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ABSTRACT 

The behaviour of electrons in nanostructures such as quantum wells is of interest for the 

design of new electronic and electro-optic devices, and also for exploration of basic 

many-body physics. This thesis develops and tests improved methods for describing 

such electronic behaviour. 

The system used for this work was the parabolic quantum well (PQW), an important 

special system which has recently attracted much experimental and theoretical attention. 

We firstly report self-consistent nonlinear groundstate solutions of the Poisson equation 

together with the Thomas-Fermi (TF) hydrostatic equations. In contrast to most previous 

solutions, all the electron density profiles were inhomogeneous and continuous. We also 

added a von Weizsacker term with and without the exchangelexchange-correlation to 

the above treatment, using a novel numerical approach allowing for wider electron gases 

than previously possible. 

We also report for the first time the effects of spatially varying effective mass and 

dielectric function in theories of this type. 

To investigate infiared response of these systems, we apply new hydrodynamic theories 

recently proposed by Dobson. By using this type of theory, we simultaneously satisfy 

the Harmonic Potential Theorem (extended generalized Kohn theorem) and obtain the 

correct 2D plasmon dispersion, as well as obtaining the correct spacing of standing 

plasmons. Other inhomogeneous hydrodynamic theories do not achieve this. 

We also showed analytically an exact solution for a plasmon mode at the Kohn 

frequency in addition to one found in the Harmonic Potential Theorem. An open 

hydrodynamic theory was then developed based on this type of mode. Numerical 

application of Kohn Frequency Theorem theory was shown and the results were 

compared with other existing hydrodynamic theories. 
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Introduction 

Many-electron systems have been the subject of considerable interest in the last four 

decades. The understanding of such a system has been enhanced by the use of Density 

Functional theory (DFT) which was originally introduced by Hohenberg, Kohn, and 

In essence, this theory states that the properties of a stationary, nonrelativistic 

many-electron system can be represented exactly in terms of the groundstate electron 

number density n(r) alone, i.e. if n(r) is known other properties, such as vibrational 

frequencies, and some electronic transition processes of a physical system can be 

calculated. The central quantityn(r) can be obtained by several theories, some of which 

are discussed in this thesis. An advantage of current approximation to DFT, over more 

accurate many-body theories in which one has to construct many-electron 

wavefunctions, is that it allows the calculation for a very big system such as 

electrons in a solid. 

The simplest model suitable for testing DFT is that of je l l i~rn~.~~:  This is a neutral 

medium in which an electron gas moves fieely through a uniform positively-charged 

background which replaces the discrete lattice of positive ions. The only function of this 

simple geometry is to maintain charge neutrality. The jellium model is particularly 

applicable to the so-called "simple" metals (the alkalis) whose conduction band arises 

only from s and p shells. Because of its geometrical simplicity much progress can be 

made on the many-electron problem such as testing new theories for exchange- 

correlation energf96y71. Furthermore, it is possible to reintroduce into a uniform 

background the discreteness of the ionic charge via perturbation theory. Previously, 

numerical calculations have predicted a number of interesting many-electron effects, 
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many of which have not been observed, or been hard to test experimentally, because the 

jellium is an over-idealised model for metals in which the discrete lattice is present. 

Recently, experimentalists have created a novel structure which is much more 

analogous to a positively charged slab of jellium, without strongly scattering ionic 

centres. This is the Wide Parabolic Quantum Well (PQW) which has been grown in the 

GaAs l Ga,-, AZ, As semiconductor system by the advanced technique of Molecular 

Beam Epitaxy (MBE)['-'~]. The PQW system may also be defined as one-dimensional in 

the z direction. The AZ composition is grown layer by layer in the z-direction. Here z is 

the distance measured in the direction of growth and perpendicular to the epitaxial 

layers so that the external conduction band-edge potential is a quadratic function of z 

Here K is the curvature of the well and relates to positive jellium background with a 

three-dimensional charge density 

n+ (z) = en,, for all z, 

and relative dielectric function E by 

Any number of electrons can be released into this normally empty well by spatially 

remote doping to form a high- mobility electron gas. 

It is important for one to keep in mind that there is a similar system known as a 

charge-neutral metallic slab of finite thickness L which has the positive background 

density 

n+(z)=n,0(~/2-121). 

In this case the system has an external potential which is quadratic for l z l ( ~  1 2 ,  and 

linear for 14) L / 2 .  The electrons are to be filled to neutralise the underlying 
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background. In contrast, the bare potential of a PQW continues to grow quadratically 

outside the region occupied by electrons, thus forming a non- neutral system. ~ & e r  

extensive discussions on the differences between these two systems are referred to 

~ ~ f i 5 . 6 . 7 1  

Numerous investigations, both theoretical and experimental, have been done on PQWs 

in the past such as magnetotransport, infrared optical absorption, photolurninescence, 

excitation spectroscopy. 

With few exceptions, analytical solutions for many-electron systems are not readily 

available and one has to rely on developing numerical methods, for different 

approximate theories, to obtain the results. One such theory is known as the Time- 

Dependent Local Density Approximation (TDLDA)['"'] often used for quanta1 systems. 

It approximates many-electron behaviour by summing over independent-electron 

motions in an effective one-electron potential. TDLDA has been solved for many cases 

of simple geometry, and for a PQW it confirms[6y71 the exact Kohn mode for q, = 0 ,  the 

2D plasmon for q -+ 0, the centre-of-mass mode as well as standing bulk plasmons for I 

411 
$0. Here the plasmon is defined as the quantum of collective plasma 

 oscillation^[^'^. The Kohn mode is defined in the Generalised Kohn  heo or ern^^^^ that, for 

zero B-field and the excitation by a uniform electric field, there must be a sharp 

resonance in a harmonically confined system at frequency equal to the plasma frequency 

112 
w, = (4m2n+ l an) . However, TDLDA is very cumbersome to solve for less simple 

geometries and there are problems to include both inhomogeneous effective mass 

rn * ( z )  and dielectric function &(I)  in the calculation[23241. These effects arise from 

their dependence on the alloy composition of system used to experimentally realise the 

chosen parabolic potential. If the Kohn mode is to be exploited technologically these 

effects are important since they cause the deviation fiom ideal Kohn-mode behaviour. 
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One therefore needs simpler theories to guide the search and hydrodynamics is an 

attractive option. 

Zn addition to replacing the positive ions by a uniform jellium, hydrodynamics 

concerns the equilibrium and motion of electron gases by treating them as a continuous 

fluid. Hydrodynamics is strictly derivable only for the limit of slow spatial (q  + 0) and 

time (o + 0 )  variations. Hydrostatics has been often used to denote the branch of 

theory concerning the equilibrium case, and hydrodynamics has been reserved for 

dynamic motion. However such a terminological distinction is becoming less critical, so 

throughout this thesis we will use the latter term. 

Dynamic motion of an electron gas can be described by two methods: the first is 

Lagrange's method which treats an electron gas as a system of an infinite number of 

particles, each of them behaves as a function of time. The second is Euler's method 

which treats the values of the velocity, density, current, and pressure of an electron gas 

at arbitrary times and positions. For the degenerate electron gas the use of Euler's 

method is often justified by linearising the static Thomas-Fermi (TF) equation and its 

related theories of the inhomogeneous electron gas into a heuristic time-dependent 

situation. 

It has been shown recently by ~ o b s o n ~ ~ * ]  that, if commonly-used linearised 

hydrodynamics is applied to the inhomogeneous situation of a PQW it will lead to a 

violation of Harmonic Potential Theorem. In addition, most calculations using 

hydrodynamics have assumed the equilibrium density to be uniform up to a sharp 

b ~ u n & ~ ~ ' .  Accordingly, the "hard wall" boundary condition at the electron gas edge 

has usually been applied. However, it has been shown by both experiment and 

theoretical work that the inhomogeneous equilibrium descriptions of the electron gas 

edge are crucial in determining the dispersion of surface plasmons and the hard wall 

boundary condition is not appropriate for the case of perfect P Q W I ~ ~ ] .  When the TF 



equation is linearised to first-order one obtains the predicted long-wavelength bulk 

1 2  plasmon dispersion o2 = w i  + p2$ with static pressure coefficient P2 = -VF while 
3 

the corresponding linearised Random Phase Approximation (RPA) theory for the long- 

3 
wavelength, high-fkequency prediction gives P 2  = -v: . By contrast, one has to use the 

5 

1 
static value p2 = -v: value to obtain the exact Kohn mode, instead of high-frequency 

3 

value. Dobson further proposed a solution to this dilemma by separating the density 

perturbation 6n into two parts: one represents the harmonic displacement of the 

electron gas without being compressed by the motion, and the other represents 

dynamically compressed motion. The former part is used with the static pressure 

1 
coefficient P2(m -+ 0) =-v:, while the latter is used with the high- frequency 

3 

3 2 coefficient P2 (W 3 -) = -vF . 
5 

In this thesis, we investigate the consequences of hydrodynamic theories on PQWs for 

both static and dynamic situations. The outline of the remaining chapters is as follows: 

In Chapter 2, we review some previous applications of the nonlinear TF theory and 

describe its effects on the electronic groundstate. A self-consistent solution is obtained 

for the first time with explicit description of edge inhomogeneity. Then we solve the 

new hydrodynamics equation, proposed by Ref 1251, for the nonuniform gas to obtain the 

dispersion relations for all the plasmon modes in Chapter 3. 

Being able to treat edge inhomogeneity allows us to include the effects of spatially 

varying effective mass m * (2) , and dielectric function ~ ( z )  in the TF equation and new 

hydrodynamic equation. The investigation and results are presented in Chapter 4 for the 

first time. 
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The nonlinear self-consistent solution for the equations of Poisson with a von 

Weizsacker correction is presented in Chapter 5. This is done with and withoAt the 

additional inclusion of exchange1 exchange-correlation potential. With the benefit of 

information &om Chapter 2, our calculations show further interesting results for 

groundstate quantities in addition to reported publications of Zaremba and TSO[~~],  and 

~ h a n ~ ~ ~ ] .  

When the writing of this thesis was in progress, it was found that a modified 

hydrodynamics we were using satisfies the Harmonic Potential Theorem (HPT)~'] but 

can violate Newton's Third 1aw[~~7~~l .  This was easily modified to satisfy both of these 

conditions (Newton's Third law and the H P T ) ~ ~ ~ ~ .  We report initial numerical tests on 

this most recent hydrodynamics in Chapter 6.  

In Chapter 7, we show that, in addition to the Harmonic Potential Theorem exact 

result, there are also other exact results which constitute what we term the Kohn 

Frequency Theorem. This theorem states that an exact solution at the Kohn frequency is 

indeed very open and includes one feature of the Harmonic Potential Theorem solution 

as a special case. Initial numerical test for the case q = 0 is reported. I 

Extensive theoretical and numerical investigation on the Kohn Frequency Theorem 

hydrodynamics (KFT) is performed in Chapter 8. The exact Kohn frequency solution is 

confirmed not only analytically but also numerically. Several plasmon dispersions 

resulted &om this theory is compared and presented in this chapter. 

Finally, in Chapter 9 we summarise the main findings of this thesis and propose 

directions for future research. 

In our calculations, we use Hartree* units, a.u.* , for which e = m = E = ft = 1 a.u.* . 

Thus the unit of energy 1 ax.* = m*e4 / fi2&' = 1 lmeV, and the unit of length 
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C TER 2 

Self-consistent Thomas-Fermi groundstate 

of a parabolic well 

2.1 Introduction 

The Thomas-Fermi (TF) theory, which is the simplest hydrodynamics, was invented 

independently by ThomastL1, and ~ e r m i l ~ l  in the 1920's. Its simplicity has been attracting 

much attention in the study of many-electron systems such as atoms, molecules, and 

solids over the years. Due to several well-known physical shortcomings of the TF 

theory, many formulations of related theories have been proposed to improve and extend 

its range of validity such as: relativistic corrections to the TF theory, non-zero 

temperature TF theory, the inclusion of exchange/exchange-correlation energy along 

with a von Weizsacker correction to the TF theory (this will be investigated in Chapter 5 

of this thesis). A review, up to 1972, can be found in ~orrens[~].  Recently, a correction 

based on information theory approach to study groundstate of an N-fermion system has 

been developed by Casas et alL4]. Another correction based on splitting the total potential 

that is analytically solvable, has a slowly varying potential and includes the most 

important phenomena for the calculation of the potential in the High Electron Mobility 

transistors[5361. In general, most of modifications have shown a certain degree of 

improvements on the TF theory, but worsening of results can also be found['l. 

Apart from defective properties of the TF theory, one can also find successful 

applications: Linearized dielectric screening in semiconductors developed by ~estal'l in 

which the TF linear-response bc t ions  were found to be in good agreement with the 

cumbersome integration in reciprocal E space of Random Phase Approximation 

employed by other authors. Comolti and ~ e s t a ~ ~ l  repeated the calculations of Resta by 
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taking into account the nonlinear effect which is the original idea of the TF theory to 

further improve the results. These authors remark that the TF theory allows the handling 

of nonlinear effects and the treatment of a noninteger number of electrons which are 

difficult or impossible by any wavefunction method and the intrinsic linearity of the 

Fourier transform. Recently, Martorell and concurrently obtained numerical 

solutions of the electron density of 2DEG in GaAs/AlxGal,As heterostructures by both 

microscopic theory and the TF theory. Comparable results were shown, with the 

emphasis on the advantage of less numerical effort spent on the TF theory. Furthermore, 

analytical expressions that related the 2DEG density to the physical parameters of the 

device could also be obtained from the linearised approximation. Especially, ~ieb["] has 

shown analytically by rigorous mathematics that the TF theory is identical to the exact 

quantum theory, based on the Schrodinger equation, in the large-Z (nuclear-charge) limit 

of atoms with fixed nuclei. 

The resultant deficiencies reflect not only on the TF theory, but on the methods to deal 

with particular problems: one can find some factors investigated in the past: It was 

found by Ying, Smith and ~ o h n [ ' ~ ]  that, for a neutral jellium slab, self-consistent 

calculations of the TF theory produced zero dipole moment and zero work function, 

contrasting to opposite results that were obtained by ~ e w n s [ ' ~ ~ ' ~ * ' ~ ]  fiom non-self- 

consistent calculations. Zero dipole moment and zero work function are not found in 

any physically realisable system, and these authors further noted that nonselfconsistent 

calculations with an assumption of infinitely high potential barrier at the surface is 

unrealistic. 

Some difficulties with the TF theory are highly specific to particular problems. The case 

of a parabolic quantum well is substantially different to the case of a neutral jellium 

slab, where the TF theory predicts quite unphysical features at the edge of the electron 

gas, along with a zero work function. They arise because the binding of electrons is 
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marginal and the density of electrons is required to neutralise positive background 

charge. To remedy these shortcomings, exchange/exchange-correlation has to be 

included, along with the gradient terms. For the case of a PQW one can neglect the 

inclusion of these effects since the system is nonneutral and the effective potential 

continues to rise outside the electron-occupied region, so that the binding of the electron 

gas is very robust and the discussion of a work function is meaningless. Of course, it 

does no harm to include these physical terms in the calculation. However, for the 

purpose of treating the problem in increasingly sophisticated order, the inclusion of 

these terns will be deferred until Chapter 5. 

There are also other factors that can be taken into consideration: inhomogeneous 

effective mass rn * (2) and dielectric function ~ ( z )  . Although these effects have been 

assumed['61 to be only at about 10% level for wide GaAZAs parabolic wells, they have 

the potential to spoil the perfect adherence to the Harmonic Potential Theorem. They 

arise fiom the same physics that allowed MBE growth of a chosen parabolic effective 

potential and thus are not removable. A simple understanding of this theory problem 

was a major initial motivation for developing the present chapter. 

In this Chapter we use the TF theory to obtain static physical quantities self- 

consistently. The next Section 2.2 is subdivided into two Subsections: 2.2.1 involves the 

TF description of the electronic groundstate and numerical methods. 2.2.2 gives the 

nontrivial, inhomogeneous profiles and discussion. 

2.2 The selfconsistent inhomogeneous groundstate 

2.2.1 Mathematical derivations and numerical methods 

The equations of TF theory, designed particularly for the calculation of groundstate 

density, relate the density n(r) to the effective potential V(r) and chemical potential 



&F(n(r)) + V ( r )  = P . 

Here the Fermi energy is 

f i 2  f i 2  sF (n(r ) )  = - kF2 ( r )  5 - [ 3 1 ~ ~ n ( r ) ] ~ ' ~ .  
2m 2m 

The constant e , conventionally chosen to be positive, is the electron charge; m ,  A ,  and 

k F ( r )  are electron effective mass, Planck's constant and Fermi wave number 

respectively. The electrostatic potential consists of the Hartree potential and the external 

potential and satisfies Poisson's equation 

v 2 @ ( r )  = 4@n(r)  - n+ ( r ) ]  (2.2.3) 

1 
where n+ ( r )  = - V v "'l ( r )  is the effective positive background charge density. For 

4ne2 

the case of a PQW, the electronic system is confined in the z-direction and 

translationally invariant in the other directions. Thus in this particular situation we can 

write the TF equation and Poisson's equation in one-dimensional form as 

~ , n ~ " ( z )  + V ( z )  = ~ , n ~ ' ~ ( z )  - e@(z) = 0 

and 

A 
Here C, = - (37r ' ) 2'3 , and all energies are chosen to be measured from p by setting 

2m 

p=o. 

Eqns (2.2.4) and (2.2.5) have to be solved self-consistently subject to the conditions: 

d @  ( i ) - (z = 0) = 0 due to the symmetry of a PQW. 
dz 

( ii ) The integral of the electron density in the z direction equals the areal 

electron density N ,  which is experimentally controllable and is usualy parametrised by 

an effective nominal width L 



Here z, determines the position of the edge of the electron gas so that n(z , )  = 0. Later 

on, we will prove that this condition is equivalent to choosing a correct initial value of 

$, ( defined as @(z = 0)  ). 

( iii ) The electron density vanishes continuously at the edge so that, in dynamic 

calculations for plasmon dispersions, one is able to follow through the selvage region to 

the outer extremity of the static density distribution. 

For this simplest case, one can introduce a dimensionless position variable 

where q,, is the Thomas- Fermi screening wave number, q,, = cop, / v,, . Here 

fi 113 
up, = ,/-, and v,, = -(3z2n+) are the "bulk'plasma frequency and Fermi 

m 

velocity determined by the positive background density n+ . Then we can write (2.2.4) 

and (2.2.5) respectively in dimensionless form 

d2u -- d52 - 2(u3i2 - I), 

and 

Eqns (2.2.9) and (2.2.10) need to be solved self-consistently only once for a given 

electron areal density and the solutions for any values of interelectron spacing, r,, can 

be obtained by scaling back using Eqns (2.2.8) and (2.2.10). However, our 

investigations will not close here, but continue further in Chapter 5 with TF-related 

theories whose scaling scheme is not readily available. For the benefits of later chapter 
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and facilitating the convenience of comparisons, we mostly adhere to the forms of 

(2.2.4) and (2.2.5) for mathematical derivations and discussions. 

The numerical solutions of (2.2.4) and (2.2.5) are implemented b y  four different 

techniques whose aims are to check the results and to test the stability of computer 

codes for later use and further development. Before describing each particular 

algorithm, we need a brief digression to emphasise that these two coupled equations 

yield an exactly analytical solution 

@(z) = C,n2I3 (2) = C,n,2/3 

which may be thought of being equivalent to a rigidly bounded neutral slab. This 

constant density extends throughout all space to infinity - unless one arbitrarily places 

"hard- wall" conditions to confine the electrons - and always neutralises the underlying 

positive background. Even though this constant is not a correct solution for a PQW, 

recognising it will help us to follow the right numerical direction. Let us now go back to 

derive the equations for numerical computation, noting that we need to solve only for 

one side of the wells. Then the other half is obtained by mirror symmetry. 

Method I 

Combining (2.2.4) and (2.2.5) into one single equation we have 

d2$J d 1 d 4  
After rewriting - as -[- ( - ) 2  ] , we can integrate Eqn (2.2.12) with respect to $ 

dz2 d$ 2 dz 

to get 

Here C is an integration constant that can be found by applying the natural PQW 

d@(z = 0) 
boundary condition, 

dz 
= 0, as specified in (2.2.6). Thus 



while the quantity & = $(z = 0) measures the electrostatic potential at the centre, 

z = 0, of the well. 

Taking square root on both sides of (2.2.13), after substituting the integration constant 

C by (2.2.14), and then inverting, we can integrate again with respect to $ . This gives 

the position z as a function, z($) ,  of the electrostatic potential $ 

where $ is specified by the variable n  as in Eqn (2.2.4). 

To obtain insight into analytical properties, Eqn (2.2.15) is written in a simplified form: 

The plot of the function, 

is shown in Figure 2.2.1 with fi being defined as a particular point $' where F(ot) is 

minimum, i.e. 

Therefore, 

6 (n+ ) = ~ ~ n f ~ ~ .  



Figure 2.2.1 : Plot of Equation (2.2.17)). 

We now investigate whether there can be a solution with Qb, = h(n+) by replacing the 

upper limit of the integration in Eqn (2.2.16) by , 

Then by using Taylor expansion, we find for the case $' near 4 

The first term on right hand side of (2.2.21) is zero by definition of QLL as shown in Eqn 
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Thus the i n t e a l  (2.2.22) is divergent at the upper limit when @'+ 4.  This is not 

surprising since the value of q$ found in (2.2.19) is the constant solution that we have 

surmised previously in (2.2.1 1). Thus if we set cP, = 4 we obtain to an infinitely wide 

electron gas (i.e. z, + -). Physically, this result shows that the well can be filled as 

much as desired. 

In order to make (2.2.15) numerically more stable, the (independent) variable is 

changed to q' by defining - q" = @'-& where @m can be chosen in the range up to , 

then 

diy = -2q' dq' 

The overall equation, used for computation, is written in a form 

We should note that at q'= 0, both numerator and denominator of Eqn (2.2.23) are 

zero. In this case we use a Taylor expansion to first order for (2.2.23): 

f -dh-Mz)  da' 

Numerical integration of (2.2.23) and (2.2.24) can easily be solved using Simpson 3/8 

method. Initially, a value of the interelectron spacing, r, , is assigned in order to obtain 

predetermined positive background charge density, n+. Then the value of 4 is 

calculated using Eqn (2.2.19) to provide the maximum value that may be chosen 

since the choice of & (4 yields finite value of 2,. Note that there is no need to 
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implement numerically the symmetry condition as shown in Eqn (2.2.6) since from the 

procedure of deriving the Eqns (2.2.23) and (2.2.24) this condition is automatically 

satisfied. However, condition (2.2.7) requires further discussion. As the solution is 

obtained in the form of z as a function of $, z($), and hence z (n)  , the discretised 

points on the z-axis are not equally spaced. Thus extra computer codes must be used to 

interpolate these discrete points to make the integration of (2.2.7) possible. The, 

solutions obtained can be inverted to give the electrostatic potential profile $(z) and 

hence the density profile n(z) . 

Methods 11 & III 

Rewrite (2.2.12) as two first-order differential equation 

and 

Then solve (2.2.25) and (2.2.26) by the fourth-order Runge-Kutta method or a 

combination of the Runge-Kutta method for the first few points that are enough, 

depending on the chosen accuracy order, to activate the Adams-Basforth-Moulton 

predictor-corrector method. The present numerical algorithm will prove useful in 

Methods I and 11 in Chapter 4, for groundstate calculations including spatially varying 

effective mass and dielectric function. 

