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ABSTRACT 
 
 
To provide reliable and cost-effective infrastructure services to the public, governments 

around the globe often seek participation from the private sector with an emphasis on their 

ability to provide private finance. As such, most countries exploit competitive tendering to 

award Privately Financed Infrastructure (PFI) projects to sponsors representing the private 

sector. Within the framework of competitive procurement, sponsors not only strive to 

maximize their potential of winning such ventures at the tendering stage, but they also 

aspire to achieve a certain level of profit reflecting the risk associated with their 

investment. Moreover, owing to their limited financial capacity, sponsors must seek 

external funds from financial institutions (lenders) and, consequently, make their best 

efforts to maximize the potential of attracting lenders. This challenging process is mainly 

governed by a project’s concession length, base price (such as initial tariff/toll), and debt-

to-equity ratio – collectively known as concessionary items.  

Owing to multiparty involvement, a state of optimality always reigns in determining the 

ideal values of concessionary items. Although profitability plays the pivotal role, chasing 

optimal values of concessionary items thus appears as an intrinsic uphill struggle to 

potential sponsors. Without resolving multiparty conflicting financial interests, the 

selected values of concessionary items may not only be suboptimal but may also be 

erroneous, leading to the sponsor’s failure in winning the bid for procuring the project. An 

exhaustive review of existing literature reveals that previously developed financial 

analysis models cannot adequately capture the complexities associated with determining 

optimal values of concessionary items through evaluating their aggregated impact on PFI 

project cash flows. 

Accepting the challenge from the viewpoints of prospective sponsors, this dissertation is 

dedicated to searching for, and determining optimized values of, concessionary items 

subject to satisfying several constraints, whilst:  

(1) maximizing the potential of winning a PFI project;  

(2) maximizing the potential of attracting lenders; and  

(3) maximizing the potentials of winning a PFI project and attracting lenders.  
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Utilizing genetic algorithms as the optimization technique, the dissertation presents a 

number of optimization models for solving each of the above-listed three procurement 

objectives.   

The first two objectives are virtually single-objective optimization problems. 

Acknowledging the confronting financial interests of key project stakeholders, the 

developed genetic algorithms-based optimization models uncover optimized values of 

concessionary items that maximize the potential of winning a PFI project and the potential 

of attracting lenders, respectively. Through this means, the optimization models 

contemplate relevant investment parameters influencing PFI project cash flows. 

Subsequently, the developed models also embed fuzzy set theory to incorporate and 

propagate imprecise estimates of investment parameters in the venture’s financial 

projections. In particular, during the optimization processes, fuzzy set theory 

accomplished the investigation of the effects of uncertainties in: (1) construction costs; (2) 

demand; and (3) discount rate; thus, it helps assess optimized values of concessionary 

items under uncertainty.  

Finally, the dissertation unveils a multi-objective optimization model to achieve the third 

objective, that is, simultaneously to maximize the potentials of winning a PFI project and 

attracting lenders. The developed multi-objective genetic algorithms-based optimization 

model generate a set of Pareto solutions to help prospective sponsors assess clearly the 

trade-offs between the two competing objectives. The model results thus would facilitate 

sponsors in alleviating the concerns of discord among different financial requirements of a 

PFI venture.  

Numerical examples provided in the dissertation validate and demonstrate practical 

features of all the developed optimization models. Using real-life PFI project data, the 

findings evince that such models are well capable of efficiently producing consistent and 

reliable results.  

In summary, from the parlance of financial modeling of PFI projects, the dissertation 

renders an original contribution: it integrates the conventional project evaluation method 

with genetic algorithms to engineer procurement decisions at the tendering stage. The 

comprehensive optimization models used in the dissertation should not only help 

prospective sponsors to succeed in winning a PFI project and attracting lenders but also 
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would assist governments and lenders in comprehending their policy objectives with 

greater transparency. The developed models are generic in nature and readily applicable to 

innovative decision-making, and are conducive to the procurement of complex PFI 

projects. 
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CHAPTER 1 
 
 

IINNTTRROODDUUCCTTIIOONN  

 
 
This dissertation presents an investigation of the procurement of Privately Financed 

Infrastructure (PFI) projects. In particular, it demonstrates the challenges in and possible 

solutions for procuring these projects, as seen from the viewpoints of prospective sponsors 

within the financial domain. The primary objective of this PhD research is to develop and 

test a number of optimization models that encapsulate the financial interests of multiple 

stakeholders involved in such ventures. This chapter presents an overview of the 

dissertation by describing key issues related to the research problem and research 

objectives. The chapter begins with Section 1.1, which introduces the background and 

motivation for undertaking this research study. Section 1.2 details the research objectives. 

Section 1.3 presents the dissertation organization.

1.1   PROBLEM STATEMENT 

1.1.1 Background  

Infrastructure is the physical facility that provides services to the public of a region, city, 

or country. Typical infrastructure projects include energy (power plants, gas plants); 

transportation (highways, railways, bridges, seaports, airports); water and sewerage (water 

supply systems, sewerage facilities, wastewater treatment plants); telecommunications 

(telephones); and others. Construction of infrastructure is indispensable for successful 

development of any nation; it helps sustain and boost economic growth, as well as 

augmenting social mobility in order to promote a high standard of living to the ever-

increasing population of a country. 

To facilitate provisioning of infrastructure services, governments both from developing 

and developed countries seek participation from the private sector. Several driving forces 

prompt governments to the provision of public infrastructure projects through the private 

sector. These include easing of governments’ budgetary and financial constraints; lower 

project costs; shorter construction periods; improved efficiency in provisioning of 
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infrastructure services through better allocation and utilization of resources; technological 

innovation; extending infrastructure services to poor and rural areas; and advantage of 

attracting additional funds (including foreign capital) from the private sector (Dias 1994; 

Lin 2000; Leiringer 2006). In contrast, the private sector is often enthusiastic to partake in 

such provisioning because of the prospect of high return on equity investment, and the 

possibility of long-term income, access to new markets, and diversification of line of 

business (Dias 1994; McCowan 2004). The financing of infrastructure projects has gained 

importance as the size and complexity of these ventures has increased in the last two 

decades (Algarni et al. 2008).   

The flow of private investment for provisioning infrastructure projects is massive and 

continuing. Over the period 1990–2001, only developing countries saw more than US$755 

billion of investment in nearly 2,500 infrastructure projects (World Bank 2003). In 

addition, the most recent study (PPIAF 2008) reveals that the amount of investment in 

infrastructure projects with private participation in developing countries grew in real terms 

for the fourth consecutive year, and reached the highest-ever volume in  2007, which was 

US$158 billion, a level 10 percent higher than the previous peak, in 1997.    

Infrastructure projects under private participation, especially within the arrangement of 

private finance, are commonly known as Privately Financed Infrastructure (PFI) projects 

(Dias and Ioannou 1995; Merna and Smith 1999; Sundararajan 2004; UNCITRAL 2004). 

In fact, PFI projects fall under the umbrella of ‘Public-Private Partnerships’ (PPP), 

wherein a PPP is a “contractual relationship where a private party takes responsibility for 

all or part of a government’s functions” (Hardcastle and Boothroyd 2003). In the United 

States (US), to create a framework for PPP in toll road development, the Intermodal 

Surface Transportation Efficiency Act (ISTEA) was implemented by the federal 

government in 1991 (Zhang and Kumaraswamy 2001; Abdel Aziz 2008). Australia 

adopted the public/private arrangement for provisioning of infrastructure services in 1988 

(Grimsey and Lewis 2002). Moreover, in Australia, a National PPP Council was 

established as an inter-governmental forum in May 2004 (McCowan 2004). To facilitate 

private financing, the United Kingdom (UK) institutionalized the Private Finance Initiative 

in 1992 (Bing et al. 2005). Only in the year 2000, five percent of annual turnover of the 

UK’s construction sector was accounted for by projects within the arrangement of private 

finance initiative arrangement, and that was set to increase (Hickman 2000). 
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A PFI project may adopt different methods in terms of project delivery. A project delivery 

method usually represents a system for organizing and financing design, construction, 

operation, and maintenance activities that facilitates the delivery of goods or services 

(Miller et al. 2000). Some common examples of the project delivery method available for 

PFI projects include Build-Own-Operate (BOO); Build-Own-Operate-Transfer (BOOT); 

Build-Operate-Transfer (BOT); Build-Transfer-Operate (BTO); Design-Build-Finance-

Operate (DBFO); Design-Build-Operate-Maintain (DBOM); and Design-Construct-

Manage-Finance (DCMF) (Pakkala 2002; McCowan 2004). These variations in the project 

delivery method usually align with the ownership structure of a PFI project and other 

project characteristics such as usage rights and obligations (Kumaraswamy and Zhang 

2001). The ideal choice of a specific project delivery method largely depends on the 

preferences of the host governments (Palaneeswaran et al. 2001). However, the project 

delivery method Build-Operate-Transfer (BOT) is a popular option that many 

governments opt for (Kumaraswamy and Zhang 2001; Ock et al. 2005; Chen et al. 2006). 

Realizing the increasing popularity of Build-Operate-Transfer (BOT), this PhD research 

will consider only that type.  

BOT is a specific contractual arrangement within which a government grants a private 

entity (sponsor or consortium of sponsors) the legal ownership of a public infrastructure 

project for a limited term. Within this specified period, sponsors are responsible for 

financing, designing, constructing, operating, and maintaining the facility with an 

aspiration to earning a reasonable profit. At the end of such period, the private entity has 

to transfer the project ownership back to the government without charging any cost or 

imposing any conditions (Schaufelberger and Wipadapisut 2003).  

The term BOT was first introduced in 1984 by Targut Ozal, a former prime minister of 

Turkey (Kumaraswamy and Zhang 2001), although the history of BOT schemes dates 

back to the early seventeenth century. The earliest predecessor of a BOT scheme was a 

concession, awarded to the Perier Brothers of France in 1782, to construct a water 

distribution facility (Walker and Smith 1995). The first BOT project – the construction of 

the Suez Canal – was awarded to Compagnie Universelle du Canal Maritime de Suez in 

1854 and was completed in 1868, funded by European capital together with Egyptian 

financial support (Levy 1996). Rapid worldwide expansion of BOT schemes took place 

after the 1980s. Some recent examples of the BOT type of project include Dulles 
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Greenway in the US; the Paiton I Power Plant in Indonesia; Cross-Harbour Tunnel in 

Hong Kong; Shajiao B Power Station in China; Dabhol Power Project in India; and the 

National Sewerage Project in Malaysia (Levy 1996; Abdul-Aziz 2001; Schaufelberger and 

Wipadapisut 2003). All were arranged using private finance and are thus PFI projects. 

PFI projects include very complex technical, financial, political, and legal elements 

originating from diverse objectives of various stakeholders (Subprasom 2004), thus many 

intriguing issues need to be addressed for successful accomplishment of PFI projects. One 

of these important issues is the problem of procuring such undertakings. The success of 

PFI projects largely depends on devising effective procurement mechanisms. 

1.1.2 PFI Project Procurement and Concessionary Items  

Procurement, in general, refers to the process of acquisition of goods or services through a 

transparent, competitive, public process (Miller et al. 2000). The procurement of PFI 

projects involves many different stages. In the broader sense, it starts with project 

initiation and ends with finalizing the contract with the sponsor, but is preceded by 

awarding such ventures by the governments.  

Governments may award a PFI project using various techniques, for example through 

competitive tendering, direct negotiation, or even a combination of both such as 

competitive negotiation. Competitive tendering involves a series of formal procedures 

such as notifying the award of a scheme; conducting prequalification; receiving and 

evaluating tender proposals; and selecting the winner. In direct negotiation, a developer or 

operator negotiates directly with a government or government-owned utility to settle the 

terms and conditions for provisioning an infrastructure project. Competitive negotiation 

combines elements of competitive tendering with direct negotiation (Klein et al. 1998).  

Direct negotiation is observed under special circumstances such as for small-sized projects 

where cost of organizing competitive tendering is higher than its potential savings; 

sponsors rather than governments initiate the project; when promoting innovative 

solutions is an important policy or goal; or when only one firm is capable or willing to 

undertake the project. In Indonesia and the Philippines, direct negotiations were used for 

awarding the early independent power producers, although both countries have 
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subsequently adopted competitive tendering (Klein et al. 1998). Moreover, some 

countries/states permit direct negotiation as seen in the guidelines issued by the UK for 

ministries (HM Treasury 1994), and by the Australian State of Victoria. In the US, several 

states exploited competitive negotiation for procuring power plants. The Hong Kong East 

Harbor Tunnel was also awarded through competitive negotiation. In contrast, most 

countries use competitive tendering (Klein et al. 1998; Zhang 2004). Competitive 

tendering offers a number of advantages: ensures transparency in the award procedure; 

provides market mechanisms to select the best proposal, resulting in lower costs or 

keeping the price and profit at a competitive level; and enables drawing a wide range of 

potential investors, including foreign investors, because of the procedural clarity involved 

in it (Klein et al. 1998; Lin 2000). 

In competitive tendering, once the prospective sponsors are short-listed (pre-qualified), 

they submit their tender documents to the government for further evaluation at the 

tendering stage. According to Mustafa (1999), the tendering stage immediately follows the 

feasibility study stage but precedes the negotiation stage in terms of project life span. 

Usually, every tender document consists of both a technical proposal and a financial 

proposal (Tiong 1995b; Beato 1997). A technical proposal, in general, provides 

information on the technical and financial capacity as well as experience of the bidders 

(Klein et al. 1998). Often the technical proposals are evaluated on a pass/no-pass basis, 

while only the passing bidders are allowed to enter the next round, that is, the evaluation 

of financial proposals (Klein et al. 1998).  

A financial proposal is the bidder’s financial plan, which typically includes the sources of 

loans; the preliminary capital structure; the repayment and drawdown schedule; 

concession period; initial tariff and mechanisms for increasing tariffs; and insurance. The 

financial proposal provides the government with information on the cost advantage of 

each bidder. Low project costs, acceptable tariff/toll levels, reasonably high equity-to-debt 

ratio, and a short concession period determine the cost advantage for an attractive financial 

proposal (Tiong 1996; Palaneeswaran et al. 2001).  

Prospective sponsors may structure a financial proposal using many different options. The 

choice of structure will have important effects on the award and operation of the project 

and, ultimately, on consumers. Some common options include the lowest tariff to be 
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charged to consumers; the shortest concession period; the lowest net present value of 

future revenue stream accrued to the developer; and the lowest cost to government in the 

form of subsidy or guarantees or the highest payment to the government (Lin 2000). 

In competitive tendering, prospective sponsors have to spend a substantial amount of 

financial and other resources in tender preparation. For instance, the EuroTunnel project 

sponsors spent approximately one million US dollars on a feasibility study before the 

tender was won (Smith 1995). Moreover, in many instances, “private companies have 

reported spending millions in putting up bids” (Akintoye et al. 2003). Besides the high 

cost of tendering, owing to the market reputation, prospective sponsors usually do not 

wish to loose the opportunity of winning the tender. In fact, considering the prospect of 

earning a reasonable level of profit, high cost of tendering and reputation, winning a PFI 

project is becoming crucial to prospective sponsors. Therefore, one of the procurement 

objectives that prospective sponsors frequently consider is to maximize their potential of 

winning a PFI project (i.e., the tender of a PFI project). 

Moreover, PFI projects usually involve massive investments, which are merely 

financeable by the standalone limited financial capability of the private entity. Therefore, 

sponsors have to seek and convince financial institutions (lenders) to provide necessary 

external funds (usually in the form of debt). Although several lenders may exist in the 

market, prospective sponsors often face difficulties in convincing those who are capable of 

funding necessary debt. Lenders, indeed, must be highly concerned about the sponsor’s 

financial capability to repay the borrowed debt. Sponsors, therefore, need to demonstrate 

that they are well capable of debt servicing from the anticipated PFI project revenue (i.e., 

net cash flow), thus attracting lenders. Failure to do so may cause lenders not to be 

interested in providing the requested debt, thus substantially reducing the opportunity to 

win the bid owing to capital shortfall. Therefore, another significant concern of sponsors is 

how best to attract lenders. This practical need thus necessitates sponsors’ consideration of 

another procurement objective that maximizes the potential of attracting lenders. 

In many practical situations, the importance of winning a PFI project and the need for 

seeking external debt are becoming equally predominant to sponsors, rather than 

consideration of the abovementioned two procurement objectives, individually. Under 

such circumstances, prospective sponsors need to obtain a financial solution that reflects 

 6



simultaneous maximization of the potentials of winning a PFI project and attracting 

lenders, which may appear as the third procurement objective. 

However, the success of attaining any of these procurement objectives of sponsors 

depends on giving proper attention to catering to the financial interests of key stakeholders 

(sponsors, governments, and lenders), which often acts as a source of conflict because of 

the inherent complex relationships among these multiple parties wherein each party has its 

own interests and goals. For example, the primary financial interest of sponsors is to 

maximize the prospect of earning a reasonable level of profit. Conversely, the objective of 

governments is to deliver the best ‘value for money’ for the services to be provided 

(Akintoye et al. 2003; Clifton and Duffield 2006; Sobhiyah et al. 2008); for example: a 

particular level of service at reasonable or lower toll/unitary charges to protect vulnerable 

groups and to win support. More specifically, sponsors must cater for government 

aspirations from the following two main perspectives. Firstly, within the concession period, 

base price (i.e., unit price of a product at the start of the operation period) should not be 

too high – to ensure affordability by end-users. Secondly, following the concession period, 

governments should not face financial losses throughout the remainder of the economic 

life of a PFI project. The length of concession period closely relates to this second aspect 

(Shen et al. 2002; Shen and Wu 2005). Governments usually prefer the financial proposal 

that demonstrates lower values of base price and concession length. The lenders’ objective 

is to minimize credit risk or facilitate debt repayment; hence, the need for higher debt-

service coverage ratio (DSCR) to reduce credit risks and to improve project bankability.  

Thus, profitability is becoming no more a sole criterion for assessing the procurement 

objectives of sponsors. Although profitability plays a central role in procuring a PFI 

project, the success in addressing these conflicting interests of sponsors, governments, and 

lenders essentially defines the accomplishment of attaining the procurement objectives of 

sponsors. Therefore, sponsors must carefully evaluate the expected financial outcomes of a 

PFI project, more specifically to capture and understand how different investment 

elements affect stakeholders. 

In the evaluation of a PFI investment opportunity, a number of investment elements – such 

as tariff/toll; concession length; debt-to-equity ratio; investment costs; operation and 

maintenance costs; inflation rate; and foreign exchange rate – characterize expected 
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financial outcomes. However, neither are all these elements equally influential in 

contributing to a desired level of financial outcomes nor do they possess the same level of 

importance in terms of contractual negotiation. For example, Liou and Huang (2008) 

stated that tariff and concession period is often discussed intensively during negotiations.  

For example, sponsors usually prefer a longer concession length in order to recoup their 

investment cost and earn a higher level of profit. However, governments are looking for a 

shorter concession period, for two main reasons. Firstly, governments are not willing to 

tolerate sponsors making excessive profit. Secondly, following the concession length, 

governments are keen to generate revenue through operating the built facility. A shorter 

concession length would therefore help governments to achieve both desired goals. 

Conversely, if the concession length is excessively short, sponsors have to follow alternate 

courses of revenue earnings (such as considering a higher level of toll/tariff) in order to 

maintain the stipulated profit level. 

Tariff/toll directly influences a PFI project’s financial outcomes. Without having a specific 

level of initial toll/tariff, sponsors would be unable to attain their desired level of profit. 

Moreover, sponsors usually opt for higher levels of toll/tariff since earning a higher level 

of profit is always their primary desire. In contrast, a higher level of toll/tariff raises the 

question of affordability to the public. This is clearly contradictory from the concept of 

‘value for money’ considered by governments (Akintoye et al. 2003). From governments’ 

viewpoints, the main concern of a PFI project is whether the tariff/toll proposed by 

sponsors is affordable to the public. Governments cannot bear the political costs of facing 

public resentments resulting upon allowing sponsors to enjoy higher levels of toll/tariff. In 

fact, governments are always looking for lower levels of toll/tariff, compared with 

sponsors (Tiong 1996). A lower level of toll/tariff obviously reduces the profitability 

prospect of a PFI project from prospective sponsors’ perspectives.  

The proportion of debt and equity capital (i.e., debt-to-equity ratio) is also vital in realizing 

the financial outcomes of a PFI project. Financially, the equity level is a double-sided coin. 

Bakatjan et al. (2003) argued that sponsors’ NPV and IRR are declining functions to 

equity level or, in other words, a higher amount of equity capital decreases sponsors’ 

profitability prospects from a PFI scheme – one of the reasons that sponsors tend to keep 

equity as low as possible. Moreover, since equity capital holds the lowest repayment 
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priority after covering all other financial obligations including debt servicing (Merna and 

Dubey 1998; Wibowo and Kochendorfer 2005), in the case of any financial default (e.g., 

bankruptcy), sponsors are the first victims to suffer from not receiving any dividends and 

even losing the total equity capital. This is why equity capital is also termed ‘risk capital’. 

Owing to this risk attached to equity capital, the cost of equity is higher than debt (Tiong 

1995a; Zhang 2005). Tiong (1995a) claimed that a higher return (and revenue) from the 

project is necessary for a higher level of equity capital; thus resulting in a higher base 

price (e.g., a higher level of toll or a higher level of power rates) or some inevitable form 

of subsidy by government (Tiong 1995a; Ranasinghe 1999). This is often not desirable 

and even not acceptable from the government viewpoint. Besides, governments frequently 

probe the ability of sponsors to raise project capital. Governments usually desire that 

sponsors should inject a specific amount of equity to ensure their financial commitment 

(Tiong 1995a; Zhang 2005).  

The level of equity capital also significantly affects a project’s debt servicing capability. If 

other conditions are the same, as equity increases debt obligation decreases, hence the 

average of debt-service coverage ratios over the loan-repayment period increases 

(Bakatjan et al. 2003). Thus, a high value of average debt-service coverage ratio 

requirement by lenders results in high equity in the project (Bakatjan et al. 2003). To 

lenders, the higher the debt-service coverage ratio is, the more attractive the project is. In 

fact, a higher level of equity represents a lower risk exposure for lenders (Ranasinghe 

1999). Moreover, lenders are also interested in the active involvement of sponsors. 

Lenders believe that a higher level of equity will augment the ‘ownership’ feelings of 

sponsors, i.e., sponsors will be more committed to completing the project successfully 

(Tiong 1995a; Zhang 2005). Therefore, an appropriate balancing of equity and debt capital 

is essential to realize differing financial perspectives of key stakeholders. 

The abovementioned discussions indicate that the key stakeholders of PFI projects are 

always concerned with setting appropriate values of concession length, base price, and 

equity level from their own perspectives; this invokes a conflicting situation  in realizing 

the financial outcomes from the given investment opportunity. In effect, concession length, 

base price, and equity level are the three critical elements which, in combination, largely 

define the abovementioned conflicting financial interests of sponsors (i.e., profitability), 

governments (i.e., value for money, in the broader sense), and lenders (i.e., debt servicing) 
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and consequently, the achievement of procurement objectives of prospective sponsors. In 

this dissertation, these three important elements collectively will henceforth be referred to 

as concessionary items. Overemphasis on finding an attractive combination of 

concessionary items for governments (such as lowering the value of base price or lowering 

the value of concession length) substantially reduces the profitability of the scheme for 

sponsors. In contrast, considering the excessively high values of concessionary items for 

earning higher profit may even cause sponsors to loose the opportunity of winning a PFI 

project. This is equally true within the context of attracting lenders. For instance, although 

sponsors may opt for a higher price to increase the debt-servicing capability, this may not 

be acceptable to governments.  

This challenge becomes even more critical owing to the uncertainties inherent in PFI 

projects. The term ‘uncertainty’ usually represents a lack of sureness about something, 

ranging from just short of complete sureness to an almost complete lack of conviction 

about an outcome (National Research Council, 2000). Some of the uncertainties that affect 

the overall financial outcomes (including profitability) of a PFI scheme are cost estimates, 

demand projections, and variations in discount rate. Uncertainties are common at the 

tendering stage of a PFI project owing to a number of reasons including, for example, 

confidential/inaccessible sources and heterogeneous investment climate. A state of 

imprecision frequently arises in estimating the abovementioned uncertain investment 

elements at the tendering stage. This makes the evaluation of the financial outcomes of a 

PFI project more critical because of the need to investigate explicitly the combined impact 

of the three concessionary items, and uncertain investment parameters, on project cash 

flows. 

To investigate all of these critical challenges and conflicting financial interests towards 

addressing different procurement objectives, sponsors therefore seek some innovative 

financial models. 

1.1.3 Research Motivation 

Over the past decade, a number of financial models have been developed with an emphasis 

on analyzing the ‘financial viability’ of PFI projects. However, the purposes of conducting 

a financial viability analysis and of addressing the procurement objectives financially are 
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significantly different. For example, the analysis of financial viability is a unitary 

approach wherein financial performance measures are evaluated with a focus on 

investigating the profitability prospect of a PFI scheme, based on which the private sector 

undertakes a go/no-go decision at the early stage of feasibility analysis for its possible 

participation in such ventures.  

On the other hand, the financial evaluation of a PFI project at the tendering stage, aimed at 

addressing the procurement objectives, is unique. As argued before, in this case 

prospective sponsors have to address the key financial interests of governments and 

lenders in addition to their own financial goal of earning a reasonable level of profit – all 

of which factors are highly conflicting. Consequently, a state of optimality always prevails 

in addressing the procurement objectives, which, in turn, largely depends on determining 

the appropriate values of concessionary items irrespective of considerations of either the 

deterministic or the uncertain investment environment (i.e., considering imprecise 

estimation of uncertain investment parameters at the tendering stage).  

Unfortunately, previously developed financial analysis models are limited in their 

capabilities to determine the values of all three concessionary items together by examining 

their aggregated effect and uncertain investment parameters simultaneously on PFI project 

cash flows. Without considering concessionary items as a set of decision vectors, differing 

financial interests of sponsors, governments, and lenders cannot be adequately addressed 

in terms of procuring PFI projects, at least from the financial viewpoint.  

To address procurement objectives by satisfying conflicting financial interests of key 

stakeholders, innovative optimization models are required. However, a solid 

methodological foundation is still unavailable for determining optimal values of 

concessionary items that would meet effectively and efficiently the needs of sponsors for 

competitively assessing their PFI project procurement objectives. The motivation of this 

PhD research thus arises from realization of this clear caveat of determining the optimized 

values of concessionary items by taking into account the conflicting financial interests of 

sponsors, governments, and lenders at the tendering stage. The PhD research will attempt 

to uncover the challenge by developing a number of models that would provide optimized 

values of concessionary items aimed at meeting the objectives of sponsors for procuring 

PFI projects at the tendering stage. The models would increase the competitive advantage 
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of sponsors by addressing their procurement objectives either individually (i.e., 

maximizing the potential of winning a PFI project, or maximizing the potential of 

attracting lenders) or simultaneously (i.e., simultaneous maximization of the potentials of 

winning a PFI project and attracting lenders). 

1.2  RESEARCH OBJECTIVES 

The goal of this PhD research is to optimize the values of concessionary items with regard 

to procuring privately financed infrastructure (PFI) projects. To attain this goal, the 

primary objective of this research is to develop optimization models for addressing 

procurement objectives of prospective sponsors at the tendering stage. 

With this goal and primary objective in mind, the secondary objectives identified in this 

PhD research are: 

(1) Understand the fundamentals of PFI projects. 

(2) Undertake a critical review of relevant topics such as investment appraisal 

methods; decision-making techniques for assessing PFI investment opportunities in 

the presence of uncertainties; currently available financial models; and 

optimization methods.  

(3) Select the most appropriate (i.e., effective, yet efficient) techniques investigated in 

Step 2, in the following three areas in development of the optimization models: 

investment appraisal method; decision-making technique for assessing PFI 

investment opportunities in the presence of uncertainties; and optimization method. 

(4) Establish theoretical foundations of the best techniques selected in Step 3 in order 

to advance the development of optimization models. 

(5) Develop a single-objective optimization model to determine the optimized values 

of concessionary items aimed at maximizing the potential of winning a PFI project.  

(6) Develop a single-objective optimization model to determine the optimized values 

of concessionary items aimed at maximizing the potential of attracting lenders. 
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(7) Develop a multi-objective optimization model to determine the optimized values of 

concessionary items under simultaneous maximization of the potentials of winning 

a PFI project and attracting lenders. 

(8) Obtain industry input via a reported case study to demonstrate the capabilities of 

the developed models in optimizing the values of concessionary items under 

different procurement objectives of prospective sponsors. 

The scope of this PhD research is limited to financial modeling of a PFI project at its 

tendering stage. 

1.3  DISSERTATION ORGANIZATION 

The dissertation consists of eight chapters. Following introduction of the statement of the 

research problem and research objectives in this chapter, Chapter 2 provides the 

fundamentals of privately financed infrastructure (PFI) projects. It contains a thorough 

discussion of major participants in PFI projects and their contractual relationships; funding 

mechanisms of PFI projects; and uncertainties inherent in PFI projects. The chapter also 

draws the major assumptions necessary for model development in subsequent chapters.  

Chapter 3 reviews literature from four broader spectrums related to the research study. 

The chapter discusses different methods available for appraising PFI investment 

opportunities. It also presents various decision-making techniques for evaluating 

investments in PFI projects in the presence of uncertainties. An extensive review of 

existing financial models for evaluating PFI investment opportunities is the next topic. 

Finally, the chapter investigates the suitability of various optimization methods for 

addressing procurement objectives of prospective sponsors.  

Chapter 4 portrays the theoretical foundations of discounted cash flow analysis, fuzzy set 

theory, and genetic algorithms – the three building blocks for solving reference 

optimization problems. The chapter first focuses on development of the financial model 

for PFI projects based on discounted cash flow analysis. Second, it outlines various 

methodologies for employing fuzzy set theory in evaluation of PFI investment 

opportunities in the presence of uncertainties. The chapter ends with illustrating the 
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rationales and working mechanisms of genetic algorithms – the primary tool for 

performing the optimization tasks.  

Chapter 5 presents an optimization problem for maximization of prospective sponsors’ 

bid-winning potential considering the conflicting financial interests of sponsors, 

governments, and lenders. The chapter then provides methodologies for solving the 

proposed optimization model under both the deterministic and the uncertain investment 

environment of a PFI project. Through numerical examples, the chapter demonstrates the 

capabilities of these two solution methodologies.  

Chapter 6 demonstrates development of an optimization problem for maximization of the 

potential of attracting lenders in terms of project’s debt-servicing capability by taking into 

account the conflicting financial interests of sponsors and governments. Using the genetic 

algorithms-based optimization models, the chapter then provides a numerical example 

demonstrating the achievement of this procurement objective under both the deterministic 

and the uncertain investment environment of a PFI project. 

Chapter 7 delineates a multi-objective optimization problem for simultaneous 

maximization of the potentials of winning a PFI project and attracting lenders. Based on 

the elitist non-dominated sorting genetic algorithm (NSGA-II), the chapter then illustrates 

the solution method for the reference multi-objective PFI-project procurement 

optimization problem.  

Chapter 8 concludes the research study providing a summary of research findings and the 

main contributions of the research study. The chapter subsequently presents limitations of 

the research study and recommends future research directions.  
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CHAPTER 2 
 
 

FFUUNNDDAAMMEENNTTAALLSS  OOFF  PPFFII  PPRROOJJEECCTTSS    

 
 
This chapter provides some elementary thoughts on Privately Financed Infrastructure 

(PFI) projects. Section 2.1 discusses major participants in PFI projects and their 

contractual assignments. Section 2.2 outlines the funding mechanisms of PFI projects. 

Section 2.3 presents the sources and treatment of uncertainties in PFI projects. While 

acknowledging PFI project characteristics discussed in previous three sections, Section 2.4 

draws the underlying assumptions in the development of the proposed financial model for 

PFI projects. Section 2.5 concludes the chapter.   

2.1  MAJOR PARTICIPANTS IN PFI PROJECTS 

Governments, sponsors, and lenders are the three leading participants in PFI projects. 

• Governments, the public entities, identify and initiate PFI projects. Governments 

are also termed ‘granting authorities’ because they float tenders and award PFI 

project contracts to sponsors through legal and administrative approvals.  

• Sponsors are private entities who undertake the responsibilities of financing, 

designing, building, operation, and maintenance of a PFI project usually for a 

specific period. Financially speaking, sponsors are the private-sector companies 

who finance such ventures or who develop and lead the project through their 

investments. Sponsors are sometimes called as promoters around the world.  

• Lenders are financial institutions; they provide debt to sponsors.  

In addition to the foregoing, constructors and operators are the other two regular 

participants in PFI projects. Constructors and operators are both private-sector entities; 

however:  

• constructors build a PFI facility; while  

• operators operate and maintain the constructed facility.  

 15



The likely composition of abovementioned project stakeholders, PFI project structure, and 

major contractual assignments of main participants are outlined in the flowing illustrations. 

 Sponsors may comprise large engineering and construction companies, equipment 

suppliers, and operation and maintenance companies. Usually, a number of these 

companies develop a joint venture and, thereafter, establish a new business unit called 

Project Company, which is a completely separate legal entity from parent organizations of 

sponsors. A Project Company acts as a ‘Special Purpose Vehicle (SPV)’ for a PFI scheme, 

because it exclusively fulfils the responsibilities of sponsors in designing, financing, 

constructing, and operating a project. Sponsors hold a shareholder agreement with the 

Project Company. A shareholder agreement establishes sponsors’ ownerships of a PFI 

project. Concurrently, it delineates provision of profit sharing among sponsors, according 

to their equity contributions. 

Governments or their subsidiary organizations such as ministries, or local public 

corporations embrace sponsors with a Project Company through a concession agreement. 

A concession agreement documents the rights and obligations, incentives and 

disincentives regarding various contractual elements including pricing strategy, concession 

length, and debt-to-equity ratio (Klein 1998; Pretorius et al. 2008).  

Lenders usually emanate from the private sector. Commercial banks, institutional 

investors, and leasing companies are a few examples of private-sector lenders. 

Additionally, several multilateral institutions such as the Asian Development Bank, World 

Bank, and International Monetary Fund may occasionally become lenders. One or more 

lenders may be involved in funding a PFI project. Lenders fund a Project Company 

through a credit agreement, which specifies several financial features including debt 

amount, debt borrowing rate, debt drawdown schedule, and debt repayment schedule.  

Constructors are engineering construction companies. A construction company may be 

either a partner with, or a separate entity from, sponsors. One or more construction 

companies may engage in a PFI project as constructors. Using an engineering, 

procurement, and construction (EPC) contract, a Project Company obligates constructors 

to build a proposed PFI facility for a given profit level. Sometimes, constructors provide 

equity capital to the Project Company.  
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Operators are specialized companies who possess prudent industry experience in operating 

large infrastructure projects. Based on an operating and maintenance (O&M) contract, a 

Project Company empowers operators to collect revenues from users of PFI projects and 

to operate and maintain the built facility; in return, the Project Company pledges to furnish 

a specific profit to operators.  

Figure 2.1 sketches contractual relationships of key project stakeholders with a Project 

Company; it also outlines major contractual assignments of PFI project participants.  
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. 2.1 Contractual Relationships of Major Participants in a Typical PFI Project 

FI PROJECT FUNDING MECHANISMS 

tructure projects are capital intensive. Sponsors cannot arrange the mammoth PFI 

t capital from their limited resources; they seek external funding from lenders 

y through Project financing. Since the Project Company is a newly created business 

which does not hold any established credit for borrowing capital from lenders 
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(UNCITRAL 2004), sponsors exploit project financing. Project financing offers a number 

of benefits to sponsors including its ability to arrange adequate funds at a reasonable cost 

(Finnerty 1996). In contrast, lenders prefer to advance project financing, because PFI 

schemes are usually more profitable compared with commercial projects in other 

industries. 

For a particular economic unit, project financing refers to a funding mechanism, where 

lenders initially assess (Nevitt and Fabozzi 2000):  

(1) cash flows and earnings of that economic unit as the source for repaying debt; and  

(2) assets of the economic unit as collateral for debt.  

Therefore, an economic unit or, more specifically, source of funds and collateral of a 

project, are the concerns in project financing. However, the following four important 

features characterize PFI project financing: 

(1) nature and market value of collateral;  

(2) off-balance sheet treatment;  

(3) source of earning; and  

(4) availability of guarantees from sponsors.  

The implications of each of these important characteristics to PFI project financing are 

succinctly described herein.  

First, the nature of PFI project collaterals against borrowed capital differs from those of 

commercial projects in other industries. For example, project-specific assets such as toll 

roads, power plants, and water treatment plants act as collaterals for borrowed capital in 

PFI schemes. However, such collaterals possess little or no residual market value (Merna 

and Dubey 1998), because if a PFI project for any reason defaults, the worth of its 

unfinished establishments becomes virtually insignificant.  

Second, project financing to PFI schemes is rooted in off-balance sheet treatment, i.e., 

borrowed capital appears only on the balance sheet of a Project Company but not on the 
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balance sheets of individual companies of sponsors. Such off-balance sheet treatment 

facilitates sponsors in borrowing against a Project Company. The off-balance sheet 

arrangement of project financing to PFI schemes does not affect credit rating and 

borrowing capacity of individual companies of sponsors (Schaufelberger and Wipadapisut 

2003), which is a great advantage to sponsors in raising sufficient project funds. 

Third, since PFI project collaterals have little or no market values, and the Project 

Company arranges funding through off-balance sheet treatment, expected cash flows of a 

PFI project are the sole source of income. The role of anticipated cash flows is central in 

PFI project financing; it acts as the basis for analyzing sponsors’ capabilities of repaying 

borrowed capital.  

Fourth, considering the first three characteristics of project financing to PFI schemes, 

lenders usually prefer some guarantees from promoting companies that would insulate 

them from assets and activities of a Project Company. Depending on the availability of 

guarantees from individual companies of sponsors, two types of project financing 

mechanisms are common for funding PFI projects: 

(1) limited-recourse project financing; and  

(2) non-recourse project financing.  

