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Abstract

Computer simulations have become an important tool for modeling the electrical

behaviour of ischaemia in the heart, in order to better understand the processes

involved and increase accuracy in patient diagnosis. Unfortunately, there is still not

a complete understanding of the relationship between the electrical and physical

properties of a heart which contains ischaemia. The work presented here focuses on

obtaining a better understanding of the electrical behaviour at the epicardium due to

localised ischaemia during the ST segment. This is achieved by solving the bidomain

equations using both steady state and transient methods. Three separate models of

increasing complexity are used to represent the cardiac geometry: a rectangular slab

of ventricular tissue resting on a large volume of blood; a half-ellipsoid shape, which

represents the left ventricle (filled with blood) and a final model (which contains

both the left and right ventricles) that is based on experimental measurements of a

dog heart.

The numerical techniques, used here for solving the bidomain equations, are based

on the finite volume method. As the slab and half-ellipsoid models consist of hex-

ahedral elements, an existing finite volume approach can be used for these models.

The realistic model, however, consists of tetrahedral elements, so an adaptation to

the hexahedral method must be made in order for it to be applied to the model. A

tetrahedral finite volume method is developed here and validation results show that

it performs as well as the hexahedral method and gives identical epicardial potential

distributions (EPDs) under the same conditions. In order to solve the transient bido-

main equation, a transient solver is also developed in C++ using parallel processing

libraries along with the PETSc library for its efficient numerical algorithms. Finally,

a recent cell model, which is able to calculate a realistic action potential as well as

represent ischaemic conditions based on experimental observations, is incorporated

into the code.

The results for the slab model of the ventricle show that there is a significant differ-

ence in the epicardial potentials when the shape of the ischaemic region is altered.
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Three shapes are considered for the ischaemic region (rectangular, cylindrical and

ellipsoidal), and while the rectangular and cylindrical ischaemic regions give similar

results, the results for the ellipsoidal ischaemic region differ significantly. The results

for the rectangular and cylindrical ischaemic regions show a central depression over

the ischaemic region that separates into three depressions as the ischaemic thick-

ness is increased. For ischaemic thicknesses above 70%, elevation appears over the

ischaemic region and increases in magnitude as the ischaemia becomes transmural.

Results from the semi-ellipsoidal ischaemic region, however, differ for medium thick-

nesses of ischaemia (30%-70%), with the central depression separating into only two

depressions as the ischaemic thickness increases.

Altering the geometry of the ischaemic regions for the half-ellipsoid model has much

less of an effect on the epicardial potentials than in the slab model. However, the

EPDs from the half-ellipsoid model at medium ischaemic thicknesses differ signif-

icantly from those seen with the slab model for all ischaemic geometries. For the

half-ellipsoid model, elevation in the epicardial potentials occurs at much lower is-

chaemic thicknesses than with the slab model, often below 50%. This disagreement

in the EPDs is found to be due to the differences in the width of the ischaemic

regions between the models. Current path analysis shows that there are changes in

the current loops that form around the ischaemic boundary when the width of the

ischaemic region is altered. These changes then affect the extracellular potentials

observed at the epicardium.

Despite the significant difference between the cardiac geometries of the half-ellipsoid

and realistic models, the results from the realistic model agree quite well with those

of the half-ellipsoid model. The realistic model also shows that the change in the

epicardial potentials due to differing ischaemic geometries is not nearly as significant

as seen with the slab model. Even when realistic, irregular ischaemic geometries are

used, there is little qualitative effect on the epicardial potentials for the realistic

model.

Transient simulations are also performed for each of the cardiac models. Overall,

there is a strong agreement between the EPDs for the steady state simulations and
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the transient simulations during the ST segment. Qualitatively, the areas of elevation

and depression, formed with the transient simulations, generally occur in the same

regions as the steady state model under similar ischaemic conditions. Activation

maps are also produced for each cardiac model, which not only show the path of

the propagation wave through the tissue, but are useful for studying the effect of

ischaemic tissue on electrical propagation.

The transient simulations highlight the need for the inclusion of an adequate Purkinje

system in the model, since, in the most extreme of cases, propagation from one end of

the slab model to the other takes up to 500 ms when no Purkinje system is included.

Once a Purkinje system is included, the total propagation time is reduced to less

than 100 ms in most cases. Further, the inclusion of a Purkinje system results in

small variations in the transmembrane potential, due to differences in the activation

times of various nodes throughout the ventricle. The result of this is the formation of

additional areas of elevation on the EPDs, which more closely matches experimental

observations.

The work presented in this thesis attempts to give a detailed analysis of the relation-

ship between subendocardial ischaemia and epicardial potential distributions during

the ST segment. It is hoped that these results provide a deeper understanding of

ischaemia in the heart, ultimately resulting in earlier diagnoses and better patient

care.
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Chapter 1

Introduction

Ischaemic heart disease is one of the leading causes of death in many countries

including Australia. It is caused by a lack of vital nutrients such as oxygen and

glucose to the heart muscle, usually due to the narrowing of the arteries which

supply these nutrients. Victims of ischaemic heart disease are often found to suffer

from coronary heart disease, where plaque builds up on the walls of the coronary

arteries over long periods of time. If left untreated, ischaemic heart disease can lead

to chest pain (angina), shortness of breath, heart attack and possibly death.

The heart muscle expands and contracts due to ionic currents (mostly in the form

of sodium, potassium and calcium ions) flowing through cardiac cells and across

cell membranes. A restriction in the blood supply to these cells causes a reduction

of the vital nutrients which drive these ionic processes along with the prevention of

metabolic waste removal. This has a dramatic effect on the behaviour of the affected

cardiac cells and at this point they are considered to be ischaemic. The end result is

that the electrical properties of the heart muscle change and the heart is no longer

able to function properly.

One of the primary methods for detecting cardiac ischaemia is via the ST segment

of the electrocardiogram (ECG). This is the isoelectric phase of the cardiac cycle,

where all of the cardiac cells are depolarised and the heart can be treated as if it is

in a steady state situation. In this phase, very little electrical activity is apparent in

1
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a healthy heart. However, for a heart which contains localised ischaemia, deflections

in the ST segment can be observed and this has been shown to be due to ‘injury

currents’ forming between the healthy and ischaemic tissues [1]. This results in a

measurable potential distribution on the heart surface, which can theoretically be

used to determine the location and extent of the ischaemia.

The goal of this thesis is contribute to the knowledge of ischaemia during the ST

segment from a theoretical perspective. More specifically, this thesis explores the re-

lationship between localised subendocardial ischaemia in the heart and the resulting

extracellular epicardial potentials during the ST segment. A complete understand-

ing of this relationship is necessary in order to accurately diagnose and treat patients

with ischaemic heart disease. Equipped with the knowledge of the size and location

of an ischaemic region in the heart based on non-invasive electrical measurements,

doctors would be able to target treatment to a specific area, saving valuable time

and improving patient prognosis.

Due to the prevalence of ischaemic heart disease in society, a large amount of research

over the last few decades has been conducted on the electrical behaviour of the

heart. A portion of this research has been dedicated to understanding ischaemia

during the ST segment using both experimental and theoretical methods. With the

advancement of computing power in recent years, numerical computational models

have become a popular method for studying the electrical behaviour of the heart.

There are many benefits for using computational models instead of experimental

techniques. The three most significant of these are:

• a reduction in the suffering of experimental subjects,

• the ability to simulate any arbitrary scenario which is either difficult or im-

possible to do experimentally,

• the opportunity to run a large number of simulations quickly and with minimal

additional effort.
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As computational power increases further, the ability and flexibility of computa-

tional models will continue to increase and provide valuable data to researchers.

There are, however, some limitations and issues with using computational models

for research. As they usually contain simplifications and are based on mathemat-

ical approximations, care must be taken when interpreting their results. For this

reason, it is still necessary to use experimental results for validation of numerical

simulations.

Previous studies on ischaemia during the ST segment have provided significant con-

tributions to the understanding of the relationship between the electrical and phys-

ical properties of the heart [2–7]. It is generally accepted that elevation in the ST

segment is predominantly caused by transmural ischaemia [3], where the ischaemic

region extends from the endocardium to the epicardium. For the case where the

ischaemic region does not extend all the way to the epicardium (partial thickness or

subendocardial ischaemia), it has long been thought that this results in depression

of the ST segment [8, 9]. The mechanisms behind partial thickness ischaemia, how-

ever, are still not completely understood and have remained a controversial issue for

some time [8].

A number of previous and ongoing studies attempt to solve this problem by simu-

lating the electrical behaviour of a heart which contains partial thickness ischaemic.

The earliest of these studies [2, 4] contained a number of significant simplifications,

including ignoring the anisotropic nature of cardiac tissue as well as the rotation of

the cardiac fibres throughout the myocardium. Unfortunately, these simplifications

have been shown to have a significant effect on the epicardial potentials [5]. Work

by Johnston et al. [5] showed that the anisotropy of cardiac tissue must be con-

sidered when modeling cardiac ischaemia. The experimental and numerical studies

using sheep and simple computer models by Li et al. [1], found that subendocar-

dial ischaemia results in epicardial ST depression over the lateral boundary between

healthy and ischaemic tissue. This was explained as the result of the injury currents

flowing between areas of differing transmembrane potential. These findings were

supported by the realistic simulation models of Hopenfeld et al. [6], who found that
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when the ischaemic region extends more than than 30% across the ventricular wall,

ST elevation is found over the ischaemic region and depressions are found at two

of the lateral ischaemic borders. Models by MacLachlan et al. [10] and MacLeod

et al. [7] have also predicted similar results. The more recent study of Potse et al.

[11], however, suggests that it is not such a clear-cut case as found previously. Their

results show that if the anisotropic ratios in the intracellular and extracellular region

are changed, ST depression over the ischaemic region can be found in much larger

thicknesses of ischaemia. These results are further complicated by the uncertainty

in some of the vital parameters used in numerical models. The most important of

these is the conductivity values of the tissue, which vary significantly between ex-

perimental studies [12–14], and have been shown to have a significant effect on the

epicardial potentials [6, 15].

The vast majority of previous numerical studies on ischaemia during the ST segment

have used a simplified geometry to represent the ischaemic region. Usually, the

ischaemic region is represented by a ‘rectangular prism’ shape that starts at the

endocardium and extends towards the epicardium. One of the key gaps in the

literature that this thesis attempts to fill is how the geometry of ischaemic regions

affect electrical behaviour during the ST segment. Along with ischaemic region

geometry, the effect of altering the cardiac geometry is also explored in depth in this

thesis. While studies have previously been conducted for various cardiac geometries

of varying complexities, there have been few studies that directly compare the results

for different ischaemic and cardiac geometries.

In order to address the aims of this thesis, numerical computational models are

used to calculate the epicardial potentials due to ischaemia in the heart. A finite

volume method, based on the implementation described by Penland [16] and later

refined by Johnston [17], is used. Initial studies look at simple models to gain

an understanding of the fundamental characteristics that influence the electrical

behaviour such as conductivity values and ventricular blood. Once this is achieved,

more realistic cardiac models are introduced to validate earlier observations and

provide results which can be related to clinical situations. The finite volume code
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used for the simpler models is adapted to work with the realistic model, as it has

different element geometries for its mesh.

The second aspect of this project involves a study of the electrical behaviour of

ischaemic cardiac tissue during a non-steady state situation. This is achieved by

stimulating a section of the heart and examining the electrical propagation through

the tissue. A transient solver is developed in order to solve the complete bidomain

equations. The code is developed in C++ using parallel processing libraries along

with the PETSc library for its efficient numerical algorithms. A cell model is incor-

porated into the code and this is able to calculate a realistic action potential as well

as represent ischaemic conditions based on experimental observations. The tran-

sient model allows more realistic scenarios to be simulated and compared with the

results from the steady state model, giving a deeper understanding of the electrical

behaviour of ischaemic tissue. In order to give more realistic propagation results and

help spread the propagation wave throughout the heart, simplified Purkinje systems

are also simulated for the transient model.

It is hoped that the results from this project will provide a deeper understanding

of the mechanisms of cardiac ischaemia, as well as the relationship between suben-

docardial ischaemia and epicardial potential distributions during the ST segment,

ultimately resulting in earlier diagnoses and better patient care.

1.1 Thesis Overview

The aim of this research is to further the understanding of the mechanisms behind

subendocardial ischaemia and study how cardiac ischaemia affects extracellular epi-

cardial potentials. The research will be broken up into the following nine chapters.

Chapter 2: Cardiac Physiology. An overview of cardiac anatomy and

physiology. Cardiac conductivities are discussed as well electrocardiography, the

importance of the ST segment and a definition of ischaemia.
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Chapter 3: Cardiac Cells and Cell Models. The electrical properties

of cardiac cells are described along with a description of the major processes that

occur inside the cells and across the membrane. A description of some of the most

commonly used cardiac cell models is given and action potentials are produced for

each model.

Chapter 4: Bidomain Model. The key equations for solving the electrical

behaviour in the heart (bidomain equations) and their boundary conditions are

described. Also, the three cardiac models that are used in this research are presented,

along with a description of how the ischaemic regions are constructed. The numerical

methods used for solving each of the models for both steady state and transient

simulations are given.

Chapter 5: Validation of Numerical Methods. Results for the

validation of the numerical methods described in Chapter 4 are presented. Previous

analytical solutions as well as experimental results are used in the validation process.

Chapter 6: Steady State Slab Model. Results for the slab model using

the steady state bidomain equations are presented. Multiple scenarios are simulated

and the epicardial potentials are compared.

Chapter 7: Transient Slab Model. Results for the slab model using the

full transient bidomain equations are presented. These results are then compared

with the steady state results from Chapter 6. Activation maps are also calculated

for healthy and ischaemic hearts to study the effect of ischaemia on propagation

speeds.

Chapter 8: Half-Ellipsoid Ventricular Model. Both steady state

and transient simulation are conducted for the half-ellipsoid model. These results

are compared with those from the slab model and the differences are discussed.

Chapter 9: Realistic Ventricular Model. Steady state and transient

results are calculated for the realistic ventricular model. As well as comparing the
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results to the previous two models, the importance of a Purkinje system is also

discussed.

Chapter 10: Conclusions and Future Work. The key findings of this

research are presented. Limitations of the results are discussed along with possible

improvements and future research directions.





Chapter 2

Cardiac Physiology

The heart is a complex organ which is responsible for circulating blood around the

body, in order to supply oxygen and nutrients to the various muscles and organs. It

is one of the most important organs in the body, and a heart which is not functioning

properly will invariably lead to death without immediate medical attention. Even

today, cardiac related deaths are the leading cause of death in Australia (as well as

most other developed nations), with ischaemic heart disease being at the top of the

list [18]. Because of this, much research has been dedicated to understanding how

the heart works and exactly what makes it tick.

The heart itself is located near the centre of the thorax and sits in between the

lungs. It contains four chambers, separated by valves which allow blood to flow

between them. The two smaller upper chambers are known as the left atrium and

right atrium, while the two larger lower chambers are the left ventricle and right

ventricle. There is a valve connecting the left atrium and left ventricle, and another

connecting the right atrium and right ventricle. The two atria and two ventricles,

however, are not directly connected. Figure 2.1 shows the anatomy of a human

heart, with some of the important components labelled.

A heart which is not under any stress undergoes a systematic cycle around 60-90

times a minute. This cycle consists of the following stages:

9
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Figure 2.1: Diagram of the human heart, with some of the major components
labelled. Arrows show the direction of blood flow [19].

1. Joint diastole

The whole heart is relaxed and blood is allowed to flow from the atria to the

ventricles.

2. Atrial systole

The atria contract, filling the ventricles by an additional 10-40%.

3. Ventricular systole

The valves connecting the atria to the ventricles close as the ventricles contract,

pushing blood out of the heart. The blood from the right ventricle travels to

the lungs to be oxygenated, while the blood from the left ventricle travels

through the aorta to the rest of the body.

4. Relaxation

The oxygenated blood returning from the lungs travels to the left atrium and
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Figure 2.2: Diagram of the human heart, showing the path of electrical activa-
tion. Arrows show the direction of propagation [20].

begins to fill it, while the used blood returning from the rest of the body fills

the right atrium, completing the cycle.

The contraction and relaxation of the four chambers must be well synchronised in

order for the heart to be an efficient organ. If, for example, the ventricles started to

contract before they were properly filled, an inadequate volume of blood would be

supplied to the body, which could have serious consequences.

The tissue which surrounds the ventricles and atria contracts and relaxes in response

to an electrical signal. The path of this electrical signal governs the timing of

contractions for each area of the heart. The signal starts in the right atrium at the

sinoatrial node, which contains a special group of cardiac cells known as pacemaker

cells. From there the signal travels to the left atrium and to the atrioventricular
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(AV) node, which is the electrical connection between the atria and ventricles. One

major function of the AV node is to delay electrical propagation from continuing to

the ventricles for a certain period of time. This allows the ventricles to be properly

filled before they start to contract. The signal then travels down the interventricular

septum, which separates the ventricles, through the bundle of His and the Purkinje

fibres, to the apex of the heart. The signal is then carried by the Purkinje fibres

throughout the ventricular tissue. A diagram of the conduction path through the

heart is shown in Figure 2.2.

2.1 Cardiac Tissue

As mentioned in the previous section, the pumping of blood through the body is

achieved by the contraction and relaxation of the tissue surrounding the four cham-

bers of the heart. The mechanisms by which cardiac tissue achieves this make it

unique to the body, with no other tissue in the body having the same properties.

Cardiac tissue (or cardiac muscle) is one of three muscle groups in the body, the

other two being smooth muscles and skeletal muscles. It does, however, share some

similar characteristics to the other muscle groups. Like smooth muscles, cardiac

muscle is involuntary, meaning that its contraction and relaxation is controlled by

the autonomic nervous system, and not consciously by the individual. The structure

of cardiac muscle, however, is much more similar to that of skeletal muscle, where

the cells have a roughly cylindrical shape. Unlike skeletal muscles, however, cardiac

cells tend to ‘branch’ at the ends, as shown in Figure 2.3. When the cardiac cells

join together, they arrange themselves into sheets, in which all the cells are oriented

in roughly the same direction. A large number of these sheets are stacked on top of

each other and wrap around the heart, to form layers of fibres [21]. It is important

to note that, although the fibres within each sheet are approximately parallel to one

another, the orientation of each sheet is slightly offset from the sheet below it. This

causes a rotation of the fibres as you move from the inner surface (endocardium) to

the outer surface (epicardium) [22], which affects how the electrical signal propagates
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Figure 2.3: (a) Diagram of a few cardiac cells, showing the ‘branching’ at the
ends [23]; (b) micrograph of cardiac tissue [24].

through the tissue. It should also be noted that, like the other two muscle groups,

the cells that make up the muscle do not take up the entire volume, and there is

some space between the cells in which the electrical signal is able to travel. This

space is known as the extracellular region and it is very important to consider this

region when modelling the electrical behaviour of the heart.

The thickness of the cardiac muscle is also not constant throughout the heart. Since

the ventricles must push blood through the entire body, the tissue surrounding them

is much thicker than that of the atria. Also, the walls of the left ventricle are thicker

than the right since it must pump blood the furthest. Typical values for the thickness

of the heart walls are 0.2 cm for the atria and 0.8-1.1 cm for the ventricles [25, 26].

The major aspect that differentiates cardiac muscle from the other two types is its

electrical properties. When activated by an electrical signal, cardiac tissue stays in

an excited state for much longer than the other muscle groups, lasting up to 300 ms.

This leads to a longer mechanical contraction for cardiac muscles [21]. Another

special property of cardiac muscles is that the electrical signal can be transferred

from one cell to its surrounding cells, giving rise to a propagation wave [21]. One
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important property of this propagation wave is that it spreads more rapidly in the

direction of the fibres. This is due to the fact that the cells are only joined at the

ends and not at the sides, which means the electrical signal can more easily move

along the fibre direction. The signal can, however, move from one cell to another

by crossing the cell membrane into the extracellular region, then into another cell

by crossing its membrane. This is a much slower process than simply moving in the

direction of the cells through the gap junctions. This behaviour leads to an electrical

anisotropy of the cardiac tissue, which needs to be quantified in order to simulate

the electrical activity accurately.

2.2 Tissue Conductivity Values

There have only been three experimental studies which have attempted to accurately

measure tissue conductivity values [12–14]. The first of these studies, conducted by

Clerc in 1976, used trabecular bundles from the right ventricle of calf hearts, for the

conductivity measurements. Clerc used a one dimensional cable model to describe

the current flow, in order to allow the use of conventional cable theory [27]. Longitu-

dinal (in the direction of the fibres) and transverse (across the fibres) conductivities

were measured separately using two different techniques, the first using a chamber

described by Weidmann [28], and the second by Clerc. By altering the placement

of the micro-electrodes, Clerc was also able to measure the intracellular as well as

the extracellular conductivities. As well as measuring the conductivities, Clerc also

obtained measurements for the longitudinal and transverse conduction velocities.

These values, along with the conductivity values, are given in Table 2.1.

A few years after the measurements by Clerc, Roberts et al. [13] attempted to mea-

sure cardiac conductivity values using canine hearts. Unlike Clerc’s measurements,

which were obtained in vitro, Roberts et al. obtained their results in vivo, using nine

dogs. An epicardial electrode array, consisting of 84 terminals was used to obtain

extracellular potentials at the heart surface. The conductivity values were calcu-

lated using an anisotropic monodomain model, in order to obtain the intracellular
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Clerc [12] Roberts et al. [13] Roberts and Scher [14] Roth (nominal) [29]
σle 6.25 2.20 1.20 1.00
σte 2.36 1.30 0.80 0.40
σli 1.74 2.80 3.40 1.00
σti 0.19 0.26 0.60 0.10
vl 48 ± 4 58 ± 8 57 ± 6 N/A
vt 16 ± 1 25 ± 3 24 ± 3 N/A

Table 2.1: Conductivity data sets found by different researchers. σle and σte are
the extracellular conductivities along and across the fibres respectively, while σli
and σti are the intracellular conductivities along and across the fibres respectively.
vl and vt are the propagation velocities along and across the fires respectively. All
conductivities have units of mS/cm and all propagation velocities have units of

cm/s.

and extracellular values. Conduction velocities were also measured by Roberts et

al., and these values are given in Table 2.1.

In 1982, Roberts and Scher [14] again conducted in vivo experiments on canine

hearts. This experiment used a similar epicardial electrode array; however, it used

more developed mathematical modelling techniques. This resulted in different values

for the conductivities, even though the conduction velocities were very similar to the

previous results [13]. Roberts and Scher argued that the newer conductivity values

were more accurate due to the improved mathematical methods applied in their

study.

As well as the experimental studies mentioned above, there have been some attempts

to find the tissue conductivity values indirectly, either using statistical methods

[29], or mathematical models [30, 31]. The study by Roth [29] gave a recipe for

determining the relative values of the bidomain conductivities from values of three

dimensionless parameters, which needed to be measured experimentally. Roth then

came up with a nominal set of conductivities which used previous experimental

results to determine the most likely values of the three dimensionless parameters.

The approach taken by Stinstra et al. [30, 31] was to develop a complex geometrical

model of cardiac tissue on a cellular scale that included myocytes, capillaries, and

the extracellular space that surrounds them. The effective bidomain conductivities

were constructed by applying an electric field in either the longitudinal or transverse
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direction across the intracellular or extracellular space. One of the advantages of

using this approach, was that the model could be altered to account for the variability

in tissue structure which is seen experimentally. One of the disadvantages, however,

was that the model depended on a large number of parameters which needed to

either be measured experimentally or estimated. Although this gave the model a lot

of flexibility, it also introduced an amount of uncertainty as well.

Unfortunately, no generally accepted data exists for the conductivity values of car-

diac tissue [11], and it has been shown by a number of studies that results obtained

using the different sets of experimental data can give significantly different results

[1, 6, 15]. This forces researchers to either choose the data set which suits them

best, or use multiple sets of data and compare the results from each set. Also, there

has been recent evidence that the four conductivity model is not accurate and there

are actually six separate conductivity values in the heart [32, 33]. This comes from

the idea that the conductivity perpendicular to the fibre direction but parallel to

the fibre sheet differs from the conductivity perpendicular to the fibre sheet. A

recent numerical study has shown that a six conductivity model does indeed give

significantly different results to the four conductivity models [17].

Despite there being a number of conductivity data sets published in the last three

decades, Clerc’s original data is still the most widely used in numerical studies,

even though it has been suggested that some of the conductivity values may not be

physiologically accurate [30]. This means that if any new studies wish to directly

compare their results to those previously published, it is advantageous to include

the use of Clerc’s data.

2.3 Ischaemic Tissue

Ischaemia is defined as the restriction of blood supply to certain parts of the body

[34]. Since blood is responsible for carrying vital nutrients (eg. oxygen, glucose,

etc) to the cells, as well as removing metabolic waste, a shortage of blood for even
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a brief period of time can have dire consequences for the affected area. Ischaemia

in the heart is usually caused by atherosclerosis of the coronary arteries, where the

artery walls thicken due to a build up of fatty materials over long periods of time

[35]. As mentioned previously, cardiac related deaths are among the leading causes

of death in Australia, with the single biggest killer being ischaemic heart disease.

The two major effects of cardiac ischaemia on cellular activity include a decrease in

the ability of the cells to transfer electrical activity [30] and deforming of the cardiac

action potential [8].

During the early stages of cardiac ischaemia, there are three major consequences

which affect the action potential of cardiac cells [36]. The first of these is an increase

in the potassium ion concentration (hyperkalaemia) in the extracellular region. This

typically occurs during the first 15 minutes of acute ischaemia [37, 38]. The second

consequence is acidosis, where the pH of the cardiac tissue drops by approximately

1 unit below its normal value [39]. This also occurs very quickly, usually within the

first 10 minutes. The third and perhaps most obvious consequence of ischaemia is

hypoxia (inadequate supply of oxygen) or even anoxia (complete cut off of oxygen

supply), which causes a decrease in adenosine triphosphate (ATP) due to disruption

in cellular respiration [36].

In order to better understand the effects that the three processes mentioned above

have on the action potential, many computational models of cardiac cells (discussed

in Chapter 3) have been developed to simulate each of the processes (eg. [36, 40,

41]). Despite those three studies being separated by more than a decade, their

results agreed very well for the most part. Significant changes found in the action

potential for all three studies include an increased resting potential, reduced peak

voltage, shorter overall duration and a decreased upstroke velocity. Quantitatively,

the three studies found that in the early stages of ischaemia, the resting membrane

potential is between 20-40 mV higher and the peak potential is 20-30 mV lower than

that of normal healthy tissue. The duration of the action potential also changed

significantly, roughly decreasing by a factor of a half in all three studies. The

similarities in the first two studies are not surprising, since they both used the same
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Figure 2.4: Comparison of action potentials produced by healthy (blue) and
ischaemic (red) cardiac tissue.

model for the cardiac cell, the Luo-Rudy Dynamic model [42], and their parameter

choices were similar for most of the ischaemic processes. The more recent study by

Weiss et al. [41], however, used updated parameters from more recent experiments

and used also a newer cellular model by Ten Tusscher and Panfilov [43]. The only

noticeable differences in the results of Weiss et al. were slightly larger decreases in

the peak membrane voltage and action potential duration. The overall effects of

ischaemia on the cardiac action potential are shown in Figure 2.4. Experimental

recordings have also been taken on ischaemic tissue [44–46] and the results of the

above mathematical models are consistent with action potential measurements from

these experiments.

2.4 Ischaemic Region Geometry

As mentioned in the previous section, ischaemia is predominately caused by a block-

age or narrowing of one or more of the arteries which supply blood to the heart

tissue. Once the blood flow has been cut off, the cells which fall in the affected
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region start to become ischaemic. As the arteries run along the epicardial surface

of the heart, the cells at the endocardial surface are affected first, as they lie the

farthest from the blood source. The region of ischaemia then propagates towards

the epicardium until it becomes transmural, occupying the entire area that is cut

off from blood. Due perhaps to experimental difficulties, there is very little infor-

mation available about how the ischaemic region is shaped as it progresses from the

endocardium to the epicardium. Because of this, researchers have needed to make

assumptions about the shape of the ischaemic region. A popular assumption used

by many studies is that the ischaemic region is a ‘rectangular prism’ like shape, with

sharp edges and flat sides [5–7, 15]. The results from some of these studies [6, 7] have

shown current loops, which form around some of the edges of the ischaemic region.

From these results, it appears that some of the features of the chosen ischaemic ge-

ometry may play a role in determining epicardial potential distributions. One of the

major focuses of this thesis is to test this idea, that the shape of ischaemic regions

may play a role in determining extracellular epicardial potential distributions.

2.5 Electrocardiography

The study of the electrical activity within the heart is known as electrocardiography.

In an experimental environment, this involves either directly measuring the electric

potentials at the heart surface, or by interpreting measurements made on the torso

surface. Although direct measurements on the heart surface would give very accurate

and conclusive results, it is both highly invasive and time consuming to conduct such

measurements. Because of this, torso measurements are the favoured option. The

most commonly used method for examining the heart via torso measurements is

the 12-lead ECG. A simplified ECG trace is shown in Figure 2.5 to illustrate the

potential difference recorded by one lead over a heart cycle. The first deflection on

the ECG is the P wave, and this is caused by the depolarisation of the atria. After

the P wave, the ECG returns to its baseline potential while the electrical signal is

delayed at the AV node. The next deflection is the QRS complex, and this is caused
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Figure 2.5: Simplified example of an ECG trace

by the depolarisation of the ventricles. The QRS complex is much larger than the P

wave as there is much more tissue in the ventricles and hence, more electrical activity.

After the QRS complex there is another section where the potential returns to its

baseline and this is called the ST segment. During this segment the whole heart

is depolarised and there is very little electrical activity. The final deflection is the

T wave and this corresponds to the repolarisation of the heart, where the heart

is returning to its relaxed state. This deflection is also not as large as the QRS

complex and this is because repolarisation is a slower process and does not spread

as a rapidly propagating wave. Another deflection is sometimes observed after the

T wave, known as the U wave, which is thought to be due to the repolarisation of

the Purkinje network. As the Purkinje network is embedded deep inside the heart,

the effects of its depolarisation and repolarisation often go undetected at the torso

surface [47].

2.6 ST Segment

As mentioned previously, the ST segment of the ECG occurs when the heart is

completely depolarised. This also roughly corresponds to the plateau phase of the

cardiac action potential, where the transmembrane potential is relatively unchanged.

For a healthy heart, the ST segment should sit at the baseline of the ECG. This,

however, is not the case for a heart which contains localised ischaemia. In this
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situation, there will be regions of the heart which contain both healthy and ischaemic

tissue. The differing values in the transmembrane plateau potentials will cause

currents to flow and hence, increase the electrical activity. Depending on how this

electrical activity behaves, it will show up as either an elevation or depression in

the ST segment. Simplified examples of ST depression and elevation are shown in

Figure 2.6.

It has been long understood that elevation in the ST segment is caused by transmural

ischaemia [3], where the ischaemic region extends from the endocardium to the

epicardium. Depression of the ST segment, in contrast, has long been attributed to

partial thickness ischaemic (where the ischaemic tissue does not extend all the way to

the epicardium) [8, 9]. The mechanisms behind the latter, however, have remained a

controversial issue with many studies attempting to simulate the electrical behaviour

of a heart which contains partial thickness ischaemic. The earliest of these studies

[2, 4] used isotropic conductivities and ignored fibre rotation in their models. Work

by Johnston et al. [5] showed that these simplifications have a substantial effect

on the results from simulations and hence, anisotropy must be considered when

modelling ischaemia.

While still not incorporating anisotropic conductivities, the experimental and nu-

merical studies by Li et al. [1] provided further insight into the electrical behaviour

of the heart under ischaemic conditions. The aim of Li et al. was to investigate

the origin of ST depression in the ECG for subendocardial ischaemia, and this was

achieved by obtaining the epicardial and endocardial potential distributions in sheep

hearts as well as performing computer simulations on a realistic heart model. Their

results showed that the gradient in transmembrane potential across the border be-

tween ischaemic and healthy tissue caused ‘injury currents’ to form in the border

zone, giving rise to ST depression at the heart surface. They also found that, as the

ischaemia became transmural, ST elevation began to appear at the heart surface

while depression decreased in magnitude. One interesting result from their study

was that ST depression alone could not predict the precise location of the ischaemic

region.
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Figure 2.6: Examples of ST segment depression and ST segment elevation.

More recent simulation studies using geometrically more accurate models have mainly

supported the findings of Li et al.. Hopenfeld et al. [6] performed simulations on a

realistic heart model which included both anisotropic conductivities as well as fibre

rotation. They used a patch of subendocardial ischaemic tissue which had a ‘rectan-

cular’ shape and varied the transmural thickness. The most interesting result from

this study was the discovery of ‘current loops’, which formed from injury currents

in the border between healthy and ischaemic tissue. These loops mainly formed in

the corners of the ischaemic region, where there was a sharp change in the shape

of the ischaemic geometry. The effect of these current loops was the formation of

multiple depression patterns at the heart surface which depended on the thickness of

the ischaemic region. Hopenfeld et al. found that when the ischaemic thickness was

less than 30%, a single depression of small magnitude was present over the centre of

the ischaemic region. Once the ischaemic thickness covered at least 40% of the wall

thickness, a consistent pattern of two depressions was found over opposite lateral

ischaemic borders. For high thickness ischaemia, ST elevation was also reported over

the centre of the ischaemic region. Hopenfeld et al. also found that the magnitude

of the depressions was strongly correlated to the ratio between the intracellular and
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extracellular conductivities, and that anisotropy of the conductivities in and near

the ischaemic region were critical in predicting epicardial potentials. The anisotropic

ratio of the conductivities however, were found to be less important in areas of the

heart which were away from the ischaemic tissue.

Work by MacLachlan et al. [10] furthered the studies by Hopenfeld et al. [6] by

using both 2 dimensional and 3 dimensional simulations of a realistic heart model

embedded in a non-homogeneous torso model. They found that it is possible to

predict the location of an ischaemic region in the heart from ST segment shift on

both the heart surface as well as the torso surface. This disagreed somewhat with

the earlier experimental work by Li et al. [1], which was unable to locate the

ischaemic region using ST potentials alone. It was noted however by MacLachlan et

al. that their results were not a clear-cut case of ST depression which is predicted

by classic ECG theory. Similar to the results by Hopenfeld et al., MacLachlan et al.

found that both ST depression and elevation can be present under subendocardial

ischaemic conditions.

The computational and experimental work by MacLeod et al. [7] complements the

studies mentioned above quite well. The computational model used by MacLeod

et al. was also a highly realistic geometry which included both anisotropic conduc-

tivities as well as accurate fibre rotation. Macleod et al. also included a separate,

high-resolution model of cardiac tissue which was able to incorporate detailed elec-

trical properties, such as the gap junction coupling between the cardiac cells. In

conjunction with their computational simulations, experimental results were also

obtained by MacLeod et al.. The experimental studies consisted of using dog hearts

(both in situ and ex situ), where coronary blood flow was manipulated to replicate

various phases of ischaemia. The ‘current loops’ found in the previous studies were

strongly supported by the results of Macleod et al. as a key mechanism in the case

of subendocardial ischaemia, caused by ‘injury currents’ flowing across the border

between healthy and ischaemic tissue. Macleod et al. found that this mechanism

alone, however, cannot explain the ST potentials at the heart surface. Simulation

results found the presence of secondary currents due to the inclusion of fibre rotation
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and anisotropy, which also contribute to the potentials at the heart surface. The

experimental studies also qualitatively supported these conclusions.

The studies mentioned above [6, 7, 10] all show depression located above the is-

chaemic region when the ischaemic thickness is less than 30%. Another study by

Potse et al. [11], however, suggests that it is not such a clear-cut case. Also using a

realistic model of the heart, which included fibre rotation and anisotropic conductiv-

ities, their results show that ST depression over the ischaemic region can be found

for ischaemic thicknesses of up to 40% when the anisotropic ratios in the intracellular

and extracellular region are changed. Depression over the ischaemic region was also

found for even larger thicknesses of ischaemia when the diameter of the ischaemic

region was increased.

While there is some consistency in the results from previous studies, the uncertainty

of some of the vital parameters of cardiac tissue still create discrepancies which need

to be explored further. This shows that the mechanisms behind ST depression are

still not fully understood and further work is required in order to accurately diagnose

ischaemia in patients.
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Cardiac Cells and Cell Models

3.1 Cardiac Cells

In order to mathematically model the electrical behaviour of the heart, detailed

knowledge of how cardiac cells (myocytes) behave is advantageous. Cardiac my-

ocytes are roughly cylindrical in shape with a length between 50 and 120µm and a

diameter between 5 and 25µm [48]. The cells themselves, however, do not fill the

entire myocardium and there is some extracellular space which is almost entirely

filled with interstitial fluid [49]. It is therefore important to consider the extracellu-

lar space when modelling cardiac tissue, as it gives extra pathways for the current

to flow.

The myocytes are connected to one another through complex arrays of intercalated

discs [48]. These discs consist of three different types of cell junctions; fascia ad-

herens, macula adherens and gap junctions [48]. The gap junctions are primarily the

cell junctions of interest as they are responsible for electrochemical and metabolic

coupling of cells [50].

The electrical activity within cardiac tissue is mainly governed by the flow and

transfer of ions, the major contributors being sodium (Na+), potassium (K+) and

calcium (Ca2+). These and other ions can exist inside the cells (the intracellular

25
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Figure 3.1: Action potential of a ventricular cardiac cell alongside a standard
ECG trace to show the temporal relationship between the two.

space) or outside (the extracellular space) and can move between spaces by crossing

the cell membrane [21]. The ions can also move between cells through the gap

junctions mentioned previously.

The movement of ions across the cell membrane has been an area of intense research

for over half a century [42, 43, 51–53]. Through these studies it has been found that

complex structures exist on the cell membrane which allow specific ions to cross

the membrane under certain conditions. These structures are discussed further in

Sections 3.1.1 and 3.2.2. The result of these cellular processes is the creation of a

current across the membrane (transmembrane current), which leads to a transmem-

brane potential.

The transmembrane potential is one of the most important components of the car-

diac cell as it sums up the behaviour of many complicated ionic processes. When

the transmembrane potential is plotted over a single cardiac cycle, it is known as

the action potential and an action potential for a healthy ventricular cell is shown



Chapter 3. Cardiac Cells and Cell Models 27

in Figure 3.1 alongside a standard ECG trace. When a cardiac cell is in its rest-

ing state, its transmembrane potential is constant and sits at roughly −85 mV. The

sharp upstroke in the action potential corresponds to the QRS complex on the ECG

and this is where a cell becomes activated or depolarised, causing it to contract. This

is then followed by a long plateau phase, which lasts for around 300 ms. During this

phase, the transmembrane potential sits at around 20 − 30 mV. After this, the cell

begins to slowly repolarise and return to its resting potential, producing the T wave

on the ECG. [21]

3.1.1 Ionic Processes

As mentioned previously, there are many ionic processes that occur within car-

diac cells. As well as moving between cells through gap junctions, ions can also

pass through the cell membrane to move between the intracellular and extracellular

spaces. The way that ions can do this is through complicated structures located on

the cell membrane. These can be broken into three different groups [50]:

1. ion channels, which, when activated, allow a single ion species to enter or leave

the cell. For example, the fast sodium channel is present in all cardiac cells

and is the major contributor to the sharp upstroke in the action potential.

This channel activates when the transmembrane potential reaches −60 mV

and provides a way for sodium ions to enter the cell. It is referred to as the

fast sodium channel because it deactivates very quickly, usually within a few

milliseconds.

2. ion pumps, which use ATP to provide energy to transport ions across the

membrane. The sodium-potassium pump is responsible for maintaining the

resting potential of the cell. It pumps three Na+ ions out of the cell while

bringing in two K+ ions.

3. ion exchangers, which allow one ion species to simultaneously enter the cell

while another leaves. The sodium-calcium exchanger is responsible for helping
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to remove the build up of calcium in the cell which occurs during depolarisa-

tion. There is also a calcium pump which aids removal of intracellular calcium;

however, the calcium exchanger is much faster and around 30 times more ef-

fective. It swaps three extracellular Na+ ions for a single intracellular Ca2+

ion.

In cardiac cell models, almost all of the ion channels are ‘gated’ in a voltage sensitive

way, so that they may open and close in response to changes in the transmembrane

potential [50]. This is done to mimic the behaviour of the protein that forms the

ion channel, which can allow or block ion flow under certain conditions. The most

popular way of achieving this is to use the method developed by Hodgkin and Huxley

[51], where the conductivity of ion channels is decomposed into the product of a

maximum conductivity term and a gating variable which represents the proportion

of channels which are open. These ‘gating’ variables are most commonly represented

as differential equations of the form [51]

dg

dt
= αg(1− g)− βgg, (3.1)

where g is the proportion of open channels and αg and βg are the rate at which

channels open and close respectively. This equation simply comes from the law of

mass action.

As well as the transmembrane processes, there are also ionic processes occurring

within various parts of the cell, which contribute to the overall electrical behaviour.

The most important, and hence most often studied, are the calcium, sodium and

potassium dynamics [48]. The intracellular calcium concentration is particularly

important as it is the trigger for the cell to contract. Because of this, almost all

computation cell models developed in the past three decades have included at least

some basic intracellular calcium dynamics. These models attempt to mimic the com-

plicated behaviour of calcium within the cell. A structure known as the sarcoplasmic

reticulum (SR) is responsible for storing the bulk of the intracellular calcium and

the calcium can enter the SR from the extracellular space through an ion channel
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called the L-type calcium channel. At the onset of the action potential, a relatively

small influx of calcium through this channel triggers a large release of calcium from

the SR into the intracellular space. This calcium then binds to other compounds in

the cell, which initiates the contraction process.

In order to model intracellular calcium in a realistic manner, it is necessary to

include processes which model the channel through which calcium is released from

the SR, ion diffusion within the SR, and the re-uptake of calcium back into the

SR. In contrast, the intracellular dynamics of sodium and potassium are much more

straightforward to model and are calculated simply by looking at the transmembrane

currents associated with each ion [50].

3.2 Computational Cell Models

For over half a century, people have attempted to mathematically model cardiac

tissue. These models have ranged in complexity from very simple, consisting of only

one or two variables, to quite complex, taking into account all the known cellular

processes at that time. To date, there are dozens of computational cardiac cell

models which have been published in scientific journals. These models are often

grouped into three different categories:

1. Phenomenological models:

These models are the most simple and usually earliest models. They were

built purely to reproduce the macroscopically observed behaviour of cells and

do not include the behaviour of specific ions. eg. the Fitzhugh-Nagumo model

[52, 54].

2. First generation models:

These models attempt to describe the ionic processes which have the greatest

effect on the transmembrane potential. They also attempt to describe the un-

derlying cellular physiology, but often use simplifications for the physiological

details. eg. the Beeler-Reuter model [55].
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3. Second generation models:

The final group of models offers the most detailed descriptions of the physiology

of the cells. These models are based on more recent experimental data, which

offer greater detail and accuracy than the data used in first generation models.

eg. the Luo-Rudy (phase two) model [42].

It is important to note that each group of models has advantages and disadvantages.

Although the phenomenological models are quite simple and do not include realistic

descriptions of cellular processes, they are must faster to calculate than the other

models. Also, second generation models can often include processes which are not

important or do not affect the particular phenomenon which is being studied. It is

therefore sometimes better to use the simpler, first generation models. By far the

most popular first generation model still widely used today is the Luo-Rudy phase

one model [56], which is described later in this chapter.

This chapter will outline some of the most well-known models for cardiac cells, and

also show the calculated transmembrane potential for each model, using the param-

eters defined by the model authors. It is important to note there are many cell

models which are not discussed in this chapter. There are currently over 200 models

available online for electrophysiological simulations [57]. The models discussed in

Figure 3.2: Circuit diagram representation of a cardiac cell.
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this chapter were chosen due to there historical significance as well as their relevance

to simulating cardiac ishcaemia during the ST segment. Other models exist which

are important in simulating other aspects of electrophysiology. For example, the

models due to Fenton et al. [58, 59] have been shown to be important in under-

standing resitution dynamics due to their ability to simulate these features with a

relatively basic setup. A comprehensive list of the available cell models for use in

cardiac simulations is available on the CellML Project website [57].

The models discussed in this chapter all use an electric circuit analogy to describe

the flow of current across the cell membrane. As the cell membrane is designed

to separate ions between the intracellular and extracellular spaces, it behaves very

similarly to a capacitor in an electric circuit and hence, can be modelled as such.