Method IV 

Poisson's equation is reexpressed in integral form by the use of a Green function that has 

to satisfy boundary conditions ( 2.2.6 ) and (2.2.7 ) 
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We now discretise this formula, using integration weights for the integral so that 

(2.2.27) becomes 

Eqn (2.2.28) has to be solved selfconsistently by coupling with the TF equation (2.2.4) 

also written in discretised form 

C,n:l3 - e+I = 0 .  

Here 

h = z l ( N  - 1) : equally discretised spacing, where N is the number of given discrete 

points, 

wJ : integration weights corresponding to points J , 

I, J : discrete numbers starting with 1 ( I, J = 1,2,3,4,. -. ), where I, J = 1 denotes 

z = 0, I ,  J = 2 denotes z = h , I ,  J = 3 denotes z = 2h, and so on. 

Specifically, the numerical algorithm used to implement (2.2.28) and (2.2.29) is as 

follows: 

( i ) Choose an initial estimate &, the number of discrete points, and discrete 

spacing h , for z-axis to specifL the maximum distance that the numerical shooting 

scheme goes up to. Then n, (= n(z = 0)) can be evaluated algebraically using (2.2.29). 

( ii ) The value of +(z = h)  can now be evaluated as follows. 

- Knowing that we want to obtain numerical value for q!J at point I = 2 and points 

J = l ,2 .  Thus we can substitute n, (r nJ=,) and integration weight wJ=, , using 

trapezoidal rule since there are only two points at this stage, into the summation term of 

(2.2.28) and evaluate GI=, . Here one should note that there is no need to substitute wJ=, 
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and nJ=, since wJ=, (nJ=, - n+) is multiplied with ( I  - J) = (2 - 2) = 0 according to 

(2.2.28). This is an interesting property that will be used for further development of a 

more complicated theory such as TF von Weizsacker in Chapter 5. When the numerical 

value of $J(z = h) E is available, n(z = h) = nl=, can easily be obtained from Eqn 

(2.2.29). 

- The procedure is repeated for a point at z = 2h which corresponds to I = 3 and 

J = 1,2,3 where we only need the available values of nJ=, and nJ=, . As we now have 

three points, Simpson 1/3 integration weights should be used for higher-order accuracy. 

For z 2 3h which corresponds to I 2 4 and J = 1,2,3, -.- I the procedure is the same 

as the above description. However, Simpson 3/8 integration weights should be used and 

any excess points should be treated by cubic fit to the last four points. 

- The repetition continues until $J(z = z,) equals zero (or close to zero). If this 

case fails the calculation goes back to Step (i) that we may adjust the input parameters, 

such as &, , using the immediately previous input parameters as a guide. 

( iii ) Integrate the electron density over the limits z = 0 to z, to find out whether 

a value of the predetermined half of the areal density is obtained due to condition 

(2.2.7). If this fails the procedure goes back to step ( i ). 

Actually we can also combine (2.2.28) and (2.2.29) into a single equation 

then if we substitute n(z) = u(z)~ it will be easy to recognise that this is a quadratic 

equation 

2 ax + c = o ,  

where 

a = C, 



The development of this method is especially for use in subsequent chapters in this 

thesis. 

2.2.2 Results and discussion 

For this particular problem, Method I gives the best way to write automatically 

controlled computer codes, whilst the other methods depend largely on manual control 

to determine the position of the electron gas edge. However, Method I does not provide 

further use or development for later calculations in subsequent chapters of this thesis. 

The comparisons among Methods I1 + IV are deferred to be shown in Chapter 4 

during the discussion of groundstate calculation on the TF theory with the inclusion of 

spatially effective mass and dielectric function. All of the four methods are very 

numerically stable, and give indistinguishable results for the groundstate densities as 

shown in Figures 2.2.2 and 2.2.3. Note that in Figure 2.2.2 we intentionally leave z to 

be not equally spaced for Method I, whereas the z-spacing of the other method is equal. 

We have already checked and found that after interpolation to equalise the z-spacing, the 

density profiles are the same as those of Figure 2.2.3. 



Figure 2.2.2: Comparison of density profiles for rs=3 a.u:, and L=l8 a.u: between Method I (integral 
equation. isolated circles) and Method I1 (fourthorder RK method, isolated squares). 

Figure 2.2.3: Comparison of density profiles for r,=3 am:. and L=l8 a.u: among three numerical methods of 
calculation (Methods Il-IV) show indistinguishable results. 



Figure 2.2.4: Potential profiles for rs=2.07 a.u.*, and various electron gas widths 
L=1.3, 5.0, 20.0,28.0,40.0, and 50.0 a.u:. 

4.W-01 

Figure 2.2.5: Density profiles for rs=2.07 a.u.', and various electron gas widths L= 1.3, 
5.0,20.0, 28.0,40.0, and 50.0a.u:. 

2.80E-02, 



Figure 2.2.6: comparison of density profiles between microscopic theory (solid curve) 
and the TF theory (dashed curve) for rs=3 a.u:, and L=18 a.u.*. 

Figures 2.2.4 and 2.2.5 show the potential and density profiles respectively for a range 

of electron gas widths. It can be observed that for a narrow electron gas, the density at 

the central region never approaches that of the positive background. For a sufficiently 

wide electron gas, the density is essentially uniform and approximately equal to the 

positive background in the middle region, then decreases smoothly at a finite distance 

z = L / 2,  and finally falls off steeply to zero at the edges. The uniformly flat-topped 

behaviour without Friedel oscillations is expected in nonlinear TF theory, in contrast to 

self-consistent iterated calculations based on microscopic theory (see eg. ~obson~'~~"]) ,  

shown in Figure 2.2.6. The number of electrons increases quite dramatically with a 

minor increase of initial potential @, which raises a concerns for the accuracy of 

numerics. In this situation the accuracy can be proved by using Taylor expansion of Eqn 

(2.2.15) of Method I to second order to describe the mathematical nature of F($' ) near 



where 

Therefore, after some mathematics, we can approximate Eqn (2.2.15) to second order as 

0 
du' 

0 

where 

and Q is a very small number close to zero. 

The exact solution of the above equation is arcsine which goes very sharply near the 

origin, i.e. nearq' = 0. The second proof lies in Eqns (2.2.28) and (2.2.29) of Method 

N: If we choose &, very slightly below 4 then (2.2.29) gives nJ=, to be very slightly 

less than n+ . Thus the difference nJ=, - n+ is negative and very close to zero, and so is 

the value of the summation of (2.2.28). This gives $J=2 to be very slightly below @m, 

and thus very slightly less than and so is nJZ2 comparing to n, and nJ=, . 

Subsequently the difference nJ=, - n+ is again negative very close to zero, and so is the 

summation of (2.2.28). This process continues until we obtain a sampling density n,=, 

which yields the difference nJ=j - n+ to be substantially large, i.e. the contribution of 

this difference to the summation of (2.2.28) is significant, then n,,,,, will be 

significantly smaller than nJ=, . Thus the electron density reduces more quickly until the 
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summation term of (2.2.28) cancels out 4, to give zero density at the edge. This also 

illustrates why the innermost curve in Figure 2.2.5 consists entirely of edges since on the 

selection of 4w far below @, the value of summation in (2.2.28) becomes immediately 

significant. It is interesting to know when we choose $, = G2 the electron density 

n, = n+ for all J which is a constant solution we have mentioned above. For 4,) 4, 

we find n,=, ) n+ , then the summation in (2.2.28) will add a positive value to $w so that 

~ s 2  ) n+ . This process continues to give a divergent solution. It is interesting to remark 

here there will not be oscillations in the nonlinear TF theory according to the discussion 

given fiom this method. These types of divergent solutions have also been checked by 

Methods IT and III. Note that we are not able to obtain numerically constant or divergent 

solutions using Eqn (2.2.14) of Method I since for the former solution the denominator 

of the integrand is zero, and for the latter the value under square root sign is negative. 

Clearly for any methods of mathematical manipulation the convergent solution only 

comes fiom the correct choice of & to be less than & which corresponds to the 

constant solution. 

In a PQW, the potential rises quadratically outside the region occupied by the electron 

gas and forces the TF electron density to fall rapidly at its edges and vanish completely 

outside the critical point where n(z)  = 0.  On first inspection, potential profiles and 

density profiles appear to show similar behaviour at the edges. This appearance is 

deceptive, however, and this leads to the need of further investigation for the details at 

the edges. Returning to Eqn (2.2.16), we fmd, when 4' is just above zero, that 

as $'+ 0, - F(&) is finite and positive and F($') -+ 0,  i.e. 

= a + ve finite constant. 



Therefore, z - zc $ 

- ,mGi as $ + 0 ,  where zc is defined as the point where 

n(z) = 0 and z on the right, i.e. $ goes linearly with z at the edges of confinement 

region when lzl< zc . For 121 > z, , $ goes quadratically with z . The quadratic behaviour, 

outside electron density confinement region, arises fiom positive background external 

potential. 

As a result, we get 

Therefore, near zc ( z  < or - zc) we have 

Thus both the density n(z) and its gradient dn(z) l dz vanishes at the edges. This result 

will be important later in the dynamic calculations for plasmons. 

In order to compare the edge electron density profiles for PQW electron gases of 

different widths, i.e. for different q&, values in our case here, all density profile graphs 

were moved sideways so that the point z = L / 2 was shifted to the new point z = 0, i.e. 

z goes to z ' s  z - L / 2 .  The plotted results are shown in Figure 2.2.7. This figure 

exhibits some finer details of the solution already shown in Figure 2.2.5. It can be seen 

fiom this figure that all the edge densities coincide. Thus electron density behaves in the 

same manner at all the edges which is different fiom the results of microscopic theory. 

There is an exception for a case where the electron gas is so thin that the edge profile 

exhibits disruption. Figure 2.2.7 also shows an agreement with our above analyses that 

both n(z) and dn(z)l dz become vanishing at the critical point of the edge. Thus, 

although the electron density is strictly zero for lzl ) zc , both n(z)  and dn(z) l dz are 

continuous at 121 = zc 



Figure 2.2.7: Comparison of the electron density edge for rs=2.07 a.U.'. and various electron gas 
widths L-1.3. 5.0. 20.0,28.0.40.0. and 50.0 a.u.'. The smallest electron aas width. L=1.3 a.u:. is 

Finally, we include Table 2.2.1 to support our above analyses that the initial input for 

&,, is strictly less than C,nif3. Thus it can be concluded that the self-consistent solution 

of TF theory ensuring explicit edge inhomogeneity is no more than searching for the 

right value of $w. This value can be infinitesimally smaller than ~,n:'~ to give the 

largest value of the electron gas width. In this case the electron density is infinitesimally 

smaller than positive background density in the middle region of a PQW. 
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Table 2.2.1: initial input data & for r, = 2.07 a.u.* to obtain the results shown in Figures 

(2.2.4) and (2.2.5). As can be seen the numbers are strictly less than the value to yield constant 

density solution shown in the last line. 

Using the fact that there is only one length scale in the TF theory, the TF screening 

length 2 q 2 ,  as implied in Eqns (2.2.8)-(2.2.10), we plot n(z)ln+ vs. q,,z for a 

given q,,L as shown in Figures (2.2.8)-(2.2.10). As a result of the scaling of our plots, 

the TF electron densities for any r, fall on the same curve for each particular value 

q,,L . By contrast, in microscopic theory such as the Schrodinger-Hartree and the LDA 

approximation, it is necessary to recalculate the density profile for each value of r, . This 

is because, in these theories, there is another length scale, the Fermi length 21&;', and 

this manifests itself as quantum size or Friedel oscillations in the electron density. The 

plots of Schrodinger-Hartree results for various values of r, are also shown in Figures 

(2.2.8)-(2.2.10) for comparison. 

It can be seen that for the very high density with r, = 0.1 a.u.* (Figure (2.2.8) and 

(2.2.9)) and r, = 0.2 a. u. * (Figure (2.2.10)) the Schrodinger-Hartree (isolated circles) 
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and the TF (thick solid line) solutions agree very well. The result is expected in view of 

the early observationr127131 on the asymptotic validity of the TF solution for high 

densities. 

In addition to the differences between TF theory and Schrodinger-Hartree theory, that 

has already been mentioned previously for 11, = 3.0 a.u.*, we can also observe from 

Figure (2.2.9) that the microscopic density can overshoot at the centre of the well whilst 

this effect does not exist in the TF calculation. 

Figure 2.2.8: Comparison of scaled densities for narrow PQW electron gases of various background 
densities. 



Figure 2.2.9: Comparison of scaled densities for intermediate PQW electron gases of various background 
densities. 

TF-Hartree 

C Schr-Hartree rs=O.l 
- Schr-Harlree rs=2.07 

--- Scnr-name n& 

Figure 2.2.10: Comparison of scaled densities for wide PQW electron gases of various background 
densities. 
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Plasmon spectrum of a parabolic well 

in a modified hydrodynamics 

3.1 Introduction 

A common way to calculate the plasmons within hydrodynamic approach involves 

two main steps: solutions for physical quantities in the groundstate, then solution for 

time-dependent density perturbations. In order to treat explicitly the inhomogeneous 

regions at the edge of the electron gas one commonly had to go beyond the TF theory, 

for example TF-von Weizsacker theory['] , which of course requires more computational 

effort. ~ ~ u i l u . z [ ~ l ,  and Dharamvir et all3] avoided the description of edge inhomogeneity 

in their calculations for the jellium slabs which were much wider than a Thomas- 

screening length, they obtained quite detailed predictions for the plasmons. In this case, 

the groundstate density is approximately constant, thus their use of a dynamic 

3 
coefficient P2 = -vf. derived from the uniform electron gas via the ~indhard[~] theory, 

5 

seems sensible. However, such a constant density solution was often used along with the 

"hard-wall" boundary condition (a somewhat arbitrary boundary condition that assumes 

the fluid to behave as though it were confined by hard wall at the boundaries), which, 

according to Dempsey and ~ a l ~ e r i n ~ ~ ] ,  is not appropriate for the plasmons in a parabolic 

quantum well. Actually the hard-wall assumption is not good for thin neutral electron 

gas either. In a theory termed by Zaremba and TSO['] "modified Thomas-Fermi theory", 

Demsey and ~alperin['] used another boundary condition by assuming a zero value for 

the internal pressure at the edge of the electron gas. This pressure term contained an 



34 

arbitrary, spatially homogeneous "destination" density n, by which the form of static 

equilibrium density profile n(r) was dictated. In addition, a parameter s had to be 

3 
chosen to be -vi for both static and dynamic situations to lead to correct frequencies 

5 

for the centre-of-mass modes and to non-violation of the K o h  mode, even though the 

1 
physics of the two situations is quite different and s2 = - v i  is more appropriate for the' 

3 

static case. By varying the values of n, , these authors obtained quite different electron 

density profiles, ranging from discontinuously constant solution to continuous solutions 

with the inhomogeneous property being more pronounced at the edge regions. However, 

for the most part, the former static solution was used for dynamic calculation. 

In this chapter we investigate dynamic phenomena in inhomogeneous degenerate 

electron gas systems of '  a parabolic quantum well. In the previous chapter, the 

inhomogeneously selfconsistent solutions of the TF theory were already obtained. Now 

we can explore the consequences of the new hydrodynamics suggested by ~ o b s o n [ ~ ~ ' ~  

for all the plasrnon modes of a parabolic quantum well. The remainder of this chapter 

will be subdivided into two subsections: the first subsection summarises the new 

hydrodynamics and its mathematical derivations and numerical methods, whilst the 

second shows the plasmon eigenvalues and eigenfunctions and compares with 

microscopic results as well as with earlier forms of hydrodynamics. 

3.2 Application of a modified hydrodynamics for plasmons 

3.2.1 Mathematical derivation and numerical methods 

We attempt to write the TF equation in terms of forces by taking spatial gradient of the 

static TF equation (2.2.4) 

- ~,~(n:"(r))  - V Y , ( ~ )  = 0, (3.2.1) 
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and generalise for time-dependent case by equating the forces on the left side of (3.2.1) 

to the mass times convective derivative of fluid velocity 

Here a subscript zero denotes the zeroth-order (groundstate) quantities being obtained 

from Chapter 2. 

Now linearise (3.2.2) for the case of a small motion around static equilibrium, and 

include a factor a' at the fiont of fluid force for later convenience. 

From the ~ i n d h a r d ~ ~ ]  theory of the uniform gas, which is exact in the absence of 

exchange-correlation, one can show that the correct dispersion for collective (plasmon) 

motions is 

9 
It has been common to introduce a coefficient a' = - to guarantee that the 

5 

long-wavelength plasmon dispersion (the correct spacing of high frequency standing 

plasmons) for a uniform electron gas is obtained in the usual hydrodynamic theory. 

However, it was recently found by ~ o b s o n [ ~ ~ ~ ]  that in order to obtain the exact Kohn 

mode and at the same time satisfy the high frequency limit of the uniform electron gas 

we need to use another modified hydrodynamic theory for an inhomogeneous electron 

gas. The main idea of this theory is to introduce a new dependent variable, the local 

displacement vector x(r, t) which is defined as the time integration of the fluid velocity 

( t )  = u(r,tt)dt' . Then using the linearised continuity equation we find the 

linearised density perturbation, &(r, t) , can be split into two parts 



Here the compressive and displacive density perturbations are 

6n1 (r,t) = -no (r)V.x(r,t) , (3.2.6) 

&, (r, t) = -x(r, t).Vn, (r) . (3.2.7) 

Under this new scheme a'= a, = 1 was used for &,(r,t)corresponding to the 

9 
noncompressing case and a'= a, = - was used for &,(r,t) corresponding to the 

5 

compressing case, so Eqn (3.2.3) becomes 

6z, (r, t) +-&I, 5 (r,t) )] = m A(ryt). & (3.2.8) 

3.2.1.1 Case q = 0 

Assuming that all the time-dependent variables have the form 

iq y- iu  
f (r,t) = f (z)e I Y (3.2.9) 

then we can write for the case q, = 0, or in other words the case of one-dimentional 

motion, as follows: 

- VW(r,t) = SF(r,t) = GF(z)e-'"2, 

x(r,t) = X ( Z ) ~ - ' ~ & ,  

and 

~ ( r ,  t )  = -iWX(z) e-'"2. 

By putting (3.2.10), (3.2.1 1) and (3.2.12) into (3.2.8) we obtain 

Furthermore, we also have 



2 dno(z) d 
Then Eqn (3.2.13) can be written, using -n;lJ3(~)- = -(niJ3(z)) 

3 dz dz 

Now substituting the zeroth- order TF equation into Eqn (3.2.16) and using the notation 

we obtain 

Furthermore, fkom Gauss's law, in the absence of any external time-dependent driving 

force, 

d 4m2 
-6F(z) = -- 

4m2 d & = --- 
dz E e dz (no (2) ~ ( 2 ) )  . 

Then on integrating with respect to z we get 

where K is an integration constant. It is shown previously in Chapter 2 that in the 

dn, (2) zeroth-order TF, both the groundstate electron density, no ( z )  , and its gradient, - , 
dz 

vanish outside the electronically occupied region. Note that 6n(z) vanishes outside the 

region - z, ( z ( z, occupied by the groundstate electron density since 

d 
6n(z) = - - (n , ( z )~(z ) ) .  Thus there is no change in the amount of charge outside the 

dz 

groundstate occupied region, and hence no change in electric field at the edges. Thus we 
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find the change in electric field to be zero at the edges, i.e. 6F(zcL) = 6F(zcR) = 0, where 

the subscripts cL and cR denote the left and right-hand edges.. 

Thus in Eqn (3.2.20) we have K = 0. Now substituting (3.2.20) into (3.2.18) and using 

In our numerical computations for zeroth-order TF theory, the chemical potential p 

was chosen to be zero and V,(z) = -e@,(z), so Eqn (3.2.21) becomes 

One case can clearly be obtained from Eqn (3.2.22): when o = /%, - which is the 

plasma frequency (also equal to the bare harmonic well frequency), the required solution 

will be X(z) = constant. This Kohn-mode solution corresponds to the rigid time- 

periodic displacement of the entire inhomogeneous electron gas. The recovery of this 

mode, known to exist with constant X by the Generalised and Harmonic 

~otential[~*'I theorems, was a major goal of the present development. 

It remains to show that the present theory yields the correct spacing of the other 

modes, the standing plasmons. In a wide well these are simply standing bulk plasmons 

with frequency w satisfying the bulk dispersion relation in Eqn (3.2.4). Consider a wide 

parabolically confined electron gas with an electron gas width L )) & . Such a gas has a 

central region of essentially constant density no(z) 2 n, . In this region eQ, E m$/2 

dQ,, (2) and-= - 0, so Eqn (3 -2.22) becomes 
dz 



with solution 

2  3 2 2  where q is such that o2 = o, + ?v,q 

For the case of inhomogeneous electron gas treated here, the solutions of standing 

plasmons have to be solved numerically. In this case Eqn (3.2.22) is singular at the 

edges where z = zCL,z, since the coefficient of the term 

@, (z = z, ,z,) , vanishes there. The new theory requires the regular solution of Eqn 

(3.2.22), in order for &(z) to be finite at the edges. This implies, from (3.2.22), 

Our choice of non-singular X at the electron gas boundary can be justified by 

considering a Frobenius series solution of (3.2.22), in which 

where u = z, - z is small and positive, and p is to be determined. From zeroth- order 

investigation, we find d#O (2 = 2,) 
dz 

is a nonzero constant such that: 

Combining (3.2.22), (3.2.25), and (3.2.26), we find that d#o (2 = 2,) drops out, and 
dz 

obtain 
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Tbe solutions are p = p, = 0, and p = p2 = -5 / 6 .  The case p = 0 corresponds to the 

finite boundary condition (3.2.24) giving the density perturbation 

d 
61 = -(u3I2 (1 + a,u+. . .) = u'" which is non-divergent, whilst the second solution 

du 

behaves near the edge as X = u - ~ ' ~  = (2, - z)"I6 giving the density perturbation 

312 -516 61 - -(u u ) .; u-"' . This second solution diverges at the edge where u -+ 0, 
du 

which is physically unacceptable. 

(3.2.22) and (3.2.24) constitute a linear eigenvalue problem which can be solved 

numerically by a matrix method. While this method is not very sophisticated it is not 

complicated to program and fairly easy to understand. The conversion of the differential 

equation into a set of linear equations is performed as follows: 

1 
Take n points z, ,z2,z3,. . .,z, of equal spacing h = - , and use finite difference 

N + l  

4m2 2 
approximation for these points. In the following we use the notation A = -n+ - o , 

mE 

then: 

where a forward difference approximation is used for first derivative of X. Note that 

the second derivative of X disappears because the electrostatic potential is zero at the 

left edge as specified in the boundary condition, with our choice of energy zero (p = 0) ; 

* at z, , for 2 I n I N - 1, we use central difference approximation for both first and 

second derivatives of X 



* at zN , a backward difference approximation is used. This point corresponds to the 

right edge, thus second derivative of X disappears for the same reason mentioned four 

lines above 

The above approximations are rewritten in matrix form 

where 



The matrix eigenvalue problem, (3.2.28), (3.2.29), (3.2.30) and (3.2.31), was solved 

by the IMSL packages EVCRG (to compute all of the eigenvalues and eigenvectors), 

and EPlRG (to compute the performance index so that the stability of a matrix can be 

kn~wn~'~') .  

