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ABSTRACT 

 

Speed - density relationship is the foundation of the traffic flow theory and transportation 

engineering. It represents the mathematical relationship among the three significant traffic 

parameters - traffic flow, speed and density. Since the speed-density relationship was first 

introduced by Greenshields in 1935, the development of this relationship has been greatly 

increased and there are numerous models to represent the relationship (e.g. Greenberg model; 

Underwood model; Newell model; Northwestern model; Wang et al. model). The speed-

density relationship function is expected to have both empirical accuracy and mathematical 

elegance.  It was long believed that single-regime models could not well represent all traffic 

states ranging from free flow conditions to jam conditions. In this thesis, field data was 

collected on the Georgia State Route 400, I-80, US101 in USA and M1 Motorway in AU.  

 

According to the literature, existing single-regime deterministic models calibrated by the least 

square method (LSM) could not fit the empirical data consistently well throughout the whole 

traffic state, especially in congested conditions. However, we found that the inaccuracy of the 

deterministic models is not caused solely by their functional forms, but also by the sample 

selection bias. It is because the observational database has poor quality as most of the data 

points refer to free flow condition. The calibrated models are likely to be dominated by free 

flow conditions, which results in poor performances for congested traffic states. Therefore, we 

propose two methods to resolve the sample selection bias.  

 

Firstly, the weighted least square method (WLSM) was used to solve the sample bias problems. 

We proposed three weighting methods to calibrate six single-regime deterministic models. 

According to our calibration results, these models, used the WLSM, to fit the dataset reasonably 

as it well represented all traffic states ranging from free flow conditions to traffic jam 

conditions. Furthermore, model validation part provides the results of relative errors, mean 

square error (MSE), root-mean-square deviation (RMSE). In addition, a theoretical 

investigation revealed the deficiency of LSM when conducted. The results showed that the 

inaccuracy of single regime speed-density models was not caused solely by their functional 

forms, but also by sample selection bias. 

 

For the other method, we used a fundamentally different approach that was able to yield very 

similar and consistent results with the previous WLSM model. The proposed approach applies 
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reproducible sample generation to convert the observational data to experimental data. Then, 

the traditional least square method (LSM) could subsequently be applied to calibrate accurate 

traffic flow fundamental diagrams. Two reproducible sample generation approaches were 

proposed in this research. Based on our analysis, the first approach was somewhat affected by 

outliers and the second approach was more robust in dealing with potential outliers.  

 
As per our data, speed possesses a high degree of randomness for a given traffic state, which 

is more appropriate to be represented by random variables than deterministic numbers. The 

study then proceeds to propose a probabilistic speed-density relationship to represent the 

variance of speed by a given density value. In this section, we applied a new calibration 

approach to generate stochastic traffic flow fundamental diagrams. We first proved that the 

percentile based fundamental diagrams were obtainable based on the proposed model. We 

further proved that the proposed model had continuity, differentiability and convexity 

properties so that it could be easily solved by Gauss-Newton method. By selecting different 

percentile values from 0 to 1, the speed distributions at any given densities could be derived. 

The calibrated speed distributions perfectly fitted the GA400 dataset. This proposed 

methodology has wide applications. First, new approaches can be proposed to evaluate the 

performance of calibrated fundamental diagrams by taking into account not only the residual 

but also ability to reflect the stochasticity of samples. Secondly, stochastic fundamental 

diagrams can be used to develop and evaluate traffic control strategies. In particular, the 

proposed stochastic fundamental diagram is applicable to model and to optimize the connected 

and automated vehicles at the macroscopic level with an objective to reduce the stochasticity 

of traffic flow. Last but not the least, this proposed methodology can be applied to generate the 

stochastic models for most regression models with scattered samples.  
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CHAPTER 1. INTRODUCTION 

1.1 Background 

Transportation plays an important role in society as major cities generally use up to 55% of 

their land area for this service. Human and business activities will come to a standstill without 

transportation services (Qu et al., 2014a). Therefore, evaluating the capacity of roads is one of 

the major tasks for traffic engineers to design and assess the quality of roads (Ren et al., 2016). 

In traffic flow theory, there are three important traffic parameters - density (k), speed (v) and 

traffic flow (Q). Density is defined as the number of vehicles per unit length of the roadway; 

speed is defined as the distance covered per unit time, and traffic flow is the number of vehicles 

passing a reference point per unit of time, vehicle per hour (Fermo and Tosin, 2013). For 

example, in Figure 1-1, for the marked lane, density is calculated by 3 vehicles over 100m, 

which can be written as 30 veh/km; speed uses the speed when the vehicle passes through the 

line 2; traffic flow can be found as the count of vehicles passing through line 2. Therefore, the 

relationship between them can be easily calculated as the traffic flow equals the production of 

speed and density (Q=k×v). 

 

 

Figure 1-1: Interpretation of traffic parameters 
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In order to analyze a macroscopic traffic model involving these traffic parameters, a 

fundamental diagram has been applied to represent relationships between the traffic 

characteristics to distinguish vehicular traffic flow from other kinds of flow (Wang et al., 2011; 

Qu et al., 2015). For the traffic flow theory and transportation engineering, a fundamental 

diagram is used to represent the graphical layout and determine the mathematical relationships 

among traffic flow, speed and density (Zhang and Lin, 2011). Among these relationships (e.g., 

speed-flow, speed-density, and flow-density), the speed-density relationship appears to be the 

basic relationship as it directly connects to the everyday driving experience (Wang et al., 2008). 

Moreover, the speed-density relationship can be used to determine the value of the capacity 

which equals the production of speed and density.  

 

For the speed-density relationship, since the fundamental diagram of the speed-density 

relationship was first introduced by Greenshields in 1935, the development of this relationship 

has been greatly increased and there are various models to represent the relationship now (Rao 

et al., 1999): e.g. Greenberg (1959), Underwood (1961), Newell (1961), Edie (1961), Kerner 

and Konhäuser (1994), Del Castillo and Benítez (1995a&b), Li and Zhang (2001); Wu (2002); 

Ji et al. (2010), MacNicholas (2011), Dervisoglu (2012), Wang et al. (2011&2013), Keyvan-

Ekbatani et al. (2012&2013). Note that these models are all considered single-regime models, 

so the equation form is a single function. Then, in order to fit data better, decomposing the 

speed-density relationship into multiple regimes is a further improvement. However, 

irrespective of single or multi-regime, these models are deterministic in nature which 

essentially describes average system behaviors from a statistical perspective. In addition, as the 

freeway traffic is more complex than deterministic, predictable, and homogeneous fluids 

governed by physical laws, the collected database scattered throughout the entire range of 

traffic flow (Breiman, 1963; Branston, 1976;). Hence, stochastic models are more reasonable 

and accurate to represent the speed-density relationship. In fact, there is a consensus in the 

literature that microscopic variables of traffic flow should be modeled as random variables but 

the traffic flow fundamental diagram is predominantly treated as deterministic (Zhang, 1998; 

Coifman, 2014). Table 1-1 lists six well-known single regime models with two or three 

parameters which will be discussed in the following sections. 

 

 

Table 1-1: Six single-regime speed-density models  
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Single-regime 

models 
Function Parameters 

Greenshields (1935) 1f

j

k
V v

k

 
= −  

    

fv
, jk

 

Greenberg (1959) ln
j

o

k
V v

k

 
=  

   

ov
, jk

 

Underwood (1961) expf

o

k
V v

k

 
= − 

 
 fv

, ok  

Northwestern (1967) 

2

1
exp

2
f

o

k
V v

k

  
 = −  
     

fv
, ok

 

Newell (1961) 
1 1

1 expf

f j

V v
v k k

     
 = − − −  
        

fv
, jk

,λ 

Wang et al. (2011) 
( ),

1 exp

f

c

v
V k

k k




=
− 

+  
   

fv
, ck

,
  

 

Notation: V - Speed (the dependent variable); k - Density (the independent variable); fv - 

Free-flow speed; jk - Jam density; ok - At-capacity density; ck  - Critical traffic density;  ov - 

At-capacity speed;   ,   - Calibration coefficients.  

 

After calibrating the above models, the speed-density relationship can be used to determine the 

capacity of freeways as shown in Figure 1-2.  Then, the level of servers, which is a qualitative 

measurement used to measure the degree of congestion on a highway facility, is based on first 

order optimality condition. It classifies the level of servers as 6 levels by using letters A through 

F depending on the performance of density, speed and volume (as shown in Figure 1-3).  
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Figure 1-2: Performances of six speed-density models relative to GA400 data 

 

In this case, the speed of level A and B is reasonably free flow, which means motorists have a 

high level of psychological and physical comfort. The lowest average vehicle spacing is about 

16 car lengths or 100 m. However, the traffic volume of the road is pretty low, so this highway 

is not utilized well and wastes the public facility. Level C has stable flow and the speed is near 

free flow, the roads remain safely below but efficiently close to capacity, and most experienced 

drivers are comfortable. Minimum vehicle spacing is about 11 car lengths or 67 m. It is the best 

condition compared to others, and this is the major target for traffic engineers to design 

freeways. Although Level D and E have higher traffic flow, vehicle spacing is about 6 car 

lengths, and speeds still can reach 80 km/h. However, the flow is unstable and speeds rarely 

reach the posted limit as there are traffic jams during peak hours. Drivers’ level of comfort can 

become poor and it is not the expected result for traffic designers. Level F signifies a horrible 

condition, as the flow has broken down. The demand of the road is generally more than its 

capacity, and the travel time cannot be predicted. The road is in a constant traffic jam as no one 

is interested in this result. 
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Figure 1-3: Level of servers (Qu, 2014) 

 

1.2 Research Scope 

This thesis aims to improve the performance of existing deterministic speed-density models 

and propose a probabilistic speed-density relationship model to represent the variance of speed 

dependent on a given density value.  

 Database analysis 

In this research, the main data includes 47,815 observations of speeds and densities collected 

from 76 stations on the Georgia State Route 400 (referred to as the GA400 dataset). From this 

observation data, 86.3% (41,259) of the GA400 data points refers to free flow conditions (< 20 

veh/km), which dominate the whole traffic state. In order to analyse which characteristics of 

data may affect the performances of the models, we analysed the Gini coefficients, skewness 

and distribution of the database. Moreover, three more databases are included (I-80, US-101 in 

USA and M1 Site 81-125 in Australia) to validate the models and approaches.  

 Calibration methods 

According to the literature, the least square method (LSM) is applied to calibrate the parameters 

in order to obtain the best fitted equations (Sun et al., 2003).  However, as can be seen in Figure 

1-2, none of these six models gives an adequate representation for congested flows. Hence, we 

use a new calibration method - weighted least square method (WLSM) to calibrate the models 

which significantly outperform the corresponding ones calibrated by LSM. This is one way to 
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improve the performances of single-regime speed-density models. LSM and WLSM are the 

two types of calibration method used in this thesis.  

 Deterministic speed-density models  

Since the seminal Greenshields model proposed in 1935, a number of models have been 

proposed to mathematically model the speed-density relationship in a deterministic manner. 

These models have been derived from different car following theories which are based on the 

follow-the-leader concept, which rules how drivers follow their leading vehicles (Zhang & Kim, 

2005). Many researchers believe that single-regime models cannot represent the empirical data 

consistently well, both in the free-flow regime and in the congested regime (Sun and Zhou, 

2005). However, if the functional forms and calibration approaches are properly developed, the 

single-regime models are more powerful than they might be thought to be. We identify that the 

single-regime models can represent the speed density relation well by using WLSM or 

experimental data. 

 Uniform experimental data 

In contrast to the previous observational data which has been measured or surveyed as it is, 

experimental data is obtainable from measurements or surveys which are designed by 

researchers. As a result, the observational data might be highly skewed and experimental data 

can be uniform. In this regard, a uniform experiment sampling which can be generated from 

the collected data, is another way to have unbiased data. Then, the performances of 

deterministic speed-density relationship models can be improved.   

 Probabilistic speed-density model 

As per our data, speed possesses a high degree of randomness for a given traffic state (density), 

which is more appropriately represented by random variables than deterministic numbers. In 

order to address the stochasticity of traffic flow, a new calibration approach has been proposed 

to generate stochastic traffic flow fundamental diagrams. An optimization model based on the 

theorem of total probability is employed to calibrate the speed distributions as a function of 

density throughout the entire range of traffic states. With this proposed stochastic fundamental 

diagram, the residual data and stochasticity of the performance of calibrated fundamental 

diagrams can be evaluated. 
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1.3 Objectives and Contributions  

The primary objective of this research is to develop a probabilistic flow-density or speed-

density relationship for freeway traffic. The specific objectives are listed as follows: 

 

- Introduce common speed-density relationship models 

- Analyse the performances of deterministic models 

- Point out the inaccuracy of deterministic models is not caused solely by their 

functional forms, but also by sample selection bias 

- Consider weighted least square method instead of least square method to improve 

the performances of deterministic models 

- Compare the performances of models calibrated by experimental data and 

observational database 

- Use new approaches to generate experimental data to calibrate deterministic 

models to improve their performances 

- Propose a probabilistic model to represent flow density relationship  

- Validate this model based on different observational databases 

 

1.4 Research gap 

For deterministic speed-density models, it has been a long time that transportation researchers 

have believed that single-regime models could not fit the empirical data consistently well both 

in the light-traffic/free-flow regime and congested/jam regime. In regard to this gap, we have 

identified a hidden reason for which single-regime models fail to represent the fundamental 

relation over all possible traffic states, and thereby applied two methods – new calibration 

method and uniform experimental data method - to solve the problem. Using the new methods, 

the single-regime models, in addition to their mathematical elegance, are capable of 

representing the relationship between speed and density accurately for the whole traffic state. 

As the nature of traffic flow is stochastic, we propose a new approach to generate stochastic 

traffic flow fundamental diagrams. Consequently, the distribution of speed is obtained which 

perfectly fit the speed-density data. This proposed methodology has wide applications, such as 

evaluating the performance of calibrated fundamental diagrams, developing and evaluating 

traffic control strategies, and thus this research has significant effects. 
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1.5 Organization of Thesis 

This thesis is divided into seven main chapters. Chapter 1 introduces the background and shows 

the research scope and objective of this project. Chapter 2 is the literature review which 

explains the development of speed-density models, the basic model derivation from the car 

following models, Least Square Method and Weighted Square Method. Chapter 3 is data 

description which introduces the four databases used in this project. Moreover, histogram, 

skewness and Gini coefficient are used to illustrate the data characteristics. Chapter 4 is about 

the deterministic single-regime speed-density models. It includes the methodology of two 

calibration methods – LSM and WLSM; the results of each method have been shown and the 

model validations are also included in this chapter. It proves that the inaccuracy of deterministic 

models is not caused solely by their functional forms, but also by sample selection bias. Chapter 

5 presents three approaches to generate uniform experimental data instead of observational data 

to deal with the bias database. Then, these approaches work as well as the previous WLSM, 

which also improve the performance of deterministic models. Chapter 6 develops a generic 

approach to generate a stochastic fundamental diagram. An optimization model based on the 

theorem of total probability is employed to calibrate the speed distributions as a function of 

density throughout the entire range of traffic states. Chapter 7 is the summary and conclusion.   
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CHAPTER 2. LITERATURE REVIEW 

2.1 General Speed-density Models  

 Two-parameter models  

Modelling of speed-density began with the Greenshields model in 1935. Greenshields assumed 

a linear speed-density relationship as illustrated in Figure 2-1 and this equation is shown below:  

 
f

f

j

v
V v k

k
= −   (2-1) 

where V is the mean speed at density k, and vf and kj are the free speed and jam density, 

respectively. Figure 2-1 indicates that when density becomes zero, speed approaches free flow 

speed (v→vf, when k→0), and when speed becomes zero, density approaches jam density (k→kj, 

when v→0).  