The ion transporters (channels, pumps and exchangers) can also be modelled using

electric circuit components and usually consist of a combination of voltage sources

and variable resistors. As the voltage across each transporter and the cell mem-

brane must be equal (ie. the transmembrane potential), these components must all

be modelled in parallel as shown in Figure 3.2. Put in its simplest form, this consti-

tutes an RC circuit with the transmembrane potential being the potential difference

between the top and bottom of the circuit. By using Kirchhoff’s current law, which

says that the total current flowing into a point on the circuit must add to zero, we

get

ic = − (i1 + i2 + i3 + . . .) . (3.2)

The amount of charge separated by the capacitor is given by

q = V Cm (3.3)

where Cm is the cell membrane capacitance. An equation for the current through

the capacitor can then be derived by simply differentiating Equation (3.3), to give

Cm
dV

dt
= ic (3.4)
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where ic = dq
dt

. Putting equations (3.2) and (3.4) together gives

Cm
dV

dt
= −iion (3.5)

where iion = i1 + i2 + i3 + . . .. Equation (3.5) is the basis for all cell models described

in the next section.

3.2.1 FitzHugh-Nagumo Model

One of the simplest models to attempt to reproduce a cellular action potential was

the FitzHugh-Nagumo model [52, 54], originally developed in 1961. This model was

designed to be a simplification of the Hodgkin-Huxley model [51] (described in the

next section). It consists of only two variables, the transmembrane potential and

a recovery variable, designed to reproduce the repolarisation effect. In its original

form, the Fitzhugh-Nagumo model is given by the two equations

dv

dt
= c1v(v − a)(1− v)− c2w + iapp, (3.6)

dw

dt
= b(v − c3w), (3.7)

where v is the transmembrane potential, w is the recovery variable and a, b, c1, c2

and c3 are parameters which can be adjusted to simulate different action potentials.

Table 3.1 gives the original parameters used in this model and Figure 3.3 shows

the resultant transmembrane potential plotted over 300 ms. The iapp term is usually

referred to the stimulus current and this is responsible for exciting the cell enough to

start the action potential. In practice, the fast sodium channel does not activate until

the transmembrane potential reaches approximately 60 mV, so an external stimulus

is usually required when modelling a single cell. For the FitzHugh-Nagumo model,

a stimulus of amplitude 0.05 which lasts for 10 ms is required to activate the cell. It

should also be noted that as this model is purely phenomenological, both equations

have been non-dimensionalised in order to simplify them.
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a 0.13
b 0.013
c1 0.26
c2 0.1
c3 1.0
iapp 0.05

Table 3.1: Original parameters for the Fizhugh-Nagumo model [52].

Figure 3.3: Transmembrane potential over one cardiac cycle produced from the
original Fitzhugh-Nagumo model [52].

As can be seen in Figure 3.3, there are a couple of limitations with the FitzHugh-

Nagumo model in its original form. Firstly, the action potential duration is much

shorter than observed in cardiac cells, only lasting for approximately 100 ms. Also

not seen in experimental data, the model hyperpolarises in the repolarisation phase,

with values of v dipping far below the resting potential before coming back to equi-

librium. It was not until 1994 that these problems were addressed by Rogers and

McCulloch [60]. They proposed a slight modification to one of the terms in Equation

(3.6) to give

dv

dt
= c1v(v − a)(1− v)− c2vw + iapp (3.8)
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dw

dt
= b(v − c3w) (3.9)

Figure 3.4: Transmembrane potential over one cardiac cycle produced from the
modified Fitzhugh-Nagumo model [60].

Figure 3.4 shows how the modified equations solve the problems mentioned above.

The hyperpolarisation is no longer apparent and the overall duration of the action

potential is much closer to experimentally observed values. This model was again

improved by Sundnes et al. [50] by rescaling the variables to reproduce realistic

potentials. With the introduction of vrest = −85 mV, vpeak = 40 mV and vamp =

vpeak − vrest, the variables were scaled as follows:

V = vampv + vrest (3.10)

W = vampw (3.11)

A threshold potential vth = avamp + vrest was also introduced to give the potential

at which the cell activates. The re-parameterised equations are then given by

dV

dt
=

c1

v2
amp

(V − vrest)(V − vth)(vpeak − V )− c2

vamp
(V − vrest)W + Iapp (3.12)
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dW

dt
= b(V − vrest − c3W ) (3.13)

Figure 3.5: Transmembrane potential over one cardiac cycle produced from the
re-parameterised Fitzhugh-Nagumo model [50].

In Equation (3.12), Iapp is simply vampiapp. Using the original parameters defined

for the FitzHugh-Nagumo model, the reparameterised model is plotted in Figure

3.5. The threshold potential from these parameters is vth = −68.75 mV which is

reasonable when compared with experimentally observed values. Other than hav-

ing a much lower upstroke velocity than actual cardiac cells, the action potential

generated from this model is very good for a model with only two variables. The

major issue with using such a simple model is that usually a study will want to find

the effects of specific cellular and ionic processes on the action potential. Since the

FitzHugh-Nagumo model does not include any information on these processes, it

cannot be used in these studies. For this, more complex models are required and

some of these are described in the following sections.
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3.2.2 Modelling Ionic Currents

As mentioned in previous sections, the cell membrane itself is impermeable to ions.

However, there are numerous proteins which form structures to allow ions to pass

through the membrane. The predominant type of structures formed by these pro-

teins are ion channels, with each type of channel only allowing certain ion species

to pass. Other structures, known as pumps and exchanges, are also present on the

cell membrane; however, their behaviour is much more complicated and needs to be

modelled independently, usually by mimicking experimentally observed behaviour.

Unlike pumps and exchangers, the flow of ions through ion channels is passive. The

ions are driven only by diffusion (through a concentration gradient) or by an electric

field (as the ions are charged). The most important characteristic of the ion channels

is their ability to only allow one type of ion to cross the cell membrane. This is the

major cause for the formation of a potential difference between the intracellular and

extracellular spaces. The reason for this can be illustrated using a simple example.

Consider two compartments separated by an impermeable wall with a single ion

channel embedded in it, as illustrated in Figure 3.6. Na+ and Cl– ions are added to

both compartments, however the concentration of NaCl in compartment 1 is much

higher than in compartment 2. If the ion channel allowed the flow of both Na+ and

Cl– ions, both species would flow from left to right until the concentration in both

compartments was equal. If however, the channel only allowed Na+ ions to pass,

diffusion would force Na+ ions to flow from left to right while the concentration of Cl–

would remain the same in each compartment. The extra Na+ ions in compartment 2

would cause a build up of charge and an electric field would form which acts against

the direction of diffusion, pushing the Na+ ions back to compartment 1. Eventually

there would be an equilibrium set up where the flux of ions due to diffusion is

balanced by the flux due to the charge imbalance. At this equilibrium, there would

still be an imbalance of charge in both compartments and this would result in a

potential difference across the wall. In the case of the cell membrane, this is called

the transmembrane potential.
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In order to attempt to calculate the equilibrium potential for a given ion, we need

to be able to calculate the ionic fluxes due to both diffusion and the electric field.

For the case of diffusion, this can simply be calculated using Fick’s law:

Jd = −Dp∇ [p] , (3.14)

where Jd the the diffusive flux, D is the diffusion coefficient for the ion species p and

∇[p] is the concentration gradient of that species. The flux due to an electric field

can also be derived by realising that the flux of ions through a membrane is defined

as

Je = νp [p] , (3.15)

where νp is the drift velocity of p. Using the relationship that the drift velocity of a

charged particle is given by

νp = µpE, (3.16)

where µp is the mobility of p and E is the electric field, the flux due to an electric

field can be written as

Je = −µp
zp
|zp|

[p]∇φ, (3.17)

where zp is the charge of p and φ is the potential across the membrane. The electric

field has been rewritten in terms of the potential using E = −∇φ and the quantity

zp
|zp| simply gives the sign of the charge. The total flux due to both forces can then

Figure 3.6: Two compartments containing Na+ and Cl– ions, separated by a
impermeable membrane with a single ion channel embedded.
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be given by

J = Jd + Je = −µp
zp
|zp|

[p]∇φ−Dp∇ [p] . (3.18)

Using the Nernst-Einstein relationship, Dp = µpRT

|zp|F , where R is the gas constant, F

is Faraday’s constant and T is the temperature, Equation (3.18) becomes

J = −Dp

(
∇ [p] +

zp [p]F

RT
∇φ
)
, (3.19)

which is known as the Nernst-Planck equation. Setting J = 0 will yield the equilib-

rium situation where the two fluxes will be balanced. This gives

1

[p]
∇ [p] +

zpF

RT
∇φ = 0. (3.20)

If it can be assumed that the ions in the intracellular and extracellular spaces are

well mixed, then Equation (3.20) needs only to be solved across the cell membrane.

This means that the equation can be simplified to one dimension. Equation (3.20)

then becomes
1

[p]

d [p]

dx
= −zpF

RT

dφ

dx
. (3.21)

Integrating this equation over the thickness of the cell membrane gives

∫ L

0

1

[p]

d [p]

dx
dx = −

∫ L

0

zpF

RT

dφ

dx
dx. (3.22)

where x = 0 is at the edge of the extracellular space and x = L is at the edge of the

intracellular space. By carrying out the integration, we get

∫ L

0

1

[p]
d [p] = −

∫ L

0

zpF

RT
dφ (3.23)

[ln([p])]L0 = −zpF
RT

[φ]L0 (3.24)

ln([p(L)])− ln([p(0)]) = −zpF
RT

(φ(L)− φ(0)) . (3.25)
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By rewriting the potentials and concentration in terms of the intracellular and ex-

tracellular spaces, we get

−zpF
RT

(φi − φe) = ln([p]i)− ln([p]e) (3.26)

φi − φe =
RT

zpF
[ln([p]e)− ln([p]i)] (3.27)

veq =
RT

zpF
ln

(
[p]e
[p]i

)
(3.28)

where we have used the definition for the transmembrane potential, veq = φi − φe.

The potential veq is known as the Nernst equilibrium potential, and it gives the

equilibrium potential due to the presence of an ion channel which transports a

specific ion.

Although it is a relatively simple task to calculate the equilibrium potential by set-

ting the flux to zero, it is much more difficult to formulate a model which describes

the flux at all times. This is due to the fact that the details of how the various pa-

rameters in Equation (3.19) vary across the membrane remain relatively unknown.

Luckily, however, there are some simple models which are able to reproduce experi-

mental results quite accurately. The simplest way to achieve this is to use a linear

model for the diffusive flux, which can be written as

Jp = µp (v − veq) , (3.29)

where µp is the permeability of the membrane to ion p. In practice, however, it is

not the molar flux which is of interest, but the ionic current, Ip. This is achieved

simply by multiplying the flux by Faraday’s constant and the charge of the ion to

give

Ip = gp (v − veq) , (3.30)

where gp represents the conductance of the membrane to ion p.

An alternate formulation for the current across the membrane comes from an as-

sumption about the electric field. If it is assumed that the electric field is constant,
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and represented by E = v
L

, then the Nernst-Planck equation can be solved exactly,

which results in a current given by [61]

Ip =
Dz2

pF
2

LRT

[p]i − [p]e e
α

1− eα
, (3.31)

where α = −zpFv
RT

. This equation is known as the Goldman–Hodgkin–Katz equation.

The Goldman–Hodgkin–Katz equation and Equation (3.30) are the most commonly

used equations to represent the ionic current. The choice between the two equations

comes down to which one reproduces the experimental data more accurately. It

should be noted that there are a number of different possible formulations for the

current which satisfy the Nernst equilibrium potential. These formulations, however,

do not appear to be used in cardiac cell models and this is possibly due to their

inability to reproduce experimental results accurately.

3.2.3 Hodgkin-Huxley Model

Although technically not a model of cardiac cells, the Hodgkin-Huxley model [51] is

a very important model which laid the foundations for future cell models to build

on. The model describes the action potential for a giant squid axon (nerve cell)

and was the first model to combine separate ionic currents in the form of Equation

(3.30) to represent the overall current across the cell membrane. The conductivity

values for these equations, however, were not constant and generally varied with

time. The Hodgkin-Huxley model considered three separate currents all arising due

to ion channels. These currents consisted of a sodium current, potassium current

and a leakage current, which represented the contribution of chlorine and other

ions. Figure 3.7 shows a schematic of the Hodgkin-Huxley model. The sodium and

potassium currents only flowed into the cell, while the leakage current could flow

both into and out of the cell. Using the format of Equation (3.30), the three currents

can be written as
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Figure 3.7: Diagram of the Hodgkin-Huxley model, showing the direction of
current flow through the Na, K and leakage (l) ion channels.

iNa = gNa (v − ENa) , (3.32)

iK = gK (v − EK) , (3.33)

il = gl (v − El) , (3.34)

where ENa and EK are the Nernst equilibrium potentials for sodium and potassium

respectively and El is the potential at which the ‘leakage current’ due to chloride

and other ions is zero. The conductivity for potassium was given as

gK = ḠKn
4, (3.35)

where ḠK is the maximum conductivity when all potassium channels are open and

n is a gating variable defined by

dn

dt
= αn(1− n)− βnn, (3.36)

where αg and βg are the rate at which the channels open and close respectively.

It was found by Hodgkin and Huxley that four identical subunits needed to be

activated in order for the channel to open, which is the reason for the n4 term. The

physical argument they gave was that four activating molecules needed to occupy

the region near the channel opening for the channel to open. If n is assumed to
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Figure 3.8: Transmembrane potential over one cardiac cycle produced from the
original Hodgkin-Huxley model [51].

represent the probability of finding one of these particles near the channel opening,

then the probability of a potassium ion being allowed to pass is n4. For the sodium

current, the conductivity was slightly more complicated and was given by

gNa = ḠNam
3h, (3.37)

where m and h are separate gating variables defined in the same way as in Equation

(3.36). Their argument for the two separate gating variables was that there are

two types of molecules which control the channel. In order for the channel to be

open, there needed to be three activating molecules present but not a deactivating

molecule. If m is assumed to represent the probability of finding an activating

molecule near the channel opening and h is assumed to represent the probability of

a deactivating molecule not being near the channel opening, then the probability of

finding a channel open is given by m3h. In contrast to the sodium and potassium

currents, the leakage current was assumed to always be open and was assigned a

constant conductivity. It should also be noted that the opening and closing rates (α

and β) were not constant and depended on the value of the transmembrane potential.



Chapter 3. Cardiac Cells and Cell Models 43

The full Hodgkin-Huxley model can then be written as

Cm
dv

dt
= −ḠNam

3h (v − ENa) + ḠNan
4 (v − EK) +Gl (v − El) , (3.38)

dg

dt
= αg(1− g)− βgg, (3.39)

where g = n,m, h. Specific parameter values and rate functions (αg, βg) are given

in the paper by Hodgkin and Huxley [51].

Using the original parameter values for the Hodgkin-Huxley model [51], Figure 3.8

shows the action potential for a single cell over one cycle. It can be easily seen

from this plot that this model would not be a good choice for simulating cardiac

cells. This is because this model was designed to reproduce the action potential for

a giant squid axon. The importance of the Hodgkin-Huxley model is not that it is

a physiologically accurate model, but that it laid the foundation for cell models of

any type to build upon.

3.2.4 Noble Model

The Noble model [53] was the first mathematical model to successfully reproduce a

cardiac action potential based on experimental data for ionic currents. It was based

on the Hodgkin-Huxley model, however parameters were changed to fit the data

obtained from Purkinje fibres in sheep and dog hearts. The leakage current from

the Hodgkin-Huxley model was discarded and the potassium current was split into

two separate currents, an instantaneous current (iK1) and a slowly activating current

(iK2). The conductance for the slowly activating current was described in the same

way as given by Hodgkin and Huxley, but the conductance for the instantaneous

current was assumed to be dependent only on the transmembrane potential and was

given by

gK1 = 1.2e−
v+90
50 + 0.015e−

v+90
60 .
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Figure 3.9: Transmembrane potential over one cardiac cycle produced from the
original Noble model [53].

The sodium current conductance was also altered and was given by

gNa = ḠNam
3h+ gi,

where gi is a constant term which represents a leakage of the sodium current. This

term helped to prolong the plateau section of the action potential, which is required

for cardiac cells. The Noble model can then be described by

Cm
dv

dt
= −

(
ḠNam

3h+ gi
)

(v − ENa) +
(
ḠK2n

4 +GK1

)
(v − EK) , (3.40)

dg

dt
= αg(1− g)− βgg, (3.41)

where g = m,n, h again. For more details on the rate function and constants for the

Noble model, refer to the paper by Noble [53]. Figure 3.9 shows a plot of the action

potential from the Noble model with the original parameters. The model reproduces

the action potential quite well considering it only uses three simple currents. Due

to the gi term in the sodium channel conductance, the model also displays a self
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activating behaviour, where the potential slowly increases from its resting value

until it reaches the threshold potential required for activating. As the model is

based on Purkinje cells, this behaviour is reasonable. Unfortunately, although the

action potential is realistic, the underlying physiology of the model is inaccurate

[50].

3.2.5 Beeler-Reuter Model

Since the vast majority of the mass of the heart comes from ventricular tissue, it is

these cells which dominate the electrical behaviour. This means that when studying

the electrical behaviour of the heart, a cell model representing ventricular cells would

be beneficial. The first mathematical model to successfully achieve this was the

Beeler-Reuter model [55]. Since this model came more than a decade after the

Hodgkin-Huxley and Noble models, it could take advantage of much more accurate

experimental data and knowledge of new ionic currents. The transmembrane current

from the Beeler-Reuter model consists of four separate currents and can be written

as

iion = iNa + iK1 + iX1 + iS, (3.42)

where

iNa = Fast sodium current,

iK1 = Outward potassium current,

iX1 = Non-specific outward current (primarily potassium),

iS = Non-specific inward current (primarily calcium).

The Beeler-Reuter model was also the first model to incorporate intracellular calcium

dynamics, which affected the behaviour of the non-specific inward current. This was

achieved in their model by a differential equation that keeps track of the intracellular
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Figure 3.10: Diagram of the Beeler-Reuter model [55], showing the direction of
current flow through each ion channel.

calcium concentration. This equation had the form

d
[
Ca2+

]
i

dt
= −10−7iS + 0.07

(
10−7 −

[
Ca2+

]
i

)
. (3.43)

The intracellular calcium concentration affected the iS current by altering the Nernst

equilibrium potential related to the channel, which unlike the other channels, was

not assumed to be constant over the action potential. The Nernst potential for the

iS current was calculated as

ES = −82.3− 13.0287 ln
[
Ca2+

]
i
. (3.44)

The iS current was then calculated in a similar way to previous time dependent

currents,

iS = ḠSdf (v − ES) , (3.45)

where d and f are parameters representing the two independent processes needed

for the channel to open. These have the same form as Equation (3.1). The fast

sodium current was modelled very similarly to the Noble model, but included an

extra inactivation parameter, j, which was first suggested by Haas et al. [62] to
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better reproduce experimental results. The fast sodium current was then given by

iNa =
(
ḠNam

3hj + gi
)

(v − ENa) , (3.46)

where gi again represented a constant conductance for the leakage of sodium ions in

to the cell. The two remaining potassium currents (iK1 and iX1) were constructed

quite differently to all the currents mentioned so far. They were both formulated

in the same way as a previous model by McAllister et al. [63]. This model served

as an extension to the Noble model for Purkinje cells, taking advantage of more

accurate experimental data and including six extra currents. The McAllister et

al. model did include four independent potassium currents, but two of these were

neglected in the Beeler-Reuter model as their contribution was found to be negligible

in ventricular cells. The non-specific outward current (iX1) in the Beeler-Reuter

model was assumed to only depend on one “gating” variable (x) and was given by

iX1 = 0.8x

(
e0.04(v+77) − 1

e0.04(v+35)

)
. (3.47)

This current was assumed to be responsible for the repolarisation of the cell. A non-

linear model for the voltage dependence was required for this current to reproduce

realistic results. When the current is fully activated, it can be seen from Equation

(3.47) that the current is zero when v = −77 mV, and increases as v increases.

Since a positive current will decrease the transmembrane potential, the non-specific

outward current will act to push the transmembrane potential towards its resting

value. In order for this current not to interfere with the depolarisation and plateau

phases of the action potential, however, it needed to be activated slowly, which is

achieved by modifying the rate functions (αx and βx) of x.

The outward potassium current (iK1) was the only current which did not include a

time dependence. This current was assumed to depend only on the transmembrane

potential and was formulated using a non-linear function, which was able to repro-

duce results more accurately than a linear formulation. The (iK1) current was given
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Figure 3.11: Transmembrane potential over one cardiac cycle produced from
the original Beeler-Reuter model [55].

by

iK1 = 0.35

(
4e0.04(v+85) − 1

e0.08(v+53) + e0.04(v+53)
+

0.2 (v + 23)

1− e−0.04(v+23)

)
. (3.48)

Figure 3.11 shows the action potential calculated with the Beeler-Reuter model.

Specific parameters and rate functions that were used for this model are listed in

the paper by Beeler and Reuter [55]. Once again, the action potential produced with

the Beeler-Reuter is quite accurate given the low complexity of the model. For this

reason, the Beeler-Reuter model is a good candidate for simulations which require a

fast solution and do not need detailed descriptions of cell physiology. Unfortunately,

for cases where cell physiology is important, such as studying cardiac ischaemia,

then the Beeler-Reuter model is not a good candidate [50].

3.2.6 Luo-Rudy Model (Phase One)

Perhaps the most well-known and widely used models of cardiac cells are the two

models proposed by Luo and Rudy. The first of the two models [56], usually called
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Figure 3.12: Diagram of the Luo-Rudy phase one model [56], showing the di-
rection of current flow through each ion channel.

the phase one model, was published in 1991 and describes the electrophysiology of

a ventricular cell based on data obtained from a guinea pig heart. This model was

an extension to the Beeler-Reuter model and used a similar formulation for some of

the major currents. In total there are six separate currents in the phase one model

and it is usually written as

iion = iNa + isi + iK + iK1 + iKp + ib, (3.49)

where

iNa = Fast sodium current,

isi = Slow inward calcium current,

iK = Time dependent potassium current,

iK1 = Time independent potassium current,

iKp = Plateau potassium current,

ib = Background current.

The Luo-Rudy model also incorporated intracellular calcium dynamics in the same

way as the Beeler-Reuter model, using a simple differential equation of the same

form as Equation (3.43). The equation describing the fast sodium current was al-

most identical to the Beeler-Reuter model except that the constant conductivity
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term (gi) was removed. The slow inward current was analogous to the non-specific

inward current form the Beeler-Reuter model except that the Nernst potential was

altered slightly in line with more recent experimental results. Also in response to

newer, more accurate experimental data, the time dependent and time independent

potassium currents were slightly altered from their form in the Beeler-Reuter model.

The time dependent potassium current, which is analogous to the non-specific out-

ward current from the Beeler-Reuter model (iX1), was altered to allow for a variation

in the extracellular potassium concentration,

iK = 2.837gKx
e0.04(v+77) − 1

(v + 77) e0.04(v+35)
(v − EK) , (3.50)

where

gK = 0.282

√
[K+]e

5.4
. (3.51)

It should be noted that when the extracellular potassium concentration is 5.4 mM,

the time dependent potassium current becomes identical to the one used in the

Beeler-Reuter model, as this gives a Nernst potential of −77 mV for potassium.

The time independent potassium current, which is analogous to the outward potas-

sium current from the Beeler-Reuter model (iK1), was changed significantly in the

Luo-Rudy model. It was given a much simpler, linear equation, which has the form,

iK1 = gK1K1∞ (v + EK1) , (3.52)

where

gK1 = 0.6047

√
[K+]e

5.4
(3.53)

and K1∞ is the steady state value for a gating parameter of the same form as

Equation (3.1). This was very different to the highly non-linear equation given by

Beeler and Reuter. The reason for this was due to Luo and Rudy arguing that

the outward potassium current was made up of two time independent currents and

one time dependent current, all of which could be represented by a simple linear

equation. The additional two currents formulated by Luo and Rudy were the plateau
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Figure 3.13: Transmembrane potential over one cardiac cycle produced from
the original Luo-Rudy phase one model [56].

potassium current (iKp) and the background current (ib). These two currents were

given by

iKp = 0.0183Kp (v + EK1) , (3.54)

ib = 0.03921 (v + 59.87) , (3.55)

where Kp is another gating parameter of the same form as Equation (3.1). All

parameter values and rate functions for the Luo-Rudy model can be found in the

paper by Luo and Rudy [56]. Figure 3.13 shows the transmembrane potential for a

single cell using the original Luo-Rudy model. As with the Beeler-Reuter model, this

model reproduces a ventricular action potential quite well and includes all the major

features which are seen experimentally (rapid depolarisation, long plateau phase

etc.). This is the main reason why both the Beeler-Reuter and Luo-Rudy (phase one)

models have survived for so long and are still being used today. When simulating

a single cell, computation time is insignificant even for the most complicated cell

models. However, when simulating multiple cells in a 2D or 3D model, the decreased
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computation time for the simpler models can often outweigh the benefits of using

the more recent and realistic models.

3.2.7 Luo-Rudy Model (Phase Two)

The models previously described in this chapter have a number of known issues that

primarily relate to their description of the underlying physiology of the cells. This

has prompted the development of more realistic models, which attempt to describe

the processes that are either ignored or unknown in the earlier models. This will,

of course, lead to an increase in complexity and hence computation time; however,

these more complex models are sometimes necessary when studying the electrical

activity in the heart.

Three years after publishing their original model, Luo and Rudy published a new

model [42], which was essentially an extensive upgrade to the old model. The new

model, often referred to as the Luo-Rudy phase two model, added an extra five ionic

currents as well as updated some of the old currents. Within the eleven currents,

two ion pumps and one ion exchanger were modelled, which helps to maintain the

correct ionic concentrations for various ion species. The newer phase two model

also includes a more thorough description of intracellular ionic concentrations, with

equations describing the sodium and potassium dynamics. The intracellular calcium

dynamics were also significantly updated and included descriptions of the fluxes in

and around the sarcoplasmic reticulum (SR), which was described in Section 3.1.1

as the storage for calcium within the cells. Inclusion of the SR is important as it

is responsible for the release of calcium upon activation, which is necessary for the

contraction process to occur.

The currents described by the Luo-Rudy phase two model are

iion = iNa + iNa,b+ iCa,L+ iNaCa + ip(Ca) + iCa,b+ iK + iK1 + iKp+ iNaK + iNs(Ca), (3.56)
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where

iNa = Fast sodium current,

iNa,b = Background sodium leakage current,

iCa,L = L-type calcium current,

iNaCa = Sodium-calcium exchanger current,

ip(Ca) = Calcium pump current,

iCa,b = Background calcium leakage current,

iK = Time dependent potassium current,

iK1 = Time independent potassium current,

iKp = Plateau potassium current,

iNaK = Sodium-Potassium pump current,

iNs(Ca) = Non-specific calcium activated current.

Three of the currents from the Luo-Rudy phase one model remained relatively un-

changed. The plateau potassium current was unchanged and all parameters were

kept the same. The fast sodium current and time independent potassium current,

however, were given a new value for their maximum conductance based on more

recent experimental data. The other three currents from the phase one model were

significantly altered. The time dependent potassium current was altered due to

changes in the slow inward current (now called the L-type calcium current). In

the phase one model, iK was given a linear dependence on the gating parameter

x. Experimental evidence had already shown there to be a quadratic dependence

on x [64]; however, until a more accurate description of the calcium current was

available, this presented problems in the model during repolarisation. The new time

dependent potassium current was given by

iK = gKx
2
(

1 + e
v−56.26

32.1

)−1

(v − EK) , (3.57)

where gK is the same as with the phase one model. As mentioned above, the slow
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Figure 3.14: Diagram of the Luo-Rudy phase two model [42], showing the di-
rection of current flow through each ion channel.

inward current from the phase one model was renamed to the L-type calcium current.

It was also significantly altered and contained contributions from three different ion

species: calcium, sodium and potassium. By far the major contributor to the current

was calcium, with the permeability ratio Ca2+ : Na+ : K+ = 2800 : 3.5 : 1. In a similar

fashion to the slow inward current, each of the three new currents was formulated

using the gating variables d and f ; however, a new Ca2+ dependent variable (labelled

fCa) was added on the basis of experimental evidence at the time. The equations

used to describe the L-type calcium current were

iCa,L = iCa + iCa(Na) + iCa(K), (3.58)

iX = d ffCaĪX , (3.59)

where X = Ca, Ca(Na) or Ca(K) and ĪX is the maximum current allowed through

the channel, which depended on the permeability, valence and concentration of each

ion species.

Similarly to the calcium current described above, the background current from the
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phase one model was separated into multiple currents. These currents included iCa,b,

iNa,b, iNaK, ip(Ca) and all were given a time independent formulation. The calcium

and sodium background currents were modelled via a simple linear formula with

constant conductivity, given by

iNa,b = ḡNa,b (v − ENa) , (3.60)

iCa,b = ḡCa,b (v − ECa) . (3.61)

The remaining two currents were from the sodium-potassium pump and the calcium

pump. Unlike ion channels, pumps and exchangers operate in an active manner and

hence do not have a standard formulation and Nernst potential associated with them.

This means that each of these type of structures must be modelled by experimentally

examining the dependence of various parameters (e.g.. voltage, ion concentration)

on the current and formulating an equation which fits the data. This is the major

reason why it took much longer to include pumps and exchangers in mathematical

models.

The sodium-potassium pump is one of the most important structures found on the

cell membrane, and it is responsible for up to a third of the energy expenditure of

cardiac cells. Its main purpose is to remove the sodium ions that flow into the cell

during depolarisation. This is achieved by swapping sodium and potassium ions at a

ratio of 3:2 using ATP as the energy source. Another important role of the sodium-

potassium pump is that it is responsible for maintaining the resting potential of the

cell. This is achieved through a balance of extracellular sodium and intracellular

potassium ions. Earlier models, which did not include this pump, needed to force

the correct resting potential by adjusting a leakage current or something similar.

Although the sodium-potassium pump had been modelled previously [65, 66], more

accurate data on the dependence of
[
Na+

]
e

allowed Luo and Rudy to reformulate

the model to better reproduce experimental results. Their equation for the sodium
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potassium pump was

iNaK = 1.5fNaK
1

1 +
(

10
[Na+]i

)1.5

[K+]e
[K+]e + 1.5

, (3.62)

where fNaK is a parameter describing the voltage dependence of the pump. In

a similar way to the sodium potassium pump, the calcium pump is responsible

for maintaining a suitable concentration gradient across the cell membrane. Its

main role is to remove calcium ions from the cell to keep the intracellular calcium

concentration low. The formulation used by Luo and Rudy is based on that of

Rasmusson et al. [66] and is given by

ip(Ca) = 1.15

[
Ca2+

]
i

0.5 +
[
Ca2+

]
i

. (3.63)

The two currents, which have not been mention so far, are the non-specific calcium

activated current and sodium-calcium exchanger current. The non-specific calcium

activated current was originally isolated in single cells by Ehara et al. [67] from

experiments involving guinea pig ventricular cells. The channel can carry sodium,

potassium and calcium ions; however, the calcium component is ignored since the

permeability of calcium is much less than the other two ions. The formulation of

this current given by Luo and Rudy is

iNs(Ca) =
(
Īns,Na + Īns,K

) 1

1 +

(
1.2

[Ca2+]
i

)3 (3.64)

where Īns,Na and Īns,K are the maximum currents for sodium and potassium ions, in

a similar formulation to that of the L-type calcium current.

The final membrane current for the Luo-Rudy phase two model is the sodium-

calcium exchanger current. This current, along with the calcium pump, is responsi-

ble for removing calcium ions from the cell. It transports a single calcium ion out

of the cell while transporting three sodium ions into the cell. The sodium-calcium

exchanger was quite well known by the time the Luo-Rudy model was published,
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with the first mathematical model of it given by Mullins [68] in 1977. It was then

simplified by DiFrancesco and Noble [65] in 1985; however, according to more recent

experiments, there were some properties which were not correctly modelled (e.g.

extracellular sodium and calcium dependence). Luo and Rudy proposed an updated

model which corrected this behaviour. It was given by

iNaCa =

(
1

k3
m,Na +

[
Na+

]3
e

)(
1

km,Ca +
[
Ca2+

]
e

)(
1

1 + ksate
(η−1)v F

RT

)
×
(
eηv

F
RT

[
Na+

]3
i

[
Ca2+

]
e
− e(η−1)v F

RT

[
Na+

]3
i

[
Ca2+

]
e

)
.

(3.65)

For a full description of the transmembrane equations and parameters, refer to the

paper by Luo and Rudy [42].

Along with the various transmembrane currents, the Luo-Rudy phase two model

also includes a more detailed description of the intracellular calcium dynamics than

the phase one model. In order to achieve this, the intracellular space was divided

into three sections. The first was simply the myoplasm, which is the same as the

intracellular space considered in all other models. The second and third sections

were called the network sarcoplasmic reticulum (NSR) and the junctional sarcoplas-

mic reticulum (JSR), which were dedicated to the storage of calcium ions. These

two compartments together make up the sarcoplasmic reticulum (SR) and, as men-

tioned in 3.1.1, the SR is very important for intracellular calcium concentration and

excitation-contraction coupling of cardiac cells. In order for the calcium ions to

travel from one compartment to another, like across the cell membrane, currents

were modelled across the boundaries of the NSR and JSR. These include iup (uptake

of calcium into the NSR), ileak (leakage of calcium from the NSR to the myoplasm),

itr (translocation of calcium ions from the NSR to the JSR) and irel (release of cal-

cium ions from the JSR to the myocardium). Another current describing the uptake

of calcium from the myocardium to the JSR could have also been included; however,

Luo and Rudy [42] argued that, given the small volume fraction of the JSR and the

slow rate of uptake, this process was negligible and hence could be safely ignored.

The uptake, leakage and translocation currents were given by
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Figure 3.15: Transmembrane potential over one cardiac cycle produced from
the original Luo-Rudy phase two model [42].

iup = īup

[
Ca2+

]
i[

Ca2+
]
i
+Kup

, (3.66)

ileak = Kleak

[
Ca2+

]
NSR

, (3.67)

itr =
1

τtr

([
Ca2+

]
NSR
−
[
Ca2+

]
JSR

)
, (3.68)

where Kup and Kleak are the half saturation points of the respective currents, īup

is the maximum uptake current and τtr is the translocation current time constant.

The current, which describes the release of calcium from the JSR to the myoplasm,

is slightly more complicated than the previous three. It will be activated only if the

cumulative calcium concentration in the myocardium 2 ms after stimulus reaches a

threshold value. This is modelled as

irel = grel
([

Ca2+
]
JSR
−
[
Ca2+

]
i

)
, (3.69)
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where
[
Ca2+

]
JSR

and
[
Ca2+

]
i

are the calcium concentrations in the JSR and my-

ocardium respectively, and grel is the conductivity. If the threshold condition is not

met, the conductivity is forced to be zero.

Figure 3.15 shows the action potential produced from the phase two Luo-Rudy

model, using the original parameters defined by Luo and Rudy [42]. One thing

that is immediately noticeable is that the action potential for the phase two model

does not appear to look as ‘realistic’ as some of the simpler models described earlier.

Because of this, the phase two model may not seem to be worth the added complexity.

However, as the phase two model describes the physical processes with much more

detail, the increased flexibility of the model can easily outweigh its disadvantages.

It should also be noted that this model is one of the first of the second generation

models, so should not be expected to perfectly replicate a cardiac action potential.

The importance of this model is that it gave a solid foundation for subsequent models

to build upon.

3.2.8 Shaw-Rudy Model

In 1997, Shaw and Rudy [36] published an update to the Luo-Rudy phase two

model which simulated the effect of myocardial ischaemia on the action poten-

tial. Ischaemia was modelled by incorporating three of the major pathophysiological

component conditions of acute myocardial ischaemia: hyperkalaemia, acidosis and

anoxia. This was achieved by altering some of the currents from the Luo-Rudy phase

two model as well as including a few extra currents. The model consisted of a total

of 14 transmembrane currents, given by

iion = iNa + iNa,b + iCa,L + iCa,T + iNaCa + ip(Ca) + iCa,b + iKs

+ iKr + iK1 + iKp + iNaK + iNs(Ca) + iK,ATP, (3.70)
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where

iNa = Fast sodium current,

iNa,b = Background sodium leakage current,

iCa,L = L-type calcium current,

iCa,T = T-type calcium current,

iNaCa = Sodium-calcium exchanger current,

ip(Ca) = Calcium pump current,

iCa,b = Background calcium leakage current,

iKs = slow component of the time dependent potassium current,

iKr = fast component of the time dependent potassium current,

iK1 = Time independent potassium current,

iKp = Plateau potassium current,

iNaK = Sodium-Potassium pump current,

iNs(Ca) = Non-specific calcium activated current,

iK,ATP = Sodium-Potassium pump current.

As can be seen above, the time dependent potassium current from the Luo-Rudy

phase two model has been split into a fast and slow component and two additional

currents, iCa,T and iK,ATP, have been added. The altering of the time dependent

potassium current was based on developments by Zeng et al. [69]. The formulations

of iKs and iKr given by Zeng et al. are

iKr = ḠKrXr
1

1 + e
v+9
22.4

(v − EK) , (3.71)

iKs = ḠKsX
2
s (v − EKs) , (3.72)

where

ḠKr = 0.02614

√
[K+]e
5.4

, (3.73)
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Figure 3.16: Diagram of the Shaw-Rudy model [36], showing the direction of
current flow through each ion channel. The currents which are affected by is-

chaemia are shown in red.

ḠKs = 0.057 +
0.19

1 + e
−4.2−log([Ca2+]i)

0.6

, (3.74)

Xr and Xs are gating variables of the same form as Equation (3.1), EK is the Nernst

potential for potassium and EKs is a weighted Nernst potential of potassium and

sodium.

Like the time dependent potassium current, the T-type calcium current was given

by

iCa,T = 0.05b2g (v − ECa) , (3.75)

where b and g are gating variables of the same form as Equation (3.1) and ECa is

the Nernst potential for calcium. The existence of the T-type calcium channel was

known well before the publication of the Luo-Rudy models. However, since its role

in the determination of the action potential was still not well understood [70], it was

omitted from these models. The inclusion of this channel in the model of Zeng et

al. and Shaw and Rudy was simply to give a more complete theoretical model.
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As mentioned above, Shaw and Rudy simulated ischaemia by considering three sep-

arate conditions. The easiest of these to implement was hyperkalaemia, which in-

volved simply increasing the parameter which controlled the extracellular potassium

concentration. The biggest effect from this was that this altered all the potassium

related Nernst potentials, which effectively altered most of the potassium related

currents.

The second condition modelled by Shaw and Rudy was acidosis. The build-up

of waste in and around an ischaemic cell causes the intracellular and extracellular

pH to drop by 1 unit 10 minutes after the onset of ischaemia [39]. The effect of

this on a cellular level is a decrease in the maximum conductance of the fast sodium

channel [71] and reduction in magnitude of the L-type calcium current [72]. Another

effect observed from acidosis is a slight depolarisation in the resting potential of the

cell, which Shaw and Rudy argued was the result of a decrease in the intracellular

potassium concentration.

The final ischaemic condition modelled by Shaw and Rudy was anoxia. The lack

of oxygen to the cells has a detrimental effect on cellular respiration and results in

a decrease in ATP availability [36]. As the effect of ATP had not been studied in

the previously discussed cell models, Shaw and Rudy needed to add a separate ATP

sensitive potassium current, which was experimentally discovered by Noma in 1983

[73]. The formulation for this current was

iK,ATP = ḠK,ATPPATP

(
[K+]e

4.0

)0.24

(v − EK) , (3.76)

where ḠK,ATP is the maximum conductance of the channel and PATP is a function

of the intracellular ATP concentration. The formulation for PATP was given as

PATP =
1

1 +
(

[ATP]i
k0.5

)H . (3.77)

where [ATP]i is the intracellular ATP concentration, k0.5 is the half-maximal satu-

ration point and H is a Hill coefficient. The effect of anoxia on the ATP sensitive
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Figure 3.17: Transmembrane potential over one cardiac cycle produced from the
original Shaw-Rudy model [36]. The blue and red traces correspond to healthy

and ischaemic cells respectively.

potassium channel is an increase in both H and k0.5, which activates the channel. A

summary of all the currents in the Shaw-Rudy model is given in Figure 3.16 with the

particular currents affected by ischaemia highlighted in red. For a full description of

the parameters under normal and ischaemic condition, refer to the paper by Shaw

and Rudy [36].

Figure 3.17 shows the action potential produced by the Shaw-Rudy model under

both normal and ischaemic conditions. The ischaemic plot mimics very well the

behaviour seen experimentally, with an increase in the resting potential, reduction

in the peak and plateau potentials, and early repolarisation.

3.2.9 ten Tusscher and Panfilov Model

A more recent cell model was published by ten Tusscher and Panfilov [74] in 2004

and updated [43] in 2006. This model considers the effect of 12 separate membrane
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currents and can be decomposed as

iion = iNa + iK1 + ito+ iKr+ iKs+ iCa,L+ iNaK + iNa,b+ iNaCa + iCa,b+ iKp+ ip(Ca) + iStim,

where

iNa = Fast sodium current,

iK1 = Inward rectifier potassium current,

ito = Transient outward current,

iKr = Rapid delayed rectifier current,

iKs = Slow delayed rectifier current,

iCa,L = L-type calcium current,

iNaK = Sodium-potassium pump current,

iNa,b = Background sodium current,

iNaCa = Sodium calcium exchanger,

iCa,b = Background calcium current,

iKp = Plateau potassium current,

ip(Ca) = Plateau calcium current.

Most of the currents used in the ten Tusscher and Panfilov model used formulations

either the same as, or similar to, the formulations described earlier sections of this

chapter. For these currents, however, many of the parameters in the equations were

updated to fit the more recent experimental data that was available. One current

that was significantly updated in the ten Tusscher and Panfilov model is the L-type

calcium current, which was again, due to the availability of new experimental data.

The only current that has not been described previously is the Transient outward

current (ito). The formulation of the ito current was based on work by Nabauer et

al [75] and was described by a Hodgkin-Huxley type equation

ito = Gtors (V − Ek) , (3.78)
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Figure 3.18: Transmembrane potential over one cardiac cycle produced from
the ten Tusscher and Panfilov model [43, 74].

where Gto is the maximum conductance of the channel and r and s are gating

variables that were fitted to the experimental data of Nabauer et al.

As mentioned above, the ten Tusscher and Panfilov model was updated two years

after its initial publication in 2004. Only two of the 12 currents in the model were

updated. The formulation for the L-type calcium current was slightly altered to in-

clude both fast and slow voltage inactivation, and some minor changes were applied

to parameter values for the slow delayed rectifier current. The major component

of the model, which was updated in 2006, was the intracellular calcium dynamics.

Along with the NSR and JSR, the ten Tusscher and Panfilov model also included

calcium dynamics in the subspace, where the cell membrane and membrane of the

sarcoplasmic reticulum (SR) are in close proximity. Calcium ions that enter into

the subspace through the L-type calcium channel are responsible for triggering the

release of calcium from the SR into the subspace, which then diffuse into the cy-

toplasm. The calcium ions are then returned to the SR through a calcium pump

located on the SR membrane. For a full description of the calcium dynamics, as

well as the ionic channels, refer to the two papers published by ten Tusscher and

Panfilov [43, 74].
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Figure 3.18 shows the action potential produced by the ten Tusscher and Panfilov

model. It can clearly be seen from this figure that the ten Tusscher and Panfilov

model gives a much more ‘realistic’ action potential than the Shaw-Rudy and Luo-

Rudy models.



Chapter 4

Bidomain Model

4.1 Governing Equations

As mentioned in Chapter 2, cardiac tissue consists of two separate domains, the

intracellular and extracellular spaces. Electrical signals in the heart propagate both

through the cardiac cells (intracellular space) as well as in the interstitial fluid which

fills the space between cells (extracellular space). In order to successfully model the

electrical activity, both domains must be taken into consideration.

The bidomain model for cardiac tissue was originally developed by Tung [76]. It

is a macroscopic model, based on the concept of interpenetrating spatial domains

proposed by Schmitt [77], where the intracellular and extracellular spaces are su-

perimposed and continuous. At every point in the model, there exist intracellular

and extracellular potentials that are partially insulated from each other by the cell

membrane. A good analogy for the bidomain model in terms of electrical circuits

is shown in Figure 4.1 which, for simplicity, is two-dimensional. The intracellular

space is on the bottom while the extracellular space is on the top, and they are sep-

arated by a parallel resistor capacitor circuit, which represents the cell membrane.

