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Abstract 
 

Groundwater dynamics in a sandy unconfined aquifer have been investigated through 

laboratory experiments and numerical modelling. The laboratory experiments on the 

propagation of groundwater waves have yielded new insights into underlying physics. 

Numerical models have been developed to consider some aspects of groundwater 

dynamics such as the influence of seepage face and meniscuses formation, hysteresis 

effects, unsaturated flow dynamics, and porous media deformation.  The laboratory data 

has then been used to verify numerical models and to examine their prediction 

capabilities.  

New laboratory data from sand flume experiments for an idealized coastal aquifer 

forced by a simple harmonic forcing across a vertical boundary provided detailed 

measurements of the piezometric head very close to the interface. The data helped to 

consider the processes occurring near the boundary condition, particularly with respect 

to meniscus and seepage face formation during the falling tide. A numerical solution of 

the Richards’ equation was developed to model the influence of seepage face formation 

and meniscus suction and was evaluated against the data. The model-data comparisons 

show good agreement with the pore pressure behavior high above the water table, but 

are sensitive to the choice of moisture retention parameters in the model.   

A numerical solution of Richards’ unsaturated flow equation was used to examine the 

influence of hysteresis on water table dynamics in an unconfined aquifer. The model 

was subject to simple harmonic forcing across a sloping boundary with a seepage face 

boundary condition. Amplitude and phase profiles for water table waves for both 

hysteretic and non-hysteretic models were extracted using harmonic analysis to compare 

with existing sand flume data, and the results from both model types showed good 

agreement with the data indicating no influence of hysteresis at the oscillation period 

examined ( 348sT  ). The relationship between the oscillation period and hysteresis 

effects was further examined via a parametric study with the numerical model. For short 

period forcing, such as waves ( 10sT  ), the influence of hysteresis dynamics on water 

table wave dispersion is negligible whereas for long period forcing, such as tides (

12.25hT  ) or storm surges (T days ), hysteresis dynamics should be taken into 

account in numerical simulations.   
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The influence of the oscillation period on groundwater wave dispersion was examined 

through additional laboratory sand flume experiments with a vertical boundary subject 

to simple harmonic forcing. The data covers a much wider range of non-dimensional 

aquifer depths ( 4 / 415n d K  ) than has been previously investigated. The data 

showed a monotonic increase in both the amplitude decay rate and the rate of increase 

in phase lag of the water table with increasing oscillation frequency. This is in direct 

contrast to existing analytic solutions and numerical models which all predict an 

asymptotic decay rate and zero phase lag in the high frequency limit. The observed 

wave dispersion (amplitude decay and phase lag) was unable to be reproduced with 

existing theoretical dispersion relations (including capillarity and vertical flow effects) 

or by a numerical solution of Richards’ equation (with and without hysteresis effects). 

Possible influences on the experimental data such as sand packing, measurement 

location, finite amplitude wave effects, unsaturated zone truncation and multiple wave 

mode effects, were considered but they were unable to explain the data-prediction 

discrepancy.  

A numerical model which coupled Richards’ unsaturated flow equation to the  

poro-elastic material model was developed to consider the influence of porous media 

deformation on the dispersion of water table waves in an unconfined aquifer. This study 

examined whether deformation of the porous media can explain the observed 

discrepancy between data and prediction on water table wave dispersion. A sensitivity 

analysis also was performed to establish the influence of the main parameters in the 

poro-elastic model namely Young’s modulus ( E ) and Poisson’s ratio ( ). The results 

showed that, in both the short and long period cases, the poro-elastic model is unable to 

reproduce the wave dispersion observed in the laboratory data.  

Lastly, a new 2DV laboratory dataset was collected to study the moisture-pressure 

relationship above a dispersive groundwater wave in an unconfined sand flume aquifer. 

Five experiments were conducted for oscillation periods ranging from 268s to 2449s. 

The moisture-pressure dynamics then were examined through: moisture-pressure 

scanning loops behavior; oscillation range of saturated zone piezometric head; suction 

head and moisture content; pressure fluctuation decay characteristics using the ratios of 

unsaturated suction head range; and saturated zone piezometric head range and 

generation of higher harmonics using the harmonic analysis. The data was also used to 

evaluate the numerical solution of a hysteretic Richards’ equation model. Comparison 
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of measured and simulated scanning loops shows that the model can qualitatively 

reproduce the observed moisture-pressure dynamics with respect to the dynamic range 

and decay rates. 
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  Chapter 1

Introduction 
 

This thesis presents an investigation into groundwater dynamics in a sandy unconfined 

aquifer. The study has been conducted through a combination of laboratory experiments 

and numerical modelling. The laboratory experiments on the propagation of 

groundwater waves have yielded new insights into the underlying physics. Numerical 

models have been developed to consider some aspects of groundwater dynamics, such 

as the influence of seepage face and meniscuses formation, hysteresis effects, 

unsaturated flow dynamics, and porous media deformation. Then, the laboratory data 

has been used to verify numerical models and to examine their prediction capabilities.  

1.1 Research background 

Groundwater dynamics are important for a variety of reasons and researchers across 

different fields study this area and its governing phenomena. For example, a wide range 

of coastal engineering applications, including the operation of water supply and sewage 

waste disposal facilities in coastal dunes, require the monitoring of groundwater 

fluctuations and flows at the coast (Turner, 1998). The groundwater flow in coastal 

aquifers also has important implications for groundwater quality management, pollution 

and saltwater intrusion which can affect drinking water supplies and vegetation 

(Nielsen, 1999). In addition, a link between the elevation of beach groundwater and 

erosional or accretional trends of the beach face and beach face morphology has long 

been reported (e.g. Grant, 1946, 1948). Despite the wide range of studies which have 

been conducted on different aspects of groundwater dynamics, some phenomena such as 

seepage face formation, hysteresis effects, the propagation of groundwater waves and 

unsaturated flow dynamics require further study.  

Note that this thesis is structured as a collection of papers and reviews of the literature 

can be found in the relevant chapters. 
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1.2 Research objectives  

The overriding research aim is to improve the understanding of the physical processes 

influencing groundwater dynamics in unconfined aquifers, specifically in terms of the 

propagation of water table waves. 

The objectives of this study are as follows: 

 1- Examine the influence of meniscus and seepage face formation associated with 

a periodic boundary condition on the near-boundary aquifer pore pressure 

distribution. 

2- Examine the influence of hysteresis on water table dynamics in an unconfined 

aquifer. 

3- Examine the effects of the oscillation period on groundwater wave dispersion in 

a sandy unconfined aquifer. 

4- Examine the effects of porous media deformation on the propagation of water 

table waves in a sandy unconfined aquifer. 

5- Examine the moisture-pressure relationship above a dispersive groundwater 

wave in a sandy unconfined aquifer. 

1.3 Research method overview 

For each of the research objectives outlined above, the research approach involved four 

main stages including: literature review, laboratory experiments, numerical simulations 

and model-data comparison. The first stage was a literature review of the relevant 

published research to develop the required background knowledge and to formulate 

research objectives. A review of the relevant literature is integrated where appropriate 

throughout this thesis. 

 The second stage involved carrying out laboratory experiments in a 2D vertical 

unconfined sand flume aquifer collecting data on water table wave propagation in the 

saturated zone and moisture-pressure dynamics in the unsaturated zone.  
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The third stage involved developing numerical models solving Richards’ unsaturated 

flow equation with consideration of: the seepage face boundary condition; hysteresis 

effects and poro-elastic effects.     

In the final stage, the existing data in the literatures and the new laboratory data 

collected in this study have been used to evaluate the predictive capabilities of the 

numerical models. 

1.4 Thesis layout 

In Chapter 2, the key definitions and terminology related to groundwater dynamics that 

are used throughout this thesis are defined.  

Chapter 3 provides a discussion about the beach face boundary condition with respect to 

meniscus suction and seepage face formation. Detailed laboratory measurements in a 

sand flume for an idealized coastal aquifer are presented in this chapter. Then, a 

numerical solution of Richards’ equation is developed and evaluated against data. 

In Chapter 4, the influence of hysteresis on water table dynamics in an unconfined 

aquifer is examined using a numerical model to solve Richards’ unsaturated flow 

equation and then numerical results are compared with existing sand flume data. The 

model is also used to perform a parametric study to examine the relationship between 

the oscillation period and hysteresis effects.  

In Chapter 5, a new laboratory sand flume dataset is presented to examine the effect of 

the oscillation period on groundwater wave dispersion in a sandy unconfined aquifer. 

The data is unique in that it covers a much wider range of non-dimensional aquifer 

depths ( 4 / 415n d K  ) than has been previously investigated. The data is then 

compared with existing theoretical dispersion relations and the numerical solutions of 

hysteretic and non- hysteretic Richards’ equation.  

In Chapter 6, a numerical model which coupled Richards’ unsaturated flow equation to 

the poro-elastic material model is developed to consider the influence of porous media 

deformation on the dispersion of water table waves. The model results are compared 

with the laboratory data presented in Chapter 5. 

Chapter 7 presents a new 2DV laboratory dataset of the moisture-pressure dynamics 

above a dispersive groundwater wave in an unconfined sand flume aquifer for different 
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oscillation periods. The data is then used to evaluate the numerical solution of a 2DV 

hysteretic Richards’ equation model. 

Finally, conclusions and directions for future research are outlined in Chapter 8.
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  Chapter 2

Definitions and terminology 
 

This chapter briefly defines the terminology associated with unconfined aquifer 

dynamics with reference to the definition sketch provided in Figure  2-1. 

 

Figure  2-1 Definition sketch of beach groundwater zones (after Horn, 2002, 2006).  

The shoreline 

The shoreline is the position of physical interface between  mean water level (MWL) 

and the aquifer, in other words, where the water depth is zero (Horn, 2002).  

The water table 

The water table is an equilibrium surface where the water pressure head or pore water 

pressure is equal to the atmospheric pressure, that is, where gauge pressure is zero.  In 

hydrology and earth sciences, the term phreatic surface is used to refer to the water table 

(Horn, 2002, 2006). 
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Pore water pressure 

Pore water pressure ( p ) refers to the pressure of fluid held within the pores of a porous 

medium related to atmospheric pressure (Horn, 2002, 2006). 

The phreatic zone 

The phreatic zone, or zone of saturation, is the permanent zone below the water table, in 

which relatively all pores and fractures are saturated with water, and pore water pressure 

is equal to or greater than atmospheric pressure (Horn, 2002, 2006). 

The vadose zone 

The vadose zone, or unsaturated zone, is the unsaturated area of a beach which is 

limited between the water table or capillary fringe if exists above the water table, and 

the sand surface. In the vadose zone pores are filled with both water and air and pore 

water pressure is less than atmospheric pressure (Horn, 2002, 2006).    

The capillary fringe 

The capillary fringe is the subsurface layer where pores are filled completely with the 

water by the attraction force between water molecules and the surrounding sand matrix 

(Price, 1985). The capillary fringe is also referred to as tension-saturated zone because 

the pore water pressure is negative relative to atmospheric pressure (Horn, 2002, 2006). 

The exit point 

The ocean water level oscillates due to waves, tides and storm surges, and generally 

falls faster than the water table elevation leading to a decoupling of the water table from 

the ocean level. The position of the intersection of the decoupled water table and beach 

face is referred as the exit point (Horn, 2002, 2006). The exit point can be observed in 

the field as the boundary between the dry sand surface and saturated sand surface 

(Nielsen, 1990). 

The seepage face 

The seepage face is the area on the sand surface extending between the decoupled water 

table exit point and the shoreline position. The shape of the seepage face is determined 

by the beach topography, and water on this area is at atmospheric pressure (Horn, 2002, 
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2006). In the field, the seepage face is observable as a glassy and saturated surface of 

the beach (Nielsen, 1990). 

The observed shoreline, water table exit point, and seepage face in the field are shown 

in Figure  2-2.    

 

 

Figure  2-2 The observed shoreline, water table exit point, and seepage face in the field. 
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3.1 Abstract   

Detailed measurements of the piezometric head from sand flume experiments of an 

idealized coastal aquifer forced by a simple harmonic boundary condition across a 

vertical boundary are presented. The measurements focus on the pore pressures very 

close to the interface ( 0.01mx  ) and throw light on the details of the boundary 

condition, particularly with respect to meniscus suction and seepage face formation 

during the falling tide. Between the low and the mean water level, the response is 

consistent with meniscus suction free models in terms of both the vertical mean head 

and oscillation amplitude profiles and is consistent with the observation that this area of 

the interface was generally within the seepage face. Above the mean water level, the 

influence of meniscus formation is significant with the mean pressure head being less 

than that predicted by capillary free theory and oscillation amplitudes decaying faster 

than predicted by suction free models. The reduced hydraulic conductivity in this area 

due to partial drainage of pores on the falling tide also causes a delay in the response to 

the rising tide. The combined influence of seepage face formation, meniscus suction and 

reduced hydraulic conductivity generate higher harmonics with amplitudes of up to 26% 

of the local main harmonic. To model the influence of seepage face formation and 

meniscus suction a numerical solution of the Richards’ equation was developed and 

evaluated against the data. The model-data comparison shows a good agreement with 

the behavior high above the water table sensitive to the choice of moisture retention 

parameters.   

3.2 Introduction   

The interaction between surface and sub-surface water plays an important role in a 

variety of coastal zone processes including salt-water intrusion and contaminant 

transport in coastal aquifers (e.g. Nielsen and Voisey, 1998; Nielsen, 1999; Cartwright 

and Nielsen, 2001a,b, 2003; Cartwright et al., 2004a, b; Turner and Acworth, 2004; Isla 

and Bujalesky, 2005; Robinson et al., 2006; Xin et al., 2010) and beach profile 

morphology (e.g. Grant, 1946, 1948; Emery and Foster, 1948). Oceanic forcing of 

coastal aquifers across the beach face is highly dynamic occurring over a wide range of 

magnitude and frequency scales (i.e., tide, wave, storm surge, etc.). A number of 

oceanic and atmospheric mechanisms which have been involved with observed beach 

water table fluctuations identified by Turner (1998). The majority of studies have 

described beach groundwater fluctuations due to tidal forces (e.g., Emery and Foster, 
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1948; Ericksen, 1970; Lanyon et al., 1982a; Nielsen, 1990; Turner, 1993a; Turner et al., 

1997). A limited number of studies have observed wave-induced the beach water table 

oscillations (Waddell, 1973, 1976, 1980; Bradshaw, 1974; Lewandowski and Zeidler, 

1978; Cartwright et al., 2002, 2006a; Hegge and Masselink, 1991; Kang et al., 1994; 

Turner and Nielsen, 1997; Turner and Masselink, 1998). Understanding the behavior of 

this periodic boundary condition is thus important for accurate modeling of coastal 

groundwater dynamics and associated issues. 

Existing analytical models of groundwater dynamics are based on the one or two-

dimensional solution of the Boussinesq equation under the Dupuit-Forchheimer 

assumption, (e.g. Nielsen, 1990; Nielsen et al., 1997; Baird et al., 1998; Li et al., 2002;) 

with corrections for vertical flow effects and also capillary fringe effects by only 

considering the additional water mass above the  water table (e.g.  Barry et al., 1996; Li 

et al., 2000a; Nielsen and Perrochet, 2000a, b; Nielsen and Turner, 2000; Cartwright et 

al., 2005). None of the analytical models consider unsaturated flow or seepage face and 

meniscus formation at the boundary. 

In the natural system, the interface between surface and groundwater is generally 

sloping; however, in order to simplify the problem, a vertical interface is considered 

here. This paper presents detailed measurements of the piezometric head close to the 

vertical interface ( 0.01mx  ) of a non-shallow laboratory aquifer forced by simple 

harmonic oscillations. The data provides insight into the influence of meniscus suction 

and seepage face formation in and around the inter-tidal zone. The data is then used to 

evaluate a 2D vertical numerical model based on the Richards’ equation (Richards, 

1931) with due consideration of the mixed periodic boundary condition to simulate the 

formation of the seepage face and meniscus suction. 

3.3 Capillary suction and seepage face formation on the interface 

Figure  3-1 provides a schematic illustration of the pressure distribution along a beach 

face when the water table exit point becomes decoupled from the ocean level. Note 

similar scenarios will exist in systems with periodic forcing of groundwater systems 

such as tidal rivers and lakes where seiching may occur. When decoupling occurs, two 

distinct pressure zones become apparent. Below the exit point and above the ocean level 

(i.e., in the seepage face), the surface has a glassy appearance indicating that the water 
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table is at the surface and that the gauge pressure ( , ) 0p x z  . Above the exit point, the 

surface has a matt appearance due to the presence of meniscuses and as such ( , ) 0p x z  .  

 

Figure  3-1 Schematic illustration of seepage face and meniscuses formation on the 

beach face. SL = shoreline (swash front); EP = water table exit point; WT = water table; 

p   pore pressure; H = steady capillary fringe thickness. Solid and dashed lines 

represent the free surface and idealized meniscuses surface, respectively (after 

Cartwright et al., 2006a). 

The capillary suction gets stronger with increasing elevation above the water table, but 

upwards of a certain level this suction will not have a significant effect on water table 

dynamics due to a lack of connectivity in sand with low moisture content and hence 

very low permeability. Some a priori insight into vertical and horizontal flow in the 

capillary fringe might be gained from the steady flow study of Silliman et al. (2002). 

Several numerical and experimental studies have been conducted which consider the 

exit point location and seepage face formation. Turner (1993b, 1995) adapted a 

numerical model from the governing equations of Dracos (1963) to simulate exit point 

movement across a saturated beach face.  The model is based solely on the force 

balance on a water particle at the sand surface and neglects the sub-surface pressure 
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distribution. In addition, Turner (1993b, 1995) assumed that, during the decoupled 

phase, the movement of the exit point is independent of the tide level.   

Clement et al. (1994) developed a 2D finite-difference algorithm to solve Richards 

(1931) variably saturated flow equation for porous media which was then applied to 

solve steady state and transient seepage face problems. Clement et al. (1994) used three 

kinds of boundary conditions including Dirichlet boundary condition for nodes with 

known pressure head, Neumann boundary condition for nodes where the values of 

normal fluxes are known and a seepage face boundary condition. During simulation of 

the variably saturated flow, the length of seepage face is unknown until the problem is 

solved; however, the problem cannot be completely solved unless the length of seepage 

face is determined. Hence, an iterative process is needed to determine the seepage face 

length at each time step. Clement et al. (1994) used Cooley (1983) modified version of 

Neuman (1973) iterative-search procedure which is based on the following. During the 

first iteration, an initial guess of the location of the exit point (i.e., the length of seepage 

face) is used to solve the flow equation. Based on the solution’s results for pressure 

head and flow along the boundary, it is possible to understand whether the location of 

exit point is correct or it needs modification. One of three different conditions may 

exist. First, the solution gives a zero pressure and a net outflow for all nodes along the 

seepage face which means that the guessed location of exit point is correct. The nodes 

above the seepage face are considered as a no-flow boundary condition with negative 

pressure. Second, if the results show non-zero inflow for some of the nodes along the 

seepage face which have zero pressure, the height of exit point is overestimated. Third, 

if some of the nodes above the seepage face which are located on no-flow boundary 

condition get positive flux, the height of the seepage face is underestimated. The 

seepage face height is then adjusted as required and the flow equation solved again with 

the new interface pressure profile. This iterative method is repeated until finding the 

correct length of the seepage face is produced. This model was later validated by 

Simpson et al. (2003) against laboratory observations in a radial sand tank. Ataie-

Ashtiani et al. (1999) also adopted this approach when simulating periodic seepage face 

formation with the density dependent variably saturated groundwater flow model 

SUTRA (Voss, 1984). 

Li et al. (1997) presented a Boundary Element Method (BEM) model to solve a 2D flow 

equation to simulate the groundwater fluctuations and seepage face dynamics under 
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tidal forcing for saturated flow conditions using a moving boundary condition. On the 

water free surface profile (i.e., the water table), the potential head is unknown, but by 

applying a kinematic boundary condition on the free surface (Liggett and Liu, 1983), 

the potential head and consequently the water table head elevation profile can be 

determined. The elevation of the water table exit point can be obtained as the 

intersection of the water table and beach face profile and the shoreline elevation is the 

tidal elevation. If the exit point becomes decoupled from the tide then a seepage face 

exists between shoreline and exit point and the boundary condition on the seepage face 

is set to atmospheric pressure (i.e., the potential head is equal to elevation head), 

otherwise, the potential head is calculated based on the tidal elevation.        

Baird et al. (1998) developed a numerical solution of the 1D Boussinesq equation 

including seepage formation. In the numerical model, if the landward computational cell 

(i.e., cells are located before shoreline) is completely filled with the water, it can be 

assumed that a seepage face exists and the most landward cell with this condition will 

be considered as the exit point.  Baird et al. (1998) defined a condition in their 

numerical Boussinesq model to consider the presence of seepage face. Based on that 

condition, if at any computational cells the summation of water table elevation and the 

net rate of groundwater discharge into and out the cell during the time step per cross-

shore width of computational cell is greater than the cell’s elevation, water level is 

considered on the ground surface for that cell and decoupling is happened.   

3.4 Experimental setup and procedures 

 The flume and sand 3.4.1

The experimental setup is illustrated in Figure  3-2 where a 9.2 m long, 0.15 m wide and 

1.5 m high unconfined sand flume aquifer is subject to simple harmonic forcing across a 

vertical boundary at the “ocean” end of the flume and a no-flow boundary condition was 

used at the “landward” end of the flume. The vertical interface between the external 

driving head reservoir and the aquifer consisted of a filter made up of stainless steel 

wire mesh with 0.15 mm openings supported by a coarser grid with 2 cm openings. The 

top of the flume is open to atmosphere, but it was covered by a loose plastic to minimize 

any evaporation. To reduce air encapsulation during the sand packing process, the sand 

was added in ~10cm thickness layers to the water-filled flume and the layers packed by 
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allowing them to settle by gravity. Subsequent layers where then added and manually 

mixed with the preceding layer so as to avoid layering due to differential sedimentation. 

 

Figure  3-2 Schematic illustration of the sand flume (after Cartwright et al., 2003). 

Locally mined dune sand containing more than 99% quartz content was used in the 

flume and Table  3-1 presents the sand’s physical and hydraulic properties which were 

investigated by Nielsen and Perrochet (2000a, b). 

Table  3-1 Hydraulic and moisture properties of the sand. 

50d  

(mm) 

K  

(m/s) 
s  

(vol/vol) 

r  

(vol/vol) 

  

(1/m) 

  

(-) 

H  

(m) 

0.260 4.7  10
-4 0.41 0.09 1.7 9 0.62 

50d , mean grain size; K , saturated hydraulic conductivity; s  and r , saturated and 

residual moisture contents, respectively; H steady capillary fringe thickness;  and are 

  van Genuchten parameters. After Nielsen and Perrochet (2000a, b). 

