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“ Life is like a box of chocolates. You never know what you’re gonna get.”

Forrest Gump



Abstract

Quantum correlations and quantum coherence are not only recognised as fundamental

features in the quantum regime that depart from the classical world, but also regarded

as useful resources in numerous quantum information processing tasks. Thus, character-

ising and quantifying these quantum properties is a prime task in quantum information

theory. In this thesis, I study the following problems: How could quantum coherence

be extracted from a set of measurements? How are quantum correlations distributed

among multi-party quantum systems? Are there tradeoff relations such that these quan-

tum features cannot be freely extracted or shared?

Part I is devoted to investigating the quantification of quantum coherence with respect

to a set of measurements. I first use two valid coherence measures, the l1-norm and

relative entropy of coherence, to study the tradeoffs between the coherences of mutually

unbiased bases, and derive a complementarity relation for qubit coherences. Then, I pro-

pose using the average coherence to measure the intrinsic coherence of a quantum state,

and obtain useful bounds for average coherence measures. In Part II, I find two new in-

variance properties, isotropic and anisotropic invariance quantities, for pure three-qubit

states. These properties are proven useful in studying distributed quantum correlations,

and results include a strong monogamy relation for Bell nonlocality, Einstein-Podolsky-

Rosen inequalities, geometric discord, and fidelity of remote state preparation (some are

generalised for arbitrary three-party states), tradeoff relations for anisotropic invariants,

3-tangle, and Bell nonlocality for three-qubit states, and a universal ordering of pairwise

quantum correlation measures for pure three-qubit states. In Part III, I investigate the

quantum monogamy phenomenon in terms of volumes of quantum steering ellipsoids.

I derive a volume monogamy relation for all three-qubit states, and then generalise it

for multi-qubit states. Then, the incomplete steering phenomenon is examined and a

method to characterise and quantify it for two-qubit states is proposed. Finally, I gener-

alise this to investigate whether there is a monogamy relation for the incomplete steering

of the inner party for pure qubit-qubit-qudit states.
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Chapter 1

Introduction

Quantum theory has been such a big success since its birth from the early 20th century.

On one hand, it has penetrated into almost each corner of modern technology to benefit

our daily life; on the other hand, its peculiar features, such as Schrödinger’s cat [1]

and the Einstein-Podolsky-Rosen (EPR) paradox [2], constantly stir humans’ curiosity

to explore what is the Nature of the universe. During this longstanding expedition

to the tiny Quantum World, the marriage between classical information theory and

quantum theory gave birth to quantum information theory1, which facilitates better

understanding of the world we live in. In this introduction, I enter into the quantum

information processing field, explore peculiar quantum properties, including quantum

coherence and quantum correlations, and study their distributions among multi-party

quantum system s.

1.1 Quantum Information Theory

In 1948, Claude Shannon laid the foundations to classical information theory, which in-

volves the quantification and manipulation of information [3]. The efforts to generalise

classical information theory to its quantum counterpart were undertaken by researchers.

For example, Shanon entropy had found its quantum version in von Neumann entropy [4]

before 1970, and Holevo proved his famous information bound [5] in 1973. However,

some peculiarities distinct from classical information were also discovered, such as the

no-cloning theorem of an arbitrary unknown quantum state in 1982 [6, 7]. At the same

time, Richard Feynman suggested that building quantum computers would overcome

the difficulties in simulating quantum systems on classical computers [8]. Inspired by

1Here, I refer the term “quantum information theory” to quantum information science which includes
both theoretical issues and experimental topics in quantum physics. In the subsequent sections, I will
constrain it to a relatively restrictive subfield that only encompasses the theoretical part.

1
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this idea, more and more quantum advantages over classical systems in processing infor-

mation tasks had been discovered, which promoted the rapid development of quantum

information and quantum computation theory. In particular, some quantum algorithms,

such as Shor’s algorithm [9] and Grover’s algorithm [10], were found to overpower classi-

cal algorithms in certain computational tasks while in the information processing tasks,

EPR-states were shown to be able to accomplish jobs impossible in the classical world,

such as device-independent quantum key distribution (QKD) [11], quantum teleporta-

tion [12], and super-dense coding [13]. These profound theoretic achievements and the

corresponding delicate experimental verifications (which are out of the scope of this the-

sis) matured quantum information and computation theory at the end of 20th century.

In this work, I walk into the quantum information processing field which studies the

characterisation, quantification, and manipulation of quantum information. Here I pre-

sume that the readers are familiar with quantum mechanics (Interested readers are

recommended to textbooks on this topic, e.g. [14, 15].). Thus, I will leave out detailed

discussions of quantum theory and jump directly to the relevant topic of this thesis: the

useful quantum properties that signal departures from classical world.

1.2 Quantum Resources

Intrinsically, quantum advantages in various tasks are rooted in peculiar features of the

Quantum World, such as quantum coherence and quantum correlations, ranging from

Bell nonlocality to entanglement. The quantum states that have such features to fulfill

certain quantum information processing tasks are usually regarded as useful quantum

resources. In fact, before being found to play important roles in quantum information

theory, these quantum features had their own development trajectory. This section

aims to present a rudimentary introduction of quantum coherence and various quantum

correlations, from a historical perspective, to familiarise the reader with topics of this

work.

1.2.1 A Glimpse of Quantum Coherence

The notion of ‘coherence’ dates back to the celebrated Thomas Young’s double slit

experiment in classical optics in 18th century, and now it is widely used in various fields

involving wave interference, including quantum optics. Essentially, quantum coherence

arises from a fundamental principle of quantum mechanics: the superposition rule. For

example, a set of orthogonal quantum states {|ψi〉} can be ‘superposed’ into another
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valid quantum state

|ψ〉 =
∑
i

ci|ψi〉 (1.1)

with some nonzero ci. This superposition process creates quantum coherence in the

state |ψ〉 due to the information encoded in the nonzero elements cicj |ψi〉〈ψj |, i 6= j,

with respect to the basis states {|ψi〉}.

Quantum coherence has been found useful in numerous fields, such as the Deutsch-

Jozsa algorithm [16], quantum metrology [17, 18], quantum thermodynamics [19–21],

and quantum biology [22, 23]. More relevant discussions are found in a thorough re-

view [24]. In 2014, Baumgratz, Cramer, and Plenio (BCP) distilled a broad concept of

quantum coherence from specific physical systems, and proposed a general framework to

characterise, quantify, and manipulate quantum coherence [25]. Within BCP’s frame-

work, there are some remaining issues related to how to quantify quantum coherence of

a quantum state properly, which is examined in the first part of this thesis.

1.2.2 A History of Quantum Correlations

Quantum correlations can be traced back to a fundamental physical question: Does

quantum mechanics completely describe physical reality? This question was raised by

Einstein, Podolsky, and Rosen (EPR) in 1935 as a thought experiment, known as the

EPR-paradox, to question the completeness of the wave function in quantum mechanics

to describe the state of a system [2].

EPR-paradox

In this profound paper, EPR considered the case where two parties, say Alice and Bob,

hold a nonfactorisable pure state [2]:

|Ψ〉 =

∞∑
n=1

cn|µn〉|νn〉 =

∞∑
n=1

dn|φn〉|ϕn〉, (1.2)

where {|µn〉} and {|φn〉} are two orthonormal bases for Alice’s system. If Alice chose the

measurement A1 ≡ {|µn〉〈µn|} or A2 ≡ {|φn〉〈φn|}, then Bob would be instantaneously

projected to one definite state in the ensemble {|νn〉} or {|ϕn〉}. With some “reasonable

assumptions”2, one is seemingly led to the conclusion that the non commuting measure-

ments A1, A2 could simultaneously yield definite outcomes, which violated Heisenberg’s

uncertainty principle [26]. As a consequence, EPR came to the conclusion that quantum

mechanics was incomplete and there should be some local hidden variables (LHVs), in

2It is still a controversy among physicists and philosophers nowadays as these assumptions were
introduced by EPR from their deep physical insights, however, without precise definitions. Thus, I will
not bother myself to delve into this direction.
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addition to quantum mechanics, to resolve the above paradox. During the same year, in

response to EPR paradox, Schrödinger introduced the terms “entanglement” to explain

the peculiar property of the state (1.2) and “steering” to describe Alice’s ability to affect

Bob’s state through her measurement choice [27].

The EPR-paradox was later adapted to discrete systems by Bohm and Aharonov in their

1957 work [28], and considered the corresponding nonfactorisable pure state

|Ψ〉 =
1√
2

(|0〉|1〉 − |1〉|0〉) . (1.3)

That could describe the state of two spin-1/2 particles.

Bell inequality

In 1964, Bell made groundbreaking progress by turning the discussions of EPR-paradox

down into an experimentally testable proposition test [29]. Consider a pair of spins held

by Alice and Bob. When each party could choose two measurement settings, such as

A1, A2 for Alice and B1, B2 for Bob, Bell designated an inequality for them

〈A1 ⊗B1〉 − 〈A1 ⊗B2〉 − 〈A2 ⊗B1〉 ≤ 1, (1.4)

where 〈•〉 refers to the corresponding measurement outcomes statistics. Bell showed

in [29] that if Alice’s and Bob’s results could be described by any LHV theory, then

the test result must satisfy the above inequality (1.4); however, when Alice and Bob

prepared their two electrons in the state (1.3) and chose proper correlated measurements,

the inequality (1.4) can be violated! Bell finally proved that quantum mechanics is

incompatible with LHVs [29].

To violate Bell’s original inequality (1.4) requires preparations of the perfect state (1.3)

and perfect experimental techniques. Soon after, Clauser, Horne, Shimony, and Holt (CHSH)

constructed an experimental-friendly inequality [30]

〈A1 ⊗B1〉+ 〈A1 ⊗B2〉+ 〈A2 ⊗B1〉 − 〈A2 ⊗B2〉 ≤ 2. (1.5)

This inequality is called the Bell-CHSH inequality. In particular, any LHV model must

satisfy this inequality while the maximum quantum violation of Bell-CHSH inequality

is 2
√

2 [31].

The first experimental trial to verify Bell’s result was carried out by Freedman and

Clauser in 1972 [32]. Due to the experiment imperfections, it was not until a series of

Aspect and coworker’s works [33–35] that the dream of replacing quantum mechanics
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by the LHV theory was broken. Recently, a series of near-perfect experiments [36–38]

were completed to close the relevant loop-holes.

A hierarchy to quantum correlations

A state that is able to violate some Bell inequality under proper choices of measurements,

is called a Bell nonlocal state; while, if the state always satisfies Bell inequalities for

arbitrary choice of measurements, then it is Bell local. It was shown that pure entangled

states, such as (1.2) and (1.3), can always violate a Bell inequality [39]. However, this

is not true for mixed-state entanglement.

In 1989, Werner gave an approach to characterising entanglement for mixed states [40]:

for the bipartite state described by the density operator ρAB, it is entangled if and only

if it cannot be decomposed into any probabilistic combinations of product states, i.e.,

ρAB 6=
∑
i

piρ
A
i ⊗ ρBi . (1.6)

If it can, then the state is separable. This definition implies that Bell nonlocal states

are always entangled. Furthermore, Werner constructed a class of quantum states

ρW = p|Ψ〉〈Ψ|+ 1− p
4

I, (1.7)

where |Ψ〉 is given in Eq. (1.3), and showed that there exists p in certain interval (1
3 ,

1
2)

such that the above Werner states (1.7) are entangled but Bell local. This implies that

entanglement and Bell nonlocality are two different features of quantum states.

Quantum steering was introduced by Schrödinger as a generalisation of EPR-paradox

to arbitrary pure bipartite states and arbitrary measurements by one side, such as Al-

ice [27]. It was further generalised by Wiseman, Jones, and Doherty in 2007 [41, 42]

to arbitrary mixed bipartite states and measurements by one side, and formulated as

EPR-steering. Similar to the LHV models for Bell local states, an operational criterion

was provided [41]: The bipartite state is EPR-steerable from Alice to Bob if and only

if for arbitrary measurements the measurement outcome statistics cannot be explained

by any local hidden state (LHS) model for Bob which further is a LHV model for Alice.

Obviously, non-EPR-steerable states must be Bell local states. However, it was pointed

out in [41] that there exists p in Eq. (1.7), such as p ∈ [1
2 , 0.683), such that the state are

EPR-steerable but Bell local, implying that there is a distinction between EPR-steering

and Bell nonlocality. Surprisingly, it was further demonstrated in [41] that EPR-steering

is not equivalent to entanglement, as entangled states in Eq. (1.7) with p ∈ (1
3 ,

1
2) are

not EPR-steerable.
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Thus, a hierarchy on these quantum features of bipartite states is obtained: the Bell

nonlocal states are a strict subset of the EPR-steerable states which are also a strict

subset of the entangled states. There also exist many other nonclassical features be-

yond entanglement, such as quantum discord [43, 44], which will be introduced later in

Chapters 4 and 6.

Along with the characterisation of nonclassical properties, including coherence and cor-

relations, another important question is how to precisely quatify these quantum features

for a given quantum state. Following certain rules or an axiomic approach, various mea-

sures have been proposed, such as the coherence measure C (I will discuss two specific

coherence measures: l1 norm and relatrive entropy in Chapters 2 and 3.) and the concur-

rence C for entanglement. To date, many works in this field have been reported [45–48].

Here, I choose Bell nonlocality and quantum steering as the topics of the second and

third parts of my thesis.

1.3 Quantum Monogamy

As mentioned in the previous section, coherence and quantum correlations play a key

role in information processing tasks. In particular, if two parties share a maximally

entangled state, they can achieve secure comunications between them no matter how

they are space-like separated. Intuitively, it is more likely that the more quantumness

is inherited in quantum states, the more useful they are. Thus, if there is a network

connected by many nodes, where any pair of nodes share a maximally entangled state,

then information may be comunicated amongst nodes securely. One question arises

naturally: Is it possible to prepare a network with the above quantum properties? In

Chapters 5 to 8, I explore the possibility and the limitations in realising such a quantum

network.

For tripartite states, I present another peculiar feature of the Quantum World: quantum

monogamy3. Consider a tripartite state held by three parties, namely Alice, Bob, and

Charlie. For quantum correlations of interest, such as entanglement, monogamy can be

expressed as follows: If Alice and Bob are maximally correlated with each other, then

neither of them can be correlated at all with the third party Charlie. In general, there

is a trade-off between the degrees of how much they are correlated between Alice with

Bob and Alice with Charlie. For example, there is a monogamy relation of entanglement

3As mentioned in the beginning that quantum information information theory is the product of a
marriage, it seems that it also does inherit the nature of the marriage.
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for 3-qubit states ρABC [49]:

C2
A:B + C2

A:C ≤ C2
A:BC , (1.8)

where CA:B is the concurrence between Alice and Bob, CA:C is between Alice and Char-

lie, while CA:BC is between Alice and the joint Bob and Charlie. This inequality was

first proven by Coffman, Kundu, and Wootters (CKW) in 2000. Then, it was gener-

alised to arbitrary n-qubit states [50]. In fact, other quantum correlations also obey

some monogamy relations, such as the Bell-CHSH inequality [51, 52] and EPR-steering

inequalities [53].

Note that if the tripartite state is pure, then the above monogamy of concurrence gives

rise to

C2
A:B + C2

A:C ≤ 1 = (Cmax
X:Y )2, (1.9)

where Cmax
X:Y refers to the maximal entanglement between an arbitarry pair of parties, X

and Y . Thus, if Alice and Bob are maximally entangled with each other, i.e., CA:B = 1, it

immediately follows from the above inequality that there must be CA:C = CB:C = 0, that

is to say, neither of them can be correlated at all with Charlie at all. Hence, quantum

monogamy implies that when each node poesses a qubit in a quantum network, it is

impossible to prepare the network such that any pair of nodes hold a bipartite state

with maximal quantumness. This phenomenon for Bell nonlocality is proven to underlie

the security of quantum cryptographic protocols [11].

Monogamy is one of the fundamental properties of quantum correlations, describing a

limitation that quantum correlations cannot be freely shared by members of multi-party

systems. In this work, I will investigate the distributions of Bell nonlocality and quantum

steering among tripartite systems and even multi-party systems. More generally, I also

study a situation where quantum monogamy does not strictly hold while certain tradeoff

relations may be still valid.

1.4 Structure of the Thesis

This thesis is dedicated to answer the question: Are there tradeoff relations such that

quantum coherence and quantum correlations in different contexts cannot be freely ex-

tracted or shared? In this work, I distill two keywords ‘quantum steering’ and ‘tradeoff

relations’ to structure my thesis, which is depicted in Figure. 1.1.
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Figure 1.1: The structure of this thesis.

Part I includes Chapter 2 and Chapter 3 and is devoted to studying complementarity

relations for quantum coherence of a set of measurements. Chapter 2 is an introduc-

tion to the resource theory for quantum coherence formulated recently by Baumgratz,

Cramer, and Plenio [25], analogous to the resource theory of entanglement [54]. Within

this framework, two typical coherence measures, the l1-norm and relative entropy, are

reviewed to quantify quantum coherence. As these two coherence measures are defined

with respect to a given measurement basis, I first investigate the limitations of coher-

ence measures with respect to mutually unbiased bases in Chapter 3. Then, I propose

using the average coherence measures over all measurement basis to quantify the in-

trinsic coherence of a quantum state. I also present a series of bounds to these average

measures.

Part II relate invariants of qubit states to the quantification of quantum correlations,

ranging from Bell-CHSH nonlocality and EPR-steering to quantum entanglement and

nonclassical correlations beyond entanglement. In Chapter 4, I first summarise former

works on the relationship between invariants and quantum correlations for two-qubit

states. After stating the necessary background, I report the discovery of two new in-

variants for pure 3-qubit states which, similarly to the 3-tangle [49], are invariant under

local unitary transformations and permutations of the parties. I also explain how to

interpret these two new quantities. Chapter 5 is fully dedicated to explore applications
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of these invariants. I mainly focus on the close relationship between 3-qubit invariants

and the distribution of quantum correlations, such as the ordering of pairwise quantum

correlations for pure 3-qubit states, tradeoff relations between invariants, 3-tangle and

quantum correlations for 3-qubit states, and monogamy of Bell-CHSH inequality and

EPR-steering inequalities for 3-qubit states and even arbitrary tripartite states. Some

potential applications to other fields are also mentioned.

Part III is largely a genuine steering section. The topic of Chapter 6 is the quantum

steering ellipsoid and follows on both the work of Sania Jevtic and coworkers [55] and

that of Antony Milne and coworkers [56]. First, I give a brief review to quantum steering

ellipsoids for two-qubit states. Then, I examine the strong monogamy relation in terms

of volumes of steering ellipsoids for pure 3-qubit states, which was recently discovered

by Antony Milne and coworkers in [56]. I continue to consider whether this strong

monogamy is still valid for mixed 3-qubit states and, generally, whether there exist

volume monogamy relations for arbitrary n-qubit states. Finally, I study the noise

robustness of these volume monogamy relations. Chapter 7 is about another steering

phenomenon: complete steering. Following the work by Sania Jevtic and coworkers [55],

I present a short introduction to complete steering for two-qubit states. I then introduce

an alternative description of steering completeness and propose a measure to quantify

incompleteness for two-qubit states. Results obtained in Chapter 6 and Chapter 7 are

generalised to some interesting higher dimensional systems beyond qubits in Chapter 8.

In particular, both quantum steering ellipsoids and steering completeness are generalised

to rank-2 qubit-qudit states. Then, the steering momogamy problem is examined for

pure qubit-qubit-qudit states. Interestingly, I find that there is a volume monogamy

relation for the qutrit case and a nontrivial volume tradeoff relation for the ququart

case.

Finally, I conclude this work with an open pseudo-quantum system model for my re-

search in Chapter 9. I explain how I can build such a model, summarise my research

achievements via the paper counting measurement, and predict the future evolution of

my research with some open questions remaining unsolved.

1.5 Basic Introduction to Qubits

Almost all of results stated in this thesis is obtained for discrete quantum systems,

although some can be applied to arbitrary systems without any constraint. Specifically,

I mainly foucs on the qubit system of which the dimension of its Hilbert space is d = 2.

Thus, I will first give a preliminary introduction to several qubits, ranging from the

single qubit to the 3 qubits before presenting main results I have obtained. This section
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covers their state representations and standard forms under a group of local unitary

operations.

1.5.1 Bloch Representation for Single Qubits

In classical information theory, the fundamental unit for information is described by

a binary digit, or the simplified name “bit”, which can only have one of two values,

and the corresponding binary state values are commonly represented as either a 0 or 1.

Correspondingly, in quantum information theory, the basic unit for quantum information

is characterised by a qubit, which is described by quantum states on a 2-dimensional

Hilbert space. A qubit can be physically realised in different physical regimes, such as

spin directions of a spin-1/2 particle or polarisations of a single photon.

Distinct from a classical bit, a qubit could be not only in a probabilistic mixture of

the basis states p|0〉〈0| + (1 − p)|1〉〈1| with p ∈ [0, 1] like a classical bit, but also in a

non-classical superposition of the form

α|0〉+ β|1〉,

where the complex number α, β satisfy |α|2 + |β|2 = 1.

Mathematically, the state space of a qubit maps to a 2-dimensional Hilbert space H2,

and any state in this space can be described by a density operator ρ, relative to the

basis states {|0〉, |1〉} as

ρ =
1∑

i,j=0

aij |i〉〈j|, (1.10)

where 〈j| = |j〉† and † is the conjugate transpose operation. Physically, the general

form (1.10) should further fulfill the requirements: 1) Hermiticity: ρ† = ρ, i.e., a∗ij =

aji, ∀i, j; 2) Normalisation: Tr [ρ] = 1, i.e., a00 + a11 = 1; 3) Non-negativity: ρ ≥ 0, i.e.,

a00a11 − a01a10 ≥ 0 and a00, a11 ≥ 0.

Define the standard Pauli operators σx, σy, σz as [14]

σx =

(
0 1

1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0

0 −1

)
. (1.11)

Then the density operator (??) can be written in an alternative form with

ρ =
1

2
(I + rxσx + ryσy + rzσz) :=

1

2
(I + r · σ) , (1.12)
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where ri = Tr [ρσi] , i = x, y, z. Here, the real vector r = (rx, ry, rz) is called a Bloch

vector for a qubit state. It is easy to verify from Eq. (1.12) that the Bloch form auto-

matically satisfy the normalisation and Hermiticity conditions. Additionally, following

from the non-negativity condition, we have

|r| =
√
r2
x + r2

y + r2
z ≤ 1. (1.13)

This indicates that the Bloch vector r with |r| ≤ 1 can faithfully represent any qubit

state. In particular, when the modulus of the Bloch vector achieves the maximum value

1, it corresponds to a pure state while the zero Bloch vector, r = 0, describes the

maximally mixed state ρ = 1/2 I.

Combining Eqs. (1.12) and (1.13), we find that every qubit state, completely charac-

terised by a Bloch vector r, can be geometrically mapped to a point in the unit ball,

i.e.,

|r|2 = r2
x + r2

y + r2
z ≤ 1. (1.14)

Thus, all qubit states lie inside the unit Ball (1.14), called the Bloch ball. It is evident

that there is a one-to-one map from a qubit state to a point in the Bloch ball. The

Bloch representatin in Eq. (1.12) offers us a geometric tool to study various features of

qubit systems, which will be further explored in latter chapters.

1.5.2 States of Two Qubits

The simplest and nontrivial composite quantum system is composed by two qubits, and

the state space of such system is described via a Hilbert space H = H2 ⊗ H2. Hence,

for two-qubit systems, the states have a richer structure than that of single qubits.

Additionally, these states can exhibit various nonclassical correlations, which signal a

distinct departure from the classical world.

The Pure Case

Assume that the bipartite state |ψ〉 is shared by two parties, Alice and Bob. Using the

qubit basis states {|0〉, |1〉} for both A (Alice) and B (Bob), any two-qubit state can be

expressed as

|ψ〉AB = a00|00〉+ a01|01〉+ a10|10〉+ a11|11〉, (1.15)

with the four complex numbers aij satisfying
∑1

i,j=0 |aij |2 = 1.
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Further, under a proper local unitary operation, any pure two-qubit states (1.15) can

be transformed into a standard form with [14]

UA ⊗ UB|ψ〉AB = cos θ|00〉+ sin θ|11〉, (1.16)

where θ ∈ [0, π/2], and UA U †A = U †A UA = UB U †B = U †B UB = I. The above stan-

dard form under unitary transformationsis is also called Schmidt decomposition and

cos θ, sin θ are the corresponding Schmidt coefficients [14]. Naturally, the Schimdt de-

composition means only one free parameter θ is needed to describe the pure two-qubit

state while preserving all of its quantum properties, such as entanglement, which will

be further discussed in Chapter 4.

The Mixed Case

With the basis states {|00〉, |01〉, |10〉, |11〉}, any two-qubit state ρAB, including the pure

state, can be described in a general form

ρAB =
1∑

i,j,k,l=0

ρij,kl|ij〉〈kl|. (1.17)

The 16 complex numbers ρij,kl can be reduced to 15 real numbers due to the normali-

sation and Hermiticity conditions which ensure that ρAB describes a physical state.

Alternatively, the two-qubit state ρAB can also be written in the Pauli basis as

ρAB =
1

4

(
IA ⊗ IB + a · σ ⊗ IB + IA ⊗ b · σ +

3∑
j,k=1

Tjk σj ⊗ σk
)
, (1.18)

where σ ≡ (σ1, σ2, σ3) denotes the vector of Pauli spin operators, IA, IB are identity

operators, a and b are the Bloch vectors of Alice’s and Bob’s reduced states, ρA and

ρB, and T = TAB is the spin correlation matrix, i.e., Tjk = 〈σj ⊗ σk〉. Then, the matrix

Θ =

(
1 b>

a T

)
, (1.19)

which contains 15 real numbers, completely characterises the state, according to Eq. (1.18).

Furthermore, the matrix Θ must obey certain constraints to ensure that it corresponds

to a physical state [56].

Note that a local unitary operation UA ⊗ UB acting on the state (1.18) is equivalent to

the situation when two orthogonal operators OA, OB act on the Θ with [57]

ã = OAa, b̃ = OBb, T̃ = OATO
>
B , (1.20)
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where OAO
>
A = O>AOA = I, and OAO

>
A = O>AOA = I. For local unitaries, these Os are

rotations while for local anti-unitaries they are reflections. Thus, choosing proper local

unitary operations, we can obtain a standard form for any two-qubit state

Θ̃ =

(
1 b̃>

ã T̃

)
, (1.21)

with T̃ being a diagonal matrix.

1.5.3 Pure Three-Qubit States

Quantum systems of just two qubits are sufficient for exploring a remarkable wealth

of quantum phenomena [14], and yet cannot be said to be fully understood. Studying

systems of three or more qubits is, accordingly, expected to yield even richer returns

from both fundamental theory and practical applications. Indeed, on one hand, peculiar

phenomena such as quantum teleportation [12], genuine multi-partite entanglement [45],

quantum monogamy [49], decoherence [58, 59], Wigner’s friend [60] and the Greenberger-

Horne-Zeilinger (GHZ) paradox [61, 62] can only arise for tripartite and higher-order

systems; on the other hand, the quantum internet, as the future development of quantum

communications, necessarily involves multi-partite systems to send and receive informa-

tion securely [63].

The tripartite system containing three qubits is enough to offer a rudimentary platform

for us to investigate various properties of the complex qubit network. In particular, any

pure three-qubit state |ψ〉ABC shared by Alice, Bob, and Charlie, can be written as

|ψ〉ABC =

1∑
i,j,k=0

aijk|ijk〉, (1.22)

where the complex coefficients aijk satisfy
∑

ijk |aijk|2 = 1. Then, denote ρA, ρB and ρC

as Alice’s, Bob’s and Charlie’s local states, and ρAB, ρAC , and ρBC for three reduced

bipartite states. Correspondingly, we have the Bloch vectors a,b, and c for the single

parties and matrices ΘAB,ΘAC , and ΘBC for the reduced two-qubit states.

Fortunately, under local unitary operations, it is sufficient, and always possible, to trans-

form a general pure state (1.22) to a simplified form [64, 65]

|ψ〉ABC = l0|000〉+ l1e
iφ|100〉+ l2|101〉+ l3|110〉+ l4|111〉, (1.23)

with lj ≥ 0 and
∑4

j=0 l
2
j = 1. Thus, 5 free parameters are at least needed to characterise

a pure 3-qubit state, which significantly simplify its state representation.
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Chapter 2

Resource Theory of Quantum

Coherence

2.1 Introduction

The notion of ‘coherence’ originally developed from the celebrated Thomas Young’s

double slit experiment in classical optics, and now it is widely used in various fields

involving waves. Even within the quantum mechanics regime, coherence, or quantum

coherence, is an old concept, describing phase correlations of nonclassical light waves [66].

More detailed and thorough discussions are given in quantum optics textbooks, such

as [67, 68].

Essentially, quantum coherence arises from the superposition principle of quantum me-

chanics. For example, relative to some observation basis, given by a set of orthogonal

pure states {|ψi〉}, any linear combination of the basis gives rise to a pure state ensemble,

represented by

|ψ〉 =
∑
i

ci|ψi〉 (2.1)

for some nonzero ci. This state ensemble necessarily contains quantum coherence. Gen-

erally, when the information contained in the state ensemble ρ can be faithfully retrieved

from this measurement basis, i.e., when

ρ =
∑
i

pi|ψi〉〈ψi|, (2.2)

it is easy to see that all of the non-diagonal elements in the density matrix ρ is zero,

with respect to this basis. Moreover, the presence of nonzero non-diagonal elements can

be regarded as evidence of the existence of quantum coherence [25].

15
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To date, quantum coherence has been found to play important roles in numerous fields,

such as quantum metrology [17, 18], thermodynamics [19–21], and biology [22, 23]. Re-

cently, Baumgratz, Cramer, and Plenio (BCP) distilled a broad concept of quantum

coherence from specific physical systems, and proposed a general framework to charac-

terise, quantify, and manipulate quantum coherence [25]. More specifically, they incor-

porate this concept into the framework of general resource theories, similar to quantum

entanglement. This chapter is devoted to reviewing this resource theory approach to

quantum coherence.

2.2 Resource Theory of Quantum Coherence

Basically, a resource theory contains three fundamental ingredients: rescource-free states,

free operations, and resource measures [69]. These elements are interconnected with each

other and obey certain rules: the non-free resources in the theory are usually states con-

sidered as useful for accomplishing certain tasks while free states are states without

resources; free operations cannot generate useful resources from resources-free states;

and resource measures are monotonic-decreasing under free operations. For the resource

theory of coherence, quantum coherence is naturally regarded as a physical resource,

with applications being found in various fields as mentioned before, such as quantum

metrology [17, 18] and quantum biology [22, 23]. Correspondingly, the three basic el-

ements in the resource theory of quantum coherence are incoherent states, incoherent

operations, and coherence measures, respectively [25].