Each node in the circuit is connected to the adjacent nodes in its domain by a single

resistor, which is a simple yet effective way to model the flow of current within the

67
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Figure 4.1: 2D Circuit diagram analogy of the bidomain model. For this example
the nodes are lined up along the fibre direction. The circuits which represent the

membrane are taken from Figure 3.2

individual domains. Since the bidomain model is a macroscopic, continuous model,

each node in the circuit actually represents the average of a number of cells in the

tissue.

The derivation of the bidomain equations comes from the continuity of current. This

says that the divergence of the current density in the intracellular space must equal

the current per unit volume through the cell membrane [16, 76, 78, 79]:

∇ · Ji = −βIm, (4.1)

where Ji is the intracellular current density per unit area, β is the cell surface area

to volume ratio and Im is the current per unit volume through the membrane. Note

that the positive direction of the current through the membrane is from the intra-

cellular to the extracellular space. As a consequence of the continuity of current,

the current leaving the intracellular space must equal the current entering the ex-

tracellular space, which leads to

∇ · Je = βIm, (4.2)



Chapter 4. Bidomain Model 69

where Je is the extracellular current density.

From Ohm’s Law, the current density can be approximated as being proportional

to the electric field, which can be written as

Jp = MpEp, (4.3)

where p = i or e, Ep is the electric field and Mp is a tensor which reflects the conduc-

tivity in each spatial direction. For an isotropic medium, these tensors are constants.

As mentioned in Chapter 2, cardiac tissue is anisotropic in nature, meaning the con-

ductivity in the direction of the fibres is different to the conductivity across the

fibres and normal to the fibre sheets. In the circuit diagram of the bidomain model

(Figure 4.1), this anisotropy can easily be accounted for by simply altering the re-

sistor values Rl
e, R

l
i, R

t
e and Rt

i. This means that for the two-dimensional model,

there are four separate conductivities, two in each domain. For a three-dimensional

model, there is an extra conductivity in the z direction for each domain, resulting

in six separate conductivities.

Since the electric field can be expressed as the negative of the potential gradient in

each domain, Equation (4.3) can be written as

Jp = −Mp∇φp, (4.4)

where φp is the electric potential. Substituting Equation (4.4) into equations (4.2)

and (4.1) gives

∇ ·Me∇φe = −βIm, (4.5)

∇ ·Mi∇φi = βIm. (4.6)

From equations (4.5) and (4.6), it can be deduced that

∇ ·Me∇φe = −∇ ·Mi∇φi. (4.7)
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By adding ∇ · (Mi∇φe) to both sides, we get

∇ · (Mi +Me)∇φe = −∇ ·Mi∇ (φi − φe) , (4.8)

and using the definition of the transmembrane potential φm = φi − φe results in

∇ · (Mi +Me)∇φe = −∇ ·Mi∇φm. (4.9)

The equation is known as the steady state (or passive) bidomain equation [6] and is

used to calculate the extracellular potential distribution for a given transmembrane

potential distribution. This equation is particularly useful for calculating potentials

during the ST segment of the ECG, since the heart is in an approximate steady

state situation.

Applying the definition of the transmembrane potential in Equation (4.6) gives

∇ ·Mi∇φe +∇ ·Mi∇φm = βIm. (4.10)

From Figure 4.1, it can be seen that the transmembrane current consists of two

separate currents, an ionic current (through the resistor) and a capacitive current

(due to the capacitor). Hence the transmembrane current can be modelled by

Im = Cm
∂φm
∂t

+ iion, (4.11)

where Cm is the cell membrane capacitance and iion is a collection of ionic cur-

rents through various channels in the cell membrane (see Chapter 3 for a detailed

description of ionic currents). Substituting Equation (4.11) into Equation (4.10)

gives

∇ ·Mi∇φe +∇ ·Mi∇φm = β

(
Cm

∂φm
∂t

+ iion

)
, (4.12)

which is known as the transient (or active) bidomain equation [80], and is often used

to calculate the propagation of transmembrane potential through the heart.

It should be noted here that the work in this thesis also assumes the presence of a
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conductive blood volume which is in contact with the entire endocardium. As this is

a source free medium, the potential can simply be described by Laplace’s equation

and is given by

∇2φb = 0, (4.13)

where φb is the blood potential.

4.1.1 Monodomain Approximation

As seen above, the bidomain model is a system of two partial differential equations,

as well as a number of ordinary differential equations defined by the cell model.

Unfortunately, it is quite difficult and computationally expensive to solve the full

bidomain model. In order to overcome this, the bidomain model can be simplified

using the assumption that the intracellular and extracellular domains are equally

anisotropic, ie. Me = kMi [50]. Using this assumption, Equation (4.9) becomes

∇ ·Mi∇φe = − 1

k + 1
∇ ·Mi∇φm. (4.14)

Substituting this into Equation (4.12) gives

k

k + 1
∇ ·Mi∇φm = β

(
Cm

∂φm
∂t

+ iion

)
, (4.15)

which is known as the monodomain equation, as it effectively eliminates the extra-

cellular dependence from the model. In practice, this greatly decreases the required

computation power and hence the solution time to solve a given problem. Because

of these advantages, the monodomain model has been very popular and is still used

widely today [81–84]. Unfortunately, along with these advantages, the monodomain

model has some limitations. The key weakness of the model is related to the initial

assumption of equal anisotropy in the extracellular and intracellular domains. Table

2.1 shows the most widely used conductivity data sets taken from four separate stud-

ies. From these values it is clear that the intracellular domain is significantly more

anisotropic than the extracellular domain, which is somewhat expected by looking
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at the way the cells are connected to one another. Because of the limitations of the

monodomain model, the full bidomain model should be used where possible in order

to obtain accurate results.

4.2 Boundary Conditions

The most widely used boundary conditions for the bidomain model are those origi-

nally proposed by Tung [76]. There has been some controversy regarding the correct

boundary conditions [85]; however, the study by Krassowska and Neu [85] confirmed

the boundary conditions proposed by Tung using a rigorous derivation. The bound-

ary conditions used in this thesis are based on Tung’s original conditions. Firstly,

it is assumed that the outer heart surface is insulated or surrounded by a non-

conductive medium. This means that the normal component of the intracellular

and extracellular currents must be zero at the epicardium:

n ·Mi∇φi = 0, (4.16)

n ·Me∇φe = 0, (4.17)

where n is a unit vector perpendicular to the epicardium. Using the definition of

the transmembrane potential to eliminate φi, we get

n ·Mi∇φm = −n ·Mi∇φe, (4.18)

n ·Me∇φe = 0. (4.19)

For the interface between the tissue and the blood (endocardium), it is assumed that

only the extracellular domain is in contact with the blood. Since the intracellular

domain is insulated from the blood, the same condition used at the epicardium

is applied to the intracellular domain at the endocardium. For the extracellular

domain, there is assumed to be a continuity in both the extracellular current and

potential over the endocardium. The boundary conditions at the endocardium are
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therefore given by

n ·Mi∇φm = −n ·Mi∇φe, (4.20)

φe = φb, (4.21)

n · (σne∇φe) = −n · (σb∇φb) , (4.22)

where again the definition of the transmembrane potential is used to eliminate φi.

Here, σne is the conductivity normal to the fibre sheet at the endocardium. In the

four conductivity model, this is the same as the transverse conductivity (σte).

4.2.1 Monodomain Model

The boundary condition for the monodomain approximation can be deduced from

the bidomain BCs. Firstly, since the blood is not considered in the monodomain

model, the conditions for the interface between tissue and blood do not need to be

included. Using the same insulation conditions as the bidomain model, the BCs for

the monodomain model can also be written as

n ·Mi∇φm = −n ·Mi∇φe, (4.23)

n ·Me∇φe = 0. (4.24)

Then, using the equal anisotropy assumption, the BCs become

n ·Mi∇φm = −n ·Mi∇φe, (4.25)

n · kMi∇φe = 0. (4.26)

Since k is a constant, this implies that

n ·Mi∇φe = 0. (4.27)
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Substituting this into Equation (4.25) gives

n ·Mi∇φm = 0. (4.28)

4.3 Ventricular Models

This thesis considers three different ventricular models of increasing complexity for

solving the bidomain equations. The first and most simple consists of a rectangular

slab of cardiac tissue resting on a large volume of blood. The second model was

constructed by taking the top half of an ellipsoid to approximate the shape of the

left ventricle. The third and final model was obtained from MRI scans of a dog

heart and represented a realistic cardiac geometry. This section details how each of

the three models was constructed.

4.3.1 Slab Model

The slab model was introduced by Johnston et al. [5] as a simple representation of

a section of ventricular wall. The geometry was chosen so that it was simple enough

to be solved using analytical techniques. The model consists of a rectangular slab

of tissue with infinite length and width in the x and y directions, and a thickness of

1 cm in the z direction. The epicardium is situated at z = 0 and the endocardium

at z = 1. The tissue slab rests on a volume of blood with infinite thickness that is in

contact with the endocardium. The model assumes that the epicardium is insulated

and the potentials go to zero as x and y go to infinity. Also, the model assumes that

the blood potential tends to zero as z goes to infinity.
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At the centre of the tissue slab is located a rectangular ischaemic region, which is

in contact with the endocardium. This has dimensions:

−ax ≤ x ≤ ax in the x direction,

−ay ≤ y ≤ ay in the y direction,

1− az ≤ z ≤ 1 in the z direction,

where ax and ay are the half widths of the ischaemic region in the x and y directions

respectively, and az is the ischaemic thickness, which has a value between 0 (no

ischaemia) and 1 (transmural or full thickness ischaemia).

The original slab model includes fibre rotation in the z direction. The fibres are

aligned to the x-axis at the epicardium, and rotate smoothly through the my-

ocardium using

g(z) =
2π

3
z, (4.29)

where g(z) represents the longitudinal direction of the fibres. This gives a total ro-

tation from the endocardium to the epicardium of 120◦. The matrix which describes

the rotation of the fibres can then be given by

P =


cos (g(z)) sin (g(z)) 0

− sin (g(z)) cos (g(z)) 0

0 0 1

 . (4.30)

The conductivity tensors used in the bidomain equations can then be given as M =

PDPT , where D is a diagonal matrix containing the longitudinal, transverse and

normal conductivities. This gives

Mp =


cos (g(z)) sin (g(z)) 0

− sin (g(z)) cos (g(z)) 0

0 0 1



σlp 0 0

0 σtp 0

0 0 σnp




cos (g(z)) − sin (g(z)) 0

sin (g(z)) cos (g(z)) 0

0 0 1


(4.31)
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=


(
σlp − σtp

)
cos2 (g(z)) + σtp

(
σlp − σtp

)
cos (g(z)) sin (g(z)) 0(

σlp − σtp
)

cos (g(z)) sin (g(z))
(
σtp − σlp

)
sin2 (g(z)) + σlp 0

0 0 σnp

 (4.32)

As Johnston et al. [5] used the slab model only for solving the steady state bido-

main equation, ischaemia could be incorporated by lowering the transmembrane

potential inside the ischaemic region. This means that the transmembrane potential

distribution could be given as

φm(x, y, z) = −∆VΨ(x)Ψ(y)Ψ(1− z), (4.33)

where ∆V is the difference in potential between healthy and ischaemic cells during

the ST segment. In each spatial direction, the function Ψ(q) is defined as

Ψ(q) =


1−e

−aq
λq cosh q

λq

1−e
−aq
λq

|q| ≤ aq

e
−|q|
λq sinh

aq
λq

1−e
−aq
λq

|q| > aq

(4.34)

where aq is the half width of the ischaemic region in the respective spatial direction,

measured from the centre of the border zone, and λq is a parameter to adjust the

sharpness of the transition and, hence, the width of the border zone. Figure 4.2

shows a diagram of the slab model.

The boundary conditions for the slab model are similar to those described in Section

4.2, except with some simplifications due to the geometry of the model. Firstly, since

the model is infinite in the x and y directions, the potential was set to zero as x and

y tend to infinity. This is also the case for the blood, where the potential is set to

zero as z tends to infinity. As the epicardium lies on the x− y plane, the insulation

condition can be simply written as

∂φe
∂z

∣∣∣∣
z=0

= 0. (4.35)
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Figure 4.2: Diagram of the original slab model used by Johnston et al. [5]

Similarly for the endocardium, the condition for the continuity of current at the

interface of the blood and tissue can be written as

σb
∂φb
∂z

∣∣∣∣
z=1

= σen
∂φe
∂z

∣∣∣∣
z=1

. (4.36)

where σb is the conductivity of the blood and σen is the extracellular normal conduc-

tivity.

The key benefit of choosing the above description of the slab model was that it

was then possible to find a solution to Equations (4.9) and (4.13) using analytical

techniques. This was achieved by Johnston et al. [5] by applying a two dimensional

Fourier transform to the governing equations in the x and y directions, along with

a one dimensional finite difference method in the z direction. The finite difference

method was solved to give the Fourier transform of the potential at z = 0, as this

was the area of interest. The epicardial potentials were then recovered by applying

a fast Fourier transform (FFT) routine to the solution. This meant that the domain

in the x and y directions needed to be finite for a solution to be found. Johnston et

al. eventually used a domain which was 16 cm wide in both the x and y directions

as this was enough to allow the potentials to approach zero.
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4.3.2 Half-Ellipsoid Model

There have been a number of studies previously that have used a half-ellipsoid mesh

to represent the left ventricle [17, 86, 87]. The method presented below for con-

structing the half-ellipsoid mesh closely follows the method presented by Johnston

[17].

In a similar fashion to previous studies, the half-ellipsoid model represented the left

ventricle of the heart. It was constructed by taking the top half of an oblate spheroid

defined by the parametric equations

x = r sin θ cosφ, (4.37)

y = r sin θ sinφ, (4.38)

z = b cos θ, (4.39)

for θ ∈ [0, π] and φ ∈ [0, 2π). The semi-major axis, b, was given a value of 4 cm and

the semi minor axes, r, a value of 2 cm. These values were chosen as they gave a

mesh of similar size and shape as the human left ventricle. As in the slab model,

the mesh was extruded inward to give a tissue thickness of 1 cm across the entire

model and the endocardium was in contact with a volume of blood. Unlike the slab

model, however, the blood volume is a much more realistic size and shape with the

half-ellipsoid model. The blood also formed an oblate spheroid with semi-major axis

of 3 cm and semi minor axes of 1 cm. See figure 4.3 for a diagram of the half-ellipsoid

model.

The fibre directions for the half-ellipsoid model were much more complicated as the

tissue did not lie on a flat surface. In order to calculate the conductivity tensors

for the half-ellipsoid model, three orthogonal vectors representing the longitudinal,

transverse and normal fibre directions needed to first be established. One possible

set can be given by

xl =
1

d
{r cos θ cosφ, r cos θ sinφ, −b sin θ}, (4.40)
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Figure 4.3: Diagram of the half-ellipsoid model showing (a) cross-section in the
x-z plane at y = 0 and (b) cross-section in the x− y plane at z = 0.

xt = {− sinφ, cosφ, 0}, (4.41)

xn =
1

d
{b sin θ cosφ, b sin θ sinφ, r cos θ}, (4.42)

where d =
√
r2 cos2 θ + b2 sin2 θ. If fibre rotation through the tissue wall is ignored,

the matrix describing the fibre orientation can be given as

P =
1

d


r cos θ cosφ −d sinφ b sin θ cosφ

r cos θ sinφ d cosφ b sin θ sinφ

−b sin θ 0 r cos θ

 . (4.43)

In the above matrix, the longitudinal direction always points towards the apex of

the heart. In order to give a more realistic description of the cardiac fibres, rotation

of the fibres should be modelled. This can be done by applying a rotation to the

above matrix about the normal axis. The matrix describing the orientation of the
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fibres could then be given by

P =
1

d


r cos θ cosφ −d sinφ b sin θ cosφ

r cos θ sinφ d cosφ b sin θ sinφ

−b sin θ 0 r cos θ




cosα sinα 0

− sinα cosα 0

0 0 1

 (4.44)

=
1

d


r cos θ cosφ cosα + d sinφ sinα r cos θ cosφ sinα− d sinφ cosα b sin θ cosφ

r cos θ sinφ cosα− d cosφ sinα r cos θ sinφ sinα + d cosφ cosα b sin θ sinφ

−b sin θ cosα −b sin θ sinα r cos θ


(4.45)

where α is the rotation of the fibres in radians. At the endocardium, the fibres were

offset -45◦ from the positive z-axis and rotated linearly throughout the tissue. The

conductivity tensors used in the bidomain equations can therefore be calculated as

M = PDPT , where D is a diagonal matrix containing the longitudinal, transverse

and normal conductivities. This gives

Mp = P


σlp 0 0

0 σtp 0

0 0 σnp

PT (4.46)

As with the slab model, the boundary conditions for the half-ellipsoid model are

also based on those described in section 4.2. Unlike the slab model, however, the

more complicated geometry of the half-ellipsoid model means that no simplifications

can be made to the boundary conditions. Equations (4.18)-(4.19) give the boundary

conditions for the outer surface of the model, while Equations (4.20)-(4.22) give

the boundary conditions for the tissue-blood interface. In order to yeild a unique

solution, the extracellular potential was set to zero for the node at the point x = 0,

y = 2, z = 0. This was located at the base of the model on the epicardium.
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4.3.3 Realistic Model

In order to simulate ischaemia in a realistic heart model, a data set representing the

cardiac geometry was required. One such data set available is from the Scientific

Computing and Imaging Institute at the University of Utah and has previously been

used in studies of cardiac fibrillation [88, 89]. This dataset can be downloaded from

their website [90]. The data were obtained from MRIs of a dog heart that consisted

of an anatomical image of the heart as well as a diffusion tensor image for giving

the fibre orientations. Figure 4.5 shows some images of the heart data as well as the

fibre directions.

Before simulations could be run, it was necessary to convert the heart data into a

format which could be used in the numerical calculations. The advantage of using

this data set was that it was designed to be used with the SCIRun [91] software

package. A computational mesh could easily be obtained by applying the data

to certain modules within SCIRun. First, the surface of the model was extracted

to give a triangular boundary mesh. A tetrahedral mesh could then be produced

Figure 4.4: Computational mesh obtained from the MRI data showing the (a)
epicardial (blue) and endocardial (red) surfaces of the model and (b) mesh sliced
along the plane at x = 0. Nodes in the tissue are shown in blue while nodes in

the blood are shown in red.
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Figure 4.5: Images extracted from the MRI data of the realistic heart model (a)
cross section at x = 0, (b) cross-section at y = 0, (c) cross section at z = 0 and

(d) fibre orientation cross section at z = 0.

using a module which interfaces with TetGen [92], the well-known tetrahedral mesh

generator.

One modification to the original heart model was the inclusion of blood in the

ventricle cavities. The original model consisted of two open cavities for the left

and right ventricles. In order to fill these cavities with blood, they first needed to

be closed for TetGen to be able to work properly. This was achieved by adding

several sections of triangle mesh to the base of the model. Once these ‘caps’ were
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successfully applied, the ventricle cavities could be filled with blood.

The fibre orientations could be easily extracted from the data in SCIRun by first

mapping the fibre orientation data onto the tetrahedral mesh then outputting the

longitudinal, transverse and normal direction vectors for each node. The final com-

putational mesh was a mesh consisting of 1,717,709 nodes connected together by

6,486,917 tetrahedral elements. Of these nodes, 1,604,065 were located in the tissue

while 103,644 were in the blood. The final mesh is shown in Figure 4.4.

The boundary conditions for the were exactly the same as the half-ellipsoid model

with the exception of the location of the zero potential node, which was located at

the base of the heart on one of the blood ‘caps’.

4.4 Numerical Solution Techniques

4.4.1 Finite Volume Discretisation

As mentioned previously, the bidomain equations are not easily solved analytically

and all realistic scenarios need the help of numerical techniques. A popular method

for solving the bidomain equations is to use a finite element based approach, which

many previous studies have used [6, 10, 93, 94]. A finite volume method has also been

used in a number of studies [16, 95] and this is the preferred choice for the work in this

thesis. One advantage of using a finite volume method is that it naturally handles

the insulation conditions at the outer surface of the model. Another advantage

of finite volume methods is the ability to enforce local flux conservation, which is

ideally suited to reaction-diffusion problems such as cardiac propagation [16]. The

technique used to spatially discretise the bidomain equations closely follows the

method used by Johnston [95], which is based on the method of Penland [16]. It is

important to note that the method described here is valid only for models consisting

of hexahedral elements (ie. slab and half-ellipsoid models). For models which are

made up of tetrahedral elements, such as the realistic model, see the next section.
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The mesh is characterised by a set of nodes and a list of elements, which divide the

model into a large number of hexahedral blocks. For the finite volume discretisation,

each node is surrounded by a box, which consists of a number of sub-boxes. The sub-

boxes are constructed so that three corners line on the midpoints to neighbouring

nodes, three corners lie on face centroids of the hexahedral element and one corner

lies on the centroid of the hexahedral element. This means that each box is made

up of eight sub-boxes.

The bidomain equations are then integrated over each box (Bi) to give

∫
Bi

(∇ ·Mi∇φe +∇ ·Mi∇φm) dV =

∫
Bi

β

(
Cm

∂φm
∂t

+ iion

)
dV, (4.47)

∫
Bi

∇ · (Mi +Me)∇φe dV = −
∫
Bi

∇ ·Mi∇φm dV, (4.48)

in the tissue and

∫
Bi

∇2φb dV = 0 (4.49)

in the blood. Using the divergence theorem, most of the volume integrals above can

be re-expressed as surface integrals to give

∮
∂Bi

n ·Mi∇φe dS +

∮
∂Bi

n ·Mi∇φm dS =

∫
Bi

β

(
Cm

∂φm
∂t

+ iion

)
dV, (4.50)

∮
∂Bi

n · (Mi +Me)∇φe dS = −
∮
∂Bi

n ·Mi∇φm dS, (4.51)

∮
∂Bi

n · ∇φb dS = 0, (4.52)

where ∂Bi is the boundary of the box Bi. The above formulation of the equations is

known as the ‘local integral’ form. The surface integrals in equations (4.50), (4.51)

and (4.52) represent a current flux through the surface of the box. These integrals

can be considered as the sum of the fluxes through the faces of each individual
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sub-box, expressed as

∮
∂Bi

n ·M∇φ dS =
∑
k

∮
∂Bi,k

n ·M∇φ dS, (4.53)

where M and φ are some general conductivity tensor and potential, respectively.

Here ∂Bi,k represents the surface of the kth sub-box of Bi.

The only volume integral which cannot be re-expressed using the above equation is

the integral of the transmembrane current on the right hand side of Equation (4.50).

In the method proposed by Penland, the transmembrane current is assumed to be

constant over each box and this makes this integral much simpler to calculate than

the flux integrals. It is simply given by

∫
Bi

β

(
Cm

∂φm
∂t

+ iion

)
dV = β

(
Cm

∂φm
∂t

∣∣∣∣
Bi

+ iion|Bi

)
V (Bi) , (4.54)

where V (Bi) is the volume of box i and . In a similar way to calculating the flux

integrals, the volume of box i is calculated by summing the volumes of each sub-box

in Bi to give

∫
Bi

β

(
Cm

∂φm
∂t

+ iion

)
dV = β

(
Cm

∂φm
∂t

∣∣∣∣
Bi

+ iion,Bi

)∑
k

V (Bi,k) , (4.55)

where V (Bi,k) is the volume of kth sub-box of box i.

Unfortunately, as the mesh used for the bidomain equation is not necessarily regular

in shape, the boxes and hence, sub-boxes also have an irregular shape. This issue

is overcome by performing the calculations in a natural coordinate system, where

the sides of each finite volume element extend from −1 to 1. The elements are then

mapped to the physical coordinate system using the Jacobian. In order for this

method to work, each quantity inside a volume element must be interpolated using

eight linear basis functions, which are defined to be 1 at a given vertex and zero at

every other vertex. Once the finite volume method is set up as described above, it

is a relatively straightforward process to find an expression for the flux integral over
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Figure 4.6: Calculation of sub-box surface normal showing (a) method used
by Penland [16], with one normal. d1 and d2 are vectors joining two diagonally
opposite corners of the face while n is the face normal and (b) method used by
Johnston [95]. d1a, d2a, d1b and d2b are vectors which form two of the side of
triangle a and b while na and na are the normals for triangle a and b respectively.

a sub-box as the sum of fluxes through each of the three faces which also belong to

adjacent blocks, ∮
∂Bi,k

n ·M∇φ dS =
3∑
l=1

n ·Ml∇φlal, (4.56)

where Ml and φl are the conductivity tensor and potential at the centre of each face

and al is the area of the face.

Although the method used by Johnston [95] closely follows that of Penland [16],

there is one important difference between them. Since the blocks and sub-blocks

do not need to have a regular shape, the four points which make up a face of a

sub-block are not necessarily coplanar. This means that the face is not flat and the

outward facing normal must be approximated in some way. For Penland’s method,

the normal is calculated by finding the cross product of two vectors which join two

diagonally opposite corners of the face, as seen in Figure 4.6. In order to reduce the

error associated with such an approximation, Johnston divided each face into two
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triangular sub-faces and calculated the flux through each sub-face giving

∮
∂Bi,k

n ·M∇φ dS =
6∑
l=1

n ·Ml∇φlal. (4.57)

The normal to each sub-face could simply be found by calculating the cross product

of two of the three vectors which form the sides of the sub-face. Figure 4.6 illustrates

the difference in the two methods of flux calculations.

After applying either method for calculating the sub-box face normals, the flux

integrals gould be represented by

∮
∂Bi,k

n ·M∇φ dS = LTuj, (4.58)

where uj is a vector of the potentials at the vertices of the element containing sub-

box Bi,k and L is a vector whose values can be calculated from Equation (4.56) or

(4.57). The values of L can then be mapped onto the global coordinate system to

give

KiΦe + KiΦm = βV

(
Cm

∂

∂t
Φm + Iion

)
, (4.59)

(Ki + Ke) Φe = −KiΦm, (4.60)

KbΦb = 0, (4.61)

where Ki, Ke and Kb are the stiffness matrices for the intracellular, extracellular

and blood domains respectively and V is a diagonal matrix composed of the sub-

box volumes. The Φi, Φe, Φm and Iion terms represent vectors which give their

respective values at each node in the model.

4.4.2 Tetrahedral Finite Volume Method

Unlike the slab and half-ellipsoid models, the realistic model consists of tetrahedral

elements rather than hexahedral elements. This means that the numerical method
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Figure 4.7: Diagram showing how a tetrahedral element can be decomposed into
four hexahedral sub-boxes. The red points lie on the mid-points of two vertices,
the purple points lie on the centroids of the triangular faces and the blue point

lies on the centroid of the tetrahedron.

described in the previous section cannot be used for the realistic mesh. Instead, a

different approach is needed. One possible solution would be to use a finite element

based approach, which is a popular and frequently used method [6, 10, 93, 94].

In order to maintain consistency with the simpler models, however, it was decided

instead to modify the finite volume method to work with tetrahedral elements. The

formulation for this method closely follows the method described in the previous

section, with some modifications to suit the different element geometry.

As with the hexahedral finite volume method, the tetrahedral mesh is characterised

by a set of nodes connected together by a list of elements. Each node in the mesh is
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surrounded by a box, which consists of a number of sub-boxes. The sub-boxes are

constructed by dividing each tetrahedral element into four hexahedral boxes, with

the sides of each sub-box extending half way to the neighbouring nodes. Of the eight

vertices for each hexahedral sub-box, one sits at a vertex of the tetrahedron, three sit

at the mid-points of the sides connecting the other vertices of the tetrahedron, three

sit at the centroids of three of the faces of the tetrahedron and the last one sits at

the centroid of the tetrahedron. This is a significant difference from the hexahedral

method, where each element was split into eight sub-boxes. By constructing the

sub-boxes in this way, each sub-box is only in contact with a single node. For each

node, all the sub-boxes which are in contact with it can then be grouped together to

form a single box, which surrounds the node. It should be noted that this process

does not give a consistent number of sub-boxes per box. This is another difference

from the hexahedral method, which gave exactly eight sub-boxes surrounding every

internal node. This is however a consequence of the way that the mesh is constructed

rather than the finite volume method, as each node in a tetrahedral mesh may be

contained in many elements. Figure 4.7 shows how each element in the tetrahedral

mesh is decomposed into four sub-boxes.

The finite volume method is applied in exactly the same way as the hexahedral

method to give multiple surface integrals of the same form as Equation (4.53) and

a single volume integral of the same form as Equation (4.55).

The volume of each sub-box is a simple calculation due to the way the tetrahedra

are divided. Firstly, the volume of each tetrahedron can be easily calculated if each

of the vertices is known. If the four vertices are represented by a, b, c and d, the

volume is given by

V =
|(a− d) · (b− d)× (c− d)|

6
. (4.62)

Due to the way the tetrahedra are divided into the four sub-boxes, each sub-box

has exactly one-quarter of the volume of the tetrahedron. This can be shown to be

true by calculating the volume of a sub-box. Figure 4.8 shows how the volume of

a hexahedral sub-box can be calculated by decomposing the hexahedron into three

quadrilateral pyramids. For each pyramid, the base is composed of the four points
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Figure 4.8: Diagram showing how a hexahedral sub-box can be decomposed
into three quadrilateral pyramids. Each pyramid has its apex at the centroid of

the tetrahedron and its base on an exterior surface.

on a specific side of the tetrahedron while the apex is always located at the centroid

of the tetrahedron. The base area of each pyramid is exactly one-third of the area

of the side it is on since each triangular side is divided using its centroid. Using the

formula for the volume of a pyramid, the volume of a sub-box can be given as

V (Bi,k) =
1

3

(
1

3
s1

)
d1 +

1

3

(
1

3
s2

)
d2 +

1

3

(
1

3
s3

)
d3 (4.63)

=
1

9
s1d1 +

1

9
s2d2 +

1

9
s3d3, (4.64)

where s1, s2, s3 are the areas of the three sides of the tetrahedron in contact with

the sub-box and d1, d2, d3 are the distances from the respective sides of the tetra-

hedron to its centroid (the heights of the three pyramids). Since the centroid of the

tetrahedron is calculated as the average of all four vertices, then it must always lie

one-quarter of the distance from one side of the tetrahedron to the opposing vertex.

This means that if s1 is considered the base of the tetrahedron, then d1 is one-quarter

the height of the tetrahedron. This means that the volume of the tetrahedron can

be written as

Vtet =
1

3
s1 (4d1) =

4

3
s1d1. (4.65)
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Figure 4.9: Diagram showing that the interior faces of the sub-boxes lie on a
triangle.

rearranging the above equation gives

s1d1 =
3

4
Vtet. (4.66)

Changing the perspective of the tetrahedron to make s2, s3 or s4 the base will also

result in the same equation. This means that the volume of the sub-box can be

written as

V (Bi,k) =
1

9

3

4
Vtet +

1

9

3

4
Vtet +

1

9

3

4
Vtet (4.67)

=
1

12
Vtet +

1

12
Vtet +

1

12
Vtet (4.68)

=
1

4
Vtet. (4.69)

Similar calculations can be made for the three other sub-boxes to give exactly the

same result for their volumes.

The surface integrals in Equations (4.50)-(4.52) can be calculated using a similar

method to that used with the hexahedral mesh. If all quantities are assumed to

vary linearly over each face of the sub-boxes, the surface integrals can be simply

calculated the same as Equation (4.56). As with the hexahedral method, there are

three faces for each sub-box for which the integral needs to be calculated. Also,
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although the mesh is made up of tetrahedral elements, the faces of the sub-boxes

are quadrilateral rather than triangular. One interesting property of the sub-boxes

is that each of the faces is guaranteed to lie on a flat plane. This means that it is

unnecessary to split the faces into two sub-faces as was done with the hexahedral

method. The reason for this can be seen by looking at Figure 4.9. For the three

exterior faces, it is easily seen that they each lie on one of the triangular faces of

the tetrahedron, so by necessity they must lie on a plane. However, as they are not

used in the calculations, this is not important. Each interior face is made from four

points, one is the mid-point of an edge, two are centroids of triangular faces and one

is the centroid of the tetrahedron. As Figure 4.9 shows, the line joining two of these

points forms a median of the triangle while the line joining the other two points

forms a median of the tetrahedron. These two lines must therefore intersect at one

of the vertices of the tetrahedron. A triangle can then be constructed by joining the

opposite ends of these lines. The sub-box face, therefore lies on the plane created

by this triangle. Again, similar observations can be made for the two other sub-box

faces.

Once each of the volume and surface integrals in Equations (4.50)-(4.52) has been

calculated, the stiffness matrices for the intracellular, extracellular and blood do-

mains can be constructed in exactly the same way as described in the hexahedral

finite volume method.

4.4.3 Temporal Discretisation

Once the bidomain equations are spatially discretised using either of the methods in

the previous two sections, they can be then written in the form shown in Equations

(4.59)-(4.61). As there is no time dependence in equations (4.60) and (4.61), they

can be solved using the method described by Johnston [95], which involves coupling

them into a single matrix equation of the form

Ax = b (4.70)
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where

A =

Ki + Ke 0

0 Kb

 , x =

Φe

Φb

 , b =

−KiΦm

0

 . (4.71)

Equation (4.70) can be then solved using a number of numerical techniques to find

the extracellular and blood potentials.

The remaining Equation (4.59) must also be discretised in the temporal domain.

This can be done by first rearranging the equation to become

∂

∂t
Φm =

1

βCm
V−1 (KiΦe + KiΦm)− 1

Cm
Iion. (4.72)

A backward Euler time stepping scheme can then be applied to give

Φt+∆t
m −Φt

m

∆t
=

1

βCm
V−1

(
KiΦ

t+∆t
e + KiΦ

t+∆t
m

)
− 1

Cm
It+∆t
ion . (4.73)

The solution to this equation is given by

Φt+∆t
m =

(
E− ∆t

βCm
V−1Ki

)−1(
Φt
m +

∆t

βCm
V−1KiΦ

t+∆t
e − ∆t

Cm
It+∆t
ion

)
, (4.74)

where E is the identity matrix. Since the calculation of Φt+∆t
m requires Φt+∆t

e to

already be known, an approximation is made, where the extracellular potential in

Equation (4.60) is calculated using the transmembrane potential at the previous

time step. A time stepping scheme of the following form can then be applied

1. Calculate Φt+∆t
e using Φt

m.

2. Calculate It+∆t
ion using the cell model.

3. Substitute Φt+∆t
e and It+∆t

ion into Equation (4.74) and calculate Φt+∆t
m .

In order for this scheme to work, the initial transmembrane distribution (Φ0
m) must

be known. This can be calculated simply by setting each node to be at its resting

potential, as specified by the cell model.
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4.4.4 Cell Model

In step two of the above time stepping scheme, the ionic current at each node

must be updated using a cell model. Based on the cell models described in the

previous chapter, the ten Tusscher and Panfilov model [43, 74] is the preferred

choice for the cell model as it is the most physiologically accurate and is able to

produce a realistic action potential. In order to more accurately reproduce ischaemic

conditions, an additional ATP activated K+ current was added to the model using

the same formulation as described in the Shaw-Rudy model.

Ischaemia was incorporated into the model in the same way as described by Shaw

and Rudy [36], which involved the consideration of three of the major experimentally

observed consequences:

1. Hyperkalaemia - elevated extracellular potassium concentration, caused by

the inability to remove cellular waste and responsible for an increase in resting

potential. This was achieved in the cell model by increasing the extracellular

potassium concentration from its normal level of 5.4 mM to 12 mM, which

caused the resting potential to rise to approximately −65 mV.

2. Acidosis - affects the fast sodium and L type calcium currents by reducing the

conductance of the respective ion channels, resulting in decreased upstroke

velocity. This was achieved in the cell model by reducing the maximum con-

ductance of the fast sodium current by 25 % and the maximum conductance

of the L type calcium channel by 50%̇

3. Anoxia - activates the ATP dependent K+ current, caused by a rise in the

extracellular pH levels, resulting in decreased action potential duration. This

was incorporated into the cell model by adjusting the half-maximal saturation

point (K0.5) according to the values proposed by Shaw and Rudy (0.042 for

healthy cells and 0.25 for ischaemic cells).

Figure 4.10 shows the action potential produced by the modified ten Tusscher and

Panfilov model under both normal and ischaemic conditions. The effects of ischaemia
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Figure 4.10: Transmembrane potential over one cardiac cycle produced from the
modified ten Tusscher and Panfilov model. The blue and red traces correspond

to healthy and ischaemic cells respectively

on the action potential can be clearly seen, with an increase in the resting potential

of approximately 20 mV, a decrease in the plateau potential of 20-30 mV as well as

a significant reduction in the action potential duration.

The entire cell model consists of 13 ionic currents modelled by seven differential

equations of the form
dy

dt
= f(t), (4.75)

and 12 differential equations of the form

dy

dt
= g(t)− h(t)y. (4.76)

These differential equations could be solved using a forward difference method,

yk+1 = yk + ∆t [f(tk)] , (4.77)
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for equations similar to (4.75), and

yk+1 = yk + ∆t [g(tk)− h(tk)yk] . (4.78)

for equations similar to (4.76). Due to the fact that some of the processes in the cell

occur at very small time scales, a time step of less than 0.001 ms was needed in order

to maintain stability in all of the differential equations. Since this time step is far

too small for practical use, it was decided to employ a semi-implicit method for the

differential equations with the same form as Equation (4.76). This was because it

was these differential equations which were causing the instability. The semi-implicit

method used for these differential equations is given by

yk+1 =
yk + ∆t g(tk)

1 + ∆t h(tk)
. (4.79)

Using this method, it was found that the time step could be increased to 0.04-0.05 ms

before the solution became unstable. It was decided to use a time step of 0.02 ms in

the cell mode as this value consistently gave stable solutions.

4.4.5 Time Stepping Procedure

Common values used for the time steps in the bidomain equation are in the order of

0.1 ms [94]. As this represents a good compromise between an accurate solution and

fast computation, it was decided to use 0.1 ms as the time step for Equation (4.74).

Simulations show that using a time step of 0.1 ms does not cause any instability in the

solution. Decreasing the time step to match that of the cell model did not noticeably

increase the accuracy of the solution, however, computation time was increased

significantly. This meant that two different time steps needed to be accounted for

in the solution method. This was achieved as follows:

1. Starting with Φm at t = 0 ms, complete five iterations of the cell model equa-

tions using a time step of 0.02 ms, to obtain a value of Iion at t = 0.1 ms.
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2. Substitute Φm into Equation (4.60) to give Φe.

3. Substitute Φe and Iion into Equation (4.74) to get Φm at t = 0.1.

4. Substitute Φm at t = 0.1 into the cell model equations and repeat the process.

The entire numerical solution method was written in C++ with the help of the

MPICH2 library [96] for taking advantage of multiple processors for increased per-

formance. The PETSc library [97–99] was also incorporated which was used to help

solve the matrix inversion equations. This was implemented using a Generalized

minimal residual (GMRES) [100] algorithm along with a Block-Jacobi precondi-

tioner. All simulations were run on the ‘Gowonda’ high performance computing

cluster at Griffith University.





Chapter 5

Validation of Numerical Methods

In this chapter, the numerical methods discussed in Chapter 4 are validated using

previous analytical and experimental results, with the help of the popular numerical

software package SCIRun [91] for visualisation. In particular, the analytical results of

Johnston et al. [5] are used to validate the finite volume implementation described in

Section 4.4. The availability of analytical results is particularly advantageous as this

allows the performance of the finite volume method to be accurately measured for

certain scenarios. As analytical solutions for the bidomain equations are in general

not possible, the analytical results of Johnston et al. are only available for a limited

set of geometries under steady state conditions. For this reason, experimental data

is used to validate the transient methods.

5.1 Comparison with Analytical Results

The first step in validating the numerical techniques discussed in Section 4.4 was

to take advantage of the results obtained by Johnston et al. [5] for the slab model

and compare them with those obtained using a similar cardiac geometry. The slab

model used for the finite volume method needed to be constructed slightly differently

from that used by Johnston et al., since it needed to have a finite length in each

spatial dimension. A length of 16 cm was chosen in the x and y directions as it had

99
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Figure 5.1: Diagram of the slab model used in the finite volume implementation.

already been established by Johnston et al. that this was large enough to allow the

potentials to approach zero at the x and y extremities. For the blood thickness, it

was decided that 20 cm should be large enough for the potentials also to approach

zero in the z direction.

The mesh was constructed with 65 nodes in both the x and y directions and 161

nodes in the z direction (81 nodes in the tissue and 80 in the blood). Equation (4.36)

was used for the interface condition between the tissue and blood, while insulation

conditions were used at the tissue-air interface. Insulation conditions were also used

at the blood-air interface with the exception of the blood base (z = 21) at which

the potentials were held to zero in order for the model to yield a unique solution. A

diagram of the modified slab model used for the finite volume method is shown in

Figures 5.1 and 5.2.

Extracellular potentials were calculated by solving the steady state bidomain equa-

tions (4.60) and (4.61) using a Generalised minimal residual (GMRES) method

[100] method with a Block-Jacobi preconditioner. Results were visualised using the



Chapter 5. Validation of Numerical Methods 101

Figure 5.2: Cross section of the slab model show the ischaemic region when the
depth is set to 10% (red), 50% (green), 90% (blue), 100% (purple).

SCIRun software package [91]. SCIRun was chosen due to its flexible and extensive

visualisation options, as well as its simple modular-based user interface, which was

both intuitive and easy to understand. An example diagram of a SCIRun network

used for visualisation of the epicardial potentials is shown in Figure 5.3.

5.1.1 Isotropic Conductivities

The first step in the validation process was to consider the most simple situation,

where the anisotropic properties of the tissue are ignored. A single conductivity

value was used throughout the tissue, which meant that the conductivity tensors

described by Equation (4.32) became

M =


σ 0 0

0 σ 0

0 0 σ

 , (5.1)

which allowed the governing equations (4.9) and (4.13) to be simplified to

Tissue: ∇2φe = −1

2
∇2φm, (5.2)

Blood: ∇2φb = 0. (5.3)



Chapter 5. Validation of Numerical Methods 102

Figure 5.3: An example SCIRun network used for visualisation of the epicardial
potentials in the slab model.

The tissue and blood conductivities were set to 1.74 mS/cm and 6.70 mS/cm respec-

tively, in order to match the values used by Johnston et al. [5], which were based

on the values reported by Clerc [12].

The extracellular epicardial potential distributions (EPDs) for the analytical method

are shown in Figure 5.4. The results in these figures show that when the ischaemic

region does not extend completely to the epicardium, the EPDs are not affected

by ischaemic thickness. The only deflection at the epicardium is a single area of

depression located directly above the ischaemic region. Once the ischaemia becomes

transmural, the EPDs show elevation above the ischaemic region with depression in
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Figure 5.4: Analytical results for the isotropic slab model. Solid and dashed
contours represent positive and negative potentials respectively. The thick dashed
line in (a) shows the projection of the ischaemic region onto the epicardium. The
thick solid contour is the zero potential. (a) 10% ischaemia, (b) 90% ischaemia

and (c) 100% ischaemia.

the surrounding area. This was an important result from the study by Johnston

et al. [5], which showed that simulations using isotropic conductivities could not

accurately predict electrical behaviour during sub-endocardial ischaemic conditions.

The results from the numerical method are shown in Figure 5.5. When comparing

these to the analytical results, it is quite difficult to notice any differences, with the

EPDs showing almost identical potentials. This indicates that the complexity may

safely be increased to include anisotropic conditions.
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Figure 5.5: Numerical results for the isotropic slab model. White and black
contours represent positive and negative potentials respectively. The thick black
contour is the zero potential. (a) 10% ischaemia, (b) 90% ischaemia and (c) 100%

ischaemia.

5.1.2 Anisotropy without Fibre Rotation

Once the isotropic model had been validated, the next step was to introduce anisotropic

conductivities. As mentioned in Chapter 2, cardiac tissue is made up of parallel fibres

which arrange themselves in sheets around the endocardium. In both the intracel-

lular and extracellular spaces, current flows more easily along the fibres than across

them. It is assumed in this model, however, that the current flows just as easily

transverse to the fibres but parallel to the sheets as it does transverse to the sheets.
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σle σte σli σti σb
0.625 2.36 1.74 0.19 6.70

Table 5.1: Conductivity data used for the slab model. All conductivities have
units of mS/cm.

In order to represent the anisotropy, four separate conductivities are needed for the

cardiac tissue, two in each of the extracellular and intracellular spaces in both the

longitudinal and transverse directions (σle, σ
t
e, σ

l
i, σ

t
i). The blood is still represented

by a single conductivity (σb) as it is well known that the blood is electrically isotropic.

The conductivities used in the validation process are the same as those used by

Johnston et al. [5] and correspond to the values reported by Clerc [12]. Table 5.1

shows the values used for each conductivity.

