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An electro-optical feedback loop can make in-loop light (squashed light) which produces a pho-
tocurrent with noise below the standard quantum limit (like squeezed light). We investigate the
effect of squashed light interacting with a three-level atom in the cascade configuration and com-
pare it to the effects produced by squeezed light and classical noise. It turns out that one master
equation can be formulated for all three types of light and that this unified formalism can also
be applied to the evolution of a two-level atom. We show that squashed light does not mimic all
aspects of squeezed light, and in particular it does not produce the characteristic linear intensity
dependence of the population of the upper-most level of the cascade three-level atom. Nevertheless,
it has non-classical transient effects in the de-excitation.
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I. INTRODUCTION

Squeezing is a form of non-classical light which in-
volves the reduction of noise in one quadrature below the
standard quantum limit, and the increase of the noise in
the conjugate quadrature [1]. However the characteristic
below-shot-noise photocurrent is not limited to squeezed
light. An electro-optical feedback loop can also produce
an (in-loop) homodyne photocurrent with a below-shot-
noise spectrum. The resultant in-loop light is called
“squashed” light [2–4]. Our interest lies in understand-
ing the non-classical effects of the interaction of squashed
light with atoms.

It has recently been shown [5] that illuminating a two-
level atom with squashed light causes line narrowing of
one quadrature of the atom’s fluorescence, an effect also
produced by squeezing [6]. This effect of squeezing (or
squashing) has not yet been observed [7]. However, it has
been demonstrated [8] that a squeezed two-photon field
exciting a three-level atom in the cascade configuration
gives an excited population for the highest level with a
linear as well as quadratic (classical) dependence on in-
tensity. This effect was first predicted in Ref. [9] and the
experiment has recently been analyzed by the same au-
thors [10]. This experiment motivates our current work
to see if squashing also produces effects similar to squeez-
ing when illuminating a cascade three-level atom.

Although based on the same techniques as in [5], the
development of the model for the three-level system re-
quired a complete redesign of the feedback mechanism.
Non-classical excitation of a three-level atom requires
non-classical correlations between two fields, i.e. a twin-
beam, which couple to the two transitions in the atom.
Twin-beam correlations can be produced in a double
feedback system, where the fed-back photocurrents re-
sult from linear combinations of the twin-beam quadra-
tures. These are analogous to the twin-beam squeezing
correlations produced by a non-degenerate optical para-
metric oscillator [8]. The resultant master equation for
a cascade three-level atom interacting with twin-beam

squashed light can be compared to those for squeezed [9]
and classical twin-beams.

The structure of the paper is as follows. Section II in-
troduces the interaction of non-classical light with simple
atomic systems. Specifically, it covers previous results of
the squeezed excitation of a two-level atom, and it sum-
marizes the production of squashed light and its interac-
tion with a two-level atom. The techniques and concepts
introduced here will be used again in later sections.

Section III presents the theory for a three-level atom
coupled to a broadband squeezed field, and introduces
our definition of a “twin-beam”. Section IV develops the
main theoretical results of this paper, which include the
master equation for a three-level atom coupled to twin-
beam squashed light, and the correlations of the squashed
twin-beam itself.

Section V compares the non-classical nature of
squashed light with squeezed light as well as classical
noise. The first two parts of this section show that a gen-
eral formalism can be found for all three types of light
interacting with both two-level and three-level atoms. Fi-
nally, Section V also details the specific classical and non-
classical effects of squashed light. Section VI concludes.

II. TWO-LEVEL ATOM

The interaction of non-classical light with atoms was
first studied soon after the first incontestible observa-
tion of squeezing [11]. For a recent review of atoms in
squeezed light fields see Ref. [12]. It began with the pre-
diction by Gardiner [6] that broadband squeezed light
would produce an arbitrarily narrow line in the power
spectrum of the fluorescence of a two-level atom. This
was thought of as a “direct effect of squeezing” [6].

A recent letter [5] by one of us showed that squashed
light also produces a similar line-narrowing, and so this
“direct effect” is one of non-classical correlations rather
than solely of squeezing. The work on squashed light
spectroscopy of two-level atoms was recently extended to
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include simultaneous squeezing and squashing [3]. Here
we review the two effects separately.

A. Squeezed light

The squeezed vacuum fields that are used as spectro-
scopic sources are actually multi-mode squeezed states.
The theory of single-mode squeezing was generalized to
multi-mode squeezing by Caves and Schumaker [13]. The
continuum field is the limit of an infinite number of
modes. For polarized light propagating in one direction,
the modes are simply indexed by the mode frequency
ω = ck. The continuum annihilation operators b(ω) may
be taken to satisfy

[

b(ω), b†(ω′)
]

= δ(ω − ω′). (2.1)

If the occupied modes are restricted to a relatively nar-
row bandwidth B around some carrier frequency then, in
the time domain, the commutation relation becomes

[

b(t), b†(t′)
]

= δ(t − t′), (2.2)

where the width of the δ-function is actually of the order
B−1 and b(t) can now be thought of as the annihilation
operator of a “localized photon”. Thus b†(t)b(t) can be
interpreted as the photon flux operator. The X and Y
quadratures of the continuum field are defined as

X(t) = b(t) + b†(t), Y (t) = ib†(t) − ib(t), (2.3)

and for free fields these obey the commutation relations

[X(t), Y (t′)] = 2iδ(t− t′). (2.4)

For fields with zero mean, as are all the fields in this
paper, the X quadrature spectrum is defined as

SX(ω) = 〈X̃(ω)X(0)〉ss,

=
1

2π

∫ ∞

−∞

〈

X̃(ω)X̃(−ω′)
〉

ss
dω′, (2.5)

and similarly for the Y quadrature spectrum. It can then
be shown that for a stationary free field

SX(ω)SY (ω) ≥ 1, (2.6)

which is known as the Heisenberg inequality [14,15]. A
vacuum continuum field [16,17] is one such that for all ω
and all θ, SQθ

(ω) = 1. Here Qθ = X cos θ +Y sin θ. This
is called the standard quantum limit or shot-noise limit.
For a squeezed continuum field we have SQθ

(ω) < 1, for
some ω and some θ.

Now consider placing a two-level atom in a squeezed
continuum field. Under the rotating-wave approximation
the interaction Hamiltonian is

H(t) = ih̄[b†(t)σ(t) − σ†(t)b(t)], (2.7)

where σ is the atomic lowering operator. Here the de-
gree of mode matching of the input light modes to the
atom’s dipole radiation mode is assumed to be unity and
the atomic linewidth is also set to unity. See Ref. [5] for
details on mode-matching.