 The driving head  3.4.2

The driving head in the clear water reservoir ( )oh t , was simple harmonic such that, 

( ) cos( )o oh t d A t   ( 3.1)                                                                                      

where d  is the mean elevation, oA  is the amplitude and 2 /T   is the angular 

frequency and T is the oscillation period.  The data presented here is for the following 

forcing parameters: 567T s , 0.215moA    and 0.92md  . 

Tensiometers 
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 Monitoring of piezometric head 3.4.3

The piezometric head was measured using UMS-T5 tensiometers installed horizontally 

into the aquifer through the wall of the flume. The focus of the experiments was on the 

physics close to the hydrostatic reservoir and so tensiometers were installed at 

0.01mx   at each of the following elevations: 0.6,  0.7,  0.8,  0.9,  1.0,  1.1mz  .  

3.5 Numerical modeling 

As will be demonstrated later, the experimental observations show significant influence 

of meniscus suction and seepage face formation on the aquifer response. Neither of 

these processes are considered by the analytic solutions outlined previously in 

Section  3.2 and so a numerical modelling approach was developed.  

 Governing Equations 3.5.1

To simulate the influence of meniscus formation at the interface above the water table  

requires consideration of variably saturated flow which is governed by the Richards’ 

equation (Richards, 1931), 

 ( ) . 0
pm s

e r p

HC
S S k H z

g t



 

  
      

  
 ( 3.2) 

where 
pH  is the pressure head which is the dependent variable, mC is the specific 

moisture capacity, eS is the effective saturation, S is the storage coefficient,  is the 

gradient operator, s  is the intrinsic permeability which is related to the hydraulic 

conductivity ( K ) as /s K g   ,  is the fluid dynamic viscosity, rk  is the relative 

permeability, z is the vertical elevation.  

Richards’ equation ( 3.2) is solved here using the finite element method using two 

commercially available software packages, COMSOL 4.3b (COMSOL, 2013a) and 

FEFLOW 6.0 (FEFLOW,  2012). The two packages were used in order to evaluate 

differing approaches for modelling seepage face formation as will be described later in 

Section  3.5.2. 

Solution of Richards’ equation ( 3.2) requires prior knowledge of the specific moisture 

capacity mC  and the relative permeability rk   which are both dependent on the soil 
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moisture retention properties. Here, the soil moisture retention properties are quantified 

using the van Genuchten (1980) formulae,  

              0

1               

                                        0

s r
r pm

p

s p

H

H

H



 







       




 ( 3.3) 

where r  and s are  the residual and saturated liquid volume fractions. 

The van Genuchten relative permeability is, 
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 ( 3.4) 

where the effective saturation is, 

r
e

s r

S
 

 





 ( 3.5) 

The specific moisture capacity is defined as, 

   1/ 1/1               0
             1

0                                                            0 

m
m m

s r e e p

m

p

m
S S Hd

C m
dh

H


 


  

  
 

 ( 3.6) 

where ,  , 0.5l  and 1 1/m   are empirical curve fitting parameters and 0pH   is 

the atmospheric pressure distinguishes saturated and unsaturated flow. Table  3-1 

provides hydraulic and moisture parameters of the sand which were used in the 

numerical simulation. 

 Boundary condition implementation 3.5.2

Two different methods were applied to simulate the simple harmonic “ocean” boundary 

condition with seepage face formation. A Cauchy boundary condition was implemented 

in the COMSOL simulations and a prescribed head boundary condition combined with 

flux constraints was used in the FEFLOW simulations. The principle of these two 

methods is similar to the methods described in Section  3.3 i.e., dividing the boundary to 
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three separated parts and changes from Dirichlet to Neumann boundary condition. 

However, the Cauchy boundary condition uses the logical statements based on the 

saturation condition and changing the thickness of an arterial layer between external 

fluid source and the domain to switch between Dirichlet to Neumann boundary 

condition. The prescribed head with flux constraint method switches the boundary 

condition between Dirichlet and Neumann based on the flow direction on each part, 

similar to Clement et al. (1994) method.     

3.5.2.1 Cauchy boundary condition 

The Cauchy boundary condition is given by, 

     .n p b pb p bK H z R H H z z        
 

 ( 3.7) 

where 
pbH and bz  are the pressure and elevation of the distant fluid source, respectively 

and bR  is the conductance of the material between the source and the model domain. 

Typically /bR K B  , where K   is hydraulic conductivity of the layer and B is its 

thickness, which were assumed here to be 44.7 10 m/s  and 0.001m , respectively.  

The Cauchy type boundary condition is used in conjunction with appropriate logical 

statements in order to switch between a Dirichlet boundary condition for nodes below 

the ocean level and in the seepage face and a Neumann boundary condition above of the 

water table exit point (cf. Figure  3-3). Following the work of Chui and Freyberg (2009), 

at the start of each time step, all nodes below the external driving head level ( oh ) are 

assigned pressures assuming a hydrostatic external pressure distribution and for nodes 

above the driving head level the pressure head is zero, 

                    

0                           

o o

pb

o

h z for z h
H

for z h

 
 


 ( 3.8) 

The flow equation ( 3.2) is then solved and the position of the water table (i.e., 0p  ) is 

determined. Below the water table in the saturated zone ( 0p  ) the conductance bR is 

modified to a large number ( /bR K B  ) thus creating a flow condition and above the 

water table the conductance is set to zero ( 0bR  ) thus creating a no-flow boundary 

condition. That is, 
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0 . .

0 0 . .

                          
 

                             

p

b

p

K
for H flow B C

R B

for H no flow B C


 

 
   

 ( 3.9) 

During the same time step, the new boundary condition (equation ( 3.9)) is applied and 

equation ( 3.2) is solved again and the position of exit point adjusted. This iterative 

procedure continues until the correct position of the exit point is found such that above 

the exit point there is no flow and pressure head is negative and that along the seepage 

face, flow drains the domain and pressure head is zero.   

 

Figure  3-3 Periodic Cauchy boundary condition. 

3.5.2.2 Prescribed head with flux constraint  

In the FEFLOW model, seepage face formation is modelled using a prescribed head 

boundary condition in conjunction with a constrained flux condition. For boundary 

nodes below the minimum driving head level the head is prescribed to be the same as 

the driving head   (i.e., oh h  for min oz h ). For boundary nodes above the maximum 

driving head level a no-flow condition is applied (Figure  3-4). 
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Figure  3-4 Hydraulic head combined with flux constraint. 

For boundary nodes between the minimum and maximum of driving head level the 

prescribed head with flux constraint is implemented as illustrated in Figure  3-5. In each 

time step, if the driving head level is above the node then the head is prescribed as

( ) oh z h  and the flux is unconstrained. If the driving head level is below the node then 

the node will either be in the seepage face (outflow from the domain) or above the exit 

point (no-flow). If the flow at the node is positive (i.e., into the domain) then the flux is 

constrained to 
30m /dq   and the prescribed head condition is relaxed and the pressure 

head is allowed to be negative. The model then iterates and adjusts the water table 

position until the solution converges.  
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Figure  3-5 A sample of hydraulic head time series and flux constraint ( 0.74mz  ).  

3.6     Results and Discussion 

 Piezometric head distribution 3.6.1

Figure  3-6 compares the measured and predicted piezometric head time series at 

different intertidal elevations very close to the boundary, 
*( 0.01m, , )h x z t . While the 

driving head is simple harmonic, the piezometric head at higher elevations indicates the 

influence of the generation of higher harmonic components due to a combination of 

seepage face formation and the non-linear relationship between moisture content and 

pore pressure (cf. equation ( 3.3)). 

Typically, the intertidal time series separate from the driving head when the driving 

head drops below the measurement elevation because of seepage face formation with 

the falling water level and also due to the draining of pore water which leads to a lower 

hydraulic conductivity. At 1.1mz  , a significant delay during the rising of driving 

head is also seen because the sand surrounding the probe becomes partly drained and 

hence has a lower hydraulic conductivity until it becomes re-saturated and returns to a 

saturated hydraulic conductivity. The measurements below the low level of driving head 

are not shown, but they all follow the driving head very closely as shown by the probe 

at the low level of driving head ( 0.7mz  ). 
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The numerical results show that the two different methods applied to simulate seepage 

face formation produce identical results. In addition, the comparison between the results 

of both models and laboratory data shows a good agreement for 0.9mz  . However, at 

higher elevations there are some obvious discrepancies, especially at the highest 

elevation ( 1.1mz  ), where the model underestimates the hydraulic head. This is 

because model performance in the unsaturated zone will be more sensitive to any 

uncertainty in the adopted van Genuchten (1980) moisture retention curve parameters  

( and  ).  

 

Figure  3-6 Comparison of measured and predicted piezometric head time series close to 

the interface boundary ( 0.01mx  ) at different elevations ( 0.7,0.8,0.9,1.0,1.1mz  ) 

.The symbols show measured laboratory data and curves show numerical modeling 

results. 

Many previous studies (e.g. Lehman et al., 1998; Stauffer and Kinzelbach, 2001; 

Werner and Lockington, 2003) show that consideration of hysteresis can significantly 

improve the predictive ability of the Richards’ equation under periodic flow conditions.  

Cartwright et al. (2005) found that using a single non-hysteretic moisture retention 
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curve with 3   captured the observed water table dynamics in periodic sand column 

experiments. Cartwright (2014) demonstrated that this is due to the fact that 3   the 

moisture retention curve has a specific moisture capacity ( /m pC d dH ) which more 

closely resembles the observed moisture-pressure scanning loops compared to the 

specific moisture capacity found using the first drying curve data ( 9  ).  

To examine this further, the model was run using a modified moisture retention curve 

with 3   that was fit to the ( 9  ) wetting and drying curves (cf Figure  3-7). Note 

that the wetting curve was estimated based on the observed drying curve ( 9  ) and a 

hysteresis ratio, / 2w d     after Kool and Parker (1987). Figure  3-8 shows the 

new comparison of numerical prediction using 3   with the experimental data for 

different elevations at 0.01mx  . It is apparent that the modified 3   moisture 

retention curve significantly improves the numerical results, especially at upper 

elevations ( 1.0,1.1mz  ) in the unsaturated zone where the specific moisture capacity 

plays a greater role.    

 

Figure  3-7 Drying ( -11.7md  , 9  ) (solid line), wetting ( -13.4mw  , 9  ) 

(dashed line) and modified (
-13m  , 3  ) (dotted line) retention curves. 
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Figure  3-8 Comparison of measured and predicted piezometric head time series close to 

the interface boundary (using modified retention curve with -13m   and 3   for 

numerical models). 

Table  3-2 summarises the harmonic components for laboratory data and numerical 

results further demonstrating the generation of higher harmonics due to seepage face 

formation and meniscus suction at the boundary. Above the minimum water elevation  

( 0.7mz  ), the higher order harmonic amplitudes phases are seen to increase with 

elevation.  The maximum ratio of the second harmonic to the fundamental mode is

2 1/ 0.26R R   at ( 0.01, 1.1mx z  ). For the third harmonic, the corresponding 

maximum is 3 1/ 0.07R R   at ( 0.01, 1.1mx z  ). 
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Table  3-2 Summary of harmonic components. 

x  

(m) 

z  

(m) 

*h  

(m) 

/p g  

(m) 

*

maxh  

(m) 

*

minh  

(m) 

Range  

(m) 

1R  

(m) 

1  

(rad) 

2R  

(m) 

2  

(rad) 

3R  

(m) 

3  

(rad) 

Lab data 

0.00 0.0 0.920 0.920 1.133 0.700 0.433 0.214 2.205 0.005 1.382 0.003 2.175 

0.01 0.7 0.922 0.222 1.125 0.712 0.420 0.214 2.230 0.001 0.587 0.002 3.526 

0.01 0.8 0.941 0.141 1.125 0.775 0.350 0.186 2.238 0.014 4.525 0.007 3.444 

0.01 0.9 0.951 0.051 1.126 0.808 0.326 0.167 2.243 0.026 4.120 0.007 2.968 

0.01 1.0 0.964 -0.036 1.132 0.831 0.295 0.152 2.350 0.031 4.040 0.004 4.498 

0.01 1.1 0.968 -0.132 1.134 0.849 0.276 0.136 2.499 0.036 4.224 0.009 5.877 

FEFLOW ( -11.7m  , 9  ) 

0.00 0.0 0.918 0.918 1.133 0.703 0.430 0.215 1.593 0.000 1.574 0.000 1.563 

0.01 0.7 0.920 0.220 1.131 0.714 0.417 0.211 1.596 0.002 3.048 0.001 1.585 

0.01 0.8 0.933 0.133 1.131 0.772 0.359 0.187 1.603 0.018 3.096 0.009 1.493 

0.01 0.9 0.946 0.046 1.130 0.803 0.328 0.166 1.633 0.024 2.944 0.005 1.269 

0.01 1.0 0.955 -0.045 1.130 0.825 0.305 0.152 1.693 0.028 2.910 0.003 2.806 

0.01 1.1 0.957 -0.143 1.128 0.842 0.285 0.136 1.797 0.031 3.093 0.008 4.332 

COMSOL ( -11.7m  , 9  ) 

0.00 0.0 0.918 0.918 1.133 0.703 0.429 0.215 2.148 0.000 2.180 0.000 1.586 

0.01 0.7 0.919 0.219 1.131 0.712 0.419 0.210 2.151 0.002 4.263 0.001 3.160 

0.01 0.8 0.933 0.133 1.130 0.772 0.359 0.186 2.157 0.018 4.220 0.009 3.149 

0.01 0.9 0.946 0.046 1.130 0.803 0.327 0.166 2.186 0.024 4.071 0.005 2.880 

0.01 1.0 0.955 -0.045 1.129 0.826 0.303 0.152 2.248 0.028 4.038 0.002 4.499 

0.01 1.1 0.957 -0.143 1.125 0.844 0.282 0.135 2.365 0.031 4.297 0.007 0.044 

FEFLOW ( -13m  , 3  ) 

0.00 0.0 0.918 0.918 1.133 0.703 0.430 0.215 1.593 0.000 1.574 0.000 1.563 

0.01 0.7 0.920 0.220 1.131 0.714 0.417 0.210 1.597 0.002 2.983 0.001 1.571 

0.01 0.8 0.933 0.133 1.131 0.773 0.358 0.186 1.608 0.019 3.038 0.010 1.408 

0.01 0.9 0.947 0.047 1.130 0.804 0.326 0.164 1.661 0.027 2.802 0.006 1.103 

0.01 1.0 0.958 -0.042 1.130 0.829 0.301 0.148 1.763 0.034 2.771 0.004 2.686 

0.01 1.1 0.965 -0.135 1.127 0.855 0.272 0.126 1.936 0.039 3.029 0.011 4.001 

COMSOL ( -13m  , 3  ) 

0.00 0.0 0.918 0.918 1.133 0.703 0.430 0.215 2.148 0.000 2.360 0.000 2.102 

0.01 0.7 0.919 0.219 1.131 0.713 0.418 0.210 2.152 0.002 4.199 0.001 3.242 

0.01 0.8 0.933 0.133 1.131 0.774 0.356 0.185 2.164 0.019 4.151 0.010 3.075 

0.01 0.9 0.947 0.047 1.130 0.805 0.325 0.163 2.215 0.027 3.928 0.006 2.761 

0.01 1.0 0.958 -0.042 1.129 0.830 0.299 0.147 2.320 0.034 3.903 0.004 4.444 

0.01 1.1 0.965 -0.135 1.125 0.856 0.269 0.124 2.502 0.039 4.174 0.011 5.753 

Mean water head (
*h ), Mean pressure head ( /p g ), Maximum water elevation ( *

maxh ) 

, Minimum water elevation ( *

minh ), Pressure head range ( Range ), First harmonic 

amplitude ( 1R ), First harmonic phase ( 1 ), Second harmonic amplitude ( 2R ), Second 

harmonic phase ( 2 ), Third harmonic amplitude ( 3R ), Third harmonic phase ( 3 ). 
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 Pressure head range 3.6.2

Measured and simulated pressure head ranges very close to the boundary ( 0.01mx  ) 

are shown in Figure  3-9. Since the results of the other simulations (cf. Range in 

Table  3-2) were almost similar, only the result of FEFLOW simulation with the 

modified retention curve (i.e., -13m   and 3  ) are shown in this figure. The solid 

line shows the pressure head range in the reservoir. For elevations below the low water 

level the head range is similar to reservoir head because of hydrostatic pressure 

distribution. For 0.7 (m) 0.8z   the head range very close to the reservoir head which 

means the negative pressure due to meniscuses formation is negligible. For 0.8mz   

the pressure head range is separated from the reservoir head because no negative 

pressure can exist in the reservoir while inside the aquifer at 0.01mx  , formation of 

meniscuses at the sand surface act to generate negative pressures and hence the pressure 

head range reduces for higher elevations. A good agreement between measured and 

predicted data can be seen in Figure  3-9. 

 

 

Figure  3-9 Comparison of measured and predicted pressure head range at 0.01mx  . 

Lab data (solid circles) and numerical results of FEFLOW using modified retention 

curve (i.e., 
-13m   and 3  ) (open diamonds). Solid line shows the pressure had 

range in the reservoir. 
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 Phase variation of the pressure through various verticals 3.6.3

Figure  3-10 shows the comparison of measured and predicted phase lag at 0.01mx  . 

In both numerical models the best agreement can be obtained by using modified 

retention curve i.e., van Genuchten parameters of -13m   and 3  . The phase lag 

relative to the driving head ( 0, 0x z  ) is almost zero (i.e., constant phase) below the 

mean water level ( 0.92mz  ) indicates hydrostatic behaviour in this range. At higher 

elevations, the phase lag increases due to non-hydrostatic behaviour in upper elevations 

which is the result of existence of higher harmonics because of seepage face formation 

and meniscus suction. 

 

Figure  3-10 Comparison of measured and predicted phase lag at 0.01mx  . Lab data 

(solid circles) and FEFLOW and COMSOL results with -11.7m   and 9  open 

square and triangle, respectively. FEFLOW and COMSOL results with -13m   and

3  open diamonds and circles, respectively. 

 Mean pressure head profile 3.6.4

Philip (1973) used time averaging of the Boussinesq equation to predict the asymptotic 

inland overheight of the water table in the absence of meniscus formation and/or 

seepage formation.  

2 2
2

2 4

A A
h h

h
      ( 3.10) 
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Cartwright et al. (2003) observed that the asymptotic (landward boundary) value of the 

time-averaged head profile 
is less than the ‘Boussinesq’ value predicted by Philip 

(1973) (equation ( 3.10)). The present experiments also showed the same results i.e., a 

lower measured value of 0.924mh   compared with Philip’s 

2
2 0.932m

2

A
h d    , corresponding to a measured overheight of 4mm and a 

predicted of 12mm. Knight (1982) showed Philip’s result is valid even for non-shallow 

aquifer, hence this difference is likely due to negative pressure above the driving head 

and capillary fringe effects which are not accounted by Philip’s theory.  

The time-averaged pressure head distribution above the low water level without 

considering the capillarity effects can be expressed as (see appendix A for details), 

2

11
( )cos 1

p z d z d
d z A

g A A 


            
    
 

 ( 3.11) 

Figure  3-11 compares the measured and predicted time-averaged pressure head at 

different elevations at 0.01mx  . For clarity, only the FEFLOW results using modified 

retention curve (i.e., -13m   and 3  ) are shown in the figure. The results of other 

simulations show the same trend and they are summarised in Table  3-2 (cf. /p g ).   

The time-averaged pressure head distribution calculated by equation ( 3.11) is also 

shown in the figure as a reference. A good agreement between model results and 

laboratory data can be seen in this figure. 
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Figure  3-11 Comparison of measured and predicted mean pressure head profile at  

0.01mx  . Lab data (solid circles) and  numerical results of FEFLOW using modified 

retention curve (i.e., -13m   and 3  ) (open diamonds). The dashed line shows the 

theoretical profile calculated by equation ( 3.11). Solid line represents the vertical sand 

interface. 

As expected, the mean water pressure head is hydrostatic below the minimum water  

level ( 0.7mz  ). For 0.7 (m) 0.8z   the trend still follows the theoretical curve 

suggesting that the meniscuses and capillary effects are not significant in this range due 

to the presence of a seepage face during the falling stage of driving head. For 0.8mz  , 

the mean water pressure head is lower than the theoretical curve demonstrating the 

significance of negative pressures at the boundary (i.e., meniscus formation and 

capillarity effects).  

3.7 Conclusion 

A laboratory sand flume has been used to observe the piezometric head in an idealised 

unconfined aquifer bordering a tidal (simple harmonic) reservoir with a vertical 

interface. The data demonstrate the influence of seepage face and meniscus formation at 

the boundary which lead to the generation of higher harmonics in the pore pressure time 

series at locations above the water table. The data also show that the formation of 
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meniscuses and capillary suction has a significant effect on reduction of mean pressure 

head and pressure head range in upper elevation above minimum water level where 

located in unsaturated zone and have lower hydraulic conductivity related to saturated 

part. At higher elevations, the phase lag related to the tide is also increased due to non-

hydrostatic behaviour which is the result of existence of higher harmonics because of 

seepage face formation and meniscus suction. The laboratory data indicate that the 

seepage face formation and capillary suction due to meniscuses play an important role 

in groundwater flow and should be considered in the numerical models by using 

unsaturated flow models.  

The experimental data was then used to evaluate the predictive capabilities of a 

numerical solution of the Richards’ equation. Two approaches to the boundary 

condition were evaluated.  The first method used a mixed (Cauchy) type boundary 

condition with appropriate logic statements to switch between a Dirichlet boundary 

condition below the ocean level and in the seepage face and a Neumann boundary 

condition above of the water table exit point. The second method was a combination of 

a prescribed head and the flux constraint condition to activate a Dirichlet boundary 

condition below the ocean level and along the seepage face and a Neumann boundary 

condition above the exit point. The results show that both methods were equal in 

capturing the influence of seepage face and meniscus formation on the pressure along 

the boundary.  

The comparison between the simulated and measured pressure head distribution along 

the boundary revealed significant discrepancies, especially in higher elevations (located 

in the unsaturated zone). These discrepancies were overcome by adopting a modified 

moisture retention curve with a specific moisture capacity ( /m pC d dH ) more closely 

related to the moisture-pressure scanning loops observed by Cartwright (2014) using the 

same sand type.  

In terms of the mean pressure head profile near the boundary, the simulated results are 

in a good agreement with the laboratory data. The results also show the effect of 

capillary suction and meniscuses formation in reducing the mean pressure head in upper 

elevations near the boundary. In addition, comparison of harmonic components of 

laboratory data and numerical results show the ability of numerical models to reproduce 
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the generation of higher harmonic in hydraulic head time series in upper elevation 

located in capillary fringe. 

It is noted that the present study considers the simple case of a vertical boundary. 

However, for natural systems such as beaches and river banks, the interface is generally 

sloped. The methods demonstrated in this paper to simulate the effects of seepage face 

and meniscus formation can readily be applied on sloped surface and is the focus of 

ongoing work. 