Another interesting property of cardiac tissue is the rotation of the fibres. As men-

tioned in Chapter 2, the sheets of fibres are stacked on top of one another slightly

offset, so that the direction in which the fibres point changes slightly from sheet to

sheet. This results in a rotation of the fibres throughout the myocardium. This

property was ignored in this section and the fibres were made to all run parallel to

the x-axis. The conductivity tensors in Equation (4.9) could then be given as

Mi =


σli 0 0

0 σti 0

0 0 σti

 , Me =


σle 0 0

0 σte 0

0 0 σte

 . (5.4)

The extracellular EPDs for the anisotropic model are shown in Figures 5.6 and 5.7.

The results from the two solution methods are again almost identical, and it is quite

difficult to find any differences. For the case of 10 % ischaemia, the results look

similar to those seen in the isotropic case, with a single depression situated over the

ischaemic region. The shape of the depression for the anisotropic case, however, is

slightly elongated in the x direction. This can simply be explained by the fact that

the fibres were aligned with the x-axis, and hence the conductivity is greater in that

direction.
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Figure 5.6: Analytical results for the anisotropic slab model without fibre ro-
tation. Solid and dashed contours represent positive and negative potentials re-
spectively. The thick black contour is the zero potential. (a) 10% ischaemia, (b)
30% ischaemia, (c) 50% ischaemia, (d) 70% ischaemia, (e) 90% ischaemia and (f)

100% ischaemia.
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Figure 5.7: Numerical results for the anisotropic slab model without fibre ro-
tation. White and black contours represent positive and negative potentials re-
spectively. The thick black contour is the zero potential. (a) 10% ischaemia, (b)
30% ischaemia, (c) 50% ischaemia, (d) 70% ischaemia, (e) 90% ischaemia and (f)

100% ischaemia.
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As the ischaemic thickness is increased, unlike the isotropic case, the EPDs change

significantly. At a thickness of 50 %, a pattern of three colinear depressions is clearly

visible on the epicardium, one directly over the ischaemic region and two over the

ischaemic lateral borders. As the ischaemic thickness is increased further, the po-

tentials directly above the ischaemic region start to increase. Once the thickness

reaches 80 %, elevation starts to occur over the ischaemic region, which spreads to

the entire area above the ischaemic region as the ischaemia becomes transmural. At

this stage, the EDP’s look similar to those seen in the isotropic case except that

there is, again, an elongation in the x direction.

5.1.3 Anisotropy with Fibre Rotation

The final scenario for comparison with the analytical results was the full anisotropic

model, which incorporates rotation of the fibres. As mentioned in Section 4.3.1,

rotation of the fibres was achieved by aligning the fibres with the x-axis at the

epicardium and using a linear variation according to the function

g(z) =
2π

3
z. (5.5)

This meant that the conductivity tensors had the form

Mi =


(
σli − σti

)
cos2 (g(z)) + σti

(
σli − σti

)
cos (g(z)) sin (g(z)) 0(

σli − σti
)

cos (g(z)) sin (g(z))
(
σli − σti

)
sin2 (g(z)) + σti 0

0 0 σti

 (5.6)

Me =


(
σle − σte

)
cos2 (g(z)) + σte

(
σle − σte

)
cos (g(z)) sin (g(z)) 0(

σle − σte
)

cos (g(z)) sin (g(z))
(
σle − σte

)
sin2 (g(z)) + σte 0

0 0 σte

 (5.7)

The extracellular EPDs for the anisotropic model with fibre rotation are shown in

Figures 5.8 and 5.9. The comparison between the analytical and numerical solutions

is much more interesting for this scenario than the previous ones, as there appear
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to be differences between the results of each solution method. For the case of low

ischaemic thickness, both results show a single depression, similar to the simpler

scenarios. However, there is a slight difference between the EPDs obtained from

the analytical and numerical solutions. As the ischaemic thickness is increased to

medium levels, the distinct three depression pattern is still seen in both results.

Again, however, the analytical results look slightly different to the numerical results,

with a different alignment of the depressions. It can also be seen that the potentials

at each corner of the model are zero in the analytical case, but not in the numerical

case. This difference in behaviour continues as the ischaemic thickness increases to

high levels. Once the ischaemia becomes transmural, the results start to agree much

more, with only slight differences seen in the zero potential contours.

These differences suggest that there is either an error in the numerical methods, or

there has been something overlooked in the model setup. On closer inspection of the

slab model, it was found that the differences were due to slightly differing boundary

conditions imposed by the FFT inversion process in the analytical method. Although

this was also the case for the previous scenarios, the differences were masked by the

simplifications of the model and went undetected. The problem was due to the

insulation conditions used at the x and y boundaries of the tissue. In Johnston et

al.’s [5] method, periodic boundary conditions were imposed in the x and y directions

as a consequence of applying a FFT to find the epicardial potentials. This resulted

in boundary conditions of the form

∂φe
∂x

= 0 at the x boundaries, (5.8)

∂φe
∂y

= 0 at the y boundaries. (5.9)

The insulation conditions used in both the numerical approaches had the form

n · (Mi + Me)∇φe = 0, (5.10)
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Figure 5.8: Analytical results for the anisotropic slab model with fibre rotation.
The fibres are orientated along the x-axis at the epicardium. Solid and dashed
contours represent positive and negative potentials respectively. The thick black
contour is the zero potential. (a) 10% ischaemia, (b) 30% ischaemia, (c) 50%

ischaemia, (d) 70% ischaemia, (e) 90% ischaemia and (f) 100% ischaemia.
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Figure 5.9: Numerical results for the anisotropic slab model with fibre rotation.
The fibres are orientated along the x-axis at the epicardium. White and black
contours represent positive and negative potentials respectively. The thick black
contour is the zero potential. (a) 10% ischaemia, (b) 30% ischaemia, (c) 50%

ischaemia, (d) 70% ischaemia, (e) 90% ischaemia and (f) 100% ischaemia.
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where n is the unit vector perpendicular to the boundary. Expanding Equation

(5.10) for the x and y boundaries gives

(Mi + Me)1,1

∂φe
∂x

+ (Mi + Me)1,2

∂φe
∂y

+ (Mi + Me)1,3

∂φe
∂z

= 0 (5.11)

at the x boundaries and

(Mi + Me)2,1

∂φe
∂x

+ (Mi + Me)2,2

∂φe
∂y

+ (Mi + Me)2,3

∂φe
∂z

= 0 (5.12)

at the y boundaries, where (Mi + Me)i,j is the element in the ith row and jth

column of (Mi + Me). For the cases of isotropic conductivities and anisotropic con-

ductivities without fibre rotation, the conductivity tensors in both the extracellular

and intracellular spaces were diagonal, which meant that the off-diagonal elements

of (Mi + Me) were zero, and the boundary conditions became exactly like those in

the analytical method. When fibre rotation is included, the conductivity tensors

are no longer diagonal (see Equations (5.6) and (5.6)), and the boundary conditions

become

[
(σL − σT ) cos2 (g(z)) + σT

] ∂φe
∂x

+ [(σL − σT ) cos (g(z)) sin (g(z))]
∂φe
∂y

= 0, (5.13)

[(σL − σT ) cos (g(z)) sin (g(z))]
∂φe
∂x

+
[
(σL − σT ) sin2 (g(z)) + σT

] ∂φe
∂y

= 0, (5.14)

where σL = σli + σle and σT = σti + σte. This is significantly different to the bound-

ary conditions used in the analytical methods and is the reason for the different

potentials observed at the epicardium. It is important to note that this discrepancy

does not invalidate the results of the numerical models. It simply means that the

models are describing slightly different physical scenarios. As the slab model itself

is a simplified representation, it is only meant to provide qualitative information

about the electrical behaviour, so perfection in the artificial boundary conditions is

unnecessary. Although the potential distributions did not exactly match up for this

situation, the general behaviour of the numerical models was consistent with the

analytical model. Due to this, the boundary conditions used in the finite volume
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model were not modified from their natural state.

5.2 Validation of the Tetrahedral Method

Once the hexahedral finite volume method was validated, the next step was to vali-

date the tetrahedral method by showing that it was able to produce the same results.

This was achieved by constructing two versions of the slab and half-ellipsoid mod-

els. The first versions were constructed with hexahedral elements using the methods

described in Section 4.3. The second versions were constructed with tetrahedral ele-

ments using SCIRun [91] with the help of the TetGen [92] module. For each model, a

triangle surface mesh was first constructed using the surface of the hexahedral mesh,

which was then given the SCIRun to produce a tetrahedral mesh. The parameters

used with the TetGen module ensured tetrahedral meshes with similar node density

to their hexahedral counterparts. For each of the four models, a rectangular is-

chaemic region was used and the ischaemic thicknesses were set at 50%. See section

8.1.1 for a description of how the ischaemic region for the half-ellipsoid model was

constructed. Also, 120◦ fibre rotation and Clerc’s conductivities [12] were used for

all simulations. The correct finite volume method was then applied to each of the

models and solutions for the steady state bidomain equation were obtained.

Figure 5.10 shows the epicardial potentials for both the hexahedral and tetrahedral

methods. For the half-ellipsoid model, the epicardial surface is flattened onto the x−

y plane to form a circle. The radius of each node on the circle is scaled according to its

value of θ in equations (4.37)-(4.39). Clearly, this figure shows that the tetrahedral

method gives almost exactly the same results as the hexahedral method. For both

the slab and half-ellipsoid model, the EPDs are indistinguishable from each other.

Overall, the relative difference between the hexahedral and tetrahedral methods was

given by

||ΦT − ΦH ||2
||ΦH ||2

= 0.014 for the slab model,
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Figure 5.10: Comparison of EPDs using hexahedral and tetrahedral finite vol-
ume method for 50% ischaemia. The top and bottom rows correspond to the slab
and half-ellipsoid models, respectively, while the left and right columns correspond

to the hexahedral and tetrahedral finite volume methods, respectively.

||ΦT − ΦH ||2
||ΦH ||2

= 0.008 for the half ellipsoid model,

where ΦH and ΦT are vectors of potentials at the nodes of the hexahedral and

tetrahedral meshes, respectively. For the half-ellipsoid model, the difference in the

maximum potential was 0.002 mV and the difference in the minimum potential was

0.004 mV. The slab model gave slightly larger differences with the maximum poten-

tial differing by 0.008 mV and the minimum potential differing by 0.012 mV. The

likely reason for this was the blood volume in the slab model. Due to the way the
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tetrahedral mesh was created by TetGen, the nodes were not clustered in the same

way as the hexahedral mesh, where the nodes were clustered towards the blood-

tissue interface. It is clear that this does have an effect on the epicardial potentials.

This effect, however, is not large enough to cause any significant issues. Overall, the

results in Figure 5.10 show that the two finite volume methods give the same results

for equivalent meshes.

One interesting observation for the EPDs in Figure 5.10 is that there is a distinct

difference in the EPDs between the slab and half-ellipsoid models. This phenomenon

and the reasons for it are discussed in Chapter 8.

5.3 Spatial Discretisation

Once the numerical model was shown to be giving reasonable results, the next im-

portant step was to test the dependence of the solutions on the spatial discretisation

of the mesh. The results in the previous section used 65 nodes in the x and y

direction and 81 nodes in the z direction (41 in the blood, 40 in the tissue). For

this section it was decided to use four different discretisation sets, shown in Table

5.2, and compare their results to analytical results produced using Johnston et al.’s

method [5]. As there were slight differences in the boundary conditions for the full

anisotropic model with fibre rotation, fibre rotation was not included in this sec-

tion. An ischaemic thickness of 50% was used for each simulation, with conductivity

values again based on those reported by Clerc [12].

Case x nodes y nodes z nodes (tissue) z nodes (blood) total nodes
1 33 33 21 20 44,649
2 65 65 41 40 342,225
3 129 129 81 80 2,679,201
4 257 257 161 160 21,201,729

Table 5.2: Numbers of nodes in the x, y, and z direction used in the slab model
for each set
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Figure 5.11: Numerical results for the anisotropic slab model with an ischaemic
thickness of 50% and without fibre rotation. White and black contours represent
positive and negative potentials respectively. The thick black contour is the zero

potential. (a) Case 1, (b) Case 2, (c) Case 3 and (d) Case 4.

The extracellular EPDs for each node set are shown in Figure 5.11. Also, the accu-

racy of each case is quantitatively compared with the analytical method in Table 5.3.

As Case 2 corresponds to the node spacing used in the previous section, the results

are exactly the same as before. Figure 5.11 shows that all four cases give quali-

tatively reasonable results when compared with the analytical results (see Figure

5.6). Case 1 naturally looks the worst, with an underestimation of the magnitude

of the potentials in the depressions. Case 2 performed reasonably well, with poten-

tials much closer to those in the analytical results. Case 3 performed better than

Case 2 as expected, with a reduction in the relative error by a factor of 1.62. This
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Case time (s) iterations error
1 6 583 0.161
2 11 181 0.105
3 153 386 0.065
4 1928 731 0.042

Table 5.3: Performance of each discretisation set for the slab model. Error
values are calculated as err = ||Φ−Φe||2

||Φe||2 , where Φ and Φe are the numerical and
analytical potentials, respectively.

was repeated again for Case 4, with the relative error reduced again by a factor of

1.55. The EPD for Case 4 looked almost identical to the analytical results, with no

detectable differences. Looking at the decrease in relative error as the node spacing

decreases, it can be safely assumed that the finite volume method is converging to

the exact potentials.

5.4 Parallel Code Performance

As mentioned in Chapter 4, the finite volume code for solving the bidomain equations

was written in C++ and utilised both the MPICH2 library [96] and the PETSc li-

brary [97–99]. The advantage of using these software libraries was that they provided

efficient and robust functions for communicating between processors (MPICH2) and

solving linear systems of equations in parallel (PETSc). PETSc provides a number

of algorithms and preconditioners for solving systems of equations; however, most of

these algorithms require the matrix and preconditioner to be symmetric. As this is

generally not the case when solving the bidomain equations, these algorithms could

Processors GMRES Iterations Time (s) Speed-up
1 59 18.235 1.00
2 68 12.570 1.45
4 92 7.054 2.59
8 135 4.625 3.94
16 184 3.541 5.14
32 201 2.869 6.36

Table 5.4: Speed-up of parallel code for different numbers of processors
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Figure 5.12: Speed-up and execution time of parallel code for different numbers
of processors. Red plot is speed-up while blue plot is execution time.

not be used. From the remaining algorithms, the GMRES algorithm (based on the

Generalized minimal residual method [100]) was chosen as it was the most stable

and best documented.

Simulations were run with the steady state bidomain equations using the slab model.

The slab model was constructed in the same way as described in section 5.1 and a

rectangular ischaemic region with 50% thickness was used for all simulations. Table

5.4 and Figure 5.12 show the performance for different numbers of processors.

What can be seen from these results is that, as expected, an increase in the number

of processors decreases the computation time for the numerical code. The largest

number of processors used was 32, and this gave a speed-up of approximately 6.36.

The results also show that with the exception of 2 processors, a doubling of the

number of processors increased the speed-up by approximately 1.25. Along with a

decrease in computation time, increasing the number of processors also increases the

number of iterations required for the solution to converge, causing a reduction in

the speed-up. Another factor which reduces the speed-up is the overhead required
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for the processors to communicate with each other, which increases as the number

of processors increase.

5.5 Propagation Velocity

One important characteristic not mentioned so far in this chapter is the depolari-

sation wave propagation velocity. The propagation velocity is simply the speed at

which the cells in the heart are activated (depolarised). A quality numerical model

should be able to estimate the propagation velocity with a reasonable degree of ac-

curacy. Once the heart is stimulated, the depolarisation wave rapidly spreads across

all of the tissue in the heart. The speed of this propagation wave has been measured

experimentally by a number of different studies [12, 13, 101], with a fairly consistent

range of values reported. See Table 5.5 for a list of reported propagation velocities

for ventricular tissue. It should be noted that the propagation velocity, like the

conductivities, is larger in the direction of the fibres rather than across the fibres.

A number of different factors in the numerical model can influence the propagation

velocity. These include conductivity values, cell model choice, as well as the spatial

and temporal discretisations. The sensitivity of the propagation velocity to each

of these factors was studied and the results are given in Sections 5.5.1-5.5.3. For

measuring the propagation velocity, a rectangular block of tissue was used. The x

and y dimensions were both 5 cm and the thickness was set to 1 cm, as in the slab

model. In order to make the calculations more straightforward, fibre rotation was

not included and the fibres were all aligned with the x-axis. This meant that the

Reference longitudinal (cm/s) transverse (cm/s)
Clerc [12] 48 ± 4 16 ± 1
Roberts et al. [13] 58 ± 8 25 ± 3
Kleber et al. [101] 50 ± 2 21 ± 1

Average 52± 5 21± 2

Table 5.5: Propagation velocities reported for three different studies in both
the longitudinal (along the fibres) and transverse (perpendicular to the fibres)

directions.
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propagation velocities could be calculated by simply recording the wave speed in the

x (longitudinal) and y (transverse) directions.

5.5.1 Effect of Discretisation Values

The first factors tested were the spatial and temporal discretisations. For this, five

different values for each parameter were used. For the spatial discretisation, node

separations of 0.2 cm, 0.1 cm, 0.05 cm, 0.02 cm and 0.01 cm were used. The temporal

discretisation values used were similarly 0.1 ms, 0.05 ms, 0.02 ms, 0.01 ms. It should

be noted that these time step values are the values used in Equation (4.74) and

not for the cell models. Each cell model has its own internal time step which is

separate from the one chosen here. The cell model used here was the ten Tusscher

and Panfilov model [43, 74], as it is the most realistic model of those described in

the previous chapters. For the cell model’s internal time step, a value of 0.02 ms was

used in all cases, except where the time step in Equation (4.74) was decreased to

0.01 ms, where it was also decreased to 0.01 ms. These values were chosen to both

maintain stability and also so that the cell model time step was not greater than

the global time step. Values of 2.0µF/cm2 and 2000 cm−1 were used for Cm and

β, respectively, based on the values reported in the ten Tusscher and Panfilov [74]

model. Clerc’s [12] data was used for all conductivity values.

Propagation velocities for various discretisation values are summarised in Table 5.6.

From this table it is immediately apparent that the node spacing has a significant

effect on the propagation velocity. The time step size, however, did not appear to

have much effect at all. It should be noted that when a time step much larger than

0.1 ms was used, then the model started to exhibit some stability issues. However,

as long as the time step was not greater than 0.1 ms, very little effect on the model

was observed. For the node spacing, the situation was very different. With the

node spacing set to 0.2 cm, the transmembrane potential failed to propagate in any

direction. Taking a closer look at the cell model, it can be seen that in order for a
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node spacing (cm)

0.20 0.10 0.05 0.02 0.01

0.10
vl = 0 vl = 21.27 vl = 47.44 vl = 52.14 vl = 55.56

vt = 0 vt = 12.17 vt = 19.88 vt = 20.86 vt = 21.20

0.05
vl = 0 vl = 21.45 vl = 47.53 vl = 52.25 vl = 55.59

time vt = 0 vt = 12.23 vt = 19.95 vt = 20.90 vt = 21.32

step
0.02

vl = 0 vl = 21.73 vl = 47.64 vl = 52.32 vl = 55.65

(ms) vt = 0 vt = 12.27 vt = 19.99 vt = 20.95 vt = 21.35

0.01
vl = 0 vl = 22.04 vl = 47.70 vl = 52.39 vl = 55.69

vt = 0 vt = 12.31 vt = 19.03 vt = 20.98 vt = 21.39

Table 5.6: Propagation velocities obtained with varying values for the time
step and node spacing in both the longitudinal (along the fibres) and transverse

(perpendicular to the fibres) directions. All velocities have units of cm/s.

node to activate, the potential must be raised above the threshold value (approxi-

mately -60 mV). Also, until this point, the cell model attempts to counter this by

pushing the potential back towards its resting value. When the nodes are too far

apart, there is not a large enough potential gradient for diffusion to overcome the

cell model and the potential does not reach the threshold value. The critical value

for the node spacing where propagation can occur lies somewhere between 0.2 cm

and 0.1 cm. This value, however, was different for each fibre orientation. In the

longitudinal fibre direction, propagation starts to occur when the time step is ap-

proximately 0.19 cm, while transverse propagation does not occur until the node

spacing is reduced to 0.15 cm. This was, of course, due to the differing conductiv-

ities in the respective directions causing a larger diffusion in the direction of the

fibres. Once the node spacing was reduced to 0.1 cm, propagation occurred readily

in all directions. However, the speed of the propagation wave was much smaller than

expected, with the propagation along the fibres less than half of what is observed

experimentally. Decreasing the node spacing further almost immediately corrected

this problem, with the propagation velocities very rapidly increasing and appearing

to converge to values in the vicinity of those reported in Table 5.5. Looking at the
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velocities in Table 5.6, it would appear that the node spacing should be made as

small as possible to get accurate propagation values. Unfortunately, this would mean

a very large number of nodes, which would be computationally expensive. In the

slab model, the difference between a node spacing of 0.05 cm and 0.01 cm is a factor

of 125 in the number of nodes in the tissue (258,883,301 vs 2,163,861). For this

reason, a node spacing of 0.05 cm was preferred, as it resulted in a computationally

viable number of nodes as well as propagation velocities within 10% of experimental

values.

5.5.2 Effect of Cell Model Choice

The second factor to be tested was the cell model choice. For this, three different

cell models were used, one from each class of model:

1. Fitzhugh-Nagumo model [52] (phenomenological model),

2. Beeler-Reuter model [55] (first generation model),

3. ten Tusscher and Panfilov model [43, 74] (Second generation model).

While the Fitzhugh-Nagumo model is only a phenomenological model and not par-

ticularly useful for simulating realistic scenarios, its behaviour is still of interest

as its formulation is quite different to the other two models. For each cell model

scenario, the values used for β and Cm corresponded to those reported in the cell

models. Where there was no value given in the cell model (particularly for the

Fitzhugh-Nagumo model), values from the ten Tusscher and Panfilov model were

used instead. The node spacing and time step used were 0.05 cm and 0.1 ms respec-

tively. This was based on the results in the previous section which showed these

values gave reasonably accurate propagation velocities. Clerc’s [12] data was again

used for all conductivity values. The internal time steps used in the cell models were

as follows:
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Cell Model Propagation Velocities

Fitzhugh-Nagumo [52]
vl = 0

vt = 0

Beeler-Reuter [55]
vl = 45.84

vt = 18.89

ten Tusscher and Panfilov [43, 74]
vl = 47.44

vt = 19.88

Table 5.7: Propagation velocities obtained with different cell models. All veloc-
ities have units of cm/s.

• Fitzhugh-Nagumo model: 0.1 ms

• Beeler-Reuter model: 0.1 ms

• ten Tusscher and Panfilov model: 0.02 ms

Table 5.7 shows the propagation velocity achieved with each cell model. The most

interesting of these results is that there was no propagation at all when the Fitzhugh-

Nagumo model was used. It is not surprising that the results differ significantly from

the other two cell models, as the model is formulated very differently. However, it

was not expected that the transmembrane potential would not propagate at all. In

order to understand the reasons for this, the Fitzhugh-Nagumo model was studied

further. Figure 5.13 shows the first part of the action potential for a single cell using

the Fitzhugh-Nagumo model. A stimulus was applied until the activation threshold

potential was reached (-68.75 mV) and then turned off. What can be seen in this

figure is that the upstroke velocity of the cell is very small when the potential is close

to the threshold value and increases as the potential increases. This behaviour can

be confirmed by looking at Equation (3.12), which shows that the difference from

the threshold potential contributes to the change in the transmembrane gradient.

Looking at Figure 5.13, the maximum upstroke velocity occurs at V = −11.74 mV

and has a value of 1.69 mV/ms. Comparing these values with those obtained using a

more sophisticated cell model shows why there was no propagation observed. Figure
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Figure 5.13: Transmembrane potential for the activation of the Fitzhugh-
Nagumo model [52] when the stimulus is turned off at the threshold potential.

5.14 shows the ten Tusscher and Panfilov model under the same conditions as Figure

5.13. Here, the threshold potential is approximately 60 mV, and the maximum

upstroke velocity is 309.9 mV/ms. Similarly, the Beeler-Reuter model has a threshold

potential of approximately 60 mV, and maximum upstroke velocity of 289.5 mV/ms.

This upstroke velocity is the key to achieving propagation. If this value is not large

enough, the contribution of the cell model to the transient bidomain equation is not

large enough to overcome the effect of the diffusion process caused by the second

term in that equation. It is clear that the upstroke velocity for the Fitzhugh-Nagumo

model is far too small (almost 200 times smaller than the other models) to allow

propagation to occur.

When the other two cell models were compared, the results were fairly similar,

with the propagation velocities within 5% of each other and, from looking at the

respective cell model equations, the reasons for this are quite clear. The main ion

channel responsible for activation of the cell is the fast sodium channel. It was

seen, in Section 3.2, that the formulation for the fast sodium channel has remained

fairly consistent throughout all the models which incorporate it. This means that
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Figure 5.14: Transmembrane potential for the activation of the ten Tusscher and
Panfilov model [43, 74] when the stimulus is turned off at the threshold potential.

the Beeler-Reuter and ten Tusscher and Panfilov models should be expected to give

similar upstroke velocities, resulting in similar propagation velocities.

One factor not discussed so far, which would have a significant effect on the propa-

gation velocities, is the β and Cm parameter dependence. From Equation (5.15), it

can be seen that these two parameters can have a significant effect on the terms on

the right hand side of the equation. Simply decreasing the value of β or Cm would

have a similar effect to increasing the conductivity values, which would increase the

propagation velocities. Unfortunately, however, these parameters are coupled with

the cell model and should not be independently altered.

5.5.3 Effect of Conductivity Values

The third factor tested was the conductivity values. For this, three conductivity sets

were used:

• Clerc [12]
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Conductivity data Propagation Velocities

Clerc [12]
vl = 47.44

vt = 19.88

Roberts et al. [13]
vl = 65.78

vt = 17.89

Roberts and Scher [14]
vl = 74.26

vt = 35.32

Table 5.8: Propagation velocities obtained with different conductivity data sets.
All velocities have units of cm/s.

• Roberts et al. [13]

• Roberts and Scher [14]

The conductivity values for these three data sets are shown in Table 2.1. For each

conductivity set, the values used for β and Cm were again unchanged and the dis-

cretisation values were the same as with the cell model test. The ten Tusscher and

Panfilov model [43, 74] was used as the cell model. Although the Beeler-Reuter

model [55] performed just as well in the previous section, it was decided to use the

ten Tusscher and Panfilov model as it is the more realistic and up-to-date model of

the two.

The propagation velocities from each cell model can be seen in Table 5.8. The re-

sults for Clerc’s data are of course the same as the results in the previous sections.

The comparison between the results is quite interesting with some values signifi-

cantly different to each other. Firstly, there is a significant rise in the longitudinal

propagation velocity moving down the list. The results using the data of Roberts

et al. [13] gave a longitudinal velocity of 65.78 cm/s, which is approximately 25%

larger than reported values and the results using the data of Roberts and Scher

[14] gave a longitudinal velocity of 74.26 cm/s, which is approximately 40% larger

than reported values. Both of these values are far too large when compared with

the results from Clerc’s data, which was within 10% of reported values. For the
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σli σti
Clerc [12] 1.74 0.19
Roberts et al. [13] 2.80 0.26
Roberts and Scher [14] 3.40 0.60

Table 5.9: Intracellular conductivity values used for calculating the transmem-
brane potential propagation in the slab model. σli and σti are the intracellular
conductivities along and across the fibres respectively. All values have units of

mS/cm.

transverse propagation, the situation is slightly different, with Roberts et al.’s data

giving a fairly accurate estimation of the propagation velocity, with less than 15%

difference from reported values. The results from Roberts and Scher’s data however,

was significantly worse, with a value almost double that observed experimentally.

The reasons for the discrepancies in the propagation velocities for each conductivity

set can be better understood by looking at the transient bidomain equation along

with the intracellular conductivity values of each data set. Rearranging the transient

bidomain equation in Equation (4.12) gives

∂φm
∂t

=
1

Cmβ
∇ ·Mi∇ (φe + φm)− 1

β
iion. (5.15)

From this it can be seen that there is no dependence on the extracellular conduc-

tivity tensor, only the intracellular tensor. This means that while the extracellular

potential is highly dependent on the extracellular conductivities and therefore does

introduce some influence into the transmembrane calculation, the effect of the intra-

cellular conductivities appears to significantly outweigh this effect. The intracellular

conductivities for each of the data sets shown in Table 5.8 are given in Table 5.9.

The trend seen in the propagation velocities is easily understood when looking at

the intracellular conductivities, with the trend in the longitudinal velocities mim-

icking very well that of the longitudinal conductivities, with a steady increase from

top to bottom. The large transverse velocity seen using Roberts and Scher’s data

is also explained by the significant difference in the transverse conductivity value,

which is more than three times larger than the value given by Clerc. One interesting

result, not explained by the conductivity values, is the difference in the transverse
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velocities between Clerc’s and Roberts et al.’s data. Although Clerc’s data gave a

slightly larger propagation velocity across the fibre, it in fact has a slightly smaller

conductivity in that direction. One possible explanation for this is that since the

intracellular conductivities are very close, the influence of the extracellular conduc-

tivities is enough to alter the velocity. In fact, a study of the extracellular conduc-

tivities in Clerc’s data confirms that there is a much larger transverse conductivity

than the other data sets.



Chapter 6

Steady State Slab Model

In the previous chapter, the slab model was primarily used to validate the numerical

techniques described in Chapter 4. This chapter will also focus on solving the

bidomain equations using the slab model. Only the steady state equations will be

used for this chapter, while the transient equations will be used in the next chapter.

The sensitivity of various properties, such as conductivity, blood thickness, ischaemic

geometry and the border zone in the epicardial potentials will be studied.

6.1 Tripole Angle

In the validation results from Chapter 5, one of the key qualitative results was the for-

mation of three distinct depressions (a tripole) at medium thicknesses of ischaemia.

When fibre rotation was ignored, these three depressions aligned themselves with the

fibre orientation (along the x-axis). When fibre rotation was incorporated, the three

depressions shifted to an alignment of approximately 86.3 degrees anti-clockwise

from the x-axis. These simulations used a total fibre rotation from the endocardium

to the epicardium of 120 degrees, as this was close to the mean value reported by

experiments. Total fibre rotation values, however, have been reported lower than

100 degrees and as high as 180 degrees [5].

129
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Figure 6.1: Plot of the angle from the positive x axis of the line joining the
three depressions against the total fibre rotation, along with the line of best fit

(dotted).

To study the effect of the degree of fibre rotation on the tripole rotation, numerical

simulations were run with total fibre rotation values from 0 to 180 degrees. An

ischaemic thickness of 50% was used, as this value gave a distinct three depression

pattern at the epicardium. The angle of the tripole was found by determining a line

of best fit through all three local minima, and calculating the angle to the positive

x-axis.

The results show a very strong linear relationship between total fibre rotation and the

tripole angle. Figure 6.1 shows the line of best fit having a gradient of approximately

0.71 and an R2 value of 0.988.

Epicardial distributions are also shown in Figure 6.2 for several values of total fibre

rotation. These figures illustrate the change in the EPDs as the fibre rotation is in-

creased. What can be seen from these figures is that, as that fibre rotation increases,

the EPD pattern also rotates in the same direction (anticlockwise). Although the

tripole angle changes dramatically as the fibre rotation increases, the three depres-

sion pattern remains fairly consistent for each simulation. There are, however, some
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Figure 6.2: Numerical EPDs for varying values of total fibre rotation at 50%
ischaemic thickness. White and black contours represent positive and negative
potentials, respectively. The thick black contour is the zero potential. (a) 30 ◦ total
rotation, (b) 60 ◦ total rotation, (c) 90 ◦ total rotation, (d) 120 ◦ total rotation,

(e) 150 ◦ total rotation and (f) 180 ◦ total rotation.
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Figure 6.3: Numerical EPD for a total fibre rotation angle of 360 degree at 50%
ischaemic thickness

subtle differences in the EPD pattern at different tripole angles. The most signifi-

cant of these is when the two outer depressions are near the corners of the ischaemic

region (Figure 6.2 (b) and (f)). In this situation, the outer depressions appear to

follow the shape of the ischaemic border, with a bend in the pattern. It should be

noted, however, that when the fibre rotation is much greater than 180 degrees, the

tripole pattern observed in these results does not continue. Figure 6.3 shows the

EPD for a fibre rotation value of 360 degrees. This figure shows that when the fibre

rotation is increased well beyond realistic values, the three depression pattern breaks

down and multiple depressions occur. Fortunately, these scenarios are far beyond

what is reported experimentally, so can be safely disregarded.

Another interesting phenomenon seen in the tripole simulations was a variation in

the minimum potentials at different fibre rotations. Figure 6.2 shows that when the

two outer depressions are located near the corners of the ischaemic region (Figure

6.2 (b) and (f)), the minimum potentials are higher compared to the situation when
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they are located over the sides. This can also be observed from the contour lines in

Figure 6.2. Although these differences do not cause significant changes in the EPD

patterns for the slab model, more consideration may need to be given to the total

fibre rotation for more complex and realistic models.

6.2 Modifying the Ischaemic Geometry

As mentioned in Section 2.4, a key assumption in previous models as well as the

original slab model [5–7], is that the ischaemic region has a rectangular prism like

shape. For the slab model, the reason for this was so that the analytical solutions

could be found much more easily, since more complicated shapes may not behave

so nicely when attempting to take the Fourier transform. In this section, different

ischaemic geometries were modelled and their results compared with those from the

rectangular ischaemic geometry.

Two different simple ischaemic geometries were chosen as alternatives to the rect-

angular prism shape. The first was a cylindrical shape, which removed some of the

sharp edges from the rectangular model. The second was a semi-ellipsoidal shape,

which removed all sharp edges except those at the endocardium, which are unavoid-

able for sub-endocardial ischaemia.

6.2.1 Rectangular Ischaemic Geometry

The rectangular ischaemic geometry has been described previously in Section 4.3.1.

Also, EPDs calculated using the rectangular ischaemic geometry can be found in

Section 5.1.2. The motivation for changing the ischaemic geometry comes from

looking at the extracellular current density field in and around the ischaemic region.

The current density in the extracellular space is given by

Je = Me∇φe, (6.1)
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Figure 6.4: Diagram of the current path behaviour for the slab model with a
rectangular shaped ischaemic region at varying degrees of ischaemia. (a) low thick-
ness ischaemia. (b) medium thickness ischaemia. (c) high thickness ischaemia.

where Me and φe are the extracellular conductivity tensor and potential respectively.

By calculating these vectors at various points in the model, the current paths can

be traced and analysed. Figure 6.4 shows the current paths for the slab model for

varying ischaemic thicknesses with a rectangular ischaemic geometry.

What Figure 6.4 shows is that the sharp edges in the ischaemic region appear to

have a strong influence on the current paths in certain situations. At low thicknesses

of ischaemia, there is a single current loop around each lateral border. This results

in a current sink above the ischaemic region which leads to the single depression

pattern found on the extracellular EPDs. As the ischaemic thickness is increased,

a second loop begins to form around the top edges, which rotates in the opposite

direction to the outer, more dominant loop. Once the ischaemic thickness becomes

large enough, the inner loop starts to affect the behaviour at the epicardium, causing
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another current sink to occur on the epicardium just outside the ischaemic region.

This is responsible for creating the secondary depressions found in the EPDs at

medium thicknesses of ischaemia. As the ischaemic thickness is increased further,

the secondary loops begin to dominate the behaviour at the epicardium, which raises

the epicardial potential just inside the ischaemic region. It is at this point where

elevation appears in the EPDs.

6.2.2 Cylindrical Ischaemic Geometry

As seen in the previous section, the sharp edges of the ischaemic region appear to

significantly affect the behaviour of the current in the tissue. In order to test the

effects of removing these sharp edges on the EPDs, two additional ischaemic geome-

tries were constructed, the first of these being cylindrical in shape. The cylindrical

ischaemic region was constructed to have similar size and border zone properties as

the rectangular ischaemic geometry (Equation (4.34)). The equation which governed

the transmembrane potential in the tissue was given by

φm(r, z) = −30Ψ(r)Ψ(1− z). (6.2)

As in to the rectangular ischaemic region, the function Ψ(p) was defined in each

spatial direction as [5]

Ψ(p) =


1−e

−ap
λp cosh p

λp

1−e
−ap
λp

|p| ≤ ap

e
−|p|
λp sinh

ap
λp

1−e
−ap
λp

|p| > ap

(6.3)

where ap is the half width of the ischaemic region in the respective spatial direction,

measured from the centre of the border zone, and λp is a parameter to adjust the

sharpness of the transition and hence, the width of the border zone. Figure 6.5

shows an example of the slab model with a cylindrical ischaemic region at the centre

of the endocardium.
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Figure 6.5: Diagram of the slab model with a cylindrical ischaemic region.

The EPDs shown in Figure 6.6 are quite similar to those from the rectangular

ischaemic region. Almost exactly the same qualitative behaviour is seen, with a

single depression at low thicknesses of ischaemia, which separates into a similar

tripole pattern at medium thicknesses. As the thickness is increased to high levels,

elevation is also observed in the same areas. Some slight differences can be seen, such

as the patterns being more rounded than with the rectangular model, which is of

course expected. Also, the maximum and minimum potentials are slightly different

for the two geometries for which, again, slight variations should be expected. Overall,

the change to a cylindrical ischaemic geometry did not significantly affect the EPDs

for the slab model.

The current paths in Figure 6.7 also show nearly identical behaviour to the rectan-

gular ischaemic geometry, with current loops forming around the top and bottom

edges. This suggests that the sharp edges which were removed by using a cylindrical

geometry do not play a significant role in determining the epicardial potentials.
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Figure 6.6: Numerical EPDs for the slab model with a cylindrical shaped is-
chaemic region and including fibre rotation. White and black contours represent
positive and negative potentials, respectively. The thick black contour is the zero
potential. (a) 10% ischaemia, (b) 30% ischaemia, (c) 50% ischaemia, (d) 70%

ischaemia, (e) 90% ischaemia and (f) 100% ischaemia.
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Figure 6.7: Diagram of the current path behaviour for the slab model with a
cylindrical shaped ischaemic region at varying degrees of ischaemia. (a) low thick-
ness ischaemia, (b) medium thickness ischaemia and (c) high thickness ischaemia.

6.2.3 Ellipsoidal Ischaemic Geometry

In order to further study the effects of removing the sharp edges from the ischaemic

region, a semi-ellipsoidal ischaemic region was chosen as it represented a completely

smooth surface free of sharp edges. It was constructed by taking the top half of an

oblate spheroid described by the equation

x2

a2
r

+
y2

a2
r

+
(z − 1)2

a2
z

= 1, (6.4)

where ar is the semi-major axis and az is the semi-minor axis. The centre of the

border zone was taken as the surface of the ellipsoid and the distance to each node

in the model was calculated. The transmembrane potential was then simply given



Chapter 6. Steady State Slab Model 139

Figure 6.8: Comparison of the Γ (d) and Ψ (p) functions for λ = 0.01 (red),
λ = 0.1 (green), λ = 0.5 (blue). Positive and negative values of p and d correspond

to ischaemic and healthy tissue respectively.

by

φm (d) = −30Γ (d) , (6.5)

where the function Γ (d) was defined as

Γ (d) =


1
2
e−

d
λ if outside the ischaemic region

1− 1
2
e−

d
λ if inside the ischaemic region

(6.6)

where d is the distance to the border zone centre and λ is again a parameter which

controls the sharpness of the transition and, hence, border zone width. Since the

ellipsoidal model used a different method for determining the transmembrane poten-

tials, it is important to show that there is not a significant difference in the border

zone behaviour. Figure 6.8 shows a comparison of the Γ (d) and Ψ (p) functions for

certain values of λ. From this it can easily be seen that the two formulations result

in almost identical behaviour throughout the border zone.

EPDs for the ellipsoidal ischaemic geometry are shown in Figure 6.10. From these

images, the differences compared with the previous two ischaemic geometries im-

mediately become apparent. At low thicknesses of ischaemia, the results agree well
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Figure 6.9: Diagram of the slab model with a ellipsoidal ischaemic region.

with the previous models, with a single depression centred over the ischaemic region.

It is at higher thicknesses where the differences are noticed. As ischaemic thickness

is increased beyond 30%, the single depression separates into only two depressions,

which move outward until they are over the lateral edge of the ischaemic region. As

the ischaemic thickness is increased above 60%, elevation begins to occur over the

centre of the ischaemic region and move outwards. This differs from the previous

two situations where elevation started at the lateral borders and moved inward. This

means that the area of maximum elevation is over the centre of the ischaemic region

instead of above the lateral borders.

Differences can also be seen in the current paths of the ellipsoidal ischaemic model.

For low levels of ischaemia, the current paths agree with the previous models, show-

ing only the primary loop around the edges of the ischaemic region. As the ischaemic

thickness increases and the top surface becomes increasingly curved, a current sink

begins to form at the base edges. This causes the current to move outward from

the centre and therefore raises the potential over the ischaemic region, causing the
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Figure 6.10: Numerical EPDs for the slab model with an ellipsoidal shaped
ischaemic region and including fibre rotation. White and black contours represent
positive and negative potentials, respectively. The thick black contour is the zero
potential. (a) 10% ischaemia, (b) 30% ischaemia, (c) 50% ischaemia, (d) 70%

ischaemia, (e) 90% ischaemia and (f) 100% ischaemia.
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Figure 6.11: Diagram of the current path behaviour for the slab model with a
ellipsoidal shaped ischaemic region at varying degrees of ischaemia. (a) low thick-
ness ischaemia, (b) medium thickness ischaemia and (c) high thickness ischaemia.

central depression to disappear much more rapidly.

6.3 Conductivity Set Dependence

In the previous sections, only a single conductivity set has been used for the cardiac

tissue. The main reason for this was so that the results could be directly compared

with previous studies. There exist, however, a number of different sets of conduc-

tivity data obtained through both experimental and simulation methods. Table 6.1

shows three of the most commonly used conductivity sets. Studies have previously

been conducted on the effect of conductivity on extracellular potentials [6, 15]. The

general consensus of these studies was that conductivity values play a significant role

in determining the epicardial potentials and that different sets of conductivity data
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Clerc [12] Roberts et al. [13] Roberts and Scher [14]
σle 6.25 2.20 1.20
σte 2.36 1.30 0.80
σli 1.74 2.80 3.40
σti 0.19 0.26 0.60
σb 6.70 6.70 6.70

Table 6.1: Data sets used for testing conductivity dependence. σle and σte are
the extracellular conductivities along and across the fibres respectively, while σli
and σti are the intracellular conductivities along and across the fibres respectively.

All values have units of mS/cm.

can give very different EPDs under otherwise identical conditions. The purpose of

this section is to test whether changing the ischaemic region geometry still has a

significant effect on epicardial potentials for different sets of tissue conductivities.

Three different ischaemic thicknesses were used (10%, 50%, 90%), corresponding to

low, medium and high degrees of ischaemia. EPDs were obtained for each set of

conductivities in Table 6.1 and are shown in Figures 6.12-6.14.

Figure 6.12 shows the results for the conductivity set by Clerc [12]. As shown

previously, a single depression is located directly above the ischaemic region at low

thicknesses of ischaemia, which separated into three distinct depressions for the rect-

angular and cylindrical ischaemic geometries as the ischaemic thickness is increased.

For the ellipsoidal ischaemic geometry, only two depressions are apparent at medium

ischaemic thicknesses, with the absence of the central depression. As the ischaemic

thickness is increased to high levels, the results become more similar, with elevation

occurring over the ischaemic region for each geometry.

The EPDs obtained using the conductivity set by Roberts et al. [13] are shown in

Figure 6.13. It is immediately apparent that the potentials are significantly different

for all scenarios compared with the results using Clerc’s data. In every scenario, the

maximum and minimum potentials are both more than double those observed in

the previous results. Interestingly however, the overall qualitative pattern observed

in the EPDs is very similar to the previous results. The results for the rectangular

and cylindrical ischaemic geometries still form the familiar three depression pattern
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Figure 6.12: EPDs for the slab model with conductivities based on the values
reported by Clerc [12]. White and black contours represent positive and negative
potentials, respectively. The thick black contour is the zero potential. The top,
middle and bottom rows correspond to a rectangular, cylindrical and ellipsoidal
ischaemic region, while left, middle and right columns correspond to 10%, 50%,

90% ischaemic thickness, respectively.

at medium levels of ischaemia, while the ellipsoidal ischaemic geometry only shows

two distinct depressions, with the central depression missing.

