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Abstract

Robust optimisation refers to the process of finding optimal solutions that have the lowest sensitivity to possible perturbations. In
a multi-objective search space the robust optimal solutions should have the least dispersion on all of the objectives, making it a
more challenging problem than in a single-objective search space. This paper establishes a novel and cheap technique for finding
robust optimal solutions called confidence-based robust multi-objective optimisation. This approach uses a novel, modified Pareto
dominance operator to differentiate search agents of meta-heuristics based on both level of robustness and confidence. The proposed
confidence-based Pareto dominance allows us to design different confidence-based robust optimisation variants of meta-heuristics
based on different methods. As a case study, robust Multi-Objective Particle Swarm Optimisation is equipped with the proposed
operator to produce Confidence-based Robust Multi-Objective Particle Swarm Optimisation. A set of specific test functions and
performance indicators is employed for benchmarking the Confidence-based Robust Multi-Objective Particle Swarm Optimisation.
The results show that the proposed method is able to confidently and reliably find robust optimal solutions without significant
extra computational burden. The paper also considers finding robust Pareto optimal front for a marine propeller design problem to
demonstrate the applicability of the approach proposed in solving computationally expensive real-world problems with unknown
true robust Pareto optimal fronts.
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1. Introduction

One of the most important concepts in the optimisation of
real engineering problems is robustness. Robust optimisation
refers to the process of combining good performance with low
sensitivity to possible perturbations. Uncertainties are unavoid-
able in the real world and can be classified in three categories:
those affecting parameters, operating conditions, and outputs.
One of the most common type of uncertainties is perturbation
of parameters, in which the design parameters are varied after
finding the optimal design(s).

Another important property of real engineering problems is
multi-objectiveness. Optimisation in a search space with mul-
tiple objectives is more difficult than a search space with single
objective. In the former type of problems, a set of best solu-
tions representing the trade-offs between the objectives must be
found. In the latter type of problems, however, one solution
should be found as the only best solution.

Similarly, robust optimisation in a single-objective search
space is also different from that in a search space with multi-
ple objectives. In a single-objective search space, there is one
robust solution with the least variations. In a multi-objective
search space, however, robust optimal solutions belong to a set
of optimal solutions called the robust Pareto optimal set repre-
senting the robust trade-offs between the multiple objectives.

Multi-objective meta-heuristics were employed to perform
robust optimisation in 2006 [1]. Deb and Gupta established two
different approaches for robust optimisation in multi-objective

search spaces: expectation-based and variance-based methods.
In the former method an expectation measure, which is calcu-
lated by averaging a representative set of neighbouring solu-
tions, is optimised instead of the main objective function. In
the latter method, however, the main objective functions should
be optimised with an additional constraint (variance measure)
which restricts the optimisation process in terms of robustness
of search agents.

In contrast to other branches of multi-objective optimisa-
tion, unfortunately, robust multi-objective optimisation has not
gained deserved attention [2, 3]. As evidence, we conducted a
publication report from 1994 to 2016 in ISI Web of Knowledge
with the keywords “multi-objective optimisation” and “robust
optimisation”. We found that only about 0.5% of publications
on these topics over the past decade contained both keywords.
Among current works, there is a considerable number of stud-
ies that focused on robustness in single-objective search spaces
(e.g. [4].) However, there should be more works in the litera-
ture on the investigation of robustness in multi-objective search
spaces [5, 6].

In addition, the majority of current methods suffer from sig-
nificant additional computational costs due to the need for ad-
ditional function evaluations to confirm the robustness of so-
lutions, making them impractical for solving real-world prob-
lems [7]. There are computationally expensive real-world
problems that each objective function might take hours to
run. Therefore, a designer cannot afford adding more sampled
points. It is argued in the paper that surrogate-based techniques

Preprint submitted to Swarm and Evolutioary Computation (SWEVO) June 19, 2018

This paper has been published in Swarm and Evolutionary Computation

https://doi.org/10.1016/j.swevo.2018.04.002


This paper has been published in Swarm and Evolutionary Computation

and archive-based approaches are two solutions to address this
issue. However, the main drawback of surrogate techniques is
the approximated models that introduce another level of uncer-
tainty in this system.

