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In this work, an improved heat transfer search (IHTS) algorithm is proposed by incorporating the effect of
the simultaneous heat transfer modes and population regeneration in the basic HTS algorithm. The basic
HTS algorithm considers only one of the modes of heat transfer (conduction, convection, and radiation)
for each generation. In the proposed algorithms, however, the system molecules are considered as the
search agents that interact with each other as well as with the surrounding to a state of the thermal equi-
librium. Another improvement is the integration of a population regenerator to reduce the probability of
local optima stagnation. The population regenerator is applied to the solutions without improvements
for a pre-defined number of iterations. The feasibility and effectiveness of the proposed algorithms are
investigated by 23 classical benchmark functions and 30 functions extracted from the CEC2014 test suite.
Also, two truss design problems are solved to demonstrate the applicability of the proposed algorithms. The
results show that the IHTS algorithm is more effective as compared to the HTS algorithm. Moreover, the
IHTSalgorithmprovides very competitive results compared to the existingmeta-heuristics in the literature.
� 2018 Society for Computational Design and Engineering. Publishing Services by Elsevier. This is an open

access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction techniques. This algorithm simulates foraging ant behavior
Real-world problems are normally simulated by mathematical
equations with a larger number of variables in the search space
and local solutions in the search landscape. Such functions do
not often provide gradient-based information (non-derivative), so
analytical methods become insignificant and usually trap into local
optima. In order to optimize such problems, a large number of
meta-heuristics (MHs) have been developed, modified, and used
significantly in the past two decades.

The first and most well-regarded MH is the genetic algorithm
(GA) inspired by the Darwinian evolutionary theory (Holland,
1975). After the proposal of this algorithm, many algorithms have
been developed. For instance, the simulated annealing was
inspired by the concept of annealing in metallurgy (Kirkpatrick,
Gelatt, & Vecchi, 1983; Černý, 1985). The artificial immune system
algorithm was inspired by the biological immune system (Farmer,
Packard, & Perelson, 1986).

The ant colony optimization (ACO) algorithm is another well-
regarded MH which belongs to the family of swarm-based
and Engineering. Publishing Servic
icense (http://creativecommons.org
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towards food (Dorigo, 1992; Shan, Yasuda, & Ohkura, 2015). The
particle swarm optimization (PSO) algorithm, mimicking the social
behavior of a swarm towards food (Kennedy & Eberhart, 1995), is
also a swarm-based technique. The differential evolution (DE)
algorithm is similar to the GA algorithm with specialized crossover
and selection method (Storn & Price, 1997). Some of the very
recent algorithms are discussed in the next paragraph.

The bacterial foraging optimization algorithm simulates the
behavior of Escherichia coli bacteria (Passino, 2002). The invasive
weed optimization (IWO) algorithm was inspired by colonizing
weeds (Mehrabian & Lucas, 2006). The artificial bee colony (ABC)
algorithm mimics the cooperative behavior of honey bee colonies
(Karaboga & Basturk, 2007, 2008). The biogeography-based opti-
mization (BBO) algorithm simulates the principle of the species
migrate (Simon, 2008). The gravitational search algorithm (GSA)
was inspired from the law of gravity and mass interactions
(Rashedi, Nezamabadi-pour, & Saryazdi, 2009). The firefly algo-
rithm (FA) was inspired by the mating behavior of firefly insects
(Yang, 2009). The cuckoo search (CS) algorithm works on the
reproductive strategy of cuckoo birds (Yang & Deb, 2010). The
hunting search (HuS) algorithmworks on a model of group hunting
of animals (Oftadeh, Mahjoob, & Shariatpanahi, 2010). The bat
algorithm (BA) was inspired by the echolocation behavior of bats
(Yang, 2010). The grenade explosion method works on a grenade
es by Elsevier.
/licenses/by-nc-nd/4.0/).
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explosion behavior (Ahrari & Atai, 2010). The charged system
search algorithm uses the electric laws of physics and the Newto-
nian laws of mechanics (Kaveh & Talatahari, 2010). The Artificial
algae algorithm inspired by the living behaviors of microalgae,
photosynthetic species (Uymaz, Tezel, & Yel, 2015). The flower pol-
lination algorithm inspired by the natural phenomenon of flower
pollination (Draa, 2015). The teaching-learning based optimization
(TLBO) algorithm works on the teaching-learning in a classroom
(Rao, Savsani, & Vakharia, 2011; Savsani, Tejani, & Patel, 2016;
Tejani, Savsani, & Patel, 2016b). The animal migration optimization
(AMO) algorithm was inspired by animal migration behavior (Li,
Zhang, & Yin, 2014). The water wave optimization (WWO) algo-
rithm was inspired by the shallow water wave theory (Zheng,
2015). The lion optimization algorithm works on the solitary and
cooperative behaviors of lions (Yazdani & Jolai, 2016).

These MHs can handle difficulties while solving challenging
real-world problems. However, according to the no free lunch
(NFL) theorem (Wolpert & Macready, 1997), there is no MH best
suited for optimizing all types of problems. Therefore, one algo-
rithm can be expected to outperform another in solving one set
of problems, but it may be a poor performer on a different set of
problems. This is the foundation of many works in this field. The
NFL theorem provides motivations for developing newMHs, hybri-
dizes two or more MHs, and enhances the existing MHs.

Patel and Savsani (2015) proposed an optimization method
recently called the heat transfer search (HTS) algorithm, which is
based on the natural law of thermodynamics and heat transfer.
The modes of heat transfer such as conduction, convection, and
radiation can take place due to interaction within the systemmole-
cules as well as with the surrounding in order to reach a state of
the thermal equilibrium. Fundamentals of heat transfer are
detailed in Lorenzini, Biserni, and Rocha (2014) and Lorenzini
et al. (2014). Thus, the HTS algorithm works on three phases such
as conduction phase, convection phase, and radiation phase. In the
HTS algorithm, the radiation phase is more effective in providing
solutions for quadratic, cubic, and polynomial functions, whereas
the convection phase is more effective in providing solutions for
linear functions and the conduction phase is more efficient in pro-
viding solutions for non-linear functions (Patel & Savsani, 2015). In
the basic HTS algorithm, the process of heat transfer is considered
through one of its three modes at an instance. Therefore, if the con-
duction phase gets more chance during the course of optimization,
the algorithm works well for the linear problems, yet it might not
perform well on non-linear problems. This statement is also valid
for the convection phase and the radiation phase if it gets domi-
nance. It is also worth mentioning here that the process of transfer-
ring heat may comprise more than one mode as well.

To alleviate these drawbacks, we propose an improved HTS
(IHTS) algorithm by introducing simultaneous heat transfer
through conduction, convection, and radiation during the search
process in the basic HTS algorithm. Since the solution may get
trapped into a local optimum and degrades the accuracy of solu-
tions during optimization, a population regenerator is incorporated
into the IHTS algorithm as well. In the proposed mechanism, the
population regeneration process starts only if the best solution
remains identical for a pre-defined number of function evaluations.
The IHTS algorithm has been examined on constrained benchmark
functions. Moreover, Savsani, Tejani, Patel, and Savsani (2017) and
Tejani, Savsani, Patel, and Savsani (2017) used HTS for structural
optimization problems. The organization of the rest of the paper
is as follows:

Section 2 discusses preliminaries and essential equations in the
HTS optimization algorithm. The IHTS algorithm is proposed in
Section 3. Section 4 presents the results and discusses the findings.
Truss design problems are solved in Section 5. Finally, the conclu-
sion is provided in Section 6.
Please cite this article in press as: Tejani, G. G., et al. An improved heat transfer
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2. The heat transfer search algorithm

The HTS algorithm, proposed by Patel and Savsani (2015), mim-
ics the thermal equilibrium of systems. The natural law of thermo-
dynamics states that ‘‘Any system always tries to achieve an
equilibrium state with its surroundings” (Cengel & Boles, 2005).
Therefore, thermodynamically imbalanced systems always try to
achieve thermal equilibrium by initiating heat transfer between
the system and its surroundings. The modes of heat transfer (e.g.
conduction, convection, and radiation) play an important role to
set the thermal equilibrium. Therefore, the HTS algorithm considers
‘the conduction phase’, ‘the convection phase’, and ‘the radiation
phase’ to reach an equilibrium state. In the HTS algorithm, all three
modes of heat transfer have equal probability to transfer heat and
one of the heat transfer modes is decided randomly for each
generation.

The HTS algorithm is a population-based technique that is initi-
ated by a randomly generated population, where the system has ‘n’
number of molecules (i.e. population size) and the temperature
level (i.e. design variables) is ‘m’. The population is updated in each
generation (‘g’) by one of the randomly selected heat transfer
modes. The updated solution in the HTS algorithm is accepted only
if it has a better objective value. Subsequently, the worst solutions
are replaced by the elite solutions and identical solutions are
replaced by randomly generated solutions if it exists. Therefore,
the better solution can be achieved by performing the difference
between the current solution and either of the best solutions,
another random solution, or the mean value of solutions. The
detailed description of all three phases of the HTS algorithm is
explained in the subsequent sections:

2.1. The conduction phase

In this phase, heat transfer takes place because of the conduction
between molecules of the substance. Therefore, more energetic
molecules transfer heat to less energetic molecules to establish a
state of the thermal equilibrium. Conduction can also take place
between the system and the surrounding when both are in direct
physical contact with each other. Conduction heat transfer is gov-
erned by the Fourier’s law of heat conduction as shown below:

QConduction ¼ �kA
dT
dx

¼ dT
dx=kA

¼ � 1
Resistance

� dT

¼ �Conductance� dT ð1Þ
where k is the thermal conductivity, A is the heat transfer area,
dT is the temperature difference, and dT/dx is the temperature
gradient of the system. The thermal conductivity of a system is
a function of temperature and its value changes during heat
transfer.

The Fourier’s law of heat conduction is correlated to the opti-
mization equation as per Patel and Savsani (2015) and the updated
solution is expressed in Eqs. (2) and (3).

X 0
j;i ¼

Xk;i þ ð�R2 � Xk;iÞ; if FðXjÞ > FðXkÞ
Xj;i þ ð�R2 � Xj;iÞ; if FðXjÞ < FðXkÞ

(
; if FE 6 FEmax=CDF

ð2Þ

X 0
j;i ¼

Xk;i þ ð�ri � Xk;iÞ; if FðXjÞ > FðXkÞ
Xj:i þ ð�ri � Xj:iÞ; if FðXjÞ < FðXkÞ

;

�
if FE P FEmax=CDF

ð3Þ
where X 0

j;i is the updated solution ; j ¼ 1;2; . . . ; n; k is a randomly
selected solution; j–k; k 2 ð1;2; . . . ; nÞ; i is a randomly selected
design variable; i 2 ð1;2; . . . ;mÞ; FE is function evaluations; CDF is
search algorithm for unconstrained optimization problems. Journal of Com-
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the conduction factor; R is the random variable; R 2 ½0;0:3333�; ri is
a random number; ri 2 ½0;1�; R2 and ri represent the conductance
parameters of the Fourier’s equation; Xj and Xk represent the tem-
perature difference of molecules; and CDF is set to 2 to balance
the exploration and exploitation of the conduction phase.

