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Abstract

I study the rate at which information can be extracted from a finite-dimensional

open quantum system using the quantum trajectory description of a continuous

measurement. I derive the rate at which information is extracted for a measure-

ment without any control; this sets the benchmark to which the subsequent control

protocols are compared. Next I consider control protocols that increase the rate of

information extraction. The first such protocol applies feedback so the state and

the measurement basis are unbiased at all times. The use of unbiased bases means

that this protocol is essentially quantum mechanical in nature. For observables with

equally spaced eigenvalues, the “speed-up” in the information extraction afforded

by unbiased basis feedback, is proportional to the square of the observed system’s

Hilbert space. The second protocol considered optimally permutes the eigenvalues

of the quantum state in the logical basis. As the measured observable and state

commute at all times this protocol is essentially classical in nature. The speed-up

provided by this protocol is also quadratic. The final protocol I consider is a new

type of control. It merges open-loop quantum control and quantum filtering. This

method also affords an improvement in the rate of information extraction.

vii





Contents

Acknowledgments v

Abstract vii

Contents viii

List of Symbols xv

List of Abbreviations xvii

List of Publications 1

1 Introduction 3

1.1 Assumed knowledge . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2 An overview of classical and quantum control . . . . . . . . . . . . . 4

1.2.1 Classical Control . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.2.2 Quantum Control . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.3 An overview of this thesis . . . . . . . . . . . . . . . . . . . . . . . . 10

1.4 A history of purification . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.4.1 Precursors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.4.2 Rapid purification of a qbit . . . . . . . . . . . . . . . . . . . 15

1.4.3 Beyond rapid purification of a qbit . . . . . . . . . . . . . . . 16

2 Quantum Measurement and Feedback Control 21

2.1 Evolution without measurement . . . . . . . . . . . . . . . . . . . . . 21

2.1.1 Time-independent Hamiltonian evolution . . . . . . . . . . . . 22

2.2 Quantum Measurement theory . . . . . . . . . . . . . . . . . . . . . . 23

2.2.1 System and apparatus . . . . . . . . . . . . . . . . . . . . . . 24

2.2.2 Measurement operators and effects . . . . . . . . . . . . . . . 25

ix



2.3 Evolution with measurement . . . . . . . . . . . . . . . . . . . . . . . 26

2.3.1 A simple model of continuous measurement . . . . . . . . . . 27

A continuous measurements as a sequence of weak measurements 30

2.3.2 A general stochastic master equation and its properties . . . . 30

2.4 Quantum feedback control . . . . . . . . . . . . . . . . . . . . . . . . 34

2.4.1 Markovian feedback . . . . . . . . . . . . . . . . . . . . . . . . 34

2.4.2 Bayesian or state based feedback . . . . . . . . . . . . . . . . 35

2.5 Quantum feedback control of a qbit . . . . . . . . . . . . . . . . . . . 36

2.5.1 Markovian feedback – stabilization of a qbit . . . . . . . . . . 36

No control and open loop control . . . . . . . . . . . . . . . . 36

Markovian Feedback . . . . . . . . . . . . . . . . . . . . . . . 38

2.5.2 Bayesian feedback – purification of a qbit . . . . . . . . . . . . 40

⟨L⟩ – qbit no feedback . . . . . . . . . . . . . . . . . . . . . . 41

⟨L⟩ – qbit feedback . . . . . . . . . . . . . . . . . . . . . . . . 43

⟨T ⟩ to a fixed L – qbit feedback . . . . . . . . . . . . . . . . . 46

Explanation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

2.5.3 Optimality via dynamic programming . . . . . . . . . . . . . . 54

2.6 Experimental rapid purification . . . . . . . . . . . . . . . . . . . . . 56

2.6.1 Optical implementations . . . . . . . . . . . . . . . . . . . . . 57

Polarization encoded optical qbits . . . . . . . . . . . . . . . . 57

Occupation encoded optical qbits . . . . . . . . . . . . . . . . 61

2.6.2 Atomic ensembles . . . . . . . . . . . . . . . . . . . . . . . . . 62

2.6.3 Solid state qbits . . . . . . . . . . . . . . . . . . . . . . . . . . 63

2.7 Summary of other feedback control protocols . . . . . . . . . . . . . . 65

2.7.1 Other qbit feedback control protocols . . . . . . . . . . . . . . 65

Stabilization of a qbit . . . . . . . . . . . . . . . . . . . . . . . 65

State preparation . . . . . . . . . . . . . . . . . . . . . . . . . 65

Optimal control . . . . . . . . . . . . . . . . . . . . . . . . . . 66

State Estimation and discrimination . . . . . . . . . . . . . . 66

2.7.2 Bipartite feedback . . . . . . . . . . . . . . . . . . . . . . . . 68

Rapid Bipartite feedback . . . . . . . . . . . . . . . . . . . . . 68

2.7.3 Feedback control protocols for a register of qbits . . . . . . . . 69

2.7.4 Qdit feedback control protocols . . . . . . . . . . . . . . . . . 70

2.8 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

x



3 Continuous Measurement 75

3.1 Qdit - impurity analysis . . . . . . . . . . . . . . . . . . . . . . . . . 75

3.1.1 Comparison with numerics . . . . . . . . . . . . . . . . . . . . 80

3.1.2 Stochastic simulations . . . . . . . . . . . . . . . . . . . . . . 81

3.1.3 The distribution of impurities . . . . . . . . . . . . . . . . . . 83

3.2 Register of qbits - impurity analysis . . . . . . . . . . . . . . . . . . . 87

3.3 Qdits - log–infidelity analysis . . . . . . . . . . . . . . . . . . . . . . 88

3.3.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

3.3.2 Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

An exact expression for ⟨Tr [ln(1 − ρ)]⟩ . . . . . . . . . . . . . 90

An approximate expression for ⟨Tr [ln(1 − ρ)]⟩ at long-times . 90

3.4 Register of qbits - log–infidelity analysis . . . . . . . . . . . . . . . . 93

3.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

4 Rapid Purification using an Unbiased Basis 97

4.1 Feedback using an unbiased basis . . . . . . . . . . . . . . . . . . . . 97

4.2 All-permutations algorithm . . . . . . . . . . . . . . . . . . . . . . . 99

4.3 Upper and lower bound in any ubiased-basis . . . . . . . . . . . . . . 101

4.3.1 Lower bound via ρF . . . . . . . . . . . . . . . . . . . . . . . 102

4.3.2 Upper bound via ρ2 . . . . . . . . . . . . . . . . . . . . . . . 103

4.4 UBB feedback using the quantum Fourier transform . . . . . . . . . . 105

4.4.1 D = 3 and D = 4 . . . . . . . . . . . . . . . . . . . . . . . . . 105

4.4.2 Bounds on the Fourier transform protocol for all D . . . . . . 109

Lower bound . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

Upper bound . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

4.5 Explanation of speed-up . . . . . . . . . . . . . . . . . . . . . . . . . 113

4.6 A register of qbits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

4.6.1 A lower bound for all UBB feedback-protocols on a register . . 117

4.6.2 An upper bound for all UBB feedback-protocols on a register . 119

5 Rapid Measurement 123

5.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

5.2 Impurity analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

5.3 A stochastic differential equation for the log-infidelity . . . . . . . . . 126

5.4 Bounding ⟨X⟩ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

5.5 Rapid measurement of a register of qbits . . . . . . . . . . . . . . . . 130

xi



5.6 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

5.6.1 How important is the optimal ordering? . . . . . . . . . . . . 133

6 Feedback with Control Imperfections 135

6.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

6.2 State preparation with open loop control . . . . . . . . . . . . . . . . 137

6.3 Rapid state preparation . . . . . . . . . . . . . . . . . . . . . . . . . 137

6.3.1 Ideal feedback . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

6.3.2 Feedback with imperfections . . . . . . . . . . . . . . . . . . . 139

6.3.3 Constant feedback strength . . . . . . . . . . . . . . . . . . . 140

6.3.4 Calibration errors . . . . . . . . . . . . . . . . . . . . . . . . . 142

6.3.5 Efficiency and noise on control errors . . . . . . . . . . . . . . 143

Oblivious inefficient detection . . . . . . . . . . . . . . . . . . 144

Optimal control for inefficient detection . . . . . . . . . . . . . 145

6.3.6 Time delay . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

Oblivious time delay . . . . . . . . . . . . . . . . . . . . . . . 146

Asymptotically optimal control for time delays . . . . . . . . . 147

6.4 Comparison of imperfections . . . . . . . . . . . . . . . . . . . . . . . 148

6.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

7 Open Loop Control and Quantum Filtering 151

7.1 The feedback delay problem . . . . . . . . . . . . . . . . . . . . . . . 151

7.2 Open loop control and quantum filtering . . . . . . . . . . . . . . . . 153

7.3 Rapid purification and random unitaries . . . . . . . . . . . . . . . . 154

7.4 Rapid measurement and random permutations . . . . . . . . . . . . . 158

7.5 Open loop control and filtering in a register . . . . . . . . . . . . . . 162

7.6 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164

8 Conclusions 167

8.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

8.2 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169

8.3 Implications and future research . . . . . . . . . . . . . . . . . . . . . 173

Information-disturbance relations . . . . . . . . . . . . . . . . 173

Ultimate limit on the rate of information extraction . . . . . . 174

Is quantum feedback control excessive? . . . . . . . . . . . . . 174

Continuous variable rapid measurement and purification . . . 175

xii



Rapid measurement and purification with other unravellings . 176

Information extraction from exotic quantum states . . . . . . 176

Other applications of open loop control and quantum filtering 177

A Majorization 179

B Proofs for Chapter 4 181

B.1 Proof that X̌ii = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181

B.2 Proof of Eq. (4.5) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182

B.3 Proof of Eq. (4.17) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185

C Equivalence of two SME’S 187

C.1 Projectors and permutations when D = 2 . . . . . . . . . . . . . . . . 187

C.2 Equivalence in D dimensions . . . . . . . . . . . . . . . . . . . . . . . 187

D Permutations and unitary designs 193

D.1 Prelimiaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193

D.1.1 Permutations . . . . . . . . . . . . . . . . . . . . . . . . . . . 193

D.1.2 Permutations on tensor product spaces . . . . . . . . . . . . . 194

D.2 t-designs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 194

References 197

xiii





List of Symbols

An incomplete list of symbols used in this thesis.

|ψ⟩ a pure quantum state

ρ a mixed quantum state

D [.] . a superoperator D [A]B ≡ ABA† − 1
2
{AA†B +BAA†}

H [.] . a superoperator H [A]B ≡ AB +BA† − Tr
[
(A+ A†)B

]
B

ρ̇ the derivative of ρ with respect to t

dρ the derivative of ρ with respect to t

P the purity P ≡ Tr [ρ2]

L the impurity L ≡ 1 − P

λ0 the largest eigenvalue of ρ

∆ the infidelity ∆ ≡ 1 − λ0

D the dimension of a system′s Hilbert space

J the total angular momentum J ≡ (D − 1)/2

Jz the observable corresponding to the z component of spin

n the number of qbits in a register

dt an infinitesimal time interval

δt a finite time interval

dW the infinitesimal Wiener increment

O(x) means upper bounded by a quantity scaling as x

Θ(x) means upper and lower bounded by a quantity scaling as x

R the set of all real numbers

C the set of all complex numbers

U(D) the group of D ×D unitary matrices

P(D) the group of D ×D permutation matrices

Pm the m′th D ×D permutation matrix

SD symmetric group of order D

1̂ the D ×D identity matrix

xv





List of Abbreviations

An incomplete list of abbreviations used in this thesis.

CM continuous measurement

FPE Fokker − Planck equation

LO locally optimal in time

MUB mutually unbiased basis

MUBs mutually unbiased bases

nfb no feedback

qbit a quantum system with a two dimensional Hilbert space

qdit a quantum system with a D dimensional Hilbert space

QFT quantum Fourier transform

SDE stochastic differential equation

SME stochastic master equation

SSE stochastic Schrödinger equation

UBB unbiased basis

xvii





List of Publications

J. F. Ralph, J. Combes and H. M. Wiseman, An efficient measurement scheme for

the characterization of single qubit dynamics, arXiv:1003.4138v1.

J. Combes, H. M. Wiseman, K. Jacobs and A. J. O’Connor, Rapid purification of

quantum systems by measuring in a feedback-controlled unbiased basis, Phys. Rev.

A. 82, 022307,(2010).

J. Combes, H. M. Wiseman and A. J. Scott, Replacing Quantum Feedback with

Open-Loop Control and Quantum Filtering, Phys. Rev. A. 81, 020301,(2010).

J. Combes, H. M. Wiseman and K. Jacobs, Rapid Measurement of Quantum Sys-

tems Using Feedback Control, Phys. Rev. Lett. 100, 160503, (2008).

J. Combes and K. Jacobs, Rapid State Reduction of Quantum Systems Using Feed-

back Control, Phys. Rev. Lett. 96, 010504, (2006).

J. Combes and H. M. Wiseman, States for phase estimation in quantum interfer-

ometry, J. Opt. B: Quant. and Semiclass. Opt. 7, 14, (2005).

1





Chapter 1

Introduction

In this chapter I will outline: (1) the assumed knowledge that is required to read

this thesis; and (2) the structure of this thesis. Most researchers are aware that

few theses are read by people other than the thesis examiners and the candidate’s

supervisors. In light of this, the assumed knowledge section, Sec. 1.1, is simply a

warning for those who would attempt to read this thesis without an appropriate

background. A descriptive overview of classical and quantum control is given in

Sec. 1.2. Section 1.3 is the outline for the remainder of the thesis. A more detailed

structure of this thesis is woven into a historical account (from the perspective of

the content of this thesis) of the development of the ideas of rapid purification and

rapid measurement, in Sec. 1.4.

1.1 Assumed knowledge

In recent years there has been a significant change in the literature of continuous

measurements. Because these techniques have matured, there are now a number

of accessible introductions to the stochastic Schrödinger equation (SSE) and the

stochastic master equation (SME) for various physical systems. I can recommend

Brun’s paper “A simple model of quantum trajectories” [Bru02] and Jacobs and

Steck’s “A straightforward introduction to continuous quantum measurement”[JS06]

as good introductory articles. For those with a mathematical bent the article by

Bouten, van Handel and James serves a similar role [BHJ07]. In addition to these

sources there are of course the books of: Carmichael [Car93, Car99, Car07]; Breuer

and Petruccione [BP02]; Gardiner and Zoller [GZ91]; and, more recently, Barchielli

and Gregoratti [BG09]. Wiseman’s PhD thesis [Wis94b] has also become a canonical

reference for continuous measurements, quantum trajectories and quantum feedback.

3



4 CHAPTER 1. INTRODUCTION

Today, 27/11/2009, I have just received the book by Wiseman and Milburn [WM10]

which will no doubt become a bible for quantum control theorists.

In this thesis I have no intention of producing another general introduction to

measurement and control, because of the aforementioned literature and the fact

that many theses have done this already. See, for example, the theses of: Wiseman

[Wis94b], Jacobs [Jac98], Doherty [Doh99], Thomsen [Tho04], and Sarovar [Sar07].

I do, however, understand that the writing of a thesis is a pedagogical endeavour. I

have therefore provided a minimal introduction to quantum measurement theory in

the first few pages of chapter 2. In short, the reader is assumed to have an honours-

level understanding of quantum mechanics and familiarity with stochastic calculus.

I also expect that the reader is somewhat familiar with “classical” open loop and

closed loop control. If the reader is also familiar with quantum control they should

be able skip Sec. 1.2.

1.2 An overview of classical and quantum control

In this section I shall try to explain what control theory is. To get to the point where

one cares about control theory enough to learn about it requires some motivation.

That is what the next three paragraphs of this section will be about. I will motivate

control theory through a simple example of temperature control of a room. In

Sec. 1.2.1 I will give a concise but incomplete overview of classical control theory.

In Sec. 1.2.2 I will give a brief overview of quantum control.

Consider the task of trying to stabilize the temperature of a room to 27 ◦C.

The room is thermally well-insulated but the temperature still fluctuates. The

fluctuations in temperature are beyond the control of the room designer. They are

due to the opening of the room’s door (which cools the room) and the oven inside

the room. The first step towards controlling the temperature of the room is to

accurately measure the temperature of the room using a temperature sensor.

Next the room designer installs an air conditioning unit. But the designer must

still decide how to run the air conditioner. Should it heat during the morning when

the door is often left open and then cool during the evening when the oven is on? You

might ask what happens to this strategy when it is a hot day and the air entering

the door is warm? These types of questions and strategies are very common, general

and therefore important. They are precisely the topic of control theory, which is

why one should care about it.
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One obvious solution to the above questions is to have a self-regulating air con-

ditioner. This means a circuit or a computer connected to the air conditioner unit

that decides how the unit should operate in response to the temperature fluctuations

of the room. This circuit or computer is known as the controller. In addition to the

controller, the designer needs to connect the temperature sensor to the controller.

The combination of the sensor and the controller may allow the designer to make

an air conditioning unit that self-regulates. This process of continual monitoring

and adjusting of the output of the air conditioner in response to the monitoring is

known as feedback control. In biological systems it is called homeostasis.

Now that we have some intuition from this temperature control example we are

better equipped to define what control is. I will quote a nice definition from page

xiii of Wiseman and Milburn [WM10] “Control is, very roughly, making a device [or

a system] work well under adverse conditions such as (i) uncertainties in parameters

and/or initial conditions; (ii) complicated dynamics; (iii) noise in the dynamics; (iv)

incomplete measurements; and (v) resource constraints.” It is important to note that

these adverse conditions are necessarily outside the influence of the system designer,

otherwise they would create a perfect system in the first place.

1.2.1 Classical Control

The title of this subsection is in one sense a misnomer. Within control theory the

phrase classical control theory designates a particular style of or historical period in

control theory. However I use the phrase classical control to make a distinction about

the properties of the system being controlled. This is a sensible (re) definition and

analogous to the distinction between classical mechanics and quantum mechanics.

The distinction shall be drawn out in more detail in Sec. 1.2.2.

Let us return to the explanation of classical control. A designer may decide that

the performance of some property of a system must be enhanced after identifying

the adverse conditions a system will operate under. The desire for enhanced per-

formance requires control theory. Classical control theorists have developed many

technical tools and procedures for design and analysis of control systems. Very

roughly the basic control design procedure is to identify the desired behaviour of

the system property that we wish to control. I will call this the control goal. Then

other relevant system properties and constraints must be identified for accurate char-

acterisation. Furthermore one must consider possible means, and their constraints,

of affecting the desired behaviour. Next the designer needs to select an appropriate
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control type, the details of which will be explained shortly. I will elaborate on these

procedures by splitting the task of control into four steps (depicted graphically in

Fig. 1.1). To do justice to the entire process would require a separate chapter due

to the breadth of topics that are coved. Instead I will choose a small number of the

topics listed in Fig. 1.1 to discuss and illustrate with examples. Nevertheless let us

consider the aforementioned procedures in more detail:

Figure 1.1: A summary of the basic control design procedure.

(1) Deciding the primary goal(s) of the control. In the above temperature con-

trol example our primary goal might be to stabilize the temperature of the room

to 27 ◦C. This is the desired behaviour of the system. A related task would be

preparing the room to have a particular temperature at some particular time. This

would be an example of state preparation. One could also imagine using control

to encourage people to vacate the room by gradually increasing the temperature so

that it was uncomfortable to be in the room. This would be an example of guiding

the system dynamics. Finally one might wish to estimate the thermal time constant

of the room. This would be an example of parameter estimation. Many other com-

mon control goals are named in Fig. 1.1.

(2) Exploring system and controller properties and constraints. Before designing

a control system to achieve the desired behaviour one needs to explore important

properties of the system one is trying to control. We might explore whether it is
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possible to model our system with a single input and single output. A more realistic

model might allow for multiple inputs and multiple outputs. In our temperature

control example another input might be the temperature of the room on the other

side of the door. Another important system property that must be examined is its

dynamics. We must decide if our system dynamics are linear, that is they can be

described by a set of coupled linear differential equations, or nonlinear. A nonlinear

system is a dynamical system where the superposition principle of solutions to dif-

ferential equations does not hold. A final system consideration is to assess whether

the system behaves deterministically or stochastically.

Important control properties and constraints may include the physical size of the

controller or the type of controllers available. In our temperature control example

we would not want our control system to take up a significant portion of the room.

Also we may have a free air conditioning unit at our disposal. Unfortunately it only

has two settings, cool 21 ◦C and hot 33 ◦C. This means our controller must switch

between these two extreme values to control the temperature of the room. This is

an example of a bang–bang controller. A more sophisticated air conditioner may

allow one to continuously vary the temperature between the two extremes. Other

important controller properties include whether we may consider the controller to

have (effectively) finite or infinite strength (the temperature output of the controller

is bounded), the accuracy and response of the controller itself, and the time between

sensing the system dynamics and applying a control (loop bandwidth).

(3) Choosing the type of control. Once the properties and constraints of the system

and controller have been explored we can select the appropriate type of control to

effect the desired system behaviour. For systems with known deterministic dynam-

ics it might be possible to construct a control strategy that depends only on the

initial conditions of the system or other a priori knowledge. This is termed Open

loop control. At the other extreme, if the dynamics of the system are very compli-

cated or unknown it might be wise to use learning control (also known as intelligent

control). The learning control process treats the system as a black box with inputs

and outputs. The controller creates some input parameters and runs the system

with those parameters. The resulting system performance is then recorded and then

the controller creates another set of inputs. The creation of the input parameters

is typically done under the guidance of an optimisation procedure such as a genetic
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algorithm. Eventually the optimisation will find a control procedure that enhances

the performance of the system. In the middle of these two extremes sits feedback

control. As I explained above feedback control is the process of continually monitor-

ing a system then using the results of monitoring to adjust the system’s behaviour.

A final control type is not really control of a system. Adaptive Measurements could

be thought of as feedback control on how one chooses to measure a system. That

is, given what we learnt from the previous measurement(s) how can we adapt our

next measurement to learn more?

(4) Secondary goals. I will not labor on these next two points. It is worth mention-

ing that aside from the primary design goals there are additional goals which may

or may not be related to the system’s performance. Figure 1.1 list a few examples.

A note-worthy example is trying to do your primary goal as fast as possible. This

is time-optimal control.

(5) Control design techniques. At the bottom of Fig. 1.1 there are some exam-

ples of methods for designing controllers to achieve a desired goal. In this thesis I

will mostly design my control strategies from first principles, so we will not encounter

many of these techniques later.

1.2.2 Quantum Control

A nice inclusive definition of quantum control can also be found on page xiii of

Wiseman and Milburn [WM10]: “Quantum control is control for which the design

requires knowledge of quantum mechanics.” With this definition we may use most

of the descriptions presented in Sec. 1.2.1 with minimal modification. This thesis is

mostly concerned with feedback control so I will restrict my discussion to that area.

Because of this I will now only discuss how quantum feedback control differs from

classical feedback control. Then I will narrow my focus down to a particular type of

control relevant to this thesis (measurement-based quantum feedback control) and

then survey the different methods available for this type of control.

The primary distinction between classical feedback control and quantum feed-

back control is that in the quantum case there is some portion of the system that

must be modelled using quantum theory. Figure 1.2 (a) depicts a classical feedback

control system and Figures 1.2 (b)–(c) depict different types of quantum feedback.

The difference between the two quantum feedback systems comes down to how much
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Figure 1.2: Schematic diagrams representing three important types of feedback
control. The lines and arrows connecting the Dynamical systems, detectors and
controllers are understood to represent multiple inputs or outputs. Diagram (a)
represents a classical feedback controller; (b) measurement based quantum feedback
control; and (c) coherent quantum control.

of the system must be modelled using quantum theory. When the entire feedback

system requires quantum theory then we call it a coherent feedback system. Co-

herent feedback was first considered by Wiseman and Milburn [WM94] and Llyod

[Llo00] and subsequently developed by Yanagisawa and Kimura [YK03a, YK03b],

and James, Nurdin and Petersen [JNP08]. The feedback that has both classical and

quantum components is known as measurement based feedback. It is the focus of

this thesis. Designating this type of control as measurement based I am highlighting

the fact that the controller takes a classical input signal, as depicted in Fig. 1.2 (b).

Below I explain the main types of measurement based control.

Markovian Feedback or Direct Feedback: In this situation one takes the results of

the monitoring, typically a current, and applies a control (a force for example) to

the system that is proportional to the current. This was first considered by Caves

and Milburn [CM87], and Wiseman and Milburn [WM93, Wis94a].

Bayesian or State Based Feedback: Uses an optimal estimation procedure for the

state of the system and then applies control based on the state of the system. The

quantum theory of filtering was first developed by Belavkin [Bel88]. It was indepen-

dently discovered by Doherty and Jacobs [DJ99], who clearly explained the relation

between classical state based method and the quantum theory they developed. This

relationship was further explored by Doherty et al. [DHJ+00] and Wiseman, Mancini
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and Wang [WMW02], who coined the phrase Bayesian feedback.

Anti-Zeno Feedback Control: Here one measures slightly off axis to the initial state.

The direction of the measurement axis is towards the desired state. Depending on

the result of the measurement one may keep the same measurement axis or move

towards the desired state again. In this scheme it is the measurement it’s self that

is the control. This was developed by Aharonov and Vardi in 1980 [AV80, DJJ01].

Backaction Feedback Control: This is also a type of measurement induced control.

The distinctive feature here is that the primary measurement axis is orthogonal to

the current state of the system. This creates a backation diffusion gradient which

acts like a deterministic force. This control was recently developed by Jacobs [Jac10].

Multiplicative Feedback Control: One could also consider changing the measure-

ment, actually the coupling between the system and the measurement device, based

on the current measurement results. Wiseman first considered a special case of this

type of feedback in Ref. [Wis94a, Section V] for a point process. There he called it

a “self-exciting quantum point process”. Recently this method has been extensively

studied and extended to a Wiener process by Yanagisawa [Yan09].

1.3 An overview of this thesis

The overarching theme of this thesis is exploring how quickly information can be

extracted from open quantum systems using continuous measurements and control.

The background required to read this thesis is presented in chapter 2. The first

third of chapter 2 (Sec. 2.1 to Sec. 2.3) contains a brief introduction to quantum

measurement theory and the theory of continuous quantum measurements. The

second third (Sec. 2.4 to Sec. 2.5) of the chapter is focused on measurement based

quantum feedback control. I give examples of both Markovian feedback and Bayesian

feedback. The examples given in the Bayesian section are that of Jacobs’ [Jac03]

and Wiseman and Ralph’s [WR06] rapid purification protocols. These examples

motivate much of the work in this thesis. The final third of the chapter (Sec. 2.7) is

a descriptive summary of other quantum feedback control protocols that are relevant
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to this thesis. Ostensibly this chapter is a background and literature review chapter.

However it does contain some new results, which will be pointed out along the way

and summarized in the final chapter of this thesis. The most significant of the new

results is the proposal of a proof of principle experiment for rapid purification using

polarisation encoded photons which is presented in Sec. 2.6.

To gauge the benefit of using control to extract information from a quantum

system there must be a standard extraction speed. In chapter 3 I characterize this

speed. There are two ways in which this extraction speed can be formulated. The

first is the time it takes for the ensemble average of some measure of information to

reach a fixed level. The second is the average time it takes for an ensemble to reach

a fixed level of information. It turns out that these two speeds are best characterized

by different measures of information. The respective measures used are the impurity

and the log-infidelity.

With the standard speeds defined I begin exploring how to increase the extraction

rate. In chapter 4 I generalize Jacobs’ [Jac03] rapid purification protocol to arbitrary

dimensional systems. Unlike Jacobs’ study I do not find the locally optimal control.

Instead I start with the ansatz that measuring in an unbiased basis (with respect

to the state) should increase the rate of information extraction. Then I bound the

extraction rate for any unbiased basis and show that the improvement is indeed

better than measurement alone. This chapter uses the first definition of speed and

the impurity as the measure of information.

In chapter 5 I consider the second definition of speed. I also restrict the feedback

to permuting the diagonal elements of the state ρ. Because of this restriction we

can obtain information about the initial state of the system. It is for this reason

that this protocol is called rapid measurement. For rapid measurement it is possible

to find the locally optimal protocol for reduction of the log-infidelity. This strategy

also affords an improvement in the speed of information extraction.

One important assumption in chapters 4 and 5 is that the feedback control is

perfect. In chapter 6 I consider how imperfect control affects the performance of

feedback procedures. The types of imperfections examined include finite strength

feedback, calibration errors, time delays, and inefficient detection. I illustrate these

imperfections with the task of rapid state preparation of a qbit, as first considered

by Jacobs [Jac04].

In chapter 7 I present a new type of quantum control which combines open-loop

control and quantum filtering. To illustrate this new type of control I reconsider
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rapid purification and rapid measurement. Because the control is not feedback

the performance of the protocols tend to be less sensitive to the frequency of the

applied control. This new type of control also provides an improvement in the speed

of information extraction in both cases.

In the final chapter, chapter 8, I give a technical summary of the results and

discuss some implications of the work presented in this thesis. Finally I suggest

possible avenues for future investigation.

1.4 A history of purification

1.4.1 Precursors

The precursors to rapid purification and measurement involve forays into quantum

information theory and quantum control theory. Some of the important concepts in

this section include weak measurements, unitary evolution, impure states of knowl-

edge, continuous measurements. Each of these concepts are defined and explored

in more detail in chapter 2 of this thesis. In this section I will only give informal

explanations as the terms arise.

Fuchs and Jacobs in Ref. [FJ01] explored the trade-off between information ac-

quisition and disturbance in quantum measurement theory. To formalize what they

meant by information acquisition and disturbance, they considered something like

the following toy problem. Alice and Bob have exactly the same description, or state

of knowledge, of a quantum system ρ0
1. At some later time a third party, Charlie,

asks them to predict the outcome of his measurement of the system. After this sce-

nario is repeated many times, eventually Charlie will divide the sum of $D between

Alice (an ethical, hard-working and financially struggling graduate student)and Bob

(a lazy post-doc) according to the ratio of their successes. Alice, being clever and

resourceful, has the ability to perform one unitary operation2 followed by a finite-

strength two-outcome measurement3. Her aim is to refine her state of knowledge

about the quantum system, thus increasing its predictability and accordingly her

share of the money. Alice’s morals prevent her from intentionally sabotaging Bob

for the pecuniary reward. Thus Alice must endeavour to increase the accuracy of

1This is a mixed state, or a state of incomplete knowledge.
2A transformation which preserves the inner product of two vectors in Hilbert space.
3In this formulation a projective measurement corresponds to a measurement of infinite

strength.
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her predictions without affecting those of Bob.

Alice’s task ,then, can be formulated as trying to maximize her gain in informa-

tion and minimize the disturbance her actions (the unitary and measurement) will

have on Bob’s state of knowledge. Fuchs and Jacobs showed that it is not possible

for Alice to acquire information without disturbing Bob’s state. Furthermore, the

maximum gain in information comes at the cost of maximal disturbance to Bob’s

state. The minimal information gain causes minimal disturbance (no disturbance).

This line of thought, in the context of quantum control, was further studied by

Doherty, Jacobs and Jungmann in Ref. [DJJ01]. The problem with trying to study

information and disturbance in quantum control (and adaptive measurements) is

that there are too many parameters to optimize: e.g. the measurement strength, the

measurement basis or type (also known as the unravelling) and the control strategy.

Doherty et al. assumed that it was possible to consider optimizing the unravelling

and the control strategy separately4, and focused on a diffusive unravelling with the

measurement strength fixed.

For a fixed unravelling and measurement strength the only remaining free pa-

rameter is the control strategy. Doherty et al. suggested that one simple rule of

thumb to choose the strategy is that “it is never desirable to perform worse [on av-

erage] at the current time in order to perform better at some future time” [DJJ01].

In this thesis I will refer to this control strategy as locally optimal (LO). The term

locally optimal should be thought of as short for a local-in-time optimization of the

feedback for achieving the control objective. Doherty et al. did not claim that as-

suming a separated and LO strategy would give a globally optimal control strategy5,

but that it should “provide a simple systematic approach that one can expect to

produce good results” [DJJ01]. The technique of a local-in-time optimization is the

first significant contribution of this paper that is relevant to this thesis. I use this

technique (or a method very similar to it) in most chapters of this thesis.

The second contribution is a refinement of the following terms: measurement

strength; information gain; disturbance; and feedback. Doherty et al., building

on the work of Fuchs and Jacobs, argued that stronger conditional measurements6

4This is commonly done in classical control, because the separation theorem says that it is valid
to do so for some common control objectives. The quantum version of the separation theorem was
only recently proven [BvH08].

5I will define globally optimal in Sec. 2.5.3.
6Those where the observer who is measuring the system remembers the result of the measure-

ment and must therefore update their state of knowledge about the system accordingly.
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result, on average, in final states which are more pure (or less impure7) than weaker

measurements. Thus for a measurement that is continuous in time8 one can think

of the measurement strength as proportional to the initial rate of purification. From

this it follows that information gain is defined to be the increase in purity gained

by performing a measurement and conditionalizing one’s state on the outcome of

the measurement9. Then Doherty et al. defined disturbance to be the decrease in

purity if an observer averages over (forgets) measurement results. In order to further

explore their contribution, I will rephrase these results by returning to the game

involving Alice and Bob described above. It was argued that minimum disturbance

occurs to Bob’s state when the measurement basis is co-diagonal with state ρ (which

results in minimal average information gain for Alice). The maximal disturbance for

Bob’s state of knowledge occurs when the measurement basis is maximally different

to the states (resulting in maximal information gain for Alice). It is possible to

give a precise definition of what it means for two bases to be maximally different; I

will delay this until chapter 2. I will, however, adopt the terminology derived from

that definition: two bases that are maximally different from each other are called

unbiased bases (UBB).

To illustrate these concepts Doherty et al. considered a quantum system with a

Hilbert space dimension D = 2 (known as a qbit in quantum information) precessing

about the z axis, which is the desired evolution. The spin, initially prepared in an

x eigenstate, is (unfortunately) subject to dephasing noise about the z axis. The

object of the control is to maximize the purity (and fidelity) averaged over some

period of time. It was found that the LO strategy was to measure in the maximally

different basis; in this case the measurement is along the z axis. However, there was

no trade-off between information gain and disturbance. This is because the control

objective is 1) independent of the particular final or initial states, and 2) heavily

biased towards the purity of the final states. Interestingly, Doherty et al. did not

explore the rate of information extraction (purification) in their paper.

7The impurity is a measure of the mixedness of an observer’s state of knowledge. The purity is
one minus the impurity.

8Which can be thought of as a series of weak measurements performed in succession.
9Doherty et al. also pointed out that most measurements can be thought of as a “bare measure-

ment” and a conditional unitary from the perspective of the polar decomposition theorem. The
bare measurements are positive operators (when multiplied by their transpose conjugate sum to the
identity), which can be written as a weighted sum of projectors (in the basis which they are diago-
nal) and represent the information acquisition. Unitaries do not affect entropy S(ρ), L(ρ) act after
measurement and represent a kind of feedback (measurement backaction). Thus a measurement
without feedback would be one where the unitary was the identity.
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Unrelated to information disturbance relations, but most definitely a precursor to

purification of a qbit, is the problem posed by Hoffman, Mahler and Hess [HMH98].

Hoffman et al. in Ref. [HMH98] made some preliminary analysis of stabilizing the

quantum state of a two-level atom in the presence of spontaneous emission using

Markovian feedback. Wang and Wiseman in Ref. [WW01] and Wiseman, Mancini

and Wang in Ref. [WMW02] reconsidered this problem and generalized the results

of Hoffman et al. (using both Markovian feedback10 and Bayesian feedback11). I will

rederive the Markovian stabilization results as an example of Markovian feedback in

Sec. 2.5.1 of chapter 2, so I will not give a detailed explanation here. In Refs. [WW01]

and [WMW02] it was found that the stabilization of the equatorial states of the

Bloch sphere12 using both Bayesian and Markovian feedback was problematic and

interesting. For example, these studies found a deterministic increase in the average

change of the x Bloch component (the measurement axis was in the z direction);

and the steady state was achieved in approximately half the time taken by the

equatorial states (see Fig. 6 in [WW01]) but the feedback did not stabilize to a

particular equatorial state. These findings were mirrored in the Bayesian analysis

in Ref [WMW02]. Again, the above papers did not look at the rate of purification.

1.4.2 Rapid purification of a qbit

Pure states are necessary for many quantum information protocols. Motivated by

this, Jacobs in Ref. [Jac03] introduced the following control goal: to reduce the

average of L(t) = 1 − Tr [ρ(t)2] (the impurity of the conditional state) to a fixed

small value in the minimum time, using arbitrary Hamiltonian control of the system.

This objective is partially related to information disturbance relations. I say

partially because the relation is asymmetric – Jacobs was only interested in acqui-

sition of information. Thus Jacobs choose to locally optimize the decrease in the

average L at every point in time (working in discrete time) to achieve this end. He

was fortunate in a number of ways. Firstly, he already had the answer to the local

optimization from Ref. [FJ01]. Secondly, the equation for the conditional impurity

10Which is a proportional control in PID-type control theory, where the error signal is used
directly by the PID controler.

11Which is related to the “Modern control theory” techniques and filtering theory from signal
processing.

12The Bloch sphere is a convenient way of representing all possible states of a qbit in R3,
where the three orthogonal directions correspond to the x, y and z spin observables. Pure states
correspond to the surface of the sphere with radius equal to one. Impure states are those states
with a radius less than one.
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has no stochastic term and was analytically solvable. After working out the solution,

Jacobs took the continuum limit to derive an expression for the impurity under the

LO protocol. The feedback enabled an improvement of two times the purification

rate of a continuous measurement (one without feedback).

In Ref. [Jac04] Jacobs resumed his exploration of rapid purification, but this

time his analysis was in continuous time from the outset. He derived the equations

of motion for the Bloch vector components, subject to the above feedback protocol,

and regained the rapid purification result. In this paper Jacobs also considered rapid

state preparation, where the final state is not necessarily an x eigenstate. The two

sub-cases considered are: when measurement basis is fixed and feedback is arbitrary

Hamiltonian control (but bounded in strength); and where measurement basis is

fixed but Hamiltonian can only rotate to the x− y plane (using a bang bang control

strategy). Due to the difficulty of the problem the analysis was restricted to nu-

merics. However, Jacobs’ ideas apply equally to bounded-strength state preparation

and bounded-strength rapid purification.

The essential parts of these analyses are reproduced in chapter 2, Sec. 2.5.2 of

this thesis. Chapter 2 is ostensibly the theoretical background chapter of this the-

sis. In chapter 2, I have tried to keep my presentation of the results contained

in Refs. [Jac03, Jac04] true to the original papers rather than updating the pre-

sentation, primarily because the new presentation is a direct result of the research

contained in this thesis.

1.4.3 Beyond rapid purification of a qbit

At the start of my PhD, and after giving me a one hour crash course in quan-

tum stochastic differential equations, Kurt Jacobs suggested I attempt to rederive

his qbit result and generalize it to a D-dimensional quantum system (known as a

qdit). In Ref. [CJ06] we published the results of this investigation. We studied

a D-dimensional quantum system with X, the monitored observable, being the z

component of angular momentum. We showed that, by applying time-dependent

controls to ensure that the conditional state is always diagonal in a basis that is

maximally different with respect to the measurement basis, the rate of purification

can be increased by a factor of at least 2
3
(D + 1) over the no-control case. This

increased rate of purification was termed a speed-up by Jacobs [Jac03].

These results will be discussed in chapter 4, Sec. 4.1 and Sec. 4.2. In order to cal-

culate the rate of purification I derived the rate of purification for a qdit undergoing
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measurement alone. This work is reproduced in chapter 3; in fact Eqs. (3.1) - (3.8)

were first derived during this period. The remainder of the analysis in Secs. 3.1-3.2

was performed recently, in order to rigorously derive the lower bound (at long-times)

for the rate of purification by measurement alone presented in [CJ06]. This rigorous

analysis was a gradual process - we tried many different approaches over the years.

Eventually Howard Wiseman, during a long discussion with me at the 2009 Coogee

quantum information workshop, suggested the present methodology.

A few weeks after Ref. [CJ06] was submitted, Howard, Kurt and I realized that

the upper bound on the rate of purification can be proportional to D2 using a

classical feedback strategy - permutations of the eigenvalues of ρ in the logical basis.

This was not published until 2008 in Ref. [CWJ08], when we found a lower bound

on the rate of purification. Shortly after submitting Ref. [CJ06] Kurt moved back

to the USA to find a permanent position and Howard became my primary advisor.

But the work in Ref. [CJ06] seemed to spark interest in rapid purification, which is

evident by the increase in publications on the topic.

During the southern hemisphere summer of 2005/2006 Jason Ralph visited the

Wiseman Group (unfortunately for me I was away on a three month holiday in New

Zealand). Jason’s attention to detail had lead him to discover some curious features

while simulating Jacobs’ protocol13. Jason had found that the mean time to a fixed

purity was actually approximately two times smaller for a continuous measurement

without feedback than it was for Jacobs’ protocol. Following Jason’s seminar on

this topic, Howard reproduced this result analytically that very afternoon14. This

left a conceptual difficulty: is it possible to reconcile the factor of two improvement

that Jacobs [Jac03] found and the factor of two that Jason found? Wiseman and

Ralph, in Ref. [WR06] resolved this by finding a different measure of average purity

at a fixed time, one that better reflected the bulk of the distribution of purities at

a fixed time, and showing that this measure reflected the results of the mean time

analysis. In addition to this Wiseman and Ralph pointed out that mean time to a

fixed purity could be a more relevant measure than the average purity at a fixed

time. This analysis is central to many of the results in this thesis, so it is reviewed

in detail in Sec. 2.5.2 of chapter 2. Again I try to keep the presentation true to the

presentation in Ref. [WR06]; unfortunately there were some consistency problems

(in Ref. [WR06], some of which Wiseman pointed out to me) so some changes have

been made to the presentation. Very recently I have realised that the results in

13Personal communication from J. F. Ralph.
14Personal communication from H. M. Wiseman.
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appendix B of Ref. [FJ01] preempt some of Wiseman and Ralph’s analysis.

There was no doubt Fuchs and Jacobs had shown that measuring in a UBB max-

imized the average impurity for a single weak measurement. And in Ref. [Jac03]

Jacobs made some compelling arguments that his strategy was also the globally

(in time) optimal solution. But at the PRACQSYS 2006 conference, Ramon van

Handel pointed out that it should be possible to test Jacobs’ claim using optimal

control theory, and that physicists should be careful when using the word “opti-

mal”15. Wiseman and Bouten [WB08], spurred by van Handel’s suggestion, showed

via optimal control theory that for Jacobs’ problem his solution was indeed globally

optimal. Additionally, they showed that when minimizing the mean time to a fixed

impurity the “no feedback” strategy proposed by Wiseman and Ralph is also opti-

mal. This result was rederived by Belavkin, Negretti and Mølmer in Ref. [BNM09].

Very recently, Shabani and Jacobs [SJ08, JS08] have derived an optimal algorithm

for rapid purification for dimensions 3 and 4, provided that the quantum state is

very nearly pure. Part of the study in Ref. [WB08] is reproduced in Sec. 2.5.3 of

chapter 2.

The next collection of studies are not specifically related to this thesis but are

related to purification. Jordan and Korotkov [JK06] also studied Jacobs’ problem

in a specific physical system: a double quantum dot (effectively a qbit) capacitively

coupled to (measured by a) quantum point contact. They generalized the analytic

solution for average impurity by measurement alone to include a non-maximally

mixed initial state and rederived his feedback results using a slightly different frame-

work. Griffith et al. [GHR+07] studied realistic versions of the Jacobs, and Wiseman

and Ralph protocol schemes for rapid purification in a superconducting charge qbit

system. Griffith et al. showed that for implementation these schemes need to be

modified in order to be feasible. Jacobs and Lund [JL07] used the result of Combes

and Jacobs [CJ06] to argue that for stabilization one should always measure in the

basis that is unbiased with respect to the desired state, and that not all UBB are

equal for the purposes of purification. Hill and Ralph in Ref. [HR07] explored pu-

rification in bipartite entangled systems. They found that it was possible for Alice

(who shares a mixed entangled state with Bob) to increase the speed at which she

acquires information about Bob’s state. In Ref. [HR08] Hill and Ralph showed that

it was possible to “rapidly” entangle and “rapidly” guide a state into a decoherence-

free subspace. For thoroughness I should point out that the term “quantum state

15Personal communication from H. M. Wiseman.
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purification” has also been used to characterize a related but significantly different

quantum control protocol devised by Mendonça et al. in Ref. [MGD08].

