
Geometric phase gates and
development of dedicated laser

sources for quantum computing.

By

Mahmood Irtiza Hussain

Master of Philosophy in Applied Physics

Submitted in fulfilment of

the requirements of the degree of

Doctor of Philosophy

Principal Supervisor:

Dr. Erik W. Streed, Dr. Mirko Lobino

Associate Supervisor:

Prof. Geoff Pryde

School of Natural Sciences,

Griffith University,

Australia.

July 18, 2017



c© Copyright 2017

by

Mahmood Irtiza Hussain

i



This work has not previously been submitted for a degree or

diploma in any university. To the best of my knowledge and belief,

the thesis contains no material previously published or written by

another person except where due reference is made in the thesis

itself.

Mahmood Irtiza Hussain

ii



Acknowledgments

A well isolated environment can be ideal for a quantum system to perform efficiently. Un-

like this a PhD student needs to interact with many people during the course to complete

a research project timely. Having said that, here is a list of people whom I would like to

pay my deepest and profound gratitude. I would like to thank my first principal supervisor

Prof. David Kielpinski, who accepted me to work in his research group and guided me like

a professional physicist. Later on, sudden news about his permanent departure to USA at

the stage when I was really close to finish a project was quite challenging. Nevertheless,

Dr. Erik Streed and Dr. Mirko Lobino took me under their wings as new advisers with

their instrumental counselling to complete my PhD thesis. My special thanks goes to Dr.

Tim Byrnes from New York University, with whom I did some theoretical work mentioned

in the thesis. Beside these, my lab fellows including Matthew Petrasiunas, Valdis Blums,

Paul Fisher, Dr. Ben Norton and Dr. Moji Ghadimi were very instructive and helping

during my stay at Griffith University.

Above all, I have no words to thank my parents and family for their selfless support

over the years.

An experimental research project is no more than a dream without money. Therefore,

I would like to say a big thanks to all the funding agencies who were linked to this project,

directly or indirectly from the beginning to end, including Griffith University for their

international postgraduate research and postgraduate research scholarships, the US air

force and the Australian research council.

iii



Abstract

Trapped ions are a promising approach towards practical quantum computing. One of the

main challenges in making it robust against decoherence is to enhance the speed of multi-

qubit gates. To date, experimental investigations to implement the two-qubit gate rely

on resolving the motional sidebands of a particular collective frequency mode in the trap,

cooled near the quantum ground state; imposing limitations on the intensities of lasers

and speed of the gate. To circumvent this problem, one solution is to make operations

independent of the initial motional state or temperature of the ions, where the quantum

ground state cooling is not required, known as the geometric phase gates. This thesis

covers the theoretical studies on the geometric phase gates and experimental studies on

the development of suitable laser sources to realise these gates in atomic systems/trapped

ions. The experimental realisation of these gates requires ultrafast and high repetition

rate ultraviolet laser sources with controlled pulse sequences, which were not previously

available. We have successfully engineered such a laser system to enable the resonant

fast two-qubit gate in trapped ions. The improvement in the gate speed and fidelity

is estimated with our fast-gate laser source. The potential experimental constraints on

performing resonant π laser pulses for the two-qubit fast gate are discussed and possible

solutions are given.

iv



Contents

Abstract iv

Contents iv

List of Figures vii

1 Introduction 3

1.1 Quantum logic gates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.1.1 Single qubit gates . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.1.2 Multi-qubit gates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.2 Entangling gates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.2.1 Ion trapping . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.2.2 Cirac-Zoller gate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

1.2.3 Mølmer-Sørensen gate . . . . . . . . . . . . . . . . . . . . . . . . . . 21

1.2.4 Geometric phase gate . . . . . . . . . . . . . . . . . . . . . . . . . . 24

1.3 Thesis Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2 Geometric phase gate in Bose-Einstein-condensates 39

3 Geometric phase gate in single atomic spins 48

4 Ultrafast 554.3 nm fibre laser source 58

5 Ultrafast 369.5nm fibre laser source 67

6 Graphene based ultrafast laser 80

v



7 Outlook and conclusions 86

7.0.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

References 91

vi



List of Figures

1.1 A Bloch sphere, which is a pictorial representation of a qubit. Poles of the

sphere depict logical states |0〉 and |1〉, while points on the surface shows

all possible pure superposition states. . . . . . . . . . . . . . . . . . . . . . . 4

1.2 Application of single qubit gates on the quantum states of a qubit repre-

sented by dashed red lines. a) and b) show the Hadamard gate operation on

the basis state |0〉 and |1〉 respectively, c) depicts the Pauli X gate operation

on the state |0〉. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.3 Application of single-qubit gates on a quantum state (α|0〉+ β|1〉) which is

in the superposition of two states, input state (left side of box), output state

(right side of box). A box with letter inside is the general representation of

single qubit gates. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.4 Configurations of the electric field in a radio-frequency Paul trap. Red

arrows show a configuration that is not possible. Black arrows indicate a

possible configuration of electric field. An effective trapping potential can

be generated by rapid switching between electric field directions which are

shown in black -dotted and -solid lines. . . . . . . . . . . . . . . . . . . . . . 15

1.5 (a) shows reduced energy level diagram of the Yb ion. Solid lines show

various transitions; dashed arrow indicates the radiative decays via sponta-

neous emission. The branching ratios for 2P1/2 and 2D5/2 states have been

shown with probabilities of decay into the ground and metastable state. (b)

indicates the lasers assisted ionization mechanism in Yb atom. . . . . . . . 16

vii



1

1.6 Diagram showing chain of ions trapped in the linear trap. Two ions 1 and

2 are illuminated by the laser beams coupled with the hyperfine and the

electronic energy states as shown in the enlarged image of reduced energy

levels associated with each ion. Hollow and solid circles represent initial

and final states of electron during transitions to map vibrational state to

motion, phase acquisition, and returning motional state back to vibration.

Black arrows up and down depict effective spin associated with the ground

state, arising from the nuclear and the electronic spin couplings. . . . . . . 19

1.7 Reduced energy level diagram showing two-level ions with an intermediate

(virtual) state of the combined two-ion system. Arrows depict various tran-

sitions occurring via different quantized vibrational levels to accomplish the

Mølmer-Sørensen gate protocol as explained in the text. . . . . . . . . . . . 22

1.8 Arbitrary graphical representation of the forces/kicks in the rotating phase

space on the coherent state in the initial position shown as a red circle.

Each vector depicts a force applied at a certain time in different directions

such that the coherent state |α〉 restored to the initial position. . . . . . . . 27

1.9 Brown: shows the generation of the octave span supercontinuum. Red:

the remaining supercontinuum light spectrum after spectral slicing through

the chirped fibre Bragg gratings. The maximum peak of the spectrum is

roughly sitting at 1108.6 nm and rest of spectrum has been dropped out.

The amplified spontaneous emission after amplification is visible on the

edges of filtered spectrum. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

7.1 Re-pumper laser modulation: Photomultiplier counts from an ion as a result

of the re-pumper laser switching. A square wave signal with 1 ms time

period and duty cycle of 50% is used for switching. Shelving the ion in the

dark state begins when the re-pumper laser turns off at 500 µs. . . . . . . . 87



2

7.2 Re-pumper and cooling laser modulation: Photomultiplier counts from an

ion as a result of the switched re-pumper and cooling lasers. The cooling

laser is switched with 500 µs time period signal and duty-cycle of 50%.

Sharp peaks 1 and 2 are counts with integration time of 0.5 s from single

UV pulses. Peak 1 contains pulse-ion counts when cooling laser is OFF and

re-pumper is ON. Peak 2 is the background counts from pulsed laser when

the ion is shelved in the D3/2 state. . . . . . . . . . . . . . . . . . . . . . . . 88



Chapter 1

Introduction

The evolution of computing machines starts from electromechanical relays and progresses

through vacuum tubes and then transistors, which were eventually replaced by silicon-

based integrated circuits. This transition not only revolutionised the entire computer

architecture but also its computational speed. Consequently modern computers have had

a humongous impact in numerous fields, including scientific research, healthcare, manu-

facturing, and entertainment. Since then, assiduous efforts have been exerted to enhance

the speed and shrink the size of computing devices. This technological trend of miniatur-

ization and enhanced speed might face some severe limitations in the future due to the

conflict between Moore’s Law [1] and the limit of the quantum/atomic nature of matter.

According to Moore’s observation, the doubling of transistors density every two years onto

the integrated circuit roughly doubles the processing power as well. At the point that a

transistor consists of an atom or less this law obviously cannot continue in its present

form. One way to address the long-term problems with Moore’s prediction is to look into

another computational paradigm based on quantum physics principles, where scales can

be comparable to the individual quantum systems. In this pursuit, the discovery of the

Deutsch-Jozsa algorithm set the first example of a quantum algorithm that can be ex-

ponentially faster than their conventional counterparts [2]. The development of quantum

error correction protocols strengthened the plausibility for the novel idea of quantum in-

formation processing (QIP) [3]. Later on, formulations of Shor’s algorithm (finding prime

factors of a number) [4], Grover’s algorithm (searching unsorted databases) [5] and the

Cirac-Zoller technical proposal for building a quantum computer [6] motivated further

efforts. In this context, new fields known as quantum computing and QIP have emerged

which will allow us to harness this exponentially faster processing power using fundamen-

3



4 CHAPTER 1. INTRODUCTION

0

1

x



y

z





Figure 1.1: A Bloch sphere, which is a pictorial representation of a qubit. Poles of the
sphere depict logical states |0〉 and |1〉, while points on the surface shows all possible pure
superposition states.

tal quantum systems. A dramatic improvement can be foreseen to solve problems relying

on the massive number factoring which are impractical to be addressed with available

technology due to the intensive resource requirements [7, 8, 9]. Applications linked with

QIP include quantum cryptography (secure communications) [10, 11, 12, 13, 14, 15], quan-

tum simulations (understanding complex quantum phenomenons with quantum systems)

[16, 17, 18, 19, 20], quantum super-dense coding (transferring two classical bits via single

qubit) [21, 22, 23], and quantum random number generation (randomness in the numbers)

[24]. In contrast to QIP, the conventional ways of information processing is often called

classical. The classical information processing uses string of bits that are either a 0 or a

1. In QIP, the bit is replaced by the quantum bit, or qubit, as the elementary informa-

tion unit. Unlike bits, qubits can be envisaged as a two-state quantum system which can

exist in different possible states, i.e., 0, 1, and superpositions of 0 and 1, which represent

the superpositions of the two quantum states. So we can represent the qubit as a linear

combinations of two logical states as,

|ψ〉 = α|0〉+ β|1〉, (1.1)
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where α and β are probability amplitudes satisfying the normalisation requirement, |α|2 +

|β|2 = 1. |0〉 and |1〉 form the computational basis (orthogonal states) of the qubit, which

can be represented in a vectorial form as follows

|1〉 =


0

1


 , (1.2)

|0〉 =


1

0


 . (1.3)

This is one of the quantum mechanical traits associated with qubits making QIP distin-

guishable from classical techniques of information processing. The qubit is represented

in the form of a Bloch sphere, which provides a clear understanding to visualise different

pure states of a qubit as shown in Fig. 1.1. The Bloch sphere is an unit sphere with

opposite antipodal points (north and south poles) depicting a two state physical system,

for instance, ground and excited state of an atom, the spin of an electron (up and down)

or the horizontal and vertical polarization states of a photon. One conceptual way to

describe a qubit is the geometric representation satisfying the normalisation conditions,

we can rewrite the qubit definition mentioned above as [7],

|ψ〉 = cos
θ

2
|0〉+ eiφ sin

θ

2
|1〉, (1.4)

where, θ and φ are the polar and the azimuthal angles respectively, 0 ≤ θ ≤ π and

0 ≤ φ ≤ 2π, enough to locate the position of a vector on the Bloch sphere. In a state vec-

tor instead of θ, the half angle θ/2 is considered for convention, so that the angle appearing

in the Bloch sphere remains consistent with it. The significance of the half angle can be un-

derstood by considering the following example. Suppose θ/2 = 0, π/2 ⇒ |ψ〉 = |0〉, eiφ|1〉.
That is how antipodal points are orthogonal also it means for 0 ≤ θ/2 ≤ π/2, may yield

all points on the sphere. Another feature of QIP is that qubits can exhibit correlations

that are classically impossible, generally known as quantum correlations. Entanglement

is one form of quantum correlation with utmost importance and an indispensable ingre-

dient for QIP [25]. Fast and robust two or multi-qubit gates to produce entanglement

are key goals for information processing using quantum states. Gates for the generation
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of entanglement will be described in the next sections of this chapter. There is a class

of quantum states which are fragile due to their interaction with the environment, as a

result, entanglement vanishes swiftly [26] which is a major problem to overcome. That

is the reason, entanglement generation schemes robust against environmental noise, and

entanglement preservation is a hot topic in quantum information science [27, 28, 29, 30].

Quantum non-demolition (QND) measurements (which keep the state of the quantum

system unperturbed) are implemented by repeated error detection and show that QND

measurements can preserve the integrity of the quantum state [31]. Spontaneous emission

induced finite-time disentanglement (entanglement loss due to enhanced decoherence) has

been studied in the situation where two atoms are trapped in separate cavities [32, 33].

However, the probability of a single excited atom to decay in the ground state follows an

asymptotic trend [34].

Several theoretical schemes have been suggested in the context of entanglement produc-

tion and to make it robust against the external noise [35, 36, 37, 38, 39]. But unfortunately

experimentally it is hard to implement such schemes with high fidelity. Therefore, it re-

mains a distinctive open question for experimentalists on how to make QIP robust and

scalable.

QIP has been studied in different physical systems including trapped ions [40, 41, 42,

43, 44, 45], cold atoms [46], superconducting qubits [47, 48], nuclear spins [49], photonic-

qubits/single photons [50, 51, 52, 53, 54, 55, 56], coherent spin ensembles/Bose-Einstein

condensates (BEC) [57, 58, 59], and quantum dots [60, 61, 62]. Amongst them, trapped

ions are one of the leading candidates for quantum computing as they provide efficient

control due to their charged nature and they can be stored and confined in free space for

days with minimal background perturbations. Meaningful quantum computation requires

the following criteria to be fulfilled by any physical system [25];

• It should have distinct quantum states to define a qubit for information storage, like

electronic states [63] and hyperfine states [64] in trapped ions.

• Initialisation of the qubit in the desired state of the system. Trapped ions can be

initialised into well-defined states through optical pumping by spontaneous emission.

• Manipulation of information, done by application of externally controlled perturba-

tions in a quantum system, so-called gates, which include single- and multi-qubit
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gates as explained in the next section.

• Qubits must be scalable to large numbers and well characterised after scaling. Be-

cause ions are charged, they can be held at distinct locations in the trap and with

sufficient separation to be individually addressed optically [65].

• The ability to generate entanglement between qubits. Depending on the nature

of the physical qubits, we need to design suitable gate protocols for entanglement

generation. Coulomb forces between ions induce interactions between them, allowing

deterministic entanglement generation [66]. Coupling between ions can occur not

only due to Coulomb forces but mediated by photons as well, which paves the way

to initiate photon based remote entanglement generation for long distance quantum

networking and communication [67, 68, 69].

• Capable of measuring the state of the qubit in a specific basis.

• High isolation of the qubits from the environment to maintain long coherence times.

Clock states in ions are excellent for storing information because they exhibit long

coherence lifetimes and are less sensitive to fluctuations in external magnetic fields.

They have a record high coherence time of several minutes [65].

1.1 Quantum logic gates

Quantum logic gates are unitary operations (U) that evolve the qubit(s) into different

states, satisfying the condition

UU † = U †U = I, (1.5)

where I is the identity operator. If H represents a Hermitian operator, then U = eiHt

is unitary and reversible. Matrices are one of the standard ways to express quantum

operators (gates). A matrix with degree 2n is the most general form a quantum gate,

where n depicts the number of qubits. Therefore, for n = 1 we have degree of matrix 2,

which is a 2×2 matrix for a single-qubit quantum gate. Similarly, for multi-qubit gates

we require matrices with higher dimensions.
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Figure 1.2: Application of single qubit gates on the quantum states of a qubit represented
by dashed red lines. a) and b) show the Hadamard gate operation on the basis state |0〉
and |1〉 respectively, c) depicts the Pauli X gate operation on the state |0〉.

1.1.1 Single qubit gates

Mathematically, we can represent any single-qubit local unitary operator by a two dimen-

sional SU(2) group of unitary matrix, as of the form [35],

U(θ, φ) =


 e−iφ cos θ/2 sin θ/2

− sin θ/2 eiφ cos θ/2


 ,

where 0 ≤ θ ≤ π and 0 ≤ φ ≤ π/2. Fixing the values of θ and φ we can write various

gates, such as

U(0, 0) = I = |0〉〈0|+ |1〉〈1|, (1.6)

U(0, π) = Z = |0〉〈0| − |1〉〈1|, (1.7)

U(0, π) ·U(π, 0) = X = |0〉〈1|+ |1〉〈0|. (1.8)

In matrix form single-qubit quantum gates can be written as,

I =


 1 0

0 1


 X =


 0 1

1 0




Y =


 0 −i

i 0


 Z =


 1 0

0 −1


 .
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Figure 1.3: Application of single-qubit gates on a quantum state (α|0〉+ β|1〉) which is in
the superposition of two states, input state (left side of box), output state (right side of
box). A box with letter inside is the general representation of single qubit gates.

These are basic single-qubit gates. I,X, Y, and Z are notations for the identity operator

I, the Pauli X gate/quantum NOT gate, the Pauli Y gate and the Pauli Z gate/quantum

phase gate respectively. Similarly, the quantum Hadamard gate is a very useful gate to

produce superposition of the input states. In computational basis the Hadamard matrix

representation is as follows,

H =
1√
2


 1 1

1 −1


 .

Operation of the Hadamard gate on single computation basis states is,

H|0〉 =
1√
2

(|0〉+ |1〉),

H|1〉 =
1√
2

(|0〉 − |1〉). (1.9)

Two Hadamard operations give the identity operator, or, a state will remain unchanged if

H is applied twice. Because, like many other quantum logic gates, it performs a definite

unitary operation, which can be proved by simple multiplication of the Hadamard matrices,

or in a state vector form we can redefine the Hadamard gate as,

H =
1√
2

[|0〉〈0|+ |0〉〈1|+ |1〉〈0| − |1〉〈1|], (1.10)

H2 =
1

2
[|0〉〈0|+ |0〉〈1|+ |1〉〈0| − |1〉〈1|][|0〉〈0|+ |0〉〈1|+ |1〉〈0| − |1〉〈1|], (1.11)

H2 = I = |0〉〈0|+ |1〉〈1|. (1.12)
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1.1.2 Multi-qubit gates

Using these basic gates we can produce two- and three- qubit gates i.e. |0〉〈0|⊗ I +

|1〉〈1|⊗U , where
⊗

represents the tensor product and I is the identity operator such that

qubit state will remain unchanged after its application. U can be any unitary operator,

like, the Pauli matrices, etc. The most common examples of such two-qubit gates are

controlled NOT (CNOT), controlled phase gate, and SWAP gates. The CNOT gate is

important because together with other single-qubit gates, they form a universal set of

gates for quantum computation [8]. A universal gate set has sufficient tools and logic to

construct any desired form of quantum logic circuit. In other words we can combine these

gates to produce any arbitrary gate from this set. In a CNOT gate the target qubit state

is controlled by the state of the control qubit. The target qubit flips if the control qubit

is in state 1 which is similar to the output of the classical XOR gate, as given below

|00〉 −→ |00〉 |01〉 −→ |01〉
|10〉 −→ |11〉 |11〉 −→ |10〉

In matrix form we can write,

CNOT =




1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0



.

The quantum NOT gate part of the matrix is highlighted red and identity part is left

black. The two-qubit SWAP operation in computational basis is listed below,

|00〉 −→ |00〉 |01〉 −→ |10〉
|10〉 −→ |01〉 |11〉 −→ |11〉

In matrix form,

SWAP =




1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1



.
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The Tofolli gate is a three qubit controlled operation, which has two control qubits and

one target qubit. The state of the target qubit is dependent on the states of the control

qubits. A series of single qubit and two-qubit gates are required to implement this gate;

six CNOT and ten single qubit operations can construct the Tofolli gate [70], that make

its realisation harder in two level systems due to enhanced decoherence. However, it has

been experimentally shown that the theoretical number of elementary operations can be

reduced by using three level superconducting transmon systems coupled to a microwave

resonator [71]. The effect of the Toffoli gate on the logic basis states is

|000〉 −→ |000〉 |001〉 −→ |001〉
|010〉 −→ |010〉 |011〉 −→ |011〉
|100〉 −→ |100〉 |101〉 −→ |101〉
|110〉 −→ |111〉 |111〉 −→ |110〉

Since the Toffoli gate is a three qubit gate, an 8×8 permutation matrix representation is

required to describe this gate,

Toffoli =




1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1

0 0 0 0 0 0 1 0




.

The quantum Fredkin gate provides a controlled SWAP operation, which means when

the control bit is one the other two qubits will SWAP their polarity (|1〉 ←→ |0〉) as

described above. It is important because this gate not only holds conservation of “mass”

in terms of the total counts of 1’s vs. 0’s, but it also allows the construction of the large

quantum circuits with fewer resources, as demonstrated experimentally [72]. The effect of
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the Fredkin gate in the logic basis is

|000〉 −→ |000〉 |001〉 −→ |001〉
|010〉 −→ |010〉 |011〉 −→ |011〉
|100〉 −→ |100〉 |101〉 −→ |110〉
|110〉 −→ |101〉 |111〉 −→ |111〉

Likewise, the permutation matrix for the quantum Fredkin gate is listed under,

Fredkin =




1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1




.

