.

In his careful experimental work, Whitehead considered the effects of

temperature, humidity and frequency on breakdown of air. Whitehead did

not control pressure in his initial investigations, but he did vary temperature

and noted a 0.22 per cent drop or rise in the electric strength of air for every

degree centigrade rise or fall in temperature from 21 degrees centigrade. He



1.2. RESEARCH BEFORE WORLD WAR II 21

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0

10

20

30

40

50

60

70

80

Wire diameter (mm)

S
u

rf
a

c
e

 e
le

c
tr

ic
 f

ie
ld

 (
k
V

 c
m

−
1
)

Figure 1.3: Whitehead’s measurement of the relation of critical electric field
strength at the surface of the wire and wire diameter [70]

felt certain that

“. . . the laws covering the variation of the critical intensity with tem-

perature and pressure are apparently within easy reach.” [76]

Whitehead investigated the critical voltage as a function of frequency,

being careful to note changes in the generator’s function and the voltmeter’s

response with frequency. He noted a 6 per cent drop in corona onset voltage

at 90 Hz compared to that at 25 Hz but dismissed it:

“[t]he influence of frequency does not offer promise of expression as a

simple relation. The influence is so small, however, within the limits

of frequency met in practice that it may be neglected.” [76]

Whitehead noted that, though knowledge of Paschen’s law was wide-

spread, only Ryan had undertaken to study the effect of pressure on alter-

nating corona [76]. Whitehead later pursued a thorough investigation and
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found the variation of the critical voltage with pressure was perfectly lin-

ear [76]. He did, however, acknowledge a fundamental dependence of the

critical voltage on the radius of the wire.

Though Whitehead was initially skeptical of Townsend’s theory of ion-

ization by electron collision, he performed a calculation of the energy an

electron might acquire in the electric field of breakdown using knowledge of

the electron’s mean free path and charge and admitted the possibility [76].

He also acknowledged that positive ions, with their much larger mass and

collision cross section would not possess sufficient energy to promote ion-

ization. And he determined that the measured effects of temperature and

pressure on breakdown were explained by the change they produce in mean

free path.

In 1913, Whitehead [86] published an empirical formula similar to one

Peek [75] had championed the year before:

g = 33.6 δ

(
1 +

0.235√
δr

)
(Whitehead), (1.8)

g = 31 δ

(
1 +

0.308√
δr

)
(Peek), (1.9)

where

δ =
3.92p

273 + t
, (1.10)

g is the critical electric field strength in kV cm−1, r is the radius of the

conductor in cm, p is pressure in cm Hg, and t is temperature in degrees

centigrade. Figure 1.4 shows the slight difference between the two formulas.

Perhaps the most significant development in their combined work was the
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Figure 1.4: Comparison of Peek’s law of corona onset with Whitehead’s in
terms of electric field strength at the surface of the wire as a function of
pressure [86]

recognition that corona onset is a function of number density [86], and that

is affected oppositely by temperature and pressure. Whitehead performed

experiments on carbon dioxide, a gas 50 per cent more dense than air, and

discovered it was number density, not mass density that governs corona onset.

Peek

Peek figured prominently in early corona research such that the empirical for-

mula used to this day for corona onset bears his name. Under the direction

of Steinmetz at General Electric Company, Peek and others conducted re-

search with the aim of stemming corona power loss on transmission lines [79].

Peek’s data show corona loss increasing as much as 2.5 kW per km per 10

kV above corona onset.

The experimental apparatus at General Electric’s high voltage laboratory
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was representative of commercial transmission lines of the day. The test lines

spanned three metal towers using conventional insulators. Lines of many

diameters were installed in succession for testing.

Peek and his team took care to locate the test site windward of the nearby

city so that drifting smoke would not affect results. Rails were installed

under the towers and a motor-generator set and transformers installed in

one of three cars that could move between the factory and the test site.

Measurement instruments and controls were installed in the middle car and

the third contained a darkroom to support photography of the experiments.

Barometric pressure, temperature and humidity were consistently recorded

during experimental sessions. Figure 1.5 shows measured corona power loss

as a function of line voltage. Peek observed that corona loss above the knee
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Figure 1.5: Peek’s measured corona power loss as a function of line volt-
age [79]

of the curve of Figure 1.5 followed a quadratic law and so formulated the
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empirical equation for corona loss,

Pl = c (V − V0)2 , (1.11)

where Pl is power loss in kilowatts per kilometer, c is a constant, V is line

voltage in kilovolts, and V0 is the voltage associated with initial corona loss

in kilovolts. The equation did not fit the curve below the knee and Peek

attributed that loss to imperfections and dirt on the line where corona would

prematurely start at specific loci. The knee of the curve corresponded roughly

with the voltage of visual corona onset.

While preventing corona loss was the motivation for General Electric’s

research, Peek’s attention was soon drawn to the same phenomenon that

puzzled Steinmetz earlier, that for a line of constant diameter, corona on-

set always occurred at the same maximum voltage gradient or electric field

strength. But corona onset was not a function of constant electric field

strength when the diameter of the wire changed. Figure 1.6 shows critical

electric field strength, gv, in kV cm−1, at the wire’s surface as a function of

wire diameter.

When Peek’s observed critical voltage gradient was plotted as a function

of 1/
√
r, the data were quite linear, and so he proposed the empirical formula,

gv = g0

(
1 +

0.301√
r

)
, (1.12)

where gv is the critical voltage gradient at the surface of the wire in kV cm−1,

g0 is the disruptive gradient of air for uniform fields at 25 degrees Centigrade
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Figure 1.6: Peek’s measurement of critical electric field strength at the surface
of the wire, gv, as a function of wire diameter at standard temperature and
pressure [79]

and 760 torr (29.8 kV cm−1 peak), and r is the radius of the wire in cm.

Figure 1.7 shows Peek’s measured critical voltage gradient as a function

of 1/
√
r.

Over the range of commercial frequencies tested by Peek (40 to 100 Hz),

the effect of frequency on critical voltage was small or negligible.

By 1912, Peek and his team had addressed the effects of temperature and

pressure by including a relative atmospheric mass density, δ, in the empirical

equation for corona onset,

gv = g0δ

(
1 +

0.301√
δr

)
, (1.13)

where

δ =
3.92p

273 + t
, (1.14)
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Figure 1.7: Peek’s measured critical electric field strength at the surface of
the wire, gv, as a function of 1/

√
r [79]

p is pressure in cm Hg, and t is temperature in degrees centigrade. The

density factor, δ, was evidently not an attempt to achieve a better fit to

the measured data but rather to rationalize the equation. The explanation

in Peek’s day for the variance in maximum electric field strength with wire

radius focused on energy stored near the wire within that radius where g

exceeded g0. Peek stated that two conditions were necessary for rupture:

1) an electric field exceeding the dielectric strength of air and 2) sufficient

energy to force the rupture. The density factor in the denominator reflects

the idea that “the thickness of the ionizing film should also be a function of

δ” [89]. In the last paper in a series of three, Peek offered this analysis of

corona:

“Air has a constant strength g0 for a given density, but a finite amount

of energy is necessary to cause rupture or start corona. Hence rupture
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starts, not when a gradient is g0 at the surface of the conductor, but

only when the gradient is g0 a finite distance from the surface; that is,

the stress at the conductor surface must exceed the elastic limit g0, or

be increased to gv in order to supply the necessary rupturing energy

between the conductor surface and a finite distance in space (0.301
√
r

cm.) away where the stress is g0 and breakdown occurs. The energy

stored in this space may be called the rupturing energy.” [90]

Peek’s conjecture was correct in that it captured the idea that the break-

down necessarily has a spatial character. But terms such as “elastic limit”

suggest he was drawing heavily on Steinmetz’s mechanical analogy. Nowhere

did Peek or any other researcher attempt to calculate the “rupturing energy”

near a conductor to see if the conjecture held. But by 1920 Peek had revised

his opinion in the light of electron theory.

“In terms of the electron theory, the reason is probably due to the be-

havior of the ionization process under the changing electrostatic field

conditions with a decreasing conductor radius. The electrons and ions

involved have finite sizes and mobilities, so that it is conceivable that

below certain conductor sizes the breakdown process, particularly col-

lision ionization, should be sufficiently impaired as to require increas-

ingly higher surface gradients for starting corona. The radial field

extending out from a conductor would, of necessity, require that the

surface gradient itself be sufficiently greater than the breakdown gradi-

ent for a uniform field, in order to allow the field for a certain distance

out to assume breakdown proportions.” [89]

Thus with Peek, for the first time, Townsend’s theory of of corona onset
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through electron collision was introduced into the explanation of corona onset

in North America.

Reukema

During the first decades of the 20th century there was only one method to

reliably measure high voltage and that was the sphere-gap voltmeter. When

high-power RF amplifiers became available, it was possible to produce contin-

uous, high-voltage RF potentials. Reukema [84] addressed the validity of the

sphere-gap voltmeter as an accurate gauge of potentials at high frequencies.

He was the first to examine the question and his subsequent investigation led

him to discover the role positive space charge plays in breakdown.

Most interesting is Reukema’s discussion of Peek’s experimental work at

the General Electric high-tension laboratory a decade earlier. Peek noted

a decrease in spark-over voltage at high frequencies, but attributed it to

“rough spots on the spheres” [84]. The reduction in spark-over voltage at high

frequency that Peek measured was indeed greater than that which Reukema

was able to observe and so surface roughness seems to have been responsible

in part. But surface condition became grounds for Peek’s dismissal of the

phenomenon entirely,

“It seems that the air at high frequency of the above order (40,000

cycles) is only apparently of less strength. If the sphere surfaces are

highly polished, it seems that the high frequency spark-over voltage

should check closely with the sixty-cycle voltage.” [89]

Peek evidently did not investigate further and his conclusion remained a

conjecture.



30 CHAPTER 1. INTRODUCTION

In his experiments with the sphere-gap voltmeter, Reukema noted an

initial departure from dc breakdown voltage at about 20 kHz that leveled off

at 13 per cent below the dc breakdown voltage at about 60 kHz. Reukema

attributed the effect to the accumulation of positive ions in the gap and

consequent distortion of the uniform field. With their relatively low mobility,

above some critical frequency the positive ions are unable to traverse the

gap in a half-cycle and accumulate between the electrodes. At some higher

frequency Reukema postulated that electrons would begin to accumulate in

the gap perhaps recombining with the positive ions and neutralizing the space

charge. Above that frequency he speculated the accumulation of electrons

would result in immediate arcing. He did not explore that hypothesis perhaps

due to the unavailability of very high frequency equipment.

Reukema also described the effect of ultraviolet light on discharge phe-

nomena. Though he credits Hertz with discovery of the phenomenon, he was

the first to enunciate the mechanism and use it to advantage by reducing the

variance of measured discharge voltage. Some form of radiation, ionizing or

photoelectric, is included in most discharge experiments to this day.

Since Reukema set out to explore the usefulness of the sphere gap volt-

meter at high frequencies, he did not investigate other geometries.

Reukema’s work was especially noted in Germany as researchers there

made use of new amplifiers to explore the high frequency breakdown of air.
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1.2.3 Research in Germany

While investigation of electrical breakdown in Europe began in the 19th

century, the most significant high-voltage work occurred during a short period

between about 1930 and the beginning of World War II. Those researchers

who made significant contributions to the understanding of high-frequency

breakdown are discussed here.

Lassen

Lassen noted Reukema’s careful work but said “. . . [Es] hat sich hier noch

kein einheitliches und allgemein anerkanntes Bild ergeben” [91]10. Lassen

cited the work of Goebeler whose own research extended to 100 kHz using

spherical electrodes with separations less than 1 cm. Goebeler measured the

same sparking potential at 100 kHz as for dc.

Lassen performed his measurements using spherical electrodes at voltages

up to 15,000 volts and at frequencies ranging from 110 kHz to 2.45 MHz. He

used 0.25 mg of radium salts to provide an initial supply of free electrons.

Lassen performed initial measurements with the same electrodes at 50 Hz

for comparison. Figure 1.8 shows Lassen’s original data for 2.5 cm diameter

spheres. The measurements were conducted at 760 mm Hg and 20 degrees

centigrade.

Lassen noted that the departure of the high frequency data from the 50

Hz data corresponded to a critical gap width, lc, and a critical frequency, fc,

10“. . . no uniform and generally accepted picture has arisen to date.” [91]
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Figure 1.8: Lassen’s observation of spark-over voltage as a function of spark
gap width for several frequencies of excitation [91]. The figure is an image
from the original paper.
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in terms of electric field strength, E, and positive ion mobility, µ+,

lc =
µ+E

πfc
, (1.15)

such that,

1. below the critical frequency the sparking potential matches that at dc

or 50 Hz,

2. just above the critical frequency the sparking potential decreases with

frequency with respect to the dc case, and

3. well above the critical frequency the sparking potential is a constant

fraction of that for the dc case.

Lassen agreed with Reukema [84] that the critical frequency corresponded

to the accumulation of positive ions in the gap which, because of limited mo-

bility, are unable to cross the gap in a half-cycle. The space charge distorted

the electric field in the gap and effectively reduced the breakdown threshold.

Lassen noted that the boundary between the second and third behaviors

is about 5 times the critical frequency. He did not, however, explore the

frequencies above 2.45 MHz in which Reukema suggested behavior would

again change due to the formation of an electron cloud and neutralization of

the positive space charge.

Lassen’s experimental apparatus may have resulted in drift-controlled

breakdown at the frequencies he explored. There is no evidence in his data

of the lower thresholds characteristic of diffusion-controlled breakdown.



34 CHAPTER 1. INTRODUCTION

Kampschulte and Miseré

Kampschulte [92] measured breakdown voltages using spherical electrodes

and point-plane electrodes from 50 Hz to 100 kHz with voltages up to 75

kV. Miseré [93] extended Kampschulte’s experiments up to 1 MHz and 140

kV. His most interesting result was a nearly 80 per cent reduction in break-

down voltage for Miseré’s point-point electrodes at 1 MHz and maximum

gap width. Figure 1.9 shows the difference in breakdown voltage for 50 Hz

and 1 MHz for point electrodes as a function of gap width.
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Figure 1.9: Miseré’s measurement of spark-over voltage as a function of spark
gap width for pointed electrodes [93]

Considering the non-linear fields associated with point electrodes and the

relatively large gaps employed, it is possible that Miseré’s experiment at 1

MHz resulted in diffusion-controlled breakdown.
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Müller

Müller [94] extended the work of Lassen from 2.45 MHz to 25 MHz using 1

cm diameter spheres and excitations up to 14 kV/cm. Müller found the same

effect of positive space charge measured by Reukema [84] and Lassen [91] ear-

lier. He reported the high frequency breakdown voltage dropped 20 per cent

below the breakdown voltage for 50 Hz excitation. But his most significant

contribution was to show the breakdown voltage rising again to the 50 Hz

level, perhaps confirming the prediction of Reukema that the positive space

charge would be neutralized at some higher frequency as electrons failed to

contact electrodes during a half-cycle.

Müller also tested breakdown at pressures as low as a few mm Hg and

discovered the same linear relationship with pressure that others had found

with DC or power frequency excitation.

Müller noticed that as he increased frequency, the spark delay also in-

creased. Irradiation of the gap with ultraviolet light from a quartz mercury

lamp eliminated the delay.

Luft

Luft [95] extended the knowledge in Europe of high frequency discharge by

increasing the distance between the electrodes and exploring discharges in-

volving highly non-uniform fields. He was able to accomplish this by building

experimental apparatus that could deliver nearly 200 kV at high frequency

using a high power amplifier and a carefully designed Tesla coil.

Luft stated that most high-frequency discharge work done up to his time
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had been performed using planar electrodes or spherical electrodes, both

commonly used as high-voltage measurement devices.11 Luft was more in-

terested in high-voltage design of RF amplifiers and so the very non-uniform

fields associated with sharp edges and corners of transmission systems and

antennas attracted his attention. He repeated the spherical electrode exper-

iments of earlier years in order to establish common ground, but extended it

to point-plane electrodes to explore more fully non-uniform discharge.

Luft credited Reukema with first discovering the reduction of breakdown

voltage by about 20 per cent compared with the 50 Hz case for frequencies

above 20 kHz. He also credited Lassen with clarifying the behavior as the

consequence of a positive space charge that distorted the field between elec-

trodes and hastened breakdown. He attributed the discovery of the re-rise

in breakdown potential to 50 Hz levels at even higher frequencies due to the

neutralization of the positive space charge by increasing electron density in

the gap to Müller.

Luft divided the work of researchers of prior days into two groups. The

first were those who were anxious to obtain as high a frequency as possible

and at the expense of voltage (not over 15 kV). They used small electrodes

and small gaps. The disadvantage of very small spherical electrodes, accord-

ing to Luft, was that the accuracy of the breakdown voltage measurement

suffered due to the tendency of electrodes of small radius to “pre-discharge.”12

In addition, the lower voltages necessitated smaller gaps. The close proxim-

11Sphere-gap voltmeters are still a common furnishing of modern high-voltage labora-
tories.

12German,Vorentladungen. Luft here probably refers to the tendency to corona onset
before a complete breakdown; the onset of corona would alter the normal pre-breakdown
condition making it quite difficult to measure a true breakdown voltage.
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ity of electrode to electrode made diffusion controlled breakdown impossible

and hence the breakdown voltages closely resemble those of 50 Hz with the

same electrodes.

The second group experimented with higher voltages at the expense of

frequency. Thus Reukema’s prediction that, after falling due to positive space

charge, the high-frequency breakdown voltage would once again re-rise to the

50 Hz level was left to Müller.

When Luft measured flash over voltage for point-plane electrodes sep-

arated by as much as 30 cm he discovered a very pronounced reduction

compared to 50 Hz to be as much as 70 per cent. Luft experimented with

grounding alternatively one electrode and the other and found a difference

in result. Figure 1.10 shows flash over voltages as a function of gap length

for both electrode arrangements compared with 50 Hz.13

Luft performed his high frequency measurements at frequencies approach-

ing 500 kHz, at which frequency electron excursion due to drift is on the order

of the electrode gap, and so electrons could have accumulated in the gap. Dif-

ferent corona onset thresholds for 500 kHz and 50 Hz are almost certain to

be the result of space charge in the gap.

Luft repeated the point-plane experiments but with a symmetrical exci-

tation of the electrodes (no grounding) and found the flash over voltage to

be below the 50 Hz case by 65 per cent.

13At 50 Hz the breakdown voltage is reported by Luft to be independent of grounding.
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Figure 1.10: Luft’s measurement of flashover voltage as a function of gap
width for point-plane electrodes at 500 kHz compared to breakdown at 50
Hz [95]

Mehlhardt

In 1937, a German scientist, H. Mehlhardt [12], published perhaps the first

account of radio frequency corona on an aircraft. Since his purpose seems to

have been to provide design guidance to other engineers, he did not describe

the particular problem that was the cause of his study. It is almost certain the

problem at hand involved a high-power HF transmitter and a conventional

long-wire antenna. Such installations typically operated at potentials near

10,000 volts [24].

Mehlhardt noted two different kinds of discharge. When electrified con-

ductors were large and closely spaced, reaching the onset voltage usually

resulted in flash over, or complete breakdown of the stressed air. On the

other hand when the stressed conductors had a small surface area14 and were
14While Mehlhardt mentioned the surface area of the stressed electrode, the behavior
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spaced farther apart a “glowing and bushing discharge” resulted. Mehlhardt

defined the “initial voltage” as that voltage at which any evidence of discharge

appeared.

Mehlhardt reviewed previous work: Schumann [96], Lassen [91], Mis-

eré [93], Müller [94], Luft [95], and others. He regarded as an established

fact that the initial voltage decreased with the decreased air density of al-

titude. He noted that given a constant air density, neither pressure nor

temperature alone changed the initial voltage. Figure 1.11 shows the depen-

dence of initial voltage on air density in the case of small wires (1 to 2.5

mm diameter) is reasonably linear. Mehlhardt graphed his measured data in

terms of the electric field strength at the surface of the wire so that it could

be applied to wire-to-wire or wire-to-plane geometries. Figure 1.12 shows his

measurement of critical electric field strength as a function of altitude for

several wire diameters.

Mehlhardt mentioned an interesting problem that had plagued researchers

since the earliest days:

“In respect to the reduction of electrical strength with increasing alti-

tudes, the antenna installation must be proportioned for a multiple of

the peak value of the transmitter voltage, at zero altitude. As there

usually are no such high-frequency voltages at our disposal, but as

the built-in parts and the antenna installation as a whole have to be

tested as to operational accuracy, one might conduct the test at low

frequency. In this connection, the influence of the frequency on the

initial voltage is important.” [12]15

he noted corresponded to the radius of curvature.
15Translated from the original German by the U.S. Army Air Corps



40 CHAPTER 1. INTRODUCTION

Figure 1.11: Mehlhardt’s measurement of normalized corona onset in terms
of electric field strength at the surface of the wire as a function of normalized
air density for 1 to 2.5 mm diameter wire [12]. The figure is an image from
the original paper.
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Figure 1.12: Mehlhardt’s observation of critical electric field strength for four
wire diameters as a function of altitude [12]

Most researchers before his time had used dc or ac voltage at 50 or 60

Hz to characterize the initial voltage for simple geometries. Some had used

impulse voltages and impulses with a resonant network. A very few [91, 93–

95] had used undamped high-frequency voltages, usually generated with the

benefit of a Tesla coil. All had used geometries, gaps and frequencies for

which the only departure from power-frequency breakdown characteristics

was that noted earlier by Reukema [84], namely a reduction in the breakdown

voltage by 20 per cent due to the accumulation of a positive space charge in

the gap. Other researchers had noted reductions in initial voltage by as much

as 70 per cent depending on geometry [95]. Considering the great variance

of reported breakdown voltage at high frequency, Mehlhardt concluded that

“[t]he test of an antenna installation with low frequency has to be rejected,

because of the uncertainty which is inherent.” [12]
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Mehlhardt considered factors which might affect breakdown such as hu-

midity, radiation, precipitation, and wire construction. Interestingly, he con-

cluded humidity had no noticeable effect on breakdown, but it is not clear

that he tested rigorously by using artificially dried air as a reference. He

did conclude in agreement with other researchers that radiation had no mea-

surable effect on initial voltage. Precipitation was well-known as a factor in

breakdown from studies of power lines, principally by changing the shape of

the stressed electrode and hence the electric field strength and the width of

the inter-electrode gap. Most high-frequency wire antennas on aircraft were

made of stranded wire with the result that the initial voltage was reduced

somewhat from that of a solid wire of the same overall diameter.

1.2.4 Summary

Because radio frequency amplifiers before World War II were limited in fre-

quency and voltage, almost all research into high-frequency breakdown in-

volved gaps whose dimension were typically smaller than the drift of elec-

trons during a half-cycle. With the possible exception of the work of Miseré

and Müller, all measured high-frequency breakdown probably involved drift-

controlled breakdown. True diffusion-controlled, high-frequency corona was

not documented until World War II.
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1.3 Research During and After World War II

1.3.1 Early Research at M.I.T’s Radiation Laboratory

Posin

Posin [14] was one of the first at M.I.T. to address the high-frequency break-

down of the air. The motive of his research was the “undesired sparking of

radiofrequency components when high power emanated from magnetrons.”

The published paper was based in part on a Radiation Laboratory report

published in 1945 and so reflected very early experience with the magnetron.

Posin performed a series of spark breakdown experiments under controlled

conditions of pressure and temperature and afterward sought to explain the

results based on a theory of breakdown that depended on ionization by colli-

sion and electron loss only by attachment, neglecting both drift and diffusion.

He attempted to form a Paschen-like law but did not succeed. His paper con-

tains no good description of the experiment.

Margenau and Hartman

In 1948 Margenau and Hartman of Yale University published four papers on

high-frequency gas discharges in conjunction with their work at the Radiation

Laboratory [17–20]. They were the first to introduce the Boltzmann trans-

port equation and used it to estimate the distribution of electron energies in

a gas discharge.

“[The] theory enjoys in this field at present the large amount of liberty

that always goes with a scarcity of experimental data. The subject
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is new and measurements are difficult. Checks on assumptions are

imposed only by comparisons with known analogous situations in d.c.

discharges, and with the few facts now available.” [17]

Margenau and Hartman set out to describe the plasma of the high-

frequency discharge. In the first paper [17] they explored the applicability

of the free electron theory of motion under the influence of microwave fields.

They calculated the field strength required to produce ionization,

vmax =
2eE

mω
= 0.94× 107E

f
eV, (1.16)

and the oscillation amplitude in the absence of collisions, i.e., in a vacuum,

x0 =
eE

mω2
= 0.44× 1014 E

f 2
cm, (1.17)

where e is electron charge, m is electron mass, E is electric field strength,

and ω and f are frequency.

At microwave frequencies and ionizing potential, they calculated the os-

cillation amplitude to be on the order of 10−2 cm.

They also specified the assumptions of a free-electron theory:

1. The frequency of the electric field, f , must be much greater than the

collision frequency, νc;

2. x0 must be much smaller than the mean free path, l, of the electrons.

Margenau and Hartman determined the assumptions were not satisfied for

the frequencies and pressures of interest and, in any case, predicted “values of
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the field strength which are many times too high.” [19] They concluded that

collisions must be included in any applicable theory of high-frequency gas

discharge. They then developed the general form of the electron distribution

for high-frequency electric fields.

In the second paper, Margenau and Hartman [18] applied the classical

approach to describing the electron distribution in terms of spherical har-

monics. Several decades later, MacDonald [97] documented this approach

fully in its classical form.

In the third paper, the authors [20] calculated a breakdown criterion for

a plasma utilizing these simplifying assumptions:

1. Ionization occurs as the result of single impacts between gas atoms and

sufficiently fast electrons;

2. The field is uniform;

3. The gas has an infinite volume;

4. Negative ions are not formed;

5. The only electron loss mechanism is recombination.

The third assumption essentially eliminated diffusion as an electron loss

mechanism because the electron density was everywhere the same. The

fourth assumption implied electron attachment was ruled out and so the

theory was not directly applicable to electronegative gases (e.g., oxygen).

Margenau and Hartman compared predictions to measurements made in he-

lium and neon.
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Margenau and Hartman calculated the electron number density based

on a balance between ionization and recombination, ignoring all other loss

mechanisms. At the same time, they recognized that, in their experimental

apparatus, diffusion to the chamber walls was a significant factor, yet their

predictions of breakdown were strikingly close to their measurements of the

same. The reason very likely was that the electron distribution changes

linearly with the electric field and so all loss mechanisms are relatively weak

functions of electric field strength. Ionization, however, increases in a non-

linear fashion as a function of electric field strength. Ionization more strongly

influences breakdown than any particular electron loss mechanism. Very

simply, the onset of breakdown was predicted by energy,

qi (u) =





K (u− ui) u ≥ ui

0 u ≤ ui

(1.18)

where qi is ionization cross-section, K is a constant, u is electron energy, and

ui is the ionization energy of the gas.

Herlin and Brown

In 1948, Herlin and Brown published a series of articles describing a new

theory of microwave breakdown based on diffusion theory [21–23]. The first

provided a bridge from the classical Townsend breakdown phenomenon to

high-frequency, diffusion-controlled breakdown. They asserted at the begin-

ning that a notable difference between dc breakdown and high-frequency

breakdown was, in the latter case, due to secondary electron production
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(e.g., photoionization and ion collision at the cathode) are not significant.

The most distinguishing characteristic of high-frequency breakdown is that

drift is not an important electron loss mechanism.

Herlin and Brown began their analysis by describing the motion of the

electron in a high-frequency field.

“An electric field of sufficiently high frequency applied to electrons in

a gas may deliver energy to the electrons without imparting to them

any continuous drift motion resulting from the field.” [21]

As long as the excitation frequency, ω, is much less than the electron collision

frequency, νc, the motion of the electron is akin to that produced by a dc

field. But as the excitation frequency approaches the collision frequency, the

excitation becomes much less efficient. They defined an effective electric field

strength,

Eeff =

√
ν2
c

ν2
c + ω2

. (1.19)

Since the electron collision frequency is on the order of 5 × 109 Hz, the

rms value of the electric field strength is equivalent to the effective electric

field strength for lower frequency applications on aircraft.

Herlin and Brown began their analysis of breakdown by defining electron

flux as

Γ = −∇ (Dn) , (1.20)

where D is the diffusion coefficient and n is electron density. From the

continuity equation they concluded,

∂n

∂t
= νn−∇ · Γ. (1.21)
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Herlin and Brown noted that

−∇ (Dn) = −D∇ (n)− n∇ (D) , (1.22)

and that, since D∇n >> n∇D, then −∇ (Dn) ≈ −D∇n.

Letting ψ = Dn, the continuity equation became

1

D

∂ψ

∂t
= ∇2ψ +

ν

D
ψ. (1.23)

After proposing a separation of variables,

ψ = ψ0 (x, y, z) et/τ , (1.24)

(1.23) became

∇2ψ0 +
ν

D
ψ0 +

1

Dτ
ψ0 = 0. (1.25)

Herlin and Brown stated that the solution to (1.25) involves a series of

orthogonal eigenfunctions, ψa, with corresponding eigenvalues, 1/τa, which

are uniformly positive when the electric field strength is zero or very small

with the result that all eigenfunctions decay at their characteristic rates. As

the electric field strength is increased, the eigenfunction corresponding to the

lowest of the 1/τa’s becomes zero then negative and electron density grows

exponentially.

If breakdown is defined as that point where the first τa becomes zero,

then the breakdown field may be computed as the lowest characteristic value
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of the equation,

∇2ψ +
ν

D
ψ = 0. (1.26)

In subsequent papers Herlin and Brown applied the diffusion equation

to breakdown in cylindrical cavities and coaxial structures, both with well-

defined absorbing boundaries. The models predicted corona onset thresholds

in excellent agreement with measurements.

1.3.2 Later Work at the Radiation Laboratory

Brown and MacDonald

In 1949 and 1950, Brown and MacDonald explored the limits of diffusion

theory [98,99]. They began with a discussion of proper variables (see 2.1.1),

using the parameters pΛ, pλ, and E/p, where p is the pressure, Λ is the

characteristic diffusion length, λ is the wavelength, and E is the electric field

strength at breakdown. It is important to note that the electrical break-

down of air that they described occurs within the confines of a cavity or

transmission system.

Uniform field limit The first limit to the applicability of diffusion the-

ory, which Brown and MacDonald called a uniform field limit, follows the

assumption that the dimensions of the discharge tube should be less than a

half-wavelength so that electron diffusion to the walls of the tube may occur.

The criterion was derived from the diffusion equation,

∇2ψ +
ν

D
ψ = 0. (1.27)



50 CHAPTER 1. INTRODUCTION

Since the walls of the discharge tube are assumed to absorb electrons, the

boundary condition at the walls is ψ = 0.

For infinite, parallel plates with a uniform electric field, the solution

to (1.27) is

ψ = A sin
x

Λ
, (1.28)

where A is a constant, x describes the space between the plates and Λ is

the characteristic diffusion length and is related to the distance between the

plates, L, as Λ = L/π. The characteristic diffusion length can be calculated

for a few simple geometries.

In proper variables (see 2.1.1), the uniform field assumption is valid for,

pλ > 2πpΛ, (1.29)

or,

f <
c

2πΛ
. (1.30)

Mean free path limit The second limit to the applicability of diffusion

theory is called the mean free path limit. Diffusion theory does not apply

where the electron’s mean free path is on the order of the discharge tube

dimensions. If the mean free path exceeds the boundaries of the discharge

region, few ionizing collisions will occur. The limit is described as,

pΛ > pl, (1.31)
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where l is the mean free path. Since the mean free path for an ionizing

collision is the inverse of the effective ionization coefficient, αeff = α−η, the

mean free path limit is,
αeff
p

>
1

pΛ
. (1.32)

Collision frequency transition The third limit to diffusion theory is

called the collision frequency transition and describes that frequency at which

electron behavior transitions from many collisions per cycle to many cycles

per collision. Diffusion theory applies when

ω < νc, (1.33)

where νc is the collision frequency and, according to Brown and MacDonald,

is about 4.3× 109 p for air. Diffusion theory is applicable for,

pλ > 44 cm torr. (1.34)

Oscillation amplitude limit A fourth limit to diffusion theory is the

oscillation amplitude limit where the amplitude of the oscillation of an elec-

tron is sufficiently high that it collides with the walls of the discharge tube

in a half-cycle. Through a series of steps Brown and MacDonald calculated

diffusion theory to apply for,

pλ < 2π × 105

(
pΛ

Ep/p

)
, (1.35)

where Ep is the peak amplitude of the sinusoidal field.
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Rose and Brown

In 1957, Rose and Brown [100] published a critical review of experimental

protocols used to measure high-frequency breakdown in gases. It seems the

experimental work of Herlin and Brown [21–23] and Pim [101] proceeded by

measuring breakdown at some pressure, reducing pressure in the chamber

or tube incrementally and re-measuring. Rose pointed out that oxides of

nitrogen are formed in the process of breakdown and, if the air sample is

re-used, may contribute to measurement error.

Rose proposed using an air sample once only and replacing the air en-

tirely for successive measurements. Figure 1.13 compares high-frequency

breakdown measured by previous workers to those measurements of Rose

and Brown using the new technique. Included in the chart is a calculation

by Gould and Roberts [102] of the breakdown field as a function of pL where

L is the distance between parallel plates in the discharge tube.

It is noted that the results of Herlin and Brown are typically 10 per cent

below the calculated breakdown threshold while those of Pim are 8 per cent

below. The measurements of Rose and Brown, on the other hand, are about

2 per cent above. If the difference in measurement protocol was limited to

changing the air sample between discharges, then it appears Rose and Brown

were correct in contending the products of previous discharges had an effect

on subsequent measurements.
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Figure 1.13: Rose and Brown’s comparison of measurements by several re-
searchers demonstrating the effect of changing the air between repeated mea-
surements of high-frequency corona onset [100]

1.3.3 Research at Stanford

Chown et al.

In 1959, Chown et al. [28] reported experimental measurements of breakdown

for several common antennas as a function of pressure. These were likely the

first measurements of breakdown using an actual radiating element instead

of a discharge tube or evacuated waveguide.

Their interest stemmed from instances of voltage breakdown on high-

altitude rockets dating from 1949. Even though the transmitters involved

operated at relatively low power, further investigation revealed the classic

symptoms of breakdown: changes in input impedance, pulse shape, radiated

power, and radiation pattern.

Chown et al. noted that the theory of high-frequency discharge was well-
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developed for non-radiating structures, i.e., waveguides, microwave cavities,

and transmission lines, that typically involved two electrodes or boundaries

and formed conventional boundary value problems. Many practical anten-

nas feature a locally monopolar geometry, that is, corona, if it develops, is

associated with one electrode in an essentially free-space environment.

Chown et al. presented their experimental data in terms of breakdown

power as a function of pressure for various antennas. This was convenient for

design purposes but because they did not calculate the electric fields in the

vicinity of the antenna at breakdown, they were not able to relate breakdown

to existing theory. They noted that the electric fields near an antenna can

be very complex and that the conventional concept of diffusion length used

in the theory had no analog for isolated, radiating structures.

Chown et al. noted their results mimicked the Paschen curve, which

describes breakdown at DC between electrodes, with a minimum near 5 torr.

They used a polonium source to provide initial radiation but did not

change the air in the plexiglass vacuum chamber between corona events.

Scharfman et al.

In 1960, Scharfman et al. [103] further developed the relation of antenna

power at breakdown to pressure. To the list of symptoms of antenna voltage

breakdown reported earlier, they added noise modulation of the signal. Of

all symptoms noted, only noise modulation of the signal, altered pulse shape

and decreased transmitted power are readily discernible at the receiving end

of a communication link. Of these, noise modulation of the signal may be

the most sensitive measure of breakdown.



1.3. RESEARCH DURING AND AFTER WORLD WAR II 55

Their report seems to be the only record of experimental measurements

of corona onset for a linear antenna. Scharfman et al. measured corona onset

for cylindrical monopoles of various radii and calculated the surface electric

field at the point of breakdown on the monopole. Figure 1.14 shows the

average corona onset threshold for a series of monopoles of differing radius

over a range of pressure.
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Figure 1.14: Measurement by Scharfman et al. of high-frequency corona
onset for a cylindrical monopole as a function of monopole radius and pres-
sure [103]

Scharfman et al. calculated the electric field at the tip of the monopole

using King’s [104] estimate of current distribution for cylindrical monopoles

and differentiating to find the charge distribution and, hence, the normal

electric field at the surface of the antenna.

Assuming the monopole lies along the z-axis, the electron continuity equa-

tion is,
∂I(z)

∂z
= −jωq(z), (1.36)
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where I(z) is the current distribution and q(z) is the charge distribution.

Following King [104], the current distribution may be expressed in terms of

the current at the antenna terminals and some distribution function, f(z),

I(z) = I(0)
f(z)

f(0)
. (1.37)

Then (1.36) becomes,

I(0)

f(0)

∂f(z)

∂z
= −jωq(z). (1.38)

The monopoles used by Scharfman et al. were electrically very thin and

so they used the results of King for Ω = 10 and βh = λ/4.16 Since

f(0) = sin βh, (1.39)

and, per King,
∂f(z)

∂z
= C1(z), (1.40)

then
I(0)

sin βh
C1(z) = −jωq(z), (1.41)

or
C1(z)

ω
=

q(z)

V (0)
Z(0) sin βh. (1.42)

For the dimensions of Scharfman’s monopoles, King gives the value of the

16Ω is the expansion parameter of Hallén [104].
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left hand side of (1.42) at the tip as,

C1(h)

ω
= 5.05× 10−9. (1.43)

Therefore,

qt = q(h) = 5.05× 10−9 V (0)

Z(0) sin βh
. (1.44)

Ignoring the exact shape of the tip of the monopole, the field produced

by the charge at the tip is,

Et =
qt

2πεa
, (1.45)

where a is the radius in cm. Substituting (1.44) into (1.45),

Et =
570 V (0)

Z(0) sin βh
V cm−1. (1.46)

To neglect the exact shape of the monopole’s tip might at first seem too

casual since it is well-known to have a pronounced effect on the local electric

field strength. But Scharfman et al. explained,

“In general, at high-altitudes and high radio frequencies, the effects of

sharp edges on the breakdown fields becomes insignificant. This is due

to the fact that at high radio frequencies many collisions of electrons

with gas molecules are necessary before an electron can gain ionizing

energy. Since the mean free path is larger than the radius of curvature

of the edge no large increase in electron density can occur near the

edge. That is, the electrons diffuse away from the localized high field

region before an appreciable number of them can gain ionizing energy.

That this is true was confirmed by comparing the power to initiate
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a monopole with a hemispherical tip and one with a flat tip. No

difference was observable below about 10 mm Hg pressure.” [103]

In order to test this conclusion, Scharfman et al. conducted an experiment

in which 0.25 inch radius monopoles were provided with conical tips with

angles from 15 to 180 degrees. The power required to initiate breakdown

as a function of pressure was measured. For pressures below 0.7 torr there

was no measurable difference, but at pressures above 0.7 torr, breakdown

occurred at lower power for the 15 degree tip than for the flat tip. At 10 torr

twice the power was required to initiate breakdown for the flat tip than the

15 degree tip.

The mean free path for electron collisions is the inverse of the ionization

coefficient, α. Table 1.1 shows calculated values of the mean free path as a

function of electric field at two pressures. The first, 0.7 torr, at which Scharf-

man et al. stated the shape of the tip made no difference in initiation of break-

down, and at 187 torr, the nominal density at 40,000 feet altitude according

to the standard atmospheric model [105]. At E/p = 40 V cm−1 torr−1 and

p = 0.7 torr the mean free path is on the order of 100 cm. and radii of

curvature on a thin monopole should not affect the initiation of breakdown.

But at pressures characteristic of flight the mean free path is on the order of

a tenth of a centimeter or less and the shape of the tip of the monopole may

well affect the onset of corona.

In 1962 and 1964 Scharfman et al. [29, 106] published results of work

on microwave breakdown of air at high altitudes with an emphasis on the

absence of surfaces to which electrons might diffuse. The non-linear fields

near a circular antenna aperture were their focus and they solved the diffusion
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Table 1.1: The mean free path of an electron for ionizing collisions for two
values of E/p and two pressure extremes

E/p α/p 1/α
(V cm−1 torr−1) (cm−1 torr−1) (cm)

p = 0.7 torr p = 187 torr

40 0.01 143 0.53
60 0.1 14.3 0.053

equation as a boundary value problem in cylindrical coordinates with two

distinct boundaries. The first was the ionization boundary within which

net ionization was positive and outside of which attachment dominated.17

The second boundary was taken at infinite radius where the electron density

vanished.

Scharfman et al. [29,106] made measurements of the breakdown threshold

of air in the vicinity of a circular parabolic reflector operating at 8.5 GHz.

The antenna was placed immediately outside a spherical plexiglass chamber

so that breakdown did not occur at the antenna but rather in its near field.

While the authors spoke of free-space breakdown, the walls of the plexiglass

chamber intruded into the ionization region and formed a boundary of some

kind though it appears the effect was not significant. The measured data

compare favorably with predictions of breakdown with differences less than

30 per cent.

The remainder of their work focused on the effect of the discharge plasma

on propagation and is outside the scope of this work.

17The position of the inner boundary is a function of the dependent variable and so the
boundary value problem is not simple.
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1.3.4 Research at AVCO and the AFRL

Fante [48] was perhaps the first to derive a criterion for microwave breakdown

near an antenna from the Boltzmann transport equation. Fante calculated

the moments of the Boltzmann transport equation in order to derive the

electron continuity equation with drift, convection and diffusion terms.

His work was also unique in that he addressed breakdown of an antenna

on an air vehicle in the presence of the air stream. Fante said,

“. . . all other work on breakdown was confined to laboratory experi-

ments with a closed container, with a constant diffusion coefficient,

and no gas flow (i.e. V = 0). We would now like to evaluate the

breakdown relations . . . present on a space vehicle.” [48]

Fante had in mind a model which included a free space condition (i.e., no

boundaries), variable diffusion coefficient and flowing gas. He approached a

solution by first defining the ionizing and non-ionizing regions for a particular

geometry and forming the differential equation for each and applying appro-

priate boundary conditions. At the juncture of the two regions he matched

electron density and its first spatial derivative.

Turning their attention from formulating breakdown criteria, Fante and

Mayhan [50, 54] calculated the bounds on the electric field in the vicinity

of an antenna. They noted that, in principle, the maximum and minimum

bounds of the near electric field are functions of antenna size. Of particular

interest is the lower bound on the maximum near electric field strength for

a given radiated power and antenna size. If, for a particular required power

output, the maximum electric field exceeds the breakdown threshold for a
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particular flight environment, the designer would know the antenna size must

be increased to lower the maximum electric field. While no new approach to

calculating breakdown is contained in these papers, they do prove useful to

the designer who knows a priori the electric field at breakdown.

In 1060 Mayhan and Fante [51, 53] introduced an interesting and poten-

tially very useful variational approach to predicting breakdown. The method

has the added benefit of predicting breakdown as a function of time and so

can apply to transmitters with time-dependent waveforms. The method ap-

pears to be limited to boundary value problems with a single domain and

well-defined boundary conditions. Though the method can account for break-

down in non-uniform fields, it requires that the ionization and diffusion coef-

ficients, ν and D, in the diffusion equation be expressed explicitly by analytic

formulas.

In a related paper, Mayhan and Fante [52] solved the diffusion equa-

tion using a Laplace transform in the time domain and, following Titch-

marsh [107], and “after considerable manipulations,” expanded the resulting

eigenfunction in a complicated expression involving Bessel functions. The

results of the method compared favorably with previous results using vari-

ational techniques. The applicability of the method appears to be limited

to certain formulations of the boundary value problem that correspond to

known solutions. Neither Mayhan nor Fante utilized this method in subse-

quent research.

In 1971 Fante et al. [55,56,108] published a series of reports describing a

new method of calculating breakdown. In the first report, Fante et al. de-

scribed breakdown in closed transmission systems (air-filled coaxial waveg-
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uides and rectangular waveguides). These are problems with well-defined

boundaries though they are complicated because the ionization and diffusion

coefficients, ν and D, are functions of electric field strength and so introduce

a nonlinear aspect.

If the diffusion equation is formed in cylindrical coordinates with solutions

involving Bessel functions, there will be an essential singularity at the point

where ν = 0, commonly called the ionization boundary. The position of

the ionization boundary is itself a function of electric field strength and so

any boundary value problem using it as a boundary is potentially difficult to

solve. Fante et al. approached this problem by approximating the ionization

coefficient on each side of the ionization boundary such that it did not vanish

then equating the solutions and their first spatial derivatives at the ionization

boundary.

Fante et al. used a common fitted equation for the diffusion coefficient,

Dp =

(
29 + 0.9

E

p

)
× 104 cm2 torr sec−1. (1.47)

They used less common approximations of the ionization and attachment

frequencies valid in the range 15 ≤ E/p ≤ 160 V cm−1 torr−1,

νi = 8.35 × 10−4

(
E

p

)5.34

p sec−1, (1.48)

and

νa = 6.4×104 p sec−1. (1.49)

By applying appropriate boundary conditions, Fante et al. calculated the
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eigenvalues of the compound problem and estimated the breakdown condi-

tion. They compared their estimates with the measured breakdown data of

Woo [109]. The agreement was very good.

In 1971 Mayhan et al. [110] compared several models of microwave break-

down. The first was a one-dimensional, linear model in which the continuity

equation was simply integrated. Breakdown was identified when electron

density reached a predetermined value.

The second model was a variational solution to a two-dimensional formu-

lation of the continuity equation.

The third model was a one-dimensional, nonlinear model that took into

account the effect of the growing plasma on the impressed electric field. The

problem involved the electron continuity equation coupled to electric field

equations describing the plasma. The solution required a difficult application

of numerical methods.

The variational techniques proved to be quite accurate–within a few per

cent–when compared to the “full solution obtained by integrating the conti-

nuity equation” [110].

Perhaps their most significant contribution was the assertion that corona

onset is local in the sense that it is determined by the electric field in a

relatively small region near the surface of an excited conductor. If true, then

a general model of breakdown can be formulated from a simple geometry

that has wide application to any antenna system for which the local electric

field can be specified and the gas properties are known.
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1.3.5 Other Contributions from Academia

Hale

In 1948 Hale [111] published one of the first papers describing the electrical

breakdown of gases in high frequency electrical fields. A central assumption

of his work was

“. . . that the breakdown potential for high frequency fields is deter-

mined by those electrons in the gas which succeed in acquiring the

ionizing energy in one mean free path.” [111]

The assumption proved unfortunate. It is well-known today that an elec-

tron’s accumulation of energy involves many elastic collisions. Furthermore,

neutrals may accumulate ionizing energy (through metastable states) from

multiple electron collisions [66].

In a remarkably honest conclusion, Hale cast doubt on his assumptions

and concluded that the differences between measured and predicted break-

down thresholds warranted further study.

Hartman

A few months before Hale’s article was published, Hartman [19] questioned

the then-current assumption:

“. . . a simple theory of breakdown, concerned with the motion of a

free electron in an alternating field such that the electron may reach

ionizing velocities after acceleration through a half-period of the field,

fails since it predicts values of the field strength which are many times

too high.” [19]
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Hartman began by noting that, at breakdown, the current between two

electrodes increases dramatically. The current density is described in terms

of electron number density, charge and velocity,

j = ne 〈vx〉 , (1.50)

where n is number density, e is charge, and 〈vx〉 is average velocity due to

the electric field. Hartman stated that a sudden increase in current as the

field is increased gradually is not attributable to velocity, a reasonably linear

function of electric field strength. Thus breakdown must be attributed to a

dramatic growth in electron density.

Hartman formed a model of an infinite space with uniform electric field

strength. Since there were no boundaries, diffusion was neglected. Hartman

developed a description of breakdown in this ideal environment on the basis of

assumed electron energy distributions and measured collision cross-sections.

The theory was applicable to simple monatomic gases, but not to air. The

resulting calculation of breakdown proved lower than experimental results at

the time, encouraging the author to conclude that “it leaves room for disposal

of electrons by other mechanisms.”

Pim

In 1949, Pim [101] published the results of perhaps the most extensive mea-

surements of high frequency breakdown in uniform fields in the English-

speaking world of his day. Pim’s focused on breakdown in uniform fields

between planar electrodes separated by as much as 1 mm.
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Pim improved on the methods of previous researchers by developing a di-

electric voltmeter capable of measuring high frequency voltage with less than

3 per cent error. He also employed a high frequency amplifier built around

a conventional triode and was able to produce reasonably high, continuous-

wave voltages between 100 and 300 MHz.

Pim took great care in his protocol to avoid errors encountered by earlier

researchers. For example, he dried the air by passing it over the surface of

a silica gel as it entered the vacuum chamber. He used a Bourdon gauge

instead of a mercury column to measure pressure and thus avoided mercury

contamination of the air in the chamber. Pim also protected the discharge

gap from any air flow in or out of the chamber. He carefully prepared the

surface of the electrodes using very fine emery cloth followed by an alco-

hol cleaning. Pim placed a mesothorium18 source within six inches of the

discharge gap to provide an adequate source of initial ionization.

Pim drew an important conclusion from his theoretical and experimental

work:

“. . . the basic mechanism of breakdown which causes a spark or arc

discharge to occur, is much the same for ultra-high frequencies, low

frequencies and direct current.” [101]

Pim opened the door to understanding dc, low-, and high-frequency

corona onset as the same physical process with different aspects. In par-

ticular, each shares the same electron production mechanism but differs in

electron loss mechanisms.