In limited-recourse project financing, promoting companies provide some forms of 

guarantee against projected revenues of a PFI project, while in non-recourse project 

financing, no guarantees are available from promoting companies. However, most PFI 

projects are funded with as little recourse to guarantees as possible. In fact, PFI project 

financing invariably rests on less use of guarantees (Nevitt and Fabozzi 2000), which 

encourage sponsors to arrange necessary fund for such ventures.  

To raise PFI project funds through project financing, sponsors may deem different types of 

financial instruments, i.e., the assets that possess legal claim to future cash flows of a PFI 

project (Merna and Dubey 1998). Typical examples of financial instruments include 

equity, debt, and mezzanine financing. Equity represents the capital arranged by sponsors 

exploring their own resources without borrowing. Although equity capital establishes 

ownership interests of sponsors, it always holds the lowest place in the hierarchy of 
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repayment claim on expected cash flows of a PFI project (Merna and Dubey 1998). Debt 

capital denotes capital borrowed from lenders. Debt is senior to all other claims on project 

cash flows (Zhang 2005). Mezzanine finance holds an intermediate position between debt 

and equity, in regard to repayment claim. The repayment priority of mezzanine finance is 

higher than that of equity, but lower than that of debt. A Project Company may 

occasionally consider other types of financial instruments such as leasing, venture capital, 

and aid (Merna and Dubey 1998). However, most BOT-type PFI schemes exploit equity 

and debt as the financial instruments for collating project capital (Schaufelberger and 

Wipadapisut. 2003). 

Equity investors or, in the broader sense, sponsors are the main contributors in providing 

equity. Sponsors usually provide equity capital in the form of cash contribution; 

nevertheless, they may also collect equity capital through floating shares and bonds in 

capital markets if such markets are available and accessible. Sometimes, governments may 

contribute to raising equity capital. Equity capital enables sponsors to earn profit. At the 

same time, sponsors always remain concerned about their equity outlay because the 

repayment claim of equity on expected cash flows of PFI projects always resides at the 

lowest level of the hierarchy. In the case of project default, sponsors are the first victims of 

gaining no monetary benefits from a PFI project. Therefore, the cost of equity is usually 

higher than that of debt capital.  

For securing debt, sponsors may consider a myriad of financial institutions including 

commercial banks, insurance companies, institutional investors, pension funds, 

international financial institutions, export credit agencies, development agencies, and 

capital markets. As argued before, since debt repayment always holds the first priority, 

cost of debt is usually lower than cost of equity (Zhang 2005). However, borrowing 

excessive debt may expose sponsors to high chances of bankruptcy.  

Despite that fact–that many sources could facilitate arranging equity and debt – sponsors 

need to consider several important financial features in selecting appropriate sources of 

financial instruments. For example, existence of and accessibility to capital markets, in 

many instances restrict PFI project sponsors to employing shares and bonds for collating 

both equity and debt. On the other hand, commercial bank loans are common for debt 

funding (Aguayo 1998; Estache and Strong 2000). Compared with other financial 
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instruments such as bonds and shares, the flexibility of commercial bank loans encourages 

a Project Company to exploit their use, for at least the following three reasons at different 

stages of a PFI project.  

First, at the stage of drafting a credit agreement, commercial banks may consider a loan’s 

repayment pattern according to anticipated cash profile of a PFI project (such as deferring 

repayments for a specific time or arranging a large final ‘balloon’ repayment at later stages 

of a PFI project).  

Second, before maturity, commercial banks are more amenable in renegotiating their terms 

and conditions to adjust to changing needs and interest of a Project Company, provided a 

PFI project remains creditworthy (i.e., the project is proceeding according to its predefined 

plan; however, sensible business reasons may lead to necessary modifications).  

Third, in the event of default by a Project Company, commercial banks are even more 

responsive to restructuring repayment schedules so that operations may be continued and 

loans eventually will be repaid.  

2.3  UNCERTAINTIES IN PFI PROJECTS 

Uncertainties (i.e., variability in future outcomes) are unavoidable for PFI projects because 

of several reasons including multiparty involvement and prolonged project duration. The 

financial outcomes and overall success of PFI projects largely depend on the identification 

of sources of uncertainties and their treatment strategies. 

PFI projects experience different degrees of variability in expected outcomes owing to 

different sources of uncertainties and associated uncertainty drivers (i.e., the casual factors, 

which originate from a particular source and elicit variability in outcomes of PFI projects). 

For example, a difficulty in precise estimation of projected demand at the tendering stage 

of a PFI project is an uncertainty driver, which emanates from the source – market 

environment. Some common sources of uncertainties and related uncertainty drivers for 

PFI projects are as follows.  

Project-completion activities: Project-completion activities encompass both construction 

and operation activities from different dimensions including technical and operational 

perspectives. The uncertainty drivers emanating from project-completion activities are 

 21



cost overruns (both in construction and operation phases) and time overruns (in 

construction phase), to name but two. 

Market environment: The underlying market atmospheres of PFI projects frequently 

invoke uncertainties in the expected outcomes of projects. The uncertainty drivers allied 

with market surroundings include difficulties in precise estimation of demand, changes in 

demand.  

Investment climate: The investment climate of a host country engenders various financial 

and economic-related uncertainty drivers such as fluctuations in interest rate and foreign 

exchange rate. 

Government actions: Changes in political doctrine, changes in government regulations 

regarding PFI projects, sudden withdrawal of government support are a few examples of 

uncertainty drivers rooted in government actions. 

Unforeseen events: Different unanticipated events such as natural disasters (for example, 

drought, flood, earthquake), and anthropogenic calamities (for instance, strike, riot, war) 

are some uncertainty drivers related to unforeseen events.  

However, uncertainty drivers arising from the abovementioned sources are not equally 

manageable from the sponsors’ perspective. For example, uncertainty drivers originating 

from unforeseen events are beyond the control of sponsors, and even that of other PFI 

project participants including governments. Moreover, sponsors could hardly realize in 

advance, from their own management capacity, the impacts of uncertainty drivers 

emanating from government actions such as change in government regulations. On the 

other hand, sponsors can anticipate impacts of some uncertainty drivers in the realization 

of expected outcomes of PFI projects. Examples include uncertainty drivers originating 

from the sources market environment and project-completion activities. However, these 

uncertainty drivers impart different degrees of variability to expected outcomes of PFI 

projects. For instance, market-related uncertainty drivers instigate huge variability of 

financial outcomes of PFI projects. In fact, the uncertainty drivers originating from 

market-environment and project-completion activities are critical in the realization of 

expected financial outcomes of PFI projects. Therefore, considering managing capabilities 

of sponsors and degrees of influences of uncertainty drivers from different sources, this 
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PhD research acknowledges only two key sources of uncertainty: market environment and 

project-completion activities, and the associated uncertainty drivers for modeling 

concessionary items.  

The success of PFI projects is not only limited to the identification of sources of 

uncertainties, but it also exclusively hinges on strategies selected by decision makers for 

treating uncertainty drivers. Having identified market-environment and project-completion 

activities as predominant sources for producing uncertain financial outcomes of PFI 

projects, one may view uncertainty treatment strategy as a process of confronting impacts 

of selected uncertainty drivers in the realization of expected financial outcomes. Typically, 

sponsors may consider the following three types of uncertainty treatment strategies:  

(1) Hedging and insurance: Hedging and insurance might help a Project Company 

reduce the impacts of financially related uncertainty drivers on the realization of 

expected financial outcomes of PFI projects. A Project Company can hedge and 

insure the impacts of uncertainty drivers, especially those originating from 

investment climate, through financial markets, if such markets for PFI ventures 

exist in reality. However, they are normally costly since a Project Company has to 

pay insurance premiums and other transaction costs. Therefore, insurance and 

hedging eventually increase the cost of capital (Senbet and Triantis 1997).  

(2) Government support: To relieve the impact of uncertainty drivers, sponsors may 

seek various forms of government support. Examples of government support 

include different forms of guarantees such as equity guarantees, debt guarantees, 

exchange rate guarantees, minimum traffic guarantees, and revenue guarantees (Ye 

and Tiong 2000; Kumaraswamy and Zhang 2001). In some instances, governments 

may agree to purchase a specific amount of product or services provided by PFI 

projects. PFI projects within power and water sectors usually experience these 

forms of government support. At the extreme, governments may act as equity 

providers for PFI projects, especially for those nationally important PFI projects 

that are not viable from economic and commercial perspectives. For example, 

some toll-road projects in Mexico have benefited from such types of government 

support (Vazquez and Allen 2004). 
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(3) Self-financial support: Use of insurance and government support, in fact, are 

external mechanisms for tackling uncertainties in PFI projects. In contrast, 

sponsors may accommodate the effects of different uncertainty drivers on expected 

financial outcomes of PFI projects within their own management capability, 

provided they are able to endure it. Within the framework of self-financial support, 

sponsors acknowledge the impact of different uncertainty drivers, based on 

projected revenues and project funding mechanisms. 

The cost of obtaining insurance and hedging is often higher than that of government 

support. For a cost-effective solution, sponsors may not solely proceed to employ the 

benefits of insurance and hedging. Alternately, sponsors may opt for government support. 

In fact, for dealing with uncertainties, most PFI projects choose to seek government 

support to some extent. However, governments may not deem government support to be 

an effective uncertainty treatment strategy, especially when the issue of designing 

competitive contracts prevails. Sponsors will indeed gain competitive advantages from 

governments if they are able to formulate financial solutions without government support. 

This PhD research will accept these challenges. Considering self-financial support of 

sponsors, the dissertation will present innovative financial models for addressing 

procurement objectives of prospective sponsors.  

2.4  MAJOR ASSUMPTIONS FOR MODEL DEVELOPMENT 

Sponsors may pursue PFI projects considering a number of options, for example, using 

various sources of funding (such as loans, bonds, shares) from various participants (such 

as commercial banks, capital markets). However, as argued in the preceding sections, this 

PhD research considers the following major assumptions in the development of the 

proposed financial model for PFI projects:  

(1) Non-recourse project financing mechanism facilitates raising PFI project capital by 

sponsors.  

(2) The total project capital consists of debt and equity. 
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(3) Cash contributions from sponsors represent equity, while loans from commercial 

banks represent debt. This PhD research will not consider bonds and shares as 

sources of equity and debt in development of proposed financial models.  

(4) Uncertainty drivers emanating from two key sources cause variability in financial 

outcomes of PFI projects: market environment and project-completion activities.  

(5) Sponsors acknowledge their self-financial support for treating uncertainties 

involved in PFI projects.  

The later part of this dissertation will provide detailed assumptions regarding the 

formulation and development of proposed financial model.  

2.5  CHAPTER SUMMARY  

Since the principal study area of this PhD research is financial modeling of PFI projects, 

this chapter has provided some background knowledge on PFI schemes. It has been 

organized into four main sections:  

(1) major participants in PFI projects;  

(2) PFI project funding mechanisms;  

(3) uncertainties in PFI projects; and  

(4) major assumptions for model development.   

The first section started listing major participants in PFI projects and their functional 

definitions. The section also provided likely composition of key project stakeholders, PFI 

project structure, and major contractual assignments of main participants. 

The second section illustrated the underlying mechanisms for funding PFI projects. First, 

it depicted the reasons for exploiting project financing mechanisms to raise PFI project 

capital. Next, the section portrayed unique characteristics of project financing to PFI 

projects. The section also discussed different types and sources of financial instruments 

available for raising necessary capital of PFI projects.  

The third section, at its outset, introduced the basics of PFI project uncertainties. Then it 

presented various sources of uncertainties and related uncertainty drivers. Finally, it 

 25



discussed uncertainty treatment strategies, especially for addressing procurement 

objectives of prospective sponsors at the tendering stage of a PFI project.  

Revisiting the characteristics of PFI projects mentioned in the preceding three sections, the 

fourth section summarized the major assumptions in the development of the proposed 

financial model for PFI project, which will be portrayed in Chapter 4 of this dissertation. 
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CHAPTER 3 
 
 

LLIITTEERRAATTUURREE  RREEVVIIEEWW  

 
 
This chapter reviews literature from four broader spectrums related to the research study. 

The chapter begins with Section 3.1, which discusses different methods available for 

appraising investments in PFI projects. Section 3.2 presents the techniques for evaluating 

investments in PFI projects in the presence of uncertainties. Section 3.3 provides a critical 

review of the existing financial models related to PFI projects. Section 3.4 presents various 

optimization methods and assesses their suitability in addressing procurement objectives 

of prospective sponsors of PFI projects. Section 3.5 concludes the chapter.  

3.1   PFI PROJECT INVESTMENT APPRAISAL METHODS 

Investment appraisal methods systematically evaluate influences of investment elements 

(such as costs) to derive outcomes (such as profit) from an investment opportunity. 

Selection of an investment appraisal method depends on many factors, including type of 

project, underlying operating sector/industry, nature of the firm and, of course, size and 

analysis stage of a project (Akalu 2003). The available methods for appraising investments 

in PFI projects cluster into two broad categories. The first group focuses purely on 

financial and economic aspects. The rest relate to a multi-criteria approach such as the 

Kepner-Tregoe decision analysis (Zhang et al. 2002), and the best value source selection 

method (Akintoye et al. 2003). Since this PhD research aims at evaluating investments in 

PFI projects from the financial perspective, the following sections detail the investment 

appraisal methods that fall into the first category. 

3.1.1 Accounting Method 

The payback period and the average rate of return are the two well-known techniques of 

the accounting method. 

Payback Period Method 

The payback period method determines the amount of time needed to recover stipulated 
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investment costs through realization of annual cash inflows. The main purpose for using 

the payback period method is to assess liquidity of cash flows. The project with a payback 

period of less than a specified number of years is acceptable. The shorter the payback 

period, the more preferable is the project. McCowan (2004) employed the payback period 

method as one of the investment appraisal techniques for evaluation and ranking of 

investment opportunities to PFI projects. Despite the advantage that the payback period 

method is easy to use, it has two basic shortcomings. The payback period method ignores 

the ‘time value’ of cash flows. Moreover, it does not consider all future cash flows of a 

planning horizon; the payback period method ignores cash flows after the breakeven year 

(i.e., the year at which cost equals to benefit). Brealey et al. (2003) argued that the 

payback period method is, in effect, an ad hoc measure that often provides ridiculous 

conclusions to investment decisions. In reality, one should use the payback period method 

only as a preliminary measure, and employ it in combination with other investment 

appraisal methods, as illustrated in Chang and Chen (2001) and McCowan (2004).  

Average Rate of Return Method 

The average rate of return method determines the percentage of expected return from an 

investment opportunity. In doing so, it calculates ratio of yearly profit to yearly investment 

cost in a percentile form. The average rate of return method is sometimes also called 

return on investment (ROI) method or economic rate of return (ERR) method. Akalu 

(2001) argued that the average rate of return method has some specific limitations, 

including: (1) it does not consider the timing and pattern of cash flows; and (2) it has no 

established standards for deciding a project’s profitability.  

3.1.2 Discounted Cash Flow Analysis 

The investment appraisal methods rooted in discounted cash flow analysis consider time 

value of cash flows. The net present value method and the internal rate of return method 

are the two common techniques of discounted cash flow analysis. These two methods are 

described herein within the context of evaluating investments in PFI projects.  

Net Present Value Method 

The net present value method converts a future amount of money to its present value using 

a discount rate. The net difference between present value of future cash inflows and that of 
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future cash outflows defines the net present value (NPV). For a project to be feasible, the 

NPV of cash flows should be at least positive (i.e., either greater than or equal to zero). 

Higher values of NPV represent better investment prospects. Ranasinghe (1999), Javid and 

Seneviratne (2000), Shen et al. (2002), Lianyu and Tiong (2005), Shen and Wu (2005), 

and Wibowo and Kochendorfer (2005) employed the net present value method to appraise 

investments in PFI projects. The advantage of the net present value method is that it 

acknowledges the pattern and timing of cash flows (Akalu 2001). Moreover, it requires a 

lower level of data definition (McCowan 2004). In contrast, some researchers argued that 

the net present value method is unable to accommodate strategic options for resolving 

uncertainties that may arise in an investment opportunity. Nevertheless, the net present 

value method is still the preferred and the recommended method for financial and 

economic appraisal of a project (Brealey et al. 2003).  

Internal Rate of Return Method 

The internal rate of return method determines the discount rate or, in other words, internal 

rate of return (IRR) at which present value of costs, and that of benefits, becomes equal. A 

project is financially acceptable if the value of IRR is greater than a specified return. Ngee 

et al. (1997), and Kakimoto and Seneviratne (2000a) employed the internal rate of return 

method to assess financial performances of PFI projects. The internal rate of return 

method, however, may lead to multiple roots for unconventional cash flows (Akalu 2001). 

3.1.3 Real Options 

Real options originated from the financial option theory – the theory for valuation of a 

tradable share, which is exercisable in future dates in a financial stock market under 

different options. Over the last decade, researchers – for instance, Ford et al. (2002), and 

Garvin and Cheah (2004) attempted to explore the theoretical and practical aspects of real 

options in evaluating non-financial assets such as infrastructure projects. In doing so, they 

considered real options as a separate investment appraisal method. However, from a 

theoretical perspective, it is an extension of the net present value method. Trigeorgis 

(1996) claimed that the value of a project measured by real options is actually an expanded 

NPV; it consists of two components: the static (passive) NPV – obtained from discounting 

cash flows; and the strategic NPV – realized from adopting strategic options. Employing 
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real options, Ho and Liu (2002) developed a financial model to analyze the financial 

viability of a PFI scheme. 

One may use real options to deal with an investment situation, where an opportunity exists 

to consider strategically flexible options for tackling uncertainties. Trigeorgis (1996) 

stated that the essence of real options lies in its strength for addressing “management’s 

flexibility to adapt or revise later decisions, when as uncertainty is resolved, future events 

turn out differently from what management expect at the outset.” The real option 

framework is able to handle following managerially flexible options, whenever applicable: 

option to expand; option to contract; option to defer; option to switch; option to abandon; 

and option to learn (Benaroch 2001). 

However, prospective sponsors virtually do not possess the opportunity to consider any of 

the abovementioned strategic options in preparation of their financial proposals at the 

tendering stage of a PFI project. Prospective sponsors have to follow preset conditions of 

the governments, as indicated in a request for proposal or elsewhere. In fact, governments 

may explore different strategic options before floating tenders. Arndt (2000) claimed that 

governments are primarily responsible for determining local infrastructure plans and 

individual project schedules, based on their own strategies to fulfill the need of the public. 

The real option framework, therefore, might not be an ideal choice for evaluating 

investments in PFI projects (McCowan 2004) at the tendering stage. Sponsors may apply 

real options for valuation of different activities clustered into different components of a 

PFI project such as valuing flexible design strategies or procurement of material supply. 

However, one should take adequate caution before applying real options. Since real 

options is based on the ‘risk-neutral’ pricing criteria, underlying asset(s) should follow the 

principle of tradable portfolios of a capital market (Dixit and Pindyck 1994). The task is 

never easy, especially for valuing investments in PFI projects. Several assumptions 

regarding market volatility and interest rate, to name but two are necessary to align a PFI 

project investment opportunity with a capital market. However, too many assumptions 

may instigate a financial model that is oversimplified relative to its real-world application. 

Concerning infrastructure investment decisions, Cheah and Liu (2005) argued that real 

options still needs further exploration. 
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3.1.4 Adjusted Present Value Method 

The adjusted present value method is an extension of the discounted cash flow analysis. 

The adjusted present value method consists of two phases (Brealey et al. 2003), and needs 

separate calculations for cash inflows and cash outflows (Akalu 2003). To assess overall 

adjusted present value of a project, one has first to establish a base-case NPV. Then one 

should gradually add the present values of the financial side effects of accepting a project 

– such as interest tax-shield on debt, and issue costs for raising the required capital – to the 

base-case NPV. Wibowo (2005) demonstrated the application of the adjusted present 

value method in evaluation of investment in a PFI project. However, the use of the 

adjusted present value method is more sensible for financial accounting (as practiced by 

finance personnel) during the operational phases of a project, rather than at its investment 

planning stage (such as preparing a financial proposal at the tendering stage). 

3.1.5 Discussions 

The preceding sections identified different methods for appraising investments in PFI 

projects from the financial viewpoint. A large volume of literature has adopted discounted 

cash flow technique for appraising investments in PFI projects although a few of them 

sporadically employed other techniques such as real options and the adjusted present value 

method. Among various techniques of discounted cash flow analysis, most scholars made 

sole use of the net present value method, while a few of them utilized only the internal rate 

of return method. In addition, a few researchers such as Malini (1999), Chang and Chen 

(2001), Ye and Tiong (2003), and Bakatjan et al. (2003) made a combined application of 

both the net present value method and the internal rate of return method in appraising 

investments in PFI projects.  

Considering the theoretical domain, the preceding sections also succinctly discussed the 

scope of different investment appraisal methods. Since the purpose and stage of analysis 

largely guide the selection of an appropriate investment appraisal method, one has to 

understand concerned strengths and weaknesses of each method, as illustrated in Table 

3.1.  
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Table 3.1 Comparison of Investment Appraisal Methods  

 Payback
Period  
Method 

 Average Rate 
of Return 
Method 

Net Present Value 
Method 

Internal Rate of 
Return Method 

Real Options  Adjusted Present 
Value Method 

Advantages 

- Easy to use - Easy to use - Considers time 
value of money  

- Requires low level 
of input definition 

- Considers time 
value of money  

- Requires low 
level of input 
definition 

- Accounts 
managerial 
flexible options 

- Provides micro 
level financial 
decisions 

- Furnishes side-
effects of financing 
decisions 

Disadvantages

- Ignores time 
value of 
future cash 
flows 

- Does not 
consider 
cash flows 
after 
breakeven 
year 

- Disregards 
pattern and 
timing of cash 
flows 

- Does not 
clearly define  
project 
profitability  

- Ignores managerial 
flexible options  

- Ignores 
managerial 
flexible options  

- May provide 
multiple roots 
for irregular 
cash flows 

- Needs too many 
assumptions for 
non-financial 
assets 

- Limited in 
scope, 
applicable only 
where 
managerial 
flexibility exists 

- May not be suitable 
for macro/meso 
level financial 
planning 
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Referring to Table 3.1 it is clear that not all investment appraisal methods are equally 

justified for evaluation of investments in PFI projects at the tendering stage. For example, 

determining the ideal values of concessionary items at the tendering stage is a macro level 

investment planning. Use of the adjusted present value method, therefore, may not be 

suitable at this stage. Sponsors may consider the adjusted present value method for 

assessing detailed side effects of financing strategy at the later stages of a PFI project. On 

the other hand, before submitting tender proposals, prospective sponsors rarely have scope 

to exercise managerially flexible options to treat uncertainties. Consequently, the use of 

real options at this stage becomes trivial. The accounting methods alone are too simple to 

provide concrete decisions on profitability of a PFI project. Therefore, the remaining 

choice is discounted cash flow analysis. Moreover, as stated before, discounted cash flow 

analysis works well with reduced requirement of data, which is an important consideration 

at the tendering stage. This PhD research, therefore, will consider discounted cash flow 

technique for appraising investments in PFI projects at the tendering stage.  

Chapter 4 will demonstrate the use of discounted cash flow technique (in particular, the 

combined application of the net present value method and the internal rate of return 

method) for developing a financial model that is capable of evaluating investments in PFI 

projects at the tendering stage. The proposed financial model will then act as a backbone 

for determining the optimized values of concessionary items, as will be portrayed in 

subsequent Chapters of 5, 6, and 7.  

3.2   TECHNIQUES FOR EVALUATING PFI PROJECT INVESTMENT IN THE 
PRESENCE OF UNCERTAINTIES 

The decision-making techniques for evaluating investments in PFI projects in the presence 

of uncertainties follow two broad categories: (1) probabilistic approaches, and (2) fuzzy 

set theory. The following sections provide a separate discussion of each group.   

3.2.1 Probabilistic Approaches 

The principle of probabilistic approaches is to address the likelihood and impact of an 

occurrence of an even on the expected outcome(s). Probabilistic approaches express 

uncertainties of variables through probability density functions (PDFs). A probabilistic 
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approach is also known as a statistical uncertainty method (Pedrycz 1998) since it utilizes 

the statistical moments (such as mean, variance) of variables to represent uncertainties. 

Probabilistic approaches use probability distributions to describe random variability in 

variables. Based on mathematical model, these distributions then propagate to output 

variables through statistical sampling algorithms (Li et al. 2005). Analytical method and 

simulation are the two distinct groups of probabilistic approaches. The following sections 

describe their applications to PFI schemes. 

Analytical Method  

The analytical method determines probable outcomes of a system using probability theory. 

It establishes statistical relationships of risk variables in a mathematical form. Using the 

analytical method, Russell and Ranasinghe (1992), and Kakimoto and Seneviratne (2000b) 

developed financial models to analyze investment opportunities to PFI projects captured 

by uncertainties. Abdel Aziz (2000) also developed an analytical model, but with the 

higher order of statistical moments of a PDF. The analytical four-moment framework 

proposed by Abdel Aziz (2000) considered statistical distribution of random variables 

using the Taylor series. The first two moments denoted mean and variance, while the last 

two moments represented skewness and kurtosis of the PDF of an input variable. Although 

the analytical method is mathematically rigorous, its application to practice is limited; it 

needs advanced knowledge of probability theory to estimate statistical moments.   

Simulation  

Simulation is another important branch of probabilistic approaches, yet is based on 

random sampling technique. The following sections discuss the use of two sampling-based 

probabilistic approaches – Monte Carlo simulation and Latin Hypercube simulation – in 

evaluation of investments in PFI projects in the presence of uncertainties. 

Monte Carlo simulation replicates real-world situations. Two important steps of 

conducting Monte Carlo simulation are: (1) defining individual frequency distribution of 

each contributing risk variable; and (2) running a large number of iterations based on 

mathematical description of the reference problem. After completing these two important 

steps, a Monte Carlo simulation provides expected ranges of outcomes including 

corresponding PDFs and statistical moments. Malini (1999), Javid and Seneviratne (2000), 

Kakimoto and Seneviratne (2000a), Logan (2003), Ye and Tiong (2003), Lianyu and 
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Tiong (2005), Shen and Wu (2005), and Zhang (2005) all employed Monte Carlo 

simulation for evaluating investments in PFI projects in the presence of uncertainties. 

Researchers preferred Monte Carlo simulation owing mainly to availability of off-the-

shelf computing facilities. Moreover, simulation is capable of solving large-scale and 

complex problems (Wibowo and Kochendorfer 2005). 

Latin Hypercube simulation is also a random sampling technique. However, compared 

with Monte Carlo simulation, it provides an improved computational efficiency. Latin 

Hypercube simulation divides the possible range of an input variable into a number of 

ordered segments. Then, for each variable, it samples only once from the corresponding 

segment. Wibowo and Kochendorfer (2005) demonstrated the application of Latin 

Hypercube simulation for analyzing the financial outcomes of a PFI project in the 

presence of uncertainties.  

3.2.2 Fuzzy Set Theory 

Lotfi Zadeh in 1965 first introduced fuzzy set theory through his seminal paper ‘Fuzzy 

Sets.’ Fuzzy set theory differs completely from probabilistic approaches to dealing with 

uncertainties. Fuzzy set theory acknowledges uncertainty resulting from imprecision and 

vagueness (Klir and Yuan 1995; DuBois and Prade 2000). The use of fuzzy set theory in 

financial and economic analysis of a project, in general, is explored by Chiu and Park 

(1994), Kuchta (2001), and Kahramann et al. (2002), to name but a few. However, the 

literature review revealed that only a few applications of fuzzy set theory to evaluation of 

investments in PFI projects such as Mohamed and McCowan (2001), Chiang et al. (2005), 

and Ng et al. (2007b).  

Compared with probabilistic approaches, the primary advantage of fuzzy set theory is that 

it works well on a smaller data set. Moreover, fuzzy set theory is competent to align 

human judgment, especially that resulting from imprecision. Information is imprecise 

when the value of a referred variable cannot be completely determined within the given 

universe of discourse (Tettamanzi and Tomassini 2001). Imprecision is easier to get from 

management than is accurate estimation (Kachani and Langella 2005). In addition, Wirba 

et al. (1996) and Mohamed and McCowan (2001) argued that fuzzy set theory is 

computationally efficient, and effective for evaluating investments in PFI projects in the 
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presence of uncertainties. However, it is unwise to use fuzzy set theory if adequate data 

are available.  

3.2.3 Discussions 

The preceding sections evinced that most researchers employed probabilistic approaches 

(mainly, simulation), while a few researchers utilized fuzzy set theory to evaluate 

investments in PFI projects in the presence of uncertainties. Table 3.2 compares the cited 

two broad categories of PFI investment decision-making techniques in the presence of 

uncertainties. 

 
Table 3.2 Comparison of Probabilistic Approaches and Fuzzy Set Theory  

 Probabilistic approaches Fuzzy set theory 

Advantages 

- Easy to implement, especially 
with modern computing 
facilities 

- Capable of solving large scale 
and complex problems 

- Works well with lower 
requirement of data definition 

- More representative to align 
human judgment 

Disadvantages 

- Statistical knowledge is a 
priority; sometimes advanced 
level of knowledge is required, 
especially to use analytical 
method 

- Needs well-defined boundary of 
data envelope 

- May provide misleading 
precision for lower level of data 
definition 

- Requires exact information of 
statistical moments  

- Adds little or no value when 
precise information is available 

 

As detailed in Table 3.2, probabilistic approaches and fuzzy set theory have some specific 

advantages and disadvantages. The application of probabilistic approaches, particularly in 

the context of analyzing investments in PFI projects at the tendering stage, has both 

theoretical and practical limitations. Probabilistic approaches are rooted in probability 

theory. However, two vital assumptions – randomness and repeatability – essentially 

characterize probability theory.  
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Randomness arises from counting the odds in games of chance, where each event is 

independent (Pender 2001). In reality, the expected financial outcomes of a PFI project are 

not random; rather they are the results of consciously planned human interactions for 

dealing with uncertainty. Williams (1993) also argued that making decisions considering 

real-risk situations does not depend on chance, but rather relates closely to the knowledge 

of things. The assumption of ‘randomness’ of probability theory, therefore, does not hold 

for evaluating investments in PFI projects in the presence of uncertainties. Consequently, 

the use of probabilistic approaches without meeting the axiomatic basis of probability 

theory may add little or no value from the theoretical perspective.  

Moreover, repeatability or, in other words, ‘frequency’ of occurring events is a major 

concern in defining probability. One can measure frequencies through counting the 

number of similar occurrences from a finite number of experiments carried out within a 

stationary environment (Pedrycz 1998). Hence, ‘repeated occurrence’ of an event is 

central in probability theory. However, PFI projects are highly fragmented. Unlike 

projects from the manufacturing industries that involve repetitive operations in a 

systematic manner, a PFI project is virtually a one-off process. The characteristics of PFI 

projects are usually not replicable owing to unique investment climate of a host country, 

financing structure, and prolonged project duration. Therefore, the ‘repeatability’ 

assumption of probability theory is not valid for evaluating investments in PFI projects. 

Mak (1995) also argued that the normative theories of probability are not applicable to 

construction projects. 

Most importantly, perceived scarcity of data at the tendering stage of a PFI project limits 

the use of probabilistic approaches for evaluating investments in PFI projects. To employ 

probabilistic approaches, one has to construct frequency histograms of each contributing 

variable. Defining exact shapes of PDFs needs adequate data, which are seldom available 

at the tendering stage of a PFI project. The main reasons for data unavailability at this 

stage include confidential/inaccessible sources and heterogeneous investment climate, to 

name but two. Facing the hurdle of having adequate data available, decision makers often 

have to employ subjective interpretation or expert judgment in assessing statistical 

moments (such as mean, standard deviation) of a PDF. Therefore, the use of probabilistic 

approaches for evaluating the financial outcomes of a PFI project especially at its 
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tendering stage may provide results leading to deceptive investment decisions in the 

presence of uncertainties.  

Considering the nature of the PFI investment decision-making process (which is non-

random), project characteristics (which are non-repeatable), and data availability (which is 

inadequate), fuzzy set theory is commendable for analysis of investment opportunities to 

PFI projects at the tendering stage. Moreover, as stated in Section 3.2.2, it has also some 

computational advantages for evaluating investments in PFI projects. 

Chapter 4 will provide a detailed discussion of the fundamentals of fuzzy set theory, and 

its working mechanisms to address uncertainties in evaluation of investments in PFI 

projects. 

3.3   FINANCIAL MODELS FOR EVALUATING PFI PROJECT INVESTMENT  

Following discussion of (1) different methods for appraising PFI investment opportunities 

in Section 3.1, and (2) decision-making techniques for evaluating investments in PFI 

projects incorporating uncertainties in Section 3.2, this section reviews existing financial 

models for PFI projects, as reported in the literature. These models may be grouped into 

four generic categories: (1) modeling concession length; (2) modeling toll/tariff; (3) 

modeling debt-to-equity ratio; and (4) other modeling concerns. However, the discussion 

will cover a further insight of the models. It will focus on: (1) the intention of a model (i.e., 

what does the model aim to achieve?); (2) the perspectives of a model (i.e., what are the 

different financial viewpoints of key project stakeholders does the model address?); (3) the 

operationalization aspects of a model (i.e., what financial performance measures does the 

model adopt?); and (4) the mode of problem solving (i.e., whether the model follows 

either an analysis or a design approach?).  

3.3.1 Modeling Concession Length  

Shen et al. (2002) attempted to unearth a suitable range of concession lengths that would 

satisfy the interests both of sponsors and of governments. To investigate the proposition, 

they devised two separate financial performance measures considering the economic life 

of a PFI project. The authors introduced a new performance measure called government 

NPV. The government NPV represented the NPV of cash flows over the government 
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operation period. The government operation period refers to the duration, which follows 

the concession period until maturity of the economic life of a PFI project. Shen et al. 

(2002) argued that governments do not want to face financial losses over the government 

operation period; in other words, they always expect a positive NPV that should be, at 

least, greater than or equal to zero. Using deterministic estimates of financial and 

economic elements of a PFI project, they compared simulated results against different 

concession lengths. To suggest a specific range of concession length, they considered that 

the NPV at a particular concession period should be greater than sponsors’ stipulated 

return; yet lower than government NPV.    

Shen and Wu (2005) continued the work of Shen et al. (2002) to find a suitable range of 

concession length of a PFI scheme. Shen and Wu (2005) extended the deterministic 

financial model of Shen et al. (2002) into a stochastic framework to account for 

uncertainty in estimation of financial and economic elements. Accordingly, instead of 

using deterministic NPV, they employed NPV profile (i.e., probability density functions of 

NPV at different confidence levels). Shen and Wu (2005) demonstrated that an agreeable 

concession interval was possible, albeit sponsors and governments (governments) might 

impose various confidence levels from their own perspectives.  

Zhang and AbouRizk (2006) also developed a financial model to obtain an acceptable 

range of concession length both from sponsors’ and from governments’ perspectives. 

Using simulated results, they identified the concession interval in such a way that NPV of 

revenues, for a particular operation period, falls within the NPV of total project 

development costs required by sponsors and the NPV acceptable to governments.  

Most recently, Ng et al. (2007a) provided another financial model to propose a particular 

concession period. For simulating the concession period, they considered an array of 

deterministic parameters (such as construction period, toll/tariff regime) as well uncertain 

parameters (such as cost, operation revenue) in their model. Using the developed model, 

the authors then generated a number of financial scenarios based on three different criteria: 

(1) minimum IRR; (2) expected IRR; and (3) maximum IRR. Analyzing simulation 

results, the authors advocated for a particular concession period that would provide a 

reasonable, but not excessive, return to sponsors, without compromising governments’ 

interests in owning the built facility at their convenience.  
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3.3.2 Modeling Tariff/Toll 

Lianyu and Tiong (2005) developed a financial model to derive possible lowest tariff that 

sponsors can consider for investing in a PFI scheme. Using a BOT water supply project 

from Malaysia, they generated financial scenarios of minimum feasible tariff under 

different risk allocation strategies (such as inflation rate, exchange rate fluctuation, and 

demand). The authors evaluated simulation outputs against a financial performance 

measure called tariff-at-risk. A particular tariff at a specific confidence level defined the 

tariff-at-risk, which causes NPV-at-risk to zero.  

Wibowo and Kochendorfer (2005) developed a financial model to propose and analyze 

financial scenarios, based on: (1) delay in toll adjustment; (2) new regulation on toll 

adjustment; and (3) transfer of land acquisition. The authors utilized mean NPV and 

percentile NPV to study these effects. Using a case study of a toll-road project located in 

Indonesia, they produced different financial scenarios using simulation. The main purpose 

was to investigate the effect of different toll adjustment mechanism on the financial 

outcomes of a PFI scheme. The authors concluded that toll structure (base toll and toll 

adjustment mechanism) largely influenced the financial outcomes of the cited PFI project. 

3.3.3 Modeling Debt-to-Equity Ratio 

Dias and Ioannou (1995) formulated an analytical model to determine debt capacity of 

sponsors that would maximize expected return on equity investment. Considering 

stochastic financial elements, the authors obtained value of debt and equity by using the 

market equilibrium approach of the capital asset pricing method (CAPM). Dias and 

Ioannou (1995) demonstrated that sponsors should borrow within a certain limit, because 

beyond that limit their return might start to decline.  

Ho and Liu (2002) developed a financial model for valuation of sponsors’ equity 

contribution to a PFI project. Based on real options, the authors constructed a two-step 

reverse binomial pyramid for valuing the equity capital. Utilizing the model, they also 

analyzed the influences of debt guarantees that government might provide as well as other 

rescue options; the authors evaluated all these options in terms of equity value.  
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Bakatjan et al. (2003) proposed a financial model employing linear programming (LP) 

technique. The purpose was to determine an optimal debt-to-equity ratio that would 

maximize equity holders’ return on investment. To assess this, the authors considered 

internal rate of return on equity capital. Using point estimates of all investment elements 

of a BOT hydroelectric power plant project located in Turkey, they also demonstrated the 

effect of equity level on total project cost, equity NPV, equity IRR, and debt-service 

coverage ratio.  

Logan (2003) investigated the role of debt-to-equity ratio on weighted average cost of 

capital. Analyzing the results from a simulation-based financial model, he identified an 

equity level that minimized the weighted-average cost of capital. The author also 

demonstrated how debt-to-equity ratio might vary with contractual features, especially 

with government guarantees provided for a PFI toll-road project.  