Assuming the squeezed light is broadband compared
to the atomic linewidth, we can make the white noise
approximation that the quadrature spectra are constant.
For experimental generation of squeezed light (e.g. an
optical parametric oscillator) photons are produced in
correlated pairs with frequencies symmetrically placed
around a center frequency ω0 [12]. The photon num-
ber function, N(ωk) = 〈b†(ωk)b(ωk)〉 and the two-photon
correlation function, M(ωk) = 〈b(ωk)b(2ω0 − ωk)〉 are
both constants in the broadband approximation.

In general for squeezed light N ≤ |M | ≤
√

N(N + 1), where the upper limit represents the
minimum-uncertainty state, also known as the maximally
squeezed state. For minimum-uncertainty squeezing with
M real, the light can be characterized by a single real
number L = 1 + 2N + 2M [1]. Thus the quadrature
spectra are

SX(ω) = L = 1/SY (ω). (2.8)

If M < 0 then L < 1 and the X quadrature is squeezed,
i.e. SX(ω) < 1, and correspondingly the Y quadrature is
stretched, i.e. SY (ω) > 1.

From these correlations and the interaction Hamilto-
nian (2.7) one can obtain the following master equation
for the atom [18]:

ρ̇ =
1

4L
D

[

(L + 1)σ − (L − 1)σ†
]

ρ, (2.9)

where as usual for arbitrary operators A and B,

D[A]B ≡ ABA† − 1

2
A†AB − 1

2
BA†A. (2.10)

From the master equation the following dynamical
equations can be derived

Tr[ρ̇σx] = −γxTr[ρσx], (2.11)

Tr[ρ̇σy ] = −γyTr[ρσy ], (2.12)

Tr[ρ̇σz ] = −γzTr[ρσz] − C, (2.13)

where

γx =
L

2
, γy =

1

2L
, γz = γx + γy, C = 1. (2.14)

Here we see that, for X quadrature squeezing (L < 0),
the decay of σx is below its natural value of 1/2. In terms
of the squeezed spectrum it is given by SX(ω)/2. This
slower decay causes a corresponding line narrowing in the
power spectrum of the atom’s fluorescence.
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B. Squashed light

As mentioned in the introduction, there is another ap-
proach to producing light with a sub-shot-noise photocur-
rent apart from squeezing: this is squashing. This in-
volves modulating the light incident on a photodetector
by using the very current from that detector, i.e. electro-
optical feedback. Squashed light was first observed [19]
not long after the first observation of squeezing [11].

FIG. 1. Experimental configuration for squashed light inci-
dent on a two-level atom. The atom is represented by a small
ellipse at the focus of b(t). The detection device (region H)
finds the difference Ihom(t) between the currents at the pho-
todetectors D1 and D2. The modulation device (region M)
amplifies and splits Ihom(t) so that two signals (with oppo-
site sign) are fed back to the two electro-optical modulators
(EOM).

Consider the experimental apparatus shown in Fig. 1.
We begin with the modulation region, M, which adds a
modulated coherent amplitude to the input vacuum field.
There are various ways of achieving this including the one
pictured, which is detailed in Ref. [5]. The resultant field,
b(t), is incident on a two-level atom. After the atom, a
homodyne measurement is performed on the field, now
given by b′(t). This is done in the detection region, H,
and makes use of the local oscillator also produced in
M. The homodyne photocurrent is then used to control
the modulation of the coherent amplitude, and it is this
feedback that ensures b(t) has noise below the standard
quantum limit.

The field exiting the modulator is given by

b(t) = ν(t) + ε(t), (2.15)

where ν(t) represents the input vacuum and ε(t) is a real
function of time. For a vacuum field all first and second
order moments vanish except for [18]

〈

ν(t)ν†(t′)
〉

=
[

ν(t), ν†(t′)
]

= δ(t − t′), (2.16)

and the X and Y quadratures have spectra, defined by
(2.5), equal to unity. Thus they are the special case of
(2.8) where L = 1.

For now ignore the two-level atom. The detection de-
vice makes a homodyne measurement of the X quadra-
ture of b′(t), which in the absence of the atom is equal to
b(t). The homodyne photocurrent is then given by [18]

Ihom(t) = Xν(t) + 2ε(t), (2.17)

where Xν(t) = ν(t) + ν†(t) and we have assumed per-
fect detection efficiency. Through the feedback loop, this
photocurrent is amplified and used to control the classical
field ε(t). We set

ε(t) =
g

2

∫ ∞

0

h(s)Ihom(t − τ − s) ds, (2.18)

where τ is the minimum time delay of the feedback,
h(s) is the response function normalized such that
∫ ∞

0
h(s)ds = 1 and g is the round-loop gain (for stability

we require gRe[h̃(ω)e−iωτ ] < 1 for all ω) [20].
Solving equation (2.18) in the Fourier domain, where

Ihom(t) is given by (2.17), we obtain

ε̃(ω) =
gh̃(ω)e−iωτ X̃ν(ω)

2(1 − gh̃(ω)e−iωτ )
. (2.19)

Thus b(t) has an X quadrature spectrum given by

SX(ω) = |1 − gh̃(ω)e−iωτ |−2. (2.20)

At frequencies ω̄ well inside the bandwidth of h̃(ω) and
much less than τ−1, we are in the limit of broadband
feedback and can therefore set h̃(ω̄)e−iω̄τ = 1. In this
case

SX(ω̄) = (1 − g)−2. (2.21)

Clearly this spectrum is below the standard quantum
limit for negative feedback (g < 0). For positive feed-
back, 0 < g < 1, we actually increase the noise.

Also, since the feedback acts only on the X quadrature,
SY (ω) remains at the vacuum limit of unity and

SX(ω)SY (ω) = |1 − gh̃(ω)e−iωτ |−2, (2.22)

which can clearly be less than one. This apparent viola-
tion of the Heisenberg inequality (2.6) is due to the fact
that the in-loop light is not a free field. For time differ-
ences |t− t′| > τ , the feedback loop delay time, the usual
two-time commutation relations Eq. (2.2) and Eq. (2.4)
are are no longer valid, which was first shown by Shapiro
et al [14]. Basically this is because parts of the field
separated by a time greater than τ don’t actually exist
together.

From this we note that non-classical light produced
by a feedback loop is not squeezed light in the ordinary
sense [3]. First, it is not a free field (as explained above),
and second, attempts to remove this light by a beam
splitter actually gives above-shot-noise light, as verified
experimentally [21,22]. Due to this difference between
in-loop light and ordinary squeezed light, it is termed
“squashed” light [2,3]. As we will show, while not the
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same as squeezed light, squashed light does have a non-
classical effect on a two-level atom placed within the feed-
back loop.