  

 

Figure 2-1: Greenshields speed-density relationship 

 

Greenshields model has extremely mathematical simplicity but insufficiently matches the 

empirical data. Consequently, Greenberg (1959) designed a new model (Figure 2-2), assuming 

a logarithmic speed-density relationship as shown below,  

   

 lnm

j

k
V v

k
=   (2-2) 
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Figure 2-2:  Greenberg speed-density relationship 

 

 

The Greenberg model is popular as it can be derived analytically; however, it predicts infinity 

free flow speed as the density tends to zero (Mathew & Rao, 2006). This means the model 

cannot predict the speed at lower densities, and the optimum speed and jam density are hard to 

observe (May, 1990) 

 

 

As for the Underwood model (1961), it is an exponential model which can be graphically 

expressed in Figure 2-3; the function is shown below, 

 expf

j

k
V v

k

 
= −  

 

 (2-3) 
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Figure 2-3: Underwood speed-density relationship 

 

This model overcomes the limitation of the Greenberg model (1959), but the speed becomes 

zero when the density reaches infinity, which does not suit the true situation. Hence, this model 

cannot be used to predict speeds when densities are high. The same problem appeared in the 

Northwestern model (1967) which is also an exponential model.  

 Three-parameter models 

Since all the two-parameter models have disadvantages, three-parameter models have been 

designed. The Newell model (1961) is associated with a microscopic parameter λ, which is 

derived from a car-following model. The function is shown below, 

 

  
1 1

1 expf

f j

V v
v k k

     
 = − − −  
      

 (2-4) 

 

This model fails to match the empirical data when the traffic speed decay becomes fast as 

density increases (Wang et al., 2011). As a result, another model - three-parameter logistic 

speed-density model - was introduced to improve the result; the function is shown below, 

 

 ( )

1

,

1 exp

f

c

v
V k

k k




=
 −

+  
 

  (2-5) 
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where kc is critical traffic density, and θ1 is a scale parameter which describes how the curve is 

stretched out over the whole density range. The 3PL model (2011) is used to represent an S-

shaped curve which better fits the trend of the data. In sum, all the models are single-regime 

which are continuum speed-density models. 

 Multi-regime models 

Due to the inaccuracy of single-regime models, which fail to represent the speed-density 

relationship for all possible traffic states ranging from free-flow conditions to congested 

conditions, multi- regimes models are proposed. Multi-regime models usually include two or 

three regimes such as multi-regime model by cluster analysis (Lu and Sun, 2005), and three-

regime models (Lu et al., 2010). The basic idea of two regime models uses two different curves 

to represent the light-traffic conditions, and jam conditions separately. The three-regime 

models will also represent the transitional-flow conditions separately. However, the main 

criticism of multi-regime models is the current inability to determine breakpoints in a scientific 

way. In other words, those models are not continuum models which are unable to have 

continuous differentiable close forms to represent the relationship between flow and density or 

speed and density. 

 

2.2 The Derivation Process of General Speed-density Models form Car Following 

Models 

Car following theories describe how one vehicle follows another vehicle on a single lane of the 

roadway. This particular type of driving is a significant subtask, having been successfully 

described by mathematical models, and is an important facet of driving. Therefore, 

understanding car following contributes importantly to an understanding of traffic flow. In car 

following method, a stimulus-response has been assumed to describe the control process of a 

driver-vehicle unit (Zhang and Kim, 2005). The stimulus-response equation expresses the 

concept that a driver of a vehicle responds to a given stimulus according to a relation: 

 Response ? Stimulus=   (2-6) 

where    is a proportionality factor which equates the stimulus function to the response or 

control function. The stimulus is composed of many factors, including speed, relative speed, 

acceleration, vehicle performance, driver, and thresholds. 
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Figure 2-4 is a schematic diagram of the linear car following model, 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2-4: Car following model 
where,  

)()()( 1 txtxtS nn +−= —the distance between two successive vehicles at time t ； 

)(11 tuTd n+= —the distance that the following vehicle travels during reaction time T； 

)(1 txn+ —the position of the following vehicle at time t ; 

)(txn —the position of the lead vehicle at time t ; 

T —reaction time; 

2d —braking distance of the following vehicle; 

3d —braking distance of the lead vehicle; 

L —safety distance to stop the vehicle. 

 

From Figure 2-4, we can obtain the relation, 

 1 1 2 3( ) ( ) ( )n nS t x t x t d d L d+= − = + + −   (2-7) 

 

 

Therefore, 

 1 1 1 1( ) ( ) ( )n n nd u t T u t T T x t T T+ + +=  = +  = +     (2-8) 

 

d2 d1 

n vehicle starts to brake 

n+1 vehicle braking 

distance 

 

d3 n vehicle braking distance 
n vehicle 

stopping 

position 

 

xn(t) xn+1(t) 

S(t) 

n+1 n 

n+1 n+1 n 

L 



14 

 

Assuming the braking distances of the lead car and following car are the same, that is 32 dd = , 

then, 

 1 1( ) ( ) ( )n nS t x t x t d L+= − = +   (2-9) 

Substituting eq. (2-8) into eq.(2-7), 

 1 1( ) ( ) ( )n n nx t x t x t T T L+ +− = +  +   (2-10) 

 

Then, the derivative of eq.(2-10) is obtained from, 

 1 1( ) ( ) ( )n n nx t x t x t T T+ +− = +    (2-11) 

And, 

 1 1( ) [ ( ) ( )]n n nx t T x t x t+ ++ = −   (2-12) 

 

Based on car following models of single-lane traffic flow, density-flow relationships for single-

lane traffic flow are developed. For the next part, the relationships have been divided into two 

cases - linear case and nonlinear case. 

 Linear model 

In traffic flow theory, the linear method is a special case for which the function is: 

 ( ) ( ) ( )1 1n n nx t T x t x t+ ++ = −     

where n=1, 2, 3, ….   

 

Assuming the vehicle is initially at a speed vi and density ki, t is the time, and the speed and 

density at time t are vf and kf, respectively, then, the speed-concentration relation is 

 ( )1 1 1

f i f ik k v v− − −= + −   (2-13) 

 

This result shows that the speed-concentration relationship is not directly dependent on the 

time lag, T. It links an initial steady-state, to a second arbitrary steady-state and establishes 

relationships between macroscopic traffic flow variables involving a microscopic car following 

parameter – λ (Gazis et al., 1959). For stopped traffic, 0iv =  and jk  is frequently referred to as 

the jam density. Therefore, eq. (2-13) for an arbitrary traffic state defined by speed, v, and a 

concentration k , becomes: 

 1
j

k
v

k

 

= −  
 

  (2-14) 
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This linear relationship is also known as Greenshields model, which has been widely used as 

it is simple. However, as it is a linear function, this relationship cannot present a reasonable 

description of traffic flow because the acute data is clearly S-sharp. 

 Non-linear models  

2.2.2.1 Greenberg model 

As the linear models do not perform well in real cases, non-linear models have been chosen to 

use. Greenberg (1959) designed a new model which supposed that the gain factor, λ, is not a 

constant but is inversely proportional to vehicle spacing,  

 
( ) ( ) ( )
1 1

1

=
n n

S t x t x t

 


+

=
−  

 (2-15) 

where 1  is a new parameter considered as a constant, and is referred to as the sensitivity 

coefficient. By subsituting eq. (2-15) into eq. (2-12), the equation can be rewritten by,  

 ( )
( ) ( )

( ) ( )1
1 1

1

n n n

n n

x t T x t x t
x t x t


+ +

+

+ = −  −  

  (2-16) 

For n=1, 2, 3,… 

 

By assuming the traffic stream is stable, this equation can be integrated, yielding the steady-

state relation (Gazis et al. 1961) as: 

 ( )1 ln /ju k k=   (2-17) 

For flow-density function, as flow equals the production of speed and density (Q=k×v), 

 lnm

j

k
Q v k

k
=   (2-18) 

where, jk  is jam density, and mv  is the speed at maximum flow. 

 

This model is popular as it can be derived analytically, but it predicts infinite free flow speed 

as the density tends to zero (Mathew & Rao, 2006). This means the model cannot predict the 

speed at lower densities and the optimum speed and jam density are hard to observe (May, 

1990). 
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2.2.2.2 Underwood model 

A noted undesirable property of eq. (2-17) is that the speed is infinite at k=0, which is not 

accurate. The function is not applicable for low density conditions. Therefore, Underwood 

(1961) suggested an alternative form for the gain factor,   

 
( )

( ) ( )

2 1

2

1

n

n n

x t T

x t x t


 +

+

+
=

−  

 (2-19) 

 

Then, the  car following model can be rewritten as, 

 ( )
( )

( ) ( )
( ) ( )2 1

1 1

1

n

n n n

n n

x t T
x t T x t x t

x t x t

 +

+ +

+

+
+ = −  −  

  (2-20) 

 

As before, this equation can be integrated as: 

 
/ mk k

fV v e
−

=   (2-21) 

And, 

 expf

m

k
Q v k

k

 
= − 

 
  (2-22) 

where vf is the free speed, and km is the density at maximum flow. 

2.2.2.3 Northwestern model 

This Underwood model overcomes the limitation of the Greenberg model (1959), but the speed 

becomes zero when the density reaches infinity, which does not suit the true situation. Hence, 

the Underwood model cannot be used to predict speeds when densities are high. The same 

problem appeared in the Northwestern model (1967) which is also an exponential model: 

 

2

1
exp

2 m

f

k
Q v k

k

  
 = −  
   

  (2-23) 

where vf is the free speed, and km is the density at maximum flow. 

 

Edie (1961) summarized the car-following functions as, 

 ( ) ( ) ( )1 1n n nx t T x t x t+ ++ = −     (2-24) 

where the factor, λ, is assumed based on the following: 

a) A constant, λ=λ0 ,  function is linear; 

b) A term inversely proportional to the spacing, λ=λ1/S, function is logarithmic; 
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c) A term proportional to the speed and inversely proportional to the spacing 

squared, λ=λ2V/S2, function is exponential and; 

Based on different assumptions, all the models presented in Table 1-1 can be derived.   

 

2.3 Least Square Method and Weighted Square Method 

 Least Square Method 

Linear least squares method, which was developed respectively by Adrien Marie Legendre, 

Robert Adrain and Karl Friedrich Gauss, has been adopted in many fields to estimate unknown 

parameters (Harter, 1983; Stigler, 1986; Meng and Qu, 2012a&b). Based on its effectiveness 

and completeness, it is the primary tool for process modeling.  

 

The objective of least squares method is minimizing the sum of the squared deviations between 

the data and the model function. The estimates of the unknown parameters are obtained from 

the optimal estimates under the usual assumptions used. This method is an efficient use of data, 

as good results can be obtained with a relatively small database. Additionally, the LSM theory 

is well-understood and easily used for calibrations, predictions, and optimizations. A 

disadvantage of LSM is the limitation in the shape. For example, if the model over long ranges, 

it may have poor extrapolation properties and sensitive to the outliers of the database.  

 

 Weighted least square method 

Weighted least square method works by incorporating extra nonnegative constants, or weights, 

associated with each data point, into the fitting criterion (Sulaimon Mutiu. 2015). The weight 

size indicates the precision in the observational data. The weight determines the contribution 

of each observational data to find out the unknown parameters from the optimal fitting 

estimates. It should be noted that the weight for each observational data is given relative to 

other data weights, so different sets of weights can have the same results.  

  

In this thesis, the observational databases are poor quality. For example, 86.3% of GA400 data 

points refer to free flow conditions (< 20 veh/km), which dominate the whole traffic state. The 

main advantage of WLSM is its ability to handle the quality of each data point. If the standard 

deviation of the random errors is not constant throughout the whole data ranges, using weight 

for each data point can overcome the problem and yields the most precise parameter estimates 

possible. 
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The disadvantage of weighted least squares method is the theory based on the weights if they 

are exact. If the weights are estimated from small numbers of replicated observations, the 

results may be unpredictably affected (Carroll and Ruppert, 1988; Sulaimon Mutiu, 2015). 

Therefore, the assumption of the weights play an important role in calibration. In this thesis, 

the process of proposed weighting methods has been clearly explained and tested to be applied 

in model calibration.  

 

2.4 Summary 

In this literature review chapter, the development of speed-density models has been addressed. 

Since the linear model proposed by Greenshields et al. in 1935, there have been numerous 

studies aimed at improving such an over-simplified relationship. The main efforts of these 

studies have focused on developing an empirically accurate single-regime model with a small 

number of practically meaningful parameters. However, as pointed out by Edie (1961), Drake 

et al. (1967), May (1990), and Wang et al. (2011), single-regime models cannot fit the empirical 

data consistently well through the whole traffic states, therefore many researchers have 

proposed multiple-regime models by using various different curves to represent distinct traffic 

states. Although multiple-regime models perform well in terms of accuracy, they have been 

criticized due to the lack of mathematical elegance. Moreover, those models are all considered 

using deterministic models, and the stochastic nature of traffic flow is totally ignored. 
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CHAPTER 3. PRELIMINARY DATA ANALYSIS 

3.1 Data Information 

 GA400 

The GA400 dataset includes a total of 47,815 observations of speeds and densities from 76 

stations and was collected on the Georgia State Route 400 by snapshot (Figure 3-1). The data 

is frequently used for calibrating the speed-density relation in the literature (e.g. Wang et al., 

2011). Each station provides average observations at every 20 seconds and we have one-year 

of continuous observations in 2003. In this project, the original data is aggregated every 5 

minutes when used to generate the fundamental diagrams. The time interval is long enough to 

describe the fundamental diagram, as the continuous observations were being taken at each 

station for one year. The ranges of the density and speed are from 1 to 144 veh/km and 5 to 

110 km/h, respectively. 

 

Figure 3-1: Snapshots in GA400 

 

 I-80, US-101 and M1 Site 81-125 

I-80 site contains a traffic dataset developed by Cambridge Systematics and this represents data 

collected and processed on a segment of Interstate 80 located in Emeryville, California in 2005. 

This data was collected using seven video cameras mounted on a 30-story building, Pacific 

Park Plaza. Vehicle trajectory data were transcribed from the video data using a customized 

software application developed for NGSIM. We also aggregate the I-80 data into every 5 
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minutes, then the total data points of 83,873 observations of speeds and densities have been 

collected.  

 

US-101 dataset contains data transcribed by Cambridge Systematics, Inc. as part of the Federal 

Highway Administration's (FHWA) Next Generation Simulation (NGSIM) project. The traffic 

data was collected on a freeway segment of US 101 (Hollywood Freeway) located in Los 

Angeles, California on June 15th, 2005. This dataset contains detailed trajectory data, wide-

area detector data, and supporting data needed for behavioral algorithm research. It has similar 

data points as I-80 database. 

 

The M1 Motorway in Brisbane, Queensland, Australia, is a major urban road corridor. It 

connects Tugun near the New South Wales-Queensland border to the Sunshine Coast, and both 

of these roads and the M1 itself are part of the line of route of National Highway 1. The M1 

database used in this research is obtained from the Vehicle Detector Trend Report by SE 

Queensland STREAMS. The recorded time is from 21/07/2014 12:00 AM to 21/07/2014 11:45 

PM at site 85-125 and each site has five lanes. Nota that the level of servers in this highway 

usually is greater than C, the maximum density is less than 80 veh/km, which means the traffic 

condition is good.    

 

3.2 Data Distribution  

As the quality of database can affect the performances of models, the main data characteristics 

have been analysed to discover the causes.  

 Histogram 

In this section, a histogram is used to show the distribution of the original data. A histogram is 

an estimate of the probability distribution of a continuous variable which uses graphs to 

represent the data distribution (Howitt and Cramer, 2011). To construct a histogram, the first 

step is to decide the range of values, and then count the number of values which is in each 

interval. 

 

For this thesis, the range of an interval depends on the value of speed by a given density. As 

all the density has its own speed distribution, it is necessary to analyse the distribution at 

different values of density. Figure 3-2 has illustrated the original data distribution at ten 

https://en.wikipedia.org/wiki/Brisbane
https://en.wikipedia.org/wiki/Queensland
https://en.wikipedia.org/wiki/Australia
https://en.wikipedia.org/wiki/Tugun,_Queensland
https://en.wikipedia.org/wiki/New_South_Wales
https://en.wikipedia.org/wiki/Sunshine_Coast,_Queensland
https://en.wikipedia.org/wiki/Highway_1_(Australia)
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different value of density: k= 10, 20, … , 100 veh/m. The histograms clearly show the 

distribution of original data, which can be used as a factor to consider the distribution type. 
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Figure 3-2: Histogram results at different density 

 

From this result, it shows that there is a variance of speed at a given density. This is because 

the behaviour of drivers varies on an individual basis, and the collective behaviours of driver 

groups would be better described in a distributional law rather than in deterministic terms. This 

is the reason why this project prefers to build a probability model to represent the speed-density 

relationship rather than using determination function. Based on the above results, Inverse 

Gaussian, Gamma, Normal, Poisson, Lognormal and Logistic distribution have been chosen to 

be the distribution types to build the probability modelling.  