The interaction of surface and subsurface water at the beach face plays a vital role in 

changing the hydraulic gradients and controlling the in/exfiltration across the interface. 

In/exfiltration across the beach face is linked to both sediment transport (e.g.  Elfrink 

and Baldock, 2002) and also contaminant transport and saltwater intrusion (e.g. Xin et 

al, 2010). The data and modelling approaches discussed in this paper will thus provide 

some useful insights into more accurate modelling of these types of problems.  
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4.1 Abstract   

In this paper, the influence of hysteresis on water table dynamics in an unconfined 

aquifer was examined using a numerical model to solve Richards’ unsaturated flow 

equation. The model was subject to simple harmonic forcing across a sloping boundary 

with a seepage face boundary condition. Time series from both hysteretic and non-

hysteretic models were subject to harmonic analysis to extract the amplitude and phase 

profiles for comparison with existing sand flume data (Cartwright et al., 2004c). The 

results from both model types show good agreement with the data indicating no 

influence of hysteresis at the oscillation period examined ( 348sT  ). The models were 

then used to perform a parametric study to examine the relationship between oscillation 

period and hysteresis effects with periods ranging from 3min to180 min. At short 

oscillation periods, ( 180sT  ) the effects of hysteresis were negligible with both 

models providing similar results. As the oscillation period increased, the hysteretic 

model showed less amplitude damping than the non-hysteretic model. For periods 

greater than 60minT  , the phase lag in the non-hysteretic model is greater than for the 

hysteretic one. For periods less than 60minT   this trend is reversed and the hysteretic 

model produced a greater phase lag than the non-hysteretic model. These findings 

suggest that consideration of hysteresis dynamics in Richards’ equation models has no 

influence on water table wave dispersion for short period forcing such as waves  

( 10sT  ) whereas for long period forcing such as tides ( 12.25hT  )or storm surges  

(T days ) hysteresis dynamics should be taken into account.   

4.2 Introduction   

A variety of coastal zone processes such as salt-water intrusion and contaminant 

transport into coastal aquifers (e.g. Robinson et al., 2006; Xin et al., 2010) and coastal 

morphology (e.g. Grant, 1946, 1948) are influenced by oceanic surface and aquifer 

subsurface water interaction. The boundary is subjected to a wide range of oceanic 

forces such as tide, wave, storm surge, each with varying magnitudes and frequencies. 

The resultant groundwater waves have been widely studied using a range of approaches. 

These include field observations (e.g. Lanyon et al., 1982b; Nielsen, 1990; Turner et al., 

1997; Raubenheimer et al., 1999), laboratory experiments (e.g. Parlange et al., 1984; 

Nielsen et al., 1997; Boufadel et al., 1998; Ataie-Ashtiani et al., 1999; Cartwright et al., 

2003), analytical modelling (e.g. Parlange et al., 1984; Barry et al., 1996; Li et al , 

2000b; Kong et al, 2013); and numerical modelling (e.g. Li et al., 1997; Boufadel et al., 
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1998; Baird et al., 1998; Ataie-Ashtiani et al., 1999; Xin et al., 2010; Shouhstari et al., 

2015a).  

Several modelling studies have considered the influence of moisture above the water 

table. In terms of theoretical development, Parlange and Brutsaert (1987) developed a 

capillary fringe correction for free surface flow theory based on the Green and Ampt 

(1911) infiltration model. This approach was further developed by Barry et al. (1996) 

and Li et al. (2000b). More recently Kong et al. (2013) and  Kong et al. (2015) have 

developed approximate analytical solutions to Richards’  unsaturated flow equation 

(Richards, 1931). Several authors have investigated periodic unsaturated groundwater 

flow via numerical solution of Richards’  equation (e.g. Boufadel et al., 1998; Ataie-

Ashtiani et al., 1999; Boufadel, 2000; Naba et al., 2002).  However, none of these 

previous modelling efforts have considered the effects of hysteresis on groundwater 

wave dynamics. 

The effects of hysteresis on groundwater dynamics has been examined but has been 

limited to studies of the dynamics of 1D vertical sand columns. Lehmann et al., (1998) 

demonstrated the need to consider hysteresis effects in order to model the observed 

temporal asymmetry in their data which was forced by a temporally symmetric saw 

tooth wave shape. Stauffer and Kinzelbach (2001) observed the moisture dynamics 

above a periodic water table and also concluded the need to consider hysteresis effects 

to model their observations. Werner and Lockington (2003) also demonstrated the need 

to include hysteresis effects when modelling the sand column data of Nielsen and 

Perrochet (2000a, b). More recently, Cartwright (2014) demonstrated the relationship 

between oscillation frequency and the degree of influence of hysteresis on moisture-

pressure dynamics in a sand column.   

This paper extends this previous work by examining the influence of hysteresis on a 

propagating groundwater wave. Here we consider a 2D vertical, unconfined aquifer 

system forced at one end by a simple harmonic periodic boundary condition acting 

across a sloping boundary. The paper is organized as follows: Section  4.3 provides a 

brief description of the experimental data of Cartwright et al. (2004c) used in the model 

verification. Section  4.4 describes the numerical model including the implementation of 

a seepage face boundary condition. The verification of the numerical results against the 

existing experimental data is discussed in Section  4.5 and the model is then used to 
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undertake a parametric study to examine the relationship between oscillation frequency 

and the degree of influence of hysteresis effects. Finally, Section  4.6  summarises the 

major findings and conclusions.  

4.3 Experimental setup and procedures 

In this paper, the experimental data of Cartwright et al. (2004c) have been used for 

verification of the numerical model.  For convenience, a brief outline of the 

experimental setup and procedures is given here. For full details the reader is referred to 

Cartwright et al. (2004c). 

 The sand flume  4.3.1

The sand flume used by Cartwright et al. (2004c) was 9 m long, 1.5 m high and 0.15 m 

wide. At one end of the flume, a simple harmonic oscillation was generated in the clear 

water tank connected to the sand flume. The top of the flume was exposed to the 

atmosphere and all other boundaries were no- flow boundaries (Figure  4-1). 

  

Figure  4-1 Schematic illustration of the sand flume (Cartwright et al, 2004c). 

 The sand 4.3.2

The sand in the flume was predominantly quartz whose properties were examined in 

detail by Nielsen and Perrochet (2000 a, b). Cartwright et al. (2004c) measured in-situ 

hydraulic conductivity by a slug test at different location of the flume. Cartwright 

(2014) also provided the hydraulic properties for the same sand using in the sand 

column experiments. The summary of hydraulic properties of the sand is given in 

Table  4-1. 
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Table  4-1 Hydraulic properties of the sand. 

 

 
50d  

(mm) 

K  

(m/s) 

s  

(vol/vol) 

r  

(vol/vol) 

d  

(1/m) 

w  

(1/m) 

  

(-) 

H  

(m) 

Nielsen and Perrochet (2000 a, b) 0.260 4.70  10
-4 0.410 0.09 1.7 - 9 0.62 

Cartwright et al. (2004c) - 1.32  10
-4

 0.380 0.08 - - - 0.60 

Cartwright (2014) - 2.00  10
-4

 0.355 0.03 2.3 3.91 10 - 

50d , median grain size; K , saturated hydraulic conductivity; s  and r , saturated and 

residual moisture contents, respectively; d  and   are the best fit van Genuchten 

parameters for the first drying curve; w  is the adopted van Genuchten parameter for 

the first wetting curve; H , steady capillary fringe thickness. 

 The driving head  4.3.3

The simple harmonic driving head in the clear water tank is described by,  

( ) cos( )oH t d A t   ( 4.1) 

where oH (m) is the driving head, d (m) is the mean driving head, A (m) is the driving 

head amplitude and 2 /T   (rad/s) is the oscillation frequency and T  (s) is the 

oscillation period. Table  4-2 summarises the driving head parameters. 

Table  4-2 Driving head parameters (Cartwright et al., 2004c). 

d (m) A (m) R (m) 2R  (m) T  (s)  (rad/s) 

1.01 0.204 0.204 0.004 348 0.0181 

d is the mean driving head; A  is the driving head amplitude; R and 2R  are the 

amplitudes of the first and second harmonics, respectively; T is the oscillation period 

and  is the oscillation frequency.  

 The sloping boundary 4.3.4

An initial linear profile was set up manually and it was subjected to the driving force 

until a stable profile was established (~ 2 days). The slope of the profile then was 

determined by fitting the best straight line which had the slope as 0.205 ( tan 0.205 

or 11.7  ). The low and high water marks (LWM and HWM) were located at  

( 0.47( ), 0.81( )x m z m  ) and ( 2.45( ), 1.21( )x m z m  ), respectively.  
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 Monitoring of piezometric head 4.3.5

The piezometric head in the saturated zone at different locations along the flume was 

measured using cylindrical piezometers extending horizontally into the sand.    

4.4 Numerical modeling of unsaturated groundwater flow 

 Governing equation 4.4.1

Richards’ equation is widely used for modelling the water movement in the unsaturated 

zone of porous media. The equation is a non-linear partial differential equation,  

  ( ) . 0      ,m e s r

h
C S S K k H H h z

t


      


 ( 4.2) 

where (m)H h z   is the hydraulic head, (m)h  is the pressure head which is the 

dependent variable, (m)z is the elevation head, -1(m )mC is the specific moisture 

capacity, ( )eS    is the effective saturation, 
-1(m )S is the storage coefficient, (m/s)sK is 

the saturated hydraulic conductivity, ( )rk  is the relative permeability and (s)t  is the 

time.  

The hydraulic properties (i.e., ,  ,  m e rC S k ) vary for unsaturated conditions (i.e., negative 

pressure head) and reach to a constant value at saturation condition (i.e., zero or positive 

pressure head). These hydraulic properties are dependent on the soil retention properties 

and here the analytic formulas of van Genuchten (1980) are used to quantify them. 

              0

1               

                                     0

s r
r m

s

h

h

h



 







      




 ( 4.3) 

where   is the volumetric moisture content, s  and r  are saturated and residual 

moisture contents respectively.  

The relative permeability is the ratio of the unsaturated hydraulic conductivity relative 

to the saturated value and for the van Genuchten (1980) model is given by, 
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where the effective saturation is, 
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The specific moisture capacity is defined as, 
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 ( 4.6) 

where (m
-1

),  (-), 0.5l  (-) and 1 1/m   are empirical curve fitting parameters and

0h   corresponds to the water table position . 

Table  4-1 provides the hydraulic and van Genuchten moisture retention parameters used 

in the numerical simulation.  

In this paper, the Richards’ equation has been solved by the finite element method using 

the FEFLOW 6.0 software package (FEFLOW,  2012). 

 Seepage face boundary condition 4.4.2

Generally, in the falling tide stage, the speed of movement of the water table is less than 

the ocean level; hence, the water table exit point becomes decoupled from the ocean 

level and a seepage face is formed and has a glassy appearance. When decoupling 

occurs, two distinct pressure zones exist: (1) along the seepage face where the water 

table is at the sand surface and the pressure equal atmospheric pressure ( 0h  ) ; (2) 

above the exit point where the sand surface has a matt appearance the pressure is 

negative due to the formation of meniscuses (Figure  4-2). 

To consider the formation of seepage face at the beach face, a mixed boundary 

condition was applied using a prescribed head with flux constraint method in the 

FEFLOW simulations. The prescribed head with flux constraint method is similar to 

Clement et al. (1994) method and switches the boundary condition between Dirichlet 

and Neumann based on the flow direction on each part. For boundary nodes below the 
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low tide level, the head is the same as the driving head level (𝐻𝑜). For boundary nodes 

above the high tide level a no-flow condition is applied (Figure  4-2). 

 

Figure  4-2 Boundary condition along the beachface. EP = water table exit point; WT = 

water table; MWL = mean water level (note: in a real beach scenario there is infiltration 

due to wave runup from the tide level up to the runup limit (see Nielsen 2009, Figure 

8.1.1). This may give quite different capillary fringe dynamics). 

For boundary nodes in the inter-tidal zone, the prescribed head with flux constraint is 

applied. In each time step, if the shoreline position is above the node then the head is the 

same as the driving head and the flux is unconstrained. If the shoreline position is below 

the node then the node will either be in the seepage face (outflow from the domain) or 

above the exit point (no-flow). If the flow at the node is positive (i.e., into the domain) 

then the prescribed head condition is relaxed and the pressure head is allowed to be 

negative. The model then iterates and adjusts the water table position until the solution 

converges. For further details of this method the reader is referred to Shoushtari et al., 

(2015a). 

 Hysteresis effects 4.4.3

There are different models to describe hysteresis in the retention curves (e.g. Scott et al., 

1983; Kool and Parker, 1987; Lenhard and Parker, 1987; Šimůnek et al., 2009) which 

can be categorised in two groups, physically based models and empirical models. 

Among them, empirical models have more robustness and flexibility. Here, the 

empirical model of Scott et al. (1983) is used where the primary, secondary and higher-
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order scanning loops can be scaled from the main drying and wetting moisture retention 

curves. In this method, drying scanning curves are obtained by using the van Genuchten 

parameters vector ( *, , ,s r d    ) in equation ( 4.3), where *

s  replaces s , d  is the van 

Genuchten parameter for the first drying curve and *

s  denotes the saturated moisture 

content obtained from passing the main drying curve through the reversal point  

* ( ) 1
m

s r d rh


     
    
 

 ( 4.7) 

where   is the moisture content at the reversal point on the main drying curve at the 

reversal pressure h .  

In a similar manner any wetting scanning curve can be obtained by using the van 

Genuchten parameters vector ( *, , ,s r w    ) in equation ( 4.3), where w is the adopted 

van Genuchten parameter for the first wetting curve and *

r  denotes  the residual 

moisture content obtaining from passing the main wetting curve through the reversal 

point  

*
1

1 1

m

s w

r m

w

h

h





  




 



  
 

  
 

 ( 4.8) 

where   is the moisture content at the reversal point on the main wetting curve at the 

reversal pressure h . In this model all scanning loops have the form of equation ( 4.3). 

For further details refer to Scott et al. (1983) or to Diersch (2014). 

4.5 Model-data comparison 

To compare the numerical results with the experimental data, the oscillation amplitudes 

( R ) and phases ( ) for the first three harmonics were extracted using harmonic 

analysis. Consistent with the data of Cartwright et al. (2004c), the third harmonic was 

negligible ( 3 / 3%R A ) and has therefore been excluded from any further analysis. 

 Amplitude profile 4.5.1

Figure  4-3 shows the comparison between simulated and measured amplitudes extracted 

for the first two harmonics. The first model was non-hysteretic with the experimentally 

http://link.springer.com/search?facet-creator=%22Hans-J%C3%B6rg+G.+Diersch%22


Chapter 4- Influence of hysteresis on groundwater wave dynamics 

40 

 

determined van Genuchten parameters given in Table  4-1 (
-12.3(m )   , 10  ,

0.38s   and 0.08r  ). As shown in Figure  4-3, for 4.5mx  , the model accurately 

predicts amplitudes for the first two harmonics. The model also captures the generation 

of the 2nd harmonic in the inter-tidal zone, accurately predicting the maximum 

amplitude and its location. For 4.5mx  , the model overpredicts the amplitude decay 

rate but, noting the semi-logarithmic scale, this difference is no more than  1cm and for 

7mx  , the observed amplitude is less than  1cm which is approaching the accuracy of 

the measurements. 

 

Figure  4-3 Model-data comparison of the amplitude profile at 0.8mz   for the first two 

harmonics. Symbols show the experimental data (the first (●) and second (■) 

harmonics) and the lines show model results for the first (bold) and second (thin) 

harmonics. The solid lines represent the non-hysteretic model with 
-12.3(m )   and

10  . The dashed lines represent the non-hysteretic model with 
-13(m )   and 3 

. The dotted lines represent the hysteretic model with -12.3(m )d  ,   -13.91(m )w 

and 10  . The horizontal dashed line indicates the ratio of amplitude and driving head 

amplitude as 1% (i.e., / 0.01R A or 2mmR  ).  Vertical lines denote the location of 

low water mark (LWM) and high water mark (HWM). The hydraulic conductivity used 

was 
41.32 10 (m/s)K   . 
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The dotted lines in Figure  4-3 represent the model results including hysteresis with 

-12.3(m )d  ; 10  and -13.91(m )w   based on the hysteresis ratio 

/ 1.7w d     recommended by Kool and Parker (1987). It is clear that very little 

difference between the hysteretic and non-hysteretic model results exists. This finding is 

consistent with the sand column experiments of Cartwright (2014) which demonstrated 

that, for shorter oscillation periods ( 30minT  ), the observed moisture-pressure 

dynamics were non-hysteretic. It was noted that the average slope of the observed 

moisture-pressure curve (i.e., the average capillary capacity), was closely matched with 

a non-hysteretic moisture-pressure curve with 3  . To further investigate this, a non-

hysteretic model with 
-13(m )   and 3   was applied. The results are also shown in 

Figure  4-3 (bold and thin dashed lines for the first and second harmonics respectively) 

where the model-data comparison in the inter-tidal zone is very similar to the other two 

models whilst the performance landward of 4.5mx   is worse.  

Table  4-3 provides a summary of RMS errors for each simulation. As it can be seen in 

this table, the RMS errors for all three models are very small i.e., 
2(O)10 m

 and it 

varies from 1.5 to 10% of the driving head amplitude ( )A .  

Table  4-3 Summary of RMS errors of simulations for the amplitude and phase profiles 

for 0 (m) 6x  . 

d  and   are the best fit van Genuchten parameters for the first drying curve; w  is 

the adopted van Genuchten parameter for the first wetting curve; 1R , 2R , 1  and 2  are 

the first and second amplitudes and phases, respectively. 

 Phase profiles   4.5.2

Figure  4-4 shows the model-data comparison for all three models which all perform 

reasonably well for 4mx  . For 4mx   there is some divergence between the models. 

For the first harmonic (bold lines and circles), the hysteretic model is seen to perform 

 
1(m)R  2 (m)R  1(rad)  2 (rad)  

Non-hysteretic model ( -12.3m  , 10  )  0.014 0.003 0.587 0.449 

Non-hysteretic model ( -13m  , 3  )   0.020 0.003 0.237 0.329 

Hysteretic model  

( -12.3md  , -13.91mw  , 10  ) 
0.014 0.010 0.284 0.428 
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better than the non- hysteretic 10  model but interestingly the non-hysteretic 3 

model performs the best. For the second harmonic (thin lines and squares), the non-

hysteretic 3   model again performs the best and the hysteretic and non-hysteretic 

10  models are essentially the same. The RMS errors for each model are summarised 

in Table  4-3. 

 

Figure  4-4 Model-data comparison of the phase profile at 0.8mz  for the first two 

harmonics. Symbols show the experimental data (the first (●) and second (■) 

harmonics) and the lines show model results for the first (bold) and second (thin) 

harmonics. The solid lines represent the non-hysteretic model with 
-12.3(m )   and

10  . The dashed lines represent the non-hysteretic model with 
-13(m )   and 3 

.  The dotted lines represent the hysteretic model with -12.3(m )d  ,   -13.91(m )w 

and 10  . Vertical lines denote the location of low water mark (LWM) and high water 

mark (HWM). The hydraulic conductivity used was 
41.32 10 (m/s)K   . 

 Water table exit point 4.5.3

Using the seepage boundary condition in the model allows decoupling between the 

driving head and the water table. Figure  4-5 compares the observed and predicted exit 

point elevation time series for hysteretic ( -12.3md  , -13.91mw  and 10  ) and 
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non-hysteretic ( -13m  and 3  ) models. The results for the non-hysteretic model 

with -12.3m  and 10   was virtually identical to the hysteresis model so it has not 

been shown here. The non-hysteretic model 3  can predict the exit point location 

better than the two 10   models however there is a degree of uncertainty with 

observed exit point which was inferred from sub-surface pressure measurements by 

Cartwright et al. (2004c).  

 

Figure  4-5 Comparison of observed and predicted exit point elevation time series for 

non-hysteretic model with van Genuchten parameters 
-13(m )  and 3  (dashed line) 

and hysteretic model with -12.3(m )d  , -13.91(m )w  and 10  (dotted line). Solid 

circles (●) show the lab data and solid line represent the driving head. For both models 

hydraulic conductivity used was
41.32 10 (m/s)K   . 

 Parametric analysis 4.5.4

In Section 4.5, it was found that hysteresis had no discernible influence on the 

groundwater dynamics for the oscillation period corresponding to the existing 

experimental data ( 348sT  ). To further investigate any potential influence of 

hysteresis on groundwater wave behaviour a parametric study using the numerical 

models is presented here. In particular, the relationship between the influence of 
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hysteresis and oscillation period is examined. The hysteretic ( -12.3(m )d  , 

-13.91(m )w  and 10  ) and non-hysteretic (
-12.3(m )  and 10  ) models were 

applied for 12 different oscillation periods ranging from 3minT   to 180minT   with 

all other parameters kept the same. It should be noted that, since the water table wave 

length increases with increasing period, the length of numerical domain has been 

expanded from 9m to 30m to avoid any influence of reflection from the no-flow 

boundary condition at the landward end of the domain.  

 Amplitudes and phases  4.5.5

The amplitudes and phases from each simulation have been extracted using harmonic 

analysis and the results are shown in Figure  4-6 and Figure  4-7. For the sake of clarity, 

in these figures only the results for the first harmonics at 0.8mz  for three selected 

periods (i.e., 348s,60min,180minT  ) are presented. 

Figure  4-6 shows that all models are very similar in the inter-tidal zone suggesting 

negligible influence of oscillation period or hysteresis in this region. Landward of the 

high water mark the different models begin to diverge. As discussed in detail in 

Section 4.5, for the short period 348sT   (solid lines), the amplitude profile extracted 

from hysteretic and non-hysteretic model is similar to each other which indicates that 

hysteresis does not have a significant influence for short oscillation periods. When the 

period is increased, the hysteretic and non-hysteretic model results begin to diverge as 

the water table wave travels further into the aquifer. In these cases, the hysteretic model 

shows less damping than the non-hysteretic model.  For 60minT   (dashed lines), the 

amplitude drops below 2mm at 6.9mx   for the non-hysteretic model and at 10.5mx   

for the hysteretic model. For 180minT  these two distances increase to 9.5mx   and

16.5mx  , respectively.  
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Figure  4-6 Comparison of simulated the first amplitudes profile for hysteretic model 

(bold lines) with -12.3(m )d  , -13.91(m )w   and 10  and non-hysteretic model 

(thin lines)  with 
-12.3(m )   and 10   at 0.8mz  . Solid, dashed and dotted lines 

correspond to 348sT  , 60minT  , and 180minT  , respectively. The horizontal 

dashed line indicates the ratio of amplitude and driving head amplitude as 1%   

(i.e., / 0.01R A or 2mmR  ).   Vertical lines denote the location of low water mark 

(LWM) and high water mark (HWM). The hydraulic conductivity used was

41.32 10 (m/s)K   . 