Eqn (3.2.22), coupling with Eqn (3.2.24) for boundary condition, was also solved 

numerically by fourth-order Runge-Kutt. method. We converted second-order ordinary 

differential equation, Eqn (3.2.22), into a set of two frrst-order equations as 

From Eqn (3.2.24) we derived an approximate starting solution 

4m - n+ -a 
X(z) = Xo + (z - zcl[ ' 2]xo at one of the edges. Here Xo is an arbitrary 

1 1 d$o ( 4  -- 
5 dz 

constant. This solution was used for a first starting point, allowing us to start integrating 

numerically flom slightly inside the occupied region where it is non-singular. We need 

to. integrate inwards to the central point, z = 0, where the required solutions have to be 

- 0 according to the symmetric property of PQW, and the either X(0) = 0 or - - 
dz 

integration is only needed from one side. Of course, for an arbitrary frequency this 
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condition will not be met, so we have a shooting problem to find the eigenfrequencies 

0. 

The numerical results, obtained by both matrix method and fourth-order Runge-Kutta 

method for a case of r,=3a.u.*, L=18a.u.*, and q,, = 0 ,  for the first few 

eigenfrequeniies are tabulated below . 

As can be seen that the lowest mode of these is the Kohn mode frequency, 

w = a, = 0.3333 a x * ,  which is reproduced exactly. The numbers show agreement to at 

least three significant figures from both numerical methods. 

Table 3.2.1 : Comparison of results for some eigenfrequencies 

between two different numerical methods. 

3.2.1.2 Case q, # 0 

Eqn (3.2.8) can be rewritten by rearranging the gradient as 



6n2 ( r ,  t )  +-an, 5 ( r ,  t )  )I} = m h(r't) dr . (3.2.32) 

Then using (3.2.6) and (3.2.7) for 6n1 and &, plus the general form of the time- 

dependent variables (3.2.9) we can reexpress (3.2.32) as 

But fiom Eqn (3.2.1) we have 

-113 c~ 7 n 0  ( r ) v n O  ( r )  = C,  Vn:I3 ( r )  = -V vo ( r )  , 

and 

Now putting (3.2.34) and (3.2.35) into (3.2.33), using the linearised form 

W ( r ,  t )  = -e@(r, t )  , we get 

6 2 ( -  V )  X )  + -  5 - ) ) + ) = - ( r )  . (3.2.36) 

Eqn (3.2.36) shows that there exists a scalar function Y ( r , t )  such that the fluid 

displacement will be the gradient of this function 

x = V Y ( r , t ) ,  

where Y ( r , t )  satisfies 

According to the results of zeroth-order TF theory in Chapter 2 ,  Eqn (3.2.37) can be 

further reduced to a form 
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where &, ( z )  has been computed in Chapter 2.  

For the self-consistent perturbation, (3.2.38) is coupled with the linearised Poisson 

equation 

From (3.2.9), we find that (3.2.38) and (3.2.39) can also be written respectively in one 

dimensional form as 

and 

where 

dn, (2' d v(zl) Sn(z) = --- - 
dz' dzf no (2)  [d2~'z' '  dzV2 - ( z l ) )  . 

In order to obtain a numerical solution for plasmons it is necessary to specify the 

boundary conditions for (3.2.40) and (3.2.41). For (3.2.41) we require the potential 

perturbation @(z) to vanish at z -+ f-, and assume the electron charge is confined 

inside the occupied region during the motion so that the density perturbation vanishes 

otherwise. Thus the solution for (3.2.41) is of the form 

@(z)  = Ae -4, 111 at z < z, ,or z > z ,  . 

Consequently, the boundary conditions for (3.2.41) are 

These boundary conditions can alternatively be ensured by constructing the Green 

function from the known solutions of (3.2.43) 



Therefore, we find the relation between &(z) and &(z), using the above Green 

function, to be 

(3.2.45) 

Note that G(z,zt) has derivative discontinuity at z = z', therefore we must use 

integration weights for Eqn (3.2.45) of the form 

For boundary conditions of (3.2.40), we require d2v(z) 
dz2 

- g; y(z) to be finite at the 

edges because this equation is singular at z = Tz, where &(z) = 0. Thus we have the 

boundary conditions 

Our choice of non-divergent solution can also be justified in the same way as we did 

earlier for the qi = 0 case by considering a Frobenius solution in which 
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Combining (3.2.40), (3.2.41), and (3.2.48), we find the two solutions: The first is 

a = b = 0 giving the density perturbation 6bz = - 
du 

which is non-divergent and hence acceptable. The second solution is a = 1 1 6, b = 5 13  

d d 2 312 116 
giving the density perturbation 61 = -(u312 -(u1l6))  - qI u u = u-"' which is 

du du 

divergent at the electron gas boundary, and hence unacceptable. 

Before proceeding to a detailed numerical solution of Eqns. (3.2.40) and (3.2.45), we 

note from microscopic  the^^''^'^^ that, for sufficiently low q, there exists a " 2D 

plasmon" mode for any electron gas in slab geometry, with dispersion 

where 

Analytically, this mode is indeed predicted in the new hydrodynamic formalism, and 

can be proved as follows: 

Firstly, we define the zeroth spatial moment of the density perturbation 

(3.2.5 1) 

where in the foregoing equation, the form of (3.2.42) was used for the electron density 

perturbation. 
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Now multiplying (3.2.40) by q; n,(z) and integrating over z using (3.2.51) we find 

The expression in braces in the fist  integral on the left side of (3.2.48) is bounded as 

911 
+ 0. Thus we can write (3.2.48) as 

From (3 -2.45) we have . 

Combining (3.2.53) and (3.2.54) we obtain, for small q, , 

'cL 

For the mode of which the zeroth moment Mo does not vanish as q, + 0 ,  Mo is 

cancelled out to give 



which is the 2D plasmon mode as mentioned in Eqns (3.2.49) and (3.2.50). 

Now we go back to a detailed numerical solution to find plasmon frequencies. Eqns 

(3.2.40), (3 -2.45) together with the boundary conditions (3.2.47) determine the allowed 

eigenfiequencies and the corresponding eigenvectors for fiee plasmon oscillations on 

the parabolic well. This eigenvalue problem was solved numerically by a matrix 

method. The explicit conversion into matrix form is described here for the sake of 

clarity: we observe that two terms, d2v (2) dv (4 
dz2 - 4; W(Z) - dz 

, appear twice in Eqns. 

(3.2.40) and (3.2.45), thus it is convenient to write them into matrix form separately: 



The two above square N x N matrices M(') and M") have the same values along the 

diagonal elements Mnn , the off-diagonal elements M,,-, and Mn,*-, except that, on the 

first and the last row, the boundary conditions have been implemented. 

In a discretely converted form, the elements of&$@) in a square N x N matrix 

are 

where: 

* w,G, which is an element of a square N x N square matrix, denoted by wG, 

is equal to the product of the integration weights and the corresponding values of Green 

function. 

* (2)i M:) which is equal to every element of matrix M") on row i being 

dno scaled up by spatially discretised - at point i is an element of a square N x N 
dz 

matrix denoted by d n ~ " )  . 
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* (no)i M F )  is an element of a square N x N matrix denoted by n ~ ' ' ' ,  where 

every element of matrix M(') on row i is scaled up by corresponding no at point i 

* As usual, y, is an element of a column N x 1 matrix y . 

3.2.2 Numerical results and discussion 

Figures 3.2.l(a-d) show the mode profiles X(z)  from the numerical eigenvectors, and 

the density perturbation &(z) which is recovered from (3.2.4) corresponding to the furst 

four frequencies of Table 3 -2.1. 

Figure 3.2.1 (a): The Kohnmode profile X(z)=constant (solid line) and corresponding density 
perturbation 6n(z) (dashed curve) for r, = 3 a.u.*, L = 18 a.u.* and q, = 0. 



Figure 3.2.l(b): First standing plasmon profile X(z) (solid curve) and corresponding density 
perturbation 6n(z) (dashed curve) for same parameters as Figure 3.2.l(a). 

Figure 3.2.1 (c) : Second standing plasmon profile X(z) (solid curve) and corresponding density 



Figure 3.2.1 (d) : Third standing plasmon profile X(z) (solid curve) and corresponding density 
perturbation 6n(z) (dashed curve) for same parameters as Figure 3.2.1 (a). 

Figure (3.2.2) shows the dispersion relations with comparison to the results of 

microscopic theory. The microscopic results were obtained by solving the selfconsistent 

static and dynamic Hartree equations, and then picking up the fkequencies fiom the 

position of peaks in an absorption spectrum for excitation of the parabolic well by a 

grating Some of the collective modes were too weakly excited at low q I 

values to be discernible in these Hartree spectra, while the hydrodynamic results are 

based on eigenvalues and so do not suffer from problems of weak excitation. 

Furthermore, in the microscopic the collective modes are subject to Landau damping 

which can vary fkom one mode to another. Apart fkom this difference, most of the 

hydrodynamic modes show quite good agreement with the microscopic modes. 



Figure 3.2.2: Comparison of plasmon dispersions between present hydrodynamics 
(solid lines) with microscopic theory (isolated circles) for rs=3 a.u.'. and L=18 a.u.*. 
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It is interesting to note that the TF von Weizsacker method used by Zaremba and 

TSO''' has the factors a, = g = 1 , if taken in the limit of a vanishing gradient term will 

give two equations for the cases of q = 0, and q, t 0 respectively: il 

2 e d2  ~ ( z )  5 e dQb (z )  dX(z)  41re2 - - W e )  dz2 + - -  - -n+ - o X(Z)  , 3 m 3 m dz dz - [ m a  2, 

By applying the same finite boundary conditions justified in our previous investigation, 

the former equation can also yield the exact Kohn mode which is not surprising because 

of the constraint of the Harmonic Potential theorem, whilst the latter also yields the 2D 

2  1 2 2  plasmon. Nevertheless, these two equations give a dispersion relation or = o, +:v,q 

which leads to smaller spacings of standing plasmons. This is confirmed from our 

numerical calculations and the result of plasmon dispersions is shown in Figure 3.2.3 



with the comparison to the same data of modified hydrodynamic theory reproduced 

.from Figure 3.2.2. Of course, their theory is better concerning the justification of 

groundstate wave-mechanical behaviour of the electron density. 

Figure 3.2.3: comparison of plasmon dispersions between present hydrodynamics 
(solid lines) and with the use of a,=a,=l (isolated circles) for r,=3 a.u.', L=18 a.u:. 

0.6 
i 

Returning to the expression of the long-wavelength bulk plasmon dispersions, 

z212 
W' = mi + P2q2 = oi + p2 -( I: an integer), we see that the spacings for standing 

L~ 

plasmons are inversely proportional to the width of the electron gas. This property also 

exists in the new hydrodynamic theory from our numerical calculations of plasmon 

dispersions for r, = 3 a.u.*, and L = 25 a.u.*. The results are compared with the case 

r, = 3  a.u.*,and L =  18a.u.*, and presentedinFigure3.2.4. 



Figure 3.2.4: Comparison of plasmon dispersions of present hydrodynamics for the 
same r,=3 a.u.* between L=25 a.u." (isolated circles) and L=18 a.u.* (solid lines). 
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C TER 4 

Effects of inhomogeneous 

effective mass and dielectric function 

4.1 Introduction 

In the context of GaAZAs parabolic quantum wells, there are a few factors that cause 

the well to depart from the perfectly parabolic potential model, and thus cause 

modifications to the sharp Kohn-mode plasmon resonance such as 

( i ) Irnpedect parabolic potential: causes sidebands, shifting and broadeningrll. This 

effect can be minimised by careful control of epitaxial growth. 

( ii ) Impurities: already at a low level because of remote doping and excellent MBE 

growth characteristics. 

( iii ) Inhomogeneous effective mass m * (2) and dielectric function ~ ( z )  . These 

effects arise fiom the same physics that allowed MBE growth of a chosen band gap 

potential. In order to tailor the conduction-band edge to produce spatially graded 

AlxGa,-,As PQW, the A1 concentration, x(z) , is quadratically varied along the growth 

direction z . The dependence of x(z) along the growth axis leads not only to a parabolic 

confinement potential, but also to a spatial dependence of effective mass and dielectric 

function, via the dependence of the band gap on A1 concentration. Therefore these 

effects cannot be removed by careful sample preparation. The treatment of variable 

effective mass approximation was originally formulated to take into account impurities 

in an otherwise perfect crystalsr21. Then applications were extended to calculate physical 

quantities when the desired accuracy did not justify a more sophisticated t h e 0 4 ~ ~ l .  

Recently the applications were extended to treat semiconductor heterostructures to 

which PQWs UnfoItunately, there have not been many publications on the 
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applications of variable dielectric function. This may be due to mathematical difficulties 

[7,81 which are encountered in the microscopic theory. 

In this chapter we introduce the effects of spatially varying effective mass and 

dielectric function into the TF theory to calculate selfconsistently groundstate quantities 

using the experimental data of two particular PQWs in available publications. Jn order 

to investigate plasmons, we further extend a new hydrodynamics proposed by 

~ o b s o n [ ~ ~ ' ~ ~  that was tested previously in Chapter 2 to include these effects. The 

groundstate treatment is in Section 4.2, whilst Section 4.3 deals with dynamics. 

4.2 Selfconsistent groundstate solutions of the TF theory with m *(z) 

and ~ ( z )  

4.2.1 Mathematical derivations and numerical methods 

When the variation of conduction band effective mass and semiconductor dielectric 

function is included, the usual TF equation with constant effective mass m being 

replaced directly by variable effective mass in * (2 )  is still valid as the kinetic energy 

term is not an operator but a function . Thus the TF equation now becomes 

F12 
( 3 s ' n ( ~ ) ~ " )  = e$(z )  + p 

2m * ( z )  

For variable dielectric function, however, the situation is different. The question is 

whether the A1 concentration being proportional to z2 means the self-consistent 

external potential in the underlying bandstructure calculations is also proportional to z2 

exactly. In other words, the grown potential may or may not be screened by the valence 

electrons in the self-consistent bandstructure calculations, i.e. by ~ ( z )  . The resolution of 

this question lies in microscopic theory beyond the scope of this thesis. Therefore we 

choose to solve both ways. 
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Ansatz I: Assume the potentials due to electron charge and effective positive 

charge are both screened by ~ ( z )  

Ansatz 11: Assume the potential due to A1 doping is precisely parabolic and only 

the electron potential is screened by ~ ( z )  

Here 

In this chapter we term the potentials assumed in Ansatz I as imperfect parabola and in 

Ansatz II as perfect parabola. 

Eqn (4.2.1) coupling with either (4.2.2) or (4.2.3) for selfconsistency must be solved 

subject to the three conditions: 

d$(z) - 0 because of the symmetric property of a PQW. ( i )  -&-- 

( ii ) $(z = z,) = 0 to define the edge of the electron gas. (4.2.6) 

1 1 
( iii ) ]n(z')B1 = -R, = -n+L : total electron areal density is constant. (4.2.7) 

2 2 
0 

Later on we will show that conditions ( 4.2.6 ) and ( 4.2.7 ) are equivalent to the 

correct initial choice of the value &,(= $(z = 0)) at the centre of the PQW. It is 

interesting to remember from the groundstate calculations of Chapter 2 that the chosen 

value of is very critical, i.e. a very small change in $m causes a very large change in 

the width of the electron gas, when we solve for the case of sufficiently large electron 

gas width. A suitable choice of this starting value for the present case would be very 
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difficult without previous knowledge of results in Subsection 2.2 since there is not much 

analytical information that can be derived for the present case of inhomogeneous m * (2) 

and ~ ( 2 ) .  

Next we need to choose a form to express the dependence of variable effective mass 

and dielectric function on A2 mole fiaction x .  This expression is available fiom 

experimental measurements of ~dachi["], and Zachau et a1[12], and can be written, after 

converting to Hartree* units, as 

m * ( x )  = 1.0 + 1.24~ a.u.* 

The quadratic spatial dependence of A2 mole fiaction x on z is of a form x = az2. 

The value of a can be directly controlled by experiment. This affects the external 

potential profile of the well Vat(z), the conduction band offset Qe, and the 

AI,Ga,-, As band gap E, (z) by the relation V"(z) = Qe[E,(x) - E,(O)] . The 

following formulae are available from experimental publications: 

Qe = 0.60, [I31 

and 

E,(z) = 1 16.3 + 132.2~ a.u.* [I4]. 

In this chapter we are interested in the two parabolic well systems r, = 2.07 a x * ,  

experimentally achieved by Pinsukajana et alllil, and r, = 3 a. u.* experimentally 

achieved by Gwinn et a1['6"71. In these two systems the value of the curvature a is 

approximately 0.002 a .u.* . 

The following description of numerical methods is divided into two parts: The first 

part deals with imperfectly parabolic conduction band edge (Ansatz I above), whilst the 

second deals with the perfectly parabolic case (Ansatz II above). Making use of the 
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symmetric property of a PQW we only need to solve for one half of the electron gas 

which is chosen to be on the right-hand side in our calculations. 

The two coupled equations (4.2.1) and (4.2.2) together with the three boundary 

conditions, (4.2.5), (4.2.6), and (4.2.7), can be solved self-consistently by at least three 

different methods which are similar to Methods 11 + IV for groundstate calculations in 

Chapter 2. Note that Method I in Chapter 2 is not applicable here since there is first 

derivative term of electrostatic potential in Poisson equation plus other terms involving 

z or z2 which prevent a mathematical 'trick' on second derivative term. Thus the 

following Methods I & II are equivalent to Methods 11 & III in Chapter 2, and Method 

III corresponds to Method N in the same mentioned chapter. 

4.2.1.1 Ansatz I: Imperfect parabola 

(a) Methods I & I1 

Substituting the TF equation into Poisson's equation, with our usual choice of chemical 

potential, p = 0, gives: 
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Figure 4.2.1 : Sketch of a band gap for a semiconductor system ( not drawn to scale). 

The procedure of replacing the effective mass m by a variable effective mass m * (2 )  , 

on the right hand side of above equation, can be motivated by referring to Figure (4.2.1) 

and reasoning as follows: 

If the upper (conduction) band is parabolic then 

*2 

and then the number of electrons per unit volume to fill up to chemical potential p is 

2v 472 -- ki (2) = n(z)V = number of electrons, 
( 2 ~ ) ~  3 

V 
where the relation g(k)  = - was used for the first factor, together with a factor of 2 

(272) 

at the front to take account of spins. V denotes the volume and is cancelled out of the 

above equation. We also obtain from Eqn (4.2.1 1) the relation 
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2rn * (2) kg (2) = p - [E,  (2) - e@(z)]. 

Therefore, by combining (4.2.12) and (4.2.13), after including E, (z) in the definition of 

@(z) , we obtain 

It is observed that Eqn (4.2.10) is a second order nonlinear ordinary differential 

equation with variable coefficients. It can be solved wholly by the RK method, or 

initially by the RK method until there are enough initial data for the ABM predictor- 

corrector method to be used. These two methods do not require much mathematical 

effort and did show significant success, giving reliable results in Chapter 2. Initially, the 

second order differential equation is decomposed into two first order equations 

d@(z) We note that (4.2.16) has an extra first spatial derivative term --- 
dz 

(arising from 

Poisson equation with variable ~ ( z ) ,  and a variable effective mass rn * (z) in lieu of 

constant effective mass m as compared to Eqn (2.2.12) in Chapter 2. By replacing 

rn * (z) and E ( Z )  by rn and E respectively we recover the nonlinear TF theory that was 

previously investigated in Chapter 2 (this illustrates why we developed Methods II and 

Ill for groundstate calculations in Chapter 2), and thus the same computer codes can be 

used for the two situations. 

Specifically, the self-consistent algorithm used to find the solutions of a set of first- 

order differential Eqns (4.2.15) and (4.2.16) as follows: 



( a ) Choose an initial estimate for @,, , the discretised spacing, h ,  for the z-axis, 

dip(z = 0) 
and the maximum value z,, . Of course, the starting value is zero due to the 

dz 

symmetry of a parabolic well (see (4.2.5)). 

( b ) The shooting scheme is now ready to start. Then observe the last value of 

electrostatic potential @(z) on computer screen to see if it is zero or very close to zero. 

Unless this condition is satisfied and @(z) is still positive, the shooting scheme falls into 

two cases depending on the choice of numerical methods. For the ABM predictor- 

corrector method the procedure has to go back to Step ( a ). For the fourth-order RK 

method the shooting scheme can be continued with additional choice of discretised 

spacing which is not necessarily equal to previously chosen spacing, together with 

additional maximum distance that the shooting scheme goes up to. This procedure can 

be repeated until the last value of the electrostatic potential is zero or very close to zero. 

Note that @(z) must not become negative because of a @312(z) term existing in Eqn 

(4.2.16). 

( c ) If the numerics pass the conditions in Step ( b ), the electron density will be 

calculated and numerically integrated to find out whether the desired electron gas width 

is met according to condition (4.2.7). If failure does occur, the iteration goes back to 

Step ( a ) with previous estimates are used as a guide for subsequent estimates until all 

the requirements, from Step ( a ) to Step ( c ) are acceptable. 

(b) Method I11 

In this method we look for a solution in which the potential @(z) is expressed in terms 

of electron number density n(z) through a Green function approach. Thus we initially 

attempt to fmd analytical solutions for the homogeneous equation 



by defining 

@(z> = r(z)p(z) 

Actually, it is easy to obtain two independent solutions for Eqn (4.2.17) without new 

definition for @(z). However, it is simpler to check the results in new terms as can be 

seen below. 

After substituting, expanding, collecting like terms, and by denoting the differentiation 

with respect to z by primes for simplicity, Eqn (4.2.17) can be written as 

E ~ P "  + ( ~ E ~ ' + E T ) ~ ' + ( E ~ " + E T ' ) P  = 0. (4.2.19) 

It is necessary to eliminate p' term to ensure the Wronkian is a constant. This 

I 

simplifies the mathematics, and is achieved by setting r = E-' . Then, after some 

mathematical manipulation, we obtain 

One solution is found to be 

0, (z) = &a (z) . (4.2.21) 

The other independent solution can be obtained from Abel's identity['8.'91 

where b is an arbitrary nonzero constant; therefore 

Here C ,  is an integration constant. 

Now we construct the Wronskian 



d&+ 
=b-C1,-. 

dz 

Since there is no P'(z) term in Eqn (4.2.20), the Wronskian has to be a constant, we 

find the value of C,, is zero. 

Now Eqn (4.2.2) can be written in terms of new dependent variable P as 

4 As $(z) = E-~(Z)P(Z) we can still choose -(z = 0) = 0 and B(z = 0) = &, , where $oo 
dz 

is, as usual, an initially chosen value of the electrostatic potential at the centre since 

E(Z = 0) = E = 1 a.u.*. We should note here that, for later convenience, fie notation 

$m for p(z = 0) is used instead of Po,. Then Eqn (4.2.23) has the general solution, 

fiom the centre of the well to right-hand edge 

Because E(Z) = 1 - 0.24az2 = 1 - A Z ~  the mathematics can be further simplified by 

explicitly performing the integration in (4.2.22): 



Therefore, 

Putting (4.2.21) and (4.2.25) into (4.2.24) we obtain 

(4.2.26) 

Now the expression for $(z) can be recovered fiom the definition @(z) = I ' ( z ) / ~ ( z ) ,  

after cancelling out like terms, as 

which is validly computable on two restrictions due to both mathematical and physical 

reasons 

It is interesting to know that substituting u(z) = n(z)'I3 into the TF equation, then 

combining with (4.2.27) we get a single equation which is written in discretised form as 

Eqn (4.2.28) is easily recognisable as quadratic equation ax2 + c  = 0,  as previously 

mentioned in Method IVY for groundstate calculations, of Chapter 2. 