Return to Fig. 1 and now include the two-level atom.
Again assume that the degree of mode matching of the
input light modes to the atom’s dipole radiation mode
is unity. Then the interaction Hamiltonian has the same
form as that given in (2.7), and this linear coupling gives
b′(t) = b(t) + σ(t) [6]. Incorporating the feedback as
before we find

ε̃(ω̄) =
g[X̃ν(ω̄) + σ̃x(ω̄)]

2(1 − g)
. (2.23)

Again we have assumed the limit of broadband feedback
and set h̃(ω̄)e−iω̄τ = 1.

Changing back to the time domain we employ the
Markov approximation to state that the feedback is in-
stantaneous in terms of the characteristic response rates
of the system. This requires ω̄, still well inside the feed-
back bandwidth, to be much greater than the atomic
linewidth, i.e. ω̄ ≫ 1. The field incident on the atom is
then

b(t) = ν(t) +
g[Xν(t−) + σx(t−)]

2(1 − g)
, (2.24)

where the time argument t− is used to indicate that
even under the Markov approximation the fed-back sig-
nal must act after the interaction with the atom.

Substituting b(t) into the interaction Hamiltonian (2.7)
gives the Hamiltonian due to the coupling of the atom
to the vacuum, plus a feedback Hamiltonian. The vac-
uum Hamiltonian is just that given in (2.7) except b(t)
is replaced by the vacuum operator ν(t). The feedback
Hamiltonian is

Hfb(t) =
λ

2
σy(t)[σx(t−) + Xν(t−)], (2.25)

where the feedback parameter λ is given by

λ =
g

1 − g
∈ (−1,∞). (2.26)

To describe the evolution generated by this Hamilto-
nian, we require the Heisenberg-picture theory of homo-
dyne detection and feedback [23]. The result is the fol-
lowing master equation for the atom

ρ̇ = D[σ]ρ − i
λ

2

[

σy , σρ + ρσ†
]

+
λ2

4
D [σy] ρ. (2.27)

Expressed in terms of λ, the X quadrature spectrum
(2.21) is given by

SX(ω̄) = 1 + 2λ + λ2. (2.28)

Thus we can see that if λ < 0 we will squash the X
quadrature, i.e. SX(ω̄) < 1, and the optimal squashing
is for λ = −1.

The master equation again leads to Eqs. (2.11)-(2.13),
but this time

γx =
1

2
(1 + 2λ + λ2) =

1

2
SX(ω̄),

γy =
1

2
, γz = γx + γy, C = 1 + λ. (2.29)

Again the decay of σx is inhibited for negative feedback,
i.e. for SX(ω̄) < 1. Most importantly, the dependence
of γx on the degree of X quadrature squashing is ex-
actly the same as for squeezing. The only differences be-
tween squeezing and squashing are that γy is unaffected
by squashing and C is unaffected by squeezing. This fol-
lows directly from the squashing of fluctuations which vi-
olates the usual uncertainty relations, as discussed follow-
ing Eq. (2.22) above. Comparing the fluorescence spectra
for both cases [5], it can be seen that they are certainly
not identical, but both have a sub-natural linewidth.

III. TWIN-BEAM SQUEEZING

The master equation for a three-level atom in a broad-
band squeezed vacuum has previously been developed by
Ficek and Drummond [9]. We follow a simplified deriva-
tion, based on the same assumptions, which leads to a
master equation equivalent to results derived in Part II,
Section III of the above reference.

A. Three-level atom master equation

Ficek and Drummond [9] describe the input field as
a broadband squeezed vacuum which is in two-photon
resonance with the atom, i.e. ω0 = (ω1 + ω2)/2 (where
ω1 and ω2 are the atomic transition frequencies). More
specifically, they assume the typical squeezing spectrum
of a non-degenerate parametric oscillator where the sig-
nal and idler fields are tuned to resonance with ω1 and
ω2 [8]. Typically, the squeezing bandwidth B is small
compared with the carrier frequency ω0.

To simplify the derivation further, we note that if ω1

and ω2 are significantly different, i.e |ω1 −ω2| ≫ B, then
the signal and idler fields can be treated as two (distinct)
correlated multi-mode fields. Hence, we define the input
as a broadband, squeezed twin-beam with the two fields
defined by respective continuum annihilation operators
b1(ω) and b2(ω). Note the squeezed field is broadband in
the sense that it appears as δ-correlated squeezed white
noise to the atom, i.e. B ≫ γ1, γ2, which are the atomic
linewidths.

For a broadband squeezed twin-beam with no mean
field 〈b1(t)〉 = 〈b2(t)〉 = 0, while the correlations are

〈b†i (t)bj(t
′)〉 = Niδijδ(t − t′),

〈bi(t)b
†
j(t

′)〉 = (Ni + 1)δijδ(t − t′),
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〈bi(t)bj(t
′)〉 = M(1 − δij)δ(t − t′),

〈b†i (t)b†j(t′)〉 = M∗(1 − δij)δ(t − t′). (3.1)

Here |M |2 ≤ N1N2 + min(N1, N2) = N(N + 1) if N1 =
N2 = N , where as before N and M are the broadband
approximations of the photon number function (here a
doubly peaked function) and the two-photon correlation
function. Thus N1 and N2 have the values of the two
peaks in the the photon number function, and corre-
spond to the intensity of each beam. Note again that
the δ-functions in these correlations are not exact, their
widths being actually of the order B−1 (see Sec. II.A).

Consider coupling a three-level atom to the broadband
squeezed twin-beam, where the fields b1 and b2 are cou-
pled to the atomic transitions |1〉 → |2〉 and |2〉 → |3〉
respectively. This is shown in Figure 2. Assume again
for simplicity that it is possible to mode-match all of the
squeezed twin-beam into the atom’s input. The Hamil-
tonian of the atom in the interaction picture at time t is
then

H(t) = ih̄
√

γ1

[

b†1(t)s1(t) − s†1(t)b1(t)
]

+ ih̄
√

γ2

[

b†2(t)s2(t) − s†2(t)b2(t)
]

, (3.2)

where the atomic parameters are defined in Fig. 2.

FIG. 2. Coupling of the broadband twin-beam to the
three-level atom. The twin-beam is represented by the fields
b1 and b2, while s1 = |1〉〈2| and s2 = |2〉〈3| are the atomic
lowering operators and γ1 and γ2 are the spontaneous decay
rates from levels |2〉 and |3〉 respectively.