Note that in the conduction phase, only one design variable is
updated in each iteration.

2.2. The convection phase

In this phase, heat transfer takes place due to convection
between the system and the adjacent fluid in motion. Therefore,
the system temperature (the mean temperature) interacts with
the adjacent fluid temperature (the surroundings) to establish a
state of the thermal equilibrium. Convection heat transfer is stated
by Newton’s law of cooling as shown below:

Qconvection ¼ hAðTms � TsÞ ð4Þ
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where h is the convection heat transfer coefficient, A is the heat
transfer area, Tms is the mean temperature of the system, and Ts is
the temperature of the surrounding.

Newton’s law of cooling is correlated to the optimization equa-
tion as per Patel and Savsani (2015) and updated solution is
expressed in Eqs. (5) and (6).

X0
j;i ¼ Xj;i þ R � ðXs � Xms � TCFÞ ð5Þ

TCF ¼ absðR� riÞ; if FE 6 FEmax=COF

roundð1þ riÞ; if FE P FEmax=COF

�
ð6Þ

where X 0
j;i is the updated solution; j ¼ 1;2; . . . ; n; i ¼ 1;2; . . . ;m; FE is

function evaluations; COF is the convection factor; R is the random
variable; R 2 ½0:6666;1�; r is a random number; ri 2 ½0;1�; R and r
represent the convection parameters of Newton’s law of cooling;
Xs and Xms represent the temperature difference of surrounding
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temperature (thebest solution) and themean temperature of the sys-
tem, respectively; TCF is a temperature change factor to balance the
exploration and exploitation in the convection phase; and COF is
set to 10.

In this phase, all the design variables are updated in each
iteration.

2.3. The radiation phase

In this phase, heat transfer takes place due to radiation emitted
in the form of electromagnetic waves due to its temperature level.
Therefore, the system interacts with the surrounding temperature
(i.e. best solution) or within the system (i.e. other solution) to
establish a state of the thermal equilibrium. All bodies at a temper-
ature above absolute zero emit radiations. The maximum rate of
radiation heat transfer depends on the absolute temperature level
and expressed by the Stefan-Boltzmann law as below:

Qradiation ¼ erAðT4
s � T4

srÞ ð7Þ
where e is the emissivity of the system, r is the Stefan–Boltzmann
constant, A is the heat transfer area, Ts is the system temperature,
and Tsr is the temperature of the surrounding.

The Stefan-Boltzmann is correlated to the optimization equa-
tion as per simplified version of the Eq. (7) in Patel and Savsani
(2015) and updated solution expressed in Eqs. (8) and (9).

X 0
j;i ¼

Xj;i þ R � ðXk;i � Xj;iÞ; if FðXjÞ > FðXkÞ
Xj;i þ R � ðXj;i � Xk;iÞ; if FðXjÞ < FðXkÞ

;

�
if FE 6 FEmax=RDF

ð8Þ

X 0
j;i ¼

Xj;i þ ri � ðXk;i � Xj;iÞ; if FðXjÞ > FðXkÞ
Xj:i þ ri � ðXj;i � Xk;iÞ; if FðXjÞ < FðXkÞ

;

�
if FE P FEmax=RDF

ð9Þ
where X0

j;i is the updated population; j ¼ 1;2; . . . ;n; i ¼ 1;2; . . . ;m;

j–k; k 2 ð1;2; . . . ; nÞ; k is randomly selected molecules; FE is func-
tion evaluations; R is the random variable; R 2 ½0:3333;0:6666�; ri
is a random number; ri 2 ½0;1�; R and ri represent the radiation
parameters of the Stefan-Boltzmann law; Xj and Xk represent tem-
perature of a system and the surrounding respectively; RDF is the
radiation factor set to 2 to balance the exploration and exploitation
of the radiation phase. In this phase, all the design variables are
updated in each iteration.

The HTS algorithm estimates the global optimum of a given
problem with the three above-mentioned phases. In addition, each
phase is divided into two sub-phases governed by function evalu-
ations and various factors of heat transfer phases. Therefore, the
value of design variables fluctuates abruptly or gradually as all
three modes of heat transfer have equal probability to transfer
heat. The large and small change of the design variables represents
the exploration and exploitation of a search space respectively. The
flowchart HTS is shown in Fig. 1. The flowchart signifies various
stages of the HTS algorithm like initialization, conduction phase,
convection phase, radiation phase, and termination criteria.

3. Improved HTS (IHTS) algorithm

The system molecules transfer heat within the system and the
surrounding to reach a state of the thermal equilibrium. In the
basic HTS algorithm, heat transfer is assumed by one of the three
heat transfer modes such as conduction, convection, and radiation,
with equal probability during each generation. However, a system
does simultaneous heat transfer to set faster thermal equilibrium
state. Thus, we proposed simultaneous heat transfer modes.
Please cite this article in press as: Tejani, G. G., et al. An improved heat transfer
putational Design and Engineering (2018), https://doi.org/10.1016/j.jcde.2018.04
In the HTS algorithm, the updated solution is highly influenced
by the best solution, the mean solution, and/or a randomly selected
solution of the population. Therefore, the solution might move a
small value when the solution is close to the best solution, the
mean solution, and/or a randomly selected solution of the popula-
tion. This state results in premature convergence and stagnation in
local optima, because the solutions remain almost close to each
other. In view of this fact, two improvements such as simultaneous
heat transfer and population regeneration are incorporated into
the basic HTS algorithm to speed up the search process, to improve
the convergence rate, and to avoid local optimum. The working of
the proposed improvements is explained below.

3.1. Simultaneous heat transfer

In the basic HTS algorithm, heat transfer between the system
and the surrounding is considered due to one of the heat transfer
modes with equal probability during each generation. Heat trans-
fer may occur because of one or because of the combination of
more than one of the three heat transfer modes. Therefore, we
incorporated simultaneous heat transfer by conduction, convec-
tion, and radiation in the improved HTS (IHTS) algorithm. In this
state, the probability of heat transfer modes depends on heat trans-
fer probability factors such as conduction probability factor (CDPF),
convection probability factor (COPF), and radiation probability fac-
tor (RAPF). Where, CDPF;COPF; and RAPF 2 ½0;1� and CDPF + COPF
+ RAPF = 1. Thus, the first one-third populations are updated in
the conduction phase, the next one-third populations are updated
in the radiation phase, and the remaining populations are updated
in the convection phase. The radiation phase is more effective in
providing solutions for quadratic, cubic, and polynomial functions,
whereas the convection phase is more effective in providing solu-
tions for linear functions and the conduction phase is more effec-
tive in providing solutions for non-linear functions. Therefore, for
the efficient functioning of the HTS algorithm, all three phases
should be performed during the course of optimization (Patel &
Savsani, 2015). Considering this fact, the values of the CDPF, COPF,
and RAPF are set to 0.3333 to consider the effect of equal
probability of each phase. In addition, the random variable (R) is
replaced by three variables as; R1 is the conduction random vari-
able, R2 is the radiation random variable, and R3 is the convection
random variable. The mathematical formulation of this modifica-
tion is specified in the implementation steps of the algorithm.

3.2. Population regeneration

During the course of optimization, solutions might be trapped
in local solutions. This condition may result in a local optimal solu-
tion, and it also reduces the precision of the algorithm. A significant
challenge in many MHs is how to avoid a local solution, to improve
the numerical stability, and to improve the overall precision. More-
over, the solution highly depends on the initial populations and in
certain cases, initial populations do not carry a global optimal
solution. In such an instance, the initial population should be
regenerated to search for better solutions and avoid local optima.
Therefore, the population regeneration concept is incorporated in
the IHTS algorithm to alleviate these drawbacks. This model regen-
erates populations if the fittest solution ðf ðX1ÞÞ remains identical
for certain definite function evaluations, ideal FE (IDFE), and
expressed in Eq. (10).

f ðX1ÞFE ¼ f ðX1ÞFE�IDFE ð10Þ
The population regeneration is done in two ways: (I) flip pop-

ulation and (II) randomly generated population. Flip population
ðX 0

j;iÞ is an opposite point of the population Xj;i and it is generated
search algorithm for unconstrained optimization problems. Journal of Com-
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by observing symmetry about the middle point of its bound
½Lj;i;Uj;i� of ith design variable and jth population respectively; L
is lower bound; U is upper bound; ri is a random number;
ri 2 ½0;1�; pf is the population flip probability factor and
pf 2 ½0;1�. The mathematical model of flip population is proposed
by the following Eq. (11):

X0
j;i ¼ Lj;i þ Uj;i � Xj;i; ifri 6 pf ð11Þ
Randomly generated population ðX0

j;iÞ is a random point within
its upper and lower bound ½Lj;i;Uj;i� of ith design variable and jth

population respectively; ri is a random number; ri 2 ½0;1�; pr is
the random regenerated population probability factor and
pr 2 ½0;1�: The following formula is proposed in this regard.

X0
j;i ¼ Lj;i þ randi � ðUj;i � Lj;iÞ; if ri 6 pr ð12Þ
The population regeneration (flip population or randomly gen-

erated population) is merged with ‘the conduction phase’, ‘the con-
vection phase’, and ‘the radiation phase’ of the algorithm. Note that
only one design variable of the population is regenerated in the
conduction phase. By contrast, each design variable of the popula-
tion is regenerated in the convection phase and radiation phase
respectively. The controlling parameters such as pf, pr, and IDFE,
each of them has an important role in the performance of the algo-
rithm. Therefore, after conducting many trials, the value of pf and pr
are set as 0.10 and IDFE is set as 1000 FE. The steps involved in the
IHTS algorithm are as follows:

Initialize population size (n), Number of design variables (m),
limits on design variables (L, U), stopping criteria (FEmax, gmax),
and set controlling parameters. /⁄ initialization /⁄

Xj;i ¼ Lj;i þ randi � ðUj;i � Lj;iÞ; for8j 2 ½1;n�; for 8i 2 ½1;m�
/⁄ initialize population /⁄

Evaluate the population and arrange the population in
ascending order ! FE ¼ n

While (g < gmax and FE < FEmax) /⁄ begin the optimization
loop /⁄

Generate the random variables R1, R2, and R3

for j = 1 to n
if j 2 ½1; roundðn � CDPFÞ� ! R ¼ R1 /⁄ the conduction
phase /⁄
If Equation 10 is satisfied? generate new solution as per

Equations 11 & 12 /⁄ population regeneration /⁄
else generate new solution as per Equations 2 & 3 end if

else if j 2 ½roundðn � CDPFÞ þ 1; roundðn � ðCDPF þ COPFÞÞ�
! R ¼ R2 /⁄ the radiation phase /⁄
If Equation 10 is satisfied? generate new solution as per

Equations 11 & 12 /⁄ population regeneration /⁄
else generate new solution as per Equations 8 & 9 end if

else if j 2 ½roundðn � ðCDPF þ COPFÞÞ þ 1;n� ! R ¼ R3

/⁄ the convection phase /⁄
If Equation 10 is satisfied? generate new solution as per

