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Abstract
Heat Transfer from Electrically Heated Microwire in Magnetic and Optical
Nanofluids

By Ashkan Vatani
Nanofluids, due to their specific features, have been widely utilized in a wide range of
applications such as biomedicine, transportation, food processing and heat transfer.
The main feature of nanofluids which makes them a suitable alternative for
convectional heat transfer fluids is their augmented thermal conductivity due to
dispersion of metallic, carbide or oxide particles in them. The other important feature
is the smaller size of particles compared to microfluids which prevents the particles
from aggregation/sedimentation, and therefore maintains higher stability of the
suspension. In this thesis, heat transfer in two types of nanofluids with special
functionalities (ferrofluid and carbon-dots in water) is investigated using an
electrically-heated wire.
Ferrofluids are colloidal suspensions of magnetic nano-particles while carbon dots are
photoluminescent nano-particles of amorphous carbon. The transient temperature rise
of the electrically-heated wire immersed in the sample fluid shows the apparent
thermal conductivity of the nanofluid, the onset of convection heat transfer and
boiling heat transfer phenomena. For the case of the magnetic fluid (Fe3O4 particles in
water) “thermomagnetic convection” effects are observed for the first time in the
absence of any magnetic field other than that due to the electrical current in the wire.
The physics of thermomagnetic convection is a multi-disciplinary area coupling the
fluid dynamics and heat transfer with magnetism. The phenomenon is investigated
experimentally, analytically and numerically and several aspects of heat transfer
including thermomagnetic convection, onset of thermomagnetic convection and
boiling heat transfer are studied. The thermal conductivity of the carbon-dot nanofluid
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(a novel type of nanofluid which can be applied as a tracer fluid) has also been
measured for the first time.
Concerning the ferrofluid, the objective of the research is to examine heat transfer
from an electrically heated wire with a view to establishing the feasibility of using
ferrofluid for cooling applications of electrical systems rather than deionized water. A
simple and low cost miniaturized set up for the transient hot-wire technique was
designed, fabricated and calibrated. A ferrofluid sample with low volume fraction was
used to study the thermomagnetic convection for different currents supplied to the
wire at various temperatures.
Concerning the analytical component of the study, a two-dimensional model has been
developed using a scaling analysis to characterize the thermomagnetic convection
around the current-carrying wire. Accordingly, a magnetic Grashof number for the
induced flow in relation to the applied current was derived. Also the corresponding
maximum Nusselt number of the induced convection was analytically correlated to
the applied current and experimentally verified. It was observed that using ferrofluid
can significantly enhance the heat transfer from the heated wire due to
thermomagnetic convection. The critical Fourier number for the onset of
thermomagnetic convection was correlated to the magnetic Rayleigh number and the
constants used in the correlation were empirically determined. It was shown that
magnetic convection will onset earlier than buoyancy-driven convection for large
electrical currents applied.
Heat transfer of ferrofluid from the hot-wire when the temperature of the wire reaches
above the boiling point of water at atmospheric pressure was experimentally studied.
It was observed that the boiling heat transfer from the wire deteriorated using
ferrofluid as a result of deposition of particles on wire surface. When the wire reaches
the boiling temperature, water molecules evaporate leaving behind the particles in the
region. Attached particles to the wire form a porous layer with cavities filled with
vapor with high thermal resistance which prevents effective heat removal from the
wire. The rate of particle deposition on the wire was measured with respect to the
current applied, time of boiling and volume fraction of the ferrofluid.
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In parallel to the experimental examinations, thermomagnetic convection was
investigated numerically. A two-dimensional axisymmetric incompressible laminar
numerical simulation model established in COMSOL Multiphysics was used to solve
the coupled conservation equations. The model was validated against experimental
data collected from the heated wire. Taking into account the term for magnetic body
force added to the momentum equation, the model was able to show that the observed
effects can be explained by thermomagnetic convection.
Finally, thermal conductivity measurements for the carbon-dot nanofluid revealed that
in contrast to the predictions of empirical correlations, negligible change compared to
the thermal conductivity of the base fluid is observed.
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This dissertation presents an investigation into capability of nanofluids to be used for heat
transfer applications. Enhanced thermal properties of nanofluids, especially their apparent
thermal conductivity, have been reported for decades as the main advantage of nanofluids rather
than conventional heat transfer fluids. In this dissertation, first an extensive literature review is
conducted to examine the thermal conductivity of nanofluids, measurement methods and the
available models in prediction of them. Then after finding the research gaps, two lessinvestigated types of nanofluids, namely ferrofluids and carbon nanodots/water nanofluids are
investigated. The study has been conducted through analytical solution, laboratory experiments
and numerical modelling. Experiments were carried out to examine the thermal conductivity and
related aspects of nanofluids in heat transfer enhancement, and numerical modelling was used to
verify the experiments.

1.1 Research background
Nanofluids

Chapter 1- Introduction

thermal properties of fluids. In 1995, Choi [5] used the term nanofluid to refer to these fluids.
Nanofluids have presented higher thermal conductivity values with low pressure drops.
Researches have shown that nanofluids not only exhibit better thermal conductivity but also
Currently, nanofluids are
being used in a wide range of cooling applications such as engine cooling [6], solar energy
collection systems [7], power systems, electronic cooling [8], air-conditioning [9] and different
heat exchanger types [10].
Mechanism of heat transfer enhancement in nanofluids
The enhanced thermal properties of nanofluids have been mostly attributed to Brownian motion
of particles and formation of chain-like structures. Brownian motion expresses the random
motion of particles due to collision of particles which can contribute to augmented thermal
conductivity in two ways; diffusion of nanoparticles and micro-convection of fluid molecules
around the particles. Later on, Keblinski et al [11] discussed four possible explanations for the
anomalous increase in thermal conductivity of nanofluids above that expected from classical
models. These were Brownian motion of the particles, molecular-level layering of the liquid at
the liquid/particle interface, the nature of heat transport in the nanoparticles, and the effects of
nanoparticle clustering.

Transient Hot-Wire (THW) method
The hot wire method is a standard transient dynamic technique based on the measurement of the
temperature rise in a defined distance from a linear heat source (hot wire) embedded in the test
material. This technique is usually used to measure the thermal conductivity of fluids. Assuming
the heat source to have a constant and uniform heat flux along the length of the wire, then the
thermal conductivity can be calculated from the change in temperature for a known time interval.
This time interval is restricted to the initial stages of transient heating where thermal conduction
from the wire dominates the mechanism of heat transfer to the fluid sample.
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Ferrofluids
Ferrofluids have fluid properties of liquid and magnetic properties of a solid. They contain tiny
particles of magnetic solids with nanometer size dispersed in a base liquid. The special feature of
ferrofluids is their controllability by a magnetic field. The mechanical properties of ferrofluids
can be controlled and changed favorably by varying the volume fraction of particles, strength
and direction of the applied magnetic field. Ferrofluids have different applications in
loudspeakers, biomedical, sensors and heat transfer [12-16]. When exposed to a magnetic field, a
magnetic force is applied to ferrofluid which can enhance heat transfer by inducing a less well
known type of convection called “thermomagnetic convection” [17, 18] .

Optical nanofluid
Carbon nanodots (C-dots) are a kind of fluorescent carbon nanomaterial composed of nanometer sized paracrystalline carbon domains. Unlike other nanocrystalline carbons, the
nanoparticles exhibit a certain optical energy gap which leads to a number of interesting
properties such as strong UV absorption, blue-to-green photoluminescence and excitationenergy-dependent photoluminescence [19]. Suspension of the carbon nanodots in a liquid due to
its photoluminescence effect can be applied in heat transfer and hydrodynamic applications as
tracer.

1.2 Research gaps and objectives
Based on the research background and detailed literature review which will be presented in
Chapter 2, research gaps were identified. It is evident from the literature that in most of
experiments, the transient hot wire (THW) method has been used for measuring the thermal
conductivity of nanofluids. An important consideration in using this method for measuring the
thermal conductivity of fluids is knowing the time when the means of heat transfer changes from
conduction only to convection. Therefore characterising the heat transfer type is necessary. It
appears from the literature that, although thermal conductivities of ferrofluids have been
reported, the mechanism of heat transfer from a transiently-heated wire has not been
characterised. This is important because the electric current in the wire creates a magnetic field
which may influence the ferrofluid. Thus, in this research heat transfer from the hot wire in a
magnetic fluid is deeply studied. This study includes investigating several aspects of heat
transfer (thermal conductivity, convection, onset of convection and boiling). The literature
3
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review also shows that experiments in measuring the thermal conductivity of ferrofluids were
very limited. Therefore, the objectives of this research are:
1. Investigating the heat transfer from a hot wire in ferrofluid.
2. Analytically and experimentally examining the influence of magnetic field on the onset
of thermomagnetic convection and defining the appropriate time to measure the thermal
conductivity of magnetic fluids using the Transient Hot-Wire technique.
3. Examining the suitability of ferrofluid to be used for boiling heat transfer.
4. Measuring the thermal conductivity of a novel type of nanofluid (Carbon-dots/water
nanofluid).

1.3 Research method and dissertation outline
Research method
To achieve the objectives of the research outlined above, the research approach involved five
stages including: literature review, analytical solution, laboratory experiments, data analysis and
numerical simulation. The first stage was a literature review of the relevant published research to
develop the required background knowledge and to formulate research objectives. A review of
the relevant literature is integrated where appropriate throughout this thesis. In the second stage,
governing equations were analytically solved to yield in solutions for the problem. The third
stage involved carrying out laboratory experiments in a vertically oriented measurement cell
filled with tested fluid sample. The fourth stage involved analysis of the collected data in the lab
and comparison with analytical predictions or available equations and correlations in the
literature to verify the accuracy of the results. In the final stage numerical model was developed
to simulate the phenomenon.

Research outline
Chapter 1 presents an introduction about the project, research background and objectives of the
project.
Chapter 2 provides a comprehensive literature review about the thermal conductivity of the
nanofluids as the main reason for enhanced heat transfer rate using nanofluids. Experimental
measurements and theoretical predictions are presented to find the gap in the knowledge. This
chapter includes a published paper which reviews the practical equations for predicting the
4
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thermal conductivity of nanofluids. Also a brief background about magnetic fluids is given in
this chapter. More detailed literature review on each topic studied in this dissertation is presented
in each chapter.
In chapter 3 a procedure to design, fabricate and calibrate a measurement set up to measure the
thermal conductivity of nanofluids using the transient hot-wire technique is presented. The
chapter includes a published paper on the designed measurement set up.
Chapter 4 theoretically investigates thermomagnetic convection of ferrofluid around a vertically
oriented current-carrying wire. The magnetic field induced around the wire is characterised and a
relation between the Nusselt number and applied current is analytically derived. The chapter is
presented as a published journal paper.
Chapter 5 investigates the time for the onset of thermomagnetic convection to yield the
appropriate time for measuring the thermal conductivity of ferrofluid using the transient hot-wire
technique. An equation for the magnetic Rayleigh number is derived and the time for the onset
of thermomagnetic convection is semi-empirically correlated. The chapter is presented as an
unpublished journal paper under review.
In chapter 6 behaviour of ferrofluid above boiling point is investigated. SEM images are used to
study the effect of different parameters on deposition of particles when ferrofluid is boiling. The
chapter is presented as an unpublished journal paper under review.
Chapter 7 presents the numerical simulation of the phenomenon explained in chapter 3.
Governing equations for the flow are coupled and solved with the equations characterising the
magnetic field using COMSOL Multiphysics commercial software. The chapter is presented as a
journal paper in preparation for submission.
In chapter 8 the thermal conductivity of a novel type of nanofluids is measured to examine the
suitability of this type for application as a tracer. The chapter is presented as an unpublished
journal paper submitted for review.
Finally, Chapter 9 summarizes the research outcomes and its contribution to the heat transfer
field. It also contains a research perspective on nanofluids. In addition, the supporting
information is detailed in the appendix A.
5
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Part A: Thermal conductivity of nanofluids
2.1 Abstract
Over the last two decades a large number of compact and convenient analytical and
empirical equations for predicting effective thermal conductivity of nanofluids have
appeared in the literature. The equations themselves are expressions of the underlying
physics thought responsible for the enhancement to thermal conductivity, including
effects of base fluid and particle properties, particle diameter, morphology,
concentration, temperature, interfacial phenomena, Brownian motion, nano-scale heat
transport and particle clustering. It is found that while all correlations appear well
supported with experimental data when originally published, the relative importance
given to the various mechanisms is in conflict. Representative equations for nanofluid
thermal conductivity are compared with a much larger, updated experimental data set.
While classical analytical continuum models generally under-predict the enhancement,
surprisingly, there are also a small number of nanofluid data with anomalously low
thermal conductivity. Models which take into account nanoscale effects are generally
found to over-predict the enhancement when compared with a larger number of data.
The most successful predictions come from empirical equations where a regression
analysis has fitted the correlation to a significant number of experimental data. In this
paper, a review of the latest experimental work is given, theoretical, analytical and
empirical investigations for predicting thermal conductivity of nanofluids are introduced
and critical comparisons of equations with available data are presented.

2.2 Introduction
From the vast body of literature on nanofluids that has arisen over the last two decades,
it is clear that suspension of fine particles in conventional heat transfer fluids such as
water, ethylene glycol and engine oil, is a very promising approach for heat transfer
enhancement. From a practical point of view it is convenient to model this enhancement
as an increase in effective thermal conductivity (thermal conductivity of the mixture at
an specific condition) of the fluid (e.g. [1, 2]) . The earliest existing equation useful for
predicting the effective thermal conductivity of such fluids was derived by Maxwell
towards the end of the 19th century [3]. It gives no consideration to particle size (or
motion) and was originally developed for predicting electrical resistance of substances
with dilute concentrations of spherical inclusions. In spite of this, Maxwell’s equation
9
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has often been applied successfully in predicting effective thermal conductivities of
composite materials and fluids. Suspensions containing millimeter or micrometer-sized
particles appear to be most appropriate for such continuum-based models and some
practical success for heat transfer enhancement has been achieved with large particles
[4]. However, it is clear that large-particle suspensions also suffer from numerous
disadvantages including settling of particles, erosion and clogging of pipelines,
agglomeration of particles and consequently pressure drop. The use of nanometer-sized
particles appears to be the key to removing these obstacles. The suspension of ultrafine
particles in fluids for the first time was studied by Masuda [5] and Choi [6] who coined
the term ‘nanofluid’. Choi’s study sparked enormous interest (and some controversy) in
that the experimental results not only demonstrated the practical success of using
nanometer-sized particles, but also highlighted questions about the mechanisms for heat
transfer since the reported effective thermal conductivities were well in excess of
anything that could be explained by Maxwell’s model or by other classical continuumbased mixing rules.
Many attempts have been made to verify and explain the anomalously high thermal
conductivities of nanofluids reported by some research groups. During last two decades,
there have been numerous studies on preparation of nanoparticles and nanofluids,
stabilizing, measurement techniques and applications of nanofluids in industry.
Summaries of these investigations are available in the literature [7-11]. Also, there have
been a large number of investigations on experimentally measuring and determining
parameters that have an effect on the thermal conductivity of nanofluids. In parallel,
much effort has been invested into theoretically determining the mechanism of the
observed thermal conductivity enhancement. Several review papers introducing
different approaches for prediction of thermal conductivity of nanofluids have been
published [12-14]. It has been shown that different parameters such as particle volume
fraction, thermal conductivity of base fluid and particle, size and shape of particles,
temperature and particle aggregation all have a significant influence on the effective
thermal conductivity of nanofluids [5, 15-30].
In spite of the controversies surrounding nanofluids, the unanswered questions and the
conflicting results among research groups, there appears to be an emerging body of selfconsistent experimental data, giving confidence that progress is being made towards
producing nanofluids with reliable and predictable properties. In a recent study,
Corcione [31] developed an empirical correlation given by Eq. (2.1) showing very good
10
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agreement with a vast number of experimental results. The experimental data used were
from eleven publications with either water or ethylene glycol as the base fluid and four
different nanoparticle types with various sizes, temperatures and volume fractions.
Equation (2.1) is also a good illustration of the parameters typically considered
important for nanofluid effective thermal conductivity. The thermal conductivity ratio
(keff/kbf) is expressed in terms of dimensionless groups made up of fluid properties,
particle properties and the volume fraction of particles (𝜙).
𝑘eff
𝑘bf

𝜌f 𝑢Br 𝑑p 0.4

= 1 + 4.4 (

𝜇f

)

𝑇

10 𝑘 0.03
p

𝑃𝑟 0.66 (𝑇 )
fr

(𝑘 )
f

𝜙 0.66 ,

(2.1)

In this equation Brownian motion is considered to have an influence via 𝑢𝐵𝑟 which
represents the mean or effective Brownian velocity given by:
2𝑘 𝑇

𝑢Br = 𝜋𝜇 B𝑑2 ,

(2.2)

f p

Because of the promising agreement of this equation shown in the reference, we have
selected Corcione’s empirical correlation (Eq. (2.1)) as a convenient point of reference
for discussion and comparison with other theoretical models and correlations in this
review.
There are many other practical correlations and theoretical equations available that have
not been compared with data sets as large as that given in original work of Corcione.
Therefore the aim of this study is to bring together an extensive experimental data set
including some more recent results and quantitatively compare these data with
representative classical, theoretical and empirical correlations for the effective thermal
conductivity of spherical-particle nanofluids. To achieve this end, first a review of
experimental works will be presented. Then, key theoretical and analytical
investigations for prediction of thermal conductivity of nanofluids will be explained and
critical comparisons between experimental data and model predictions will be carried
out to show the accuracy of existing models. In most of the experimental investigations
to date, Al2O3, CuO and TiO2 suspended in water and ethylene glycol (EG) have been
used. Therefore here we have focused on these types of nanofluids for our comparisons.
We have also restricted the study to approximately spherical particles to avoid the added
complication of particle morphology. Readers interested in carbon nanotube nanofluids
are referred to the recent review by Murshed and Nieto de Castro [32]. This study also
could be of value to researchers working on simulation of the thermal and hydraulic
performance of nanofluids in different applications where selection of an appropriate
thermal conductivity equation is required. Maxwell’s spherical particle equation in
11
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particular has been used in both single-phase and two-phase treatments of nanofluids for
a range of applications [33-37].
Experimental investigationsTable 2.1 [5, 15-30, 38-61] gives a summary of some key
experimental investigations on the effective thermal conductivity of nanofluids. It is
evident from the table that a range of particle sizes and types, base fluids and particle
volume fractions have been considered. The most popular choice for the base fluid is
water and the most commonly considered particle type is aluminum oxide. This is
probably due to relatively low cost and high thermal conductivity of aluminum oxide
nanoparticles. It is also observed that in most cases, the transient hot wire (THW)
method has been used to measure the thermal conductivity of suspensions. This is due
to the higher precision and faster response of the THW method compared to other
measurement techniques [11, 62].

Effect of particle diameter
By definition, the particle size is the feature that distinguishes nanofluids from other
types of particle suspensions. In addition to the anomalous enhancement observed for
small concentrations of nanoparticles, variation of effective thermal conductivity with
particle size is strong evidence for non-classical nanoscale behavior. The thermal
conductivity of nanofluids with different particle size distributions has been measured
using several techniques during the past two decades to study anomalous enhancement
beyond that expected from classical model predictions. One of the first studies on
nanofluids was carried out by Masuda et al [5] where they reported a 30% increase in
thermal conductivity of Al2O3/water nanofluid with 4.3% volume fraction. The effect of
particle diameter is shown in the difference between the results of Masuda et al with an
average particle diameter of 13 nm and those for Lee et al [15], where they obtained
only 15% enhancement in thermal conductivity of the same nanofluid with the same
volume fraction, but with an average particle diameter of 33 nm. The same trend was
observed in experiments of Leong et al [16] where 24% enhancement in thermal
conductivity was obtained for a 5% particle concentration of 80 nm Al2O3 particles in
De-ionized water (DIW), while this enhancement was only 5% for particles with 150
nm size. Combining Eqs. (2.1) and (2.2) it is apparent that the enhancement predicted
by Corcione’s equation also increases with decreasing particle size but in proportion to
dp0.4. This phenomenon, although not predicted by classical Maxwellian theory [3],
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appears to be related to the increased relative surface area of particles with decreasing
particle size.

Effect of volume fraction
With some exceptions, it has been shown that an almost linear relation exists between
thermal conductivity of nanofluids and the volume fraction of solid material in the fluid.
This is evident in Figure 2-1, which shows the variation of thermal conductivity ratio
with volume fraction for several experimental works. Corcione’s equation (Eq. (2.1))
suggests the enhancement to thermal conductivity increases in proportion to 𝜙 0.66. It is
worth noting that this may appear almost linear for a small range of volume fractions
but the slope (proportional to 𝜙 -0.34) will become increasing steep as 𝜙 approaches zero.
An interesting observation from is that although all of the examples shown indicate an
enhancement to thermal conductivity of 3 to 4% for each percentage increase in volume
fraction (except [23]), a straight line fitted to the data for the two cases with water as the
base fluid [16, 21] would not pass through unity (i.e. zero enhancement) for a volume
fraction of zero. This indicates that there must be a sudden nonlinear increase in thermal
conductivity for volume fractions of less than 1% in these two examples. Murshed et al
[23] reported an increase of up to 45% in thermal conductivity of EG based nanofluid
with 5% concentration of Al nanoparticles. Li and Peterson [18] obtained a 52%
enhancement in thermal conductivity using CuO particles in distilled water (DW) with
6% volume fraction. A 12% increase in thermal conductivity of a nanofluid with respect
to the base fluid thermal conductivity was reported by Wang et al [19] for a suspension
of 3% concentration of Al2O3-EG. This enhancement in thermal conductivity was
increased to 17% by increasing the particle volume fraction from 3% to 5.5%.

13

Chapter 2-Literature review

Table 2.1 Summary of experimental investigations
Ref

Base fluid

Particle

[5]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[23]
[23]
[24]
[25]
[26]
[27]
[27]
[28]
[28]
[29]
[30]
[38]
[39]
[40]
[41]
[42]
[43]
[44]
[44]
[45]
[46]
[47]
[48]
[48]
[49]
[50]
[51]
[52]
[53]
[54]
[55]
[56]
[56]
[57]
[57]
[57]
[57]
[58]
[59]
[60]
[61]

Water
SiO2
EG
CuO
DIW
Al2O3
DIW
Al2O3
Water
Al2O3
Water
CuO
Water
CuO
Water
TiO2
Water/EG
Al2O3
Water
Al2O3
EG
Al
EG
Al2O3
Water
Al2O3
Water
Al2O3
Water
Al2O3
Water/EG
Al2O3
Water/EG
ZnO
Water
Al2O3
Water
TiO2
Water
Al2O3
DIW
ZnO
Water
Al2O3
Water
Al2O3
Ethanol
AlN
EG
Al2O3
Water
Ag
EG
Cu
EG
Fe
Water
Au
Water
Ag
R134a
CuO
R113
Diamond
Water
Al2O3
Water
TiO2
Water
ZrO2
Acetone
Cu
Graphite
Oil
EG
CuO
Water/EG
Fe3O4
Water
Al2O3
Water
CuO
Water
Al2O3
Water
TiO2
Water
SiO2
EG
SiO2
Water
CuO
EG
CuO
Water
Al2O3
Water
CuO
DIW
Al2O3
Water
TiO2

dp (nm)

Φ (%)

T (°C)

12
23.6
80-150
35
36
23
<100
15
11, 20, 40
80-150
80
80
38.4
36-47
38.4
53
29
120
21
11,47,150
150-370
43
45
20
45
100
10
10
10-20
60-80
40
10
13
27
46
80-100
20-40

1.1-2.3
1-4
1-5
0.8
0.5-6

31.8
25
25
25
35.5
25
25
25
23
20-60
25
30-60
21-51
25-40
25
24-92
24-92
20-60
20-60
21-71
22-74
20
20-45
25-65
25
25
25
25
25
25
25
25
25
25
25
25
25
25
20-60
25
25
25
20-60
25
25
25
25
25
26
38-44
20-70

25
50-60
13
226
14
14
33
33
50
25
10
72-76

0.9
5
1-10
1
1-5
1
1-4
3.3,6
1-5
6
2-4
2-6
2-8
1-4
1-3
0-3
0.5-4
4
1000 ppm
0.3
0.55
0.026
0.1,0.2
0.05
1-3
1-3
0.9-3.6
0-4 g/l
0.7-1
0.5-1% wt
0.4-2
1-5
0.2-3
1.1-7.6
1
2.2
1.2-5.5
4-8
4-8
0.3-1
1-7.5
0.13-1.7
0.24-11.2
14

Measurement
Technique

THW
THW
THW
SSPP
THW
THW
KD2 Pro
THW
THW
THW
TO
KD2 Pro
SSHW
SSHW
THW
THW
THW
THW
KD2 Pro

Enhancement
(%)
6-13
5-14
12-24
7-10
12-17
6-27
17-30
3-12
4-9
11-45
7-10
8-15
10-21

5-17
6-16
2-9

KD2 Pro
3ω
THW
THW
THW
THW
THW
THW
KD2 Pro
THW

THW
THW
THW
THW
KD2 Pro
KD2 Pro
MCHW
MCHW
MCHW
MCHW
THW
KD2 Pro
KD2 Pro
Hot Disk

8-19
1-9
2-6

2-4
3-6
2-4
6-32
2-4
3-8
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Figure 2-1 Variation of thermal conductivity ratio (keff/kbf) with volume fraction for different
nanofluid types.

Effect of base fluid type
The relative increase in thermal conductivity by the addition of nanoparticles is
typically greater for fluids with lower thermal conductivities than water. This effect can
be seen clearly in by comparing the two data sets by Timofeeva [22]. For 11 nm average
particle diameter, up to 10% greater enhancement in the thermal conductivity is
achieved for aluminum oxide particles suspended in EG rather than in water. The data
by Lee et al [15] in Figure 2-2 shows the same trend in a range of lower volume
fractions, where the thermal conductivity of the CuO/EG nanofluid was up to 8%
greater for than that of CuO particles suspended in pure water. Similarly, Murshed et al
[23] measured the thermal conductivity of Al2O3 particles suspended in EG and engine
oil (EO). They observed that nanofluids with EO as base fluid represent higher
enhancement in thermal conductivity (up to 7% more than in EG).

15

Chapter 2-Literature review

Figure 2-2 Effect of base fluid type on thermal conductivity ratio (keff/kbf).

In contrast with classical models where the base fluid only has an influence through its
thermal conductivity, the effect of the base fluid appears in Eq. (2.1) via the Prandtl
number, fluid density, thermal conductivity, liquid freezing point and viscosity
(assuming the fluid is Newtonian). It seems difficult to distinguish between the effects
of these various properties with only a few different types of base fluids. Clearly there is
room for a more extensive consideration of base fluid properties in the literature,
although some progress has been made. In relation to non-Newtonian nanofluids it is
worth mentioning here that recently a newer type of nanofluids, called viscoelastic-fluid
based nanofluids (VFBN), representing non-Newtonian behavior in terms of viscosity,
have also been studied. Viscoelastic fluids as an aqueous solution of cetyltrimethyl
ammonium chloride/sodium salicylate (CTAC/NaSal) have been generally used for
their drag reducing ability in turbulent flows [63]. Yang et al [64], studied the thermal
and hydraulic characteristics of turbulent pipe flows of VFBN, where they reported
better heat transfer and lower resistances than water-based nanofluids. Li et al [65],
reported very little difference in terms of thermal conductivity for VBFN compared to
distilled water. They also revealed that higher concentration of CTAC/NaSal aqueous
solution shows higher thermal conductivity. They explained this phenomenon by the
16
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change of surface tension as the material with lower surface tension represents higher
surface wettability and consequently lower interfacial resistance. Surface wettability
does not feature in Eq. (2.1) although it seems conceivable that it is important.

Temperature dependence
The temperature has an important effect on particle movement and consequently on the
thermal conductivity of the suspension. The first group to experimentally investigate the
effect of temperature on thermal conductivity was Das et al [24]. They observed a fivefold increase in enhancement of thermal conductivity of Al2O3 nanofluid by changing
the temperature from room temperature to 51℃ . Minsta et al [25], Izadi et al [26] and
Sundar and Sharma [17] observed the same trend for temperature dependence of
thermal conductivity of nanofluids. Further results are shown in Fig. 3. Leong et al [16]
obtained a 5% increase in thermal conductivity of Alumina-water nanofluid with an
increase in temperature from 20 to 60C, where Yiamsawad et al [28] obtained an
almost 9% increase with the same temperatures but larger particles. Again in this figure
it is apparent that the variation of thermal conductivity ratio with temperature is almost
linear. Similarly, an enhancement from 5 to 10% in thermal conductivity was obtained
in results of Jeong et al [30] for ZnO/water nanofluid for temperature ranging from 295
to 345 K. Equation (2.1) also predicts a dramatic increase in the enhancement to the
thermal conductivity as is evident by tenth power of the absolute temperature. This high
value seems surprising given that many of the data in Figure 2-3 show an almost linear
trend. Nevertheless, the observed large influence of temperature on the effective thermal
conductivity is further evidence for non-classical behavior since temperature can only
have an indirect effect through relative changes in the thermal conductivities of the base
fluid and nanoparticles in Maxwell’s model.