1.2 Entangling gates

Quantum entanglement is a physical and quantum mechanical phenomenon in which the

state description of two or more spatially separated particles cannot be decomposed into

factorizable parts based on the individual particles. They will behave as a single quantum

system that is independent of the inter-particle separation/distance. It is one of the main

distinction between classical and quantum physics. Einstein named it “spooky-action at a

distance” [73]. From history, the profound thought experiment of Schrödinger’s cat and the

Einstein’s EPR supplement (Einstein, Podolsky and Rosen thought experiment advocating

that quantum theory was not complete) were the pioneering attempts to explain the bizarre

notion of the entanglement [73].

Theoretically, any quantum state of two or more qubits that cannot be expressed as

a tensor product state (a non-separable state) is said to be entangled. However, non-

separability is not the hard and fast criterion for entanglement measurement. Several

other tests have been proposed to check the level of the entanglement [74].
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Schmidt decomposition

Suppose we have a pure state |φ〉 belonging to a composite system A ⊗ B. For the

orthonormal states |ai〉 and |bi〉 associated with sub-systems A and B, we can write the

expansion for |φ〉 as,

|φ〉 =
∑

i

λi|ai〉|bi〉. (1.13)

This expansion is a Schmidt decomposition for the state |φ〉. λi are real numbers, known

as the Schmidt coefficients,
∑

i λ
2
i = 1. The Schmidt coefficients can be calculated by

finding the eigenvalues of reduced density matrix, TrB|φ〉〈φ|. Entanglement measurement

can be done by finding the Schmidt number (number of non-zero eigenvalues) of the matrix

TrB|φ〉〈φ| of a composite/entangled system. The state is separable if the Schmidt number

is 1, non-separable or entangled for the Schmidt number >1 [75].

Pauli representation

For two qubit systems the density operator can be expressed in the form of a tensor product

of the Pauli matrices. Symbols σ1, σ2, and σ3 have been described in the section (1.1.1) as

the X,Y, and Z Pauli matrices respectively. For a brief explanation of this representation

to measure the entanglement, the Pauli representation of a two qubit system can be written

as,

ρ =
1

4

3∑

i,j=1

ci,jσi ⊗ σj , (1.14)

where, ci,j = Tr(ρσi ⊗ σj). For separable states |c11| + |c22| + |c33| ≤ 1, for >1 the state

is entangled.

Wotter’s concurrence

For a qubit-qubit (2 ⊗ 2) system concurrence (c) is a convenient way to measure the

entanglement [76]. The criteria mentioned above only gives information about the state

whether it is entangled or not, but the Wotter’s criterion quantifies how much the state is
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entangled. By the definition we can write c for a density matrix ρ as,

c = max[0,Λ], (1.15)

where, Λ ≡
√
λ1−

√
λ2−

√
λ3−

√
λ4. λi are the eigenvalues in the decreasing order of the

matrix M,

M = ρ(σ1y ⊗ σ2y)ρ∗(σ1y ⊗ σ2y). (1.16)

Where, ρ is the density matrix of the 2 qubit system and ρ∗ is the conjugate matrix of ρ.

The number c varies between 0 and 1. Separable states have c = 0, and c = 1 corresponds

to maximally entangled states.

Beside this, logarithmic negativity [77], positive partial transpose (PPT) [78], and the

Von Neumann entropy [7] criteria have been proposed. PPT is a necessary and sufficient

condition for higher dimensional systems, like, qubit-qutrit systems.

A simple way to generate entanglement using the single and two qubit gates is the

application of a Hadamard gate followed by a CNOT gate on the qubit states. Suppose,

we have two qubits initialsed in the state |01, 02〉. A Hadamard operation prepares the

qubit1 (control qubit) state |01〉 into the superposition states (|01〉+ |11〉)/
√

2. A CNOT

operation with the control qubit acting on the qubit2 (target qubit) state |02〉 can be

mapped as, (|01〉+ |11〉)/
√

2|02〉 → (|0102〉+ |1112〉)/
√

2, which is a maximally entangled

state/Bell state. In this thesis I am focusing on the methods pertaining to entangling

gates in trapped atomic systems. To understand such methods, it is worth to discuss

some theoretical background specific to the entanglement generation in trapped ions.

1.2.1 Ion trapping

The confinement of charged particles using electric and magnetic fields in an isolated

environment (vacuum) have proven to be a productive method with a wide range of appli-

cations in quantum metrology [79, 80, 81], basic physics [82, 83, 84], frequency standards

[85, 86], and quantum computing [87]. There are two common type of traps, namely,

the Paul trap/radio frequency (RF) trap and the Penning trap [88]. The former uses a

quadruple oscillating electric field, while the latter requires a homogeneous magnetic field
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Figure 1.4: Configurations of the electric field in a radio-frequency Paul trap. Red arrows
show a configuration that is not possible. Black arrows indicate a possible configuration of
electric field. An effective trapping potential can be generated by rapid switching between
electric field directions which are shown in black -dotted and -solid lines.

and static electric field to create a potential with some depth/minimum for ion localisation

in vacuum. The Earnshaw theorem imposes a restriction that it is impossible to create a

stable confining potential merely with static electric fields. In other words, the divergence

of the electric field is zero (∇ ·E = 0), hence a static electric field cannot create a purely

electric stable potential. To get around this, a time varying electric field is employed to

make a 3-dimensional confining force, also known as the pondermotive potential. At any

instant, the equilibrium point will be stable along at least one direction of the confinement

and unstable at least in another one. However, one way to confine particles that is similar

to strong-gradient focusing in particle accelerators is to switch the confinement and anti-

confinement force directions fast enough such that the time average of forces overcome the

particle’s momentum –therefore the particle is trapped as shown in Fig. 1.4. As per the



16 CHAPTER 1. INTRODUCTION

1/2

2
S

1/2

2P

/2

2

3D

/21

3 ]2/3[D

369.5nm

935.2nm

399nm

369.5nm

a) b)

99.5%

0.5%

0

1
S

1

1P

299nm

Ionisation
Continuum

/2

2

7F

/2

2

5D

/25

1D

638.6nm

411nm

98.2%

435.5nm

17%

83%
3.4um

Figure 1.5: (a) shows reduced energy level diagram of the Yb ion. Solid lines show various
transitions; dashed arrow indicates the radiative decays via spontaneous emission. The
branching ratios for 2P1/2 and 2D5/2 states have been shown with probabilities of decay into
the ground and metastable state. (b) indicates the lasers assisted ionization mechanism
in Yb atom.

scope of this thesis, we are concerned with the RF traps for Ytterbium (Yb) ions.

An oven filled with the desired metal (Yb, Ca, Ba, etc.) is heated to produce neutral

atoms using resistive-heating method by an electric current. This produces a beam of

neutral atoms directed toward the centre of the trap where an RF null is created by the

electric field gradient, which is a charge-free region. The atom is ionised to make it highly

sensitive to the electric field and hold it in controlled conditions for long time periods.

Ionisation of an atom can be done by lasers. Yb ions require 399.2 nm laser illumination

which resonates with the 1S0 - 1P1 transition in neutral Yb. The natural linewidth of this

transition is ≈ 28 MHz, corresponding to an excited state lifetime of 5.7 ns. The resonant

399.2 nm narrow linewidth laser allows us to excite the desired isotope [89]. After an

isotope selective excitation, a second laser at 369.5 nm removes the electron by exciting it

to the photo-ionisation continuum and creating an ion. Once the ion is created and loaded

in the harmonic potential, it still has high kinetic energy. To solve this problem, two more
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frequency stabilised lasers (369.5 nm and 935.2 nm) are used for Doppler laser cooling.

The 369.5 nm laser is resonant with the 2S1/2 - 2P1/2 transition as shown in Fig. 1.5, with

a natural linewidth of ≈ 20 MHz. Ion cooling is required for precise measurements based

on the ion dynamics in the trap and implementation of QIP tasks. The branching ratios

for the 2P1/2 state give an 0.5% probability for an ion to go into the dark state 2D3/2 as

shown in Fig. 1.5a. The 935.2 nm laser is used as a re-pumper to pump the population

back into the ground state. Re-pumping enables continuous cooling, which will otherwise

get stalled out in the long lifetime (57 ms) metastable 2D3/2 state.

The notion of Doppler cooling is similar to the Doppler effect with sound waves, such

that there is a change in the frequency with relative motion of the source to observer.

Doppler cooling of the ion uses illumination by laser light slightly red-detuned from the

strong electronic transition of the ion. For simplicity, consider the 1D case of the ion’s

motion along the laser wavevector. If the ion is moving toward the laser direction, the ion

will see a blue shift in the incident photons and hence they will appear to be on resonance

and be absorbed. This will decrease the ion’s velocity when the ion gets a recoil kick to

conserve momentum opposite to the direction of motion. The absorbed photon leaves the

ion by an isotropic spontaneous emission where the ion receives a random momentum kick.

Likewise, if the ion is moving away from the laser direction there will be less scattering due

to increase in the red shifting/detuning. There will be fewer photons scattered as compared

to the case when the ion moves anti-parallel to the laser beam direction. However, an

average of many such high and low scattering processes will end up with a net momentum

approaching to zero. In this way, temperatures down to micro-Kelvins can be achieved,

thereby increasing the confinement time of the ion. When the ion is first loaded into

the trap, it is hot and can collide with the particles/background gases that can overcome

the trapping potential and the ion can be lost easily. However, laser cooling reduces the

thermal/kinetic energy, which makes the trapping nearly perturbation free in an ultra high

vacuum. The longer confinement times reduces the undesired Doppler shifts and hence

become crucial for enhanced precision measurements and quantum state engineering [85,

87]. When all these processes work coherently in parallel, the ion fluoresces isotropically.

Collection of these scattered photons from the ion is used for state detection/diagnostic

purposes.
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There are several configurations of RF traps based on the electrode (metallic compo-

nents where high RF and DC voltages are applied) geometry, including needle, blade, and

rod structures [90, 91]. Micro-fabricated surface traps are an advanced form of the traps

that provide a future platform for scalability and multiple quantum logic operations in

parallel [92, 93, 94].

1.2.2 Cirac-Zoller gate

The Cirac-Zoller gate was proposed in 1995 for entangling two qubits in arbitrary states

using laser light. The qubits are encoded in the hyperfine energy levels of each ion in a

1D linear crystal of ions [6], described by the Hamiltonian,

Ĥ =
~Ω

2
√
N

[σ+e
−i(δt−φ)exp(iη(ae−iωtrapt + a†eiωtrapt) + h.c.)] (1.17)

h.c. is the Hermitian conjugate part of the Hamiltonian, a†(a) and σ+(σ−) are the photon

creation(annihilation) and atomic raising(lowering) operators respectively. η ≡ kzo is

the Lamb-Dicke parameter, k is the wave number of the incident laser beam, and zo =
√
~/2mωtrap is the ground state wave function spatial spread of the ion with mass m in

the harmonic trap, which indicates the coupling between the motional and internal state

of the ion. N is the number of the ions involved during the gate operation, ωtrap is the

secular frequency, δ is the detuning of laser frequency from optical transition frequency of

the ion (ω0), and t is the laser exposure time. For the Cirac-Zoller scheme implementation

we assume that η << 1, hence the probability of change (more than 1) in the motional

quantum number associated with the ion crystal is negligible due to coupling between the

hyperfine and the vibrational states induced by the external laser. Therefore, the frequency

difference of lasers is tuned such that it can resolve the narrow line transitions of the

vibrational spectrum to manipulate the hyperfine qubit by driving two-photon transition

through some virtual excited state, also known as the stimulated Raman transitions as

shown in Fig. 1.6. Usually these lasers are named Raman lasers, where one beam absorbs

a photon from the other. They are far-detuned (typically of the order of tens of GHz

or more) from allowed transitions so that spontaneously emitted photons can be strongly

suppressed. Due to conservation of momentum, the wavevector k is replaced by ∆k in Eq.

1.17 that is the difference of the wavevectors associated with two Raman beams, which is
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Figure 1.6: Diagram showing chain of ions trapped in the linear trap. Two ions 1 and 2
are illuminated by the laser beams coupled with the hyperfine and the electronic energy
states as shown in the enlarged image of reduced energy levels associated with each ion.
Hollow and solid circles represent initial and final states of electron during transitions to
map vibrational state to motion, phase acquisition, and returning motional state back to
vibration. Black arrows up and down depict effective spin associated with the ground
state, arising from the nuclear and the electronic spin couplings.

small for co-propagating beams. ∆k is the effective wavevector and plays an important role

to make the Raman transitions sensitive to only one direction of motion in the trap. φ is

the phase difference between the laser and the atomic polarisation. Experimentally it can

be set by adjusting the phase of the radio frequency driving the acousto-optic-modulator

(a device that can change/control the laser light properties via acoustic-vibration induced

refractive-index change in a crystal or a glass) [63].

The steps involved to establish two-qubit entanglement in a chain of cold ions trapped

in a linear trap are as follows.

• First, the spin qubits/ions 1 and 2 are initialised to the common ground state, which

is the separable state. The state of each spin (up or down) is represented by an arrow
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while the quantum motional ground state is denoted by |0〉.

[(a| ↓1〉+ b| ↑1〉)⊗ (c| ↓2〉+ d| ↑2〉)]|0〉 (1.18)

• Illuminate the ion 1 (as shown in Fig. 1.6) with the laser light whose beat note

frequency is precisely controlled such that the first red-sideband transition occurs,

which is a spin dependent population transfer from |0 ↑1〉 to |1 ↓1〉. If the first ion is

in the state |0 ↓1〉 the laser will not interact with the ion and no change in the state

occurs because there is no allowed vibrational level associated with the spin-up state.

We can write the effective mapping of the quantum information from spin to motion

in the ion 1 as, [a| ↓1〉+ b| ↑1〉]|0〉 −→ [a|0〉+ b|1〉]| ↓1〉. Now, this motion (collective

centre-of-mass) is coupled with neighbour ions as well. Hence, the information is

shared in the chain of ions via motional degrees of freedom, so-called quantum data

bus in the quantum processor. This step not only transfers the information but also

leads to an entangling interaction via slow frequency collective vibrational mode.

We can write the above expression as,

[(a|0〉+ b|1〉)(c| ↓2〉+ d| ↑2〉)]| ↓1〉 (1.19)

or

ac| ↓1↓2 0〉+ ad| ↓1↑2 0〉+ bc| ↓1↓2 1〉+ bd| ↓1↑2 1〉, (1.20)

• Now the second ion is exposed with laser light which completes the 2π transition

between |1 ↓2〉 and any auxiliary energy level depending on its motional state. This

arbitrary state was realised as 2S1/2 state in the Be+ ion [95], later on D1/2 in the

Ca+ where this gate was experimentally demonstrated [63]. This cycling process will

establish a local phase gate on the ion 2. Hence we can re-write equation 1.20 as

ac| ↓1↓2 0〉+ ad| ↓1↑2 0〉+ bc| ↓1↓2 1〉 − bd| ↓1↑2 1〉. (1.21)

• Lastly, mapping the information back from motion to spin is done by another red
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side band transition on ion 1. This swapping is essentially a reverse process of the

second step. As a consequence of this transition we changed the motion back to

common ground state which leads to the two-qubit phase gate. The equation 1.21

changed to,

ac| ↓1↓2 0〉+ ad| ↓1↑2 0〉+ bc| ↓1↓2 0〉 − bd| ↑1↑2 0〉. (1.22)

Hence, we can write the entire final state as,

[ac| ↓1↓2〉+ ad| ↓1↑2〉+ bc| ↓1↓2〉 − bd| ↑1↑2〉]|0〉, (1.23)

which prepares the data bus to be ready for next quantum operation.

To achieve high fidelity during implementation of the Cirac-Zoller gate demands strict

experimental requirements. Resolving motional sidebands of an ion to achieve laser cooling

near the quantum ground state is a challenge in itself [95]. Since the gate speed between

two ions is dependent on the motional mode frequencies, the vibrational time-scale sets the

minimum gate time. Further increase in the number of ions will make the situation more

complex because as the number of ions increases, the collective motional mode density also

increases, making difficult to resolve one motional sideband from the others which even-

tually decreases the gate speed. This poses a serious restriction to simultaneously achieve

scalability and fast gate speed. Also, precise control over the beam pointing to address the

ion under consideration individually adds another technical difficulty. The experimental

demonstration of the resolved sideband cooling was done in 1995 to perform a quantum

logic in a single Be+ ion [95]. Later, the full Cirac-Zoller protocol was implemented to

execute a CNOT gate by individual addressing of two Ca+ ions [63].

1.2.3 Mølmer-Sørensen gate

Another way to perform a two-qubit gate is to employ the Mølmer-Sørensen gate [96]. Ex-

ecution of this gate is simpler than the Cirac-Zoller scheme because it avoids any sequential

procedure to generate entanglement and does not require individual addressing of the ions.

The key idea is to generate an N-particle maximally entangled state with a bi-chromatic

laser pulse at frequencies ω+ and ω−, where ω+ and ω− drive the blue and the red side-
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Figure 1.7: Reduced energy level diagram showing two-level ions with an intermediate
(virtual) state of the combined two-ion system. Arrows depict various transitions occurring
via different quantized vibrational levels to accomplish the Mølmer-Sørensen gate protocol
as explained in the text.

bands of specific motional mode of the ions respectively. To understand this scheme for

entangling multiple qubits, let’s assume we have two spin 1/2 charged particles (say ions)

trapped in a harmonic potential with a collective mode oscillation frequency ωtrap initially

prepared in the | ↓1↓2〉 hyperfine state. The energy difference between the ground and

excited (hyperfine) states is ~ωhfs. The total Hamiltonian including its perturbed (Hint)

and unperturbed (Ho) parts is,

Ĥ = Ĥo + Ĥ int (1.24)

with

Ĥo = ~ωtrap(a†a+ 1/2) +
~ωhfs

2

∑

j

σzj ,

Ĥ int =
∑

j,k

~Ω

2
(σ+je

iηk(a+a
†−(ω±t)) + h.c.). (1.25)

The Rabi frequency (Ω) is assumed to be the same for all ions and similarly the Lamb-

Dicke parameter (η1 = η2 = η). σzj and σ+ are the Pauli matrices representing the internal

energy and internal atomic transitions. For simplicity, we can draw the picture of collective

states of two ions as shown in Fig. 1.7. We assume that the energy eigenstate of collective
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motion of ions is quantized and represented by |n〉. Focusing an appropriate bi-chromatic

laser light (ω± = ωhfs± (ωtrap + δ)) where each colour has a frequency difference near ωhfs,

tuned very close to the red and blue sideband of the combined motional mode frequency

simultaneously on both ions drives the four photon Raman transition from | ↓1↓2〉 to

| ↑1↑2〉. The transition occurs via the intermediate state

|ψ〉 =
| ↓1↑2〉|n± 1〉+ eiφ| ↑1↓2〉|n± 1〉√

2
. (1.26)

An important point to note here is that in the far-detuned limit (δ >> Ωη) the application

of either of single frequencies on the ions will not produce any desired dynamic in the qubits

because they are not resonant. However, summing both frequencies together does induces

a collective change in the hyperfine states of the ions. Application of these laser beams

establishes entanglement if they are illuminated for a time τ = π/2Ω. Ω is the net Rabi

frequency which can be found by adding the couplings of two paths. Here, we are discussing

only four transitions in the two expected paths starting from | ↓1↓2〉 to | ↑1↑2〉. For the first

upper quantized vibrational level (n+1) coupling is, (n+1)Ω2η2/δ−ωtrap, and for the first

lower vibrational quanta (n-1) coupling changes to nΩ2η2/ωtrap − δ. The key point here

is that the opposite signs of the two terms yield to the destructive interference, hence, the

net coupling during the two-photon transition is Ω2η2/δ − ωtrap, which is independent of

n. It shows this gate will still work even if the ions are not purely in the quantum ground

state. Hence, this scheme is robust against experimental imperfections that can cause

heating during the execution of the gate, unlike the Cirac-Zoller scheme. The effective

coupling remains the same if | ↓1↑2〉 and | ↑1↓2〉 are identified as the start and final states

of the paths. This is one of the two paths chosen depending on the initial state. Following

a similar procedure can result in the other maximally entangled states given by,
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| ↑1↑2〉 −→
| ↑1↑2〉+ eiφ| ↓1↓2〉√

2
,

| ↓1↓2〉 −→
| ↓1↓2〉+ eiφ| ↑1↑2〉√

2
,

| ↓1↑2〉 −→
| ↓1↑2〉+ eiφ| ↑1↓2〉√

2
,

| ↑1↓2〉 −→
| ↑1↓2〉+ eiφ| ↓1↑2〉√

2
. (1.27)

This gate has been experimentally demonstrated in several experiments [66, 97, 98, 99, 100,

101]. Using this scheme, entanglement has been generated between the spin and motion

of two Cd+ ions showing reduced phase decoherence [99]. Experimental generation of

entanglement in four qubits was reported in 2000 using Be+ ions by implementing this

gate. [66]. Similarly, several other experiments exploited this scheme for performing

quantum logic gates [97, 98, 100]. Recently, a deterministic two-qubit gate has been

investigated in Be+ ions with the gate error 8(4) × 10−4, conducive for fault-tolerant

quantum computation [102].

