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Abstract 

Empirical simulation in pension finance literature has gained prominence in recent 

years. However, to date, the merit in applying such methodologies to pension finance 

research has not been robustly examined. My research examines this issue and identifies that 

contemporary non-parametric simulation methods used in the literature are frequently highly 

inaccurate. To circumvent this issue, I derive a new methodology entitled the trimmed 

bootstrap. This significantly more accurate technique can aid pension finance researchers in 

deriving sound advice for plan members. 

Further, through an optimisation test, this research finds evidence that the optimal asset 

allocation technique for plan members is dynamic over time. More specifically, this research 

identifies that the optimal technique de-risks towards retirement, akin to a target-date style 

asset allocation. However, beyond retirement date, and once withdrawals commence in the 

portfolio, the optimal technique returns risk to the asset allocation. This creates a ‘V’ shaped 

asset allocation glide path. 

Finally, the trimmed bootstrap methodology is robustly examined in a variety of 

international markets. Through a series of out-of-sample tests and a novel forward-looking 

measure, I show evidence that the trimmed bootstrap should become the default empirical 

simulation technique for pension finance researchers. The trimmed bootstrap provides 

researchers with a powerful tool to better predict future market states to optimise retirement 

outcomes: this is the main contribution of this research to the pension finance literature. 
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Chapter 1 Introduction  

Empirical simulation has become increasingly prevalent in pension finance literature. 

Simulating financial returns to estimate retirement outcomes is almost second nature for both 

academic and industry researchers. The techniques provide powerful tools to estimate the 

inherent risk associated in the retirement journey for plan members; their prominence in 

contemporary pension finance research has been driven by the move away from traditional 

time-weighted risk metrics such as the variance of returns. Estimation of the dollar outcome 

using simulation techniques, and in turn the inherent risk in the dollar-outcome has resonated 

not only with members, but also with policy makers and advisors.    

The basis of empirical simulation is to understand the dollar-outcome. The risk is 

frequently examined by estimating the distribution of retirement outcomes, with emphasis on 

the tails of the distribution. Through empirical simulation, pension finance researchers have 

been able simulate possible future return paths. This enables them to analyse specific 

variables of concern, and to optimise the outcomes for members by adjusting such variables. 

This research has influenced asset allocation design and ultimately the retirement funding 

policy imposed by governments.  

Virtually every pension finance study informs us that the objective of the research is to 

provide an adequate income stream in retirement. This is an important consideration, not only 

for the members saving for retirement, but also for governments that want to ensure such 

income streams do not rely on the public purse. Previous research has tried to optimise this 

objective by manipulating the levers available to plan members. Such levers include the asset 

allocation design and cash flow profiles (both in accumulative years and in the withdrawal 

stages).  

A myriad of risks have been identified in the literature that require examination of the 

dollar-outcome. These risks move beyond traditional time-weighted measures of risk, such as 
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volatility, to include dollar-weighted risks such as sequencing and longevity risk. Dollar-

weighted risks are apparent, as retirement accumulation is a multi-cash flow problem which 

cannot be understood fully using traditional time-weighted measures of risk. The use of 

empirical simulation enables this research. Empirical simulation is a useful tool to measure 

the dollar outcome as the researcher can produce a range of market states which have not 

been observed in history.   

While searching for gaps in the pension finance literature to conduct further research, I 

found that there was a plethora of research in this area. Simulation was frequently utilised to 

optimise a range of variables a plan member can influence. However, while there was a large 

volume of such research, there also seemed to be frequent debates arising in the literature, 

namely around what the optimal methodology was.  

I use the term ‘optimal’ methodology to cover the optimal choice of the range of levers 

available to members to influence their savings journey. There are studies in pension finance 

which debate the optimal contribution profile (Drew, Stoltz, Walk, & West, 2014) and the 

optimal ‘safe’ withdrawal rates (Tresidder, 2012), or the omnipresent debate around the 

optimal asset allocation (Blake, Cairns, & Dowd, 2001, 2003). These are frequent and far-

reaching, with papers finding evidence that the optimal asset allocation varied across target 

risk funds (Spitzer & Singh, 2008), target-date funds (Pang & Warshawsky, 2010), and even 

some finding evidence that a reverse target-date fund can outperform both of these methods 

(Arnott, Sherrerd, & Wu, 2013; Basu & Drew, 2009b). The literature lacks consensus on the 

optimal technique. 

During the course of reviewing these debates, I found an apparent trend. The pension 

finance literature employs a variety of empirical simulation techniques. Common techniques, 

such as the Efron (1979) bootstrap, the Künsch (1989) block bootstrap, the Politis and 

Romano (1994) stationary bootstrap, and a variety of parametric (Monte Carlo) examples 
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were ubiquitous in the literature. However, while a range of techniques were present, there 

was no defensible reason why one technique was chosen over another. There was no 

consensus on the best technique to use, and research merely referred to previous studies 

employing the technique as a basis for applying the methodology to their research. This 

presented an issue: the voluminous body of research in pension finance on the optimal 

methodology is based on unjustified and untested choices by the individual researchers 

regarding which simulation technique to apply. This was the motivation for my first research 

question: what is the optimal empirical simulation technique for pension finance researchers?  

Prior research had not examined this issue. To bridge this gap, I first consulted the 

literature to understand if there was a reason such methodologies were used. I identified that 

contemporary methodologies frequently disregarded arguments in the literature around 

financial time series, such as the common conjectures that financial time series display forms 

of dependence (such as return continuation and return reversal). This provided the motivation 

to test the current empirical methodologies for their efficacy at achieving accurate results.  

This research examines the variety of nonparametric techniques common in the pension 

finance literature and tests their ability to accurately estimate future outcomes. It became 

apparent during this first stage that there were minimal differences between the currently-

existing techniques. Further, highly-inaccurate estimates were being produced by these 

techniques. Armed with the knowledge that contemporary simulation techniques were not 

providing the accuracy which the literature led the end user to believe, I looked to other areas 

of the financial literature to find the solution. 

The finance literature includes an age-old debate about whether or not time dependency 

exists in financial returns. Pivotal clashes in finance, such as Malkiel’s (2007) A random walk 

down wall street and Siegel’s (1994) Stocks for the long run: a guide to selecting markets for 

long-term growth illustrate that the debate is alive and well in contemporary finance 
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literature. There is a large volume of research on this topic. However, as will be discussed in 

Chapter 2, there is significant evidence to suggest that stock returns display time dependent 

characteristics such as mean reversion over the medium term, and especially over the long 

term. This provides a basis for querying the use of contemporary empirical simulation 

techniques in the pension finance literature. If returns really do display a component of mean 

reversion over longer time horizons, then why is the Efron (1979) bootstrap employed to 

forecast potential returns over long time horizons when, by its design, it explicitly excludes 

any time-series dependencies? 

The pension finance literature has acknowledged this issue in part, though not 

uniformly. Techniques which partly capture time-series correlations such as the block and 

stationary bootstraps are being used in more recent times (Künsch, 1989; Politis & Romano, 

1994). However, while the block and stationary bootstraps may capture some short- and 

medium-term return dependencies (depending on the block length), they still rely on the 

assumption of independence to combine the series of block lengths together to form the 

simulated long-term return paths. As a result, these block bootstraps have difficulties 

capturing return dependencies across block boundaries, and are unable to accommodate long-

term return reversals.  

To overcome the issue that empirical simulation in pension finance literature does not 

adequately accommodate time-series dependence, I introduce a new technique entitled the 

trimmed bootstrap in Chapter 3 The Trimmed Bootstrap: An Empirical Simulation Technique 

for Pension Finance Researchers. Since the literature provides evidence that financial data 

frequently displays dependent returns, the trimmed bootstrap was constructed to implicitly 

allow for such time dependency. The trimmed bootstrap accommodates time-series 

dependency by loosely calibrating its estimated output distribution to historical observations. 

Through a series of out-of-sample tests and forward-looking analysis, the proceeding chapters 
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show evidence that this technique should become the default option for nonparametric 

simulations conducted by pension finance researchers.  

Chapter 3 has two contributions to pension finance literature. Firstly, it disentangles the 

common empirical bootstrap approaches in order to examine which technique is optimal 

among existing methods. The results show that the Künsch (1989) block bootstrap approach 

frequently estimates more accurate distributions of future outcomes than the Efron (1979) 

bootstrap. Further, it finds that the use of the Efron (1979) bootstrap approach to simulate 

retirement outcomes should be discontinued. The second contribution is the trimmed 

bootstrap itself. The trimmed bootstrap is shown to outperform existing techniques and is the 

main contribution of this research to the literature.   

With evidence that the trimmed bootstrap is the optimal nonparametric simulation 

technique, the second research question examines the asset allocation advice given to plan 

members when employing the trimmed bootstrap. Chapter 4 Asset Allocation Advice with the 

Trimmed Bootstrap tests the advice derived by the trimmed bootstrap concurrently with the 

existing Efron (1979) methodology. This chapter finds that the advice generated by the Efron 

(1979) bootstrap is frequently too pessimistic. Simulations produced by the Efron (1979) 

bootstrap suggests that in certain cases members would be advised some savings goals were 

unobtainable, or would require significantly increasing member contributions, whereas the 

trimmed bootstrap would suggest otherwise (by providing a more realistic distribution of 

possible outcomes).  

Compounding the issue of poor financial advice, it is identified in Chapter 4 that target-

date funds can produce better outcomes than previous research has suggested. In Chapter 4, I 

also determine the optimal asset allocation strategy resulting from employing both the Efron 

and trimmed bootstrap techniques. The optimal allocation incorporates a downward sloping 

target-date fund design to retirement with an upward trending allocation in retirement to 
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create a ‘V’ shaped glide path. This ‘V’ shape corroborates previous findings in the literature 

by Pfau and Kitces (2014), who argue that increasing the risk exposure post-retirement can 

reduce longevity risk for the member. I show evidence that the target-date fund downward 

sloping design pre-retirement is optimal (albeit too risk-adverse); however, the design in 

retirement is suboptimal. The results suggest that members would reduce the probability of 

exhausting their retirement balances by increasing their risk exposure in retirement.    

After I examine the asset allocation advice given by the trimmed bootstrap, I test my 

final research question, which focuses on the efficacy of the methodology in a variety of 

international financial markets. Chapter 5 The Trimmed Bootstrap: Internationally and 

Inflation Adjusted shows the technique is superior for the majority of countries in the updated 

Dimson, Marsh and Staunton (2002) database. The trimmed bootstrap is shown to be a 

significantly more-accurate technique which allows for, but does not require, return reversals 

over both the medium and long-term time horizon. The algorithm that creates the trimmed 

bootstrap also allows short-term returns to be sporadic, a view which is supported in the 

literature. This process derived a more accurate simulation of potential future return paths in 

global stock markets.  

Chapter 5 replicates the methodology in Chapter 3 for 21 countries. Further, the tests 

are conducted for both nominal and real returns for robustness. I incorporate a novel forward-

looking test which enables me to identify the optimal bootstrap technique for any given range 

of dollar-outcomes in the future. This, my final contribution to the literature, provides 

researchers with a tool for identifying the optimal technique in their particular market.  

 

1.1 Institutional setting 

The dollar outcomes of members are a function of a series of variables. The 

accumulative years have been shown to be a function of the member’s salary, the growth of 
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the salary, the length of the accumulation stage, the return performance and the order in 

which returns are experienced. In the retirement (decumulative) years, studies have identified 

that the outcome is a function of the wealth created in the working years, inflation, longevity, 

consumption, returns and the order in which returns are experienced. These variables create 

risks beyond the well-known financial time-weighted risk metrics. The dollar-outcome is 

essential. 

To derive the dollar-outcome, researchers must make assumptions. Industry frequently 

provides online calculators for members which allow the assumptions to be in the hands of 

the decision makers (i.e. the members). Increasing contributions will increase the projected 

outcome, as will delaying retirement, consuming less, or taking on more risk (usually). 

Conversely, a more defensive asset allocation with fewer contributions will not provide the 

perceived golden years in retirement. All such choices will have a material impact on the 

dollar-outcome for members. 

However, regardless of the assumptions applied, returns must be generated. Three 

common approaches exist in both academic literature and industry practice. The first is to 

assume history repeats itself. By replicating the exact return experiences of the past, a 

distribution of potential outcomes can be given to the plan member to assess their potential 

outcome if we apply modern-day assumptions to historical experiences. The second assumes 

some long-term compounded growth rate, say 7 per cent per annum. This is the most 

common technique employed on the online calculators, as they provide a ‘smooth’ ride to the 

finish line for the member. The final method, and perhaps the most robust, is simulation. This 

method provides a range of potential paths, which significantly increases the market states 

available to the researcher. 

The issue with simulation in financial literature is that all current bootstrap methods 

rely on a simplifying assumption. Regardless whether a researcher employs the Efron (1979) 
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bootstrap, the Künsch (1989) block bootstrap or the Politis and Romano (1994) stationary 

bootstrap, all assume (at some point in their algorithmic steps) that returns, or blocks of 

returns, are distributed independently through time. This is an issue which, until this research, 

was left unaddressed by the literature. 

Until now, little guidance was available to the researcher when selecting the simulation 

technique to use in pension finance. No study had tested the efficacy of the suite of 

techniques available in the literature. Institutional investors who relied on outputs from such 

models did so on the assumption that researchers had utilised the optimal technique. With the 

benefit of the hindsight provided by the results in Chapter 3, we now know such research has 

been based on sub-optimal bootstrap choices.  

Empirical simulation is an important issue for financial literature. In pension finance, 

the move from defined benefit (DB) plans to defined contribution (DC) plans inherently 

moved the risk of not achieving adequate retirement income from employers to employees 

(Broadbent & Palumbo, 2006). This shift meant that decisions around the optimal mix of 

asset allocation and the chosen contribution/withdrawal profiles became vital for individual 

members. Compounding this issue, the number of individual decision makers also 

significantly increased during the shift from DB to DC plans, as there are more employees 

than employers.  

Prior to the shift from DB to DC plans, one decision maker (the employer) would 

influence the allocation decisions. DC plans are now the default option for over 70 per cent of 

new employees in the US (Gardner, McFarland, & Scasso, 2017).  The shift to DC plans has 

seen the number of entities with the ability to make decisions on their wealth creation 

multiply to the millions. This rapid increase in demand from decision makers sparked the 

substantial growth in pension finance research around member outcomes and in the 

popularity of empirical simulation methods.  
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The numbers of members in DC plans are continuing to rise. It is essential that these 

decision makers are provided with the best tools to achieve maximum wealth creation. This is 

the motivation for my first research question: to examine if the contemporary bootstrap 

methods provide accurate estimates of financial time series returns. It is hoped the results of 

this study, and the contribution of the trimmed bootstrap, will provide the foundation for 

better advice to DC plan members in the future.     
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Chapter 2 Literature Review 

2.1 Introduction 

This study incorporates three largely stand-alone empirical studies in Chapters 3 to 5. 

Each of these chapters includes a comprehensive literature review relevant to that particular 

study. Thus, it is important to acknowledge that the literature review in this chapter (Chapter 

2) is not meant to be comprehensive. Rather, the objective of this chapter is to review the 

literature that informed and motivated the research questions that this thesis addresses.     

At the outset of my research, I investigated time-weighted and dollar-weighted returns 

to examine if a lesser known financial modelling theory (the Kelly Criterion) could be 

implemented on pension finance asset allocation design, in order to optimise outcomes over 

traditional techniques. However, during this process, an issue became apparent in an 

underlying methodology in the literature.  

This issue was the implicit assumption that empirical simulation methods in pension 

finance would produce accurate estimates of future outcomes. These techniques were 

originally built for tests of significance in hypothesis testing in areas such as biology.  It was 

difficult to conclude that these methods would necessarily be appropriate for simulating long-

term return paths from short-term returns.  

I noted a range of simulation techniques employed in the literature, without a consensus 

on a particular technique. Furthermore, there was no informative test to conclude which 

technique provided researchers with the most accuracy. This issue provided the foundation 

for this thesis. The following literature review briefly discusses the relevant literature that 

relates to the four research questions adopted. The more detailed question-specific literature 

is discussed in the respective chapters. 
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2.2 Modern Portfolio Theory 

Modern portfolio theory (MPT) is the contemporary financial theory which links 

financial wisdom to the axiom “don’t put all your eggs in one basket”. The father of MPT, 

Harry Markowitz, created the modern portfolio construction methodology, and moved the 

debate of portfolio selection away from maximising expected return to maximising expected 

return for a given level of risk (Markowitz, 1952).  

Whilst MPT paved the way for voluminous research in the field of portfolio asset 

allocation, the theory relies on a number of assumptions. Many of these simplifying 

assumptions have been shown not to hold in practice (see, for example, Esch, 2010; Merton, 

1991; Sheikh & Qiao, 2010). Two assumptions will be the focus for this research: the 

normality and the single period assumptions.  

 

2.2.1 Normality 

The normality assumption of MPT was fundamental when the theory was originally 

constructed. Essentially, the normality assumption assumes the returns of the assets which 

will be used to form a portfolio are normally distributed. The benefit of such assumption is 

that the financial returns can be analysed using the mathematically convenient measures 

which parameterise a normal distribution, namely its mean and standard deviation. The 

normality assumption also provides simple proxies for performance (in terms of the mean) 

and risk (the standard deviation). 

However, asset returns are frequently observed to be distributed in a non-normal way. 

For example, by developing a test that incorporates cross-asset correlations, Richardson and 

Smith (1993) find evidence that both stock returns and market model residuals display non-

normal characteristics. Sheikh and Qiao (2010) test international financial market returns and 

find further evidence that stock returns exhibit fat-tailed distributions, in that large losses 
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were more prevalent than a normal distribution implies. The literature has widely accepted 

that financial data displays high levels of non-normal characteristics, particularly in the tails 

of the distribution.    

To avoid the pitfalls of this original assumption, researchers now commonly use 

empirical simulation procedures. Empirical bootstrap simulation is a popular method 

employed in the literature because it avoids the need to assume a particular distribution of 

returns (Efron, 1979). The counterfactual distributional assumptions pertinent to the 

parameterisation of financial time-series data (as apparent in many Monte Carlo and 

theoretical utility models) have provided bootstrap procedures with a tremendous growth in 

their prominence, particularly within the pension finance literature. The types of bootstrap 

simulations available will be discussed further in Section 2.5.      

  

2.2.2 Single period 

The single period assumption within MPT significantly reduced the burden of 

calculation. This assumption has been challenged by numerous academics and practitioners 

since its original publication by Markowitz (1952). Longin and Solnik (1995), motivated by 

the work of Koch and Koch (1991) and Von Furstenberg and Jeon (1989), test the single 

period assumption by comparing covariance and correlation matrices from six five-year 

periods from 1960 to 1990. Longin and Solnik (1995) find both covariance and correlations 

change over time. However, while the single period problem was frequently critiqued, Fama 

(1970) and Merton (1991) also found that under a reasonable set of assumptions, it can be 

resolved through a sequence of single period calculations (Elton & Gruber, 1997). In this 

case, the idea that MPT should be disregarded due to dynamic changes in correlation over 

time can be refuted through a minor variation to the underlying assumption.  
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The single period assumption is not appropriate for pension finance research because 

pension finance problems involve both multi-period and multiple cash flow investing. In the 

case of retirement investing in a DC plan, these plans are constantly experiencing changes in 

capital, both in retirement (through distributions) and during a member’s working life 

(through contributions). When coupled with the knowledge that correlations are dynamic 

over time, we can see that each participant experiences their own return journey.  

The literature now recognises the implications of the multiple cash flow nature of 

pension finance problems in its discussion of sequencing risk. Frank, Mitchell, and Blanchett 

(2011) employed a probability of failure analysis to examine the impact the ordering of 

returns has on a retirement journey and concluded that the order of returns can be as 

important, if not more important, than the overall return performance. Subsequent research 

defined sequencing risk as the risk that returns are experienced in an unfavourable order 

(Basu, Doran, & Drew, 2012). Basu et al. (2012) show the ordering of returns becomes 

important because wealth accumulation, particularly in pension finance, is a multi-cash flow 

setting. Plainly, each cash flow is subject to a different time series of returns.  

Sequencing risk is a concept relatively new to financial literature. However, an 

important consideration in pension finance is that sequencing risk can only be evaluated 

using dollar-weighted returns. The nature of the risk is that it captures the net weight of 

capital deployed to the returns over time. This is an issue for assuming a single period 

calculation, as each cash flow is subject to its own return series and the weighted average of 

the return experiences these cash flows incur results in the outcome of an investment. The 

single period assumption fails to accurately capture the impact of sequencing risk on the 

member’s wealth. 

In this section I have discussed how the single period assumption is not appropriate for 

pension finance research because retirement planning involves both multi-period and multiple 
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cash flow investing. This important issue will be discussed in depth in Section 2.3.2 Dollar-

weighted returns. Further, this section has stated that the single period assumption for 

portfolio construction is also not a practical assumption because correlations between asset 

classes change over time. As I have discussed, pension finance is a multi-period problem; 

hence, the following section examines the contemporary research around time dependency in 

financial returns.  

 

2.2.3 Time dependency  

Time dependency in asset returns remains a continuing debate in finance. The question 

is: Are asset returns serially dependent or independent? While the notion that cross-asset 

class correlations are dynamic over time is somewhat well-accepted within financial markets, 

the presence of dependence of returns across-time within the same asset class has not been as 

widely accepted. However, more recently a growing number of studies have found strong 

evidence against serial independence and for time dependency in some form. The following 

discussion reviews some of the more prominent studies in the literature on this issue.  

Underpinning the notion that time dependency in stock market returns exists was the 

pioneering work in the field from De Bondt and Thaler (1985). Using monthly returns, they 

examined portfolios made up of long-term ‘winning’ and ‘losing’ stocks for evidence of 

overreaction in financial returns. Their paper shows evidence that stocks tend to overreact in 

a predictable way: that is, stocks that underperformed over the previous five years tend in the 

future to outperform stocks that performed well over the past five years. Their results suggest 

a form of return reversal that contradicts the notion that returns are serially independent.  

Incorporating a slight variation to the methodology employed by De Bondt and Thaler 

(1985), Richards (1997) examined portfolios made up of ‘winners’ and ‘losers’ based on past 

long-term returns. Richards (1997) found evidence of long-term return reversals in stocks 
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which had strongly underperformed and over-performed in earlier periods, also found that 

portfolios comprised of emerging market ‘losers’ did not carry any further risk over 

developed market portfolios, this suggests that the reversal themes hold in a variety of 

markets.  

Applying an assumption that financial returns display mean reversion in a portfolio 

scenario, Balvers, Wu, and Gilliland (2000) show that investors can achieve a return above 

the buy-and-hold strategy by exploiting cross-sectional variations. Their study produces a 

model which enabled portfolio construction with the ability to forecast mean reversion in 

financial markets. These findings again reject the notion that returns are serially independent, 

instead supporting the existence of time dependency in returns. 

More recent studies have continued to find evidence of return reversal in financial 

markets. By examining monthly returns across 44 indices, Malin and Bornholt (2013) find 

evidence of long-term return reversal in financial markets. Consistent with Richards (1997), 

they found that this evidence was apparent across both developed and emerging markets, 

suggesting that the idea of time dependency is not idiosyncratic to any particular market. On 

the balance of the literature, it is difficult to reject the idea that time dependency exists within 

financial markets. 

The momentum anomaly identified by Jegadeesh and Titman (1993, 2001) represents 

another form of serial dependence in returns, based on using past 3-month to 12-month 

returns to sort stocks into winner and loser portfolios. Fama and French (2012) examined 

their (1993) three-factor model, combined with a fourth factor (momentum) and also found 

evidence to suggest that stock returns display momentum characteristics. Their study finds 

evidence such momentum factors appear in all countries tested outside of Japan. The 

momentum factor is further evidence to suggest that time dependency is prevalent in financial 

returns.  
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The notion that momentum exists in financial markets has been robustly examined since 

its formation. Those earlier studies found evidence of the momentum and reversal effects in 

stocks and stock indices. However, evidence has also been found in other markets. Bianchi, 

Drew, and Fan (2015) find evidence that global commodity markets display return reversal 

characteristics over the medium term. By utilising a novel trading technique which captures 

momentum in commodity markets, they find a positive alpha associated with such trading 

methodologies. In a follow-up paper, Bianchi, Drew, and Fan (2016) introduce a behavioural 

model to momentum trading strategies and find that a 52-week high strategy outperforms 

conventional methods in the commodities market. These studies provide evidence of serially 

dependent returns in commodity markets.  

In summary, the overwhelming evidence suggests that time-series dependence exists in 

a variety of international financial markets. This is an important issue because, as I will 

discuss in Section 2.5, most pension finance simulation techniques disregard such time-series 

components. It is hypothesised that if a simulation technique which does not incorporate 

these time-series components is employed, the results obtained may be driven more by the 

choice of the technique than by any other measure.  

 

2.3 Measuring outcomes in pension finance 

Measuring pension finance outcomes requires examining a debate between the use of 

time-weighted and dollar-weighted returns. This debate has become more prominent in 

finance literature in recent years. Essentially, a plan member requires optimisation on the 

dollar outcome. Optimisation on time-weighted returns disregards the interplay of the risks 

that have been transferred to DC plan members from their employers, under DB schemes 

such as sequencing risk and longevity risk. Dollar-weighted returns account for these risks 

and are a necessity to optimise plan member outcomes.  
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2.3.1 Time-weighted returns  

To measure returns, finance literature commonly uses time-weighted returns (arithmetic 

or geometric returns) to create financial models. Time-weighted returns in finance originate 

from an evolution in mathematics which is now many centuries old. Arithmetic and 

geometric means have their roots as two-thirds of the original Pythagorean means.1 These 

original mathematical equations enabled the evaluation of financial returns using stable 

distributions, which are estimated on Pythagorean means (Bachelier, 1900). The finance 

literature evolved to adopt these measures of central tendency and measures of risk in order 

to optimise choices for financial wealth creation, such as the asset allocation (Markowitz, 

1952). 

Time-weighted returns in finance are commonly measured in either arithmetic or 

geometric means. The original portfolio optimisation work of Markowitz (1952) employed 

the arithmetic mean as the measure of central tendency. The arithmetic mean methodology 

dominated the early financial literature, with subsequent papers analysing financial data using 

the measure (Fama, 1965; Samuelson, 1969). The arithmetic methodology is favoured due to 

its ability to work with stable distribution assumptions, though it is critiqued due to its 

inability to accurately distil the compounded effect over time (Estrada, 2010). The geometric 

return captures this compounded effect over time. 

Geometric mean optimisation portfolios, which are based on the gambling probability 

research of Kelly (1956), involve maximising the compounded return while disregarding 

measures of risk derived from arithmetic means, such as those outlined by Markowitz (1952). 

Geometric mean optimisation was subsequently investigated in the preceding financial 

literature (Elton & Gruber, 1974; Latane & Tuttle, 1967). Recent literature continues to 

advocate that the methodology involving geometric returns has the potential to maximise the 

                                                 
1 The roots of the measures of central tendency stem from Pythagoras (c. 500 BCE), who is believed to have 
first developed the arithmetic, geometric and harmonic means (Hawking, 2005). 
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terminal wealth for DC plan members (Estrada, 2010). However, the methodology is subject 

to criticism as it does not necessarily maximise utility (Samuelson, 1969), though it will if the 

Bernoulli logarithmic utility function is assumed (Jean, 1980). Regardless, the methodology 

in pension finance requires multiple calculations, one for each contribution. Essentially, the 

geometric mean methodology aims to maximise the wealth over multiple periods, though it 

still lies in the realm of time-weighted returns.   

 

2.3.2 Dollar-weighted returns  

While the concept of dollar-weighted returns in the form of the internal rate of return 

(IRR) is well-known, security returns and managed fund returns are usually measured as if 

the investor is a buy-and hold investor who reinvests any intermediate income from the 

security back into the security at the prevailing market prices. However, it is well-known that 

the investors in managed funds tend to be poor market timers who tend to make additional 

investments when the markets are high and to withdraw funds when the market is low. As a 

result, the average investor in managed funds tends to earn an IRR that is less than the 

compound return from assuming that investors are buy-and-hold investors. Using an IRR 

approach, Dichev (2007) finds dollar-weighted returns are, on average, 1.5% below their 

time-weighted counterparts across 19 major stock markets. This difference is driven by the 

fact that the underlying capital exposed to each particular return is changing over time. Cash 

flows in and out of the market through IPOs and dividends influence the underlying capital 

base, and to drive the investor return. Dichev (2007) argues that you must weight these cash 

flows over time.  

Following from the previous study, Dichev and Yu (2011) examine hedge fund 

investors and find that their dollar-weighted return is frequently below their time-weighted 

counterparts. They also find evidence to suggest that hedge funds have poor market timing 
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and return a lower dollar-weighted return to investors. However, this was critiqued by Hayley 

(2014) who argued that such cash flow variations may be driven more by the investors 

themselves than by the hedge funds. Essentially, dollar-weighted returns weight the returns 

over time by the capital exposure applicable to each return.  

Dichev (2007) shows how time-weighted returns assume a single capital investment, an 

assumption similar to the MPT’s single period assumption, and argues that dollar-weighted 

returns are a more accurate representation of performance. Dichev (2007) conjects that 

arithmetic and geometric returns can have an upward bias: the returns are from a market 

perspective, and not the return on investor’s capital. As previously discussed, the single 

period assumption from Markowitz (1952) disregards changes in capital. This is an issue for 

pension finance as a member’s wealth accumulation experiences periodical changes in the 

underlying capital base.    

Supporting the dollar-weighted findings of Dichev (2007) and Dichev and Yu (2011), 

Basu et al. (2012) show that sequencing risk arises in portfolios experiencing capital changes, 

whether through contributions or withdrawals. This paper (of which I am a co-author) found 

that sequencing risk is applicable to a portfolio from the moment the second capital change 

occurs in the portfolio. I do not dispute this; however, I am now of the belief that the risk may 

occur from the moment the portfolio commences (that is, when it is known that a capital 

change will occur in the future). Increasing the initial contribution will, ceteris paribus, 

reduce the overall exposure to sequencing risk. 

Dollar-weighted returns are more relevant in pension finance research than are time-

weighted returns. The dollar-outcome of an investment has been a focus in the recent 

literature, particularly since the global financial crisis. The substantial losses experienced by 

different investors during this period made it apparent that the timing of certain returns is a 

critical component for the outcome of an investment (Doran, Drew, & Walk, 2012). A 
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member retiring in the late stages of 2008 or early 2009 may have achieved a reasonable 

time-weighted return over their accumulative years, however the dollar-weighted return was 

heavily impacted by the final return when the greatest capital base was employed. Time-

weighted returns are essentially a reflection of a passive investor who acquired a position at 

the start of the period, and held this position for the entire sample period. Dichev and Yu 

(2011) argue that dollar-weighted returns correctly weight the cash flows over time. and 

hence, weight specific returns with more, or less, emphasis as a reflection of their dollar-

denominated impact on the investment.  

Investors do not enter the market in a uniform manner and their distributions (that is 

contributions and withdrawals) can be sporadic in nature or correlated to internal or external 

factors over any specified timeframe (Sirri & Tufano, 1998).2 Dichev and Yu (2011) illustrate 

how the dollar-weighted return calculation is the average time-weighted return weighted by 

the discounted beginning assets. The multi-period structure of investing implies that the 

returns experience different capital exposures over time. This timing of cash flows is a 

principal driver to the overall return experience, and is captured by dollar-weighted returns, 

rather than time-weighted returns.  

The majority of the literature on dollar-weighted returns employs the IRR to derive 

dollar-weighted returns (Dichev, 2007; Dichev & Yu, 2011; Dvorak, 2012; Friesen & Sapp, 

2007). However, other methodologies to weight cash flows can be found in the literature. For 

example, the modified internal rate of return (MIRR) has been suggested as a superior 

methodology (Lin, 1976). However, the MIRR method has not been as widely adopted in the 

pension finance literature as is the IRR.  

In pension finance literature, dollar-weighted returns are frequently measured by the 

dollar-outcome. While the IRR has been utilised to understand the dollar-weighted return in 

                                                 
2 ‘Distributions’ is used to denote contributions and withdrawals, as is used in the literature (Dichev, 2007; 
Dichev & Yu, 2011).  
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percentage terms, the pension finance literature typically focuses on just the dollar-outcome.  

The methods in which pension finance researchers examine dollar-weighted returns is 

covered in Section 2.4.  

 

2.4 Pension finance research 

2.4.1 Cash flows 

Empirical studies in the pension finance literature commonly assume a contribution 

growth profile for a typical plan member. A myriad of such contribution profiles are used in 

the literature. The accumulation path commonly employs either basic constant growth 

contribution profiles (Basu, Byrne, & Drew, 2011; Basu & Drew, 2009b) or humped wage 

growth profiles (Byrne, Blake, Cairns, & Dowd, 2006; Scheuenstuhl, Blome, Mader, Karim, 

& Friederich, 2010). The literature has also examined growth profiles of more specific 

demographic cohorts, such as gender-based wage growth profiles (Basu & Drew, 2009a). As 

with accumulation, the range of growth profiles used for the decumulation phase include 

constant withdrawals (Doran et al., 2012); withdrawal rates, for example four per cent of the 

portfolio at retirement (Frank et al., 2011); and an assumed annuitisation factor (Dus, Maurer, 

& Mitchell, 2005). The pension finance literature is dominated by simulated techniques that 

employ average (or reasonable) plan member data to determine cash flow profiles to analyse. 

In this research, I keep the methodology consistent with past research on contemporary 

bootstrap methods.  

 

2.4.2 Measuring risk in pension finance 

Measuring risk in pension finance differs from common risk metrics in finance such as 

standard deviation. Pension finance empirical analyses can be categorised as either 

to-retirement, post-retirement, or (less commonly) through-retirement studies.  
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In to-retirement studies, the object of interest for the plan member is the amount of 

wealth at-retirement, as this wealth is what will be invested in retirement to be drawn upon to 

provide income during the retirement years. Concerns about the adequacy of at-retirement 

wealth (frequently called final or terminal wealth) to achieve a reasonable level of 

withdrawals for members means that risk measures of interest tend to be lower-tail measures 

of the simulated final wealth distribution. Three such measures discussed below are Value-at-

Risk, Conditional Value-at-Risk, and Probability of Failure (POF).  

In post-retirement and through-retirement studies, the focus is on the ability to achieve a 

planned withdrawal strategy over the retirement period. In this context, a different Probability 

of Failure to the one used in to-retirement studies is frequently employed. Note that the 

opposite of a Probability of Failure measure is its associated Probability of Success (POS), 

where POS = 1 − POF. Both of these measures are also discussed below.  

 

2.4.2.1 Value-at-Risk (VaR) 

Value-at-Risk (VaR) is the value of a specified extreme percentile in the distribution of 

wealth outcomes. Examples of the metric being used in the pension finance literature include 

the work of Basu and Drew (2009b), Cannon and Tonks (2012) and Guan and Liang (2016). 

While the measure is prevalent in the literature, it lacks consistency in that different studies 

emphasise different percentiles.  

Estimating the VaR requires sorting the distribution of wealth outcomes into ranked 

order. Once the ordering process is completed, the estimate is drawn at a given extreme 

percentile (for example, an extreme outlier, such as the first or fifth percentile, has been used 

in the literature). This value provides a basis of comparison between different scenarios 

produced by changing various input variables in pension finance research. Whether it is to 
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assess the impact of differences in contribution or withdrawal profiles, or in the underlying 

asset allocation selected, the use of VaR is almost ubiquitous in pension finance literature.  

A single VaR measure has two drawbacks. Firstly, it cannot discriminate between 

distributions that have the same VAR value but which differ in a more extreme part of the 

lower tail. Secondly, as with any lower tail measure, it cannot discriminate between 

distributions that have the same VAR value but with differences outside the upper tail. As an 

illustration of the latter drawback, consider Figure 1. This figure provides two samples of 100 

returns. I have purposefully influenced the dataset to achieve identical estimates for the VaR 

at both the first and fifth percentiles. As can be seen in the example, the measure of VaR 

limits the analysis to one outcome (or however many percentiles you choose). In regard to 

Figure 1, the VaR methodology would conclude an investor would be indifferent in the 

choice at both the first and fifth percentiles; however, clearly the darker Series2 is preferable 

to investors. This analysis shows a limitation to of the VaR methodology.  

 

Figure 1: Comparison of two samples with identical VaR outcomes 

 

2.4.2.2 Conditional Value-at-Risk (CVaR) 

Conditional Value-at-Risk is a variation of the VaR from the previous section. It is also 

commonly referred to as the expected tail loss or the expected shortfall. The CVaR 
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calculation once again is a rank calculation whereby the analysis requires sorting the data into 

ascending order. Confidence levels are given to provide estimates of the expected values 

beyond such levels. For example, a CVaR with 99% confidence would estimate the average 

value between the minimum and the first percentile of the distribution of outcomes. As the 

technique involves taking the expected value in the tail of the distribution (that is, the mean 

of the tail at a specific confidence level), it has less opportunity to disregard distributional 

properties, compared to the VaR measure. 