In early 2006 I derived the lower bound on speed-up for purification via unbiased

basis feedback in a register of qbits; that is, Eq. (4.47) presented in Sec. 4.6 of chapter

4. I also considered unbiased basis feedback of a qdit where the qdit was subject

to D independent measurements of projectors onto the logical basis. While the

projector analysis has not made it into the bulk of this thesis, part of the study

was useful in later research and so is produced in appendix C. These (and other)

investigations were all part of a failed attempt to find an upper bound on the rate of

purification in an unbiased basis. To summarize, for the classical feedback strategy

we had an upper bound but no lower bound, while for the unbiased basis strategy

we had a lower bound and no upper bound.

Because of the promise of a O(D2) speed-up in purification, I decided to focus

on the classical strategy. In December 2006 I heuristically worked out the locally

optimal feedback when restricting the feedback to permutations of the eigenvalues

of ρ in the logical basis. The numerics for this strategy also looked promising

(except that convergence required a very large ensemble size). After many attempts

(during 2007) to derive a lower bound on the rate of purification, we finally devised a

method to do so. Surprisingly, the lower and upper bound for the rate of purification

were O(D2). Because the LO feedback is just permutations of the logical basis, it

is calculationally reversible and hence appropriate for the use of measurement and

tomography, as well as purification. It is for this reason we called this protocol “rapid

measurement”. These results were published in Ref. [CWJ08] and are discussed in

chapter 5. We also extended this protocol to a register of qbits as discussed in

Sec. 5.5 of chapter 5.

While Howard was on sabbatical during 2008 I began to work on a long version

of the Combes and Jacobs paper [CJ06] and decided to attempt the solving of a

specific example of feedback in an unbiased basis, to improve my own understanding

and in the hope that I might be able to derive a quadratic upper bound on the

speed-up. The simplest example (by analogy of the relation between the position

and momentum in continuous variables) of an unbiased basis I could think of was

the Fourier transform of the logical basis. I considered a protocol that made the

measurement basis and the state unbiased at all times through the quantum Fourier

transform. Finally, this allowed me to calculate for the first time the upper bound for

an unbiased basis algorithm, which was indeed quadratic. Later, Howard suggested
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a way to generalize this result to all unbiased bases and both of these results are

presented in chapter 4 from Sec. 4.3 onwards.

Because the unbiased basis work was quite problematical for a long time, Howard

suggested a simpler project. He thought that it should be possible to rederive Jacobs’

qbit purification protocol in a cute way by using the Wiseman–Milburn feedback

master equation [Wis94a]. He was, of course, correct. From this starting point I

went on to look at rapid purification in the presence of damping and homogenous

dephasing, inefficient detection and time delay. The results of this became chapter

6, and nicely complement Jacobs’ study of bounded strength rapid state preparation

in Ref. [Jac04].

Also during Howard’s sabbatical I performed a back-of-the-envelope calculation

to show that, in the case of rapid measurement, the upper bound for the speed-up

with a random permutation of the eigenvalues also affords a quadratic improvement.

In early 2009 Howard suggested I remove this result from an as yet unpublished

paper that I was (am) writing because we could not calculate a lower bound. After

some thinking I did calculate the lower bound. It was only then that we realized the

significance of this result. This random permutation control is actually open loop

control combined with quantum filtering; not randomized quantum feedback. Once

I had derived this, Howard and I were discussing this result and I rhetorically asked

what the effect of a random unitary would be. Howard knew that Andrew Scott

would be able to help us answer this question, so he promptly marched me down

to Andrew’s office. Andrew helped me to learn about integrating over the unitary

group, so that I was able to solve the question about the speed-up for random

unitary feedback. This work is presented in chapter 7 and in Ref. [CWS10].

In this chapter I have tried to give a sense of the chronology of the work on rapid

purification and rapid measurement as it relates to the contents of this thesis. In

the final chapter of this thesis, chapter 8, I will attempt provide a summary of the

results contained in this thesis as well as some vision for new research directions and

implications inspired by this thesis.



Chapter 2

Quantum Continuous Measurements and

Feedback Control

In this chapter I will give an overview of the theoretical tools necessary to understand

this thesis. The basic outline is as follows. In Sec. 2.1 I review unitary evolution, so

the differences between evolution with and without measurement are clear. Next I

review quantum measurement theory in Sec. 2.2. This review allows for a smooth

transition into a simple model of continuous quantum measurements presented in

Sec. 2.3.1. This is followed by a review of a more general framework for continuous

quantum measurements, which is also in Sec. 2.3.1. Section 2.4 elaborates on the

description of measurement based feedback found in chapter 1. Here I specialize

to the two types of control used in this thesis Markovian and Bayesian feedback.

In Sec. 2.5 I apply these feedback methods to a qbit. The methods developed in

the Markovian feedback section are used in chapter 6 of this thesis. The Bayesian

feedback problem, rapid purification, and methods developed in Sec. 2.5.2 are the

theoretical basis of the entire thesis. Some possibilities for experimental realization

of rapid purification are then explored in Sec. 2.6. In Sec. 2.7 I review some relevant

quantum feedback protocols, which helps to distinguish the work presented in this

thesis from prior work. Finally, I summarize the important results from this chapter

in Sec. 2.8.

2.1 Evolution without measurement

Outside the quantum optics, open quantum systems and quantum control commu-

nities, evolution of a quantum state is usually taken to mean unitary evolution. For

example, in quantum information Shor’s algorithm is described by unitary evolution,

which implies it may be modelled as a closed quantum system1. After the initial

1That is, the quantum system is completely isolated from the rest of the universe

21
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analysis on the process is performed, it is customary to look at realizing the process

in a physical implementation. Only then do non-unitary effects begin to manifest in

theoretical treatments. In this thesis I am primarily concerned with open quantum

systems2; however, due to the importance of unitary evolution in quantum informa-

tion and open loop quantum control, I will briefly examine reversible evolution. This

analysis will help to delineate evolution without measurement from evolution with

measurement. I restrict the discussion to mixed quantum states as the formalism is

still true for pure states (ρ = |ψ⟩⟨ψ|).

2.1.1 Time-independent Hamiltonian evolution

Consider a closed quantum system described by a state matrix ρ(t) with a Hamil-

tonian H. The Hamiltonian generates the unitary evolution, U(t) = exp(−iHt) =∑
n(−iHt)n/n!, of the system3 ρ(t) = U(t)ρ(0)U(t)†. The system’s state after a

time interval δt is

ρ(t+ δt) = (1̂ − iHδt)ρ(t)(1̂ − iHδt)† = ρ(t) − iδt[H, ρ(t)], (2.1)

to first order in δt. To find the rate of change of the state one can take an appropriate

limit of the finite time interval case

ρ̇ ≡ dρ

dt
= lim

δt→0

ρ(t+ δt) − ρ(t)

δt
= −i[H, ρ(t)]. (2.2)

Thus the rate of change of the state undergoing unitary evolution is proportional to

the commutator of the state with the Hamiltonian. The expectation of a Hermitian

observable A is ⟨A⟩ = Tr [Aρ]. Under unitary evolution of the state the expectation

evolves4 as

⟨A⟩t = Tr [Aρ(t)] = Tr
[
AU(t)ρ(0)U(t)†

]
. (2.3)

This is a Schrödinger picture of the evolution as the state is time-dependent. The

corresponding Heisenberg picture evolution is

⟨A⟩t = Tr
[
U(t)†AU(t)ρ(0)

]
= Tr [A(t)ρ] , (2.4)

2That is, quantum systems which can not be considered as isolated from the rest of the universe.
3Using appropriately scaled units so that ~ = 1.
4The reader is reminded that to observe this smooth evolution many measurements must be

taken at each time, t, and averaged over.
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where now the operator A carries the time-dependence. By recognizing that A(t) =

U(t)†AU(t) the equation of motion in the Heisenberg picture can be derived in the

same way as Eq. (2.2). It is

Ȧ = i[H,A(t)] +
∂A(t)

∂t
. (2.5)

The equation of motion for the evolution of the expectation is

⟨Ȧ⟩ ≡ Tr
[
Ȧρ
]

= Tr [Aρ̇] = Tr [i[H,A(t)]ρ(0)] . (2.6)

A significant portion of this thesis will consider averages of quantities that are

not expectations of an observable such as A, because they are non-linear functions

of ρ(t). One such quantity of particular interest in this thesis is the impurity:

L(t) = 1 − Tr
[
ρ(t)2

]
. (2.7)

For a D-dimensional quantum system it is trivial to show that the maximally mixed

state ρmix = 1̂/D has an impurity of L = (1 − 1/D). By definition a pure state

ρ = |ψ⟩⟨ψ| has an impurity of L = 0. As this thesis is partly concerned with the

role of measurement (and feedback) in purification, it will be informative to examine

how unitary evolution affects the impurity. The average change5 in impurity due to

unitary evolution is

⟨L̇⟩ = −2Tr [ρ(t)ρ̇] = 0. (2.8)

From Eq. (2.8) it is clear that unitary interactions alone cannot reduce the impurity.

This result also holds for time-dependent Hamiltonians.

2.2 Quantum Measurement theory

This section provides a brief review of quantum measurement theory. The goal is

to explain some of the general formalism in the notation used in this thesis.

5When working out a matrix derivative one must be careful to use the non-commuting versions
of the chain rule and product rule, although in this case it is not vital due to the cyclic property
of the trace, and because the function is a single quadratic term.
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2.2.1 System and apparatus

A useful way of thinking about measurements is through the concept of systems

and measurement apparatuses. The system is our quantum object of interest, the

state of which is denoted by ρS(t). The measurement apparatus is an ancilla that

interacts with the system and has a definite state, ρA, at t = t0. For t ∈ (t0, t0 + δt]

the system and apparatus interact unitarily. The unitary U(t0 + δt, t0) exists in the

combined Hilbert space of the system and apparatus HSA = HS ⊗HA. This unitary

typically generates entanglement (nonclassical correlation) between the system and

apparatus. This correlation is then exploited to obtain information about the system

via a measurement of the apparatus.

If the initial state for the system and apparatus is ρSA = ρS(t0) ⊗ ρA(t0), after

the unitary evolution the state is

ρSA = U(t0 + δt, t0)[ρS(t0) ⊗ ρA(t0)]U(t0 + δt, t0)
†. (2.9)

Next I assume that the time taken to do a measurement tm on the apparatus, at time

t = t0 + δt, is negligible compared to the interaction time; that is, tm ≪ δt. This

allows unitary evolution to be ignored during the measurement of the apparatus.

The apparatus observable will be labelled Q, and its eigenvalues labelled q. The

final state of the system6 after the projective measurement of the apparatus is

ρS(t+ tm|Q = q) =
TrA

[
(1̂S ⊗ |q⟩A⟨q|)U(δt)[ρS(t0) ⊗ ρA(t0)]U(δt)†(1̂S ⊗ |q⟩A⟨q|)

]
℘q

,

(2.10)

where U(δt) ≡ U(t0 + δt, t0) is defined for notational compactness and the normal-

ization ℘q is the probability that measuring Q will give the result q:

℘q = Pr [Q = q]

= Tr
[
(1̂S ⊗ |q⟩A⟨q|)U(δt)[ρS(t0) ⊗ ρA(t0)]U(δt)†(1̂S ⊗ |q⟩A⟨q|)

]
= Tr

[
(1̂S ⊗ |q⟩A⟨q|)U(δt)[ρS(t0) ⊗ ρA(t0)]U(δt)†

]
. (2.11)

The numerator of Eq. (2.10) can be further simplified to give

ρS(t+ tm|P ≡ Q = q) = A⟨q|U(δt)[ρS(t0) ⊗ ρA(t0)]U(δt)†|q⟩A/℘q. (2.12)

6This calculation is made possible by the partial trace operation, eg. TrB [A ⊗ B] = ATr [B].
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By writing the initial apparatus state as ρA(t0) =
∑

µ pµ|ψµ⟩⟨ψµ| we have

ρS(t+ tm|Q = q) =
∑

µ

A⟨q|U(δt)[ρS(t0) ⊗ pµ|ψµ⟩⟨ψµ|]U(δt)†|q⟩A/℘q

=
∑

µ

A⟨q|U(δt)|ψµ⟩A pµ ρS(t0) A⟨ψµ|U(δt)†|q⟩A/℘q. (2.13)

Recognizing that
√
pµ A⟨q|U(δt)|ψµ⟩A is a system operator (I will label it Mµq), the

final expression is

ρS(t+ tm|Q = q) =
1

℘q

∑
µ

Mµq ρS(t0) M
†
µq. (2.14)

The normalization ℘q can be compactly written as

℘q = Tr

[∑
µ

Mµq ρS(t0) M
†
µq

]
= Tr

[∑
µ

Eµq ρS(t0)

]
, (2.15)

where Eµq ≡ M †
µ,qMµ,q. Restricting the initial state of the apparatus to be a pure

state ρA(t0) = |ψ⟩⟨ψ| gives non-selective evolution of the form

ρS(t+ tm) =

∑
q Mq ρS(t0) M

†
q

Tr [Eq|ψ⟩⟨ψ|]
. (2.16)

By conditionalizing on a single measurement outcome one obtains the selective evo-

lution

ρS(t+ tm|Q = q) =
Mq ρS(t0) M

†
q

Tr [Eq|ψ⟩⟨ψ|]
. (2.17)

When the Mq’s are projectors one recovers the familiar von Neumann-Lüders pos-

tulate.

2.2.2 Measurement operators and effects

The operators Mq and Eq are referred to respectively as measurement operators and

effects [WM10]. The effects are constrained only by∑
q

Eq = 1̂, (2.18)
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which is a manifestation of the normalization condition on quantum states. Any

operators which satisfy Eq. (2.18) specify a valid measurement and are usually called

Positive Operator Valued Measure’s (POVM’s); see Ref. [WM10] for details. As I

will consider repeated measurement in the next section, I will now introduce some

new notation so that Eq. (2.14) becomes

ρS(t+ tm|Q = q)) =
1

℘q

∑
µ

J [Mµq] ρS(t0), (2.19)

where J [A]B ≡ ABA† for arbitrary operators B and A. A measurement superop-

erator7 can be defined

Oq =
∑

µ

J [Mµ,q] , (2.20)

which allows for simplification of cascaded measurements expressions. It is also

possible to express the unconditional evolution in this formalism as

ρS(t+ tm|Q = q) =
∑

q

Oqρ(t) = Oρ(t). (2.21)

2.3 Evolution with measurement

In Eq. (2.10) I derived an expression for the post-measurement state ρ(t + δt)

if the result of the measurement was ignored (unconditional evolution); and in

Eq. (2.17) for the case when the state was conditionalized on the measurement

result (conditional evolution). In the theory of open quantum systems it is common

to consider the change to the pre-measurement state induced by the measurement

dρ = ρ(t + δt) − ρ(t); the unconditional and conditional versions of this expression

are called the master and stochastic master equation.

By presenting the concept of systems and measurement apparatuses, then formal-

izing this theory using measurement operators and effects, I have tried to illustrate

that is possible to study the measurement process without referring to specific physi-

cal systems. This, I hope, motivates the derivation for the stochastic master equation

(SME) that I will present now. I do acknowledge that each physically different open

system needs a microscopic derivation of the master equation. Then monitoring the

environment (the ancilla above) in different ways will result in different evolution for

7That is, an operator that acts on a space of operators.
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the system. The terminology in the quantum optics community is that the different

ways of monitoring are said to be different unravellings of the master equation. In

this thesis I focus on unravelings which are said to be diffusive [WM10].

Although there has been discussion of the model presented below in the lit-

erature (for example see [Jac03]), to my knowledge the details have never been

explicitly shown, although there are some similarities between this treatment and

Brun’s [Bru02].

2.3.1 A simple model of continuous measurement

In the previous sections I described a system ρ(t) undergoing Hamiltonian evolu-

tion (Eq. (2.2)). In this section a system undergoing continuous measurement is

modelled. Specifically, a continuous measurement of duration T of a system ρS is

modelled as a cascade of N two outcome, weak8 measurements made in a small time

interval δt = T/N [CM87] [Jac03]. Formally the measurements are being performed

on the environment (which takes the role of an apparatus), but as pointed out in

Section. 2.2 one can think of these as measurements on the system.

Consider a qbit (a two-dimensional quantum system) with a basis {|+⟩, |−⟩},
such that the identity is 1̂ = |+⟩⟨+| + |−⟩⟨−|, and σz = |+⟩⟨+| − |−⟩⟨−|. Also

consider the following measurement operators for a two outcome experiment9:

M± =
√
κ|∓⟩⟨∓| +

√
1 − κ|±⟩⟨±|

= 1
2
[(
√
κ+

√
1 − κ)1̂ ∓ (

√
κ−

√
1 − κ)σz], (2.22)

where κ ∈ [0, 1] is related to the measurement strength. The corresponding effects

(or probability operators) are

E± = M±M
†
± = 1

2
1̂ ∓ 1

2
(2κ− 1)σz. (2.23)

The sum of the effects is clearly the identity; thus we have specified a valid mea-

surement set or a POVM. I now choose κ to be κ = 1
2
−

√
2γδt, which has been

carefully chosen to scale with time in such a way that a sensible continuum limit

8A measurement that does not extract all the available information about the measured ob-
servable.

9This form was chosen as it gives rise to a continuous measurement of σz, which this thesis
studies in detail.
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exist. Equations (2.22) and (2.23) become

M± = 1√
2
(1 − γδt)1̂ ± 1√

2

√
2γδtσz, (2.24)

E± = 1
2
1̂ ±

√
2γδtσz. (2.25)

The probability, Pr [±|ρ(t)], of obtaining the ± result given the initial state ρ(t), is

℘± = Tr [E±ρ(t)] = 1
2
±
√

2γδtTr [σzρ(t)] . (2.26)

The post-measurement state, from Eq. (2.17), is ρc(t + δt) = M±ρ(t)M
†
±/℘±. The

subscript c signifies that the post-measurement state has been conditioned on the

measurement result (+ or − in this case). It is also possible to write the post-

measurement state as a correction to the initial state ρc(t + δt) = ρ(t) + δρ±. By

definition the form of this correction is

δρ± =
M±ρ(t)M

†
±

℘±
− ρ(t). (2.27)

The duration of each weak measurement has already been assumed to be small

(δt ≪ γ−1), so the essential dynamics of the measurement are captured by an

expansion of Eq. (2.27) to first order in δt. The denominator of the first term in

Eq. (2.27) is expanded using the binomial approximation10

℘−1
± = (1

2
±
√

2γδtTr [σzρ])
−1 ≈ 2 ∓ 4

√
2γδtTr [σzρ] + 16γδt(Tr [σzρ])

2. (2.28)

Expanding the numerator of the first term in Eq. (2.27) to order δt one finds

M±ρ(t)M
†
± = 1

2
ρ− γδtρ±

√
2γδt
2
ρσz ±

√
2γδt
2
σzρ+ γδtσzρσz. (2.29)

Substituting Eqs. (2.28) and (2.29) into Equation (2.27) and expanding (only keeping

terms of order δt) we have

δρ± = 2γδtD [σz] ρ±
√

2γδtH [σz] ρ− 4γδtTr [σzρ] (σzρ+ ρσz) + 8γδt(Tr [σzρ])
2ρ,

(2.30)

where, following [WM10], I have defined two superoperators D [A]B ≡ ABA† −
1
2
[A†AB+BA†A] and H [A]B ≡ AB+BA†−Tr

[
(A+ A†)B

]
B. For convenience, a

new operator is defined – c =
√

2γσz – so that the average of c is ⟨c⟩ =
√

2γTr [σzρ].

10(a + b)n = an(1 + b
a )n ≈ an(1 + n b

a + n(n−1)
2!

(
b
a

)2
+ ....) provided | b

a | < 1 and n ∈ R.
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This simplifies the appearance of Eq. (2.30) to

δρ± = δtD [c] ρ±
√
δtH [c] ρ− 2δt⟨c⟩(cρ+ ρc†) + 4δt⟨c⟩2ρ

= δtD [c] ρ±
√
δtH [c] ρ− 2δt⟨c⟩H [c] ρ. (2.31)

Similarly the equation for the probability of results, Eq. (2.26), is greatly simplified

℘± = 1
2
±

√
δt⟨c⟩. (2.32)

The dependence on the measurement result ± is reduced now to a coefficient in one

term in Eqs. (2.31) and (2.32); the coefficient is ±
√
δt. Rewriting the coefficient as

a random variable, δQ = ±
√
δt. Writing δQ = 2δt⟨c⟩ + δW , we find the average,

standard deviation and variance, to order δt are: ⟨δQ⟩ =
∑

i=± δQiPi = 2⟨c⟩δt,
⟨(δQ)2⟩ =

∑
i=± δQ

2
iPi = δt, ⟨δQ⟩ − ⟨(δQ)2⟩ = δt respectively. The new random

variable δW has a zero mean and its variance is equal to the variance of δQ. That

is to say ⟨δW ⟩ = 0 and ⟨(δW )2⟩ = δt; which, by definition, is a Weiner process11.

Substituting this expression into Eq. (2.31) and dropping the superfluous ± labels

gives

δρc = δtD [c] ρ+ (2δt⟨c⟩ + δW )H [c] ρ− 2δt⟨c⟩H [c] ρ

= δtD [c] ρ+ δWH [c] ρ, (2.33)

where the subscript c signifies that this is an equation that is conditioned on the

measurement result. In the limit where the number of measurements is large, N →
∞, the duration of each measurement δt becomes infinitesimal, so that

dρc ≡ lim
δt→0

δρc = dtD [c] ρ+ dWH [c] ρ. (2.34)

Substituting the value for c we obtain,

dρc = 2γdtD [σz] ρ+
√

2γdWH [σz] ρ, (2.35)

which describes a continuous measurement of σz at rate γ where dW is the Wiener

increment satisfying dW 2 = dt.

11A stochastic process named after Norbert Wiener, see Ref. [Gar83] for details.
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A continuous measurements as a sequence of weak measurements

Equation (2.19) and Eq. (2.35), when added to ρ, describe the evolution ρ(t) due

to a single (weak) measurement. In the laboratory one would begin the process

of a continuous measurement by choosing a prior state ρ(0) and switching on the

measurement apparatus. The measurement result dR1 at the end of the first time in-

terval t1 = t0+dt is used to update ρ(0) via Eq. (2.35): ρ(t1) = ρ(0)+dρc[ρ(0), dR1].

A second result necessitates the update ρ(t2) = ρ(t1) + dρc[ρ(t1), dR2]. This expres-

sion can be expanded in terms of ρ0, but it is clumsy to do so. The after the N ’th

measurement result the conditional state is ρ(tN) = ρ(tN−1) + dρc[ρ(tN−1), dRN ];

which looks like a recursion relation12. For this reason, in the quantum optics com-

munity the convention is to describe a continuous measurement by writing dρ. It is

understood that dρ must be used recursively with the relevant measurement record

to describe a particular realisation of the measurement process, also known as a

trajectory, continuously in time.

The measurement superoperator notation from Sec. 2.2.2 can be used for an

explicit statement of the conditional evolution of ρ, known as a quantum trajec-

tory [Car93]. The general expression above would become ρ(tN |qN , . . . , q2, q1) =

OqN
. . .Oq2Oq1ρ(0); the qm’s label the measurement results taken at times tm =

t0 +mδt. I like this description because it makes the dependence of the state on the

measurement results more explicit. Also thinking about a continuous measurement

in this “discrete” way is quite useful in quantum feedback control. Finally, I should

mention that there is one other method for describing the effect of measurement on

ρ continuously in time. This method is known as a linear quantum trajectory. I will

delay talking about this method until Sec. 2.5.2.

2.3.2 A general stochastic master equation and its proper-

ties

In the previous section I derived a stochastic master equation for a specific measure-

ment model with one output channel (measurement). In this section I will present a

more general SME without attempting to derive it. The SME will be general enough

to include things like multiple output channels (multiple observers) and inefficient

detection.

12This section is inspired by the treatment of Caves and Milburn [CM87].
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The more general SME is

dρc = −idt [H, ρ] +
∑

i

(
2γidtD [Xi] ρ+

√
2γiηidWiH [Xi] ρ

)
. (2.36)

The sum is over multiple output channels each having a measurement result dRi(t)

[WM10]. In the mathematical literature (for example see Refs. [BHJ07, BvHJ09])

equations similar to Eq. (2.36) are known as the Belavkin equations [Bel88] or filters.

The first term in Eq. (2.36) describes the Hamiltonian evolution of the system. This

Hamiltonian does not necessarily correspond to the free Hamiltonian of the system

that is HS in HSE = HS ⊗ 1̂E + 1̂S ⊗HE +HI , where HE is the environment’s free

Hamiltonian and HI is the system environment’s coupling Hamiltonian. The H in

Eq. (2.36) may contain terms resulting from the system and environment coupling

[BP02].

The second term describes the measurement backaction on the state. This second

term is also known as the dissipator, disturbance or decoherence term. It is called

the decoherence term for the following reason: if ρ(t) has non-zero off diagonal

elements (coherences) in the Xi basis, then the D [Xi] ρ terms will cause them to

decay. The γi’s can be thought of as the measurement strength; they have dimensions

of inverse time and satisfy γi ≥ 0. The operators Xi are the Lindblad operators,

which correspond to the measurement operators in Sec. 2.2.2 and are constructed

to be dimensionless.

The final term in Eq. (2.36), H [Xi] ρ, represents the refinement to the observer’s

state of knowledge (information gain) due to the measurement process. The coeffi-

cient ηi is the measurement efficiency. An efficient measurement of output channel

i corresponds to ηi = 1, while an inefficient measurement corresponds to 0 < ηi < 1.

As before, dWi is a Wiener process and is often referred to as the innovation. Addi-

tionally, I restrict my discussion to Wiener processes that satisfy dWidWj = δijdt.

The measurement result for the ith output channel in the interval (t, t+ dt] is

dRi(t) = 4γdt⟨Xi⟩ +
dWi√
η
. (2.37)

The measurement record is defined to be all the measurement results in the interval

[0, t]; that is, R(s) : 0 < s ≤ t.

The Eqs. (2.36) and (2.37) are worthy of some additional remarks. The mea-

surement backaction occurs regardless of whether the observer remembers or forgets
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(ηi = 0) the results. For t ≫ γ−1 the SME will “project” ρ onto an eigenstate

of one of the Xi’s. The most general SME would include (observers who may

choose) different measurement strategies (unravellings), and take into account that

the measurement results of Eq. (2.37) could have mutually correlated complex noise

sources [WD01]. Additionally, the SME is invariant under the following transfor-

mation [WM10]: Xi → X ′
i = Xi + ai1̂ where ai ∈ R.

It is more common to see the unconditional equation of motion. To derive the

unconditional evolution one must average over many realizations of the conditional

evolution Eq. (2.36). This operation is denoted by E [.]. Sometimes I will use angled

brackets ⟨.⟩ to denote a stochastic average, but for the most part I use the former

notation. From Itō calculus we know that E [dWi] = 0. Thus the unconditional

evolution is

dρ = −idt [H, ρ] +
∑

i

2γidtD [Xi] ρ. (2.38)

Equation (2.38) is known as the master equation.

Restricting to one output channel, the Heisenberg picture evolution can be found

the same way as before, d⟨A⟩ = Tr [Adρ]. In this context the resulting equation is

called the adjoint equation:

d⟨A⟩c = idtTr [[H, ρ]A] + 2γdtTr [D [X] ρA] +
√

2γηdWTr [H [X] ρA]

= −idt⟨[A,H]⟩ + 2γdt⟨Ds [X]A⟩ +
√

2γηdWTr [H [X] ρA] , (2.39)

where we have defined a new super-operator Ds [A]B ≡ A†BA− 1
2
(A†AB+BA†A).

Equation (2.39) is analogous to Eq. (2.6). Taking the ensemble average one obtains

the non-selective evolution

d⟨A⟩ =
i

~
dt⟨[A,H]⟩ + 2γdt⟨Ds [X]A⟩. (2.40)

For conditional evolution it is more difficult to calculate the equation of motion

for nonlinear functions of ρ, such as the impurity. The rules of Stochastic calculus are

required to do the calculation. A useful method for calculating nonlinear functions

of the random variables p1, p2, . . . , pN , is a change of variable formula:

df(p1, p2, . . . , pN) =
∑

i

[
fpi
dpi + 1

2
fpipi

(dpi)
2
]
+ 1

2

∑
i̸=j

fpipj
dpidpj (2.41)

where fpi
≡ d

dpi
f . For the impurity this gives dL = −Tr

[
2ρ(dρ) + 1

2
2(dρ)2

]
or
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Figure 2.1: A Graphical guide for converting between different authors’ SME’s. The
equations in the top left-hand box were used by Jacobs in Ref. [Jac03]. The equation
in the bottom left-hand box were used by Wiseman and Bouten in Ref. [WB08] and
Wiseman and Ralph in Ref. [WR06]. In this thesis I will use the lower equation in
the top right-hand box.

equivalently

dL = −Tr [ρ(dρ) + (dρ)ρ+ (dρ)(dρ)] (2.42)

= −8γdt{Tr [ρXρX] − 2Tr [Xρ] Tr
[
Xρ2

]
+ Tr [ρX]2 Tr

[
ρ2
]
}

−4
√

2γdW{Tr
[
Xρ2

]
− Tr [ρX] Tr

[
ρ2
]
}. (2.43)

The alternative to this method would be to work out L(t+ dt) as a function of ρ(t)

and dρ. Then from first principles one could calculate dL = L(t+ dt) − L(t).

There is no Hamiltonian term in Eq. (2.42) because the unitary evolution cannot

affect the change in impurity as we found in Sec. 2.1.1. The average (carried out

over realizations of the Wiener process) change in impurity is

E [dL] = −8γdt{Tr [ρXρX] − 2Tr [Xρ] Tr
[
Xρ2

]
+ Tr [ρX]2 Tr

[
ρ2
]
}. (2.44)

In the rapid purification literature (and in the continuous measurement literature)

there are many parameterization of the SME in use. This means that comparing

the results from different papers can be tedious. For this reason I have included

conversions between various parameterizations of SME found in Fig. 2.1. For most

of this thesis I will use the parameterization given in the lower equation in the top

right hand box.
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2.4 Quantum feedback control

Feedback is a process of continually monitoring and adjusting a system to, for exam-

ple: drive a system to a target state; reduce the effect of noise on system dynamics; or

track some desired evolution. The term which describes how well you have achieved

your goal is called a cost function and will be denoted by V . Intuitively one would

think it is possible to nudge a system toward the desired goal at each time step

and eventually achieve the goal or a steady state close to this goal. If this is true

we say the system is controllable13 this should be possible, although it may not be

time-optimal14.

Surprisingly, it is also possible to control a quantum system. Actually there

are many paradigms for measurement based quantum feedback, such as Markovian,

Bayesian, robust, and risk sensitive control. This thesis is primarily concerned with

Markovian and Bayesian feedback so I will review their theoretical framework below

and then apply the methodologies in Sec. 2.5 to a two level atom.

2.4.1 Markovian feedback

A Markovian feedback loop takes the result of a measurement performed on a system

and applies a control Hamiltonian proportional to the result [Wis94b]: Hfb dt =

FdR(t), with a Hermitian operator F , and the measurement result dR. The change

in the conditioned state for the system after a measurement step followed by feedback

is [Wis94b]

dρc = dt

{
− i

~
[Hs, ρ] + 2γD [X] ρc(t) − i

√
2γ
[
F,Xρ+ ρX†]+

1

η
D [F ] ρ

}
+
√

2γηdWH [X − i2γF/η] ρ. (2.45)

Equation (2.45) is a Markovian feedback SME, where Hs is some effective system

Hamiltonian. Averaging over the Markovian feedback SME gives the Wiseman-

Milburn feedback master equation (FBME)

ρ̇ = − i

~
[Hs, ρ] + 2γD [X] ρ− i

√
2γ
[
F,Xρ+ ρX†]+

1

η
D [F ] ρ. (2.46)

13That is, our controller can transform any initial state of the system to any possible system
state over a finite time interval.

14I will elaborate on this point in Sec. 2.5.3.
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Here I have switched to Newton’s fluxion notation for the time derivative which is

customary. Through some simple algebra Eq. (2.46) can be written in Lindblad

form

ρ̇ = − i

~

[
Hs +

~
√

2γ

2
(X†F + FX), ρ

]
+ 2γD

[
X − iF√

2γ

]
ρ+

1 − η

η
D [F ] ρ.

(2.47)

It is possible to design the feedback control (choose Hfb) by considering a local

in time optimization (the LO strategy mentioned chapter 1) or the steady state

solutions to the FBME. The simplest case assumes that F = αF0, with F0 fixed.

Then one calculates the cost function using the steady state solutions from the

FBME and minimizes the cost function with respect to α.

2.4.2 Bayesian or state based feedback

Quantum Bayesian feedback was introduced to the physics community15 by Do-

herty and Jacobs in Ref. [DJ99]16. The quantum state can be thought of as a

representation of an observer’s current knowledge about a quantum system based

on Bayesian inference from prior measurements. Bayesian feedback uses the cur-

rent (best) estimate of the state to determine what control should be performed.

Bayesian feedback is necessarily non-Markovian as the applied control (a unitary)

may be a functional of the entire measurement record. Due to this, very few cases

of analytically soluble Bayesian feedback exist; consequently theoretical efforts rely

on numerical evaluation of control strategies. Thus it is not practical to find the

steady state solutions of the feedback. Instead one typically uses a local in time op-

timization of the cost. Typically, Bayesian feedback is more powerful17 and robust

than Markovian feedback. These advantages come at a price: Bayesian feedback is

typically experimentally difficult and computationally more expensive.

To simplify the calculations I assume that the control Hamiltonian can be arbi-

trarily large compared to the measurement strength. So it is possible to control the

state (or measurement basis) directly via application of a unitary U(t+dt, t), in the

15These techniques were known to mathematicians such as Belavkin prior to 1999, see for example
Ref. [Bel99].

16Although this term was introduced in Ref. [WMW02].
17In the sense that it can achieve the same objectives better and the control objectives can be

more complicated.
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interval [t, t+ dt). In this case the state after the feedback and measurement is

ρfb(t+ dt) = U(t+ dt, t){ρ(t) + dρc(t)}U †(t+ dt, t)

= U(t+ dt, t){ρ(t) + dtLc [X] ρ(t)}U †(t+ dt, t) (2.48)

where dtLc [X] ≡ dρc. Up to a unitary transformation this is equivalent to having

the control changing the measurement basis:

ρfb(t+ dt) = ρ+ dtLc

[
X̌(t)

]
ρ, (2.49)

where X̌(t + dt) = U(t + dt, t)X̌(t)U †(t + dt, t). This is a Heisenberg picture with

respect to the control unitary. In this thesis I will focus on cost functionals that are

functions of the state ρ(t). The control strategy amounts to choosing U(t+ dt, t) so

that the cost V (t+ dt) = V (ρ(t+ dt)) is minimized.

2.5 Quantum feedback control of a qbit

In the first part of this section, Sec. 2.5.1, I give an explicit example of a Markovian

feedback strategy. And then in Sec. 2.5.2 I give an example of a Bayesian feed-

back strategy. The techniques and analysis presented in the second example are

fundamental for understanding the work presented later in this thesis.

2.5.1 Markovian feedback – stabilization of a qbit

In this section I examine the task of stabilizing the quantum state of a qbit, which

was first considered in Ref. [HMH98]. Stabilisation in this context means I want to

generate a particular state in Hilbert space and keep the state there regardless of

noise or losses.

No control and open loop control

Consider a two level atom which is driven18 by a resonant classical driving field

with Rabi frequency 2α, which will become the open loop control parameter. It is

decaying at a rate Γd and is subject to dephasing of the atomic dipole at rate Γz.

18The driving field is the source of the open loop control.
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The master equation that represents such a system is [WW01]

ρ̇ = −iα [σy, ρ] + ΓdD [σ−] ρ+ ΓzD [σz] ρ, (2.50)

where σz = |1⟩⟨1| − |0⟩⟨0| and σ− = |1⟩⟨0|. Relative to the driving field the atomic

dipole quadratures are σx = σ− + σ†
− and σy = iσ− − iσ†

−. For a qbit, the state

matrix can be parameterized as

ρ = 1
2
(1̂ + xσx + yσy + zσz), (2.51)

where the triple (x, y, z) describes the Bloch vector which can be depicted on a unit

sphere ⊂ R3 called the Bloch sphere. Rewriting Eq. (2.50) as a function of the

reparameterized state we obtain

ẋ = 2αz − 1
2
(Γd + 4Γz)x (2.52)

ẏ = −1
2
(Γd + 4Γz)y (2.53)

ż = −2αx− Γd(1 + z). (2.54)

The steady state solutions for the Bloch vector components can be obtained by

simultaneously solving the above equations with the left hand sides set to zero. The

solutions are

xss =
−4αΓd

8α2 + Γd(Γd + 4Γz)
(2.55)

yss = 0 (2.56)

zss =
−Γd(Γd + 4Γz)

8α2 + Γd(Γd + 4Γz)
. (2.57)

One reasonable measure for the effectiveness of the driving for stabilizing the state

of the qbit is the length of the Bloch vector. In this situation it is natural to

parameterize the steady state solutions as x = r sin θ and z = r cos θ where θ ∈
[−π, π]. The optimal driving for stabilizing the original states can be found by

solving xss/zss = tan θ for α, which gives

α =
1

4
tan θ (Γd + 4Γs) . (2.58)

Because the value of α is determined prior to the experiment, we may say this open

loop control.
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Figure 2.2: The locus of stabilizeable states with open loop control. The dashed red
line is a plot of Eq. (2.51), with Γd = 1, Γz = 0. Without open loop control only
the ground state can be stabilized. The dotted black line is the surface of the Bloch
sphere (|r| = 1).

The length of the Bloch vector, r =
√
x2 + z2, can be written in terms of the

steady state solutions and the optimal driving as

rss =
4Γd sin θ

−3Γd + Γd cos 2θ − 4Γz(1 − cos 2θ)
. (2.59)

For pure states r = 1, while a maximally mixed state has r = 0. The length of the

Bloch vector can be related to the purity by P = 1
2
(r2 + 1).

Without open loop control only the ground state may be stabilized. Assuming

that it is possible to control the dephasing rate Γz, Eq. (2.51) plotted in Fig. 2.3

shows that only a subset of states, in the lower half of the Bloch sphere, can be

non-trivially stabilized with open loop control.

Markovian Feedback

If we assume that there is a control Hamiltonian of the form dtHfb = FdR(t),

whereF = λσy/η and λ denotes the feedback strength, at our disposal, and the

feedback delay is negligible, the markovian FBME is

ρ̇ = −iα [σy, ρ] + ΓdD
[
σ− − i

F√
Γd

]
ρ+

1 − η

η
D [F ] ρ+ ΓzD [σz] ρ, (2.60)
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as [σ−, σy] = 0. The differential equations that describe the motion of the Bloch

components are

ẋ = 2αz − 1
2
(Γd + 4Γz)x− 2λ

√
Γdx−

2λ2

η
x, (2.61)

ẏ = −1
2
(Γd + 4Γz)y, (2.62)

ż = −2αx−
√

Γd(
√

Γd + 2λ)(1 + z) − 2λ2

η
z. (2.63)

The steady states solutions to these equations are

xss =
4αη2

(
2λ+

√
Γd

)√
Γd

8α2η2 +
(
2λ2 + 2ηλ

√
Γd + ηΓd

) (
4λ2 + η

(
4λ

√
Γd + Γd + 4Γz

)) (2.64)

yss = 0 (2.65)

zss =
η
(
2λ+

√
Γd

)√
Γd

(
4λ2 + 4ηλ

√
Γd + ηΓd + 4ηΓz

)
8α2η2 +

(
2λ2 + 2ηλ

√
Γd + ηΓd

) (
4λ2 + η

(
4λ

√
Γd + Γd + 4Γz

)) .(2.66)

These equations reduce to Eqs. (2.55) – (2.57) when λ is set to zero.

To stabilize the state we must preserve the initial angle θ0 ≡ tan−1 (x0/z0) by

choosing the driving α so that

α =

[
Γd

4
+ Γz + λ

√
Γd +

λ2

η

]
tan θ0. (2.67)

The steady state length of the Bloch vector with the driving included is

rss =
4η sin θ(2λ+

√
Γd)

√
Γd

8λ2 + 8ηλ
√

Γd − 3ηΓd + ηΓd cos 2θ − 4ηΓz(1 − cos 2θ)
. (2.68)

This solution is consistent with Eq. (2.51) when λ = 0.

To optimize over the feedback strength one must find the maximum length of

the Bloch vector as a function of the feedback strength. This can be done by setting

the derivative of rss with respect to λ to zero and solving for λ:

d

dλ
rfb
ss =

16η sin θ
√

Γd

(
4λ2 + 4λ

√
Γd + η cos2 θΓd − 4η cos2 θΓz

)(
8ηλ

√
Γd − η(−3 + cos (2θ))])Γd + 8 (λ2 + η cos2 θΓz)

)
2

= 0. (2.69)

To find optimal feedback strength it is helpful to write the expression resulting from

the derivative in Eq. (2.69) in terms of rss. The equation for the Bloch vector using
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the optimal feedback strength is

rfb
ss(λopt) =


2η sin θΓd

2(η−1)Γd−
√

2Γd(2−η−η cos 2θΓd+8η cos2 θΓz)
for θ ∈ (π, 0]

2η sin θΓd

2(η−1)Γd+
√

2Γd(2−η−η cos 2θΓd+8η cos2 θΓz)
for θ ∈ [0,−π).

(2.70)

Figure 2.3: The locus of stabilizeable states with Markovian feedback. The solid
green line is a plot of Eq. (2.70) with Γd = 1, Γz = 0, η = 0.8. The dashed red
line is a plot of Eq. (2.51) with the same parameters. The dotted black line is the
surface of the Bloch sphere.

The plot of Eq. (2.70) in Fig. 2.3 shows that a larger subset of states in the lower

half of the Bloch sphere can be stabilized with feedback control. Additionally, there

is some support for states to be stabilized in the upper half of the sphere. In both

cases I am assuming that it is possible to tune the dephasing rate.

In Ref. [WMW02] the authors applied Bayesian feedback to the above problem.

They showed that in almost all situations Bayesian feedback performs better than

Markovian feedback. The analysis they performed was numerical so I have decided

not to reproduce it in this thesis. In the next section I will illustrate Bayesian

feedback where the analysis is a) analytical, and b) more relevant to this thesis.

2.5.2 Bayesian feedback – purification of a qbit

In this section I give a review of measurement based purification of a qbit. Mea-

surement based purification can be thought of as moving a mixed quantum state

towards the surface of the Bloch sphere using 1) measurement alone, or 2) feedback

control. In Ref. [Jac03] Jacobs studied the problem of purifying a qbit using feed-
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back control. His goal was to minimize the average impurity at a fixed time for a

qbit. This problem is examined in the first half of this section. Another natural

optimization would be to minimize the average time it takes for a qbit to reach a

fixed purity, a problem originally due to Wiseman and Ralph [WR06]. This problem

is examined in the second half of this section. Finally, I review the work [WB08]

on the optimality of Jacobs’ and the Wiseman-Ralph purification strategies using

dynamic programming in Sec. 2.5.3.

⟨L⟩ – qbit no feedback

To show that feedback improves the rate of purification, I first calculate the rate at

which a continuous measurement, without feedback, purifies. The analysis begins

with the no-control case and will assume that the initial state is the maximally mixed

state ρ(0) = 1̂/D, where 1̂ is the D×D identity matrix (for a qbit it is obviously a

2×2 matrix; I keep the dimension of the system arbitrary, for later convenience). It

is possible to obtain a closed form expression for the linear entropy as a function of

the measurement record by using linear trajectory theory [Wis96, JK98], which is

explained now19. To do so one must write the unnormalized version of 2.36, called

the linear SME

dρ̃ = dtL̃c [X] ρ = 2γ dtD [X] ρ+
√

2γ dR H̃ [X] ρ, (2.71)

where H̃ [A] ρ = Aρ + ρA† (the tilde denotes the lack of normalization here and in

Eq. (2.72)). Given that ρ(0) and our observable X commute, the solution20 to the

SME is

ρ̃(R, t) = exp(−4γX2t) exp(2
√

2γXR(t))1̂/D. (2.72)

This solution describes the unnormalized evolution of the state ρ of a system with

a measurement record R(t). For a qbit, I take the observable to be X = Jz = σz/2.