1.2.4 Geometric phase gate

It was proposed in 1984 that any quantum system under cyclic evolution picks up not

only the dynamical phase but also a Berry phase [103], known as the geometric phase.

Using this notion, a new idea for the accomplishment of multi-qubit gates is the geometric

phase gate. Unlike the dynamical gates discussed above, implementation of the geometric

phase gate requires a change in the phases of the qubit states, which offer an inherent

robustness against errors compared with dynamical gates since the phase is independent

of the initial motional state of the quantum system (ion). As a consequence, faster speed

and high fidelity gates can be achieved. Milburn et al. introduced preliminary concept of

such gates in 2000 [104], where they showed that multi-qubit gates could be implemented

via conditional displacements of the collective vibrational mode of the ions. Surprisingly

the ions need not to be cooled down in the common ground state of motion, therefore,

making them temperature insensitive. One of the initial experimental realisation of the

two-qubit geometric phase gate was done using two Be+ ions [105], where a Bell state was
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produced with 97% fidelity. They use two orthogonal laser beams with common detuning

≈ 2π × 82 GHz from the atomic transition. The detuning between the two beams is

few kHz more than one of the axial mode frequency of the ions. The electric field from

the laser light induced an AC Stark shift and gradients in the laser intensities exerted an

optical dipole force. The direction of the force was dependent on the electronic state of

the ions. By introducing small shifts in the detuning, the desired geometric phase was

produced.

Two body phase

Consider a forced harmonic oscillator defined by the Hamiltonian

Ĥ = ~ωa†a− f(t)(a† + a)√
2

, (1.28)

where f(t) is the force at time t, ω is the free oscillation frequency, a†(a) is the phonon

creation(annihilation) operator, and the term (a† + a) is the position operator. Using the

definition of a phononic coherent state |α〉 in the Fock basis [106]

|α〉 = e
|−α|2

2

∞∑

n=0

αn√
n!
|n〉, (1.29)

and the Heisenberg equation of motion

da

dt
=

1

i~
[a,H], (1.30)

the time rate equation for the coherent state index α has been calculated by the expectation

value 〈α|a|α〉 [107],

dα

dt
=
if(t)√

2~
− iωα. (1.31)

Similarly, the rate equation for the phase is derived with the Schrödinger differential

equation, dψ/dt = −iH(t)ψ/~, where |ψ(t)〉 = eiφ(t)|α〉,

dφ

dt
=

f(t)

2
√

2~
(α+ α). (1.32)



26 CHAPTER 1. INTRODUCTION

Here, φ is the phase that evolves with time as the coherent state traverses its trajectory

with the angular speed ω in the phase space. Since we are interested in phase development

with applied force, we can neglect the dynamics due to the unforced harmonic oscillator by

considering coordinates in the rotating phase space, i.e. αr = eiωtα. Using these rotating

coordinates it has been studied that the time development of the phase is proportional to

the closed area (A) of the coherent state trajectory in the phase space [108],

dφ

dt
= 2

dA

dt
. (1.33)

From Eq. 1.33 it is quite evident that the phase growth is dependent on the area and not

on the trajectory followed to reach the final state hence it is geometric. As we know that a

quantum system under cyclic evolution acquires the dynamical (φd(t)) and the geometrical

phase (φg(t)) such that the total phase φt(t) = φd(t) + φg(t). Under condition described

in reference [109], φd(t) is neglected, where φd(t) is proven to be the same for two systems,

hence the phase difference is φg(t). This manifests that φd(t)/2 = −φg(t). The opposite

sign with the dynamical phase is due to the 2π rotation of the two-level system [110]. In

order to find φg(t), consider T be the total time to evolve the phase, corresponding to

the total duration of the applied force after which the coherent state returns back to its

original state, hence imposing a condition,

∫ T

0
eiωtf(t)dt = 0. (1.34)

In order to understand this condition, the force “f(t)” in Eq. 1.34 can be considered as

a force produced by the set of force vectors in the phase space as shown in Fig. 1.8, such

that the force vectors add up to zero. This means that phase will be independent of the

initial position, also the motional state of the ion remains unaffected and the motional

degrees of freedom disentangles from the spin. To find the analytical expression of a phase,

the solution of Eq. 1.31 in rotating phase space coordinates is α̇r = if(t)exp(iωt)/~
√

2.

By using definition in reference [108], we can rewrite Eq. 1.33 as, φ̇ = Im(α̇rαr). After

incorporating the condition (1.34), the phase after time T becomes

φ(T ) = Im

(∫ T

0

ieiωtf(t)√
2~

αr(t)

)
=

1

2~2
Im

(∫ T

0
dt1

∫ t1

0
dt2e

iω(t1−t2)f(t1)f(t2)

)
, (1.35)
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Figure 1.8: Arbitrary graphical representation of the forces/kicks in the rotating phase
space on the coherent state in the initial position shown as a red circle. Each vector depicts
a force applied at a certain time in different directions such that the coherent state |α〉
restored to the initial position.

which is an expression of the geometric phase under cyclic evolution of the coherent state.

Because of its cyclic nature, this phase is robust against the initial motional state or

temperature. Now if we consider two ions interacting with each other via Coulomb forces

and under a state dependent force (laser), we can write the Hamiltonian of the system as

Ĥ = ~ωca†cac + ~ωsa†sas − F (t)σz1x1 − F (t)σz2x2, (1.36)

where subscripts c and s represents normal modes of the ions pair, i.e. xc = (x1 + x2)/2

and xs = x2 − x1 are the centre of mass and breathing modes of ions, which oscillate

at frequency ωc and ωs respectively, and ωs = ωc
√

3. σz1(σz2) are the Pauli operators

associated with the ions 1(2) which may take value of ±1 depending on the internal state

of the ion. In an ideal case for two ions, all motional modes have to be restored at the end

of the gate; for the two modes the condition described in Eq 1.34 can be generalised as

∫ T

0
eiωc,stf(t)dt = 0. (1.37)
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The expression for the total phase accumulated by two ions under the state dependent

force in Eq. 1.36 can be written in the basis of single forced harmonic oscillator as

φt = σz1σ
z
2

∫ T

0
dt1

∫ t

0
dt2G(t1 − t2)f(t1)f(t2), (1.38)

where G is a parameter dependent on the frequency of the normal modes, G = [ωs sinωct−
ωc sinωst]/2ωcωsm~, where m is mass of the ion. It has been shown that when one tunes

the applied forces under the condition (1.37), then the phase can be written as [108].

φt = πσz1σ
z
2/4 (1.39)

Eq. 1.39 is the simplified expression for the two body phase, that will entangle two ions.

Two-qubit gates

Now we are in a position to generate a fast two-qubit gate using the geometric phase.

Suppose we have two ions in a 1 dimensional harmonic trap and they are interacting with

the resonant laser light. The Hamiltonian of such system can be described as

Ĥ = Ĥ0 + ĤI , (1.40)

where, H0 describes the modes of oscillation in the trap for two ions and HI is the in-

teraction between the ion and the laser light. Ĥ0 = ~ωca†cac + ~ωsa†sas, where subscripts

c and s represent the centre-of-mass and stretched modes of two ions. We can rewrite

Eq. 1.17 to describe the Hamiltonian for two ions under state-dependent forces induced

by ultrafast laser pulses with area
∫ δt
0 Ω(τ)dτ = π, such that absorption and stimulated

emission of photons create a kick and ions receive a momentum ~k.

ĤI =
Ω(t)

2
[σx1e

−i~kx1σz1 + σx2e
−i~kx2σz2 ], (1.41)

Imposing a condition that the pulse duration δt << ω−1c,s , we can neglect Ho and consider

onlyHI . It has been explicitly studied thatHI can be employed to kick the ions and change

the spin state [108]. The key point to note here is that the kick is spin dependent which

is essentially a state-dependent mechanism that produces the entangled state between the
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spins, hence we can write the unitary evolution operator of the system as,

Ûkick = σx1σ
x
2e
i~k(x1σz1+x2σz2). (1.42)

Application of set of laser pulses (2ni) in counter-propagating direction will kick the ion

with alternating momenta, which is essentially a strong time dependent force on the ion

and can be written as,

F (t) =
∑

i

2ni~kσzi δ(t−∆t). (1.43)

∆t is the time between the kicks. By adjusting the parameters in the above equation, state

dependent force can be generated which restores the motional modes (coherent state) back

to its initial state as shown in Fig. 1.8. Once these motional and phase conditions (Eq.

1.39) are satisfied a phase gate can be produced between the ions [108].

Beside these, studies have been done to produce entanglement using the AC Stark

shifts in atomic systems [111, 112, 107]. In reference [112], AC Stark shifts have been

generated and used to realise a universal set of two-qubit logic by manipulating the elec-

tronic states dependent on the motional state of the ions. Unlike the Cirac-Zoller and

the Mølmer-Sørensen gates, the geometric phase gate discussed here does not require the

spectroscopic restriction of resolving the motional sidebands, which is difficult and slow.

However, implementation of such schemes requires ultrafast ultraviolet (UV) lasers with

high repetition rate (time-averaged force on the ion scales with the repetition rate) and

sufficient high average power to coherently drive transitions between vibrational and elec-

tronic states of the ion [43]. Lasers with these specifications are not readily available, in

particular the repetition rate in most of Ti:Sapphire lasers is pratically limited to below

100 MHz. A detailed comparison between our source and previous/available laser sources

is given in the next section of this thesis. For this purpose, an ultrafast fibre laser and

nonlinear frequency multiplication optics are constructed as a potential candidate for pro-

ducing desired entangling operations between Yb ions at high speeds. In our current set up

we are trapping 174Yb isotope, the state-dependent forces can be generated via metastable

optical states of the ion. Since timing of the first pulse determines the direction of force,

so the direction of force/kick can be alternated by building an optical arrangement to split

pulses that generates alternating pulse directions as discussed in reference [113], and gate
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speed of roughly twice the trapping period was estimated with 300 MHz repetition rate

[113]. So one of the main themes of this thesis is the experimental development of a laser

system capable of producing desired ultrafast laser pulses for speeding up the quantum

logic gates with trapped Yb ions. Development of such lasers is important due to the fact

that the minimum two-qubit quantum gate time for trapped ions implemented so far is

approximately 3.8 to 10 µs [105, 114], still slow as compared to the typical trap period of

≈ 1 µs [115]. Our goal is to demonstrate laser sources that can dramatically increase the

speed of the quantum entangling gate, minimising decoherence and eventually increasing

the speed of quantum computation.

1.3 Thesis Structure

Chapter 1

Chapter 1 includes an introduction, literature review and motivation of the research work

which has been described in the thesis.

Chapter 2

Chapter 2 is based on the peer-reviewed journal research papers listed below. Copyright

permission was requested from the publisher, American Physical Society.

• Mahmood Irtiza Hussain, Ebubechukwu O. Ilo-Okeke, Tim Byrnes, Geometric phase

gate for entangling two Bose-Einstein condensates, Physical Review A 89, 053607

(2014).

In this chapter, we investigate theoretical modelling of the geometric phase gate based

on the AC stark shift in coherent spin ensembles. The execution of robust/error-free

quantum logic gates is considered as a major challenge in practical quantum computing.

Nevertheless, one clever idea is to exploit geometry, thereby making the dynamics of the

quantum system independent of time, and the final quantum state dependent on the

trajectory followed through Hilbert space. When a qubit undergoes such evolution, it

acquires a geometric phase. We have explicitly obtained analytical expressions of the

geometric phases induced on quantum states through the coherent displacements of the

coherent field in a phase space. Two spinor BECs are placed in a cavity such that an
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AC Stark shift occurs on their energy levels. The protocol we proposed has two main

steps to perform the geometric phase gate. First, apply laser light to the cavity and

address two separate spins simultaneously for a certain time and second, illuminate the

spins individually with detuning opposite to the first. The second step not only completes

the protocol but it also helps to get rid of the undesired phases during the evolution of the

combined system. The time to develop the phase is the time taken to finish the scheme,

which is mainly relying on the magnitude of the AC Stark shift.

Our protocol differs from the previous schemes [43, 108] on the fact that instead of

using state dependent forces we are using the AC Stark shifts via coupling of the optical

mode and the qubit for implementation.

Chapter 3

Chapter 3 is based on the peer-reviewed journal research papers listed below. Copyright

permission was requested. The publisher allows for one time use in this thesis.

• Mahmood Irtiza Hussain, Ebubechukwu O. Ilo-Okeke, Tim Byrnes, Geometric phase

gate based on the AC Stark shift, Quantum Information Processing, 14, 943 (2015).

Following the scheme as in the chapter 2, we have proposed the geometric phase gate for

a bipartite atomic spin system.

Chapter 4

Chapter 4 is based on the peer-reviewed journal research paper listed below. Copyright

permission was requested from the publisher, Optical Society of America

• M. J. Petrasiunas, M. I. Hussain, J. Canning, M. Stevenson, and D. Kielpinski,

Picosecond 554 nm yellow-green fiber laser source with average power over 1 W,

Optics Express 22, 17716 (2014).

The work described in this chapter is one of the major portions of the fast quantum logic

gate-source with Yb ions, which has been explained in chapter 5.

This chapter includes the second harmonic generation of the ultrafast pulses at the

yellow-green wavelength 554.3 nm from 1108.6 nm pump light via a fibre laser based

Telecom-band supercontinuum setup. We have produced 554 nm light at a repetition rate
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of 300 MHz, by extending previous work, which details the technique to spectrally slice the

supercontinuum spectrum for achieving the desired wavelength [116, 117]. In the previous
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Figure 1.9: Brown: shows the generation of the octave span supercontinuum. Red: the
remaining supercontinuum light spectrum after spectral slicing through the chirped fibre
Bragg gratings. The maximum peak of the spectrum is roughly sitting at 1108.6 nm
and rest of spectrum has been dropped out. The amplified spontaneous emission after
amplification is visible on the edges of filtered spectrum.

setup [117], the fundamental oscillator with 40 MHz repetition rate was used to generate

an octave span supercontinuum spanning 1000 nm< λ <2000 nm. Also, a single stage

chirped fibre Bragg grating is employed to filter out the 1108 nm wavelength. Here, we have

used a harmonically mode-locked erbium-doped fibre laser as seed oscillator, operating at

a repetition rate of 300 MHz . Also, we have introduced three consecutive chirped fibre

Bragg gratings and Yb-doped pre-amplification stages to ensure coarse filtering (spectral

slicing) and produce sufficient power for the high power amplification, as shown in Fig.

1.9.

Chapter 5

Chapter 5 is based on the peer-reviewed journal research paper listed below. Copyright

permission was requested from the publisher, Optical Society of America.

• Mahmood Irtiza Hussain, Matthew Joseph Petrasiunas, Christopher D. B. Bentley,

Richard L. Taylor, Andr R. R. Carvalho, Joseph J. Hope, Erik W. Streed, Mirko
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Lobino, and David Kielpinski, Ultrafast, high repetition rate, ultraviolet, fiber-laser-

based source: application towards Yb+ fast quantum-logic, Optics Express 24, 16638

(2016).

This chapter describes the development of a UV laser. Currently, commercially available

options for ultrafast UV laser systems are narrow due to their limited repetition rate,

wavelength selection and output power level, which put some serious limitations on the

scalability of the system. However, experimental studies have been done to overcome

said discrepancies to achieve UV pulses with high repetition rate and high average power

[118, 119, 120, 121, 122, 123, 124, 125, 126, 127]. A 415 nm pumped optical parametric

oscillator made from a BiB3O6 crystal was used to generate the broad tunable range (250

nm-355 nm) ultrafast pulses at 76 MHz, which does not cover our wavelength of interest

[118]. Later, a scheme based on an Yb-fibre laser generated 1.2 W of picosecond pulses,

79.5 MHz, via SFG at 355 nm [123]. A repetition rate of 240 MHz has been reported

with the picosecond UV pulses and an unstable maximum average power of 30 mW [121].

Recently, MHz level extreme UV pulses (<100 nm) have been produced with high harmonic

generation driven by a thin disc laser oscillator [125]. Here, we engineer a laser system that

can generate 2.5 ps UV pulses at 300 MHz. To our knowledge it is the highest repetition

rate ever achieved with any fibre based UV laser system. We were able to generate 190 mW

of UV with 6% single pass UV conversion efficiency, which is comparable to recent studies

which report high UV conversion efficiencies [122, 123, 124]. 22% of IR to UV conversion

efficiency has been achieved through SFG at 78 MHz repetition rate, with substantially

higher peak powers (≈ 35 times) compared to what we have in the fundamental IR pump

beam [124]. In a similar scheme [123], 7.2% efficiency has been reported with a pump

peak power a factor of 2 higher than ours. Most of our laser architecture is fibre based

which makes it more compact than conventional frequency up-converted solid state laser

systems. Due to its wideband supercontinuum, this laser system could have many potential

applications. For instance, three stages of frequency doubling of the 1905 nm wavelength

can produce a radiation source for cooling hydrogen and anti-hydrogen atoms [128, 129].

Here, we have successfully modified it for addressing a major hurdle in the field of trapped

ion quantum computing [87].
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A complete picture of the engineering and inner workings of the scalable, fast trapped-

ion quantum logic gate-source has been mentioned in this chapter. Following the improved

version of the procedure as described in chapter 3, 369.53 nm pulses have been generated

via second harmonic and sum frequency generation. Substantial modifications have been

done to the fundamental oscillator for the generation of patterns in the ultrafast UV pulses

with high average power and high repetition rate. We have replaced the standard fibre

coupled Faraday mirror with a free space mirror mounted with a Piezo crystal to keep the

length of the cavity stable, allowing us to lock the repetition rate within a few Hertz. The

stabilisation of the repetition rate is very important here because it gives us the ability to

precisely switch a single UV pulse from the train of pulses, where two consecutive pulses

have time separation of about 3.333 ns. A variety of pulse patterns have been generated

with fast- and slow- modulation components. We have intentionally introduced two stages

for switching because UV laser parameters do not allow us to quickly switch in a single step

with available technology. The pulse duration has been estimated by a cross-correlation

method to be 2.5 ps.

At the moment, the time to produce a two ion entangling gate is a few µs [105, 114]. For

minimal decoherence, the key point is to speed up the two-qubit entangling gate process.

To date, most of the schemes proposed are based on resolving motional sidebands which

restrict the speed due to the splitting between adjacent sidebands [6] as discussed above.

However, in this proposal [43] the above spectroscopic restriction on the speed has been

rectified by exploiting the mechanical effects (momentum transfer) of the laser pulses in

alternating/opposite directions on the ion. The essence of the whole scheme is to create

state-dependent kicks on the ions with ultrafast laser pulses in a controlled fashion, i.e.,

patterned pulses interspersed in time. We will be doing that by changing the polarisation of

the pulses and thus changing the interaction strengths, or by shelving into the metastable

optical states available in Yb+. Depending on the state the ion is in it will either have or

not have an allowed transition, which can thus drive the strong force. We have specifically

tuned our laser wavelength, resonant with the S1/2 - P1/2 states (369.53 nm apart) of the

Yb ion. The counter-propagating resonant pulse (π pulse) interaction with the ion will

allow us to impart strong optical forces to enhance ion-ion interaction. The first pulse

excites the ion and populates the P1/2 level, the ion gets a momentum kick in the pulse
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propagation direction. The second counter pulse depopulates it via stimulated emission

due to high repetition rate, resulting in another kick in the same direction as of the first

pulse due to conservation of momentum. Each time the ion feels a force in the same

direction which scales with the repetition rate. Higher the pulse frequency quicker would

be the momentum kicks and faster is the trajectory mapped by the ion in the phase space

to implement a gate [43, 130]. I am not going into more sophisticated/experimental details

pertaining to the resonant ultrafast gates with our laser source here, because the scope of

the thesis is limited to the development of the useful laser sources for trapped ion quantum

computing.

However, using counter-propagating resonant π pulses we have simulated the Fast

Robust Antisymmetric Gate (FRAG) scheme for producing temperature-insensitive gates

(geometric phase gates) with our laser source [113]. The FRAG scheme is an antisymmetric

form of the original proposal by Garcia-Ripoll [43], which satisfies the phase and the

motional conditions with less number of pulses. The estimated time to perform such gates

with this laser source is sub-microsecond. The gate speed can be increased further by

increasing the power of the 1108.6 nm laser light and locking the seed oscillator to even

higher harmonics of its fundamental repetition rate. The power scaling is an important

factor here before the further increase in the repetition rate to keep the optimum pulse

energy for a π transition. With the current available technology in the labs (ion traps

and optics), it is feasible to establish a resonant π pulse with the pulse energy ≈ 0.1 nJ.

When the UV laser is fully optimised, it can produce an average power of 190 mW at a

repetition rate of 300 MHz, which corresponds to the pulse energy >0.6 nJ.

Ultrafast gates in a trapped Yb ion have been investigated by Monroe’s group in

Maryland [131]. They have used off-resonant laser pulses from a frequency-tripled yttrium

vanadate laser operating at 355 nm. They showed that π rotations in the hyperfine qubit

states can be achieved in <50 ps via two-photon stimulated Raman transitions and the

single-qubit gate time can be remarkably shorter than the trap period [131]. One of the

main differences between their scheme and the potential scheme with our laser source

is that instead of using Raman pulses, we will be exploiting resonant π pulses to impart

momentum kicks, which is essential to produce geometric phase gates based on the scheme

mentioned in reference [43]. Since our laser resonates with one of the strong transitions in
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the Yb ion, we require lower pulse energies to achieve the same pulse area (θ =
∫ δt
0 Ω(τ)dτ ,

where Ω is the qubit Rabi frequency). The theoretical energy for a Raman π pulse (Eπ)

was found as [115],

Eπ = π2Isatw
2∆/Γ2, (1.44)

where Isat is the saturation intensity (0.15 W/cm2) for Yb ion, ∆ is the detuning from

the excited state, w is the beam waist (10µm), and Γ is the excited state linewidth.