Applying the unitary evolution of the Hamiltonian
(3.2) to an arbitrary system operator r(t) leads to the
quantum Langevin equation for the atom (in the Heisen-
berg picture). Changing from the Heisenberg to the
Schrödinger picture is achieved using the relation

〈dr(t)〉 = Tr [dρ(t)r] , (3.3)

where the picture (Schrödinger or Heisenberg) is specified
by the placement of the time argument. The resulting
master equation for the atom is

ρ̇ = (1 + N1)γ1D[s1]ρ + (1 + N2)γ2D[s2]ρ

+ N1γ1D[s†1]ρ + N2γ2D[s†2]ρ

+
1

2
M∗√γ1γ2 {[s1, [s2, ρ]] + [s2, [s1, ρ]]}

+
1

2
M

√
γ1γ2{[s†1, [s†2, ρ]] + [s†2, [s

†
1, ρ]]}. (3.4)

If we set γ1 = γ2 = 1, N1 = N2 = N and M real, the
master equation reduces to

ρ̇ = (1 + N) {D[s1]ρ + D[s2]ρ} + N{D[s†1]ρ + D[s†2]ρ}

+
M

2

{

[s1, [s2, ρ]] + [s2, [s1, ρ]] + [s†1, [s
†
2, ρ]]

+ [s†2, [s
†
1, ρ]]

}

. (3.5)

The linear versus quadratic dependence of the excited
population on intensity, as well as other comparisons of
classical and squashed light, are postponed until Sec. V.
Again note that for classical noise the evolution of the
three-level atom has the same form as (3.5), except M is
restricted by 0 ≤ |M | ≤ N .

B. Twin-beam quadrature correlations

From the correlations between the field operators (3.1),
we can find the corresponding correlations between the
quadratures. The X and Y quadratures are defined as in
Eq. (2.3). Then if we define the linear combinations

X± =
1√
2
(X2 ± X1), Y ± =

1√
2
(Y2 ± Y1), (3.6)

we obtain the following expressions for their non-zero cor-
relations

〈X̃±(ω)X±(0)〉 = 1 + 2N ± 2M, (3.7)

〈Ỹ ∓(ω)X∓(0)〉 = 1 + 2N ± 2M, (3.8)

where we have again set N1 = N2 = N and M real.
These correlations therefore correspond to the X and

Y spectra of the operator combinations {b2(t)±b1(t)}/
√

2
[see Eq. (2.5)]. Thus for twin-beam squeezing the
squeezed and stretched (depending on the sign of M)
spectra are

SX+(ω) = SY −(ω) = 1 + 2N + 2M, (3.9)

SY +(ω) = SX−(ω) = 1 + 2N − 2M. (3.10)

That is, assuming M < 0, the combined field (b2+b1)/
√

2

has a squeezed X quadrature, while (b2 − b1)/
√

2 has a
squeezed Y quadrature.

IV. TWIN-BEAM SQUASHING

This section develops the critical result of this paper:
the master equation of a cascade three-level atom inter-
acting with a squashed twin-beam. This puts us in a
position to compare this evolution to that of twin-beam
squeezed light and a twin-beam with classical correla-
tions.
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A. Generation of twin-beam squashed light

Consider the double feedback schematic shown in
Fig. 3, but for now ignore the three-level atom. The light
beams are shown as double arrows because they represent
twin-beams, which are again defined by their continuum
annihilation operators, i.e. (b1, b2). As for twin-beam
squeezing the two fields of the squashed twin-beam are
noise correlated, where this correlation is now produced
by the feedback mechanism (detailed in this section).

Unlike squeezing, here the two fields differ by their po-
larization rather than their center frequencies (now the
same). One beam b1 has LHC polarization and the other
b2 RHC polarization. Thus, linear combinations of the
two fields can be easily measured using homodyne detec-
tion. In principle the combinations could still be mea-
sured if the fields have different frequencies. The draw-
back in that case is the need for extremely fast detectors
whose bandwidth must exceed the frequency difference.
For the twin-beam used experimentally [8] this would
mean a detector bandwidth of the order of 1014Hz!

FIG. 3. Experimental configuration for a squashed
twin-beam interacting with a three-level atom. The atom is
depicted in the center of the figure, coupled to the twin-beam
(b1, b2) as in Fig. 2. The “black box” modulation and detec-
tion systems M+, M−, H+, H−, are similar to that detailed in
Fig. 1. The X/Y quadrature measured at H+/H− is used to
control the modulation at M+/M− and in this way produce
the squashed correlations between b1 and b2.

Following Fig. 3, we start on the left side with the input
fields (ν+,µ+) and (ν−,µ−). These are both twin-beam
vacuum fields, where the operators ν±(t) and µ±(t) each
represent vacuum fluctuations as defined by Eq. (2.16).
At this point the two fields of each twin-beam are not cor-
related; they are two independent vacuum fields. Thus
the quadrature operators Xν(t) = ν(t) + ν†(t) and
Yν(t) = iν†(t) − iν(t) have statistics described by the
spectra SX(ω) = SY (ω) = 1.

The modulators M+, M− simply add coherent ampli-
tudes, ε+ and ε−, to the LHC components of the input
vacuum fields. Both of these “black boxes” are the same
as the modulation region depicted in Fig. 1, or see Ref. [5]
for details. The LHC fields after the modulators are

b+(t) = ν+(t) + ε+(t), (4.1)

b−(t) = ν−(t) + iε−(t), (4.2)

where ε+(t) and ε−(t) are real functions of time.
The twin-beams now enter a series of optics (a 50:50

beam splitter, perfect mirrors, a 1/2 wave plate and a
polarizing beam splitter) to give the desired twin-beam
(b1, b2). The relationships between the continuum anni-
hilation operators b± and bi are then

b1 =
1√
2
(b+ − b−), b2 =

1√
2
(b+ + b−). (4.3)

It is the purpose of the feedback system to produce non-
classical correlations between b1 and b2, i.e. to produce
the squashed twin-beam (b1, b2) that will be coupled to
the three-level atom.

In the previous section, III.B, on squeezed twin-beams,
equation (3.9) shows that the X quadrature of (b1 +

b2)/
√

2 and the Y quadrature of (b2−b1)/
√

2 are squeezed
for M < 0, i.e. SX+ = SY − < 1. For the generation of
our squashed twin-beam we require the same quadratures
to have squashed correlations. From the above relation-
ship (4.3), it can be seen that the X quadrature of b+

and the Y quadrature of b− give these combinations.
Therefore, we reverse the optical setup on the other

side of the atom. In the absence of the atom, the same
fields b+(t), b−(t) will enter the homodyne detection de-
vices H+, H−, which are set up to measure the X quadra-
ture of b+ and the Y quadrature of b−. These “black box”
devices are again the same as that depicted in Fig. 1.
Note that M+ and H+ (and M− and H−) are really cou-
pled by a shared local oscillator, which in this case is a
large LHC polarized coherent field.

Again assuming perfect detection, we obtain for the
homodyne photocurrents

IX
hom(t) = X+

ν (t) + 2ε+(t), (4.4)

IY
hom(t) = Y −

ν (t) + 2ε−(t). (4.5)

Through the two feedback loops, these currents may be
used to determine the classical field amplitudes ε+(t) and
ε−(t):

ε+(t) =
g

2

∫ ∞

0

h(s)IX
hom(t − τ − s)ds, (4.6)

ε−(t) =
g

2

∫ ∞

0

h(s)IY
hom(t − τ − s)ds, (4.7)

where we have assumed the same characteristics for both
feedback loops.