2.2.1 General Framework

Here, we restrict to finite discrete quantum systems with dimension d (although the

framework can be generalised to infinite dimensional systems [70]). Given a preferred

measurement basis {|i〉i=1,2,...,d}, the resource theory of quantum coherence defines:

Free States = Incoherent States

Incoherent states contain no quantum coherence, and are considered as resource-free

states. Generally, any incoherent state can be written in the diagonal form [25]

δ =
d∑
i=1

pi|i〉〈i|, (2.3)

with
∑d

i=1 pi = 1, pi ≥ 0.
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Note that mixtures of incoherent states (2.3) are also diagonal in the preferred basis,

and thus incoherent states form a convex set I. Coherent states are those states which

are not in the set I. They include, for example, the pure state ρ = |ψ〉〈ψ| with

|ψ〉 =

d∑
i=1

1√
d
|i〉, (2.4)

for which none of the non-diagonal elements of ρ = 1
d

∑d
i,j=1 |i〉〈j| vanish.

Free Operations = Incoherent Operations

We only consider physically realisable operations, and thus all physical operations that

can be modeled as a completely-positive and trace-preserving (CPTP) map Λ. Such

quantum operations admit a Kraus decomposition {Kn} [71], i.e.,

Λ(ρ) =
∑
n

KnρK
†
n,

∑
n

K†nKn = I. (2.5)

One way to define the free operations in the resource theory of coherence is by imposing

the constraint that every Kraus operator Kn of an incoherent operation Λ must obey [25]

KnδK
†
n/pn ∈ I, pn = Tr

[
KnδK

†
n

]
, δ ∈ I, ∀n. (2.6)

It implies that every Kraus operator of an incoherent operation maps every incoherent

state δ ∈ I to an incoherent state. Following from the convexity of incoherent states, it

immediately leads to

Λ(δ) =
∑
n

KnδK
†
n ∈ I, ∀δ ∈ I. (2.7)

Additionally, we can find that the set of incoherent operations also forms a convex

set [25].

In fact, there are other possible ways to define free operations, and several authors have

explored this direction [72–75]. However, the above definition (2.6) is the most widely

used, and is suitable for the purpose of this thesis.

Resource Measures = Coherence Measures

Coherence measures are a class of functions acting on states, used to quantify the amount

of coherence contained in these states. In analogy to entanglement measures in quantum

information theory [54], a valid coherence measure C should meet requirements such

as [25]:
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i) Non-negativity: C(ρ) ≥ 0 for all states ρ. Due to the fact that incoherent states

contain no quantum coherence, it is natural to require that

C(ρ) = 0, (2.8)

if and only if the state is an incoherent state, i.e., ρ ∈ I. A weaker condition is assumed

that C(ρ) = 0 if ρ ∈ I.

ii) Monotonicity: Let Λin denote an incoherent operation. A coherence measure C is

monotonic under incoherent CPTP maps, i.e., for any incoherent operation Λin

C(ρ) ≥ C(Λin(ρ)). (2.9)

It is further assumed that the coherence measure C follows monotonicity under the

corresponding Kraus decomposition on average, i.e.,

C(ρ) ≥
∑
n

pnC(KnρK
†
n/pn). (2.10)

Note that quantum operations may be used to describe the process of quantum measure-

ments [76], which are modeled as positive-operator-valued-measures (POVMs). Thus,

each physical operation Λ in terms of a Kraus decomposition {Kn} is corresponding to

a POVM with which each measurement element is described by En = K†nKn. As a con-

sequence, the strong monotonicity (2.10) could be interpreted that coherence measures

are monotonic under selective measurements on average.

iii) Convexity: mixtures of quantum states decrease quantum coherence, i.e.,

∑
j

pjC(ρj) ≥ C(
∑
j

pjρj), (2.11)

for any set of states {ρj} and any probability distribution pj .

The conditions of monotonicity under selective measurements on average and convexity

conditions in Eqs. (2.10) and (2.11), can be merged into one simple equality [77]

C(p1ρ1 ⊕ p2ρ2) = p1C(ρ1) + p2C(ρ2), (2.12)

for all block-diagonal states p1ρ1⊕p2ρ2 =

(
p1ρ1 0

0 p2ρ2

)
. It has been shown in [77] that

the above equality is equivalent to the monotonicity and convexity conditions.
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As we can see, BCP’s framework of quantum coherence theory provides a systematic way

to characterise, quantify, and even manipulate quantum coherence. Obviously, it is rela-

tively easy to describe incoherent and coherent states, while it is more subtle to choose a

suitable coherence measure, which not only satisfies conditions of non-negativity, mono-

tonicity, and convexity, but also helps us investigate the problem of whether two quantum

states can be transformed into each other under free operations. Thus, finding a good

coherence measure attracts a lot of theoretic work in this field [24].

In the next section, we will briefly introduce a geometric way to a class of valid coherence

measures, based on the distance from any quantum state to the convex set of incoherent

states.

2.2.2 Distance Measures of Quantum Coherence

For a given distance measure D(ρ1, ρ2) between two states ρ1 and ρ2, the distance of

any quantum state ρ to the set of incoherent states is naturally defined by

CD(ρ) = min
δ∈I
D(ρ, δ), (2.13)

where the distance minimisation is over all incoherent states δ ∈ I to the quantum state

ρ. We could take the minimal distance rather than the infimum because the convex

set I is also compact, and that for any given state ρ, there is some δ∗ ∈ I such that

minδ∈I D(ρ, δ) = D(ρ, δ∗).

From the previous section, a suitable distance measure, based on the definition of

CD (2.13), should fulfill the requirements of the non-negativity (2.8), monotonicity (2.10),

and convexity (2.11) to be a coherence measure. For example, if D is a metric, then it is

apparent by definition (2.13) that CD(δ) = 0 if and only if δ ∈ I. Additionally, whenever

the metric D is contractive under CPTP maps, i.e., D(ρ1, ρ2) ≥ D(Λ(ρ1),Λ(ρ2)), it gives

rise to the fact that the distance measure CD is monotonic under any incoherent CPTP

map Λin, as we have [25]

CD(ρ) = D(ρ, δ∗) ≥ D(Λin(ρ),Λin(δ∗)) ≥ min
δ∈I
D(Λin(ρ), δ) = CD(Λin(ρ)), (2.14)

where δ∗ is the optimal incoherent state minimising the distance to ρ and the second

inequality hold because Λin maps incoherent states to incoherent states. Finally, when

D is jointly convex, then CD fulfills the convexity condition (2.11) as [25]

CD(
∑
j

pjρj) ≤ D(
∑
j

pjρj ,
∑
j

pjδ
∗
j ) ≤

∑
j

pjD(ρj , δ
∗
j ) =

∑
j

pjCD(ρj), (2.15)
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where all δj are again the optimal incoherent states minimising the distance to the

corresponding state ρj . However, we can see that even though the metric D satisfies

contraction and joint-convexity, it is still not enough to ensure the distance CD being

a valid coherence measure because the strong monotonicity condition (2.10) remains to

be verified.

Exploring potential measures of quantum coherence is a bourgeoning sub-topic in the re-

source theory of coherence. In this thesis, we will focus on two typical distance measures,

namely the l1 norm and the relative entropy of coherence, which have been confirmed

in [25] to satisfy non-negativity, strong monotonicity, and convexity. Other possible

coherence measures are also widely explored, such as coherence of formation [78], ro-

bustness of coherence [79], and other operational measures [80, 81]. An excellent and

thorough summary is given in the review [24].

l1 norm

The metric D corresponding to the l1 matrix norm is

Dl1(ρ, %) = ||ρ− %||1 =
∑
i,j

|ρij − %ij |, (2.16)

where ρij = 〈i|ρ|j〉 and %ij = 〈i|%|j〉. Thus, the induced quantifier of quantum coherence

Cl1 is given by [25]

Cl1(ρ) = min
δ∈I
Dl1(ρ, δ) =

∑
i 6=j
|ρij |. (2.17)

This is an intuitive coherence measure because it directly relates to non-diagonal ele-

ments of the density matrix with respect to the given measurement basis. Furthermore,

it satisfies all of the conditions i) non-negativity, ii) strong monotonicity, and iii) con-

vexity [25].

Relative entropy of coherence

A natural entropic distance between any two states ρ and %, is the relative entropy, i.e.,

Drel(ρ, %) = S(ρ||%) = Tr [ρ log ρ]− Tr [ρ log %] . (2.18)

It is worthy to note that the relative entropy distance is not a metric because it does

not satisfy Drel(ρ, %) = Drel(%, ρ). However, it is still useful to quantify coherence and

the corresponding measure defined by [25]

Crel(ρ) = min
δ∈I

S(ρ||δ) = S(ρdiag)− S(ρ), (2.19)
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is a valid coherence measure, where ρdiag :=
∑

i |i〉〈i|〈i|ρ|i〉 and S(ρdiag) = −
∑

i Tr [ρii log ρii]

quantifies the Shannon entropy of the state in the measurement basis {|i〉}.

2.2.3 Quantum Coherence and Quantum Correlations

Both quantum coherence and quantum correlations, such as quantum entanglement,

essentially arise from the superposition principle of quantum mechanics. And these two

quantum phenomena are closely related to each other. For example, consider a bipartite

quantum state |Ψ〉AB, shared by Alice and Bob. When the bipartite state is a linear

combination of two product states, such as the two-qubit state

|Ψ〉AB =
1√
2

(|00〉+ |11〉) , (2.20)

then quantum entanglement exists. At the same time, when we treat the bipartite

system as a single system, then this entangled state (2.20) is coherent with respect to

the basis {|00〉, |01〉, |10〉, |11〉}.

Furthermore, resource theories of quantum coherence and quantum correlations have

benefited from each other. On one hand, from the previous section, we can see that the

resource theory of quantum coherence [25] is analogous to and motived by the framework

of the resource theory of quantum entanglement [45, 54]. In turn, any coherence measure

can be converted into a valid entanglement measure [82], and it has been shown that

quantum coherence is necessary to the creation of quantum correlations, such as quantum

discord [83].

There are many other ways to explore their differences and similarities [84, 85] with

relevant papers appearing every month. Interested readers are recommended to the

excellent reviews in Refs. [24, 86].



Chapter 3

Complementarity Relations for

Quantum Coherence

In the previous chapter, we briefly reviewed the general framework of the resource theory

of quantum coherence. Since the quantum coherence of any state is defined with respect

to a predetermined measurement basis, the amount of coherence quantified by valid

coherence measures may vary as the preferred basis changes. Thus, it is of importance

to study the performance of quantum coherence under different measurement bases

and to find a way to quantify quantum coherence intrinsically without reference to

any measurement basis. In this chapter, we investigate above two problems. We first

summarise our motivations in Sec. 3.1. In Sec. 3.2, we use the l1-norm and relative

entropy coherence measures to investigate tradeoffs between the coherence of mutually

unbiased bases (MUBs). Then in Sec. 3.3, we define the average coherence of a quantum

state, and derive useful upper bounds for different average coherence measures. Finally,

a short summary of the main results is given in Sec. 3.4. This chapter is largely based

on my published work (Phys.Rev.A 92,042101) with Dr. Michael Hall.

3.1 Motivations

Within the framework of the resource theory, quantum coherence is not a property of the

quantum state alone but is defined with respect to a given measurement basis. Measures

of coherence are required to vanish for diagonal states (incoherent states) in this basis.

It is also required that they should decrease under incoherent operations and even on

average under mixtures of such operations (See Chapter 2).
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As mentioned in the previous chapter, various suitable measures of coherence have been

reported that meet the above requirements [25, 78, 82, 87, 88]. However, while these

measures are formally satisfactory, the issue of whether they intrinsically quantify some

physical resource has not been settled in most cases, except for the relative entropy of

coherence, which could be operationally interpreted as the distillable coherence from

incoherent operations [80, 89]. This question has an analogy in statistical physics and

communication theory: there are many possible formal measures of entropy that quantify

irreversibility, but only very few, such as the Gibbs and Shannon entropies (and their

quantum generalisations), appear to have significance as direct physical resources.

Consider the following question. Given a d dimensional quantum system, when an ex-

perimentalists or observer has access to a set of possible measurements {A1, A2, . . . , An},
each corresponding to a different basis, how much quantum coherence resource can be

extracted? In particular, if the state has a high measure of coherence with respect to

one basis, how high can its coherence be with respect to another basis? Is a resource

tradeoff involved?

This question is examined for the case of mutually unbiased bases (MUBs), for two par-

ticular measures of coherence: the l1-norm and the relative entropy. Here, two observ-

ables and their corresponding basis sets, i.e., A = {|a〉i}1=1,...,d and B = {|bj〉}j=1,...,d, are

defined to be mutually unbiased, or ‘complementary’, if the measurement distribution

of either one is uniform for any eigenstate of the other [90–94].

We find that the l1-norm measure satisfies an exact tradeoff relation for qubits, and

more generally has a tight bound determined by the difference between a quantum and

a classical purity. Further, the sum of the squared l1-norm coherences of a maximal set

of mutually unbiased bases (MUBs) has a tight upper bound in terms of a ‘radius of

coherence’ for the state. These results lead to the conclusion that an l2-norm measure

of coherence may be more natural from the resource point of view. Additionally, a non-

trivial upper bound is also obtained for the corresponding sum of the relative entropies

of coherence, which is tight for maximally-mixed states and in the limit of arbitrarily

large dimensions.

A second question is whether one can characterise the coherence of a quantum state per

se, without reference to any particular basis? In this respect, for example, it has recently

been shown that the minimum coherence of a multipartite state, with minimisation over

all possible product basis sets, is equivalent to a particular measure of discord for the

state [95]. However, this result cannot be extended to define the coherence of a quantum

state per se, as the minimum coherence is always zero (corresponding to a basis in which

the state is diagonal).
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In answer to this second question, we propose using an average measure of the coherence

over all basis sets to quantify intrinsic coherence. Such averages represent the degree

to which the state is a useful coherent resource if a basis is chosen at random. For the

l1-norm measure, the average coherence is upper bounded by the coherence radius of

the state. For the relative entropy of coherence, the average coherence is proportional

to the difference between the von Neumann entropy and the quantum subentropy [96]

of the state, providing a new interpretation of the latter quantity. As a byproduct, new

upper bounds for the subentropy are also provided.

3.2 Complementarity Relations for Coherence

3.2.1 Mutually Unbiased Bases (MUBs)

At the beginning, we give a short introduction to MUBs. Denote A as an observable and

the corresponding basis is given by A ≡ {|aj〉}j=1,2,...,d. Hence, for a set of observables

{A1, A2, . . . , An}, each measurement basis is expressed as Ai ≡ {|aij〉}, i = 1, 2, . . . , n.

These bases of the observables are called MUBs when [90]

|〈aim|ajn〉|2 =
1

d
, ∀ m,n, i 6= j. (3.1)

This is an analogy with the position base {|x〉} and the momentum base {|p〉} for a free

one dimensional particle satisfying

|〈x|p〉|2 =
1

2π~
. (3.2)

The above definition (3.1) means that no information encoded in one basis Ai can be

recovered by another arbitrary measurement in basis Aj , ∀j 6= i. Furthermore, it is

worth noting that the MUBs are maximally complementary or incompatible with each

other in the sense as canonically conjugate observables on an infinite Hilbert space with

Eq. (3.2). More importantly, MUBs have been found wide applications in quantum

information field, such as state tomography [97] and detection of various quantum cor-

relations [98].

For a d-dimensional Hilbert space, there exist at most d + 1 observables forming a

complete set of MUBs. However, it is still an open problem to prove the existence of

such a complete set of MUBs for systems with arbitrary dimension d [98], except when

the Hilbert space dimension d is a prime power [92, 94].
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3.2.2 l1-norm Coherence Measure

Recall from Eq. (2.17) in Chapter 2 that for a quantum state described by the density

operator ρ with dimension d, and an orthonormal basis A ≡ {|ai〉}, the l1-norm measure

of coherence is defined by [25]

Cl1(A, ρ) =
∑
i 6=j
|〈ai|ρ|aj〉|. (3.3)

Due to the normalisation and positivity of ρ, it yields the inequality

Cl1(A, ρ) =
∑
i,j

|〈ai|ρ|aj〉| − 1 ≤
∑
i,j

〈ai|ρ|ai〉1/2 〈aj |ρ|aj〉1/2 − 1

=

(∑
i

〈ai|ρ|ai〉1/2
)2

− 1, (3.4)

with equality for all pure states ρ = |ψ〉〈ψ|. It follows that the maximum possible value

corresponds to a uniform probability distribution of A for the state, 〈ai|ρ|ai〉 ≡ d−1,

yielding

Cl1(A, ρ) ≤ Cmax
l1 := d− 1. (3.5)

Next, we investigate the restrictions on this maximum degree of coherence when more

than one basis is considered (and for MUBs in particular).

Identities for Qubit Coherences

Simple qubit coherences, i.e., d = 2, are first investigated. Let σ1, σ2, and σ3 ( or σx, σy,

and σz ) denote the standard Pauli qubit observables. Then, the corresponding basis

sets of Pauli observables naturally form a complete set of MUBs for 2-dimension Hilbert

space [90–94]. Note that any qubit state admits the Bloch representation with the form

of

ρ =
1

2
(I + r · σ) , (3.6)

where σ = (σ1, σ2, σ3) and r = (r1, r2, r3)> refers to the Bloch vector for the qubit state.

It is straightforward to calculate from the coherence measure in Eq. (3.3) and the Bloch
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representation in Eq.(3.6) that

Cl1(σ3, ρ)2 = 4|〈+|ρ|−〉|2

= 2

 ∑
z,z′=±

|〈z|ρ|z′〉|2 −
∑
z=±
|〈z|ρ|z〉|2


= 2Tr

[
ρ2
]
− 2

∑
z=±

Tr

[
ρ

1 + zσ3

2

]2

= r · r− (r3)2. (3.7)

Here, we have used the notation σ3 ≡ {|+〉, |−〉} in the first and second equalities.

Similarly, one can obtain results for σ1 and σ2, yielding the equality

Cl1(σ1, ρ)2 + Cl1(σ2, ρ)2 + Cl1(σ3, ρ)2 = 2 r · r (3.8)

for mutually unbiased qubit coherences. The above equality clearly constrains the use-

fulness of the state as a coherence resource. For example, if the coherence is maximal

with respect to σ1 and σ2, i.e., Cl1(σ1, ρ) = Cl1(σ2, ρ) = 1, then it must vanish with

respect to σ3, i.e., Cl1(σ3, ρ) = 0. It also follows from Eq. (3.8) that the qubit coher-

ence for a given basis is constrained not only by the coherences of MUBs, but by the

length of the Bloch vector r. In particular, for the maximally-mixed state with r = 0

all coherences must vanish.

Note that while Eq. (3.8) may be interpreted as a complementarity relation for qubit

coherences, it should be distinguished from uncertainty relations. The uncertainty of an

observable A with respect to the given state ρ is defined by

(∆ρA)2 =
〈
A2
〉
− 〈A〉2 = Tr

[
A2ρ

]
− Tr [Aρ]2 . (3.9)

Particularly, noting that the mean square error of σ3 for state ρ is given by (∆ρσz)
2 =

1− (r3)2, Eq. (3.7) immediately generalises to the qubit relation

(∆ρA)2 = Cl1(A, ρ)2 + 1− r · r (3.10)

for coherence and uncertainty. Thus, a high degree of coherence implies a high degree

of uncertainty, and vice versa, for a fixed degree of purity (as defined by the length of

the Bloch vector).
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General Case: Purity and Mutually Unbiased Coherences

Next, the qubit identity (3.7) is generalised to quantum systems with a complete set of

MUBs. In particular, using the Schwarz inequality, it follows from Eq. (3.3) that

Cl1(A, ρ)2 =

∑
i 6=j
|〈ai|ρ|aj〉|

2

≤ d(d− 1)

∑
i 6=j
|〈ai|ρ|aj〉|2


= d(d− 1)

∑
i,j

|〈ai|ρ|aj〉|2 −
∑
i

|〈ai|ρ|ai〉|2


= d(d− 1)

(
Tr
[
ρ2
]
−
∑
i

〈ai|ρ|ai〉2
)
. (3.11)

In analogy to the quantum entropy (von Neumann entropy) and classical entropy (Shan-

non entropy), we define the quantum and classical purities

P (ρ) := Tr
[
ρ2
]
, P (ρ,A) :=

∑
i

〈ai|ρ|ai〉2,

respectively. The quantum purity P (ρ) measures the intrinsic mixedness of the state

ρ [14]. Similarly, the classical purity P (ρ,A) measures the mixedness of the classical

probability distribution pj = 〈aj |ρ|aj〉, and so may be considered as a measure of how

much ρ is mixed with respect to the reference observable A. Then, it follows from

Eq. (3.11) that the coherence is bounded by

Cl1(A, ρ) ≤
√
d(d− 1) [P (ρ)− P (ρ,A)]. (3.12)

It implies that the difference between the quantum and classical purity may be regarded

as a proxy resource for coherence (see also Sec. 3.2.3 below).

When d = 2, Equation (3.12) reduces to the qubit identities (3.7) and (3.10). More

generally, noting that the classical purity is never less than d−1, it follows immediately

that

Cl1(A, ρ)2 ≤ (d− 1) [dP (ρ)− 1] , (3.13)

which is equivalent to the bound in Theorem 1 of Singh et al. [99]. Thus, Eq. (3.12) is

stronger than (and provides a far simpler derivation of) the latter bound.

We will now use the strong upper bound in Eq. (3.12) to obtain a tight ‘complementarity’

tradeoff for the quantum coherences of a complete set of MUBs. Ivanovic showed that
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a such complete set is useful for quantum state tomography: one has the identity [91]

ρ =
∑
j

ρ(Aj)− I, (3.14)

where I is the identity operator, and the density operator ρ(A) is defined by

ρ(A) :=
∑
i

|ai〉〈ai| 〈ai|ρ|ai〉

for basis set A and state ρ.

For qubits, Eq. (3.14) corresponds to reconstructing the components of the Bloch vector

from measurements of σ1, σ2 and σ3, while more generally the measurement distributions

of A1, . . . , Ad+1 suffice for reconstruction of the state. From the above identity one can

easily derive the relation [97]

d+1∑
j=1

P (ρ,Aj) = 1 + P (ρ), (3.15)

connecting the individual classical purities to the quantum purity.

We now sum over the square of Eq. (3.12) for a set of MUBs A1, . . . , Ad+1, and substitute

Eq. (3.15) into the result, to obtain the complementarity relation

d+1∑
j=1

Cl1(Aj , ρ)2 ≤ d(d− 1) [dP (ρ)− 1] . (3.16)

for mutually unbiased coherences. This relation is stronger than that obtained by sum-

ming over the weaker bound in Eq. (3.13), and implies, in particular, that at most d of

the d+1 MUBs can simultaneously achieve the maximal possible coherence Cmax
l1

= d−1

in Eq. (3.5), with the remaining coherence forced to vanish.

The complementarity relation (3.16) is in fact tight, in the sense that it is saturated by

some quantum state for any given value of the quantum purity. For example, for pure

states, with maximum purity P (ρ) = 1, the bound reaches its maximum possible value

of d(d−1)2 and is saturated by choosing ρ to be any one of the basis states. Conversely,

for the maximally mixed state ρ = d−1I, with minimum purity P (ρ) = d−1, both sides

of the relation vanish. More generally, Eq. (3.16) is saturated by the states of the form

ρε = (1− ε)|b〉〈b|+ ε

d− 1
(I − |b〉〈b|) , (3.17)
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where |b〉 is an element of any of the d + 1 MUBs and 0 ≤ ε ≤ 1. These states

vary continuously from the pure state |b〉〈b| to the maximally-mixed state 1
dI, for ε ∈

[0, 1− d−1], and hence achieve all possible values of the quantum purity.

The saturation of Eq. (3.16) by the states ρε follows directly from the saturation of

the Schwarz inequality in the second line of Eq. (3.11) — the only point at which an

inequality enters the derivation of the complementarity relation — by any state satisfying

|〈ai|ρ|aj〉| = constant, ∀ i 6= j.

In particular, if A = Aj is the basis set that contains |b〉 then b = a0 for some a0 and

the off-diagonal elements all vanish; otherwise |b〉 must be from a basis set mutually

unbiased with respect to A and so

|〈ai|ρ|aj〉| = ε[1− (d− 1)−1]|〈ai|b〉〈b|aj〉| = ε(d− 1)(1− 2d−1), (3.18)

which is again constant for i 6= j. This argument can also be used to show that the

bound in Eq. (3.13) is saturated by ρε, with |b〉 chosen from any basis set mutually

unbiased to A, greatly simplifying the derivation of Theorem 2 in [99].

3.2.3 Radius of Coherence

Note that the complementarity relation for mutually unbiased coherences in Eq. (3.16)

can be rewritten in the geometric form

d+1∑
j=1

Cl1(Aj , ρ)2 ≤ R1(ρ)2, (3.19)

with

R1(ρ) :=
√
d(d− 1) [dP (ρ)− 1]. (3.20)

Thus, the coherences Cl1(Aj , ρ) are constrained to lie on or within a hypersphere of radius

R1(ρ). We will call this the radius of coherence of the state. Since quantum purity P (ρ)

lies in the interval [d−1, 1], the radius is maximal for pure states, and vanishes for the

maximally-mixed state.

The radius of coherence may be thought of as quantifying the ‘intrinsic’ coherence of the

state as a resource, as it is independent of any particular basis set. This resource places

a strict bound on coherences of a complete set of MUBs via Eq. (3.19). More generally,

we will show later in Sec. 3.3 that it bounds the average coherence over all basis sets,

for any Hilbert space dimension d, whether or not a complete set of MUBs exists.
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Equations (3.12) and (3.19) further suggest that the quantity

Cl2(A, ρ) :=

∑
i 6=j
|〈ai|ρ|aj〉|2

1/2

(3.21)

is a very natural candidate for a measure of coherence. We will call this quantity, for

obvious reasons, the l2-norm coherence measure. It is easy to check that this measure

vanishes if and only if only ρ is diagonal with respect to the basis A, and that it is convex

with respect to ρ (since it is the matrix norm of the difference between ρ and its diagonal

in the A basis). Unfortunately, it does not meet all requirements for valid coherence

measures in BCP’s framework because the l2-norm violates monotonicity under selective

measurements on average. For example, given any two coherent qubit states ρ1 and ρ2,

it is easy to verify that for all block diagonal states p1ρ1 ⊕ p2ρ2

Cl2(p1ρ1 ⊕ p2ρ2) =
(
2p2

1|〈0|ρ1|1〉|2 + 2p2
2|〈0|ρ1|1〉|2

)1/2
≤
√

2 p1|〈0|ρ1|1〉|+
√

2 p2|〈0|ρ2|1〉|

= p1Cl2(ρ1) + p2Cl2(ρ2). (3.22)

Here we have adopted the alternative equality (2.12) in Chapter 2 that valid coher-

ence measures should fulfill. Similarly, we can also verify that distance measure based

on trace-distance does not obey equality (2.12) either [77]. More generally, it has

been shown in [100] that lp-norm and Schatten-p-norm based distance measures for

all p ∈ (1,∞) are not valid coherence measures within BCP’s framework of quantifying

coherence.

However, the main advantage of the l2-norm measure, from the point of view of coherence

as a resource, is that all of the inequalities derived above for Cl1(Aj , ρ) become strict

equalities for Cl2(Aj , ρ). In particular, the derivations of Eqs. (3.12) and (3.16) lead

directly to

Cl2(A, ρ) =
√

[P (ρ)− P (ρ,A)], (3.23)

d+1∑
j=1

Cl2(Aj , ρ)2 = dP (ρ)− 1 =: R2(ρ)2, (3.24)

where R2(ρ) is a coherence radius analogous to (and proportional to) R1(ρ) in Eq. (3.19).

And now the complementarity of the coherences of a complete set of MUBs becomes

precisely captured, by the geometric property that they must lie on a hypersphere of

radius R2(ρ) as per Eq. (3.24).
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3.2.4 Relative Entropy of Coherence

For a quantum state described by density operator ρ and an orthonormal basis A ≡
{|a1〉 . . . , |ad〉}, the relative entropy measure of coherence is defined by [25]

Crel(A, ρ) := H(ρ|A)− S(ρ) ≤ log d− S(ρ), (3.25)

where H(ρ,A) := −
∑

i〈ai|ρ|ai〉 log〈ai|ρ|ai〉 is the Shannon entropy of the probability

distribution of A for state ρ, and S(ρ) := −Tr [ρ log ρ] is the von Neumann entropy of

ρ. Note that the base of the logarithm in Eq. (3.25) is arbitrary, corresponding to a

choice of units, with base 2 corresponding to units of bits. It is seen that Crel(ρ) is the

difference between a quantum and a classical entropy, providing an interesting analogy

to the difference of quantum and classical purities in Eqs. (3.12) and (3.23).

To obtain a complementarity relation for the coherences of a complete set of d+1 MUBs,

we make use of the entropic certainty relation [101]

d+1∑
j=1

H(ρ,Aj) ≤(d+ 1) log d− (d− 1) [dP (ρ)− 1]

d(d− 2)
log(d− 1). (3.26)

Here, we use the notation P (ρ) to describe the quantum purity, i.e., P (ρ) = Tr
[
ρ2
]
. As

a consequence, Eqs. (3.25) and (3.26) immediately yield the complementarity relation

d+1∑
j=1

Crel(Aj , ρ) ≤ (d+ 1) [log d− S(ρ)]− (d− 1) [dP (ρ)− 1]

d(d− 2)
log(d− 1) (3.27)

for the coherences of a complete set of MUBs. The first term in the upper bound

corresponds to summation over the trivial bound in Eq. (3.25). Hence, the subtraction

of the second term generates a nontrivial bound for the sum of the coherences. This

bound is tight for the maximally-mixed state, with both sides of the inequality vanishing.

It is also tight for pure states in the limit d→∞. In particular, in this limit the upper

bound approaches d log d, which is saturated by choosing ρ to correspond to any one

of the basis elements in A1, . . . Ad+1. More generally, the bound becomes more closely

achievable as d increases, for any given value of the purity.

For qubits, the upper bound reduces to 3 log 2−
[
P (ρ)− 1

2

]
log e by taking the continuous

limit d→ 2. This can be improved (by up to ≈ 2%), to the tight qubit relation [101]

3∑
j=1

H(ρ, σj) ≤ h
(√

[2P (ρ)− 1]/3
)
, (3.28)
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for the MUBs corresponding to the Pauli spin matrices σ1, σ2, σ3, with h(x) := −1+x
2 log 1+x

2 −
1−x

2 log 1−x
2 . As a consequence, Eqs. (3.25) and (3.28) yield the stronger complementarity

relation
3∑
j=1

Crel(σj , ρ) ≤ 3
[
h
(√

[2P (ρ)− 1]/3
)
− S(ρ)

]
. (3.29)

This relation is tight in the sense that it is saturated by some state ρ for any given

value of the quantum purity P (ρ), in particular, one may choose ρ to have equal

Bloch vector components rj =
√

(2P (ρ)− 1)/3, which saturates the certainty relation

in Eq. (3.28) [101].

Finally, we note that the coherence radiuses R1(ρ) and R2(ρ) from previous subsections

appear naturally in the complementarity relations (3.27) and (3.29).

3.3 Average Quantum Coherences

In the above section, we examined the first question raised in Sec. 3.2 of whether there

exists tradeoff relations for coherence resources, and gave the affirmative answers for the

case of MUBs. Here, the second question of whether one can quantify the coherence of

a quantum state intrinsically is examined.