For these numbers, Eπ was found to be ≈ 12nJ, which is roughly 100 times higher than

what we required with a resonant laser. The repetition rate in Raman schemes was

artificially increased outside the laser setup via multiple beam splitters that requires a

careful handling of the path lengths to avoid pulse timing errors [131, 132]. The repetition

rate in our system is not only higher than any other solid-state lasers used in the Raman

schemes, but it is also scalable, making it more suitable for producing strong forces and

faster phase acquisition. As the central point here is to produce displacements in the ions

via state dependent forces. The off-resonant scheme requires high intensities to kick the

ion that can induce other unwanted affects, like charging in the trap and motional heating,

leading to incomplete phase space trajectories and errors. In actual/scalable trapped ion

quantum computers we may need to perform operations on the distant ions with several

non-neighbouring ions located at different memory regions. This requirement demands

larger momentum transfer [130], which makes the resonant scheme naturally promising.

In contrast, there are advantages to the Raman scheme over the resonant one. Firstly,

the effect of spontaneous emission can be minimised due to fact that most of the time

the ion is in the dark state. Secondly, a large detuning from the excited state immunizes

the gate against intensity fluctuations and hence pulse energy/pulse duration variations.

Resonant schemes are more vulnerable to errors due to pulse area fluctuations and cor-

responding spontaneous emission noise. However, we can minimise these problems by

counter-propagating pulses generated from a single pulse with a beam splitter, that makes

the pulse areas correlated. Now, if the rotation for an ion in the Bloch sphere occurs in the

opposite direction to rotation as result of first pulse, the population in the excited state

cancels to lowest order. This has been experimentally demonstrated in reference [133].

They showed that introducing a π phase shift in one of the pulses from a pulse pair can

suppress the spontaneous emission. The π phase shift was achieved by arranging an extra
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bounce off a mirror before hitting the ion. Under these conditions, two-qubit gate fidelities

>99% have been estimated for different phonon number states, as listed in chapter 5.

Chapter 6

The maximum mode-locked bandwidths for different flake-graphene based saturable ab-

sorber mirrors (GSAMs) have been investigated in the paper. The manuscript is ready

to submit in the journal of Optics. The paper version has been taken from the preprint

database arXiv.org. Copyright permission was not requested.

This chapter includes the work done with the aim to make very short duration pulses

(100 fs or less) in an erbium-doped fibre laser, which is quite hard using a conventional

semiconductor-based saturable absorber mirror (SESAM). This is because SESAMs nor-

mally exhibit a response time (absorption recovery time after electron-hole pair generation)

on the nanosecond timescale which is further reduced to picoseconds by introducing lattice

defects on the surface via ion implantation and low-temperature molecular-beam-epitaxial

growth [134]. In contrast, the response time of graphene saturable absorbers is of the

order of few hundred femtoseconds [135] and their relatively easy fabrication makes them

a promising choice for ultrafast laser pulse generation. For this purpose, we have fabri-

cated various GSAMs with different lateral flake sizes and thicknesses. We tested these

samples by using a standard linear fibre cavity with a Faraday mirror on one end and the

free space GSAMs on the other side to trigger mode-locking. The generation of extremely

short duration pulses in the cavity could potentially help to minimise the number of steps

involved in the UV laser system. For instance, during supercontinuum generation, main-

taining high pulse-pulse coherence between supercontinuum and spectral slicing requires

the pulse duration to be typically <100fs [116]. A soliton compressor is used to compress

the 1564nm pulses from the seed oscillator to increase the peak intensities necessary for

the generation of supercontinuum in the subsequent highly nonlinear fibre. Variation in

the pulse properties varies the non-linear length, which is the length of a fibre at which

non-linear effects in the propagating pulse becomes noticeable/important. It becomes a

crucial factor when choosing a soliton fibre length, because finding the exact soliton pe-

riod experimentally is cumbersome. We have produced a maximum stable mode-locked

bandwidth of 16 nm, which corresponds to a ≈160 fs laser pulse duration, directly from
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the seed laser. We also observed unstable mode-locked bandwidths of 20 nm, which corre-

sponds to the pulse duration ≈125 fs. We believe that by improving control over the flakes

size/thickness and the flake-edge-defect concentration, the optimum values of the modu-

lation depth and the saturation fluence can be found to improve the GSAM’s capability

to produce pulses <100 fs.

The generation of high repetition rates of the order of few to tens of GHz is desirable to

implement the fast phase gates [130]. The production of high frequency laser pulses with

a passively mode-locked fibre laser requires the seed oscillator length to be millimetres

with highly doped gain fibres and enhanced pump absorption. Operating short cavities is

quite difficult with SESAMs due to their free space coupling and their complex fabrication

procedure makes it technically difficult to deposit them on the fibre tips, which limits the

repetition rate [135]. However, the graphene-based saturable absorbers are much simpler

to use on the fibre facets or the mirrors. An extraordinary high fundamental repetition

rate of 10 GHz is reported in a 1 cm long cavity [136]. Using such cavities, a Telecom-band

supercontinuum has been generated [136]. The high fundamental repetition rate in the seed

oscillator could be extremely useful for performing high-speed quantum logic gates. This

is because mode-locking at higher harmonics to achieve higher repetition rates is prone to

system instabilities. For instance, suppression of the supermode noise (instabilities due

timing jitter and unstable pulse energy) to get a clean higher harmonic along with keeping

the cavity polarization locked is sometimes frustrating due to mechanical relaxation in

the fibres. The high harmonic mode-locking means co-existence of multiple solitons in

the cavity, which causes the inter-pulse timing jitter issues, and can make pulse switching

exceedingly difficult with a high repetition rate. To minimise the inter-pulse timing jitter,

it is ideal to keep a single soliton inside the seed oscillator.

Chapter 7

The thesis is concluded in this chapter. The potential problems and solutions are men-

tioned pertaining to the integration of the pulsed UV laser source with a trapped ion

set-up to enable resonant π pulses for fast two-qubit geometric phase gates.
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We propose a method of entangling two spinor Bose-Einstein condensates using a geometric phase gate.
The scheme relies upon only the ac Stark shift and a common controllable optical mode coupled to the spins.
Our scheme allows for the creation of an SzSz-type interaction where Sz is the total spin. The geometric phase
gate can be executed in times of the order of 2π�/G, where G is the magnitude of the Stark shift. In contrast
to related schemes which relied on a fourth-order interaction to produce entanglement, this is a second-order
interaction in the number of atomic transitions. Closed expressions for the entangling phase are derived and the
effects of decoherence due to cavity decay, spontaneous emission, and incomplete de-entangling of the light to
the Bose-Einstein condensates are analyzed.
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I. INTRODUCTION

The field of quantum information processing (QIP)
promises the next generation of computing technology, where
fundamental logic is governed by quantum mechanics rather
than classical physics [1–5]. Currently, the challenges for
building a scalable QIP device are considerable, with a large
variety of systems being proposed for the task [1,6–14]. The
difficulty lies in the current limitations in the simultaneous
production of robust long-lived quantum correlations in
quantum particles while producing a scalable system [15–18].
At the most elementary level, such quantum correlations
require the reliable execution of two qubit quantum gates.
Such two qubit quantum gates have been examined in
several model situations involving quantum dots, microwave
potentials, nuclear spin system, superconducting qubits, and
trapped ions under state-dependent forces, to name several
examples [19–29].

For macroscopic objects such as Bose-Einstein condensates
(BECs), the proposed schemes for entanglement generation
are less developed. The only proposed scheme for BECs, to
our knowledge, involves a photon-mediated scheme for BECs
placed in optical cavities [30,31]. Other possible methods
include those originally formulated for single atoms, using
state-dependent forces [29]. Experimentally, entanglement
between a BEC and a single atom was achieved by the
authors of Ref. [32]. For atomic ensembles, entanglement
and teleportation has been performed using a continuous
variable approach [33,34]. Here, the entanglement is in the
form of two-mode squeezing in the total spin variables of the
ensembles. Another approach involves using spin wave states,
where teleportation was recently achieved [35]. In addition to
these, the geometric phase gate approach first introduced for
trapped ions [26,27] has been shown to be a robust and fast
method of creating entanglement between two qubits [36]. The
geometric phase gate is an attractive method for producing an
entangling gate from the point of view of its robustness, as it
may tolerate various imperfections such as variations in the
initial conditions of the common bosonic mode [26]. Here we
apply the geometric phase to control the state of light in phase

space to achieve a fast and robust SzSz interaction between two
different collective spins. We show in this paper that by using
the geometric phase gate, entanglement is possible using the
ac Stark shift Hamiltonian, which is a second-order process.
This improves upon previous work using photon-mediated
entanglement such as Ref. [31], which relied on a fourth-order
transition to produce the entangling gate.

Creating entanglement between collective spin states, apart
from the perspective of fundamental interest in macroscopic
entanglement [37], is a key element to QIP based on spin
coherent states. Previously we have introduced a scheme of
performing quantum information processing using macro-
scopic states encoded on two-component BECs [30]. The
basic idea involves using spin-coherent states in place of
genuine qubits. It has been shown that many QIP schemes
such as quantum algorithms [30], quantum teleportation [38],
and quantum communication [39] can be performed using
such “BEC qubits.” To perform such QIP protocols, it is
necessary to produce entanglement between different BEC
qubits. Similarly to standard qubits, for universality the scheme
requires at least one and two BEC qubit control [30]. As
coherent control of single two-component BEC has already
been achieved [40], a major remaining technological issue is
in the efficient creation of two BEC entanglement. We note that
the structure of the entanglement between two spinor BECs has
been recently predicted to display a fractal entanglement (the
“devil’s crevasse”) [41], thus displaying interesting physics in
its own right.

II. GEOMETRIC PHASE GATE

A. Protocol

To realize the geometric phase gate for the collective
spins mediated by cavity photons, we consider the following
Hamiltonian (see the Appendix A for a derivation)

H = �ω0a
†a + G

(
Sz

1 + Sz
2

)
a†a

−F (t)√
2

(aei(ω0−�)t + a†e−i(ω0−�)t ), (1)
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FIG. 1. (Color online) Schematic experimental configuration for
the geometric phase gate. Two macroscopic spins (shown as BECs
here) are placed in a cavity such that an ac Stark shift occurs on
the energy levels. The geometric phase gate is then performed by the
following procedure. (a) A laser is applied to the cavity such that both
BECs are illuminated and controlled such as to follow the evolution
|α(t)〉 for a time t = [0,T ]. The phase (11) is induced at this point. (b)
The laser is then applied individually to each BEC, with the opposite
detuning �′ = −� following the same displacement force F (t). This
completes the geometric phase gate and an SzSz interaction is induced
between the BECs.

where a is an annihilation operator for a common bosonic
mode and Sz is the total z spin of the BEC. The first term in
Eq. (1) gives the energy of the bosonic mode �ω0, the second
is an ac Stark shift to the spin states, and the last term is the
displacement operator for the bosonic mode that is controllable
with a time-dependent coefficient F (t).

The basic idea of the scheme is presented in Fig. 1. The
two BECs are placed in a cavity and illuminated with the
same controllable laser field of the form of a coherent state
|α(t)〉 [42]. The laser is far detuned from the transition to an
excited state of the qubit, such that there is an ac Stark shift
to the energy level, giving rise to the second term in Eq. (1).
Initially the cavity starts in the vacuum state |α(t = 0)〉 = |0〉,
and it is controlled by the displacement operation such that
after a time t = T it returns to its original state. After this
point the BECs become entangled due to a spin-dependent
geometric phase. Let us illustrate the general procedure by
taking the example of qubits instead of the BEC. Assuming
the particular case of initially x-polarized spins, the combined
state of the system is

1
2 |0〉(|↑1〉 + |↓1〉)(|↑2〉 + |↓2〉), (2)

where |σi〉 with σ = ↑ , ↓ and i = 1,2 are the basis states of the
two qubits. The light is then controlled through phase space
[Re(α),Im(α)] in a state-dependent way such that partway
through the evolution the light and the qubits become entangled

with light

1
2

(
ei�↑↑(t)|α↑↑(t)〉|↑1↑2〉 + ei�↑↓(t)|α↑↓(t)〉|↑1↓2〉
+ ei�↓↑(t)|α↓↑(t)〉|↓1↑2〉 + ei�↓↓(t)|α↓↓(t)〉|↓1↓2〉

)
, (3)

where � is a spin-dependent phase picked up due to the
evolution of the light. By demanding that the state of light
at the end of the evolution is the same as the initial state for all
terms in the superposition, we then have

1
2 |0〉(ei�↑↑(T )|↑1↑2〉 + ei�↑↓(T )|↑1↓2〉

+ ei�↓↑(T )|↓1↑2〉 + ei�↓↓(T )|↓1↓2〉
)
, (4)

which is for suitable � an entangled state. The procedure for
the BEC is similar, but now the spins are expanded in terms of
Sz, taking eigenvalues [−N, − N + 2, . . . ,N] [30].

In standard derivations of the geometric phase such as that
given in Ref. [26], state-dependent forces are used to create the
state dependence to the phase �Sz

1S
z
2
(T ), thus the spin-boson

interaction comes in the last term of Eq. (1) rather than the
ac Stark shift as we have here. Nevertheless, we will see that
this creates a state-dependent phase �Sz

1S
z
2
(T ), thus creating

entanglement. The method based on the ac Stark shift may
also be used for standard qubits [28, 43], although we shall
concentrate upon the macroscopic spin case in this paper.

B. Entangling phase

We assume that the state of the BECs are initially unentan-
gled, such that the initial state is

∑
Sz

1S
z
2
ψ1(Sz

1)ψ2(Sz
2)|Sz

1S
z
2〉.

The total state of the light and the atoms then follows the ansatz

|ψ(t)〉 =
∑
Sz

1S
z
2

e
i�S

z
1S

z
2

(t)∣∣αSz
1S

z
2
(t)

〉
ψ1

(
Sz

1

)
ψ2

(
Sz

2

)∣∣Sz
1S

z
2

〉
. (5)

Substituting into the evolution equation i�d|ψ(t)〉/dt =
H |ψ(t)〉 we obtain (see the Appendix B for details)

α̇c = i
F (t)

�
√

2
ei	t ,

(6)

�̇ = − i

2
(α̇cα

∗
c − αcα̇

∗
c ),

where

	 = � + G
(
Sz

1 + Sz
2

)
�

, (7)

αc = αe
i[ω0+ G

� (Sz
1+Sz

2)]t , and we have dropped the Sz
1S

z
2 labels

on α and � for brevity. Starting from an initial amplitude
αc(0) = 0, the above creates a time-dependent displacement
according to

αc(t) = i

�
√

2

∫ t

0
dτ F (τ )ei	τ . (8)

We impose that after a time T , the coherent state returns back
to its original state. This requires the condition

∫ T

0
dτ F (τ )ei	τ = 0. (9)
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The phase [26,27] picked up by the coherent state is then

� (T ) = 1

2�2
Im

∫ T

0
dτ1

∫ τ1

0
dτ2 F (τ1)F (τ2)ei	τr , (10)

where τr = τ1 − τ2. To show that this is in fact an entangling
gate, we now expand the exponential in G/� using a Taylor
series up to second order. We later give a concrete example of
how Eq. (9) may be satisfied, while justifying the expansion.
The phase we obtain is

�(T ) = φ0(�) + φ1(�)
(
Sz

1 + Sz
2

)

+ φ2(�)

2

[(
Sz

1

)2 + (
Sz

2

)2] + φ2(�)Sz
1S

z
2, (11)

where

φ0(�) = 1

2�2

∫ T

0
dτ1

∫ τ1

0
dτ2 sin(�τr )F (τ1) F (τ2),

φ1(�) = G

2�3

∫ T

0
dτ1

∫ τ1

0
dτ2τr cos(�τr )F (τ1)F (τ2), (12)

φ2(�) = − G2

2�4

∫ T

0
dτ1

∫ τ1

0
dτ2τ

2
r sin(�τr )F (τ1)F (τ2).

We see that the phase is proportional to Sz
1S

z
2, which is the

entangling operation as desired. There are, however, also terms
of the form (Sz

i )2, which would not be present for qubits since
(Sz/N)2 �= I in contrast to the Pauli operators. Hamiltonians
of this form correspond to squeezing operators [44] and can be
of use in quantum metrology applications [45]. However, for
our purposes this is an unwanted byproduct of the geometric
phase gate and requires elimination using a suitable procedure.

C. Elimination of undesired phases

To remove the undesired terms in Eq. (11) we subject
our system with another set of laser pulses obeying the
Hamiltonian

H ′ =
∑
i=1,2

�ω0a
†
i ai + GSz

i a
†
i ai

− F (t)√
2

(
aie

i(ω0−�′)t + a
†
i e

−i(ω0−�′)t), (13)

where ai refers to the photons in cavity i = 1,2. Such a
Hamiltonian may be performed by separately illuminating the
BECs [Fig. 1(b)]. Performing the same calculation, the phase
that is picked up by each BEC i = 1,2 is then

�′
i(T ) = φ0(�′) + φ1(�′)Sz

i + φ2(�′)
2

(
Sz

i

)2
. (14)

The phase for each BEC is precisely the same as that in
Eq. (11) except that the Sz

1S
z
2 is missing. Therefore by applying

the reverse phase φ2(�′) = −φ2(�) we may eliminate the
undesired terms in Eq. (11). This may be achieved by choosing
�′ = −�. The total phase after the two operations is

�tot = � + �′
1 + �′

2

= 2φ1
(
Sz

1 + Sz
2

) + φ2S
z
1S

z
2. (15)

Our final expression for the phase contains the desired Sz
1S

z
2

interaction, together with a single qubit rotation term, which

may be compensated for by using single BEC qubit control.
We note that a similar method was presented in Ref. [46] to
create (Sz)2 interactions.

III. EXAMPLE SOLUTION

We now give an example solution for satisfying Eq. (9).
Unlike the original formulation for geometric phase gates in
Refs. [26,27], in our case 	 is state dependent, so that Eq. (9)
must be satisfied for all possible |Sz

1S
z
2〉 states. Choosing

�� = 2Gn, (16)

where n is an integer, the set of frequencies that 	 take is then

�	 = 2G(n − N ), 2G(n − N + 2), . . . ,2G(n + N ),

(17)

where N is the maximal eigenvalue of Sz. Noting that all the
frequencies are even multiples of G/�, Eq. (9) may then be
satisfied by choosing

F (τ ) = F0 sin(Gmτ/�),
(18)

T = 2π�
G

,

where m is an odd integer. The phases induced by the geometric
phase gate may then be evaluated exactly to give

φ0 = − πF 2
0 n

G2(m2 − 4n2)
,

φ1 = −πF 2
0 (3m2 + 4n2)

2G2(m2 − 4n2)2
, (19)

φ2 = −2πF 2
0 n(11m2 + 4n2)

G2(m2 − 4n2)3
.

We observe that for n 	 m, the phases decrease in steps of
n. Accounting for the fact that Sz ∼ O(N ), the expansion
Eq. (11) may be made to converge if n ∼ N . The remaining
parameters F0 and m may then be used to tune the phase to
the desired value. The decrease of the coefficients φi justifies
the expansion made in Eq. (10), thus showing that to a good
approximation SzSz interactions can be implemented while
exactly satisfying Eq. (9).

In a realistic experimental situation, the control of the
coherent fields |α(t)〉 will not be perfect, which can arise
due to a variety of reasons such as technical noise and cavity
decay. The imperfect control will leave the coherent state with
a remnant component α(T ) �= 0. In general this will lead to
imperfect disentangling, leading to decoherence. Figure 2(a)
shows various trajectories of the coherent states for various
spin states as evolved by Eq. (8) and using Eq. (18). Various
Sz

1 + Sz
2 eigenstates follow different trajectories, leaving the

final state after time T with a random remnant offset αc(T ) �=
0. This effect may be simply modeled by assuming that
the |Sz

1S
z
2〉 basis state of the BEC becomes entangled with

the coherent state |δαe−i(Sz
1+Sz

2)δθ 〉, where δα is the remnant
offset at the end of the evolution, and the phase variation δθ

arises due to the conversion from αc to α. The dependence
of the imperfect disentangling on the entanglement may
be calculated by finding the reduced density matrix ρ =
Tra|ψ〉〈ψ | where |ψ〉 is the entangled state of the BECs
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FIG. 2. (Color online) (a) Various trajectories of the coherent
states during the evolution for various total spins S tot = Sz

1 + Sz
2.

Parameters used are m = 1 and n = 1 and the coherent states are
normalized to α0 = iF0√

2G
. (b) The entanglement as measured by the

logarithmic negativity E = log2 ||ρT2 || normalized to the maximal
entanglement Emax = log2(N + 1). The initial states of the two BECs
are assumed to be in maximum Sx

i eigenstates, i = 1,2. The ideal case
of δα = 0 is shown for comparison. The number of bosons N in the
BEC is taken to be N = 20 and δθ = 0.1.

and the photons after the evolution, and the trace is over the
photon degrees of freedom. Figure 2(b) shows the logarithmic
negativity [47] of the state following the geometric phase gate
and shows a diminished entanglement as expected. The effect
of the imperfect disentangling is similar to a Sz dephasing
by diminishing the off-diagonal components of the density
matrix.