In the case A Z ~  < 1, we can use the basic series 



to reexpress $(z) as, after considerable algebra 

(4.2.29) 

Eqn (4.2.29) removes the restriction A # 0 as in the case of Eqns (4.2.27) and 

(4.2.28). Putting A = 0 brings exactly back to the expression for the case of constant 

dielectric function. 

We now explain how the algorithm of the quadratic formula (4.2.28) works: 

( i ) Choose the number of discrete points and discrete spacing, h, for z-axis to 

specify the maximum distance the numerical shooting scheme goes up to. Then give an 

initial estimate $,,, and thus no, can be evaluated by using (4.2.28). 

( ii ) The value of $(z = h) can now be calculated by substituting no, into the 

summation term and evaluating. The value of this summation adds to the value of $oo 

will give $(z = h) . When the numerical value for @(z = h) is available u(z = h) , and 

hence n(z = h) , can easily be obtained. This procedure is repeated until $(z = z,) is 

equal to zero or very close to zero. Usually, the choice of parameters for Step ( i ) never 

gives the correctly expected value at the edge in the first computing run. A few 

iterations are needed, with values fiom previous iterations used as a guide for the current 

iteration. 

( iii ) As long as Step ( ii ) is satisfied, integrate electron density to fmd out whether 

the specified value of the electron areal density ( boundary condition (4.2.7)) is met, 

otherwise the process goes back to Step ( i ). 
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4.2.1.2 Ansatz 11: perfect parabola 

The best way to solve self-consistently Eqns (4.2.1) and (4.2.3) that have to satisfy the 

three conditions (4.2.4), (4.2.5) and (4.2.6) is by manipulating Poisson's equation to 

bring it into a form that we need to solve for the electrostatic potential instead of the 

Hartree electron potential. This is because the mathematics and numerical methods turn 

out to be much easier. To achieve the mentioned aim, firstly, we expand the Poissoia 

equation (4.2.3) as 

d 2 c  (z) d ~ ( z )  dY, (z) 
-&(z) ,2 

---- - 4m2n(z), 
dz dz 

then add the same expressions 

into both sides of (4.2.30) to get 

(4.2.3 1) 

Eqn (4.2.31) can be more conveniently written as, after cancelling out like terms 

It is important not to confuse the dielectric functions appearing in the second and third 

terms on the right hand side of (4.2.32). The variable dielectric function ~ ( z )  comes 

from the mathematical manipulation shown in (4.2.3 1) to bring (4.2.30) into a more 

convenient form, in terms of numerical calculations, whilst the constant dielectric 

function E comes from the assumption of perfect parabola. On comparison, (4.2.32) is 

only different fiom (4.2.2) in that there is an extra algebraic term on its right hand side 
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and the second derivative of perfectly parabolic external potential is multiplied by ~ ( z )  . 

In fact, the comparison is even simpler if we use ~ ( z )  = E - A Z ~  in the second term of 

the right-hand side of (4.2.32) to obtain 

Thus the numerical methods are the same as those used for the imperfectly parabolic 

1211;4en+ 
case by simply inserting the extra term z2 into the previous computer codes for 

& 

Poisson's equation 

4.2.2 Numerical results and discussion 

Among the chosen numerical methods for this particular problem, we found that RK 

method is the best as it does not present starting and stopping problems, and does not 

require equally spaced steps, whilst ABM predictor-corrector method and the quadratic 

formula, (4.2.28), do suffer from these difficulties. However, these drawbacks are not 

very severe and can be cured by iteration with the information fiom an immediately 

previous calculation as a guide. 

In general, a function and its derivative come out straightforwardly from the RK 

method and the ABM predictor-corrector method, so that we fairly easily obtain the 

electron density as well as electrostatic potential and their derivatives which are needed 

as the input data for dynamic calculations. The quadratic formula (4.2.28) can only 

produce the density and the electrostatic potential but not their derivatives. Thus another 

approximation such as a finite-difference method has to be used to obtain these 

quantities. 

It may be envisaged that using the quadratic formula is a way to bring the second- 

order differential equation down to zeroth-order so that the TF equation with spatially 

varying effective mass and dielectric function can be solved numerically as an algebraic 



equation. A major advantage of the quadratic formula over the other two is that it 

provides further applications as will be shown in Chapter 5. For this particular problem 

fourth-order RK method is sufficient. The calculation in this chapter aims to test the 

validity and stability of a quadratic formula and the ABM predictor-corrector method 

that will again be used in Chapter 5. 

4.2.2.1 Comparisons between the results for constant m and E , and for m * (z) and 

E(Z) with imperfect parabola assumption 

The parameters for a particular well, r, = 3 a.u.*, L = 18 a.u.*, were chosen to 

run both for cases of constant and variable effective mass and dielectric function for 

comparisons of the results. For the case of m* (2) and ~ ( z )  the imperfectly parabolic 

assumption was used. The selfconsistent density and potential profiles are shown in 

Figures 4.2.2 and 4.3.3 respectively. As can be seen, the inclusion of m* (z) and ~ ( z )  

causes the density to be higher near the edge region and lower towards the centre of the 

well. The finite distance z, is smaller for the case of variable m * (z) and e(z) . The 

electrostatic potential falls off more sharply and behaves more parabolically everywhere 

instead of being flat inside the bulk as in the case of homogeneous m and E . 

We also calculated the electron density by using m * (2 )  and constant E for one case, 

and reversely by using constant m and ~ ( z )  for the other. On comparison we found that 

the effect of ~ ( z )  is negligible for the particular well under investigation 

(r ,  = 3 a.u.*, L = 18 a.u.*). The data obtained for this particular well will be used 

for plasmon calculations in the next section. 



Figure 4.2.2: Comparison of density profiles between using constant m, E (solid curve) 
and m'(z), ~ ( z )  (dashed curve) for rs=3 a.u.', L=l8 a.u.*. 

9 . m - m  - ..................................- ... i 

8.00E-03 - -  i 
7.m-a3 - - 

I 
i 
I 

6.00E-M -- i 
C-. 

i 
* 
j 5.WE-03 . - 
rd 
w 

I 
! 

h 

N 4 . a - a 3  -- w 
c 

3.00E-03 - 

2.00E-03 - - 

1.00E-a3 -- 

0.00E+00 7 
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plotted by solid lines, while the results using inhomogeneous m * (z )  and ~ ( z )  , and 

imperfectly parabolic potential assumption are plotted as dashed curves in Figure 4.2.4 

for comparison. The individual curves which have common r, = 2.07 a.u.* correspond 

to nominal electron gas widths L = 1.3,5.0, 10.0,20.0 and 28.0 a.u.*. The value of the 

cuvature for m * ( 2 )  and E ( Z )  case is a = 0.002. It is clear fiom Figure 4.2.4 that the 

difference is quite negligible for narrow wells ( L  = 10.0 a.u.* or less), and becomes 

more and more significant as the width of the wells increases. 

Figure 4.2.4: Comparison of density profiles for rs=2.07 a.u.* and L=1.3, 5.0, 10.0, 20.0, and 28.0 

a.u." between m * (2) , ~ ( z )  and imperfect parabola theory (dashed thick curves), and constant 

m and E theory (solid thin curves). 

3.00E-02 



4.2.2.1 Comparisons between the results for constant m and E ,  for rn * (2) and 

E(Z)  with imperfect parabola assumption, and for m* (z )  and ~ ( z )  with perfect 

parabola assumption 

The solutions, assuming perfectly parabolic external potential, were also obtained, 

using the same parameters mentioned in one paragraph above Figure 4.2.4. The results 

of density profiles are shown by dashed curves in both Figures 4.2.5 and 4.2.6. The 

constant effective mass and dielectric function density profiles are shown as solid curves 

in the same Figure 4.2.5, while the density profiles which include m * (2) , ~ ( z )  with 

imperfect parabolicity are shown, also as solid curves, in the same Figure 4.2.6 for 

comparisons. It can be observed fiom Figures 4.2.5 and 4.2.6 that the difference 

between the perfect parabolicity and the other two theories is completely negligible for 

narrow wells, L ( 5.0 a.u.* , slightly significant for intermediate wells, L = 10.0 a.u.* , 

and markedly different for wide wells, L ) 20.0 ax.*  . The other noticeable difference is 

that the density profiles of perfect parabolicity theory never reach the "bulk" positive 

background density n+. According to our numerical data, we found that the highest 

value of the density profiles is about 2% less than the value of n+ for these particular 

wells under investigation here. When the initial input value for the electron density at 

the centre of PQW is slightly higher than this allowed limit, the solution is strictly 

divergent. 

It is interesting to note that the effect of variable dielectric function has usually been 

thought to be less that of the variable effective mass, or even negligibleIa1. 

From the observations of density profiles in Figures 4.2.5 and 4.2.6, however, we see 

that this assumption is invalid for the case based on the perfectly parabolic potential. 

Because of this, we carefully check the results by the three numerical methods 

previously mentioned. The results of the three methods of solution are in good 
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agreement and are indistinguishable on the scale of Figures 4.2.5 and 4.2.6. One should 

also note that, in reality, the mole fraction x of Aluminium used to create the parabolic 

quantum wells by experimentalists is in the range 0 S x S 0.3 ['5-'7.=-251 In the case 

L = 28 a.u.* the electron density vanishes at the edge where zc - 17 a. u.* . This will 

give the mole fraction x = 0.002 x 1 7 ~  = 0578 which exceeds the abovementioned 

experimental limit. We intentionally presented this case to emphasise that the electron 

density dramatically changes in the region of high Aluminium concentration if perfect 

parabolicity is assumed. 

The groundstate density is markedly different for wide wells, under perfectly parabolic 

potential theory, when ~ ( z )  and m * (z) are taken into account, compared to the case of 

constant m and E . It is, therefore, interesting to perform further checks by investigating 

each of these two effects by itself. The numerical investigation was performed by using 

a combination of constant E and m * (z)  , and vice versa with ~ ( z )  and constant m . For 

narrow wells, the effects of both combinations are negligible and thus the plots are not 

shown here. For wider wells, we show in Figure 4.2.7 the plots of constant E and 

m * (z)  theory as dashed curves; constant m , ~ ( z )  and perfect parabola as solid thin 

curves; and E(Z)  , m * (2) , and perfect parabola as isolated circles; constant m and E as 

solid thick curves. As can be seen from this figure the effects of ~ ( z )  produce a larger 

value of zc , whereas m * (z)  reduces this value in comparison with the calculations that 

neglect these two effects together. As the effect of ~ ( z )  is more significant than that of 

m * (z ) ,  the overall result of these two effects shows the electron density to have the 

properties which are more similar to the effect of ~ ( z )  alone. 

In addtion to above checks on the results presented for the perfectly parabolic 

asst&ption case we also performed "double" checks on Gauss's law. Specifically, the 

procedure started by integrating on both sides of Eqn (4.2.32) 



The value on the right-hand side of Eqn (4.2.33) was numerically computed and then 

compared to the value on the left-hand side of this same equation which is readily 

available from the data previously obtained by using Method I or 11. 

At the end of this chapter we also provide further analyses to confirm that the results 

of the groundstate calculations presented in this chapter are numerically correct. 

The results for the electrostatic potential corresponding to the density profiles in 

Figures 4.2.4-4.2.6 are shown in Figure 4.2.8. In this figure, the curves from the three 

theories: using either rn and E , or m * ( z )  , ~ ( z )  and perfect parabolicity, or m * ( z )  , 

~ ( z )  and imperfect parabolicity. For L = 10.0 a.u.* , the first theory shows noticeable 

difference from the second and third theories while the second and third theories 

themselves yield similar profiles. For wider electron gas, all the three theories yield very 

significantly different profiles. 
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Figure 4,2.5: Comparison of density profiles for rs=2.07 a.u.* and L4.3, 5.0, 10.0, 20.0, and 28.0 

m and 

Figure 4.2.6: Comparison of density profiles for rs=2.07 a.u.* and L=1.3, 5.0, 10.0, 20.0, and 28.0 

a.u.* between m * (z)  , ~ ( z )  and perfect parabola theory (dashed curves), and m * ( z )  , ~ ( z )  

and imperfect parabola theory (solid curves). 
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Figure 4.2.7: Comparisons between the density profiles of rs=2.07 a.u.*, L= 20.0 and 28.0 a.u.* 

for constant E and m  * ( z )  theory (dashed curves), for constant m, ~ ( z )  with perfect 

parabola assumption (solid thin curves), for m  * ( z ) ,  ~ ( z )  with perfect parabola assumption 

(isolated circles), and for constant m and E theory (solid thick curves). 

Figure 4.2.8: Comparisons between the electrostatic potential profiles of rs=2.07 a.u.* and L= 

5.0, 10.0 and 28.0 a.u.* for constant m  and E theory (solid curves), for m* (z) ,  ~ ( z )  and 

perfect parabola assumption (dashed curves), and for ~ ( z )  and m * ( z )  with imperfect 

parabola assumption (isolated circles). 
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4.3 Application of a modified hydrodynamics for plasrnons with m*(z) 

and E(Z) 

4.3.1 Mathematical derivations and numerical methods 

We have shown in Subsection 4.2 that the effect of variable dielectric function is very 

significant for large electron gas widths within the perfect parabola theory. However, 

due to the time constraint we only investigate plasmons for the imperfect parabola case 

here. 

The extension of TF theory with the inclusion of m * (2) and ~ ( z )  to time-dependent 

situation is motivated in a procedure similar to that treated in Chapter 3 using constant 

m and E .  By taking gradient of static TF theory to reexpress the relation between 

groundstate density and potential in terms of forces, then linearising and replacing the 

small density perturbation &(r,t) by the fluid displacement within the scheme 

suggested by ~ o b s o n [ ~ * ' ~ ]  we obtain 

a2x(r, t) 
( n o ( ) 1 3 m  * ( r )  5 + @(r,t) = m * ( r )  dt2 . 

h 
Here y = -(31r')"~. 

2 

Eqn (4.3.1) must be solved self-consistently by coupling with linearised Poisson 

equation 

V.&(r)VGV(r,t) = 4m26n(r,t) . 

4.3.1.1 Plasmon solutions at q,, = 0 

Assuming for this geometry x(r,t) = x(z)ei"2, (4.3.1) and (4.3.2) become 

respectively 



and 

&(z)6F(z) = --4m2n, (2 )  x (z) + C (4.3.4) 

fiom integration of the linearised Poisson equation where C is an arbitrary constant 

independent of z .  This constant C can be set to zero by noting that since there is no 

charge outside the slab, the perturbation to the electric field at the edges is zero. 

Furthermore, we also found from groundstate calculations that the electron density 

vanishes at the edge. Thus applying these results at z = z, we find C = 0. Then after 

some algebra, similar to the case of constant m and E , (4.3.3) and (4.3.4) combine to 

give 

(4.3.5) 

By inspection, we see that Eqn (4.3.5) is singular at the edge, z = z,, of the zeroth- 

order distribution where ,U - V,(z,) = 0. In order to have the density perturbation &(z) 

to be finite at the edge and also to be consistent to that in Chapter 3, we choose the 

regular solution in which X(z) is nonsingular at z, 



The solutions for fiequencies can be converted into a matrix eigenvalue problem by 

d d 
discretising the derivative operators, - and - 

dz2 ' 
using finite-difference method 

dz ' 

which was successfully used in Chapter 3. 

4.3.1.2 Plasmon solutions at q,, # 0 

From Eqn (4.3.1) we note that @(r ,  t )  = eVG$(r,t) , thus the fluid displacement 

vector x(r , t )  can be expressed as the gradient of a scalar function y ( r , t )  , 

x(r, f )  = V y ( r , t )  , (4.3.7) 

where y ( r ,  t )  satisfies 

This is coupled with the linearised Poisson equation for selfconsistent potential 

perturbation, 

~ . [ ~ ( r ) v l j $ ( r ) ]  = 4 7 ~ ~ .  (n0(r)v  y(r ,  t ) )  . (4.3.9) 

After setting p = 0 ,  we can rewrite the above two equations in one-dimensional form 

respectively as 
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and 

(4.3.1 1) 

It is necessary to set the boundary conditions on (4.3.10) and (4.3.11) so that the 

hydrodynamic equations can be solved numerically. Since there is no electron charge 

outside the electron-occupied region, the density perturbation is required to vanish at 

z 5z, and z 22,. Furthermore, we also have - - - 0 in unoccupied region and the 
dz 

potential perturbation &(z) is required to vanish as z -+ -t-. Thus the solution for 

(4.3.11) is of the form 

-4, 1-1 
S@(r , t )=Ae  a t z ( z c L , o r z ) z c R .  

Consequently, the boundary conditions for (4.3.1 1) are 

These boundary conditions are ensured by using the appropriate Green function. 

Contrasting to the case of homogeneous effective mass and dielectric function this 

Green function can only be constructed by solving numerically the homogeneous 

equation 

with the boundary conditions 

to find two solutions @L (z) and @R (z) . Here the subscripts L and R denote the 

solutions that satisfy the conditions on the left and the right respectively. Thus we have 



where the Wronskian W(qL,  q R )  is defined by 

w(&L7&R) = &L(z')6R'(z ' ) -&R(z') 'L'(z ' ) '  (4.3.17) 

The differential equation (4.3.10) is singular at the edges where $(fz,) = 0 ; regular 

solutions are chosen at these points. Thus the boundary conditions are 

The satisfaction of the potential boundary conditions for (4.3.12)-(4.3.16) is ensured 

by alternatively writing (4.3.1 1) as 

d z .  (4.3.19) 

Numerical solutions of (4.3.10), and (4.3.19) for frequencies are quite the same as the 

d 2  d 
case for constant m and E by converting the operators, - - and integration, into 

dz2 ' dz ' 

discrete operators, and integration weights on sampling-z points to bring the problem 

into a matrix eigenvalue problem. 

4.3.2 Results and discussion 

In Figure 4.3.1 we show the effects of spatially varying effective mass and dielectric 

function on plasmon dispersions by comparing with the case in which these parameters, 

reproduced from Chapter 3, are kept as constants. As can be seen, the frequencies of 

standing plasmons of the current investigation are lower than the corresponding 

frequencies for constant m and E. For q = 0, the lowest frequency is 1% higher than 5 

the Kohn mode. The difference can not be seen clearly in this figure. 



Figure 4.3.1: Comparison of plasmon dispersions between using constant m and E 

(solid lines) and m'(z), &(z) (isolated circles) for r,=3 a.u.', and L=18 a.u.*. 

Appendix to Chapter 4 

The results from the groundstate calculations presented in Chapter 4 were carefully 

checked by various numerical methods and were found to agree extremely well. 

However, from the observation of those figures numbered 4.2.2 + 4.2.8 one may ask 

why the z dependence of effective mass and dielectric function, for a large electron gas 

width, 

(1) makes small change in n(z) but large change in @(z)  for the imperfect 

parabola case. 

(2) makes significantly large change in both n(z) and @(z)  for the perfect 

parabola case. 

In particular, the results of the perfect parabola case may also cause suspicion of the 

accuracy of the numerics. Thus in this appendix we will provide further analysis to shed 
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some light for better understanding. The appendix is further divided into three 

subsection: imperfect parabola case, perfect parabola case and a brief summary. 

Note that, for simplicity, all of the following equations are written in atomic units such 

that A = e = ~ = m = l .  

1) imperfect parabola: 

From Method El, the following expression for the electrostatic potential was derived 

by a Green function approach (see Eqn (4.2.29)) 

which can be written in discretised form as 

Here I and J is are integers. I satisfies the equation z = (I - l )h  where h is an 

equally divided spacing of the z axis. 

Recall from Chapter 2 for the case of constant effective mass and dielectric function 

that the electrostatic potential was found, also by Green function approach, to be 

By comparison of (A.2) and (A.3), it can be seen that the term 

A4 
-(I - J)' h2 + -(I - J ) ~  h4 +a -. inside the second braces and inside the second square 
3 3 

brackets in the summation term of (A.2) is the correction tern when inhomogeneous 

property of the dielectric function is taken into account. Further comparison of this term 

to the factor 1 which is also inside those mentioned braces we found that the effect of 
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the correction was less than 1% for the parabolic well systems investigated in Chapter 4. 

Thus, for further simplicity we will suppress this term in all following equations. 

We can also write Eqn (A. 1) at point 1 + 1 as 

Thus, combining (A.3) and (A.4), we have a recurrence relation 

By inspection of the computed output data in Column 2, for the case of r, = 2.07 and 

L = 28, presented in Table Al, we find that the values of the difference between $,+, 

and $I in the central region of this parabolic well are extremely small. Furthermore, 

from (AS) we know that the value of the difference between these two points comes 

from the summation term. This sum is contributed by the value of each term which is of 

a form 4mJ[nJ - n+][h]. Evaluating 4rrw,h, no matter what forms of integration 

weights w,, Simpson 113, Simpson 318, trapezoidal rule and cubic interpolation, are 

used, we obtain a value of this term to be significantly larger than the value of the 

difference between $[+, and $ I .  Therefore, in the central region of the electron gas we 

must have 



Furthermore, from the Thomas-Femi equation the relation between the electron 

number density and the electrostatic potential is 

where 

and 

B = 1.24~1, a = 0.002 is the curvature of a particular PQW under investigation here. 

1 
Thus the electrostatic potential $, must reduce by a factor of 

(1 + B(J - i12h2) ' 

comparing to the constant m and E case, which is the inverse of the variable effective 

mass when the solution of n, satisfies (A.6). The values of this factor at three points 

z = 2,5 and 10, of this investigated well, are evaluated and tabulated in Table A2 

Table A l :  Computed output data of the electrostatic potential and the electron density for 

r, = 2.07, L = 28 and imperfect parabola assumption 









Table A2: Numerical evaluation of the inverse of variable effective mass at three values of z. 

As can be seen the inclusion of the variable effective mass reduces the electrostatic 

potential to the extent of 1%, 6% and 20% at z = 2,5 and 10 respectively, comparing to 

the electrostatic potential of constant m and E case. These values are correctly 

reproduced by comparing an isolated circles curve and a solid line curve, which have the 

largest electron gas width ( L = 28), shown in Figure 4.2.8. 

z (= (J- 1l2h2) 

2 

5 

10 

1 

(I+ B ( J -  i)'h2) 

0.9902 

0.94 16 

0.8012 
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2) Perfect parabola: 

In this case the relation between the electrostatic potential $(z)  and the electron 

number density n(z)  through a Green function approach is the same as Eqn (A.1) with 

an extra term 3An+zf2 inside the first square brackets of the the integral term 

@(z) = &, + 4s[n ( z f )  - n+ + 3 An+z"] [ z  - z'] dz' , i 0 
where in the above equation we have already suppressed the term 

A' A4 4 
-(z - 2')' + -(z - z') +.-. as discussed earlier. Then Eqn (A.8) can also be written in 
3 5 

discretised form which is the same as Eqn (A.3) with an extra term 3An+zf2 being added 

inside the first square brackets in the summation term 

Using the same procedure shown in the imperfectly parabolic case we now write (A.8) 

at apoint I+ 1 as 

(A. 10) 
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Thus, combining (A.9) and (A.10), we obtain a recurrence relation 

(A. 1 1) 

By inspecting the data presented in Table A3 and using similar arguments of the first 

eight lines given under Eqn (AS) we find the electron density in the central region for 

this case to be 

n, = n + { l - 3 ~ ( ~ - l ) ~ h ~ } + 0 - .  (A. 12) 

Since the term 3A(J- 1)' h2 is always positive, a comparison of the value of this term 

to the value of 1 will give the quantitative extent of the drop of the electron number 

density, comparing to the positive background density n+, in the central region. The 

numerical evaluation of this term at three points z = 2,5 and 10 was performed for the 

same particular well investigated in the above imperfectly parabolic assumption case. 