17

Chapter 2-Literature review

Figure 2-3 Variation of the thermal conductivity ratio (keff/kbf) with temperature.

It is worth mentioning that temperature effects can be complicated by the measurement
technique since that in order to measure thermal conductivity it is essential to produce a
thermal gradient. As a result, discrepancies between the results obtained for the same
conditions are sometimes attributed to the measurement techniques used. For example,
Li et al [66] obtained different results for thermal conductivity of Al2O3/water nanofluid
at higher temperatures from transient hot wire method and steady state parallel plate
method, while the results were almost identical at room temperature. In this case the
reason the different measurement techniques yielded different results for the same
temperature is unclear.

Effect of aggregation
The effect of nanoparticle aggregation on thermal conductivity of nanofluids has been a
hot topic for researchers in this field since 2006. In spite of numerous investigations, the
mechanism of thermal conductivity change due to particle aggregation is still an open
question. Moreover, it is difficult to control and characterize aggregation and therefore
difficult to include its effect on thermal conductivity in practical correlations although
18
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some progress has been made. Xu et al [67] reported that the thermal conductivity of
nanofluids decreases with increasing concentrations of clusters as the thermal
conductivity of cluster is smaller than that of a single particle due to thermal contact
resistance and space between the nanoparticles in clusters. Hong et al [68] measured the
cluster size and thermal conductivity of Fe-EG nanofluid every 5 minutes and it was
shown that average cluster size was increased from 1.17 µm to 2.3 µm after 50 minutes
and the thermal conductivity ratio decreased from 1.14 to 1.09. They also observed a
nonlinear enhancement of thermal conductivity with volume fraction and explained that
at higher volume fractions, the increasing cluster size has negative effect on thermal
conductivity enhancement. Contrariwise, Prasher et al [69], reasoned that the thermal
conductivity enhancement of nanofluids is mainly due to the rapid heat transfer along
the backbone of clusters.

In another investigation Prasher et al [70] presented the thermal conductivity
enhancement of nanofluids due to nanoparticle aggregation, as a time dependent
phenomenon, with a peak somewhere between t=0 (no agglomeration) and t → ∞ (final
agglomeration). They explained that thermal conductivity of nanofluids is firstly
enhanced with formation of clusters and due to stronger heat transfer paths through the
clusters. Then the enhancement reaches a peak because effects such as Brownian
motion contribute increasingly less to heat transfer as the size of the clusters increase.
While interesting, time dependency is undesirable in terms of producing fluids with
predictable properties unless the fluid reaches a final stable state.

In order to correlate effects of aggregation on thermal conductivity we need to be able
to predict under what conditions and to what extent clustering will occur. Prasher et al
[70] reported that clustering tends to increase with increasing temperature and increase
with decreasing particle size. They showed that the particle size effect on agglomeration
can cause an interesting phenomenon where effective thermal conductivity first
increases with decreasing particle diameter to a maximum and then decreases due to
aggregation of smaller particles. They were able to explain this by noting that the
velocity due to Brownian motion increases with decreasing particle size and
consequently there is a higher probability of particle collisions and formation of
clusters. Consistent with this explanation, they observed that the maximum value shifts
to larger diameters with an increase in temperature and hence an increase in Brownian
19
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velocity. Similarly Nabi and Shirani [71] reported a peak in their data when
investigating the variation of

effective thermal conductivity with particle size.

Consistent with Prasher’s study [70] they found that the position of the peak depended
on parameters affecting the stability of the suspension such as surface charge.

In contrast to the above studies, Wu et al [72] reported no significant enhancement in
thermal conductivity as a result of cluster formation for a SiO2/water nanofluid. They
explained that the enhanced conduction due to clustering would be completely
compensated by a reduction in convective contributions as a result of particle growth
and consequent decreased Brownian motion of the particles. The conflicting reports
confirm that the mechanism of how aggregation affects the thermal conductivity of
nanofluid is yet to be established. Moreover, from a practical point of view, aggregation
should be better controlled in order to produce nanofluids with stable and predictable
properties. While Corcione’s empirical equation (Eq. (2.1)) shows no obvious attempt
to include aggregation effects, it is possible that aggregation may have had some
influence on the observed temperature and particle size dependency. Maxwell’s model
may lose some validity with aggregation if the clusters are not spherical.

2.3 Existing models for thermal conductivity of nanofluids
In this section an overview of existing theoretical, analytical and empirical equations
and correlations for prediction of thermal conductivity of nanofluids, with spherical
particles, is presented.

Classical models
The very first efforts for prediction of thermal conductivity of nanofluids began with the
Maxwell model [3] which is appropriate for thermal conductivity of a mixture for larger
scale particles:
𝑘eff =

𝑘p +2𝑘bf +2(𝑘p −𝑘bf )
𝑘p +2𝑘bf −(𝑘p −𝑘bf )

𝑘bf ,

(2.3)

In this model, the effective thermal conductivity keff is a function only of the particle
volume fraction () and the thermal conductivities of the base fluid (kbf) and the solid
material (kp).
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This model is believed to be appropriate for spherical particles with low volume
fractions [73]. Figure 2-4 shows a comparison of the thermal conductivities predicted by
Maxwell model with a large number of experimental results taken from the studies
described in Table 2.1. In this figure, the black diagonal line is for the cases where
predicted results are the same as experimental results. The gray lines either side show
the area with 5% error with respect to experimental results. It is observed that this
model generally underpredicts the results as most of data points are above the diagonal
line. It noticeably overpredicts the effective thermal conductivity results of Said et al
for 13 nm Al2O3/water [56] and the 33 nm CuO/water and CuO/EG nanofluid by
Vazquez et al [57]. The Maxwell model has been used in numerous simulation works
such as [33] where Hatami et al used this model for evaluating the effective thermal
conductivity of an Al2O3/water nanofluid in their boundary layer analysis of forcedconvection heat transfer over a flat plate or [35] where Sheikholeslami et al predicted
the thermal conductivity of four types of nanofluids in studying the heat transfer
performance of nanofluid flow in a rotating system in presence of a magnetic field.

Figure 2-4 Experimental versus predicted values of thermal conductivity ratio (keff/kbf) for
nanofluids using Maxwell model [3].
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Later on, Bruggemen [74] proposed a model which takes into account the interactions
among the randomly distributed particles and is applicable for spherical particles with
no limitation on the volume fraction of particles:
𝑘 −𝑘

𝑘

−𝑘

 (𝑘 𝑝+2𝑘𝑒𝑓𝑓 ) + (1 − ) (𝑘 𝑏𝑓+2𝑘𝑒𝑓𝑓 ) = 0,
𝑝

𝑒𝑓𝑓

𝑏𝑓

(2.4)

𝑒𝑓𝑓

Figure 2-5 shows that compared to experimental data, the performance of the
Bruggemen model is quite similar to that of the Maxwell model. A few more data
points are captured within the 5% error area and some data points show a greater
predicted enhancement, but on the whole the performance of the two models is similar
within the uncertainty of the data.

Figure 2-5 Experimental versus predicted values of thermal conductivity ratio (keff/kbf) for
nanofluids using Bruggemen model [74].
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To be applicable for different particle shapes, Hamilton and Crosser [75] introduced a
shape factor and proposed an extended Maxwell model as:
𝑘eff =

𝑘p +(𝑛−1)𝑘bf −(𝑛−1)(𝑘bf −𝑘p )
𝑘p +(𝑛−1)𝑘bf +(𝑘bf −𝑘p )

𝑘bf ,

(2.5)
3

where n is empirical shape factor (𝑛 = 𝜓) and 𝜓 is particle sphericity defined as surface
area of a sphere with same volume as the given particle to the surface area of the
particle. For the specific case of n=3 for spherical particles, this equation is reduced to
Maxwell model.
Yamada and Otta [76] proposed the unit cell model equations for spherical cylindrical
particles as:

𝑘eff =

𝑘p
𝑘p
+𝜓+𝜓(1− )
𝑘f
𝑘f
𝑘p
𝑘p
𝑘f

+𝜓+(1−

𝑘f

)

𝑙p
𝑑p

0.2

{𝜓 = 2
𝜓 = 20.2

for cylindrical particles ,
for spherical particles

(2.6)

The common point in all these classical models is that they consider the system as a
static suspension of particles in a base fluid and the only effective parameters
considered are particle volume fraction and thermal conductivities of the base fluid and
particles. A comparison between results obtained from classical models and
experimental data [23], shown in Figure 2-6, is consistent with the previous observation
that these models usually underpredict the thermal conductivity of nanofluids. For this
example, Yamada and Otta’s model gives the most conservative results with almost 4%
relative error, while this error is almost 2% for Bruggemen’s model. The comparison
also shows that the error in predicted results tends to increase with increasing volume
fraction for Yamada and Otta’s model. The main reason for the underprediction is that
some very influential parameters such as temperature dependence and particle size are
not taken into account in these models. The effect of this omission is evident, for
example in Figure 2-4 and Figure 2-5, for the 21 nm TiO2/water nanofluid by
Yiamsawad et al. [28] where the temperature was changed whilst maintaining a constant
volume fraction. For this data set, both Figure 2-4 and Figure 2-5 show an experimental
enhancement with no change in predicted enhancement.
Keblinski et al [73] discussed four possible explanations for the anomalous increase in
thermal conductivity of nanofluids above that expected from classical models. These
were Brownian motion of the particles, molecular-level layering of the liquid at the
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liquid/particle interface, the nature of heat transport in the nanoparticles, and the effects
of nanoparticle clustering.

Later theoretical investigations to improve the predictions are generally categorized in
two groups; models that consider a solid-like nano-layer around the particles, and
models that consider Brownian motion of the particles and other energy transport modes
caused by this motion.

a)

b)

Figure 2-6 Comparison of predictions of classical models with experimental data of a) Murshed
et al [23] for TiO2(15 nm)/EG nanofluid b) Leong et al [16] for Al2O3(80 nm)/DIW nanofluid.
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Solid-like nano-layer
It has long been believed that molecules of liquid close to a solid surface form a solidlike ordered layer (Henderson and Swol [77]). The enhancement due to liquid layering
at the solid/liquid interface is based on the concept that the liquid molecules near the
solid surface of the particle form a significantly ordered structure having higher thermal
conductivity than the bulk of the base fluid. In effect this is equivalent to an increased
volume fraction of particles which enhances the thermal conductivity of the nanofluid.
Thus the effect becomes larger for smaller particles due to the increased surface area to
volume ratio. Yu and Choi [78] proposed that this layer acts as a thermal bridge
between solid particle and bulk liquid and is the key to the anomalous enhancement of
thermal conductivity of nanofluids over classical models. They claimed that, although
the thermal conductivity of this ordered layer is unknown, it should be an intermediate
of the particle and base fluid thermal conductivity. In their model they assumed a
combination of a particle and the layer around it as an equivalent particle and calculated
the equivalent volume fraction of complex particles as:
4

4

ℎ

e = 3 𝜋(𝑟p + ℎ)3 𝑛 = 3 𝜋𝑟p 3 𝑛(1 + 𝑟 )3 = (1 + 𝛽)3,
p

(2.7)

where 𝑛 is the particle number per volume and β=h/rp is the ratio of the nano-layer
thickness to the original particle radius. Then based on the effective medium theory they
calculated the thermal conductivity of equivalent particle as:
𝑘pe =

[2(1−𝛾)+(1+𝛽)3 (1+2𝛾)]𝛾
−(1−𝛾)+(1+𝛽)3 (1+2𝛾)

𝑘p ,

(2.8)

and then substituting for, kp they came up with a revised Maxwell model which gives
the thermal conductivity of the suspension as:
𝑘e =

𝑘pe +2𝑘l +2(𝑘pe −𝑘l )(1+𝛽)3 
𝑘pe +2𝑘l −(𝑘pe −𝑘l )(1+𝛽)3 

𝑘nl ,

(2.9)

A three- to six fold increase in thermal conductivity enhancement of nanofluids
compared to enhancement without considering the nano-layer was observed for small
particles (<10 nm). Therefore, they claimed that the thermal conductivity of nanofluids
is strongly dependent on thickness of the nano-layer, while it is almost invariant to
thermal conductivity of nano-layer when knl>10kb. It was also shown that increasing the
nano-layer thickness and thermal conductivity of the nano-layer results in increased
effective thermal conductivity of the nanofluid. Finally, they suggested that the
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enhanced thermal conductivity of nanofluids is due to the increased effective volume
fraction due to existence of the nano-layer.
Later, a relation for thermal conductivity of CuO/water and CuO/EG nanofluids was
developed by Xue and Xu [79], which takes into account an assumed interfacial shell
between the particles and surrounding liquid.




𝑘 −𝑘

(𝑘 −𝑘 )(2𝑘 +𝑘p )−𝜔(𝑘p −𝑘nl )(2𝑘nl +𝑘nf )

(1 − 𝜔) × 2𝑘nf +𝑘bf + 𝜔 ∙ (2𝑘nf +𝑘nl )(2𝑘nl +𝑘
nf

bf

nf

nl

nl

p )+2𝜔(𝑘p −𝑘nl )(𝑘nl −𝑘nf )

= 0,

(2.10)

where in this relation knl is the thermal conductivity of shell, h is its thickness and
𝜔 = [𝑟

𝑟p

p +ℎ

]3 ,

(2.11)

Leong et al [16], considering a system of three components; particle, nano-layer and
bulk liquid, solved the two-dimensional steady state heat conduction equation in
spherical coordinates with the following assumptions:
(i) The particles are far apart from each other so that no interaction occurs between
the particles.
(ii) The temperature fields are continuous in all three components and at the
interfacial boundaries. The temperature gradients are discontinuous at the interfacial
boundaries (particle/ layer and layer/fluid).
(iii) The field temperature, T satisfies Laplace’s equation (𝛻 2 𝑇 = 0) in all three
components (regions).
Finally they proposed an equation for the thermal conductivity of nanofluids as:
𝑘eff =

(𝑘p −𝑘nl )𝑘nl [2𝛽1 3 −𝛽3 +1]+(𝑘p +2𝑘nl )𝛽1 3 [𝛽 3 (𝑘nl −𝑘bf )+𝑘bf ]
𝛽1 3 (𝑘p +2𝑘nl )−(𝑘p −𝑘nl )[𝛽1 3 +𝛽3 −1]

,

(2.12)

where γ is the ratio of layer thickness to the particle’s radius, β=1+γ and β=1+γ/2.
Validating their model with experimental results they found that the best agreement is
achieved for nano-layer thickness of 1 nm and its thermal conductivity of 2-3 times of
that of the base fluid. Figure 2-7 shows that Leong et al’s model generally overpredicts
the effective thermal conductivity as most of data points lie to the right of the lower
line.
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Figure 2-7 Experimental versus predicted values of thermal conductivity ratio (keff/kbf) for
nanofluids using Leong et al model [16].

In another investigation, Murshed et al [23], proposed a similar equation for thermal
conductivity of nanofluids, and claimed that the effect of nano-layer thickness within
few nanometers is not significant.
One problem with the abovementioned models is that they assume the thermal
conductivity to be constant through the layer. The variation of effective thermal
conductivity of nanofluids against particle diameter for different nano-layer thicknesses
and nano-layer thermal conductivities for three models is shown in Figure 2-8. All of
these models predict higher values of thermal conductivity than the Maxwell model, as
27

Chapter 2-Literature review

expected. It is shown that the thermal conductivity ratio is decreased with increasing
diameter of particles to a critical diameter of around 18 nm, where after that this ratio is
almost invariant with respect to particle size. The reason for this change of slope is that
the volume occupied by the 2 nm thick nano-layer starts to become comparable in size
to the volume of the particle. Although the choice of nano-layer thickness seems almost
arbitrary for these models, it is worth mentioning that two of the data sets most poorly
predicted by the classical models shown in Figure 2-4Figure 2-5 both had particle
diameters less than 18 nm (i.e. TiO2 (15 nm)/water 298 K [21], Al2O3 (11 nm)/water 296
K [22]) while all other data points were for larger particles. The simulated results in
Figure 2-8a were for an assumed thermal conductivity of the nano-layer of knl = 2kbf.
Figure 2-8b shows simulations for knl/kbf = 2 or 5 where the nano-layer thickness is set
at h=2 nm. In Figure 2-8b it is obvious that Leong’s model predictions are higher than
other models with an 85% enhancement predicted for small diameter particles, where
Murshed et al and Yu and Choi models predict 41% and 45%, respectively.
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a)

b)

Figure 2-8 Variation of thermal conductivity ratio (keff/kbf) with particle diameter predicted by
nano-layer models for a) nanolayer thermal conductivity of knf=2kbf and nanolayer thickness of
h=1 or 2 nm, b) nanolayer thickness of h=2 nm and thermal conductivity of knf=2 or 5kbf .

Tso et al [80] noted that the assumption of constant thermal conductivity for the nanolayer gives a discontinuity in thermal conductivity from layer to base fluid. So they
proposed a linear profile for thermal conductivity of nano-layer as:
𝑘nl (𝑟) =

𝑘bf −𝑘p
ℎ

𝑟+

𝑘p (𝑑p /2+ℎ)−𝑘bf 𝑑p /2
ℎ

,

(2.13)

which is monotonically decreasing from the boundary of the nanoparticle to the base
fluid. Also, they inversely determined the nano-layer thickness by inputting values of
available experimental results in their equation for different types of nanofluids, and
defined an exponential decay relation between the nano-layer thickness and particle
radius as:
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ℎ
𝑟𝑝

= 𝐷1 𝑟𝑝 −𝐷2 ,

(2.14)

where D1 and D2 are constants given for each nanofluid type. Tillman and Hill [81]
assumed a profile for thermal conductivity within the nano-layer in form of
𝑘nl = 𝑘0 (1 − 𝛼𝑟)𝑚 ,

(2.15)

where 𝑘0 and 𝛼 are given as:
1

𝑘0 =
𝛼=

1

(𝛿𝑘p 𝑚 −𝑘bf 𝑚 )𝑚

,

(𝛿−1)𝑚
𝑘p 1/𝑚 −𝑘bf 1/𝑚
1

1

𝑟p (𝛿𝑘p 𝑚 −𝑘bf 𝑚 )

(2.16)

,

(2.17)

 is the ratio of complex particle’s radius to the particle’s radius and m is empirically
obtained. The following expression for thermal conductivity of nanofluids was finally
obtained using the Maxwell equation.
(𝑘a −𝑘f )(2𝑘a +𝑘p )𝛿+(2𝑘a +𝑘bf )(𝑘p −𝑘a )

𝑘eff −𝑘bf
𝑘eff +2𝑘bf

= (𝑘

a +2𝑘bf )(2𝑘a +𝑘p )𝛿+2(𝑘a −𝑘bf )(𝑘p −𝑘a )

,

(2.18)

where kα is the average thermal conductivity of nano-layer. They observed good
agreements with experimental results for m>15. Also, by determining appropriate
values of m by curve fitting with experimental data, they determined the thickness of the
nano-layer for different nanofluids, where they suggested a thickness equal to 19% of
particle radius for Al2O3/EG and 22% of particle radius for CuO/water nanofluids. It is
worth observing here that setting the nano-layer thickness to a fixed fraction of the
particle diameter removes the ability of the nano-layer to account for particle size
effects in the enhancement of the effective thermal conductivity.
Xie et al [82], assuming a linear profile for variation of thermal conductivity in nanolayer, derived an equation for enhanced thermal conductivity of nanofluids from the
general solution for heat conduction in spherical coordinates as:
𝑘eff −𝑘bf
𝑘bf

= 3𝜃 𝑇 +

3𝜃2 𝑇 2
1−𝜃𝑇

,

(2.19)

Nsofor and Gadge [83] assumed that since the thermal conductivity of a solid is much
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higher than that of a liquid, the effect of the thermal conductivity of the solid particle
will be stronger on thermal conductivity of the nano-layer as one proceeds toward the
particle surface. Therefore, they proposed the following profile for thermal conductivity
of the nano-layer:
𝑘(𝑟) = 𝑘bf +

𝑘p −𝑘bf
𝛿

2

(√𝛿 2 − (𝑟 − 𝑟p ) ),

(2.20)

Then using the thermal resistance rule and approach of Lu and Song [84], Nsofor and
Gadge [78] expressed an equation for thermal conductivity of nanofluids. Comparing
their results with the results obtained from models of Yu and Choi [78] and Xie et al
[82] they concluded that the variation of thermal conductivity in the nano-layer is not
significant to the contribution of higher thermal conductivity of the nanofluid. As
should be expected, Eq. (2.20) predicts an increase in effective thermal conductivity
with increasing thickness of the nano-layer.
Recently, in a similar effort, Pasrija and Srivastava [85] assumed a variation for thermal
conductivity within the nano-layer using hyperbolic tangents:
𝑓(𝑟) = 𝑘p +

(𝑘f −𝑘p )
tanh 𝑚

tanh(𝑚

(𝑟−𝑟p )
ℎ

),

(2.21)

where m is a positive real integer. In contrast with Nsofor and Gadge [83], Eq. (2.21)
suggests that the thermal conductivity of nanofluid decreases with increasing thickness
of the nano-layer. The differences between these models can be explained in terms of
the assumed relationship between the thermal conductivity profile of the nano-layer and
its thickness for each model.
Jiang et al [86] proposed a nonlinear profile for the thermal conductivity of nano-shell,
decreasing from kp at nanoparticle/nano-shell interface to kbf at nano-shell/base fluid
interface as:
𝑘(𝑟) =

𝑘p −𝑘bf
4

2(𝑟−𝑟p )

[(

ℎ

3

2(𝑟−𝑟p )

− 1) − 3 (

ℎ

− 1)] +

𝑘p +𝑘bf
2

,

(2.22)

and calculated the average thermal conductivity of nano-shell as :
𝑘nl =

ℎ

,

(2.23)

𝑟 +ℎ 𝑑𝑟
]
𝑟2 𝑘(𝑟)
𝑝

[𝑟p (𝑟p +ℎ) ∫𝑟 p
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They then

used the equation proposed by Xue and Xu [79] to find the thermal

conductivity of the equivalent nanoparticle/nano-shell composite and the modified
Maxwell equation proposed by Yu and Choi [78] to find the total thermal conductivity
of the suspension. The solid-like nano-layer approach was also recently considered by
Pal [87] who proposed that the nano-layer thickness was related to the fluid viscosity.
A comparison between predicted results of some nano-layer models and experimental
data of Eastman et al [20] for thermal conductivity ratio of an Al2O3(35 nm)/water
nanofluid against volume fraction is presented in Figure 2-9. For this case, Leong et al’s
model gives the best agreement while other models are considerably more conservative.
Murshed et al and Xie et al models predict almost same values while Xie et al’s line has
slightly higher slope. On the other hand, Figure 2-7 shows that Leong et al’s model is
optimistic in its predictions compared with a larger group of experimental data. Whether
it is the nano-layer thickness or assumed property profiles, all of the nano-layer models
have empirical constants that must be determined from experimental data. It seems
conceivable that better agreement in Figure 2-9, for example, could be achieved if the
constants were selected based on an optimization procedure with a larger range of data
or if other effects were also included in the same equation.

Figure 2-9 Comparison of predictions of some nano-layer models with experimental data of
Eastman et al [20] for Al2O3(35 nm)/water nanofluid.

All of these models, although expressing modified forms of classical models taking into
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account the effect of particles size, still only cover the static part of thermal conductivity
and the temperature dependence is missing.

Dynamic models
The effect of Brownian motion of particles on effective thermal conductivity of
nanofluids has been widely studied with some conflicting conclusions. Keblinski et al
[73] argued that the movement caused by Brownian motion is too slow (compared to
thermal diffusion) to transport a significant amount of heat through a nanofluid. Thus
they concluded that this movement is not very important, although the Brownian motion
can have an important indirect role in producing clusters of nanoparticles. Jang and
Choi [88], considered four modes of energy transport in nanofluids; collision of base
fluid molecules which represents thermal conductivity of base fluid, thermal diffusion
in suspended nanoparticles, collision between particles due to Brownian motion (which
was found to be negligible compared to other modes) and finally thermal interactions of
dynamic or dancing particles with base fluid molecules which produces convection-like
effects at nanoscale. Neglecting the relative Brownian motion between particles due to
the very low velocity of the particles, they derived the following equation for thermal
conductivity of nanofluids:
𝑘eff = 𝑘bf (1 − ) + 𝑘nano  + 3𝐶

𝑑bf
𝑑p

𝑘bf 𝑅𝑒dp 2 𝑃𝑟 ,

(2.24)

where knano=βkp, β is Kapitza constant and C is a proportional constant.
Koo and Kleinstreuer [89] proposed a model based on Kinetic theory that addresses the
enhanced thermal conductivity of nanofluids in micro-mixing produced due to
Brownian motion. In their model the thermal conductivity of the nanofluid has two
parts; a static part, which is given by the Maxwell equation, and a Brownian part which
is given by following equation:
𝐾 𝑇

𝑘Br = 5 × 104 𝛽𝜌bf 𝐶𝑝bf √𝜌 b𝑑 𝑓(𝑇, , 𝑒𝑡𝑐. ),
p p

(2.25)

where β is the fraction of liquid volume which travels by each particle and f is a
correction factor given as:
𝑓(𝑇, ) = (−6.04 + 0.4705)𝑇 + (1722.3 − 134.63),
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The parameter β was first empirically determined by Koo and Klienstreuer and then
modified by Vajjha and Das [27] for a wider range of temperature and volume fractions.
Vajjha and Das also modified function f as:
𝑇

𝑓(𝑇, ) = (2.8217 × 10−2  + 3.917 × 10−3 ) ∙ (𝑇 ) + (−3.0669 × 10−2  −
0

3.91123 × 10−3 ),

(2.27)

The functional forms of β given by Koo and Kleinstreuer [89] and Vajjha and Das [27]
are shown in Table 2.2. Figure 2-10 and Figure 2-11 show the performance of these two
models in predicting thermal conductivities. It is clear from these figures that both
models mostly over-predict the results. There are some exceptions to this including, for
example, good agreement between Koo and Kleinstreuer’s model with the experimental
data by Wang et al [19] and Leong et al [16]. Later Li [90] modified the Vajjha and Das
[27] model and replaced functions f(T,𝜙) and β with a function g(T,,dp) which is
dependent on temperature, volume fraction and particle diameter as:
𝑔(𝑇, , 𝑑p ) = (𝑎 + 𝑏 ln(𝑑p + 𝑐 ln  + 𝑑 ln  ∙ ln 𝑑p + 𝑒 ln 𝑑p 2 ) ln 𝑇 + (𝑔 + ℎ ln 𝑑p +
𝑖 ln  + 𝑗 ln  ln 𝑑p + 𝑘 ln 𝑑p 2 ),

(2.28)

For Li’s model, Brownian motion induced thermal conductivity is given by
𝐾 𝑇

𝑘Br = 5 × 104 𝜌bf 𝐶𝑝bf √𝜌 B𝑑 𝑔(𝑇, , 𝑑p ),

(2.

p p

Table 2.2 Curve-fit relations for β function
β

𝜙

[89] Au, Ag, CuO

0.0137(100ϕ)-0.8229

ϕ<1%

300 K ≤ T ≤ 325 K

[89]

CuO

0.0011(100ϕ)-0.07272

ϕ≥1%

300 K ≤ T ≤ 325 K

[89]

Al2O3

0.0017(100ϕ)-0.0841

ϕ≥1%

300 K ≤ T ≤ 325 K

[27]

ZnO

8.4407(100ϕ)-1.07304

1%≤ϕ≤7%

298 K ≤ T ≤ 363 K

[27]

CuO

9.881(100ϕ)-0.9446

1%≤ϕ≤6%

298 K ≤ T ≤ 363 K

[27]

Al2O3

Ref

Particle

8.4407(100ϕ)-1.07304 1%≤ϕ≤10% 298 K ≤ T ≤ 363 K
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The model given by Koo and Kleinstreuer and the ones modified by Vajjha and Das and
later revised by Li are popular equations among researchers and have been used in many
simulations including a recent study on the effect of a magnetic field on free convection
heat transfer in an enclosure filled with Al2O3/water nanofluid [91], where Li’s
modified form of the equation was used to simulate the effective thermal conductivity.
Similarly, Anand [92] calculating the Brownian velocity of particles using kinetic
theory of gases, derived an equation for the Brownian motion part of thermal
conductivity of nanofluids as:

𝑘(Br) = 2.1𝑑bf

𝑘B 𝑇ρ𝐶p
)]
𝜋𝜇eff 𝑘bf 𝑑p

[2+(

𝑑p

𝑘bf ,

(2.30)

Figure 2-10 Experimental versus predicted values of thermal conductivity ratio (keff/kbf) for
nanofluids using Koo and Kleinstreuer model [89].
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Figure 2-11 Experimental versus predicted values of thermal conductivity ratio (keff/kbf) for
nanofluids using Vajjha and Das equation [27].