In order to characterise the coherence of a quantum state per se, without reference to

any specific basis, we propose using an average of the coherence over all basis sets.

Such an average can be interpreted as the degree to which the state is a useful coherent

resource for a randomly chosen measurement basis. There are, however, many ways to

define averages. We will consider both the mean coherence and the root mean square

coherence, defined for any given measure of coherence C(A, ρ) by

C(ρ) :=

∫
dUC(UAU †, ρ), (3.30)

RMS[C(ρ)] :=

[∫
dU C(UAU †, ρ)2

]1/2

, (3.31)

respectively. Here U ranges over the group of unitary transformations (where any two

basis sets are connected by such a transformation), and dU denotes the normalised

invariant Haar measure over this group [102]. Note that the convexity of the function

f(x) = x2 implies the relation

C(ρ) ≤ RMS[C(ρ)]. (3.32)
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Hence, any upper bound for the root mean square coherence is also a bound for the

mean coherence.

Next, we will investigate average coherences for the lp-norm measures and relative en-

tropy of coherence considered in above sections respectively. Bounds for these average

coherences are closely related to the complementarity relations obtained in previous

sections, and in particular to the coherence radiuses R1(ρ) and R2(ρ). However, the

bounds we obtain have the advantage of being applicable to all Hilbert space dimen-

sions d, whereas complete MUBs are only known to exist for the case that d is a prime

power.

3.3.1 Average l1-norm and l2-norm Measures

Generally, it is difficult to evaluate the averages of the l1-norm and l2-norm measures

analytically, except for the root mean square average for the l2-norm as per below.

However, upper bounds may be obtained, using the results of previous sections together

with the identity ∫
dU P (ρ, UAU †) =

1 + P (ρ)

1 + d
(3.33)

following from Eq. (10) of Ref. [103]. Note that, comparing with Eq. (3.15), this identity

shows that the average classical purity over all basis sets is equal to the average over a

complete set of MUBs (whenever such a set exists).

Combining Eqs. (3.12) with (3.31), it follows that

RMS[Cl1(ρ)]2 =

∫
dU Cl1(UAU †, ρ)2 ≤ d(d− 1)

[
P (ρ)−

∫
dUP (ρ, UAU †)

]
,

while from Eqs. (3.23) and (3.31) one has the identity

RMS[Cl2(ρ)]2 = P (ρ)−
∫
dUP (ρ, UAU †).

Using Eqs. (3.32) and (3.33) then yields the upper bounds

C l1(ρ) ≤ RMS[Cl1(ρ)] ≤ R1(ρ)√
d+ 1

, (3.34)

C l2(ρ) ≤ RMS[Cl2(ρ)] =
R2(ρ)√
d+ 1

(3.35)

for the average l1-norm and l2-norm coherences, in terms of the radiuses of coherence

defined in Eqs. (3.20) and (3.24).

Equations (3.34) and (3.35) hold whether or not a complete set of MUBs exists, and so

may be regarded as generalisations of Eqs. (3.20) and (3.24) to arbitrary dimensions.
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Further, the result for the root mean square coherence of the l2-norm in Eq. (3.35) is an

equality rather than an upper bound, and is directly proportional to the corresponding

radius of coherence.

3.3.2 Average Relative Entropy of Coherence

The mean relative entropy measure of coherence follows from Eqs. (3.25) and (3.30) as

Crel(ρ) =

∫
dU H(ρ, UAU

†
)− S(ρ). (3.36)

The mean entropy over all basis sets may be expressed in terms of the quantum suben-

tropy Q(ρ) by [96, 104, 105]:∫
dU H(ρ, UAU †) = Q(ρ) + Cd, (3.37)

where Cd := (1
2 + 1

3 + · · ·+ 1
d) log e, and

Q(ρ) := −
d∑
i=1

∏
i 6=j

λi
λi − λj

λi log λi, (3.38)

in terms of the eigenvalues {λ1, . . . , λd} of ρ.

The quantum subentropy is a tight lower bound on the accessible information of pure-

state ensembles, and is never greater than the von Neumann entropy S(ρ) [96, 105]. It

follows from the above that

Crel(ρ) = Cd − [S(ρ)−Q(ρ)] , (3.39)

providing an alternative interpretation of the quantum subentropy in terms of quantum

coherence. In particular, the coherence of state ρ, as quantified by Crel(ρ), is determined

by the difference between the von Neumann entropy and the subentropy. A maximum

coherence of Cd is obtained for pure states, for which S(ρ) = Q(ρ) = 0, while a mininum

coherence of 0 is obtained for the maximally-mixed state.

The subentropy is a rather complicated function of the eigenvalues of the quantum

state, and is nontrivial to evaluate when ρ has degenerate eigenvalues [96, 104, 105]

(see also below). Hence, it is of interest to bound the average coherence in Eq. (3.37)

via a corresponding bound on the subentropy. For example, the known bound Q(ρ) ≤
log d−Cd [105] gives rise to Crel(ρ) ≤ log d−S(ρ). However, this not particularly strong,

and indeed follows immediately by taking the average of the inequality in Eq. (3.25). A

stronger upper bound for the average coherence and the subentropy may be obtained
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using either the entropic certainty relation (3.26) or the complementarity relation (3.27),

whenever a complete set of MUBs exist. For example, averaging the former relation over

density operators U †ρU with respect to the Haar measure, and noting H(U †ρU |A) =

H(ρ|UAU †), yields

d+1∑
k=1

∫
dU H(ρ, UAkU

†) ≤ (d+ 1) log d− d− 1

d(d− 2)
[dP (ρ)− 1] log(d− 1).

The left hand side is just d+ 1 times the left hand side of Eq. (3.37), yielding the bound

Q(ρ) ≤ log d− Cd −
(d− 1) [dP (ρ)− 1]

d(d+ 1)(d− 2)
log(d− 1) (3.40)

for the quantum subentropy, and a corresponding upper bound following for the average

coherence via Eq. (3.39). By inspection, this is not only stronger than the bound Q(ρ) ≤
log d − Cd [105] (with equality only for the maximally-mixed state), but also stronger

than the recent bound Q(ρ) ≤ − log λmax(ρ) derived in Ref. [96], for sufficiently mixed

states (where λmax(ρ) denotes the maximum eigenvalue of ρ), as illustrated in Fig. (3.1)

for the cases d = 2 and d = 11. A marginally stronger bound for d = 2 may be similarly

obtained, using Eq. (3.28).

However, the upper bound in Eq. (3.40) is valid when there is a complete set of MUBs,

where such sets are only known to exist when d is a prime power [92, 94]. It is plausible

that the bound in fact holds for all dimensions d. It is possible to obtain a weaker bound

that is certainly valid for all dimensions, based on a result by Harremoës and Topsøe

relating classical entropies and purities. In particular, from Theorem II.8 and Corollary

II.9 of Ref. [106] one has

H(ρ,A) ≤
{

1− τd
d− 1

[dP (ρ)− 1]

}
log d, (3.41)

where τd is a strictly increasing sequence with τ2 = (ln 4)−1 ≈ 0.7213 and limd→∞ τd = 1.

Lemma VI.8 of [106] further gives the analytic lower bound τd ≥ 1 − (1 + ln d)−1.

Replacing A by UAU † in this inequality, integrating over U with respect to the Haar

measure, and using Eqs. (3.33) and (3.37), yields the general result

Q(ρ) ≤ log d− Cd −
τd [dP (ρ)− 1]

d2 − 1
log d (3.42)

valid for all dimensions. A corresponding upper bound follows for the average coherence

via Eq. (3.39). Note that τd may be replaced by its upper bound 1 − (1 + ln d)−1 for

more easily evaluable bounds.

The performance of the bounds (3.40) and (3.42) for subentropy are exhibited in Fig. 3.1,
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Figure 3.1: Bounds for subentropy for d = 2 and d = 11, plotted for the states ρε
in Eq. (3.17) for ε ∈ [0, 1 − 1/d]. Note that ε = 0 corresponds to a pure state, and
ε = 1− 1/d to a maximally-mixed state. The lower black curve in each subfigure shows
the exact value of the subentropy, Q(ρε), in Eq. (3.44); the green dash-dotted and blue
dashed curves show the upper bounds in Eqs. (3.40) and (3.42) respectively (identical
for the d = 2 case); the horizontal red curve is the known upper bound log d − Cd in
Ref. [105], and the dotted purple curve is the known upper bound − log λmax in Ref. [96].
The bounds may also be used to bound the average relative entropy of coherence in
Eq. (3.39), as discussed in the main text.

using the states ρε in Eq. (3.17), where these states range from a pure state to the

maximally-mixed state. The bounds are seen to be stronger than the known bound

Q(ρ) ≤ log d−Cd [105] (the horizontal line in the Figure), and also significantly stronger

than the known bound Q(ρ) ≤ − log λmax(ρ) [96] for sufficiently mixed states. Corre-

sponding bounds for Crel(ρ) immediately follow via Eq. (3.39).

Finally, we note that the usefulness of such bounds is emphasised by the fact that

the calculation of Q(ρε) in Fig. 3.1 is highly nontrivial. In particular, since d− 1 of the

eigenvalues of ρε are degenerate, it is necessary to use the contour integral representation

of Q(ρ) [105],

Q(ρ) =
1

2πi

∮
zd log2 z dz

det (I − ρ/z)
, (3.43)

with the contour containing the non-zero eigenvalues of ρ, to calculate

Q(ρε) = − λd1 log λ1

(λ1 − λ2)d−1
− 1

(d− 2)!

(
d

dλ2

)d−2 λd2 log λ2

λ2 − λ1
(3.44)
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with λ1 = 1− ε, λ2 = ε/(d− 1), which is not readily evaluable for large d.

3.4 Summary

We have obtained relations between uncertainty, purity and coherence, and have shown

that the l1-norm and relative entropy measures of coherence quantify resources in the

sense of satisfying the complementarity relations and identities for complete sets of

MUBs. In short, the corresponding coherences cannot be simultaneously maximised.

We have also shown that the coherence radiuses R1(ρ) and R2(ρ) defined are natural

measures of the coherence of a quantum state per se, that determine tight upper bounds

for MUB coherences as well as upper bounds for average coherences. These bounds

reduce to identities for the l2-norm measure defined in Eq. (3.23), which suggests that

this quantity, the square root of the difference between a quantum purity and a classical

purity, could be a natural coherence measure although it does not satisfy all of necessary

requirements for coherence measures [25]. Finally, we have proven that the average

relative entropy of coherence is determined by the difference between the von Neumann

entropy and the quantum subentropy, and have derived nontrivial upper bounds for the

latter quantity.

Our first result indicates that two typical coherence measures, namely l1-norm coherence

measure Cl1 and relative entropy of coherence Crel, satisfy complementarity relations for

a certain set of measurement basis. Indeed, we may have the intuition that all co-

herence measures obey certain tradeoff relations within the resource theory framework

if the coherence measure is defined with respect to a given measurement basis. Fur-

thermore, this phenomenon could be mirrored in other resource theories. One example

is the G-asymmetry of a quantum state ρ [107, 108] in which the complementarity is

formulated under the general group theory. The other example is closely related to

quantum correlations where it has been found in [109, 110] based on our results that

certain tradeoff relations or complementarity relations between quantum coherence and

quantum correlations also exist.

Our second result defines the average coherences measures, based on l1-norm and relative

entropy, to quantify the intrinsic coherence of a quantum state. In particular, we propose

measuring the coherence corresponding to randomly picking a given measurement basis.

Following the publication of this result, it was later investigated in [111] how to quantify

quantum coherence when one chooses a quantum state at random for a given measure-

ment basis. Additionally, other approaches have also been subsequently developed to

measure coherence of a quantum state without reference to any given basis [24].



Part II

Invariants and the Distribution of Quan-
tum Correlations



Chapter 4

Invariants for Multi-Qubit States

An invariant is a property of a system that remains unchanged under some group of

mathematical transformations or physical operations. Such properties play an important

role in mathematics and theoretical physics. In this chapter, we study the existence of

invariants for a quantum system. Particularly, we investigate the invariants for the

states of several qubits, with respect to the group comprising unitary transformations,

anti-unitary transformations, and permutations of qubits, and explore their usefulness

in characterising the states and quantifying quantum correlations.

The structure is organised as follows. In Sec. 4.1, the invariant quantum purity for

a single qubit is reviewed. Next, in Sec. 4.2, invariants for two-qubit states are in-

vestigated and then used to simplify the mathematical structure of the states and to

quantify various quantum correlations exhibited by the correlated states. Further, in

the section 4.3, the celebrated invariant quantity, 3-tangle, a multipartite entanglement

measure for pure three-qubit states, is reviewed and employed to classify the states and

reveal quantum monogamy. Finally, in Sec. 4.4, we report the new finding that there

also exist highly nontrivial anisotropic invariants for pure three-qubit states, in addi-

tion to the 3-tangle. The results in the last section are partially based on published

work (Phys.Rev.Lett.118,010401) with Dr. Michael Hall.

4.1 Quantum Purity for the Single Qubit

The only invariant of a single-qubit state ρ under the group of unitary operations, i.e,

ρ→ UρU † for U †U = UU † = I, is the quantum purity of the state [14],

P (ρ) := Tr
[
ρ2
]
, (4.1)

39
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which we have introduced in Chapter 3 to evaluate quantum coherence. In particular,

P (UρU †) = Tr
[
UρU †UρU †

]
= Tr

[
U †Uρ2

]
= Tr

[
ρ2
]

= P (ρ), (4.2)

where we have used the relation Tr [AB] = Tr [BA] for arbitrary operators A,B. In the

Bloch picture, quantum purity is closely related to the modulus of the Bloch vector r as

P (ρ) = Tr
[
ρ2
]

=
1

2

(
1 + r2

)
. (4.3)

This is because the unitary transformation U only rotates the Bloch vector r and does

not change the length of the vector. Furthermore, the quantum purity in Eq. (4.1) is also

invariant under anti-unitary transformations, corresponding to reflections of the Bloch

vector about any plane through the centre of the Bloch ball.

The invariant P (ρ) is useful to investigate various properties of qubit states. In the

following sections, we will use this invariant to measure quantum correlations, especially

entanglement, for pure two-qubit states and to derive the isotropic invariant for pure

three-qubit states.

4.2 Invariants for Systems of Two Qubits

In this section, we analyse the invariant quantities under the group of local unitary

operations and permutations of two-qubit states, for the pure case and the general mixed

case separately, and their applications in the quantification of quantum correlations.

4.2.1 Invariants for Pure States

Recall from Sec. 1.5.2 of Chapter 1 that any two-qubit state admits a form of

|ψ〉AB = a00|00〉+ a01|01〉+ a10|10〉+ a11|11〉, (4.4)

with the four complex numbers aij satisfying
∑1

i,j=0 |aij |2 = 1.

It is remarkable in the quantum regime that a large class of pure quantum states cannot

be simulated by just combining local states, i.e.,

|ψ〉AB 6= |φ〉A ⊗ |φ〉B =: |φ〉A|φ〉B, (4.5)

for any local states |φ〉A and |φ〉B. The above states (4.5) are called entangled states,

while the pure states that could be simulated by |φ〉A|φ〉B for certain local states
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|φ〉A, |φ〉B are separable states. One famous example of entangled states is the EPR

state [28]

|ψ〉 =
1√
2

(|01〉 ± |10〉) . (4.6)

Under a unitary operation UAB, the purity P (|ψ〉AB〈ψ|) introduced in the above section

is invariant under this UAB, and is equal to 1. However, it is apparent that the entan-

glement of pure two-qubit states cannot be preserved generally because we can always

choose a proper unitary operation UAB that transforms the entangled state (4.5) into a

product form.

Instead, we turn to the unitary operations UAB which preserve entanglement properties

of bipartite systems. In particular, consider the group of local unitary operations, for

which UAB can be decomposed into the local product form with UA ⊗ UB. One crucial

property follows from Eq. (4.5) that this group of unitary operations preserves the

entanglement property of the state. As a consequence, under local unitary operations

of the form UA ⊗ UB, it is easy to find two invariants, based on the quantum purity of

local states,

P (ρA) = Tr
[
ρ2
A

]
= Tr

[
(TrB|ψ〉AB〈ψ|)2

]
, (4.7)

P (ρB) = Tr
[
ρ2
B

]
= Tr

[
(TrA|ψ〉AB〈ψ|)2

]
, (4.8)

where ρA and ρB are the reduced states for Alice and Bob respectively. More impor-

tantly, it is straightforward to verify from Eq. (4.4) that these two invariants are equal

to each other, i.e., [14]

I2 := P (ρA) = P (ρB), (4.9)

for any pure two-qubit state |ψ〉AB. It immediately implies that the quantity I2 is an

invariant under the group of both local unitary operations and permutations of qubits

A and B. Note that the range of I2 lies in the interval [1/2, 1].

On one hand, this invariant I2 can help us simplify the general form of pure two-qubit

states (4.4). Noting that an arbitrary pure state has a standard form cos θ|00〉+sin θ|11〉,
and we can further derive

2 θ = arcsin 2 (1− I2). (4.10)

On the other hand, the invariant I2 is also closely related to the quantification of en-

tanglement. For example, one well-known entanglement measure is concurrence, defined

as [112]

C(|ψ〉AB) =
√

2(1− Tr
[
ρ2
A

]
) =

√
2(1− Tr

[
ρ2
B

]
) =

√
2(1− I2) , (4.11)
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for an arbitrary pure two-qubit state |ψ〉AB. This immediately yields that C(|ψ〉AB) is 0

if and only if its invariant I2 is 1, and thus if and only if the state is separable. When the

invariant I2 has the minimum value 1/2, its concurrence achieves the maximum value

1 and the corresponding state is called a maximally entangled state, such as the EPR

state given in Eq. (4.6).

4.2.2 Invariants for Mixed States

Recall again from Sec. 1.5.2 of Chapter 1 that a two-qubit state ρAB can be generally

expressed as

ρAB =
1

4

(
IA ⊗ IB + a · σ ⊗ IB + IA ⊗ b · σ +

3∑
j,k=1

Tjk σj ⊗ σk
)
, (4.12)

where a and b are the Bloch vectors of Alice’s and Bob’s reduced states, and T = TAB

is the spin correlation matrix.

For mixed two-qubit states, local purities P (ρA) and P (ρB) are still invariants under

local unitary operations UA⊗UB, but they are not invariants under permutation of the

two qubits any more. Generally, there is no relation P (ρA) = P (ρB) for mixed two-qubit

states. Alternatively, we introduce the symmetric matrix

SAB = TABT
>
AB. (4.13)

In particular, the eigenvalues of the symmetric matrix SAB,

sAB1 ≥ sAB2 ≥ sAB3 , (4.14)

are invariant under arbitrary rotations and reflections of the parties’ local coordinate

systems because orthogonal operations acting on the spin matrix T cannot change the

eigenvalues of SAB. Moreover, interchanging Alice’s and Bob’s qubits, we have a new

spin correlation matrix TBA = T>AB, and then obtain a new symmetric matrix SBA =

TBAT
>
BA = T>ABTAB. Since the three eigenvalues of SAB are identical to those of SBA,

we can write

sj = sABj = sBAj , j = 1, 2, 3, (4.15)

as the invariants under the permutation operation.

Furthermore, in analogy to I2 for the pure case, the eigenvalues sj , j = 1, 2, 3, arranged

in decreasing order, are invariants under not only local unitary transformations but

also under the permutation operation for general two-qubit states. It is worth noting
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that these invariants are not the only invariants under local unitary transformations

for mixed two-qubit states. For examples, the lengths of local Bloch vectors a,b are

invariant quantities and the other invariants, such as a>Tb,a>TT>a,b>T>Tb, can

easily be verified via Eq. (1.20).

4.2.3 Invariants and Bell nonlocality

The spin matrix T = (〈σj⊗σk〉)jk plays a fundamental role in encoding the global infor-

mation of the two-qubit system, and is deeply connected to the strength of its quantum

correlations [45, 47, 48]. In particular, the eigenvalues of the symmetric matrix S = TT>,

identified as the invariants under local unitary (and anti-unitary) transformations, de-

termine, for example, the maximal possible violation of the CHSH inequality [113] and

of various EPR steering inequalities [114–116], as well as the maximum fidelity of remote

state preparation [117].

Here, we mainly explore the close relationship between the invariants (4.14) and Bell

nonlocality. Indeed, Bell nonlocality is one of the most fundamental properties in quan-

tum theory [48], indicating the incompatibility between quantum mechanics and local

realism [29]. Furthermore, it was shown in [30] that Bell nonlocality can be exposed in

the very simple scenario of two-qubit systems, shared by distant observers, where each

observer chooses one of two dichotomic measurements on each qubit.

In the simplest scenario, each party has two measurements with outcomes +1 or −1.

To be specific, the binary measurements are assumed to be Hermitian operators A1, A2

and B1, B2. Then, the corresponding Bell operator B is constructed as

B = A1 ⊗B1 +A1 ⊗B2 +A2 ⊗B1 −A1 ⊗B2. (4.16)

Based on measurement outcome statistics of A1, A2 and B1, B2, Bell nonlocality can be

experimentally tested via the Bell-CHSH inequality [30]

| 〈B〉 | = |Tr [BρAB] | ≤ 2. (4.17)

The bipartite state ρAB is Bell nonlocal if it violates the Bell-CHSH inequality for some

set of local measurements. It is remarkable that the above statement still holds even if

the state is not limited to qubit states or even does not admit a quantum description.

Conversely, if the state cannot violate the Bell-CHSH inequality (4.17) for arbitrary Bell

operator, then the state is Bell-CHSH local and there is a local hidden variable model

to explain the measurement statistics.
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Following from above arguments, we can show that determining whether the state is

Bell-CHSH local or not, equals to test if there is

max
A1,A2,B1,B2

| 〈B〉 | ≤ 2, (4.18)

or, equivalently,

max
A1,A2,B1,B2

〈B〉2 ≤ 4. (4.19)

Fortunately, it has been proven by Horodecki et, al [113] that there exists an exact

relation, connecting the maximum violation of the Bell-CHSH inequality (4.19) to the

invariant eigenvalues (4.14), i.e.,

max
A1,A2,B1,B2

〈B〉2 = 4(s1 + s2) =: 4M. (4.20)

Here, the Horodecki parameter M is defined as the sum of the largest two eigenvalues

of the symmetric matrix S. Replacing Eq. (4.20) into inequality (4.19), we obtain

M = s1 + s2 ≤ 1. (4.21)

The above inequality means that the state is Bell-CHSH nonlocal if and only if its

Horodecki parameter, completely determined by the invariants s1 and s2, is greater

than 1.

4.3 3-tangle for Pure Three-Qubit States

4.3.1 3-tangle

For a pure three-qubit state |ψ〉ABC shared by Alice, Bob, and Charlie,

|ψ〉ABC =

1∑
i,j,k=0

aijk|ijk〉, (4.22)

where the complex coefficients aijk satisfy
∑

ijk |aijk|2 = 1, there are ρA, ρB and ρC

as Alice’s, Bob’s and Charlie’s local states, and ρAB, ρAC , and ρBC for three reduced

bipartite states. Correspondingly, we have the Bloch vectors a,b, and c for the single

parties and matrices ΘAB,ΘAC , and ΘBC for the reduced two-qubit states.

From the discussions in above sections, it is easy to find that both the local quantum

purities P (ρA), P (ρB), P (ρC), and the eigenvalues sABj , sACj , sBCj , j = 1, 2, 3 of symmet-

ric matrices SAB = TABT
>
AB,SAC = TACT

>
AC ,SBC = TBCT

>
BC respectively, are still

invariants under local unitary operation UA ⊗UB ⊗UC . However, all of them no longer
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remain unchanged under permutations of qubits generally. Thus, these invariants for

single qubit states and two-qubit states are not the quantities for the pure three-qubit

state as desired.

However, Coffman, Kundu, and Wootters (CKW) introduced the 3-tangle [49]

τ(|ψ〉ABC) = C2(|ψ〉A:BC)− C2(ρAB)− C2(ρAC), (4.23)

for arbitrary pure three-qubit states, to measure the tripartite entanglement. Here,

A : BC means the partition between A and BC. In particular, for any pure tripartite

state |ψ〉ABC , a generalized version of concurrence in Eq. (4.11), introduced in Sec (4.1)

for pure two-qubit states, is defined as [118]

CX(|ψ〉ABC) =
√

2(1− Tr
[
ρ2
X

]
) , (4.24)

where ρX is the reduced density operator for any bipartition X : Y of ABC. Further,

the concurrence of a general two-qubit state ρAB, is given by [112, 119]

C(ρAB) ≡ max(0, λ1 − λ2 − λ3 − λ4), (4.25)

where λi, i = 1, 2, 3, 4, arranged in decreasing order, are eigenvalues of the matrix√
ρσy ⊗ σyρ∗σy ⊗ σy where ∗ is the complex conjugate operation. It follows from

Eq. (4.25) that the entanglement measure concurrence is another invariant under the

group of local unitary, anti-unitary operations, and even permutation of the two qubits.

Due to the invariant entanglement quantifiers in Eqs (4.24) and (4.25), the quantity 3-

tangle is also an invariant under local unitary and anti-unitary operations. Particularly,

the 3-tangle is also a permutational invariant, as can be seen from the explicit form [49,

120]

τ =4|a2
000a

2
111 + a2

001a
2
110 + a2

010a
2
101 + a2

100a
2
011 + 4(a000a011a101a110 + a001a010a100a111)

− 2(a000a001a110a111 + a000a010a101a111 + a000a100a011a111

+ a001a010a101a110 + a001a100a011a110 + a010a100a011a101)|. (4.26)

The 3-tangle vanishes on all separable states under any partition, and is nonzero for

some genuinely entangled states [49], such as the GHZ state

|GHZ〉 =
1√
2

(|000〉+ |111〉) . (4.27)

The 3-tangle is not only restricted to quantifying multi-partite entanglement, but can be

further used to classify the genuinely entangled three-qubit state and to derive another
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quantum property: quantum monogamy. We give a brief discussion on these two topics

in the next two subsections.

4.3.2 Classification of the State

When any local unitary operation UA ⊗ UB ⊗ UC is performed on the quantum state,

the successful probability of the physical operation is 1, due to the fact that UAU
†
A =

UBU
†
B = UCU

†
C = I. Relaxing this unitary assumption, we consider a general class of

operations, stochastic local operations and classical communications (SLOCCs) [121].

In particular, a basic stochastic operation on a state ρ is specified via an operator F ,

with

ρ→ FρF †

Tr [FρF †]
, (4.28)

with F †F ≤ I. When FF † = F †F = I, this reduces to a unitary operation. In

particular, for a pure 3-qubit state |ψ〉ABC , we can transform |ψ〉ABC into another

unnormalised state ˜|ψ〉ABC , via the SLOCC

˜|ψ〉ABC = FA ⊗ FB ⊗ FC |ψ〉ABC , (4.29)

with success probability 〈ψ|F †AFA⊗F
†
BFB⊗F

†
CFC |ψ〉 ≤ 1. More general SLOCC opera-

tions can be built from such basic operations, using classical communication and shared

randomness.

Importantly, it has been shown in [121] that pure three-qubit states can be genuinely

entangled in only two ways. In particular, the genuinely entangled states can be classified

into two classes under SLOCCs. One is the GHZ-class in which every state can be

transformed into the standard GHZ state (4.27). The 3-tangle of any GHZ-class state is

nonzero. The other is the W-class, where all states in this class can be probabilistically

transformed into the W state

|W 〉 =
1√
3

(|100〉+ |010〉+ |001〉) . (4.30)

The 3-tangle of W-class states is always 0. Thus, via the 3-tangle, we can determine

which class the state belongs to.
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4.3.3 Quantum Monogamy

From the explicit form (4.26), it is seen that the 3-tangle is always non-negative for any

pure 3-qubit state. Thus, we have

τ(|ψ〉ABC) = C2(|ψ〉A:BC)− C2(ρAB)− C2(ρAC)

= 4 det(ρA)− C2(ρAB)− C2(ρAC)

= 1− a2 − C2(ρAB)− C2(ρAC)

≥ 0. (4.31)

The second line follows directly from Eq. (4.24) with X = A. The above equation can

be rewritten in the equivalent form

C2(ρAB) + C2(ρAC) ≤ 4 det(ρA) = 1− a2 ≤ 1. (4.32)

This relation implies that the entanglement shared by A with B and A with C, sums

at most up to the entanglement shared by A with the bipartite systems BC. This

phenomenon is called the monogamy of entanglement, indicating that entanglement can

not be freely distributed among multi-partite systems.

Quantum monogamy is another peculiar property of the quantum world that departs

from classical explanations. More importantly, this phenomenon plays a core role in en-

suring the security of quantum cryptography [11]. We will explore monogamy properties

of tripartite states further in Chapters 5, 6, and 8.

4.4 Isotropic and Anisotropic Invariants for Three-Qubit

States

In this section, we show that there exist physically interesting invariants, independent of

the invariant 3-tangle, for any pure three-qubit state. These new invariants are derived

from the isotropic and anisotropic spin correlations of reduced bipartite states. This

section is structured as follows. Based on the spin correlation matrix for two-qubit

states, we first decompose a symmetric matrix S into the isotropic and anisotropic

parts. Furthermore, we prove our main results that there are isotropic and anisotropic

invariants for pure three-qubit states. In terms of the standard form of the state, explicit

expressions of these invariant quantities are also given to illustrate our results. Finally,

their generalisation to mixed states is discussed.
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4.4.1 Isotropic and Anisotropic Spin Correlations

Recall from the Section 4.2.2 that for any given two-qubit state ρAB, the spin corre-

lation matrix T = TAB—and the eigenvalues of the symmetric matrix S = TT> in

particular—play a prominent role in assessing the suitability of the state for various

quantum information tasks. Noting that T → OATO
>
B under local orthogonal transfor-

mations of the Bloch sphere, i.e., rotations and reflections (corresponding to local unitary

and antiunitary transformations of the qubits), it follows that S → OASO>A , implying

that the eigenvalues s1 ≥ s2 ≥ s3 ≥ 0 of S are invariant under such transformations.

These eigenvalues are all equal if and only if the spin correlations are isotropic, relative to

suitable local coordinates, such as for a two-qubit Werner state [40]. A natural measure

of the degree of isotropy is the average quantity

siso :=
1

3

∑
j

sj , (4.33)

which we will refer to as the isotropic strength. For example, the two-qubit Werner state

ρW = ω|Ψ〉〈Ψ|+ 1− ω
4

I, (4.34)

comprises a fraction ω of the singlet state |Ψ〉 = 1√
2

(|01〉 − |10〉) and the fraction 1− ω
of the maximally mixed state, the isotropic strength is easily determined to be siso = ω2.