 

 Gini coefficient  

The Gini coefficient measures the inequality among values of a frequency distribution. If the 

Gini coefficient is zero, it means perfect equality, where all values are the same. If the value of 

Gini coefficient is one, it means the values are maximal inequality. For our database, the results 

are shown in Table 3-1 and Figure 3-3. 

 

 

https://en.wikipedia.org/wiki/Frequency_distribution
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Table 3-1:  Gini coefficient 

data Gini coefficient 

cumulative k population 0.289 

cumulative 1/k population 0.227 

cumulative v population 0.074 

cumulative 1/v population 0.161 

v  0.783 

 

 
(a) Cumulative of k population                                  (b) Cumulative of 1/k population

(c) Cumulative of v population                                   (d) Cumulative of 1/v population 
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(e) Actual values of v 

Figure 3-3: Gini coefficient 

 

As shown in the above table, the Gini coefficient of the GA400 database is more than 0.7 which 

means the data is unevenly distributed as it concentrates in one range. 

 Skewness  

In probability theory and statistics, skewness is a measure of the asymmetry of the probability 

distribution of a real-valued random about its mean. It simply shows the mass of the 

distribution is concentrated in some positions. Based on the common speed-density models, 

many models convert the original density or speed data into other forms such as ln(v), ln(1/k), 

exp(-k) and so on. Therefore, we calculate the skewness of different parameters to figure out 

the differences after the model conversion. 

 

 

https://en.wikipedia.org/wiki/Probability_theory
https://en.wikipedia.org/wiki/Statistics
https://en.wikipedia.org/wiki/Probability_distribution
https://en.wikipedia.org/wiki/Probability_distribution
https://en.wikipedia.org/wiki/Real_number
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(c) k                                                                       (d) k2   

 

(e) exp(-k2)                                                                       (f) exp(-k)   

 

(g) ln(1/k) 

Figure 3-4: Skewness values 
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Table 3-2: Skewness values 

data Skewness 

v -2.75 

lnv -3.69 

k 3.53 

k2 6.88 

exp(-k2)                                                                         96.66 

exp(-k) 16.47 

ln(1/k) -0.98 

 

As can be seen in Figure 3-4 and Table 3-2, the values of skewness are increased after 

converting the parameter forms, except for ln(1/k) form. 
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CHAPTER 4.  DETERMINISTIC ANALYTICAL MODEL  

4.1 Introduction  

According to the literature, the least square method (LSM) is applied to calibrate the parameters 

in order to obtain the best fitted equations (May, 1990). In particular, a total of 47,815 

observations of speeds and densities from 76 stations were collected on the Georgia State Route 

400, and the data is frequently used for calibrating the speed-density relation in the literature 

(e.g. Wang et al., 2011). The data were aggregated every 5 min. At each station, we have one-

year of continuous observations in 2003. Figure 1-2 plots the empirical data and the calibrated 

models from Table 1-1 using the LSM. As can be seen in the figure, none of these six models 

gives a reasonably good representation for congested flows. A proper fundamental diagram is 

supposed to represent the relationship between speed and density for all possible traffic states 

ranging from light-traffic/free-flow conditions to congested/jam conditions. In this regard, the 

above-mentioned models fail to properly formulate this relationship. It seems that it is hardly 

possible for a single-regime model with three or fewer parameters to represent this fundamental 

relationship accurately.  

 

The main contribution of this chapter is to identify a hidden reason for which single-regime 

models fail to represent the fundamental relation over all possible traffic states, and thereby 

applied a new calibration approach that addresses the problem. Using the new calibration 

method, the single-regime models, in addition to their mathematical elegance, are capable of 

representing the relationship between speed and density accurately for both the light-

traffic/free-flow conditions and congested/jam conditions. In brief, we observe that most traffic 

data for freeways are collected at free-flow conditions. For example, 41,259 out of 47,815 

observations (86.3%) in the GA400 dataset are at low densities. 

 

4.2 Methodology of LSM and WLSM 

 LSM 

The least square method (LSM) has been the most widely used approach to calibrate the 

coefficients for regression models (e.g. Sun et al., 2003; Meng et al., 2011a&b). Consider a set 

of m data points, ( )1 1,x y , ( )2 2,x y  , … , ( ),m mx y , and a curve (model function) ( ),y f x =  , 

where β is a n-dimensional vector of parameters to be calibrated using the data points. To 

calibrate β based on the LSM, we minimize the sum of squared errors, mathematically, 
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 ( )( )
2

1

min ,
m

i i

i

S y f x 
=

= −    (4-1) 

As Eq. (4-1) is an unconstrained optimization model, assuming that ( ),f x   is continuously 

differentiable, the first-order optimality condition implies that the minimum value of S  occurs 

when the gradient is zero, that is,     

 ( )
( )

1

,
2 , 0, 1, ,

m
i

i i

ij j

f xS
y f x j n




 =


= − − = =   

   (4-2) 

The equation system (4-2) in n   unknowns 1 2, , , n     is generally nonlinear and can be 

solved numerically using state-of-the-art algorithms (e.g. Gauss-Newton methods).  

 

In the LSM, the squared error for each observation is added directly in the objective function 

to be minimized. As a consequence, if a large proportion of observations are near a particular 

density, which is the case for the GA400 dataset in which 86.3% observations have densities 

smaller than 20 veh/km. These values of the parameters to be calibrated will be biased toward 

the area near the particular density. We design a simple hypothetical example to illustrate the 

deficiency. Suppose that the underlying relation between density and speed is

2 / 2 / 2 1v k k= − − + , as shown by the red curve in Figure 1-2.  Since this relation is unknown, 

we adopt the Greenshields model and collect data to calibrate the parameters in the model. 

 

If we collect three observations at a uniform density 0,0.5,1k = , the LSM provides the relation

1.042v k= − + , which is the black dashed line in Figure 4-1. If we collect 1003 observations, 

with 0,0.0002,0.0004, ,0.2,0.5,1k =  (that is, in addition to the aforementioned three points, 

another 1000 densities values are chosen uniformly between 0 and 0.2), the LSM provides

0.691 1.012v k= − + , which is the blue dot-dash line in Figure 4-1. Comparing the two lines, it 

is evident that the one obtained using 1003 skewed observations has a poor performance at 

congestion traffic states because of the high proportion of observations in the free-flow state. 
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Figure 4-1: An illustrative example showing the impact of the densities in the observations 

 

In the GA400 dataset, the free-flow conditions are overrepresented and mid to high traffic states 

are underrepresented. Accordingly, the values of the parameters to be calibrated will be 

dominated by these free-flow observations, provided that an equal weight is given to each 

observation, which is the case for the LSM. 

 WLSM 

A model with as few parameters as possible, that can represent all traffic states (low, medium, 

high density conditions) accurately, is highly desirable for traffic flow analysis. To remedy the 

deficiency of the LSM, we propose a novel weighted least square method (WLSD). Instead of 

minimizing Eq.(4-1), the WLSD minimizes 

 ( )( )
2

1

min ,
m

i i i

i

S y f x 
=

= −  (4-3) 

where i  is the weight of sample i. If one particular traffic condition is over-represented, low 

weight should be given to guarantee this state would not dominate the calibration process.  

Similarly, high weight should be given to under-represented traffic states so that these states 

could also be properly represented.  

 

The minimum values of S occur when the gradient is zero, mathematically,  
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 =


= − − = =   

  (4-4) 

Similar with the LSM, in a non-linear manner, the equations are also usually not able to be 

solved analytically. By choosing proper initial values and convergence criteria (e.g.    

optimum), the equation set can be numerically solved by using some state-of-the-art algorithms. 

We propose two weight determination methods with essentially the same concept. 

4.2.2.1 A basic weight determination method 1 

A basic weight determination method works as follows: 

Step 1: Rank the observations in terms of their densities. We thus have  

 ( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( )1 1 2 2
, , , , , , , , ,

i i m m
v k v k v k v k   (4-5) 

where
( ) ( ) ( ) ( )1 2 i m

k k k k      and 
( )i

v  is the corresponding speed in observation ( )i .  

Note that we assume the densities in any two observations are different, which will be relaxed 

in the next sub-section. 

 

Step 2: The weight of observation ( )i depends on its density and the densities in its preceding 

and following observations:  

 

(2) (1)

( 1) ( 1)

( )

( ) ( 1)

, 1

, 2,3, , 1
2

,

i i

i

m m

k k i

k k
i m

k k i m


+ −

−

− =


−
= = −


− =

  (4-6) 

 

Suppose that we have a dataset with four observations with densities (1) 1k = , (2) 2k = , (3) 4k = , 

and (4) 8k = . The weights for the four observations are shown in Figure 4.2(a). The figure 

clearly shows that observations in overrepresented traffic states have lower weights and those 

in underrepresented states have higher weights. 

 

 

(a) Basic weight determination method 1 
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(b) General weight determination method 1 

Figure 4-2: The basic and general weight determination methods 

 

4.2.2.2 A general weight determination method 1 

It is possible, due to limited precision in measuring the densities, that several observations have 

exactly the same density. In these situations, we assign the same weight to all of these 

observations. The total weight of these observations, equal to the weight of a single observation 

multiplied by the number of observations, is the same as the one in the basic weight 

determination method by treating all of the observations with that particular density as a single 

observation. Summarizing this approach in a mathematical manner, we have a general weight 

determination method: 

 

Step 1: Rank the observations in terms of their densities. We thus have 

 
( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( )1 1 2 2

, , , , , , , , ,
i i m m

v k v k v k v k   (4-7) 

where 
( ) ( ) ( ) ( )1 2 i m

k k k k      and 
( )i

v  is the corresponding speed in observation ( )i .  

 

Step 2: Define ˆ( )u  as the largest index ( )i  that corresponds to the same density as (1)k , that is,

  

 ( ) (1)
ˆ : arg max{ 1,2, | }iu i m k k= = =   (4-8) 

Then,  

 
ˆ( 1) (1)

( )
ˆ, 1,2, ,

ˆ

u

i

k k
i u

u


+ −
= =   (4-9) 

 

Step 3: Define ˆ 1u u= +   . Define ˆ( )u  as the largest index ( )i  that corresponds to the same 

density as ( )uk , that is, 

 ( ) ( )
ˆ : arg max{ , 1, 2, , | }i uu i u u u m k k= = + + =   (4-10) 

If û m , set 
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ˆ( 1) ( 1)

( )
ˆ, , 1, 2, ,

ˆ2( 1)

u u

i

k k
i u u u u

u u


+ −−
= = + +

− +
  (4-11) 

and repeat Step 3. Else,   

 
( ) ( 1)

( ) , , 1, 2, ,
1

m u

i

k k
i u u u m

m u


−−
= = + +

− +
  (4-12) 

and stop. 

 

Suppose that we have a dataset with eight observations with densities (1) 1k = , (2) (3) 2k k= = , 

(4) (5) (6) (7) 4k k k k= = = = , and (8) 8k = . The weights for the seven observations are shown in 

Figure 4-2.  

 

Regarding the GA400 dataset, we have a large number observations for free-flow and low-

density conditions, and hence the difference of densities between two adjacent observations 

will be small. Accordingly, lower weights will be given to these observations. By contrast, 

higher weights will be given to observations in congested traffic conditions. As a result, all 

traffic states will be equally represented in the WLSM.  

 

4.3 Methods and Results 

 Weighting method 1 

The above method is the first method applied to determine the weights for different samples. 

By using these equations, the model calibration results are shown in the nest section 

4.3.1.1 Method 1 results 

Six well recognized two or three parameter functional forms as listed in Table 1-1: 

Greenshields model (1935), Greenberg model (1959), Underwood model (1961), Northwestern 

model (1967), Newell (1961) and 3PL model (2011) have been calibrated by using WLSM 1, 

and the results are presented in Table 4-1 and Figure 4-1.  Firstly, the Table 4-1 lists each 

accurately calibrated function of the six models based on the two methods- the least square 

method (LSM) and the weight least square method (WLSM). Additionally, Figure 4-1 shows 

the fitting curves for each model by two methods. 
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Table 4-1: Calibration results of six single regime models 

Single-regime models Function 

Greenshields (1935) 
116.31 1

86
lsm

k
V

 
= − 

 
 

1 88.53 1
124.1

wlsm

k
V

 
= − 

 
  

Greenberg (1959) 320.42
  69.56loglsmV

k

 
=  

 
 

1

161.8
79.46logwlsmV

k

 
=  

 
 

Underwood (1961) 
126.63exp

52.27
lsm

k
V

 
= − 

 
 

1 125.6exp
45.27

wlsm

k
V

 
= − 

 
 

Northwestern (1967) 2

34.9

1
107.01exp

2 6
lsm

k
V

  
= −     

 

2

1

1
98.48exp

2 40.04
wlsm

k
V

  
= −     

 

Newell model 5258.6 1 1
  103.8 1 exp

103.8 100.1
lsmV

k

   
= − − −   

   
 

1

3847 1 1
106.2 1 exp

106.2 161
wlsmV

k

   
= − − −   

   
 

3PL model 115.91

38.92
1 exp

14.25

lsmV
k

=
− 

+  
 

 

1

244.5

2.548
1 exp

33.9

wlsmV
k

=
+ 

+  
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a) Greenshields Model 

116.31 1
86.85

88.53 1
124.1

lsm

wlsm

k
v

k
v

 
= − 

 

 
= − 

 

b) Greenberg Model

320.4
69.56log

161.8
79.46

lsm

wlsm

v
k

v
k

 
=  

 

 
=  

 

c) Underwood model d) Northwestern Model

126.6exp
52.27

125.6exp
45.27

lsm

wlsm

k
v

k
v

 
= − 

 

 
= − 

 

2

2

1
107.0exp

2 34.96

1
98.48exp

2 40.04

lsm

wlsm

k
v

k
v

  
= −     

  
= −     

 

Figure 4-3: Observational data v.s. calibrated six models by LSM/WLSM 1 
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In Figure 4-3, the red dots are empirical data samples, the solid line represents the models 

calibrated by LSM, and the dashed line represents the models calibrated by WLSM. The four 

two-parameter models calibrated by LSM perform generally well in low traffic conditions 

(densities < 30 veh/km) but could not represent other traffic states well. By contrast, the models 

calibrated by WLSM could generally represent all traffic states well. Moreover, for three-

parameter models, the calibrated results by LSM fail to fit the data when the densities are higher 

than 70 veh/km, and it has been fixed by using WLSM. Thus, even for three-parameter models, 

the calibrated models perform well by using WLSM compared with using LSM.   

 Weighting method 2 

For the second weighting method, we propose the weight of each data point is inversely 

proportional to the number of points near it. Hence, the second weighting procedure changes 

to: 

 

Step 1: Rank the observations in terms of their densities. We thus have 

 ( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( )1 1 2 2
, , , , , , , , ,

i i m m
v k v k v k v k   (4-13) 

where 
( ) ( ) ( ) ( )1 2 i m

k k k k      and 
( )i

v  is the corresponding speed in observation ( )i .  

 

Step 2:  for the weight of traffic state ( )i , count the number of points- n, in each density interval 

with a span (we use a span of 0.1 veh/km); then, if there are points in this interval, the weight 

is considered as,  

 
( )

1
i

n
 =  (4-14) 

Else, if there is no point in an interval, count the number of intervals (a) with same span value 

until it has points, the weight is 

 ( )i

a

n
 =   (4-15) 

According to WLSM, the objective function is same as eq.(4-4).  