Prasher et al. [93] proposed that the enhanced thermal conductivity of nanofluids is
mainly due to localized convection associated with Brownian motion of particles and
proposed a model that includes the conduction contribution, thermal boundary
resistance between particles and fluid and the convection contribution.
𝑘eff
𝑘bf

[𝑘𝑝 (1+2𝛼)+2𝑘m ]+2[𝑘p (1−𝛼)−𝑘m ]

= (1 + 𝐴𝑅𝑒 𝑚 𝑃𝑟 0.333 ) ∙ ( [𝑘

𝑝 (1+2𝛼)+2𝑘m ]−[𝑘p (1−𝛼)−𝑘m ]

),

(2.31)

where km is the effective thermal conductivity of the fluid due to the convection caused
by the movement of a single sphere, and A and m are empirical constants.
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Murshed et al [94], proposed a new model based on the assumption that nanoparticles
have an interfacial layer, possess random Brownian motion and interparticle potential.
In fact, a dynamic part was added to their previous model for static thermal conductivity
of nanofluids, which includes van der waals and repulsive electrostatic potentials
between particles in addition to Brownian motion. They showed that the smaller the
particle size the larger the dynamic contribution of the thermal conductivity. This model
is one of the few models which take into account the effect of both the interfacial layer
and Brownian motion on thermal conductivity of nanofluid. Later Sohrabi et al [95],
proposed a model, which was a combination of the Tillman and Hill [81] model for
static part and the Prasher et al [93] model for convection part. Mehta et al [96]
considered a circuit of thermal resistances related to Maxwell model and thermal
convection. Based on parallel addition of resistances and using the Keblisnki [73]
definition of micro-convection they derived the following equation for heat transfer in
nanofluids:
𝑞eff
𝑞bf

𝑘p +2𝑘bf +2(𝑘p −𝑘bf )𝜈bf

= [𝑘

p +2𝑘bf −(𝑘p −𝑘bf )𝜈bf

]+𝑘

𝑘p 𝑘b 𝑇
bf 𝛼m 𝜇𝑑p

(

6𝜈bf 1
𝜋

)3 ,

(2.32)

Xiao et al [97], developed an analytical expression for thermal conductivity of
nanofluids based on fractal geometry theory, which takes into account the Brownian
motion effect. Zerradi et al [98], based on Monte Carlo simulation and a proposed new
Nusselt number correlation, derived an equation for the Brownian motion contribution
and added their result to the Yamada and Otta [76] equation for the static part. Shukla
and Dhir [99] proposed the following equation, which includes Brownian motion of
particles and uses the Maxwell model for its static part:
𝑘p +2𝑘bf +2(𝑘p −𝑘bf )

𝑘eff = 𝑘bf [ 𝑘

p +2𝑘bf +(𝑘p −𝑘bf )

]+𝐶

(𝑇−𝑇0 )
𝜇𝑟p 4

,

(2.33)

where C is a constant determined by curve fitting with experimental data and T0 is the
reference temperature (293 K).
Xuan et al [100] derived an equation based on stochastic thermal transport between
nanoparticles and liquid molecules for the Brownian motion contribution to thermal
conductivity of nanofluids as:
𝑘Br =

18∅𝐻𝐴𝑘𝐵 𝑇
𝜋 2 𝜌𝑑p 6

𝜏,

(2.34)
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where 𝐴 is the heat exchange surface, H is overall heat exchange coefficient given by
1
𝐻𝐴

=

1
ℎbf 𝐴

+

𝐾𝐼
𝐴

, (where Kl is the interfacial resistance) and τ is the relaxation time. In a

different approach, Meibodi et al [101] claimed that the key mechanism responsible for
enhanced thermal conductivity of nanofluids is the reduced distances between particles
compared to corresponding distances in micro-suspensions. They proposed a new
equation for thermal conductivity of nanofluids based on the mean free path of the
particles.
Later Murshed and De Castro [102] proposed a combined model of static and Brownian
motion-based dynamic mechanisms, where they used the Leong et al’s model with a
1nm nano-layer thickness for the static part and a modified form of the model for
dynamic part presented by Murshed et al [94]. They suggested that for volume fractions
less than 0.2% the interparticle separation distance is too large to cause any interaction
through Brownian motion of particles.
The model of Farhadi and Croft [103] assumes a linear profile for the thermal
conductivity in the nano-layer and four modes of heat flux distinguished according to
heat transfer within the nanoparticle, through the nano-layer, from the base fluid
molecules and by micro-convection. They used the equations of Lu and Song [84] for
heat flux through an equivalent nanoparticle/nano-layer complex and base fluid and also
the equation of Gupte et al [104] for micro-convection to finally derive an equation for
the effective thermal conductivity of nanofluids.
A comprehensive model which accounts for the roles of the nano-layer, mutual
interaction between particles and Brownian motion of particles was proposed by Wang
et al [105]. They addressed the increased thermal conductivity of nanofluids with
increasing particle volume fraction by reduced separation of nanoparticles and
consequently significant mutual interaction between particles. They also derived an
equation based on thermal dipoles created due to existence of temperature gradients
between particles and liquid as:
𝑘eff
𝑘bf

3𝑞<𝑃>/𝑃

= 1 + 1−𝑞<𝑃>/𝑃0 ,

(2.35)

0

where 𝑞 = (𝑘̅(𝑟p+ℎ) − 𝑘b )/(𝑘̅(𝑟p+ℎ) + 2𝑘b ) is a dipole factor, <P> is a combination of
dipoles for transverse and longitudinal temperature fields and 𝑘̅(𝑟p+ℎ) is the thermal
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conductivity of nanoparticle/nanolayer complex calculated by the equation given by
Zhou and Gao [106] (linear profile for thermal conductivity of nano-layer).
In the literature, Brownian motion is often used to explain the observed temperature
dependence of nanofluid thermal conductivity enhancement. Figure 2-12 shows the
temperature dependence of effective thermal conductivity predicted by several dynamic
models for Al2O3/water nanofluids with different particle diameters and volume
fractions. It is shown that all models considered give reasonable agreement with
experimental results at room temperature, but increasing the temperature increases the
deviations from the experimental data. In this case it is clear that the Koo and
Kleinstreuer [89] model greatly overpredicts the results for 47 nm particles for both 1%
and 4% volume fractions. However the slope of the predicted variation with temperature
seems very close to that of the experimental data for a 5% volume fraction by Duan [54]
shown in Figure 2-12d. The model of Vajjha and Das [27] seems to give better
predictions for smaller particles with higher volume fractions. Mehta et al’s [96] model
gives 1-2% higher values than the results of the Maxwell model, with almost the same
slope. Shukla and Dhir’s [99] model seems to greatly overpredict the enhancement to
thermal conductivity as the volume fraction is increased for the 25 nm particles (Figure
2-12 d).
In summary, all of the theoretical dynamic models considered show agreement with at
least some of the experimental data but those tested against a larger number of data sets
were found to be optimistic of the enhancement to thermal conductivity.
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a)

b)

c)

d)

Figure 2-12 Variation of thermal conductivity ratio (keff/kbf) with temperature predicted by some
Brownian motion models compared to experimental results of:
a) Al2O3(47 nm)/water, 𝜙=1% [29], b) Al2O3(47 nm)/water, 𝜙=4% [29]
c) Al2O3(25 nm)/water, 𝜙=1% [54], d) Al2O3(47 nm)/water, 𝜙=5% [54]

Nanoscale heat transport
While many of the theoretical dynamic models relate to Brownian motion, Kebelinski et
al [73] argued that the most likely explanation for the observed heat transfer
enhancement beyond that of classical models is that the diffusive heat transport
assumed in macroscopic theories is not valid in nanofluids, but rather ballistic phonon
transport is dominant. They explained that if the ballistic phonons initiated in one
particle can persist in the liquid and reach a nearby particle, a major increase of thermal
conductivity is expected, which is possible in nanofluids where the separation between
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particles is very small even at small volume fractions. The modified Maxwell model
proposed by Shaker et al [107] which accounts for nanoscale heat transport by
modifying the Fourier’s law for heat flux is an example of a model that is based on
nanoscale heat transport.

Aggregation models
The aggregation of particles seems to be the key factor hindering the success of
theoretical models, as they all have been derived based on the no-agglomeration
assumption, which has been experimentally shown to be untrue. Therefore, researchers
have tried to demonstrate new models or modify the previous models to take into
account aggregation effects.
Xuan [108], proposed a model for thermal conductivity of nanofluids with aggregated
particles, which consists of static and dynamic parts. They used the Maxwell equation
for the static part. To find the dynamic part, they assumed the clusters to be a single
particle with rcl = rp and derived the motion induced thermal conductivity term as:
1

𝑘 𝑇

𝑘dyn = 2 𝜌p 𝐶p √3𝜋𝑟B 𝜇,

(2.36)

cl

They showed that the smaller the radius of gyration of cluster, the higher the thermal
conductivity enhancement due to higher velocity of cluster. Jie et al [67] proposed that
nanoparticles in a suspension could exist in the form of clusters and single particles. So
they derived an equation for thermal conductivity of nanofluids which consists of two
terms - one for single particles and the other for clusters. For thermal conductivity of
single particles (ke1) they used the equation given by Yu and Choi [78]. Then assuming
that clusters formed by nanoparticle aggregation are analogous to porous media, they
used the model of Hsu et al [109] to find the thermal conductivity of the clusters. They
modelled the clusters as arrays of ‘cubic’ nanoparticles in contact with each other via
small connection bars. They came up with the following equation for the thermal
conductivity of clusters.
𝑘𝑐𝑒 = [1 − 𝛾r 2 − 2𝛾c 𝛾r + 2𝛾c 𝛾r 2 ) +

𝛾𝑐 2 𝛾r 2
𝜆

+

𝛾r 2 −𝛾c 2 𝛾r 2
1−𝛾r +𝛾r 𝜆

2(𝛾 𝛾 −𝛾 𝛾 2 )

+ 1−𝛾c 𝛾r +𝛾c 𝛾r 𝜆]𝑘bf ,
c r

c r

(2. 37)

where γr=rp/l, γc=c/rp, λ=kbf/kp, l is the length of a unit cell and c is the width of thermal
resistance. Replacing the particle thermal conductivity in the Maxwell equation with Eq.
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(2.37) they derived an equation for thermal conductivity of a nanofluid in which all
particles are in the form of clusters (ke2). Finally, introducing a weight factor, 0<α<1,
which indicates the fraction of nanoparticles residing in nanofluid as clusters, they
proposed the following equation for thermal conductivity of a nanofluid.
𝑘eff = (1 − 𝛼)𝑘e1 + 𝛼𝑘e2 ,

(2.38)

Feng et al [110] proposed a model which consists of aggregating particles and clusters.
Similarly they used the equation given by Yu and Choi [78] for non-aggregating
particles and assumed the aggregates to be composed of some nanoparticles orderly
arranged and in touch with each other on interfacial layer surfaces. Based on this
assumption, they proposed an aggregation model consisting of two parts; coherent fluid
and a column with radius (rp+h), where h is the nano-layer thickness. Using the
thermal-electrical analogy and one-dimensional heat conduction model they calculated
the thermal conductivity of nanofluid with completely aggregated nanoparticles as:
3

𝑘𝑎 = (1 − 2 e ) 𝑘𝑓 +

3𝑒 𝑘f 1
𝛽

[𝛽 ln (𝑟

𝑟p +ℎ

p +ℎ)(1−𝛽)

− 1],

(2.39)

where β=1-kbf/kpe and kpe and 𝜙e are thermal conductivity and volume fraction of
equivalent complex particles, respectively, given by Yu and Choi [78].
Evans et al [111], reasoned that thermal conductivity of nanofluids could be
significantly enhanced by aggregation of nanoparticles. They assumed a cluster is
composed of a few approximately linear chains called the ‘backbone’ and other single
particles called “dead ends”, in a sphere with radius Rg. They used a three-level model
to find the effective thermal conductivity of the suspension. In the first level they used
the Bruggemen model to find the thermal conductivity of a sphere with only dead ends
(knc). Then assumed that backbones are embedded in a fluid with thermal conductivity
knc and used the model by Nan et al [112] to find the thermal conductivity of spheres
with both backbones and dead ends. Finally, in the third level they used the Maxwell
equation to find the thermal conductivity of the whole system.
Wang et al [113] and Chen et al [114] modified the Bruggemen model to take into
account the aggregation effect. In their studies they assumed that all particles aggregate
into clusters. Gao et al [115] performed experiments on Al2O3/n-hexadecane nanofluid
and observed that nanoparticles are aggregated in two kinds; spherical clusters formed
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by larger diameter particles and rod-like backbones formed by smaller particles. They
observed in TEM images that the portion of spherical particles to the rod-like backbones
is about 1:10. They used the Maxwell equation to find the thermal conductivity of
spherical clusters and the Bruggemen equation for rod-like backbones. Then the Nan et
al [112] model was used to find the thermal conductivity of the whole suspension.
Nabi and Shirani [71] explained two mechanisms for dynamic part of thermal
conductivity of nanofluids; aggregation effect and Brownian motion induced microconvection. They modified the Koo and Kleinstreuer [89] equation to be applicable for
aggregates and derived an equation for kdyn, which is a combination of Brownian motion
thermal conductivity for both aggregates and single particles as:
𝑘B 𝑇

𝑡

−1
3

𝑘dyn = 9064(𝜌𝐶v ) 𝜇𝑟 [𝛽𝑝 ( − a ) + 𝛽a a (1 + 𝑡 ) ],
p

(2.40)

Br

where βp and βa are semi-empirical parameters that indicate the fraction of liquid
volume traveling with a particle and aggregate, respectively, 𝜙a is the volume fraction
of aggregates and tBr is the Brownian characteristic time.
Srivastava [116] claimed that the shape of nanoparticles after aggregation can be
approximated by prolate spheroids and calculated the volume fraction of equivalent
ℎ

ℎ

𝑎

𝑏

spheroids as 𝑚 = (1 + 𝛿maj )(1 + 𝛿min )2, where 𝛿maj = , 𝛿min =

and a, b are

semi major and minor axis of spheroid. They also believed that there exist particles and
clusters with and without interfacial layers. Based on these assumptions, they proposed
that the thermal conductivity can be represented by a combination of three terms; 𝑘eff =
𝑘m + 𝑘c + 𝑘il where km represents the thermal conductivity of a suspension of single
particles, kc for clusters without interfacial layers and kil for clusters with interfacial
layers. They used the Schwartz et al [117] model to calculate the thermal conductivity
of equivalent particles as:

𝑘pe =

[2(1−𝜎)+(1+𝛿maj )(1𝛿

min

2

) (1+2𝜎)𝜎𝑘p ]

[(𝜎−1)+(1+𝛿maj )(1+𝛿min )2 (1+2𝜎)]

where 𝜎 =

𝑘nl
𝑘p

,

(2.41)

and then having kpe and ϕm used the Maxwell equation to calculate km.

Following this, they used the one quarter aggregation model proposed by Feng et al
[110] for a spheroid to determine 𝑘𝑖𝑙 = (1 − 1.5m )𝑘𝑏𝑓 +
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the thermal conductivity of cluster without an interfacial layer, they used the equation
by Jie et al [67]. Finally, introducing two weight factors 𝛼1 which indicates the ratio of
aggregating particles to all particles and 𝛼2 which accounts for both types of cluster
with and without nanolayer, they derived the following equation for the thermal
conductivity of the nanofluid.
𝑘eff
𝑘bf

= (1−𝛼1 )𝑘m + 𝛼1 𝛼2 𝑘𝑐 + (1 − 𝛼2 )𝛼1 𝑘il ,

(2.42)

Although many efforts have been dedicated to theoretically characterize the effect of
nanoparticle aggregation on the effective thermal conductivity of nanofluids, each of the
models has been validated with only a small number of experimental data. The scarcity
of reliable data required as inputs to the models make it difficult reach conclusions
concerning their reliability. Further research on this topic is essential since it appears to
be one of the major causes for scatter observed in the experimental data.

Empirical equations
In addition to the correlation by Corcione [31] (Eq. (2.1)), there also have been a
number of investigations which empirically define correlations to predict the thermal
conductivity of different nanofluids. One the most famous empirical correlations was
proposed by Chon et al [29] using Buckingham Pi theorem and a linear regression
scheme, for Al2 O3 nanofluids in the range of 1-4% volume concentration and 21-71℃
temperature. Their correlation is given by
𝑘eff
𝑘bf

𝑑

= 1 + 64.70.746 ( 𝑑bf )

where 𝑃𝑟 =

p

𝐶p.bf .𝜇bf
𝑘bf

0.369

𝑘p 0.7476

(𝑘 )
bf

𝜌 𝐾b 𝑇

and 𝑅𝑒 = 3𝜋𝜇bf

bf

2𝑙
bf

𝑃𝑟 0.9955 𝑅𝑒 1.2321,

(2.43)

are the Prandtl number and Reynolds number of

the base fluid, respectively. dbf is the molecular diameter of base fluid and lbf is the
mean free path of base fluid molecules. Based on the experimental data shown in Figure
2-13 the correlation by Chon et al [29] performs reasonably well for some data sets and
significantly poorer for others as indicated by the data points that lie well outside of the
5% error area. In contrast with the classical (Figure 2-5 and Figure 2-6) and theoretical
(Figure 2-7, Figure 2-10 and Figure 2-11) models, Figure 2-13 shows neither a general
tendency to consistently under-predict or over-predict the effective thermal
conductivity. It is interesting that Eq. (2.43) contains many of the same dimensionless
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groups as Eq. (2.1) but the exponents are notably different. Using the same method as
Chon et al, Mallick et al [118] derived a correlation for predicting the thermal
conductivity of alumina-water nanofluids for temperatures in the range 20-70℃,
employing Prandtl, Reynolds and Brinkman numbers.

Figure 2-13 Experimental versus predicted values of thermal conductivity ratio (keff/kbf) for
nanofluids using Chon et al correlation [29].

Sundar et al [119] derived a correlation for magnetic Fe3O4 in mixtures of 20:80%,
40:60% and 60:40% EG/water nanofluids in a range of 0-2% volume fraction and 2060C based on their own experimental results as:
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𝑘nf = 𝑘bf (1 + 10.5𝜙)0.1051 ,

(2.44)

Yiamsawad et al [28] also derived an equation for thermal conductivity of Titania and
alumina nanofluids in the range 1-8% volume fractions and temperatures 15-65C, in
which effects of temperature, concentration and thermal conductivities of particles and
base fluid are taken into account. Teng et al [120], based on their own measurements
and using regression analysis, derived the following equation for thermal conductivity
of Al2O3/water nanofluids
𝑘eff
𝑘bf

= 𝐶0 + 𝐶1 (100𝜔) + 𝐶2 (𝑇 − 273.15) + 𝐶3 𝑑p + 𝐶4 (100𝜔)2 + 𝐶5 (𝑇 − 273.15)2 +

𝐶6 𝑑p 2 + 𝐶7 (100𝜔)3 + 𝐶8 (𝑇 − 273.15)3,

(2.45)

where C1-C8 are empirical constants and ω is weight factor. Abbaspour et al [121]
assumed the thermal conductivity of nanofluids to be a function of thermal
conductivities of the base fluid, the solid particle, the interfacial shell, the volume
fraction of particles, the particle diameter, the interfacial shell thickness, the temperature
of nanofluid and the base fluid boiling temperature (Tc). Using the theory of
dimensional analysis for several available experimental data for Titanium oxide and
aluminum oxide water-based nanofluids they derived the following equation:
𝑘eff
𝑘bf

=1+𝑚

𝜙𝛼
𝑑p

𝛽

𝑇 𝛿 + 𝑛𝜙 [1 −

𝑑c
𝑑p

]𝑇

for

𝑑p ≥ 𝑑c ,

(2.46)

where m is a factor dependent on properties of particles, n is a factor dependent on
properties of base fluid, α, β are empirical constants and dc is a critical particle diameter
selected empirically to allow for nonlinear changes in effective thermal conductivity
with volume fraction. Corcione [31], using regression analysis and a vast set of data
points from the literature, proposed the empirical correlation given by Eq. (2.1) for
different nanofluids containing Al2O3, CuO, TiO2 and Cu nanoparticles dispersed in
water or EG. His correlation applies to temperatures of [294 K - 324 K], volume
fraction in the range of 0.2-9% and average particle diameters in range of 10-150 µm.
The correlation has a 1.86 standard deviation error.
Figure 2-14 shows a comparison between predicted results by Corcione correlation and
experimental results from Table 2.1. This figure contains the experimental results from
Corcione’s original work (represented here as dark filled circles) and several other data
46

Chapter 2-Literature review

sets not considered by Corcione. Clearly, the extra data sets show considerably more
scatter than the data on which Corcione’s correlation was based. There are two possible
explanations for this. The first is that the widely scattered data are unreliable. The
second is that the widely scattered data contain information that is not included in the
model. The truth is probably a combination of both of these. Some data probably are
unreliable but more likely some parameters such as agglomeration and nanofluid
preparation have not been controlled sufficiently or considered in the selected
dimensionless groups. It is worth noting that some of the data that are over-predicted by
Eq. (2.1) are captured by classical models and others that are under-predicted are
captured by non-classical theoretical models. Thus we may conclude from Figure 2-13
and Figure 2-14 that there is still room for improvement with the empirical correlations
based on the currently available data.
To further illustrate how the empirical models perform with respect to each other,
Figure 2-15 shows predictions of the variation of thermal conductivity ratio with
particle volume fraction for an alumina-water nanofluid. It is apparent that the three
models considered give relatively good agreement with experimental data at low
volume fractions while the deviation of predicted results from the experimental data
increases with increasing volume fraction. The equations of Corcione [31] and Chon et
al [29] generate almost the same results, with Corcione’s equation giving slightly higher
values at lower concentrations, while Mallick et al’s [118] correlation greatly
underpredicts the enhancement at higher volume fractions in this particular case.
Before completing this section, it is worth mentioning that not all empirical studies have
followed the conventional approach of using dimensionless groups and curve-fitting to
develop correlations. For example, from a totally different angle, Hojjat et al [122] and
Papari et al [123] successfully employed artificial neural networks to predict the thermal
conductivity of non-Newtonian and CNT nanofluids, respectively.
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Figure 2-14 Experimental versus predicted values of thermal conductivity ratio (keff/kbf) for
nanofluids using Corcione correlation [31].
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Figure 2-15 Comparison of predictions of empirical correlations with experimental data for
Al2O3(35 nm)/water[54].

2.4 Discussion of nanofluid thermal conductivity
A summary and analysis of comparisons between experimental results and seven
models and correlations shown in Figure 2-4, Figure 2-5, Figure 2-7, Figure 2-10,Figure
2-11, Figure 2-13 and Figure 2-14 is presented in Table 2.3 . Each data set has been
classified according to where it fell in relation to the 5% lines shown in the figures.
The check mark () indicates that the data is consistent with the model predictions
within 5% experimental uncertainty. In some cases, where the model required
empirical coefficients which were unavailable for a particular nanofluid, the comparison
was not possible and this is marked as ‘N.P.’ in Table 2.3. Clearly none of the seven
models have been able to capture the majority of data points and therefore are yet to be
confirmed as universally reliable models. The classical models tend to give reasonable
or conservative estimates of the thermal conductivity of nanofluids but fail to capture
the anomalously high data. In contrast, the non-classical theoretical models considered
tend to be optimistic in predictions of the thermal conductivity. This may come from the
tendency to focus on explaining the more exciting results from the literature rather than
the bigger data set, or the assumption of a stable suspension for all these models, which
may be questionable. The empirical model by Chon et al [29] has some significant over49
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and under-predictions but captures about half of the data sets within 5% of the total
thermal conductivity. It seems that the empirical correlation of Corcione [31] represents
the best performance but still may have room for improvement, as there is considerable
scatter in Figure 2-14.
A further observation from Table 2.3 is that there are some data sets which show
anomalously low enhancements to thermal conductivity – being over-predicted by
nearly all of the models considered. Generally, prediction models are validated based on
a few experimental data and therefore may generate results with high errors for different
conditions. Moreover, the widely scattered points raise questions about the best
procedure for selecting data for model validation in future studies. Particular care is
needed here since it is clear that the volume of nanofluid data in the literature has grown
sufficiently large and contains sufficient scatter such that, if one is unduly selective
about the data used for verification, misleading conclusions could be reached. For
example, based on Table 2.3, it is possible to find at least six independent sources of
experimental data to offer seemingly strong support any of the models considered in this
review - even though they are in conflict with each other.
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Table 2.3 Analysis summary for precision of predictions of seven models and correlations.

51

Chapter 2-Literature review

2.5 Conclusions and recommendations with respect to
nanofluid thermal conductivity
There are still many open questions concerning the mechanism for thermal conductivity
enhancement of nanofluids. However, based on explanations and discussions presented
in this review, the following conclusions and suggestions are made with a view to
improve predictions:
 Nanofluids with very high thermal conductivities exist but comprise only a small
percentage of the measured data to date and are currently not well predicted by
the available correlations.
 Nanofluids which have moderate levels of enhancement to thermal conductivity
above classical model predictions are common and are of great practical value as
potential highly efficient heat transfer fluids.
 Classical models which do not include nanoscale effects tend to underpredict the
thermal conductivity and are unable to explain the observed particle size
dependence and temperature dependence of nanofluid thermal conductivity.
 While none of the existing models seem to be comprehensive and reliable
enough to predict confidently the thermal conductivity of an untested
fluid/nanoparticle suspension, the empirical correlation by Corcione [31]
performed the best against the experimental data considered in this review.
 There is a need for further verification of the role of Brownian motion in the
mechanism for effective thermal conductivity.
 There is a need for hard experimental evidence concerning the size and thermal
conductivity of the nano-layer of fluid at the solid/liquid interface.
 Particle aggregation appears to be a major contributor to the apparent scatter in
the nanofluid data.
 There is a need for further experimental studies on the effect that particle
aggregation has on Brownian motion and thermal conductivity of nanofluids.
 There is need for experimental work on time dependence of thermal
conductivity of nanofluids.
 Gaps exist in the knowledge of thermal behavior of conventional and
unconventional fluids such as viscoelastic fluid based nanofluids (VFBN). In
particular, the relative importance of the various fluid properties requires further
investigation.
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 Finally, there is a need for comprehensive theoretical models which take into
account all important parameters, including volume fractions of particles and
aggregates, size of particles and aggregates, temperature, Brownian motion of
particles and aggregates, interfacial nano-layers and nanofluid stability.
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2.6 Research gap to be addressed in this thesis
Determining the thermal properties of nanofluids, specifically their thermal
conductivity, is one of the key factors in studying their feasibility to be used for heat
transfer applications. Therefore numerous investigations have been dedicated to
measure the thermal conductivity of nanofluids. Figure 2-16 shows the distribution of
the number of contributions on measuring the thermal conductivity of each sphericalparticle nanofluid type from the 140 studies referred to in the present work. It is
apparent that nanofluids with Al2O3, CuO and Cu nanoparticles have been widely
studied, while some other nanofluid types have attracted less attention.

Figure 2-16 Number of publications on effective thermal conductivity of each nanofluid type
surveyed in the present work. (There are only 5 studies on thermal conductivity of ferrofluid
Fe304 and no studies on carbon-dots).

In the present research, we aim to study two less investigated nanofluid types with
special functionalities. The first is ferrofluid (suspensions of Fe3O4 nanoparticles in a
carrier liquid) which can have a wide range of industrial and medical applications, with
the special feature of being controlled by an external magnetic field. The other
nanofluid type investigated in the present work is a suspension of carbon-dot (C-dot)
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nanoparticles in water with optical applications where thermal properties have never
been studied.

Part B: Ferrofluid
2.7 Background of ferrofluid
The preceding sections (2.1 – 2.6) give a review of apparent thermal conductivity of
spherical-particle nanofluids as published by the author of this dissertation in the
Journal of Molecular Liquids. The focus now shifts to ferrofluids which form another
important part of this dissertation. Interestingly, ferrofluid research is older than the
commonly-cited ‘first works’ on nanofluids by Choi in 1995 [6] and Masuda et al in
1993 [5] although ferrofluid is a nanofluid by the definition that the characteristic
dimensions of the particles are less than 100 nm. The complication and unique feature
of the ferrofluid is the magnetic properties of the particles when placed in an external
magnetic field - which has been the focus of ferrofluid research since the 1970s [124126].