It follows that the differences

δsj := sj − siso, j = 1, 2, 3, (4.35)

quantify the inherent anisotropy of the spin correlations. As these differences sum to

zero, there are two independent measures of spin anisotropy—which we may take, for

example, to be the eigenvalue gaps

g1 := s1 − s2, g2 := s2 − s3. (4.36)

Alternative, more symmetric choices are the anisotropic strength and the anisotropic

volume, defined by

s 2
ani :=

∑
j

(δsj)
2 =

(s1 − s2)2 + (s2 − s3)2 + (s3 − s1)2

3
,

Vani := δs1 δs2 δs3, (4.37)

respectively. Note that Vani is a signed volume measure.
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The measures in Eqs. (4.33)-(4.37) also arise naturally via the unique decomposition of

the matrix S = TT> into isotropic and anisotropic components:

S = Siso + Sani :=
1

3
Tr [S] I3 +

(
S − 1

3
Tr [S] I3

)
, (4.38)

where I3 denotes the 3 × 3 identity matrix. It follows that the isotropic strength in

Eq. (4.33) is given by siso = 1
3Tr [S] = 1

3Tr [Siso], and that the differences δsj = sj − siso

are given by the eigenvalues of Sani. Additionally, the decomposition (4.38) admits the

equivalent form as

S = sisoI + Sani, (4.39)

with sani = (tr[S 2
ani])

1/2 and Vani = detSani.

We emphasize that all measures in Eqs. (4.33)-(4.37) are invariant under local rotations

and reflections, and hence they can be experimentally determined whether or not the

two parties share a common reference frame. The advantage of distinguishing between

isotropic and anisotropic contributions becomes apparent as soon as more than two

qubits are considered.

4.4.2 Isotropic and Anisotropic Invariants for Three-Qubit States

For a pure three-qubit state ρABC = |ψ〉ABC〈ψ| shared by Alice, Bob, and Charlie, the

pairwise correlations are described by the reduced density operators ρAB, ρAC , and ρBC ,

each of which can be decomposed similarly to Eq. (4.12). As in section (4.3.1), the Bloch

vectors for Alice, Bob, and Charlie will be denoted by a,b, and c, respectively, and the

corresponding pairwise spin correlation matrices by TAB, TAC , and TBC .

The isotropic strengths of the three two-qubit states may be calculated from Eq. (4.33),

and need not be equal. However, their sum is constrained to be constant:

sABiso + sACiso + sBCiso = 1. (4.40)

The proof is based on the equal quantum purities for arbitrary pure bipartite state, or

the invariant I2. First, for the state |ψ〉ABC , there exists an exact relation of quantum

purities:

P (ρA) = P (ρBC).

Using the Bloch representation for the state ρA and the form (4.12) for the state ρBC ,

we can express the purities explicitly as

P (ρA) =
1

2

(
1 + a2

)
, P (ρBC) =

1

4

(
Tr
[
TBCT

>
BC

]
+ 1 + b2 + c2

)
.
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Equating above two equations immediately leads to

Tr
[
TBCT

>
BC

]
+ b2 + c2 = Tr [SBC ] + b2 + c2 = 1 + a2. (4.41)

Similarly, we can obtain:

Tr
[
TACT

>
AC

]
= Tr [SAC ] = 1 + 2b2 − a2 − c2, (4.42)

Tr
[
TABT

>
AB

]
= Tr [SAB] = 1 + 2c2 − a2 − b2. (4.43)

Then, summing above three equations leads to the property as required [122]

tr[SAB + SAC + SBC ] = 3. (4.44)

The isotropic invariant (4.40) follows from Eq. (4.33) and the above property.

Remarkably, in strong contrast to the isotropic strengths, we have found that the spin

anisotropy properties are identical for each pair of qubits:

δsABj = δsACj = δsBCj , j = 1, 2, 3. (4.45)

This property is equivalent to the three anisotropic matrices SABani , SACani , SBCani having

identical eigenvalues, i.e., having the same characteristic polynomials:

det(SABani − λI) = det(SACani − λI) = det(SBCani − λI). (4.46)

Now, if Sani denotes any one of these matrices, with eigenvalues δsj , then the corre-

sponding characteristic polynomial is given by

P (λ) = (λ− δs1)(λ− δs2)(λ− δs3)

= λ3 + (δs1δs2 + δs1δs3 + δs2δs3)λ− δs1δs2δs3

= λ3 − 1
2(sani)

2 λ− Vani. (4.47)

Here the second line follows using
∑

j δsj = Tr [Sani] = 0; the anisotropic strength and

volume are defined by sani :=
[∑

j(δsj)
2
]1/2

and Vani := δs1δs2δs3; and the last line

follows via

δs1δs2 + δs1δs3 + δs2δs3 = 1
2

(∑
j

δsj
)2 − 1

2

∑
j

(δsj)
2 = −1

2(sani)
2.

Thus, Eq. (4.46), and hence Eq. (4.45), may be proved by showing that the anisotropic

strengths and volumes are the same for each pair, for all pure three-qubit states |ψABC〉.
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While the anisotropic measures sani and Vani have simple definitions as per above in

terms of the spin correlation matrix, they are extremely complicated when expressed in

terms of the coefficients of |ψABC〉 relative to some fixed basis, such as in Eq. (4.22). It

is straightforward, nevertheless, to evaluate such expressions using a software package

such as Mathematica, to find that indeed these measures are identical for each pair of

qubits, immediately implying Eq. (4.45) as desired. In the next part, we will examine

some explicit forms for above measures, and give a more direct proof of the invariance

of sani.

4.4.3 Explicit Expressions for Isotropic and Anisotropic Measure

It is of interest to consider explicit expressions for isotropy and anisotropy measures for

pure three-qubit states. This is done below for the isotropic and anisotropic strengths

siso and sani for general states, as well as for the eigenvalues sj and volume Vani in the

case of W-class states [121].

First, since the eigenvalues sj , and hence the isotropic and anisotropic measures, are

invariant under local unitary operations, it is sufficient, and always possible, to transform

a general pure state to the simplified form [64, 65]

|ψ〉ABC = l0|000〉+ l1e
iφ|100〉+ l2|101〉+ l3|110〉+ l4|111〉, (4.48)

with lj ≥ 0 and
∑4

j=0 l
2
j = 1. This yields corresponding explicit expressions

a = (2l0l1 cosφ, 2l0l1 sinφ, 2l20 − 1)>, (4.49)

b = (2l1l3 cosφ+ 2l2l4,−2l1l3 sinφ, 1− 2l23 − 2l24)>, (4.50)

c = (2l1l2 cosφ+ 2l3l4,−2l1l2 sinφ, 1− 2l22 − 2l24)>, (4.51)
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for the Bloch vectors, and

TAB =


2l0l3 0 2l0l1 cosφ

0 −2l0l3 2l0l1 sinφ

−2l1l3 cosφ− 2l2l4 2l1l3 sinφ 1− 2l21 − 2l22

 , (4.52)

TAC =


2l0l2 0 2l0l1 cosφ

0 −2l0l2 2l0l1 sinφ

−2l1l2 cosφ− 2l3l4 2l1l2 sinφ 1− 2l21 − 2l23

 , (4.53)

TBC =


2l2l3 + 2l1l4 cosφ −2l1l4 sinφ 2l1l3 cosφ− 2l2l4

−2l1l4 sinφ 2l2l3 − 2l1l4 cosφ −2l1l3 sinφ

2l1l2 cosφ− 2l3l4 −2l1l2 sinφ 1− 2l22 − 2l23

 , (4.54)

for the pairwise spin correlation matrices.

The corresponding isotropic strengths are found to have the relatively simple forms

sABiso =
1

3

(
1 + 8l20l

2
3 − 4l20l

2
2 − 4l21l

2
4 − 4l22l

2
3 + 8l1l2l3l4 cosφ

)
, (4.55)

sACiso =
1

3

(
1 + 8l20l

2
2 − 4l20l

2
3 − 4l21l

2
4 − 4l22l

2
3 + 8l1l2l3l4 cosφ

)
, (4.56)

sBCiso =
1

3

(
1− 4l20l

2
2 − 4l20l

2
3 + 8l21l

2
4 + 8l22l

2
3 − 16l1l2l3l4 cosφ

)
, (4.57)

which clearly sum to 1 as per Eq. (4.40).

Further, the anisotropic strength of the correlations between Alice and Bob is given by,

using Eq.(4.52),

(sABani )2 =
2

3
L2

1 + 8L2
2 + 8l20l

2
1

[
l20l

2
1 + (−1 + 2l21 + 2l22 + 2l23) sin2 φ

]
, (4.58)

where

L1 : = 1− 2l20(3l21 + 2l22 + 2l23)− 4l21l
2
4 − 4l22l

2
3 + 8l1l2l3l4 cosφ,

L2 : = 2l0l2l3l4 + l0l1(−1 + 2l21 + 2l22 + 2l23) cosφ.

Since interchanging B and C corresponds to swapping l2 and l3 in Eq. (4.48) , it follows

by inspection that sABani = sACani . By considering the alternative simplified form |ψ′ABC〉 =

l′0|000〉+l′1eiφ
′ |001〉+l′2|101〉+l′3|011〉+l′4|111〉, obtained by swapping the roles of Alice and

Charlie in Eq.(4.48), one also has that sCAani = sCBani (noting that |ψABC〉 and |ψ′ABC〉 are

be related by local unitary transformations, under which the eigenvalues and hence the

anistropic strengths are invariant). Hence, since the eigenvalues of SAB = TAB(TAB)>
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and SBA = TBA(TBA)> = (TAB)>TAB are identical, it follows that sABani = sACani = sBCani

for general pure three-qubit states, as expected.

An explicit expression for the anisotropic volume, Vani, in terms of the wave function

coefficients, may be calculated via any of Eqs. (4.52)-(4.54), with the same result in

each case. While the expression for the general case is too long and complicated to be

usefully given here, anisotropy measures do have tractable forms for particular classes

of states.

For example, a pure three-qubit state is a W-class state if and only if it is not biseparable

and the 3-tangle vanishes as mention in the section (4.3.2) [121]. Using the representative

form for general states in Eq. (4.48), it is straightforward to calculate the concurrences

of each pair of qubits [119], yielding C2(ρAB) = 4l20l
2
3, C2(ρAC) = 4l20l

2
2, and C2(ρBC) =

4l22l
2
3 + 4l21l

2
4 − 8l1l2s3l4 cosφ, Consequently, the 3-tangle, τ , is given by [49]

τ = 1− a2 − C2(ρAB)− C2(ρAC)

= 1− b2 − C2(ρAB)− C2(ρBC)

= 1− c2 − C2(ρAC)− C2(ρBC)

= 4l20l
2
4. (4.59)

Thus, noting that l0 = 0 yields a biseparable state in Eq. (4.48), it follows from Eq. (4.59)

that W-class states correspond to l4 = 0 and l0 > 0.

The eigenvalues of the matrix SAB = TAB(TAB)> can be explicitly evaluated for W-class

states, using Eq. (4.52) with l4 = 0, with the result

sAB1 =
1

2

[
(1− 2l22)2 + 4(l20l

2
3 + l21l

2
2) +

√
(1− 2l22)2 + 4(l20l

2
3 + l21l

2
2)]2 − 16l20l

2
3(1− 2l22)2

]
,

(4.60)

sAB2 = 4l20l
2
3, (4.61)

sAB3 =
1

2

[
(1− 2l22)2 + 4(l20l

2
3 + l21l

2
2)−

√
(1− 2l22)2 + 4(l20l

2
3 + l21l

2
2)]2 − 16l20l

2
3(1− 2l22)2

]
.

(4.62)

Further, the corresponding eigenvalues sACj and sBCj are given by interchanging l2 ↔ l3

and l2 ↔ l0, respectively. It is straightforward to then calculate all functions of these

eigenvalues explicitly. For example, one obtains

Vani =
2

27

[
1− 4(l20l

2
2 + l20l

2
2 + l22l

2
3)
] [

(1− 2l22)2 + 4(l20l
2
3 + l21l

2
2)]2 − 16l20l

2
3(1− 2l22)2 + 8l20l

2
1l

2
2l

2
3

]
(4.63)

for the anisotropic volume of W-class states.
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One can similarly obtain relatively simple expressions for the class of states correspond-

ing to φ = 0 in Eq. (4.48).

4.4.4 Independence of 3-tangle and Anisotropy

Note from Eq. (4.45) that the pairwise anisotropies are not only invariant under local

transformations, but under any permutation of the qubits or parties. This is reminiscent

of the 3-tangle, τ , which for pure three-qubit states can also be calculated from any one

of the pairwise reduced states, and is similarly invariant both under local transformations

and permutations [49, 123]. Importantly, however, spin anisotropy is independent of the

3-tangle.

To demonstrate that the anisotropy properties of a state are independent of its 3-tangle,

consider first the class of W-class states. As noted in the previous section, these states

satisfy τ = 0. However, it is clear from Eqs. (4.60)-(4.62) that the three eigenvalues sABj

vary independently, and hence so do the the two anisotropic measures g1 = sAB1 − sAB2

and g2 = sAB2 − sAB3 in Eq. (4.36).

Conversely, for the class of states defined by l0 = cosα, l1 = l2 = l3 = φ = 0, l4 = sinα

in Eq. (4.48), with α ∈ [0, π/2], one finds that g1 and g2 have fixed values independent

of α (corresponding to (sani)
2 = 2/3 and Vani = 2/27), whereas the 3-tangle follows from

Eq. (4.59) as τ = sin2 2α, and hence varies independently over all possible values.

4.4.5 Extension to Mixed Three-Qubit States

The isotropic and anisotropic invariance in Eqs. (4.40) and (4.45) can be naturally

generalised to mixed three-qubit states via convex-roof extensions [49]. Indeed, for a

mixed three-qubit state, ρABC , the matrices SAB, SAC , SBC remain well defined, and

hence the various measures of isotropy and anisotropy can be calculated for each pair of

qubits. As proven in [124] (and an alternative proof is given in Chapter 6), Eq. (4.40)

for the sum of the isotropic strengths generalises to the invariant inequality

siso
AB + siso

AC + siso
BC ≤ 1 (4.64)

for such states.

However, aniostropic invariance as per Eq. (4.45) is lost: the anisotropy will typi-

cally be different for each pair of qubits. We show here that anisotropic quantities

can be invariantly generalised to mixed states via an appropriate convex-roof extension

of anisotropy measures. More generally, such extensions also allow one to recover the
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property of anisotropic invariance for mixed states. In particular, consider some measure

of anisotropy, Q, for two-qubit states, i.e, some fixed function of δs1, δs2, δs3. It follows

from the anisotropic invariance property in Eq. (4.45) that one has identical values,

QAB = QAC = QBC , (4.65)

for any pure three-qbuit state |ψ〉. Denoting this common value by Q(|ψ〉〈ψ|), the

convex-roof extension of QAB to a mixed three-qubit state ρ is given by

Q̃AB(ρ) := min
{pn,|ψn〉}

∑
n

pnQ
AB(|ψn〉〈ψn|), (4.66)

where the minimisation is over all mixtures ρ =
∑

n pn|ψn〉〈ψn|. Eq. (4.65) immediately

generalises to

Q̃AB(ρ) = Q̃AC(ρ) = Q̃BC(ρ), (4.67)

i.e., the convex-roof extension Q̃ satisfies anisotropic invariance as desired. For example,

δs̃ABj = δs̃ACj = δs̃BCj for any 3-qubit state ρABC .

Although Q̃AB(|ψ〉〈ψ|) = QAB(|ψ〉〈ψ|) for pure states, equality does not hold more

generally. However, by construction, one has the convexity property

Q̃AB(qρ+ q′ρ′) ≤ q Q̃AB(ρ) + q′ Q̃AB(ρ′) (4.68)

for any ρ, ρ′ and q, q′ ≥ 0 satisfying q + q′ = 1. This allows a simple generalisation of

any given relation that is valid for the anisotropy of pure states. An example will be

given in Section 5.4 of the next chapter.

4.5 Summary

In this chapter, we reviewed some useful invariants for quantum systems with limited

number of qubits, and stated the newly discovered invariants for pure three-qubit states.

We first recapped the quantum purity of the state, which is found useful in measuring

entanglement of two-qubit states (quantum purity also played a key role in deriving

complementarity relations for coherence in Chapter. 3). Then, we turned to invariants

for two-qubit states, and explored their applications in quantifying quantum correlations,

such as entanglement and Bell nonlocality. For pure three-qubit states, the well known 3-

tangle was introduced to measure the three-qubit entanglement, and via this invariant we

reviewed the genuinely entangled three-qubit states and the monogamy of entanglement.

Finally, we reported the discovery of three new invariants for pure three-qubit states in

addition to the 3-tangle.
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Indeed, these invariant quantities given in Eqs. (4.40) and (4.45) provide a crucial link,

hitherto missing, that connects fundamental properties of two-party and three-party

quantum correlations. Further discussion and exploration of this link forms the main

content of the next chapter.



Chapter 5

Applications of the Anisotropic

Invariance

In the previous chapter, we reported the discovery of the isotropic invariance property

sABiso + sACiso + sBCiso = 1, (5.1)

and the anisotropic invariance properties

δsABj = δsACj = δsBCj , j = 1, 2, 3, (5.2)

for pure three-qubit states. These invariance properties, similarly to the 3-tangle, are

invariant under the group of local unitary (anti-unitary) transformations and permuta-

tions of the parties.

In this chapter, we show that above invariance properties have wide applications to dis-

covering fundamental properties of two-party and three-party quantum correlations. In

particular, applications include strong monogamy relations for Bell inequalities, Einstein-

Podolsky-Rosen (EPR) steering inequalities, geometric quantum discord, and fidelity

of remote state preparation for three-qubit states (Sec. 5.1), and some generalised re-

sults for arbitrary three-party states (Sec. 5.2); a universal ordering of pairwise quan-

tum correlations measures for pure three-qubit states (Sec. 5.3); trade-off relations for

anisotropy, 3-tangle and Bell nonlocality (Sec. 5.4); connections to quantum secret shar-

ing and quantum marginal problems (Sec. 5.5). All results are adapted from published

work (Phys.Rev.Lett.118,010401) with Dr. Michael Hall.
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5.1 Strong Three-Qubit Monogamy Relations

For pure three-qubit states, we first build up a close relationship between the invariants

in Eqs. (5.1)-(5.2) and the Horodecki parameterM. Then, we derive a strong monogamy

relation for Bell-CHSH inequality via isotropic and anisotropic invariance. Furthermore,

due to the hierarchy of quantum correlations, similar monogamy relations for EPR-

steering inequalities, geometric discord, and fidelity of remote state preparation can be

obtained as a byproduct. Some results will be extended to arbitrary tripartite states in

Sec. 5.2.

5.1.1 Anisotropic Invariance and Horodecki Parameter

Recall the simplest Bell-Clauser-Horne-Shimony-Holt (CHSH) measurement scenario in

section 4.2.3. For the two-qubit state shared by Alice and Bob, if Alice and Bob choose

to measure spin observables A1 = a1 ·σ or A2 = a2 ·σ, and B1 = b1 ·σ or B2 = b2 ·σ,

respectively, they can determine the average value of the Bell operator

BAB(a1,a2,b1,b2) = σ ·a1⊗σ ·b1 +σ ·a1⊗σ ·b2 +σ ·a2⊗σ ·b1−σ ·a2⊗σ ·b2. (5.3)

A violation of the well known Bell-CHSH inequality introduced in the previous sec-

tion 4.2.3 [30]

〈BAB(a1,a2,b1,b2)〉2 ≤ 4, (5.4)

implies that Alice and Bob share correlations that cannot be explained by any local

hidden variable model [30, 48]. Further, the maximal violation of Bell-CHSH inequal-

ity (5.4) is measured by the Horodecki parameter defined in the section (4.2.3) [113]

MAB = sAB1 + sAB2 =
1

4
max

a1,a2,b1,b2

〈BAB(a1,a2,b1,b2)〉2, (5.5)

where sAB1 ≥ sAB2 ≥ sAB3 are three eigenvalues of the symmetric spin correlation matrix

SAB = TABT
>
AB.

Noting that invariants (5.1)-(5.2) and the Horodecki parameter (5.5) are determined by

the eigenvalues of matrices SAB,SAC and SBC , we can rewrite the Horodecki parameter
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in Eq. (5.5) as

MAB = (sABiso + δsAB1 ) + (sABiso + δsAB2 )

= 2sABiso − δsAB3

= 2sABiso + (δsAB3 − δsAC3 − δsBC3 )

= sABiso + sACiso + sBCiso + (sABiso + δsAB3 )− (sACiso + δsAC3 )− (sBCiso + δsBC3 )

= 1 + sAB3 − sAC3 − sBC3 (5.6)

for pure three-qubit states shared by Alice, Bob, and Charlie, where the last line follows

via Eq. (5.1). Similar expressions for MAC and MBC are obtained by permuting the

labels, yielding

MAC = sAC1 + sAC2 = 1 + sAC3 − sAB3 − sBC3 , (5.7)

MBC = sBC1 + sBC2 = 1 + sBC3 − sAB3 − sAC3 . (5.8)

We can further derive another 6 relations by permuting the labels of eigenvalues, written

as

sAB1 + sAB3 = 1 + sAB2 − sAC2 − sBC2 , (5.9)

sAC1 + sAC3 = 1 + sAC2 − sAB2 − sBC2 , (5.10)

sBC1 + sBC3 = 1 + sBC2 − sAB2 − sAC2 , (5.11)

sAB2 + sAB3 = 1 + sAB1 − sAC1 − sBC1 , (5.12)

sAC2 + sAC2 = 1 + sAC1 − sAB1 − sBC1 , (5.13)

sBC2 + sBC2 = 1 + sBC1 − sAB1 − sAC1 . (5.14)

Conversely, it is easy to verify that these equalities (5.6)-(5.14) give rise to both the

isotropic invariance (5.1) and anisotropic invariance (5.2). In particular, summing rela-

tions in Eqs. (5.6)-(5.8) (or Eqs. (5.9)-(5.11), or Eqs. (5.12)-(5.14)) immediately leads

to the isotropic invariant (5.1). Further, the anisotropic strength is given by

δsAB1 = sAB1 − sABiso

=
2sAB1 − sAB2 − sAB3

3

=
2sAB1 − (1 + sAB1 − sAC1 − sBC1 )

3

=
sAB1 + sAC1 + sBC1 − 1

3

= δsAC1 = δsBC1 . (5.15)
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Here the third line follows from Eq. (5.12). And similar proofs can be given for δs2 and

δs3.

5.1.2 Strong Monogamy Relation for Bell Nonlocality

Consider an arbitrary three-qubit state shared by three parties Alice, Bob, and Charlie

in space-like separated regions. Summing the Horodecki parameters in Eqs. (5.6) and

(5.7) for two-party states ρAB and ρAC gives rise to

MAB +MAC = 2(1− sBC3 ) ≤ 2, (5.16)

for an arbitrary pure three-qubit state. Hence, we can first show that

〈BAB(a1,a2,b1,b2)〉2 + 〈BAC(a′1,a
′
2, c1, c2)〉2

≤ max
a1,a2,b1,b2

〈BAB(a1,a2,b1,b2)〉2 + max
a′
1,a

′
2,c1,c2

〈BAC(a′1,a
′
2, c1, c2)〉2

≤4(MAB +MAC)

=8(1− sBC3 )

≤8. (5.17)

Here the equality in the second last line follows directly from above relation (5.16).

The generalisation of Eq. (5.17) to mixed three-qubit states ρABC =
∑

n pn|ψn〉〈ψn| is

a trivial consequence of the convexity property

〈BAB〉2 =

(∑
n

pn〈ψn|BAB|ψn〉

)2

≤
∑
n

pn〈ψn|BAB|ψn〉2, (5.18)

〈BAC〉2 =

(∑
n

pn〈ψn|BAC |ψn〉

)2

≤
∑
n

pn〈ψn|BAC |ψn〉2. (5.19)

Combined with Eq. (5.17) , this leads to a strong monogamy relation for Bell nonlocality,

〈BAB〉2 + 〈BAC〉2 ≤ 8, (5.20)

for general three-qubit states.

Note that the above relation holds for any choices of the measurement directions. Thus,

at most one pair can violate the Bell-CHSH inequality—even if each pair is allowed

to optimise over all possible measurement directions. This is stronger than previous

monogamy relations, which either give a weaker restriction, | 〈BAB〉 |+ | 〈BAC〉 | ≤ 4 [51,

125], or require fixed measurement directions a1 = a′1, a2 = a′2 for Alice [48, 52]. The
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strength of Eq. (5.17) is unexpected—indeed it has recently been claimed, incorrectly,

that this monogamy relation can be explicitly violated [122].

5.1.3 Monogamy Relations for EPR-steering Inequalities

EPR-steering has been reformulated by Wiseman et al., and is an intermediate degree of

correlations, which is weaker than Bell nonlocality and stronger than entanglement [41].

In particular, two parties, Alice and Bob, share a bipartite state, and each has access

to a set of measurements, denoted as {A} and {B} respectively. Additionally, assume

that a corresponds to the measurement outcome for A, and b for the measurement B.

For arbitrary measurements and the corresponding outcomes, if the outcome statistics

p(a, b|A,B) can always be explained by a local hidden state model [41]

p(a, b|A,B) =
∑
λ

p(λ)p(a|A, λ)pQ(b|B, λ) =
∑
λ

p(λ)p(a|A, λ)Tr [ρB(λ)EB] , (5.21)

where p(λ) is a probability distribution of the hidden variable λ and the conditional

probability pQ(b|B, λ) = Tr [ρB(λ)EB] has a quantum realisation on Bob’s side, then

we say that Alice cannot EPR-steer Bob. Conversely, if this is not the case for some

measurements, the bipartite state is EPR-steerable state by Alice to Bob.

In analogy to the Bell-CHSH measurement scenario for Bell nonlocality (see Section 4.2.3),

we consider the simplest measurement scenario for EPR-steering for which Bob’s sys-

tem is a qubit, and two sets of dichtomic measurements are involved. Again, Alice has

two measurements A1, A2, and Bob possesses B1, B2. Further, the outcome of all mea-

surements could be either −1 or +1. Several experimental-friendly criteria have been

designed to check if Alice can EPR-steer Bob in this scenario. For example, a simple

linear criterion

S2 =
1√
2
|

2∑
i=1

〈Ai ⊗Bi〉 | ≤ 1, (5.22)

has been proposed by Cavalcanti, Jones, Wiseman, and Reid (CJWR) to detect EPR-

steering [126]. Additionally, an analog of Bell-CHSH inequality for EPR-steering was

later obtained by Cavalcanti, Foster, Fuwa, and Wiseman (CFFW), given by [127]

S̃2 =
1

2

(√
〈(A1 +A2)⊗B1〉2 + 〈(A1 +A2)⊗B2〉2

+

√
〈(A1 −A2)⊗B1〉2 + 〈(A1 −A2)⊗B2〉2

)
≤1. (5.23)

Violation of either two inequalities witnesses the existence of EPR-steering.
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When the bipartite state shared by Alice and Bob is a two-qubit state, the condition

MAB = sAB1 + sAB2 > 1 is sufficient not only for Alice and Bob to be able to witness

violation of the Bell-CHSH inequality (5.4), but also for them to be able to violate various

EPR steering inequalities via two spin measurements each [114–116]. In particular,

optimising over two sets of local measurements A1, A2 and B1, B2 for the above two

criteria in Eqs. (5.22) and (5.23) yields a common maximum value [114–116]

max(SAB2 )2 = max(S̃AB2 )2 =MAB = sAB1 + sAB2 . (5.24)

It further follows that inequality (5.16) imposes a strict monogamy on quantum steering

(SAB2 )2 + (SAC2 )2 ≤ 2, (S̃AB2 )2 + (S̃AC2 )2 ≤ 2. (5.25)

This indicates that at most one pair can violate these inequalities, even when each

pair is free to optimise their choice of measurement directions. This improves on the

steering monogamy relation in Eq. (18) of Reid [53] (for m = 2), which requires two

fixed measurement directions for each party.

5.1.4 Monogamy Relation for Geometric Discord

We can also obtain monogamy relations for weaker forms of quantum correlation. For

example, the geometric quantum discord between two qubits is given by [128]

DA→B =
1

4

(
a2 + tr[TABT

>
AB]− kmax

)
, (5.26)

where kmax = max|x|≤1(x · a)2 + x>TABT
>
ABx and A → B means that the geometric

discord is induced by Bob’s local measurements. It is worth to note that we here adopt

geometric discord which is based on the l2-norm. However, this norm fails the mono-

tonicity under local operations [129] and thus DA→B in Eq. (5.26) may not be a good

measure of quantum correlations. I still choose the l2-norm geometric discord as a typ-

ical example to study its monogamy relation, although there may be many other ways

to measure nonclassical correlations [47, 130, 131].

Making the non-optimal choice x = a yields the upper bound

DA→B ≤
1

4
(sAB1 + sAB2 ) =

1

4
MAB, (5.27)

leading via Eq. (5.16) to the monogamy relation

DA→B +DA→C ≤ 1
2 (5.28)
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for the nonclassicality of general three-qubit states, as measured by the geometric dis-

cord. A stronger relation, but valid for pure states only, is given in Ref. [132].

Finally, although the geometric quantum discord is general asymmetric, i.e., DA→B 6=
DB→A, the upper bound 1

4MAB in Eq. (5.27) is valid for both cases as the Horodecki

parameters are invariant under permutations of the parties. Thus, the monogamy rela-

tion

DB→A +DC→A ≤ 1
2 (5.29)

also holds for general three-qubit states.

5.1.5 Monogamy Relation for Fidelity of Remote State Preparation

It has been pointed out in [117, 133] that the remote state preparation fidelity is closely

connected to geometric discord discussed above. Thus, it is likely that the preparation

fidelity for tripartite states also obeys some monogamy relation. Indeed, for a two-qubit

state ρAB, the remote state preparation fidelity is given by [117]

FAB =
1

2

(
sAB2 + sAB3

)
. (5.30)

Thus, FAB ≤ 1
2M

AB, immediately yielding the corresponding monogamy relation

FAB + FAC ≤ 1. (5.31)

Hence, the ability of Alice to remotely prepare the state of Bob’s qubit is strongly

constrained by her ability to prepare the state of Charlie’s qubit.

5.2 Strong General Monogamy Relations

If Alice, Bob and Charlie share a general tripartite quantum system, rather than three

qubits, then it may be possible for each pair to make local measurements with outcomes

±1 that violate the CHSH inequality. A simple example is the six-qubit state

|Ψ〉AB ⊗ |Ψ〉AC ⊗ |Ψ〉BC , (5.32)

where each |Ψ〉 is any maximally entangled two-qubit state.

However, a strong monogamy relation of the form of Eq. (5.17) holds if Alice is restricted

to two fixed measurements [52]. We show here that the proof for this restricted case can
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be greatly simplified via Eq. (5.17). Moreover, the restriction can be removed entirely—

both for CHSH and EPR-steering inequalities—when Alice’s system is a qubit.

The simplified derivation proceeds as follows. First, for Alice’s fixed local measurements,

with 〈BAB〉 denoting the expectation value of the CHSH operator corresponding to Alice

and Bob’s measurements on the shared general tripartite system and 〈BAC〉 for Alice

and Charlie’s measurements, the set

R := {(〈BAB〉, 〈BAC〉)} (5.33)

over all states is convex, implying that its boundary is the envelope of a set of linear

Bell inequalities of the form

〈αBAB + βBAC〉 ≤ γ. (5.34)

Second, saturation of any such linear Bell inequality is achievable via projective mea-

surements on a state having support on a single qubit for each party [52, 134]. Hence,

from Eq. (5.17) for the case a1 = a′1,a2 = a′2, we have

R ⊆ {〈BAB〉2 + 〈BAC〉2 ≤ 8} (5.35)

as desired. The tightness of the inequality is easily shown via an explicit example [52]

|Ψ〉ABC = c−(|010〉+ |011〉) + c+(|100〉+ |101〉), (5.36)

with c± = 1
2

√
1±
√

2 sin t and t ∈ [0, π/4].