The EPDs obtained using the conductivity set by Roberts and Scher [14] are shown

in Figure 6.14. By observing both the contour lines and the maximum/minimum

potentials, it can be easily seen that the potentials are much larger than the results
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Figure 6.13: EPDs for the slab model with conductivities based on the values
reported by Roberts et al. [13]. White and black contours represent positive and
negative potentials, respectively. The thick black contour is the zero potential.
The top, middle and bottom rows correspond to a rectangular, cylindrical and
ellipsoidal ischaemic region, respectively, while left, middle and right columns

correspond to 10%, 50%, 90% ischaemic thickness, respectively.

from the previous two conductivity sets. Apart from this, there are also some signif-

icant qualitative differences in the EPDs. At 10% ischaemia, there is again a single

depression located directly over the ischaemic region for each ischaemic geometry.

This behaviour appears to occur for every scenario examined with the slab model.

At an ischaemic thickness of 50%, the results become much more interesting, as

there is no separation of the central depression for any of the ischaemic geometries



Chapter 6. Steady State Slab Model 146

−8 −6 −4 −2 0 2 4 6

−8
−6

−4
−2

0
2

4
6

Epicardial Potential Distribution (mV)

x (cm)

y
(c

m
)

−8 −6 −4 −2 0 2 4 6

−8
−6

−4
−2

0
2

4
6

Epicardial Potential Distribution (mV)

x (cm)

y
(c

m
)

−8 −6 −4 −2 0 2 4 6

−8
−6

−4
−2

0
2

4
6

Epicardial Potential Distribution (mV)

x (cm)

y
(c

m
)

−8 −6 −4 −2 0 2 4 6

−8
−6

−4
−2

0
2

4
6

Epicardial Potential Distribution (mV)

x (cm)

y
(c

m
)

−8 −6 −4 −2 0 2 4 6

−8
−6

−4
−2

0
2

4
6

Epicardial Potential Distribution (mV)

x (cm)

y
(c

m
)

−8 −6 −4 −2 0 2 4 6

−8
−6

−4
−2

0
2

4
6

Epicardial Potential Distribution (mV)

x (cm)

y
(c

m
)

Contour Interval = 0.2 mV, Minimum = − mV, Maximum = mV07.7

Contour Interval = 0.2 mV, Minimum = − mV, Maximum = mV07.7Contour Interval = mV, Minimum = − mV, Maximum = mV08.40.2

Contour Interval = 0.2 mV, Minimum = − mV, Maximum = mV06.8

−8 −6 −4 −2 0 2 4 6

−8
−6

−4
−2

0
2

4
6

Epicardial Potential Distribution (mV)

x (cm)

y
(c

m
)

−8 −6 −4 −2 0 2 4 6

−8
−6

−4
−2

0
2

4
6

Epicardial Potential Distribution (mV)

x (cm)

y
(c

m
)

−8 −6 −4 −2 0 2 4 6

−8
−6

−4
−2

0
2

4
6

Epicardial Potential Distribution (mV)

x (cm)

y
(c

m
)

Contour Interval = 0.2 mV, Minimum = − mV, Maximum = mV05.8

Contour Interval = 0.2 mV, Minimum = − mV, Maximum = mV0.46.5

Contour Interval = 0.2 mV, Minimum = − mV, Maximum = mV0.15.7

Contour Interval = 0.2 mV, Minimum = − mV, Maximum = mV06.6Contour Interval = 0.2 mV, Minimum = − mV, Maximum = mV07.7

Figure 6.14: EPDs for the slab model with conductivities based on the values
reported by Roberts and Scher [14]. White and black contours represent positive
and negative potentials, respectively. The thick black contour is the zero potential.
The top, middle and bottom rows correspond to a rectangular, cylindrical and
ellipsoidal ischaemic region, respectively, while left, middle and right columns

correspond to 10%, 50%, 90% ischaemic thickness, respectively.

used. Instead, there is still just a single depression observable. There are some

slight changes as the ischaemic thickness reaches medium levels. Firstly, the central

depression becomes slightly shallower, with potentials increasing by approximately

1 mV, for each ischaemic geometry. This appears to occur for all conductivity sets

as the ischaemic thickness increases to medium levels. Also, there is a slight change

to the shape of the depressions at 50% ischaemic thickness, with a slight stretching
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in the y axis direction occurring. Once the ischaemic thickness reaches 90%, the

differences between the ischaemic geometries are quite noticeable. It is at this point

where elevation begins to occur over the ischaemic region, which can be seen in

the rectangular ischaemic region results. Here, the EPDs for the rectangular and

cylindrical ischaemic geometries again display very similar behaviour, both contain-

ing a central depression above the ischaemic region with areas of depression located

on diagonally opposite sides of the ischaemic region. The EPDs for the ellipsoidal

ischaemic geometry show a significantly different picture, with only two areas of

depression. The pattern here looks almost exactly like the previous results for the

ellipsoidal ischaemic geometry at medium levels of ischaemia, with the exception

that the rotation of the pattern has changed.

In order to help understand the changes in the EPDs when using different sets of

conductivities, the conductivity sets were normalised in the same way as done by

Johnston and Kilpatrick [15], which is based on the method introduced by Roth [29].

The dimensionless conductivities are given by the following set of equations:

Σl
e =

σle
σle

= 1, (6.7)

Σt
e =

σte
σle

=

(
λt
λl

)2
α (1 + α (1− ε))

1 + α
, (6.8)

Σl
i =

σli
σle

= α, (6.9)

Σt
i =

σti
σle

=

(
λt
λl

)2
1 + α (1− ε)

(1 + α) (1− ε)
, (6.10)

Σb =
σb
σle
, (6.11)

where λl, λt, α and ε are the auxiliary parameters mentioned by Roth [29]. λl

and λt are the length constants of the tissue in the longitudinal and transverse

directions respectively, α is the ratio of intracellular and extracellular longitudinal

conductivities and ε is the anisotropic ratio subtracted from one (ie. ε = 1− σleσ
t
i

σteσ
l
i
).

Table 6.2 shows the normalised conductivities for each set.

It can be easily seen that only the transverse extracellular conductivity values are
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Clerc [12] Roberts et al. [13] Roberts and Scher [14]
Σl
e 1 1 1

Σt
e 0.378 0.591 0.667

Σl
i 0.278 1.273 2.833

Σt
i 0.031 0.118 0.500

Σb 1.072 3.046 5.583

Table 6.2: Normalised conductivity sets used for testing conductivity depen-
dence. Σl

e and Σt
e are the extracellular conductivities along and across the fibres

respectively, while Σl
i and Σt

i are the intracellular conductivities along and across
the fibres respectively. All values are dimensionless.

reasonably similar between all data sets. The other values vary wildly and in some

cases, a factor of more than 10 separates the data from Clerc [12] and Roberts and

Scher [14]. Interestingly, for every single parameter, Clerc’s data had the smallest

value, Roberts and Scher’s data the largest, with Roberts et al.’s data somewhere

between. It is not surprising therefore that the EPDs produced by Clerc’s data are

significantly different from those produced by Roberts and Scher’s data. However,

it is difficult to understand why the EPDs from Roberts et al.’s data were so similar

to those from Clerc’s data, since the conductivity values were still quite different.

One consistent trend noticed in the EPDs was a significant increase in the extra-

cellular potential magnitudes between the data sets. By observing Table 6.2, a few

possibilities for this can be seen. Firstly, the differences in Σl
i (or α) appear to match

the behaviour of the extracellular potential magnitudes. Simulations performed by

Johnston and Kilpatrick [15] show that by increasing the value of α, an increase

in the potential magnitudes did in fact occur, however this could not entirely ex-

plain the behaviour. Johnston and Kilpatrick also studied the effect of the blood

conductivity on the EPDs, as it also appears to correlate well with the increase

in extracellular potential magnitudes. These results also showed that although an

increase in the blood conductivity did give rise to larger potential magnitudes, its

effect was not as large as increasing α, so also could not completely explain the

changes in the EPD patterns observed.
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6.4 Blood Dependence

One of the key features of the slab model was the inclusion of a blood volume

which is in contact with the endocardial surface. The analytical methods used by

Johnston et. al. [5] required an infinite depth for the blood so that the potential

could approach zero. In order to mimic the results obtained by Johnston et. al., the

numerical model used in the present work required an unrealistically large volume of

blood in order to allow the potentials to approach zero. Since the volume of blood

in a realistic heart model would be much smaller than what has been used so far for

the slab model, simulations were run with decreasing blood thickness. Simulations

were run with blood depths of 5 cm, 2 cm, 1 cm, 0.5 cm, 0.25 cm and 0 cm (ie. no

blood inclusion) and compared with the results obtained previously with a blood

depth of 20 cm. Each set of simulations was run with 120 degrees total fibre rotation

and three levels of ischaemic thickness were used, 10% (low), 50% (medium), 90%

(high). The tissue conductivities were based on the values given by Clerc [12] and a

rectangular ischaemic geometry was used for all simulations.

Figure 6.15 shows the EPDs for 10% ischaemic thickness. With a blood thickness of

5 cm, the potentials are almost indistinguishable from the previous results (Figure

5.9. As the blood thickness decreases, the central depression begins to become

shallower. This, however, does not become significant until the blood thickness is

less than 1 cm. Once the blood thickness is at 0.5 cm, the minimum potential is

approximately half of that with the blood at 20 cm. At this point, however, the

pattern of the EPD is still relatively unchanged, with a single depression located

above the centre of the ischaemic region. It is not until the blood is less than 0.5 cm

thick that the results start to change significantly. At a blood thickness of 0.25 cm,

there is a slight elevation of the potentials either side of the depression, and the

minimum potential significantly drops. As the blood thickness approaches zero, the

central depression begins to separate into two depressions and move outward while

the two areas of elevation move toward the centre and merge, resulting in the pattern

shown in Figure 6.15(f).
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Figure 6.15: EPDs with 10% ischaemic thickness for four different blood thick-
nesses. White and black contours represent positive and negative potentials, re-
spectively. The thick black contour is the zero potential. (a) 5 cm blood, (b) 2 cm

blood, (c) 1 cm blood, (d) 0.5 cm blood, (e) 0.25 cm blood and (f) no blood.
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Figure 6.16: EPDs with 50% ischaemic thickness for four different blood thick-
nesses. White and black contours represent positive and negative potentials, re-
spectively. The thick black contour is the zero potential. (a) 5 cm blood, (b) 2 cm

blood, (c) 1 cm blood, (d) 0.5 cm blood, (e) 0.25 cm blood and (f) no blood.
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Figure 6.17: EPDs with 90% ischaemic thickness for four different blood thick-
nesses. White and black contours represent positive and negative potentials, re-
spectively. The thick black contour is the zero potential. (a) 5 cm blood, (b) 2 cm

blood, (c) 1 cm blood, (d) 0.5 cm blood, (e) 0.25 cm blood and (f) no blood.
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The EPDs for an ischaemic thickness of 50% are shown in Figure 6.16. Again, there

is very little change in the potentials for a blood thickness of 5 cm, compared with

a thickness of 20 cm. Even when the blood is reduced to 2 cm, there is only slight

changes in the potentials and the EPD pattern. Unlike the case of 10% ischaemia,

more significant changes are noticeable at a blood thickness of 1 cm. At this point,

elevation begins to occur on opposite sides of the ischaemic region and the zero

potential contours are pushed more toward the centre. The central depression is

also much shallower here, although the outer depressions are still quite deep. As the

blood thickness decreases below 1 cm, the elevation moves in to the centre and the

maximum potential begins to rise. This behaviour continues until there is no blood,

leaving an area of elevation over the ischaemic region, with two depressions above

and below.

For the scenario where the ischaemic thickness is set to 90%, the results are much

less interesting. It can be seen in Figure 6.17 that the general behaviour varies

much less as the blood thickness decreases. There are however a couple of consistent

changes which do occur. Firstly, there is a steady increase in the magnitude of

the potentials above the ischaemic region as the blood thickness decreases. At the

same time, the magnitude of the potentials in the depressions decreases at a steady

rate. The area covered by depression also decreases dramatically for lower blood

thicknesses. When the blood is above 2 cm, the central elevation is almost entirely

surrounded by depression. As the blood thickness decreases, the elevation expands

outward forcing the depression to shrink to only two opposing corners.

6.5 Changing the Ischaemic Conductivities

The simulation results presented to this point have assumed that the conductivity of

the tissue is unchanged under ischaemic conditions. This assumption is untrue [44]

as there are indeed significant changes in the conductivity properties of the tissue.

It is generally accepted that there are three phases of conductivity change during

ischaemia:
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• an immediate sharp decrease in longitudinal extracellular conductivity
(
σle
)

at

the onset of ischaemia [44, 102],

• a few minutes later, a gradual decrease in longitudinal extracellular conduc-

tivity
(
σle
)

occurs and lasts for at least 15 minutes [103],

• a sharp decrease in longitudinal intracellular conductivity
(
σli
)
, which occurs

15-30 minutes after the onset of ischaemia [102, 104].

The affect of ischaemic conditions on the transverse intracellular and extracellular

conductivities is insignificant compared with their longitudinal counterparts, and is

usually ignored [30, 44].

There have been several mechanisms proposed for the three phases of ischaemia. For

the initial phase, Kleber and Riegger [44] proposed that the initial sharp decrease in

the longitudinal extracellular conductivity was due to the collapse of the capillaries in

the myocardium as a result of the cessation of blood flow. This was then challenged

by results from Fleischhauer et al. [105] and Stinstra et al. [30], who suggested

that a change in capillary volume would not affect the extracellular conductivity

significantly. An alternative mechanism was proposed by Stinstra et al., in which a

rapid decrease in the size of the interstitial space is responsible for the first phase.

Stinstra et al. argued that this was caused by fluid flowing from the interstitial space

into the capillaries, due to the decrease in hydrostatic pressure on the capillaries.

This fluid then drains out of the ischaemic region.

The mechanism for the second phase is somewhat less controversial and generally

accepted to occur due to cell swelling [102], which is caused by fluid flowing into

the myocytes from the interstitial space, resulting in a decrease of the interstitial

volume. Like the second phase, there is little controversy about the mechanism for

the third phase. It is generally accepted to occur due to the closing of the gap

junctions that allow ions to flow between myocytes [102, 106].

The slab model was altered to include the effect of all three phases by decreasing the

longitudinal conductivities in the ischaemic region according to the results of Stinstra
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Healthy Tissue Ischaemic Tissue
σle 6.25 4.00
σte 2.36 2.36
σli 1.74 0.17
σti 0.19 0.19
σb 6.70 6.70

Table 6.3: Conductivity values for Clerc’s [12] data for ischaemic and healthy
tissue. All values have units of mS/cm

et al. [30] and Kleber and Riegger [44]. This involved decreasing the extracellular

longitudinal conductivity by approximately 35% and the intracellular longitudinal

conductivity by approximately 90%. Unfortunately, the effect of ischaemia on the

transverse potentials are not as well understood as the extracellular conductivities.

It was decided to leave the transverse conductivities unchanged in the ischaemic

tissue since the work from Stinstra et al. [30] and Kleber and Riegger [44] indicated

a significantly less effect on the intracellular conductivities compared with the extra-

cellular conductivities. Table 6.3 summarises the changes in conductivity values. As

with the transmembrane potential, a smooth transition between conductivity values

across the ischaemic border zone was included using

σ = σh + (σu − σh) Ψ (x) Ψ (y) Ψ (1− z) (6.12)

for the rectangular ischaemic geometry,

σ = σh + (σu − σh) Ψ (r) Ψ (1− z) (6.13)

for the cylindrical ischaemic geometry and

σ = σh + (σu − σh) Γ (d) (6.14)

for the ellipsoidal ischaemic geometry, where σu and σh are the conductivities for

ischaemic and healthy tissue respectively. The Γ and Ψ functions are the same as

described in equations (6.6) and (4.34) respectively.
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Simulations were performed using all three ischaemic geometries (rectangular, cylin-

drical, ellipsoidal) with a total fibre rotation of 120 degrees for six different ischaemic

thickness (10%, 30%, 50%, 70%, 90%, 100%). The EPDs from these simulations are

shown in Figures 6.18-6.20.

Comparing the EPDs for the rectangular ischaemic in Figure 6.18 to the results in

Section 5.1.2, noticeable differences can be seen at medium and high thicknesses of

ischaemia. When the ischaemic thickness is less than 30%, there is little difference

in the EPDs, with the familiar single depression pattern visible. As the ischaemic

thickness is increased beyond 30%, the central depression does not immediately sep-

arate into the three depressions, as seen previously. The two secondary depressions,

seen previously, only begin to appear once the ischaemic thickness reaches 70%.

Also, unlike the previous results, the point of maximum depression still remains in

the central depression, rather than in the outer depressions. It is not until the is-

chaemic thickness exceeds 80% that elevation occurs on the epicardium. This begins

over two diagonal corners of the ischaemic region. Even at 90% ischaemia, there is

still a large area of depression over the ischaemic region. The area of elevation only

starts to spread to cover the entire ischaemic region once the thickness is very near

100%, approximately when the transmembrane potentials at the epicardium start

to change. Once the ischaemia reaches full thickness, the results again agree with

the previous simulations with homogeneous conductivities.

The EPDs for the cylindrical ischaemic geometry, shown in Figure 6.19, appear very

similar to their rectangular counterparts. At low degrees of ischaemia, there is little

difference from the results in Section 6.2.2. As the ischaemic thickness increases, the

separation into three depressions again does not occur until the thickness is over 70%.

Elevation, however, occurs later than with the results for the rectangular ischaemic

geometry, not appearing until the thickness is almost 90%, and occurring in four

places rather than two. At this point, the potentials above the ischaemic region

for the cylindrical geometry are significantly higher than those for the rectangular

geometry. Again, once the ischaemia becomes full thickness, the results become
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Figure 6.18: Numerical EPDs for the slab model with a rectangular shaped
ischaemic region and including ischaemic conductivities. White and black contours
represent positive and negative potentials, respectively. The thick black contour
is the zero potential. (a) 10% ischaemia, (b) 30% ischaemia, (c) 50% ischaemia,

(d) 70% ischaemia, (e) 90% ischaemia and (f) 100% ischaemia.
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Figure 6.19: Numerical EPDs for the slab model with a cylindrical shaped
ischaemic region and including ischaemic conductivities. White and black contours
represent positive and negative potentials, respectively. The thick black contour
is the zero potential. (a) 10% ischaemia, (b) 30% ischaemia, (c) 50% ischaemia,

(d) 70% ischaemia, (e) 90% ischaemia and (f) 100% ischaemia.
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Figure 6.20: Numerical EPDs for the slab model with an ellipsoidal shaped
ischaemic region and including ischaemic conductivities. White and black contours
represent positive and negative potentials, respectively. The thick black contour
is the zero potential. (a) 10% ischaemia, (b) 30% ischaemia, (c) 50% ischaemia,

(d) 70% ischaemia, (e) 90% ischaemia and (f) 100% ischaemia.
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much more similar to the unaltered conductivity scenario, with elevation covering

the ischaemia, surrounded by depression.

The changes in the results for an ellipsoidal ischaemic model (Figure 6.20) also

follow a similar pattern to the rectangular and cylindrical cases. The separation

of the central depression occurs at much higher degrees of ischaemia than in the

unaltered conductivity model. Elevation over the ischaemic region however does not

start to appear until the ischaemic thickness is at least 95%, much later than any of

the scenarios observed to this point. Also, once the ischaemic region does become

full thickness, the area of elevation over the ischaemic region is much smaller than

with the unaltered conductivity case.

6.6 Modifying the Border Zone Width

Along with the ischaemic conductivities, another assumption in the slab model, to

this point, has been the presence of a very thin ischaemic border zone. In the

transmembrane potential equations (4.34) and (6.6), the value for λ used has been

0.01 in all spatial directions, which results in a border zone width of approximately

1 mm. Experimental studies [107–110] have shown the existence of a border zone,

with reported values for the width, in the range of 8-15 mm.

The slab model was altered to account for these larger border zones by increasing the

λ parameters in the transmembrane potential equations. A λ value of 0.2 was needed

in order to achieve a border zone thickness of approximately 1 cm. A border zone of

this thickness, however, meant that the transmembrane potentials at the epicardium

started to change once the ischaemic thickness was near 50%. In order to isolate

the effects of altering the lateral ischaemic borders, simulations were also run with a

border zone thickness of approximately 1 mm on the transverse border, and 1 cm on

the lateral borders. For the rectangular and cylindrical ischaemic geometries, this

was simply achieved by using a different value of λ in the z direction from that in

the x and y directions. For the ellipsoidal ischaemic geometry, an alternate method
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Figure 6.21: Comparison between the border zone widths using λ = 0.01 (black)
and λ = 0.2 (blue) for the Ψ (p) function (4.34). Positive and negative values of p

correspond to ischaemic and healthy tissue respectively.

was required to achieve similar border zone conditions. Since there are no distinct

lateral and transverse borders, it was decided to vary the value of λ linearly with

z so that it was 0.2 at the endocardium and 0.01 at the top of the ischaemic zone.

The comparison between the different values of λ can bee seen in Figure 6.21.

Simulations with the larger border zones were run using the unaltered ischaemic

conductivities as well as the reduced ischaemic conductivities scenario so that com-

parisons could be made with previous results. Fibre rotation was included in all

simulations, with a total rotation of 120 degrees. Three ischaemic thicknesses were

used, corresponding to low (10%), medium (50%), and high (90%) degrees of is-

chaemia.

Figure 6.22 shows the EPDs obtained using a uniform border zone thickness of

approximately 1 cm and not including ischaemic conductivities. Immediately, differ-

ences can be seen compared with the sharp border zone scenario (see Figure 6.12).

Firstly, the single depression found at low thicknesses of ischaemia has already be-

gun to separate before the ischaemic thickness reaches 10%. This occurs for the



Chapter 6. Steady State Slab Model 162

−8 −6 −4 −2 0 2 4 6

−8
−6

−4
−2

0
2

4
6

Epicardial Potential Distribution (mV)

x (cm)

y
(c

m
)

−8 −6 −4 −2 0 2 4 6

−8
−6

−4
−2

0
2

4
6

Epicardial Potential Distribution (mV)

x (cm)

y
(c

m
)

−8 −6 −4 −2 0 2 4 6

−8
−6

−4
−2

0
2

4
6

Epicardial Potential Distribution (mV)

x (cm)

y
(c

m
)

−8 −6 −4 −2 0 2 4 6

−8
−6

−4
−2

0
2

4
6

Epicardial Potential Distribution (mV)

x (cm)

y
(c

m
)

−8 −6 −4 −2 0 2 4 6

−8
−6

−4
−2

0
2

4
6

Epicardial Potential Distribution (mV)

x (cm)

y
(c

m
)

−8 −6 −4 −2 0 2 4 6

−8
−6

−4
−2

0
2

4
6

Epicardial Potential Distribution (mV)

x (cm)

y
(c

m
)

Contour Interval = 0.2 mV, Minimum = − mV, Maximum = mV00.6Contour Interval = 0.2 mV, Minimum = − mV, Maximum = mV00.6

Contour Interval = 0.2 mV, Minimum = − mV, Maximum = mV00.8

Contour Interval = 0.2 mV, Minimum = − mV, Maximum = mV0.10.8Contour Interval = mV, Minimum = − mV, Maximum = mV01.00.2

Contour Interval = 0.2 mV, Minimum = − mV, Maximum = mV00.7

−8 −6 −4 −2 0 2 4 6

−8
−6

−4
−2

0
2

4
6

Epicardial Potential Distribution (mV)

x (cm)

y
(c

m
)

Contour Interval = 0.2 mV, Minimum = − mV, Maximum = mV1.20.8

−8 −6 −4 −2 0 2 4 6

−8
−6

−4
−2

0
2

4
6

Epicardial Potential Distribution (mV)

x (cm)

y
(c

m
)

−8 −6 −4 −2 0 2 4 6

−8
−6

−4
−2

0
2

4
6

Epicardial Potential Distribution (mV)

x (cm)

y
(c

m
)

Contour Interval = 0.2 mV, Minimum = − mV, Maximum = mV1.31.0

Contour Interval = 0.2 mV, Minimum = − mV, Maximum = mV1.51.0

Figure 6.22: Numerical EPDs for the slab model with a uniform border zone
width of 1 cm and not including ischaemic conductivities. White and black con-
tours represent positive and negative potentials, respectively. The thick black
contour is the zero potential. The top, middle and bottom rows correspond to
a rectangular, cylindrical and ellipsoidal ischaemic region, while left middle and

right columns correspond to 10%, 50%, 90% ischaemic thickness, respectively.

rectangular and cylindrical ischaemic geometries. For the ellipsoidal ischaemic ge-

ometry, the separation happens slightly later, however still much quicker than with

the sharp border zone results. At an ischaemic thickness of 50%, elevation is al-

ready present for the rectangular ischaemic geometry and very close to appearing

for the cylindrical ischaemic geometry. Again, the ellipsoidal ischaemic geometry

falls slightly behind, with elevation not occurring until the ischaemic thickness is
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Figure 6.23: Numerical EPDs for the slab model with a uniform border zone
width of 1 cm and including ischaemic conductivities. White and black contours
represent positive and negative potentials, respectively. The thick black contour is
the zero potential. The top, middle and bottom rows correspond to a rectangular,
cylindrical and ellipsoidal ischaemic region, while left middle and right columns

correspond to 10%, 50%, 90% ischaemic thickness, respectively.

nearly 60%. At 90% ischaemic thickness, there is a much better agreement with the

sharp border zone results, with the EPD patterns looking much more similar. The

only noticeable difference here is higher potentials in the areas of elevation, which

is to be expected since the border zone has already reached the epicardium.

The scenario with uniform border zone thickness along with ischaemic conductivities

is shown in Figure 6.23. The results for low and medium thicknesses of ischaemia
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Figure 6.24: Numerical EPDs for the slab model lateral border zone width of
1 cm and transverse width of 1 mm and not including ischaemic conductivities.
White and black contours represent positive and negative potentials, respectively.
The thick black contour is the zero potential. The top, middle and bottom rows
correspond to a rectangular, cylindrical and ellipsoidal ischaemic region, while
left middle and right columns correspond to 10%, 50%, 90% ischaemic thickness,

respectively.

look similar to those in Figure 6.22, with a few noticeable changes. Firstly, the

early separation of the depressions seen in Figure 6.22 is only slightly noticeable for

the rectangular ischaemic geometry, and not present at all for the other ischaemic

geometries. Secondly, there is no elevation present at 50% ischaemic thickness.

However, elevation does occur when the ischaemic thickness extends slightly beyond

50%. The biggest difference with the reduced ischaemic conductivity scenario is
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Figure 6.25: Numerical EPDs for the slab model with a lateral border zone width
of 1 cm and transverse width of 1 mm and including ischaemic conductivities.
White and black contours represent positive and negative potentials, respectively.
The thick black contour is the zero potential. The top, middle and bottom rows
correspond to a rectangular, cylindrical and ellipsoidal ischaemic region, while left

middle and right columns correspond to 10%, 50%, 90% ischaemic thickness.

seen at high ischaemic thicknesses. At 90% ischaemic thickness, there is still a large

area of depression above the centre of the ischaemic region for the rectangular and

cylindrical ischaemic geometries, even though the ischaemic region has extended

to the epicardium. This can be understood by looking at the results in section

6.5, where the effects of changing the ischaemic conductivities clearly reduce the

potentials above the ischaemic region at high ischaemic thicknesses.
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The next two figures (6.24-6.25) illustrate the effects of altering only the lateral

ischaemic borders, while keeping the transverse border quite thin. By doing this, the

transmembrane potentials at the epicardium remain unchanged until the ischaemic

thickness is nearly 100%. By observing these two figures, it can clearly be seen

that the lateral border zone has very little effect on the epicardial potentials. When

comparing Figure 6.24 to the results in Section 6.2, it is very difficult to notice

any significant differences at all. With the exception of slight potential variations,

the results look almost exactly the same as one another. Similarly, for the reduced

ischaemic conductivity scenario, there are very little differences noticeable between

Figure 6.25 and the results from Section 6.5.

6.7 Summary

The results from this chapter have shown that epicardial potentials are sensitive to

a number of properties of the model used. Along with the amount of fibre rotation,

the effect of the ischaemic geometry, conductivity values, blood thickness and border

zone thickness were studied. The most interesting result found in this chapter was

that the shape of the ischaemic region can have a significant effect on the EPDs at

medium thickness ischaemia. While the cylindrical ischaemic geometry consistently

agreed with the results from the rectangular ischaemic geometry, the ellipsoidal

ischaemic geometry gave significantly different results in every section in this chapter

for medium thickness ischaemia. This clearly shows that further study into ischaemic

region geometry is necessary.



Chapter 7

Transient Slab Model

The previous two chapters looked at epicardial extracellular potentials obtained

from the slab model using the steady state bidomain equation. Since the heart

is completely depolarised and in a nearly isoelectric state during the ST segment,

a steady state approach could be used. The steady state approach, however, is

somewhat idealised as it assumes that every cell has the exact same transmembrane

potential as the other cells with the same ischaemic properties. Since the cells are not

activated uniformly, a more likely scenario would be that there will be fluctuations

and slight variations in the transmembrane potential throughout the myocardium.

The purpose of this chapter is to use a more realistic representation of the ST segment

and test the effects on the EPDs for the slab model. This was achieved by solving

the full transient bidomain equations to calculate of both the transmembrane and

extracellular potentials. The numerical methods used in this chapter are described

in Chapter 4. The parameters chosen for the full bidomain equations ((4.9), (4.13)

and (4.12)) were based on the validation results from Section 5.5.

167
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7.1 Propagation without Ischaemia

The first transient simulation studied involved looking at the transmembrane po-

tential propagation without the inclusion of ischaemia. In order to achieve this, the

slab model needed to be stimulated in a certain region to allow activation to occur.

The placement of this initial activation site would obviously affect the behaviour

of the propagation wave. Because of this, six separate scenarios were simulated,

corresponding to six different activation methods:

1. Single corner of endocardium stimulated

2. All corners of endocardium stimulated

3. Centre of endocardium stimulated

4. One whole edge of endocardium stimulated

5. Two edges of endocardium stimulated

6. Entire endocardium stimulated

As activation generally begins at the endocardium and propagates towards the epi-

cardium, endocardial stimulation was only considered. For a pictorial representation

of these scenarios, refer to Figure 7.1.

For each simulation the node separation in the tissue was set to 0.05 cm, while the

node separation in the blood varied due to the clustering toward the tissue. The

dimensions of the slab model were the same as used in the steady state simulations

from the previous chapter. The ten Tusscher and Panfilov cell model [43, 74] was

used along with Cm and β values of 2.0µF/cm2 and 2000 cm−1, respectively. The

internal cell model time step used was 0.02 ms while the bidomain equation time

step was 0.1 ms. Conductivities used were based on Clerc’s data [12]. All the above

parameters were chosen due to the performance results from Section 5.5. Fibre

rotation of 120 degrees was included in order to produce more realistic results.
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Figure 7.1: Diagram of each stimulation method for the slab model with the
stimulus zone is shown in red. (a) Single corner, (b) all corners, (c) centre, (d)

one whole edge, (e) two edges and (f) entire endocardium.

The results for each stimulation method are shown in Figure 7.2. The results are

displayed as time activation maps, where the activation time after the initial stimulus

for each node is recorded and displayed as a colour contour map. The activation

time for each node was defined as the point of maximum upstroke velocity.

Starting with the single corner stimulation method, the propagation wave follows

a fairly predictable path, starting at one corner of the model and finishing at the

diagonally opposite corner. The effect of the fibre rotation can be seen by looking

at the side of the slab, where the contour lines make an ‘S’ like shape. Unfortu-

nately with this stimulation method it takes over 500 ms for the propagation wave

to travel all the way through the tissue. The total propagation time is significantly
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Figure 7.2: Activation maps for each stimulation method for the transient slab
model. Contour interval is 50 ms for all plots. (a) Single corner, (b) all corners,

(c) centre, (d) one whole edge, (e) two edges and (f) entire endocardium.

improved with the scenario where all corners are simultaneously stimulated. In this

situation, the total propagation time is reduced to less than 300 ms. A very similar

total propagation time is observed for the central stimulation method, where the

propagation wave moves in the opposite direction, outward from the centre. The

next two scenarios are where entire edges of the endocardium were stimulated si-

multaneously. These two figures also give fairly predictable propagation patterns.

The total propagation times are slightly slower than with the previous two scenarios,

however still much faster than the single corner scenario. The single edge scenario
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gave a total propagation time of approximately 360 ms while the two edge scenario

was slightly quicker with a propagation time of approximately 330 ms.

The problem with these total propagation times for the first five scenarios is that

they are much slower than what is observed experimentally. In fact, for some of

the scenarios, repolarisation of the tissue begins to occur before the propagation

wave has moved completely through the tissue. This means that the ST segment is

non-existent in these scenarios, which is definitely an unrealistic result. Experimen-

tally observed electrical event times for the different regions of the heart are shown

in Table 7.1. From this it can be seen that the propagation reaches the ventricles

approximately 175 ms after the SA node generates the impulse. The entire ventricle

mass is completely depolarised at 250 ms, giving a depolarisation time for the ven-

tricles of approximately 75 ms. Since the slab model is a representation of one of the

ventricle walls, its total depolarisation time should not be greater than 75 ms. One

possible cause for the slow depolarisation of the slab model is that the propagation

velocity is too slow. This, however, is certainly not the case as the propagation

velocities have already been shown to be very close to the experimentally observed

values. There are in fact two issues with the slab model which make it not an ideal

model for simulation propagation. The first is the size of the model. It was originally

constructed to be a 16 cm×16 cm slab of tissue with a depth of 1 cm. The reason

for this was to ensure that the edges of the slab model do not have an effect on the

extracellular potentials when performing steady state simulations. This, however, is

an unrealistically large size for one of the ventricle walls, which is the main reason

for the apparently slow propagation. Even if the propagation wave was travelling

at top speed (approximately 50 cm/s), it would still take around 320 ms to propa-

gate from one side to the other. The effect of the fibre rotation forces the overall

propagation speed to be slower than the top speed, which is why the whole edge

stimulation scenarios were slightly slower than this optimal value of 320 ms.

The second issue with the slab model is that it does not incorporate a Purkinje

fibre network, which is a complicated web of fibres that run through the ventricles,

mainly concentrated near the endocardium. As mentioned in Chapter 2, the role of
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Location Event Time (ms)

SA Node Impulse generated 0

Atrium Depolarisation Begin 5

AV Node Propagation arrive 50

Atrium Depolarisation End 85

AV Node Propagation depart 125

Bundle of His Activated 130

Purkinje Fibres Activated 150

Ventricles Depolarisation Begin 175

Atrium Repolarisation End 200-250

Ventricles Depolarisation End 250

Ventricles Repolarisation End 400-600

Table 7.1: Experimentally observed timings of various cardiac electrical events.
Values taken from Malmivuo and Plonsey [21]

the Purkinje fibres is to help spread the propagation wave throughout the ventricles.

This is achieved because the Purkinje cells are a special type of cardiac cell that allow

propagation speeds much greater than ventricular cells. The propagation speed in

a typical Purkinje system can be up to 300-350 cm/s [21], which is approximately

6-7 times faster than the ventricular tissue. This means that even though the slab

model is unrealistically large, reasonably realistic activation times could be achieved

using a well placed Purkinje system.

The final stimulation method (entire endocardium) has not been mentioned up to

this point. This is because its behaviour is significantly different from the other sce-

narios. Unlike the rest of the stimulation methods, the whole endocardium scenario

gives a total propagation time which is well inside the experimentally observed val-

ues. The model takes approximately 45 ms to completely depolarise, which is well

below the 75 ms threshold. This is because the propagation wave only needs to travel

1 cm to completely depolarise the model. Because of this result, this scenario is the

only one out of the six methods studied that is appropriate to use on the slab model
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without the incorporation of a Purkinje network.

7.2 Whole Endocardium Stimulation

In the previous section, the only stimulation method for the slab model which gave

realistic timings was the whole endocardium stimulation method. This was because

the propagation wave only needed to travel a relatively small distance in order to

activate every cell in the model. This method therefore would be a good candidate

for simulating propagation with the inclusion of an ischaemic region.

7.2.1 Activation Maps with Ischaemia

Before calculating the ST potentials for the whole endocardium stimulation method,

it would be beneficial to test the effect of an ischaemic region on the propagation

wave. The slab model was set up with exactly the same parameters as in the previous

section, with the exception of an ischaemic region at the centre of the endocardium.

All three ischaemic geometries were used (rectangular, cylindrical and ellipsoidal).

For the ischaemic border zone, sharp transitions were used with a λ value of 0.01 in

each spatial direction. This was done so that the ischaemic and healthy region were

more easily distinguished, which meant that the effect of the ischaemic tissue could

more easily be seen. Two sets of simulations were performed. The first was where

conductivities were unchanged in the ischaemic region, while the second included

the full ischaemic conductivities (see Section 6.5 for details). All simulations in this

section were carried out with an ischaemic thickness of 50%, which represents a

medium level of ischaemia.

It is important to note that, unlike the previous section where there was no ischaemic

region present, the transmembrane potentials are not initially in a steady state.

There is some initial activity in the border zone between the healthy and ischaemic

tissue which needs to be allowed to settle before a stimulus is applied. For this reason
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Figure 7.3: Comparision between the border zone for steady state and tran-
sient simulations. The red and blue lines correspond to steady state, transient

simulations.

the model was let sit for 20 ms before a stimulus was applied. This resulted in a

slight change in the distribution of the transmemebrane potential compared with

the steady state scenario. The difference, however, was only minor and resulted in

a small increase in the width of the border zone. Figure 7.3 shows the difference

in the distribution of the transmembrance potential across the border zone. This

figure shows that there is only a minor change in the distribution, which should

not significantly affect the results, as it still gives a border zone with a width of less

than 0.2 cm. The steady state model has already shown that the width of the border

zone needs to be approximately 1 cm before the extracellular epicardial potentials

are significantly affected for medium thickness ischaemia.

The results for the ischaemic activation maps are shown in Figure 7.4. The left col-

umn shows the epicardial activation maps for the unaltered conductivities scenario,

while the right column shows epicardial activation maps for the realistic (reduced

ischaemic) conductivities scenario. From this figure it can be seen that there is very



Chapter 7. Transient Slab Model 175

−8 −6 −4 −2 0 2 4 6

−8
−6

−4
−2

0
2

4
6

Epicardial Activation Map (mV)

x (cm)

y
(c

m
)

−8 −6 −4 −2 0 2 4 6

−8
−6

−4
−2

0
2

4
6

x (cm)

y
(c

m
)

−8 −6 −4 −2 0 2 4 6

−8
−6

−4
−2

0
2

4
6

x (cm)

y
(c

m
)

−8 −6 −4 −2 0 2 4 6

−8
−6

−4
−2

0
2

4
6

x (cm)

y
(c

m
)

−8 −6 −4 −2 0 2 4 6

−8
−6

−4
−2

0
2

4
6

x (cm)

y
(c

m
)

−8 −6 −4 −2 0 2 4 6

−8
−6

−4
−2

0
2

4
6

x (cm)

y
(c

m
)

Contour Interval = mV, Minimum = − mV, Maximum = ms43.70.2 36.4 sms1.0

Contour Interval = mV, Minimum = − mV, Maximum = ms45.00.2 36.4 sms1.0

Contour Interval = mV, Minimum = − mV, Maximum = ms45.80.2 36.4 sms1.0 Contour Interval = mV, Minimum = − mV, Maximum = ms46.00.2 36.4 sms1.0

Contour Interval = mV, Minimum = − mV, Maximum = ms45.40.2 36.4 sms1.0

Contour Interval = mV, Minimum = − mV, Maximum = ms43.90.2 36.4 sms1.0

Epicardial Activation Map (mV)

Epicardial Activation Map (mV)

Epicardial Activation Map (mV)

Epicardial Activation Map (mV)

Epicardial Activation Map (mV)

Figure 7.4: Activation maps for the slab model with the whole endocardium
being stimulated. The left and right columns show the unaltered and ischaemic
conductivities scenarios, respectively. The top, middle and bottom rows show the

rectangular, cylindrical and ellipsoidal ischaemic geometries, respectively.
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little difference in the activation maps when using the more realistic conductivities.

Other than a very small delay in the maximum activation time for each ischaemic

geometry with the realistic conductivities, the results are almost indistinguishable.

Interestingly, the minimum activation time is exactly the same in every single situa-

tion (36.4 ms). The differences between the ischaemic geometries are fairly consistent

with previous results, with the rectangular ischaemic geometry giving a rectangu-

lar pattern with the other two geometries giving a circular pattern. The central

area for the cylindrical ischaemic is also larger than that of the ellipsoidal ischaemic

geometry, which is also consistent with what is expected.

One of the most unexpected results is that the propagation wave appears to be

travelling faster in the ischaemic region that in the healthy tissue. This behaviour

is confirmed by looking at Figure 7.5, which shows a cross-section of the activa-

tion along the x-z axes for the scenario with a rectangular ischaemic region. This

figure shows that the propagation speed is definitely larger inside the ischaemic re-

gion than outside. This is even true for the reduced ischaemic conductivities, which

seems counter-intuitive. In order to explain this phenomenon, the conditions used

to represent ischaemia need to be further scrutinised. The conditions used in the

cell model are detailed in Section 4.4.4. Of the three ischaemic consequences in-

corporated into the cell model, the one which affects propagation is hyperkalaemia.

This is the process where the inability to remove waste from the cells causes an el-

evation in the extracellular potassium concentration, resulting in an increase in the

resting potential of the cell (to approximately -65 mV). The threshold potential for

the cell’s activation, however, is unchanged by the ischaemic processes and remains

at approximately -60 mV. This means that the potential only needs to be raised by

5 mV in order for activation to occur, which is much less than the 25 mV needed for

healthy tissue. This explains why the propagation speeds are higher in the ischaemic

region for the unaltered conductivities. For the reduced conductivities scenario, the

propagation in ischaemic tissue should be significantly slower due to the smaller

conductivities, which slow the increase in potential caused by the diffusion term in
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Figure 7.5: Cross-section at x = 0 of the activation map for the slab model
with the whole endocardium (z = 1) being stimulated. The rectangular ischaemic

geometry is used in this figure with unaltered ischaemic conductivities.

the bidomain equation. A closer look at the ischaemic conductivities, however, re-

veals that the conductivities are only reduced in the longitudinal direction and not

the transverse direction. Since propagation is only moving in the z direction, only

transverse propagation is occurring, which is why the results are very similar.

7.2.2 Extracellular Potentials

At each time step of the bidomain equations, the extracellular potentials are also

calculated along with the transmembrane potentials. This involves using the steady

state bidomain equation along with the transmembrane potentials from the previous

timestep. For the whole endocardium stimulation method, the standard set of pa-

rameters were used (eg. conductivities based on Clerc’s data [12], cell model based

on the ten Tusscher and Panfilov model [43, 74], 120 degrees fibre rotation and sharp

border zones). As in the previous section, results were obtained using unaltered is-

chaemic conductivities as well as the reduced ischaemic conductivities. The model

was stimulated and let run for 500 ms, which allowed it to depolarise, enter the ST

segment, then repolarise completely, covering the entire action potential.
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Figure 7.6: Transmembrane potential over one cardiac cycle for three different
nodes of the slab model in the whole endocardium stimulation method. The red,
blue and green plots correspond to nodes located in the centre of the ischaemic
region, on the epicardium and on the endocardium (in the healthy region), re-

spectively.

A summary of the action potentials for different regions of the slab model is shown

in Figure 7.6. This figure shows the action potential for three different nodes in

the slab model. The first node (green plot) was located on the endocardium in

the healthy tissue region. As it was on the endocardium, it was part of the initial

stimulation nodes, so was activated approximately 1.5 ms after the initial stimulus

was applied. From the figure, its plateau potential sits at approximately 20 mV

and lasts for 250 ms. The overall duration for the action potential is approximately

325 ms. The second node (blue plot) singled out was located on the epicardium and

also in the healthy tissue region. The action potential for this node is very similar to

the previous node, as expected, except that is has a slightly smaller action potential

duration. The final node (red plot) was located in the centre of the ischaemic region

(x = 0,y = 0,z = 0.75). The action potential for this node is significantly different

to the other two. The plateau potential sits at -10 mV, 30 mV less than the healthy

nodes, while the action potential duration is only 160 ms. This figure shows two

different regions of interest for looking at the extracellular potentials. The first is
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where all of the nodes are depolarised and sitting at their plateau potentials. This

region lasts from t = 50 ms to t = 125 ms. The second is where the healthy nodes

are still depolarised while the ischaemic nodes have already repolarised, which lasts

from t = 160 ms to t = 275 ms. For this reason it was decided to look at the

epicardial potentials at two different time values. The first was at t = 75 ms, where

the nodes are all completely depolarised, while the second was at t = 225 ms, where

the ischaemic region has repolarised completely.