CVaR is frequently employed in pension finance literature. It is commonly used to 

measure either the expected shortfall at retirement, as is the case in Basu et al. (2011), or the 

extreme tails in portfolio loss events, as examined by Zhu and Fukushima (2009). The 

measure is considered to outperform the VaR because CVAR can discriminate between 

distributions that have the same VAR value but which differ in a more extreme part of the 

lower tail. This advantage should mean that the CVAR approach can produce better advice 

than the VaR methodology.  

 

2.4.2.3 Probability of failure/success 

Perhaps the most commonly used measure of risk in pension finance is the probability 

of failure (POF), or its opposite, the probability of success (POS), where POS = 1 − POF. The 

POF measure provides beneficial characteristics which are not provided by the VaR and 

CVaR techniques. The POF technique allows researchers to set objective outcomes, and to 

estimate the probability these outcomes will be achieved. Essentially, while VaR or CVaR 

measure the outcomes for a given probability, the POF measures the probability of a given 

outcome.  

The POF calculation is applied in two types of analyses in the pension finance 

literature. The first example is in accumulation studies, that is, in pre-retirement or 
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to-retirement research. Booth and Yakoubov (2000) find evidence that an employee’s 

consumption in retirement is reliant on the employee’s final salary. For this reason, a 

common approach in the literature is to employ the POF as a measure of the proportion of 

paths which fail to achieve some chosen multiple of final salary at retirement (Basu & Drew, 

2010). This method enables the researcher to compare asset allocations and contributions 

profiles, and to optimise these to-retirement with the objective of minimising the risk of 

achieving an inadequate final wealth balance at retirement.  

The second version of POF is seen in decumulation analyses, that is, in the post-

retirement (or through-retirement) research. Frank et al. (2011) employ the POF as a measure 

of the proportion of paths which are in ruin post-retirement once withdrawals have 

commenced. In this instance, the POF is estimating the proportion of paths in financial ruin at 

certain intervals in retirement. The POF can be used interchangeably with the POS, in the 

sense that minimising POF is equivalent to maximising POS since POS = 1 − POF.  

Since the ultimate objective of saving for retirement is having sufficient income in 

retirement, POF and POS are obvious measures to use when trying to measure retirement 

planning success. However, they suffer from one drawback: in a retirement lasting 20 years, 

for example, a path that fails after five years of withdrawals is much worse than a path that 

fails after 18 years of withdrawals. Yet the POF and POS measures would treat both paths 

equally as failures to achieve the full 20 years of withdrawals. That is, POF and POS weight 

all paths which fail equally, disregarding the point at which they failed. I argue this is a 

serious deficiency of the POF and POS measures, and I introduce a new measure (called the 

withdrawal success rate) in Chapter 4 to avoid this problem.  
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2.5 Empirical simulation in pension finance 

A number of simulation techniques are utilised in the pension finance literature, each 

with their own idiosyncratic pros and cons. The techniques below will be examined because 

they pertain to the issues discussed in the previous sections of this literature review. 

Particular emphasis is placed on finding the optimal technique which can accommodate both 

the evidence of serially dependent returns and the evidence of non-normal returns.  

 

2.5.1 Monte Carlo simulations 

The Monte Carlo simulation technique is a parametric method which requires the 

assumption of a specific distribution for the return generating process. This may involve 

assuming a particular probability density function and using data to estimate the parameters 

of that function.  

A criticism of Monte Carlo simulations when employed in financial research is that 

they standardise non-standard data. Similar to the normality assumption in MPT, the Monte 

Carlo process requires the distributional characteristics of the true population being known by 

the researcher. There are a number of distributions assumed in the pension finance literature. 

Zolt (2014) incorporates a normal distribution assumption to simulate financial returns to 

measure safe withdrawal rates in retirement. This assumption relates back to the issues with 

MPT, that a normality assumption in financial data is unrealistic, particularly in the tails of 

the distribution. Further studies utilise lognormal distributional assumptions within a Monte 

Carlo frame to simulate safe withdrawal rates (Pye, 2000, 2001). Lognormal distributions are 

a common approach in the literature as they align to financial returns displaying a geometric 

compounded return over time. However, while the lognormal assumption is more applicable 
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to financial data, the approach still requires the researcher to standardise data that is well 

known to have little association with standardised distributions. 

Beyond distributional assumptions, further issues arise in Monte Carlo techniques when 

attempting to measure the impact of sequencing risk in pension outcomes. By examining the 

performance gap between time-weighted returns (that is, the arithmetic mean) and dollar-

weighted returns (that is, the internal rate of return), as discussed in Dichev (2007), Frank and 

Blanchett (2010) instigate a Monte Carlo simulation which holds the mean and standard 

deviation constant between paths. This process does not ensure the time-weighted returns 

remain constant, and hence the measure of sequencing risk (that is, the performance gap 

between time-weighted and dollar-weighted returns as identified in Dichev, 2007) is not an 

accurate measure of the difference between time- and-dollar-weighted returns. The difference 

captured under such a Monte Carlo technique is also partly capturing the impact of the higher 

moments of the distribution (that is, the skewness and the kurtosis). At the date of writing, 

and to the best of my knowledge, there is no Monte Carlo simulation technique which can 

hold the four moments of the distribution constant, or the geometric return over time, to 

accurately measure the impact of sequencing risk in pension finance outcomes.  

Monte Carlo simulations also have difficulties when applied in a multi-asset class 

setting. When employing a Monte Carlo simulation, two methodologies are available to the 

researcher to incorporate multiple asset classes. The first methodology involves pooling the 

asset class returns to create a portfolio based distribution such that the assumed distribution 

represents the pooled characteristics of a certain portfolio with assumed weights to each asset 

class. The issue with this approach is that. for an asset allocation strategy which has a 

dynamic weight over time, the assumed distribution needs to be recalculated for each 

weighting. The second methodology requires simulating the returns from their respective 

asset class return distributions whilst assuming a particular cross-asset class correlation to 
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link the asset classes together. This process is more flexible to the issues with a dynamic asset 

allocation over time; however, it also limits the amount of cross-asset class correlation which 

is retained in the output distribution. Note that capturing cross asset-class correlation is not an 

issue for the nonparametric bootstrap techniques. 

The biggest drawback of using Monte Carlo methods to simulate the long-term return 

paths needed for pension finance research is the difficulty in accommodating the evidence of 

time dependence in returns. The basic problem is that while there is strong evidence of serial 

dependence, there is no consensus about the exact form of this dependence. Is the nature and 

degree of serial dependence stable through time or is it unstable? Do return reversals occur 

only for one return length (e.g., five-year returns) or in more than one return length? Should 

return continuation also be modelled? The lack of answers to these and other related 

questions means that it would be very difficult to convincingly argue that any particular 

parametric model adequately captures the observed serial dependence in returns. 

 

2.5.2 Bootstrap simulations 

The literature employs a number of empirical bootstrap simulation techniques. As a 

general overview, the methodology uses the historical empirical distribution of returns to 

simulate future possible return paths. Thus, bootstrap simulation does not need to make 

parametric model assumptions that are required in Monte Carlo simulations. This provides 

the fundamental benefit of the methodology. However, while this is a benefit to the 

technique, a criticism of the bootstrap approach is that any one-period return derived by the 

simulation has to have been observed in the historical sample. The following sub-sections 

discuss the more frequently employed empirical nonparametric bootstrap methodologies. 
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2.5.2.1 The Efron bootstrap 

The Efron (1979) bootstrap paper can be described as a seminal paper in the simulation 

literature. The standard Efron (1979) bootstrap technique application in pension finance 

involves randomly sampling with replacement from a time series with n observations to 

create a new series of returns which are linked together to form one simulated return path of 

the desired length. This process is repeated until the desired number of simulated return paths 

is achieved.  

Contemporary literature is not consistent in the number of simulation paths required to 

be estimated in bootstrap techniques. Typically, the minimum number of paths in a bootstrap 

simulation in the literature is 1,000 paths (Dichev, 2007; Dichev & Yu, 2011). However, the 

literature also posits 10,000-run paths (Basu et al., 2011; Basu & Drew, 2009b) and 100,000 

simulated paths (Best & Rayner, 2013). The central issue concerning the number of 

simulations is ensuring that the number of simulations is sufficient to have reduced the 

standard errors below the critical levels between simulation runs.   

The benefit of a bootstrap is that it is a nonparametric simulation of empirical data. It 

does not explicitly assume distributional qualities in the data. Using ‘real world’ data allows 

the data to keep its original distributional qualities rather than conform to the researcher’s 

assumptions of a common form closed probability density function. This means that 

criticisms about the normality assumption or other parametric issues pertinent to Monte Carlo 

simulations are not applicable to bootstrap techniques.  

Simulating long-term return paths via the Efron (1979) bootstrap assumes that the 

historical data are serially independent. However, the previous discussion in Section 2.2.3 on 

time dependency in returns reports strong evidence in the literature that returns are serially 

dependent. Thus, we expect that this issue may limit the usefulness of the Efron (1979) 

bootstrap in pension finance research. In short, the Efron (1979) bootstrap does not have the 
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capacity to replicate the dependence between returns in the simulated return paths that has 

been observed within the historical data sample. Although this is a serious problem for the 

Efron (1979) bootstrap, this limitation has not precluded numerous studies in the literature 

from employing the technique (Basu et al., 2011; Basu & Drew, 2009b). To overcome the 

issue of the independence assumption in stock returns, the literature has derived a second 

method for simulating real world data which can accommodate some degree of dependence 

between time-series returns.  

 

2.5.2.2 The block bootstrap 

The Künsch (1989) block bootstrap is an evolution of the Efron (1979) bootstrap for 

time-series samples which exhibit dependence. The difference between the block bootstrap 

and the Efron (1979) bootstrap is that the sampling of the time series involves randomly 

selecting blocks of data, as opposed to a single data observation for each selection. In the 

Efron (1979) bootstrap, single data observations are randomly selected. with replacement, to 

create a simulated time series. These single data points can be seen as a block size of one. In 

the block bootstrap technique, the size of the block is determined by the researcher.  

The central bonus gained from employing the block bootstrap is the ability to capture 

some forms of dependence between returns (Davison & Hall, 1993; Hall, Horowitz, & Jing, 

1995). As previously discussed, assuming serially independent returns is not supported by the 

evidence. However, while the block bootstrap offers the benefit of capturing short-term time 

dependence within these blocks, it still assumes that the block of returns are independently 

distributed. For example, a block length of four years to simulate 40-year return paths would 

require 10 blocks per path. The block bootstrap has no requirement for, say, the fourth and 

fifth year, eighth and ninth years (and so on) to display any dependence. The technique can 

capture only one form of dependence. Long-term return dependence is disregarded by the 
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block bootstrap. For example, the block bootstrap could create 40-year paths composed of 

multiple dotcom booms but without any of the resulting dotcom busts.  

Both the Efron (1979) bootstrap and the block bootstrap are commonly employed in the 

literature. It is hypothesised the block bootstrap is superior to the Efron (1979) bootstrap as it 

incorporates some forms of time dependence (Davison & Hall, 1993; Hall et al., 1995; Politis 

& White, 2004). This hypothesis requires testing as there is currently no empirical evidence 

for it in the literature.  

 

2.5.2.3 The Stationary Bootstrap 

Incorporating both the Efron (1979) and the block bootstrap is the stationary bootstrap, 

developed by Politis and Romano (1994) to simulate returns which will be stationary around 

a long-run average. Each simulated long-term return path generated by the stationary 

bootstrap will be the result of linking together independently selected blocks of returns, with 

the lengths of the blocks randomly determined. The stationary bootstrap is derived by 

randomly sampling akin to the Efron (1979) bootstrap. After the first-year n is randomly 

selected, a random number from a uniform distribution (0 to 1) is selected, and if the value 

resides above the level of significance then the next period’s return is selected (i.e. the n+1’th 

return if n<N, where n is the number chosen and N is the total number of data points in the 

sample). If the number is below the value of significance (1-p), the Efron (1979) bootstrap 

procedure of a random draw is taken for the next return. Significance (p) is defined by Politis 

and Romano (1994) as: 

p = N-1/3 

where N is the number of data points in the historical sample. 

The stationary bootstrap is relatively new in pension finance literature, though it has 

been used to simulate annualised returns: see for example Bianchi, Drew, and Walk (2013). 
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As discussed previously, the Efron and block bootstraps assume independence between 

periods (Efron, 1979) or blocks (Künsch, 1989). The stationary bootstrap continues to assume 

this independence; however, it gives the probability of the independence to be applied to the 

time horizon at 1-p. Along with the other empirical techniques discussed previously, this 

technique has not been studied as to its efficacy at achieving accuracy in retirement 

simulation. Compounding this issue is the fact that, while these ranges of techniques exist and 

are employed in the literature, there is no consensus on their optimal technique. 

 

2.6 Research questions 

I have derived my first research question from a gap I have identified in the literature. 

The second, third and fourth research questions build on the findings of my first research 

question. While examining the existing bootstrap techniques, I found no evidence that their 

relative accuracy had ever been tested in the pension finance context. Further, I identified that 

only very limited forms of time dependency are able to be accommodated in the existing 

bootstrap techniques. This produced the first and second research questions, which I combine 

in Chapter 3 The Trimmed Bootstrap: An Empirical Simulation Technique for Pension 

Finance Researchers. The third question, examined in Chapter 4 Asset Allocation Advice with 

the Trimmed Bootstrap, tests the asset allocation advice given by the newly-derived trimmed 

bootstrap concurrently with the existing Efron (1979) technique. The fourth research question 

is answered in Chapter 5 The Trimmed Bootstrap – International and Inflation Adjusted by 

testing the efficacy of the newly-derived trimmed bootstrap technique in a variety of 

international markets. Below is a summary of the research questions addressed in each 

chapter. 
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Chapter 3: The Trimmed Bootstrap: An Empirical Simulation Technique for Pension 

Finance Researchers 

Question 1: What is the best currently-available empirical bootstrap technique for 

pension finance research? 

Question 2: Can a better empirical bootstrap technique be derived that more 

adequately accommodates time dependency in returns? 

 

Chapter 4: Asset Allocation Advice with the Trimmed Bootstrap 

Question 3: Based on the new technique from question 2, what is the asset allocation 

advice given to members saving for retirement, in comparison to existing 

methods? 

 

Chapter 5: The Trimmed Bootstrap – International and Inflation Adjusted 

Question 4: Is the new bootstrap technique from question 2 applicable to a variety of 

international equity markets?  
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Chapter 3 The Trimmed Bootstrap 

 

3.0.1 Abstract 

Different variations of the Efron (1979) bootstrap have become popular for simulating 

retirement outcomes. However, to date, no study has examined their accuracy when they are 

used to for this purpose. We test the accuracy of the competing bootstrap methods through a 

series of out-of-sample tests. The analysis shows that these bootstraps can be wildly 

inaccurate. Our concerns with existing methods lead us to propose a new bootstrap entitled 

the ‘trimmed bootstrap’. This significantly more-accurate technique will benefit policy 

makers, advisers, and of course, fund members. 

 

3.1 Introduction 

Public pensions in the United States now cost over one trillion dollars per annum. The 

United States Government spent almost $1.2 trillion on pensions in 2014, 6.83 per cent of the 

GDP for the year. This figure is expected to increase above 7 per cent of GDP by 2020 

(Chantrill, 2014). The growth in government pension payments places upward pressure on 

private pension plans, such as 401(k) schemes, to ensure self-sustainable retirement adequacy 

for their members, and hence reduce the future social security burden on governments’ 

balance sheets. 

The pension finance literature is a source for government reform around 401(k) pension 

plans. A myriad of risks pertinent to plan members within such retirement investment 

schemes have been discussed in the literature. The more prominent issues include; 

performance risk, sequencing risk, longevity risk, and inflation risk. These risks are 

commonly analysed by employing empirical simulation techniques to estimate sample 

distributions of future outcomes for plan members.  
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Pension finance researchers employ both nonparametric (bootstrap) and parametric 

(Monte Carlo) techniques to simulate outcomes such as terminal wealth, retirement income 

streams, probabilities of failure/success, and withdrawal rates. Research papers employ 

empirical simulation techniques to analyse contemporary asset allocation designs (see, for 

example, Basu and Drew, 2009; Pfau and Kitces, 2014), asset allocation optimisation 

techniques (Basu et al., 2011; Stout, 2008), and the optimisation of contribution and 

withdrawal profiles (Frank et al., 2011). This research provides the foundation for public 

policy that aims to maximise retirement wealth outcomes for members, or rather, to minimise 

the pension burden on public accounts. 

A typical worker saving for retirement (that is, in the accumulation phase) faces two 

prominent risks. Firstly, performance risk refers to the fact that the amount of wealth in 

retirement will depend heavily on the overall rate of return achieved over the 30 to 40 years 

of investment. Secondly, sequencing risk is the term used to denote the major influence that 

the order in which the returns are experienced has on the amount of terminal wealth. 

Sequencing risk arises because retirement portfolios are multi-cash flow problems. These 

cash flows are generated through periodic employee and/or employer contributions. The 

nature of these cash flows creates the ‘retirement risk zone’, whereby the returns experienced 

in the last few years of a working career and the first few years of retirement can be a central 

driver of the portfolio outcome (see, for example, Doran et al., 2012; Pfau and Kitces 2014). 

Essentially, while empirical research may be conducted on a time horizon of 40+ years in the 

pension finance literature, the terminal wealth outcomes at retirement are heavily dependent 

on the returns experienced close to retirement. Thus, both the overall long-term return and the 

sequence of returns near retirement are of importance. 

These findings are particularly intriguing because there appears to have been no testing 

to see whether the popular bootstrap techniques employed in the pension finance literature 
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produce a reasonable distribution of long-term return paths. By ‘reasonable’, we mean a 

realistic distribution of long-term return paths, in terms of both performance risk and 

sequencing risk. This issue is important because much of the pension finance research is 

centered on the outcomes of bootstrap simulations. As our first contribution, we undertake 

comprehensive testing of the standard bootstrap techniques to determine their accuracy at 

forecasting retirement outcomes in a multi-cash flow setting.3 Our second contribution is to 

introduce a new bootstrap technique, the trimmed bootstrap, to address our concerns with the 

existing bootstrap techniques used in pension finance research. These concerns relate to how 

existing methods tend to produce unrealistically disperse distributions of long-term return 

paths and are discussed in detail in the next section. 

 

3.2 Motivation for the trimmed bootstrap 

The pension finance literature employs simulation methods to forecast variables of 

interest, whether it be for members or cohorts. The popular bootstrap methods in pension 

finance research are the standard Efron (1979) bootstrap, the moving block bootstrap 

(Künsch 1989)4, and the stationary bootstrap (Politis and Romano 1994). Examples of their 

use in pension finance research include Basu et al. (2011), Drew et al. (2014), and Bianchi, 

Drew, Evans, and Walk (2014).5 On face value, the pension finance literature lacks consensus 

on which simulation technique should be utilised, with a variety of techniques seen in the 

literature. Our study addresses this issue by out-of-sample testing of each of these methods. 

                                                 
3 Parametric Monte Carlo simulations are also employed in the pension finance literature. However, for this 
study, we have limited our analysis to a comparison of bootstrap techniques, as they do not constrain the data to 
a fitted distribution. The range of parametric distributions employed in the literature is also vast, making testing 
of Monte Carlo parametric methods the subject of a stand-alone paper.  
4 The Künsch (1989) block bootstrap is also commonly referred to as the rolling bootstrap. 
5 Bianchi et al. (2014) also report that they analysed their results using a Monte Carlo, an Efron (1979) and a 
Künsch (1989) block bootstrap, all of which gave similar results. However, they state that they employed the 
stationary bootstrap as the main tool for analysis as they hypothesized that it limited the errors associated with 
employing a block bootstrap with an incorrect block length to capture the time dependency in the data.  
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Bootstrap methods work well for their original purpose in statistical inference; however, 

this does not guarantee their effectiveness in pension finance research. The main issue 

revolves around how time dependency in returns influences long-term return paths. 

Moskowitz, Ooi, and Pedersen (2012) analyse a range of asset classes including stock market 

indices, commodities, currencies, and bond instruments. Their results suggest the presence of 

momentum and long-term return reversal, which are both evidence of time dependency in 

returns. Corroborating this evidence, Asness, Moskowitz, and Pedersen (2013) find strong 

evidence of dependency in the form of momentum and value (which is related to long-term 

reversal) across their sample of 18 stock market indices and across other asset classes. Our 

concern is that the existing bootstrap methods used by pension finance researchers are not 

designed to accommodate serial dependency in long-term returns. 

Consider how the current bootstrap methods simulate the long-term return paths needed 

in pension finance research. These techniques form each simulated long-term return path by 

linking together a large number of randomly selected short-term returns or blocks of short-

term returns from the historical data (usually annual or monthly returns). Thus, the linking 

process is implicitly assuming independence over time between returns (in the Efron (1979) 

bootstrap case) or between blocks of returns (in the block and stationary bootstrap cases) 

when simulating long-term returns. The more links in the chain, the more the long-term 

returns will rely on the independence assumption. 

Therefore, even though the block bootstrap and the stationary bootstrap methods may 

capture some short-term serial dependency within each block, the use of random sampling of 

blocks with replacement to simulate long-term returns may still lead to unrealistic return 

paths. Suppose we are using a block bootstrap with a block size of five years to create a 40-

year return path (that is, we randomly sample eight five-year periods from our dataset to 

create a 40-year return path). This process may capture any short-term time dependency 
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within each five-year period but relies on the independence assumption to link the blocks 

together. The process may produce unrealistic long-term returns because of unrealistic 

sequences of blocks. For example, it can create 40-year paths composed of multiple dotcom 

booms but without any of the resulting dotcom busts. At the other extreme, it could generate 

40-year paths that repeat the worst of the Great Depression multiple times without any 

recovery. We conjecture that such extreme paths are unrealistic. 

A market adage attributed to Benjamin Graham by Warren Buffett seems particularly 

apt here: “in the short-run, the market is a voting machine … but in the long-run, the market 

is a weighing machine” (The 1993 Berkshire Hathaway Letter). This saying suggests that 

short-term to medium-term extreme returns may frequently be at least partly reversed in the 

long term. Simulating long-term return paths by simply randomly selecting annual returns, or 

blocks of returns, will fail to capture such reversals, and so will tend to produce long-term 

return paths that are much too extreme. Thus, the existing Efron (1979), rolling block, and 

stationary bootstraps may be inferior to a procedure that better allows for (but does not 

require) such return reversals. Nevertheless, we expect the rolling block method with longer 

block sizes to be an improvement over the Efron bootstrap in this regard because it may 

capture reversals that are internal to a specific block length. However, the random selection 

of blocks may still produce long-term return paths that are too extreme, both in terms of long-

term returns (performance risk) and of the returns in the retirement risk zone (sequencing 

risk). 

To highlight this issue with real data, we provide the sample distribution of 1,000 

empirical bootstrap 40-year return simulations and compare this distribution with the 

historical distribution of rolling 40-year returns from the Dimson, Marsh, and Staunton 

(2002) (DMS) Database’s US nominal annual stock returns for 1900–2013. For brevity, the 

analysis reported here is only for the Efron bootstrap. The corresponding block bootstrap’s 
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results with varying block sizes and the stationary bootstrap’s results are similar to the Efron 

bootstrap’s outputs, and are given in Appendix A of this thesis. Figure 2 illustrates the initial 

motivation for the trimmed bootstrap. The graph shows only the key percentiles (for 

readability) of the distributions of annualised multi-year returns from history and contrasts 

these against the estimated distributions of rolling annualised multi-year returns from 1,000 

Efron bootstrap-simulated 40-year paths using the complete 1900–2013 sample. The Y-axis 

of Figure 2 provides the annualised geometric return for the given number of years (X-axis). 

For example, the value of 30 on the X-axis shows the key percentiles of the distribution of 

annualised geometric mean returns for all 30-year return paths in history and those estimated 

by the Efron bootstrap. 

Figure 2: Compound annual return for the Efron (1979) block 1 bootstrap vs historical 

outcomes for US Stocks 
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The first is the fact that both the 5th and 95th bootstrap percentiles are beyond the respective 

historical maximum and minimum annual compound returns beyond 26 years of 

compounding. This implies that when using an Efron bootstrap technique, we are estimating 

a greater than 1-in-10 chance of having the next 26- to 40-year returns beyond the 

corresponding extremes observed over the past 114 years. We conjecture that this probability 

estimate is too high. The second observation is that the Efron bootstrap produces instances of 

negative 40-year returns. The minimum compound annual return at 40 years given by the 

Efron bootstrap is -4.1 percent per annum. We consider this would be a catastrophic outcome 

for any investor as it is well beyond realistic extremes (with history having never recorded a 

negative annualised return over a 40-year period).6 

The Efron bootstrap randomly samples from the historical one-year returns dataset to 

create long-term returns. Hence, simulated one-year returns cannot be more extreme than 

have been observed historically. Long-term returns ordered randomly have no such boundary. 

Figure 2 shows that the longer the return path is generated by the Efron bootstrap, the further 

the simulated distribution departs from the historical distribution of the corresponding long-

term returns. This same feature is observable in the block bootstrap and the stationary 

bootstrap exhibits available from the authors. Thus, although these bootstraps may 

incorporate some short-term dependency in returns, they disregard long-term dependency by 

generating too many extreme return paths. This is a primary motivator for the trimmed 

bootstrap approach introduced in the next section. 

Moving from Figure 2 into a pension example (that is, a multi-cash flow setting), we 

can more easily understand the issues surrounding these frequent extreme returns. Figure 3 

shows the distribution of historical wealth outcomes, compared to the Efron bootstrap’s 

distribution of wealth outcomes, based on the simple assumption that we invest $1 each year 

                                                 
6 We use the term ‘catastrophic’ to refer to an event so extreme that it is unlikely any asset allocation decision 
could have provided an adequate retirement balance.  
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for 40 years to arrive at a final wealth balance after 40 years. While history has a range of 40-

year final wealth outcomes (from a low of $135 to a high of $1,239), the Efron bootstrap 

produces a range from $15 to $13,271, which is almost ninefold lower on the downside and 

over tenfold greater on the upside. Corroborating the unrealistic nature of the distribution of 

outcomes depicted in Figure 3, we can see that the 95th percentile (third dotted line from the 

top) is almost double the historical maximum. This is estimating a 1-in-20 chance of 

achieving an outcome that is almost double the best we have seen in history (that is, in the 74 

rolling 40-year periods from 1900 to 2013) in the next 40-year period. In short, the Efron 

bootstrap seems to produce even more extreme results in the multi-cash flow setting needed 

for pension finance research. 

Figure 3: Bootstrap vs historical portfolio outcomes over 40 years with $1 invested each 

year 
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3.3 The trimmed bootstrap 

In the words attributed to Mark Twain, “History doesn’t repeat itself, but it does 

rhyme.”7 We use the compound return over time as a proxy for the rhyme within financial 

markets over the long-term, while allowing short-term noise in the simulation to be sporadic. 

The trimmed bootstrap begins with the same simulation methodology as the Efron (1979) 

bootstrap. However, we ‘trim’ out (that is, we exclude) any simulated return paths that do not 

fit our criteria. 

Our criteria for simulating Z-year return paths (note: in our base case, Z = 40) are 

twofold. We have a criterion to provide some control against unrealistic sequencing risk, and 

criteria to keep the distribution of the simulated full Z-year performances loosely calibrated to 

the historical distribution of Z-year returns. The sequencing component is handled by 

trimming out any simulated Z-year path that contains any rolling 10-year geometric mean 

return that is above (below) the historical maximum (minimum) rolling 10-year geometric 

mean return. The 10-year trim has been derived from the literature around the retirement risk 

zone. Doran et al. (2012) suggest the retirement risk zone is a 20-year period encompassing 

10 years pre-retirement and 10 years post-retirement. This ‘risk zone’ is consistent with 

previous findings from Pfau and Kitces (2014), who found the investment returns close to 

retirement are a central driver of the outcomes for members. The retirement risk zone 

literature provides the motivation for the 10-year trim.8 

Stage two is a performance trim. The performance trim is designed to avoid the 

unrealistic distributions of long-term returns that the existing bootstrap methods have been 

shown to produce. The performance trim involves two steps: first, we exclude any path with a 

Z-year return that is above the historical maximum Z-year return or is below the historical 

minimum Z-year return. The second step involves keeping N/2 (where N is the number of 

                                                 
7 This statement has been attributed to Mark Twain by Eayrs (1971, p. 121). 
8 The choice of a 10-year trim is checked for robustness in a later section. 
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desired simulations) simulation paths with Z-year returns between the interquartile range of 

the historical Z-year returns. Then, we continue generating simulated paths until there are N/4 

paths with Z-year returns between the historical minimum and the 25th percentile, and N/4 

paths between the 75th percentile and the maximum of the historical Z-year returns. Any 

simulated paths that lead to any category having more than the required number of paths are 

rejected. The trimmed bootstrap procedure is summarized as follows: 

 

For deriving N simulations of Z years in length:     [1] 

Step 1: RUN the Efron (1979) bootstrap methodology (sampling a block size of 1 with 

replacement) to generate a Z-year return path. 

Step 2: IF the Z-year path contains a rolling 10-year return above (below) the maximum 

(minimum) rolling 10-year return from the historical data, reject path and return to Step 1.9 

Step 3: IF the path’s Z-year return is above (below) the maximum (minimum) historical 

Z-year return, reject path and return to Step 1. 

Step 4: RUN Steps 1 to 3 until there are N/4 paths with Z-year returns below the 

historical 25th percentile, N/2 paths with Z-year returns between the historical 25th and 75th 

percentiles, and N/4 paths with Z-year returns above the historical 75th percentile. For 

categories with more than the required number (N/4 or N/2) of paths, reject those paths in 

excess of the required number until accepted paths = N. 

 

As an example, in our out-of-sample testing in the following section, we use Z = 40 and 

N = 1,000. For every 40-year Efron (1979) simulated return path, we have 31 rolling 10-year 

periods. If one of these paths has a rolling 10-year return above the sample maximum (or 

below the minimum) rolling 10-year return, we reject that simulated return path. Next, any 

                                                 
9 Note that a simulated Z-year return path is rejected if any of its rolling 10-year returns are too extreme, not just 
its last 10-year return. 
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simulated path with a 40-year return that is more extreme than the sample maximum or 

minimum is excluded. Finally, we calibrate the trimmed bootstrap to the historical sample’s 

interquartile range for 40-year returns. That is, we continue this process until we have N/2 

paths (that is, 500 paths, for N = 1,000) with 40-year returns that fit within the interquartile 

range in our simulation, N/4 paths (that is, 250 paths, for N = 1,000) with 40-year returns 

below the sample’s 25th percentile and finally another N/4 paths (that is, 250 paths, for N = 

1,000) with 40-year returns above the sample’s 75th percentile. For any category with more 

paths than required (250 for the upper or lower quartiles or 500 for the interquartile range), 

the excess paths are discarded. To understand the amount of trimming required to arrive at 

the desired N = 1,000 paths, we find that for Z = 40 we need approximately 30,000 Efron 

(1979) bootstrap-simulated return paths to achieve N = 1,000 trimmed bootstrap paths.10 In 

general, the degree of trimming required will depend on Z, N, and the historical dataset used. 

 

3.4 Data and methodology 

The data employed in this study comes from the updated DMS database and comprises 

US nominal annual stock and bond returns for 1900–2013 (Dimson, Marsh, and Staunton 

2002). This dataset is commonly used in the pension finance literature that employs annual 

data (Basu et al., 2011; Basu & Drew, 2009b; Pfau, 2011). We apply a set of assumptions for 

a hypothetical plan member. The plan member begins with a starting salary of $40,000. 

Contributions are equal to nine percent of the member’s salary, and these amounts are 

deposited annually to align with the annual data from DMS and to keep the calculations 

manageable. Salary growth is set at four percent per annum. These assumptions apply to all 

tests in the study. 

                                                 
10 This was the maximum needed in our tests, the first out-of-sample period that boasted the shortest historical 
in-sample period.  
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The pension finance literature employs the stock asset class as a proxy for growth 

assets. Recent studies such as Basu and Drew (2015) argue that stock exposure is the main 

contributor to the tail risk in pension funds. Due to stocks being a central driver of portfolio 

extremes in pension analyses, we conduct the primary analysis using a portfolio of stocks 

only. However, we also conduct robustness tests that include defensive asset classes in the 

portfolios. These robustness tests produce results consistent with the stock-only tests.11 

A number of stochastic simulation techniques commonly found in the pension finance 

literature are analysed in this study. They are the Efron (1979) bootstrap, the Künsch (1989) 

moving block bootstrap with block sizes ranging from 2 to 10, and Politis and Romano’s 

(1994) stationary bootstrap, as well as the trimmed bootstrap. We compare and contrast these 

techniques in out-of-sample tests that simulate 40-year investment horizons for a plan 

member in the accumulation phase of their retirement journey. Accuracy is measured by 

analysis of the mean absolute error (MAE) and root mean squared error (RMSE). 

The testing procedure is as follows. The whole sample period 1900–2013 is split into 

in-sample and out-of-sample components. For each of the competing techniques, the in-

sample data is used to produce 1,000 simulated 40-year return paths to which the plan 

member assumptions are applied. This results in a distribution of simulated final wealth 

outcomes for each bootstrap method. Comparing these estimates with the out-of-sample final 

wealth from the following 40 years allows us to calculate each method’s MAE and RMSE. 

We compute two test statistics: Difference in MAE (defined as a bootstrap’s MAE minus the 

trimmed bootstrap’s MAE) and Difference in RMSE (defined as a bootstrap’s RMSE minus 

the trimmed bootstrap’s RMSE). Significantly positive values for these statistics indicate that 

the trimmed bootstrap is significantly more accurate than its alternative in the test. Given that 

                                                 
11 We conducted a variety of robustness test results in the analysis, including changes in contribution 
percentages, salary growth rate and starting value, changes in time horizon, and changes in asset allocation by 
running simulations with bonds and bills as proxies for defensive assets. All robustness tests produced 
qualitatively similar results to those presented in the study and are available on request.  
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N = 1,000 and that Difference in MAE is a difference of means, then the paired t-test can be 

applied. For the null hypothesis distribution for the Difference of RMSE, we calculate test p-

values using a nonparametric Fisher randomization test of the RMSE differences with 10,000 

permutations (see Noreen, 1989 for details of Fisher randomization testing).  

Given the data limitations, we employ four overlapping 40-year out-of-sample periods. 

For the first test, the in-sample period is from 1900 to 1958 with the out-of-sample 40-year 

period from 1959 to 1998. Subsequent in-sample periods extend forward in five-year 

increments. This means the second in-sample period is 1900–1963 with the out-of-sample 

period 1964–2003, the third in-sample period is 1900–1968 with the out-of-sample period 

1969–2008, while the last 40-year in-sample period is 1900–1973 with the out-of-sample 

period 1974–2013. Table 1 lists these periods along with the corresponding in-sample 

annualised 40-year interquartile ranges, maximums, and minimums used in the trimmed 

bootstrap’s 40-year performance trim.  

Table 1: In-sample annualised 40-year return percentiles 

 

3.5 Results  

3.5.1 Existing methods 

A bootstrap method’s accuracy is measured by analysis of its MAE and RMSE. We first 

report results for the existing bootstrap methods. Figure 4 shows the MAEs across all four 

out-of-sample periods for each simulation technique. The Politis and Romano (1994) 

stationary bootstrap behaves similarly to the ‘block 4’ and ‘block 5’ bootstraps over the four 

Out-of-sample 
period 

In-sample 
period  

Minimum 
40-year 
return p.a. 

25th 
percentile 
p.a. 

75th 
percentile 
p.a. 

Maximum 
40-year 
return p.a. 

1959–1998 1900–1958 5.42% 6.69% 8.63% 10.23% 

1964–2003 1900–1963 5.42% 6.70% 9.70% 10.97% 

1969–2008 1900–1968 5.42% 6.78% 9.79% 10.97% 

1974–2013 1900–1973 5.42% 6.91% 9.99% 12.48% 
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out-of-sample periods. A block size of six or more outperforms the stationary bootstrap 

across all periods. The Efron (1979) bootstrap (denoted ‘block 1’) is the worst performing 

technique across the four periods. 

For readability, the circled lower band contains the MAEs of the bootstraps with block 

sizes from 3 to 10 and the stationary bootstrap. This band generally follows – weakly – a 

numerical ranking of accuracy, with the larger block size commonly outperforming its 

predecessor using a MAE analysis. However, this is not always the case, with block sizes 6, 

7, 9, and 10 each achieving the best results in terms of lowest MAE at different times across 

the four periods. These results suggest that while a downward trend in MAE is apparent with 

a larger block size, a larger block size does not guarantee increased accuracy. 

The increased accuracy with larger block sizes is an expected outcome if returns are 

serially dependent. As block size increases, there is more opportunity for any time 

dependence in returns to be captured internally within each block. As noted earlier, there is 

evidence that stock index returns are serially dependent. Asness et al. (2013) find momentum 

and value effects in stock indices. Similarly, Malin and Bornholt (2013) find evidence of 

long-term return reversals in stock market indices. Thus, Figure 4 is consistent with previous 

findings in the literature. Figure 4 also shows that across all techniques and out-of-sample 

periods, the lowest MAE is approximately $1.5 million. This is a large average error relative 

to the average historical portfolio outcome across the four time horizons of approximately $4 

million (since the smallest MAE represents over a third of the average historical retirement 

balance). This finding is another motivator for the trimmed bootstrap. 
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Figure 4: MAE of some simulation techniques over the four time horizons 

 

 

 

 

 

 

 

 

 

3.5.2 Results with the trimmed bootstrap 

Figure 5 replicates Figure 4 but with the addition of the results for the trimmed 

bootstrap. The trimmed bootstrap outperforms all other techniques in the last three of the four 

out-of-sample periods. Moreover, it is understandable that the trimmed bootstrap 

underperformed in the 1959–1998 out-of-sample period, since the associated in-sample 

period (1900–1958) has only 19 overlapping 40-year periods on which to base the trimming. 