18either of two radioactive decay products of thorium
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MacDonald

In 1959, MacDonald [25] published his work in conjunction with high-altitude

V-2 rocket experiments. High-power telemetry antennas experienced corona

and reduction of transmitted signal power in the mesosphere.19

MacDonald emphasized in several of his papers that it is not pressure

per se that is the important parameter in gas discharge phenomena but gas

density, which is a function of both temperature and pressure.

MacDonald addressed the various electron loss mechanisms that figure in

the continuity equation: diffusion, attachment and recombination. Of the

latter he stated,

“[r]ecombination has been reported as a significant electron removal

mechanism in air. The recombination rate depends on the product

of the electron and the ion densities and is important when the elec-

tron concentration is very high, but is very much less important than

attachment in determining breakdown.” [25]

Before MacDonald’s paper it was common to find recombination considered

among electron loss mechanisms leading to breakdown. But after MacDon-

ald, it was generally not mentioned except in hyperbaric conditions.

In a region of uniform electric field, breakdown is described as a balance

between electron production and loss mechanisms,

νi = νa +D/Λ2, (1.51)

19The mesosphere is that portion of the atmosphere above the stratosphere, in which
temperature decreases with increasing height from about 50 km to about 85 km, where
temperature reaches a minimum [112].
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where νi is the ionization frequency, νa is the attachment frequency, D is

the diffusion coefficient, and Λ is the characteristic diffusion length. If the

electrodes or boundaries of the discharge region are very far apart, i.e., Λ is

very large so that diffusion loss is very small compared to attachment, then

one may speak of an attachment length, Λa, such that (1.51) becomes,

νi = D

(
1

Λ2
+

1

Λ2
a

)
, (1.52)

where

Λa =
√
D/νa. (1.53)

The concept of an attachment length will prove useful in considering

corona onset for an isolated monopole.

MacDonald also used the concept of effective electric field of Herlin and

Brown (see (1.19)). Cast in terms of the wavelength of the exciting field,

Eeff =
E

[
1 + (0.356/pλ)2]1/2 , (1.54)

where λ is in meters.

The ratio of E/Eeff is shown as a function of frequency in figure 1.15 for

conditions of flight at 40,000 feet. It is seen that the effective electric field

and the rms electric field are essentially the same below 10 GHz.

Cullen and Dobson

Cullen and Dobson [113] published a study in 1963 of the breakdown char-

acteristics of a prolate spheroidal monopole antenna in reduced atmosphere.
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Figure 1.15: The ratio of applied electric field to effective electric field,
E/Eeff , as a function of frequency at p = 140 torr

They approximated the electric field at the tip of the antenna by assuming a

spherical surface and corresponding electric field falling off as 1/r2. By ap-

proximating the high-frequency ionization coefficient, ζ, as a power function

of radius from the spheroidal tip, i.e.,

ζ =
νi

DE2
eff

= ζ0
r2m

0

r2m
, (1.55)

they were able to derive a closed form approximation of the breakdown cri-

terion that proved to be with 15 per cent of measured values, that is,

E0 =
Y1 (m+ 1)

r0

√
ζ0

, (1.56)

where Y1 corresponds to the first zero of Jν (Y ), and ν = 1/(2m+ 2).

Cullen and Dobson employed a novel device to measure the electric field
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strength at the tip of the prolate spheroidal antenna. They fitted the tip

with a metal diaphragm connected to a sensitive microphone’s diaphragm.

The system was calibrated by using a confocal prolate spheroidal wire mesh

so the field at the tip was calculable as a function of applied voltage. Then

the mesh was removed and the antenna energized with an audio-modulated

carrier. The amplitude of the audio modulation indicated the maximum

electric field applied. While the device was easily adapted to the prolate

spheroid, it could not be easily incorporated in many other antennas.

There is very little information in Cullen and Dobson’s paper concern-

ing the experimental protocols employed. Thus it is difficult to judge the

accuracy of their data.

MacDonald et al.

In 1963, MacDonald et al. [114] published a singularly important paper on

microwave breakdown in air, stating that most previous work dealt with

the monatomic gases such as hydrogen and the noble gases. A theory of

microwave breakdown, if it is to have practical application, must describe

the phenomenon in air.

MacDonald et al. pursued a disciplined experimental protocol of mea-

suring breakdown in five X-band cavities, three L-band cavities, and one

K-band cavity. The cavities were made of copper for high Q and plated with

rhodium to avert the corrosive effects of corona products of air. Microwave

power was measured with an accurate calorimetric power meter. The cavities

were baked under vacuum to remove adsorbed moisture and gases. Purified

air was purchased from a commercial supplier. The temperature of the cav-
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ities was controlled with a water jacket and pressure was measured using a

McLeod gauge isolated from the cavity by liquid argon traps so the air would

not be contaminated with mercury. A moderately strong gamma source was

placed near the cavity to assure an adequate supply of initial electrons.

Several significant findings were contained in the paper. The first con-

cerned the standard equation for the effective electric field,

E2
eff =

E2

1 + (ω2/ν2
c )
, (1.57)

where E is the rms value of the electric field, ω is the excitation frequency,

and νc is the electron-molecule collision frequency. MacDonald et al. stated,

“Unfortunately, the electron-molecule collision frequency in air is very

strongly energy-dependent. . .We have made attempts, as have others,

to find an average collision frequency which would present all the data

in a single curve . . . this cannot readily be done for air. In this cal-

culation we have used a value of 5.3 × 109 p (p in mm Hg) for the

collision frequency νc. In those cases in which the diffusion length is

relatively small compared to the free-space wavelength of the electric

field, λ, the experimental data thus far obtained lie fairly close to a

single curve, and for some purposes this single curve is a sufficiently

accurate description. However . . . for large Λ and small pΛ there is

no single curve which fits all the data. It should be pointed out that

for Λ large enough so that pΛ is above 10 cm mmHg, all curves for

all frequencies and container sizes form a single straight line, giving a

ratio of (EeΛ/pΛ) of approximately 30 V/cm mmHg.” [114]

The effect of the dependence of the collision frequency on the electron energy
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and, hence, on electric field strength, is to render the problem non-linear.

However, given the parameters above, for pressures of the flight regime,

p > 100 torr, the approximation of νc as a constant yields good results

and MacDonald’s concern does not apply.

A second notable contribution was the estimate of the diffusion coefficient

as a function of electric field strength,

Dp =

(
29 + 0.9

Eeff
p

)
× 104 cm2 mmHg sec−1, (1.58)

which has remained in current use to this day.

The third contribution was an estimate of the upper bound on the growth

of the electron avalanche. If n0, the initial electron density, is on the order of

102 cm−3, then the electron density is considered conductive when it grows

to np, the plasma density, where

np =
1013

λ2
, (1.59)

and where λ is the excitation wavelength in cm. At the frequency used in

this experimental investigation, 300 MHz, the plasma density is 109 cm−3.

1.3.6 Other Contributions from Industry

Gould and Roberts

Gould and Roberts [102] claimed that the average electron energy in a mi-

crowave field is modulated at twice the excitation frequency. In the mon-

atomic gases the degree of modulation is negligible, but in air the electron
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energy losses due to molecular vibration and rotational inelastic collisions are

large and result in the average electron energy following the stimulus. The

result is that
Eeff
p

=
E

p
−∆. (1.60)

Figure 1.16 shows the relation of ∆ to pλ. For pλ ≥ 5000 cm torr ∆ is

about 6 V cm−1 torr−1. For the experimental work discussed in chapter 3,

102 < pλ < 104 cm torr.
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Figure 1.16: The difference, ∆, between the electric field strength, E/p, and
the effective electric field strength, Eeff/p, due to the modulation of average
electron energy by the sinusoidal excitation and vibrational and rotational
energy losses of air molecules as a function of pressure and wavelength, pλ

If modulation of average electron energy is taken into account, the mea-

sured corona onset thresholds at frequencies below the plasma frequency will

be somewhat higher than expected if the average electron energy is assumed

to correspond to the r.m.s. value of the electric field strength.
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Platzman and Solt

In 1960, Platzman and Solt [115] used variational techniques to calculate

corona onset for problems in which the electric field is non-uniform. To

demonstrate a general technique they used a specific example in which a

hemispherical boss on one wall of a rectangular waveguide created a local,

non-uniform field which was also the point of breakdown.

Platzman and Solt demonstrated that a variational technique might read-

ily address breakdown for geometries more complex than previously analyzed,

but the method was applied only to problems with well-defined boundaries

such as waveguides and cavities. It remains to be seen whether variational

techniques might predict corona onset in an unbounded region.

1.3.7 Other Contributions from Government

Epstein and Lenander

In 1968, Epstein and Lenander [116] discussed the success of a thoroughly

theoretical approach to predicting corona onset in monatomic gases due to

few inelastic collision processes (i.e., excitation and ionization) and that in

molecular gases the number of inelastic collision processes render such an

approach impossible. Thus, characterizing ionization in air as a function of

electric field strength is totally empirical. They stated,

“. . . the accuracy of the ionization rate–field strength relation inferred

from the experimental data is limited because (1) the experimental ar-

rangement usually deviates from the idealized model used in reducing

the data, and (2) empirical relations are usually used to scale the data
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over a wide range of the parameters controlling the problem.” [116]

First among the factors that most affect interpretation of the data is electric

field non-uniformity in the breakdown region and the use of the effective field

concept.

Lenander

In 1968, Lenander [46] calculated solutions to the Boltzmann equation based

on measured collision cross sections and was able to predict the Maxwell

energy distribution for electrons with great accuracy. His work showed that

the empirical formula used by MacDonald [25] for the collision frequency,

νc = 5.3 × 109 p, is probably in error, but only for very high frequencies.

Fortunately at the frequencies used in the experimental work described in

chapter 3, the error is insignificant. Another parameter in error is the net

ionization frequency for low pressure. At 1 torr the effective ionization coeffi-

cient at E/p = 40 V cm−1 torr−1 may be several orders of magnitude greater

than that indicated by measured and calculated ionization coefficients. If

true, this would be evidenced by measured corona onset thresholds lower

than predicted using those formulas.20

Woo

In 1970, Woo [109] published a report on breakdown in coaxial transmission

lines that has become the standard work on the subject. The report was

based largely on careful and extensive measurements and contains no theo-

20The measurements reported in chapter 3 do not show evidence of this prediction.
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retical derivation of corona onset criteria, though Woo did cite previous work

on the subject.

Woo’s work, though widely used, has little applicability to the problem

of monopolar corona.

1.3.8 Summary

Though demonstrations and experiments involving gaseous conductivity took

place during the latter half of the 19th century, it was not until Thomson

and Townsend began their systematic research that the physics of gaseous

discharges began to take shape [117]. While Townsend and his successors

pursued the descriptive physics of electrical discharges in gases, workers in

the Americas pursued the practical prevention of corona onset in transmission

lines, electrical distribution equipment, motors and generators. Their efforts

were largely empirical and practical.

While the physical theory of corona onset in air was developed about the

turn of the last century by Townsend, little was done to develop that the-

ory mathematically beyond empirical equations until nearly fifty years later.

One might well describe Townsend’s equations of the electron avalanche as

empirical because, though informed by an understanding of electron interac-

tions, it was fueled not by more fundamental physics, but by the (correct)

idea that the avalanche was inherently exponential. Townsend’s early work

was modified to include various parameters that while perhaps not having

a basis in reality, e.g., the coefficient of electron production by positive ion

collision, did at least provide a convenient breakdown criterion that could be
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empirically calibrated to measurements.

It was not until two factors emerged that the theory of corona onset

received a new impetus. The first was the maturing of atomic physics in

the middle of the last century. This brought a more complete understanding

of the interactions of atomic particles along with the statistical mechanics

that permitted an accurate description of plasma. The second factor was the

construction of high-power radio frequency amplifiers whose use invariably

resulted in unwanted corona onset. The latter provided the motivation for

deploying the former in a robust manner.

Over about three decades a science of corona onset coalesced as re-

searchers from academia, industry and government, all associated with either

the world’s space programs or defense institutions, formed a more thorough

mathematical understanding of corona onset. As the original problems were

solved and the practical knowledge of how to prevent corona onset was in-

vested in design practices, processes and documentation, the interest in the

subject waned. Very little advancement of the science with regard to the

realm of flight occurred after the 1960s and 70s.

The theory of high-frequency corona onset derived from the Boltzmann

equation is well established, and for some simple geometries the solutions to

the resulting electron continuity equations have been developed. Scientists

have approached solutions using traditional boundary value problems, varia-

tional techniques and numerical methods. Each approach has its limitations.

In the 1970s, computational capability limited the usefulness of numerical

methods, but today’s computers and commercial tools have greatly enhanced

the technique. Numerical methods can, in principle, be applied to very com-
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plex problems as they are not very sensitive to asymmetry and geometric

complexity.

An idea that grew clearer as the literature was examined was that one

simple geometric model might be readily analyzed for both low- and high-

frequency corona onset. It could also serve as an informative exemplar for

corona onset in much more complex geometries, much as the Hertzian dipole

has informed the theory of linear antennas.
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1.4 Description of the Flight Regime

1.4.1 Geometry

The largest part of research in the breakdown of air under electrical stress

has focused on geometries convenient to the laboratory that reproduce sim-

ple uniform or non-uniform electric field structures, e.g., the plane-plane,

point-plane and sphere-sphere geometries. They little resemble any geometry

found on an aircraft. The power industry has long focused on the cylindrical

geometries typical of power distribution conductors and insulators. Linear

antennas on aircraft may be modeled locally using cylindrical geometry.

Corona is a local phenomenon. A necessary condition for its onset is an

electric field strong enough in a region large enough to support an exponential

avalanche of electrons by ionizing collision. Since the electric fields very near

power lines, RF transmission lines, and antennas are typically non-uniform,

the onset of corona is dependent on both the strength of the field at the

surface of the conductor and the degree of field non-uniformity. The latter

is a function of charge distribution and the shape of the conducting surface.

If one describes an arbitrarily convex, conductive surface by a minimum

radius of curvature, then the divergence of the local electric field adjacent

to the surface will fall within two extremes. The first is the spherical with

two equal orthogonal radii of curvature; the second is the cylindrical with

only one finite radius of curvature. All other things being equal, the lowest

threshold of corona onset, as measured by surface electric field strength, will

be associated with the least divergent electric field. Thus, our work has

focused on corona onset of cylindrical conductors.
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Mayhan et al. [110] suggested that since corona onset is a local phe-

nomenon dependent on local electric field strength and divergence, a general

model of corona onset based on cylindrical geometry might be widely applied

to more complex geometries where local electric fields can be predicted.

Furthermore, when other conductors are introduced near the region of ion-

ization, they constitute absorbing boundaries where electron density tends to

zero thus effectively raising the corona onset threshold. The isolated, cylin-

drical monopole for which diffusion is the dominant electron loss mechanism

will have the lowest corona onset threshold of any practical geometry and

therefore represents a lower bound on corona onset phenomena.

1.4.2 Density

MacDonald was careful to remind the researcher that “it is not actually pres-

sure but number density that is the important variable” [97]. The number

density of air is a function of both pressure and temperature [105],

N =
NAP

R∗T
, (1.61)

where N is number density, NA is Avogadro’s number, P is pressure, R∗ is

the universal gas constant and T temperature. Similarly, the mass density

of air is

ρ =
PM

R∗T
, (1.62)
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where M is the mean molecular weight of air.21 Calculations of corona onset

typically use effective pressure, p′ (air density expressed in terms of pressure),

corrected for temperature,

p′ = p

(
288.15

273.15 + T

)
, (1.63)

where T is temperature in degrees Centigrade and the temperature in the

numerator is standard for mean sea level.

Standard models of the atmosphere [105, 118] predict density, pressure,

temperature and other atmospheric factors as functions of altitude based

on measured data. Table 1.2 shows temperature, pressure and density as

a function of altitude. Figure 1.17 shows the variation of effective pressure

with geometric altitude.

The standard atmosphere models present means of pressure and temper-

ature in the atmospheric column. There is considerable seasonal and latitu-

dinal variation of air density in any location. Near 8 km geometric altitude

(the isopycnic altitude) there is less than 2 per cent variation, but above and

below that altitude variability increases. Figure 1.18 shows the 1 per cent

extremes of variability above and below the mean as a function of altitude.

Designers must account for this. At 40,000 ft, p may be 15 per cent lower

than the mean.

In North America it is standard practice above 18,000 feet altitude to

set the altimeter to 29.9 in Hg (760 torr) and fly at the associated pressure

21Below 86 km the atmosphere is assumed to be homogeneously mixed with a
relative volume composition leading to a constant mean molecular weight, M =
28.96 kg/kmol [105].
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Table 1.2: Standard temperature, pressure and density of air as a function
of geometric altitude [105]

Z (m) t (◦C) p (torr) ρ/ρ0

0 15 760 1.0000
1000 8.5 674.1 0.9075
2000 2.0 596.3 0.8217
3000 -4.5 526.0 0.7423
4000 -11.0 462.5 0.6689
5000 -17.5 405.4 0.6012
6000 -24.0 354.2 0.5389
7000 -30.5 308.3 0.4817
8000 -36.9 267.4 0.4292
9000 -43.4 231.0 0.3813
10000 -49.9 198.8 0.3376
11000 -56.4 170.3 0.2978
12000 -56.5 145.5 0.2546
13000 -56.5 124.4 0.2176
14000 -56.5 106.3 0.1860
15000 -56.5 90.8 0.1590
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Figure 1.17: Air density from the standard model in terms of pressure as a
function of altitude [105]
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Figure 1.18: Percentage variability about the mean density due to location
and season [105]
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altitudes, which do not necessarily correspond to actual altitude. At any

specific altitude the variance around mean density would be due only to

temperature variations. Other air vehicles, e.g. missiles and launch vehicles,

do not navigate at specific altitudes and so air density variance is a function

of both temperature and pressure.

1.4.3 Water Vapor

Water vapor in sufficient quantity in air is known to alter corona onset. Much

work has been done on measuring the effect of humidity on DC breakdown us-

ing standard rod-plane and rod-rod air gaps. Allen and Dring [119] reported

corona onset for positive impulse voltage in a rod-plane gap increases with hu-

midity about 1 per cent per g m−3. Bharadwaj and Prabhakar [120] reported

a rise with humidity in breakdown voltage in a rod-plane gap subject to oscil-

latory switching impulse voltages in the range of 0.6− 3 per cent per g m−3.

Calva Chavarria and Robledo-Martinez [121] noted that since 80 per cent of

the water vapor in the atmosphere is contained in the region below 3 km,

calculations of voltage breakdown at higher altitudes using the IEC-60 [122]

standard correction factor for humidity are incorrect. The authors reported

a change in breakdown voltage with humidity of about 2 per cent per g m−3.

Garcia et al. [123] measured the effect of humidity near Santafé de Bogotá,

Colombia, 2540 meters above sea level. A significant finding was that at that

altitude, where ρ/ρ0 ≈ 0.78, the effect of increasing humidity was much

less pronounced than at sea level. The authors found the increase in mean

breakdown voltage to be 0.43 per cent per g m−3.
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Stang [39] reported the effect of relative humidity on glow discharges for

several electrodes at pressures representative of flight above 24,400 meters

(80,000 feet). His experiments showed corona onset increased by a factor of

three when relative humidity changed from 10 per cent to 100 per cent. His

experiments, however, were conducted at an ambient room temperature of

24.4◦ C (76◦ F) and so the air in the chamber contained much more water

vapor by mass than would the cold air above 24,400 meters (80,000 feet).

The water vapor content of the air at the earth’s surface ranges over five

orders of magnitude [105]. The most humid air is located near large bodies

of water. As altitude increases and temperature declines, water vapor drops

exponentially as a fraction of air mass. Table 1.3 shows mid-latitude mean

and 1-per cent extremes of water vapor in parts per million by mass from the

surface to 16 km altitude. Figure 1.19 shows the normalized mass density

(H/δ) of water vapor in the troposphere and lower stratosphere as a function

of altitude where
H

δ
=
Hρ0

ρ
(1.64)

and ρ is number density.

The normalized mass density of water vapor at flight levels greater than 10

km is very small compared to that density known to affect corona onset. Even

at the upper 1 per cent extreme, water vapor would change the corona onset

voltage less than 1 per cent, well within the measurement error of laboratory

equipment. Corona onset in the air of the flight regime is indistinguishable

from corona onset in air dried in the laboratory either by a cold trap or by a

chemical drying agent. MacDonald [25] stated that water vapor “would only
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Table 1.3: Water vapor in ppm by mass in the troposphere and lower strato-
sphere as a function of altitude [105]

Alt 1-per cent Midlat. 1-per cent
(km) low mean high
Sfc 5.0 4686 30,000
1 27.0 3700 29,000
2 31.0 2843 24,000
4 24.0 1268 18,000
6 12.0 554 7,700
8 6.1 216 4,300
10 5.3 43.2 1,300
12 1.2 11.3 230
14 1.5 3.3 48
16 1.0 3.3 38
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Figure 1.19: Normalized mass density of water vapor,H/δ, in the troposphere
and lower stratosphere as a function of altitude [105]
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affect the calculations [of breakdown] for altitudes well below 30,000 feet.”

1.4.4 Sources of Electrons

The ambient electron density generally increases with altitude because of

the increased incidence of cosmic rays and their collision products. At flight

levels the production of charged species are roughly two orders of magnitude

greater than at sea level (see table 1.4 and figure 1.20).22

Researchers have long noted that providing an ionizing source in an ex-

periment does not affect the corona onset voltage but does reduce the time

to onset once the corona onset voltage has been reached. Townsend began

his initial investigations of gaseous electrical discharge because others on the

continent discovered that gas became conductive when exposed to strong

sources of ionizing radiation. Townsend himself used both Röntgen rays and

radium in his experimental work [65]. Whitehead investigated the question

of whether or not initial ionization affects the breakdown voltage of air:

“A large X-ray tube enclosed in a light-tight box was set up immedi-

ately adjoining this apparatus. When in operation the X-rays ionized

the entire region in the neighborhood. A rough laboratory electroscope

placed on the far side of the cylinder lost its charge quite rapidly. The

voltage at which the visible corona appears on the wire is absolutely

independent of the state of the X-ray tube.” [76]

Experimenters discovered that an ionization source reduced the time be-

tween reaching the corona onset voltage and the actual onset of corona and
22A minimum in electron density occurs at 1 km in altitude. Below 1 km terrestrial

sources of background radiation dominate.
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most included one in their apparatus. Reukema [84] in 1927 used ultravi-

olet light to promote prompt discharge at the corona onset voltage for his

apparatus. Posin utilized a radioactive source in his work at M.I.T:

“To obtain reliable and repeatable breakdown data . . . it was found

necessary to provide sufficient initial ionization in the gap where break-

down was to take place. The initial ionization was supplied by placing

a capsule of radioactive cobalt (of 3.2 millicurie intensity) on the out-

side of the waveguide above the breakdown gap. Otherwise, if the

initial ionization is sporadic, like the normal ionization from cosmic

rays, one might, in raising the field strength, pass the true breakdown

value if no strategically placed electrons are available at the critical

moment; later, electrons might appear appropriately in the gap and

the spark may soon pass, but at too high a field.” [14]

Likewise, Gould and Roberts [102] used an 85 millicurie cobalt-60 source in

their experimental work; Chown et al. [28] chose a 1 millicurie polonium

source; Platzman [115] employed a 2 millicurie cobalt-60 gamma source;

Scharfman [103] also included a polonium source; Cullen and Dobson [113]

included “a weak radioactive source” in their experiments.

In 1935 White [124] reported a change in breakdown potential as a result

of initial ionization. He utilized an auxiliary arc, a very potent source of

ultraviolet light, to provide initial ionization to a spark gap. He reported the

photoelectric current alone was 106 times as great with the auxiliary arc as

with a quartz-mercury lamp. The drop in critical voltage was about 10 per

cent. It would seem the ionization was so strong as to form a weak plasma

and so affect the measurement of corona onset. If the auxiliary arc produced
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ionization six orders of magnitude greater than a mercury arc lamp, then

electron density was on the order of 108 cm−3 or greater before an electric

field was applied. White’s work only illustrated that while weak ionizing

sources do not affect corona onset within measurement error, a very strong

ionizing source can create a conductive plasma by itself.

Table 1.4: Number of ion pairs, ni, produced by cosmic rays above sea level
where ni = 0 for reference [66]

Altitude (km) 0 1 2 3 4 5 6 7 8 9
ni (cm−3) sec−1 0 -1.5 1.2 4 8.3 16.5 28.7 44.2 61.3 80.4
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Figure 1.20: Number of ion pairs produced by cosmic rays as a function of
altitude, ni = 0 for reference [105]

Gringel [125] reported data collected by Naher showing long-term vari-

ation in tropospheric ion production. From the period of the 1958 solar

maximum to the 1965 minimum, maximum ion production occurred at 14
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km and varied between 30 and 50 cm−3 sec−1. At 10 km ion production

varied between about 25 and 40 cm−3 sec−1.
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1.5 Method of Investigation

The literature suggests that corona onset phenomena–low frequency and

high–result from the same physical processes and could potentially be ex-

plained by one theory. While the theory of high-frequency corona onset was

developed in the middle of the last century on the basis of statistical me-

chanics, a link between the same explanatory physics and the previously

developed empirical science of low-frequency corona onset is not evident.

The literature also suggests that a simple geometric model, well-chosen,

might provide a widely applicable general model of corona onset by describing

a lower bound for corona onset.

1.5.1 Toward a Unified Theory

Research into the electrical breakdown of gases developed historically along

two different, though not unrelated, lines. The earlier accompanied the elec-

trification of the western world and focused on dc and low frequency dis-

charges in air that accompanied high voltage power distribution. The later

accompanied the development of manned flight and, later, the exploration of

space, and focused on high frequency breakdown of rarefied air.

The earlier school relied on the descriptive and empirical physics of their

day and that has colored the discipline to this day. The later school took ad-

vantage of the mathematics of the atomic age and applied statistical mechan-

ics, yet with a strong reliance on empirical descriptions of electron behavior,

to the problem of high-frequency corona onset.

It is one purpose of this investigation to fold back the approaches used
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in understanding and describing high-frequency breakdown into the earlier

science of breakdown at power frequencies. If one can show that the ac-

complishments of the earlier science may be described, even in part, by the

methods of the later science, then this work will have made one small step

toward accomplishing that goal.

1.5.2 Purpose and Approach

Theoretical Work

The purpose of this research is to explore the possibility that the disparate

phenomena of low-frequency corona onset and high-frequency corona onset

may be explained by the same theory, to derive the different equations as-

sociated with each from the same fundamental physics, and to determine

whether predictions of corona onset developed by that theory correspond to

measured corona onset.

The theoretical approach of this research is to derive expressions for

corona onset at low- and high-frequency from the Boltzmann transport equa-

tion. While a description of microwave breakdown including a diffusion term

was long ago derived by Herlin and Brown [21] and others, the expressions

describing corona onset at low-frequencies have not received the same at-

tention. The Townsend integral, to this author’s knowledge, has not been

formally derived from more fundamental physics, though its derivation is

straightforward. Lam [126] mentioned that the Townsend integral is simi-

lar to equations describing neutron growth in a critical mass of radioactive

material, but did not pursue the analogy. On the other hand, Lowke and
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Morrow [127] mentioned that Peek’s law could be derived from the electron

continuity equation, though they did not publish the complete derivation.

The corona onset threshold at both low- and high-frequencies will be

calculated using available data on electron ionization, attachment, diffusion

and drift in air. In the case of the Townsend integral, the method of Phillips

et al. [128] was followed to calculate those parameters for which the integral

equals an empirically calibrated value. It is noted that Townsend’s expression

for the electron avalanche in uniform fields is simply a special case of the

Townsend integral.

The expressions describing corona onset in high-frequency fields involve

second-order partial differential equations in which the boundary conditions

are dependent on the solution and contain a singularity. In chapter 2 the

method of Fante [48] was employed to calculate the corona onset threshold,

though the method was limited in range by numerical errors associated with

Cramer’s rule. The same calculation was performed using a finite element

method to avoid the difficulties of the previous method. Another approach

not employed is a variational technique which holds some promise, though it

has yet to be successfully applied to the monopolar corona problem.

Experimental Work

The purpose of the experimental work described in chapter 3 is to carefully

measure corona onset at both 60 Hz and 300 MHz for the same monopolar

electrode. Thus the expressions for corona onset at both frequencies were

applied to one experimental object. While the electric field near the electrode

is readily estimated at low frequency, it is not so simple at high frequency
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for which the electrode is a resonant monopole. Some effort is expended in

predicting accurately the electric fields normal to the antenna’s surface.

The method of Schelkunoff [129] was employed to partition the electric

field into dynamic and quasistatic components and it has been shown that

the latter dominates the electric field at the surface of the antenna. From

an estimate of the charge distribution one can readily calculate the surface

electric fields.

The electric fields at the surface of, and in the vicinity of, the antenna were

calculated from expressions for current and charge distribution for cylindrical

monopoles developed by King [104, 130, 131] and King and Wu [132]. In

addition the distributions and corresponding fields were calculated using the

method of moments and a finite element method. It will be seen there is

good agreement among the three methods (see chapter 2).

The radio frequency portion of the experimental set up was carefully

calibrated in terms of scattering parameters in order to predict with some

accuracy the current at the terminals of the antenna. In addition, careful

measurements of the antenna drive point impedance were made in the facility

where the experiment was conducted. The influence of conducting walls was

apparent in the impedance as expressed in a Smith chart.

The missing element is the relation between drive point current and sur-

face electric field strength. The method chosen to bridge the gap was a finite

element analysis of the antenna in which the two parameters are readily ex-

tracted. Using the calibration measurements, the electric field corresponding

to corona onset was estimated with reasonable accuracy from a knowledge of

input power.
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1.5.3 Scope of the Research

This research is aimed at discovering those conditions that lead to corona

onset for a simple, representative case with a view to preventing corona onset

in airborne applications. In practical geometries, corona, once established,

may result in a persistent glow discharge or complete breakdown of the air

between electrodes. In any case, the electric fields, pressure, temperature,

and gas composition will have changed from those conditions that led to

corona onset in perhaps unpredictable ways. It is beyond the scope of this

work to describe or predict the resulting state of the corona once established.

In this thesis, low-frequency corona is defined as that commonly associ-

ated with electric power transmission and distribution systems, 50 Hz to 400

Hz. High-frequency, for the purposes of this research, corresponds to those

frequencies commonly used for high-power, airborne communication systems

in the HF, VHF and UHF bands (2 to 400 MHz). The applicability of the

theory of diffusion-controlled breakdown is discussed later but was limited by

one fundamental consideration. As the frequency of excitation approaches

the plasma frequency, the excitation becomes much less efficient and the

threshold of corona onset grows rapidly. This research limits itself to those

frequencies of excitation well below the plasma frequency and so focuses on

the lowest thresholds of corona onset encountered in flight.

While the effect of flowing gas (the air stream) is included in the derivation

of the diffusion equation, it was not employed here for two reasons. First,

many antennas mounted on aircraft reside behind radomes and the air near

the antenna must be assumed to be still. Even high frequency monopoles
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usually have some component in an enclosed space in which the air must

be considered to be still. Second, the calculated corona onset without a

convection term23 in the electron continuity equation invariably results in a

lower corona onset threshold than if convection is included. If an antenna is

designed for a still-air environment, it will perform better in flowing gas with

a higher corona onset threshold.

Furthermore, the environment of hypersonic flight was not considered

because the focus of this research was on antennas mounted on commercial

aircraft and military derivative aircraft that typically fly under 0.8 mach.

There has been substantial research done on antenna performance in hyper-

sonic environments [36, 48,133].

23While convection is commonly associated with thermal behavior, it is used here in a
more general sense: the flow of the host gas characterized by 〈V 〉, the ensemble velocity.



Chapter 2

The Theory of Monopolar

Discharge

2.1 Introduction

Before corona onset, the air around an electrified conductor or antenna is

indistinguishable from air in an unstressed state. There are no more free

electrons or ions than appear naturally with the background and cosmic ra-

diation. The air remains essentially non-conductive with an electron density

approximately 102 cm−3 [66].

As the electric field near the conductor is increased, a sudden transition

will take place upon reaching the corona onset voltage. The electron den-

sity will increase exponentially by many orders of magnitude, from about

102 cm−3 to above 109 cm−3 [66]. Since the transition results from an

avalanche of ionizing collisions, i.e., successive generations of electrons pro-

duced by inelastic collisions between electrons and neutral species, the pro-

97
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cess will take some time and occupy some volume. The time of transition

and the distance occupied by the avalanche can be roughly estimated from

a knowledge of the collision frequency and mean path.

If the avalanche increases the nascent electron density by seven orders

of magnitude, then it will involve approximately m generations of electron

collisions where 2m ≈ 107 or m ≈ 23. If the ionization frequency, νi, were on

the order of 108 sec−1 and the mean path for inelastic collisions were on the

order of 10−2 cm, then corona could be established in a time on the order of

10 nanoseconds in a space on the order of a millimeter.1

Both corona phenomena, at power frequencies and at radio frequencies,

may be understood and predicted by starting with the Boltzmann transport

equation. The equation describes the motion and collision of all species in a

gas, neutral and charged, but it is the electrons, whose mass is 3 orders of

magnitude less than corresponding ions, that are capable of acceleration in

an electric field to the point of inelastic collision with neutral species.

The theory developed in this chapter is termed “monopolar” because it

describes corona onset for an isolated electrode. Jaiswal and Thomas [134]

have described monopolar corona for high voltage dc transmission lines where

power transport involves a single line suspended above the earth. Shane [135]

used the term “cathode remote” to describe corona onset for an isolated

electrode. The emphasis in this investigation was on corona onset at the

surface of an electrode far removed from other conductors or from diffusion

boundaries.

1It will be seen from data presented later in this chapter that these assumptions are
reasonable at standard temperature and pressure.
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2.1.1 Proper Variables

Though seldom stated explicitly, dimensional analysis has played a role from

the beginning in the literature of high-frequency corona [97–99, 136]. The

high-frequency corona onset of a gas, expressed in terms of the electric field,

Eb, is a function of several physical parameters and can be expressed as

Eb = f (ui, l, r, λ) , (2.1)

where ui is the ionization potential of the gas measured in volts, l is the

free path of electrons between collisions, r is the radius of the cylindrical

electrode, and λ is the free-space wavelength of the exciting field. Pressure is

included implicitly as the mean path is a direct function of gas density. Since

the breakdown of a gas under the influence of an alternating electric field is a

function of five variables but only two independent dimensions–voltage and

length–three independent dimensionless variables are sufficient to describe

(2.1).

In practice, the variables used to describe corona onset are not dimen-

sionless but are combinations of E, p, λ and one spatial dimension, usually

descriptive of a boundary. These arbitrary combinations were called proper

variables by MacDonald and Brown [97, 98]. It is important to note that

while dc breakdown can be expressed using two independent dimensionless

variables, e.g.,
E

p
and pl, (2.2)
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high-frequency corona onset requires three independent variables, e.g.,

E

p
, pl, and

l

λ
. (2.3)

In (2.2) and (2.3) l is some characteristic dimension of the discharge

geometry. In the case of dc discharge between planar electrodes l might

be gap distance, d. For high-frequency discharge in cavity, l might be the

diffusion length, Λ, of the cavity. For high-frequency, monopolar discharge l

describes the radius of the cylindrical electrode. It will be argued later that,

over a large range of frequencies where diffusion is the dominant electron loss

mechanism, the third proper variable, l/λ, may be neglected and breakdown

may be characterized by the first two variables.

In the derivations that follow, formulas describing the onset of corona at

power frequencies and at high frequency utilize the proper variables rp and

E/p. Several advantages accrue. First, most researchers since World War

II have done so and constituent data (e.g. ionization data) are presented in

terms of proper variables. Second, functions of three independent variables

can often be presented as functions of two proper variables. For example,

corona onset that is a function of pressure, electric field strength and wire

radius may be presented as a single curve on a two-dimensional graph.

Since the equations describing corona onset will be cast in proper vari-

ables, the independent spatial variable, r, will be transformed into an appro-

priate proper variable and must include the differentials. Let

ρ = rp, (2.4)
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then

dρ = r dp+ p dr, (2.5)

or
dρ

dr
= r

dp

dr
+ p. (2.6)

If p is invariant with respect to r, then

dρ = p dr. (2.7)
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2.2 The Behavior of the Electron in Corona

Onset

Nasser said of the electron’s role in the electrical breakdown of gases,

“The ionization of gas particles by electron collision and by absorption

of radiation, also known as photo-ionization, are the most important

ionization processes to be encountered in the study of gaseous conduc-

tion and plasma electronics . . . ” [66]

In practice, the role of the electron is dominant and determinative; the

motion of ions can be neglected in calculating corona onset. MacDonald

stated,

“. . . in the high-frequency phenomena the motion of the ions is in-

significant in comparison with that of the electrons, because electron

acceleration is normally thousands of times as great as ion accelera-

tion. Therefore almost all the electrical properties of an ionized gas at

high frequencies are determined by the electrons . . . ” [97]

Thus the development of a theory of corona onset for isolated electrodes

focused exclusively on the behavior of electrons in strong electric fields. This

chapter develops simple partial differential equations that describe corona

onset when either drift or diffusion is the dominant electron loss mechanism.

Calculations of corona onset for both cases follow.
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2.2.1 Electron Characterization

The free electrons in a gas can be described statistically by a distribution

in configuration and velocity space.2 The most common classical distribu-

tion, the Maxwell-Boltzmann distribution, describes particles in equilibrium,

particularly electrons in a low-temperature plasma such as exists just be-

fore corona onset [137]. Furthermore, the electrons at corona onset may be

adequately characterized by a mean velocity [138].

The Electron Distribution Function

A macroscopic description of electrons in a gas must take account of both

position and electron energy. Traditionally this has been accomplished by

using a distribution function with six degrees of freedom, three spatial dimen-

sions and three velocity dimensions. Let f(r,v, t) describe the distribution

of electrons in a gas. Taking the velocity moments of the distribution give

macroscopic descriptors of interest and include some simplifying assumptions

about average electron energy [138].

Moments of the Electron Distribution Function

In general, the velocity moments of the electron distribution function are,

Mj =

∫
χj(v)fd3v, (2.8)

2Configuration space is physical space where position is described by three orthogonal
coordinates
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where χj(v) = vj. The first two moments are number density, n,

n = M0 =

∫
fd3v, (2.9)

and current density,

Γ = M1 =

∫
vfd3v. (2.10)

It is useful to note that the mean velocity is

u = 〈v〉 =
M1

M0

. (2.11)

The random velocity, c, of a particle is the difference between the velocity

of a particle and the mean velocity,

c = v − u. (2.12)

Since 〈v〉 = u, then 〈c〉 = 0.

In similar fashion, the moments of the Boltzmann transport equation

yield the differential equations that describe the behavior of the moments of

the distribution function given suitable boundary conditions.
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2.2.2 The Boltzmann Transport Equation

Ludwig Boltzmann devised the equation commonly used to describe the prob-

ability distribution of a particle far from equilibrium, that is under thermal

or electrical stimulus [139],

∂f

∂t
+ v · ∇rf + a · ∇vf =

(
δf

δt

)

collisions

, (2.13)

where f is the distribution of particles in phase space,3 v is velocity, ∇r

is the gradient operator in configuration space, ∇v is the gradient operator

in velocity space, and a is acceleration. The term on the right side of the

equation describes the change in f in time due to collisions, elastic and

inelastic. For our purposes, inelastic (ionizing) collisions are of principal

interest.

When the only forces affecting electrons are electromagnetic, then accel-

eration becomes [137],

a =
e

m
(E + v ×B) , (2.14)

and the Boltzmann transport equation becomes,

∂f

∂t
+ v · ∇rf +

e

m
(E + v ×B) · ∇vf =

(
∂f

∂t

)

collisions

. (2.15)

The contribution of the magnetic field can be neglected when either B is

non-existent or weak by comparison to E.4

3Phase space is comprised of configuration space and velocity space. Particles are com-
pletely described by position and motion.

4The highest electric field strength at the surface of the experimental monopole was
associated with the hemispherical cap, where the charge density was greatest. That was
consistently the location of corona onset and the part of the antenna where the current
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The General Transport Equation

The velocity moments of the Boltzmann transport equation, (2.15), are

known as the macroscopic transport equations [137, 139]. They are derived

by multiplying both sides of (2.15) by an arbitrary function, χ(v), and in-

tegrating over v. If χ is not specified, the result is the general transport

equation [139].

∫

v

χ
∂f

∂t
d3v +

∫

v

χv · ∇rfd
3v+

∫

v

χ
eE

m
· ∇vfd

3v =

∫

v

χ

(
∂F

∂t

)

collisions

d3v. (2.16)

The first term of (2.16) is expanded as

∫

v

χ
∂f

∂t
d3v =

∂

∂t

(∫

v

χfd3v

)
−
∫

v

f
∂χ

∂t
d3v. (2.17)

Since the time and space variables are independent of velocity, the partial

time derivative may be taken in or out of the integral. Since χ(v) does not

depend on t, the latter term vanishes and (2.17) becomes

∫

v

χ
∂f

∂t
d3v =

∂

∂t
(n 〈χ〉) . (2.18)

density and thus the magnetic field was weakest.
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The second term of (2.16) is

∫

v

χv · ∇rfd
3v = ∇r ·

(∫

v

vχfd3v

)

−
∫

v

fv · ∇rχd
3v −

∫

v

fχ∇r · vd3v. (2.19)

Since neither v nor χ are dependent on r, the factors ∇r · v and ∇rχ are

zero. The second term of (2.16) becomes

∫

v

χv · ∇rfd
3v = ∇r · (n 〈χv〉) . (2.20)

The third term of (2.16) is

∫

v

χa · ∇vfd
3v =

∫

v

∇v · (aχf) d3v

−
∫

v

fa · ∇vχd
3v −

∫

v

fχ∇v · ad3v. (2.21)

The first integral on the right-hand side of (2.21) is a sum of three triple

integrals,

∫

v

∇v · (aχf) d3v =
∑

i

∫ ∫ ∫ +∞

−∞

∂

∂vi
(aiχf) dvx dvy dvz. (2.22)

Performing the first integration on the first of the triple integrals,

∫ ∫ ∫ +∞

−∞

∂

∂vx
(ax χ f) dvx dvy dvz

=

∫ ∫ +∞

−∞

(
ax χ f |+∞−∞

)
dvy dvz = 0, (2.23)
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because f must be zero as v approaches infinity. Thus the first integral of

(2.21) vanishes.

The third integral of (2.21) also vanishes because E and hence a are not

dependent on v,

∇v · a =
e

m
∇v · E = 0. (2.24)

Combining these results yields the general transport equation:

∂

∂t
(n 〈χ〉) +∇ · (n 〈χv〉)− n 〈a · ∇vχ〉 =

[
δ

δt
(n 〈χ〉)

]

coll

. (2.25)

Moments of the Boltzmann Transport Equation

The Continuity Equation

The first moment of the Boltzmann transport equation (χ = 1), correspond-

ing to the first moment of the distribution, is the continuity equation,

∂n

∂t
+∇ · (n 〈v〉)− n 〈a · ∇vχ〉 =

[
δn

δt

]

coll

. (2.26)

Since 〈v〉 = u, ∇vχ = 0, and Γ = nu,

∂n

∂t
+∇ · Γ =

[
δn

δt

]

coll

. (2.27)

The collision term associated with the continuity equation is convention-

ally [139] [
δn

δt

]

coll

= nν, (2.28)

where ν is the net frequency of ionizing electron collision with neutral species.
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The Equation of Motion

The second moment of the Boltzmann transport equation (χ = v), corre-

sponding to particle flux is the equation of motion. Let v = c + u. Then,

∂

∂t
(n 〈v〉) = n

∂u

∂t
+ u

∂n

∂t
, (2.29)

∇ · (n 〈vv〉) = ∇ · [n (uu + u 〈c〉+ 〈c〉u + 〈cc〉)]

= ∇ (nuu + n 〈cc〉) ,
(2.30)

and

−n 〈a · ∇vv〉 = −n
〈(

ax
∂

∂vx
+ ay

∂

∂vy
+ az

∂

∂vz

)
v

〉

= −n 〈(axx̂ + ayŷ + azẑ) v〉 = −n 〈a〉 .
(2.31)

Substituting (2.29) through (2.31) into (2.25) gives the equation of mo-

tion,

n
∂u

∂t
+ u

∂n

∂t
+∇ · (nuu) +∇ · (n 〈cc〉)− n 〈a〉 = A. (2.32)

where A is the collision term,

A =

∫

v

v

(
δf

δt

)

coll

d3v =

[
δ (nu)

δt

]

coll

. (2.33)

The term, n 〈cc〉 in (2.32) is related to the kinetic pressure dyad, P ,

n 〈cc〉 =
P
m
. (2.34)
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The third term in the left-hand side of (2.32) is expanded as,

∇ · (nuu) =
∂

∂x
(nuxu) +

∂

∂y
(nuyu) +

∂

∂z
(nuzu)

= n

(
ux
∂u

∂x
+ uy

∂u

∂y
+ uz

∂u

∂z

)
+

u

[
∂ (nux)

∂x
+
∂ (nuy)

∂y
+
∂ (nuz)

∂z

]

= n (u · ∇) u + u [∇ · (nu)] .

(2.35)

Substituting (2.34) and (2.35) into (2.32), and using the continuity equa-

tion (2.27),

n

[
∂u

∂t
+ (u · ∇) u

]
+∇ · P

m
− ne

m
〈E〉 = A. (2.36)

The term, (u · ∇) u, is usually neglected since 〈v〉2 is small compared to

〈v2〉 [48]. The kinetic pressure dyad, P , can be simplified if one assumes the

distribution function is isotropic in c. The kinetic pressure dyad is, in terms

of c,

P
m

= n




〈cxcx〉 〈cxcy〉 〈cxcz〉

〈cycx〉 〈cycy〉 〈cycz〉

〈czcx〉 〈czcy〉 〈czcz〉



. (2.37)

If the distribution function is isotropic in c, then the non-diagonal ele-

ments are zero and

∇ · P
m

=
∇P
m

. (2.38)

The collision term, A, is defined as [139],

A = −n
∑

β

ναβ (uα −Vβ) , (2.39)
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where α refers to electrons and β to other individual colliding species. If the

only important collision is between electrons and neutrals, then A simplifies

to

A = −nν (u−V) (2.40)

where V is the mean velocity of the neutral species. The time-invariant

version of (2.36) is

nu =
∇P
νm
− ne 〈E〉

νcm
− n 〈V〉 . (2.41)

The first term in the right-hand side of (2.41) concerns diffusion and

is [48, 137,139],
∇P
νm

= ∇ (Dn) , (2.42)

where D is the free electron diffusion coefficient. The second term in the

right-hand side of (2.41) concerns electron drift and is

ne 〈E〉
νm

= nµ 〈E〉 , (2.43)

where µ is the coefficient of electron mobility. The third term in the right-

hand side of (2.41) concerns convection or mass flow of the host gas. Thus

the total electron flux is

Γ = nu = n 〈V〉+ nµ 〈E〉 − ∇ (Dn) . (2.44)

The three terms on the right-hand side of (2.44) are, respectively, convec-

tion, drift, and diffusion.

The continuity equation, (2.27), modified with detail of the electron flux,
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Γ can be written

∂n

∂t
+∇ · (n 〈V〉+ nµ 〈E〉 − ∇ (Dn)) = nν. (2.45)

In (2.45) the term on the right-hand side describes the source of electrons

by ionizing collision. The convection, drift, and diffusion terms on the left-

hand side describe electron loss mechanisms. The corona onset threshold

corresponds to the case where electron production equals electron loss for a

given geometry.
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2.3 Formulation of Corona Onset Criteria

2.3.1 Low Frequency Corona

About the turn of the last century J. S. Townsend published his theory of the

electron avalanche as the explanatory mechanism of electrical breakdown in

gases [62]. For breakdown in uniform fields Townsend stated his well-known

law

i = i0e
αx, (2.46)

where i is the current at the anode, i0 is the primary current, x is the dis-

tance between the parallel plate electrodes, and α is the electron ionization

coefficient, a strong function of electric field strength.

Loeb [73] attributed a modification of the avalanche expression for non-

uniform electric fields to Townsend [67],

i = i0e
∫
αdx. (2.47)

Phillips et al., citing McAllister and Pedersen [140], stated that

“. . . since the integral of [(2.47)] dominates the corona onset condition

and that all methods for calculating corona onset are to some extent

empirical, the corona onset condition can be written as . . . ” [128]

K = exp

[∫ d

0

(α− η)

p
dx

]
, (2.48)

where η is the electron attachment coefficient, d is the ionization boundary

(where α = η) and K is a constant determined by fitting (2.48) to experi-

mental data. Using continuous expressions for α and η developed by Sarma
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and Janischewskyj [141] and the measured data of Zaengl and Peek [142],

Pedrow and Olsen [143], following Zaengl and Nyffenegger [144], calculated

K to be 3500.

The Townsend integral seems to have been developed heuristically. No-

where did Townsend derive the integral from more fundamental physics but,

it appears, from the concept of the electron avalanche, an obviously expo-

nential phenomenon.