Equations 11 & 12 /⁄ population regeneration /⁄
else generate new solution as per Equations 5 & 6 end if
Evaluate f ðX0

j;iÞ ! FE ¼ FEþ 1 /⁄ f ðX0
j;iÞ is the new

solution /⁄
f ðX0

j;iÞ < f ðXj;iÞ $ Xj;i ¼ X0
j;i /⁄ f ðXj;iÞ is the current

solution /⁄ /⁄ greedy selection /⁄
for j = 1:2:n /⁄ remove ideal solutions /⁄
If Xj ¼ Xjþ1 ! Xjþ1;i ¼ Li þ randðUi � LiÞ; not 8j ! FE ¼

FEþ 1 end for
end if

end for
end while
Please cite this article in press as: Tejani, G. G., et al. An improved heat transfer
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The schematic diagram of the IHTS algorithm is shown in Fig. 2. The
figure presents a pictorial view of various stages of the IHTS algo-
rithm (such as initialization, begin the optimization loop, conduc-
tion phase, convection phase, radiation phase, and termination
criteria). The following sections investigate the efficiency of the
IHTS and HTS algorithms using a number of unconstrained opti-
mization problems and two truss design problems.
4. Numerical experiments and discussions

In this section, the performance of the IHTS algorithm is tested
on two sets of unconstrained benchmark functions and compared
to a set of algorithms in the literature. The first test set includes
23 classical benchmark functions. The second test is chosen 30
benchmark problems of the CEC2014 (Liang, Qu, & Suganthan,
2014). The considered benchmark functions have various features,
like unimodal, multimodal, separable, non-separable, regular, non-
regular, hybrid, rotated, composition, and shifted and provide very
challenging case studies. All functions are minimization functions.
The discussion and results of various investigations are explained
as follows:
4.1. Results on the 23 classical functions

During this test, the 23 benchmark functions (illustrated in
Table 1) are used to check the effectiveness of the IHTS algorithm.
Among 23 benchmark functions, the g1–g7 case studies are uni-
modal functions, the g8–g13 case studies are multimodal high-
dimensional functions, and the g14–g23 case studies are multi-
modal low-dimensional functions respectively. In this table,
dimension (D) specifies the dimension of the function, range indi-
cates the boundaries of the search space, and optimum is the min-
imum value of the function. The IHTS and HTS algorithms are run
25 times on each benchmark function similar to Li et al. (2014).

To make a fair comparison with the previous algorithms, max-
imum number of FE is considered similar to Li et al. (2014) and are
as follows. 150,000 FE for functions g1, g6, g10, g12, and g13,
200,000 FE for functions g2 and g11, 300,000 FE for functions g7,
g8, and g9, 500,000 FE for functions g3, g4, g5, 40,000 FE for func-
tion g15, 10,000 FE for functions g14, g16, g17, g19, g21, g22, and
g23, 3000 FE for function g18, and 20,000 FE for function g20.
Moreover, the population size linearly decreases from 50 to 10
for the IHTS and HTS algorithms. The performance of the IHTS
algorithm is compared with the PSO (Kennedy & Eberhart,
1995), DE (Storn & Price, 1997), BBO (Simon, 2008), CS (Yang &
Deb, 2010), FA (Yang, 2009), GSA (Rashedi et al., 2009), ABC
(Karaboga & Basturk, 2007, 2008), AMO (Li et al., 2014), and HTS
(Patel & Savsani, 2015) algorithms. The experimental parameter
settings and results of the first eight algorithms are as per Li
et al. (2014).

The unimodal functions (g1–g7) are suitable for testing the
exploitative capability of an algorithm. Table 2 compares the mean
result and standard deviations (SD) for 25 independent runs. It is
observed that the IHTS algorithm has achieved the global optimum
mean value on function g7 and ranks the second best mean result
on functions g1, g2, g3, and g4. On functions g1, g2, g3, and g4, the
HTS algorithm performs better than the rest of the algorithms. The
ABC algorithm sets the best mean value on function g5, whereas
the AMO algorithm achieves global mean value on function g6.
Moreover, the performance of the HTS algorithm is improved on
functions g5, g6, and g7, whereas results are nearly identical to
functions g1, g2, g3, and g4 by the IHTS algorithm. The Friedman
rank test is performed on the mean solutions obtained by the IHTS,
HTS, and other state-of-the-art algorithms.
search algorithm for unconstrained optimization problems. Journal of Com-
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Is termination 
criteria satisfied? 

3. The conduction phase 

then
if Equation 10 satisfy then

          Population regeneration (Equations 11 and 12) 
     else 

Update the population in the conduction phase    
(Equations 2 and 3) 
     endif 
endif

4. The radiation phase 

then
if Equation 10 satisfy then

          Population regeneration (Equations 11 and 12) 
     else 

Update the population in the radiation phase    
(Equations 8 and 9) 
     endif 
endif 

5. The convection phase 

then
if Equation 10 satisfy then

          Population regeneration (Equations 11 and 12) 
     else 

Update the population in the convection phase    
(Equations 5 and 6) 
     endif 
endif 

Yes 

No 

Display final solution 

1. Initialization 

Set: The optimization and controlling parameters 

Define: Objective function 

Initialize: The population and evaluate it. Where, the 

population (j = 1,2,…,n) and the design variables (i = 

1,2,…,m). 

2. Begin the optimization loop 

Arrange: The evaluated population. (Ascending order for 
minimization)

Generate: Values for R1, R2, and R3 randomly 

Fig. 2. Schematic diagram of the IHTS algorithm.
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Table 2 presents the Friedman rank test for the unimodal
functions. The results of the Friedman test are normalized, and
algorithms are ranked based on the normalized values. The results
signify that the IHTS algorithm stands second to obtain mean solu-
tions for the specified functions. Moreover, the AMO and HTS algo-
rithms rank first and third to obtain mean solution respectively.
The modifications in the basic HTS algorithm improve the Fried-
man rank from 3 to 2. Moreover, the Friedman value of the IHTS
and AMO algorithms are almost identical and give the highest
overall ranking among the tested algorithms. The proposed
modification accomplishes a higher convergence rate than the
HTS algorithm. Therefore, the results prove that the exploitation
capability of the algorithm is improved through proposed
modifications.

The multimodal functions (g8–g13) are suitable for testing
exploration capability of the algorithm. Table 3 compares mean
value, SD, and algorithm rank for multimodal high-dimensional
functions. It is observed from the results that the IHTS algorithm
has achieved the global optimum mean value on functions g8,
g9, and g11, gives the second best result for function g10. The
performance of the HTS algorithm is improved for functions g8,
g10, g12, and g13, whereas the result is identical to functions g9
and g11 for the IHTS algorithm. On functions g10 and g12, the
AMO algorithm performs better than the rest of the algorithms,
whereas mean results are global optimum on functions g9 and
g11. The GSA algorithm gives better a mean value for function
g13 over those obtained from the other algorithms. The modifica-
tions in the basic HTS algorithm improve the Friedman rank of
Please cite this article in press as: Tejani, G. G., et al. An improved heat transfer
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mean values from 4 to 2 for multimodal high-dimensional func-
tions. However, the AMO algorithm reported better performance
as the overall result. Moreover, the results prove that exploration
capability of the algorithm is improved through proposed
modifications.

Table 4 compares the mean value, SD, and algorithm rank for
multimodal low-dimensional functions (g14-g23). It is observed
from the results that the IHTS algorithm has achieved the global
optimum value on functions g14, g16, g17, g18, g19, g21, and
g22, whereas the results are better than those obtained from other
algorithms for functions g15 and g23. The GSA, ABC, and AMO
algorithms give global optimum value on function g20. The perfor-
mance of the HTS algorithm is improved because of proposed mod-
ifications for functions g14, g20, g21, g22, and f23, whereas the
result is identical to functions g15, g16, g17, g18, and g19. The
modifications in the basic HTS algorithm improve the Friedman
rank of mean values from 5 to 1 as mean result for the multimodal
low-dimensional functions. Moreover, the IHTS algorithm gives the
highest ranking among the tested algorithms of this group. The
results prove that exploration capability of the algorithm is
improved through proposed modifications.

The Friedman rank test for the classical functions (g1–g23) is
stated in Table 5. The results of the Friedman test are normalized
with respect to the best value obtained, and algorithms (i.e. PSO,
DE, BBO, CS, FA, GSA, ABC, AMO, HTS, and IHTS) are ranked based
on the Friedman rank value. The results signify that the IHTS
algorithm stands best, followed by the AMO and HTS algorithms
to obtain mean solutions for the specified functions.
search algorithm for unconstrained optimization problems. Journal of Com-
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Table 2
Comparative results of g1 to g7 for the IHTS and HTS algorithms with other MHs in investigation 1 (The results of first eight algorithms are as per Li et al. (2014)).

Function PSO DE BBO CS FA GSA ABC AMO HTS IHTS

g1 Mean 3.3340E�10 5.6016E�14 0.3737 5.6565E�06 0.0017 3.3748E�18 2.9860E�20 8.6464E�40 0 0
SD 7.0387E�10 4.4053E�14 0.1181 2.8611E�06 4.0608E�04 8.0862E�19 2.1455E�20 1.0435E�39 0 0

g2 Mean 6.6598E�11 4.7348E�10 0.1656 0.0020 0.0453 8.9212E�09 1.4213E�15 8.2334E�32 0 0
SD 9.2553E�11 1.7759E�10 0.0342 8.0959E�04 0.0338 1.3340E�09 5.5340E�16 3.4120E�32 0 0

g3 Mean 2.9847 2.8038E�11 1.5972E
+03

0.0014 0.0182 0.1126 2.4027E+03 8.8904E�04 0 2.5658E�36

SD 2.2778 3.6788E�11 833.6020 6.0987E�04 0.0064 0.1266 6.5696E+02 8.7256E�04 0 7.3407E�36
g4 Mean 7.9997 0.2216 7.9738 3.2388 0.0554 9.9302E�10 18.5227 2.8622E�05 7.8547E�43 2.3219E�33

SD 2.5351 0.243 2.6633 0.6644 0.0101 1.1899E�10 4.2477 2.3468E�05 2.1944E�42 4.9053E�33
g5 Mean 46.9202 0.2657 64.6907 8.0092 38.1248 20.0819 0.0441 4.1817 26.1560 22.8757

SD 38.0312 1.0293 36.2782 1.9188 30.3962 0.1722 0.0707 2.1618 3.0311 4.3741
g6 Mean 3.6925E�10 4.5028E�14 0.3695 5.4332E�06 0.0017 3.3385E�18 3.0884E�20 0 1.3920E�01 1.3906E�07

SD 6.3668E�10 2.3309E�14 0.1115 2.2446E�06 4.1593E�04 5.6830E�19 4.0131E�20 0 0.4510 2.7467E�07
g7 Mean 1.350E�02 4.200E�03 3.000E�03 9.600E�03 8.200E�03 3.900E�03 3.240E�02 1.700E�03 1.737E�03 1.543E�03

SD 0.0041 0.0014 0.0012 0.0028 0.0093 0.0013 0.0059 4.7058E�04 7.5904E�04 6.3685E�04

Friedman value 52 33 61 47 52 35 41 20 23 21
Normalized
value

2.6 1.65 3.05 2.35 2.6 1.75 2.05 1 1.15 1.05

Rank 8 4 10 7 8 5 6 1 3 2

Table 1
Benchmark functions used in investigation 1.