More recently, Zhang (2005) devised a simulation optimization framework to determine 

optimal capital structure. He advocated that the capital structure of a PFI project should 

comprise sponsors’ self-financing part of construction costs, provided governments co-

finance the project. Zhang (2005) opted for an optimal equity ratio that would maximize 

internal rate of return on equity capital. The author suggested that one might employ: (1) 

simulation for generating stochastic financial scenarios regarding construction and 

economic risks; and (2) iterative procedures incorporating simulation results, for obtaining 

optimal equity level.  

3.3.4 Modeling Other Concerns 

Ngee et al. (1997) attempted to determine sponsors’ financial return in terms of IRR. They 

constructed their financial model using multiple linear regression technique. The authors 

demonstrated that pricing structure (particularly base tariff), and concession length of a 

PFI project significantly affected sponsors’ financial return. 

Malini (1999) developed a financial model to analyze financial scenarios based on 

different combination of base toll, concession length, toll growth rate, and government 

grant. To evaluate different scenarios, the author made the use of simulation outputs – 

mean NPV and mean IRR. A notable contribution of Malini’s (1999) work was to provide 

the concept of cash flow adequacy in analyzing likely financial outcomes from sponsors’ 
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viewpoints. Using an example of a PFI toll bridge located in India, Malini (1999) argued 

that parallel to profitability, positive cash balance at the end of each year of the operation 

period is equally important from prospective sponsors’ perspectives. The lack of cash flow 

adequacy may invoke many undesirable financial consequences to sponsors such as facing 

difficulties in debt servicing and even in refinancing during the operation period of a PFI 

project.  

Javid and Seneviratne (2000) developed a financial model for evaluating cash flow 

uncertainties on feasibility of a BOT project from sponsors’ viewpoints. In doing so, the 

authors considered investment risk as the probability of NPV being less than the target 

value of minimum attractive rate of return. Using a case study of an airport-parking 

infrastructure located in Canada, the authors also demonstrated their model's capabilities 

of examining the effects of uncertainties in the increase of parking charges. 

Kakimoto and Seneviratne (2000a) developed a financial model to study the impact of 

uncertainty on investment opportunity to a PFI project from sponsors’ perspective. Instead 

of using NPV statistics, they considered stochastic IRR, and defined the investment risk as 

a probability of IRR being lower than the minimum attractive rate of return. The authors 

also hinged their model on simulation output in the form of scenario analysis. They 

therefore proposed a ‘risk elasticity’ index to evaluate the degree of sensitivity of financial 

performance measures to a given combination of traffic volume, traffic growth rate, 

capital cost, and inflation rate.  

Chang and Chen (2001) portrayed a financial model, previously employed by 

governments (The Bureau of Taiwan High Speed Rail), to evaluate financial proposals 

submitted by bidders. The deterministic financial model enables governments to produce 

different financial performance measures including payback period, and debt-service 

coverage ratio under different combinations of discount rate, debt-to-equity ratio, and 

royalty. In addition, the model also considered a performance measure, called ‘self-

financing ratio’, to assess the maximum percentage of construction costs that sponsors 

could afford without government financial support.  
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3.3.5 Discussions 

Observations on Existing Financial Models 

As summarized in Table 3.3, previous works on financial modeling of investments in PFI 

projects largely fall into three distinct categories. Researchers recognized the importance 

of (1) tariff/toll, (2) concession length, and (3) debt-to-equity ratio in realization of the 

financial outcomes of a PFI project, and formulated their models accordingly. Lianyu and 

Tiong (2005), and Wibowo and Kochendorfer (2005) considered tariff/toll as a key 

element for analyzing financial outcomes of PFI schemes. Shen et al. (2002), Shen and 

Wu (2005), Zhang and AbouRizk (2006), and Ng et al. (2007a,b) attempted to obtain 

concession length, which largely affects the financial outcomes of a PFI project. Dias and 

Ioannou (1995), Ho and Liu (2002), Bakatjan et al. (2003), Logan (2003), and Zhang 

(2005) quantified equity/debt capital, and assessed their influences on financial outcomes 

of PFI schemes. In addition, some researchers, for example Ngee et al. (1997) and Malini 

(1999), investigated the combined influences of tariff/toll and concession length in 

analyzing profitability of PFI schemes. 
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Table 3.3 Comparison of Existing Financial Models 

Authors 
Financial 

Performance 
Measures 

Key Elements Perspectives Remarks 

Modeling Concession Length 

Shen et al. (2002) NPV Concession length 
Sponsors 

and 
Governments 

Pricing strategy was 
implicitly included, effect 
of debt-to-equity ratio 
was not considered 

Shen and Wu 
(2005) NPV profile Concession length 

Sponsors 
and 

Governments 

Pricing strategy was 
implicitly included, effect 
of debt-to-equity ratio 
was not considered 

Zhang and 
Abourizk (2006) NPV  Concession length 

Sponsors 
and 

Governments 

Pricing strategy was 
implicitly included, effect 
of debt-to-equity ratio 
was not considered 

Ng et al. (2007a) IRR Concession length 
Sponsors 

and 
Governments 

Pricing strategy was 
implicitly included, effect 
of debt-to-equity ratio 
was not considered 

Modeling Tariff/Toll 

Lianyu and Tiong 
(2005) Tariff- at- risk Inflation risks, exchange risks, 

demand risks Sponsors 

Effect of concession 
length and debt-to-equity 
ratio was implicitly 
modeled 

Wibowo and 
Kochendorfer 
(2005) 

Mean NPV and 
percentile NPV 

Delay in toll adjustment, new 
regulation on toll adjustment, 

transfer of land acquisition 

Sponsors 
and 

Lenders 

Effect of concession 
length and debt-to-equity 
ratio was implicitly 
modeled 

Modeling Debt-to-Equity Ratio 

Dias and Ioannou 
(1995) 

Expected return on 
Equity Investment, 

E[ROE];Project 
NPV 

Bankruptcy cost, tax rate Equity 
Pricing and concession 
length was not elected as 
decision variables 

Ho and Liu 
(2002) Equity value Construction cost,  net operating 

cash flow 

Sponsors 
and 

governments 

Pricing and concession 
length was not elected as 
decision variables 

Bakatjan et al. 
(2003) 

Equity IRR, Equity 
NPV, DSCR Equity ratio Sponsors 

Pricing and concession 
length was implicitly 
considered 

Logan (2003) 
Weighted average 

cost of capital, 
WACC 

Probability of bankruptcy,  
probability of political risks, 
probability of insurance rate 

Sponsors 
Limited to empirical 
analysis 
 

Zhang (2005) IRRE, DSCR, 
LLCR, NPV, SFA Equity Sponsors 

Pricing and concession 
length was implicitly 
considered 

Other Modeling Concerns 
Ngee et al. 
(1997) IRR Base tariff, concession length Sponsors Effect of debt-to-equity 

ratio was not modeled 

Malini (1999) Mean NPV, Mean 
IRR, Payback Period 

Base toll, concession length, toll 
growth rate, government grant Sponsors 

Effect of debt-to-equity 
ratio was implicitly 
considered 

Javid and 
Seneviratne 
(2000) 

Standard deviation 
of NPV 

 

Parking charges, parking demand, 
parking duration, consumer price 
index, interest rates, total project 

cost 

Sponsors Effect of debt-to-equity 
ratio was not modeled 

Kakimoto and 
Seneviratne 
(2000a) 

Standard deviation 
of IRR 

Traffic volume, traffic growth rate, 
capital cost, inflation rate Sponsors Effect of debt -to-equity 

ratio was not modeled 

Chang and Chen 
(2001) 

Self-financing ratio, 
Payback period, 

Debt coverage ratio 

Debt-to-equity ratio, discount rate, 
royalty Governments 

Effect of debt-to-equity 
ratio was implicitly 
considered 
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In fact, finding a desired level of profit from sponsors’ perspectives was the focus for most 

financial models. Only a few models, as such in Chang and Chen (2001), tailored to meet 

the specific need of the government. A smaller number of financial models addressed 

financial/economic interests both of sponsors and of governments (Ho and Liu 2002; Shen 

et al. 2002; Shen and Wu 2005; Zhang and AbouRizk 2006; and Ng et al. 2007). Wibowo 

and Kochendorfer (2005) explicitly analyzed financial interests of sponsors and lenders. 

Consequently, previously developed models adopted a diverse range of financial 

performance measures. The financial performance measures differed largely owing to: (1) 

type of investment analysis method considered in the model; (2) need for incorporating 

uncertainties into a model; and (3) perspectives of key project stakeholders that the model 

deals with. For instance, to address sponsors’ profitability, researchers frequently 

considered return on equity capital measured through either NPV or IRR. To assess 

governments’ monetary benefits, researchers relied on government NPV. To represent 

lenders’ financial interests, researchers commonly used debt-service coverage ratio. On 

the other hand, to accommodate uncertainties, they occasionally introduced uncertainty-

reflecting performance measures such as NPV profile, IRR profile, and Tariff-at-risks. 

Another interesting observation is the mode of problem solving. Almost all the models 

aimed to analyze financial outcomes of investments in PFI projects. Irrespective of 

whether a particular model needs either to consider a deterministic environment or to 

endorse uncertainties, researchers adopted simulation to facilitate analysis. In their 

problem- solving approaches, researchers first attempted to generate a finite number of 

scenarios based on mathematical formulation of a problem. Then they opted for a 

particular scenario according to the developed criteria (i.e., selected performance 

measures).  

Shortcomings of Existing Financial Models 
 
Researchers made significant efforts in individual modeling of: (1) tariff/toll; (2) 

concession length; (3) debt-to-equity ratio; and (4) to some extent, a combination of 

tariff/toll and concession length. However, none of them endeavored to model all these 

three concessionary items together. Determining the values of tariff/toll, concession length, 

and debt-to-equity ratio in an integrated fashion is very important to some specific cases, 
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especially when decision makers are looking to address conflicting interests of sponsors, 

governments, and lenders to maximize or minimize specific goal(s).  

To meet this challenging task, a proper solution approach is essential, which in turn 

depends on selection of an appropriate model. A model may follow two distinct horizons: 

descriptive model and prescriptive model. A descriptive model (such as simulation) assists 

analysis, while a prescriptive model (such as optimization) facilitates design. The primary 

difference between a descriptive model and a prescriptive model is that the former 

describes what would happen if someone were to follow a course of action, while the latter 

prescribes a best course of action that one should follow (ReVelle et al. 2004). 

The descriptive model such as simulation replicates real-world situations, and is more 

sensitive to input data. Render et al. (2006) argued that simulation could produce different 

solutions in successive runs. Simulation hardly enables decision makers to choose the right 

scenario that would yield the best outcome. The difficulties arise from variability, and 

from errors involved in human judgment. The human capability for information 

processing is limited, and would frequently preclude making optimal decision (Pender 

2001). Moreover, from practical considerations, descriptive models such as simulation 

may often reduce efficiency in interpreting outcomes, as they involve many resources 

including time and money. In contrast, using prescriptive models such as optimization, one 

can simply design to obtain the best solution from a reference problem. ReVelle et al. 

(2004) also argued that optimization would surmount human difficulties of deriving the 

best strategy from the universe.  

Many researchers such as Luenberger (1998), and Zopounidis and Doumpos (2000) 

stressed the need for formulating an investment decision problem as an optimization 

problem. Luenberger (1998) stated that investment decision and optimization approach run 

in parallel. The author further argued that among many advantages of approaching an 

optimization technique, the significant reason is its capability of obtaining the most 

favorable outcome from a financial analysis towards an investment decision. In fact, a 

prescriptive model such as optimization would be most suitable when decision makers are 

looking to obtain the best value of an objective function that would encompass several 

physical restrictions, similar to the proposed optimization problems in this dissertation, as 

will be illustrated in Chapter 5, 6, and 7. 
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The next section explores the potential of various optimization techniques in addressing 

procurement objectives of prospective sponsors of PFI projects.  

3.4   OPTIMIZATION TECHNIQUES  

3.4.1 Preliminary 

An optimization problem relates to either maximizing or minimizing the value of a given 

mathematical function (objective function) while satisfying one or more other 

mathematical function(s) representing restriction(s) (constraints). A generic mathematical 

representation of an optimization problem appears as follows:  

Maximize or Minimize (x) f  (3.1)

 
subject to 

 
( ) Jjxg j ...,,2,10 =≥   (3.2)
 
( ) Kkxhk ...,,2,10 ==   (3.3)
 

( ) ( ) Nnxxx U
nn

L
n ...,,2,1=≤≤   (3.4)

where x  is a solution vector to the optimization problem containing n decision variables 

such that x = (x1, x2, ….,xn)T. The decision variables are the quantities that characterize 

the objective function (Eq. 3.1), yet the values of which are unknown. The decision 

variables are usually constrained by the variable bounds, restricting each decision variable 

xn to take a value between a lower bound ( )L ( )U

⊆

⊆ ⊆

nx and an upper bound  (Eq. 3.4). These 

lower and upper bounds of decision variables define the decision variables’ search space 

or in short, decision space D. J numbers of inequality constraints (Eq. 3.2) and K numbers 

of equality constraints (Eq. 3.3) characterize the above problem. Any solution (a set of 

values of decision variables) meeting all these constraints and variable bounds is a feasible 

solution. Within the decision space, it is possible to determine the complete set of feasible 

solutions S, such that S becomes a subset of D, i.e., S D. Within the set of feasible 

solutions S, the optimal solution O

nx

*, is the best solution that results in maximized or 

minimized value of the objective function (depending on problem formulation), for which 

it holds O*  S D. 
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According to the numerical values of decision variables, one can define the 

abovementioned problem [Eqs. (3.1)-(3.4)] as a continuous; an integer; or a discrete; or 

even a mixed continuous-integer or a mixed continuous-discrete optimization problem. If 

all the decision variables are a set of real numbers, the previously mentioned problem is a 

continuous optimization problem. In contrast, if all the decision variables are either a 

complete set of integers or a complete set of discrete variables, then the aforementioned 

problem turns into an integer or discrete optimization problem, respectively. A discrete 

optimization problem is also termed a combinatorial optimization problem. The latter 

definition suggests that a combinatorial optimization problem searches to find an optimal 

arrangement, grouping, ordering, or selection of discrete objects (Pham and Karaboga 

2004). The mixed continuous-integer or mixed continuous-discrete optimization problem 

contains decision variables where some variables are continuous variables, while the rests 

are integer or discrete continuous variables. The last two types of optimization problems in 

a common frame is termed a mixed optimization problem. 

The following section outlines different optimization techniques. Rather than detailing 

working procedures, the focus of discussion is to portray the idea behind each approach 

with its relative advantages and disadvantages. The purpose is to examine their suitability 

in determining the values of concessionary items of a PFI scheme. The following sections 

also provide example applications of different optimization techniques to PFI projects and 

other investment optimization problems – which all deal with the monetary aspects of a 

PFI project through realization of project cash flows. 

3.4.2 Mathematical Programming 

Mathematical programming techniques are the exact method for solving an optimization 

problem. Linear programming and nonlinear programming are the two broad categories of 

mathematical programming, based on the mathematical relationships of objective function 

and constraints with associated quantities.  

Linear Programming 

Linear programming is the most ancient mathematical programming method for solving an 

optimization problem. Dated back about a half-century ago, it appeared as the brainchild 

of George B. Dantzig around 1947 (Bazaraa et al. 2004). A linear programming-based 
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optimization model considers all the mathematical functions (constraints and objective 

function) to hold linear relationships with the associated quantities. Revisiting Eqs. (3.1)-

(3.4), the mathematical representation of a linear programming is as follows: 

 
Maximize nn2211 xcxcxcz +++= L   (3.5)

 
subject to  

 
1n1112111 bxaxaxa ≤+++ nL   (3.6)

 
2n2122121 bxaxaxa ≤+++ nL   (3.7)

 
M   

 
mnm1m21m1 bxaxaxa ≤+++ nL   (3.8)

 
N...,2,1,n0x n =≥   (3.9)

where xn represents nth decision variable, cn is the objective function coefficient 

associated with nth decision variable, amn denotes the coefficient of nth decision variable 

in mth constraint, and bm indicates the upper bound of mth constraint. Note that the 

coefficients in both objective function and constraints are parameters. A parameter in 

terms of optimization terminology is a quantity, the value of which remains constant 

throughout the optimization process.  

Researchers introduced linear programming to solve capital-budgeting problems. Grinold 

(1972) developed a linear program to address payment-scheduling problem of a project. 

For a PFI scheme, Bakatjan et al. (2003) employed the linear programming technique to 

identify optimal capital structure. In doing so, they considered a single objective function 

with three financial constraints. However, their efforts to construct the linear programming 

model itself were limited. The authors considered only one investment element (i.e., debt-

to-equity ratio) as a decision variable in order to formulate both the objective function and 

constraints. Therefore, the use of the linear programming technique for this particular 

problem became trivial. 

Although a linear programming model provides exact solution of a reference problem, the 

major disadvantage of linear programming is that it cannot deal with integer or discrete 

variables. Therefore, for evaluating investments in PFI projects where time (investment 
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year) appears as a decision variable (in the form of an integer variable), the use of linear 

programming may not be suitable.  

Nonlinear Programming 

Nonlinear programming surpasses the shortcomings of linear programming that all 

functions must be linear. The striking feature of nonlinear programming technique is that 

at least one mathematical function (either constraint or objective function) must hold the 

nonlinear relationship with its quantities (parameters, decision variables). Rennen et al. 

(2003) employed nonlinear programming technique to solve a capital-budgeting problem. 

Hu and Ziang (2001) utilized quadratic programming, a type of nonlinear programming 

technique to solve a knapsack capital-budgeting problem. In practice, an optimization 

problem based on nonlinear programming may contain several nonlinear functions, which 

makes the reference optimization problem difficult to solve mathematically. To simplify, 

mathematical assumptions are often required such as converting the nonlinear functions 

into a series of piecewise linear functions. Moreover, solution algorithms for nonlinear 

programming-based optimization models are highly problem dependent (Sarker and 

Newton 2008). 

3.4.3 Meta-heuristic Optimization Techniques 

Compared with mathematical programming, meta-heuristic optimization techniques are 

very different approaches to solving an optimization problem. Heuristics represents ‘rules 

of thumb’ to discover desired objective(s). However, meta-heuristics goes beyond 

heuristics, because it artificially mimics the natural phenomena of other disciplines such as 

biology, physics, and neurosciences to help obtain a good solution from a reference 

problem. From the optimization perspective, meta-heuristics possesses unique significance. 

An optimization technique based on meta-heuristics generates a single solution (point) or a 

set of solutions (population) randomly and then gradually modifies the solution(s) within a 

predefined neighborhood (i.e., a number of other solutions generated by the algorithm 

around the former solution). Although meta-heuristic optimization techniques are 

relatively new (having begun to evolve from around the mid-nineteen-seventies), over the 

years researchers employed meta-heuristic optimization techniques to solve large-scale 

optimization problems. The primary reason is that meta-heuristic optimization techniques 

outshine the difficulty of mathematical programming; meta-heuristic optimization 
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techniques are well capable of escaping from the local optima in solving large-scale 

problems. On the other hand, some researchers claimed that meta-heuristic optimization 

techniques might not guarantee optimality in a true mathematical sense. Despite that claim, 

the prevailing literature firmly establishes that meta-heuristic optimization techniques 

enable one to obtain the near-optimal solution of acceptable quality (Sarker and Newton 

2008). The following sections provide a succinct discussion of four common meta-

heuristic optimization techniques: simulated annealing; tabu search; genetic algorithms; 

and ant colony optimization, in the realm of solving investment optimization problems.  

Simulated Annealing 

Simulated annealing is a meta-heuristic search algorithm grounded in the annealing 

principle of metallurgy. Annealing refers to the physical process of forming crystals 

through heat transformations, i.e., heating and cooling of molecules. Kirkpatrick et al. 

(1983) developed simulated annealing to solve combinatorial optimization problems. 

Etgar et al. (1996) successfully employed simulated annealing to maximize NPV of cash 

flows for a project-scheduling problem. The primary advantage of simulated annealing is 

its capability of avoiding local optima; a parameter in simulated annealing, commonly 

known as temperature, helps guide the process. The temperature, according to 

thermodynamics, is a cooling schedule; however, its implication in solving an 

optimization problem through simulated annealing is significant. Too high a temperature 

causes random search, while too low a temperature triggers greedy hill climbing or, in 

other words, local search (Sarker and Newton 2008). Difficulty in defining an appropriate 

temperature, therefore, is often considered as one of the major disadvantages of simulated 

annealing. Despite the abovementioned flaw, simulated annealing is applicable only to 

small-scale problems; the algorithm grows exponentially as the problem size increases 

(Sarker and Newton 2008).  

Tabu Search 

Tabu search (Glover et al. 1986; Hansen 1986) is also a meta-heuristic search algorithm. 

The use of adaptive memory is central in tabu search, because at each instance of iteration 

over the optimization process, the memory records and updates the best available neighbor 

from the search history. Note that the best available neighbor need not be better than the 

current solution, but that is not listed in memory as restricted by tabu or forbidden list 
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(Michalewicz et al. 2007). Tabu list thus enables the searching to avoid local optima from 

the search space. Using tabu search, researchers such as Icmeli and Erenguc (1994), and 

Goto et al. (1999) solved combinatorial optimization problems for maximizing NPV of 

project cash flows. Tabu search is highly effective in solving combinatorial optimization 

problems. On the other hand, the major drawback of tabu search is that it cannot solve 

optimization problems involving continuous variables such as mixed continuous-integer or 

mixed continuous-discrete optimization problems. In fact, tabu search is incapable of 

carrying out neighborhood search within a continuous domain (Sarker and Newton 2008). 

Genetic Algorithms 

Genetic algorithms is a population-based meta-heuristic search technique, inspired by the 

biological evolution of nature. To extract the best solution from a given optimization 

problem, genetic algorithms follow the Darwinian principle of ‘survival of the fittest’. 

Holland (1975) first introduced genetic algorithms to the knowledge community. Goldberg 

(1989) and Michalewicz (1996) provided improved methodologies of genetic algorithms. 

Hsieh and Liu (2004) proposed and solved an infrastructure-investment optimization 

problem using genetic algorithms, especially to find optimal timing sequences for 

investments in an infrastructure project. Genetic algorithms is well recognized for its 

capability in solving optimization problems of any kind (Goldberg 1989). However, 

genetic algorithms may converge slowly for solving some large-scale optimization 

problems.  

Ant Colony Optimization 

Ant colony optimization is another population-based meta-heuristic search technique. 

Dorigo (1992) first developed it as an ant system to solve the famous traveling-salesman 

problem. Ant colony optimization imitates the group intelligence of ants for finding the 

shortest path between their nest and a food source through developing pheromone (a 

chemical substance deposited by ants). Thus, as the pheromone levels influence the 

creation of new solutions, so too does the performance of ant colony optimization. Shou 

(2006) employed ant colony optimization for solving a resource-constrained project-

scheduling problem. Ant colony optimization solves mainly combinatorial optimization 

problems. Slow convergence and complicated coding are the two practical problems that 

 52

http://portal.acm.org/author_page.cfm?id=81100000805&coll=GUIDE&dl=GUIDE&trk=0&CFID=14357826&CFTOKEN=13794191


researchers face often in solving optimization problems by ant colony optimization 

(Goldberg 1989).  

3.4.4 Discussions 

This section reviewed, in general, different optimization techniques for solving investment 

optimization problems. The literature revealed that the use of optimization techniques for 

modeling investments in PFI projects is unfortunately very rare. Modeling investments in 

PFI projects, especially when there is a need to derive the best financial outcome 

addressing conflicting financial interests between sponsors, governments, and lenders is, 

in essence, an optimization problem from the modelling viewpoint.  

However, selection of a suitable optimization technique largely depends on the two 

essential criteria: complexity and scale of the reference problem. An optimization problem 

becomes complex when there is a need to incorporate any or all of the following 

circumstances in its formulation: integer or binary variables; nonlinearity; stochasticity or 

uncertainty; non-standard utility functions; and logical or non-standard constraints and 

feasibility conditions (Jones et al. 2002). On the other hand, the scale or problem size 

refers to the extent of a solution space, which in turn stems from: (1) types of decision 

variables; and (2) number of decision variables involved in an optimization problem. For 

example, the size of an integer optimization problem even with a single decision variable 

is much larger than that of a discrete optimization problem with one decision variable 

(Michalewicz 1996). To select an appropriate technique, one has to realize the capabilities 

of different optimization methods, especially from the perspectives of complexity and 

problem size. Table 3.4 summarizes the relative strengths and weaknesses of previously 

presented optimization techniques in this regard. 
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Table 3.4 Comparison of Optimization Techniques 

Meta-heuristic Optimization Techniques  
 

Mathematical 
Programming Simulated Annealing Tabu Search Genetic Algorithms Ant Colony 

Optimization 

Advantages 

- Mathematically 
rigorous  

- Provides exact 
solution 

- May furnish optimal 
solutions 

-   

- Performs well for 
combinatorial 
optimization problems  

-  Faster convergence 
- Local search 
- Can solve large-scale 

problems 

- Highly effective for 
solving  
combinatorial 
optimization 
problems  

-  Good convergence 
speed 

- Able to solve 
optimization 
problems of kind  
(combinatorial, 
mixed continuous-
integer, and so 
forth) 

- Competent to deal 
with large-scale 
problems 

- Global search  
- Offers robust 

solution 

- Good choice for 
combinatorial 
optimization 
problems 

 

Disadvantages 

- Only suitable for 
small-scale 
optimization 
problems 

- Often requires 
simplified 
formulation of a 
complex problem  

- Very specific 
solution algorithms 

- Difficult to define 
control parameter  

- Applicable to small-
scale optimization 
problems 

- Not suitable for 
solving continuous / 
mixed continuous-
integer optimization 
problems 

- Not suitable for 
solving continuous / 
mixed continuous-
integer optimization 
problems 

 

- May occasionally 
yield slow 
convergence for 
some large-scale 
problems  

- Slowest convergence 
speed among the 
other meta-heuristic 
techniques 

- Involves complicated 
coding  
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Table 3.4 reveals that mathematical programming techniques are well suited to small-scale 

optimization problems. Mathematical programming-based optimization models, in many 

instances, need simplified formulation to accommodate convolution of real-world 

problems. Conversely, researchers employed meta-heuristic optimization techniques for 

their inherent capabilities to solve complex and large-scale problems.  

Among meta-heuristic optimization techniques, simulated annealing, tabu search, and ant 

colony optimization are devoted to mainly solving combinatorial optimization problems. 

In contrast, genetic algorithms is well-known for solving all types of optimization 

problems. Especially, the strength of GA in solving mixed optimization problems such as 

mixed continuous-integer or mixed continuous-discrete optimization problems is well 

acknowledged in the research community (Goldberg 1989; Deb 2001). The optimization 

problems proposed in this dissertation fall into this category (which will be evidenced 

further in Chapter 5, in the model formulation section). 

The proposed mixed optimization problems lend themselves to becoming large-scale 

problems. Moreover, the need for integration of nonlinearity, non-standard utility 

functions, and uncertain information (details will be provided in Chapter 5) turns proposed 

optimization problems into complex ones. Therefore, considering the nature (complexity 

and problem size) of proposed optimization problems, genetic algorithms is selected as the 

preferred optimization tool.  

Chapter 4 will detail the implementation issues of genetic algorithms, while Chapters 5, 6, 

and 7 will demonstrate its application to solving reference optimization problems. 

3.5  CHAPTER SUMMARY 

This chapter reviewed existing literature relevant to evaluation of investments in PFI 

projects from four different dimensions. The preliminaries related to the study area 

including:  

(1) PFI investment appraisal methods;  

(2) decision-making techniques for evaluation of investments in PFI projects in the 

presence of uncertainties;  
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(3) financial models for evaluating investments in PFI projects; and  

(4) optimization techniques for addressing procurement objectives of prospective 

sponsors of PFI schemes. 

The first preliminary described PFI investment appraisal methods including: (1) 

accounting method; (2) discounted cash flow analysis; (3) real options; and (4) adjusted 

presented value method. The section also provided a thorough discussion of rationales for 

selecting the appropriate method of appraising investments in PFI projects at the tendering 

stage. 

The second preliminary presented decision-making techniques for assessing investments 

in PFI projects in the presence of uncertainties. The section also pointed out relative 

strengths and weaknesses of the two distinct techniques – probabilistic approaches and 

fuzzy set theory – in this regard. Finally, it argued that the use of fuzzy set theory is 

recommendable for evaluating investments in PFI projects at the tendering stage   

The third preliminary provided an extensive review of financial models available for 

evaluating investments in PFI projects. The section also depicted characteristics of 

existing financial models and identified their shortcomings in addressing procurement 

objectives of prospective sponsors.  

The fourth preliminary introduced the fundamentals of an optimization problem. The 

section also presented various optimization methods and investigated their suitability in 

addressing procurement objectives of prospective sponsors of PFI projects. It 

recommended genetic algorithms as the suitable technique for solving the reference 

optimization problems that will be portrayed in Chapters 5-7.  
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CHAPTER 4 
 
 

TTHHEEOORREETTIICCAALL  FFRRAAMMEEWWOORRKK  

 
 
Recognizing in Chapter 3 that discounted cash flow technique, fuzzy set theory, and 

genetic algorithms are the three building blocks for developing the optimization models to 

address procurement objectives of prospective sponsors; this chapter describes their 

theoretical foundations. Section 4.1 portrays the development of a financial model capable 

of evaluating investments in PFI projects based on discounted cash flow technique. 

Section 4.2 outlines the methodologies for using fuzzy set theory in evaluation of 

investments in PFI projects in the presence of uncertainties. Section 4.3 illustrates the 

working mechanisms of genetic algorithms for optimizing the values of concessionary 

items of PFI projects. Section 4.4 concludes the chapter. 

4.1   THE FINANCIAL MODEL FOR PFI PROJECTS 

Financial models of a PFI project help decision makers in assessing cash flows and, 

thereafter, obtaining financial performance measures from different perspectives of key 

stakeholders. The following sections detail the development of a financial model that is 

capable of evaluating investments in PFI projects at the tendering stage. 

4.1.1 Key Definitions 

For the sake of consistency, the remainder of this dissertation will use the following 

definitions, related to financial modeling of PFI projects. To facilitate definition, Fig. 4.1 

illustrates cash flows over the economic life of a typical PFI project from different 

perspectives of key stakeholders. In Fig. 4.1, two types of notation are used. The symbols 

representing different periods are explained herein, while the symbols representing cash 

flows will be detailed in Section 4.1.3.  
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Definition 4.7 (Base Cost): Base cost is the outlay in constant-dollar value (Riggs et al. 

1983; Ranasinghe 1996), which represents development costs including the construction 

cost of a PFI project. Depending on project characteristics, other costs such as land 

expropriation and upfront and commitment fees involved in loan processing may be 

included in the base cost. Decision makers often estimate base cost at market prices of a 

predetermined year (Bakatjan et al. 2003).  

Definition 4.8 (Base Demand): The projected demand of a product (such as annual 

energy production) at the beginning of the operation period of a PFI project is defined as 

base demand. Base demand is often termed initial demand.   

Definition 4.9 (Base Price): The sale price (at the beginning of the operation period of a 

PFI project) per unit quantity of a product is referred to base price. The generic term base 

price, in fact, is analogous to initial tariff or initial toll. 

Definition 4.10 (Equity Level): Equity level is the percentage of equity contribution to 

the base cost, both after considering the effect of inflation (Ranasinghe 1996; Wibowo and 

Kochendorfer 2005; Zhang 2005), if any. 

4.1.2 Assumptions for Derivation of the Financial Model 

In addition to the broad scope outlined in Section 2.4 of Chapter 2, this section provides 

insights into the basic assumptions in derivation of the financial model. The assumptions 

are made in light of the extant literature and are listed as follows: 

(1) all cash flows as well as inflation rates are discrete;  

(2) base cost is pre-estimated immediately before the start of the construction period;  

(3) both construction and operation periods embrace the project’s economic life; 

(4) length of the construction period is pre-fixed;  

(5) a grace period equal to the length of the construction period is available; 

(6) construction cost and construction duration are independent;  

(7) base demand and base price are not correlated; 

(8) no foreign currency is involved in raising project capital;  
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(9) equity and debt will be drawn annually according to the equity level;  

(10) debt will be repaid in annual equal installments; and  

(11) equity and debt will be drawn at the beginning of a specific year of the construction 

period, while cash flows during the operation period will be realized at the end of a 

particular year of the operation period.  

4.1.3 Derivation of the Financial Model 

The development of the model is firmly rooted in the well-known discounted cash flow 

technique, and is progressively presented in three main steps. First, it depicts constituents 

of cash flows for a typical revenue-generating PFI project. Second, it provides equations to 

assess cash flows from different perspectives of key stakeholders. Third, it presents 

relevant formulae to calculate key financial performance measures related to sponsors, 

governments, and lenders. 

Constituents of Cash Flows of PFI Projects 

Annual base cost: The yearly distribution of base cost across the construction period 

usually follows the estimated percentage of construction works to be completed in a 

specific year of the construction period (Bakatjan et al. 2003). Eq. (4.1), therefore, defines 

annual base cost over the construction period.  

BCδBC 1 ×= ii-  (4.1)
 
where BC = base cost stipulated at beginning of the construction period in constant-

dollar value; 

 1BCi-  = portion of base cost at the beginning of the ith year; 

 CP = length of the construction period (year); 

 i = index for the construction period, ∈i [1, CP]; and 

 iδ  = percentage of base cost in the ith year. 

Inflation of annual base cost: According to Reisman and Rao (1973) and Ranasinghe 

(1996), Eq. (4.2) expresses additional cost owing to inflation of annual base cost, 

calculated at the beginning of the construction period. 
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where 1ECi-  = additional cost owing to inflation of for the ith year; and  1BCi-

 rh = discrete inflation rate in the hth year, 0r 0h == . 

Interest on debt during the construction period: In accordance with Ranasinghe (1996), 

Eq. (4.3) represents the debt interest in current-dollar value for the ith year, accrued at the 

end of the construction period.  
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where 1IC −i  = accrued interest on debt for the ith year; 

 rb = interest rate of debt borrowed; and 

 ξ  = equity level. 

Total project cost: According to Ranasinghe (1996), the total project cost is the sum of 

annual base cost, additional cost owing to inflation of annual base cost, and annual debt 

interest during the construction period, which is to be accumulated at the end of the 

construction period. Eq. (4.4) expresses the total project cost from sponsors’ viewpoints.  
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where TC = total project cost from sponsors’ perspectives. 

Gross revenue: Gross revenue is resultant upon product price (i.e., the combined effect of 

base price and its annual growth over the operation period if any) and product demand (i.e., 

the combined effect of projected base demand and its annual growth over the operation 

period if any). Accordingly, Eq. (4.5) defines the annual gross revenue as a function of 

price and demand of a product in a similar fashion to Kakimoto and Seneviratne (2000a). 
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where OP = length of the operation period (year). 
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 1P −j  =  unit price of a product (such as tariff/toll) at the start of the jth year 

= base price; 

0P =j

 1Q −j  = product’s demand at the start of the jth year, = base demand; 0Q =j

 jREV  = gross revenue in the jth year; 

 Pgk  = annual growth rate of base price in the kth year, = 0; P
CPg =k

 Qg k  = annual growth rate of base demand in the kth year, = 0; and Q
CPg =k

 j = index for the operation period, ∈j [CP+1, OP]. 

Annual operation and maintenance cost: Operation and maintenance cost in the first 

year of the operation period is considered as a fixed percentage of base cost (Bakatjan et al. 

2003). In line with Lianyu and Tiong (2005), Eq. (4.6) quantifies annual operation and 

maintenance cost in current-dollar value.  
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where Ogk  = annual growth rate of operation and maintenance cost in the kth year, 

= 0; O
CPg =k

 OMCj = Operation and maintenance cost for the jth year in current-dollar value; 

and 

 λ  = a fixed percentage of base cost. 

Accumulated debt: The accumulated debt at the end of the construction period represents 

the future value of debt drawings and their interests during the construction period in 

current-dollar value. In line with Ranasinghe (1996), Eq. (4.7) expresses the accumulated 

debt.  
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(4.7)

 
where ADT = accumulated debt at the end of the construction period. 

Debt repayment: Sponsors have to pay the accumulated debt [defined through Eq. (4.7)] 

for a specific number of years of the sponsor operation period (often termed loan 
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repayment period). Using the capital recovery factor, Eq. (4.8) defines annual equal debt 

installments in accordance with Ranasinghe (1996) and Bakatjan et al. (2003). 
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where ADIj = annual equal debt installment in the jth year; and 

 LRP = loan repayment period (year). 

Depreciation: Sponsors acknowledge depreciation – a non-cash expense for enjoying tax-

shield from governments. Two important aspects – depreciable cost and rate of 

depreciation – govern the calculation of annual depreciation over the planning horizon. To 

sponsors, depreciable cost is essentially the total project cost (Bakatjan et al. 2003; Zhang 

2005) as defined through Eq. (4.4). To calculate rate of depreciation for PFI projects, one 

may employ three different techniques: linear or straight-line method, digressive method, 

or progressive method (World Bank 2007). The straight-line method of depreciation 

concedes a constant (uniform) rate of depreciation over the planning horizon. The 

digressive method employs a gradual decrease of depreciation, while the progressive 

method considers an increase in depreciation in the later stages of a PFI project. In reality, 

one may exploit either a particular method or a combination of the abovementioned 

depreciation methods. However, a closer examination of these three methods reveals that 

the straight-line method of depreciation provides a uniform annual tax, which is often a 

natural choice to both sponsors and governments. Without loss of generality this PhD 

research, therefore, exploits the straight-line depreciation method. Bakatjan et al. (2003) 

and Zhang (2005) also used the straight-line depreciation method in formulation of 

financial models for PFI projects. Moreover, in line with other scholars (Bakatjan et al. 

2003; McCowan and Mohamed 2007), this PhD research considers complete depreciation 

of the total project cost over sponsor operation period. Eq. (4.9) defines the rate of annual 

depreciation. 