The solution becomes

ρ̃(R, t) =
e−γt

2

(
e
√

2γR 0

0 e−
√

2γR

)
. (2.73)

19Technically this should have been explained in the measurement theory section. I think,
however, that linear trajectory theory is best understood through an example.

20I follow the treatment in [JS06] e.g. Eqn. (60).



42 CHAPTER 2. QUANTUM MEASUREMENT AND FEEDBACK CONTROL

For notational compactness the time dependence of R has been omitted.

The normalization factor for Eq. (2.72) is N = Tr [ρ̃(R, t)], which for a qbit is

N = e−γt cosh (
√

2γR). The normalised state is then

ρ(R, t) = ρ̃(R, t)/N . (2.74)

With the solution to the SME at hand, I will use it to calculate the impurity.

The actual probability density for the result R is P(R, t) = Tr [ρ̃(R, t)]P (R, t). Here

P (R, t) =
e−R2/(2t)

√
2πt

(2.75)

has been called the ostensible probability for the result R [Wis96]. The average

impurity of the system as a function of time is thus given by the following integral:

⟨L(t)⟩ =

∫ ∞

−∞

(
1 − Tr

[
ρ(R, t)2

] )
P(R, t)dR. (2.76)

Substituting in the qbit expressions and performing algebraic simplification gives

⟨L(t)⟩ =
e−γt

√
8πt

∫ +∞

−∞

e−R2/2t

cosh(
√

2γR)
dR. (2.77)

The final approximation is arrived at by noting that the integral in this expres-

sion contains two multiplied distributions. The denominator has a full width half

maximum (FWHM) of 1.862/
√
γ, while the numerator has a FWHM of 2.354

√
t.

When t≫ γ−1, the latter distribution is broad compared to the former. Thus in the

long-time (LT) limit, the integral can be approximated by
∫ ∞
−∞ dR/ cosh(

√
2γR) =

π/
√

2γ, so that

⟨L(t)⟩LT =
πe−γt

√
16πγt

. (2.78)

The key point is that the impurity for a conditional continuous measurement scales

asymptotically as e−γt. Recently, Jordan and Korotkov [JK06] have generalized

Eq. (2.77) for an arbitrary initial state, ρ0 = ρ(0) = 1
2
(1̂ + xσx + yσy + zσz). Using

linear trajectory theory as above, one can show that the average impurity decays as

⟨L(t)⟩ =
2e−γtL(ρ0)√

8πt

∫ +∞

−∞

e−R2/2tdR

cosh(
√

2γR) + z sinh(
√

2γR)
, (2.79)
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where z = Tr [σzρ(0)]. In the long-time limit the integral becomes

I =

√
2

√
γ
√

1 − z2
tan−1

(
z + tanh(R

√
γ/2)√

1 − z2

)∣∣∣∣∣
∞

−∞

=
π√
2γ

1√
1 − z2

; (2.80)

this is true for −1 < z < 1. The asymptotic expression is thus

⟨L(t)⟩LT =
πe−γt

√
16γπt

2L(ρ0)√
1 − z2

. (2.81)

This expression simplifies to Eq. (2.78) when the initial state is the maximally mixed

state, as z = 0 and L(ρ0) = 1/2. Now that we have solved the no feedback case we

go on to solve the feedback case.

⟨L⟩ – qbit feedback

Motivated by previous work [FJ01, DJJ01] Jacobs proposed that minimizing E [dL]

at each instant (working in discrete time) would be a good strategy for a rapid

purification protocol. Originally Fuchs and Jacobs in Ref. [FJ01] examined a two

outcome POVM (the one presented in Sec. 2.3) in terms of information disturbance

tradeoff relations21. By looking at a Holevo-like quantity ∆Fin = F (ρ)−
∑

i piF (ρi),

where F (ρ) is the quantity of interest and pi is the probability of getting outcome

i ∈ {±}, they showed that the maximum change in purity occurs when one measures

in a basis that is unbiased with respect to the basis in which ρ is diagonal. The bases

|x⟩ and |x′⟩ are said to be unbiased if |⟨x|x′⟩|2 = 1/D where D is the dimension of

the Hilbert space spanned by the bases. When F (ρ) = 1 − Tr [ρ2] it can be shown

[FJ01, Jac03] that δFin is

E [δFin] = −2γδt
(1 − z2)L

1 − 2γδtz2
. (2.82)

In the limit δt→ 0 22 we have

E [δFin] = E [δL] = −2γδt(1 − z2)L. (2.83)

21In quantum measurement schemes it is often important to consider the amount of information
the measurement provides compared to the amount that the measurement disturbs (measurement
backaction) the state of the system. Typically, the more information gained by an observer the
greater disturbance to the system is.

22Mathematically this is obtained by Taylor expanding the denominator about δt = 0.
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Recall that our aim is to reduce the linear entropy.23 This is clearly achieved when

z = 0, giving

E [δL]max = −2γδtL (2.84)

regardless of the measurement outcome (but not independent of the measurement).

For a single time step L1 = (1 − 2γδt)L0. After n steps where δt = t/n the average

impurity is

Ln =

(
1 − 2γt

n

)n

L0. (2.85)

In the limit where δt→ dt then we have 24

L(t) = e−2γtL(0). (2.86)

Jacobs also derived this result using an alternative method in Ref. [Jac04]. I

will now rederive Eq. (2.86) using this alternative method; however, I have updated

the notation and style of the derivation so that it is relevant to this thesis. Jacobs

realized that it is possible to work out the SDEs governing the evolution of the Bloch

components from the SME; they are:

dx = −γdt x+
√

2γdW xz (2.87)

dy = −γdt y −
√

2γdW yz (2.88)

dz =
√

2γdW (1 − z2). (2.89)

As the initial state has a zero y component, the equation for y is always zero. From

these equations the evolution of the impurity as a function of the Bloch components

can be found

dL = −(2γdt(1 − z2) + 2
√

2γdW z)L. (2.90)

The average change of this expression, in Bloch form is

E [dL] = −2γdt(1 − z2)L, (2.91)

23Or maximize the magnitude of this expression
24In order to compare these results to Jacobs’ results one must replace γ with γJacobs = 4γ. This

is because I will generalize the algorithm to higher dimensions, where the generalized spin matrices
for d = 2 are half the Pauli matrices.
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which is the continuous time version of Eq. (2.83). It should also be noted that

this result can be obtained by the solution to the linear trajectory (i.e. Eq. (2.83)),

as was pointed out by Jordan and Korotkov in Ref. [JK06]. The maximization of

Eq. (2.91) and the subsequent integration gives Eq. (2.86), which decays exactly

exponentially. As Jacobs pointed out, the surprise here is that the application of a

feedback Hamiltonian actually simplifies the dynamics of the impurity to the point

where it is deterministic. It is obvious that setting z = 0 in Eq. (2.90) gives a

deterministic equation. What happens if the applied feedback is imperfect? That

is, if we do not exactly rotate to z = 0. Jordan and Korotkov also explored this

situation by calculating the variance of dL. The variance is

Var[dL] = E
[
dL2
]

= 8γdtz2L2, (2.92)

because E [dL]2 = O(dt2). It is easy to see that rotating to an unbiased basis (i.e.

setting z = 0) implies that our equation for dL will be deterministic.

To make a fair comparison between the feedback and no-feedback case, we take

a ratio of the time it takes for the feedback tfb and the no-feedback tnfb to reach a

given average purity, which Jacobs called the speed-up. This process is begun by

equating Eq. (2.78) and Eq. (2.86) and taking the natural logarithm on both sides:

ln (π/
√

16πγtnfb) − γtnfb = − ln 2 − 2γtfb. Solving for the ratio of times gives

tfb
tnfb

=
1

S
=

1

2
+

ln 16πγtnfb

4γtnfb

− ln 2π

2γtnfb

. (2.93)

By using Eq. (2.78) for the no control case I have already assumed that I am con-

sidering the long-time limit. In this limit the second and third terms of Eq. (2.93)

tend to zero. Taking this limit we find that the feedback algorithm has a speed-up

factor (advantage over classical or no-feedback algorithm) equal to

S =
tnfb

tfb
= 2. (2.94)

Which is to say that, given a fixed purity, the feedback algorithm will achieve this

purity in half the time it takes the no feedback algorithm. But is this the best we

can do? This question will be answered in Sec. 2.5.3.

In order to implement the feedback, setting z = 0, Jacobs showed that one may

apply a rotation of the state (or a change of measurement basis) via the Hamiltonian

Hfb = α(t)σydR/dt. The feedback is not quite Markovian due to a transient time
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dependence of the feedback angle α:

α(t) =

√
2γ√

1 − 2L(0)e−2γt
. (2.95)

Although the feedback makes the solution to the SDE for the impurity behave

deterministically, i.e. Eq. (2.86), the solution to the SME does not behave deter-

ministically.

⟨T ⟩ to a fixed L – qbit feedback

Jason Ralph25 while doing simulations of Jacobs problem noticed the following trend.

The average impurity under Jacobs feedback protocol is lower at a fixed time than

the no feedback case. However the mean time to a fixed impurity was less in the

measurement only case. As the trajectories are stochastic Ralph considered only the

first time a trajectory passes through a particular purity. This is called the time of

first passage [Gar83] —I will explain this in more detail shortly. For the preparation

of states of a certain purity using continuous measurement the mean time of first

passage is a relevant quantity; when the desired purity is reached the experimenter

stops measuring, which stops the purity from changing (as was shown in Sec. 2.1).

The difference between the two definitions is depicted in Fig. 2.4.

Using stochastic simulations this improvement can be numerically verified and

quantified. It is not obvious how to analytically characterize the improvement. Some

possibilities for analytical characterisation with the techniques used in this thesis so

far are: 1) non linear stochastic equations – which only admit a numerical solution;

2) linear trajectories - allow one to calculate the ⟨L⟩ or the L for each run given the

record, but it is not clear how to determine the average time to a fixed L from linear

trajectories. Instead I will follow the method that Wiseman and Ralph developed

in Ref. [WR06]. This requires new26 tools from the theory of stochastic processes

so I will elaborate on the presentation they gave.

Every SDE can be converted into a Fokker-Planck equation (FPE) [Gar83, vK81]
27. Fokker-Planck equations are typically used to depict evolution of probability dis-

tributions in phase space. This gives rise to the question ‘how long does a probability

distribution stay in a certain region of phase space’? This type of problem is called

25Private communication.
26New to this thesis.
27For example, the SDE dx(t) = dtA(x(t), t)+dW

√
B(x(t), t) corresponds to the Fokker-Planck

equation ∂
∂tp(x, t) = − ∂

∂x{A(x, t)p(x, t)} + 1
2

∂2

∂x2 {B(x, t)p(x, t)}.
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Figure 2.4: A comparison of the average impurity at a fixed time and the mean
time to a fixed impurity. In both plots three sample trajectores have been plotted
(the blue, purple and cyan lines). The trajectory simulations were performed with
an Euler method with γ = 1 and dt = 10−4; the ensemble size was 40. Figure (a)
the solid black line is average impurity at a fixed time. The green circles are the
impurities for the three sample trajectories (and the average) at the time when the
average reaches L = 0.1. Figure (b) the solid black line is the mean time to L = 0.1.
In this case the green circles represent the first time the L for the three sample
trajectories reaches L = 0.1. The grey line is ⟨L⟩.

a first passage time problem and has been extensively studied with Fokker-Planck

equations. These problems can be multidimensional and can have boundary con-

ditions that are absorbing or reflecting. For the problem at hand we only need a

one dimensional Fokker-Planck equation for the z component (the other components

stay zero for the same reasons as before). To obtain this equation we take the SDE

for the z component, that is Eq. (2.89), and turn it into a FPE

∂

∂t
℘(z, t) = 1

2

∂2

∂z2
{(2
√

2γ)2(1 − z2)2℘(z, t)} (2.96)

The initial condition corresponding to a mixed state is ℘(z, 0) = δ(z − z0). As

mentioned above, I am interested in the first time T that |z| reaches a purity P ≥
1 − ϵ = (1 + z2

b )/2 for ϵ ≪ 1. This is an absorbing boundary condition; after the

state reaches the purity 1− ϵ, one may stop measuring that state, which causes the

purity to stay constant. The solution to the Fokker-Planck equation with absorbing

boundary conditions will be denoted by ℘̆(z, t). Given the initial conditions and the
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boundary conditions the probability that T > t is defined to be

Pr [T > t|z0] = G(t|z0) =

∫ zb

−zb

dz℘̆(z, t|z0, 0). (2.97)

Technically this is a complementary cumulative density function [Gar83, vK81,

BP02] although it may not look like one. Rewriting this equation in a more sugges-

tive manner gives Pr [T > t|z0] =
∫ t

0
dt′
∫ zb

−zb
dz′℘̇(z′, t′|z0, 0). Taking the derivative

of both sides we have dPr [T > t|z0] /dt =
∫ zb

−zb
dz′℘̇(z′, t′|z0, 0). This is the change in

the cumulative density function over the interval [t, t+dt); that is dPr [T > t|z0] /dt ≡
Pr [T > t+ dt|z0] − Pr [T > t|z0]. Thus ∂tG(t|z0) = −dPr [T > t|z0] /dt is the prob-

ability density for t. Obviously the mean time to the desired purity is

⟨T (zo)⟩ =

∫ ∞

0

dt t ∂tG(t|z0) (2.98)

=

∫ ∞

0

dt G(t|z0), (2.99)

where one integrates by parts to get the second line. Because G(t|z0) is a function

of ℘̆(t|z0) it also obeys a FPE: ∂
∂t
G(t|z0) = 1

2
∂2

∂z2{B(z0, t)G(t|z0)}, where B(z0, t) is

defined in Eq. (2.96). By noting that
∫∞

0
∂tdtG(t|z0) = G(∞|z0)−G(0|z0) = −1, it

is easy to derive the ordinary differential equation (ODE) that governs the evolution

of the mean time by equating this expression with Eq. (2.99):

∂2

∂z2
0

⟨T (zo)⟩ =
−1

4γ(1 − z2
0)

2
. (2.100)

The solution of Eq. (2.100) is

⟨T (z)⟩ =
{
(−1 + z) ln (z − 1) − (1 + z) ln (z + 1) + ln (z2 − 1)

}
/16γ

∣∣∣∣zb

z0

=
1

16γ

(
ln

(
(z2 − 1)

(z2 − 1)

)
+ ln

(
(z − 1)z

(z + 1)z

))
+ Cz +D

∣∣∣∣zb

z0

. (2.101)

Further simplification and applying the absorbing boundary conditions (T (−zb) =
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T (zb) = 0) gives

⟨T (z0)⟩ =
1

16γ
z ln

(
z − 1

z + 1

)
=

1

16γ
z[ln (z − 1) − ln (z + 1)]

∣∣∣∣zb

z0

= − 1

8γ
zarctanhz

∣∣∣∣zb

z0

(2.102)

= − 1

8γ
(zbarctanhzb − z0arctanhz0), (2.103)

here the relation arctanhx = 1
2
ln [(1 + x)/(1 − x)] = ln [

√
1 − x2/(1 + x)] was re-

quired for simplification. For a completely mixed state (the initial condition) we

have

⟨T (0)⟩ = − 1

8γ
zbarctanhzb.

For high purities it is convenient to write the purity as P = 1− ϵ for ϵ≪ 1. In this

regime the Taylor expansion for zb =
√

2P − 1 in terms of ϵ is zb ≈ 1− ϵ. Using this

expression for zb, the mean time of first passage is

⟨T ⟩ = − 1

8γ
(1 − ϵ)[ln (2 − ϵ) − ln (ϵ−1)].

∼ 1

4γ
ln (ϵ−1). (2.104)

For Jacobs’ protocol, the mean time of first passage is much simpler to solve. This

is because the equation for P is deterministic:

P (t) = 1 − 1
2
e−2γt. (2.105)

Solving Eq. (2.105) as P (Tq) = 1 − ϵ gives

⟨Tq⟩ =
1

2γ
ln (ϵ−1), (2.106)

where the subscript q signifies that this mean time is for Jacobs’ quantum feedback

protocol. In order to completely characterize the two protocols, I will also calculate

the time at which ⟨L⟩ reaches the ϵ level. To solve the no control case one sets

1 − ⟨L⟩ (one minus Eq. (2.78)) equal to 1 − ϵ and rearranges for τc:

τc =
1

γ
ln (ϵ−1), (2.107)
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where the subscript c denotes the “classical” measurement only strategy of Wiseman

and Ralph. Under Jacobs’ control protocol the time at which the average purity

attains 1 − ϵ is,

τq =
1

2γ
ln (ϵ−1), (2.108)

once again due to the deterministic nature of the protocol. In Table (2.1) these

results are summarized. Curiously, Jacobs result is a factor of two better than the

Wiseman Ralph protocol when our measure is the average purity. When the measure

is the mean time to a fixed purity, Wiseman and Ralph’s protocol is better by a

factor or two. In the next section I will explain how these results can be reconciled.

Time at which E [P ] = 1 − ϵ Mean time ⟨T ⟩ to P = 1 − ϵ
Jacobs τq = 1

2γ
ln (ϵ−1) ⟨T ⟩q = 1

2γ
ln (ϵ−1)

Wiseman-Ralph τc = 1
γ

ln (ϵ−1) ⟨T ⟩c = 1
4γ

ln (ϵ−1)

Table 2.1: A summary of the time at which the average purity reaches a fixed purity
(the first column) and the mean time of first passage (the second column).

Explanation

How is it that the mean time for the bare measurement is better than the feedback

case? To answer this question we must examine the distribution of purities. Below I

will elaborate on the presentation given in Ref. [WR06]. Using the linear trajectory

theory from earlier in Sec. 2.5.2 we may write z(t) = Tr [σzρ(t)] = tanh (
√

2γR)

where z =
√

2P − 1. The random variable R has the distribution

℘(R)dR = e−γt2 cosh (
√

2γR)
e−R2/2t

√
2πt

dR. (2.109)

To obtain the distribution of purities, a change of variables must be made. Using

R = arctanh2(z)/2γ and cosh(arctanh(x)) = 1/
√

1 − x2 for −1 < x < 1 the change

of variables gives

℘nfb(P, t)dP =
e−γt

√
8πγt

exp
(
−arctanh2(

√
2P − 1)/4γt

)√
(1 − P )3(2P − 1)

dP. (2.110)
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Figure 2.5: The distribution of impurities at (a) t = 0.5γ−1 and (b) t = 1γ−1. The
solid blue curve is the distribution of impurities for the measurement alone. The
dashed redline line is the distribution of impurities under Jacobs’ protocol. The
solid green line is ⟨L⟩.

The distribution of purities for Jacobs’ protocol is a delta function:

℘fb(P, t)dP = δ
(
P − (1 − 1

2
e−2γt)

)
dP. (2.111)

In Fig. 2.5 the distribution of impurities is plotted at two times for Eq. (2.110) and

Eq. (2.111). At both times the distribution given by Eq. (2.110) is bimodal, which

suggests that the average impurity may not be a sensible way to characterize the

distribution of purities. The peak of the distribution that corresponds to L = 1
2

has significantly reduced in magnitude in Fig. 2.5 (b) when compared to Fig. 2.5

(a). This suggest that the distribution of impurities is biased towards the impure

trajectories. This is apparent in that the states with impurities that are useful28

are not perceptible on this scale. It is clear from this figure that the bulk of the

trajectories in the measurement alone case are purer than the feedback trajectories.

The conclusion to be drawn from this is that the average impurity is greatly affected

by the small number of poorly purifying trajectories.

This conclusion motivates considering another measure of mixedness which re-

28In quantum computation an impurity less than (10−4) is necessary for fault tolerant compu-
tation.
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duces the weighting of the tail of the distribution. Such a measure would presum-

ably give a unified explanation of the difference between the average impurity and

the mean time, and hence why Jacobs’ protocol performs poorly with the mean

time metric. To de-emphasize the impure trajectories it is fruitful to consider the

logarithm of the impurity. The distribution of log-purities can be calculated an-

alytically for D = 2. Changing variables to Pℓ = logP = log10

[
1
2
(1 + z2)

]
gives

z =
√

2 × 10Pℓ − 1. The distribution of log-purities is thus 29

dPℓ℘(Pℓ, t) = dPℓ

e−γt ln (10) cosh
[
arctanh2(

√
2 × 10Pℓ − 1)

]
2
√

8πγt
√

2 × 10Pℓ − 1

× exp
(
−arctanh2(

√
2 × 10Pℓ − 1)/4γt

)
, (2.112)

which is the same as the distribution for the log–impurity (Lℓ = log10 L). In Fig. 2.6

(b) this distribution is plotted at t = 2.5 (the solid blue line). It is qualitatively

evident in Fig. 2.6 that Lℓ de-emphasises the effect of the poorly purifying trajecto-

ries as the average of Lℓ is centred on the bulk of the distribution while the average

of L is in between the bulk and the peak at log10
1
2

= −0.301. The peak of the

distribution at log10
1
2

becomes less prominent at long-times. Thus it is reasonable

to expect that ⟨Lℓ⟩ is a good approximation to the mean time to a fixed L (further

evidence for this claim is provided below). In summary, this plot helps to explain

the apparent contradiction between Jacobs’ and Wiseman and Ralph’s protocols

by giving a canonical ordering: the average impurity without feedback is most im-

pure, whereas the average impurity under Jacobs’ protocol is better, and finally the

average log–impurity is the best.

To quantify how the log–impurity and the mean time are related I will derive

an equation for the log–impurity. Wiseman and Ralph derived a SDE for ln (L) ≡ ℓ

rather than Lℓ. Following their lead, the SDE can be derived by considering the

change in ln (L)

d ln (L) = ln (L+ dL) − ln (L) = ln (1 + dL/L). (2.113)

Expanding ln (1 + dL/L) using ln (1 + x) = x − 1
2
x2 + O(x3) (taking up to second

order terms in dW ) the SDE is

d ln (L) = −2γdt(1 + z2) − 2
√

2γdW z. (2.114)

29This equation was not derived by Wiseman and Ralph.
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Figure 2.6: The distribution of log–impurities is plotted as the solid blue line at (a)
t = 1γ−1 and (b) t = 2.5γ−1. The vertical solid green line is ⟨L⟩, that is Eq. (2.77);
the dashed red line is ⟨L⟩ under Jacobs protocol that is 2.86. The dotted cyan line
is ⟨Lℓ⟩.

Jacobs’ protocol corresponds to setting z = 0. This results in a deterministic

equation d ln (L) = −2γdt with the solution ln (L)(t) = −2γt, while the Wise-

man Ralph protocol can be parameterized by z2 = 1 − 2L. This gives d ln (L) =

−4γdt(1−L)+2
√

2γ
√

1 − 2LdW . For nearly pure states L≪ 1, which simplifies the

SDE to d ln (L) = −4γdt+ 2
√

2γdW to zeroth order in L. This can be solved if we

first average over realizations giving E [d ln (L)] = −4γdt; the solution to this equa-

tion is E [ln (L)(t)] = −4γt. This means that at t = 2.5, which is the case considered

in Fig. 2.6, the above analysis would predict that ⟨Lℓ⟩ = −4γt log10 e = −4.34. This

is very close to the true mean of the distribution.

In Table (2.2) these results are summarized. It is now possible to explain the

seeming contradiction between the first and the second columns in Table (2.2). The

average purity (see the first column) is greatly affected by a few poorly purifying

trajectories; which is why Jacobs’ protocol is better under this measure even though

the majority of the the trajectories in the WR scheme have purities lower than

Jacobs’. The mean time column reflects exactly this fact, and reverses the order of

which protocol performs better. The third column is a measure that de-emphasises

the role of the few poorly purifying trajectories. This results in average times to a

fixed impurity which reflect the bulk of the trajectories and hence agrees with the

mean time results.
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t at which E [P ] = 1 − ϵ ⟨T ⟩ to P = 1 − ϵ t at which E [ℓ] = ln ϵ
Jacobs τq = 1

2γ
ln (ϵ−1) ⟨T ⟩q = 1

2γ
ln (ϵ−1) tq = 1

2γ
ln (ϵ−1)

W-R τc = 1
γ

ln (ϵ−1) ⟨T ⟩c = 1
4γ

ln (ϵ−1) tc = 1
4γ

ln (ϵ−1)

Table 2.2: A summary of the time at which the average purity reaches a fixed purity
(the first column); the mean time of first passage (the second column); and the time
at which the average log-impurity reaches a fixed impurity (the third column).

2.5.3 Optimality via dynamic programming

It turns out that the local-in-time optimization that Jacobs performed (see Sec. 2.5.2

and Eq. (2.84) ) is also the globally optimal solution when one is trying to minimize

the average impurity at some final time. Jacobs gave some compelling arguments

about the optimality of this strategy [Jac03], but only recently has this result claim

been proven rigorously by Wiseman and Bouten using optimal control theory [WB08]

and confirmed in Ref. [BNM09].

In this section I rederive the optimality results obtained by Wiseman and Bouten

in Ref. [WB08]. The first step is to reparameterise the equation for dL into po-

lar coordinates: in this case, the Bloch vector in polar coordinates is (x, y, z) =

(R sin θ, 0, R cos θ); R =
√
x2 + y2; and 2L = 1 − R2. Thus the impurity in polar

coordinates is

dL = −(2γdt(1 − (R cos θ)2) + 2
√

2γdWR cos θ)L

= −
(
2γdt(1 − (1 − 2L) cos2 θ) + 2

√
2γdW

√
1 − 2L cos θ

)
L. (2.115)

To make the notion of optimality simple I introduce an operational definition. The

operational definition of optimality in this case involves two parties: a boss, Jason

(who trusts his experimenter); and an experimentalist Neil (who is honest). Jason

will pay Neil a wage of $D for a pure state at time T . Jason reduces Neil’s reward

by the amount $V (l)×D for a state that has an impurity l at time T so that Neil’s

total wage is $(1 − V (l)) × D. It is for this reason the function V (l) is termed a

cost function for Neil. Thankfully Neil may use arbitrary single qbit unitaries to

affect an optimal control policy, which in Eq. (2.115) amounts to specifying the time

dependence of the parameter θ(t) (the angle the Bloch vector makes with the z axis).

Using an optimal control policy maximizes Neil’s wage.

At time t there is an expected value V (l, t) = minθ(t) E[V (L(T ))|L(t) = l] for

Neil’s average cost at time T . Bellman’s principle of optimality states that a control
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strategy, defined on the interval [0, T ], is optimal if and only if it is optimal on every

subinterval of the form [s, T ], where 0 ≤ s < T . Consider Bellman’s principle for a

single infinitesimal interval

V (l, t) = min
θ

E
[
V (L(t+ dt), t+ dt)|L(t) = l

]
. (2.116)

The minimization in the above formula enforces the optimal control policy (recall

that θ is the control parameter). The expectation is the average over all possible

trajectories. Loosely speaking one can think of Eq. (2.116) as saying that for the

optimal control strategy the expected cost for the terminal time V (l, T ) at time t

is the same as the expected cost for the terminal time at the time t+ dt. The first

step to determining the optimal control is to derive the Hamilton-Jacobi-Bellman

(HJB) equation. To do this we perform a Taylor expansion on the function inside

the right-hand side of Eq. (2.116) about V (l, t)

V (L(t+ dt), t+ dt) = V (l, t) + dL
∂V

∂l
+ dt

∂V

∂t
+

1

2
dL2∂

2V

∂l2

+
1

2

(
2dLdt

∂2V

∂l∂t
+ dt2

∂2V

∂t2

)
(2.117)

to second order. However, the terms on the last line are set to zero using the Itô

rules dt2 = 0 and dtdW = 0. Using this expression we rewrite Eq. (2.116) as

V (l, t) = min
θ

E

[
V (l, t) + dL

∂V

∂l
+ dt

∂V

∂t
+

1

2
dL2∂

2V

∂l2

]
.

(2.118)

Now we take the expectation and rearrange this equation remembering that V (l, t)

is not a function of θ

dt
∂V

∂t
+ min

θ

[
E [dL]

∂V

∂l
+

1

2
E
[
dL2
] ∂2V

∂l2

]
= 0. (2.119)

After substituting in the expressions for E [dL] and E [dL2], remembering that L(t) =

l and defining σ = cos2 θ, we have

∂V

∂t
+ min

σ

[
− 2γl(1 − (1 − 2l)σ)

∂V

∂l
− 4γl(1 − 2l)σ

∂2V

∂l2

]
= 0. (2.120)



56 CHAPTER 2. QUANTUM MEASUREMENT AND FEEDBACK CONTROL

As the minimand is linear in σ it is minimized at one of the extrema of σ, that is,

σ = 0 or 1. The optimal control policy must be either a rotation to θ = π/2 (so that

σ = 0) or no rotation (so that σ = 1) at any time. The Hamilton-Jacobi-Bellman

(HJB) equation can thus be rewritten [WB08, JS08] as

∂V

∂t
+ min

{
− 2γl

∂V

∂l
,−4γl2

∂V

∂l
− 4γl(1 − 2l)

∂2V

∂l2

}
= 0. (2.121)

Loosely following Refs [WB08, Jac07, BNM09] I will now test the Jacobs control

strategy for optimality. Jacobs’ control policy was to set σ = 0 over the interval of

the applied control. The Jacobs’ policy gives L(t) = l0 exp (−2γt). For this strategy

to be optimal we need the terminal condition V (l, T ) = V (l), which says that the

expected average cost at time T is constant throughout the control. Writing V (l, t)

as V (l, t) = l exp (−2γ(T − t)) we see that the cost is time independent. Thus V (l, t)

is a candidate solution to the optimal control problem. To determine if a candidate

solution is an actual solution we must check if the following conditions are satisfied

1. V (t, l) has continuous derivatives ∂
∂t

, ∂
∂l

and ∂2

∂l2

2. V (t, l) must satisfy the HJB equation

3. Proposed control θ(t) must minimize the cost

It is easy to check that condition one is satisfied by the candidate solution: ∂V/∂t =

2γle−2γ(T−t), ∂V/∂l = e−2γ(T−t) and ∂2V/∂l2 = 0. The second condition is also

satisfied: V (t, l) satisfies ∂V/∂t = 2γl∂V/∂l and 4γl2∂V/∂l ≥ 2γl∂V/∂l. Finally, it

is consistent that σ(t) = 0 is the optimal control policy as our candidate solution

(V (l, t) = l exp (−2γ(T − t))) was the minimum of Eq. (2.121).

2.6 Possibilities for experimental realizations of

rapid purification and measurement

Here I try to outline the connection between the theory of rapid purification and

measurement, and different physical systems for implementing such schemes. I will

focus on two optical schemes in Sec. 2.6.1: a linear optics single step implementation

in Sec. 2.6.1, and a homodyne method in Sec. 2.6.1. These two applications deserve

more discussion because they are not direct applications of the problems studied in
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this thesis. I will also discuss implementations in atomic ensembles in Sec. 2.6.2,

and solid state implementations in Sec. 2.6.3. Here the problems that are considered

in this thesis arise naturally. Thus the application of the protocols developed here

is in some sense trivial, and so the discussion is less detailed.

2.6.1 Optical implementations

The subsections below present two proposals for implementing rapid purification

in optical qbits. I admit that both are artificial. Rapid purification only makes

sense30 when considering systems that are initially mixed. However, optical qbits,

generated by parametric downconversion, are typically very pure (L is of the order

of 10−4 after frequency filtering [HBMBB+09]). Nevertheless there is still much to

be learnt by exploring such proof of concept schemes. For the most part I will focus

on Jacobs’ rapid purification and mention the Wiseman–Ralph protocol when it is

pertinent.

Polarization encoded optical qbits

In this section I propose31 a proof of concept implementation of rapid purification

[Jac03]. The experimental implementation considered would be achievable now with

the current generation of polarization encoded linear optics quantum information

experiments.

Figure 2.7 (A) is a block diagram of the control process for a single application of

Jacobs’ protocol. That is, the input state is rotated so that it is unbiased with respect

to the measurement basis (the z axis), then weakly measured. Figure 2.7 (B) gives a

quantum circuit description of Jacobs’ feedback protocol for a polarization encoded

photon. Here the rotation Yθ is given by Yθ = cos (θ/2)1̂ + i sin (θ/2)σy. In Fig. 2.7

(C) the mathematical operations equivalent to the circuit diagram are listed. Below

these equations in Figures 2.7 (D.1)–(D.4) a Bloch sphere representation of Jacobs’

rapid purification protocol is depicted. But why consider only one application? It

seems, at present, as though cascading weak measurements in linear optics quantum

information experiments is difficult32 so the analysis is restricted to one application.

In principle one could update the conditional rotation Yθ, based on the measurement,

30If, however, one could show that rapid purification does not destroy information about the
initial state, this statement would have to be retracted. I am currently exploring this possibility.

31This section is inspired by a discussion I had with Rohan Dalton a few years ago.
32Private communication 2009 A. P. Lund.
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Figure 2.7: A discretized rapid purification protocol. In (A) I depict the purification
control process in a block diagram. The estimate for the parameter θ̄ is calculated
from ρin. For a multistep protocol the result of the measurement would be fed
back into the control module (unless it was more convenient to feedfoward to a new
control element). In a single step protocol the result must be fed forward for condi-
tionalization purposes. The subscript ± on the output state ρout|± indicates that the
state has been conditionalized on the result of the weak measurement. (B) shows
the circuit diagram for implementing the above block diagram. The control rotation
Y (θ̄) may be implemented with a combination of half and quarter wave plates. The
ancilla qbit |0⟩m (the apparatus) is rotated by an angle χ. This angle determines how
correlated the system (ρin) and the meter become, and consequently the strength
of the measurement γ. The CNOT interacts the two systems. Subsequent to this
interaction the meter is measure by a photon detector. (C) shows the mathematical
equivalent of the above operations. However, in the final state I have assumed that
the measurement outcome was +. In (D.1)–(D-4) the Bloch (Poincaré) sphere is
plotted for the different steps. (D.2) shows that the action of the control unitary
does not affect the length of the Bloch vector and hence the impurity. (D.3) shows
that the possible post measurement states have the same projection onto the x(D)
axis as the initial state. However the Bloch vector now extends past the circle of
constant impurity. (D.4) as before but assuming the measurement result is +. Ro-
tating the state down to the x(D) axis again would be considered the next control
step. In principle for a single step experiment the output need not be detected, as
the conditional state can be calculated from the input state and the measurement
result. However due to the peculiarities of linear optics quantum computing the
output must be measured so successful experiments may be identified. In any case,
for an independent experimental verification of purification it might be wise to per-
form tomography on the output state. This requires an additional control step so
that the states generated by the different measurement results are mapped to the
same state.
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and couple the output state into the input of the circuit to produce a feedback

protocol33.

Before moving on to a specific proposal for a linear optics experiment it is worth-

while exploring the correspondence between the circuit model in Fig. 2.7 (B) and

the theory presented in Sec. 2.3.1 and Sec. 2.5.2. The correspondence between this

discrete time model and the measurement theory presented in Sec. 2.3.1 can be un-

derstood in the following way. The meter qbit, an ancilla or apparatus qbit, plays

the role of the monitored environment. The difference is that in this case we get

to engineer the interaction between the system and the environment, and decide

how to measure the environment. The change of the conditional state after the

measurement was derived for this discrete time model was derived in Sec. 2.3.1 [see

Eq. (2.31)]. The relationship between the quantum circuit model and open quantum

systems has been explored by Brun at some length in Ref. [Bru02].

Now I consider implementing the quantum circuit in Fig. 2.7 (C) in a polarization

encoding. The discussion of the implementation is broken into the tasks of state

preparation, control and measurement. The experiment and theory presented in

Refs. [Bra05, BMG+07, GDL+10] motivated and guided the proposal below. (I will

assume that experiments are post selected on coincidences in both the meter and

system; and there are appropriate fiber delays when necessary).

State preparation of the system and meter: Let us assume the two output pho-

tons created from a parametrically downconverted photon are horizontally polarised

|H⟩ = |0⟩. The signal state could be prepared by implementing a deterministic

rotation of π/2+ θ about the y (R−L) axis and using a computer controlled Pockel

cell to apply a rotation by 2θ in the opposite direction in some runs so that the right

statistics are generated for the required mixed state. The meter photon must be

prepared by implementing the rotation Yχ. The angle of rotation directly determines

the measurement strength as we shall see shortly.

Control: Effectively the control was applied in the preparation step. One could

artificially rotate by a known amount now and then do the opposite rotation as a

contrived control. This is one of the reasons why this experiment is artificial.

Measurement-induced purification: To affect a weak measurement in this scheme

we use the non deterministic CNOT gate proposed by Knill Laflamme and Milburn

[KLM01]. The system and meter are interacted via the CNOT gate. The meter qbit

is then projectively measured. (The angle of rotation of the meter state determines

33Or forward depending on how you view the problem.
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the strength of the interaction, or entanglement, between the system state and

the meter state. Because the meter qbit is subsequently measured one may think

of the interaction’s strength as modulating the measurement strength, since the

measurement basis for the meter is fixed.) The measurement-induced purification is

only gained after one updates the prior state given the outcome of the measurement.

Undoubtedly many simplifications could be made to the above proposal. Instead

of exploring these avenues I will consider other interesting things that could be

done with such an experiment. Firstly, and obviously, the protocols of Jacobs;

Wiseman and Ralph; and Combes, Wiseman and Scott (see chapter 7) should be

implemented. The WR protocol is trivial to implement. And the CWS should not

be too complicated as the random unitary required may be approximated by a finite

set of unitaries called a 2-design (the details will be explained in chapter 7 and

appendix D). Also it would be nice to see the experimentally obtained distributions

of purities for all schemes.

The second, and more interesting avenue, would be to explore information distur-

bance relationships experimentally. Recall from Sec. 1.4.1 and Sec. 2.5.2 that such

single step protocols were first considered by Fuchs and Jacobs in Ref. [FJ01, Jac03].

Not only did they consider the above scenario but they also considered searching for

the maximum increase in purity (see appendix B of Ref. [FJ01]. It turns out that

this pre-empts the results of Wiseman and Ralph). Unlike the scheme of Branczyk

et al. [BMG+07] one can not optimise over measurement strengths in rapid purifi-

cation and measurement. This is because the performance metric, the speed-up,

includes the measurement strength. But the study of information disturbance rela-

tions certainly requires variation of the measurement strength.

Recall that the change in purity reflects the increased knowledge we have about

the post measurement state. In the limit that the measurement strength is infinite,

i.e. χ = 0, the effect of Jacobs’ purification protocol is zero, as is that of the

random unitary protocol. And in the limit where the measurement strength is small,

i.e. χ → π/2, the effect of these protocols is maximal. Interestingly, for the WR

protocol increasing the measurement strength also increases the effectiveness of the

protocol. How can we explore these effects and information disturbance relations?

Very roughly we might consider the change in impurity for Jacobs’ protocol dLfb =

−2γL(0) and the no feedback case dLnfb, then consider adjusting the measurement

strength above and below γ = 2. When γ = 2 the purification effect of Jacobs’

algorithm is the same as the effect of the measurement strength. Then we could ask
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how the information about the prior state changes above and below this threshold

relative to the information about the final state?

A second and related question would be: for a fixed initial state, what is the

average (or maximum) amount of information available about the prior state for the

three protocols? Here we would allow for the variation of the measurement strength.

The trade-off would be between information about the initial state and information

about the final state.

Occupation encoded optical qbits

Consider a qbit constructed out of the presence or absence of a single photon in

a cavity. The cavity leaks from one end. We monitor the output of the cavity to

determine the state of the bit. We may detect the absence or presence of a photon

using direct detection (photon counting) [BR10]. The decay of average impurity as

a function of time sets the baseline for the subsequent comparison of purification

rates.

In order to increase the rate of information extraction we give ourselves the ability

to measure in any basis. This means we must be able to measure any quadrature of

the field from the cavity. This maybe achieved by mixing the field of interest with

a reference field, known as a local oscillator [BR10]. Then if we adjust the phase θ

of the local oscillator we can affect different quadrature measurements [BR10].

Chiruvelli and Jacobs in Ref. [CJ08] showed that by adjusting the local oscillator

so x cos θ+y sin θ = 0, where x, y and z are the components of the qbit Bloch vector,

one locally in time maximizes the decrease in impurity, that is gains the most infor-

mation about the final state. This is the natural generalization of Jacobs’ original

protocol. Like the original protocol the behaviour of the impurity is deterministic.

Interestingly the rate of extraction is maximal at short times and approaches unity

at long times. This is almost the opposite of the behaviour of Jacobs’ original pro-

tocol, which attains the maximal extraction rate at long times. It is not clear that

retrodiction is possible for this protocol.

Chiruvelli and Jacobs also explored the generalization of Wiseman and Ralph’s

protocol to dissipative measurements. Unsurprisingly the generalized Jacobs’ pro-

tocol gives a slow-down in the mean time sense. However the generalization of the

WR protocol is more complicated. Due to the dissipative dynamics of the measure-

ment it is no longer possible to keep the state and measurement axis aligned by

(1) measuring in a fixed basis, or (2) adaptively changing the basis. Chiruvelli and
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Jacobs found that it may be achieved by fixing a measurement basis and applying

a rotation to the optical mode exiting the cavity to keep the Bloch vector aligned

with the measurement basis. This results in a speed-up in the mean time sense equal

to 2. As in the original Wiseman-Ralph protocol it seems likely that this protocol

should provide full information about the initial qbit state.

2.6.2 Atomic ensembles

The first experimental situation considered in this section comes from an experiment

performed in the Jessen group in a collaboration with Deutsch’s group [CSA+09,

SCS+04, SJD05, SSDJ06, CMH+07]. Here the system under control is the total spin

of a multilevel atom (a qdit) trapped in a mangeto–optical trap (MOT). There are

many identical copies of this atom. The internal state of the atom(s) is measured

by probing them with a laser field. After passing through the atoms the optical

probe is mixed with part of the probe laser that was not passed through the atoms

and monitored using continuous homodyne detection. Because the measurement

is of an ensemble of identically prepared qdits it results in reduced fluctuations

in the measurement record. That is, dR(t) = 4γdt⟨X⟩ + dW√
η

becomes dR(t) =

4γdt⟨X⟩+ ν dW√
η
, where ν scales like 1/

√
N where N is the total number of atoms in

the ensemble. The output of the detector is fed into a controller (which also performs

estimation if necessary). The controller drives coils which apply a magnetic field to

the system.

At present the conditional evolution of this system is not well described by the

SME I use in this thesis [SvHM04]. However in the future it may be possible

to do such an experiment with a single atom, in which case the SME I use will

be applicable. Furthermore, for this system it has been shown that the use of

complicated sequences of control fields can generate any unitary; see Ref. [MBJD09].

This is because they have a nonlinear iteration of the form H = Ftot +F 2
x , where Fi

is the spin-angular momentum (nuclear and electronic) component in a particular

direction. If this is the case it means that the qdit protocols presented later in this

thesis are in principle realizable.

Another related experiment comes from the Mabuchi group [vHSM05a, SvHM04].

In this case they consider a measurement and feedback scheme similar to the one

describe above. The difference is that the measurement probes the total spin (Jtot)

of a collection of atoms trapped in a MOT. This means they do have a system de-

scribed by the SME I use in this thesis. However because they do not (yet) have a
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nonlinear interaction of the correct form (their nonlinear interaction is of the form

H = Jz +
∑

i(F
i
z)

2) they can not implement any unitary rotation. They can however

implement any rotation of the Bloch vector.

2.6.3 Solid state qbits

It is fair to say that rapid measurement and purification protocols seem best suited

to solid state systems. This is true for a number of reasons. I will elaborate on

two. Firstly, the coupling between the system and readout device is weak and often

becomes fixed after a device is fabricated. This means that one cannot simply

perform an instantaneous projective measurement. Secondly, the environments in

solid state systems are noisier than in typical atom–optical systems. This means

reading out data and preparing pure states quickly might be important tasks in

such systems.

There is a plethora of solid state systems where continuous measurements have

been studied. Some important ones are qbits made out of: double quantum dots

with a shared electron motored by a quantum point contact (or a single electron

transistor) [RK02, Kor05, ZRK05, JK06, OWW+05, OWS06, OGW08, PJT+05];

and the various super conducting qbits (a nice overview of superconducting qbits

can be found in [ZB07]. Some other useful references are [NPT99, BVJ+98, LBS+03,

GBW+07]). At present these systems are one or two qbit registers systems. Most

of these systems are being developed for use in quantum computing and quantum

information applications. This means once the technology is sufficiently advanced

any unitary can be synthesized and applied to the system. When this is the case

the protocols in this thesis could be easily applied.