Solving in the Fourier domain and substituting into
equations (4.1) and (4.2) yields

b̃+(ω) = ν̃+(ω) +
gh̃(ω)e−iωτ X̃ν+(ω)

2[1 − gh̃(ω)e−iωτ ]
, (4.8)

b̃−(ω) = ν̃−(ω) + i
gh̃(ω)e−iωτ Ỹν−(ω)

2[1 − gh̃(ω)e−iωτ ]
. (4.9)
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The X quadrature spectrum of b+ and the Y quadrature
spectrum of b− are then

SX+(ω) = |1 − gh̃(ω)e−iωτ |−2, (4.10)

SY −(ω) = |1 − gh̃(ω)e−iωτ |−2. (4.11)

Assuming again the limit of broadband feedback, we set
h̃(ω̄)e−iω̄τ = 1 to give

SX+(ω̄) = SY −(ω̄) = (1 − g)−2. (4.12)

As before these spectra are below the standard quantum
limit for negative feedback, i.e. for g < 0.

Therefore, the X quadrature of (b1+b2)/
√

2 and the Y

quadrature of (b2− b1)/
√

2 are squashed as required, and
we can now model the effects produced by a squashed
twin-beam (b1, b2) interacting with a three-level atom.

B. Inclusion of the three-level atom

Return to Fig. 3 and now include the three-level atom.
Assume for simplicity that it is possible to mode-match
all of (b1, b2) into the atom’s input. Also, assume that
the three energy levels, |1〉, |2〉 and |3〉, are equally spaced
and have magnetic quantum numbers, mj , of 0, 1, and 0
respectively. This means that b1 (with LHC polarization)
will couple to the |1〉 → |2〉 transition and b2 (with RHC
polarization) will couple to the |2〉 → |3〉 transition, as
shown in Fig. 2.

The interaction Hamiltonian is the same as that given
for twin-beam squeezing (3.2). From here on we will
set γ1 = γ2 = 1. Under a linear coupling as in (3.2),
b′1(t) = b1(t) + s1(t) and b′2(t) = b2(t) + s2(t). Thus the
the homodyne photocurrents (4.4) and (4.5) become

IX
hom(t) +

1√
2

[sx
1(t) + sx

2(t)] , (4.13)

IY
hom(t) +

1√
2

[sy
1(t) − sy

2(t)] , (4.14)

where sx = s + s† and sy = is − is†.
Incorporating the feedback as before we solve (4.6)

and (4.7) in the Fourier domain. We obtain simi-

lar expressions for b̃+(ω) and b̃−(ω) as those given in
Eqs. (4.8, 4.9). The atom-field coupling simply adds

the term [s̃x
1(ω) + s̃x

2(ω)]/
√

2 to X̃ν+(ω) and the term

[s̃y
1(ω)−s̃y

2(ω)]/
√

2 to Ỹν−(ω). Note that the terms ν̃+(ω)
and ν̃−(ω) are unaffected by this substitution.

In the limit of broadband feedback (refer to Section
II.B. for the details of the Markov approximation), the
field operators acting on the atom are then

b1(t) =
[

ν+(t) − ν−(t)
]

/
√

2

+
g

{

Xν+(t−) + [sx
1(t−) + sx

2(t−)]/
√

2
}

2(1 − g)
√

2

− i
g

{

Yν−(t−) + [sy
1(t

−) − sy
2(t

−)]/
√

2
}

2(1 − g)
√

2
, (4.15)

b2(t) =
[

ν+(t) + ν−(t)
]

/
√

2

+
g

{

Xν+(t−) + [sx
1(t−) + sx

2(t−)]/
√

2
}

2(1 − g)
√

2

+ i
g

{

Yν−(t−) + [sy
1(t

−) − sy
2(t

−)]/
√

2
}

2(1 − g)
√

2
, (4.16)

where the relation (4.3) has been used. Here the time
argument t− is again used to indicate that the fed-back
signal is infinitesimally delayed from the vacuum noise.

The total interaction Hamiltonian can be written

H(t) = H0(t) + Hfb(t), (4.17)

where H0(t) is the same as in (3.2) assuming no feedback,
that is

H0(t) =
i√
2

[

ν+(t) − ν−(t)
]†

s1(t) + H.c

+
i√
2

[

ν+(t) + ν−(t)
]†

s2(t) + H.c. (4.18)

Substituting b1(t) and b2(t) into (3.2), we find for the
feedback Hamiltonian

Hfb(t) = FX(t)X ′
ν+(t−) + FY (t)Y ′

ν−
(t−), (4.19)

where the quadrature operators are given by

X ′
ν+(t−) = Xν+(t−) +

[

sx
1(t−) + sx

2(t−)
]

/
√

2,

Y ′
ν−

(t−) = Yν−(t−) +
[

sy
1(t

−) − sy
2(t

−)
]

/
√

2, (4.20)

and the feedback operators are

FX(t) =
λ

2
[sy

1(t) + sy
2(t)] /

√
2,

FY (t) =
λ

2
[sx

2(t) − sx
1(t)] /

√
2. (4.21)

Here we have again used the feedback parameter λ, de-
fined in Eq. (2.26). The infinitesimal time delay denoted
by t− ensures that the quadrature operators X ′

ν+(t−) and
Y ′

ν−
(t−) commute with all system operators at the same

time t [23]. Therefore they will commute with FX(t) and
FY (t) and there is no ordering ambiguity in (4.19).

The evolution of an arbitrary system operator r(t) gen-
erated by (4.19) is

[dr]
fb

= U †
fb

rUfb − r

= iX ′
ν+(t−)dt [FX , r] − 1

2
[FX , [FX , r]] dt

+ iY ′
ν−

(t−)dt [FY , r] − 1

2
[FY , [FY , r]] dt. (4.22)

where all time arguments are t unless otherwise given,
and the unitary evolution operator is defined as Ufb =
exp[−iHfbdt].
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Adding in the non-feedback evolution gives the total
Langevin equation dr, which following the process of [23]
leads to total master equation for the atom. This in-
volves separating X ′

ν+(t−)dt such that ν′+(t−)dt (which

equals ν+(t−)dt + [s1(t
−) + s2(t

−)]dt/
√

2 ) is moved to
the right side and [ν′+(t−)]†dt is moved to the left side
of [FX , r] (using the fact that ν′±(t−) commute with sys-
tem operators at the same time). The same is done for
Y ′

ν+(t−).
The operators ν′(t−) are now in the correct position

to annihilate the vacuum when the trace over the bath
density operator is taken. Taking the total trace over
the system and bath density operators gives 〈dr〉, and
here we can ignore the time difference since for arbitrary
system operators a(t) and b(t)

limτ→0 〈a(t)b(t − τ)〉 = 〈a(t)b(t)〉 . (4.23)

The final step involves changing from the Heisenberg to
the Schrödinger picture and deriving the evolution of the
density operator for the atom alone. As noted previously,
this is found from Eq. (3.3).