Magnetism

The best way to introduce the different types of magnetism is to describe how materials
respond to magnetic fields. All matter is magnetic and based on behaviour can be
classified into:
Diamagnetic: Materials composed of atoms with no net magnetic moments that are
repelled by a magnetic field. In fact, an applied magnetic field causes the material to
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create a magnetic field with the opposite direction which induces a repulsive force
[128].
Paramagnetic: Materials, most chemical elements and some compounds, are weakly
attracted by a magnetic field due to the presence of unpaired electrons in the material. In
the presence of a magnetic field, magnetic moments are partially aligned with the
magnetic field resulting in net positive magnetic susceptibility and magnetization.
While, similar to diamagnetic materials, the magnetization will be zero when the
magnetic field is removed [129].
Ferromagnetic: Normally individual magnetic dipoles are randomly oriented that
cancel magnetic field of each other and the entire material does not shown any magnetic
field. However when an external magnetic field is applied, magnetic domains reorient in
direction of the applied magnetic field. By removal of the external magnetic field, most
of domains remain aligned in direction of the applied magnetic field [128].
Antiferromagnetic: Antiferromagnetic materials are similar to ferromagnetic materials,
unless the magnetic moment of each domain aligns antiparallel to the neighbouring
domain [128]. The opposing moments are equal and antiferromagnetic order exists
below a certain temperature called Néel temperature. Above this temperature material
becomes paramagnetic.
Ferrimagnetic: Similar to antiferromagnetic materials, consist of atoms with opposing
directions but with unequal moments. Therefore a spontaneous magnetization remains
in the material [127]. The oldest known magnetic substance, magnetite ((iron (II, III)
oxide; Fe3O4) is a ferrimagentic material.
Superparamagnetic: Occurs in sufficiently small particles of ferromagnetic or
ferrimagnetic materials where magnetization can change direction under influence of an
external magnetic field. An external magnetic field is able to magnetize the
nanoparticles, similarly to a paramagnet [3].

Magnetic fluids
Magnetic fluids are classified to ferrofluids and magnetorheological fluids. Ferrofluids
are suspensions of nano-sized ferromagnetic or ferrimangetic particles in a carrier liquid
which is usually an organic solvent or water. Ferromagnetic particles are usually coated
with surfactants to avoid agglomeration due to van der Waals attractions. Ferrofluids, in
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nature, do not display ferromagnetism in absence of a magnetic field. Ferrofluids are
often described as “superparamagnetic” because of their large magnetic susceptibility.
The main difference between ferrofluids and magnetorheological fluids is the size of
particles suspended. As mentioned before, ferrofluids consist of nano-sized particles
suspended by Brownian motion which will not easily settle or sediment under normal
conditions. On the other hand, magnetorheological fluids consist of micrometre-sized
particles which are too heavy to be suspended by Brownian motion and will eventually
sediment in the carrier fluid due to their large density compared to base fluid. The other
major difference of these two classes of magnetic fluids is that the theological properties
of magnetorheological fluids changes under magnetic field, while ferrofluids remain
flowable even in presence of magnetic field [130].
Ferrites are generally a class of ferromagnetic materials represented by the general
formula M2+OFe3+O3, where M is a metal such as zinc, nickel, cobalt, iron or a
combination of them. Ferrofluids are electrically non-conductive suspensions of ferrites
in a base fluid. The base fluid can be any liquid but mostly used are water, engine oil,
transformer oil, kerosene and fluorocarbon. Depending on the application, favourable
properties can be obtained by the choice of metal used in the ferrite particle [131]. The
resulting behaviour of this fluid is called “super-paramagnetism”.
2.7.2.1 Magnetisation of ferrofluids
Magnetization for a ferrofluid is based on the assumption that ferrofluid suspension
consists of a number of single domain ferromagnetic particles. In absence of a magnetic
field, the particles are randomly oriented and the net magnetization is zero [132]. When
a magnetic field is applied the magnetic dipoles within the particles will try to align
their moment with the direction of applied field. As the field magnitude increases, the
particles become more aligned with the field up to the saturation value when all
particles are aligned with the magnetic field [132]. The Langevin’s classical theory is
applied to find the magnitude of the particle’s dipole moment [133]. While the dipole
moment tends to align with the magnetic field, an additional thermal energy tends to
counteract the rotational moment of dipoles which has been described by Boltzmann
statistics [133]. The net magnetization of ferrofluid will be parallel to the direction of
applied magnetic field and as given by Langevin’s equation a function of magnetic field
and temperature [131]. The Langevin’s equation is plotted in Figure 2-17. The initial
slope of the curve defines the magnetic susceptibility which is the magnitude of
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magnetic response shown by ferrofluid. The magnetic field used in this equation is
limited to the saturation value at which all of the dipoles have aligned with the magnetic
field.

Figure 2-17 Dimensionless magnetization against magnetic to thermal energy ratio in
theoretical Langevin’s equation [134]

2.7.2.2 Relaxation mechanism
The two mechanisms for the rotation of magnetic moments are shown in Figure 2-18.

Figure 2-18 Magnetic relaxation mechanisms, (A) Neel relaxation, (B) Brownian relaxation
[134]
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Brownian rotation is the physical rotation of particle to align with the magnetic field
while Neel rotation the movement of the particle magnetic moment with respect to the
particle crystal axis [132]. The relaxation times for these two mechanisms are given by
[135]
𝜏B =

3𝑉B 𝜂
𝐾B 𝑇

1

,

Brownian relaxation time

(2.47)

Neel relaxation time

(2.48)

𝐾𝑉𝑁

𝜏𝑁 = 𝑓 𝑒 𝐾𝐵𝑇 ,
0

where VB, η, f0, K and VN are Brownian particle volume (m3), the carrier fluid dynamic
viscosity (Pa.s), the frequency constant of Neel relaxation (Hz), the anisotropy constant
of the particle, and Neel particle volume (m3), respectively. The effective relaxation
time is then given as [132]
𝜏 𝜏

𝜏 = 𝜏 B+𝜏N ,
B

(2.49)

N

As both Brownian and Neel relaxation times are functions of the volume of the particle,
the effective relaxation time highly depends on the size of the spherical particle. As
[131] explained at a certain particle diameter dc the Brownian and Neel relaxation times
become equal. For 𝑑 < 𝑑𝑐 Neel relaxation time will be few orders of magnitude less
than Brownian time and according to Eq. (2.49) Neel mechanism dominates the
relaxation. When the Neel rotation is dominant, the particle and ferrofluids will be
super-paramagnetic and the magnetization relaxes to direction of the field immediately
[136].

2.7.2.3 Preparation of ferrofluids
Preparation of ferrofluid includes two basic steps; First synthesis of magnetic particles,
and then suspension of particles in the base fluid. To avoid agglomeration, particles
must be very small so that the thermal energy of them is large enough to overcome the
interactive forces between particles. In preparation of ferrofluids some essential
requirements like even and stable suspension, durable suspension, negligible
agglomeration of particles and no chemical change of the fluid should be considered.
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Two major techniques are available for preparation of nanofluids; single-step and twostep method. Single-step method is the process where nanofluids are simultaneously
made and directly dispersed into base fluid and is mostly used for producing nanofluids
with high thermal conductivity metals to avoid oxidation and erosion of particles. This
method was first developed by Akoh et al. [137] named as Vacuum Evaporation onto a
Running Oil Substrate (VEROS). Later, different approaches of this method such as
modified-VEROS [138] and vacuum submerged arc nanoparticle synthesis system
(SANSS) [139] have been developed. The most important advantage of the single-step
method is minimization of nanoparticles agglomeration, while its significant
disadvantage is that only low vapour pressure fluids are applicable for such process.
In the double-step method, nanoparticles are produced separately and dispersed into a
base fluid. In this method nanoparticles are produced by different processes such as
mechanical attrition, gas condensation and chemical precipitation techniques. The
advantage of this method is easy and low cost production of nanoparticles, while quick
agglomeration of nanoparticles before dispersing in base fluid due to strong van der
Waals attractive force is its disadvantage.

Several methods are used to produce magnetite nanoparticles such as gas phase
deposition, electron beam lithography, power ball milling, thermal decomposition,
electrochemical decomposition, micro-emulsion method and etc. The most popular
method for synthesis of magnetite nanoparticles is the co-precipitation method [140].
This procedure begins with mixing FeCl2 and FeCl3 with water. Then ammonium
hydroxide is added to the mixture and stirred well until the pH is increased to 11. To
avoid agglomeration, magnetite particles are coated with surfactants agents (amphiphilic
molecules, as oleic acid). Steric repulsion between particles acts as a physical barrier
that keeps grains in the solution and stabilizes the colloid.
2.7.2.4 Stability of ferrofluids
Stability of a suspension is an important property that determines the suitability of the
suspension for applications. A magnetic particle in a base fluid is subject to different
forces trying to undermine the stability of the suspension by producing clusters of
particles that settle out and sediment in the suspension. Sedimentation of particles in
ferrofluid is associated with gravitational and magnetic forces applied to the particles.
To maintain a well dispersed homogenous suspension and avoid sedimentation of
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particles the thermal energy of particles must exceed the energy of particles in
gravitational or magnetic fields. A dimensional approach to study the criterion of
physiochemical stability of magnetic fluids has been used by [141]. In this approach
various energy terms were introduced for magnetic particles:
𝐸T = 𝑘B 𝑇,

Thermal energy

(2.50)

𝐸M = 𝜇0 𝑀𝐻𝑉,

Magnetic energy

(2.51)

𝐸g = ∆𝜌𝑔𝑉ℎ ,

Gravitational energy

(2.52)

where 𝑘B ,T, 𝜇0 , M, H, V, ∆𝜌, g, and h are Boltzmann constant (1.38×10-23 J/K), absolute
temperature (K), the permeability of free space (4π×10 -7 N/A2), magnetization of
magnetic material (A/m), magnetic field intensity (A/m), particle’s volume (πd3/6 m3)
for a spherical particle of diameter d, density difference between the particles and the
carrier liquid (kg/m3), gravitational acceleration (9.81 m/s2), and the elevation in the
gravitational field, respectively. Ratios of the energy terms give non-dimensional
quantities that can determine the stability status of the ferrofluid.
Stability in a magnetic field gradient
When subjected to an external magnetic field particles tend to aggregate at the region
with higher magnetic field intensity. To counteract the magnetic field force and
maintain the motion of particles in suspension, the thermal energy should be larger than
the magnetic energy.
𝑡ℎ𝑒𝑟𝑚𝑎𝑙 𝑒𝑛𝑒𝑟𝑔𝑦
𝑚𝑎𝑔𝑒𝑛𝑡𝑖𝑐 𝑒𝑛𝑒𝑟𝑔𝑦

=𝜇

𝑘B 𝑇
0 𝑀𝐻𝑉

≥ 1,

(2.53)

By substituting for the volume of a spherical particle, the maximum diameter of the
particle can be found as [141]:
6𝑘B 𝑇

𝑑 ≤ (𝜇

0

1/3

)
𝑀𝐻𝜋

,

(2.54)

Stability in gravitational field
Gravity constantly applies a downward force to each particle, while thermal energy
tends to maintain the particle dispersed in the suspension. Similarly, to avoid
61

Chapter 2-Literature review

sedimentation of particles under influence of gravity, the thermal energy should be
larger than the gravitational energy.
𝑡ℎ𝑒𝑟𝑚𝑎𝑙 𝑒𝑛𝑒𝑟𝑔𝑦
𝑔𝑟𝑎𝑣𝑖𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑒𝑛𝑒𝑟𝑔𝑦

=

𝑘B 𝑇
∆𝜌𝑔𝑉ℎ

≥ 1,

(2.55)

Stability against agglomeration
Sedimentation of particles can be avoided by ensuring a maximum particle size. In
addition, agglomeration of particle need to be avoided as formation of clusters would
increase the active size of particles and result in sedimentation. The stability of particles
against agglomeration depends on the balance between attractive (van der Waals and
dipole-dipole) and repulsive (steric and electrostatic) forces between them. Besides
thermal agitation to disrupt the agglomerates, surfactants or ionic coatings are usually
used to prevent agglomeration of particles by providing steric repulsion between
particles [141].
2.7.2.5

Physical properties of ferrofluids

The transport properties of ferrofluids are generally dependent upon the properties,
concentration, dimension and distribution of particles as well as the properties of the
base fluid. In presence of an external magnetic field, the field strength and direction
may alter the viscosity and thermal conductivity of the suspension with large particles.
Therefore the thermal properties of ferrofluids may be highly anisotropic. So far no
widely accepted theoretical study has been done on predicting this alteration of
properties and experiments are still the most reliable approach for determining the
properties of ferrofluids.
Thermal conductivity of ferrofluids
All nanofluids are supposed to have larger thermal conductivities than their carrier fluid
due to the high thermal conductivity of the particles dispersed and ferrofluids are no
exception. Different parameters such as temperature, properties of particles and base
fluid, surfactant type and particle size can affect the thermal conductivity of ferrofluid.
The volume fraction of the magnetic particles is one major factor affecting the thermal
conductivity of the ferrofluid. Phillip et al [142] achieved up to 15% enhancement in
thermal conductivity of aqueous based ferrofluid with low volume fraction and particle
size of 6 nm. Their results showed that the thermal conductivity of the ferrofluid has
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least dependence on the thermal conductivity of the base fluid. Some investigations
show increased thermal conductivity of ferrofluid with increasing temperature, while
the relative thermal conductivity (to the one of base fluid) remains unchanged [143].
Katiyar et al [144] measured 82% enhancement in thermal conductivity of
Fe3O4/Kerosene nanofluid with 7% volume concentration under influence of 600 G
magnetic field intensity. Figure 2-19 shows the measured thermal conductivity of
ferrofluid for different volume fractions in absence of magnetic field.

Figure 2-19 Thermal conductivity enhancement as a function of volume fraction for Fe3O4
ferrofluids with particle size of 6 nm in different base fluid [142].

In presence of an external magnetic field, the thermal conductivity of ferrofluid can be
increased up to 200% according to Gavili et al [145]. This enhancement was attributed
to formation of chain-like structures of magnetic particles. When exposed to a magnetic
field the magnetic particles align in direction of the magnetic field and tend to attract to
the regions with higher magnetic field intensity. Therefore magnetic particle aggregate
and form clusters with higher thermal conductivity. Alteration of the magnetic field
orientation changes the direction of clusters. Thus the orientation of magnetic field can
significantly affect the energy transport process in the suspension. Figure 2-20 shows
the variation of thermal conductivity ratio of magnetic fluid under parallel and
perpendicular magnetic field directions. It can be observed that when a parallel
magnetic field to temperature gradient is applied the particle chains can provide more
effective bridges for heat transport through the fluid and enhance the heat transfer.
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Similar trend was observed by [146] where they reported insignificant enhancement in
thermal conductivity of aqueous ferrofluid when the orientation of applied magnetic
field was perpendicular to the orientation of applied magnetic field.

Figure 2-20 Relative change of thermal conductivity k depending on magnetic field strength
and orientation against heat flux direction [147].

The enhancement in thermal conductivity under an externally applied magnetic field
increases by increasing volume fraction of particles. The more particles form clusters,
the more enhancement in thermal conductivity under magnetic field.
Viscosity of ferrofluids
Although magnetic field can significantly influence the viscosity of ferrofluid, it still
will be flowable even when magnetized to saturation. Generally the viscosity of any
nanofluid will be larger than that of the base fluid due to presence of particles. When a
ferrofluid is exposed to magnetic field, the magnetic particles tend to remain rigid.
Therefore large gradients in velocity field exist around the particles and so viscous
dissipation rate of the whole suspension increases. This increase in viscosity is more
significant in ferrofluids with large particles which Brownian rotational motion
develops inside the fluid [148]. The increased viscosity of ferrofluid in magnetic field
has been reported in many studies [149]. It was explained that in a strong magnetic field
formation of clusters blocks the motion of the particles which sharply reduces the
flowability of the fluid and increases the viscosity of ferrofluid [150].
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The direction of the magnetic field plays an important role on increasing the viscosity of
ferrofluid. When the applied magnetic field and fluid vorticity are parallel, the particles
can freely rotate and the magnetic field does not affect the viscosity. But when the
magnetic field is perpendicular to the vorticity, the influence of magnetism is
maximized [131]. Patel et al [149] reported that the viscosity of the ferrofluid tested was
increased up to 200% when the magnetic field was shifted from perpendicular to
parallel to the flow direction.
2.7.2.6 Thermomagnetic convection
Thermomagnetic convection, first explained by Finlayson [151] in 1970, is a form of
heat transfer used in cases where the thermogravitational convection is not sufficient.
As mentioned above, the magnetization of ferrofluid depends on local applied magnetic
field intensity and the magnetic susceptibility of the fluid, while the magnetic
susceptibility itself is a function of local temperature. Therefore, when a temperature
gradient exists in ferrofluid, a non-uniform body force is imposed that is presented in
momentum equation as Kelvin body force (KBF). This body force drives
stronger magnetized fluid particles to the regions with a stronger magnetic field. This
phenomenon can also be found in paramagnetic and diamagnetic fluids; however its
intensity in ferrofluids is much larger.
Thermomagnetic convection has been investigated both analytically and experimentally
in different geometries and magnetic conditions. Zablotsky et al [152] numerically and
experimentally studied the thermomagnetic convection in a rectangular cell with
permanent magnets attached to the cell walls, when the cell is heated from below. They
observed that the thermomagnetic convection may exceed the natural convection by few
times. Pal et al [153] experimentally characterized the performance of a miniature
thermomagnetic pump in a 2 mm diameter glass capillary tube, without application of
any external pressure gradient. In their experiment suitably imposed temperature and
magnetic field gradients were used to drive ferrofluid. They used a small heater
wrapped around the tube to create temperature gradient in a way that thermomagnetic
effect transports the ferrofluid from colder end to the warmer end.
Lajvardi et al [154] experimentally studied the heat transfer enhancement for a
ferrofluid flowing through a straight pipe with constant wall heat flux exposed to
constant external magnetic field. They observed that the heat transfer coefficient
associated with ferrofluid in absence of magnetic field is almost identical to the one for
deionized water, while applying a magnetic field significantly increases it. Ghasemian
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et al [155] studied the effect of constant and alternating non-uniform magnetic field
around a current-carrying wire placed parallely outside of a microchannel on heat
transfer characteristics of a ferrofluid passing through the microchannel. The observed
enhancement in heat transfer for constant and alternating magnetic fields were 16.48%
and 27.72%, respectively. They explained that the imposed Kelvin body force produced
vortices that disrupt the thermal boundary layer and consequently enhance the heat
transfer. For the case of alternating field, in addition to formation of vortices, the
oscillation of particles also disturbs the thermal boundary layer and improves the flow
mixing.
The effect of magnetic field orientation of the pattern of thermomagnetic convection in
a square cavity filled with ferrofluid and heated from below was numerically studied by
Krakov et al [156]. They observed that the formed convective vortices rotate in the
opposite direction to the rotation of magnetic field, which results in drastic change in
intensity of heat transfer. They also reported that the Nusselt number was maximised
when direction of magnetic field was normal to gravity direction.
2.7.2.7 Magnetic Rayleigh number
An important consideration in characterising thermomagnetic convection is the
domination of magnetic forces corresponding to a critical magnetic Rayleigh number.
Therefore, different forms of magnetic Rayleigh number have been proposed by
researchers for various geometries and sources of magnetic field used. Magnetic
Rayleigh number as the ratio of magnetic force to viscous force was first proposed by
Finlayson [151] studying the status of the stability of a ferrofluid layer as
𝑅𝑎𝑚 =

𝜇0 𝐾2 ∆𝑇 2 𝑑2
𝜂𝜅(1+𝜒)

,

(2.55)

where μ0 denotes the vacuum permeability, K the pyromagnetic coefficient, ΔT the
temperature difference across the layer of fluid, d the thickness of the layer, η the
dynamic viscosity of the fluid, κ its temperature diffusivity, and χ its susceptibility.
Where natural convection sets in when Rayleigh number 𝑅𝑎 exceeds a critical value, to
take into account both driving forces, Finlayson [151] assumed that convective
instability in a layer of ferrofluid happens when
𝑅𝑎
𝑅𝑎cr

𝑅𝑎m

+ 𝑅𝑎

m,cr

≥ 1,

(2.56)
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Heckert et al [157] substituting Eq.(2.55) for Ram and the conventional Rayleigh
number for the natural convection in Eq. (2.56) derived the critical temperature gradient
for the onset of thermomagnetic convection, and then suing the works of Schwab [158]
came up with a critical magnetic Rayleigh number as a function of critical temperature.
Odenbach [159], to study the onset of magnetic convection in a ferrofluid enclosed
between two concentric cylinders, proposed the following magnetic Rayleigh number
𝑅𝑎m =

𝜇0 ∆𝑀∇𝐻𝑑3
𝛼𝜂

,

(2.57)

where ∆𝑀 denotes the magnetization differences in the fluid, ∇𝐻 the gradient of the
azimuthal magnetic field, d the thickness of the fluid layer and 𝛼 the thermal diffusivity
of the ferrofluid.
Mukhopadhyay et al [160] analytically derived the following magnetic Rayleigh for the
thermomagnetic convection in a square enclosure filled with ferrofluid and exposed to
an external magnetic field created by a line dipole placed out of the enclosure and
normal to its surface.
𝑅𝑎m =

𝜇0 𝜒0 𝛽𝑚2 ∆𝑇
𝜌𝜈𝛼𝐷 2

,

(2.58)

where 𝜒0 , 𝛽 and m and 𝜈 are the magnetic susceptibility at a reference temperature,
fluid compressibility and magnetic moment per unit length of dipole, and kinematic
viscosity of ferrofluid, respectively. By selecting the enclosure height as the
characteristic length, they were able to obtain an optimum enclosure height for which
the Nusselt number is maximised.
Ashouri and Shafii [161] derived a magnetic Rayleigh number for the thermomagnetic
convection of ferrofluid in a square cavity with a permanent magnet located at the
centre of cavity. The magnetic Rayleigh number was proposed as a function of the
cavity dimension and magnetization (Eq. (2.59)) and it was reported that the heat
transfer monotonically increases with magnetic Rayleigh number.
𝑅𝑎m =

𝐵r 𝑀𝐷 2
𝜇𝛼

,

(2.59)

2.7.2.8 Onset of thermomagnetic convection
The onset of convection is defined as the point where the heat flux characteristic
changes from conduction to convection. Engler and Odenbach [162] experimentally
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studied the onset of thermomagnetic convection in a horizontal ferrofluid layer by
measuring the critical combined (magnetic and thermal) Rayleigh number for a range of
frequencies of driving force. In their experiment the time-modulation of driving force
was supplied by sinusoidal variations of temperature gradient over a fluid gap. They
observed that for low frequencies the Racomb had a steep increase, corresponding to
delayed onset of convection. The Racomb appeared to decrease smoothly after a certain
value of frequency. In another experiment same researchers [163] observed that for the
case of a constant magnetic field applied, the critical temperature for the onset of
convection is decreased with increasing magnetic field intensity.
Tynjala and Ritvanen [164] in a numerical study of the thermomagnetic convection in
an annulus between two concentric cylinders, found the limiting values for the onset of
pure buoyancy driven convection and pure thermomagnetic convection in absence of
gravity. Engler et al [165] investigated a horizontal layer of ferrofluid subjected to
vertical homogeneous magnetic field and temperature gradient. They observed that the
critical temperature difference for the onset of thermomagnetic convection was shifted
to higher values in presence of magnetic field. They also reported that the increased
viscosity of ferrofluid as a result of the magnetoviscous effect has a stabilizing effect on
thermomagnetic convection (delays the onset of convection). Therefore, they concluded
that the onset of magnetic convection, in addition to magnetic field strength and
temperature gradient, can be highly dependent on the thermal properties of the
ferrofluid.

2.8 Conclusion with respect to ferrofluid
A survey over the literature suggests that, although the heat transfer enhancement from
surfaces using ferrofluids have been numerously studied, the source of heat flux has
invariably been separated from the source of magnetic field. In almost all studies the
source of magnetic field has been either a magnet or a line dipole placed out of
ferrofluid. It is also observed that almost in all cases, the THW method has been used to
measure the thermal conductivity of magnetic fluid, but the thermomagnetic convection
heat transfer from the hot-wire to the magnetic fluid has never been studied. Therefore
an analytical understanding and experimental examination of the mechanism of the heat
transfer from the hot-wire to the ferrofluid and the coupling between magnetic and
thermal fields seems necessary.
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3.1 Abstract
This paper presents the design, fabrication and characterization of a novel transient hot-wire
device for measurement of thermal conductivity of non-conductive fluids. The key features of
the cell are small sample amount, simple fabrication, accurate measurement and transparency,
which allow the study of both thermal and optical properties of the fluids. A 20 μm-diameter
platinum hot wire is symmetrically suspended along the central axis of the capsulated cell to
avoid the effect from the walls. A four-point resistance measurement method was used to
measure the transient resistance with high accuracy. The accuracy of the thermal conductivity
measurement was validated with reference values and very good agreement was achieved.

3.2 Introduction
Traditionally several measurement techniques have been used to measure the thermal
conductivity of fluids. Generally these techniques can be categorised into steady state and
transient methods. For steady state methods, the general idea is to generate a heat flux
through the sample liquid and measure the temperature change at the two ends of the sample
container. Then, using the one-dimensional Fourier’s equation, the thermal conductivity is
calculated [1] The general idea of the transient techniques is to generate heat in a thin long
wire, usually referred to as a hot wire, immersed in an infinite and incompressible liquid. The
generated heat in the hot wire is transferred to the liquid only by conduction with a rate
related to the thermal conductivity of the liquid [2]. The hot wire should be very thin and long
to ensure a high aspect ratio and hence minimize the end effects. The difference between
different transient techniques is in their method of measuring the temperature change in the
hot wire with time. In the transient hot wire (THW) method, the temperature change is
calculated by measuring the resistance change in the wire and is based on the thermoresistive
effect, i.e. the relation between electrical resistance and temperature [3]. The thermoresistive
effect in hot wires has been widely used in miniaturized thermal based sensors, such as flow
sensors, convective inertial sensors [4, 5], and so on. The most significant advantage of the
transient hot wire technique is that the measurement is completed in only few seconds before
any significant convection occurs in the fluid. The onset of free convection effects can be
identified on the plot of ΔT vs ln(t) as a deviation in the linearity of the measured data [6].
Recently there has been a great deal of interest in studying the effective thermal conductivity
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of nanofluids [7, 8], suspensions, biological fluids [9, 10] and other fluids which at a
microscopic level may be considered non-homogeneous. Often only a small sample is
available making it important to miniaturize the measurement cell. One problem with these
kinds of investigations is that it is difficult to confirm the homogeneity of the suspension
during the measurement, which may explain some of the wide scattering reported in the
published data [11]. Moreover, it is possible that the measurement technique itself will
promote a concentration distribution of the suspended particles through such mechanisms as
the Soret effect (thermophoresis) [12] or electrochemical reactions, if bare wires are used. It
is of great interest to confirm such speculations and for this reason it is advantageous to
develop transparent thermal conductivity measurement cells to allow simultaneous optical
measurement. Optical access to the sample also has potential value for the study of fluids
containing particles which exhibit photoluminescence such as carbon nano-dots [13] and for
property measurement in the vicinity of the boiling point or the critical point where it is
important to confirm that phase-change has not yet occurred. In this study, a novel design of a
measurement cell and measurement apparatus is presented. The advantages of this cell are a
minimal amount of sample fluid, accurate measurement, simple and low-cost fabrication,
transparent walls, and minimal contact resistance.

3.3 Mathematical model for hot-wire technique
The governing equation for heat conduction from the wire to the liquid is the onedimensional transient Fourier’s equation in cylindrical coordinates,
1 𝜕𝑇
𝛼f 𝜕𝑡

1 𝜕

𝜕𝑇

= 𝑟 𝜕𝑟 (𝑟 𝜕𝑟 ) ,

(3.1)

subjected to the the following boundary conditions:
𝜕𝑇

𝑞

lim [𝑟 (𝜕𝑟 )] = − 2𝜋𝑘 at

𝑡 = 0,

(3.2)

lim [∆𝑇(𝑟, 𝑡)] = 0

𝑡≥0,

(3.3)

𝑟⇾0

𝑟⇾∞

f

at
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where q is heat flux per unit length generated in the wire (modelled as a line source) by Joule
heating and 𝛼𝑓 is the thermal diffusivity of the fluid. The solution of this problem, after an
𝑟2

initial short transient time (𝑡 ≫ 4𝛼 ), is given by Carlsaw and Jaeger [14] as:
f

𝑞

4𝜎f 𝑡

∆𝑇 = 𝑇(𝑟, 𝑡) − 𝑇0 = 4𝜋𝑘 [−𝛾 + ln (
f

𝑟2

)],

(3.4)

where 𝛾 = 0.5722 is the Euler constant. By assuming constant properties for the liquid, and
differentiating equation (3.4), the radius r can be eliminated from the equation and the
following relation for the thermal conductivity of the liquid is obtained.
𝑞

1

𝑘f = 4𝜋 ∙ 𝑑(∆𝑇)/𝑑 ln(𝑡) ,

(3.5)

From this equation, the thermal conductivity is proportional to the heat flux per unit length
and inversely proportional to the temperature gradient with respect to the logarithm of time.
Equation (3.5) is applicable over the linear part of the measured temperature rise for an
infinitely long wire and is approximately correct for a wire with a large aspect ratio.
Experimentally, end effects can be eliminated by using two wires of different lengths in a
Wheatstone bridge [15]. For a single wire, more elaborate corrections for end effects can be
found by solving the two-dimensional heat conduction equation [16, 17]. For the present
study, end effects are treated simply by using an effective (calibrated) wire length to
determine q rather than the actual wire length.