For concreteness let us consider one of the above examples. Recently a SME

has been derived in circuit QED [GBB+08, BGB08] which is similar to the one I

consider. The physical system considered was a Cooper pair box (an effective two

level atom) dispersively coupled to a transmission line resonator (the cavity). By

monitoring the frequency shift of the output of the resonator one can infer the state

of the qbit. In Refs. [GBB+08, BGB08] the following SME for the state of the qbit

was derived:

dρ = −i1
2
ωdt [σz, ρ] + γ1dtD [σ−] ρ+ γ2dtD [σz] ρ

−i1
2

√
γb(t)dW [σz, ρ] + 1

2

√
γm(t)dWH [σz] ρ. (2.122)
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There are many differences between this SME and the one I consider. The first

difference is backaction that does not come from Heisenberg ’s uncertainty principle,

as can be seen in the first term on the second line of Eq. (2.122). Some other

differences are the Hamiltonian evolution, the relaxation to the ground state at a

rate γ1, and the time dependence of the measurement strength γb(t).

It might be possible to make Eq. (2.122) look more like the SME I consider in this

thesis. Some possibilities for removing the Hamiltonian term would be to perform

stroboscopic measurements or move to a rotating frame. Since the additional back-

action is like a conditional rotation about σz it could be possible to use Markovian

feedback to correct for this term, in which case Eq. (2.122) would become

dρ = γ1dtD [σ−] ρ+ γ2dtD [σz] ρ+ 1
2

√
γm(t)dWH [σz] ρ.

This equation looks more like the equation considered in this thesis. However more

work would be required to generalize rapid measurement or purification to such

non-ideal systems. It is for this reason I will briefly discuss one study that attempts

to apply rapid purification protocols to a solid state system where infinite strength

feedback is not assumed.

In Ref. [GHR+07] Griffith et al. examine the Jacobs and Wiseman and Ralph

purification protocols in Cooper pair box qbit. The system Hamiltonian contains

both a σz and a σx term. Because the measurement basis is fixed one can not

ignore the system Hamiltonian. (Although it may be possible to use stroboscopic

measurements to reduce the complexity of the dynamics it is not clear how this would

affect the purification rate.) The authors focused on developing practical analogues

of the Jacobs and WR protocols. Their insight was to trigger the feedback protocols

once the state of the system deviated away from a certain predetermined threshold.

For example in Jacobs’ protocol the optimal value of this threshold was found to

be ⟨z⟩ ≈ 0.33. This means that after a rotation to the unbiased basis the system is

monitored continuously until the projection onto the z axis reaches this threshold.

Once this threshold is reached it triggers the feedback mechanism to rotate the

state back to the x axis. Surprisingly such schemes achieve most of the attainable

speedup. Additionally it seems these schemes are robust to errors in the control

rotations.
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2.7 Summary of other relevant feedback control

protocols

The previous sections have provided detailed analytical descriptions of concepts

relevant to the research of mine presented in this thesis. In this section I will attempt

to summarize major areas of measurement based quantum control unrelated to my

thesis. For the sake of brevity, these summaries are necessarily non-technical and

unexhaustive with respect to both the contributions of particular papers and to the

entire body of literature on measurement based control. One major omission in this

review is the control theory related to linear systems. In the context of this thesis

this omission is justified as I only consider non linear systems. However interested

readers may find good overviews in Ref. [DJ99] and chapter 6 of Ref. [WM10].

2.7.1 Other qbit feedback control protocols

Stabilization of a qbit

The example presented in Sec. 2.5.1 of feedback stabilization of a two level atom was

first examined by Hofmann, Mahler and Hess (HMH) [HMH98]. They mistakenly

claimed that only the lower half of the Bloch sphere could be stabilized. Wang and

Wiseman, in Ref. [WW01] (as discussed in Sec. 2.5.1) formulated and generalized

the HMH scheme using Markovian feedback. Later Wiseman et al. [WMW02] did a

Bayesian analysis of the problem and showed that all states, including the equatorial

state, could be stabilized. Usually this problem is examined only in the x − z

plane because of rotational symmetry, but the authors of Ref. [LLWL05] considered

Markovian feedback about two axes. In Ref. [JLY06] Jin et al. used Bayesian

conditioning, but sub-optimal feedback to achieve some stabilization. Yamamoto

in Ref. [Yam05] derived the conditions for the FBME to have pure steady state

solutions (with perfect detection efficiency) and illustrated his result with this qbit

stabilization problem.

State preparation

Usually in feedback control the controller drives the evolution of the system to the

desired behaviour in a robust and incremental way. In guidance control it is the

final state of the system that is of upmost importance; so the intermediate evolution

may be entirely uncontrolled. Ralph et al. in Ref. [RGCE04] considered using a
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guidance law to perform state preparation of a qbit in open loop and closed loop

contexts.

In some sense the state stabilization explored in Sec. 2.5.1 and Sec. 2.7.1 can

be considered a form of state preparation. This is because the state one is trying

to stabilize could be considered the inital state of some other process. It is for this

reason that purification can also be considered a form of state preparation, as it is

possible to perform one final unitary after the desired purity has been reached to

achieve the desired state.

Optimal control

Optimal control is notorious for seldom having analytically soluble problems. I

will now briefly review the problems that have been explicitly solved analytically.

Bouten et al. [BEB05] were the first, to the best of my knowledge, to apply dynamic

programming to non-linear systems in quantum control. They considered a two level

atom in a strongly driven (and heavily damped) cavity. The objective of the control

was to drive the internal state of the atom to some desired state. This was achieved

by adjusting the amplitude and phase of the driving laser optimally.

Next Wiseman and Bouten in Ref. [WB08] verified the qbit purification optimal-

ity claims made by Jacobs [Jac03] and Wiseman and Ralph [WR06]. Belavkin et al.

[BNM09] have also studied this problem and agree with the analysis that Wiseman

and Bouten presented.

State Estimation and discrimination

There is too much literature devoted to qbit tomography for me to review in this

thesis (for example see Ref. [dBLDG08]). I will restrict the discussion here to qbit

state discrimination. In this problem Alice prepares one state out of a pre-specified

set of states (usually two in these problems) known as the alphabet and sends it

to Bob via a channel. Bob’s task is to determine which of these two states he

has received. This problem can be formulated for orthogonal and non orthogonal

states. The orthogonal case reduces to classical communication theory. The optimal

procedure for minimizing incorrect identifications (the probability of error), turns

out to be projective measurements. This is known as a Helstrom measurement

[Hel68] and applies equally to the orthogonal and non-orthogonal cases.

In the context of continuous and adaptive measurements Gambetta et al. in

Ref. [GBW+07] examine a number of filters for this problem. They showed that
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a non-linear filter is the optimal filter for minimizing a probability of error like

quantity. The non-linear filter was, essentially, an analytical solution for the state

estimate using linear trajectory theory. Jacobs [Jac07] considered a related problem

of trying to maximize the rate at which information is sent through a channel. By

locally optimizing the mutual information between Alice and Bob he found that the

information rate through the channel could be increased but at the cost of increasing

the probability of error in discriminating the final states. As a side project during

my PhD, myself, Gambetta and Wiseman showed that the local in time optimization

for minimizing the probability of error leads to a Helstrom measurement at every

point in time (unpublished but cited in Wiseman et al. arXiv:0904.2045).

Brańcyzk et al. in Ref. [BMG+07] considered a problem closely related to non-

orthogonal state discrimination. In their problem Alice sends Bob one of two non-

orthogonal states (the alphabet states were in the x − z plane) through a noisy

channel (dephasing noise). The aim of their study was to see if it was possible to

improve the average fidelity of the transmitted state in the presence of the dephasing

noise using feedback control. Brańcyzk et al.’s scheme works in the following way:

they chose to do a weak measurement of the effect that noise had on the state sent

through the channel (this can be done without determining which of the alphabet

states were sent by measuring along the y axis, although measurement backaction

is unavoidable). Then they applied a conditional unitary – a rotation about z, the

feedback – to correct for the channel induced noise. They also showed that this

scheme was optimal provided the measurement strength and unitary were correctly

chosen.

The reasoning behind their scheme was elegant. By measuring the noise induced

on the state by the channel only minimal information is acquired about the state so

that one minimizes the measurement backaction on the state. After learning about

the noise one applies the unitary to correct for the noise. Consequently, the states

have the maximum fidelity with the initial states. This seems like a deep result

about information disturbance relationships and their relation to control objectives.

Thus the authors speculated, initally [Bra05], that “in quantum control it is possible

to know too much [about the state]”. The implication here, I think, is not about

the strength of the measurement (projective vs weak), but about the measurement

strategy; that is, acquiring information about the noise and correcting rather than

acquiring information about the state and correcting.

With Robin Blume-Kohout I have made a minor contribution to this area. We
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showed that the optimal scheme proposed by Brańcyzk et al. was not uniquely opti-

mal; specifically we showed that a weak measurement along z (with the appropriate

strength) and a conditional unitary about the y axis was also optimal under their

definition (as cited in Agata M. Brańcyzk et al, Phys. Rev. A, 75, 012329 (2007)

and Ref. [GDL+10]). Because our scheme is diametrically opposed to theirs (in the

sense we chose to learn about the system state) it casts doubt on the claim that “in

quantum control it is possible to know too much”.

2.7.2 Bipartite feedback

Schneider and Milburn showed that two qbits coupled to a bosonic mode can be

entangled by driving both the qbits in the same way [SM02]. Wang et al. sub-

sequently devised a homodyne scheme that appreciably enhanced the steady state

entanglement [WWM05]. Mancini and Wang in Ref. [MW05] then considered using

Markovian homodyne feedback to generate and stabilize the entanglement against

atomic decay (spontaneous emission). Carvalho and Hope showed that a quantum

jump unravelling with feedback practically gave perfect stabilizeable entanglement

even in the presence of detector inefficiencies, errors in control Hamiltonians, and

spontaneous emission [CH07]. Both jump and diffusive unravelling have been exten-

sively studied [CRH08, LZSC08]. Some preliminary investigations into multi-qbit

protocols have been performed too; for example, see Refs [SM02, HM09].

Entanglement sudden death (ESD) (that is, early state disentanglement) has

also been studied in the context of feedback by Yamamoto et al. in Ref. [YNJP08].

Yamamoto et al. showed that feedback could prevent ESD.

Rapid Bipartite feedback

Hill and Ralph in Ref. [HR07] have considered a very interesting extension to Jacobs’

original purification problem. They examined a bipartite system with the following

scenarios: (i) Alice purifies her own qbit (ii) Alice tries to purify Bob’s qbit (iii) Alice

attempts to achieve deterministic purification of her reduced state and Bob’s reduced

state. The first scenario is unsurprisingly the Jacobs and Wiseman and Ralph

protocols (depending on which measure one chooses – mean time or mean impurity).

For scenario (ii) and (iii) Hill and Ralph considered a Jacobs-like objective (cf. mean

time). They showed that this could be achieved by locally in time maximizing the

overlap with a vector representing the measurement axis on Bob’s side (or control

applied to the state) and a non-local correlation matrix. The third and final scenario
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looked at deterministic reduction for both parties, in a clever way. Alice requires

that her state (Alice’s Bloch vector has direction r̂A) and measurement basis (aligned

along the axis n̂A) be orthogonal (r̂A.n̂A = 0) for deterministic reduction; as does

Bob (r̂B.n̂B = 0). These conditions can be satisfied by choosing the measurement

axis to be a cross product of both axes; n̂AB ∝ rA × rB.

Hill and Ralph in Ref. [HR08] have also studied entanglement generation and its

relation to purification. They were able to modulate the entanglement production

between off and on at will by guiding the system into a decoherence free subspace

(DFS). When in the DFS entanglement could be generated. Both of these processes

could be done “rapidly”. Interestingly, they showed that it was possible to speed

up the generation of entanglement without purifying the system.

2.7.3 Feedback control protocols for a register of qbits

In this thesis I examine rapid measurement and rapid purification in a register of

qbits. Apart from the work by Hill and Ralph (see Sec. 2.7.2) the only work that

looks similar to my work is continuous quantum error correction in a register. I will

now briefly review this area.

Paz and Zurek in Ref. [PZ98] introduced the idea of implementing a continuous in

time error correcting code. They formulated the problem using a Markovian master

equation which included the effects of: Hamiltonian evolution; errors ; and error-

correcting operations. They assumed that the syndrome detection and correction

were performed immediately after each other continually and were infinitely fast.

The next work in the field, chronologically, (also the landmark paper in the field)

is by Ahn et al. [ADL02]. Ahn et al. used Bayesian (state based) feedback in a

register to continuously detect and correct errors simultaneously.

Later Ahn, Wiseman and Milburn [AWM03] considered a restricted error model:

each physical qbit is monitored with perfect efficiency. They devise a feedback

scheme using the stabilizer formalism that could protect an (n − 1) logical qbit

state, encoded in n physical qbits, for jump and diffusive unravellings. This scheme

was generalized to an arbitrary number of error channels per qbit, the cost of which

was that the new scheme could only encode (n− 2) logical qbits in n physical qbits

[AWJ04].

Sarovar et al. in Ref. [SAJM04] devised a less computationally intensive, never-

theless very similar scheme to those of Ref. [ADL02]. In Ref. [vHM05] van Handel

and Mabuchi derive the optimal control from “hybrid control theory”. Finally, Chase
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et al. [CLG08] have developed efficient feedback controllers based on these optimal

controls by model reduction.

Sarovar and Milburn [SM05] suggested an error correction scheme based on

coherent-feedback. Their scheme can be thought of as a cooling procedure. How-

ever, as Sarovar and Milburn pointed out, it is likely only to be useful in a quantum

memory, as the encoded bits cannot be acted on by logical gates. Recently, Ker-

ckhoff et al. [KNPM09] have also examined a coherent-feedback continuous error

protection protocol.

2.7.4 Qdit feedback control protocols

Qdit feedback protocols have mainly been studied in the context of precision metrol-

ogy. Most authors consider a dilute gas of atoms inside a magneto optical trap

(MOT). The gas is probed by an off resonant laser. The interaction between the

collective spin of the gas and the light produces a phase shift on the light pro-

portional to the angle between the probe’s initial polarization and the mean spin

vector (this is called Faraday rotation). In these experiments, the individual spins

are optically pumped to a definite state polarized along some axis. This is called a

coherent spin state (CSS) [ACGT72]. The mean spin vector precess around an axis

at a constant speed when subjected to a constant B field. By observing the Faraday

rotation one can relate time to the precession of the mean spin vector, which allows

one to measure time. To do this with precision beyond the standard quantum limit

one must use states that have a smaller variance in angle than coherent states34.

These are called spin squeezed states (SSS) [KU93].

The first to connect the theory of continuous measurement and feedback to pre-

cision metrology, in this context, were Kuzmich et al. [KMP97, KMB00]. They

suggested that continuous quantum non-deomolition (QND) [WM10, BP02] mon-

itoring of the collective spin would produce squeezing. The catch was that the

squeezing depended on the measurement record. Thus, in any single run of an

experiment one could not guaranty squeezing. Mølmer later suggested that one

could alternate measurement and incoherent feedback to deterministically produce

squeezing. However, it was not until the work of Thomsen et al. that the effects

of measurement backaction were included in the model [TMW02]. Their improved

model lead to Heisenberg limited scaling in the squeezing parameter and the gen-

eration of the maximally squeezed state. This was primarily a Markovian feedback

34As we shall see the case is not so clear-cut with continuous QND measurements.
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treatment. In Ref. [GSDM03] Geremia et al., motivated by their experimental ca-

pabilities, re-examined this problem using Kalman filtering and demonstrated an

improved performance and robustness of estimation.

Much of the other work in D-level systems also focuses on schemes for state

preparation [vHSM05b]; for example, Dicke states [SvHM04], which are also squeezed

states, and understanding of quantum state reduction [vHSM05a].

There has been some work on stabilization in D-level systems. Jacobs and Lund

[JL07] have suggested that it is best to measure an unbiased basis to stabilize a

quantum system. There is more work on stabilization of qdits using control-lyapunov

function techniques, interested readers can find more information in Refs [MH07].

Finally Shabani and Jacobs were able to find the globally optimal control purification

for D = 3 [SJ08]. However they did so only in the limit of high purity. Additionally

they found the locally optimal protocols for arbitrary dimensional systems.

2.8 Summary

I will now sumarize the key points of this chapter that are important for the rest of

this thesis. Firstly I noted in Eq. (2.8) that unitary evolution alone can not change

the purity of a quantum system:

⟨dL⟩ = −2Tr [ρ(t)ρ̇] = 0.

To change the purity of a quantum system we need to consider open quantum sys-

tems. The purification process is then due to dissipation or selective measurements.

This motivated considering continuous quantum measurements. Such measurements

are described by the recursive equation ρ(t+dt) = ρ(t)+dρc. The subscript c refers

to the fact that the state has been conditioned on the results of the measurement

record. The measurement result, Eq. (2.37), of the i’th output channel in the interval

(t, t+ dt] is

dRi(t) = 4γdt⟨Xi⟩ +
dWi√
η
.

The measurement record is defined to be all the measurement results in the interval

[0, t]; that is, R(s) : 0 < s ≤ t. The integrated record is defined as R(t) =
∫ t

0
dR(τ).

The term dρc, given in Eq. (2.36), is called a stochastic master equation:

dρc = −idt [H, ρ] +
∑

i

(
2γidtD [Xi] ρ+

√
2γiηidWiH [Xi] ρ

)
,
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where dWidWj = δijdt and recall that the SME is invariant under the following

transformation [WM10]: Xi → X ′
i = Xi + ai1̂ where ai ∈ R.

I showed how it is possible to solve the SME by looking at an an unormalized

version of the SME called the linear SME; see Eq. (2.71). The solution to the linear

SME was Eq. (2.72):

ρ̃(R, t) = exp(−4γX2t) exp(2
√

2γXR(t))I/d.

This expression can be normalised simply: ρ(R, t) = ρ̃(R, t)/Tr [ρ̃(R, t)]. Then I

used this solution to calculate the evolution of the impurity due to the measurement

process. Taking the observable X to be X = Jz = σz/2, the evolution of the

impurity was found to be Eq. (2.77):

⟨L(t)⟩ =
e−γt

√
8πt

∫ +∞

−∞

e−R2/2t

cosh(
√

2γR)
dR.

At long times (when t≫ γ−1) this simplified to Eq. (2.78):

⟨L(t)⟩LT =
πe−γt

√
16πγt

.

The key point is that the impurity for a conditional continuous measurement scales

as e−γt asymptotically.

I also described a Markovian feedback loop. Such a loop takes the result of a

measurement performed on a system and applies a control Hamiltonian proportional

to the result: Hfb dt = FdR(t), with a Hermitian operator F , and the measurement

result dR. Markovian feedback is best described by the Wisman–Milburn–Caves

Markovian feedback master equation, Eq. (2.47):

ρ̇ = − i

~

[
Hs +

~
√

2γ

2
(X†F + FX), ρ

]
+ 2γD

[
X − iF√

2γ

]
ρ+

1 − η

η
D [F ] ρ.

The formalism for Bayesian feedback is significantly more complicated. To simplify

the calculations, I assumed the that the control Hamiltonian can be arbitrarily

large so that it is possible to control the state (or measurement basis) directly via

application of a unitary U(t+ dt, t), in the interval [t, t+ dt). In this case the state
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after the feedback and measurement was given in Eq. (2.48):

ρfb(t+ dt) = U(t+ dt, t){ρ(t) + dρc(t)}U †(t+ dt, t)

= U(t+ dt, t){ρ(t) + dtLc [X] ρ(t)}U †(t+ dt, t),

where dtLc [X] ≡ dρc. Up to a unitary transformation this is equivalent to having

the control changing the measurement basis, as given in Eq. (2.49):

ρfb(t+ dt) = ρ+ dtLc

[
X̌(t)

]
ρ,

where X̌(t + dt) = U(t + dt, t)X̌(t)U †(t + dt, t). In this thesis I will focus on cost

functionals that are functions of the state ρ(t). The control strategy amounts to

choosing U(t+ dt, t) so that the cost V (t+ dt) = V (ρ(t+ dt)) is minimized.

After describing the Bayesian feedback formalism I explained how Jacobs showed

that the reduction average impurity Eq. (2.91),

⟨dL⟩ = −2γdt(1 − z2)L,

could be maximised by using feedback to set z = 0 throughout the measurement

process. This gives rise to the exponentially decaying evoultion of the impurity

Eq. (2.86)

⟨L(t)⟩ = e−2γtL(0),

which results in a speed-up in the purification process given in Eq. (2.94): S = 2.

However I showed that it was possible to define the speed-up in the mean time

sense as Wiseman and Ralph did. In this case the no feedback case is two times

faster than Jacobs feedback. I was able to explain the seeming contradiction between

these two results by considering a different measure of the impurity: ℓ ≡ lnL. This

gave a canonical ordering for the average impurities of both protocols. These results

are summarized in Table 2.2 on page 54.

Next I explained how Jacobs’ and WR are the time optimal controls for reduction

of impurity in the average impurity and mean time sense respectively. Finally I

reviewed the quantum feedback control literature for finite dimensional quantum

system. From this review it was clear that most of the work in feedback control for

qdits has focused on state preparation, while research on feedback protocols in a

register of qbits has focused on continuous error correction.





Chapter 3

Continuous Measurement of a qdit and a

register of qbits

Later on in this thesis I will investigate strategies that increase the rate at which

information can be extracted from quantum systems. Before these strategies are

examined, I will now fully characterize this rate in the absence of feedback. This

will provide me with a benchmark to assess the performance of the strategies that

aim to increase the rate of information extraction.

In this chapter I will restrict my attention to continuous measurement (CM)

in two systems and two measures of “information”. The first system is a single

D-dimensional quantum system, also called a qdit, monitored by a single output

channel. This output channel is monitored in such a way that it results in a diffusive

quantum trajectory1. The second system is a register of qbits, where each qbit has

its own output channel. Again, the monitoring of the channels is performed such

that the evolution is diffusive. The two notions of information used in this chapter

are the impurity (which was examined in chapter 2) and the log-infidelity, which will

be defined carefully in this chapter. Note that, in this chapter I use the notation

⟨A⟩ ≡ E [A].

3.1 Qdit - impurity analysis

Much of the current analysis is similar to that presented in Sec. 2.5.2. Using the

linear trajectory solution Eq. (2.72) I will now explicitly calculate the form of the

D-dimensional state matrix from. I take the observable X to be the z component

of angular momentum (represented by the operator Jz), thus D = 2J + 1. In

matrix form the Jz operator is Jz = diag(J, J − 1, . . . ,−J + 1,−J). Using this

1That is, a quantum trajectory driven by the Wiener process.

75
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representation of Jz the unnormalized solution of the state evolution can be written

as matrix elements exponentiated:

ρ̃(R, t) =
1

D
diag

(
e−4γJ2te2

√
2γJR, e−4γ(J−1)2te2

√
2γ(J−1)R, · · · e−4γ(−J)2te−2

√
2γJR

)
.

(3.1)

The normalization factor can be written with a non-symmetric sum or a sym-

metric sum

N ≡ Tr [ρ̃] =
1

D

2J∑
m=0

e−4γ(J−m)2te2
√

2γ(J−m)R =
1

D

J∑
s=−J

e−4γs2te2
√

2γsR. (3.2)

For discussions later I also calculate the probability distribution of the result R and

choose the symmetric sum for the normalization

dRP(R) = dRTr [ρ̃(R, t)]P (R) = dR
1

D
√

2πt

J∑
s=−J

e−(R−2
√

2γst)2/2t, (3.3)

where P (R) is the same ostensible distribution for R as before; Eq. (2.75). By

choosing the symmetric summation for the normalization one can see that the prob-

ability distribution for R contains D peaks centred around the values j, where

j ∈ [J, J−1, . . . ,−J+1,−J ]. For times t≫ γ−1, the distribution is sharply peaked

about these D values. Each of these peaks has a FWHM of 2
√

2t ln 2 ≈ 2.35
√
t. This

seems paradoxical; one would expect that as time increases the distribution would

get narrower, reflecting the fact that the observer is more confident about which

eigenstate they actually have. This paradox is resolved when one realizes that the

distance between the peaks increases at a rate greater than the increase in the width

of the peaks. This time-dependent scaling of the distance between the peaks can be

removed by changing variables to V = R/(2
√

2γt). Under this transformation the

probability distribution is

dV P(V ) = dV
1

D

√
4γt

π

J∑
s=−J

e−(V −s)2/(1/4γt). (3.4)

Now the FWHM of each peak scales as
√

ln 2/(γt) ≈ 0.83/
√
γt, which clearly illus-

trates that the probablity distribution becomes sharply peaked about the D values

for long-times. In Fig. 3.1 the dashed curve is a plot of Eq. (3.4) for D = 5 and
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t = 4γ−1. All of the peaks are clearly distinguishable with a FWHM ≈ 0.34.

Returning to the non-symmetric sums for the remainder of this calculation, the

purity is

Tr
[
ρ2
]

=
1

D2N 2

2J∑
m=0

e−8γ(J−m)2te16γt(J−m)V . (3.5)

The impurity for a particular value of t and V , is given by

Λ(V, t) =

(
1 −

∑2J
m=0 e

−8γ(J−m)2te16γt(J−m)V

D2N 2

)
(3.6)

=

(
D2N 2 −

∑2J
m=0 e

−8γ(J−m)2te16γt(J−m)V

D2N 2

)
.

(3.7)

The solid curve in Fig. 3.1 is a plot of Eq. (3.7) for D = 5 and t = 4γ−1. To find the

average value of impurity for a continuous measurement of Jz one must integrate

this function over the scaled measurement record V [CJ06]:

Figure 3.1: The dashed curve is the probability distribution P(V ), Eq. (3.4); the
solid line is Λ(V, t), Eq. (3.7); shown for D = 5 at t = 4γ−1. The red line is
Λ(V, t)NP (V ) multiplied by 20 (so that it can be viewed on the same scale). Also
plotted are regions for the two eigenvalue expression for the impurity integral.
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⟨L(t)⟩ =

∫ ∞

−∞
Λ(t, V )NP (V )dV. (3.8)

This is the generalization of Eq. (2.77). When using this result to simulate the

measurement-induced evolution of the mean linear entropy one should use the kernel

in Eq. (3.7) rather than the kernel in Eq. (3.6). This is because it will reduce the

numerical error that occurs when subtracting from one a number very close to one.

To calculate this integral one must perform numerical integration. It would be

useful to have a fully analytic expression for ⟨L(t)⟩ in the D-dimensional case for

comparison with the qbit case. Now I will make some approximations to obtain a

simple analytic expression for Eq. (3.8). I will show that the approximations allow

one to place a bound on the full expression. Then I will confirm our approximations

with numerical simulations in Sec. 3.1.1 and Sec. 3.1.2.

The first approximation involves truncating the state matrix to two eigenvalues

and then renormalizing. I call this the two eigenvalue approximation. The motiva-

tion for the truncation stems from the following observations. In the long-time limit

(t ≫ γ−1) the true probability distribution, P(V ) = NP (V ), is sharply peaked in

D places; see Fig. 3.1. Also in this limit one finds that Λ(V, t), Eq. (3.7), is sharply

peaked in (D−1) places; the peaks are between peaks of P(V ). Wiseman and Ralph

have pointed out for a qbit, that this arrangement leads to poorly purifying trajecto-

ries dominating ⟨L(t)⟩ [WR06]. In a qbit the poorly purifying trajectories are those

trajectories with eigenvalues of the same magnitude (V (t) ≈ 0) in the long-time

limit. Physically this means that the measurement has not projected, or the filter

has not decided, if the state is in z = ±1
2
. In qdits there are (D − 1) regions like

this, where V (t) ≈ r for r ∈ [J− 1
2
, J− 3

2
, . . . , J+ 3

2
,−J+ 1

2
]. In any of these regions

only two eigenvalues contribute significantly to the integrand. Consequently I may

truncate the state to the two eigenvalues in a particular region and renormalize.

The effect of the two eigenvalue approximation is two-fold: it increases the purity

of the state, and makes it possible to derive a fully analytic expression for the impu-

rity. The truncated state matrix is defined to be ρ2 = diag(0, λ0, λ1, 0, . . . , 0)/(λ0 +

λ1)
2, where λ0 is the largest eigenvalue of ρ and λa > λb when a < b. In Appendix

A I show that ρ is majorized[NC00] by ρ2 (ρ ≺ ρ2), meaning that the original state

is more mixed than our two eigenvalue approximation to it. From the fact that

2The order and placement of the eigenvalues on the diagonal will depend on the initial state.
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the purity is Schur-convex[Bha96] it follows that Tr [ρ2] ≤ Tr [ρ2
2]. This means the

impurity of the two eigenvalue approximation is a lower bound on the true impurity:

L(ρ) ≥ L(ρ2). In the long-time limit it is reasonable to expect that L(ρ) ≈ L(ρ2).

Now I will calculate the impurity of the truncated state matrix ⟨L2(t)⟩. I split

the integral in Eq. (3.8) into regions such that the same two eigenvalues are the

largest two eigenvalues for all values of V in each region. The integration is then

performed in each of these regions and then the regions are summed. Figure (3.1)

illustrates how the regions should be split for D = 5. After a coordinate transform

(for example in region I it would be V ′ = V −1/2) the integral in region one becomes

RI =
e−γt

D

√
4πt

π

∫ 1
2

−1
2

e−4γtV ′2

cosh (4γtV ′)
dV ′. (3.9)

After a similar transformation the integral in region II becomes

RII =
e−γt

D

√
4πt

π

∫ ∞

−1
2

e−4γtV ′2

cosh (4γtV ′)
dV ′. (3.10)

The total integral is thus

⟨L2(t)⟩ = 2RII + (D − 3)RI. (3.11)

For t ≫ γ−1 the integrands become sharply peaked about V ′ = 0 with negligible

contributions to the integrals from the region outside the interval V ′ ∈ [−1
2
, 1

2
], so

that RII ≃ RI. In this limit we have

⟨L2(t)⟩ ≃ (D − 1)
e−γt

D

√
4πt

π

∫ 1
2

−1
2

e−4γtV ′2

cosh (4γV ′)
dV ′. (3.12)

The final approximation is arrived at by noting that in the long-time limit I can

make the same approximations that led to Eq. (2.78) in the qbit case, giving

⟨L2(t)⟩LT =
2(D − 1)

D

πe−γt

√
16γtπ

. (3.13)

This is the analytic expression for ⟨L(t)⟩ that I set out to find. As could reason-

ably be expected for a qdit under the two-eigenvalue approximation (effectively

a two-level system), the resulting average impurity is proportional to the qbit,
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Eq. (2.77), the result with the proportionality depending on the qdit dimension-

ality. In Sec. 3.1.1 I examine the accuracy and validity of this approximation.

3.1.1 Comparison with numerics

In Fig. 3.2 (a) one can see that for t & γ−1 the impurity is better approximated by

Eq. (3.11) than Eq. (2.77). And for all times the qbit impurity, i.e. Eq. (2.77), is

a lower bound. However, when calculating the speed-up one is interested in times

where γt≫ 1, which are plotted in Fig. 3.2 (b).

Figure 3.2: A comparison of approximations to the evolution of ⟨L⟩, for D = 3.
(a) (starting from the upper-most curve): ⟨L⟩ i.e. Eq. (3.8) shown by green circles;
⟨L2(t)⟩ i.e. Eq. (3.11) with the integrals evaluated numerically, shown by magenta
upward pointing triangles; ⟨L⟩qbit i.e. Eq. (2.77) shown by solid black line. (b)
(starting from the upper-most curve): ⟨L2(t)⟩LT i.e. Eq. (3.13) shown by magenta
downward pointing triangles; ⟨L⟩ i.e. Eq. (3.8) shown by green circles; ⟨L⟩qbit−LT

i.e. Eq. (2.78) shown by dashed black line; ⟨L⟩qbit i.e. Eq. (2.77) shown by solid black
line. Eq. (3.11) is not plotted in (b) because on this scale it is indistinguishable from
⟨L⟩.

Eq. (3.11) is not plotted in Fig. 3.2 (b) because on this scale it is practically indis-

tinguishable from ⟨L⟩ at long-times (it approaches ⟨L⟩ from below). But ⟨L2(t)⟩LT,

that is Eq. (3.13), approaches ⟨L⟩ from above. Thus the approximations made

to obtain Eq. (3.13) from Eq. (3.11) increase the impurity. This effect is easily

understood once one realizes that the approximations amount to: throwing away

parts of the integral Eq. (3.12); and over-estimating the integral by approximat-

ing exp (−4γtV ′2) = 1. The next closest curve is that of the qbit long-time limit

expression Eq. (2.78), and below that is the qbit exact result Eq. (2.77).
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From these curves I infer the following: the long-time expression for the two

eigenvalue approximation, ⟨L2(t)⟩LT, is closer to ⟨L⟩ than the qbit long-time limit;

⟨L2(t)⟩LT is approaching ⟨L⟩ in the same way ⟨L(t)⟩qbit−LT is approaching ⟨L(t)⟩qbit.

This is important, as previously in the literature it has been common to use the qbit

long-time limit expression as a lower bound for ⟨L⟩ any dimension [CJ06, CWJ08].

It is clear that for all times t ≫ γ−1, ⟨L2(t)⟩LT is a better approximation to ⟨L⟩
than the qbit expression. Of course asymptotically the expressions decay at the

same rate.

3.1.2 Stochastic simulations

I now compare the analytic solutions from Section 3.1 and the exact numerics from

Section 3.1.1, to stochastic non-linear trajectory simulations. I use an Euler integra-

tion method with the following parameters: γ = 1; dt = 1 × 10−4; D = 5; ensemble

size = 20. The ensemble size is small because I will plot all of the trajectories so

that we may gain some qualitative understanding from them.

Figure 3.3 (a) shows that the L of all of the trajectories is bounded from above

by 1
2

for t ≫ γ−1. Intuitively this effect can be understood from the two eigen-

value approximation; in the long-time limit a poorly purifying trajectory has two

eigenvalues and thus these trajectories are upper bounded by L = 1
2
. A more rig-

orous explanation is given in Sec. 3.1.3. On this Figure I also plot the numerically

calculated average impurity and the linear trajectories solution, Eq. (3.8).

There is some difficulty in obtaining convergence for ⟨L⟩ in the stochastic simu-

lations (even with very large ensemble sizes). The convergence problem is due to a

small number of poorly purifying trajectories first noted for a qbit in Ref. [WR06].

These poorly purifying trajectories are evident in Fig. 3.3 (b) in that many tra-

jectories approach / touch / cluster around L = 1
2
. For moderate ensemble sizes

the whole region of possible impurities is filled by the ensemble even at t = 2γ−1.

As noted above the major contributions to ⟨L⟩ are from the regions where V = r

(see Fig. 3.1); that is, for results V that are as far as possible from the most likely

values of V (the peaks of P(V )). Thankfully one can use Eq. (3.8) to simulate the

evolution of the mean impurity. The advantages of this method are: the simulation

time is greatly reduced and there are no error bars associated with this calculation

as it is exact, to numerical precision.

Figure 3.3 (b) shows that many trajectories cluster around the line corresponding

the dot-dashed line (L = 1
2
) and the dashed line L ∼ exp (−4γt). The reason for
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Figure 3.3: Short time impurity dynamics for D = 5. I plot 20 impurity trajectories
(grey); the ensemble average of the trajectories (blue); the error bars for the ensemble
average, ±σmean, are smeared around the mean (light green). Time is measured
in units of γ−1. Fig. (a) Linear abscissa. The dashed and dot-dashed lines are
approximate upper bounds on the L trajectories. The solid black line is the linear
trajectories solution for the qbit, that is Eq. (2.77). The circles are ⟨L⟩ for D = 5,
i.e. Eq. (3.8). Fig. (b) the impurity is plotted on a logarithmic axis; this helps to see
the approximately exponential decrease in impurity predicted by Eq. (3.13). The
approximate upper bound on the spread of L trajectories is the dot dash line. The
dashed line corresponds to the most likely trajectories. Below the solid magenta line
there are only 1/D of the ensemble of trajectories at long-times.
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the clustering will be explained in Sec. 3.1.3.

3.1.3 The distribution of impurities

In Ref. [SvHM04] (Eq. 41) Stockton et al. have given heuristic arguments for

a bound on the degree of spreading of trajectories (that is, on the width of the

distribution of trajectories). I now use linear trajectories to derive the bounds that

they conjectured. In all cases it is possible to obtain an analytic expression, but

the exact form of the expression depends on D. Therefore I will quote only the

long-time asymptotic scaling of the bounds.

Central to my explanation of the bounds of the distribution of trajectories is

the intuition gained by examining Fig. 3.4. In Fig. 3.4 I have replotted portions of

Fig. 3.1 on two separate axes. In Fig. 3.4 (a) P(V, t) is plotted. This probability

density plot is significant in the current analysis because it shows which records, V ,

are likely (the peaks of P(V, t)) and which are unlikely (the troughs). In Fig. 3.4 (b)

the kernel Λ(V, t), that is Eq. (3.7), is plotted on a log scale. The key features of this

plot are: 1) the peaks at V = −3
2
,−1

2
, 1

2
, 3

2
which represent very impure trajectories

and correspond to unlikely records, and 2) the troughs at V = −1, 0, 1 coincide

with some of the purest trajectories and correspond to minimums of P(V, t). I will

elaborate on other relevant features of this graph below as I explain each bound.

1. The upper bound: This is obtained by substituting V (t) = r (recall that r ∈
[J− 1

2
, J− 3

2
, . . . , J+ 3

2
,−J+ 1

2
]) into Eq. (3.1), normalizing, and then calculating the

impurity. This procedure gives the upper bound because these records correspond

to the most impure trajectories, that is peaks in Fig. 3.4 (b). Because this procedure

also corresponds to a a worst case scenario of the two eigenvalue approximation it

can also be interpreted as the filter being unable to decided between the eigenvalues

λ
r−1

2
and λ

r+
1
2
. For D = 5 the records of interest correspond to V = −3

2
,−1

2
, 1

2
, 3

2

–see Fig. 3.4 and Fig. 3.1. In the long-time limit all solutions give

LLT = 1
2
, (3.14)

which is also the bound predicted by Stockton et al. [SvHM04]. For small times

there is some variation between the bounds given by V = r = ±1
2

and V = r = ±3
2
.

This is because P(V ) is broad at short-times so that more eigenvalues contribute

to the impurity when for example V = 1
2
. Conversely when V = 3

2
the is only one

eigenvalue to the left of this record. Accordingly it is reasonable to expect that at
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Figure 3.4: (a) probability distribution P(V, t), Eq. (3.4), for D = 5 and t = 4γ−1.
The shaded regions of the probability distribution contain 1/D of the total probabil-
ity at long-times. (b) the solid blue line is Λ(V, t), Eq. (3.7), plotted with logarithmic
scale on the abscissa for D = 5 and t = 4γ−1. The red dashed line is a projection
onto the abscissa of the minimums of Λ(V, t) at V = −1, 0, 1. The red solid line is
a projection onto the abscissa of the Λ(V, t) evaluated at V = ±2; notice that this
projection is purer than the dashed line. The shaded regions in this figure depict
the impurity of records that have |V | ≥ J . As these regions concur with the regions
in Fig. (a) they can be interposed as saying that only 1/D trajectories will have
impurities smaller than those given by the projection Λ(±J, t).

short-times the bound given by V = ±1
2

will produce a bound that is more impure

than the bound given by V = ±3
2
. This behaviour is confirmed in Fig. 3.3 (a), where

the dashed line is V = ±3
2

and the dot dashed line is V = ±1
2
.

2. The lower bound: When V (t) = j for j ∈ [J − 1, . . . ,−J + 1], the record

corresponds to the inner peaks of the probability distribution, as depicted in Fig. 3.4

(a) (the peaks at ±J are not included in this analysis). These peaks of P(V ) are the

most likely records and coincide with some of the purest trajectories, the minimums

in Fig. 3.4 (b). For D = 5 the peaks of interest are those corresponding to V =

−1, 0, 1 in Fig. 3.4. By substituting V (t) = j into Eq. (3.1), normalizing, and then

calculating the impurity, one obtains the lower bound without any approximations.

These solutions can be obtained for any dimension D. By making a two-eigenvalue
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approximation one can solve the evolution of the impurity analytically giving

LLT ∼ exp (−4γt). (3.15)

Equation 3.15 is approximately the lower bound quoted by Stockton et al. [SvHM04].

In their case, their bound is approximately tight as their initial state was a coherent

spin state (a collection of D/2 spin one half particles where D = 2J + 1 with mean

spin vector, J , aligned along the x-axis in this case). This does not have a large

population in ±|J⟩, and it is therefore unlikely in their case that |V | > |J |. For

our analysis the bound is clearly not tight (see Fig. 3.3 (a)), because a maximally

mixed state has equal populations in all eigenstates. However, because these records

V (t) = j are the most likely records many of the trajectories touch or cluster around

this bound. This will be further explored in point 4. below.

3. Physically likely trajectories: In our case there is no lower bound, although a

trajectory that purifies infinitely fast is infinitely unlikely3. It is possible to give a

natural bound on the physically likely trajectories based on the probability distri-

bution P(V ). In the lower bound section above I did not include the peaks of the

probability distribution found at V = ±J . It is clear from Fig. 3.4 (b) that there

is no corresponding minimum of the kernel Λ(V, t) in this region. When Λ(V, t)

is evaluated at V (t) = ±J one finds that it gives impurities smaller (see the solid

red line in Fig. 3.4 (b))than those which correspond to the inner peaks; see point

2. above (the dashed red line in Fig. 3.4 (b)). From the shaded regions in Fig. 3.4

(a) it is apparent that only 1/D of the probability density is found for |V | ≥ J . This

means that, in the long-time limit, only 1/D of the trajectories will have purities

greater than the bound I will now present. Using the linear trajectory solution with

V (t) = ±J and solving for the impurity one obtains the bound. By making a two

eigenvalue approximation one finds that the bound scales asymptotically as

LLT ∼ exp (−4γt). (3.16)

The scaling in Eq. (3.16) and Eq. (3.15) is precisely the same. The difference in

the bounds is only apparent when the calculation is exact; see Fig. 3.3 (b) the

black dashed line is Eq. (3.15) while the purple line is Eq. (3.16) (also see Fig. 3.5).

Obviously for a qbit (D = 2) the bound given by V = ±1
2

corresponds to the median

of the distribution ℘nfb(L, t)dP at all times and the mode at long-times.

3P. E. F. Mendonca and J. Combes, unpublished, 2006.
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Figure 3.5: The distribution of log-impurities at t = 2γ−1. The blue solid curve is
the distribution for D = 5. The red dashed curve is for D = 2, that is Eq. (2.112).
The line with the circles is ⟨L⟩ = −1.46 at t = 2γ−1, that is Eq. (3.8); the line with
the squares is ⟨Lℓ⟩ = −2.41 at t = 2γ−1. Only 1/D trajectories are below the line
with the crosses ( plotted at Lℓ = −3.1736) as explained in the main text. The
two other features on the graph at Lℓ = −0.3010 and Lℓ = −2.87 correspond to
the upper and lower bounds on the distribution of impurities described in the main
text.

4. Distribution of Impurities: The poorly purifying trajectories affect ⟨L⟩ and

a large number of these trajectories cluster around the upper bound (as seen in

Fig. 3.3). This motivates the consideration of another measure of mixedness which

de-emphasises the peaks of the distribution. In chapter 2 Sec. 2.5.2 I derived an

expression for the distribution of log-purities to further examine the continuous

measurement of a qbit. The distribution of log-impurities can be easily calculated

from Eq. (2.112). In Fig. 3.5 this distribution is plotted at t = 2γ−1 (the red dashed

curve). The peak of this distribution at Lℓ = −0.301 becomes less prominent at long-

times. This is when, as Wiseman and Ralph pointed out, the average log-impurity

is a good approximation to the mean time to a fixed L.

For D > 2 the distribution of Lℓ can be numerically calculated from the prob-

ability distribution P(V ) and Λ(V, t) as follows. First one splits the distribution

Λ(V, t) into regions {(−∞,−j), [−j,−j + 1
2
), . . . , [j,∞)}. These regions are chosen

because Lℓ is always monotonically increasing or decreasing in these regions (see

Fig. 3.4 (b)), which makes the remainder of the procedure straightforward. Next,
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in the first region one discretizes the range of Lℓ and then finds the values of V that

correspond to this Lℓ. The probability distribution P(V ) is then integrated over

this region. This is done for all regions and all values of Lℓ.