 

SOP
TCDEP =j  (4.9)

 
where DEPj = depreciation in the jth year; and 

 SOP = sponsor operation period (year). 
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Interest on debt during the loan repayment period: To determine the payable debt 

interest during the loan repayment period, one needs to calculate the debt principal 

contained in annual equal debt installments. According to White et al. (1998), Eq. (4.10) 

defines the debt principal contained in annual equal debt installments.  
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where DPRj = principal of debt to be paid in the jth year. 

Therefore, Eq. (4.10) expresses the annual interests contained in annual equal debt 

installments or, in other words, the payable debt interest in the jth year.  
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where INTj = interest on debt to be paid in the jth year. 

Tax: Tax is an expense to sponsors, while it is an income to host governments. For 

simplicity, this PhD research considers only income tax, the payment of which depends on 

annual net cash flows available to sponsors after meeting the operation and maintenance 

cost and debt interests. If annual net cash flows after the operation and maintenance cost 

and debt interests become negative, the financial receipts from annual taxes to host 

governments become zero. Interests on debt and depreciation are usually tax deductible 

(Newnan et al. 2004). Eq. (4.12) defines annual tax payable to the government during the 

sponsor operation period (SOP) in line with Wibowo and Kochendorfer (2005). 
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where TAXj = tax payable to the government in the jth year; and 

 rt = annual tax rate. 

Note that, for a given year of the SOP, the annual net revenue after deducting the annual 

operation and maintenance cost and annual depreciation is the profit before interests and 

tax (PBIT) as shown in Eq. (4.13) (Bakatjan et al. 2003; Zhang 2005). 
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Cash Flows from Different Perspectives of Key Stakeholders of PFI Projects 
 

Annual net cash flows from sponsors’ perspectives during the construction period: 

To sponsors, annual net cash flows during the construction period are, in fact, annual 

equity drawings in current-dollar value, as defined through Eq. (4.14).  
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where SD i  = cash flow in the jth year from sponsors’ perspectives (see Fig. 4.1). 

Annual net cash flows available to sponsors during the sponsor operation period: Eq. 

(4.15) defines the annual net after-tax cash flows (in current-dollar value) available to 

sponsors during each year of the sponsor operation period (SOP) after meeting all payment 

obligations (e.g., annual operation and maintenance cost, annual equal debt installments, 

and annual tax) (Bakatjan et al. 2003; Zhang 2005).  

( ) [ ]SOP1,CPTAXADIOMCREVNCFS +∈∀−−−= jjjjjj  
 

(4.15)

where SNCF j  = net cash flows available to sponsors in the jth year. 

Annul net cash flows available to the government during the government operation 

period: Eq. (4.16) expresses the annual net cash flows available to the government during 

the GOP, i.e., after handover of the ownership until the end of projects’ economic life.  

( ) [ ] OP1,SOPOMCREVNCFG +∈∀−= jjjj  (4.16)

where GNCFj  = net cash flows available to the government in the jth year (see Fig. 4.1); 

 OMCj = operation and maintenance cost in the jth year; and 

 REVj = gross revenue in the jth year. 

Financial Performance Measures  

To calculate the financial performance measures (i.e., NPV and IRR as discussed in 

Section 3.1) this PhD research employs the techniques of discounted cash flow analysis. 

All cash flows are evaluated at the beginning (i.e., at the start of the construction period) 

of a typical PFI project. 

NPV of sponsor’s cash flow: Eq. (4.17) defines net present value of sponsor cash flow 

discounted at the beginning of the construction period, as follows: 
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where NPVS = net present value of sponsor’s cash flow; and 

 R = discount rate stipulated by sponsors. 

IRR of sponsor’s cash flow: From sponsors’ viewpoints, the internal rate of return is the 

discount rate that makes the net present value of sponsor’s cash flow zero as shown in Eq. 

(4.18). Substituting Eq. (4.2) into Eq. (4.17) and assuming NPVS = 0, will result in Eq. 

(4.18).  

( ) ( )∑∑
∏

+==

=

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+
=

⎪
⎪

⎭

⎪
⎪

⎬

⎫

⎪
⎪

⎩

⎪
⎪

⎨

⎧

+

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+××

SOP

1CP
S

SCP

1
1-S

1-
0

1-

IRR1

NCF

IRR1

IC)r(1BC

j
j

j

i
i

i

i

h
hiξ

 

(4.18)

where IRRS = internal rate of return from sponsors’ viewpoints. 

Debt servicing to lenders: The project’s debt-servicing capability to lenders is usually 

expressed through annual debt-service coverage ratio (DSCR) (Bakatjan et al. 2003; 

Zhang 2005; McCowan and Mohamed 2007). DSCR is the ratio of the annual cash 

available (after tax) to annual total debt service (Zhang 2005), as defined in Eq. (4.19).  
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where DSCRj = debt-service coverage ratio in the jth year. 

NPV of government’s cash flows: Eq. (4.20) defines the net present value of government 

cash flow discounted at the beginning of the construction period. 

( )∑
++= ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+
=

OP

1SOPCP

G

R1

NCF
NPV

l
j

G
j  (4.20)

 
where NPVG = net present value of government’s cash flow. 

4.1.4 Numerical Example 

To evaluate financial outcomes from sponsors’ perspectives, a financial model has been 

developed in MS-Excel using Eqs. (4.1)-(4.20), which are detailed in the preceding section. 

The computational steps involved in the developed financial models are as follows:  
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Step 1: Provide input investment parameters as depicted in Table 4.1. 

Step 2: Perform calculations using Eqs. (4.1)-(4.20). 

Step 3: Calculate financial performance measures including sponsors’ cash flows [see Eqs. 

(4.14) and (4.15)], ADT [see Eq. (4.7)], IRRS [see Eq. (4.18)] and DSCRavg [see Eq. 

(4.19)].  

The following sections present the application of the developed financial model to a real-

world PFI project. 

Model Input 

The scheme refers to a hydroelectric power plant (HEPP) project in Turkey, cited in 

Bakatjan et al. (2003). The example from the reported literature was selected because of 

its comprehensiveness in explicit representation of the project’s investment data. Table 4.1 

illustrates the values of investment parameters (Bakatjan et al. 2003) as model input.  

  Table 4.1 Investment Elements (Bakatjan et al. 2003) 

Investment Parameter Value 

Construction period (CP) 4 years 

Loan repayment period (LRP) 10 years 

Base operation and maintenance cost (OMC) 0.60% x BC 

Growth rate for OMC and electricity demand 0% 

Growth rate for electricity tariff (1- 10 yrs) -5%  

Growth rate for electricity tariff (11-20 yrs) 0% 

Inflation rate (rh) 4.1% 

Borrowing rate of debt (rb) 10% 

Annual tax rate (rt) 11% 

Base cost (BC) 132,565 US$ 

Discount rate (R) 12% 

Base electricity demand (Q0) 405.8 GW.h 

Comparison of Results 
Table 4.2 entails sponsors’ cash flows and financial performance measures, as reported in 

Bakatjan et al. (2003) and as obtained from the developed financial model mentioned at 

the beginning of this section. .  
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Table 4.2 Comparison of Cash Flows and Financial Performance Measures 

Financial 

Performance 

measures 

Year Bakatjan et al. 

(2003) 

(Thousands US$)

Developed 

Financial Model 

(Thousands US$)

Percent variation 

from Bakatjan et 

al. (2003) 

1 -6,821 -5,251 23%

2 -15,007 -12,026 20%

3 -16,372 -13,658 17%

4 -16,372 -14,218 13%

5 15,623 14,428 -8%

6 13,912 12,685 -9%

7 12,276 11,004 -10%

8 10,709 9,384 -12%

9 9,203 7,825 -15%

10 7,759 6,362 -18%

11 6,368 4,921 -23%

12 5,030 3,501 -30%

13 3,736 2,173 -42%

14 2,484 862 -65%

15 8,316 7,647 -8%

16 8,316 7,587 -9%

17 8,316 7,526 -10%

18 8,316 7,462 -10%

19 8,316 7,395 -11%

20 8,316 7,325 -12%

21 8,316 7,253 -13%

22 8,316 7,178 -14%

23 8,316 7,099 -15%

Sponsors’ 

cash flows  

24 8,316 7,018 -16%

ADT (Thousands US$) 18,487 19,596 6%

IRRS (%) 14.74% 13.05% -

DSCRavg 1.50 1.37 -9%
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For a clearer comparison of the data presented in Table 4.2, Fig. 4.2 provides a visual 

representation of sponsors’ cash flow profile obtained from both the sources:  Bakatjan et 

al. (2003) and the developed financial model. 
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Fig. 4.2 Comparison of Sponsors’ Cash Flow Profile 

Discussions of Results 

As demonstrated in Table 4.2 and in Fig. 4.2, similar cash flow patterns were obtained 

over the 24-year period. Variations between the two sets of results are owing to the 

following three reasons: 

(1) Effect of equity level: Bakatjan et al. (2003) derived sponsors’ cash flows by 

adding the interest of borrowed debt during the construction period to the equity 

drawings (in current-value dollars). In so doing, they did not cater for the 

conventional definition of ‘equity level’, which is simply the percentage of equity 

drawings (in current-value dollars) to the base cost (in current-value dollars) 

(Ranasinghe 1996; Wibowo and Kochendorfer 2005; Zhang 2005). In comparison 

with Bakatjan et al. (2003), this PhD research calculated sponsors’ cash flows in 

line with other researchers mentioned in the above references. Therefore, treatment 
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of ‘equity level’ has led to the variation in sponsors’ cash flows obtained from the 

two sources. In fact, Bakatjan et al. (2003) assumed that lenders also share the 

interest on borrowed debt. However, in practice, lenders provide loans to sponsors 

for earning a profit or, in other words, for securing the debt principal with its 

interest from sponsors, but not to pay the interest on the borrowed debt. Therefore, 

the assumption for sharing the debt interest during the construction period is not 

generally applicable to PFI projects. 

(2) Calculation of accumulated debt: As stated earlier, Bakatjan et al. (2003) 

assumed that sponsors and lenders both shared the debt interest during the 

construction period. At the same time, they also calculated the accumulated debt 

(debt principal and its interest) at the end of the construction period as a percentage 

(related to equity level) of total project cost. However, once the total project cost is 

defined including the future value of interest on debt [see Eq. (4.4)], then 

redistribution of the total project cost to the previous years (i.e., over the 

construction period) without acknowledging the time value of money cannot be 

justified. This PhD research, on the contrary, considers interest (on borrowed debt) 

during the construction period to be accrued at the end of the construction period, 

which is a common practice for PFI projects (Ranasinghe 1996). Consequently, it 

sums up the accumulated interest with the debt principal, giving rise to a slightly 

higher accumulated debt (ADT) compared with Bakatjan et al. (2003) (see Table 

4.2). However, if the loan repayment period and loan interest rate remain fixed, 

then according to Eq. (4.7), a higher value of ADT will yield a higher value of 

annual equal debt instalments (ADI). Similarly, if other investment considerations 

remain unchanged, a higher ADI will obviously reduce annual net cash flows 

available to sponsors [see Eq. (4.15)], as opposed to how a lower ADI does. 

Defining the amount of accumulated debt at the end of the construction period, 

therefore, instigates variations in annual net cash flows available to sponsors 

during the operation period from the two sources (see Fig. 4.2). 

(3) Effect of inflation: Inflation increases project costs, which is equally true for both 

the construction cost and the operation and maintenance cost. Bakatjan et al. 

(2003) considered effect of inflation (cost escalation) only for the construction cost. 

To evaluate the financial outcomes of a PFI project under inflation, it is sensible to 
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accommodate its consequences on the operation and maintenance cost as well. 

Lianyu and Tiong (2005) acknowledge the effect of inflation on the operation and 

maintenance cost of a BOT project. This PhD research also accounts for the effect 

of inflation on the operation and maintenance cost. The escalation of the operation 

and maintenance cost owing to inflation is one of the main reasons to cause 

variations in results obtained from the two sources; more specifically, in net cash 

flows (during the operation period), and thereafter in financial performance 

measures from sponsors’ perspectives.  

The above discussion reinforces, overall, that the developed model is the more solid 

(theoretically sound) and practically flexible approach on which to model financial 

outcomes of PFI projects. For example, compared with the results depicted in Bakatjan et 

al. (2003), the results from the developed model demonstrate that the developed model has 

eradicated the theoretical flaws, especially in comprehending equity level and calculating 

accumulated debt. Moreover, the developed model has the added flexibility to examine the 

effect of inflation of costs involved during the operation period on equity cash flows. All 

the above improvements incorporated in the developed model, in fact, supported by the 

sporadic findings of other researches. This is why one can observe the numerical 

differences as illustrated in Table 4.2 and in Fig. 4.2. Despite this numerical difference in 

different components of cash flows, the overall pattern remains rather close to the results 

obtained from Bakatjan et al. (2003). Therefore, this PhD research can argue that the 

developed financial model will enhance decision makers’ confidence in modeling PFI 

project outcomes. 

4.2   FUZZY SET THEORY IN EVALUATION OF PFI PROJECTS 

As shown in Fig. 4.3, decision-making process in a fuzzy environment, in general, 

involves three major steps:  

(1) fuzzification, i.e., representing selected input variables of a model with fuzziness;  

(2) fuzzy mapping, i.e., processing input fuzzy variables according to mathematical 

formulation of the model for obtaining the output fuzzy quantities; and  
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(3) defuzzification, i.e., converting output fuzzy quantities into equivalent crisp 

quantities. 

  

 
Fuzzy Mapping Defuzzification Fuzzification 

Fig. 4.3 Decision-making Process under Fuzzy Environment 

However, to facilitate fuzzification and overall decision making using fuzzy parlance, one 

has to have clear ideas about the basic terminologies of fuzzy set theory. Moreover, fuzzy 

mapping, especially within the context of economic decision analysis, involves arithmetic 

operations on input fuzzy numbers. The following section, therefore, will sequentially 

provide discussions of definitions and notations of key terminologies of fuzzy set theory, 

and arithmetic operation on fuzzy numbers and defuzzification methods, all with reference 

to economic and financial evaluation of PFI projects within the fuzzy investment 

environment.   

4.2.1 Definitions and Notations 

This section provides definitions and notations of basic terminologies of fuzzy set theory 

(Kaufmann and Gupta 1988; Zimmermann 1988). 

Definition 4.11 (Fuzzy Set): A fuzzy set is a subset of a universe-set of elements X in 

real numbers , provided  is a set of ordered pairs:  

A~

ℜ A~

( ){ }[0,1]xµX,x))x(µx,(A~ A~A~ ∈∈=  (4.21)

where ( )xµ A~  = degree of membership of x in ; and  A~

 ~ = symbol representing fuzziness of a variable. 

The membership function of a fuzzy set A thus represents mapping from any given ~ X,x∈  

to its corresponding degree of membership in the real continuous interval [0, 1]. As 

illustrated in Fig. 4.4, the end points of the interval [0,1] conform to no membership, i.e., 

, and full membership, i.e., ( ) 0xµ =A~ ( ) 1xµ A~ = , respectively; while any points between 

these end points characterize various degrees of memberships. The closer the value of 

 to 1, the more x belongs to ; the closer it is to 0, the less it belongs to . ( ) ~ ~xµ A~ A A
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Therefore, the degree of membership function for a real number reflects the ‘likeliness’ or 

‘possibility’ of the occurrence of that number (Schulz and Huwe 1997). The degree of 

membership function is also termed the degree of compatibility or degree of truth (Kishk 

and Al-Hajj 2000; Appadoo et al. 2008). 

 
Fig. 4.4 Representation of a Fuzzy Set (Kishk and Al-Hajj 2000) 

Definition 4.12 (α-level Set): The α-level set or simply the α-cut denotes those elements 

of a fuzzy set A , which at least hold the degree of membership equal to a given value of 

α:  

~

{ } [0,1]αα)x(µXxA~ A~ ∈∀≥∈=α  (4.22)

where αA~  = non-empty bounded closed interval; and  

 α  = confidence level of experts representing the degree of membership

function. 

As shown in Fig. 4.4, the α-cut of a fuzzy set thus represents a set of crisp numbers 

(interval, [a, b]) for the given minimum likeliness, .  α

( ) 1x =

Definition 4.13 (Normal Fuzzy Set): A fuzzy set A  is normal if it contains at least one x 

such that µ .  

~

A~
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Definition 4.14 (Convex Fuzzy Set): A fuzzy set A  is convex, if for any  it 

holds the following properties: 

~
321 xx ≤≤ x

],[))(µ,)(min(µ)(µ 3123A~1A~2A~ xxxxxx ∈≥  (4.23)

Definition 4.15 (Fuzzy Number): A fuzzy set A  is a fuzzy number if it is both normal 

and convex.  

~

Definition 4.16 (Triangular Fuzzy Number): A triangular fuzzy number (TFN) A is a 

fuzzy number if it holds three possible values of a predicate (

~

321321 aaaa,a,a ≤≤ ), 

and satisfies the following membership function:  
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where a1 = the lowest value of Xx ∈  (in the left side of ) ; A~

 a2 = the most possible value of Xx ∈ ; and 

 a3 = the highest value of Xx ∈ (in the right side of ). A~

The membership function in Eq. (4.24) indicates that each TFN has a linear representation 

on its left and right sides. The degree of membership linearly increases from 0 to 1 for the 

corresponding increases in the values of x from a1 to a2. In contrast, the degree of 

membership linearly decreases from 1 to 0 for the corresponding increases in the values of 

x from a2 to a3. 

4.2.2 Arithmetic Operations on Fuzzy Numbers  

The arithmetic operations on fuzzy numbers are rooted in the extension principle 

developed by Zadeh (1965). It is a general method for extending crisp mathematical 

concepts to fuzzy numbers, wherein point-to-point operations on a series of discrete points 
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of fuzzy input numbers are executed to compute the membership functions of fuzzy output 

variables (see definition 4.17). 

Definition 4.17 (Extension Principle): The extension principle applied to mapping y = 

f(x1, x2, …. xn) is defined by:  

 
))(µ,),(µ,)((µ)(µ nA~22A~11A~),2,1(B~ n

nxxxfy
xxxy L

L
∧∨=

=
 (4.25)

Based on the extension principle, DuBois and Prade (1979) developed the extended 

arithmetic operations–such as addition, subtraction, multiplication, and division–to fuzzy 

numbers. Later on, researchers (such as Chiu and Park 1994; Liou and Chen 2006; 

Omitaomu and Badiru 2007) extensively exploited these operations in economic decision 

analysis. One can accomplish the extended operations in two ways: using either support 

values or alpha-cuts of fuzzy numbers. Since the extended arithmetic operations on fuzzy 

numbers are the major instruments for evaluating the financial outcomes of a PFI project 

(see Section 4.1.3) under a fuzzy investment environment, the following paragraphs 

succinctly portray the arithmetic operations on fuzzy numbers by applying both methods.  

Arithmetic Operations Based on Support Values  

If ( )321 a,a,aA~ and ( 321 b,b,bB )~  are the two input TFNs, then using their support values 

( ), the arithmetic operations on these two input TFNs to determine the output 

TFN,

Xx ∈

( )321 c,c,cC~  are as follows (Kaufmann and Gupta 1988; Liou and Chen 2006): 

ADDITION  
 

( ) ( ) ( )332211321321 ba,ba,bab,b,ba,a,aB~A~C~ +++=⊕=⊕=  
 

(4.26)
 
where ⊕  = symbol for extended addition on fuzzy numbers. 

SUBTRACTION 
 

( ) ( ) ( )132231321321 ba,ba,bab,b,ba,a,aB~A~C~ −−−=Θ=Θ=  (4.27)
 
where Θ  = symbol for extended subtraction on fuzzy numbers. 
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MULTIPLICATION 
 

( ) ( ) ( ) ]3,1[,0b,0a,ba,ba,bab,b,ba,a,aB~A~C~ 332211321321 ∈∀>>=⊗=⊗= iii  
 

(4.28)
 
where ⊗  = symbol for extended multiplication on fuzzy numbers. 
 
DIVISION 
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(4.29)

where (:) = symbol for extended division on fuzzy numbers. 

Arithmetic Operations Based on Alpha-Cuts 

As stated earlier, another alternate to executing extended arithmetic operations on fuzzy 

number is to use α-cuts, wherein one considers α as the given degree of membership 

function instead of calculating its value. This method, therefore, involves two distinct 

operations: inverse mapping and arithmetic operation. First, using the given value of α, the 

inverse mapping computes the corresponding x values of , one on the left side and 

another on the right side of a fuzzy number A  (Chiu and Park 1994). Consequently, a 

TFN appears as follows:  

A~

~

 

[0,1]α]α)aa(a α,)aa(a[]A~,A~[A~ 233121
)r()l( ∈∀−−−+== αα  (4.30)

 
where )l(A~ α  = the left representation (i.e., x value) of A at the given degree o~ f 

membership function α; and 

 )r(A~ α  = the right representation (i.e., x value) of A at the given degree o~ f 

membership function α. 

Thus,  represents the bounds of the closed interval for the given α-cut.  ]A~,A~[A~ )r()l( ααα =

Second, if and are the two input TFNs, then the 

interval arithmetic operations on these two input fuzzy numbers to obtain the fuzzy 

output  at the given α-cut are as follows:  