3.4 Cell design and fabrication
A simple fluid container cell to measure the thermal conductivity of non-conductive fluids
was designed. Some important factors considered for the design of this cell are: minimized
volume of the sample fluid, minimized contact resistance between the hot wire and
connecting wires, small cell size, easy filling and emptying of the cell and centered hot wire.
Platinum wire with a diameter of 20 m is used as the hot wire. The cell is made of three
layers with a total thickness of 5 mm, total length of 85 mm and width of 25 mm. A channel
with 50 mm length, 6 mm width and 3 mm depth (0.9 ml capacity) is made between the two
acrylic strips and two glass microscope slides are used as the top and bottom lids of the
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channel. The purpose of using glass microscope slides as the lids on both sides of the cell was
to make the cell transparent. As mentioned above, this cell can be used for studying optical
properties such as the photo-luminescent effect of some nanofluids. From a practical point of
view it is also useful to confirm that the cell is completely filled with fluid and that bubbles of
previously dissolved gases are not attached to the wire when taking the thermal conductivity
measurement. To block the two ends of the channel, two layers of copper-coated plates
(CCP) have been used. The lower CCP is longer and the connecting wires are soldered at the
two corners of this plate. The platinum hot wire is placed precisely at the center of the
channel and soldered between the two CCPs at the two ends of the channel. The idea of using
the CCP is to avoid direct connection of the hot wire to the lead-out wires, and to minimize
the contact resistance. A schematic of the designed cell is shown in Figure 3-1. A 1 mm
diameter hole for liquid inlet and outlet is drilled into the upper CCP at one end.

Figure 3-1 Schematic of the thermal conductivity measurement cell.

3.5 Instrumentation and data acquisition
An Isotech temperature controlled bath is used to ensure uniform temperature around the
cell and the hot wire. A four-point measurement technique has been used to measure the
voltage at any time t between the two ends of the hot wire. A constant current is supplied to
the hot wire resulting in temperature change and consequently a change of resistance of the
wire. The voltage is measured using a Keithley 2000 Multimeter for any time t>0 with 0.05
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s time steps. A computer program is developed for data recording using the LabVIEW
application software. A schematic of the data acquisition system is shown in Figure 3-2.

Figure 3-2 Schematic of the measurement apparatus

3.6 Validation of measurement apparatus
To validate the accuracy of the measurement apparatus, the thermal conductivity of deionized water for a range of temperatures from 15°C to 30°C was measured and the results
were compared to the reference values of the National Institute of Standards and Technology
(NIST) [18]. The measured length of the Platinum wire was Lw=0.050 m and the calibrated
effective length for use with Eq. (3.5) was 52 mm. A 55 mA constant current is supplied to
the hot wire. After recording the voltage, the resistance of the wire at any time is calculated
using Ohm’s Law (R=V/I). To find the temperature coefficient of resistance (TCR) and the
reference resistance (R0) of the platinum wire (at 0°C), the resistance of the wire is plotted
versus temperature at four different temperatures (Figure 3-3). R0 is the single constant of the
equation and TCR is calculated as 𝜎 =

(

𝑑𝑅
)
𝑑𝑇

𝑅0

, where dR/dT is the slope of the plot.
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Figure 3-3 Resistance of the hot wire versus temperature.

The reference resistance was measured as R0=17.202  and the TCR was calculated to be
3,515 ppm/K. The temperature at any time is calculated using the following relation between
resistance and temperature.
𝑇=

𝑅
−1)
𝑅0

(

σ

,

(3.6)

Figure 3-4 shows the temperature change of the hot wire versus the logarithm of time. An
analysis of the data shows that linearity of the temperature is achieved after 0.05 s. The
measurements have been repeated 3 times and average values are reported in the Table 3.1.
The error bars in Figure 3-5 indicate the repeatability of the measurement. As is shown in
Figure 3-5, a very good agreement with less than 1% error is obtained for the thermal
conductivity of de-ionized water.
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Figure 3-4 Hot-wire temperature change against logarithm of time for de-ionized water

Table 3.1 Summary of measured data with reference values (Note: the cell was calibrated at 30C)

T (°C)

kmeasured

kref

Error (%)

15.0

0.591

0.5893

0.35

20.0

0.594

0.5984

0.6

25.0

0.601

0.6071

0.9

30.0

0.615

0.6155

-

3.7 Conclusion
An apparatus based on the transient hot-wire method for the thermal conductivity
measurement has been set up. The main objective was to design and construct a very simple
and easy to fabricate cell with a reduced sample volume. The new apparatus also utilizes a
very simple and accurate method for measuring the temperature of the hot wire. A developed
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LabVIEW program was used for data recording. The results obtained for the thermal
conductivity of de-ionized water were in good agreement with reference values.

18

Figure 3-5 Comparison of experimental results for thermal conductivity of de-Ionized water with
reference values.
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4.1 Abstract
Thermomagnetic convection of a ferrofluid flow induced by the internal magnetic field
around a vertical current-carrying wire was theoretically analysed and experimentally
validated, which has never been published by others previously. The Nusselt number for a
heated 50-m diameter wire in a ferrofluid was measured for different electrical currents and
fluid temperatures. Experimental results are in good agreement with the proposed scaling
analysis. It was found that increasing the current will increase the Nusselt number
nonlinearly, and ultimately enhances the heat transfer capability of the induced ferrofluid
flow. We observed that the thermomagnetic convection becomes dominant, if large enough
currents are applied.

4.2 Introduction
Nanofluids, or colloidal suspensions of nanometer-sized particles, have attracted great
attention during the past two decades - particularly in relation to heat transfer enhancement
[1]. Detailed and sometimes conflicting explanations of the mechanisms responsible for the
observed enhancement in the apparent thermal conductivity are available [2]. Ferrofluids are
a unique type of nanofluids with great potential for heat transfer applications [3]. Ferrofluids
are suspensions of paramagnetic nanoparticles in a carrier liquid.
The magnetic state of ferrofluids makes their effective thermal conductivity a tuneable
property in the presence of a magnetic field. There have been a number of studies on the
apparent thermal conductivity of ferrofluids in absence or presence of a magnetic field [4, 5].
There also have been numerous efforts to manipulate ferrofluids using a magnetic field in
order to enhance convective heat transfer. Lajvardi et al. [6] experimentally measured the
heat transfer coefficient for a ferrofluid flowing through a straight pipe with constant wall
heat flux in laminar regime under a constant external magnetic field. The authors observed
that deionized water and the ferrofluid in the absence of a magnetic field have the same heat
transfer coefficient while applying a magnetic field significantly increases it. They gave two
possible reasons for this enhancement. The first is the augmentation of thermophysical
properties of the ferrofluid (thermal conductivity enhancement due to formation of chain-like
structures of nanoparticles [7]). And the second is the temperature drop due to locally
enhanced heat capacity of the ferrofluid in the magnetic field [8]. Azizian et al. [9] achieved
92

Chapter 4- Thermomagnetic convection

up to 300% enhancement in the local heat transfer coefficient of a Fe3O4/water ferrofluid by
increasing the magnetic field strength. The authors found the reason in accumulation of
particles near the heat source leading to a region of higher effective thermal conductivity. .
Ghofrani et al. [10] achieved up to 27.6% enhancement in convective heat transfer by
applying an alternating magnetic field to a ferrofluid flow passing through a circular tube at a
low Reynolds number. Similar trends were obtained in other works[11, 12]. Aminfar et al.
[13] numerically simulated the effect of a non-uniform magnetic field on convective heat
transfer of a ferrofluid passing through a vertical pipe. They observed that applying a
magnetic field with negative gradient in direction of the flow, increases the Nusselt number
while the reverse occurs for a positive magnetic field gradient.
Ghasemian et al. [14] compared the effect of constant and alternating non-uniform magnetic
field induced around a current-carrying wire on heat transfer characteristics of ferrofluid
passing through a minichannel, where they obtained 16.48% enhancement in heat transfer of
constant magnetic field. The enhancement was 27.72% for alternating magnetic field with
same intensity and a frequency of 𝑓 = 4 Hz. The authors explained that the Kelvin body
force produced due to the interaction between the local magnetic field and magnetization of
ferrofluid, forms vortices that disrupt the thermal boundary layer and results in augmentation
of the Nusselt number. For alternating magnetic fields, in addition to formation of vortices,
the oscillation of particles also disturbs the thermal boundary layer and improves the flow
mixing.
A survey of the available literature suggests that almost all investigations have been carried
out for ferrofluid under externally applied magnetic fields [15, 16]. In the present study, we
report for the first time the flow induction in a static suspension of magnetic nanoparticles in
water due to the self-induced magnetic field around a single current-carrying wire. The
relation between flow properties and current is theoretically studied. To validate the model,
the Nusselt number of the induced flow is measured for different currents being supplied to
the wire at different fluid temperatures. Curve fitting of the experimental results shows
acceptable agreement with the scaling analysis.
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4.3 Theoretical model
Figure 4-1 shows a schematic of the induced magnetic field around the current-carrying hot
wire. The induced magnetic field around the current-carrying wire is characterised by the
following equations:
⃗ = 𝜇0 (𝐻
⃗ +𝑀
⃗⃗ ) = 𝜇0 (1 + 𝜒)𝐻
⃗,
𝐵

(4.1)

⃗⃗ = 𝜒𝐻
⃗,
𝑀

(4.2)

⃗, 𝑀
⃗⃗ , |𝐻
⃗ | = 𝐼 , 𝜒 and 𝜇0 = 4𝜋 × 10−7 N/A2 are the induced flux density,
where 𝐵
2𝜋𝑟
magnetization, magnetic field strength, magnetic susceptibility and magnetic permeability of
free space, respectively.
When current is applied to the wire, a temperature gradient is imposed on the suspension
resulting in non-uniform magnetic susceptibility of the ferrofluid, which can be expressed by
the linear part of the Langevin equation:
𝜒=

𝑛〈𝑚2 〉
3𝑘B 𝑇

,

(4.3)

where 𝑛 is the numerical concentration of ferroparticles, 〈𝑚2 〉 is the mean squared
ferroparticle magnetic moment and 𝑘B is Boltzmann constant.
According to Finlayson [17], the imposed thermal and magnetic fields result in a nonuniform magnetic body force which makes the ferrofluid flow as a bulk suspension due to the
temperature dependence of the magnetization. This phenomenon is called the
thermomagnetic convection. The magnetic body force applied to an incompressible ferrofluid
is given by:
⃗⃗ ∙ 𝐵
⃗),
𝑓 = ∇(𝑀

(4.4)
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Figure 4-1 Schematic of the induced magnetic field around a current-carrying wire.

⃗⃗ and 𝐵
⃗ and 𝜒 = Δ𝜒 + 𝜒0, where 𝜒0 is the magnetic
Substituting Eq.(4.1) and Eq.(4.2) for 𝑀
susceptibility at a reference temperature, in equation (4.4) results in the body force in
cylindrical coordinates:
𝑓=

−𝜇0 (1+𝜒0 )𝜒0 𝐼 2
2𝜋 2 𝑟 3

+

−𝜇0 (1+2𝜒0 )Δ𝜒𝐼 2
2𝜋 2 𝑟 3

for Δ𝜒 2 ≪ 𝜒0 ,

(4.5)

where the first term on the right-hand side is the hydrostatic term (i.e. unaffected by changes
in the velocity field), and the second term is the dynamic driving force arising from changes
in the susceptibility due to the temperature field as shown in Eq. (4.3). Applying the
Maclaurin series expansion and neglecting higher order terms, the magnetic susceptibility
change with respect to its value at the reference temperature is given by:
∆𝜒 ≈ −𝜒0

∆𝑇
𝑇0

,

(4.6)

Shifting the hydrostatic component of the magnetic body force into the pressure gradient term
by redefining the pressure as 𝑃∗ = 𝑃 −

𝜇0 (1+𝜒0 )𝜒0 𝐼 2
2𝜋 2 𝑟 3

expressed as:
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𝜌

⃗
𝐷𝑉
𝐷𝑡

⃗ +
= −∇𝑃∗ + 𝜇∇2 𝑉

𝜇0 (1+2𝜒0 )χ0 𝐼 2
2𝜋 2 𝑟 3 𝑇0

∆𝑇 𝑟̂ + 𝜌𝑔,

(4.7)

where 𝜌𝑔 represents the Buoyancy force.

For a heated wire in a ferrofluid, it is interesting to focus on the effect of the electrical current
on heat transfer since I both determines the strength of the magnetic field and causes the
temperature change of the wire via Joule heating. Thus electrical current dependency
distinguishes thermomagnetic convection from gravitational free convection where Joule
heating is the only driver. From the definition of the heat transfer coefficient applied to an
electrically heated wire we should expect that:
𝑞 = 𝑅𝐼2 = ℎ𝐴∆𝑇,

(4.8)

and thus:
𝛥𝑇~𝑁𝑢−1 𝐼2 ,

(4.9)

By using a similar procedure to Incropera’s derivation for the Rayleigh number of free
convection [18] a magnetic Grashof number can be developed as:
𝐺𝑟𝑚 =

𝜇0 (1+2𝜒0 )𝜒0 𝐼 2 𝛥𝑇𝑟𝑐𝑒𝑙𝑙 3
2𝜌𝜋 2 𝑟𝑤𝑖𝑟𝑒 3 𝑇0

,

(4.10)
𝐿

For a vertical cylinder with large aspect ratio (𝐷), LeFevre and Ede [19] suggest the following
relation between the Grashof number and Nusselt number:
2

1

4
4
7𝐺𝑟∙𝑃𝑟
4(272+315𝑃𝑟)𝐿
̅̅̅̅
𝑁𝑢 = 3 [5(20+21𝑃𝑟)] + 35(64+63𝑃𝑟)𝐷 ,

(4.11)

Substituting Eq.(4.9) for ∆𝑇 in Eq.(4.10), and then Eq.(4.10) for Grashof number in Eq.(4.11)
and neglecting the second term on the right of Eq.(4.11) results in a nonlinear relation
between the Nusselt number and the applied current
𝑁𝑢~𝐼 0.8 ,

(4.12)

Similarly for laminar free convection domination, the following nonlinear relation is expected
between the Nusselt number and the applied current:
𝑁𝑢~𝐼 0.4 ,

(4.13)
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4.4 Measurement and results
Figure 4-2 shows a schematic of the apparatus used to measure the temperature of the wire. It
is essentially the same setup as that used in the transient hot-wire method for measuring
thermal conductivity except that here it is being used to determine the Nusselt number. A
measurement cell has been designed for this purpose. The cell is a circular channel, 50 mm in
length and 5 mm in diameter, embedded in an acrylic block, with a 50-μm diameter copper
wire passing through the centre of the channel and soldered to thin copper tapes at the two
ends. A constant current is supplied to the wire to generate the heat into the fluid, a
multimeter is used to measure the voltage across the hot wire, and the data of voltage vs. time
is recorded to a computer using our LabViewTM program. Based on the recorded voltage, the
resistance of the wire is calculated and then converted into temperature of the wire using the
measured temperature coefficient of resistance (TCR) of the copper wire. A detailed
explanation of the design, fabrication and calibration of this apparatus is given in [20].
After measuring the temperature change with time, the heat transfer coefficient ℎ is
calculated from the following equation,
𝑞 = ℎ𝐴(𝑇𝑤𝑖𝑟𝑒 − 𝑇0 ),

(4.14)

where 𝑞 = 𝑅𝐼 2 is the generated power, 𝐴 is the surface area of the wire, 𝑇𝑤𝑖𝑟𝑒 is the
temperature at the surface of the wire and 𝑇0 is the temperature of the bath.
The Nusselt number of the flow is calculated as,
̅̅̅̅ = ℎ𝐿,
𝑁𝑢
𝑘

(4.15)

where 𝐿 = 0.05m is the length of the wire, and 𝑘 is the thermal conductivity of the ferrofluid
predicted by the Corcione’s correlation [21] at any given temperature.
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Figure 4-2 Schematic of the measurement apparatus

A ferrofluid provided by FerrotecTM, with 2% nanoparticle volume concentration and average
nanoparticle diameter of 10 nm was used as the test fluid. The Nusselt number for heat
transfer from the wire in this fluid was measured at different temperatures in a range of 10C
to 40C with four different currents of 1.5 A, 2 A, 2.5 A and 3 A being supplied to the wire.
To investigate the advantage of the combined natural and thermomagnetic convections over
natural convection only, the temperature rise of the wire for a short period of time (7 s) has
been measured for the wire immersed in ferrofluid and deionized water. The predominant
means of heat transfer for the wire in deionized water is the natural convection, while in
ferrofluid thermomagnetic convection is added to enhance the heat transfer. Figure 4-3 shows
the temperature rise of the wire when constant currents of 2 A and 3 A were applied to the
wire. In the linear regions where both DIW and ferrofluid have same temperature rises, the
heat transfer is dominated by transient heat conduction [22]. Then the thermomagnetic
convection of ferrofluid becomes important (indicated by the deviation of the curve from the
straight line) and later the free convection of DIW [23]. As a result of the combined natural
and thermomagnetic convections, significantly lower wire temperatures are obtained for the
ferrofluid (almost 40% less temperature rise when 3 A is applied). It can be observed that the
temperature rise does not reach a steady state in this period of time and continues to increase
as the channel wall is heated after some time.
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Figure 4-3 Transient temperature rise of the wire in deionized water (DIW) and ferrofluid (FF) for
two different electrical currents (2 A and 3 A) with an initial temperature of 40°C. Other currents
showed the same trend.

The result of the scaling analysis (Eq. (4.12)) should ideally be compared with steady-state
experimental conditions since the transient term in Eq. (4.7) is considered to be small (i.e.
was neglected) in comparison with the viscous and body-force terms used to construct the
magnetic Grashof number. However, since a steady state was not achieved in the experiment
(see Figure 4-3), due to the low thermal diffusivity of the sample holder, it seems appropriate
to select a point in the curve where the gradient with respect to time is small (dT/dt  0) to
justify comparison with the scaling analysis. The minimum point in Figure 4-3 is easily
identifiable in different experiments and from other studies with free convection it may be
observed that the steady-state temperature rise for vessels with metal walls (and consequently
the steady-state Nusselt number), is typically slightly higher but of the same order of
magnitude as the minimum point in the temperature history of the wire [24-27].
Figure 4-4 shows the variation of the maximum Nusselt number with current for different
initial temperatures of the fluid. Maximum Nusselt number is calculated for the instance
when the measured temperature is at its local minimum after the onset of convection (Figure
4-3). It is observed that, as expected from the scaling (Eq. (4.12)), the Nusselt number
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increases nonlinearly with increasing current for all temperatures. Curve fitting shows that
experimental results are in good agreement with the scaling analysis (Eq. (4.12)).

Figure 4-4 Maximum Nusselt number for a wire in ferrofluid against current at different initial
temperatures.

4.5 Conclusion
The effect of the self-induced magnetic field around a current-carrying wire on heat transfer
from the wire into a ferrofluid has been studied. The scaling analysis predicts that fluid flow
is induced with a Grashof number in proportion to the electrical current. Nusselt numbers
were found to increase in proportion to the current with a power of 0.8. The experimental
results were found to be in agreement with the scaling analysis. We demonstrated that the
thermomagnetic convection in addition to natural convection can further improve the heat
transfer from the wire. The phenomenon has important implications for utilization of
ferrofluids in cooling of current-carrying electronic components and for measurement of
ferrofluid thermal conductivity with commonly-used thermo-electrical techniques such as the
transient hot-wire method.
100

Chapter 4- Thermomagnetic convection

Bibliography
[1] Prasher, R., Bhattacharya, P., and Phelan, P. E., 2005, "Thermal conductivity of nanoscale
colloidal solutions (nanofluids)," Physical review letters, 94(2), p. 025901.
[2] Vatani, A., Woodfield, P. L., and Dao, D. V., 2015, "A survey of practical equations for
prediction of effective thermal conductivity of spherical-particle nanofluids," Journal of
Molecular Liquids, 211, pp. 712-733.
[3] Raj, K., and Moskowitz, R., 1990, "Commercial applications of ferrofluids," Journal of
Magnetism and Magnetic Materials, 85(1), pp. 233-245.
[4] Shima, P., and Philip, J., 2011, "Tuning of thermal conductivity and rheology of
nanofluids using an external stimulus," The Journal of Physical Chemistry C, 115(41), pp.
20097-20104.
[5] Altan, C. L., Elkatmis, A., Yüksel, M., Aslan, N., and Bucak, S., 2011, "Enhancement of
thermal conductivity upon application of magnetic field to Fe3O4 nanofluids," Journal of
Applied Physics, 110(9), p. 093917.
[6] Lajvardi, M., Moghimi-Rad, J., Hadi, I., Gavili, A., Isfahani, T. D., Zabihi, F., and
Sabbaghzadeh, J., 2010, "Experimental investigation for enhanced ferrofluid heat transfer
under magnetic field effect," Journal of Magnetism and Magnetic Materials, 322(21), pp.
3508-3513.
[7] Philip, J., Shima, P., and Raj, B., 2007, "Enhancement of thermal conductivity in
magnetite based nanofluid due to chainlike structures," Applied Physics Letters, 91(20), p.
203108.
[8] Korolev, V., Arefyev, I., and Blinov, A., 2008, "Heat capacity of superfine oxides of iron
under applied magnetic fields," Journal of Thermal Analysis and Calorimetry, 92(3), pp. 697700.
[9] Azizian, R., Doroodchi, E., McKrell, T., Buongiorno, J., Hu, L., and Moghtaderi, B.,
2014, "Effect of magnetic field on laminar convective heat transfer of magnetite nanofluids,"
International Journal of Heat and Mass Transfer, 68, pp. 94-109.
[10] Ghofrani, A., Dibaei, M., Sima, A. H., and Shafii, M., 2013, "Experimental investigation
on laminar forced convection heat transfer of ferrofluids under an alternating magnetic field,"
Experimental Thermal and Fluid Science, 49, pp. 193-200.
[11] Selimefendigil, F., and Öztop, H. F., 2014, "Effect of a rotating cylinder in forced
convection of ferrofluid over a backward facing step," International Journal of Heat and Mass
Transfer, 71, pp. 142-148.
[12] Goharkhah, M., and Ashjaee, M., 2014, "Effect of an alternating nonuniform magnetic
field on ferrofluid flow and heat transfer in a channel," Journal of Magnetism and Magnetic
Materials, 362, pp. 80-89.
101

Chapter 4- Thermomagnetic convection

[13] Aminfar, H., Mohammadpourfard, M., and Zonouzi, S. A., 2013, "Numerical study of
the ferrofluid flow and heat transfer through a rectangular duct in the presence of a nonuniform transverse magnetic field," Journal of Magnetism and Magnetic Materials, 327, pp.
31-42.
[14] Ghasemian, M., Ashrafi, Z. N., Goharkhah, M., and Ashjaee, M., 2015, "Heat transfer
characteristics of Fe 3 O 4 ferrofluid flowing in a mini channel under constant and alternating
magnetic fields," Journal of Magnetism and Magnetic Materials, 381, pp. 158-167.
[15] Mukhopadhyay, A., Ganguly, R., Sen, S., and Puri, I. K., 2005, "A scaling analysis to
characterize thermomagnetic convection," International Journal of Heat and Mass Transfer,
48(17), pp. 3485-3492.
[16] Rahman, H., and Suslov, S. A., 2015, "Thermomagnetic convection in a layer of
ferrofluid placed in a uniform oblique external magnetic field," Journal of Fluid Mechanics,
764, pp. 316-348.
[17] Finlayson, B., 1970, "Convective instability of ferromagnetic fluids," Journal of Fluid
Mechanics, 40(04), pp. 753-767.
[18] Bergman, T. L., Incropera, F. P., DeWitt, D. P., and Lavine, A. S., 2011, Fundamentals
of heat and mass transfer, John Wiley & Sons.
[19] Le Fevre, E., and Ede, A., 1956, "Laminar free convection from the outer surface of a
vertical circular cylinder," Proc. Proceedings of the 9th International Congress Applied
Mechanics, pp. 175-183.
[20] Vatani, A., Woodfield, P. L., and Dao, D. V., 2015, "A miniaturized transient hot-wire
device for measuring thermal conductivity of non-conductive fluids," Microsystem
Technologies, Volume 2, Issue 10, pp. 1-4.
[21] Corcione, M., 2011, "Empirical correlating equations for predicting the effective thermal
conductivity and dynamic viscosity of nanofluids," Energy Conversion and Management,
52(1), pp. 789-793.
[22] Healy, J., De Groot, J., and Kestin, J., 1976, "The theory of the transient hot-wire
method for measuring thermal conductivity," Physica B+ C, 82(2), pp. 392-408.
[23] Nagasaka, Y., and Nagashima, A., 1981, "Absolute measurement of the thermal
conductivity of electrically conducting liquids by the transient hot-wire method," Journal of
Physics E: Scientific Instruments, 14(12), p. 1435.
[24] Rusconi, R., Williams, W. C., Buongiorno, J., Piazza, R., and Hu, L.-W., 2007,
"Numerical analysis of convective instabilities in a transient short-hot-wire setup for
measurement of liquid thermal conductivity," International Journal of Thermophysics, 28(4),
pp. 1131-1146.
[25] S.T. Ro, J. H. L., J.Y. Yoo, 1990, "Onset of natural convection effect in transient hotwire system," Thermal conductivity 21, Edited by Cremers and Fine, Plenum Press, pp. 151163.
102

Chapter 4- Thermomagnetic convection

[26] P.L. Woodfield, J. F., M. Fujii, Y. Takata, K. Shinzato, 2008, "Numerical Simulation of
Natural Convection in a Transient Short-Hot-Wire Thermal Conductivity Cell," Volume,
22(4), pp. 217-222.
[27] Zhang, X., Fujiwara, S., Qi, Z., and Fujii, M., 1999, "Natural convection effect on
transient short-hot-wire method," JASMA: Journal of the Japan Society of Microgravity
Application, 16(2), pp. 129-135.

103

Onset of thermomagnetic convection
Statement of contribution to co-authored unpublished paper
This chapter includes a co-authored paper. The bibliographic details of the co-authored paper,
including all authors, are:
A. Vatani, P. Woodfield, Nam-Trung Nguyen, D. Dao, “Onset of thermomagnetic
convection around a vertically oriented hot-wire in ferrofluid ” Journal of Magnetism and
Magnetic Materials, Under review
My contribution to the paper involved: literature review, measurement and data collection,
analysis, writing and editing manuscript.

Signed:

Date: 30/11/2017

PhD Candidate (corresponding author of paper): Ashkan Vatani

Countersigned:

Date: 30/11/2017

Principal Supervisor (Co-author): Dr. Peter Woodfield

Countersigned:
Principal Supervisor (Co-author): Dr. Dzung Dao

Date: 30/11/2017

Chapter 5- Onset of thermomagnetic convection

5.1 Abstract
Onset of thermomagnetic convection around a vertically oriented hot-wire in ferrofluid is
analytically and experimentally investigated by studying the temperature rise of the
electrically-heated wire. During the initial stage of heating, the temperature rise is found to
correspond well to that predicted by conduction only. For high electrical current densities, the
initial heating stage is followed by a sudden change in the slope of the temperature rise with
respect to time as a result of the onset of thermomagnetic convection cooling. The observed
onset of thermomagnetic convection was then compared to that of natural convection of
deionized water. For the first time, the critical time corresponding to the onset of
thermomagnetic convection around an electrically-heated wire is characterized and nondimensionalized as a critical Fourier number (𝐹𝑜c ). We propose an equation for 𝐹𝑜c as a
function of a magnetic Rayleigh number. We observed that thermomagnetic convection in
ferrofluid occurs earlier than natural convection in deionized water for similar experimental
conditions. The onset of thermomagnetic convection is dependent on the current density
supplied to the wire. The findings have important implications for cooling of high-power
electronics using ferrofluids and for measuring thermal properties of ferrofluids.