In Fig. 3.5 the solid curve is the probability distribution for D = 5 at t = 2γ−1;

this distribution was obtained using the above method. The upper and lower bounds

described in the text above are quite apparent in distribution; they correspond to

the two sharp features at Lℓ = −0.301 and Lℓ = −2.87. It is also apparent that

⟨Lℓ⟩ is a more faithful central tendency measure than ⟨L⟩ as the line corresponding

to ⟨Lℓ⟩ is closer to the bulk of the distribution.

3.2 Register of qbits - impurity analysis

Now I will analyse the continuous measurement of a register of n qbits in terms of

the impurity. I will not analyse the continuous measurement of a register to the same

level or rigour as was done for the qdit in Sec. 3.1, but rather rely upon the intuition

gained from that analysis. In the register each of the n qbits are independently

and continuously measured. Instead of one observable X, now there are n, given by

X(r) = I(1)⊗I(2)⊗ . . . σ(r)
z . . .⊗I(n), where r labels the rth qbit. The SME describing

such a measurement is

dρ =
n∑

r=1

2κ dtD
[
X(r)

]
ρ+

√
2κ dW (r)H

[
X(r)

]
ρ. (3.17)

The combined state of the n qbits exists in a D = 2n -dimensional Hilbert space.

For simplicity, consider first a two qbit register with uncorrelated qbits. The

state of the system is ρReg = ρ1 ⊗ ρ2. The impurity for such a state is

L(2) = 1 − Tr
[
(ρ1 ⊗ ρ2)

2
]

= 1 − Tr
[
ρ2

1

]
Tr
[
ρ2

2

]
, (3.18)

where the superscript (2) on L signifies the number of qbits in the register. For

very pure states it is natural to parameterize the eigenvalues of the rth qbit, ρr, as

{λr
0 = 1−∆r, λ

r
1 = ∆r} where the convention that ∆r ≪ 1 still holds. To first order

in ∆ the impurity is

L(2) = 1 − (1 − 2∆1)(1 − 2∆2) ∼ 2(∆2 + ∆1). (3.19)

As the qbits are uncorrelated it reasonable that ∆1 and ∆2 will be of the same
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order so that L ≈ 2∆. Using similar reasoning (qbits are initially uncorrelated, and

are independently monitored), for n qbits (at long-times) one finds that

⟨L(n)⟩LT ∼ n⟨L(1)⟩LT. (3.20)

I can verify this using the analytic expression for qbit impurity, Eq. (2.77). Recalling

that the purity may be written as P = 1 − L, so that ⟨P (n)⟩ = ⟨P (1)⟩n,

⟨L(n)(t)⟩ = 1 −

(
1 − e−4κt

√
8πt

∫ ∞

−∞

e−R2/(2t)dR

cosh(
√

8κR)

)n

. (3.21)

Using the long-time expression for a qbit, Eq. (2.78), I obtain a long-time analytical

expression for L in the absence of feedback for a register of n qbits

⟨L(n)(t)⟩LT ∼ 1 −
(

1 − nπe−4κt

√
64πγt

)
=
nπe−4κt

8
√
πκt

. (3.22)

To compare this expression to the qbit expression, Eq. (2.78), n is set to 1 and

κ = 1
4
γ.

3.3 Qdits - log–infidelity analysis

In the Sec. 3.1 I have shown that it is possible to derive an expression for the average

L of a qdit undergoing a continuous measurement. In this section I investigate a

different definition of mixedness, which has been called the log-infidelity (I will define

this in the subsequent section). As discussed in the Sec. 3.1, Wiseman and Ralph

pointed out that ⟨L⟩ is not the best measure for mixedness as it does not characterize

the peak of the distribution of purities (see Fig. 3.5). Further, they suggested that

the average of any mixedness measure (call it F ) at some time t, ⟨F (t)⟩, is not

necessarily the only quantity of interest. One could consider the average time ⟨T ⟩
for F to reach a specified level of mixedness ϵ (I explored these ideas extensively in

chapter 2, so familiarity of those arguments is assumed in this section). The primary

reason for investigating the log–infidelity measure is that it reflects the peak of the

distribution of purities and consequently the mean time to a fixed purity.
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3.3.1 Motivation

Previous analyses of purification have considered both the impurity L ≡ 1 −
∑

j λ
2
j

[Jac03, CJ06] and the infidelity ∆ ≡ 1 − λ0 [WR06], where λ0 is defined to be the

largest eigenvalue of ρ. In the long-time limit these are proportional (L ∼ 2∆ ≪ 1).

In this section I will consider a mixedness measure called the log-infidelity: ln ∆ ≡
ln (1 − λ0).

From Fig. 3.5 it is clear that ⟨logL(t)⟩ ≪ log⟨L(t)⟩. At long-times the median of

the log [L(t)] distribution is very close to the average of the distribution (⟨logL(t)⟩).
This is because the distribution becomes less bimodal as the tail at L = 1

2
becomes

smaller. Thus for long-times Lℓ = ⟨logL⟩ is the impurity at which half of the

trajectories have purified to Lℓ = log ϵ. If half of the trajectories have purified to Lℓ

then this is also, by definition, the median time Tm = t to a fixed ϵ. The distribution

of the times of first passage is well behaved for t ≫ γ−1, in which case Tm ≈ ⟨T ⟩.
This motivates why the log-infidelity approximates the mean time to a fixed purity.

3.3.2 Analysis

The log-infidelity is a highly non-linear measure of mixedness when compared to

the impurity, for example. For the impurity I used linear trajectories to write an

expression for ⟨L(t)⟩, which can be evaluated for all t by numerical integration

over the record. Then I obtained an analytical expression ⟨L(t)⟩LT for t ≫ γ−1 by

analytically integrating an approximation to ⟨L(t)⟩ over certain regions of the scaled

record V .

Unfortunately, to calculate the log-infidelity for D > 2 the linear trajectories

expression for ln ∆ must be split into regions from the beginning of the analysis.

This motivates looking at a measure close to ln ∆, where it is not necessary to split

the integral into regions. My anastaz was to look at ⟨Tr [ln(1 − ρ)]⟩; this is sensible

as

⟨Tr [ln (1 − ρ(t))]⟩ =
⟨∑

i

ln (1 − λi(t))
⟩
. (3.23)

Taking λj(t) to be the largest eigenvalue of ρ(t) gives:

⟨Tr [ln (1 − ρ(t))]⟩ =
⟨

ln ∆ +
∑
i̸=j

ln (1 − λi(t))
⟩
. (3.24)

This can be simplified further by considering times t ≫ γ−1, for which λj ≈ 1 so
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that4

⟨Tr [ln (1 − ρ(t))]⟩ ≈
⟨

ln ∆(t) −
∑
i ̸=j

λi(t)
⟩

= ⟨ln ∆(t) − ∆(t)⟩ . (3.25)

As |∆| ≪ | ln ∆| for ∆ ≪ 1 one finds

⟨ln ∆(t)⟩ ∼ ⟨Tr [ln (1 − ρ(t))]⟩ . (3.26)

An exact expression for ⟨Tr [ln(1 − ρ)]⟩

Using the expressions for ρ̃(t) and P(R), Eq. (3.1) and Eq. (3.3) respectively, it is

simple to write down the expression for the log-infidelity. Assuming that the initial

state is maximally mixed, a particular eigenvalue λp may be written from the linear

trajectory as

λp(R) =
e−4γp2te2

√
2γpR∑j

s=−j e
−4γs2te2

√
2γsR

, (3.27)

where the time dependence of the eigenvalue has been absorbed into R as R ≡ R(t).

From this the log-infidelity is simply

⟨Tr [ln (1 − ρ(t))]⟩ =

∫ ∑
s

ln(1 − λs(R))P(R)dR. (3.28)

This integral can be evaluated numerically for any D and all t, although, as before,

it would be advisable to use the numerically robust expression

⟨Tr [ln (1 − ρ(t))]⟩ =

∫ ∑
s

ln
(
(N − λ̃s)/N

)
P(R)dR, (3.29)

where λs(R) = λ̃s/N .

An approximate expression for ⟨Tr [ln(1 − ρ)]⟩ at long-times

Now I will make the same approximation that led to Eq. (3.25); that is, for some

particular eigenvalue p I will assume that λp ≈ 1. This amounts to a three eigenvalue

approximation; i.e. I will truncate ρ to the three largest eigenvalues and then renor-

malize. The motivation for the truncation stems from the following observations. In

4As ln(1 + x) ≈ x − x2

2 for −1 ≤ x ≤ 1 and ∆ =
∑

i ̸=j λi by definition.
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the long-time limit (t ≫ γ−1) the true probability distribution, P(V ) = NP (V )5,

is sharply peaked in D places; see Fig. 3.6. Also in this limit one finds that the

state is concentrated into at most three eigenvalues. This becomes apparent when

one examines the expression for the largest eigenvalue of ρ which I label p. It is

ρp = e−4γp2te16γtpV /N . Multiplying the numerator and denominator of this expres-

sion by the ostensible distribution P (V ) in the long-time limit, V ≈ p. This implies

N ≈ e−4γt(V −(p+1))2 + e−4γt(V −p)2 + e−4γt(V −(p−1))2 = e−4γt + e0 + e−4γt. The next

terms will be e−16γt. These terms are ignored as they are many orders of magnitude

smaller than the terms e−4γt at long–times. This analysis matches physical intuition;

in the long-time limit the majority of the probability will be concentrated into one

eigenvalue. This means that an observer would be very confident that the physical

system is actually in that eigenstate. The remaining probability should then be

clustered around that eigenvalue as it would also reflect the fact that if the system

is not actually in that state, it will be in one very close to it. It would be most

unphysical if the system were actually in the eigenstate maximally distant from

the eigenstate which corresponds to the largest eigenvalue. It is now qualitatively

clear that continuous measurements will tend to clump the probabilities about the

system’s most likely state.

Following the procedure outlined above I scale the eigenvalue of interest by the

ostensible distribution

λp(R) =
e−R2/2te−4γp2te2

√
2γpR∑j

s=−j e
−R2/2te−4γp2te2

√
2γpR

=
e−(R−2

√
2γpt)2/2t∑j

s=−j e
−(R−2

√
2γpt)2/2t

. (3.30)

If R ≈ 2
√

2γpt then only the eigenvalues either side of p need to be considered (if

|p| = j then only one other eigenvalue needs to be considered):

λp(R) =
e−(R−2

√
2γpt)2/2t

e−(R−2
√

2γ(p+1)t)2/2t + e−(P−2
√

2γpt)2/2t + e−(R−2
√

2γ(p−1)t)2/2t
. (3.31)

Dividing through by numerator, gives

λp(R) =
1

1 + e(R−2
√

2γpt)2/2t
(
e−(R−2

√
2γ(p+1)t)2/2t + e−(R−2

√
2γ(p−1)t)2/2t

) . (3.32)

Because I have already assumed that R ≈ 2
√

2γpt it is reasonable to make the

5I have temporarily switched back to the scaled variable so that Fig. 3.6 has the same abscissa
as the other similar plots in this chapter.
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Figure 3.6: The dashed green curve is the probability distribution P(V ), Eq. (3.4);
the solid blue line is Tr [ln(1 − ρ)] divided by −30, Eq. (3.7); shown for D = 5 at
t = 4γ−1. The red line is Tr [ln(1 − ρ)]NP (V )dV divided by −10 (so that it can be
viewed on the same scale).

approximations e(R−2
√

2γpt)2/2t ≈ 1 and e−(R−2
√

2γ(p±1)t)2/2t ≈ e−4γt, which simplifies

Eq. (3.32) to

λp(R) =
1

1 +
(
e−4γt + e−4γt

) =
1

1 + fe−4γt
, (3.33)

where f is defined to be 1 if |p| = j, otherwise it is defined to be 2. Now that I

have obtained an expression for a particular eigenvalue when λp ≈ 1, I will proceed

to work out the log-infidelity in this regime. For the eigenvalue of interest

ln ∆ = ln (1 − λp(R)) = ln

{
fe−4γt

1 + fe−4γt

}
≈ ln

(
fe−4γt

)
= −4γt+ ln f. (3.34)

From Fig. 3.6 it is apparent that there will be (D − 2) peaks that have f = 2 and

only two eigenstates that have |p| = j (and consequently f = 1); thus we have

⟨ln (∆(t))⟩ = ⟨Tr [ln (1 − ρ(t))]⟩ = −4γt+ (D − 2)(ln 2)/D. (3.35)

From this relation and the argument given in chapter 2 (and in sections (3.1.3) and
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(3.3.1) of this chapter) I expect that the mean time to attain ∆ = ϵ, for ln(ϵ−1) ≫ 1

is

⟨T ⟩nfb = (1/4γ) ln(ϵ−1). (3.36)

3.4 Register of qbits - log–infidelity analysis

In this section I generalize the above analysis to a register of n qbits, where each qbit

is independently and continuously measured (the same scenario was considered in

Sec. 3.2). As before the n observables are given by Zr = I(1)⊗I(2)⊗ . . . σ(r)
z . . .⊗I(n),

where r labels the rth qubit. The SME describing such a measurement is 6

dρ =
n∑

r=1

{
2κ dtD [Zr] ρ+

√
2κ dWrH [Zr] ρ

}
. (3.37)

The linear trajectories expression for the normalization factor of this state is

N = Tr [ρ̃] =
e−4κnt

2n

2n−1∑
q=0

e2
√

2κW̆ q

. (3.38)

Here the W̆ q are linear combinations of the n “bare” records Wq (where Wq(t) =∫ t

0
dWq).

The records W̆ i hide a lot of the complexity of this expression. The linear

combinations are all the 2n possible combinations of adding and subtracting the n

bare records. The index q is actually an n digit binary string which describes how

the records W̆ q are constructed from the bare records. A ‘0’ in the qth position

corresponds to a plus coefficient in front of the (q + 1)th bare record (recall that

q ∈ [0, 2n−1]). Obviously a ‘1’ in the qth position corresponds to a minus coefficient

in front of the (q+1)th bare record. For example, in a two qbit register the four W̆ q’s

would be W̆ 00 = W1+W2, W̆
01 = W1−W2, W̆

10 = −W1+W2, and W̆ 11 = −W1−W2.

Using a similar technique to that described in the preceding section I will derive

an expression for the log-infidelity. The main difference between that analysis and

the present one is due to the difference in the structure of the Hilbert space. When

compared to the spin j case, examined in Sec. 3.1 and Sec. 3.3, there is more symme-

try in the Hilbert space of a register of qbits. In the qdit case I had to consider two or

6To compare with the previous results, set κ = 4γ.
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three eigenvalues in the long-time limit: the largest eigenvalue and the eigenvalue(s)

either side of it. In a register of qbits, however, there are always n probabilities that

are one Hamming unit away from |0̄⟩ (from |000 . . . 1⟩ to |100 . . . 0⟩). Without loss

of generality one can assume the largest eigenvalue of ρ (λ0̄) to be placed such that

it corresponds to |0̄⟩ ≡ |00 . . . 0⟩. The expression for the largest eigenvalue is

λ0̄ = exp
(
2
√

2κ(W1 +W2 . . .+Wr . . .+Wn)
)
/

{
2n−1∑
q=0

exp (2
√

2κW̆ q)

}
, (3.39)

where λ0̄ does not have the records as an argument for notational compactness.

Appealing to the analysis in Sec. 3.1 it is reasonable to assume that the eigenvalues

that are close (one hamming unit away) to λ0̄ contain most of the probability. It

is for this reason I truncate the normalization to a total of (n + 1). With this

approximation and in the long-time limit the largest eigenvalue is

λ0̄ =
e2

√
2κ(W1+W2...Wr...Wn)

e2
√

2κ(W1+W2...Wr...Wn) +
∑n

r=1 e
2
√

2κ((W1+W2...Wr...Wn)−2Wr)
. (3.40)

Following the same procedure as outlined in the qdit section, I divide the numerator

and denominator by the numerator

λ0̄ =
1

1 +
∑n

r=1 e
−2

√
2κW̆ 0̄e2

√
2κ(W̆ 0̄−2Wr)

=
1

1 +
∑n

r=1 e
−4

√
2κWr

(3.41)

where W̆ 0̄ ≡ (W1 + W2 . . . + Wr . . . + Wn). When t ≫ κ−1 the bare records will

satisfy W1 ≈ W2 ≈ . . .Wn ≈ 2
√

2κt so that

λ0̄ ≈
1

1 + ne−4
√

2κ(2
√

2κt)
. (3.42)

Now that the expression for the largest eigenvalue is suitably simple, I can work out

ln (1 − λ0̄):

ln (1 − λ0̄) ≈ ln
(
ne−16κt

)
= −16κt+ lnn. (3.43)

The long-time expression for ⟨ln ∆⟩ in the absence of feedback is ⟨ln(∆)⟩nfb ∼ −16κt.

From this relation I expect that the mean time to attain ∆ = ϵ is, for ln(ϵ−1) ≫ 1,

⟨T ⟩nfb = (1/16κ) ln(ϵ−1). (3.44)
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3.5 Summary

In this chapter I have derived expressions for ⟨L⟩ of a qdit that is being continuously

monitored. For the qdit the analysis was quite detailed. I rigorously derived a long-

time limit expression for the average impurity. Furthermore, I was able to derive

bounds on the spread of the L trajectories that had only been heuristically derived

before. A similar but less rigorous analysis was performed on a register of qbits.

The second major theme in this chapter was deriving expressions for the mean

time to a fixed impurity for a qdit that is being continuously monitored. This was

done by first considering an expression for the log-infidelity and arguing that this

was a good approximation to the mean time. A similar analysis was performed on

a register of qbits as well.

Table 3.1: A summary of the time at which the average purity reaches a fixed purity
(the first column) and the mean time of first passage (the second column).

Table (3.1) contains a summary of the results from this chapter that are used

elsewhere in this thesis. For the remainder of this thesis the reader will not need to

recall many of the other details presented in this chapter.





Chapter 4

Rapid Purification using an Unbiased

Basis

In this Chapter I examine the generalization of the qbit rapid purification algorithm

to D-dimensional systems (qdits), which was first proposed in [CJ06]. I will derive

an expression for the change in impurity dL, with the assumption that it is possible

to make the state ρ and the measurement basis unbiased with respect to each other.

I do not, at any point in this chapter, require the existence of complete sets of

mutually unbiased bases (MUBs). The other major assumption in this chapter is

that the monitored observable is taken to be traceless.

In Sec. 4.1 I explore how measuring in a feedback controlled unbiased basis affects

the speed-up in purification. In Sec. 4.2 –4.3 I derive upper and lower bounds on the

speed-up when measuring in any unbiased basis. Then I consider an example of an

unbiased basis; the one given by the quantum Fourier transform (QFT) in Sec. 4.4.

The speed-up for the QFT protocol lies within the derived bounds. In Sec. 4.5 I give

a qualitative explanation of how the speed-up works. Finally, in Sec. 4.6, I calculate

bounds on the speed-up in purification for measurement in a feedback controlled

unbiased basis in a register of qbits.

4.1 Feedback using an unbiased basis

A higher dimensional unbiased-basis algorithm can be described in the following

way. Starting with an initially mixed system ρ, I perform a weak measurement of

an observable X. The measurement purifies the state by a small amount, dL. In

addition to this the measurement slightly collapses, or infinitesimally “rotates”, the

system towards the measurement basis. The result of the measurement is then fed

into a Hamiltonian controller, which applies a rotation to keep the basis in which

97
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ρ is diagonal unbiased with respect to the measurement basis. When a continuum

limit is taken, this procedure results in a feedback algorithm which is anticipated to

increase the rate of purification during the continuous measurement, when compared

to a continuous measurement without feedback.

From Eq. (2.43) in chaper 2 the change in impurity after a measurement of

infinitesimal duration is

dL = −8γdt{Tr [ρXρX] − 2Tr [Xρ] Tr
[
Xρ2

]
+ Tr [ρX]2 Tr

[
ρ2
]
}

−4
√

2γdW{Tr
[
Xρ2

]
− Tr [ρX] Tr

[
ρ2
]
}. (4.1)

Next I will calculate dL with feedback included. In the Heisenberg picture, with

respect to the control unitary, feedback corresponds to conditionally changing the

observable X. The feedback transformation T , that I will study in this chapter,

makes the state and measurement eigenbasis unbiased with respect to each other.

Formally, let {|x⟩} be the basis for X̌ = TXT † and {|i⟩} be the basis for ρ (the

logical basis). For X̌ to be unbiased with respect to ρ means that |⟨x|i⟩| = 1/
√
D,

for all x and i. As a consequence Tr
[
X̌ρ
]

= 0 and Tr
[
X̌ρ2

]
= 0 as, in the |i⟩ basis,

X̌ii = 0 ∀i, for traceless X (see Appendix B.1 for the proof). Replacing all the X’s

in Eq. (4.1) with X̌ I thus find, as in Ref. [CJ06],

dL = −8γTr
[
X̌ρX̌ρ

]
dt. (4.2)

It should be stressed that an ensemble average has not been taken in Eq. (4.2);

under the UBB feedback the stochastic terms in Eq. (4.1) vanish, so that L(t)

evolves smoothly. Note, however, that unlike the qbit case, this does not mean that

L(t) evolves deterministically, because ρ in Eq. (4.2) still evolves stochastically in

general. Another way of expressing the result of Ref. [CJ06], Eq. (4.2) here, in terms

of the matrix elements of X̌ and ρ’s eigenbasis, is

dL = −8γdt
∑
r,c

|X̌r,c|2λrλc. (4.3)

This expansion will become useful in later sections (this result is expressed in terms

of ∆ =
∑

r>0 λr where λ0 is the largest eigenvalue, in Eq. 3 of Ref. [JL07], but it is

the same result as that found in [CJ06] and here). In general the term Tr
[
X̌ρX̌ρ

]
will not simplify futher. In the following sections I will try to simplify this term by:

1. changing the measured observable (Sec. 4.2); and 2. bounding dL through best
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and worst case scenarios (Sec. 4.3).

4.2 All-permutations algorithm

In this section I rederive the all-permutations results of Ref. [CJ06] in order to

provide the details of the calculation and clarify the result.

In the qbit case [Eq. (2.84)], Eq. (4.3) resulted in a term proportional to L =∑
r ̸=c,c λrλc. In Eq. (4.3) I find a similar expression but it includes non-uniform

weights |X̌r,c|. Even if the |X̌r,c| coefficients are specified, the calculation is ana-

lytically intractable as the non-uniform weights mean the expression for dL is not

proportional to L. To solve this problem I follow Ref. [CJ06] in deriving a lower

bound for |dL|, which is an upper bound for dL. The majority of this section (and

Appendix B.2) is focused on the determination of the resultant speed-up. I will also

comment on the alternative interpretation of this result.

To proceed in the derivation of a lower bound for |dL| I modify the UBB feedback.

In Eq. (4.3) the uneven weights (|X̌r,c|2) multiplying the eigenvalues prevent one

from solving the evolution analytically. The obvious solution is to make the weights

even. This can be achieved by averaging over permutations of X̌’s basis. The D!

operators which permute the observable X̌ may be labeled as Pm, allowing us to

write the impurity as

dLLB = −8γ

D!

D!∑
m=1

Tr
[
PmX̌P

†
mρPmX̌P

†
mρ
]
dt. (4.4)

The subscript LB indicates that this is a lower bound on |dL|, i.e. the absolute value

of Eq. (4.2). It is a lower bound because Eq. (4.4) is an average of D! measurements

of strength (γ/D!). A general property of an average µR = (
∑D!

i=1Ri)/D! is that

there exists an Ri such that Ri ≥ µR. That is to say, in any time interval dt it is

possible to find some transformation Pm that permutes the eigenbasis of X̌ such that

measuring PmX̌P
†
m will ensure that the derivative of the impurity is greater than or

equal to Eq. (4.4). In deriving this bound on dL I have assumed only that T makes

X̌’s basis unbiased with respect to ρ’s; thus this result holds for all unbiased-basis

feedback. In Appendix B.2 I simplify Eq. (4.4) until it is in the following form:

dLLB = −8γdt
(D − 2)!

D!
Tr
[
X2
]
(1 − Tr

[
ρ2
]
). (4.5)
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(The proof in Appendix B.2 is detailed and different to the proof in Ref. [CJ06]).

Equation (4.5) is a remarkable result as the initial equation was a stochastic and

the final equation is a deterministic equation for the evolution of the impurity when

feedback is present:

L(t)UB = e−8γTr[X2]t/D(D−1)L(0). (4.6)

The subscript UB, indicating an upper bound on L(t), is not a mistake. The lower

bound on |dL| when integrated becomes an upper bound on L(t). For the case when

X = Jz, Tr [X2] = Tr [J2
z ] = D(D2 − 1)/12, Eqs.’s (4.5) and (4.6) become

dLLB = −2
3
γt(D + 1)L, (4.7)

L(t)UB = e−
2
3

γt(D+1)L(0). (4.8)

Equation 4.8 is an upper bound for L under the all-permutations of an UBB feedback

protocol.

In Sec. 3.1 I derived an approximate expression for the impurity of a measurement

without feedback, Eq. (3.13), which in the limit t ≫ γ−1 asymptotes towards the

true impurity. Using expression it is possible to derive a lower bound on the speed-up

factor, S, provided by the feedback algorithm by equating Eq. (3.13) and Eq. (4.8).

Specifically, S is the ratio between the time taken to achieve a given target value

of the impurity under the unaided measurement, tnfb, and that required when using

the algorithm, tfb. The result is

tfb
tnfb

=
1

S
≤ 1

2
3
(D + 1)

−
ln
(

2π(D−1)2

D2
√

16πγtnfb

)
2
3
γ(D + 1)tnfb

. (4.9)

Taking the limit where γtnfb ≫ 1 and then inverting, gives

SLB =
2

3
(D + 1), (4.10)

as in Ref. [CJ06].

To end I comment on another way of interpreting the sum over permutations

in Eq. (4.4). One could literally measure each of the permutations sequentially

in the interval dt. Although this is experimentally difficult, it would constitute a

feedback algorithm with a deterministically decaying impurity. Alternatively one

could randomly choose one permutation in any given interval; a similar idea will be

thoroughly explored in chapter 7. In all cases the asymptotic speed-up would be
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S = 2(D + 1)/3.

4.3 Upper and lower bounds for rapid-purification

in any unbiased-basis

So far I have primarily reexamined the work of Ref. [CJ06]. In this section I rederive

the lower bound for purification, that is Eq. (4.10), using a new method (but not

independent of the previous method). Further, I use a similar method to derive

an upper bound which has not been previously derived. The results in this section

apply to any basis that is unbiased with respect to the logical basis.

In Section 4.2 averaging over permutations of X̌’s basis played a significant role

in determining a lower bound for ⟨dL⟩. Averaging over permutations is essentially

making the quantity invariant to permutations. In light of this, and by analogy with

the method in Ref. [CWJ08], I introduce a permutation-invariant (with respect to

⟨dL⟩) state:

ρF = diag
(
1 − ∆, ∆

D−1
, ∆

D−1
, . . . , ∆

D−1

)
. (4.11)

I will call this the flat distribution, as it has one large eigenvalue and the remaining

eigenvalues are flat or equal in magnitude. For a D-dimensional state ρactual with

impurity L = 1−Tr [ρ2
actual] one can solve the equation L = 1−{(1−∆)2+∆2/(D−1)}

for ∆ so that L = 1−Tr [ρ2
actual] = 1−Tr [ρ2

F]. Intuitively, and also by analogy with

the method in Ref. [CWJ08], the state which is most sensitive to permutation for a

fixed L = 1 − {(1 − ∆′)2 + ∆′2} is

ρ2 = diag(1 − ∆′,∆′, 0, . . . , 0). (4.12)

This I term the two eigenvalue distribution. It is not to be confused with the two

eigenvalue approximation from chapter 3, where I truncated the state matrix (to the

two largest eigenvalues) and renormalized, thus increasing the purity; here I have a

fixed (im)purity. To summarize, I introduced two distributions such that

1 − Tr
[
ρ2

F

]
= 1 − Tr

[
ρ2

actual

]
= 1 − Tr

[
ρ2

2

]
. (4.13)

Now the task at hand is to show that these maximally and minimally permutation-

sensitive distributions will provide us with upper and lower bounds on the change

in impurity at each point in time for any unbiased-basis. That is to say, under our
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feedback strategy I will expect to find that

|dL(ρF )| ≤ |dL(ρactual)| ≤ |dL(ρ2)|, (4.14)

where all three cases have had the optimal permutation applied, to maximize dL,

before the unbiased-basis feedback, even though this is not necessary for ρF .

4.3.1 Lower bound via ρF

In Sec. 4.2 I showed that the lower bound on the change in impurity is dLLB =

−2
3
γt(D + 1)L; that is, |dLLB| ≤ |dL(ρactual)|. I now show that dLLB = dL(ρF ).

First, however, it is worth noting that the impurity, L =
∑

r ̸=c,c λrλc , for ρF can be

expressed as

L = 2λ0

∑
r ̸=0

λr +
∑

r ̸=0,c ̸=r

λrλc = 2λ0

∑
r ̸=0

∆

D − 1
+
∑

r ̸=0,c ̸=r

∆2

(D − 1)2

= 2(D − 1)(1 − ∆)
∆

D − 1
+ (D − 1)(D − 2)

∆2

(D − 1)2
. (4.15)

Equation (4.15) will enable me to factor out the impurity in the following working.

I begin by substituting ρF into Eq. (4.3) to calculate dL(ρF ) (or dLF in shorthand

notation). Next I write dLF in the form of Eq. (4.15):

dLF = −8γdt

(
2(1 − ∆)

∆

(D − 1)

∑
r ̸=p

|X̌rp|2 +
∆2

(D − 1)2

∑
r ̸=p,c ̸=p

|X̌rc|2
)
, (4.16)

where λ0 = 1 − ∆ is associated with some particular eigenstate |p⟩. It is easy to

see that dL(ρF ), Eq. (4.16), is in variant under the transformation dL(P †
mρFPm) for

all the D! permutations Pm labeled by m. This is not true for ρ2, however. The

permutation invariance of dLF implies that dL(ρF ) = (1/D!)
∑D!

m=1 dL(P †
mρFPm) =

dLtot = dLLB. Nevertheless we pursue the simplification of Eq. (4.16) by noting that

for any unbiased-basis ∑
r ̸=p

|X̌rp|2 = (D + 1)(D − 1)/12, (4.17)
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as shown in Appendix B.3. From this it follows that

∑
r ̸=p,c ̸=p

|X̌r,c|2 =
D + 1

12
(D − 1)(D − 2). (4.18)

Thus it is possible to write Eq. (4.16) so that it has the same form as Eq. (4.15):

dLF = −8γdt
(D + 1)

12

(
2(D − 1)(1 − ∆)∆ + (D − 1)(D − 2)

∆2

(D − 1)2

)
. (4.19)

Now it is possible to express dLF so that it only depends on the impurity at time t

as

dLF = −2
3
(D + 1)γdtL(t). (4.20)

Thus for any permuted version of ρF and any initial impurity L(t) I have shown

that dLLB = dLF . As expected the lower bound on the asymptotic speedup is

SF =
2

3
(D + 1), (4.21)

which corresponds precisely to the speed-up of the all-permutations algorithm. This

is not surprising because the flat distribution is invariant under permutation of the

eigenvalues.

It should be noted that technically I have not independently rederived the lower

bound in Eq. (4.7); rather I have shown that for all unbiased bases, all possible

permutations Pm of ρF ’s basis, and all impurities, dLLB = dLF . In practice it is

more convenient to use ρF to obtain the lower bound on the speed-up than the

method in Appendix B.

4.3.2 Upper bound via ρ2

Now my task is to show that |dL(ρactual)| ≤ |dL(ρ2)|. Substituting ρ2 into Eq. (4.3)

gives an expression that has two terms: dL2 = −8γdt[(1 − ∆′)∆′|X̌r,c|2 + ∆(1 −
∆′)∆′|X̌c,r|2]. This of course simplifies to dL2 = −8γdt[2(1 − ∆′)∆′|X̌r,c|2]. This

expression is sensitive to the arrangement of the eigenvalues of ρ2. I will denote

the optimal permutation as the one which maximizes the matrix element |X̌r,c|2 as

maxmn |X̌mn|2.
Using this notation and by definition, for a fixed L, dL(ρ2) = −8γdt[2(1 −
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∆′)∆′ maxmn |X̌mn|2] = −8γdtmaxmn |X̌mn|2
∑

r ̸=c,c ̸=r λrλc. The inequality of inter-

est |dL(ρactual)| ≤ |dL(ρ2)| becomes∑
r,c

λrλc|X̌rc|2 ≤ 2(1 − ∆′)∆′ max
mn

|X̌mn|2, (4.22)

where the λi’s are the eigenvalues from ρactual and (1−∆′,∆′) are the eigenvalues from

ρ2. The inequality can be rewritten as
∑

r,c λrλc(maxmn |X̌mn|2 − |X̌rc|2) ≥ 0. Since

(maxmn |X̌mn|2−|X̌rc|2) ≥ 0 for all r and c, I have shown that |dL(ρactual)| ≤ |dL(ρ2)|.
All that remains is to bound the maxmn |X̌mn|2 in any unbiased-basis.

Much of this thesis is concerned with measurements of the collective spin ob-

servable Jz, for concreteness I use as the observable in the following calculation.

Although the results for any observable with an equispaced spectrum. A gen-

eral unitary that transforms the basis |k⟩ to an unbiased-basis is given by U |n⟩ =∑j
−j

1√
D

exp (iϕ
(n)
k )|k⟩. It is possible to rewrite |X̌mn|2 as |X̌mn|2 = |⟨m|U †JzU |n⟩|2

so that

max
mn

|X̌mn|2 ≤ max
{ϕ(n)

k },{θ(m)
k }

1

D2

∣∣∣∣∣
j∑

k=−j

ei(ϕ
(n)
k −θ

(m)
k )k

∣∣∣∣∣
2

≤ 1

D2

∣∣∣∣∣
j∑

k=−j

k

∣∣∣∣∣
2

. (4.23)

For even D, Eq. (4.23) evaluates to D2/16; for odd D it evaluates to D2/16 −
1/8 + 1/(16D2). For large D (say D > 5), D2/16 is a good approximation for

all D. To find the lower bound on the decrease in impurity it is important to

remember that two matrix elements contribute to the sum: maxm,n |X̌mn|2λmλn and

maxm,n |X̌nm|2λnλm. For large D the impurity under the two eigenvalue distribution

is then

dL2 = −8γdt
D2

16
2λ0λ1 = −γdtD

2

2
L2(t). (4.24)

Thus speed-up upper bound for any unbiased-basis feedback is

S2 =
D2

2
, (4.25)

for D ≫ 1 and t≫ γ−1.
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4.4 Unbiased basis feedback using the quantum

Fourier transform

In this section I examine systems of dimension three and four to understand how an

unbiased-basis algorithm works with a single permutations (Section 4.4.1). I choose

a particular unbiased basis, the one generated by the quantum Fourier transform

(QFT) of the logical basis, for concreteness. For D = 3 the decrease in impurity is

simple to calculate, but this is not so for the D = 4 case. This motivates the use of

the method from Section 4.3 to calculate upper and lower bounds for the impurity,

and hence the speed-up, afforded by the QFT feedback protocol (Sec. 4.4.2).

I will skip the analysis of D = 2 for the following reason. The transformation

unitary that Jacobs originally used is

TJac = exp
(
iπ

2
Jy

)
= 1√

2

(
1 1

−1 1

)
(4.26)

while the QTF is

TQFT = 1√
2

(
1 1

1 −1

)
(4.27)

The affect on dL is identical as X̌ = TJacJzT
†
Jac = TQFTJzT

†
QFT = Jx.

4.4.1 D = 3 and D = 4

There are many unbiased bases, so to make our analysis concrete I must choose

one. It has been noted elsewhere [JL07] that for D > 3 not all unbiased bases are

equally good at reducing the impurity. Nevertheless I choose a particular unbiased-

basis, the quantum Fourier transform (QFT) basis. The feedback then consists of:

calculationally diagonalizing the state matrix; calculationally ordering (permuting)

those eigenvalues to maximize |⟨dL⟩| after step three; and applying the appropriate

permutation and the QFT unitary to the state. The QFT can be represented by



106 CHAPTER 4. RAPID PURIFICATION USING AN UNBIASED BASIS

the matrix

T =
1√
D



1 1 1 . . . 1

1 q q2 . . . q1(D−1)

1 q2 q4 . . . q2(D−1)

...
...

...
. . .

1 q(D−1) q2(D−1) q(D−1)2


, (4.28)

where q = exp (2πi/D). The matrix elements of T are

Trc =
1√
D

exp

(
2πi

D
(r × c)

)
, (4.29)

where r, c ∈ [0, . . . , D − 1]. For a system of dimension D = 3, the transformed

measurement is

X̌ = TJzT
† =

1

3

 0 1 − q 1 − q∗

1 − q∗ 0 1 − q

1 − q 1 − q∗ 0

 , (4.30)

where q = exp(2πi/3). Now this new X̌ makes explicit the action of the feedback,

taking the state to be ρ = diag(λ0, λ1, λ2), where λr > λc when r < c. Solving the

equation for dL, using the fact that L =
∑

r ̸=c,c ̸=r λrλc, I find

dL = −8γdt
∑
r,c

|X̌r,c|2λrλc

= −8γdt

(
2

3
(λ0λ1 + λ0λ2 + λ1λ2)

)
(4.31)

= −8γdt
1

3
L(t). (4.32)

Without summing over permutations I have obtained an expression for the

change in impurity as a function of the impurity. The above expression can be

easily integrated to give

L(t) = e−
8
3
γtL(0), (4.33)

which is exactly the same as the all-permutations result 4.8. In Fig 4.1 the weights

|X̌r,c|2 between the λrλc’s are plotted. The weights in this case are all equal, so it



4.4. UBB FEEDBACK USING THE QUANTUM FOURIER TRANSFORM 107

Figure 4.1: The only possible permutation for D = 3. The solid lines between the
eigenvalues represent the weighting of the multiplying factors in Eq. 4.31. That is,
2
3

= |X̌r,c|2.

is obvious that permuting the eigenvalues will not change the decrease of impurity.

This explains why I did not have to find an optimal permutation.

Now I compare the above calculation to numerics. The average impurity for the

feedback protocol and continuous measurement (without feedback) are calculated

by stochastic simulations and Eq. (3.8) respectively. Figure 4.2 shows that the

stochastic simulations of the feedback protocol give a deterministically decreasing

⟨L⟩ as predicted by Eq. (4.33). I numerically investigated the effect of varying the

frequency, 1/δt, of the applied feedback in Fig. 4.3. The stochastic fluctuations in the

simulations are an artefact of the finite size of δt in the simulations. This effect can

also be found in simulations of the qbit feedback protocol1 presented in Sec. 2.5.2.

As δt→ 0 the numerically calculated average impurity for UBB feedback approaches

Eq. (4.33). For δt ≪ 10−3γ−1 numerical simulations are indistinguishable from the

analytically calculated (then interpolated) speed-up, the solid line in Fig. 4.3.

I now consider UBB feedback using the QFT for the case when D = 4. The

increment for the impurity is

dL = −8γdt
∑
r,c

|X̌r,c|2λrλc

= −8γdt
(
λ0λ1 + 1

2
λ0λ2 + 1

2
λ1λ3 + λ0λ3 + λ2λ3 + λ1λ2

)
. (4.34)

Unfortunately, it is not possible to factor out an expression for the impurity on

the RHS of the above equation. It is obvious from Eq. (4.34) that permuting the

eigenvalues will affect |dL|. Our task is to maximize the decrease in dL. From

Eq. (4.34) it is possible to intuit the form of the best and worst permutations which

are depicted in Fig. 4.4. An optimal permutation is ρopt = diag(λ0, λ1, λ3, λ2).

This permutation is not uniquely optimal; the permutation diag(λ1, λ0, λ2, λ3) is

1Combes and Jacobs August 2008, unpublished.
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Figure 4.2: Trajectory simulations of the impurity for a D = 3 system subject to
UBB feedback every δt = 10−3 γ−1. The ensemble size is 100. The dashed line
is ⟨L⟩ for a continuous measurement (D = 3) i.e. Eq. (3.8). The solid line is the
numerically calculated ensemble average of ⟨L⟩ for UBB feedback; it is plotted in
green; error bars are plotted at times (0.5, 1, 1.5, 2) × γ−1. The analytic expression
for the average impurity, Eq. (4.33), is indistinguishable from the results of the
simulation.

Figure 4.3: Short time numerically calculated speed-up for D = 3. The dashed
line is the analytically calculated asymptotic speed-up S = 8/3 = 2.6̇. The solid
purple line is the ideal speed-up; calculated numerically from equations Eq. (3.8)
and Eq. (4.33). The circles and triangles are numerical calculations of the speed-
up with finite δt = 10−2γ−1 and 10−2γ−1 respectively; the ensemble size is 100.
As δt → 0 the numerically calculated speed-up approaches the solid line and the
error-bars vanish.

also optimal, where λr > λc for all r < c. One of the worst permutations is ρworst =

diag(λ0, λ3, λ1, λ2). Unfortunately knowing the optimal permutation does not help
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Figure 4.4: (a) The weights |Xr,c|2 in Eq. (4.34) after diagonalization and descending
ordering. (b) The optimal permutation for D = 4. (c) The worst permutation for
D = 4. The solid line represents maximum weighting of multiplication in Eq. (4.34),
the dashed lines represent minimum weights corresponding to 1

2
.

us simplify the expression. Because I can not solve this case analytically, I may

invoke the procedure developed in Section 4.3 (and in Ref. [CWJ08]) to find the

bounds on |⟨dL⟩| (and hence S) for the QFT protocol for all D. These bounds

are calculated in Section 4.4.2; as they relate specifically to the QFT protocol the

bounds are tighter than those calculated in Section 4.3.

Figure 4.5 depicts the numerically calculated speed-up for D = 4. The speed-up

is larger than that of theD = 3 case2. Furthermore, for reasonably frequent feedback

the numerically calculated speed-up lies between the analytical bounds predicted by

Eq. (4.10). I also briefly compare the UBB feedback to the rapid measurement (RM)

algorithm of Ref. [CWJ08] in Fig. 4.6. The decrease in the ensemble average of the

impurity seems to be of the same order. However, the trajectories in the RM case

have a large variance. By comparison, even for a finite δt the L in UBB feedback is

very close to deterministic.

4.4.2 Bounds on the Fourier transform protocol for all D

Lower bound

From Eq. (4.21) it is clear that the lower bound on the speed-up in any UBB is

S = 2
3
(D+1). Nevertheless it is interesting to work this out explicitly for a particular

2In the simulations I used a linear trajectory type simulation so that positivity of the state is
ensured.
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Figure 4.5: Short time numerically calculated speed-up for D = 4. The dashed
lines are the analytically calculated bounds on the speed-up Eq. (4.10). The circles,
squares and triangles are numerical calculations of the speed-up with finite δt =
10−3γ−1, 10−2γ−1, 10−1γ−1 respectively. To keep the error bars roughly the same size
the ensemble size was varied. The ensemble sizes for circles, squares and triangles
are 100; 400; and 6, 400 respectively.

.

UBB. From Eq. (4.16) the lower bound was characterized by the expression

2(1 − ∆)
∆

(D − 1)

∑
r ̸=1

|X̌r1|2 +
∆2

(D − 1)2

∑
r ̸=c,c̸=r

|X̌rc|2.