Test function Dimension Range Optimum

g1 ¼ Pn
i¼1x

2
i

30 [�100,100]D 0

g2 ¼ Pn
i¼1jxij þ

Qn
i¼1jxij 30 [�10,10]D 0

g3 ¼ Pn
i¼1ð

Pi
j�1xjÞ

2 30 [�100,100]D 0

g4 ¼ maxifjxij;1 6 i 6 ng 30 [�100,100]D 0

g5 ¼ Pn�1
i¼1 ½100ðxiþ1 � x2i Þ

2 þ ðxi � 1Þ2� 30 [�30,30]D 0

g6 ¼ Pn
i¼1ðjxi þ 0:5jÞ2 30 [�100,100]D 0

g7 ¼ Pn
i¼1ix

4
i þ rand½0;1� 30 [�1.28,1.28]D 0

g8 ¼ Pn
i¼1 � xisinð

ffiffiffiffiffiffiffijxij
p Þ 30 [�500,500]D �418.9829e5

g9 ¼ Pn
i¼1½x2i þ 10cosð2pxiÞ þ 10� 30 [�5.12,5.12]D 0

g10 ¼ �20exp �0:2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
n

Pn
i¼1x

2
i

q� �
� exp 1

n

Pn
i¼1cosð2pxiÞ

� �þ 20þ e 30 [–32,32]D 0

g11 ¼ 1
4000

Pn
i¼1x

2
i �

Qn
i¼1cos

xiffi
i

p
� �

þ 1 30 [�600,600]D 0

g12 ¼ p
n f10sinðpy1Þ

Pn�1
i¼1 ðyi � 1Þ2½1þ 10 sin2ðpyiþ1Þ þ ðyn � 1Þ2�g þPn

i¼1uðxi;10;100;4Þ
yi ¼ 1þ xiþ1

4

uðxi; a; k;mÞ ¼
kðxi � aÞm xi > a
0 �a < xi < a
kð�xi � aÞm xi < �a

8<
:

30 [�50,50]D 0

g13 ¼ 0:1fsin2ð3px1Þ þ
Pn

i¼1ðxi � 1Þ2½1þ sin2ð3pxi þ 1Þ� þ ðxn � 1Þ2½1þ sin2ð2pxiÞ�g þ
Pn

i¼1uðxi;5;100;4Þ 30 [�50,50]D 0

g14 ¼ 1
500 þ

P25
j¼1

1
jþ
P2

i¼1
ðxi�aijÞ6

� 	�1 2 [�65,65]D 0.998004

g15 ¼ P11
i¼1 ai � xiðb2i þbix2Þ

b2i þbix3þx4


 �2 4 [�5,5]D 0.00030

g16 ¼ 4x21 � 2:1x41 þ 1
3 x

6
1 þ x1x2 � 4x22 þ 4x42 2 [�5,5]D �1.0316

g17 ¼ x2 � 5:1
4p2 x21 þ 5

l x1 � 6
� �2

þ 10 1� 1
8l

� �
cosðx1Þ þ 10

2 [�5,5]D 0.398

g18 ¼ ½1þ ðx1 þ x2 þ 1Þ2ð19� 14x1 þ 3x21 � 14x2 þ 6x1x2 þ 3x22Þ� � ½30þ ð2x1 � 3x2Þ2
ð18� 32x1 þ 12x21 þ 48x2 � 36x1x2 þ 27x22Þ�

2 [�2,2]D 3

g19 ¼ �P4
i¼1Ciexpð�

P3
j¼1aijðxj � pijÞ2Þ 3 [1,3]D �3.86

g20 ¼ �P4
i¼1Ciexpð�

P6
j¼1aijðxj � pijÞ2Þ 6 [0,1]D �3.322

g21 ¼ �P5
i¼1½ðx� aiÞðx� aiÞT þ Ci�

�1 4 [0,10]D �10.1532

g22 ¼ �P7
i¼1½ðx� aiÞðx� aiÞT þ Ci�

�1 4 [0,10]D �10.4028

g23 ¼ �P10
i¼1½ðx� aiÞðx� aiÞT þ Ci�

�1 4 [0,10]D �10.5363
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4.2. Results on the 30 benchmark functions of the CEC2014

This section presents the results on 30 CEC2014 benchmark
functions (Liang et al., 2014). The benchmark functions are sum-
marized in Table 6 and are divided into four categories: unimodal
functions (f1–f3), multimodal functions (f4–f16), hybrid functions
(f17–f22), and composition functions (f23–f30). Here, the compar-
ison is made among eight different optimization algorithms, i.e. the
Please cite this article in press as: Tejani, G. G., et al. An improved heat transfer
putational Design and Engineering (2018), https://doi.org/10.1016/j.jcde.2018.04
IWO (Mehrabian & Lucas, 2006), BBO (Simon, 2008), GSA (Rashedi
et al., 2009), HuS (Oftadeh et al., 2010), BA (Yang, 2010), WWO
(Zheng, 2015), HTS (Patel & Savsani, 2015), and IHTS algorithms.
To keep the consistency in the comparison of the algorithms,
common experimental parameters are considered. In this study,
30-dimensional functions are used with search ranges as [�100,
100]D. Population size linearly decreases from 100 to 10.
The maximum number of FE set 150,000 for the proposed
search algorithm for unconstrained optimization problems. Journal of Com-
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Table 3
Comparative results of g8 to g13 for the IHTS and HTS algorithms with other MHs in investigation 1 (The results of first eight algorithms are as per Li et al. (2014)).

Function PSO DE BBO CS FA GSA ABC AMO HTS IHTS

g8 Mean �8827.8 �11276 �12568 �9149.2 �6223.8 �3049.9 �12507 �12569 �12569.04 �12569.49
SD 611.1590 1813.5 0.5758 253.143 772.3 338.86 61.1186 1.2384E�07 5.7799E�01 3.7130E�12

g9 Mean 18.2675 134.6789 0.0385 51.2202 23.5213 7.2831 0 0 0 0
SD 4.7965 28.8598 0.0154 8.1069 8.3683 1.8991 0 0 0 0

g10 Mean 3.8719E�06 7.4739E�08 0.1947 2.3750 0.0094 1.4717E�09 1.1946E�09 4.4409E�15 2.8741E�14 2.8599E�14
SD 2.8604E�06 3.1082E�08 0.0461 1.1238 0.0014 1.4449E�10 5.0065E�10 0 5.6806E�15 4.35117E�15

g11 Mean 0.0168 0 0.2765 4.49E�05 0.0025 1.265E�02 0 0 0 0
SD 0.0205 0 0.0796 8.9551E�05 4.691E�04 0.0216 0 0 0 0

g12 Mean 0.0083 4.7114E�15 0.002 0.5071 8.8694E�06 2.0358E�20 1.1928E�21 1.5705E�32 3.0249E�04 8.7527E�11
SD 0.0287 3.2597E�15 0.0023 0.2662 2.7999E�06 4.5322E�21 1.0783E�21 2.8080E�48 1.1323E�03 1.69181E�10

g13 Mean 4.6694E�07 3.1598E�14 0.0218 4.6965E�04 1.2812E�04 5.6991E�33 2.299E�20 1.3498E�32 2.8412E�03 1.75885E�09
SD 1.3713E�06 2.2825E�14 0.0096 2.9932E�04 4.1539E�05 6.2589E�33 2.2886E�20 2.808E�48 9.9842E�03 3.67885E�09

Friedman value 46 33 46 50 45 33 19.5 12.5 26.5 18.5
Normalized value 3.68 2.64 3.68 4 3.6 2.64 1.56 1 2.12 1.48
Rank 8 5 8 10 7 5 3 1 4 2

Table 4
Comparative results of g14 to g23 for the IHTS and HTS algorithms with other MHs in investigation 1 (The results of first eight algorithms are as per Li et al. (2014)).

Function PSO DE BBO CS FA GSA ABC AMO HTS IHTS

g14 Mean 0.9980 0.9980 0.9981 0.9981 3.0273 5.9533 0.9980 0.9980 0.9980 0.9980
SD 1.0968E�14 9.8526E�16 4.0691E�04 4.8277E�04 1.5853 3.4819 3.7921E�16 3.3858E�12 3.3993E�16 3.3993E�16

g15 Mean 6.5867E�04 4.5400E�04 0.0028 5.0310E�04 0.001 0.0048 7.4715E�04 3.9738E�04 5.3397E�04 3.4416E�04
SD 2.2775E�04 3.4262E�04 0.0044 1.118E�04 4.6002E�04 0.0033 2.1481E�04 4.4503E�05 3.9577E�04 1.8313E�04

g16 Mean �1.0316 �1.0316 �1.0312 �1.03163 �1.0314 �1.03163 �1.0316 �1.0316 �1.03163 �1.03163
SD 1.2775E�12 6.6855E�14 8.1085E�04 1.5821E�07 0.0011 4.7536E�16 1.1269E�14 5.2006E�11 4.5325E�16 4.5325E�16

g17 Mean 0.3979 0.3979 0.3984 0.3979 0.3979 0.3979 0.3979 0.3979 0.39789 0.39789
SD 8.2239E�12 0 6.7654E�04 3.2449E�06 3.0709E�08 0 5.3819E�08 0 5.6656E�17 5.6656E�17

g18 Mean 3.0001 3 3.0491 3.0013 3.0123 3.7403 3 3.0018 3 3
SD 7.9627E�05 1.223E�10 0.065 0.0026 0.0526 1.6055 2.6164E�05 0.0055 0 0

g19 Mean �3.8628 �3.8628 �3.8627 �3.8628 �3.8613 �3.8625 �3.8628 �3.8628 �3.8628 �3.8628
SD 3.127E�12 2.3042E�15 1.41E�04 1.4043E�05 0.0037 3.8767E�04 1.3654E�10 1.3669E�15 9.0649E�16 9.0649E�16

g20 Mean �3.2554 �3.2174 �3.2833 �3.321 �3.2741 �3.3220 �3.3220 �3.3220 �3.2837 �3.2935
SD 0.0602 0.0394 0.0563 7.5186E�04 0.0723 4.7967E�16 8.5733E�10 5.085E�06 5.6553E�02 5.1824E�02

g21 Mean �7.6393 �10.1532 �5.4381 �9.7256 �6.5633 �4.7840 �10.1528 �10.0592 �9.5469 �10.1532
SD 3.2359 8.1382E�06 3.6051 0.2846 3.8155 1.4761 0.0013 0.2491 1.6757 0

g22 Mean �7.3602 �10.4029 �7.7759 �9.8624 �10.4027 �6.5797 �10.4012 �10.3899 �8.4839 �10.4029
SD 3.3035 2.5631E�06 3.3125 0.3291 7.0965E�04 3.8073 0.0046 0.0297 2.8821 0

g23 Mean �8.9611 �10.5364 �9.3514 �9.7534 �10.2297 �8.2651 �10.5339 �10.499 �9.4548 �10.5364
SD 2.8381 3.9747E�06 2.6288 0.4913 1.5332 2.8868 0.0054 0.1428 2.2078 3.6260E�15

Friedman value 65 40 85.5 51 74 79.5 41.5 44 45 24.5
Normalized
value

2.6531 1.6327 3.4898 2.0816 3.0204 3.2449 1.6939 1.7959 1.8367 1

Rank 7 2 10 6 8 9 3 4 5 1

Table 5
The Friedman rank test for the mean solutions obtained for g1–g23 classical functions.