IV. EXPERIMENTAL PARAMETER ESTIMATION

We now give some experimental details of our scheme.
The displacement terms in Eqs. (1) and (13), which realize
the geometric path of the laser in phase space, can be
performed using standard quantum optical methods [48]. We
thus describe the atomic configuration that would realize the
Hamiltonians, specializing to the BEC case. The quantum
information is stored in the hyperfine ground states of the
BEC. For a two-component BEC implementation as given in
Ref. [40], the states creating the spinor are |F = 1,F z = −1〉
and |F = 2,F z = 1〉. A circularly polarized laser pulse is
detuned from the atomic resonance transition is incident on
the atoms [49,50]. The beam couples one of the ground states
to an excited state giving rise to an ac Stark shift as given in
the second term of Eq. (1).

There are two primary sources of external decoherence in
our scheme: spontaneous emission and cavity photon loss.
Considering spontaneous emission first, the ac Stark shift
involves a virtual excitation to an excited state, which is
susceptible to spontaneous decay. For a effective coupling

G = g2
0

�
the effective decoherence rate is �eff = �Ng2

0
�2 [31].

Here g0 is the single-atom cavity coupling, � is the detuning,
and � is the spontaneous emission rate. The factor of N arises
due to stimulated emission of the excited state into the ground
states. In order that spontaneous emission does not cause
the state of the BEC to decohere, we require that the time
required for the operation is within the effective decoherence

time 1/�eff . We thus require

�
G

� �2

�Ng2
0

, (20)

which gives the first constraint on the detuning that should be
used

� � ��N. (21)

Cavity photon loss will affect our scheme as during the
evolution there are superpositions of coherent states which
depend upon the spin state, as illustrated in Fig. 2(a). While
a coherent state |α〉 remains a pure state even in the presence
of loss, superpositions of coherent states such as |α〉 ± | − α〉
decohere into a mixture with an effective rate κeff = κ|α|2 [51–
53]. In our case the magnitude of the coherent states is
determined by α ∼ F0/G as F0/� is the rate of displacement
and �/G is the time of the evolution. We thus have a second
constraint such that the coherent state superposition does not
decohere during the evolution

�
G

� 1

κ|α|2 . (22)

Combining this with Eq. (21) we obtain a constraint on the
brightness of the coherent light that can be used

|α|2 ∼ F 2
0

G2
� g2

0

�2κ�N
. (23)

Let us now see how these constraints compare to the
experimental parameters. The cavity-BEC coupling may be
estimated using the parameters found in Ref. [54] and is
g0/� = 1350 MHz with a cavity decay rate of κ = 330 MHz
and a spontaneous emission rate of � = 19 MHz. Then,
for example, the ac Stark shift assuming a detuning (21)
and N = 103 is G/� ∼ �eff ≈ 96 MHz, for a detuning of
�/� = 19 GHz. The second constraint (23) then evaluates to
|α|2 � 0.3, which corresponds to rather weak coherent light
pulses, but within experimental feasibility. For smaller atom
numbers the estimates improve as Eq. (21) means that smaller
detunings can be used, increasing G. This in turn increases the
photon number in Eq. (23), which allows for larger phases to
be generated in Eq. (19). Naturally, as the quality of the cavities
improve Eq. (23) allows also for brighter coherent states to be
used.

V. CONCLUSION

In summary, we investigated a scheme for entangling two
macroscopic spin states via a geometric phase gate. Rather
than the state-dependent force used in the original ion trap
formulation of the gate, the scheme is based on the ac Stark
shift which is routinely realized in experiments. One difference
between the the original formulation and the present work
is in the condition (9) that must be satisfied in order for the
coherent state to be disentangled at the end of the displacement
operation. Due to the spin-dependent frequency 	, this gives a
more complicated condition that needs to be satisfied. Despite
this, by choosing a suitable form of the force F (t), this
may be satisfied exactly. The time scale of the geometric
phase gate is determined by the ac Stark shift coupling G,
which in turn is dependent on the cavity-atom coupling and
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the detuning. The main decoherence mechanisms are cavity
photon decay, which provides the common mode for the BECs
to entangle with, and spontaneous emission of the atoms. It is
likely possible to improve upon the gate time to decoherence
time ratio using alternative solutions to that presented here
satisfying Eq. (9). For example, using very high frequency F (t)
would approximately satisfy Eq. (9) as long as frequencies
above ∼GN/� are used. This would allow for much shorter
gate times, at the price of a larger F0. The many possible
solutions for the geometric phase gate are one of the reasons
for the robustness of the approach, which gives it a degree
of tolerance for experimental imperfections as the phase � is
determined by the trajectory on the phase space of the light.
Due to spontaneous emission scaling with the number of atoms
in the BEC N , currently the scheme is limited to relatively
small BECs, around N = 103. For BECs with small numbers
of atoms, the proposed method is viable with the current
experimental parameters. As the qualities of cavities improve,
this would allow for the reliable production of entanglement
between macroscopic objects, which could be employed for
various quantum information tasks.
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APPENDIX A: AC STARK SHIFT HAMILTONIAN

Consider a BEC placed in a cavity that is detuned from
atomic resonance transition, and coupling the ground state to
an excited state of the atom. The Hamiltonian describing the
composite system is given by

Ĥ = Ĥatom + Ĥlight + Ĥ atom-light, (A1)

where

Ĥatom =
∑

j

∫
dr[ψ̂†

gj (r)H0ψ̂gj (r) + ψ̂
†
ej (r)H0ψ̂ej (r)],

(A2)

Ĥlight = �ω

2
(â†â + ââ†),

Ĥ atom-light = −
∑

j

∫
dr ψ̂

†
gj (r)dj · Ê(r,t)ψ̂ej (r) + H.c.,

and

H0 = − �2

2m
∇2 + V (r) (A3)

is the single-particle Hamiltonian including the confining
potential V (r) of the atoms with mass m. The indices g,e label
the ground and excited states of the atom, respectively. We
consider that the atoms may possess several types of ground
and excited states, such as hyperfine states, which are labeled
by the index j . We will consider the case of two-component

BECs, hence for our case the sum runs over j = 1,2. The
bosonic field operators ψ̂†(r) acting on a vacuum state create
an atom at the position r. For the photons we work in the
single-mode approximation where we consider only the cavity
photon mode, with a being the photon annihilation operator.
dj is the dipole moment of the atom. In the single-mode
approximation the electric field operator is

Ê(r,t) = âE−(r)εe−iωt + â†E+(r)ε∗eiωt , (A4)

where ε is a complex unit vector describing the polarization
of light, ω is the frequency of the incident light, and E±(r) is
the complex amplitude of the electric field.

The atom-light interaction Hamiltonian consists of terms
that are energy-conserving and nonconserving-energy terms.
Making the rotating-wave approximation to remove the
energy-nonconserving terms gives

ĤRW
atom-light = −

∑
j

∫
drψ̂†

g(r)dj · Ê(+)eiωt ψ̂e(r) + H.c.,

(A5)

where Ê(+) = â†E+(r)ε∗. In the regime of very strong de-
tuning, the excited states of the atoms are hardly populated
and therefore can be eliminated adiabatically. The effective
atom-light interaction Hamiltonian as seen by the atoms in the
ground state is

Ĥ int
eff = −2

∑
j

∫
dr ψ̂

†
gj (r)

dj · Ê(+)dj · Ê(−)

��j

ψ̂gj (r), (A6)

where �j = ωej − ωgj − ω, and dj · Ê(−) = E−(r)〈ej |d ·
ε|gj 〉â are the dipole transition matrix elements. Assuming
all the atoms are in the ground state of the trapping potential,
we may write

ψ̂
†
gj (r) = b

†
gjψ

∗
g (r), (A7)

where ψg(r) is the wave function of an atom in the ground state
(we assume this is independent of j ) and b

†
gj is an operator that

acts on a vacuum state to create an atom in the ground state. For
a two-component BEC, the effective interaction Hamiltonian
can be written in terms of their relative population difference
as

Ĥ int
eff = −[G(b†1b1 − b

†
2b2) + gN̂ ]â†â, (A8)

where N̂ = b
†
1b1 + b

†
2b2 is the total atom number operator,

G = G1 − G2, and g = G1 + G2 with

Gj =
∫

dr|E−(r)|2 ψ∗(r)〈gj |dj · ε∗|ej 〉〈ej |dj · ε|gj 〉ψ(r)

��j

(A9)

being the strength of the atom-light interaction experienced
by the j th ground state. Rewriting Eq. (A8) in terms of Sz =
b
†
1b1 − b

†
2b2 gives the ac Stark Hamiltonian.
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APPENDIX B: DERIVATION OF THE EVOLUTION
EQUATIONS FOR THE COHERENT STATE

The time evolution of the state |ψ(t)〉 is determined by

i�
[
i�̇|γ 〉 −

(
α̇α∗ + αα̇∗

2

)
|γ 〉 + α̇a†|γ 〉

]

=
[
�ω0α + �G

(
Sz

1 + Sz
2

)
α − F (t)e−i(ω0−�)t

√
2

]
a†|γ 〉

− F (t)αei(ω0−�)t

√
2

|γ 〉, (B1)

where |γ 〉 = ei�(t)|α(t)〉. Now decompose the state a†|γ 〉
into |γ 〉 and the state orthogonal to this |γ⊥〉 by a Gram-

Schmidt process. We may now write a†|γ 〉 = A|γ 〉 + B|γ⊥〉.
Substituting this into Eq. (B1), we obtain the equations of
motion

i�
[
i�̇ −

(
α̇α∗ + αα̇∗

2

)]
= −F (t)αei(ω0−�)t

√
2

, (B2)

α̇ = −i
[
ω0 + G

(
Sz

1 + Sz
2

)]
α + iF (t)e−i(ω0−�)t

�
√

2
. (B3)

Making the transformation into the rotating frame αc =
αe

i[ω0+ G
� (Sz

1+Sz
2)]t yields the evolution equations in the main

text.

[1] A. Barenco, D. Deutsch, A. Ekert, and R. Jozsa, Phys. Rev. Lett.
74, 4083 (1995).

[2] C. H. Bennett, G. Brassard, C. Crepeau, R. Jozsa, A. Peres, and
W. K. Wootters, Phys. Rev. Lett. 70, 1895 (1993).

[3] C. H. Bennett and S. J. Wiesner, Phys. Rev. Lett. 69, 2881
(1992).

[4] A. K. Ekert, Phys. Rev. Lett. 67, 661 (1991).
[5] T. D. Ladd, F. Jelezko, R. Laflamme, Y. Nakamura, C. Monroe,

and J. L. O’Brien, Nature (London) 464, 45 (2010).
[6] J. Zhang, J. Vala, S. Sastry, and K. B. Whaley, Phys. Rev. A 67,

042313 (2003).
[7] C. D. Hill and H. S. Goan, Phys. Rev. A 68, 012321 (2003).
[8] J. K. Pachos and P. L. Knight, Phys. Rev. Lett. 91, 107902

(2003).
[9] J. Zhang, J. Vala, S. Sastry, and K. B. Whaley, Phys. Rev. Lett.

93, 020502 (2004).
[10] C. Rigetti, A. Blais, and M. Devoret, Phys. Rev. Lett. 94, 240502

(2005).
[11] A. C. Doherty and M. P. Wardrop, Phys. Rev. Lett. 111, 050503

(2013).
[12] N. Schuch and J. Siewert, Phys. Rev. A 67, 032301 (2003).
[13] A. Imamoglu, D. D. Awschalom, G. Burkard, D. P. DiVincenzo,

D. Loss, M. Sherwin, and A. Small, Phys. Rev. Lett. 83, 4204
(1999).

[14] F. Vatan and C. Williams, Phys. Rev. A 69, 032315
(2004).

[15] A. Kuzmich, W. P. Bowen, A. D. Boozer, A. Boca, C. W.
Chou, L.-M. Duan, and H. J. Kimble, Nature (London) 423, 731
(2003).

[16] J. I. Cirac and P. Zoller, Nature (London) 404, 579 (2000).
[17] J. Q. You, J. S. Tsai, and F. Nori, Phys. Rev. Lett. 89, 197902

(2002).
[18] J. P. Home, D. Hanneke, J. D. Jost, J. M. Amini, D. Leibfried,

and D. J. Wineland, Science 325, 1227 (2009).
[19] Y. Pashkin, T. Yamamoto, O. Astafiev, Y. Nakamura,

D. V. Averin, and J. S. Tsai, Nature (London) 421, 823
(2003).

[20] L. DiCarlo, J. M. Chow, J. M. Gambetta, L. S. Bishop,
B. R. Johnson, D. I. Schuster, J. Majer, A. Blais, L. Frunzio,
S. M. Girvin, and R. J. Schoelkopf, Nature (London) 460, 240
(2009).

[21] D. Hanneke, J. P. Home, J. D. Jost, J. M. Amini, D. Leibfried,
and D. J. Wineland, Nat. Phys. 6, 13 (2010).

[22] F. Jelezko, T. Gaebel, I. Popa, M. Domhan, A. Gruber, and
J. Wrachtrup, Phys. Rev. Lett. 93, 130501 (2004).

[23] D. Solenov, S. E. Economou, and T. L. Reinecke, Phys. Rev. B
87, 035308 (2013).

[24] D. Loss and D. P. DiVincenzo, Phys. Rev. A 57, 120 (1998).
[25] K. C. Nowack, M. Shafiei, M. Laforest, G. E. D. K.

Prawiroatmodjo, L. R. Schreiber, C. Reichl, W. Wegscheider,
and L. M. K. Vandersypen, Science 333, 1269 (2011).

[26] J. J. Garcı́a-Ripoll, P. Zoller, and J. I. Cirac, Phys. Rev. A 71,
062309 (2005).

[27] J. J. Garcı́a-Ripoll, P. Zoller, and J. I. Cirac, Phys. Rev. Lett. 91,
157901 (2003).

[28] S. Puri, N. Y. Kim, and Y. Yamamoto, Phys. Rev. B 85,
241403(R) (2012).

[29] P. Treutlein, T. W. Hansch, J. Reichel, A. Negretti, M. A. Cirone,
and T. Calarco, Phys. Rev. A 74, 022312 (2006).

[30] T. Byrnes, K. Wen, and Y. Yamamoto, Phys. Rev. A 85,
040306(R) (2012).

[31] A. Pyrkov and T. Byrnes, New J. Phys. 15, 093019 (2013).
[32] M. Lettner, M. Mucke, S. Riedl, C. Vo, C. Hahn, S. Baur, J.

Bochmann, S. Ritter, S. Durr, and G. Rempe, Phys. Rev. Lett.
106, 210503 (2011).

[33] B. Julsgaard, A. Kozhekin, and E. Polzik, Nature (London) 413,
400 (2001).

[34] H. Krauter, D. Salart, C. A. Muschik, J. M. Petersen, H. Shen,
T. Fernholz, and E. S. Polzik, Nat. Phys. 9, 400 (2013).

[35] X. Bao et al., Proc. Natl. Acad. Sci. 109, 20347 (2012).
[36] D. Leibfried et al., Nature (London) 422, 412 (2003).
[37] V. Vedral, Nature (London) 453, 1004 (2008).
[38] A. Pyrkov and T. Byrnes, arXiv:1305.2479.
[39] A. Pyrkov and T. Byrnes, in Proceedings of International

Conference Micro and Nano-Electronics (SPIE, Bellingham,
WA, 2013), p. 87001E.
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Abstract We present an alternate derivation of the geometric phase gate based on the
ac Stark shift for two qubits coupled to a shared cavity mode. Our derivation differs
from the standard one in that the qubit–light coupling occurs purely as an ac Stark
shift, rather than a state-dependent force. We derive expressions for the geometric
phases induced on the qubit states arising from the displacement of coherent light.
Simple analytic expressions are obtained for sinusodial driving of the cavity field.

Keywords Quantum information · Entanglement generation · Quantum gates

1 Introduction

Quantum correlations are of utmost importance and one of the indispensable ingredi-
ents of quantum information processing [1–5]. Production of fast and robust quantum
gates are one of the minimal requirements for the realization of quantum algorithms [6].
The inevitable interaction between system and its environment (reservoir) makes the
quantum states fragile. This feature of quantum states (systems) impairs their perfor-
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944 M. I. Hussain et al.

mance when used as quantum logic gates and hence may limit their application for
quantum information. Several schemes have been suggested to mitigate this problem.
Geometric quantum computation is one of the proposals to achieve fault-tolerant quan-
tum computation [7] . In geometric quantum computation, information is encoded on
the energy levels of the atoms and a quantum gate is used to drive the atom along a cyclic
path or in a closed loop. In doing so, the atomic states accumulate geometric phases [8]
in addition to a dynamical phase. Because geometric phases are robust against envi-
ronmental fluctuations, they have found applications in the geometric phase gate for
fault-tolerant computation. These have been realized and studied in systems such
as ions under state-dependent forces [9–14], quantum dots [15–17], semiconductor
materials [18], microwave potentials [19], nuclear magnetic resonance [20–22], and
superconducting materials [23–25].

In this paper, we consider an alternate derivation of the geometric phase gate for
two qubits interacting with a common bosonic mode. Specifically, we consider the so-
called unconventional geometric phase gate where the bosonic mode is manipulated in
order to produce entanglement at the end of the operation. In the standard derivation
[10,12], the form of the interaction between the optical mode and the qubits is a
state-dependent force, of the form

Hint ∝ (a + a†)(σ z
1 + σ z

2 ), (1)

where a is the annihilation operator for the bosonic mode and σ z
i are the Pauli operators

for each of the qubits labeled by i = 1, 2. Instead of the state-dependent force, in this
paper, we consider a coupling of the form of an ac Stark shift

Hint ∝ a†a(σ z
1 + σ z

2 ). (2)

We show that this type of interaction between the qubits and the bosonic field can
be equally used to implement the geometric phase gate. Our derivation follows the
methods presented in Ref. [12], based on an exact solution to the dynamics of the
coherent bosonic field under a time-dependent displacement. Exact expressions for
the phase picked up by the qubit states are derived, and an example solution is given
for the necessary conditions of the evolution.

This paper is organized as follows. In Sect. 2, we present a modified derivation of
the geometric phase gate using the ac Stark shift rather than state-dependent forces.
In Sect. 3, we describe a concrete implementation of the optical pulses that satisfy
the necessary conditions described in Sect. 2. In Sect. 4, we show an experimental
implementation for our proposed scheme, discussing which energy levels are used.
We finally conclude the results of the paper in Sect. 5.

2 Geometric phase gate with ac Stark shifts

Let us consider that we have the following Hamiltonian available between two qubits

H = h̄ω0a†a + G
(
σ z

1 + σ z
2

)
a†a − F(t)√

2

(
aei(ω0−�)t + a†e−i(ω0−�)t

)
. (3)
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qubit 1

( )tα σ1
z

2
z

qubit 2

σ

a

Fig. 1 Schematic experimental configuration for the geometric phase gate. Two qubits are placed in a
cavity such that an ac Stark shift occurs on the energy levels. The geometric phase gate then performed by
the following procedure. A laser is applied to the cavity such that both qubits are illuminated and controlled
such as to follow the evolution |α(t)〉 for a time t = [0, T ]. The phase (10) is induced at the end of the
evolution

Fig. 2 Displacement of
coherent field |α(t)〉 under the
force F(t)

Re(α)

Im(α)

( )tα

α0

Here, a is an annihilation operator for a bosonic mode, σ z
1,2 are Pauli z-operators

for qubits 1 and 2, respectively. The first term in (3) gives the energy of the bosonic
mode h̄ω0. The second is a diagonal coupling of magnitude G between the bosonic
and qubit degrees of freedom. For an implementation with cold atoms, this may come
from an ac Stark shift of the atomic levels due to the bosonic field. The last term is the
displacement operator for the bosonic mode that is controllable with a time-dependent
coefficient F(t). In the rotating frame ar = aeiω0t , the Hamiltonian is

H = G
(
σ z

1 + σ z
2

)
a†

r ar − F(t)√
2

(
ar e−i�t + a†

r ei�t
)

(4)

such that relative to the phase of the optical field, the force term F(t) is rotating with
a detuned frequency �.

The precise physical realization of (3) will be described in Sect. 4. The basic idea
of the scheme may be understood as given in Fig. 1. Two qubits are placed in a cavity
and illuminated with the same laser field, in a time-varying coherent state |α(t)〉. The
laser is far detuned from the transition to an excited state of the qubit, such that there is
an ac Stark shift to the energy level, giving rise to the second term in (3). The scheme
then illuminates the two qubits with an initial coherent state |α(0)〉 = |α0〉 and is
moved through phase space of (Re(α), Im(α)) such that the state at the end of the
evolution is the same as the initial state |α(T )〉 = ei�(T )|α0〉, where �(T ) is a phase
that depends upon the state of the qubits (see Fig. 2). Depending on the state of the
qubits, different phases are picked up, thus creating entanglement between the qubits.
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946 M. I. Hussain et al.

A similar configuration of qubits in cavities was proposed in Ref. [27], although our
derivation of the geometric phases does not follow the same approach.