5.2 Introduction
Ferrofluid is a unique type of nanofluid with many potential and existing applications in
biomedicine, point-of-care diagnostics and heat transfer [1-3]. Because of its potential,
research related to ferrofluid has attracted great attention during the past decade [4-6]. The
differences between ferrofluid and conventional nanofluids are related to its magnetic
properties, which when exposed to a magnetic field with a non-uniform temperature
distribution result in a unique type of convection called “thermomagnetic convection” [7-9].
Thermomagnetic convection occurs due to variation of magnetic susceptibility and hence
changes in the magnetic body-force distribution as a result of temperature gradients in the
fluid.
Unlike natural convection, time-dependent thermomagnetic convection around a heated wire
has been given very little attention in the literature [10]. The onset of natural convection has
been investigated in numerous researches [11-14] . For natural convection, heat transfer from
a vertical cylinder and the transition from the conduction regime to natural convection have
been well documented [15-19]. The onset of natural convection effects in a transient hot-wire
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system was experimentally studied by Ro et al. [17] for air, carbon tetrachloride (CCl4) and
n-Hexane (n-C6H14). The authors determined the dimensionless upper limiting time for the
measurement of the thermal conductivity of fluids as a function of modified Rayleigh number
(Ra*=Nu.Ra). Zhang et al. [19] studied the natural convection of various fluids in transient
short-hot-wire cells with different lengths of wire. The team correlated the nondimensionalized critical time corresponding to the onset of natural convection (𝐹𝑜c ) as a
𝐿

function of both Rayleigh number and wire aspect ratio (𝐷). Later, Woodfield et al. [18]
numerically simulated the natural convection for the short-hot-wire in Hydrogen and Argon,
where the results were in good agreement with the correlation proposed by Zhang et al [19].
The effect of magnetic field on the onset of natural convection has also been investigated by a
number of researchers [13, 20, 21]. Yadav et al [11, 21, 22] realized that increasing the
Rayleigh number and Lewis number accelerates the onset of natural convection in a
nanofluid layer, while increasing the magnetic Chandrasekar number [23] delays the
phenomenon.
The studies done on the onset of natural convection have largely been motivated by the need
to avoid convection effects when measuring thermal conductivity of fluids. In the transient
hotwire method for measuring thermal conductivity, the temperature rise of the hotwire due
to Joule heating is measured at any instant and plotted against the logarithm of time. Then the
slope of the linear region of the plot, where heat conduction is the dominating means of heat
dissipation from the wire to the fluid, is used to calculate the thermal conductivity of the fluid
[24]. The main feature of this technique is its short measurement time. It is of particular
importance that the data necessary to measure the thermal conductivity should be collected
before the onset of convection [25]. Therefore, determining the time corresponding to onset
of convection effects is valuable for measuring thermal conductivity and thermal diffusivity
of fluids.
In the present study, for the first time, the onset of thermomagnetic convection in a nonuniform magnetic field induced around a vertical hotwire is analytically correlated and
experimentally validated and compared to the onset of free convection in deionized water
(DIW).
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5.3 Theoretical model
The induced magnetic field around the current-carrying wire immersed in an electrically nonconductive ferrofluid (no electromagnetic free current induced in the flow) is characterised by
Maxwell’s relations as:
⃗ = 𝜇0 (𝐻
⃗ +𝑀
⃗⃗ ) = 𝜇0 (1 + 𝜒)𝐻
⃗,
𝐵

(5.1)

⃗⃗ = 𝜒𝐻
⃗,
𝑀

(5.2)

A constant current applied to the wire results in Joule heating and imposes a temperature
gradient on the sample liquid. This temperature gradient results in a non-uniform magnetic
susceptibility of the ferrofluid. Temperature dependence of the magnetic susceptibility has
been expressed in the Langevin equation:
𝜒=

𝑛〈𝑚2 〉
3𝑘B 𝑇

,

(5.3)

where 𝑛 is the numerical concentration of ferroparticles and 〈𝑚2 〉 is the mean squared
ferroparticle magnetic moment.

Eq. (5.3) shows that as the temperature increases the

susceptibility (and hence the magnetic body force on the fluid) decreases.
Finlayson [26] explained that, similar to thermogravitational convection, the non-uniform
magnetic susceptibility distribution in the fluid results in a non-uniform magnetic body force
which makes the colder fluid with higher susceptibility flow toward the larger magnetic field
strength region (i.e. toward the wire in this study). This phenomenon is called the
thermomagnetic convection. The magnetic body force applied to an electrically nonconducting incompressible ferrofluid is given by:
⃗⃗ ⃗⃗⃗⃗
𝑓 = ∇(𝑀
∙ 𝐵 ),

(5.4)

The Kelvin body force in cylindrical coordinates can be derived by substituting appropriate
⃗⃗ and 𝐵
⃗ corresponding to the magnetic field around a single wire and 𝜒 =
expressions for 𝑀
Δ𝜒 + 𝜒0 , where 𝜒0 is the magnetic susceptibility at a reference temperature, into Eq.(5.4) to
obtain:
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𝑓=

−𝜇0 (1+𝜒0 )𝜒0 𝐼 2
2𝜋 2 𝑟 3

+

−𝜇0 (1+2𝜒0 )Δ𝜒𝐼 2
2𝜋 2 𝑟 3

,

(5.5)

The first term on the RHS of Eq. (5.5) is the hydrostatic term (i.e. unaffected by changes in
the velocity field), and the second term is the dynamic driving force arising from changes in
the magnetic susceptibility due to the temperature field as shown in Eq. (5.3). Applying the
Maclaurin series expansion and neglecting higher order terms, the magnetic susceptibility
change due to temperature gradient is given by:
∆𝜒 ≈ −𝜒0

∆𝑇
𝑇0

,

(5.6)

Shifting the hydrostatic component of the magnetic body force into the pressure gradient term
by redefining the pressure as 𝑃∗ = 𝑃 −

𝜇0 (1+𝜒0 )𝜒0 𝐼 2
2𝜋 2 𝑟 3

, the Navier-Stokes equations can be

expressed as:
⃗
𝐷𝑉

⃗ +
𝜌 𝐷𝑡 = −∇𝑃∗ + 𝜇∇2 𝑉

𝜇0 (1+2𝜒0 )χ0 𝐼 2
2𝜋 2 𝑟 3 𝑇0

∆𝑇 𝑟̂ + 𝜌𝑔,

(5.7)

where 𝜌𝑔 represents the gravitational buoyancy force and the third term on the right hand
side is the magnetic body force.

A magnetic Rayleigh number was derived from Eq. (5.7) by Vatani et al [10] for this
geometry, using a similar procedure to Incropera’s derivation for the Rayleigh number of free
convection [27]:
𝑅𝑎m =

𝜇0 (1+2𝜒0 )𝜒0 𝐼 2 Δ𝑇𝑟𝑐𝑒𝑙𝑙 3
2𝜋 2 𝛼𝜇𝑟𝑤𝑖𝑟𝑒 3 𝑇0

,

(5.8)

This magnetic Rayleigh number expresses the thermomagnetic force to viscous force ratio
multiplied by the Prandtl number, characterising the thermomagnetic convection heat
transfer. By analogy with transient natural convection, the Fourier number representing the
time to the onset of thermomagnetic convection effects is expected to be a function of the
magnetic Rayleigh number from Eq. (5.8), the Nusselt number and the length-to-diameter
ratio for the wire.
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5.4 Measurement method
The measurement set up used in this experiment is essentially the same as the one used in the
transient hot-wire method to measure the temperature rise of the wire. The measurement cell
designed for this experiment includes a circular channel, 50 mm in length and 5 mm in
diameter, embedded in an acrylic block, with a 50-μm diameter copper wire passing through
the centre of the channel and soldered to thin copper tapes covering the two ends of the
channel. A power supply (KEITHLEY 2200-20-5) was used to provide a constant current to
the wire and consequently generate heat via Joule heating and dissipate it into the fluid, a
multimeter (KEITHLEY 2000) was used to measure the voltage across the hot wire, and a
LabViewTM program was designed to record the data of voltage vs. time. The measurement
was placed in a temperature controlled bath (ISOTECH RS422) to ensure uniform
temperature. The setup was calibrated to find the temperature coefficient of resistance (TCR)
of the wire. Based on the recorded voltage, the resistance of the wire is calculated and then
converted into temperature of the wire using the measured TCR. A detailed explanation of
the design, fabrication and calibration of this apparatus is given in [28].
After measuring the temperature change with time, the heat transfer coefficient ℎ is
calculated from its definition as the proportionality coefficient in Newton’s law of cooling as
ℎ=

𝑞
𝐴(𝑇wire −𝑇0 )

,

(5.9)

where 𝑞 = 𝑅𝐼 2 is the generated power, 𝐴 is the surface area of the wire, 𝑇wire is the
temperature at the surface of the wire and 𝑇0 is the temperature of the bath.
The Nusselt number of the flow is calculated as,
𝑁𝑢L =

ℎ𝐿
𝑘

,

(5.10)

where 𝐿 = 0.05 m is the length of the wire, and 𝑘 is the thermal conductivity of the ferrofluid
predicted by the Corcione’s correlation [29] at any given temperature. Fourier number
representing the dimensionless time is calculated as:
𝐹𝑜 =

𝛼𝑡
𝑟wire 2

,

(5.11)
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where wire radius rwire is used as characteristic length.
A ferrofluid provided by FerrotecTM (Japan) with 2% nanoparticle volume concentration and
average nanoparticle diameter of 10 nm was used as the test fluid. Foc for the onset of natural
convection and thermomagnetic convection is determined at different temperatures in a range
of 10 C to 40 C with four different currents of 1.5 A, 2 A, 2.5 A and 3 A being supplied to
the wire.

5.5 Results and discussion
Figure 5-1 shows the temperature rise of the wire for a 5 s heating period. In the initial linear
region of the plot, heat conduction is the dominating means of heat transfer. However, after a
given time span the temperature rise deviates from linearity. The time at which temperature
rise deviates 5% from the slope of conduction curve is defined as the critical time
corresponding to the onset of convection. This definition is consistent with the criterion used
in Zhang et al’s study on natural convection [19].

Figure 5-1 Temperature rise of the wire at 40°C bath temperature when 1.5A current is supplied.

To validate the experimental results of the present study, Foc for the onset of free convection
in DIW is compared with the results reported in literature. It is shown in Figure 5-2 that
present experimental results are in good agreement with the correlation proposed by Zhang et
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al [19] for estimating the critical time for the onset of natural convection in deionized water.
𝐿

In the correlation, 𝑅𝑎∗ = 𝑅𝑎. 𝑁𝑢 is the modified Rayleigh number and 𝐷 term has been added
to consider the effect of the wire aspect ratio.

Figure 5-2 Comparison of present experimental results for water with the correlations of Zhang et al
[19] and experimental results available in literature [18, 19, 30]

As mentioned above, for a heated wire in DIW, initially the heat transfer from the hotwire to
the fluid is via conduction only, and after a critical time, natural convection becomes
dominant. By examining the temperature-rise data it is apparent that the onset of natural
convection corresponds reasonably well to the time when the Nusselt number for convection
becomes equal to the Nusselt number of transient conduction only. This is illustrated in
Figure 5-1 where the horizontal line represents steady-state free convection for the wire and
the straight line passing through the linear section of the data corresponds to conduction only.
Therefore, we propose that a reasonable estimate for the critical time for the onset of
convection effects can be obtained by simultaneously solving relations that predict the
Nusselt numbers for the two regimes:
𝑁𝑢Conduction = 𝑁𝑢Convection,

(5.12)

The temperature rise of the hotwire for the initial linear region (conduction only) has been
given by Carslaw and Jaeger [24]:
111

Chapter 5- Onset of thermomagnetic convection

𝑞′

∆𝑇 = 4𝜋𝑘 ln (𝑟

4𝛼𝑡
wire

2𝜉

),

(5.13)

where 𝑞′ is the heat generation per unit length of the wire, 𝑘 the thermal conductivity of the
fluid, 𝛼 thermal diffusivity of fluid and 𝜉=1.781 is the exponential of Euler’s constant. By
substituting in Eq. (5.9) and then Eq. (5.10), the Nusselt number for conduction from a long
wire into a surrounding fluid is given as:
𝑁𝑢L =

4L
D ln(

4𝐹𝑜
)
𝜉

,

(5.14)

A number of equations for the Nusselt number of free convection around a vertical thin
cylinder are reported in the literature [31] . One of them is the theoretically derived equation
by Le Fevre and Ede [32]:
2

1

4
4
7𝐺𝑟∙𝑃𝑟
4(272+315𝑃𝑟)L
̅̅̅̅
𝑁𝑢 = 3 [5(20+21𝑃𝑟)] + 35(64+63𝑃𝑟)D ,

(5.15)

Another equation for the vertically heated cylinders is the empirical correlation proposed by
Yang [33]:
1
6

𝐿 0.5

𝑁𝑢𝐿 0.5 = 0.6 (𝐷)

𝑅𝑎

+ 0.387
[

16
9 9
0.492 16
(1+(
) )
𝑃𝑟

,

(5.16)

]

Figure 5-3 compares a curve-fitted correlation of the Nusselt number calculated based on
present experimental data with Eqs. (5.15) and (5.16) for deionized water (DIW). Figure 5-3
also shows that the Nusselt number for thermomagnetic convection of the ferrofluid is
proportional to magnetic Rayleigh number with a power of almost one quarter, which is a
common proportionality for the natural convection in the literature [31, 34-37]. For
determining the Nusselt number for the ferrofluid in Figure 5-4, the local minimum in the
curve shown in Figure 5-1 (at time  1.5 s) was used. It is also shown in Figure 5-3 that the
magnetic Rayleigh number is few orders of magnitude larger than conventional Rayleigh
number. The ratio of these two dimensionless numbers is actually the ratio of magnetic to
gravitational buoyancy forces. This large ratio of three orders of magnitude (O E+03) is
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consistent with the earlier occurrence of thermomagnetic convection rather than natural
convection.

Figure 5-3 Variation of the NuL with Ra and Ram for DIW and Ferrofluid, respectively.

Figure 5-4 shows the corresponding time for the onset of free convection based on the
principle explained above. It is shown that, in spite of a difference in the Nusselt number
predicted by Eq. (5.15) and experimental results, the time corresponding to the onset of free
convection predicted by both are very close. This makes it reasonable to use the curve fitted
correlation for estimating 𝐹𝑜𝑐 .
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Figure 5-4 Comparison of the predicted critical time using Eq. (5.15) and Curve fitted correlation
when 1.5A is supplied at 40°C. The blue line is the Nusselt number for conduction heat transfer from
a heated wire. The other two solid lines correspond to steady-state natural convection [32].

By substituting the correlations for the Nusselt number as a function of Rayleigh number in
the form of 𝑁𝑢𝑐𝑜𝑛𝑣𝑒𝑐𝑡𝑖𝑜𝑛 = 𝑋𝑅𝑎𝑌 (both for free convection and thermomagnetic convection)
in the equality of Nusselt numbers, an equation for predicting 𝐹𝑜c can be derived as:
4

𝜉

ln 𝐹𝑜c = 𝑋 𝑅𝑎−𝑌 + ln 4 ,

(5.17)

where X=50, Y=0.13 for free convection and X=1.22, Y=0.23 for thermomagnetic convection.
Figure 5-5 shows that relatively good agreement is observed between measured and predicted
Foc for both free convection of DIW and thermomagnetic convection of ferrofluid. It is also
observed, by point by point comparison of the results for DIW and ferrofluid, that although
𝐹𝑜c for both cases decreases by increasing the applied current, this decrease is more
substantial for ferrofluid.
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Figure 5-5 Comparison of the experimentally determined critical Fourier number with the predictions
for DIW and Ferrofluid.

5.6 Interpretation and definitions of dimensionless groups
The present study relies heavily on the use of dimensionless groups and analogies between
natural convection and thermomagnetic convection. The analogy is justifiable because both
natural convection and thermomagnetic convection introduce a body force term to the
Navier-Stokes equation which is driven by temperature gradients. For example, in Eq. (5.7)
the gravitational body force term (fourth term on the right) is often replaced by gT which
is known as the Boussinesq approximation for natural convection. Thus (as a first
approximation), both terms are proportional to a temperature change with respect to a
reference condition even though the spatial direction of the two terms is different (here radial
and axial for thermomagnetic and natural convection, respectively).
Concerning definitions, the magnetic Rayleigh number has been defined in several studies [7,
38-41] with similar physical interpretations but with different magnetic field configurations.
In these prior studies, the magnetic field is imposed externally with a single direction [39, 40]
or dipole [7] arrangement. In this study, however, the magnetic field is that of a single
current-carrying wire and as a result, the magnetic Rayleigh number (Eq. (5.8)) involves a
radial space dimensions. Moreover, instead of expressing the magnetic Rayleigh number in
terms of a pyromagnetic constant and general magnetic field gradients [26, 42] we have used
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a more convenient form for evaluation in terms of the electrical current in the wire.
Therefore, the Rayleigh number given by Eq. (5.8) should only be used for circumstances
where the field is generated by an electric current in a single conductor. The interpretation of
the present magnetic Rayleigh number is the ratio of thermomagnetic body forces from a
single electrical conductor to viscous body forces multiplied by the ratio of viscous to thermal
diffusion.
Our proposed criterion for onset of thermomagnetic convection is that the ratio of a transient
conduction dominated Nusselt number to a steady-state convection dominated Nusselt
number is unity (Eq. (5.12)). Usually, Nusselt numbers are interpreted as the ratio of
convection heat transfer to conduction heat transfer. This is certainly the case for NuConvection,
but is not the case for NuConduction. Rather, the apparent transient ‘conduction’ heat transfer
coefficient from Eq. (5.14) arises from applying Newton’s law of cooling (Eq. (5.9)) in the
limit of conduction-dominated heat transfer. (Note that it is quite common to apply Newton’s
law of cooling to conduction heat transfer situations, e.g. when defining overall heat transfer
coefficients in heat exchangers). Therefore, NuCD can be interpreted as the ratio of thermal
resistance due to conduction in the axial direction of the domain to the apparent transient
thermal resistance between a transiently heated cylinder and an infinite fluid. The proposed
onset criterion has some justification in that we are looking for a boundary between the two
regimes – namely conduction-dominated and thermomagnetic convection-dominated heat
transfer for the wire.

5.7 Conclusion
The onset of thermomagnetic convection of ferrofluid around a vertical heated wire in a
thermal conductivity measurement cell, for the first time, was experimentally studied and
compared with the onset of free convection for DIW. Experimental results for DIW were
validated by comparison with the available correlations in the literature. Nusselt number of
the flow has been correlated as a function of magnetic Rayleigh number for thermomagnetic
convection. Equations for predicting the onset of both thermomagnetic convection and free
convection were proposed. Thermomagnetic convection occurs due to temperature gradients
affecting susceptibility of a ferrofluid in a magnetic field. It was shown that, generally,
thermomagnetic convection happens earlier than free convection. The time for the onset of
thermomagnetic convection changes exponentially with the increase in the current density
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supplied to the wire. Since Fo increases with decreasing length scale, thermomagnetic
convection can be used for microscale applications where immediate cooling is required and
free convection is not effective. Future work should investigate the effectiveness of
thermomagnetic convection for temperatures above the boiling point of the liquid.
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Chapter 6- Boiling heat transfer of ferrofluid

6.1 Abstract
Transient boiling heat transfer from an electrically-heated microwire in Fe3O4/water
nanofluid (ferrofluid) was investigated for the first time. The transient temperature rise of the
wire for different electrical currents was measured and compared with results for deionized
water to highlight the effect of the magnetic particles on the heat transfer. It was observed
that below the normal boiling point of water, the ferrofluid enhances the heat transfer.
However, above the boiling point, the heat transfer ability of the ferrofluid significantly
decays due to deposition of particles on wire. Scanning electron microscope (SEM) images of
the wire showed that the ferromagnetic particles form a coating layer on the wire of various
morphologies depending on electric current and duration of heating. Parameters affecting
both heat transfer and particle deposition such as current, time and concentration of ferrofluid
were investigated.

6.2 Introduction
Boiling heat transfer is considered a vital phenomenon in many industrial systems such as air
conditioning, electronic cooling, food processing and power generation, where high heat
transfer rates and temperature control are required. As a result of this, boiling heat transfer
enhancement has been a major field of research for many years. Boiling heat transfer
enhancement techniques range from surfactant addition [1] to fabrication of nanostructured
extended surfaces [2]. In this study we consider the effect of the presence of ferromagnetic
nanoparticles on boiling heat transfer from an electrically heated microwire.
Ferrofluid, as a novel type of cooling fluid has been proposed to enhance convection and
boiling heat transfer [3-6]. It was shown that ferrofluids, in addition to the mechanisms
responsible for heat transfer enhancement of ordinary nanofluids [7], can further enhance the
heat transfer when in the presence of a magnetic field. However, the effectiveness of
ferrofluids for boiling heat transfer when subjected to a magnetic field is still to be confirmed.
Findings of Aminfar et al [8] from an experimental study of ferrofluid flow boiling in a
vertical annulus in both presence and absence of magnetic field showed that using ferrofluid
increases the critical heat flux (CHF) up to 33% and applying a magnetic field increases the
CHF a further 23% , which amounts to a 56% enhancement beyond that of pure water. Habibi
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et al [9] achieved up to 50% enhancement to boiling heat flux by using in ferrofluid rather
than pure water by applying a constant magnetic field. Abdollahi et al [10] experimentally
studied the effect of a magnetic field on boiling heat transfer of ferrofluid from a flat plate.
Their experiments revealed that adding the ferromagnetic nanoparticles would not necessarily
augment the heat transfer coefficient. Instead, they found that surface roughness and the
magnetic field gradient are the two main factors affecting the boiling heat transfer coefficient.
They observed that the boiling heat transfer decreased and increased as a result of positive
and negative magnetic field gradients, respectively. In a theoretical study, Xu and Peng [5]
proposed that applying magnetic field enhances the boiling heat transfer by promoting
nucleation through adsorption of high-energy fluid molecules. They also showed that by
selecting optimum magnetic field intensity, the detachment diameter and detachment
frequency of bubbles can be increased and decreased, respectively, to enhance the boiling
heat transfer. Mohammadpourfard et al [6] numerically simulated the effect of magnetic field
on pool boiling heat transfer of ferrofluid from a horizontal plate. They observed that
applying a negative magnetic field gradient will elongate the bubbles and increasing the
magnetic field intensity will increase the boiling heat transfer. Junhong et al [11] studied the
pool boiling heat transfer of water-based magnetic fluid in absence and presence of a
magnetic field. For the conditions they considered, it was shown that boiling heat transfer in a
magnetic fluid increased in the absence of a magnetic field. They observed that the bubbles
generated under magnetic field are smaller in size and much more in number compared to
pure water. They theoretically explained their observations in terms of a magnetic buoyancy
force applied to the bubbles in a magnetic field.
Deposition of nanoparticles on the heated surface and changing the surface morphology has
been introduced as the main factor affecting the boiling heat transfer of nanofluids. Nabati et
al [12] experimentally studied the effect of the addition of nanoparticles with different sizes
on boiling heat transfer. They reported that deposition of particles with diameters smaller
than the surface roughness of a clean heater makes the surface smoother, which becomes
even smoother by increasing the nanoparticle concentration in the nanofluid. The result of
this surface smoothness is the deterioration of heat transfer, while the story is reverse for the
case of particles with larger diameter than surface roughness. These results were confirmed
by experiments of Bang et al [13] where they observed enhancement to boiling heat transfer
from a plain surface with nanoscale roughness. They explained that sedimentation of
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nanoparticles enhanced the surface roughness. In agreement with this hypothesis, Das et al
[14] reported that sedimentation of nanoparticles smoothened the surface of a commercial
cartridge heater with micron-scale surface finish. Manetti et al [15] concluded that the
enhancement/deterioration of boiling heat transfer coefficient (BHTC) strongly depends on
morphology of the surface of heater. They observed that deposition of nanoparticles increase
the HTC only for low concentrations and moderate heat flux. Aminfar et al [8] claimed that
the increased CHF for dilute nanofluid is not due to the enhanced fluid properties but as a
result of nanoparticle deposition on the surface. They first measured the CHF for ferrofluid
on a smooth and clean surface, and then repeated the experiment for pure water on the
nanoparticle deposited surface, where similar results were obtained. They explained that
deposition of nanoparticles on the heated surface by changing the contact angle and surface
wettability enhanced the CHF. However, they reported that by decreasing the flow mass flux
the CHF was reduced which was mainly due to attraction of nanoparticles toward the
magnets and therefore reduction in deposition of nanoparticles on the heated surface.
Deposition of impurities is not only limited to nanofluids, as Hsu et al [16] studied the boiling
heat transfer enhancement due to deposition of impurities of tap water. They observed that
during the boiling process, deposition of impurities of tap water forms a thin film on the
surface of the heater which significantly increases the critical heat flux by increasing the
wettability of the surface. The effect of magnetic actuation on pool boiling heat transfer and
on surface morphology of the pool was examined by Shojaeian et al [17] where up to 29%
enhancement in heat transfer was achieved. It was shown that magnetic actuation
significantly reduced the deposition and sedimentation of nanoparticles on the pool surface.
They also observed that, although reducing the sedimentation of nanoparticles, magnetic
actuation left a thick and porous film on the surface, increasing the surface roughness.

Effect of nanofluid concentration on boiling heat transfer has been investigated in numerous
studies. An optimum concentration has been reported by researchers at which the heat
transfer coefficient is maximised [18]. Abdollahi et al [10] observed that the pool boiling heat
transfer coefficient of ferrofluid increased by increasing nanoparticle concentration up to
0.1%, and then decreased by further increasing of volume concentration to 0.4%. A similar
trend can be seen in the results of [19]. However both groups agree that increasing
concentration enhances the critical heat flux. This decrease after an optimum value of
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concentration was related to the formation and adherence of large clusters to nucleation sites
and deactivating the nucleation sites [10]. Kole and Dey [18] in simultaneous studies of the
effect of increasing concentration and surface roughness, explained that at higher
concentrations, larger nanoparticle clusters that settle down at the bottom surface due to
gravity cannot take part in heat transfer during the boiling process. Therefore, the actual
nanoparticle concentration in the fluid decreases and results in declined heat transfer
coefficients (HTCs).

Moreover they added that the enhanced boiling heat transfer

coefficients (BHTCs) at low nanoparticle concentration is likely due to the increased average
roughness of the heater surface, while at higher concentrations the thick layer of particles
formed on the heater surface reduces its roughness by blocking the active nucleation sites,
which in turn reduces the bubble formation intensity and consequently decreases the BHTC.
Table 6.1 summarises the latest studies on boiling heat transfer of magnetic fluids. Since only
a limited number of studies have been done with varying results, it is clear that the
effect/merit of the presence of ferromagnetic particles in the liquid for boiling heat transfer is
still an open question. In particular, none of the studies in Table 6.1 consider heat transfer
from an electrically-heated wire. This gap in the literature is an important topic for
investigation since the electrical current through the wire produces a magnetic field which
may influence the behaviour of the magnetic particles.
In the present work boiling heat transfer of ferrofluid in a non-uniform magnetic field
induced around a vertically oriented current carrying wire has been experimentally studied
and compared with that of deionized water (DIW). Furthermore the effect of nanoparticle
deposition on the wire on the BHTC has been analysed using SEM images.

125

Chapter 6- Boiling heat transfer of ferrofluid

Table 6.1 Summary of the recent studies on boiling heat transfer of ferrofluids.

Ref

Concentration

Study type

Findings
 Magnetic actuation of magnetic fluid enhances the BHT by

[17]

29 mg/L

Experimental

preventing deposition and sedimentation of particles ad also
assisting circulation of nanoparticles.
 A porous zone formed around vapor film, reduces the
quenching process HT resulting in increased quenching time.

[9]

0.4-0.8% VF

Experimental

 Implementing a magnetic field in vertical direction, produces
an upward secondary current that accelerates the release of
vapor bubbles and enhances the BHT up to 50%.
 Surface roughness and magnetic field gradient are the main

[10]

0.01-0.4% VF

Experimental

factors determining whether adding nanoparticles would
enhance or deteriorate BHT.
 Deposition of particles on the inner tube surface results in
increased surface wettability and increased CHF.
 Applying magnetic field at large mass flux enhances the CHF

[8]

0.01-0.1% VF

Experimental

by suppression of nucleate boiling and stabilization of boiling
flow.
 Applying magnetic field at low mass flux results in attraction
of nanoparticles to the magnets and reduces the rate of
deposition, leading to reduced CHF.
 Negative magnetic field increased CHF due to decreased

[20]

4% VF

Numerical

evaporation rate on the wall surface which is responsible for
wall dry out.
 Applying a positive magnetic field, the vapor bubbles will
elongate horizontally, which makes their separation from the
surface difficult.