PSO DE BBO CS FA GSA ABC AMO HTS IHTS

Overall Friedman value 163 106 192.5 148 171 147.5 102 76.5 94.5 64
Overall normalized value 2.5469 1.6563 3.0078 2.3125 2.6719 2.3047 1.5938 1.1953 1.4766 1
Overall rank 8 5 10 7 9 6 4 2 3 1
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algorithms as per Zheng (2015). All results are considered for 60
independent runs on each test function. The experimental param-
eter settings and results of the first six algorithms are as per Zheng
(2015). The results and discussions explain in the remainder of the
section.

Comparative results for unimodal, multimodal, hybrid, and
composition functions of the CEC2014 are presented in Tables 7–
10 respectively. The tables present, minimum, maximum, median,
and SD of the result fitness values over the 60 independent runs
Please cite this article in press as: Tejani, G. G., et al. An improved heat transfer
putational Design and Engineering (2018), https://doi.org/10.1016/j.jcde.2018.04
similar to Zheng (2015). The tables also present the rank sum of
the algorithms over the test functions for median fitness value.

The unimodal functions (f1–f3) are used to test the fast-
converging performance (exploitation capability) of the proposed
algorithms. This unimodal function group has different properties
(i.e. function f1 is a non-separable and quadratic ill-conditioned
function, function f2 is a non-separable and smooth function with
a narrow range, and function f3 is a non-separable function with
one sensitive direction). Table 7 signifies that the IHTS algorithm
search algorithm for unconstrained optimization problems. Journal of Com-
.003
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Table 6
The CEC2014 benchmark functions.

Test function Optimum Test function Optimum

f1: Rotated high conditioned elliptic function 100 f16: Shifted and rotated Expanded Scaffer’s f6 function 1600
f2: Rotated bent cigar function 200 f17: Hybrid function1 (f9, f8, f1) 1700
f3: Rotated discus function 300 f18: Hybrid function2 (f2, f12, f8) 1800
f4: Shifted and rotated Rosenbrock function 400 f19: Hybrid function3 (f7, f6, f4, f14) 1900
f5: Shifted and rotated Ackley’s function 500 f20: Hybrid function4 (f12, f3, f13, f8) 2000
f6: Shifted and rotated Weierstrass function 600 f21: Hybrid function5 (f14, f12, f4, f9, f1) 2100
f7: Shifted and rotated Griewank’s function 700 f22: Hybrid function6 (f10, f11, f13, f9, f5) 2200
f8: Shifted Rastrigin function 800 f23: Composition function1 (f4, f1, f2, f3, f1) 2300
f9: Shifted and rotated Rastrigin’s function 900 f24: Composition function2 (f10, f9, f14) 2400
f10: Shifted Schwefel function 1000 f25: Composition function3 (f11, f9, f1) 2500
f11: Shifted and rotated Schwefel’s function 1100 f26: Composition function4 (f11, f13, f1, f6, f7) 2600
f12: Shifted and rotated Katsuura function 1200 f27: Composition function5 (f14, f9, f11, f6, f1) 2700
f13: Shifted and rotated HappyCat function 1300 f28: Composition function6 (f15, f13, f11, f16, f1) 2800
f14: Shifted and rotated HGBat function 1400 f29: Composition function7 (f17, f18, f9) 2900
f15: Shifted and rotated Expanded Griewank’s plus Rosenbrock’s function 1500 f30: Composition function8 (f20, f21, f22) 3000

Table 7
Comparative results on unimodal benchmark functions of the CEC2014 (The results of the first six algorithms are as per Zheng (2015)).

Function WWO BA Hus GSA BBO IWO HTS IHTS

f1 Maximum 1167299.8451 551233223.9299 12733371.0877 53081883.4366 80949878.1081 2769267.5875 17663145.6144 10425374.2370
Minimum 144379.0400 117743349.2292 1605916.3337 4562225.2330 5748663.4114 344339.2538 1181626.0860 598847.7277
Median 626396.3812 310130002.7555 5104865.3378 8374827.7873 21409877.7561 1417129.9406 4858979.9127 4754970.2124
SD 244526.8140 104690309.2627 2620084.7953 13187933.1609 16720012.8760 571747.0082 3344107.9349 2847706.3766
Median rank 1 8 5 6 7 2 4 3

f2 Maximum 1475.6209 63452112467.1898 24067.0999 16121.9392 8039842.4366 40715.6298 29408780.0241 42420.7647
Minimum 200.0652 11333990111.3518 308.6806 3465.1987 1149777.4730 6090.0704 599.3471 254.9942
Median 268.4388 24911851992.7083 9085.8678 8375.7348 3952635.2141 15153.3115 18004.8237 6669.6106
SD 202.2221 7553596375.4800 6012.6897 2903.3044 1549219.3214 8673.4818 3794900.9370 9268.2646
Median rank 1 8 4 3 7 5 6 2

f3 Maximum 1319.7047 111462.8753 3357.6641 75772.5037 50650.0396 15038.2268 28198.4322 13096.6360
Minimum 315.0449 34353.6564 300.0103 20427.9759 592.4766 3498.7307 301.7845 310.0510
Median 487.1025 71878.1466 302.3518 45139.0336 7650.3134 7287.4567 4486.9618 3103.2209
SD 184.6450 17548.6717 540.6109 10432.6453 12764.8742 2692.8884 5466.6010 3282.7384
Median rank 2 8 1 7 6 5 4 3
Median sum
rank

4 24 10 16 20 12 14 8

Table 8
Comparative results on multimodal benchmark functions of the CEC2014 (The results of first six algorithms are as per Zheng (2015)).

Function WWO BA HuS GSA BBO IWO HTS IHTS

f4 Maximum 541.5916 12573.1211 563.9099 849.2952 654.2015 544.7961 617.8922 579.2362
Minimum 400.0000 2008.3886 403.9083 573.1123 423.0312 401.9403 467.5109 400.1528
Median 401.5716 3049.7158 503.4374 681.6367 541.9605 510.9693 516.4804 481.6028
SD 36.3636 1973.8532 36.6181 51.5149 38.3545 28.7968 35.3188 40.7480
Median rank 1 8 3 7 6 4 5 2

f5 Maximum 520.0033 521.0441 520.8596 519.9999 520.2414 520.0225 520.2427 520.1228
Minimum 519.9979 520.8531 520.5425 519.9963 520.0705 520.0061 520.0139 520.0000
Median 519.9999 520.9823 520.7022 519.9991 520.1538 520.0140 520.0727 520.0080
SD 0.0007 0.0481 0.0783 0.0006 0.0422 0.0038 0.0582 0.0293
Median rank 2 8 7 1 6 4 5 3

f6 Maximum 612.8291 639.1271 628.8473 623.5527 618.3306 604.5557 623.6279 618.3745
Minimum 601.3006 631.8353 618.5379 616.5764 608.2354 600.4399 611.6188 608.9557
Median 605.7950 636.5664 622.9522 619.7672 613.7945 602.1305 616.8141 613.7340
SD 2.6204 1.5591 2.1784 1.8319 2.3542 1.1219 2.4439 2.1039
Median rank 2 8 7 6 4 1 5 3

f7 Maximum 700.0246 962.8169 700.1976 700.0074 701.0873 700.0778 701.0558 700.1229
Minimum 700.0000 819.3877 700.0000 700.0000 700.9360 700.0133 700.0024 700.0003
Median 700.0000 912.3287 700.0185 700.0000 701.0293 700.0316 700.0891 700.0172
SD 0.0063 32.3193 0.0556 0.0010 0.0264 0.0121 0.2127 0.0207
Median rank 2 8 4 1 7 5 6 3

f8 Maximum 815.2917 1120.8348 975.1119 800.9948 939.2935 874.6235 800.5141 800.0007
Minimum 800.0000 975.8041 910.4401 800.0862 838.8034 826.8662 800.0000 800.0000
Median 800.0167 1068.4983 940.2887 800.4623 878.6015 842.7854 800.0044 800.0000
SD 2.3361 25.6476 12.7304 0.2063 20.6917 10.1117 0.0902 0.0001
Median rank 3 8 7 4 6 5 2 1

f9 Maximum 983.5764 1336.5548 1085.0612 1097.9956 984.3962 977.6100 1017.4244 992.2449
Minimum 934.8283 1150.6262 958.7025 1019.3947 935.0931 929.8533 933.9756 937.8092
Median 960.6924 1246.1924 1011.4350 1056.7054 949.3502 945.7740 981.6204 959.2052
SD 11.0977 44.1294 25.9919 17.4329 11.4372 11.3933 16.5483 12.3965
Median rank 4 8 6 7 2 1 5 3

(continued on next page)
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Table 9
Comparative results on hybrid benchmark functions of the CEC2014 (The results of first six algorithms are as per Zheng (2015)).