Following Ref. [12], we may derive the effective phase generated by the above
procedure. The Heisenberg equations of motion for the bosonic mode are

da

dt
= − i

h̄

[
(
h̄ω0 + Gσ z

1 + Gσ z
2

)
a − F(t)√

2
e−i(ω0−�)t

]
. (5)

This may be explicitly solved to give

a(t) = e−i�t
[

a(0) + i√
2h̄

∫ t

0
ei�τ F(τ )dτ

]

where
� = � + G(σ z

1 + σ z
2 )/h̄. (6)

Starting from an initial coherent state |α0〉, the above creates a time-dependent dis-
placement |α(t)〉 according to

α(t) = e−i�t
[
α0 + i√

2h̄

∫ t

0
ei�τ F(τ )dτ

]
. (7)

We consider the force F(t) to be applied for a time T , at the end of which we demand
that the coherent state be returned to its initial state |α(T )〉 = |α0〉. Thus, we have the
condition ∫ T

0
ei�τ F(τ )dτ = 0. (8)

Following the same derivation as in Ref. [10,12], the phase picked up by the coherent
state is

�(T ) = 1

2h̄2 Im
∫ T

0
dτ1

∫ τ1

0
dτ2ei�τr F (τ1) F (τ2) . (9)

where τr = τ1 − τ2. The exponential term in the above equation may be expanded,
and we obtain the following expression

�qubit (T ) = φ0 + φ1
(
σ z

1 + σ z
2

) + φ2σ
z
1 σ z

2

where

φ0 = 1

2h̄2

∫ T

0
dτ1

∫ τ1

0
dτ2 sin(�τr ) cos2

(
Gτr

h̄

)
F (τ1) F (τ2) ,

φ1 = 1

4h̄2

∫ T

0
dτ1

∫ τ1

0
dτ2 sin

(
2Gτr

h̄

)
cos(�τr )F (τ1) F (τ2)

φ2 = − 1

2h̄2

∫ T

0
dτ1

∫ τ1

0
dτ2 sin(�τr ) sin2

(
Gτr

h̄

)
F (τ1) F (τ2) . (10)

123



Geometric phase gate based on the ac Stark shift 947

In our unconventional geometric phase gates, the geometric and dynamical phases are
proportional. We are not going into the details of this proportionality, since it has been
explicitly explained in [12]. We see that the phase includes a term proportional to σ z

1 σ z
2 ,

which produces an entangling gate as desired. In addition, we have constant and terms
proportional to σ z

i , which give a global phase and single-qubit rotations, respectively.
Assuming single-qubit control of the qubits are possible, the φ1 terms may be cancelled
off as desired by the application of the reverse rotations that cancel these factors.

3 Example solution

We now discuss a concrete example for implementing the two-qubit entanglement.
Unlike the formulation of Ref. [10,12], � is state-dependent so we now give an
example of how (8) can be satisfied. Assuming that the detuning � can be freely
chosen, let us select the condition

h̄� = 2Gn (11)

where n is an integer. The frequencies that (6) may take are then

h̄� = 2G(n − 1), 2Gn, 2G(n + 1) (12)

Noting that all the frequencies are even multiples of G/h̄, (8) may then be satisfied by
choosing

F(τ ) = F0 sin(Gmτ/h̄)

T = 2π h̄

G
(13)

where m is an odd integer and F0 is an energy amplitude that may be freely chosen.
The phases induced by geometric phase gates may then be evaluated exactly to give

φ0 = − F2
0 nπ

G2

(
8 − 2m2 − 24n2 + (

m2 − 4n2
)2

(
m2 − 4n2

)
M

)

, (14)

φ1 = − F2
0 π

G22

(√
M + (4mn)2

M

)

, (15)

φ2 = − F2
0 2nπ

G2

(
4n2 + 3m2 − 4
(
m2 − 4n2

)
M

)

, (16)

where M = (
m2 − 4 + 4n2

)2 − (4mn)2.

4 Experimental configuration

Following the considerations of the previous sections, it is apparent that the primary
ingredient necessary for the geometric phase gate is the Hamiltonian (3). As already
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discussed in Sect. 2 , the harmonic oscillator is a phase-controllable laser that illu-
minates both the qubits (Fig. 1). The displacement terms in (3) which realize the
geometric path of the laser in phase space can be performed using standard quantum
optical methods [26]. We thus describe in more detail the atomic configuration that
would realize the Hamiltonians.

Consider two qubits, realized for example via cold atoms in traps [27]. A circu-
larly polarized light detuned from the atomic resonance transition between one of the
hyperfine ground states and an excited state is incident on the atoms [28,29]. The
Hamiltonian describing the composite system within the single mode and rotating
wave approximation [30–32] is given by

H = Hlight + Hatom + Hatom−light

where

Hlight = h̄ωa†a

Hatom = Ec|c〉〈c| + Ed |d〉〈d| + Ec̄|c̄〉〈c̄|
Hatom−light = g

(
a|c̄〉〈c| + a†|c〉〈c̄|

)
(17)

Here, c and d are the logical states of the qubit, and c̄ is an excited state. These
transition occurs with amplitude g, and Ec,d,c̄ are the energies of the levels involved.

Assuming that the population of the atoms found in the excited state is negligibly
small, the dynamics of the excited state can be adiabatically eliminated. The resulting
effective Hamiltonian describing the dynamics of the ground states is

Heff = G(σ z + 1)a†a (18)

where � = Ec̄ − Ec − h̄ω0, σ z = |c〉〈c| − |d〉〈d| and

G = g2

�
. (19)

There is an additional energy offset to the bare photon energy h̄ω , and thus, we have

h̄ω0 = h̄ω + G. (20)

We now compare our results with experimental parameters. The primary con-
straints are the quality of the cavity and spontaneous emission of the atoms, that add
a decoherence timescale within which the operation must be completed. For exam-
ple, using experimental parameters associated with 85Rb, we have (g, κ, γ )/2π =
(16, 1.4, 3)MHz, where κ is the cavity field decay rate and γ is the spontaneous emis-
sion rate [33]. The effective decoherence rate due to spontaneous emission is given by
[34]
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eff = γ g2

�2 . (21)

The effects of spontaneous emission may therefore be suppressed by choosing a
detuning � > g. Taking � = 2g, we then obtain parameters (G, κ, eff)/2π =
(8, 1.4, 0.75)MHz. As the timescale of the geometric phase gate is determined by G
in (13), we see that the operation may be completed within the decoherence times
set by the cavity and spontaneous emission. Decoherence/noise can be induced in
the experimental implementation of our scheme due to two major factors, imperfect
coherent source and time required for the double interaction of light and qubit to
execute the gate. So, in order to minimize the noise, fast implementation of protocol
is essential and demands repetition rate much faster than trap frequency of qubit.
For the case of ion-trapped systems, obtaining such coherent sources is potentially
problematic. But, recently it has been shown that the high-repetition-rate lasers are
possible with fiber technology [35] that can help to boost up the speed of gate. Also,
our scheme does not rely on the perfect resonant coupling (π transitions) so the
imperfectness in coherent source can be overlooked for the time being until better
options are ready.

5 Conclusion

We have reexamined the two-qubit geometric phase gate for two qubits interacting
with a common bosonic mode. The association of geometric phases with each qubit
produces an entangled state between qubits. The requirement is the presence of a
controllable coherent light source that traverses certain geometry in phase space and
an ac Stark shift interaction. The geometric phase derived here uses only the ac Stark
shift in the Hamiltonian, without the state-dependent forces that are usually assumed.
While in our example solution we used a sinusodial control of the optical field, this can
be generalized to other forms. Our formulation may be more useful in cases where an
ac Stark shift is more conveniently implemented, rather than state-dependent forces.
This formulation could be generalized to other systems, such as quantum dots placed
in a microcavity [16]. Another application is to atomic BEC systems, where an ac
Stark shift is readily realized via coupling of cavities to optical transitions of atoms
[36].
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Picosecond 554 nm yellow-green fiber
laser source with average power over

1 W
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Abstract: We demonstrate a source of 554 nm pulses with 2.7 ps pulse
duration and 1.41 W average power, at a repetition rate of 300 MHz. The
yellow-green pulse train is generated from the second harmonic of a 1.11
µm fiber laser source in periodically-poled stoichiometric LiTaO3. A total
fundamental power of 2.52 W was used, giving a conversion efficiency of
56%.
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OCIS codes: (140.3515) Lasers, frequency doubled; (060.2320) Fiber optics amplifiers and
oscillators; (190.7110) Ultrafast nonlinear optics.
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1. Introduction

Lasers operating in the yellow-green region of the optical spectrum are a useful tool for a
number of applications from atomic physics to biomedical science. The peak absorption wave-
lengths for various red fluorescent dyes and markers lie near 550 nm [1, 2], in addition to a
number of resonances for atoms, such as Ba and Yb [3, 4], and molecules, such as hemoglobin
and carbonylhemoglobin [5]. Additionally, ultrafast lasers operating within this region can be
applied to two-photon fluorescence microscopy at short wavelengths. High repetition rate and
average power are desirable in this application, in order to enable quick scanning, short timing
resolution and a high signal to noise ratio [6].

A number of pulsed laser architectures, including frequency-doubled diode-pumped solid
state lasers [7], Raman lasers [8–10] and fiber lasers [11, 12] have been developed to operate
within this spectral region. Granados et al. have demonstrated a bulk-optics Raman laser able to
deliver picosecond 559 nm pulses at Watt-level average power and a high repetition rate [9,10].
Sub-picosecond pulses in the yellow-green region have also been demonstrated at high average
power and repetition rates using the second harmonic of fiber lasers based on Yb-doped fiber
(YDF) [11, 12]. Fiber lasers are versatile and relatively inexpensive laser sources that provide
an attractive alternative to their bulk optic counterparts, in part due to the inherent stability
of their all-fiber construction. However, the available wavelengths for fiber-based architectures
in the yellow-green region have so far been limited to < 550 nm due to confinement of the
fundamental wavelength to near 1.06 µm, the center of the YDF gain band [13].
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We present a fiber-based source of picosecond pulses at 554 nm with 1.4 W average power
and a 300 MHz pulse repetition rate. To our knowledge, this represents the first fiber-based
picosecond pulse source in the yellow-green region that is able to operate at > 550 nm, while
reaching Watt-level average power. These pulses are generated through single-pass second har-
monic generation (SHG) from 1.11 µm pulses in periodically-poled stoichiometric LiTaO3
(PPSLT). The picosecond 1.11 µm pulse train was produced from re-amplified supercontinuum
generation, as demonstrated in several previous studies [14–16]. Using this supercontinuum ar-
chitecture, coupled with highly efficient SHG, we have been able to overcome the wavelength
restrictions on ultrafast fiber lasers, while maintaining favourable properties for applications
such as two-photon microscopy.

A number of previous studies have shown high SHG efficiency using ultrafast picosecond and
femtosecond fiber lasers using various types of nonlinear media [17–20]. Particular attention
has been paid to nonlinear crystals capable of quasi-phase matching (QPM), such as PPSLT
and periodically-poled LiNbO3 (PPLN), due to their high nonlinearities and wide range of
operating wavelengths [18, 19]. In this work, PPSLT was chosen in order to avoid the effects
of photorefraction present at high intensities in PPLN [21,22]. Without this inhibition, we have
been able to achieve the generation of 1.4 W average power at 554 nm, with a conversion
efficiency of 56% and the prospect of a further increase with greater available power at the
fundamental wavelength.

2. Fundamental wavelength generation

300 MHz, 1564 nm
Mode-locked EDFL EDFA

WDM

HNLF

Grating
compressor

1108 nm

555 nm

PPSLT

1km SMF

YDFA

Y1

Y2

Y3
150 mm 974 nm

Pump
YD

F
1108 nm
CFBG

a) b)

Fig. 1. (a) Schematic of experimental setup, showing mode-locked seed laser, supercontin-
uum generation and amplification stages in optical fiber. The three Yb-doped preamplifier
stages are represented by Y1, Y2 and Y3. The pulse duration of the power YDFA output is
compressed and the light is focused into an 11 mm fan-out PPSLT crystal. The fundamen-
tal and second harmonic are separated by two dichroic filters. (b) A detailed schematic of
the 1108 nm preamplifier stages, consisting of a circulator, YDF and a chirped fiber Bragg
grating (CFBG).

An Er-doped fiber laser, passively mode-locked at the fifth harmonic of the fundamental
cavity repetition rate, was used to generate a 1564 nm pulse train with a repetition rate of
300 MHz. The amplified and compressed 55 fs pulses were used to generate supercontinuum
spanning from 1.1 to >2 µm in Sumitomo highly nonlinear fiber with a nonlinear coefficient
γ = 0.02 W−1m−1. The resulting supercontinuum was amplified and filtered in three YDF
stages, as shown in Fig. 1 [14]. In each stage, the light passed through the gain fiber, was
reflected at a chirped fiber Bragg grating (CFBG), and passed through the gain fiber again
before exiting through the circulator. This arrangement maximized the gain in each stage while
minimising amplified spontaneous emission (ASE). The reflection band of the CFBGs was
centred at 1108.6 nm with bandwidth of 1 nm. A 1.15 km coil of SMF was used between
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the first and second YDF preamplification stages to chirp the pulses to 20 ps. This length was
selected by compromising between the nonlinearity of the pulses and the amount of dispersion
that would require compensation. The preamplification stages provided a total of 27 mW of
average power. As shown by Kielpinski et al. [14], there is no loss in coherence between the
Er-doped seed laser and the amplified 1108.6 nm pulse train when using this technique. An IPG
Photonics YAR-10K-1110-LP Yb-doped fiber power amplifier (YDFA) was used to amplify the
resulting pulse train at 1108.6 nm to an average power of 5.0 W.
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Fig. 2. Spectrum of 5 W YDFA output shown on a log scale, showing amplified sponta-
neous emission (ASE) centered at ∼ 1090 nm which accounts for ∼ 9% of the total power.
The ASE is removed through spatial filtering in the grating compressor stage.
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Fig. 3. (a) FROG trace (inset) and time domain retrieval of output pulse from grating com-
pressor, giving a pulse duration of 1.9 ps. (b) Measured optical spectrum of IR pulse train
(solid blue), with a center wavelength of 1108.1 nm and FWHM bandwidth of 1.72 nm.
In addition, the spectral phase retrieved from the FROG (dashed red) is shown on the right
axis.

The free-space output of the power YDFA was passed through a grating compressor using
two LightSmyth LSFSG-1000 transmission gratings with a separation of 1.2 m, compressing
the pulses to 1.9 ps in duration. ASE centered at ∼ 1090 nm accounts for ∼ 9% of the total
YDFA output, as shown in Fig. 2, however this is removed through spatial filtering in the grat-
ing compressor stage. The pulse duration was measured by frequency resolved optical gating
(FROG), using a MesaPhotonics FROGScan with an Ocean Optics HR4000 spectrometer, and
a wavelength range of 503-577 nm. Figure 3 shows the FROG trace, pulse shape and spectrum
determined from the FROG retrieval. The spectrum of the amplified IR pulse train is centred
at 1108.1 nm with a FWHM bandwidth of 1.72 nm, broadened due to self-phase modulation
(SPM) during amplification, giving a time-bandwidth product (TBWP) of 0.80. The relatively
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large TBWP for a sech2 pulse is due to the remaining non-quadratic component of the spec-
tral phase, shown in Fig. 3, which was introduced by the SPM. As it is not quadratic in form,
this phase could not be compensated further using the grating compressor. The effects of SPM
on the IR spectrum and spectral phase show that higher peak powers cannot be reached in the
current configuration, without further spectral broadening and distortion of the spectral phase.

The vertically polarized output of the grating compressor was focused down to a spot with
an estimated 21.1 µm 1/e2 radius, inside the PPSLT crystal used for SHG, using a 150 mm
focal length lens. The maximum available power was 2.52 W, giving a maximum available
peak intensity of 0.24 GW/cm2.

3. Second harmonic generation

The 11 mm long fan-out style PPSLT crystal was manufactured by Oxide Corporation and anti-
reflection coated for both the fundamental and second harmonic wavelengths. Fan-out poling,
with a period ranging from 8.8-9.7 µm, was chosen in order to quasi-phase match at 1108.6 nm,
due to the lower cost and increased versatility compared to a single-period PPSLT designed for
the same wavelength. The poling period of the PPSLT varies at a rate of 0.2 nm/µm over a full
width of 5 mm, with a variation of< 0.1% over the 1/e2 diameter of the focused IR pump beam.
As a result, we do not expect any significant effect on the phase-matching bandwidth as a result
of the fan-out structure. The crystal temperature was held constant at 30.0 ◦C and the QPM
period was tuned by translating the PPSLT orthogonally to the axis of beam propagation. The
second harmonic was separated from the fundamental wavelength using two Semrock FF665-
Di02 BrightLine filters, reducing the power of the fundamental light to< 0.7% of the remaining
IR after the PPSLT, which is negligible compared to the SHG power.
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Fig. 4. SHG power (circles) and efficiency (squares, inset) plotted against fundamental
power. A maximum SHG output of 1.41 W, at 56% efficiency is reached at an input power
of 2.52 W. Using the maximum measured nonlinear efficiency of 51.6%/W, a quadratic
estimate of SHG power levels and efficiencies (solid blue) and an estimate accounting for
pump depletion (dashed green) are shown on both axes.

Figure 4 shows the measured SHG power and conversion efficiency, plotted against funda-
mental power, where a total of 1.41 W of SHG is produced from 2.52 W at the fundamental
wavelength. We have found this average power level to be stable to within ∼ 5% over several
hours. The fundamental power was tuned continuously using a half waveplate and Glan laser
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polarizer. The total conversion efficiency increases to 56% as the fundamental power increases
to 2.52 W, where the efficiency is limited by the maximum available input power. No limita-
tions due to photorefraction were observed using PPSLT, as compared to the presence of this
problem at similar SHG power levels in PPLN.

Due to depletion of the pump beam the SHG power does not follow an ηP2
0 relationship

beyond small signal levels, as shown in Fig. 4. SHG under the effect of pump depletion can be
estimated by

PSHG = P0 tanh2
√

ηP0 (1)

where PSHG and P0 are the SHG and fundamental powers, and η is the small-signal nonlin-
ear efficiency, in W−1 [23]. The maximum measured nonlinear efficiency η = 51.6%/W can
be used to estimate the SHG performance with respect to quadratic and pump depletion mod-
els, as shown in Fig. 4. This illustrates that the SHG efficiency at higher fundamental power
levels is below that expected by the estimate, even when accounting for pump depletion. How-
ever this additional reduction in efficiency can be explained by thermal effects which become
evident at high pump intensity. Such thermal effects change the phase-matching conditions,
thus reducing SHG efficiency [24], and could potentially be reduced using thermal optimiza-
tion techniques [25–27]. However, thermal optimisation would become particularly important
if scaling to higher fundamental power levels. These effects are independent of SHG power,
showing that any contribution from photorefraction is negligible.

Figure 5 shows the autocorrelation trace and optical spectrum of the SHG pulses. We meas-
ured an autocorrelation duration of 4.10±0.02 ps for the sech2 pulses using an APE PulseCheck
autocorrelator, ultimately giving a pulse duration of 2.66±0.01 ps. The maximum peak power
of the SHG pulses is therefore 1.36± 0.01 kW. We measured a center wavelength of 554.09
nm with a FWHM bandwidth of 0.19 nm, using the Ocean Optics HR4000 spectrometer used
for the IR FROG measurements. The larger than expected TBWP of 0.49 is once again due
to the higher-order spectral phase of the fundamental pulse, but we are unable to verify the
spectral phase of the SHG pulse for comparison. The large reduction in the SHG spectral band-
width, and resulting increase in pulse duration, is accounted for by the expected 0.27 nm phase
matching bandwidth of the 11 mm long PPSLT crystal, as calculated from the group velocity
mismatch.
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Fig. 5. (a) Autocorrelation trace of the second harmonic pulse. The solid line represents
a sech2 fit to the data, which gives a 2.66± 0.01 ps pulse duration. (b) Measured SHG
spectrum, with 554.09 nm center wavelength and 0.19 nm FWHM bandwidth.

A time domain trace of the SHG pulse train is also shown in Fig. 6. The time domain sig-
nal was measured using a ThorLabs SV2-FC 2 GHz Si photodiode, coupled via multimode
fiber, and recorded using an Agilent DSO8104A Oscilloscope with a bandwidth of 1 GHz. We
observe a pulse to pulse amplitude variation of < 5%.
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Fig. 6. Time domain photodiode trace of SHG pulse train, showing pulse to pulse amplitude
variation of < 5%.

4. Conclusion

We have demonstrated a source of 2.7 ps, 554 nm pulses at an average power of 1.41 W. The
554 nm pulse train was generated in PPSLT from the second harmonic of a 1.9 ps, 1.11 µm fiber
laser source. 2.52 W of fundamental power was used, resulting in a total conversion efficiency
of 56%, with a maximum nonlinear efficiency of 51.6%/W.