The results are tabulated in Table A4 

Table A3: Computed output data of the electrostatic potential and the electron density for 

r, = 2.07, L = 28 and perfect parabola assumption 







Table A4: Numerical evaluation data of the term ~ A ( J  - 1)' h2 at three values of z. 

From the table we can see that the electron number density at z = 10 should be 

approximately 15% below the background charge density. This is correctly reproduced 

in Figure 4.2.5 by comparing the solid curve and the dashed curve which have L = 28. 

The electrostatic potential is now effected by the Thomas-Fermi equation 



which can be quantitatively known by evaluating the term 

(A. 13) 

(A. 14) 

and comparing the obtained values to unity. The calculated values of (A.14), also at 

three points z = 2,s and 10, are presented in Table A5. As can be seen on the last row 

of this table the change of the electrostatic potential at z = 10 is approximately 28% 

which is inded correct by contrasting a solid curve and a dashed curve presented in 

Figure 4.2.8 for the case L = 28. 

1 
Table A5: Numerical evaluation data of the term 2 2 2'3 (1-~A(J-1) h ) at 

(I+ B(J- i)2h2) 

three values of z. 

3) Summary: 

The screening effect of ~ ( z )  is indeed smaller than that of m * (z). However, all the 

physical quantities, the electrostatic potential $(z), the electron number density n(z) 

and also the positive background charge density n+ (only for the imperfect parabola 

assumption), are effected by this phenomenon. If both n(z) and n+ are assumed to be 

screened by ~ ( z ) ,  the screening occurs in an opposite fashion so that the overall effects 
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cancel themselves out. The effect of ~ ( z )  becomes important for the perfect parabola 

assumption in which only the electron charge is screened. In contrast, m *  (z) 

significantly changes the electrostatic potential behaviour, but not the charge density. 
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TER 5 

Inclusion of a von Weizsacker kinetic energy term 

5.1 Introduction 

The TF von Weizsacker (TFvW) theory still treats electrons as a fluid, but first and 

second order terms in density gradients are incorporated into the generating equation 

which describes a local relation between density and potential of TF theory. Historically, 

the gradients are inhomogeneous correction terms due to the failure of the nonlinear TF 

theory to yield a good account of wave-mechanical behaviourrl], or surface electronic 

structure of metallul. Thus TFvW includes the TF theory as a special case on setting the 

coefficients of the density gradients to zero. A von Weizsacker correction has been 

formally justified by various authors such as Hohenberg and ~ o h n [ ~ ]  on the basis of 

truncating the gradient expansion at second- order from the higher-order series, yangrS1, 

and Yang, Parr and ~ e e [ ~ ]  on the first- order reduced density matrix derived fiorn a one- 

body Green's function approximation. However, such a justification required the von 

Weizsacker correction to be multiplied by a factor of 119 over and above the original 

coefficient of 118. Other verifications which encompass TFvW as a special case can be 

found in fourth order corrections of ~od~es [ ' ] ,  and sixth- order corrections of ~ u r ~ h ~ [ * ]  

Here we note that the odd-order (first, third, fifth, ...) corrections are zero. Not 

mentioning the sixth-order corrections, the self consistent solutions of fourth-order 

corrections cause the nonlinear differential equations to be sixth-order by coupling with 

Poisson equation which is another second-order differential equation. To the best of our 

knowledge, this has never been attempted numerically. Nevertheless, TFvW theory has 

received strong interest in applications to many physical systems over the years. This is 

largely due to the fact that TFvW theory produced results in reasonable agreement 

comparing to calculations by other reliable theories. To obtain desirable results, based 
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on the empirical observations, It was reported that the coefficient of gradient terms 

needed to vary in the range between two "extreme" analytically derived values, i.e., 

between 118 and 1/72. By using the linear response function for a uniform gas, Jones 

and ~ o u n ~ [ ~ l  argued that the coefficient of 118 should be chosen for low or rapidly 

varying electron density and 1/72 for high or slowly varying density. 

Successful applications of TFvW were performed by smith[lol who studied electron 

work function and surface potential for metal, and by Ying, Smith, and ~ohn[ ' ' l ,  Kahn 

and ying[lz1 who studied chemisorption on metal surfaces. In recent investigations, 

~ t e r a s - ~ i a z [ ' ~ I  and Chizmeshya and zaremba[14] studied second- harmonic generation at 

metal surfaces and ~carfone['~] studied impurity screening in semiconductors. 

Especially, ~ e f f ' ~ ]  found the failure of earlier hydrodynamic treatments used by Corvi 

and schaich[16] to be due to an unrealistic choice of groundstate surface electron density 

which can be corrected by using TFvW theory. Numerous other successful 

investigations can be found in the references of Abrahams and ~ h a ~ i r o ~ ' ~ ~  . 

Two main numerical techniques were widely used to solve TFvW equations for 

groundstate quantities. The first approach combined finite-difference method to 

discretise the derivatives, and thus led to a system of algebraic equations which could be 

solved by a multidimensional Newton's method. Application of this method seems more 

appropriate for physical system having homogeneous boundary conditions so that the 

Euler's equation is expressed in triangular form. The second approach carefully treated 

the boundary conditions in such a way that a commercially available computer package, 

called COLSYS[ '~~ '~~ ,  could be used. Essentially, this software involves spline 

collocation at Gaussian points using B- spline basis for solving mixed order systems of 

multipoint boundary-value problems for ordinary differential equation (linear or 

nonlinear). COLSYS has been claimed to be competitive with other robust software as 

well as effective for difficult problems. These properties have been confirmed by 
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various users on iterating the method to calculate groundstate quantities of TFvW in 

addition with another remarkable feature that the time taken is very short. 

Besides the two popular numerical techniques that have just been mentioned we can 

also find another approach due to ~ t e ra s -~ iaz [ '~ I .  This proceeds by reexpressing two 

coupled second-order differential equations as a set of four first-order differential 

equations, two first-order equations for each second-order differential equation 

separately, then solving by the fourth-order Runge-Kutta method together with Newton 

method at the start. The full solution was obtained by shooting scheme fiom one end to 

the specified boundary conditions at the other end. 

One other alternative choice was developed by chan1201 using fourth-order Adams- 

Basforth-Moulton (ABM) predictor-corrector method coupling with the Euler 

methodP1221 for the first four points which are necessary to activate the procedure. Of 

course, TFvW and Poisson equations have to be reexpressed as a system of four first- 

order differential equation. The solution starts fiom a point far away fiom the centre 

with a guess for the electron density that has to satisfy the specified conditions then 

shoots to the centre with additional conditions. The solution is obtained by iterating 

until all conditions are satisfied. 

In the remainder of this Chapter, we will show how to calculate groundstate quantities 

for PQW by developing another novel numerical technique. Our calculation is not just a 

repeat of previous successful reports of ~han[~'] ,  and Zarernba and  so[^^^ but it is a 

further contribution on an interesting feature of this theory. Our numerical method also 

promises further development for other calculations. The calculations were motivated by 

the following: 

( i ) The other authors performed their calculations at the point of time that the 

TF theory was known to give poor descriptions for a neutral jellium slab such as zero 

work function and unrealistic behaviour of the electron gas edge, forcing TFvW (along 
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with the inclusion of exchangeiexchange-correlation) as a required choice to overcome 

these well-known difficulties for hydrodynamics. However, as we have pointed out in 

Chapter 2 some difficulties of the TF theory are highiy specific to particular problems. 

For a parabolic quantum well the TF theory yields a reasonable description of the 

electron gas edge. We have presented in Chapter 2 that the TF theory is able to produce 

solutions for very small ( L  0) , or very large ( L  + -) electron gas widths for this 

nonneutral system, whereas there are difficulties with another method at large 

for the von Weizsacker case. We will show it is possible to overcome these difficulties 

by using our new numerical techniques. 

( ii ) Even though less accurate than microscopic theory, TFvW is considered to 

be able to provide calculations where the other theories are too complex or unavailable. 

However, in a review of published works, we see that the quantities of calculations 

using microscopic theory outnumbered those of TFvW. Previously, we have shown that 

the TF theory .provided a way to treat the inclusion of spatially varying effective mass 

and dielectric function. This poses a question whether the idea can be extended to this 

physical situation for TFvW theory. 

( iii ) Application of TFvW is synonymous to exertion in searching for a correct 

coefficient of gradient terms so that the produced solutions can be compatible to 

experiments or other more reliable theories. It is interesting to ponder about using only 

one coefficient such as 1/72 plus a fourth-order correction in gradient expansion or 

similar expansion by Hohenberg and ~ o h n [ ~ ] ] .  In this case one has to solve a differential 

equation that has seven additional terms including a fourth-order derivative, and on 

coupling with Poisson's equation to include self-consistency, the nonlinear system 

arrives at a mixed-order of six. COLSYS was designed to handle nonlinearity 

effectively as long as the orders are 1 4 .  Thus it is required to convert an equation of 

order higher than 4 to lower order that is quite a big task to make use of COLSYS. The 
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ABM method used by Chan, in principle, is able to handle any orders since it can be 

converted to a first-order system. However, derivation of an asymptotic expression to be 

used as initial condition might be prohibitive due to the complexity of differential 

equation to be solved. 

We will use the terms TFvW, TFDvW, TFDSvW, to denote pure addition of gradient 

terms, gradient terms plus exchange potential, gradient terms plus exchange-correlation. 

potential into the nonlinear TF equation respectively. The presentation is organised in an 

increasing order of complexity, i.e., fiom the most truncated form, gradually adding 

term by term. 

5.2 Mathematical derivations and numerical methods 

According to DFT the electron density can be obtained by minimising the following 

energy functional: 

E[n(r)l= To [n(r)l+ EH [n(r)l+ Ex En ( r>l (5.2.1) 

where To is the kinetic energy of noninteracting electrons, E,  is Hartree potential 

energy, and E,  is exchange-correlation potential energy. In hydrodynamics, the kinetic 

energy is approximated by TF kinetic energy TOO, plus the gradient correction terms 

TO = TO0 +TO2 + TO4+... (5.2.2) 

where p2 and are second and fourth-order correction terms. 

By substituting the appropriate forms for all the terms, minimisation can be performed 

using Lagrange multiplier p and standard calculus of variation on (5.2.1). This leads to 

where 



and C2 ranges fiom 1/72 to 118. The optimal choice depends on the particular physical 

system. The total effective potential includes the electrostatic potential and the 

exchange-correlation potential 

veff (2) = -e$(z) $- (n(z)) , (5.2.4) 

where the exchange-correlation potential consists of the exchange potential and the 

correlation potential 

pXc (n(z)) = PX (n(z>> + PC (n(z)> . (5.2.5) 

Two typically simple formulae of local exchangelexchange-correlation potentials have 

been widely employed for numerous cases of numerical calculations. The first formula 

was suggested by and the second by Hedin and ~und~vis t [~ ' ]  and they were 

often expressed in terms of interelectron spacing r, as 

and 

In both expressions, the same exchange potentia113073'1 was used as can be seen in the 

first term on the right-hand side of the above equations. The difference is in the 

correlation term. 

Eqn (5.2.3) has to be solved self-consistently by coupling with Poisson's equation. 
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5.2.1 TFvW theory 

The electrostatic potential term , # ( z ) ,  can be eliminated to arrive at a single fourth- 

order nonlinear differential equation, with p chosen to be zero 

J 

Eqn (5.2.7) can be solved by the RK method, or the combination of RK and ABM 

methods but a solution for the electron density at the asymptotic region might be 

unstable because the denominators can vanish. 

We need to digress to another investigation, leaving an attempt to solve above 

equation for the moment (though it can be exploited in some ways) and, instead, 

introducing a more stable form by defining a new dependent variable < such that 

C2 (z) = n(z) . Then (5.2.3) simplifies to 

The Poisson equation now becomes 

Following the success of numerical methods to solve nonlinear ordinary differential 

equation in previous chapters by starting from the centre of PQW we continue the same 

routine here. Contrasting to the usual old approach by starting the numerical solutions 

from the asymptotic region, there are a few advantages that justify our choice: 

( i ) There still exists an exactly self- consistent constant solution 

@(z) = ~ , n " '  (z) = ~,n:" (5.2.10) 

which is only correct for an infinitely wide electron gas. Of course, this is not a solution 

that we seek because it fails to describe the inhomogeneous property of the electron gas 
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that has finite width. Nevertheless it is essential to point out this solution to emphasise 

the direction we follow in our numerical method. Starting numerical calculations fiom 

the asymptotic region may prevent the implementation of (5.2.10). 

( ii ) The appropriate conditions to start from the asymptotic region are not always 

easily found with the inclusion of variable effective mass and dielectric function or on 

going to higher-order corrections. Starting from the centre allows one to search for the 

numerical values which become smaller and smaller as z goes to infinity. In a real 

situation this "infinity" can never be achieved due to numerical truncation errors. Thus it 

is more sensible to state that the solution with long "tail" is sought for. Moreover, the 

symmetric property of PQW can be treated exactly, which is not obtainable otherwise. 

We remember, from previous calculations of Chapter 2, that the use of an explicit 

Green function solution of Poisson brings the second-order ordinary differential 

equation into the zeroth-order equation and gives results in excellent agreement with 

other numerical methods. Now the same idea is extended to TFvW theory. Thus 

combining Eqns (5.2.8) and (5.2.9), one will obtain 

(5.2. I I) 

This is a second-order nonlinear integrodifferential equation which can be solved by 

ABM predictor-corrector method using integration weights for the integral inside the 

braces, subject to the conditions: 

d<(z = 0) 
( a )  dz 

= 0 due to symmetry of PQW. (5.2.12) 

( b ) At large z ,  <(z) behaves asymptotically without necessity to derive any 

particular expression. According to our above illustrations, we only need to seek a tail 



109 

solution. This can be achieved by adjusting the initial inputs during the process of 

numerical calculations. 

( c ) The areal density of electrons equals the summation of electron number 

density 

It is important to note that the other boundary conditions have been already imposed, 

d#(z = 0) 
= 0 and #(z = 0) = 400, by choice of the particular Green-function solution of 

dz 

Poisson equation. The boundary condition that the total potential (presently electrostatic 

potential only) increases quadratically at large z for PQW need not be imposed and 

derived but should be kept in mind for checking the results. 

We are now able to tackle Eqn (5.2.1 1) numerically by the ABM predictor-corrector 

method. The main point is to find other numerical method/methods, such as Euler 

method, or RK method, to calculate for the first few points so that ABM is activated. 

We choose to use the second- order RK method. 

The integrodifferential equation, (5.2.1 l), is required to be converted into a standard 

ordinary differential equation so that the second-order RK method and the ABM 

predictor-corrector method can be used. This conversion is possible by using the 

discretised scheme for the integral term in Eqn (5.2.11) as 

The self-consistent algorithm used to find the solution of Eqns (5.2.11) and (5.2.14), 

and the three above mentioned conditions (a), (b) and (c) is fairly simple: 
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d[(z = 0) 
( i ) The symmetry condition of a parabolic well, 

dz 
= 0, was preset in 

the computer codes and never changed. 

( ii ) Choose initial inputs for $(z = 0) and {(z = 0) , the discretised spacing of z- 

axis, and the number of discrete points. Then the solution can proceed by initially 

solving (5.2.1 I), then evaluating (5.2.14). The procedure is repeated with (5.2.1 1) and 

then (5.2.14). 

It is important to know that for a wide electron gas the solutions are very sensitive to 

the small variations of initial input values @(z = 0) and [(z = 0). Fortunately, it was 

found that the larger is the electron gas widths, the closer are the values of these 

quantities to the nonlinear TF theory shown in Chapter 2, i.e. 

$(z = 0) + C,nft3, 

and 

<(z= 0) = nV2(z= 0) + ny2. 

For thin electron gas the values of these two quantities deviate from the two above 

expressions. Thus the choice depends mostly on a "good" guess. However, it is, once 

again, fortunate that the solutions are not sensitive to the variations of these two values 

in this case. 

( iii ) Observe whether a set of c(z) (or n(z) ) in the region of large z , produces 

asymptotic behaviour. If one fails to obtain this type of solution, the process returns to 

Step ( ii ). The initial inputs will be improved after each iteration with the help fiom 

previous information. 

( iv ) As long as the numerics pass through Step ( iii ) the electron areal density 

can be evaluated. If this value is not what one is looking for then the procedure is 

iterated by going back to Step ( ii ). 



The crux of numerical method presented for the TFvW theory is to use an explicit 

Green function derived from the homogeneous solution of Poisson's equation, so that 

the electrostatic potential plays the role of coefficient in the TFvW equation. This 

method simplifies the problem significantly when one wishes to incorporate 

exchangelexchange-correlation potential into his calculations as it is merely a matter of 

adding another mathematical terdterms into the TFvW equation. Justifications and 

numerical methods are essentially similar except that the constant self-consistent 

solution of electrostatic potential now changes to 

on the inclusion of exchange, or 

on the inclusion of exchange-correlation. 

5.3 Results and discussion 

1 1  1 
The effects of three values of C, , - - and - on the electron density profiles are 

7 2 ' 3 2 '  8 '  

shown in Figures 5.l(a-c) by not varying the other parameters, r, = 3 a.u.* and 

L = 18 a.u.*. We include no exchange-correlation potential in 5.l(a), then exchange 

potential only in 5.l(b), and lastly the exchange-correlation of Wigner form in 5.l(c). 

When the value of C, is larger, more pronounced overshooting behaviour can be 

observed and the distance from the centre to where the density starts to behave 

asymptotically decreases. We can also observe that the slope at the edge is less sharp 

when one uses a larger value of C, . 



112 

The curves in Figure 5.l(a) and 5.l(c) were reproduced and recombined in order to 

compare the effects of the inclusion of Wigner exchange-correlation potential with the 

noninclusion. The comparison is shown in Figures 5.2(a-c). It can be clearly seen that 

the inclusion of exchange-correlation potential causes the density to overshoot and fall 

off more sharply in comparison with the nonincluded case. Careful examination reveals 

that, on one-to-one correspondence, exchange-correlation potential lengthens the 

distance where the density starts to fall off and the density falls off more sharply. By 

contrast, increasing C, shortens the distance and decreases the slope. Even though a 

large value of C, produces overshooting behaviour of the electron density, the inclusion 

of exchange-correlation potential contributes further to this feature. 
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Figure 5.1 (a): Comparison of TFvW electron density profiles on varying C2 . 

Figure 5.1 (b): Comparison of TFDvW electron density profiles on varying C, 

Figure 5.1 (c): Comparison of TFDSVW~, electron density profiles on varying C2 . 



Figure 5.2(a): Comparison of the electron density profiles between TFvW and TFDSvWwg. 

Figure 5.2(b): Comparison of the electron density profiles between TFvW and TFDSvWWg 

Figure 5.2(c): Comparison of the electron density profiles between TFvW and TFDSvWWg 



Figure 5.3(a): Comparison of density profiles between microscopic theory (solid curve) 
and TFvW theories with C2=1/32 (short dashed curve), C2=118 (longer dashed curve). 

Figure 5.3(b): Comparison of density profiles between microscopic theory (solid curve) and 

TFvW theories with C, = 1 / 32 (short dashed curve), C, = 1 / 8 (longer dashed curve). 
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Figure 5.4: Comparison of the electron density profiles between TF and TFvW. 

Figures 5.3(a) and 5.3(b) compare the density profiles of microscopic theory to those 

of TFvW and TFDSvW. Another comparison is also made in Figure 5.4 between TF and 

TFvW. It is evident that TFvW improves the TF theory by producing the density which 

has asymptotic behaviour like that of microscopic theory at large distance from the 

centre. Even though the inclusion of exchange-correlation potential produces more 

overshooting behaviour compared to the noninclusion case, rigorous numerical 

comparison shows that full agreement is never obtained since the overshooting is also 

more pronounced on the inclusion of exchange-correlation potential in microscopic 

theory (Figures 5.3(a) and 5.3@)). It is well-known that a von Weizsacker correction 

cannot yield Friedel oscillations. Thus instead of attempting to find some numerical 

approximations within this theory to improve the overshooting feature one should spend 

one's effort in adjusting the parameter C, such that the region where electron density 

falls off or behaves asymptotically can coincide with the results of microscopic theory. 
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1 1 
As can be seen fiom Figures 5.3(a) and 5.3(b), this value is between - and -. Figure 

8 3 2 

5.4 also asserts that the parameter governs the weight of the gradient terms and on 

decreasing the value of C2 one recovers the original zeroth-order nonlinear TF theory 

accordingly. 

Figure 5.5 shows the total potential profiles. In this figure, the emphasis is on the 

comparison of the effects of various values of C2 . We can see that the variation of this 

parameter does not alter significantly the profiles, all of which exhibit quadratic 

behaviour at a large distance from the centre. 

In Figures 5.6(a) and 5.6(b) we compare the total potential profiles fiom the present 

theories to the results of microscopic theories[25261. In general, the profiles are 

comparable, especially when the exchange-conelation potential is included. 

Figures 5.7-5.13 show a few randomly chosen density profiles which have very large 

widths (up to L = 95 a.u.* was shown here). The results come from input parameters, 

at the centre of the electron densities, which are very close to those of the positive 

background. Similarly, the electrostatic potential is very close to Equations (5.2.10), 

(5.2.15) or (5.2.16) depending on whether the calculations are for TFvW, TFDvW or 

TFDSvW respectively. Our chosen parameters are summarised in Tables 5.1-5.4 below, 

with comparisons to the parameters which produce exact constant solutions. A well- 

known feature of numerical methods to solve selfconsistently the equations of TFvW 

and related theories employed by various authors is that the initial input parameters are 

guessed. Then these parameters are automatically changed by computer codes until 

convergence is obtained to the desired accuracy. The efficiency of the convergence 

process depends largely on a good guess, but the answer for what values can be good 

have never been mentioned. Because all the groundstate quantities behave rather 

similarly for all electron gas widths at large distance fiom the centre (asymptotic region) 
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it may be hard to specify reasonably the values of the initial input parameters. 

Furthermore, seeking the numbers that have to be precise to more than ten significant 

figures by using automatic computer codes is an almost impossible task. With an 

additional effort of human control to start the solutions from the centre of a PQW we 

manage not to surrender to any "adversities" and to confirm where one can turn to for a 

good guess. It is evident fiom the figures that no matter what values of C2 we are using, 

the "bulk" electron densities (hence the electrostatic potentials, the total potentials, and 

the exchange/exchange-correlation potentials) are fairly constant to a certain distance. 

This property generalises to "infinite" electron gas width. Thus one can think of adding a 

constant solution which is approximately equal to the positive background charge, to a 

sufficiently thick density solution, in order to increase the electron areal density. In this 

way, automatically controlled computer codes can be exploited. However, this 

procedure is not appropriate when variable effective mass and variable dielectric 

function are taken into account. 

Figure 5.5: Comparison of the total potential profiles on varying C2 . 



Figure 5.6(a(l)): Comparison of the total potential profiles between TFvW (C,=1/32) (solid line) and 
microscopic theory (without H;J (isolated circles). 
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Figure 5.6(a(2)): Enlargement of Figure 5.6(a(l)) at the central region of a WPQW. 



Figure 5.6(b(t)): Comparison of total potential profiles between TFDSVWW (&=1/32) (solid line) and 
microscopic theory (with kc (isolated circles). 
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Figure 5.6(b(2)): Enlargement of Figure 5.6(b(l)) at the central region of a WPQW. 