As it happens, the first out-of-sample return exceeded the in-sample high and ended with the 

dotcom bubble, whereas the in-sample period was dominated by the Great Depression. 

Essentially, the trimmed bootstrap needs to be based on a sufficiently long sample so that the 

forecast period is not likely to be dramatically more extreme than what has been observed in 

the past. 

Table 2 reports the results of the tests of Differences in MAE (a bootstrap’s MAE minus 

the trimmed bootstrap’s MAE). End Year refers to the last year of a particular 40-year out-of-

sample period. Aside from the out-of-sample period ending with 1998, the trimmed bootstrap 

significantly outperforms all other bootstraps except on two occasions. For example, for the 
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2003 End Year, the Efron (1979) bootstrap’s MAE is significantly larger than the trimmed 

bootstrap’s MAE by $1.08 million (t-stat 5.15). For the 2003 End Year, 9 out of the 11 

existing bootstraps have significantly larger MAEs than the corresponding trimmed bootstrap 

MAE. For both the 2008 and 2013 End Years, all 11 existing bootstraps have significantly 

larger MAEs than the MAE of the trimmed bootstrap. 

 

Figure 5: MAE of all simulation techniques, including the trimmed bootstrap over the four 

time horizons, Z = 40 

 

 

Table 2. Differences in MAE ($M) (t-statistics in parentheses) 

 
Notes: Reported MAE differences (in $M) are the MAE of the particular bootstrap minus the MAE of the trimmed bootstrap. 
End Year refers to the final year of the 40-year out-of-sample period. T-statistics are from the paired t-test with N = 1,000. 
* Significant at the 10% level; ** significant at the 5% level; *** significant at the 1% level. 
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End 
Year 

Efron 
Block 1 Block 2 Block 3 Block 4 Block 5 Block 6 Block 7 Block 8 Block 9 Block 10 Stationary 

1998 
-0.08 
(-0.79) 

-0.36*** 
(-4.45) 

-0.48*** 
(-5.13) 

-0.55*** 
(-7.80) 

-.053*** 
(-8.12) 

-0.58*** 
(-8.94) 

-0.52*** 
(-9.72) 

-0.52*** 
(-10.83) 

-0.51*** 
(-10.24) 

-0.40*** 
(-8.44) 

-0.30*** 
(-5.62) 

            

2003 
1.08*** 
(5.15) 

0.64*** 
(6.96) 

0.29*** 
(3.20) 

0.24*** 
(3.38) 

0.20*** 
(3.36) 

0.17*** 
(2.87) 

0.05 
(0.94) 

0.21*** 
(3.40) 

0.21*** 
(3.70) 

0.08 
(1.44) 

0.22*** 
(3.59) 

            

2008 
1.58*** 
(13.51) 

1.43*** 
(12.29) 

1.05*** 
(12.39) 

0.94*** 
(13.17) 

0.82*** 
(13.68) 

0.75*** 
(12.16) 

0.73*** 
(13.01) 

0.69*** 
(12.04) 

0.70*** 
(11.59) 

0.65*** 
(11.69) 

0.88*** 
(11.93) 

            

2013 
1.13*** 
(12.93) 

0.99*** 
(11.63) 

0.76*** 
(13.17) 

0.78*** 
(10.73) 

0.55*** 
(10.82) 

0.69*** 
(11.74) 

0.64*** 
(11.72) 

0.60*** 
(10.98) 

0.42*** 
(9.20) 

0.52*** 
(12.00) 

0.57*** 
(11.66) 
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The RMSE results are consistent with the MAE results. Figure 6 shows that the 

trimmed bootstrap technique outperforms all other simulation methods in RMSE terms in 

three out of four out-of-sample periods. The trimmed bootstrap’s RMSE outcome for the 

1998 End Year is a little better than its MAE outcome. In general, the RMSE results for the 

trimmed bootstrap are stronger than the corresponding MAE results because RMSE penalizes 

large errors to a greater extent than does the MAE. 

 

Figure 6: RMSE of each simulation technique, including the trimmed bootstrap over the four 

time horizons, Z = 40 

 

 

Table 3 reports the results of the tests of Differences in RMSE (a bootstrap’s RMSE 

minus the trimmed bootstrap’s RMSE). Positive and significant values mean the respective 

bootstrap’s RMSE is significantly larger than the trimmed bootstrap’s RMSE. For the 2003, 

2008, and 2013 End Years, the test p-values are all less than 0.001, meaning that for these 

out-of-sample periods, the trimmed bootstrap outperforms the other 11 bootstraps at the 99.9 

percent level of significance. The trimmed bootstrap underperforms other bootstrap methods 
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in only the first out-of-sample period (with the 1998 End Year) due to the limited in-sample 

data. 

In summary, the trimmed bootstrap significantly outperforms all other bootstrap 

methods in three of the four test periods. By trimming, we are controlling for unrealistic and 

highly improbable return paths that produce large errors. The trimmed bootstrap is not 

removing all improbable outcomes: it is merely ensuring their influence is at a level that 

reflects the evidence from past data. Overall, our test results suggest that the trimmed 

bootstrap technique offers a step improvement over the existing simulation techniques for 

pension finance research. 

Table 3. Differences in RMSE ($M) (p-values in brackets) 

End 
Year 

Efron 
Block 1 Block 2 Block 3 Block 4 Block 5 Block 6 Block 7 Block 8 Block 9 

Block 
10 Stationary 

1998 
0.972 
[<0.001] 

0.275 
[0.052] 

0.417 
[0.456] 

-0.069 
[0.658] 

-0.115 
[0.883] 

-0.173 
[0.817] 

-0.270 
[>0.999] 

-0.335 
[>0.999] 

-0.306 
[>0.999] 

-0.243 
[>0.999] 

-0.075 
[0.907] 

            

2003 
5.087 
[<0.001] 

1.700 
[<0.001] 

1.418 
[<0.001] 

0.906 
[<0.001] 

0.652 
[<0.001] 

0.571 
[<0.001] 

0.242 
[<0.001] 

0.649 
[<0.001] 

0.549 
[<0.001] 

0.363 
[<0.001] 

0.660 
[<0.001] 

            

2008 
3.428 
[<0.001] 

3.292 
[<0.001] 

2.257 
[<0.001] 

1.842 
[<0.001] 

1.477 
[<0.001] 

1.503 
[<0.001] 

1.345 
[<0.001] 

1.334 
[<0.001] 

1.410 
[<0.001] 

1.258 
[<0.001] 

1.838 
[<0.001] 

            

2013 
2.105 
[<0.001] 

1.961 
[<0.001] 

1.114 
[<0.001] 

1.487 
[<0.001] 

0.844 
[<0.001] 

1.113 
[<0.001] 

0.962 
[<0.001] 

0.951 
[<0.001] 

0.588 
[<0.001] 

0.641 
[<0.001] 

0.754 
[<0.001] 

 
Notes: Reported RMSE differences (in $M) are the RMSE of the particular bootstrap minus the RMSE of the trimmed bootstrap. 
End Year refers to the final year of the 40-year out-of-sample period. P-values in square brackets are from a randomization test. 

 

Figure 7 shows the cumulative distribution function (CDF) of the absolute errors 

pertinent to the final out-of-sample test (that is, the 2013 End Year). Although First Degree 

Stochastic Dominance is not evident in Figure 7, the concept of Almost Stochastic 

Dominance (ASD) is relevant here. ASD was derived by Leshno and Levy (2002) and was 

employed by Bali, Demirtas, Levy, and Wolf (2009). ASD is regarded as present if the area 

of stochastic dominance violation is less than 0.059.12  

                                                 
12 For more examples of the practical use of ASD in pension finance research, see Basu and Drew (2009b) and 
Basu et al. (2011).  
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Table 4 provides a granular view of the trimmed bootstrap’s area of violation in 

comparison with the other methodologies. The trimmed bootstrap has observed ASD against 

all other techniques for the final test period. This result is consistent with the outcomes of the 

MAE and RMSE tests, and it supports our finding that the trimmed bootstrap is more 

accurate than all the bootstrap methods currently employed in pension finance research. 

 

Figure 7: Cumulative distribution function of the absolute errors in the final time horizon that 

ends in 2013 

 

 

Table 4. Area of stochastic dominance violation of the trimmed bootstrap against alternative 

bootstraps in the 1974–2013 out-of-sample period 

    Alternative 
    Bootstrap 

  Trimmed    
  Bootstrap 

Block 1 0.014 

Block 2 0.004 

Block 3 0.021 

Block 4 0.007 

Block 5 0.006 

Block 6 0.008 

Block 7 0.010 

Block 8 0.003 

Block 9 0.010 

Block 10 0.010 

Stationary 0.002 
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3.6 Robustness 

In this section, we investigate the robustness of the trimmed bootstrap method in two 

ways. First, we check the sensitivity of the final outcomes to the choice of 10 years as the 

length of the first trim. Secondly, we test the trimmed bootstrap’s effectiveness in simulating 

30-year paths. 

Step 2 of the trimmed bootstrap procedure in [1] involves rejecting those simulated 40-

year return paths that contain a rolling 10-year return that is more extreme than the historical 

(in-sample) 10-year returns. We chose the length of 10 years for the trimmed bootstrap after 

considering the relevant literature discussing the retirement risk zone in pension finance. The 

retirement risk zone has been described as being 10 years pre- and post-retirement (Doran et 

al., 2012; Surz, 2010).13 By trimming out paths with 10-year returns that are more extreme 

than have been observed in the past, we sought to avoid unrealistic sequencing risk in the 

retirement risk zone. 

Our robustness check involves repeating the first trim of the trimmed bootstrap, but 

with trim lengths varying from 5 to 15 years, and recording the resulting out-of-sample 

MAEs. The ratios of each x-year trim’s MAE divided by the corresponding 10-year trim’s 

MAE are displayed in Figure 8. Ratios near one imply that there is little difference between 

using the x-year trim instead of the 10-year trim as they both produce a similar MAE. Those 

values above one imply that the 10-year trim was the superior methodology. For clarity, only 

steps 1 and 2 of [1] are performed when simulating the 40-year paths for this robustness test, 

in order to exclude the influence of the Z-year trim (that is, the Z-year trim may impact x-year 

trims differentially, hence it is omitted to isolate the influence of each x-year trim alone). 

Figure 8 shows that choosing the first trim length as 10 years is not a major factor in the 

accuracy of the model. The 11- to 15-year first trims all produced ratios near one.  
                                                 

13 The 10-year trim was also hypothesized to be not very different from trim lengths close to it, such as the 9-
year and 11-year trims. The reasoning is as follows: a poor 10-year outcome, for example, would most likely 
also contain a poor 9-year outcome and be included as part of a poor 11-year outcome. 
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The second robustness test we conduct is to retest the trimmed bootstrap using 30-year 

simulated paths (Z = 30) instead of 40-year paths in order to investigate whether the 

superiority of the trimmed bootstrap observed in Figures 5 and 6 is sensitive to the choice of 

Z. The Z = 30 MAE results are displayed in Figure 9 and Table 5, and the corresponding 

RMSE results in Figure 10 and Table 6. 

The MAEs and RMSEs of the trimmed bootstrap with Z = 30 behave in a manner 

similar to the other bootstrap methodologies, as is seen in the previous section with Z = 40. In 

the 30-year out-of-sample 1998 End Year, the trimmed bootstrap did not perform well due to 

the short in-sample period (1900–1968) providing insufficient guidance as to the range of 

likely 30-year outcomes. However, the trimmed bootstrap significantly outperforms all other 

bootstraps in the tests using the longer in-sample historical data. Specifically, the positive 

MAE differences for the out-of-sample periods ending with 2003, 2008, and 2013 are all 

highly significant in Table 5. Similarly, the positive RMSE differences in Table 5 are all 

highly significant (p-values < 0.001). In short, the trimmed bootstrap’s significant 

outperformance is not simply the result of choosing to test it with Z = 40.  

Figure 8. Ratio of x-year trim MAE to 10-year trim MAE across all four time periods
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Figure 9: MAE of each simulation technique, including the trimmed bootstrap over the four 

time horizons, Z = 30 

 

 

 

 

Table 5. Differences in MAE ($M) with Z = 30 years (t-statistics in parentheses) 

Notes: Reported MAE differences (in $M) are the MAE of the particular bootstrap minus the MAE of the trimmed bootstrap. 
End Year refers to the final year of the 30-year out-of-sample period. T-statistics are from the paired t-test with N = 1,000. 
* Significant at the 10% level; ** significant at the 5% level; *** significant at the 1% level. 
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End 
Year Block 1 Block 2 Block 3 Block 4 Block 5 Block 6 Block 7 Block 8 Block 9 Block 10 Stationary 

1998 
-0.212*** 
(-8.31) 

-0.246*** 
(-10.61) 

-0.210*** 
(-9.95) 

-0.200*** 
(-8.58) 

-0.219*** 
(-11.02) 

-0.233*** 
(-11.53) 

-0.212*** 
(-10.72) 

-0.194*** 
(-10.14) 

-0.211*** 
(-11.05) 

-0.196*** 
(-10.14) 

-0.088*** 
(-4.45) 

            

2003 
0.167*** 
(8.56) 

0.151*** 
(6.29) 

0.088*** 
(4.67) 

0.095*** 
(5.04) 

0.060*** 
(3.38) 

0.055*** 
(3.32) 

0.074*** 
(4.21) 

0.078*** 
(4.53) 

0.053*** 
(3.12) 

0.051*** 
(3.10) 

0.132*** 
(6.85) 

            

2008 
0.307*** 
(8.64) 

0.220*** 
(10.14) 

0.192*** 
(9.29) 

0.178*** 
(7.94) 

0.129*** 
(6.89) 

0.096*** 
(6.14) 

0.122*** 
(7.07) 

0.089*** 
(5.55) 

0.077*** 
(5.04) 

0.079*** 
(4.88) 

0.257*** 
(11.10) 

            

2013 
0.255*** 
(10.41) 

0.308*** 
(11.69) 

0.197*** 
(9.63) 

0.182*** 
(9.89) 

0.173*** 
(9.21) 

0.096*** 
(6.73) 

0.118*** 
(7.68) 

0.101*** 
(7.23) 

0.088*** 
(6.41) 

0.069*** 
(5.22) 

0.155*** 
(8.18) 
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Figure 10: RMSE of each simulation technique, including the trimmed bootstrap over the 

four time horizons, Z = 30 

 

 

Table 6. Differences in RMSE ($M) with Z = 30 years (p-values in brackets) 

End 
Year Block 1 Block 2 Block 3 Block 4 Block 5 Block 6 Block 7 Block 8 Block 9 Block 10 Stationary 

1998 
-0.075 
[0.971] 

-0.134 
[>0.999] 

-0.131 
[>0.999] 

-0.088 
[0.996] 

-0.150 
[>0.999] 

-0.170 
[>0.999] 

-0.148 
[>0.999] 

-0.137 
[>0.999] 

-0.153 
[>0.999] 

-0.143 
[>0.999] 

-0.029 
[0.921] 

            

2003 
0.228 
[<0.001] 

0.290 
[<0.001] 

0.131 
[<0.001] 

0.138 
[<0.001] 

0.087 
[<0.001] 

0.059 
[<0.001] 

0.097 
[<0.001] 

0.094 
[<0.001] 

0.073 
[<0.001] 

0.050 
[<0.001] 

0.173 
[<0.001] 

            

2008 
0.834 
[<0.001] 

0.426 
[<0.001] 

0.368 
[<0.001] 

0.409 
[<0.001] 

0.279 
[<0.001] 

0.177 
[<0.001] 

0.232 
[<0.001] 

0.175 
[<0.001] 

0.154 
[<0.001] 

0.176 
[<0.001] 

0.473 
[<0.001] 

            

2013 
0.539 
[<0.001] 

0.623 
[<0.001] 

0.387 
[<0.001] 

0.339 
[<0.001] 

0.340 
[<0.001] 

0.164 
[<0.001] 

0.212 
[<0.001] 

0.170 
[<0.001] 

0.145 
[<0.001] 

0.130 
[<0.001] 

0.320 
[<0.001] 

 
Notes: Reported RMSE differences (in $M) are the RMSE of the particular bootstrap minus the RMSE of the trimmed bootstrap. 
End Year refers to the final year of the 30-year out-of-sample period. P-values in square brackets are from a randomization test. 

 

3.7 A Capstone to the trimmed bootstrap 

As part of my motivation for the trimmed bootstrap, I showed in Figures 2 and 3 how 

the Efron (1979) bootstrap produces 40-year return paths and wealth outcomes (based on a 

simple example of investing $1 per year for 40 years) that were much more extreme than has 

been observed over the long period from 1900 to 2013. Similar to Figure 2, Figure 11 

displays the estimated distributions of rolling multi-year returns from 1,000 trimmed 
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bootstrap-simulated 40-year paths using the whole 1900–2013 sample. Comparing this with 

Figure 2, we can see that the first trim at 10 years and the second trim and calibration at 40 

years, not surprisingly, have the effect of producing less-extreme rolling multi-year returns 

more generally across the whole graph. In particular, this means that the trimmed bootstrap 

procedure is exerting a limited degree of control across the retirement risk zone at the end of 

40-year paths. 

Recall that the trimmed bootstrap approach trims paths based on each path’s returns 

rather than on the resulting wealth outcomes. This highlights an important point: the 

estimated distribution of wealth outcomes in Figure 12 from the trimmed bootstrap 

simulations is not identical to the historical distribution of wealth outcomes. The trimmed 

bootstrap produces final wealth estimates beyond historical outcomes. In particular, the 

minimum wealth for the trimmed bootstrap in Figure 12 is $73, as opposed to the historical 

minimum of $135. We argue that this is a more-realistic minimum than the Efron bootstrap’s 

$15 minimum from Figure 3. A final wealth outcome of $15 seems a very unrealistic 

minimum from $40 in contributions over 40 years. Similarly, the maximum final wealth from 

the trimmed bootstrap simulations is $1,890, which is larger than the corresponding historical 

maximum of $1,239. In contrast, the maximum final wealth from the Efron bootstrap 

simulations is an extraordinary $13,271! 
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Figure 11: Compound annual return for the trimmed bootstrap vs historical outcomes for US 

stocks 

 

 

Figure 12: Trimmed bootstrap vs historical portfolio outcomes over 40 years with $1 invested 

each year 
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3.8 Implications for retirement policy and advice 

Our tests have shown that the trimmed bootstrap produces significantly better 

simulation distributions than those produced by existing bootstrap methods. Much of the 

improvement occurs in the tails of the distribution. This is important because the lower tail of 

the estimated final wealth distribution frequently plays a crucial role in determining 

retirement policy and investor advice. Thus, the trimmed bootstrap has the potential to 

generate better policy and advice. In this section, we compare the simulated terminal wealth 

balances for a variety of asset allocations. This section is limited to only an accumulation 

analysis, leaving the discussion around decumulation (such as withdrawal rate optimisation, 

or probability of failure-based decision rules during the withdrawal phase) for future 

research. 

The standard measures used in empirical simulation analyses by pension finance 

researchers include value-at-risk (VaR), conditional value-at-risk (CVaR), probability of 

success/failure (POS/POF), and retirement wealth ratios (Antolin, Payet, & Yermo, 2010; 

Basu et al., 2011; Basu et al., 2012). In this section, we report examples of these analyses 

using the same set of assumptions about a hypothetical plan member as was used in the 

earlier tests. The plan member begins at the age of 25 with a starting salary of $40,000, which 

grows at four percent per annum. Contributions of nine percent of the member’s salary are 

deposited annually. Unlike in the earlier tests, here we use the full 1900–2013 dataset to 

simulate one thousand 40-year paths for each bootstrap method. This process produces 

forward-looking estimated distributions of wealth at retirement. The results for the various 

measures are shown in Tables 7 to 9.  

Table 7 reports VaRs at an alpha of 0.05 for each bootstrap method in the study. These 

are calculated for the 100 percent stock asset allocation and for a variety of common target-

risk (growth/defensive) asset allocations available to plan members in 401(k) accounts 
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(employing bonds as a proxy for defensive assets). The trimmed bootstrap VaRs are 

substantially larger than the corresponding VaRs produced by the other methods. 

Historically, the worst outcome for our given assumptions for a 100 percent stock portfolio 

was $862,116 in the period ending 1941. In contrast to the trimmed bootstrap’s VaR of 

$1,148,311, all the bootstrap methods currently employed in the pension finance literature 

produced VaRs (with alpha 0.05) below this historical minimum. Essentially, this is 

suggesting that there is a more than 1-in-20 chance that the outcome in the next 40 year 

period will be worse than the worst outcome we have seen in the previous seventy-four 

40-year periods. Across the range of asset allocations, it is clear that the methodologies 

currently employed are too pessimistic, so attempting to optimize with such methods seems 

likely to lead to inferior advice. In short, Table 7 corroborates the earlier test results that show 

the trimmed bootstrap produces more realistic, estimated distributions. 

The CVaR results shown in Table 8 corroborate the findings from the VaR analysis. 

The trimmed bootstrap’s CVaRs are considerably larger than the corresponding CVaRs from 

the other bootstrap methods. Table 9 reports the estimated probability of failing to achieve a 

multiple of five times the final salary under our assumptions of wage growth (approximately 

$192,000 x 5 = $960,000). A five-times multiple of the final salary has been employed as a 

minimal acceptable level for a sustainable retirement income in the pension finance literature 

(Basu and Drew 2010, Booth and Yakoubov 2000). Once again, the pessimism of the existing 

approaches is apparent. Consider the 60/40 results. The trimmed bootstrap’s estimate 

suggests there is a 2.5 percent chance of failing to achieve a wealth of five times the final 

salary, whereas the other methods’ estimates range from 7.6 to 11.6 percent. The trimmed 

bootstrap estimate is lower because its distributions are less extreme since the trimmed 

bootstrap approach implicitly accommodates serial dependency in returns (by not imposing 
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serial independence during return path construction). The methodologies currently employed 

by the literature overestimate the probability of extreme eventualities. 

 

3.9 Chapter summary  

This study analysed the sample distributions estimated by the contemporary stochastic 

bootstrap empirical simulation techniques that are commonly employed in the pension 

finance literature. The evidence shows that these methods tend to produce too many 

simulated long-term return paths that are too extreme. As a result, contemporary bootstrap 

techniques in pension finance fail to adequately account for two prominent risks: 

performance risk and sequencing risk. We show that these risks are exaggerated by the 

existing bootstrap methods on both the upside and the downside. We recommend the trimmed 

bootstrap be used in place of the existing bootstrap methods. Testing shows that the trimmed 

bootstrap is a superior approach when sufficient data for its implementation is available. 

Pension finance research is often used to provide recommendations for decisions that 

impact on retirement savings. Decisions around asset allocation, retirement public policy, 

contribution profiles, withdrawal profiles, and retirement age are frequently based on 

stochastic simulation results. Our results show that the errors from current bootstrap 

techniques can be substantial, thus undermining the usefulness of the derived outputs from 

such methods. The trimmed bootstrap is specifically designed to reduce model errors by 

deriving a more accurate estimate of the sample distribution of member outcomes in pension 

finance research. Employing the trimmed bootstrap should lead to better decisions in areas 

such as asset allocation, contribution and withdrawal profiles, and public policy relating to 

retirement saving accounts. 
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Table 7. Value-at-risk of 0.05. 

 

 

Table 8. Conditional value-at-risk of 0.05. 

 

 

Table 9. Probability of failure to achieve five times the final salary at retirement. 

 

Block 1 Block 2 Block 3 Block 4 Block 5 Block 6 Block 7 Block 8 Block 9 Block 10 Stationary 
Trimmed 
Bootstrap 

100% Stocks $700,645 $634,715 $653,459 $670,505 $716,115 $761,586 $812,099 $772,313 $833,098 $851,135 $766,560 $1,148,311 
70% Stocks / 30% Bonds $807,759 $749,794 $808,080 $760,331 $803,865 $836,605 $861,563 $893,165 $847,738 $926,409 $842,598 $1,109,560 
60% Stocks / 40% Bonds $798,034 $785,723 $760,215 $745,426 $843,018 $836,967 $857,619 $864,445 $859,032 $895,055 $833,761 $1,054,814 
50% Stocks / 50% Bonds $794,295 $780,695 $806,300 $783,984 $834,590 $840,967 $842,027 $839,465 $875,673 $864,396 $807,742 $970,169 

Block 1 Block 2 Block 3 Block 4 Block 5 Block 6 Block 7 Block 8 Block 9 Block 10 Stationary 
Trimmed 
Bootstrap 

100% Stocks $531,242 $457,103 $462,355 $459,257 $536,895 $571,854 $615,072 $631,997 $654,540 $705,659 $593,835 $954,246 
70% Stocks / 30% Bonds $641,596 $588,929 $686,689 $622,522 $680,590 $660,898 $716,479 $772,380 $664,377 $819,252 $693,059 $953,577 
60% Stocks / 40% Bonds $655,220 $645,300 $625,881 $607,337 $723,700 $701,413 $704,476 $750,974 $740,258 $791,383 $707,764 $918,904 
50% Stocks / 50% Bonds $666,052 $654,374 $665,907 $676,428 $701,686 $745,530 $713,663 $757,552 $762,357 $771,386 $708,489 $867,302 

Block 1 Block 2 Block 3 Block 4 Block 5 Block 6 Block 7 Block 8 Block 9 Block 10 Stationary 
Trimmed 
Bootstrap 

100% Stocks 0.120 0.125 0.103 0.107 0.102 0.094 0.080 0.093 0.080 0.069 0.091 0.025 
70% Stocks / 30% Bonds 0.090 0.117 0.100 0.104 0.099 0.084 0.082 0.074 0.086 0.060 0.086 0.022 
60% Stocks / 40% Bonds 0.102 0.116 0.107 0.109 0.085 0.091 0.086 0.083 0.087 0.076 0.094 0.025 
50% Stocks / 50% Bonds 0.120 0.147 0.106 0.113 0.105 0.110 0.110 0.106 0.086 0.094 0.111 0.046 
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Chapter 4 Asset Allocation Advice with the Trimmed Bootstrap 

4.0.1 Overview of Chapter 4 

Having shown in Chapter 3 that the trimmed bootstrap is superior to the alternative 

nonparametric techniques, in this chapter I examine the asset allocation advice derived from 

employing the trimmed bootstrap method. To highlight any marked differences over existing 

methods, I also employ the Efron bootstrap. The results, which are presented comparatively, 

suggest that target-date asset allocation strategies (also commonly referred to as lifecycle 

funds) which de-risk over time, as well as the fixed asset allocation strategies, all perform 

much better when analysed with the trimmed bootstrap than an analysis based on the Efron 

bootstrap would suggest.  

A finding of the through-retirement analysis is that the fixed asset allocations with 90% 

and 100% equity allocations perform at least as well as the three target-date funds for the 

withdrawal parameters included in the study. Further, an important result in this chapter is 

that the optimal asset allocation de-risks near the end of the contribution stage, and then 

begins to increase risk after withdrawals commence. This creates a ‘V-shaped’ asset 

allocation glide path which outperforms tested industry target-date funds that are currently 

the default asset allocation options for plan members. Importantly, the amount of de-risking 

in the optimal asset allocation is considerably less than the amount of de-risking involved in 

the typical industry target-date allocations. In short, the V-shape is quite shallow. Overall, the 

findings in this chapter suggest that the target-date design needs to detach itself from its age-

based rationale and move to an outcome-orientated approach for asset allocation decisions; an 

approach where age is just a number, and sustainable retirement income is the driver.  
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4.1 Introduction 

As I discussed in previous chapters, the optimal asset allocation is a hotly debated topic. 

Ensuring plan members achieve a retirement wealth which can ensure they have self-funded 

retirement has become an important consideration for public policy. The US Government will 

contribute $1.3 trillion to public pensions in 2016, representing 19.7% of the government 

expenditure for the year. Figure 13 shows the growth in pensions as a percentage of gross 

domestic product (GDP), from around 0.12 per cent in 1931 to an expected 7 per cent of 

GDP, or $1.5 trillion, by 2020.14 Reducing this liability on the public balance sheet is no 

longer a desirable trait, but a necessity. This can be accomplished by ensuring plan members 

accumulate a sustainable retirement nest egg. 

 

Figure 13: Pensions as a percent of GDP in the US since 1901–2013 actual and 2014–2017 

budget forecasts15 

 

A sustainable retirement nest egg is a function of multiple variables, each with its own 

set of variables. Firstly, the terminal wealth outcome at the start of retirement is driven by the 

accumulation phase and is a function of the contribution profile, the asset allocation, the 

                                                 
14 http://www.usgovernmentspending.com/breakdown_2016USrt_17rs5n  
15 Source data: www.usgovernmentspending.com  
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returns the portfolio experiences, and the sequence of those returns. The retirement income 

stream, or the nest egg’s longevity, is a function of the terminal wealth outcome, the 

withdrawal profile, the asset allocation during retirement, the member’s life expectancy, 

inflation, the returns the portfolio experiences, and the sequence of those returns. With so 

many variables at play, the right financial advice is essential to help mitigate the risks 

associated with these factors.  

Asset allocation is arguably the most important consideration for plan members saving 

for retirement because the chosen asset allocation is a central driver of the retirement 

outcome. Asset allocation is also one of the few variables in the retirement savings journey 

which can be influenced by the plan member, as other factors (such as inflation) are beyond 

their scope of influence. With such knowledge, both industry and academic researchers 

frequently investigate the optimal asset allocation relevant to members. However, to date, this 

research has been largely derived using the sub-optimal stochastic simulation techniques 

analysed in Chapter 3. Thus, although contemporary asset allocation designs have been partly 

derived using such techniques, they have yet to be examined using the trimmed bootstrap. In 

this chapter, I examine if there are any differences in plan member advice or asset allocation 

design when returns are derived using the more-accurate trimmed bootstrap. The results 

suggest, across the board, that previous simulation techniques are far too pessimistic toward 

equity exposure. Furthermore, evidence is shown that the target-date glide-path approach 

during the pre-retirement years is optimal.  

  

4.2 Literature review 

The pension finance literature on the optimal asset allocation design is categorised into 

three areas. Firstly, the pre-retirement (accumulation) studies assume a dependent variable 

which ranges between terminal wealth at retirement, a multiple of final salary (MacDonald, 
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Bianchi, & Drew, 2012), or an annuity equivalency in retirement (Kingston & Thorp, 2005), 

among others. The second category in the literature focuses on post-retirement 

(decumulation), where the dependent variable is linked to probability of failure (POF) rates 

(or its opposite, probability of success [POS]) (Frank et al., 2011) and to annuity optimisation 

(Blanchett, 2015). The final category, a combination of the two, is far less frequent in the 

literature: the through-retirement research. This research looks to optimise the pre-and-post-

retirement outcomes. Through-retirement research has the dependent variable akin to the 

decumulation studies, with POF or POS common variables used in optimisations.    

Two prominent asset allocation designs are apparent in both academic and industry 

research. Both designs are also part of public policy which identifies the ‘default’ asset 

allocation strategies in the majority of US 401k schemes. The traditional target risk approach, 

the first of the two overarching designs, has been heavily researched since the pioneering 

work on mean-variance efficient portfolios by Markowitz (1952). These portfolios contain a 

constant risk exposure over time (for example, 60% to stocks and 40% to bonds, rebalanced 

periodically) and are built on the fundamentals of a mean-variance efficient portfolio. 

However, these asset allocation designs have been declining in recent years, as the second 

design has garnered more traction within industry.  

Target-date funds have become the new default 401(k) design in the US, with over 70 

per cent of 401(k) plans automatically enrolled in the strategy in 2014 (Hallez, 2015). A 

typical target-date design has a high allocation to equities (often 90%) in the first 15 to 25 

years of a 40-year accumulation period. This high allocation is then progressively reduced 

over the remainder of the pre-retirement period to a lower equity allocation of about 50 to 

55%. The graphical representation of such an example creates the ‘glide path’ design 

frequently discussed in the literature. Target-date funds are also commonly termed ‘lifecycle’ 

strategies, in that their investment criteria are relative to the lifecycle of the beneficiary.  



81 
 

Research into the optimal asset allocation design over life stages is not a new 

phenomenon. The idea that exposure to risk should be dynamic and relative to the member’s 

age was originally discussed by Bodie, Merton, and Samuelson (1992), who showed a 

member’s human capital (that is, future earning potential from employment) displayed bond-

like characteristics. Bodie et al. (1992) showed that this exposure would deplete over time as 

the member aged. Hence, at a young age, a member would have a combined human (low-

risk) and financial (high-risk) capital which is heavily weighted by a form of low-risk bond 

(i.e. the human capital component). This imbalance implied increasing the financial capital 

risk exposure to high-risk asset classes (such as equity) can diversify the member. The idea 

suggests that as the member ages and human capital depletes, the member’s financial capital 

should be invested to achieve a reducing exposure to risk so as to maintain a diversified 

portfolio for the member over their lifetime. This process creates a downward sloping 

financial capital risk exposure, akin to the target-date glide path design. This is the rationale 

that underpins contemporary target-date funds.  

While Bodie et al. (1992) discussed the theoretical foundations, target-date funds have 

been extensively researched to their practical efficacy. Using the 2007 consumer finance 

survey, Pang and Warshawsky (2010) examined a range of target-date asset allocations. The 

study found that the de-risking nature of such asset allocation designs over the plan member’s 

life can reduce shortfall risk in terminal wealth outcomes. In an extension to their 2010 paper, 

Pang and Warshawsky (2011) examine a set of industry offered contemporary target-date 

designs against their target-risk (balanced fund) counterparts. The paper implements a series 

of ‘shocks’ under stochastic simulation of investment returns. They find that target-date funds 

are not as risk-adverse as proposed by industry. However, while in their 2011 paper they 

critiqued the target-date design, their paper suggested that target-date funds are suited to the 

risk-adverse investor with priority on wealth protection. 
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While there is support for target-date funds, there is a voluminous body of works 

opposed to their design. Spitzer and Singh (2008) use stochastic simulation with a 4 per cent 

withdrawal assumption and find the de-risking nature limits the longevity of the target-date 

funds. Longevity of the wealth is an issue that the to-retirement research frequently 

disregards. Their findings suggest that asset allocations which continue to de-risk, as 

withdrawals commence, fail to provide adequate income in the later years of retirement.  

In a two-paper series on to-retirement analysis, Basu and Drew (2009b) and Basu et al. 

(2011) argue that contemporary target-date fund designs are too risk adverse and fail to 

achieve retirement adequacy. While the de-risking nature of target-date funds is found to 

offer merit in reducing risks to plan members, such as shortfall at retirement, these authors 

argue that the accumulation multiple of final salary is likely to be too low to sustain 

retirement, thus increasing longevity risk. The paper series suggests that dynamic target-date 

fund strategies which incorporate past performance into the future allocation design will 

outperform other common strategies available to plan members.  

Further critiques of the design are specified by Arnott et al. (2013). By reversing a 

wholly linear downward sloping glide path beginning at 80/20 (stocks/bonds) and moving to 

20/80 (stocks/bonds) at retirement date, they corroborate the findings of Basu and Drew 

(2009b), that the asset allocation close to retirement is a central driver to the outcome for the 

member, and that a highly risk adverse asset allocation severely limits any upside potential. 

However, Arnott et al. (2013) move beyond the suggestion that lower risk is obtained from 

increasing bond exposures. Through incorporating variations such as a smart beta investment 

strategy and a dynamic approach to bond duration over the member’s life, the dynamic 

target-date design was shown to be the optimal technique. Arnott et al. (2013) supports 

comments in the literature that static target-date designs do not achieve sustainable outcomes.  
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Parts of the literature have also looked at case studies of the target-date methodology, 

which has been subject to numerous critiques following the impact of the global financial 

crisis (GFC) and the returns these funds experienced during that period. Using fund level 

data, VanDerhei (2010) tested the impact the GFC had on target-date funds. The analysis, 

which showed that the average target-date fund was over-exposed to equity investment at this 

point and lost around 17 to 18% of their balance over the worst of the crisis. The paper 

essentially concluded that the main driver to the asset allocation design is to reduce risk, and 

stated that it failed at this objective over the period of the GFC.    

The GFC provided the first real practical test for target-date designs, as this was the first 

major market correction since their widespread adoption by pension funds, and the funds did 

not perform well over the period. They were critiqued by the US Senate Special Committee 

on Aging for lack of disclosure and for asset allocations which were too heavily exposed to 

high-risk assets. The committee sited one 2010 target-date fund which lost 41 per cent in 

2008 (Kohl, 2009). Failure to disclose is a separate issue and is further considered by Lipton 

and Kish (2011), who studied US target-date funds of target-years 2010 and 2050. Their 

paper concluded that there was limited disclosure of the fund investments to plan members 

across the majority of funds. Compounding this issue was the fact that risk adjusted metrics 

such as the Sharpe ratio and Jensen’s alpha were not meeting the criteria of a ‘lower-risk 

strategy’ than conventional target risk methods would suggest. Target-date funds were 

designed to reduce the impact of adverse events close to retirement, and periods such as the 

GFC recorded many instances where the strategy did not meet this objective.  