The design of the yellow-green pulse source is scalable to higher average power levels, as
commercially available YDFAs can be made at considerably higher power levels, although con-
sideration has to be taken for the distance from the YDF gain peak. In order to make the system
more compact, the 1.2 m grating compressor could be replaced by hollow-core photonic crys-
tal fiber to provide the anomalous dispersion required for compression of the amplified pulses.
Additionally, gain in YDF is still present at wavelengths longer than those presented here, al-
lowing for the center wavelength of the IR pulse train to be shifted up to 5 nm farther from
the YDF gain peak, or indefinitely closer, without altering the design beyond the wavelength
of the CFBG reflection band. This would allow for some versatility in the presented design
to address applications of interest, or the fundamental flexibility of the supercontinuum-based
design could be exploited to reach an even broader range of wavelengths.
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Abstract: Trapped ions are one of the most promising approaches for the realization of
a universal quantum computer. Faster quantum logic gates could dramatically improve the
performance of trapped-ion quantum computers, and require the development of suitable high
repetition rate pulsed lasers. Here we report on a robust frequency upconverted fiber laser based
source, able to deliver 2.5 ps ultraviolet (UV) pulses at a stabilized repetition rate of 300.00000
MHz with an average power of 190 mW. The laser wavelength is resonant with the strong
transition in Ytterbium (Yb+) at 369.53 nm and its repetition rate can be scaled up using high
harmonic mode locking. We show that our source can produce arbitrary pulse patterns using
a programmable pulse pattern generator and fast modulating components. Finally, simulations
demonstrate that our laser is capable of performing resonant, temperature-insensitive, two-qubit
quantum logic gates on trapped Yb+ ions faster than the trap period and with fidelity above 99%.
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OCIS codes: (320.7090) Ultrafast lasers; (260.7190) Ultraviolet; (190.4370) Nonlinear optics, fibers; (190.7220)
Upconversion; (270.5585) Quantum information and processing.
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1. Introduction

Trapped ions are envisaged as a future platform for quantum information technologies and for
the realization of a full scale universal quantum computer [1, 2]. In this context an architecture
has been proposed [3, 4] for the realization of a scalable, integrated ion trap quantum computer.

However, there are experimental challenges facing its practical realization related to the speed
of a two-ion entangling gate which is essential for universal quantum computation. To date, most
of the schemes proposed are based on resolving motional side bands of the ion within the trap,
which restricts the gate time to be longer than the trap period [5, 6]. The fastest entangling gates
on trapped ions take several to tens of µs [7, 8]. Speeding up these gates would represent a major
advance toward large-scale quantum computation.

To overcome this limitation, a gate protocol that uses resonant laser pulses has been proposed
[9]. Here the pulses give state-dependent momentum kicks to the ion with one π pulse that
transfers the population from the ground state to the excited level of the ion, and a second
counter-propagating pulse which coherently reverses the process back to the ground state via
stimulated emission. Each pulse pair induces a force in the same direction which is proportional
to the number of pairs used for the momentum kick. When the timing of the incident pulses is
precisely controlled, fast entangling gates can be implemented with minimal motional heating.
Experiments have been demonstrated to realize ultrafast gates with only single-spin operations,
with a frequency-tripled multi-watt yttrium vanadate laser producing off-resonant picosecond
pulses at a repetition rate of 120 MHz. These pulses are used to drive Raman transitions and to
enable quantum logic in a Ytterbium ion (Yb+) [10, 11].
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Fig. 1. Schematic of the laser system. (a) Top yellow panel shows the in fiber portion. Laser
pulses generated at 1564nm in the seed oscillator (blue box) are amplified with Erbium
doped fiber amplifier (EDFA) and pass through large effective area - highly non linear fibers
(LEAF-HNLF) to create an octave-spanning supercontinuum spectrum. Spectral slicing
of this spectrum to extract the 1108.6 nm wavelength components takes place in three
similar pre-amplification stages (Y1,Y2 and Y3). Ytterbium doped gain fiber (YDF), spliced
with a chirped fiber Bragg grating (CFBG). Light first enters the circulator which directs
it through the gain fiber and then through to the CFBG. Since the gain fiber is before the
CFBG, light is amplified twice when passing through each stage. A 2 km long single mode
fiber (SMF) spool between Y1 and Y2 chirps the pulse before high power amplification. A
fast switching electro-optic-modulator (EOM) connected at the output of Y3 is driven by
pulse pattern generator (PPG) RF voltage signals. Optical isolators, polarization controllers,
fiber polarizer, and EDFA-pre-amplification stage including dispersion compensation fiber
are omitted for clarity. WDM, wavelength division multiplexer; EDF, erbium doped fiber;
SESAM, semiconductor saturable absorber mirror; PMM, piezo mounted mirror. (b) The
free space up-conversion portion. Chirped pulses from the Ytterbium doped fiber amplifier
(YDFA) are compressed with a diffraction grating pair, then the compressed pulses are
frequency up-converted to 369.53 nm via periodically-poled-stoichiometric LiTaO3 (PPSLT)
and LiB3O5 (LBO) crystals. D1, D2, and D3 are dichroic mirrors. (c) Control electronics
for pulse pattern generation. Includes a feedback loop to synchronize and stabilize the
pulse repetition rate, fast EOM, and slow acousto-optic-modulator (AOM) drivers for pulse
switching signals. DDS, direct digital synthesizer; PID, proportional-integral-differential
controller.

Here, we demonstrate a fiber-based-laser system designed for ultrafast quantum gate appli-
cation with Yb+ which is tunable to the exact resonance of an atomic transition. The source
operates at a repetition rate of 300 MHz which corresponds to the cavity 5th harmonic, and this
number can be scaled up by mode locking the cavity to higher order harmonics leading to an
increase in the gate speed.

The laser generates 2.5 ps UV pulses, a maximum power of 190 mW and a wavelength that is
resonant with the strong, 369.53 nm S1/2 - P1/2 transition of Yb+. UV pulses are generated start-
ing from an amplified mode-locked telecom band fiber laser emitting 55 fs pulses. Subsequently
the pulses propagate in a highly non-linear fiber (HNLF) where a supercontinuum spectrum is
generated. A portion of the spectrum around 1108.6 nm is selected from the supercontinuum
for the generation of UV power via two frequency upconversion stages in nonlinear crystals.
Our architecture allows multiple wavelength channels in the supercontinuum to run in paral-
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lel for different applications. For example three stages of frequency doubling of the 1905 nm
wavelength could produce a novel source for two photon cooling of hydrogen atoms [12]. This
system architecture offers greater flexibility when compared to commercially available pulsed
UV lasers which have a limited range of available repetition rates, wavelengths, and output
powers. Except for the harmonic generation stages, laser architecture is fiber based, providing
stability and compactness.

2. Laser source

2.1. Mode-locked fiber laser

The fundamental oscillator in our system is an Er-doped linear fiber laser with a length of ∼ 170
cm (see top-left in Fig. 1(a)). It operates at 1564 nm wavelength, pumped by a 976 nm laser diode.
Fiber lengths are optimized to balance dispersion and non-linearity. Passive mode locking is
achieved using a fiber butt coupled, 1.3 mm × 1.3 mm semiconductor-saturable-absorber mirror
(SESAM) with 9% absorption. The fundamental repetition rate of the cavity is 60 MHz which
can be increased by increasing the pump diode current and altering the cavity birefringence,
to produce harmonics in the cavity. Increase in the pump current allows multiple solitons to
co-exist in the cavity and cavity birefringence is changed by manual fiber polarization controllers.
After optimizations we get a clean and stable (up to many weeks) 5th harmonic and ramp-up
the repetition rate to 300 MHz with low timing jitter. To synchronize the laser pulses with the
pulse selecting modulators and further minimize the pulse to pulse timing jitter the repetition
rate is locked to 300.00000 MHz by introducing a free space piezo-mounted mirror (PMM) on a
translation stage at one of the cavity ends.

A repetition rate error signal is produced by RF mixing of an external clock with the laser
repetition rate. A direct digital synthesizer (DDS) divides the 300 MHz optical pulse repetition
rate by a factor of two to generate a 150 MHz laser repetition rate signal which is then mixed
against a 150 MHz reference signal generated by RF-filtering the 15th harmonic from a 10 MHz
clock reference. The error signal is fed into a SRS SIM960 proportional-integral-differential
(PID) controller which servos the PMM to stabilize the laser’s repetition rate. The rest of the
laser system inherits this repetition rate.

2.2. Infrared wavelength selection

As shown in Fig. 1(a) the laser pulses from the fundamental oscillator are amplified to 120mW
with an IPG Photonics EAR-IK-C-PM Erbium-doped fiber amplifier (EDFA). The amplified
pulses are compressed to 55 fs with 50 cm piece of large effective area fiber (LEAF) and
spliced with 14 cm of Sumitomo HNLF. Low soliton number (<15) in LEAF and short pulse
duration ensure coherence in the supercontinuum and forthcoming stages, which has been
detailed previous [13] for this system. Pulses passing through the HNLF have sufficient peak
intensities to generate an octave-spanning supercontinuum, 1000 nm < λ < 2000 nm [13]. In
the future, the ends of this supercontinuum could be used as a f-2f interferometer to generate a
signal useful for stabilization of the seed laser’s carrier envelope phase. Wavelength selection is
dependent on the requirements of the desired application. We select 1108.6 nm light from the
supercontinuum by first spectral slicing around 1110 nm with a wavelength-division-multiplexer
(WDM) and then coarse filtering using a custom-made chirped fiber Bragg grating (CFBG) as
shown in Fig. 2(b). After passing through series of these stages we have a total of ∼ 30 mW of
average power, sufficient for the high power amplifier. Before amplification, pulses are chirped
with 2 km of single mode fiber (SMF), between the first two pre-amplification stages. A Keopsys
(F-CYFA-016-01) 5 W Ytterbium-doped fiber amplifier (YDFA) has been used for high power
amplification and provides a maximum of 4.7 W average power at output.
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Fig. 2. (a) Pulse widths of fundamental 1108.6 nm pulses, after grating compressor (dashed
line) and after SFG (solid line) used as a reference pulse for cross-correlation measurement.
(b) Optical spectrum of supercontinuum after spectral slicing.

2.3. Ultraviolet pulse generation

In contrast to the IR amplification stages, for frequency up-conversion we want pulses with the
highest intensities in order to obtain a strong nonlinear effects. The YDFA output is collimated
in free space and passes through a pair of LightSmyth LSFSG-1000 transmission gratings,
configured with anomalous dispersion (see Fig. 1(b)) and an inter-grating distance of about
2.4 m to remove the chirping, which compress the 30 ps pulses to 1.9 ps as indicated in Fig.
2(a). Frequency resolved optical gating (FROG) was used to measure the pulse length with a
MesaPhotonics FROGScan equipped with an Ocean Optics HR4000 spectrometer which covers
a wavelength range of ∼ 503 nm-577 nm. During dechirping, unwanted amplified spontaneous
emission centered at roughly 1070 nm in the YDFA output spectrum is removed by spatial
filtering. The overall compressor efficiency is 75%, with most losses from multiple passes
through the >90% efficient transmission gratings. Hence the maximum average power available
for frequency up-conversion of the compressed pulses is 3.5 W.

Up-conversion is a two stage process that starts with second harmonic generation (SHG) of
the compressed 1108.6 nm IR laser pulses to green 554.3 nm pulses. The vertically polarized
compressed 1108.6 nm pulses are focused to a ∼ 22 µm @1/e2 radius spot in a type I, quasi-
phase-matched (QPM), periodically-poled-stoichiometric LiTaO3 (PPSLT) crystal, with an
estimated peak intensity 0.38 GW/cm2. We achieved maximum SHG average power of 2 W and
a single pass IR to green conversion efficiency of 57% using an improved version of the apparatus
described in [14], with a more powerful YDFA and corresponding dispersion optimization.
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Fig. 3. (a) SFG power and IR to UV conversion efficiency (inset) versus input fundamental
1108.6 nm pump beam power. (b) UV spectrum of the SFG output centered at 369.53 nm
(solid line) and the spectrometer instrument response (dashed line) as measure by a single
frequency (∆λ < 10−6 nm) UV ECDL locked to an Yb+ atomic reference.

After SHG the fundamental and second harmonic beams are separated by a dichroic beam-
splitter (Semrock FF665-Di02) with 96% pump transmission and 98% reflection for the second
harmonic. As shown in Fig. 1(b) an adjustable delay is introduced and the beams are then recom-
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bined to generate UV pulses via sum frequency generation (SFG). Selection of an appropriate
crystal is vital to achieving efficient non-linear conversion of the pump pulses into UV light. This
becomes more crucial when dealing with ultrafast pump beams with high repetition rates and
therefore limited intensities.

Crystals from the borate family are a promising option for high power UV generation due
to their high transparency in the UV spectral region and high optical damage threshold [15].
Therefore, we use a critically phase matched LiB3O5 (LBO) crystal (10 mm × 3 mm × 3 mm,
Raicol Crystals, AR coated for all three SFG wavelengths), with a theoretically estimated
acceptance bandwidth of ∼ 1.32 mrad·cm [16], operating in a type I configuration. Second
harmonic and residual IR beams are focused to spot sizes of 35 µm and 40 µm @ 1/e2 radius
respectively inside the LBO. These beams carry maximum peak powers of 1.74 KW and 2.9 KW
respectively, corresponding to peak intensities of 35 MW/cm2 and 57 MW/cm2. In these
conditions, we produce a maximum of 190 mW UV power, giving a single pass UV conversion
efficiency η = P370 nm/(P1108 nm × P554 nm) of 8%W−1 in SFG. The lack of saturation roll-off
in the UV power graph indicates that the UV conversion efficiency is limited by the input powers,
as shown in the Fig. 3(a). A Semrock Di02-R405-25x36 dichoric beamsplitter and a Semrock
FF01-405/150-25 filter (370 nm reflection > 90%) are used to separate the UV light from the IR
and green. The SFG-pump beams both have an M2 of ∼ 1.4, while the resulting UV beam has
M2 > 2 and average circularity < 40%.

Immediately after isolating the UV beam from the IR and green components, a telescope
consisting of cylindrical and plano-convex lenses is placed in the beam path for beam profile
correction and collimation, and as a result the UV M2 is improved to 1.5, comparable to the M2

of the input beams. The initial lower beam quality indicates that spatial walk-off in the pump
beams is limiting beam overlap and hence conversion efficiency. Spatial walk-off can be reduced
to improve SFG efficiency by employing a combination of crystals before LBO [17]. Group
velocity mismatch (GVM) could be another factor in degrading UV power due to the long length
of the crystal.

The time bandwidth product (TBWP) of UV pulses is measured to be ∼ 0.94, as compared
to 0.315 for a sech2 shaped pulse. The TBWP is higher than ideal due to uncompensated
higher order dispersion in the grating compressor, which could be inferred from chirping in the
fundamental IR pulses as shown in Fig. 2(a). The UV spectrum is centered at 369.53 nm, with a
FWHM width of ∼ 0.18 nm, as measured by an Ocean Optics HR 4000 spectrometer configured
for measurement in the UV. We find that the UV spectrum coincides with the spectrum peak of
a reference external cavity diode laser (ECDL), locked with the S1/2 - P1/2 Yb+ transition as
shown in Fig. 3(b). The UV center wavelength can be tuned to the exact resonance by slight
variation in the crystal phase matching (within acceptance bandwidth) or by heating/cooling of
the wavelength selecting CFBGs. When the laser is fully optimized, UV pulse peak power is
stable within 5% over many hours. The power fluctuations happen on a fast time scale comparable
to the laser repetition rate.

3. Cross-correlation

Conventional techniques for characterization of ultrafast pulses rely on the SHG from time
delayed copies of pulses. These schemes are limited to IR and visible spectrum. Implementation
of such schemes for UV pulses is cumbersome due to unavailability of suitable non-linear
crystals and spectrometers. Therefore, in our case UV pulse duration (τUV ) has been estimated
by a cross-correlation (CC) technique. After SFG unconverted IR (reference) and UV (to be
measured) pulses are separated from the residual green pulses with a Semrock FF01-379/34-25
filter by reflecting 554 nm pulses and transmitting 1108 nm (> 70%) and 370 nm (> 90%)
wavelengths.

Subsequently the IR and UV pulses are separated with a Semrock FF665-DiO2 dichroic

                                                                                             Vol. 24, No. 15 | 25 Jul 2016 | OPTICS  EXPRESS 16643 



a)

-8         -4       0            4         8    

In
te

n
si

ty
 [

A
rb

]

b)
DFG

τ = 3.8ps
cc

τ =   2.5ps
actual

Delay [ps]

Detector

a)

From SFG

Delay

LiIO
3

369.53nm

1108.6nm554nm

Fig. 4. (a) Schematic of the setup for cross-correlation measurement, (b) Shows the cross-
correlation trace, formed by the sech2 fit to data points, where each data point represents the
DFG output power variation against the time delay in the IR pulse.

beamsplitter with transmission > 95% at 1108 nm and > 98% reflection at 369.5 nm. IR and
UV pulses are directed to different paths with a delay line in the IR beam path as shown in Fig.
4(a). Then we combine these pulses again with a dichroic mirror (Semrock FF665-DiO2) and
overlap them co-linearly with a beam profiler. Overlapped beams are focused in 1 mm-thick
critically phase matched LiIO3 crystal with cut (θ=30.2◦, φ=0◦) for type I difference frequency
generation (DFG).

As a result of the DFG process a CC signal at 554 nm is produced. Delay translation in small
steps provides us with different signal strengths that form the CC envelope, with a FWHM of
3.8 ±0.1 ps as shown in Fig. 4(b). To extract the unknown pulse duration from the CC envelope
duration, its deconvolution with the trace of a known pulse is needed. First we measured the
FWHM duration of the reference pulses (τIR = 2.5 ps) using FROG and from the CC FWHM
duration (τCC) of 3.8 ps we estimated a ∼ 2.5 ps duration of the UV pulses. For negligible GVM,
we can calculate τUV = (τ p

CC− τ p
IR)

p−1
to be ∼ 2.5 ps, where p−1 ∼ 0.6 for sech2 pulses [18].

Also, the actual-CC and reference pulse durations are roughly the same, which gives us a straight
forward estimate of UV pulse duration at ∼ 2.5 ps.

IR pulse broadening can be attributed to the dispersion induced chirping after SHG and SFG,
as evident from pedestal formation as shown in the inset of Fig. 2(a).

4. Pulse switching

Generating arbitrary UV pulse patterns by switching on and off individual pulses is one of the
most critical steps for the implementation of fast quantum logic gates. The high power, ultrafast
duration and high repetition rate of the pulses make it extremely difficult to achieve fast switching
in a single stage with currently available technology.

To overcome this problem we have instead implemented a two-stage solution based on fast
low-power IR switching and slower high power UV switching to generate almost arbitrary
patterns. For fast IR switching we use an EOspace polarization-maintaining lithium niobate
electro-optic modulator (EOM) between the last pre-amplification stage and the YDFA. The
EOM has insertion losses < 4 dB and requires a RF driving voltage of Vπ < 3.5 V. The pulse
sequences are generated by digitally modulating the EOM with amplified and DC biased pulses
from a 12.5 GHz Picosecond Pulse Labs Model 12050 pulse pattern generator (PPG). The PPG
operating in the data configuration mode writes out a pattern of digital pulses (1/0), which
correspond to the output RF voltage states for EOM (ON/OFF). Figure 5(a) (red) shows a pulse
pattern generated by the PPG. This pulse modulation propagates through all subsequent stages in
the laser system until the UV acousto-optic modulator (AOM). We measured the spectral and
temporal properties of the switched pulses using FROG at different points during up-conversion
and after DFG, and find that the pulse properties remain the same.
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Fig. 5. (a) Many-pulse pattern: the red (top) pulse train represents the EOM-switched 1250
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the EOM and AOM switching. (b) Shows the enlarged image of the many-pulse switching
pattern. (c) the UV pulse train (top) shows AOM switching of UV pulses without EOM
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to ensure a clean pulse switching pattern. (d) Few-pulse pattern: the EOM- and AOM-
switched UV pulse patterns, showing the ability to individually switch UV pulses to write
patterns within the main pattern. Black dashed lines indicate OFF pulses. The ringing of the
photodiode response shown above is an artifact due to the limited bandwidth of the detector
with respect to the pulse duration.
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For pulse sequences with relatively long off periods or a low duty cycle in output the IR EOM
is not a complete solution. The IR EOM can only be shut for up to 10% of the total time since
the YDFA stage requires a minimum average input power to prevent the amplifier from being
damaged. To implement arbitrary pulse switching we also modulate the UV pulses directly with
an AA Opto-Electronics Model MQ110-A3-UV AOM (see Fig. 5(a), blue). The modulator is
driven with an RF power of < 4 W at 110 MHz, and has a 1st order diffraction efficiency of 85%.

Synchronization of the fast and slow modulators with respect to the pulse train is essential
to generate complex UV pulse patterns. The AOM function generator produces a 10 MHz
clock reference fed in to the PPG. The PPG provides the reference signal for the repetition rate
stabilization which aligns single pulses and individual switching windows with a fixed delay. As
a result, a fast-switched UV pulse pattern has been generated with long time delays as shown in
Fig. 5. Time-domain pulse patterns are recorded by a DSO8104A Agilent fast oscilloscope with
a GHz resolution bandwidth. We intentionally introduce a dead time of 45 pulses (150 ns) at the
start and end of the fast switching program to balance the rise and fall time in the AOM (110
ns) as shown in Fig. 5(c). Besides many-pulse UV patterns as discussed so far, few-pulse UV
patterns with OFF time > 4 µs are also produced as shown in Fig. 5(d). Using the few-pulse
procedure it is also possible to make short arbitrary pulse patterns followed by many µs OFF
time, such as required for implementing quantum gates, which illustrates the flexibility of the
switching system in generating a variety of pulse patterns.

5. Fast gate implementation analysis

In order to assess the application of this laser system to ultrafast quantum logic [9,19,20] in Yb+,
we calculate the fidelity for a fast gate performed with the given laser parameters, following the
techniques presented in [21]. We assume that pairs of counter propagating pulses are generated
from the same laser pulse divided at a beam splitter in order to cancel the effect of potential
phase-noise [19] and pulse to pulse time jitter in the laser.