Figure  4-7 shows the comparison of the simulated phase profiles. For 3mx  , all model 

results are virtually identical further supporting the lack of influence of oscillation 

period or hysteresis in and near the inter-tidal zone. For 3.5mx  , the phase profiles for 

the hysteretic models (bold lines) starts diverging from the non-hysteretic models (thin 

lines). For 348sT  , the hysteretic model (solid bold line) shows bigger phase lag than 

non-hysteretic model (thin solid line), while this trend reverses for 180minT  i.e., 

hysteretic model (bold dotted line) obtains smaller time lag than non-hysteretic model 

(thin dotted line). For 60minT  both models show almost the same trend for the phase 

lag (bold and thin dashed line for hysteretic and non-hysteretic model, respectively).  
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Figure  4-7 Comparison of simulated the first phases profile for hysteretic model (bold 

lines) with -12.3(m )d  , -13.91(m )w   and 10   and non-hysteretic model (thin 

lines)  with 
-12.3(m )   and 10   at 0.8mz  for different periods. Solid, dashed 

and dotted lines correspond to 348sT  , 60minT  and 180minT  , respectively. 

Vertical lines denote the location of low water mark (LWM) and high water mark 

(HWM). The hydraulic conductivity used was
41.32 10 (m/s)K   . 

 Water table wave number 4.5.6

To analyse the divergent behaviour of the model results landward of the inter-tidal zone, 

the following section discusses the behaviour of the water table wave number k which 

describes the dispersion of a groundwater wave as follows. The general form of the 

water table wave in response to simple harmonic forcing is (e.g. Nielsen, 1990), 

( , ) cos( )rk

ix t Ae t k x    ( 4.9) 

where   is the water table elevation and the water table wave number r ik k k i  . rk  

describes the amplitude decay rate and ik  describes the rate of increase in phase lag 

with distance travelled landward and i  is the imaginary number.  
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Separation of the amplitude and phase terms in equation ( 4.9) and rearranging yields 

(Nielsen, 1990), 

( )
lnr

x
k x

A

 
   

 
 (4.10) 

( 0) ( )ik x x x     (4.11) 

Therefore, by plotting the right hand sides of equations (4.10) and (4.11) as a function 

of x, the slope of the lines of best fit will yield the real and imaginary parts of the wave 

number respectively. This approach was applied to each of the model results and the 

results are shown in Figure  4-8 and Figure  4-9 where the wave numbers are plotted as a 

function of the non-dimensional aquifer depth ( /n d K ).  

Figure  4-8 shows that the amplitude decay rates for the non-hysteretic simulations are 

generally greater than the hysteretic model. A significant difference between hysteretic 

and non-hysteretic models exist for small non-dimensional aquifer depths (i.e., long 

periods) but the non-dimensional aquifer depth increases (i.e., decreasing period), the 

difference between hysteretic and non-hysteretic becomes smaller and the difference is 

almost zero for non-dimensional aquifer depth of 52 (i.e., 348sT  ).  
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Figure  4-8 Simulated amplitude decay rates ( rk ) for 0.8mz  . The circles denote the 

hysteretic model results ( -12.3(m )d  , -13.91(m )w   and 10  ) and the squares 

denote the  non-hysteretic model (
-12.3(m )   and 10  ). For both models the 

hydraulic conductivity used was
41.32 10 (m/s)K   . 

Figure  4-9 shows two different behaviours for ik . For non-dimensional aquifer less than 

~5 (i.e., 60minT  ) the non-hysteretic phase lag is greater than the hysteretic one but, 

by increasing the non-dimensional aquifer depth this trend is reversed and the hysteretic 

model obtains greater phase lag. Based on the decreasing trend of the hysteretic model 

for larger non-dimensional aquifer depth, it seems that both models provide the same 

amount of phase lag or ik  for large non-dimensional aquifer depth.  
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Figure  4-9 Simulated rate of increase in phase lag ( ik ) for 0.8mz  . The circles denote 

the hysteretic model results ( -12.3(m )d  , -13.91(m )w   and 10  ) and the squares 

denote the non-hysteretic model (
-12.3(m )   and 10  ). For both models the 

hydraulic conductivity used was 
41.32 10 (m/s)K   . 

These results show that considering hysteresis in water retention does not have 

significant effect on water table wave propagation for shorter periods (e.g. wind waves, 

10sT  ) and the same results can be obtained using a non-hysteretic model. For long 

periods however (e.g. tides, 12.25hT  or storm surges,T days ), hysteresis does 

influence the dispersion of water table waves. At these periods, it is therefore likely that 

hysteresis effects will influence models of contaminant transport and saltwater intrusion 

in unconfined aquifers. 

 Scanning loops 4.5.7

Figure 4-10 shows a sample of moisture-pressure loops for 60 and 180minT   in 

different locations along the sand flume midway between the high water mark (HWM) 

and the sand surface i.e., 1.35mz  . It is clear that the size of the scanning loop is 

increased by increasing the period which is in agreement with Cartwright’s (2014) sand 

column observations. Also, the extent of hysteresis in the moisture-pressure loops is 



Chapter 4- Influence of hysteresis on groundwater wave dynamics 

50 

 

greatest near the forcing boundary and the loops rapidly collapse and the moisture-

pressure curves become non-hysteretic. For 60minT   at 5.3mx   the loop almost 

disappears and moisture-pressure dynamics become non-hysteretic and for 180minT    

this characteristic occurs at 8.3mx  due to the greater penetration of the longer period 

wave. This figure confirms that hysteresis effects become important for large periods 

and it should be taken into account in water table dynamics.  

 

 

 

 

 

 

 

 

 

 

Figure 4-10 Simulated moisture-pressure relationships (bold lines) at 1.35mz   at 

different locations along the sand flume for 60minT   (bottom) and 180minT   (top). 

The dashed line denotes the first drying curve ( -12.3(m )d   and 10  ), the dotted 

line shows the first wetting curve ( -13.91(m )w   and 10  ) and the dash-dot line is 

the 3  curve (
-13(m )   and 3  ). 

Also shown in Figure 4-10 is a representative non-hysteretic 3  curve which has a 

very close comparison with the average slope (i.e., the average capillary capacity) of the 

scanning loops. This is consistent with the sand column observations of Cartwright 

(2014).   
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4.6 Conclusion 

The influence of hysteresis in moisture-pressure dynamics on the dispersive properties 

of groundwater waves has been investigated using a numerical solution of Richards’  

unsaturated groundwater flow equation with a seepage face boundary condition. The 

model was forced with a simple harmonic boundary condition acting across a sloping 

boundary.   

The model was verified against the sand flume data of Cartwright et al. (2004c) by 

comparing the modelled and observed amplitude and phase lag profiles for the first two 

harmonics. For the experimental period of 348sT  , there was no significant difference 

between hysteretic and non-hysteretic models. The RMS errors for all simulations were 

less than 10% of the driving head amplitude (A) and the driving force period (T) for 

amplitude and phase profiles respectively. Hence, it can be concluded that, for this 

period ( 348sT  ), either hysteretic or non-hysteretic models can adequately predict 

groundwater wave propagation.   

To further study the effects of hysteresis on water table wave propagation, a parametric 

analyses was undertaken for oscillation periods ranging from 3minT    to 180minT    

The results demonstrate that, as the period increases, the hysteretic and non-hysteretic 

model results diverge with the hysteretic model showing less amplitude damping than 

the non-hysteretic model. In terms of the phase lag, for the shorter period ( 348sT  ) 

the hysteretic model shows bigger phase lag than the non-hysteretic model, while this 

trend reverses for the longer periods (i.e., 180minT  ) with the hysteretic model having 

a smaller time lag than the non-hysteretic model. 

The results of the parametric study indicate that the influence of hysteresis on 

groundwater wave dispersion is not significant for short period such as wind waves 

( 10sT  ) and that similar results can be obtained using a non-hysteretic model. 

However, for long period oscillations such as tides ( 12.25hT  ) and storm surges 

(T days ) the influence of hysteresis becomes important and should be implemented. 
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5.1 Abstract 

This paper presents a new laboratory sand flume dataset on the propagation of 

groundwater waves in an unconfined sandy aquifer with a vertical boundary subject to 

simple harmonic forcing with a wide range of oscillation period from 10.7s  to 909s. 

The data is unique in that it covers a much wider range of non-dimensional aquifer 

depths, /n d K  (where n is the porosity,  is the angular frequency, d is the aquifer 

depth and K is the hydraulic conductivity) than has been previously investigated. Both 

the amplitude decay rate and rate of increase in phase lag of the water table waves are 

observed to monotonically increase with increasing oscillation frequency (increasing 

/n d K ). This is in contrast to existing theoretical dispersion relations which predict: 

(1) zero phase lag or standing wave behaviour and (2) an asymptotic decay rate as the 

frequency increases. Possible influences on the experimental data including sand 

packing, measurement location, finite amplitude wave effects, unsaturated zone 

truncation and multiple wave mode effects are unable to explain the discrepancy. The 

data was also compared against numerical solutions of Richards’ equation with and 

without hysteresis and in both cases, the same qualitative behaviour as the analytic 

solutions described above is found. The discrepancy between data and predictions 

remains unexplained and highlights a knowledge gap that requires further investigation. 

These findings relate directly to practical applications in the field of surface-

groundwater interactions such as the influence of wave forcing of coastal aquifers on 

contaminant transport, sediment mobility and salt-water intrusion all of which are 

influenced by the dispersion of the groundwater wave. 

5.2 Introduction 

Coastal aquifers around the world are exploited by a range of uses including agriculture, 

potable water supply and waste water disposal and these aquifers are subject to the 

influence of groundwater waves induced by oceanic oscillations (waves and tides). The 

propagation of groundwater waves has been shown to have important implications for 

the mixing of oceanic and sub-surface water masses at the coastal margin (e.g. Li et al., 

1999; Robinson et al., 2006; Xin et al., 2010) and also the mobility of sediments on 

beaches (e.g. Elfrink and Baldock, 2002; Xin et al., 2010; Bakhtyar et al., 2011). In 

particular, the speed of propagation and decay of the water table wave will dictate the 

magnitude and variation in hydraulic gradients near the boundary which in turn control 
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flow rates and thus the extent of mixing processes such as salt-water intrusion and 

contaminant transport.  

The dispersion of groundwater waves has received theoretical attention in the literature 

including the influence of non-hydrostatic pressure and capillarity. The simplest case is 

that of simple harmonic forcing of an unconfined aquifer across a vertical interface,  

cos( )oh d A t   (5.1) 

where ho is the driving head [L], d is the mean driving head [L], A is the driving head 

amplitude [L] and  = 2/T [T
-1

] is the oscillation frequency and T is the oscillation 

period [T]. Under the assumption of small-amplitude oscillations (A << d), the form of 

the water table wave in response to this forcing is (Steggewentz, 1933; Parlange et al., 

1984; Nielsen, 1990, Barry et al., 1996; Li et al., 2000c),   

   ( )
( , ) Re Re cos( )r i rk ik x k xkx i t i t

ix t A e e A e e Ae t k x         (5.2) 

where  is the water table elevation [L] relative to the mean water level and r ik k ik   

is the water table wave number which describes the dispersive properties of the wave 

where rk is the decay rate [L
-1

] of the water table wave amplitude and ik  is the rate of 

increase in phase lag [L
-1

] of the water table wave with increasing distance landward 

and 1i    . 

Existing wave numbers derived from experimental (sand flume and Hele-Shaw cell) and 

field observations have been limited to non-dimensional aquifer depths / 41n d K   

where n is the specific yield [-] and K is the saturated hydraulic conductivity [LT
-1

]. To 

put these values into context, a groundwater wave induced by a semi-diurnal tide in a 

10m deep sandy beach aquifer (
412.25h; 0.3;  4 10 m/sT n K     ) corresponds to 

/ 1.1n d K  whereas a 10s wave forcing the same aquifer corresponds to 

/ 4700n d K  . That is, existing theories on water table wave dispersion are yet to be 

tested against data on the propagation of high frequency groundwater waves (large 

/n d K ). This paper addresses this gap in knowledge and presents a comprehensive 

new database of wave numbers derived from controlled sand flume experiments with an 

experimental parameter range of 4 / 415n d K  . 
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5.3 Existing analytical dispersion relations 

The following sections summarise the theoretical development in the literature that has 

led to a range of water table wave dispersion relations based on the consideration of 

different physical influences such as vertical flows (non-hydrostatic pressure) and 

capillarity. All are based on the assumption of small amplitude waves propagating in a 

homogeneous, isotropic aquifer. 

 Shallow, capillarity free aquifer 5.3.1

The simplest theory stems from the assumptions of a shallow (i.e., hydrostatic pressure), 

capillarity free aquifer which leads to the “Bousinessq” wave number valid for 

/ 1n d K   (e.g. Todd, 1959), 

n d
kd i

K


  (5.3) 

That is, the shallow aquifer theory predicts the rate of decay to be equal to the rate of 

increase in phase lag ( r ik k ). This is in clear contrast to available field and laboratory 

data which indicates that r ik k (e.g. Nielsen, 1990; Aseervatham, 1994; Kang, 1995; 

Raubenheimer et al., 1999; Cartwright et al., 2003, 2004c; Cartwright, 2004).  

  Shallow aquifer with capillarity effects 5.3.2

Barry et al. (1996) followed the approach of Parlange and Brutsaert  (1987) and applied 

the non-hysteric Green and Ampt (1911) model of the capillary fringe to correct the 

shallow aquifer theory for capillarity effects and found, 

2 22 2
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nHn
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d K nHK nH
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where H
is the equivalent saturated height of the capillary fringe [L] which is found by 

integrating the effective saturation from the water table upwards,  

r

s rh

H dz

 

 





  (5.6) 

where h is the water table elevation [L], z is the elevation [L] and  is the volumetric 

water content [-] and the subscripts s and r denote saturated and residual quantities 

respectively. 

In essence, the work of Barry et al. (1996) demonstrates that the presence of moisture 

above the water table acts to reduce the dispersion of the water table wave (slower rates 

of decay and phase lag increase). In other words, the wave number k is smaller with 

capillarity effects than without. 

 Non-shallow, capillarity free aquifer 5.3.3

Building on from the experimental Hele-Shaw cell work of Aseervatham (1994), 

Nielsen et al. (1997) developed a theory quantifying the influence of vertical flow 

effects (non-hydrostatic pressure) on periodic groundwater flow. First a 2nd order (in 

/n d K ) dispersion relation was derived as, 

3 4
1 1

2 3

n d
kd i

K


     (5.7) 

which was then extended to infinite order, 

tan
n d

kd kd i
K


  (5.8) 

The implications of the exact solution (equation (5.8)) is that in the high frequency limit 

( /n d K ): (1) the theory predicts a zero phase lag ( 0ik  ) corresponding to a 

standing wave scenario and (2) the amplitude decay rate has an asymptotic value of 

/ 2rk d . The present data however will be shown to contradict this with both rk and 

ik observed to monotonically increase with increasing /n d K .   
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 Non-shallow aquifer with capillarity effects 5.3.4

The non-shallow aquifer theory of Nielsen et al. (1997) (equation (5.8)) was extended to 

include capillarity effects via theoretical and empirical approaches as outlined in the 

following. 

5.3.4.1 The non-hysteretic Green and Ampt model 

Li et al. (2000a) adopted the theoretical, non-hysteretic Green and Ampt (1911) model 

of the capillary fringe and derived the following modified form of equation (5.8), 

tan
n d

kd kd i
K i nH







 (5.9) 

As per the capillarity free expression (equation (5.8)), in the high frequency limit this 

modified equation also predicts zero-phase lag and asymptotic decay rate. 

5.3.4.2 The hysteretic dynamic effective porosity model 

Nielsen and Perrochet (2000a, b) conducted sand column experiments which indicated 

that the Green and Ampt (1911) model was unable to replicate the observed relationship 

between the total moisture in the column and the water table fluctuations. To account 

for this Nielsen and Perrochet (2000a, b) introduced the concept of a dynamic effective 

porosity, 

tothh
n n

t t





 
 (5.10) 

where n is the dynamic effective porosity [-], h is the water table elevation [L] and 

toth d H  is the equivalent saturated height of moisture in the vertical [L]. n  is 

complex in nature to account for the fact that fluctuations in toth  are observed to be both 

damped ( n ) and lag (  Arg n ) those in the water table h (cf. Figure 4, Nielsen and 

Perrochet, 2000a, b).  

Nielsen and Turner (2000) and Cartwright et al. (2005) conducted additional sand 

column experiments over a wider range of oscillation frequencies and three sediment 

sizes leading to the following empirical formula for the dynamic effective porosity, 
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(5.11) 

The experimental values for n are estimated based on the observed frequency response 

function of the water table dynamics (cf. equation (21) of Nielsen and Perrochet, 2000a, 

b) and so any influence of hysteresis on the water table dynamics are implicitly 

accounted for by equation (5.11). The dynamic effective porosity concept therefore 

provides a convenient means of parameterising the influence of hysteresis on the 

dispersion of groundwater waves by simply replacing the porosity (n) with n into 

either the shallow or non-shallow dispersion relations (equations (5.3) and (5.8) 

respectively).  

As per the capillarity free expression (equation (5.8)), in the high frequency limit  

( /n d K ) this model also predicts zero-phase lag ( 0ik d  ) and asymptotic decay 

rate ( / 2rk d  ). 

 Influence of horizontal flow in the unsaturated zone 5.3.5

As summarised above, the influence of capillarity effects on groundwater wave 

dispersion has been estimated using either the Green and Ampt (1911) model (equations 

(5.4), (5.5) and (5.9)) or the empirical dynamic effective porosity (equation (5.11)) 

derived from vertical sand column experiments. Both of these approaches only consider 

vertical flows above the water table. Kong et al. (2013)  recently quantified the 

influence of horizontal flows in the unsaturated zone of the wave number by finding 

approximate perturbation solutions to the 2D vertical Richards’ equation with Gardner’s 

(1958) moisture-retention and hydraulic conductivity function. They present solutions 

with first and second order corrections for vertical flow in the unsaturated zone but did 

not consider vertical flows in the saturated zone (for brevity here, the reader is referred 

to their equation (20)a through h), 

An alternative approach to account for both the influence of horizontal flow in the 

unsaturated zone and vertical flow effects in the saturated zone is to follow the approach 

of Nielsen et al. (1997) but to apply the flow equations up to the equivalent height of 

total moisture (i.e., to d H ) which yields the modified dispersion relation, 
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( ) tan ( )
d H

k d H k d H in
K



  


      (5.12) 

Both the Kong et al. (2013) and equation (5.12) approaches however predict zero phase 

lag and asymptotic decay rates for large /n d K . 

5.4 Experimental setup and procedures 

 The flume 5.4.1

The new data presented herein was collected from two similarly configured rectangular 

laboratory sand flumes with unconfined aquifer flow (cf. Figure  5-1). The original data 

was collected at The University of Queensland (UQ) in a flume of length 8.9m and 

subsequent reproduction of the experiments was conducted in the flume at Griffith 

University (GU) with a length of 9.2m. Both flumes are 1.5m high and 0.15m wide with 

no flow boundaries at the landward end and at the bottom which is horizontal. The top 

of the flume had free connectivity with the atmosphere but was covered in loose plastic 

to avoid any dust settlement. At the “ocean” end, a driving head reservoir provided 

simple harmonic forcing of the aquifer across a vertical boundary with an adjustable 

amplitude and frequency.  

 

Figure  5-1 Schematic of the sand flume (after Cartwright et al., 2003). 

 The sand 5.4.2

The aquifer sands used in both flumes were well-sorted locally mined quartz sand with 

the physical and hydraulic characteristics as summarised in Table  5-1. The sand was 

added to a water filled flume and manually mixed whilst settling to minimise any air 

encapsulation or layering effects due to differential settlement. The well-sorted nature of 
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the sand ( 90 10/ 2d d  and 60 10/ 1.5d d  ) and the controlled packing method described 

above ensured that the aquifer can be considered homogeneous and isotropic.  

Table  5-1 Summary of physical and hydraulic characteristics of the aquifer sands
a
.  

 
50d  

(mm) 

90 10/d d  

(-) 

60 10/d d  

(-) 

sK  

(m/s) 

s  

(vol/vol) 

r  

(vol/vol) 

  

(1/m) 

  

(-) 

H  

(m) 

UQ
b 

0.20 1.83 - 4.7  10
-4 0.41 0.09 1.7 9 0.55 

GU 0.26 2.22 1.57 4.7  10
-4

 - - - - - 

a 
50d , 90d , 60d , 10d are respectively the median, 90th , 60th, 10th percentiles of the sieve 

curve analysis, sK is the saturated hydraulic conductivity, s and r are the saturated 

and residual volumetric moisture contents,   and   are the best fit (1st drying curve) 

van Genuchten (1980) parameters and H  is the equivalent saturated height of the 

unsaturated moisture distribution. 

b
 The properties of the sand used in the UQ flume were determined by Nielsen and 

Perrochet (2000a, b).     

The properties of the sand used in the UQ flume are those determined by Nielsen and 

Perrochet (2000a, b). The hydraulic conductivity was estimated based on inverse 

modelling of the governing equation for their sand column experiments (cf. their 

equation 13). The equivalent saturated height of the unsaturated zone for the UQ sand 

was estimated based on their first drying curve data according to, 

0

r

s r

H d

 


 





  (5.13) 

where    is the suction head [L] which yields 0.55mH  . In contrast, Cartwright et 

al. (2009) conducted sand column experiments which measured the magnitude of the 

drop in pore pressure due to meniscus formation at the sand surface and estimated 

0.4mH  .     

For the GU sand, the hydraulic conductivity of the sand was estimated in-situ by 

measuring the flow rate through the flume driven by a steady hydraulic gradient set by 

static head levels at either end of the flume and suitably rearranging the Dupuit equation  

(e.g. Fetter, 1994), 
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 (5.14) 

where Q is the measured flow rate [L
3
/T] , W is the width of the flume [L], K is the 

hydraulic conductivity [LT
-1

], 1h  and 2h  are the static head levels at either end of the 

flume [L] and L is the flume length [L]. 

 Pore pressure measurement 5.4.3

Under non-hydrostatic pressure conditions, direct measurement of the water table 

position is not practical and so the pore pressure fluctuations below the water table are 

used here as a proxy for the water table. As will be shown in Section 5.6.1, a qualitative 

discrepancy between the theory from Section 5.3 and the experimental data exists and 

so a range of approaches were employed to observe the pore pressure response to the 

simple harmonic forcing to ensure that the data collection approach was not influencing 

the results.  

The first and second approaches involved the use of an array of piezometers extending 

horizontally into the sand through the flume wall at an elevation of 0.8mz  (the 

influence of measurement location on observed wave dispersion characteristics is 

examined in detail in Section 5.6.3). The first method involved connecting the 

piezometers to externally mounted manometer tubes which were then videoed and 

analysed to extract head level time series. The second approach involved connecting the 

piezometers directly to pressure transducers to collect the pressure data.  