Herlin and Brown [21] stated that in a microwave discharge, in which

the excitation frequency is relatively large, drift is oscillatory and does not

contribute to electron transport. Thus, the only significant loss mechanism

is diffusion. However, at lower frequencies drift becomes the dominant loss

mechanism because electron motion during a half-cycle is large enough to

remove electrons from the region of ionization where they are lost by by con-

duction to walls, recombination with positive ions, or attachment to neutral

species.

When electron drift is the dominant loss mechanism, then

Γ ≈ µEn, (2.49)

and (2.45) becomes
∂n

∂t
≈ −∇ · (−µEn) + νn, (2.50)

where ν is the net ionization frequency of an electron and represents the

difference

ν = νi − νa. (2.51)
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The electron continuity equation (2.50) can be solved, in principle, by

separation of variables. Let

n (r, t) = nr(r)nt(t). (2.52)

The electron continuity equation then becomes,

nr
∂nt
∂t

= ntg(nr, r) + νnrnt, (2.53)

where g is a differential function in r. Separating spatial and temporal vari-

ables, the electron continuity equation is,

n
′
t

nt
=
g(nr, r)

nr
+ ν = ξ. (2.54)

The time dependent function is,

nt = eξt. (2.55)

Herlin and Brown [21] demonstrated that, before an electric field is ap-

plied, ξ assumes characteristic values that are all negative and the electron

density tends to zero. As the electric field is increased, the characteristic

values become less negative until one equals zero. At that point electron

production by ionization equals electron loss through attachment, drift, dif-

fusion or convection. As the field is increased slightly more, one characteris-

tic value becomes positive and electron density increases exponentially. Thus

corona onset corresponds to ξ = 0 and is described by the solution to the
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homogeneous differential equation,

g(nr, r) + νnr = 0. (2.56)

Low frequency corona onset is described by the homogeneous ordinary

differential equation

−∇ · (−µEnr) + νnr = 0. (2.57)

The electric field in the vicinity of an infinite cylindrical conductor is

assumed to fall off as 1/r [129],

E ≈ E0r0

r
for r ≥ r0, (2.58)

where E0 is the electric field strength at the surface of the monopole and r0

is the radius of the monopole. Breakdown occurs when

µ

r

∂

∂r

(
r
E0r0nr
r

)
+ νnr = 0, (2.59)

or
n

′
r

nr
= − ν

µE(r)
. (2.60)

Integrating over r and choosing as the limits of integration the surface of

the electrode and the ionization boundary, r0 and r1 respectively,

nr(r1)

nr(r0)
= exp

[∫ r0

r1

ν

µE(r)
dr

]
. (2.61)

At sufficiently high pressures where electron motion under the influence
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of an electric field is described in terms of drift velocity and mobility, the

net ionization frequency, ν , can be stated in terms of the ionization and

attachment coefficients and drift velocity [136,145],

ν = (α− η) vd = (α− η)µE. (2.62)

and so

nr(r1) = nr(r0) exp

[∫ r0

r1

(α− η) dr

]
. (2.63)

Invoking proper variables,

nr(ρ1)

nr(ρ0)
= exp

[∫ ρ0

ρ1

(α− η)

p
dρ

]
(2.64)

which is the Townsend integral. Casting the equation in terms of proper

variables has the advantage that ionization and attachment coefficient data

are conventionally presented in terms of α/p and η/p and so the equation is

immediately useful.

Lowke and Morrow [127] demonstrated that Peek’s equation (1.13) can

be derived from (2.64) by linearizing the net ionization coefficient, α′ = α−η

as
α′

p
= A

[
E

p
− E1

p

]
. (2.65)

Since

E = E1
ρ1

ρ
, (2.66)

then
α′

p
= A

E1

p

[
ρ1

ρ
− 1

]
. (2.67)
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Allowing nr(ρ1)/nr(ρ0) = K, and taking the logarithm of both sides of

(2.64).

ln (K) = A
E1

p

∫ ρ1

ρ0

[
ρ1

ρ
− 1

]
dρ. (2.68)

Performing the integration,

A
E1

p
(ρ1 ln ρ− ρ)

∣∣∣∣
ρ1

ρ0

= A
E1

p

[
ρ1 ln

(
ρ1

ρ0

)
− (ρ1 − ρ0)

]
. (2.69)

Let

x =
ρ1 − ρ0

ρ0

, (2.70)

then

ln (K) = A
E1

p
[ρ1 ln (1 + x)− ρ0x] . (2.71)

If we employ the approximation,

ln (1 + x) ≈ x− 1

2
x2, (2.72)

then

ln (K) ≈ A
E1

p

[
ρ1

(
x− 1

2
x2

)
− ρ0x

]
, (2.73)

and

ln (K) ≈ A
E1

p

[
ρ0x

2 − ρ1

2
x2
]
, (2.74)

or

ln (K) ≈ A
E1

p

[ρ0

2
x2
]
. (2.75)
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Inserting the identity for x and isolating it on the left-hand side,

(
ρ1 − ρ0

ρ0

)2

≈ 2 ln (K)

AE1r0

, (2.76)

or
ρ1 − ρ0

ρ0

≈
[

2 ln (K)

AE1r0

] 1
2

. (2.77)

Resolving the left-hand side and multiplying both sides by E1/p leaves

an equation in the form of Peek’s law,

E1

p

ρ1

ρ0

=
E0

p
≈ E1

p

[
1 +

(
2 ln(K)

AE1r0

) 1
2

]
. (2.78)

The empirical parameters of Peek’s law are thus potentially derivable

from more fundamental physical parameters.

2.3.2 High Frequency Corona

At high frequency where diffusion is the dominant electron loss mechanism,

Γ ≈ −∇Dn, (2.79)

and (2.45) becomes
∂n

∂t
≈ ∇2Dn+ νn. (2.80)

Since the diffusion coefficient, D, varies slowly as a function of electric

field strength, i.e., D∇2n >> n∇2D , so

∂n

∂t
≈ D∇2n+ νn. (2.81)
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By separation of variables the criterion for corona onset is described in

cylindrical coordinates by the homogeneous ordinary differential equation,

∂2nr
∂r2

+
1

r

∂nr
∂r

+
ν

D
nr = 0, (2.82)

which is Bessel’s equation and has Bessel functions of integer order for solu-

tions.

Converting (2.82) in terms of proper variables yields,

p2∂
2nr
∂ρ2

+ p2 1

ρ

∂nr
∂ρ

+
ν

D
nr = 0, (2.83)

or
∂2nr
∂ρ2

+
1

ρ

∂nr
∂ρ

+ ξ2nr = 0, (2.84)

where

ξ =
1

p

√
ν

D
. (2.85)

Recalling (2.62),

ξ =

√
α−η
p
vd

Dp
. (2.86)

Again, the ionization, drift velocity, and diffusion coefficients are found

in the forms they are usually presented.

With application of appropriate boundary conditions it is possible, in

principle, to derive a non-trivial solution of (2.84) by use of Cramer’s rule.

In several papers by Herlin and Brown [21–23] breakdown was calculated

between concentric cylinders. The walls of the inner and outer cylinders

are natural boundaries where the electron density, nr, vanishes. Fante et
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al. [55] derived similar breakdown conditions for coaxial cylinders but with

the provision that the distance between them is so great that an ionization

boundary may form between them (where ν = νi − νa = 0). In such a case

there are three natural boundaries: the two cylinder walls and the ionization

boundary where there is a singularity. The approach of Fante et al. was

to form two problems with three boundaries. In the interior region where

ν > 0 , they set ν ≈ νi ; in the outer region where ν < 0 , ν ≈ νa. At the

cylinder walls the electron density vanishes and at the ionization boundary

the solutions and their first derivatives were set equal to each other. By this

means Fante et al. [48] calculated breakdown criteria in good agreement with

experimental results. As the outer boundary becomes very large or infinite,

the solution describes corona onset for an isolated monopole.

If one uses proper variables, i.e., E/p in V/cm·torr as a function of ρ = rp

in cm·torr, where E is electric field strength, p is pressure, and r is radius

and, further, if ρ0 describes the surface of the cylindrical monopole, ρ1 the

ionization boundary, and ρ2 an arbitrarily large outer boundary at which the

electron density is vanishingly small, then in the ionization region (ρ0 < ρ <

ρ1) electron density is described as

∂2nr
∂ρ2

+
1

ρ

∂nr
∂ρ

+
1

p2

νi
D
nr = 0. (2.87)

The general solution is

nr1(ρ) = a1J0(ξ1ρ) + a2Y0(ξ1ρ), (2.88)
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where

ξ1 =
1

p

√
νi
D
, (2.89)

and J0 and Y0 are Bessel functions of the first kind.

In the attachment region (ρ > ρ1) the expression for electron density is

∂2nr
∂ρ2

+
1

ρ

∂nr
∂ρ
− 1

p2

νa
D
nr = 0, (2.90)

and the general solution is

nr2(ρ) = a3K0(ξ2ρ) + a4I0(ξ2ρ), (2.91)

where

ξ2 =
1

p

√
νa
D
. (2.92)

The applicable boundary conditions are:

nr1(ρ0) = 0,

nr2(ρ2) = 0, as ρ2 →∞,

nr1(ρ1) = nr2(ρ1),

n
′
r1(ρ1) = n

′
r2(ρ1).

(2.93)

Solutions exist for values of ξ1 and ξ2 for which

∣∣∣∣∣∣∣∣∣∣∣∣∣

J0(ξ1ρ0) Y0(ξ1ρ0) 0 0

0 0 K0(ξ2ρ2) I0(ξ2ρ2)

J0(ξ1ρ1) Y0(ξ1ρ1) −K0(ξ2ρ1) −I0(ξ2ρ1)

J
′
0(ξ1ρ1) Y

′
0 (ξ1ρ1) −K ′

0(ξ2ρ1) −I ′
0(ξ2ρ1)

∣∣∣∣∣∣∣∣∣∣∣∣∣

= 0. (2.94)
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From (2.94) it is possible to calculate the electric field strength corre-

sponding to corona onset for a particular pressure and monopole radius.
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2.4 Calculation of Corona Onset Criteria

The calculation of corona onset for an isolated monopole in air requires accu-

rate data on ionization by electron collision, electron attachment by neutral

species, electron diffusion and drift velocity as a function of electric field

strength and gas density.

2.4.1 Electron Ionization by Collision

Townsend [62] was the first to accurately measure the ionization coefficient,

α. His published data covered the range 100 ≤ E/p ≤ 1000 V cm−1 torr−1

and have not been improved. Masch [146] and Sanders [147] made careful

measurements for E/p ≤ 100 V cm−1 torr−1 but failed to distinguish be-

tween the ionization coefficient, α, and the attachment coefficient, η, which

becomes significant in that region. Harrison and Geballe [148] performed the

first simultaneous measurement of the ionization and attachment coefficients.

They calculated α and η by fitting the measured data to this equation:

i = i0 [α/ (α− η)] exp [(α− η) d]− i0η/ (α− η) (2.95)

The measurements of Harrison and Geballe became the standard used by

most researchers, though Prasad [149] cast some doubt on the accuracy of

their measurement for E/p ≤ 40 V cm−1 torr−1. Figure 2.1 compares the

measurements of these researchers and figure 2.2 shows detail for E/p ≤

50 V cm−1 torr−1.
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Figure 2.2: Detail of measurement of the ionization coefficient, α/p, by vari-
ous researchers, 1915-1963, as a function of electric field strength and pressure
over the range of electric field strength and pressure for which measurements
diverge most [62, 146–150]

Several researchers fitted curves to the data of Townsend, Harrison, and

Geballe. The first were Sarma and Janischewskyj [141] who provided one

equation for the range of Harrison and Geballe’s data and another for a

portion of Townsend’s. Figure 2.3 shows the curve fitted by Sarma and

Janischewskyj with measured ionization coefficient data. They did not fit

the curve for E/p > 240 V cm−1 torr−1 and below E/p = 30 V cm−1 torr−1

their curve seems to fall short of the best data (see figure 2.4).
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The equations derived by Sarma and Janischewskyj are,

α

p
=





4.7786 e−221/x cm−1 torr−1 25 ≤ x ≤ 60,

9.682 e−264.2/x cm−1 torr−1 60 ≤ x ≤ 240.

η

p
=





8.7× 10−6 x2 − 5.41× 10−4 x+ 1.298× 10−2 cm−1 torr−1 25 ≤ x ≤ 60,

0 cm−1 torr−1 60 ≤ x ≤ 240.

(2.96)

where x = E/p.

Badaloni and Gallimberti [151] also fitted polynomials to the ionization

data of Townsend, Harrison, and Geballe. Their work was simplified by

Schroeder [152,153] and is shown in figure 2.5. The fitted curve extends well

above E/p = 250 V cm−1 torr−1 and approximates the ionization data of

Harrison and Geballe below E/p = 40 V cm−1 torr−1 better than Sarma and

Janischewskyj’s formula (see the detail in figure 2.6).

The fitted curves of Badaloni and Gallimberti as modified by Schroeder

are,

α

p
=





e(x−58.2)/4.95 cm−1 torr−1 x ≤ 35,

2.24× 10−3x− 6.92× 10−2 cm−1 torr−1 35 ≤ x ≤ 45,

−3.207× 10−12x5 + 3.259× 10−9x4 − 1.485× 10−6x3

+3.44× 10−4x2 − 1.875× 10−2x+ 3.013× 10−1 cm−1 torr−1 45 ≤ x ≤ 250,

14.5 e−356/x cm−1 torr−1 x > 250.

η

p
= 1.95

e−60/x

x
cm−1 torr−1

(2.97)



128 CHAPTER 2. THE THEORY OF MONOPOLAR DISCHARGE

1
0

1
1

0
2

1
0

3
1

0
−

5

1
0

−
4

1
0

−
3

1
0

−
2

1
0

−
1

1
0

0

1
0

1

1
0

2

E
/p

 (
V

 c
m

−
1
 t

o
rr

−
1
)

α/p (cm
−1

 torr
−1

)

 

 
T

o
w

n
s
e

n
d

M
a

s
c
h

S
a

n
d

e
rs

H
a

rr
is

o
n

 &
 G

e
b

a
lle

P
ra

s
a

d

D
u

tt
o

n

S
a

rm
a

 &
 J

a
n

is
c
h

e
w

s
k
y
j

F
ig
ur
e
2.
3:

M
ea
su
re
m
en
ts

of
th
e
io
ni
za
ti
on

co
effi

ci
en
t,
α
/p

,
by

va
ri
ou

s
re
se
ar
ch
er
s
as

a
fu
nc
ti
on

of
el
ec
tr
ic

fie
ld

st
re
ng

th
an

d
pr
es
su
re

w
it
h
th
e
fit
te
d
cu
rv
e
of

Sa
rm

a
an

d
Ja

ni
sc
he
w
sk
yj

[1
41

]



2.4. CALCULATION OF CORONA ONSET CRITERIA 129

10
1

10
−4

10
−3

10
−2

10
−1

E/p (V cm
−1

 torr
−1

)

α
/p

 (
c
m

−
1
 t
o
rr

−
1
)

 

 

Masch

Sanders

Harrison & Geballe

Prasad

Dutton

Sarma & Janischewskyj

Figure 2.4: Detail of the measurements of the ionization coefficient, α/p, by
various researchers as a function of electric field strength and pressure with
the fitted curve of Sarma and Janischewskyj over the range of electric field
strength and pressure for which measurements diverge most [141]
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2.4.2 Electron Attachment

The measured attachment coefficient data of Harrison and Geballe [148],

Prasad [149], Dutton et al. [150], and Chatterton and Craggs [154] are shown

in figure 2.7. The data are striking for their variability, particularly those

of Harrison and Geballe. Dutton et al. performed a careful analysis of the

dependence of the calculated attachment coefficient on errors in measurement

of initial current, I0, in 2.95. They concluded that. . .

“. . . if an estimated or extrapolated value of the initial current I0 is

used in the derivation of the coefficients, a change of 15% in the value

of I0 assumed can give rise to a difference by a factor of 20 in the value

of the attachment coefficient deduced from the experimental data. It

is shown that under typical experimental conditions, when ionization

currents can be measured with an experimental error of 1% . . . there

is considerable inherent spread (∼50 to 100% about the mean) in the

possible values of the attachment coefficient . . . ” [150]

By Dutton’s own estimate, the error in his calculation of the attachment

coefficient is between ±15 and ±100%. Thus it is very difficult to fit a curve

to the attachment data with any certainty.

Sarma and Janischewskyj fitted a curve to the attachment data of Har-

rison and Geballe and is shown in figure 2.8. The fitted curve is seen to fall

below the mean of Harrison and Geballe’s data and there is no explanation

in Sarma and Janischewskyj’s paper. On the other hand, the fitted curve of

Badaloni and Gallimberti is seen in figure 2.9 to venture well above the data

of all researchers. Again, no explanation is given.
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The ionization and attachment coefficients reported by various researchers

are derived from a single measurement of net ionization by fitting the data

to a mathematical model of separate ionization and attachment processes.

The calculated attachment coefficients show great variability among the re-

searchers. On the other hand, the net ionization data reported by various

researchers show a marked similarity. Figure 2.10 shows the net ionization

measured by Harrison and Geballe [148], Prasad [149], and Dutton [150].

Note that while the measurements of Harrison and Geballe and Dutton are

quite similar, those of Prasad show an upward bias.

Any calculation of corona onset threshold that depends on the indepen-

dent ionization and attachment coefficients is subject to uncertainty with

respect to the derived attachment coefficient. Fante’s approximation of the

net ionization as ν ≈ νi in the region of ionization and as ν ≈ −νa outside

the ionization region incorporates the uncertainty associated with the derived

ionization and attachment coefficients. On the other hand, the finite element

method (FEM) calculation discussed in 2.5 relies only on net ionization data.

The net ionization formulas of Sarma and Janischewskyj compared fa-

vorably with the measured net ionization data (see figure 2.11) while the

net ionization formulas of Badaloni and Gallimberti fare less well (see fig-

ure 2.12). For these reasons we choose to use the formulas of Sarma and

Janischewskyj though there remains some uncertainty about the data in the

vicinity of E/p = 35 V cm−1 torr−1.
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Figure 2.11: Measurements of net ionization, (α/p− η/p), by various re-
searchers as a function of electric field strength and pressure compared with
the fitted curve of Sarma and Janischewskyj [141,148–150]
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Figure 2.12: Measurements of net ionization, (α/p− η/p), by various re-
searchers as a function of electric field strength and pressure compared with
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2.4.3 Electron Drift Velocity

Townsend and Tizard [68] measured electron drift velocity for values of E/p

less than 200 V cm−1 torr−1. The generally accepted source of information

on electron drift is Ryzko [155]. His data are shown in figure 2.13. The

departure of Townsend’s and Tizard’s data from Ryzko’s was attributed to

electron diffusion [155].

Ryzko provided a formula for the range 50 ≤ E/p ≤ 100 V cm−1 torr−1,

vd = 2.56× 105 E

p
+ 5.0× 106 cm sec−1, (2.98)

where vd is velocity in cm s−1.

The data in figure 2.13 for E/p ≤ 50 V cm−1 torr−1 can be fitted to a

second-order polynomial,

vd = −2.77× 103x2 + 4.87× 105x+ 1.94× 105 cm sec−1, (2.99)

where x = E/p inV cm−1 torr−1.

Electron drift velocity for E/p ≥ 100 V cm−1 torr−1 is extrapolated from

(2.98).
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2.4.4 Electron Diffusion

MacDonald et al. [114] derived an equation for the diffusion coefficient, D,

using measured data for E/p < 25 V cm−1 torr−1 and knowledge of the

electron energy distribution,

Dp = 2.9× 105 + 9.0× 103 E

p
cm2 torr sec−1, (2.100)

where D is the diffusion coefficient in cm2 s−1 and p is pressure in torr.

MacDonald et al. stated that the diffusion coefficient is a direct function

of the average electron energy, u, and that

“[v]alues of the average electron energy have not been measured for

high electric fields. However, Crompton, Huxley, and Sutton have

made measurements of the average electron energy in air for values of

E/p up to about 25 (V/cm mmHg) [156]. For values of E/p above

about 5 (V/cm mmHg), these data show that the average electron

energy is directly proportional to E/p, and we assume that the pro-

portionality continues to higher values of E/p.” [114]

The assumption has not been confirmed by measurement. If not correct,

it could contribute to a difference between predicted and measured corona

onset at higher values of E/p.
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2.4.5 Prediction of Corona Onset at 60 Hz

Corona onset at power frequencies (i.e., drift-controlled corona onset), is

predicted by calculating (2.64) given the independent variable, ρ = rp, and

varying the dependent variable, E0/p, until K = 3500. Using Simpson’s rule

and integrating net ionization from the surface of the cylindrical electrode to

the ionization boundary, one obtains the data in table 2.1.

Table 2.1: Corona onset threshold, E/p, calculated from (2.64) as a function
of electrode radius and pressure, rp, for power frequencies

rp E0/p rp E0/p
(cm torr) (V cm−1 torr−1) cm torr) (V cm−1 torr−1)

0.1 2176 0.1359 1675
0.1848 1302 0.2512 1025
0.3415 816.5 0.4642 659.6
0.631 539.4 0.8577 447
1 408.7 1.3594 344.6

1.8478 293.7 2.5119 252.5
3.4145 218.7 4.6416 191.3
6.3096 169 8.577 150.6
10 142.6 13.594 128.6

18.478 116.7 25.119 106.6
34.145 97.85 46.416 90.31
63.096 83.76 85.77 78.02
100 75.41 135.9 70.63

184.78 66.39 251.19 62.61
341.45 59.16 464.16 55.93
630.96 53.07 857.7 50.55
1000 49.39

The 60 Hz corona onset criterion predicted by (2.64) can be fitted to

a second-order polynomial curve (to aid interpolation) valid over the range
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0.1 < rp < 100 cm torr with a correlation coefficient R2 = 0.999,

y = −0.0028x3 + 0.0586x2 − 0.5774x+ 6.014,

x = ln(r0p) cm torr

y = ln(E0/p) V cm−1 torr−1.

(2.101)

Figure 2.14 shows the calculated onset threshold for drift-controlled corona.
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Figure 2.14: Empirical curve fitted to corona onset threshold, E/p, calculated
from (2.64) as a function of electrode radius and pressure, rp, for power
frequencies

The polynomials fitted to the calculated corona onset data are an aid to

interpolation. In chapter 3, measured corona onset data will be compared

with predictions using the fitted polynomial.
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2.4.6 Prediction of Corona Onset at Radio Frequencies

The calculation of corona onset using Cramer’s rule (2.94) is problematic

because over a significant range of ρ the determinant is ill-conditioned. Moler

noted that, in general,

“. . . Cramer’s rule is unsatisfactory even for 2-by-2 systems because of

roundoff error difficulties.” [157]

There are two sources of error associated with the determinant: roundoff

error and numerical stability. Both may contribute to overall error when the

determinant is ill-conditioned.

Figure 2.15 shows log10(A) where A is the condition number of the de-

terminant of (2.94) as a function of ρ. It might be said the determinant is

ill-conditioned over the entire range of the independent variable. When using

the IEEE standard for binary floating-point arithmetic [158], the condition

number must not exceed about 109 [159]. If the determinant is preconditioned

then the range may be extended to about 1012.

Thus the calculation of the high frequency corona onset threshold using

Cramer’s rule, a matrix pre-conditioner, and IEEE standard binary floating-

point arithmetic is credible perhaps only over the range 0.7 < ρ < 7.

The condition number can also indicate determinant singularity. For

values of the independent variable where the determinant is singular and,

hence, indicates an eigenvalue of the underlying boundary value problem,

the condition number approaches infinity. Thus, calculating the condition

number of the determinant for discrete values of the independent variable

can point to the solution of the boundary value problem. For values of
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Figure 2.15: The condition number of the determinant in (2.94) as a function
of electric field strength and pressure, E/p

ρ > 30 cm torr the value of the condition number is everywhere greater than

1012 and obscures any indication of singularity.

For values of ρ < 0.7 cm torr, the condition number suggests numerical

instability and the calculation of the first eigenvalue skews toward the second

eigenvalue (see figure 2.16).

If one uses only those data in the range 0.7 < rp < 60 (see Table 2.2), then

one can fit the data to a third order polynomial as an aid to interpolation,

y = −0.00901x3 + 0.116x2 − 0.549x+ 4.41,

x = ln(r0p) cm torr,

y = ln(E0/p) V cm−1 torr−1.

(2.102)

which is seen in figure 2.17. The fitted polynomial is used as an aid to

interpolation so that the data may be readily compared to other predictions
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Table 2.2: Corona onset threshold calculated from (2.94) as a function of
monopole radius and pressure, rp, for radio frequencies

rp E0/p
(cm torr) (V cm−1 torr−1)
0.7943 92.9

1 81.18
1.259 72.32
1.585 65.42
1.995 59.65
2.512 54.33
3.162 50.09
3.981 46.72
5.012 43.99
6.31 41.75
7.943 39.91
10 38.38

12.59 37.13
15.85 36.1
19.95 35.27
25.12 34.59
31.62 34.04
39.81 33.59
50.12 33.26
63.1 32.56
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Figure 2.16: The skewing of Cramer’s rule calculation in (2.94) toward the
second eigenvalue of (2.84) for rp < 1 cm torr

and measured corona onset data.

2.4.7 Transition Frequency

As early as 1915, Ryan and Marx [83] noted that the corona onset voltage for

non-uniform fields was significantly lower at 100 kHz than at 60 Hz though

they did not explain the difference. Brown and MacDonald [98] described

limits to the diffusion theory of microwave breakdown, one of which may

explain a transition from drift-controlled corona onset to diffusion-controlled

corona onset as frequency is increased from 60 Hz. They described an oscil-

lation amplitude limit that applies when an electron drifts from its point of

origin to the walls of the cavity or vacuum chamber in a half-cycle. Since the

electric field is both time-varying and non-uniform, the calculation of this

limit for a particular application is not simple. A first-order estimate was
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Figure 2.17: Corona onset threshold calculated from (2.94) as a function of
monopole radius and pressure, rp, with a fitted curve as an aid to interpola-
tion

obtained for the steel bell used in the 60 Hz measurements by noting that

electron drift is on the order of 107 cm s−1 [155] and that the radius of the

chamber is 30 cm, yielding a nominal transit time of 3 × 10−6 s. Thus, at

frequencies less than about 170 kHz, electron loss by drift to the walls might

be expected.

If, however, the monopole is truly isolated, drift might still affect corona

onset. To the degree that electrons are transported past the ionization bound-

ary during a portion of the excitation cycle, they cease for a time to contribute

to ionization. A calculation of electron motion using the electron drift ve-

locity data of Ryzko [155] shows electrons in the experiment (see chapter 3)

drifted outside the region of ionization for values of rp > 3 cm torr although

no marked change in corona onset was observed.

If electrons that drift across the ionization boundary were never to return,
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the effect on corona onset could be similar to that ascribed to the oscillation

amplitude limit. In the air outside the ionization boundary–and assuming

the monopole is truly isolated–the only potential electron loss mechanisms

are recombination or attachment. Since few positive ions exist before corona

onset, attachment would seem to be the sole candidate of electron loss.

Chanin et al. [160] explained that at electron energies greater than about

1 eV (E/p > 4 V cm−1 torr−1) two-body attachment processes dominate in

air, both radiative and dissociative,

e+ O2 → O−2 + hν, or

e+ O2 → (O−2 )unstable → O + O− + kinetic energy.
(2.103)

But at electron energies less than 1 eV, three-body attachment processes

dominate in air, e.g.,

e+ O2 + O2 → O−2 + O∗2. (2.104)

Furthermore, they stated that while the attachment coefficient, η/p, is

not a function of pressure for average electron energies above 1 eV, it is a

function of molecular oxygen density squared below 1 eV. Truby [161] mea-

sured the three-body electron attachment coefficient, k, for O2 and showed

it is insensitive to electron energy but is a function of gas temperature as

shown in Table 2.3.

Table 2.3: Three-body electron attachment coefficient for oxygen [161]
Temperature (◦K) k (cm6 s−1)

113 7.2× 10−31

200 1.5× 10−30

300 2.1× 10−30
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The time dependence of electron density due to attachment is [161],

∂n

∂t
= −k [O2]2 n, (2.105)

where [O2] is the number density of molecular oxygen and n the electron

number density. In a source-free region electron density will behave as

n = n0e
−k[O2]2t = n0e

−t/τa , (2.106)

where n0 is an initial electron density and τa is the characteristic time of

attachment.

Using the electron attachment data of Chatterton and Craggs [154], the

electron drift measurements of Ryzko [155], and the three-body electron at-

tachment coefficients of Truby [161], characteristic times of attachment were

calculated as a function of distance from the monopole (figure 2.18) for two

pressures used in the measurement of 300 MHz corona onset (see chapter 3).

It is seen to vary from about 10−7 to 10−3 s. But because the drift velocity

is greater nearer the monopole owing to the higher electric field, electrons

will pass the ionization boundary and the region of two-body attachment in

about 10−7 seconds or less and slow as they enter the region of three-body

attachment. Attachment outside the ionization boundary is dominated by

three-body processes.

If one assumes that near-total loss of electrons by attachment will have

an effect indistinguishable from loss of electrons by drift to the walls of the

vacuum chamber or cavity, then that frequency, fc, for which a half cycle
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Figure 2.18: The characteristic time of attachment, τα, from (2.106) as a
function of radial distance from the monopole for two pressures, 5 torr and
100 torr

corresponds to 3τa (a 95% loss) may be a good indicator of transition between

drift-controlled corona onset and diffusion-controlled corona onset. Table 2.4

shows the calculated estimates of transition frequency for two pressures used

during the measurement of corona onset at 300 MHz as well as for conditions

at sea level and in flight [105].

Table 2.4: An estimate of the frequency at which drift-controlled corona
onset transitions to diffusion-controlled corona onset for four pressures

p (torr) [O2] (cm−3) τa (s) fc (Hz)
Experiment 4.6 3.28× 1016 4.65× 10−4 360
Experiment 92.5 6.55× 1017 1.17× 10−6 143 000
40 000 ft. 187 1.33× 1018 3.78× 10−7 440 000
Sea level 760 5.41× 1018 1.71× 10−8 19 500 000

If, in the region of three-body attachment, νa is on the order of 1/τa, then
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following (1.53),

Λa =
√
Dτa. (2.107)

Table 2.5 shows the characteristic attachment length of electrons calcu-

lated from an estimate of the characteristic attachment time at four pres-

sures. It is apparent that, in the realm of flight (ground to 40,000 feet),

the characteristic attachment length is less than 1 cm. Unless conductive

boundaries are closer than 3 attachment lengths to the region of ionization,

they probably do not contribute significantly to electron loss.

Table 2.5: The characteristic attachment length of electrons calculated from
an estimate of the characteristic attachment time at four pressures

p (torr) Λa (cm)
Experiment 4.6 11.6
Experiment 92.5 0.58
40 000 ft. 187 0.33
Sea level 760 0.07
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2.5 A Numerical Model of Monopolar RF Dis-

charge

2.5.1 Introduction

Solutions to the electron continuity equation exist, but often require approx-

imation and extensive calculation. In the case of Fante’s method, error may

enter the solution because of the assumptions used to address the singularity,

and in the application of Cramer’s rule. Even then, a tractable solution is

possible only for a very simple geometry.

A solution employing a finite element method promises three advantages.

First, the singularity apparent in the solution to the homogeneous differential

equation describing high-frequency corona onset is not a factor in a finite

element solution. Second, numerical errors are limited to those associated

with the method and are known. Third, the method may be applied to more

complex geometries without a significant penalty in computation resources.

A FEM approach to solving the diffusion equation is described in this

section and the results of the calculation compared with the approximate

analytic solution of the diffusion equation. COMSOL Multiphysics [162] was

chosen as a finite element method tool because it permits the simultaneous

solution of Maxwell’s equations and the diffusion equation.

2.5.2 The Diffusion Equation

Corona onset may be estimated for the high frequency case by employing a

finite element method to find the steady state solution of the approximate
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form of the electron diffusion equation (see (2.81)),

∇2n+
ν

D
n = 0. (2.108)

The general form of the diffusion equation employed in COMSOL is

∂c

∂t
+∇ · (−D∇c) = R, (2.109)

where c is concentration, D is the diffusion coefficient, and R the reaction

rate. The steady-state solution of the electron diffusion equation may be

calculated by setting the coefficients and variables of (2.108) equivalent to

those of (2.109) as shown in Table 2.6.

Table 2.6: Equivalent factors in the diffusion equations

eq. (2.109) eq. (2.108)
c n
D 1
R (ν/D)n

2.5.3 The Reaction Term

The reaction term, ξ2, can be calculated using (2.84) and (2.86) from the

ionization coefficient, α, the attachment coefficient, η, the drift velocity, vd,

and the diffusion coefficient, D. The values of the reaction term as a function

of electric field strength and pressure are shown in table 2.7. A look-up table

of reaction term values was included as a function in the COMSOL tool and

a cubic spline interpolation was employed. A graph showing the reaction
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term as a function of E, p, and r is shown in figure 2.19.

Table 2.7: The reaction term, ξ2, in the diffusion equation (2.84) in terms of
electric field strength and pressure

E/p ξ2

V cm−1 torr−1 cm−2

0.0 0.0
10.0 -0.0763
20.0 -0.107
25.0 -0.118
30.0 -0.0381
31.8 0.0
35.0 0.0997
40.0 0.361
50.0 1.21
60.0 2.73
70.0 5.69
80.0 9.24
90.0 13.5
100 18.3
150 45.4
200 71.7
250 97.9
300 125
400 170
500 204
1000 295

2.5.4 A Finite Element Analysis of RF Corona Onset

Two diffusion problems are solved in this section using the finite element

method. The first describes corona onset on an infinite, cylindrical elec-

trode; the second describes corona onset on an isolated spherical electrode.

These two geometries may be bounding cases for most convex surfaces. If
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Figure 2.19: The reaction term, ξ2, in the diffusion equation (2.84) in terms
of electric field strength and pressure

one radius of curvature is specified then the minimum electric field diver-

gence corresponds to the cylindrical geometry and the maximum divergence

corresponds to the spherical.

The Cylindrical Case

A FEM analysis of RF corona onset for an infinite, cylindrical electrode was

implemented using COMSOL Multiphysics [162] in a 1-D mode with axial

symmetry. The electric field was modeled explicitly by an equation, though

for more complicated geometries it would be the dependent variable of the

electromagnetic portion of the finite element analysis. The electron concen-

tration is the dependent variable of the diffusion portion of the analysis. A

COMSOL-generated report of the model is located in appendix E.1.

Masoliver et al. [163] and Szymczak and Ladd [164] state that for diffusion
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an absorbing boundary condition, i.e., n = 0, is appropriate at conducting

boundaries. The resulting gradient between the air and the conductor results

in maximum flow of electrons limited only by the diffusion coefficient.

An independent variable in the diffusion analysis is the reaction term, ξ2.

It is calculated from a knowledge of the local electric field strength and the

corresponding net ionization frequency, ν, the diffusion coefficient, D, and

the electron concentration, n. Figure 2.20 shows the calculated reaction term,

ξ2n from (2.84), as a function of rp. The reaction appears entirely between

the surface of the electrode at rp = 3.981 cm torr and the ionization bound-

ary at rp = 6.67 cm torr. Notice the negative reaction for rp > 6.67 cm torr

indicating electron attachment.

Corona onset was calculated for an infinite cylindrical electrode using the

FEM model described above for 51 discrete values of the independent vari-

able, rp, in the range 0.01 ≤ rp ≤ 1000 and carefully increasing the electric

field strength until electron density near the cylinder increased exponentially.

Table 2.8 lists the corona onset thresholds calculated for each value of rp.

The electron concentration for this model is shown in figure 2.21. Note

that the locus of maximum electron density is between the surface of the elec-

trode at rp = 3.981 cm torr and the ionization boundary at rp = 6.67 cm torr

and falls off rapidly thereafter.
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Figure 2.20: Calculated reaction, ξ2n, in (2.84) at corona onset versus radial
distance from the axis of the monopole and pressure for r0p = 3.981 cm torr
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Figure 2.21: The calculated electron density at corona onset in mol cm−3 as
a function of radial distance from the axis of the cylindrical monopole and
pressure for r0p = 3.981 cm torr and E0/p = 58.85 V cm−1 torr−1



158 CHAPTER 2. THE THEORY OF MONOPOLAR DISCHARGE

Ta
bl
e
2.
8:

C
or
on

a
on

se
t
ca
lc
ul
at
ed

us
in
g
a
F
E
M

m
od

el
of

a
cy
lin

dr
ic
al

m
on

op
ol
e
w
it
h
em

pi
ri
ca
le

le
ct
ro
n
io
ni
za
ti
on

,
at
ta
ch
m
en
t,
an

d
di
ffu

si
on

da
ta

rp
E
/p

rp
E
/p

rp
E
/p

(c
m

to
rr

)
(V

cm
−

1
to

rr
−

1
)

(c
m

to
rr

)
(V

cm
−

1
to

rr
−

1
)

(c
m

to
rr

)
(V

cm
−

1
to

rr
−

1
)

0.
01

00
0

16
02

0.
50

12
12

2.
7

25
.1
2

40
.7
6

0.
01

25
9

13
24

0.
63

10
11

1.
1

31
.6
2

39
.5
7

0.
01

58
5

10
99

0.
79

43
10

1.
1

39
.8
1

38
.5
3

0.
01

99
5

91
4.
5

1.
00

0
92

.4
4

50
.1
2

37
.6
2

0.
02

51
2

76
4.
7

1.
25

9
84

.9
4

63
.1
0

36
.8
3

0.
03

16
2

64
2.
3

1.
58

5
78

.3
5

79
.4
3

36
.1
4

0.
03

98
1

54
2.
0

1.
99

5
72

.5
4

10
0.
0

35
.5
5

0.
05

01
2

45
9.
8

2.
51

2
67

.4
0

12
5.
9

35
.0
3

0.
06

31
0

39
2.
1

3.
16

2
62

.8
7

15
8.
5

34
.5
8

0.
07

94
3

33
6.
3

3.
98

1
58

.8
5

19
9.
5

34
.2
0

0.
10

00
29

0.
1

5.
01

2
55

.4
5

25
1.
2

33
.8
6

0.
12

59
25

1.
8

6.
31

0
52

.4
3

31
6.
2

33
.5
8

0.
15

85
21

9.
9

7.
94

3
49

.8
0

39
8.
1

33
.3
3

0.
19

95
19

3.
3

10
.0
0

47
.5
0

50
1.
2

33
.1
1

0.
25

12
17

1.
0

12
.5
9

45
.4
7

63
1.
0

32
.9
3

0.
31

62
15

2.
2

15
.8
5

43
.6
9

79
4.
3

32
.7
7

0.
39

81
13

6.
3

19
.9
5

42
.1
3

10
00

32
.6
3



2.5. A NUMERICAL MODEL OF CORONA ONSET 159

The data of table 2.8 can be fitted to a third-order polynomial as an aid

to interpolation,

y = −0.001641x3 + 0.04512x2 − 0.3822x+ 4.527,

x = ln(r0p) cm torr,

y = ln(E0/p) V cm−1 torr−1.

(2.110)

The fitted curve is shown in figure 2.22.
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Figure 2.22: A curve fitted to the corona onset data calculated using a FEM
model of a cylindrical monopole with empirical electron ionization, attach-
ment, and diffusion data (table 2.8) as an aid to interpolation

Figure 2.23 compares the corona onset criterion calculated by solving the

diffusion equation as a boundary value problem (BVP) earlier in this chapter

with the calculation using the finite element method. The former is about

10 to 20 per cent lower than the latter.

Several factors may contribute to the difference in the predicted corona
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Figure 2.23: Comparison of corona onset predictions of the finite element
method (table 2.8) and of the boundary value problem solution (2.94)

onset thresholds of the boundary value problem solution and the finite el-

ement method. First, the method of dealing with the singularity at ρ1 in

(2.93) is an approximation and introduces some error. Second, the applica-

tion of Cramer’s rule introduces some numerical error into the calculation of

corona onset.

The finite element method is unaffected by the presence of a singularity

in a proposed solution to the diffusion equation and so does not suffer from

approximations made about the singularity. Given the input data–net ion-

ization frequency, diffusion coefficient, and electric field–are the same, it is

possible that the finite element method solution is the more accurate.
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The Spherical Case

A FEM analysis of RF corona onset for an isolated, spherical electrode was

implemented using COMSOL Multiphysics [162] in a 2-D mode with axial

symmetry. The electric field was modeled explicitly by an equation, though

for more complicated geometries it would be the dependent variable of the

electromagnetic portion of the finite element analysis. The electron concen-

tration is the dependent variable of the diffusion portion of the analysis. A

COMSOL-generated report of the model is located in appendix E.2.

A typical electron concentration at corona onset for this model is shown

in figure 2.24.
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Figure 2.24: The calculated electron density at corona onset in mol cm−3 as
a function of radial distance from the axis of the isolated spherical electrode
and pressure

The data of table 2.9 can be fitted to a third-order polynomial for ease
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Table 2.9: Corona onset calculated using a FEM model of an isolated spher-
ical electrode with empirical electron ionization, attachment, and diffusion
data

rp E/p rp E/p
(cm torr) (V cm−1 torr−1) (cm torr) (V cm−1 torr−1)

0.1 757 0.126 628
0.158 521 0.200 435
0.251 364 0.316 307
0.398 261 0.501 223
0.631 193 0.794 168
1.00 148 1.26 131
1.58 117 2.00 105
2.51 95.0 3.16 86.5
3.98 79.2 5.01 72.8
6.31 67.1 7.94 62.2
10.0 58.0

of interpolation,

y = −0.01196x3 + 0.08955x2 − 0.5310x+ 4.933,

x = ln(r0p) cm torr,

y = ln(E0/p) V cm−1 torr−1.

(2.111)

Figure 2.25 shows the corona onset criteria predicted by the finite ele-

ment model for both an isolated spherical electrode and an infinite, isolated

cylindrical electrode. The two geometries are associated with the minimum

and maximum divergence of the electric field for a surface with one specified

minimum radius of curvature. The divergence of the electric field near the

surface of the infinite, isolated cylinder is a lower bound for the local diver-

gence near a convex surface with a specified minimum radius of curvature.

Thus it is a reasonable design guide for electrified, convex surfaces.
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Figure 2.25: Comparison of corona onset predictions of the finite element
method for isolated cylindrical and spherical electrodes
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2.5.5 Finite Element Model Accuracy

The quality of a FEM solution is dependent on the implementation of the

method, the model geometry, the element type, and the size of the ele-

ments [165–167]. Assuming the finite element method is implemented ac-

curately, sufficient care is given to modeling, and appropriate elements are

chosen, the quality of the solution is a strong function of the size of the

elements.

In the case of this 1-dimensional diffusion simulation, the qualitative re-

lation of solution accuracy to number of elements is straightforward if not

simple. On a spatial domain Ω ⊂ R1 where h is the maximum length of

any element side and N is the number of elements, the solution error should

decrease as h ∝ 1/N . On a spatial domain where Ω ⊂ R2 the solution error

should decrease as h ∝ 1/N1/2. Similarly, on a spatial domain where Ω ⊂ R3

the solution solution error should decrease as h ∝ 1/N1/3.

Classes of Error Estimation

A Priori Error Estimation Estimates of error may be made from ei-

ther a theoretical knowledge of the solution in which case the error estimate

is termed a priori or from the computed solution in which case the error

estimate is termed a posteriori.

An example of the former derives from the theory of finite element anal-

ysis [165],

‖u− uh‖L2(Ω) ≤ Chq, as h→ 0, (2.112)
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where u and uh are the exact and calculated solutions respectively, h is

the maximum length of the side of an element, C is a constant independent

of the solution, and q is the convergence order. L2(Ω) is the function space

of square-integrable functions [165]. The left-hand side of the equation is the

error norm,

‖v‖L2(Ω) :=

(∫

Ω

v2 dx

)1/2

(2.113)

For the Lagrange elements used in the COMSOL FEM models, the theory

predicts q = 2 [165].

A real difficulty in a priori error estimation is predicting the value of the

coefficient, C. While C generally cannot be known theoretically, it sometimes

can be bounded, though often the bounds prove too large to be useful.

A Posteriori Error Estimation An error estimate is termed a posteriori

when the computed solution is used to estimate the solution error [166].

Ainsworthy and Oden [166] and Verfürth [168] have cataloged a mature set

of quantitative a posteriori error estimation techniques. But they are difficult

to apply unless implemented in the finite element source code. A qualitative

a posteriori method which is readily applied to any FEM code is to perform

successive computations with refined meshes and compare the results. In

most cases convergence will be apparent as the mesh is further refined.
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Convergence and stability of a FEM diffusion model for an isolated,

infinite cylinder

Figure 2.26 shows the calculated corona onset electric field strength of an

infinite cylinder (ρ0 = 0.1 cm torr and ρ2 = 60.5 cm torr) as a function of

number of elements. The calculated corona onset field is seen to converge

and is stable for N > 500 elements or h < 0.12 cm torr. All instances of

the diffusion model were solved using sufficient number of elements to assure

convergence and stability of the solution.
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Figure 2.26: The convergence of the FEM solution of RF corona onset for an
infinite cylinder as a function of number of elements

A robust linear regression algorithm5 was used to estimate the value of the

solution as N → ∞ and h → 0 and is shown in Figure 2.27. The estimated

value of the electrical field strength as h→ 0 was 289 V cm−1 torr−1.

5MATLAB [159] Statistical Toolbox function “robustfit.m”
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Figure 2.27: The convergence of the FEM solution of RF corona onset for
an infinite cylinder as a function of number of elements with a robust linear
regression (see Appendix F)

Convergence and stability of a FEM diffusion model for an isolated,

spherical electrode

Figure 2.28 shows the calculated corona onset electric field strength for a

spherical electrode (ρ0 = 7.94 cm torr and ρ2 = 22 cm torr) as a function

of number of elements. The calculated corona onset field converges and is

stable for N > 105 elements. All instances of the diffusion model were solved

using sufficient number of elements to assure convergence and stability of the

solution.

A robust linear regression algorithm was used to estimate the value of the

solution as N → ∞ and h → 0 and is shown in Figure 2.29. The estimated

value of the electrical field strength as h→ 0 was 60.9 V cm−1 torr−1.
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Figure 2.28: The convergence of the FEM solution of RF corona onset for an
isolated, spherical electrode as a function of number of elements
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Figure 2.29: The convergence of the FEM solution of RF corona onset for
an isolated spherical electrode as a function of number of elements with a
robust linear regression (see Appendix F)
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2.6 Comparison of Predictions of Corona Onset

with Previously Published Data

2.6.1 Corona Onset at Power Frequencies

Measurements of corona onset thresholds on high-voltage transmission sys-

tems were made early in the 20th century by Whitehead [70] and Peek [79].

Each carefully studied the effect of wire radius on the threshold electric field

strength.

Whitehead performed his measurements at a known temperature and

pressure and his data are presented in terms of proper variables with the pre-

dicted corona onset threshold in figure 2.30. Whitehead’s measured corona

onset data are about 15 per cent above the predicted threshold and agreement

in trend is good.
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Figure 2.30: Comparison of Whitehead’s measurements of corona onset at
power frequencies with the corona onset prediction calculated from (2.94) [70]
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Peek’s measurements covered a broader range of wire radius than White-

head’s though their respective measurements fundamentally agree. Peek’s

data are shown in figure 2.31 with the predicted corona onset criterion.

Peek’s measured corona onset data are about 15 per cent above the pre-

dicted threshold and agreement in trend is good. It appears the calculated

corona onset threshold for power frequencies is in reasonable agreement with

data taken one hundred years ago.
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Figure 2.31: Comparison of Peek’s measurements of corona onset at power
frequencies with the corona onset prediction calculated from (2.94) [79]

2.6.2 Corona Onset at Radio Frequencies

In 1960, Scharfman et al. [11] reported corona onset measurements on a cylin-

drical monopole. Their data appear to be the only measurement of corona on-

set at high frequency for an isolated, cylindrical monopole prior to this work.

The data are plotted in figure 2.32 and show close correspondence to the
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corona onset threshold predicted using Fante’s method for rp > 100 cm torr.

The difference between the predicted corona onset threshold and Scharfman’s

measurements grows as decreasing rp for rp < 100 cm torr. The differ-

ence may be due to numerical instability associated with the application of

Cramer’s rule for rp < 100 cm torr (see Figure 2.16). It is also possible that

the method Scharfman et al. chose to estimate the electric field at the tip of

their monopole introduced some inaccuracy in their data at lower pressures.
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Figure 2.32: Scharfman’s measurement of corona onset for a cylindri-
cal monopole compared with predictions of corona onset calculated from
(2.94) [11]

Figure 2.33 compares Scharfman’s measured data with the corona on-

set threshold calculated using the finite element method. The corona onset

threshold predicted by the finite element method more closely approximates

the measured data of Scharfman et al. than the prediction using Fante’s

method for rp < 0.7cm torr.

The two corona onset thresholds calculated from simplifications of the
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Figure 2.33: Scharfman’s measurement of corona onset for a cylindrical
monopole compared with a prediction of corona onset calculated from the
solution to the boundary value problem (2.94) [11]

electron continuity equation appear to be good predictors of measured data

for isolated cylindrical geometries.
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2.7 Conclusion

Simple differential equations were derived from the Boltzmann transport

equation that describe the production and loss of electrons in air. Elec-

trons are produced by ionizing collision of neutral molecules by electrons

excited by the local electric field. There are four important loss mechanisms.