The resultant master equation for a cascade three-level
atom interacting with twin-beam squashed light is

ρ̇ =

(

1 + λ +
λ2

4

)

{D[s1]ρ + D[s2]ρ}

+
λ2

4
{D[s†1]ρ + D[s†2]ρ}

+
λ

2

{

[s1, [s2, ρ]] + [s†1, [s
†
2, ρ]]

}

+
λ2

8

{

[s1, [s2, ρ]] + [s†1, [s
†
2, ρ]]

+ [s2, [s1, ρ]] + [s†2, [s
†
1, ρ]]

}

. (4.24)

The spectra for the squashed quadratures were given
in Eq. (4.12). We can see that in terms of the feedback
parameter λ they have the same form as the squashed
spectra for the single squashed beam in Section II.C. This
is given by Eq. (2.28). Note that the spectra are only
squashed for −1 < λ < 0. These quadrature correlations
can be re-expressed in terms of the field operators b1 and
b2. We find that the non-zero correlations for squashing
are (i 6= j)

〈b†i (t)bi(t
′)〉 =

λ2

4
δ(t − t′),

〈bi(t)b
†
i (t

′)〉 =

(

1 + λ +
λ2

4

)

δ(t − t′),

〈bi(t)bj(t
′)〉 =

(

λ

2
+

λ2

4

)

δ(t − t′),

〈b†i (t)b†j(t′)〉 =

(

λ

2
+

λ2

4

)

δ(t − t′). (4.25)

Again the δ-functions here are not exact. Their width is
of the order B−1 where B ≫ 1 is the squashing band-

width. Note the modified commutation relations im-
plied by the first two equations here, i.e. [bi(t), b

†
i (t

′)] 6=
δ(t − t′).

If we had constructed our feedback mechanism such
that we squashed the Y + and X− quadratures rather
than X+ and Y −, then the correlations would be same

as in (4.25) except 〈bi(t)bj(t
′)〉 and 〈b†i (t)b†j(t′)〉 would be

negative. Correspondingly, the master equation for the
atom would be the same as Eq. (4.24) except the last two
terms (λ/2 and λ2/8) would be negative.

V. COMPARISON OF SQUASHED LIGHT WITH

SQUEEZED AND CLASSICAL LIGHT

This section collects the main results of the previous
sections, which are the correlations of squeezed, squashed
and classical light, and the resulting master equations
due to the interaction of this light with two- and three-
level atoms. We find that that a unified formalism can
be found in terms of effective N and M parameters. The
master equation for squashed light is then compared to
those for squeezed and classical light in order to deter-
mine the non-classical nature of squashed light.

A. Unified formalism

The general formalism for broadband squeezed,
squashed and classical light interacting with simple
atomic systems involves effective N and M parameters.
For squeezed and classical fields, these values are the
usual broadband limits of the photon number function
and the two-photon correlation function. For squashed
fields it is more complicated. Due to the fact that it
is not a free field (see Section II.B.), the correlations
of squashed light need to be separated into upward and
downward processes.

The most general parameters for the three types of
light are NU , ND, MU and MD, where the U and D sub-
scripts refer to upward (excitation) and downward (de-
excitation) processes. The two-level atom master equa-
tions for squeezing (2.9) and squashing (2.27) can both be
rewritten in terms of these parameters to give the same
general master equation. It is

ρ̇ = (1 + ND)D[σ]ρ + NUD[σ†]ρ

− 1

2
(MD + MU )

{

σρσ + σ†ρσ†
}

. (5.1)

For the three-level atom, the general master equation is
obtained by unifying Eqs. (3.5) and (4.24). The result is

ρ̇ = (1 + ND){D[s1]ρ + D[s2]ρ} + NU{D[s†1]ρ + D[s†2]ρ}

+
1

2
MD

{

[s1, [s2, ρ]] + [s†1, [s
†
2, ρ]]

}

+
1

2
MU

{

[s2, [s1, ρ]] + [s†2, [s
†
1, ρ]]

}

. (5.2)
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The effective N and M parameters are the same for
both master equations. For squashed light they are

NU = λ2/4, ND = λ + λ2/4,

MU = ±NU , MD = ±ND, (5.3)

where −1 < λ < 0. Here the + refers to measuring the
X+ and Y − quadratures and vice versa for the −, as
explained at the end of the preceding section. For maxi-
mally squeezed light we have

NU = ND = N,

MU = MD = ∓
√

N(N + 1), (5.4)

and for maximally correlated classical light

NU = ND = N,

MU = MD = ∓N. (5.5)

In all three cases, the sign of M indicates which
quadratures are squashed (below-shot-noise spectra),
squeezed (below-shot-noise spectra) or classically noisy
(above-shot-noise spectra). For the single field the X
and Y quadrature spectra are

SX(ω) = 1 + NU + ND + MU + MD, (5.6)

SY (ω) = 1 + NU + ND − MU − MD, (5.7)

while for the twin-beam we have

SX+(ω) = SY −(ω) = 1 + NU + ND + MU + MD, (5.8)

SX−(ω) = SY +(ω) = 1 + NU + ND − MU − MD. (5.9)

Thus, to clarify the above equations, if MU/D =
+NU/D for squashed light, then SX = SX+ = SY − < 1
(since λ < 0) while the conjugate quadratures SY =
SY + = SX− = 1. If MU/D = −NU/D the reverse is
true. These results are the same for classical light ex-
cept now the affected spectra are above unity, i.e. if
M = N then SX = SX+ = SY − > 1 while SY = SY + =
SX− = 1, and vice versa for M = −N . For squeezed
light we have the expected Heisenberg trade-off. That
is, if M =

√

N(N + 1) then SX = SX+ = SY − > 1
while SY = SY + = SX− < 1, and vice versa for
M = −

√

N(N + 1).