Note that the second step of the above derivation corresponds to a significantly weakened

form of Lemma 2 of Ref. [52]. In particular, it is not required that the observables and

state are real relative to some basis set. Moreover, the nontrivial Lemmas 3 and 4 in

Ref. [52] (which require analytically confirming, for arbitrary real pure three-qubit states,

the equivalence of Eqs. (5) and (9) and the commutation relation following Eq. (12)

therein), are not needed at all.

Further, if Alice’s system is a qubit, then the second step trivially goes through even if

Alice chooses different pairs of directions for BAB and BAC . It follows, via Eq. (5.17),

that at most one other party can violate a CHSH inequality with her qubit even if she

optimises her measurement directions for each party.

Finally, this also allows us to obtain strong steering monogamy results for the steering of

a qubit held by Alice, via local measurements by Bob and Charlie on arbitrary systems.

For example, consider the powerful nonlinear steering inequality (5.23) of Cavalcanti et
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al. [127] (with the roles of Alice and Bob reversed). As shown by Taddei et al., any viola-

tion of this inequality implies Alice and Bob can also violate the CHSH inequality [135].

Hence, it is impossible for both Bob and Charlie to demonstrate steering of Alice’s qubit

via this inequality, even if she optimises her measurement directions in each case.

5.3 Unified Entanglement Ordering

As a further applications of isotropic and anisotropic invariance, we consider the fol-

lowing question: Which of the three pairs of a three-qubit pure state is more strongly

entangled, more strongly EPR-steerable, or more strongly Bell nonlocal? We show that

there exists a simple and universal answer to this entanglement-ordering question.

In particular, for the bipartite state ρAB shared by Alice and Bob, consider the entangle-

ment as measured by the concurrence CAB [112, 119], and the degree of Bell nonlocality

as measured by the Horodecki parameter MAB = sAB1 + sAB2 [113]. Note from the

previous section that MAB also quantifies the degree of EPR-steerability witnessed via

two spin measurements by each party [114–116]. Then, the triples (CAB, CAC , CBC)

and (MAB,MAC ,MBC) each have the same ordering as (sABiso , s
AC
iso , s

BC
iso ), for any pure

three-qubit state. For example,

CAB ≥ CAC iff MAB ≥MAC iff sABiso ≥ sACiso . (5.37)

It is also shown below that the triple (c, b, a) of Bloch vector lengths (and hence the

purities of ρAB, ρAC and ρBC) has the same ordering.

Indeed, the above ordering of pairwise correlation strengths arises from the stronger

quantitative relations

(CAB)2 − (CAC)2 = 1
2(MAB −MAC) = sABiso − sACiso

= c2 − b2, (5.38)

and their permutations. To obtain the quantitative entanglement-ordering relations

for pure three-qubit states given in Eq. (5.38), recall from Eqs. (4.41) to (4.43) in the

Sec. 4.4.2 that equating the purities of the reduced states ρAB and ρC , and similarly for
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permutations of the qubits, yields the expressions

sABiso =
1

3

(
1 + 2c2 − a2 − b2

)
, (5.39)

sACiso =
1

3

(
1 + 2b2 − a2 − c2

)
, (5.40)

sBCiso =
1

3

(
1 + 2a2 − b2 − c2

)
, (5.41)

for the isotropic strengths. These immediately lead to, for example,

sABiso − sACiso = c2 − b2. (5.42)

Hence, using anisotropic invariance as per Eq. (5.2), we obtain the crucial property

sABj − sACj = (δsABj + sABiso )− (δsACj + sACiso ) = sABiso − sACiso = c2 − b2 (5.43)

for j = 1, 2, 3. Similar relations are obtained for each permutation of the parties A, B

and C.

It follows that quantities involving the sum of eigenvalues of spin correlation matrices

obey a similar relationship. For example, the Horodecki parameter MAB = sAB1 + sAB2

and the fidelity of remote state preparation FAB = 1
2(sAB2 + sAB3 ) satisfy

1
2(MAB −MAC) = FAB −FAC = c2 − b2 (5.44)

and its permutations.

Further, recalling that the 3-tangle τ in Eq. (4.26) is invariant under permutations of

the qubits, comparison of each pair of these equalities yields

C2(ρAB)− C2(ρAC) = c2 − b2 (5.45)

and its permutations.

Thus, we have derived the chains

b2 − c2 = sACiso − sABiso = C2(ρAC)− C2(ρAB) = FAC −FAB =
1

2
(MAC −MAB) ,

(5.46)

a2 − b2 = sBCiso − sACiso = C2(ρBC)− C2(ρAC) = FBC −FAC =
1

2
(MBC −MAC) ,

(5.47)

c2 − a2 = sABiso − sACiso = C2(ρAB)− C2(ρBC) = FAB −FBC =
1

2
(MAB −MBC) ,

(5.48)
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of ordering relations, as per Eq. (5.38), as desired.

These are simple consequences of Eqs. (5.1) and (5.2). As a byproduct, this generalises

Theorems 1-4 of Ref. [136], and Theorem 2 of Ref. [137], to all pure three-qubit states.

Note from Eq. (5.38) that the relative entanglement ordering can be determined by local

measurements of the Bloch vector lengths.

5.4 Trade-off Relations for Nonclassical Measures

Equation (5.38) further leads to the simple verification of a recently conjectured com-

plementarity relation [136]

max{MAB,MAC ,MBC}+ τ ≤ 2, (5.49)

for general three-qubit states. Recalling that MAB > 1 is necessary for Alice and Bob

to be able to violate the CHSH inequality [113], this imposes a strong tradeoff between

Bell nonlocality and 3-tangle.

A similar tradeoff relation can also be obtained for Bell nonlocality and anisotropy:

max{MAB,MAC ,MBC}+ g1 + g2 ≤ 2, (5.50)

where g1 and g2 are the anisotropic invariance properties in Eq. (4.36) introduced in the

section 4.4.1. This holds for all pure three-qubit states, and may be generalised to mixed

states via a convex-roof extension of the eigenvalue gaps in Eq. (4.36). For example, a

pure state with maximum anisotropy g1 + g2 = δs1 − δs3 = 1, such as the GHZ state
1√
2
(|000〉+ |111〉), cannot violate a CHSH inequality.

To obtain the tradeoff relations for Bell nonlocality in Eqs. (5.49) and (5.50), note first

that for pure three-qubit states one has, using Eqs. (5.6) and (5.43),

MAB = 1 + sAB3 − sAC3 − sBC3 = 1 + (sAB3 − sAC3 ) + (sAB3 − sAC3 )− sAB3

= 1 + 2c2 − b2 − a2 − sAB3 . (5.51)

Combining this expression with Eq. (4.59) for the 3-tangle, and again using Eq. (5.43),

then yields

MAB + τ = 1 + 2c2 − b2 − a2 − sAB3 + 1− c2 − C2(ρAC)− C2(ρBC)

≤ 2 + c2 − b2 − sAB3

= 2− sAC3 ≤ 2. (5.52)
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Similarly, permuting the parties gives MAC + τ ≤ 2 and MBC + τ ≤ 2. Thus, noting

that the left hand sides of these inequalities are convex under mixing, the tradeoff

relation (5.49) follows for all pure and mixed three-qubit states, confirming the conjecture

in Ref. [136]. The above derivation also confirms the validity of the conjecture made

in Claim 2 of Ref. [136] (noting that the geometric measure of entanglement equals

max{1− a2, 1− b2, 1− c2}), since we further have

MAB + 1− c2 = 3sABiso − sAB3 + 1− c2

= 2 + c2 − a2 − b2 − sAB3

= 2 + sAB3 − sAC3 − a2 − sAB3

≤ 2. (5.53)

The second equality follows from Eq. (5.39) and the third equality is due to Eq. (5.43)

with j = 3.

Similarly, we have

MAC + 1− b2 = 2 + b2 − a2 − c2 − sAC3 ≤ 2, (5.54)

MBC + 1− a2 = 2 + a2 − c2 − b2 − sBC3 ≤ 2. (5.55)

Further, noting that the eigenvalue gaps in Eq. (4.36) satisfy g1 + g2 = sAB1 − sAB3 , it

follows via Eq. (5.6) that

MAB + g1 + g2 = 1 + sAB1 − sAC3 − sBC3 ≤ 1 + sAB1 ≤ 2, (5.56)

for any pure 3-qubit state. Considering all permutations of the parties immediately

yields the tradeoff relation in Eq. (5.50). Moreover, a generalisation of the tradeoff

relation (5.56) to mixed states is possible via the convex-roof construction. Recall from

Chapter. 4 that if Q(|ψ〉〈ψ|) is any function of the anisotropic invariants δsj , j = 1, 2, 3

for pure three-qubit states, then the convex-roof extension ofQAB to a mixed three-qubit

state ρ is given by

Q̃AB(ρ) := min
{pn,|ψn〉}

∑
n

pnQ
AB(|ψn〉〈ψn|), (5.57)

where the minimisation is over all mixtures ρ =
∑

n pn|ψn〉〈ψn|. Then, it naturally leads

to

Q̃AB(ρ) = Q̃AC(ρ) = Q̃BC(ρ), (5.58)

i.e., the convex-roof extension Q̃ satisfies anisotropic invariance. Noting that the Horodecki

parameter M)AB is convex and choosing Q = g1, g2 for pure states, one immediately
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obtains the generalisation

max{MAB,MAC ,MBC}+ g̃1 + g̃2 ≤ 2 (5.59)

valid for all mixed three-qubit states.

5.5 Further Discussions

5.5.1 Robust Statistical Secret Sharing

Quantum secret sharing corresponds to coding classical or quantum information in an

n-party state, such that it can only be recovered, via local measurements and classical

communication, by k > 1 of the parties [138]. In the ideal case only one measurement

per party per state is required. In practice, however, unavoidable noise means the

information will need to be recovered via the statistics of measurements on several

copies of the shared state [138], corresponding what might be referred to as statistical

secret sharing. Moreover, alignment of distant reference frames (e.g., of polarisations)

is in general required to extract the information.

The anisotropic invariance property in Eq. (5.2) suggests a variant of statistical secret

sharing, in which any two parties can recover classical information encoded in a three-

qubit state. While this variant always requires several copies of the shared state, it

is intrinsically robust to noise and invariant under rotations and reflections of local

reference frames. For example, suppose that the binary digit 0 is encoded in copies of

a pure three-qubit state having eigenvalue gaps as per Eq. (4.36) with g1 > g2 (i.e.,

δs2 < 0). Similarly the digit 1 is encoded in copies of a second state with g1 < g2 (i.e,

δs2 > 0). Any two parties can then recover this information by estimating S = TT>

relative to arbitrary local basis sets, and thence the eigenvalue gaps g1 and g2. More

information could be encoded in the values or ratios of g1 and g2, again with no reference

frame alignment necessary, but would require more copies of each state to estimate the

pairwise anisotropies to a sufficient accuracy.

Further, if local isotropic noise (of different strengths) is applied to each qubit, then

g1 and g2 are merely rescaled for each pair of qubits. In particular, such noise applied

to a qubit state, ρA, is equivalent to mixing the state with the maximally-mixed state,

corresponding to a completely positive map of the form

φA(ρA) := ηA ρA + (1− ηA) 1
2IA (5.60)
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for some 0 ≤ ηA ≤ 1. Hence, if TAB is the spin correlation matrix for the three-qubit

state ρAB, then the spin correlation matrix corresponding to (φA ⊗ φB)(ρAB) is easily

found to be given by ηAηBT
AB. It immediately follows that SAB scales as (ηAηB)2

under such noise, and hence its eigenvalues scale in the same way. Thus, the eigenvalue

gaps gAB1 and gAB2 in Eq. (4.36) are similarly rescaled, implying that the sign of their

difference is invariant under such noise, as claimed. Note that the ratios of the gaps are

similarly invariant.

Hence, binary information encoded as above is preserved, i.e., it is robust to such noise.

It would be of interest to compare with the performance of other quantum secret sharing

protocols in this regard, and for other noise models.

5.5.2 Quantum Marginal Problem

Anisotropic invariance is also applicable to the quantum marginal problem, i.e., finding

consistency constraints on sets of reduced density operators [139]. For example, it is

known that three qubit density operators ρA, ρB, ρC are marginals of some pure three-

qubit state if and only if their Bloch vector lengths satisfy

a+ b ≤ 1 + c, (5.61)

and its permutations [139, 140]. Our results imply that three two-qubit density opera-

tors, ρAB, ρAC , ρBC , can be marginals of such a state only if their spin anisotropies are

identical and their isotropic strengths sum to 1.

5.6 Summary

The surprising invariance of pairwise anisotropy for three-qubit states leads to many

interesting applications, including a universal ordering of several quantum correlation

measures, strong monogamy relations for various such measures, tradeoffs between Bell

nonlocality, 3-tangle and anisotropy, and a potentially useful statistical form of quantum

secret sharing.
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Chapter 6

Quantum Steering Ellipsoids and

Volume Monogamy

As a generalisation of the Bloch picture for single qubit states, the quantum steering

ellipsoid can be used to visualise two-qubit states, and thus provides a geometric tool

to investigate various quantum phenomena exhibited by multipartite quantum states.

For example, whether a two-qubit state is separable or entangled is determined by

whether its steering ellipsoid satisfies a tetrahedron condition. As another example, a

monogamy relation for the volumes of steering ellipsoids has been derived for pure three-

qubit states, which is stronger than the celebrated Coffman-Kundu-Wootters (CKW)

inequality (4.32).

In this chapter, we study quantum monogamy in a geometric way in which this monogamy

is quantified by the volume of quantum steering ellipsoids. In Sec. 6.1, the quantum

steering ellipsoid is introduced, and then used to reflect various quantum correlations

for two-qubit states. In Sec. 6.2, we rederive the strong monogamy relation of volumes

of quantum steering ellipsoids obtained by Milne et al. [56] for pure three-qubit states,

and explore its connection to the classification of pure three-qubit states and 3-tangle.

In Sec. 6.3, we show that this volume monogamy, however, does not hold for mixed

three-qubit states, and then obtain a weaker monogamy relation that does hold for all

three-qubit states. In Sec. 6.4, a volume monogamy relation is derived for pure four-

qubit states (and further conjectured to hold for the mixed case), and generalised to n

qubits. In section 6.5, we study the effect of noise on the quantum steering ellipsoid, and

find that the volume of any two-qubit state is non-increasing when the state is exposed

to arbitrary local noise. Additionally, an experimentally relevant example of isotropic

noise is used to illustrate our results. The results discussed in the Sec. 6.3 to 6.5 are

72
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based on published work (Phys.Rev.A 94,042105) with Dr. Antony Milne, Dr. Michael

Hall, and Prof. Howard Wiseman.

6.1 Quantum Steering Ellipsoids

Qubits play a fundamental role in quantum information processing tasks [14] and quan-

tum measurement and control [76]. The Bloch vector faithfully captures all features of

a single qubit state as stated in the Chapter 4. However, finding an analogous geomet-

ric representation of multi-qubit states is harder. Fortunately, an elegant solution to

this problem, the quantum steering ellipsoid, has recently been given for the two-qubit

case [55].

6.1.1 Quantum Steering Ellipsoid

Recall from the Chapter 1 that a two-qubit state ρAB shared between two parties, namely

Alice and Bob, can be written in the form

ρAB =
1

4

(
IA ⊗ IB + a · σ ⊗ IB + IA ⊗ b · σ +

3∑
j,k=1

Tjkσj ⊗ σk
)
, (6.1)

where σ ≡ (σ1, σ2, σ3) denotes the vector of Pauli spin operators and IA, IB are identity

operators. Here a and b are the Bloch vectors of Alice’s and Bob’s reduced states and

T is the spin correlation matrix, i.e.,

aj := Tr [ρABσj ⊗ IB] , bk := Tr [ρABIA ⊗ σk] ,

Tjk := Tr [ρABσj ⊗ σk] , (j, k = 1, 2, 3). (6.2)

And the matrix Θ =

(
1 b>

a T

)
completely charaterises any given two-qubit state.

When Alice performs measurements on her qubit, different measurement choices result

in different steered states for Bob. This phenomenon is called quantum steering, first

discovered by Schrödinger for pure states [27]. Specifically, each local measurement out-

come for Alice corresponds to some element E ≥ 0 of a positive-operator-valued-measure

(POVM) describing her measurement. Thus, for qubit systems, the measurement ele-

ment can be described by

E = e0 (IA + e · σ) , (6.3)

https://journals.aps.org/pra/abstract/10.1103/PhysRevA.94.042105
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with e0 ≥ 0 and |e| ≤ 1. This outcome is obtained with probability

pE = Tr [ρAB E ⊗ IB] = e0 (1 + a · e) ,

leading to the steered state

ρEB =
TrA[ρAB E ⊗ IB]

pE
=

1

2

(
I +

(b + T>e) · σ
1 + a · e

)
(6.4)

for Bob’s qubit.

Considering all possible local measurements by Alice, the corresponding set of Bob’s

steered states is represented by the set of Bloch vectors

EB|A =

{
b + T>e

1 + a · e
: e = |e| ≤ 1

}
. (6.5)

Here and elsewhere, we use x to denote |x| for the vector x.

Note that if Alice’s reduced state is maximally mixed, i.e., a = 0, then it is seen from

Eq. (6.5) that all Bob’s steered states are given by the Bloch vectors b + T>e. Thus,

this set EB|A is equivalent to a linear image of the unit Bloch ball of all e displaced by b,

and naturally forms an ellipsoid. Indeed, while not apparent from Eq. (6.5), for a 6= 0,

the set EB|A in Eq. (6.5) also forms a (possibly degenerate) ellipsoid, and hence is called

a quantum steering ellipsoid [55]. The subscript B|A indicates the steering ellipsoid

for Bob that is generated by Alice’s local measurements. Similarly, there is a steering

ellipsoid for Alice generated by Bob’s local measurements, denoted by EA|B.

In order to show that the set EA|B indeed defines a steering ellipsoid, it is necessary to

introduce a useful filtering operation

ρ̃AB :=
[
(2ρA)−1/2 ⊗ IB

]
ρAB

[
(2ρA)−1/2 ⊗ IB

]
, (6.6)

for two-qubit states. If a = 1, then ρAB must be a product state, and it is a trivial

state such that no steering can occur and no such filtering operation exists. For general

states with a 6= 1, this filtering operation (6.6) acting on the state is mathematically

equivalent to a matrix LA acting on the left side of Θ, i.e., [55]

Θ̃ = γLAΘ, (6.7)

where γ = 1√
1−a2 , and

LA =

(
γ −γa>

−γa γ−1
a2

aa>

)
(6.8)



Chapter 6. Quantum Steering Ellipsoids and Volume Monogamy 75

could be interpreted as a Lorentz boost by a. One crucial property of this particular

boost (6.8), or equivalently the local filtering operation in Eq. (6.6), is that the set of

states Alice can steer Bob to is exactly the same for Θ and Θ̃ because LA in Eq. (6.8)

is invertible such that we have Θ = γ−1L−1
A Θ̃ [55]. Then, replacing the boost (6.8) into

Eq. (6.7) immediately yields

Θ̃ =

(
1 γ2(b− T>a)

0 γT + γ2(aa> + aa>T )

)
. (6.9)

Hence, it follows from ã = 0 that the set Θ̃ gives rise to a steering ellipsoid and it is also

for Θ.

The filtered state ρ̃AB is called the canonical form of ρAB, and has the useful properties

ẼB|A = EB|A and ã = 0. Further, it is easy to derive from Eq. (6.9) that the ellipsoid

EB|A is fully determined by its centre [55]

cB|A =
b− T>a

1− a2
, (6.10)

and its orientation matrix,

QB|A =
1

1− a2

(
T − ab>

)>(
I +

aa>

1− a2

)(
T − ab>

)
, (6.11)

where the eigenvalues and corresponding eigenvectors of QB|A describe the squared

lengths of the ellipsoid’s semiaxes and their orientations.

The quantum steering ellipsoid EB|A, together with the reduced Bloch vectors a and b,

provides a faithful representation of any two-qubit state up to local unitary operations

on Alice’s qubit [55]. This implies that we could recover the two-qubit state ρAB from

the geometric data EB|A = (cB|A, QB|A), given local Bloch vectors a,b. Consequently,

various geometric properties of the quantum steering ellipsoid encode useful information

about the state. One example is that a two-qubit state is separable if and only if its

steering ellipsoid can be nested in a tetrahedron that is in turn nested in the Bloch

sphere [55]. Further discussions between the steering ellipsoid and quantum features of

the state will be given in later sections.

6.1.2 Quantification of Quantum Steering Ellipsoids

One natural quantifier of the quantum steering ellipsoid is its size, or its volume. Hence,

for an arbitrary two-qubit state ρAB, the volume of its quantum steering ellipsoid EB|A
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is directly determined by the orientation matrix QB|A in Eq. (6.11), given by [55],

VB|A =
4π

3

√
| detQB|A| =

4π

3

| det(T − ab>)|
(1− a2)2

. (6.12)

It is obvious that the steering ellipsoid is constrained to lie inside the Bloch sphere,

implying the volume is always no larger than Vunit = 4π
3 . It is therefore convenient to

work with the corresponding normalised volume defined by

vB|A :=
VB|A

Vunit
≤ 1. (6.13)

As introduced in the above subsection (6.1.1), the local filtering operation given in

Eq. (6.6) preserves the quantum steering ellipsoid for any two-qubit state, and hence

the corresponding volume VB|A, is also invariant under this local filtering operation on

Alice’s qubit. Thus, the normalised volume of EB|A can be calculated via its canonical

form

vB|A = ṽB|A = |det T̃AB|, (6.14)

via Eqs. (6.12) and (6.13), where T̃AB denotes the spin correlation matrix for ρ̃AB. Note

that the canonical form is well-defined whenever Alice does not have a pure qubit state,

i.e., whenever a 6= 1. Conversely, for a = 1 the shared state factorises, and hence Bob’s

steering ellipsoid trivially reduces to the single point EB|A = {b}, with vB|A = 0. The

upper bound is achieved if and only if Alice and Bob share a pure entangled 2-qubit

state [55], and hence the steering ellipsoids of such states coincide with the Bloch ball.

In contrast, the normalised volume of any separable state is restricted by the nested

tetrahedron condition to be no greater than 1/27 [55]. Thus, the steering ellipsoid

volume is, at least to some extent, connected with the entanglement of the state. This

connection is further explored in the next subsection.

Similarly, we can obtain the volume of the quantum steering ellipsoid EA|B, determined

by

VA|B =
4π

3

| det(T> − ba>)|
(1− b2)2

, vA|B = |det T̃BA|. (6.15)

Thus, following from Eqs. (6.12) and (6.15), these two quantum steering ellipsoids for

the same state are connected with each other, in terms of their volumes,

(1− b2)2VA|B = (1− a2)2VB|A, (1− b2)2vA|B = (1− a2)2vB|A. (6.16)



Chapter 6. Quantum Steering Ellipsoids and Volume Monogamy 77

6.1.3 Quantum Steering Ellipsoids and Quantum Correlations

The set of two-qubit states has a rich structure [45–48], which could be mirrored, and

in some cases added to, by a corresponding zoo of quantum steering ellipsoids [55]. For

example, properties of steering ellipsoids reflect various features of quantum correlations,

such as discord [55, 141, 142], entanglement [55, 56, 143] and EPR-steering [144–147].

In this section, we present a brief discussion about the connections between quantum

steering ellipsoids and quantum correlations for two-qubit states.

Quantum Discord

Quantum discord is referred to a measure of quantumness from the bipartite states

beyond entanglement [43]. Specifically, for a two-qubit state ρAB, quantum discord

induced by Alice’s side is defined as [43]

DA→B(ρAB) = S(ρA)− S(ρAB) + min
ΠA

j

∑
j

S(ρ
Πj

B ), (6.17)

where S(ρ) is the von Neumann entropy of the state ρ, and Bob’s reduced state ensemble

ρ
ΠA

j

B is steered by Alice’s local projective measurements {Πj}. Further, it is shown that

the state contains zero discord, i.e., DA→B(ρAB) = 0 if and only if it is in the form of [43]

ρAB = p|e〉〈e| ⊗ ρ1 + (1− p)|ē〉〈ē| ⊗ ρ2. (6.18)

Here, p ∈ [0, 1], and any set of states |e〉, |ē〉 satisfying 〈e|ē〉 = 0.

Using quantum steering ellipsoids, the zero discord state in Eq. (6.18) for Alice can be

geometrically visualised by its steering ellipsoid EA|B degenerating to a line segment [55].

Quantum Entanglement

A two-qubit state ρAB is separable if and only if it has the following decomposition [40]

ρAB =
k∑
i

piρ
A
i ⊗ ρBi , (6.19)

where the nonnegative pi sum to 1. If not, the state is called an entangled state. This

statement could be further strengthened: for all separable states, the number of local

states needed for such decomposition is no larger than 4, i.e., k ≤ 4 [148].

Intuitively, the quantum steering ellipsoid EB|A for a separable state (6.19) is fully char-

acterised by these points {ρBi , i = 1, 2, . . . , k ≤ 4.}. Thus, the corresponding ellipsoid is

contained in a tetrahedron formed by at most four vertices given by {ρBi , i = 1, 2, . . . , k ≤
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4.}. Conversely, it is confirmed in Ref. [55] that any state with an ellipsoid that fits in-

side a tetrahedron is separable. Thus, we have a geometric entanglement criterion: a

two-qubit state is separable if and only if its ellipsoid fits inside a tetrahedron that itself

fits inside the Bloch sphere.

Additionally, the entanglement measure Concurrence, introduced in Eq. (4.25) from the

previous section (4.3.1), is close related to the volume of quantum steering ellipsoids. In

particular, the Concurrence of a two-qubit state is upper bounded by [56]

C2(ρAB) ≤ 1

1− a2

(
3VB|A

4π

)−1/2

=
v
−1/2
B|A

1− a2
=
v
−1/2
A|B

1− b2
. (6.20)

The volume vB|A is not an entanglement measure, as it is not zero for all separable states.

The normalised volume of separable states can be nonzero, although it is restricted by

the nested tetrahedron condition to be no greater than 1/27 [55].

EPR-steering

In this part, we consider whether the bipartite state is EPR-steerable from Alice to Bob.

Particularly, for the two-qubit state ρAB, if there is a local hidden state model to explain

every Bob’s reduced state ρEi
B , i.e., there exists a state ensemble {p(λ), ρB(λ)} and a

conditional probability p(i|E, λ) such that [41, 144]

pEiρ
Ei
B := TrA[ρABEi ⊗ I] =

∑
λ

p(λ)p(i|E, λ)ρB(λ), (6.21)

pE = Tr [ρABEi ⊗ I] =
∑
λ

p(λ)p(i|E, λ), (6.22)

then the state is not EPR-steerable by Alice. Here, E is the measurement performed by

Alice and Ei is the measurement element corresponding to the outcome “i”. If not, the

state is called an EPR-steerable state by Alice.

However, even for two-qubit states, we still lack a universal criterion to determine

whether any given state is EPR-steerable or not. Fortunately, for a class of two-qubit

states, which can be written in the form

ρAB =
1

4

I ⊗ I +
∑
i,j

Tijσi ⊗ σj

 , (6.23)

a necessary and sufficient condition for EPR-steerability, with respect to projective mea-

surements, has been derived via quantum steering ellipsoids, and is equivalent to check
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whether the state violates the following inequality [144, 147]∫ √
n>T 2n d2n ≤ 2π. (6.24)

This criterion may be interpreted geometrically in terms of the harmonic mean radius

of the “ inverse” ellipsoid x>T 2x = 1 being less than 2 for unsteerable two-qubit states

in Eq. (6.23) [144].

6.2 Volume Monogamy Relation for Pure Three-Qubit States

In the above section, we have reviewed quantum steering ellipsoids for two-qubit states

and their applications in reflecting bipartite quantum correlations. Steering ellipsoids

are also useful for characterising correlation properties of multiqubit states, such as

monogamy, in new ways. As discussed in Chapter 5, quantum correlations cannot be

freely shared between members of multipartite systems, resulting in monogamy relations

for, e.g., concurrence [49, 50], Bell nonlocality [51, 52, 149, 150], and EPR-steering

inequalities [53].

In this vein, Milne et al. have obtained a strong monogamy relation for the volumes of the

steering ellipsoids generated by pure three-qubit states, termed volume monogamy [56],

which is strictly stronger than the well known CKW monogamy relation for concurrence

given in Eq. (4.32) [49] in the pure regime.

In this section, we focus on this strong volume monogamy relation, and investigate its

potential applications.

6.2.1 Monogamy, Quantum Marginals and Concurrence

Consider the scenario in which Alice, Bob, and Charlie share a pure three-qubit state,

ρABC = |ψABC〉〈ψABC |, and let EB|A and EC|A denote the steering ellipsoids for Bob

and Charlie, respectively, generated by local measurements on Alice’s qubit. Milne et

al. have derived the strong volume monogamy relation [56, 151]

√
vB|A +

√
vC|A ≤ 1 (6.25)

for the corresponding normalised volumes.

This relation immediately implies that Alice cannot steer both Bob and Charlie to a

large set of states. For example, if Alice is able to steer Bob to the whole Bloch sphere

(i.e., they share a pure entangled state), then Charlie’s steering ellipsoid has zero volume
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Figure 6.1: The volume monogamy relation, Eq. (6.25), for pure states. The x-
axis and y-axis refer to the normalised volumes vB|A and vC|A respectively. Both
fully factorisable states and bipartite entangled states |ψA〉|ψBC〉 are mapped to the
origin. Two red points (1, 0) and (0, 1) correspond to the other two classes of bipartite
entangled states |ψAB〉|ψC〉 and |ψAC〉|ψB〉. The blue solid line is

√
vA|B +

√
vC|B = 1

and represents the W-class states, except for the red points (1, 0) and (0, 1). The shaded
region, including the two axes, represents the GHZ-class states.

(and indeed reduces to a single point). The volume monogamy relation (6.25) is depicted

in Fig. 6.1. It is nontrivially saturated if and only if |ψABC〉 is a W-class state [56, 151]

(see also in the below section 6.2.2).

We give here an alternative proof of Eq. (6.25) to that given in Ref. [151], which does

not require consideration of extremal ellipsoid volumes, and which provides an inter-

esting connection between the volume monogamy and the quantum marginal prob-

lem [139, 140]. For a = 1 the proof is trivial: Alice’s state is pure and hence the

shared state factorises, implying that vB|A = vC|A = 0. Otherwise, for a 6= 1 we can

apply a local filtering operation similarly to Eq. (6.6), with IB replaced by IBC and ρAB

replaced by ρABC , to obtain the corresponding canonical state ρ̃ABC with ã = 0. Taking

partial traces, the normalised volumes of Bob’s and Charlie’s steering ellipsoids follow

via Eq. (6.14) as

vB|A = ṽB|A = |det T̃AB| = c̃2, (6.26)

vC|A = ṽC|A = | det T̃AC | = b̃2, (6.27)

respectively, where the final equalities may be proved for pure canonical states by direct

calculation, or via partial transposition properties as per Ref. [151]. Finally, applying

the polygon inequality [139, 140]

b+ c ≤ 1 + a, (6.28)
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for the Bloch vectors of any pure three-qubit state, to the canonical state ρ̃ABC , yields

√
vB|A +

√
vC|A = c̃+ b̃ ≤ 1 + ã = 1

as required.