However, while there were case-specific examples of poor outcomes during the GFC, 

the strategy on average benefited retirees, particularly over those invested in strategies with 

heightened exposure to risk-assets, such as aggressive target-risk funds. Charlson, Falkof, 

Herbst, Lutton, and Rekenthaler (2010) show that the industry funds, on average, lost 
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significantly less than other traditional asset allocation designs, particularly when the time 

horizon under analysis included the subsequent market recovery. Essentially, their study 

suggested those papers which just looked at the GFC in isolation did not factor in that target-

date funds whole-of-life approach, that is, they are not designed to outperform on a yearly 

basis. The survey paper also found evidence to suggest that while the associated press and 

senate enquiries cast the designs in a negative light, plan members continued to invest in 

target-date asset allocations throughout 2008–2010. This suggests that at the member level, 

the designs are aligning to the member’s objectives.      

On the balance of the literature, target-date funds are frequently criticised. Their de-

risking nature is observed to be excessive and the reduction of risk asset exposure is at the 

detriment of a sustainable retirement income. However, there is evidence to suggest the de-

risking nature aligns to plan member risk appetite. With the majority of empirical research to 

date suggesting that they are sub-par designs, the development of the trimmed bootstrap in 

this thesis prompts the natural research question: How will these designs perform if the 

trimmed bootstrap is used to generate simulated return paths? Asset allocation advice and 

public policy is the cornerstone of this study. Hence, the study here analyses a range of 

contemporary academic and industry derived asset allocations to ensure a diverse range of 

risk appetites are captured in the comparisons of alternative asset allocations. The final part 

of the study extends this analysis by examining the broader question: What is the optimal 

asset allocation? 

 

4.3 Data and methodology 

The main objective of this study is to examine alternative asset allocation strategies and 

to investigate the optimal asset allocation strategy using the trimmed bootstrap approach. I 

examine asset allocations from both academic literature and industry, using both the trimmed 
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bootstrap and the Efron (1979) bootstrap as simulation techniques. Including the Efron 

(1979) bootstrap method allows me to also examine if the trimmed bootstrap would have 

suggested alternate advice over the Efron (1979) bootstrap, and may explain any marked 

difference in my results against the results in the existing literature. The choice to compare 

the trimmed bootstrap to only the Efron (1979) bootstrap was twofold: 1) it was the most 

widely-used bootstrap in the pension literature, and 2) the calculations could be kept 

manageable. Furthermore, in Chapter 3 the differences between the Efron (1979) results and 

the results of the block and stationary bootstraps are frequently negligible. Moreover, the 

findings in Chapter 3 suggest that the common bootstrap techniques may frequently lead to 

results that are too pessimistic, with negative implications for advice given to members. In 

this chapter, I test this issue in the important area of asset allocation. I compare the advice 

produced by each scenario, and assess which asset allocation is deemed optimal, using the 

range of risk metrics found in pension finance literature, together with a new measure defined 

later in this section. 

Asset class returns are sourced from the updated Dimson et al. (2002) dataset and 

comprise the annual index returns of US stocks, bonds and bills for the period 1900–2014. 

Summary statistics for each asset class are provided in Table 10.  

Table 10: Annual return summary statistics for stocks, bonds and bills from 1900 to 2014 

  
US 
Stocks 

US 
Bonds 

US 
Bills 

Median 0.141 0.037 0.039 
Mean 0.115 0.054 0.038 
Standard Deviation 0.198 0.091 0.028 
Skewness -0.396 1.147 0.731 
Kurtosis 2.935 5.233 4.028 
Minimum -0.435 -0.149 0.000 
Maximum 0.571 0.404 0.147 
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As the literature provides research to-retirement and through-retirement, I divide my 

analysis into two sections. The first section looks at asset allocations and their efficacy to-

retirement while the second section examines allocation strategies through-retirement.  

As I study the through-retirement analysis, the trimmed bootstrap employed in this 

study is a variation of that employed in Chapter 3. While Z = 40 in Chapter 3, this chapter 

requires a Z = 60-year time horizon to incorporate the through-retirement analysis. As a 

robustness check, the analyses in Chapter 3 were repeated, employing a 60-year horizon, in 

tests not reported, and the results were similar. The analysis corroborated the previous 

robustness tests that for large-enough Z, the chosen Z time horizon has little bearing on the 

relative performance of the trimmed bootstrap. 

The asset allocations included in this study are sourced from the pension literature, or 

from industry. Table 11 lists these asset allocations with descriptions of their allocations to 

stocks, bonds and bills. Three statistics are presented in the to-retirement section: estimates of 

terminal (at-retirement) wealth Value-at-Risk (VaR), Conditional-Value-at-Risk (CVaR) at a 

range of percentiles, along with an estimate of the probability of failure (POF) to achieve a 

specified ‘multiple of final salary’ for each asset allocation. This POF statistic measures the 

proportion of permutations that failed to achieve a terminal wealth level amounting to a given 

multiple of final salary (salary at retirement). These three metrics are frequently used to 

measure the tail outcomes in the to-retirement literature. 
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Table 11: List of asset allocations analysed in the study 

Asset Allocation Name Description 
100% Equity 100% allocation to stocks, 0% to bonds/cash in 3:1 split 
Balanced 90/10 90% allocation to stocks, 10% to bonds/cash in 3:1 split 
Balanced 80/20 80% allocation to stocks, 20% to bonds/cash in 3:1 split 
Balanced 70/30 70% allocation to stocks, 30% to bonds/cash in 3:1 split 
Balanced 60/40 60% allocation to stocks, 40% to bonds/cash in 3:1 split 
Balanced 50/50 50% allocation to stocks, 50% to bonds/cash in 3:1 split 
Balanced 40/60 40% allocation to stocks, 60% to bonds/cash in 3:1 split 
Balanced 30/70 30% allocation to stocks, 70% to bonds/cash in 3:1 split 
Balanced 20/80 20% allocation to stocks, 80% to bonds/cash in 3:1 split 
Balanced 10/90 10% allocation to stocks, 90% to bonds/cash in 3:1 split 
100% Bonds 0% allocation to stocks, 100% to bonds/cash in 3:1 split 
Lifecycle 20,2016 100% allocation to stocks for first 20 years, linear fall to 0% in final 20 years 
Lifecycle 25,15 100% allocation to stocks for first 25 years, linear fall to 0% in final 15 years 
Lifecycle 30,10 100% allocation to stocks for first 30 years, linear fall to 0% in final 10 years 
Lifecycle 35,5 100% allocation to stocks for first 35 years, linear fall to 0% in final 5 years 
Fidelity Freedom 
Target Date (40 year) 17 

90% allocation to stocks for first 22 years, non-linear decrease for next 18 
years to 55.5% allocation to stocks at retirement. Post-retirement close-to-
linear decrease for 18 years until 26% stock allocation* 

Vanguard Target Date 
(2060)18 

90% allocation to stocks for first 16 years, close-to-linear decrease for next 24 
years to 51% allocation to stocks at retirement. Post-retirement close-to-linear 
decrease for 8 years to 30% stock allocation*  

T-Rowe Price Target 
Date19 

90% allocation to stocks for first 15 years, close-to-linear decrease for next 25 
years to 55% allocation to stocks at retirement. Post-retirement non-linear 
decrease for 20 years to 31% stock allocation.  

*Note, the Fidelity and Vanguard allocations were not available for the full 20-years post-retirement. The Fidelity provided 18 
years and the Vanguard fund only 8 years. It is unknown if practically they change after these dates. The final available asset 
allocation was assumed constant for the remaining period for this study. 

 

The through-retirement analysis employs two statistics. The first is the estimated 

probability of success (POS). For each age from 66 to 85, this statistic measures the 

proportion of permutations that achieve all the withdrawals planned from retirement to that 

age (or proportion not in ruin at that age). The second statistic is a new measure I developed. 

While reviewing the literature, I identified a gap regarding the options for measures of 

                                                 
16 The Lifecycle 20,20; 25,15; 30,10 and 35,5 are given in Basu and Drew (2009b). The post-retirement 

years all hold a constant 0% weighting to stocks. 
17 Fidelity’s lifecycle asset allocation was taken from the company’s online tool found at: 

https://www.fidelity.com/mutual-funds/fidelity-fund-portfolios/freedom-funds. The online tool has US stocks, 
international stocks, bonds and short-term funds. I used US stocks for both stock allocations in the DMS 
database, the bonds remained constant and short-term funds were used as US bills.  

18 Vanguard’s lifecycle asset allocation was taken from the company’s online tool found at: 
https://investor.vanguard.com/mutual-funds/target-retirement/#/mini/overview/1691. The online tool has US 
stocks, international stocks, US bonds, international bonds and short-term funds. I used US stocks for both stock 
allocations in the DMS database, the international bonds were restricted to US only bonds and short-term funds 
were used as US bills. 

19 T-Rowe Price’s lifecycle asset allocation was taken from the company’s online tool found at: 
https://www3.troweprice.com/usis/iinvestor/en/mutual-funds/target-date-funds/retirement-date-
funds.html?year=1991. The online tool has stocks and bonds. I used US stocks for stock allocations and US 
bonds for the bond allocation respectively. T-Rowe Price was the only target-date fund I tested without a cash 
allocation. 
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statistical inference in the through-retirement research. While the to-retirement research was 

able to go beyond analysing only a single point in the tail of the distribution (that is, the VaR) 

by utilising CVaR to measure the average of the tail of the distribution, the same ‘average’ 

was not available for through-retirement research. The literature provides POS, which is the 

percentage of portfolios not in ruin at a given age. However, it disregards periods of success 

prior to failure. An example helps distinguish a scenario where this may be problematic. 

Consider two asset allocation strategies, Strategy A and Strategy B. Say we run 1,000 

permutations to arrive at 1,000 retirement outcomes and at age 85, both scenarios have 90 per 

cent of their permutations not in ruin. The POS technique would not distinguish between 

these two measures. It would suggest the plan member would be indifferent between the two 

and would choose either. However, what if Strategy A had 99 per cent of paths successful at 

age 84 (with nine per cent failing between 84 and 85) while Strategy B had only 90 per cent 

successful at age 80 (having no extra ruin from age 80 to 85). In such circumstances, the 

rationale member would prefer Strategy A as it provides nine per cent more success for four 

extra years. However, while an investor can see the merit in Strategy A, the literature did not 

provide a technique to account for this.20   

To overcome this issue, a second measure, termed the withdrawal success rate (WSR), 

is derived: a portion of total actual withdrawals (A) to total planned withdrawals (T) by the jth 

year following retirement. The method is derived in [2].  

𝑇 , = 𝑤 , ,  

                                                 
20 I would like to make reference to Estrada (2017), who published a new POF technique during the final 

stages of my PhD editing process. The paper introduced a statistic using historical data which is similar to the 
WSR presented in this chapter. However, the two statistics differ in that Estrada’s statistic estimates discrete, 
whole years only on the conditional basis that the permutation failed. The WSR statistic in this thesis differs in 
two ways to Estrada’s discrete statistic. Firstly, the statistic is unconditional to failure in that it measures all 
permutations, and secondly, it is a continuous variable and such part-success of a year’s withdrawals is included 
in the WSR. This difference I believe enables better optimisation under the assumption a member would prefer a 
part-withdrawal above no withdrawal.   
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𝐴 , =  𝑤 , ,  

               𝑊𝑆𝑅 =  
,

,

     [2] 

 

where   𝑤  = planned withdrawals  

𝑤  = actual withdrawals achieved 

N     = number of permutations      

Hence, the WSR is a ratio of the amount of money withdrawn to the total expected 

withdrawals (to sustain retirement). For example, say we have 1,000 permutations and we 

want $100,000 a year for 10 years: at the end of the 10 years we would expect to achieve T = 

$1,000,000,000 ($100,000 x 10 years x 1,000 permutations). However, if we received only A 

= $800,000,000, due to some paths failing at different points over the 10 years, our WSR 

would be 0.80, implying we achieved 80% of expected income, with 20% failure. The WSR 

statistic does not equally weight failures across time. Unlike the POS statistic, the WSR 

incorporates the part-success of permutations into the efficacy of the asset allocation strategy.  

A hypothetical straw-man provides the vehicle for analysing the estimates from the two 

simulation methodologies. I assume a worker, aged 25, will work for 40 years, depositing 9% 

of their wages as contributions every year at years-end (hence, 41-years of contributions with 

40-years of pre-retirement returns). The plan member has a starting salary of $40,000, which 

grows at 4 per cent per annum. The post-retirement analysis spans 20 years and the plan 

member begins withdrawing two-thirds of their final salary ($128,027), which is adjusted for 

2 per cent inflation per annum in retirement, an assumption frequent in the literature (Janssen, 

Kramer, & Boender, 2013). A salary replacement rate is used over a withdrawal rate, because 

the through-retirement analysis has varying terminal (at-retirement) wealth outcomes (that is, 
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portfolio value at retirement date) which would imply different dollar values withdrawn for 

each permutation.   

 

4.4 Results – to-retirement 

The results are presented comparatively. A range of variables to gauge retirement 

outcomes are estimated using both the Efron (1979) bootstrap and the trimmed bootstrap. 

Each estimate is discussed in isolation. To aid comparison, I present the ordered rankings on 

the right-hand side (RHS) of the tables and overlay a ‘heat map’ of the best performing 

(ranked 1, in green), to the worst performing (ranked 18, in red) strategies under each 

statistic.  

Table 12 and Table 13 display the VaR estimates. The left tail of the distribution, as 

estimated by the VaR analysis at the first and fifth percentiles, is substantially different 

between the two simulation techniques. While the Efron bootstrap estimated the Balanced 

30/70 as the optimal asset allocation at the first percentile, the trimmed bootstrap analysis 

estimated that the T-Rowe Price target-date fund was superior and the Balanced 30/70 fund 

(the best in the Efron test) was ranked 15 out of 18. The asset allocation advice from the first 

percentile (a highly risk-adverse investor) is immensely different between the two techniques, 

with the more-accurate trimmed bootstrap favouring the target-date design.  

Further to the nonparametric rankings, the terminal wealth outcomes themselves are 

dramatically different. Regarding the first percentile, the range in the Efron estimates is from 

$422,561 to $652,265; conversely the trimmed bootstrap’s first percentile estimates range 

from $461,758 to $1,087,091. The first percentile of the trimmed bootstrap has a $927,220 

average across all allocations, and is similar to the 10th percentile for the Efron outcomes, 

which has an average of $898,517 across all allocations (these column averages are not listed 

in the table). The worst 1-in-10 outcome, as estimated by the Efron, has been reduced 10-fold 



91 
 

to 1-in-100 under the trimmed bootstrap analysis. The results suggest asset allocation advice 

given on the basis of Efron estimates will be too pessimistic for a risk-adverse investor, 

leading to inferior asset allocation decisions.  

While the extreme left tail shows dramatic differences between the two techniques, the 

right tail illustrates dramatic terminal wealth outcome variations. The range of outcomes at 

the 99th percentile in the Efron bootstrap analysis was from $1,754,922 to an incredible 

$20,486,833, while the trimmed bootstrap produced a range from $1,717,805 to $7,697,546. 

As we would expect from the test results in Chapter 3, the trimmed bootstrap has removed 

unrealistic outcomes in both tails of the distribution.  

The median outcomes (VaR 0.50) between both simulation techniques have the same 

nonparametric rank ordering. In fact, the differences between the medians across all asset 

allocations are within 0.5% to 4.1%. In dollar terms, this difference is only $6,528 for the 

Balanced 20/80 and $112,233 for the 100% equity strategy. The corresponding medians 

between the two techniques are very similar, which is an expected outcome. The influence of 

the trimming process is seen more in the tails of the distribution rather than in the middle. 

The CVaR analysis in Tables 14 and 15 corroborates the results from the VaR analysis. 

The left tails of the two simulated distributions (the area of interest to highly risk-averse 

investors) produce dramatically different orderings of the alternative asset allocation 

schemes. For the first percentile, the industry target-date funds are the optimal asset 

allocation design for the risk-adverse investors under the trimmed bootstrap’s estimates, 

while a Balanced 30/70 is suggested for the same investors using the Efron estimates.  
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Table 12:  Value-at-Risk estimates – Trimmed bootstrap 

  

 

 

 

 

 

  

  Trimmed VaR Estimates Trimmed VaR Rankings 

  0.01 0.05 0.10 0.25 0.50 0.75 0.90 0.95 0.99 0.01 0.05 0.10 0.25 0.50 0.75 0.90 0.95 0.99 

100% Equity $1,050,115 $1,348,244 $1,574,228 $2,056,395 $2,824,787 $3,880,471 $5,077,872 $5,911,088 $7,697,546 6 1 1 1 1 1 1 1 1 

Balanced 90/10 $1,064,463 $1,332,865 $1,524,612 $1,938,794 $2,570,166 $3,397,390 $4,347,510 $4,974,094 $6,332,686 4 2 2 2 2 2 2 2 2 

Balanced 80/20 $1,053,372 $1,297,045 $1,463,768 $1,807,828 $2,327,608 $2,972,964 $3,690,753 $4,158,545 $5,178,958 5 6 5 4 4 4 4 4 4 

Balanced 70/30 $1,023,198 $1,243,916 $1,381,839 $1,669,020 $2,087,357 $2,590,839 $3,136,895 $3,479,855 $4,232,185 7 8 8 9 9 9 9 10 10 

Balanced 60/40 $984,706 $1,174,774 $1,288,346 $1,528,286 $1,853,880 $2,249,460 $2,668,211 $2,927,825 $3,538,392 10 10 11 11 11 11 12 12 12 

Balanced 50/50 $927,445 $1,089,173 $1,189,625 $1,382,240 $1,641,593 $1,944,587 $2,269,673 $2,479,286 $2,958,593 13 13 13 13 13 13 13 13 13 

Balanced 40/60 $859,540 $997,832 $1,082,672 $1,236,941 $1,444,138 $1,688,308 $1,947,579 $2,122,030 $2,535,372 14 14 14 14 14 14 14 14 14 

Balanced 30/70 $785,437 $895,549 $963,829 $1,093,624 $1,263,070 $1,468,262 $1,683,493 $1,839,668 $2,195,066 15 15 15 15 15 15 15 15 15 

Balanced 20/80 $694,652 $788,894 $848,134 $955,325 $1,099,585 $1,281,630 $1,469,381 $1,620,424 $1,917,174 16 16 16 16 16 16 16 16 17 

Balanced 10/90 $598,404 $682,063 $733,166 $828,083 $960,379 $1,122,008 $1,300,075 $1,438,262 $1,717,805 17 17 17 17 17 17 18 18 18 

100% Bonds $461,758 $550,308 $607,347 $716,134 $878,003 $1,095,534 $1,352,411 $1,544,174 $2,014,263 18 18 18 18 18 18 17 17 16 

Lifecycle 20,20  $948,958 $1,116,130 $1,224,253 $1,454,067 $1,784,834 $2,215,218 $2,683,560 $2,986,902 $3,631,868 12 12 12 12 12 12 11 11 11 

Lifecycle 25,15 $976,454 $1,164,947 $1,294,843 $1,568,971 $1,968,820 $2,511,404 $3,081,823 $3,507,389 $4,282,071 11 11 10 10 10 10 10 9 9 

Lifecycle 30,10 $995,503 $1,222,054 $1,375,351 $1,695,516 $2,200,134 $2,854,385 $3,587,490 $4,088,316 $5,121,447 9 9 9 8 8 6 5 5 5 

Lifecycle 35,5 $1,014,726 $1,273,541 $1,451,576 $1,843,842 $2,442,481 $3,265,027 $4,178,171 $4,846,871 $6,200,861 8 7 7 3 3 3 3 3 3 

Fidelity 40 year  Target Date  $1,084,735 $1,319,846 $1,469,316 $1,789,082 $2,254,953 $2,849,330 $3,503,241 $3,970,623 $4,889,764 2 4 4 6 6 7 7 7 7 

Vanguard 40 year Target Date $1,079,410 $1,311,479 $1,454,820 $1,761,920 $2,221,040 $2,789,326 $3,412,157 $3,857,454 $4,741,872 3 5 6 7 7 8 8 8 8 

T-Rowe Price 40 year Target 
Date 

$1,087,091 $1,320,637 $1,474,244 $1,790,769 $2,270,450 $2,864,995 $3,523,559 $3,983,677 $4,926,843 1 3 3 5 5 5 6 6 6 
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Table 13:  Value-at-Risk estimates – Efron bootstrap  

  Efron VaR Estimates Efron VaR Rankings 

  0.01 0.05 0.10 0.25 0.50 0.75 0.90 0.95 0.99 0.01 0.05 0.10 0.25 0.50 0.75 0.90 0.95 0.99 

100% Equity $422,561 $709,298 $929,620 $1,519,111 $2,712,554 $4,830,132 $8,155,787 $11,342,277 $20,486,833 18 16 9 1 1 1 1 1 1 

Balanced 90/10 $464,807 $747,490 $951,486 $1,475,999 $2,490,010 $4,136,498 $6,593,130 $8,863,753 $15,173,514 16 11 7 2 2 2 2 3 3 

Balanced 80/20 $509,234 $781,754 $966,737 $1,424,212 $2,266,471 $3,529,934 $5,322,325 $6,838,716 $11,041,584 14 9 5 4 4 4 5 5 5 

Balanced 70/30 $550,819 $806,471 $974,549 $1,362,748 $2,040,288 $3,007,043 $4,294,524 $5,327,274 $8,108,775 11 6 4 8 9 9 10 10 10 

Balanced 60/40 $591,986 $818,680 $962,218 $1,291,161 $1,819,363 $2,542,292 $3,440,175 $4,149,497 $5,972,411 5 2 6 10 11 12 12 12 12 

Balanced 50/50 $621,500 $818,399 $942,383 $1,207,052 $1,615,313 $2,138,608 $2,756,457 $3,242,953 $4,474,019 4 3 8 12 13 13 13 13 13 

Balanced 40/60 $645,917 $805,486 $912,092 $1,119,756 $1,422,737 $1,802,524 $2,226,532 $2,558,118 $3,371,633 2 7 10 14 14 14 14 14 14 

Balanced 30/70 $652,265 $782,950 $863,717 $1,025,191 $1,248,778 $1,526,594 $1,828,950 $2,060,018 $2,579,738 1 8 15 15 15 15 15 15 15 

Balanced 20/80 $638,624 $737,413 $796,795 $923,832 $1,093,057 $1,300,008 $1,525,357 $1,696,272 $2,078,461 3 13 16 16 16 16 16 16 16 

Balanced 10/90 $589,872 $666,514 $715,818 $813,315 $950,475 $1,119,623 $1,308,591 $1,436,347 $1,754,922 6 17 17 17 17 17 18 18 18 

100% Bonds $467,522 $544,236 $598,191 $710,814 $869,970 $1,090,358 $1,341,934 $1,536,213 $2,017,159 15 18 18 18 18 18 17 17 17 

Lifecycle 20,20  $572,288 $755,811 $879,647 $1,190,254 $1,746,516 $2,601,933 $3,771,080 $4,773,785 $7,392,544 9 10 14 13 12 11 11 11 11 

Lifecycle 25,15 $538,231 $737,994 $884,013 $1,241,711 $1,908,342 $3,006,765 $4,532,297 $5,826,828 $9,631,406 12 12 13 11 10 10 9 9 9 

Lifecycle 30,10 $510,787 $712,381 $887,900 $1,308,278 $2,114,250 $3,499,866 $5,449,642 $7,224,577 $12,519,604 13 14 12 9 8 5 4 4 4 

Lifecycle 35,5 $460,994 $709,956 $901,086 $1,393,574 $2,371,802 $4,046,235 $6,576,254 $8,954,282 $15,881,394 17 15 11 7 3 3 3 2 2 

Fidelity 40 year  Target Date $569,531 $815,437 $994,150 $1,415,027 $2,189,597 $3,414,531 $5,073,765 $6,518,070 $10,779,969 10 4 3 6 6 7 7 6 7 

Vanguard 40 year Target Date $584,406 $820,317 $1,006,819 $1,415,537 $2,160,985 $3,312,287 $4,886,621 $6,205,871 $10,112,420 7 1 1 5 7 8 8 8 8 

T-Rowe Price 40 year Target 
Date 

$574,180 $814,315 $1,006,093 $1,427,748 $2,210,753 $3,422,870 $5,103,749 $6,505,863 $10,803,508 8 5 2 3 5 6 6 7 6 
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Table 14: Conditional Value-at-Risk estimates – Trimmed bootstrap 

 

  Trimmed CVaR Estimates Trimmed CVaR Rankings 

  0.01 0.05 0.1 0.25 0.5 0.75 0.9 0.95 0.99 0.01 0.05 0.1 0.25 0.5 0.75 0.9 0.95 0.99 

100% Equity $927,529 $1,168,098 $1,317,452 $1,621,523 $2,029,387 $2,455,014 $2,778,860 $2,919,826 $3,069,024 8 4 1 1 1 1 1 1 1 

Balanced 90/10 $945,722 $1,166,788 $1,300,402 $1,563,588 $1,909,185 $2,257,454 $2,516,491 $2,627,483 $2,742,600 5 5 2 2 2 2 2 2 2 

Balanced 80/20 $949,133 $1,148,067 $1,266,422 $1,491,219 $1,779,165 $2,060,671 $2,265,072 $2,351,568 $2,440,020 4 6 6 5 4 4 4 4 4 

Balanced 70/30 $938,112 $1,113,334 $1,215,850 $1,406,115 $1,642,078 $1,867,422 $2,027,162 $2,094,034 $2,161,930 6 8 8 8 9 9 9 9 9 

Balanced 60/40 $911,868 $1,062,942 $1,150,410 $1,310,159 $1,500,819 $1,679,660 $1,804,394 $1,856,075 $1,908,468 10 10 10 11 11 11 11 11 11 

Balanced 50/50 $870,909 $997,506 $1,070,623 $1,204,235 $1,357,972 $1,499,684 $1,597,843 $1,638,029 $1,679,399 13 13 13 13 13 13 13 13 13 

Balanced 40/60 $813,897 $918,233 $980,490 $1,090,888 $1,215,240 $1,328,866 $1,407,841 $1,440,161 $1,473,837 14 14 14 14 14 14 14 14 14 

Balanced 30/70 $742,861 $828,732 $881,827 $972,671 $1,075,105 $1,169,180 $1,234,744 $1,262,050 $1,290,658 15 15 15 15 15 15 15 15 15 

Balanced 20/80 $657,261 $731,911 $776,138 $853,733 $940,683 $1,021,882 $1,078,819 $1,103,055 $1,128,601 16 16 16 16 16 16 16 16 16 

Balanced 10/90 $564,732 $631,971 $670,995 $739,185 $815,750 $888,449 $940,042 $962,274 $985,789 17 17 17 17 17 17 17 17 17 

100% Bonds $424,876 $495,160 $537,704 $613,515 $704,284 $795,068 $863,325 $893,616 $926,900 18 18 18 18 18 18 18 18 18 

Lifecycle 20,20  $889,416 $1,014,194 $1,094,088 $1,245,570 $1,430,998 $1,616,684 $1,750,332 $1,806,778 $1,864,514 12 12 12 12 12 12 12 12 12 

Lifecycle 25,15 $906,720 $1,051,399 $1,142,918 $1,321,545 $1,545,411 $1,771,352 $1,937,302 $2,007,579 $2,080,136 11 11 11 10 10 10 10 10 10 

Lifecycle 30,10 $922,059 $1,085,660 $1,194,807 $1,405,810 $1,676,674 $1,951,068 $2,156,150 $2,243,449 $2,334,522 9 9 9 9 8 8 8 7 7 

Lifecycle 35,5 $928,804 $1,117,238 $1,241,028 $1,489,897 $1,816,836 $2,153,220 $2,403,785 $2,512,495 $2,627,687 7 7 7 6 3 3 3 3 3 

Fidelity 40 year Target Date  $994,539 $1,179,093 $1,289,712 $1,496,054 $1,758,500 $2,016,749 $2,203,886 $2,283,367 $2,365,537 1 2 4 4 6 6 6 6 6 

Vanguard 40 year Target Date  $991,121 $1,172,500 $1,280,996 $1,482,133 $1,735,810 $1,984,706 $2,163,872 $2,240,258 $2,319,216 3 3 5 7 7 7 7 8 8 

T-Rowe Price 40 year Target Date $991,574 $1,179,447 $1,291,956 $1,500,571 $1,765,328 $2,025,607 $2,213,604 $2,293,750 $2,376,666 2 1 3 3 5 5 5 5 5 
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Table 15: Conditional Value-at-Risk estimates – Efron bootstrap 

 

 

 

  Efron CVaR Estimates Efron CVaR Rankings 

  0.01 0.05 0.1 0.25 0.5 0.75 0.9 0.95 0.99 0.01 0.05 0.1 0.25 0.5 0.75 0.9 0.95 0.99 

100% Equity $347,420 $532,950 $677,837 $1,006,027 $1,541,030 $2,237,471 $2,898,204 $3,247,680 $3,695,870 18 17 16 7 1 1 1 1 1 

Balanced 90/10 $389,913 $575,967 $714,738 $1,018,017 $1,486,836 $2,063,170 $2,581,681 $2,845,507 $3,171,850 17 15 13 5 2 2 2 2 2 

Balanced 80/20 $433,965 $615,514 $745,896 $1,020,125 $1,422,970 $1,891,493 $2,291,512 $2,487,959 $2,722,640 14 13 9 4 4 4 4 4 4 

Balanced 70/30 $477,897 $650,337 $770,584 $1,012,657 $1,350,767 $1,724,750 $2,028,153 $2,171,700 $2,338,833 12 9 7 6 8 9 9 9 9 

Balanced 60/40 $520,605 $679,396 $787,133 $995,266 $1,272,362 $1,564,578 $1,791,028 $1,894,069 $2,011,763 6 4 5 8 10 11 11 11 12 

Balanced 50/50 $558,166 $699,556 $792,652 $966,802 $1,188,868 $1,411,876 $1,578,526 $1,651,398 $1,733,627 4 3 3 9 12 13 13 13 13 

Balanced 40/60 $587,182 $708,549 $786,237 $927,060 $1,100,202 $1,267,294 $1,388,219 $1,439,898 $1,497,207 3 1 6 12 14 14 14 14 14 

Balanced 30/70 $602,722 $702,151 $764,149 $874,851 $1,006,681 $1,130,772 $1,218,143 $1,255,848 $1,296,073 1 2 8 15 15 15 15 15 15 

Balanced 20/80 $594,731 $674,649 $721,989 $807,148 $907,114 $1,000,826 $1,067,123 $1,095,287 $1,124,921 2 5 11 16 16 16 16 16 16 

Balanced 10/90 $552,163 $618,305 $655,605 $723,003 $802,985 $878,512 $932,290 $955,164 $979,243 5 12 17 17 17 17 17 17 17 

100% Bonds $430,274 $495,451 $533,966 $608,310 $699,064 $789,993 $857,870 $887,953 $921,064 15 18 18 18 18 18 18 18 18 

Lifecycle 20,20  $514,918 $645,909 $733,276 $917,024 $1,185,491 $1,494,766 $1,761,055 $1,888,892 $2,043,101 7 10 10 14 13 12 12 12 11 

Lifecycle 25,15 $479,429 $619,840 $716,193 $925,897 $1,246,010 $1,628,008 $1,964,732 $2,129,030 $2,333,539 11 11 12 13 11 10 10 10 10 

Lifecycle 30,10 $443,506 $587,469 $695,517 $935,499 $1,314,515 $1,784,134 $2,202,774 $2,412,668 $2,682,596 13 14 14 11 9 8 7 6 5 

Lifecycle 35,5 $398,585 $559,888 $684,446 $955,345 $1,402,741 $1,967,686 $2,481,945 $2,750,008 $3,096,664 16 16 15 10 7 3 3 3 3 

Fidelity 40 year Target Date $492,959 $663,203 $788,486 $1,039,747 $1,414,238 $1,854,441 $2,228,992 $2,412,414 $2,635,084 10 8 4 3 5 6 6 7 7 

Vanguard 40 year Target Date $507,057 $674,320 $798,726 $1,045,376 $1,407,020 $1,829,110 $2,183,422 $2,355,281 $2,563,261 8 6 1 2 6 7 8 8 8 

T-Rowe Price 40 year Target Date $495,695 $665,959 $793,358 $1,048,114 $1,423,684 $1,864,971 $2,237,322 $2,419,206 $2,639,654 9 7 2 1 3 5 5 5 6 
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For the highly risk-adverse investor from the analysed strategies, the best to-retirement 

asset allocation, as estimated by the trimmed bootstrap, is the T-Rowe Price target-date fund. 

In fact, when coupled with the CVaR estimates in Table 14, the T-Rowe Price target-date 

strategy has achieved a top-3 ranking across the bottom quartile of possible outcomes. Asset 

allocation decisions are of central importance to plan members, and the trimmed bootstrap 

suggests the literature that has discounted target-date funds efficacy has done so on the 

premise of an inferior methodology.   

As discussed in the literature review chapter, VaR and CVaR centre their focus on the 

tails of the distribution, disregarding the outcome-orientated measure of success. This section 

bridges this gap by displaying the estimated probability of failure (POF) results. The measure 

of success at retirement is defined as a multiple of final salary and the POF measures the 

percentage of occurrences when this multiple is not achieved. Essentially, the VaR and CVaR 

give the outcome for a prescribed level of risk, while the POF illustrates the risk of a 

prescribed outcome.  

Tables 16 and 17 provide the POF analysis for the to-retirement outcomes. The 

literature lacks consensus on what would be deemed a successful multiple. For this reason, I 

provide 11 multiples of final salary from 5- to 15-times (5x…15x) final salary to satisfy the 

range quoted in the literature. However, the in-text discussion will focus on the 8-times (8x) 

multiple as examined in Basu and Drew (2009b). A note to the reader to help aid 

comparisons in this section; the final salary in this study was $192,041 and hence an 8x 

multiple is greater than or equal to $1,536,328.   

The nonparametric ranked ordering between the Efron and trimmed bootstraps is very 

similar in a POF framework. This makes intuitive sense from the comments in Chapter 3. The 

trimmed bootstrap trims unrealistic and highly volatile outcomes. The realistic outcomes are 

captured by both the Efron and the trimmed distributions; the Efron includes more unrealistic 
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outcomes that would already be in failure in the tails of the distribution or would obtain a 

reasonable outcome but be ordered in a highly improbable way. These have been ‘trimmed’ 

by the trimmed bootstrap equally across all strategies; hence the failure rates would be 

ordered in a similar manner unless the probability of failure was highly non-linear as we 

measure across the distribution of terminal wealth outcomes. 

An important finding from the POF results is the magnitude of the failure rates. Two 

types of advice are derived from such failure rates. The first is concerned with asset 

allocation decisions, which are reasonably consistent across the two simulation methods for 

each multiple of final salary. For example, if the member was risk-adverse, they may ask to 

optimise the outcome with less than 0.15 chance of failure to achieve an 8x multiple of final 

salary. Under the Efron estimates, the member would be told this is impossible as no asset 

allocation achieves such a low probability of failure to achieve an 8x multiple of final salary. 

For such risk tolerances, a multiple of 5x final salary might need to be the target, leading to 

choosing an allocation with more than 40% stock allocation, or a target-date fund. Under 

such scenario, to achieve the 8x multiple with only 0.15 POF, a member would be advised to 

increase contributions and hence decrease current consumption and lifestyle.  

Using the trimmed bootstrap estimates, the advice would be that it is possible to achieve 

an 8x multiple with 0.15 POF. The member could also achieve this with 9% contributions by 

utilising a target-risk fund with an 80% or more stock allocation, or a range of target-date 

funds. The plan member does not need to forego current lifestyle to achieve their desired 

retirement lifestyle. The Efron estimates have a number of extreme outcomes which influence 

the advice in a highly pessimistic way, and this limits the ability for members to utilise asset 

allocation decisions to achieve an adequate retirement income.  

The second issue with the POF analysis is the scale of failure rates. The trimmed 

bootstrap has more than halved the POF reported for the corresponding Efron bootstrap for a 
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large number of the outcomes in Tables 16 and 17. This impacts two issues pertinent to the 

plan member: their contributions and their withdrawals. With such high Efron-estimated 

failure rates, there is greater likelihood that the plan member will receive advice along the 

lines of: increasing contributions, planning for a longer working career, or decreasing 

retirement expectations. Such advice may inversely impact a member’s lifestyle in the 

accumulative years, or delay their perceived ‘golden’ years in retirement by employing a 

suboptimal technique. In such cases, the advice based on Efron estimates is not achieving the 

best outcome for members. 

The final to-retirement analysis for the study is given in Figure 14. This figure 

illustrates the distribution of ‘at-retirement’ wealth outcomes in a mean-variance frontier. 