]A~,A~[A~ )r()l( ααα = ]B~,B~[B~ )r()l( ααα =

]C,C[C =
~~~ )r()l( ααα

 
ADDITION 
 

[ ])r()r()l()l( B~A~,B~A~B~A~C~ αααα ++=⊕=  (4.31)
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SUBTRACTION 
 

( ) [ ])l()r()r()l( B~A~,B~A~B~A~C~ ααααα
−−=Θ=  (4.32)

 
MULTIPLICATION 
 

[ ] positive are B~ and A~bothifB~*A~,B~*A~B~A~C~ )r()r()l()l( αααα=⊗=  (4.33)
 
The result of this is a nonlinear representation of the degrees of memberships.  
 
DIVISION 
 
If two  and  are positive, then: A~ B~

 
[ ] positive are B~ and A~bothifB~/A~,B~/A~B~/)(A~C~ )l()r()r()l( αααα==  (4.34)

 
which gives a positive fuzzy number. 
 
If  is negative and  is positive, then: A~ B~

 
[ ])r()r()l()l( B~/A~,B~/A~B~/)(A~C~ αααα==  (4.35)

 
which gives a negative fuzzy number. 

4.2.3 Fuzzy Set Theory in Discounted Cash Flow Analysis 

Researchers over the last decade developed several fuzzy economic performance measures 

to facilitate financial and economic evaluation of uncertain investment opportunities based 

on the either methods of the arithmetic operations on fuzzy number, i.e., using either Eqs. 

(4.26)-(4.29) or, Eqs. (4.30)-(4.35). The main idea has always been to consider an 

uncertain investment parameter as a fuzzy number (FN), which represents vague human 

thoughts in the economic decision-making process or, more specifically, to estimate the 

possible (such as minimum, most likely, and maximum) values of an uncertain investment 

parameter. As depicted in Table 4.3, Kaufmann and Gupta (1988), Kuchta (2001), and 

Omitaomu and Badiru (2007) developed fuzzy present worth. Liou and Chen (2006) 

presented fuzzy uniform annual worth. Wang and Liang (1995) presented fuzzy 

benefit/cost ratio. Kahramann et al. (2002) formulated multiple performance measures that 

include fuzzy present worth, fuzzy future worth, fuzzy annual worth, and fuzzy benefit 

cost ratio.  
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Table 4.3 Previous Works in Derivation of Fuzzy Economic Performance Measures 

Input Fuzzy Numbers Fuzzy Number: 
Representation 

Author(s) Output Fuzzy 
Numbers Fuzzy 

Cash 
Flow 

Fuzzy 
Discount 

Rate 

Fuzzy 
Project 

Life 
Triangular Trapezoidal 

Buckley 
(1987) 

Fuzzy PV 
Fuzzy FV • • • Flat FN  

Kaufmann and 
Gupta (1988) Fuzzy PV • •  •  

Ward (1989) Fuzzy PV • •   • 
Chiu and Park 
(1994) Fuzzy PV • •  •  

Wang and 
Liang (1995) Fuzzy BCR • •   • 

Kuchta (2001) Fuzzy PV 
 • •   • 

Kahramann et 
al. (2002) 

Fuzzy PV 
Fuzzy FV 
Fuzzy UAW 
Fuzzy BCR 
Fuzzy PBP 

• •  •  

Liou and Chen 
(2006) 

Fuzzy UAW 
 • •  •  

Omitaomu and 
Badiru (2007)  Fuzzy PV • • • •  

Sorenson and 
Lavelle (2008) Fuzzy PV • •  •  

Note: Symbols used in Table 4.3 are as follows. PV: Present value/present worth; FV: 

Future value/future worth; UAW: Uniform annual worth; BCR: Benefit/cost ratio; PBP: 

Payback period; and the symbol (•) represents consideration of this particular aspect.   

Table 4.3 reveals that most researchers considered triangular rather than trapezoidal fuzzy 

numbers. Moreover, with the exception of Buckley (1987), scholars treated discount rate 

and periodic cash flows as input fuzzy numbers. However, the exact operations to derive 

the economic performance measures stated in Table 4.3 are, in fact, complex non-linear 

representations, which require tedious computational efforts (Chiu and Park 1994; Ross 

2004). Moreover, the operationalization aspects of periodic cash flows or, in other words, 

their compositions from underlying investment parameters (such as expected demand, 

possible cost), are not acknowledged in the derivation of these economic performance 

measures. If one recognizes that underlying investment parameters are also fuzzy numbers, 
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then the derivation of the fuzzy economic performance measures (in Table 4.4) will 

become even more complicated from a computational perspective. 

Alternately, to avoid the tedious calculation steps for obtaining fuzzy economic 

performance measures, but without compromising acceptable solutions, the vertex method 

is a competing choice. Based on α-cuts and standard interval analysis, Dong and Shah 

(1987) developed the vertex method, which is a numerical approximation technique for 

mapping output fuzzy quantities. The vertex method prevents the widening of results of 

the function value set owing to multiple occurrences of variables in the function 

expression, as one may experience during the implementation of the interval analysis 

(Dong and Shah 1987; Ross 2004). Additionally, it averts the occurrence of irregular and 

erroneous membership functions for the output fuzzy variables, when continuous-valued 

membership functions of the fuzzy input variables are discretized in employing the 

extension principle (Ross 2004). Furthermore, the vertex method is less computationally 

intensive compared with the extension principle (Ross 2004; Guan and Aral 2005). The 

computational cost savings in the vertex method are even greater as the number of input 

fuzzy parameters increases in a model (Guan and Aral 2005). Researchers (e.g., 

Choobineh and Behrens 1992; Esogbue and Hearnes 1998) employed the vertex method in 

economic evaluation of investment opportunities. Considering its above-mentioned 

advantages, this PhD research also employs the vertex method for mapping (i.e., 

computing membership functions) the output fuzzy variables (see Chapter 5 and 6). The 

following section provides a thorough discussion of the vertex method.  

4.2.4 The Vertex Method 

Definition 4.18 (Vertex Method): When y = f(x1, x2, …xn) is continuous in the n-

dimensional rectangular region, and also no extreme point exists in this region (including 

the boundaries), then the value of interval function can be obtained by using Eq. (4.36) 

(Dong and Shah 1987): 

]n,1[))((max)),((min)X,X,X(Y nll ∈⎥⎦
⎤

⎢⎣
⎡== icfcff jjjj

L  (4.36)

  where cj = ordinate of the jth vertex  
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If there are m extreme points Ek (k= 1,…m), the Eq. (4.36) changes to: 
 

]n,1[))(),((max)),(),((min)X,X,X(Y
,,nll ∈⎥⎦

⎤
⎢⎣
⎡== iEfcfEfcff kjkjkjkj

L  (4.37)

Properties of the Vertex Method 

However, before using the vertex method, one has to consider its limitations. The limiting 

conditions for the application of the vertex method (Dong and Shah 1987; Antonsson and 

Otto 1997) are as follows: 

(1) the given function must satisfy the normality and convexity conditions;  

(2) the given function must be continuous and monotonic over the input fuzzy  

variables;  

(3) no singularities of the given function can occur over the input fuzzy variables (i.e., 

no division by zero, and no zero arguments can occur for each input fuzzy  

variables for unary operations such as the natural logarithm and the square root). 

Computational Steps of the Vertex Method  

Consider there are N fuzzy numbers 1A~ , …, iA~ , …, NA~  defined on the real line, and xi 

denotes an element of iA~ , i= 1, 2, …,N.  If x1, …,xi, …,xN are related to a real number y 

by the mapping y = f(x1, …,xi, …xN), then the solution to the output fuzzy number B~ in y 

corresponding to the input fuzzy numbers 1A~  in x1, …, iA~  in xi, … NA~ in xN can be 

obtained by adopting the following steps: 

Step 1: Discretize the range of membership [0, 1] into an M finite number of values, called 

α1,…,αj,… αM, j= 1, 2, …,M. The refinement in dicretization depends on the 

degree of accuracy desired.  

Step 2:  For each membership value αj, determine the corresponding intervals for iA~ in xi; 

this will provide N intervals such that the supports (i.e., end points of these 

intervals) for a given αj-cut of 1A~ , …, iA~ , …, NA~ become as [a1, b1] , …, [ai, bi] , 

… ,[aN, bN]. When, ai becomes equal to bi, the interval reduces to a point.  
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Step 3:  Take one endpoint from each of the N intervals (at the given αj-cut,) and combine 

the endpoints to form an N-ary array, which will contain 2N distinct permutations 

of endpoints.  

Step 4:  For each of the 2N combinations of the vector (x1, …,xi, …,xN), evaluate the 

function y = f(x1, …,xi, …,xN) for k(=2N) times, which will yield 2N values for y 

(y1, …, yk), where k= 1, 2, …,2N.  

Step 5:  From k values of y, determine the resultant interval for the y (i.e., the support 

of ) at the αB~ j-cut from the condition:  ⎥⎦
⎤

⎢⎣
⎡ ∨∧= kkkk

yy ,B~ αj . 

where ∧ = minimum operator; and  

 ∨ = maximum operator. 

Step 6: Repeat steps 2–5 for all α-cuts (as defined in step 1) to obtain the solution (i.e., the 

additional α-cuts) of the output fuzzy number . B~

4.2.5 Defuzzification Method 

As stated earlier, defuzzification refers to the conversion of a fuzzy set to a single scalar 

quantity – presumably to its most representative value (Ross 2004). Once the output fuzzy 

quantity is defined, then the final step is to defuzzify it into a crisp number that can easily 

be communicated. To defuzzify, several methods are available in the literature such as 

center of area, center of sums, center of largest area, and mean of maxima. The center of 

area (COA) method is the ubiquitous and physically appealing defuzzification method in 

fuzzy modeling (Sugeno 1985; Lee 1990; Omitaomu and Badiru 2007). In COA 

defuzzification, the crisp value z* is the geometric center of the output fuzzy set, obtained 

by taking the union of all binding rules whose degree of membership function is greater 

than zero (Omitaomu and Badiru 2007). Eq. (4.38) defines the algebraic expression of the 

COA defuzzification method: 
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The defuzzified or final crisp value, therefore, provides some leeway for the associated 

uncertainties, because it incorporates the vagueness in the dataset.  

4.2.6 Numerical Example 

To demonstrate the application of the vertex method, let us consider two input TFNs 

(10,20,35)X~ (5,25,30)Y~and . If Z )z,,z(z~
321  be the output TFN, which results from the 

function z = f (x + y) then, using the vertex method, one may compute the membership 

function  of the output TFN  as follows: (zµ Z~ ) Z~

For simplicity of demonstration, consider only three α-cuts (α=0.0, α=0.5, and α=1.0) 

[Step 1]. At these three given α-cuts the interval of (10,20,35)X~  and (5,25,30)Y~  are as 

follows [Step 2]: 

 
At α=0.0: 

X α=0.0 = [10, 35];   Y α=0.0 = [5, 30]  
 
At α=0.5: 

X α=0.5 = [15, 27.5];   Y α=0.5 = [15, 27.5]  
 
At α=1.0: 

X α=1.0 = [20, 20];   Y α=1.0 = [25, 25] (i.e., a single point) 

Since there are only two input TFNs, one should have 22 = 4 permutation of vertices 

(endpoints) at each α-cut (see Table 4.4) [Step 3]. For example, Table 4.4 illustrates the 

combinations of vertices at α=0.5 in bold-faced type. 

Using the four combinations of vertices, one should have four values of the function z = f 

(x + y) [Step 4], from which the interval of z at that α-cut is determined using the min and 

max operator [Step 5]. The abovementioned process is repeated for all the three given α-

cuts [Step 6]. Table 4.4 provides the complete enumeration of the fuzzy mapping using the 

vertex method. 
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Table 4.4 Computation of Membership Function using the Vertex method  

α-cuts Combination of 
endpoints 

Corresponding 
values of z 

(10,5) 15 

(10,30) 40 

(35,5) 40 0.0 

(35,30) 65 

(15,15) 30 

(15,27.5) 42.5 

(27.5,15) 42.5 0.5 

(27.5,27.5) 55 

(20, 25) 45 

(20, 25) 45 

(20, 25) 45 1.0 

(20, 25) 45 

 

Referring to Table 4.4, the corresponding intervals of Z~ at the three α-cuts (i.e., at α=0.0, 

α=0.5, and α=1.0), therefore, appears as follows:  

 
At α=0.0: 

Z α=0.0 = [15, 65] 
 
At α=0.5: 

Z α=0.5 = [30, 55] 
 
At α=1.0: 

Z α=1.0 = [45, 45] (i.e., a single point) 
 

Fig. 4.5 illustrates the mapping of  from  and using the vertex method.  Z~ X~ Y~

 
 
 
 
 
 
 

Fig. 4.5 Computation of Membership Function using the Vertex Method 
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To demonstrate the COA method, the crisp value of would be as follows: Z~

 
 

33.58
0.10.15.05.00.00.0

)45(0.1)45(0.1)55(5.0)30(5.0)65(0.0)15(0.0z*

=
+++++

×+×+×+×+×+×
=

 

4.3   GENETIC ALGORITHMS 

Section 3.4.4 of Chapter 3 advocated genetic algorithms (GA) as the recommended 

optimization tool for addressing procurement objectives of prospective sponsors and thus, 

optimizing concessionary items’ values of PFI projects. This section, therefore, provides a 

brief overview of genetic algorithms (GA). It also depicts the working mechanisms of GA 

that will be utilized later in Chapter 5, 6, and 7 for solving the proposed optimization 

problems.  

4.3.1 Brief Overview of Genetic Algorithms 

Genetic algorithms (GA) is a probabilistic, heuristic search technique inspired by 

biological evolution in nature (Holland 1975; Goldberg 1989). GA follows the Darwin’s 

principle of ‘survival of the fittest’ in order to extract the best solution from the system 

under consideration.  

Key Terminologies Used in GA 

• Chromosome: Each chromosome represents one possible solution to the problem, 

and every chromosome is associated with a fitness value, which is considered as a 

proxy objective value of a solution.  

• Gene: A gene represents one-decision variable, while several genes comprise one 

chromosome.  

• Allele: The smallest unit of GA elements is allele, which is analogous to a bit in 

binary representation. In real-valued representation, allele denotes the actual value 

of a gene.  

• Population: A certain number of chromosomes comprise one population, which 

indicates a set of points within the search space.  
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• Generation: The population evolves through successive iterations, termed as 

generation.   

Characteristics of GA 

GA works in a very different way in comparison with conventional optimization methods. 

The three unique characteristics that make GA differ from other optimization techniques 

are as follows: 

• The two essential features of a search algorithm are exploiting the best solution, 

and exploring the search space (Gen and Cheng 1997). Many search algorithms 

(such as the hill climbing method) focus only on exploitation of the best solutions, 

while optimization methods in the other group, for instance random search method 

concentrate on exploration capability of search spaces (Gen and Cheng 1997). In 

comparison with traditional optimization algorithms, GA can combine a proper 

mix of both exploitation and exploration features of search procedures, and can 

thereby able to yield good results.  

• GA is a population-based search algorithm. GA creates and works on a set of 

solutions. On the contrary, classical optimization methods produce only one 

solution in a single run. The population-based working methodology facilitates GA 

in exploring a feasible solution space from different search directions.     

• GA employs probabilistic transition rules in searching optimal/near-optimal 

solution. According to Zheng et al. (2004), GA follows a random but directed walk 

in generating new solutions from the existing pool. Consequently, the resulting 

perturbations help move out local optima (Haupt and Haupt 2004). Moreover, the 

provision of exchanging stochastic information facilitates GA not to depend on the 

mathematical structure of the objective function.  

Advantages of GA  

In comparison with other optimization methods, GA offers the following advantages 

(Goldberg 1989; Gen and Cheng 1997; Haupt and Haupt 2004). 

• Information requirement: As the search process in GA is not gradient-based, it 

does not require auxiliary information of an objective function. 
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• Nature of complexity: GA optimizes parameters associated with cost surfaces that 

may range from a simple to a very complex nature. 

• Objective function types: GA can work with uni-modal and multi-modal functions, 

differentiable and non-differentiable functions, as well as convex and non-convex 

regions. 

• Data source and types: GA is equally capable of working on numerically generated 

data, experimental data, as well as analytical functions. GA can optimize any types 

of decision variables, such as continuous, discrete, and mixed, i.e. containing both 

continuous and discrete variables. 

• Flexibility: GA offers flexibility to be hybridized with other artificial intelligent 

techniques such as fuzzy set theory, artificial neural network (if required) for 

making a realistic representation of a complex real-world problem.  

The aforementioned advantages make GA becoming very popular for solving a wide 

variety of real-world optimization problems. Example applications of GA within the 

domain of construction engineering and management include equipment selection (Haidar 

et al. 1999), labor allocation (Tam et al. 2001; Tong and Tam 2003), resource allocation 

and leveling (Hegazy 1999), safety management (El-Rayes and Khalafallah 2005), project 

scheduling (Leu and Yang 1999), site layout optimization (Hegazy and Elbeltagi 1999; Li 

and Love 2000), and time cost trade-off analysis (Leu et al. 2001; Zheng et al. 2004), to 

name but a few. 

4.3.2 Working Mechanisms of Genetic Algorithms 

To solve an optimization problem, GA works in different steps. Typically, a GA must 

have the following five components for solving a particular optimization problem 

(Michalewicz 1996): 

(1) A representation for potential solution to the problem. 

(2) A way to create an initial population of potential solutions. 

(3) An evaluation function that plays the role of the environment, rating solutions in 

terms of their ‘fitness’. 
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(4) Genetic operators that alter the composition of children (offspring). 

(5) Values of various parameters that the GA uses (population size, probabilities of 

applying genetic operators, etc.)  

The following paragraphs succinctly describe each of these basic operations involved in 

GA implementation.  

Chromosome representation: The first step to begin GA implementation is to 

characterize chromosomes (decision variables) through a suitable coding (representation 

of chromosomes) scheme. The two common methods of chromosome representation are 

binary coding and real-valued coding. Binary coding characterizes chromosomes through 

binary digits (0, 1), while real-valued coding represents chromosomes in real numbers (0, 

9) without any binary conversion. Historically, binary representation is common for 

encoding chromosomes containing integer values. 

However, in real-world situation, where the genes of a chromosome represent finite 

numbers, difficulties often arise with the coding and decoding of chromosomes. Wright 

(1991) has documented well the advantages of real-valued coding over binary coding. 

Radcliffe (1992) argued that the good properties of GA, in fact, do not originate from the 

use of bit string representation. Huang et al. (2003) claimed that real-valued coding system 

is able to produce higher accuracy. Additionally, the real-valued coding system is more 

efficient because it does not require processing of the intricate coding and decoding of 

chromosomes, therefore reducing the calculation steps.  

Moreover, classical binary coding is not well suited to solving the optimization problems 

comprising mixed continuous-integer decision variables, in terms of precision requirement 

and processing efficiency compared with real-coded representation (Michalewicz 1996; 

Herrera et al. 1998). Since the optimization problems proposed in Chapter 5, 6, and 7 

contain both integer and floating-point decision variables, this PhD research will employ 

real-valued coding to encode decision variables in real numbers.  

Population initialization: After chromosome representation, GA at its outset randomly 

generates an initial population (i.e., a specified number of chromosomes). However, the 

initial population can be generated either randomly or by employing some heuristics. 
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Depending on solution strategy, sometimes it may require creating an initial feasible 

population rather than generating it randomly. Chapter 5 will provide further details about 

construction of the initial population required for solving the reference optimization 

problem.   

Population evaluation: The evaluation of population depends on the scope of objective 

function of a given optimization problem, i.e., whether it has to satisfy constraint(s) or not. 

In reality, the objective functions for most optimization problems have to satisfy a number 

of constraints. However, GA cannot directly deal with constrained optimization problems 

(Yeniay 2005). Several methods are available to convert a constrained optimization 

problem into an unconstrained one such as repairing strategy and penalizing strategy, to 

name but two. The choice of constraint handling mechanisms should it  be implemented 

by a GA depends on a number of factors including the types of constraints involved in an 

optimization problem. Chapter 5 will detail the constraint handling mechanisms for 

proposed GA implementation.  

Selection: The selection operation (also known as reproduction) guides the current 

chromosomes of a mating pool to be qualified as parents for the next generation. Better-

performing chromosomes have higher chances to survive. This PhD research will exploit 

the linear- ranking selection scheme proposed by Baker (1988) because it outperforms the 

fitness-proportionate selection scheme with respect to scaling problems (Pohlheim 2001). 

Linear-ranking selection provides uniform scaling across chromosomes within the 

population (Wang et al. 1997). Either the difference in fitness values between two 

individuals, small (0.01) or big (1.0 × 107) has no impact on the normalized fitness values 

(Boesel et al. 2003). 

In this method, chromosomes are sorted according to their actual fitness values. Each 

chromosome is then assigned to a contiguous segment of the roulette wheel in proportion 

to its positional value in the rank. The three major steps in performing the linear-ranking 

selection are listed below. 

Step 1: Rank current chromosomes in descending order derived from their fitness values. 

Step 2: Determine normalized fitness values for each of the chromosomes using their rank 

position in the mating pool according to Eq. (4.39): 
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where Fn = normalized fitness value of a chromosome n; 

 Np = size of a population; 

 nrank = value of rank position of a chromosome n in the mating pool; and 

 Sp = selection pressure, which usually ranges between [1, 2]. 

Step 3: Finally, based on the obtained normalized fitness value, assign each chromosome 

to a contiguous segment of the roulette wheel, which will facilitate selecting 

eligible chromosomes for the next generation, accordingly. 

Crossover: The crossover operation creates new chromosomes from parent chromosomes 

by intermingling information from both. To facilitate the crossover operation, this PhD 

research will employ the simulated binary crossover (SBX) operator developed by Deb 

and Agrawal (1995). The SBX operator is highly capable of mimicking the advantages of 

binary representation (Deb 2001). Once the number of chromosomes entitled for crossover 

operation is selected through a user-defined input parameter-probability of crossover Pc, 

then for a specific variable having lower and upper bounds (xl, xu), the procedures for 

obtaining the offspring (children solutions) y(1) and y(2) from two parent solutions x(1) and 

x(2) are as follows:  

Step 1: Create a random number u between 0 and 1. 

Step 2: Find the polynomial probability distribution parameter β using Eqs. (4.40)-(4.42): 
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where ηc = the distribution index for SBX, the user-defined input parameter 

that may take any non-negative value. 

A small value of ηc           allows creation of distant-parent offspring, while a large value 

of ηc restricts only near-parent offspring. Fig. 4.6 demonstrates the offspring 

resulting from a smaller and a larger value of ηc, respectively. 

Step 3: Using the value ofβ , calculate the offspring from Eqs. (4.43) and (4.44): 

|]|)[(5.0y )1()2()2()1()1( xxxx −−+= β
 

(4.43)

|]|)[(5.0y )1()2()2()1()2( xxxx −++= β
 

(4.44)

  Probability distributions of 
offspring with near parents 

 

Probability distributions of 
offspring with distant parents 

Fig. 4.6 Effect of ηc in Creating Offspring by SBX Operator (Deb and Beyer 1999) 

Mutation: The mutation operation alters values of selected gene(s) within a specified 

bound. The primary purpose of mutation is to avoid local optima that hurdle in obtaining 
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global optimum solution(s) (Michalewicz 1996). By introducing new genetic information, 

mutation allows GA to explore new regions of the solution space, therefore preventing 

premature convergence to a sub-optimal solution. This PhD research will use the 

parameter-based mutation (PMB) operator (Deb 2001); it enhances exploration and 

maintains diversity in populations (Xiaoping and Weiji 2007). The PMB operator also 

involves two user-defined parameters. The parameter - probability of mutation Pm controls 

the rate of mutation, while the polynomial probability distribution parameter δ  facilitates 

to obtain a mutated child near a parent solution specified with lower and upper boundaries 

(xl, xu). The computational procedures involved in the PMB operator are as follows:  

Step 1: Create a random number u between 0 and 1. 

Step 2: Calculate the polynomial probability distribution parameter δ from Eqs. (4.45) and 

(4.46): 
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where ηm = the distribution index for mutation and takes any non-negative value ; 
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This ensures that no solution would be created outside the range [xl, xu]. 

Step 3: Calculate the mutated child from the condition given in Eq. (4.47):

maxδxy ∆+=  (4.47)

where max∆  = the maximum perturbance allowed in the current solution =

 )( xx − lu

Elitism: Elitism ensures that the chromosome with the highest fitness value obtained from 

the current generation is always retained in the next generation, without any alterations by 
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genetic operators. Elitism improves the performance of GA by keeping the generations 

monotonic (Wang et al. 1997). 

Termination: The termination of the reproduction cycle of GA depends on the 

convergence of solutions achieved so far. To stop GA, the bulk of the volumes of literature 

consider a preset large number of generations, assuming that GA would provide the best 

solution with sufficient convergence within this stipulated number of generations. 

However, GA may yield a converged solution with acceptable quality well ahead of 

reaching this maximal number of generations. Therefore, whenever applicable, one can 

save a huge amount of computational time by introducing an additional criterion to the 

solution convergence such as employing a two-step stopping rule. Consequently, this PhD 

research will invoke a two-step stopping rule. It suggests that GA should stop its 

reproduction cycle based on satisfying either: (i) maximal number of generations; or (ii) 

the non-improvement limit of the solution, whichever would be realized earlier. The non-

improvement limit of solution is the condition wherein the best current solution shows no 

further improvement within a specified number of generations selected by the user 

(Marzouk and Moselhi 2002).  

4.4  CHAPTER SUMMARY 

This chapter laid the foundations of the three essential instruments for solving the 

problems of optimizing concessionary items of PFI projects. The focus of discussion has 

encompassed:  

(1) development of the financial model for PFI projects;  

(2) use of fuzzy set theory in evaluation of PFI projects; and  

(3) working mechanisms of genetic algorithms in the development of the reference 

optimization model. 

The first section illustrated the development of the financial model for revenue-generating 

PFI projects. In so doing, it first presented the key definitions involved in financial 

modeling of PFI projects, followed by detailing the underlying assumptions. Next, it 

presented the derivation of the financial model for PFI projects in three major steps:  

(1) defining the constituents of cash flows of PFI project;  
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(2) deriving the cash flows from different perspectives of key stakeholders of PFI 

projects; and  

(3) formulating financial performance measures obtained from cash flows of PFI 

project using the technique of discounted flow.   

The second section portrayed the application of the fuzzy set theory in financial evaluation 

of a PFI project. This section began with providing some key terminologies essential for 

employment of the fuzzy set theory, which was followed by depicting arithmetic 

operations on fuzzy numbers. It also identified and investigated prevailing scholarly works 

on treating fuzzy investment opportunities within the context of economic evaluation of 

projects in general, which are rooted in the arithmetic operations on fuzzy numbers. 

Recognizing the strengths and weaknesses, this section, thereafter, introduced the 

theoretical domain and application of the vertex method in making decisions within a 

fuzzy environment. The section also provided the details of the defuzzification method. 

Finally, a simple numerical example was presented illustrating the mechanisms involved 

in the vertex method and the COA defuzzification method.  

The third section introduced the fundamentals of the GA. Followed by providing a gentle 

introduction of GA; it progressively presented the different steps involved in GA 

implementation. First, it discussed the coding scheme of GA. Next it portrayed the 

mechanisms involved in the reproduction cycle of GA. Along with this, it also detailed the 

computational steps involved in the selection, crossover, and mutation operations. 
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CHAPTER 5 
 
 

MMAAXXIIMMIIZZIINNGG  TTHHEE  WWIINNNNIINNGG  PPOOTTEENNTTIIAALL  OOFF  AA  PPFFII  PPRROOJJEECCTT  

 
 
This chapter demonstrates the development of a single-objective optimization model to 

determine optimized values of concessionary items aiming at maximizing the potential of 

winning a PFI project. The chapter begins with Section 5.1, which states the problem of 

addressing prospective sponsors’ potential for winning a PFI project (hereafter, bid-

winning potential) and presents a new financial performance measure to quantify 

prospective the bid-winning potential. Section 5.2 proposes an optimization problem for 

maximization of prospective sponsors’ bid-winning potential considering the conflicting 

financial interests of sponsors, governments, and lenders. Consequently, the chapter 

provides the methodologies for solving the proposed optimization problem within two 

distinct investment situations of a PFI project: the deterministic investment environment 

and the uncertain investment environment. Section 5.3 details the application of genetic 

algorithms (GA) to solve the proposed optimization problem within a deterministic frame. 

Section 5.4 presents a combined application of GA and fuzzy set theory to solve the 

optimization problem under uncertainty. Numerical examples are also provided to 

demonstrate the capabilities of these two different solution methodologies. Section 5.5 

concludes the chapter. 

5.1   PROBLEM STATEMENT 

Chapter 3 documented the incapability of existing financial models to meet the practical 

need of prospective sponsors in offering an attractive combination of concessionary items’ 

values to governments, yet without compromising a reasonable level of profit. Chapter 3 

also pinpointed that those models, in fact, analyzed various financial performance 

measures of PFI projects considering concessionary items as model inputs. The use of a 

specific set of concessionary items’ values as model input may not necessarily present all 

the attractive financial alternatives that prospective sponsors need to consider in 

determining their bid-wining potential. Conceptually, prospective sponsors may achieve a 

desirable level of profit [see Eq. (4.18)] from any viable set of concessionary items’ values 
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given a large number of such combinations, if other investment parameters remain 

unchanged. The proposed problem, therefore, is a departure from such approaches of 

conventional financial analysis models. The primary difficulty in formulating the proposed 

problem is to treat concessionary items’ values as model outputs, which should ultimately 

maximize the bid-winning potential of prospective sponsors. The research question posed 

herein is ‘How to determine an acceptable set of concessionary items’ values, which in 

turn would maximize the bid-winning potential of prospective sponsors?’  

For a given profit, the enhancement of prospective sponsors’ bid-winning potential 

essentially depends on whether they are able simultaneously to determine the values of 

base price and concession length as low as possible. To determine the lowest values of 

base price and concession length leading to maximization of the bid-winning potential 

within a given investment opportunity to a PFI project, this PhD research, therefore, 

proposes a new financial performance measure called bid-winning index (BWI). It refers 

to the net present value of sponsors' cash flows (required to realize a specific profit level) 

per unit base price and unit year of the sponsor operation period, subject to utility of two 

concessionary items: base price and equity level.  

The importance of utility in defining BWI is to reflect the usefulness of selecting a 

particular value of base price and equity level among a set of alternates concerning 

competitive tendering. To prospective sponsors utility is, therefore, a subjective measure, 

yet is a structured approach. It helps evaluate systematically the usefulness of base price 

and equity level, especially by simultaneous addressing of two differing aspects: market 

competition in proposing an attractive financial offer to governments, and financial 

comfort in apprehending financial goals and strength such as expectations of profit, and 

capabilities in raising project capital through equity injection.   

For example, prospective sponsors may pursue a reasonable profit by increasing the base 

price from its minimum value up to a certain extent provided this range might be agreeable 

to governments. The upper boundary of this seemingly mutual range of base price is 

herein termed transition base price . Accordingly, considering that profitability can be 

increased without hampering the prospect of competitiveness to prospective sponsors, the 

utility of base price gradually increases from its minimum value of zero (0) at the 

minimum base price until reaching its maximum value of one (1) at the transition base 

t
0P
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price, as shown in Fig. 5.1(a). Beyond this zone, a further increase in base price still 

augments sponsors’ profitability. However, prospective sponsors may feel insecure about 

the danger of losing the PFI project contract. An excessive increase in base price may not 

comply with governments’ expectations for a base price that is affordable to the end users 

of a PFI project. Therefore, considering the previously mentioned two critical attributes of 

market competition and financial comfort, prospective sponsors may limit the utilities for 

higher base prices (i.e., after the transition base price) to its maximum value of one (1).  

Similar reasoning is true for realizing the utility of equity level. Prospective sponsors 

usually need to contribute at least a specific amount of equity, according to tender clauses 

of PFI projects. Considering that equity is an expensive resource, the utility at this 

minimum equity level yields its maximum value of one (1) to prospective sponsors. 

However, to demonstrate their financial commitments to governments and, thereby, to 

enhance their bid-winning potential, prospective sponsors usually raise equity level to a 

specific range, the upper limit of which is herein referred to transition equity level , as 

shown in Fig. 5(b) . The added benefit of considering a higher equity level, therefore, 

plays a catalytic role in imparting a higher bid-winning potential. This, however, is always 

achieved at the cost of investing more equity. Therefore, realizing the overall financial 

outcome, the utility of equity levels within this zone remains at its maximum value of one 

(1). Following the transition equity level, a further increase in equity level may 

demonstrate more commitment to governments (and sometimes may even be required), 

yet may strain financial capabilities of prospective sponsors to inject more costly equity. 

Consequently, after the transition equity level, the utility of equity level gradually 

decreases with higher values of equity level until reaching its minimum value of zero (0).  
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Eqs. (5.1) and (5.2), mathematically express the utilities of base price and equity level, as 

illustrated in Fig. 5.1(a) and Fig. 5.1(b), respectively. 
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where 

max0P  = maximum base price; 

 
min0P  = minimum base price; 

 
0PU  = utility of base price; 

 ξU  = utility of equity level; 

 ξ max = maximum equity level; and 

 ξ min = minimum equity level. 

However, to prospective sponsors, the relative importance of utility of equity level and 

utility of base price may vary depending on various factors such as market competition, 

financial strength of the ‘Project Company’, as argued in the preceding paragraphs. Eq. 

(5.3), therefore, acknowledges the combined effect, i.e., the weighted-average of utility of 

base price and utility of equity level as follows:  
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+

+
=  (5.3)

where U  = weighted-average of utility of base price and utility of equity level;  

 
0Pw  = weight factor representing relative importance of the utility of base price 

to prospective sponsors; and 

 ξw  = weight factor denoting relative importance of the utility of equity level to

prospective sponsors.  
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5.2   OPTIMIZATION PROBLEM 

5.2.1 Objective Function 

The objective function of the proposed optimization model is to maximize the bid-winning 

index from a given opportunity to investment in a particular PFI project. Eq. (5.4) defines 

the objective function. 

⎟
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⎞
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⎝

⎛

×
×

=
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UNPV  BWIMaximize
0

S
 

  

(5.4)

Decision variables 

Eq. (5.4) clearly indicates that the objective function depends on appropriate values of 

concessionary items: the sponsor operation period (SOP); base price (P0); and equity level 

(ξ ). These three concessionary items, therefore, act as decision variables of the proposed 

optimization model. Note that base price and equity level are continuous variables, while 

the sponsor operation period is a discrete variable with an integer multiple of 1 (one). 

Therefore, the reference optimization model turns into a mixed integer optimization 

problem.  

5.2.2 Constraints 

The objective function in Eq. (5.4) is subject to the following constraints: 

Financial viability: The developed objective function aims for maximizing prospective 

sponsors’ bid-winning potential; however, the proposition holds true if, and only if, a PFI 

project is financially viable. Typically, the net present value of cash flows of a PFI project 

defines its financial viability. To prospective sponsors, a PFI project is financially viable if 

the net present value of cash flows expected from their perspective, i.e., NPV  [see Eq. 

(4.17)], is either positive or at least zero (Bajkatjan et al. 2003). Eq. (5.5), therefore, 

guarantees financial viability of a PFI project from prospective sponsors' viewpoints. 

S

 
0NPVS ≥  (5.5)

Financial sustainability: The financial viability of a PFI project is not the all concerns of 

prospective sponsors. To them, the expected profile of net cash flows, i.e., net cash flows 
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at a particular year over the sponsor operation period  [see Eq. (4.15)] is equally 

important. A PFI project may seem financially viable considering the net present value of 

all cash flows spanning the sponsor operation period. However, for a particular year or a 

number of years of the sponsor operation period, sponsors may even face shortfall of 

revenues owing to several reasons including low base price or low base demand – or even 

both. This deficit in revenue leading to negative cash flows at a specific number of year(s) 

may seriously impair sponsors’ financial performances. For example, sponsors may fail in 

meeting regular expenses including loan repayment, and operation and maintenance costs, 

over that particular year(s). Moreover, the negative net cash flows, in fact, indicate 

sponsors’ inability to repay the debt to the full amount as committed in the loan agreement 

(Malini 1999). Therefore, sponsors’ expected net cash flows for a particular year of the 

sponsor operation period should be positive or at least be zero. Eq. (5.6) defines sponsors’ 

financial sustainability; in other words, it ensures that no negative cash flows from 

sponsors’ perspectives are acceptable during each year of the sponsor operation period 

(SOP). 

S
jNCF

 
0NCFS

j ≥  (5.6)

Profitability: Sponsors invest in a PFI project to earn profit. However, governments may 

not allow sponsors to dive for an excessive profit [i.e., the internal rate of return of 

sponsors’ cash flows IRRS defined in Eq. (4.18)]. Sponsors must comply with the 

governments’ restriction on the maximum margin of profit (Zhang and AbouRizk 2006). 

Eq. (5.7), therefore, states that sponsors’ expected profit must be within a specific upper 

limit of IRRS.  

 
S
U

S IRRIRR ≤  (5.7)

where S
UIRR  = upper limit of IRRS. 

Debt servicing: A PFI project is deemed bankable if the average of annual debt-service-

coverage ratios projected over the pre-specified loan repayment period is not less than a 

minimum value (Koh et al. 1999; Bakatjan et al. 2003; Zhang 2005). Eq. (5.8) compels 

sponsors to fulfill the requirement of lenders in debt servicing. 
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τ≥avgDSCR  (5.8)

where DSCRavg = average of debt-service coverage ratios over the loan repayment period; and 

 τ  = lower limit of average debt-service coverage ratio. 

Financial return to governments: The net present value of government’s cash flows over 

the government operation period, i.e., NPVG [see Eq. (4.20)] must be positive (Shen et al. 

2002). Eq. (5.9) confirms government’s concern for a positive NPVG. In so doing, Eq. 

(5.10) protects prospective sponsors’ profitability, i.e., derivation of a positive NPVG 

should not impede attainment of the NPVS required for a given profit of IRRS.  

0NPVG ≥  (5.9)

GS NPVNPV ≥  (5.10)

Range constraints for decision variables: Finally, Eq. (5.11) warrants that the values of 

decision variables (i.e. concessionary items) must reside in the given bounds.  

 
minmaxmin00max0minmax  ,PPP ,OPSOPOP ξξξ ≥≥≥≥≥≥  (5.11)

 
where OPmax = maximum value of the operation period; and 

 OPmin = minimum value of the operation period. 

Prospective sponsors may use the proposed optimization model [see Eqs. (5.4)-(5.11)] to 

address their procurement objective – maximizing the bid-winning potential considering 

two distinct types of investment situations: the deterministic investment environment 

(wherein all investment parameter are defined with certainty), and the uncertain 

investment environment (wherein some investment parameters are estimated with 

impression). Section 5.3 and Section 5.4, therefore, detail the methodologies for solving 

the proposed optimization model within the deterministic and the uncertain investment 

environment, respectively. Through numerical examples, these sections also demonstrate 

the capabilities of the proposed algorithms.    
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5.3  SOLUTION OF THE OPTIMIZATION PROBLEM WITHIN THE DETERMINISTIC 
INVESTMENT ENVIRONMENT 

5.3.1 Solution Method 

As depicted in Section of 5.2.1, the proposed optimization is a mixed integer optimization 

problem. Chapter 3 thoroughly documented the suitability of genetic algorithms (GA) in 

solving such kind of problems. This section, therefore, portrays a GA-based methodology 

for solving the proposed optimization problem within the deterministic investment 

environment. The solution method of the proposed optimization problem by employing 

GA within the deterministic environment is herein referred to Deterministic GA (BWI 

Model).  

Chapter 4 detailed that a GA typically involves a number of steps including evaluation of 

the objective function of a reference optimization problem and the reproduction cycle. 

Chapter 4 also illustrated the intended mechanisms of GA reproduction cycle consisting of 

linear ranking selection, simulated binary crossover, and parameter-based mutation, all of 

which will be utilized herein in development of the Deterministic GA (BWI Model). 

However, evaluation of an objective function is problem dependent, and largely relies on 

underlying constraints that the objective function of an optimization problem needs to 

satisfy.  

An optimization problem may involve different types of constraints. One may classify 

constraints into two broad categories: compatibility constraint and selection constraint 

(Jiao et al. 2007). Compatibility constraint deals with restrictions on combinations, while 

selection constraint contends with the restriction on range (i.e., feasible solutions should 

reside within a specific range). This PhD research acknowledges both types of constraints. 

The compatibility and selection constraints proposed in this PhD research will account for 

practical considerations of prospective sponsors in obtaining optimized values of 

concessionary items by satisfying all the constraints postulated in Eqs. (5.5)-(5.10). 

Moreover, during the optimization process, the separate treatment of these two types of 

constraints will enhance the search power of the proposed GA in yielding good solutions.  
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The compatibility constraints in this PhD research consist of the three constraints as 

presented in Eqs. (5.5)-(5.6) and Eq. (5.9). These compatibility constraints, in fact, 

indicate that for a particular combination of concessionary items’ values, a PFI project 

should, at least, be financially viable and sustainable to prospective sponsors (see Eq. (5.5) 

and Eq. (5.6), respectively), as well as the venture should provide, at least, a positive NPV 

to the government [see Eq. (5.9)]. On the other hand, the selection constraints are 

presented in Eqs. (5.7)-(5.8) and Eq. (5.10). Selection constraints indicate that if a solution 

is deemed financially viable and financially sustainable to prospective sponsors, and 

provide a positive financial return to the government, only in that case the particular 

solution can be considered for further evaluation in addressing other conflicting financial 

interests. To reiterate, these constraints address the concern about prospective sponsors’ 

profitability [see Eq. (5.7)], debt servicing [see Eq. (5.8)], and the condition that derivation 

of a positive NPVG should not impede attainment of the NPVS required for a given profit 

of IRRS [see Eq. (5.10)]. 

However, irrespective of type of constraints, GA in general is incapable of providing 

reliable solutions in the presence of constraints (Davis 1991; Gen and Cheng 1997; Haupt 

and Haupt 2004), because genetic operators in those cases tend to manipulate the 

chromosomes randomly, and often yield infeasible offspring (Goldberg 1989). Several 

techniques are available to handle constraints in GA implementation. They fall into four 

broad categories: rejecting; repairing; modifying; and penalty strategies (Salazar et al. 

2006; Jiao et al. 2007; Konak et al. 2007). Since the reference optimization model involves 

both compatibility and selection constraints, it is very difficult to use one single strategy to 

simultaneously tackle the distinct characteristics of these two types of constraints. 

To circumvent this difficulty, this PhD research introduces a hybrid constraint-handling 

strategy consisting of both rejecting and penalizing strategies, and applies it all along the 