Figure 5.7: Electron density profiles for r, = 3 a.u.*. The large electron gas width achieved 

is a main goal here. 

Figure 5.8: Electron density profiles for r, = 3 a.u.*. The large electron gas width achieved 

is a main goal here. 



Figure 5.9: Electron density profiles for r, = 3 a.u.*. The large electron gas width achieved 

is a main 

Figure 5.10: Electron density profiles for r, = 3 a.u.*. The large electron gas width 

achieved is a main goal here. 



Figure 5.1 1: Electron density profiles for rs = 6 a.u.*. The large electron gas width 

achieved is a main goal here. 

Figure 5.12: Electron density profiles. The large electron gas width achieved, and the 

effect of & and pxc are main points here. 



Figure 5.13: Electron density profiles. The large electron gas width achieved and the 

comparison of the effect of pxC,,, and pxcv, are main points here. 

Figure 5.14: Comparison of density profiles between TFDvW and TFDSvWW. 



Figure 5.14: Comparison of density profiles between TFDSvWHL and TFDSVW~,. 

Table 5.1: Some initial input values in the TFvW theory. The underline indicates the number of 

digits that are the same as for the constant solution. 

1/32 

118 

1/32 

118 

any 

3 

3 

3 

3 

3 

18 

18 

37 

44 

infinite 

0.2046255 

0.20440224548 

0.204620475 

0.204620475 

0.20462047513072.. . 

- 9.403440 198 1242 

- 9.4106 

9.403 1597176534358 

9.403 16126197086 

9.403 1597257959.. . 
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Table 5.2: Some initial input values in the TFDvW theory. The underline indicates the number of 

I I 

3 infinite 9.3873061 874561.. . 9.403 1597257959.. . 

6 infinite -506.85753473306.. . 3.3245190033453.. . 

Table 5.3: Some initial input values in the TFDSvWw, theory. The underline indicates the 

3 infinite -4.35825131 16978.. . 9.4031597257959 ... 

6 35 - -8.7199533338 - 3.325433 

6 95 -8.720 15700768 3.3245 1900945 165 

6 63 -8.72015694 3.3245 19001 11953 

6 infinite -8.720 1570076877.. . 3.3245 190033453.. . 



Table 5.4: Two initial input values in the TFDSvWHL theory. The underline indicates the number 

of digits that are the same as for the constant solution. 

Figures 5.12 and 5.14 compare the differences between TFDvW and TFDSvW from the 

calculations which all parameters are kept the same. The Wigner correlation potential 

produces additional overshooting behaviour in the electron densities. This effect is 

insignificant for small r, (= 3 a x * ) ,  but more pronounced for larger value 

( 5  = 6 a.u.*). 

Even though the exchange-correlation potential of Hedin-Lundqvist form yields higher 

overshooting behaviour of the electron density in comparison with Wigner form, the 

difference is quite negligible as can be seen in Figures 5.13 and 5.15. 

Up to this stage, we have concentrated on presenting methods of solution for large 

electron gas widths. It is remembered, however, from the more simple theory of Chapter 

2 that any electron gas widths can be obtained by selecting an appropriate initial input 

parameters. In addition, we have also previously, in this chapter, found the use of a 

small value of the coefficient C, yields profiles which are quite similar to this original 

theory. This leads us to raise a question whether there are solutions for electron gas 

widths tending to zero. There are two cases in which the first can be seen by refemng to 

Figures 5.16(a-c). These figures result from the calculations of TFvW theory with 

1 
I 

r, = 3 a.u.*, and C2 = - . By reducing the central electron densities (Figure 5.16(a)), 
72 



128 

and the central electrostatic potentials (Figure 5.16(b)) the electron gas widths reduce 

continuously to zero. Details inside the bulk are shown in Figure 5.16(c). 

I 

Even though only one value of C. = - 
72 ' 

r, = 3 a.u.*, and Wigner exchange- 

correlation potential are chosen for presentation in the second case in order to contrast 

with the first case, the results are representative for all the situations where 

exchangelexchange-correlation potentials are added into TFvW theory, no matter what 

values of C, are chosen within the above mentioned range. The profiles are shown in 

Figures 5.17(a-e). The densities, at the centre, continue to be higher as the electron gas 

widths reduce. Nevertheless, there is a "cut-off' value which the density is not able to 

pass over. The curve which has L = 6.1 a.u.* (Figure 5.17(a)) comes out from our 

rigorous numerical experiments to give an idea where the cut-off point occurs. Then to 

calculate for smaller widths the central densities require the chosen values to be smaller 

than the values of positive background charge (Figure 5.17(a)). The electrostatic 

potentials (Figure 5.17(b) with 5.17(c) showing detail in the central region), however, 

follow another different pattern, in that the central values increase as the electron widths 

decrease. Figure 5.17(d) shows the total potentials, and their detail in the central region 

(Figure 5.17(e)) for two main aims: ( i ) to show that they follow the pattern of electron 

densities, and ( ii ) together with Figures 5.5 and 5.6(b) , to confirm once again that they 

behave quadratically at large distance from the centre. 

Combining with Figures 5.2(a), 5.2(b), and 5.2(c), we insert Figures 5.18 and 5.19 to 

complete the comparison between TFvW and TFDSvW. For medium or large electron 

gas widths, there will be overlapped lines around the central region whereas there are 

only crossover points for small electron gas widths. 

Figures 5.1 1, 5.12, 5.13, and 5.20(a-c) confirm that, for a larger value of r, (no matter 

what value of C, is chosen), all the profiles are more affected by a von Weizsacker term 
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compared to a smaller value of r,. The overshooting behaviour is much more 

pronounced a s  can be seen in these figures. However, we emphasise again that this 

overshooting feature never matches with that of the microscopic theory. The 

overshooting results presented here should not be misinterpreted as the Fridel 

oscillations 

A final point that relates to time is worthy to mention: human control effort expended 

is quite the same for whichever theories ( TFvW, TFDvW, TFDSvW ) we used. It is 

believed that other forms of exchange-conelation expression can be handled by slightly 

changing our computer codes, and the computation time is expected to be the same. 

Figure 5.16(a): Details of behaviour of density profiles as  the electron gas widths 

go to zero. 



Figure 5.16(b): Details of behaviour of electrostatic potentials as the electron gas widths 

go to zero. 

Figure 5.16(c): Enlargement of Figure 5.16(b) in the central region of a PQW. 
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Figure 5.17(a): Details of behaviour of density profiles as the electron gas widths 

go to zero. 

Figure 5.17(b): Detail of behaviour of electrostatic potentials as the electron gas widths 

go to zero. 
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Figure 5.17(c): Enlargement of Figure 5.47(b) in the central region of a PQW. 

Figure 5.17(d): Detail of behaviour of total potential profiles a s  the electron gas widths 

go to zero. 
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Figure 5.17(e): Detail from of Figure 5.17(d) in the central region of a PQW. 

Figure 5.18: Comparison of density profiles between TFvW and TFDSvWW, for 

r, = 3 a.u.*. 

, - - - -__ I 1 1 I -. 
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Figure 5.19: Comparison of density profiles between TFvW and TFDSVW~, for 

Y, = 3 a.u.*. 

I I I . , 
, , , 

s no Pxc  - 
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L=2.2 
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Figure 5.20(a): TFDSvWW, density profiles for rs=6 a.u.*, C2=li72 with various 
electron gas widths L=5.0, 7.5,28.0, and 63.6 a.u.*. 



Figure 5.20(b) : TFDSWW, electrostatic potential profiles for rs=6 a&*, C2=l/72 with 
various electron gas widths L=5.0, 7.5, 28.0, and 63.6 a.u.*. 

-4.50E-02 
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5.4 Summary, and brief discussion about spatially inhomogeneous 

corrections and the fourth-order correction 

Our main important contribution in this chapter is to use an explicit Green function 

solution of Poisson's equation. Subsequently, another novel numerical approach was 

developed to allow for wider electron gases than previously possible. We have also 

provided justification for the TFvW and related theories by comparing with the 

available results of previous chapters, and also with a reliable microscopic theory. 

Due to time constraints, we have not included m * (2 )  and ~ ( z )  in our calculations. 

However, one can intuitively see that this is not a problem using our numerical 

techniques. By substituting the integral form of the electrostatic potential derived in 

Chapter 4 to take into account variable dielectric function, Eqn (4.2.27) for imperfectly 

parabolic assumption, or Eqn (A.8) in the Appendix to Chapter 4 for perfect parabola 

assumption, and replacing effective mass m by m * (2) , we can use integration weights 

for the integral term and write nonlinear second-order differential equation as two first- 

order equations, then perform the calculation in .the same manner in this chapter. 

With fourth- order correction we mainly write a higher- order differential equation as a 

set of first-order equations. Note that there will be two additional boundary conditions 

we are required to specify: second derivative and third derivative of the electron density. 

At least one of these can be easily obtained fiom the symmetry of PQW if the 

calculation starts fiom the centre. 
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Inclusion of a Newton 111 constraint within the 

modified hydrodynamics 

6.1 Introduction and direct derivation of linear hydrodynamics 

The modified hydrodynamics used so far in this thesis was designed to satisfy the 

Harmonic Potential Theorem (HPT). Since this form of hydrodynamics was first 

proposed[11, it has become clear by analogy with similar con~iderations[~l for the 

exchange-correlation potential, that other constraints need to be considered as well. In 

particular the hydrodynamics used in the previous chapters can violate Newton's Third 

law. This law can be stated as follows: 

FP = n(?, t)Fp ( i ,  t)d 'r = 0. -. -I 
Here pp (T, t) is the pressure force per particle, and Eqn (6.1) simply states that the 

total force on the system due to pressure is zero at any time. Thus the linearised version 

of Newton's Third law is 

Fortunately the HPT hydrodynamics is easily modified to satisfy Equations (6.1) and 

(6.2) (in addition to satisfying the HPT). The details are given in a forthcoming 

publicationP1 and only a brief summary will be given here. Eqn (6.1) is satisfied by 

writing the pressure force per particle as 
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To see that (6.3) satisfies Newton's Third law we put (6.3) into (6.1). The left-hand side 

of (6.1) then becomes via Green's (vector Gauss's ) theorem 

provided P vanishes on a surface at infinity. 

The nonlinear Euler equation then becomes 

where EHartree and pat are Hartree and external forces respectively. 

By linearizing this equation one findsL3] 

where 

Since the two terms on the right-hand side of (6.7) constitute the linearisation of (6.3), 

we expect that they will satisfy (6.2). We now verify explicitly that this is true, whatever 

we choose for 4(T,t) provided that it vanishes enough at infinity. Putting these two 

terms into (6.2) we get 

" 

nl(F,t) - - v< (F, t) I no (3 
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as required by (6.2). 

We have to be careful to preserve the cancellation of the two terns n, (7, t) in (6.8) in 

order to ensure the satisfaction of Newton's Third law. The first of these terms n, (r',t) 

comes from the linearisation of (6.3), whilst the second term n,(T,t) arises from the 

second term in (6.2). Thus, with reference to the compressive and displacive density 

components n,, (7, t) and n,, (r', t) introduced in Chapter 3, the density perturbation n, 

in the second term of (6.2) must be the true density perturbation 

n, (r',t) = n,,(F,t) + n,,(P,t) . So must the n, in the first term of (6.7). Note, however, 

that the term q(F, t) in V<(F, t) of (6.8) can be given any dependence on n,, (P, t) and 

n,,(P,t) separately without violating Newton's Third Law, provided that <(F, t) 

vanishes at infinity. Thus we are free to choose 4 to ensure satisfaction of the 

Harmonic Potential Theorem and the RPA prediction for the long-wavelength 

dispersions of the uniform electron gas. To do this we replace the usual hydrodynamic 

pressure 

4 = mP2nl 

by 

4 = P2 (no (F),a)n,, (F,w) + P2 (no(~) ,o  = O)n,, (P,@) 

Thus (6.6) now becomes 

mno(r')(-iou') = 
n, (F, 0 )  

no (r'> 
Q~P , (F )  - ~ { P 2 ( n O ( ~ ) , ~ ) n l A ( P , ~ )  + P2(no(F) ,~  = O h , ,  (?,a)) 

- 
+no (7) + no (7) <, . 

(6.10) 

- - 
Here n,, = -n,(r')V.x'(r',t) and n,, = -x'(r',t).Vn,(r') (with n,, + n,, = n, (r', t) ) are 

the compressive m d  rigidly-translating parts of the density perturbation as introduced in 

Chapter 3. In (6.9), the compressive density perturbation n,, is associated with the 
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high-frequency pressure coefficient 02(n,w) of the uniform gas, and the displacive 

density perturbation n,, is associated with the zero-frequency coefficient p2 (n,o = 0) , 

which is the essential idea introduced in ~ef . [ ' l  in order to satisfy the Harmonic 

Potential Theorem. Here, however, we have incorporated this idea in a way which does 

not violate Newton's Third Law. Thus for high frequencies (w >> v ~ q )  we have 

2 3 2 2 1 2  P (n, O)  = - vF (n) , and at zero fiequency we have P (n, w = 0) = - vF (n) as in 
5 3 

Chapter 3. 

In fact, Eqn (6.10) can also be derived from a nonlinear argument about memory 

residing with a fluid element. The alternative derivationB1 of (6.10) is shown in the 

Appendix at the end of this chapter. 

6.2 Plasmon solutions for q, = 0 

For the case of one-dimensional perturbations (q, = 0 ) we can write the fluid 

displacement as I(7,t) = x(z)exp(-im)k where k is a unit vector in the z direction. 

We can solve the Poisson equation for FIHorrree in the simple fashion explained in 

Chapter 3. Then, using the condition of static equilibrium under combined pressure and 

Hartree forces, after considerable algebra, we can simplify Eqn (6.10) to give 

Here no, (z) is the effective external charge distribution giving rise, via Poissons's 

equation, to the bare static external potential VO,, . 

In the special case of a parabolic well, no,, (z) is the constant background charge 

density so that wi(no,(z)) = 4 ,  the square of the bare harmonic well frequency. Then 
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if the external force F1, is independent of z ,  Eqn (6.11) has a solution with X ( z )  

independent of z , such that 

2 2 
m[m0 -O ]X = Fled (6.12) 

This is the rigidly-moving solution demanded by the Harmonic Potential  heo or em^'] 

From the groundstate TF theory we have 

n f 3  ( z )  = e@o (2) . (6.13) 

h 
Here C, = - (3z2)*l3 . 

2 m  

We also have 

Thus Equations (6.1 I), (6.13), and (6.14) combine to give, for free oscillations with 

qF;"' = 0, 

Eqn (6.15) is singular at the edge, z = z, , where q50 (2,) = 0. We choose the regular 

solution in which X ( z )  is nonsingular at 2,. Then setting z = z, in Eqn (6.15) we 

obtain the boundary condition 

By inspection, Equations (6.15) and (6.16) are different from Equations (3.2.22) and 

d&(z)  dX(2)  (3.2.24) of Chapter 3 by a coefficient of the term -- 
dz dz 

. Thus Equations (6.15) 

and (6.16) were solved numerically by a change of this coefficient in our computer 

codes used in Chapter 3. The results of the plasmons are shown in two below tables with 

comparisons to those obtained fiom Chapter 3. As can be seen, the frequencies are 
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different &om those of the previous theory by about 3% for large electron gas width 

(Table 6.1), and by about 6% for thin electron gas width (Table 6.2). 

Table 6.1: Plasmon frequencies for rs=3 a.u.', L=18 a.u.* and q, = 0. Comparison between the 

current theory and that obtained in Chapter 3. 
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Table 6.2: Plasmon frequencies for rs=3 a.u.", L=18 a.u.* and q, = 0. Comparison between the 

current theory and that obtained in Chapter 3. 

6.3 Plasmon solutions for 9 + 0 

3 2 1 2  
Using P ~ ( ~ , o ) = ~ v F ( ~ ) ,  p2(n,0=O)=-vF(n)and 3 Eqn (6.14) in (6.10) we 

obtain 

Qno (7) JP, (no (7)) 
n,2(3 h o  

[- i(7,t).vn0(7) - nO(7)a.l(7, t)] 

+ ~VS@(F, t) = -mo2i(7, t). 

Then after considerable mathematics Eqn (6.17) is further reduced to 



(6.18) 

To make Eqn (6.18) easier to solve we assume that the fluid displacement vector I is 

the gradient of a scalar function v 

?(F,  t )  = 9 Iy(F7 t )  . 

h addition, we also assume another scalar function SZ defined by 

where S2(3,t), with neglect of the integration constant, satisfies 

(6.2 1 )  

Eqn (6.21) is coupled with the linearised Poisson equation for the self-consistent 

potential perturbation 

Then using Eqn (6.20) to eliminate W(7, t )  from Eqn (6.22) we find 

4 -  - + 3v . [v~  ( ? ) V ' ~ ( F ,  t )]  . 
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As usual, assuming all time-dependent quantities are of the form 

then we can write (6.21) and (6.23) in one-dimensional form respectively as 

and 

Equations (6.25) and (6.26) are the basic equations for the present hydrodynamics and 

needed to be solved numeiically. We now need to specify the four boundary conditions 

on (6.25) and (6.26). For (6.26) the boundary conditions on a ( z )  are assumed to be 

The satisfaction of the boundary conditions (6.27) is ensured by using the appropriate 

Green function 

dz' 

+ (a1-1) 
d2&(z') dzt2 (z- d2 V;)V(z') 

b - 

where 



For (6.25) we need the boundary conditions on ~ ( z )  which are chosen to be finite at the 

edges via 

Equations (6.25) and (6.28), and the boundary conditions (6.30) are of the same forms 

as Equations (3.2.40), (3.2.44), and (3.2.46) respectively, so the same numerical 

procedure is used to obtain the plasmon fiequencies. The result of plasmon dispersions 

using the same parameters r, = 3 a.u.* and L = 18 a. u.* is shown as solid thick 

lines in both Figures 6.1 and 6.2. For comparison, the corresponding microscopic result 

is shown as isolated circles in Figure 6.1, while the result of previous hydrodynamics in 

Chapter 3 is shown, also as isolated circles, in Figure 6.2. As can be seen the fit of the 

present hydrodynamics modes with the microscopic theory modes is better than that of 

the previous hydrodynamics modes. 



Figure 6.1: Comparison of plasmon dispersions between present hydrodynamics (solid lines) and 

microscopic (isolated circles) theories for r, = 3 a.u.* and L = 18 a.u.* . 

Figure 6.2: Comparison of plasmon dispersions between previous (isolated circles) and present (solid 

lines) hydrodynamic theoryfor r, = 3 ax.*  and L = 18 a.u.*. 



6.4 Summary 

In summary, this chapter has shown the modification such that the theory still satisfies 

a number of constraints achieved in the previous hydrodynamics and also obeys 

Newton's Third law. The theory was obtained from two different derivations (see also 

the Appendix), and further supported by an initial numerical test to obtain plasmon 

dispersions. 

Appendix to Chapter 6 

Here it will be shown that the version of linearised hydrodynamics obtained in the 

present chapter can also be derived from a more fundamental approach, which is most 

easily motivated at the nonlinear level. The essential idea is that the frequency- 

dependence of the pressure coefficient fi is equivalent, via a time Fourier tranformation, 

to a memory in the pressure: the pressure is directly influenced by past density changes. 

However when the fluid is moving, the pressure at (r,t) does not "remember" changes 

in the density at the same space point ( r , t t ) .  but rather, density changes at a prior 

location of the appropriate fluid element, which was located at another position r '  at the 

earlier time t' . 

Following ~ e f . [ ~ ]  we implement this idea as follows. 

1) THE NEW HYDRODYNAMICS - NONLINEAR FORM 

The nonlinear HPT['] can be satisfied by assuming that the pressure P depends on the 

density n(Ff,t') at prior trajectory points T' = R(t' ( T,t) . These lie on the trajectory of 

the fluid element which reaches the point r' at time t . The simplest nonlinear formula 

incorporating this idea is 



P(7, t) = I n(n(d(t'l~,t), t'), t - t' )dt' 

Here J3(n,z) is the memory form of the pressure kernel for a uniform gas. The details 

of this approach are very similar to a recent treatment[41 of the exchange-correlation 

potential. The function &t'l 7,t) is related to the fluid velocity O(1,t) via the equation 

of motion 

d - - 
-R(t'l ?,I) = O(j( t t l  7,t),t1), R(tI ?,t) = r . at' (A-2) 

Noting that time causality requires 

Il(n,z)=O for z < 0 ,  

we can equally write (A. 1) as 

The essential advantage of the form (A.l) or (A.3) is that it satisfies the Harmonic 

Potential Theored Generalised Galilean ~nvariance['~*~. To see that these constraints are 

satisfied, we consider rigid motion where the density profile suffers a rigid time- 

dependent displacement S(t), so that 

and 

Then (6.3) and (A.l) become 



- - - V n(n0(7 + S(tt)  - S(t) - S(tt)),t - tf)dtl 
no (7 - ( t ) )  i 

where the last line follows by applying (A.1) and (6.3) in the groundstate for which 

Thus the form (A. 1) produces a pressure force which translates rigidly when the density 

does, and hence yields a hydrodynamics which satisfies the Harmonic Potential 

2) LINEARISED FORM OF THE NEW HYDRODYNAMICS 

To linearise (A.l) we introduce the displacement 

T(?,t) = Z(t 1 ?,to) - F 

of each fluid element from its initial (t = t o )  position. We consider small motions about 

equilibrium (i-e. small Z), and work to first-order in x' . In this linear regime, we can 

work at a given finite frequency w so that the fluid velocity 

0 < ~ , t )  = &I& = - i ~  64.5) 

is also of first order. Then for an arbitrary times t" and T, (A.2) becomes 

Since is already of a(?) it follows that 



and integrating from t"= t  to t"= t' 

Since T was arbitrary in the above, it follows by setting T = to and T = t  that 

Now putting (A.6) into (A.3) we obtain 

Now since 2(F, t ' )  - ?(F, t )  is a first-order quantity we have to first order 

where we replace n(J,tl) by no(?) in the last tern since the prefactor in the square 

brackets makes this term already of first order. 

Using (A.8) we find the linearisation of (A.7) to be 

Fourier transforming this in time and using the convolution theorem we find 

q (F,w) = (?),a) [n, (~~ ,o )+I (P ,@) .v~ , (F) ] -  a(no(F),@ = 0) - 
a n 0  a n 0  

x ( F  ,w).?n, (7) 

Substituting this into the linearisation of the pressure force 



(see (6.7)), we obtain 

where we have defined p2(n,o) and nl,(7,0) 

nlA (F, W) = -n0(~)V.2(F, o) , 

121 (F, W) = -P(?, m).Vn0 (F) . 

Note that, from (A.5) the linearised current density is 

so that by integrating the linearised continuity equation 

with respect to time we obtain 

n, = -v. (no ( 7 ) ~ )  

- - 
= -5. Vn, - noV. x' 

= n l ~  + ~ I B  

where n,, = -i.8n0 was already defined in (A. 1 l), and 

- - 
niA = -noV.x 

Using (A. 13) in (A.9) we find 

(A.9) 

(A. 10) 

(A. 1 1) 

(A. 12) 

(A. 13) 

(A. 14) 



(A. 15) 

Substituting (A.15) into (6.6) we obtain (6.10). Thus the simple memory Ansatz (A.l) 

leads, after linearisation, to the hydrodynamics already obtained by other means in 

Chapter 6.  
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Kohn Frequency Theorem: 

an open hydrodynamic theory for PQW 

7.1 Introduction 

The nonlinear Thomas-Fermi theory coupling with the Poisson equation has been 

shown numerically in Chapter 2 to produce self-consistent inhomogeneous continuous 

unique solution for the electron density. Extension of the Thomas-Fermi theory to the 

time-dependent situation in order to describe plasmon dispersions, in the 

inhomogeneous formalism, requires modification so that both the Kohn mode and the 

microscopic Lindhard response theory for the long-wavelength, high-frequency 

predictions can be obtained. 