Both the volatility and the average size of the at-retirement wealth outcomes are less using 

the trimmed bootstrap. As we saw in Chapter 3, the Efron bootstrap simulated stock long-

term return distribution has much more extreme upper and lower tails than either of the 

corresponding trimmed bootstrap or the historical distributions. Not surprisingly, the effect 

on the means and volatilities of at-retirement wealth is that the Efron bootstrap’s mean wealth 

and volatility, for each asset allocation that includes stocks, are larger than the corresponding 

allocation’s mean and volatility, estimated by the trimmed bootstrap. 
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Table 16: Probability of Failure estimates – Trimmed bootstrap  

 

 

 

  

  Trimmed POF Estimates Trimmed Rankings 

  
5x 

Salary 
6x 

Salary 
7x 

Salary 
8x 

Salary 
9x 

Salary 
10x 

Salary 
11x 

Salary 
12x 

Salary 
13x 

Salary 
14x 

Salary 
15x 

Salary 
5x 

Salary 
6x 

Salary 
7x 

Salary 
8x 

Salary 
9x 

Salary 
10x 

Salary 
11x 

Salary 
12x 

Salary 
13x 

Salary 
14x 

Salary 
15x 

Salary 

100% Equity 0.0053 0.0185 0.0483 0.0916 0.1427 0.2055 0.2686 0.3304 0.3953 0.4579 0.5187 6 4 1 1 1 1 1 1 1 1 1 

Balanced 90/10 0.0051 0.0192 0.0536 0.1036 0.1695 0.2436 0.3176 0.3972 0.4710 0.5420 0.6059 5 5 2 2 2 2 2 2 2 2 2 

Balanced 80/20 0.0047 0.0211 0.0623 0.1292 0.2129 0.3039 0.3974 0.4891 0.5773 0.6557 0.7217 4 6 6 4 4 4 4 4 4 4 4 

Balanced 70/30 0.0058 0.0270 0.0844 0.1749 0.2832 0.4004 0.5150 0.6219 0.7109 0.7867 0.8448 7 8 8 9 9 9 9 9 9 9 9 

Balanced 60/40 0.0079 0.0423 0.1295 0.2566 0.4037 0.5484 0.6772 0.7790 0.8523 0.9056 0.9435 10 10 11 11 11 11 11 11 11 12 12 

Balanced 50/50 0.0138 0.0782 0.2151 0.3994 0.5830 0.7306 0.8410 0.9104 0.9526 0.9756 0.9864 13 13 13 13 13 13 13 13 13 13 13 

Balanced 40/60 0.0352 0.1603 0.3807 0.6075 0.7806 0.8904 0.9480 0.9763 0.9881 0.9946 0.9976 14 14 14 14 14 14 14 14 14 14 14 

Balanced 30/70 0.0963 0.3395 0.6122 0.8105 0.9175 0.9644 0.9870 0.9935 0.9974 0.9989 0.9998 15 15 15 15 15 15 15 15 15 15 16 

Balanced 20/80 0.2587 0.5806 0.8120 0.9256 0.9714 0.9903 0.9960 0.9983 0.9992 1.0000 1.0000 16 16 16 16 16 17 17 17 17 17 17 

Balanced 10/90 0.4998 0.7846 0.9189 0.9707 0.9903 0.9966 0.9990 0.9994 0.9999 1.0000 1.0000 17 17 18 18 18 18 18 18 18 17 17 

100% Bonds 0.6105 0.7957 0.8959 0.9486 0.9743 0.9856 0.9928 0.9958 0.9980 0.9989 0.9994 18 18 17 17 17 16 16 16 16 15 15 

Lifecycle 20,20  0.0113 0.0653 0.1718 0.3123 0.4623 0.5902 0.6947 0.7900 0.8529 0.9009 0.9346 12 12 12 12 12 12 12 12 12 11 11 

Lifecycle 25,15 0.0080 0.0465 0.1220 0.2285 0.3494 0.4689 0.5733 0.6653 0.7437 0.8058 0.8600 11 11 10 10 10 10 10 10 10 10 10 

Lifecycle 30,10 0.0068 0.0323 0.0892 0.1683 0.2669 0.3620 0.4577 0.5505 0.6282 0.6952 0.7575 9 9 9 8 8 8 8 8 7 7 6 

Lifecycle 35,5 0.0062 0.0265 0.0683 0.1306 0.2016 0.2817 0.3623 0.4423 0.5188 0.5822 0.6445 8 7 7 5 3 3 3 3 3 3 3 

Fidelity 40 year Target Date 0.0028 0.0159 0.0575 0.1309 0.2185 0.3220 0.4221 0.5235 0.6135 0.6913 0.7590 1 1 4 6 6 6 6 6 6 6 7 

Vanguard 40 year Target 
Date 0.0029 0.0169 0.0583 0.1352 0.2314 0.3367 0.4421 0.5458 0.6372 0.7134 0.7809 

2 3 5 7 7 7 7 7 8 8 8 

T-Rowe Price 40 year Target 
Date 0.0030 0.0161 0.0553 0.1273 0.2165 0.3180 0.4185 0.5157 0.6081 0.6870 0.7553 

3 2 3 3 5 5 5 5 5 5 5 
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   Table 17: Probability of Failure estimates – Efron bootstrap 

 

 

  

  Efron POF Estimates Efron Rankings 

  
5x 

Salary 
6x 

Salary 
7x 

Salary 
8x 

Salary 
9x 

Salary 
10x 

Salary 
11x 

Salary 
12x 

Salary 
13x 

Salary 
14x 

Salary 
15x 

Salary 
5x 

Salary 
6x 

Salary 
7x 

Salary 
8x 

Salary 
9x 

Salary 
10x 

Salary 
11x 

Salary 
12x 

Salary 
13x 

Salary 
14x 

Salary 
15x 

Salary 

100% Equity 0.1074 0.1549 0.2061 0.2550 0.3013 0.3464 0.3872 0.4234 0.4608 0.4952 0.5268 8 3 1 1 1 1 1 1 1 1 1 

Balanced 90/10 0.1017 0.1550 0.2107 0.2667 0.3188 0.3711 0.4154 0.4603 0.5017 0.5413 0.5742 7 4 2 2 2 2 2 2 2 2 2 

Balanced 80/20 0.0978 0.1568 0.2226 0.2864 0.3484 0.4081 0.4589 0.5131 0.5592 0.6007 0.6412 5 6 4 3 4 4 4 4 4 4 4 

Balanced 70/30 0.0950 0.1664 0.2423 0.3196 0.3917 0.4600 0.5244 0.5826 0.6394 0.6858 0.7263 4 7 8 8 9 9 9 9 9 9 9 

Balanced 60/40 0.0984 0.1823 0.2786 0.3684 0.4595 0.5409 0.6169 0.6844 0.7378 0.7839 0.8224 6 8 10 11 11 11 11 11 12 12 12 

Balanced 50/50 0.1086 0.2161 0.3333 0.4533 0.5619 0.6610 0.7404 0.8008 0.8491 0.8896 0.9176 9 12 13 13 13 13 13 13 13 13 13 

Balanced 40/60 0.1316 0.2746 0.4347 0.5818 0.7091 0.8013 0.8682 0.9152 0.9435 0.9607 0.9741 13 14 14 14 14 14 14 14 14 14 14 

Balanced 30/70 0.1847 0.3901 0.5965 0.7574 0.8651 0.9220 0.9580 0.9767 0.9866 0.9926 0.9957 15 15 15 15 15 15 15 15 15 15 15 

Balanced 20/80 0.3038 0.5833 0.7875 0.9046 0.9572 0.9819 0.9914 0.9962 0.9983 0.9993 0.9997 16 16 16 16 16 16 16 16 17 17 17 

Balanced 10/90 0.5179 0.7836 0.9172 0.9706 0.9883 0.9960 0.9983 0.9994 0.9999 0.9999 0.9999 17 17 18 18 18 18 18 18 18 18 18 

100% Bonds 0.6153 0.8006 0.9004 0.9500 0.9749 0.9863 0.9927 0.9965 0.9977 0.9987 0.9993 18 18 17 17 17 17 17 17 16 16 16 

Lifecycle 20,20  0.1356 0.2313 0.3266 0.4155 0.4933 0.5718 0.6327 0.6855 0.7299 0.7659 0.7991 14 13 12 12 12 12 12 12 11 11 11 

Lifecycle 25,15 0.1294 0.2121 0.2923 0.3654 0.4365 0.5033 0.5622 0.6134 0.6548 0.6943 0.7290 12 11 11 10 10 10 10 10 10 10 10 

Lifecycle 30,10 0.1255 0.1963 0.2609 0.3270 0.3878 0.4484 0.4995 0.5467 0.5901 0.6264 0.6613 11 10 9 9 8 8 8 8 8 7 7 

Lifecycle 35,5 0.1220 0.1824 0.2363 0.2908 0.3461 0.3966 0.4442 0.4883 0.5272 0.5630 0.5992 10 9 7 5 3 3 3 3 3 3 3 

Fidelity 40 year Target Date 0.0871 0.1554 0.2250 0.2928 0.3552 0.4217 0.4777 0.5281 0.5768 0.6225 0.6612 3 5 6 6 6 6 6 6 6 6 6 

Vanguard 40 year Target 
Date 0.0841 0.1545 0.2233 0.2957 0.3615 0.4301 0.4859 0.5386 0.5893 0.6356 0.6752 

2 2 5 7 7 7 7 7 7 8 8 

T-Rowe Price 40 year Target 
Date 0.0834 0.1522 0.2194 0.2890 0.3528 0.4150 0.4746 0.5263 0.5740 0.6201 0.6568 

1 1 3 4 5 5 5 5 5 5 5 
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Figure 14: Mean-variance of terminal (at-retirement) wealth outcomes. 
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4.5 Results – through-retirement 

As discussed previously, the literature is divided on where to measure retirement 

adequacy, whether it be to- or through-retirement. In this section, I look at the 40-years pre-

retirement combined with 20 years post-retirement, finishing at age 85. The benefit of such 

analysis is that it measures the reliability of each strategy when exposed to a drawdown 

scenario, not just to the pre-retirement contribution test. Testing the techniques through-

retirement is a more realistic example for plan members who will eventually require an 

adequate drawdown stage of their retirement journey. 

I present two statistics as a measure of success. In the first measure, I look at the 

estimated probability of success (POS), defined by the percentage of paths which have 

successfully provided income for every year in a 20-year retirement horizon. The second 

measure is the new statistic, the withdrawal success rate (WSR) I offer to handle the issues 

discussed previously around the POS technique whereby it weights paths which failed 

equally, regardless of the number of years which were successful (for example, receiving 19 

out of 20 years income is weighted the same as 1 out of 20 years under the POS paradigm).  

Tables 18 to 21 provide the results of the POS and WSR statistics, and a heat map is 

overlaid to aid visualisation. At age 85, the POS statistic shows no difference in the rank 

ordering between the Efron and the trimmed bootstrap, corroborating the to-retirement 

probability of failure (POF) ranking results. However, in line with the POF (inverse to the 

POS) in the to-retirement analysis, the size of the respective failure rates is estimated to be 

significantly greater for the Efron bootstrap. For example, a Balanced 70/30 portfolio is 

estimated by the Efron bootstrap to have a 72.1 per cent POS at age 85, while the trimmed 

bootstrap estimates a 91.6 per cent POS. The issue which arises in the POS statistic is one of 

advice. The advice given by a planner utilising results from the Efron bootstrap for a member 

who wanted to limit their POS to, say, 90 per cent at age 85, is to work longer, contribute 
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more, or withdraw less. All of the above impact the lifetime consumption of the member and 

are driven by an inaccurate model.  

The WSR statistic corroborates the POS findings, with very large differences in the 

estimates between each methodology. The plan member can expect to achieve, at age 85, 

approximately 98.9% of their planned withdrawals under the trimmed bootstrap estimates, if 

invested in a balanced fund with at least an 80 per cent allocation to stocks. In contrast, the 

expected withdrawal success of these allocations is only at least 89.2 per cent, as estimated 

by the Efron bootstrap. The advice derived from such differences would again be to delay 

retirement, increase contributions, or reduce expected withdrawals. 

Incorporating the part-success by employing the WSR has slightly altered the ordered 

rankings between the two techniques. The trimmed bootstrap has favoured a higher exposure 

to stocks than the Efron bootstrap, with the optimal asset allocation being 100% equities 

under the trimmed bootstrap and the Efron opting for the Balanced 90/10 allocation. In the 

POS case, the 100% equities allocation had the highest POS for both bootstraps (97.3% for 

the trimmed bootstrap and 77.8% for the Efron bootstrap). Both the WSR and POS suggest 

the 100% equity allocation may not be as risky as generally perceived in the literature. 



104 
 

Table 18: Probability of success estimates – Trimmed bootstrap 

 

   
66 67 68 69 70 71 72 73 74 75 76 77 78 79 80 81 82 83 84 85 

100 Equity 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.998 0.997 0.996 0.994 0.991 0.988 0.984 0.980 0.977 0.973 

Balanced 90/10 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.998 0.997 0.996 0.993 0.990 0.986 0.982 0.977 0.970 0.965 

Balanced 80/20 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.998 0.997 0.994 0.990 0.986 0.982 0.972 0.964 0.958 0.952 

Balanced 70/30 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.998 0.995 0.990 0.985 0.977 0.966 0.956 0.943 0.929 0.916 

Balanced 60/40 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.996 0.990 0.982 0.968 0.952 0.933 0.912 0.886 0.861 0.835 

Balanced 50/50 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.996 0.990 0.974 0.952 0.921 0.887 0.848 0.806 0.767 0.726 0.686 

Balanced 40/60 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.996 0.984 0.958 0.917 0.867 0.804 0.742 0.679 0.609 0.550 0.494 0.439 

Balanced 30/70 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.995 0.974 0.930 0.859 0.771 0.672 0.577 0.483 0.400 0.335 0.278 0.230 0.193 

Balanced 20/80 1.000 1.000 1.000 1.000 1.000 0.999 0.993 0.960 0.881 0.771 0.632 0.505 0.396 0.300 0.227 0.171 0.135 0.105 0.078 0.061 

Balanced 10/90 1.000 1.000 1.000 1.000 1.000 0.994 0.943 0.826 0.662 0.500 0.365 0.255 0.177 0.126 0.088 0.061 0.044 0.032 0.023 0.017 

100 Bonds 1.000 1.000 1.000 0.999 0.984 0.910 0.779 0.630 0.498 0.383 0.287 0.221 0.170 0.129 0.101 0.079 0.061 0.049 0.042 0.034 

Lifecycle 20,20 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.993 0.976 0.946 0.905 0.855 0.791 0.728 0.664 0.598 0.540 0.485 0.434 

Lifecycle 25,15 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.995 0.983 0.963 0.932 0.896 0.851 0.801 0.747 0.696 0.647 0.598 0.553 

Lifecycle 30,10 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.996 0.987 0.972 0.950 0.923 0.891 0.852 0.814 0.771 0.732 0.690 0.651 

Lifecycle 35,5 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.996 0.990 0.980 0.961 0.939 0.913 0.885 0.854 0.825 0.794 0.763 0.731 

Fidelity 40 year Target Date 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.999 0.996 0.992 0.987 0.978 0.967 0.952 0.934 0.918 0.899 

Vanguard 40 year Target Date 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.998 0.994 0.989 0.981 0.969 0.952 0.933 0.911 0.892 0.872 

T-Rowe Price 40 year Target Date 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.998 0.995 0.992 0.986 0.978 0.966 0.952 0.936 0.917 0.902 
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Table 19: Probability of success estimates – Efron bootstrap 

 

 
  66 67 68 69 70 71 72 73 74 75 76 77 78 79 80 81 82 83 84 85 

100 Equity 1.000 1.000 0.998 0.994 0.985 0.973 0.958 0.945 0.927 0.910 0.893 0.878 0.864 0.849 0.836 0.821 0.808 0.797 0.785 0.778 

Balanced 90/10 1.000 1.000 0.999 0.996 0.989 0.979 0.966 0.951 0.936 0.917 0.897 0.883 0.866 0.850 0.835 0.820 0.805 0.791 0.780 0.770 

Balanced 80/20 1.000 1.000 1.000 0.998 0.993 0.984 0.972 0.956 0.940 0.922 0.901 0.883 0.864 0.846 0.829 0.811 0.794 0.779 0.765 0.753 

Balanced 70/30 1.000 1.000 1.000 0.999 0.995 0.988 0.977 0.961 0.944 0.923 0.902 0.879 0.857 0.835 0.813 0.793 0.772 0.753 0.736 0.721 

Balanced 60/40 1.000 1.000 1.000 1.000 0.997 0.991 0.981 0.965 0.946 0.921 0.896 0.868 0.840 0.810 0.784 0.758 0.733 0.710 0.688 0.669 

Balanced 50/50 1.000 1.000 1.000 1.000 0.999 0.994 0.983 0.968 0.943 0.912 0.880 0.843 0.804 0.765 0.731 0.698 0.667 0.637 0.606 0.579 

Balanced 40/60 1.000 1.000 1.000 1.000 1.000 0.996 0.986 0.966 0.933 0.893 0.846 0.790 0.736 0.685 0.637 0.589 0.549 0.512 0.479 0.449 

Balanced 30/70 1.000 1.000 1.000 1.000 1.000 0.997 0.986 0.956 0.905 0.840 0.766 0.681 0.609 0.543 0.476 0.417 0.367 0.320 0.280 0.245 

Balanced 20/80 1.000 1.000 1.000 1.000 1.000 0.997 0.977 0.920 0.828 0.714 0.598 0.488 0.394 0.316 0.250 0.201 0.160 0.125 0.100 0.083 

Balanced 10/90 1.000 1.000 1.000 1.000 1.000 0.990 0.930 0.799 0.645 0.483 0.350 0.250 0.179 0.125 0.088 0.065 0.048 0.036 0.026 0.019 

100 Bonds 1.000 1.000 1.000 1.000 0.984 0.903 0.772 0.623 0.484 0.368 0.278 0.212 0.161 0.123 0.097 0.077 0.061 0.050 0.041 0.033 

Lifecycle 20,20  1.000 1.000 1.000 1.000 0.998 0.989 0.965 0.933 0.889 0.842 0.792 0.743 0.693 0.651 0.611 0.575 0.541 0.505 0.472 0.440 

Lifecycle 25,15 1.000 1.000 1.000 1.000 0.996 0.984 0.959 0.930 0.891 0.849 0.807 0.766 0.727 0.688 0.653 0.620 0.592 0.562 0.533 0.508 

Lifecycle 30,10 1.000 1.000 1.000 1.000 0.993 0.978 0.955 0.925 0.893 0.857 0.819 0.785 0.752 0.721 0.692 0.663 0.634 0.606 0.583 0.561 

Lifecycle 35,5 1.000 1.000 1.000 0.998 0.989 0.973 0.953 0.928 0.896 0.864 0.831 0.804 0.776 0.749 0.723 0.697 0.673 0.650 0.629 0.607 

Fidelity 40 year Target Date 1.000 1.000 1.000 1.000 0.997 0.990 0.979 0.964 0.947 0.927 0.907 0.884 0.860 0.837 0.812 0.790 0.769 0.749 0.730 0.714 

Vanguard 40 year Target Date 1.000 1.000 1.000 1.000 0.998 0.991 0.980 0.966 0.948 0.927 0.906 0.882 0.854 0.830 0.801 0.778 0.757 0.736 0.715 0.698 

T-Rowe Price 40 year Target Date 1.000 1.000 1.000 1.000 0.997 0.990 0.979 0.966 0.949 0.928 0.910 0.887 0.864 0.842 0.818 0.795 0.775 0.757 0.740 0.721 
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Table 20: Withdrawal success rate estimates – Trimmed bootstrap 

 

  

 
66 67 68 69 70 71 72 73 74 75 76 77 78 79 80 81 82 83 84 85 

100 Equity 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.999 0.998 0.998 0.997 0.996 0.995 0.993 

Balanced 90/10 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.999 0.998 0.998 0.997 0.995 0.994 0.992 

Balanced 80/20 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.999 0.998 0.997 0.995 0.994 0.991 0.989 

Balanced 70/30 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.998 0.997 0.995 0.992 0.989 0.986 0.982 

Balanced 60/40 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.998 0.996 0.993 0.989 0.984 0.978 0.972 0.964 

Balanced 50/50 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.997 0.994 0.989 0.982 0.974 0.963 0.951 0.938 0.923 

Balanced 40/60 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.996 0.990 0.981 0.969 0.953 0.934 0.913 0.891 0.866 0.841 

Balanced 30/70 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.998 0.993 0.982 0.965 0.943 0.916 0.884 0.851 0.816 0.781 0.746 0.713 

Balanced 20/80 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.997 0.987 0.968 0.939 0.902 0.860 0.815 0.771 0.727 0.685 0.647 0.610 0.576 

Balanced 10/90 1.000 1.000 1.000 1.000 1.000 1.000 0.995 0.979 0.948 0.904 0.852 0.797 0.743 0.692 0.645 0.601 0.561 0.525 0.493 0.463 

100 Bonds 1.000 1.000 1.000 1.000 0.999 0.989 0.964 0.925 0.876 0.824 0.770 0.718 0.670 0.625 0.583 0.546 0.511 0.480 0.452 0.426 

Lifecycle 20,20  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.998 0.994 0.987 0.977 0.964 0.947 0.928 0.907 0.884 0.859 0.834 

Lifecycle 25,15 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.998 0.996 0.991 0.984 0.974 0.962 0.948 0.932 0.914 0.895 0.875 

Lifecycle 30,10 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.997 0.993 0.988 0.981 0.972 0.962 0.949 0.936 0.921 0.905 

Lifecycle 35,5 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.997 0.995 0.991 0.985 0.978 0.970 0.960 0.950 0.939 0.927 

Fidelity 40 year Target Date 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.998 0.997 0.995 0.993 0.989 0.985 0.980 

Vanguard 40 year Target Date 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.999 0.998 0.996 0.993 0.990 0.985 0.980 0.973 

T-Rowe Price 40 year Target Date 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.998 0.997 0.995 0.992 0.989 0.985 0.980 
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Table 21: Withdrawal success rate estimates – Efron bootstrap 

 

 

 

 

 

  66 67 68 69 70 71 72 73 74 75 76 77 78 79 80 81 82 83 84 85 

100 Equity 1.000 1.000 1.000 0.999 0.996 0.993 0.988 0.983 0.976 0.970 0.962 0.954 0.947 0.939 0.931 0.923 0.915 0.908 0.900 0.893 

Balanced 90/10 1.000 1.000 1.000 0.999 0.998 0.995 0.991 0.986 0.980 0.974 0.967 0.959 0.951 0.943 0.935 0.927 0.918 0.910 0.902 0.894 

Balanced 80/20 1.000 1.000 1.000 1.000 0.999 0.997 0.993 0.989 0.984 0.977 0.970 0.962 0.954 0.946 0.937 0.928 0.919 0.910 0.901 0.892 

Balanced 70/30 1.000 1.000 1.000 1.000 0.999 0.998 0.995 0.991 0.986 0.980 0.973 0.964 0.955 0.946 0.936 0.926 0.916 0.905 0.895 0.884 

Balanced 60/40 1.000 1.000 1.000 1.000 1.000 0.999 0.996 0.993 0.988 0.982 0.974 0.964 0.954 0.943 0.931 0.919 0.907 0.894 0.881 0.868 

Balanced 50/50 1.000 1.000 1.000 1.000 1.000 0.999 0.998 0.994 0.989 0.982 0.973 0.962 0.949 0.935 0.920 0.904 0.888 0.872 0.855 0.839 

Balanced 40/60 1.000 1.000 1.000 1.000 1.000 1.000 0.998 0.995 0.989 0.980 0.968 0.953 0.935 0.916 0.895 0.874 0.852 0.830 0.808 0.786 

Balanced 30/70 1.000 1.000 1.000 1.000 1.000 1.000 0.998 0.995 0.986 0.973 0.954 0.931 0.905 0.876 0.847 0.816 0.785 0.755 0.725 0.696 

Balanced 20/80 1.000 1.000 1.000 1.000 1.000 1.000 0.998 0.991 0.976 0.951 0.919 0.882 0.840 0.799 0.757 0.716 0.677 0.641 0.606 0.574 

Balanced 10/90 1.000 1.000 1.000 1.000 1.000 0.999 0.993 0.975 0.941 0.895 0.843 0.788 0.735 0.685 0.638 0.595 0.556 0.521 0.489 0.459 

100 Bonds 1.000 1.000 1.000 1.000 0.999 0.988 0.962 0.923 0.873 0.819 0.765 0.712 0.664 0.618 0.577 0.540 0.506 0.475 0.447 0.421 

Lifecycle 20,20  1.000 1.000 1.000 1.000 1.000 0.999 0.995 0.988 0.978 0.964 0.948 0.930 0.910 0.890 0.869 0.848 0.827 0.806 0.785 0.765 

Lifecycle 25,15 1.000 1.000 1.000 1.000 1.000 0.998 0.993 0.986 0.976 0.963 0.949 0.933 0.915 0.897 0.879 0.860 0.842 0.824 0.806 0.788 

Lifecycle 30,10 1.000 1.000 1.000 1.000 0.999 0.997 0.991 0.984 0.974 0.962 0.948 0.934 0.918 0.903 0.887 0.871 0.855 0.839 0.823 0.807 

Lifecycle 35,5 1.000 1.000 1.000 1.000 0.998 0.995 0.989 0.982 0.973 0.961 0.949 0.936 0.922 0.909 0.895 0.881 0.866 0.852 0.838 0.825 

Fidelity 40 year Target Date 1.000 1.000 1.000 1.000 1.000 0.998 0.996 0.992 0.988 0.982 0.975 0.967 0.958 0.949 0.938 0.928 0.917 0.906 0.895 0.885 

Vanguard 40 year Target Date 1.000 1.000 1.000 1.000 1.000 0.999 0.996 0.993 0.988 0.982 0.975 0.967 0.958 0.948 0.937 0.926 0.914 0.903 0.891 0.880 

T-Rowe Price 40 year Target Date 1.000 1.000 1.000 1.000 1.000 0.998 0.996 0.993 0.988 0.982 0.975 0.967 0.959 0.950 0.940 0.930 0.919 0.909 0.899 0.888 
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4.6 The optimal strategy 

The final analysis for this chapter looks at the optimal asset allocation in the 

through-retirement analysis. Asset allocation decisions are a fundamental driver of a 

plan member’s success in retirement. For this reason, the right advice is essential. This 

section looks at what the ‘optimal’ advice would be for plan members under each 

simulation technique.  

The optimisation methodology is run for the WSR at the age of 85, using both the 

Efron and the trimmed bootstrap simulated returns. Optimisation whereby every year is 

free to determine its unique stock allocation produces a ‘noisy’ allocation path for both 

simulation techniques. Such dramatic changes in stock allocation on an annual basis are 

impractical in a practical wealth management scenario; hence a smoothing model was 

employed.  

The optimisation smoothing model used in this section can be described as 

follows. In the 40-years pre-retirement period, the model allows for an asset allocation 

design with three connected linear segments of arbitrary length and slope (subject to the 

constraint that the total length of three segments combined equals 40 years). Thus, this 

design allows for only one, two, or three linear segments to determine the pre-

retirement allocations. The asset allocation in the 20-year post-retirement period is 

determined by two connected linear segments of arbitrary lengths (subject to the 

constraint that the total lengths of the two lengths combined equals 20 years). This 

flexible approach to describing a wide variety of possible asset allocations over 60 

years creates 10 variables. The optimal asset allocation will be found by optimising the 

10 variables to find the asset allocation which maximises average WSR.  

The 10 variables, A1, A2, …, A7 and L1, L2, L3, are illustrated in an example asset 

allocation in Figure 15. The variables A1, A4, A5, and A7 refer to the first year (age 25), 
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the final year of working (age 65), the first year of retirement (age 66) and the final 

year (age 85) asset allocations respectively. Allowing the asset allocation to change, 

between the final year of working and the first year of retirement, was included to 

capture the optimal direction of the growth asset exposure after one withdrawal. This 

movement would support any further advancements in the same direction of exposure 

with subsequent withdrawals. In the pre-retirement phase, the asset allocation is given 

the further freedom to change its slope at A2 and A3. The horizontal distance between 

these two points is given by the variable L2. A similar approach is imposed in the post-

retirement phase; however, there is one less point where the slope can change, as the 

post-retirement period is half that of the pre-retirement period (that is, 20 years post-

retirement and 40 years pre-retirement). The asset allocation is given the freedom to 

change its slope at A6 and this occurs L3 years beyond retirement date. These 10 

variables are optimised to produce the asset allocation which maximises the value for 

WSR.  

Figure 15: Illustrative example of the optimisation variables used in the through-

retirement asset allocation optimisation model 
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For robustness, the optimisation is not limited to one replacement rate of the final 

salary scenario. Four levels are given to capture a range of spending habits in 

retirement. The four levels included in the study, 50%, 66.67% (or two-thirds), 80% 

and 100% replacement rates (RR), define the proportion of final salary to be withdrawn 

in the first year of retirement. Analysing a variety of spending habits in retirement 

provides the ability to observe how increasing or decreasing the liability (that is, total 

withdrawals) impacts the optimal strategy for a plan member. In line with the previous 

sections of this chapter, the analysis displays the allocation to stocks, with the 

remainder (that is 1 – stock allocation) a 2:1 split between bonds and bills. 

Figure 16 provides the optimised asset allocation strategies for the four 

replacement rate scenarios for the trimmed bootstrap. As the replacement rate 

increases, a general increase in stock weight over the lifetime is observed. To be able to 

meet the increasing liability of further withdrawals, the plan member must assume a 

greater level of risk. The figure also shows that, post-retirement, the optimal strategy 

suggests increasing stock exposure. The results support the decreasing risk exposure of 

target-date strategies pre-retirement, but reject continuing such low levels of stock 

exposure post-retirement. This corroborates with previous literature that found target-

date strategies provide better risk to return characteristics to-retirement, but fail to 

ensure the longevity of the funds into retirement (Pang & Warshawsky, 2010). 

The Efron bootstrap optimisation is presented in Figure 17. The optimal stock 

allocation strategies are shown to de-risk much earlier across the four withdrawal 

assumptions. The 50% RR and the 66.67% RR follow a similar trend to the trimmed 

bootstrap’s optimal strategies by increasing stock exposure post-retirement. However, 

the 80% and the 100% RR withdrawal assumptions de-risk post retirement. This 

supports previous discussions in this thesis that the Efron bootstrap can provide 
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inappropriate and inconsistent advice, due to the return generating process not 

accommodating time-series dependency.   

For comparison, both Figures 16 and 17 provide the industry target-date 

designs.21 The derived optimal techniques for the Efron bootstrap technique pre-

retirement align slightly more closely to the industry standards, whereas the trimmed 

bootstrap suggests a higher allocation to stocks. Current methods are too defensive to 

achieve the optimal outcome for members: the trimmed bootstrap suggests the target-

date design is optimal; but the industry standards involve too much de-risking, to the 

detriment of the plan member. Further, the industry funds are not aligned to either 

optimisation technique in the post-retirement years. The trimmed bootstrap suggests 

that, post-retirement, the proportional allocation to stocks of the retirement balance 

over time should continue to rise.   

Figure 16: Optimisation estimates for the trimmed bootstrap 

 

 

                                                 
21 I would like to signal this is not a robust comparison in the post-retirement for the Fidelity and 

Vanguard target date funds. The available data on post-retirement allocations was limited to only 8-years 
post retirement for Vanguard and 18-years for Fidelity. The assumption as this point was the last known 
allocation is constant until age 85.  
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Figure 17: Optimisation estimates for the Efron bootstrap 

 

 

The apparent ‘V’ design which is illustrated in the figures can be related back to 

the literature on target-date funds. Basu and Drew (2009b) discussed the idea of the 

portfolio size effect. Their findings of the paper suggested the portfolio’s variability is 

greatest near retirement date, at the level of greatest financial wealth. Basu et al. (2012) 

show this is because the majority of individual contributions are being impacted by the 

returns at this date. Further links in the literature are seen in Doran et al. (2012), who 

tested the impact of a hypothetical adverse return at different stages of the retirement 

journey and noted the year at retirement to be the most detrimental to a plan member. 

The study also found evidence that the impact of a poor return, post-retirement, was 

less than the pre-retirement impact at any given number of years from or post 

retirement. In summary, once the portfolio experiences the first withdrawal, the net 

contribution exposure to stock volatility has reduced and, in turn, the overall variation 

the portfolio can experience at the same level of risk has declined.  
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The ‘V’ design has also been observed in a post-retirement shortfall study by Pfau 

and Kitces (2014). Using a Monte Carlo simulation, they examined POF and increased 

consumption statistics based on a linear increasing exposure to stocks post-retirement. 

A variety of stock levels from retirement date to 30 years post-retirement were 

examined: the results suggested those with very high levels of stock exposure into 

retirement performed better than those with lower levels.  

Figure 16 supports these previous findings that the target-date fund designs have 

failed to optimise the post-retirement period. The optimal results conclude that a target-

date design which increases risk beyond retirement would be optimal for investors to 

achieve a successful retirement. In addition to this conclusion, Figure 16 also shows 

that the amount of pre-retirement de-risking that typical target-date funds engage in is 

too excessive. 

 

4.7 Conclusion 

This chapter has built on the findings in Chapter 3 by examining the advice given 

to plan members when using the trimmed bootstrap. The analysis looked at a series of 

practically implemented and theoretically researched asset allocation strategies. Each 

simulation technique produced fundamental differences in advice to plan members. 

This is an issue because, to date, advice has not been given that is based on the more-

accurate trimmed bootstrap’s results. As a result, current advice to members and to both 

public policy and industry standards may be suboptimal. This is supported by the fact 

that, to the authors’ knowledge, no fund currently offers the optimal ‘V-shaped’ 

strategy to members as a default option.   

The trimmed bootstrap results support the target-date strategy design to-

retirement for the risk adverse investor. However, the through-retirement results 
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suggest that the amount of de-risking nearing retirement in most industry funds is 

excessive. Further, the results suggest that these strategies perform better than previous 

estimates made when the research employed the Efron bootstrap.  

The through-retirement research has corroborated previous findings that target-

date funds tend to limit the longevity of the portfolio. Furthermore, the optimal 

allocation suggests that, although the target-date approach of de-risking pre-retirement 

is sound, in the post-retirement phase the risk needs to return to the portfolio to ensure 

longevity. Target-date design needs to move away from age-based optimisation, and 

focus on outcome-orientated decision making. The results suggest a ‘V-shaped’ glide 

path, such as discussed in Pfau and Kitces (2014), which de-risks when the most capital 

exposed is the optimal strategy for plan members.  
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Chapter 5 The Trimmed Bootstrap: Internationally and Inflation 

Adjusted 

 

5.0.1 Overview of Chapter 5 

The trimmed bootstrap introduced in Chapter 3 provides pension finance 

researchers inside the US with a tool that was shown to offer heightened accuracy over 

pre-existing empirical simulation models. While researchers in the US can benefit from 

this addition to the literature, it leaves a question regarding the model’s functionality in 

other markets. This chapter examines this question by applying the methodology 

derived in Chapter 3 on a global scale.  

 

5.1 Introduction 

Pension finance researchers frequently employ stochastic parametric and 

nonparametric techniques to simulate retirement outcomes. Chapter 3 of this thesis 

introduced the trimmed bootstrap, which was designed to control for unrealistic issues 

which arise in pension finance research when utilising nonparametric simulation, 

namely performance risk, and sequencing risk. Through a series of out-of-sample tests, 

I derive a new technique which controls for biases that were argued to be too frequent 

in techniques that assume no time dependency in returns, such as the Efron (1979) 

bootstrap. The trimmed bootstrap factors in both the short-to-midterm and long-term 

return reversals, and through doing so, was shown to be a more-accurate technique over 

existing methods. This heightened accuracy is an important contribution to the 

literature, as it enables researchers to have better informed models that optimise 

variables such as asset allocation and contribution/withdrawal profiles. In turn, such 

optimisations can play a sizeable role in public policy decisions.  
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However, the work from Chapter 3 is limited to a US analysis. The technique was 

not validated in alternative markets. The reliability of the model in countries which did 

not achieve the same level of stock market performance as that of the US over the data 

period is unknown. This chapter aims to bridge this issue by providing the results 

through examining the range of economies available in the updated Dimson, Marsh and 

Staunton (DMS) (2002) database.  

The contributions of this chapter are twofold. Firstly, it is the first international 

study into nonparametric bootstrap techniques on the 21 countries in the DMS (2002) 

database. Hence, the results offer insight into the validity of using nonparametric 

testing procedures on each country. Secondly, the analysis shows the reliability of the 

trimmed bootstrap internationally. The results provide global pension finance 

researchers with the necessary knowledge to assess which technique is optimal in 

certain markets.  

The out-of-sample results show that for the majority of countries listed in the 

DMS database, the trimmed bootstrap is the superior nonparametric technique. 

However, in Chapter 3 I argued that the trimmed bootstrap becomes better informed 

with a larger dataset. Hence, looking beyond the metrics presented in Chapter 3, I 

present a forward-looking estimator of the trimmed bootstrap in each market. 