4.3.2.1 Method 2 results 

Using the similar procedure in the above section, six speed-density models have been calibrated 

by WLSM 2 and compare the results with LSM. The results are presented in Table 4-2 and 

Figure 4-4.   
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Table 4-2: Calibration results of six single regime models by WLSM 2 

Single-regime models Function 

Greenshields (1935) 
2 87.88 1

125.49
wlsm

k
V

 
= − 

 
  

Greenberg (1959) 
2

102.43
34.44logwlsmV

k

 
=  

 
 

Underwood (1961) 
2 125.63exp

45.3
wlsm

k
V

 
= − 

 
 

Northwestern (1967) 2

2

1
98.51exp

2 40.03
wlsm

k
V

  
= −     

 

Newell model 

2

3837.55 1 1
106.25 1 exp

106.25 161.82
wlsmV

k

   
= − − −   

   
 

3PL model 
2

245.16

2.705
1 exp

33.94

wlsmV
k

=
+ 

+  
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Figure 4-4: Observational data v.s. calibrated six models by LSM/WLSM 2 

 

As can be seen in Figure 4-4, all the six models calibrated based on WLSM performed all 

traffic states well ranging from free flow conditions to congested conditions. 

 Weighting method 3 

For the third weighting method, we use moving average to solve the weight of each data point. 

Therefore, the step 2 of the weighting procedure changes to: 

 

Step 2: for the weight of traffic state ( )i  will be the difference between 
( )1i

k
+

and
( )i

k , namely, 

 
( ) ( )( ) 1i i i

w k k
+

= −  (4-16) 

Using moving average method, for the weight of traffic state ( )i  is, 
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(2) (1)

1

( )

( ) ( 1)

, 1

1
, 2,3, , 1

,

i n

i i

i

m m

k k i

w i m
n

k k i m


+ −

−

 − =



= = −

 − =

  (4-17) 

According to WLSM, the objective function is same as eq.(4-4), and in this case, we use n=5. 

4.3.3.1 Method 3 results 

Using a similar procedure in the above section, six speed-density models have been calibrated 

by WLSM 3 and compare the results with LSM. The results are presented in Table 4-3 and 

Figure 4-3. 

  

Table 4-3: Calibration results of six single regime models by WLSM 3 

Single-regime models Function 

Greenshields (1935) 
3 87.88 1

125.49
wlsm

k
V

 
= − 

 
  

Greenberg (1959) 
3

162.43
34.44logwlsmV

k

 
=  

 
 

Underwood (1961) 
3 125.63exp

45.3
wlsm

k
V

 
= − 

 
 

Northwestern (1967) 2

3

1
98.51exp

2 40.03
wlsm

k
V

  
= −     

 

Newell model 

3

3837.5 1 1
106.3 1 exp

106.3 161.8
wlsmV

k

   
= − − −   

   
 

3PL model 
3

245.16

2.71
1 exp

33.94

wlsmV
k

=
+ 

+  
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Figure 4-5: Observational data v.s. calibrated six models by LSM/WLSM 3 
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As can be seen in Figure 4-5, all the six models calibrated based on WLSM 3 performed all 

traffic states well ranging from free flow conditions to congested conditions. These three 

weighting methods have similar results, so we use WLSM 1 in the following study. 

 Model validation 

Model validation is provided to directly show the validations of all six speed-density models 

by the two fitting methods- LSM and WLSM. As the three weighting methods have similar 

results, we use WLSM refer to WLSM 1. Three error test estimators–relative error, mean 

square error and root-mean-square error have been widely used in transportation data analysis 

(e.g. Liu et al., 2009; Wu and Liu, 2011).  In order to have a clear view of the results, the results 

have been divided into ten ranges by the value of densities. Moreover, the total number of the 

observations based on the database in each range has been listed in Table 4-4 below, 

 
Table 4-4: Number of observations in each of the ten ranges 

Density range  

(veh/km) 

Number of  

observations (n) 

Density range 

 (veh/km) 

Number of  

observations (n) 

0-20 41,259 60-70 378 

20-30 1824 70-80 378 

30-40 1145 80-90 218 

40-50 1557 90-100 150 

50-60 800 ﹥100 106 

 

4.3.4.1 Relative error 

The relative error (RE) is often used to compare approximations of numbers of widely differing 

size. It is calculated as the absolute error divided by the actual value, 

 

 
1

ˆ1 n
i i

i i

v v
RE

n v=

−
=    (4-18) 

where ˆ
iv is the speed for observation i predicted by the model, iv is the actual speed, and  n is 

the number of observations in a range.  

 

 

 

Table 4-5: Relative error results 
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 (a) Relative error of six models by LSM 

k 

(veh/km) 

Greenshields 

(1935) 

Greenberg 

(1959) 

Underwood 

(1961) 

Northwestern 

 (1961) 

Newell 

 (1967) 

3PL 

(2011) 

0-20 3.72% 6.83% 4.76% 2.92% 2.71% 2.90% 

20-30 10.95% 13.67% 12.58% 10.67% 11.10% 10.47% 

30-40 23.57% 20.64% 16.73% 15.56% 14.37% 16.54% 

40-50 35.54% 43.31% 29.62% 15.59% 17.38% 14.68% 

50-60 35.28% 67.50% 39.72% 13.95% 15.25% 17.11% 

60-70 24.55% 96.33% 49.57% 29.29% 17.97% 38.09% 

70-80 27.52% 112.10% 46.39% 47.69% 26.09% 57.68% 

80-90 80.86% 132.07% 44.82% 66.82% 49.52% 73.77% 

90-100 100.00% 144.52% 38.68% 80.81% 78.35% 84.16% 

>100 100.00% 202.41% 40.22% 93.29% 100.0% 93.18% 

 

 (b) Relative error of six models by WLSM  

k 

(veh/km) 

Greenshields 

(1935) 

Greenberg 

(1959) 

Underwood 

(1961) 

Northwestern 

 (1961) 

Newell 

 (1967) 

3PL 

(2011) 

0-20 20.49% 13.67% 7.34% 7.17% 4.40% 6.56% 

20-30 19.12% 24.05% 16.77% 11.70% 14.50% 14.68% 

30-40 16.37% 15.19% 12.89% 19.47% 12.77% 13.08% 

40-50 36.27% 13.26% 15.22% 26.85% 15.57% 18.01% 

50-60 55.23% 18.71% 18.95% 22.52% 19.22% 20.58% 

60-70 72.25% 29.38% 24.42% 18.63% 24.84% 23.08% 

70-80 69.70% 29.41% 19.95% 23.14% 20.52% 16.87% 

80-90 62.05% 30.29% 19.49% 42.50% 19.77% 18.37% 

90-100 42.02% 26.91% 19.53% 58.59% 19.66% 22.21% 

>100 47.09% 25.26% 17.10% 80.77% 21.07%      27.54% 

 

As the results by the three weighting methods are similar, we choose WLSM to refer to 

weighting method 1. Comparing the Table 4-5 (a to b), for the Greenshields model, the three 

highest errors among the ten ranges are 100%, 100%, and 80.9%, which are very high mean 

that the predicted values do not perform well. Then, after using the WLSM, the three highest 

errors reduce to 72.2%, 69.7% and 62.1% which are more accurate. For Greenberg model, the 
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three highest errors are from 202.4%, 144.5% and 132.1 % which are more than 100% reduce 

to around 30% by using the second method. For both Underwood and Northwestern model, the 

relative errors by WLSM are reduced approximately half of the values of the relative errors by 

using LSM. For Newell model, by LSM the three highest errors are 100.00%, 78.35%, and 

49.52%, which are reduced to less than 25% by WLSM. It shows the model performs well 

during the whole ranges especially at the high-density ranges by WLSM. For the last model, 

3PL, using the WLSM, the errors are around 20% which perform very well for the whole data. 

However, by LSM, the results clearly show that the model has huge errors when the density is 

larger than 70%.  

 

Finally, in other words, the relative errors for models calibrated by (unweighted) LSM are as 

high as 200% for congested cases, while those by WLSM are only around 30%. For free flow 

conditions, their performances are more or less the same. Hence, it suggests that the models 

calibrated by WLSM represent the whole traffic states well rather than LSM. For a clear version, 

the Weighted Method 1 has been plotted in Figure 4-6 to compare with the LSM result. 
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Figure 4-6: Comparison of relative errors 

4.3.4.2 Mean square error (MSE) 

 The mean squared error (MSE) of a sample measures the average of the squares of the 

difference between the predicted value and the empirical data (Lehmann and George, 1998). 

The formula is shown below, 

 ( )
2

1

1
ˆ

n

i i

i

MSE v v
n =

= −   (4-19) 

where ˆ
iv is the value predicted by the model, iv  is the actual data, and n is the number of 

observations in a range.  The results are presented in Table 4-6. 

 

Table 4-6: Mean square error results 

(a) Mean square error of six models by LSM 

k (veh/km) 
Greenshields 

(1935) 

Greenberg 

(1959) 

Underwood 

(1961) 

Northwestern 

(1961) 

Newell 

(1967) 

3PL 

(2001) 

0-20 0.0006 0.002 0.0009 0.0004 0.0004 0.0004 

20-30 0.0581 0.0852 0.0728 0.0564 0.0596 0.0557 

30-40 0.1639 0.1322 0.0961 0.0880 0.0760 0.0979 

40-50 0.1366 0.1972 0.0975 0.0349 0.0409 0.0318 

50-60 0.1643 0.5522 0.1980 0.034 0.0404 0.0509 

60-70 0.1128 1.3673 0.3661 0.1767 0.0663 0.3005 

70-80 0.2298 2.3518 0.4168 0.5869 0.1967 0.8237 

80-90 1.5987 3.2609 0.3872 1.1464 0.6564 1.3613 

90-100 2.4664 4.3192 0.3542 1.6880 1.6315 1.8108 

>100 1.1973 3.9449 0.1908 1.0310 1.1973 1.0334 
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(b) Mean square error of six models by WLSM 

k (veh/km) 
Greenshields 

(1935) 

Greenberg 

(1959) 

Underwood 

(1961) 

Northwestern 

(1961) 

Newell 

(1967) 

3PL 

(2011) 

0-20 0.0105 0.0054 0.0017 0.0014 0.0007 0.0013 

20-30 0.1706 0.2651 0.1290 0.0636 0.0969 0.0989 

30-40 0.0912 0.0821 0.0575 0.1224 0.0574 0.0622 

40-50 0.141 0.0252 0.0319 0.0834 0.0333 0.0425 

50-60 0.3718 0.0545 0.0563 0.0773 0.0575 0.0646 

60-70 0.7664 0.1432 0.1058 0.0689 0.1088 0.0968 

70-80 0.9178 0.1836 0.0974 0.1566 0.1018 0.0754 

80-90 0.7274 0.1917 0.0933 0.4915 0.0955 0.0941 

90-100 0.4261 0.1862 0.1105 0.9826 0.1123 0.1715 

>100 0.2853 0.0891 0.0564 0.7723 0.0764 0.1335 

 

As can be seen in the above Table 4-6, for the Greenshields model, the three highest MSE 

among the ten ranges are 2.4664, 1.5987, and 1.1973, which are quite high as all the three 

errors are large than one. Then, after using the WLSM, the three highest errors reduced to 

0.9178, 0.7274 and 0.4261 which mean the models calibrated by this method perform better 

than LSM. For Greenberg model, by LSM the results are unexpected as half of the errors are 

larger than 1, and the highest error is 4.3192. This model cannot fit data well after the density 

is larger than 60 veh/km. However, by WLSM the highest error is 0.2651 and else are all less 

than 0.2, this model can fit the data very well by using this method. Underwood model performs 

well by both of the two methods, but the values of MSE by WLSM are still smaller than by 

LSM. For the last three models – Northwestern model, Newell model, and 3PL model – the 

results are similar, which are by LSM the higher values of errors are nearly 2, and then, it 

reduces to less than 1 by WLSM. These results are clearly shown in Figure 4-7 which compares 

the MSE for each model. 
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Figure 4-7: Comparison of MSE 

 

4.3.4.3 Root-mean-square error (RMSE)  

Root-mean-square error (RMSE) is frequently used to measure the differences between values 

predicted by an estimator or a model and the values are actually observed. Basically, the RMSE 

represents the sample standard deviation of the differences between actual data and predicted 
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values. It serves to aggregate the magnitudes of the errors in predictions for various times into 

a single measure of predictive power. RMSE is a good measure of accuracy, but only to 

compare forecasting errors of different models for a particular variable and not between 

variables, as it is scale-dependent (Hyndman and Koehler, 2006). It can be calculated by the 

root of the mean square error, and the formula is, 

 ( )
2

1

1
ˆ

n

i i

i

MSE v v
n =

= −   (4-20) 

where ˆ
iv  is the value predicted by the model, iv is the actual data, and  n is the number of 

observations in a range.  The results are calculated data based on the two methods, which are 

presented in Table 4-7. 

 

Table 4-7: Root-mean-square error results 

 (a) Root-mean-square error of six models by LSM 

k (veh/km) 
Greenshields 

(1935) 

Greenberg 

(1959) 

Underwood 

(1961) 

Northwestern 

(1961) 

Newell 

(1967) 

3PL 

(2011) 

0-20 0.0001 0.0002 0.0001 0.0001 0.0001 0.0001 

20-30 0.0056 0.0068 0.0063 0.0056 0.0057 0.0055 

30-40 0.0120 0.0107 0.0092 0.0088 0.0081 0.0092 

40-50 0.0094 0.0113 0.0079 0.0047 0.0051 0.0045 

50-60 0.0143 0.0263 0.0157 0.0065 0.0071 0.0080 

60-70 0.0173 0.0601 0.0311 0.0216 0.0132 0.0282 

70-80 0.0325 0.1039 0.0437 0.0519 0.0300 0.0615 

80-90 0.1032 0.1474 0.0508 0.0874 0.0662 0.0953 

90-100 0.1525 0.2019 0.0578 0.1262 0.1241 0.1307 

>100 0.1053 0.1911 0.0420 0.0977 0.1053 0.0978 

 

 

 

 

(b) Root-mean-square error of six models by WLSM 

k (veh/km) 
Greenshields 

(1935) 

Greenberg 

(1959) 

Underwood 

(1961) 

Northwestern 

(1961) 

Newell 

(1967) 

3PL 

(2011) 
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0-20 0.0005 0.0004 0.0002 0.0002 0.0001 0.0002 

20-30 0.0097 0.0121 0.0084 0.0059 0.0073 0.0074 

30-40 0.0089 0.0085 0.0071 0.0103 0.0071 0.0074 

40-50 0.0095 0.0040 0.0045 0.0073 0.0046 0.0052 

50-60 0.0216 0.0083 0.0084 0.0098 0.0085 0.0090 

60-70 0.0450 0.0195 0.0167 0.0135 0.0170 0.0160 

70-80 0.0649 0.0290 0.0211 0.0268 0.0216 0.0186 

80-90 0.0696 0.0358 0.0249 0.0572 0.0252 0.0250 

90-100 0.0634 0.0419 0.0323 0.0963 0.0325 0.0402 

>100 0.0514 0.0287 0.0228 0.0846 0.0266 0.0352 

 

 

Comparing by Table 4-7 (a) and (b), for the Greenshields model, the errors are more than 0.1 

when the density is greater than 80 veh/km by LSM. By contrast, the errors all are less than 

0.07 during the ten ranges if using WLSM. For Greenberg model, the highest error is 0.2019 

and follows by 0.1911 and 0.1474 by the first method. The errors are efficiently increased to 

less than 0.42 by WLSM which shows a big improvement in the accuracy. Similarly, the errors 

are reduced approximately half of the values by using WLSM compare with LSM for 

Underwood model and Northwestern Model. For Newell model, the results are quite 

impressive by WLSM as all the errors are less than 0.33, even it does not work well by LSM 

as two of the errors are bigger than 1. The 3PL model successfully reduced half of the highest 

errors by WLSM compare to LSM. From the value of RMSE by WLSM, all the calibrated 

models perform well than LSM as the values of errors decreased significantly, it also can be 

seen in Figure 4-8 which compares the RMSE for each model. Besides, the two-parameter 

models have same accurate as three-parameter models.  
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Figure 4-8: Comparison of RMSE 

 

As can be obtained, all of the results show that the models calibrated by WLSM perform better 

than LSM, as the higher errors are reduced. Moreover, both two-parameter models and three-

parameter models represent equally well. In this case, more parameters (three-parameter) 
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models are not accurate than less parameters (two-parameter) model, and the functions are 

more complex than two-parameter models. 