The last approach used was a pressure probe method deployed through the sand surface 

(cf. Baldock and Holmes, 1996). In brief, the system consists of externally mounted 

pressure transducers each connected to narrow diameter probes made of 2mm ID 

stainless steel hypodermic tubing. The pore pressure is transmitted through the probes 

via 12, 0.4mm holes laser drilled near the tip (3 per 90 face). Baldock and Holmes 

(1996) showed that such a system has a natural frequency response of about 35Hz, 

sufficiently greater than the highest frequency measured in the present study (ca. 0.1Hz) 

and thus avoids any potential issues related to instrument response times.  

The data collected by all three approaches were consistent with each other and therefore 

data collection method has not influenced the forthcoming results.  
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 Experimental test regime 5.4.4

A total of 122 experiments were conducted with driving head parameter ranges of: 

10.7s 909sT   ; 0.81m 1.17md   ; 0.09m 0.18mA   which covers a range of 

non-dimensional aquifer depths of / 4 415n d K   . For each test, the flume was 

allowed to reach a steady oscillatory state as determined by ensuring that pore pressure 

wave amplitudes and phases from successive periods remained steady.  

 Determination of the groundwater wave number 5.4.5

The experimental wave numbers can be derived by assuming that the waves propagate 

with the general small amplitude wave form given by equation (5.2). This wave form 

can be suitably rearranged to perform a linear regression on the data (cf. Nielsen, 1990; 

Cartwright et al., 2003). That is the amplitude profile is given by, 

( )
( ) lnrk x

r

x
x Ae k x

A


   

     
 

 (5.15) 

and the phase lag profile is given by, 

( ) ( 0) ix x k x      (5.16) 

Therefore by plotting the relevant quantities as a function of x, the slope of the lines of 

best fit will yield the real and imaginary parts of the wave number. In the case of the 

experimental data, harmonic analysis is used to determine the amplitudes ( ( )x ) and 

phases ( ( )x ). 

Figure  5-2 provides two illustrative examples of the regression analysis for experiments 

where 611sT   and 11sT  . In both instances there is good agreement with equations 

(5.15) and (5.16). For ln ( ) /x A    , 2 0.9981R   and 0.9908 for 611sT  and 11s 

respectively and, for ( ) ox  ,  
2 0.9945R   and 0.9394 for 611sT   and 11s 

respectively. These results confirm the suitability of assuming the small amplitude wave 

form (equation (5.2)) despite the apparent finite amplitude experimental conditions 

(average / 0.13A d  ).  
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Figure  5-2 Examples of linear regression to estimate wave numbers using equations 

(5.15) and (5.16) for (a) 611sT   and (b) 11sT  . The symbols denote the quantities

ln ( ) /x A     (○) and ( ) ox   (□) respectively.   

There is an observed deviation from the linear trend in Figure  5-2, particularly in the 

phase lag profiles, where a distinctive downward concave behaviour is observed. This is 

due to the presence of higher-order wave modes near the boundary which act to increase 

the overall decay rates and phase lags. These higher wave modes decay much faster 

than the primary wave mode and so in the interior only the primary mode remains (cf. 

Nielsen et al., 1997). The influence of higher wave modes on predicted wave numbers is 

examined further in Section 0.   

5.5 Numerical modelling 

The present data was also used to assess the predictive capabilities of a numerical 

solution of the non-linear Richards’ equation, 

( ) ( )K K
t x x z z
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where   is the volumetric soil water content [-],  z    is the hydraulic head [L], 

  is the pressure head [L], z is the elevation [L] and ( )K  is the hydraulic conductivity 

[LT
-1

] (assumed to be uniform and isotropic) which was described using the van 

Genuchten (1980) function, 

 
2

1/( ) 1 1 m

s e eK K S S       (5.18) 

where eS  is the effective saturation [-] given by, 
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 (5.19) 

where   [1/L],   [-] and 1 1/m    [-] are curve fitting parameters. 

The Richards’ equation was solved using the finite element solver package FEFLOW 

6.0 (FEFLOW, 2012). The model domain replicated the sand flume configuration as 

shown in Figure  5-1 with no flow boundaries prescribed at the top, bottom and 

landward end of the flume.   

To consider the formation of seepage face at the beach face, a mixed boundary 

condition was applied using a prescribed head with flux constraint method in the 

FEFLOW simulations (Shoushtari et al., 2015a). The prescribed head with flux 

constraint method is similar to Clement et al.’s (1994) method and switches the 

boundary condition between Dirichlet and Neumann based on the flow direction on 

each part. This boundary condition is illustrated in Figure  5-3 where three different 

zones exist: (1) below the minimum water level the prescribed head is the same as the 

driving head level ( oh ); (2) between the minimum and maximum water level, hydraulic 

head varies with elevation plus a maximum flux constraint; (3) above the maximum 

water level  a no-flow condition is applied. 
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Figure  5-3 Illustration of the mixed boundary condition (Shoushtari et al., 2015a). 

Initial model results were assessed based on two mesh resolutions: (1) 0.01m × 0.01m 

and (2) 0.005m × 0.005m. The difference between results from the two meshes was less 

than 2% confirming that the 0.01m × 0.01m mesh size is fine enough and that the 

numerical results are independent of the mesh size. The 0.01m × 0.01m discretisation is 

also consistent with other studies using Richards’ equation to model transient 

unsaturated flow in domains of comparable size (e.g. Clement et al., 1996; Ataie-

Ashtiani et al., 1999; Nielsen and Perrochet, 2000a, b; Werner and Lockington, 2003).   

A series of simulations were run corresponding to oscillation periods ranging from 10s 

to 10000s (0.5 / 486n d K  ). All other forcing parameters remained constant  

( 0.126mA ; 0.887md  ) and the adopted hydraulic parameters for the sand 

corresponded to those presented in row 1 of Table  5-1 for the UQ sand. To facilitate the 

comparison with the sand flume data (observations made at 0.8mz  ), the wave 

numbers based on the model results ( , 0.8m, )x z t  were obtained using the procedure 

outlined in Section 5.4.5.  

 Hysteresis modelling 5.5.1

The effects of hysteresis on periodic water table dynamics has been previously 

demonstrated for the case of 1D vertical motion (e.g. Lehman et al., 1998; Stauffer and 

Kinzelbach, 2001; Werner and Lockington, 2003). To examine the influence of 

hysteresis on groundwater wave dispersion (2D vertical motion), the empirical 

hysteresis model of Scott et al. (1983) was implemented using FEFLOW  (Diersch, 

2013) which also solves Richards’ equation in conjunction with the van Genuchten 
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(1980) moisture retention formulae as detailed previously in Section 5.5. For brevity 

here, the reader is referred to Scott et al. (1938) or Diersch  (2013) for further details. It 

should be noted that using the Scott et al. (1938) hysteresis model causes an artificial 

pumping error which is produced by the non-closure of hysteresis scanning loops (Kool 

and Parker, 1987). Parker and Lenhard (1987) eliminated artificial pumping error by 

enforcing closure of scanning curves but their method is difficult to apply in numerical 

models since it needs to store many historical reversal points.  Werner and Lockington 

(2006) modified the Parker and Lenhard (1987) method and implemented it in a 

numerical model and demonstrated the significance of the artificial pumping error in 

terms of moisture-pressure dynamics. In terms of water table wave dynamics however, 

Shoushtari et al. (2015b) demonstrated that inclusion of hysteresis dynamics in 

Richards’ equation models had no influence on water table wave dispersion for short 

periods. 

The 2D vertical model domain and boundary conditions were the same as those 

described in Section 5.5 for the non-hysteretic FEFLOW model. The domain was 

discretised using a regular grid of rectangular elements 0.01m in size. The model 

employed the same hydraulic conditions as the non-hysteretic FEFLOW model (cf. 

Table  5-1). Hysteresis was modelled using a hysteresis ratio of / 2w d      after 

(Kool and Parker, 1987) where w  and d correspond to the van Genuchten parameter 

  (cf. equation (5.19)) for the wetting and drying curves respectively. The drying curve 

value d corresponds to the measured value given in Table  5-1. 

5.6 Results and discussion 

 Wave number theory-data comparison 5.6.1

Figure  5-4 provides a summary plot of all experimental wave numbers in comparison 

with the theoretical dispersion relations outlined in Section 5.3. The data indicates a 

monotonic increase in wave number with increasing /n d K which is in direct contrast 

with most of the dispersion relations which predict: (1) zero phase lag ( 0ik  ) and (2) 

an asymptotic decay rate corresponding to rk  in the range /(2[ ])d H  and / 2d  for 

the primary mode.  
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Figure  5-4 Comparison of experimentally determined wave numbers with predictions 

from existing small-amplitude dispersion relation theories in the complex plane. 

Symbols denote data collected from: the initial packing of the UQ flume (), the re-

packed UQ flume (), the GU flume (), Cartwright et al. (2003) () and Cartwright et 

al. (2004c) (+). The curves denote the following small-amplitude dispersion relations: 

shallow, capillarity free (
____

), non-shallow (2nd order), capillarity free (—●—), non-

shallow (exact), capillarity free (—□—), non-shallow (exact) with empirical n  

(—○—). The bold curves consider horizontal and vertical unsaturated flow with purely 

horizontal saturated flow (▪▪▪▪▪) and vertical saturated flow (▬). Parameters used for the 

curve generation were 0.92md  , 0.4mH  , 44.7 10 m/sK    and -1

Gardner 2.5m  .        

Cartwright et al. (2003) performed a sensitivity analysis of the dispersion relations 

outlined in Section 5.3 (cf. their Figure 6) and showed that variations in the n and K 

only act to move the wave number along the existing curve (i.e., the qualitative 
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behaviour of the theories are insensitive to both n and K). The only parameter which led 

to a shift in the overall curve position was H
but this shift did not alter the qualitative 

behaviour (i.e., approaching zero phase lag and asymptotic decay rate). Therefore, 

parameter uncertainty is unable to explain the observed qualitative discrepancy between 

theory and data.   

The observed monotonic increase in wave numbers with increasing /n d K appears to 

be captured by the 2nd order (in /n d K ), capillarity free dispersion relation (equation 

5.7). However, a more quantitative comparison is shown in Figure 5-5 where the wave 

numbers are plotted as a function of /n d K which shows that equation 5.7 predicts a 

very rapid initial increase in wave number with increasing /n d K that is not seen in 

the data.  

 

Figure 5-5 Comparison of experimentally determined wave numbers with predictions 

from existing small-amplitude dispersion relation theories as a function of non-

dimensional aquifer depth /n d K . All symbols and curves as per Figure 5-4. 

 Influence of sand packing 5.6.2

As described in Section 5.4.1, the well-sorted sand was added to a water filled flume to 

minimise air encapsulation and layering so it is anticipated that a newly packed flume 



Chapter 5- Groundwater wave dispersion in a sandy unconfined aquifer 

69 

 

will be more loosely packed than sand that has been subject to long periods of forcing. 

The three sets of data shown in Figure  5-4 are for different packings and whilst some 

small differences exist, they are all in qualitative agreement with each other (i.e., all 

exhibit monotonically increasing wave numbers with increasing /n d K ) and thus 

flume packing does not explain the qualitative discrepancy between theory and data.  

 Influence of measurement elevation  5.6.3

Direct measurement of the water table elevation in the flume in the presence of vertical 

flows (i.e., non-hydrostatic pressure) is not practical and so, as described in 

Section 5.4.3, the present results have been derived using pore pressure measurements 

from below the water table as a proxy. The potential influence of this on the 

experimental wave numbers was examined experimentally by conducting additional 

experiments where all oscillation parameters were kept constant and only the 

measurement elevation (relative to the bottom of the flume) was varied. These tests 

utilised the pressure probe approach as described in Section 5.4.3 and all measurement 

elevations were in saturated conditions (i.e., 
measz d H  ).  

Figure  5-6 shows the results for three different oscillation periods and in all cases the 

wave number is seen to increase with measurement elevation. This indicates that 

pressure wave dispersion is greater higher in the aquifer (near the water table) than 

lower in the aquifer. Hence, measurement elevation does not contribute to the 

qualitative discrepancy between theory and data shown in Figure  5-4 and discussed in 

Section 5.6.1. 
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Figure  5-6 Variation of pore-pressure wave dispersion with elevation for (a) 13sT  ,  

(b) 20sT   and (c) 30sT  . Symbols denote rk d  (○) and ik d  (). 

 Finite-amplitude effects 5.6.4

The dispersion relations presented in Section 5.3 were all derived under the assumption 

of small-amplitude waves where A << d. For the present study the relative amplitude 

A/d ranged from 0.09 to 0.22 at 0mx  which would appear to violate the small 

amplitude assumption of A/d << 1. It is noted that the amplitude decays inside the 

aquifer (cf. equation (5.2)) and so the A/d ratio inside the aquifer will exponentially 

approach small-amplitude behaviour. Also, as shown previously in Section 5.4.5, the 

experimental wave numbers were extracted using linear regression based on the small-

amplitude wave form (equation (5.2)) which was shown to adequately describe the 

observed amplitude and phase profiles (cf. Figure  5-2) and so finite amplitude effects 

have not contributed to the qualitative discrepancy between theory and data.  

 Influence of unsaturated zone truncation 5.6.5

In all experiments the sand surface was dry to the touch and remained dry when 

downward pressure on the surface was applied indicating that the top of the tension 

saturated zone was also below the sand surface. The mean driving head in the present 
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experiments was around 1m and the capillary fringe height 0.4mH   which puts the 

sand surface ( 1.5msz  ) just above the tension saturated zone ( 1.4md H  ). 

However, some truncation of the fully developed unsaturated zone is to be expected 

which will in turn influence moisture dynamics in the unsaturated zone. In the following 

however it is demonstrated that any truncation effects have not influenced the water 

table dynamics themselves.  

Cartwright et al. (2004c) conducted sand column experiments using the same sand and 

found that truncation effects only started to influence the water table dynamics when, 

max 0.5sz h H   (5.20) 

where maxh is the maximum water table elevation.  

For the present sand flume data, the mean driving head and amplitude were around 1m 

and 0.17m respectively. In conjunction with 0.4mH   this leads to, 

max 0.5 1.17 0.5 0.4 1.37mh H      which is less than 1.5msz  . This however is a 

“worst case scenario” in the context of potential truncations effects. Once the pressure 

wave enters the sand its amplitude decays exponentially (cf. equation (5.2)) and 

therefore, inside the sand, max 1.17mh   and 
max 0.5 1.37mh H  , i.e., even further 

below the 1.5msz  threshold. Therefore truncation of the unsaturated zone is not 

considered to be an influencing factor in the present experiments.  

The sand column experiments of Cartwright et al. (2004c) demonstrated that when 

truncation effects start to become significant this is manifested in a rapid reduction in 

the effective porosity. That is, when the capillary fringe is truncated then very little 

moisture exchange is required to facilitate a large change in pore pressure. In terms of 

water table wave dispersion, a reduced effective porosity leads to smaller wave numbers 

(slower decay and reduced phase lag) relative to the non-truncated case (larger effective 

porosity). It follows then that if truncation effects were influencing the present data it 

would be expected that the measured decay rates and phase lags to be smaller than the 

analytical solutions (which have no truncation) but the opposite is seen in Figure  5-4. 

In summary, truncation of the unsaturated zone due to proximity of the sand surface 

may influence unsaturated moisture dynamics but based on the experimental criteria 
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(equation (5.20) any truncation effects have not influenced the water table dynamics 

(and hence water table wave numbers). A more detailed discussion of the influence of 

truncation effects on moisture dynamics and water table dynamics is provided in the 

discussion between Hilberts and Troch (2006) and Cartwright et al. (2006b).  

 Influence of higher wave modes 5.6.6

As outlined in Section 5.3.3, Nielsen et al. (1997) found that many wave modes are 

required in order to match the non-hydrostatic interior with the hydrostatic boundary 

condition. The exact curves shown in Figure  5-4 all correspond to the first wave mode. 

All subsequent wave modes occur to the right of the first mode (cf. Figure 3 of Nielsen 

et al. (1997)) and thus have higher decay rates. The analysis of the data however 

implicitly encompasses all wave modes and so the following analysis examines the 

influence of higher wave modes on the overall dispersive characteristics of the water 

table wave.  

Considering a non-shallow (non-hydrostatic) aquifer driven by small amplitude, simple 

harmonic driving head (equation (5.1)) across a vertical interface, Nielsen et al. (1997) 

obtained the following solution for the water table, 

1

( , ) jk x i t

j

j

x t B e e 






  (5.21) 

where the coefficient 
jB  is the head coefficient for the jth wave mode given by, 
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and 
jk  is the wave number of the jth wave mode determined using the exact small-

amplitude non-shallow dispersion relation, 

tanj j

n d
k d k d i
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  (5.23) 

The corresponding solution for the piezometric head below the water table is, 
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The overall “aggregate” wave number influenced by multiple wave modes is then found 

by applying the approach outlined in Section 5.4.5 to the predicted time series from 

equation (5.24). 

Figure 5-7 shows the resultant curves after including 2000 wave modes (as required to 

ensure convergence of the summation at 0mx  ) with capillarity (via n n , equation 

(5.11)) and without ( en n ).  The results show some improvement in the prediction of 

larger decay rates ( rk ) but the theory still approaches zero phase lag ( 0ik  ) for large 

/n d K  which is not evident in the data. Thus the inclusion of multiple wave modes 

when predicting the dispersion characteristics does not explain the qualitative 

discrepancy between theory and data.  
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Figure 5-7 Influence of higher wave modes on overall dispersion characteristics 

(equations (5.21) to (5.23)) without capillarity (▬ ▪ ▬) and with capillarity via n n  

(▪▪▪▪▪). For reference the non-shallow (exact), capillarity free (—□—), non-shallow 

(exact) with empirical n  (—○—) are also shown. Experimental data point symbols are 

as described in Figure 5-4.   

 Richards’ equation-data comparison 5.6.7

Figure 5-8 compares the numerical results with both the experimental data and 

theoretical dispersion relations. Whilst the inclusion of hysteresis effects have led to 

some small quantitative differences when compared to the non-hysteretic results, both 

sets of results show the same qualitative discrepancy when compared to the data as was 

seen with the analytic solutions. Interestingly, it is noted that Werner and Lockington 

(2003) demonstrated the ability of the Richards’  equation to accurately simulate 1D 
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vertical periodic flow sand column experiments after the effects of hysteresis were 

included. 

 

Figure 5-8 Comparison of experimentally determined wave numbers with predictions 

from Richards’ equation both with () and without (●) hysteresis effects. For reference 

the non-shallow (exact), capillarity free (—□—), non-shallow (exact) with empirical n  

(—○—) are also shown. Experimental data point symbols are as described in 

Figure 5-4.       

5.7 Conclusions 

A comprehensive data set on the propagation of groundwater waves in an unconfined 

laboratory aquifer has been presented which covers a much wider range of non-

dimensional aquifer depths ( 4 / 415n d K  ) than has been previously studied. The 

groundwater waves were generated by simple harmonic forcing across a vertical 

boundary and are shown to behave consistently with the form of a small amplitude wave 
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despite / 0.13A d  . Pore pressure data was analysed to examine the dispersive 

characteristics of the wave by extracting the complex wave number r ik k ik   where 

rk  represents the amplitude decay rate and ik  represents the rate of increase in phase 

lag as the wave travels into the aquifer. 

The data indicates that there is a monotonic increase in both rk  and ik  with increasing 

/n d K  which is in contrast with existing theoretical dispersion relations which predict 

(1) zero phase lag ( 0ik d  ) and (2) asymptotic decay rate ( / 2rk d  ) in the limit as 

/n d K  .  

The influence of sand packing, measurement location, finite wave amplitude effects, 

unsaturated zone truncation and higher wave modes have all been eliminated as possible 

causes of the discrepancy. Numerical solution of the 2D vertical Richards’ equation also 

exhibited the same qualitative discrepancy and thus any non-linear effects cannot 

explain the observed discrepancy.  

The new experimental data has identified a qualitative discrepancy between the 

experimental data and analytic solutions and numerical solution of Richards’ equation 

(with and without hysteresis effects) for large values of /n d K . The cause of the 

discrepancy remains unexplained which has implications for the practical application of 

these models in surface-groundwater flow problems such as the influence of wave 

forcing of coastal/estuarine aquifers on subterranean mixing and sediment mobility. 

Examination of these types of problems all rely on accurate prediction of the driving 

pressure gradients which are ultimately controlled by the dispersion of the groundwater 

wave. 
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6.1 Abstract   

In this paper, the influence of porous media deformation on the dispersion of water table 

waves in an unconfined was examined using a numerical model which coupled 

Richards’ unsaturated flow equation to the poro-elastic material model. The dispersion 

of the water table wave was quantified via the complex water table wave number which 

was extracted from the predicted amplitude and phase profiles. The motivation for the 

present study is the observed model-data discrepancy of Shoushtari et al. (2016). The 

observed wave dispersion (amplitude decay and phase lag) was unable to be reproduced 

with analytical solutions (including capillarity and vertical flow effects) or a numerical 

solution of Richards’ equation (with and without hysteresis effects). The discrepancy 

inherent in the comparison is that there is more energy dissipation in the observations 

(faster decay rate and greater phase lag) than is predicted by any of the models. This 

paper examines whether deformation of the porous media can explain the discrepancy. 

A sensitivity analysis was performed to establish the influence of main parameters in 

the poro-elastic model namely Young’s modulus ( E ) and Poisson’s ratio ( ). For a 

short oscillation period ( 16.4sT  ), the rate of increase in phase lag (imaginary part of 

the water table wave number, ik )  is sensitive to the chosen values of  

( E ) and ( ) demonstrating an inverse relationship with both parameters. Changes in 

the amplitude decay rate (real part of the water table wave number, rk ) however were 

negligible. For a longer oscillation period ( 908.6sT  ), variations in the values of ( E ) 

and ( ) resulted in only small changes in both rk and ik . In both the short and long 

period cases however, the poro-elastic model is unable to reproduce the wave dispersion 

observed in the laboratory data. Hence porous media deformation is unable to explain 

the additional energy dissipation that is apparent in the existing sand flume data.   

6.2 Introduction   

Oceanic forces such as waves and tides can influence the movement of water table 

waves in the aquifers.  The propagation of water table waves plays an important role in 

many coastal processes like mixing seawater and freshwater (e.g. Li et al., 1999; 

Robinson et al., 2006; Xin et al., 2010) and also beach sediment transport (e.g. Elfrink 

and Baldock, 2002; Xin et al., 2010; Bakhtyar et al., 2011). The water table propagation 

can be described in terms of a complex water table wave number ( r ik k k i  ) where 
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rk  and ik  show the decay rate of water table wave amplitude and the rate of increase in 

phase lag respectively. Many studies have been done to extract theoretical water table 

wave dispersion relationship considering different physical influences such as vertical 

flows (non-hydrostatics pressure) (e.g. Nielsen et al., 1997), horizontal flows in the 

unsaturated zone (e.g. Kong et al., 2013) and capillary effects (Barry et al., 1996;  Li et 

al. 2000a). A summary of the existing analytical dispersion relationships can be found 

in Shoushtari et al. (2016).  