B. Effective N and M parameters

The values for NU , ND and Mav = (MU + MD)/2 can
be simply related to the field correlations. For a single
broadband squashed (or squeezed or classical) field these
are

〈b†(t)b(t′)〉= NUδ(t − t′),

〈b(t)b†(t′)〉= (1 + ND)δ(t − t′),

〈b(t)b(t′)〉 = 〈b†(t)b†(t′)〉 = Mavδ(t − t′), (5.10)

The unified correlations for the twin-beam combine
Eqs. (3.1) and (4.25) and are given by (i 6= j)

〈bi(t)
†bi(t

′)〉 = NUδ(t − t′),

〈bi(t)b
†
i (t

′)〉 = (1 + ND)δ(t − t′),

〈bi(t)bj(t
′)〉 = 〈b†i (t)b†j(t′)〉 = Mavδ(t − t′). (5.11)

The individual choices for MU and MD are made ap-
parent when the master equations for the three-level
atom is broken into upwards and downwards transitions.
This is best illustrated by expressing the general mas-
ter equation in diagrammatic form. Fig. 4 shows the
diagrammatic master equation for the three-level atom,
where ρ13 (which equals ρ31 for real M) is the two-photon
coherence between the upper and lower states.

FIG. 4. Diagrammatic master equation for a cascade
three-level atom interacting with a broadband field. The lev-
els are labelled by |1〉, |2〉 and |3〉, while the two-photon co-
herence is given by ρ13. The transition rates, indicated by the
arrows, are given by the effective N and M parameters.

The transition rates in this diagram are found by re-
expressing the master equation in terms of the state vec-
tors |1〉, |2〉 and |3〉 and using the matrix representation
for the density operator. That is

ρ =

3
∑

i,j=1

ρij |i〉〈j|, (5.12)

where the matrix elements for i = j are the occupation
probabilities and those for i 6= j are the coherences. We
find two closed sets of coupled differential equations for
ρij . The first shows that ρ12 = ρ21 = ρ23 = ρ32 = 0.
The second set contains the equations of motion for the
three populations ρii and the two-photon coherence ρ13.
These coupled equations give the transition rates seen in
Fig. 4.

By simply comparing the correlation parameters,
squashed light appears classical in the sense that |M | =
N . Yet the squashed spectra, e.g. SX = 1 + 2λ + λ2, are
below the standard quantum limit of unity for −1 < λ <
0 which is clearly non-classical. For the spectra, terms
involving λ can thus be thought of as the non-classical
terms, while terms involving λ2 are classical.
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Looking at the master equation (see Fig. 4) we see that
this non-classical term also appears in the de-excitation
process since ND = MD = λ + λ2/4, whereas the exci-
tation process appears classical in all regards since here
NU = MU = λ2/4. Therefore, we can anticipate that
the non-classical two-photon excitation seen for squeezed
light might not be seen for squashed light. However, we
can also expect there to be a corresponding non-classical
process in the de-excitation.

C. Basis for comparison

The features of the master equations for squashed,
squeezed and classical light can now be compared. Here
we address the question of what to keep constant between
these three cases. In the past, squeezed and classical light
have been compared in terms of the intensity since it is
defined in the same way for both types of light. The most
obvious definition for the intensity N is in terms of the
photon flux operator, i.e.

〈b†i (t)bi(t
′)〉 = N δ(t − t′). (5.13)

If we extend this definition of intensity to include
squashed light, we must not forget that, in this case,
commuting the operators does not change N into 1+N .
Therefore the term “intensity” does not have the same
meaning for squashed light. Nevertheless, the parameter
N is the most natural choice as we will see below.

Applying this definition of intensity (5.13) for all three
types of light we see that, in general, N = NU . For
the squeezed and classical fields this simply means that
N = N and |M | =

√

N (N + 1) for squeezing, and
|M | = N for classical light. For squashed light the rela-

tionship is λ = −2
√
N . Since the spectra (5.6) and (5.8)

are only below unity for −1 < λ < 0 (negative feedback),
the “intensity” range for squashed light is thus limited to
0 < N < 0.25.

It is interesting to note that the feedback described in
Sections II.B and IV can be modified to produce classi-
cal light which has the same intensity as the squashed
light. This would enable experimental comparison of
squashed and classical light to be made with the same
apparatus. As opposed to using positive feedback g > 0,
which increases the noise in the fed-back quadratures, the
method introduced here (see Fig. 5) actually produces
maximally correlated classical light, i.e. NU = ND = N
and MU = MD = N .

Consider the simplified diagram for producing
squashed light seen in Fig. 5(a). This theory is detailed
in [5,3] and is also outlined in Section II.B. Now, by sim-
ply separating the feedback loop from the test system, as
shown in Fig. 5(b), it can be shown that the light, a(t),
interacting with the system is then maximally correlated
classical noise. Note that it is a relatively simple matter
to extend this for the twin-beam case.

FIG. 5. Simplified diagrams for (a) the production of
squashed light and (b) the production of maximally corre-
lated classical light using feedback. The circles are where a
test atom could be positioned.

Here we start with two initial vacuum fields νa and νb

to which coherent amplitudes are again added (by M1
and M2) resulting in the fields a and b. However, only
the X quadrature of b is measured and used to control
the same coherent amplitude, ε, added to both the initial
vacuum fields. That is, a = νa + ε and b = νb + ε. As-
suming the same modulation as in Eq. (2.18), we obtain
in the broadband approximation

a(t) = νa(t) +
gXb(t

−)

2(1 − g)
. (5.14)

Coupling a two-level atom this field with perfect mode-
matching again leads to the general master equation (5.1)
except now

NU = N = ND = λ2/4

MU = MD = λ2/4. (5.15)

Therefore, by comparison with Eqs. (5.5), we see that
this is maximally correlated classical light with the same
intensity as squashed light (5.3).

Note that here M is positive which means that SX > 1
and SY = 1, which can also be noted from the fact that
we are adding noise to the X quadrature of a (5.14).
To set SX = 1 and SY > 1 we would need to measure
the Y quadrature of b and use it to add noise to the Y
quadrature of a.

By choosing a fixed value for N we are able to make a
phase space comparison between squashed, squeezed and
classical light. This is shown in Fig. 6 for N = 0.1, where
we have chosen MU/D = NU/D for squashed light and
M < 0 for squeezed and classical light. We emphasize
that these are not the contours of a Wigner function of a
single-mode harmonic oscillator. All the fields discussed
in this paper are multi-mode fields denoted by continuum
annihilation operators (see Secs. II.A and III.A). In par-
ticular, squashing has no meaning for a single-mode field.
Figure 6 is best interpreted as a radial plot, where the
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distance of the curve from the origin at an angle θ rep-
resent the broadband values of the quadrature spectra,
SQθ

(ω̄).

FIG. 6. Phase space comparison between squashed,
squeezed and classical light, where the intensity N = 0.1 is
kept fixed for all three cases. The contours represent the value
of SQθ

(ω̄), where Qθ = X cos θ+Y sin θ. The circle represents
the vacuum state, the solid ellipse is the squashed state, the
dashed ellipse is the squeezed state and the dash-dot ellipse
represents the classical noise state.

This figure highlights the difference between squashed
and squeezed light that was discussed previously in Sec.
II.B. While both are non-classical fields in the sense
of reduced fluctuations in the X quadrature, squashed
light does not have the corresponding increase in the Y
quadrature. Hence, the fluctuations are simply squashed

from the vacuum limit in one quadrature, as opposed to
squeezed from one quadrature into the other.