[6]

--------

Numerical

 Negative magnetic field applies a magnetic buoyancy force to
the bubble in direction of gravitational buoyancy force which
helps the separation of bubbles by elongating them in vertical
direction
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6.3 Experimental set up
A 50-m copper wire, transiently heated with a constant current was used to investigate
boiling heat transfer in the ferrofluid. The measurement cell designed for this experiment
includes a circular channel with 50 mm length and 8 mm diameter with 1 mm thick acrylic
wall. The copper wire passing through the centre of the channel is soldered to thin copper
tapes covering both ends of the channel. Two tiny holes were drilled at the top and bottom of
the channel, one for fluid injection and the other one for bubbles to escape. Lead wires were
soldered to the thin copper tapes at the two ends of the channel to connect the microwire to
power supply and multimeter. A KEITHLEY 2200 power supply was used to apply a
constant current to the microwire (and generate heat via Joule heating), a KEITHLEY 2000
multimeter was used to measure the voltage, and a LabViewTM program was designed to
record the data of voltage vs. time. An ISOTECH RS422 temperature bath was used to ensure
uniform temperature around the measurement cell. The measurement procedure has been
thoroughly explained in [21]. A constant current is supplied to the wire and the resistance is
measured using the multimeter and recorded over a specified period of time. The system was
calibrated to find the temperature coefficient of resistance (TCR) of the wire. Using this
calibration, the measured transient resistance of the wire was converted into a space-averaged
transient wire temperature.

6.4 Results and discussion
In the present work, the boiling heat transfer of ferrofluid when temperature of the fluid
reaches above 100℃ is studied. The sample used in this experiment is a 2% volume
concentration ferrofluid with average nanoparticles diameter of 10 nm, provided by
FerrotecTM.

Thermomagnetic convection below boiling point
Firstly, to evaluate the superiority of ferrofluid over water in heat transfer, the temperature
rise of the wire in ferrofluid was compared to the one in deionized water over a short period
of time, when 1.5 A is supplied to the microwire (Figure 6-1).

127

Chapter 6- Boiling heat transfer of ferrofluid

Figure 6-1 Temperature rise of the wire over 7 seconds when 1.5 A is supplied (at 20℃ initial bath
temperature). The inset shows the experimental setup.

As is shown in Figure 6-1, the two overlapping lines separate after 1.4 s where the slope of
the line for ferrofluid significantly drops. This behaviour can be attributed to
“thermomagnetic convection” occurrence [22]. Thermomagnetic convection is another type
of free convective heat transfer which arises in a magnetic field with temperature gradients
due to temperature dependence of the magnetic susceptibility of the ferrofluid. The heat
transfer enhancement of a ferrofluid around a vertical current carrying wire rather than
deionized water due to thermomagnetic convection has been theoretically explained in [23].
When a constant current is supplied to the microwire, a non-uniform magnetic field is
induced around the wire. The magnetic field applies a body force 𝑓 = ∇(𝑀 ∙ 𝐵) to the
ferrofluid which induces a flow in direction of decreasing susceptibility, toward the wire. The
onset of thermomagnetic convection has been studied and correlated in [22]. Figure 6-1 is
clearly consistent with the findings of [23] concerning convection heat transfer enhancement
from a current-carrying wire using ferrofluid.
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Boiling heat transfer of ferrofluid
To study the boiling heat transfer of the ferrofluid, higher currents than those used in [22]
were applied to the microwire to increase the temperature of the hotwire above the normal
boiling point of water. To validate the experimental procedure, the boiling curve for DIW
was compared to Rohsenow’s correlation [24] and Stephan and Abdelsalam’s correlation [25]
and demonstrated in Figure 6-2, where acceptable agreement was observed between the
experiment and Rohsenow’s correlation. Figure 6-3 compares the temperature rise of the
hotwire in both ferrofluid and DIW above the boiling point of water for different currents
supplied to the wire for a period of 10 s. The initial bath temperature was set to 75℃ since
above that the acrylic cell deforms.

Figure 6-2 Apparatus validation, heat flux as a function of superheat value.

It is shown in Figure 6-3 a-c that the temperature of the wire in DIW tends to reach steadystate at around 110℃, while in ferrofluid it exhibits a drastic rise after a short time of 3.3 s,
1.1 s and 0.75 s when 2.5 A, 3 A and 3.5 A currents are supplied, respectively. This sudden
drastic temperature rise happens when the temperature of the fluid at the vicinity of the wire
is about 113℃, 135℃ and 149℃ , respectively, and is so significant that the temperature of
the wire reaches to more than 215℃ in 10 s for the case of 2.5 A supplied. For the cases when
3 A and 3.5 A is supplied, the temperature of the wire reaches to around 397℃ in only 2.45 s
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and 1.10 s, respectively, and then burns out. Figure 6-3 clearly shows that ferrofluid is
unexpectedly not a good option for boiling heat transfer enhancement for the conditions
considered.

2.5A

3.0

(a)

3.5

(b)

(c)

Figure 6-3 Temperature rise of the hotwire when a) 2.5 A, b) 3 A, c) 3.5 A is supplied.

The low heat removal of ferrofluid can be explained in relation to deposition of nanoparticles
on the microwire. As Kim et al [26] explains, during the boiling of nanofluid, a nanocoating
forms on the heated surface as the microlayer growing under the vapour layer evaporates,
leaving behind nanoparticles adhered to the wire. In contrast with observations of Sarafraz et
al [27] who report that the coating layer enhances the heat transfer of the nanofluid by
changing the number of micro-cavities on heated surface and the surface wettability, the
results in Figure 6-3 for the ferrofluid show a degradation of heat transfer. It is conceivable
that the particles deposited on the wire form a porous layer with cavity holes which become
filled with water vapour preventing effective heat transfer from the wire.
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Even without consideration of boiling heat transfer, the coating of ferromagnetic particles on
the wire provides additional thermal resistance between the wire and the fluid. The validity of
this claim was examined by studying the effect of coating layer on temperature rise of the
wire. First the temperature rise of the wire immersed in DIW for 1.5 A being supplied was
measured for 20 s. Then the experiment was repeated with 2.4 A with measurement cell filled
with ferrofluid to make a coating layer of nanoparticles on the surface of wire (Figure 6-5).
Finally, the temperature rise of wire in DIW was measured again but this time with the coated
wire. Figure 6-4 shows the temperature rise of both original wire and coated wire immersed
in DIW. Better heat transfer from the wire is observed for the original bare wire, which
confirms the claim that the porous coating acts as an insulation layer even without
consideration of boiling heat transfer.

Figure 6-4 Comparison of the temperature rise (for 1.5 A) of an uncoated wire and a wire coated with
ferromagnetic particles by first being heated in ferrofluid using an electric current of 2.4 A for 10 s.

Deposition of nanoparticles on microwire
To better understand the mechanism behind the poor boiling heat transfer performance of the
ferrofluid, deposition of the nanoparticles was studied using SEM images. A new wire was
used for each experiment. First, the microwire was immersed in ferrofluid for 24 hours
without an electrical current, where no deposition of particles on the surface of wire was
observed. Figure 6-5a shows an SEM image of the wire after a constant current of 2 A was
supplied for 10 s, where still no particles were deposited on the wire surface. Deposition of
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particles was observed when the current was increased to 2.4 A (Figure 6-5b) where a porous
layer was formed around the wire after 10 s of heating.

(a)

(b)

(c)

(d)

Figure 6-5 SEM images of (a) 2 A for 10s, (b) 2.4 A for 10s, (c) 2.4 A for 20s and (d) 3.3 A for 0.7s.

The morphology, thickness and consequently thermal resistance of the coating layer depend
on the current and the time that current is being supplied and the concentration of
nanoparticles in ferrofluid. To show the effect of time, 2.4 A was supplied again to a new
wire, this time for 20 s (Figure 6-5c). It is shown that the diameter of the coated wire has
increased from ~89 μm after 10 s to ~236 μm after 20 s. This coating layer of nanoparticles
is almost four times thicker than the bare wire. The reason for the continuing deposition of
particles on the wire is that, as thermomagnetic convection happens, circulating flows are
induced in the ferrofluid that circulate nanoparticles and bring them to the vicinity of the
wire. This could be the main difference when using ferrofluid rather other types of nanofluid.
To study the effect of current on the deposition of particles, the current was increased to 3.5
A, where the wire broke after 0.7 s only. Figure 6-5d shows that, surprisingly, the diameter of
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the coated wire after only 0.7 s is about 205 μm. Comparing Figure 6-5c and d it can be
concluded that although in both cases the coating layers have almost same thickness, but for
the case of 3.3 A, the porous layer is less structured. The reason is considered to be due to
both the short time of the heating, where nanoparticles did not have enough time to form a
homogenous layer, and also vigorous nucleation boiling due to the high current supplied.
Comparing Figure 6-5a and b it can be concluded that this deposition is not simply an effect
of the magnetic force, but the boiling of the ferrofluid. Figure 6-6 shows the temperature-time
history of the wire for the currents supplied. When a low current (2 A) is supplied for a short
time (10 s), the magnetic force is large enough to make thermomagnetic convection occur
[23] but the temperature has not reached the boiling point of water at atmospheric pressure.
When a large enough current (2.4 A) is supplied, the temperature of the fluid in the vicinity
of the wire reaches above the water boiling point before the thermomagnetic convection
occurs, resulting in evaporation of the fluid molecules. When fluid molecules evaporate, the
remaining nanoparticles in the region adhere to the wire as shown in Figure 6-5 b-d.

Figure 6-6 Temperature-time history of the wire when different currents are supplied for different
times having 75°C initial bath temperatures.
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Effect of concentration on deposition of particles
Figure 6-7 shows the deposition of nanoparticles on the heated wire immersed in ferrofluid
with three different volume concentrations of 2%, 0.4% and 0.2% when 2.2 A was supplied
for 20 s. As expected, the coating around the wire is much thicker for the 2% ferrofluid with a
coated wire diameter of ~151 μm, while the average measured diameter is only ~72 μm and
~67 μm for 0.4% and 0.2% ferrofluids, respectively. The rate of deposition of particles
(average diameter/time) for the 2% concentration ferrofluid is 6.5 times that of the highly
diluted fluid with 0.2% concentration, while its concentration is 9 times bigger. This may be
attributed to the earlier onset of boiling for the diluted fluid since its properties are very
similar to DIW.

(a)

(b)

(c)

Figure 6-7 SEM images of the coated wires in ferrofluid with different volume concentrations of
a) 2% b) 0.4% and c) 0.2%.
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6.5 Conclusion
Boiling heat transfer for ferrofluid around a current carrying wire was studied. It was shown
that, in contrast to the findings of other studies, deposition of particles on the wire
deteriorates the boiling heat transfer from a single wire immersed in ferrofluid. The rate of
particle deposition depends on the power being supplied, time and concentration of the
ferrofluid. For the case of conventional non-magnetic nanofluids, only particles in the vicinity
of the heated surface adhere to the surface, while for the case of ferrofluid the induced
magnetic field around the current carrying wire enhances the deposition rate.
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7.1 Abstract
Mixed natural and thermomagnetic convection heat transfer in ferrofluid surrounding a
vertically orientated, electrically-heated microwire is experimentally and numerically
investigated and compared with the natural convection in de-ionized water. Experimental
results are validated with numerical simulation. The convective forces are induced by density
gradients and magnetic susceptibility gradients both due to temperature gradients in the fluid.
The results are presented in the form of a transient temperature rise of the wire and
streamlines of the induced flow for various currents supplied to the wire. It was found that as
a result of the magnetic field, vortexes form along the cell which enhances the heat transfer
from the wire and their size and number depends on the current supplied. The studied
phenomenon can have great impact on the research on cooling electronic devices.

7.2 Introduction
Magnetic fluids, also known as ferrofluids, are colloidal suspensions of ferromagnetic
particles with diameters of 5-15 nm in a non-magnetic carrier fluid. Ferrofluids exhibit
special performance when in presence of a magnetic field. Their magnetic property and the
advantage of controlling the flow by a magnetic field make ferrofluids an appropriate choice
for many applications [1-6]. The mechanical applications of ferrofluids include heat transfer
[7], loudspeakers [8], energy conversion [9], thermomagnetic pumps [10, 11]. Controlled heat
transfer and fluid flow of ferrofluids by magnetic field has attracted great attention during the
past decade [12, 13].

Natural convection is a passive form of convection driven by temperature-induced density
gradients. Magnetic fluids, in addition to natural convection, exhibit another type of passive
convection driven by the magnetic forces applied to the bulk fluid as a result of temperatureinduced magnetic susceptibility gradient of the fluid, called thermomagnetic convection
(TMC).

Thermomagnetic convection has been experimentally and numerically investigated in
numerous researches to assist the ordinary natural and forced convection heat transfer for
different geometries and conditions. Yamaguchi et al [14] observed an enhancement in heat
transfer from the heat generating square cylinder located at the centre of a cubic cavity with
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isolated walls under a uniform vertical magnetic field. Lajvardi et al [15] in an experiment on
heat transfer of ferrofluid through a heated copper tube in presence of magnetic field reported
that the main reason for augmented heat transfer is the remarkable changes in thermophysical
properties of ferrofluid under the influence of applied magnetic field. They explained that
when subjected to an external magnetic field, the magnetic dipolar interaction energy
between the ferromagnetic particles dominates over the thermal energy and the moments of
magnetic particles start to align in direction of magnetic field. Then by increasing the
magnetic field intensity the particles form doublets, triplets and chains, resulting in increased
thermal conductivity of the fluid and enhanced heat transfer. Aminfar et al [16] numerically
investigated the hydro-thermal characteristics of a ferrofluid flow in a vertical rectangular
duct which is exposed to a non-uniform transverse magnetic field generated by an electric
current going through a wire located parallely at a short distance from the duct. They
observed that applying a transverse magnetic field exerts a perpendicular force to the flow
direction and deforms the axial velocity profile so that the flow rate and velocity gradients
near the wall are increased and consequently the local Nusselt number is enhanced.
Mukhopadhyay et al [17] analytically scaled the average Nusselt number with the magnetic
Rayleigh number for square enclosure filled with a ferrofluid that is under the influence of an
external magnetic field created by a line dipole.

Magnetic field configurations have been shown to be an important parameter affecting the
thermomagnetic convection. Krakov et al [18] numerically studied the pattern of
thermomagnetic convection in a square cavity filled with magnetic fluid and heated from
below, by alternating the direction of magnetic field. It was shown that the convective
vortexes turn at double the speed in the opposite direction to the rotation of magnetic field.
Zablotsky et al [19] experimentally and numerically studied the effect of magnets location on
the thermomagnetic convection in a magnetic fluid in a vertically oriented rectangular cell
with permanent magnets attached to the walls when bottom wall is heated and top wall is
cooled. Their results showed that the heat transfer rate was maximised when the magnets
were placed closest to the warm wall. Ashouri et al [20] numerically studied the effect of
varying magnet size on heat transfer rate in an obstructed two-dimensional square cavity
filled with ferrofluid with a thermally insulated square permanent magnet located at the
centre of the cavity. They ignored the thermal buoyancy flow due to non-gravity condition on
the plane. They observed that two major circulations were created in the upper half and lower
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half of the cavity. It was found that strength of the circulations depend on the magnet size.
They reported that increasing the permanent magnet size has two contrary effects of
strengthening the ferrofluid driving force due to the increased magnetic field, and the increase
in the resistance to the fluid flow. Therefore an optimum size for the magnet to maximise the
heat transfer rate exists. Yarahmadi et al [21] in their experimental study of the convective
heat transfer in a circular tube under constant heat flux could achieve up to 20% enhancement
in heat transfer rate using an oscillating magnetic field compared to the case with no
magnetic field applied.

As is apparent from the literature, most of studies on heat transfer of magnetic fluids have
considered steady state heat transfer under external magnetic field using magnets. In the
present study the thermomagnetic convection from a vertically oriented heated microwire
located at the centre of a cylindrical cell filled with ferrofluid exposed to a non-uniform
internal magnetic field due to the electrical current in the wire was experimentally tested and
numerically validated. Flow fields for the cases of thermomagnetic convection only and both
buoyancy and thermomagnetic convections (hereafter referred to as “mixed convection”) are
compared with buoyancy driven convection of de-ionized water (DIW). The objective is to
visualize the formation of circulating flows and vortexes as a result of the non-uniform
magnetic field.

7.3 Measurement method
The measurement apparatus used in this experiment is essentially the same setup as that used
in the transient hot-wire method for measuring thermal conductivity except that here it is
being used to measure the temperature rise of the microwire. The measurement cell includes
a circular channel with 50 mm length and 8 mm diameter with 1 mm thick acrylic wall. The
copper wire passing through the centre of the channel is soldered to thin copper tapes
covering both ends of the channel. Two tiny holes were drilled at the top and bottom of the
channel, one for fluid injection and the other one for bubbles to escape. Lead wires were
soldered to the thin copper tapes at the two ends of the channel to connect the microwire to
power supply and multimeter. A KEITHLEY 2200 power supply was used to apply a
constant current to the microwire and generate heat via Joule heating, a KEITHLEY 2000
multimeter was used to measure the voltage, and a LabViewTM program was designed to
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record the data of voltage vs. time. An ISOTECH RS422 temperature bath was used to ensure
uniform temperature around the measurement cell. The measurement procedure has been
thoroughly explained in [22]. A constant current is supplied to the wire and the resistance is
measured using the multimeter and recorded over a specified period of time. The system was
calibrated to find the temperature coefficient of resistance (TCR) of the wire. Then the
resistance of the wire at each instance can be converted to temperature using TCR.

7.4 Model formulation
Governing equations
The problem investigated was a 2D-axisymmetric rectangle with 50mm length and 4mm
radius in cylindrical coordinates. A constant current is supplied to the wire inducing a nonuniform magnetic field around the wire. No slip boundary conditions on the walls and wire
surface were considered. Initial temperature is fixed at 293K. Constant temperature of
𝑇w =293K on the outer surface of the wall and insulation on the upper and lower boundaries
of the cell are considered. A schematic of the problem is shown in Figure 7-1.
The magnetic field for an electrically non-conductive magnetic fluid is characterised by
Maxwell’s relations as
∇. 𝐵 = 0,

(7.1)

∇ × 𝐻 = 0,

(7.2)

⃗ is related to 𝐻
⃗ and 𝑀
⃗⃗ through following relations:
𝐵
⃗ = 𝜇0 (𝐻
⃗ +𝑀
⃗⃗ ) = 𝜇0 (1 + 𝜒)𝐻
⃗,
𝐵

(7.3)

⃗⃗ = 𝜒𝐻
⃗,
𝑀

(7.4)

⃗, 𝑀
⃗⃗ , |𝐻
⃗ | = 𝐼 , 𝜒 and 𝜇0 = 4𝜋 × 10−7 N/A2 are the induced flux density,
where 𝐵
2𝜋𝑟
magnetization, magnetic field strength, magnetic susceptibility and magnetic permeability of
free space, respectively.
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Figure 7-1 Schematic of the physical model and

Physical properties are assumed to be constant except for the density which is varying with
temperature based on Boussinesq’s model. The continuity, momentum and heat equations for
a transient incompressible flow are given as:
∇ ∙ 𝑢 = 0,

(7.5)

𝜕𝑢

𝜌 ( 𝜕𝑡 + 𝑢 ∙ ∇𝑢) = −∇𝑝 + 𝜇∇2 𝑢 + 𝑓,

(7.6)

𝜕𝑇

𝜌𝐶𝑝 ( 𝜕𝑡 + 𝑢 ∙ ∇𝑇) = 𝑘∇2 𝑇,

(7.7)

where 𝑢, 𝑘, 𝜇 and 𝑝 represent the velocity, thermal conductivity, viscosity and pressure,
respectively, and 𝑓 in Eq. (7.6) is the body force applied to the fluid. For the thermomagnetic
flow in presence of gravity force, 𝑓 includes buoyancy force and Kelvin body force. When
electrical current is applied to the wire, a temperature gradient is imposed on the suspension
resulting in a temperature-dependent gradient in density of the suspension. The buoyancy
force driven from the density gradient is given as
⃗⃗⃗
𝑓b = 𝜌𝑔𝛽(𝑇 − 𝑇0 ),

(7.8)
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where 𝑔 is gravitational acceleration, 𝛽 is thermal expansion coefficient and 𝑇0 is the
reference temperature at which density and thermal expansion coefficient are defined.
The imposed temperature gradient also results in non-uniform magnetic susceptibility of the
ferrofluid, which can be expressed by the linear part of the Langevin’s equation [23]:
𝜒=

𝑛〈𝑚2 〉
3𝑘B 𝑇

,

(7.9)

where 𝑛 is the numerical concentration of ferroparticles, 〈𝑚2 〉 is the mean squared
ferroparticle magnetic moment and 𝑘B is Boltzmann constant. According to Finlayson [24],
the imposed thermal and magnetic fields result in a non-uniform magnetic body force which
makes the ferrofluid flow as a bulk suspension due to the temperature dependence of the
magnetization. The Kelvin body force applied to the suspension is given as
⃗⃗⃗
⃗⃗ ∙ 𝐵
⃗ ),
𝑓k = ∇(𝑀

(7.10)

Substituting from Eqs. (7.3) and (7.4) and 𝜒 = Δ𝜒 + 𝜒0 in Eq. (7.10), Kelvin body force in
cylindrical coordinates can be rearranged to [25]
𝑓=

−𝜇0 (1+𝜒0 )𝜒0 𝐼 2
2𝜋 2 𝑟 3

+

−𝜇0 (1+2𝜒0 )Δ𝜒𝐼 2
2𝜋 2 𝑟 3

,

(7.11)

The first term in the right-hand side of Eq. (7.11) represents the hydrostatic pressure and the
second term is the dynamics driving force arising from variations in the susceptibility due to
the temperature gradient. Applying the Maclaurin series expansion and neglecting higher
order terms, the magnetic susceptibility change with respect to its value at the reference
temperature is given by:
∆𝜒 ≈ −𝜒0

∆𝑇
𝑇0

,

(7.12)

Shifting the hydrostatic component of the magnetic body force into the pressure gradient term
by redefining the pressure as 𝑃∗ = 𝑃 −

𝜇0 (1+𝜒0 )𝜒0 𝐼 2
2𝜋 2 𝑟 3

, the Navier-Stokes equations can be

expressed as:
⃗
𝐷𝑉

⃗ +
𝜌 𝐷𝑡 = −∇𝑃∗ + 𝜇∇2 𝑉

𝜇0 (1+2𝜒0 )χ0 𝐼 2
2𝜋 2 𝑟 3 𝑇0

∆𝑇 𝑟̂ + 𝜌𝑔,
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Ferrofluid is considered as a single phase bulk fluid and the physical properties of the
suspension are calculated as below
Thermal conductivity (Corcione correlation [26] is used which has been shown to perform
well for small volume fractions of nanofluids [27]):
𝑘FF =

𝑘p +2𝑘bf +2(𝑘p −𝑘bf )
𝑘p +2𝑘bf −(𝑘p −𝑘bf )

𝑘bf ,

(7.14)

Density:
𝜌FF = 𝜌p ∅ + (1 − ∅)𝜌bf,

(7.15)

Specific heat [16]:
𝐶FF =

∅𝜌p 𝐶p +(1−∅)𝜌bf 𝐶bf
∅𝜌p +(1−∅)𝜌bf

,

(7.16)

Physical properties of DIW and ferrofluid used in this study are tabulated in Table 7.1.
Table 7.1 Predicted Physical properties of ferrofluid used in numerical simulation

𝜌 [kg/m3]

𝑘 [W/m∙K]

𝐶𝑝 [kJ/kg∙K]

DIW

998

0.6

4.2

Ferrous Oxide

524[28]

6 [29]

0.883[30]

Ferrofluid

998.52

0.627

4.16

Validation of numerical procedure
Four different grid distributions were examined to ensure that the calculated results are grid
independent. Figure 7-2 shows the simulated results for the surface-averaged temperature rise
of the wire when thermomagnetic convection (TMC) only is considered and 2 A and 2.5 A
are supplied to the wire, respectively. As shown in Figure 7-2 increasing the grid numbers
beyond about 150000 cells (79 cells in the radial direction with the first cell near the wire
surface being 0.28 times the wire diameter) does not change significantly the temperature rise
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of the wire. Therefore the simulations in this study are conducted using the mesh with 145546
grids.

Figure 7-2 Grid dependence test for TMC only when a) 2.0 A and b) 2.5 A is supplied.

In order to examine the validity and precision of numerical procedure, the simulated results
for buoyancy-driven convection of DIW are compared to experimental results. As shown in
Figure 7-3 acceptable agreement is observed between experimental data and simulated
results.
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Figure 7-3 Validation of numerical simulation with experimental results for DIW.

7.5 Results and discussion
Experiments
First the temperature rise of the wire when cylinder is filled with DIW was measured for
different currents ranging from 1 A to 2.5 A being supplied to the wire for 10 s. In this case
the only mechanism responsible for the cooling of wire (in addition to heat conduction) is the
natural convection induced in DIW. As explained above, when a constant current is supplied
to the wire, a temperature gradient is imposed in the fluid due to Joule heating, which leads to
a gradient in the density of the fluid. As a result, the hot and heavy fluid in the vicinity of the
wire travels upward and is replaced by the cold fluid. The onset of natural convection from a
vertical cylinder has been studied in [31, 32]. The experiment was repeated with the cell
filled with ferrofluid. The ferrofluid used in this experiment was a water based suspension of
Fe3O4 particles with 2% volume fraction and a mean particles diameter of 10 nm provided by
FerrotecTM. The temperature-dependence of the magnetic fluid (Eq. (7.9)) makes the
ferrofluid flow away from cold region with higher magnetic susceptibility toward the hot
region near the wire with lower magnetic susceptibility. This phenomenon is called
thermomagnetic convection and in addition to natural convection enhances the heat transfer
rate from the wire in ferrofluid. Figure 7-4 compares the measured temperature rise of the
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wire for DIW (natural convection) and ferrofluid (mixed convection). It can be observed that
when 1.0 A is supplied to the wire, the results for DIW and ferrofluid are almost identical,
implying that the magnetic field is not large enough yet to affect the flow and heat transfer.
As the current increases, thermomagnetic convection becomes dominant and augments the
heat removal from the wire. As can be seen the temperature of the wire after 10 s is almost
13% lower in ferrofluid rather than DIW when 2.5 A is supplied to the wire.

Figure 7-4 Comparison of the experimental results for temperature rise of wire for DIW and
Ferrofluid.

As is apparent from Figure 7-4, deflection of the temperature rise from linearity, where the
convection occurs, is earlier for the case of ferrofluid under magnetic field. The onset of
thermomagnetic convection has been extensively studied in [33] where it has been shown that
the time for the onset of thermomagnetic convection is exponentially related to the reverse of
current supplied. Small differences in the physical properties of DIW and dilute ferrofluid
presented in Table 7.1 confirms that the enhanced heat transfer ability is due to the magnetic
field, not enhanced thermophysical properties of the ferrofluid.
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Numerical simulation
The thermomagnetic convection of ferrofluid with initial and boundary conditions explained
in section 7.4.1 was numerically simulated using COMSOL Multiphysics commercial
software. The magnetic susceptibility of the ferrofluid at reference temperature was taken to
be 𝜒0 = 1.51 as reported by the supplier. Figure 7-5 shows the comparison of simulated
results with experiments for ferrofluid. It is shown that although a little discrepancy exists
between simulation and experiment for absolute value at higher currents, numerical
simulation was still successful in predicting the trend of the temperature rise and also the time
for onset of thermomagnetic convection. The discrepancy between experiment and simulation
may rise from the inaccuracy in predicting the thermophysical properties of ferrofluid used
for simulation or imperfections in the experiment.

Figure 7-5 Comparison of simulated temperature rise of the wire with experiment for ferrofluid for
different currents supplied for 10 s.

Figure 7-6 compares the simulated temperature rise of the wire in DIW and ferrofluid. It can
be seen that 15℃, 6℃ and 4℃ lower temperatures are predicted for ferrofluid rather than
DIW when 2.5 A, 2 A and 1.5 A are supplied to the wire for 10s, respectively.
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Figure 7-6 Comparison of the simulated results for DIW and ferrofluid for different currents supplied
for 10 s.

To have a better understanding of the flow induced in ferrofluid as a result of induced
magnetic field, velocity magnitude, streamlines and temperature fields for the upper half of
the cell for three cases of buoyancy-driven natural convection of water, thermomagnetic
convection of ferrofluid in absence of natural convection, and finally mixed natural and
thermomagnetic convection of ferrofluid is plotted in Figure 7-7. It can be observed that as
expected, for the case of TMC the velocity magnitude of the induced flow is generally larger
than that of buoyancy-driven natural convection. Also since the Kelvin force is applied in
direction of increasing magnetic field, therefore the resulting radial velocity is larger near the
wire. It is shown that for the TMC only in absence of thermo-gravitational convection,
several circulating flows are created along the cell. Direction of the circulation for the vortex
adjacent to the upper wall is clockwise and for the vortex at the bottom of the cell is counterclockwise. The other vortexes between these two rotate clockwise and counter-clockwise
alternatively. For the case of mixed convection, presence of gravity elongates the vortexes
vertically along the cell. Comparing Figure 7-7 a and b shows that the temperature fields
correspond to the vortexes created.
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(a)

V [m/s]

(b)

T [K]

Buoyancy Only

TMC Only

Mixed

Figure 7-7 a) Streamlines and velocity magnitude, b) Temperature field for three cases of natural
convection of DIW, TMC convection of ferrofluid and mixed convection of ferrofluid.
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Figure 7-8 Streamlines for the TMC only case for different currents supplied after 10 s.