Shoushtari et al. (2016) presented an extensive laboratory sand flume dataset on the 

propagation of groundwater waves in an unconfined sandy aquifer with a vertical 

boundary subject to simple harmonic forcing with a wide range of oscillation period 

from 10.7s to 909s. Their data showed a monotonic increase in both amplitude decay 

rate and rate of increase in phase lag of the water table waves with increasing oscillation 

frequency (increasing
sat

n d K ) which was in contrast to existing theories which 

predict (1) zero phase lag or standing wave behaviour and (2) an asymptotic decay rate 

as the frequency increases. 

Shoushtari et al. (2016) considered possible influences like sand packing, measurement 

location, finite amplitude wave effects, unsaturated zone truncation and multiple wave 

mode effects but none of them can explain the observed discrepancy. They also 

compared laboratory data against numerical solutions of hysteresis and non-hysteresis 

Richards’ equation (Richards, 1931) and in both cases, the same qualitative behaviour as 

the analytic solutions described above was found. 

In this paper, we test the hypothesis that the deformation of porous media due to 

periodic water table motion is the cause of the model-data discrepancy of Shoushtari et 

al. (2016). To examine the influence of porous media deformation on water table wave 

dispersion we develop a model that considers saturated-unsaturated water flow in elastic 

porous solids. Biot’s poro-elastic theory (Biot, 1941, 1955, 1962) is adopted which 

combines Darcy’s law with solid mechanics and describes the interaction between fluids 

and deformation in porous media. Numerous studies have been carried out to derive 

analytical (e.g. Madsen, 1978; Yamamoto et al., 1978; Okusa, 1985; Zienkiewicz et al., 

1980; Yamamoto, 1981;  Yamamoto and Schuckman, 1984; Mei and Foda, 1981; 

Rahman et al., 1994; Cha et al., 2002;  Jeng and Cha, 2003) and numerical (e.g. 

Thomas, 1989, 1995;  Jeng and Lin, 1996, 1997) solutions to Biot’s theory.  
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Biot’s theory has been also used to analyse different physical systems such as wave-

induced stresses and pore pressure in a porous seabed (e.g. Jeng and Hsu, 1996; Jeng, 

2003) and wave–seabed–submarine structures interactions (e.g. Shabani et al. 2009; 

Zhang et al., 2011a,b ). There has been no previous investigation of the influence of 

porous media deformation on water table wave propagation in an unconfined aquifer. 

This paper addresses this gap in knowledge and in doing so tests the hypothesis that the 

deformation of porous media due to periodic water table motion is the cause of the 

model-data discrepancy of Shoushtari et al. (2016).  

The paper is organized as follows: Section  6.3 provides a brief description of the 

experimental data of Shoushtari et al. (2016) used for model-data comparison. 

Section  6.4  4.4describes the numerical model and boundary conditions. In Section 6.5 

the model results have been compared with the laboratory data. Finally, Section 6.6 

summarises the major findings and conclusions.  

6.3 Experimental setup and procedures 

In this section a brief outline of the sand flume experiments of Shoushtari et al. (2016) 

is presented for ease of reference. 

Shoushtari et al. (2016) conducted a series of laboratory tests in the sand flume which is 

9 m long, 1.5m high and 0.15m wide. A simple harmonic wave was applied across a 

vertical interface, 

cos( )oH d A t   (6.1) 

  

where  [L]oH  is the driving head,  [L]d  is the mean driving head,  [L]A  is the driving 

head amplitude and 
-12  [T ]T  is the oscillation frequency and  [T]T  is the 

oscillation period. Table 6-1 summarises the driving head parameters used in this study 

noting that the two periods examined were selected in accordance with the shortest and 

longest periods examined in the experiments of Shoushtari et al. (2016). 
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Table 6-1 Driving head parameters. 

 (s)T   (rad/s)   (m)A   (m)d   (-)n  (m/s)satK   (-)satn d K  

16.4 0.38 0.123 0.934 0.41 4.7  10
-4

 243.63 

908.6 0.01 0.149 0.843 0.41 4.7  10
-4

 3.97 

 

The flume had no-flow boundaries at the ‘landward’ end and at the bottom. The top of 

the flume was covered in loose plastic sheeting which allowed free connection of the 

aquifer with the surrounding atmospheric pressure but can be considered a no flow 

boundary in terms of moisture transport.  The sand in the flume was well-sorted quartz 

sand whose properties were examined in detail by Nielsen and Perrochet (2000a, b) 

(Table 6-2). Horizontal piezometers inside the sand at different location along the sand 

flume were used to measure the hydraulic head.    

Table  6-2 Physical and hydraulic characteristics of the sand (Nielsen and Perrochet, 

2000a, b). 

50d  

(mm) 

90 10d d  

(-) 

satK   

(m/s) 

s  

(vol/vol) 

r  

(vol/vol) 

d  

(1/m) 

w  

(1/m) 

  

(-) 

H  

(m) 

0.20 1.83 4.7  10
-4 0.41 0.09 1.7 3.4 9 0.55 

50d , 90d  and 10d  are respectively the median and 90th and 10th percentiles of thesieve 

curve analysis; satK , saturated hydraulic conductivity; s and r saturated and residual 

moisture contents, respectively; d and   are the best fit van Genuchten parameters for 

the first drying curve; w  is the adopted van Genuchten parameter for the first wetting 

curve; H , steady capillary fringe thickness. 

6.4 Numerical modeling 

To consider the water flow in elastic porous solids, Biot’s poro-elastic theory (Biot, 

1941, 1955, 1962) is used. This theory is the combination of Darcy’s law with solid 

mechanics and describes the interaction between fluids and deformation in porous 

media.   
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 Fluid flow  6.4.1

The Richards’ equation (Richards, 1931) is used to estimate the flow field in the poro-

elastic model as follow 

( ) . [ ( )]
fm

f e f sat r f f f B vol

f

pC
S S K p g z

g t t
      



 
       

 
 (6.2) 

 

where 
f  [ML

-3
] is the fluid density, 

fp [MT
-2

L
-1

] is the fluid pore pressure, mC [L
-1

] 

represents the specific moisture capacity, eS  [-] denotes the effective saturation, r  [-] 

is the relative permeability. The analytical formulas of van Genuchten (van Genuchten, 

1980) are used to define the mC , eS and r . S [L
-1

] is the storage coefficient, satK  [LT
-1

] 

is the saturated hydraulic conductivity, g [LT
-2

] is the acceleration of the gravity, z [L] 

is the elevation,  vol t   [T
-1

] is the rate of change in volumetric strain of the porous 

matrix.  

The analytical formulas of van Genuchten (van Genuchten, 1980) are used to define the

mC , eS and r as follow 

1
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 (6.3) 

where  [L] is the pressure head,   [-] is the volumetric moisture content, s [-] and r  

[-] are saturated and residual moisture contents respectively.  

The relative permeability is the ratio of the unsaturated hydraulic conductivity relative 

to the saturated value and for the van Genuchten (1980) model is given by, 
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The specific moisture capacity is defined as, 
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where [L
-1

],  [-], 0.5l  [-] and 1 1/m    [-] are empirical curve fitting parameters 

and  0   corresponds to the water table position.  

The Biot-Willis coefficient B [-], which relates the volume of fluid expelled (or sucked 

into) a porous material element to the volumetric changes of the same element and it is 

defined in terms of the drained and solid bulk moduli as 

1m d
B

f s

p K

p K





  


 (6.6) 

 

where mp [MT
-2

L
-1

] is the total mean pressure for the porous matrix-fluid system,  [-] is 

the strain tensor,  dK  and sK [MT
-2

L
-1

]  are the drained and the solid bulk modulus 

respectively. The drained bulk modulus ( dK ) is always smaller than the solid bulk 

modulus ( sK ), therefore Biot-Willis coefficient is always bounded to 1p B    

(where 
p [-] is the porosity).  The B does not depend on the properties of the porous 

matrix. A soft porous matrix has a Biot-Willis coefficient close to 1 (since d sK K ), 

while for a stiff matrix, it is close to the porosity (since (1 )d p sK K  ). 

 Porous matrix deformation  6.4.2

The governing equation for the poro-elastic material model is  

. ( )av f p dg g         (6.7) 

 

where   [MT
-2

L
-1

] is the total stress tensor, av  , 
f  and d  [ML

-3
] are the average, 

fluid and drained densities respectively. The total stress tensor   , can be calculated by 

B fp   C I  (6.8) 
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where C [MT
-2

L
-1

]  is the elasticity matrix,   [-] is the strain tensor and I  is the identity 

matrix. For an isotropic porous material under plane strain condition which is common 

for 2D poro-elasticity problems (i.e., the normal strain to the xz-plane equals zero), this 

can be simplified to 

1 0 0 0

1 0 0 0
(1 )(1 2 )

0 0 1 2 0 0

xx xx B f

zz zz B f

B fxz xz

p
E

p

p

   

    
 

  

     
     

         
           

 (6.9) 

 

where E  [MT
-2

L
-1

]  is the Young’s modulus and  [-]  is the Poisson’s ratio for the 

drained porous matrix. The poro-elastic material model uses equation (6.7) to describe 

changes in the total stress tensor   and porous matrix displacement u  [L] due to 

boundary conditions and changes in pore pressure. The 
B fp  term is often described as 

the fluid-to structure coupling expression which counts the fluid pressure contribution. 

For small deformation with the plane strain condition, the normal strains ( , ,xx yy zz   ) 

and shear strains ( , ,xy yz xz   ) relate to displacements as  

1
, , , 0

2
               xx zz xz zx xy yx yz zy zz

u v u v

x z z x
        

    
          
    

 (6.10) 

 

where u  and v  [L] are the displacement components in x and z direction respectively.  

Equations (6.9) and (6.10) are substituted into equation (6.7) which is then solved 

simultaneously with the time-dependent flow model (equation (6.2)) through the time 

rate of change in strain ( vol t  ). In this paper, the finite element method is applied 

using the COMSOL 4.3b (COMSOL, 2013b) software package.  

 Model domain and boundary conditions  6.4.3

The model domain and boundary conditions of the sand flume using in the poro-elastic 

model is shown in Figure 6-1. 
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Figure 6-1 The model domain and boundary conditions using in the poro-elastic model. 

The no-flow boundary condition in the fluid flow model is given by, 

. 0sat fK p n  (6.11) 

where n  is the vector normal to the boundary. 

The Cauchy boundary condition has been used to implement the periodic seepage face 

boundary in the fluid flow model. The Cauchy boundary condition can be expressed by, 

 .
b f

f sat f b b

f

p p
K p R z z

g
 



  
     

 
   

n  (6.12) 

 

where bp  [MT
-2

L
-1

] and bz  [L] are the pressure and elevation of the distant fluid source, 

respectively and bR  [T
-1

] is the  conductance of the material between the source and the 

model domain.  

By applying appropriate logical statements, the Cauchy boundary condition can be 

switched between a Dirichlet boundary condition and a Neumann boundary condition. 

For full details of implement of the seepage face boundary condition in the numerical 

model, the reader is referred to Shoushtari et al. (2015a) and Chui and Freyberg (2009). 

The boundary conditions for the porous matrix deformation model are a series of 

constraints on the displacement which are including: 

 Free constraint at the surface (the upper surface is free to move in horizontal and 

vertical directions) 
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 Roller constraint at the bottom, left and right hand sides (the displacement is zero in 

the direction perpendicular (normal) to the boundary, but it is free to move in the 

tangential direction). 

 Model parameters 6.4.4

The coefficients and parameters used in the poro-elastic model are summarized in 

Table  6-3. Depending on the degree of compaction in the sand, Young’s modulus (E) 

and Poisson’s ratio ( ) range between 10 (MPa) 69E   and 0.25 0.4  respectively. 

Hence a sensitivity analysis was conducted (see Section 6.5) to examine the influence of 

these model parameters on the water table wave propagation.   

Table  6-3 Parameters used in the poro-elastic model. 

Parameter Symbol Value 

Fluid density f  1000 (kg/m3) 

Drained density of porous layer d  2750 (kg/m3) 

Dynamic viscosity of water   0.001 (Pa.s) 

Drained Young’s modulus for loose sand E  10-28 (MPa) 

Drained Young’s modulus for dense sand E  35-69 (MPa) 

Drained Poisson’s ratio for sandy soil   0.25-0.4 

Biot-Willis coefficient B  1 

Saturated volume fraction for sand s  0.41 

Residual volume fraction for sand 
r  0.09 

van Genuchten parameters   1.7 (1/m) 

van Genuchten parameters   9 

van Genuchten parameters l  0.5 

Saturated hydraulic conductivity satK  4.7×10-4 (m/s) 

 

6.5 Results and Discussion 

To analyse the water table wave propagation, the water table wave number has been 

calculated from a linear regression of water table wave amplitude and phase profiles 

which were extracted using harmonic analysis on the simulated pore pressure time 

series (e.g.  Nielsen, 1990; Cartwright et al., 2003).  
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 Model sensitivity analysis 6.5.1

Figure  6-2 and Figure  6-3 show the predicted water table wave number components for 

16.4sT  and 908.6sT  respectively and their dependence on Young’s modulus ( E ) 

and Poisson’s ratio ( ).   

For the short period ( 16.4sT  ), the real part of water table wave number rk d   

(Figure  6-2 (a)),  is seen to be insensitive to E  and   with a maximum of 1.248rk d   

obtained for 10 (MPa)E  and 0.25  and a minimum of 1.21rk d   for 

69 (MPa)E  and 0.40  , i.e., less than 4% changes in the value of the  rk d . In terms 

of the imaginary part of water table wave number ik d  (Figure  6-2 (b)), the maximum 

value is 0.396 for 10 (MPa)E  and 0.25   and a minimum value of 0.092 for 

69 (MPa)E  and 0.40  , i.e., 76% reduction, indicates that the ik d   (the rate of 

increase in phase lag) is sensitive to E and  . 

 

Figure  6-2 Water table wave number components for 16.4sT   extracting from poro-

elastic model with different values of Young’s modulus ( E ) and Poisson’s ratio ( ) of 

the sand. (a) the real part of the water table wave number (
rk d ) for 0.25  (○) and 

0.40  (●); (b) the imaginary part of the water table wave number (
ik d ) for 0.25 

(△) and 0.40  (▲). 
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For the long period ( 908.6sT  , Figure  6-3), both real and imaginary parts of water 

table wave number are essentially insensitive to E  and  . The maximum value for 
rk d  

is 0.929 for 35 (MPa)E  and 0.25  which is reduced by 2% to a minimum value of 

0.908 for 10 (MPa)E  and 0.25  . In terms of 
ik d , the maximum value is 0.276 for 

35 (MPa)E  and 0.25   and the minimum value is 0.250 which indicates 9% a 

reduction.  

   

Figure  6-3 Water table wave number components for 908.6sT   extracting from poro-

elastic model with different values of Young’s modulus ( E ) and Poisson’s ratio ( ) of 

the sand. (a) the real part of the water table wave number (
rk d ) for 0.25  (○) and 

0.40  (●); (b) the imaginary part of the water table wave number (
ik d ) for 0.25 

(△) and 0.40  (▲). 

The results of the maximum total displacement ( 2 2u v  where u  and v  are the 

displacement components in x and z direction respectively) are summarized in 

Table  6-4.  As it can be seen in this table, there is a trend that the deformation increases 

with decreasing Young’s modulus ( E ) and decreasing Poisson’s ratio ( ). However, 

with the exception of the 10E   (MPa) results, the deformation is less than 1mm in all 

cases. This negligible response of the porous media is likely due the fact that the water 

table fluctuations in the experimental data are not large enough to induce a significant 
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deformation; hence, overall the water table wave numbers are generally insensitive to 

Young’s modulus ( E )  and Poisson’s ratio ( ) due to the negligible deformation of the 

sand body. 

In comparing the trends seen in Table  6-4 with the wave numbers shown in Figure  6-2 

and Figure  6-3 an interesting relationship is found which, whilst perhaps not important 

under the present experimental parameters (since maximum deformation is < 1mm in 

almost all cases), may become important under more energetic fluctuations. Figure  6-2 

shows a clear trend of increasing wave numbers with decreasing Young’s modulus ( E ) 

which correlates with the predicted increase in deformation with decreasing Young’s 

modulus ( E ) for 16.4sT   (cf. Table  6-4). The increase in maximum displacement for 

908.6sT   is very similar to that of the 16.4sT   results however Figure  6-3 shows no 

obvious trend with E . This indicates that, if the influence of porous media deformation 

on water table wave dispersion was to become more significant under more energetic 

fluctuations, this would be more likely to occur at shorter oscillation periods than longer 

ones. 

Table  6-4 The summary of the maximum total displacement 

  Max total displacement (mm) 

 (-)   (MPa)E   16.4 (s)T   908.6 (s)T   

0.25 

10  2.59 2.72 

28  0.93 0.97 

35  0.74 0.78 

69  0.37 0.39 

0.4 

10  1.45 1.52 

28  0.52 0.54 

35  0.42 0.44 

69  0.21 0.22 
 

 

 Comparison with existing laboratory data and non-elastic model results 6.5.2

The comparisons of the present poro-elastic model results with the existing laboratory 

data and non-elastic (hysteretic and non-hysteretic) Richards’ equation model results of 

Shoushtari et al. (2016) are presented in Figure  6-4 and Figure  6-5 and are also summarised 

in Table  6-5. The non-hysteretic Richards’ equation model employed the van Genuchten 

(1980) parameters 
-11.7 (m )   and 9   and the hysteretic model used 
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-13.4 (m )w   , 
-11.7 (m )d  9  . Full details of non-hysteretic and hysteretic 

Richards’ model can be found in Shoushtari et al. (2015b). 

In terms of 
rk d  for the short period ( 16.4sT  , Figure  6-4), the poro-elastic model 

results (solid and open circles with an average of 1.218rk d  ), are very close to non-

hysteretic Richards’ model (plus sign with 1.151rk d  ) which is almost 20% less than 

laboratory data (asterisk with 1.499rk d  ). The hysteretic Richards’ model (cross sign 

with 1.426rk d  ) predicts rk d  better than the other two models (poro-elastic and non-

hystertic model) with only less than 5% underestimation respect to laboratory data. 

In terms of 
ik d  for the short period (Figure  6-4), the non-hysteretic Richards’ model 

results (plus sign with 0.101ik d  ) is similar to the poro-elastic model with 

69 (MPa)E  and 0.40   (open circle with 0.099ik d  ) which is 87% less than 

laboratory data (asterisk with 0.751ik d  ). The result of hysteretic Richards’ model 

(cross sign with 0.160ik d  ) is close to poro-elastic model with 35 (MPa)E  and 

0.25   (open circles with 0.170ik d  ) which is 78% less than the laboratory data. 

The closest result to the laboratory data is obtained from poro-elastic model with 

10 (MPa)E  and 0.25  (open circles with 0.395ik d  ), but this is still 47% less 

than the laboratory data.  
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Figure  6-4 Model-data comparison of the water table wave number components for 

16.4sT  . Circles show the poro-elastic model results for different values of Young’s 

modulus ( E ) for 0.25  (○) and 0.40  (●). (+) denotes the non-hysteretic Richards’ 

model with 
-11.7 (m )   and 9  ; (×) shows the hysteretic Richards’s model with 

-13.4 (m )w   , 
-11.7 (m )d   and 9  ; (∗) denotes the laboratory data of Shoushtari 

et al. (2016). 

 

For the long period ( 908.6sT  , Figure  6-5), the values of rk d and ik d predicted by the 

poro-elastic model (solid and open circles, average values of 0.919 and 0.263 

respectively), are very close to the non-hysteretic Richards’ model with 0.870rk d  and 

0.231ik d   as compared to the laboratory data (0.471 and 0.295 for rk d  and ik d

respectively). The closest result to the laboratory data has been obtained with the 

hysteretic Richards’ model which underestimates rk d and ik d as 17%  and 24% less than 

laboratory data respectively.  
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Figure  6-5 Model-data comparison of the water table wave number components for 

908.6sT  . Circles show the poro-elastic model results for different values of Young’s 

modulus ( E ) for 0.25  (○) and 0.40  (●). (+) denotes the non-hysteretic Richards’ 

model with 
-11.7 (m )   and 9  ; (×) shows the hysteretic Richards’s model with 

-13.4 (m )w  , 
-11.7 (m )d   and 9  ; (∗) denotes the laboratory data of Shoushtari 

et al. (2016). 
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Table  6-5 Summary of water table wave number components. 

  (-)   (MPa)E  (-)rk  (-)ik   (m)rk d   (m)ik d  

16.4 (s) ( 243.63)satT n d K         

Poro-elastic model 

0.25 

10 1.337 0.423 1.248 0.395 

28 1.301 0.290 1.215 0.195 

35 1.296 0.183 1.210 0.170 

69 1.300 0.132 1.214 0.123 

0.40 

10 1.312 0.249 1.225 0.232 

28 1.297 0.144 1.212 0.134 

35 1.296 0.130 1.210 0.121 

69 1.296 0.106 1.210 0.099 

Non-hysteretic, rigid media Richards’ 

model (
-11.7 (m )   , 9  ) 

- - 1.232 0.108 1.151 0.101 

Hysteretic, rigid media Richards’ model 

(
-13.4 (m )w  , 

-11.7 (m )d  , 9  ) 
- - 1.527 0.171 1.426 0.160 

Laboratory data - - 1.604 0.804 1.499 0.751 

908.6 (s) ( 3.97)satT n d K         

Poro-elastic model 

0.25 

10 1.077 0.296 0.908 0.250 

28 1.100 0.326 0.927 0.275 

35 1.102 0.328 0.929 0.276 

69 1.095 0.315 0.923 0.266 

0.40 

10 1.086 0.312 0.915 0.263 

28 1.094 0.315 0.922 0.265 

35 1.084 0.298 0.914 0.251 

69 1.086 0.307 0.916 0.259 

Non-hysteretic, rigid model Richards’ 

model 

(
-11.7 (m )   , 9  ) 

- - 

1.032 0.274 0.870 0.231 

Hysteretic, rigid media Richards’ model 

(
-13.4 (m )w  , 

-11.7 (m )d  , 9  ) 
- - 

0.464 0.266 0.391 0.224 

Laboratory data - - 0.558 0.350 0.471 0.295 

 

6.6  Conclusion 

This paper has disproved the hypothesis that porous media deformation can explain the 

observed model-data discrepancy of Shoushtari et al. (2016) in which the experimental 

data showed large amounts water table wave dispersion that their models were unable to 

predict.  

The present study used a numerical model to solve Biot’s poro-elastic equation coupled 

to Richards’ saturated-unsaturated flow equation to examine the influence of porous 
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media deformation on the water table wave dispersion which was quantified using the 

complex water table wave number. 