Three–diffusion, drift, and convection–are explicit in the derived equation

and one–attachment–is implicit in the variable, ν, the net ionization fre-

quency.

At low frequencies associated with power distribution, drift was assumed

to be the dominant electron loss mechanism. The differential equation de-

scribing plasma formation and consequent breakdown of the air was simpli-

fied to a first-order differential equation. By invoking proper variables, the

Townsend integral was derived. The method of Phillips et al. was used to

calculate the electric field at corona onset as a function of radius and air

density expressed in terms of pressure.

At high frequency, diffusion was assumed to be the dominant electron loss

mechanism and the differential equation describing breakdown was simplified

to a second-order diffusion equation. The resulting equation was solved by

two different methods, one analytic and the other numerical. The analytic

solution approached the eigenvalue problem using the method Fante [48]

employed with reasonable success. Fante’s method invokes Cramer’s rule,

an approach Moler [157] has shown introduces computational unreliability.

An analysis of the condition number of the determinant associated with the

solution of the differential equation showed the solution was valid over a
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restricted range of the independent variable. Nevertheless, that solution

corresponded reasonably well with measurements of corona onset published

by Scharfman et al. [11, 103].

The second method was successful in avoiding the computational reliabil-

ity problem and the singularity at the ionization boundary of Fante’s method

while generalizing the solution so that, in principle, any geometry might be

analyzed. The diffusion problem was solved over a range of the indepen-

dent variable, rp, for both an infinite cylindrical electrode and an isolated,

spherical electrode. The agreement between this approach and that of Fante

was quite good where they could be compared. The agreement between the

prediction and the measured data of Scharfman et al. was also reasonable.



Chapter 3

Experimental Investigation

3.1 Objectives of the Investigation

With theoretical predictions of corona onset at hand, it seemed desirable

to design a test structure that would serve both as an antenna at radio

frequencies and as an electrode at power frequencies and proceed to measure

corona onset. The principal goal of the experimental investigation was to

produce reasonably accurate and repeatable measurements of corona onset

that could then be compared with predictions of the same. The Boeing

Company generously provided funding, facilities, and equipment to design

and build a test article and perform corona onset measurements.

The challenges of measuring corona onset are significant. First, design-

ing a suitable test article involved understanding and calculating the electric

fields at the surface of the electrode or antenna. Such knowledge is not the

usual object of antenna theory or design. Second, high voltages and radio

frequency radiation are rarely married to thermal and vacuum testing. Ex-

175
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periments involving radio frequency radiation must normally be conducted

in a shielded facility. However, vacuum chambers are not usually located in

shielded facilities, so this experimental investigation required a degree of im-

provisation. Ideally, the measurement of high-frequency corona onset would

have been performed in an anechoic facility, but such was not available. A

small shield room was chosen, though the proximity of conducting walls influ-

enced the antenna’s impedance, the electric field strength at the surface of the

antenna, and therefore the corona onset threshold. Third, this experimental

investigation required careful and simultaneous control of pressure, temper-

ature, air purity, and electrical stimulus and so was more complicated than

either an antenna measurement or a vacuum chamber test alone. Fourth, the

inclusion of a suitable ionizing source was difficult. Most radioactive sources

are strictly controlled by law and therefore not generally available. Those

that are not controlled are generally too weak to enhance the free electron

density at the test article. In the end, a strong mercury-arc lamp was used to

produce photo-electrons at the surface of the antenna. It was only after the

experimental investigation concluded that suitable radioactive sources were

obtained for future testing.

It was apparent that the experimental article, an electrode at 60 Hz and

an antenna at 300 MHz, must be simple enough that the electric field strength

at its surface might be readily calculated and that the corona onset criteria

developed in chapter 2 might be directly applied. High frequency (HF) anten-

nas on aircraft are typically electrically short and, because the reactive part

of the antenna impedance is much greater than the resistive part, they often

operate with potentials in excess of 10,000 volts and corona has often been
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a problem [169–171]. Thus it was natural that the first candidate test item

would be an electrically short monopole. But later it was found such an an-

tenna would require a matching network that could operate efficiently at very

high voltages. Subsequent investigation showed that a resonant monopole,

if designed with a sufficiently small radius, could produce the electric fields

necessary for corona onset using available vacuum chambers and RF signal

sources. The analysis of the electric fields near both sub-resonant and res-

onant cylindrical antennas are considered in this chapter for completeness

even though only the latter was designed, built, and used experimentally.

3.2 Experimental Protocols

3.2.1 Sequence and Location

The experimental work proceeded in two phases. The first, a measurement of

corona onset for a 60 Hz stimulus on a cylindrical electrode, was conducted in

the Thermal, Vacuum and Contamination Laboratory at the Boeing Space

Center in Kent, Washington, USA. The measurements were made during

September, October and November of 2004. The experimental work was

funded by the Boeing Company.

The second phase of experimental work measured corona onset for a 300

MHz stimulus on the same cylindrical electrode. Because the cylindrical

electrode was a quarter-wave monopole and would radiate energy, the mea-

surements were conducted in a shielded room using a portable vacuum sys-

tem. Due attention was given to the hazard of electromagnetic radiation to
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personnel per corporate and national standards. At no time did the electro-

magnetic fields or power density in the shielded facility approach or exceed

the applicable personnel hazard limits. The shielded facility was in the Boe-

ing Company’s Electromagnetic Compatibility Laboratory at the Kent Space

Center, Kent, WA. Measurements were made in October and November of

2006.

3.2.2 Safety Protocols

Both physical and electromagnetic aspects of safety were reviewed before

conducting the experiments. All applicable government and company rules

were observed. There were five hazards identified that required mitigation

before conducting the experimental work:

1. implosion of vacuum equipment,

2. high voltage,

3. electromagnetic radiation,

4. ionizing radiation, and

5. ultraviolet light.

Implosion

The steel vacuum chamber used in the measurement of corona onset at 60 Hz

was inherently safe from implosion and fragmentation when operated at rated

pressure. The glass bell was not inherently safe. To address personnel safety

from implosion a plexiglass shield offering complete coverage was positioned
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between observers and the bell. In the event of a failure of the bell, all

personnel would be shielded from glass fragments. The vacuum system was

operated by an engineer trained and certified in its safe operation.

High Voltage

The dielectric analyzer used in the measurement of corona onset at 60 Hz is a

high voltage ac source that requires caution during operation. The analyzer

was equipped with visual and aural annunciators warning of the high voltage

hazard. In addition, an operational checklist required two observers to call

out and read back all steps before high voltage was applied. The steps

included,

1. “Chamber stable at XXX torr,”

2. “Temperature is XX ◦C,”

3. “Ground lead attached to vacuum plate and bell,”

4. “High voltage lead attached,”

5. “Clear!”

6. “High voltage applied.”

Electromagnetic Radiation

In order to protect against electromagnetic radiation hazards the high fre-

quency equipment was operated in a laboratory certified by company author-

ities for electromagnetic radiation. All personnel were trained in electromag-

netic and optical hazards to both company and government requirements. A
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simple calculation of nominal radiated power density was performed using

the free space formula,

W =
PtGt

4πr2
, (3.1)

where W is radiated power density, Pt is transmitted power, Gt is antenna

gain, and r is distance from the radiation center of the antenna to the ob-

server. The transmitted power was limited by the amplifier to 250 W, the

optimum gain of a resonant monopole on an infinite ground plane is 6 dB,

and the distance between the antenna and observing personnel was 2 m.

The maximum radiated power density at the observer was calculated to be

about 20 W m−2, 7 dB below the applicable personnel hazard limit of IEEE

Standard C95.1 [172].

Because power density in a shielded room may vary from free-space con-

ditions, an approved personnel hazard monitor was placed on the plexi-

glass shield between the monopole and personnel. Maximum power at the

monopole did not exceed 185 W during the investigation and at no time did

radiation approach the personnel hazard limits as indicated by the monitor.

Ionizing Radiation

The ionizing radiation source used first in the experiment was Am241 and was

housed in a common smoke detector and placed inside the bell. The activity

of Am241 in the smoke detector was less than 1 µCurie and was not subject to

hazardous materials handling regulation as long as it was not removed from

the device. Am241 is a mild alpha particle source and has a limited radius

of influence dependent on air density. It was determined that it was not
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sufficiently active to provide ionization in the vicinity of the electrode at all

pressures (see 3.4.2). The Am241 source was replaced by a strong ultraviolet

light source for subsequent measurements.

Ultraviolet Light

Ultraviolet light is a byproduct of corona formation. Though its intensity

was not measured, measures were taken to reduce risk of damage to ob-

servers’ eyes by wearing protective goggles. Ultraviolet light, probably more

intense, was emitted by the mercury arc lamp used as an ionizing source in

the high frequency experiment. In addition to goggles, the plexiglass screen

was known to attenuate ultraviolet light.

3.2.3 Calibration

All equipment used in the experiments were maintained by manufacturer’s

recommendations and calibrated regularly to national standards.

3.3 Design of the Experiment

3.3.1 Primary Considerations for an Experimental An-

tenna

The goals for the design of an electrode or antenna for experimental mea-

surements were,

1. the electrode must be useful at both power frequencies and high fre-

quencies,
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2. the electrode must be of sufficiently small radius so that corona is

achieved within the available pressure and power,

3. the electrode must fit conveniently into an available vacuum chamber,

4. the electrode must be reasonably distant from all boundaries such that

the diffusion equation applies at high frequency,

5. all surfaces of the electrode must have a comparable minimum radius

of curvature,

6. the electric field in the vicinity of the electrode must be calculable, and

7. the high frequency characteristics of the electrode as an antenna should

be known.

A simple and natural geometry that meets all the requirements listed

above is that of the hemispherically-capped, cylindrical monopole. Such an

antenna has two radii of curvature that are of the same order. The frequency

at which the electrode is a resonant monopole is governed by the size of

available vacuum chambers and the third item above. Since the chambers

available were about a meter tall, a quarter-wave monopole at 300 MHz fit

nicely within the chamber while maintaining maximum distance between the

electrode and the walls of the chamber.
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3.3.2 A Theoretical Analysis of the Electric Field at the

Surface of a Cylindrical Antenna

The design of a suitable experimental antenna required first an estimation

of the electric fields very near the surface of the antenna. At this stage

of the investigation it was thought an electrically short antenna might be

more susceptible to corona onset than a resonant antenna, but a theoretical

treatment of both was undertaken.

The initial theoretical approach was to employ the partition theorem

of Schelkunoff and Friis [129] and formulate the electric field solution for an

arbitrary current distribution and then for the sinusoidal current distribution

that has been shown by King [104] to be a good first-order approximation for

cylindrical antennas. The electric field very near an electrically short dipole

was first calculated using the assumed current distribution and compared

with estimates of the same from a method-of-moment model and a FEM

model. Then the electric fields near a resonant monopole were similarly

calculated. It was determined that a resonant monopole would be suitably

simple to implement as an experimental device and, furthermore, the electric

field near its surface could be adequately calculated as a function of antenna

current using a finite element method.

The Schelkunoff-Friis Partition

While it is now common to partition the electric field by invoking auxiliary

functions, e.g., a scalar potential, φ, and a magnetic vector potential, A,

Schelkunoff and Friis [129] earlier proposed partitioning the electric field into
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dynamic and a quasistatic parts, F and G respectively, using the auxiliary

functions, F, and a scalar potential, V , where

E = F + G, (3.2)

and

G = −∇V. (3.3)

The Schelkunoff-Friis partition has the property that the dynamic part,

F, is a function only of the current density, J, while the quasistatic part, G,

is a function only of the charge distribution, q. The quasistatic part differs

from a static field only in that it “contains a phase retardation factor which

depends on the distance between an element of charge and a typical point in

the field” [129].

There are two notable characteristics of this scheme of partition. The

first is that since the dynamic part of the electric field is dependent only on

the current density the direction of the dynamic field is uniform everywhere

for a differential current filament.

The second is that as frequency tends to zero, the dynamic part vanishes

and the quasistatic part becomes truly static. Schelkunoff admitted there is

an advantage to using the magnetic vector potential instead of the dynamic

part of the field in that “A approaches a constant limit as ω approaches zero

whereas F vanishes with ω” [129].

In general,

V =

∫

v

ρ e−jβr

4πεr
dv, (3.4)
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and

F = −jωµ
∫

v

Je−jβr

4πr
dv, (3.5)

where ρ is charge density and r is the distance between the current or charge

element and the observation point.

The Case of an Arbitrary Current Distribution

Consider a filamentary current on an infinitely thin monopole of height h

mounted on an infinite, perfectly reflecting ground plane where the current

filament lies on the z-axis and the ground plane lies on the x and y axes at

z = 0. Let the current be

I(z′) = I(−z′) = I0 f(z′). (3.6)

Since,

q(z′) =
j

ω

dI(z′)

dz′
, (3.7)

then

q(z′) =
j

ω
I0f

′(z′). (3.8)

Let r describe an observation point near the current filament and z′ a

point on the filament, then

|r− z′| =
[
r2 + (z − z′)2

]1/2
, (3.9)

in cylindrical coordinates where r, z, and φ correspond to r, and r′, z′, and

φ′ describe r′.
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The scalar potential is calculated for the current filament,

V =

∫

z′

q(z′)e−jβ|r−z′|

4πε |r− z′| dz
′ =

jI0

4πεω

∫ h

−h
f ′(z′)

e−jβ|r−z′|

|r− z′| dz
′. (3.10)

The quasistatic part of the electric field is

G = −∇V = −∂V
∂r

er −
1

r

∂V

∂φ
eφ −

∂V

∂z
ez. (3.11)

Since the charge distribution is confined to the z-axis,

∂V

∂φ
= 0, (3.12)

and,

G = −∂V
∂r

er −
∂V

∂z
ez. (3.13)

The first differential of (3.13) is,

∂V

∂r
=

jI0

4πεω

∫ h

−h
f ′(z′)

∂

∂r

[
e−jβ|r−z′|

|r− z′|

]
dz′. (3.14)

Likewise, the second differential of (3.13) is,

∂V

∂z
=

jI0

4πεω

∫ h

−h
f ′(z′)

∂

∂z

[
e−jβ|r−z′|

|r− z′|

]
dz′. (3.15)

After calculation, the differential in the integral of (3.14) is,

∂

∂r

[
e−jβ|r−z′|

|r− z′|

]
= −r (1 + jβ |r− z′|) e

−jβ|r−z′|

|r− z′|3
. (3.16)
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Similarly, the differential in the last integral of (3.15) is,

∂

∂z

[
e−jβ|r−z′|

|r− z′|

]
= − (z − z′) (1 + jβ |r− z′|) e

−jβ|r−z′|

|r− z′|3
. (3.17)

The differentials of (3.13) are then,

∂V

∂r
=
−jI0

4πεω

∫ h

−h
f ′(z′)r (1 + jβ |r− z′|) e

−jβ|r−z′|

|r− z′|3
dz′, (3.18)

and

∂V

∂z
=
−jI0

4πεω

∫ h

−h
f ′(z′)(z − z′) (1 + jβ |r− z′|) e

−jβ|r−z′|

|r− z′|3
dz′. (3.19)

The dynamic part of the field, F, is,

F =
−jωµI0

4πε

∫ h

−h
f(z′)

e−jβ|r−z′|

|r− z′| dz
′ ez. (3.20)

Neglecting for a moment the contribution of f(z′) and f ′(z′), one observes

that the quasistatic field, G, is on the order of 1/r2 while the dynamic field

is on the order of 1/r. It appears that in the general case, all other things

being equal, the quasistatic field very near a current filament will possibly

dominate.

The Case of a Sinusoidal Current Distribution

The current distribution on a resonant cylindrical antenna can be considered

approximately sinusoidal [104]. On a subresonant cylindrical antenna, the

same approximation can be used though it becomes increasingly linear as
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the antenna’s length decreases as a function of wavelength.

Figure 3.1 shows a hemispherically capped monopole on a ground plane

along with its image.

r

z

2a

h

Figure 3.1: A hemispherically capped monopole and ground plane

I(z′) ≈ I0
sin β(h− |z′|)

sin βh
, (3.21)

and the charge is

q(z′) ≈ −jβI0 sgn(z′)

ω sin βh
cos β(h− |z′|). (3.22)

On a cylindrical antenna and at high frequency the current and charge

are confined to the outer radius as a surface density,

J(z′) =
I0 sin β (h− |z′|)

2πa sin βh
δ(r − a), (3.23)
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and

ρ(z′) =
−jβI0 sgn(z′)

2πaω sin βh
cos β(h− |z′|) δ(r − a), (3.24)

where δ is the Dirac delta function.

Let r describe an observation point near the cylindrical antenna and r′ a

point on the surface of the antenna, then

|r− r′| =
[
(r − a)2 + (z − z′)2 + 4ar sin2

(
φ′

2

)]1/2

. (3.25)

The scalar potential is calculated for the antenna,

V =

∫

r′

∫

z′

∫

φ′

ρ(z′)e−jβ|r−r′|

4πε |r− r′| r
′ dr′ dφ′ dz′

=

∫ h

−h

∫ π

=π

−j sgn(z′)I0β

2πaω sin βh
cos β (h− |z′|) e−jβ|r−r′|

4πε |r− r′|a dφ
′ dz′

=
−jηI0

8π2 sin βh

∫ h

−h
sgn (z′) cos β (h− |z′|)

∫ π

−π

e−jβ|r−r′|

|r− r′| dφ
′ dz′. (3.26)

Again, the quasistatic part of the electric field is

G = −∇V = −∂V
∂r

er −
1

r

∂V

∂φ
eφ −

∂V

∂z
ez, (3.27)

where er, eφ, and ez are unit vectors in a cylindrical coordinate system.

Since the charge distribution is axially symmetric,

∂V

∂φ
= 0, (3.28)
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and,

G = −∂V
∂r

er −
∂V

∂z
ez. (3.29)

The first differential of (3.29) is,

∂V

∂r
=
−jηI0

8π2 sin βh

∫ h

−h
sgn(z′) cos β (h− |z′|)

∫ π

−π

∂

∂r

[
e−jβ|r−r′|

|r− r′|

]
dφ′ dz′.

(3.30)

Likewise, the second differential of (3.29) is,

∂V

∂z
=
−jηI0

8π2 sin βh

∫ h

−h
sgn(z′) cos β (h− |z′|)

∫ π

−π

∂

∂z

[
e−jβ|r−r′|

|r− r′|

]
dφ′ dz′.

(3.31)

After calculation,the differential in the last integral of (3.30) is,

∂

∂r

[
e−jβ|r−r′|

|r− r′|

]
= − (1 + jβ |r− r′|) (r − a cosφ′)

e−jβ|r−r′|

|r− r′|3
. (3.32)

Similarly, the differential in the last integral of (3.31) is,

∂

∂z

[
e−jβ|r−r′|

|r− r′|

]
= − (1 + jβ |r− r′|) (z − z′) e

−jβ|r−r′|

|r− r′|3
. (3.33)

The differentials of (3.29) are then,

∂V

∂r
=

jηI0

8π2 sin βh

∫ h

−h
sgn(z′) cos β (h− |z′|)

∫ π

−π
(1 + jβ |r− r′|) (r − a cosφ′)

e−jβ|r−r′|

|r− r′|3
dφ′ dz′, (3.34)
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and

∂V

∂z
=

jηI0

8π2 sin βh

∫ h

−h
sgn(z′) (z − z′) cos β (h− |z′|)

∫ π

−π
(1 + jβ |r− r′|) e

−jβ|r−r′|

|r− r′|3
dφ′ dz′. (3.35)

The dynamic part of the field, F, is,

F =
−jωµI0

8π2ε sin βh

∫ h

−h
sin β (h− |z′|)

∫ π

−π

e−jβ|r−r′|

|r− r′| dφ
′ dz′ ez. (3.36)

The electric field near the surface of a subresonant dipole was investigated

by comparing the field components calculated using the Schelkunoff-Friis for-

mulation with those calculated using the Numerical Electromagnetic Code

(NEC) [173] and finite element method, COMSOL [162]. The first calcula-

tion, within the uncertainty associated with the assumed current distribu-

tion, was considered a good theoretical benchmark with which to compare

the results of the method-of-moments and FEM calculations.

It was noted that while the current distribution on a cylindrical antenna

may be assumed or calculated, that on a hemispherical cap is problematic.

Ting [174] devised a method-of-moments formulation for calculating the cur-

rent distribution for a hemispherically-capped cylindrical antenna, but in

the end assumed a sinusoidal distribution for the end-cap. The Numerical

Electromagnetic Code does not offer a capability for accurately modeling a

hemispherical cap on a thin, cylindrical antenna. It appeared that the finite

element method, if it were reasonably accurate, might offer the best means

of estimating the field at the surface of a hemispherically-capped, cylindrical
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antenna.

The electric fields near a subresonant dipole

The first candidate considered as an experimental device was an electrically

short linear antenna because such were known to be susceptible to corona on-

set in flight due to high operating voltages. At this stage of the investigation,

several numerical methods were being considered. The method of moments

code, NEC [173], was a leading candidate for calculating the electric field

near the antenna. For convenience, a subresonant dipole was chosen as a

model to analyze.

The expressions for V and F may be numerically integrated using quadra-

ture routines (see appendix D). Figure 3.2 shows the calculated dynamic and

quasistatic fields near the tip of a subresonant dipole 0.2 meters long excited

at 150 MHz as a function of radial distance from the axis of the antenna. For

this antenna, the quasistatic field dominates very near the antenna. For this

and similar cases, a knowledge of the charge distribution would give sufficient

data to calculate the surface electric field strength.

Estimates of the total field very near the dipole were also calculated using

the Numerical Electromagnetics Code (NEC4) [173] and a FEM code, COM-

SOL Multiphysics [162]. Both numerical methods are in very good agreement

with the calculated electric field. See appendix E.3 for a description of the

finite element model of the dipole.
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The electric fields near a resonant monopole

Because a resonant cylindrical antenna would be simpler to implement experi-

mentally than a subresonant antenna, a resonant monopole was also analyzed

using the theoretical approach of Schelkunoff and Friis and assuming a sinu-

soidal current distribution. At this point in the investigation, a hemispherical

cap was not included in the model.

Figure 3.3 shows the quasistatic and dynamic fields for the monopole used

in the experimental work, a quarter-wave monopole excited at 300 MHz. The

monopole was 0.25 m long and the fields were calculated at various radii at

z=0.245 m. I0 was arbitrarily chosen as 1.0 amperes for the analysis.
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Figure 3.3: The quasistatic and dynamic electric field intensities near the tip
of a cylindrical monopole as a function of radial distance from the axis the
monopole (height was 0.25 meters and frequency 300 MHz)

Figure 3.4 shows the fields at r = 0.0005 m as a function of length along

the monopole. It was observed that the quasistatic field dominates along the
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entire length of the monopole.
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Figure 3.4: The quasistatic and dynamic electric field intensities along the
length of a quarter-wave monopole excited at 300 MHz

A notable observation from figures 3.3 and 3.4 is that, at least for the

resonant monopole, a knowledge of the charge distribution suffices to estimate

the electric fields at the surface of the antenna. The charge distribution on the

surface of the antenna is a function of the current distribution and therefore

the current at the terminals of the antenna. Combined with a knowledge of

the antenna’s drive point impedance, one may readily relate input voltage or

power to the surface electric fields.

After analyzing both a subresonant and a resonant cylindrical antenna,

it was determined that the latter should be susceptible to corona onset for

conditions realizable in the laboratory provided the radius of the antenna

was quite small. The subresonant antenna had the disadvantage of requiring

an efficient matching network that could operate at very high voltage.
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It was also determined that a finite element method could in princi-

ple calculate the current distribution on a hemispherically-capped monopole

whereas the moment method might be applied only with significant develop-

ment and validation.

3.3.3 A FEM Calculation of the Fields at the Surface

of a Cylindrical Antenna

In order to measure corona onset, it is necessary to relate the electric field at

the surface of the monopole to the electrical excitation at the antenna’s ter-

minals. The surface electric field of any antenna is difficult to measure and so

some estimate of its strength by analysis is required. The analytic tool used

to estimate the maximum electric fields at the surface of the hemispherically-

capped monopole is the finite element method as implemented in the com-

mercial tool COMSOL [162].

King [104,130,131] and King and Wu [132] described the hemispherically-

capped, cylindrical monopole both theoretically and experimentally. Of spe-

cial interest are measured admittance data that may be used to compare

with the same predicted by numerical modeling. It was thought that if the

antenna admittance calculated using the finite element method was in good

agreement with measured data, then the method could be used with some

confidence to predict electric fields at the surface of the antenna.
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Admittance of a Hemispherically-Capped Monopole

The antenna drive point characteristics and the electric fields at and near the

surface of the monopole were estimated using the finite element method (see

appendix E.4). The accuracy of the FEM modeling of antenna near fields and

antenna parameters in general was investigated. In order to assess the quality

of the FEM solution, the hemispherically-capped monopole was modeled on a

limited ground plane, admittance and susceptance calculated and compared

with data measured and published by King [130]. Figure 3.5 shows the FEM

model geometry. The model is a body of revolution. The monopole lies on

the axis of revolution with a finite ground plane. A semi-circular absorbing

boundary was located one wavelength from the antenna. Figure 3.6 illustrates

the detail of the monopole and ground plane. Below the ground plane is a

coaxial feed. The lower horizontal boundary was excited by a transverse

magnetic field with an arbitrary value, 1/r A m−1. The admittance was

indirectly calculated by integrating the magnetic and electric fields at the

top of the coaxial structure to derive current and voltage. Figure 3.7 shows

the points where magnetic and electric fields were integrated to obtain voltage

and current data for the admittance calculation.

For purposes of comparison with King’s measured admittance data, a

series of FEM monopole models with height 0.017 < h < 0.5 m. were

analyzed. Figures 3.8 and 3.9 show the conductance and susceptance of

the cylindrical monopole as a function of antenna length. The admittance

calculated by the FEM analysis compares favorably with that published by

King.
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r

z

Figure 3.5: A FEM model geometry of a monopole on a finite ground plane
for calculating antenna impedance and surface electric field strength (the
z-axis is vertical and dimensions are in meters)



3.3. DESIGN OF THE EXPERIMENT 199

Axis of
symmetry

z

r

Figure 3.6: Detail of a FEM model geometry of a monopole on a finite ground
plane for calculating antenna impedance and surface electric field strength
(the z-axis is vertical and dimensions are in meters)
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Figure 3.7: Detail of a FEM model geometry of a cylindrical monopole on a
finite ground plane showing boundaries on which E and H are integrated in
order to calculate antenna impedance
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Table 3.1: Comparison of the admittance of a hemispherically-capped
monopole reported by King [130] with admittance predicted by the finite
element method

monopole King FEM
height conductance susceptance conductance susceptance
(m) (mohms) (mohms) (mohms) (mohms)
0.017 0 2.71 0.003 2.67
0.033 0 4.3 0.0144 4.31
0.05 0.06 5.6 0.0430 5.74
0.067 0.13 6.9 0.102 7.08
0.083 0.25 8.26 0.206 8.40
0.1 0.48 9.81 0.408 9.96
0.117 0.95 11.62 0.785 11.8
0.133 1.92 13.83 1.44 13.9
0.15 3.4 16.55 2.73 16.5
0.167 6.83 19.74 5.43 20.0
0.183 13.12 22.53 10.6 23.4
0.2 22.63 20.45 20.6 24.1
0.217 29.49 9.9 31.1 14.8
0.233 25.6 -0.24 30.4 1.35
0.25 18.21 -4.15 22.7 -5.42
0.267 13.84 -4.29 16.3 -6.45
0.283 10.37 -3.63 12.4 -5.75
0.3 8.62 -2.81 9.69 -4.60
0.317 7.17 -1.99 7.93 -3.44
0.333 6.14 -1.16 6.77 -2.44
0.35 5.39 -0.31 5.86 -1.47
0.367 4.87 0.44 5.20 -0.629
0.383 4.46 1.09 4.70 0.103
0.4 4.11 1.74 4.29 0.816
0.417 3.76 2.33 3.96 1.49
0.433 3.66 2.88 3.70 2.09
0.45 3.45 3.42 3.47 2.71
0.467 3.33 4.02 3.28 3.32
0.483 3.23 4.61 3.13 3.91
0.5 3.17 5.3 3.01 4.55
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Figure 3.8: Cylindrical monopole conductance calculated using the FEM
model as a function of monopole height and wavelength compared with mea-
surements by King [130]

Convergence and Stability of the FEM Solution The admittance

of the monopole was calculated indirectly from two integrals of the finite

element solution. The first, I =
∫
H dφ, was taken along the circumference

of the monopole at the top of the coaxial feed. Thus it was dependent on

the value of the magnetic field at a point which is, in turn, sensitive to the

total number of elements, N . The second, V =
∫
E dr, was taken on a radial

across the top of the coaxial feed. Likewise it was dependent on the value

of E along a boundary and convergence was a function of both the number

of elements in the model, N , and, perhaps more importantly, the number of

elements on the boundary, Nb. Table 3.2 shows the complex values of the

two integrals as a function of N and Nb. The first integral converges within

3 significant digits for N > 10000 while the second integral converges as N



3.3. DESIGN OF THE EXPERIMENT 203

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
−10

−5

0

5

10

15

20

25

h/λ

S
u
s
c
e
p
ta

n
c
e
 (

m
ill

im
h
o
s
)

 

 

COMSOL

King

Figure 3.9: Cylindrical monopole susceptance calculated using the FEM
model as a function of monopole height and wavelength compared with mea-
surements by King [130]

approaches 100,000 and Nb = 8. It is not always the case that successive

mesh refinements result in a corresponding reduction of error because the

number of elements on a particular boundary is not a smooth function of

N−1/2 (see the third column of Table 3.2). Figure 3.10 shows the value of

the monopole conductance calculated as a function of number of elements.

The calculated conductance appears to converge for N > 10000.

The calculation of susceptance fared less well as a function of number

of elements. The solution appears sufficiently stable for N > 10000 but

convergence seems slower as a function of N .

Applying the simple, quantitative a posteriori estimate of error from

(2.112),

ε = O (hq) , (3.37)
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Table 3.2: Calculated values of the line integrals of H and E as a func-
tion of N , number of elements, in a FEM model of hemispherically-capped
cylindrical monopole for h/λ = 0.267

N , number
∫
H dφ Nb, number of

∫
E dr

of elements (A) elements on (V)
boundary of

integration (E)
1155 3.448-3.890i 1 234.2-148.0i
1287 3.439-3.893i 1 262.5-127.2i
2032 3.438-3.894i 1 273.3-114.5i
4620 3.499-3.970i 2 255.5-141.9i
5148 3.498-3.970i 2 265.5-134.0i
8128 3.498-3.971i 2 267.1-129.9i
18480 3.513-3.988i 4 266.7-138.2i
20592 3.513-3.988i 4 269.4-135.7i
32512 3.513-3.988i 4 268.9-134.3i
73920 3.516-3.991i 8 271.5-137.9i
82368 3.516-3.991i 8 272.0-137.1i
130048 3.516-3.991i 8 271.3-136.5i
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Figure 3.10: Cylindrical monopole conductance calculated using a FEM
model as a function of number of elements for h/λ = 0.267
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Figure 3.11: Cylindrical monopole susceptance calculated using the FEM
model as a function of number of elements for h/λ = 0.267
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where, for the element shape used in the FEM calculation, q = 2. Since, in

this 2-D FEM model,

h ∝ 1

N1/2
, (3.38)

then error will be a function of 1/N and the solution may be estimated

by performing a linear regression on [x, y] where x = 1/N and y are the

corresponding calculated solutions such that,

y = y0 +mx, (3.39)

where y0 is the estimated solution. A robust linear regression algorithm1 was

used to estimate the value of y0 as N →∞ and h→ 0.

For the arbitrary excitation, 1/r A m−1, at the base of the monopole’s

coaxial feed (see Figure 3.7), values of the current and voltage at the base of

the monopole as well as maximum electric field at the surface of the monopole

were calculated as a function of number of elements, N . The real part of the

calculated monopole current is plotted in figure 3.12 as a function of 1/N and

y0 was estimated to be 3.517 A. Similarly the complex part of the calculated

monopole current is shown in figure 3.13 as a function of 1/N and y0 was

estimated to be -3.993 A.

The real part of the calculated monopole voltage is plotted in figure 3.14

as a function of 1/N and y0 was estimated to be 271.5 V. Similarly the

complex part of the calculated monopole voltage is shown in figure 3.15 as a

function of 1/N and y0 was estimated to be -136.8 V.

Using the estimated values of voltage and current based on a robust

1MATLAB [159] Statistical Toolbox function “robustfit.m”
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Figure 3.12: The real part of the cylindrical monopole current calculated
using a FEM model as a function of number of elements with a robust linear
regression (see Appendix F)
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Figure 3.13: The imaginary part of the cylindrical monopole current calcu-
lated using a FEM model as a function of number of elements with a robust
linear regression (see Appendix F)
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Figure 3.14: The real part of the cylindrical monopole voltage calculated
using a FEM model as a function of number of elements with a robust linear
regression (see Appendix F)
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Figure 3.15: The imaginary part of the cylindrical monopole voltage calcu-
lated using a FEM model as a function of number of elements with a robust
linear regression (see Appendix F)
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regression of the calculated data as a function of 1/N , the estimated value

of the monopole’s admittance as N →∞ is 16.2 - 6.54i mS for h/λ = 0.267.

While the indirect calculation of admittance may not converge as rapidly

as one might wish, the calculation of the electric field near the monopole

fared better. To assess the convergence and stability of the electric field

calculation, a point one radius from the surface of the monopole near its tip

was selected. The model had a monopole of height 0.267 m and radius 0.0159

m; the observation point was at r = 0.0318 m and z = 0.25 m. Figure 3.16

shows the convergence and stability of the electric field solution at that point.

The electric field appears to converge within 1 per cent of its best calculated

value for N > 10000. Figure 3.17 shows the convergence of the electric field

as a function of number of elements with a robust linear regression. The

estimated value of the electric field as N → ∞ was approximately 12500

V/m for the model chosen.

The finite element model tool, COMSOL Multiphysics [162], used with a

model of the hemispherically-capped monopole predicted antenna admittance

in good agreement with the admittance data reported by King [130]. The

method also calculated solutions for electric fields that converge within 1 per

cent of their estimated values as N →∞ at a reasonable number of elements

(10,000) and element length on the order of 0.004 λ. At this point in the

design of an experimental antenna, the finite element method was chosen to

calculate the electric field near the surface of the antenna at both 60 Hz and

300 MHz.
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Figure 3.16: Convergence of the electric field strength one radius from the
monopole as a function of the number of elements
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Figure 3.17: The electric field strength one radius from the surface of the
monopole calculated using a FEM model as a function of number of elements
with a robust linear regression (see Appendix F)
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Finite Element Analysis of Monopole at 60 Hz

The analysis of the hemispherically-capped, cylindrical monopole at power

frequencies is essentially an electrostatic problem because the monopole is

electrically small. Since the measurements of corona onset at power fre-

quencies were performed in a grounded steel bell, a finite element analysis

was required to estimate the fields in the vicinity of the antenna (see ap-

pendix E.5).

Figure 3.18 illustrates the geometry used to estimate the surface electric

field of the monopole. The monopole was mounted on a vacuum connector

which was, in turn, mounted on a glass fiber composite plate elevated about

10 inches above the vacuum plate (see figure 3.30). The FEM model is a

body of revolution model with the vacuum plate (ground plane), steel bell,

monopole, and axis of symmetry as boundaries. Figure 3.19 is a detail of the

hemispherical cap of the monopole and shows the electric field solution given

a 1 V excitation of the electrode. The maximum electric field, 15.6 V cm−1,

was at the hemispherical cap.

An analysis of convergence of the finite element solution for the electrode

in the bell was performed. A critical feature of this and any other body of

revolution model of the electrode or antenna is the aspect ratio (the ratio of

maximum to minimum radii). The maximum radius in the model is that of

the steel bell itself at 0.3 m. The minimum radius is that of the electrode at

0.000381 m. The aspect ratio is about 787 and indicates that while there is

a large volume to mesh, there are very small features that must be meshed

finely in order to obtain an accurate estimate of the electric field strength
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Figure 3.18: A body of revolution FEM model of a cylindrical monopole
on a finite ground plane within a steel vacuum bell (z-axis is vertical and
dimensions in meters)
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Figure 3.19: The electric field strength in V m−1 from an excited cylindrical
monopole on a finite ground plane within a steel bell calculated using the
finite element method
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throughout the solution domain. Figure 3.20 shows convergence of the maxi-

mum electric field strength at the tip of the electrode as a function of number

of elements. Figure 3.21 shows the same data with a robust linear regression.

As N →∞, the regression estimates the converged value of the electric field

strength to be 15.56 ±0.05 V cm−1.
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Figure 3.20: Convergence of the maximum electric field strength at the sur-
face of the electrode for a 1 V static potential as a function of the number of
elements
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Figure 3.21: The maximum electric field strength at the surface of the elec-
trode for a 1 V static potential as a function of the number of elements with
a robust linear regression (see Appendix F)



3.3. DESIGN OF THE EXPERIMENT 215

Analysis of Monopole at 300 MHz

An analysis of the hemispherically-capped, cylindrical monopole at 300 MHz

was accomplished using a FEM analysis (see appendix E.6). Figure 3.22

shows the body of revolution geometry used to calculate the electric field

near the monopole. The ratio of the largest feature of the model (radius of

the absorbing boundary) to the smallest feature (the radius of the monopole)

was 1320. A significant difference between this model and that describing 60

Hz corona onset is the substitution of a glass bell for a steel bell. A spherical

absorbing boundary is included 0.5 m from the coordinate origin at the base

of the monopole. The gray region in figure 3.22 is the active domain where

the electromagnetic fields are calculated.

The monopole was mounted to a high-voltage vacuum connector which

was, in turn, mounted on the vacuum plate. Figures 3.23 and 3.24 show detail

of the vacuum connector and coaxial feed of the monopole. The manufacturer

of the vacuum connector used alumina to achieve a gas-tight seal, but with a

high relative permittivity (≈ 9), the alumina introduced some discontinuity

into the transmission system. The model’s coaxial section was of the same

dimensions as the vacuum connector and was excited at a coaxial port at its

base with 1 W input power at 299.875 MHz. The characteristic impedance

of the coaxial line at the port is given by the formula [175],

Z0 = 138

√
µr
εr

log10

(
D

d

)
, (3.40)

where µr and εr are relative permeability and permittivity, respectively, D

is the inside diameter of the outer coaxial conductor, and d is the diameter
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of the inner coaxial conductor. The characteristic impedance of the coaxial

line at the port was 61.9 ohms.

z

Absorbing boundary

Ground plane
Monopole

Ground plane

Vacuum connectorVacuum connector

r

Figure 3.22: The body of revolution finite element model of the cylindrical
monopole, vacuum connector, and ground plane with an absorbing boundary
(dots in model indicate extra grid settings used as an aid in drawing geometry
objects)

Since the electric field at the surface of the antenna is a function of

the charge distribution, it was assumed the ratio of maximum electric field

strength at the surface of the antenna to drive point current would be most

useful in calculating the electric field for the experimental antenna. The finite

element tool calculated s11 at the port, so the antenna current was readily

calculated as,

Ia =

√
Pin
Z0

|1− s11| . (3.41)

The ratio, E/Ia, was found to be in the vicinity of 5000 V cm−1 A−1 and

varied somewhat with the size of the mesh elements at the surface of the
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Figure 3.23: Detail of the FEM model of the cylindrical monopole coaxial
feed and vacuum connector
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Figure 3.24: Detail of the FEM model of the vacuum connector and coaxial
feed showing portions with alumina ceramic
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antenna. Figure 3.25 shows the convergence of the ratio as h, the length of

an element, became smaller. The estimate of the ratio of electric field to

antenna current as h→ 0 is 4890 V cm−1 A−1.
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Figure 3.25: A robust linear regression showing the convergence of the solu-
tion, E/I, as a function of element length, h, at the surface of the antenna
(see Appendix F)

The finite element solutions of the electric field for the monopole at 60 Hz

and at 300 MHz with converged at a reasonable number of elements, allowing

computation in a few minutes and several hours, respectively, on an available

workstation computer. It is notable that the locus of the maximum electric

field strength near the antenna in each case was the same: the hemispherical

cap of the monopole.
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3.3.4 Design of the Experimental Apparatus

Design of the Monopole and Chambers

The experiments at low and high frequencies were designed so that little

of the electrode and its immediate environment was changed in order that

predictions of power frequency and radio frequency corona onset might be

compared for the same electrode. The most significant difference was in

the vacuum chamber: a steel bell was used for the power frequency exper-

iment while a glass bell was used at high frequency. In both experiments,

frequency was constant, temperature was not controlled but recorded and

varied between 20 and 25 ◦C. Pressure and humidity in the vacuum chamber

was carefully controlled. For the experiment at 60 Hz, electrode voltage was

increased by small increments (1 V) until corona onset was observed; for

the experiment at 300 MHz, RF power input to the antenna was increased

incrementally (by 0.1 dB) until corona onset was observed.

While the chambers were quite different, the principal requirement was

that the electric fields near the cylindrical electrode be known as a function

of excitation and fall off as 1/r in the vicinity of the electrode. Figure 3.26

shows the electric field strength at 60 Hz as a function of r from the tip of

the electrode laterally to the wall of the steel vacuum chamber. Note the

predicted electric field falls of as 1/r with only slight variation away from

the electrode. Similarly, Figure 3.27 shows the electric field as a function of

distance from the tip of the electrode along the z-axis (the axis of the elec-

trode) upward to the wall of the steel vacuum chamber. The field decreases

roughly as 1/r. The use of a glass bell was necessary at high frequency for
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the electrode to function as a monopole in a near free space condition. The

use of the steel bell at 60 Hz allowed a more precise prediction of the electric

field around the electrode than if a glass bell was used and the reference

ground were the laboratory walls.
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Figure 3.26: The electric field strength at 60 Hz as a function of r from the
tip of the electrode to the wall of the steel vacuum chamber predicted by a
FEM model

The electrode radius was 3.8×10−2 cm, the dependent variable, rp, could

range over almost three decades from 3.8×10−2 cm torr to 2.9×101 cm torr.

Ultimately, the range of measurement was limited at the high end by either

available voltage or power and on the low end by the ability of the vacuum

system. The same electrode, or monopole, was used for both experiments.

The radius of the electrode was chosen to facilitate corona onset given avail-

able excitation power and pressures. The vacuum pump and chambers chosen

for the experiments were capable of sustaining pressures down to about 1 torr.

Lower pressures would have required less portable chambers and pumps.
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Figure 3.27: The electric field strength at 60 Hz as a function of z from the
tip of the electrode to the wall of the steel vacuum chamber predicted by a
FEM model

The high voltage source chosen for the low frequency experiment, a Vitrek

944i Dielectric Analyzer (see Figure 3.36), was capable of producing 5000 V

peak excitation and allowed measurement over almost the whole range of the

dependent variable. The excitation at high frequency was more restrictive.

First, the maximum output power of the amplifier was 250 W. Because the

high frequency experiment was conducted in a shielded room and the human

eye was used to detect corona onset, radiation safety requirements prevented

use of higher output power. The high frequency experiment was limited to

pressures below about 100 torr (rp < 3.8 cm torr) by the available power of

the RF amplifier.
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Design of the Vacuum System

Two vacuum chambers were used during the course of the experimental in-

vestigation, in large part because of availability. The first experiment (at 60

Hz) used a steel bell (0.3 m radius, 0.8 m height) on an aluminum vacuum

plate. Figure 3.28 shows the steel bell used in the measurement of 60 Hz

corona onset for an isolated cylindrical monopole. There were three viewing

ports on the bell: two on the cylindrical sides and one on the dome. During

the experiments, one of the side ports and the dome port were covered to

prevent entry of light. Figure 3.29 shows a view of the monopole inside the

bell from one of the side view ports. Figure 3.30 shows the vacuum plate,

the G4 glass fiber composite platform2, the cylindrical monopole, and coaxial

cable with high voltage connectors suitable for vacuum.

The second experiment (at 300 MHz) used a glass bell (0.22 m radius, 0.78

m height) on an aluminum vacuum plate. If the steel vacuum chamber used

in the investigation of corona onset at 60 Hz had been used, the monopole

antenna impedance would have been dominated by capacitive reactance and

would have been difficult to match to an RF source. A glass bell was available

and was adapted for this part of the experimental investigation. Figure 3.31

shows the cylindrical monopole mounted on a vacuum plate within the glass

bell. To the left of the monopole inside the bell was an Am241 source mounted

on a plastic pedestal. To the right of the monopole and outside the bell was

a mercury arc lamp used as an ionizing source in a later set of measurements.

Figure 3.32 shows detail of the cylindrical monopole on the vacuum plate.

2G4 is a brand name of BASF for its polyether sulfone (PES) glass fiber composite
material.
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Figure 3.28: The steel bell used in the 60 Hz experimental work mounted on
an access ring and a vacuum plate with a pressure gauge
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Monopole

Figure 3.29: A view of the cylindrical monopole mounted on a G4 (fiberglass)
platform inside the bell. The view was taken through one side view port with
the second view port visible behind the monopole.
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Figure 3.30: A view of the cylindrical monopole mounted on a G4 (fiberglass)
platform without the bell. Clearly visible are the vacuum penetrations on
the vacuum plate, the coaxial cable and high-voltage vacuum connectors.
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A small plastic disk was placed at the base of the monopole adjacent to

the vacuum plate to inhibit breakdown between the monopole to the plate.

Breakdown at the base of the monopole was further discouraged by coating

the lower 5 cm of the monopole with paraffin wax.

The vacuum system for all experiments was constructed of the equipment

listed in table 3.3 and shown schematically in figure 3.33. Figures 3.34 and

3.35 show the vacuum pump, fittings, valves, and screen room penetration

used in the measurement of corona onset at 300 MHz.

Table 3.3: Vacuum apparatus

Manufacturer Model Description Serial No.
Leybold-Heraeus TRIVAC D8A Roughing pump 1286343939

Varian NW-16-H/D Valve
Drierite 27068 Gas Purifier

MKS Instruments 222CA-01000DC Pressure gauge 44605-3C
MKS Instruments PDR-D-1 Pressure display 000054992

Fluke 52 Thermometer 6014086

The vacuum plate was made from a meter square aluminum plate 2 cm

thick. Two vacuum ports were installed, the inlet port with a diffuser. Three

corona-resistant electrical connectors were installed, one at the center of the

plate and two offset by 15 cm from the center. The vacuum plate was designed

for and previously used at pressures below 0.1 torr.
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Figure 3.31: The glass bell, vacuum plate, cylindrical monopole, and ionizing
sources used in the measurement of corona onset at 300 MHz. To the left of
the monopole inside the bell was an Am241 source on a plastic pedestal. To
the right of the monopole outside the bell was a mercury arc lamp used as
an ionizing source in a later set of measurements.
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Figure 3.32: A detail view of the cylindrical monopole inside the glass bell
used for measurements of corona onset at 300 MHz. A small plastic disk
was placed at the base of the monopole adjacent to the vacuum plate to
inhibit breakdown between the monopole to the plate. Breakdown at the
base of the monopole was further discouraged by coating the lower 5 cm of
the monopole with paraffin wax. The Am241 ionizing source is visible to the
left of the monopole on a plastic pedestal.
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Figure 3.33: A schematic showing the vacuum plate, bell, pump, valves,
gauge, and desiccant used in the experimental work
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Figure 3.34: A view of the vacuum pump located outside the screen room,
vacuum fittings, and screen room penetration used in the measurement of
corona onset at 300 MHz
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Figure 3.35: Another view of the vacuum pump located outside the screen
room, valves, and screen room penetration used in the measurement of corona
onset at 300 MHz
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3.4 Experimental Measurements

3.4.1 Measurement of Corona Onset at 60 Hz

Measurement Protocol

The physical arrangement of the vacuum plate, bell, electrode, 60 Hz voltage

source, and the Am241 ionization source used in the measurement of corona

onset at 60 Hz is shown in figure 3.36. The neutral terminal of the 60 Hz

voltage source was connected to the aluminum vacuum plate and the steel

bell. In addition the vacuum plate was bonded to a facility ground. The high

voltage terminal of the 60 voltage source was connected through an insulated

wire to the electrode in the bell.

Before measurements were made, the steel bell, the vacuum plate, and the

electrode were cleaned with isopropyl alcohol to remove contaminants and

the bell sealed to the vacuum plate with an O-ring and vacuum grease. The

chamber was pumped down to 1 torr and backfilled with laboratory air passed

through a desiccant to remove moisture. Then the chamber was pumped

down to the target pressure and stabilized. Temperature and pressure in the

chamber were noted before each measurement.

After the safety checklist was called out, the voltage was increased from

some point well below the corona onset threshold by increments of 1 per cent

and allowed to dwell at each level for 5 seconds. The current limit was set

on the dielectric analyzer so that corona onset would not trip the source off

and corona was allowed to persist long enough for an observer to recognize

it. The high voltage source was turned off once the observer verified corona
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Figure 3.36: A schematic showing the relation of the vacuum plate, bell,
electrode, 60 Hz voltage source, and the Am241 ionization source
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onset. With the ionizing source, corona always began within a second of

reaching the onset threshold.

After each measurement of corona onset the air in the chamber was again

evacuated to 1 torr and backfilled with dry laboratory air to remove reaction

products such as oxides of nitrogen known to affect the measurement of

corona onset [100]. Then the chamber was once again pumped to the target

pressure of the next measurement and stabilized.