This expression is further simplified by noting that for the QFT

∑
r ̸=1

|X̌r1|2 =
D−1∑
m=1

1

4 sin2 (πm/D)
= (D2 − 1)/12, (4.35)

using the identity
∑D−1

m=1 csc2(πm/D) = (D2 − 1)/3 [Wol08]. Also,

∑
r ̸=1,c ̸=r

|X̌r,c|2 =
D + 1

12
(D − 1)(D − 2), (4.36)

using the above identity and the fact that csc2(π(D − 1)/D) = csc2(π/D). Now it

is possible to write Eq. (4.16) for QFT feedback so that it has the same form as

Eq. (4.15):

dLF = −8γdt

(
2(1 − ∆)∆

(D + 1)

12
+

(D + 1)

12
(D − 1)(D − 2)

∆2

(D − 1)2

)
,
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Figure 4.6: A comparison between the UBB and rapid measurement feedback (of
Ref. [CWJ08] and chapter 5) for D = 4; δt = 10−4γ−1; and an ensemble of 20
trajectories for the UBB and RM simulations. The dashed lines are the analytically
calculated bounds on dL for UBB feedback [Eq. (4.37) and Eq. (4.39)]. The dot-
dashed line is the ensemble average for L with QFT feedback. The solid (dark
green) line is the ensemble average for the RM feedback. The light brown lines
are the trajectories for the RM feedback. The analytical bounds suggest that both
feedback strategies have the same order of speed-up. Inset figure: all of the UBB
trajectories (grey lines) lie within the predicted bounds. The trajectories are very
nearly deterministic.

which is equal to Eq. (4.19). This allows one to give an upper bound on the decrease

in impurity:

dLF = −2

3
(D + 1)γdtL(t), (4.37)

which implies that the lower bound on the asymptotic speed-up is

SF =
2

3
(D + 1),

as found in Sec. 4.3.1 for a general UBB. This is not surprising because the flat

distribution is invariant under permutation of the eigenvalues.

Upper bound

Finding the upper bound on the speed-up for the QFT protocol uses the method

from Section 4.3.2, that is ρ2. The notable exception is that here it is possible to
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calculate exactly the form of the matrix elements:

|X̌r,c|2 =
1

2
(
1 − cos 2π

D
(r − c)

) . (4.38)

This means we can explicitly optimise over permutations of the basis. To to so we

find maxm |P †
mX̌r,cPm|2. The largest element of the matrix is: |X̌01|2 = 1/2

(
1 − cos 2π

D

)
.

The change in the impurity under the two eigenvalue approximation is then

dL2 =
−8γdt(2λ0λ1)

2
(
1 − cos 2π

D

) =
−4γdt(

1 − cos 2π
D

)L2(t). (4.39)

Thus the asymptotic speed-up upper bound is

S2 =
4

1 − cos 2π
D

. (4.40)

For D ≫ 1 one finds

S2 =
2D2

π2
≈ 0.2D2. (4.41)

I expect, moreover, that the optimal speed-up will be closer to this bound than

the lower bound. I depict the conjectured optimal and worst permutations of

eigenvalues of a D dimensional state ρ in Fig. 4.7. The optimal permutation is

ρ = diag(λ0, λ1, λ3, λ5, · · · , λ6, λ4, λ2).

Figure 4.7: (a) Weighting factors in Eq. (4.3) after the feedback has diagonalized
and ordered the eigenvalues in ρ. (b) The conjectured general optimal permutation.
(c) The conjectured worst permutation. The weights are only shown from the λ0

perspective.

In Fig. 4.8 I plot the numerically calculated asymptotic speed-up as a function

of D. As expected, it is within the lower bound of Eq. (4.4.2) and the upper bound
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of Eq. (4.40). Further it confirms a very nearly quadratic speed-up: the fit shown is

S = 0.189D2 + 0.109D+ 0.248. If, however, I choose to only fit the quadratic term,

the fit is

S = 0.19D2. (4.42)

For D ≥ 10 this is a good approximation and is very close to Eq. (4.41), which was

derived for long-times and large D. The numerically calculated asymptotic speed-

up is only a multiplicative constant away from the ultimate upper bound on all

unbiased basis purification protocols, the dashed line (S = 0.5D2), i.e. Eq. (4.25).

Figure 4.8: The asymptotic speed-up for reaching a given level of purity as a function
of the system dimension. The solid line the fit in Eq. (4.41). The dashed lines are the
upper and lower bounds derived in the text for the QFT protocol. The dot-dashed
line is the upper bound on all unbiased basis purification strategies, Eq. (4.25).

4.5 Explanation of speed-up

How is it that rotating to an unbiased basis provides any speed-up? Naively follow-

ing the reasoning of Refs. [FJ01, DJJ01, Jac03] suggests that, for a qbit, making

each outcome equally (i.e. maximise the surprisal) likely one maximizes the aver-

age amount of information a measurement extracts. [We are not implying that the

authors of those articles suggest such a generalisation.] From this one might ar-

gue that the speed-up observed can be explained by the D-dimensional version of

this argument. However, it is not clear how this argument would explain why the

arrangement of eigenvalues in ρ (permutations) are important to attain the best

speed-up. Instead of pursuing this line of reasoning we examine a phase space rep-
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resentation of the optimal and worst permutations that are schematically depicted

in Fig. 4.7.

Defining a phase space picture for a discrete variable is not trivial. In Ref. [VGB89]

it was shown that a spin Wigner functionW (θ, ϕ) can be defined in terms of Clebsch-

Gordan coefficients and spherical harmonic functions. This spin Wigner function is

a pseudo-probability distribution on the Bloch sphere, with θ and ϕ the usual Euler

angles. The spin Wigner function is a little counter intuitive; for example, unlike

the original Wigner function, W (x, p), for position and momentum the marginal

distribution for ϕ is not the true phase distribution P (ϕ). However, for large D the

marginals are a good approximation to the true phase distribution [CW05]. We plot

the Wigner function using the equal-area projection (described by co-ordinates ϕ

and J cos θ).

The conjectured worst permutation is depicted in Fig. 4.7 (c) (keeping λ0 fixed at

|r⟩⟨r| before the QFT is applied to ρ). So far this picture has been explained in terms

of the weighting factors |Xr,c|2. An intuitive understanding of this configuration can

be gained by considering the states in phase space. The eigenstates of ρ in the

logical basis are |r⟩ (dicke states). These are transformed to the states |ϕr⟩ via the

Fourier transform where ϕr := 2π
D

(J − r). The |ϕr⟩ = 1√
D

∑J
m=−J exp (−imϕr)|J,m⟩

are the Pegg-Barnett [PB89] phase states. If the QFT was a cheap operation in

some physical system then our protocol is a procedure for rapidly preparing a Pegg-

Barnett phase state.

Under the two eigenvalue approximation the worst permutation corresponds to

putting the second largest eigenvalue, λ1, the maximal distance away from λ0 in

phase space (ϕ = ±π). The spin Wigner function for this configuration of the

mixture is plotted in Fig. 4.9 (a) for D = 10. The optimal permutation is when

the two largest eigenvalues are next to each other in phase space; see Fig. 4.9 (b).

It is apparent, though, that the schematic diagrams in Fig. 4.7 represent a slice

through the unwrapped Bloch sphere and the positions of the eigenvalues are their

arrangements of the phase states corresponding to the original eigenvalues. This

phase space picture suggests it might be possible to explain why these are the best

and worst cases and how the speed-up is generated. To explain these two features

we move away from exact calculation of Wigner functions and move to a schematic

representation of the Wigner function.

In Fig. 4.10 (a) we represent schematically the bulk of the Wigner function by

a rectangle of width 2π/D (corresponding to the ϕ coordinate) and height D −



4.5. EXPLANATION OF SPEED-UP 115

Figure 4.9: An equal area plot of the Wigner function of an equal mixture of two
eigenstates after the QFT, D = 10. (a) the worst permutation cf. Fig. 4.7 (c). The
dashed vertical lines correspond to the locations of the peaks of the D transformed
eigenstates. The dotted box around the peak at ϕ = 0 corresponds to the bulk of the
Wigner function for this state. (b) The conjectured general optimal permutation,
cf. Fig. 4.7 (b).

1 = 2J (which corresponds to the J cos θ coordinate). In what follows one may

loosely think of the rectangle as representing variance in an observer’s knowledge

about two conjugate variables; according to the Heisenberg uncertainty relation

(HUR) this area must be conserved for a pure state. After transforming the two

eigenvalue version of the worst permutation to an unbiased basis one performs a

weak measurement (of infinitesimal duration, but here we exaggerate the effect to

illustrate our point). In Fig. 4.10 (b) we have taken the result of the measurement to

be positive. Because the result was positive, the Wigner function does not have much
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Figure 4.10: A schematic Wigner function for a mixture of two phase eigenstates
for D = 20. (a) The worst permutation cf. Fig. 4.7 (c); we have rotated the
whole space by π/2 to remove any ambiguity from the explanation of the speed-
up. (b) The worst permutation after a positive measurement result (modulo π/2).
The total area is constant in figures (a) and (b), and is equal to 4π. (c) The
optimal permutation cf. Fig. 4.7 (b). (d) The optimal permutation after a positive
measurement result. The total area is reduced in figure (d) to 3π, which gives rise
to a purifying effect (the purity is inversely proportional the area underneath the
Wigner function). The striped region ϕ ∈ (−π/D, 0] denotes that the red and green
rectangles are overlapping in this region. From these figures it is apparent that
Fig. 4.7 is a slice through the abscissa of this plot.

support on the lower part of the plot. As the positive result contained information

about the distribution of j, the uncertainty in this variable is reduced. In keeping

with the HUR, the conjugate variable (ϕ) suffers an increase in variance. For Wigner

functions the purity is proportional to the inverse of area under the function [Sch01].

Here there has been no change in the total area and hence no change in the total

purity. Because this is only a heuristic for understanding protocol the previous

statement is not entirely true; the final paragraph of this section will explain the

actual result.

In Fig. 4.10 (c) the optimal permutation in the QFT basis is depicted. The total

area of the two rectangles before the measurement is ∼ 4π. After a positive measure-

ment result the bulk of the variance for the two eigenvalues overlaps. The total area

is now ∼ 3π; this reduction in area leads to an increase in purity; see Fig. 4.10 (d).

Now the intuitive understanding for the speed-up and the permutation sensitivity

is apparent. The permutations are important so that the large eigenvalues in ρ may
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bleed into each other after a measurement. The bleeding is due to measurement

backaction in the variable conjugate to J . It is the reduction in area this bleeding

affects that causes the speed-up O(D2); but only if the largest two eigenvalues are

adjacent in phase space. Although this picture is crude it captures the essence of

the protocol.

Thus all one can conclude from the equi-likelhood of all outcomes is that there

should be a speed-up of at least two (in a discrete outcome measurement model,

which is equivalent to our current measurement model). Let us confirm this in-

tuition now. Returning to the two eigenvalue approximation, consider the worst

permutation. It is possible to determine the upper bound on speed-up resulting

from this permutation by substituting r − c = D/2 into Eq. (4.38). We find that

S = 2, which confirms the intuition above.

4.6 A register of qbits

I now generalize unbiased-basis feedback to a register of n qbits, where each qbit is

independently and continuously measured. Instead of one observable X, there are

now n, given by X(r) = I(1) ⊗ I(2) ⊗ . . . σ
(r)
z . . . ⊗ I(n), where r labels the rth qbit.

The SME describing such a measurement is

dρ =
∑

r

2κ dtD
[
X(r)

]
ρ+

√
2κ dW (r)H

[
X(r)

]
ρ. (4.43)

The combined state of the n qbits exists in a D = 2n-dimensional Hilbert space. In

Sec. 3.2 I derived an expression for the evolution of the average impurity of such a

register by measurement alone. It scaled as L ∼ e−4κt [Eq. (3.21)]. I will use this

expression in this section to calculate the speed-up, so only the asymptotic scaling

is important.

4.6.1 A lower bound for all UBB feedback-protocols on a

register

The change in impurity for a register of qbits in an unbiased basis is

dL = −8κdt
n∑

r=1

Tr
[
X̌(r)ρX̌(r)ρ

]
= −8κdt

n∑
r=1

(D−1)∑
i,j=0

|X̌(r)
i,j |2λiλj. (4.44)
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Using ρF to calculate the lower bound for a UBB protocol in a register appears to

be difficult. Instead I will derive the lower bound using the same method presented

in Appendix B.2. To do this I will first introduce the feedback in the Heisenberg

picture so that X̌(r,m) = PmTX
(r)T †P †

m. As before, the T ’s are conditional unitaries

that introduce the unbiasedness (between ρReg and X(r)), and the Pm’s also retain

their meaning as permutations. For a register being measured in a basis that is

unbiased with respect to the logical basis, with a randomly changing permutation,

the change in impurity is

dL =
n∑

r=1

D!∑
m=1

−8κdtTr
[
X̌(r,m)ρX̌(r,m)ρ

]
where D = 2n − 1. After performing a similar procedure to the one found in

Appendix B.2, the increment simplifies to

dL = −8κdtnD(D − 2)!L(t). (4.45)

Thus I find the impurity of the state undergoing feedback of the above form decreases

as

L(n)(t) = e−8κnt/(D−1)L(0). (4.46)

The asymptotic speed-up factor is

S =
2n

D − 1
=

n

2n−1 − 1
. (4.47)

For n = 1 (i.e. a qbit) the speed-up factor S is S = 2, which agrees with Jacobs’

original result [Jac03]. When n = 2, the speed-up is S = 4/3. This is comparable to

the speed-up found for the locally optimal rapid measurement protocol in [CWJ08]

where the predicted speed-up in the long-time limit was SRM ≈ 1.4. Unfortunately,

when n = 3, S = 6/7, which is a slow-down. This slow-down trend continues for all

n ≥ 3; for large n the slow-down is ∼ n2−n+1.

One can interpret Eq. (4.47) as a lower bound on the speed-up for an UBB algo-

rithm for a register of qbits in much the same way as in Section 4.2. Equation (4.47)

may also be interpreted as an all-permutation deterministic purification protocol,

although it is only useful in a two qbit register.
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4.6.2 An upper bound for all UBB feedback-protocols on a

register

In a register, a general unitary that transforms the basis |k⟩ to an unbiased-basis is

U |n⟩ =
∑D

k=0
1√
D

exp (iϕ
(n)
k )|k⟩. As before it is possible to rewrite |X̌(r)

mn| as |X̌(r)
mn| =

|⟨m|U †X(r)U |n⟩| so that

max
mn

|X̌(r)
mn| ≤ max

{φk}

1

D

∣∣∣∣∣
D−1∑
k=0

eiφk(−1)f(k,r)

∣∣∣∣∣ , (4.48)

where f(k, r) is a function that appropriately determines the sign of the diagonal

elements of X(r). Using a similar procedure to that found in Sec. 4.3.2, it is trivial

to show that

max
mn

|X̌mn| ≤ 1. (4.49)

To find the lower bound on the decrease in impurity it is important to remember that

two matrix elements contribute to the sum so that L = −8κdt
∑

r(maxm,n |X̌mn|2λmλn+

maxm,n |X̌nm|2λnλm). Thus

dL
(n)
2 = −8κdt

n∑
r=1

L(t) = −8κdtnL(t).

Accordingly the lower bound on the average impurity is

L
(n)
2 (t) = exp (−8κnt)L(0). (4.50)

For long-times the speed-up upper bound for any unbiased-basis feedback is

S2 = 2n. (4.51)

By substituting in n = 1 Jacobs’ qbit result is regained.

In Fig. 4.11 I numerically determine the advantage of the QFT feedback proto-

col in a register of two qbits. The permutation used for simulating the evolution

was ρ = (λ0, λ4, λ3, λ1). The all-permutations algorithm (not shown in the figure

but described in Section 4.6.1) exactly corresponds to the dashed line in Fig. 4.11

(b); that is, Eq. (4.47). Alternatively, one may randomly permute the eigenvalue

arrangement at times δt before applying the QFT feedback to achieve the bound of
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Figure 4.11: (a) Impurity for a two qbit register: dotted line – a continuous mea-
surement; solid green line – average impurity for feedback; solid grey lines – indi-
vidual trajectories grey lines; dashed magenta lines - upper [Eq. (4.46)] and lower
[Eq. (4.50)] bounds. (b) Speed-up solid line; lower bound dashed line; upper bound
not shown as it is not tight. The ensemble size is 20 and feedback was applied at
times δt = 1 × 10−3γ−1.

Eq. (4.47).

In Fig. 4.11 (a) the QFT protocol does not appear to saturate the bound on ⟨L⟩
given in Eq. (4.50). It is for this reason I have not plotted the upper bound S = 2n in

Fig. 4.11 (b). Interestingly, it seems as though the speed-up is asymptoting towards

2 rather than the value specified by Eq. (4.51), i.e. 4.

The structure of unbiased bases for a register of qbits is quite complicated. Even

for the QFT the optimal permutation is not obvious. It is for this reason I plot the

two eigenvalue approximation to the asymptotic speed-up for the QFT on Fig. 4.12.

The values were obtained by finding the largest term in Eq. (4.44). This term will

be denoted by Xmax := maxi,j

∑
r |X

(r)
i,j |. The feedback places the two eigenvalues at
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Figure 4.12: Bounds on the asymptotic speed-up for a register of qbits. The
dashed lines are the upper and lower bounds derived in the main text (Eq. (4.47)
and Eq. (4.51) respectively). The solid line is the largest element of Xmax =

maxi,j

∑
r |X

(r)
i,j |. The element Xmax is conjectured to be a good indicator for maxi-

mum achievable speed-up with the QFT in a register of qbits.

imax and jmax. Thus Xmax is proportional to the speed-up. Curiously the speed-up,

S ∼ 2, (4.52)

appears to be independent of the size of the register. It is not clear if this is true

for any unbiased basis in a register.





Chapter 5

Rapid Measurement

In this chapter I introduce a feedback control protocol that effects rapid purification

and rapid measurement. The distinction between the two is that rapid purification

may not provide information about the state in which the system was prepared

whereas rapid measurement does.

5.1 Motivation

The ability to extract information rapidly from a quantum (or classical) system

would be of much interest. This is because such a procedure would enable rapid

tomography, rapid readout (state estimation), rapid state preparation, and of course

rapid purification. In what follows I will assume that the evolution of the state ρ

of a system subject to a continuous measurement of an observable X is given by

the stochastic master equation (SME), as I have in the previous chapters. Recall

that the measurement strength, γ, determines the rate at which information is ex-

tracted, and thus the rate at which the system is projected onto a single eigenstate

of X [vHSM05a].

For a continuous measurement, without feedback, there must be no degener-

ate eigenvalues in the observable in order to guarantee purification [vHSM05a]. As

in previous chapters, I will take X to have equispaced, and hence non-degenerate,

eigenvalues1. This is a fairly canonical choice, as it applies to observables such

as the components of angular momentum and the energy of a harmonic oscillator.

Furthermore, because the transformation X → X + αI for real α leaves the SME

invariant, the D eigenvalues {xj} of X can be taken to be {0,−1, . . . ,−(D − 1)}.
The eigenvalues X are ordered so that |x0| ≤ |x1| ≤ · · · ≤ |xD−1| the corresponding

1Although I note that with feedback, in order to purify an arbitrary initial state the observable
need possess only two non-degenerate eigenvalues

123
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eigenstates in this ordering are {|x0⟩, |x1⟩, · · · , |xD−1⟩}. In keeping with the conven-

tion of previous chapters, I will label the eigenvalues of ρ as λk in decreasing order:

λ0 ≥ λ1 ≥ · · ·λD−1; and I will also assume that ρ is initially completely mixed.

Finally and most importantly (and unlike previous chapters), I will assume that the

feedback is restricted to permutations of ρ’s eigenbasis; that is, that any feedback

merely acts so as to swap the eigenvalues {λk} in the eigenbasis {|xj⟩} of X. In this

case ρ will remain diagonal in this eigenbasis throughout the entire feedback proto-

col. The crucial point about restricting the feedback to permuting the eigenbasis of

ρ (or X) is that it allows one to calculationally reverse the feedback at the end of

the protocol to determine what the initial state was (assuming the initial state was

prepared in an eigenstate of X)2.

5.2 Impurity analysis

Let us proceed by trying to find the locally optimal feedback to reduce the impurity,

given that we are restricted to permuting the eigenvalues of ρ. The average impurity

in this case is

E [dL] = −8γdt
D−1∑
k=0

λ2
k(xk − ⟨X⟩)2, (5.1)

where ⟨X⟩ = Tr [Xρ]. Making the transformation X → Jz − J 1̂ and assuming that

λ0 is placed at |x0⟩ this can be simplified to

E [dL] = −8γdt
(
λ2

0⟨X⟩2 +
D−1∑
k=1

λ2
k(xk − ⟨X⟩)2

)
. (5.2)

It is not immediately clear how to maximize this expression (which is one disad-

vantage of using the impurity to characterize the state reduction process). The

difficulty arises because the sum in Eq. (5.2) is a function of the ordering of the

eigenvalues, as is ⟨X⟩ – which is both inside and outside of the sum. Some intuition

can be gained by considering the idealized situation in which the state ρ has two

large eigenvalues (the two eigenvalue approximation). Assuming as above that the

largest eigenvalue λ0 = 1 − ∆ is placed at |x0⟩ so that it multiplies the eigenvalue

x0 = 0 and the position of the remaining eigenvalue λ1 = ∆ is left arbitrary, the

average of X becomes ⟨X⟩ = 0(1 − ∆) + xj∆ = xj∆. Thus in the two eigenvalue

2The case for tomographic reconstruction is similar.
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approximation, the impurity thus becomes

E [dL2] = −8γdt
[
(1 − ∆)2(xj∆)2 + ∆2(xj − xj∆)2

]
= −8γdt (xj∆)2 +O(∆3),

(5.3)

This suggests that one should place the second eigenvalue such that it multiplies the

largest eigenvalue of X to maximize the purification rate. Doing so gives E [dL2] =

−8γdt(D−1)2∆2, which can be rewritten using L ∼ 2∆ so that E [dL2] = −2γdt(D−
1)2L2, which implies a quadratic speed-up3. This means that a feedback protocol

that only permutes the eigenbasis of ρ has a SDE for the impurity dL ∼ dt L2 +

O(dW ), which cannot be solved4 (this is the second disadvantage of the impurity).

The third and final disadvantage of using the impurity as a measure of knowledge

is that it does not reflect the mean time to a given level of knowledge (as explained

in chapter 2).

Before proceeding any further I will review the problems and attempt to suggest

solutions. Problem 1: I do not know how to locally optimize the permutations

of ρ’s basis. Solution: I could resort to numerical optimization5. This, however,

would be computationally intensive. Problem 2: even if I had an expression for the

optimal permutation it is not possible to analytically solve the SDE for E [L(t)].

Solution: do stochastic simulations. However, due to the small number of poorly

purifying trajectories that greatly affect ⟨L⟩, a large ensemble size would be needed

for numerical convergence (as discussed in chapters 2 and 3). Problem 3: the average

impurity does not reflect the mean time to a fixed impurity (it does in the UBB case

because the trajectories are nearly deterministic). Solution: attempt to solve the

FPE under the two eigenvalue approximation for the mean time to a fixed impurity

(at long-times). Doing so gives a lower bound on the mean time ⟨T2⟩ ∼ {4γ(D −
1)2}−1 ln (ϵ−1) to a fixed impurity ϵ. However, it is unlikely that approximation is

good and secondly it says nothing about the worst case scenario.

The first two problems seem insurmountable. However, the results in chapters 2

and 3 indicate that it might be possible to solve the third problem by switching the

measure of mixedness from the impurity to the log-infiedlity.

3Actually this can be seen simply by considering the SME: dρ = 2γdtD [Jz] ρ+
√

2γdWH [Jz] ρ.
Now make the two eigenvalue approximation and arrange the eigenvalues so that they multiply
J,−J in Jz. This gives dρ = 2J2γdtD [σz] ρ + J

√
2γdWH [σz] ρ, and recall that J2 = (D − 1)2/4.

4Typically, it is only SDE’s of the form dx = xdt + dW can be solved analytically.
5It may be possible to solve this optimization by using techniques from convex optimization

such as semidefinite programming.
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5.3 A stochastic differential equation for the log-

infidelity

From the SME (dρ = 2γdtD [X] ρ +
√

2γdW (t)H [X] ρ) it is possible to calculate

the equation of motions for an eigenvalue of ρ (recall that X → X − x0I)

dλk =
√

2γdW (t)H [X] ρ

= 2
√

2γdW (t)(−k − ⟨X⟩)λk (5.4)

where I have used the fact that D [X] ρ = 0. Above I have already assumed explicitly

that the largest eigenvalue is λ0. Thus to calculate the log-infidelity I need only

consider the equation for dλ0:

dλ0 = −2
√

2γdW ⟨X⟩λ0. (5.5)

Using the change of variables rule, Eq. (2.40), the log-infidelity is

d ln (1 − λ0) = dλ0d ln (1 − λ0) + 1
2
(dλ0)

2d2 ln (1 − λ0)

=
−(dλ0)

2

2(1 − λ0)2
+

−dλ0

(1 − λ0)

= −4γdt
⟨X⟩2λ2

0

(1 − λ0)2
+ 2
√

2γdW
⟨X⟩λ0

(1 − λ0)
. (5.6)

Taking the ensemble average and using the definition ∆ ≡ 1 − λ0 we have

E [d ln ∆] = −4γdt⟨X⟩2 (1 − ∆)2

∆2
. (5.7)

This expression looks simpler than the corresponding expression for impurity (i.e.

Eq. (5.2)) so it may be possible to determine the locally optimal feedback. The

feedback optimization involves only the maximization of the square of ⟨X⟩. I have

assumed previously that λ0 is placed at |x0⟩ (This in itself requires feedback). It is

easy to see that the maximization of ⟨X⟩2 is achieved by using feedback to order the

eigenvalues of ρ as λ0, λD−1, λD−2, · · · , λ2, λ1. Here the corresponding eigenstates

are X-eigenstates |0⟩, |1⟩, |2⟩ · · · , |D − 2⟩, |D − 1⟩. I will call this L-ordering6. The

feedback algorithm that maintains this ordering is Locally Optimal in time (LO) in

6This is based on the resemblance between the roman font capital L and the L-ordered eigenvalue
profile of ρ.
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the sense that at any point in time L-ordering will maximize the expected decrease

in the log-infidelity subsequent to a weak measurement of infinitesimal duration dt.

At this point I have solved problems 1 and 3 from Sec. 5.2. Unfortunately, the

Eq. (5.7) expression seems to be plagued by the same problem as was faced by the

impurity expression, Eq. (5.2) – namely that it is not a closed equation for the

expectation values. This is problem 2 from Sec. 5.2. However, taking a cue from

chapter 4 I will attempt to bound the ⟨X⟩ term using ρ2 and ρF .

5.4 Bounding ⟨X⟩

In this chapter ρ2 and ρF may take on slightly different meanings from their defini-

tions in chapter 4. Consider a state ρactual with an infidelity ∆ = 1−λ0. In this chap-

ter ρF = diag(1−∆, ∆
D−1

, . . . , ∆
D−1

) can be interpreted as the maximally permutation-

invariant7 state with a fixed infidelity ∆, while ρ2 = diag(1 − ∆,∆, 0, . . . , 0) is the

state which is maximally sensitive to permutations with infidelity ∆. Interestingly,

and unlike the case in chapter 4, the majorization relation holds8: ρF ≺ ρactual ≺ ρ2.

Thus ρF and ρ2 can alternatively be interpreted as the maximally and minimally

mixed distributions for a fixed infidelity.

Now I will use ρF and ρ2 to derive bounds on the performance of LO feedback

from bounds on

⟨X⟩ =
D−1∑
k=1

λk(D − k), (5.8)

with the constraints
∑D−1

k=1 λk = ∆ and λl ≥ λk ≥ 0 for l < k. Using ρF and ρ2 it is

easy to show that

∆2(D/2)2 ≤ ⟨X⟩2 ≤ ∆2(D − 1)2. (5.9)

Thus in the long-time limit, where ∆ ≪ 1, Eq. (5.7) can be bounded by

E [d ln ∆]LO = −4γdtSLO, (5.10)(
D

2

)2

≤ SLO ≤ (D − 1)2. (5.11)

In chapter 3 we found that E [d ln ∆]nfb ∼ −4γdt which gave ⟨T ⟩nfb = (1/4γ) ln(ϵ−1).

Thus I can use Eq. (5.10) to infer approximate bounds on ⟨T ⟩LO. From Eq. (5.10)

7Once λ0 is fixed at |x0⟩.
8The proof is trivial. The margin of this page would be ample space for the proof.
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it is obvious that SLO is precisely the speed-up-factor that this feedback algorithm

gives over the measurement without feedback:

⟨T ⟩LO = ⟨T ⟩nfb /SLO. (5.12)

The above argument thus predicts that the achievable speed-up in ⟨T ⟩ increases

quadratically in the size of the system. This scaling will be confirmed with numerical

simulations below.

It is expected that the true speed-up factor SLO will be closer to the lower bound

in Eq. (5.11), for the following reason. For ∆ ≪ 1, the observer is almost certain

that the system is in state |x0⟩, but it could be in one of the states |x1⟩, · · · , |xD−1⟩.
For some state |xj⟩ with j > 0, the larger the eigenvalue xj is, the better the

measurement is at determining that it is not in that eigenstate. Hence the LO

feedback ensures that the measurement will tend to reduce λk more than λk−1,

∀k > 0. Since λk > λk−1, the measurement plus LO feedback will tend to equalize

the λk for k > 0. The lower bound is attained when they are all equal (i.e. using

ρF ).

Figure 5.1: The speed-up in the mean time to reach a given infidelity for systems of
dimension D = 3, 4 and 5, when the initial state is completely mixed. The dotted
lines give the numerically calculated asymptotic speed-up.

I now compare the above calculation to numerics. I calculated ⟨T ⟩nfb and

⟨T ⟩LO by stochastic simulations. The former was found to agree with the the-
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ory above Eq. (3.36). In both cases, we calculated the small-ϵ asymptotic speed-up

by extrapolating the numerical values of ⟨T ⟩ in the following way. First we cal-

culated the mean time to a range of fixed infidelities in the high purity limit, eg.

(3 × 10−5, 10−5, 3 × 10−6, 10−6), for ⟨T ⟩nfb and ⟨T ⟩LO. Next I performed linear re-

gression on those, the results of the regression are used to extrapolate the mean

time curves to ∆ = 0. From these extrapolated values I calculate the asymptotic

speed-up. In Fig. 5.1 we plot the speed-up factor from Eq. (5.12) as a function of

ϵ, for D = 3, 4, 5, also with the asymptotic values. This shows that most of the

speed-up is achieved for ϵ = 10−4, although the gap appears to grow with D. In

Fig. 5.2 we plot the asymptotic speed-up as a function of D. As expected, it fits

within the bounds of Eq. (5.11), and confirms a very nearly quadratic speed-up: the

fit shown is S = 0.45D2 − 0.9D + 1. Fitting only to the quadratic term gives

SRM = 0.4D2. (5.13)

Figure 5.2: The asymptotic speed-up for reaching a given level of infidelity as a
function of the system dimension. Note the log scale. The dotted line is the fit
S = 0.45D2 − 0.9D + 1. The solid lines are the upper and lower bounds derived in
the text.
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5.5 Rapid measurement of a register of qbits

Now I generalize the above rapid measurement protocol to a register of n qbits, where

each qbit is independently and continuously measured. Instead of one observable

X, we now have n, given by Zr = I(1) ⊗ I(2) ⊗ . . . σ
(r)
z . . .⊗ I(n), where r labels the

rth qbit. The SME describing such a measurement is9

dρ =
n∑

r=1

2κ dtD [Zr] ρ+
√

2κ dW (r)H [Zr] ρ. (5.14)

The observable Zr is transformed according to Zr → Zr−I. I order the eigenvalues of

ρ such that λα ≥ λβ when α < β, where α, β are binary strings, i.e. λ00...0 ≥ λ00...01 ≥
. . . ≥ λ11...1. Without loss of generality one can assume the largest eigenvalue of ρ

(λ0̄) to be placed such that it corresponds to |0̄⟩ = |00 . . . 0⟩.

In order to work out the log-infidelity for this case I must go through the same

change of variables procedure. For a register the equation of motion for an eigenvalue

of ρ is

dλα = 2
√

2γ
n∑

r=1

dW (r)(⟨α|Zr|α⟩ − Tr [Zrρ])λα, (5.15)

where I have used D [Zr] ρ = 0. The equation for dλ0̄ is

dλ0̄ = −2
√

2γλ0̄

n∑
r=1

dW (r)Tr [Zrρ] . (5.16)

To complete the change of variables I also need to work out the (dλ0̄)
2 term. Because

it is more complicated I will write it in full:

(dλ0̄)
2 = (−2

√
2γλ0̄)

2
∑
r,s

dW (r)dW (s)⟨Zr⟩⟨Zs⟩ (5.17)

= 8γλ2
0̄dt
∑

r

⟨Zr⟩2, (5.18)

where I have used the fact that dW idW j = δijdt. The average rate of change of the

9To compare with the previous results, set κ = 4γ.
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log-infidelity is thus

E [d ln ∆] = −4κ dt
∑

r

⟨Zr⟩2
(1 − ∆)2

∆2
. (5.19)

Now I wish to maximize the average reduction of the log-infidelity for a given ρ

using feedback. This is achieved by reordering the elements of ρ, so as to maximize∑
r⟨Zr⟩2, in the following way. By definition (above) the largest eigenvalue is at

|0̄⟩. The second largest eigenvalue λ00...01 is then placed at |1̄⟩ such that it is the

maximum Hamming distance [Ham50] away. The next n largest eigenvalues are

placed at one Hamming unit away from |1̄⟩, the next nC2 largest eigenvalues are

placed two Hamming units away from |1̄⟩, and so on (this process is repeated a total

of n−1 times). I call this ordering H-ordering10 and it is LO for the ⟨ln ∆⟩ measure.

Example H-orderings for a two- and three-qubit register are depicted in the Fig. 5.3

insets.

Figure 5.3: The asymptotic speed-up in the mean time for a quantum register to
reach a given level of infidelity, as a function of the number of qubits in the register.
The dashed line is a linear fit. The solid lines are the bounds derived in the text.
Inset: the optimal eigenvalue arrangement for (a) a two qubit register, and (b) a
three qubit register.

I now bound, for a register of qubits, the amount by which the H-ordering al-

gorithm speeds up the measurement process. To do this I must bound
∑

r⟨Zr⟩2.
The upper bound corresponds to the probablity being concentrated into the eigen-

10Here H stands for Hamming-distance-based.
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value that is maximally distant from |0̄⟩, that is λ00...1 = ∆, while the lower bound

is reached when the probablity ∆ is distributed equally over the remaining 2n − 1

eigenvalues. That is to say I use ρF and ρ2 to calculate the bounds. The bounds are

[n22n/(2n − 1)2]∆2 ≤
∑

r

⟨Zr⟩2 ≤ 4n∆2. (5.20)

In the long-time limit (∆ << 1) I thus find

E [d ln ∆]LO = −4κdtSLO, (5.21)

n22n

4(2n − 1)2
≤ SLO ≤ n. (5.22)

For n & 7 the lower bound is approximately n/4. These are rigorous bounds on

the speed-up factor for ⟨ln ∆⟩, and once again I expect these to well-approximate

the behavior of ⟨T ⟩. To confirm this I performed numerical simulations of the nfb

and LO algorithms for quantum registers of different sizes, and extrapolated the

asymptotic speed-ups as above. The results are displayed in Fig. 5.3, and show the

expected linear dependence on the number of qbits; the linear fit is

SH = 0.718n. (5.23)

In Fig. 5.4 I depict all of the quantum circuits required to implement the LO

feedback in a two qbit register. At most four components are needed (two X gates

and two CNOT’s). It is not clear how the number of CNOT’s will scale with the size

of the register. If the number scales worse than linearly, this could be a problem for

this protocol. Another problem is that the quantum circuit must be rapidly recon-

figured to apply the necessary feedback. Thus it may not be feasible to implement

such a strategy.

5.6 Discussion

In chapter 4 I showed that by using feedback to keep the state of the system diagonal

in a basis that is unbiased with respect to the measured observable, one can make

the system purity increase deterministically at a rate faster than the increase of the

average purity by measurement alone. Since this protocol requires an unbiased basis,

it exploits a purely quantum mechanical effect. However, as a consequence, this
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Figure 5.4: The quantum circuits that transform a given arrangement of eigenvalues
to H-ordered eigenvalues (optimal eigenvalue arrangement) for a two-qubit register.
For example in Fig. 5.4 (a) the circuit takes ρ = diag(λ0, λ1, λ2, λ3) to the H-ordered
state ρ = diag(λ0, λ3, λ2, λ1).

quantum feedback protocol may prevent the observer from obtaining full information

about the initial preparation of the system, and is therefore not appropriate for use

in applications such as communication channels [Jac07]. It is for this reason that

the effect of the protocol is termed rapid-purification and not rapid-measurement.

In this chapter I have presented a new protocol that can be applied to both

quantum and classical systems, and that, in contrast to quantum rapid-purification,

increases the rate at which the observer gains information about the initial prepa-

ration, as well as the rate at which the state is purified. Therefore this protocol

can be used in communication channels, read out and error correction in quantum

computers.

5.6.1 How important is the optimal ordering?

After reading Chapter 4 and this chapter, you must be thinking that almost any

operation one performs as feedback might induce a speed-up. I too had thoughts

like these. Specifically I wondered how important is the optimal arrangement of

eigenvalues (L-ordering). The relationship between the speed-up and the ordering

of the eigenvalues in ρ and the eigenvalues of X is evident in the use of ρ2 to
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obtain the upper bound. The obvious conjecture is that the benefit afforded by this

algorithm is due to the spreading the two large eigenvalues so they are no longer

successive.

So I asked myself what is upper bound on the speed-up if the eigenvalues of ρ2

are randomly placed along the diagonal. Mathematically this is equivalent to asking

given two random (X,Y ) variables, chosen from the flat distribution, that can take

on the values 1, 2, 3 . . . D, what is the average of the absolute value of the difference

i.e. E [|X − Y |]. Changing variables to N = |X − Y |, then E [N ] =
∑D−1

n=0 np(n)

where p(n) = 2(D−n)/D2. The average evaluates to E [N ] = 1
3
(D− 1

D
), for D ≫ 1

and in this limit E [N ] ≈ D/3. The observable Jz has D eigenvalues, successive

eigenvalues differ only by one. So we can say that the effect of the permutation is

to separate the two eigenvalues by D/3 on average. Which implies that a random

permutation affords speed-up of at most D2/9.

During a discussion with Howard, we decided that the quantity E [(X − Y )2]

is more relevant to the speed-up than E [|X − Y |]2. To calculate this average one

changes variables to N = (X − Y )2, then E [N ] =
∑D−1

n=0 n
2p(n) where p(n) =

2(D − n)/(D(D − 1)). The average evaluates to E [N ] = D(D + 1)/6. Both results

imply that a random permutation may also afford a quadratic speedup! It was these

proto results that lead to the work contained in Chapter 7.



Chapter 6

Feedback with Control Imperfections and

the case of Rapid State Preparation

Some quantum information processing protocols, and specifically quantum feedback

control strategies [WM10], can be sensitive to: time delays in the feedback loop;

control imperfections; and measurement efficiency. In this chapter I investigate

these effects to determine how robust to imperfections (and thus experimentally

feasible) quantum control is for a particular control protocol.

6.1 Motivation

It is well known that delays in the feedback loop severely degrade the controlla-

bility of some systems [CWS10]. Intuitively one might suspect that other control

imperfections would be detrimental to control. The other types of control imper-

fections that I analyse below can be classified into imperfections arising from finite

strength operations (finite strength feedback), and imperfect operations (inaccurate

rotations), and less than perfect measurement efficiency. In the interest of keeping

this analysis manageable I will restrict the following study to a single measurement

model, which I will now describe.

Measurement-based quantum feedback protocols typically consider a system (I

will examine a qbit in this case) that has an interaction with a probe (a current or

field) that results in a continuous QND [WM10] measurement of the system. The

SME, Eq. (2.36), describes precisely this situation (see chapter 2).

In this situation the most general feedback strategy consists of applying a condi-

tional Hamiltonian (which may be a function of the entire record up to that time) to

the system to effect the desired outcome. This is called Bayesian or state based feed-

back. Implementing such a strategy involves engineering driven Hamiltonian terms

135
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of the form
∑

−idtαi(t)[Hi, ρ] to Eq. (2.36). It is common in analytical analysis,

although unrealistic, to assume that the controls available are sufficiently strong

and fast that one may consider directly controlling the state or measurement basis

through a unitary U . In this case the conditional state after the measurement and

Bayesian feedback is ρ(t + dt) = ρ + dtLc

[
X̌
]
ρ in the Heisenberg picture, where

X̌ = U †(t)XU(t).

An important class of feedback control strategies can be derived from the Wiseman-

Milburn Markovian feedback master equation (FBME) [WM10]:

ρ̇ = Lρ = − i

~

[
~
√

2γ

2
(XF + FX), ρ

]
+ 2γD

[
X − iF√

2γ

]
ρ+

1 − η

η
D [F ] ρ, (6.1)

where the feedback Hamiltonian is FdR(t)/dt, where F is a Hermitian operator,

which is heuristically chosen to affect the desired outcome. As was discussed in

chapter 2, Markovian feedback is not as powerful or robust as Bayesian feedback; it

does however have the advantage that it is experimentally and theoretically simpler.

The analysis of feedback imperfections in this chapter will use the Wiseman-Milburn

feedback master equation [WM10].

In this chapter I will systematically examine the effect of imperfections in quan-

tum feedback protocols with a specific example – rapid state preparation (which is

very closely related to Jacobs’ rapid purification of a qbit [Jac03, Jac04, WB08]). I

have chosen this protocol because rapid state preparation (RSP) has all of the ingre-

dients of more complicated control protocols and is closely related to the main topic

of this thesis, rapid purification and rapid measurement. If the analysis presented

in this chapter was performed in a purely Bayesian feedback framework I would

have to rely on numerics to obtain any results. However the methodology I use,

approximating Bayesian feedback with Markovian feedback, makes it is possible to

study feedback imperfections analytically.

This chapter is organized as follows: in Sec. 6.2 I present the open loop control

protocol for state preparation. In Sec. 6.3 I present the general theory for RSP

including all the imperfections described above. Then each of these imperfections

are examined one at a time. Finally I conclude by comparing the relative detrimental

effects of each imperfection.
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6.2 State preparation with open loop control

Here I present a naive1 open loop control protocol for producing an x eigenstate.

Consider a qbit where one continuously monitors the z quadrature (Jz). It is obvious

that monitoring the z component of spin will only produce eigenstates of Jz. Thus,

to produce an x eigenstate at time tf I assume that it is possible to perform an

instantaneous conditional unitary to rotate the block vector to the desired x eigen-

state. Strictly speaking this is not open loop control; I have however minimised the

use of feedback to one instant.

An unsophisticated treatment might use the relation L = 1
2
(1− x2) to infer that

x(t) =
√

⟨x|ρ(tf )|x⟩ =
√

1 − 2⟨L(t)⟩, in which case one could use the expression

for ⟨L(t)⟩, Eq. (2.77) from Chapter 2. However, as Wiseman and Ralph [WR06]

pointed out, the operational significance of this expression is dubious. Instead I will

derive an expression for the fidelity of the rotated state ⟨F (t)⟩ with |x⟩, using the

the machinery of linear trajectories developed in Chapter 2. From Eq. (2.73) the

fidelity is

⟨F (t)⟩ = ⟨λmax(t)⟩ = 2

∫ ∞

0

λmax NP (R)dR

=
1√
2πt

∫ ∞

0

e−(R−
√

2γt)2/2tdR

= 1
2
[1 + erf(

√
γt)]. (6.2)

When t≫ γ−1 (the long-time limit) this expression can be approximated by

⟨F (t)⟩LT = 1 − 1

2

e−γt

√
πγt

, (6.3)

where the subscript LT denotes that this expression is only valid in the long-time

limit.

6.3 Rapid state preparation

Consider a qbit that is continuously monitored via a homodyne measurement of

Jz with efficiency η. I assume that the initial state of the system is maximally

mixed and that strong feedback around the y axis is available: F = λ(t)Jy. I would

1Naive in the sense that the method developed in chapter 7 is likely to do better, and that we
have not seriously considered trying to optimize this protocol.
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like to construct a feedback protocol that rapidly prepares an x eigenstate with a

high fidelity (because the feedback is strong all other states can be reached by a

rotation in an infinitesimal time dt). Equation 6.1 is a general FBME describing

this situation, it will provide the basis for the following study.

6.3.1 Ideal feedback

Given the above senario and allowing for a time dependent feedback strength, λ(t),

and assuming efficient measurements (η = 1). Equation 6.1 becomes

ρ̇ = 2γD
[
Jz − i

λ(t)Jy√
2γ

]
ρ.

From this the equations of motion for the Bloch components are

ẋ = −xγ − λ(t)2

2
x+

√
2γλ(t) (6.4)

ẏ = −γy (6.5)

ż = −λ(t)2

2
z (6.6)

By solving dλẋ = 0 for λ, the feedback mazimizes rate at which the ẋ component

grows. This gives the optimal feedback strength as a function of x: λopt(x) =
√

2γ/x.