Archive-based techniques alleviate this drawback by rely-
ing on the previously sampled points. They store the sampled
points in a repository and use them to confirm the robustness
of solutions. Their main advantage as compared to surrogate
techniques is that they do not approximate the objective func-
tion since the sampled points are generated at some point dur-
ing the optimisation process using true function evaluations.
However, the drawback of this technique is the unreliability in
finding enough number of points with high distribution within
the neighbourhood of a solution due to the stochastic nature of
stochastic optimisation algorithms.

The work described in this paper aims to address these issues,
proposing a novel, computationally inexpensive approach for
finding robust Pareto optimal solutions without additional sam-
pling in multi-objective search spaces. In fact, a confidence-
based method is proposed to quantify the confidence that we
have when calculating the robustness measure. This makes
the proposed confidence-based algorithms very practical since
there is no need to calculate the objective value of sampled
points. In a nutshell, a confidence measure assists a robust al-
gorithm to make reliable decisions when comparing solutions
using the previously sampled points.

The rest of this work is organised as follows: Section II pro-
vides the literature review, identifies the current gap in robust
multi-objective optimisation, and outlines the contributions of
this work. The confidence-based robust multi-objective opti-
misation is then proposed in Section III. The performance in-
dicators, test functions, results, and discussion are provided in
Section IV. Section V approximates the robust Pareto front for
a marine propeller design problem to show the practicability of
the approach proposed in solving real-world computationally
expensive problems with unknown robust Pareto optimal front.
Finally, Section VI concludes the work and suggests some di-
rections for future studies.

2. Background and related work

2.1. Multi-objective optimisation
As its name implies, more than one objective function should

be considered in multi-objective optimisation. Without loss of
generality, this kind of optimisation is formulated as a minimi-
sation problem as follows:

Minimise : F(~x) = { f1(~x), f2(~x), ..., fo(~x)} (1)

S ub ject to : gi(~x) ≥ 0, i = 1, 2, ...,m (2)

hi(~x) = 0, i = 1, 2, ..., p (3)

lbi ≤ xi ≤ ubi, i = 1, 2, ..., n (4)

where g shows the inequality constraints, h indicates the equal-
ity constraints, o is the number of objective functions, m is the
number of inequality constraints, p is the number of equality
constraints, and [lbi, ubi] are the boundaries of the i-th variable.

In this kind of optimisation there is no unique answer as for
single-objective optimisation. As outlined by Coello et al. [8],
there is a set of solutions for a multi-objective problem called
the Pareto optimal set. This set represents trade-offs between
the objective functions (Pareto optimal solutions) as the solu-
tion for a multi-objective problem.

The mathematical definitions of Pareto optimality, Pareto op-
timal set, and Pareto optimal front are as follows [9, 10]:

Definition 2.1. (Pareto Dominance): Suppose that there are
two vectors such as: ~x = (x1, x2, ..., xk) and ~y = (y1, y2, ..., yk).
Vector ~x dominates vector ~y (denote as ~x ≺ ~y) iff:

∀i ∈ (1, 2, ..., o)

[ fi(~x) ≤ fi(~y)] ∧ [∃i ∈ 1, 2, ..., o : fi(~x) < fi(~y)]

Note that ≤ and < convert to ≥ and >, respectively, in maximi-
sation problems.

Definition 2.2. (Pareto Optimality): A solution ~x ∈ X is called
Pareto-optimal iff:

{@~y ∈ X|~y ≺ ~x}

Definition 2.3. (Pareto optimal set): The set of all Pareto-
optimal solutions:

PS := {~x, ~y ∈ X|@~y ≺ ~x}

Definition 2.4. (Pareto optimal front): A set containing the
value of objective functions for Pareto solutions set:

∀i ∈ (1, 2, ..., o)

PF := { fi(~x)|~x ∈ PS }

The ultimate goal of multi-objective optimisation algorithms
is to find the Pareto optimal solutions with the highest diver-
sity [11]. In this way, there would be a diverse range of design
options available for decision makers.