 

4.4 Conclusion 

This chapter considers six deterministic speed-density models including four two-parameter 

models, Greenshields model (1935), Greenberg model (1959), Underwood model (1961), and 

Northwestern model (1961), and two three-parameter models, Newell model (1967) and three-

parameter logistic speed-density model (2011). Two fitting square methods - least square 

method and weighted square method has been introduced in this part. In this project, GA400 

dataset has poor quality (the great majority of the observations with low densities), the 

calibrated models are likely to be dominated by free flow conditions, which result in poor 

performances for congested traffic states. Therefore, the weighted square method (WLSM) has 

been applied to calibrate the models, as only least square method (LSM) was applied to 

calibrate them yet according to the literature. In this study, the difference of densities between 

two continued samples which were ranked by the value of their densities, was been used as the 

weight of the weight for the sample. Hence, the numerical errors showed that the models 

calibrated by WLSM all had smaller errors than by LSM. It meant that all the six models 

calibrated based on WLSM performed all traffic states well ranging from free flow conditions 

to congested conditions. Therefore, the WLSM is suggested to use to calibrate speed-density 

models relate to observational data.  
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CHAPTER 5. REPRODUCIBLE GENERATION OF EXPERIMENTAL 

DATA SAMPLE 

5.1 Introduction  

In the previous study, we pointed out that the inaccuracy of the calibrated models to represent 

mid to high traffic flow conditions (in particular traffic jam conditions) was not solely caused 

by the functional forms, but by the sample selection bias. They suggest that there are two types 

of data samples: the first type refers to the uniformly distributed experimental data sample; and 

the latter type is observed based on the occurrence of samples in the given survey period which 

is called observational data. The observational data might be highly skewed and experimental 

data is usually uniformly distributed. Let us take the speed – density data collected from 

Georgia State Route 400 (referred to as GA400 dataset hereafter) as an example. The data 

includes 47,815 observations of speeds and densities, 86.3% (41,259) of which refer to free 

flow conditions (< 20 veh/km). Obviously, this data is a typical observational data and the 

calibrated models are likely to be dominated by free flow conditions, which result in poor 

performances of these models in representing congested traffic states. Chapter 4 proposed a 

new calibration approach that is able to largely unbiasedly represent all traffic flow conditions 

from free flow to traffic jam conditions. As such, the single-regime models calibrated by the 

new approach are able to represent distinct traffic flow conditions consistently well. Figure 5-

1 shows the GA400 dataset against the calibrated Greenberg model by the traditional least 

square method and the model proposed in chapter 4. It is apparent that the new model 

outperforms the traditional method, especially for high volume traffic conditions. Note that the 

mid to high traffic conditions are the focus for traffic control and other transport engineering 

research and applications (Aboudina et al, 2016; He, 2016). In this regard, these traffic states 

should be unbiasedly modelled and not be dominated by free flow conditions, although they 

have relatively low occurrence.  
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Figure 5-1: Calibrated Greenberg models by two methods 

 

In this research, different from chapter 4, we propose a fundamentally different approach to 

address the issue of sample selection bias. We propose three sample generation approaches to 

convert the observational GA400 data to uniformly distributed experimental data so that the 

traditional least square method can be used for the calibration. The first approach is on the basis 

of Monte Carlo simulation which is basically to randomly select quasi-uniform samples 

(Guevara, 2015; Meng et al., 2010; Qu et al., 2011). Although the performance is acceptable, 

the result is not reproducible, namely, the calibration results will be different from one run to 

another, although the exactly same procedure is followed. In this regard, we first design a 

reproducible sample generation approach that is able to remedy the deficiency mentioned 

above. However, although the result is reproducible and the performance is good, this sample 

generation approach is largely affected by the outliers. As a result, a larger number of generated 

samples do not necessarily lead to better modelling performance. In order to address this issue, 

we propose another sample generation approach that takes into account all data samples in 

GA400 dataset. This sample generation approach has the best performance in terms of error 

tests, reproducibility, as well as the ability to deal with outliers.  
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The contribution of this research is three-fold. First, we propose a new methodology that is 

able to obtain accurate traffic flow fundamental diagrams for the entire range of traffic flow 

conditions. Second, we identify the deficiency of the traditional Monte Carlo based random 

sampling approach and propose two reproducible sample generation approaches to overcome 

this deficiency. Third, the robustness of the two reproducible sample generation approaches is 

discussed and the impact of outliers can be minimized by applying a well-designed sample 

generation approach.  

 

5.2  Random Sampling Method for Generating Experimental Data  

 Procedure for random sampling based method    

It is intuitive to use Monte Carlo based random sampling approach to covert observational data 

to experimental data. We design a procedure below for this conversion: first, we divide the 

observational data into several ranges based on their density; then we generate uniform number 

of data points for each group based on the Monte Carlo simulation. As can be seen in Figure 

5-3, 50 data points for each range are generated from the uniform sampling process. The total 

number of original observations in each range has been listed in Table 5-1 below, 

 

 

Figure 5-2: Original data distribution 
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Figure 5-3: Experimental data distribution 

 

Table 5-1: Number of observations in fourteen ranges 

Density Range  

(veh/km) 

Number of  

observations (n) 

Density Range 

 (veh/km) 

Number of  

observations (n) 

0-10 6989 70-80 378 

10-20 34306 80-90 218 

20-30 1824 90-100 150 

30-40 1145 100-110 53 

40-50 1557 110-120 23 

50-60 800 120-130 22 

60-70 378 130-140 9 

 

Suppose we have m speed - density records: 1 1 1 1( , ), ( , ), , ( , ), , ( , )i i m mv k v k v k v k .  

Step 1: Rank the records in terms of their densities. We thus have  

 
( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( )1 1 2 2

, , , , , , , , ,
i i m m

v k v k v k v k   (5-1) 

where ( ) ( ) ( ) ( )1 2 i m
k k k k      and ( )i

v  is the corresponding speed under traffic density 

of ( )i
k .  

 

Step 2: Determine the total number of intervals if we divide the whole database into intervals 

with a span of a (a is a parameter, e.g. 5 veh/km), namely 
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 maxk
k

a

 
=  
 

  (5-2) 

where k
~

 is the value of a number rounded upwards to the nearest integer and ( )max m
k k= . 

 

Step 3: Find the ranges of each intervals as  

 ( )(  , 1 ,   0,1,..., 1ik i k i k+  −   (5-3) 

and count the number of points in each interval. 

 

Step 4: Using Monte Carlo simulation, if there are more than the required data points l   ( l is 

a parameter, e.g. 50l = ) in an interval, randomly select l  points for the interval based on 

Monte Carlo random sampling; otherwise, generate a sample from a uniformly distributed 

random variable between 0 and 1, and then find its closest value of density according to its 

percentile in the interval. 

 

Step 5: Repeat step 4 until we have the required number of data points l  in each interval. Then, 

find their corresponding speeds under each traffic density to create the new uniform data 

sampling.  

 

 Results 

The four two-parameter speed-density models listed in Table 1-1: Greenshields model 

(Greenshields et al., 1935), Greenberg model (Greenberg, 1959), Underwood model 

(Underwood, 1961) and Northwestern model (Drake et al., 1967), and two three-parameter 

models: Newell model (1961) and 3PL model (Wang et al., 2011), have been calibrated by 

least square method and the results are shown in Figure 5-4. The red dots are random uniform 

experimental data; the solid line represents the models calibrated by LSM (note that the 

Underwood curve, the Newell curve, and the 3PL curve almost overlap). Quantitative 

comparisons will be reported in the following section. From the graph, all the models generally 

have an acceptable performance. 
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Figure 5-4: Performances of six models under experimental database 

 

5.2.2.1 Discussion 

As the six two parameter speed-density models have been calibrated under the uniform data 

sample, model validation is provided to directly show the validations regarding all the models. 

In order to have a clear view of the results, the results have been divided into fourteen ranges 

by the value of densities. 

Relative error (RE) 

Relative error is often used to compare approximations of numbers of widely differing size (Jin 

et al., 2015; Bie et al., 2013; Qu et al., 2014). It is calculated as the absolute error divided by 

the value of the actual value,  

 
1

ˆ1 n
i i

i

v v
RE

n v=

−
=    (5-4) 

where ˆ
iv is the value predicted by the model, iv  is the actual data, and  n is the number of 

observations in a range.  The results are present in Table 5-1 and Figure 5-2. 
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Table 5-2: Relative error of six models by LSM 

k 

(veh/km) 

Greenshields 

(1935) 

Greenberg 

(1959) 

Underwood 

(1961) 

Northwestern 

 (1961) 

Newell 

 (1967) 

3PL 

(2011) 

0-10 18.3% 10.9% 7.5% 3.7% 4.7% 6.3% 

10-20 21.1% 9.3% 5.3% 5.5% 3.9% 5.1% 

20-30 20.1% 21.6% 16.2% 9.9% 15.1% 15.2% 

30-40 31.4% 23.7% 24.1% 34.6% 24.1% 24.6% 

40-50 43.3% 18.5% 19.1% 30.8% 18.9% 20.3% 

50-60 57.4% 20.3% 17.1% 19.4% 17.4% 17.9% 

60-70 75.4% 29.3% 21.2% 18.3% 22.4% 20.9% 

70-80 81.2% 32.7% 21.7% 29.1% 23.8% 20.8% 

80-90 73.8% 30.2% 21.9% 49.4% 22.9% 21.9% 

90-100 52.6% 25.1% 22.2% 64.7% 22.0% 23.1% 

100-110 33.9% 22.0% 15.3% 77.7% 15.6% 18.1% 

110-120 26.4% 20.7% 19.6% 86.7% 19.6% 22.1% 

120-130 76.1% 21.7% 21.2% 93.1% 21.6% 29.2% 

 

 

Figure 5-5: Relative errors of six models by LSM 
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According to the figure above, Underwood Model, Northwestern Model, Newell Model and 

3PL Model have similar relative errors which are all almost under 50% for each data point. For 

Northwestern Model, it represents the relationship well at the first half range when the density 

is less than 90 veh/km. However, after that, errors grow rapidly which is close to 100% at 

density is more than 130 veh/km. Greenshields Model still has the worst performance. 

Mean square error (MSE) 

The mean squared error (MSE) of a sample measures the average of the squares of the 

difference between the predicted value and the empirical data (Lehmann and George, 1998; 

Zhou et al., 2017a&b). The formula is shown below, 

 

 ( )
2

1

1
ˆ

n

i i

i

MSE v v
n =

= −   (5-5) 

where ˆ
iv  is the value predicted by the model, iv  is the actual data, and n is the number of 

observations in a range.  The results are present in Table 5-3. 

 

Table 5-3: Mean square error of six models by LSM 

k 

(veh/km) 

Greenshields 

(1935) 

Greenberg 

(1959) 

Underwood 

(1961) 

Northwestern 

 (1961) 

Newell 

 (1967) 

3PL 

(2011) 

0-10 359.1 225.6 87.0 18.0 34.0 65.7 

10-20 412.8 108.1 39.8 34.9 23.3 36.2 

20-30 284.5 413.5 235.8 98.5 204.4 207.4 

30-40 55.3 120.7 124.0 240.3 123.4 130.9 

40-50 240.5 67.6 71.8 152.9 70.5 79.6 

50-60 332.8 52.3 39.7 51.7 40.7 43.0 

60-70 372.1 57.0 33.4 26.4 37.1 32.5 

70-80 227.0 46.9 23.1 49.6 27.3 21.4 

80-90 165.8 26.4 15.3 99.0 16.2 16.1 

90-100 73.4 17.5 14.7 125.7 13.5 18.0 

100-110 20.8 8.6 7.2 102.7 6.5 10.1 

110-120 18.2 8.0 10.1 99.3 8.9 14.5 

120-130 56.0 6.0 5.6 72.7 5.9 9.9 
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As can be seen in the Figure 5-6, for the density from 10-35veh/km is the hardest part for all 

the models to perform, as they all have larger errors in these ranges. Among all the six 

two/three-parameter models, Underwood Model performs as well as the two three-parameter 

models. Their largest MSE is about 226 with the density from 20-30 veh/km, which doubles 

the second largest error. If their densities are more than 60 veh/km, the errors are pretty small 

as below 20. As for Greenberg Model, it has large errors in low traffic flow states (k<30 

veh/km), but other performances are acceptable. Compare to these four models, the errors of 

Northwestern model are larger, but it still more accurate than Greenshields Model. 

 

Figure 5-6: Mean square errors of six models by LSM 

 

 Critique of random sample method 

Evidently, the data points for each group are generated randomly based on Monte Carlo 

simulation. Consequently, the result is different for each attempt as shown in Figure 5-7. In 

other words, the results are not reproducible. Under some extreme cases, the results might not 

be acceptable if many outliers are selected. In order to overcome this deficiency, we propose 

two reproducible sample generation approaches in Section 5.3.  
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Figure 5-7: Two random attempts’ results 

 

5.3 Reproducible Sample Generation Methods for Uniformization 

 Reproducible sample generation method I 

In order to overcome the deficiency of non-reproducibility of Monte Carlo based random 

sampling approach, we design two reproducible sample generation approaches. The first 

method is to generate speed values for a series of evenly distributed densities. Obviously, if the 

number of generated records and the sample range are determined, the selected densities can 

be easily confirmed. For example, if we want to generate 1,000 records in the range of 0.2 to 

130 veh/km, we will select a density value and generate a corresponding speed value every 

0.1298 veh/km. The detailed procedure is presented in Section 5.3.1.1.  

5.3.1.1 Procedure 

In this case, we adopt the following procedure to generate the uniform reproducible 

experimental data ( )
1,2,...,

, j
j

j
n

k v
=

 , where n is the number of data records that we would like to 

obtain.  

 

Suppose we have m speed - density records: 1 1 1 1( , ), ( , ), , ( , ), , ( , )i i m mv k v k v k v k  .   

Step 1: Rank the records in terms of their densities. We thus have  

 ( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( )1 1 2 2
, , , , , , , , ,

i i m m
v k v k v k v k   (5-6) 
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where ( ) ( ) ( ) ( )1 2 i m
k k k k      and ( )i

v   is the corresponding speed under traffic density 

of ( )i
k . 

 

Step 2: Determine the range of the density through the whole database divided by the total 

number of intervals n. That is  

 
( ) (1)ˆ mk k

k
n

−
=   (5-7) 

where k̂  returns the interval range of density for each interval. 

 

Step 3: Calculate the value of density for each sample data point, 

 ( )(1)
ˆ1 ,  1,2,...,jk k j k j n= + − =   (5-8) 

where jk  is the value of density for the new reproducible sample data point. 

 

Step 4: Find the corresponding speed jv , under its density ( jk ) of each sample data points, 

using the following formula:  

 
( )

, if there is an observation  such that  

, otherwise                                                     

i j i

j i i
i j i

i i

v i k k

v v v
v k k

k k

+ −
− −

+ −

 =


= −
+  − −

  (5-9) 

where ik +  and ik −  are the closest greater and closest smaller density value against jk  and iv −  

and iv +  are their corresponding speeds. 

 

Step 5: Repeat step 4 until the whole new reproducible sample ( )
1,2,...,

, j
j

j
n

k v
=

 is generated. 

 

5.3.1.2 Results 

Based on the above-mentioned procedure, the sample generation and model calibration results 

are shown in Figure 5-8. The red dots are reproducible experimental data; the curves represent 

the models’ calibrated results. 
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                           (a) 500 data points                                     (b) 1000 data points 

(d) 2000 data points(c) 1500 data points
 

Figure 5-8: Reproducible sample generation method I: results of six models for four data 

samples 

 

Figure 5-8 shows the six speed-density models have been calibrated under four reproducible 

samples: 500 sample data points, 1000 sample data points, 1500 sample data points and 2000 

data points. The performances of the models calibrated under these four samples are similar. 

5.3.1.3 Critique of reproducible method I 

As method I only uses particular data points to generate the experimental data sample, the 

results are likely to be affected by outliers. For example, Figure 5-9 shows three calibrated 

Greenberg Models by using three reproducible samples based on the four datasets. Based on 

the above mentioned procedure, we select 70, 100, and 130 data points for the first, second, 

and third samples, respectively. This is to generate different selections of data points and 
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evaluate the robustness of this sample generation approach. The calibration results are 

presented in Figure 5-9, with Result 1, Result 2, and Result 3 representing the calibrated curves 

based on the first, second, and third samples, respectively, and the last graph depicting the three 

curves against the original data. Apparently, the three curves still have slight difference. 