Using this and the initial condition x(0) = 0 the solution to Eq. (6.4) is

xopt(t) =
√

1 − e−2γt. (6.7)

Thus the optimal feedback strength as a function of time is

λopt(t) =

√
2γ√

1 − e−2γt
. (6.8)

Using the relation L = 1
2
(1 − x2), it is easy to find that the optimal feedback for

rapid state preparation has L = 1
2
e−2γt, which is precisely the evolution Jacobs’

rapid purification protocol gives [cf. Eq. (2.86)]. Using the same reasoning from

chapter 2, the asymptotic speed-up (improvement) of the ideal feedback over the

open-loop control protocol to produce a state with a fixed fidelity is S = 2.
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6.3.2 Feedback with imperfections

While Eq. (6.1) is a very general FBME describing, but it does not include the effects

of a small time delay. It is possible to include the effects of a small finite time delay

in the analysis [Wis94b]; however, the resulting equation is not guaranteed to be a

valid (Lindblad-form) master equation for τ too large. The equation2 describing the

feedback process including a small time delay τ is [Wis94b]

ρ̇ = −i
[√

2γ

2
(X†F + FX), ρ

]
+ 2γD

[
X − iF√

2γ

]
ρ+

1 − η

η
D [F ] ρ

−iτ
[
F,L(

√
2γXρ+ ρ

√
2γX†) −

√
2γX(Lρ) − (Lρ)

√
2γX†

]
. (6.9)

Substituting F = λ(t)Jy and X = Jz into Eq. (6.9) gives

ρ̇ = 2γD
[
Jz − i

λ(t)Jy√
2γ

]
ρ+

1 − η

η
D [λ(t)Jy] ρ

−iτ
[
λ(t)Jy,L(

√
2γJzρ+ ρ

√
2γJ†

z ) −
√

2γJz(Lρ) − (Lρ)
√

2γJ†
z

]
.

(6.10)

From this equation it is straight-forward to calculate the dynamical equations for

the Bloch components

ẋ = −xγ +
√

2γλ− xλ2

2η
−

√
2γλ3τ

2η
(6.11)

ẏ = −γy (6.12)

ż = −zλ
2

2η
− 2zλ2γτ . (6.13)

The feedback strength, λ, must now be chosen in order to rapidly prepare an x

eigenstate. This goal is achieved by solving dλẋ = 0 for λ, which gives

λ±opt =
−x±

√
x2 + 12γητ

3
√

2γτ
. (6.14)

A second derivative test shows that λ+
opt is the local maximum, thus we define

λopt ≡ λ+
opt. As Eq. (6.9) is a perturtabative correction to order τ , it is only sensible

2In a frame where the system Hamiltonian has been factored out.
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to consider the terms to order τ in Eq. (6.14):

λopt =

√
2γη

x
− 3

√
2γη2γτ

x3
+O(τ 2). (6.15)

Using this equation with Eqns. (6.11) - (6.13) gives

ẋ = −xγ +
γη

x
− 2γ2η2τ

x3
(6.16)

ẏ = −γy (6.17)

ż = −zγη
x2

+
6zγ2η2τ

x4
− 4z2γ2η2τ

x2
(6.18)

to first order in τ .

6.3.3 Constant feedback strength

Now I consider the case where the feedback strength is time independent (constant)

and η = 1, τ = 0 as before. It is unclear whether such a strategy can i) rapidly

purify at all ii) afford the same asymptotic advantage as the optimal strategy. In

addition this analysis is important experimentally for two reasons. Firstly, a fixed

feedback strength is simpler to implement experimentally. Secondly, I can probe the

usefulness of bounded strength controls and determine if there is an optimal value

for λ.

A convenient choice3 for parameterizing a constant feedback strength is λ =
√

2γα, where α ∈ (−∞,∞). The x Bloch component becomes

ẋ = −xγ − λ2

2
x+

√
2γλ

= −xγ − γα2x+ 2γα. (6.19)

Solving this equation with the initial condition x(0) = 0 gives

x(t) =
2α

1 + α2
(1 − e−γt(1+α2)). (6.20)

In Fig. 6.1, Eq. (6.20) is plotted for different values of α. Negative values of α result

in the −x eigenstate being prepared. When |α| > 1 the fidelity rapidly increases for

t ≪ γ−1 by t ≈ 1 and the fidelity reaches a steady state value. When |α| < 1 the

fidelity monotonically, but slowly, increases.

3Based on the asymptotic value of the optimal feedback strength λopt(∞) =
√

2γ.
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Figure 6.1: Fidelity for different constant feedback strategies. The feedback strength
is parameterized by λ =

√
2γα where α ∈ (−∞,∞). The solid black line is for the

open loop control protocol, i.e. Eq. (6.2). From the uppermost curve the solid green
lines are for α = 1, 2, 3, 5 and 15. The dashed green lines (starting from the upper
most curve) are for α = 0.75, 0.5, 0.2 and 0.1. The blue dot line is the ideal feedback
i.e. Eq. (6.7).

The steady state fidelity at long-times is xss = 2α(1+α2)−1, which is maximized

for α = 1, in which case

x(t) = 1 − e−2γt. (6.21)

The optimal constant feedback begins to out-perform the no feedback case for

t > 0.768γ−1. From Fig. 6.2 it is clear that Eq. (6.21) asymptotes towards the

same fidelity as the optimal time dependent feedback, as does the open loop con-

trol. Interestingly, when α = 0.9 the feedback performs worse than the open loop

control until t > 1.53γ−1. For 1.53γ−1 < t < 3.65γ−1 feedback performs better, and

after this interval the feedback performs worse than the open loop control. This

suggests that an optimal state preparation (or purification) protocol for bounded

strength control (or bang-bang control) might switch between periods of feedback

and measurement multiple times.

The only question that remains is whether the optimal constant feedback strength

protocol has the same asymptotic advantage as the optimal time dependent feed-

back. This can be determined by comparing the ratio of the time taken to a fixed

infidelity ϵ. Taylor, expanding Eq. (6.7) at long-times gives xopt(t) = 1 − 1
2
e−2γto .
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Figure 6.2: A comparison of the time it takes to prepare an x eigenstate for four
different strategies. The blue line is for the optimal time dependent feedback – that
is, Eq. (6.7). The black line is the fidelity for the open loop control protocol. The
green line is the optimal constant feedback (α = 1), Eq. (6.21). The red line is sub-
optimal constant feedback – that is, Eq. (6.20) with α = 0.9. Inset: an exploded
version of the same plot.

Setting this equal to 1− ϵ and solving for to gives the time taken to a fixed infidelity.

This process must be repeated for Eq. (6.21); the time at which Eq. (6.21) reaches

1 − ϵ is denoted by tc. For ϵ < 10−1 the ratio of the times is

tc
to

=
ln ϵ

ln ϵ+ ln 2
(6.22)

when ϵ ≪ 10−1 tc
to

∼ 1. Eq. 6.22, plotted in Fig. 6.3, confirms that the constant

strength feedback performs as well as the time dependent protocol asymptotically.

6.3.4 Calibration errors

Consider the case in which the applied control has calibration errors. For the op-

timal time-dependent control a time-dependent calibration error could be modelled

by λ(t) = (
√

2γ/
√

1 − e−2γt)(1 + δ), where δ ∈ [−1, 1]. Because these errors are

systematic it is sensible to assume that δ is constant. An example of a non-constant

calibration error (specifically δ is random number with a gaussian distribution that is

equivalent to a random classical noise on the applied control) is treated in Sec. 6.3.5.
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Figure 6.3: The relative disadvantage of the constant strength feedback and the
optimal strength feedback as a function of target infidelity – that is, Eq. (6.22). For
low target purities the disadvantage disappears.

Substituting λ(t) into the Bloch equations gives

ẋ = −γx+
√

2γλ(t)(1 + δ) − 1

2
λ(t)2(1 + δ)2x.

Thus the fidelity of a rapid state preparation protocol with systematic time-dependent

calibration errors is

x(t) =
√

(1 − e−2tγ) (1 − δ2). (6.23)

At long-times this asymptotes to xss ∼ 1 − δ2/2. In Fig. 6.4 I plot Eq. (6.23)

for different calibration error values. A 25% calibration error performs worse than

the open loop protocol for t > 2.15γ−1. However, provided the calibration error is

less than 5% feedback control will out-perform open loop control for t ≤ 5. For a

2.5% calibration error the constant feedback and optimal feedback outperform this

imperfection at t = 5γ−1 as seen in the inset in Fig. 6.4.

6.3.5 Efficiency and noise on control errors

Now consider the case in which the experiment is constrained by a detection ineffi-

ciency η. I will analyse this scenario in two ways. First I examine the situation when

the experimenter applies the control unaware of detection inefficiencies. Although
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Figure 6.4: Fidelity for different time-dependent calibration errors. The three dashed
magenta lines from bottom to top are for δ = [0.75, 0.5, 0.25]. The magenta lines
on the inset figure depict δ = [0.05, 0.025] from the bottom. The blue line is the
optimal control; the green line is the optimal constant λ control; and the black line
is the open loop control strategy.

it is an unlikely situation, it serves another purpose. It describes how rapidly one

can prepare a state in light of detection inefficiencies by naively applying the opti-

mal control. The second scenario is more realistic. Here I assume that there is a

detection inefficiency and ask what the optimal control in this situation is.

Importantly, detection inefficiency also describes the case when there is random

noise on the control [WM10].

Oblivious inefficient detection

When the system is constrained by inefficient detection the equation of motion for

the x Bloch component is

ẋ = −xγ +
√

2
√
γλ− xλ2

2η
. (6.24)

If one were to apply the optimal control, λopt(t), from Sec. 6.3.1 one would have to

be oblivious to the detection inefficency. The fidelity under such a control strategy

is

x(t) =

√
2η − 1

η

√
1 − e−2γt. (6.25)
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Clearly the protocol only works for η ∈ (0.5, 1] and asymptotically the greatest

achievable fidelity is xss ∼
√

2η − 1/
√
η.

Optimal control for inefficient detection

It is logical to ask what performance of the RSP protocol is, given that there are

detection inefficiencies. To optimize the control for inefficient detection one simply

takes the derivative of Eq. (6.24) with respect to λ and solves for the control

λη(t) =

√
2γη

x
.

The fidelity of this strategy is

x(t) =
√
η
√

(1 − e−2tγ). (6.26)

Asymptotically the steady state fidelity of is xss =
√
η. In Fig. 6.5 the steady

state values for Eq. (6.25) and Eq. (6.26) are plotted for all values of η. The control

optimized for detection inefficiencies, Eq. (6.26), obviously outperforms the oblivious

control case for all η. This is because the fidelity for the optimal control in the

presence of inefficient detection outperforms the oblivious control at all times. This

is evident in Fig. 6.6, where Eq. (6.25) and Eq. (6.26) are plotted for η = 0.85,

although the two strategies are barely distinguishable.

Figure 6.5: A comparison of the steady state inefficiencies for the oblivious control
scheme (the red line) and the optimal control for inefficient detection (blue line).
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Figure 6.6: A comparison of the dynamics of the fidelity at relatively short times
for the oblivious control scheme (the magenta line) and the optimal control for
inefficient detection (cyan line); η = 0.85. The blue line is the optimal control; the
green line is the optimal constant λ control; and the black line is the open loop
control strategy.

6.3.6 Time delay

Solving the differential equation for the case in which time delay is present with a

time-dependent control is quite difficult. Thus I am resigned to solving the for the

asymptotically optimal time independent control. It is for this reason I choose two

scenarios to probe time delays in RSP. The first scenario examines the performance

of a control protocol which has time delays, but the experimentalist is oblivious

to these delays. The second situation the experimentalist is aware of the feedback

delay.

Oblivious time delay

Consider an experimentalist who is unaware of time delays in their feedback loop.

Due to the cost and difficulties of applying time dependent controls the experimen-

talist decides to apply asymptotically optimal time independent control λ =
√

2γ in

their RSP procedure. The fidelity in this scenario is

x(t) =
(
1 − e−2tγ

)
(1 − γτ) . (6.27)
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The steady state solution is x(∞) = 1 − γτ . In Fig. 6.7 Eq. (6.27) is plotted for

different time delays. For Eq. (6.27) to be valid we must have τ ≪ 1, and in this

regime rapid state preparation seems remarkably robust to time delays as evidenced

by the curve for τ = 10−2.

Figure 6.7: Fidelity for different time delays. The blue dot line is the optimal
control; the green line is the optimal constant λ control; and the black line is the
measurement alone strategy. The dashed magenta lines from bottom to top are for
feedback with oblivious time delay with τ = 10−1γ−1, 5×10−2γ−1. The dashed cyan
lines from bottom to top are for the asymptotically optimal control with time delays
τ = 10−1γ−1, 5 × 10−2γ−1.

Asymptotically optimal control for time delays

If the experimentalist realises there are delays in the control loop they might try to

compensate for them. By inspecting Eq. (6.15), the experimentalist would ascertain

that λ =
√

2γ(1−3γτ) is the asymptotically optimal control in the presence of time

delays. Under this control statergy the fidelity is

x(t) =
2(1 − 3γτ)

2 − 6γτ + 9γ2τ 2

(
1 − e−2γt+6γ2τt−9γ3τ2t

)
(6.28)

It is apparent from Fig. 6.7 that the asymptotically optimal control significantly

outperforms the oblivious senerio for t≫ 1γ−1.
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6.4 Comparison of imperfections

In order to compare the imperfections I will determine the allowed parameter ranges

for the different inefficiencies that will enable the feedback control case to perform

better than the open loop control at t = 2γ−1. Although this choice of time is

arbitrary, it is roughly when the long-time limit (t ≫ γ−1) approximation becomes

valid. Table (6.4) summarizes the parameter ranges that alow RSP at t = 2γ−1 to

outperform open loop control.

Control Imperfection Parameter range
Constant FB strength 0.956 ≤ α ≤ 1.189
Time dep. cal. errors 0 ≤ δ ≤ 0.165
Inefficient det. oblivious FB 0.973 ≤ η ≤ 1
Inefficient det. optimal FB 0.972 ≤ η ≤ 1
Time delay (γ−1) oblivious FB 0 ≤ τ ≤ 0.0045
Time delay (γ−1) optimal FB 0 ≤ τ ≤ 0.0146

Table 6.1: A summary of the parameter ranges for which feedback performs better
than the open loop protocol at t = 2γ−1.

From Fig. 6.1 it was clear that α ≫ 1 is required for short time evolution to

perform like the open loop evolution; but the dynamics induced by a large α caused

the steady state fidelity to be poor. Thus the second row in Table (6.4) suggests

that strong feedback is not necessary as α is of order 1. This implies that bounded

strength control protocols might offer some advantage in RSP.

The third row in Table 6.4 suggests that the feedback protocol is not very sen-

sitive to calibration errors, as a 16.5% error in the calibration seems rather high.

Unfortunately, the RSP protocol is more sensitive to detection inefficiencies,

regardless of whether one is aware of them or not (rows four and five respectively).

These rows also represent the effects of random noise (gaussian distributed) on the

control.

The final row is surprising. The equation used to derive the fidelity in the

presence of a time delay is only valid for τ ≪ γ−1. Thus τ = 0.0146γ−1 is at the

limit at which this approximation begins to break down. So for the small τ regime

RSP is remarkably robust. Outside the small τ regime it is unlikely that RSP will

be feasible using Markovian or Bayesian feedback (although the scheme presented

in chapter 7 can deal with time delays O(γ)).
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6.5 Discussion

I have studied RSP in the presence of control imperfections because it is related to

the central theme of my thesis. It seems that quantum control in an unbiased basis

is severely affected by detection inefficiencies. Detection inefficiencies are a very

common kind of experimental imperfection. Thus it would seem that the analysis in

this chapter is quite damning. There is hope, however: it may be that the quadratic

improvement in purification and measurement rapidity found in chapters 4 and 5

could be more robust to detection inefficiencies.

It would also be interesting to see if the RSP protocol presented here can be

generalized to all qbit states (by analogy with the HMH [HMH98] stabilization of a

qbit) with and without imperfections. The resulting analysis would be a combination

of those found in chapter 2 and here.

The methodology presented in this chapter, approximating Bayesian feedback

with Markovian feedback, is not restricted to studying imperfections in the control.

It also allows one to study the performance of control protocols with system imper-

fections. For example, it is easy to derive an equation for x(t) when the system has

isotropic dephasing noise at rate Γz and the decay rate from the excited state is Γd:

it is

x(t) =
4γη

2γ + Γdη + 2γη + 2Γzη

(
1 − e−Γdt/2e−γt(1+1/η)e−Γzt

)
.

Above I have included detection inefficacy as a system imperfection.

I would like to end with a comment. It would be interesting to do the same study

on a protocol that does not have a locally optimal solution as a global solution. In

such a case, the open loop control, Markovian control, LO-Bayesian control, open

loop control and quantum filtering (which will be discussed in the next chapter),

and optimal control solutions would be different. Such a study would truly examine

the advantages and disadvantages of all schemes.





Chapter 7

Combining Open Loop Control and

Quantum Filtering

We have seen in the previous chapters that it is possible to locally optimize feedback

control to affect rapid purification and rapid measurement. Unfortunately, feedback

is an experimentally difficult task. Feedback has the same requirements as other

quantum information protocols in the relevant physical systems (be they atomic or

condensed matter), with the additional criteria that the delay in the feedback loop

must be shorter than the system’s characteristic evolution time scale.

In this chapter I will introduce and motivate the feedback delay problem. Next I

will introduce a solution to the problem: a quantum control methodology, combin-

ing open-loop control with quantum filtering, which is not constrained by feedback

delays. I will compare the new methodology to the locally optimal feedback pro-

tocols when possible. Finally, I will comment on why the randomized strategy is a

useful benchmark for quantum control and adaptive measurements.

7.1 The feedback delay problem

For non-deterministic systems open-loop control and feedback control are generally

perceived to be distinct but complementary control methodologies [WM10]. Open-

loop control is usually independent of measurement while feedback control, of course,

involves measurement. Both types of control are powerful experimental and theo-

retical tools in classical and quantum contexts. In the quantum setting, open-loop

methods have, for example, allowed: the calculation of bounds on gate complexity in

quantum logic [NDGD06] and optimal gate synthesis [SSG05, SGJ08]; and decoher-

ence suppression by bang-bang control and dynamical decoupling [VKL99, GGL08].

Equally impressive progress has been made in feedback control theory: the prepa-

ration of squeezed states of light and spin [TMW02, SvHM04]; stabilization of pure

151
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Figure 7.1: A schematic of important time scales in a feedback loop. For devices,
the times depicted are the reciprocals of the component bandwidths. The τ i

el’s are
electronic delays between devices. The total effective delay is the sum of all the red
terms: τdel ≡

∑
i τ

i
el + τdet + τfil + τctrl.

and entangled states [WMW02, WD05, MH07, CH07]; continuous error correc-

tion [ADL02, AWM03, SAJM04]; and precision metrology and hypothesis testing

[Dol73, WK98]. Excitingly, these and other theoretical advances in quantum control

are being realized in experiments, for example [AAS+02, SRO+02].

In spite of these successes there are significant challenges facing the field, in

particular those in quantum feedback control stemming from delays in the feedback

loop. When such delays are larger than the relevant system timescales, the controlla-

bility of the system is severely degraded [Wis94a, KY07, NKI09]. In Fig. D.1 I depict

important sources of delays for each component in the feedback loop. Typical dy-

namical timescales (τsys) in the relevant quantum systems are 10−9 to 10−3s [MK05].

In some experiments the reciprocal detector bandwidth (τdet) and electronic delays

dominate the total effective feedback delay τdel [SRO+02]; in others, the time taken

to calculate the conditional state (τfil) and the optimal control (τctrl) will be most im-

portant. Currently, many atomic feedback experiments are limited by the response

time of the actuator (τact) (such as an electro-optic-modulator [SAM02]), but in solid

state systems τact is typically small compared to the other time scales [PJT+05]. In

the near future, as actuator bandwidths improve, the field of quantum feedback con-

trol will be placed in an awkward position: even if τact ≪ τsys, it may be impossible

to perform effective feedback control because τdel ≫ τsys.

In this chapter I introduce a type of quantum control which is a hybrid of tech-

niques from open-loop and feedback control, and which is not limited by feedback

delays (or at least is considerably less so). The control objectives I consider in-

clude rapid state purification [CJ06], rapid state measurement [CWJ08], and rapid

state preparation [Jac04, WB08]. My proposal is to apply open-loop control to

the system over some time interval [0, T ] (with T ≫ τsys), while also continuously
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monitoring it. With the resulting measurement record, one may perform filtering

(calculating the conditioned state [BHJ07, WM10]) either in parallel to the strat-

egy, or “offline” (after time T ). Offline filtering is suitable for objectives like rapid

measurement and purification, which require no feedback at all. Filtering in par-

allel (requiring τdel ≪ T ) may be necessary for the objective of rapid cooling or

state preparation, which in our scheme entails performing a single control step after

time T . In all cases, by combining continuous conditioning and open-loop control

we obtain results comparable to those previously derived for measurement-based

quantum feedback. This methodology is distinct from control based on: quantum

back-action [Jac10], the quantum anti-Zeno effect [AV80, DJJ01], learning [Tan07],

or coherent feedback [WM94, Llo00, Mab08, NJP09].

This chapter is organized as follows. In Section 7.2 I briefly review continuous

measurements and quantum filtering. Next I examine the problem of rapid pu-

rification under a random-unitary control strategy in Section 7.3. In Section 7.4 I

then consider the rapid measurement control problem, with the unitary controls re-

stricted to the permutation group. In both cases I prove analytically that the scaling

of the speed with the dimension of the system is the same as in the feedback-control

strategies of Refs. [CJ06, CWJ08]. I numerically examine the effect of varying δt,

the time between control pulses, and find that a speed-up can persist even with

δt ∼ τsys. I conclude with a discussion of some implications for quantum control,

and open questions.

7.2 Open loop control and quantum filtering

As noted in chapter 2, the SME for a D-dimensional quantum system ρ undergoing

a continuous measurement of an observable X, [WM10, Bru02, JS06]

dρ[t;X] = 2γ dtD [X] ρ(t) +
√

2γ dW (t)H [X] ρ(t). (7.1)

in conjunction with the measurement record specify a quantum trajectory (the sym-

bols, γ and dW (t) retain their meanings from previous chapters). The SME can be

understood as a method of filtering the measurement record dR =
√

4γ⟨X(t)⟩dt +

dW (t) to update the probablity distribution about the system state i.e. ρ.

Now I will explain how to determine the conditional evolution of a quantum state

from the measurement record and a string of unitaries that constitute the open-loop

control strategy S. The control strategy is comprised of a sequence of unitaries Uq
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“stroboscopically” applied at times tq = t0 + qδt. I have assumed an arbitrarily

strong Hamiltonian, which induces an instantaneous unitary Uq. It is convenient to

define U(t) for any t ≥ t0 as

U(t) = Uq . . . U2U1 (7.2)

for tq ≤ t ≤ tq+1. The quantum filter, Eq. (7.1), under the stroboscopic unitary is

modified as follows. Due to the equivalence between the Schrödinger and Heisenberg

pictures one may think of the unitary as rotating the measurement basis. In the

Heisenberg picture (with respect to the control unitary) the observable at time t is

rotated from X̌(t0) = X to X̌(t) = U †(t)XU(t). Thus the filtered state is

ρfil(t+ dt) = ρ(t) + dρ[t; X̌(t)] (7.3)

The subscript “fil” denotes that we have conditioned or filtered the state based on

the unitary and the measurement result in the interval [t, t + dt). To obtain the

evolution of a conditional quantum state from a continuous measurement record

and an open-loop strategy S one must recursively apply Eq. (7.3). This need not

be done in real time.

7.3 Rapid purification and random unitaries

In chapter 4, Sec. 4.2, I showed how it was possible to construct feedback protocol

that measured permuted versions of observable X (which was in an unbiased basis

with respect to ρ) so that the speed-up in purification was S = 2
3
(d + 1). Later in

chapter 4 I bounded the speed-up for all unbiased basis protocols by 2
3
(d + 1) ≤

S ≤ O(D2). Both of these methods require feedback loops. At the start of this

chapter I argued that feedback may be impractical due to feedback loop delay. I will

now introduce an open-loop strategy that performs as well as the all-permutations

protocol: applying random unitaries.

The intuition behind this protocol is as follows. In chapter 2 I noted that it is

not possible to reduce the total entropy of a system using unitaries1. In the open-

loop and filtering scenario it is the measurement that reduces the uncertainty in

our state of knowledge; the unitary enhances the reduction. The unbiased basis in

1A sub-system’s entropy maybe reduced, but this requires the other part of the system to be
traced over, which is not unitary.
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the all-permutations and QFT algorithms maximizes the coherences of ρ(t) in the

measurement basis. Similarly, applying a random unitary also creates coherences

in the measurement basis, although they may not be maximal. By contrast, in the

no control case, the coherences decay exponentially if they are initially non-zero (or

remain zero if they were initially).

To analytically calculate how the continuous measurement and the random-

unitary control strategy change the impurity we make an approximation. I assume

that the controls are applied frequently when compared to the system’s character-

istic time; that is δt≪ γ−1 = τsys. From this assumption one is able to describe the

evolution of the state from tk to tk+1 as an infinitesimal change (i.e. using Eq. (7.1))

by replacing X with X̌(tk)). Thus we may drop the discrete time indices, so the

average impurity (averaged over the trajectories) becomes

E [dL] = −8γdt{Tr
[
X̌ρX̌ρ

]
− 2Tr

[
X̌ρ
]
Tr
[
X̌ρ2

]
+ Tr

[
X̌ρ
]2

Tr
[
ρ2
]
}.

In order to quantify the performance of the control I calculate the value of E [dL]

on average for the random unitary strategy. The average over unitaries is given by

E[E [dL(ρ)]] ≡
∫

U(D)

dU E
[
dL(ρ, U †XU)

]
, (7.4)

where U(D) is the group of D×D unitary matrices and dU is the Haar probability

measure on U(D) [Sco08]. Because the state ρ appears at most twice in any term of

Eq. (7.4) it is not necessary to average over all unitaries; a finite set called unitary

2-designs are sufficient [Sco08] (see Appendix D for details about unitary t-designs).

This greatly simplifies the calculations below. In addition to this it would simplify

implementation of this control strategy, as only a finite number of different unitaries

need be applied. Interestingly, the order of the averages in equations Eqs. (7.4) and

(7.4) is not important.

All of the terms in Eq. (7.4) can be evaluated using the methods of Ref. [Sco08].

Below I show this explicitly for the first term T1 ≡ Tr
[
XUρU †XUρU †]. First I

enumerate some preliminary identities:

1. a permutation operator can be defined, using the Einstein summation conven-

tion, as

P (σ) = |i⟩⟨σ(1)| ⊗ |j⟩⟨σ(2)| ⊗ |k⟩⟨σ(3)| ⊗ |l⟩⟨σ(4)| (7.5)

where σ = (σ(1), σ(2), σ(3), σ(4)); eg. for σ = (2, 3, 4, 1) P2341 = |i⟩⟨l|⊗|j⟩⟨i|⊗
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|k⟩⟨j|⊗ |l⟩⟨k| (indices run from 0 to D− 1). For more details see Appendix D.

2. from the permutation operator defined in 1. one can show that

Tr [ABCD] = Tr [(A⊗B ⊗ C ⊗D)P2341] . (7.6)

This implies that we may rewrite the expression for T1 as:

Tr
[
(X ⊗ ρ⊗X ⊗ ρ).(U ⊗ U † ⊗ U ⊗ U †).P2341

]
.

3. by permuting Eq. (5.17) from Ref. [Sco08])

Q′ = P1324Q(P1324)
† =

∫
dU U ⊗ U † ⊗ U ⊗ U † (7.7)

=
D(P2143 + P4321) − (P4123 + P2341)

D(D2 − 1)
. (7.8)

Returning to the calculation of the integral in Eq. (7.4), for the first term it is∫
dU T1 =

∫
dUTr

[
XUρU †XUρU †]

= Tr [(X ⊗ ρ⊗X ⊗ ρ).Q′.P2341]

=
Tr [X ⊗ ρ⊗X ⊗ ρ {D(P1432 + P3214) − P1234 − P3412}]

D(D2 − 1)
. (7.9)

As an example, I will now show how to evaluate the first two terms from this

expression. The first term from the left hand side of the numerator of Eq. (7.9) is

T1 = Tr [(X ⊗ ρ⊗X ⊗ ρ).(DP1432)]. Substituting the permutation P1432 = |i⟩⟨i| ⊗
|j⟩⟨l| ⊗ |k⟩⟨k| ⊗ |l⟩⟨j| into this term gives

T1 = D⟨i|X|i⟩⟨l|ρ|j⟩⟨k|X|k⟩⟨j|ρ|l⟩ = D⟨i|X|i⟩⟨k|X|k⟩⟨l|ρρ|l⟩ = 0. (7.10)

For the second term T2 = Tr [(X0 ⊗ ρ ⊗ X0 ⊗ ρ).(DP3214)] in Eq. (7.9) we have

T2 = D⟨k|X0|i⟩⟨j|ρ|j⟩⟨i|X0|k⟩⟨l|ρ|l⟩ = DTr
[
X2

0

]
. (7.11)

Calculating the remaining terms in Eq. (7.9) in like manner gives∫
dUT1 =

Tr [X2] (D − Tr [ρ2])

D(D2 − 1)
. (7.12)

A similar calculation must be performed for all terms in Eq. (7.4); to do this one
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needs Tr [AB] Tr [CD] = Tr [(AB) ⊗ (CD)]. The final result is

E[E [dL]] = −8Tr [X2]]

(D2 − 1)
γdt

{
1 − 2Tr

[
ρ3
]
+ Tr

[
ρ2
]2}

. (7.13)

Unfortunately, this differential equation cannot be solved exactly as the right-hand

side is not a function of L. As we are interested in the long-time limit, when ρ

is very pure, recall from chapter 4 that the largest eigenvalue was defined to be

λ0 ≡ 1 − ∆ where ∆ =
∑d−1

i̸=0 λi, so that L ∼ 2∆. In this limit B ∼ 2∆ where

B ≡
{

1 − 2Tr [ρ3] + Tr [ρ2]
2
}

. For very pure states we thus have

E[E [dL]] ∼ −2

3
D γdt {2∆} ∼ −2

3
D γdtL, (7.14)

where X has been chosen to be Jz which gives Tr [X2] = D(D + 1)(D − 1)/12. In

fact, for all ρ, L ≤ B so that E[E [dL]] is bounded from above by exp(2
3
γDt)L(0).

For times t≫ γ−1 Eq. (7.13) will asymptote to Eq. (7.14).

Now we compare this strategy to a continuous measurement without control, in

order to quantify the improvement it provides. The figure of merit will be the

speed-up: the time it takes for E [L] to reach a fixed impurity divided by the

time it takes E[E [L]] to reach that same purity [Jac03]. In the no-control case

E [L(t)] ∝ exp (−γt), as derived in chapter 3. Asymptotically the speed-up is

S = 2
3
D. As previously stated this strategy has the same order of improvement

as the deterministic algorithm in chapter 4, where S = 2
3
(D + 1). This high purity

result is confirmed with quantum trajectory simulation in Fig. 7.2. From Fig. 7.2 we

see that on average the random unitary strategy performs better than a continuous

measurement even when the feedback is very infrequent. Surprisingly we obtain

the asymptotic speed-up at moderate purities and for moderately frequent feedback

(δt = 0.01γ−1, evident by the circles in Fig. 7.2). Remarkably significant speed-ups

are still obtained when δt = γ−1.

In comparison to the all-permutations UBB algorithm of Sec. 4.2, the same order

Θ(D) of improvement is found by this non-adaptive scheme. However, the O(D2)

improvement found in Sec. 4.3.2 (and Eq. (4.42)) of chapter 4 is much greater than

the Θ(D) found here. As an attempt to get a O(D2) improvement I have also

considered applying fixed rotations about y. However, numerical simulations show

that a fixed feedback angle performs considerably worse than a random unitary

(eg. when D = 3, S = 1.47 for a Target impurity of 1 × 10−5 using the “optimal”
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Figure 7.2: The purification speed-up provided by the random unitary strategy for
D = 4. The solid curve is a lower bound on the speed-up in the limit where the
time δt between unitary controls goes to zero, as explained below Eq. (7.14), and the
dashed line is its asymptotic (high-purity) limit. The circles, squares and triangles
are numerical calculations of the speed-up with finite δt = 0.01, 0.25 and 1 (in units
of the reciprocal measurement rate) respectively. The averages were calculated from
80,000 trajectories.

angle θ = π/7). Randomly varying rotation angle θ or the sign of the rotation

does not seem to significantly affect linear entropy reduction. It is too early to say

whether a non-adaptive scheme can provide a O(D2) improvement. Presumably a

two axis rotation would be more likely to provide a quadratic speed-up. Interestingly,

applying a QFT at times δt seems to give the same Θ(D) scaling as the random

unitaries.

To end the presentation on random unitary strategies I will comment on how this

protocol can be modified for state preparation. After purifying a state to a desired

level of purity by the method above I applied one more unitary. This unitary is

necessarily a conditional unitary, as it must take the post purification state to the

final target state. In effect I have delayed the feedback to the final unitary.

7.4 Rapid measurement and random permutations

Now I regard an alternative control problem: rapid measurement of a quantum state.

As described in chapter 5 it is natural, in this case, to switch our objective function

to the log-infidelity ln (1 − λ0) = ln (∆) as it is a good indicator of the mean time

to reach a fixed level of confidence [CWJ08]. I will show in this section that it is
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possible to obtain a speed-up Θ(D2)2.

Inspired by the locally optimal rapid measurement scheme of chapter 5, here I

consider a restricted random unitary U(t) drawn from the permutation group P(D).

The open-loop unitary U(t) is given by Uq . . . U2U1 for tq ≤ t ≤ tq+1 where for all q,

Uq ∈ P(D). The application of Uq permutes the eigenvalues of ρ along the diagonal

(or equivalently Jz so that J
(m)
z (t) = U †(t)JzU(t)).

To obtain an analytical approximation for the speed-up I follow the method

used in previous sections of treating δt as infinitesimal. Explicitly averaging over all

possible permutations, in one interval [t, t+ dt), the SME in the Heisenberg picture

with respect to the control unitary is

E[dρ] =
D!∑

m=1

{
2γ

D!
dtD

[
J (m)

z

]
+

√
2γ

D!
dW (m)H

[
J (m)

z

]}
ρ, (7.15)

where I defined D! as independent Wiener increments. It is possible to show that

Eq. (7.15) is equal to

D∑
i=1

{
2γdtℵD [Πi] +

√
2γℵdWiH [Πi]

}
ρ, (7.16)

where Πi = |i⟩⟨i| and ℵ = D(D + 1)/12 (see Appendix C for the details). It is easy

to show for all i that D [Πi] ρ = 0, so that

E[dρ] =
√

2γℵ
D∑

i=1

dWiH [Πi] ρ. (7.17)

The equation of motion for an arbitrary population, pi, in the measurement basis is

thus

E[dpi] = 2
√

2γℵ{dWi(pi − p2
i ) − pi

∑
j ̸=i

pjdWj}. (7.18)

Taking p0 to be the largest population, then using the Itô calculus to change variables

to d ln (1 − p0) (the log-infidelity), then averaging over the measurement noise gives:

E [E[d ln (∆)]] = −(dp0)
2/2(1 − p0)

2. (7.19)

2The notation X = Θ(Y ) means X is both upper and lower bounded by quantities scaling as
Y .
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To calculate the terms arising from (dp0)
2 one must use the fact that the dWi’s

are independent noises such that dWi × dWj = δijdt. Now I invoke the arguments

found in chapter 5 to derive lower and upper bounds on this expression. The upper

bound is calculated by substituting in the maximally mixed state for a fixed infidelity

ρF = diag(1 − ∆, ∆
D−1

, . . . , ∆
D−1

) into Eq. (7.19):

E [E[d ln (∆)]]]F = −4γℵp2
0((D − 1)dW0 −

D−1∑
j=1

dWj)
2/(D − 1)2

= −4dtγℵp2
0D/(D − 1). (7.20)

The lower bound is given by the minimally mixed distribution for a fixed infidelty,

which is ρ2 = diag(1 − ∆,∆, 0, . . . , 0). Substituting this into Eq. (7.19) gives

E [E[d ln (∆)]]2 = −4γℵp2
0(dW0 − dWj)

2

= −8γℵdtp2
0. (7.21)

In chapter 3 I showed that for a continuous measurement (without control) E [d ln (∆)] ∼
−4γt. So for, ∆ ≪ 1, the speed-up in measurement is bounded by

D2 (D + 1)

12(D − 1)
≤ S ≤ D(D + 1)

6
. (7.22)

That is, I obtain the same Θ(D2) speed-up as for the locally optimal feedback in

chapter 5. Although, forD ≫ 1 the upper bound here scales asD2/6 where the lower

bound for the LO feedback scales asD2/4. For affecting rapid state preparation, once

again, one may perform a conditional unitary at the end of the filtering to prepare

a desired state with high fidelity. Alternatively, because the applied permutations

are calculationally reversible, the high final fidelity corresponds to a high fidelity in

estimating the initial state. This would enable rapid readout or rapid tomography.

I confirm the bounds in Eq. (7.22) with a quantum trajectory simulation, the re-

sults of which are presented in Fig. 7.3. In Fig. 7.3 it is apparent that the numerically

calculated speed-up for the random permutation strategy lies within the bounds de-

rived in Eq. (7.22). Also plotted in Fig. 7.3 is an additional speed-up curve for a fixed

permutation strategy which alternates permutations P2143 and P3124. Remarkably,

the speed-up is of the same order as that of the random permutation algorithm.

Continually repeating this cycle is very similar to a random permutation, as mea-

sured by the average distance between the largest eigenvalues. Figure 7.3 also shows
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that, unlike the random unitary case, the random permutation strategy is sensitive

to the frequency of the applied feedback.
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Figure 7.3: The speed-up for permutation strategies for D = 4. The dashed lines are
the asymptotic bounds in Eq. (7.22). The results for random permutation strategy
are shown by circles for δt = 6.25 × 10−4γ−1 and triangles for δt = 1.25 × 10−3γ−1.
The squares are for the deterministic strategy described in the text with δt = 6.25×
10−4γ−1. Averages were taken over 8,000 trajectories.
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Figure 7.4: The speed-up for a single fixed permutation strategy for D = 4. The
dashed lines are the asymptotic bounds in Eq. (7.22). The fixed permutation is P3124

it was applied at times δt = 6.25 × 10−4γ−1. The doted line is the asymptotically
calculated speed-up for this strategy. Averages were taken over 8,000 trajectories.

It is clear that fixed permutation strategies warrant further investigation. There

are D! possible permutations of the eigenvalue arrangements, although obviously

not all permutations will result in a significant speed-up (for example consider the

identity permutation). For a two-permutation alternating strategy there are D!C2
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combinations. ForD = 4 this means that there are 24C2 = 276 possible combinations

for two-permutation alternating strategies. Many of these strategies will give the

same Θ(D2) scaling as the random permutation strategy (for example {P1423, P3412}
and {P3412, P2413}). All of these permutations cycle through, each eigenvalue be-

ing maximally distant from all others in a cycle. By this I mean that in a cycle

there will be at least one instance at which any two eigenvalues λi and λj are ar-

ranged in ρ such that one of them corresponds to |0⟩ and the other to |D − 1⟩.
The poor permutations tend not to mix the eigenvalues; consider for example the

action of the permutations {P2314, P4123} and {P2314, P4123}. Permutation sequences

like {P1243, P2431} and {P2143, P2413} give speed-up mid-way between the upper and

lower bound and closer to the lower bound respectively. Interestingly, a single fixed

permutation applied repeatedly also gives a speed-up that lies within the bounds

provided by Eq. (7.22). This is depicted in Fig. 7.4.

7.5 Open loop control and filtering in a register

I have also considered read-out of a register of qbits, as was considered in chapter

5, Sec. 5.5. As before, each qbit is independently monitored, but this time the

operations on the register (permutations of the logical basis) must not be conditioned

on the results of the monitoring. Unlike the above analysis I am not (yet) able to

characterize analytically the performance of this protocol, so the analysis here is

restricted to numerics.

In Fig. 7.5 I plot the numerically calculated speed-up for two- and three-qbit

registers that are subject to continuous monitoring and random permutation open

loop control. In both cases the calculated speed-up is greater than one. Unlike

the qdit case, a fixed permutation strategy which alternates permutations P2143 and

P3124 performs better than a random permutation strategy; this is illustrated in

Fig. 7.6.

Because I have not derived bounds on the speed-up for this protocol it is unclear

what these results should be compared too. However, it is reasonable to expect that

any random (or deterministic) strategy in a register should perform worse than the

LO one from chapter 5. The approximate analytical bounds from that chapter were

n/4 ≤ SLO ≤ n and the numerically calculated speed-up was SLO ≈ 0.718n.

Preliminary asymptotic numerical results (see Fig. 7.7) indicate that random per-

mutations in the logical basis give a similar improvement to the Hamming-ordered
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Figure 7.5: The speed-up for a random permutation strategy for a register of n qbits
with (from top to bottom) n = 3 (green) and n = 2 (blue) where δt = 6.25×10−4γ−1.
The dashed lines are the asymptotically calculated speedups. Averages were taken
over 8,000 trajectories.
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Figure 7.6: The speed-up for permutation strategies for n = 2. The dashed lines
are the asymptotically calculated speedups. The results for random permutation
strategy are shown by circles for δt = 6.25 × 10−4γ−1. The squares are for the
deterministic strategy described in the text with δt = 6.25 × 10−4γ−1. Averages
were taken over 8,000 trajectories.

feedback scheme in Sec. 5.5. The fit shown is

S = 0.397n+ 0.53. (7.23)

Due to the many symmetries of a two qbit register it might be wise to exclude this
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Figure 7.7: The asymptotic speed-up in the mean time for a quantum register to
reach a given level of infidelity, as a function of the number of qbits in the register.
The dashed line is a linear fit S = 0.397n + 0.53. As described in the main text it
seems reasonable, for large n, that S ∼ 0.5n.

data point from the fit. Doing so, and only fitting the slope, gives

S = 0.525n. (7.24)

This can be justified intuitively by analogy with the analysis in Sec. 5.6.1. The aver-

age hamming distance between two binary strings chosen at random (with replace-

ment, without replacement is asymptotically the same) is E [dH] ∼ 0.5n [FKS99].

More analysis is needed to confirm this intuition. In either case both results show

that a significant portion of the maximum possible speed-up can be procured with-

out LO feedback. This, combined with the observation (above) that deterministic

strategies can perform better than random strategies, mean that it is conceivable

that rapid measurement could be useful for read-out in quantum computers.

7.6 Discussion

Despite the feedback delay problem, current theoretical trends in quantum control

have focused on optimal control and Bayesian feedback; both, however, are compu-

tationally more expensive than Markovian feedback. In this chapter I have proposed

a method of control that is significantly simpler to implement than LO control and
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provides approximately the same order of improvement. Furthermore, combining

open-loop control and quantum filtering has effectively avoided the feedback delay

problem in some cases. In addition to this, I have introduced another way to analyse

the performance of feedback protocols (and adaptive measurement strategies): by

comparing the advantage of a given feedback strategy over an appropriate random

strategy.





Chapter 8

Conclusions

“Theory helps to avoid unnecessary experiments”

– V. P. Belavkin (during his QCMC 2008 talk)1.

“Experiment helps to avoid unnecessary theories”

– M. Aspelmeyer (responds in his QCMC 2008 talk).

This chapter has three purposes. The first section, Sec. 8.1, provides a technical

summary of the major results in each chapter of this thesis. Secondly, in Sec. 8.2, I

try to unify the results presented in this thesis into a single conceptual framework.

Finally, in Sec. 8.3 I look at the implications of this work outside the context of

rapid measurement and purification, as well as avenues for future research on this

topic.

8.1 Summary

Here I summarize the major results or contributions of each chapter

C. 2 Chapter 2 is primarily a review of previous work. I did, however, present a mi-

nor new result in Sec. 2.3.1 by giving a new derivation of the stochastic master

equation by considering a specific two-outcome POVM (this POVM is often

mentioned in the quantum optics and quantum information community). Ad-

ditionally I corrected small mistakes in Refs. [WW01, WMW02] in Sec. 2.5.1.