Before the proposal of a posteriori multi-objective algo-
rithms, the solution of multi-objective problems would gen-
erally have been undertaken by a priori aggregation of ob-
jectives into a single objective. However, it is known that
this method has two main disadvantages: difficulties in find-
ing proper weights, and approximating non-convex Pareto op-
timal fronts [12, 13, 14]. Also, these methods should be ex-
ecuted multiple times to accumulate the Pareto front because
only one “best” solution is obtained from each run. According
to Deb [15], the main advantage of a posteriori technique is
that information about the search space is exchanged between
the search agents, the information exchange yields rapid con-
vergence toward the true front. Maintaining the multi-objective
formulation of a problem also assists in obtaining the Pareto
front in a single run and allows the exploration of the behaviour
of the problems across a range of design parameters and oper-
ating conditions, but requires the use of more complex meta-
heuristics and a need to address conflicting objectives [16].
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2.2. Robust optimisation

In the literature, robust optimisation mostly refers to consid-
ering uncertainties in parameters during optimisation. The ap-
proach presented in this work, however, with appropriate mod-
ification can be used for considering any type of uncertainties,
as long as the uncertainty is reflected in the evaluation of the ob-
jective functions. According to Beyer and Sendhoff [17], there
are four main categories of uncertainties in the real world: op-
erating conditions, parameters, outputs, and constraints. This
classification acknowledges that uncertainty may happen in any
elements of a system.

The first type of uncertainties affect environmental condi-
tions when a system is operating. Some examples might be
temperature, speed, or angle of attack. The second type origi-
nates from manufacturing imprecisions where the defining pa-
rameters of a solution are (inadvertently) changed after finding
the optimum. The third type of uncertainties generally arise
from inaccuracies in producing the output of the system. Some
examples are meta-modelling, simulators, and approximated
models. The last uncertainty occurs in the constraints, in which
the boundaries of the search space are varied but the system
does not change proportionately. In this work, we concentrate
on the second type of uncertainties.

Similarly to non-robust optimisation, the concept of robust
optimal solutions is different in search spaces with single and
multiple objectives. There is one robust solution for prob-
lems with one objective. However, a set of robust solutions
should be found for a problem with multiple objectives. Robust
multi-objective optimisation can be formulated as a minimisa-
tion problem as follows:

Minimise : F(~x +~δ) = { f1(~x +~δ), f2(~x +~δ), ..., fo(~x +~δ)} (5)

S ub ject to : gi(~x + ~δ) ≥ 0, i = 1, 2, ...,m (6)

hi(~x + ~δ) = 0, i = 1, 2, ..., p (7)

lbi ≤ xi ≤ ubi, i = 1, 2, ..., n (8)

where ~x shows the set of parameters, ~δ is the uncertainty vec-
tor corresponding to each variable in ~x, which is a stochastic
(random) variable with a given (known or unknown) probabil-
ity density function, o is the number of objective functions, m is
the number of inequality constraints, p is the number of quality
constraints, [lbi, ubi] are the boundaries of the i-th variable.

In robust multi-objective optimisation, the set of non-
dominated and robust solutions is called the robust Pareto opti-
mal set and the corresponding set of objective values is called
the robust Pareto optimal front. These two new sets are defined
as follows [2]:

Definition 2.5. (Robust Pareto optimal set): The set of all so-
lutions that are non-dominated considering the objectives, the
robust measure, and the applied noise intensity.

The projection of the robust Pareto optimal set in the objec-
tive space is called the robust Pareto optimal front and defined
as follows:

f1

f2p
2

p1

S1

S2

S3

Most robust solution Minimise

M
in

im
is

e S1

S2

S3

S4

S4

Figure 1: Effects of uncertainties in design parameters in a bi-objective search
space
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Figure 2: Four possible robust fronts compared to the Pareto front

Definition 2.6. (Robust Pareto optimal front): A set of objective
vectors that are non-dominated considering the objectives, the
robust measure, and the applied noise intensity.

The concept of robustness in a multi-objective search space
is depicted in Figure 1. A mapping from a bi-parameter space
to a bi-objective space is illustrated in this figure. It is evident
that the same perturbation in the parameters p1 and p2 results
in different variations in the objectives.

The most robust solution is S2 and the worst one is S4. As
shown in Figure 2, there might be four types of robust Pareto
fronts in multi-objective problems [18]: (a) the Pareto front
is entirely made of robust solutions, (b) a portion of the front
is made of robust solutions, (c) the robust front includes both
dominated and non-dominated solutions, and (d) the robust
Pareto front is dominated by the Pareto front.