Remarkably, the volume monogamy relation (6.25) also has a deep connection with

entanglement monogamy. As mentioned in the section 6.1.3, the Concurrence of a

bipartite state ρAB has the upper bound [56]

C2(ρAB) ≤ (1− a2)
√
vB|A , (6.29)

which combined with Eq. (6.25) immediately yields the celebrated CKW inequality [49],

C2(ρAB) + C2(ρAC) ≤ (1− a2) = 4 det ρA. (6.30)

Thus, volume monogamy is a mathematically stronger condition than the monogamy

of concurrence. Note, however, the latter is valid for any three-qubit state, including

mixed states. This is not the case for Eq. (6.25), as we will show in Sec. 6.3.

6.2.2 Connection to SLOCC Classes and 3-tangle

It has been shown in Ref. [121] that any pure three-qubit state can be classified into

one of six entanglement classes, with all members of any one class being interconvertible

under SLOCC transformations, i.e., under local operations and classical communication

with some nonzero probability. In the Chapter 5, we have used the 3-tangle to classify

two classes of genuinely entangled three-qubit states. Here, we show that the 6 classes

map onto corresponding regions of Fig. 6.1, thus relating these classes to properties of

steering ellipsoid volumes.

First consider the four classes having no tripartite entanglement. The first of these

comprises all fully factorisable states, i.e., those of the form |ψABC〉 = |ψA〉|ψB〉|ψC〉.
All steering ellipsoids reduce to single points for this class, with zero volumes, and thus

it is mapped to the origin in Fig. 6.1. Next are the three classes of bipartite entangled

states, with the corresponding forms |ψA〉|ψBC〉, |ψAB〉|ψC〉 and |ψAC〉|ψB〉. For the

first of these, Alice’s qubit is uncorrelated with Bob’s and Charlie’s qubits, and hence

the steering ellipsoids EB|A and EC|A again have zero volumes, corresponding to the

origin in Fig. 6.1. For the other two bipartite classes, Alice can steer one of Bob and

Charlie’s qubits to the entire Bloch sphere, and the other to a single point. Thus, these

two classes correspond to the two red dots in Fig. 6.1, and trivially saturate volume

monogamy relation (6.25).
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Recall that the remaining two entanglement classes comprise genuine three-party entan-

gled states. They correspond to states which are convertible, under SLOCC transfor-

mations, to either the W-state

|ψABC〉 =
1√
3

(|100〉+ |010〉+ |001〉) , (6.31)

or to the Greenberger-Horne-Zeilinger (GHZ) state

|ψABC〉 =
1√
2

(|000〉+ |111〉) , (6.32)

and are called the W-class and the GHZ-class, respectively [121]. These two classes are

distinguished by having 3-tangles τ(ρABC) = 0 and τ(ρABC) > 0, respectively [121],

where for pure states [49]

τ(ρABC) := 4 det ρA − C2(ρAB)− C2(ρAC). (6.33)

As indicated in Fig. 6.1, and demonstrated below, W-class states are precisely those

states which nontrivially saturate the volume monogamy relation , while the GHZ-class

states correspond to the entire region below this saturating curve.

It has been shown by Milne et al. that the volume monogamy relation is saturated if

and only if the state is a ‘maximum volume’ state, with the canonical form

|ψ̃ABC〉 = (|100〉+ cos θ|010〉+ sin θ|001〉) /
√

2 (6.34)

up to local unitary transformations, where θ ∈ [0, π/2] [56, 151]. It is straightforward

to check that such states are bipartite entangled states for θ = 0, π/2, corresponding to

the points (0, 1) and (1, 0) in Fig. 6.1, and are W-class states otherwise [121]. Hence, all

states nontrivially saturating the volume monogamy relation are W-class states. Con-

versely, noting that W-class states have zero 3-tangle and a < 1 [121], the inequality

τ(ρABC) ≥ (1− a2)
(

1−√vB|A −√vC|A)
following from Eqs. (6.29) and (6.33) immediately implies that every W-class state sat-

urates the monogamy relation.

It follows from the above that all GHZ-class states must correspond to points in the

region below the saturating curve in Fig. 6.1. We show that indeed every point in this

region, including the axes, corresponds to such a state. In particular, we give a family

of canonical GHZ-class states for which the normalised volumes are mapped to every

point (x, y) in the shaded area in Fig. 6.1, including the axes. The explicit form of these
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states is defined via two real free parameters:

|ψ̃ABC〉 =
1√
2

(sinα|100〉+ sinβ|010〉

+ cosβ|001〉+ cosα|111〉), (6.35)

where α, β ∈ (0, π/2), which immediately maps to the coordinates x = vB|A = 1
4(cos 2α+

cos 2β)2 and y = vC|A = 1
4(cos 2α − cos 2β)2 via Eqs. (6.26) and (6.27). These fill the

shaded area because any point (x, y) therein corresponds to either: 2α = arccos(
√
x +

√
y ) and 2β = arccos(

√
x −√y ); or 2α = arccos(

√
x −√y ) and 2β = arccos(

√
x +
√
y ).

6.3 Volume Monogamy Relation for General Three-Qubit

States

A natural question to consider is whether the volume monogamy relation (6.25) is also

valid for a general mixed three-qubit state. Interestingly, the answer is negative. A

counterexample is given by

ρABC =
1

2
(|χ1〉〈χ1|+ |χ2〉〈χ2|) , (6.36)

with

|χ1〉 =
1√
6

(|101〉 − 2|011〉+ |110〉) ,

|χ2〉 =
1√
6

(|010〉 − 2|100〉+ |001〉) .

The two-qubit reduced states ρAB and ρAC are then identical Werner states, of the form

2

3
|ψ−〉〈ψ−|+ 1

3

I

2
⊗ I

2
, (6.37)

where |ψ−〉 denotes the singlet state (|01〉 − |10〉)/
√

2 . It is easy to verify that the

corresponding steering ellipsoids are spheres of radius 2/3 [55]. Hence, we have

√
vB|A +

√
vC|A = 2

√
8/27 = 1.0888 > 1, (6.38)

implying that the volume monogamy relation (6.25) does not hold for all mixed three-

qubit states. In the later section 6.5.1, we will show that Eq. (6.25) does remain valid

for the particular case of mixed states obtained via local operations on pure three-qubit

states.
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Here, instead, we will derive a volume monogamy relation that is valid for all three-qubit

states:

(vB|A)2/3 + (vC|A)2/3 ≤ 1. (6.39)

This monogamy relation is clearly weaker than Eq. (6.25) for pure states. However, it

is saturated in some cases—for example, when ρABC = ρAB ⊗ ρC where ρAB is a pure

entangled state, in which case vB|A = 1 and vC|A = 0.

The derivation of Eq. (6.39) is based on the generalised isotropic invariance of any three-

qubit state ρABC ,

Tr
[
T>ABTAB

]
+ Tr

[
T>ACTAC

]
+ Tr

[
T>BCTBC

]
≤ 3 (6.40)

(with equality for pure states), obtained in Chapter 4. The proof is sketched as follows.

First, for a pure three-qubit state ρABC , the purities of any bipartition of such a state

satisfy Tr
[
ρ2
AB

]
= Tr

[
ρ2
C

]
, Tr

[
ρ2
AC

]
= Tr

[
ρ2
B

]
, and Tr

[
ρ2
BC

]
= Tr

[
ρ2
A

]
. Writing the

above equalities explicitly gives rise to

Tr
[
T>ABTAB

]
+ a2 + b2 = 1 + 2c2,

Tr
[
T>ACTAC

]
+ a2 + c2 = 1 + 2b2,

Tr
[
T>BCTBC

]
+ b2 + c2 = 1 + 2a2.

Summing these three equations immediately leads to the identity

Tr
[
T>ABTAB

]
+ Tr

[
T>ACTAC

]
+ Tr

[
T>BCTBC

]
= 3 (6.41)

for pure three-qubit states. Second, expressing a mixed state ρABC as a convex com-

bination of pure states, ρABC =
∑

m pm|ϕm〉〈ϕm|, and letting TmAB denote the spin

correlation matrix of TrC |ϕm〉〈ϕm|, we have

Tr
[
T>ABTAB

]
=
∑
m,n

pmpnTr
[
(TmAB)> TnAB

]
≤
∑
m,n

pmpn

(
Tr
[
(TmAB)> TmAB

]
Tr
[
(TnAB)> TnAB

])1/2

≤ 1

2

∑
m,n

pmpn

(
Tr
[
(TmAB)> TmAB

]
+ Tr

[
(TnAB)> TnAB

])
=
∑
m

pmTr
[
(TmAB)> TmAB

]
. (6.42)

Here the first inequality follows from the Schwarz inequality, and the second from the
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geometric mean being no greater than the arithmetic mean. One has similar relations

for Tr
[
T>ACTAC

]
and Tr

[
T>BCTBC

]
. Summing these and using identity (6.41) for pure

states then yields Eq. (6.40) as required.

Note that Eq. (6.40) can itself be considered as a monogamy relation, for the strengths of

the pairwise spin correlations, and subsumes the known monogamy relation for pair-wise

Bell nonlocality [122].

Similarly to the proof of Eq. (6.25) in the previous section, consider the corresponding

canonical state ρ̃ABC for a 6= 1 (since Eq. (6.39) is similarly trivially satisfied when

a = 1). Equation (6.14) then yields

(vB|A)2/3 + (vC|A)2/3

=
∣∣∣det

[
(T̃AB)>T̃AB

]∣∣∣1/3 +
∣∣∣det

[
(T̃AC)>T̃AC

]∣∣∣1/3
≤ 1

3
Tr
[
(T̃AB)>T̃AB

]
+

1

3
Tr
[
(T̃AC)>T̃AC

]
≤ 1 (6.43)

as desired. Here the first inequality follows from the arithmetic-geometric mean inequal-

ity, applied to the eigenvalues of (T̃AB)>T̃AB and (T̃AC)>T̃AC , and the second inequality

from the tradeoff relation in Eq. (6.40).

6.4 Volume Monogamy Relation for Multi–Qubit States

6.4.1 Four-Qubit States

We first remark that the strong monogamy relation (6.25) for pure three-qubit states

cannot be generalised to a similar form for pure n-qubit states, for any n ≥ 4. In

particular, by purifying the counterexample in Eq. (6.36), we can construct the pure

four-qubit state

|ψ〉ABCD =
1√
2

(|χ1〉ABC |0〉D + |χ2〉ABC |1〉D) , (6.44)

implying, similarly to the counterexample, that

√
vB|A +

√
vC|A +

√
vD|A = 2

√
8/27 +

√
vD|A > 1. (6.45)

It follows more generally, by considering an n-qubit pure state with factor |ψ〉ABCD,

that the form of Eq. (6.25) does not generalise to any n ≥ 4.
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However, analogy to the weaker volume monogamy (6.39) for all three-qubit states, we

show that there exists the volume monogamy relation

(vB|A)2/3 + (vC|A)2/3 + (vD|A)2/3 ≤ 1 (6.46)

valid for any pure four-qubit state ρABCD, and give the numerical evidence strongly

supporting its validity for mixed four-qubit states.

To prove result (6.46), we adapt the techniques used in the proof of Eq. (6.39) in Sec. 6.3.

First, using the equalities of purities of any bipartition of a pure state, we have

a2 + b2 + Tr
[
T>ABTAB

]
= c2 + d2 + Tr

[
T>CDTCD

]
, (6.47)

a2 + c2 + Tr
[
T>ACTAC

]
= b2 + d2 + Tr

[
T>BDTBD

]
, (6.48)

a2 + d2 + Tr
[
T>ADTAD

]
= b2 + c2 + Tr

[
T>BCTBC

]
, (6.49)

with respect to the bipartitions (AB,CD), (AC,BD) and (AD,BC). We also have, for

the bipartition (A,BCD),

b2 + c2 + d2 + Tr
[
T>BCTBC + T>BDTBD + T>CDTCD

]
+ LBCD = 3 + 4a2, (6.50)

where

LBCD :=
∑
l,m,n

(
Tr [I ⊗ σl ⊗ σm ⊗ σn ρABCD]

)2
(6.51)

is a measure of the tripartite spin correlation strength between Bob, Charlie and Dianne.

Summing Eqs. (6.47)-(6.50) yields

Tr
[
T>ABTAB

]
+ Tr

[
T>ACTAC

]
+ Tr

[
T>ADTAD

]
= 3 + a2 − LBCD ≤ 3 + a2. (6.52)

Applying a local filtering operation similarly to Eq. (6.6), with IB replaced by IBCD and

ρAB replaced by ρABCD, to obtain the corresponding canonical state ρ̃ABCD, we have

ã = 0 and hence that

Tr
[
(T̃AB)>T̃AB

]
+ Tr

[
(T̃AC)>T̃AC

]
+ Tr

[
(T̃AD)>T̃AD

]
≤ 3. (6.53)

Eq. (6.46) then follows via the same arguments used in the derivation of Eq. (6.43).

Finally, we conjecture that inequality (6.53) generalises to

Tr
[
TABT

>
AB

]
+ Tr

[
TACT

>
AC

]
+ Tr

[
TADT

>
AD

]
≤ 3. (6.54)



Chapter 6. Quantum Steering Ellipsoids and Volume Monogamy 87

for all pure four-qubit states. We have employed numerical simulations to generate

2 × 105 random pure states and find no violation of inequality (6.54). The validity

of this conjecture would imply, using the same techniques as above, that monogamy

relation (6.46) in fact holds for all four-qubit states.

6.4.2 Multi-Qubit States

A general volume monogamy relation could be derived for n-qubit states, pure or mixed,

based on Eq. (6.39) for three-qubit states. In particular, for an n-qubit state ρABCD...

consider the normalised volumes vB|A, vC|A, vD|A, . . . of the steering ellipsoids generated

by Alice’s local measurements. The steered parties B,C,D, . . . can be grouped into
1
2(n− 1)(n− 2) distinct pairs, with each pair satisfying a volume monogamy relation as

per Eq. (6.39). Summing these relations over all such pairs and rearranging terms then

yields the general monogamy relation

(vB|A)2/3 + (vC|A)2/3 + (vD|A)2/3 + . . . ≤ n− 1

2
. (6.55)

This reduces to the three-qubit relation for n = 3, and in general places a nontrivial

constraint on the degree to which Alice can steer the states of the other parties. For

example, noting that v ≤ v2/3 for v ≤ 1, it follows that the average volume of the n− 1

ellipsoids to which Alice can steer the other parties is bounded by

v̄ |A :=
vB|A + vC|A + vD|A + . . .

n− 1
≤ 1

2 . (6.56)

For the four-qubit case, the upper bound in Eq. (6.55) is 3/2. While this is weaker than

the upper bound of 1 in Eq. (6.46) for pure four-qubit states, it has the advantage of

also being provably valid for the mixed case.

6.5 Volume Monogamy Relation With Noise

6.5.1 Local Noise and Steering Ellipsoids

Taking into account the imperfections of any experiment, including in state preparation

and measurement, the quantum state is inevitably exposed to all kinds of noise. Such

noise processes can be modeled as a noisy channel acting on an ideal initial state. We

are interested in the problem of how such channels affect the desired properties of the

initial state, and in particular the steering ellipsoid.
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Mathematically, a noisy channel acting on a bipartite state ρAB is equivalent to a com-

pletely positive and trace preserving (CPTP) map, Φ, mapping the initial state ρAB to

some ρ′AB. Here, we consider the case that the noise acts locally on each subsystem.

Thus, Φ = φA⊗ φB where φA and φB are CPTP maps acting on A and B, respectively,

and

ρ′AB = Φ(ρAB) = (φA ⊗ φB)(ρAB). (6.57)

The set of reduced states generated by Alice’s local measurements on ρ′AB follows from

Eq. (6.4) of Sec. II as

{ρ′EB } =

{
TrA [(φA ⊗ φB)(ρAB)E ⊗ IB]

Tr [(φA ⊗ φB)(ρAB)E ⊗ IB]

}
=

{
TrA [(IA ⊗ φB)(ρAB)φ?A(E)⊗ IB]

Tr
[
(IA ⊗ φB)(ρAB)φ?A(E)⊗ IB

] } ,
where E ranges over all positive operators, I denotes the identity map, and the dual

map φ? of any CP map φ is defined by Tr [φ?(X)Y ] := Tr [Xφ(Y )]. Noting φB is trace

preserving and that φ?A maps positive operators to positive operators then yields

{ρ′EB } =

{
φB (TrA [ρAB φ

?
A(E)⊗ IB])

Tr
[
ρAB φ?A(E)⊗ IB

] }

⊆
{
φB (TrA [ρAB E ⊗ IB])

Tr [ρAB E ⊗ IB]

}
=

{
φB

(
TrA [ρAB E ⊗ IB]

Tr [ρAB E ⊗ IB]

)}
.

Hence, the steering ellipsoids of ρ′AB and ρAB are related by

E ′B|A ⊆ φB(EB|A). (6.58)

Here, the state set φB(EB|A) := φB(ρEB) =
{
φB

(
TrA[ρAB E⊗IB ]
Tr[ρAB E⊗IB ]

)}
.

To determine how the volumes of the steering ellipsoids are related, note that the trace

distance between two states contracts under any CPTP map φ [14]. Moreover, for qubits,

the trace distance is proportional to the Euclidean distance in the Bloch ball [14]. As a

consequence, the volume of any set of qubit Bloch vectors contracts under CPTP maps,

yielding the inequality chain

V (E ′B|A) ≤ V (φB(EB|A)) ≤ V (EB|A) (6.59)

via Eq. (6.58). Thus, local noise never increases the volume of the steering ellipsoid.
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An immediate consequence of this result is that any volume monogamy relation, for a

given set of multiqubit states, will remain valid under the addition of local noise. For

example, it follows via Eq. (6.25) that√
v′B|A +

√
v′C|A ≤ 1 (6.60)

for any state obtained by adding local noise to a pure three-qubit state, i.e., for any

three-qubit state of the form ρ′ABC = (φA ⊗ φB ⊗ φC)(|ψABC〉〈ψABC |).

6.5.2 An Example: Local Isotropic Noise

We consider the set of states

|ϕABC〉 = p|100〉+

√
1− p2

2
|010〉+

√
1− p2

2
|001〉, (6.61)

with p ∈ (0, 1). These states are symmetric with respect to Bob and Charlie, so that

vB|A = vC|A. Moreover, it is easy to verify that these are W-class states [121]. Thus,

they saturate the volume monogamy relation in Eq. (6.25) (see Sec. 6.2.2), making them

of experimental interest.

However, the inevitable presence of noise in any experiment means that in practice

these states cannot be perfectly generated and measured. We therefore investigate the

robustness of these states under a simple noise model. In particular, we consider the

addition of local isotropic noise,

ρ′ABC = Φε(ρABC) := (φε ⊗ φε ⊗ φε)(ρABC), (6.62)

where

φε : ρ → ε

2
I + (1− ε)ρ (6.63)

corresponds to adding isotropic noise of strength ε ∈ [0, 1]. Thus, for each qubit, ε = 0

corresponds to no noise, while ε = 1 corresponds to noise so strong that the state

becomes completely mixed. The Bloch vector of each qubit is scaled by 1− ε.

6.6 Summary

We have studied volume monogamy relations for multi-qubit systems. In particular, we

have demonstrated a close connection between the volume monogamy relation (6.25) for

pure three-qubit states and the SLOCC classification of such states. A counterexample

(6.36) was constructed to show this relation does not generalise to all three-qubit states,
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Figure 6.2: The effect of local noise on the left-hand-side of the volume monogamy
relation, Eq. (6.25), for the family of states in Eq. (6.61). Here, the noise on each qubit is
a depolarizing channel with strength ε = 0 (black solid curve), 0.001 (red solid curve),
0.005 (blue dashed curve), 0.01 (purple dotted curve).

and a suitable universal volume monogamy relation (6.39) was obtained for the general

case. A similar relation was obtained in Eq. (6.46) for pure four-qubit states, and

conjectured to also hold for mixed states. Furthermore, we have found a generalised

volume monogamy relation valid for all multi-qubit states. Finally, we studied the

effects of noise on the quantum steering ellipsoid and showed that local noise channels

do not invalidate the volume monogamy relation, as such noise decreases the volume of

steering ellipsoids.

More generally, it is remarkable that the simple concept of the steering ellipsoid, i.e.,

the set of Bob’s local states that Alice can prepare by local measurements on her sys-

tem, can geometrically capture many important aspects of quantum correlations and

information processing tasks. Properties of steering ellipsoids are not only strongly con-

nected to quantum monogamy, as investigated here, but have also been closely linked

with quantum communication protocols based on, for example, Bell nonlocality [143],

teleportation [143], and Einstein-Podolsky-Rosen steering [144, 147].

It is hoped that further investigation of steering ellipsoids (and their generalisations to

higher dimensions will be discussed in next Chapter 8) will cement their relevance to

understanding the properties and usefulness of quantum correlations. This goes well

beyond properties of ellipsoid volumes: for example, while local dissipation reduces

volumes as per Sec. 6.5, it is also known that such noise can enhance teleportation

fidelity for some states [152]. Hence, a geometric characterisation of such states will

require consideration of aspects other than volume (such as semiaxis lengths [143]).

Many open questions remain for future work even within the confines of volume monogamy

relations. For example, can stronger monogamy relations than Eqs. (6.39) and (6.46)

be obtained? Is the four-qubit conjecture in Eq. (6.54) valid? Is there some underlying

connection between volume monogamy relations and that of other types of entangle-

ment [153–155]? How close might we get to these bounds with experiments? Finally, a
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natural question whether volume monogamy relations in Eqs. (6.25) and (6.39) can be

generalised to higher-dimensional systems will be investigated in Chapter 8.



Chapter 7

Incompleteness of Steering for

Two-Qubit States

In the previous chapter, we investigated the conditioning effect on Bob’s qubit of a

measurement performed on Alice’s qubit when it is correlated with Bob’s. The state set

EB|A that Bob is steered to is described by the so-called quantum steering ellipsoid that

lives in Bob’s Bloch sphere. In this chapter, we continue to study Alice’s ability to steer

Bob. Particularly, we consider a subtlety of quantum steering: steering completeness,

describing which decompositions of Bob’s reduced state that Alice can steer to. We

begin with a brief review to complete steering for two-qubit states in Sec. 7.1. Then,

in Sec. 7.2 we give a further analysis of steering completeness for two-qubit states and

propose an alternative way to characterise this subtle steering phenomenon.

7.1 Steering Completeness for Two-Qubit States

Consider some non-product two-qubit state ρAB shared by Alice and Bob. Alice’s steer-

ing of Bob is termed ‘complete’ if and only if for any convex decomposition of Bob’s

local state ρB such that ρB =
∑

j pjρj with pj ≥ 0, ρj ∈ EB|A, there always exists a

POVM for Alice that steers Bob to the ensemble {pj , ρj} [55]. Surprisingly, it was found

in [55] that qubit steering is not always complete. In this section, we recap some key

results derived in [55] that are helpful to our later analysis of steering completeness for

two-qubit states.

Recall that any two-qubit state shared by Alice and Bob can be written as

ρAB =
1

4

I ⊗ I + a · σ ⊗ I + I ⊗ b · σ +

3∑
i,j

Tijσi ⊗ σj

 .

92
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And the matrix Θ =

(
1 b>

a T

)
fully determines the state. Hence, it can be used to

reveal steering completeness. In particular, it is shown in [55] that Alice’s steering is

complete if and only if (
1

0

)
∈ range(Θ). (7.1)

This criterion immediately provide us a practical way to check whether Alice can com-

pletely steer Bob or not. For example, when Θ is a non-singular matrix of dimension

4 by 4, its range spans the whole 4-dimensional real space and obviously contains the

element (1,0>)>. This implies that Alice has complete steering of Bob for the state

associated with the above Θ and then the normalised volume of Bob’s steering ellipsoid

is nonzero, i.e.,

vB|A =
| det Θ|

(1− a2)2
=
| det(T> − ba>)|

(1− a2)2
6= 0. (7.2)

Note that all entangled two-qubit states satisfy det(Θ) 6= 0, and thus Alice always has

complete steering of Bob when they share an entangled state. Conversely, if Alice lacks

complete steering of Bob, then the determinant of Θ and the normalised volume vB|A

must vanish.

In the same way, we could also investigate the steering completeness for Bob. Inter-

estingly, it is pointed out in Ref. [55] that the steering completeness is an asymmetric

property of two-qubit states. For example, the state

ρAB =
1

2
(|00〉〈00|+ |+1〉〈+1|) (7.3)

with |+〉 = 1√
2

(|0〉+ |1〉), has complete steering of Alice by Bob, but not vice versa.

7.2 An Alternative Description of Steering Completeness

The definition of steering completeness requires searching all convex decompositions of

Bob’s local state ρB with ρB =
∑

i piρi, ∀ρi ∈ EB|A, to verify whether Alice has complete

steering of Bob. However, it was shown in [55] that this can be simplified to only check

these convex decompositions satisfying

ρB =
∑
i

piρi, ∀ ρi ∈ ∂EB|A. (7.4)
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∂ means the “boundary”1 of the steering ellipsoid EB|A and in this case ∂EB|A is given

by the state set UB|A that Alice’s rank-one projectors steer Bob to, i.e.,

UB|A :=

{
b + T>e

1 + a · e
: e = |e| = 1

}
. (7.5)

It is obvious that for two-qubit states the convex hull of ∂EB|A gives rise to the ellipsoid

EB|A. Furthermore, this leads to an equivalent description of complete steering: Alice’s

steering of Bob is complete if and only if for any convex decomposition of ρB in ∂EB|A,

Alice has a POVM to steer Bob to the state ensemble.

Here, we can further simplify this problem and narrow the range of possible convex

decompositions of Bob’s state to verify Alice’s steering completeness. Recall that the

set ∂EB|A defined in Eq. (7.5) is the boundary of the steering ellipsoid EB|A generally.

Instead, we consider the set of extremal points of the steering ellipsoid EB|A and denote

it as

SB|A = Extrema(EB|A). (7.6)

It is obvious that

Conv(SB|A) = EB|A, SB|A ⊆ ∂EB|A. (7.7)

When EB|A is a 3-dimensional ellipsoid, SB|A describes the ellipsoidal surface and thus

we have

SB|A = ∂EB|A. (7.8)

Note from Chapter 6 that EB|A is completely determined by its centre cB|A in Eq. (6.10)

and the orientation matrix QB|A in Eq. (6.11). The 3-dimensional ellipsoid means QB|A

is non-singular, which in turn implies det(T> − ba>) 6= 0. As a consequence, it follows

from Eq. (7.2) that Alice always has complete steering of Bob. This is trivial.

Then, some natural questions arise: Compare to Eq. (7.8) for the trivial ellipsoid case,

can we faithfully determine SB|A for the nontrivial case? Can the above alternative

description of complete steering be generalised to the non-ellipsoid case? We will answer

these questions in order during the next subsections.

1Rigorously, the notation “ellipsoid” used here is not equivalent to the mathematical definition of
an ellipsoid. Mathematically, an ellipsoid is a quadratic surface that may be obtained by deforming a
sphere. In this thesis, an ellipsoid is used to describe both a quadratic surface and its interior volume,
which is consistent with Ref. [55]. Thus, we are able to define the boundary ∂EB|A and the ellipsoidal
surface SB|A.
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7.2.1 Characterisation of SB|A for Degenerate Cases

It is worthy noting that the matrix T> − ba> plays a key role in determining the geo-

metric dimension of EB|A due to Eq. (7.2) and admits the singular value decomposition

T> − ba> =

3∑
j=1

sjLjR
>
j , (7.9)

where the real vectors {Lj}3 and {Rj}3 are left eigenvector bases and right eigenvector

bases of the matrix respectively, and s1 ≥ s2 ≥ s3 ≥ 0 are its singular values. Then,

Alice’s Bloch vector a can be alternatively written in the new basis {Rj}3 as

a =
3∑

k=1

akRk. (7.10)

Denote r as the rank of the matrix T>−ba>, so we have s1, . . . , sr 6= 0, sr+1, . . . , s3 = 0.

As we can see, r determines whether EB|A gives an ellipsoid (r = 3), an ellipse (r = 2),

or a line (r = 1). Before analysing the ellipse and line case separately, we first obtain

a useful byproduct that results from combining Eq. (7.1) with Eq. (7.10), immediately

yielding a new criterion for steering completeness:

Alice has complete steering of Bob if and only if a =
∑r

k=1 akRk , where r is the rank of

T> − ba>. Similarly, Bob has completely steering Alice if and only if b =
∑r

k=1 bkLk.

Moreover, this gives rise to a geometric description of steering completeness, stated

as: Alice has complete steering of Bob if and only of the affine span of Alice’s steering

ellipsoid EA|B contains the maximally mixed state [55].

For the nontrivial case where EB|A is not an ellipsoid, EB|A degenerates to be an ellipse

or a line segment. This means that both QB|A and T>−ba> are singular, which further

implies the possibility that Alice does not has the ability to complete steer Bob.

7.2.1.1 The Ellipse Case

An arbitrary rank-one projector for Alice can be described as Π = 1
2(1 + e · σ). Then,

rewrite it in the basis {Rj}3 in Eq. (7.9) as

e = e1R1 + e2R2 + e3R3, (7.11)

with e2
1 + 22

2 + e2
3 = 1.
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Correspondingly, Bob’s steered state is

x := b +
(T> − ba>)e

1 + a · e
= b +

s1e1

1 + a · e
L1 +

s2e2

1 + a · e
L2 := b + x1L1 + x2L2. (7.12)

For the steering ellipse, there is the centre

c = b− (T> − ba>)a

1− a2
= b− s1a1

1− a2
L1 −

s2a2

1− a2
L2 := b− c1L1 − c2L2, (7.13)

and the orientation matrix

QB|A =
1

1− a2

(
s1L1R

>
1 + s2L2R

>
2

)(
I +

aaT

1− a2

)(
s1R1L

>
1 + s2R2L

>
2

)
(7.14)

=
1

1− a2
[s2

1(1 +
a2

1

1− a2
)L1L

>
1 + s1s2

a1a2

1− a2
L1L

>
2

+ s1s2
a1a2

1− a2
L2L

>
1 + s2

2(1 +
a2

2

1− a2
)L2L

>
2 ].

Furthermore, SB|A describes the ellipse curve2 of the steering ellipse EB|A, characterised

by the points x = (x1, x2)> in Eq. (7.12) displaced by a common vector b. If x is in

SB|A, then

(x− c)>Q−1
B|A(x− c) = 1, (7.15)

where the centre c = (c1, c2)> in given in Eq. (7.13). Replacing Eqs. (7.11) and (7.13)

into Eq. (7.15) immediately yields

(1− a2)
[
(1 + a3e3)2 − (1− a2

3)(e2
1 + e2

2)
]

=(1− a2)
[
(1 + a3e3)2 − (1− a2

3)(1− e2
3)
]

=− (1− a2)(a3 + e3)2

=0. (7.16)

Thus we derive an exact relation,

e3 = −a3, (7.17)

ensuring that the rank-one projector Π steers Bob to a state in BB|A.