Figure 7-8 shows the streamlines for the case of TMC only after 10 s for different currents
supplied. It can be observed that increasing the current increases the size of vortexes and
consequently decrease the number of them. Also velocity of induced flow is increased by
increasing the current.
Development of the vortexes over the time can be studied in Figure 7-9. It can be seen that
thermomagnetic convection starts with creating small vortexes on the surface of wire. The
vortexes develop as the time goes on and merge with other vortexes as they become larger in
size. That is the reason for fewer numbers of vortexes for higher currents after a specific time
in Figure 7-9 as the formation and development of vortexes is faster. Development of
vortexes continues on until they reach the vertical wall, then new small vortexes start to form
on the wire. The new small vortexes push the old larger vortexes and force them to merge
with each other.
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0.2 s

4.0 s

0.7 s

1.2 s

6.0 s

8.0 s

Figure 7-9 Development of vortexes as a result of magnetic field
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7.6 Conclusion
The flow and heat transfer characteristics of mixed natural and magnetic convection of
ferrofluid induced around a vertical current-carrying wire was studied and compared to DIW.
Buoyancy flow is induced as a result of the density change and thermomagnetic flow is
induced due to magnetic susceptibility change along the radius of the cell. The problem
studied in present work has potential application for heat removal from small-scale cooling
devices. A transient hot-wire technique was used to measure the temperature rise of the wire.
Governing equations were solved using COMSOL Multiphysics commercial software.
Experiments and simulations were carried out for various currents at same initial temperature.
The results indicated that:


Using ferrofluid instead of DIW can significantly enhance the heat removal from the
heated wire.



Applying a magnetic field by adding circulating flows to the conventional buoyancydriven flow can enhance the flow mixing and heat transfer.



The number and size of the circulating flows depend on the current supplied.
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Chapter 8- Thermal conductivity of Carbon nanodots/water nanofluid

8.1 Abstract
Carbon nanodots are nanometer-sized particles of amorphous carbon that can be held
indefinitely in suspension in liquids if given the right surface treatment. Their size, stability
and unique photoluminescent properties make them attractive candidates for tracer materials
for use in heat transfer experiments. Here we measure the effective thermal conductivity of
water containing 1.5 g/L (0.077% volume fraction) of fluorescent green carbon nanodots. In
conflict with empirical predictions from nano-fluid literature but consistent with predictions
from classical theories applied to nanofluid thermal conductivity enhancement, the results
show no measurable difference between the thermal conductivity of the colloid and deionized
water. This finding adds confirmation to the value of photoluminescent carbon nanodots for
use as a water tracer in bench-top heat transfer experiments.

8.2 Introduction
Photoluminescence is a fascinating material property of fluorescent tracers where exposure to
ultra-violet light causes a release of light in the visible spectrum. This phenomenon has
formed the basis for the development of powerful techniques for tracking, detection and flow
visualization [1-3]. Fluorescent tracers are particularly valuable for heterogeneous and
biological fluids [4] in that the tracer’s unique response to the UV excitation generally makes
it easily distinguishable from other substances.
Fluorescent dyes are the most commonly-used photoluminescent tracer materials with a
relatively smaller number of studies utilizing photoluminescent particles. For nanofluids
(colloidal suspensions of nanometer-sized particles in a liquid), injection of rhodamine and
other fluorescent dyes has been an effective tool for investigating mass transfer and selfdiffusion of water in the presence of nanoparticles [5-10]. Micrometer-sized particles have
been used with success as tracers in heat transfer experiments (e.g. Ref. [11]). While
fluorescent chemical dyes may be in common use, considerably less attention has been given
to fluorescent nanometer-sized solid particles for tracer applications in the field of heat
transfer. Carbon dots appear to be an ideal candidate for a nanoparticle tracer with some
success already reported for water flow in porous media [1]. Carbon dots have unique,
tunable photoluminescent properties [12] and thus great potential for use as a tracer in heat
transfer research.
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Water containing carbon dots can be classified as a nanofluid since the particles in suspension
are significantly smaller than 100 nm [13] which adds an interesting complication for
development of a passive nano-particle tracer for heat transfer experiments. Nanofluids are
famous for significantly enhanced effective thermal conductivity above that of water even for
low particle concentrations [14]. Therefore it is important to investigate the extent to which
the nanoparticle tracer’s presence may influence the results of a heat transfer experiment. The
majority of studies related to the effective thermal conductivity of nanofluids have focused on
situations where enhancement to thermal properties is the desired effect. In contrast, for
tracers, the desired behaviour is that the probe has negligible effect on the properties of the
base fluid.
The importance of various mechanisms for explaining the observed enhancement to thermal
conductivity of nanofluids is still under some debate [15, 16]. The enhancement due to the
presence of the nanoparticles is firstly due to the larger thermal conductivity of the particle
material relative to the base fluid resulting in an increase in the ‘static’ contribution to the
apparent thermal conductivity of the suspension [17]. Several theories are connected to the
Brownian motion of the particles colliding with fluid molecules and consequently an
augmented ‘dynamic’ contribution (i.e. related to particle motion) to the effective thermal
conductivity [17, 18]. This contribution to the thermal conductivity has been found to be
directly proportional to temperature [18] since the Brownian motion of the particles increases
with rising temperature. It is also reported that the dynamic contribution to thermal
conductivity enhancement should be inversely proportional to the particles’ size [16, 19].
Smaller particles, due to their lighter weights, gain larger Brownian velocities than larger
particles [19]. Therefore nanofluids with smaller particle size are expected to have larger
enhanced thermal conductivities. Based on these two considerations it is meaningful to
attempt to measure the effective thermal conductivity of a photoluminescent C-dot nanofluid
as a function of temperature.
While carbon nanotube-based nanofluids have been given great consideration [20],
measurements of effective thermal conductivity of amorphous carbon/water nanofluids (such
as carbon-dot colloids) appear to be absent from the literature. Compared with metallic or
ceramic particles, graphene flakes or carbon nanotubes (which may have thermal
conductivities 100s or 1000s of times that of water), amorphous carbon has a relatively low
thermal conductivity (~ 1.6 W.m-1.K-1) [21] being only little higher than that of water (~ 0.6
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W.m-1.K-1) [22]. While this is promising for the tracer application, studies with nanometerthin films of amorphous carbon show strong size dependence of the thermal conductivity on
the thickness of the film [23]. For prediction of the effective thermal conductivity of the
carbon nanodot nanofluid in this study we have assumed that the solid material has a thermal
conductivity of 1.6 W.m-1.K-1.

8.3 Measurement methodology
The transient short hot-wire method [24-27] was used to measure the thermal conductivity of
the carbon-dot nanofluid. This technique is a variant of the standard transient hot wire
method [28] with the key difference that only a single wire is used and end effects are
accounted for by numerical solution of the 2D axisymmetric transient heat conduction
equation:
𝜕𝑇

𝜌𝑐 𝜕𝑡 =

1 𝜕
𝑟 𝜕𝑟

𝜕𝑇

𝜕

𝜕𝑇

(𝑟𝑘 𝜕𝑟 ) + 𝜕𝑧 (𝑘 𝜕𝑧 ) + 𝑞,

(8.1)

where k is the thermal conductivity,  the density, c specific heat and q the Joule heating per
unit volume in the wire (zero at radial positions greater than the wire radius). The cell walls
are assumed to act as isothermal boundaries for the problem. The initial condition
corresponds to the same isothermal temperature. Convection heat transfer effects can be
neglected provided the measurement time is short enough [28].
A new measurement cell was constructed consisting of a circular channel 50 mm in length
and 5 mm in diameter, drilled in an acrylic cube. A 50 m diameter platinum microwire
passes through the channel and is soldered at the two ends to micrometer thin copper tapes.
Using a programmable power supply, a constant electrical current is applied to the platinum
wire and the transient voltage is measured using a multimeter and recorded via a LabVIEWTM
program. A detailed overview of the measurement set up is given in [27]. Voltages are
converted to resistances and the temperature of the wire is calculated with the following
equation:
𝑅

𝑇 = (𝑅 − 1) /𝜎,

(8.2)

0

where R0 is the resistance of the wire at 0C and  is the temperature coefficient of resistance.
Then the thermal conductivity is then determined from a least-squares fit of the measurement
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data to the transient solution of the 2D axisymmetric heat conduction equation (Eq. (8.1))
[25, 26].
Figure 8-1 shows an example of the variation of the average wire temperature rise with
logarithm of time during heating of the wire. The fit from the numerical simulation used to
determine the thermal conductivity is shown as a solid line. When the measured temperature
rise is plotted against the logarithm of time, typically a straight line appears. While the bath
temperature in this case was 19.5C, the reference temperature for thermal conductivity
measurement is 25.4C, which corresponds to the average of the highest and lowest
measurement point temperature in Figure 8-1 as recommended by Healy et al [28]. For the Cdot nanofluid case shown in Figure 8-1, the fit from the numerical simulation corresponds to
a thermal conductivity of 0.605 W.m-1.K-1.

Figure 8-1 Variation of heated wire temperature with logarithm of time
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8.4 Experimental results
The thermal conductivity of a suspension of 2 nm diameter carbon nanodots in water with
0.077% particle volume fraction was measured at four temperatures in the range from 15C
to 45C. It is observed that the temperature rise of the wire is almost identical in both
nanofluid and deionized water as can be seen for example, in Figure 8-1 which also shows
the temperature rise for deionized water (DIW).
Figure 8-2 shows the measured thermal conductivity of the nanofluid sample and deionized
water at different temperatures. This figure also compares the measured data with the
standard IAPWS correlation for water using the National Institute of Standard and
Technology (NIST) database [29] and predicted results for nanofluid thermal conductivity
enhancement [30-32]. Maxwell’s relation for effective conductivity of composite solids [30]
sometimes under-predicts the enhancement while the empirical correlations of Corcione [31]
and Chon et al [32], have been shown to produce acceptable agreement with available
experimental data on nanofluid effective conductivity in the literature [15]. It is observed in
Figure 8-2 that measured data of deionized water are in very good agreement with standard
values of NIST. The measured data for nanofluid present a non-significant enhancement over
deionized water.
It should be noted that the hotwire probe was calibrated using water thermal conductivity at
35.5C (to account for small differences between the ideal model and experiment [24]) so
good agreement with the NIST database is expected for this particular temperature. Figure
8-2 also shows that the empirical correlation of Corcione predicts a significant enhancement
in the thermal conductivity of the nanofluid over deionized water due to very small particles
size and this enhancement increases with increasing temperature, while Maxwell’s relation
and the correlation proposed by Chon et al predict no such enhancement. Considering the
uncertainty in the measurement ( 2% with a coverage factor of 2 standard deviations for this
technique [24]), the present results are more consistent with the negligible change (< 0.4%) to
thermal conductivity predicted using Maxwell and Chon’s correlations. Thus carbon-dot
concentrations smaller than 0.1% volume-fraction are not expected to interfere with the
thermal conductivity of the base fluid if the dots are used as water tracers.

163

Chapter 8- Thermal conductivity of Carbon nanodots/water nanofluid

0.68

Thermal conductivity [Wm-1K-1]

0.67

Cdot nanofluid
Dionized water
NIST data (water)
+Maxwell (1881)
+Chon et al (2005)
+Corcione (2011)

0.66
0.65
0.64
0.63
0.62
0.61
0.6
0.59
0.58
0.57
10

15

20

25

30

35

40

45

50

Temperature [C]

Figure 8-2 Thermal conductivity of C-dot nanofluid against temperature (0.077% particle volume
fraction)

8.5 Detection limits for the tracer
To confirm the validity of the key conclusion of this study, it is of value to show that the
tracer concentration does not need to be greater than 0.077% volume fraction (c.f. Figure 8-2,
i.e. the case measured) for use as a tracer. To confirm this, we considered a simple setup
where a sample with concentrations ranging from 0 to 150 L/mL (volume fraction of carbon
dots 0 – 0.012%) was excited using a blue LED via a fibre optic cable at 90℃ to the detector
in a darkened room. Detection was done using a UV visible spectrometer (LASTEK-001
4399). Figure 8-3 shows the spectral distribution of emitted light in arbitrary units. The peaks
of the distributions appear for wavelengths around 535 nm which corresponds to the visible
colour - light green.
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Figure 8-3 Measured emitted radiation intensity for different dilutions of C-dot nanofluid under 470
nm UV light excitation. Concentrations are listed as L of concentrated C-dot nanofluid per mL of
final mixture where the concentrated nanofluid has 1.5 g of C-dots per litre of mixture.

Plotting the peak intensity against the concentration gives the result shown in Figure 8-4.
There is a clear linear trend between concentration and intensity which is good for
interpreting measured intensities in deionized water as concentrations of C-dots. The
minimum detectable limit with the equipment used was estimated at 0.9 L of concentrated
nanofluid per mL of water (C-dot volume fraction of 0.7 ppm). The main limitations are the
background light from the room ( 380. a.u. in Figure 8-4) and noise in the data. Thus it is
confirmed that the tracer can be used for concentrations significantly smaller than the
concentration used in the thermal conductivity test (Figure 8-2).
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Concentration [L/mL]

Figure 8-4 Measurement of peak at a wavelength of 535 nm for 470 nm UV light excitation

8.6 Conclusion
Carbon nanodots have promising characteristics for use as tracer materials in heat transfer
experiments. It was confirmed that for concentrations less than 0.08% the thermal
conductivity of a carbon nanodot nanofluid is indistinguishable from that of deionized water.
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Summary and future work
9.1 Summary
This dissertation presents an extensive study on the heat transfer from a vertically oriented
electrically-heated microwire, when immersed in two types of fluids (ferrofluid and carbondots nanofluid). Ferrofluids are suspensions of nano-sized magnetic particles dispersed in a
carrier liquid. The significant feature of ferrofluid is its magnetic property which makes it
possible to control its properties by varying the magnetic field strength and direction.
When a constant current is supplied to the microwire, a non-uniform magnetic field is
induced around the wire which applies a non-uniform magnetic force to the ferrofluid. In the
absence of temperature gradients, this force would simply have the effect of raising the static
pressure at the wire surface. However, the wire also heats the fluid by Joule heating and as a
result of temperature dependence of magnetic properties the applied force induces
magnetically-driven convection “thermomagnetic convection”. This assists the buoyancydriven convection to enhance heat transfer rate from the heated wire. The magnetic body
force was derived analytically and found proportional to the square of the current supplied
and inversely proportional to the cube of the distance from the wire.
The onset of thermomagnetic convection is another important aspect of the heat transfer from
the heated wire (specifically when used to measure the thermal conductivity) which has been
correlated for the first time. To study the domination of thermomagnetic convection, a
magnetic Rayleigh number was analytically derived as a function of the current, the magnetic
susceptibility of the ferrofluid and radiuses of the wire and cell (Appendix A). Then, a semiempirical equation for critical Fourier number was derived to determine the time for the onset
of thermomagnetic convection in relation to the Magnetic Rayleigh number.
In another experiment heat transfer from the microwire when the temperature reaches above
boiling temperature of water was studied. Surprisingly, it was observed that using ferrofluid
significantly deteriorates the boiling heat transfer. This was explained in that when the
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temperature reaches above the boiling point, water molecules at the vicinity of the wire
evaporate and the solid particles attach to the wire. Deposition of the particles on the wire
forms a porous layer with cavity holes filled with water vapour which has high thermal
resistance and prevents effective heat transfer from the wire to the fluid. It was shown that
morphology and thickness of the insulation layer formed depends on the electrical current,
heating time and particle volume fraction.
Carbon-dots are nano-sized particles of amorphous carbon that exhibit the photoluminescent
effect which makes them a suitable option as a tracer material. To be used as a tracer in heat
transfer applications it is desirable that addition of carbon-dots does not change the thermal
properties of the base fluid. The thermal conductivity of a suspension of 2 nm sized carbondots in water with 0.077% particle volume fraction was measured where negligible change in
the results compared to deionized water was observed.

9.2 Future work
As proved by this research, thermomagnetic convection can be used for heat transfer
enhancement in electrical systems where the temperature does not reach the boiling point of
ferrofluid. However, further studies need to be implemented to improve the performance of
ferrofluid as a cooling fluid. Therefore, future studies are recommended as follows:
(1) To better study the effect of combined natural and thermomagnetic convection on heat
transfer, Nusselt number for the case of horizontal cell should be compared to the results
of the present study.
(2) In the present study, thermal properties of the ferrofluid were assumed to remain constant
during the experiment. Variation of thermal properties, especially thermal conductivity
and viscosity, due to the applied magnetic field could be studied.
(3) The magnetic field applied to the ferrofluid in the present experiment is a constant nonuniform magnetic field. The effect of time-modulated magnetic field on thermomagnetic
convection should be studied.
(4) Radius of wire and measurement cell appeared in the magnetic Rayleigh number as
characteristic lengths. The effect of varying wire diameter and measurement cell size can
be experimentally examined.
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(5) Effect of magnetic field on the boiling temperature of ferrofluids needs to be
experimentally investigated.
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Appendix A
Magnetic body force
Analogy – Buoyancy due to Gravity and Thermomagnetic
Convection
Rationale: In the Navier-Stokes equations the body force term for gravity is g. This term can
be divided into a temperature dependent part responsible for free convection and a
hydrostatic part that simply causes pressure to change with depth. If there are no temperature
gradients there is no free convection and only a hydrostatic component. Similarly for
thermomagnetic convection if there are no temperature gradients there is no thermomagnetic
convection. Moreover, in a similar way the Kelvin body force term can be divided into a
hydrostatic part and a dynamic (temperature gradient driven) part. For our geometry, the
hydrostatic part simply causes the pressure to increase close to the wire without driving flow
while the temperature dependent part causes thermomagnetic convection.

Boussinesq Approximation – Natural Convection
In a natural convection, density variations due to temperature gradient give rise to buoyancy
forces. The Boussinesq approximation retains density variations in gravitational term and
ignores it in inertial term in the Navier-Stokes equations:
𝜌

𝐷𝑤
𝐷𝑡

𝜕𝑝

𝜕𝑝

= − 𝜕𝑧 − 𝜌𝑔 + 𝑣𝑖𝑠𝑐𝑜𝑢𝑠 𝑡𝑒𝑟𝑚𝑠 = − 𝜕𝑧 − 𝜌0 𝑔 − (𝜌 − 𝜌0 )𝑔 + 𝑣𝑖𝑠𝑐𝑜𝑢𝑠 𝑡𝑒𝑟𝑚𝑠,

(A.1)

Boussinesq approximation replaces the 𝜌 on the LHS by 𝜌0 when ∆𝜌 ≪ 𝜌0 . Here 0 is the
density at a reference temperature.
The density is assumed to have a fixed part 0 and another part with linear dependence on
temperature as:
𝜌 = 𝜌0 − 𝛽𝜌0 ∆𝑇,

(A.2)

Substituting this into the Navier-Stokes equation, on the RHS the weight term resulting from
constant density is subsumed in a modified pressure term as 𝑝∗ = 𝑝 + 𝜌0 𝑔𝑧

𝜌0

𝐷𝑤
𝐷𝑡

=−

𝜕(𝑝+𝜌0 𝑔𝑧)
𝜕𝑧

− (𝜌 − 𝜌0 )𝑔 + ⋯,

(A.3)

Therefore
𝜌0

𝐷𝑤
𝐷𝑡

=−

𝜕𝑝∗
𝜕𝑧

− 𝜌0 𝛽𝑔∆𝑇 + ⋯,

(A.4)

Thermomagnetic Convection
A similar approach is used in our papers to relate the changes in magnetic susceptibility to
temperature gradient. Assuming the absolute magnetic susceptibility is composed of a
constant (responsible for the hydrostatic change to pressure) part and a temperature
dependent part (dynamic):
𝜒 = 𝜒0 + Δ𝜒,

(A.5)

0 is the value of susceptibility at a reference temperature (e.g. at the bath temperature). Its
value is fixed – it does not change if the fluid temperature changes. On the other hand, 
includes the change in susceptibility due to change in temperature.
⃗⃗ . 𝐵
⃗ ) which gives
The Kelvin body force is 𝐹 = ∇(𝑀
Then substituting 𝜒 = 𝜒0 + Δ𝜒 gives:
𝑓=

−𝜇0 (1+𝜒0 )𝜒0 𝐼 2
2𝜋 2 𝑟 3

+

−𝜇0 (1+2𝜒0 )Δ𝜒𝐼 2
2𝜋 2 𝑟 3

,

(A.6)

The first term on the RHS has only 𝜒0 which doesn’t depend on temperature. Therefore this
is the hydrostatic part of the body force. The 2nd term on the right hand side has Δ𝜒 which
changes with temperature and therefore the 2nd term drives thermomagnetic convection just
like the Boussinesq approximation for free convection.
The imposed temperature gradient in the fluid results in non-uniform magnetic susceptibility
of the ferrofluid changing . However,  is approximately expressed by the linear part of
the Langevin’s equation:
𝜒=

𝑛〈𝑚2 〉
3𝑘𝐵 𝑇

,

(A.7)
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To use the above approach, this equation needs to be divided locally into a constant part and a
temperature dependent part. For this we use the McLaurin series expansion:

1
 1  x  x 2  x 3  ... for small x,
1 x

(A.8)

i.e.
2

 1   T   T 
1
1
1
1
 
  
  ... ,

 
1  

T T0  T T0  1   T T0   T0   T0   T0 



(A.9)

for small change T where T0 is the reference temperature (e.g. bath temperature)
At 𝑇 = 𝑇0 we have:
𝑛〈𝑚2 〉

𝜒0 = 3𝑘

𝐵 𝑇0

,

(A.10)

∆𝜒 = 𝜒 − 𝜒0 =

𝑛〈𝑚2 〉
3𝑘𝐵 𝑇

𝑛〈𝑚2 〉

− 3𝑘

𝐵 𝑇0

𝑛〈𝑚2 〉
𝑛〈𝑚2 〉
=
−
3𝑘𝐵 (𝑇0 + ∆𝑇) 3𝑘𝐵 𝑇0
𝑛〈𝑚2 〉
∆𝑇
∆𝑇 2
∆𝑇 3
𝑛〈𝑚2 〉
≈
(1 −
+( ) −( ) +⋯)−
3𝑘𝐵 𝑇0
𝑇0
𝑇0
𝑇0
3𝑘𝐵 𝑇0
≈

−𝑛〈𝑚2 〉∆𝑇
3𝑘𝐵 𝑇0 𝑇0

≈ −𝜒0

Δ𝑇
𝑇0

,

(A.11)

Therefore just like the Boussinesq approximation for the buoyancy term the result is linearly
related to the change in temperature.
𝜒 = 𝜒0 + Δ𝜒 ≈ 𝜒0 − 𝜒0

Δ𝑇
𝑇0

,

(A.12)

Therefore, similar to what happened to hydrostatic term in buoyancy, the constant term is
shifted to pressure gradient:
𝑃∗ = 𝑃 −

𝜇0 (1+𝜒0 )𝜒0 𝐼 2
2𝜋 2 𝑟 3

,

(A.13)
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Resulting in
⃗
𝐷𝑉

⃗ +
𝜌 𝐷𝑡 = −∇𝑃∗ + 𝜂∇2 𝑉

𝜇0 (1+2𝜒0 )χ0 𝐼 2
2𝜋 2 𝑟 3 𝑇0

∆𝑇 𝑟̂ ,

(A.14)
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Appendix B
Magnetic Rayleigh number
Momentum equation with the derived Kelvin body force term:
⃗
𝐷𝑉

⃗ +
𝜌 𝐷𝑡 = −∇𝑃∗ + 𝜂∇2 𝑉

𝜇0 (1+2𝜒0 )χ0 𝐼 2
2𝜋 2 𝑟 3 𝑇0

∆𝑇 𝑟̂ ,

(B.1)

Magnetic Grashof number is defined as:
𝑀𝑎𝑔𝑛𝑒𝑡𝑖𝑐 𝑓𝑜𝑟𝑐𝑒

𝐺𝑟𝑚 =

,

𝑉𝑖𝑠𝑐𝑜𝑢𝑠 𝑓𝑜𝑟𝑐𝑒

(B.2)

Using a similar procedure to the one used in [1] to find the Grashof number for the natural
convection and defining:
𝐿: Characteristic length
𝑣0 : Characteristic velocity
Re-writing the momentum equation in non-dimensional form and multiplying the viscous
𝐿2

force terms by 𝜌𝑣

0

𝐿2

⃗ ×
𝜂∇2 𝑉
𝜌𝑣

0

2𝐿

→

1
𝑅𝑒𝐿

∇∗2 𝑣 ∗ ,

𝐿2

𝜇0 (1+2𝜒0 )χ0 𝐼 2

0

2𝜋 2 𝑟 3 𝑇0

No multiplying 𝜌𝑣

2 𝐿 by

1

𝜇0 (1+2𝜒0 )χ0 𝐼 2

0

𝜌2𝜋 2 𝑟 3 𝑇0

→ 𝑣 2(

,

2𝐿

(B.3)
∆𝑇 𝑟̂ ,

∆𝑇 ) ,

(B.4)

To make the term multiplied by 𝑟̂ equal to unity, 𝑣0 should become
𝜇0 (1+2𝜒0 )χ0 𝐼 2

𝑣0 = (

2𝜌𝜋 2 𝑟 3 𝑇0

1
2

∆𝑇 ) ,

(B.5)

It is customary to define the Grashof number Gr as the square of this Reynolds number
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𝑣0 𝐿 2

𝐺𝑟𝑚 = 𝑅𝑒 2 = (

𝜈

) =

𝜇0 (1+2𝜒0 )χ0 𝐼 2 𝐿3
2𝜈 2 𝜌𝜋 2 𝑟 3 𝑇0

∆𝑇 ,

(B.6)

Therefore magnetic Rayleigh number can be calculated as:
𝑅𝑎𝑚 = 𝐺𝑟𝑚 . 𝑃𝑟 =

𝜇0 (1+2𝜒0 )χ0 𝐼 2 𝐿3
2𝜂𝛼𝜋 2 𝑟 3 𝑇0

∆𝑇 ,

(B.7)

By selecting 𝐿: 𝑟𝑐𝑒𝑙𝑙 and 𝑟: 𝑟𝑤𝑖𝑟𝑒 the magnetic body force will be maximised:
𝑅𝑎𝑚 =

𝜇0 (1+2𝜒0 )χ0 𝐼 2 𝑟𝑐𝑒𝑙𝑙 3
2𝜂𝛼𝜋 2 𝑟𝑤𝑖𝑟𝑒 3 𝑇0

∆𝑇 ,

(B.8)
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Appendix C
Dimensionless numbers
Reynolds number:
This number expresses the ratio of the fluid inertia force to that of molecular friction
(viscosity).
𝜌𝑢𝐿

𝑅𝑒 =

𝜇

,

(C.1)

Nusselt number:
It expresses the ratio of the total heat transfer in a system to the heat transfer by conduction.
ℎ𝐿

𝑁𝑢 =

𝑘

,

(C.2)

Grashof number:
It expresses the buoyancy-to-viscous forces ratio and its action on a fluid.
𝐺𝑟 =

𝑔𝛽∆𝑇𝐿3
𝜈2

,

(C.3)

Magnetic Grashof number:
This number characterizes the heat transfer by free thermomagnetic convection in
paramagnetic fluids with a gravity acceleration which depends on the space coordinates.
𝐺𝑟𝑚 =

𝜇0 (1+2𝜒0 )𝜒0 𝐼 2 𝛥𝑇𝑟𝑐𝑒𝑙𝑙 3
2𝜌𝜋 2 𝑟𝑤𝑖𝑟𝑒 3 𝑇0

,

(C.4)

Rayleigh number:
It characterizes the free convection heat transfer along a heat-exchanging surface. It expresses
the buoyancy-to-diffusion ratio or, alternatively, the free convection thermal instability in
fluids.
𝑅𝑎 =

𝑔𝛽Δ𝑇𝐿3
𝛼𝜇

,

(C.5)
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Prandtl number:
This number expresses the ratio of the momentum diffusivity (viscosity) to the thermal
diffusivity.
𝑃𝑟 =

𝜇𝐶𝑝
𝑘

,

(C.6)

Brinkman number:
It expresses the ratio of the heat arising due to viscous friction of a fluid to the heat
transferred by molecular conduction.

𝐵𝑟 =

𝜇𝑢2
𝑘Δ𝑇

,

(C.7)

Fourier number:
It expresses the ratio of the time of a proceeding thermal process to that of the molecular
diffusion of the heat.
𝐹𝑜 =

𝛼𝑡

(C.8)

𝐿2
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