Sources of Uncertainty

Corona onset was not measured directly but was a function of several in-

dependent measurements. International and national standards [176, 177]

provide guidance for evaluating and expressing uncertainty in complex mea-

surements. If y is the measurand and xi are directly measured quantities

used to calculate y, then,

y = f (x1, x2, . . . , xn) . (3.42)

The combined uncertainty of the measurement, uc (y), is a function of the

uncertainties of the individual measurements:

u2
c (y) =

N∑

i=1

(
∂f

∂xi

)2

u2 (xi)

+ 2
N−1∑

i=1

N∑

j=i+1

∂f

∂xi

∂f

∂xj
u (xi, xj) ,

(3.43)

where xi is the ith measurement, u (xi) is the associated uncertainty, and

u (xi, xj) is the covariance of the uncertainties of measurements xi and xj.
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The partial derivatives are sensitivity coefficients and are evaluated at the

measurement point. If all the measurements are statistically independent,

then the covariance terms in (3.43) vanish. It is customary [177] to assume

measurand error at 2uc. If it can be assumed the component parameters

are distributed normally, then this corresponds to 2σ error bounds on the

measurand.

The Measurement Equation The measurement equation for the mea-

surement of corona onset at 60 Hz is,

y = c
x1x2x3

x4

, (3.44)

where c is a constant, x1 is the measurement of 60 Hz voltage at the electrode,

x2 is the ratio of maximum electric field strength at the tip of the electrode

and the applied voltage, x3 is the measurement of temperature, and x4 is the

measurement of pressure. The sensitivity coefficients are,

∂y

∂x1

= c
x2x3

x4

∂y

∂x2

= c
x1x3

x4

∂y

∂x3

= c
x1x2

x4

∂y

∂x4

= −cx1x2x3

x2
4

.

(3.45)

The uncertainties associated with the constituent measurements follow.

Measurement of voltage The dielectric analyzer’s voltage indication er-

ror was reported to be on the order of the square root of indicated peak
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voltage [178]. In addition, the voltage was stepped in 1 V increments.

Ratio of maximum electric field to exciting voltage The ratio of

maximum electric field to exciting voltage was estimated using a FEM anal-

ysis (see section 3.3.3) and appeared to converge to 15.56 cm−1 with a relative

error of about 0.5 per cent.

Measurement of temperature Temperature uncertainty for the Fluke

52 thermometer(see Table 3.3) was 0.05 per cent of indicated temperature +

0.3 ◦C [179]. The uncertainty associated with the thermocouple was 1.1 ◦C.

Measurement of pressure The pressure gauge (see Table 3.3) has an

uncertainty of 0.5 per cent of reading and a resolution of ±0.1 torr [180].

The resolution can produce an error that is,

ε ≈ 0.1

p
, (3.46)

where p is indicated pressure in torr.

Table 3.4 summarizes the sources of uncertainty in the measurement of

corona onset at 60 Hz. Vind, Tind, and pind are indicated voltage, temperature,

and pressure.

The error bounds for each measurement are reported in the next section

with the measured data.
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Table 3.4: Uncertainty in parameters of the corona onset measurement

Parameter Uncertainty
voltage

√
Vind

E/V 0.005 cm−1

temperature 0.0005 Tind + 1.4 ◦C
pressure 0.005 pind + 0.1 torr

Results of Corona Onset Measurement at 60 Hz

Twenty-two independent measurements of corona onset at 60 Hz were made

at different pressures. Table 3.5 lists the 22 measurements of corona onset

performed during the investigation. The measured pressure, p, was corrected

for temperature using (1.63) to calculate effective pressure, p′, that is, air

density expressed as pressure in torr. The proper variable, rp′, was calcu-

lated using the radius of the electrode and the effective pressure, while E0/p
′

was calculated from the recorded voltage, the estimated ratio of maximum

electric field strength to voltage, and effective pressure. Figure 3.37 shows

the measured corona onset data plotted with the predicted corona onset

threshold and measurement uncertainty.

Significantly, the predicted and measured values of corona onset agree

within the estimates of measurement uncertainty. The uncertainty ranged

from between 8 and 16 per cent of the measured values. If there were a

bias in the difference between measurement and prediction, it would appear

the former tended to be slightly higher than the latter, a result consistent

with measured onset occurring at or above, but not below, the corona onset

threshold.
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Table 3.5: Measured corona onset voltage as a function of pressure, calculated
equivalent pressure, p′, monopole radius, r, and surface electric field strength,
E0/p, for 60 Hz excitation

Run p t p′ V rp E0/p
′ 2uc (E0/p

′)
No. (torr) (◦C) (torr) (V) (cm torr) (V cm−1 torr−1) (V cm−1 torr−1)
1 2.6 20.8 2.55 306 0.0971 1850 295
2 3.3 20.8 3.23 355 0.123 1690 245
3 4.2 20.8 4.12 385 0.157 1440 195
4 5.2 20.8 5.10 405 0.194 1220 159
5 1.8 20.6 1.77 303 0.0673 2640 479
6 6.5 20.6 6.38 461 0.243 1110 136
7 8.3 20.6 8.14 494 0.310 934 110
8 10.5 21.0 10.3 537 0.392 804 91.1
9 13.5 21.0 13.2 586 0.504 682 74.6
10 16.6 21.0 16.3 620 0.620 587 62.8
11 20.6 21.0 20.2 672 0.769 513 53.4
12 26.0 21.0 25.5 726 0.970 439 44.6
13 33.0 20.9 32.3 806 1.23 384 37.8
14 43.4 20.9 42.5 924 1.62 335 31.7
15 53.6 20.9 52.5 988 2.00 290 27.0
16 67.2 21.1 65.8 1090 2.51 256 23.3
17 84.1 21.1 82.4 1230 3.14 230 20.3
18 106 22.5 103 1430 3.93 214 18.4
19 130 22.5 127 1640 4.83 200 16.7
20 164 22.5 160 1880 6.08 182 14.8
21 207 22.5 202 2140 7.68 163 13.1
22 268 21.5 262 2470 9.97 146 11.4
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3.4.2 Measurement of Corona Onset at 300 MHz

The second phase of the experimental investigation was to measure corona

onset at 300 MHz for the same electrode/monopole used in the first phase

(measurement of corona onset at 60 Hz). Before proceeding, the limits to

the diffusion theory of high frequency breakdown were addressed for the

equipment, frequency, and air density of the experiment.

Experimental Considerations

Several factors arose during the course of this research that could affect or

limit the applicability of any measurement of corona onset at radio frequen-

cies. Among these are the effectiveness of the electric field as a function of

frequency and the various limits to diffusion controlled breakdown.

Effective Electric Field

MacDonald [25] demonstrated that as the frequency of excitation approaches

the plasma frequency, the electric field imparts energy to electrons less effi-

ciently. An effective electric field, producing the same ionization as the same

dc field, is calculated by (1.54). Table 3.6 shows the ratio of E to Eeff at

300 MHz for the range of pressure used in this experiment.

At 300 MHz, for the range of pressures used in the experiment, and within

experimental error, the effective electric field strength is not distinguishable

from the rms electric field strength.
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Table 3.6: The ratio of the applied electric field, E, to the effective electric
field, Eeff , as a function of pressure at 300 MHz

p E/Eeff
(torr)
4 1.004
10 1.0006
50 1.00003
100 1.000006

Limits to the Diffusion Theory of Breakdown

Brown and MacDonald [98,99] described four limits to diffusion theory. Each

is considered with respect to the experimental measurements of the monopole

at 300 MHz.

Uniform field limit When Brown and MacDonald described the uniform

field limit, they were interested in diffusion of electrons to an absorbing

boundary, e.g. the outermost of two concentric cylinders or the walls of

cylindrical cavity. Their concern was evidently that the frequency be such

that the distance electrons must diffuse across to the boundary be smaller

than a wavelength and so the field can be considered more or less uniform.

This criterion does not apply to a geometry without an absorbing bound-

ary such as an isolated, cylindrical monopole.

Mean free path limit This limit to diffusion theory applies when the

mean free path of an electron is larger than the characteristic dimensions

of the experimental apparatus. Again, in the case of the isolated monopole,

there is no proximate boundary and so the criterion does not apply. However,
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the experiment was conducted in a vacuum chamber whose walls were 22 cm

from the monopole.

The mean free path limit is fundamentally a pressure limit. At the lowest

pressure used in the high frequency experiment, 5 torr, the corona onset

field at the surface of the monopole was 279 V cm−1 torr−1 (see table 3.12).

The electron mean free path for ionizing collision was about 0.06 cm under

those conditions. The mean free path criterion was satisfied for the 300 MHz

corona onset measurement.

Collision frequency transition Diffusion theory is valid when

pλ > 44 cm torr. (3.47)

The lowest pressure used in the 300 MHz measurement of corona onset

was 5 torr and the wavelength was 100 cm. The product, pλ, was 500 cm torr.

The combinations of pressure and frequency used in the experiment satisfy

the collision frequency transition limit.

Oscillation amplitude limit Diffusion theory is valid when the ampli-

tude of an electron’s oscillation by an exciting electric field is less than the

dimensions of the experimental apparatus. Since the monopole used in the

300 MHz corona onset measurement was 22 cm from the wall of the glass

vacuum bell

pλ < 2π × 105

(
pΛ

Ep/p

)
. (3.48)
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Since Λ = L/2 and L = 22 cm, and the highest normalized electric

field encountered during the experiment was E/p = 446 V cm−1 torr−1, the

oscillation amplitude limit becomes,

λ < 9900 cm, (3.49)

or the frequency of excitation must be greater than about 30 kHz.

A review of the dimensions of the experimental apparatus, the frequency

of excitation, and pressure in the vacuum chamber confirmed that corona

onset should be controlled by diffusion.

RF Equipment Setup and Calibration

Prior to performing any measurement, the insertion loss of the equipment

listed in table 3.7 and shown in figure 3.38 was measured using a vector

network analyzer. Scattering parameters, s21, s31, and s42 were measured

between ports 1 and 2 (see Figure 3.39), between ports 1 and 3 (figure 3.40),

and indirectly between ports 2 and 4. The return loss, s22 at port 2 looking

into the adapter cable and open-ended vacuum connector was measured (see

figure 3.41). The insertion loss, s42 was estimated by assuming the return loss

represented the round-trip attenuation of the cable and open-ended connec-

tor. In this manner, the forward power indicated in the spectrum analyzer

(item E in figure 3.38) could be accurately correlated with the forward power

at port 4 (the end of the vacuum connector and terminals of the monopole).

Table 3.8 lists the measured insertion loss for each component.

The impedance of the monopole was measured using an Agilent E8720D
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Figure 3.38: The arrangement of the radio frequency apparatus used to excite
the cylindrical monopole at 300 MHz and to indirectly measure the electric
field strength at corona onset

Table 3.7: The radio frequency apparatus used to excite the cylindrical
monopole at 300 MHz and to measure the antenna terminal voltage at corona
onset

Equipment Manufacturer Model Description Serial No.
A Hewlett-Packard 8642B Signal Generator 2622A00686
B Amplifier Research 250W1000 RF Amplifier 322321
C Narda 3020A Directional Coupler 39092
D Narda 704B-69 Step Attenuator 04027
E Agilent E4405B Spectrum Analyzer MY41440281
F Agilent E4405B Spectrum Analyzer US39440388

Hewlett Packard 8720D Network Analyzer US36140649
Agilent E8362C Network Analyzer MY43021014
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Table 3.8: The measured insertion loss of the directional coupler, attenuator,
and cable at 300 MHz

parameter equipment insertion
loss (dB)

s21 directional coupler 0.13
(through)

s31 directional coupler 40.5
(coupled forward)
and attenuator

s42 adapter cable 0.09
and vacuum connector
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Figure 3.39: Measured insertion loss, s21, from port 1 to port 2 of figure 3.38
as a function of frequency near 300 MHz. The thickness of the line is the
result of graphing all 800 measurements captured by the network analyzer
and using a circular symbol.
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Figure 3.40: Measured insertion loss, s31, from port 1 to port 3 of figure 3.38
with the step attenuator (6) set to 20 dB as a function of frequency near 300
MHz

network analyzer at port 2 (see Figure 3.38). The cable and vacuum con-

nector were attached without the monopole and the measured propagation

time delay between port 2 and port 4 was 3.05 nsec. The monopole was

then attached to the vacuum connector and all equipment arranged in the

shield room as it would be for the test and the shield room door was closed.

The reflection coefficient of the mounted antenna was measured at port 2.

The data were corrected for propagation delay between port 2 and port 4

to estimate the return loss of the monopole at its drive point. Figure 3.42

shows a Smith chart with the corrected reflection coefficient data plotted.

The reflection coefficient measured at 300 MHz was 0.258− 0.0146i.

Some time after the experiment was conducted, the impedance of the

monopole was measured in an open area test site in order to assess the de-

gree to which the screen room affected the monopole’s measured reflection
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Figure 3.41: Measured return loss, s22, at port 2 of figure 3.38 with the
adapter cable and vacuum connector as a function of frequency near 300
MHz. The insertion loss, s42, is half the value of s22 in dB.
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Figure 3.42: Measured return loss, s22, at port 2 of figure 3.38 with the
adapter cable, vacuum connector, and monopole as a function of frequency
near 300 MHz. All equipment were in place in the screen room and the screen
room door was closed. The data were corrected for the propagation delay of
the cable and connector.
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coefficient. It should be noted that during the last measurement during the

investigation the monopole tip melted and its length and antenna parameters

were altered. Despite the injury to the experimental antenna, it was thought

a comparison of measured reflection coefficient with and without the screen

room would be useful in estimating measurement uncertainty. A newer net-

work analyzer (Agilent E8362B) permitted an automatic port extension to

the open end of the vacuum connector eliminating the need to correct the

data using measured time delay. After the port was extended, the monopole

was attached and its impedance measured. Figure 3.43 shows the impedance

of the monopole mounted on the vacuum plate as measured in an open area

outside the screen room building. The indicated reflection coefficient at 300

MHz was 0.0912 + 0.158i. It is coincidental that the reflection coefficient

reduces to zero (i.e., a matched 50 ohm impedance) at 292 MHz. The dif-

ference between the experimental monopole’s resonant impedance and that

usually associated with an ideal resonant monopole is due, in large part, to

the very limited ground plane.

Measurement Protocol

The measurement of corona onset at 300 MHz followed the same protocol

used for the measurements at 60 Hz (see section 3.4.1). The bell, vacuum

plate and monopole were cleaned using isopropyl alcohol. The air inside

the chamber was changed between each measurement and dried through a

desiccant.

The first trials were performed with the inclusion of the radioactive source,

Am241, in the bell to promote ionization. Table 3.11 and figure 3.45 show the
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Figure 3.43: The measured antenna impedance of the cylindrical monopole
between 200 and 400 MHz (the monopole was mounted on the vacuum plate
in an open area outside the screen room building). The data point indicated
by the black square was the frequency chosen for the experiment, 299.875
MHz.



3.4. EXPERIMENTAL MEASUREMENTS 251

results of the measurement. It was determined from measurements repeated

at the same pressure that the variability of corona onset was too high and

the ionization source was probably ineffective. The Am241 isotope decays by

emitting α particles. All the α particles have energies between 5.114 MeV and

5.545 MeV with the majority (86 per cent) at 5.486 MeV [181]. Bethe [182],

and Jesse and Sadauskis [183] state the mean range of α particles for that

energy at standard temperature and pressure (STP) is 4 cm. The activity

of the Am241 source was 1 µC, or 3.7 × 104 decays per second. At STP, the

range of influence (4 cm) was too small to affect the monopole 12 cm away.

However, air density (expressed as effective pressure) in the experimental

investigation ranged from 5 to 100 torr. Table 3.9 shows the mean ionization

range and ionization rates for the Am241 isotope at the two density extremes.

At 100 torr the ionization range is quite large enough to encompass the

monopole, but electron production was much less than 1 cm−3 sec−1. At 5

torr the ionization range greatly exceeded the dimensions of the bell and

ionization was essentially non-existent. The α particles were all absorbed by

the glass bell and the vacuum plate. It was decided to abandon the Am241

source and use one likely to be more potent.

Table 3.9: Effective range and ionization density for 1µC of Am241 at various
air densities expressed as effective pressure

p′ Range Ionization
(torr) (cm) (cm−3 sec−1)
760 4.0 138
100 30.4 0.314
5 608 0.000039
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A source of strong ultraviolet light (a mercury arc lamp) was substituted

for the radioactive source and the variance of measurements was noticeably

reduced. However, the ultraviolet light acts by the photoelectric effect on

the surface of the monopole. Since the monopole radius was 0.000381 m, the

surface area was quite small and the results still showed up to 25 per cent

variance for repeated measurements.

Sources of Uncertainty

The assessment of uncertainty for the measurement of corona onset at 300

MHz was performed in the same manner as for the measurement of corona

onset at 60 Hz (see 3.4.1). The measurement of E/p′ was more involved,

however, as reflected in the measurement equation.

The Measurement Equation The parameter to be measured indirectly

was E/p′ at corona onset where E is the maximum electric field strength at

the surface of the monopole and p′ is the air density expressed as pressure.

The measurement equation was derived by concatenating simple expressions

for E/p′ and intermediate variables until the result was expressed in terms

of directly measured parameters only. The indirectly measured variable is

E

p′
=
κIa
p′
, (3.50)

where κ is the ratio of maximum electric field strength at the surface of the

monopole to current at the antenna terminals, Ia, calculated by the finite

element method. The current at the monopole’s terminals is a function of
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incident current,

Ia = Iinc |1− Γ| , (3.51)

where Γ is the measured reflection coefficient.

In turn, the incident current is a function of incident power,

Iinc =

[
Pinc
Z0

] 1
2

. (3.52)

In turn, the power incident at the antenna is,

Pinc =
P3s21s42

s31

. (3.53)

where P3 is the power measured by the spectrum analyzer at port 3 (see

figure 3.38). s31, s21, and s42 are the insertion loss measurements between

ports 1 and 3, 1 and 2, and 2 and 4 respectively. The variable, E/p′, is then,

E

p′
= κ

[
P3s21s42

s31Z0

] 1
2 |1− Γ|T

288.15p
. (3.54)

The measurement equation is,

y = cx1

[
x2x3x4

x5

] 1
2 |1− x6|x7

x8

, (3.55)

where y = E/p′, c is a constant, x1 is κ, x2 is P3, x3 is s21, x4 is s42, x5 is

s31, x6 is Γ, x7 is T , and x8 is p.
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The sensitivity coefficients are,

∂y

∂x1

= c

[
x2x3x4

x5

] 1
2 |1− x6|x7

x8

∂y
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= c
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2

[
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x2x5

] 1
2 |1− x6|x7

x8
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2

[
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] 1
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] 1
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x8

∂y

∂x5

= −cx1

2

[
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x5

] 1
2 |1− x6|x7

x2
8

(3.56)

Estimation of κ, the ratio of maximum electric field strength at

the surface of the monopole to antenna terminal current The ratio

of maximum electric field at the surface of the monopole to current at the

antenna terminals was estimated using a FEM analysis (see section 3.3.3)

and appeared to converge to 4887 V cm−1 A−1 with an estimated relative

error of about 2 per cent (the difference between the best calculation and the

projected value at convergence).

Measurement of P3, power at port 3 The Agilent E4405B spectrum

analyzer used to measure P3 has an amplitude accuracy of ±0.4 dB [184] or

9.7 per cent. The power source was adjusted in increments of 0.1 dB which
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introduces an uncertainty of the power corresponding to corona onset of 2.3

per cent. The total uncertainty of power at port 3 corresponding with corona

onset was 10 per cent.

Measurement of s21, s42, and s31, insertion losses in the transmission

system The Agilent E8362C Network Analyzer used to measure s21, s42,

s31 has a transmission uncertainty of 0.05 dB at 300 MHz [185].

Measurement of Γ, the reflection coefficient at port 4 The Agilent

E8362C Network Analyzer used to measure Γ has a reflection uncertainty of

0.01 dB at 300 MHz [185].

Measurement of T , temperature The Fluke 52 thermometer used to

indicate temperature (see Table 3.3) had a measurement uncertainty of 0.05

per cent of indicated temperature + 0.3 ◦C [179]. The uncertainty associated

with the thermocouple was 1.1 ◦C.

Measurement of p, pressure The pressure gauge (see Table 3.3) has an

uncertainty of 0.5 per cent of reading and a resolution of ±0.1 torr [180].

Other sources of uncertainty Two sources of uncertainty indirectly re-

lated to measurement error affected the measurement of corona onset at 300

MHz. The first resulted from measuring in a screen room populated with

several persons. The screen room produced reflections that caused the re-

flection coefficient, Γ, to differ from that measured in an open test site as a

function of frequency. Figure 3.44 shows |Γ| as a function of frequency as
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measured in an open area test site and in the screen room. Between 280

MHz and 320 MHz the variance of the screen room data with respect to the

open area test site data was 0.0043. The standard error associated with that

variance was 0.0654.
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Figure 3.44: The magnitude of the reflection coefficient, |Γ|, measured at the
end of the vacuum connector as a function of frequency for two conditions:
1) in an open area test site, and 2) in the screen room

The measurements of corona onset took place not in an empty screen

room but with two to three observers. Some time after the measurements

were made, the reflection coefficient of the monopole, Γ, was measured six

times at 299.875 MHz (the frequency chosen for the experimental investiga-

tion) with personnel at various positions occupied during the measurements

(see table 3.10). The standard error around the mean was 0.066. These

measurements were performed using the monopole damaged during the ex-

perimental investigation and so the measurement of the mean of |Γ| may not

be representative though the variance of |Γ| may be illustrative of the relative
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influence of personnel in the room on antenna drive point parameters.

Table 3.10: The magnitude of the reflection coefficient of the experimental
monopole in an occupied screen room with personnel in different positions

Trial |Γ|
1 0.115
2 0.193
3 0.262
4 0.0758
5 0.157
6 0.125

Results of Corona Onset Measurement at 300 MHz

The first attempt at measurement of corona onset involved the use of Am241

as an ionizing source. It was determined from the variance of the data that

the ionization source was ineffective. Table 3.11 and figure 3.45 show the

measured corona onset data. Measurements repeated at the same pressure

(e.g., see data at rp′ = 0.460) varied as much as 77 per cent.

A mercury arc lamp, a strong source of ultraviolet radiation, was substi-

tuted as an ionization source. The lamp was located outside the glass bell so

that it directly illuminated the monopole. The trials with the mercury arc

lamp showed less variability in measured corona onset than the previous tri-

als. The greatest difference between repeated measurements at a particular

pressure was 29 per cent. Table 3.12 shows the measured corona onset data

with a calculation of measurement error (see 3.4.2).
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Table 3.11: Measured current at the cylindrical monopole’s antenna terminals
with calculated electric field strength at the tip of the antenna as a function
of monopole radius and pressure at 300 MHz with an Am241 ionization source

Run p t p′ I rp′ E0/p
′

No. (torr) (◦C) (torr) (amperes) (cm torr) (V cm−1 torr−1)
1 20.0 21.3 18.6 1.34 0.707 308
2 20.0 24.9 18.3 0.828 0.698 192
3 26.0 22.4 24.0 1.33 0.915 174
4 20.0 20.3 18.6 1.09 0.709 249
5 16.0 20.6 14.9 0.894 0.567 256
6 32.0 20.9 29.7 1.33 1.13 190
7 13.0 21.0 12.1 0.913 0.460 322
8 13.0 21.0 12.1 0.631 0.460 223
9 13.0 21.0 12.1 0.515 0.460 182
10 10.0 21.0 9.29 0.755 0.354 346
11 26.0 21.1 24.1 1.27 0.920 224
12 40.0 21.3 37.1 1.31 1.41 151
13 26.0 21.5 24.1 1.41 0.918 249
14 50.0 21.0 46.4 1.58 1.77 145
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Figure 3.45: The electric field strength at the surface of the cylindrical
monopole at corona onset as a function of monopole radius and pressure
for 300 MHz excitation and an Am241 ionization source
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Figure 3.46 shows the measured corona onset at 300 MHz compared to

predictions of corona onset for an infinite, cylindrical electrode and an iso-

lated spherical electrode. Note that the measurements exceed the lower

threshold (the isolated, infinite cylindrical electrode) and approximate the

higher threshold (the isolated, spherical electrode). Corona onset was con-

sistently observed at the tip of the antenna where the surface and electric

field divergence are nearly spherical.
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Figure 3.46: The electric field strength at the surface of the cylindrical
monopole at corona onset as a function of monopole radius and pressure
for 300 MHz excitation and a mercury arc lamp ionization source compared
with the prediction of corona onset from (2.94)
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3.5 Conclusion

Figure 3.47 compares the measurements made on the isolated, cylindrical

electrode or monopole at 60 Hz and at 300 MHz with the predictions for the

respective sets of measurements. The agreement between measurement and

prediction was reasonable considering the several sources of uncertainty in

the measurement, not the least of which was obtaining a vigorous ionizing

source to reduce the variance in the measured corona onset threshold. In

both cases the difference between prediction and measurement was less than

calculated measurement uncertainty.

While the measured data agree with predictions of corona onset within

measurement uncertainty, the assumption that the electric field strength at

the tip of the monopole decreases as 1/r2, or at least more rapidly with dis-

tance than 1/r should be examined. Using a FEM model of the monopole,

the electric field strength calculated for the experimental monopole was sam-

pled along the z-axis (r = 0) as a function of z and is shown in figure 3.48.

Note that less than one radius from the monopole the electric field strength

decreases very gradually with distance and then falls off more than 1/r with

increasing distance. At pressures where the ionization region extends beyond

about 0.001 m, one might expect the corona onset threshold to be above the

corona onset threshold for an infinite, cylindrical electrode. But for higher

pressures where the ionization boundary is less than about 0.001 m, the

corona onset threshold measured could be less than that same limit. The

pressure associated with that transition for this monopole is about 25 torr,

or rp = 1. An examination of the measured data shows the corona onset data
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for rp < 1 approach the corona onset limit for spherical divergence while the

measured data for corona onset for rp > 1 more closely approximate the limit

for cylindrical divergence.

The results of the theoretical and experimental investigations were pub-

lished in the IEEE Transactions on EMC [186] and presented at symposia of

the IEEE EMC Society in successive years [187, 188] (see appendices A, B,

and C).
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Figure 3.47: Measured and predicted electric field strength at the surface of
the hemispherically-capped, cylindrical monopole at corona onset for 60 Hz
and 300 MHz excitation as a function of monopole radius and pressure
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Chapter 4

Discussion and Conclusions

4.1 Discussion

The research reported here explored two separate, historical developments

of the theory of corona onset. The first, with roots in the 19th century,

sought to describe mathematically the breakdown of gases under electrical

stress. Because a modern understanding of atomic theory and, in particular,

statistical mechanics lay in the future, Thomson and Townsend, and their

successors both in Europe and in the Americas resorted to empirical formulas

to describe the onset of corona in uniform and non-uniform fields.

In the 20th century, as the twin technologies of radio frequency com-

munications and flight brought a new electrical stress to the rarefied air of

the troposphere and the stratosphere, a new generation of physicists and

engineers developed a more robust understanding of corona onset based on

statistical mechanics.

Because the phenomena of low-frequency and high-frequency corona are

265
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both the result of a growth in electron density due to ionizing collisions be-

tween electrons and neutral species, they are necessarily related. It therefore

became an object of this work to show how both phenomena might be ex-

plained theoretically from the same starting point. From the Boltzmann

transport equation were derived the standard empirical formulas commonly

used to describe corona onset at dc and power frequencies, the Townsend

integral and Peek’s law. While Lowke and Morrow [127] asserted the deriva-

tion of Peek’s law from the electron continuity equation, the derivation of

the Townsend integral from the same, though simple, has not appeared yet

in the literature. The phenomenon may be properly called drift-controlled

corona onset and was reported by Price et al. [186, 187] (see Appendices A

and C).

The diffusion theory of corona onset at high frequency is well established

though the derivation of the electron continuity equation from the Boltz-

mann transport equation seems to be fully explained in very few places. The

derivation of the electron continuity equation including three electron loss

terms–drift, diffusion, and convection–is included in chapter 2. The parallel

derivation of the theory of diffusion-controlled corona onset was also reported

by Price et al. [186,187] (see Appendices B and C).

Thus this dissertation reports a general theory of corona onset that may

be applied to low and high frequency phenomena. Though not investigated,

the onset of corona in a flowing gas is calculated by including the convection

term as an electron loss mechanism. Fante [48], Yos [57], Linder [36], and

others have applied the method to antennas in the air stream.

The question naturally arises as to what frequency does one behavior give
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way to the other. It is known that corona onset for very low frequency sys-

tems is successfully approached using the theory of drift-controlled corona

onset [189] while corona onset at high frequency through the microwave re-

gion is approached successfully using the theory of diffusion-controlled corona

onset. This work attempts to answer that question by calculating that fre-

quency at which an electron might drift out of the ionization region and

succumb to attachment to oxygen or water molecules. Both forms of corona

onset together with an exploration of the transition frequency were reported

by Price et al. [186] (see appendix C).

Simple differential equations were derived from the Boltzmann transport

equation by taking the moments of the equation. That amounted to an

assumption that the plasma formed at corona onset may be reasonably char-

acterized by electrons of some average velocity and that the exact nature

of the electron velocity distribution is not important. This assumption is

warranted, in part, by the consideration that at corona onset the plasma has

just appeared and has not been heated by the exciting field. The assumption

also seems justified by the predictive ability of the calculated corona onset

criteria, i.e., the predicted corona onset agreed with measured corona onset

within measurement error.

Though simple in form, the derived differential equation contained coeffi-

cients such as ν, the net ionization frequency, which were both empirical and

non-linear. The result was that the solution, no matter how formed, would

require numerical computation. In the case of low frequency corona onset,

the corona onset criterion was described by a simple, first-order differential

equation in the form of the Townsend integral. The value of the integral
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was determined using the method of Phillips et al. [128] and the electric field

strength corresponding to corona onset was determined by repeated calcula-

tions of the integral.

The calculation of a criterion for high frequency corona onset was first

attempted by using the method of Fante [48]. The method was handicapped

by problems of numerical reliability associated with the use of Cramer’s rule,

though over a limited range of the independent variable, rp, the solution ap-

peared reliable. A second attempt was made using the finite element method

to solve the diffusion equation using empirical data for net ionization and

electron diffusion. This method proved more satisfactory over a larger range

of the independent variable, rp. The method was not subject to problems of

numerical reliability as the former was and the chief contribution to uncer-

tainty was convergence error. Convergence was addressed by application of

a theory of a posteriori error estimation often used with the finite element

method.

Corona onset criteria were calculated for two simple geometries, an in-

finite cylinder and an isolated sphere, representing two extremes of electric

field divergence. It was assumed, though not proven in this investigation,

that the divergence of the electric field at the surface of practical linear an-

tennas lies between the two bounds of the cylindrical (1/r) and the spherical

(1/r2). The calculation of the relative electric field strength near the tip of

a hemispherically-capped monopole illustrates and validates this assumption

for the antenna used in the experimental investigation(see figure 3.48).

If it is true that the divergence of the electric field at the surface of most

practical linear antennas is bounded by the cylindrical (1/r) and the spher-
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ical (1/r2) cases, then the corona onset criterion for the isolated, infinite

cylinder is a useful lower bound for most linear antennas. The fields associ-

ated with aperture antennas can be treated separately. Over small regions,

the electric field may appear not to diverge, i.e. it may not diverge at all.

Breakdown in uniform fields is simply a special case of the general crite-

rion developed here for the case of cylindrical divergence where rp → ∞ or

E/p ≈ 35.1 V cm−1 torr−1. Of course, one must determine that the limits to

the applicability of diffusion theory remain satisfied (see 3.4.2).
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4.2 Contributions to Knowledge

Among original contributions to knowledge are the following,

1. The derivation of the Townsend integral from the Boltzmann transport

equation and the consequent grounding of a long-accepted empirical

equation in statistical mechanics;

2. A consistent description of both low- and high-frequency corona onset

criteria from the same starting point, the Boltzmann transport equa-

tion;

3. The proposal of a transition frequency describing the boundary between

drift-controlled corona onset and diffusion-controlled corona onset for

an isolated electrode; and

4. The application of Schelkunoff’s partition theorem to the calculation

of electric fields near the surface of an antenna with the result that, for

the resonant monopole and possibly for most linear antennas, it is the

charge distribution that determines the electric field at the surface of

the antenna.
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4.3 Engineering Design Guidelines

The research reported in this dissertation was conducted with this end in

view: to provide the engineer with clear guidance for designing corona-free

RF transmission and antenna systems for aerospace applications. The theory

developed here may be employed in several ways.

First, it may be used to analyze current designs to determine if they

are subject to corona onset and, if not, what degree of margin to failure is

inherent in the design. Numerical modeling can usually provide the needed

data such as charge and current distributions or near electric fields required

to estimate corona onset.

Second, It may be used as the design commences to build in margin

against failure of the system in its operational environment. Since the prin-

ciple design parameters of an airborne RF system flow from functional re-

quirements, there may be fewer degrees of freedom for avoiding corona than

one might wish. A communications link margin analysis will often dictate

effective radiated power and prescribe antenna coverage, but there may be

some choice in the design of the antenna itself that might alleviate a potential

problem. Fante et al. [50,54] have approached the problem of minimizing the

electric field associated with an arbitrary antenna when parameters such as

gain or effective radiated power are given.

The theory of corona onset yields this insight: the two independent vari-

ables that most affect corona onset of an isolated, electrified conductor are

air density or pressure and radius of curvature. If the radiated power of an

antenna is a given, then the designer might prevent the onset of corona by
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addressing either pressure or geometry.

Air density: the antenna may be enclosed in a pressurized radome or fair-

ing;

Gas composition: the antenna may be enclosed and an electronegative

gas (e.g., sulfur hexaflouride) substituted to increase the corona on-

set threshold;

Air displacement: the air near the antenna, where the electric field is most

intense, may be displaced by a suitable dielectric material;

Antenna type: an antenna with a low maximum electric near field to ra-

diated power ratio may be chosen;

Antenna geometry: the radius of curvature of antenna surfaces may be

increased to reduce the surface charge density and so the local electric

field.

A similar approach to antenna design could consider reducing electron

production while increasing electron loss. The headings above fall easily into

either of those categories.

The form of the corona onset threshold shown in figure 2.22 may at first

seem counterintuitive. As pressure decreases, it appears that the corona

onset threshold increases. But one notes that pressure is a factor in both

the independent and dependent variable. Figure 4.1 shows the corona onset

threshold plotted with a flight trajectory in which r and E are constant,

but p is allowed to vary from ground level to 40,000 ft. Compared with the
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hyperbolic curve E/p versus rp, the corona onset threshold actually decreases

with decreasing pressure.
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Figure 4.1: Predicted electric field strength at corona onset for an isolated
cylindrical monopole as a function of monopole radius and pressure compared
to a flight trajectory for which E and r are constant and p varies with altitude

Similarly, though less explicitly, one may draw curves in which p is con-

stant and r is allowed to vary. It is probably true that E varies inversely

as r and so the curve will again approximate the hyperbolic. On the other

hand, in cases where the mean free path of the electron is on the order of or

greater than the parameter r, the corona onset criterion will probably be a

constant function of r.
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4.4 Suggestions for Future Work

This research opened certain new possibilities for future research in part

by joining older empirical formulas with more modern theory. Among these

are the rationalization of the value of the Townsend integral corresponding to

corona onset, K = 3500. It may be possible to relate K to more fundamental

physical parameters such as the plasma density, np, and the incipient electron

density at a specific altitude.

Similarly, as Lowke and Morrow [127] have derived Peek’s law from more

fundamental physics, it may be possible to associate the coefficients of Peek’s

law with known physical parameters.

Among the historical approaches surveyed in chapter 2 were a class of

solutions based on variational calculus. All those published involved corona

onset where both electrodes were present as boundary conditions. It remains

to be seen whether or not a variational approach might be applied to the

monopolar corona problem, but if it could, it might offer an improvement

over the analytic approach of Fante et al. [48].

Regarding Schelkunoff’s and Friis’ partition of the electric field into qua-

sistatic and dynamic parts, it may be possible to demonstrate theoretically

that for a certain class of antennas or under certain conditions the former

dominates the latter at the surface of the antenna. If that were demon-

strated, then a knowledge of the charge distribution would be sufficient to

calculate the surface electric field strength and the numerical complexity of

the calculation would be reduced to essentially an electrostatic problem.

Certainly the measurements of corona onset at 300 MHz could be signifi-
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cantly improved by performing the measurements in an appropriate anechoic

facility. Such was not available during the course of this investigation. Fa-

cilities that are truly anechoic at 300 MHz are less common than those that

perform well above 1 GHz, so a change of frequency might be appropriate if

resources are scarce. A second improvement would be the addition of a more

potent source of ionization. Recent experience with 10 µCurie cesium sources

has been encouraging. The isotope Ce127 produces both high-energy alpha

and gamma particles. The former are useful when the point of corona onset

is near and unshielded; the latter are useful if the source must be located

outside the vacuum chamber or with intervening structure.

The study of a transition frequency between drift-controlled corona onset

and diffusion-controlled corona onset for an isolated, cylindrical monopole

would benefit greatly from measurement of the same. The difficulty facing

researchers to date has been the generation of high voltages between power

frequencies, where transformers are useful, and radio frequencies, where radio

frequency amplifiers are used to generate sufficiently high voltages. A well-

designed experiment might be possible using an auto-transformer.

Finally, a finite element method was used in this investigation to both

calculate the electric field strength at and near the surface of an excited,

linear antenna as well as to calculate the electric field strength at corona

onset by solving the electron diffusion equation at high frequency. The tool

chosen for this work, COMSOL Multiphysics [162], is capable of performing

both calculations simultaneously. The approach holds promise for general

application because its use is not limited to simple geometries.
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Abstract—Corona on electrified conductors is a significant 
source of electromagnetic interference. The Townsend 
integral, which describes breakdown in non-uniform fields, is 
derived from the Boltzmann transport equation. Predictions of 
corona onset are made using recent formulae for net 
ionization. Measurements of 60 Hertz corona onset for an 
isolated, cylindrical electrode were made and are compared 
with predictions. The results confirm that a value of the 
Townsend integral, 3500K = , is a good predictor of corona 
onset for cylindrical geometries over the range 0.1 10rp≤ ≤  
cm-torr. 

Keywords—corona onset; Townsend integral 

I. INTRODUCTION 
About the turn of the last century J. S. Townsend 

published his theory of the electron avalanche as the 
explanatory mechanism of electrical breakdown in gases 
[1]. For breakdown in uniform fields Townsend stated his 
well-known law 
 0

di i eα=  (1) 
where i  is the current at the anode, 0i  is the primary 
current, d  is the distance between the electrodes and α  is 
the ionization coefficient, a function of electric field 
intensity. 

Loeb [2] attributed a modification of the avalanche 
expression for non-uniform electric fields to Townsend [3]: 

 0 .
dx

i i e
α∫=  (2) 

Phillips et al. [4], citing McAllister and Pedersen [5], state 
that “since the integral of (2) dominates the corona onset 
condition and that all methods for calculating corona onset 
are to some extent empirical, the corona onset condition can 
be written as…” 

 ( )
0

exp
d

K dxα η
 

= − 
 
∫  (3) 

Where η  is the attachment coefficient, d  is the ionization 
boundary (whereα η= ) and K  is a constant determined 
by fitting (3) to experimental data. Using expressions for α   

and η  developed by Sarma and Janischewskyj [6] and the 
measured data of Zaengl and Peek [7] Phillips et al. 
calculated K  to be 3500. 

The Townsend integral seems to have been developed 
heuristically.1 The first goal of this work was to show how 
(3) may be derived for cylindrical geometries and low 
frequencies from the Boltzmann transport equation. A 
second goal was to predict the corona onset voltage for a 
simple cylindrical geometry at 60 Hertz using expressions 
for α  and η  developed by Schroeder et al. [8]. A third 
goal was to measure the corona onset voltage made for a 
hemispherically capped monopole at 60 Hertz and compare 
with the predictions. 

II. DERIVATION OF THE TOWNSEND INTEGRAL 
In an appendix to his 1965 paper on microwave 

breakdown, Fante [9] derived the electron continuity 
equation from the Boltzmann transport equation, 

 vvr
f f af J
t

∂ + ∇ ⋅ + ∇ ⋅ =
∂

 (4) 

where ( ), v,f r t  is the electron probability density 
function2, r  is position, v  is electron velocity, a  the 
acceleration due to force and J  is the “binary collision 
integral” or, in this case, the supply of electrons due to 
ionizing collisions. The Boltzmann equation governs 
behavior in six dimensions, three in configuration space and 
three in velocity space. 

If both sides of (4) are multiplied by an arbitrary 
function, ( )vQ  , and integrated over velocity, 1Q =  yields 

 ( )i a
n n
t

ν ν∂ = −∇ ⋅Γ + −
∂

 (5) 

                                                        
1 Nowhere does Townsend seem to derive the integral from more 

fundamental physics but, it appears, from the concept of exponential 
avalanche. 

2 ( ) 3 3, v, vf x t d x d  is defined as the number of electrons in a 

volume 3 3vd x d  about ( ), vx  at time t . 
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where n  is electron density, Γ  is electron current density, 
iν  and aν  are ionization and attachment frequencies 

respectively. The electron current density requires 
definition and that is achieved by multiplying both sides of 
the Boltzmann equation by ( )v vQ =  and integrating over 
velocity. The result is 

 1v
ve

k k
k

n T n nen F V
t m m m

κ µ−∂
− = ∇ − +  −  ∂ ∑ (6) 

Where eT  is electron temperature, F  is force, kµ  is the 
mobility of the kth neutral species and kV  is the ensemble 
averaged velocity of the kth neutral species. In the steady 
state equation (6) yields for vnΓ =  (assuming all species 
have the same velocity V  and kµ  is independent of spatial 
coordinates) 

 v nn n V F Dn
e

µ= + − ∇  (7) 

Where V  is the velocity of convective flow, F  is the time-
averaged force due to the electrical field, D  is the diffusion 
coefficient and µ  is electron mobility. 

 1
1

e

k k

T
D

e
µκ

µ

µ

=

=
∑

 (8) 

When force is stated in terms of electric field intensity 
 .n V n E DnµΓ = − − ∇  (9) 

The three terms on the right-hand side of (9) are, in order, 
convection,, drift and diffusion. Herlin and Brown [10] state 
that in a microwave discharge, in which the excitation 
frequency is relatively large, drift is oscillatory and does not 
contribute to electron transport. Thus the only significant 
loss mechanism is diffusion. However, at lower frequencies 
drift becomes a significant, perhaps dominating, loss 
mechanism because electron motion during a half-cycle is 
large enough to remove electrons from the region of 
ionization. 

When electron drift is the dominant loss mechanism, then 
 EnµΓ = −  (10) 
and (5) becomes 

 ( )n En n
t

µ ν∂ = −∇ ⋅ − +
∂

 (11) 

By separation of variables, the breakdown condition is 
described by the homogeneous ordinary differential 
equation [10] 
 ( ) 0En nµ ν−∇ ⋅ − + =  (12) 
The electric field in the vicinity of an infinite cylindrical 
conductor is 

 0 0
0r

E r
E a r r

r
= ≥  (13) 

Where 0r  is the radius of the conductor. Breakdown is 
described as 

 0 0 0
E r n

r n
r r r
µ ν∂   + = ∂  

 (14) 

or 

 n
n E

ν
µ

′
= −  (15) 

Integrating, 

 
r r

b b

n
n E

ν
µ

′
= −∫ ∫  (16) 

Arbitrarily choosing 0b r= , the solution is 

 ( )
( )

00

exp
r

r

n r
dr

n r E
ν
µ

 
= − 

  
∫  (17) 

At the ionization boundary ( )1r r=  where α η= , 

 
0

1

1

0

exp
r

r

n dr
n E

ν
µ

 
=  

  
∫  (18) 

At sufficiently high pressures where electron motion under 
the influence of an electric field is described in terms of 
drift velocity and mobility, the net ionization frequency, ν , 
can be stated in terms of the ionization and attachment 
coefficients and drift velocity [11, 12], 
 ( ) ( )vd Eν α η α η µ= − = −  (19) 
and so 

 

( )

( ) ( )

0

1

0

1

1 0

0

exp

exp

r

r

r

r

n n dr

n d rp
p

α η

α η

 
= − 

  
 −

=  
  

∫

∫
 (20) 

which is the Townsend integral. 

III. CORONA ONSET PREDICTION 
Predictions of corona onset were made using equations by 
Schroeder [13] fitted to ionization data collected by 
Badaloni and Gallimberti [14]: 

 

( )

1

3 2

12 5 9 4 6 3

4 2 2 1

2
1

exp 60
1.95

5.82 10exp 35
4.95

2.24 10 6.92 10 45
3.207 10 3.259 10 1.485 10

3.44 10 1.875 10 3.013 10 250

3.56 101.45 10 exp 250,

x
p x

x x

x x
x x x

p
x x x

x
x

η

α
− −

− − −

− − −

−
=

  − × ≤  
 

 × − × ≤
= − × + × − × +
 × − × + × ≤
  − ×
 × > 
  

 (21) 

where x E p=  in V/cm-torr and the attachment and 
ionization coefficients are expressed in units of 1/cm-torr. 
Schroeder’s formulae were chosen because they describe 
net ionization over a range of E p  greater than those of 
Sarma and Janischewskyj [6] (see fig. 1). 
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Figure 1.  Net Ionization Formulae Compared 

 

IV. MEASUREMENT OF CORONA ONSET 
Corona onset voltages were measured for a 

hemispherically capped monopole in a vacuum chamber as 
a function of pressure and temperature. 

The monopole was 0.25 meters long with a radius of 
3.8x10-4 meters. It was manufactured of brass and the 
hemispherical cap was shaped using microscopic 
inspection. The monopole was mounted on a ground plane 
0.15 meters in radius. Insulating material was installed on 
the lower 3 cm of the monopole to prevent breakdown 
between the monopole and the ground plane. 

The vacuum chamber was a steel bell mounted on an 
aluminum plate. The bell was 0.8 meters tall at the center of 
the dome and 0.3 meters in radius. The monopole was 
mounted in the center of the bell’s interior on a ground 
plane 0.3 meters above the floor of the chamber. The 
ground plane, bell and plate were conductively bonded and 
referenced to the ground lead of the voltage source. 

The monopole was excited with a high voltage ac source 
at 60 Hertz. Near the top of the monopole was an ionizing 
source (americium-241) that provided initial ionization for 
corona formation. 

Before a series of measurements, the chamber, ground 
plane and monopole were carefully cleaned. The monopole 
was repeatedly cleaned between corona events. In 
preparation for a measurement the chamber was sealed and 
pumped down to about 1 torr then backfilled with air dried 
through a desiccant. The dry air was then pumped down to 
the target pressure and the chamber stabilized. Thus the air 
was entirely changed between each measurement of corona 
onset. Both temperature and pressure in the chamber were 
recorded. 

The exciting voltage was stepped in increments of about 
1% until corona was noted. The voltage was held at each 
step for 5 seconds or more to allow time for corona onset. 
With the aid of the ionizing source corona was established 
in much less than a second upon reaching the corona onset 
voltage. 

Corona onset and extinction were detected using the 
unaided human eye per ANSI Standard C29.1 [15]. The 
area near the chamber’s viewport was thoroughly darkened 

and the observer’s eyes were allowed to adjust to the 
darkness before attempting measurements. Corona 
inception was consistently observed on the cylindrical 
section of the electrode. 

Measurements were made at 22 pressures between 1 and 
150 torr. Results are plotted in Figure 3. 

V. FINITE ELEMENT ANALYSIS OF SURFACE ELECTRIC 
FIELD 

A finite element analysis of the monopole, ground plane 
and vacuum chamber was performed in order to correlate 
the excitation voltage with the electric field intensity on the 
surface of the monopole. Fig. 2 shows the geometry used in 
the analysis (dimensions in meters). The analysis was 
performed using COMSOL Multiphysics software [16] in 
an axi-symmetric mode. The electric field intensity at the 
surface of the monopole was calculated to be 15.4 V/cm per 
Volt of excitation. 

 
Figure 2.  Vaccum Chamber Geometry for Finite Element Analysis 

VI. RESULTS 
Fig. 3 compares predictions of corona onset with 

measurements. The data is presented in proper variables, 
i.e. E p  in V/cm-torr as a function of rp  in cm-torr where 
E  is electric field intensity, p  is pressure and r  is the 
radius of the electrode. The small divergence between 
measurement and prediction below 0.1rp =  cm-torr is due 
to granularity in the measurement of pressure. 

Pressure was corrected for temperature using the 
formula, 

 273
273observedp p

T
 =  + 

 (22) 

where T  is temperature in degrees Centigrade. 
The results confirm that a value of the Townsend 

integral, 3500K = , is a good predictor of corona onset for 
cylindrical geometries over the range 0.1 10rp≤ ≤  cm-torr. 
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Figure 3.  Predicted and Measured Corona Onset Compared 
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Abstract—Corona on antennas or transmission lines is a 
significant source of electromagnetic interference on aircraft. 
A corona onset criterion, which describes breakdown in non-
uniform RF fields, is derived from the Boltzmann transport 
equation. Predictions of corona onset are made using recent 
formulae for net ionization. Measurements of 300 MHz corona 
onset for an isolated, cylindrical electrode were made and are 
compared with predictions. The results confirm that the 
derived breakdown criterion is a good predictor of RF corona 
onset at 300 MHz for cylindrical geometries where diffusion is 
the dominant electron loss mechanism in the range 
0.1 10rp≤ ≤  cm-torr. 