Figures 7.7 and 7.8 show the epicardial extracellular potentials for the scenarios

described above. The first of these shows the EPDs when ischaemic conductivities

have been ignored, while the second figure includes ischaemic conductivities. The

left column of each figure is analogous to the steady state scenario and shows the

epicardial potentials during the ST segment, where all nodes are completely depo-

larised and sitting at their plateau potentials. As with the steady state simulations,

the transmembrane potentials inside the ischaemic region are approximately 30 mV

less than that of the healthy tissue. The right hand columns show the results for

the scenario where the ischaemic region has repolarised but the healthy tissue is

still depolarised. In this situation, the difference between the healthy and ischaemic

potentials is much greater (approximately 75 mV).

For the unaltered conductivities scenarios, the results at 75 ms after initial stimulus

look almost exactly the same as the steady state results seen in Figures 5.7, 6.6

and 6.10. The rectangular and cylindrical ischaemic geometries still produced the

familiar three depression pattern while the ellipsoidal ischaemic geometry gave only

two distinct depressions. Also, the magnitude of the potentials in the depressions

are very similar to the steady state scenario, differing by less than 0.1 mV for all

ischaemic geometries. Similarly, the results at 75 ms after initial stimulus for the re-

duced ischaemic conductivities also look identical to their steady state counterparts,

with the exception of the ellipsoidal ischaemic geometry. The central depression

for the transient results does look slightly different to its steady state counterpart.

In the steady state results, at 50% ischaemic thickness, the central depression was
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Figure 7.7: Numerical EPDs for the slab model with whole endocardium stim-
ulation and unaltered ischaemic conductivities. The top, middle and bottom
rows show the rectangular, cylindrical and ellipsoidal ischaemic geometries, re-
spectively, while the left and right columns correspond to 75 ms and 225 ms after

initial stimulus, respectively.
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Figure 7.8: Numerical EPDs for the slab model with whole endocardium stim-
ulation and reduced ischaemic conductivities. The top, middle and bottom rows
show the rectangular, cylindrical and ellipsoidal ischaemic geometries, respec-
tively, while the left and right columns correspond to 75 ms and 225 ms after

initial stimulus, respectively.
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beginning to split apart and so appears more elongated than the results in this sec-

tion. Also, there is a noticeable difference in the magnitude of the potentials inside

the depression. Overall, these differences do not significantly alter the qualitative

description of the EPD. They are, however, interesting as they were not expected

and occur only under specific conditions (ie. reduced ischaemic conductivities with

ellipsoidal ischaemic geometry).

The right columns of Figures 7.7 and 7.8 show the extracellular EPDs obtained

225 ms after initial stimulus. As mentioned above, this is where the ischaemic region

has completely repolarised and there is a much larger potential difference between

the healthy and ischaemic tissue. By looking at all the results at this time, a trend

in the EPDs is noticeable. For the first figure (unaltered ischaemic conductivities),

the potentials at the centre are significantly increased to the point where the central

depressions almost disappear. For the rectangular ischaemic geometry, elevation is

even present above the corners of the ischaemic region. Comparing the EPDs here

with those from the steady state scenario, it seems that they more closely resemble

the steady state results at 60-70% ischaemic thickness. This is very interesting as

an increase in the transmembrane potential difference was not expected to alter the

overall pattern of the EPDs as significantly as seen here.

Similar behaviour is seen in the results for the reduced ischaemic conductivities. A

significant change in the EPD pattern is observed for all ischaemic geometries. For

the rectangular ischaemic geometry, multiple areas of depression appear all around

the ischaemic region. As in the unaltered conductivity scenario, the potentials above

two corners of the ischaemic region are raised significantly; however, elevation is not

quite apparent in these regions. The cylindrical ischaemic region displays very simi-

lar behaviour, with new areas of depression forming on the outside of the ischaemic

region. Likewise, the central depression for the ellipsoidal ischaemic region separates

into two depressions.

One final difference between the results at 75 ms and 225 ms is the rotation of the

EPDs. Looking closely at the figures, a small change in the rotation of the EPDs in

the clockwise direction is noticeable with the results taken at 225 ms. This rotation
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amount appears to be consistent across both figures; however, it is quite small and

does not significantly change the behaviour of the EPDs.

7.3 Purkinje System

The results from the previous section showed that the transient slab model was able

to produce the same results as the steady state model when the whole endocardium is

stimulated simultaneously. Although this scenario produced some interesting results,

it does, however, simplify and hide some of the more important behaviour during

activation. As discussed in Chapter 2, the entire endocardium of the ventricles is

not activated simultaneously. When the activation signal leaves the AV node, it

travels down the Bundle of His and into the Purkinje system. Figure 2.2 shows how

the Purkinje system is arranged throughout the ventricles. It looks like a web of

fibres which spreads over the endocardium. The speed of activation through these

fibres is far greater than that of cardiac cells, with reported values in the range

of 3.0-3.5 m/s [21], which is approximately 6-7 times faster than the propagation

in normal ventricular myocytes. It is the Purkinje system which is responsible for

ensuring that the ventricles are depolarised at the right times. Section 7.1 showed

that without an adequate Purkinje system in place, the ventricles could not be

completely activated within a reasonable amount of time, resulting in the complete

disappearance of the ST segment.

For this section, a crude Purkinje system was constructed and applied to the slab

model. There are a few possible ways to achieve this for the slab model. These

include:

1. Constructing a separate model for the Purkinje cells and applying a relevant

cell model to each node. This model could then be attached to the slab model

so that the activation wave could spread to the nodes in the slab model.
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2. Changing the intracellular conductivities of certain nodes in the slab model

which form the required shape of the Purkinje system. This would force the ac-

tivation wave to travel faster along these nodes giving the illusion of a Purkinje

system.

3. Applying an external stimulus to certain nodes in the slab model which form

the required shape of the Purkinje system. The stimulus would be applied in

a staggered way to give the illusion of propagation within a Purkinje system.

Each of the above methods has its advantages and disadvantages. The first method

is definitely the most clinically accurate for introducing a Purkinje system; however,

is is significantly more difficult to implement than the other two methods. The

second method is the easiest to implement, since all it requires is a change in the

conductivities of certain nodes. However, this could have unintended consequences

when calculating the extracellular potentials as they also depend on the intracellular

conductivities. The third method eliminates this problem with the conductivities

as it only introduces an external stimulus and does not alter the model at all.

Difficulties could arise with this method for Purkinje systems which require complex

geometries, as the staggering of the activation needs to be calculated manually.

Based on the advantages and disadvantages of the three Purkinje system implemen-

tations, it was decided that the best option would be the third method. As the slab

model itself is an extreme simplification of the cardiac geometry, applying a realistic

Purkinje system described by the first method would not be a practical approach.

Also, although the second method is just as difficult to implement as the third in

general, the change in conductivity values for the endocardial tissue may affect the

epicardial potentials at the epicardium.

7.3.1 Purkinje System Geometry

In order to calculate the epicardial potentials for the slab model, an adequate Purk-

inje system needs to be modelled. There are many possible choices for a geometry
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Figure 7.9: Possible Purkinje system geometries for the slab model, looking
down the z-axis. (a) 4 fibres (1 cm thick), (b) 6 fibres (1 cm thick), (c) 8 fibres

(0.5 cm thick) and (d) 10 fibres (0.5 cm thick).

that could successfully propagate the activation signal; however, an ideal choice

would be one which has the best trade-off between total activation time and en-

docardial coverage. While a lower total activation time is the reason for including

a Purkinje system, it would be redundant to simply cover the endocardium with

fibres as this would cause the entire endocardium to very quickly depolarise and the

results would look very similar to the whole endocardium stimulation. Also, this is

not a realistic approach as Figure 2.2 clearly shows that there are significant gaps

in the Purkinje fibres along the endocardium.

One simple choice for the Purkinje system is a cross hatch pattern, which consists of
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two sets of intersecting parallel lines. This approach has two key benefits. First, it

is relatively simple to implement since there are only two possible directions for the

signal to travel. Second, the number and thickness of the lines can easily be scaled

up and down for optimisation of the activation time. For these reasons, this type of

geometry was chosen for the Purkinje system in the slab model. Figure 7.9 shows

some of the possible ways to implement this type of system.

7.3.2 Activation Maps without Ischaemia

Before the epicardial potentials can be calculated, the optimal Purkinje system needs

to be found. For this, the activation maps of a number of cross hatch systems were

calculated and compared. The results for a few of these systems are shown in Figures

7.10 and 7.11. Along with varying the cross hatch pattern, the number and location

of the initial stimuli was also altered to help the spread of activation. In order to

calculate the activation maps for any of the Purkinje systems, the activation times in

the Purkinje fibres need to first be calculated. The simplest way of doing this would

be to calculate the minimum path distance for each node to the initial stimulus time

and divide by the speed of propagation. In the case where there is more than one

stimulus site, the path from each site could be calculated and only the minimum

value kept. For calculating the path distance to each node, a very simple algorithm

was used which exploited the geometry of the Purkinje fibres. With a simple cross

hatch pattern and stimuli placed only at fibre intersections, the path distance could

be calculated as the sum of the distances in the x and y directions to the nearest

stimulus.

Activation maps for a few different Purkinje systems are shown in Figures 7.10 and

7.11. The first figure shows the activation along the endocardium while the second

shows the epicardium. For the endocardial activation maps, the contour patterns

give an idea of the fibre layout and coverage. For the four fibre scenario, the ac-

tivation site is towards the lower left of the map at the intersection between two

fibres. When this image is compared to those in Section 7.1 the effect of including
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Figure 7.10: Endocardial activation maps for the slab model with the inclusion
of a Purkinje system. (a) 4 Purkinje fibres with a single stimulus site, (b) 8
Purkinje fibres with 4 stimulus sites, (c) 10 Purkinje fibres with 2 stimulus sites

and (d) 14 Purkinje fibres with 4 stimulus sites.

a Purkinje system is quite apparent. Even with a relatively small Purkinje system,

the total activation time is around half of that when no Purkinje system is included.

Unfortunately, it still takes the endocardium more than 140 ms to completely ac-

tivate, which is far too large to be considered useful. Similarly, the epicardium

takes approximately 154.3 ms for the propagation wave to complete. With activa-

tion times this large, parts of the ischaemic tissue may already be repolarising before

the activation is complete.
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Figure 7.11: Epicardial activation maps for the slab model with the inclusion of
a Purkinje system. (a) 4 Purkinje fibres with a single stimulus site, (b) 8 Purkinje
fibres with 4 stimulus sites, (c) 10 Purkinje fibres with 2 stimulus sites and (d) 14

Purkinje fibres with 4 stimulus sites.

The second image shows the activation map when using an eight fibre Purkinje

system. Also, this scenario uses multiple stimulus sites placed near each corner of the

endocardium, at intersections in the fibres. This scenario gives a total endocardial

activation time of 73.5 ms and the entire model is activated after approximately

90.9 ms. This gives significantly more realistic values than the previous scenario,

however still falls outside the experimentally observed value of 75 ms [21].
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The third image shows the activation map when using a ten fibre Purkinje system.

Unlike the eight fibre scenario, only two stimulus sites are used, diagonally opposite

one another. Interestingly, the total activation times in this scenario are actually

larger than with the eight fibre scenario. Looking at the activation maps, the reasons

for this are quite apparent. In each of the scenarios mentioned so far, it is the corners

of the slab which are the last to be depolarised. By only including stimulus sites

near two of the corners, activation of the corners which do not have nearby stimulus

sites will be significantly delayed. Looking at the epicardial activation map for the

ten fibre scenario, the two corners which have nearby stimulus sites activate after

approximately 85 ms, which is faster than the eight fibre scenario.

The final scenario, shown in Figures 7.10 and 7.11, is when 14 fibres are used along

with four stimulus sites. This scenario clearly gives the smallest total activation time

of approximately 74.4 ms, which is very close to the realistic value of 70 ms. Although

this value is quite promising, the downside to using this scenario is the high fibre

coverage of the endocardium. Comparing this with the eight fibre scenario, there is

almost double the fibre coverage with only a 17% decrease in the total activation

time.

Overall it was decided that the eight fibre scenario with four stimulus sites was the

best choice for simulating a Purkinje system. The reason for this choice was that it

gave the best balance between total activation time and Purkinje fibre coverage of

the endocardium. Even though the total activation time falls outside experimentally

observed values by approximately 15 ms, this was considered reasonable for the slab

model considering its unrealistic size.

7.3.3 ST Potentials

Once a reasonable Purkinje system was formulated, the next step was to calculate

the extracellular potentials for various ischaemic scenarios. All three ischaemic ge-

ometries were again considered. All parameters in the bidomain equations were

unchanged from previous simulations (eg. conductivities based on Clerc’s data [12],
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Figure 7.12: Transmembrane potential over one cardiac cycle for three different
nodes of the slab model with the inclusion of a Purkinje system. The red, blue
and green plots correspond to nodes located in the centre of the ischaemic region,
on a stimulus node and in the centre of the epicardium, respectively. The black
line shows the action potential of the node in the centre of the ischaemic region

when ischaemic conductivities are included.

cell model based on the ten Tusscher and Panfilov model [43, 74], 120 degree fibre

rotation, sharp border zones, 50% ischaemic thickness). As in the whole endo-

cardium stimulation, simulations were run with unaltered conductivities as well as

with reduced ischaemic conductivities. Also, the model was let sit for 20 ms before

a stimulus was applied in order to allow the potentials in the border zone to reach

a steady state.

A summary of the action potentials for different regions of the slab model are shown

in Figure 7.12. This figure shows the action potential for three different nodes in

the slab model. The first node was located on the endocardium at one of the initial

stimulus points. As in the whole endocardium stimulation method, this node is

activated approximately 1.5 ms after the initial stimulus is applied and has a action

potential (AP) duration of approximately 325 ms. The second node is located in the

centre of the ischaemic region. The activation wave takes 44 ms to reach this node

when ischaemic conductivities are ignored, and approximately 90 ms with ischaemic
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conductivities reduced. In both scenarios, the plateau potential sits at approximately

-5 mV with an AP duration of around 160 ms. The final node in Figure 7.12 is shown

in blue and sits at the centre of the epicardium. Unlike the node at the centre of the

ischaemic region, there is very little difference in the activation time with and without

the inclusion of ischaemic conductivities. The activation wave takes approximately

60 ms to reach this node in both scenarios.

Figure 7.12 shows that there are again two regions of interest during the ST seg-

ment. The first region lies between 100 ms and 150 ms, where all nodes in the slab

model are depolarised. The second region is where only the ischaemic nodes have

repolarised, which lies between 200 ms and 300 ms. For the reduced conductivity

scenario, however, this region is significantly reduced due to the delayed activation

of the ischaemic nodes. It is important to consider both of these regions as it was

shown in the whole endocardium stimulation results that there can be a significant

difference in the extracellular potentials.

Figures 7.13 and 7.14 show the extracellular epicardial potentials for the simulations

described above. For the unaltered ischaemic conductivities scenario, when the

whole model is depolarised, the results look very similar to those seen in both the

steady state and whole endocardium stimulation scenarios. The multiple depression

patterns are just as distinct and the depth of the depressions is very similar. The

only significant difference seen here is an increase in the potentials at the corners

of the slab, which has not been seen to this point. The reason for these areas is

most likely due to the delayed activation at these points. The previous sections

showed that the corners of the slab model are the last regions to be activated when

the Purkinje system is applied to the model. This means that there will be some

variation in the transmembrane potential in these regions during the initial stage of

the ST segment. Looking at the EPDs 225 ms after initial stimulus shows that these

regions of increased potential are no longer significant later into the action potential.

At this time, the ischaemic region has completely repolarised and the healthy tissue

is still sitting near its plateau potential.
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Figure 7.13: Numerical EPDs for the slab model with unaltered ischaemic con-
ductivities using Purkinje system. The top, middle and bottom rows show the
rectangular, cylindrical and ellipsoidal ischaemic geometries, respectively, while
the left and right columns correspond to 110 ms and 225 ms after initial stimulus,

respectively.
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Figure 7.14: Numerical EPDs for the slab model with reduced ischaemic con-
ductivities using Purkinje system. The top, middle and bottom rows show the
rectangular, cylindrical and ellipsoidal ischaemic geometries, respectively, while
the left and right columns correspond to 110 ms and 225 ms after initial stimulus,

respectively.
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For both the unaltered and reduced ischaemic conductivities scenarios, there is some

interesting behaviour in the EPDs during the later stages of the action potential.

Most significantly, in every scenario there is elevation located everywhere except

in the central region where the ischaemic tissue is located. This is clearly due to

the variation in the activation times across the model, as the contour lines follow a

similar pattern to the activation maps at the epicardium.

The EPDs for the reduced ischaemic conductivities scenario at 110 ms showed very

similar behaviour to previous results with one exception. In the central depression

directly over the ischaemic region, an interesting phenomenon was noticed. The

potentials directly at the centre are slightly higher than those nearby, causing two

separate peaks in the depression. While this behaviour was present for all three

ischaemic geometries, it is slightly more noticeable with the cylindrical ischaemic

geometry. The reason for this behaviour becomes apparent when observing the

activation paths for these situations. Since there is a significant decrease in the

longitudinal conductivities, the activation wave travels significantly slower through

the ischaemic region. This causes a variation in the transmembrane potentials inside

the ischaemic region. The way that the Purkinje system is set up causes the potential

to vary roughly radially from the centre of the ischaemic region, resulting in the

observed behaviour in the extracellular potentials.

7.4 Summary

In this chapter, the slab model was solved using the full, transient bidomain equa-

tions. As in the previous chapter, three different ischaemic geometries were used in

the simulations and their results were compared. Activation maps were studied for

various scenarios as well as the effect of including a Purkinje system.

Overall, the results for the transient slab model agreed with the steady state results.

The most significant differences between the transient and steady state results were
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found when the Purkinje system was included. This was to be expected as the in-

clusion of a Purkinje system introduced a certain amount of variation in the trans-

membrane potentials which was not able to be simulated in the steady state model.

Because of this, it is important to consider transient simulations when simulating ST

segment behaviour. Also, transient simulations give far greater flexibility for simu-

lating different phenomena and behaviour, such as activation times and epicardial

potentials during other phases of the ECG.





Chapter 8

Half-Ellipsoid Ventricular Model

The previous two chapters have focused on the simulation of ischaemia using a

simple slab model to represent the ventricular wall. While there have been some

important and interesting results shown using the slab model, these results need to

be produced under more realistic conditions to test their validity. This chapter will

focus on a new model for representing the left ventricle, the half-ellipsoidal model.

Both steady state and transient simulations will be performed and compared against

results obtained from the slab model.

8.1 Steady State Model

The first step in this work was to solve the steady state bidomain equations (4.9)-

(4.13) for the half-ellipsoid model and compare the results with those from the slab

model. As the half-ellipsoid model was also developed using hexahedral elements,

the same solution method as the slab model can be used. The boundary conditions

for the half-ellipsoid model are slightly more complicated, due to the more complex

geometry. Insulation conditions were used on the entire outer surface of the model

197
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(including the top of the blood mass),

∇φi · n̂ = 0, (8.1)

∇φe · n̂ = 0. (8.2)

At the blood-tissue interface, as in to the slab model, continuity of extracellular

potential and current was also incorporated using

φe = φb, (8.3)

σne∇φe · n̂ = σb∇φb · n̂. (8.4)

8.1.1 Ischaemic Geometries

As in the slab model, three different ischaemic region geometries were considered

for the half-ellipsoid model. The rectangular geometry was defined as the region

covering

θ1 ≤ θ ≤ θ2,

φ1 ≤ φ ≤ φ2,(
x

a−Rth
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+
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where Rth is a parameter to control the ischaemic thickness. A value of Rth = 0

would give full thickness ischaemia and Rth = 1 would give no ischaemia. Typically,

the ischaemic region was 20◦ wide in the θ direction and 40◦ wide in the φ direction.

For the cylindrical ischaemic geometry, the region of ischaemia covered
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Figure 8.1: Diagram of the three ischaemic geometries for the half-ellipsoid
model showing (a) rectangular ischaemic region, (b) cylindrical ischaemic region
and (c) ellipsoidal ischaemic region. Healthy tissue, ischaemic tissue and blood

are coloured in blue, green and red, respectively.

where θc and φc give the centre location of the cylinder. The values of p and q were

chosen in order to give the cylinder a roughly circular shape of similar size to the

rectangular geometry.

The ellipsoidal ischaemic geometry was constructed in a similar way to the cylindrical

geometry with one exception. For the cylindrical ischaemic geometry, the p and

q values were constant throughout the entire model. This was changed for the

ellipsoidal ischaemic geometry so that p and q varied from the endocardium to
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the epicardium to give an ellipsoidal shape. Figure 8.1 gives an example of each

ischaemic geometry located approximately halfway down the wall of the ventricle.

8.1.2 Original Parameters

The half-ellipsoid model was initially solved for all three ischaemic geometries us-

ing the default parameters from the slab model. This included sharp border zone

transitions, conductivities based on Clerc’s data [12] and the conductivities in the

ischaemic region were unaltered. The cardiac fibres were offset 45 degrees from the

z direction at the epicardium and rotated linearly throughout the tissue, with a

total rotation from the epicardium to the endocardium of 120 degrees. Results were

obtained for five different ischaemic thicknesses (10%, 30%, 50%, 70%, 90%) and

compared with those obtained from the slab model.

Figures 8.2-8.4 shows the EPDs obtained with the half-ellipsoid model. For each

figure, the epicardial surface is flattened into the x-y plane to form a circle. The

radius of each node on the circle is scaled according to its value of θ in Equations

(4.37)-(4.39).

Figure 8.2 shows the EPDs obtained using a rectangular ischaemic geometry. In part

(a) of this figure, the ischaemic thickness is set to 0.1 cm. Like the slab model, this

results in a single depression located in the area over the ischaemic region. Unlike the

slab model, however, it is not located directly above the ischaemic region, but instead

is slightly offset. As the ischaemic thickness is increased to 30%, this behaviour does

not change significantly. There is still a single depression located near the ischaemic

region. There is, however, an increase in the potentials on the opposite side of the

ischaemic region causing a slight elevation to also form. Once the ischaemic thickness

reaches 50%, a change in the behaviour of the EPD has occurred, which significantly

differs from the behaviour seen with the slab model. At this point, there is now a

single area of depression and a single area of elevation on either side of the ischaemic

region. Also, the elevation is, in fact, the more dominant of the two, with almost

double the magnitude of the depression. In addition, the elevation is in fact covering
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Figure 8.2: Epicardial potential distributions for the steady state half-ellipsoid
model with a rectangular ischaemic geometry. (a) 10% ischaemia, (b) 30% is-
chaemia, (c) 50% ischaemia, (d) 70% ischaemia, (e) 90% ischaemia and (f) Is-

chaemic region size and location.
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Figure 8.3: Epicardial potential distributions for the steady state half-ellipsoid
model with a cylindrical ischaemic geometry. (a) 10% ischaemia, (b) 30% is-
chaemia, (c) 50% ischaemia, (d) 70% ischaemia, (e) 90% ischaemia and (f) Is-

chaemic region size and location.
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Figure 8.4: Epicardial potential distributions for the steady state half-ellipsoid
model with an ellipsoidal ischaemic geometry. (a) 10% ischaemia, (b) 30% is-
chaemia, (c) 50% ischaemia, (d) 70% ischaemia, (e) 90% ischaemia and (f) Is-

chaemic region size and location.
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more of the ischaemic region than the depression (see part (f) for the location of

the ischaemic region). This contrasts with the behaviour seen with the slab model,

where elevation was almost never present at medium thicknesses of ischaemia. As

the ischaemic thickness is increased to high levels, another interesting behaviour

appears. A second depression forms on the other side of the elevation, forming a

pattern which is similar to that seen with the slab model at high thicknesses of

ischaemia. This pattern of a central elevation with two depressions on either side

then continues until the ischaemia becomes transmural.

Figure 8.3 shows the EPDs obtained using a cylindrical ischaemic geometry. As

with the slab model, there is very little difference in the behaviour of the EPDs

using a cylindrical ischaemic geometry rather than a rectangular geometry. At low

ischaemic thicknesses there is a single depression in the EPD. As the ischaemic

thickness increases, an area of elevation forms on the other side of the ischaemic

region and quickly overpowers the depression. Once the ischaemic thickness reaches

70%, a second depression forms on the opposite side of the elevation and the results

are once again similar to that from the slab model.

Figure 8.4 shows the EPDs obtained using an ellipsoidal ischaemic geometry. Again,

the results from the half-ellipsoid model show a significantly different behaviour from

the slab model. However, the EPDs from the ellipsoidal ischaemic geometries are

quite similar to those seen with the rectangular and cylindrical ischaemic geome-

tries. Some minor differences can be seen, where the most significant of these are

slightly smaller areas of elevation and lower potential magnitudes in these areas.

This behaviour, however, does not significantly alter the qualitative pattern of the

EPDs.

These results show that, although the EPDs have been shown to be dependent on

the ischaemic region geometry, there are other factors which may play a larger role

in determining the epicardial potentials. These factors include the size and shape

of the ventricular mesh, as well as the various parameter choices in the solution

method.
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8.1.3 Scaling the Ventricular Mesh

The previous section showed that the EPDs obtained with the half-ellipsoid model

are significantly different to those obtained from the slab model. One possible reason

for this is the differing sizes in the models, with the dimensions of the slab model

being much larger than those of the half-ellipsoid model. This has two important

consequences which may affect the results. The first of these is that the blood volume

is much smaller in the half-ellipsoid model. Results from the slab model, however,

showed that even with a blood thickness of 1 cm, the EPDs are not significantly

altered. In order to significantly affect the EPDs, the blood thickness needed to

be smaller than 0.5 cm, which is definitely not the case for the half-ellipsoid model.

The other consequence of a smaller model is an overall change in the shape of

the ischaemic regions. For the slab model, the rectangular ischaemic geometry had

length and width of 4 cm while the height was changed from 0 to 1 cm. This resulted

in a relatively flat rectangular prism shape. Similar observations can be made about

the other two ischaemic regions as well. For the half-ellipsoid model, the length

and width of the ischaemic region was approximately 0.6 cm. This was done so that

the size of the ischaemic region relative to the mesh was not too large. Since the

tissue thickness was still set to 1 cm, the ischaemic thickness varied from 0 to 1 cm.

For relatively low ischaemic thickness, this still gave a very flat ischaemic geometry.

Once the thickness reached medium levels, however, the ischaemic geometry begins

to resemble a much more cubic shape, rather than a flat rectangular prism. Again,

similar observations can be made for the other ischaemic geometries.

Two sets of simulations were run in order to test this idea that the relative dimensions

of the ischaemic region significantly affect the epicardial potentials. The first set

involved returning to the slab model with a reduced ischaemic region width and

height. The ischaemic region width and height were reduced by a factor of 4, to

1 cm. For these simulations, all parameters for the bidomain model were kept the

same as with in Section 8.1.2. Other than the ischaemic region, the dimensions of

the slab model were unchanged.
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The second set of simulations involved increasing the size of the half-ellipsoid model

by a factor of 4, with the exception of the tissue thickness which was left at 1 cm. This

resulted in an oblate spheroid with semi-major axis of 16 cm and semi-minor axes

of 8 cm. The constraints on θ and φ for the ischaemic region were unchanged from

the previous section. This resulted in an ischaemic geometry with an approximate

length and width of 2.5-3 cm.

Figure 8.5 shows the EPDs for the slab model. The left column shows the results for

the original sized ischaemic regions while the right column shows the results for the

narrow ischaemic regions. These results show a significant difference in the epicardial

potentials for the narrow ischaemic regions compared to the original results. In the

scaled down case, all ischaemic geometries resulted in an area of elevation centred

over the ischaemic region surrounded by two areas of depression. This contrasts with

the results for the original slab model, which showed an area of depression above the

ischaemic region, with no elevation seen when the ischaemic thickness was at 50%.

The results for the scaled up version of the half-ellipsoid model are just as interesting

as those seen with the slab model. In these results, there is almost no elevation

present for any ischaemic geometry. For the rectangular and cylindrical ischaemic

geometries, it does look as though elevation is beginning to form in small areas,

however depression still significantly dominates the epicardial surface. The results

here do not resemble those seen in the previous section and are more similar to

the original results produced with the slab model except that there is no distinct

two/three depression pattern. However, this appears to be due to the distortion

created by the curvature of the model.

In order to understand the mechanisms behind the differences in the EPDs for the

narrow and wide ischaemic regions, current paths inside the tissue were calculated

and these are shown in Figure 8.7. The left column shows the current paths for the

original slab model while the right column shows what happens when the width of

the ischaemic region is reduced (e.g. scaled down slab model). For low thicknesses

of ischaemia, there is no difference in the behaviour of the current paths. Both

scenarios show two current loops forming on opposite sides of the ischaemic region.
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Figure 8.5: Epicardial potential distributions for the steady state slab model
with a reduced ischaemic geometry size at 50% ischaemia. The top, middle and
bottom rows correspond to a rectangular, cylindrical and ellipsoidal ischaemic
region, respectively, while left and right columns correspond to the normal sized

and small sized ischaemic region, respectively.
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Figure 8.6: Epicardial potential distributions for the steady state half-ellipsoid
model at 50% ischaemia with dimensions increased be a factor of 4. The top,
middle and bottom rows correspond to a rectangular, cylindrical and ellipsoidal
ischaemic region, respectively, while left and right columns correspond to the

normal sized and large sized model, respectively.
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Figure 8.7: Comparison of the current path behaviour for wide (left column) and
narrow (right column) ischaemic regions (IR) at varying thicknesses of ischaemia,

using the slab model.

Also, for high ischaemic thicknesses, there is very little difference in the current paths

between the two scenarios. This was expected as the EPDs at low and high ischaemic

thickness gave qualitatively similar results. It is when the ischaemic thickness is at

medium levels that differences are noticeable. For the wide ischaemic region, the

secondary current loops which form on the top edges of the ischaemic region are

enveloped by the more dominant loops. This means that at the epicardium, there is

a current sink in the centre of the ischaemic region, due to the direction of the outer
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current loops. For the narrow ischaemic region, the two secondary loops are pushed

closer together and are no longer enveloped by the more dominant loops. This

means that the potentials at the epicardium directly above the ischaemic region are

controlled by the secondary loops. Since these loops are rotating in the opposite

direction to the lower loops, this creates a current source on the epicardium in the

centre of the ischaemic region, which causes elevation to occur in the region.

The results in this section show that not only should the geometry (eg. rectangular,

cylindrical, ellipsoidal) of the ischaemic region be considered, but also its size and

shape (eg. wide and flat vs. tall and narrow) can cause significant changes in the

extracellular epicardial potentials.

8.1.4 Conductivity Set Dependence

The previous simulations with the half-ellipsoid model have only focused on a single

conductivity set, based on data from Clerc [12]. Results from the slab model (Section

6.3) showed that the conductivity values used in the bidomain equations have a

significant effect on the epicardial potentials and must be considered when simulating

ischaemia. The purpose of this section is to extend these results to the half-ellipsoid

model to test whether similar conclusions can be made. Simulations were run with

the same three sets of conductivities as in section 6.3, which can be seen in table 6.1.

Three different ischaemic thicknesses were used (10%, 50%, 90%) for each ischaemic

geometry and all simulations included fibre rotation of 120◦ as well as sharp border

zones.

Figure 8.8 shows the EPDs for the conductivity values based on the data of Roberts

et al. [13]. Qualitatively, the results in this figure are similar to those obtained

using conductivities based on Clerc’s data (Figures 8.2-8.4). At low thicknesses

of ischaemia, a single depression was apparent over the ischaemic region, as seen

previously. For medium thickness ischaemia, elevation forms on one side of the

ischaemic region then moves toward the centre of the ischaemic region, pushing

the depression outward. As the ischaemia progresses towards transmural, the EPDs
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Figure 8.8: EPDs for the half-ellipsoid model with conductivities based on the
values reported by Roberts et al. [13]. White and black contours represent positive
and negative potentials, respectively. The thick black contour is the zero potential.
The top, middle and bottom rows correspond to a rectangular, cylindrical and
ellipsoidal ischaemic region, respectively, while left, middle and right columns

correspond to 10%, 50%, 90% ischaemic thickness, respectively.

form the familiar pattern with a central elevation surrounded by areas of depression.

As in the slab model, there is one significant difference in the results using Roberts

et al.’s data, that is, the magnitude of the potentials is significantly larger than the

results using Clerc’s data. This behaviour, however, was expected and has already

been addressed in the slab model.

Figure 8.9 shows the EPDs for the conductivity values based on the data of Roberts
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Figure 8.9: EPDs for the half-ellipsoid model with conductivities based on the
values reported by Roberts and Scher [14]. White and black contours represent
positive and negative potentials, respectively. The thick black contour is the
zero potential. The top, middle and bottom rows correspond to a rectangular,
cylindrical and ellipsoidal ischaemic region, respectively, while left, middle and

right columns correspond to 10%, 50%, 90% ischaemic thickness, respectively.

and Scher [14]. Again, the magnitude of the potentials is significantly larger than

those seen using Clerc’s data. Like the results using Roberts et al.’s data, this was

expected as it mimics the behaviour seen with the slab model. A more interesting

behaviour, seen with this conductivity set, is the formation of elevations in the

EPDs. For the slab model, the results from Roberts and Scher’s data showed almost

no elevation for ischaemic thicknesses less than 90%. The results here show elevation
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forming when the ischaemic thickness is less than 50%. The only ischaemic geometry

which does not result in elevation at this point is the ellipsoidal geometry. Elevation,

however, does form once the ischaemic thickness is 60%. Overall, there is an obvious

delay in the formation of elevation compared with the other conductivity data sets.

This is, however, not surprising given the results from the slab model, which showed

almost no elevation using the same conductivity values. These results again highlight

the differences in the half-ellipsoid and slab models with regard to the formation of

elevation in the EPDs during the ST segment.

8.1.5 Reduced Ischaemic Conductivities

The next step in this work was to include the more realistic conductivities in the

ischaemic region and study their effects for the half-ellipsoid model. This was applied

in exactly the same way as with the slab model, where the intracellular longitudinal

conductivity was reduced by 90% and the extracellular longitudinal conductivity

was reduced by 40%. The transverse and normal conductivities were unchanged

and were the same for ischaemic and healthy tissue. Simulations were carried out

for three separate ischaemic thicknesses (10%, 50%, 90%) with all three ischaemic

geometries. Here, the same parameters for the bidomain equations were used as in

section 8.1.2 (120 degrees fibre rotation, Clerc’s conductivities).

Figures 8.10-8.12 show the EPDs for the rectangular, cylindrical and ellipsoidal is-

chaemic geometries. Comparing these figures to those in section 8.1.2, they appear

to be qualitatively very similar. All scenarios start with a single depression at low

thicknesses of ischaemia, with the formation of an area of elevation once the is-

chaemic thickness reaches medium levels. As the ischaemia progresses to beyond

50% of the tissue wall thickness, a secondary depression, which is moving to the

centre of the ischaemic region, forms on the opposite side of the elevation. The only

significant difference when ischaemic conductivities are reduced is the magnitude of

the extracellular potentials. There is a consistent trend in the EPDs for reduced

ischaemic conductivities of lower magnitudes in the potentials, often by a factor of 2
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Figure 8.10: Numerical EPDs for the half-ellipsoid model with a rectangular
ischaemic geometry and including ischaemic conductivities. White and black con-
tours represent positive and negative potentials, respectively. The thick black
contour is the zero potential. (a) 10% ischaemia, (b) 30% ischaemia, (c) 50%

ischaemia, (d) 70% ischaemia, (e) 90% ischaemia and (f) 100% ischaemia.
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Figure 8.11: Numerical EPDs for the half-ellipsoid model with a cylindrical
ischaemic geometry and including ischaemic conductivities. White and black con-
tours represent positive and negative potentials, respectively. The thick black
contour is the zero potential. (a) 10% ischaemia, (b) 30% ischaemia, (c) 50%

ischaemia, (d) 70% ischaemia, (e) 90% ischaemia and (f) 100% ischaemia.
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Figure 8.12: Numerical EPDs for the half-ellipsoid model with an ellipsoidal
ischaemic geometry and including ischaemic conductivities. White and black con-
tours represent positive and negative potentials, respectively. The thick black
contour is the zero potential. (a) 10% ischaemia, (b) 30% ischaemia, (c) 50%

ischaemia, (d) 70% ischaemia, (e) 90% ischaemia and (f) 100% ischaemia.
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or more. An interesting result which is consistent across all ischaemic geometries is

the stability of the potentials in one of the depressions. For every ischaemic geome-

try, the depression which is present at all ischaemic thicknesses remains at a fairly

consistent magnitude regardless of the ischaemic thickness. Although the position

of the depression changes significantly, the magnitudes of the potentials remain rel-

atively unchanged. It is not until the ischaemic thickness nearly reaches 100% that

there is a significant change in these potentials. This behaviour is also true for the

results where ischaemic conductivities are ignored. Interestingly, this behaviour was

only seen in the slab model when ischaemic conductivities were included. Without

the inclusion of ischaemic conductivities, the potentials in the central depression

of the slab model changed significantly as the ischaemic thickness was increased.

Also, since the ellipsoidal ischaemic geometry did not include a consistent central

depression, it did not display this behaviour in any of the scenarios undertaken.

8.1.6 Ischaemic Region Location

One of the most significant results observed to this point using the half-ellipsoid

model is the appearance of elevation in the epicardial potentials at relatively low

thicknesses of ischaemia compared with the slab model. While the slab model con-

sistently showed elevation only once the ischaemia covered the majority of the tissue

wall thickness, the half-ellipsoid model disagreed significantly with this result, show-

ing elevation at ischaemic thicknesses of much less than 50%. One factor which has

shown to be significantly responsible for this difference was the size and shape of

the ischaemic region, as a consequence of the differing sizes in the ventricular mod-

els. One factor, which has not been discussed to this point, is the location of the

ischaemic region.

Due to the simplicity of the slab model, the location of the ischaemic region could

not be studied in a meaningful way. With the introduction of the half-ellipsoid

model, however, it is possible that the epicardial potentials may be affected by the

location of the ischaemic region. It is clear that due to the symmetry of the model,
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any rotation of the ischaemic region around the model in the φ direction would not

affect the epicardial potentials. A change in the elevation of the ischaemic region

(ie. rotation in the θ direction) however could alter the observed EPDs. For this

reason, simulations were run with the ischaemic region at six different locations,

with the centre of the ischaemic region at θ = 0◦, 15◦, 30◦, 50◦, 65◦, 82.5◦. The centre

of the ischaemic region at θ = 0◦ represented an ischaemic region at the apex of

the ventricle while a centre at θ = 82.5◦ represented an ischaemic region that was

in contact with the base of the ventricle. Figure 8.13 shows the locations of the

ischaemic regions for each scenario. The widths of the ischaemic region in the θ

and φ directions were set to give similar sized ischaemic regions. It should be noted

that the shape of the ischaemic regions varies slightly for each location. Due to the

method in which they were constructed, the angle that the lateral edges make with

the top of the ischaemic region is less acute when the ischaemic region is located

at the apex compared with other locations. Simulations were run using Clerc’s

conductivity data along with 120 degres total fibre rotation. Separate simulations

were run with the inclusion of ischaemic conductivities and without their inclusion.

Figure 8.14 shows the results for the location of the ischaemic region when ischaemic

conductivities are ignored. In all cases where the ischaemic region is not located at

either the apex or touching the base, the results are qualitatively very similar. In

these cases, the results look identical to those seen in the previous section, with a

single depression and single elevation located above the ischaemic region. There are

some slight differences in the magnitudes of the potentials and also in the size and

shape of the depressions and elevations, however this is mostly due to the differences

in the curvature as well as the differences in the ischaemic region shape. Although

each ischaemic region was supposed to look the same, this was not possible due to

the geometry of the model. For example, the ischaemic region centred at θ = 15◦

looked more like a wedge than a rectangular prism. It is clear, however, that this

does not significantly affect the behaviour of the EPDs.

The case where the ischaemic region was located at the apex of the model shows a

slightly different behaviour to those discussed so far. The behaviour, however, is due
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Figure 8.13: Cross-section at x = 0 of the half-ellipsoid model with varying
ischaemic region locations. (a) θ = 82.5◦, (b) θ = 65◦, (c) θ = 50◦, (d) θ = 30◦,

(e) θ = 15◦ and (f) θ = 0◦.
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Figure 8.14: Numerical EPDs for the half-ellipsoid model with varying ischaemia
location and ignoring ischaemic conductivities. White and black contours repre-
sent positive and negative potentials, respectively. The thick black contour is the
zero potential. (a) θ = 82.5◦, (b) θ = 65◦, (c) θ = 50◦, (d) θ = 30◦, (e) θ = 15◦

and (f) θ = 0◦.
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Figure 8.15: Numerical EPDs for the half-ellipsoid model with varying ischaemia
location and including ischaemic conductivities. White and black contours repre-
sent positive and negative potentials, respectively. The thick black contour is the
zero potential. (a) θ = 82.5◦, (b) θ = 65◦, (c) θ = 50◦, (d) θ = 30◦, (e) θ = 15◦

and (f) θ = 0◦.
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to the shape of the ischaemic region and not unexpected. In this case, the ischaemic

region is actually a cylindrical shape, rather than rectangular, which creates a sym-

metry in the model. Because of this, the potentials must be identical for identical φ

values, which explains why the depression surrounds the elevation in this situation.

As in the case where the ischaemic region is located at the apex, the results also

differ when the ischaemic region is in contact with the base of the model. In this

situation, there are actually two areas of depression rather than one, with the larger

of the two on the opposite side of the elevation. It is clear that when the ischaemic

region comes in contact with the base of the model, there is some effect on the

epicardial potentials. This is most likely due to the cut-off of certain currents which

form on the side of the ischaemic region, which is affecting the current paths in and

around the ischaemic region. This, however, is not of great consequence since the

effect on the epicardial potentials is not extreme and also this situation does not

represent something that would be found clinically.

Figure 8.15 shows the results for the location of the ischaemic region when ischaemic

conductivities are included. There is not a lot to add to the discussion with these

results since they agree very well with the results where ischaemic conductivities

are ignored. One difference between the two is that the magnitudes of the eleva-

tions in all situations are much less than those where ischaemic conductivities are

ignored. This, however, has been seen in all previous simulations with ischaemic

conductivities so was expected.

8.2 Transient Model

The first half of this chapter has focused on the application of the steady state

bidomain equations to the half-ellipsoid model. As with the slab model, this was

possible due to the isoelectric behaviour of the heart during the ST segment. This

method simplifies the behaviour of the transmembrane potential by setting constant

values everywhere except the border zone of the ischaemic region. Because of this,



Chapter 8. Half-Ellipsoid Ventricular Model 223

these results need to be compared with those obtained using the more realistic tran-

sient bidomain equations. This was achieved by again using the numerical methods

described in Chapter 4 along with the cell models described in Chapter 3.

8.2.1 Propagation without Ischaemia

The first step in studying the transient half-ellipsoid model is to simulate propagation

without the presence of ischaemia. Unlike the slab model, there is only one realistic

choice for the initial stimulus site in the half-ellipsoid model. As described in chapter

2, the propagation wave travels from the AV node, through the bundle of His to the

apex of the heart before spreading across the ventricles. Because of this, the best

region to place the initial stimulus site is at the apex of the model, in contact with

the endocardium. Figure 8.16 shows the location of the initial stimulus site on the

half-ellipsoid model.

Figure 8.16: Diagram showing the location of the initial stimulus for the half-
ellipsoid model. (a) Side view looking down the x-axis and (b) Top view looking

down the negative z-axis
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Figure 8.17: Activation maps for the half-ellipsoid model with no ischaemic
region and no Purkinje system. (a) Epicardial surface projected onto a 2D plane,

(b) cross-section along the x− z plane and (c) complete tissue model

The propagation simulation was run with parameters as close as possible to those

used in the slab model. Clerc’s conductivities [12] were used along with the same

fibre orientations as described earlier in this chapter. The number of nodes in the

tissue mesh was 1,281,081, which resulted in an average node spacing of 0.047 cm.

Unlike the slab model, the node spacing was not uniform across the mesh, with the

spacing near the endocardium slightly less than at the epicardium. The ten Tusscher

and Panfilov cell model [43, 74] was again used as it gave very realistic results for
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the slab model. The time step used for the cell model was again 0.02 ms, while the

time step used in the transient bidomain equations was 0.1 ms.

The results for the propagation simulation are shown in figure 8.17. These results

show that it takes approximately 86.4 ms for the model to become completely depo-

larised. It is clear from this that the size of the model plays a significant role in the

total activation time. For the slab model, the propagation wave needed to travel

more than 20 cm in the most extreme case where only one corner is stimulated. For

the half-ellipsoid model, the greatest distance that the propagation wave needs to

travel is 4 cm, when the initial stimulus site is located at the apex.