Function WWO BA HuS GSA BBO IWO HTS IHTS

f17 Maximum 61565.9287 9904629.3757 1000382.5043 1140015.9795 23106817.0257 350354.2619 902778.5357 835638.8393
Minimum 6710.2562 1449000.8115 14294.7715 185464.3421 1258552.5881 5370.1083 66162.2112 30320.7141
Median 26148.3119 4241650.1161 150508.8467 562631.6629 3126113.6743 67480.0750 279186.2908 252025.5351
SD 12403.5374 1789909.2516 160518.8631 219949.3460 4192494.2708 68473.6644 204418.3832 199181.3305
Median rank 1 8 3 6 7 2 5 4

f18 Maximum 2729.2316 363654600.9320 10948.7145 4196.0460 102913.5319 17960.2623 116806.0845 7982.8619
Minimum 1845.1149 13347208.5507 2015.6859 2019.1621 6736.4730 2256.8848 1845.9264 1849.0844
Median 2010.2056 85405873.4768 2729.2252 2133.7063 22820.6237 4346.5684 10568.2308 2106.6200
SD 125.1962 100285357.3457 2246.5148 377.9286 19674.9440 3690.0554 16664.4065 1146.3097
Median rank 1 8 4 3 7 5 6 2

f19 Maximum 1911.8856 2059.1186 2042.0890 2051.0487 1984.0794 1912.1419 1985.8456 1967.9442
Minimum 1904.6254 1953.7866 1912.0364 1912.4234 1906.7530 1904.6461 1906.2391 1905.5709
Median 1907.5883 2006.0844 1915.8170 2004.5323 1912.2192 1907.9032 1909.9680 1907.4751
SD 1.3780 20.3164 33.1485 34.3190 27.6885 1.6545 15.6358 13.0718
Median rank 2 8 6 7 5 3 4 1

f20 Maximum 15752.8391 44431.6480 60268.1289 68238.6014 86232.8899 5341.5349 28366.1572 38676.0155
Minimum 2139.0509 5404.3164 22243.1359 2322.3764 8637.9823 2300.8670 3661.5058 2355.4692
Median 4249.3701 16329.6353 36842.9058 17713.1425 27243.5884 2737.1784 12287.3243 9805.4281
SD 3177.0847 10283.6255 8492.7252 13860.3564 17604.9005 700.4102 6139.2928 8123.7708
Median rank 2 5 8 6 7 1 4 3

f21 Maximum 176283.7997 3336621.5567 166238.0473 308980.2382 1665891.1812 90299.1012 2792310.6562 564698.4370
Minimum 3704.9387 143461.5846 10666.8078 58719.7392 67032.3044 6742.4187 10669.0052 9172.9658
Median 29243.4936 916758.5117 47018.0180 171257.4054 422340.8253 33508.0818 288367.1161 109939.1435
SD 35555.5716 750680.8765 42428.1036 65285.4119 334571.5390 23011.1766 502632.5281 152466.0192
Median rank 1 8 3 5 7 2 6 4

f22 Maximum 2852.3536 3556.0255 3667.9964 3625.4461 3281.6554 2515.4278 3231.3838 3034.0918
Minimum 2224.3469 2720.6876 2366.1605 2625.9498 2250.4927 2226.9074 2318.1788 2229.8837
Median 2481.2859 3140.9501 3075.7543 3145.1175 2710.4330 2362.9336 2787.7188 2477.6114
SD 142.8952 205.4095 267.2685 250.0137 234.4393 73.3907 193.2522 173.9726
Median rank 3 7 6 8 4 1 5 2
Median sum rank 10 44 30 35 37 14 30 16

Table 8 (continued)

Function WWO BA HuS GSA BBO IWO HTS IHTS

f10 Maximum 2708.4761 7450.5728 3205.4702 5252.3258 1004.2832 3565.0602 1003.5308 1004.1363
Minimum 1016.9522 5257.5007 1362.9909 3453.0643 1000.8355 1585.5826 1000.2172 1000.1977
Median 1486.9883 6471.8675 2173.4567 4370.7714 1002.2217 2576.5682 1001.1117 1001.0528
SD 361.6122 518.6548 433.1531 360.9861 0.6800 380.0190 0.7272 0.9623
Median rank 4 8 5 7 3 6 2 1

f11 Maximum 3891.5466 8753.7176 4234.9770 6348.5230 4507.6161 3802.7930 5614.4134 3931.0235
Minimum 2489.0411 7203.2249 2201.2880 3700.3077 2119.3475 1477.6414 2841.8756 2211.0428
Median 3380.3405 8243.7503 3238.9345 4992.9284 3318.9098 2919.4578 3850.7967 3197.3605
SD 289.2180 362.2389 465.5429 567.3467 511.5523 447.7160 501.7638 387.8148
Median rank 5 8 3 7 4 1 6 2

f12 Maximum 1200.3231 1203.2532 1200.3718 1200.0047 1200.3907 1200.0771 1200.3152 1200.2164
Minimum 1200.0322 1201.7450 1200.0449 1200.0000 1200.0994 1200.0129 1200.0583 1200.0477
Median 1200.0860 1202.5780 1200.1817 1200.0009 1200.2179 1200.0330 1200.1392 1200.1123
SD 0.0561 0.3339 0.0777 0.0010 0.0562 0.0148 0.0601 0.0362
Median rank 3 8 6 1 7 2 5 4

f13 Maximum 1300.4570 1304.9255 1300.5555 1300.4706 1300.7315 1300.4211 1300.6368 1300.4353
Minimum 1300.1712 1301.8238 1300.2638 1300.1847 1300.3380 1300.1598 1300.1825 1300.1420
Median 1300.2468 1304.1200 1300.3820 1300.2921 1300.4994 1300.2734 1300.3887 1300.2895
SD 0.0641 0.5483 0.0650 0.0665 0.1061 0.0650 0.0978 0.0616
Median rank 1 8 5 4 7 2 6 3

f14 Maximum 1400.3215 1498.6828 1400.3337 1400.3601 1400.9751 1400.7748 1400.4024 1400.3074
Minimum 1400.1280 1435.5560 1400.1336 1400.1614 1400.1942 1400.1464 1400.1629 1400.1488
Median 1400.2046 1474.7122 1400.2369 1400.2517 1400.3838 1400.2095 1400.2772 1400.1991
SD 0.0441 13.9463 0.0474 0.0423 0.1992 0.1191 0.0622 0.0416
Median rank 2 8 4 5 7 3 6 1

f15 Maximum 1506.2835 592431.3426 1524.8777 1506.4384 1534.0177 1505.8069 1552.9981 1534.2267
Minimum 1502.0454 15918.3556 1511.0627 1502.0247 1508.5845 1501.8432 1508.2077 1504.8478
Median 1503.1268 155169.6395 1517.0070 1503.2067 1514.0223 1503.7516 1523.1793 1513.2727
SD 0.7753 140338.9490 3.2695 0.7297 4.2976 0.8484 9.7125 5.8957
Median rank 1 8 6 2 5 3 7 4

f16 Maximum 1611.6678 1613.4200 1612.9760 1614.2358 1611.0132 1611.5367 1611.8981 1611.0586
Minimum 1609.4140 1612.6056 1609.5767 1612.6045 1608.2695 1608.3244 1608.3493 1607.9341
Median 1610.3884 1613.0224 1611.8073 1613.7616 1609.9218 1610.5231 1610.2287 1609.8657
SD 0.4667 0.1904 0.7249 0.3428 0.5923 0.6144 0.7887 0.7002
Median rank 4 7 6 8 2 5 3 1
Median sum rank 34 103 69 60 66 42 63 31
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Table 10
Comparative results on composition benchmark functions of the CEC2014 (The results of first six algorithms are as per Zheng (2015)).

Function WWO BA HuS GSA BBO IWO HTS IHTS

f23 Maximum 2616.2259 2883.8213 2618.6658 2645.4415 2621.7679 2615.7139 2618.4495 2615.2662
Minimum 2615.2473 2506.4381 2615.4510 2500.0000 2615.6061 2615.2905 2615.2443 2615.2441
Median 2615.2856 2512.4688 2616.2059 2559.6554 2617.3122 2615.3683 2615.2467 2615.2450
SD 0.1447 128.3564 0.8448 64.5044 1.3178 0.0795 0.5480 0.0034
Median rank 5 1 7 2 8 6 4 3

f24 Maximum 2647.3588 2610.2869 2714.4620 2600.0989 2651.3445 2629.1371 2628.5247 2600.0489
Minimum 2622.6670 2600.7977 2634.4893 2600.0330 2627.7190 2600.5489 2600.2246 2600.0039
Median 2628.6927 2601.2205 2656.7588 2600.0622 2632.5214 2623.3568 2600.6010 2600.0269
SD 6.8854 1.1996 12.4866 0.0171 5.9741 10.7664 3.6076 0.0093
Median rank 6 4 8 2 7 5 3 1

f25 Maximum 2716.1039 2763.9893 2745.6599 2706.6193 2720.4326 2707.0872 2722.7498 2700.0000
Minimum 2704.5678 2700.1001 2714.2585 2700.0000 2705.6538 2703.0803 2700.0000 2700.0000
Median 2707.9071 2700.1733 2724.2557 2700.0000 2711.3745 2704.6136 2707.4400 2700.0000
SD 2.0009 14.9765 6.2686 1.3194 3.0104 0.8076 6.5652 0.0000
Median rank 6 3 8 2 7 4 5 1

f26 Maximum 2700.4856 2704.6573 2800.2904 2800.0364 2801.3505 2700.4159 2800.5234 2700.6232
Minimum 2700.1129 2701.6589 2700.2236 2800.0115 2700.3540 2700.1345 2700.2482 2700.1955
Median 2700.2521 2703.3040 2800.1016 2800.0228 2700.5567 2700.2813 2700.4757 2700.3384
SD 0.0650 0.5372 35.3282 0.0054 22.0234 0.0543 21.9471 0.0994
Median rank 1 6 8 7 5 2 4 3

f27 Maximum 3500.7459 3528.3639 6472.6909 4429.7573 3509.5191 3104.0584 3763.6816 3558.7554
Minimum 3021.5881 3213.3574 3570.0176 3102.8428 3244.7063 3010.7246 3103.6807 3101.4568
Median 3101.7590 3311.9478 4843.3656 3821.8921 3403.1427 3101.7227 3552.3946 3106.8606
SD 59.0084 64.6177 682.5243 350.5128 63.5282 35.0337 244.3623 157.3532
Median rank 2 4 8 7 5 1 6 3

f28 Maximum 5386.1217 6099.3176 6653.9022 6919.4659 4265.9526 3845.3340 5039.6970 3957.2468
Minimum 3100.0045 3007.1632 4703.9812 3760.0466 3609.8045 3556.7737 3642.1962 3595.1879
Median 3779.6436 4515.6962 5355.8666 5434.9469 3791.8169 3692.1418 3939.6196 3693.4652
SD 360.7000 592.9149 461.3382 715.2876 93.3415 41.2055 290.1418 68.3542
Median rank 3 6 7 8 4 1 5 2

f29 Maximum 5060.2654 13624372.0777 41057116.9865 2932126.8594 8637620.2315 27934.1393 8667367.6902 7106.9924
Minimum 3560.3701 616341.5975 4811.9855 3100.0861 4255.7508 5367.7268 3389.0141 3282.6750
Median 4021.0526 4208995.1862 15443.0726 3100.1208 5259.7442 15778.9086 5778.3098 4458.8135
SD 359.5639 2830613.7427 7704687.2363 378105.7595 1114430.5187 5140.1597 4101350.6197 803.2902
Median rank 2 8 6 1 4 7 5 3

f30 Maximum 7656.4081 508205.7193 37392.9610 113589.8812 37503.5909 16900.3219 11636.0555 8029.2461
Minimum 4247.4484 62605.5904 8274.5339 12154.6424 7780.7377 6047.0252 4324.2650 4126.4310
Median 5628.0203 176767.7974 15115.7986 14618.1635 15566.3436 8850.8141 7357.6616 5456.1275
SD 738.0508 91057.1920 6582.6405 18411.7936 6076.3255 2078.6364 1791.3608 955.8759
Median rank 2 8 6 5 7 4 3 1
Median sum rank 27 40 58 34 47 30 35 17
Overall median sum rank 75 211 167 145 170 98 142 72
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achieves second best median value on function f2 and gets third
best median rank on functions f1 and f3. The WWO algorithm
ranks first on functions f1 and f2, whereas the HuS algorithm ranks
first on function f3. Therefore, the best performance at the median
sum rank is the WWO algorithm.