Keywords—corona onset; high frequency breakdown 

I. INTRODUCTION 
After the British invention of the cavity magnetron in 

1940 came a series of developments on both sides of the 
Atlantic that increased the power and efficiency of 
microwave devices by orders of magnitude [1]. It soon 
became apparent that a limit to further development was the 
electrical breakdown of air in cavities and transmission 
lines. In 1948 Herlin and Brown [2-4] published a diffusion 
theory of high frequency gas discharge breakdown that 
accurately predicted breakdown in coaxial structures and 
cylindrical cavities. 

As the jet age dawned and high-power communications 
and sensors found their way onto high-altitude air vehicles 
a new problem arose: the breakdown of air around antennas 
and open transmission lines. The onset of corona in high-
power RF systems often resulted in loss of function, 
interference to other systems and damage. Scientists in 
government and industry soon applied the theory of 
electron diffusion to this new problem. Most notable were 
the efforts of Chown, Morita, Scharfman and Taylor [5-10]; 
Fante, Yos and Otazo [11-15]; and Woo [16]. 

A previous work derived a criterion for corona onset (the 
Townsend integral) at 60 Hz for simple cylindrical 
geometries from the Boltzmann transport equation and 

showed good agreement with experimental results [17]. The 
first goal of this work was to derive a criterion for high 
frequency breakdown for simple cylindrical geometries 
from the Boltzmann transport equation. A second goal was 
to predict the corona onset voltage for a simple cylindrical 
geometry at 300 MHz using expressions for α  and η  
developed by Schroeder et al. [18]. A third goal was to 
describe measurements of the corona onset voltage for a 
hemispherically capped monopole at 300 MHz and 
compare with the predictions. 

 

II. CORONA ONSET PREDICTION 
Predictions of corona onset were made using a criterion for 
high frequency breakdown derived from the Boltzmann 
transport equation (see Appendix) and equations by 
Schroeder [19] fitted to ionization data compiled by 
Badaloni and Gallimberti [20]: 
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(1) 

where x E p=  in V/cm-torr and the attachment and 
ionization coefficients are expressed in units of 1/cm-torr. 
Schroeder’s formulae were chosen because they describe 
net ionization over a range of E p  greater than those of 
Sarma and Janischewskyj [21] (see fig. 1). 



285

 
Figure 1.  Net Ionization Formulae Compared 

 

III. MEASUREMENT OF CORONA ONSET 
Corona onset voltages were measured for a 

hemispherically capped monopole in a vacuum chamber as 
a function of pressure and temperature. 

The monopole was 0.25 meters long with a radius of 
3.8x10-4 meters. It was manufactured of stainless steel and 
the hemispherical cap was shaped using microscopic 
inspection. The monopole was mounted on a ground plane 
0.7 meters square that served as the floor of the vacuum 
chamber. Paraffin was molded on the lower 5 cm of the 
monopole to prevent breakdown between the monopole and 
the ground plane. 

The vacuum chamber was completed with a glass bell. 
The bell was 0.78 meters tall at the center of the dome and 
0.23 meters in radius. The monopole was mounted in the 
center of the bell’s interior on the vacuum plate. 

The monopole was excited with a signal source and RF 
amplifier at 300 MHz (see Fig. 2). Ultraviolet illumination 
from a mercury vapor arc promoted electron production at 
the surface of the antenna. 

 

RF Source Directional
Coupler

Power
Meter

Power
MeterLoad  

 
Figure 2. Experimental Apparatus 

 

Before a series of measurements were made, the bell, 
ground plane and monopole were carefully cleaned. The 
monopole was repeatedly cleaned between corona events. 
In preparation for a measurement the chamber was sealed 
and pumped down to about 1 torr then backfilled with air 
dried through a desiccant. The chamber was evacuated to 
the target pressure and stabilized. Thus the air was entirely 
changed between each measurement of corona onset. Both 
temperature and pressure in the chamber were recorded. 

The RF excitation was increased slowly until corona was 
noted. With the aid of the ultraviolet source corona was 
established in much less than a second upon reaching the 
corona onset voltage. 

Corona onset and extinction were detected using the 
unaided human eye per ANSI Standard C29.1 [22]. The 
chamber was located in a darkened, shielded room and the 
observer’s eyes were allowed to adjust to the darkness 
before attempting measurements. Corona inception was 
consistently observed at the tip of the monopole. 

Measurements were made at 14 pressures between 5 and 
100 torr. Results are plotted in Figure 3. 

IV. NUMERICAL ANALYSIS OF SURFACE ELECTRIC FIELD 
An analysis of the monopole and ground plane was 

performed using the Numerical Electromagnetic Code 
(NEC) [23] to correlate the antenna current distribution 
with the electric field intensity at the surface of the 
monopole. The electric field at the surface of the monopole 
is dominated by the quasistatic component [24] and is 
calculated either from an estimate of the antenna’s charge 
distribution or by extrapolating the calculated near electric 

field to the surface assuming 1
r

 dependence [8]. The ratio 

of electric field intensity at the tip of the monopole to the 
drive point current was calculated to be 2180 ohm/cm at 
300 MHz. 

V. RESULTS 
Fig. 3 compares predictions of corona onset with 

measurements. The data is presented in proper variables, 
i.e. E p  in V/cm-torr as a function of rp  in cm-torr where 
E  is electric field intensity, p  is pressure and r  is the 
radius of the electrode. 

Pressure was corrected for temperature using the 
formula, 

 273
273observedp p

T
 =  + 

 (2) 

where T  is temperature in degrees Centigrade. 
The RF corona onset criterion predicted by (20) can be 

fitted to a 2nd order polynomial curve valid over the range 
0.1 100rp≤ ≤ cm-torr with a correlation coefficient 

2 0.988R = , 

 ( )
( )

2

0

0

0.0588 0.449 4.44
ln  cm-torr

ln  volts/cm-torr

y x x
x r p

y E p

= − +
=

=

 (3) 
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The results confirm that at high frequency, the electron 
continuity equation with only the diffusion loss term is a 
good predictor of corona onset for isolated cylindrical 
geometries over the range 0.1 100rp≤ ≤  cm-torr. 
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Figure 3.  Predicted and Measured Corona Onset 

APPENDIX: HIGH FREQUENCY BREAKDOWN CRITERION 
In an appendix to his 1965 paper on microwave 

breakdown, Fante [11] derived the electron continuity 
equation from the Boltzmann transport equation, 

 vr
f f f J
t

∂ + ∇ ⋅ + ∇ ⋅ =
∂

v a  (4) 

where ( ), ,f tr v  is the electron probability density 
function1, r  is position, v  is electron velocity, a  the 
acceleration due to force and J  is the “binary collision 
integral” or, in this case, the supply of electrons due to 
ionizing collisions. The Boltzmann equation governs 
behavior in six dimensions, three in configuration space and 
three in velocity space. 

If both sides of (4) are multiplied by an arbitrary 
function, ( )vQ  , and integrated over velocity, 1Q =  yields 

 ( )i a
n n
t

ν ν∂ = −∇ ⋅ + −
∂

Γ  (5) 

where n  is electron density, Γ  is electron current density, 
iν  and aν  are ionization and attachment frequencies 

respectively. The electron current density requires 
definition and that is achieved by multiplying both sides of 
the Boltzmann equation by ( )v vQ =  and integrating over 
velocity. The result is 

 1v
ve

k k
k

n T n nen V
t m m m

κ µ−∂
− = ∇ − +  −  ∂ ∑F (6) 

Where eT  is electron temperature, F  is force, kµ  is the 
mobility of the kth neutral species and kV  is the ensemble 
averaged velocity of the kth neutral species. In the steady 
state equation (6) yields for vnΓ =  (assuming all species 

                                                        
1 ( ) 3 3, , vf t d x dx v  is defined as the number of electrons in a 

volume 3 3vd x d  about ( ),x v  at time t . 

have the same velocity V  and kµ  is independent of spatial 
coordinates) 

 v nn n V Dn
e

µ= + −∇F  (7) 

Where V  is the velocity of convective flow, F  is the time-
averaged force due to the electrical field, D  is the diffusion 
coefficient and µ  is electron mobility. 

 1
1

e

k k

T
D

e
µκ

µ

µ

=

=
∑

 (8) 

When force is stated in terms of electric field intensity 
 .n n Dnµ= − − ∇Γ V E  (9) 
The three terms on the right-hand side of (9) are, in order, 
convection,, drift and diffusion. Herlin and Brown [3] state 
that in a microwave discharge, in which the excitation 
frequency is relatively large, drift is oscillatory and does not 
contribute to electron transport. Thus, if convection can be 
neglected, diffusion will be the only significant loss 
mechanism at high frequency.2 

When electron diffusion is the dominant loss mechanism, 
then 
 Dn= −∇Γ  (10) 
and (5) becomes 

 2n Dn n
t

ν∂ = ∇ +
∂

 (11) 

where ν  is the net ionization frequency. Since the diffusion 
coefficient, D , varies slowly as a function of electric field 
intensity, 2 2D n n D∇ ∇  and so 

 2n D n n
t

ν∂ ∇ +
∂

 (12) 

If we assume 
 ( ) ( ) ( ),n r t r tθ φ=  (13) 
then the breakdown condition is described in cylindrical 
coordinates by the homogeneous ordinary differential 
equation [3] 

 1 0
r D

νθ θ θ′′ ′+ + =  (14) 

which is Bessel’s equation and has Bessel functions of 
integer order for solutions. 

With application of appropriate boundary conditions it is 
possible, in principle, to derive a non-trivial solution by use 
of Cramer’s rule. In several papers by Herlin and Brown [2-
4] breakdown is calculated between coaxial cylinders. The 
walls of the inner and outer cylinders are natural boundaries 
where the electron density, n , vanishes. Fante et al. [14] 
derived similar breakdown conditions for coaxial cylinders 
but with the provision that the distance between them is so 
great that an ionization boundary may form (where 

0i aν ν ν= − = ). In such a case there are three natural 
boundaries: the two cylinder walls and the ionization 

                                                        
2 An example of convection would be airflow. 
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boundary where there is a singularity. Fante’s approach was 
to form two problems with three boundaries. In the interior 
region where 0ν > , iν ν ; in the outer region where 

0ν < , av v . At the cylinder walls the electron density 
vanishes and at the ionization boundary the solutions and 
their first derivatives are set equal to each other. By this 
means Fante calculated breakdown criteria in good 
agreement with experimental results. As the outer boundary 
becomes very large or infinite, the solution describes 
corona onset for an isolated electrode. 

If one uses proper variables, i.e. E p  in V/cm-torr as a 
function of rpρ =  in cm-torr where E  is electric field 
intensity, p  is pressure and r  is radius and, further, if 

0ρ describes the surface of the cylindrical electrode, 1ρ  the 
ionization boundary and 2ρ  an arbitrarily large outer 
boundary at which the electron density is vanishingly small 
then in the ionization region ( 1 2ρ ρ ρ≤ ≤ ) electron density 
is described as 

 
2

2

1 0in n
D
ν ν

ρ ρρ
∂ ∂+ + =

∂∂
 (15) 

And the solution is 
 ( ) ( ) ( )1 1 0 1 2 0 1n a J a Yρ λ ρ λ ρ= +  (16) 

where 1
i

D
νλ = . 

In the attachment region ( 1ρ ρ> ) the expression for 
electron density is 

 
2

2

1 0an n n
D

ν
ρ ρρ

∂ ∂+ − =
∂∂

 (17) 

And the solution is 
 ( ) ( ) ( )2 3 0 2 4 0 2n a K a Iρ λ ρ λ ρ= +  (18) 

where 2
a

D
νλ = . 

The applicable boundary conditions are 
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2 2 2
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0,
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n
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n n

ρ
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ρ ρ
ρ ρ

=

= → ∞

=
′ ′=

 (19) 

Solutions exist for values of 1λ and 2λ  for which 

( ) ( )
( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

0 1 0 0 1 0

0 2 2 0 2 2

0 1 1 0 1 1 0 2 1 0 2 1

0 1 1 0 1 1 0 2 1 0 2 1

0 0
0 0

0

J Y
K I

J Y K I
J Y K I

λ ρ λ ρ
λ ρ λ ρ

λ ρ λ ρ λ ρ λ ρ
λ ρ λ ρ λ ρ λ ρ

=
− −

′ ′ ′ ′− −

 (20) 

 
From (20) it is possible to calculate electric field strength 
limits for corona onset for a particular pressure and 
electrode radius. 
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Corona Onset Voltage at 60 Hz and at High
Frequency for an Isolated Cylindrical Monopole
William O. Price, Member, IEEE, John Drapala, Member, IEEE, David V. Thiel, Senior Member, IEEE,

and Robert G. Olsen, Fellow, IEEE

Abstract—Corona on electrified conductors (power lines, trans-
mission lines, and antennas) is a significant source of elec-
tromagnetic interference to aircraft. The Townsend integral,
which describes breakdown in low-frequency non-uniform fields,
is derived from the electron continuity equation. Predictions
of corona onset are made using published formulas for net
ionization. Measurements of 60 Hz corona onset for an isolated
cylindrical monopole are compared with predictions. A corona
onset criterion, which describes breakdown in non-uniform radio
frequency (RF) fields, is also derived from the electron continuity
equation. Measurements of corona onset at 300 MHz for the same
isolated cylindrical monopole are compared with predictions. The
results confirm that the derived breakdown criteria are good
predictors of corona onset at both 60 Hz and 300 MHz for
cylindrical geometries in the range 0.1 ≤ rp ≤ 10 cm·torr. A
discussion of the transition frequency between power frequency
and high frequency corona onset is included.

Index Terms—aircraft; antennas; corona; cylindrical
monopole; diffusion equations; electromagnetic interference;
electron continuity equation; ionization

I. INTRODUCTION

FROM the first days of manned flight until now, electrical
discharges have played a significant role in aviation

incidents and accidents. Best known are the lightning and static
discharges that have each claimed their victims1; precipitation
static has interfered with flight-critical communications and
navigation2. Less known are the corona discharges and arcing
that disable electric power and RF systems in the rarefied air
of the flight regime. While the literature on lightning and
precipitation static is relatively large, that on electrical and
radio frequency corona in flight is sparse. In this paper we

Manuscript received October 31, 2007.
W. Price is with the Boeing Company, Seattle, WA, 98124 USA e-

mail: William.O.Price@Boeing.com. J. Drapala is with the Boeing Company,
Seattle, WA, 98124 USA e-mail: John.Drapala@Boeing.com.

D. Thiel is with the Griffith School of Engineering, Griffith University of
Brisbane, QLD 4111, Australia.

R. Olsen is with the College of Engineering and Architecture, Washington
State University of Pullman, WA 99164 USA.

1Among the earliest reports are those of the German Naval dirigible, L10,
that crashed on September 3, 1915, at the mouth of the Elbe with 19 killed
after a lightning attachment, and the German Naval dirigible, SL9, that crashed
and burned on March 30, 1917, in the Baltic sea with 23 people killed after
lightning attachment. The Hindenburg tragedy may have resulted from an
inadvertent static discharge while mooring. An untold number of fixed-wing
aircraft succumbed to lightning before western governments kept adequate
records. Loss of life and aircraft by lightning extends into the present era.

2When the U.S. Government required communication and navigation radios
in commercial aircraft in the 1930s, the phenomenon was termed ”radio range
variation” [1]. It was almost ten years before the cause of the interference
was correctly identified and a reasonable mitigation implemented. To this day
precipitation static poses a significant hazard to flight.

relate a general theory of corona onset that spans both power
and radio frequencies in the regime of flight. We report the
results of experimental measurements of corona onset for a
cylindrical monopole at 60 Hz and 300 MHz. We extend
previous work [2], [3] with a discussion of the frequency at
which one phenomenon might change to the other.

A. Technical Approach and Assumptions

Corona is a local phenomenon. A necessary condition for
its onset is an electric field strong enough in a region large
enough to support an exponential avalanche of electrons by
ionizing collision. Since the electric fields very near power
lines, RF transmission lines, and antennas are typically non-
uniform, the onset of corona will be dependent on both the
strength of the field at the surface of the conductor and the
degree of field non-uniformity.

If one describes an arbitrarily convex, conductive surface
by a minimum radius of curvature, then the divergence of the
local electric field adjacent to the surface will fall within two
extremes. The first is the spherical with two equal orthogonal
radii of curvature; the second is the cylindrical with only one
finite radius of curvature. All other things being equal, the
lowest threshold of corona onset, as measured by surface elec-
tric field intensity, will be associated with the least divergent
electric field. Thus, our work has focused on corona onset of
cylindrical conductors.

Furthermore, since other conductors near the region of
ionization induce electron loss in addition to diffusion and
drift and raise the threshold of corona onset, we have analyzed
breakdown for an isolated, cylindrical monopole.

B. Low Frequency Corona

About the turn of the last century J. S. Townsend published
his theory of the electron avalanche as the explanatory mech-
anism of electrical breakdown in gases [4]. For breakdown in
uniform fields Townsend stated his well-known law,

i = i0e
αx, (1)

where i is the current at the anode, i0 is the primary current, x
is the distance between the parallel plate electrodes, and α is
the electron ionization coefficient, a strong function of electric
field intensity.

Loeb [5] attributed a modification of the avalanche expres-
sion for non-uniform electric fields to Townsend [6]:

i = i0e
∫

αdx, (2)
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Phillips et al. [7], citing McAllister and Pedersen [8], state
that “since the integral of [(2)] dominates the corona onset
condition and that all methods for calculating corona onset
are to some extent empirical, the corona onset condition can
be written as . . . ”

K = exp

[∫ d

0

(α− η)
p

dx

]
, (3)

where η is the electron attachment coefficient, d is the ioniza-
tion boundary (where α = η) and K is a constant determined
by fitting (3) to experimental data. Using expressions for α
and η developed by Sarma and Janischewskyj [9] Pedrow and
Olsen [10] calculated K to be 3500.

The Townsend integral seems to have been developed
heuristically. Nowhere did Townsend derive the integral from
more fundamental physics but, it appears, from the concept of
the electron avalanche, an obviously exponential phenomenon.

C. High Frequency Corona

After the British invention of the cavity magnetron in 1940
came a series of developments on both sides of the Atlantic
that increased the power and efficiency of microwave devices
by orders of magnitude [11]. It soon became apparent that a
limit to further development was the electrical breakdown of
air in cavities and transmission lines.

As the jet age dawned and high-power communications and
sensors found their way onto air vehicles, a new problem
arose: the breakdown of air around antennas. The onset of
corona in high-power RF systems often resulted in loss of
function, interference to other systems, and damage. The
earliest report of voltage breakdown of airborne antennas is
found in the U.S. Army’s records of German scientific research
before World War II [12].3 Just after the war, Posin [13] related
that “[d]uring the course of the radar work at the Radiation
Laboratory, M.I.T., serious problems were posed by undesired
sparking of radiofrequency components when high power
emanated from magnetrons.” In 1948 Herlin and Brown [14]–
[16] summarized the work at the Radiation Laboratory and
published a diffusion theory of high frequency gas breakdown
that accurately predicted breakdown in coaxial structures and
cylindrical cavities. The most significant work in the three
decades after the war was performed by Brown et al. at the
Massachusetts Institute of Technology [17], [18], Chown et
al. at Stanford Research Institute [19]–[25], and Fante et al.
at AVCO Corporation [26]–[34].

The two phenomena—power frequency and radio frequency
corona—are markedly different. They occur at different elec-
tric field intensities; the corona produced by high frequency
excitation is brighter than that produced by power frequency
excitation; the two phenomena occur in very different systems.
On the other hand, both are the result of ionization by electron
collision. We will argue that both phenomena are explained
by the same theory and that the notable differences are due to
different electron loss mechanisms.

3Mehlhardt’s report dates from 1937, well before the introduction of air-
borne radar on German military aircraft in 1940 [11]. The reported breakdown
probably had to do with high-frequency radio equipment.

II. THEORY

In an appendix to his 1965 paper on microwave breakdown,
Fante [26] derived the electron continuity equation from the
Boltzmann transport equation,

∂n

∂t
= −∇ · Γ + (νi − νa)n, (4)

where n is electron density, Γ is electron current density,
νi and νa are electron ionization and attachment frequencies
respectively4. The electron current density is

Γ = 〈V 〉n− µEn−∇Dn, (5)

where V is the velocity of the gas, µ is electron mobility and
D is the diffusion coefficient. The three terms on the right
hand side of (5) are, in order, convection, drift, and diffusion.
For the purposes of this study we have excluded convection
because most antennas of interest are behind radomes and
in relatively still air. Herlin and Brown [14] state that in a
microwave discharge, in which the excitation frequency is
relatively large, drift is oscillatory and does not contribute to
electron transport. Thus, the only significant loss mechanism
is diffusion. However, at lower frequencies drift becomes the
dominant loss mechanism because electron motion during a
half-cycle is large enough to remove electrons from the region
of ionization.

A. Low Frequency Corona

When electron drift is the dominant loss mechanism, then

Γ = µEn (6)

and (4) becomes

∂n

∂t
= −∇ · (−µEn) + νn, (7)

where ν is the net electron ionization frequency and represents
the difference between ionization and attachment frequencies,

ν = νi − νa. (8)

The criterion for corona onset corresponds to the right hand
side of (7) becoming positive in the vicinity of the monopole
(see appendix). The electron continuity equation may be
solved by a separation of variables. Let

n(r, t) = nr(r)nt(t), (9)

and the solution to the left-hand side of (7) becomes

nt(t) = eλt. (10)

Nascent electron density will decay if λ is negative but as λ
becomes positive, electron density will grow exponentially and
corona will form. Corona onset is described by the boundary
between the two behaviors, λ = 0, and therefore by the
homogeneous ordinary differential equation

−∇ · (−µEnr) + νnr = 0. (11)

4Though the Boltzmann transport equation describes all charged and neutral
species, electrons dominate the breakdown of air because of their small mass
and consequent ability to gain energy from the electric field. In this work,
only the contribution of electrons to the breakdown process is considered.
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The electric field in the vicinity of an infinite cylindrical
conductor is assumed to be predominantly radial [35],

E(r) ≈ E0r0

r
for r ≥ r0, (12)

where E0 is the electric field intensity at the surface of the
monopole and r0 is the radius of the monopole. Breakdown
is described as

µ

r

∂

∂r

(
r
E0r0nr

r

)
+ νnr = 0 (13)

or
n

′
r

nr
= − ν

µE(r)
. (14)

Integrating over r and choosing as the limits of integration
the surface of the electrode and the ionization boundary, r0

and r1 respectively,

nr(r1)
nr(r0)

= exp
[∫ r0

r1

ν

µE(r)
dr

]
. (15)

In order to be a useful predictor of corona onset, (15) is
empirically calibrated (see (3)). At sufficiently high pressures
where electron motion under the influence of an electric
field is described in terms of drift velocity and mobility, the
net ionization frequency, ν , can be stated in terms of the
ionization and attachment coefficients and drift velocity [36],
[37],

ν = (α− η) vd = (α− η) µE, (16)

and so

nr(r1) = nr(r0) exp
[∫ r0

r1

(α− η)
p

d (rp)
]

(17)

which is the Townsend integral.

B. High Frequency Corona

At high frequency where diffusion is the dominant electron
loss mechanism,

Γ = −∇Dnr (18)

and (4) becomes

∂n

∂t
= ∇2Dn + νn. (19)

Since the diffusion coefficient, D, varies slowly as a func-
tion of electric field intensity, i.e., D∇2n >> n∇2D , so

∂n

∂t
≈ D∇2n + νn. (20)

By separation of variables the criterion for corona onset
is described in cylindrical coordinates by the homogeneous
ordinary differential equation

∂2nr

∂r2
+

1
r

∂nr

∂r
+

ν

D
nr = 0 (21)

which is Bessel’s equation and has Bessel functions of integer
order for solutions.

With appropriate boundary conditions it is possible, in
principle, to derive a non-trivial solution of (21) by use of
Cramer’s rule. In several papers by Herlin and Brown [14]–
[16] breakdown is calculated between coaxial cylinders. The

walls of the inner and outer cylinders are natural boundaries
where the electron density, nr, vanishes. Fante et al. [32]
derived similar breakdown conditions for coaxial cylinders but
with the provision that the distance between them is so great
that an ionization boundary may form (where ν = νi−νa = 0).
In such a case there are three natural boundaries: the two
cylinder walls and the ionization boundary where there is a
singularity. Fante’s approach was to form two problems with
three boundaries. In the interior region where ν > 0 , ν ≈ νi ;
in the outer region where ν < 0 , ν ≈ νa. At the cylinder walls
the electron density vanishes and at the ionization boundary
the solutions and their first derivatives are set equal to each
other. By this means Fante calculated breakdown criteria
in good agreement with experimental results. As the outer
boundary becomes very large or infinite, the solution describes
corona onset for an isolated monopole.

If one uses proper variables, i.e., E/p in V/cm·torr as a
function of ρ = rp in cm·torr, where E is electric field
intensity, p is pressure, and r is radius and, further, if ρ0

describes the surface of the cylindrical monopole, ρ1 the
ionization boundary, and ρ2 an arbitrarily large outer boundary
at which the electron density vanishes, then in the ionization
region (ρ0 < ρ < ρ1) electron density is described as

∂2nr

∂ρ2
+

1
ρ

∂nr

∂ρ
+

νi/p

Dp
nr = 0. (22)

The general solution is

nr1(ρ) = a1J0(γ1ρ) + a2Y0(γ1ρ), (23)

where

γ1 =

√
νi/p

Dp
. (24)

In the attachment region (ρ > ρ1) the expression for electron
density is

∂2nr

∂ρ2
+

1
ρ

∂nr

∂ρ
− νa/p

Dp
nr = 0 (25)

and the general solution is

nr2(ρ) = a3K0(γ2ρ) + a4I0(γ2ρ), (26)

where

γ2 =

√
νa/p

Dp
. (27)

The applicable boundary conditions are:

nr1(ρ0) = 0,
nr2(ρ2) = 0, as ρ2 →∞,
nr1(ρ1) = nr2(ρ1),
n

′
r1(ρ1) = n

′
r2(ρ1).

(28)

Solutions exist for values of γ1 and γ2 for which
∣∣∣∣∣∣∣∣

J0(γ1ρ0) Y0(γ1ρ0) 0 0
0 0 K0(γ2ρ2) I0(γ2ρ2)

J0(γ1ρ1) Y0(γ1ρ1) −K0(γ2ρ1) −I0(γ2ρ1)
J

′
0(γ1ρ1) Y

′
0 (γ1ρ1) −K

′
0(γ2ρ1) −I

′
0(γ2ρ1)

∣∣∣∣∣∣∣∣
= 0.

(29)
From (29) it is possible to calculate the electric field strength

corresponding to corona onset for a particular pressure and
monopole radius.
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III. EXPERIMENTAL WORK

A. Measurement of Corona Onset at 60 Hz

Corona onset voltages were measured for a hemispherically
capped monopole in a vacuum chamber as a function of
pressure and temperature.

The monopole was 25 cm long with a radius of 3.8× 10−2

cm. It was made of stainless steel with a hemispherical cap.
The monopole was mounted on a ground plane 15 cm in
radius. Insulating material was installed on the lower 3 cm
of the monopole to prevent breakdown between the monopole
and the ground plane.

The vacuum chamber was a steel bell mounted on an
aluminum plate. The bell was 80 cm tall at the center of the
dome and 30 cm in radius. The monopole was mounted in the
center of the bell’s interior. The ground plane, bell and plate
were conductively bonded and referenced to the ground lead
of the voltage source.

The monopole was excited with a 60 Hz source. Near the
top of the monopole was an ionizing source (americium-241)
that provided initial ionization for corona formation.

Before a series of measurements, the chamber, ground
plane, and monopole were carefully cleaned. The monopole
was repeatedly cleaned between corona events. In preparation
for a measurement, the chamber was sealed and pumped
down to about 1 torr then backfilled with air dried through
a desiccant. The dry air was then pumped down to the target
pressure and the chamber stabilized. Thus, the air was entirely
changed between successive measurements of corona onset.
Both temperature and pressure in the chamber were recorded.

The exciting voltage was stepped in increments of about
1% until corona was noted. The voltage was held at each step
for 5 seconds or more to allow time for corona onset. With
the aid of the ionizing source, corona was established in much
less than a second upon reaching the corona onset voltage.

Corona onset was detected using the unaided human eye
per ANSI Standard C29.1 [38]. The area near the chamber’s
view port was thoroughly darkened and the observer’s eyes
were allowed to adjust to the darkness. Corona inception was
consistently observed on the surface of the cylindrical section
of the monopole. The radius of the corona varied inversely
with pressure but did not extend to the walls or floor of the
vacuum chamber.

Measurements were made at 22 pressures between 1 and
150 torr.

1) Finite Element Analysis of Surface Electric Field: A
finite element analysis of the monopole, ground plane, and
vacuum chamber was performed to correlate the excitation
voltage with the electric field intensity on the surface of the
monopole. Fig. 1 shows the geometry used in the analysis.
The analysis was performed using COMSOL Multiphysics
software [39] in an axi-symmetric mode. The ratio of electric
field intensity at the surface of the monopole to potential at
the drive point was calculated to be 15.4 V/cm per volt.

2) Results: Fig. 2 compares predictions of corona onset
with measurements at 60 Hz. The data are presented in
proper variables, i.e., E/p in V/cm·torr as a function of rp
in cm·torr. The small divergence between measurement and

Fig. 1. Vacuum chamber geometry for the finite element analysis.

prediction below rp = 0.1 cm·torr is due to granularity in the
measurement of pressure.
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Fig. 2. Predicted and measured corona onset at 60 Hz compared .

Pressure was corrected for temperature using the formula,

p = pobserved

(
288.15

273 + T

)
, (30)

where T is temperature in degrees Centigrade.
The results confirm that a value of the Townsend integral,

K = 3500, is a good predictor of corona onset at 60 Hz for
cylindrical geometries over the range 0.1 < rp < 10 cm·torr.

The 60 Hz corona onset criterion predicted by (17) can
be fitted to a second-order polynomial curve valid over the
range 0.1 < rp < 100 cm·torr with a correlation coefficient
R2 = 0.999,

y = 0.049x2 − 0.587x + 6.03
x = ln(r0p) cm · torr
y = ln(E0/p) volts/cm · torr.

(31)

B. Measurement of Corona Onset at 300 MHz

Corona onset voltages were measured for the hemispheri-
cally capped monopole in a vacuum chamber as a function
of pressure and temperature. The frequency, 300 MHz, was
chosen because a monopole resonant at that frequency fit the
available vacuum apparatus.
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The monopole was the same used in measurement of corona
onset at 60 Hz. The monopole was mounted on a ground plane
70 cm square that served as the floor of the vacuum chamber.
Paraffin was molded on the lower 5 cm of the monopole
to prevent breakdown between the monopole and the ground
plane.

The vacuum chamber was completed with a glass bell. The
bell was 78 cm tall at the center of the dome and 23 cm in
radius. The monopole was mounted in the center of the bell’s
interior on the vacuum plate. The protocols for cleaning the
apparatus and exchanging air were the same used in the 60
Hz measurements.

The monopole was excited with a signal source and RF
amplifier at 300 MHz (see Fig. 3). Ultraviolet illumination
from a mercury vapor arc promoted electron production at
the surface of the antenna. The RF excitation was increased
slowly until corona was noted. With the aid of the ultraviolet
source, corona was established in much less than a second
upon reaching the corona onset voltage.

RF Source Directional Coupler

Power
Meter

Power
Meter

Load

UV Lamp

Glass bell

Monopole

Fig. 3. Experimental apparatus.

Corona onset was detected using the unaided human eye
per ANSI Standard C29.1 [38]. The chamber was located in a
darkened, shielded room and the observer’s eyes were allowed
to adjust to the darkness before attempting measurements.
Corona inception was consistently observed along the upper
2 cm of the cylindrical portion of the monopole. The corona
was quite intense but was confined within a centimeter of the
monopole.

Measurements were made at 14 pressures between 5 and
100 torr.

1) Numerical Analysis of Surface Electric Field: An analy-
sis of the monopole and ground plane was performed using the
Numerical Electromagnetic Code (NEC) [40] to correlate the
antenna current distribution with the electric field intensity at
the surface of the monopole. The electric field at the surface of

the monopole is dominated by the quasistatic component [35]
and is calculated either from an estimate of the antenna’s
charge distribution or by extrapolating the calculated near
electric field to the surface assuming 1/r dependence [22].
The ratio of electric field intensity at the top of the monopole
to the drive point current was calculated to be 2180 V/cm per
ampere at 300 MHz. The drive point current was calculated
from a measurement of input power and antenna impedance.

2) Results: Fig. 4 compares predictions of corona onset
with measurements at 300 MHz. Pressure was corrected for
temperature. The results confirm that at 300 MHz, the electron
continuity equation with only the diffusion loss term is a good
predictor of corona onset for isolated, cylindrical geometries
over the range 0.1 < rp < 10 cm·torr.
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Fig. 4. Predicted and measured corona onset at 300 MHz compared.

The RF corona onset criterion predicted by (29) can be
fitted to a third-order polynomial curve valid over the range
0.1 < rp < 100 cm·torr with a correlation coefficient
R2 = 0.999,

y = −0.009x3 + 0.116x2 − 0.549x + 4.41
x = ln(r0p) cm · torr
y = ln(E0/p) volts/cm · torr.

(32)

Predicted and measured corona onset for both 60 Hz And
300 MHz are compared in Fig. 5. As rp increases, the two
criteria asymptotically approach E/p ≈ 32 V/cm·torr.
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Fig. 5. Predicted and measured corona onset at 60 Hz and 300 MHz.
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IV. TRANSITION FREQUENCY

As early as 1915, Ryan and Marx [41] noted that the corona
onset voltage for non-uniform fields was significantly lower
at 100 kHz than at 60 Hz though they did not explain the
difference. Brown and MacDonald [17] described limits to
the diffusion theory of microwave breakdown, one of which
may explain a transition from drift-controlled corona onset
to diffusion-controlled corona onset as frequency is increased
from 60 Hz. They described an oscillation amplitude limit
that applies when an electron drifts from its point of origin
to the walls of the cavity or vacuum chamber in a half-cycle.
Since the electric field is both time-varying and non-uniform,
the calculation of this limit for a particular application is not
simple. A first-order estimate is obtained for the steel bell used
in the 60 Hz measurements by noting that electron drift is on
the order of 107 cm/s [42] and that the radius of the chamber
is 30 cm, yielding a nominal transit time of 3×10−6 s. Thus,
at frequencies less than about 170 kHz, electron loss by drift
to the walls might be expected.

If, however, the monopole is truly isolated, drift might affect
corona onset. To the degree that electrons are transported past
the ionization boundary during a portion of the excitation
cycle, they cease momentarily to contribute to ionization. A
calculation of electron motion using the electron drift velocity
data of Ryzko [42] shows electrons in our experiment drifted
outside the region of ionization for values of rp > 3 cm·torr
although no marked change in corona onset was observed.

If, however, electrons that drift across the ionization bound-
ary were never to return, the effect on corona onset could be
similar to that ascribed to the oscillation amplitude limit. In the
air outside the ionization boundary, the only potential electron
loss mechanisms are recombination or attachment. Since few
positive ions exist before corona onset, attachment would seem
to be the sole candidate of electron loss.

Chanin et al. [43] explain that at electron energies greater
than about 1 eV (E/p > 4 V/cm·torr) two-body attachment
processes dominate in air, both radiative and dissociative,

e + O2 → O−
2 + hν or

e + O2 → (O−
2 )unstable → O + O− + kinetic energy.

(33)
But at electron energies less than 1 eV, three-body attach-

ment processes dominate in air, e.g.,

e + O2 + O2 → O−
2 + O∗

2. (34)

Furthermore, they state that while the attachment coefficient,
η/p, is not a function of pressure for average electron energies
above 1 eV, it is a function of molecular oxygen density
squared below 1 eV. Truby [44] has measured the three-
body electron attachment coefficient, k, for O2 and shown
it is insensitive to electron energy but is a function of gas
temperature as shown in Table I.

The time dependence of electron density due to attachment
is [44],

∂n

∂t
= −k [O2]

2
n, (35)

where [O2] is the number density of molecular oxygen and n
the electron number density. In a source-free region electron

TABLE I
THREE-BODY ELECTRON ATTACHMENT COEFFICIENT FOR OXYGEN

Temperature, ◦K k, cm6 s−1

113 7.2× 10−31

200 1.5× 10−30

300 2.1× 10−30

density will behave as

n = n0e
−k[O2]

2t = n0e
−t/τa , (36)

where n0 is an initial electron density and τa is the character-
istic time of attachment.

Using the electron attachment data of Chatterton and
Craggs [45], the electron drift measurements of Ryzko [42],
and the three-body electron attachment coefficients of
Truby [44], we calculated the characteristic times of attach-
ment as a function of distance from the monopole (Fig. 6)
for the two extreme pressures of the 300 MHz measurement.
It is seen to vary from about 10−7 to 10−3 s. But because
the drift velocity is greater nearer the monopole owing to
the higher electric field, electrons will pass the ionization
boundary and the region of two-body attachment in about 10−7

seconds or less and slow as they enter the region of three-
body attachment. Attachment outside the ionization boundary
is dominated by three-body processes.

0 50 100 150 200 250
10-7

10-6

10-5

10-4

10-3

10-2

r,cm

τ a, s

 

 5 torr
100 torr

Fig. 6. Characteristic time of attachment for the experiment.

If one assumes that near-total loss of electrons by at-
tachment will have an effect indistinguishable from loss of
electrons by drift to the walls of the vacuum chamber or cavity,
then that frequency, fc for which a half cycle corresponds to
3τa (a 95% loss) may be a good indicator of transition between
drift-controlled corona onset and diffusion-controlled corona
onset. Table II shows the calculated estimates of transition
frequency for the two extreme pressures in the 300 MHz
experiment as well as for conditions in flight [46].

TABLE II
ESTIMATED TRANSITION FREQUENCY

p, torr [O2] , cm−3 τa, s fc, Hz
Experiment 4.6 3.28× 1016 4.65× 10−4 360
Experiment 92.5 6.55× 1017 1.17× 10−6 143 000
40 000 ft. 187 1.33× 1018 3.78× 10−7 440 000
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V. CONCLUSIONS

Measurements of corona onset for an isolated cylindrical
monopole at both power frequency and radio frequency are in
good agreement with predictions developed from the electron
continuity equation over a large range of air density and
cylinder radius.

The frequency at which drift-controlled corona onset
changes to diffusion-controlled corona onset may be a function
of electron attachment outside the ionization boundary. If so,
estimates of a transition frequency are made for our isolated
monopole. The transition has not been observed experimen-
tally and remains an object of future research.

Since most instances of corona on aircraft involve non-
uniform fields, the criteria reported here have been very useful
in creating corona-free designs for antennas and transmission
lines in high-power RF systems. The criteria have also proved
useful in scaling pressure and electric field intensity for the
purposes of test.

APPENDIX

The electron continuity equation (4) can be solved, in
principle, by separation of variables. Let

n(r, t) = nr(r)nt(t). (37)

The electron continuity equation then becomes

nr
∂nt

∂t
= ntg(nr, r) + νnrnt, (38)

where g is a differential function in r. Separating spatial and
temporal variables, the electron continuity equation is

n
′
t

nt
=

g(nr, r)
nr

+ ν = λ. (39)

The time-dependent function is

nt = eλt. (40)

Herlin and Brown [14] demonstrated that before an electric
field is applied, λ assumes characteristic values that are all
negative and the electron density tends to zero. As the electric
field is increased, the characteristic values become less neg-
ative until one equals zero. At that point electron production
by ionization equals electron loss through drift, diffusion
and convection. As the field is increased slightly more, one
characteristic value becomes positive and electron density
increases exponentially. Thus corona onset corresponds to
λ = 0 and is described by the solution to the homogeneous
differential equation,

g(nr, r) + νnr = 0. (41)
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Appendix D

Near Field Calculations

The following MATLAB scripts were used to calculate electric fields near a

cylindrical monopole and follow Schelkunoff’s formulations [129].

299



300 APPENDIX D. NEAR FIELD CALCULATIONS

3/8/08 10:14 AM C:\Program Files\MATLAB\R2007b\work\Nearfields\dnf2.m 1 of 1

% dnf2
% March 29, 2004
% dipole near field
% William Price
%
% This program calculates the dynamic and quasistatic electric fields very
% near a dipole antenna including the surface. The dipole is a cylindrical
% antenna with finite radius. The current density is calculated assuming
% the skin effect and an approximate sinusoidal current distribution.
%
% The formula for V appears on page 28 of my notebook and its gradient on
% p. 36
%
% parameters
%
h = 0.25;            % height of dipole arm from center to end in meters
a = 0.000381;          % radius of antenna element in meters
f = 3E8;          % frequency in Hertz
I_0 = 0.769;         % current at antenna terminals
%
% constants
%
eps = 8.854E-12;    % farads per meter
c = 3E8;            % meters/sec
eta = 367.7;        % impedance of free space in ohms
mu = 4*pi*1E-7;     % permeability in Henrys per meter
%
% Observation point
%
r_0 = 0.0005;
z_0 = 0.245;
%
% calculated parameters
%
beta = 2*pi*f/c;
omega = 2*pi*f;
%
% integrate
%
dVI_r = dblquad(@Vintegrand_r,-h,h,-pi,pi,1E-6,@quad,a,h,beta,r_0,z_0);
dVI_z = dblquad(@Vintegrand_z,-h,h,-pi,pi,1E-6,@quad,a,h,beta,r_0,z_0);
FI = dblquad(@Fintegrand,-h,h,-pi,pi,1E-6,@quad,a,h,beta,r_0,z_0);
dV_r = dVI_r*(-j*eta*I_0)/(8*pi^2*sin(beta*h));
dV_z = dVI_z*(-j*eta*I_0)/(8*pi^2*sin(beta*h));
F = FI*(-j*omega*mu*I_0)/(8*pi^2*sin(beta*h));
E_z = F - dV_z;
E_r = -dV_r;
Eq = abs(sqrt(dV_r^2 + dV_z^2));
Ed = abs(F);
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3/8/08 10:21 AM C:\Program Files\MATLAB\R2007b\work\Nearfields\Fintegrand.m 1 of 1

function y = Fintegrand(z,phi,a,h,beta,r_0,z_0);
% William O. Price
% December 31, 2001
%
rr = (r_0 - a)^2;
zz = (z_0 - z).^2;
ss = 4*a*r_0*sin(phi./2).^2;
R = sqrt(rr + zz + ss);
y = sin(beta*(h-abs(z))).*exp(-i*beta*R)./R;
 

3/8/08 10:23 AM C:\Program Files\MATLAB\R2007b\work\Nearfields\Vintegrand_r.m 1 of 1

function y = Vintegrand_r(z,phi,a,h,beta,r_0,z_0);
% William O. Price
% March 29, 2004
%
rr = (r_0 - a)^2;
zz = (z_0 - z).^2;
ss = 4*a*r_0*(sin(phi./2).^2);
R = sqrt(rr + zz + ss);
y = sign(z).*cos(beta*(h-abs(z))).*(1+i*beta*R).*(r_0 - a*cos(phi)).*exp(-i*beta*R)./(R.
^3);
 

3/8/08 10:24 AM C:\Program Files\MATLAB\R2007b\work\Nearfields\Vintegrand_z.m 1 of 1

function y = Vintegrand_z(z,phi,a,h,beta,r_0,z_0);
% William O. Price
% March 29, 2004
%
rr = (r_0 - a)^2;
zz = (z_0 - z).^2;
ss = 4*a*r_0*(sin(phi./2).^2);
R = sqrt(rr + zz + ss);
y = sign(z).*cos(beta*(h-abs(z))).*(1+i*beta*R).*(z_0 - z).*exp(-i*beta*R)./(R.^3);
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Appendix E

Finite Element Method Models

The following are model reports generated by COMSOL [162] for four finite

element models referenced in this dissertation: a model of electron diffusion

adjacent to an excited cylindrical electrode, a resonant monopole, a monopole

in a steel vacuum bell, and a resonant dipole.

The reports contain descriptions of the model’s geometry, boundary and

subdomain variables, the equations describing the physics of the finite ele-

ment model, number of elements and element properties, and selected calcu-

lation results.

A general discussion of FEM error estimation applied to COMSOL models

is found in 2.5.5.
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E.1 Corona Onset for an Infinite Cylindrical

Electrode

The following model report describes a 1-dimensional axi-symmetric model

of electron diffusion. The FEM model represents electron diffusion near an

isolated, infinite cylindrical electrode and takes advantage of symmetry to

reduce computational complexity.

Independent variables for this FEM analysis were pressure, cylinder ra-

dius, and electric field strength at the surface of the electrode. The electric

field strength near the electrode was calculated as

E (r) =
E0r0

r
. (E.1)

For a given electrode radius and pressure, the electric field strength at

the surface of the electrode was increased from below the estimated corona

onset threshold until the electron density near the electrode increased without

bound.
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COMSOL Model Report: Diffusion001 

1. Table of Contents 
• Title ‐ Diffusion001 
• Table of Contents 
• Model Properties 
• Constants 
• Global Expressions 
• Geometry 
• Geom1 
• Interpolation Functions 
• Solver Settings 
• Postprocessing 
• Variables 

2. Model Properties 
Property  Value
Model name  Diffusion001 
Author  Price 
Saved date  Feb 18, 2008 6:11:25 PM
Creation date  Jan 7, 2008 5:12:40 PM
COMSOL version  COMSOL 3.3.0.405 

File name: C:\Program Files\COMSOL33\Breakdown\Diffusion001b.mph 

Application modes and modules used in this model: 

• Geom1 (Axial symmetry (1D)) 
o Diffusion 

 

2.1. Model description 
1D electron diffusion model with insulating boundary 

rho_0 = 0.1 cm-torr 

rho_2 = 60.5 cm-torr 

Ionization and attachment data of Sarma & Janischewskyj 
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3. Constants 
Name  Expression  Value  Description
r_0  0.1     radius of electrode
E_0  290.0     volts/cm‐torr

4. Global Expressions 
Name  Expression  Description
Eop  E_0*r_0/r  Electric field intensity  
reaction  nu_over_D(Eop)*c      
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5. Geometry 
Number of geometries: 1 

5.1. Geom1 
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5.1.1. Boundary mode 
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5.1.2. Subdomain mode 
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6. Geom1 
Space dimensions: Axial symmetry (1D) 

Independent variables: r, phi, z 

6.1. Mesh 

6.1.1. Mesh Statistics 

Number of degrees of freedom  245761
Number of mesh points  122881
Number of elements  122880
Number of boundary elements  2 
Element length ratio  1 
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6.2. Application Mode: Diffusion (di) 
Application mode type: Diffusion 

Application mode name: di 

6.2.1. Application Mode Properties 

Property  Value 
Default element type  Lagrange ‐ Quadratic
Analysis type  Stationary 
Frame  Frame (ref) 
Weak constraints  Off 

6.2.2. Variables 

Dependent variables: c 

Shape functions: shlag(2,'c') 

Interior boundaries not active 

6.2.3. Boundary Settings 

Point     2  1
Thickness (d)  cm  100  100
Concentration (c0)  mol/cm3  0  100
style     {0,{0,255,0}} {0,{0,0,255}}

6.2.4. Subdomain Settings 

Subdomain     1 
Reaction rate (R)  mol/(cm3 s)  reaction
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7. Interpolation Functions 
7.1. Interpolation Function: nu_over_D 
Interpolation method: Piecewise Cubic 

Data source type: Table 

x  f(x) 
0  0 
10  ‐0.0754 
20  ‐0.0978 
25  ‐0.0861 
30  ‐0.0341 
31.8  0 
35  0.0887 
40  0.317 
50  1.2 
60  2.66 
70  5.54 
80  8.99 
90  13.1 
100  17.7 
150  44 
200  69.5 
250  94.8 
300  121 
400  164 

8. Solver Settings 
Solve using a script: off 

Analysis type  Stationary 
Auto select solver  On 
Solver  Stationary 
Solution form  Automatic 
Symmetric  auto 
Adaption  Off 
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8.1. Direct (UMFPACK) 
Solver type: Linear system solver 

Parameter  Value 
Pivot threshold  0.1 
Memory allocation factor  0.7 

8.2. Advanced 
Parameter  Value 
Constraint handling method  Elimination 
Null‐space function  Automatic 
Assembly block size  5000 
Use Hermitian transpose of constraint matrix and in symmetry detection Off
Use complex functions with real input  Off
Stop if error due to undefined operation On
Type of scaling  Automatic 
Manual scaling   
Row equilibration  On
Manual control of reassembly  Off
Load constant  On
Constraint constant  On
Mass constant  On
Damping (mass) constant  On
Jacobian constant  On
Constraint Jacobian constant  On
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9. Postprocessing 

 

10. Variables 
10.1. Boundary 
Name  Description  Expression
ndflux_c_di  Normal diffusive flux, c  nr_di * dflux_c_di

10.2. Subdomain 
Name  Description  Expression
grad_c_di  Concentration gradient, c  cr
dflux_c_di  Diffusive flux, c  ‐D_c_di * cr
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E.2 Corona Onset for a Spherical Electrode

The following model report describes a 2-dimensional axi-symmetric model

of electron diffusion. The FEM model represents electron diffusion near an

isolated, spherical electrode and takes advantage of symmetry to reduce com-

putational complexity.