The poro-elastic model results were found to be generally insensitive to Young’s 

modulus ( E ) and Poisson’s ratio ( ) of the sand with maximum displacements 

generally less than 1mm with the exception of the 10E   (MPa) results which indicate 

maximum displacements > 2mm. This is likely due to the fact that the experimental 

water table fluctuations are not energetic enough to induce a significant deformation 

response. 

A sensitivity analysis shows that the only model result which was sensitive to these 

parameters was the imaginary part of the water table wave number  

( ik d ) for the short period oscillation ( 16.4sT  ). In this case there was a 76% change 

over the range of acceptable values for E  and  . Correspondingly, the real part of the 

water table wave number ( rk d ) only changed about 4% for the short period and for the 

long period ( 908.6sT  ), 
rk d  and 

ik d  varied by only 2% and 9% respectively.  

The poro-elastic model results were compared with both the laboratory data and rigid 

medium model results of Shoushtari et al. (2016). For the short period ( 16.4sT  ), the 

difference in predicted rk d  between the poro-elastic and rigid medium model results 

was negligible. However, both model predictions were almost 20% less than the 

laboratory data. Decreasing the values of E  and   in the poro-elastic model resulted in 

some small improvement in the prediction of 
ik d  compared to the rigid media results 

although it was still 47% less than the laboratory data. For the long period ( 908.6sT  ), 

the results of poro-elastic and rigid media models were almost same for both rk d  and 

ik d  with both models over predicting  rk d  by 94% relative to the laboratory data. 

Whilst the poro-elastic model was unable to reproduce the experimental results, the 

model results suggest that, if porous media deformation was to become more significant 

under more energetic fluctuations, the influence of the deformation on water table wave 

dispersion is likely to be more significant at shorter oscillation periods than longer ones.   
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7.1 Abstract  

This paper presents a new dataset on the moisture-pressure relationship above a 

dispersive groundwater wave in a 2DV unconfined sand flume aquifer. A total of 5 

experiments were conducted in which all experimental parameters were kept constant 

except for the oscillation period which ranged from 268s to 2449s between tests. 

Consistent with the decay of the saturated zone groundwater wave, the size of the 

observed scanning loops decays with increasing distance landward and the decay rate is 

larger for shorter oscillation periods. At the shortest period ( 268T s ), the loops show 

non-hysteretic behavior with a capillary capacity that differs from that of the static 

equilibrium wetting and drying curves. This is consistent with the 1DV sand column 

data of Cartwright (2014). The relative damping of the unsaturated zone suction head is 

less than the saturated zone piezometric head due to an increase in the mean moisture 

content (and hence hydraulic conductivity) at the more landward location. The relative 

damping of the moisture content is higher than the suction head providing support for 

the idea that transmission of pressure through a porous medium occurs more readily 

than mass transfer. The data also shows that the ratio of unsaturated zone fluctuations to 

saturated zone fluctuations increases with distance from the driving head boundary. 

Harmonic analysis of the data shows more phase lag relative to the driving head in the 

unsaturated zone parameters (i.e., suction head and moisture content) than in the 

saturated zone parameters (i.e., piezometric head). In addition, a phase lag between 

suction head and moisture content is observed indicating that the response time of the 

moisture content to watertable motion is greater than that of the pore pressure. The data 

was used to evaluate the numerical solution of a hysteretic Richards’ equation model. 

Comparison of measured and simulated scanning loops shows that the model can 

qualitatively reproduce the observed moisture-pressure dynamics with respect to the 

dynamic range and decay rates. In terms of the dynamic range of parameters, the model 

has an accuracy of 2-15% in saturated zone piezometric head, -10% to16% in 

unsaturated zone suction head range and -18% to 38% in moisture content range.  

7.2 Introduction   

Beach groundwater systems can be divided into three distinguished zones, including   

phreatic, capillary fringe and vadose zone. Both phreatic zone and capillary fringe are 

fully saturated but with positive (i.e., greater than the atmospheric pressure) and 
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negative pressure (i.e., less than the atmospheric pressure), respectively. The vadose 

zone is located above the capillary fringe which is partially saturated (or unsaturated) 

and the pressure in this area is negative (or suction) (see Horn (2002, 2006) for full 

terminology definition). A wide range of previous studies have used the Boussinesq 

equation to examine water table dynamics in the saturated zone (e.g. Nielsen, 1990; Li 

et al., 1997) or considered capillary fringe dynamics using some simple models like 

non-hysteretic Green and Ampt (1911) model (e.g. Li et al. (2000)). The influence of 

unsaturated zone on water table dynamics has been discussed in some field 

investigations (e.g. Heiss et al., 2014) and numerical studies (e.g. Clement et al. 1994).  

Richards’ equation (Richards, 1931) is widely used for modelling the water movement 

in the variably saturated or unsaturated porous media with several studies considered 

the hysteresis effects in the numerical solution of Richards’ equation and they show 

improvement in the prediction capability of numerical models.   

Lehman et al. (1998) conducted sand column experiments to describe water content 

variations due to water pressure fluctuations at the bottom of the sand column. They 

measured water content and potential at different soil depths and found an increase in 

water content, potential damping and time lag by increasing the distance from the 

capillary fringe.  They found damping in water dynamics due to hysteresis and highly 

asymmetrical response of water content to symmetrical fluctuation at the bottom 

boundary. They solved 1D Richards’ equation using HYSTFLOW (Stauffer, 1996) code 

and Brooks and Corey (1966) formulas for water retention curve and a modified 

Mualem (1984) hysteresis model. They found that the hysteretic model can describe the 

measured average water content better than non-hysteretic model. Although the 

hysteretic simulations for the moisture content and the matric potential were close to 

measured values in or near the capillary fringe, the hysteretic model underestimated the 

damping in the water content and the matric potential under highly unsaturated 

conditions above the capillary fringe.  

Stauffer and Kinzelbach ( 2001) formulated a 1D model for saturated/unsaturated flow 

based on Richards’ equation and Mualem (1984) hysteresis model. They also conducted 

laboratory experiments in a sand column, measuring moisture content using gamma 

probes. They used the data to validate the numerical model and their model-data 

comparison showed a good agreement for the hysteretic model.  
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Nielsen and Perrochet (2000a, b) measured water table heights and total moisture 

content in a sand column subjected to a simple harmonic driving head at the bottom of 

column with period ranged from 14.5min to 6.5hr. They observed very close response 

of the water table height to the driving head while total moisture content varied very 

little compared with the water table height. Based on the experimental data, they 

proposed a complex effective porosity ( dn ) concept which implicitly accounts 

hysteresis effects and its magnitude dn  is the usual effective porosity describes 

damping and its argument ( ( )dArg n ) describes the phase shift between water table 

height and total water content. They also compared experimental data with numerical 

results of Richards’ equation with van Genuchten model (van Genutchen, 1980) and 

found that the non-hysteretic Richards’ model failed to represent experimental data of 

water table height and total water content. They suggested that the Richards’ model is 

likely to improve if the hysteresis dynamics are included.   

Later on, Werner and Lockington (2003), numerically examined the influence of 

hysteresis in the Richards’ equation using a modified version of HYDRUS 1D 

(Šimůnek et al., 1998)  with  the hysteretic algorithms of Parker and Lenhard (1987). 

They found that considering the hysteresis can reduce the discrepancies between the 

experimental results of Nielsen and Perrochet (2000a, b) and their non-hysteretic 

Richards’ model in terms of water table response parameters. Whilst Werner and 

Lockington (2003) examined the nature of the moisture-pressure scanning loops 

numerically, none of the above studies have observed the nature of these loops using a 

physical model.   

Recently, Cartwright (2014) conducted sand column experiments to study the moisture- 

pressure dynamics above a periodically oscillating water table with period ranged from 

10s to 12.5h. Using co-located moisture and pressure measurements, their data show 

clear formation of hysteresis loops for longer period while for periods less than 15min, 

the hysteresis almost disappeared and the moisture-pressure dynamics became non-

hysteretic. The data also showed that the slope of scanning loops (i.e., the capillary 

capacity) for high-frequency periods is close to non-hysteretic van Genuchten (1980) 

curve with 3   which explained the prediction capability of non-hysteretic Richards’ 

model in previous sand column experiments for high frequency water table motion 

(Cartwright et al., 2005). Cartwright (2014) used the HYDRUS 1D model (Šimůnek et 
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al., 1998) to solve the Richards’ equation numerically. The van Genuchten model was 

used to describe the water retention curves and empirical model of Scott et al. (1983) 

was employed in HYDRUS 1D model to consider hysteresis dynamics. The model 

qualitatively reproduced the observed scanning loops with some discrepancies likely 

due to the uncertainty in parameters used. 

All of the above mentioned studies only considered a 1DV oscillating system and to 

date, moisture-pressure dynamics above a 2DV propagating water table wave are yet to 

be studied. This paper aims to fill this knowledge gap and presents a new 2DV 

laboratory dataset of moisture-pressure dynamics and uses the data to evaluate a 2DV 

hysteretic Richards’ equation model. This paper organised as follows: Section  7.3 

provides a brief description of the sand column experiments of Cartwright (2014) and 

new sand flume experiments which are used for model-data comparison. Section  7.4 

describes the numerical model and boundary conditions. In Section  7.5 the model 

results is compared with the sand column and sand flume laboratory data. Finally, 

Section  7.6 summarises the major findings and conclusions. 

7.3 Laboratory experiments  

In this paper, the numerical model FEFLOW (cf. Section  5.5 7.3) is evaluated against 

observations of the moisture-pressure relationship firstly in a 1DV context using the 

sand column data of Cartwright (2014) and secondly in a 2DV context against new sand 

flume data.   

 Sand column experiments 7.3.1

For ease of reference, the sand column experiments of Cartwright (2014) are outlined 

here. A sand column with 1.6m height and 0.15m square was subject to simple 

harmonic forcing at its base, 

( ) cos( )oh t d A t   (7.1) 

  

where oh  is the driving head [L], d  is the mean driving head [L], A  is the driving head 

amplitude [L], 2 /T   is the oscillation frequency [T
-1

], T  is the oscillation period 

[T]  and t  is the time [T]. During 19 experiments all parameters were kept constant 

except the oscillation period which varied from 10s to 12.25h. A summary of 

experimental parameters is presented in Table  7-1. Suction head and moisture content 
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were measured instantaneously using UMS-T5 tensiometers and MP406 moisture 

probes at two elevations (e.g. 1.2;  1.4mz  ) in the unsaturated zone. 

Table  7-1 Summary of sand column experimental parameters (Cartwright, 2014). 

(m)d    (m)A  T  (m/s)sK  ( )s   ( )r   (1/ m)d   ( )   ( )   

0.9 0.16 10s -12.5 h 2 × 10
-4

 0.355 0.03 2.3 10 1.7 

d , mean driving head; A , driving head amplitude; T , oscillation period; sK , saturated 

hydraulic conductivity; s and r , saturated and residual moisture contents, 

respectively; d  and   are the best fit van Genuchten parameters for the first drying 

curve (after Nielsen and Perrochet, 2000a, b); /w d   , hysteresis ratio (after Kool 

and Parker, 1987). 

 Sand flume experiments 7.3.2

7.3.2.1 The sand flume 

New 2DV experiments were conducted in a sand flume 9m long, 1.5m high and 0.14m 

wide. The sand flume aquifer was forced at one end with simple harmonic driving head 

(cf. equation (7.1)) acting across a vertical boundary. No-flow boundary was applied at 

the other boundaries (top, bottom and the left hand side of the flume) (Figure  7-1). Note 

however the top boundary of the aquifer was not confined and was covered with loose 

plastic to avoid dust settlement. The sand surface remained dry for all experiments and 

thus can be considered a no-flow boundary for modelling purposes. For further details 

of the sand flume the reader is referred to Cartwright et al. (2003). 
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Figure  7-1 Schematic illustration of the sand flume (after Cartwright et al., 2003). 

7.3.2.2 Experimental conditions 

In total, 5 different tests were conducted with different oscillation periods while other 

parameters (i.e., A  and d ) were held constant. The sand flume experiment properties 

are summarized in Table  7-2.  

Table  7-2 Summary of sand flume experimental parameters. 

(m)d   (m)A  (s)T  (m/s)sK  

0.964 0.189 268-2449 4.7 × 10-4
 

7.3.2.3 Moisture-pressure measurements 

MP406 moisture probes were used to measure the moisture content at 1.2mz   at two 

different horizontal locations along the sand flume ( 0.3m; 0.75mz  ). The suction head 

was observed simultaneously at the same locations using UMS T5 tensiometers. The 

piezometric head was measured in the saturated part using piezometers at the locations 

( , ) (0.3m, 0.7m); (0.75m,0.8m)x z  .  

Each test was initiated with the same procedure to ensure consistent history between 

tests. At the beginning of each test, the water level was set to the sensors’ elevation (i.e., 

1.2mz  ) and allowed to reach a static equilibrium as determined by monitoring of the 

pressure and moisture content at sensors’ locations. Once the initial static equilibrium 

was established, the simple harmonic forcing commenced and the flume run until a 

steady oscillatory state was reached as determined by monitoring both the moisture 

context and suction pressure time series.  
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7.3.2.4 Determination of moisture retention curves 

The main drying and wetting retention curves were measured in situ as follows. For the 

first drying curve, the water level was set to the sensors’ elevation (i.e., 1.2mz  ) to 

measure saturated soil properties. The water table was then lowered incrementally and 

allowed to reach a static equilibrium at each elevation before observing moisture 

content and suction pressure. This was repeated down to a minimum water elevation of 

0.45mz  . This procedure was then repeated in reverse, incrementally raising the water 

table to determine the main wetting curve. The RECT code (van Genuchten et al., 1991) 

then was used to calculate the best fitting parameters based on the van Genuchten’s 

(1980) formulas. The measured moisture-pressure data and the best van Genuchten 

fitting curves are shown in Figure  7-2. The summary of hydraulic properties of the sand 

is summarized in Table  7-3. As it can be seen, the hysteresis ratio (i.e., /w d   ) is 

1.65 which is comparable to Kool and Parker’s (1987) suggestion (i.e., 2  ). 

 

Figure  7-2 Main drying and wetting retention curves for the sand used in the sand flume 

experiments; Symbols show the experimental data for the drying (●) and wetting (○) 

retention curves and lines show the best van Genuchten curve fit for the drying (bold 

line) and wetting (thin line) retention curves. 
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Table  7-3 Summary of hydraulic properties of the sand used in the sand flume. 

(vol/vol)s  (vol/vol)r  (1/ m)d  ( )d   2 ( )dR   (1/ m)w  ( )w   2 ( )wR   / ( )w d     

0.3358 0.0426 3.1866 8.3508 0.9963 5.2662 5.9610 0.9949 1.6526 

s and r , saturated and residual moisture contents, respectively;   and   are the best 

fit van Genuchten parameters; 
2R  is R-squared value for regression of observed versus 

fitted values; subscript d and w denote parameters for the main drying and wetting 

retention curves, respectively; /w d   , hysteresis ratio. 

The equivalent saturated height of the unsaturated zone for the sand was estimated 

based on the first drying curve data (cf. Table  7-3) according to, 

 (7.2) 

where   is the suction head [L],   is the volumetric moisture content [-], s and r are 

saturated and residual moisture contents respectively[-] which yields 0.331mH  . 

7.4 Numerical modelling 

 Governing equations 7.4.1

Water movement in saturated/unsaturated porous media can be described using 

Richards’ equation. The 2D vertical non-linear partial differential equation is, 

 ( ) . ( ) 0    , m e s rC S S K k h h z
t





      


 (7.3) 

where h z   is the hydraulic head [L],   is the pressure head [L], z  is the 

elevation head [L], mC  is the specific moisture capacity [L
-1

], eS  is the effective 

saturation [-], S  is the storage coefficient [L
-1

], sK  is the saturated hydraulic 

conductivity [LT
-1

], rk  is the relative permeability [-], t  is the time [T] and ∇ is the 

gradient operator.  

Here, the van Genuchten’s (1980) analytic formulas are used to describe soil retention 

curve properties as follows, 

0

r

s r

H d
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where   [L
-1

],   [-] and 1 1/m    [-] are empirical curve fitting parameters and 

0h   is the limit between  saturated and unsaturated flow. 

The relative permeability is given by, 
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The effective saturation is, 
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The specific moisture capacity is defined as, 
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 ( 7.7)  

In this paper, the FEFLOW 6.0 software package (FEFLOW, 2012) has been used to 

solve the Richards’ equation numerically by the finite element method.  

 Seepage face boundary condition 7.4.2

Generally, in the falling stage of tide, seepage face is formed and the water table exit 

point is decoupled from the ocean level. Above the exit point, due to formation of 

meniscuses pressure is negative but along the seepage face, water table is at the sand 

surface and pressure is in atmospheric pressure.  

To consider the formation of seepage face along the seaward boundary, a prescribed 

head with flux constraint method is applied in the FEFLOW simulations. In this 

method, based on the flow direction the boundary condition is switched between 

Dirichlet and Neumann boundary condition. Further details of this method can be found 

in Shoushtari et al., (2015a). 
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 Hysteresis effects 7.4.3

To consider the effects of hysteresis in the numerical model, the empirical scaling 

model of Scott et al. (1983) was implemented. In this method, drying scanning curves 

are obtained by using the van Genuchten parameters vector *( , , , )s r d     in equation 

( 7.4), where *

s  replaces s , d is the van Genuchten parameter for the first drying 

curve and *

s denotes the saturated moisture content obtained from passing the main 

drying curve through the reversal point  

where    is the moisture content at the reversal point on the main drying curve at the 

reversal pressure  .  

In a similar manner any wetting scanning curve can be obtained by using the van 

Genuchten parameters vector 
*( , , , )s r w      in equation ( 7.4), where w is the adopted 

van Genuchten parameter for the first wetting curve and *

r  denotes  the residual 

moisture content obtaining from passing the main wetting curve through the reversal 

point  

*
1

1 1

m

s w

r m

w





   


 

 



  
 

  
 

 
( 7.9) 

 

where   is the moisture content at the reversal point on the main wetting curve at the 

reversal pressure h . In this model all scanning loops have the form of equation ( 7.4). 

For further details refer to Scott et al. (1983) or to Diersch (2014). 

 Model discretization 7.4.4

For both sand column and sand flume models, a 4-noded quadrilateral mesh type with 

size of 0.01m 0.01m was used for simulations. This mesh resolution is consistent with 

other Richards’ equation models applied to similar oscillating systems (e.g. Clement et 

* ( ) 1
m

s r d r


      

    
 

 ( 7.8)  

http://link.springer.com/search?facet-creator=%22Hans-J%C3%B6rg+G.+Diersch%22
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al., 1996; Lehman et al., 1998; Ataie-Ashtiani et. al., 1999; Nielsen and Perrochet, 

2000a, b; Werner and Lockington, 2003) 

7.5 Results and discussions 

 Sand column model-data comparison  7.5.1

The sand column data of Cartwright (2014) was used for the initial model-data 

comparison.  In the hysteretic Richards’ model, the hysteresis ratio of 1.7w d     

(Kool and Parker, 1987) was used to model the hysteresis where w  and d  correspond 

to the van Genuchten parameter   (cf. equation ( 7.4)) for the wetting and drying 

curves respectively. The drying curve value d corresponds to the measured value is 

given in Table 7-1.  

 shows the model-data comparison of moisture-pressure relationships at 1.2mz   and 

1.4mz  for different oscillation periods.  
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Figure  7-3 Comparison of measured data of Cartwright (2014) (solid red lines) and 

simulated (solid blue lines) moisture-pressure relationships at 1.2mz   and 1.4mz 

for different oscillation periods. The thin lines denote the equilibrium van Genuchten 

(1980) curves (drying and wetting) based on parameters given in Table 7-1. The doted 

curve is an indicative van Genuchten (1980) curve with -13.91mw   and 3  . 

The present FEFLOW 2D model results are very similar to those obtained using the 

HYDRUS 1D model by Cartwright (2014). Although there are some quantitative 

differences between the model and data, the model can capture the general behaviour of 

moisture-pressure dynamics as the size of hysteresis loops is decreased by decreasing 

the oscillation period and the moisture-pressure dynamics become non-hysteretic for 

short periods. Table  7-4 summarizes the measured and simulated moisture content and 

suction head range for different periods at 1.2;  1.4mz  . Generally, the model 
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underestimates both moisture and pressure range in comparison with the measured data 

especially for 1.4mz  .     

Table  7-4 Measured and simulated moisture and pressure range in the 1DV sand 

column. 

T  

1.2mz    1.4mz   

range (vol/vol)   
range (m)   

range (vol/vol)   
range (m)  

Data Model  Data Model  Data Model  Data Model 

12.25 h 0.211 0.166  0.291 0.298  0.062 0.020  0.288 0.157 

6 h 0.197 0.149  0.305 0.280  0.047 0.008  0.245 0.087 

90 min 0.180 0.121  0.288 0.249  0.034 0.000  0.199 0.008 

45 min 0.151 0.089  0.252 0.210  0.020 0.000  0.136 0.000 

30 min 0.108 0.061  0.214 0.175  0.010 0.000  0.075 0.000 

20 min 0.088 0.048  0.189 0.151  0.006 0.000  0.050 0.000 

15 min 0.065 0.038  0.163 0.132  0.003 0.000  0.026 0.000 

10 min 0.057 0.032  0.145 0.116  0.002 0.000  0.016 0.000 

5 min 0.042 0.026  0.116 0.098  0.001 0.000  0.007 0.000 

2 min 0.027 0.013  0.075 0.061  0.000 0.000  0.001 0.000 

75 s 0.013 0.007  0.037 0.035  0.001 0.000  0.001 0.000 

 

   Sand flume model-data comparison 7.5.2

7.5.2.1 Moisture-pressure scanning loops 

Figure 7-4 and Figure 7-5 respectively show the measured and simulated scanning loops 

in the sand flume at 1.2mz   at different locations 0.3mx  and 0.75mx  for different 

oscillation periods. The measured equilibrium van Genuchten (1980) curves (drying and 

wetting) (cf. Table  7-3) are also shown in these figures for reference. It should be noted 

that the saturated moisture content ( s ) has been adjusted based on the maximum 

moisture content measured in the dynamic test for the longest period (i.e., 2449sT  ); 

hence 0.303(vol/vol)s   was  used  to compute the main drying and wetting curves for 

modelling purposes (i.e., respectively bold and thin lines in Figure 7-4 and Figure 7-5). 