The effect of the fibre rotation can be seen in the cross-section image, where the

changing of the propagation velocity through the tissue can be seen in the contour

lines. The fibre orientation also causes another unexpected phenomenon, where

the apex of the epicardium is not the first area to be stimulated. The epicardium

and cross-section images show that the propagation wave reaches the epicardium

at approximately θ = 15◦ rather than at the apex, which would be expected using

isotropic conductivities.

8.2.2 Activation Maps without Purkinje System

Due to the size of the half-ellipsoid model, it is possible for the activation wave

to propagate through the entire tissue in much less time than with the slab model

without the help of a Purkinje system. Section 8.2.1 showed that, without the

presence of an ischaemic region, the time for complete depolarisation of the half-

ellipsoid model was 86.4 ms. Although this value falls slightly outside of the realistic

time of approximately 75 ms [21], it is significantly smaller than the activation times

for the slab model with a single stimulus. The purpose of this section is to study

the effects of an ischaemic region on the activation maps for the half-ellipsoid model

without the presence of a Purkinje system. Ischaemic regions of various sizes and

thicknesses were considered; however, only the results for the rectangular ischaemic

geometry are shown, as the results from the other ischaemic geometries did not differ
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significantly. Six different simulations were conducted. The first three simulations

used the standard size ischaemic region from the steady state simulations while

the last three used an ischaemic region with double the dimensions in the θ and

φ directions. Simulations were run with low (10%), medium (50%) and transmural

(100%) thicknesses for each ischaemic region. Figure 8.18 shows the ischaemic region

for each scenario simulated. All parameters for the bidomain equations were kept

the same as the previous section with the exception that ischaemic conductivities

were included. Like the transient slab model, stimulus was delayed for 20 ms in order

to allow the potentials in the ischaemic region to reach a steady state.

Figure 8.19 shows the activation maps for the half-ellipsoid model with a standard

size ischaemic region. These simulations used an ischaemic region with the same

dimensions in the θ and φ directions as the steady state simulations. When the

ischaemic thickness is low (10%), there is very little indication that ischaemia is

present. The epicardial activation map is identical to the results seen without is-

chaemia present. In the cross-section image, there are some noticeable differences in

the contour lines near the endocardium, due to the slowing down of the propagation

in the region. This however is only a minor change and does not significantly alter

the path of propagation.

When the ischaemic thickness is at medium levels (50% thickness), changes in the

activation map at the epicardium become apparent. Although very small, there is

a slight delay in the propagation through the region above the ischaemia compared

with other areas. The changes inside the tissue are much more significant, with the

activation wave altering its path and moving around the ischaemia. This behaviour

is somewhat expected as the ischaemic tissue has a much lower conductivity than

the rest of the myocardium. Interestingly, this behaviour does not appear to have

an effect on the total activation time, which is very similar to the scenario without

the presence of ischaemia.

As the ischaemia becomes transmural, the changes in the activation map at the

epicardium become much more significant, with an obvious area of decreased con-

ductivity present at the ischaemic region. Also, the activation times through the



Chapter 8. Half-Ellipsoid Ventricular Model 227

Figure 8.18: Diagram showing the size and location of the ischaemic regions
for the half-ellipsoid model without the presence of a Purkinje system. 10%, 50%
and 100% ischaemic thicknesses are shown in green, red and blue respectively.
(a) Cross-section at x = 0 for normal size ischaemic region, (b) cross-section at
z = 1.5 for normal size ischaemic region, (c) cross-section at x = 0 for double size
ischaemic region and (d) cross-section at z = 1.5 for double size ischaemic region.
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Figure 8.19: Activation maps for the half-ellipsoid model with normal size is-
chaemic region and no Purkinje system. The left column shows the cross-section at
x = 0 while the right column shows the epicardium flattened to a circle. The top,
middle and bottom rows correspond to 10%, 50% and 100% ischaemic thickness,

respectively.
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Figure 8.20: Activation maps for the half-ellipsoid model with double size is-
chaemic region and no Purkinje system. The left column shows the cross-section at
x = 0 while the right column shows the epicardium flattened to a circle. The top,
middle and bottom rows correspond to 10%, 50% and 100% ischaemic thickness,

respectively.
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tissue wall show significant differences from the previous scenarios (Figure 8.17. The

most significant result here is that there is still very little effect on the total acti-

vation time for the model. There is less than 3 ms difference in the total activation

times between the transmural (Figure 8.19(f)) and no ischaemia scenario (Figure

8.17, which was definitely not expected. This, however is not the case when the size

of the ischaemic region is increased significantly.

Figure 8.20 shows the activation maps when the ischaemic region is doubled in size.

When the ischaemia is low thickness, the results again are almost indistinguishable

from those obtained without the presence of an ischaemic region. As the ischaemic

thickness is increased, the results begin to differ from those with the smaller size

ischaemic region (Figure 8.19). At 50% ischaemia, there is a noticeable change in

the total activation time, more than 5 ms larger than the previous results. Also, the

change in the contours through the tissue covers a much larger area, due of course

to the larger size ischaemic region. Once the ischaemia becomes transmural, the

total activation time increases by more than 25 ms. This is due to the time that it

takes for the propagation wave to reach the middle of the ischaemic region. With a

smaller ischaemic region, the ischaemic region is able to completely activate before

the propagation wave travels through the healthy tissue. This is not the case when

the ischaemic region is too large, as seen in the activation maps for the transmural

scenario.

8.2.3 Purkinje System Model

As with the slab model, the total activation time for the half-ellipsoid model should

be improved with the introduction of a Purkinje system. Although the half-ellipsoid

model depolarises much quicker than the slab model, it still falls outside of the

realistic times when no Purkinje system is implemented. The method for imple-

menting the Purkinje system was the same as with the slab model (Section 7.3),

where specific nodes were stimulated at calculated intervals, simulating the presence

of Purkinje fibres. Unlike the slab model however, the geometry for the fibres did
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not take a similar cross hatch pattern. Instead, it was decided to use an even simpler

pattern of multiple fibres running from the apex to the base, spread evenly around

the endocardium. Using a geometry like this meant that the activation times could

be calculated by only considering the θ value of each node on the endocardium. The

only complication from this method would be a non uniform propagation velocity

in the fibres, due to the ellipsoidal shape. This however, could be overcome by cal-

culating the arc length from the apex to each node along the endocardium rather

than just the θ value. Since the ellipsoid is symmetrical about φ, the arc length can

be calculated from the line integral

L =

∫ √
1 +

(
du

dv

)2

dv, (8.5)

where (u
b

)2

+
(v
r

)2

= 1. (8.6)

Substituting u = b sin θ and v = r cos θ gives

L =

∫ √
b2 − (b2 − r2) sin2 θ dθ, (8.7)

which is an incomplete elliptical integral of the second kind and must be calculated

numerically. The activation time could then be given by

t =
1

S

∫ θ

0

√
b2 − (b2 − r2) sin2 γ dγ, (8.8)

where S is the speed of the propagation in the Purkinje fibres. For the half-ellipsoid

model, the speed of propagation in the Purkinje system was the same as used in the

slab model, 35 cm/s. This meant that the time for the Purkinje system to completely

depolarise was approximately 12 ms, based on Equation (8.8).

As with the slab model, simulations were carried out to determine the ideal number

and thickness of the Purkinje fibres. Figure 8.21 shows the activation maps for three

of these simulations. All parameters for the simulations were kept the same as the

previous section except that the ischaemic region was removed. The first of the
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Figure 8.21: Activation maps for the half-ellipsoid model with no ischaemic
region and three different Purkinje systems. The left column shows the cross-
section at x = 0 while the right column shows the epicardium flattened to a circle.
The top, middle and bottom rows correspond to 4, 8 and 12 Purkinje fibres,

respectively.
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simulations in figure 8.21 contains four fibres each with a thickness of 10 degrees in

the φ direction. The effect of the fibres is easily seen in the activation maps, with the

total activation time reduced to 63.5 ms. In the cross-section image, the contours

show the rapid propagation along the Purkinje fibres from the apex to the base of

the model.

The second simulation shown includes eight fibres each with a thickness of 5 degrees

in the φ direction. The increase in the number of fibres is clearly seen in the cross-

section image, with five of the eight fibres visible. The effect on the total activation

time is relatively small, with a decrease of approximately 3 ms. Interestingly, as

the number of fibres increases to 12 there is an even smaller effect on the total

activation time. This can be explained by looking at the size of the model and the

speed of propagation in the Purkinje fibres. If the entire endocardium was covered

in Purkinje fibres, the time for the propagation wave to travel to the furthest point

in the model would be approximately 55 ms. This includes approximately 15 ms to

travel to the base of the endocardium and 40 ms to travel through the tissue to the

epicardium. Therefore, based on the total propagation time alone, any of the three

simulations shown in figure 8.21 would be reasonable to use. However, it was decided

to consider the eigth fibre scenario as the ideal case, as it gave a similar coverage of

the endocardium as the Purkinje system used for the slab model.

8.2.4 Activation Maps with Purkinje System

Once the ideal Purkinje system was determined, the next step was to calculate the

activation maps for the half-ellipsoid model with the presence of ischaemia. For

this, the same ischaemic regions used in section 8.2.2 were again used. This involved

two different sized ischaemic regions with three separate ischaemic thicknesses (10%,

50%, 100%). Other than the inclusion of a Purkinje system, all other aspects of the

model were exactly the same as section 8.2.2. The results for these simulations are

shown in figures 8.22 and 8.23
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Figure 8.22: Activation maps for the half-ellipsoid model with normal size is-
chaemic region and a Purkinje system. The left column shows the cross-section at
x = 0 while the right column shows the epicardium flattened to a circle. The top,
middle and bottom rows correspond to 10%, 50% and 100% ischaemic thickness,

respectively.
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Figure 8.23: Activation maps for the half-ellipsoid model with double size is-
chaemic region and a Purkinje system. The left column shows the cross-section at
x = 0 while the right column shows the epicardium flattened to a circle. The top,
middle and bottom rows correspond to 10%, 50% and 100% ischaemic thickness,

respectively.
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These figures show significantly different results to those seen in section 8.2.2. For

any of the 6 simulations, there is absolutely no effect on the total activation time. All

simulations have a total activation time of 60.6 ms regardless of ischaemic thickness

or size. In fact, looking at the epicardial activation map shows that the propagation

is slightly faster through the ischaemic region than in the healthy tissue. The key

aspect of the model which drives this difference in behaviour is the convenient place-

ment of a Purkinje fibre in the centre of the ischaemic region. This is due to the way

the ischaemic region and Purkinje fibres have been set up mathematically in the φ

direction. Because of this, the cross-section figures cut through the middle of two of

the fibres. Validation results from the slab model have shown that the propagation

transverse to the fibre direction is similar for ischaemic and healthy tissue. This is

the reason why there is little difference in the cross-section results for all simulations.

There is however, some evidence of propagation delay in the ischaemic region in the

epicardial activation maps. For the double size ischaemic region (Figure 8.23), the

transmural results show a delay in the propagation for the ischaemic tissue which

is not above the Purkinje fibre. This causes a wavy pattern in the contours which

becomes more significant with increasing ischaemic thickness. Similar observations

can be made with the results from the smaller size ischaemic region; however, they

are much less significant due to the smaller area covered by the ischaemic tissue.

These results show the significance of the Purkinje system in regulating the acti-

vation of the cardiac tissue. As well as helping to spread the propagation wave

throughout the tissue, the Purkinje system also can significantly affect the activa-

tion behaviour in ischaemic tissue. This behaviour is highly sensitive to the relative

locations of the ischaemia and Purkinje fibres.

8.2.5 Extracellular EPDs with Purkinje System

The final task carried out using the half-ellipsoid model was the calculation of the

extracellular EPDs for the transient system. Again, the same scenarios in sections

8.2.2 and 8.2.4 were used for extracellular potential calculations. As in the slab
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Figure 8.24: Transmembrane potential over one cardiac cycle for three different
nodes of the half-ellipsoidal model. The red, blue and green plots correspond to
node located in the centre of the ischaemic region, at the base of the model and

on the endocardium at the apex of the model, respectively.

model, there are two regions of interest in the cardiac cycle. The first corresponds

to the time when the entire model is depolarised and sitting at its plateau potential,

while the second is when the ischaemic tissue has completely repolarised and the

healthy tissue is still depolarised. Figure 8.24 shows the action potential of number

of nodes in the model illustrating these two regions. From this figure it can be seen

that at 75-150 ms, the entire model is depolarised while at 175-275 ms, the ischaemic

tissue has completely repolarised. It is not until 350-400 ms that the healthy tissue

repolarises to complete the cycle. This figure was obtained from the smaller sized

ischaemic region with 100% ischaemic thickness. The other scenarios also show

similar behaviour with the depolarisation and repolarisation times only differing by

a few milliseconds. This means that the same time periods also apply to the other

scenarios.

The epicardial potential distributions for each scenario are shown in figure 8.25 and

8.26. Figure 8.25 shows the EPDs at 100 ms after initial stimulus. At this point the

entire model is depolarised and the transmembrane potential distribution should
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Figure 8.25: Numerical EPDs for the half-ellipsoid model at 100 ms after ini-
tial stimulus. The top, middle and bottom rows correspond to 10%, 50% and
100% ischaemic thickness, respectively. The left column shows the smaller sized
ischaemic region while the right column shows the larger sized ischaemic region.
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Figure 8.26: Numerical EPDs for the half-ellipsoid model at 225 ms after ini-
tial stimulus. The top, middle and bottom rows correspond to 10%, 50% and
100% ischaemic thickness, respectively. The left column shows the smaller sized
ischaemic region while the right column shows the larger sized ischaemic region.
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theoretically look similar to that used in the steady state simulations. Overall, the

results are very similar to those seen in the steady state simulations (Figure 8.10).

For the smaller sized ischaemic region, the results are much closer to the steady

state situation as they use the same dimensions for the ischaemic region. There

is a single depression located above the ischaemic region for low thickness which

moves towards the outside edge as the thickness increases. Also, as the ischaemia

progresses to medium thickness, an area of elevation arises on the opposite side of

the ischaemic region. Once the ischaemia becomes transmural, the same pattern

as seen in all previous simulations occurs, with elevation covering the ischaemic

tissue surrounded by depression. The results for the larger sized ischaemic region

are also qualitatively very similar to the steady state results, with the exception of

significantly larger potential magnitudes as well as much larger areas of elevation

and depression, as expected. One result not seen in the steady state results is the

presence of elevation near the apex of the model for low thickness ischaemia. The

cause for this behaviour is not due to the presence of ischaemia, but rather the

slight variation in the transmembrane potentials at the epicardial surface. Since the

steady state model set a uniform transmembrane potential in the healthy tissue, this

behaviour was not seen.

Figure 8.26 shows the EPDs 225 ms after the initial stimulus is applied. At this point,

all of the ischaemic tissue has completely repolarised and has a transmembrane po-

tential near −65 mV. All the healthy tissue, however, is still sitting near its plateau

potential causing a potential difference between the healthy and ischaemic tissue of

more than 75 mV. The effect of this is the significant increase in the magnitude of

the extracellular potentials for all simulations. For medium and high thicknesses of

ischaemia, the results are otherwise unchanged from those seen 100 ms after initial

stimulus. For low thicknesses of ischaemia, however, the EPDs are significantly dif-

ferent to previous results, with the absence of the depression above the ischaemic

region. This can be explained by looking at the transmembrane potentials in the

tissue at this point. At this point, the transmembrane potential in the healthy tissue
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varies by approximately 10 mV. On the epicardium, the variation in the transmem-

brane potential at the apex is approximately 5 mV less than at the base. When

the variation is this significant, it is enough to overpower the effect of the ischaemic

region if the thickness is low enough. While the effect of the potential variation in

healthy tissue can also be seen at medium thicknesses, it is weak compared with the

effect of the ischaemic tissue.

8.3 Summary

This chapter focused on solving the bidomain equations using a half-ellipsoid model

to represent the left ventricle. Both steady state and transient simulations were

conducted for a variety of scenarios. Along with some of the properties explored

with the slab model, the effect of the size and location of the ischaemic region on

the EPDs was also studied.

A comparison of the steady state results from the slab and half-ellipsoid models

showed that the change in the cardiac geometry resulted in a significant difference

in the epicardial potentials observed during the ST segment. Instead of the tripole

pattern observed at medium thicknesses of ischaemia, the half-ellipsoid model gener-

ally showed a single region of depression along with a single region of elevation. This

also meant that elevation in the ST potentials was observed at significantly lower

ischaemic thicknesses for the half-ellipsoid model compared with the slab model. As

well as the change in cardiac geometry, a key aspect of the half-ellipsoid model that

causes elevation to occur at lower thicknesses of ischaemia was the width of the is-

chaemic region. The results from section 8.1.3 showed that the epicardial potentials

are significantly different when using a narrower ischaemic region compared to the

much wider one used in the slab model.

The results for the transient simulations generally agreed with the steady state re-

sults for the half-ellipsoid model. Unlike the slab model, the half-ellipsoid model had

much more realistic dimensions. This meant that the inclusion of a Purkinje system
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allowed the total activation time to fall within experimentally observed values. The

activation maps produced with the half-ellipsoid model could therefore give much

more realistic and meaningful results than the slab model.



Chapter 9

Realistic Ventricular Model

To this point, the cardiac model used for simulations has been based on mathe-

matical formulations rather than realistic data. The slab model was an extreme

simplification of the ventricle which represented the ventricular wall as a flat sur-

face in contact with a volume of blood. Along with the simplification of the tissue,

the slab model also considered an unrealistically large volume of blood. The main

reason for these simplifications was that they resulted in a model which could be

solved analytically under particular circumstances. As well as this, the slab model

provided a way to test certain phenomena without the difficulties of dealing with a

more complicated geometry.

The second model used in simulations was based on an ellipsoid shape. More specif-

ically, the model considered the top half of an oblate spheroid to represent the left

ventricle. Like the slab model, the half-ellipsoid model was given a tissue thickness

of 1 cm. The inside of the model was then filled with blood, which gave a model that

was much closer to a realistic ventricle than the slab model. The results in Chapter

8 showed that there can be a significant change in the electrical behaviour between

the slab and half-ellipsoid models.

This chapter will focus on a third, more realistic model for the heart obtained from

clinical data rather than a mathematical formulation. Simulations will be performed

on the realistic model and the results compared with those already obtained from

243
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the previous models. As with the slab and half-ellipsoid models, both steady state

and transient simulations will be performed.

9.1 Steady State Model

One of the most interesting results found with the slab and half-ellipsoid models

was the differences in the epicardial potentials at medium thicknesses of ischaemia.

With the more realistic half ellipsoid model, significant amounts of elevation were

found on the epicardium, which were not seen in the results from the slab model.

One of the most important aspects of the realistic model, which needs to be inves-

tigated, is whether the results from the half-ellipsoid model also occur with more

realistic geometries. The easiest way to test this idea is to use a steady state ap-

proach similar to the method applied to the previous cardiac geometries. Results

from the previous cardiac geometries have shown that a steady state approach gives

qualitatively accurate results, as well as being significantly faster to solve than its

transient counterpart.

9.1.1 Ischaemic Region Formulation

Before the steady state model can be applied to the realistic mesh (Section 4.3.3),

a method for constructing the ischaemic regions needs to be determined. Due to

the irregular shape of the mesh, the same methods used for the previous meshes

cannot be applied to the realistic mesh. Instead, a less formal approach is needed.

One relatively simple method involves using SCIRun to construct and position an

ischaemic region inside the heart mesh. A method like this can be used to quickly

and easily create both regular and irregular shaped ischaemic regions as well as

position them anywhere inside the heart. Examples of some ischaemic regions can be

found in Figure 9.1. These three images show examples of the familiar rectangular,

cylindrical and ellipsoidal ischaemic geometries which have been used with the slab

and semi-ellipsoid models.
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Figure 9.1: Diagram of the three ischaemic geometries for the realistic model
showing (a) rectangular ischaemic region, (b) cylindrical ischaemic region and
(c) ellipsoidal ischaemic region. Healthy tissue, ischaemic tissue and blood are

coloured in blue, green and red, respectively.

In a similar fashion to the previous cardiac geometries, a border zone for the is-

chaemic regions can also be simulated. If the ischaemic surface constructed in

SCIRun is considered to represent the centre of the border zone, the distance to

this surface can be calculated for each node in the mesh. The transmembrane po-

tential for the tissue nodes can then be given by

φm = −30Γ (d) , (9.1)
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where the Γ (d) is given by

Γ (d) =


1
2
e−

d
λ if outside the ischaemic region

1− 1
2
e−

d
λ if inside the ischaemic region

(9.2)

The λ parameter controls the thickness of the border zone in the same way as with

the slab and half-ellipsoid models and d is the distance to the centre of the border

zone. Figure 6.8 shows how the border zone thickness is controlled by λ.

9.1.2 Original Parameters

The first simulations carried out with the realistic model involved using the three

ischaemic geometries (rectangular, cylindrical and ellipsoidal) and comparing the

epicardial potentials with those from the slab and half-ellipsoid models. The size

and location of the ischaemic regions were the same as shown in Figure 9.1. A λ value

of 0.01 was used for all simulations, to give a border zone with the same thickness as

seen with the initial simulations of the previous cardiac models. Conductivity values

were based on those given by Clerc [12] and substituted into the conductivity tensors

calculated with SCIRun. Each of the ischaemic regions was located on one of the

ventricles at the endocardium. For each ischaemic geometry, four different ischaemic

thicknesses, which correspond to low, medium, high and transmural ischaemia, were

used. Since the thickness of the tissue for the realistic model is not uniform in the

region where the ischaemia is located (varying between 0.9 cm and 1.3 cm), it was

necessary to use a small degree of approximation for the ischaemic thickness. The

low, medium and high ischaemic thickness had average depths of 0.2cm, 0.55 cm and

0.85 cm.

The EPDs for the rectangular ischaemic geometry are shown in Figure 9.2. Many

similarities can be seen in these figures when compared with the slab and half-

ellipsoid model. For low thickness ischaemia, a single depression is located in the

area above the ischaemic region. This behaviour agrees well with that seen in the

previous cardiac models and has consistently appeared across all simulations. As the
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Figure 9.2: Steady state epicardial potential distributions for the realistic model
with rectangular ischaemic region. (a) Low thickness ischaemia, (b) medium thick-

ness ischaemia, (c) high thickness ischaemia and (d) full thickness ischaemia.

ischaemic region is increased to medium thickness, the depression is forced slightly

away from the ischaemic region and an area of elevation appears on the opposite

side of the ischaemic region. This is exactly the behaviour which was seen with the

half-ellipsoid model, and disagrees with the results seen with the slab model. The

most likely reason for this is that the half-ellipsoid model is much more accurate

than the slab model in both the size and shape of the cardiac domain and ischaemic

region. As the ischaemia progresses to high thickness, the elevation moves towards
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Figure 9.3: Steady state epicardial potential distributions for the realistic model
with cylindrical ischaemic region. (a) Low thickness ischaemia, (b) medium thick-

ness ischaemia, (c) high thickness ischaemia and (d) full thickness ischaemia.

the centre of the ischaemic region and starts to cover the entire area above the

ischaemic region. A second, weaker depression also forms on the opposite side of the

region of elevation from the original depression. This is again, very similar to the

results seen with the previous two models, although much closer to the half-ellipsoid

model. As with the low thickness ischaemic scenario, the full thickness scenario

gives almost exactly the same results as seen with the previous two models. One

interesting behaviour not seen so far is the apparent chaotic pattern in the central
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Figure 9.4: Steady state epicardial potential distributions for the realistic model
with ellipsoidal ischaemic region. (a) Low thickness ischaemia, (b) medium thick-

ness ischaemia, (c) high thickness ischaemia and (d) full thickness ischaemia.

elevation at high thicknesses of ischaemia. This is easily understood by looking at

the epicardial surface above the ischaemic region. Unlike the previous models, the

epicardial surface is quite rough and contains many bumps and divots. Since the

top surface of the ischaemic region in forced to be as smooth as possible, this means

that there are areas where the ischaemic region is closer to the epicardium and areas

where it is further from the epicardium. When taking this into account, it can be

seen that the areas closer to the epicardium have higher potentials while the areas
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further from the epicardium have lower potentials. It is therefore reasonable to see

this apparent chaotic behaviour.

The EPDs for the cylindrical ischaemic geometry are shown in Figure 9.3. These

results are almost identical to the potential distributions seen with the rectangular

ischaemic geometry, except for the overall circular shape instead of rectangular.

Figure 9.4 shows the EPDs for the ellipsoidal ischaemic geometry. There are some

results which are noticeably different to those seen with the other ischaemic geome-

tries. Firstly, the elevation seen at medium thicknesses of ischaemia is significantly

smaller than that seen with the other ischaemic geometries. This can easily be ex-

plained by looking more closely at the ischaemic region. For the ellipsoidal case, only

the tissue near the centre of the ischaemic region sits at medium thickness. The rest

of the ischaemic tissue sits at significantly lower thicknesses, which obviously would

have an effect on the size and magnitude of the elevation. Another difference with

the ellipsoidal ischaemic geometry is the lack of the chaotic pattern in the elevation

at high thicknesses of ischaemia. Once again, this can be explained by looking more

closely at the ischaemic region, which shows that only the central ischaemic tissue

is close enough to the epicardium to be affected by the uneven surface. As with

the previous cardiac models, the full thickness scenario for the ellipsoidal ischaemic

geometry is significantly different to that seen with the rectangular and cylindrical

ischaemic geometries. This is once again caused by the significantly smaller area of

ischaemic tissue which is in contact with the epicardium.

Overall, the results for the realistic cardiac model agree very well with those seen in

the ellipsoidal model. Even with the introduction of a much more irregular geometry,

the effects due to this were only apparent when the ischaemic region is near full

thickness. For all other ischaemic thicknesses, the change in cardiac geometry did

not play a significant role in determining the epicardial potentials.
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9.1.3 Conductivity Set Dependence

The simulations in the previous section used only a single set of conductivity values,

based on data from Clerc [12]. Results from the previous heart models have shown

that the conductivity values used in the bidomain equations can have a significant

effect on the epicardial potentials. For this reason it is important to consider the

EPDs obtained from different conductivity sets found experimentally. This section

will compare the results found using the realistic model with those from the slab

and half-ellipsoid models for three separate conductivity sets to see whether the

same conclusion can be made. Simulations were run with the same three sets of

conductivities as in Section 6.3, which can be found in Table 6.1. As with the

previous section, the same four ischaemic thicknesses were used (low, medium, high,

full) for each ischaemic geometry.

The EPDs for each ischaemic geometry using the conductivity data of Roberts et al.

[13] are shown in Figure 9.5. These EPDs look qualitatively very similar to those

seen using the conductivity data of Clerc. This agrees very well with the results

seen in both the slab and half-ellipsoid models, which showed that there was little

difference qualitatively between the EPDs using these two conductivity sets. Also,

as in the previous models, there is a significant increase in the magnitude of the

potentials when using conductivity values from Roberts et al.. As this phenomenon

has already been addressed in the slab model, it does not require further analysis

here.

The EPDs for each ischaemic geometry using the conductivity data of Roberts and

Scher [14] are shown in Figure 9.6. The results for this set of simulations are slightly

more interesting than those using Roberts et al.’s data. The most significant result

here is that there is no elevation found at medium thicknesses of ischaemia. This

agrees with what was seen in the slab model; however, it disagrees with the results

found with the half-ellipsoid model, where elevation was seen at medium thickness

ischaemia. It should be noted that elevation did occur once the ischaemic thickness

was at approximately 60% of the wall thickness. This means that the effect that
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Figure 9.5: EPDs for the realistic model using Roberts et al. [13] conductiv-
ity data. White and black contours represent positive and negative potentials,
respectively. The thick black contour is the zero potential. The rows from top
to bottom correspond to low, medium, high and full ischaemic thickness, respec-
tively, while left, middle and right columns correspond to rectangular, cylindrical

and ellipsoidal ischaemic regions, respectively.
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Figure 9.6: EPDs for the realistic model using Roberts and Scher [14] conduc-
tivity data. White and black contours represent positive and negative potentials,
respectively. The thick black contour is the zero potential. The rows from top
to bottom correspond to low, medium, high and full ischaemic thickness, respec-
tively, while left, middle and right columns correspond to rectangular, cylindrical

and ellipsoidal ischaemic regions, respectively.
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Roberts and Scher’s data has on reducing the size and magnitude of the elevations

appears to be more effective with the realistic model than the half-ellipsoid model.

This could again be due to the irregular and slightly larger ventricular wall thickness

of the realistic model.

Apart from the EPDs at medium thickness ischaemia using Roberts and Scher’s

conductivity data, the behaviour of the realistic model agreed very well with that

seen in the half-ellipsoid model.

9.1.4 Reduced Ischaemic Conductivities

As with the slab and half-ellipsoid models, the next step is using the realistic model

to study the epicardial potentials when more realistic conductivities inside the is-

chaemic region are used. These conductivity values were applied in exactly the same

way as with the slab and half-ellipsoid models, where the intracellular longitudinal

conductivity was reduced by 90% and the extracellular longitudinal conductivity

was reduced by 40%. The transverse and normal conductivities were unchanged

and were the same for ischaemic and healthy tissue. As with the previous models,

the conductivity values used for this section were based on Clerc’s [12] data. Sim-

ulations were carried out for the same four ischaemic thicknesses as the previous

sections (low, medium, high, full) with all three ischaemic geometries. All other

aspects of the model were unchanged from Section 9.1.2 so that the changes due to

the conductivity values between these simulations could be isolated.

Figures 9.7-9.9 show the epicardial potential distributions for each of the ischaemic

geometries. The general behaviour of the EPDs, when realistic ischaemic conductiv-

ities are included, is similar to that seen in both the slab and half ellipsoid models.

However, this effect appears to be more significant with the realistic model. For

each of the three ischaemic geometries, the EPDs at low thickness ischaemia are rel-

atively unchanged when realistic ischaemic conductivities are included. Here, there

is the familiar single depression present over the ischaemic region. As usual, the

more interesting results occur once the ischaemic thickness reaches medium levels.
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Figure 9.7: Steady state epicardial potential distributions for the realistic model
with rectangular ischaemic region and reduced ischaemic conductivities. (a) Low
thickness ischaemia, (b) medium thickness ischaemia, (c) high thickness ischaemia

and (d) full thickness ischaemia.

At this point, the area of elevation seen in the results of Section 9.1.2 completely

disappears for each ischaemic geometry. This is much more severe than the corre-

sponding results seen with the half ellipsoid model, where the areas of elevation for

each of the ischaemic geometries were heavily weakened but still maintained a pres-

ence. For each of the three ischaemic geometries in the realistic model, however, the

area where elevation was found in Section 9.1.2 does contain potentials higher than

those in the surrounding areas. This means that there is definitely a local elevation
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Figure 9.8: Steady state epicardial potential distributions for the realistic model
with cylindrical ischaemic region and reduced ischaemic conductivities. (a) Low
thickness ischaemia, (b) medium thickness ischaemia, (c) high thickness ischaemia

and (d) full thickness ischaemia.

present in these areas, although the potentials never increase above zero.

When the ischaemia is increased to high levels, there is also a noticeable difference in

the potentials directly above the ischaemic region for all ischaemic geometries. As in

the results from medium thickness of ischaemia, the potentials inside the elevations

are significantly reduced. Due to the already irregular nature of these potentials,

this results in areas of depression forming inside the area above the ischaemia. This
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Figure 9.9: Steady state epicardial potential distributions for the realistic model
with ellipsoidal ischaemic region and reduced ischaemic conductivities. (a) Low
thickness ischaemia, (b) medium thickness ischaemia, (c) high thickness ischaemia

and (d) full thickness ischaemia.

occurs for all three ischaemic geometries. However, like the results of Section 9.1.2,

the EPD for the ellipsoidal ischaemic geometry is much smoother than the other two

geometries, due again to only the very centre of the ischaemic region being affected

by the rough epicardial surface.

Once the ischaemia becomes transmural, the qualitative effects of the realistic is-

chaemic conductivities are lost and the EPDs again show the same patterns seen in
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Section 9.1.2. There are still significant decreases in the potentials inside the regions

of elevation for each ischaemic geometry, but these changes are not nearly significant

enough to affect the results qualitatively.

9.1.5 Increased Border Zone Width

One of the key assumptions made so far with the realistic model was the presence

of a very narrow ischaemic border zone. This border zone is directly controlled by

the λ parameter in Equation (9.2), which has consistently been set to 0.01 for all

simulations with the realistic model so far. This value results in an ischaemic border

zone which is approximately 1 mm thick. As mentioned previously, experimental

evidence [107–110] has shown the presence of a border zone with a much larger

thickness than this, usually in the range of 8-15 mm. For this reason it is important

to consider the effect on the EPDs when larger ischaemic borders are included.

Previous results from the slab model showed that the border zone does have a

significant effect on the epicardial potentials, mainly due to the border zone reaching

the epicardium at significantly lower ischaemic thicknesses. The slab model showed

that there was almost no change in the EPDs due to the increase in the lateral

border zones.

In order to test the effect of increased border zone thicknesses with the realistic

model, simulations were run with a λ value of 0.2 in all spatial directions, which

resulted in a border zone thickness of approximately 1 cm. Simulations were run

with and without realistic ischaemic conductivities, for each of the three ischaemic

geometries. As in the previous sections, four different ischaemic thicknesses were

considered (low, medium, high and full) and Clerc’s conductivities were used for all

simulations.

The EPDs for the simulations, which did not include reduced ischaemic conductiv-

ities, are shown in Figure 9.10, while the EPDs for the simulations that included

reduced ischaemic conductivities are shown in Figure 9.11. Comparing these results

to those from Sections 9.1.2-9.1.4, as well as the slab and half-ellipsoid models, some
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Figure 9.10: EPDs for the realistic model with realistic border zones and not
including reduced ischaemic conductivities. White and black contours represent
positive and negative potentials, respectively. The thick black contour is the zero
potential. The rows from top to bottom correspond to low, medium, high and full
ischaemic thickness, respectively, while left middle and right columns correspond

to rectangular, cylindrical and ellipsoidal ischaemic regions, respectively.
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Figure 9.11: EPDs for the realistic model with realistic border zones and in-
cluding reduced ischaemic conductivities. White and black contours represent
positive and negative potentials, respectively. The thick black contour is the zero
potential. The rows from top to bottom correspond to low, medium, high and full
ischaemic thickness, respectively, while left middle and right columns correspond

to rectangular, cylindrical and ellipsoidal ischaemic regions, respectively.
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interesting similarities and differences can be found. Firstly, the EPDs both at low

and full ischaemic thickness again agree with the results found in the slab and half-

ellipsoid models. Low thickness ischaemia continues to produce a single depression

located above the ischaemic tissue. The full thickness ischaemia scenario also gives

predictable results, with high magnitude elevation covering the ischaemic tissue and

depression in the surrounding areas. The only difference in the EPDs for the full

thickness scenario is the much softer transition at the edges of the elevation, which

is of course due to the larger border zone between ischaemic and healthy tissue.

The differences with the previous results are again seen at medium thicknesses of

ischaemia. Although there are small differences between the results at medium

thickness ischaemia for Figures 9.10 and 9.11, they both show a depression and

elevation of similar size, with the elevation located above the ischaemic tissue and

the elevation slightly to the side. The most interesting aspect of these results is that

the reduction of the ischaemic conductivities does not appear to have as significant an

effect as seen in Section 9.1.4. When sharp border zones were considered, along with

reduced ischaemic conductivities, the elevation at medium thicknesses of ischaemia

completely disappeared. This is clearly not the case when larger border zones are

used.

Overall, the results in this section show that larger border zones can have a significant

effect on the epicardial potentials. As mentioned in the slab model, this is mainly

due to the larger border zones causing changes in the transmembrane potentials at

the epicardium once the thicknesses increases beyond approximately 50%.

9.1.6 Irregular Ischaemic Geometries

One of the most interesting results found so far with the half-ellipsoid and realistic

models was the similarities between the EPDs for all three ischaemic geometries.

This was in contrast to the slab model, which showed that the ellipsoidal ischaemic

geometry gave significantly different epicardial potentials compared to the other two

geometries. The downside of using geometries such as rectangular, cylindrical and
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ellipsoidal is that they are mathematical shapes which are used to represent the

general size of the ischaemic region, and do not realistically represent the actual

geometries of the ischaemia. Of the three geometries, the ellipsoidal ischaemic ge-

ometry gives the most realistic representation, as it removes the sharp edges and flat

surfaces of the other two geometries. However, it does not seem likely that ischaemic

regions with perfectly smooth geometries would be found clinically. Indeed, previ-

ous studies looking at the geometry of ischaemic regions have shown this not to be

the case [111–113]. These studies consistently show ischaemic regions with irregular

geometries. It is therefore reasonable to study more irregularly shaped ischaemic

regions to see their effect on epicardial potentials. Before this can be done, first a

method for constructing realistic looking ischaemic regions needs to be developed.

9.1.6.1 Constructing Irregular Ischaemic Region Geometries

Before simulations can be run using irregular ischaemic geometries, a method for

constructing geometries that look realistic compared with previous studies [111–

113] must be developed. The simplest and quickest way to accomplish this is to

use the already developed tools from SCIRun [91]. First, a quadrilateral surface

mesh was created in the shape of a sphere. Noise was then added to each of the

nodes in the mesh by randomly changing their radius. The mesh was then piped

through the “FairMesh” module in SCIRun to smooth the surface using the default

parameters. After this, the mesh could be scaled and moved to the size and location

of interest. Depending on the number of nodes in the original spherical mesh, the

level of distortion in the final irregular geometry could be controlled to a degree.

For a smooth geometry with low levels of noise, a small number of nodes were used

in the spherical mesh. When the number of nodes in the spherical mesh is large, the

geometry becomes quite distorted with many spikes. Figure 9.12 shows a number

of different ischaemic geometries with different distortion levels. For each of the

images, the mesh was resized to be similar to the regular ischaemic geometries and

positions inside the heart model.
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Figure 9.12: Examples of the irregular ischaemic geometries for the realistic
heart model with different numbers of nodes for the original spherical mesh. (a)
500 nodes, (b) 1000 nodes, (c) 2000 nodes, (d) 3500 nodes, (e) 5000 nodes and (f)

15000 nodes.
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The change in the shape of the ischaemic region as the number of nodes increases is

clearly visible in Figure 9.12. When the number of nodes is too small (less than 1000),

the shape looks far too smooth when compared with the experimental observations

[111–113]. Similarly, if the number of nodes is too large (greater than 5000), the

shape formed is far too distorted when compared with the experimental observations.

Also, once the shape becomes extremely distorted, the detail in the geometry will

be lost when applied to the heart mesh, as the node spacing of the heart mesh is

too large to retain the detail of the ischaemic region. Based on the results from this

section, it can be concluded that the optimal number of nodes in the spherical mesh

falls between 2000 and 4000. In this zone, the geometry produced for the ischaemic

region appears similar to those seen experimentally [111–113].

9.1.6.2 Extracellular EPDs

With a reliable method for producing irregular ischaemic geometries found, the next

step was to run steady state bidomain simulations to study the effect of irregular

ischaemic geometries on the extracellular EPDs. The ischaemic geometries were

placed in the same location as the ischaemic regions in Sections 9.1.2-9.1.6 and given

the same approximate size. The irregular ischaemic geometries were constructed as

described in the previous section. Based on the results from the previous section,

it was decided to use 3500 nodes in the original spherical mesh as this resulted in

the most realistic looking ischaemic regions. Multiple simulations were run for three

different scenarios (low thickness ischaemia, medium thickness ischaemia and high

thickness ischaemia). The thickness of the ischaemia was set to be the same for

each scenario as in the previous sections, so that direct comparisons could be made.

In order to maintain a high standard of realism, reduced ischaemic conductivities

were included in all the simulations. Also, simulations were run with both narrow

and wide ischaemic border zones, using the same respective parameters as with

the regular ischaemic geometries. All simulations used conductivities based on the

values reported by Clerc [12].
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Figure 9.13: EPDs for the realistic model irregular ischaemic geometries. White
and black contours represent positive and negative potentials, respectively. The
thick black contour is the zero potential. The top, middle and bottom rows
correspond to low, medium and high ischaemic thickness, respectively, while the
left and right columns correspond to sharp and realistic border zones, respectively.
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Figure 9.13 shows one set of simulations for both the narrow and wide border zone

simulations. Although not shown, all simulations carried out gave similar qualitative

results to those shown in Figure 9.13. The differences in the EPDs for different

border zone conditions are quite significant. As seen in previous results, the elevation

observed at the epicardium is much more significant when realistic border zones are

included. This is again due to the changes in the transmembrane potentials at the

epicardium. One interesting result, seen with the sharp border zone scenario, was

that the EPDs looked very similar to those from Section 9.1.4 with the ellipsoidal

ischaemic geometry. This suggests that the irregularities in the ischaemic geometry

do not play a significant role in determining the EPDs when sharp border zones are

used.

Another significant difference between the EPDs for narrow and wide border zones

in Figure 9.13 is the location of the depression relative to the ischaemic tissue. For

the sharp border zone scenario, the depression is almost directly over the ischaemic

tissue at low thickness ischaemia, and moves slightly downward and to the left as the

ischaemic thickness increases. When wide border zones are included, the depression

is not over the ischaemic tissue at low thickness ischaemia. It is already slightly offset

downward and to the left. As the ischaemic thickness increases, the depression moves

much further than with the sharp border zone scenario, to the point where it is no

longer above the ischaemic tissue. This somewhat supports the experimental results

from Li et. al. [1], which found that epicardial ST depression does not tent to form

above the ischaemic region.

Unlike the sharp border zone scenario, the irregularities in the ischaemic geometry

are noticeable when wide border zones are included. At medium thickness ischaemia,

the elevation pattern at the epicardium includes multiple peaks, as can be seen in

Figure 9.13. This differs from the results obtained using the rectangular, cylindri-

cal and ellipsoidal ischaemic geometries, which showed much smoother patterns at

medium thickness ischaemia. It was not until the ischaemic thickness was close to

full thickness that significant irregularities in the elevation pattern were observed.

This was mainly due to the irregularity of the heart mesh in the area above the
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ischaemic tissue. For the irregular ischaemic geometries, however, it is the ischaemic

geometry itself which is the dominant cause of the patterns seen in the EPDs.

9.2 Transient Model

As for the half-ellipsoid model, the first half of this chapter has focussed on the

steady state approximation for the bidomain equations. This was possible due to the

steady state nature of the potentials during the ST segment. Again, it is necessary to

compare these results with those obtained using a more realistic transient bidomain

model. As well as being able to simulate the potentials during the ST segment is

a more realistic way, a transient model can be used to investigate other interesting

phenomena related to ischaemia in the heart, such as activation time maps through

the tissue. The relevant equations and numerical methods for the transient bidomain

model are described in Chapter 4 and the necessary cell model details are described

in Chapter 3.

9.2.1 Propagation without Ischaemia

In a similar fashion to the slab and half-ellipsoid models, the first step when using

the transient realistic model was to look at propagation through the model when

no ischaemic region is present. In order for propagation to occur, a suitable initial

stimulus site needed to be chosen. As described in Chapter 2, the propagation wave

travels from the AV node, through the Bundle of His to the apex of the heart before

spreading across the ventricles. As with the half-ellipsoid model, a suitable stimulus

point would therefore be somewhere near the apex of the heart. It was decided to

use a point near the endocardium between the left and right ventricles. Figure 9.14

shows the location of the initial stimulus point used for the realistic model.

The propagation simulation was run with parameters as close as possible to those

used previously in the slab and half-ellipsoid models. Clercs conductivities [12] were
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Figure 9.14: Location of the single stimulus point used for the realistic heart
model. The stimulus point sits between the two ventricles near the apex of
the heart and is shown as a dark green sphere. (a) Entire model with a semi-

transparent surface and (b) slice through the x = 0 plane.

used, along with a cell membrane capacitance of 2.0µF/cm2 and surface area to

volume ratio of 2000 cm−1. There was a total of 1,717,709 nodes in the mesh, which

gave an average node spacing of 0.046 cm. The ten Tusscher and Panfilov cell model

[43, 74] was again used for all simulations due to its high accuracy in calculating the

transmembrane potential. The time steps used for the realistic mode were exactly

the same as used with the half-ellipsoid model (cell model time step was 0.02 ms and

bidomain equation time step was 0.1 ms).

The results for the propagation simulation for the realistic heart model are shown in

Figure 9.15. These results show that it takes approximately 110.2 ms for the model

to become completely depolarised with a single stimulus at the chosen location.