Independent variables for this FEM analysis were pressure, sphere radius,

and electric field strength at the surface of the electrode. The electric field

strength near the electrode was calculated as

E (r) =
E0r

2
0

r2
. (E.2)

For a given electrode radius and pressure, the electric field strength at

the surface of the electrode was increased from below the estimated corona

onset threshold until the electron density near the electrode increased without

bound.
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Diffusion111 

1. Table of Contents 

 Title - Diffusion111 
 Table of Contents 
 Model Properties 
 Constants 
 Global Expressions 
 Geometry 
 Geom2 
 Interpolation Functions 
 Solver Settings 
 Postprocessing 
 Variables 

2. Model Properties 

Property Value 
Model name Diffusion111 
Author Price 
Company   
Department   
Reference   
URL   
Saved date Dec 10, 2008 1:43:37 PM
Creation date Jan 7, 2008 9:12:40 AM 
COMSOL version COMSOL 3.5.0.603 

File name: C:\Users\William\COMSOL\Breakdown\Diffusion111.mph 

Application modes and modules used in this model: 

 Geom2 (Axial symmetry (2D)) 
o Diffusion 

2.1. Model description 

2D (spherical) electron diffusion model with absorbing boundary 

rho_0 = 0.187 cm-torr 

rho_2 = 22 cm-torr but should be 107, but it appears not to make a difference 
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Sarma & Janischewskyj 

This model has the correct expression for the electric field with spherical divergence 

3. Constants 

Name Expression Value Description 
r_0 0.0381   radius of electrode
E_0 1.27e4   volts/cm 
rp 7.943282   cm-torr 
p rp/r_0   torr 
maxEop E_0/p     

4. Global Expressions 

Name Expression Unit Description 
Eop (E_0/p)*r_0^2/(r^2+z^2) 1/cm^2 Electric field intensity
reaction nu_over_D(Eop)*c*p^2     
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5. Geometry 

Number of geometries: 1 

5.1. Geom2 
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5.1.1. Point mode 
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5.1.2. Boundary mode 
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5.1.3. Subdomain mode 

 

6. Geom2 

Space dimensions: Axial symmetry (2D) 

Independent variables: r, phi, z 

6.1. Mesh 

6.1.1. Mesh Statistics 

Number of degrees of freedom 227517
Number of mesh points 57447 
Number of elements 112624
Triangular 112624
Quadrilateral 0 
Number of boundary elements 2268 
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Number of vertex elements 6 
Minimum element quality 0.708 
Element area ratio 0 

 

6.2. Application Mode: Diffusion (di) 

Application mode type: Diffusion 

Application mode name: di 

6.2.1. Application Mode Properties 

Property Value 
Default element type Lagrange - Quadratic
Analysis type Stationary 
Frame Frame (ref) 
Weak constraints Off 
Constraint type Ideal 
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6.2.2. Variables 

Dependent variables: c 

Shape functions: shlag(2,'c') 

Interior boundaries active 

6.2.3. Boundary Settings 

Boundary   3, 6 1-2 4-5 
Type   Concentration Axial symmetry Concentration 
Thickness (d) cm 100 100 100 
Concentration (c0) mol/cm3 0 0 1000

6.2.4. Subdomain Settings 

Subdomain   1 
Diffusion coefficient (dtensor) cm2/s {{10000,0;0,10000}}
Reaction rate (R) mol/(cm3 s) reaction 
Subdomain initial value   1 
Concentration, c (c) mol/cm3 100

7. Interpolation Functions 

7.1. Interpolation Function: nu_over_D 

Interpolation method: Piecewise Cubic 

Data source type: Table 

x f(x) 
0 0 
10 -0.0754 
20 -0.0978 
25 -0.0861 
30 -0.0341 
31.8 0 
35 0.0887 
40 0.317 
50 1.2 
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60 2.66 
70 5.54 
80 8.99 
90 13.1 
100 17.7 
150 44 
200 69.5 
250 94.8 
300 121 
400 164 

8. Solver Settings 

Solve using a script: off 

Analysis type Stationary
Auto select solver On 
Solver Stationary
Solution form Automatic
Symmetric auto 
Adaptive mesh refinement Off 
Optimization/Sensitivity Off 
Plot while solving  Off 

8.1. Direct (UMFPACK) 

Solver type: Linear system solver 

Parameter Value 
Pivot threshold 0.1 
Memory allocation factor 0.7 

8.2. Stationary 

Parameter Value 
Linearity Automatic
Relative tolerance 1.0E-6 
Maximum number of iterations 100 
Manual tuning of damping parameters Off 
Highly nonlinear problem Off 
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Initial damping factor 1.0 
Minimum damping factor 1.0E-4 
Restriction for step size update 10.0 

8.3. Advanced 

Parameter Value 
Constraint handling method Elimination
Null-space function Automatic
Automatic assembly block size On 
Assembly block size 5000 
Use Hermitian transpose of constraint matrix and in symmetry detection Off 
Use complex functions with real input Off 
Stop if error due to undefined operation On 
Store solution on file Off 
Type of scaling Automatic
Manual scaling   
Row equilibration On 
Manual control of reassembly Off 
Load constant On 
Constraint constant On 
Mass constant On 
Damping (mass) constant On 
Jacobian constant On 
Constraint Jacobian constant On 
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9. Postprocessing 

 

10. Variables 

10.1. Boundary 

Name Description Unit Expression 
ndflux_c_di Normal diffusive flux, 

c 
mol/(cm^2*s) nr_di * dflux_c_r_di+nz_di * 

dflux_c_z_di 

10.2. Subdomain 

Name Description Unit Expression 
grad_c_r_di Concentration gradient, 

c, r component 
mol/cm^4 cr 

dflux_c_r_di Diffusive flux, c, r 
component 

mol/(cm^2*s) -Drr_c_di * cr-Drz_c_di * cz 
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grad_c_z_di Concentration gradient, 
c, z component 

mol/cm^4 cz 

dflux_c_z_di Diffusive flux, c, z 
component 

mol/(cm^2*s) -Dzr_c_di * cr-Dzz_c_di * cz 

grad_c_di Concentration gradient, 
c 

mol/cm^4 sqrt(grad_c_r_di^2+grad_c_z_di^2)

dflux_c_di Diffusive flux, c mol/(cm^2*s) sqrt(dflux_c_r_di^2+dflux_c_z_di^2)
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E.3 A Model of a the Fields Near a Resonant

Dipole

The following COMSOL model report describes a 3-dimensional of the elec-

tric field near a cylindrical dipole. The model was reduced in complexity by

invoking two planes of symmetry (φ = 0 and φ = 90 degrees). Scattering

boundary conditions were used for the exterior boundaries.
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COMSOL Model Report: dipole002 

1. Table of Contents 
• Title ‐ COMSOL Model Report 
• Table of Contents 
• Model Properties 
• Global Expressions 
• Geometry 
• Geom1 
• Geom2 
• Integration Coupling Variables 
• Solver Settings 
• Postprocessing 
• Variables 

2. Model Properties 
Property  Value
Model name    
Author    
Company    
Department    
Reference    
URL    
Saved date  Oct 28, 2006 4:57:42 AM
Creation date  Oct 28, 2006 2:14:37 AM
COMSOL version  COMSOL 3.3.0.405 

File name: C:\Program Files\COMSOL33\Cylindrical Antenna\dipole002.mph 

Application modes and modules used in this model: 

• Geom1 (3D) 
o Electromagnetic Waves (RF Module) 

• Geom2 (2D) 

3. Global Expressions 
Name  Expression  Description 
Z  1/I  Impedance of antenna  
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4. Geometry 
Number of geometries: 2 

4.1. Geom1 
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4.1.1. Point mode 
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4.1.2. Edge mode 
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4.1.3. Boundary mode 
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4.1.4. Subdomain mode 
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4.2. Geom2 

 

5. Geom1 
Space dimensions: 3D 

Independent variables: x, y, z 

5.1. Mesh 

5.1.1. Mesh Statistics 

Number of degrees of freedom  84060
Number of mesh points  2934 
Number of elements  11877
Tetrahedral  11877
Prism  0 
Hexahedral  0 
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Number of boundary elements  3466 
Triangular  3466 
Quadrilateral  0 
Number of edge elements  430 
Number of vertex elements  16 
Minimum element quality  0.232
Element volume ratio  0 

 

5.2. Application Mode: Electromagnetic Waves (rfw) 
Application mode type: Electromagnetic Waves (RF Module) 

Application mode name: rfw 

5.2.1. Scalar Variables 

Name  Variable  Value  Description
epsilon0  epsilon0_rfw  8.854187817e‐12 Permittivity of vacuum
mu0  mu0_rfw  4*pi*1e‐7  Permeability of vacuum
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nu  nu_rfw  1.5e8  Frequency
H0ix  H0ix_rfw  exp(‐j*k0_rfw*x) Incident magnetic field, x component 
H0iy  H0iy_rfw  0  Incident magnetic field, y component 
H0iz  H0iz_rfw  0  Incident magnetic field, z component 

5.2.2. Application Mode Properties 

Property  Value 
Default element type  Vector ‐ Quadratic
Analysis type  Harmonic propagation
Solve for  Magnetic field
Specify wave using  Frequency 
Specify eigenvalues using  Eigenfrequency
Divergence condition  Off 
Symmetry plane x=0  Off 
Symmetry type for x=0  Symmetry 
Symmetry plane y=0  Off 
Symmetry type for y=0  Symmetry 
Symmetry plane z=0  Off 
Symmetry type for z=0  Symmetry 
Frame  Frame (ref)

5.2.3. Variables 

Dependent variables: Ex, Ey, Ez, Hx, Hy, Hz, Ax, Ay, Az, scEx, scEy, scEz, scHx, scHy, scHz, 
psi 

Shape functions: shcurl(2,{'Hx','Hy','Hz'}) 

Interior boundaries not active 

5.2.4. Edge Settings 

Edge    1‐15, 17‐22 16
Magnetic current in edge segment direction (Im0) V 0 1
style    {0,{0,0,0},'solid'} {0,{0,0,255},'solid'}

5.2.5. Boundary Settings 

Boundary     4‐5, 7‐8  1‐2
Type     Perfect electric conductor Perfect magnetic conductor 
wavetype  V/m  plane  plane
Source point (srcpnt)  m  {0;0;0}  {0;0;0}
Boundary  3, 6, 9 
Type  Scattering boundary condition
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wavetype  cyl 
Source point (srcpnt)  {0;0;.3} 

5.2.6. Subdomain Settings 

The subdomain settings only contain default values. 

6. Geom2 
Space dimensions: 2D 

Independent variables: x, y, z 

7. Integration Coupling Variables 
7.1. Geom1 

7.1.1. Source Edge: 14 

Name  Value 
Variable name  I 
Expression  4*(tHx*t1x+tHy*t1y) 
Order  4 
Global  Yes 

8. Solver Settings 
Solve using a script: off 

Analysis type  Harmonic_propagation
Auto select solver  On 
Solver  Stationary 
Solution form  Automatic 
Symmetric  auto 
Adaption  Off 

8.1. Geometric multigrid 
Solver type: Linear system solver 

Parameter  Value
Relative tolerance  1.0E‐6
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Factor in error estimate  400.0
Maximum number of iterations  10000
Multigrid cycle  V‐cycle

8.1.1. SOR vector 

Solver type: Presmoother 

Parameter  Value
Number of iterations  2 
Relaxation factor (omega)  1.0 
Number of secondary iterations  1 

8.1.2. SORU vector 

Solver type: Postsmoother 

Parameter  Value
Number of iterations  2 
Relaxation factor (omega)  1.0 
Number of secondary iterations  1 

8.1.3. SPOOLES 

Solver type: Coarse solver 

Parameter  Value 
Drop tolerance  0.0 
Pivot threshold  0.1 
Preordering algorithm  Minimum degree

8.2. Advanced 
Parameter  Value 
Constraint handling method  Elimination 
Null‐space function  Automatic 
Assembly block size  5000 
Use Hermitian transpose of constraint matrix and in symmetry detection Off
Use complex functions with real input  Off
Stop if error due to undefined operation On
Type of scaling  Automatic 
Manual scaling   
Row equilibration  On
Manual control of reassembly  Off
Load constant  On
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Constraint constant  On
Mass constant  On
Damping (mass) constant  On
Jacobian constant  On
Constraint Jacobian constant  On

9. Postprocessing 

 

10. Variables 
10.1. Boundary 
Name  Description  Expression
Hix_rfw  Incident magnetic field  H0ix_rfw
Hiy_rfw  Incident magnetic field  H0iy_rfw
Hiz_rfw  Incident magnetic field  H0iz_rfw
tEx  Tangential electric field, x  Ex‐(nx_rfw * Ex+ny_rfw * Ey+nz_rfw * Ez) * nx_rfw
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component 
tEy  Tangential electric field, y 

component 
Ey‐(nx_rfw * Ex+ny_rfw * Ey+nz_rfw * Ez) * ny_rfw

tEz  Tangential electric field, z 
component 

Ez‐(nx_rfw * Ex+ny_rfw * Ey+nz_rfw * Ez) * nz_rfw

dVolbnd_rfw  Area integration 
contribution 

1

Jsx_rfw  Surface current density, x 
component 

uny * (Hz_down‐Hz_up)‐unz * (Hy_down‐Hy_up)

Jsy_rfw  Surface current density, y 
component 

unz * (Hx_down‐Hx_up)‐unx * (Hz_down‐Hz_up) 

Jsz_rfw  Surface current density, z 
component 

unx * (Hy_down‐Hy_up)‐uny * (Hx_down‐Hx_up)

nPoav_rfw  Power outflow, time 
average 

nx_rfw * Poxav_rfw+ny_rfw * Poyav_rfw+nz_rfw * 
Pozav_rfw

normJs_rfw  Surface current density, 
norm 

sqrt(abs(Jsx_rfw)^2+abs(Jsy_rfw)^2+abs(Jsz_rfw)^2)

normtE_rfw  Tangential electric field, 
norm 

sqrt(abs(tEx)^2+abs(tEy)^2+abs(tEz)^2) 

normtH_rfw  Tangential magnetic field, 
norm 

sqrt(abs(tHx)^2+abs(tHy)^2+abs(tHz)^2) 

Qsav_rfw  Surface resistive heating, 
time average 

0.5 * real(Jsx_rfw * conj(tEx)+Jsy_rfw * conj(tEy)+Jsz_rfw * 
conj(tEz))

tEscx_rfw  E‐field in Stratton‐Chu 
formula, x component 

tEx

tHscx_rfw  H‐field in Stratton‐Chu 
formula, x component 

tHx

tEscy_rfw  E‐field in Stratton‐Chu 
formula, y component 

tEy

tHscy_rfw  H‐field in Stratton‐Chu 
formula, y component 

tHy

tEscz_rfw  E‐field in Stratton‐Chu 
formula, z component 

tEz

tHscz_rfw  H‐field in Stratton‐Chu 
formula, z component 

tHz

Z_TE_rfw  Wave impedance, TE 
waves 

omega_rfw * mu_rfw/beta_rfw

Z_TM_rfw  Wave impedance, TM 
waves 

beta_rfw/(omega_rfw * epsilon_rfw) 

Z_TEM_rfw  Wave impedance, TEM 
waves 

sqrt(mu_rfw/epsilon_rfw)

10.2. Subdomain 
Name  Description  Expression
dr_guess_rfw  Width in radial  0 
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direction default 
guess  

R0_guess_rfw  Inner radius 
default guess  

0 

SR_rfw  PML radial 
coordinate 

  

Sx_rfw  PML x 
coordinate 

x 

Sdx_guess_rfw  Width in x 
direction default 
guess  

0 

rCylx_rfw  PML r cylindrical 
vector, x 
component 

  

Sy_rfw  PML y 
coordinate 

y 

Sdy_guess_rfw  Width in y 
direction default 
guess  

0 

rCyly_rfw  PML r cylindrical 
vector, y 
component 

  

Sz_rfw  PML z 
coordinate 

z 

Sdz_guess_rfw  Width in z 
direction default 
guess  

0 

rCylz_rfw  PML r cylindrical 
vector, z 
component 

  

detJ_rfw  PML 
transformation 
matrix 
determinant  

1 

Jxx_rfw  PML 
transformation 
matrix, element 
xx  

1 

invJxx_rfw  PML inverse 
transformation 
matrix, element 
xx  

1 

Jxy_rfw  PML 
transformation 
matrix, element 
xy  

0 

invJxy_rfw  PML inverse  0 
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transformation 
matrix, element 
xy  

Jxz_rfw  PML 
transformation 
matrix, element 
xz  

0 

invJxz_rfw  PML inverse 
transformation 
matrix, element 
xz  

0 

Jyx_rfw  PML 
transformation 
matrix, element 
yx  

0 

invJyx_rfw  PML inverse 
transformation 
matrix, element 
yx  

0 

Jyy_rfw  PML 
transformation 
matrix, element 
yy  

1 

invJyy_rfw  PML inverse 
transformation 
matrix, element 
yy  

1 

Jyz_rfw  PML 
transformation 
matrix, element 
yz  

0 

invJyz_rfw  PML inverse 
transformation 
matrix, element 
yz  

0 

Jzx_rfw  PML 
transformation 
matrix, element 
zx  

0 

invJzx_rfw  PML inverse 
transformation 
matrix, element 
zx  

0 

Jzy_rfw  PML 
transformation 
matrix, element 
zy  

0 
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invJzy_rfw  PML inverse 
transformation 
matrix, element 
zy  

0 

Jzz_rfw  PML 
transformation 
matrix, element 
zz  

1 

invJzz_rfw  PML inverse 
transformation 
matrix, element 
zz  

1 

k_rfw  Wave number  k0_rfw * sqrt(mur_rfw * (epsilonr_rfw+sigma_rfw/(jomega_rfw * 
epsilon0_rfw)))

c_rfw  Phase velocity  c0_rfw/sqrt(epsilonr_rfw * mur_rfw)
Z_wave_rfw  Wave 

impedance 
c_rfw * mu0_rfw * mur_rfw

delta_rfw  Skin depth  1/(omega_rfw * sqrt(0.5 * mu0_rfw * mur_rfw * epsilon0_rfw * 
epsilonr_rfw * (‐1+sqrt(1+(sigma_rfw/(omega_rfw * epsilon0_rfw * 
epsilonr_rfw))^2))))

dVol_rfw  Volume 
integration 
contribution 

detJ_rfw

Hix_rfw  Incident 
magnetic field 

H0ix_rfw

Hiy_rfw  Incident 
magnetic field 

H0iy_rfw

Hiz_rfw  Incident 
magnetic field 

H0iz_rfw

epsilon_rfw  Permittivity  epsilon0_rfw * epsilonr_rfw
epsilonxx_rfw  Permittivity, xx 

component 
epsilon0_rfw * epsilonrxx_rfw

epsilonxy_rfw  Permittivity, xy 
component 

epsilon0_rfw * epsilonrxy_rfw

epsilonxz_rfw  Permittivity, xz 
component 

epsilon0_rfw * epsilonrxz_rfw

epsilonyx_rfw  Permittivity, yx 
component 

epsilon0_rfw * epsilonryx_rfw

epsilonyy_rfw  Permittivity, yy 
component 

epsilon0_rfw * epsilonryy_rfw

epsilonyz_rfw  Permittivity, yz 
component 

epsilon0_rfw * epsilonryz_rfw

epsilonzx_rfw  Permittivity, zx 
component 

epsilon0_rfw * epsilonrzx_rfw

epsilonzy_rfw  Permittivity, zy 
component 

epsilon0_rfw * epsilonrzy_rfw

epsilonzz_rfw  Permittivity, zz  epsilon0_rfw * epsilonrzz_rfw
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component 
mu_rfw  Permeability  mu0_rfw * mur_rfw
muxx_rfw  Permeability, xx 

component 
mu0_rfw * murxx_rfw

muxy_rfw  Permeability, xy 
component 

mu0_rfw * murxy_rfw

muxz_rfw  Permeability, xz 
component 

mu0_rfw * murxz_rfw

muyx_rfw  Permeability, yx 
component 

mu0_rfw * muryx_rfw

muyy_rfw  Permeability, yy 
component 

mu0_rfw * muryy_rfw

muyz_rfw  Permeability, yz 
component 

mu0_rfw * muryz_rfw

muzx_rfw  Permeability, zx 
component 

mu0_rfw * murzx_rfw

muzy_rfw  Permeability, zy 
component 

mu0_rfw * murzy_rfw

muzz_rfw  Permeability, zz 
component 

mu0_rfw * murzz_rfw

curlHx_rfw  Curl of magnetic 
field, x 
component 

HzyHyz

depHx_rfw  Magnetic field 
test variable, x 
component 

Hx

Dx_rfw  Electric 
displacement, x 
component 

epsilonxx_rfw * Ex

scDx_rfw  Scattered 
electric 
displacement, x 
component 

epsilonxx_rfw * scEx

Jdx_rfw  Displacement 
current density, 
x component 

jomega_rfw * Dx_rfw

Jix_rfw  Induced current 
density, x 
component 

0 

Bx_rfw  Magnetic flux 
density, x 
component 

muxx_rfw * Hx

scBx_rfw  Scattered 
magnetic flux 
density, x 
component 

muxx_rfw * scHx

jwEx_rfw  Electric field, x  curlHx_rfw/epsilon_rfw
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component, 
times jω 

Ex  Electric field, x 
component 

jwEx_rfw/jomega_rfw

scEx  Scattered 
electric field, x 
component 

(diff(scHz,y)‐diff(scHy,z))/jomega_rfw

scHx  Scattered 
magnetic field, x 
component 

Hx‐Hix_rfw

curlHy_rfw  Curl of magnetic 
field, y 
component 

HxzHzx

depHy_rfw  Magnetic field 
test variable, y 
component 

Hy

Dy_rfw  Electric 
displacement, y 
component 

epsilonyy_rfw * Ey

scDy_rfw  Scattered 
electric 
displacement, y 
component 

epsilonyy_rfw * scEy

Jdy_rfw  Displacement 
current density, 
y component 

jomega_rfw * Dy_rfw

Jiy_rfw  Induced current 
density, y 
component 

0 

By_rfw  Magnetic flux 
density, y 
component 

muyy_rfw * Hy

scBy_rfw  Scattered 
magnetic flux 
density, y 
component 

muyy_rfw * scHy

jwEy_rfw  Electric field, y 
component, 
times jω 

curlHy_rfw/epsilon_rfw

Ey  Electric field, y 
component 

jwEy_rfw/jomega_rfw

scEy  Scattered 
electric field, y 
component 

(diff(scHx,z)‐diff(scHz,x))/jomega_rfw

scHy  Scattered 
magnetic field, y 
component 

Hy‐Hiy_rfw
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curlHz_rfw  Curl of magnetic 
field, z 
component 

HyxHxy

depHz_rfw  Magnetic field 
test variable, z 
component 

Hz

Dz_rfw  Electric 
displacement, z 
component 

epsilonzz_rfw * Ez

scDz_rfw  Scattered 
electric 
displacement, z 
component 

epsilonzz_rfw * scEz

Jdz_rfw  Displacement 
current density, 
z component 

jomega_rfw * Dz_rfw

Jiz_rfw  Induced current 
density, z 
component 

0 

Bz_rfw  Magnetic flux 
density, z 
component 

muzz_rfw * Hz

scBz_rfw  Scattered 
magnetic flux 
density, z 
component 

muzz_rfw * scHz

jwEz_rfw  Electric field, z 
component, 
times jω 

curlHz_rfw/epsilon_rfw

Ez  Electric field, z 
component 

jwEz_rfw/jomega_rfw

scEz  Scattered 
electric field, z 
component 

(diff(scHy,x)‐diff(scHx,y))/jomega_rfw

scHz  Scattered 
magnetic field, z 
component 

Hz‐Hiz_rfw

normE_rfw  Electric field, 
norm 

sqrt(abs(Ex)^2+abs(Ey)^2+abs(Ez)^2)

normD_rfw  Electric 
displacement, 
norm 

sqrt(abs(Dx_rfw)^2+abs(Dy_rfw)^2+abs(Dz_rfw)^2) 

normB_rfw  Magnetic flux 
density, norm 

sqrt(abs(Bx_rfw)^2+abs(By_rfw)^2+abs(Bz_rfw)^2) 

normH_rfw  Magnetic field, 
norm 

sqrt(abs(Hx)^2+abs(Hy)^2+abs(Hz)^2)

normPoav_rfw  Power flow,  sqrt(abs(Poxav_rfw)^2+abs(Poyav_rfw)^2+abs(Pozav_rfw)^2)
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time average, 
norm 

normscE_rfw  Scattered 
electric field, 
norm 

sqrt(abs(scEx)^2+abs(scEy)^2+abs(scEz)^2)

normscD_rfw  Scattered 
electric 
displacement, 
norm 

sqrt(abs(scDx_rfw)^2+abs(scDy_rfw)^2+abs(scDz_rfw)^2)

normscB_rfw  Scattered 
magnetic flux 
density, norm 

sqrt(abs(scBx_rfw)^2+abs(scBy_rfw)^2+abs(scBz_rfw)^2) 

normscH_rfw  Scattered 
magnetic field, 
norm 

sqrt(abs(scHx)^2+abs(scHy)^2+abs(scHz)^2) 

Wmav_rfw  Magnetic energy 
density, time 
average 

0.25 * real(Hx * conj(Bx_rfw)+Hy * conj(By_rfw)+Hz * conj(Bz_rfw))

Weav_rfw  Electric energy 
density, time 
average 

0.25 * real(Ex * conj(Dx_rfw)+Ey * conj(Dy_rfw)+Ez * conj(Dz_rfw))

Wav_rfw  Total energy 
density, time 
average 

Wmav_rfw+Weav_rfw

Qav_rfw  Resistive 
heating, time 
average 

0.5 * real(Jix_rfw * conj(Ex)‐j * real(omega_rfw) * Ex * 
conj(Dx_rfw)+Jiy_rfw * conj(Ey)‐j * real(omega_rfw) * Ey * 
conj(Dy_rfw)+Jiz_rfw * conj(Ez)‐j * real(omega_rfw) * Ez * 
conj(Dz_rfw))

Poxav_rfw  Power flow, 
time average, x 
component 

0.5 * real(Ey * conj(Hz)‐Ez * conj(Hy))

Poyav_rfw  Power flow, 
time average, y 
component 

0.5 * real(Ez * conj(Hx)‐Ex * conj(Hz))

Pozav_rfw  Power flow, 
time average, z 
component 

0.5 * real(Ex * conj(Hy)‐Ey * conj(Hx))
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E.4 A Monopole Model

The following model report describes a 2-dimensional axi-symmetric model of

the electromagnetic field near a hemispherically-capped, cylindrical monopole

mounted on a small ground plane.
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COMSOL Model Report: monopole001 

1. Table of Contents 
• Title ‐ COMSOL Model Report 
• Table of Contents 
• Model Properties 
• Constants 
• Geometry 
• Geom1 
• Integration Coupling Variables 
• Solver Settings 
• Postprocessing 
• Variables 

2. Model Properties 
Property  Value
Model name    
Author    
Company    
Department    
Reference    
URL    
Saved date    
Creation date    
COMSOL version  COMSOL 3.3.0.405 

File name: C:\Program Files\COMSOL33\Cylindrical Antenna\monopole001.fl 

Application modes and modules used in this model: 

• Geom1 (Axial symmetry (2D)) 
o TM Waves 

3. Constants 
Name  Expression  Value  Description
frequency  3e8       
Z_tl  50       
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4. Geometry 
Number of geometries: 1 

4.1. Geom1 
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4.1.1. Point mode 
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4.1.2. Boundary mode 
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4.1.3. Subdomain mode 

 

5. Geom1 
Space dimensions: Axial symmetry (2D) 

Independent variables: r, phi, z 

5.1. Scalar Expressions 
Name  Expression 
s11  (Hin‐H1)/Hin 
Z  Z_tl*(1+s11)/(1‐s11) 
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5.2. Expressions 

5.2.1. Subdomain Expressions 

Subdomain  1 
E_total  sqrt(Er_weh^2+Ez_weh^2)

5.3. Mesh 

5.3.1. Mesh Statistics 

Number of degrees of freedom  96979
Number of mesh points  24460
Number of elements  48060
Triangular  48060
Quadrilateral  0 
Number of boundary elements  866 
Number of vertex elements  14 
Minimum element quality  0.568
Element area ratio  0 
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5.4. Application Mode: TM Waves (weh) 
Application mode type: TM Waves 

Application mode name: weh 

5.4.1. Scalar Variables 

Name  Variable  Value  Description
epsilon0  epsilon0_weh  8.854187817e‐12 Permittivity of vacuum
mu0  mu0_weh  4*pi*1e‐7  Permeability of vacuum
nu  nu_weh  3e8  Frequency

5.4.2. Application Mode Properties 

Property  Value 
Default element type  Lagrange ‐ Quadratic
Analysis type  Harmonic propagation
Field type  TM waves 
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Specify wave using  Frequency 
Specify eigenvalues using  Eigenfrequency
Symmetry plane z=0  Off 
Symmetry type for z=0  Symmetry 
Frame  Frame (rz) 
Weak constraints  Off 

5.4.3. Variables 

Dependent variables: Ephidr, Hphidr, Ar, Aphidr, Az, scEphi, scHphi 

Shape functions: shlag(2,'Hphidr') 

Interior boundaries not active 

5.4.4. Boundary Settings 

Boundary     2, 4, 6, 8‐12, 14 1, 3
Type     Perfect electric conductor Axial symmetry 
Magnetic field (H0)     {0;0;0} {0;0;0}
Propagation constant (betaTM)     0  0
Integration order (wcgporder)     {}  {}
Boundary  5  13, 15
Type  Matched boundary Matched boundary
Magnetic field (H0)  {0;'1/r';0} {0;0;0}
Propagation constant (betaTM)  k_weh k_weh
Integration order (wcgporder)  {}  {}

5.4.5. Subdomain Settings 

Subdomain     1  2
Relative permittivity (epsilonr)     1  2.07

6. Integration Coupling Variables 
6.1. Geom1 

6.1.1. Source Boundary: 5 

Name  Value 
Variable name  Hin 
Expression  2*pi 
Order  4 
Global  Yes 
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6.1.2. Source Boundary: 5 

Name  Value 
Variable name  H1 
Expression  2*pi*r*Hphi_wh 
Order  4 
Global  Yes 

7. Solver Settings 
Solve using a script: off 

Analysis type  Harmonic_propagation
Auto select solver  On 
Solver  Stationary 
Solution form  Coefficient 
Symmetric  Off 
Adaption  Off 

7.1. Direct (UMFPACK) 
Solver type: Linear system solver 

Parameter  Value 
Pivot threshold  0.1 
Memory allocation factor  0.7 

7.2. Advanced 
Parameter  Value 
Constraint handling method  Elimination 
Null‐space function  Orthonormal 
Assembly block size  5000 
Use Hermitian transpose of constraint matrix and in symmetry detection On
Use complex functions with real input  Off
Stop if error due to undefined operation On
Type of scaling  Automatic 
Manual scaling   
Row equilibration  On
Manual control of reassembly  Off
Load constant  On
Constraint constant  On
Mass constant  On
Damping (mass) constant  On
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Jacobian constant  On
Constraint Jacobian constant  On

8. Postprocessing 

 

9. Variables 
9.1. Boundary 
Name  Description  Expression
dVolbnd_weh  Area integration contribution 1
nPoav_weh  Power outflow, time average nr_weh * Porav_weh+nz_weh * 

Pozav_weh
tHscphi_weh  H‐field in Stratton‐Chu formula, phi 

component 
Hphi_weh

tEscr_weh  E‐field in Stratton‐Chu formula, r 
component 

Er_weh
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tEscz_weh  E‐field in Stratton‐Chu formula, z 
component 

Ez_weh

Z_TE_weh  Wave impedance, TE waves omega_weh * mu_weh/betaport_weh
Z_TM_weh  Wave impedance, TM waves betaport_weh/(omega_weh * 

epsilon_weh)
Z_TEM_weh  Wave impedance, TEM waves sqrt(mu_weh/epsilon_weh) 

9.2. Subdomain 
Name  Description  Expression
SR_weh  PML radial 

coordinate 
 

Sr_weh  PML r coordinate  r
S0r_guess_weh  Inner r coordinate 

default guess  
0

Sdr_guess_weh  Width in r 
direction default 
guess  

0

rCylr_weh  PML r cylindrical 
vector, r 
component 

 

Sz_weh  PML z coordinate  z
S0z_guess_weh  Inner z coordinate 

default guess  
0

Sdz_guess_weh  Width in z 
direction default 
guess  

0

rCylz_weh  PML r cylindrical 
vector, z 
component 

 

detJ_weh  PML 
transformation 
matrix 
determinant  

1

Jrr_weh  PML 
transformation 
matrix, element rr  

1

invJrr_weh  PML inverse 
transformation 
matrix, element rr  

1

Jrz_weh  PML 
transformation 
matrix, element 
rz  

0

invJrz_weh  PML inverse 
transformation 

0
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matrix, element 
rz  

Jzr_weh  PML 
transformation 
matrix, element 
zr  

0

invJzr_weh  PML inverse 
transformation 
matrix, element 
zr  

0

Jzz_weh  PML 
transformation 
matrix, element 
zz  

1

invJzz_weh  PML inverse 
transformation 
matrix, element 
zz  

1

k_weh  Wave number  k0_weh * sqrt(mur_weh * 
(epsilonr_weh+sigma_weh/(jomega_weh * epsilon0_weh)))

c_weh  Phase velocity  c0_weh/sqrt(epsilonr_weh * mur_weh)
Z_wave_weh  Wave impedance  c_weh * mu0_weh * mur_weh
delta_weh  Skin depth  1/(omega_weh * sqrt(0.5 * mu0_weh * mur_weh * 

epsilon0_weh * epsilonr_weh * (‐
1+sqrt(1+(sigma_weh/(omega_weh * epsilon0_weh * 
epsilonr_weh))^2))))

dVol_weh  Volume 
integration 
contribution 

detJ_weh

Hphi_weh  Magnetic field, 
phi component 

r * Hphidr

Hphir_weh  Magnetic field, r 
derivative of phi 
component 

r * Hphidrr+Hphidr

Hphiz_weh  Magnetic field, z 
derivative of phi 
component 

r * Hphidrz

curlHr_weh  Curl of magnetic 
field, r 
component 

‐Hphidrz

curlHz_weh  Curl of magnetic 
field, z 
component 

Hphidrr

depHphi_weh  Magnetic field 
test variable, phi 
component 

Hphidr

epsilon_weh  Permittivity  epsilon0_weh * epsilonr_weh
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epsilonrr_weh  Permittivity, rr 
component 

epsilon0_weh * epsilonrrr_weh

epsilonrz_weh  Permittivity, rz 
component 

epsilon0_weh * epsilonrrz_weh

epsilonzr_weh  Permittivity, zr 
component 

epsilon0_weh * epsilonrzr_weh

epsilonzz_weh  Permittivity, zz 
component 

epsilon0_weh * epsilonrzz_weh

mu_weh  Permeability  mu0_weh * mur_weh
Dr_weh  Electric 

displacement, r 
component 

epsilonrr_weh * Er_weh+epsilonrz_weh * Ez_weh 

Jdr_weh  Displacement 
current density, r 
component 

jomega_weh * Dr_weh

Jir_weh  Induced current 
density, r 
component 

sigmarr_weh * Er_weh+sigmarz_weh * Ez_weh 

Er_weh  Electric field, r 
component 

jwEr_weh/jomega_weh

jwEr_weh  Electric field, r 
component, times 
jω 

‐diff(Hphi_weh,z)/(epsilonr_weh * epsilon0_weh) 

Dz_weh  Electric 
displacement, z 
component 

epsilonzr_weh * Er_weh+epsilonzz_weh * Ez_weh 

Jdz_weh  Displacement 
current density, z 
component 

jomega_weh * Dz_weh

Jiz_weh  Induced current 
density, z 
component 

sigmazr_weh * Er_weh+sigmazz_weh * Ez_weh 

Ez_weh  Electric field, z 
component 

jwEz_weh/jomega_weh

jwEz_weh  Electric field, z 
component, times 
jω 

(Hphidr+diff(Hphi_weh,r))/(epsilonr_weh * epsilon0_weh)

Bphi_weh  Magnetic flux 
density, phi 
component 

mu_weh * Hphi_weh

normH_weh  Magnetic field, 
norm 

abs(Hphi_weh)

normB_weh  Magnetic flux 
density, norm 

abs(Bphi_weh)

normE_weh  Electric field, 
norm 

sqrt(abs(Er_weh)^2+abs(Ez_weh)^2)

normD_weh  Electric  sqrt(abs(Dr_weh)^2+abs(Dz_weh)^2)
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displacement, 
norm 

normPoav_weh  Power flow, time 
average, norm 

sqrt(abs(Porav_weh)^2+abs(Pozav_weh)^2) 

Wmav_weh  Magnetic energy 
density, time 
average 

0.25 * real(Hphi_weh * conj(Bphi_weh))

Weav_weh  Electric energy 
density, time 
average 

0.25 * real(Er_weh * conj(Dr_weh)+Ez_weh * conj(Dz_weh))

Wav_weh  Total energy 
density, time 
average 

Wmav_weh+Weav_weh

Qav_weh  Resistive heating, 
time average 

0.5 * real(sigmarr_weh * Er_weh * conj(Er_weh)+sigmarz_weh * 
Ez_weh * conj(Er_weh)‐j * real(omega_weh) * Er_weh * 
conj(Dr_weh)+sigmazr_weh * Er_weh * 
conj(Ez_weh)+sigmazz_weh * Ez_weh * conj(Ez_weh)‐j * 
real(omega_weh) * Ez_weh * conj(Dz_weh)) 

Porav_weh  Power flow, time 
average, r 
component 

0.5 * real(‐Ez_weh * conj(Hphi_weh))

Pozav_weh  Power flow, time 
average, z 
component 

0.5 * real(Er_weh * conj(Hphi_weh))
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E.5 A Model of a Monopole in a Steel Vacuum

Bell

The following model report describes a 2-dimensional axi-symmetric model of

the electromagnetic field near a hemispherically-capped, cylindrical monopole

mounted on a small ground plane and installed in a steel bell. Because the

excitation is at 60 Hz, an electrostatic model was employed.
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COMSOL Model Report: bell004 

1. Table of Contents 
• Title ‐ COMSOL Model Report 
• Table of Contents 
• Model Properties 
• Geometry 
• Geom1 
• Solver Settings 
• Postprocessing 
• Variables 

2. Model Properties 
Property  Value
Model name   bell004 
Author   W. Price 
Company    
Department    
Reference    
URL    
Saved date  Mar 9, 2008 3:33:16 AM
Creation date    
COMSOL version  COMSOL 3.3.0.405 

File name: C:\Program Files\COMSOL33\Cylindrical Antenna\bell004.fl 

Application modes and modules used in this model: 

• Geom1 (Axial symmetry (2D)) 
o Electrostatics 

2.1. Model description 
Electrostatic model of 0.030 probe with 60 Hz. excitation 
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3. Geometry 
Number of geometries: 1 

3.1. Geom1 
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3.1.1. Point mode 
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3.1.2. Boundary mode 
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3.1.3. Subdomain mode 

 

4. Geom1 
Space dimensions: Axial symmetry (2D) 

Independent variables: r, phi, z 

4.1. Mesh 

4.1.1. Mesh Statistics 

Number of degrees of freedom  10025
Number of mesh points  2553 
Number of elements  4920 
Triangular  4920 
Quadrilateral  0 
Number of boundary elements  194 
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Number of vertex elements  9 
Minimum element quality  0.539
Element area ratio  0 

 

4.2. Application Mode: Electrostatics (es) 
Application mode type: Electrostatics 

Application mode name: es 

4.2.1. Scalar Variables 

Name  Variable  Value  Description
epsilon0  epsilon0_es  8.854187817e‐12 Permittivity of vacuum

4.2.2. Application Mode Properties 

Property  Value 
Default element type  Lagrange ‐ Quadratic
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Input property  Forced voltage 
Frame  Frame (rz) 
Weak constraints  Off 

4.2.3. Variables 

Dependent variables: V 

Shape functions: shlag(2,'V') 

Interior boundaries not active 

4.2.4. Boundary Settings 

Boundary     7‐8, 10  1 
Type     Ground  Axial symmetry
Electric potential (V0)     0  0 
Boundary  2, 4, 9  3
Type  Electric potential Zero charge/Symmetry
Electric potential (V0)  1  0

4.2.5. Subdomain Settings 

Subdomain     1  2
Relative permittivity (epsilonr)     1  4

5. Solver Settings 
Solve using a script: off 

Auto select solver  On 
Solver  Stationary 
Solution form  Coefficient 
Symmetric  Off 
Adaption  Off 

5.1. Direct (UMFPACK) 
Solver type: Linear system solver 

Parameter  Value 
Pivot threshold  0.1 
Memory allocation factor  0.7 
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5.2. Advanced 
Parameter  Value 
Constraint handling method  Elimination 
Null‐space function  Orthonormal 
Assembly block size  5000 
Use Hermitian transpose of constraint matrix and in symmetry detection On
Use complex functions with real input  Off
Stop if error due to undefined operation On
Type of scaling  Automatic 
Manual scaling   
Row equilibration  On
Manual control of reassembly  Off
Load constant  On
Constraint constant  On
Mass constant  On
Damping (mass) constant  On
Jacobian constant  On
Constraint Jacobian constant  On
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6. Postprocessing 

 

7. Variables 
7.1. Boundary 
Name  Description  Expression
unTr_es  Maxwell surface stress 

tensor, r component 
‐0.5 * (Er_es_up * Dr_es_up+Ez_es_up * Dz_es_up) * dnr+(dnr 
* Dr_es_up+dnz * Dz_es_up) * Er_es_up 

dnTr_es  Maxwell surface stress 
tensor, r component 

‐0.5 * (Er_es_down * Dr_es_down+Ez_es_down * 
Dz_es_down) * unr+(unr * Dr_es_down+unz * Dz_es_down) * 
Er_es_down

unTz_es  Maxwell surface stress 
tensor, z component 

‐0.5 * (Er_es_up * Dr_es_up+Ez_es_up * Dz_es_up) * dnz+(dnr 
* Dr_es_up+dnz * Dz_es_up) * Ez_es_up 

dnTz_es  Maxwell surface stress 
tensor, z component 

‐0.5 * (Er_es_down * Dr_es_down+Ez_es_down * 
Dz_es_down) * unz+(unr * Dr_es_down+unz * Dz_es_down) * 
Ez_es_down
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dVolbnd_es  Volume integration 
contribution 

Sr_es

nD_es  Surface charge density  unr * (Dr_es_down‐Dr_es_up)+unz * (Dz_es_down‐Dz_es_up)

7.2. Subdomain 
Name  Description  Expression
SR_es  Infinite element radial coordinate  
Sr_es  Infinite element r coordinate r
S0r_guess_es  Inner r coordinate default guess  0
Sdr_guess_es  Width in r direction default guess  0
rCylr_es  Infinite element r cylindrical vector, r 

component 
 

Sz_es  Infinite element z coordinate z
S0z_guess_es  Inner z coordinate default guess  0
Sdz_guess_es  Width in z direction default guess  0
rCylz_es  Infinite element r cylindrical vector, z 

component 
 

detJ_es  Infinite element transformation matrix 
determinant  

1

Jrr_es  Infinite element transformation matrix 
determinant, element rr 

1

invJrr_es  Infinite element inverse transformation 
matrix, element rr  

1

Jrz_es  Infinite element transformation matrix 
determinant, element rz 

0

invJrz_es  Infinite element inverse transformation 
matrix, element rz  

0

Jzr_es  Infinite element transformation matrix 
determinant, element zr 

0

invJzr_es  Infinite element inverse transformation 
matrix, element zr  

0

Jzz_es  Infinite element transformation matrix 
determinant, element zz 

1

invJzz_es  Infinite element inverse transformation 
matrix, element zz  

1

dVol_es  Volume integration contribution Sr_es * detJ_es 
Dr_es  Electric displacement, r component epsilonrr_es * Er_es+epsilonrz_es * 

Ez_es
Dz_es  Electric displacement, z component epsilonzr_es * Er_es+epsilonzz_es * 

Ez_es
epsilon_es  Permittivity  epsilon0_es * epsilonr_es 
epsilonrr_es  Permittivity, rr component epsilon0_es * epsilonrrr_es 
epsilonrz_es  Permittivity, rz component epsilon0_es * epsilonrrz_es 
epsilonzr_es  Permittivity, zr component epsilon0_es * epsilonrzr_es 
epsilonzz_es  Permittivity, zz component epsilon0_es * epsilonrzz_es 
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normE_es  Electric field, norm  sqrt(abs(Er_es)^2+abs(Ez_es)^2)
normD_es  Electric displacement, norm sqrt(abs(Dr_es)^2+abs(Dz_es)^2)
normP_es  Electric polarization, norm sqrt(abs(Pr_es)^2+abs(Pz_es)^2)
normDr_es  Remanent displacement, norm sqrt(abs(Drr_es)^2+abs(Drz_es)^2)
Er_es  Electric field, r component ‐Vr
Ez_es  Electric field, z component ‐Vz
We_es  Electric energy density  0.5 * (Dr_es * Er_es+Dz_es * Ez_es)
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E.6 A Model of a Monopole at 300 MHz

The following model report describes a 2-dimensional axi-symmetric model of

the electromagnetic field near a hemispherically-capped, cylindrical monopole

mounted on a small ground plane and radiating into a scattering boundary.

The electromagnetic wave model is coupled via the electric field with an

electron diffusion model making this model truly a multiphysics simulation

of corona onset.

The choices for multiphysics simulations is either sequential or simulta-

neous solution of the two problems. Since the electric field near the antenna

simply scales with excitation, the electromagnetic problem was solved only

once and the normalized electric field solution stored. The linkage between

the two problems was achieved by varying a scaling parameter and using the

stored electric field solution to drive the diffusion problem.

The scaling was increased incrementally until the electron density in

the ionization region increased without bound. The maximum electric field

strength at the surface of the monopole was simply the value of the scaling

factor.
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Experiment05a 

 

1. Table of Contents 

 Title - Experiment05a 
 Table of Contents 
 Model Properties 
 Constants 
 Geometry 
 Geom1 
 Materials/Coefficients Library 
 Solver Settings 
 Postprocessing 
 Variables 

2. Model Properties 

Property Value 
Model name Experiment05a 
Author Price 
Company   
Department   
Reference   
URL   
Saved date May 9, 2009 5:43:07 AM 
Creation date Nov 22, 2006 6:41:28 PM
COMSOL version COMSOL 3.5.0.603 

File name: C:\Users\William\COMSOL\Cylindrical Antenna\experiment05a.mph 

Application modes and modules used in this model: 

 Geom1 (Axial symmetry (2D)) 
o TM Waves (RF Module) 
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2.1. Model description 

Exact geometry of model used in experimental work, resonant at 289.4 MHz. 
Mismatched boundary. 