In Figure 7-4, for all periods, the size of the hysteresis loop becomes smaller with 

increasing distance from the driving head (seaward). Furthermore, the size of hysteresis 

loop has a direct relationship with the oscillation period with a decreasing period 

resulting in a smaller loop size. This is consistent with (a) the decay of the water table 

wave with distance from the forcing and (b) a faster decay rate for shorter period 

oscillations (cf. Shoushtari et al., 2016). Also shown in Figure 7-4, the moisture-
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pressure dynamics show non-hysteretic behaviour for the shortest period (i.e., 

2449sT  ) consistent with the sand column data of Cartwright (2014) for 15minT   

(see Figure  7-3). The model qualitatively reproduces the nature of the scanning loops 

however there are some discrepancies in the size and location of loops predicted by 

model.    
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Figure 7-4 Measured scanning loops in the sand flume at 1.2mz   for different 

locations 0.3mx   (blue line) and 0.75mx   (red line) for different oscillation periods. 

The bold and thin lines denote the equilibrium van Genuchten (1980) curves (drying 

and wetting) based on parameters given in Table  7-3. Note: the saturated moisture 

content was adjusted based on the maximum measured moisture content for the longest 

period (i.e., 2449sT  ), hence  =0.303 (vol/vol)s was used to obtain the main drying 

and wetting curves.  
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Figure 7-5 Simulated scanning loops in the sand flume at 1.2mz   for different 

locations 0.3mx   (blue line) and 0.75mx   (red line) for different oscillation periods. 

Descriptions as per Figure 7-4. 
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7.5.2.2 Oscillation range: pore pressure and moisture content 

The measured and simulated oscillation range (saturated zone piezometric head, suction 

head and moisture content) as a function of oscillation period are presented in  

Figure 7-6. Both measured and simulated data show that the range of piezometric head, 

suction head and moisture content increase with increasing oscillation period (i.e., solid 

squares and circles for 0.3mx   and open squares and circles for 0.75mx   in  

Figure 7-6) consistent with the increasing the size of scanning loops (Figure 7-4 and  

Figure 7-5 ). Figure 7-4  

 



Chapter 7- 2DV moisture-pressure dynamics above groundwater waves 

113 

 

 

Figure 7-6 Measured (circles) and simulated (squares) data range of (a) piezometric 

head in the saturated part at ( , ) (0.3m,0.7m)x z  (solid symbols) and 

( , ) (0.75m,0.8m)x z  (open symbols), (b) suction head in the unsaturated part at and 

( , ) (0.3m,1.2m)x z  (solid symbols) and ( , ) (0.75m,1.2m)x z   (open symbols) and (c) 

moisture content at ( , ) (0.3m,1.2m)x z   (solid symbols) and ( , ) (0.75m,1.2m)x z   

(open symbols) respect to the oscillation period. 

The summary of the measured and simulated range and damping of the saturated zone 

piezometric head, suction head and moisture content is also presented in Table 7-5. 
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Table 7-5 The summary of measured and simulated range and relative damping for the 

saturated zone piezometric head ( h ), suction head ( ) and moisture content ( ) in the 

sand flume.  

 0.3mx    0.75mx    Damping  

 (1)  (2)  (3) 100 [(1) (2)] (1)    

( )T s  
rangeh  

range  
range   rangeh  

range  
range   rangeh  

range  
range  

(m)  (m)  (vol/vol)   (m)  (m)  (vol/vol)   (%)  (%)  (%)  

 Data           

2449 0.307 0.236 0.167  0.233 0.189 0.107  24.10 19.92 35.93 

1609 0.302 0.213 0.148  0.217 0.168 0.088  28.15 21.13 40.54 

1061 0.294 0.187 0.130  0.202 0.148 0.070  31.29 20.86 46.15 

557 0.282 0.154 0.094  0.181 0.118 0.045  35.82 23.38 52.13 

268 0.262 0.135 0.068  0.163 0.094 0.028  37.79 30.37 58.82 

 Model           

2449 0.302 0.255 0.159  0.229 0.204 0.126  24.17 20.00 20.75 

1609 0.290 0.229 0.137  0.208 0.178 0.099  28.28 22.27 27.74 

1061 0.279 0.206 0.111  0.189 0.154 0.077  32.26 25.24 30.63 

557 0.264 0.170 0.074  0.163 0.117 0.042  38.26 31.18 43.24 

268 0.250 0.130 0.042  0.139 0.079 0.021  44.40 39.23 50.00 

The model-data comparison in Table 7-5 shows that the model reproduces the measured 

data with accuracy in a range of 2-15% for hydraulic head range, -10% to +16% for 

suction head range and -18% to 38% for moisture content range.  

The relative damping is calculated as the difference in oscillation range between the two 

horizontal locations normalised by the range at 0.3mx  and expressed as a percentage. 

All three parameters exhibit an increase in relative damping with decreasing oscillation 

period consistent with the behaviour of a decaying water table wave (cf. Shoushtari et 

al., 2016). Of particular interest is that the relative damping of the suction head is less 

than the saturated zone piezometric head. This is due to the fact that the damping rate is 

inversely related to the hydraulic conductivity (e.g. Nielsen, 1990) and the mean 

hydraulic conductivity at 0.75mx  is greater than at 0.3mx   (as inferred from 

Figure 7-4 which shows that the mean moisture content is largest at 0.75mx  ). That 

is, the mean moisture content at 1.2mz   is observed to increase with distance 

landward, hence the hydraulic conductivity increases leading to a reduction in the 

pressure fluctuation decay rate. In the saturated zone, the hydraulic conductivity is 

constant and so the decay rates at 0.3mx  and 0.75mx  are the same.     
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The relative damping of the moisture content is higher than the suction head providing 

support for the idea that transmission of pressure through a porous medium is easier 

than mass transfer. This is not dissimilar to the case where the dynamic response of the 

salinity distribution (mass transfer) in coastal aquifers is less than the dynamic response 

of the watertable (pressure transfer) to tidal forcing (e.g. Robinson et al., 2006; Ataie-

Ashtiani et. al, 1999). 

7.5.2.3 Pressure fluctuation decay characteristics 

To further examine the difference in pressure fluctuation decay characteristics between 

the saturated and unsaturated zones, the ratios of unsaturated suction head range and 

saturated zone piezometric head range ( /range rangeh ) are presented in  Figure 7-7(a) and 

(b). The ratios are presented with respect to the dimensionless frequency
sH K , 

where   is the angular frequency, H  is the equivalent saturated height of the 

unsaturated zone (cf. equation (2)) and  
sK  is the saturated hydraulic conductivity (cf. 

Table  7-2).  

At both locations, the ratio /range rangeh  decreases with increasing 
sH K (i.e., 

decreasing oscillation period,T ). This indicates that, with decreasing oscillation period, 

the rate of decay in the unsaturated zone increases more than in the saturated zone. This 

is consistent with the fact that the time scale for the unsaturated zone to adjust to water 

table motion is greater than the saturated zone pressure. 

 Figure 7-7 also shows that the ratio is greater at 0.75mx  than 0.3mx  consistent 

with an unsaturated zone damping rate which decreases further landward as discussed 

above. 
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Figure 7-7 Measured (circles) (a) and simulated (squares) (b) data of the ratio of suction 

head range to piezometric head range (i.e., /range rangeh ) at 0.3mx   (solid symbols) 

and at 0.75mx   (open symbols) respect to dimensionless frequency, / sH K . 

Parameters used were 0.331mH  and 44.7 10 (m/s)sK   . 

7.5.2.4 Harmonic analysis 

To examine the existence of any higher harmonic generation, the amplitudes and phases 

of both the measured and simulated data were extracted using harmonic analysis with 

the harmonic components summarized in Table  7-6. The value of the third harmonic 

amplitude was found to be insignificant ( 3 0.004mR  ) and has been excluded from the 

analysis.  

The ratio of the second harmonic amplitude to the fundamental mode ( 2 1/R R ) indicates 

the relative significance of higher harmonics. Noting that the second harmonic in the 
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sand flume driving head is of the order 10% of the primary harmonic, there is no 

evidence of higher harmonic generation in the interior of the sand flume in either the 

saturated or unsaturated zones where the observed 2 1/ 10%R R   for all locations and 

parameters.  

In the case of the model however (where the driving head is purely simple harmonic, 

2 1/ 0R R  ), there is evidence of the generation of higher harmonics, particularly in the 

unsaturated zone. This model-data discrepancy is the likely the result of the model 

being unable to predict the absolute positions of the measured scanning loops (cf. 

Figure 7-4 and Figure 7-5). The laboratory data shows a reduction in the maximum 

saturation with decreasing oscillation period while the simulated scanning loops remain 

closer to saturated conditions for all periods.  

The parameter 1 1o   shows the phase lag for the first harmonic phase (i.e., 1 ) of each 

parameters at ( , )x z respect to the first harmonic phase of driving head at (i.e., 1o ). 

( , ) (0,0)x z  . As shown in Table  7-6, both the flume data and model show an 

increasing phase lag with increasing distance landward and with higher elevation with 

respect to ( , ) (0,0)x z  . In addition, in both data and model, there is a phase lag between 

suction head and moisture content at the same location indicating that moisture content 

has a larger response time in adjusting to the underlying water table.  
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Table  7-6 The summary of measured and simulated ratio of the second harmonic 

amplitude to the fundamental mode ( 2 1/R R ) and the phase lag for the first harmonic 

phase respect to the first harmonic phase of driving head ( 1 1o  ) for saturated zone 

piezometric head ( h ), suction head ( ) and moisture content ( ). 

    Data  Model 

 (m)x  (m)z   2 1/R R ( )  1 1o  (rad)   2 1/R R ( )  1 1o  (rad)  

2449sT           

 

h  

0.00 0.00  0.104 0.000  0.000 0.000 

0.30 0.70  0.081 0.105  0.029 0.349 

0.75 0.80  0.080 0.266  0.040 0.521 

  0.30 1.20  0.061 0.384  0.104 0.571 

0.75 1.20  0.072 0.464  0.070 0.694 

  
0.30 1.20  0.004 0.682  0.170 0.994 

0.75 1.20  0.030 0.829  0.136 1.145 

1609sT           

 

h  

0.00 0.00  0.102 0.000  0.001 0.000 

0.30 0.70  0.093 0.100  0.031 0.352 

0.75 0.80  0.077 0.282  0.044 0.538 

  0.30 1.20  0.032 0.447  0.115 0.619 

0.75 1.20  0.063 0.518  0.076 0.753 

  
0.30 1.20  0.060 0.733  0.176 1.055 

0.75 1.20  0.051 0.863  0.135 1.198 

1061sT           

 

h  

0.00 0.00  0.108 0.000  0.000 0.000 

0.30 0.70  0.109 0.115  0.038 0.356 

0.75 0.80  0.076 0.301  0.053 0.554 

  0.30 1.20  0.064 0.529  0.136 0.677 

0.75 1.20  0.052 0.590  0.089 0.819 

  
0.30 1.20  0.094 0.796  0.175 1.126 

0.75 1.20  0.085 0.878  0.131 1.251 

557sT           

 

h  

 

0.00 0.00  0.103 0.000  0.000 0.000 

0.30 0.70  0.064 0.138  0.043 0.112 

0.75 0.80  0.049 0.325  0.058 0.317 

  0.30 1.20  0.066 0.654  0.157 0.521 

0.75 1.20  0.057 0.685  0.097 0.675 

   
0.30 1.20  0.106 0.832  0.164 0.959 

0.75 1.20  0.076 0.894  0.129 1.045 

268sT           

 

h  

0.00 0.00  0.100 0.000  0.002 0.000 

0.30 0.70  0.071 0.121  0.040 0.095 

0.75 0.80  0.067 0.317  0.049 0.289 

   0.30 1.20  0.046 0.908  0.160 0.594 

0.75 1.20  0.029 0.824  0.091 0.779 

   
0.30 1.20  0.095 0.851  0.132 0.992 

0.75 1.20  0.070 0.985  0.105 1.061 
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7.6 Conclusion 

New sand flume experiments have been conducted to examine 2DV moisture-pressure 

dynamics above a progressive watertable wave in an unconfined aquifer. The data 

clearly show the formation of scanning loops in the unsaturated zone with the size of the 

loops decreasing with both decreasing oscillation period and increasing distance from 

the driving head boundary. At the shortest period ( 2449sT  ), the scanning loops 

collapsed to a single curve indicating non-hysteretic behaviour at the higher frequency. 

This observation is consistent with the observed moisture-pressure dynamics in the 1DV 

sand column experiments of Cartwright (2014). It is noted that, in both the 1DV and 

2DV cases, the overall slope of the non-hysteretic scanning loop (the capillary capacity) 

is qualitatively different to the measured static equilibrium wetting and drying curves.  

The data was further analysed by extracting the range and relative damping for each of 

the piezometric head, suction head and moisture content. The data showed that the 

range of these parameters is increased by increasing the oscillation period which 

indicates increasing the size of scanning loops. Of particular interest is that the relative 

damping of the suction head is less than the saturated zone piezometric head which is 

likely due to the fact that the mean moisture content (and hence hydraulic conductivity) 

was observed to increase with landward distance. The relative damping of the moisture 

content is the highest of all parameters providing support for the idea that transmission 

of pressure through a porous medium occurs more readily than mass transfer. 

The difference in pressure fluctuation decay rates between the unsaturated and saturated 

zones were further examined through the ratio of the range in suction head to 

piezometric head range (i.e., /range rangeh ).  For both locations (i.e., 0.3;0.75mx  ) this 

ratio decreased with increasing / sH K  (i.e., decreasing oscillation period,T ) with 

the fact that the time scale for the unsaturated zone to adjust to water table motion is 

greater than the saturated zone pressure. 

Harmonic analysis of the time series revealed that there was no observable generation of 

higher harmonics in any parameter. The phase lag between measured parameters (i.e., 

piezometric head, suction head and moisture content) and the driving head at 

( , ) (0,0)x z   was found to increase with increasing distance landward and elevation in 

the aquifer. In addition, a phase lag exists between the suction head and moisture 
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content measured at the same location, indicating more time is needed for the moisture 

content to respond to water table fluctuations than the suction head.  

The new data facilitated the evaluation of a numerical solution of a hysteretic  Richards’ 

equation . The simulated scanning loops showed some of the same qualitative behaviour 

as observed in the data. In terms of parameter fluctuation ranges, the model can 

reproduce the measured data with accuracy of 2-15% (saturated zone piezometric head), 

-10% to16% (suction head) and -18% to 38% (moisture content). The model also 

generally over predicted the ratio of /range rangeh  in a range of 1-18% at 0.3mx   and -

2% to11% at 0.75mx  . Comparison the results of harmonic analysis for data and 

model showed that in terms of average value for piezometric head, suction head and 

moisture content, the model prediction is in a range of -4% to 26%. Both data and 

model also demonstrated that the moisture content responds slower than the suction 

head to the underlying water table motion. Whilst the model performed reasonably well 

in terms of the observed dynamic ranges, it was unable to predict the absolute positions 

of the scanning loops. 

 

 



 

121 

 

  Chapter 8

Conclusions and recommendations 

8.1 Summary of findings 

In this research, groundwater dynamics in a sandy unconfined aquifer have been 

investigated using laboratory experiments and numerical simulations. The collected data 

were also used to examine the prediction capability of existing theories and numerical 

models. 

In Chapter 3, the influence of seepage face and meniscus formation on the piezometric 

head distribution at a vertical boundary were investigated using detailed laboratory sand 

flume data. The data demonstrate the importance of (a) higher harmonics generated in 

the pore water pressure time series at locations above the water table; (b) reduction of 

mean pressure head and pressure head range in the unsaturated zone due to formation of 

meniscuses and capillary suction and; (c) the increase in the phase lag related to the 

driving head at higher elevation because of non-hydrostatic behaviour. The laboratory 

data indicate the importance of seepage face formation, and it should be considered in 

the unsaturated flow numerical models. Hence, a numerical solution of Richards’ 

equation was developed, which evaluated the implementation of a seepage face 

boundary condition through two different approaches. The first method used a mixed 

(Cauchy) type boundary condition with appropriate logic statements to switch between 

a Dirichlet and Neumann boundary condition. In the second method, a prescribed head 

was combined with a flux constraint condition to switch between the Dirichlet and the 

Neumann boundary condition. Both methods showed the same results in capturing the 

influence of seepage face and meniscus formation on the pressure along the boundary. 

The model-data comparisons of the pressure head distribution along the boundary in the 

unsaturated zone showed good agreement, but the model results were sensitive to the 

choice of moisture retention parameters. Adjusting these parameters to those observed 

in the sand column experiments of Cartwright (2014) reduced the model-data 

discrepancies.  The simulated results of mean pressure head and harmonic components 

were in good agreement with the measured data. 
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In Chapter 4, a numerical solution of Richards’ (Richards, 1931) unsaturated 

groundwater flow equation with a seepage face boundary condition was used to 

consider the influence of hysteresis in moisture-pressure dynamics on the dispersive 

properties of groundwater waves for simple harmonic forcing, acting across a sloping 

boundary. The sand flume data of Cartwright et al. (2004c) were then used to verify the 

numerical model. The model-data comparison shows that either hysteretic or non-

hysteretic models can adequately predict groundwater wave propagation, as observed by 

Cartwright et al. (2004c). The model was also used in a parametric analysis to further 

study the  hysteresis effects on the water table wave propagation for oscillation periods 

ranging from 3minT  to 180minT  . The parametric study results indicate that for 

short periods such as wind waves ( 10sT  ) the influence of hysteresis on groundwater 

wave dispersion is not significant and that similar results can be obtained using a non-

hysteretic model. However, the influence of hysteresis became important for longer 

periods. As such, when modelling dynamics driven by tides ( 12.25hT  ) and storm 

surges (T days ), hysteresis should be taken into account in numerical models.  

In Chapter 5, a new comprehensive data set was collected in the sand flume, subject to a 

simple harmonic oscillation force along a vertical boundary, to investigate the effects of 

oscillation period on the propagation of groundwater waves in an unconfined aquifer. 

This data set covers a much wider range of non-dimensional aquifer depths (

4 / 415n d K  ) than has been previously studied  

( / 41n d K  ). The water table wave dissipation properties were determined by 

extracting a complex water table wave number r ik k ik   where rk  represents the 

amplitude decay rate, and ik  represents the rate of increase in phase lag as the wave 

travels into the aquifer.  The data indicates a monotonic increase in both rk  and ik  with 

increasing /n d K , which is in contrast with existing theoretical dispersion relations 

which predict (1) zero phase lag ( 0ik d  ) and (2) asymptotic decay rate ( / 2rk d  ) 

in the limit as /n d K  . To find the source of discrepancy observed in the data , 

several factors, such as the influence of sand packing, measurement location, finite 

wave amplitude, unsaturated zone truncation and higher wave modes, were examined 

but none could explain the discrepancy.  

In addition, a numerical solution of Richards’ equation was used to simulate the sand 

flume experiments, but the model results showed the same discrepancy demonstrated in 
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the analytical solutions. The cause of the discrepancy remains unexplained and requires 

further investigation. 

In Chapter 6, the influence of porous media deformation on water table wave 

propagation has been studied using a numerical model to solve the poro-elastic 

equation. Again, the water table wave propagation was quantified using the complex 

water table wave number. A sensitivity analysis was also conducted to examine the 

importance of the main parameters (i.e., Young’s modulus ( E ) and Poisson’s ratio ( ) 

of the sand) in the poro-elastic model. It was found that the model is generally 

insensitive to these parameters; the exceptation was the imaginary part of the water 

table wave number for shorter period oscillations, which demonstrates an inverse 

relationship with both parameters. The poro-elastioc model results were then compared 

with the predictions of the non-hysteretic and hysteretic Richards’ models and 

laboratory data of Shoushtari et al. (2016) (cf. Chapter 5). This comparison indicates 

that for longer periods the influence of porous media deformation on water table wave 

propagation is negligible, and whilst this influence is greater for shorter periods, it still 

cannot explain the model-data discrepancy observed in Chapter 5. 

In Chapter 7, a new laboratory dataset was presented on the moisture-pressure 

relationship above a dispersive groundwater wave in a 2DV unconfined sand flume 

aquifer for different oscillation periods ranging from 268s to 2449s. Consistent with the 

sand column experiments of Cartwright (2014), the data showed that the size of 

scanning loops decreases with decreasing the oscillation period and with distance from 

the driving head boundary. The scanning loops also showed non-hysteretic behavior at 

the shortest period ( 268sT  ). The moisture-pressure dynamics were examined further 

by extracting the oscillation range and relative damping of piezometric head in the 

saturated zone, the suction head and moisture content in the unsaturated zone.  The data 

showed that the range of these parameters is increased by increasing the oscillation 

period. The ratio of the range in suction head in the unsaturated zone to the piezometric 

head range in the saturated zone (i.e., /range rangeh )  was used to examine  the difference 

in pressure fluctuation decay rates between the unsaturated and saturated zones. This 

ratio decreased with increasing / sH K  (i.e., decreasing oscillation period, T ), noting 

the fact that the time scale for the unsaturated zone to adjust to water table motion is 

greater than the saturated zone pressure. 
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Harmonic analysis was also used to extract the amplitudes and phases of the 

piezometric head, suction head and moisture content to examine the generation of 

higher harmonics. Harmonic analysis of data showed that the phase lag between 

measured parameters (i.e., piezometric head, suction head and moisture content) and the 

driving head at ( , ) (0,0)x z    increased with increasing distance landward and elevation 

in the aquifer. In addition, a phase lag exists between the suction head and moisture 

content measured at the same location, indicating that more time is needed for the 

moisture content to respond to water table fluctuations than the suction head.  

The data was then used to evaluate the numerical solution of a hysteretic Richards’ 

equation model. Comparison of measured and simulated scanning loops shows that the 

model can qualitatively reproduce the observed moisture-pressure dynamics with 

respect to the dynamic range and decay rates. In terms of the dynamic range of 

parameters, the model has an accuracy of 2-15% in the saturated zone piezometric head, 

-10% to16% in the unsaturated zone suction head range, and -18% to 38% in the 

moisture content range.  

8.2 Recommendations for future research 

The findings of this research have highlighted some research gaps that need to be 

addressed in future studies. These can be summarized in the following topics: 

 Improve existing analytical and numerical models to obtain better results in 

comparison with the collected data in terms of seepage face formation, 

hysteresis effects and water table wave propagation.  

 Consider the effects of anisotropy in porous media, air encapsulation and  

two-phase flow on the ground water dynamics in the numerical models. 

 Extend the 2DV sand flume experiments on moisture-pressure dynamics to 

cover a wider range of oscillation periods and increase the measurement 

locations in the unsaturated zone. 

 Develop a fully coupled numerical model to simulate swash-unsaturated flow 

interaction to include the effects of meniscus formation at the sand surface.     
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Appendix-A 

Capillary free time-averaged pressure 

head profile  

Below the low level of driving head the time averaged piezometric head in the reservoir 

is d . Above the low level of driving head, in a capillarity free scenario (zero pressure at 

all points above water), it is given by 
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where ( )ut z , respectively ( )dt z are the time of zero upcrossing and downcrossing for the 

water surface through the level z 𝑧, i .e., 1( / 2 )cos ( / )ut T z A   and 
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and the corresponding mean pressure head 
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