According to Figure 5-9 i(c), a number of outliers are selected in the sample generation process, 

which should be avoided. In addition, Figure 5-9(ii) to (iv) show similar results based on 

different datasets.  

 

(a) Result 1 (b) Result 2

(c) Result 3 (d) Comparison of three results  
(i) GA400 data 
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(a) Result 1 (b) Result 2  

(d) Comparison of three results(c) Results 3

outliers

 

(ii) I-80 data 

(a) Results 1 (b) Results 2

outliers
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(c) Results 3 (d) Comparison of three results  

(iii) US101 data 

(a) Results 1 (b) Results 2  

(d) Comparison of three results(c) Results 3  

(iv) M1 data 

Figure 5-9: Comparison for three reproducible samples based on four dataset 
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 Reproducible sample generation method II 

In order to minimize the effect of outliers, we further propose reproducible sample generation 

method II. It divides the whole density ranges into small intervals and considers the average of 

all points within this small interval as the speed. For example, the density range of the original 

observational database is from 0.2 to 130 veh/km, and we will generate 1000 data points for 

calibration. To do this, the whole density ranges will be divided into 1000 intervals, and the 

density value of each interval can be calculated. After calculating the corresponding speed 

values of each small interval based on the procedure in Section 5.3.2.1, the new data sample 

can be generated to be our new experimental data points.  

5.3.2.1 Procedure 

In this case, we adopt the following procedure to generate the uniform reproducible 

experimental data ( )
1,2,...,

, j
j

j
n

k v
=

 . 

Suppose we have the m speed - density records: 1 1 1 1( , ), ( , ), , ( , ), , ( , )i i m mv k v k v k v k .   

Step 1: Rank the records in terms of their densities. We thus have  

 
( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( )1 1 2 2

, , , , , , , , ,
i i m m

v k v k v k v k   (5-10) 

Where ( ) ( ) ( ) ( )1 2 i m
k k k k       and ( )i

v  is the corresponding speed under traffic density 

of ( )i
k .  

 

Step 2: Determine the range of the density through the whole database divided by the total 

number of intervals n. That is 

 
( ) (1)ˆ mk k

k
n

−
=   (5-11) 

where k̂  returns the interval range of density for each interval. 

 

Step 3: Calculate the ranges of each interval as, 

 ) ( ) )1 (1) (1)
ˆ ˆ, 1 , ,  1,2,...,j jk k k j k k jk j n+

 = + − + = 
  (5-12) 

where )1,j jk k +
  is the density range for the thj  interval. 

 

For the new method, the density value ( jk ) is equal to the mean value of its density range, 

namely 
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1

2

j j

j

k k
k

++
=   (5-13) 

 

Step 4: For each defined small interval, take the average of all points within this small interval 

and consider the average as the speed nv . If there is no sample data for an interval, its 

surrounding two intervals will be used to predict the speed value. Mathematically, define set 

jS  as the indices of the records whose densities are in )1,j jk k +
 : 

) 1: 1,2,..., | ,j i j jS i m k kk += = 
, and then 

 

( )

,  if 
| |

,  if 

j
ii S

j

j

j

j j

j j j j

j j

v
S

S
v

v v
v k k S

k k



+ −

− −

+ −


  


= 
−

+  − = −



  (5-14) 

where, ( ),j jk v+ +
and ( ),j jk v− −

 are the closest larger and closest smaller interval values against 

( ),j jk v . 

 

Step 5: Repeat step 4 until the whole new reproducible sample  ( )
1,2,...,

, j
j

j
n

k v
=

 is reached. 

5.3.2.2 Results 

Based on the above mentioned procedure, the sample generation results and the performances 

of calibrated models are shown in Figure 5-10.  

(a) 500 data points (b) 1000 data points
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(d) 2000 data points(c) 1500 data points  

Figure 5-10: Producible sample results of six models for four data samples 

 

5.4 Comparative Validation and Discussion  

 Model validation 

In this section, we conduct a few error tests to directly show the performances of the three 

quasi-uniform or uniform samples with respect to different models. Two types of error test are 

applied: mean square error and relative error. 

5.4.1.1 Results and discussion 

The errors are calculated based on the six-calibrated speed-density models under the 

experimental random/reproducible samples data. For producible samples, we choose the 1,000 

sample data points. The results are shown in Figure 5-11. 

(a) MSE of six models by using Random sampling method (b) RE of six models by using Random sampling method  
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(c) MSE of six models by using Reproducible sample method I      (d) RE of six models by using Reproducible sample method I   
 

Figure 5-11: Model validation of six speed-density models by three experimental samples 
 

As can be seen in Figure 5-11, the MSE errors and RE errors of Underwood Model, 

Northwestern Model, Newell Model and 3PL model are all relatively low by using these 

generated samples. Greenberg Model has comparatively larger errors for densities from 10 to 

30 veh/km, but performs very well for the other traffic states. Greenshields Model is 

outperformed by other models in almost the entire range of traffic conditions. Table 5-4 

quantifies the overall performance of these six speed-density models with respect to three 

sampling methods. According to the results, reproducible sample method II  outperforms the 

other two sampling methods for each combination of error test and functional forms.  

  

 

 

 

Table 5-4: Model validation of six speed-density models  

 Random sampling 

method 

Reproducible sample 

method I 

Reproducible sample 

method II 

Single-regime 

models 

Relative 

error 

(per 

point) 

Mean 

square 

error 

Relative 

error 

(per 

point) 

Mean 

square 

error 

Relative 

error 

(per 

point) 

Mean 

square 

error 
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Greenshields 

(1935) 
58.52% 198.102 48.30% 154.675 45.28% 141.326 

Greenberg 

(1959) 
22.88% 86.334 18.06% 116.906 17.97% 109.844 

Underwood 

(1961) 
17.43% 44.227 12.87% 42.585 12.64% 36.157 

Northwestern 

(1967) 
44.15% 69.86 36.04% 63.361 33.65% 58.144 

Newell (1961) 19.77% 39.751 14.91% 26.439 13.76% 19.598 

Wang et al. 

(2011) 
20.41% 44.330 17.76% 35.023 16.43% 28.821 

 

 Comparison and application  

Figure 5-12 depicts the calibrated curves by four different methods: weighted Least Square 

method, random sampling method, reproducible generation method I, and reproducible 

generation method II, against the original data. According to the results, Greenshields model 

is more sensitive to generated data, while the other five models deliver more or less similar 

curves based on these methods.  
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(a) Performance of Greenshields Model                  (b) Performance of Greenberg Model 
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(c) Performance of Underwood Model                      (d) Performance of Northwestern Model 
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(e) Performance of Newell Model                         (f) Performance of 3PL Model 

Figure 5-12: Performances of six speed-density models 

 

5.5 More Case Study 

It also needs to be mentioned that the data sample in this project is limited, and the results about 

the properties and analysis of calibrated speed-density models by WLSM and LSM may be 

different based on other databases. These results can be calibrated accurately by considering 

more empirical observations from other freeways. Hence, we use US101, I-80 M1 database to 

verify the methods. 
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 Results of I-80 database 

Firstly, we find out the performances of six speed-density models relative to I-80 data by LSM 

in Figure 5-13. It shows similar results to Figure 1-1, none of these six models gives a 

reasonably good representation for congested traffic states. In this regard, the above-mentioned 

models fail to properly formulate this relationship. Then, we use the WLSM and uniformly 

experimental data to calibrate these models.  

 

Figure 5-13: Performances of six speed-density models relative to I-80 data 

 

 

Based on the above-mentioned procedure, the sample generation results are shown in Figure 

5-14. It shows a random sample and two reproducible samples results. Then, the performances 

of calibrated speed-density models have been calibrated are shown in Figure 5-15. 
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(a) Random sampling method 

 

(b) Reproducible sample method 1 (1000 data points) 
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(c) Reproducible sample method II (1000 data points) 

Figure 5-14: Results of three experience data under I-80 database 

 

     

(a) Performance of Greenshields Model                  (b) Performance of Greenberg Model 



74 

 

 

(c) Performance of Underwood Model                      (d) Performance of Northwestern Model 

 

(e) Performance of Newell Model                         (f) Performance of 3PL Model 

Figure 5-15: Performances of Six Method on I-80 database 

 

For the model validation, the errors are calculated based on the six-calibrated speed-density 

models under the experimental random/reproducible samples data. For producible samples, we 

choose the 1,000 sample data points. The results are shown in Figure 5-16. 
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(a) RE of six models by using Random sampling method (b) MSE of six models by using Random sampling method

(c) RE of six models by using Reproducible sampling method I (d) MSE of six models by using Reproducible sampling method I

(e) RE of six models by using Reproducible sampling method II (f) MSE of six models by using Reproducible sampling method II   

Figure 5-16: Model validation of six speed-density models on I-80 
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 Results of US101 database 

For the US101 database, the original performances of six speed-density models relative to 

US101 data by LSM are shown in Figure 5-17. It shows similar results to Figure 1-1 and Figure 

5-13.  

 

Figure 5-17: Performances of six speed-density models relative to I-80 data 

 

 

Based on US101 data, we use same methods to generate the experimental data in Figure 5-18, 

and the new calibrated results are present in Figure 5-19.   
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(a) Random sampling method 

 

(b) Reproducible sample method 1 (1000 data points) 
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  (c) Reproducible sample method II (1000 data points) 

Figure 5-18: Results of three experimental data under US101 database 

 

     

(a) Performance of Greenshields Model                  (b) Performance of Greenberg Model 
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(c) Performance of Underwood Model                      (d) Performance of Northwestern Model 

 

(e) Performance of Newell Model                         (f) Performance of 3PL Model 

Figure 5-19: Performances of Six Method on US101 database 

 

For the model validation part, the errors are calculated based on the six-calibrated speed-

density models under the experimental random/reproducible samples data. For producible 

samples, we choose the 1,000 sample data points. The results are shown in Figure 5-20. 
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(a) RE of six models by using Random sampling method
(b) MSE of six models by using Random sampling method  

(c) RE of six models by using Reproducible sampling method I (d) MSE of six models by using Reproducible sampling method I

(e) RE of six models by using Reproducible sampling method II (f) MSE of six models by using Reproducible sampling method II  

Figure 5-20: Model validation of six speed-density models on US101 

 



81 

 

 Results of M1 database 

For the M1 database, the maximum value of density is around 70 veh/km, the original 

performances of six speed-density models are shown in Figure 5-21  

 

 

Figure 5-21: Performances of six speed-density models relative to M1 data 

 

 

In Figure 5-21, even the maximum density value is less than 74 veh/km, Greenberg model, 

Underwood model are failed to represent the speed-density relation when the density is greater 

than 30 veh/km. Then, we use same methods to present the uniform experimental data, 

calibration results and model validations in Figure 5-22 to Figure 5-24. 
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(a) Random sampling method 

 

(b) Reproducible sample method 1 (1000 data points) 
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  (c) Reproducible sample method II (1000 data points) 

Figure 5-22: Results of three experimental data under US101 database 

 

 

     (a) Performance of Greenshields Model              (b) Performance of Greenberg Model 
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         (c) Performance of Underwood Model            (d) Performance of Northwestern Model 

 

         (e) Performance of Newell Model                    (f) Performance of 3PL Model 

Figure 5-23: Performances of Six Method on US101 database 

 

(a) RE of six models by using Random sampling method (b) MSE of six models by using Random sampling method  
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(c) RE of six models by using Reproducible sampling method I (d) MSE of six models by using Reproducible sampling method I

(e) RE of six models by using Reproducible sampling method II (f) MSE of six models by using Reproducible sampling method II

 
Figure 5-24: Model validation of six speed-density models on M1 

 

5.6 Conclusion 

This chapter is an extension of the previous chapter, in which points out that the inaccuracy of 

single regime speed-density models is not caused solely by their functional forms, but also by 

sample selection bias. A weighted least square method is used to resolve the sample selection 

bias in Chapter 4. In this part, we use a fundamentally different approach that is able to yield 

very similar and consistent results with the previous model by WLSM. The proposed approach 

firstly applies reproducible sample generation to convert the observational data to experimental 

data. The traditional least square method (LSM) can subsequently be applied to calibrate 

accurate traffic flow fundamental diagrams. Two reproducible sample generation approaches 

are proposed in this research. Based on our analyses, the first approach is largely affected by 

outliers and the second approach is more robust in dealing with potential outliers. The research 

shows that there are two approaches to dealing with the sample selection bias. The first 
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approach is to develop a new calibration process, to eliminate or reduce the sample selection 

bias. The second approach is to develop a process to convert non-unfirmly distributed 

observational data to uniformly distributed experimental data. The results indicate that the 

performance of reproducible method II is comparable to the weighted least square method 

applied by WLSM. Besides, GA400 database, I-80 database and US101 database are all used 

in this section to test the method and they all perform well. 
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CHAPTER 6. PROBABILISTIC MODEL OF SPEED AND DENSITY 

RELATIONSHIP 

6.1 Introduction  

The traffic flow fundamental diagram has been considered as the foundation of traffic flow 

theory. It addresses the relationship among three fundamental parameters of traffic flow: traffic 

flow (veh/hour), speed (km/hour), and traffic density (veh/km). As flow is the product of speed 

and density, this relationship usually refers to flow – density or speed – density relationship. 

Since the seminal Greenshields model (Greenshields et al., 1935) was proposed, numerous 

studies have been done to improve this over-simplified relationship empirically and/or 

analytically (Greenberg, 1959; Newell, 1961; Underwood, 1961; Edie, 1961; Kerner and 

Konhäuser, 1994; Del Castillo and Benítez, 1995a&b; Li and Zhang, 2001; Wu, 2002; 

MacNicolas, 2008, Ji et al., 2010; Wang et al., 2011; Wu et al., 2011; Dervisoglu, 2012; 

Keyvan-Ekbatani et al., 2012&2013). The main focus of these studies is to develop accurate 

deterministic speed-density models with two or three practically meaningful parameters.   

 Stochasticity of speed – density samples  

Although frequently being called a traffic “flow”, freeway traffic is in fact far more complex 

than deterministic, predictable, and homogeneous fluids governed by physical laws. Indeed, 

freeway traffic flow possesses inherent random characteristics as it is composed by a variety 

of heterogeneous vehicles with distinct mechanical and electronic features, which are driven 

by a group of diversified drivers with different perceptions, responses, and driving habits on 

freeways with varied geometric features. In fact, there is a consensus in the literature that 

microscopic variables of traffic flow should be modeled as random variables (e.g. Breiman, 

1963; Haight, 1963; Cowan, 1971&1975; Branston, 1976; Hoogendoorn and Bovy, 1998; 

Mahnke and Kaupužs, 1999; Jabari and Liu, 2012&2014). However, the traffic flow 

fundamental diagram, which refers to the relationship between speed, density, and flow, is 

predominantly treated as deterministic (e.g. Lighthill and Whitham, 1955; Zhang, 1998; Aw 

and Rascle, 2000; Wang et al., 2011; Coifman, 2014). Figure 1 shows the speed – density 

sample collected by loop detectors from 76 stations on the Georgia State Route 400 (referred 

to as GA400 dataset hereafter). This dataset has been widely used in calibrating and validating 

traffic flow fundamental diagrams (e.g. Wang et al., 2011; Qu et al., 2015). The raw GA400 

data at each station are aggregated to average speed, flow and occupancy over a 20s sampling 

period. The raw data is further aggregated every 5 minutes. It is believed that the time interval 
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is long enough (i.e. 15 times of the sampling period) for describing stationary fundamental 

diagrams (Wang et al., 2011; Coifman, 2014&2015; Ponnu and Coifman, 2015; Coifman et al., 

2016). As can be seen in the Figure 6-1, these samples are rather scattered throughout the entire 

range of traffic flow. In this regard, without taking into account the heterogeneity in vehicles, 

road geometry, and drivers, deterministic speed-density relationships limit their capacity to 

practically represent traffic flow and may result in inaccurate or misleading results in modelling 

traffic control strategies.  

 

Figure 6-1: GA400 speed - density sample 

 

A few pioneering attempts have been made to model the traffic flow fundamental diagram in a 

stochastic manner. Soyster and Wilson (1973) propose a simple stochastic flow–concentration 

model for traffic on hills using a Poisson process. Kerner (1998) gives the range of speed at a 

density based on three phase traffic flow models. Muralidharan et al. (2011) propose a 

probabilistic graphical traffic fundamental diagram based on the triangular deterministic model. 