Although this time is significantly faster than what was seen with the slab model,

it is almost 25 ms slower than the equivalent propagation simulation for the half-

ellipsoid model. This is quite interesting as the size of the realistic model is similar

to that of the half-ellipsoid model, so the results were expected to be much closer.

The main reason for this discrepancy appears to be the presence of the ventricles,
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Figure 9.15: Activation maps for the realistic heart model without the presence
of ischaemia. (a) Slice through x = 0 plane, (b) slice through y = 0 plane and (c)

slice through z = 0 plane.

which block certain paths for the propagation wave, effectively delaying them. Also,

the realistic model is actually slightly larger than the half-ellipsoid model, which

may add some time to the activation.

The effect of the fibre direction and rotation is clearly visible in all three images.

Areas when the wave is travelling along the fibres can be clearly distinguished from

where is it travelling across the fibres by looking at the shape of the contour lines.
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Overall, the total activation time is much slower than the realistic values seen ex-

perimentally (approximately 75 ms) [21]. This means that in order to give realistic

results, a Purkinje system needs to be considered for the realistic heart model.

9.2.2 Realistic Purkinje System

Although the realistic model provided both the mesh geometry as well as the fibre

orientations, a Purkinje system was not provided. This means that one needs to be

created artificially as with the previous models. This is a much more difficult task

for the realistic model, as the nodes in the Purkinje system need to be calculated

manually due to the irregular geometry of the model.

For the Purkinje system, it was decided that the fibres should follow a similar path

to what is seen in a real heart. The Purkinje system started at the base of the

model, near where the Bundle of His would be located. The fibres then travelled

through the middle of the heart, between the ventricles towards the apex. Once the

fibres reached the apex of the endocardia, they then split into two separate branches

and travelled along the outside of each endocardium. The fibres further separated

as they travelled along the endocardia to mimic a web of fibres as seen in Figure

2.2. Figure 9.16 shows the heart model along with the Purkinje system.

9.2.3 Propagation with Purkinje System

With a reasonably realistic Purkinje system created, the next step was to apply it

to the realistic heart model and test the propagation timings. The Purkinje system

was applied to the model in the same way as with the slab and semi-ellipsoid mod-

els, where propagation through the Purkinje fibres was accomplished by applying

a delayed stimulus to the nodes that sit where the fibres are located. This was a

more difficult task than with the previous models, as the geometry is irregular and

no simple mathematical expression could be used for the activation time. Instead,

a simple path finding algorithm [114] was used to find the minimum distance from
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Figure 9.16: Model of the Purkinje system used with the realistic heart mesh.
(a) Front view, (b) right side view, (c) left side view and (d) epicardium with

Purkinje system colour coded according to relative activation time.

the start of the Purkinje system to each node in the system. Once the path distance

to each node was found, a stimulus time could simply be calculated as

time =
distance

speed
,

where the speed of propagation through the Purkinje fibres is discussed in Section

7.1.

For the propagation simulations, the same parameters were used as with the simula-

tions which did not use a Purkinje system. This included using Clercs conductivities
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Figure 9.17: Activation maps for the realistic heart model without the presence
of ischaemia but using a realistic shaped Purkinje system. (a) Slice through x = 0

plane, (b) slice through y = 0 plane and (c) slice through z = 0 plane.

[12] along with a cell membrane capacitance of 2.0µF/cm2 and surface area to vol-

ume ratio of 2000 cm−1. Also, an ischaemic region was not incorporated so that the

activation times for a healthy heart could be obtained.

The results for the propagation simulation for the realistic heart model using a

realistic Purkinje system are shown in Figure 9.17. As expected, these results show

a significant decrease in the total activation time of the tissue. The tissue took

approximately 36 ms less to completely activate than when the Purkinje system was
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not included, with a total activation time of 73.5 ms. This value compares quite well

to the times seen experimentally of approximately 75 ms.

The effect of the activation path through the Purkinje system is clearly visible in

Figure 9.17. The slice through the x = 0 plane gives the best view of the Purkinje

fibres up to the point where contact with the endocardium is made, as this part of

the Purkinje system lies on the x = 0 plane. The points where the Purkinje fibres

cut through the y = 0 plane and the z = 0 plane can also be easily seen in the other

two images. As expected, the regions of the heart that are activated last are those

that have the largest distance to the endocardium (ie. on the epicardium where the

tissue thickness is the largest).

These results show that, since the use of a Purkinje system greatly improves the

accuracy of the total activation time when compared with experimental results, it

should be included when running transient simulations with a realistic heart model.

9.2.4 Propagation with Ischaemia

The previous section simulated propagation through the heart with the assistance

of a realistic Purkinje system. The aim for this section was to extend these results

to include an ischaemic region in the heart. This was achieved using a similar

method to the steady state simulations, except that, instead of directly modifying the

transmembrane potential for ischaemic tissue, ischaemic tissue was controlled by a

parameter within the cell model. This was no different to the way in which ischaemic

tissue was created in the slab and half ellipsoid models for transient simulations.

As in the transient simulations for the slab and half-ellipsoid models, the ischaemic

tissue incorporated three of the major pathophysiological component conditions of

acute myocardial ischaemia: hyperkalaemia, acidosis and anoxia. Also like the pre-

vious transient simulations, the stimulus was delayed for 20 ms in order to allow the

potentials in the border zone to reach a steady state. Simulations were run with wide

(realistic) ischaemic border zones and used the conductivity data from Clerc [12].
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As with the steady state simulations, the border zones were set to approximately

1 cm thick.

Simulations were run with the rectangular and irregular ischaemic geometries. For

each ischaemic geometry, three different thicknesses were used (10%, 50%, 90%).

Figure 9.18 shows the ischaemic region used for each of the activation simulations.

Figure 9.19 shows the activation maps for the simulations using a realistic Purkinje

system and including an ischaemic region. Each of the images in Figure 9.19 shows

the heart when sliced through the x = 0 plane. Comparing each of the images to the

others in the figure, there is very little difference in the activation times of the tissue

far from the ischaemia. Since the ischaemic region lies on the left side of the heart

(when looking from this perspective), it was expected that only this region would

be affected and that the rest of the activation times should be identical. The effect

of increasing the ischaemic thickness is clearly seen by looking at the contour lines

in and around the ischaemic region. For the rectangular ischaemic region when the

ischaemic thickness is 10%, it takes approximately 10 ms for the ischaemic region to

become completely activated once the propagation wave reaches it. For an ischaemic

thickness of 90%, however, the propagation wave takes much longer (over 25 ms) to

travel through the ischaemic tissue. The same results can be seen with the irregular

ischaemic geometry, where the propagation wave takes much longer to travel through

the ischaemic tissue for higher thickness ischaemia.

As well as differences in the results when the ischaemic thickness is changed, there are

also noticeable differences between the two ischaemic geometries. At higher thickness

ischaemia, the tissue inside the rectangular ischaemic geometry takes significantly

longer to activate than with the irregular ischaemic geometry. The likely reason for

this is that while the thickness and endocardial coverage of the two geometries are

similar, the propagation wave has to travel further once entering the rectangular

geometry due to its larger volume. This is similar to the results seen with the slab

model between the rectangular and ellipsoidal ischaemic geometries.
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Figure 9.18: Ischaemic geometries used for the transient simulations when a
Purkinje system is included. The top, middle and bottom rows correspond to
low, medium and high ischaemic thickness, respectively, while the left and right
columns correspond to the rectangular and irregular ischaemic geometries, respec-

tively.
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Figure 9.19: Activation maps for realistic heart model with a Purkinje system
and including an ischaemic region. The top, middle and bottom rows correspond
to low, medium and high ischaemic thickness, respectively, while the left and
right columns correspond to the rectangular and irregular ischaemic geometries,

respectively.
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9.2.5 Transient EPDs

In order to observe the epicardial potentials resulting from the transient model,

simulations from the previous section were used, but, instead of running the simu-

lations only until complete activation was established, the simulations were run for

an entire cardiac cycle (approx 350 ms). As with the two previous heart models, two

regions of the cardiac cycle were studied. The first corresponded to the case where

the entire model is depolarised and sitting at its plateau potential, while the second

was when the ischaemic tissue had completely repolarised and the healthy tissue

was still depolarised. Action potentials for various nodes in the tissue are shown in

Figure 9.20, which illustrate clearly the two regions of interest. The first region lies

between t = 100 ms and t = 150 ms while the second region lies between t = 200 ms

and t = 275 ms.

The EPDs for the simulations carried out are shown in Figures 9.21 and 9.22. In the

Figure 9.20: Transmembrane potential over one cardiac cycle for three different
nodes of the realistic model. The red plot corresponds to a node located in the
centre of the ischaemic region. The green plot corresponds to a node located at
the start of the Purkinje system in the centre of the ischaemic region. The blue

plot corresponds to the final node activated in the tissue.
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Figure 9.21: Transient EPDs for the realistic model with a Purkinje system at
125 ms after initial stimulus. White and black contours represent positive and
negative potentials, respectively. The thick black contour is the zero potential.
The top, middle and bottom rows correspond to low, medium and high ischaemic
thickness, respectively, while the left and right columns correspond to the rectan-

gular and irregular ischaemic geometries, respectively.
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Figure 9.22: Transient EPDs for the realistic model with a Purkinje system at
250 ms after initial stimulus. White and black contours represent positive and
negative potentials, respectively. The thick black contour is the zero potential.
The top, middle and bottom rows correspond to low, medium and high ischaemic
thickness, respectively, while the left and right columns correspond to the rectan-

gular and irregular ischaemic geometries, respectively.
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area above the ischaemic region, the results after 125 ms look very similar to those

seen from the steady state simulations. At low thickness ischaemia, there is an area

of depression offset slightly from over the ischaemia. As the ischaemia progresses

to 50% thickness, an area of elevation forms directly above the ischaemic region

which pushes the depression further away. The elevation continues to increase in

magnitude as the ischaemic thickness increases towards transmural.

One significant change in the EPDs for the transient simulations at 125 ms is the

presence of a second elevation at all ischaemic thicknesses. This elevation is un-

changed by the increase in the ischaemic thickness and so does not appear to be

related to the ischaemic region. The cause of this elevation is in fact the variation

in the transmembrane potential based on the different activation times. There is

also another elevation (not shown) at the base of the model where the start of the

Purkinje system is located, which is also related to this phenomenon. For ischaemic

thicknesses in the medium to high range, these extra elevations do not cause any

significant concern as their magnitude is small compared with the main elevation.

At small ischaemic thicknesses however, these extra depressions can cause some con-

fusion and may lead to incorrectly identifying the presence of ischaemia, even in a

healthy heart.

The EPDs for the second scenario, 250 ms after the initial stimulus, also show some

interesting behaviour. In these results, even when the ischaemic thickness is at

medium levels, the variation in the transmembrane potential at the epicardium over-

powers the deflections caused by the ischaemic region. It is not until the ischaemic

thickness reaches high levels that there is a clear indication of an ischaemic region

present. At this point, the elevation above the ischaemic tissue is once again the

dominant feature on the EPDs.
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9.3 Summary

In order to obtain the most accurate results for the epicardial potentials during the

ST segment, a cardiac model based on experimental data was used. This differed

from the previous two models, which were constructed using simple mathematical

geometries. Since the realistic model was a tetrahedral mesh, it required a modi-

fication to the existing hexahedral finite volume method to work with tetrahedral

elements.

Despite the significant difference between the cardiac geometries of the half-ellipsoid

and realistic models, the epicardial potentials obtained from the two models agreed

quite well. The realistic model again showed the single depression and single eleva-

tion at medium thicknesses of ischaemia, which was significantly different to what

was seen with the slab model. The realistic model also showed that the geometry

of the ischaemic region did not play as significant a role in determining the ST

potentials as was seen with the slab model. The results from section 9.1.6 showed

that the EPDs obtained using realistic (irregular) shaped ischaemic regions looked

qualitatively similar to those obtained using a rectangular ischaemic geometry.

The transient results for the realistic model were the most interesting of the three

cardiac models. Although the EPDs gave similar patterns to the steady state results,

there were some interesting differences. Due to the different activation times of

the nodes, there was significant variation in the transmembrane potential at the

epicardium. This resulted in additional areas of elevation appearing during the ST

segment. For low thickness ischaemia, these additional elevations were large enough

to hide the region of depression caused by the ischaemia. These results showed that

the inclusion of transient results along with a Purkinje system is vital to obtaining

realistic potentials during the ST segment.





Chapter 10

Conclusions and Future Work

The mechanisms behind the electrophysiological behaviour of subendocardial is-

chaemia during the ST segment are complex and not completely understood [8].

The results from a large number of simulations under different conditions for lo-

calised ischaemia during the ST segment have been presented. Overall, the work in

this thesis has shown a complex dependence of epicardial potentials on many pa-

rameters including conductivity values and fibre rotation, as well as the geometry of

both the ischaemic region and the heart itself. It is hoped that the results from this

thesis provide a significant contribution to the knowledge of ischaemia during the

ST segment from a theoretical perspective, as well as highlight the need for more

accurate measurements of the properties of cardiac tissue.

The results obtained throughout this thesis were calculated by solving the bidomain

equations [76] using both steady state and transient methods. Three separate models

of increasing complexity were used to represent the cardiac geometry. The first was

based on the model described by Johnston et al. [5] and consisted of a rectangular

slab of ventricular tissue resting on a large volume of blood. The second model used

a half-ellipsoid shape to represent the left ventricle with the inside of the model

filled with blood, while the final model was a realistic cardiac geometry based on

experimental measurements of a dog heart [90].

283
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All three models used a finite volume method to numerically solve the bidomain

equations under anisotropic conditions. As the slab and half-ellipsoid models con-

sisted of hexahedral elements, an existing finite volume approach [17] was used for

these models. Since the realistic model consisted of tetrahedral elements rather

than hexahedral, the finite volume method needed to be adapted to work with the

different geometry. Validation results from Chapter 5 showed that the tetrahedral

finite volume method performs as well as the hexahedral method and gave identical

epicardial potential distributions under the same conditions.

The first model to be studied in this thesis was the steady state slab model. The

main purpose for this model was to validate the numerical methods described in

Chapter 4, as there was readily available analytic results under certain scenarios.

Similar to the results by Johnston et al. [5], the steady state slab model showed that

when isotropic conductivities were used, the epicardial potentials were insensitive

to changes in the depth of the ischaemic region. This contradicts experimental evi-

dence on subendocardial ischaemia [1] and showed the importance of anisotropy in

ST segment simulations. When anisotropic conductivities were included, the steady

state slab model also gave qualitatively identical results to the analytical results from

Johnston et al. for the rectangular and cylindrical ischaemic regions. The results

showed a single depression at low thicknesses of ischaemia which separated into a

three depression pattern as the ischaemic thickness increased to 50%. ST elevation

began to appear once the ischaemic thickness increased to 60-70% and increased in

magnitude as the ischaemia became transmural. The results for an ellipsoidal is-

chaemic region also gave similar epicardial potentials at low and high thicknesses of

ischaemia, however differed significantly for ischaemic thicknesses between 30-70%.

In these scenarios, the three depression patterns observed with the rectangular and

cylindrical ischaemic geometries were instead replaced with only two depressions,

with an absence of the the central depression. The overall results for the slab model

with anisotropic conductivities agreed with experimental observations [1] and ana-

lytical results [5] that the epicardial potentials are sensitive to changes in ischaemic

thickness. However, as reported by Johnston et al., the results did disagree with
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those obtained by Li et al. [1] which showed that the ischaemic region could not be

located using the epicardial potentials alone. The slab model clearly showed that the

EPDs were consistently centred directly above the ischaemic region. This, however,

could be due to the symmetry of the model, which was not present in the models

used by Li et al..

The differences in the slab model EPD patterns for the three ischaemic geometries

were explained by looking at the current paths forming in the tissue during the ST

segment. Previous studies [1] have shown the presence of ‘injury currents’ which

flow between healthy and ischaemic tissue. Experimental and simulation studies

have also shown that these injury currents form ‘current loops’ around ischaemic

regions [7]. This was supported by the current path results of the slab model. The

current paths for the rectangular ischaemic region showed loops forming around the

edges of the ischaemic tissue at low thickness ischaemia that changed in behaviour

as the ischaemic thickness changed. For medium and high thickness ischaemia,

secondary loops also formed around the top edges of the ischaemic region. This

differs from the results of previous studies [6, 7], which only showed the presence of

a single loop.

Since the current loops were found to be predominately located at the sharp edges

of the ischaemic region, the cylindrical and ellipsoidal ischaemic geometries were

helpful to study the effect of decreasing the presence of sharp edges on the current

loops. The results for the cylindrical ischaemic geometry gave almost exactly the

same results as the rectangular geometry. This showed that the sharp edges on the

lateral borders do not have a significant effect on the epicardial potentials. The

results for the ellipsoidal ischaemic geometry however were much more interesting

as the current loops were no longer able to form around the top edges present in the

other two geometries. This is the main reason for the significant difference in the

epicardial potentials for the ellipsoidal ischaemic geometry at medium thicknesses of

ischaemia. This was due to the way the current paths formed around the ischaemic

tissue, which removed the central current sink found with the other two ischaemic

geometries.
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The transient results from the slab model agreed very well with the steady state

simulations. Due to the unrealistically large size of the slab model, meaningful re-

sults could only be obtained when an adequate Purkinje system was used. The

propagation results obtained without the presence of a Purkinje system highlight

why it is necessary in transient simulations. Without a Purkinje system, the prop-

agation wave can take up more than 500 ms to travel from one side of the slab to

the other. This is obviously unacceptable, as there will be nodes in the model which

are repolarising before the propagation is complete. One simple technique, which

was investigated to overcome this issue without introducing a Purkinje system, was

applying a whole endocardium stimulus. Although this method gave propagation

times within those reported experimentally, the variation in the transmembrane

potentials seen when using a more realistic Purkinje system were lost, due to the

uniform propagation in only one direction. Even with the addition of an adequate

Purkinje system, propagation times for the slab model were still slower than those

observed experimentally [21]. As mentioned previously, this is due to the slab model

being much larger than a realistic heart model.

The second model used in simulations was the half-ellipsoid model. While it is still

a simplification of the cardiac geometry, the advantage of using the half-ellipsoid

model over the slab model was that it had a much more realistic size as well as a

more realistic shape. The results for the steady state half-ellipsoid model disagreed

significantly with those seen using the slab model under certain circumstances. For

ischaemic thicknesses less than 25%, there was some agreement with the results of

the slab model, with single depression still found over the ischaemic region. The

position of the depression, however was slightly offset from the centre of the is-

chaemic region and there was some loss in the regularity of the depression shape.

For ischaemic thicknesses greater than 75%, there were also similarities in the re-

sults of the slab and half-ellipsoid models. A single elevation was still found over

the ischaemic region with depression covering opposing lateral borders. The change

in cardiac geometry, however, resulted in minor differences in the EPDs similar to

low thickness ischaemia. The most significant differences seen in the results of the
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half-ellipsoidal model occurred when the ischaemic thickness was between 25%-75%

(medium thickness). Instead of the distinct tripole pattern observed with the slab

model, there was instead only a single region of depression and a single region of

elevation, both located either above the lateral ischaemic border or not over the is-

chaemic region at all. The region of elevation, however, did move towards the centre

of the ischaemic region as the ischaemic thickness increased. The difference in the

EPDs compared with the slab model at medium thickness ischaemia were found to

be primarily due to the decrease in the width of the ischaemic region for the half-

ellipsoid model. Current path analysis showed that the loops which form around the

ischaemic boundary are significantly affected by the width of the ischaemic region.

An increase in the width of the ischaemic region was found to decrease (or eliminate)

the amount of elevation and increase the amount of depression in the EPDs. This

supports results by Potse et al. [11], which showed that depression could be found

over the ischaemic region when the radius of the ischaemic region was increased.

Since the half-ellipsoid model used a much narrower ischaemic region than the slab

model, this resulted in significantly different EPDs along with increased areas of

elevation.

The transient simulations performed with the half ellipsoid model backed up the

steady state results, giving very similar EPDs. The most significant differences

between the transient and steady state results were found to be due to the variation

in the transmembrane potentials caused by the Purkinje system. These differences,

however, were only minor and did not qualitatively affect the results.

The final model studied was a realistic model based on experimental data of a dog

heart. The epicardial potentials obtained from the realistic model agreed quite

well with the half-ellipsoid model, showing that the half-ellipsoid model is able to

give valuable results even with its simplifications. Like the half-ellipsoid model, the

realistic model showed a single depression and single elevation at medium thicknesses

of ischaemia, which was significantly different to what was seen with the slab model.

For ischaemic thicknesses less than 25% and greater than 75%, the steady state EPDs

were qualitatively similar to both the slab and half-ellipsoid models, showing that
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the epicardial potentials are relatively consistent for both low and high thickness

ischaemia. One interesting result from the steady state realistic model was that

the shape of the ischaemic region did not play a significant role in determining

the ST potentials. The epicardial potentials were relatively consistent across all

three ischaemic geometries. Even with the inclusion of realistic, irregular shaped

ischaemic geometries, the behaviour of the EPDs were not significantly affected.

Another interesting result from the realistic model, which was also seen in the half-

ellipsoid model to a lesser extent, was that the relationship between the location

of the depression/elevation and the location of the ischaemic region at medium

thickness ischaemic was much less consistent than with the slab model. In some

circumstances it was difficult to predict the precise location of the ischaemic region

using the EPD pattern. While this disagrees with some of the results from the slab

model, it supports the experimental work done by Li et al. [1], who found that

epicardial potentials alone were unable to localise the ischaemic region. It should

be noted, however, that the general location of the ischaemic region in the realistic

model could be determined using the EPDs.

The transient results for the realistic model again highlighted the need for an ad-

equate Purkinje system to be included. Unlike the slab and half-ellipsoid models,

the transient results for the realistic model showed some interesting differences. The

different activation times of the nodes caused moderate variation in the transmem-

brane potential at the epicardium. This resulted in additional areas of elevation

appearing during the ST segment. For low thickness ischaemia, these additional el-

evations were large enough to hide the region of depression caused by the ischaemia.

These results showed that the inclusion of transient results along with a Purkinje

system is vital to obtaining realistic potentials during the ST segment.

The work presented in this thesis shows many of the difficulties that arise when when

simulating ischaemia in the heart during the ST segment as well as the importance

of obtaining accurate data for certain parameters. While some of the the results

in this thesis are consistent with previous work, there are also many discrepancies

which need to be explored further. The major reason for these differences continues
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to be the uncertainty in some of the vital parameters of cardiac tissue. In order

to completely understand the mechanisms that drive the electrical behaviour of the

heart during the ST segment, further research into these parameters is required.

10.1 Future Work

The work presented in this thesis showed how epicardial potentials behave in a large

number of scenarios during the ST segment. There are, however, other scenarios

that were not simulated, which may provide further insight into subendocardial

ischaemia. As shown in this thesis as well as a number of previous studies [6, 15],

the conductivity values used in the bidomain equations are one of the most significant

driving forces behind the electrical behaviour in the heart. Unfortunately, there is

still no clear consensus on the correct values for these conductivities. The most

commonly used experimental conductivity values are more than three decades old.

While there have been various conductivity data sets proposed during this time, most

of these are based on computer simulations rather than experiments. More recently,

conductivity sets based on six conductivity values [32, 33], have been proposed.

These data sets assume that the conductivity normal to the fibre sheets is different

from the conductivity parallel to the sheets but transverse to the fibre direction. A

more in depth study simulating the epicardial potential using these six conductivity

sets and comparing the results to those from this thesis would be advantageous to

understanding the electrical behaviour in the heart.

Another interesting idea for studying the electrical behaviour of ischaemia is the

effect of the location of the ischaemic region in the heart. Although the location

of the ischaemic region was investigated for the half-ellipsoid model, only a single

location was used for the realistic model. Since there is not a uniform tissue thickness

in the realistic model, there may be significant changes in the epicardial potentials

when moving the ischaemic region to a different location or ventricle.
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While the geometry of the Purkinje system used in the realistic model was designed

to look and behave realistically, it was not constructed using experimental data

so it is still only an approximation to a realistic system. As the transient results

for the realistic model showed, the Purkinje system can have a significant effect

on the electrical behaviour as it controls the way in which the propagation wave

is spread throughout the heart. EPDs from the transient realistic model showed

additional areas of elevation due to the variation in the transmembrane potential at

the epicardium. It is therefore important to consider the Purkinje system geometry

in transient simulations. Another simplification of the Purkinje system in this thesis

is its implementation in the bidomain equations. In order to simplify the model,

the Purkinje system was implemented by applying a stimulus to specific nodes in

the tissue at the appropriate time. A more realistic approach would be to use a

separate cell model in the Purkinje system based on experimental data of Purkinje

cells and attach this to the cardiac model. As Purkinje cells have different electrical

properties to ventricular cells, this may have an effect on the epicardial potentials,

which is not seen in the current implementation.

One final interesting aspect that is not studied in this thesis is the coupling of the

mechanical contraction of the heart to the electrical state. As the heart contracts,

parameters such as the cell surface area to volume ratio can no longer be held

constant and will vary throughout the cardiac cycle. A change in these parameters

may have a significant effect on the propagation of the action potential, which will

alter the epicardial potentials seen at the epicardium.
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[11] Mark Potse, Ruben Coronel, Stéphanie Falcao, A.-Robert LeBlanc, and Alain

Vinet. The effect of lesion size and tissue remodeling on ST deviation in

http://dx.doi.org/10.1109/10.966596
http://dx.doi.org/10.1109/10.966596
http://dx.doi.org/10.1007/s10439-005-3236-2
http://dx.doi.org/10.1007/s10439-005-3236-2
http://dx.doi.org/10.1016/j.jelectrocard.2005.06.095
http://dx.doi.org/10.1016/j.jelectrocard.2005.06.095
http://dx.doi.org/10.1196/annals.1380.029
http://dx.doi.org/10.1196/annals.1380.029
http://dx.doi.org/10.1016/j.jelectrocard.2009.01.002
http://dx.doi.org/10.1109/TBME.2005.844270
http://dx.doi.org/10.1109/TBME.2005.844270


Bibliography 293

partial-thickness ischemia. Heart Rhythm, 4(2):200 – 206, 2007. ISSN 1547-

5271. doi: 10.1016/j.hrthm.2006.10.022. URL http://dx.doi.org/10.1016/

j.hrthm.2006.10.022.

[12] L. Clerc. Directional differences of impulse spread in trabecular muscle from

mammalian heart. The Journal of Physiology, 255(2):335–346, 1976. URL

http://jp.physoc.org/content/255/2/335.

[13] D. E. Roberts, L. T. Hersh, and A. M. Scher. Influence of cardiac fiber orien-

tation on wavefront voltage, conduction velocity, and tissue resistivity in the

dog. Circulation Research, 44(5):701–12, 1979. doi: 10.1161/01.RES.44.5.701.

URL http://circres.ahajournals.org/content/44/5/701.

[14] D. E. Roberts and A. M. Scher. Effect of tissue anisotropy on extracellular po-

tential fields in canine myocardium in situ. Circulation Research, 50(3):342–51,

1982. doi: 10.1161/01.RES.50.3.342. URL http://circres.ahajournals.

org/content/50/3/342.

[15] P. R. Johnston and D. Kilpatrick. The effect of conductivity values on ST

segment shift in subendocardial ischaemia. Biomedical Engineering, IEEE

Transactions on, 50(2):150 –158, feb 2003. ISSN 0018-9294. doi: 10.1109/

TBME.2002.807660. URL http://dx.doi.org/10.1109/TBME.2002.807660.

[16] R. Christian Penland, David M. Harrild, and Craig S. Henriquez. Mod-

eling impulse propagation and extracellular potential distributions in

anisotropic cardiac tissue using a finite volume element discretization.

Computing and Visualization in Science, 4:215–226, 2002. ISSN 1432-

9360. doi: 10.1007/s00791-002-0078-4. URL http://dx.doi.org/10.1007/

s00791-002-0078-4.

[17] P.R. Johnston. Cardiac conductivity values - a challenge for experimentalists?

In Noninvasive Functional Source Imaging of the Brain and Heart 2011 8th

International Conference on Bioelectromagnetism (NFSI ICBEM), 2011 8th

International Symposium on, pages 39 –43, may 2011. doi: 10.1109/NFSI.

2011.5936816. URL http://dx.doi.org/10.1109/NFSI.2011.5936816.

http://dx.doi.org/10.1016/j.hrthm.2006.10.022
http://dx.doi.org/10.1016/j.hrthm.2006.10.022
http://jp.physoc.org/content/255/2/335
http://circres.ahajournals.org/content/44/5/701
http://circres.ahajournals.org/content/50/3/342
http://circres.ahajournals.org/content/50/3/342
http://dx.doi.org/10.1109/TBME.2002.807660
http://dx.doi.org/10.1007/s00791-002-0078-4
http://dx.doi.org/10.1007/s00791-002-0078-4
http://dx.doi.org/10.1109/NFSI.2011.5936816


Bibliography 294

[18] Causes of death, Australia, 2010. URL http://www.abs.gov.au/ausstats/

abs@.nsf/mf/3303.0/. Australian Bureau of Statistics.

[19] Diagram of the human heart, 2006. URL http://commons.wikimedia.

org/wiki/File:Diagram_of_the_human_heart_%28cropped%29.svg. Eric

Pierce.

[20] Biobook, 2012. URL http://www.adapaproject.org/bbk/tiki-index.php?

page=Leaf%3A+How+can+one+small+spot+control+heart+rate%3F. The

Adapa Project.

[21] Jaakko Malmivuo and Robert Plonsey. Bioelectromagnetism: Principles and

Applications of Bioelectric and Biomagnetic Fields. Oxford University Press,

1995. ISBN 0195058232. URL http://www.bem.fi.

[22] I. J. LeGrice, B. H. Smaill, L. Z. Chai, S. G. Edgar, J. B. Gavin, and P. J.

Hunter. Laminar structure of the heart: ventricular myocyte arrangement and

connective-tissue architecture in the dog. American Journal of Physiology, 269

(2):H571–H582, aug 1995. ISSN 0363-6135. URL http://www.ncbi.nlm.nih.

gov/pubmed/7653621.

[23] Headstart in biology, 2001. URL http://learninglab.co.uk/headstart/

four45.htm. K. Gresty, R. Dryden.

[24] The online lab manaual for mammalian histology, 2009. URL http://

histologyolm.stevegallik.org/node/146. Steven Gallik.

[25] Pyotr G. Platonov, Vitaly Ivanov, Siew Yen Ho, and Lubov Mitrofanova. Left

atrial posterior wall thickness in patients with and without atrial fibrillation:

Data from 298 consecutive autopsies. Journal of Cardiovascular Electrophys-

iology, 19(7):689–692, 2008. ISSN 1540-8167. doi: 10.1111/j.1540-8167.2008.

01102.x. URL http://dx.doi.org/10.1111/j.1540-8167.2008.01102.x.

[26] H. Feigenbaum, R. L. Popp, J. N. Chip, and C. L. Haine. Left ventricular

wall thickness measured by ultrasound. Archives of Internal Medicine, 121

http://www.abs.gov.au/ausstats/abs@.nsf/mf/3303.0/
http://www.abs.gov.au/ausstats/abs@.nsf/mf/3303.0/
http://commons.wikimedia.org/wiki/File:Diagram_of_the_human_heart_%28cropped%29.svg
http://commons.wikimedia.org/wiki/File:Diagram_of_the_human_heart_%28cropped%29.svg
http://www.adapaproject.org/bbk/tiki-index.php?page=Leaf%3A+How+can+one+small+spot+control+heart+rate%3F
http://www.adapaproject.org/bbk/tiki-index.php?page=Leaf%3A+How+can+one+small+spot+control+heart+rate%3F
http://www.bem.fi
http://www.ncbi.nlm.nih.gov/pubmed/7653621
http://www.ncbi.nlm.nih.gov/pubmed/7653621
http://learninglab.co.uk/headstart/four45.htm
http://learninglab.co.uk/headstart/four45.htm
http://histologyolm.stevegallik.org/node/146
http://histologyolm.stevegallik.org/node/146
http://dx.doi.org/10.1111/j.1540-8167.2008.01102.x


Bibliography 295

(5):391–395, 1968. doi: 10.1001/archinte.1968.03640050001001. URL http:

//dx.doi.org/10.1001/archinte.1968.03640050001001.

[27] R. Plonsey and D. G. Fleming. Bioelectric phenomena. McGraw-Hill series

in bioengineering. McGraw-Hill, 1969. URL http://books.google.com.au/

books?id=j0tRAAAAMAAJ.

[28] Silvio Weidmann. Electrical constants of trabecular muscle from mammalian

heart. The Journal of Physiology, 210(4):1041–1054, 1970. URL http://jp.

physoc.org/content/210/4/1041.

[29] B.J. Roth. Electrical conductivity values used with the bidomain model of

cardiac tissue. Biomedical Engineering, IEEE Transactions on, 44(4):326 –

328, april 1997. ISSN 0018-9294. doi: 10.1109/10.563303. URL http://dx.

doi.org/10.1109/10.563303.

[30] J. Stinstra, S. Shome, B. Hopenfeld, and R. MacLeod. Modelling passive

cardiac conductivity during ischaemia. Medical and Biological Engineering

and Computing, 43:776–782, 2005. ISSN 0140-0118. doi: 10.1007/BF02430957.

URL http://dx.doi.org/10.1007/BF02430957.

[31] Jeroen Stinstra, Bruce Hopenfeld, and Rob MacLeod. On the passive cardiac

conductivity. Annals of Biomedical Engineering, 33:1743–1751, 2005. ISSN

0090-6964. doi: 10.1007/s10439-005-7257-7. URL http://dx.doi.org/10.

1007/s10439-005-7257-7.

[32] Darren A. Hooks, Karl A. Tomlinson, Scott G. Marsden, Ian J. LeGrice,

Bruce H. Smaill, Andrew J. Pullan, and Peter J. Hunter. Cardiac mi-

crostructure. Circulation Research, 91(4):331–338, 2002. doi: 10.1161/01.RES.

0000031957.70034.89. URL http://circres.ahajournals.org/content/

91/4/331.

[33] Darren Hooks. Myocardial segment-specific model generation for simulating

the electrical action of the heart. BioMedical Engineering OnLine, 6(1):21,

http://dx.doi.org/10.1001/archinte.1968.03640050001001
http://dx.doi.org/10.1001/archinte.1968.03640050001001
http://books.google.com.au/books?id=j0tRAAAAMAAJ
http://books.google.com.au/books?id=j0tRAAAAMAAJ
http://jp.physoc.org/content/210/4/1041
http://jp.physoc.org/content/210/4/1041
http://dx.doi.org/10.1109/10.563303
http://dx.doi.org/10.1109/10.563303
http://dx.doi.org/10.1007/BF02430957
http://dx.doi.org/10.1007/s10439-005-7257-7
http://dx.doi.org/10.1007/s10439-005-7257-7
http://circres.ahajournals.org/content/91/4/331
http://circres.ahajournals.org/content/91/4/331


Bibliography 296

2007. doi: 10.1186/1475-925X-6-21. URL http://dx.doi.org/10.1186/

1475-925X-6-21.

[34] Sandra Anderson. Collins English Dictionary. Collins, 2003. ISBN

0007191537.

[35] M. Luxford. Cardiovascular Disease Part 4: Myocardial Ischaemic Dis-

ease. Ischaemic heart disease self study module. Mayne Primary Care,

2003. ISBN 9780908185597. URL http://books.google.com.au/books?id=

36cvAAAACAAJ.

[36] Robin M. Shaw and Yoram Rudy. Electrophysiologic effects of acute my-

ocardial ischemia: A theoretical study of altered cell excitability and ac-

tion potential duration. Cardiovascular Research, 35(2):256–272, 1997.

doi: 10.1016/S0008-6363(97)00093-X. URL http://dx.doi.org/10.1016/

S0008-6363(97)00093-X.
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bution of shrinkage of extracellular space to extracellular K+ accumulation

in myocardial ischaemia of the rabbit. The Journal of Physiology, 490(Pt 1):

215–228, 1996. URL http://jp.physoc.org/content/490/Pt_1/215.

[104] Sandeep K. Jain, Richard B. Schuessler, and Jeffrey E. Saffitz. Mechanisms of

delayed electrical uncoupling induced by ischemic preconditioning. Circulation

Research, 92(10):1138–1144, 2003. doi: 10.1161/01.RES.0000074883.66422.C5.

URL http://circres.ahajournals.org/content/92/10/1138.

[105] Johannes Fleischhauer, Lilly Lehmann, and André G. Kléber. Electrical
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A. E. Becker, and D. Durrer. The ”border zone” in myocardial ischemia.

http://dx.doi.org/10.1161/01.CIR.92.10.3051
http://jp.physoc.org/content/490/Pt_1/215
http://circres.ahajournals.org/content/92/10/1138
http://circ.ahajournals.org/content/92/3/587
http://circ.ahajournals.org/content/94/1/10
http://circ.ahajournals.org/content/77/5/1125
http://circ.ahajournals.org/content/77/5/1125


Bibliography 307

An electrophysiological, metabolic, and histochemical correlation in the pig

heart. Circulation Research, 44(4):576–588, 1979. doi: 10.1161/01.RES.44.4.

576. URL http://circres.ahajournals.org/content/44/4/576.

[109] David J. Hearse, Lionel H. Opie, Issy E. Katzeff, Willem F. Lubbe, Terry J.

Van Der Werff, Max Peisach, and Gerrard Boulle. Characterization of the

border zone in acute regional ischemia in the dog. The American Journal of

Cardiology, 40(5):716–726, 1977. doi: 10.1016/0002-9149(77)90187-4. URL

http://dx.doi.org/10.1016/0002-9149(77)90187-4.

[110] R. L. Wilensky, J. Tranum-Jensen, R. Coronel, A. A. Wilde, J. W. Fiolet, and

M. J. Janse. The subendocardial border zone during acute ischemia of the

rabbit heart: An electrophysiologic, metabolic, and morphologic correlative

study. Circulation, 74(5):1137–46, 1986. doi: 10.1161/01.CIR.74.5.1137. URL

http://dx.doi.org/10.1161/01.CIR.74.5.1137.

[111] M. L. Marcus, R. E. Kerber, J. Ehrhardt, and F. M. Abboud. Three dimen-

sional geometry of acutely ischemic myocardium. Circulation, 52(2):254–63,

1975. doi: 10.1161/01.CIR.52.2.254. URL http://dx.doi.org/10.1161/01.

CIR.52.2.254.

[112] J. T. Lee, R. E. Ideker, and K. A. Reimer. Myocardial infarct size and location

in relation to the coronary vascular bed at risk in man. Circulation, 64(3):

526–34, 1981. doi: 10.1161/01.CIR.64.3.526. URL http://dx.doi.org/10.

1161/01.CIR.64.3.526.

[113] D. Garcia-Dorado, P. Théroux, J. M. Duran, J. Solares, J. Alonso, E. Sanz,

R. Munoz, J. Elizaga, J. Botas, and F. Fernandez-Avils. Selective inhibition

of the contractile apparatus. A new approach to modification of infarct size,

infarct composition, and infarct geometry during coronary artery occlusion and

reperfusion. Circulation, 85(3):1160–74, 1992. doi: 10.1161/01.CIR.85.3.1160.

URL http://dx.doi.org/10.1161/01.CIR.85.3.1160.

http://circres.ahajournals.org/content/44/4/576
http://dx.doi.org/10.1016/0002-9149(77)90187-4
http://dx.doi.org/10.1161/01.CIR.74.5.1137
http://dx.doi.org/10.1161/01.CIR.52.2.254
http://dx.doi.org/10.1161/01.CIR.52.2.254
http://dx.doi.org/10.1161/01.CIR.64.3.526
http://dx.doi.org/10.1161/01.CIR.64.3.526
http://dx.doi.org/10.1161/01.CIR.85.3.1160


Bibliography 308

[114] E. W. Dijkstra. A note on two problems in connexion with graphs. Numerische

Mathematik, 1(1):269–271, 1959. doi: 10.1007/BF01386390. URL http://dx.

doi.org/10.1007/BF01386390.

http://dx.doi.org/10.1007/BF01386390
http://dx.doi.org/10.1007/BF01386390

	Abstract
	Statement of Originality
	Table of Contents
	List of Figures
	List of Tables
	Publications Arising from this Thesis
	Acknowledgements
	1 Introduction
	1.1 Thesis Overview

	2 Cardiac Physiology
	2.1 Cardiac Tissue
	2.2 Tissue Conductivity Values
	2.3 Ischaemic Tissue
	2.4 Ischaemic Region Geometry
	2.5 Electrocardiography
	2.6 ST Segment

	3 Cardiac Cells and Cell Models
	3.1 Cardiac Cells
	3.1.1 Ionic Processes

	3.2 Computational Cell Models
	3.2.1 FitzHugh-Nagumo Model
	3.2.2 Modelling Ionic Currents
	3.2.3 Hodgkin-Huxley Model
	3.2.4 Noble Model
	3.2.5 Beeler-Reuter Model
	3.2.6 Luo-Rudy Model (Phase One)
	3.2.7 Luo-Rudy Model (Phase Two)
	3.2.8 Shaw-Rudy Model
	3.2.9 ten Tusscher and Panfilov Model


	4 Bidomain Model
	4.1 Governing Equations
	4.1.1 Monodomain Approximation

	4.2 Boundary Conditions
	4.2.1 Monodomain Model

	4.3 Ventricular Models
	4.3.1 Slab Model
	4.3.2 Half-Ellipsoid Model
	4.3.3 Realistic Model

	4.4 Numerical Solution Techniques
	4.4.1 Finite Volume Discretisation
	4.4.2 Tetrahedral Finite Volume Method
	4.4.3 Temporal Discretisation
	4.4.4 Cell Model
	4.4.5 Time Stepping Procedure


	5 Validation of Numerical Methods
	5.1 Comparison with Analytical Results
	5.1.1 Isotropic Conductivities
	5.1.2 Anisotropy without Fibre Rotation
	5.1.3 Anisotropy with Fibre Rotation

	5.2 Validation of the Tetrahedral Method
	5.3 Spatial Discretisation
	5.4 Parallel Code Performance
	5.5 Propagation Velocity
	5.5.1 Effect of Discretisation Values
	5.5.2 Effect of Cell Model Choice
	5.5.3 Effect of Conductivity Values


	6 Steady State Slab Model
	6.1 Tripole Angle
	6.2 Modifying the Ischaemic Geometry
	6.2.1 Rectangular Ischaemic Geometry
	6.2.2 Cylindrical Ischaemic Geometry
	6.2.3 Ellipsoidal Ischaemic Geometry

	6.3 Conductivity Set Dependence
	6.4 Blood Dependence
	6.5 Changing the Ischaemic Conductivities
	6.6 Modifying the Border Zone Width
	6.7 Summary

	7 Transient Slab Model
	7.1 Propagation without Ischaemia
	7.2 Whole Endocardium Stimulation
	7.2.1 Activation Maps with Ischaemia
	7.2.2 Extracellular Potentials

	7.3 Purkinje System
	7.3.1 Purkinje System Geometry
	7.3.2 Activation Maps without Ischaemia
	7.3.3 ST Potentials

	7.4 Summary

	8 Half-Ellipsoid Ventricular Model
	8.1 Steady State Model
	8.1.1 Ischaemic Geometries
	8.1.2 Original Parameters
	8.1.3 Scaling the Ventricular Mesh
	8.1.4 Conductivity Set Dependence
	8.1.5 Reduced Ischaemic Conductivities
	8.1.6 Ischaemic Region Location

	8.2 Transient Model
	8.2.1 Propagation without Ischaemia
	8.2.2 Activation Maps without Purkinje System
	8.2.3 Purkinje System Model
	8.2.4 Activation Maps with Purkinje System
	8.2.5 Extracellular EPDs with Purkinje System

	8.3 Summary

	9 Realistic Ventricular Model
	9.1 Steady State Model
	9.1.1 Ischaemic Region Formulation
	9.1.2 Original Parameters
	9.1.3 Conductivity Set Dependence
	9.1.4 Reduced Ischaemic Conductivities
	9.1.5 Increased Border Zone Width
	9.1.6 Irregular Ischaemic Geometries
	9.1.6.1 Constructing Irregular Ischaemic Region Geometries
	9.1.6.2 Extracellular EPDs


	9.2 Transient Model
	9.2.1 Propagation without Ischaemia
	9.2.2 Realistic Purkinje System
	9.2.3 Propagation with Purkinje System
	9.2.4 Propagation with Ischaemia
	9.2.5 Transient EPDs

	9.3 Summary

	10 Conclusions and Future Work
	10.1 Future Work

	Bibliography