3. Constants 

Name Expression Value Description
frequency 299.875e6     
Z_tl 50     

4. Geometry 

Number of geometries: 1 

4.1. Geom1 
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4.1.1. Point mode 
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4.1.2. Boundary mode 
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4.1.3. Subdomain mode 

 

5. Geom1 

Space dimensions: Axial symmetry (2D) 

Independent variables: r, phi, z 

5.1. Scalar Expressions 

Name Expression Unit Description
Z Z_tl*(1+S11_rfwh)/(1-S11_rfwh) 1   

5.2. Mesh 

5.2.1. Mesh Statistics 

Number of degrees of freedom 1997761
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Number of mesh points 504369 
Number of elements 989024 
Triangular 989024 
Quadrilateral 0 
Number of boundary elements 20576 
Number of vertex elements 29 
Minimum element quality 0.724 
Element area ratio 0 

 

5.3. Application Mode: TM Waves (rfwh) 

Application mode type: TM Waves (RF Module) 

Application mode name: rfwh 

5.3.1. Scalar Variables 

Name Variable Value Unit Description 
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epsilon0 epsilon0_rfwh 8.854187817e-12 F/m Permittivity of vacuum 
mu0 mu0_rfwh 4*pi*1e-7 H/m Permeability of vacuum 
nu nu_rfwh frequency Hz Frequency 

5.3.2. Application Mode Properties 

Property Value 
Default element type Lagrange - Quadratic
Analysis type Harmonic propagation
Field type TM waves 
Specify wave using Frequency 
Specify eigenvalues using Eigenfrequency 
Divergence condition Off 
Frame Frame (ref) 
Weak constraints Off 
Vector element constraint Off 
Constraint type Ideal 

5.3.3. Variables 

Dependent variables: Ephi, Hphi, Ar, Aphi, Az, scEphi, scHphi, psi 

Shape functions: shlag(2,'Hphi') 

Interior boundaries active 

5.3.4. Boundary Settings 

Boundary   1, 3 2, 4-5, 7, 9, 11-13, 22-
31, 33, 35 

6 

Type   Axial symmetry Perfect electric 
conductor 

Port 

Electric 
conductivity 
(sigmabnd) 

S/m {0,0,0;0,0,0;0,0,0} {0,0,0;0,0,0;0,0,0} {0,0,0;0,0,0;0,0,0}

Magnetic field (H0) A/m {0;0;0} {0;0;0} {0;1/r;0} 
Propagation 
constant (betaTM) 

rad/m 0 0 k_rfwh 

inport   0 0 1 
modespec   User defined User defined Coaxial 
curofforbeta   beta beta beta 

Boundary   8, 14-20 10, 21 32, 34 
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Type   Continuity Continuity Scattering boundary 
condition 

Electric conductivity 
(sigmabnd) 

S/m {0,0,0;0,0,0;0,0,0} {0,0,0;0,0,0;0,0,0} {9e-3,0,0;0,9e-
3,0;0,0,9e-3} 

Magnetic field (H0) A/m {0;0;0} {0;0;0} {0;0;0} 
Propagation constant 
(betaTM) 

rad/m 0 0 0 

inport   0 0 0 
modespec   User defined User defined User defined 
curofforbeta   beta1 beta beta 

5.3.5. Subdomain Settings 

Subdomain   1-2 3-4, 6 5 
Relative 
permittivity 
(epsilonr) 

1 {1,0,0;0,1,0;0,0,1} {8,0,0;0,8,0;0,0,8} {2.25,0,0;0,2.25,0;0,0,2.25}

Subdomain   7 
Relative permittivity (epsilonr) 1 {1,0,0;0,1,0;0,0,1}

6. Materials/Coefficients Library 

6.1. Steel AISI 4340 

Parameter Value 
Heat capacity at constant pressure (C) 475[J/(kg*K)] 
Young's modulus (E) 205e9[Pa] 
Thermal expansion coeff. (alpha) 12.3e-6[1/K] 
Relative permittivity (epsilonr) 1 
Thermal conductivity (k) 44.5[W/(m*K)]
Relative permeability (mur) 1 
Poisson's ratio (nu) 0.28 
Density (rho) 7850[kg/m^3]
Electric conductivity (sigma) 4.032e6[S/m]

7. Solver Settings 

Solve using a script: off 

Analysis type Harmonic_propagation
Auto select solver On 
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Solver Stationary 
Solution form Automatic 
Symmetric auto 
Adaptive mesh refinement Off 
Optimization/Sensitivity Off 
Plot while solving  Off 

7.1. Direct (SPOOLES) 

Solver type: Linear system solver 

Parameter Value 
Pivot threshold 0.1 
Preordering algorithm Minimum degree

7.2. Stationary 

Parameter Value 
Linearity Automatic
Relative tolerance 1.0E-6 
Maximum number of iterations 25 
Manual tuning of damping parameters Off 
Highly nonlinear problem On 
Initial damping factor 1.0E-4 
Minimum damping factor 1.0E-8 
Restriction for step size update 10.0 

7.3. Advanced 

Parameter Value 
Constraint handling method Elimination
Null-space function Automatic 
Automatic assembly block size On 
Assembly block size 5000 
Use Hermitian transpose of constraint matrix and in symmetry detection Off 
Use complex functions with real input On 
Stop if error due to undefined operation On 
Store solution on file Off 
Type of scaling Automatic 
Manual scaling   
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Row equilibration On 
Manual control of reassembly Off 
Load constant On 
Constraint constant On 
Mass constant On 
Damping (mass) constant On 
Jacobian constant On 
Constraint Jacobian constant On 

8. Postprocessing 

 

9. Variables 

9.1. Boundary 

Name Description Unit Expression 
dVolbnd_rfwh Area integration m Sr_rfwh 
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contribution 
nPoav_rfwh Power outflow, time 

average 
W/m^2 nr_rfwh * Porav_rfwh+nz_rfwh * 

Pozav_rfwh 
nxEr_rfwh Tangential electric field V/m 0 
nxcurlEr_rfwh Tangential curl of E, r 

component 
V/m^2 jomega_rfwh * mu_rfwh * nz_rfwh * 

Hphi 
nxEz_rfwh Tangential electric field V/m 0 
nxcurlEz_rfwh Tangential curl of E, z 

component 
V/m^2 -jomega_rfwh * mu_rfwh * nr_rfwh * 

Hphi 
nxEphi_rfwh Tangential electric field V/m -nr_rfwh * Ez_rfwh+nz_rfwh * 

Er_rfwh 
nxcurlEphi_rfwh Tangential curl of E, phi 

component 
V/m^2 0 

Z_TE_rfwh Wave impedance, TE 
waves 

ohm omega_rfwh * 
mu_rfwh/betaport_rfwh 

Z_TM_rfwh Wave impedance, TM 
waves 

ohm betaport_rfwh/(omega_rfwh * 
epsilon_rfwh) 

Z_TEM_rfwh Wave impedance, TEM 
waves 

ohm sqrt(mu_rfwh/epsilon_rfwh) 

Pin_port_rfwh Port power level for the 
inport 

1 1 

wport_rfwh Width of port m   
hport_rfwh Height of port m   
ahr_rfwh Voltage reference 

direction, r component 
1   

ahz_rfwh Voltage reference 
direction, z component 

1   

9.2. Subdomain 

Name Description Unit Expression 
SRcoord_rfwh PML radial 

coordinate 
    

Sr_rfwh PML r 
coordinate 

m r 

S0r_guess_rfw
h 

Inner r 
coordinate 
default guess 

m 0 

Sdr_guess_rfw
h 

Width in r 
direction 
default guess 

m 0 

rCylr_rfwh PML r m   
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cylindrical 
vector, r 
component 

Sz_rfwh PML z 
coordinate 

m z 

S0z_guess_rfw
h 

Inner z 
coordinate 
default guess 

m 0 

Sdz_guess_rfw
h 

Width in z 
direction 
default guess 

m 0 

rCylz_rfwh PML r 
cylindrical 
vector, z 
component 

m   

detJ_rfwh PML 
transformatio
n matrix 
determinant 

1 1 

Jrr_rfwh PML 
transformatio
n matrix, 
element rr 

1 1 

invJrr_rfwh PML inverse 
transformatio
n matrix, 
element rr 

1 1 

Jrz_rfwh PML 
transformatio
n matrix, 
element rz 

1 0 

invJrz_rfwh PML inverse 
transformatio
n matrix, 
element rz 

1 0 

Jzr_rfwh PML 
transformatio
n matrix, 
element zr 

1 0 

invJzr_rfwh PML inverse 
transformatio
n matrix, 
element zr 

1 0 

Jzz_rfwh PML 1 1 
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transformatio
n matrix, 
element zz 

invJzz_rfwh PML inverse 
transformatio
n matrix, 
element zz 

1 1 

k_rfwh Wave 
number 

1/m k0_rfwh * sqrt(mur_rfwh * 
(epsilonr_rfwh+sigma_rfwh/(jomega_rfwh * 
epsilon0_rfwh))) 

dVol_rfwh Volume 
integration 
contribution 

m Sr_rfwh * detJ_rfwh 

c_rfwh Phase 
velocity 

m/s c0_rfwh/sqrt(epsilonr_rfwh * mur_rfwh) 

Z_wave_rfwh Wave 
impedance 

ohm c_rfwh * mu0_rfwh * mur_rfwh 

delta_rfwh Skin depth m 1/real(sqrt(j * omega_rfwh * mu0_rfwh * 
mur_rfwh * (sigma_rfwh+j * omega_rfwh * 
epsilon0_rfwh * epsilonr_rfwh))) 

curlHr_rfwh Curl of 
magnetic 
field, r 
component 

A/m^2 -Hphiz 

curlHz_rfwh Curl of 
magnetic 
field, z 
component 

A/m^2 if(abs(r) 

depHphi_rfwh Magnetic 
field test 
variable, phi 
component 

A/m Hphi 

Qmav_rfwh Magnetic 
hysteresis 
losses  

W/m^3 real(0.5 * j * omega_rfwh * Bphi_rfwh * 
conj(Hphi)) 

epsilon_rfwh Permittivity F/m epsilon0_rfwh * epsilonr_rfwh 
epsilonrr_rfwh Permittivity, rr 

component 
F/m epsilon0_rfwh * epsilonrrr_rfwh 

epsilonrz_rfwh Permittivity, 
rz component 

F/m epsilon0_rfwh * epsilonrrz_rfwh 

epsilonzr_rfwh Permittivity, 
zr component 

F/m epsilon0_rfwh * epsilonrzr_rfwh 

epsilonzz_rfwh Permittivity, 
zz 

F/m epsilon0_rfwh * epsilonrzz_rfwh 
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component 
mu_rfwh Permeability H/m mu0_rfwh * mur_rfwh 
muphiphi_rfwh Permeability, 

phiphi 
component 

H/m mu0_rfwh * murphiphi_rfwh 

Dr_rfwh Electric 
displacement
, r component 

C/m^2 epsilonrr_rfwh * Er_rfwh+epsilonrz_rfwh * 
Ez_rfwh 

Jdr_rfwh Displacement 
current 
density, r 
component 

A/m^2 jomega_rfwh * Dr_rfwh 

Jir_rfwh Induced 
current 
density, r 
component 

A/m^2 sigmarr_rfwh * Er_rfwh+sigmarz_rfwh * 
Ez_rfwh 

Er_rfwh Electric field, 
r component 

V/m jwEr_rfwh/jomega_rfwh 

jwEr_rfwh Electric field, 
r component, 
times jω 

m*kg/(s^4*A
) 

curlHr_rfwh/(epsilonr_rfwh * 
epsilon0_rfwh) 

Dz_rfwh Electric 
displacement
, z 
component 

C/m^2 epsilonzr_rfwh * Er_rfwh+epsilonzz_rfwh * 
Ez_rfwh 

Jdz_rfwh Displacement 
current 
density, z 
component 

A/m^2 jomega_rfwh * Dz_rfwh 

Jiz_rfwh Induced 
current 
density, z 
component 

A/m^2 sigmazr_rfwh * Er_rfwh+sigmazz_rfwh * 
Ez_rfwh 

Ez_rfwh Electric field, 
z component 

V/m jwEz_rfwh/jomega_rfwh 

jwEz_rfwh Electric field, 
z component, 
times jω 

m*kg/(s^4*A
) 

curlHz_rfwh/(epsilonr_rfwh * 
epsilon0_rfwh) 

Bphi_rfwh Magnetic flux 
density, phi 
component 

T mu_rfwh * Hphi 

normH_rfwh Magnetic 
field, norm 

A/m abs(Hphi) 

normB_rfwh Magnetic flux T abs(Bphi_rfwh) 
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density, norm 
normE_rfwh Electric field, 

norm 
V/m sqrt(abs(Er_rfwh)^2+abs(Ez_rfwh)^2) 

normD_rfwh Electric 
displacement
, norm 

C/m^2 sqrt(abs(Dr_rfwh)^2+abs(Dz_rfwh)^2) 

normPoav_rfwh Power flow, 
time average, 
norm 

W/m^2 sqrt(abs(Porav_rfwh)^2+abs(Pozav_rfwh)^
2) 

Wmav_rfwh Magnetic 
energy 
density, time 
average 

J/m^3 0.25 * real(Hphi * conj(Bphi_rfwh)) 

Weav_rfwh Electric 
energy 
density, time 
average 

J/m^3 0.25 * real(Er_rfwh * 
conj(Dr_rfwh)+Ez_rfwh * conj(Dz_rfwh)) 

Wav_rfwh Total energy 
density, time 
average 

J/m^3 Wmav_rfwh+Weav_rfwh 

Qav_rfwh Resistive 
heating, time 
average 

W/m^3 0.5 * real(sigmarr_rfwh * Er_rfwh * 
conj(Er_rfwh)+sigmarz_rfwh * Ez_rfwh * 
conj(Er_rfwh)-j * real(omega_rfwh) * 
Er_rfwh * conj(Dr_rfwh)+sigmazr_rfwh * 
Er_rfwh * conj(Ez_rfwh)+sigmazz_rfwh * 
Ez_rfwh * conj(Ez_rfwh)-j * 
real(omega_rfwh) * Ez_rfwh * 
conj(Dz_rfwh)) 

Porav_rfwh Power flow, 
time average, 
r component 

W/m^2 0.5 * real(-Ez_rfwh * conj(Hphi)) 

Pozav_rfwh Power flow, 
time average, 
z component 

W/m^2 0.5 * real(Er_rfwh * conj(Hphi)) 
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Appendix F

A Note on Robust Linear

Regression

The robust linear regression algorithm used to estimate the converged value

of finite element method solutions of electromagnetic and diffusion problems

is from the MathWorks MATLAB Statistical Toolbox (robustfit.m) [159].

The algorithm is described as follows:

“b = robustfit(X,y) returns a p-by-1 vector b of coefficient estimates

for a robust multilinear regression of the responses in y on the pre-

dictors in X. X is an n-by-p matrix of p predictors at each of n ob-

servations. y is an n-by-1 vector of observed responses. By default,

the algorithm uses iteratively reweighted least squares with a bisquare

weighting function.”

The algorithm is based on work by DuMouchel and O’Brien [190], Holland

and Welsch [191], Huber [192], and Street et al. [193].
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Figures 2.27, 2.29, 3.12, 3.13, 3.14, 3.15, 3.17, 3.21, and 3.25 show the

value of a finite element method solution as a function of 1/N , where N is

the number of elements in the active domain and is proportional to element

size. The results of the robust linear regression are plotted as a line on the

graph without accompanying regression statistics.

The benefit in using the robust linear regression is that it handles outliers

efficiently by employing an “iteratively reweighted least squares” approach.

The object of using the robust linear regression in this work was not to fit the

data to a line, but to obtain the best estimate of the intercept as 1/N → 0.

Apart from the intercept the regression statistics are not of interest and are

not reported.

The calculated intercept is also useful in estimating residual error in the

finite element method by comparing the intercept with the value calculated

using the most dense mesh. The error thus estimated was typically on the

order of 1 per cent.



Appendix G

List of Variables

α – coefficient of ionization by electrons in cm−1,

αeff – the effective or net ionization coefficient, taking attachment into ac-

count,

β – coefficient of ionization by positive ions in cm−1 or wave number, de-

pending on context,

γ – coefficient of electron release by positive ions at the negative electrode

in cm−1 proposed by Townsend,

Γ – vector electron flux in cm−2 sec−1,

δ – fractional number density of a gas referred to STP,

ζ – the high frequency ionization coefficient,

κ – the ratio of maximum electric field strength at the surface of an antenna

to the current at the antenna terminals,
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λ – wavelength or sometimes mean free path,

Λ – characteristic diffusion length in cm,

Λa – characteristic attachment length in cm,

µ – mobility,

mu+ – positive ion mobility,

ν – the net electron ionization frequency,

νa – the electron attachment frequency,

νc – the electron-molecule collision frequency in Hz,

νi – the electron ionization frequency,

ρ – the mass density of air, or an alternative variable equal to rp, or the

surface density of charge on an antenna,

ρ0 – the mass density of air at STP or an alternative variable equal to r0p,

τa – characteristic time of electron attachment,

χ (v) – an arbitrary function of velocity,

ω – excitation frequency in radians sec−1,

Ω – King’s aspect ratio for cylindrical antennas,

a – acceleration,

A – the collison term in the Boltzmann transport equation or the magnetic

vector potential,
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B – magnetic field strength,

c – the random velocity of a particle or particle concentration in the classic

diffusion equation,

D – the electron diffusion coefficient in ???,

E – electric field strength,

Eb – electric field strength corresponding to corona onset or breakdown,

Ee – effective electric field in v cm−1,

Eeff – effective electric field in v cm−1,

f (r,v, t) – the electron distribution function,

fc – the critical frequency above which the breakdown voltage between pla-

nar electrodes at dc or low frequency appears to diminish,

F – force or the dynamic component of the electric field in the Schelkunoff-

Friis partition theory,

g – the electric field strength at which air breaks down at STP,

G – the quasistatic component of the electric field in the Schelkunoff-Friis

partition theory,

i – electron current in a gas discharge,

I – electron current,

J – current density,
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k – the three-body electron attachment coefficient,

K – the empirically calibrated value of the Townsend integral,

l – mean free path in cm,

lc – the critical gap width, corresponding to fc, above which the breakdown

voltage between planar electrodes at dc or low frequency appears to

diminish,

m – particle mass,

Mi – the ith moment of the electron distribution function,

n – electron number density in cm−3,

np – the plasma density,

N – the number density of a gas,

NA – Avagadro’s number,

p – pressure in torr,

p′ – effective pressure, that is, gas density expressed as equivalent pressure,

P – pressure in torr,

P – the kinetic pressure dyad,

q – electron charge,

qi – ionization cross section,
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r – radius in cm,

r0 – that radius corresponding to the surface of a cylindrical electrode,

r1 – that radius corresponding to the ionization boundary near a cylindrical

electrode,

r2 – that radius corresponding to a boundary far from a cylindrical electrode

where electron density vanishes,

R – the universal gas constant or the reaction term in the classic diffusion

equation,

STP – standard temperature and pressure,

T – temperature,

u – energy,

ui – ionization energy,

v – velocity in cm sec−1,

V – electric potential in volts,

Z – geometric altitude,



400 APPENDIX G. LIST OF VARIABLES



Bibliography

[1] D. H. Robinson. Giants in the Sky. University of Washington Press,

Seattle, 1973.

[2] H. M. Hucke. Precipitation static interference. Proceedings of the IRE,

27(5), 1939.

[3] R. L. Tanner and J. E. Nanevicz. An analysis of corona-generated

interference in aircraft. Proceedings of the IEEE, 52(1):44–52, 1964.

[4] R. H. Marriot. Radio range variation. Proceedings of the IRE, 2(3),

1914.

[5] A. Curtis. Discussion on radio range variation. Proceedings of the IRE,

2(3), 1914.

[6] R. Gunn, W. C. Hall, and G. D. Kinzer. Army-Navy precipitation-

static project part I–the precipitation static interference problem and

methods for its investigation. Proceedings of the IRE, 34:156–161, 1946.

[7] H. W. Morgan. Rain static. Proceedings of the IRE, 24(7), 1937.

[8] R. L. Tanner. Radio Interference from Corona Discharges. Doctoral

dissertation, Stanford University, 1953.

401



402 BIBLIOGRAPHY

[9] R. L. Tanner. Precipitation particle impact noise in aircraft antennas.

Antennas and Propagation, IEEE Transactions on, 5(2):232–236, 1957.

[10] A. Vasiliadis. A Study of Corona Discharge Noise in Aircraft Antennas.

Doctoral dissertation, Stanford University, 1960.

[11] W. Scharfman and T. Morita. Power-handling capability of antennas

at high altitude. In IRE International Convention Record, volume 8,

pages 103–114, 1960.

[12] H. Mehlhardt. The electric strength of antenna installations in air-

planes operating at high altitudes. Technical Report F-TS-1106-RE,

U. S. Army Air Materiel Command, 1937.

[13] R. Buderi. The Invention that Changed the World. Simon & Schuster,

Inc., New York, 1996.

[14] D. Q. Posin. The microwave spark. Physical Review, 73(5):496–509,

1948.

[15] G. B. Collins. Microwave Magnetrons, volume 6 of Massachusetts In-

stitute of Technology Radiation Laboratory Series. McGraw-Hill Book

Company, Inc., New York, 1948.

[16] G. L. Ragan. Microwave Transmission Circuits, volume 9 of

Massachusetts Institute of Technology Radiation Laboratory Series.

McGraw-Hill Book Company, Inc., New York, 1948.



BIBLIOGRAPHY 403

[17] H. Margenau. Theory of high frequency gas discharges. I. methods for

calculating electron distribution functions. Physical Review, 73(4):297–

308, 1948.

[18] H. Margenau and L. M. Hartman. Theory of high frequency gas dis-

charges. II. harmonic components of the distribution function. Physical

Review, 73(4):309–315, 1948.

[19] L. M. Hartman. Theory of high frequency gas discharges. III. high

frequency breakdown. Physical Review, 73(4):316–325, 1948.

[20] H. Margenau. Theory of high frequency gas discharges. IV. note on the

similarity principle. Physical Review, 73(4):326–328, 1948.

[21] M. A. Herlin and S. C. Brown. Breakdown of a gas at microwave

frequencies. Physical Review, 74(3):291–296, 1948.

[22] M. A. Herlin and S. C. Brown. Electrical breakdown of a gas between

coaxial cylinders at microwave frequencies. Physical Review, 74(8):910–

913, 1948.

[23] M. A. Herlin and S. C. Brown. Microwave breakdown of a gas in a

cylindrical cavity of arbitrary length. Physical Review, 74(11):1650–

1656, 1948.

[24] R. L. Tanner. High-voltage problems in flush and external aircraft HF

antennas. IRE Transactions of Professional Group on Aeronautical and

Navigational Electronics, 1(4):16, 1954.



404 BIBLIOGRAPHY

[25] A. D. MacDonald. High-frequency breakdown in air at high altitudes.

Proceedings of the IRE, 47(3):436–441, 1959.

[26] J. Ashwell, E. Cole, A. Pratt, and D. Sartorio. High altitude breakdown

phenomena. In IRE International Convention Record, volume 5, pages

72–77, 1957.

[27] J. Chown, T. Morita, and W. Scharfman. Voltage breakdown char-

acteristics of microwave antennas. In IRE International Convention

Record, volume 6, page 199, 1958.

[28] J. Chown, T. Morita, andW. Scharfman. Voltage breakdown character-

istics of microwave antennas. Proceedings of the IRE, pages 1331–1337,

1959.

[29] W. Scharfman, W. C. Taylor, and T. Morita. Research study of mi-

crowave breakdown of air at high altitudes. Technical Report AFCRL-

62-732, Air Force Cambridge Research Laboratories, August 1962.

[30] J. E. Nanevicz, J. B. Chown, E. F. Vance, and J. A. Martin. SRI

participation in voltage breakdown and rocket charging experiments

on Nike-Cajun rocket. Technical Report AFCRL-66-588, Air Force

Cambridge Research Laboratories, August 1966.

[31] J. Martin and J. Chown. Voltage breakdown of monopole antennas in

the atmospheres of Venus and Mars. Antennas and Propagation, IEEE

Transactions on, 15(4):589–590, 1967.



BIBLIOGRAPHY 405

[32] J. B. Chown, J. E. Nanevicz, and E. F. Vance. VHF breakdown on a

Nike-Cajun rocket. Technical Report 33-447, Jet Propulsion Labora-

tory, 1970.

[33] W. C. Taylor, W. Scharfman, and T. Morita. Voltage breakdown of

microwave antennas. In Leo Young, editor, Advances in Microwaves,

volume 7, pages 59–130. Academic Press, New York, 1971.

[34] W. C. Taylor and N. J. Alvares. Investigations of high-power problems

in space-shuttle antenna designs. Technical Report CR-1922, NASA,

February 1972.

[35] W. J. Linder and H. L. Steele. Estimating voltage breakdown perfor-

mance of high-altitude antennas. In WESCON/59, volume 3, pages

9–12, 1959.

[36] W. J. Linder. The power-handling capacity of a microwave antenna

in a hypersonic environment. Technical Report D2-90111, The Boeing

Company, August 1 1962.

[37] F. W. Allen. Summary of high voltage corona and voltage break-

down tests on the XB-70 tailcap antenna. Technical Report NA-61-912,

North American Aviation, Inc., September 12 1961.

[38] P. L. Wickham. S-II telemetry antenna voltage breakdown study. Tech-

nical report, North American Aviation, Inc., 30 December 1962.

[39] P. F. Stang. Corona and breakdown as a function of humidity at low

pressure. In Thirteenth Annual Symposium on USAF Antenna Re-



406 BIBLIOGRAPHY

search and Development, University of Illinois, 1963. U. S. Air Force

Systems Command.

[40] H. Mott. Multifrequency breakdown of antennas in air. Proceedings of

the IEEE, 52:1752,1753, 1964.

[41] H. Mott. Multifrequency antenna breakdown. Technical Report CR

58309, NASA, June 1964.

[42] G. A. Bakalyar. High-altitude breakdown prediction. Technical Report

33-280, Jet Propulsion Laboratory, 1968.

[43] F. V. Cairns. Rocket antenna voltage breakdown in the upper atmo-

sphere. Canadian Journal of Physics, 43:1558–1561, 1965.

[44] M. Epstein. High-frequency breakdown of nonuniform gases in spatially

varying fields. Technical Report SAMSO-TR-67-116, Space and Missile

Systems Organization, Air Force Systems Command, November 1967.

[45] G. C. Light and E. C. Taylor. Antenna breakdown in high-temperature

air. Technical Report SSD-TR-67-118, U. S. Air Force Systems Com-

mand, June 1967.

[46] C. Lenander. Predictions of microwave breakdown in air from kinetic

theory calculations. Technical report, Aerospace Corporation, June

1968.

[47] G. C. Light and E. C. Taylor. Microwave breakdown in high-

temperature air. Journal of Applied Physics, 39(3):1591–1597, 1968.



BIBLIOGRAPHY 407

[48] R. L. Fante. Mathematical analysis of microwave breakdown in flowing

gases. Antennas and Propagation, IEEE Transactions on, 13(5):781–

788, 1965.

[49] R. L. Fante. Note on nonlinear microwave breakdown. Antennas and

Propagation, IEEE Transactions on, 13(6):984–985, 1965.

[50] R. L. Fante and J. Mayhan. Bounds on the electric field outside a

radiating system. Antennas and Propagation, IEEE Transactions on,

16(6):712–717, 1968.

[51] R. L. Fante and J. T. Mayhan. Microwave breakdown predictions for a

rectangular aperture antenna. Journal of Applied Physics, 40(12):4750–

4752, 1969.

[52] J. T. Mayhan and R. L. Fante. Microwave breakdown over a semi-

infinite interval. Journal of Applied Physics, 40(13):5207–5211, 1969.

[53] J. T. Mayhan and R. L. Fante. A variational formulation specifying

the breakdown criteria for plasmas subjected to spatially nonuniform

electric fields. Journal of Applied Physics, 40(2):449–453, 1969.

[54] R. L. Fante and J. Mayhan. Bounds on the electric field outside a

radiating system–II. Antennas and Propagation, IEEE Transactions

on, 18(1):64–68, 1970.

[55] R. L. Fante and J. M. Yos. Breakdown in the near field of re-entry

vehicle antennas. Technical report, U. S. Air Force Cambridge Research

Laboratory, April 1 1971.



408 BIBLIOGRAPHY

[56] R. L. Fante and J. T. Mayhan. Systems study of non-linear microwave

breakdown. Technical Report AFCRL-71-0334, U. S. Air Force Cam-

bridge Research Laboratories, June 15 1971.

[57] J. M. Yos. Microwave breakdown predictions for a rectangular aperture

antenna including lateral diffusion. Technical Report AFCRL-71-0120,

U. S. Air Force Cambridge Research Laboratories, February 18 1971.

[58] A. J. Russo. High-frequency electrical breakdown of thermally ionized

gases. Technical Report SC-RR-68-284, Sandia National Laboratory,

May 1968.

[59] E. E. Covert. An approximate calculation of the breakdown condi-

tion for external slot antennas. Technical Report TR 153, Aerophysics

Laboratory, Massachusetts Institute of Technology, May 1969.

[60] G. August, J. B. Chown, and W. C. Taylor. Power-handling capability

of ECM antennas. Technical Report AD-751 309, U. S. Air Force

Systems Command, September 1972.

[61] B. Bleaney. Two oxford science professors, F. Soddy and J.S.E.

Townsend. Notes and Records of the Royal Society of London, 56(1):83–

88, 2002.

[62] J. S. Townsend. Electricity in Gases. Oxford University Press, London,

first edition, 1915.

[63] J. J. Thomson. Conduction of Electricity through Gases. Cambridge

University Press, Cambridge, 1906.



BIBLIOGRAPHY 409

[64] F. M. Penning. Electrical Discharges in Gases. The Macmillan Com-

pany, New York, 1957.

[65] J. S. Townsend. The conductivity produced in gases by the motion of

negatively-charged ions. Nature, 62(1606):340–341, 1900.

[66] E. Nasser. Fundamentals of Gaseous Ionization and Plasma Electron-

ics. Wiley Series in Plasma Physics. John Wiley & Sons, New York,

first edition, 1971.

[67] J. S. Townsend. Electrons in Gases. Hutchinson’s Scientific and Tech-

nical Publications, London, 1947.

[68] J. S. Townsend and H. T. Tizard. The motion of electrons in gases.

Proceedings of the Royal Society, 99(604):336–347, 1913.

[69] J. S. Townsend. Ionization of gases. Nature, 104(2610):233–234, 1919.

[70] J. B. Whitehead. The electric strength of air. Transactions of the

American Institute of Electrical Engineers, XXVII:1159–1187, 1910.

[71] E. O. Hulburt. Phenomena in gases excited by radio frequency currents.

Physical Review, 20(2):127–133, 1922.

[72] J. M. Meek and J. D. Craggs, editors. Electrical Breakdown of Gases.

Wiley Series in Plasma Physics. John Wiley & Sons, Chichester, 1978.

[73] L. B. Loeb. The threshold for the positive pre-onset burst pulse corona

and the production of ionizing photons in air at atmospheric pressure.

Physical Review, 73(7):798–800, 1948.



410 BIBLIOGRAPHY

[74] J. B. Whitehead and W. S. Gorton. The high voltage corona in air.

Proceedings of the American Philosophical Society, LIX:245–260, 1920.

[75] F. W. Peek. The law of corona and the dielectric strength of air–

II. Transactions of the American Institute of Electrical Engineers,

XXIX:1051–1130, 1912.

[76] J. B. Whitehead. The electric strength of air. II. Transactions of the

American Institute of Electrical Engineers, XXVIII:1857–1887, 1911.

[77] H. J. Ryan. The conductivity of the atmosphere at high voltages.

Transactions of the American Institute of Electrical Engineers, 23:101–

145, 1904.

[78] C. P. Steinmetz. Dielectric strength of air. Transactions of the Amer-

ican Institute of Electrical Engineers, 15:281–320, 1898.

[79] F. W. Peek. The law of corona and the dielectric strength of

air. Transactions of the American Institute of Electrical Engineers,

XXVIII:1889–1965, 1911.

[80] J. L. R. Hayden and C. P. Steinmetz. Disruptive strength with tran-

sient voltages. Transactions of the American Institute of Electrical

Engineers, 29(2):1125–1158, 1910.

[81] C. P. Steinmetz. Theory and Calculation of Alternating Current Phe-

nomena. McGraw-Hill Book Company, New York, 1916.



BIBLIOGRAPHY 411

[82] H. J. Ryan. Open atmosphere and dry transformer oil as high-voltage

insulators. Transactions of the American Institute of Electrical Engi-

neers, 30(1):1–76, 1911.

[83] H. J. Ryan and R. G. Marx. Sustained radio frequency high voltage

discharges. Proc. IRE, 3(4):349–365, 1915.

[84] L. E. Reukema. The relation between frequency and spark-over voltage

in a sphere-gap voltmeter. Transactions of the American Institute of

Electrical Engineers, 47(1):38–49, 1927.

[85] J. B. Whitehead. The electric strength of air. III. Transactions of the

American Institute of Electrical Engineers, XXIX:1093–1118, 1912.

[86] J. B. Whitehead and T. T. Fitch. The electric strength of air. IV. Trans-

actions of the American Institute of Electrical Engineers, XXX:1737–

1753, 1913.

[87] J. B. Whitehead and W. S. Gorton. The electric strength of air. V–

the influence of frequency. Transactions of the American Institute of

Electrical Engineers, XXXI:951–972, 1914.

[88] A. Russell. The dielectric strength of air. Proceedings of the Physical

Society, 20(49):49–91, 1906.

[89] F. W. Peek. Dielectric Phenomena in High-Voltage Engineering.

McGraw-Hill Book Co., New York, 1920.



412 BIBLIOGRAPHY

[90] F. W. Peek. The law of corona and the dielectric strength of air–

III. Transactions of the American Institute of Electrical Engineers,

XXX:1767–1785, 1913.

[91] H. Lassen. Frequenzabhängigkeit der Funkenspannung in Luft. Archiv

für Elektrotechnik, 25:322–332, 1931.

[92] J. Kampschulte. Luftdurchschlag und Überschlag mit Wechelspannung

von 50 und 100000 Hertz. Archiv für Elektrotechnik, 24(4):525–552,

1930.

[93] F. Miseré. Luftdurchschlag bei Niederfrequenz und Hochfrequenz an

verschiedenen Elektroden. Archiv für Elektrotechnik, 26:123–126, 1932.

[94] F. Müller. Der elektrische Durchschlag von Luft bei sehr hohen Fre-

quenzen. Archiv für Elektrotechnik, 28:341–348, 1934.

[95] H. Luft. Überschlagspannungen bei Hochfrequenz mittlerer Wellen-

länge an einfachen Anordnungen. Archiv für Elektrotechnik,

XXXI(1):93–107, 1937.

[96] W. O. Schumann. Elektrische Durchbruchfeldstärke von Gasen.

Springer-Verlag, Berlin, 1923.

[97] A. D. MacDonald. Microwave Breakdown in Gases. Wiley Series in

Plasma Physics. John Wiley & Sons, Inc., New York, 1966.

[98] S. C. Brown and A. D. MacDonald. Limits for the diffusion theory of

high frequency gas discharge breakdown. Physical Review, 76(11):1629–

1634, 1949.



BIBLIOGRAPHY 413

[99] S. C. Brown and A. D. MacDonald. Limits for the diffusion theory of

high-frequency gas discharge breakdown. Technical Report 132, Mas-

sachusetts Institute of Technology, Research Laboratory of Electronics,

1950.

[100] D. J. Rose and S. C. Brown. Microwave gas discharge breakdown in

air, nitrogen, and oxygen. Journal of Applied Physics, 28(5):561–563,

1957.

[101] J. A. Pim. The electrical breakdown strength of air at ultra-high fre-

quencies. Proceedings of the IEE, 96:117–129, 1949.

[102] L. Gould and L. W. Roberts. Breakdown of air at microwave frequen-

cies. Journal of Applied Physics, 27(10):1162–1170, 1956.

[103] W. Scharfman and T. Morita. Voltage breakdown of antennas at high

altitudes. Technical Report Technical Report 69, Stanford Research

Institute, April 1960.

[104] R. W. P. King. The Theory of Linear Antennas. Harvard University

Press, Cambridge, 1956.

[105] U.S. Standard Atmosphere, 1976. Technical report, National Oceanic

and Atmospheric Administration, October 1976.

[106] W. Scharfman, W. C. Taylor, and T. Morita. Breakdown limitations on

the transmission of microwave power through the atmosphere. IEEE

Transactions on Antennas and Propagation, 12(6):709–717, 1964.



414 BIBLIOGRAPHY

[107] E. C. Titchmarsh. Eigenfunction Expansions Associated with Second

Order Differential Operators. Oxford University Press, London, 1946.

[108] R. L. Fante, J. M. Yos, and J. J. Otazo. Simple analytical models

for calculating breakdown in air-filled transmission systems. Technical

Report AFCRL-71-0206, U. S. Air Force Cambridge Research Labora-

tories, April 1 1971.

[109] R. Woo. Final report on RF voltage breakdown in coaxial transmission

lines. Technical Report 32-1500, Jet Propulsion Laboratory, October 1

1970.

[110] J. T. Mayhan, R. L. Fante, R. O’Keefe, R. Elkin, J. Klugerman, and

J. M. Yos. Comparison of various microwave breakdown prediction

models. Journal of Applied Physics, 42(13):5362–5369, 1971.

[111] D. H. Hale. The breakdown of gases in high frequency electrical fields.

Physical Review, 73(9):1046–1052, 1948.

[112] The New IEEE Standard Dictionary of Electrical and Electronic

Terms, 1993.

[113] A. L. Cullen and J. Dobson. The corona breakdown of aerials in air

at low pressures. Proceedings of the Royal Society, 271(1347):551–564,

1963.

[114] A. D. MacDonald, D. U. Gaskell, and H. N. Gitterman. Microwave

breakdown in air, oxygen and nitrogen. Physical Review, 130(5):1841–

1850, 1963.



BIBLIOGRAPHY 415

[115] P. M. Platzman and E. H. Solt. Microwave breakdown of air in nonuni-

form electric fields. Physical Review, 119(4):1143–1149, 1960.

[116] M. Epstein and C. J. Lenander. Fundamental approach to high-

frequency breakdown of gases. Physics of Fluids, 11(12):6, 1968.

[117] S. C. Brown. A short history of gaseous electronics. In Merle N. Hirsh

and H. J. Oskam, editors, Gaseous Electronics, volume 1. Academic

Press, New York, 1978.

[118] Manual of the ICAO Standard Atmosphere extended to 80 kilometres

(262 500 feet). Technical Report 7488/3, International Civil Aviation

Organization, 1993.

[119] N.L. Allen and D. Dring. Effect of humidity on the properties of corona

in a rod-plane gap under positive impulse voltages. Proceedings of the

Royal Society, 396(1811):281–295, 1984.

[120] R.M. Bharadwaj and B.R. Prabhakar. Effect of humidity on the break-

down of air gaps under oscillatory switching impulse voltages. In Elec-

trical Insulation, 1996., Conference Record of the 1996 IEEE Interna-

tional Symposium on, volume 1, pages 320–323 vol.1, 1996.

[121] P. A. Calva Chavarria and A. Robledo-Martinez. Effect of humidity on

DC breakdown voltages in ambient air at high altitude. In Electrical

Insulation and Dielectric Phenomena, 1996. IEEE 1996 Annual Report

of the Conference on, volume 2, pages 567–570 vol.2, 1996.

[122] IEC Publication 60-1, 2nd ed., High Voltage Test Techniques, 1989.



416 BIBLIOGRAPHY

[123] J. Garcia, F. Herrera, and H. Ortiz. Study of the breakdown voltage of

the air in high altitudes, applying lightning impulses (1.2/50µs) under

conditions of controlled humidity and temperature. In High Voltage

Engineering, 1999. Eleventh International Symposium on (Conf. Publ.

No. 467), volume 3, pages 55–58 vol.3, 1999.

[124] H. J. White. The variation of sparking potential with intense ultraviolet

illumination. Physical Review, 48(2):113–117, 1935.

[125] W. Gringel, J. Rosen, and D. Hofmann. Electrical structures from 0 to

30 kilometers. In The Earth’s Electrical Environment, pages 167–182.

National Academy Press, Washington, D. C., 1986.

[126] John Lam. Theoretical study of the electrical corona on a long wire.

Technical Report EMP Interaction Note 305, Phillips Laboratories,

June 1976.

[127] J. J. Lowke and R. Morrow. Theory of electric corona including the

role of plasma chemistry. Pure and Applied Chemistry, 66(6):1287–

1294, 1994.

[128] D. B. Phillips, R. G. Olsen, and P. D. Pedrow. Corona onset as a design

optimization criterion for high voltage hardware. IEEE Transactions

on Dielectrics and Electrical Insulation, 7(6):744–751, 2000.

[129] S. A. Schelkunoff and H. T. Friis. Antennas, Theory and Practice.

Applied Mathematics Series. John Wiley & Sons, Inc., New York, 1966.



BIBLIOGRAPHY 417

[130] R. W. P. King. Tables of Antenna Characteristics. IFI/Plenum, New

York, 1971.

[131] R.W.P. King. Electric fields and vector potentials of thin cylindrical an-

tennas. Antennas and Propagation, IEEE Transactions on, 38(9):1456–

1461, 1990.

[132] R. W. P. King and T. Wu. Currents, charges, and near fields of cylin-

drical receiving and scattering antennas. Antennas and Propagation,

IEEE Transactions on, 13(6):978–979, 1965.

[133] Koichi Takeda and Yoshisuke Hatta. High frequency discharge in high

speed gas flow. In Second International Conference on Gas Discharges,

pages 245–247, London, 1972. C. Baldwin, Ltd.

[134] Vinay Jaiswal and M Joy Thomas. Finite element modelling of ionized

field quantities around a monopolar hvdc transmission line. Journal of

Physics D: Applied Physics, 36(23):3089–3094, 2003.

[135] Theresa N. Shane. Investigation of corona threshold voltages on In-

ternational Space Station U.S. Laboratory airlock orbital replacement

units. In International Conference on Lightning and Static Electricity,

Seattle, 2001. SAE.

[136] S. C. Brown. Introduction to Electrical Discharges in Gases. Wiley

Series in Plasma Physics. John Wiley & Sons, Inc., New York, 1966.

[137] M. A. Uman. Introduction to Plasma Physics. McGraw-Hill Book

Company, New York, 1964.



418 BIBLIOGRAPHY

[138] E. W. McDaniel. Collision Phenomena in Ionized Gases. John Wiley

& Sons, New York, 1964.

[139] J. A. Bittencourt. Fundamentals of Plasma Physics. Springer, New

York, 2004.

[140] I.W. McAllister and A. Pedersen. Corona-onset field-strength calcu-

lations and the equivalent radius concept. Archiv für Elektrotechnik,

64:43–48, 1981.

[141] M. P. Sarma and W. Janischewskyj. D.C. corona on smooth conductors

in air. Proceedings of the IEE, 116(1):161–166, 1969.

[142] E. Kuffel and W. S. Zaengl. High Voltage Engineering. Pergamon

Press, New York, 1984.

[143] P. D. Pedrow and R. G. Olsen. Corona streamer onset as an optimiza-

tion criterion for design of high voltage hardware on transmission lines.

In 1996 IEEE International Symposium on Electrical Insulation, pages

312–315, Montreal, CA, 1996. IEEE.

[144] W. S. Zaengl and H. U. Nyffenegger. Critical field strength for cylin-

drical conductors in air: An extension of Peek’s formula. In Third

International Conference on Gas Discharges, pages 302–305, London,

1974. Colmore Press.

[145] G. Francis. Ionization Phenomena in Gases. Butterworths Scientific

Publications, London, 1960.



BIBLIOGRAPHY 419

[146] K. Masch. Über Elektronenionisierung von Stickstoff und Luft bei

geringen und höhen Drucken. Archiv für Elektrotechnik, 26:587–596,

1932.

[147] F. H. Sanders. Measurement of the Townsend coefficent for ionisation

by collision. Physical Review, 44:1020–1024, 1933.

[148] M. A. Harrison and R. Geballe. Simultaneous measurement of ioniza-

tion and attachment coefficients. Physical Review, 91(1):1–7, 1953.

[149] A. N. Prasad. Measurement of ionization and attachment coefficients in

dry air in uniform fields and the mechanism of breakdown. Proceedings

of the Physical Society, 74:33–41, 1959.

[150] J. Dutton, F. M. Harris, and F. Llewellyn-Jones. The determination

of attachment and ionization coefficients in air. Proceedings of the

Physical Society, 81:52–64, 1963.

[151] S. Badaloni and I. Gallimberti. The inception mechanism of the first

corona in non-uniform gaps. Technical Report 72/05, University of

Padua, 1972.

[152] V. Schroeder, M. B. Baker, and J. Latham. A model study of corona

emission from hydrometeors. Quarterly Journal of the Royal Meteoro-

logical Society, 125:1681–1693, 1998.

[153] V. Schroeder. MATLAB functions of ionization and attachment coef-

ficients, 2000.



420 BIBLIOGRAPHY

[154] P. A. Chatterton and J. D. Craggs. Attachment coefficient measure-

ments in carbon dioxide, carbon monoxide, air and helium-oxygen mix-

tures. Proceedings of the Physical Society, 85(2):355–362, 1965.

[155] H. Ryzko. Drift velocity of electrons and ions in dry and humid air and

in water vapour. Proceedings of the Physical Society, 85:1283–1295,

1965.

[156] R. W. Crompton, L. G. H. Huxley, and D. J. Sutton. Experimental

studies of the motions of slow electrons in air with application to the

ionosphere. Proceedings of the Royal Society, 218(1135):507–519, 1953.

[157] C. Moler. Cramer’s rule on 2-by-2 systems. SIGNUM Newsl., 9(4):13–

14, 1974.

[158] IEEE standard for binary floating-point arithmetic. ANSI/IEEE Std

754-1985, Aug 1985.

[159] MATLAB. MATLAB, 2007.

[160] L. M. Chanin, A. V. Phelps, and M. A. Biondi. Measurements of

the attachment of low-energy electrons to oxygen molecules. Physical

Review, 128(1):219–230, 1962.

[161] F. K. Truby. Low-temperature measurements of the three-body

electron-attachment coefficient in O2. Physical Review A, 6(2):671–

676, 1972.

[162] COMSOL. COMSOL Multiphysics, 2005.



BIBLIOGRAPHY 421

[163] J. Masoliver, J. M. Porra, and K. Lindenberg. Absorbing boundary con-

ditions for inertial random processes. Physical Review E, 54(6):6966–

6968, 1996.

[164] P. Szymczak and J. C. Ladd. Boundary conditions for stochastic solu-

tions of the convection-diffusion equation. Physical Review E, 68(3):12,

2003.

[165] M. K. Gobbert. A technique for the quantitative assessment of the

solution quality on particular finite elements in COMSOLMultiphysics,

2007.

[166] M. Ainsworth and J. T. Oden. A posteriori error estimation in finite

element analysis. Comput. Methods in Appl. Mech. Engrg., 142(1-2):1–

88, 1997.

[167] R. Verfürth. A posteriori error estimators for convection-diffusion equa-

tions. Numerische Mathematik, 80:641–663, 1998.

[168] R. Verfurth. A Review of a Posteriori Error Estimation and Adaptive

Mesh-Refinement Techniques. Teubner Verlag and J. Wiley, Stuttgart,

1996.

[169] J.V.N. Granger and J.T. Bolljahn. Aircraft antennas. Proceedings of

the IRE, 43(5):533–550, May 1955.

[170] J.W.R. Cox. Some hp system design considerations for aircraft. pages

2/1–2/6, Oct 1990.



422 BIBLIOGRAPHY

[171] N.C. Davies, M.J. Maundrell, P.C. Arthur, P.S. Cannon, R.C. Bagwell,

and J. Cox. Modern aircraft hf communications-into the 21st century.

pages 2/1–2/9, Nov 1997.

[172] IEEE Std C95.1 - 2005 IEEE Standard for Safety Levels with Respect

to Human Exposure to Radio Frequency Electromagnetic Fields, 3 kHz

to 300 GHz. Technical report, Institution of Electrical and Electronics

Engineers, 2006.

[173] G. A. Burke and A. J. Poggio. Numerical Electromagnetics Code

(NEC). Technical report, 1981.

[174] Chung-Yu Ting. Theoretical study of a cylindrical antenna with a

hemispherical cap. Antennas and Propagation, IEEE Transactions on

[legacy, pre - 1988], 17(6):715–721, 1969.

[175] D. W. Rudge, K. Milne, A. D. Olver, and P. Knight. The Handbook of

Antenna Design, volume 2. Institute of Engineering and Technology,

Stevenage, 1983.

[176] ISO/IEC Guide 98-3, Uncertainty of measurement, 2008.

[177] B. Taylor and C. Kuyatt. Guidelines for evaluating and expressing the

uncertainty of NIST measurement results. Technical Report TN 1297,

National Institute of Standards and Technology, September 1994.

[178] Vitrek Corporation. 944i AC and DC Hipot Plus Dielectric Analyzer

Data Sheet, May 2004.

[179] Fluke Corporation. Fluke 51 and 52 series thermometer, 2001.



BIBLIOGRAPHY 423

[180] MKS Instruments. Baratron General Purpose Differential Pressure

Transducer data sheet, 2004.

[181] R. Weast, editor. CRC Handbook of Chemistry and Physics. Chemical

Rubber Company Publishing, Boca Raton, 63rd edition, 1982.

[182] H. A. Bethe. The range-energy relation for slow alpha-particles and

protons in air. Reviews of Modern Physics, 22(2):213–222, 1950.

[183] W. P. Jesse and J. Sadauskis. The range-energy curves for alpha-

particles and protons. Physical Review, 78(1):1–8, 1950.

[184] Agilent Corporation. Agilent ESA-E Series Spectrum Analyzers Data

Sheet, March 2009.

[185] Agilent Corporation. Agilent PNA Microwave Network Analyzers Data

Sheet, October 2008.

[186] W.O. Price, D.V. Thiel, J. Drapala, and R.G. Olsen. Corona onset

voltage at 60 Hz and at high frequency for an isolated cylindrical elec-

trode. IEEE Transactions on Electromagnetic Compatibility, 50(3):4,

2008.

[187] W.O. Price, D.V. Thiel, J. Drapala, and R.G. Olsen. Corona onset

voltage at 60 hertz for an isolated, cylindrical electrode. In 2006 IEEE

International Symposium on Electromagnetic Compatibility, volume 2,

pages 333–336, 2006.

[188] W.O. Price, D.V. Thiel, J. Drapala, and R.G. Olsen. Corona onset

voltage at high frequency for an isolated, cylindrical electrode. In



424 BIBLIOGRAPHY

2007 IEEE International Symposium on Electromagnetic Compatibil-

ity, page 4, 2007.

[189] P. M. Hansen and A. D. Watt. VLF/LF high-voltage design and testing.

Technical report, United States Navy, SSC, September 2003.

[190] W. H. DuMouchel and F. L. O’Brien. Integrating a robust option into

a multiple regression computing environment. In " Computer Science

and Statistics: Proceedings of the 21st Symposium on the Interface,

Alexandria, VA, 1989.

[191] P. W. Holland and R. E. Welsch. Robust regression using iteratively

reweighted least-squares. Communications in Statistics: Theory and

Methods, A(6):813–827, 1977.

[192] P. J. Huber. Robust Statistics. John Wiley & Sons, Inc., Hoboken,

1981.

[193] J. O. Street, R. J. Carroll, and D. Ruppert. A note on computing

robust regression estimates via iteratively reweighted least squares. The

American Statistician, 42:152–154, 1988.