Finally, we have

SB|A =
{b + T>e

1 + a · e
: e2 = 1, e3 = −a3

}
. (7.18)

Here, a3 and e3 are given in Eqs. (7.10) and (7.11) respectively.

2For the 3-dimensional elipsoid, SB|A is called the ellipoidal surface of the ellipsoid; for the 2-
diemensional ellipse, SB|A is called as the ellipse curve; for the 1-dimensional line segement, SB|A
contain only two endpoints of the line.
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7.2.1.2 The Line Case

For the line case where r = 1, two singular values si in Eq. (7.9) vanish: s2 = s3 = 0.

Similarly, Bob’s steered state in EB|A are end points of the line segment EB|A and can

be expressed as

x = b +
(T> − ba>)e

1 + a · e
= b +

s1e1

1 + a · e
L1 = b + x1L1. (7.19)

To find the end points in EB|A is to optimise

x =
s1e1

1 + a · e
, subject to e2

1 + e2
2 + e2

2 = 1. (7.20)

By using the Lagrange multiplier method, we can easily derive the optimal condition

given by

e1 = ±
√

1− e2
2 − e2

2 , e2 = −a2, e3 = −a3. (7.21)

Thus, there are only two states existing in the extreme set,

SB|A =
{b + T>e

1 + a · e
, e1 = ±

√
1− e2

2 − e2
2 , e2 = −a2, e3 = −a3

}
. (7.22)

a2, a3 and e2, e3 are again given in Eqs. (7.10) and (7.11) respectively.

7.2.2 Steering Completeness for Degenerate Ellipsoids

For degenerate ellipsoids, including ellipses and lines, it is evident from Eq. (7.5) that

the boundary ∂EB|A actually covers the steering ellipse or the steering line EB|A. Thus,

we have a strict inclusion relation

SB|A ⊂ ∂EB|A. (7.23)

One natural question is whether there is still a sufficient and necessary condition for

Alice’s steering completeness by only checking if there always exists a POVM for Alice

to steer Bob to the given convex decomposition of ρB in SB|A. Without loss of generality,

we can assume that Alice’s POVM contains only rank-one projectors. A typical class of

these POVMs acting on Alice’s qubit is the projective measurement, yielding a two-state

ensemble for Bob. Thus, this prompts us to ask if the following is true:

Alice has complete steering of Bob if and only if for any convex two-state decomposition

of ρB in SB|A, Alice has a projective measurement to steer Bob to the state ensemble.
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In this section, we give an affirmative answer to the above question. We consider only

the ellipse case, as the line case could be analysed in the same way and is even simpler.

A projective measurement for Alice’s qubit contains two rank-one projectors:

Π1 =
1

2
(I + e · σ) ,Π2 =

1

2
(I − e · σ) , (7.24)

where |e| = 1. If both of them steer Bob to states in the extreme set SB|A, then it

follows directly from Eq. (7.18) that these projectors must satisfy

e3 = −a3, − e3 = −a3, (7.25)

with respect to the basis {Rj}. This immediately leads to a3 = 0, which coincides

with the criterion for Alice’s steering completeness derived as a byproduct in Sec. 7.2.1.

Conversely, Alice’s steering completeness naturally results in Alice’s ability to steer Bob

to the state ensemble in SB|A. Thus, for the ellipse case, we confirm the validity of

our alternative description of complete steering. Furthermore, we can obtain the same

conclusion for the line segment case in the same way.

In a summary, we have given an approach to describe Alice’s complete steering of Bob.

Our approach simplifies the characterisation of complete steering to only involve the

convex decompositions of ρB on the ellipse curve (or the endpoints), which simplifies

the problem. Moreover, this approach may be generalised to study steering completeness

for higher dimensional bipartite states, which will be discussed in the next chapter.

7.2.3 Quantification of Steering Incompleteness

According to the arguments in the above section, if Alice can not completely steer Bob,

then Bob’s steering ellipsoid EB|A must degenerate to an ellipse or a line. Based on

our approach to steering completeness, we introduce a geometric description of steering

incompleteness and propose a measure to quantify it. Here, we mainly focus on the

ellipse case as it is trivial to analyse the line case.

A projective measurement given in Eq. (7.24) for Alice steers Bob to the state ensemble

{p1ρ
Π1
B , p2ρ

Π2
B }. If one outcome element, such as Π1, steers Bob to a state in the extreme

set SB|A, i.e., ρΠ1
B ∈ SB|A, a natural question is whether the steered state ρΠ2

B is also in

SB|A. This can be answered by using our approach to steering completeness: Alice has

complete steering of Bob if and only if for any convex decomposition obeying

ρB = p1ρ1 + p2ρ2, ρ1, ρ2 ∈ SB|A, (7.26)
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Alice has a projective measurement to steer Bob to the above state ensemble. Thus,

conditioned by the assumption that ρΠ1
B ∈ SB|A, Alice’s ability to steer Bob completely

determines whether

ρΠ2
B ∈ SB|A.

To be more specific, if ρΠ1
B ∈ SB|A, then Alice’s steering completeness requires that there

exists an other state ρΠ2
B also in SB|A while Alice’s steering incompleteness imposes that

there does not.

Naturally, we introduce the set

E ′B|A := Conv
({
ρΠ2
B : ρΠ1

B ∈ SB|A,Π1 + Π2 = I
})

, (7.27)

complementary to the steering ellipsoid EB|A, and define its extremal set S ′B|A as

S ′B|A = Extrema(E ′B|A). (7.28)

This set may be regarded as a complementary set to SB|A. Due to the symmetric

property of Π1,Π2 for Alice’s projective measurements, we have

Alice has complete steering of Bob ⇔ SB|A = S ′B|A. (7.29)

Further, in order to compare these two sets SB|A and S ′B|A, we define

A = area(Conv(SB|A)), A′ = area(Conv(S ′B|A)), (7.30)

respectively. Hence, we propose using the relative ratio between the areas enclosed by

the convex hull of S ′B|A,SB|A

I := 1− A
′

A
(7.31)

to quantify Alice’s steering incompleteness. In particular, when Alice has complete

steering of Bob, we have

I = 0⇔ SB|A = S ′B|A ⇔ a3 = 0. (7.32)

When Alice’s steering is incomplete, we could first characterise SB|A and then compute

A. However, next we are faced with: What is the complementary set S ′B|A? How can

we calculate its area A′ for two-qubit states?
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Fortunately, we show that S ′B|A is also described by an ellipse curve in Bob’s Bloch

sphere. Note first that any state in S ′B|A can be expressed in the same basis {Rj} as

x′ = b− (T> − ba>)e

1− a>e
= b+

−s1e1

1 + a2
3 − a1e1 − a2e2

L1 +
−s2e2

1 + a2
3 − a1e1 − a2e2

L2. (7.33)

Introduce two parameters (x′1, x
′
2) to describe the state vector x′ − b as

x′1 =
−s1e1

1 + a2
3 − a1e1 − a2e2

, (7.34)

x′2 =
−s2e2

1 + a2
3 − a1e1 − a2e2

. (7.35)

Then we can obtain

e1 =
(1 + a2

3)s2x
′
1

a1s2x′1 + a2s1x′2 − s1s2
,

e2 =
(1 + a2

3)s1x
′
2

a1s2x′1 + a2s1x′2 − s1s2
.

Using the relation e2
1 + e2

2 = 1− e2
3 = 1− b23, we are able to obtain

(1 + a2
3)2

1− a2
3

(s2
2(x′1)2 + s2

1(x′2)2) = (a1s2x
′
1 + a2s1x

′
2 − s1s2)2. (7.36)

This means the vector (x′1, x
′
2)> forms an ellipse, which is described by its centre c′ and

the orientation matrix Q′B|A. Thus, the measure Ig is equal to

I = 1− A
A′

= 1−

√
detQ′B|A

detQB|A
. (7.37)

Finally, we remark that we can also introduce S ′ for the line case. Similarly, for steering

lines, we can define

L = length(Conv(SB|A)), L′ = length(Conv(S ′B|A)). (7.38)

Thus, there is the quantifier for Alice’s steering incompleteness as

I := 1− L
′

L
. (7.39)
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7.2.4 An Example

A specific example is given to illustrate this measure for steering incompleteness. Con-

sider the two-qubit state ρAB, described by the Θ with

a = (0, 0, 1/3)>,

b = 0,

T =


1/3 0 0

0 1/3 0

0 0 0

 . (7.40)

Then, we can obtain the steering ellipse EB|A

c = −(T> − ba>)a

1− a2
= 0,

QB|A =


1/8 0 0

0 1/8 0

0 0 0

 :=
1

8
R1R

>
1 +

1

8
R2R

>
2 .

and derive the state vectors x in SB|A described by

x =
(T> − ba>)e

1 + a · e
=

e1

3 + e3
R>1 +

e2

3 + e3
R>2 , e

2
1 + e2

2 + e2
3 = 1, e3 = −1/3,

and the state vectors x′ in S ′B|A described by

x′ = −(T> − ba>)e

1− a · e
= − e1

3− e3
R>1 −

e2

3− e3
R>2 , e

2
1 + e2

2 + e2
3 = 1, e3 = −1/3.

Correspondingly, the SB|A gives rise an ellipse

x2
1 + x2

2 =
1

8
, (7.41)

while the S ′B|A forms an ellipse

(x′1)2 + (x′2)2 =
9

100
. (7.42)

Thus the incompleteness measure is

I = 1− 1−

√
detQ′B|A

detQB|A
= 1−

√
72

100
≈ 0.151. (7.43)
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Figure 7.1: For the two-qubit state ρAB in Eq. (7.40), Alice’s ability to steer Bob
to different state regions is plotted. The whole blue region represents Bob’s steering
ellipse EB|A, and its ellipse curve is described by SB|A in Eq. (7.41). The orange line
visualises the set S ′B|A, also mapping an ellipse curve given by Eq. (7.42).

7.3 Summary

We have first reviewed complete steering for general two-qubit states and then analysed

thoroughly steering incompleteness for two-qubit states when the quantum steering el-

lipsoids are degenerate. Furthermore, we gave an alternative approach to describing

steering completeness and proposed a computable measure to quantify Alice’s ability to

steer Bob.

There are still some open questions to be solved: What is the largest amount of incom-

pleteness possible? Can it approach one? What is the nature of steering incompleteness

for higher dimensional bipartite states beyond qubits? Is our alternative approach useful

in this setting? These issues will be investigated in the next chapter.



Chapter 8

Incompleteness of Steering for

Purifications of Two-Qubit States

A two-qubit state shared by Alice and Bob could be purified by introducing a third

party, whom we name Eden, such that the whole system is in a joint pure state. We

have studied Alice’s ability to steer Bob in Chapter 6 and Chapter 7. Moreover, it was

shown in Chapter 6 that when Eden also has a qubit, there are steering monogamy

relations between the volumes of quantum steering ellipsoids EB|A and EB|E , and a tight

relation exists when the joint ABE-state is pure, i.e. [56]

(1− a2)
√
VB|A + (1− e2)

√
VB|E ≤ (1− b2)

√
4π

3
. (8.1)

This inequality imposes a tradeoff between Alice’s and Eden’s ability to steer Bob.

In this chapter, we investigate the steerability for this tripartite ABE-system. In partic-

ular, we are interested in Alice’s and Eden’s ability to steer Bob when Eden can purify

an arbitrary two-qubit state held by Alice and Bob. First, we lay out our motivations

and formulate the core issues to be examined in Sec. 8.1. In Sec. 8.2, we show that

Eden’s steering of Bob (or Alice) could be still described by a steering ellipsoid, but

that, generically, EB|E coincides with Bob’s whole Bloch sphere. This suggests that no

volume tradeoff, similar to Eq. (8.1), can exist between Alice’s and Eden’s ability to

steer Bob. In order to better understand this surprising result, we then turn to the

phenomenon of incomplete steering discussed in Chapter 7 and introduce a hierarchi-

cal approach to steering completeness for bipartite systems where one side is higher

dimensional, in Sec. 8.3. Finally, in Sec. 8.4, we show that there is a nontrivial volume

monogamy relation between Alice’s and Eden’s steerability for pure qubit-qubit-qutrit

states and a nontrivial volume tradeoff relation for pure qubit-qubit-ququart states.

103
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8.1 Motivations

A non-pure two-qubit state could be purified by introducing an ancilla, which can be

thought as the environment, such that the whole system is in a pure state. We can ‘give’

this environment a third party, named Eden, in addition to Alice and Bob sharing the

two-qubit state. Depending on the rank d of the two-qubit density operator ρAB, Eden

should correspondingly hold a qubit (d = 2), a qutrit (d = 3), or a ququart (d = 4).

For the d = 2 case, the joint ABE-system is in a pure three-qubit state. As discussed

in Chapter 6, Alice’s and Eden’s ability to steer Bob can be described by quantum

steering ellipsoids EB|A and EB|E respectively, and are further constrained by steering

monogamy between the volumes, such as the tight relation in Eq. (8.1). In this chapter,

we are interested in the steering phenomenon when Eden’s side is beyond qubits. To

be specific, we consider the following question: Are there steering monogamy relations

between Alice’s and Eden’s ability to steer Bob, similar to Eq. (8.1), for tripartite systems

where Eden has a qudit (i.e., d ≥ 3)?

Before answering the above question, we first examine an important issue: Can the steer-

ability of a qubit be still described by quantum steering ellipsoids for higher dimensional

bipartite systems beyond two qubits? Fortunately, we can give an affirmative answer

to this issue in some cases, indicating that we may still use quantum steering ellipsoids

and their volumes to study whether there exist tradeoff relations of quantum steering

for purifications of two-qubit states.

8.2 Quantum Steering Ellipsoids for Higher Dimensional

Bipartite States

In this section, we investigate the conditioning effect on Bob’s qubit when a measurement

is performed on Eden’s qudit. Specifically, given an arbitrary rank-2 qubit-qudit state

ρBE shared by Bob and Eden (i.e., one which can be purified into a pure state by Alice

with a qubit), we show that the set EB|E that Bob is steered to forms a steering ellipsoid

and in fact coincides with the Bloch ball.

In analogy to the derivation of quantum steering ellipsoids for two-qubit states, we first

note that any qubit-qudit state ρBE can be still written in the generalised Gell-mann

basis as

ρBE =
1

2d

IB ⊗ IE + b · σ ⊗ IE + IB ⊗ ẽ · σ̃ +
∑

i=1,...,3,j=1,...r2−1

Tijσi ⊗ σ̃j

 . (8.2)
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Here, σ ≡ (σ1, σ2, σ3) denotes the vector of standard Pauli spin operators for single

qubits and σ̃ ≡ (σ̃1, . . . , σ̃d2−1) denotes the vector of generalised Gell-mann spin opera-

tors [156] for qudits, obeying Tr [σ̃mσ̃m] = δmn, ∀m,n = 1, . . . , d2−1. IB, IE are identity

operators. b and ẽ are the Bloch vectors of Bob’s and Eden’s reduced states, defined by

b := Tr [ρBEσ] , ẽ := Tr [ρBEσ̃] , (8.3)

and T = (Tij) is the spin correlation matrix of dimension 3 by d2 − 1.

Each local measurement outcome for Eden is associated with some element F ≥ 0 of a

positive-operator-valued-measure (POVM) which describes her measurement. For qudit

systems, the measurement element can be described by

F = f0 (IE + f · σ̃) , (8.4)

with f0 ≥ 0 and |f | ≤ 1. This outcome leads to the steered state

ρEB =
TrE [ρAB IB ⊗ E]

pE
=

1

2

(
I +

(b + T f) · σ
1 + ẽ · f

)
for Bob’s qubit with probability

pE = Tr [ρBE IB ⊗ E] = f0 (1 + ẽ · f) .

Thus, all possible local measurements by Eden lead to the set of Bob’s steered states,

via the Bloch representation,

EB|E ⊆
{

b + T f

1 + ẽ · f
: f = |f | ≤ 1

}
. (8.5)

Since the condition f0 ≥ 0 and |f | ≤ 1 can not ensure F ≥ 0, we cannot replace the

inclusion relation by an equality. Thus, even if ẽ = 0 for Eden’s local state, we cannot

conclude directly that EB|E is an ellipsoid because the generalised spin correlation matrix

T is a surjective function mapping from a subset of the d2 − 1 dimensional unit ball to

a 3-dimensional real space. Generally, it is highly nontrivial to determine whether EB|E
is a steering ellipsoid or not. In the next subsection, we will use an alternative approach

to show that EB|E in Eq. (8.5) is indeed an ellipsoid for some interesting qubit-qudit

states.

Finally, we remark that all of Eden’s steered states conditioned on Bob’s measurements

could be defined as EE|B in the same way. It has been shown in [55] that the set of

states that Bob can steer Eden to forms a 3-dimensional ellipsoid, which is embedded in
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a d2 − 1 dimensional real space. Moreover, given the local Bloch vectors, the embodied

steering ellipsoid still suffice as a faithful representation for the qubit-qudit states [55].

8.2.1 Qubit-Ququart States

Any measurement element F of Eden’s POVMs can be described as a convex sum of

rank-one projectors,

F =
∑
i

fi Πi, (8.6)

where ΠiΠj = δijΠi, and the corresponding coefficients obey fi ≥ 0 and
∑

i fi ≤ 1. This

implies that Bobs’ steered state, corresponding to this measurement element F , can be

rewritten as

ρFB =
∑
i

fi pΠi∑
j fj pΠj

ρΠi
B . (8.7)

Hence, it is enough to study set of Bob’s steered states, with respect to all Eden’s

possible projectors,

UB|E :=

{
ρΠ
B =

TrE [ρBE IB ⊗Π]

Tr [ρBE IB ⊗Π]
: Π

}
, (8.8)

as it follows from Eq. (8.7) that

EB|E ≡ Conv(UB|E). (8.9)

Note that the boundary ∂EB|E of EB|E is generally inequivalent to the set UB|A defined

in Eq. (8.8), differently from the two-qubit case. Thus, the problem of whether EB|E
in Eq. (8.5) gives rise to an ellipsoid reduces to the same problem for the set UB|E in

Eq. (8.8).

First, denote the Schmidt basis states for Eden’s ququart as {|1〉, |2〉, |3〉, |4〉}. The pure

joint ABE-state |Ψ〉ABE can be written in an explicit form as

|Ψ〉ABE = λ1|1〉E |ϕ1〉AB + λ2|2〉E |ϕ2〉AB + λ3|3〉E |ϕ3〉AB + λ4|4〉E |ϕ4〉AB. (8.10)

Here,
∑4

i=1 |λi|2 = 1 and all λi 6= 0 as the Schmidt rank for this ququart case is 4. Note

that the bipartite states |ϕk〉AB form an orthogonal basis for the two-qubit state, i.e.,

〈ϕi|ϕj〉AB = δij . It is obvious that an arbitrary product state |ψ〉AB can be expressed

as

|ψ〉AB = |φ〉A|φ〉B =
4∑

k=1

µk|ϕk〉AB, (8.11)

where
∑

k |µk|2 = 1.
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Further, any rank-one projector Π acting Eden’s ququart admits the following expression

Π = |φ〉E〈φ|, (8.12)

with

|φ〉E =

4∑
j=1

xj |j〉E ,
∑
j

|xj |2 = 1. (8.13)

When the projector for Eden is constructed as

|φ〉E =

4∑
i=1

µ∗i

λ∗i

√∑
j
|µj |2
|λj |2

|i〉E , (8.14)

it is easy to verify that Eden steers the joint AB system to

ρΠ
AB =

TrE [|Ψ〉ABE〈Ψ|IA ⊗ IB ⊗Π]

Tr [|Ψ〉ABE〈Ψ|IA ⊗ IB ⊗Π]
= |ψ〉AB〈ψ| = |φ〉A〈φ| ⊗ |φ〉B〈φ|. (8.15)

Due to the arbitrariness of the state |ψ〉AB in Eq. (8.11), Eden can always pick up a

projective measurement of which one outcome steers Bob’s qubit to a pure state. Thus,

Bob’s Bloch sphere is contained in the set UB|E and further in EB|E , which in turns lies

in Bob’s Bloch sphere.

Thus, we come to the conclusion for qubit-ququart states that EB|E could be still de-

scribed by a quantum steering ellipsoid but it coincides with the whole Bloch ball. As

a byproduct, we obtain a stronger result that Eden can simultaneously steer Alice and

Bob to any pure state because of Eq. (8.15), and thus both Alice’s and Bob’s steering

ellipsoids that Eden steers to are the whole Bloch ball.

8.2.2 Qubit-Qutrit States

Consider the case where Eden could use a qutrit to purify the joint AB-state ρAB.

That is, one of the four Schmidt coefficients in Eq. (8.10) vanishes: λ4 = 0. The joint

ABE-system is then in a pure state

|Ψ〉ABE = λ1|1〉E |ϕ1〉AB + λ2|2〉E |ϕ2〉AB + λ3|3〉E |ϕ3〉AB. (8.16)

The three orthogonal bipartite states |ϕk〉 in the above equation cannot form a complete

basis set for two-qubit states. Thus, we cannot apply the constructive method used in

the above subsection directly. However, we are able to show that Eden is still able to

steer Alice and Bob to any pure state.
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First, write these bipartite states |ϕk〉 in Eq. (8.16) explicitly in the two-qubit com-

putional basis |00〉, |01〉, |10〉, |11〉 as,

|ϕ1〉AB = a11|00〉+ a12|01〉+ a13|10〉+ a14|11〉

= |0〉A(a11|0〉B + a12|1〉B) + |1〉A(a13|0〉B + a14|1〉B),

|ϕ2〉AB = a21|00〉+ a22|01〉+ a23|10〉+ a24|11〉

= |0〉A(a21|0〉B + a22|1〉B) + |1〉A(a23|0〉B + a24|1〉B),

|ϕ3〉AB = a31|00〉+ a32|01〉+ a33|10〉+ a34|11〉

= |0〉A(a31|0〉B + a32|1〉B) + |1〉A(a33|0〉B + a34|1〉B).

The parameters aij are constrained to satisfy 〈ϕi|ϕj〉 = δij . Moreover, the rank-one

projector for the qutrit, is written as Π = |φ〉〈φ|,

|φ〉E =
x∗1
λ∗1
|1〉E +

x∗2
λ∗2
|2〉E +

x∗3
λ∗3
|3〉E , (8.17)

where the parameters xj are unknown and needed to be solved.

Then, Eden’s projective measurement outcome, characterised by |φ〉〈φ| in Eq. (8.17),

steers Alice and Bob to the pure state

x1|ϕ1〉AB + x2|ϕ2〉AB + x3|ϕ3〉AB (8.18)

=|0〉A [(x1a11 + x2a21 + x3a31)|0〉B + (x1a12 + x2a22 + x3a32)|1〉B]

+ |1〉A [(x1a13 + x2a23 + x3a33)|0〉B + (x1a14 + x2a24 + x3a34)|1〉B] .

If we require Bob’s qubit to be in a pure state, such as α|0〉B + β|1〉B, then these xj

must satisfy

β(x1a11 + x2a21 + x3a31) = α(x1a12 + x2a22 + x3a32), (8.19)

β(x1a13 + x2a23 + x3a33) = α(x1a14 + x2a24 + x3a34), (8.20)

or, in a compact form,

[
βa11 − αa12, βa21 − αa22, βa31 − αa32

βa13 − αa14, βa23 − αa24, βa33 − αa34

]
x1

x2

x3

 := A ·X = 0. (8.21)

Obviously, the coefficient matrix A is singular, i.e., rank(A) ≤ 2 so that the above linear

equations are always solvable for arbitrary α, β, implying that there always exists a
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projective measurement for Eden to steer Bob to any pure qubit state. Thus, Eden can

steer Bob’s qubit and Alice’s qubit to the whole Bloch sphere.

8.2.3 Qubit-Qubit States

For the case where Eden’s side is a qubit, two of the four Schmidt coefficients in Eq. (8.10)

vanish: λ3 = λ4 = 0. The pure 3-qubit state is

|Ψ〉ABE = λ1|1〉E |ϕ1〉AB + λ2|2〉E |ϕ2〉AB. (8.22)

Thus, Eden and Bob share the two-qubit state ρBE = TrA[|Ψ〉ABE〈Ψ|]. Following

directly from the results in Chapter 6, Eden’s ability to steer Bob could be still described

by the quantum steering ellipsoid EB|E . Generally, ρBE is not maximally entangled, and

thus the ellipsoid EB|E lies inside Bob’s Bloch sphere.

8.2.4 Summary

Combining the results for the qubit-ququart case in Sec. 8.2.1 with these for the qubit-

qutrit case in Sec. 8.2.2, we have shown that EB|E for an higher dimensional bipartite

state generally coincides with the Bloch sphere, and thus the volume VB|E = 4π
3 . This,

however, suggests that no volume tradeoff, similar to Eq. (8.1), can exist between Alice’s

and Eden’s ability to steer Bob for higher dimensional tripartite states. In order to better

understand this result, we turn to steering completeness for qubit-qudit states.

8.3 A Hierarchical Approach to Steering Completeness for

Bipartite Systems

In this section, we generalise our alternative description of steering completeness as

discussed in Chapter 7 to higher dimensional bipartite states where one side is a qudit,

and establish a hierarchical approach to studying Eden’s ability to steer Bob. Recall

from the Sec. 7.2 that for a non-product two-qubit state ρAB shared by Bob and Alice,

we proved that Alice has complete steering of Bob if and only if, for any convex two-state

decomposition of Bob’s local state inside the extreme set SB|A, Alice has a projective

measurements to steer Bob to that state ensemble. Here, we just replace Alice by Eden

and SB|E refers to a set of extremal points that exactly enclose the steering ellipsoid

EB|E . Again, we have

Conv(SB|E) = EB|E , SB|E ⊂ ∂EB|E .
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Recall that in Eq. (7.28), we introduced a set S ′B|E complementary to SB|E . Then, for

general two-qubit states, steering completeness is ascribed to a geometric interpretation:

Eden has complete steering of Bob if and only if

S ′B|E = SB|E .

We apply this idea to investigate the steering completeness for bipartite states where

one side is qudit. Generally, since we do not know whether all Bob’s steered states form

a steering ellipsoid or not, it is not clear what the definition of steering completeness via

quantum steering ellipsoids should be in qubit-qudit case. Here we develop a necessary

criterion for complete steering and a measure sufficient to detect incompleteness for the

case of special interest, the rank-2 qubit-qudit case.

For the rank-2 state ρBE , it was shown in Sec. 8.2 that Eden always steers Bob to an

ellipsoid EB|E that coincides with Bob’s Bloch ball. We can still introduce the set of

extreme points with respect to EB|E as SB|E = Extrema(EB|E), and

Conv(SB|E) = EB|E . (8.23)

To make the problem much more tractable, we consider the qutrit case so that we have

a ternary-outcome projective measurements for Eden. However, different from the two-

qubit case, it is nontrivial to define the complementary set S ′B|E for qubit-qudit states.

A projective measurement with ternary outcomes on a qutrit is associated with three

orthogonal rank-one projectors Π1,Π2, and Π3, obeying Π1 + Π2 + Π3 = I. Correspond-

ingly, Bob is steered to a three-member state ensemble with

ρB = p1ρ
Π1
B + p2ρ

Π2
B + p3ρ

Π3
B . (8.24)

If Eden’s first measurement outcome, associated with Π1, steers Bob to the state ρΠ1
B ∈

SB|E , then ρΠ1
B is a pure state due to the fact that SB|E coincides with the surface

of Bob’s Bloch sphere. Additionally, there always exists a pure three-member convex

decomposition of Bob’s local state

ρB = p′1ρ
Π1
B + p′2|ψ〉2〈ψ|+ p′3|ψ〉3〈ψ|. (8.25)

It is evident that |ψ〉2 and |ψ〉3 are also in the set SB|E . Comparing Bob’s state ensembles

in Eqs. (8.24) and (8.25), if the remaining projectors of all projective measurements

containing Π1 steer Bob to the states characterised as ρΠ2
B and ρΠ3

B that are not in SB|E ,

then this reveals that Eden cannot completely steer Bob.
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Thus, we are interested in all Bob’s states steered characterised by ρΠ2
B , ρΠ3

B , conditioned

by the first projector Π1 steering Bob to a pure state. Due to the symmetry of Π2 and

Π3, we can choose Π2 to define the set

U ′B|E := {ρΠ2
B : ρΠ1

B ∈ SB|E ,Π1Π2 = 0}. (8.26)

Correspondingly, we could define

E ′B|E = Conv(U ′B|E), S ′B|E = Extrema(E ′B|E). (8.27)

It is apparent that

Conv(S ′B|E) ⊆ Conv(SB|E) = EB|E . (8.28)

This inclusion relation is closely related to the issue whether Eden has complete steering

of Bob. In particular, if Conv(S ′B|E) ⊂ Conv(SB|E), then Eden has only incomplete

steering of Bob; if Conv(S ′B|E) = Conv(SB|E), this implies that all of the extreme

points in S ′B|E form Bob’s Bloch sphere and then there will be at least one projective

measurement for Eden to steer Bob to the state ensemble

ρB = p′′1ρ
Π1
B + p′′2ρ

Π2
B + p′′3ρ

Π3
B , (8.29)

where ρΠ1
B , ρΠ2

B are both pure.

However, we still have to consider if ρΠ3
B corresponding to the remaining rank-one pro-

jector Π3 is pure. If it is always a mixed state, then no projective measurement exists

for Eden to steer Bob to the ensemble (8.25). Consequently, it is natural to introduce

the state set

U ′′B|E := {ρΠ3
B : ρΠ1

B ∈ SB|E , ρ
Π2
B ∈ S

′
B|E ,Π1 + Π2 + Π3 = I.}, (8.30)

and its convex hull

E ′′B|E = Conv(E ′′B|E). (8.31)

Then we can define the extreme set

S ′′B|E = Extrema(E ′′B|E). (8.32)

For an arbitrary qubit-qutrit state, we come to a hierarchy of these sets

Conv(S ′′B|E) ⊆ Conv(S ′B|E) ⊆ Conv(SB|E) = EB|E . (8.33)
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As noted in the above discussions, the inclusion relations in above equation relate to

Eden’s steerability of Bob. For example, for rank-2 qubit-qudit states, if Conv(S ′B|E) ⊂
Conv(SB|E) or Conv(S ′′B|E) ⊂ Conv(SB|E), then Eden has incomplete steering of Bob.

Thus, we have established a hierarchical approach to studying the steering complete-

ness for rank-2 qubit-qutrit states, generalising our alternative description of steering

completeness for two-qubit states.

Finally, we could use volumes enclosed by these extreme sets to measure their sizes.

Specifically, we have

V = volume(Conv(SB|E)), V ′ = volume(Conv(S ′B|E)), V ′′ = volume(Conv(S ′′B|E)).