evolutionary process. At the initialization stage (i.e., in generating the initial population), a 

rejecting strategy is employed to deal with incompatible chromosomes. A separate 

constraint check module is considered as a filter, which updates the compatible initial 

population at the outset of GA operations. The filter rejects an incompatible chromosome 

should it occur, and keeps searching until GA finds another compatible chromosome to fill 

the initial population with valid (i.e., compatible) chromosomes. Moreover, during the 

reproduction cycle, the compatibility constraint is also checked. Whenever a new 
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chromosome is selected it is checked against compatibility constraints. The chromosomes 

that do not satisfy compatibility constraints are rejected right away and are replaced by 

immediately feasible chromosomes in a population. If the incompatible chromosome is the 

first chromosome of a population, then GA will replace it with the best chromosome found 

from the immediately previous population. In this way, GA keeps only those valid (i.e., 

compatible) chromosomes in a population.  

A penalty strategy is implemented only at the evaluation stage, i.e., after having a 

compatible set of chromosomes. At this stage, infeasible chromosomes are penalized for 

violating selection constraints. The essence of using penalty technique is to keep a certain 

amount of infeasible solutions in each generation. It does not simply reject the infeasible 

solutions in each generation, because some of them may even contain much more useful 

information about the optimal solution than some feasible solutions (Jiao et al. 2007). The 

penalty strategy thus helps acquire a balance between information preservation and 

selective power of GA.  

This PhD research adopts the penalty strategy proposed by Gen and Chen (1997). The 

objective function values are penalized according to the magnitude of constraint violation. 

The total amount of constraint-violation is commonly known as penalty term. However, 

before computing the penalty term, all constraints are normalized following Deb (2001). 

Normalization of constraints is necessary to use a single penalty coefficient (Deb 2001). 

Moreover, constraint normalization prevents poor performance of an optimization model 

that may arise from dominance of a large constraint (Kim and Adeli 2001).  

To incorporate the penalty term into the objective function, Eq. (5.12) defines the BWI 

fitness function as follows:  

 

      ∑
=

×−=
N

1n

2
nCβBWIF Maximize  

 
(5.12)

where F represents the BWI fitness value; β is a penalty coefficient; Cn is the amount of 

violation of the nth constraint after normalization (Deb 2001); n = [1, N]. The number of 

constraints (N) involved in computation of the penalty term is three. When Cn is negative, 

the absolute value of the operand, i.e., nn CC = , is considered and otherwise is taken as 

zero. 
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Computational Procedures 

Encompassing the hybrid-constraint handling strategy, the computational procedures of 

the Deterministic GA (BWI Model) are abridged as follows: 

Step 1: Define the input data representing investment parameters of a PFI project and 

GA parameters. 

Step 2:  Construct the initial population by randomly creating a set of chromosomes. 

Step 3:  Update the current population with the set of compatible chromosomes by 

enacting the rejecting strategy, whenever required.  

Step 4:  Evaluate the compatible chromosomes based on the penalizing strategy, i.e., 

using Eq. (5.12). 

Step 5: Apply elitism (if applicable) to store the chromosome having the best BWI 

fitness value. 

Step 6: Update chromosome by applying GA operators: linear ranking selection; 

simulated binary crossover; and parameter based mutation, as detailed in Section 

4.3.2.  

Step 7: Employ the two-step stopping rule to check whether the solution converges, or 

reaches the pre-specified maximum number of generations, as detailed in 

Section 4.3; if not, repeat steps 3–6 until termination of the Deterministic GA 

(BWI Model). 

Step 8: Report the best solution and associated summary at termination of the 

Deterministic GA (BWI Model). 

Fig. 5.2 summarizes the computational procedures of the Deterministic GA (BWI Model) 

in a flow chart. 
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5.3.2 Numerical Example 

To demonstrate the capability of the Deterministic GA (BWI Model) in optimizing 

prospective sponsors’ bid-winning potential, this section provides its application through a 

numerical example utilizing the data depicted in Table 4.1 (see Section 4.1.4 of Chapter 4). 

To reiterate, this data set represents a real-world PFI project reported in Bakatjan et al. 

(2003). The necessity of selecting the same set of data originates from two reasons. First, 

recall the backbone of the Deterministic GA (BWI Model) is the optimization problem 

presented in Section 5.2, which is further rooted in the developed ‘Financial Model for PFI 

Projects’ (see Section 4.1.3 of Chapter 4). Using the data in Table 4.1, Section 4.1.4 also 

validated the competence of the developed financial model in generating different 

financial performance measures of acceptable quality against those depicted in Bakatjan et 

al. (2003). Therefore, it is easy to examine any inconsistencies in results provided by the 

Deterministic GA (BWI Model), should they arise, whether from the financial model or 

from the GA itself. Second, since the developed Deterministic GA (BWI Model) is a 

completely new approach (developed by employing optimization technique) in the 

parlance of financial modeling of PFI investment opportunities, no analogous studies are 

available, against which the model results (especially, the near-optimal value of 

concessionary items) can be compared with. However, as the reported article provided a 

linear programming (LP)-based model, which is a kind of optimization problem, and at the 

same time detailed a comprehensive list of concessionary items’ values, this PhD research 

accepts the challenge to verify the results of the Deterministic GA (BWI Model) against 

those depicted in the source paper.  

Using the LP model, Bakatjan et al. (2003) determined that an equity level of 31.69 

percent had maximized sponsors’ profit (i.e., IRRS) at 14.94 percent. The values of other 

two concessionary items, i.e., base price (herein, price refers to electricity tariff stated in 

the source paper) and the sponsor operation period were 9.04 cents/kW.h and 20 years, 

respectively. However, the research question posed herein is ‘Does this set of 

concessionary items yield the maximum bid-winning potential to prospective sponsors at 

the given profit of 14.94 percent?’ The answer to this challenging proposition resides in 

determining the appropriate values of concessionary items. In so doing, prospective 

sponsors must address the conflicting financial interests of sponsors, governments, and 

lenders as depicted in Eqs. (5.5)-(5.10). As such, utilizing the same data set, the 
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Deterministic GA (BWI Model) strives for optimizing the values of concessionary items 

(i.e., the sponsor operation period, base price, and equity level), which should maximize 

the bid-winning potential of prospective sponsors.  

To facilitate optimization of prospective sponsors' bid-winning potential, the Deterministic 

GA (BWI Model) utilizes the following ranges of decision variables: sponsor operation 

period (10–20) years; base price (5–15) cents/kW.h; and equity level (20-40) percent. The 

selected ranges are consistent with that detailed in Bakatjan et al. (2003). For example, 

according to the source paper, the sponsor operation period cannot be less than the 

reported loan repayment period of 10 years. Therefore, the lower limit of the sponsor 

operation period is taken as 10 years. Moreover, Bakatjan et al. (2003) considered the 

concession length as 24 years, comprising a four-year construction period and a 20-year 

sponsor operation period. For the sake of comparison, the same length of 20 years is 

selected as the upper limit of the sponsor operation period. Motivated by Bakatjan et al. 

(2003), the lower and upper limits of base price are selected as 5.0 cents/kW.h and 15.0 

cents/kW.h, respectively. The selected upper limit of base price facilitates examining 

whether a higher value of base price is essential in order to obtain the optimal bid-winning 

potential. Finally, according to Bakatjan et al. (2003), since prospective sponsors were 

contractually obliged to contribute an equity level of at least 20 percent, this value is taken 

as the lower limit of equity level. The upper limit of equity level, however, depends on 

many factors including prospective sponsors' affordability of funding project capital. As 

such, and without loss of generality, the upper limit of equity level is considered as 40 

percent. Similarly (i.e., without loss of generality) for the sake of demonstration, the 

values of transition base price and transition equity level are chosen as 10.0 cents/kW.h 

and 25 percent, respectively. 

Moreover, the upper limit of prospective sponsors’ profit [i.e., as stated in Eq. (5.7)] 

is set to 14.94 percent. Note that the upper limit of sponsors’ expected profit exactly 

corresponds to that mentioned in Bakatjan et al. (2003). Besides, researchers such as Koh 

et al. (1999) and Bakatjan et al. (2003) stated that a project is bankable when debt-service 

coverage ratio (DSCR) is in the range of 1.10-1.25, satisfactory and comfortable when 

DSCR is between 1.30-1.50, and is preferable when DSCR is above 1.50. For the sake of 

demonstration, the threshold limit of average DSCR [see Eq. (5.8)] is considered as 1.50.    

S
UIRR
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In addition to the abovementioned investment parameters of the reference PFI project, the 

other inputs to the model are GA parameters. Table 5.1 lists the values of GA parameters 

used in the Deterministic GA (BWI Model). Through sensitivity analysis, Section 5.3.4 

will justify the rationale for selecting such values of GA parameters.  

Table 5.1 Parameters for Deterministic GA (BWI Model) 

Genetic Algorithm Parameter Value 

Population size, P 1000 

Selection pressure, SP 2.0 

Crossover probability, Pc 0.8 

Distribution index for SBX operator, ηc 1.0 

Mutation probability, Pm 0.05 

Distribution index for PMB operator, ηm 250 

Penalty coefficient, Pcoeff 104

Maximum number of generations, G 500 

Non-improvement limit, NL 50 

5.3.3 Analysis of Results 

This section provides a discussion of the results obtained from the Deterministic GA (BWI 

Model) in two steps. First, it demonstrates the convergence of solutions provided by the 

Deterministic GA (BWI Model). Second, it depicts the near-optimal values of 

concessionary items leading to maximization of prospective sponsors’ bid-winning 

potential for the reference PFI project. Since steady convergence is a priori to obtain 

reliable solutions from any GA-based optimization model, this section has sequenced the 

discussions in that order. 

Convergence of Deterministic GA (BWI Model)  

Fig. 5.3 illustrates the convergence behavior of the Deterministic GA (BWI Model) in 

producing the global near-optimal BWI fitness value. The BWI fitness value is defined in 

Eq. (5.12). Fig. 5.3(a) plots the current best BWI fitness values against corresponding 

generation numbers. The current best BWI fitness value refers to the highest value of the 

BWI fitness that the Deterministic GA (BWI Model) achieved so far at a particular 
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generation. Fig. 5.3(a) reveals that the current best BWI fitness values improved 

progressively in early generations and, finally, converged to the near-optimal value (with 

six decimal precision) at the 210th generation. Fig. 5.3(b) sketches variances of current 

best BWI fitness values, smoothed by averaging over 20 numbers of generations. It shows 

that the moving average of variances of BWI fitness values in early generations (especially 

from the 20th generation to the 60th generation) are relatively high, compared with those 

found in latter generations. This fact is owing to adequate population diversity in early 

generations, which indeed has caused the Deterministic GA (BWI Model) to provide the 

global near-optimal BWI fitness value. The population diversity in early generations is 

important for obtaining global solution by GA.  
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Figures 5.4 (a) and (b) further validate the convergence of the Deterministic GA (BWI 

Model), especially in terms of movement of genes (i.e., decision variables) within the 

entirety of a particular population. These two figures detail the positions of each gene with 

respect to corresponding BWI fitness values in scatter plots – for both the initial 

population (at the first generation) and the final population (at the 210th generation). As 

shown in Fig. 5.4(a), genes in the initial population are very sparse (owing to randomness 

involved in constructing the initial population) and attribute to different BWI fitness 

values. In contrast, genes in the final population are densely concentrated [see Fig. 5.4(b)]; 

they caused to produce the near-optimal BWI fitness value [see Fig. 5.3(a)]. This finding 

again well indicates the convergence of the Deterministic GA (BWI Model).  
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Fig. 5.4 Position of Genes Obtained from Deterministic GA (BWI Model) 
 

Moreover, as shown in Fig. 5.4(a), the majority of the solutions (i.e., chromosomes; a 

chromosome consists of several genes) in the initial population exhibited negative BWI 

fitness values. This is owing to the fact that the solutions in the initial population are 

compatible, i.e., they satisfied Eqs. (5.5)-(5.6) and Eq. (5.9)]. However, GA penalized only 

those compatible solutions that were violating selection constraints [see Eqs. (5.7)-(5.8) 

and Eq. (5.10)], thus resulted in negative BWI fitness values. On the other hand, as shown 
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in Fig. 5.4(b), almost all solutions in the final population exhibited negative BWI fitness 

values of smaller magnitudes. These solutions are the results of the good exploration 

capability of the developed GA. However, they did not affect in attainment of the 

optimality of the BWI fitness value, rather they were within the close vicinity of the near-

optimal solution. The finding ensures stability of model results.  

Fig. 5.5 (provided in the next page) records evolution of genes at the current best BWI 

fitness values as generations proceed from initial to final population. It demonstrates that 

the Deterministic GA (BWI Model) altered genes to a wide range, especially at the 

beginning of the optimization process (i.e., from the first generation until around the 60th 

generation). Several dips and rises in this zone [see Figs. 5.5 (a–c)] indicate rigorous 

exploration capability of the Deterministic GA (BWI Model); genes also traversed in 

adverse direction to escape from local optima. In subsequent generations, especially after 

the 160th generation, although GA continued to produce and evaluate new combinations 

of genes it could not identify any better combinations in terms of producing the current 

best BWI fitness value. In fact, genes corresponding to the current best BWI fitness values 

remain unchanged for rest of the generations. This finding implies that the Deterministic 

GA (BWI Model) reached the ‘non-improvement limit of solution’ and thus stopped its 

reproduction cycle. Moreover, the convergence of the BWI fitness value at the 210th 

generation reveals that the Deterministic GA (BWI Model) did not require additional 

computational efforts in completing the pre-assigned maximum number of generations 

(i.e., 500 as stated in Section 5.3.2). This is a computational advantage of the 

Deterministic GA (BWI Model). Fig. 5.5 thus demonstrates that the Deterministic GA 

(BWI Model) produced solutions of good quality and stability with adequate 

computational benefits.  

Overall, the above discussion of (1) convergence behavior, (2) feasibility of solutions, (3) 

variability in genes, and (4) computational cost savings in providing good solution 

demonstrate that the Deterministic GA (BWI Model) is highly effective in producing the 

global, near-optimal solution. In addition, the Deterministic GA (BWI Model) is 

computationally efficient. It took merely 51 CPU seconds to complete 210 generations on 

a Pentium-4 personal computer with a clock speed of 3.06 GHz and 516 MB of RAM. The 

average time required per generation is, therefore, only 0.24 CPU seconds.  
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Near-optimal Value of Concessionary Items 

The near-optimal BWI fitness value as shown in the convergence graph (see Fig. 5.3) was 

obtained after conducting 10 independent runs of the Deterministic GA (BWI Model) 

several times. It is noteworthy to mention here that the selected 10 numbers of 

independent runs provided the near-optimal solution consistently, i.e., the Deterministic 

GA (BWI Model) never missed the near-optimal solution in any single instance of the 10 

independent runs. Table 5.2 illustrates the results of the best three runs in terms of BWI 

fitness value. According to the descending order of the BWI fitness value, the results are 

arranged – starting with the column labeled ‘Run-1’ and ending to the column labeled with 

‘Run-3’. Note that GA started with different sets of initial population that were generated 

randomly for each individual run. However, the proximity in obtained fitness values of 

BWI strongly evidences the robustness of the Deterministic GA (BWI Model); different 

seed numbers did not cause significant variations in BWI fitness values. 

Table 5.2 Solutions Obtained from Deterministic GA (BWI Model) 

Run Numbers 
Decision Variables and BWI Fitness Values 

Run-1 Run-2 Run-3

Sponsor Operation Period, SOP (years) 12 12 12

Base Price, P0 (cents/kW.h) 9.70 9.70 9.70

Equity Level,ξ  (%) 31.80 31.82 31.96

BWI Fitness Value 41.34 41.30 41.28

Section 5.3.5 will detail the implications of the near-optimal value of concessionary items 

(shown in the column with subheading ‘Run-1’ of Table 5.2) to prospective sponsors.  

5.3.4 Sensitivity Analysis of Deterministic GA (BWI Model) 

This section portrays sensitivity of the Deterministic GA (BWI Model) in producing best 

solutions with respect to different values of GA parameters. The two main search 

properties – exploration (i.e., visiting an entirely new region of a search space) and 

exploitation (i.e., using information gathered from the previously visited points) – 

essentially exemplify the performance of any GA (Gen and Chen 1997). These two search 

characteristics, in turn, largely depend on three GA parameters: population size; crossover 
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rate; and mutation rate. For example, a population of greater size ensures exploration in 

the search space, while a population of lesser size reduces the diversity of potential 

solutions. The probability of crossover is also important in realizing the GA performance. 

A very high probability of crossover usually expedites the GA search in converging too 

quickly even before locating the global optima. On the other hand, a low probability of 

crossover decreases population diversity and, ultimately, results in relatively long 

computational time. The probability of mutation also plays a dual role in GA performance. 

The probability of mutation of a reasonable value helps GA avoid being trapped into the 

local optima. However, a very low probability of mutation is usually preferable, because it 

guarantees that the GA search process will not turn into a pure random search, thus 

leading to sub-optimal solutions (Gen and Chen 1997). From the discussions stated above, 

it is clear that performances of a GA largely depend on: (1) population size; (2) probability 

of crossover; and (3) probability of mutation. The inference is universal and conferred by 

many researchers (Deb 2001; Sarker and Newton 2008). The following sensitivity analysis, 

therefore, evaluates the performance of the Deterministic GA (BWI Model) by varying the 

values of aforementioned three GA parameters. 

The sensitivity analysis consists of three values of population size (namely 800, 900, and 

1000), four values of probability of crossover (i.e., 0.6, 0.7, 0.8, and 0.9), and four values 

of probability of mutation (namely 0.0, 0.005, 0.01, and 0.05). There is no comparable 

consensus for selecting the appropriate size of population; however, a larger population 

size is always commendable to obtain near-optimal solutions yielded by GA (Sarker and 

Kazi 2003). This PhD research, therefore, drives for larger population sizes. Moreover, the 

experience gained from preliminary runs of the Deterministic GA (BWI Model) also 

advocates for pursuing larger values of population sizes as stated above. The selected 

values of probability of crossover and probability of mutation are in line with the ‘rule of 

thumb’ that prevails in GA literature. A probability of crossover of at least 0.6 and a very 

low probability of mutation are recommendable for obtaining good solutions from a GA 

(Gen and Chen 1997; Steiner and Hruschka 2002).  

To accomplish the sensitivity analysis, this PhD research conducts a full design 

experiment in line with other researchers such as Balakrishnan and Jacob (1996); Steiner 

and Hruschka (2002); and Jiao et al. (2007). It considers 3 x 4 x 4 = 48 scenarios (i.e., the 

combinations of the aforementioned values of population size, probability of crossover, 
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and probability of mutation). For each scenario, the Deterministic GA (BWI Model) is run 

10 times. Thus, the results obtained from 480 test runs draw the findings of the sensitivity 

analysis. The performance measure used in this sensitivity analysis is the average degree 

of approximation of the near-optimal solution (hereafter, average degree of 

approximation). The performance measure – average degree of approximation – denotes 

the arithmetic mean of the approximations of the near-optimal solution over a given 

number of test runs (Steiner and Hruschka 2002). Based on average degrees of 

approximation obtained from the sensitivity analysis, Table 5.3 recommends the best 

values of parameters for the Deterministic GA (BWI Model). 

Table 5.3 Performance of Deterministic GA (BWI Model) with Parameter Settings 

GA Parameters Values Average Degree of 
Approximation(% ) 

800 97.90 

900 98.20 Population Size 

1000 98.59 

0.6 97.96 

0.7 98.20 

0.8 98.38 
Crossover 

0.9 98.36 

0.0 97.84 

0.005 98.30 

0.01 98.15 
Mutation 

0.05 98.61 

Table 5.3 indicates that the best population size for the Deterministic GA (BWI Model) is 

1000. At this population size, the Deterministic GA (BWI Model) provided the highest 

degree of average approximation of 98.59 percent. This finding is expected. Large 

population size increases population diversity thus guarantees thorough exploration of the 

search space leading to a higher degree of average approximation. Moreover, Table 5.3 

recommends the crossover rate as 0.8, which encourages good chromosomes to exchange 

their promising parts and, thereafter, to generate offspring of good quality. It also evinces 

that high probabilities of crossover instigate better degree of average approximations. 

Finally, Table 5.3 advocates a lower probability of mutation, i.e., 0.05, which ensures that 
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the GA search does not become a pure random search. In addition to the findings obtained 

from Table 5.3, the following discussions also establish the justification in favor of 

selecting the abovementioned values of population size and probability of crossover.     

Fig. 5.6 depicts the average degree of approximation for the population sizes ranging 

between [100, 1200], with an increment of 100. The probability of crossover and mutation 

are set to 0.8 and 0.05, respectively. As shown in Fig. 5.6, although a large population size 

essentially improves the performance of the Deterministic GA (BWI Model), nevertheless, 

a too-large population size may contribute in increasing the GA performance only to a 

moderate level. This finding exactly confirms the well-known elbow criterion of cluster 

analysis: population sizes can be set to a value after which improvements of 

approximation level off (Steiner and Hruschka 2002). Therefore, Fig. 5.6 yet again 

justifies the rationale for selecting the population size as 1000 for the Deterministic GA 

(BWI Model). 
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Fig. 5.6 Performance of Deterministic GA (BWI Model) on Population Sizes 

Fig. 5.7 compares the average degree of approximation to different probabilities of 

crossover, varying from [0.6, 1.0] with an interval of 0.1. The population size and 

probability of mutation are fixed at 1000 and 0.05, respectively. The figure indicates that 

the performance of the Deterministic GA (BWI Model) (in average degree of 

approximation) decreases for very large probabilities of crossover such as greater than or 

equal to 0.9, leading to too many good chromosomes being changed, and thus may invoke 

premature convergence. Previous findings from other GA applications such as Jiao et al. 

(2007) also confirmed the same inference regarding the role of crossover rate on GA 
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performance. The crossover rate of 0.8 provided the highest average degree of 

approximation in comparison with other values of crossover rates. 
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Fig. 5.7 Performance of Deterministic GA (BWI Model) on Probabilities of Crossover 

5.3.5 Comparison with LP model 

Although the purpose and methodology are quite different, for brevity Table 5.4 compares 

the near-optimal value of concessionary items provided by the Deterministic GA (BWI 

Model) against those depicted in the LP model of Bakatjan et al. (2003). The values of 

concessionary items in Table 5.4 correspond to sponsors’ profitability (i.e., IRRS) of 14.94 

percent within the deterministic investment environment. To reiterate, the abovementioned 

profit level was reported in Bakatjan et al. (2003). Table 5.4 draws two important 

observations. First, it evinces that the values of the concessionary items, especially the 

values of base price and equity level obtained from the two sources are in a reasonable 

agreement at the same IRRS of 14.94 percent. Second and most importantly, Table 5.4 

reveals that the near-optimal value of concessionary items provided by the Deterministic 

GA (BWI Model) are eventually more preferable to prospective sponsors. The optimized 

values of concessionary items collectively help prospective sponsors offer a competitive 

and financially advantageous financial proposal to governments. The Deterministic GA 

(BWI Model) simultaneously determined the lowest possible values of the sponsor 

operation period and base price. By using these values, prospective sponsors are able to 

make their financial proposal even more competitive at the given profit of 14.94 percent. 

To illustrate, the shorter concession length (i.e., 16 years) may help prospective sponsors 
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attract government's keen attention, because it allows the government to run the scheme 

for a number of years. For the reference scheme, it is eight years following the concession 

length until the end of projects’ economic life (i.e. 24 years). Moreover, although the 

Deterministic GA (BWI Model) provided a slightly increased value of base price and 

equity level, the near-optimal value of concessionary items, collectively, ensures that 

prospective sponsors will not face any negative cash flows during the sponsor operation 

period, as stated earlier in Eq. (5.6). In their model formulation, Bakatjan et al. (2003) did 

not acknowledge this important consideration of financial sustainability from prospective 

sponsors’ viewpoints.  

Table 5.4 Comparison of Concessionary Items’ Values Obtained from LP Model 

(Bakatjan et al. 2003) and Deterministic GA (BWI Model) 

Concessionary Items LP 
Model 

(1) 

Deterministic GA 
(BWI Model) 

(2) 

Deviation 
 

(2)-(1) 
Concession Length, CL (years) 24 16a Decreased by 8 years 

Base Price, P0 (cents/kW.h) 9.04 9.70 Increased by 7.30% 

Equity Level,ξ  (%) 31.69 31.80 Increased from 31.69% to 

31.80%  

a. The concession length is calculated by adding the fixed value of the construction period (i.e., 4 years) 

to the near-optimal value of the sponsor operation period (i.e., 12 years). 

5.4 SOLUTION OF THE OPTIMIZATION PROBLEM UNDER UNCERTAINTY 

5.4.1 Solution Method 

Section 5.3 portrays the development and solution of the optimization problem (presented 

in Section 5.2), wherein all investment parameters are crisp. However, imprecise 

estimation of base cost, expert judgments in demand projections, and subjective 

interpretation in defining discount rate are predominant in evaluating investments in PFI 

projects at the tendering stage. Therefore, base cost, base demand, and discount rate are 

considered as uncertain investment parameters. The need for incorporation of imprecise 

estimation of such investment parameters into the presented optimization model has 

motivated derivation of a separate methodology for solving the aforementioned model. 

The proposed solution methodology aims for maximization of prospective sponsors’ bid-
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winning potential under uncertainty. The methodology, portrayed herein, is the combined 

application of GA and fuzzy vertex method. The procedures for working with GA are 

already elaborated in Section 5.3.1, while Section 4.2.4 of Chapter 4 detailed the 

computational steps of the fuzzy vertex method. The optimization model based of fuzzy 

set theory and GA is hereafter referred to Fuzzy GA (BWI Model).  

As stated earlier, the Fuzzy GA will assess the effect of uncertainty in estimating 

investment parameters: base cost; base demand; and discount rate, denoted as C~B , 

R~ and 0Q~ , respectively; the tilde symbol above the characters indicates that each 

investment parameter is a fuzzy number. Since financial performance measures are 

functions of concessionary items and uncertain investment parameters (which are fuzzy 

numbers, indeed), they also turn into fuzzy numbers. The membership functions of output 

fuzzy variables (i.e., the financial performance measures comprising  ,VNP~ S ~ S  ,RIR

,R~DSC avg  and ) will be obtained by evaluating Eqs. (4.17)-(4.20) under the fuzzy 

investment environment, respectively. The next section illustrates transformations, i.e., 

mapping output fuzzy variables and integrating them into GA search process.  

G~VNP

Transformations 

The following steps are employed to calculate penalty term during evaluation of each 

chromosome of the current population within the fuzzy investment environment:  

Step 1:  Compute the membership functions of output fuzzy variables by employing the 

vertex method based on the values of α-level cuts for each input fuzzy parameter. 

Step 2:   Discretize the support base of each output fuzzy variable into M points, such 

that ( )m m m
yyO Oµ  represents the degree of memberships at ; where  denotes 

the base value of a discretized point within the support of an output fuzzy 

variable; m = [1, M].  

yO yO

Step 3:  Obtain defuzzified value of each output fuzzy variable (financial performance 

measure) using Eq. (5.13).  
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where, yO  = defuzzified value of yth output fuzzy variable (see Section 4.2.5 of 

Chapter 4 for details). 

Step 4:  Compute penalty term owing to violation of constraints in Eqs. (5.7)-(5.8) and 

Eq. (5.10) using the defuzzified values of ,V~NP S  ,R~IR S ,R~DSC avg and GV~NP ; 

and thereafter, evaluate the BWI fitness function defined in Eq. (5.12).  

Computational Procedures 

Following transformations, the same computational procedures as developed for the 

Deterministic GA (BWI Model) in Section 5.3.1 will be utilized to solve the proposed 

Fuzzy GA (BWI Model). Fig. 5.8 summarizes the computational steps of the proposed 

Fuzzy GA (BWI Model) in a flow chart.  
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5.4.2 Numerical Example 

As stated earlier in Section 5.4.1, to evaluate the effect of uncertainty on the near-optimal 

solution of concessionary items and associated maximized bid-winning potential, 

imprecise estimation of investment parameters – base cost, discount rate, and base demand 

– are considered through fuzzified values. Triangular fuzzy numbers (TFNs) are employed 

for simplicity. Moreover, Chiu and Park (1994) argued that TFN represents the basis for 

quantifying the vague knowledge about most decision problems, e.g., the estimate of cost-

profit, product revenue, interest rates. The definition and mathematical properties of a 

TFN are already provided in Sections 4.2.1 and 4.2.2, respectively, of Chapter 4. To 

reiterate, a TFN is a triplet number comprising the most likely value together with 

pessimistic and optimistic values. The most likely values of base cost, discount rate, and 

base demand are kept the same as their corresponding crisp values as depicted in Table 4.1 

of Chapter 4. Without loss of generality, a five percent optimistic and 10 percent 

pessimistic estimate of the corresponding most-likely value is considered for each input 

fuzzy parameter. Fig. 5.9 demonstrates the membership functions of input fuzzy 

investment parameters.  
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Fig. 5.9 Membership Functions of Input Fuzzy Investment Parameters 

The other model input (i.e., investment parameters and GA parameters) for the Fuzzy GA 

(BWI Model) are considered the same as detailed in Section 5.3.2. 
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5.4.3 Analysis of Results 

Convergence of Fuzzy GA (BWI Model) 

Fig. 5.10 shows convergence of the current best BWI fitness values obtained from the 

Fuzzy GA (BWI Model) by using the membership functions illustrated in Fig. 5.9. This 

figure clearly demonstrates the good convergence of BWI fitness values toward the near-

BWI fitness value.  
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Fig. 5.10 Convergence of Fuzzy GA (BWI Model) 

Fig. 5.11 illustrates evolution of genes leading to near-optimal BWI fitness value. Similar 

to the findings demonstrated in Deterministic GA (BWI Model), this figure proves that the 

Fuzzy GA (BWI Model) produced the global near-optimal solution with adequate stability. 
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Near-optimal Value of Concessionary Items 

Table 5.5 shows the model results obtained from three independent runs of the developed 

Fuzzy GA (BWI Model). These three runs provided the best BWI fitness values out of an 

instance of 10 independent runs within the fuzzy investment environment. Note that the 

BWI fitness value is calculated using Eq. (5.12). The rationale for selecting 10 

independent runs is stated earlier in Section 5.3.3. The results are presented according to 

the descending order of BWI fitness value in the last three columns of Table 5.5. The 

column with subheading titled ‘Run-1’ of Table 5.5 depicts the results related to the near-

optimal BWI fitness value.  

Table 5.5 Solutions Obtained from Fuzzy GA (BWI Model) 

Run Numbers 
Decision Variables and BWI Fitness Values 

Run-1 Run-2 Run-3

Base Price, P0 (cents/kW.h) 9.95 10.09 9.98

Sponsor Operation Period, SOP (years) 13 12 13

Equity Level,ξ  (%) 33.94 36.28 34.66

BWI Fitness Value 38.77 38.52 38.26

Note that the results as shown in Table 5.5 were obtained after evaluating the membership 

functions of the output fuzzy variables (i.e., GSS
avg V~NP and ,R~DSC ,R~IR,V~NP ) for each 

solution of a population during the optimization process of the Fuzzy GA (BWI Model). 

Fig. 5.12 shows the membership functions of the output fuzzy variables that caused the 

near-optimal BWI fitness value within the fuzzy investment environment. The 

interpretation of these membership functions follows the usual fuzzy notations. For 

example, the membership function of SR~IR  in Fig. 5.12(b) depicts that the expected value 

of SR~IR  lies between 6.91 percent and 19.9 percent, with the most likely value of 15.86 

percent. The defuzzified value of SR~IR is 14.94 percent.  
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Table 5.6 Comparison of Concessionary Items’ Values Obtained from Deterministic 

GA (BWI Model) and Fuzzy GA (BWI Model) 

Concessionary Items Deterministic GA 
(BWI Model) 

(1) 

Fuzzy GA 
(BWI Model) 

(2) 

Deviation 
 

(2)-(1) 
Concession Length, CL (years) 16a 17 a Increased by one year 

Base Price, P0 (cents/kW.h) 9.70 9.95 Increased by 2.58% 

Equity Level,ξ  (%) 31.80 33.94 Increased from 31.80% to 

33.94% resulting a costly 

contribution of equity of 

$ 3,049 Thousands US$ 

a. The concession length is calculated by adding the fixed value of the construction period (i.e., 4 years) to 

the near-optimal value of the sponsor operation period required in the deterministic and the fuzzy 

investment environment (i.e., 12 years and 13 years, respectively). 

5.5  CHAPTER SUMMARY 

This chapter has provided significant contributions to addressing prospective sponsors’ 

practical concerns for maximizing the potential of winning a PFI project. The problem 

wan never studied before.  

To quantify prospective sponsors’ bid-winning potential under competitive tendering, a 

new financial performance measure called bid-winning index (BWI) was presented. In 

defining bid-winning index, the utilities of base price and equity level were incorporated 

to measure their usefulness concerning competitive tendering. 

Based on the developed financial performance measure, an optimization problem was 

formulated to account for conflicting financial interests of sponsors, governments, and 

lenders. The presented optimization problem is equally applicable to maximizing 

sponsors’ bid-winning potential in both the deterministic and the uncertain investment 

environment of a PFI project.  

The reference optimization problem was solved using GA within the deterministic 

investment environment. In the development of the algorithm, the procedures and 

properties of GA were also detailed through a numerical example. Moreover, the 
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sensitivity analysis provided insightful information on the performances of the developed 

GA called Deterministic GA (BWI Model).  

The Deterministic GA (BWI Model) was extended into a Fuzzy GA (BWI Model) to 

determine optimized values of concessionary items under uncertainty. The Fuzzy GA 

(BWI Model) investigated the effects of uncertainty on: (1) base cost; (2) product demand; 

and (3) discount rate in optimizing the bid-winning potential and associated concessionary 

items’ values. The main finding was that uncertainties involved in investment parameters 

of a PFI project definitely affected the near-optimal value of concessionary items.  
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CHAPTER 6 
 
 

MMAAXXIIMMIIZZIINNGG  TTHHEE  PPOOTTEENNTTIIAALL  OOFF  AATTTTRRAACCTTIINNGG  LLEENNDDEERRSS  

 
This chapter illustrates the development of a single-objective optimization model to 

determine optimized values of concessionary items aiming at maximizing the potential of 

attracting lenders, viewed from prospective sponsors’ perspectives. As such, Section 6.1 

presents a new financial performance measure to quantify the potential of attracting 

lenders in terms of debt servicing per equity level. Section 6.2 portrays the formulation of 

the optimization problem by taking into account conflicting financial interests of sponsors 

and governments. Using genetic algorithms-based optimization models, Section 6.3 and 

Section 6.4 demonstrate model capabilities in attainment of this procurement objective of 

prospective sponsors, under both the deterministic and the uncertain investment 

environment of a PFI project, respectively. Section 6.5 concludes the chapter.  

6.1   PROBLEM STATEMENT 

In procurement of PFI projects, prospective sponsors always strive to persuade lenders for 

providing necessary debt required in raising the project capital. Accordingly, prospective 

sponsors should explore the best possible debt servicing (to lenders) that the project could 

sustain acknowledging their limited financial capabilities. As stated earlier in Chapter 4, 

the performance measure – debt-service-coverage ratio (DSCR) – is commonly used to 

appraise debt servicing to lenders. To reiterate, DSCR is the ratio of the annual cash 

available (after tax) to annual total debt service (Zhang 2005). A higher DSCR indicates a 

better prospect of attracting lenders.  

DSCR is closely related to the level of equity injected by sponsors. A higher equity level 

increases projects’ debt-servicing capability, because the financing cost, in this case, is 

less (Bakatjan et al. 2003). However, as argued in Chapter 2, equity is always an 

expensive resource to sponsors; therefore, they naturally wish to inject as little equity as 

possible. 

The research question thus posed herein is ‘How the project’s debt-servicing capability 

can be increased, while injecting a lower level of equity?’ For a given profit (i.e., IRRS), a 
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DSCR is attainable through a number of combinations of the values of concessionary 

items including the equity level. To prospective sponsors, the best value of DSCR is the 

one that can be accomplished by keeping the lowest level of equity. Hence, a simple 

financial performance measure called lender-attractiveness index is proposed. The 

proposed financial performance measure would assist prospective sponsors in quantifying 

the projects’ debt-servicing capability by taking into account their limited financial 

resources especially in terms of equity injection. This PhD research defines lender-

attractiveness index (LAI) as the average of debt-service-coverage ratio (over the loan 

repayment period) per equity level. The higher the value of LAI is the better is the 

prospect of attracting lenders from prospective sponsors’ viewpoints.  

6.2   OPTIMIZATION PROBLEM 

6.2.1 Objective Function 

The objective function of the proposed optimization model is to maximize the lender-

attractiveness index (LAI) for procuring a PFI project. Eq. (6.1) defines the objective 

function. 

 

ξ
avgDSCR

  LAIMaximize =  
  

(6.1)

6.2.2 Constraints 

The objective function in Eq. (6.1) is subject to several constraints. The financial 

constraints that address conflicting financial interests of sponsors, governments, and 

lenders were defined through Eqs. (5.1)-(5.11) in Section 5.2.2 of Chapter 5. However, the 

constraint concerning debt servicing [see Eq. (5.8)] is relaxed herein, because the objective 

function in Eq. (6.1) aims at maximization of DSCR per equity level. Eqs. (6.2)-(6.7) 

summarize the model constraints involved in optimization of LAI as follows:  

0NPVS ≥  (6.2)

0NCFS ≥j  (6.3)

S
U

S IRRIRR ≤  (6.4)

0NPVG ≥  (6.5)
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GS NPVNPV ≥  (6.6)

minmaxmin00max0minmax  ,PPP ,OPSOPOP ξξξ ≥≥≥≥≥≥  (6.7)

6.3 SOLUTION OF THE OPTIMIZATION PROBLEM WITHIN THE DETERMINISTIC 
INVESTMENT ENVIRONMENT 

6.3.1 Solution Method 

The reference problem described in the preceding section is a single-objective 

optimization problem. Similar to the optimization problem presented in Section 5.2 of 

Chapter 5, the proposed optimization problem is also a mixed discrete optimization 

problem, and involves a similar set of constraints. Therefore, to solve the proposed 

optimization problem, the Deterministic GA (BWI Model) (i.e., the genetic algorithms-

based optimization model developed previously for optimization of bid-winning potential 

under the deterministic environment in Chapter 5) is utilized with slight modification. The 

necessary modification arises from inclusion of the fitness function for the proposed 

optimization problem into the deterministic GA. Note that the constraints defined in Eqs. 

(6.2)-(6.6) consist of both compatibility constraints and selection constraints as discussed 

earlier in Section 5.3.1 of Chapter 5. For dealing with the compatibility constraints [see 

Eqs. (6.2) - (6.3) and Eq. (6.5)], the same procedures as detailed in Section 5.3.1 of 

Chapter 5 are considered. However, to incorporate the violation of the selection 

constraints [see Eq. (6.4) and Eq. (6.6)] into the objective function [see Eq. (6.1)], the LAI 

fitness function is defined as follows:  

      ∑
=

×−=
N

1n
nCβLAIF Maximize  

 
 

(6.8)

After incorporating the LAI fitness function [see Eq. (6.8)] into the abovementioned 

algorithm, the model hereafter is referred to Fuzzy GA (LAI Model).   

6.3.2 Numerical Example 

The PFI project demonstrated in Section 5.3.2 of Chapter 5, i.e., the BOT HEPP project 

cited in Bakatjan et al. (2003), is considered. The same PFI project is utilized to facilitate a 

fair comparison of the results should they be obtained against two different procurement 

objectives of prospective sponsors, i.e., maximization of LAI and maximization of BWI. 
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As such, the investment data portrayed in Table 4.1 are taken as the model input for the 

proposed optimization problem. The input parameters required for GA implementation are 

kept the same as mentioned in Table 5.1 of Chapter 5. 

6.3.3 Analysis of Results 

The results obtained from the Deterministic GA (LAI Model) are analyzed in two steps. 

First, the section demonstrates the convergence of LAI fitness values [see Eq. (6.8)] 

obtained from the Deterministic GA (LAI Model). Second, it depicts the near-optimal 

value of concessionary items at the maximized LAI fitness value.  

Convergence of Deterministic GA (LAI Model)  

Fig. 6.1 illustrates convergence of the current best LAI fitness values obtained from the 

Deterministic GA (LAI Model). As shown in Fig. 6.1, the improvements of the current 

best LAI fitness values were high in early generations (i.e., from the first generation until 

around the 50th generation) of the Deterministic GA (LAI Model). Afterwards, such 

improvements were minor. Finally, the current best LAI fitness value converged at the 

293rd generation by satisfying the ‘non-improvement limit of solution’. The importance of 

employing the ‘non-improvement limit of solution’ as a GA-stopping rule was already 

discussed in Section 4.3.2 of Chapter 4.  
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Fig. 6.1 Convergence of Deterministic GA (LAI Model) 

Fig. 6.2 (a-b) further exemplifies convergence behavior of the Deterministic GA (LAI 
Model), especially in terms of movement of genes (i.e., decision variables) within the 
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entirety of a particular population. The figure describes the positions of each gene with 
respect to corresponding LAI fitness values in scatter plots – for both the initial population 
(at the first generation), and the final population (at the 293rd generation). As shown in 
Fig. 6.2(a), in the initial population, the very sparse genes (since they were created 
randomly) attributed to different LAI fitness values. In contrast, genes in the final 
population are densely concentrated [see Fig. 6.2(b)] and caused to produce the near-
optimal LAI fitness value as shown in Fig. 6.1. This finding again reinforces the 
convergence of LAI fitness value obtained from the Deterministic GA (LAI Model). Note 
that the solutions of the initial population are compatible, i.e., they satisfied Eqs. (6.2)-
(6.3) and (6.5). However, GA penalized only those compatible solutions that violated 
selection constraints [see Eqs. (6.4) and (6.6)]. Therefore, negative LAI fitness values 
were observed in the initial population as illustrated in Fig. 6.2(a). On the other hand, 
almost all solutions in the final population exhibit negative fitness values of smaller 
magnitudes [Fig. 6.2(b)] as compared to those values shown in Fig. 6.2(a). These solutions 
are within the close vicinity of the near-optimal LAI fitness value and satisfied both 
compatibility and selection constraints; thus indicating stability of model results.  
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(a) Initial population  (at the first generation) 
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(b) Final population  (at the 293rd generation) 
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Fig. 6.2 Position of Genes Obtained from Deterministic GA (LAI Model) 