Essentially, in Chapter 3 I eluded to the fact that the trimmed bootstrap has the ability 

to learn from additional data, much more than alternative methods which do not 

account for mid- and long-term return reversals. The forward-looking analysis allows 

more data into the analysis by utilising the entire dataset. Hence, this forward-looking 

analysis gives the trimmed bootstrap the ability to produce a more robust estimate. The 

results of this analysis suggest that the trimmed bootstrap is the superior methodology 

in all countries in the DMS database, unless future market returns are expected to be 
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larger than those experienced in the historical sample. The analysis concludes that 

researchers would be wise to cease utilising a simple Efron (1979) bootstrap to simulate 

long-term returns, over alternatives such as the trimmed bootstrap, regardless of the 

market in which they reside. Evidence suggests that the trimmed bootstrap should 

become the default choice for pension finance researchers who currently employ other 

bootstrap techniques. 

 

5.2 Literature review and background 

Global pension schemes face a range of contemporary risks. In particular, the 

majority of countries in the western world are experiencing an ageing population 

(United Nations Department of Economic and Social Affairs, 2015). Compounding this 

issue is the fact that generations are living longer. Using data from the World Health 

Organisation, Mathers, Stevens, Boerma, White, and Tobias (2015) show that in just 

the past two decades, high income countries have experienced an increase in life 

expectancy at age 60 to the value of 3.2 years for men, and 2.8 years for women. An 

increase of approximately three years in life expectancy across the population requires 

significantly more savings to self-fund the extra three years of consumption in 

retirement. This trend may require public policy changes to ensure that older 

generations have the capacity to self-fund their retirement.  

Countries need adequate retirement policies to ensure that the impacts of ageing 

populations and greater longevity do not impact the balance sheets of governments. 

Looking to country-specific examples, the pension system in the United Kingdom has 

historically been centred around annuities in retirement, a system similar to the US 

(Sweeting, 2009). This process creates a private-pension scheme whereby public 

accounts are not as heavily burdened by future retirement liabilities from those who 
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depleted their retirement savings too soon. The system ensures those with greater 

longevity are partly funded by those with shorter longevity. An annuity system divides 

the pre- and post-retirement research into two categories. The pre-retirement research 

looks into factors such as contribution rates and asset allocation designs to maximise 

the annuity equivalent value at retirement date for the plan member, while the post-

retirement research examines the optimal annuitisation strategy for different life 

expectancies (see, for example, Pfau & Kitces, 2014). These markets produce research 

which aims to ensure greater wealth accumulation at retirement date, so that the post-

retirement annuity strategy can be purchased to self-fund retirement.  

In the southern hemisphere, Australia, which has been quoted as a leading player 

in pension reform with its mandatory defined contribution schemes (Rashbrooke, 

2009), is framing the debate for both pre-and-post retirement phases. Australia is 

continuing to push reform with the implementation of the country’s MySuper reforms. 

These policy changes are aimed at tailoring asset allocation strategies to the individual, 

which will maximise the longevity of retirement accounts (Bateman & Kingston, 2012; 

Howard, 2012). Contrary to research in an annuity system, maximising the longevity 

moves the debate from a ‘pre-retirement’ followed by a ‘post-retirement’ discussion, to 

a ‘pre-and-post’ retirement discussion. 

Following the policy style of Australia, New Zealand implemented the KiwiSaver 

in 2007, which has since seen contribution rates increase in retirement savings 

accounts. The policy places a focus on the optimal asset allocation strategy for 

particular member profiles (MacDonald et al., 2012). Furthermore, in the past decade, 

both New Zealand and Italy have significantly increased policy relating to pension 

coverage and safety net benefits that aim to decrease poverty in the ageing generation 

(OECD, 2013).  
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Figure 18 provides a snapshot of the summarised pension policy efficacy by 

country, as determined by the Organisation for Economic Co-operation and 

Development (OECD). Several categories are defined by the OECD: adequate coverage 

of the population; adequacy of the system itself in providing a sustainable retirement 

income; the sustainability of the system between accumulation and decumulation 

generationally (that is, an ageing population will not create unsustainability in the 

system); incentives to work; and administrative efficiency. In terms of top-rankings, 

only the United Kingdom achieves a pass in every category, and Australia is the only 

country to achieve a pass in six out of the seven categories. In contrast, the US system 

is poorly ranked by achieving pass marks in only three out of seven. However, these 

three categories (coverage, adequacy and sustainability) are considered the most 

important.    

As discussed in Chapter 3, empirical nonparametric stochastic simulation is a 

powerful tool used by pension finance researchers. Two approaches are ubiquitous in 

the pension finance literature: utility theory and stochastic estimation.22 This study 

focuses on the latter approach. The original bootstrap methodology, coined by Efron 

(1979), involved the process of randomly sampling with replacement for the purpose of 

statistical inference. Pension finance literature commonly employs this simulation 

technique to investigate a range of metrics pertinent to the discipline. With a plethora of 

empirical nonparametric simulation techniques available in the pension finance 

literature, researchers lacked consensus on the optimal technique.  

In Chapter 3, I argued that this lack of consensus was due to the absence of a 

robust study examining the relevant accuracy of each technique. The chapter examined 

                                                 
22 Utility theory is a common approach used in US pension finance research. The optimisation of asset 
allocations using relative risk aversion utility functions provided the basis for contemporary asset 
allocations. These de-risk as retirement draws near, as the human capital bond-type annuity decreases 
with less remaining working years (Bodie et al., 1992; Cairns, Blake, & Dowd, 2006; Kingston & Thorp, 
2005). 
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11 existing nonparametric bootstrap techniques to test their individual accuracy in 

estimating retirement outcomes. These techniques included the Efron (1979) simple 

bootstrap, a series of varying block sizes from Künsch’s (1989) moving block bootstrap 

(also referred to as the rolling block bootstrap), and the Politis and Romano (1994) 

stationary bootstrap. I concluded through a series of out-of-sample tests that 

contemporary techniques can be wildly inaccurate. This finding led to the development 

of a new technique, the trimmed bootstrap, which offered heightened accuracy over 

existing stochastic nonparametric simulation techniques.  

 

 

 

Figure 18: Overview of pension reform measures in 34 OECD countries 2009-2013 

Source: OECD (2013) 
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While the trimmed bootstrap described in Chapter 3 was found to be a superior 

technique, the analysis was limited to US nominal returns data. This naturally raises the 

question of whether the superiority of the trimmed bootstrap extends to other countries. 

Can we assure pension finance researchers outside of the US of the appropriateness of 

the trimmed bootstrap methodology for their markets? Related to this issue is the fact 

that, over the data period, the US was an extremely prosperous nation and became the 

largest economy in the world. Other countries’ distributions of long-term returns may 

be quite dissimilar to those of US in ways that affect the relative performance of 

different bootstrap methods. For example, many other countries’ stock markets had less 

stellar performances than that of the US. Also, perhaps the serial dependencies of the 

US stock market differ in some materially-important way to those that may exist in 

other countries. Thus, we need to investigate the effectiveness of trimmed bootstrap in 

other markets.  

The trimmed bootstrap methodology trims the randomly generated long-term 

return paths to produce a distribution of simulated return paths loosely calibrated to the 

historical distribution of long-term paths. These historical distributions can be expected 

to vary significantly across countries (perhaps because some countries have 

experienced major shifts in their economies due to inflationary or political issues). Such 

variations constitute an added reason to check the robustness of the US-based findings 

described in Chapter 3.  

Whereas Chapter 3 was based solely on nominal returns, both nominal and real 

returns are employed in pension finance research. The debate between employing 

nominal or real returns when forecasting or estimating outcomes is a ubiquitous debate 

in finance. Bruno and Chincarini (2010) show that real returns can be a useful tool for 

markets which have experienced hyperinflationary periods. They also argued that any 



122 
 

inflation-adjusted optimisation (i.e. real returns) also produces nominal return 

optimisation. This finding means that employing real returns allows the researcher to 

utilise a more stable distribution of returns not impacted by hyper-inflationary periods, 

with no downside to accuracy or practical application. Many pension researchers prefer 

using real returns for modelling policy alternatives. Using real returns in cross-country 

research has intuitive appeal because countries differ significantly in their inflation 

histories in the sample. Hence, it is hypothesised that understanding the outcomes in a 

real-return environment is of greater importance than understanding those in a nominal 

return environment. However, while the nominal versus real return debate is evident in 

pension finance research, the aim of this study aim is not to investigate which provides 

the superior research approach. Instead, I replicate the analysis using both nominal and 

real return data to satisfy both sides of the debate.  

 

5.3 Data and methodology 

The data is sourced from the updated DMS database used in Chapter 3 and covers 

114 years of annual data from 1900 to 2013 (Dimson et al., 2002). The DMS database 

offers data across 21 countries, which allows us to examine a further 20 countries 

beyond the US. While Chapter 3 conducted the trimmed bootstrap analysis using 

nominal data, this chapter will incorporate both nominal and real returns in the results. 

Incorporating the real return analysis is important, not only for the reasons given in the 

previous section, but also because of idiosyncrasies with global data. In particular, I 

hypothesise from the summary statistics in Table 22 that for certain countries, such as 

Germany and Austria, which experienced extreme inflationary periods in the test 

sample, any simulation methodology conducted on such extreme nominal outcomes 

will offer little guidance for the expected future outcomes. Using real returns removes 
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the effect of such hyperinflationary periods from the data and should produce more-

realistic simulated outcomes. 

In this chapter, I use two approaches for comparing the suitability of the trimmed 

bootstrap method with other bootstrap techniques in individual countries. The first 

approach, which utilises the procedures from Chapter 3, involves splitting the full 

sample into two parts: an in-sample component and a 40-year out-of-sample 

component. The second approach, a forward-looking approach, uses the whole sample 

to simulate future return paths and hence future wealth outcomes. For each country, the 

analysis in this second approach involves determining how extreme the next 40-year 

wealth outcome would have to be for the trimmed mean to underperform any of the 

alternative bootstraps in MAE terms. Armed with this knowledge, the researcher for a 

particular country can then see that selecting a bootstrap method other than the trimmed 

bootstrap is an implicit judgement about how extreme the next 40-year outcome is 

likely to be. These two approaches are described next.  

 

5.3.1 Out-of-sample testing 

While in Chapter 3 I examined four out-of-sample periods, in this chapter only 

the most recent out-of-sample period (the 40-year period with the 2013 End Year) is 

used. This change is due to the discussion in Chapter 3, which highlighted that the 

trimmed bootstrap continues to improve, the longer the available data upon which the 

trimming is based. Hence, in this chapter I examine only the final out-of-sample period 

employed in Chapter 3. That is, I use the data from 1900 to 1973 to simulate 1974–

2013 for the 21 countries in the DMS database.  

The tests statistics are the same as in Chapter 3. Specifically, in this chapter, both 

the mean absolute error (MAE) and the root mean squared error (RMSE) of the 
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alternative bootstrap methods are examined. These variables provide a basis for 

examining the accuracy of the simulation techniques in the study. The MAE and RMSE 

statistics for each simulation technique are compared to the statistics derived for the 

trimmed bootstrap. In line with Chapter 3, the significance in the MAE methodology is 

determined using a paired t-test for the differences in the MAEs between the trimmed 

bootstrap and the alternative techniques. The significance testing in the RMSE 

methodology employs a nonparametric Fisher randomization test of the RMSE 

differences for 10,000 permutations (Noreen, 1989).   

 

5.3.2 Forward-looking comparisons 

In addition to this significance testing, I employ a forward-looking approach to 

examining the optimal technique to apply for each market. A fundamental issue with 

the significance tests is that the trimming is based on in-sample returns which end in 

1973. This means, for example, that when we are undertaking the trimming of 40-year 

returns so as to calibrate to the historical distribution of rolling 40-year returns, we are 

basing this calibration on just 35 rolling 40-year returns, whereas the full sample has 75 

such returns. In other words, when testing, we are excluding 40 years, or 40 data points. 

This is a sizeable amount to exclude, considering out dataset is 114 data points per 

country.  

The novel forward-looking approach uses the full sample in a forward-looking 

MAE analysis. By examining the simulated wealth outcomes produced by each 

bootstrap technique when simulating using the entire dataset, I can calculate the MAE 

that would be produced by each competing method for a given hypothetical terminal 

wealth outcome achieved over the next 40 years. For example, if I assume that a sum of 

500,000 currency units will be the retirement result in the next 40 years in a particular 
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market, then I can determine which bootstrap technique would have been the best 

choice, given this hypothetical future outcome (i.e., the bootstrap with the lowest 

MAE). The analysis derives a ‘range’ of hypothetical outcomes where a particular 

technique is optimal. I provide this analysis for the case, using real returns for every 

100,000 currency unit block between 0 and 2,000,000, for every country in the dataset. 

The equivalent internal rates of returns for these hypothetical wealth outcomes are also 

provided to help standardise the values for the reader.  

The annualised summary statistics for the 21 countries in the DMS database are 

shown in Table 22. The nominal data is displayed on the left-hand side (LHS) of the 

table and the real returns are shown on the right-hand side (RHS). This table offers 

preliminary insight into some issues around nominal returns. Instances of 

hyperinflation may significantly impact the estimates derived from simulations using 

historical data. Such examples are seen in Germany and Austria, where the maximum 

one-year return was 2.6E+9 per cent and over 1,100 per cent, respectively. Such 

extremes are not apparent in real returns data, which adjust for the hyperinflationary 

periods these two countries experienced. This is corroborated by the real returns 

analysis on the RHS, which reports maximum one-year returns for Germany and 

Austria at 155 per cent and 127 per cent respectively.  

In the study, I compare the trimmed bootstrap with the 11 empirical bootstrap 

techniques studied in Chapter 3 on the 21 countries listed in Table 22. The 11 empirical 

bootstrap techniques are made up of the Efron (1979) bootstrap, a series of Künsch 

(1989) moving block bootstraps (specifically block sizes of 2 to 10), and finally the 

Politis and Romano (1994) stationary bootstrap. The number of simulated paths in each 

simulation is held consistent with Chapter 3 at 1,000, to keep the calculations 

manageable, because there are 756 simulation analyses to undertake (21 countries x 12 
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simulation methods x 3 wage assumptions). Hence total simulations equate to 756 x 

1,000 = 756,000.   

For a complete description of the trimmed bootstrap, please refer to Chapter 3. 

For clarity, the following summarises the output distribution of the technique. The 

trimmed bootstrap begins with simulated Z-year return paths produced by the Efron 

(1979) bootstrap procedure. The trimming process excludes paths that are judged 

unsuitable. Possible mid-term return reversal is incorporated by trimming out 40-year 

paths with rolling 10-year compounded returns that are more extreme than observed 

historically. Secondly, potential long-term return reversals are accommodated by 

aligning the 40-year returns of simulated outcomes (where Z = 40) to history. This is 

enabled by ensuring no simulated 40-year return is beyond historical extremes, while 

also requiring that the upper and lower quartiles of the distribution of simulated returns 

match the corresponding upper and lower quartiles of the historical distribution of 40-

year returns. As noted in Chapter 3, the Efron (1979) bootstrap tends to produce too 

many simulated long-term return paths that are too extreme. The trimmed bootstrap 

process ameliorates this problem and so provides a more accurate set of simulated 

return paths (as was shown in Chapter 3).   

A set of summary statistics from the in-sample data (1900–1973), which are the 

inputs for the trimmed bootstrap procedure, are displayed in Tables 23 and 24 for 

nominal and real data, respectively. This chapter holds Z constant with Chapter 3, 

where Z = 40. The contrast between the real and nominal amounts in Tables 23 and 24 

further emphasises the issues pertinent to nominal data. The maximum 10-year 

compounded return for any country in nominal returns was for Germany, with a 

1,397.1 per cent return per annum, due to extreme inflationary influences. This figure 

reduces to 37.7% per annum for real (inflation-adjusted) data. 
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The data required for the trimmed bootstrap are the minimum and maximum 

10-year compounded returns, along with the compounded 40-year minimum, 

maximum, 25th and 75th percentiles and are given in Table 23. The country list provides 

a diverse range for testing. In the nominal returns case, 12 of the listed 21 countries had 

a 10-year period with a negative annualised return. In 40-year returns, no country 

recorded a negative annual return over the 40 years. Sweden recorded the lowest 40-

year nominal return at 2.7% per annum.  

In the real returns case, only 2 countries escaped recording a negative per annum 

return over a 10-year period in the sample (Australia and New Zealand). The real data 

also produced seven countries which experienced a negative annual return over a 

40-year period in the sample (Austria, Belgium, Finland, France, Germany, Italy and 

Japan). Austria also had both a mean and median rolling 40-year annualised return in 

negative territory at -0.6% and -1.5% respectively.  

These historical performances in Tables 23 and 24 provide the foundations for the 

trimming procedures based on the 10-year and Z-year (40 years) returns. As the 

trimmed bootstrap has more reliance on historical data, I hypothesise that it may 

underperform in countries which experienced fundamental shifts in market returns 

between the in-sample and the out-of-sample period. Possible factors which could 

create such shifts include impacts of war, abnormal or hyper-inflation, and significant 

political changes which impact their respective economies. Our understanding from 

Chapter 3 regarding the benefits of the trimmed bootstrap method leads us to expect 

that underperformance of the trimmed approach will occur only if the out-of-sample 

returns are relatively extreme. 
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 Mean Median 
Standard 
Deviation Skewness Kurtosis Minimum Maximum 

Australia 0.13 0.14 0.18 -0.04 0.59 -0.40 0.67 

Austria 0.29 0.05 1.23 7.16 57.98 -0.59 11.09 
Belgium 0.10 0.08 0.25 1.17 4.01 -0.48 1.28 
Canada 0.10 0.11 0.17 -0.15 0.04 -0.33 0.52 

Denmark 0.11 0.08 0.22 1.65 6.48 -0.48 1.20 
Finland 0.17 0.11 0.31 1.46 4.39 -0.51 1.67 
France 0.13 0.08 0.25 0.69 0.38 -0.41 0.89 

Germany 2.2E+7 0.09 2.4E+8 10.68 114.00 -0.88 2.6E+9 

Ireland 0.11 0.06 0.23 0.72 2.49 -0.65 0.87 
Italy 0.14 0.12 0.33 1.82 5.61 -0.47 1.60 
Japan 0.15 0.09 0.29 1.13 2.16 -0.44 1.21 

The 
Netherlands 0.10 0.09 0.23 1.34 6.12 -0.49 1.30 

New 
Zealand 0.12 0.11 0.20 1.81 9.48 -0.49 1.19 

Norway 0.11 0.09 0.28 2.37 11.67 -0.53 1.79 
Portugal 0.17 0.09 0.39 2.18 6.90 -0.70 1.87 

South 
Africa 0.15 0.12 0.23 1.02 2.22 -0.30 1.08 
Spain 0.12 0.08 0.23 0.96 2.77 -0.37 1.16 

Sweden 0.12 0.12 0.22 0.25 0.25 -0.38 0.70 

Switzerland 0.08 0.07 0.19 0.32 0.50 -0.34 0.61 

United 
Kingdom 0.11 0.11 0.22 2.05 12.88 -0.49 1.46 

United 
States 0.12 0.14 0.20 -0.39 -0.09 -0.44 0.57 

 Mean Median 
Standard 
Deviation Skewness Kurtosis Minimum Maximum 

Australia 0.09 0.12 0.18 -0.38 0.23 -0.43 0.51 

Austria 0.05 0.00 0.30 1.12 3.14 -0.60 1.27 
Belgium 0.05 0.03 0.24 0.54 1.69 -0.49 1.05 
Canada 0.07 0.07 0.17 0.00 -0.08 -0.34 0.55 

Denmark 0.07 0.05 0.21 1.39 5.49 -0.49 1.08 
Finland 0.09 0.07 0.30 1.24 5.05 -0.61 1.62 
France 0.06 0.04 0.23 0.33 -0.26 -0.41 0.66 

Germany 0.08 0.07 0.32 1.40 5.64 -0.91 1.55 

Ireland 0.07 0.03 0.23 0.26 0.99 -0.65 0.68 
Italy 0.06 0.05 0.29 0.72 2.43 -0.73 1.21 
Japan 0.09 0.06 0.30 0.49 2.27 -0.86 1.21 

The 
Netherlands 0.07 0.07 0.22 0.83 2.97 -0.50 1.02 

New 
Zealand 0.08 0.08 0.20 1.18 6.87 -0.55 1.05 

Norway 0.07 0.05 0.27 2.09 10.55 -0.54 1.67 
Portugal 0.09 0.05 0.35 1.61 5.21 -0.77 1.52 

South Africa 0.10 0.08 0.22 0.86 2.50 -0.52 1.03 
Spain 0.06 0.03 0.22 0.70 1.80 -0.43 0.99 

Sweden 0.08 0.08 0.21 0.11 0.18 -0.43 0.68 

Switzerland 0.06 0.05 0.20 0.34 0.36 -0.38 0.59 

United 
Kingdom 0.07 0.07 0.20 0.59 3.59 -0.57 0.97 

United 
States 0.08 0.11 0.20 -0.22 -0.28 -0.38 0.56 

Table 22: 1900–2013 Annual summary statistics for the 21 countries, nominal (LHS) and real (RHS) 
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Table 23: Summary statistics for the trimming process – nominal data 1900–1973  

 10-year summary statistics 40-year summary statistics 

Minimum Maximum Mean Median Minimum Maximum Mean Median 25th 
percentile 

75th 
percentile 

Australia 0.050 0.174 0.116 0.112 0.101 0.125 0.113 0.114 0.111 0.116 
Austria -0.103 1.132 0.220 0.100 0.086 0.282 0.200 0.237 0.113 0.251 
Belgium -0.083 0.234 0.072 0.064 0.038 0.096 0.073 0.075 0.067 0.084 
Canada -0.002 0.181 0.090 0.074 0.059 0.120 0.087 0.087 0.072 0.098 
Denmark -0.003 0.163 0.074 0.067 0.054 0.099 0.070 0.069 0.064 0.076 
Finland 0.053 0.201 0.128 0.131 0.107 0.156 0.132 0.134 0.123 0.141 
France -0.024 0.262 0.111 0.089 0.069 0.159 0.122 0.117 0.110 0.138 
Germany -0.149 13.971 1.969 0.070 0.049 1.041 0.701 0.978 0.086 1.011 
Ireland -0.001 0.213 0.067 0.060 0.032 0.100 0.062 0.054 0.050 0.078 
Italy -0.030 0.370 0.128 0.092 0.076 0.193 0.146 0.154 0.133 0.166 
Japan -0.013 0.449 0.147 0.134 0.062 0.196 0.137 0.140 0.103 0.166 
The Netherlands -0.027 0.183 0.068 0.069 0.033 0.115 0.064 0.057 0.044 0.086 
New Zealand 0.056 0.128 0.090 0.091 0.077 0.094 0.085 0.085 0.083 0.088 
Norway -0.055 0.166 0.059 0.066 0.043 0.095 0.061 0.060 0.055 0.066 
Portugal 0.011 0.259 0.114 0.100 0.081 0.152 0.117 0.120 0.101 0.130 
South Africa 0.007 0.210 0.096 0.090 0.081 0.120 0.099 0.100 0.091 0.105 
Spain -0.018 0.178 0.083 0.077 0.049 0.119 0.078 0.078 0.062 0.088 
Sweden -0.071 0.163 0.064 0.077 0.027 0.110 0.061 0.051 0.038 0.084 
Switzerland -0.042 0.175 0.061 0.060 0.032 0.100 0.058 0.055 0.040 0.074 
United Kingdom 0.016 0.184 0.080 0.068 0.046 0.112 0.074 0.078 0.058 0.087 
United States -0.019 0.190 0.091 0.090 0.054 0.125 0.087 0.092 0.069 0.100 
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Table 24: Summary statistics for the trimming process – real data 1900–1973 

 10-year summary statistics 40-year summary statistics 

Minimum Maximum Mean Median Minimum Maximum Mean Median 25th 
percentile 

75th 
percentile 

Australia 0.006 0.171 0.085 0.086 0.055 0.103 0.085 0.085 0.078 0.092 

Austria -0.227 0.226 -0.008 -0.009 -0.073 0.056 -0.006 -0.015 -0.036 0.038 

Belgium -0.130 0.204 0.009 0.008 -0.022 0.043 0.005 0.004 -0.011 0.021 

Canada -0.025 0.167 0.066 0.060 0.041 0.091 0.067 0.067 0.054 0.082 

Denmark -0.020 0.093 0.039 0.040 0.025 0.055 0.039 0.037 0.033 0.043 

Finland -0.149 0.185 0.035 0.056 -0.005 0.068 0.036 0.038 0.018 0.050 

France -0.152 0.191 0.016 0.007 -0.024 0.040 0.013 0.015 0.006 0.022 

Germany -0.193 0.377 0.023 0.011 -0.070 0.067 0.015 0.002 -0.009 0.052 

Ireland -0.094 0.174 0.035 0.025 0.011 0.056 0.032 0.029 0.020 0.047 

Italy -0.120 0.213 0.026 0.037 -0.017 0.072 0.025 0.031 0.009 0.037 

Japan -0.309 0.311 0.048 0.085 -0.043 0.079 0.016 0.021 -0.008 0.029 

The Netherlands -0.053 0.159 0.040 0.031 0.011 0.069 0.040 0.037 0.026 0.056 

New Zealand 0.013 0.122 0.064 0.064 0.044 0.075 0.064 0.063 0.059 0.071 

Norway -0.104 0.114 0.027 0.028 0.017 0.058 0.033 0.033 0.025 0.038 

Portugal -0.102 0.202 0.045 0.045 0.019 0.099 0.049 0.045 0.031 0.063 

South Africa -0.051 0.184 0.072 0.067 0.064 0.090 0.076 0.076 0.070 0.081 

Spain -0.068 0.143 0.031 0.030 0.005 0.039 0.022 0.022 0.017 0.028 

Sweden -0.106 0.114 0.036 0.054 0.010 0.068 0.036 0.029 0.015 0.060 

Switzerland -0.111 0.162 0.039 0.040 0.011 0.092 0.040 0.038 0.018 0.055 

United Kingdom -0.056 0.144 0.052 0.045 0.025 0.080 0.051 0.056 0.036 0.064 

United States -0.039 0.168 0.067 0.061 0.038 0.095 0.066 0.068 0.050 0.083 
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5.3.3 Retirement assumptions 

As this study will examine both nominal and real returns, a variation between the 

assumed wage growth profile is required. Chapter 3 studied nominal returns employing 

a 4 per cent wage growth formula. This chapter holds this assumption constant for the 

nominal return analysis. However, the real return analysis incorporates two variations 

(the nominal growth assumption in Chapter 3 included an inflationary factor). In an 

OECD working paper on pension outcomes, Antolin et al. (2010) factor in a 2 per cent 

per annum wage productivity growth rate to stochastic inflation. Thus, the real analysis 

in this chapter imposes this 2 per cent annual real wage growth assumption. I also offer 

a secondary assumption of 0 per cent for robustness. This second assumption allows for 

the possibility that wages will not grow faster than inflation in the future. At the time of 

writing, the current climate within financial markets is suggesting markedly lower 

wage growth outcomes than in the proceeding decades.23 

Following the assumptions in Chapter 3, a plan member is employed. Starting at 

age 25 and earning 40,000 currency units, this plan member contributes 9 per cent of 

their salary once per annum (at years end) over 41 years, to create 40 years of return 

experience (the first year is excluded as the first contribution is at the end of year 1). 

The tag of currency units is used, as the analysis is examining multiple countries, all 

with their own individual currencies.  

I would like to note here that, while 40,000 units, along with a 9% contribution 

profile, may be applicable for some countries for members at the age of 25, other 

countries may have a smaller or larger starting salary. Even the contribution rate is 

likely to differ. On the face of it, this seems to be a limitation of this international 

study. For example, at the time of writing, 40,000 USD is over 100 times greater than 

                                                 
23 Commentators in Australia have conjectured that the low wage growth in western countries is due to 
poor macroeconomic conditions and the importation of labour (Jacobs & Rush, 2015; Scutt, 2016). 
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40,000 Yen. However, mathematically the starting salary is not an issue. Recall that the 

analysis is testing the trimmed bootstrap against other common techniques in the 

literature. Hence, all such techniques will be subjected to the same currency earning 

assumptions. This enables us to observe if a particular country’s return experience can 

benefit from the trimmed bootstrap procedure under the constant wage assumption. The 

currency unit starting value could be assumed to be ‘x’. There is no difference in 

growing 40,000 units against 1 unit, or 1 million units. Algebraically, and like for like 

currency units, the starting salary, and the contribution rate as a percentage of income, 

will not impact the standardised scale of the outcomes, as long as they are constant 

between simulation techniques.  

Where the model could be subject to some criticism is in the growth rates of the 

contributions. The growth assumption can impact the results, as compounded values 

can impact the weighting of individual contributions, and in turn, place greater 

importance on returns experienced later in the wealth accumulation, impacting the 

dollar-weighted return. Relating back to a previous discussion, this further supports the 

rationale for implementing multiple salary growth rates. Two growth rates are 

employed in this study: 4% per annum for nominal returns (made up of an assumption 

of 2% inflation and 2% real productivity growth); and 2% per annum real growth for 

real returns, along with an alternative assumption of 0% per annum real growth 

included for robustness purposes. The 0% per annum real growth allows analysis of 

equally weighted contributions and also supports the forward-looking possibility that 

wage growth in the future will be driven largely by inflation.    
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5.4 Empirical results 

The results are presented in two sections, 5.4.1 and 5.4.2. Section 5.4.1 reports the 

out-of-sample results for each simulation technique in nominal returns. After 

illustrating case specific outcomes, I present the results for the estimates of the real 

returns for both the 2 per cent and 0 per cent wage growth per annum cases. This 

analysis leads into deriving the optimal technique for each country as suggested by the 

out-of-sample period results. The final analysis, conducted in Section 5.4.2, is a 

capstone forward-looking examination of each technique that utilises the entire dataset 

from 1900 to 2013.  

 

5.4.1 Main empirical results: out-of-sample tests 

Table 25 provides the differences in MAE in millions of currency units, between 

the trimmed bootstrap and the respective simulation methodology. The difference has 

been derived as (S – T) where S is the MAE for the simulation methodology in 

question and T is the trimmed bootstrap MAE. Hence, positive values represent a 

superior outcome for the trimmed bootstrap, and negative values represent an inferior 

result for the trimmed bootstrap.  

A positive value is classed as being a ‘win’ for the trimmed bootstrap and is 

classed as significant at alpha = 0.05 in a paired t-test. Significant values are formatted 

bold black in the table for clarity, while those that are red and underlined are instances 

where the trimmed bootstrap has significantly underperformed the respective 

simulation method. The trimmed bootstrap has significantly outperformed at the 5% 

level in 11 of the 21 countries tested, and has significantly underperformed in six 

countries against the Efron (1979) bootstrap. The Künsch (1989) moving block 

bootstrap displays varying accuracy depending on block length, with the trimmed 
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bootstrap outperforming between 10 to 11 out of 21 countries tested. The Politis and 

Romano (1994) stationary bootstrap has accuracy similar to the Efron (1979) bootstrap, 

with the trimmed bootstrap again outperforming the technique in 11 out of 21 

countries, the same as for the Efron (1979) bootstrap. This corroborates previous 

findings in Chapter 3, that the existing methods in the literature provide similar results 

relative to the trimmed bootstrap, although the block and stationary bootstraps tend to 

outperform the Efron bootstrap as they were designed to accommodate some short-term 

serial dependence (Künsch, 1989).  

A graphical representation of the data provides further insights into the mechanics 

at play between the bootstrap methods. Figure 19 shows the difference in MAE 

between the particular simulation technique and the trimmed bootstrap. When the 

column is above the line, the trimmed bootstrap has outperformed the given bootstrap 

methodology. The figure shows that when the trimmed bootstrap is inferior, the 

severity of the loss is not on par with the instances when it outperforms.  

Table 26 displays the RMSE estimates for the nominal data. The RMSE 

methodology for comparison differs from the MAE comparison in that it penalises 

extreme errors to a greater extent than does the MAE. Across all countries, the RMSE 

results are somewhat stronger than the corresponding MAE results for the trimmed 

bootstrap. For example, the trimmed bootstrap significantly outperforms the Efron 

(1979) bootstrap in 14 out of the 21 countries using RMSE as opposed to the 11 

observed in the MAE framework. This suggests that the trimmed bootstrap is 

estimating outcomes which do not produce instances of extreme errors, unlike the 

competing techniques. The RMSE methodology also observes sign changes (that is, 

underperformance in MAE is now outperformance for the trimmed bootstrap). This 

occurs for a number of cases, such as Italy, New Zealand, and Spain. Further, in the 
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United Kingdom, the trimmed bootstrap now records a significant outperformance 

against the Efron (1979) bootstrap under the RMSE framework.             

While the trimmed bootstrap has not displayed stochastic dominance over all 

countries, it has outperformed all other techniques in 9 of the 21 countries. A 

comparison of the countries – which fail and which succeed – sheds further light on the 

trimmed bootstrap methodology. Countries which had produced extreme abnormal 

events over the in-sample period of 1900–1973, and that were not reasonably expected 

to eventuate again in the future, contributed to the instances of failure by the trimmed 

bootstrap, particularly if their out-of-sample stock performance was a big improvement 

over their in-sample performance. Countries such as Denmark and Norway, which were 

occupied by the Nazi party in World War II, and Sweden, which was surrounded by 

Nazi-occupied warzones that starved their economic development, are among the list. 

The United Kingdom and Ireland had a similar economic experience over the data used 

to simulate the out-of-sample period and were both impacted by two world wars.24  

Spain was involved in its own civil war over the data period (1936–1939), once 

again impacting economic prosperity (and not replicated in the out-of-sample period). 

The wealthier republican army lost the three-year conflict and were estimated to have 

wasted large quantities of their wealth via inefficient war efforts (Martin-Acena, 

Martinez Ruiz, & Pons, 2012). Such events create political unrest, which influences the 

nominal figures to a larger extent than real data (as inflation captures a large component 

of political issues).  