Wang et al. (2013) propose a macroscopic stochastic approach to model the equilibrium speed-

flow relationship. Jabari and Liu (2014) develop a probabilistic stationary speed-density 

relation based on Newell’s simplified microscopic car-following model. Fan and Seibold (2013) 

introduce a new varying parameter, the empty-road velocity, to reflect the randomness in the 

Aw-Rascle-Zhang (ARZ) model. These pioneering studies have laid a solid foundation for 

stochastic traffic flow modelling. However, a few important points are yet to be resolved. The 

underlying assumptions for Soyster and Wilson (1973) are very specific and ideal and thus 

limit its applicability. In contrast to a speed distribution, only a range of speeds are given in 

Kerner (1998). The latter four studies are essentially on the basis of macroscopic or 



89 

 

microscopic traffic models with a few analytical properties. Wang et al. (2013) approximate 

the variance and mean by using Karhunen-Loève expansion and explicit stochastic speed-

density relationships are not obtainable in this research. To the best of our knowledge, 

Muralidharan et al. (2011), Jabari and Liu (2014) and Fan and Seibold (2013) are the only three 

published research works that are able to generate the distributions of speed or flow as a 

function of density and percentile based flow/speed-density relations are obtainable. However, 

they are all on the basis of a specific traffic flow model and thus are not generalizable to deal 

with the stochasticity of traffic flow using other traffic flow models such as the ones in Table 

1-1.  

 

 Contributions 

In this chapter, we develop a generic approach to generate a stochastic fundamental diagram. 

An optimization model based on the theorem of total probability is employed to calibrate the 

speed distributions as a function of density throughout the entire range of traffic states. We 

further prove 1) the optimal solution with respect a new parameter  is an unbiased estimator 

for the th100 percentile based speed-density curve; 2) the proposed optimization model is 

convex for the four two-parameter models listed in Table 1 so the Gauss-Newton method can 

be applied to solve it; and 3) we design an approach that is able to efficiently calibrated the 

stochastic fundamental diagrams for the two three-parameter models in Table 1. We further 

apply the proposed methodology to calibrate the stochastic fundamental diagrams based on 

GA400 data and the resulting speed distributions perfectly match the observed data. It is 

believed that the proposed methodology has wide applicability to all speed-density models. 

6.2 Methodology 

In this section, we first briefly introduce the deterministic speed – density models proposed in 

Chapter 4. This is followed by a concept of percentile based speed – density curve and its 

mathematical representation. We further transform the mathematical representation to an 

optimization model in Section 6.2.2. The analytical properties of the proposed model’s 

objective function based on a linear speed – density relationship, including continuity, 

differentiability, and convexity, have been rigorously proved in Section 6.2.3. Due to these 

analytical properties, the optimization model can be easily solved by Gauss-Newton method.  
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 Deterministic speed-density models  

In order to establish a generalized stochastic speed-density diagram, we firstly need to select a 

deterministic speed-density model. A stochastic model can be developed on the basis of the 

selected deterministic model. Suppose the observed data is 

( ) ( , ) , , 1,2,...,data data

i ik v k v i m = and ( )datav k  is the calibrated speed value by using the 

selected model when density equals datak  . Let us use the Greenshields model as an example. 

The weighted least square method (WLSM) proposed by Qu et al. (2015) is used to calibrate 

the two parameters, which are free flow speed fv  and the jam density jamk  (we use jamk  

instead of jk  to avoid confusion): 

 [M] 

 
( ) ( )( )

2

1

min ,
m

f jam i i i

i

C v k v v k
=

= −
  (6-1) 

subject to: 

 

( ) , 1,2,.1 ..,f

jam

i
i

k
v

k
mvk i

 
= − 


=


    (6-2) 

 
0fv 

 (6-3) 

 
0jamk 

  (6-4) 

where i  is the weight for observation ( ),i ik v  which accounts for the sample selection bias. 

The general weight determination method in Section 4.2.2 is applied for this research, which 

is illustrated as below. In reality, the weight for an observation is essentially the distance 

between this observation with its next one. In doing so, if a particular traffic state is 

overrepresented, lower weights (i.e smaller distance among two adjacent samples) will be 

given to the corresponding observations to guarantee that this state would not dominate the 

calibration process; in contrast, if a particular traffic state is underrepresented, higher weights 

will be given. In this way, the sample selection bias can be largely eliminated.   

Step 1: Rank the observations in terms of their densities. We thus have  

 ( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( )1 1 2 2
, , , , , , , , ,

i i m m
v k v k v k v k

  (6-5) 
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where ( ) ( ) ( ) ( )1 2 i m
k k k k      and ( )i

v  is the corresponding speed in observation 

( )i .  

Step 2:  Define ˆ( )u  as the largest index ( )i  that corresponds to the same density as (1)k , that is,

  

 ( ) (1)
ˆ : arg max{ 1,2, | }iu i m k k= = =

  (6-6) 

Then,  

 

ˆ( 1) (1)

( )
ˆ, 1,2, ,

ˆ

u

i

k k
i u

u


+ −
= =

  (6-7) 

Step 3:  Define  ˆ 1u u= + . Redefine ˆ( )u  as the largest index ( )i  that corresponds to the same 

density as ( )uk , that is,  

 ( ) ( )
ˆ : arg max{ , 1, 2, , | }i uu i u u u m k k= = + + =

  (6-8) 

If û m , set 

 

ˆ( 1) ( 1)

( )
ˆ, , 1, 2, ,

ˆ2( 1)

u u

i

k k
i u u u u

u u


+ −−
= = + +

− +   (6-9) 

and repeat Step 3. Else,   

 

( ) ( 1)

( ) , , 1, 2, ,
1

m u

i

k k
i u u u m

m u


−−
= = + +

− +   (6-10) 

and stop.  

Note that the only difference in calibrating different non-linear speed-density models is eq. 

(6-2). If we select other models in Table 1, the calibration results will reflect the respective 

deterministic speed-density models. In other words, if we replace eq. (6-2) by other functions 

in Table 1-1, the corresponding deterministic speed-density functions can be calibrated by 

following the same procedure.  

 Stochastic speed-density models 

Having obtained the calibrated deterministic speed-density models, we apply an optimization 

model to calibrate a family of percentile-based speed-density curves by introducing another 

parameter  in the model [M’] to be presented later. We again use Greenshield’s linear model 
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as an example to explain the new model. The objective of the new model [M’] is to calibrate a 

th100 percentile based speed-density curve such that the ratio between weighted residual of 

observations below the calibrated curve and the total residual is  . In other words,   is 

defined as the ratio between weighted residual of observations below the calibrated percentile 

based curve and the total residual. The calibrated curve, denoted as ( )iv k , is actually the 

th100 percentile based speed-density curve. The mathematical representation of   is,  

 

( )

1

1

( , )
m

i i i

i

m

i i i

i

g k v

v v k











=

=

=

−




  (6-11) 

and 

 
( ) ( ), if 0

( , )
0, otherwise         

i i i i

i i

v k v v v k
g k v  


 − − 
= 


  (6-12) 

As ( , )i ig k v  is non-negative, eq. (11) is simplified as  

 

( )

1

1

( , )
m

i i i

i

m

i i i

i

g k v

v v k











=

=

=

−




  (6-13) 

Example 1: We construct an example to show eqs. (6-11)-(6-13). In this example, we assume 

the weight for each data point is 0.125. The solid line is the calibrated th100  percentile based 

speed-density curve based on a linear function form (i.e. ( )v k ). As can be seen in Figure 6-

2, there are four data points above the solid line and the rest four are below it. Evidently, eq. 

(6-11) represents the ratio between absolute residual of samples below the solid line and the 

total residual and this curve is actually the 77th percentile speed-density curve according to eq. 

(6-13). In other words,  here is 0.77. 
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Figure 6-2: An illustrative example 

 

Our key finding for the stochastic speed-density model is: 

Theorem 1: Eq. (6-13) is satisfied at the optimal solution to the following optimization model 

[M’] and therefore we can solve [M’] to calibrate the th100  percentile based speed-density 

line: 

[M’] ( ) ( ) ( ) ( )( )
22

1 1

min , 1 2 ( , )
m m

jam f i i i i i i

i i

C k v g k v v v k   
= =

= − + −    (6-14) 

subject to: 

 ( ) , 1,2,. ,1 ..f

jam

i
i

k
vv k i

k
m

 
= − = 

 
  (6-15) 

 
( ) ( ), if 0

( , )
0, otherwise         

i i i i

i i

v k v v v k
g k v  


 − − 
= 


  (6-16) 

 0fv    (6-17) 

 0jamk     (6-18) 

 

Theorem 1 is implied by Lemma 1 and Corollary 2 that will be shown in the next sub-section. 

Theorem 1 means that, the fundamental diagram calibrated by Model [M’] is the th100  
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percentile based speed-density curve based on Greenshield’s model. By changing   between 

0 and 1, the stochastic fundamental diagram is obtainable. Again, here if we replace eq. (6-15) 

by other functions in Table 1, the corresponding optimization models can be established to 

generate the th100  percentile based speed-density curve with respect to other speed-density 

models.  

 

 Analytical properties: continuity, differentiability, and convexity 

This section aims to examine the relations between Eq. (6-13) and model [M’] in order to gain 

insights into the stochasticity and deepen our understanding of the problem. It should be noted 

that when 0 =  or when 1 = , the optimal objective value of model [M’] is 0 and there are 

an infinite number of optimal solutions of fv  and jamk . As the two extreme cases with 0 =  

and 1 =  are not of much help in practice, we assume in the sequel that 0 1  . 

 

6.2.3.1 A transformed model  

We first develop an equivalent model to [M’]: 

Lemma 1: Define new decision variables  

 , /f f jamv vx ky= =   (6-19) 

Then model [M’] is equivalent to the following model:   

[M’’] ( )( ) ( )( )
2 2

0, 0
1 1

min ( , ) : (1 2 ) ,
m m

i i i i i i
x y

i i

C x y g k v v v k   
 

= =

= − + −    (6-20) 

 ( )i ixv k ky = −   (6-21) 

 
( ) ( ), if 0

( , )
0, otherwise         

i i i i

i i

v k v v v k
g k v  


 − − 
= 


  (6-22) 

In order to simplify the notation, we hereby introduce  

 
( ) ( ), if 0

( , )
0, otherwise         

i i i i

i i

v v k v v k
f k v  


 − − 
= 


  (6-23) 

 

The objective function of [M’’] will be simplified as  
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 ( )( ) ( )( )
2 2

0, 0
1 1

min ( , ) : , (1 ) ,
m m

i i i i i i
x y

i i

C x y f k v g k v   
 

= =

= + −    (6-24) 

 

2.3.2 Continuity, differentiability, and convexity of ( , )C x y   

In model [M’’], ( ),i if k v  and ( , )i ig k v  are actually functions of x  and y . Therefore, model 

[M’’] actually minimizes the bi-variate function ( , )C x y  over 0x   and 0y  . It is easy to see 

that ( , )C x y  is a continuous function of x  and y .  

 

Lemma 2: ( , )C x y  is differentiable over 0x   and 0y  . 

Proof: Given a particular 0x   and a particular 0y  , we classify the observations into three 

sets 1I , 2I , and 3I  in this way: all observations in sets 1I  are above the calibrated line, all 

observations in sets 2I  are on the calibrated line, and all observations in sets 3I  are below the 

calibrated line.   

 

Then, the right partial derivative of ( , )C x y  over x  at ( , )x y  is 

 

1 2 3

,

( 2) ( ) 2(1 ) ( ) 2(1 ) ( )

x x y y

i i i i i i i i i

i I i I i I

C

x

v x yk x yk v x yk v    
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= − − + + − − − + − − −  
 

 (6-25) 

The left partial derivative of ( , )C x y  over x  at ( , )x y  is 

 

1 2
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,

( 2) ( ) ( 2) ( )

2(1 ) ( )

x x y y

i i i i i i

i I i I

i i i

i I

C
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= − − + + − − +

+ − − −

 



  (6-26) 

The definition of set 2I  implies 

 2,i ix yk v i I− =    (6-27) 



96 

 

The above three equations mean that 

 
, ,x x y y x x y y

C C

x x+ −→ = → =

 
=

 
  (6-28) 

Therefore, ( , )C x y is differentiable over x . Similarly, we can prove that ( , )C x y is 

differentiable over y .   

 

Lemma 3: ( , )C x y  is not necessarily twice differentiable. However, it is twice differentiable 

when 0.5 = . 

Proof: Given a particular 0x  and a particular 0y  , similar to the above proof, the right 

twice partial derivative of ( , )C x y  over x at ( , )x y  is 

 
1 2 3

2

2

,

2 2(1 ) 2(1 )i i i

i I i I i Ix x y y

C

x
    

+   → =


= + − + −


     (6-29) 

The left twice partial derivative of ( , )C x y  over x  at ( , )x y  is 

 
1 2 3

2

2

,

2 2 2(1 )i i i

i I i I i Ix x y y

C

x
   

−   → =


= + + −


     (6-30) 

Evidently, the above two equations are the same if 0.5 =  or if set 2I  is empty. Otherwise 

the above two equations are different.  

 

Lemma 4: ( , )C x y is strictly convex. 

Proof: Rearranging terms, we have 

 ( ) ( )
2 2

1

( , ) max( ( ),0) (1 ) max( ( ) ,0)
m

i i i i i i

i

C x y v v k v k v   
=

 = − + − −
    (6-31) 

It is easy to see that ( ) ( )
2 2

max( ( ),0) (1 ) max( ( ) ,0)i i i i i iv v k v k v   − + − −  is a strictly 

convex function of ( )iv k . As ( )i iyv k kx = −  is a linear function of x and y , ( , )C x y is 

strictly convex over x and y .  
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Lemma 4 implies that  

Corollary 1: The optimal solution to model [M’’] is unique and any local minimum to ( , )C x y  

is global minimum.   

As a result, model [M’’] can be easily solved by Gauss-Newton algorithm.  

 

2.3.3 Relation between the definition of percentile based speed-density line and optimization 

model [M’’]  

 

The optimal solution to model [M’’], denoted by ( , )x y  , must satisfy the first-order 

optimality condition that / 0C x  = , / 0C y  =  at ( , )x y  . That is, 

Theorem 2: The optimal solution to model [M’’] ( , )x y  satisfies 
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That is, 
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That is, 
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Eq. (6-33) in Theorem 2 implies that  

 

Corollary 2: Eq. (6-13) is satisfied at the optimal solution to model [M’’]. That is, the portion 

of lower weighted error out of the total weighted error is equal to  .   

 

Theorem 1, which is the most important finding, is now implied by Lemma 1 and Corollary 2. 

 

Note that eq. (6-35) in Theorem 2 further implies that the portion of lower weighted error that 

is further weighted by the density out of the total weighted error that is further weighted by the 

density is still equal to  .  This means that the percentile 100  is balanced between low 

density areas and high-density areas. 

 

We define the weighted average of estimated speeds: 
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6.3 Extensions to Non-linear Speed-density Models  

According to Section 4, the linear fundamental diagram does not perform very well compared 

to other models. As a result, we also need to develop probabilistic non-linear fundamental 

diagrams. Fortunately, the three two-parameter nonlinear models can all be easily linearized in 

the form of eq. (6-21).  We use Greenberg model as an example, which can be transformed as 

 ( ) ( )( ) ( ) ( )0 ln , where ln
g g

jv v k k k k= − =   (6-37) 

By defining new decision variables  

 ( )0 0ln ,jx kv y v= =   (6-38) 
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We have  

 
( ) ( ) ( ), where ln
g g

v x yk k k= − =   (6-39) 

Similarly, we can linearize the other two two-parameter nonlinear models. Table 6-1 

summarizes the linearization of the three two-parameter nonlinear models.  

 

Table 6-1: Linearization of the three two-parameter non-linear models 

Models Original form Linearized form 

Greenberg 

(1959) 
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k
v v

k

 
=  

    

( ) ( ) ( ) ( )0 0, where ln , ln ,
g g

jv x yk k k x v k y v= − = = =
  

Underwood 

(1961) 
expf

o

k
v v

k

 
= − 

    

( ) ( ) ( ) ( )
0

1
, where ln , ln ,

u u

fv x yk v v x v y
k

= − = = =

  

Northwestern 

(Drake et al., 
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As can be seen in Table 6-1, all of the three models can be linearized to the form of eq. (6-21). 