Table 1 shows the results given the laser repetition rate of 300 MHz and Gaussian intensity
fluctuations of 2.67% standard deviation around the average intensity to mimic the experimentally
measured fluctuations. The Fast Robust Antisymmetric Gate (FRAG) [19, 20] was found to be
optimal for this setup, and two gates are presented: a 30 pulse-pair gate with a duration of 2.8 µs,
and 150 pulse-pair gate with a duration of 0.55 trap periods or 693 ns. The 150 pulse-pair gate
is the fastest FRAG scheme possible with a 300 MHz repetition rate. The mean and standard
deviation in fidelity are given for each gate and different initial number states n in Table 1, where
the fidelity distribution arises from Gaussian fluctuations in the laser intensity and thus pulse
area.

Fidelity calculations were performed using a linear Paul trap containing two Yb+ ions, with
trap frequency ν = 5

2π MHz. A representative internal state, |ψ0〉i = 1√
2
(|00〉+ |01〉), was chosen

to calculate the fidelity and capture the relative phase dynamics of the gate. The initial motional
state of the trap was taken to be a tensor product of Fock states with equal n for the centre-of-mass
and stretch modes,

|ψ0〉m = |n〉c.m.⊗|n〉st., (1)

which simplifies computational requirements for fidelity calculation [21]. The consistent fidelities
for each initial number state n provide a conservative approximation for an initial low-temperature
thermal state, due to population in such a state being dominated by low-n excitations in the
number basis.

The counter-propagating π-pulse pairs comprising the fast gate provide momentum kicks at
times determined by the FRAG scheme. Pulse switching will provide the required freedoms in
pulse timings. By applying a π phase shift to the second pulse in each pair [22], the Bloch sphere
rotation for each ion occurs in the opposite direction to the rotation from the first pulse. Area
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Table 1. Expected mean fidelity and standard deviation in fidelity for two examples of fast
gates that can be performed with this laser, incorporating laser intensity fluctuations.

30 pulse pairs, TG = 2.8 µs
Motional state n Fidelity Standard deviation
0 0.9998 0.0001
1 0.9996 0.0002
2 0.9993 0.0003
3 0.9991 0.0003
4 0.9989 0.0004
150 pulse pairs, TG = 693 ns
Motional state n Fidelity Standard deviation
0 0.9987 0.0004
1 0.9977 0.0007
2 0.9964 0.0010
3 0.9951 0.0015
4 0.9940 0.0019

fluctuations in each pair of pulses are correlated, as the pulse pairs are constructed from a single
laser pulse using a beam-splitter; the π phase shift thus cancels unwanted population transfer.
The mean pulse area is assumed to perform an ideal π pulse on the ions, however systematic
errors are similarly canceled by the phase shift.

The simulation results show that this laser system is already capable of performing entangling
gates, with fidelity above 99.9%, that are faster than demonstrated gates in a trapped ion system.
A gate twice as fast as the trap period can be performed with fidelity above 99%. Fidelity is
dependent upon the trap’s initial motional state; higher temperatures exacerbate infidelity from
inexact momentum transfers. To provide fidelity improvements above 99% or to extend the
scheme to higher temperatures, composite pulse schemes can be used to construct π pulses with
increased robustness to intensity fluctuations [23].

6. Conclusions and outlook

In conclusion, we have demonstrated a pulsed fiber laser with scalable repetition rate, capable
of generating picosecond UV pulses at 300 MHz. Our laser is ideal for high-fidelity fast gates
in ion traps, where the pulse repetition rate must be far greater than the trap frequency. The
fiber architecture provides robustness and compactness to the laser system, which can be further
increased by replacing the free-space pulse compressor with a hollow-core fiber. The octave-
spanning supercontinuum contains a range of wavelengths, which enables ample choice of
fundamental wavelengths. We choose 1108.6 nm and frequency upconversion to 369.53 nm via
SHG and SFG, for resonance with the S1/2 - P1/2 energy levels of the Yb+ ion. The maximum
single-pass SFG efficiency is 8% W−1 and the overall IR-UV conversion efficiency is 5.4%,
which compares quite favorably with the previously achieved efficiencies with various peak
pump intensities [24–26]. Besides many potential applications, this laser has specifically been
modified to operate as a fast quantum-logic gate source. For this modification we have developed
a fast UV pulse switching technique to produce arbitrary pulse patterns in time. The UV pulse
duration of 2.5 ps has been estimated by cross-correlating UV pulses with the residual IR pulses
via DFG after SFG.

Scalability in the repetition rate without significantly changing the pulse energy is one of
the distinguishable features of our laser system. With modification to our current set-up it is
possible to push the repetition to the GHz range and keep the pulse energy the same. The laser
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design would not necessarily have to change, but to keep the same pulse energy would require
commensurate scaling of the average power. Recent progress [27] in fiber amplifier technology
makes this prospective feature of laser system feasible.

Simulations of gate fidelities show that the laser is capable of performing high-fidelity fast
gates with gate times faster than previous implementations, and even below the trap period.
Higher repetition rates would provide further improvements in the gate time: simulations for a 1
GHz repetition rate with our laser’s parameters provide gate times as fast as 0.36 trap periods
(447 ns) with fidelity above 99%.
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Abstract After advent of graphene as a saturable ab-
sorber many experiments have been conducted to pro-
duce short pulse duration pulses. Here, we have mea-
sured the properties of flake-graphene saturable absorber
mirrors of various flake sizes dependent on fabrication
technique. These mirrors enabled us to obtain a large
mode-locking bandwidth of 16nm in an erbium-doped
fiber laser. Mirrors with large flake size and multi-layered
thickness induce strong pulse shaping and reflect mode-
locked train of pulses with very large bandwidths.

1 Introduction

Ultrafast pulses are playing a key character in mod-
ern research now a days [1]. In the class of ultrafast
pulses, femtosecond pulses are eminent because of their
extremely short time duration. Owing to this property of
femtosecond pulses whole field of laser matter interaction
has worn a new look [2,3]. We are now able to steer and
monitor quantum processes in real time [4]. In general,
their applications list span from medical to industry [5–
7]. As a result of their substantial role, their production
also stands fundamental. Various techniques have been
proposed for producing mode-locked ultra-short pulses
[8, 9]. Among these, saturable absorption of light on a
laser cavity mirror is often used for mode-locking ultra-
fast fiber lasers, which basically exploit the principle of
intensity dependent absorption of laser pulses [10]. This
scheme has been studied with various materials, includ-
ing semiconductor saturable absorber mirror (SESAM)
in which semiconductor heterostructures are formed by
low and high band-gap materials [11–13]. Soliton based
fiber laser mode-locking has also been studied in sin-
gle wall carbon nanotubes (SWCNT) [14, 15]. Beside
SESAM and SWCNT, graphene thin films (mono or
multi atomic layer) have been investigated in the past for

mode-locking ultra-short laser pulses [16–27]. Similarly,
graphene film deposition on reflective substrate has also
been used as one of the fiber laser cavity mirror, known
as graphene saturable absorber mirror (GSAM). Low
loss flake GSAM has been reported to produce ultra-
fast pulses with low gain fiber laser [28]. Flake graphene
saturable absorber with polymer has been used in trans-
mission mode to achieve wide optical bandwidth [29].
Comparative studies have been done to characterise the
mono, few and multi-layered atomic graphene for mode-
locking, fabricated by mechanical exfoliation method [30].
GSAM was used to mode-locked fiber laser at very high
repetition rate of 10GHz [31]. In the recent past, single
atomic layer of graphene has been used to mode-lock
fiber laser operating at 2µm wavelength [32].

Here, we have investigated the wide mode-locked-
bandwidth (ML-BW) and saturable absorption charac-
teristics achievable through various GSAMs of different
flake size and thickness. Flake size and thickness dif-
fers on the basis of graphene thin film fabrication tech-
nique, which has been discussed in the next section.
Flake size varies roughly from 120nm to 450nm. We
found that multi-layered large graphene flakes with lat-
eral size of order of 450nm can produce ML-BW more
than 16nm. Best results we achieved are shown in Fig.
2, which depicts the optimized optical spectrum with
full-width at half-maximum (FWHM) numbers. We were
able to achieve a stable and maximum spectral ML-BW
of 16nm. Upto our best knowledge, it is the largest band-
width ever reported in the literature with any GSAM
and 28% wider than previously reported in reflection
mode [28].

2 Fabrication of graphene saturable absorbers

A number of GSAMs were fabricated by transferring
films consisting of few-layer graphene flakes to gold mir-
rors. Suspensions of graphene flakes were initially pre-

ar
X

iv
:1

60
4.

04
11

3v
1 

 [
ph

ys
ic

s.
op

tic
s]

  1
4 

A
pr

 2
01

6



2 M.I. Hussain et al.

Adjustable stage

Mirror

WDM 10% Coupler

60cm EDF Output

GSAM

976nm Pump

Lens stage

Fig. 1 Schematic of setup for dispersion managed fiber laser
mode-locking. EDF–Erbium-doped fiber, WDM–wavelength-
division multiplexer, GSAM–graphene saturable absorber
mirror.

Table 1 Maximum mode-locked bandwidths, ratio of sat-
urated to unsaturated (αsat/αunsat) loss and approximate
lateral flake size for different GSAMs.

Sample Flake size Bandwidth (Max) αsat/αunsat

3,000g 445nm 16nm 0.93±0.03
10,000g 185nm 13.5nm 0.86±0.06
16,000g 120nm 10.8nm 0.80±0.02

pared by the sonication of flake graphite. Typically, flake
graphite (5g) was bath sonicated (150W) for four days
in 500mL of a 1% aqueous solution of Triton X-100 sur-
factant. Subsequently, the suspension was centrifuged at
either 3,000g, 10,000g or 16,000g, three times for 90 min-
utes, collecting the top 90% of the supernatant for the
subsequent centrifugation, creating stable dispersions of
flake graphene. The varying centrifugation speed allowed
for control of the lateral dimensions of the graphene
flakes [33]. Thin films of flake graphene were prepared
by slow vacuum filtration of an aliquot of the graphene
solution through a 50nm pore size mixed cellulose es-
ter/nitrocellulose membrane filter. The aliquot size was
adjusted to create graphene films of small, medium and
large arbitrary thicknesses on top of the membrane fil-
ter. The films were transferred to the mirror substrate by
first by pre-wetting the mirror with isopropyl alcohol and
clamping the film (face down) to the mirror. After the
isopropyl alcohol had evaporated, the membrane filter
was removed by successive dissolutions in acetone. The
mirror substrate consisted of a 160nm SiO2 layer atop of
a thin film of reflective gold to ensure the graphene film
lay at an antinode of the reflected laser light.

3 Results and discussion

Different samples of GSAM were employed to mode-
lock erbium-doped fiber laser (EDFL) at different band-
widths. EDFL used is a standard linear cavity fiber laser
with average power 0.8mW and operating wavelength
1550nm, Fig. 1 shows schematic of our setup. Total dis-
persion in the cavity for lengths ≈(Er80 = 46cm, SMF28
= 136cm) is about -920fs2. We used fiber coupled Fara-
day mirror at one end and on other end GSAM sam-
ples were used in free space. For all cases the repeti-
tion rate was same ≈ 57MHz because each sample was
placed at the focus of 2.8mm lens in free space, Fig. 4
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Fig. 2 Optical spectrums and bandwidths at FWHM for
each sample.

shows the photodiode trace of the mode-locked pulses in
time domain. Group velocity dispersion (GVD) was over-
come by engineering the lengths of the single mode fiber
and erbium-doped gain fiber. Pump power was always
greater than 50mW for each sample to initiate mode-
locking. ML-BW spectrum was mainly optimised by us-
ing polarization controllers for all cases. Table 1 shows
the results for bandwidth and saturable loss ratio after
optimizing the laser for bandwidth. Samples prepared
at 3,000g were mode-locked very quickly and remained
stable for many hours as compared to those prepared at
high centrifuge speeds.
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Fig. 3 Raman spectroscopy of each sample which shows D,
G, 2D modes, black–3000g, red–10000g, blue–16000g. Data
from [33].

The Raman spectroscopy of GSAMs is shown in Fig.
3. The D band originates due to graphene edges and its
intensity shows defect content in the samples [34], which
increases with increase in the centrifuge speed. The Ra-
man spot size is of the order of 1 micron, so for the higher
centrifugation speeds there is a very large concentration
of edges under the laser spot in Raman spectroscopy.
Hence samples prepared at higher centrifuge speed have
more edge defect concentration and small flake size than
low centrifuge speed. As observed in [33], the spectrum
shows that there are few basal plane defects, and the
D band arises from the flake edges. The shape of the
2D mode of Raman spectra indicates number of layers
per flake, with the 2D band splitting into two compo-
nents. One component is centered at ≈ 2670cm−1 which
represent low layer flake while other is centered at ≈
2700cm−1 and is associated with multilayer flakes. From
these spectra, we infer that with increase in the cen-
trifugation speed, the fraction of multilayer flakes is de-
creasing as the heavier and multi-layered flakes sediment
out. Dynamic light scattering technique was used to de-
termine the hydrodynamic size distribution of flakes, as
explicitly discussed in the paper [33]. The distributions
found in [33] were not well resolved.

The quantification of ratio of saturated to unsatu-
rated loss (αsat/αunsat) was done by measuring slope
efficiencies. Slope efficiencies were measured during laser
operation in mode-locked (ηML), continuous wave (ηCW )
and by reflecting light from gold substrate surface (ηgold).
Using these numbers ratio of saturated to unsaturated
loss was calculated by using formula [28]

αsat

αunsat
=
η−1
ML − η−1

gold

η−1
CW − η−1

gold

, (1)

and found that it was ≥80% for our GSAMs, as shown
in Table 1. Wide ML-BW had been observed by using
GSAM prepared at low centrifuge speed, 3,000g, which
had large flake size and multi-layered graphene. High
layer density increased αsat, while αunsat was reduced
due to large flake size which decreased the edge concen-
tration and scattering losses. As a result, overall the ratio
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Fig. 4 Photo diode trace of mode-locked pulse train coming
out of laser cavity in time domain, shows amplitude variation
in pluses is less than 5%.

of αsat and αunsat was high. Samples prepared at high
centrifuge speed (10,000g and 16,000g) had small and
few layer flakes which made the ratio of αsat and αunsat

low. We momentarily observed bandwidths greater than
16nm with 3,000g sample. It is very likely that high cen-
trifuge speed made the graphene flakes smaller and few
layer. As a consequence, a higher fraction of the loss
is saturable for smaller flakes and it made the mode-
locking difficult and shrank the bandwidth. It is quite
possible that a lot of particles were not saturated ow-
ing to inhomogeneity of particle size and orientation.
Loss was still there, even when we dropped down to few
layer flakes, because few layer flakes were smaller and
had more edge defect concentration which enhanced the
scattering losses and hence unsaturated absorption. We
also measured the damage threshold of our samples, flu-
ence should be ≤500µJ/cm2 for safe operation.

4 Conclusion

Graphene films with different lateral flake sizes have
been successfully used for mode-locking a fiber laser.
The films with the largest diameter flakes mode locked
readily and resulted in an optical bandwidth 16nm, the
largest bandwidth reported for any graphene based sat-
urable absorber as one of the cavity reflective mirror.
GSAM with small flake size and less number of graphene
layers produces unstable mode-locking. αsat/αunsat and
ML-BW increases with increase in the flake size and layer
density, which is roughly in conformity with the previ-
ous studies [26,30]. Smaller flakes have high edge defect
concentration which contributes to scattering losses, en-
hances overall absorption. Table 1 seems to show that
smaller flakes have less unsaturable loss as a fraction
of total loss. Larger the flake size less would be the
αsat/αunsat and vice versa. We believe that better con-
trol of the GSAM fabrication process, and thus of the
flake size and thickness can provide us optimised flake
size that can further increase bandwidth with less losses.
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Chapter 7

Outlook and conclusions

The next step of project is the implementation of a fast two-qubit entangling phase gate

with trapped Yb ions. In order to achieve this goal, the technical challenges and solutions

related to the integration of a resonant fast-gate-source with Yb ions are discussed. The

implementation of a π pulse is the key step to perform fast gates. Here, it requires the res-

onant interaction between a laser pulse with an optimum intensity and the ion to generate

a π transition. This allows pulses to coherently transfer the population between ground

and excited state (S1/2 - P1/2). These states are also used to complete the cooling cycle

of the ion in the trap with a narrow linewidth UV diode laser, because cooling requires

spontaneous emission and frequency sensitivity–which pulsed laser lacks. Now, we have

photons of the same frequency scattered from three different sources in the trap: unwanted

pulsed laser scattering, photons from the pulsed laser-ion interaction, and photons from

the cooling laser-ion interaction. Determination of a reliable π pulse demands high dis-

tinguishability of the photon signals that come from the pulse-ion interaction. We will

achieve such selectivity with time-resolved detection-gating techniques.

Resonant π pulse implementation: a potential solution

An experimental scheme to mitigate the issue highlighted above is presented by using the

chip trap with monolithically integrated diffractive optics on its surface, explained in the

reference [92]. Such a platform provides a scalable ion-photon interface that is essential

for transforming these lab experiments into a practical technology. After trapping an ion,

we couple the ion light into a single mode fibre and optimise the coupling between the ion

and the fibre by maximising the fluorescence-counts detected. We generate two signals

86
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Figure 7.1: Re-pumper laser modulation: Photomultiplier counts from an ion as a result
of the re-pumper laser switching. A square wave signal with 1 ms time period and duty
cycle of 50% is used for switching. Shelving the ion in the dark state begins when the
re-pumper laser turns off at 500 µs.

for gating with different duty cycles using a signal generator (which generates electrical

waveform signals with adjustable -duty cycles and -relative delays) locked in phase.

The signal generator is triggered by a slow switching function generator, which syn-

chronises gating and UV pulses with the forthcoming events. With the square waveforms,

locked in phase, switching has been performed in the 369.53 nm (cooling laser) and the

935.2 nm (re-pumper laser). Both, the period and the duty cycle of the re-pumper switch-

ing signal is double than the modulation signal for the cooling laser. We start switching

the re-pumper laser as shown in the Fig. 7.1, then the cooling laser, and later synced UV

pulses in the ON and OFF cycles of the re-pumper laser as shown in the Fig. 7.2. The

first peak in the ON cycle of the re-pumper laser will give us counts from the ion and

background counts, while the second sharp peak is only background scattering from the

laser pulse. This technique can be used to monitor the pulse ion interaction and related

background counts almost simultaneously. The difference of peaks is the pulse-ion signal

and it will vary with different intensity of the pulses. This will enable us to observe the

Rabi oscillations from single laser pulses. The intensities corresponding to the maximum

counts in the Rabi plot will indicate the power required in each beam to generate a π

pulse for the future implementation the fast two-qubit gate. The data and plots shown in
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Figure 7.2: Re-pumper and cooling laser modulation: Photomultiplier counts from an ion
as a result of the switched re-pumper and cooling lasers. The cooling laser is switched
with 500 µs time period signal and duty-cycle of 50%. Sharp peaks 1 and 2 are counts
with integration time of 0.5 s from single UV pulses. Peak 1 contains pulse-ion counts
when cooling laser is OFF and re-pumper is ON. Peak 2 is the background counts from
pulsed laser when the ion is shelved in the D3/2 state.

this chapter are preliminary results. Experiment was interrupted due to sudden failure of

the final stage high power fibre amplifier.

7.0.1 Conclusions

We have proposed the two-qubit entangling gate scheme based on the AC Stark shift in

atomic systems. We have derived the explicit analytical results of the geometric phases

for the coherent spin ensembles interacting with a common Bosonic mode in the cavity,

demonstrating SzSz interactions. The effects of the cavity decay, spontaneous emission,

and incomplete de-entangling of spins and laser light are discussed with the actual lab

parameters for implementation of the protocol. Later, we extended this work to single

atomic systems and gave closed expressions for geometric phases to induce σzσz interac-

tions. For both cases, example solutions have been introduced to understand the scheme

and the discrete values for all necessary phases. Beside these theoretical proposals, a major

portion of the thesis is focused on the development of a suitable laser source to implement

fast and robust entangling gates based on the geometric phases in trapped ions. For this
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purpose, we have come up with a fibre-based multi-step laser architecture to produce ul-

trafast UV pulses with the desired wavelength resonant with the strong atomic transition.

Scalability in the repetition rate and the average power at the desired UV wavelength are

distinct features of the laser system. The pulse switching technique to produce arbitrary

pulse patterns has been developed using the pulse pattern generator and the fast mod-

ulation components. These pulse patterns are vital for realisation of the controlled and

strong optical momentum kicks on the ion to implement the speed optimised geometric

phase gate. An intensity cross-correlation setup has been built to estimate the UV pulse

duration to be 2.5 ps. The fast gate simulations based on our laser parameters show that

the laser is capable of reducing the two-qubit gate time on the order of sub-microsecond.

This time can be further reduced to nano-second by scaling the repetition rate and the

average power. A gate time of <100 ns is predicted with the repetition rate of few tens of

GHz.

Furthermore, we have fabricated flake-graphene-based saturable absorbers to generate

ultrafast pulses in a seed oscillator that could help to improve the compactness of the laser

system for these fast gates. As the gate speed scales with the repetition rate, it is useful to

mode-lock with graphene saturable absorbers, which can generate a high repetition rate

within seed oscillators [136]. The carbon-nanotube-based saturable absorbers could be

another promising choice to achieve the 20 GHz fundamental repetition rate [135].

The future of this research will be focused on measuring a Rabi plot to estimate

the intensity requirements to enable a π pulse. Once it is done, it should be relatively

straightforward to replicate it and kick the ion with the counter-propagating π pulses

–leading to the fast two-qubit gates.
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