Various modifications of hydrodynamic theory developed so far reach the point that 

terminological use of a single word "modified" may cause confusion. Therefore, 

throughout the remaining of this chapter, we denote the Harmonic Potential Theorem 

theory of Dobson as HPT['>~I,  modification of Dobson and the author to satisfy both 

Newton's Third law and the HPT as HPT-Newton ElP1, a modified method of Dempsey 

and Halperin as DH['], and a theory that is going to be presented below as the Kohn 

Frequency Theorem (KFT). 

The aim of the present work is to show that even with the latest correction version 

presented in Chapter 6, some further generalisations are possible. In fact, the HPT and 

HPT-Newton 111 are special cases of a more general theory (KFT). 

The remainder of this chapter is organised as follows. In Section 7.2 we analytically 

derive and describe the KFT theory. In Section 7.3 the KFT theory is numerically 
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applied and the results are shown for the case q = 0. We also provide a discussion and II 

summary based on the numerically obtained results. 

7.2 KFT hydrodynamics: Mathematical derivation 

It is envisaged that this chapter is the continuation of Chapter 6, thus before 

introducing the KFT, it is essential at first to recapitulate the most recent modified 

hydrodynamics, the HPT-Newton III, then develop the new findings. In summary, the 

linearised equation for the case of small motion around static equilibrium, Eqn (6.9) in 

Jp, Chapter 6, can be rewritten, using VP,(r)  = -Vn0(r) , as 

vno 0.1 ap, (no (r))  [- x(r, t ) .  Vno(r) - no ( r ) ~ . x ( r ,  t ) ]  
n,"(r> a n 0  

(7.1) 

Eqn (7.1) satisfies Newton's Third Law and in order to ensure the satisfaction of the 

HPT and a correct description of long-wavelength plasmon dispersion for the uniform 

electron gas in RPA theory the values of 1 and 915 were substituted immediately for a 

and a' as in the approach of Chapter 6.  By contrast, we retain the notations a and a' 

instead of immediate substitution by the two mentioned values so that further 

development can be achieved. Then for the case q = 0 and for uniform positive U 

background with Of, = 4 q e 2  1 m , Eqn (7.1) reduces to 
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where we have made use of pressure-density relation equation 

2 2 
4 ( r )  = -no 5 ( ~ ) E F  (no (r ) )  = G',nf3 ( r )  , 

the TF equilibrium equation 

~,n,"'(z) - e@, ( z )  = 0 ,  

the Poisson equation 

the general form for the time-dependent function 

f (r,t) = f (r)eiqlfY-'" , 

and the integrated linearised Poisson equation 

Now we show that the use of both static ( a  = 1) and dynamic (af= 9 1 5 )  coefficients 

is not the only way to resolve the problem. For a uniform electron gas, the last three 

terms on the right-hand side of Eqn (7.2) are automatically equal to zero no matter what 

finite values a and a' are given. To investigate what particular values a may take to 

guarantee exact solution for a mode at the Kohn frequency for nonuniform electron gas, 

we can try a solution 

where 4 ( z )  is groundstate electrostatic potential and p is a certain finite constant, and 

then get from (7.2), after some mathematics, 
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For the inhomogeneous groundstate solution for @o(z) as shown in Chapter 2, clearly 

the values of the terms inside the second braces on the right-hand side of Eqn (7.9) are 

nonzero for at least some values of z ,  then for a solution at the Kohn frequency 

(o = up ), the value of the terms inside the first braces must be zero. 

Up to this point, the above investigation can be stated in the following KFT: 

In the generalised hydrodynamics given by (7.9) and in a 1D harmonic external 

potential, there is a solution for the displacement of the electron density, under 

excitation by a free oscillating field, in which X ( z )  is exactly equal to an arbitrary 

constant times q),'(z) provided the power index p satisfies the equation 

where the parameters a' and a can be arbitrarily and independently chosen. However, 

the correct description of the uniform electron gas requires a'= 9 / 5 ; thus there is an 

infinite number of values that can be given to a .  The behaviour of the displacement X ,  

and hence the density perturbation 6n falls into three cases: 

O a ) l  + p ( O :  (7.1 1 )  

Before proceeding the investigation for this case we should recall that the groundstate 

electrostatic potential and the groundstate electron density in the region near the edges 

were found, in Chapter 2, to be respectively 

no ( z )  = C(Z - zCL ) ' I 2  or c(zCR - z)I12 . (7.13) 

The density perturbation can be obtained from (7.12) and (7.13) as 

d 
6n(z) = -(no ( z )  x (2) )  = C(Z - z ~ ~ ) ~ ~ ' ~ ~  or c(zCR - zy'l2 . 

dz 
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Thus this case can be further divided into two subcases 

The displacement is divergent, but the density perturbation is convergent near the edges. 

1 
(ii) p s - - :  

2 

Both the displacement and density perturbation are divergent near the edges and hence 

not continuous to the outer extremity regions where the electrons are unoccupied. The 

usual hydrodynamics ( a' = a = 9 1 5 )[495"1 is in this category. 

dn, (2) (10 a = 1 + p  = 0 ,  then X(z) = const., &(z) = const. x - : 
dz 

(7.17) 

This is a case stated in the HPT, and implemented both analytically and numerically in 

the HPT-Newton I11 (Chapter 6) and HPT (Chapter 3). 

@I) 4 1  + P ) O :  (7.18) 

Both the displacement and the density perturbation go to zero at the edges and hence are 

continuous to the outer extremity regions. Furthermore we can find fiom Eqns (7.10), 

(7.12) and (7.14) that this case can be further subdivided into three subcases 

1 
(i) a ( - -  + p )  1 : 5 

f l(z)  Thus X(z) = 0 ,  and - - - 0 at the edges. 
dz 

- 1 
(ii) a = - 

5 
+ p = l  

f l (4  X(z) = 0 ,  and - is linear and finite near the edges. 
dz 

1 
(iii) a ) - -  + O ( p ( l  : 

5 
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X(z )  = 0, and - is divergent near the edges. 
dz 

We have shown that in addition to meet all of the properties found in the other 

inhomogeneous hydrodynamic theories, HPT and HPT-Newton m, such as having a 

mode at the Kohn frequency and justifying the high-frequency standing plasmon 

dispersions for the confined uniform gas, the KFT leaves us with infinite number of 

choices of coefficient a available. However, to get the true Kohn mode in which X ( z )  

is independent of z as required by the HPT, we must choose a = 1. The result found 

depends mainly on mathematical derivation, the physics, however, requires substantial 

amount of time on the numerical calculations to ascertain the selection. 

Another interesting characteristic of this exact solution, X ( z )  = const x 4: ( z )  , is that 

it allows one to find a theory which yields the exact Kohn frequency in a simple way. As 

a proof, let us look at Dobson's HPT~ '?~ ]  hydrodynamics in which both the first and 

second terms of Eqn (7.1) are inserted with the parameters a' and a for 6uz2 and Sn, 

respectively. Then we obtain 

One can verify that (7.3) and (7.22) combine to give the equation 

(7.23) 

which is easily recognised to be the same as the starting equation derived by Dobson in 

HPT theory. 
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For the case of 1D spatial variation, i.e. q, = 0 ,  Eqn (7.22) becomes 

2 d 2 x ( z )  5 dQb(z)dX(z) 
m(o$ - 02)x(z) = -a te@,(z )  

3 
+-ate--  

dz2 3 dz dz 

+ ( a  - l )e  d 2 4  (2) X ( z )  + (a-  a') 
dz2 

(7.24) 

Substitute X ( z )  = constx#(z) into Eqn (7.24) we get, after simplifying, cancelling 

like terms and rearranging, 

(7.25) 

The exact Kohn mode solution is obtained by solving coupled equations 

and 

The only solution is a = 1 and p = 0 as was shown previously in HPT theory. Note 

that DH effectively used a = at= 9 1 5  in (7.22). This choice does not satisfy both 

(7.26) and (7.27), and thus they could only obtain the exact Kohn mode provided the 

pressure term. in the nonlinear TF theory is modified by using the same high-frequency 

pressure coefficient. 

If one wonders whether there are any interesting features in a theory where Newton's 

Third Law is neglected then the most general hydrodynamic theory that includes the 

HPT and HPT-Newton III as the two cases of the whole theory can be formulated. In 

fact, it will be shown in Chapter 8 that the nonsatisfaction of Newton's Third Law does 

not improve the predicted mode frequencies and, in addition, causes confusion as to 
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how the results are physically explained. The following investigation is complementary 

to Chapter 8 in order to establish that the two preceding statements are true. To set up 

the formulation of the most general theory in the present class we can further insert the 

parameters y, and y2 for an, and 6n2 of the first term of Eqn (7.1) respectively. In 

this case (7.1) is replaced by 

Thus for the case q, = 0, Eqn (7.28) reduces to 

Using the same approach as above, we substitute X(z) = const. x hP(z) into Eqn (7.29) 

to get 

(7.30) 

Once again, it will be certainly possible to obtain the exact Kohn frequency if both 

coupled equations 



and 

are satisfied. 

Recalling that we must choose a'= 915 so that the theory satisfies the RPA 

prediction for the long-wavelength uniform electron gas, then either a or p can be 

independently chosen leaving the remaining parameter dependent on this choice 

according to Eqn (7.32). The values of a', a ,  and p are then substituted into Eqn 

(7.3 I), then either y, or y2 can be a chosen independent parameter and the remaining 

parameter will be dependent on such a choice. Clearly if we set y, = a' and y, = a the 

HPT hydrodynamics is recovered, and setting y, = y, = 1 gives the HPT-Newton III 

theory. 

It is interesting to note that the solution for rigid displacement of the whole electron 

gas without compression, p = 0 as required by the HPT, requires the unique choice 

a = y, = 1. In contrast, in the other cases where p # 0, there is an infinite number of 

choices available for either a or y2.  As a result, a possible physical explanation, on 

choosing various values of pressure coefficients to produce the exact solution at the 

plasma frequency for the displacement of the electron gas and hence the electron density 

perturbation, is that under the excitation of uniform electric field the electron gas also 

suffers both properties: displacement and compression which are similar to standing 

plasmons. This is distinct from the rigid displacement without compression required by 

the HPT and the HPT-Newton III hydrodynamics . 

Given that the value of p is preset, the "extent" of the displacement, i.e. the chosen 

values of a and y2 , will vary in such a way that the "extent" of the compression, i.e. 



165 

the value of y, can be changed accordingly, so as to ensure that the overall motion of 

the electron gas will occur at the exact plasma frequency. 

7.3 Initial numerical tests and discussions 

As a first test on the KFT hydrodynamics, Eqn (7.2) was solved by a matrix method 

using a program developed previously for Chapter 3 with minor modification to 

implement the present boundary conditions. The value of a'= 9 / 5 and various values 

9 1 7  of a = - , - -  -- 13 
5 5 '  5 '  

and - - were used in the calculations. The boundary conditions, 
5 

which can be implemented in a matrix method corresponding to the values of a, are as 

follows 

* a = 9 15: X(zL ) ,  X(z,) are finite at the points slightly inside the electron 

occupied region where Eqn (7.2) is singular. The approximation in the form of a 

quadratic equation is used at these points. 

1 7  * a = -- -- 13 
5' 5 

and --: X(zCL) = x(z,,) = 0 .  
5 

1 
We found that the exact Kohn frequency could be obtained for the value a = --, 

5 

whilst other values failed to yield this frequency. The results are easily understandable 

because a matrix method can only handle one homogeneous boundary condition at one 

dX 
specified point, either X = 0 or - = 0 for the present problem, but not both. For 

dz 

1 a = -- 
5 ' 

X ( z )  = const x aP( z )  , with p = 1 according to Eqn (7.10), thus X(zc )  = 0 

f l ( z )  and - 
7 

is finite near the edge (see Eqn (7.20). In case a = -- 
13 

5 ' 
or --, the 

dz 5 

corresponding power index p will be 2 or 3 respectively; thus implies that both 



dx d2x 
- 0 for the case p = 3)  must be zero at the edges as the X and - (and even - - 

dz dz2 

boundary conditions (see Eqn (7.19). In case a = 9 15, we have the corresponding value 

p = -2 1 3,  thus the displacement is divergent as shown in Eqn (7.16). Therefore, such a 

simple approximation as a quadratic function for X ( z )  at the edges is not sufficient. 

With the experience gained fiom the numerical treatment in Chapter 3, we believe that a 

higher order such as fourth or fifth-order Runge-Kutta or ABM predictor-corrector 

shooting method will be able to handle these cases. There is, however, a better way to 

treat numerically all these cases by using a scaled displacement vector, 

x,(r,t) = &-P(r)~(r , t) ,  that will be shown in the next chapter. 

The results of plasmon frequencies for r, = 3 a.u.*, and L = 18 a.u.*, using a'= 9 I 5  

and a = -1 /5 ,  are shown in Column III of Table 7.1 with comparisons to those 

obtained from Chapter 3 and Chapter 6 (Columns I and It). The profiles of displacement 

X and the corresponding density perturbation 6n are shown in Figures 7.l(a,b)- 

7.4(a,b). As can be seen the frequencies in this particular case of KFT are approximately 

4% different from HPT-Newton III theory and 7% fiom HPT theory, even though the 

displacement profiles change their shape significantly. By comparing Columns II and III 

we also see that the smaller the value of a ,  at fixed values of the other coefficients 

a', y,, y, , the larger is the spacing of the standing plasmons. 
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Table 7.1: Comparison of eigenfrequencies of hydrodynamic theories, HPT, HPT-Newton I l l ,  

and KFT by varying the pressure coefficients. The eigenfrequencies shown are in a.u.*. All 

calculatiions are for r, = 3 a.u.* , L = 18 a.u.*. 

a'= yl = 9 / 5  
a = y 2  = I  

(HPT) 

0.3333 

0.343 1 

0.3694 

0.4069 

0.45 15 

0.5009 

0.5536 

0.6086 

a f = 9 / 5  

Y2 = YI = 1 
a=-115 

(KFT, obeys 

Newton's Third 

Law) 

0.3333 

0.3456 

0.3765 

0.4 194 

0.4696 

0.5244 

0.5821 

0.6417 

a 1 = 9 / 5  

a = y , = y l = l  

(HPT-Newton 

m> 

0.3333 

0.3442 

0.3727 

0.4128 

0.460 1 

0.5 122 

0.5672 

0.6244 

a T = 9 / 5  
y2 = a 1 = 9 1 5  
y, =-I15 

a=-115 

(KFT, violates 

Newton's Third 

Law) 

0.3333 

0.3463 

0.3793 

0.4245 

0.477 1 

0.5343 

0.5921 

0.6560 

a t = 9 / 5  
y2 = 2 a f = 1 8 / 5  
yI =-512 
a=-115 

(KFT, violates 

Newton's Third 

Law) 

0,3333 

0.3478 

0.3842 

0.4335 

0.4902 

0.5513 

0.6151 

0.6805 



Figure 7.1 (a): A mode at the Kohn frequency 

Figure 7.1 (b): A mode at the Kohn frequency 



Figure 7.2(a): First standing plasmon 
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Figure 7.2(b): First standing plasmon 



Figure 7.3(a): Second standing plasmon 
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Figure 7.3(b): Second standing plasmon 



Figure 7.4(a): Third standing plasmon 
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Note that the above calculations based on a version of KFT that obeys Newton's Third 

Law. We also investigated the violation case by solving Eqn (7.29) numerically by 

presetting p = 1 and varying y2 and yl as 

Some of the results of frequencies are shown in Columns TV-V of Table 7.1. The 

spacing of standing plasmon frequencies increases along with the decrease of the value 

of y, , by keeping the values of a, a' fixed, as can be seen in Columns 111-IV. 

7.4 Summary 

We have shown analytically, in a harmonic external potential system, an exact 

theorem that concerns a mode at the Kohn fiequency. This KFT includes the HPT and 

the HPT-Newton m[ as two of the whole set of exact solutions. As a result, the KFT 

hydrodynamics also yields a frequency exactly at the Kohn frequency a,. It satisfies the 

RPA theory for the uniform gas as well as obeying Newton's Third Law. However, only 

for a = 1, a'= 9 / 5 does it achieve these results with rigid displacement of the 

groundstate density as required by the Harmonic Potential g he or em[']. The finding in 

this work helps to remove any necessity of assuming or reinvestigating the boundary 

conditions that might be arbitrary, controversial, difficult, or unclear. The theory is 

further supported by initial numerical calculations to give an overview for the 

subsequent numerical investigation in the next chapter and the future. 
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CHAPTER 8 

Further investigation of a 

KFT hydrodynamics 

8.1 Introduction 

In Chapter 7 we considered a "KFT" hydrodynamics for which there is a plasmon 

mode at the plasma frequency, in which the electron displacement is exactly equal to the 

groundstate electrostatic potential &(z) to the power p ,  where p can be any fixed 

finite number. The solution includes the HPT hydrodynamics as a particular case which 

restricts the electron density to be rigidly displaced: this corresponds to p = 0. Although 

the motivation the KFT was based on the satisfaction of the Newton's Third Law 

constraint, the general KFT hydrodynamics also includes the case where this is violated. 

While the KFT also satisfies a number of other exact constraints and has been shown in 

Chapter 7 to be numerically solvable for some cases, it is very broadly open in terms of 

physics. Thus it is best to explore hrther into the analytic and numerical features to find 

the limit that the theory does give more physical meanings. On the computational side, 

the numerical methods must be made to be more stable than a method shown in Chapter 

7. In order to achieve this, the displacement vector x(r,t) must be replaced by the 

scaled displacement vector x,(r , t) defined by 

x, (r, t) = A-P(r>x(ry t) (8.1.1) 

so that in 1-Dimensional case the exact solution at the Kohn frequency for Xs(z) is 

Xs(z) = (gP (z)# (2) X const. 

= const. 
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From this simple exact solution we may certainly expect the mathematics to come out 

in fairly simple forms that are useful for numerical calculations. 

In the remainder of this chapter, we begin in Section 8.2 by describing the application 

of the KFT to plasmons with a vanishing wavevector q, = 0. This case is important to 

affirm that the KFT exactly reproduces the Kohn frequency not only analytically but 

also numerically. We also address the question whether it is desirable to relinquish the 

satisfaction of Newton's Third Law in order to obtain better results. In Section 8.3 we 

generalise to the case q, ;t 0 ,  and compare with microscopic results as well as with 

earlier form of hydrodynamics. Finally, in Section 8.4 we provide some discussion on 

how one may improve the results in future work. 

8.2 plasmon solutions at 4, = o 

The equation for this case has already derived in Chapter 7 for the nonscaled density 

displacement vector X(z) (see Eqn (7.29)) and is now quoted here: 

The factors y, and y2 have still been included for later convenience although it has 

been pointed out in Chapter 6 that these two factors must be set to 1 in order to avoid 

the violation of Newton's Third Law. Now we subsitute the scaled displacement vector 

shown in (8.1.1) into (8.2.1) to get 



2 - (z) 3 dz 

The term $Op can be cancelled out of Eqn (8.2.3) since it appears in every term of that 

equation. The expressions inside the braces of second and third term on the left-hand 

side of (8.2.3) are also rearranged for M e r  convenience 

It will be simpler if we first look at the case that satisfies the Newton's Third Law by 

setting y, = y2 = 1 so that (8.2.4) becomes 

(8.2.5) 

According to Eqn (8.1.2), the solution for the scaled fluid displacement is required to be 

independent of z ,  Xs(z)= const., for a mode at the Kohn frequency, so 



d2x(z)  dX(z) --- - - 0. Thus the values of the expression inside the braces of the third 
dz2 dz 

and fourth terms on the left of Eqn (8.2.5) must also be zero because the groundstate 

electrostatic potential, its first and second spatial derivatives are nonzero for at least 

some values of z .  These conditions can easily be satisfied when the three parameters 

a ,  a ' ,  and p are chosen to follow the KFT as stated in Eqn (7.10), i.e. 

It can be seen that by putting the KFT condition (8.2.6) the equation of motion we 

need to solve, in order to find the plasmon frequencies, is 

subject to the boundary conditions 

at z = z,, , z, . (8.2.8) 

Clearly, when w2 = mi the required solution of (8.2.7) is Xs = const., irrespective of 

any finite values given to a '  and p (or a ). 

Equations (8.2.7) and (8.2.8) were solved numerically to find the eigenfiequencies. 

Since these two equations are of the same forms as Equations (6.15) and (6.16) shown 

in Chapter 6 the same computer codes were used by varying the value of parameter p in 

d 4  (2) dX,(z) 
the expression for the coefficient, inside the braces, of the term -- . Table 

dz dz 

8.1 summarises some values that were used in our computation. In this table we fix 

a'= 9 / 5, so that the theory satisfies the RPA prediction for long-wavelength plasmon 
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dispersions for a uniform gas. The results o f  plasmon frequencies are tabulated in Table 

d@o (4 dX, (2) Table 8.1: Some values of the coefficient of -- shown in Column Ill 
dz dz 

resulted from varying the values of a (Column I) or p (Column 11). 

Table 8.2: Comparison of frequencies of KFT(with the satisfaction of Newton's Third Law) 

hydrodynamics by varying the values of p . 
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By inspection of the data presented in Tables 8.1 and 8.2 we gather that the larger is 

d@o (4 dX, (4 the coefficient of -- , Column LTI of Table 8.1, the larger is the spacing of 
dz dz 

the standing plasmon frequencies. The higher is the order of the standing plasmons the 

larger is the percentage of change. 

When we drop the requirement of satisfying Newton's Third Law, the values of y, 

and y2 in (8.2.4) have to satisfy the equation 

in addition to a (and hence p ) ,  and a' being chosen to satisfy the KFT requirement 

(8.2.6). This is because the Kohn frequency is only obtained when both the third and 

fourth terms on the left-hand side of (8.2.4) vanish. When the KFT requirement is 

applied, (8.2.9) further reduces to 

Here either yl or y2 can be independently chosen, leaving the remaining parameter to 

be dependent on such a choice according to Eqn (8.2.10). To find the plasmon 

frequencies we now have to solve 

2 
- - a t e &  ( z )  d&(z)  dX,(z) 
3 

- y , )  e-- 
dz } dz dz 

subject to the boundary conditions 

d&(z) dX (4 y,) e - A -  I dz dz 
- m(m; - 02)  x,(z) 
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By an explanation similar to that given one paragraph under Table 8.2, it can easily be 

observed, fiom Eqn (8.2.1 1) that the larger the value of y,, the smaller the spacing of 

the standing plasmon frequencies for fixed values of a ( and hence of p) and a'. 

Numerical verification of this property can be seen in the columns Ill to V of Table 7.1, 

where the values of a and a '  were fixed as -115 and 915, and the values of y, were 

decreased fiom 1 to -2.5. But we also see from the results shown in Table 8.1 and 8.2 

that the same spacing of the standing plasmon frequencies can also be varied without 

violation of Newton's Third Law for the same fixed value of a ' .  Thus it is sufficient to 

set y, = y, = 1 and vary the parameters a (hence p) ,  or even a' if one wants to set 

aside the RPA prediction for a uniform electron gas, in future investigation. In fact, it 

can be seen for one particular case previously shown that the KFT hydrodynamics 

obeying Newton's Third Law produces exactly the same frequencies as for the violation 

case. Let us recall that the HPT gives the equation to be calculated numerically as (see 

Eqn (3.2.22) of Chapter 3) 

6 d * x (2) 1 1 dQ0 (s) dX(z) 
+-e-- = m(wi - u2)X(z) .  