The corrected equations are Eqs. (2.55) – (2.57), (2.60), and (2.64) – (2.66). I

derived the distribution of log-purities, Eq. (2.112), which was not calculated

in Ref. [WR06]. In Sec. 2.6.1 I showed how a proof of principle experiment of

rapid purification could be achieved in polarization-encoded qbits.

1Apparently after Markus’ talk Slava approached him and said: “but I said ’good theory’...”.
Private communication 2009 M. Aspelmeyer.
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C. 3 In Sec. 3.1 of Chapter 3 I gave a rigorous derivation of the long-time limit ex-

pression for the average impurity of a qdit subject to a continuous conditional

measurement. Then, in Sec. 3.1.3, I explored the distribution of impurities.

This led to a derivation of bounds on the spread of the impurity trajectories

that has only been heuristically derived before. My analysis then switched to

a different measure of mixedness - the log-infidelity. In Sec. 3.3 I obtained

an expression for the average log-infidelity and argued that this approximates

the mean time to a fixed purity. These analyses were repeated for a register

of qbits for both the average impurity (in Sec. 3.2) and the mean time (in

Sec. 3.4).

C. 4 In chapter 4 I calculated bounds for the speed-up in the rate of purification in

any unbiased basis to be 2
3
(D+ 1) ≤ S ≤ 1

2
D2. I then showed numerically, for

a specific unbiased basis (the one given by the QFT of the logical basis), that

the achieved speed-up was S ≈ 0.2D2. The case for a register of qbits was not

so clear. It appears that the speed-up might be constant, S ≈ 2, or there may

actually be a slow-down for n > 2.

C. 5 In chapter 5 I considered a feedback strategy which is restricted to permuting

the eigenvalues of ρ in the basis of the measured observable. With these

restrictions I was able to derive the locally optimal feedback protocol for rapid

measurement and rapid purification of a qdit as well as a register of qdits. The

benefit provided, in the mean time sense, by the protocol is Θ(D2) for a qdit

and Θ(n) for a register of qbits.

C. 6 Chapter 6 is the first chapter to consider control in the presence of control im-

perfections. I examined trying to perform rapid state preparation (specifically

the preparation of a σx eigenstate) with measurement and control imperfec-

tions, using Markovian feedback. The types of imperfections I considered were:

finite strength feedback, calibration errors in the control, time delays in the

feedback signal, and inefficient detection. I found this protocol to be most

sensitive to detection inefficiencies.

C. 7 In chapter 7 there are three major themes. The first theme is the introduc-

tion of a new type of control, which is a combination of open-loop control

and quantum filtering. This new control methodology is less sensitive to the

frequency of the applied control than measurement based quantum feedback
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control; which provides some evidence that bounded strength control would

also afford a speed-up. Consequently, if a particular control objective can be

achieved by this methodology, it may avoid the problem of delays in the feed-

back loop. The second theme is a demonstration of the effectiveness of this

methodology, by applying it to the problems of rapid purification and rapid

measurement. I show that this methodology provides, for a qdit, a speed-up of

S = 2
3
D when the applied control is a random unitary. When the applied con-

trol is a random permutation the speed-up is Θ(D2). Furthermore I showed,

numerically, that the applied control need not be random. Alternating appli-

cations of two permutations was enough to provide the same improvement as

the random permutation. Finally, I gave some preliminary numerical results

for the asymptotic scaling of the speed-up of a register with a random per-

mutations control strategy. I found a scaling of S = 0.525n. The third and

final theme is that this control methodology sets a new benchmark for the

effectiveness of a quantum control (or adaptive measurement) protocol. One

should compare the advantage of a control protocol (optimal, or otherwise)

not only to the no control case, but to randomized and deterministic control

strategies to truly characterize the benefit of a protocol.

8.2 Conclusions

In this section I will try to draw all of the results in this thesis into a cohesive story.

I am primarily interested in exploring how quickly information can be extracted.

To this end the mean time seems to be a more natural benchmark, so I will not

consider the average impurity type benchmarks here. Furthermore, this means that

the analysis is biased against the average impurity protocols.

In table 8.1 I summarize the speed-ups provided by all of the qdit protocols

presented in this thesis, as well as the LO protocol of Shabani and Jacobs [SJ08].

I am able to make a comparison of all the speed-ups by converting the bounds on

E [dL] for the unbiased basis protocols (eg. those from chapter 4) into bounds for

E [d ln ∆], and thus the mean time to a fixed purity. This is only possible because

the trajectories for an UBB protocol are nearly deterministic, so that E [ln ∆] ≈
ln (E [∆]), and in the limit of high purity L ∼ 2∆. I have also included in the table

a row that represents the speed-up from a random unitary control. The assumption

required to convert average impurity speed-up into a mean time speed-up [near
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deterministic trajectories so that E [ln ∆] = ln (E [∆]) ] seems unlikely for a random

unitary [although it seems plausible that the mean time speed-up would be at least

O(D)].

Task Protocol Speed-up
Measurement Continuous Measurement 1

Random Unitary 0.16D
Purification Quantum Fourier Transform (fit) 0.05D2

Unbiased Basis (max) 0.125D2

Shabani-Jacobs (max) 0.5(D − 1)2

Random Permutation (min) 0.08D2

Measurement Random Permutation (max) 0.16D2

& Purification Rapid Measurement (min) 0.25D2

Rapid Measurement (fit) 0.40D2

Rapid Measurement (max) (D − 1)2

Table 8.1: A summary of the mean-time speed-up afforded by rapid purification
and rapid measurement protocols. The three rows in the first column signify the
task/s each protocol can be used for: row (1) measurement, which allows for read
out and purification; row (2) purification only (as it is not clear if purification
allows for information about the initial state to be inferred); row (3) measurement
and purification. The protocols in the second column refer the following equations:
Continuous Measurement Eq. (3.36); Random Unitary Eq. (7.14); Quantum Fourier
Transform Eq. (4.42); Unbiased Basis (max) Eq. (4.25); Shabani and Jacobs [SJ08],
Random permutations (min and max) Eq. (7.22); Rapid Measurement (min and
max) Eq. (5.10); Rapid Measurement (fit) Eq. (5.13).

From table 8.1 I conjecture that while it is possible to use quantum coherences

(as generated by an unbiased basis protocol) to improve the rate at which one ac-

quires information about a quantum system, it is far from optimal. The argument

for this conjecture begins by noticing that the speed-up for the QFT protocol, the

row labeled Quantum Fourier Transform (fit), saturates the analytically derived up-

per bound for the QFT protocol2. This suggests firstly, that some unbiased basis

protocol might achieve the unbiased basis (max) bound; secondly, that the speed-up

of the deeply quantum strategies3, as characterized by the row labelled Unbiased

Basis (max), has the same order of speed-up as the protocol which randomly per-

mutes the eigenvalues. That is, the speed-up for the best unbiased basis protocol is

only as good as a random permutation. Moreover, these deeply quantum strategies

2From chapter 4: the results were SQFT(fit) = 0.19D2 and SQFT(max) = 0.20D2.
3In the sense that the state and observable are complementary.
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have speed-ups that are less than the lower bound on the speed-up provided by the

rapid measurement protocol - the row labelled Rapid Measurement (min). Finally,

at present it is not known if the upper bound on the speed-up for purification, given

in the row Shabani-Jacobs (max), is tight. Even if it is tight, it only provides the

same order of improvement as the Rapid Measurement (fit) protocol. Furthermore,

the Shabani-Jacobs protocol [SJ08] is conceptually and experimentally difficult to

implement. The arguments above imply that classical strategies4 - those where the

state and observable commute at all times - are more powerful for information ex-

traction than quantum strategies. This intuition is confirmed when the speed-ups

for a register of qbits are considered.

Protocol Speed-up
Measurement Continuous Measurement 1
Purification Quantum Fourier Transform (max) 0.5

Unbiased Basis (max) 0.5n
Measurement Random Permutation (asym)5 0.5n

Random Permutation (fit) 0.52n
Rapid Measurement (min)6 0.25n

& Purification Rapid Measurement (fit) 0.718n
Rapid Measurement (max) n

Table 8.2: A summary of the mean time speed-up afforded by rapid purification
and rapid measurement protocols in a register of qbits. The three rows in the first
column signify the task each protocol can be used for: row (1) measurement, which
allows for read out and purification; row (2) purification only; row (3) measurement
and purification. The protocols in the second column refer the following equations:
Continuous Measurement Eq. (3.44); Quantum Fourier Transform Eq. (4.52); Un-
biased Basis (max) Eq. (4.46); Random permutations (asymptotic) E [dH] ∼ 0.5n
[FKS99]; Random permutations (fit) Eq. (7.24); Rapid Measurement (fit) Eq. (5.23);
Rapid Measurement (min and max) Eq. (5.22).

In table 8.2 I summarize the speed-ups derived in this thesis for a register of qbits.

The slow-down evident in the Quantum Fourier Transform (max) row is precisely

the slow-down found by Wiseman and Ralph in [WR06] (and discussed in chapter

2). The row labelled unbiased basis (max) shows that the maximum possible benefit

provided by an unbiased basis protocol in a register scales linearly with n, although

4I call them classical strategies, even though they require unitary operations to implement, as
no coherences are generated by these operations.

5See the reasoning below Eq. (7.24) on page 164.
6This bound holds for n & 7, the actual bound is given in Eq. (5.22).
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there is no evidence to support this scaling. On the contrary I only have evidence

that supports a slow-down – the preceding row. In any case the speed-ups in the last

three rows are all greater than those for the unbiased basis protocols. This supports

the claim that classical strategies are better for information extraction.

There is a seeming contradiction between the qdit case and the register. Consider

the case of a register that has aD = 2n dimensional Hilbert space. One might expect,

from intuitions gained in the qdit case, that the speed-up would scale as Θ(D2).

Clearly it does not. Thus the speed-up is not uniquely determined by the dimension

of the Hilbert space of the system of interest ρ; it also depends on the number

of output channels and the structure of observables Xi. For the remainder of this

section I restrict my analysis to a single D-dimensional system with a single output

channel. This is because the structure and subsequent speed-up of more general

registers7 is largely unexplored. It is clear at present, however, that the speed-

up for these generalized registers will depend intimately on a generalized notion of

Hamming distance – the Lee distance.

Before continuing with the analysis I should point out that in what follows the

observable of interest is not restricted to have equi-spaced eigenvalues, but the feed-

back is restricted to “classical” protocols. Consider an observableX with eigenvalues

and eigenstates defined by X|xi⟩ = xi|xi⟩. Let us assume that ⟨X⟩ ≈ xi, for some

xi, so that the measurement result is dR =
√

4γdt⟨X⟩+ dw →
√

4γdtxi + dw. Now

consider the distinguishability of the following measurement results: 1) the system

is in the eigenstate |xi⟩ and the measurement yields the result dRi =
√

4γdtxi +dw,

and 2) the system is in the eigenstate |xj⟩ and the measurement result is dRj =
√

4γdtxj + dw. By rewriting the results as dRi = 1
2

√
4γdt(x+ + x−) + dw and

dRj = 1
2

√
4γdt(x+ − x−) + dw where x± = 1

2
(xi ± xj) I may define the signal dis-

tinguishability as SD = dRi − dRj =
√

4γdtx−. The noise is obviously dw. The

signal to noise ratio (SNR) is then SD2/dw2 = 4γdtx2
−. It is easy to see that for

a continuous measurement of Jz the minimum signal to noise ratio corresponds to

x− = 1, so that SNRmin = 4γdt, while the maximum would correspond to x− = 2j,

which gives SNRmax = 4γdt(D − 1)2. Thus the upper bound on the speed-up is

SNRmax/SNRmin = (D − 1)2, which is analogous to the result found in chapter 5

and Ref. [CWJ08]. This argument would mean that for a general observable the

7For example, what the maximum obtainable speed-up for the following registers is (here the
number represents the dimension of the subsystems Hilbert space): 2 ⊗ 2 and 2 ⊗ 2 . . . ⊗ 2 (these
have been calculated in this thesis); 2⊗ 3, 2⊗ 4 and 2⊗D up too D ⊗D; 2⊗ 2⊗D or 2⊗ 3⊗D;
and D ⊗ D . . . ⊗ D etc.
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speed-up would be

Sclassical = Θ

(
SNRmax

SNRmin

)
. (8.1)

From heuristic arguments, reflecting on the bounds derived in chapter 4, I conjecture

that a general bounds on the speed-up, for any unbiased basis protocol would be

O

(
Sclassical

D

)
≤ SUBB ≤ O (Sclassical) . (8.2)

The bounds presented in Eq. (8.1) and Eq. (8.2) are now straightforwardly applicable

to observables with non-equi-spaced spectrums.

8.3 Implications and future research

In this section I will explore the implications of my results, outside of the special-

ized field of rapid purification and measurement, and outline suggestions for future

research.

Information-disturbance relations

The concept of rapid purification and measurement was partly inspired by information-

disturbance trade-offs (which were discussed in chapter 1), which is a question in

the foundations of quantum mechanics. I will now explain how the results in this

thesis fit into this literature. For a qbit, Fuchs and Jacobs [FJ01] found that it was

always best to measure in an unbiased basis to maximize information gain.

In some sense I have generalized their result to aD-dimensional quantum system.

I have calculated the maximum average gain in information, for a D-dimensional

system, that an observer would obtain if they made a weak measurement in any

basis that is unbiased with respect to the state. This was found to be O(γδtD2)

when the measured observable is X̌ = T †JzT .

However, I also considered strategies for acquiring information that do not require

an unbiased basis. These strategies do not exist in a qbit, because they correspond

to the minimal acquisition of information and minimal disturbance strategy. These

rapid-measurement strategies provide the same order of benefit as the quantum

strategies. Moreover, these strategies maximize the amount of information acquired

about the initial state and the final state.
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Ultimate limit on the rate of information extraction

The analysis in this thesis suggests that the ultimate limit on the rate of informa-

tion extraction is proportional to the measurement strength, γ, the duration of the

measurement, δt, and the square of the dimension of the system’s Hilbert space, D2.

However, I have only considered a very specific and simple measurement model.

For more elaborate measurement schemes, such as the double pass probe [NM08],

it is unknown how this rate will be affected. It is likely that these schemes will only

change the effective measurement strength by a constant amount, which might be

interpreted as an effectively larger measurement strength. This means that the

scaling of the speed-up would not change. Alternatively, the scaling of the speed-up

in relation to the Hilbert space dimension might change, which would seem most

unphysical.

Is quantum feedback control excessive?

In chapter 7 I developed a new type of quantum control. Another way of viewing

this control is as quantum feedback control with a random controller. This random

feedback control has the same Θ(D2) scaling as the locally optimal feedback control.

This might cause some alarm bells to ring. You are probably thinking, “if one gets

the same order of advantage with a random controller, why bother with the locally

optimal controller?”. But the situation is in fact worse than this - the controller

could be deterministic, in which case it just performs one operation (albeit the best

for my argument). This procedure also appears to give the same O(D2) advantage.

In the past months the above problem, as well as other unpublished work (on

parameter estimation), has led me to devise a new optimization strategy for quantum

control. The idea is in some sense an extension of the local in time optimization

of Doherty, Jacobs and Jungman presented in Ref. [DJJ01]. The basic idea is as

follows. Given some initial state, a control objective, and the ability to perform

a control unitary, what unitary should I perform to maximize (on average) the

control objective conditional on the measurement result? After that measurement,

but independently of which measurement result was obtained, I perform the same

optimization and so on for all times. I call this a locally optimal non-adaptive

measurement (or feedback control) protocol. For example, in chapter 7, I presented

a deterministic rapid measurement control protocol (the repeated application of

a single permutation to the state) that was not the locally optimal non-adaptive

protocol and still gave a O(D2) speed-up. This, and other preliminary results, lead
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me to speculate that locally optimal non-adaptive control protocols may perform as

well as LO protocols in many situations.

This methodology seems widely applicable. For example, Higgins et al. in

Ref. [HBB+00] have recently been able to show that one can get Heisenberg lim-

ited scaling in phase estimation without adaptive measurements (or entanglement).

Thus it seems as though, in many instances, the use of quantum feedback control

is excessive. It may be that many objectives (such as rapid state preparation) can

be achieved with open loop control and quantum filtering, with the addition of one

final conditional control unitary at the end of the procedure. This raises the ques-

tion, “what tasks, if any, actually require full-blown quantum feedback control or

adaptive measurements?” It may be the case that stabilizing a particular state is

the answer to this question.

The idea of a locally optimal non-adaptive protocol seems applicable to rapid

measurement, but is definitely not so for rapid purification. This is apparent because

the application of random unitaries to purify only provides a speed-up ofO(D). Also,

some results described in this thesis suggest that a fixed rotation about some fixed

axis does not provide a quadratic speed-up.

Continuous variable rapid measurement and purification

An obvious future research direction that would complement the body of work pre-

sented in this thesis would be to extend rapid measurement and purification to

continuous variables. In continuous variables, the unbiased basis rapid purifica-

tion protocol has an obvious generalization, as once one chooses a conjugate pair

the unbiased bases have singled out eg. position and momentum. Indeed, I have

attempted such a generalization much earlier in my candidature – but was unsuc-

cessful. Naively, one might try to apply the results obtained in this thesis to a

continuous variable quantum system. Doing so would lead one to conclude that the

speed-up for a continuous variable system would be infinite, which is meaningless.

In order to pursue this avenue further one must be careful to allow only bounded

strength controls and have a sensible measurement model. To this end Wiseman8 has

suggested an extension to the model considered by Doherty and Jacobs in [DJ99],

where it should be possible to explore analogues of the rapid measurement and

purification. I would like to explore this avenue after submitting my thesis.

Interestingly, if it were possible to do a “rapid” position measurement, then this

8Private communication 2009.
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might provide a new bound for the mean localization rate λ [AB09] for collapse

theories.

Rapid measurement and purification with other unravellings

Presently, only diffusive unravellings have been studied in detail for the purposes

of rapid measurement and purification. It would be interesting to study other un-

ravellings (with the appropriate feedback) and find which unravellings provide the

greatest benefit in the average impurity (or some other measure) and mean time

sense. From a pragmatic point of view the jump unravellings are likely to be inter-

esting, independently of benefit they provide (if any), as they correspond to typical

measurements that most experimentalists perform – direct detection of fluorescence.

Secondly, there is a strong relationship between direct detection and laser cooling of

atomic species. Thirdly, there has been some work on this problem in the open loop

control community by Tannor and Bartana [TB99], and so it would be interesting

to study this problem from a closed loop perspective.

Information extraction from exotic quantum states

In this thesis I have been concerned with continuous in time extraction of information

from a quantum system. Consequently the results in this thesis also apply to a

single shot weak measurement. Unfortunately, and in order to make the calculations

tractable, I assumed infinite strength control. In the case of rapid measurement I

could have considered an initial state that was co-diagonal with the observable

Jz, also known as a Dicke state [ACGT72]. These states are analogous to Fock

(number) states in quantum optics. In such cases the instantaneous feedback (and

hence infinite strength) consists of permuting the populations of these Dicke states.

However, it could be interesting from a quantum information perspective to

restrict the problem to a single bounded strength unitary and a single weak mea-

surement. Then the problem of information extraction begins to appear more like

a state discrimination problem.

For example, consider a mixture of spin squeezed states plotted in phase space.

If the two states are close in phase space and at 45 degrees to the measurement

axis, what bounded strength control should be applied to maximize the purity or

information about the initial state after a weak measurement? Or consider two

eigenstates (Dicke) of Jx that are close in phase space. If the measurement axis is

restricted to a measurement of Jz, what should the bounded strength control be to



8.3. IMPLICATIONS AND FUTURE RESEARCH 177

achieve either maximal purity increase in the posterior state or maximal information

about the prior state?

Other applications of open loop control and quantum filtering

While this pilot study, presented in chapter 7, only considered two examples of

feedback control (rapid measurement and purification), I believe that the idea of

combining open loop control and quantum filtering may be a widely applicable

methodology. Preliminary numerical results suggest that it is possible to suppress

decoherence in a qbit via random or deterministic controls (applied at fixed times)

coupled with conditional monitoring. In the future I would like to push this analysis

analytically and also consider control applied at variable times (which is the norm

in the open loop control community eg. [Uhr07]). This would also allow for a

comparison between the open loop dynamical decoupling methodologies and closed

loop control.

I am doubtful that this methodology could be extended to continuous quantum

error correction [ADL02] or quantum state stabilization [HMH98, WW01, WMW02].

However, it might be applicable to things like the preparation of entangled and other

exotic quantum states [SvHM04].





Appendix A

Majorization

In the theory of majorization we say that x is majorized by y (x ≺ y) if and

only if
∑k

j=1 x
↓
j ≤

∑k
j=1 y

↓
j for all k, and the equality must hold at k = d. The

downward arrow indicates that elements are ordered in descending magnitude. This

is interpreted to say that x is more mixed than y. In addition to this definition it is

worth noting that x ≺ y ⇒ f (x) ≤ f (y) if and only if f is a Schur-convex function.

Now consider the discrete probablity distribution p = {λ0, λ1, . . . , λd} (
∑

i λi =

1). The elements of p are ordered such that their magnitude is descending. Alterna-

tively one may write λi > λj when i < j. Suppose that we truncate our probability

distribution to the two largest elements and renormalise it. This distribution will

be denoted as p2 = {λ′0, λ′1, 0, . . . , 0} = {λ0, λ1, 0, . . . , 0}/(λ0 + λ1). It is easy to

check that p ≺ p2. First

λ0 ≤ λ′0

(λ0 + λ1)λ0 ≤ λ0

λ0 + λ1 ≤ 1. (A.1)

Next,

λ0 + λ1 ≤ λ′0 + λ′1

λ0 + λ1 ≤ 1. (A.2)

This process can be continued until k = d, where the equality will hold as both p

and p2 are probability distributions. Next we will show that the purity Tr [ρ2] is

a Schur-convex function. This, along with the fact that the truncated distribution

p2 majorizises p, will allow us to qualitatively describe the effect of the truncation

procedure on the purity and hence impurity.
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A function f (.) is Schur-convex if and only if: 1. f (.) is permutation invariant

f (Pχ) = f (χ) for all permutations P ; and 2. for each χ and for any i, j (χi −
χj)
(

∂f
∂χi

− ∂f
∂χj

)
≥ 0. The first condition is easily seen to be true by observing that

ρ is diagonal and that the effect of the permutation does not change the purity

(using the cyclic property of the trace and PP † = P †P = I, Tr
[
PρP †PρP †] =

Tr
[
PρIρP †] = Tr [ρ2]). The second condition is also easy to show:

(λi − λj)

(
∂

∂λi

Tr
[
ρ2
]
− ∂

∂λj

Tr
[
ρ2
])

= (λi − λj)

(
∂

∂λi

(λ2
0 + . . . λ2

i . . .) −
∂

∂λj

(λ2
0 + . . . λ2

j . . .)

)
= 2(λi − λj)

2 ≥ 0 (A.3)

which is true for all i and j. Thus the purity is a Schur-convex function.
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Proofs for Chapter 4

B.1 Proof that X̌ii = 0

For a traceless operator X, which is diagonal in the computational basis, we can find

a transformation T that will make it unbiased with respect to the computational

basis. The transformation has the form X̌ = TXT †

X̌il =
D∑

j,k=1

TijXjkT
†
kl.

Now we wish to examine the diagonal elements. Being mindful of the fact that

T †
rs = T ∗

sr we have

X̌ii =
D∑

j,k=1

TijXjkT
†
ki =

D∑
j,k=1

TijXjkT
∗
ik =

D∑
j,k=1

TijT
∗
ikXjk.

Using the fact that X is diagonal gives the expression

X̌ii =
D∑

j=1

TijT
∗
ijXjj. (B.1)

Unbiasedness means that TijT
∗
ij = 1/D so that

X̌ii =
1

D

D∑
j=1

Xjj. (B.2)

Recalling that X is traceless, we thus have X̌ii = 0.
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B.2 Proof of Eq. (4.5)

If X is an operator which is diagonal in the computational basis, one can find

a transformation T that will make it unbiased with respect to the computational

basis. The transformation has the form X̌ = TXT †.

The eigenvalues and eigenvectors of ρ in the basis which diagonalizes ρ are

ρ|i⟩ = λi|i⟩. The operators Pm permute the basis of ρ: for example, Pm|i⟩ = |m(i)⟩
labels a particular permutation of the basis |i⟩, while P †

m|i⟩ = |m−1(i)⟩ is an inverse

permutation to m. Note that P †
mPm|i⟩ = PmP

†
m|i⟩ = |i⟩. Starting with Eqn. 4.4 one

may write

S =
D!∑

m=1

Tr
[
PmX̌P

†
mρPmX̌P

†
mρ
]

=
D!∑

m=1

D∑
i=1

⟨i|X̌P †
mρPmX̌P

†
mρPm|i⟩. (B.3)

Consider the action of the permutation operators and the state on the basis |i⟩

P †
mρPm|i⟩ = P †

mρ|m(i)⟩ = λm(i)P
†
m|m(i)⟩ = λm(i)|i⟩. (B.4)

Using the notation X̌|i⟩ = |X̌i⟩, we thus have

S =
D!∑

m=1

D∑
i=1

λm(i)⟨X̌i|P †
mρPm|X̌i⟩. (B.5)

Now we use the completeness of the basis (⟨a|b⟩ =
∑

j⟨a|(|j⟩⟨j|)|b⟩) so that

S =
D!∑

m=1

D∑
i,j=1

λm(i)⟨X̌i|j⟩⟨j|P †
mρPm|X̌i⟩ (B.6)

=
D!∑

m=1

D∑
i,j=1

λm(i)λm(j)⟨X̌i|j⟩⟨j|X̌i⟩ (B.7)

=
D!∑

m=1

D∑
i,j=1

λm(i)λm(j)|⟨X̌i|j⟩|2. (B.8)

Next we wish to sum over the m label, which represents permutations of the
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basis. First we define

Cij = |⟨X̌i|j⟩|2
D!∑

m=1

λm(i)λm(j), (B.9)

so that S =
∑

ij Cij. Suppose i = j, then

Cii = |⟨X̌i|i⟩|2
D!∑

m=1

λ2
m(i). (B.10)

There are (D − 1)! permutations that take i→ p for a fixed p ∈ [1, 2..., D], so

Cii = |⟨X̌i|i⟩|2(D − 1)!
D∑

p=1

λ2
p = |⟨X̌i|i⟩|2(D − 1)!Tr

[
ρ2
]
. (B.11)

Now consider the case where i ̸= j. Take any pair q ̸= p and look for permuta-

tions that take i→ p, j → q. There are (D − 2)! of these permutations:

Cij = |⟨X̌i|j⟩|2(D − 2)!
D∑

p ̸=q

λpλq. (B.12)

Now examine
∑D

p ̸=q λpλq term:

(
D∑
p

λp)
2 = (

D∑
p

λp)(
D∑
q

λq)

=
D∑
p

λ2
p +

D∑
p ̸=q

λpλq

(Tr [ρ])2 = Tr
[
ρ2
]
+

D∑
p̸=q

λpλq. (B.13)

As ρ is normalized we find
∑D

p ̸=q λpλq = 1 − Tr [ρ2]. The simplified expression

for Eq. (B.3), so far, is

S =
∑

i

Cii +
∑
i,j ̸=i

Cij

=
∑

i

(D − 1)!Tr [ρ] |⟨X̌i|i⟩|2 +
∑
i,j ̸=i

(D − 2)!(1 − Tr
[
ρ2
]
)|⟨X̌i|j⟩|2. (B.14)

Now we simplify the expression
∑

i̸=j |⟨X̌i|j⟩|2. Using the parseval relation for a
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vector Ψ, ⟨Ψ|Ψ⟩ =
∑D

j=1 |⟨Ψ|j⟩|2, we find

D∑
j=1

|⟨X̌i|j⟩|2 =
D∑

j ̸=i

|⟨X̌i|j⟩|2 +
D∑

j=i

|⟨X̌i|i⟩|2

⟨X̌i|X̌i⟩ =
D∑

j ̸=i

|⟨X̌i|j⟩|2 + ⟨X̌i|i⟩2, (B.15)

i.e.
∑D

j ̸=i |⟨X̌i|j⟩|2 = ⟨X̌i|X̌i⟩ − ⟨X̌i|i⟩2. The total expression is now

S =
D∑
i

(D−1)!Tr [ρ] |⟨X̌i|i⟩|2+(D−2)!(1−Tr
[
ρ2
]
)

D∑
i=1

(⟨X̌i|X̌i⟩−⟨X̌i|i⟩2). (B.16)

Massaging the
∑D

i=1⟨X̌i|X̌i⟩ term gives

D∑
i=1

⟨X̌i|X̌i⟩ =
D∑

i=1

⟨i|X̌†X̌|i⟩ = Tr
[
X̌2
]
.

Recall that X̌ = TXT †, thus Tr
[
X̌†X̌

]
= Tr

[
(TXT †)†TXT †] = Tr [X2].

Now we examine the
∑D

i=1⟨X̌i|i⟩2 term. The eigenvectors and eigenvalues of X̌

are X̌|Ψb⟩ = xb|Ψb⟩ and ⟨i|Ψb⟩ = 1/
√
D by way of their unbiasedness. By inserting

the identity we have

⟨X̌i|i⟩ =
∑

b

⟨X̌i|Ψb⟩⟨Ψb|i⟩

= 1√
D

∑
b

⟨i|X̌|Ψb⟩

= 1√
D

∑
b

xb⟨i|Ψb⟩

= 1
D

∑
b

xb = Tr
[
X̌
]
/D, (B.17)

so
∑D

i=1⟨X̌i|i⟩2 = Tr
[
X̌
]2
/D2. The total expression is

S = (D−1)!Tr [ρ] Tr
[
X̌
]2
/D2+(D−2)!(1−Tr

[
ρ2
]
)(Tr

[
X̌2
]
−Tr

[
X̌
]2
/D2). (B.18)

Finally, recalling from Appendix B.1 that X̌ is traceless, we have

S = (D − 2)!Tr
[
X̌2
]
(1 − Tr

[
ρ2
]
) (B.19)
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as required.

B.3 Proof of Eq. (4.17)

Recall that
∑D

r ̸=0 |X̌r0|2 =
∑D

r=0 |X̌r0|2 as |X̌ii| = 0. So,

⟨k|X̌†X̌|k⟩ = ⟨k|(UJzU
†)†UJzU

†|k⟩ = ⟨k|UJ2
zU

†|k⟩.

Now insert the identity

⟨k|X̌†X̌|k⟩ =
∑
l,m

⟨k|U |l⟩⟨l|J2
z |m⟩⟨m|U †|k⟩

=
∑
l,m

⟨k|U |l⟩⟨l|J2
z |m⟩⟨m|U †|k⟩. (B.20)

The matrix J2
z is diagonal, so

⟨k|X̌†X̌|k⟩ =
∑

l

⟨l|J2
z |l⟩⟨k|U |l⟩⟨l|U †|k⟩

=
∑

l

⟨l|J2
z |l⟩|⟨k|U |l⟩|2

=
1

D

∑
l

⟨l|J2
z |l⟩ =

D2 − 1

12
. (B.21)





Appendix C

Equivalence of two Stochastic Master

Equations

C.1 Projectors and permutations when D = 2

It is easy to show for a qbit that two seemingly different SME’s are eqivalent. For

example, the SME describing the continuous measurement of an observable Jz and

its two permutations (Jz and −Jz) on a qbit is

dρ =
2!∑

m=1

2γdtD
[
J (m)

z

]
ρ+

√
2γdW (t)(m)H

[
J (m)

z

]
ρ

= 4γdtD [Jz] ρ+
√

4γdW (t)H [Jz] ρ, (C.1)

the permutations have been labelled by m. Equation (C.1) is equivalent to another

SME

dρ =
∑

i∈[+,−]

2γdtD [Πi] ρ+
√

2γdWi(t)H [Πi] ρ (C.2)

where Πi = |i⟩⟨i|. After expanding this Eq. (C.2) one can make the substitution

dW = (dW+ − dW−)/
√

2 to arrive back at Eq. C.1. It is not possible for D > 2 to

write Lc [Jz] ρ =
∑

i Lc [Πi] ρ. It may, however, be possible to find an expression that

relates a measurement of D projectors to a measurement of D! permuted versions

of Jz.

C.2 Equivalence in D dimensions

Let us begin by examining the term
∑

i D [Πi] ρ = diag(x11, x22 . . . , xNN)− ρ where

the xii are the diagonal elements of ρ. In matrix form this looks like
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D∑
i

D [Πi] = −


0 x12 x13 . . .

x21 0 x23 . . .

x31 x32
. . .

...
...

 . (C.3)

In order to compare the above matrix to the matrix
∑N !

m=1 D
[
J

(m)
z

]
ρ, one writes

both matrices in superoperator form D [A] ρ = AρA† − 1
2
(A†Aρ + ρA†A). The

elements of the resultant matrix (when A is diagonal and A = A†) are

[D [A] ρ]ik = (aiiakk − 1
2
(a2

ii + a2
kk))ρik. (C.4)

For the projectors we see, by inspection, that the diagonals are zero so that

[D [Π] ρ]ik = −1
2
(12 + 12)ρik = ρik. (C.5)

For the case when A = Jz we change variables to i, k ∈ [−j . . . j] then sum over i

and k so that

D!∑
m=1

[D
[
J (m)

z

]
ρ]ik =

j∑
i=−j

j∑
k=−j

(ik − 1
2
(i2 + k2))ρik =

D(D + 1)!

12
ρik. (C.6)

So we can conclude that

D∑
i

D [Πi] ρ =
12

D(D + 1)!

D!∑
m=1

D
[
A(m)

]
ρ. (C.7)

The obvious choice for the correspondence for the dW terms is the square root

of this factor. However, we must be sure that the D! wiener increments can be

written as D wiener increments. It will be instructive to examine the D = 3 case

to see if we can find a correspondence. The linear version of the superoperator

H̃ [A] ρ = Aρ+ρA† will be used instead of the non-linear version which was common

in the previous chapters. A convention will be adopted here, the superscript numbers

denoting weiner increments for the permutations of Jz while subscript numbers label
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projectors increments. The permutations of Jz for D = 3 are

3!∑
m=1

dW (m)H̃
[
J (m)

z

]
ρ = dW 1H̃ [diag(1, 0,−1)] ρ+ dW 2H̃ [diag(1,−1, 0)] ρ

+dW 3H̃ [diag(0, 1,−1)] ρ+ dW 4H̃ [diag(0,−1, 1)] ρ

+dW 5H̃ [diag(−1, 1, 0)] ρ+ dW 6H̃ [diag(−1, 0, 1)] ρ

. (C.8)

The corresponding terms for the projectors are

3∑
i=1

dWiH̃ [Πi] ρ = dW1H̃ [diag(1, 0, 0)] ρ+ dW2H̃ [diag(0, 1, 0)] ρ

+dW3H̃ [diag(0, 0, 1)] ρ. (C.9)

One might think that C.8 is equal to Eq. (C.9) when

dW1 = dW 1 + dW 2 − dW 5 − dW 6, (C.10)

dW2 = −dW 2 − dW 3 + dW 4 + dW 5, (C.11)

dW3 = −dW 1 + dW 3 − dW 4 + dW 6. (C.12)

This is not true because of normalization inconsistencies when we consider quan-

tities like (dW1)
2 or dW1dW2. It is possible to force normalization by including a

normalization parameter η. I will change notation now; greek lettered increments

now correspond to the Jz measurements, so

dν =
(
dα dβ dγ

)T

(C.13)

=
1

η

 dW 1 + dW 2 + 0 + 0 − dW 5 − dW 6

0 − dW 2 − dW 3 + dW 4 + dW 5 + 0

−dW 1 + 0 + dW 3 − dW 4 + 0 + dW 6

 .

This helps to place conditions on the dW ’s; by looking at (dα)2 = 4dt and dαdβ =

−2dt one can infer that setting 1/η = 1
2

appropriately normalizes the increments.
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The noise correlation matrix has a simple structure:

dν(dν)T = −dt

 1 −1
2

−1
2

−1
2

1 −1
2

−1
2

−1
2

1

 . (C.14)

If it is possible to manipulate the correlation matrix of the projectors to look

like this, then the equivalence between the two SME’s is guaranteed. Although

H̃ [Πi − λI] ρ ̸= H̃ [Πi] ρ, eventually we will normalize the superoperator so that

H [Πi − λI] ρ = H [Πi] ρ. The stochastic increments for the projectors are (variables

for the projectors are denoted by roman letters)

du =

dadb
dc

 =
1

N

 dW1 − λ(dW1 + dW2 + dW3)

dW2 − λ(dW1 + dW2 + dW3)

dW3 − λ(dW1 + dW2 + dW3)

 . (C.15)

In this case (da)2 = (3λ2 − 2λ + 1)dt and dadb = (3λ2 − 2λ)dt, which means that

the normalization factor is 1/N = 1/
√

(3λ2 − 2λ+ 1). The noise correlation matrix

has a simple structure: 3λ2−2λ
3λ2−2λ+1

in the off diagonals and 1 in the diagonals. Thus

to have du(du)T = dν(dν)T the of diagonals are set to 3λ2−2λ
3λ2−2λ+1

= −1
2
; this implies

λ = 1/3. With the D = 2, 3 cases solved, I will state the general results. Using

Greek letters to signify noise vectors from the Jz matrix we write

dν =
(
dα dβ . . .

)T

, (C.16)

where

dα = j(dw1 + . . .+ dw(D−1)!) + (j − 1)(dw(D−1)!+1 + . . .+ dw2(D−1)!) + . . .

(−j + 1)(dw(D−2)(D−1)! + . . .+ dw(D−1)(D−1)!)

+(−j)(dw(D−1)(D−1)! + . . .+ dwD(D−1)!) (C.17)

dβ = (j − 1)(dw1 + . . .+ dw(D−2)!) + (j − 2)(dw(D−2)!+1 + . . .+ dw2(D−2)!) + . . .

(j − 3)(dw2(D−2)!+1 + . . .+ dw3(D−2)!) + . . . (C.18)
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If one assumes that the individual noises are uncorrelated, then the diagonal ele-

ments have the form

(dα)2 = dt

j∑
i=−j

i2(D − 1)! = dt
(D − 1)(D + 1)!

12
.

The cross terms have the form

dαdβ = dt(D − 2)!

[
D−1∑
µ=2

(
D−1∑
i=µ

j − i+

µ−2∑
k=0

j − k

)
(j − (µ− 1))

+

(
D−1∑
i=2

j − i

)
j +

(
D−2∑
k=0

j − i

)
(j − (D − 1))

]

= dt
(D + 1)!

12
. (C.19)

The generalized correlation matrix for Jz will have off diagonal elements −1/(D−1),

while the diagonal elements are 1. These conditions enforce normalization for the

Jz case. The noise vectors for the projectors are:

du =
(
da db . . .

)T

(C.20)

=
1

N


dW1 − λ(dW1 + . . .+ dWD)

dW2 − λ(dW1 + . . .+ dWD)
...

 .

To calculate the noise correlation matrix we must work out the form of the diagonal

elements and the cross terms; they are

(da)2 = (1 − 2λ+Dλ2)dt (C.21)

dadb = (−2λ+Dλ2)dt. (C.22)

The condition for the noise matrices to be equvalent is

dadb

(da)2
=

dαβ

(dαβ)2
, (C.23)
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which gives λ = 1/N . We have thus shown that

D∑
i=1

2γℵdtD [Πi] ρ+
√

2γℵdWi(t)H [Πi] ρ (C.24)

is equivalent to

D!∑
m=1

2γ

D!
dtD

[
J (m)

z

]
ρ+

√
2γ

D!
dW (t)(m)H

[
J (m)

z

]
ρ (C.25)

(C.26)

where ℵ =
(

D(D+1)
12

)
.



Appendix D

Permutations and unitary t-designs

D.1 Prelimiaries

D.1.1 Permutations

The symmetric group on a finite set Y = {1, 2, . . . , n} is the group of all permutations

of Y ; it is denoted by Sn. The group Sn is non-commutative (for n > 2) and has

an order of n!. Technically a “permutation group” is a subgroup of Sn. Thus Sn

is a permutation group of order n!. Permutations may be denoted in many ways.

The two common notations, cyclic and relational, are depicted in Table D.1 for

permutations of (1, 2, 3, 4).

Table D.1: Example cyclic notation and relational notation for permutations.

Cycle Notation Relational

(1)(2)(3)(4) ≡ ()

(
1 2 3 4
1 2 3 4

)
(13)(2)(4)

(
1 2 3 4
3 2 1 4

)
(132)(4)

(
1 2 3 4
3 1 2 4

)
(1324)

(
1 2 3 4
4 3 1 2

)

Unfortunately, in cycle notation there is redundancy in the notation as rotations

of cycles are equivalent and disjoint cycles maybe arranged in any way. For example,

consider some of the equivalent permutations in cycle notation (143)(2), (2)(143),

(2)(431) and (314)(2).

I will adopt a simplified relational notation. Consider the permutation (1324)

written in cycle notation; it will be denoted henceforth as P4312. This modified
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1

2

3

4

4

2

3

1

P
4312

P
3124

=

P
4231

Figure D.1: Permutation multiplication. This diagram depicts a pictorial method
for working out permutations. To determine the product of the permutations
P3124P4312 pictorially, one reverses the order of the permutations and transforms
the labels of the identity permutation according to the rules in the main text

relational notation can be read as: index 1 goes to position four, index 2 goes to

position three, index 3 goes to position one, and index 4 goes to position two. This

process is illustrated in Fig. D.1 for the multiplication of two permutations.

D.1.2 Permutations on tensor product spaces

A permutation operator can be defined, for an arbitrary permutation σ ∈ Sn, as

P (σ) = Pσ(1)σ(2)...σ(n) ≡
∑

i,j,...,n

= |i⟩⟨σ(1)| ⊗ |j⟩⟨σ(2)| ⊗ . . .⊗ |i⟩⟨σ(n)|, (D.1)

in (CD)n. For example, consider σ = (2, 3, 4, 1): the permutation operator (using

the Einstein summation convention) is P2341 = |i⟩⟨l| ⊗ |j⟩⟨i| ⊗ |k⟩⟨j| ⊗ |l⟩⟨k|, where

the indices run from 0 to (D − 1) and the operator acts in (CD)4. The action of

P2341 is to map o1 ⊗ o2 ⊗ o3 ⊗ o4 to o4 ⊗ o1 ⊗ o2 ⊗ o3.

A useful relation for this thesis is Tr [ABCD] = Tr [(A⊗B ⊗ C ⊗D)P2341],

which can be shown directly from Eq. (D.1).

D.2 t-designs

Consider a matrix U ∈ U(D), where U(D) is the group of D ×D unitary matrices.

Let X be a finite subset of U(D). Then the set X is called a unitary t-design if

1

|X|
∑
U∈X

U⊗t ⊗ (U∗)⊗t =

∫
U(D)

dU U⊗t ⊗ (U∗)⊗t, (D.2)
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where dU denotes the Haar measure on U(D). This equation can be interpreted to

mean: when averaging over the unitary group it is not necessary to average over the

entire group; a finite set called a t-design will suffice. The parameter t is set by the

number of times U appears. For example: X is called a unitary 1-design if

1

|X|
∑
U∈X

U ⊗ U∗ =

∫
U(D)

dU U ⊗ (U∗) =
P12

D
, (D.3)

where P12 maps o1 ⊗ o2 to o2 ⊗ o1; and X is called a unitary 2-design if

1

|X|
∑
U∈X

U⊗2 ⊗ (U∗)⊗2 =

∫
U(D)

dU U⊗2 ⊗ (U∗)⊗2 (D.4)

=
1

D(D2 − 1)
(D(P3412 + P4321) − (P4312 + P3421))

. (D.5)

Consider a function f(U) that is a homogeneous polynomial in U⊗k and (U∗)⊗l

– that is, k = l. The above definition of a t-design is equivalent to: X is a t-design

if for all f

1

|X|
∑
U∈X

f(U) =

∫
U(D)

dUf(U), (D.6)

where f is a function that is a homogeneous polynomial of degree t in U . As

before, this equation can be interpreted to mean: when averaging a function over

the unitary group it is not necessary to average over the entire group; a finite set

called a t-design will suffice. Every t-design is also a (t − 1)-design; this implies

that every f which is a homogeneous polynomial in U⊗(t−1) can be embedded in a

homogeneous polynomial in U⊗t.
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