                                                 
24 See http://www.worldwar2history.info/ for a discussion and experience of individual countries during 
World War II.  
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*Significance defined at alpha = 0.05        

  

Country Block 1 Block 2 Block 3 Block 4 Block 5 Block 6 Block 7 Block 8 Block 9 Block 10 Stationary 

Australia 
1.517 
(19.40) 

1.824 
(16.94) 

1.446 
(18.03) 

1.138 
(18.49) 

1.014 
(16.95) 

1.038 
(18.50) 

0.924 
(16.98) 

0.596 
(14.91) 

0.568 
(13.20) 

0.408 
(11.23) 

0.934 
(19.45) 

Austria 
1113.351 
(2.71) 

16926.862 
(3.89) 

27782.215 
(3.42) 

188250.565 
(3.24) 

320142.197 
(2.20) 

560049.523 
(2.07) 

12907057.22 
(1.08) 

2455393.638 
(1.38) 

2581745.728 
(1.07) 

1200302.533 
(1.25) 

184361.662 
(2.15) 

Belgium 
0.617 
(10.03) 

1.221 
(6.03) 

1.260 
(7.75) 

0.920 
(8.54) 

0.712 
(8.90) 

0.700 
(10.09) 

0.885 
(9.53) 

0.668 
(8.00) 

0.551 
(7.47) 

0.421 
(7.72) 

0.694 
(8.36) 

Canada 
0.723 
(11.42) 

0.885 
(12.42) 

0.746 
(10.50) 

0.745 
(11.29) 

0.570 
(11.28) 

0.584 
(11.39) 

0.507 
(10.79) 

0.488 
(9.88) 

0.509 
(10.01) 

0.398 
(8.77) 

0.479 
(9.78) 

Denmark 
-0.342 
(-9.30) 

-0.368 
(-10.67) 

-0.316 
(-9.23) 

-0.302 
(-9.58) 

-0.237 
(-7.43) 

-0.246 
(-8.20) 

-0.154 
(-5.35) 

-0.184 
(-6.61) 

-0.178 
(-5.99) 

-0.180 
(-6.66) 

-0.399 
(-11.68) 

Finland 
8.067 
(11.53) 

7.559 
(11.45) 

5.942 
(10.37) 

5.134 
(12.73) 

4.181 
(13.67) 

3.347 
(9.86) 

2.024 
(13.93) 

1.222 
(11.11) 

1.063 
(10.54) 

0.861 
(9.04) 

5.895 
(13.80) 

France 
0.436 
(2.48) 

1.414 
(4.93) 

2.342 
(4.27) 

2.918 
(2.69) 

2.385 
(5.95) 

2.013 
(6.54) 

2.498 
(6.37) 

2.827 
(7.96) 

2.773 
(6.80) 

2.303 
(7.72) 

1.639 
(5.07) 

Germany 
1.16E+34 
(1.05) 

2.04E+37 
(1.00) 

1.66E+38 
(1.11) 

1.63E+39 
(1.00) 

7.57E+36 
(1.24) 

8.34E+40 
(1.70) 

3.15E+41 
(1.01) 

8.59E+40 
(1.00) 

4.85E+38 
(1.04) 

1.48E+41 
(1.00) 

3.98E+39 
(1.00) 

Ireland 
-0.028 
(-0.84) 

-0.090 
(-2.58) 

-0.094 
(-2.99) 

-0.085 
(-2.82) 

-0.090 
(-2.81) 

-0.041 
(-1.16) 

-0.071 
(-2.32) 

-0.036 
(-0.93) 

-0.071 
(-2.10) 

-0.038 
(-1.13) 

-0.117 
(-3.54) 

Italy 
1.366 
(0.99) 

-1.726 
(-1.56) 

-2.231 
(-3.03) 

-1.317 
(-1.61) 

1.239 
(0.86) 

2.273 
(1.55) 

0.891 
(0.96) 

0.871 
(0.99) 

5.995 
(2.96) 

4.884 
(2.94) 

-0.126 
(-0.16) 

Japan 
13.342 
(6.88) 

18.488 
(8.46) 

13.577 
(8.46) 

12.704 
(6.87) 

20.788 
(7.75) 

18.279 
(7.57) 

10.857 
(6.44) 

16.153 
(5.86) 

15.355 
(8.56) 

25.607 
(4.52) 

18.663 
(7.32) 

The Netherlands 
0.209 
(4.86) 

0.236 
(3.68) 

0.131 
(2.43) 

0.100 
(2.46) 

0.158 
(3.73) 

0.070 
(1.66) 

0.148 
(3.57) 

0.231 
(3.81) 

0.112 
(2.69) 

0.122 
(2.90) 

0.220 
(4.39) 

New Zealand 
-0.171 
(-6.25) 

-0.214 
(-8.92) 

-0.282 
(-12.42) 

-0.328 
(-15.23) 

-0.302 
(-14.69) 

-0.321 
(-15.62) 

-0.273 
(-13.78) 

-0.257 
(-13.25) 

-0.244 
(-13.19) 

-0.202 
(-11.77) 

-0.233 
(-11.38) 

Norway 
-0.323 
(-8.96) 

-0.348 
(-9.73) 

-0.314 
(-9.60) 

-0.261 
(-8.00) 

-0.218 
(-6.83) 

-0.180 
(-6.24) 

-0.068 
(-2.39) 

-0.111 
(-3.74) 

-0.069 
(-2.43) 

-0.111 
(-3.82) 

-0.415 
(-8.37) 

Portugal 
3.562 
(10.61) 

4.975 
(8.53) 

3.074 
(11.57) 

3.779 
(10.72) 

3.639 
(11.23) 

3.174 
(9.84) 

3.041 
(9.33) 

2.786 
(9.60) 

2.196 
(11.08) 

2.339 
(10.30) 

5.372 
(7.78) 

South Africa 
-0.902 
(-6.93) 

-1.148 
(-8.36) 

-0.576 
(-5.05) 

-0.550 
(-4.88) 

-0.097 
(-0.96) 

-0.383 
(-3.67) 

-0.411 
(-4.42) 

-0.349 
(-4.19) 

-0.189 
(-2.40) 

-0.148 
(-1.97) 

-0.421 
(-4.24) 

Spain 
-0.472 
(-6.81) 

-0.374 
(-5.56) 

-0.372 
(-5.62) 

-0.395 
(-7.18) 

-0.443 
(-8.73) 

-0.302 
(-5.54) 

-0.392 
(-7.95) 

-0.379 
(-7.79) 

-0.345 
(-7.29) 

-0.357 
(-7.80) 

-0.534 
(-9.91) 

Sweden 
-0.168 
(-3.74) 

-0.292 
(-6.01) 

-0.321 
(-6.45) 

-0.233 
(-5.19) 

-0.196 
(-4.65) 

-0.219 
(-5.29) 

-0.149 
(-3.63) 

-0.132 
(-3.47) 

-0.181 
(-4.45) 

-0.158 
(-3.95) 

-0.200 
(-4.51) 

Switzerland 
0.130 
(2.97) 

0.206 
(5.38) 

0.133 
(4.41) 

0.129 
(4.46) 

0.090 
(3.63) 

0.075 
(2.94) 

0.084 
(3.48) 

0.056 
(2.53) 

0.030 
(1.35) 

0.022 
(1.05) 

0.102 
(4.31) 

United Kingdom 
0.006 
(0.13) 

-0.147 
(-3.07) 

-0.198 
(-4.84) 

-0.269 
(-6.47) 

-0.231 
(-5.70) 

-0.278 
(-6.57) 

-0.189 
(-4.64) 

-0.239 
(-5.82) 

-0.201 
(-4.90) 

-0.168 
(-4.20) 

-0.062 
(-1.54) 

United States 
0.811 
(8.61) 

0.647 
(7.63) 

0.401 
(6.03) 

0.401 
(6.40) 

0.270 
(4.98) 

0.295 
(5.54) 

0.229 
(4.73) 

0.303 
(6.22) 

0.222 
(4.19) 

0.155 
(3.29) 

0.305 
(5.80) 

Trimmed Bootstrap wins* 11/21 11/21 11/21 11/21 11/21 10/21 10/21 10/21 10/21 10/21 11/21 

Trimmed Bootstrap loses*  6/21 8/21 9/21 8/21 8/21 7/21 8/21 7/21 8/21 7/21 7/21 

Insignificant 4/21 2/21 1/21 2/21 2/21 1/21 3/21 4/21 3/21 4/21 3/21 

Table 25: Nominal data – differences in MAE between given simulation strategy and trimmed bootstrap (millions of currency units), t-values in parentheses 

(positive values represent trimmed bootstrap winning and are bold, significant negative, loss, values are underlined). Salary growth = 4 per cent per annum. 
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Figure 19: Nominal data - differences in MAE between given simulation strategy and trimmed bootstrap (millions of currency units). 

NB: Figure excludes Germany and Austria due to extreme values. 
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Country Block 1 Block 2 Block 3 Block 4 Block 5 Block 6 Block 7 Block 8 Block 9 Block 10 Stationary 

Australia 2.38*** 3.27*** 2.38*** 1.70*** 1.57*** 1.50*** 1.38*** 0.82*** 0.86*** 0.60*** 1.27*** 

Austria 12779.56*** 138319.3*** 257951.8*** 1847071*** 4605356*** 8582355*** 3.77E+08*** 56229887*** 76461229*** 30382471*** 2718679*** 

Belgium 1.23*** 5.42*** 4.28*** 2.57*** 1.69*** 1.46*** 2.16*** 1.77*** 1.45*** 0.90*** 1.80*** 

Canada 1.52*** 1.83*** 1.72*** 1.61*** 1.09*** 1.13*** 0.96*** 0.99*** 1.05*** 0.84*** 1.00*** 

Denmark -0.17*** -0.23*** -0.19*** -0.20*** -0.15*** -0.16*** -0.09*** -0.12*** -0.11*** -0.13*** -0.27*** 

Finland 21.96*** 20.53*** 17.38*** 12.20*** 9.05*** 9.60*** 3.61*** 2.16*** 1.76*** 1.50*** 13.23*** 

France 1.81*** 5.82*** 13.89*** 30.74*** 9.50*** 6.49*** 9.29*** 8.31*** 9.97*** 6.48*** 6.85*** 

Germany 3.31E+29*** 6.45E+38*** 4.74E+39*** 5.14E+40*** 1.92E+32*** 1.55E+42*** 9.87E+42*** 2.71E+42*** 1.48E+40*** 4.69E+42*** 1.25E+41*** 

Ireland 0.04 0.00 -0.03 -0.04* -0.03 0.04 -0.02 0.11 0.01 0.03 -0.04* 

Italy 30.78*** 20.80*** 8.96*** 11.67*** 31.63*** 32.95*** 16.08*** 14.39*** 51.14*** 40.01*** 10.85*** 

Japan 48.81*** 58.60*** 38.77*** 46.13*** 73.57*** 64.64*** 39.80*** 74.05*** 44.85*** 165.72*** 68.97*** 

The Netherlands 0.42*** 0.88*** 0.59*** 0.27*** 0.37*** 0.30*** 0.32*** 0.78*** 0.29*** 0.32*** 0.57*** 

New Zealand 0.03 -0.06*** -0.14*** -0.20*** -0.19*** -0.21*** -0.17*** -0.17*** -0.17*** -0.14*** -0.13*** 

Norway -0.19*** -0.22*** -0.21*** -0.16*** -0.13*** -0.11*** -0.01 -0.04 -0.02 -0.05** -0.12 

Portugal 9.33*** 17.05*** 7.12*** 9.84*** 9.00*** 8.69*** 8.76*** 7.57*** 4.75*** 5.61*** 20.32*** 

South Africa -0.61*** -0.82*** -0.36*** -0.34*** 0.06 -0.21*** -0.29*** -0.26*** -0.11* -0.08 -0.27 

Spain -0.03 0.01 0.00 -0.17*** -0.27*** -0.10* -0.25*** -0.24*** -0.23*** -0.25*** -0.31*** 

Sweden -0.12 -0.23 -0.25 -0.20 -0.17 -0.19 -0.13 -0.12 -0.16 -0.14 -0.17 

Switzerland 0.66*** 0.60*** 0.35*** 0.33*** 0.20*** 0.22*** 0.18*** 0.11*** 0.10*** 0.05*** 0.19*** 

United Kingdom 0.16*** 0.03 -0.11*** -0.17*** -0.13*** -0.17*** -0.10*** -0.15*** -0.12*** -0.10*** 0.01 

United States 1.93*** 1.63*** 1.00*** 0.90*** 0.63*** 0.63*** 0.49*** 0.55*** 0.58*** 0.40*** 0.63*** 

Key: Positive values (trimmed bootstrap superior) in black, negative values (trimmed bootstrap inferior) in red. 

* significant at alpha = 0.10; ** significant at alpha = 0.05; *** significant at alpha = 0.01. 

Table 26: Nominal data – differences in RMSE between given simulation strategy and trimmed bootstrap (millions of currency units) 
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A common link is present in the majority of countries where the trimmed 

bootstrap records an inferior result in nominal figures. The formation of the European 

Economic Community (EEC), which would become the European Union (EU) 

occurred in 1958, towards the end of the in-sample period. The EEC formed the 

European Currency Unit in the out-of-sample period (1979), which provided a basket 

of European currencies and aimed at minimising fluctuations between their values to 

stimulate trade. This was followed by the formation of a common currency (the Euro) 

for the majority of European states in 1999. These events represent significant changes 

in the monetary policy for these countries, attaching a bias not captured in historical 

data. As discussed in Chapter 3, I do not expect the trimmed bootstrap to outperform in 

scenarios where the future is dramatically more extreme than history: such political 

changes fall within this description.   

Further instances of underperformance are observed in South Africa. The in-

sample period saw South Africa experience the second Boer War (1899–1902) and a 

reign of apartheid which put in place a range of economic and political sanctions 

(Bayoumi, 1990; Laverty, 2007). These events fundamentally impacted the economic 

prosperity of the country with large scale global sanctions on trade (Johnson & 

Dickinson, 2015). The increased economic activities in South Africa over the out-of-

sample period were politically motivated and are hypothesised to have impacted the 

nominal return results of the trimmed bootstrap significantly as it relies more heavily 

on future returns relating to historical experience than on other methods.    

New Zealand offers the only instance of the failure of the trimmed bootstrap 

while having a complete detachment from conflict (albeit by geographical location 

only). While New Zealand was detached geographically, it did experience a 

fundamental shift in its economy, from the test data to the out-of-sample period. Prior 
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to the 1980s, New Zealand was an extremely closed economy (Evans, Grimes, 

Wilkinson, & Teece, 1996). Over the period of 1983 to 1993, the OECD (1994) found 

that the New Zealand economy measure of ‘openness’ (a ratio of imports plus exports 

to GDP) increased by 42 per cent. The country was subjected to a highly protectionist 

political stance which was liberalised during the out-of-sample period. New Zealand 

experienced a political shift between the periods under measure, which is a factor in the 

unreliability of the trimmed bootstrap.  

However, while these instances of failure can be discussed, it is not a blanket 

solution. The reader may look to Japan, a country where the trimmed bootstrap has 

been superior, yet which had an in-sample period which saw two atom bombs decimate 

the country against a war-free out-of-sample period. This does not seem to resonate 

with the previous discussion of the trimmed bootstrap failing in countries that had 

structural differences between the in-sample and out-of-sample periods. Instead, this 

provides the foundation for examining the data differences between the in-sample and 

out-of-sample periods in order to understand what drives the failure of the trimmed 

bootstrap.  

Figure 20 depicts the in-sample 40-year geometric mean return box-and-whisker 

plot for the 21 countries examined. The ends of a ‘box’ denote the positions of the 25th 

and 75th percentiles, while the line across the box denotes its median value. The ends of 

the ‘whiskers’ denote either the minimum or maximum value. The overlaid dots on the 

figure are the geometric mean returns from the 40-year out-of-sample period. Those 

coloured red are instances of significant underperformance of the trimmed bootstrap 

relative to one or more of the 11 alternative bootstrap methods. The blue dots represent 

either a significant outperformance of the trimmed bootstrap, or an insignificant 

outcome to any technique. The figure shows a clear image that, aside from Spain, in 
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instances where the 40-year out-of-sample period was beyond the upper-end of 

historical observations, the trimmed bootstrap was an inferior estimator. In the case of 

Spain, the trimmed underperformance was due to an out-of-sample result that was in 

the upper tail of what had been observed in-sample. While this shows that the trimmed 

bootstrap may not be the best method if the future outcome is relatively extreme on the 

upside compared to past history, the same issue is not observed at the lower extreme. 

Instances where the out-of-sample 40-year return was below the in-sample observations 

did not record an inferior result for the trimmed bootstrap (Austria and Japan). In every 

one of the eight cases of trimmed bootstrap failure, the out-of-sample result is well 

above the median in-sample result. This suggests that the trimmed bootstrap failures are 

driven by instances where the future is a lot better than for previous norms, something 

which would be of little concern to fund managers and particularly to plan members. 

 

Figure 20: Box and whisker plot of in-sample 40-year geometric nominal returns 

with overlaid out-of-sample period observation 

 

 

 

 

 

 

 

 

Red dots are instances the trimmed bootstrap was statistically insignificant against one or more of the 11 other 
techniques and those coloured blue, the trimmed bootstrap, significantly outperformed all other techniques. 
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The results applying nominal returns are consistent with the US analysis in 

Chapter 3. However, the trimmed bootstrap does not display stochastic dominance in 

all indexes. As discussed previously, the trimmed bootstrap is observed to be the 

suboptimal simulation technique for indexes that experienced a fundamental change in 

their return environment between the in-sample and out-of-sample periods. The study 

continues with analysis into real returns, which are adjusted for inflation, a 

macroeconomic factor which encapsulates a degree of political instability (Aisen & 

Veiga, 2006).  

Table 27 shows the real returns results when assuming a two per cent wage 

growth per annum. The number of instances where the trimmed bootstrap has 

outperformed on a significant basis has increased from a range of 10-11/21 to 14/21 

against the range of simulation techniques in the MAE tests. Thus, when the influence 

of inflation is removed, the trimmed bootstrap outperforms to a greater extent. 

When the real returns are contrasted with those of the nominal returns, similarities 

arise. Firstly, the countries in which the trimmed bootstrap outperforms the majority of 

the other methodologies in both nominal and real returns are 9 of the 21 countries 

(Austria, Australia, Canada, Italy, Japan, The Netherlands, Portugal, Switzerland, and 

the United States). In contrast, there are three countries where the trimmed bootstrap is 

inferior in both nominal and real returns (Norway, Spain, and Sweden). Geographically 

speaking, the trimmed bootstrap has performed well across the world; however, there 

are poor results from countries close to or involved with World War II, the formation of 

the ECC, or their own civil war.   

A number of countries recorded a change in the trimmed bootstrap’s performance 

against existing bootstrap techniques. In two countries, the trimmed bootstrap was 

significantly superior in nominal returns, though inferior in real returns (Denmark and 



143 
 

France). Contrary to recording worse results in real returns, two countries moved in 

favour of the trimmed bootstrap, recording inferior results for the trimmed bootstrap in 

nominal returns, but in favour of the technique in real returns (New Zealand and South 

Africa).  

Table 28 provides the results for the RMSE methodology. Across the 21 

countries, the trimmed bootstrap is inferior to the Efron (1979) bootstrap in only three 

countries (Denmark, Norway and Sweden). Further, Belgium, France and Spain all 

reduced the prevalence of estimating a failure for the trimmed bootstrap when 

employing the RMSE methodology. This again supports the nominal estimates and 

suggests the trimmed bootstrap’s accuracy benefits from the removal of extreme results 

that record very large errors.  

The performance of the trimmed bootstrap is more reliant on the consistency 

between the in-sample and out-of-sample test periods. Previous discussions had 

suggested that if history was exceeded in the future by a considerable margin, the 

trimmed bootstrap would be inferior to those methodologies which do not have such 

reliance on history observations. However, the results from this chapter suggest that the 

trimmed bootstrap may be inferior only if history is exceeded on the up-side, not so the 

down-side.  
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*Significance defined at alpha = 0.05   

 

Country Block 1 Block 2 Block 3 Block 4 Block 5 Block 6 Block 7 Block 8 Block 9 Block 10 Stationary 

Australia 
0.289 
(8.56) 

0.589 
(10.52) 

0.446 
(10.83) 

0.470 
(12.15) 

0.435 
(10.60) 

0.488 
(12.06) 

0.548 
(12.59) 

0.390 
(10.50) 

0.321 
(9.53) 

0.256 
(8.53) 

0.215 
(6.68) 

Austria 
0.078 
(5.64) 

0.084 
(5.24) 

0.111 
(6.03) 

0.122 
(6.26) 

0.146 
(5.74) 

0.140 
(7.64) 

0.127 
(6.62) 

0.229 
(7.07) 

0.143 
(6.63) 

0.230 
(6.26) 

0.158 
(6.67) 

Belgium 
-0.019 
(-1.66) 

-0.042 
(-2.75) 

-0.037 
(-3.30) 

-0.063 
(-6.19) 

-0.053 
(-4.24) 

-0.053 
(-4.51) 

-0.051 
(-4.85) 

-0.026 
(-1.94) 

-0.041 
(-4.27) 

-0.043 
(-4.74) 

-0.053 
(-5.18) 

Canada 
0.163 
(6.83) 

0.346 
(9.93) 

0.283 
(7.47) 

0.321 
(8.74) 

0.230 
(8.20) 

0.260 
(8.94) 

0.236 
(8.26) 

0.203 
(6.47) 

0.200 
(7.02) 

0.120 
(5.65) 

0.151 
(5.83) 

Denmark 
-0.075 
(-7.64) 

-0.110 
(-11.16) 

-0.082 
(-8.69) 

-0.076 
(-8.35) 

-0.051 
(-6.00) 

-0.063 
(-7.45) 

-0.038 
(-4.47) 

-0.032 
(-4.14) 

-0.031 
(-3.99) 

-0.032 
(-4.61) 

-0.077 
(-8.54) 

Finland 
-0.023 
(-0.71) 

0.036 
(0.96) 

0.058 
(1.68) 

-0.034 
(-1.10) 

0.046 
(1.20) 

-0.049 
(-2.18) 

-0.014 
(-0.66) 

-0.081 
(-3.92) 

-0.067 
(-3.67) 

-0.118 
(-6.42) 

0.025 
(0.64) 

France 
-0.039 
(-3.65) 

-0.030 
(-1.93) 

0.007 
(0.26) 

0.016 
(0.48) 

-0.006 
(-0.30) 

-0.031 
(-2.15) 

-0.017 
(-1.17) 

-0.029 
(-1.94) 

-0.028 
(-2.17) 

-0.028 
(-2.31) 

-0.013 
(-1.12) 

Germany 
0.536 
(5.23) 

0.464 
(6.95) 

1.048 
(3.21) 

0.590 
(5.83) 

0.809 
(5.48) 

0.733 
(6.09) 

0.648 
(5.43) 

0.957 
(4.51) 

1.006 
(4.57) 

1.131 
(4.95) 

0.716 
(6.33) 

Ireland 
0.051 
(4.90) 

0.038 
(3.68) 

0.044 
(3.91) 

0.037 
(3.84) 

0.048 
(4.46) 

0.055 
(4.76) 

0.051 
(4.46) 

0.077 
(5.61) 

0.047 
(3.99) 

0.040 
(3.48) 

0.044 
(4.06) 

Italy 
0.343 
(9.35) 

0.306 
(9.18) 

0.313 
(8.38) 

0.270 
(10.06) 

0.281 
(9.49) 

0.297 
(10.71) 

0.272 
(9.74) 

0.324 
(11.25) 

0.277 
(9.82) 

0.330 
(9.11) 

0.265 
(8.82) 

Japan 
1.475 
(12.52) 

2.699 
(10.03) 

2.724 
(11.09) 

2.603 
(9.49) 

3.034 
(10.65) 

2.400 
(14.05) 

1.869 
(13.53) 

1.797 
(15.07) 

2.017 
(11.95) 

2.044 
(10.45) 

2.241 
(11.09) 

The Netherlands 
0.102 
(4.81) 

0.086 
(4.07) 

0.066 
(3.41) 

0.057 
(3.86) 

0.076 
(5.44) 

0.042 
(2.68) 

0.061 
(4.15) 

0.105 
(4.66) 

0.044 
(2.93) 

0.037 
(2.54) 

0.084 
(5.64) 

New Zealand 
0.218 
(16.76) 

0.231 
(16.46) 

0.189 
(16.15) 

0.198 
(17.61) 

0.169 
(15.16) 

0.156 
(15.55) 

0.183 
(15.73) 

0.161 
(15.33) 

0.125 
(13.51) 

0.101 
(12.34) 

0.146 
(14.13) 

Norway 
-0.080 
(-6.97) 

-0.098 
(-8.88) 

-0.080 
(-7.53) 

-0.068 
(-6.42) 

-0.048 
(-4.52) 

-0.055 
(-5.44) 

-0.022 
(-2.24) 

-0.029 
(-2.93) 

-0.018 
(-1.82) 

-0.024 
(-2.45) 

-0.116 
(-9.73) 

Portugal 
0.367 
(8.78) 

0.404 
(9.02) 

0.337 
(8.85) 

0.309 
(7.80) 

0.261 
(6.27) 

0.167 
(6.49) 

0.136 
(5.28) 

0.118 
(5.26) 

0.132 
(5.12) 

0.104 
(4.58) 

0.463 
(10.53) 

South Africa 
0.686 
(14.41) 

0.898 
(13.33) 

0.672 
(13.36) 

0.807 
(11.76) 

0.808 
(5.87) 

0.720 
(13.26) 

0.730 
(9.92) 

0.600 
(14.43) 

0.530 
(15.32) 

0.484 
(15.80) 

0.592 
(12.94) 

Spain 
-0.142 
(-9.51) 

-0.129 
(-9.97) 

-0.114 
(-8.52) 

-0.107 
(-8.43) 

-0.112 
(-9.19) 

-0.089 
(-7.04) 

-0.106 
(-11.23) 

-0.095 
(-9.26) 

-0.096 
(-9.87) 

-0.112 
(-12.93) 

-0.125 
(-12.35) 

Sweden 
-0.054 
(-3.71) 

-0.115 
(-6.95) 

-0.103 
(-6.40) 

-0.098 
(-5.98) 

-0.083 
(-5.33) 

-0.111 
(-6.98) 

-0.091 
(-6.04) 

-0.066 
(-4.79) 

-0.076 
(-5.25) 

-0.052 
(-4.09) 

-0.062 
(-4.17) 

Switzerland 
0.075 
(6.35) 

0.113 
(5.76) 

0.091 
(5.80) 

0.097 
(4.94) 

0.085 
(6.05) 

0.075 
(4.56) 

0.099 
(6.22) 

0.095 
(5.94) 

0.076 
(5.11) 

0.035 
(3.11) 

0.081 
(6.28) 

United Kingdom 
0.139 
(9.75) 

0.193 
(9.73) 

0.116 
(7.86) 

0.110 
(6.62) 

0.120 
(8.00) 

0.127 
(8.10) 

0.115 
(7.67) 

0.111 
(6.65) 

0.075 
(5.49) 

0.048 
(4.06) 

0.117 
(9.05) 

United States 
0.493 
(11.55) 

0.510 
(10.77) 

0.360 
(9.57) 

0.373 
(11.30) 

0.309 
(10.69) 

0.332 
(11.61) 

0.324 
(11.39) 

0.336 
(10.01) 

0.294 
(9.84) 

0.200 
(8.60) 

0.274 
(10.30) 

Trimmed Bootstrap wins* 14/21 14/21 14/21 14/21 14/21 14/21 14/21 14/21 14/21 14/21 14/21 

Trimmed Bootstrap loses*  5/21 6/21 5/21 5/21 5/21 7/21 5/21 7/21 6/21 7/21 5/21 

Insignificant 2/21 1/21 2/21 2/21 2/21 0/21 2/21 0/21 1/21 0/21 2/21 

Table 27: Real data - differences in MAE between given simulation strategy and trimmed bootstrap (millions of currency units), t-values in parentheses (positive 

values represent trimmed bootstrap winning and are bold, significant negative, loss, values are underlined). Salary growth = 2 per cent per annum 
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Figure 21: Real data – differences in MAE between given simulation strategy and trimmed bootstrap (millions of currency units) 

Salary growth = 2 per cent per annum. 
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Country Block 1 Block 2 Block 3 Block 4 Block 5 Block 6 Block 7 Block 8 Block 9 Block 10 Stationary 

Australia 0.62*** 1.38*** 0.89*** 0.86*** 0.88*** 0.91*** 1.04*** 0.76*** 0.62*** 0.49*** 0.54*** 

Austria 0.17*** 0.23*** 0.31*** 0.35*** 0.52*** 0.32*** 0.33*** 0.75*** 0.41*** 0.88*** 0.47*** 

Belgium 0.03* 0.07* 0.01 -0.03*** 0.01 0.00 -0.01 0.05 -0.02** -0.03*** -0.02* 

Canada 0.36*** 0.77*** 0.83*** 0.79*** 0.50*** 0.56*** 0.52*** 0.58*** 0.51*** 0.26*** 0.39*** 

Denmark -0.03*** -0.07*** -0.04*** -0.04*** -0.02*** -0.04*** -0.01** -0.01* -0.01** -0.02*** -0.05*** 

Finland 0.29*** 0.42*** 0.40*** 0.26*** 0.47*** 0.09*** 0.08*** 0.02 0.00 -0.05*** 0.47*** 

France 0.00 0.08* 0.33*** 0.51*** 0.20*** 0.06** 0.08*** 0.08** 0.05* 0.03* 0.05*** 

Germany 2.79*** 1.71*** 9.83*** 2.76*** 4.23*** 3.38*** 3.32*** 6.23*** 6.52*** 6.79*** 3.16*** 

Ireland 0.09*** 0.08*** 0.09*** 0.07*** 0.09*** 0.11*** 0.10*** 0.18*** 0.11*** 0.09*** 0.09*** 

Italy 0.95*** 0.85*** 0.97*** 0.64*** 0.73*** 0.68*** 0.67*** 0.72*** 0.68*** 0.94*** 0.72*** 

Japan 3.52*** 8.41*** 7.72*** 8.52*** 8.98*** 5.41*** 4.25*** 3.71*** 5.20*** 5.99*** 6.30*** 

The Netherlands 0.28*** 0.26*** 0.22*** 0.11*** 0.13*** 0.12*** 0.12*** 0.31*** 0.11*** 0.10*** 0.14*** 

New Zealand 0.35*** 0.38*** 0.30*** 0.29*** 0.27*** 0.23*** 0.29*** 0.25*** 0.19*** 0.15*** 0.23*** 

Norway -0.03** -0.05*** -0.04*** -0.03*** -0.01* -0.02*** 0.01 0.00 0.01 0.00 -0.06*** 

Portugal 0.96*** 1.04*** 0.82*** 0.87*** 0.90*** 0.38*** 0.38*** 0.25*** 0.35*** 0.25*** 1.04*** 

South Africa 1.32*** 1.98*** 1.40*** 1.96*** 4.00*** 1.52*** 2.07*** 1.13*** 0.91*** 0.79*** 1.24*** 

Spain -0.01 -0.04** -0.02 -0.02 -0.03* -0.01 -0.06*** -0.04*** -0.05*** -0.08*** -0.07*** 

Sweden -0.03*** -0.08*** -0.07*** -0.07*** -0.06*** -0.08*** -0.07*** -0.05*** -0.06*** -0.04*** -0.04*** 

Switzerland 0.10*** 0.29*** 0.20*** 0.28*** 0.15*** 0.20*** 0.20*** 0.20*** 0.17*** 0.06*** 0.13*** 

United Kingdom 0.21*** 0.38*** 0.21*** 0.24*** 0.22*** 0.24*** 0.21*** 0.24*** 0.15*** 0.09*** 0.18*** 

United States 1.10*** 1.25*** 0.90*** 0.78*** 0.64*** 0.65*** 0.63*** 0.78*** 0.65*** 0.42*** 0.56*** 

 
Key: Positive values (trimmed bootstrap superior) in black, negative values (trimmed bootstrap inferior) in red. 

* significant at alpha = 0.10; ** significant at alpha = 0.05; *** significant at alpha = 0.01. 

Table 28: Real data 2 per cent salary growth – differences in RMSE between given simulation strategy and trimmed bootstrap  

(millions of currency units) 
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Figure 22 shows the box-and-whisker plots of the in-sample 40-year geometric 

real returns overlaid with the 40-year out-of-sample return (the real return analysis of 

Figure 20). Again, the instances where the trimmed bootstrap underperformed any one 

of the 11 techniques are coloured red, while the blue out-of-sample points refer to a 

superior result for the trimmed bootstrap over all other techniques. As with Figure 20, 

in the instances where the trimmed bootstrap has been inferior, the out-of-sample 

period recorded a very high return, exceeding the in-sample maximum in four out of six 

occasions (and above the 75th percentile in the remaining two). However, the most 

striking point to make from the combination of Figure 20 and Figure 22 is that in a total 

of three instances between both nominal (Austria and Japan) and real (Portugal), the 

out-of-sample return was below the minimum in-sample observation, yet the trimmed 

bootstrap was more-accurate than the Efron (1979) bootstrap. This corroborates with 

the views expressed in Chapter 3, where the trimmed bootstrap was impacting the 

upper-tail more than the lower tail. This is reflected in the RMSE results, where the 

trimmed bootstrap performs better as the test methodology places greater weight on 

larger errors (which will be more prevalent on the up-side of the distribution).   
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Figure 22: Box and whisker plot of in-sample 40-year geometric real returns with 

overlaid out-of-sample period observation.  

 

 

 

 

 

 

 

 

 

Red dots are instances where the trimmed bootstrap was statistically insignificant against one or more of the 11 other 
techniques; those coloured blue, the trimmed bootstrap, significantly outperformed all other techniques. 

 

Table 29 provides a summary of the relationships between nominal and real 

return outcomes, against the results for the Efron bootstrap. As this analysis is a binary 

determination, it requires disregarding significance. Hence, while Belgium and Finland 

are in the bottom-left window (inferior-superior), the trimmed bootstrap was not 

statistically inferior in real returns. Once the countries are grouped, a visual 

geographical relationship forms. In regard to real returns, all with the exception of 

Norway (which borders Sweden) are in the European Union, which formed over the 

out-of-sample period. This represented a significant change in the underlying economic 

prosperity within these countries and rendered the trimmed bootstrap, which relies on 

historical data more than other techniques used, an inferior methodology for these 

locations. Three countries in which the trimmed bootstrap was inferior in the nominal 

returns data, but was superior in real data: Ireland, New Zealand and South Africa. The 
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impact of political shifts between the in-sample and out-of-sample periods in these 

countries is reduced by removing inflation.  

 

Table 29: Summary of the relationship regarding country-specific performance 

between nominal and real returns against the Efron bootstrap* 

 

 Trimmed superior Trimmed Inferior 

Trimmed 

Superior 

Australia 

Austria 

Canada 

Italy 

Japan 

Netherlands 

Portugal 

Switzerland 

United States 

United Kingdom 

Ireland  

New Zealand 

South Africa 

 

 

Trimmed 

Inferior 

Belgium 

Finland  

France 

Denmark 

Norway  

Spain 

Sweden 

*Germany was excluded from this table as it provided too many insignificant results in nominal return analysis due to 
its hyper-inflationary period.   

 

Tables 30 and 31 are robustness tests that test the sensitivity of the previous real 

results to the productivity wage growth assumption of two per cent per annum. 

Therefore, Tables 30 and 31 are based on the alternative assumption of wage growth of 

zero per cent per annum, thus equally weighting contributions. Across the table, no 

MAE altered its sign (+/-); however, a total of three changes in t-stat significance were 

observed. These is now a significantly inferior result for the trimmed bootstrap in 

France against the Block 7, and two now insignificant superior results in The 

Nominal Returns (Table 25) 
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Netherlands against both the Block 6 and Block 10 bootstraps. The robustness test 

signifies that the wage growth assumption has little impact on the results. With regard 

to the comparisons between the RMSE results in the real data, only France recorded a 

sign change (+/-) against the Efron (1979): Block 1, from 0.00 in two per cent wage 

growth to -0.01 when using the zero per cent wage growth assumption.  

As discussed in Chapter 3, Stochastic Dominance (SD) and Almost Stochastic 

Dominance (ASD) are two further ways to measure the accuracy of the trimmed 

bootstrap. Table 32 displays the two measures for the real data analysis with the 

assumption of a zero per cent salary growth rate. Appendix 8.2B provides the 

probability density functions of these absolute error estimates for the 21 countries 

under the 0 per cent wage assumption. The analysis is conducted with the assumption 

of no salary growth to offer robustness to forward-looking opinions around lower wage 

growth. The light green shade in the table signifies the trimmed bootstrap displaying 

SD in the country against the simulation technique in question. The dark green shading 

demonstrates that the trimmed bootstrap achieved the criteria for ASD to hold, which is 

a violation of less than 0.059 (Leshno & Levy, 2002).  