T ~ ' ~ ( ~ )  dz2 5 dz dz 

The KFT theory can produce an identical equation, with X (z) replaced by X, ( 2 )  , while 

satisfying Newton's Third Law. This is done by solving the equation 

where the left-hand side of (8.2.14) is the expression for the coefficient of 

e-- d'O(z) dX,(z) in Eqn (8.2.7). 
dz dz 

By setting a ' =  9 1 5 as required by the HPT theory, we obtain 

p=-213, a = 9 / 5 .  

Thus Eqn (8.2.7) becomes 



6 d X, (z )  1 1 d& (z)  dX (z)  s ~ & ( ~ )  dz2 +-=-A - - m(w; - w 2 ) X S ( z ) .  
5 dz dz 

It is interesting to note for this particular case that the HPT and KFT, provided the 

boundary conditions for Xs(z )  are the same as those for X ( z ) ,  produce the same 

plasmon fi-equencies but quite different plasmon profiles: whilst the profiles of the 

displacement and density perturbation of the electron gas in HPT are finite at the edges, 

they are divergent in KFT (since p = -2 1 3 according to (8.2.15)). 

It is even more interesting to note by using the finite boundary conditions (8.2.7) for 

scaled displacement vector in Eqn (8.2.16) we can obtain exactly the same plasmon 

frequencies shown in Chapter 3, as mentioned in one previous paragraph. The boundary 

conditions (8.2.7) imply that Xs(z = z,) and dX, ( z  = 2,) are finite at the edges. 
dz 

Furthermore, the internal pressure perturbation in this case is 

6P(z) = const. ~ , n i ' ~  ( z )  (at&, ( z )  + a16n2 ( z ) )  

dX, (4 x, (2 )  - # I 2  ( 2 )  ~ t ; ~ ~ ~  ( z )  --- 
dz dz 
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d@o (2) Since - is finite at the edges as shown previously in Chapter 2, and Xs(z) and 
dz 

d ' s  (2) are also finite as mentioned in one paragraph above, the pressure purturbation 
dz 

6P vanishes at the edges. Thus, according to the condition provided in one line under 

Eqn (6.8) of Chapter 6, the same solutions found in Chapter 3, which have been 

explained as violating Newton's Third law, satisfy Newton's Third law in the KFT 

hydrodynamics. 

By contrasting the explanation of the same results between HPT and KFT, and also 

by referring to the argument given in the first ten lines under Eqn (8.2.17) it is sufficient 

to conclude that a hydrodynamic theory that violates Newton's Third Law is 

unnecessary. 

8.3 plasrnon solutions at q, t o 

Before proceeding to describe the solutions we need to emphasise that, in Section 8.2 

we have found it is not necessary to establish a KFT hydrodynamic theory that violates 

Newton's Third law. Thus, in the rest of this chapter the two parameters y, and y, are 

set to unity for all equations. It may also be useful to note that the scaling scheme, 

x,(r,t) = @OP(r)x(r,t), is not necessary in the case p = 0 since this is just the identity 

scaling x,(r, t )  = ~b'(r)x(r,t) = x(r, t )  as previously shown in Chapter 6. 

Since the procedure starts fiom the linearised equation of motion for small deviations 

from equilibrium, Eqn (7.1) of Chapter 7, it is convenient to write that equation here 



1 [- m(r,t) .Vno(r)  - a' no ( r ) ~ . x ( r ,  t ) ]  

We now proceed by adding and subtracting the expression 

and also adding and subtracting the expression 

into Eqn (8.3.1) to get, after rearranging for further convenience, 

Vno ( r )  34 (no ( r ) )  [- m ( r ,  t ) .vnO(r) - a' no ( r ) ~ . x ( r , t ) ]  
dn, 

Vno ( r )  JP, (no ( r ) )  + (at- 1) - 
n,2(r> h o  

no(r)V.x(r,t> 

vno 0-1 &(no ( r ) )  + (a - 1)- 
n,2(r) h o  

x(r, t).Vno ( r )  

1 [- m(r,t).Vn,(r) - a'n,(r)v.x(r,t)] 

+ eV6$(r,t) = -mco2x(r,t). 

Then combining with the TF equilibrium equation 

c ,n f3 ( r )  - eQb ( r )  = 0 

and the pressure-density relation equation 

2 2 
8 ( r )  = ?no (r)sF (no ( r ) )  = -j- C,n:13 ( r )  , 

we can rewrite (8.3.2) as 



Substituting the scaled displacement vector shown in Eqn (8.1.1) into (8.3.5) we 

obtain, after rearranging for later convenience, 

Here (6$)s is the scaled potential perturbation defined by 

The term kP(r) is cancelled out -of (8.3.6) since it appears in every term of that 

equation. Then on the left-hand side of Eqn (8.3.6) we add and subtract the third term 

with V @&(r).x,(r,t)), and the fourth term with nVQb(r)V.x,(r,t) and rearrange 

again the expression of the coefficients of these two terms. Note that the first and second 

terms on the left-hand side of the mentioned equation can be combined into one term 

and written in a gradient form, V . Therefore, Eqn (8.3.6) now 

reduces to 



Applying the KFT condition in Eqn (8.2.6) , Eqn (8.3.8) is further reduced to 

where, for self-consistency, the scaled potential perturbation satisfies the linearised 

Poisson equation 

Note that in (8.3.10) we have assumed there exists a scaled scalar function ys defined 

to make the numerical solution easier. 

Substituting (8.3.11) into (8.3.9) we obtain the linear equation of fluid motion as 
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It can be observed in (8.3.12) when a = 1, Eqns (8.3.1 1) and (8.3.12) are of the same 

forms, with ys(z) replaced by y(z) and (6$)s(z) by &(z), as those of the HPT- 

Newton III theory (see Eqns (6.19-6.21)) which is not surprising since this is the identity 

scaling case as we have surmised previously. The most interesting case is that, when 

a = a'= 9 1 5 ,  Eqn (8.3.12) is exactly of the same as the HPT equation with the same 

replacement of the notations mentioned in the second line under Eqn (8.3.12). This turns 

out to agree with what we have found for the case q 0. The HPT theory which II = 

violates Newton's Third Law produces the same plasmon frequencies as the KFT theory 

which satisfies this law but violates the Harmonic Potential Theorem when a is chosen 

to be 915. This particular case is true in both 1D and 3D: the solution that satisfies 

Newton's Third Law yields p = -2 13  for a mode at the Kohn frequency, and thus 

produces the solution of density perturbation which is nonuniform, divergent and 

discontinuous at the edges. 

We now use a similar scheme in the HPT-Newton III theory by assuming a scaled 

scalar function R, ( r  , t) such that 

Then assuming 

'41 Y-w 
ys(r,t) = v(z)e 

and 

iq y-w 
Q,(r,t) = R(z)e I , 

we can write the linear equation of fluid motion (8.3.12) and the linearised Poisson 

equation (8.3.13) in one-dimensional form respectively as 
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and 

(8.3.15) 

According one-to-one correspondence comparison, The HPT-Newton III and KFT 

produce constant density displacement and constant scaled density displacement for the 

Kohn frequency (note, however, this particular mode is termed a mode at the 

Kohn frequency in the KFT theory, while it is truly the Kohn mode in HPT-Newton ID 

theory). The equation of fluid motion and the Poisson equation, (8.3.14) and (8.3.15), 

are identical to those in HPT-Newton ILI theory, with Q(z) and ~ ( z )  replaced by 

Q,(z) and y5(z) in KFT theory. Thus we assume the equivalent boundary conditions as 

in the HPT-Newton III theory for the KFT theory. The boundary conditions for y,(z) 

are 

where Qs (z) satisfies the boundary conditions 

The satisfaction of these conditions is ensured by using the appropriate Green firnction 



(8.3.18) 

where 

Equations (8.3.18) and (8.3.14) together with the boundary conditions (8.3.16) were 

solved numerically by a matrix method using our previous computer codes for the HPT- 

Newton III theory with minor changes to implement the changing of the value of a in 

Eqn (8.3.18). 

In Figure 8.1 we show the result of KFT theory with a = -7 / 5 corresponding to 

p = 2 ,  while in Figure 8.2 the result of cr: = -5 corresponding to p = 5 is shown. In 

both figures 8.1 and 8.2, -a value a'= 9 15 was used. The result of microscopic theory is 

also plotted in both Figures 8.1 and 8.2 for comparison. For a = -5, we can see that the 

spacing of the first three standing plasmons are comparable to those of microscopic 

results. However, the two lowest modes deviate further and fkrther along with the 

increase of the value of q comparing to those modes using a = 1 (see Figure 6.1 in I 

Chapter 6) and a = -7 15 (Figure 8.2). 



Figure 8.1: Comparison of plasmon dispersions between K R .  (solid lines) with a'= 9 / 5 ,  CX = -7 / 5  

and microscopic (isolated circles) theory for r, = 3 a.u.* and L = 18 a.u.* . 

Figure 8.2: Comparison of plasmon dispersions between KFT (solid lines) with a'= 9 / 5 ,  a = -5 and 

a microscopic (isolated circles) theory for r, = 3 a.u.* and L = 18 a.u.*. 
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8.4 Further discussion 

We have presented the calculated results that are confined to the satisfaction of a 

number of exact constraints. Even though the theories give sensible results for the high- 

frequency collective modes of a PQW, it is also useful to investigate the case in which 

certain constraints are relaxed so that a better theory can be built. To this end, we note 

that all of the above calculations were constrained to the satisfaction of the RPA 

prediction for the long-wavelength uniform electron gas. Therefore, only the value of 

the parameter a was varied, while the value a' was fixed to be 9 / 5. We now 

investigate a converse case by fixing the value a to be 1, so that the theory satisfies the 

Harmonic Potential Theorem and Newton's Third Law. We then vary the value of a' in 

our calculations and observe the outcomes. The best result is obtained with a'= 12 / 5 

and is presented in Figure 8.3. When compared with microscopic results, it can be seen 

that the spacing of the standing plasmons is very similar to the result of a'= 9 / 5 and 

a = -5 as presented in Figure 8.2. However, the two lowest modes are not affected very 

much by the change of the value of a' compared to the HPT-Newton ID theory (see 

Figure 6.1 in Chapter 6) .  

The plasmon dispersion for one particular PQW (7 = 3 a.u.*, L = 18 ax.*)  presented 

here is not sufficient to decide the optimal choice of the values of a and a'.  We expect 

a series of further calculations will help ascertaining an analytical formula for a and a' 

for future use. We propose to vary the interelectron spacing u, and the electron gas 

width L using microscopic theory, and in the case of ISFTImodified HPT-Newton ID. 

theories the variation of L only, since there is only one scaling length in the Thomas- 

Fermi theory. This work is presently in progress. It should be noted, however, that the 

present type of theory, involving a local approximation for pressure, can only match the 

uniform-gas plasmon dispersion up to quadratic terns, a' = + p2q2 . For value of 
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q 2 q, where q, is the Thomas-Fermi screening wavenumber, the true dispersion in a 

uniform gas is not quadratic. Such large values of q are reached already for the n 2 3 

standing plasmons in the quantum well discussed above, with r, = 3 a.u.* and 

L = 18 a.u.*. Thus it would not be surprising if values of a'# 9 15 were needed to fit 

these modes. 

Figure 8.3: Comparison of plasmon dispersions between modified Newton Ill (solid lines) with 

a'= 12 / 5 and microscopic (isolated circles) theories for r, = 3 a.u.* and J!, = 18 a.u.* 

One final comment concerns the divergent solutions analytically shown in the KFT, 

for which a number of exact constraints can easily be satisfied. It is, however, not clear 

whether such solutions physically exist. Although the numerical calculations in this 

direction have not been performed because of the mentioned reason, some mathematical 

properties are readily deduced. For a fixed value of a ' ,  for instance 915, the larger is the 

value of a ,  the smaller is the spacing of standing plasmons. One obvious case is that 
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the choice of a = 9 I5  gives the same frequencies as in the HPT theory. Referring back 

to Figure 6.2 we see that the above statement is indeed correct. 

It is interesting to note that when p = -5 / 2 ,  corresponding to 

the equation used to find plasmon frequencies for the case q = 0, Eqn (8.2.7), I 

becomes 

Then there exist two solutions at the Kohn frequency Xs(z) = const. and 

X,(z) = const. x z .  The former solution is less interesting, but the latter solution, which 

is a second eigenvector since there is one node at z = 0, indicates that there will be 

another mode below the mode at the Kohn frequency. Additional plasmon modes such 

as multipole surface plasmons at the metal surface or in a neutral jellium are known to 

These modes have been experimentally observed at a frequency near 0.8~0, 

on the surfaces of simple metals[61. For curiosity, Eqn (8.4.2) with the boundary 

condition Xs(z) = const. x z were solved numerically by fourth-order Runge-Kutta and 

ABM predictor-corrector methods shooting from the right-hand edge to the centre of a 

PQW. Such a mode, below a mode at the Kohn frequency, was obtained. The frequency 

is just below the Kohn frequency. This frequency has the property that the larger is the 

electron gas width L , the closer is this frequency to the Kohn frequency. The frequency 

is further away from the Kohn frequency as the electron gas width reduces. Thus this 

mode is not whatsoever analogous to the multipole surface plasmon. 

By using another boundary condition such as X,(z) being finite at the edge which is 

equivalent to choosing a mode at the Kohn frequency as the lowest mode at q = 0, we I 
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obtain a mode just above a mode at the Kohn frequency. This mode should be explained 

as the first standing plasmon because in this particular case a'= 9 / 5, corresponding to 

a = 4 .  This is seen to agree with what we have established in Section 8.2 that the larger 

is the value of a ,  the smaller is the spacing between the mode frequencies. 

We need to emphasise that the discussion in the above two paragraphs is presented 

with caution since it is still essential at first to address whether the divergent solutions 

actually exist in the physical system. 

8.5 Summary 

We have shown it is indeed possible for hydrodynamics to get fits to parabolic well 

data from microscopic theory, by varying a and a' in a free fashion while the Kohn 

frequency can still be obtained. However, only the HPT-Newton ID theory 

(corresponding to a = 1, a'= 9 / 5 and, therefore, p = 0) has a physical basis not tied 

to this particular system. In fact ~ i g ~ a l e [ ~ ]  has generalised the linearised case of the 

Harmonic Potential Theorem, which applies only to a parabolic well, to all situations. In 

particular, the pressure term has to boost rigidly when one goes to an accelerated frame. 

The HPT-Newton ID is also derivable from the nonlinear argument about memory 

residing with a fluid element (see the Appendix to Chapter 6). 
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C TER 9 

Conclusion 

The calculations that we have presented for PQW include the electronic structure in 

the groundstate using the TF and related theories, and plasmon dispersions using a new 

hydrodynamics~']. In the former case, all the following important properties have been 

properly maintained: 

* Self-consistency 

* Nonlinearity 

* Edge inhomogeneity. 

We have obtained for the first time the non-trivial solution for density profiles n(z)  

for PQW which are smooth and continuous within the TF theory. The results fiom four 

different numerical techniques are in excellent agreement to such an extent that the 

profiles are indistinguishable by observing the graphs. The inhornogeneity of the 

electron gas edge has been treated in a natural way instead of assuming an arbitrary 

destination density parameter such as that of Dempsey and ~ a l ~ e r i n ~ ~ l .  It is evident that 

for a predetermined set of parameters of interelectron spacing and electron gas width 

there are not any other solutions but the unique solution which yields a vanishing 

electron density at the edge. Apart fiom the absence of Friedel oscillations and 

asymptotic behaviour of the electron density in the region far away &om the centre, the 

results of the TF theory are comparable to that of microscopic theory, especially for 

dense PQW electron gases. The development of more than one numerical method was 

very helpful in checking the results, and useful for further development of other cases. 

This is particularly so in cases treated here such as that of variable effective mass and 

dielectric function where no previous hydrodynamic results could be found. 
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On application of a new hydrodynamics for plasmons, we have shown analytically that 

this theory has produced the exact Kohn mode for q = 0 at the bare oscillator I 

frequency and the two-dimensional plasmon mode in the limit q + 0. Numerical I 

solutions for all other modes of PQW have also been reported to agree reasonably by 

using only natural boundary conditions. The new hydrodynamics justifies the fiequency 

spacing for standing plasmons also: the spacing is a decreasing function of the electron 

3 
gas width. The present theory correctly reproduces a pressure coefficient P 2  = for 

near-uniform systems at finite frequencies, and consequently yields a wider frequency 

spacing between different standing plasmon modes than was obtained by Zaremba and 

TSO"' if taken in the limit of a vanishing von Weizsacker correction term : the latter 

1 
authors effectively used P 2  = -v: for all cases. 

3 

The reduced numerical effort spent on hydrodynamic procedures is a notable factor 

over microscopic theory. Our theory is fairly simple and so is generalisable to more 

complicated geometries. 

The successful treatment of edge inhomogeneity not only yields realistic equilibrium 

density profiles and density perturbations but also allows us to include the effects of 

spatially varying effective mass and dielectric function. Numerical solutions of 

equilibrium densities have been obtained for the first time by three different methods 

which also give indistinguishable profiles, confirming our results to be reliable. 

Quantitative effects of rn * (2) and ~ ( z )  on the calculated results have been explored by 

comparing to the readily available results without their inclusion, with the same 

selection of physical parameters such as the interelectron spacing and the electron gas 

width, in both groundstate and dynamic situations. It is the first time, we believe, an 

analytical Green function for Poisson's equation, in which the inhomogeneous 
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phenomenon of the dielectric function was taken into account, was derived. This 

analytical result allows some analytical property of the solution to be achievable. It is 

also possible that the mentioned Green function approach can be applied in the 

groundstate numerical calculations for the Thomas-Fermi von Weizsacker and 

microscopic theories. 

Our groundstate solutions for TFvW and its related theories have overcome some 

difficulties encountered by the numerical techniques of Zaremba and TSOI~~,  and chant4], 

particularly for the case of very wide electron gas. As we point out above this is largely 

due to the information obtained from the calculations of the TF theory. Our numerical 

techniques also have two other advantages: incorporation of m *(z) and ~ ( z )  into the 

calculations, or calculations with higher-order correction terms for kinetic energy such 

as fourth-order, or both at the same time, are possible. However, for the best benefits we 

are interested in seeking the cooperation of the above-mentioned authors so that their 

automatically controlled computer codes may be used in these cases. 

Compared with the results of the nonlinear TF theory, we have shown that the addition 

of gradient terms as in TFvW theory contributes major improvements to the electron 

density profiles: asymptotic behaviour at the distance far from the centre of PQW agrees 

with the results shown previously in ~ e f s . [ " ~ ~ .  Additionally, the values of C2 (the 

gradient coefficient in TFvW theory) can be adjusted so as to treat slow or rapid 

variation of the electron gas, or "fit" the asymptotic solution to agree with that of 

microscopic theory. This is because, in TFvW theory, the results depend strongly on the 

value chosen for the density gradient coefficient, C,, in the kinetic energy expansion. In 

this thesis a systematic study has been made of the effect of the value of C2 on the 

agreement between TFvW and microscopic calculation of the groundstate density 

profile of PQW electron gases. 
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The agreement of the total effective potential between TFDSvW and microscopic 

theory is a striking feature and suggests that one can alternately use TFDSvW potential 

as an input to solve the one-electron Schrodinger equation (a hybrid procedure 

suggested in Dreizler and ~ r o s s [ ~ ~ ,  and references therein). This will remove the 

selfconsistent numerical requirement in the microscopic theory. This might be useful for 

cases of very small or very large electron gas widths where microscopic theory is known 

to be too computationally intensive. 

We reported the initial tests on a most recent modified hydrodynamics so that , in 

addition to satisfying the Harmonic Potential Theorem, the violation Newton's Third law 

of previous hydrodynamics is removedL6]. It is convincing that the HPT-Newton IU 

hydrodynamics has been derived by two different methods to give the same results. One 

method was based on a hydrodynamic assumption and the Coulomb interaction. The 

other used the linearisation of the nonlinear orbit function which, in addition to 

satisfying the HPT, satisfies the Generalised Galilean ~nvariance[~]. 

Within a further generalised hydrodynamic format, we have also shown analytically 

that a solution for the electron displacement, in the case of vanishing wavevector 

q, = 0, is exactly equal to const.~@,,(z) (see Eqn (7.8)) provided the power index p 

2 
satisfies the equation -a lp  + a - 1 = 0 (see Eqn (7.10)). This mode occurs at the Kohn 

3 

frequency. As an important result, an open hydrodynamic theory (Kohn Frequency 

Theorem hydrodynamics) was developed. The numerical application of the Kohn 

Frequency Theorem hydrodynamics to plasmons at both vanishing wavevector q, = 0 

and finite-surface parallel wavevector q # 0 was reported. The results provided useful il 

comparisons with other hydrodynamic theories as well as with a microscopic theory. 
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Finally, we propose future investigations/extensions based on the development of this 

thesis, some of which have been surmised above. 

Future investigation no. 1 : 

Extensive numerical calculations on the plasmon dispersions using both the Kohn 

Frequency Theorem hydrodynamics and a microscopic theory: For the Kohn Frequency 

Theorem hydrodynamics, the electron gas width L andfor the pressure coefficient' 

parameters a and a' are varied. For a microscopic theory, various values of the 

interelectron spacing r, andfor the electron gas width L . This aims to accommodate the 

two theories with further comparisons to find whether there are any better agreements 

for other cases that have not presented in this thesis. Of a particular interest is for a case 

r, -+ 0. In other words, even though the nonlinear TF theory produces good results in 

the high-density limit, it becomes less accurate in the low-density case. One way to 

improve this phenomenon in calculations for plasmons in a parabolic well system is to 

go beyond the formulations of the nonlinear TF theory, e.g. TFDvW theod3]. 

Particularly, in the large q, limit or for high-order standing plasmons, higher-order 

hydrodynamics becomes essential. This is because our time-dependent generalised TF 

theory is accurate to the order of q; , whilst the generalisation f?om the TFDvW theory 

is accurate to the order of q; [*I. The same applies with q, replaced by q,, = O(ns 1 L)  , 

where q, is the wavenumber describing the fitting of plasmon standing waves across 

the thickness L of the electron gas. In this thesis we kept the essential simplicity of the 

TF approach by only modifying the linearised, time-dependent version of this theory. 

Future investigation no.2: 

Theoretical and numerical investigations on plasmon dispersions with inhomogeneous 

m * ( 2 )  and ~ ( z )  and within Ansatz II formalism presented in Chapter 3. 
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Future investigation no. 3: 

Theory of possible experiments to create quantum wells that are not exactly parabolic, 

but produce exactly the Kohn mode frequency because of cancellation between the 

effects of nonparabolicity and those of variable rn * (2) and ~ ( z )  . 

Future investigation no. 4: 

Attempts at a combination of new hydrodynamics, and TFvW and its related theories. 

Future investigation no. 5: 

Investigation into the effects of m*(z) and ~ ( z )  on TFvW and its related theories 

andlor the effects of fourth-order gradient correction to the kinetic energy. 

Future investi~ation no. 6: 

Quantum wells with 3D perturbations, cases with nonzero B field. 
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