For the rest of the paper we will assume correlations
like that given in Fig. 6. That is, MU/D = NU/D (SX =

SX+ = SY − < 1) for squashed light, M = −
√

N(N + 1)
(SX = SX+ = SY − < 1) for squeezed light, and M = −N
(SX = SX+ = SY − = 1) for classical light.

D. Steady state excited populations

The squeezed master equation leads to a steady state
excited population with a linear (non-classical), as well as
quadratic (classical), dependence on the intensity. This
has been shown both theoretically [9,10] and experimen-
tally [8].

Normal (classical) two-photon excitation involves a
two-step process with one photon absorbed in each step
(hence the quadratic dependence). Squeezed light has
large two-photon correlations and therefore the excita-
tion from the ground to the upper state can occur in
one step. We have shown that squashed light also has
non-classical two-photon correlations as evidenced by the
below-shot-noise spectrum (2.28). However, squashed
light does not produce an excited population with a lin-
ear dependence on the intensity, as shown below.

The steady state population of the upper state for the
twin-beam squeezed vacuum field is

ρ33 =
N

1 + 2N ≃ N . (5.16)

The corresponding result for a twin-beam with classical
noise is

ρ33 =
2N 2

(1 + 2N )(1 + 3N )
≃ 2N 2. (5.17)

Here the asymptotic values are for the low intensity
regime, N ≪ 1. The first equation shows the linear de-
pendence on N that is characteristic of squeezed light,
whereas the corresponding excited population for classi-
cal light has a quadratic dependence on N . The exact
equation for squeezed light also has a quadratic depen-
dence on N for imperfect mode-matching (not included
in our analysis).

The excited population for twin-beam squashed light
is given by

ρ33 =
2N 2

1 −
√
N (6 + 10N ) + N (13 + 6N )

≃ 2N 2, (5.18)

For low intensities,
√
N ≪ 1 (which really corresponds

to weak feedback |λ| ≪ 1), this equation is clearly clas-
sical with a quadratic dependence on N . Thus, we see
that squashed light fails to give a non-classical excited
population similar to squeezed light.

E. Transient two-photon coherences

We have shown that squashed light excitation of a
three-level atom is a classical process. This can be un-
derstood by looking at the two-photon transition rate
for excitation, MU = λ2/4. As we pointed out earlier λ2

corresponds to the classical term in the squashed spec-
trum (equal to 1 + 2λ + λ2). It is the two-photon de-
excitation rate that has the non-classical dependence on
λ, i.e. MD = λ + λ2/4.

This section will show that squashed light de-excitation
of a three-level atom is non-classical. However, it only
behaves similarly to squeezed light early during the de-
excitation and then only for weak feedback. This can be
seen in the transient coherence ρ13 between the upper
and lower levels. In the short time regime, t ≪ 1, the
coherence will have only received population from the
initial state, |3〉. For all three types of light (squashed,
squeezed and classical), the transient coherence from the
upper level is

ρ13 ≃ MD

2
t (5.19)

which can be seen in Fig. 4.
To compare the coherences in terms of the intensity

of the input light (squashed, squeezed or classical) we
simply substitute the expressions for MD in terms of the
respective intensities. For squashed light this means set-
ting MD = −2

√
N + N , while for maximally squeezed

light MD = −
√

N (N + 1), and for maximally correlated
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classical light MD = −N . The resultant transient coher-
ences are

Squashed : ρ13 ≃ −
√
N t, (5.20)

Squeezed : ρ13 ≃ −
√
N
2

t, (5.21)

Classical : ρ13 ≃ −N
2

t. (5.22)

Again we have assumed that the intensity (or feedback

strength) is small, i.e.
√
N ≪ 1. These results clearly

show that squashed light de-excitation is a non-classical
process. The coherence for squashed light de-excitation
(5.20) scales in the same non-classical way as squeezed

light (5.21), i.e. ∝
√
N [24].

For comparison, we can also calculate the two-photon
transient coherences for excitation. From Fig. 4 these are
given by ρ13 ≃ MU t/2. For squeezed and classical light
the excitation coherences are exactly the same as the de-
excitation coherences in Eqs. (5.21) and (5.22), as one
would expect. However, for squashed light MU 6= MD

and we obtain

Squashed excitation : ρ13 ≃ N
2

t, (5.23)

where again this is the weak feedback limit. We see that
the two-photon excitation for squashed light (5.23) scales
in the same way as classical light (5.22), i.e. ∝ N . The
transient coherences thus confirm the classical nature of
squashed light excitation as indicated by the excited pop-
ulations in the preceding section.

Thus, in terms of the intensity N , we see a clear scaling
difference between the classical (squashed excitation and
classical light) and non-classical (squashed de-excitation
and squeezed light) processes. For both the steady-state
excited populations and the transient two-photon coher-
ences, the non-classical scaling is the square root of the
classical scaling.

VI. CONCLUSION

We have shown in this paper that a unified formal-
ism in terms of effective N and M parameters can be
found for squashed, squeezed and classical light. By sim-
ply comparing these parameters it appears that squashed
light is classical (M = N). Yet there is the contradic-
tory, non-classical fact that it produces photocurrents
with noise below the standard quantum limit.

To better understand this unusual non-classical nature
of squashed light it is important to look in detail at its in-
teraction with both the two-level, and the cascade three-
level atoms. By doing so, it becomes apparent that there
are differences between the upward and downward tran-
sitions; NU = MU are quadratically dependent on λ, the
feedback parameter, while ND = MD also have a lin-
ear dependence. This difference is not present in either

squeezed or classical light, and is a direct consequence of
the fact that squashed light is not a free field.

Thus, squashed light does not have a direct correspon-
dence to squeezed light as previous work seemed to indi-
cate [5,3]. In particular, the observed experimental sig-
nature of squeezing (non-classical excited population of a
cascade three-level atom [8–10]) is not reproduced. How-
ever, the de-excitation of the three-level atom does be-
have non-classically.

This is most easily seen in the transient two-photon co-
herence between the highest and lowest levels of an atom
prepared in the highest level. The transient coherence
scales in the same non-classical way for both squeezing
and squashing. In terms of the intensity, N = NU , both
the squashed and squeezed coherences are proportional
to the square root of the intensity, while classical light
has a linear dependence.

To summarize our results, we find that for squashed
light, excitation processes are classical, but de-excitation
processes are non-classical. This non-classical de-
excitation (lowering) is a general feature of squashed
light, as evidenced by the line narrowing of the fluores-
cence of a two-level atom, and the non-classical transient
coherence of de-excitation from the upper level of a cas-
cade three-level atom.
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