Fig. 6.3(a-c) records evolution of genes that correspond to the current best LAI fitness 
values over successive generations of the Deterministic GA (LAI Model). The figure 
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indicates stability of model results. For example, as illustrated in Fig. 6.3(a-c), the large 

fluctuations in magnitude of the genes in early generations (i.e., from the first generation 

until around the 50th generation) of the Deterministic GA (LAI Model) contributed 

significantly to improve the LAI fitness values within this range of generations (see Fig. 

6.1). However, after the 228th generation the values of genes remained unchanged thus 

causing the current best LAI fitness value to reach the ‘non-improvement limit of solution’. 

As a result, the Deterministic GA (LAI Model) stopped its reproduction cycle. 

Overall, the: (1) convergence behavior; (2) feasibility of solutions; (3) variability of genes; 

and (4) computational cost advantage in providing best solutions demonstrate that the 

Deterministic GA (LAI Model) is highly effective in producing the global near-optimal 

solution. In addition, the Deterministic GA (LAI Model) is computationally efficient. It 

took merely 74 CPU seconds to complete 293 generations on a Pentium-4 personal 

computer with 3.06 GHz clock speed and 516 MB of RAM; thus indicating that the 

average time required per generation is only 0.25 CPU seconds.  

Near-optimal value of Concessionary items 

The near-optimal LAI fitness value depicted in the convergence graph [see Fig. 6.1] was 

obtained after conducting 10 independent runs of the Deterministic GA (LAI Model) 

several times. The selected 10 numbers of independent runs yielded the near-optimal LAI 

fitness value consistently. The Deterministic GA (LAI Model) never missed the near-

optimal LAI fitness value in any single instance of the 10 independent runs. Table 6.1 

illustrates the results of the three runs that provided the best LAI fitness values in a sample 

10 independent runs.  

Table 6.1 Solutions Obtained from Deterministic GA (LAI Model) 

Run Numbers 
Decision Variables and LAI Fitness Values

Run-1 Run-2 Run-3

Sponsor Operation Period, SOP (years) 13 14 14

Base Price, P0 (cents/kW.h) 9.38 9.35 9.35

Equity Level,ξ  (%) 24.52 24.70 24.70

LAI Fitness Value 5.37 5.31 5.31
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As shown in Table 6.1, the proximity in LAI fitness values strongly evidences the 

robustness of the Deterministic GA (LAI Model); different seed numbers did not cause 

significant variations in LAI fitness values. The column with subheading titled ‘Run-1’ of 

Table 6.1 contains the values of concessionary items found at the near-optimal LAI fitness 

value within the deterministic investment environment. The next section discusses the 

practical implications of the obtained values of concessionary items in procurement of the 

reference PFI project from prospective sponsors’ viewpoints.  

6.3.4 Comparison with BWI Model 

Table 6.2 compares the near-optimal values of concessionary items obtained under two 

different procurement objectives of prospective sponsors, i.e., maximization of BWI and 

maximization of LAI, respectively. The values of concessionary items in Table 6.2 

correspond to sponsors’ profitability (i.e., IRRS) of 14.94 percent, as depicted in Section 

5.3.2 of Chapter 5.  

Table 6.2 Comparison of Concessionary Items’ Values Obtained from Deterministic 

GA (BWI Model) and Deterministic GA (LAI Model) 

Concessionary Items Maximization 
of BWI 

(1) 

Maximization 
of LAI 

(2) 

Deviation 
 

(2)-(1) 
Concession Length, CL (years) 16a,b 17b Increased by one year 

Base Price, P0 (cents/kW.h) 9.70a  9.38  Decreased by 3.30% 

Equity Level,ξ  (%) 31.87a 24.52 Decreased from 31.87% to 

24.52% resulting a savings 

in equity of 10,473

Thousands US$   

a. The near-optimal value of concessionary items required for maximization of BWI are obtained after 

relaxing the debt-servicing constraint  as mentioned in Section 5.2.2 of Chapter 5.  

b. The concession length is calculated by adding the fixed value of the construction period (i.e., 4 years) to 

the near-optimal value of the sponsor operation period required for maximization of BWI and LAI (i.e., 

12 years and 13 years, respectively). 

c. The near-optimal BWI fitness value is 41.30, while the near-optimal LAI fitness value is 5.37.  

d. The values mentioned in the column titled ‘Maximization of LAI’ represent the near-optimal solution 

presented in the column with subheading titled ‘Run-1’ of Table 6.1. 
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Table 6.2 draws several important observations. It evinces that the values of the 

concession length required for maximization of BWI and LAI are in a close agreement. 

The concession length has increased by one year (i.e., from 16 years to 17 years), in the 

case of maximization of LAI. However, Table 6.2 indicates significant differences in the 

values of base price and equity level those required for maximization of BWI and 

maximization of LAI. The base price required for maximization of LAI has reduced to 

9.38 cents/kW.h from 9.70 cents/kW.h observed in maximization of BWI. Most 

importantly, the amount of equity level obtained from maximization of LAI is 

significantly lower than that found in maximization of BWI (i.e., the equity level has 

decreased to 24.52 percent from 31.87 percent). The difference in equity level is 10,473 

Thousands US$, which is a massive saving in terms of injecting more costly equity by a 

lower level. This finding, in fact, reinforces the fact that maximization of debt servicing 

per equity level is possible even though injecting a lower level of equity. 

6.4 SOLUTION OF THE OPTIMIZATION PROBLEM UNDER UNCERTAINTY 

6.4.1 Solution Method 

The algorithm developed for Fuzzy GA (BWI Model) in Section 5.4.1 of Chapter 5 is 

utilized for optimization of LAI under the fuzzy investment environment. The rationale for 

using the same algorithm is similar to that mentioned in Section 6.3.1 of this chapter. 

However, after incorporating the LAI fitness function [see Eq. (6.8)] into the 

abovementioned algorithm, the model hereafter is referred to Fuzzy GA (LAI Model).   

6.4.2 Numerical Example 

To evaluate the effect of uncertainty on the near-optimal LAI fitness value and associated 

values of concessionary items, imprecise estimation of investment parameters – base cost, 

discount rate, and base demand – are considered. The reasons for selecting them as the 

uncertain investment parameters are already discussed in Section 5.4.1 of Chapter 5. 

Moreover, similar to Section 5.4.2, the same ranges of fuzziness are considered for the 

input fuzzy investment parameters. This is owing to facilitation of a fair comparison with 

the values of near-optimal LAI fitness and associated concessionary items. The 

membership functions of input fuzzy investment parameters are already depicted in Fig. 
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5.9. The values of other model inputs (i.e., investment parameters and GA parameters) of 

the Fuzzy GA (LAI Model) are kept the same as detailed in Section 5.5.2.   

6.4.3 Analysis of Results 

Convergence of Fuzzy GA (LAI Model)  

Fig. 6.4 exemplifies evolution of the current best LAI fitness values with successive 

generations of the Fuzzy GA (LAI Model), wherein the LAI fitness value is calculated 

using Eq. (6.8). This figure clearly demonstrates the convergence of the current best LAI 

fitness values towards its near-optimal value.  
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Fig. 6.4 Convergence of Fuzzy GA (LAI Model) 

Fig. 6.5 shows evolution of genes that corresponds to the current best LAI fitness values 

yielded by the Fuzzy GA (LAI Model). The evolution took place over successive 

generations starting from the initial population and ending to the final population. The 

figure also indicates that the developed Fuzzy GA (LAI Model) converged to the global 

near-optimal solution. 
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Near-optimal value of Concessionary Items  

Table 6.3 shows the results of the three runs (out of 10 independent runs) of the Fuzzy GA 

(LAI Model) in terms of providing best LAI fitness values. The selected 10 numbers of 

independent runs produced the near-optimal LAI fitness value consistently within the 

fuzzy investment environment. The column with subheading titled ‘Run-1’ of Table 6.3 

depicts the results related to the near-optimal LAI fitness value.  

Table 6.3 Solutions Obtained from Fuzzy GA (LAI Model) 

Run Numbers 
Decision Variables and LAI Fitness Values 

Run-1 Run-2 Run-3

Sponsor Operation Period, SOP (years) 12 13 13

Base Price, P0 (cents/kW.h) 9.97 9.94 9.94

Equity Level,ξ  (%) 33.20 33.81 33.81

LAI Fitness Value 4.66 4.59 4.59

As shown in Table 6.3, the results from the Fuzzy GA (LAI Model) were obtained after 

evaluating the membership functions of the output fuzzy variables 

(i.e., GSS
avg V~NP and ,R~DSC ,R~IR,V~NP ) for each solution of a population during the 

optimization process. Fig. 6.6 shows the membership functions of the output fuzzy 

variables that caused the near-optimal LAI fitness value within the fuzzy investment 

environment (see the column with subheading titled ‘Run-1’ of Table 6.1). The 

interpretation of these membership functions follows the usual fuzzy notations. For 

example, the membership function of SR~IR in Fig. 6.6(b) represents that the expected 

value of SR~IR lies between 6.37 percent and 20.10 percent, with the most likely value of 

15.92 percent. The defuzzified value of SR~IR is 14.94 percent.  
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Table 6.4 Comparison of Concessionary Items’ Values Obtained from Deterministic 

GA (LAI Model) and Fuzzy GA (LAI Model) 

Concessionary Items Deterministic 
GA (LAI Model)

 (1) 

Fuzzy GA 
(LAI Model) 

(2) 

Deviation 
 

(2)-(1) 

Concession Length, CL (years) 17a 16 a Decreased by one year 

Base Price, P0 (cents/kW.h) 9.38 9.97 Increased by 6.29% 

Equity Level,ξ  (%) 24.52 33.20 Increased from 24.52% 

to 33.20% resulting a 

costly contribution of 

equity of 12,539 

Thousands US$. 

a. The concession length is calculated by adding the fixed value of the construction period (i.e., 4 years) 

to the near-optimal value of the sponsor operation period required in the deterministic and the fuzzy 

investment environment (i.e., 13 years and 12 years, respectively). 

6.5  CHAPTER SUMMARY 

This chapter presented an optimization problem for maximizing the potential of attracting 

lenders, viewed from prospective sponsors’ perspectives at the tendering stage of a PFI 

project. As such, a new financial performance measure called lender-attractiveness index 

(LAI) was proposed to quantify the potential of attracting lenders. Based on the developed 

financial performance measure, an optimization problem was formulated to maximizing 

LAI considering differing financial interests of sponsors and governments. Using genetic 

algorithms-based optimization models, the maximization of LAI under both the 

deterministic and the uncertain investment environment was demonstrated through 

numerical examples. The comparison of model results revealed that imprecise estimation 

of uncertain investment parameters definitely affected the near-optimal value of LAI (or in 

other words, the potential of attracting lenders) and the corresponding values of 

concessionary items.  
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CHAPTER 7 
 
 

SSIIMMUULLTTAANNEEOOUUSS  MMAAXXIIMMIIZZAATTIIOONN  OOFF  TTHHEE  PPOOTTEENNTTIIAALLSS  OOFF  

BBIIDD--WWIINNNNIINNGG  AANNDD  AATTTTRRAACCTTIINNGG  LLEENNDDEERRSS  

 
 
This chapter portrays the development of a multi-objective optimization model aiming at 

simultaneous maximization of the potentials of winning a PFI project and attracting 

lenders. The chapter begins with Section 7.1, which depicts the practical need of 

prospective sponsors for considerations of such a multi-objective optimization problem. 

Section 7.2 presents the proposed multi-objective optimization problem for procuring a 

PFI project from prospective sponsors’ perspectives. Section 7.3 briefly outlines the 

fundamentals and common goals of multi-objective optimization problems. The section 

also presents a brief classification of multi-objective optimization models those are based 

on genetic algorithms. Subsequently, the section identifies the elitist non-dominated 

sorting genetic algorithm (NSGA-II) as the selected optimization technique for solving the 

proposed multi-objective optimization problem. Section 7.4 concisely presents the 

working mechanisms of NSGA-II. Section 7.5 illustrates the development of the multi-

objective optimization model based on NSGA-II. Section 7.6 details the usefulness of the 

developed multi-objective GA in procurement of PFI projects through a numerical 

example. Section 7.7 concludes the chapter.  

7.1   NEED FOR MULTI-OBJECTIVE PROBLEM FORMULATION  

Chapters 5 and 6 addressed the dilemma of procuring a PFI project under two different 

procurement objectives of prospective sponsors. In particular, Chapter 5 provided a single 

objective genetic algorithms-based optimization model (hereafter, single-objective GA) for 

maximizing the potential of winning a PFI project from prospective sponsors’ perspectives. 

On the other hand, Chapter 6 illustrated another single-objective GA for maximizing the 

potential of attracting lenders from prospective sponsors’ viewpoints. However, as argued 

in Chapter 1, the importance of securing a PFI project contract and need for seeking 

external debt are becoming equally predominant to prospective sponsors in many instances. 

Under this circumstance, prospective sponsors need to enhance the prospect of 
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simultaneous accomplishments of both procurement objectives subject to satisfying 

several constraints and thereafter, to make a trade-off decision about selecting the best 

values of concessionary items. This unique requirement of making trade-offs between 

these two objectives gives rise to formulating the PFI project procurement problem as a 

multi-objective optimization problem. The next section, therefore, states the multi-

objective optimization problem for procuring a PFI project from prospective sponsors’ 

viewpoints.     

7.2   PROBLEM STATEMENT 

The proposed multi-objective PFI project-procurement optimization problem aims at 

simultaneous dealing with the two procurement objectives: (1) maximizing the potential of 

winning a PFI project; and (2) maximizing the potential of attracting lenders. A clear 

mathematical description of these two objective functions was provided in Chapters 5 and 

6. Moreover, Chapter 5 also detailed the related constraints. Nevertheless, for the 

convenience of readers this section succinctly reintroduces the objective functions and 

constraints that facilitate structuring of mathematical representation of the proposed multi-

objective optimization problem. 

7.2.1 Problem Objectives 

Objective 1: Maximizing the Potential of Winning a PFI project 

The financial performance measure called bid-winning index (BWI) (see Section 5.1 and 

Section 5.2.1 of Chapter 5 for details) measures the potential of winning a PFI project 

from prospective sponsors’ viewpoints. The higher the value of BWI the higher is the 

potential of winning a PFI project. Eq. (7.1) represents this procurement objective.  

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

×
×

=
SOPP

UNPV  BWI(CI)Maximize
0

S
 

  

(7.1)

where CI  = [SOP, P0, ξ ]T is a vector of decision variables (i.e., concessionary items, CI). 

Objective 2: Maximizing the Potential of Attracting Lenders 

The other financial performance measure termed lender-attractiveness index (LAI) (see 

Section 6.1 and Section 6.2.1 of Chapter 6 for details) assesses the potential of attracting 

lenders to a PFI project from prospective sponsors’ perspectives. The higher values of LAI 
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indicate better prospects of attracting lenders. Eq. (7.2) exemplifies this procurement 

objective.  

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

ξ
avgDSCR

  LAI(CI)Maximize  

  

(7.2)

7.2.2 Constraints 

The two objective functions stated above are subject to satisfying several financial 

constraints. Section 5.2.2 of Chapter 5 described them in detail. The following illustrations, 

therefore, present only their mathematical representations.  

Constraint 1: Financial Viability 

0NPVS ≥  (7.3)

Constraint 2: Financial Sustainability 

0NCFS
j ≥  (7.4)

Constraint 3: Profitability  
S
U

S IRRIRR ≤  (7.5)

Constraint 4: Financial Return to Governments 

0NPVG ≥  (7.6)

GS NPVNPV ≥  (7.7)

Constraint 5: Range Constraints for Decision Variables  
 

minmaxmin00max0minmax  ,PPP ,OPSOPOP ξξξ ≥≥≥≥≥≥  
(7.8)

The abovementioned multi-objective optimization problem for procuring PFI projects [see 

Eqs. (7.1)-(7.8)] thus aims at simultaneous maximization of the objective function vector 

[BWI(CI), LAI(CI)]T subject to the constraints in Eqs. (7.3)-(7.8). The presented multi-

objective optimization problem is a completely new approach within the domain of 

procurement planning for PFI projects. Mathematically, it is a nonlinear, mixed integer, 

and constrained multi-objective optimization problem. Before detailing the solution 

methodology for solving this reference problem, the next section provides a general 

discussion of the fundamentals of a multi-objective optimization problem. 
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7.3  MULTI-OBJECTIVE OPTIMIZATION PROBLEM 

7.3.1 Preliminaries 

A multi-objective optimization problem (MOP) aims to determine a vector of decision 

variables that should optimize a vector of functions, (usually) subject to satisfying several 

constraints. Each element of the vector of functions represents an objective function 

representing a mathematical description of a specific performance criterion for a given 

MOP. The objective functions are non-commensurable and generally conflict with each 

other (Zitzler et al. 2002; Abido 2006). The term ‘optimize’ within the context of a MOP, 

therefore, refers to identifying a solution (i.e., a vector of decision variables) yielding the 

values for all objective functions acceptable to a decision maker (Coello Coello et al. 

2002). Eqs. (7.9)-(7.13) portray the formal definition of a MOP in its very generic 

mathematical representation (Osyczka 2002).  

Find the vector  which will:  [ T**
2

*
1 ,,,* nxxxx L= ]  (7.9)

 

Maximize/Minimize (x) f ( ) ( ) ( )[ ] Mmxfxfxf M ...,,2,1,,, T
21 == L   (7.10)

 

subject to 

 

( ) Jjxg j ...,,2,10 =≥   (7.11)

 

( ) Kkxhk ...,,2,10 ==   (7.12)

 
( ) ( ) Nnxxx U

nn
L

n ...,,2,1=≤≤   (7.13)

In contrast to a single-objective optimization problem (see Section 3.4 of Chapter 3), a 

MOP thus involves simultaneous optimization (maximization/minimization) of M 

objective functions [see Eq. (7.10)], (usually) subject to satisfying J inequality constraints 

[see Eq. (7.11)], and K equality constraints [see Eq. (7.12)]. The task then is to search for 

the optimal values of a n-dimensional decision-variable vector [see Eq. (7.9)], where a 

decision variable xn is constrained by a lower boundary ( )  and an upper boundary L
nx ( )U

nx  

[see Eq. (7.13)].  
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7.3.2 Strategies for Solving a MOP 

One can solve a MOP using various techniques. Viewed from the ‘operational research’ 

perspective, some common methods include goal-attainment optimization method (as used 

by Wilson and Macleod 1993), weighted-average optimization method (as used by Coello 

Coello et al. 1997), and Pareto-front optimization method (as used by Zitzler and Thiele 1999).  

The goal-attainment optimization method ponders a goal as a planned objective; thereafter, 

it appraises the optimality in terms of the amount of deviation from the planned levels 

(Abbass and Sarker 2002). The incapability of the goal-attainment optimization method in 

simultaneous treatment of all objective functions (Coello Coello 2003) renders this 

technique inappropriate for solving the proposed MOP. 

In the weighted-average optimization method, several objective functions of a MOP are 

converted into an equivalent scalar objective function by assigning weights to each 

objective function, typically through a linear combination of the normalized weighted 

objective functions. Afterward, one can solve the scalar objective function employing 

conventional mathematical programming techniques such as gradient-based approaches. 

Nevertheless, such scalarization of objective functions faces the following three main 

difficulties (Coello Coello et al. 2002), and thereby, makes the weighted-average 

optimization method unsuitable for solving the proposed MOP: 

(1) the optimum solution depends on the weights and normalization method; for each 

selected weight set, the result is only one of the global optimum solutions; 

(2) determining the weights at the beginning of problem solving is a difficult task, if one 

has no idea about the expected results; and 

(3) if all global optimum solutions perform a concave set, principally it is not possible to 

reach some global optimum solutions by selecting different weights. 

The Pareto-front optimization method takes into account all individual objective functions 

simultaneously to furnish a complete set of global optimal solutions. These solutions are 

optimal in the sense that no other solutions in the search space are superior to them 

considering all objectives simultaneously. The primary advantage of the Pareto-front 

technique is that it provides flexibility to decision makers from two folds. First, the Pareto-

 

 
147



front technique offers the opportunity to decision maker in assessing trade-offs between 

objectives. Second, it also allows selection of the best optimal solution among the set of 

global optimal solutions based on problem conditions, constraints, and experiences of 

decision makers (Zitzler and Thiele 1999). Recognizing these paramount advantages, this 

PhD research considers the Pareto-front optimization method to solve the MOP presented 

in Section 7.2. The following section depicts some basic terminologies associated with the 

Pareto-front optimization method; the remainder of this chapter will utilize these terms 

extensively.  

7.3.3 Pareto-front Optimization – Key Terminologies 

Definition 7.1 (Pareto Dominance): A solution x1 is said to dominate the other solution 

x2 if both of the following two conditions are true (Steuer 1986). 
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(7.14) 

Definition 7.2 (Pareto-optimality): A solution Fx*∈ is Pareto-optimal if there is no 

other solution that would decrease some criterion without causing a simultaneous 

increase in at least one other criterion. Here, F denotes the feasible region satisfying the 

constraints of the problem (Coello Coello et al. 2002).  

Fx∈

Definition 7.3 (Pareto-Optimal Set): For a given MOP, Eq. (7.15) defines the Pareto- 

optimal set P* (Coello Coello et al. 2002). 

(x)})x(:Fx|F{x:P* ff p′∈′¬∃∈=  (7.15)

The Pareto-optimal set represents the non-dominated set of solutions over the entire 

feasible search space. They are the globally optimal or in short, optimal solutions of a 

MOP. Any feasible member of the search space does not dominate the solutions of this set. 

Pareto-optimal solutions cannot be improved in any objective without degrading in at least 

one other objective (Zitzler et al. 2002). 

Definition 7.4 (Pareto Front): For a given MOP and Pareto-optimal set (P*), Eq. (7.16) 

defines the Pareto-front (Coello Coello et al. 2002). 
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The Pareto front, in fact, plots the objective functions corresponding to the Pareto-optimal 

solutions.  

7.3.4 Pareto-front Optimization Techniques 

The search spaces of MOPs are large and highly complex thus leading to finding the 

Pareto-optimal set computationally expensive (Zitzler et al. 2002). Evolutionary 

algorithms including genetic algorithms have proven themselves robust and powerful 

search mechanisms (B¨ack et al. 1997) to solve MOPs using Pareto optimization method. 

Compared with other mathematical programming techniques, evolutionary algorithms are 

superior in solving MOPs, at least, on two distinct grounds. First, evolutionary algorithms 

facilitate finding a number of Pareto-optimal solutions in a single run. Second, 

evolutionary algorithms are less susceptible to the shape (convexity/concavity) or 

continuity of a Pareto-front (Abbass and Sarker 2002; Coello Coello et al. 2002). Given 

that fact, this PhD research opts for the genetic algorithms-based Pareto optimization 

method for solving the reference MOP. This technique is also known as multi-objective 

genetic algorithms. However, in GA literature, there is a particular type of multi-objective 

genetic algorithms, which is known as multi-objective genetic algorithms. Thus to avoid 

confusion, MOPs solved by genetic algorithms (GA) are hereafter referred to Multi-

objective Evolutionary Algorithms (MOEAs). To explore the MOEA that is best suitable 

for solving the reference MOP, the next section presents the goals of MOEAs. 

7.3.5 Goals of MOEAs 

The primary goal of MOEAs is to guide the search process towards finding the Pareto set. 

At the same time, the other two foremost concerns are keeping a diverse set of non-

dominated solutions and preventing these solutions from being lost (Zitzler et al. 2002). 

The attainment of the first goal is closely related to assigning appropriate scalar fitness 

values in the selection process (i.e., fitness assignment) of a MOEA. The second and third 

goals are, respectively the subjects of dealing with diversity preservation and elitism. The 

algorithmic design and, consequently, the performance of any MOEA necessarily depend 

on achievement of these three goals:  
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(1) fitness assignment;  

(2) diversity preservation; and  

(3) elitism strategy.  

Since the emergence of the seminal work of J. D. Schaffer in 1984 to pioneer in presenting 

the first MOEA to the research community, a number of MOEAs have evolved over the 

last two decades. Based on the three main goals depicted above, the next section provides 

a brief classification of some common MOEAs. 

7.3.6 Classification of MOEAs 

The classification of some well-known MOEAs is as follows: 

MOEAs According to Fitness Assignment 

Generally, MOEAs perform fitness assignment by utilizing the following three techniques 

(Fonseca and Fleming 1995, Coello Coello et al. 2002):   

(1) aggregation approach;  

(2) non-Pareto approach; and  

(3) Pareto approach. 

MOEAs based on the aggregation approach combine problem objectives into a single 

scalar function in fitness calculation. MOEAs in this category include the weighted-sum 

(as used by Wilson and Macleod 1993) and the ε-constrained method. The aggregation 

approach-based MOEAs produce one single non-dominated solution in a single run. 

Therefore, multiple runs are essential to obtain a family of Pareto-optimal solutions. 

Additionally, they require the knowledge of a well-known domain, which is seldom 

available (Abido 2006).  

Non-Pareto-based MOEAs exploit various techniques such as population policies, 

selection criteria, or special handling of the objectives in fitness calculation (Powell and 

Skolnick 1993, Abido 2006). Some widespread MOEAs that fall in this group are Vector 

Evaluated Genetic Algorithm (VEGA) (Schaffer 1984); multi-sexual genetic algorithm 

(Lis and Eiben 1996); and weighted min-max approach (as used by Coello Coello et al. 

1997). Non-Pareto-based MOEAs produce multiple non-dominated solutions in a single 
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run; however, they are often sensitive to the non-convexity of Pareto-optimal sets (Abido 

2006).  

The Pareto-based MOEAs explicitly exploit the Pareto dominance (see Definition 7.1) in 

their selection mechanisms for searching the Pareto front. Some common MOEAs in this 

category include: Multi-objective Genetic Algorithm (MOGA) (Fonseca and Fleming 

1993); Niched Pareto Genetic Algorithm (NPGA) (Horn et al. 1994); Non-dominated 

Sorting Genetic Algorithm (NSGA) (Srinivas and Deb 1994); Strength Pareto 

Evolutionary Algorithm (SPEA) (Zitzler and Thiele 1999); Multi-objective Messy Genetic 

Algorithm (MOMGA) (Van Veldhuizen 1999); and Pareto Archived Evolutionary 

Strategies (PAES) (Knowles and Corne 2000). 

MOEAs According to Diversity Preservation 

Diversification of solutions in a Pareto set prevents premature convergences of MOEAs. 

To maintain diversity, MOEAs incorporate density information into the selection process, 

usually through estimating density of neighboring solutions around a particular solution. 

The smaller the density of solutions within the vicinity of a solution, the better is the 

chance of selecting that specific solution. To incorporate density information into the 

selection process, MOEAs generally employ the following three techniques (Zitler et al 

2002):  

(1) fitness sharing;  

(2) nearest neighbor; and  

(3) histogram  

Fitness-sharing-based MOEAs degrade the fitness of a particular solution if more solutions 

are located within its neighborhood, wherein the neighborhood is a distance measure –

usually specified by a niche radius (Goldberg 1989). Some common MOEAs in this group 

are MOGA (Fonseca and Fleming 1993), NPGA (Horn et al. 1994), and NSGA (Srinivas 

and Deb 1994). 

MOEAs employing the nearest-neighbor technique estimate solution density by taking 

into account the distance of a given solution to its kth neighbor. The Strength Pareto 

Evolutionary Algorithm II (SPEA2) (Zitzler et al. 2001) is a good of example of such 

MOEA. 
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MOEAs using histogram technique typically generate a hyper-grid to define 

neighborhoods within the objective space. The number of solutions in each grid, thereafter, 

represents the density of a solution. PAES (Knowles and Corne 2000) exploits this 

technique. 

MOEAs According to Elitism 

Elitism ensures that good solutions should not be lost during the optimization process. 

However, contrary to a single-objective GA, the implementation of elitism in MOEAs is 

substantially complex. A single-objective GA guarantees that the single best (elitist) 

solution obtained so far during the search process should survive in the next generation. 

However, instead of one best solution, MOEAs take into account a large number of elitist 

solutions, the size of which is considerable compared with that of a population (Konak et 

al. 2007). 

Early MOEAs such as VEGA (Schaffer 1984); Weight-based Genetic Algorithm (WBGA) 

(Hajela and Lin 1992); MOGA (Fonseca and Fleming 1993); NPGA (Horn et al. 1994); 

and NSGA (Srinivas and Deb 1994) did not use elitism. In contrast, most of the recent 

MOEAs use elitism. Several scholars such as Van Veldhuizen (1999); Zitzler and Thiele 

(1999); and Deb (2001) claimed that MOEAs using elitist strategies tend to outperform 

their non-elitist counterparts. MOEAs implement elitism in two main ways: (1) 

maintaining an archive (i.e., an external population), and (2) without using an archive.  

The MOEAs in the former category store elitist solutions in an archive and reintroduce 

them to the primary population. Random Weighted Genetic Algorithm (RWGA) (Murata 

and Ishibuchi 1995); SPEA (Zitzler and Thiele 1999); SPEA2 (Zitzler et al. 2001); PESA 

(Knowles and Corne 2000); MOMGA (Van Veldhuizen 1999); PAES (Knowles and 

Corne 2000), PESA-II (Corne et al. 2001) utilize external population.  

The MOEAs in the second group maintain elitist solutions implicitly within a population 

by combining the parent population with the offspring population to construct a mating 

pool. The selection operator is then applied to this mating pool. The popular MOEAs in 

this category are NSGA-II (Deb et al. 2002); and Dynamic Multi-objective Evolutionary 

Algorithm (DMOEA) (Yen and Lu 2003).    
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It is worth mentioning that this section provided a brief classification of some well-known 

MOEAs. For a comprehensive understanding of different aspects (e.g., algorithmic design, 

computational complexity, and relative strengths/weaknesses) of MOEAs, interested 

readers should refer to the books written by Deb (2001) and Coello Coello et al. (2002).  

7.3.7 Selection of the Appropriate MOEA  

Although the preceding section succinctly presented several classifications of MOEAs, the 

Pareto-based MOEAs are most popular among the MOEAs grouped according to fitness 

assignment (Van Veldhuizen and Lamont 1998). Moreover, Zitzler et al. (1999) made a 

comparative study on performances of the four Pareto-based MOEAs, i.e., MOGA 

(Fonseca and Fleming 1993); NPGA (Horn et al. 1994); NSGA (Srinivas and Deb 1994); 

and SPEA (Zitzler and Thiele 1999). The authors highlighted the good performance of 

NSGA (Srinivas and Deb 1994) and SPEA (Zitzler and Thiele 1999) when compared with 

the other two. However, there are still some complexities with respect to parameter 

initialization and adaptation of the algorithms. More specifically, researchers criticized 

NSGA (Srinivas and Deb 1994) because of its three limitations, i.e., high computational 

complexity of non-dominated sorting, lack of elitism, and need for specifying a sharing 

parameter.  

NSGA-II (Deb et al. 2002) surpasses these drawbacks of its previous version – NSGA 

(Srinivas and Deb 1994). NSGA-II (Deb et al. 2002) is computationally fast in comparison 

with NSGA. Moreover, NSGA-II overcomes the conventional problem of MOEAs, i.e., 

early uniformity in population during generations. In addition, NSGA-II keeps the best 

individuals through sequential generations. Virtually, NSGA-II meets all the primary goals 

of a MOEA, as mentioned in Section 7.3.5. Consequently, the performance of NSGA-II is 

qualified considerably. Compared with other MOEAs, NSGA-II is currently very popular 

among the researchers (KanGAL 2005).  

Considering all these advantages, this PhD research adopts NSGA-II (Deb et al. 2002) in 

developing the solution methodology for the reference multi-objective PFI project- 

procurement optimization problem. Recently, NSGA-II has been utilized to solve many 

real-world MOPs from diverse disciplines such as construction management (Khalafallah 
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and El-Rayes 2008), water resource planning (Atiquzzaman et al. 2006; Reed and Minsker 

2004; Preis and Ostfeld 2008), and financial planning (Branke et al. 2008).  

7.4   ELITIST NON-DOMINATED SORTING ALGORITHM - II 

The three building blocks of NSGA-II are fast-non-dominated sorting, crowding-distance 

computation, and crowded-binary-tournament selection. The fast-non-dominated sorting 

enables NSGA-II to become algorithmically efficient in offering faster search speed (Deb 

et al. 2002). The crowding-distance computation helps compare solutions in accordance 

with objective functions, and thereby enables NSGA-II in estimating density information, 

even with higher objective problems (Reed and Minsker 2004). The crowded-binary-

tournament selection allows NSGA-II to advance towards the Pareto-optimal front by 

maintaining a diverse set of solutions; however, it requires minimal change in an existing 

tournament selection operator. The following first three sections (i.e., Sections 7.4.1-7.4.3) 

portray a succinct description for each of these three important operations of NSGA-II, 

while Section 7.4.4 describes the entire algorithm. Finally, Section 7.4.5 describes the 

principles of NSGA-II in solving MOPs in the presence of constraints. For more details on 

NSGA-II, interested readers please consult Deb (2001) and Deb et al. (2002).  

7.4.1 Fast-non-dominated Sorting 

To carry out fast non-dominated sorting, NSGA-II first calculates the following two 

entities for each solution: (i) np, the number of solutions, which dominate the solution p, 

and (ii) Sp, a set of solutions, which the solution p dominates. Next, it identifies all those 

solutions possessing np = 0, and puts them in a list called the first non-dominated front F1. 

For each solution in the current front, the algorithm visits each member (q) of its set Sp, 

and reduces the domination count by one. In so doing, if for any member q the domination 

count becomes zero, NSGA-II puts it in a separate list Q. These belong to the second non-

dominated front F2. The above procedure continues with each member of Q and the third 

non-dominated front F3 is located. The process continues until all non-dominated fronts 

are identified. Fig. 7.1 illustrates the concept of nondomination ranking of solutions. 

 
 
 
 

 

 
154



 
 
 
 
 
 

 

 

Fig. 7.1 Non-domination Rank 

Fig. 7.2 illustrates the fast-non-dominated-sorting procedure 
 
procedure:   fast-non-dominated-sort (P)  
1 for p = 1 to P  
2   Sp= 0  
3   np = 0  
4  for q = 1 to P  
5   if (pp q) then -if p dominates q then 
6    Sp = Sp {q} ∪ -include q in Sp

7   else if (q p) then p -if p is dominated by q then 
8    np = np + 1 -increment np

9   end if   
10  end for  
11  if np = 0 then -if no solution dominates p then 
12   prank = 1  
13   F1 = F1 {p} ∪ -p belongs to the first front 
14  end if  
15 end for  
16 i= 1 -initialize front counter 
17 while Fi ≠ Ø   
18  Q = Ø -initialize temporary list Q to store the members of 

next front 
19  for each p∈Fi -for each member p in Fi 
20   for each q∈  Sp -modify each member from the set Sp

21    nq = nq – 1 -decrement nq by one 
22    if nq = 0 then  -if nq is zero 
23     qrank= i+1  
24     Q = Q {q} ∪ -q belongs to the list Q (next front) 
25    end if  
26   end for  
27  end for  
28  i = i +1 -increment front counter 
29  Fi =Q -current front is formed with all members of Q 
30 end while  

front 2 

f1

f2

front 3 

front 1 

Fig. 7.2 Procedure of Fast-non-dominated Sorting  
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7.4.2 Crowding-distance Computation  

The crowding distance represents density of solutions neighboring a particular solution 

within a population. More specifically, crowding distance is the average distance of the 

two neighboring solutions on either side of a specific solution along each of the objectives. 

The crowding distance thus represents the size of the largest cuboid enclosing a particular 

solution i without including any other solution in the population. Fig. 7.3 illustrates the 

concept of the crowding distance for the ith solution in its non-dominated front (marked 

with solid circles), which is the average side-length of the cuboid (shown with a dashed 

box) (Deb et al. 2002).  
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Fig. 7.3 Crowding Distance of a Solution 
f1

Solutions with higher crowding distances, i.e., the solutions residing in more isolated 

regions of the objective space ensures that NSGA-II maintains a uniform spread of 

solutions along the entire Pareto-front (Reed and Minsker 2004). Moreover, because of 

using the crowding distance, NSGA-II does not require any user-defined fitness-sharing 

parameter to diversify a population (Deb et al. 2002).   

Fig. 7.4 shows the procedure for calculating crowding distance for a solution x in a given 

non-dominated front Fi (Deb 2001; Deb et al. 2002). 
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procedure:   crowding-distance-assignment (F) 
 
1 l = |F| -number of solutions in F 
2 for i = 1 to l  
3      di=0 -initialize crowding distance 
4 end for  
5 for j = 1 to J  -for each objective function 
6  Sort (F, j) -sort F in the worst order using each objective value 
7  )(xd j][1,j :=  := ∞ )(xd k],j l -assign crowding distance for boundary points 

infinity  
8  for i = 2 to (l-1) -for all other points 
9   

min
j

max
j

j]1,[ijj]1,[ij
j][i,jj][i,j zz

)(xz)(xz
)(xd:)(xd

−

−
+= −+  

10  end for  
11 end for  
 

where )(xd j][1,j  = crowding distance for the ith individual in the jth objective function; 
 max

jz  = maximum value of the jth objective function in a population; and  
 min

jz  = minimum value of the jth objective function in a population.  
 

Fig. 7.4 Procedure for Calculating Crowding Distance 

7.4.3 Crowded Binary Tournament Selection 

The crowded binary tournament selection uses the crowded-comparison operator ( ) in 

order to guide the selection process of NSGA-II in searching a uniformly spread out 

Pareto-optimal front. It compares two solutions and returns the winner of the tournament 

by taking into the following two attributes: 

cp

(1) a nondomination rank ri in the population; 

(2) a local crowding distance di in the population. 

Based on these two attributes, the crowded-comparison operator ( ) is used in traditional 

binary-tournament selection operator; Definition 7.5 provides the working principle of the 

crowded-tournament selection operator. 

cp

Definition 7.5 (Crowded Binary Tournament Selection): A solution i wins a 

tournament over another solution j if either of the following conditions is true if: 
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(1) solution i has a better rank than that of j, that is, ri <rj; 

(2) both solutions i and j possess the same rank but solution i has a better crowding 

distance than solution j, that is, ri = rj  and di <dj. 

The first condition guarantees that the selected solution lies on a better non-dominated 

front. The second condition resolves the tie of both solutions being on the same non-

dominated front by deciding on their crowded distance (see Section 7.4.2). The one 

residing in a less crowded area (i.e., with a larger crowding distance di) wins the 

tournament. 

7.4.4 The Complete Algorithm (main loop) 

In its initial generation (at t = 0), NSGA-II first creates a random parent population P0 of 

size N; then it sorts P0 based on the criterion of nondomination of solution by satisfying 

the Pareto-optimality (see Definition 7.2). Next, for each non-dominated solution of P0, 

NSGA-II assigns a fitness (rank) equal to its nondomination level (wherein 1 represents 

the best level, 2 denotes the second best level, and so forth). Thereafter, NSGA-II 

produces an offspring population Q0 of size N by applying binary tournament selection, 

crossover, and mutation to the initial parent population P0. Afterward, the generation 

procedure is quite different, because successive generations (at t≥1) incorporate elitism to 

preserve good non-dominated solutions. The details of a typical tth generation are as 

follows:  

In the tth generation, NSGA-II first combines the parent population Pt and the offspring 

population Qt to produce a mating pool (a single population) Rt = Pt  Q∪ t of size 2N, 

which allows elitism to be maintained in successive generations. NSGA-II then sorts this 

mating pool Rt according to nondomination level of solutions, and identifies all non-

dominated fronts (F1, F2,…,FK). The new parent population Pt+1 of size N is then formed 

by adding non-dominated solutions obtained from various non-dominated fronts. NSGA-II 

starts constructing the mating poll by picking solutions from the first-ranked non-

dominated front (F1) and then proceeds with the subsequently ranked non-dominated 

fronts F2, F3,…, Fl (i.e., the last accepted front) until the total number of non-dominated 

solutions exceeds the population size N (see Fig. 7.5). Thereafter, NSGA-II sorts the 

solutions of the last accepted front Fl using the crowded comparison operator  (see cp

 

 
158



Section 7.4.3), and picks the first (N-| Pt+1|) solutions of Fl to fill remaining slots of the 

new parent population Pt+1. Afterward, NSGA-II constructs a new offspring population 

Qt+1 of size N by executing the binary tournament selection, crossover, and mutation 

operations on Pt+1. The process continues until it reaches the maximum number of 

generations for assembling an optimal or near-optimal solution for the given optimization 

problem. Fig. 7.6 depicts the complete procedure of NSGA-II.  
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Fig. 7.5 Creation of Parent Population Pt+1 

 
procedure: NSGA-II (main loop)  
 

1 for t = 1 to T  
2   Rt = Pt  Q∪ t -combine parent and offspring population 

3   F = fast- non-dominated -sort (Rt)   -identify non-dominated  fronts (F1, F2,…,FK) of Rt

4   Pt+1 = Ø -initialize new parent population with empty set   

5   i = 1 -initialize non-dominated  front counter 
6    while (| Pt+1| + | Fi | ≤ N)  -until the parent population is filled 

7   do crowding-distance-assignment (Fi) -calculate crowding distance in Fi

8   Pt+1 =  Pt+1 F∪ i -include ith non-dominated  front in the parent 
population 

9   i = i + 1 -increment non-dominated  front counter 
10    end while  

11   Sort (Fi, ) cp -sort in descending order using  cp

12   Pt+1= Pt+1∪  Fi [1: (N-| Pt+1|)] -add the first (N-| Pt+1|) solutions of Fi to Pt+1

13   Qt+1= make-new-pop (Pt+1) -make a new offspring population employing -
selection, crossover and mutation to Pt+1

14 end for  

Fig. 7.6 Procedure of NSGA-II (main loop) 
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7.4.5 Constrained MOP 

Most real-world optimization problems include constraints that must be satisfied. To guide 

the search towards a feasible region in the presence of constraints, as illustrated in Section 

5.3.1 of Chapter 5, a single-objective GA exploits different constraint handling strategies. 

It includes: (i) discarding infeasible solutions (the ‘‘death penalty’’); (ii) reducing the 

fitness of infeasible solutions by using a penalty function; (iii) crafting genetic operators to 

always produce feasible solutions; and (iv) transforming infeasible solutions to be feasible 

(‘‘repair’’) / hybrid techniques (Coello Coello 2003). In contrast, implementation of 

constraint-handling strategies into a MOEA is somewhat different. For example, the 

constraint-handling strategies mentioned in (i), (iii), and (iv) are directly applicable to a 

MOEA. However, implementation of the penalty function approach (the most frequently 

used constraint-handling strategy in the single-objective GA) is not straightforward in a 

MOEA; it involves fitness assignment based on non-dominated ranking of a solution, not 

on the objective function values of a MOP. 

However, the majority of MOEAs assume optimization problems without constraints. 

Moreover, the research on handling of constraints in MOEAs is limited (Jimenez et al. 

2002). The constrained-tournament method (Deb 2001) is one of such a few well-proven 

constraint-handling techniques for MOEAs. It works based on the non-dominance 

principle of ranking a solution. The primary advantage of the constrained-tournament 

method is that it does not require any user-defined penalty parameter, yet is simple and 

efficient (Deb et al. 2002). Moreover, the constrained-tournament method is revered for 

solving many difficult test functions. Acknowledging these advantages, this PhD research 

adopts the constrained-tournament method (Deb 2001) for solving the constrained MOP 

presented in Section 7.2. Other researchers such as Prasad et al. (2004) also used this 

technique for solving a constrained MOP. 

The implementation of the constrained-tournament method in NSGA-II is quite 

straightforward. It couples the two criteria: constrain-domination and constrained-

tournament selection, while the main algorithm (see Section 7.4.4) remains the same. The 

working mechanisms of constrain-domination and constrained-tournament selection are 

provided herein through Definition 7.6 and Definition 7.7, respectively.  
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Definition 7.6 (Constrain-Domination): 

A solution x1 is a ‘constrain-dominate’ solution over the other solution x2, if it satisfies 

any of the following three conditions (Deb 2001): 

Condition 1:  Solution x1 is feasible and solution x2 is infeasible. 

Condition 2:  Solutions x1 and x2 are both infeasible, and solution x1 has an overall 

smaller constraint violation than x2. 

Condition 3:  Solutions x1 and x2 are both feasible, and solution x1 dominates solution x2 

in usual way, i.e., following the principle of nondomination (see Definition 

7.7).  

Based on the constrain-domination criteria stated above, the principle of constrained-

tournament selection is provided through Definition 7.7. 

Definition 7.7 (Constrained-Tournament Selection): 

For a constrained MOP, given x1 and x2 are the two solutions randomly chosen from the 

population, select solution x1 if any of the following conditions are true (Deb 2001): 

Condition 1:  Solution x1 resides in a better non-constrain-dominated front. 

Condition 2:  Solutions x1 and x2 belong to the same non-constrain-dominated front; 

however, solution x1 inhabits a less crowded area, as measured by the 

concept of the crowding distance (see Section 7.4.2). 