However, the IHTS and HTS algorithms set second and fifth
best median rank on the unimodal function group respectively.
In addition, the IHTS algorithm improves or offers sets similar
results over the HTS algorithm for all the unimodal functions.
Therefore, the results prove that the exploitation ability of the
algorithm is improved through proposed modifications. It is also
observed from the result table that the WWO algorithm gives
better performance in order to get minimum, maximum, and SD
of the result fitness values over 60 runs for the unimodal func-
tions f1 and f2, whereas the Hus algorithm performs better for
function f3. Fig. 3 shows the convergence graphs of the unimodal
functions (f1–f3). The convergence graphs are plotted between
the mean fitness value of the objective function and FE based
on the results obtained through 60 independent runs. It is
observed from the convergence graphs of the unimodal functions
that the IHTS algorithm has a good convergence performance in
comparison with the other algorithms considered in the present
work. However, the WWO algorithm performs better convergence
on functions f1 and f2.
Please cite this article in press as: Tejani, G. G., et al. An improved heat transfer
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The multimodal functions (f4–f16) have a large number of local
minima points and can be used to test the exploration ability of the
proposed algorithms. This multimodal function group has different
properties. Likewise, function f4 is a non-separable function having
a very narrow valley from a local optimum to the global optimum,
function f6 is a non-separable and continuous function, but differ-
entiable only on a set of points, functions f8–f11 have a huge num-
ber of local optima’s, and function f13 is a continuous function yet
non-differentiable.

The results of Table 8 show that the IHTS algorithm ranks first on
functions f8, f10, f14, and f16, the WWO algorithm ranks first on
functions f4, f13, and f15, the GSA algorithm ranks first on functions
f5, f7, and f12, and the IWO algorithm ranks first on functions f6, f9,
and f11. The IHTS algorithm finds the second best median values on
functions f4 and f11, finds the third bestmedian values on functions
f5, f6, f7, f9, and f13. The performance of the HTS algorithm
improves on all the multimodal functions for the IHTS algorithm.
The results of the IHTS algorithm are global optimum or near on
functions f7, f8, f10, f12, f13, and f14. Therefore, it can be seen from
result table that the best performance at themedian sum rank is for
the IHTS algorithm followed by the WWO and IWO algorithms.
Therefore, the results prove that exploration capability of the algo-
rithm is improved through proposedmodifications. It can be seen in
Table 8 that the WWO algorithm gives better performance in order
search algorithm for unconstrained optimization problems. Journal of Com-
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Fig. 3. Convergence graphs of the unimodal benchmark functions of the CEC2014.
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to get minimum, maximum, and SD of the result fitness values over
60 runs for function f4. Likewise, the GSA algorithm performs better
for functions f5, f7, and f12, the IWO algorithm performs better for
functions f6, f9, f11, and f15, and the IHTS algorithm performs bet-
ter for functions f8, f10, f13, f14, and f16. The convergence graph of
the multimodal functions (f4–f16) over 60 independent runs are
shown in Fig. 4. It can be seen from the convergence graphs of the
multimodal functions that the IHTS algorithm shows better conver-
gence results in comparison with the HTS algorithm and other
algorithms. However, theWWO algorithm performs better on func-
tion f4, the IWO algorithm shows faster convergence on functions
f6 and f11, and the GSA algorithm gives faster convergence on
function f15.

The hybrid functions (f17–f22) are more challenging than other
functions since their search landscapes are made of multiple test
functions. This can be considered as composite test functions and
include several difficulties combined to benchmark an algorithm
from different perspectives. This hybrid function group has
different properties: multi-modal or unimodal, non-separable sub-
components, and different properties for different variables sub-
components (Liang et al., 2014). The results of Table 9 illustrate
that the IHTS algorithm finds the best median value on function
f19, finds the second best median values on functions f18 and
f22, and finds the third best median value on function f20. The
WWO algorithm ranks first on functions f17, f18, and f21, whereas
the IWO algorithm ranks first on functions f20 and f22. The best
performance at the median sum rank is for the WWO algorithm.
The performance of the HTS algorithm improves on all the hybrid
functions for the IHTS algorithm. Moreover, the IHTS and HTS algo-
rithms find second and fifth best median rank in the group of the
hybrid functions respectively. Therefore, the modification
improves the overall rank of the HTS algorithm on the hybrid func-
tions. It can be seen from the result table that the WWO algorithm
gives better performance in order to get minimum, maximum, and
SD of the result fitness values over 60 runs for functions f17, f18,
f19, and f21, whereas the IWO algorithm performs better for
Please cite this article in press as: Tejani, G. G., et al. An improved heat transfer
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functions f20 and f22. The convergence graph of the hybrid func-
tions (f17–f22) is illustrated in Fig. 5. It is observed from the con-
vergence graphs that the IHTS algorithm converge better in
comparison with the HTS and other algorithms. However, the
WWO algorithm gives better convergence on function f17, and
the IWO algorithm shows faster convergence on functions f20,
f21, and f22.

The composition functions (f23–f30) are used to test the ability
of the proposed algorithms to govern the problems having
different sub functions with different properties. Table 10 indicates
that the IHTS algorithm finds the best median value on functions
f24, f25, and f30, finds the second best median values on function
f28, and ranks third on functions f23, f26, f27, and f29. The HTS
algorithm finds the third best median value on functions f24 and
f30 and finds the fourth best median value on functions f23 and
f26. The WWO algorithm ranks first on function f26, the BA algo-
rithm ranks first on function f23, the GSA algorithm ranks first
on function f29, and the IWO algorithm ranks first on functions
f27 and f28. The performance of the HTS algorithm improves on
all the composition functions for the IHTS algorithm. Moreover,
the best performance at the median sum rank is for the IHTS algo-
rithm. It can be seen from the result table that the IHTS algorithm
gives better performance in order to get minimum, maximum, and
SD of the result fitness values over 60 runs for functions f23, f24,
f25, and f30. Likewise, the WWO algorithm performs better for
function f26, the IWO algorithm performs better for functions
f27, and f28, and the GSA algorithm performs better for function
f29. The convergence graphs of the composition functions are
shown in Fig. 6. The IHTS algorithm converges better in compar-
ison with the HTS and other algorithms. However, the GSA algo-
rithm performs better on function f23, and the WWO algorithm
gives faster convergence on function f30.

The rank sum of the algorithms over the test functions for med-
ian value signifies that the IHTS algorithm performs better for mul-
timodal and composition functions, whereas the WWO algorithm
gives better results for unimodal and hybrid functions. The IHTS
search algorithm for unconstrained optimization problems. Journal of Com-
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algorithm is second best and third best for unimodal and hybrid
functions respectively. Moreover, the IHTS algorithm gives the
highest overall ranking, whereas the HTS algorithm gives the
fourth rank on overall median sum rank for all the benchmark
functions of the CEC2014.

From the results of Tables 7–10 it can be understood that the
IHTS algorithm is a better performing algorithm for unconstrained
optimization problems of the CEC2014, but at the same time
statistical tests are also important to rank all the algorithms based
Fig. 4. Convergence graphs of the multimoda
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on the obtained results by the proposed method over other com-
parative algorithms. Therefore, the Friedman rank test is per-
formed at the minimum and median solutions obtained by the
IHTS, HTS, and other state-of-the-art algorithms respectively.
Table 11 presents the Friedman rank test for the CEC2014 test
functions. The results of the Friedman test are normalized with
respect to the best value obtained, and algorithms are ranked
based on the normalized value. The results indicate that the IHTS
algorithm stands second to obtain minimum solutions on the
l benchmark functions of the CEC2014.
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Fig. 4 (continued)
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CEC2014 test functions. Moreover, the WWO and IWO algorithms
rank first and third to obtain minimum solutions respectively. It
is also observed from the results that the IHTS algorithm stands
first to obtain median solutions for the specified functions. More-
over, the WWO and IWO algorithms rank second and third to
obtain median solutions respectively.
5. Truss design problems

In this section, two truss problems are employed to demon-
strate the applicability of the proposed algorithms. The first prob-
lem, a 52-bar dome truss, is subject to multiple natural frequency
constraints with continuous sections (Tejani, Savsani, & Patel,
2016a, Tejani, Savsani, & Patel, 2017; Tejani, Savsani, Patel, &
Mirjalili, 2017) while the second problem, a 24-bar truss, is is sub-
ject to stress, displacement, natural frequency, and buckling con-
straints with discrete sections (Savsani, Tejani, Patel, & Savsani,
2017; Tejani, Savsani, Bureerat, & Patel, 2018).
5.1. The 52-bar dome truss

The 52-bar truss is presented in Fig. 7. Truss elements are
grouped in eight by considering structural symmetry about the
Please cite this article in press as: Tejani, G. G., et al. An improved heat transfer
putational Design and Engineering (2018), https://doi.org/10.1016/j.jcde.2018.04
z-axis, while free nodes can move ±2 m from its initial positions
by considering structural symmetry. Thus, this truss is designed
with eight size variables and five shape variables. A lumped mass
of 50.0 kg is assumed on all free nodes. Table 12 represents the
design considerations for this problem. The detailed discussion of
this truss problem is presented in Tejani, Savsani, and Patel
(2017). This truss is designed by several algorithms such as bi-
factor algorithm, niche genetic hybrid algorithm (NGHA), charged
system search (CSS), Enhanced CSS, PSO, hybrid version of CSS with
big bang-big crunch (CSS-BBBC), harmony search (HS), FA, and
democratic particle swarm optimization (DPSO) Tejani, Savsani,
and Patel (2017).

To solve this case study, the IHTS and HTS algorithms are
equipped with a population size and FE as 20 and 6000
respectively. Table 13 presents the results of the proposed
algorithms and those reported in the literature (Tejani,
Savsani, and Patel (2017)). The results show that the IHTS
and HTS algorithms obtain designs with the optimum mass
of 193.9311 and 196.1245 kg respectively. The IHTS algorithm
finds the mass benefit as 103.6914, 41.7374, 34.0724, 10.9284,
3.0284, 20.6314, 3.2214, 3.0004, 1.0424, and 2.1934 kg com-
pared to the designs found by using the bi-factor algorithm,
NGHA, PSO, CSS, Enhanced CSS, HS, FA, CSS-BBBC, DPSO, and
HTS algorithms respectively. The results show that the IHTS
search algorithm for unconstrained optimization problems. Journal of Com-
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Fig. 5. Convergence graphs of the hybrid benchmark functions of the CEC2014.
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algorithm designs lighter truss compared to the HTS algorithm
and other methods with no violation of constraints. The
results also signify that mean mass and SD are improved with
the modification in the basic HTS algorithm. From the result
table, it is also identified that the CSS, enhanced CSS, FA,
and DPSO algorithms offer better mean weight, whereas the
CSS, Enhanced CSS, PSO, HS, FA, and DPSO algorithms give
better SD of mass compared to the IHTS algorithm. However,
it should be noted that the PSO, HS, and FA algorithms con-
sumed 11,270, 20,000, and 10,000 FE respectively, thus, the FE
consumption is much higher compared to the MHTS and HTS
algorithms. This study shows that the IHTS algorithm per-
forms better or nearly similar as compared to the previous
studies. Moreover, the IHTS algorithm performs better as com-
pared to the HTS algorithm.