The trimmed bootstrap displays either SD or ASD against at least one other 

technique in 12 of the 21 countries tested. Of the 231 observations in Table 32, 39 are 

observations where the trimmed bootstrap displayed SD against an alternative bootstrap 

technique. The trimmed bootstrap displays ASD with an area of violation below 0.059 

a total of 73 times across Table 32. Furthermore, there was no situation where another 

bootstrap technique displayed either SD or ASD over the trimmed bootstrap. 
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*Significance define at alpha = 0.05  

Country Block 1 Block 2 Block 3 Block 4 Block 5 Block 6 Block 7 Block 8 Block 9 Block 10 Stationary 

Australia 
0.253 
(8.80) 

0.505 
(10.44) 

0.387 
(11.04) 

0.406 
(12.24) 

0.378 
(10.75) 

0.423 
(12.24) 

0.475 
(12.73) 

0.339 
(10.72) 

0.279 
(9.75) 

0.223 
(8.76) 

0.189 
(6.88) 

Austria 
0.065 
(5.88) 

0.070 
(5.48) 

0.091 
(6.07) 

0.101 
(6.53) 

0.123 
(5.79) 

0.113 
(7.60) 

0.102 
(6.49) 

0.189 
(6.95) 

0.117 
(6.66) 

0.188 
(6.00) 

0.127 
(6.56) 

Belgium 
-0.021 
(-2.28) 

-0.038 
(-3.02) 

-0.035 
(-3.88) 

-0.055 
(-6.88) 

-0.046 
(-4.59) 

-0.046 
(-4.93) 

-0.046 
(-5.35) 

-0.024 
(-2.30) 

-0.036 
(-4.82) 

-0.038 
(-5.38) 

-0.046 
(-5.85) 

Canada 
0.138 
(6.87) 

0.292 
(9.89) 

0.240 
(7.49) 

0.271 
(8.69) 

0.194 
(8.26) 

0.218 
(8.95) 

0.198 
(8.19) 

0.172 
(6.58) 

0.167 
(7.01) 

0.103 
(5.76) 

0.126 
(5.82) 

Denmark 
-0.064 
(-8.10) 

-0.092 
(-11.63) 

-0.068 
(-9.02) 

-0.063 
(-8.64) 

-0.044 
(-6.38) 

-0.052 
(-7.84) 

-0.032 
(-4.77) 

-0.028 
(-4.49) 

-0.026 
(-4.30) 

-0.027 
(-4.87) 

-0.065 
(-8.99) 

Finland 
-0.027 
(-0.96) 

0.024 
(0.77) 

0.042 
(1.40) 

-0.037 
(-1.38) 

0.032 
(0.96) 

-0.050 
(-2.71) 

-0.022 
(-1.30) 

-0.076 
(-4.48) 

-0.065 
(-4.38) 

-0.104 
(-6.95) 

0.011 
(0.34) 

France 
-0.037 
(-4.56) 

-0.033 
(-2.63) 

-0.003 
(-0.16) 

0.006 
(0.19) 

-0.013 
(-0.79) 

-0.035 
(-3.08) 

-0.023 
(-2.02) 

-0.033 
(-2.61) 

-0.033 
(-3.18) 

-0.031 
(-3.26) 

-0.020 
(-2.18) 

Germany 
0.448 
(5.24) 

0.388 
(6.80) 

0.906 
(3.12) 

0.487 
(5.85) 

0.680 
(5.23) 

0.608 
(6.03) 

0.541 
(5.15) 

0.816 
(4.42) 

0.858 
(4.34) 

0.942 
(4.87) 

0.599 
(6.27) 

Ireland 
0.034 
(4.05) 

0.019 
(2.23) 

0.026 
(2.88) 

0.021 
(2.65) 

0.028 
(3.21) 

0.034 
(3.66) 

0.029 
(3.15) 

0.048 
(4.27) 

0.026 
(2.76) 

0.020 
(2.20) 

0.026 
(2.90) 

Italy 
0.286 
(9.29) 

0.250 
(9.15) 

0.262 
(8.32) 

0.223 
(10.13) 

0.233 
(9.51) 

0.243 
(10.67) 

0.224 
(9.69) 

0.268 
(11.21) 

0.228 
(10.03) 

0.274 
(9.05) 

0.221 
(8.87) 

Japan 
1.266 
(12.34) 

2.306 
(9.89) 

2.370 
(10.82) 

2.243 
(9.31) 

2.623 
(10.49) 

2.067 
(13.73) 

1.593 
(13.47) 

1.542 
(14.90) 

1.739 
(11.71) 

1.754 
(10.21) 

1.939 
(10.79) 

The Netherlands 
0.073 
(4.12) 

0.058 
(3.33) 

0.046 
(2.73) 

0.032 
(2.67) 

0.049 
(4.34) 

0.016 
(1.28) 

0.040 
(3.33) 

0.073 
(3.90) 

0.022 
(1.83) 

0.018 
(1.52) 

0.061 
(5.13) 

New Zealand 
0.185 
(17.16) 

0.194 
(16.66) 

0.160 
(16.48) 

0.166 
(17.97) 

0.144 
(15.50) 

0.132 
(15.88) 

0.155 
(16.09) 

0.137 
(15.81) 

0.106 
(14.03) 

0.087 
(12.93) 

0.126 
(14.71) 

Norway 
-0.068 
(-7.60) 

-0.082 
(-9.30) 

-0.068 
(-7.90) 

-0.058 
(-6.81) 

-0.042 
(-5.04) 

-0.048 
(-5.91) 

-0.021 
(-2.75) 

-0.026 
(-3.34) 

-0.018 
(-2.27) 

-0.021 
(-2.76) 

-0.099 
(-10.26) 

Portugal 
0.305 
(8.63) 

0.336 
(8.92) 

0.280 
(8.74) 

0.261 
(7.67) 

0.218 
(6.11) 

0.139 
(6.52) 

0.117 
(5.48) 

0.099 
(5.38) 

0.111 
(5.18) 

0.088 
(4.72) 

0.389 
(10.49) 

South Africa 
0.591 
(14.26) 

0.766 
(13.18) 

0.572 
(13.22) 

0.681 
(11.65) 

0.694 
(5.58) 

0.612 
(12.96) 

0.621 
(9.83) 

0.512 
(14.49) 

0.450 
(15.25) 

0.411 
(15.67) 

0.502 
(13.00) 

Spain 
-0.115 
(-9.28) 

-0.106 
(-9.94) 

-0.094 
(-8.81) 

-0.088 
(-8.53) 

-0.093 
(-9.43) 

-0.074 
(-7.17) 

-0.089 
(-11.99) 

-0.078 
(-9.41) 

-0.079 
(-10.31) 

-0.091 
(-13.37) 

-0.102 
(-12.54) 

Sweden 
-0.047 
(-3.97) 

-0.096 
(-7.11) 

-0.088 
(-6.66) 

-0.082 
(-6.19) 

-0.071 
(-5.61) 

-0.091 
(-7.17) 

-0.076 
(-6.27) 

-0.056 
(-5.09) 

-0.064 
(-5.48) 

-0.044 
(-4.33) 

-0.052 
(-4.33) 

Switzerland 
0.060 
(6.24) 

0.091 
(5.57) 

0.075 
(5.71) 

0.081 
(4.90) 

0.068 
(5.91) 

0.059 
(4.43) 

0.077 
(6.00) 

0.074 
(5.72) 

0.059 
(4.88) 

0.027 
(2.90) 

0.065 
(6.11) 

United Kingdom 
0.108 
(9.21) 

0.147 
(9.06) 

0.086 
(7.07) 

0.080 
(5.72) 

0.088 
(7.04) 

0.094 
(7.27) 

0.081 
(6.58) 

0.082 
(5.94) 

0.053 
(4.69) 

0.031 
(3.13) 

0.092 
(8.59) 

United States 
0.417 
(11.49) 

0.431 
(10.54) 

0.305 
(9.58) 

0.313 
(11.21) 

0.262 
(10.72) 

0.280 
(11.67) 

0.271 
(11.33) 

0.283 
(10.10) 

0.246 
(9.83) 

0.171 
(8.72) 

0.234 
(10.37) 

Trimmed Bootstrap wins* 14/21 14/21 14/21 14/21 14/21 13/21 14/21 14/21 13/21 13/21 14/21 

Trimmed Bootstrap loses*  6/21 6/21 5/21 5/21 5/21 7/21 6/21 7/21 7/21 7/21 6/21 

Insignificant 1/21 1/21 2/21 2/21 2/21 1/21 1/21 0/21 1/21 1/21 1/21 

Table 30: Real data – differences in MAE between given simulation strategy and trimmed bootstrap (millions of currency units), t-values in parentheses 

(positive values represent trimmed bootstrap winning and are bold, significant negative, loss, values are underlined). Salary growth = 0 per cent per annum. 
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Figure 23: Real data – differences in MAE between given simulation strategy and trimmed bootstrap (millions of currency units) 

Salary growth = 0 per cent per annum. 
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Country Block 1 Block 2 Block 3 Block 4 Block 5 Block 6 Block 7 Block 8 Block 9 Block 10 Stationary 

Australia 0.55*** 1.21*** 0.78*** 0.76** 0.78*** 0.80*** 0.91*** 0.66*** 0.55*** 0.43*** 0.47*** 

Austria 0.15*** 0.19*** 0.26 0.28 0.45*** 0.27*** 0.28*** 0.64*** 0.34*** 0.77*** 0.39*** 

Belgium 0.02 0.06 0.01 -0.03 0.01 0.00 -0.01 0.03 -0.02*** -0.02*** -0.02** 

Canada 0.31*** 0.66*** 0.71*** 0.69*** 0.43*** 0.48*** 0.45*** 0.49*** 0.43*** 0.23*** 0.34*** 

Denmark -0.03*** -0.06*** -0.04 -0.04* -0.02*** -0.03*** -0.01** -0.01** -0.01** -0.02*** -0.04*** 

Finland 0.25*** 0.37*** 0.34 0.22 0.42*** 0.07** 0.06*** 0.01 0.00 -0.04*** 0.38*** 

France -0.01 0.05 0.26 0.46 0.15** 0.04 0.05** 0.06 0.03 0.02 0.03** 

Germany 2.34*** 1.48*** 8.79 2.28 3.76*** 2.85*** 2.95*** 5.45*** 5.90*** 5.77*** 2.69*** 

Ireland 0.07*** 0.05*** 0.06** 0.05* 0.06*** 0.07*** 0.07*** 0.13*** 0.08*** 0.07*** 0.06*** 

Italy 0.82*** 0.71*** 0.84 0.55 0.62*** 0.57*** 0.57*** 0.62*** 0.56*** 0.81*** 0.62*** 

Japan 3.11*** 7.33*** 6.93 7.53 7.93*** 4.80*** 3.69*** 3.26*** 4.61*** 5.31*** 5.64*** 

The Netherlands 0.23*** 0.21*** 0.18** 0.08 0.09*** 0.08*** 0.09*** 0.24*** 0.07*** 0.07*** 0.11*** 

New Zealand 0.30*** 0.33*** 0.26*** 0.24*** 0.23*** 0.20*** 0.25*** 0.21*** 0.16*** 0.13*** 0.20*** 

Norway -0.03*** -0.05*** -0.04 -0.03* -0.01** -0.02*** 0.00 0.00 0.00 0.00 -0.06*** 

Portugal 0.83*** 0.89*** 0.70 0.77 0.80*** 0.32*** 0.33*** 0.22*** 0.30*** 0.21*** 0.90*** 

South Africa 1.16*** 1.71*** 1.21*** 1.68*** 3.64*** 1.33*** 1.78*** 0.97*** 0.79*** 0.68*** 1.06*** 

Spain -0.01 -0.03* -0.02 -0.02 -0.03* -0.01 -0.06*** -0.03*** -0.04*** -0.06*** -0.06*** 

Sweden -0.03*** -0.07*** -0.06** -0.06** -0.05*** -0.07*** -0.06*** -0.04*** -0.05*** -0.04*** -0.04*** 

Switzerland 0.08*** 0.25*** 0.17 0.25** 0.13*** 0.16*** 0.16*** 0.16*** 0.13*** 0.05*** 0.11*** 

United Kingdom 0.16*** 0.29*** 0.16*** 0.18*** 0.17*** 0.18*** 0.16*** 0.18*** 0.11*** 0.06*** 0.14*** 

United States 0.94*** 1.09*** 0.77*** 0.67*** 0.55*** 0.55*** 0.54*** 0.66*** 0.55*** 0.37*** 0.48*** 

Table 31: Real data 0 per cent salary growth – differences in RMSE between given simulation strategy and trimmed bootstrap 

(millions of currency units) 

Key: Positive values (trimmed bootstrap superior) in black, negative values (trimmed bootstrap inferior) in red. 

* significant at alpha = 0.10; ** significant at alpha = 0.05; *** significant at alpha = 0.01. 
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Block 1 Block 2 Block 3 Block 4 Block 5 Block 6 Block 7 Block 8 Block 9 Block 10 Stationary 

Australia 0.002 0.001 0.01 0.001 0 0.013 0.009 0.02 0.003 0 0.002 
Austria 0.004 0.005 0.003 0.006 0.017 0.024 0.021 0.002 0.001 0.004 0.003 
Belgium 0.525 0.66 0.586 0.754 0.703 0.691 0.668 0.631 0.641 0.726 0.617 

Canada 0 0.002 0.003 0 0.002 0 0.002 0.023 0.004 0.05 0 
Denmark 0.57 0.661 0.59 0.599 0.571 0.61 0.528 0.499 0.503 0.567 0.589 
Finland 0.651 0.583 0.527 0.614 0.504 0.564 0.488 0.533 0.513 0.579 0.546 
France 0.483 0.497 0.509 0.503 0.513 0.56 0.51 0.504 0.504 0.508 0.51 

Germany 0.014 0.005 0 0.001 0.001 0 0 0 0.005 0 0.001 

Ireland 0.224 0.395 0.296 0.302 0.34 0.275 0.392 0.304 0.313 0.397 0.372 

Italy 0.001 0.004 0.004 0.001 0.001 0 0.002 0.006 0 0.001 0 

Japan 0.003 0 0 0.002 0 0 0 0.003 0 0.001 0.001 

The Netherlands 0.242 0.29 0.27 0.341 0.295 0.458 0.338 0.344 0.341 0.358 0.299 

New Zealand 0 0.004 0.005 0.004 0.001 0.006 0.004 0 0.005 0.004 0 

Norway 0.638 0.613 0.567 0.545 0.515 0.572 0.452 0.427 0.406 0.447 0.65 

Portugal 0.014 0 0.001 0.001 0.071 0.024 0.019 0.055 0.001 0.068 0 

South Africa 0 0 0 0 0 0.001 0.002 0.001 0 0 0 
Spain 0.796 0.672 0.715 0.697 0.683 0.666 0.676 0.666 0.642 0.748 0.815 
Sweden 0.568 0.759 0.722 0.637 0.663 0.749 0.732 0.733 0.736 0.765 0.728 
Switzerland 0.012 0.088 0.103 0.165 0.03 0.423 0.03 0.053 0.087 0.23 0.162 
United Kingdom 0.003 0.025 0.149 0.136 0.101 0.141 0.229 0.14 0.31 0.317 0.101 

United States 0 0.003 0 0 0.004 0.017 0 0 0 0.009 0 

Table 32: Real data instances of trimmed bootstrap displaying stochastic dominance and almost stochastic dominance when 

compared to the other tested simulation methodologies. Wage growth of 0 per cent per annum 

Stochastic Dominance 
Almost Stochastic 
Dominance 

KEY: 
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The analysis presented in this chapter has, for the large part, illustrated that the 

trimmed bootstrap is a effective technique for the majority of countries. However, it 

can underperform if future long-term returns surpass historical observations by a great 

extent. Although such returns may appear low probability events, Figure 22 shows that 

they did occur for a number of countries in the out-of-sample period 1974–2013. Given 

that future researchers will be looking to determine what the optimal simulation 

methodology for their particular market is, there is a need to provide such researchers 

with some guidance in their selection. Assistance is provided in two ways. First, I 

provide a snapshot of the out-of-sample testing results in an easy-to-follow Table 33, 

which provides the ‘winning’ technique studied in the chapter for each country. 

Following this analysis, I describe in the subsequent section why the trimmed bootstrap 

is likely to be the best bootstrap method for the future.  

Table 33 illustrates the ‘best’ technique (i.e., least MAE) for each country as 

suggested by the out-of-sample test results. The three different MAE analyses 

undertaken in this study, that is, the MAE for the nominal data with 4 per cent wage 

growth, the real returns with 2 per cent per annum wage growth, and the real returns 

with 0 per cent per annum wage growth, are presented here. This table provides 

researchers with the best nonparametric technique for their consideration using the out-

of-sample results from 1974–2013.  

However, an issue with the results in Table 33 is that the ‘winning’ methods come 

from examining data which is 40-years old. As we add to the number of observations 

on which the trimmed bootstrap is based, it is expected the likelihood of more-extreme 

results will reduce. The in-sample period from 1900 to 1973 means that the trimming of 

40-year return paths used in the trimmed bootstrap tests was based on the distribution 

of just 35 rolling 40-year returns. However, by the end of 2013 there were 75 rolling 
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40-year returns available so the historic distribution of 40-year returns looks very 

different at the end of 2013 from how it looked at the end of 1973. These changed 

circumstances, addressed in the next section, provide researchers with the tools to make 

considered judgements about the appropriate bootstrap method to employ in each 

country. This analysis utilises a forward-looking approach employing the full dataset, 

which allows researchers to apply their own subjective views to determine which 

method is best for their particular market.  

 

Table 33: Table of the best performing empirical simulation techniques from out-

of-sample tests 

 Nominal 
Data 4pc 

Real Data 
2pc 

Real Data 
0pc 

Australia Trimmed Trimmed Trimmed 

Austria Trimmed Trimmed Trimmed 

Belgium Trimmed Block 4 Block 4 

Canada Trimmed Trimmed Trimmed 

Denmark Stationary Block 2 Block 2 

Finland Trimmed Block 10 Block 10 

France Trimmed Block 1 Block 1 

Germany Trimmed* Trimmed Trimmed 

Ireland Stationary Trimmed Trimmed 

Italy Block 3 Trimmed Trimmed 

Japan Trimmed Trimmed Trimmed 

The Netherlands Trimmed Trimmed Trimmed 

New Zealand Block 4 Trimmed Trimmed 

Norway Stationary Stationary Stationary 

Portugal Trimmed Trimmed Trimmed 

South Africa Block 2 Trimmed Trimmed 

Spain Stationary Block 1 Block 1 

Sweden Block 3 Block 2 Block 2 

Switzerland Trimmed Trimmed Trimmed 

United Kingdom Block 4 Trimmed Trimmed 

United States Trimmed Trimmed Trimmed 
*Germany had no significant results, however, the trimmed bootstrap had smaller MAE against all other techniques 
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5.4.2 Main empirical results – forward-looking analysis 

Determining the accuracy of the models using MAE in the previous section has a 

novel bonus. The methodology enables an analysis into which technique would be 

optimal for any level of retirement wealth outcome in the future. This analysis can be 

done by running each simulation technique on the entire dataset (that is, data from 

1900–2013) to simulate the next 40-year period. These simulated outcomes can then be 

compared to a series of hypothetical outcomes to determine for what range of outcomes 

the trimmed bootstrap will be superior for each market. For example, I could assume 

the next 40-year actual terminal wealth outcome is 500,000 currency units, and then 

determine which technique in each market would be optimal (in the sense of having the 

lowest MAE) for this outcome when simulating using the full dataset and the retirement 

assumptions. This process can be repeated for a range of hypothetical terminal wealth 

outcomes, to provide information that can be used to guide researchers’ choices of 

bootstrap technique.  

Table 34 provides this forward-looking analysis, and examines incremental 

100,000 currency unit hypothetical future outcomes from 0 to 2,000,000 units for the 

real returns case, with 0 per cent per annum wage growth. The currency unit outcome 

may be difficult to interpret; hence, for completeness the table also provides an 

annualised internal rate of return (IRR) estimate for each outcome. Further, to relate the 

results back to specific historical experiences within each country, the historical range 

from rolling real historical outcomes is placed over the table in the form of three lines 

under the same wage assumptions. The red line is the historical minimum outcome, the 

blue line represents the historical median outcome, and the dark green line signifies the 

historical maximum under the same set of assumptions. The crossover point (where the 

trimmed becomes inferior), along with the implied probability of this crossover, 
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denoted Pr(W>Co) for each country, is presented at the bottom of the table. Note that 

by inferior I mean that at least one of the other 11 bootstraps has a lower MAE than the 

trimmed MAE (even if the difference between them is not significant). The implied 

probability is simply derived from the number of instances where historical real wealth 

outcomes were larger than this crossover amount in currency units.  

Table 34 shows that the trimmed bootstrap displays dominance over all other 

techniques in every country in the DMS database if the terminal wealth outcome in 40-

years falls at or below 700,000 currency units, or is less than a 6.39% real IRR. The 

methodology outperforms all other techniques to the upper-end of 2 million currency 

units, an equivalent internal rate of return of just over 10 per cent per annum, in seven 

countries (Finland, Germany, Japan, The Netherlands, Portugal, South Africa and 

Sweden).  

With reference to the crossover point (where the trimmed was no longer superior 

to all other bootstraps), there were 13 countries which were beyond the historical 

maximum outcome. This suggests that the use of any other technique in these countries 

is forecasting a 40-year period that surpasses the best we have had in those countries in 

114 years of history. This would be a difficult assumption to defend, and it is believed 

that the trimmed bootstrap should be the only technique employed in these markets. In 

the event that the future surpasses the historical upper extreme, this becomes a practical 

win for the plan member (having enjoyed the best 40-year return period in history) 

versus a theoretical research issue of not having utilised the best simulation technique.  

The crossover point is also well above the median historical outcome in every 

case. In fact, the percentage of the historical rolling wealth outcomes that have 

exceeded the crossover point (Pr(W>Co)) can be seen, from the final row of Table 34, 

to range from 0 per cent for 13 countries to 14.9 per cent for Norway. Even in 
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Norway’s case, choosing an alternative to the trimmed bootstrap implies that the 

researcher is expecting an outcome more extreme than has been observed 85.1 per cent 

of the time historically in Norway. Such a choice could only be justified if the 

researcher had some basis for expecting that the Norwegian market in the next 40 years 

would perform better than it has in most of the last 114 years. Without such a basis, the 

trimmed bootstrap would be the logical choice. 

Overall, the trimmed bootstrap has been the superior estimator for the majority of 

likely outcomes throughout the world. The combination of Table 33 and Table 34 

represents the main contribution to the literature in this chapter. Table 34 in particular 

can be used to guide a researcher’s choice of bootstrap technique. I trust the results of 

this study will ensure the widespread adoption of the trimmed bootstrap among pension 

finance researchers who conduct research using empirical stochastic simulations around 

the world.  
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Table 34: Winning simulation technique subject to MAE under a range of possible terminal wealth outcomes using real returns from 

1900-2013 to simulate 40-year return paths under the 0 per cent wage growth assumption 

Minimum Historical Outcome 

Median Historical Outcome 

Maximum Historical Outcome 
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5.5 Conclusion 

In this chapter, I used an out-of-sample test to examine the trimmed bootstrap in 

21 countries, employing both nominal and real return data. The results show that for the 

majority of countries, the trimmed bootstrap is the superior simulation technique. The 

instances where the trimmed bootstrap was found to be inferior experienced 

fundamental shifts in their political and economic prosperity between the in-sample and 

out-of-sample periods under analysis: shifts that are unlikely to occur in the future. This 

statement was supported by a forward-looking analysis which examined a range of 

likely outcomes, suggesting that the trimmed bootstrap would be superior in all 

countries which achieved less than 6.39% real IRR in the future.  

This study corroborates the findings from Chapter 3 and provides evidence that 

the trimmed bootstrap technique is a superior technique for pension finance 

researchers. While a select number of countries did not record the trimmed bootstrap as 

a superior technique, it is argued the reasons for this are less likely to occur in the 

future. Further, the study provides a summary table which provides pension finance 

researchers across the world with their particular market’s best performing technique as 

suggested by the results of this study. The study also showed that if you select one of 

the alternative bootstrap methods over the trimmed bootstrap, then you are implicitly 

assuming that the next 40 years will be better than most of the 75 rolling 40-year 

outcomes observed over the last 114 years. Such an assumption may be hard to justify. 

It is hoped this information provides researchers with better tools to provide more 

accurate information to inform effective policy, and with more advice for plan 

members to maximise wealth in retirement.  
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Chapter 6 Conclusion 

Empirical simulation allows researchers to analyse variables of interest which fall 

beyond traditional time-weighted measures of risk. For this reason, the bootstrap 

methodology is omnipresent in pension finance research, as the literature has 

experienced a heightened emphasis on the dollar-outcome in recent years. Researchers 

have employed the technique to test a variety of hypotheses in the pension finance 

literature, with the underlying goal usually to maximise the dollar outcomes of plan 

members.  

This research has looked at the various versions of the bootstrap technique which 

are commonly employed in the pension finance literature, including the Efron (1979) 

bootstrap, the Künsch (1989) block bootstrap and the Politis and Romano (1994) 

stationary bootstrap. However, while such techniques were employed to test similar 

variables of interest, each technique implicitly assumes different characteristics in the 

time series of returns. For example, while the block bootstrap aims to capture time 

dependencies within blocks of returns, the Efron bootstrap excludes all such 

dependencies. Yet surprisingly, the selection of which bootstrap to use is frequently not 

discussed by the researchers, who choose one bootstrap technique over another. In 

short, the literature lacks consensus on which technique should be used in pension 

finance research. 

This research bridges this gap in the literature through robustly examining the 

common techniques in the literature. It concludes that the existing techniques are sub-

optimal and frequently produce highly-inaccurate forecasts of index returns. 

Contemporary methods fail to adequately incorporate known financial time series 

characteristics such as mean reversion. The assumption that returns or blocks of returns 
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are independently distributed through time is ubiquitous in the existing bootstrap 

methods. This posed an issue, as the overwhelming evidence in the literature suggested 

that financial returns frequently display various forms of time dependency, such as 

mean-reversion in long-term returns.  

The tests on contemporary empirical bootstrap methods suggested that the 

techniques were sub-optimal to a methodology which could capture time dependency in 

returns. This motivated an exploration into constructing a new methodology which 

could allow for such time dependencies in financial returns to be reflected in the 

distribution of simulated return paths. This was hypothesised to be an important 

contribution to the literature, as we would expect that research based on the existing 

sub-optimal techniques in the literature would lead to inferior advice for plan members.  

The main contribution of this study to the literature is the new empirical 

simulation technique entitled the trimmed bootstrap. Through a series of out-of-sample 

tests, I have shown evidence that this technique is defensible in a range of stock 

markets. Further, the technique frequently outperforms existing methods. The forward-

looking analysis in Chapter 5 infers that, going forward, the trimmed bootstrap should 

become the default option for researchers utilising an empirical bootstrap in pension 

finance research. 

Analysis of the advice derived by competing methods yielded further issues for 

previous research. By utilising the more-accurate trimmed bootstrap technique, I have 

determined that the optimal asset allocation for a given plan member would reduce risk 

exposure towards retirement, and then increase exposure in the withdrawal years (i.e., 

post-retirement). This challenges the conventional wisdom: that a person should 

continue to de-risk in line with an age factor. The trimmed bootstrap results suggest 

that the asset allocation’s risk exposure needs to relate to the amount currently 
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deployed in the investment vehicle, rather than to a pre-determined asset allocation 

linked to age.  

 

6.1 Research contributions 

I have provided four contributions to the literature. The first is the analysis of 

existing bootstrap methods in pension finance literature. Contemporary non-parametric 

empirical simulation techniques were identified to be frequently highly inaccurate. This 

was identified in two ways. Firstly, the literature suggested overwhelming evidence that 

financial time series frequently display serial dependence. The pre-existing 

nonparametric empirical simulation techniques tested in this research either ignore or 

do not adequately accommodate such time dependencies and hence it was hypothesised 

they would produce sub-optimal forecasts. I have provided evidence that research 

which employs simulation techniques that disregard time dependence, such as the 

Efron (1979) bootstrap, will fail to produce defensible results. Researchers should opt 

for those techniques which at least partly capture time dependence. Techniques which 

capture time dependency (at least in some form) henceforth need to be the default 

choice for simulating future stock returns.  

Generally, the application of any of the pre-existing nonparametric simulation 

techniques employed in the literature raises concerns about their suitability in pension 

finance research. These bootstrap methods were tested in a series of out-of-sample tests 

and they were found to be frequently highly inaccurate. To circumvent this issue, my 

second contribution to the literature is the development of a new empirical simulation 

technique entitled the trimmed bootstrap. Through a series of out-of-sample tests, I 

have shown that this simulation technique frequently outperforms existing methods in a 

range of markets. The trimmed bootstrap accommodates (though does not require) time 
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dependence in its algorithm, which loosely calibrates the output distribution to 

historical observations. This technique, I trust, will provide researchers with a superior 

model, moving forward, to increase the accuracy of the advice given to members. The 

trimmed bootstrap is the main contribution of this research to the pension finance 

literature. 

The third contribution to the literature is a new measure of defining success in 

retirement, called the withdrawal success rate (WSR). I have developed the WSR to 

handle issues pertinent to POF/POS techniques. The main difference is that, unlike the 

POS, the WSR does not disregard the point at which failure occurs in retirement. The 

part-success of the retirement journey is weighted into the WSR to provide a more 

robust estimate of overall success. The contribution of the WSR is timely, with recent 

papers discussing the issues related to the standard failure rate methodology (Estrada, 

2017). 

The WSR is the average of the total withdrawals received in retirement divided 

by the total planned withdrawals over the same period. As the purpose of saving for 

retirement is primarily about providing the member with income during retirement, 

WSR is the most direct measure of the success of such savings strategies. As a result, 

the WSR is regarded as the most appropriate measure to maximise when conducting 

optimisations in pension finance research. Unlike the probability of success measure, 

the withdrawal success rate implicitly recognises that a plan member would prefer a 

partly-successful withdrawal path over an entirely unsuccessful path. Another 

advantage of using WSR as the objective function in numerical optimisations, 

compared to using POS, is that WSR optimisations tend to be numerically more stable 

because WSR is a continuous variable. It is my hope that the contribution of the WSR, 

when coupled with the trimmed bootstrap, will provide researchers with the tools to 
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give better advice to plan members. When used concurrently, the two measures can 

optimise variables with far greater precision than using existing methods.      

The final contribution to the literature is the derived ‘V’ shaped glide path. This 

study has provided evidence that the target-date design in the accumulative years aligns 

with the optimal path (albeit, industry-based funds de-risk too much). However, the 

target-date fund design, as employed by industry, does not optimise the withdrawal 

stages. The trimmed bootstrap WSR optimisation suggests the optimal asset allocation 

should increase risk, as in the retirement period, to create the ‘V’ shaped glide path 

overall. 

The ‘V’ shaped glide path corroborates with findings from Pfau and Kitces 

(2014). The asset allocation reduces risk exposure towards the end of the accumulative 

years, and then increases risk exposure in the post-retirement withdrawal stages. This 

‘V’ shaped glide path suggests that the contemporary static target-date designs are 

unsuitable for the withdrawal stages. I have shown evidence that increasing the risk 

exposure once withdrawals commence can considerably reduce the failure rate.  

The ‘V’ shaped glide path challenges contemporary views of the retirement 

journey. Historically, the notion that once withdrawals commence, a member should 

increase their risk exposure, would be met with strong adversaries. It is against 

contemporary financial thinking that risk should increase once the underlying capital 

begins being depleted through withdrawals. The adage that the member no longer has 

the time to recover would be a common conjecture of many participants in the pension 

finance field. However, the results are based on the objective variable WSR, a 

continuous measure of the longevity of the portfolio. This variable looks to maximise 

the extractable wealth over retirement, including any part-successes. By increasing the 

risk exposure, the plan member modelled in Chapter 4 increased the overall longevity 
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of the portfolio. Essentially, a greater risk-asset exposure may traditionally be viewed 

as a riskier journey for the plan member. However, in the context of achieving the 

greater longevity, the V-shaped glide path provides the best chance of achieving 

retirement success.  

 

6.4 Areas for future research 

Areas for future research are wide-reaching. The trimmed bootstrap essentially 

provides a reset button for past research outputs that were based on sub-optimal 

simulation techniques. For example, re-examining previous literature which critiqued 

certain fund designs may provide contrary results when analysed using the trimmed 

bootstrap. Essentially, views based on the pre-existing bootstrap techniques may be 

challenged when tested using the trimmed bootstrap. 

The trimmed bootstrap and the asset allocation optimisation debate provide a 

myriad of paths for future research beyond just re-examining current views in the 

literature. Several avenues are available for researchers to examine the asset allocation 

debate. Such avenues could incorporate variables such as life expectancy. Essentially, 

the main objective for any pension finance research should be to maximise the outcome 

for members. I believe the trimmed bootstrap and the withdrawal success rate can aid in 

this debate. 

The final area for future research is the trimmed bootstrap itself. The trimmed 

bootstrap may benefit from future iterations which adapt to meet the needs of the 

researcher. There are a variety of slight changes which I considered during the 

development stages, which could be further examined. For example, in countries in 

which the trimmed bootstrap did not outperform in Chapter 5, one variation would be 

to allow for simulation paths to have a limited number of ‘breaks’ at the 10-year trim, if 
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the future market states are likely to be fundamentally different due to shifts in political 

or economic situations.  

I tested this idea in the formative stages for the US data and it did not have a 

major impact to the accuracy of the model. If a researcher was reserved in relation to 

applying the trimmed bootstrap in its current state, applying another algorithmic step 

which allows a certain number of 10-year periods to break the historical 10-year 

maximum and minimum returns could yield more accurate results. With the 

algorithmic steps that were the evolution of the block and stationary bootstraps over the 

Efron bootstrap, I would not be surprised if future research yields variations of the 

trimmed bootstrap. 

 

6.3 Conclusion 

Examining the literature identified that the research to date lacked a defensible 

reason for employing certain simulation methodologies. This was important to address 

as it identified that current methodologies lacked accuracy. The issue at hand was that 

sub-optimal simulation methodologies were being utilised, which in turn produced sub-

optimal advice.  

To address this issue, I have developed the trimmed bootstrap. This significantly 

more-accurate tool can assist researchers in their analysis of pension finance outcomes. 

Further, I have developed a continuous variable to better capture success in retirement 

optimisations. These two contributions were applied to a plan member scenario where I 

have shown evidence that, under a certain set of assumptions, the optimal asset 

allocation de-risks towards retirement, then increases risk during the withdrawal stages. 

I trust these contributions will be embraced by the literature and will aid in producing 

the best advice to plan members, both now and in the future.  
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Chapter 8 Appendices 

8.1 Appendix A (Chapter 3): Distributions of multi-year simulated and historical 

outcomes 

This Appendix shows the sample distributions of 1,000 empirical bootstrap 

simulations of the given technique in comparison to history. The Exhibits show graphs 

that are equivalent to Exhibit 1 and 2, except that the Efron bootstrap results have been 

replaced with rolling bootstrap results for all the block sizes from 2 to 10 or with the 

stationary bootstrap results (the Efron “Block 1” and the trimmed bootstrap results are 

in the main body of the study). For each graph, the solid black lines represent historical 

percentiles, including the minimum, 1st, 5th, 25th, median, 75th, 95th, 99th, and maximum 

percentiles. The dashed grey lines are the simulation methodology results for the same 

percentiles. 

 

Key for Exhibits A1 to A20: 

 

 

 

  

Historical percentiles—Minimum, 1st, 5th, 25th, 50th, 75th, 95th, 99th and Maximum 

Bootstrap percentiles—Minimum, 1st, 5th, 25th, 50th, 75th, 95th, 99th and Maximum 
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Exhibit A1: Compound annual return for the block 2 bootstrap vs historical outcomes 

for US stocks 

 

 

Exhibit A2: Block 2 bootstrap vs historical portfolio outcomes over 40 years with $1 

invested each year 
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Exhibit A3: Compound annual return for the block 3 bootstrap vs historical outcomes 

for US stocks 

 

 

Exhibit A4: Block 3 bootstrap vs historical portfolio outcomes over 40 years with $1 

invested each yea 
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Exhibit A5: Compound annual return for the block 4 bootstrap vs historical outcomes 

for US stocks 

 

 

Exhibit A6: Block 4 bootstrap vs historical portfolio outcomes over 40 years with $1 

invested each year 
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Exhibit A7: Compound annual return for the block 5 bootstrap vs historical outcomes 

for US stocks 

 

 

Exhibit A8: Block 5 bootstrap vs historical portfolio outcomes over 40 years with $1 

invested each year 
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Exhibit A9: Compound annual return for the block 6 bootstrap vs historical outcomes 

for US stocks 

 

 

Exhibit A10: Block 6 bootstrap vs historical portfolio outcomes over 40 years with $1 

invested each year 
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Exhibit A11: Compound annual return for the block 7 bootstrap vs historical outcomes 

for US stocks 

 

 

Exhibit A12: Block 7 bootstrap vs historical portfolio outcomes over 40 years with $1 

invested each year 
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Exhibit A13: Compound annual return for the block 8 bootstrap vs historical outcomes 

for US stocks 

 

 

Exhibit A14: Block 8 bootstrap vs historical portfolio outcomes over 40 years with $1 

invested each year 
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Exhibit A15: Compound annual return for the block 9 bootstrap vs historical outcomes 

for US stocks 

 

 

Exhibit A16: Block 9 bootstrap vs historical portfolio outcomes over 40 years with $1 

invested each yea 
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Exhibit A17: Compound annual return for the block 10 bootstrap vs historical 

outcomes for US stocks 

 

 

Exhibit A18: Block 10 bootstrap vs historical portfolio outcomes over 40 years with $1 

invested each year 
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Exhibit A19: Compound annual return for the stationary bootstrap vs historical 

outcomes for US stocks 

 

 

Exhibit A20: Stationary bootstrap vs historical portfolio outcomes over 40 years with 

$1 invested each year 
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8.2 Appendix B (Chapter 5): Probability density functions of the 21 countries 

while employing real data and a 0 per cent salary growth 



187 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

100 200 300 400 500 600 700 800 900 1,000

Pr
ob

ab
il

ity

Absolute Error (Thousands of Currency Units)

Canada

Block 1 Block 2 Block 3 Block 4 Block 5 Block 6

Block 7 Block 8 Block 9 Block 10 Stationary Trimmed

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

100 200 300 400 500 600 700 800 900 1,000

Pr
ob

ab
il

ity

Absolute Error (Thousands of Currency Units)

Denmark

Block 1 Block 2 Block 3 Block 4 Block 5 Block 6

Block 7 Block 8 Block 9 Block 10 Stationary Trimmed

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

100 200 300 400 500 600 700 800 900 1,000

Pr
ob

ab
il

ity

Absolute Error (Thousands of Currency Units)

Finland

Block 1 Block 2 Block 3 Block 4 Block 5 Block 6

Block 7 Block 8 Block 9 Block 10 Stationary Trimmed



188 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

100 200 300 400 500 600 700 800 900 1,000

Pr
ob

ab
ili

ty

Absolute Error (Thousands of Currency Units)

France

Block 1 Block 2 Block 3 Block 4 Block 5 Block 6

Block 7 Block 8 Block 9 Block 10 Stationary Trimmed

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

100 200 300 400 500 600 700 800 900 1,000

Pr
ob

ab
il

ity

Absolute Error (Thousands of Currency Units)

Germany

Block 1 Block 2 Block 3 Block 4 Block 5 Block 6

Block 7 Block 8 Block 9 Block 10 Stationary Trimmed

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

100 200 300 400 500 600 700 800 900 1,000

Pr
ob

ab
ili

ty

Absolute Error (Thousands of Currency Units)

Ireland

Block 1 Block 2 Block 3 Block 4 Block 5 Block 6

Block 7 Block 8 Block 9 Block 10 Stationary Trimmed



189 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

100 200 300 400 500 600 700 800 900 1,000

Pr
ob

ab
il

ity

Absolute Error (Thousands of Currency Units)

Italy

Block 1 Block 2 Block 3 Block 4 Block 5 Block 6

Block 7 Block 8 Block 9 Block 10 Stationary Trimmed

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

100 200 300 400 500 600 700 800 900 1,000

Pr
ob

ab
ili

ty

Absolute Error (Thousands of Currency Units)

Japan

Block 1 Block 2 Block 3 Block 4 Block 5 Block 6

Block 7 Block 8 Block 9 Block 10 Stationary Trimmed

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

100 200 300 400 500 600 700 800 900 1,000

Pr
ob

ab
il

ity

Absolute Error (Thousands of Currency Units)

The Netherlands

Block 1 Block 2 Block 3 Block 4 Block 5 Block 6

Block 7 Block 8 Block 9 Block 10 Stationary Trimmed



190 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

100 200 300 400 500 600 700 800 900 1,000

Pr
ob

ab
ili

ty

Absolute Error (Thousands of Currency Units)

New Zealand
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South Africa
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Switzerland
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