The constrained-tournament method thus guarantees that a feasible solution always 

possesses a better nondomination rank than any infeasible solution. In other words, the 

constrained-tournament method promotes feasibility over optimality (Salazar et al. 2006). 

7.5   MULTI-OBJECTIVE PFI PROJECT PROCUREMENT OPTIMIZATION MODEL 

To solve the reference MOP presented in Section 7.2, the following section details the 

development of the MOEA, which is rooted in NSGA-II. The developed MOEA 

incorporates a slight modification of the original NSGA-II, as demonstrated in the 
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following first two sections, while the third section describes the computational steps of 

the proposed MOEA.  

7.5.1 Treatment of Constraints  

The constraints of the reference multi-objective problem [see Eqs. (7.3)-(7.8)] consist of 

two types of constraints: compatibility constraints and selection constraints (for details see 

Section 5.3.1 of Chapter 5). These two types of constraints must be satisfied in order to 

obtain a feasible solution. Section 5.3.1 also argued that although GA are able to ensure 

feasibility of solutions with respect to selection constraints, the feasibility of solutions with 

respect to satisfying compatibility constraints depend on initial population. The original 

NSGA-II generates the initial population in a random fashion. However, randomly 

generated initial population does not guarantee the optimality of concessionary items’ 

values in terms of satisfying compatibility constraints. To ensure the feasibility of 

solutions over optimality, the original NSGA-II, therefore, needs modification. 

Accordingly, at the beginning of NSGA-II, a filter is invoked to ensure that only 

compatible solutions will undergo further evaluation during the optimization process. The 

filter mechanism, in fact, employs the ‘rejecting strategy’, i.e., infeasible solutions (illegal 

offspring) are simply eliminated and replaced by randomly drawn new legal solutions, at 

the stage of generating a randomly generated yet valid initial population, as also 

demonstrated in Section 5.3.1 of Chapter 5. While dealing with selection constraints, the 

constrained-tournament selection (see Definition 7.7) will be used for evaluation of 

objective functions mentioned in Section 7.2.1.  

7.5.2 Best-compromise Solution 

As stated earlier in Section 7.1, the essence of the presented multi-objective PFI-project 

procurement optimization problem is to impart a set of equally good (i.e., Pareto-optimal) 

solutions to prospective sponsors. Using the Pareto-optimal solutions, prospective 

sponsors are able to assess the trade-offs between maximizing the potential of winning a 

PFI project and attracting lenders. However, the obtained Pareto-optimal set usually offers 

a large number of non-dominated solutions, which are equally good in accomplishing the 

underlying objective functions. Therefore, it is often essential to identify a single best 

solution (i.e., a candidate Pareto-optimal solution) that could meet the management’s 
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objective. In literature, this single best solution is termed the best-compromise solution, or 

the appropriate preferred solution. Identification of the single best solution depends on the 

intuition of decision makers in realizing the benefit of a particular non-dominated solution 

in satisfying the objective functions. However, the perceived benefit of non-dominated 

solutions of the Pareto set is seldom quantifiable because decision makers might have 

fuzzy or imprecise goals for each of the objective functions (Dhillon et al. 1993). 

Considering the imprecise nature of decision makers’ judgment, this PhD research adopts 

a simple fuzzy approach to identify the best-compromise solution. Other scholars such as 

Tapia and Murtagh (1991); Dhillon et al. (1993); and Wang and Singh (2007) have 

implemented the same technique also to determine the best-compromise solution. The 

computational procedure of the proposed fuzzy approach involves two steps, as follows: 

Step 1: Compute the fuzzy membership functions for each solution in objective space. 

The fuzzy linear membership function in Eq. (7.17) measures the degree of 

achievement of a non-dominated  solution in the Pareto-optimal set to satisfy a 

particular objective function (Wang and Singh 2007), as follows: 
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(7.17)

 

where 
iF  = value of the ith objective function; 

 max
iF = maximum value of the ith objective function, which is completely 

satisfactory to a decision makers;  

 min
iF = minimum value of the ith objective function, which is clearly 

unsatisfactory to a decision maker; and  

 iµ  = membership function of the ith objective function for a specific non-

dominated  solution within the Pareto-optimal set 

Step 2: Calculate the normalized membership function. 

The normalized membership function in Eq. (7.18) appraises the overall 

accomplishment of a non-dominated solution, as follows:  
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where O = number of objective functions; 

 S = number of non-dominated  solutions; and 

 
kµ  = 

normalized membership function for the kth non-dominated  

solution within a Pareto-optimal set. 

The membership function in Eq. (7.18) indicates a fuzzy cardinal priority ranking 

of the non-dominated  solutions. Therefore, the best-compromise solution is the 

one that attains the maximum of membership function µk.  

7.5.3 Computational Steps 

The computational steps of the proposed MOEA are as follows:  

Step 1: Define the input data representing investment parameters of a PFI project and 

GA parameters. 

Step 2:  Randomly generate initial solutions using real-coded representation. 

Step 3: Employ the ‘death penalty’ strategy to reject infeasible initial solutions in terms 

of satisfying compatibility constraints as defined in Eqs. (7.3)-(7.4) and in Eq. 

(7.6). Note that rejection of incompatible solutions offers a simplification of the 

MOEA, only compatible solutions will undergo further evaluation.  

Step 4: Fill the initial valid parent population (Pt=0) of size N using the randomly 

generated compatible solutions. 

Step 5: For each compatible solution, calculate the values of the objective functions [see 

Eqs. (7.1)-(7.2)] and selection constraints [see Eq. (7.5) and Eq. (7.7)]. 

Step 6:  Classify the parent population according to nondomination and assign fitness 

(rank) to each solution of Pt. 
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Step 7:  Employ the constrained-binary-tournament selection operator on parent 

population. 

Step 8:  Apply the simulated binary-crossover operation and the parameter-based 

mutation operation (see Section 4.3.2 of Chapter 4) on the parent population Pt 

to generate offspring population. 

Step 9:  Combine the parent population and the offspring population to form a mating 

pool Rt of size 2N. 

Step 10:  Evaluate objective functions [see Eqs. (7.1)-(7.2)] and selection constraints [see 

Eq. (7.5) and Eq. (7.7)]. 

Step 11: Perform non-dominated sorting on Rt to identify all non-dominated fronts and 

assign fitness (rank). 

Step 12: Employ crowding-distance comparison on the non-dominated fronts of Rt in 

order to construct new parent population Pt+1 of size N.  

Step 13:  If the stopping condition (i.e., maximum number of generations) is satisfied, 

stop the run; otherwise, repeat Steps 6–12. 

Step 14: Among the alternatives (i.e. a set of Pareto-optimal solutions), select the best-

compromise solution using Eqs. (7.17)-(7.18).  

 

Fig. 7.7 illustrates the flow chart of the developed MOEA. 
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Fig. 7.7 Flowchart of the Developed MOEA
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7. 6  NUMERICAL EXAMPLE 

To demonstrate the usefulness of the developed MOEA in addressing procurement 

objectives of prospective sponsors, this section provides a numerical example. It will 

illustrate the capability of the developed model in dealing with simultaneous maximization 

of the potentials of winning a PFI project [measured through bid-winning index (BWI)] 

and attracting lenders [measured through lender-attractiveness index (LAI)] – both viewed 

from prospective sponsors’ perspectives.  

7.6.1 Model Input 

The PFI project that was utilized in previous chapters (Chapters 4-6) is also considered 

herein as a case study. The same real-life PFI project, i.e., the BOT HEPP project cited in 

Bakatjan et al. (2003) is selected for making a fair comparison of results to be provided by 

the developed MOEA with those obtained from single-objective GA for maximization of 

BWI and LAI, respectively. Therefore, the data presented in Table 4.1 (see Chapter 4) are 

taken as input investment parameters for the developed MOEA. The input GA parameters 

are as follows: population size = 1000; number of generations = 100; crossover probability 

= 0.8; and mutation probability = 0.05. The input GA parameters were verified with the 

results obtained from preliminary test runs of the developed MOEA. 

7.6.2 Analysis of Results 

This section provides a thorough discussion of the results provided by the developed 

MOEA. Fig. 7.8 shows formation of the Pareto-front at two different generations. As 

demonstrated in Fig. 7.8(a), no clear Pareto-front is visible in the initial population (at the 

first generation). This fact is owing to the presence of less number of non-dominated 

solutions in the initial population. However, the numbers of non-dominated solutions 

increase with successive generations. Therefore, formation of the Pareto-front gradually 

advances toward the global optimum. Fig. 7.8(b) shows such an evolution of the Pareto-front 

at the 50th generation.  
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Fig. 7.8 Multi-objective Optimization Process of BWI and LAI by Developed MOEA  

Finally, after subsequent generations, the developed MOEA provided the Pareto-front at 

the 100th generation. Fig. 7.9 plots the Pareto-front. Every point on this Pareto-front 

represents a global optimum solution, giving corresponding values of BWI and LAI at the 

prospective sponsors’ profitability (i.e., IRRS) of 14.94 percent.  
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Fig. 7.9 Pareto-front at IRRS of 14.94 percent 

Analysis of the Trade-off Curve  

The Pareto-front or in other words, the BWI-LAI trade-off curve as shown in Fig. 7.9 has 

two extreme points (A and C). These two points, in fact, represent two Pareto-optimal 

solutions that contain the maximum values of BWI and LAI, respectively. For example, 

the position of point A in Fig. 7.9 corresponds to the maximized BWI value of 41.21, 
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while the LAI value is 4.72. In contrast, the position of point C corresponds to the BWI 

value of 39.03, while the maximized value of LAI is 5.37.  

Table 7.1 contains the model results that correspond to the abovementioned two points on 

the Pareto-front, (i.e., points A, and C in Fig. 7.9). As shown in Table 7.1, different values 

of concessionary items were required for maximizing BWI and LAI, respectively. For 

example, in order to maximize BWI, the required values of concessionary item are as 

follows: concession length (CL) 16 years; base price (P0) 9.71 cents/kW.h; and equity 

level (ξ ) 32.00%. On the other hand, for maximization of LAI, the required values of 

concessionary items are as follows: concession length (CL) 17 years; base price (P0) 9.39 

cents/kW.h; and equity level (ξ ) 24.55%. The concession lengths are calculated by adding 

the sponsor operation periods (SOP) required for maximizing BWI and LAI (see Table 

7.1), respectively to the construction period of 4 years as discussed earlier in Chapters 5 

and 6. Note that the difference in equity levels obtained from those values required for 

maximization of BWI and LAI is significant. Compared with the solution that maximized 

BWI, the solution representing maximized value of LAI indicates a better debt servicing 

per equity level (the value of LAI at BWImax is 4.72, while the value of LAI at LAImax is 

5.37, which is much higher than 4.72). The savings in equity resulting from maximization 

of LAI is massive. In terms of dollar value, it is 10,614 Thousands US$. This value is 

calculated after realizing the difference in equity levels from 32.00 percent (at BWImax) to 

24.55 percent (at LAImax). 

Table 7.1 BWI and LAI Trade-offs at IRRS of 14.94 percent 

Points in 

Pareto-front 

Performance 

Measures 

Objective 

Function Values 

(BWI, LAI) 

SOP 

(years) 

P0 

(cents/kW.h) 

ξ  (%) 

A BWImax 41.21, 4.72 12 9.71 32.00 

B BCS 39.83, 5.31 13 9.40 25.01 

C LAImax 39.03, 5.37 13 9.39 24.55 

The discussions in the preceding section, therefore, indicates that prospective sponsors 

may opt for a trade-off solution rather than aiming at attempting to maximize either of the 

two procurement objectives (i.e., maximizing the potential of winning a PFI project or 
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maximizing the potential of attracting lenders). The essence of using a Pareto-front as 

shown in Fig. 7.9, therefore, is becoming important to make a trade-off decision between 

BWI and LAI. In addition to the two points (A and C) shown in the Pareto-front (see Fig. 

7.9), other different points on the entire Pareto-front offer a trade-off between a specific 

value of BWI and a specific value of LAI. The solutions corresponding to these points on 

the Pareto-front are equally good in terms of attaining procurement objectives of 

prospective sponsors. For each solution, the value of BWI or LAI cannot be improved 

without sacrificing the value of the other. The BWI-LAI trade-off curve, therefore, enables 

prospective sponsors to extract the best-compromise solution. Selection of the best-

compromise solution (BCS), in fact, is critical to prospective sponsors especially in terms 

of realizing the benefits of optimized values of concessionary items that would 

simultaneously enhance both the potentials of winning a PFI project and attracting lenders.  

However, as argued in Section 7.5.2, imprecision is common in selecting the best-

compromise solution among a set of Pareto-optimal solutions. Therefore, the employment 

of fuzzy membership functions is essential to evaluate each solution of the Pareto-optimal 

set. Consequently, Eq. (7.17) and Eq. (7.18) were used to identify the best-compromise 

solution among the Pareto-optimal solutions. The solution having the maximum value of 

membership function is extracted as the best-compromise solution (BCS). The calculation 

of BCS involves following parameters: = BWImin max

min max

1F min=39.03;  = BWI1F max 41.21; 

= LAI2F min =4.72; and = LAI2F max= 5.37. The best-compromise solution (BCS) is 

shown as point B in Fig 7.9. Table 7.1 also depicts the model results at the best-

compromise solution (BCS).   

As demonstrated in Table 7.1, by comparing the two solutions representing BWImax and 

BCS, it is revealed that the value of BWI has reduced from 41.21 (at BWImax) to 39.83 (at 

BCS). This is owing to the combined effect of an increased value of sponsor operation 

period and a decreased value of equity level. On the other hand, the value of LAI at BCS 

(i.e., 5.31) is much higher than its counterpart value (i.e., 4.72) found at the solution 

representing BWImax. Moreover, the equity level for BCS (i.e., 25.01 percent) is not 

significantly higher than its lowest value (i.e., 24.55 percent) found at the solution 

representing LAImax. This finding offers an added financial benefit to prospective sponsors 

for selecting the best-compromise solution (BCS). Even with a smaller increase of costly 
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equity contribution, prospective sponsors are able to enhance both the potentials of 

winning a PFI project and attracting lenders.          

Table 7.2 presents the financial performance measures at these three different solutions 

(i.e., at BWImax, BCS, and LAImax). By comparing the results representing the solution at 

LAImax  with the best-compromise solution (BCS) (see Table 7.2) it is evinced that the 

latter allows prospective sponsors to secure a higher NPVS, i.e., from 5,074 to 5,181 (in 

Thousands US$). Moreover, at the best-compromise solution (BCS), a higher value of 

average DSCR, (i.e., from 1.32 to 1.33) is achievable. Additionally, a higher NPVG, i.e., 

from 5,069 to 5,081 (in Thousands US$) is also available to the government. All these 

potential benefits, therefore, again reinforces the benefits of selecting the best compromise 

solution (BCS).  

Table 7.2 Performance Measures at BWI and LAI Trade-offs at IRRS of 14.94 
percent  

Points in 

Pareto-front 

Performance 

Measures 

 Values 

(BWI, LAI) 

NPVS

(Thousands 

US$)  

DSCRavg  NPVG

(Thousands 

US$)  

A BWImax 41.21, 4.72 6,509 1.51 6,479     

B BCS 39.83, 5.31 5,181 1.33 5,081        

C LAImax 39.03, 5.37 5,074 1.32 5,069 

Moreover, as shown in Table 7.2, the values of NPVS are positive for all these three 

solutions. These solutions satisfy the constraint concerning financial viability of the 

reference PFI project from prospective sponsors’ viewpoints [see Eq. (7.3)]. Similarly, the 

government NPVG is also positive for all three solutions indicating that they also satisfy 

the constraint regarding government’s concern for having, at least, a positive NPVG [see 

Eq. (7.6)]. Additionally, for all the three solutions, the average values of DSCR are greater 

than 1.3, which demonstrates the reference PFI project is comfortable in terms of debt 

servicing to lenders (Koh et al. 1999). 

Fig. 10 and Fig. 11 show the profiles of cash flows from the viewpoints of prospective 

sponsor and the government, while Fig. 12 illustrates the DSCR profile. Each of these 

three figures exemplifies three different financial scenarios that correspond to the 
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optimized values of concessionary items found at BWImax, BCS, and LAImax, respectively. 

These figures draw several observations. As shown in Fig. 7.10, net cash flows from 

prospective sponsors’ viewpoints are positive for all the three solutions. This finding 

indicates that these solutions virtually satisfied the constraint – ‘financial sustainability’ of 

prospective sponsors during the sponsor operation period [see Eq. (7.4)]. Similarly, Fig. 

7.11 demonstrates that cash flows during the government operation period are also 

positive for all three solutions. As discussed earlier in the preceding section, the 

government, at least, will not face any financial losses during any year of the government 

operation period (i.e. after the handover of the reference PFI project). Fig. 7.12 indicates 

that for each year of the loan repayment period, the DSCR is, at least, greater than 1.00 

indicating prospective sponsors’ likely capability of repaying the debt during each year of 

the loan repayment period.  
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Fig 7.10 Sponsors’ Cash Flows at Different Points of the Pareto-front 
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Fig 7.11 Government’s Cash Flows at Different Points of the Pareto-front 
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Fig 7.12 DSCR Profiles at Different Points of the Pareto-front 
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Validation of Model Results 

For validation of model results provided by the developed MOEA, the maximum values of 

BWI and LAI obtained from developed model are compared with those values obtained 

from the single-objective GA (presented in Chapter 6). To reiterate, these results 

correspond to the sponsors’ profitability level (IRRS) of 14.94 percent. Table 7.2 shows a 

close agreement between the maximized values of BWI and LAI obtained from the single-

objective GA and the developed MOEA. This finding demonstrates that the developed 

MOEA furnished the best solution of each objective; in addition, it also provided non-

dominated solutions spanning the entire trade-off surface (see Fig. 7.9) in a single run. 

Table 7.3 Best Solutions for BWI and LAI 

 Maximum Value of BWI  Maximum Value of  LAI 

Single Objective GA 41.30a 5.37a

MOEA 41.21b 5.37b

a. The values are obtained as mentioned in ‘Note C’ of Table 6.2 in Chapter 6.  

b. The values are obtained from Table 7.1 (see the rows representing data for point A and point C, 

respectively) depicted in this chapter. 

Repeatability of the Developed MOEA 

As stated earlier, MOEA is a heuristic search technique. Similar to a single-objective GA, 

a MOEA utilize randomness for searching Pareto-optimal solutions. Therefore, the best 

results provided by MOEAs usually change in successive runs. To investigate the 

robustness of the developed MOEA, five independent runs were conducted. Table 7.4 

presents the maximum values of BWI and LAI provided by the developed MOEA in five 

independent runs.  

Table 7.4 Repeatability Test of the Developed MOEA 

Run # Maximum BWI  Value Maximum LAI  Value 

1 41.05 5.36 

2 41.21 5.37 

3 41.19 5.36 

4 41.18 5.37 

5 41.21 5.37 
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Table 7.4 indicates that there are no significant variations in the maximum values of BWI 

and LAI, respectively. The minor differences in these values confirm the robustness of the 

developed MOEA; the model yielded almost similar results in a sample five different runs. 

Moreover, the developed MOEA provided exactly the same results in its second and fifth 

runs. The fact further substantiates the capability of the developed model in producing 

repeatable results. 

7.6.3 Sensitivity Analysis – Sponsors’ Profitability 

To investigate sensitivity of concessionary items’ values on prospective sponsors’ 

profitability, this section presents the model results considering an additional scenario of 

sponsors’ profitability (IRRS). For the purpose of demonstration, a 25 percent increase in 

sponsors’ profitability (i.e., from 14.94 percent to 18 percent) is selcted. Fig. 7.13 shows 

the Pareto-front at prospective sponsors’ profitability of 18 percent.  

 

5.2

5.4

5.6

5.8

6

6.2

6.4

6.6

60 70 80 90 100 110

 

C 

LA
I  B 

A 

 

Fig 7.13 Pareto-front at IRRS of 18.00 percent 

As discussed earlier, the three important points on the BWI-LAI trade-off curve shown in 

Fig. 7.13 are point A (representing the solution at BWImax), point B (representing the BCS), 

and point C (representing the solution at LAImax). Table 7.5 summarizes the model results 

representing these three solutions at the IRRS of 18 percent. Similar to the findings 

depicted in Section 7.6.2, the results shown in Table 7.5 also indicate that a higher value 

of base price is required for maximizing BWI compared with that value required for 

maximizing LAI. Moreover, a closer comparison of the results listed in Table 7.1 and 

Table 7.5 attributed that the values of base price and equity level are central in achieving 
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the desired values of BWI and LAI. The value of the other concessionary item (i.e., 

concession length) is comparatively less sensitive in this regard. This useful information 

about the changes in values of concessionary items at different profitability level is crucial 

to prospective sponsors, especially in realizing the potentials of winning a PFI project and 

attracting lenders. It would aid prospective sponsors in deciding the most suitable 

profitability level and, thereafter, helps them in proceeding with negotiations with 

governments and lenders in the subsequent stages of the procurement of a PFI project. 

Table 7.5 BWI and LAI Trade-offs at IRRS of 18.0 percent 

Points in 

Pareto-front 

Performance 

Measures 

Objective 

Function Values 

(BWI, LAI) 

SOP 

(years) 

P0 

(cents/kW.h) 

ξ  (%) 

A BWImax 99.42, 5.45 10 10.22 27.74 

B BCS 97.89, 5.74 10 9.89 24.93 

C LAImax 73.91, 6.40 11 9.72 20.42 

7.7  CHAPTER SUMMARY 

This chapter provided a new multi-objective PFI project-procurement optimization model 

highlighting that different procurement objectives require simultaneous optimization for 

achieving the best values of concessionary items subject to several constraints. 

In so doing, the chapter first described the necessity of the developed model, followed by 

presenting the mathematical formulation of the multi-objective PFI project-procurement 

optimization problem. Subsequently, it described salient issues of a multi-objective 

optimization problem and its solution techniques based on genetic algorithms.  

Next, the chapter provided the rationale for the selection of the elitist non-dominated 

sorting genetic algorithm (NSGA-II) as the intended optimization technique together with 

its working mechanisms. Based on NSGA-II, the chapter then illustrated the development 

of the reference multi-objective PFI-project procurement optimization model.  
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The model results evinced that the developed MOEA is quite capable of finding optimized 

values of concessionary items that simultaneously maximized the potentials of winning a 

PFI project and attracting lenders.  
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CHAPTER 8 
 
 

CCOONNCCLLUUSSIIOONNSS,,  CCOONNTTRRIIBBUUTTIIOONNSS  AANNDD  RREECCOOMMMMEENNDDAATTIIOONNSS  

 

This concluding chapter presents a summary of the key findings and contributions, as ell 

as limitations and future directions of this PhD research. The chapter begins with Section 

8.1 to recapitulate the research objectives with a focus on highlighting major research 

outcomes attaining such objectives. Section 8.2 delineates theoretical contributions to the 

existing body of knowledge and practical implications to the construction industry. 

Section 8.3 outlines research limitations and a number of possible directions for future 

research. Finally, Section 8.4 furnishes a culmination of the discourse.  

8.1   RESEARCH OBJECTIVES AND KEY FINDINGS 

In order to attain the goal of this PhD research, i.e., optimizing the values of concessionary 

items with regard to procuring privately financed infrastructure (PFI) projects, the primary 

objective of this research was to develop optimization models for addressing procurement 

objectives of prospective sponsors at the tendering stage. 

With this goal and primary objective in mind, the list of secondary objectives identified in 

this PhD research were as follows: 

(1) Understand the fundamentals of PFI projects. 

(2) Undertake a critical review of relevant topics such as investment appraisal 

methods; decision-making techniques for assessing PFI investment opportunities in 

the presence of uncertainties; currently available financial models; and 

optimization methods.  

(3) Select the most appropriate (i.e., effective, yet efficient) techniques investigated in 

Step 2, in the following three areas in development of the optimization models: 

investment appraisal method; decision-making technique for assessing PFI 

investment opportunities in the presence of uncertainties; and optimization method. 
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(4) Establish theoretical foundations of the best techniques selected in Step 3 in order 

to advance the development of optimization models. 

(5) Develop a single-objective optimization model to determine the optimized values 

of concessionary items aimed at maximizing the potential of winning a PFI project.  

(6) Develop a single-objective optimization model to determine the optimized values 

of concessionary items aimed at maximizing the potential of attracting lenders. 

(7) Develop a multi-objective optimization model to determine the optimized values of 

concessionary items under simultaneous maximization of the potentials of winning 

a PFI project and attracting lenders. 

(8) Obtain industry input via a reported case study to demonstrate the capabilities of 

the developed models in optimizing the values of concessionary items under 

different procurement objectives of prospective sponsors. 

These objectives have successfully been achieved as described below. 

Chapter 2 provided a thorough illustration of PFI project characteristics comprising major 

participants, funding mechanisms, and inherent uncertainties involved in such ventures. 

The depicted composition of key project stakeholders and their major contractual 

assignments with respect to a PFI project structure revealed different perspectives of 

sponsors, governments, and lenders. The discussions of characteristics typical of project 

financing mechanisms for PFI ventures, including various sources and types of financial 

instruments, provided a broader picture of collating capital required for such undertakings. 

A detailed demonstration of various sources of uncertainties and the associated uncertainty 

drivers helped to uncover various strategies for treating uncertainties involved in PFI 

investment opportunities. In revisiting all these three main characteristics of PFI projects, 

the major assumptions for developing the optimization models were also presented. 

Chapter 3 provided a critical review of literature, which enabled the selection of the most 

suitable techniques needed for developing the optimization models. Various techniques 

were investigated in the areas of investment appraisal methods, decision-making 

techniques for assessing PFI investment opportunities in the presence of uncertainties, and 

optimization methods. Moreover, an in-depth study of available financial models 
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highlighted the industry’s need for such optimization models, especially for procuring PFI 

projects at the tendering stage. 

Having identified the relative strengths and weaknesses of different methods, Chapter 3 

also presented the justifications for the selection of techniques – investment appraisal 

method, decision-making technique for assessing PFI investment opportunities in the 

presence of uncertainties, and optimization method – that were utilized later in 

development of the optimization models. Among the four available techniques of 

investment appraisal method as investigated in this PhD research, the well-known 

discounted cash flow technique was chosen because of its suitability in furnishing capital 

budgeting decisions at the tendering stage. Probability theory and fuzzy set theory were 

compared on the grounds of capability and practicability in modelling uncertainties 

involved in PFI investment opportunities at the tendering stage. As a result, fuzzy set 

theory was found to be the most suitable technique to attend the purpose. Besides, 

considering the two common approaches of fuzzy set theory – the extension principle and 

the vertex method – the vertex method was finally selected as the uncertainty modelling 

technique, since it has a number of advantages in performing arithmetic operations on 

fuzzy numbers. Finally, a myriad of optimization methods, spanning the parlances of both 

mathematical modelling techniques and meta-heuristics based optimization methods, were 

investigated. Keeping in mind the complexity of the proposed optimization problems, the 

meta-heuristics based optimization technique, genetic algorithms, was chosen as the 

optimization tool. 

Chapter 4 described theoretical insights for each of the three selected techniques. A 

financial model capable of evaluating PFI investment opportunities at the tendering stage 

was presented, based on the basic assumptions made in light of the extant literature. The 

development of the financial model was firmly rooted in the well-known discounted cash 

flow technique. The financial model progressively demonstrated the calculation of key 

financial performance measures related to sponsors, governments, and lenders. The 

theoretical domain and application of the vertex method as a decision-making technique to 

assess a fuzzy investment environment in general were detailed, followed by illustrating 

the procedures of a defuzzification method. The fundamentals of genetic algorithms, 

including its representation scheme, and the reproduction cycle that consists of selection, 

crossover, and mutation operations were detailed. The computational steps as depicted in 
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the illustrations of the abovementioned three approaches of the reproduction cycle were 

utilized later in the development of the optimization models. 

Based on the unique implementation of the abovementioned theoretical constructs, 

Chapter 5 demonstrated the development of a single-objective optimization model to 

determine the optimized values of concessionary items, aimed at maximizing the potential 

of winning a PFI project. A financial performance measure, called bid-winning index 

(BWI) was developed. Based on this measure, the single-objective optimization problem 

was formulated by taking into account the conflicting financial interests of sponsors, 

governments, and lenders. Utilizing genetic algorithms as the optimization technique, the 

solution method of the developed optimization problem was presented within the 

deterministic investment environment. The sensitivity analysis provided insightful 

information about the influence of different parameter settings on the performance of the 

developed Deterministic GA (BWI Model). The Deterministic GA (BWI Model) was also 

extended to a Fuzzy GA (LAI Model) optimization model in order to investigate the 

effects of uncertain investment parameters: base cost; traffic demand; and discount rate in 

quantifying near-optimal values of concessionary items leading to maximization of the 

potential of winning a PFI project. 

Chapter 6 illustrated the development of a single-objective optimization model to 

determine the values of concessionary items aimed at maximizing the potential of 

attracting lenders. A new financial performance measure called lender-attractiveness 

index (LAI) was developed, which was then utilized in the development of an optimization 

problem by taking into account differing financial and economic interests of sponsors and 

governments. The genetic algorithms-based optimization models yielded the optimized 

values of concessionary items aiming at maximizing the potential of attracting lenders 

under both the deterministic and uncertain investment environments. 

Chapter 7 provided a multi-objective PFI-project procurement optimization model 

highlighting that two different procurement objectives required simultaneous optimization 

for achieving the best values of concessionary items, subject to several constraints. Based 

on the elitist non-dominated sorting genetic algorithm (NSGA-II), the development of the 

multi-objective procurement model was progressively demonstrated.  
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Finally, although the ability to validate truly the developed optimization models was 

limited by the absence of a complete case study, the verification of the financial model as 

utilized in the optimization models, in terms of evaluating financial outcomes of a real-life 

PFI project from the power sector, was successfully demonstrated in Chapter 4. Moreover, 

through Chapter 5 to Chapter 7, rigorous efforts were made to demonstrate how the 

optimized values of concessionary items could substantially influence the process of 

addressing different procurement objectives of potential sponsors at the tendering stage. 

Results from the developed optimization models evince that:  

(1) Near-optimal values of concessionary items can considerably influence the 

attainment of individual PFI project procurement objectives (i.e., maximizing the 

potential of winning a PFI project, or maximizing the potential of attracting 

lenders).  

(2) Inclusion of uncertainty in the form of imprecise estimates of investment 

parameters does affect the near-optimal values of concessionary items and, 

consequently, the PFI project procurement objectives.  

(3) Simultaneous consideration of maximizing the potentials of winning a PFI project 

and attracting lenders is possible by selecting the best-compromised values of 

concessionary items. 

8.2  RESEARCH CONTRIBUTIONS 

Researchers over the last decade have attempted to evaluate PFI projects from different 

dimensions, especially in terms of analyzing their financial viability at the feasibility stage. 

Despite these significant contributions of previous research scholars, many vital research 

questions, especially within the context of PFI project procurement, remain unexplored. 

The research question that one may raise is how to address procurement objectives 

effectively. More studies in this field are still required to advance the existing body of 

knowledge and to generate practical research outcomes that benefit the industry. With this 

in mind, the PhD research was conducted from two perspectives: to provide a theoretical 

progression in the area of financial modeling; and to offer practical contributions for 

addressing the procurement objectives of sponsors – both within the context of PFI 

projects. These are presented below in terms of the contributions to the existing body of 
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knowledge and implications for the private sector firms who typically wish to be engaged 

in PFI projects. 

8.2.1 Contributions to the Existing Body of Knowledge 

Owing to the relative youth of this branch of research in the realm of financial modeling of 

PFI projects, the construction industry lacks optimization models capable of addressing 

PFI project procurement objectives effectively and efficiently. Available financial analysis 

models are all limited in their capacity and thus are unable to investigate the aggregated 

impact of concessionary items on PFI project cash flows and, consequently, to determine 

their optimized values in addressing procurement objectives in  the most efficient and 

effective manner. 

This PhD research makes a significant contribution to a small but growing body of the 

academic knowledge base in the research field of PFI project procurement in the following 

ways: 

(1) Based on the extensive review of literature, this PhD research identified key 

financial-cum-contractual elements (i.e., concessionary items), which are critical in 

procuring PFI projects at the tendering address.  

(2) The conflicting financial and economic interests of key project stakeholders (i.e., 

sponsors, governments, and lenders) were also identified and later utilized in 

devising optimization problems to address different procurement objectives of 

potential sponsors at the tendering stage. 

(3) A generic financial model capable of evaluating PFI investment opportunities at 

the tendering stage was presented. The development of such a financial model was 

rooted in combining different constituents of PFI project cash flows, which were 

suggested by previous research scholars – but in a sporadic fashion. 

(4) Two new financial performance measures were proposed. Both are simple, yet 

effective, in defining the procurement objectives of potential sponsors at the 

tendering stage. 
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(5) Two single-objective optimization problems were developed, and solution methods 

based on genetic algorithms were also presented, both under the deterministic and 

the fuzzy investment environments. The developed models were well capable of 

optimizing concessionary items in order to meet the procurement objectives. 

(6) The combined application of genetic algorithms and fuzzy set theory, more 

specifically the vertex method, was a new dimension of research to optimize the 

values of concessionary items in addressing PFI procurement objectives under 

uncertainty. 

(7) A new multi-objective PFI project-procurement optimization model was 

formulated to facilitate obtaining trade-off solutions with regard to simultaneous 

maximization of two different procurement objectives. The development of such a 

multi-objective procurement model is a new contribution to the existing body of 

knowledge in the realm of procurement of PFI projects. 

Therefore, it is envisaged that this PhD research provides a strong foundation for the 

continual building and application by researchers to achieve the ultimate goal of meeting 

the construction industry’s need in this area. 

8.2.2 Implications for Private Sector Firms within the Construction Industry 

PFI projects, theoretically, should present a win-win-win solution for the provision of 

infrastructure services. However, this has not been achieved in many countries. The 

underperformance of PFI projects has been attributed to the inability of key stakeholders 

in realizing the impact of concessionary items associated with such ventures. 

In order to gain a competitive edge in these markets, private sector firms must therefore be 

able to determine as objectively as possible the appropriate values of concessionary items 

that would provide the greatest financial benefits to them. Although a myriad of financial 

analysis models are available for the appraisal of project investment opportunities, 

statistics show that most of them concentrate primarily on analyzing financial viability of a 

project at the feasibility stage, and fail to undertake critical appraisal of procurement 

objectives before submitting the financial proposals to governments. A major focus of this 
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PhD research was to improve the decision-making process of private sector firms for 

addressing procurement objectives. 

Apart from the theoretical contributions, this PhD research makes some practical 

contributions to private sector firms wishing to be involved in the procurement of PFI 

projects. As a main outcome of this PhD research, the optimization models, which were 

developed following rigorous research efforts, would appear to be helpful tools for private 

sector firms in addressing their PFI project procurement objectives in the most effective 

and efficient manner.  

The direct benefits to the construction industry from the development of such optimization 

models include: 

(1) Clear specification of PFI project procurement objectives that otherwise may have 

been overlooked. 

(2) Provision for obtaining the values of a number of financial performance measures, 

which the key stakeholders (sponsors, governments, and lenders) commonly 

exercise.  

(3) Integrated approach for evaluating PFI projects under uncertainty through 

identification and treatment of critical uncertain investment parameters. 

(4) Increased confidence in yielding realistic results provided by the models. 

(5) Time and resources efficiencies gained from the streamlined approach provided by 

the developed optimization models for evaluating financial outcomes of a PFI 

venture. 

(6) Model results would help private sector firms to prepare and propose competitive 

financial offers to host governments. 

(7) Model results are also useful as a supporting tool for conducting effective 

contractual negotiations between sponsors, governments, and lenders. 
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8.3  LIMITATIONS AND FUTURE RESEARCH DIRECTIONS 

Despite ensuring rigorous and exhaustive research methods, the findings reported in this 

dissertation should be interpreted in light of several limitations identified during the course 

of this PhD research. The recommendations for future research spurred by the perceived 

limitations of this research study are listed below: 

(1) Data from a single real-life PFI project was utilized throughout this dissertation for 

two main reasons: firstly, to verify the financial model; and secondly, to facilitate a 

fair comparison among the results obtained from developed optimization models. 

Future research should focus on utilizing data from additional real-life case studies 

in order to obtain further evidence to validate the developed optimization models, 

and to assess the degree of effectiveness and efficiency in demonstrating their 

capabilities. The results of these case studies should reinforce the importance of 

using a holistic optimization approach for meeting the need of procurement 

objectives at the tendering stage.  

(2) The model adopted in this dissertation was assumed for a single type of product 

resulting in a single revenue structure. Future research should consider multiple 

types of products resulting in multiple revenue streams in optimizing the values of 

concessionary items encompassing optimized values of different base prices for 

different types of products (e.g., different toll rates for different types of vehicles 

considered in toll-road projects). 

(3) The focus of this PhD research was the quantification of optimized values of 

concessionary items and the evaluation of related benefits at the tendering stage of 

a PFI project rooted in considering the self-financial support of potential sponsors. 

However, it did not integrate the entire process of PFI project procurement into the 

model, especially the stage following the tendering stage, that is, the negotiation 

stage. Future research should focus on extending the developed optimization 

models in order to incorporate different negotiation aspects, especially the different 

financial issues raised during the negotiation stage. For example, future research 

may consider various risk allocation strategies including evaluation of potential 

government support (e.g., direct subsidies, equity participation, loans, and 

guarantees), and different risks and rewards schemes (e.g., provision of 
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penalty/incentives for project completion) in determining the optimized values of 

concessionary items and related benefits. 

(4) In this dissertation, a simple utility function was utilized to define the bid-winning 

index, which indicated the usefulness of base price and equity level to sponsors in 

quantifying the potential of winning PFI projects. In order to meet the project-

specific need for defining the potential of winning a PFI venture, future research 

may attempt to refine the proposed utility function using other techniques of 

constructing a utility function, e.g., multi-attribute utility theory (MAUT) (Keeney 

and Raiffa 1995; Clemen 1996).  

(5) Future research may introduce the concept of fuzzy-random variable to capture the 

uncertainty and risks of an event simultaneously into the optimization processes. 

The incorporation of fuzzy-random variables into the developed genetic 

algorithms-based optimization model would be a worthy topic for future research.   

(6) Solving mixed integer optimization problems is generally a difficult optimization 

task. The developed solution algorithms should be enhanced in future by 

incorporating local search and better evolutionary strategies in order to accelerate 

the search process for optimized solutions.  

(7) Although it was initially planned to develop a multi-objective PFI project 

procurement optimization model by taking into account the effect of uncertain 

investment parameters, because of strict time limitation this PhD research could 

not implement the development of such a multi-objective optimization model. 

Future research should attempt to develop such a model using the combined 

application of genetic algorithms and fuzzy vertex method, which should provide 

the trade-off values of concessionary items and related benefits under uncertainty. 

(8) This PhD research has laid the cornerstone in the realm of optimization of PFI 

project procurement objectives through realization of ideal values of concessionary 

items, which was based solely on financial outcomes of a PFI venture. Future 

research should consider the inclusion of other related issues of PFI project 

procurement, such as non-financial factors, in further development of the 

optimization models developed herein. 
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8.4  CLOSURE  

This PhD research makes fundamental contributions to the area of financial modeling 

pertaining to procurement of PFI projects by developing innovative optimization models 

capable of dealing with the conflicting financial interests of sponsors, governments, and 

lenders. The critical review of literature; formulation of new financial performance 

measures; and development and verification of the presented optimization models all 

provided a unique insight into determination of optimized values of concessionary items 

for addressing procurement objectives of prospective sponsors. 

In conclusion, it is hoped that this dissertation, in the long run, can promote the adoption 

of the concept of optimization in PFI project procurement, which can ultimately result in 

more effective and efficient infrastructure planning and maintenance. 
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