5.2. The 24-bar planar truss

The 24-bar planar truss is considered to investigate the
influence of discrete design variables as shown in Fig. 8. Table 14
Please cite this article in press as: Tejani, G. G., et al. An improved heat transfer
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represents the design considerations for this problem. A lumped
mass of 500 kg is assumed on node 3. The detailed discussion of
this truss problem is presented in Savsani et al. (2017). This truss
is designed by several algorithms such as TLBO, modified TLBO
(MTLBO), WWO, modified WWO (MWWO), PVS, and modified
PVS (MPVS) algorithms (Savsani et al., 2017).

The proposed algorithms are examined on discrete truss
topology optimization by employing a population size and FE as
50 and 20,000 respectively. The results are obtained for 100 inde-
pendent runs and presented in Table 15. The results signify that
IHTS and MPVS rank first among all considered algorithms. Thus,
the mass benefit for the IHTS and MPVS algorithms is 17.4754,
1.5716, 16.6153, 55.6023, 3.1867, and 0.3405 kg as compared to
those obtained from the TLBO, MTLBO, HTS, WWO, MWWO, and
PVS algorithms respectively. The MPVS algorithm performs best
followed by the IHTS algorithm among all considered algorithms
to obtain the minimummean mass. This section shows that results
obtained using the IHTS algorithm are competitive. It was
also observed that the IHTS algorithm outperforms the HTS
algorithm.
search algorithm for unconstrained optimization problems. Journal of Com-
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Fig. 6. Convergence graphs of the composition benchmark functions of the CEC2014.

Table 11
The Friedman rank test for the minimum and median solutions obtained for 30 benchmark functions of the CEC2014.

Test for the minimum solution Test for the median solution

Algorithms Friedman value Normalized value Rank Algorithms Friedman value Normalized value Rank

WWO 77 1 1 WWO 74.5 1.0276 2
BA 215 2.7922 8 BA 211 2.9103 8
Hus 161 2.0909 6 Hus 167 2.3034 6
GSA 145 1.8831 5 GSA 145 2 5
BBO 171 2.2208 7 BBO 170 2.3448 7
IWO 99 1.2857 3 IWO 98 1.3517 3
HTS 125 1.6234 4 HTS 142 1.9586 4
IHTS 87 1.1299 2 IHTS 72.5 1 1
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Fig. 7. The 52-bar dome truss.

Table 12
Design considerations of the 52-bar truss.

Design variables Gi; i ¼ 1;2; . . . ;8; zA; zB; zF ; xB; xF Frequency constraints (Hz) f 1 6 15:916; f 2 P 28:648
Size variables (cm2) Ai 2 ½1;10� Modulus of elasticity, E (Pa) 2:1� 1011

Shape variables (m) ±2 Mass density, q (kg/m3) 7800

G.G. Tejani et al. / Journal of Computational Design and Engineering xxx (2018) xxx–xxx 17

Please cite this article in press as: Tejani, G. G., et al. An improved heat transfer search algorithm for unconstrained optimization problems. Journal of Com-
putational Design and Engineering (2018), https://doi.org/10.1016/j.jcde.2018.04.003

https://doi.org/10.1016/j.jcde.2018.04.003


Table 13
Optimal design solutions of the 52-bar dome truss (The results of first nine algorithms as per Tejani et al., 2017b).

Variable bi-factor algorithm NGHA CSS Enhanced CSS PSO CSS-BBBC HS FA DPSO HTS IHTS

zA 4.3201 5.8851 5.2716 6.1590 5.5344 5.331 4.7374 6.4332 6.1123 6.2841 5.8771
xB 1.3153 1.7623 1.5909 2.2609 2.0885 2.134 1.5643 2.2208 2.2343 2.4906 2.4076
zB 4.1740 4.4091 3.7093 3.9154 3.9283 3.719 3.7413 3.9202 3.8321 3.8119 3.7023
xF 2.9169 3.4406 3.5595 4.0836 4.0255 3.935 3.4882 4.0296 4.0316 4.1614 4.0314
zF 3.2676 3.1874 2.5757 2.5106 2.4575 2.500 2.6274 2.5200 2.5036 2.5000 2.5000
A1–A4 1.00 1.0000 1.0464 1.0335 0.3696 1.0000 1.0085 1.0050 1.0001 1.0019 1.0000
A5–A8 1.33 2.1417 1.7295 1.0960 4.1912 1.3056 1.4999 1.3823 1.1397 1.0000 1.0000
A9–A16 1.58 1.4858 1.6507 1.2449 1.5123 1.4230 1.3948 1.2295 1.2263 1.1233 1.1800
A17–A20 1.00 1.4018 1.5059 1.2358 1.5620 1.3851 1.3462 1.2662 1.3335 1.4463 1.5401
A21–A28 1.71 1.911 1.7210 1.4078 1.9154 1.4226 1.6776 1.4478 1.4161 1.5375 1.4634
A29–A36 1.54 1.0109 1.0020 1.0022 1.1315 1.0000 1.3704 1.0000 1.0001 1.0006 1.0001
A37–A44 2.65 1.4693 1.7415 1.6024 1.8233 1.5562 1.4137 1.5728 1.5750 1.3116 1.5321
A45–A52 2.87 2.1411 1.2555 1.4596 1.0904 1.4485 1.9378 1.4153 1.4357 1.6135 1.3927
Mass (kg) 298.0 236.046 205.237 197.337 228.381 197.309 214.94 197.53 195.351 196.1245 193.9311
Mean – – 213.101 205.617 234.3 – 229.88 212.80 198.71 218.8616 214.4469
SD – 37.462 7.391 6.924 5.22 – 12.44 17.98 13.85 25.5287 15.8566
FE – – 4000 4000 11,270 4000 20,000 10,000 6000 6000 6000

Fig. 8. The 24-bar truss.
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6. Conclusions

In this study, the IHTS and HTS algorithms are proposed to opti-
mize the unconstrained benchmark functions. In addition, two
truss problems are investigated to consider the practicability of
these algorithms. In order to improve the efficiency of the HTS
algorithm, simultaneous heat transfer modes (conduction, convec-
tion, and radiation) and population regeneration are considered in
the basic HTS algorithm. In the basic HTS and IHTS algorithms, the
system molecules are assumed as the search agents that interact
with each other as well as with the surrounding to achieve a state
of the thermal equilibrium. However, if the results do not improve
further, the search is considered to be trapped in a local optimum
solution. Therefore, to avoid premature convergence, population
regeneration is also included if best solution remains identical
for certain function evaluations.
Table 14
Design considerations of the 24-bar truss.
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In order to evaluate the performance of the proposed algo-
rithms, the results of the IHTS and HTS algorithms are compared
with the results of the PSO, DE, BBO, CS, FA, GSA, ABC, and AMO
algorithms for 23 classical benchmark functions. The results
obtained by using the IHTS and HTS algorithms are also compared
with the results of the IWO, BBO, GSA, HuS, BA, and WWO algo-
rithms for the 30 benchmark functions proposed in the CEC2014
competition. In addition, the results obtained using the IHTS and
HTS algorithms for the 52-bar dome truss subject to frequency
constraints with continuous sections are compared with the
results of the bi-factor algorithm, NGHA, CSS, Enhanced CSS, PSO,
CSS-BBBC, HS, FA, and DPSO algorithms, whereas the results
obtained for the 24-bar planar truss subject to static and dynamic
constraints with discrete sections are compared with the results of
the TLBO, MTLBO, WWO, MWWO, PVS, and MPVS algorithms. In all
the functions, the IHTS algorithm has a better or nearly similar
capability for obtaining results based on the minimum, mean,
median, and SD obtained over the stated runs as compared to the
HTS algorithm. Also, results are comparable in solving truss design
problems. Therefore, it can be concluded that the presented
improvements enhance the exploration and exploitation capacities
of the basic HTS algorithm. It is also observed that the IHTS algo-
rithm gives competitive results to those obtained from the other
state-of-the-art algorithms.

A possible future work would be to extend the proposed
approaches to optimize complex engineering problems such as
problems with complicated trusses, frames, grids, domes, etc. and
problems in real-world with a large number of objectives and con-
straints. These approaches can be further extended for the other
engineering applications to check their suitability and robustness
for single and many-objective optimization. In the future, we may
also see new developments in advanced algorithms for solving
the engineering optimization problem. New algorithms can be
basic, hybrid, ormodified versions depending on search procedures.
search algorithm for unconstrained optimization problems. Journal of Com-
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Table 15
Optimal discrete design parameters for the 24-bar truss (The results of first nine algorithms as per Savsani et al., 2017).

Variable TLBO MTLBO WWO MWWO PVS MPVS HTS IHTS

A1 – – 0.9097 – – – – –
A2 0.7161 – – – – – – –
A5 0.7161 – – – – – – –
A6 – – 0.9097 – – – – –
A7 18.5806 18.5806 18.5806 18.5806 18.9032 18.5806 18.5806 18.5806
A8 6.4516 6.4129 10.0839 6.4129 6.4129 6.4516 6.4129 6.4516
A9 6.4129 3.8839 – 6.4129 1.2645 1.6129 – 1.6129
A10 – – – – – – 1.2645 –
A11 – – 1.2645 – – – – –
A12 3.8839 2.5226 1.6129 3.6323 2.5226 2.5226 – 2.5226
A13 – – – – – – 6.4129 –
A14 – 1.2645 7.9226 – 2.8516 2.5226 – 2.5226
A15 3.6323 4.9419 8.1677 3.6323 6.4129 6.4129 6.4129 6.4129
A16 – – 19.9354 – 19.9354 19.9354 19.9354 19.9354
A17 10.0839 10.0839 0.9097 10.0839 – – – –
A19 0.7161 – – – – – – –
A20 6.4129 6.4516 – 6.4129 – – – –
A21 10.4516 10.0839 – 10.0839 – – – –
A22 – 0.9097 – 0.7161 1.6129 1.6129 – 1.6129
A23 – – 3.6323 – – – 0.7161 –
A24 8.1677 7.9226 2.8516 8.1677 0.9097 1.2645 1.2645 1.2645
Mass (kg) 243.2922 227.3884 281.4191 229.0035 226.1573 225.8168 242.4321 225.8168
rmax (MPa) 165.3950 164.4027 122.4330 165.3950 158.8640 155.3037 155.9359 155.3037
f1 (Hz) 30.1568 30.0719 30.0047 30.2718 30.0048 30.0152 30.0459 30.0152
d5y (mm) 3.2037 2.8467 0.9721 3.2142 2.1874 2.3277 1.1755 2.3277
d6y (mm) 3.7693 3.4258 2.9524 3.7777 3.3623 3.3282 3.5820 3.3282
Mean 336.9759 283.1211 478.4674 369.6346 282.4255 280.7890 394.8635 289.8290
SD 86.8971 53.7031 207.2567 75.5695 57.1218 47.4631 125.5721 60.7231
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Additionally, adaptive governing of an algorithm controlling
parameters can be applied in future work. Another research direc-
tion is to investigate the effectiveness of other search methods of
various algorithms.
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