(8.34)

Correspondingly, we can derive directly from Eq. (8.33) that

V ′′B|E ≤ V
′
B|E ≤ VB|E . (8.35)

8.4 Volume Monogamy Relations for Pure Qubit-Qubit-

Qudit States

We have discussed quantum steering ellipsoids for rank-2 bipartite states in Sec. 8.2 and

established an hierarchical approach to steering completeness for general qubit-qudit

states in Sec. 8.3. Here, we study the steerability for the tripartite system where a pure

qubit-qubit-qudit state is shared by Alice, Bob, and Eden. Particularly, we are interested

in the problem whether Alice’s and Eden’s ability to steer Bob are constrained by some

monogamy relation, similar to Eq. (8.1) for pure 3-qubit states. And if so, how can we

quantitatively describe this phenomenon?

Recall from Sec. 8.2 that any pure qubit-qubit-qutrit state shared by Alice, Bob, and

Eden, can be written in the form

|Ψ〉ABE = λ1|1〉E |ϕ1〉AB + λ2|2〉E |ϕ2〉AB + λ3|3〉E |ϕ3〉AB,

where three λi are Schmidt coefficients and the set |i〉E is an orthogonal basis for Eden’s

qudit. Then, Alice and Bob share a rank-3 two-qubit state ρAB = TrE [|Ψ〉ABE〈Ψ|].
Alice’s ability to steer Bob can be described by the quantum steering ellipsoid EB|A and

quantified the corresponding volume VB|A. Bob and Eden have a rank-2 qubit-qutrit

state ρBE = TrA[|Ψ〉ABE〈Ψ|]. As investigated in Sec. 8.2.2, Eden’s steerability could

still be described by the steering ellipsoid EB|E , however, there is no monogamy relations
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of volumes of quantum steering ellipsoids as VB|E = 4π
3 . Alternate, we use the steering

completeness discussed in the above section to describe Eden’s ability to steer Bob.

8.4.1 Hierarchical Relation of Steering for Rank-2 Qubit-Qutrit States

For a generic rank-2 qubit-qutrit state ρBE shared by Alice and Eden, we show here

that there exists a inclusion relation

Conv(S ′′B|E) ⊂ Conv(S ′B|E) = Conv(SB|E) = EB|E = BB, (8.36)

for Eden’s ability to steer Bob. Here BB represents Bob’s Bloch ball. This relation is

stronger than the inclusion relation given in Eq. (8.33) for general qubit-qudit states.

First, we prove the relation Conv(S ′B|E) = Conv(SB|E) in above relation (8.36). In fact,

we are able to obtain the relation

S ′B|E = SB|E , (8.37)

implying S ′B|E also coincides with Bob’s Bloch sphere.

Recall that any rank-one projector Π for Eden’s qutrit can be assigned to

Π = |ψ〉E〈ψ|, |ψ〉E = x∗|1〉E + y∗|2〉E + z∗|3〉E , (8.38)

where |x|2 + |y|2 + |z|2 = 1. When this projector Π acts on the pure joint state |Ψ〉ABE ,

there is

IA ⊗ IB ⊗Π|Ψ〉ABE = |ϕ̃〉AB|ψ〉E . (8.39)

It is obvious that Alice and Bob are steered to a pure state

1
√
p
|ϕ̃〉AB =x|ϕ1〉AB + y|ϕ2〉AB + z|ϕ3〉AB (8.40)

=|0〉A [(xa11 + ya21 + za31)|0〉B + (xa12 + ya22 + za32)|1〉B]

+ |1〉A [(xa13 + ya23 + za33)|0〉B + (xa14 + ya24 + za34)|1〉B] .

with the probability

p = Tr [IA ⊗ IB ⊗Π|Ψ〉ABE〈Ψ|] = Tr [ρEΠ] ≤ 1.
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As a consequence, if Bob is steered to a pure state, such as α|0〉B + β|1〉B, then the

rank-one projector Π must satisfy the following equations

[
βa11 − αa13, βa21 − αa23, βa31 − αa33

βa12 − αa14, βa22 − αa24, βa32 − αa34

]
x

y

z

 := A ·X = 0. (8.41)

Here the projector Π is characterised by a 3-dimensional complex vector X = (x, y, z)>.

Noting that the above equations are always solvable for arbitrary α, β, we show that

EB|A forms an unit ball BB. Moreover, the set SB|E that is formed by extreme points in

the ellipsoid EB|A coincides with Bob’s Bloch sphere.

Given an arbitrary state in SB|E , denoted by α|0〉B + β|1〉B, we assume that a rank-

one projector Π1 characterised by the vector (x, y, z)> for Eden steers Bob to it. If

Eden has another orthogonal rank-one projector Π2 represented by the complex vector

X ′ = (x′, y′, z′)> to steer Bob to a pure state α′|0〉B + β′|1〉B, then we have
β′a11 − α′a12, β′a21 − α′a22, β′a31 − α′a32

β′a13 − α′a14, β′a23 − α′a24, β′a33 − α′a34

x∗, y∗, z∗



x′

y′

z′

 := A′ ·X ′ = 0. (8.42)

Thus, there is an solution X ′ 6= 0 to the above equations if and only if the coefficient

matrix A′ is singular, i.e.,

det(A′) = 0. (8.43)

We further expand the above condition (8.43) into a complex quadratic polynomial, in

terms of α′, β′,

det(A′) = C1(α′)2 + C2α
′β′ + C3(β′)2 = 0, (8.44)

where C1, C2, C3 are three complex numbers and given by the known parameters aij

and x∗, y∗, z∗. Apparently, for the above complex quadratic polynomial, there always

exists at least one complex solution α′, β′, which further implies the existence of X ′.

Interchanging α, β with α′, β′, we can still have at least one pair of orthogonal rank-one

projectors Π1,Π2. Thus, we show that E ′B|E = {ρΠ2
B : ρΠ1

B ∈ SB|E ,Π1Π2 = 0} equals to

EB|E , which immediately leads to the relation S ′B|E = SB|E as desired.

Then, we prove that a strict inclusion relation Conv(S ′′B|E) ⊂ Conv(SB|E) almost always

holds for rank-2 qubit-qutrit states. In particular, we will show that if a pair of orthog-

onal rank-one projectors Π1 and Π2 lead to pure states for Bob, the third projector Π3

in the projective measurement containing Π1,Π2 cannot steer Bob to a pure state.
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If the third projector Π3 denoted by the complex vector X ′′ = (x′′, y′′, z′′)> also steers

Bob to a pure state α′′|0〉B + β′′|1〉B, it follows from the above analysis that we can

obtain
β′′a11 − α′′a12, β′′a21 − α′′a22, β′′a31 − α′′a32

β′′a13 − α′′a14, β′′a23 − α′′a24, β′′a33 − α′′a34

x∗, y∗, z∗

(x′)∗, (y′)∗, (z′)∗



x′′

y′′

z′′

 := A′′ ·X ′′ = 0. (8.45)

Similarly, the above set of equations is solvable nontrivially if and only if the coefficient

matrix A′′ of dimension 4 by 3 is singular and rank(A′′) < 3. However, the third and

fourth row, corresponding to orthogonal Π1,Π2 in A′′, imposes rank(A′′) ≥ 2. Then, the

above set of equations is solvable if and only if

rank(A′′) = 2. (8.46)

We can decompose A′′ into two sub-matrices of dimension 3 by 3, both containing rows

(x∗, y∗, z∗) and ((x′)∗, (y′)∗, (z′)∗). These two matrices are then expanded into two linear

complex polynomials

C1α
′′ + C2β

′′ = 0, C ′1α
′′ + C ′2β

′′ = 0. (8.47)

Here C1, C2 and C ′1, C
′
2 are given by the known parameters aij and measurement pa-

rameters X,X ′. Further, if there is nontrivial solution α′′, β′′, it requires that

C1C
′
2 − C2C

′
1 = 0. (8.48)

It is almost always that this equation cannot be satisfied with respect to arbitrary α, β.

This yields that E ′′B|E is strictly contained in the ellipsoid EB|E . Thus, we conjecture

that, generically, for rank-2 qubit-qutrit states, there is the strict inclusion relation

Conv(S ′B|E) ⊂ Conv(SB|E) in Eq. (8.36). An pure qubit-qubit-qutrit state |Ψ〉ABE is

generated randomly to support our above conjecture, plotted in Fig. 8.1. This numerics

also suggests that E ′′B|E may not be an ellipsoid.

Finally, we point out an example (from the set of measure zero) where the inclusion

relation in Eq. (8.36) is an equality. Consider a genuinely entangled qubit-qubit-qutrit

state

|Ψ〉ABE = l1|000〉+ l2|011〉+ l3|112〉. (8.49)
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Figure 8.1: For ta typical state |Ψ〉ABE , the convex hull of S ′′B|E is an irregular shape.

Here it is enclosed by black lines, and its volume is V ′′
B|E = 0.2836 = 0.0677× 4π

3 . The

minimal ellipsoid enclosing the convex hull of S ′′B|E is displayed using the colorful lines,

and its volume is 0.1384× 4π
3 .

ρAB is a rank-3 separable two-qubit state while ρBE is a rank-2 qubit-qudit state. Then,

for the ρBE , we choose Eden’s projective measurements to be

Π1 : X = (1, 0, 0)>, (8.50)

Π2 : X ′ = (0, α, β)>, (8.51)

Π3 : X ′′ = (0,−β∗, α∗)>. (8.52)

It is easy to verify that Π1,Π2,Π3 give rise to a projective measurements for Eden, which

leads Bob to pure decompositions

Π1 → |1〉B,Π2 → α|0〉B + β|1〉B,Π3 → −β|0〉B + α|1〉B. (8.53)

Due to arbitrariness of α, β and permutations of Π1,Π2,Π3, we have

S ′′B|E = S ′B|E = SB|E . (8.54)
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8.4.2 Volume Monogamy Relation for Pure Qubit-Qubit-Qutrit States

For the pure tripartite system, Alice and Bob share a rank-3 two-qubit state ρAB while

Bob and Eden share a rank-2 qubit-qutrit state ρBE . Alice’s ability to steer Bob can

be quantified by the volume VB|A of the steering ellipsoid EB|A. Using the hierarchical

approach to steering for qubit-qudit states, we can also quantify Eden’s ability to steer

by the volumes enclosed by the extreme sets S, S ′ and S ′′.

As discussed in Sec. 8.2, we have no volume monogamy relation between steering ellip-

soids EB|A and EB|E . However, Eq. (8.36) leads to a hierarchy to the volumes of the

convex hull of extreme sets S, S ′ and S ′′

V ′′B|E ≤ V
′
B|E = VB|E =

4π

3
. (8.55)

When consider the steering ellipsoid EB|A and the state set E ′′B|E , we show that there is

a monogamy relation between volumes VB|A and V ′′B|E , which we now show.

If VB|A = 4π
3 , then Alice and Bob must share a pure entangled two-qubit state [55].

Consequently, Eden’s qutrit must e in a product state with the two-qubit states. This

immediately leads to V ′′B|E = 0. Further, if V ′′B|E = 4π
3 , there must exist a projective

measurement {Π1 = |φ〉1〈φ|,Π2 = |φ〉2〈φ|,Π3 = |φ〉3〈φ|} for Eden to steer Bob to a

pure 3-state ensemble. Moreover, this projective measurement steers Alice and Bob to

3 product-state ensemble {pi, |ψi〉A|ψi〉B}. Following from results in Sec. 8.2.2, we have

|Ψ〉ABE = IA ⊗ IB ⊗ (Π1 + Π2 + Π3)|Ψ〉ABE

= IA ⊗ IB ⊗Π1|Ψ〉ABE + IA ⊗ IB ⊗Π2|Ψ〉ABE + IA ⊗ IB ⊗Π3|Ψ〉ABE

=
√
p1 |ψ1〉A|ψ1〉B|φ〉1 +

√
p2 |ψ2〉A|ψ2〉B|φ〉2 +

√
p3 |ψ3〉A|ψ3〉B|φ〉3. (8.56)

Using the orthogonality of |φ〉i yields that ρAB is a separable state with 3 components,

i.e.,

ρAB =
3∑
i=1

pi|ψi〉A〈ψi|A ⊗ |ψi〉B〈ψi|B. (8.57)

Here both the density operator ρAB and its partial transpose ρΓB
AB with respect to Bob

are singular, implying that [55]

VB|A =
64π

3

|det ρAB − det ρΓB
AB|

(1− a2)2
= 0. (8.58)

Thus, the above results derived for the extreme cases in fact show existence of monogamy.

Further, we conjecture that there is a smooth sort of monogamy relation that bounds
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Figure 8.2: Normalised volumes of steering ellipsoids are plotted for 680 pure qubit-
qubit-qutrit states generated randomly via Matlab (pink dots). The horizontal axis
refers to the normalised volume V ′′

B|E that measures the size of the convex hull of

S ′′B|E while the vertical axis corresponds to the normalised volume VB|A of the steering
ellipsoid EB|A. We conjecture that there is some smooth curve connecting the two
extremal points (0, 1) and (1, 0) that bounds VB|A and V ′′

B|E . We do not know the form
of the curve; the blue dash-dot line is merely meant to indicate the general shape we
expect.

VB|A and V ′′B|E :

VB|A ≤ f(V ′′B|E), (8.59)

for some monotonically decreasing function f , as there is in the pure 3-qubit case for

entanglement [49], and steering volumes [56]. We have shown that the above function f

satisfies f(0) = 1 and f(1) = 0.

We randomly generate 680 pure qubit-qubit-qutrit states. These seem to support our

conjecture that there exists a volume monogamy relation (8.59) between Alice’s and

Eden’s ability to steer Bob, as displayed in Fig. 7.1.

Finally, the hierarchy to the volume hierarchy (8.55) is useful study Eden’s steering

completeness. Here, we introduce

I = 1−
V ′′B|E

VB|E
, (8.60)

to measure Eden’s steering incompleteness. Following above arguments, it is almost

always the case that Eden has incomplete steering of Bob, i.e., I > 0.

8.4.3 Tradeoff Relations for Pure Qubit-Qubit-Ququart States

In this section, we extend our results in Sec. 8.3 and Sec. 8.4 to pure qubit-qubit-ququart

states.
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First, recall from Sec. 8.2.1 that a pure qubit-qubit-ququart state|Ψ〉ABE shared by

Alice, Bob, and Eden can be written as

|Ψ〉ABE = λ1|1〉E |ϕ1〉AB + λ2|2〉E |ϕ2〉AB + λ3|3〉E |ϕ3〉AB + λ4|4〉E |ϕ4〉AB.

Alice and Bob share a rank-4 two-qubit state ρAB while Bob and Eden have a rank-2

qubit-ququart state ρBE . It is shown previously that both Alice’s and Eden’s ability to

steer Bob can be described as steering ellipsoids EB|A and EB|E , however, EB|E coincides

with Bob’s Bloch ball, implying that there is no volume monogamy relation.

Then, following from Sec. 8.3, we only consider projective measurements for Eden’s

ququart. A projective measurement acting on ququarts can be associated with four

orthogonal rank-one projectors Π1,Π2,Π3,Π4, obeying
∑

i Πi = I. We could define an

hierarchy of sets

SB|E = Extrema
(

Conv{ρΠ1
B : Π1}

)
, (8.61)

S ′B|E = Extrema
(

Conv{ρΠ2
B : ρΠ1

B ∈ SB|E ,Π1Π2 = 0}
)
, (8.62)

S ′′B|E = Extrema
(

Conv{ρΠ3
B : ρΠ1

B ∈ SB|E , ρ
Π2
B ∈ S

′
B|E ,Π1 + Π2 + Π3 + Π4 = I}

)
,

(8.63)

S ′′′B|E = Extrema
(

Conv{ρΠ4
B : ρΠ1

B ∈ SB|E , ρ
Π2
B ∈ S

′
B|E , ρ

Π3
B ∈ S

′′
B|E ,Π1 + Π2 + Π3 + Π4 = I}

)
,

(8.64)

for general qubit-ququart states. This naturally leads to an ordering relation

Conv(S ′′′B|E) ⊆ Conv(S ′′B|E) ⊆ Conv(S ′B|E) ⊆ Conv(SB|E) = EB|E . (8.65)

Furthermore, for rank-2 qubit-ququart states, we can use the same analysis techniques

in Sec. 8.4.1 to obtain

Conv(S ′′′B|E) ⊆ Conv(S ′′B|E) = Conv(S ′B|E) = Conv(SB|E) = EB|E = BB. (8.66)

and in terms of volumes,

V ′′′B|E ≤ V
′′
B|E = V ′B|E = VB|E =

√
4π

3
. (8.67)

Consider the volumes VB|A and V ′′′B|E for the ququart case. We prove that there is a

tradeoff relation between VB|A and V ′′′B|E , in the sense that they cannot both be maximal

at the same time. In particular, when VB|A achieves the maximal value 4π
3 , Eden’s

ququart must be in a product state with ρAB, and thus we have V ′′′B|E = 0 which is the
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same to the qutrit case. When V ′′′B|E is maximal, we can follow the techniques used in

the above section to show that ρAB is a separable state. However, different from the

qutrit case, ρAB has 4 product components and is a nonsingular density operator. Thus,

it is possible even for V ′′B|E to be maximal and yet for there to be some nonzero VB|A

because the normalised volumes of steering ellipsoids for separable states can be as large

as 1
27 [55].

Finally, we conjecture there exists a smooth relationship between normalised volumes

VB|A and V ′′′B|E , i.e.,

VB|A ≤ f̃(V ′′′B|E), (8.68)

for some monotonically decreasing function f̃ satisfying f̃(0) = 1 and f̃(1) ≤ 1
27 .

8.5 Summary

We have studied the steering problem for pure tripartite states where one side is beyond

qubits. We first showed that for generic rank-2 qubit-qudit states, Eden’s ability to steer

Bob could be still described by the quantum steering ellipsoid EB|E and found that EB|E
coincides with Bob’s Bloch ball. This implies no volume monogamy relation between

steering ellipsoids EB|A and EB|E for generic pure qubit-qubit-qudit states. Then, in order

to better understand this result, we investigated the steering completeness for general

qubit-qudit states and established a hierarchical approach to study this phenomenon. In

particular, for rank-2 qubit-qutrit states we have obtained an hierarchy to the extreme

sets S in Eq. (8.36) and their enclosing volumes in Eq. (8.55) while for rank-2 qubit-

ququart states, we could derive the ordering relations in Eqs. (8.65) and (8.67). Finally,

based on the hierarchy to volumes given in Eq. (8.55) for rank-2 qubit-qutrit states, we

have shown that there is a volume monogamy relation between VB|A and V ′′B|E for pure

qubit-qubit-qutrit states while there exists a tradeoff relation between the volumes VB|A

and V ′′′B|E for pure qubit-qubit-ququart states. The numerical results give some support

to our conjecture that there is a smooth function f such that VB|A ≤ f(V ′′B|E) in the

qutrit case, and VB|A ≤ f̃(V ′′′B|E) in the ququart case.



Chapter 9

Conclusions

In this chapter, instead of repeating the summaries from previous chapters, I will model

my own PhD research as an open pseudo-quantum system, unravel my research achieve-

ments via the paper counting measurement, and investigate the future evolution of my

research.

9.1 Open Quantum System Model for My Research

In analog to the Quantum World where a quantum qubit could be completely charac-

terised using the basis states |0〉, |1〉, I borrow the notation |ψ〉 to describe my research

state, which is in a superposition form with

|ψ〉 = α|0〉+ β|1〉. (9.1)

Here, |0〉 refers to my research life in the University of Chinese Academy of Sciences

(UCAS) in China while |1〉 corresponds to life in Griffith University (GU) located in

Australia, and |α|2 + |β|2 = 1. Particularly, I model the research as a two-level system

with the state space being a Hilbert space H2. When exposed to electronic or magnetic

fields generated by supervisors, the state level could split into several sub-levels, display-

ing the Stark effect or Zeeman effect. However, this simple two-level model is sufficient

to reveal all key features of my research (See the discussions below).

As discussed in Chapter 2, the quantum state in Eq. (9.1) with nonzero α, β is a coherent

state, with reference to the basis {|0〉, |1〉}. The coherence is a quantum property which

can be hardly found in the macroscopic world we humans live in. So, why do I not use

the classical mixtures

p|0〉〈0|+ (1− p)|1〉〈1| (9.2)

121
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to characterise the randomness of the PhD research? The answer is thanks to the joint

doctoral program [157] that I have undertaken in GU and UCAS for about 3 years and

the existence of coherence during this overlapped time. In particular, I prepared the

basic foundati ons for research life, and lived a fruitful life in GU which in turn helped

me obtain the doctoral degree in China. Thus, states in Eq. (9.2) are not enough to

describe my research life due to the existence of coherence.

Ideally, under constant supervisions from my great supervisors, I should have been

searching journals, reading papers, discussing with colleagues, and writing papers during

these years. Thus, the research is supposed to be a closed system, and then the dynamics

may be governed by a Schrödinger equation [14]

i
d|ψ〉
dt

= H|ψ〉. (9.3)

Following the tradition, I assume the Planck constant ~ = 1. The Hamiltonian H is

assumed to be the predetermined research topic “Quantum Steering and Open Quantum

Systems”. If the dynamics (9.3) was valid, then I would be always in a pure research

state. And this purity would enable me easily to evaluate the value of this experience,

just as it is relatively easy to quantify quantum coherence (See Chapter 3), characterise

multi-partite states (See Chapters 4 and 5), and investigate quantum correlations, such

as the steering phenomenon (See Chapters 6 and 7) for pure quantum states.

However, I am not in such a closed system and constantly interact with the outer envi-

ronment. The noise, such as the time spent on beaches in Australia and the eagerness

to visit my family in China, distracts me from the research and thus urges me towards a

classical state |0〉 or |1〉, similar to the decoherence phenomenon [158, 159]. Hence, the

Schrödinger equation (9.3) is unable to describe my real research journey. Besides, it fol-

lows from both the title “Tradeoffs in Coherence and Multi-party Quantum Correlations”

and contents of Chapters 1 to 8 that the Hamiltonian H in Eq. (9.3) is inconsistent with

this thesis as I gave up the assigned task (to tame a complex environment via efficient

tracking of simple quantum systems [160, 161]).

Inspired by the enlightening works done by the two Howards [76, 162], I follow the open

quantum approach to describing my PhD research. It is worth noting that this whole

process should be a non-Markovian process as the outside environment leaves me a good

memory [163]. Moreover, the time arrow does not allow me to trace out all contingency

factors during this stochastic process to obtain a master equation [162]. Instead, I will

give a stochastic description for the uniqueness of my research trajectory, analogous to

the stochastic Schrödinger equation for open quantum systems [76]. In the next section,



Chapter 9. Conclusions 123

I will use the paper counting measurement to unravel the research trajectory in this

thesis.

9.2 Unraveling the Research Trajectory

To summarise one’s achievements during his/her PhD life, it is rather simple and

straightforward to count how many papers he/she has published or had accepted by

peer-reviewed journals. Thus, I will unravel my research trajectory via the paper count-

ing measurement and at the same time track the results obtained in this thesis.

Denote |ψ〉c as the state conditioned on the papers count. Following from Ref. [76],

d|ψ〉c =

dNc(t)

 σ−√〈
σ†−σ−

〉
c
(t)

− 1

+ dt


〈
σ†−σ−

〉
c
(t)

2
−
σ†−σ−

2
− iH


 |ψ〉c.

(9.4)

Here, H is the Hamiltonian in Eq. (9.3), and σ− = |0〉〈1|. The papercount increment

dNc(t) is either 0 or 1, and has unknown statistics because the research output is un-

predictable. Here I assume the counting efficiency is perfect due to the reason that PhD

candidates value papers greatly and thus it is impossible to miss counting their papers.

Paper One: Complementarity Relations for Quantum Coherence

I studied the quantification of quantum coherence within the resource theory. First, I

used two typical coherence measures, the l1-norm and relative entropy, to investigate

tradeoff relations of mutually unbiased bases (MUBs). An exact complementarity rela-

tion between coherence, uncertainty, and purity, was derived for qubit coherences, and

tight general bounds of complementarity relations were obtained to restrict the coher-

ences of MUBs for higher dimensional quantum systems. Then, I proposed using the

average coherence to quantify the intrinsic coherence of a quantum state without refer-

ence to any basis. The average l1-norm measure was proven to be related to a natural

“coherence radius” for the state, while the average relative entropy coherence measure

was shown to be determined by the difference between the von Neumann entropy and

the quantum subentropy of the state.

The coherence work did not belong to my planned research project and thus cannot

be explained by the Schrödinger equation (9.3). I came up with this idea with Dr.

Michael when I was preparing for a presentation in a journal-club meeting. Fortunately,

it brought me the positive effects. On one hand, it helped me to go through the confir-

mation process as required; on the other hand, it encouraged me to continue my research
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as I had been struggling for almost a year to figure out how many bits it takes to track

an open quantum system1.

Paper Two: Volume Monogamy of Quantum Steering Ellipsoids for Multi-

qubit Systems

First, I examined a monogamy relation for the volumes of steering ellipsoids for pure

3-qubit states which is stronger than the celebrated Coffman-Kundu-Wootters inequal-

ity, and established the close connection between this volume monogamy relation and

the classification of pure states under stochastic local operations and classical commu-

nication. Further, the problem was investigated whether there exist similar volume

monogamy relations for multi-qubit systems. In particular, a mixed 3-qubit state was

constructed to violate the strong monogamy relation, and instead a weaker monogamy

relation was derived for general 3-qubit states and was then generalised to multiple

qubits. Finally, it was shown that any volume monogamy relation for a given class of

multiqubit states remains valid under the addition of local noise.

This is my first genuine paper which involved the two keywords “quantum steering” and

“tradeoff relations”, which are core elements in my research project. This was a small

step on the road to my Griffith PhD, which encouraged me to continue this new project

“quantum steering ellipsoids and monogamy relations.”

Paper Three: Anisotropic Invariance and the Distribution of Quantum Cor-

relations

In this work, two new invariants were reported for three-qubit states which, similarly

to the 3-tangle, are invariant under local unitary transformations and permutations of

the parties. These quantities have a direct interpretation in terms of the anisotropy of

pairwise spin correlations. Then, wide applications of these invariants were found: a

universal ordering of pairwise quantum correlation measures for pure three-qubit states;

trade-off relations for anisotropy, three-tangle and Bell nonlocality; strong monogamy

relations for Bell inequalities, Einstein-Podolsky-Rosen steering inequalities, geometric

discord and fidelity of remote state preparation (including results for arbitrary three-

party states); and a statistical and reference-frame-independent form of quantum secret

sharing.

The results in this paper were found almost by accident numerically, as a result of

reviewing in depth physics papers relevant to monogamy relations of quantum correla-

tions. However, this success was, at the same time, a distraction from the new project

suggested to me on steering completeness, and slowed down progress in that area.

1Sorry to my dear supervisor, I finally gave up this project. I am happy but abashed to find that
someone else had done impressive progress to tackle it (see [164]).
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Upcoming Paper Four: Steering Completeness for Qubit-Qudit States

In this work, I studied a subtlety of quantum steering: complete steering. For bipartite

states shared by Alice and Bob, this issue is related to which decompositions of Bob

can be steered by Alice. First, a brief review to complete steering for general two-qubit

states was given, and an alternative description of steering completeness was presented.

Furthermore, a measure was proposed to detect incompleteness for arbitrary two-qubit

state. Finally, the possible generalisation of steering completeness to higher dimen-

sional bipartite states was explored, and a hierarchical approach to describing steering

completeness for qubit-qudit states was obtained.

Upcoming Paper Five: Steering Monogamy for Purifications of Arbitrary

2-Qubit States

The steering problem was considered for the case where the third party, whom we

name Eden, has a qudit, which gives the purification of an arbitrary two-qubit state

shared by Alice and Bob. First, for generic rank-2 qubit-qudit states shared by Bob

and Eden, it was proven that Eden’s steering of Bob (or Alice) is still described by

a steering ellipsoid, but that, generically, it coincides with Bob’s whole Bloch sphere.

This suggests no volume monogamy relation between steering ellipsoids EB|A and EB|E .

Then, I turned to complete steering for qubit-qudit states and obtained a hierarchy on

volumes of extreme sets given by V ′′B|E ≤ V ′B|E = VB|E = 4π
3 for rank-2 qubit-qutrit

states. Finally, for pure qubit-qubit-qutrit states, I found that there appears to exist a

volume monogamy relation between volumes VB|A and V ′′B|E and numerics support the

conjecture that there is a smooth function f such that VB|A ≤ f(V ′′B|E); while for pure

qubit-qubit-ququart states, I showed that there is a volume tradeoff relation between

Eden’s and Alice’s ability to steer Bob.

9.3 Future Evolution

For quantum coherence, there are still many questions to explore. In particular, it

would be interesting to introduce the operational interpretations to quantum coherence,

build the close relationships between coherence and quantum correlations, and explore

potential applications to other fields. Additionally, it is also worth considering practical

proposals for experimental implementation about quantum coherence.

For quantum steering, there are in fact so many open questions left to solve. As I have

divided it into three subfields: EPR-steering, quantum steering ellipsoids, and steering

completeness, I present a series of open questions for bipartite systems and the tradeoff

or monogamy problems for multi-party systems to each subfield.
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Practical and efficient methods to detect EPR-steering are still needed. Even for two-

qubit states, there lacks a good way to fully characterise EPR-steering, except for T

states for which there exists a necessary and sufficient condition under projective mea-

surements [144, 147]. Even in the simplest measurement scenario where each side has

two dichotomic measurements, there is no necessary and sufficient inequality for EPR-

steering [165] in analog to Bell-CHSH inequality, except for the case of zero marginals [127].

Moreover, unlike Bell nonlocality and entanglement, EPR-steering has an asymmetric

property, and thus it is interesting to investigate one-way EPR-steerable states [166, 167].

Although the monogamy phenomenon for EPR-steering has been analysed in Ref. [53],

there are still some fundamental problems to be solved. For example, is there monogamy

of EPR-steering for tripartite states in the simplest measurement scenario?

Quantum steering ellipsoids have been used to visualise two-qubit states [55] and then

generalised for some qubit-qudit states. It would be interesting to mirror various prop-

erties of quantum states via geometric features of steering ellipsoids. Generally, we are

faced with one question: Are steering ellipsoids still valid to describe the steerability

for general higher dimensional bipartite states? If it is true, then it would be fruit-

ful to employ steering ellipsoids to investigate quantum properties of bipartite states.

For multi-qubit states, it would be interesting to confirm our conjecture that a volume

monogamy relation holds for general 4-qubit states and strength our weaker monogamy

relations for mixed 3-qubit states and arbitrary n-qubit states. Moreover, if the quantum

steering ellipsoid is applicable, it is also worth studying the monogamy phenomenon for

multi-party sates beyond qubits, in terms of volumes of steering ellipsoids.

The subtlety of quantum steering, complete steering, is much less explored by re-

searchers. In this thesis, I have given a preliminary exploration of this phenomenon

for rank-2 qubit-qudit states. Even if we have established a hierarchy on the extreme

sets for some qubit-qudit states, I do not fully know what the shapes they are. It also

deserves more works to study the steering completeness for other qubit-qudit states and

even general bipartite states. For pure qubit-qubit-qutrit states, I do show that there

exists a volume monogamy relation between Eden’s and Alice’s ability to steer Bob, but

it is just a preliminary result given by VB|A ≤ f(V ′′B|E) for smooth function f and the

only thing I know about the function is its two end points. It would be useful to provide

more information about the function f , helping us to better understand the limitations

between Eden’s and Alice’s steerability.
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