We can easily prove that all the properties and algorithms of Model [M’] are also applicable to 

the corresponding optimization models based on the linearized Greenberg, Underwood and 

Northwestern models. The differentiability and strict convexity properties are both guaranteed 

so that Gauss-Newton method can be used accordingly. It should be pointed out that the 

methodology is only applicable when using speed-density relations that can be linearized.  

 

For three-parameter models, we propose a numerical approach to obtain satisfactory calibration 

results. We first assume that one parameter is known and examine whether we can linearize 

the models in the form of eq. (6-21). For Newell model, we have  

 
1 1
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  (6-40) 

Eq. (6-40) is equivalent to  

 
1 1 1
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If we assume fv  is known, we can calibrate 1/   and 1/ k  using the known fv  and the speed-

density data. Note that the relationship between 1/   and 1/ k  is linear. In other words, eq. 

(6-41) can be linearized as 

 ( ) ( )
 

e e
k x y= −   (6-42) 

where 
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Similarly, we can linearize the 3PL model (Wang et al., 2011). Table 6-2 summarizes the 

linearization of these two three-parameter non-linear models. 

 

Table 6-2: Linearization of the three-parameter non-linear models 

Models Original form Linearized form 

Newell 

(1961) 
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As both models can be linearized in the form of eq.(6-21), the continuity, differentiability, and 

convexity all hold for their corresponding optimization models if fv  is known. Accordingly, 

if fv is known, the Gauss-Newton method is applicable to generate the stochastic speed-density 

diagrams based on the two three-parameter models. As fv  represents the free flow speed, it 

has a very compact domain, say from 90 km/hour to 120 km/hour. In this regard, we can simply 
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enumerate all possible values of fv  (with the precision of e.g. 1 km/hour) to obtain the global 

minimum for Model [M’’] with respect to the two three-parameter models.  

 

In sum, as the above transformation simply assumes that one of the three parameters is known, 

the exact solution is not obtainable. However, due to the compact domain of the calibration 

parameters, a satisfactory solution can be numerically estimated based on enumeration. As such, 

the three-parameter cases are not analytically handled in this research and only a numerical 

approach is provided for obtaining satisfactory solutions.  

 

6.4 Case Study  

 Data description  

In this case study, we still use the GA400 data, US101, I-80 and M1 which has been explained 

in Chapter 3.  

 

 Results 

As per discussed in the previous sections, the optimization models all have sound analytical 

properties such as continuity, differentiability and convexity. By selecting different    values, 

a family of percentile based speed-density curves are obtainable. Figure 6-3 presents the curves 

with respect to the Greenshield’s model (1935), Greenberg model (1959), Underwood model 

(1961), Northwestern model (1967), Newell model (1961), and 3PL model (2011). The red 

dots are the GA400 data. The thick solid line represents the models calibrated by WLSM (i.e. 

0.5 = ). The other solid lines represent the flow-density curves generated from the 

optimization models with respect to 0.98, = 0.95,0.85,0.65,0.35,0.15, 0.05,  and 0.02 . As 

the percentile-based curves are generated, the stochastic fundamental diagram can be 

established accordingly for the entire range of traffic conditions. In other words, given a density 

value, the speed distributions can be obtained accordingly. We compare the generated speed 

distributions and the empirical speed distributions in Section 6.4.3.  
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(a) Greenshields Model (b) Greenberg Model

 (d) Northwestern Model(c) Underwood Model

(e) Newell Model (f) 3PL Model   

Figure 6-3: Family of flow-density curves 
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 Validation  

According to the Figure 6-3, for any given density, we can have all the corresponding percentile 

based speeds. In other words, the cumulative distribution function (CDF) and probability 

density function (PDF) of speeds at any given density are obtainable. 

6.4.3.1 Underwood model 

For Underwood Model, when the density equals 10 veh/km and 20 veh/km, the generated 

cumulative distribution and probability density graphs are shown in Figure 6- 4.  

 

CDF when k = 10 

 

PDF when k = 10 

  

  

  

CDF when k = 20                                                         PDF when k = 20 

Figure 6-4: CDF and PDF of speeds 

 

In order to validate the performance of the generated CDFs and PDFs, we further use the 

GA400 data to generate the empirical CDFs and PDFs with respect to the five densities. As 
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can be seen in Figure 6-5, the generated CDFs and PDFs perfectly re-establish the empirical 

CDFs and PDFs. Hypothesis tests also suggest that the generated distributions fit the data very 

well.  It should be noted that the empirical speed PDF when density equals 20 veh/km has a 

zigzag section from 60 km/hour to 85 km/hour. Surprisingly, the proposed model based 

approach can still capture this zigzag pattern and practically re-establish the pattern of our 

speed-density samples. We further compare the empirical results with generated results for 

other intervals when density is less than 60 veh/km and observe similar patterns.  

 

 

(a) k = 10 veh/km 

 

(b) k = 20 veh/km 
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(c) k = 30 veh/km 

(d) k = 40 veh/km 

 

(e) k = 60 veh/km 

Figure 6-5: Empirical vs generated CDFs/PDFs by Underwood Model 
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6.4.3.2 Greenshields model 

For Greenshields Model, when the density equals 10 veh/km, 20 veh/km, 40 veh/km and 60 

veh/km the performance of the generated CDFs and PDFs are shown in Figure 6- 6.  

 

 

(a) k = 10 veh/km 

 

(b) k = 20 veh/km 
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(c) k = 30 veh/km 

 

(d) k = 40 veh/km 

 

(e) k = 60 veh/km 

Figure 6-6: Empirical vs generated CDFs/PDFs by Greenshields Model 
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6.4.3.3 Greenberg model 

For Greenberg Model, when the density equals 10 veh/km, 20 veh/km , 40 veh/km and 60 

veh/km the performance of the generated CDFs and PDFs are shown in Figure 6- 7. 

 

(a) k = 10 veh/km 

 

(b) k = 20 veh/km 
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(c) k = 30 veh/km 

 

(d) k = 40 veh/km 

 

(e) k = 60 veh/km 

Figure 6-7: Empirical vs generated CDFs/PDFs by Greenberg Model 
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6.4.3.4 Northwestern model 

For Northwestern Model, the performance of the generated CDFs and PDFs are shown in 

Figure 6- 8. 

 

(a) k = 10 veh/km 

 

(b) k = 20 veh/km 



111 

 

 

(c) k = 30 veh/km 

 

(d) k = 40 veh/km 

(e) k = 60 veh/km 

Figure 6-8: Empirical vs generated CDFs/PDFs by Northwestern Model 
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6.4.3.5 Newell model 

For Newell Model, the performance of the generated CDFs and PDFs are shown in Figure 6- 

9.  

 

(a) k = 10 veh/km 

 

(b) k = 20 veh/km 

 

(c) k = 30 veh/km 
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(d) k = 40 veh/km 

 

(e) k = 60 veh/km 

Figure 6-9: Empirical vs generated CDFs/PDFs by Newell Model 

 

6.4.3.6 3PL model 

For 3PL Model, the performance of the generated CDFs and PDFs are shown in Figure 6- 10.  

(a) k = 10 veh/km  

(a) k = 10 veh/km 
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(b) k = 20 veh/km  

(b) k = 20 veh/km 

 

(c) k = 30 veh/km 

(c) k = 40 veh/km  

(d) k = 40 veh/km 
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(d) k = 60 veh/km  

(e) k = 60 veh/km 

Figure 6-10: Empirical vs generated CDFs/PDFs by 3PL Model 

 

Figure 6-5 to Figure 6-10 show similar results that the generated distributions fit the data very 

well.  It should be noted that the empirical speed PDF may have zigzag sections through the 

whole density range. For example, when density at 60 ve/km, there is a zigzag section from 15 

km/h to 25 km/h. However, most of the proposed model based approach can still capture this 

zigzag pattern and practically re-establish the pattern of speed-density data points. Moreover, 

the data points at higher densities may not have enough data points to generate complete 

histograms for validation. For example, when density equals 60 veh/km, we have no data when 

speed is from 18 km/h to 22 km/h. Although the histograms are incomplete, the generated PDFs 

and CDFs still reasonably re-establish the empirical ones. Therefore, this model can indeed 

generate the speed distributions at any given densities and the stochastic fundamental diagram 

is thus established. 

 

6.5 Conclusion   

In this part, we apply an optimization model based on the theorem of total probability to 

generate stochastic fundamental diagrams. In the proposed model, we introduce a new 

parameter  . We first prove that the solution of the proposed model with respect to any given 

  from 0 to 1 is actually the th percentile based fundamental diagram. Then we prove the 

proposed optimization model has continuity, differentiability and convexity properties so that 

it can be easily solved by Gauss-Newton method. By selecting different   values from 0 to 1, 

the speed distribution at a given density is obtainable. Finally, we generate the empirical CDFs 

and PDFs with respect to five densities (k = 10, 20, 30, 40, 60 veh/km) to validate the 
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performance of the generated CDFs and PDFs respect to six speed-density models. Hypothesis 

tests are also included to compare with the performances of the generated speed distributions. 

According to our results, even the speed PDF have zigzag sections through the whole density 

range, the proposed model can still capture this zigzag pattern and practically re-establish the 

pattern of our speed-density samples. Hence, the calibrated speed distributions perfectly fit our 

database.  This proposed methodology can be used to generate the speed distributions at any 

given densities. Stochastic fundamental diagrams are also very useful in developing and 

evaluating traffic control strategies (Jabari and Liu 2013; Siqueira et al., 2016). First, as a 

deterministic model represents 50th percentile speed-density curve, it is incapable of handling 

50% scenarios of traffic (underestimate 50% scenarios of flow or overestimate 50% scenarios 

of speed), which is not robust enough. In fact, 15th percentile is usually used for traffic 

engineering (e.g. to determine the operating speed). With this stochastic fundamental diagram, 

we can also use 15th percentile based speed-density curve to model and assess traffic control 

strategies with an attempt to deal with 85% scenarios. More importantly, it has been well 

recognized that the performance of our freeway systems can be substantially improved if the 

heterogeneity of traffic flow dynamics and stochasticity of fundamental diagrams can be 

controlled (Keyvan-Ekbatani et al., 2012; Punzo and Montanino, 2016). Unfortunately, 

existing traffic control strategies, which are based on deterministic models, are incapable of 

controlling the stochasticity of fundamental diagrams. With the proposed stochastic 

fundamental diagrams, new traffic control strategies can be developed with an objective to 

minimize the gap between upper and lower limit of our fundamental diagrams (e.g. 15th 

percentile based and 85th percentile based speed-density curves). 
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CHAPTER 7. CONCLUSION 

The speed-density or flow-density relationship has been considered as the foundation of traffic 

flow theory, and various functional forms have been proposed to represent its relationship. In 

this thesis, six well-known single-regime speed-density models which include four two-

parameter models, Greenshields model, Greenberg model, Underwood model and 

Northwestern model, and two three-parameter models, Newell model and three-parameter 

logistic speed-density model (Wang et al. 2011) have been chosen to calibrate the results.   

 

According to the literature, it is attempting to believe single-regime deterministic models could 

not fit the date throughout the whole traffic conditions. In this thesis, we firstly prove the 

inaccuracy of single-regime speed-density models is not caused solely by their functional forms, 

but also by sample selection bias. This is because most of the common observational database 

(GA400 dataset, US101 dataset and I-80 dataset), has poor quality (the great majority of the 

observations with low densities), the calibrated models are likely to be dominated by free flow 

conditions, which result in poor performances for congested traffic states. For example, the 

GA400 dataset includes 47,815 observations of speeds and densities, 86.3% (41,259) of which 

refer to free flow conditions (< 20 veh/km). Therefore, the weighted least square method is 

used to resolve the sample selection bias. Additionally, the deficiency of the least square 

method, the methodology of the proposed weighted least square methods and a theoretical 

investigation into the differences between the two methods has also been conducted and in 

Chapter 4. Then, for the calibration results by using WLSM instead of LSM, all of the single-

regime models perform the empirical data consistently well both in the free-flow conditions 

and congested conditions. We point out that the inaccuracy of single regime speed-density 

models is not caused solely by their functional forms, but also by sample selection bias. 

 

In Chapter 5, we use a fundamentally different approach that is able to yield very similar and 

consistent results with the WLSM to deal with the bias sample data. The proposed approach 

firstly applies reproducible sample generation to convert the observational data to experimental 

data. The traditional least square method (LSM) can subsequently be applied to calibrate 

accurate traffic flow fundamental diagrams. Two reproducible sample generation approaches 

are proposed in this section. Based on our analyses, the first approach is largely affected by 

outliers and the second approach is more robust in dealing with potential outliers. According 



118 

 

to the calibration results, the performance of the six selected single-regime speed-density 

models works as well as the previous WLSM. Besides, more databases (US101 dataset, I-80 

dataset and M1 dataset) have been provided in the case study to verify the performance of the 

proposed approaches. Results show that the proposed approaches fit all of the field data well, 

which can be used for general observational databases. 

 

Evidently, this research shows there are two approaches in dealing with the sample selection 

bias. The first approach is to develop a new calibration process, such as the weighting methods 

proposed in Chapter 4, to eliminate or reduce the sample selection bias. The second approach 

is to develop a process to convert non-unfirmly distributed observational data to uniformly 

distributed experimental data. The results indicate that the performance of reproducible method 

II is comparable to the weighted least square method applied in Section 4.3. Moreover, for an 

engineering operation, consideration of the entire database and weighting method needs to take 

into account large amounts of data, which will then affect the operating efficiency. Uniform 

experiment sampling is another choice which can minimize the sample size, so this experiment 

uniform sample approach can be used for engineering applications. 

 

For the probabilistic speed-density relationship in Chapter 6, we propose an optimization model 

based on the theorem of probability to generate stochastic fundamental diagrams. A new 

parameter -  from 0 to 1, which is actually the th percentile based speed-density curve. By 

selecting different   values from 0 to 1, the speed distribution at a given density is obtainable. 

Then, we generate the empirical CDFs and PDFs with respect to different densities to validate 

the performance of the generated CDFs and PDFs. According to our validation results, the 

generated CDFs and PDFs perfectly re-establish the empirical CDFs and PDFs. 

 

In the past, as the fundamental diagram is a deterministic curve, researchers use the residual to 

assess the performance of a calibrated fundamental diagram. In doing so the stochastic nature 

of traffic flow is totally ignored. With this proposed stochastic fundamental diagram, new 

approaches can be proposed to evaluate the performance of calibrated fundamental diagrams 

by taking into account not only the residual but also stochasticity. Stochastic fundamental 

diagrams can be used to develop and evaluate traffic control strategies. The existing traffic 

control strategies are all based on deterministic models, which are incapable of controlling the 

stochasticity of traffic flow. In particular, the proposed stochastic fundamental diagram is 
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applicable to model and optimize the connected and automated vehicles at the macroscopic 

level with an objective to reduce the stochasticity of traffic flow. 

 

As discussed in the introductory section, the heterogeneities in drivers, vehicles, and road 

geometries result in stochasticity of fundamental diagrams. The recent research and 

development of the connected and automated vehicles provide a possible solution to reduce or 

even eliminate the heterogeneities (Du et al., 2015; Zhou et al., 2017a&b). A few pioneering 

studies have been done in optimising the trajectories of connected and automated vehicles to 

improve the safety, efficiency, and sustainability at the microscopic level (Ma et al., 2016; 

Zhou et al., 2017c). With this proposed stochastic fundamental diagram, it can also be modelled 

at the macroscopic level with an objective to reduce the stochasticity of fundamental diagrams. 

 

It should be pointed out that appropriate data aggregation plays a key role in modelling traffic 

flow fundamental diagram. In this thesis, all of the speed and density data are aggregated to 5 

minutes for equilibrium model development. More data aggregation levels can be used to 

examine the stochasticity of samples and states by applying the proposed methodology. Finally, 

this proposed methodology can be applied to generate the stochastic models for any linear or 

non-linear regression models with scattered sample. For example, it has been well recognized 

that vehicle fuel consumption is highly correlated to the vehicle speed. By using the proposed 

methodology, the stochastic speed-fuel functions can be developed. 
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