2.3. Related work and problem background

In the literature, robust meta-heuristic optimisation is per-
formed using two different measures: expectation and variance.
Generally speaking, these measures are used for observing the
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behaviour in objective space in the neighbourhood of a particu-
lar solution to confirm robustness.

The mathematical formulation of robust optimisation using
an expectation measure is presented in Equation 9.

Minimise : E(~x) =
1

|Bδ(~x)|

∫
~y∈Bδ(~x)

f (~y)dy (9)

where Bδ(~x) shows the δ-radius neighbourhood of the solution
~x and |Bδ(~x)| indicates the hypervolume of the neighbourhood.

It may be inferred from Equation 9 that the expectation mea-
sure is the analytical integration of the main objective function
over the maximum possible perturbation in the parameters. If
the analytical integration of a multi-objective problem is un-
known or difficult to obtain, the integration can be approxi-
mated by the Monte Carlo technique:

E(~x) =
1
H

H∑
i=1

f (~x + ~δi) (10)

where H is the number of samples.
Robust optimisation using expectation measures was named

Type I robust optimisation by Deb and Gupta [1]. In this kind
of optimisation, the objective function(s) are replaced by the
expectation measure(s). Then, the expectation measure(s) are
optimised.

Since the proposal of this kind of optimisation, many re-
searchers proposed different expectation measures and tried to
perform robust optimisation [19, 20, 21, 22, 23, 24]. Another
way of robust optimisation using expectation measures is to
consider them as separate objective functions [25, 26]. In this
case the Pareto front finally obtained would indicate trade-offs
between objective(s) and robustness. So the production for de-
cision makers of a wide range of solutions with different de-
grees of robustness could be considered as the advantage of
this method. As a drawback, however, considering expecta-
tion measures as additional objectives increases the computa-
tional complexity of a problem, as discussed by Brockhoff et
al. [27, 28].

The second method of robust optimisation, using a variance
measure, does not replace the main objective functions. An ad-
ditional constraint is added to the problem in order to handle
uncertainties. This constraint controls the variance of objec-
tives of solutions in the objective space based on the local per-
turbations around the solution in the parameter space. Multiple
random solutions is generated around the solutions in the pa-
rameter space and the variance of their corresponding objective
values limited by a pre-defined threshold. A non-robust solu-
tion violates this constraint. Deb and Gupta named this method
Type II robustness handling [1]. The mathematical expression
is as follows [1]:

Minimise : f (~x) = { f1(~x), f2(~x), ..., fo(~x)} (11)

S ub ject to : V(~x) =
||F(~x) − f (~x)||
|| f (~x)||

≤ η , ~xεS (12)

where F(~x) can be selected as the average or worst function
value among the H selected solutions, η is a vector of thresholds
in [0, 1], and S indicates the feasible search space.

The robust solutions are favoured as η decreases. There are
also other variance measures proposed in the literature [5, 19].

In each of the above classes, several recent works have been
done. In 2015, Dianz and Handl [29] applied an explicit and
an implicit averaging strategy to real-world production plan-
ning problem due to the noisy fitness function (third type). It
was found that implicit averaging method can be promising,
but it should be accompanied with extra fitness evaluation to
refine the final solutions obtained. To handle the same type of
uncertainty, Fieldsend et al. proposed an Elite Accumulating
Sampling (EAS) in 2015 and 2017 [30, 31, 32]. This technique
regularly re-evaluates the elites and accumulate the evaluations,
which results in the need for additional function evaluations and
higher computational cost.

In 2016, Branke and Fei [33] proposed an efficient sampling
when solving problems with uncertainties in variables (second
type). This technique is based on a probability distance met-
ric called Wasserstein distance that calculates the distance be-
tween a sample distribution and a target distribution. In other
words, this method finds the best location to re-evaluate and
accurately calculate the effective fitness for a solution. It also
assigns weights to the samples in the area of disturbance for es-
timating the effective fitness. Despite the promising results on
only three test functions, this method still requires additional
function evaluations for each solution.

Another recent research was conducted by Meneghini et al.
[34] in 2016, in which a robust algorithm was proposed without
using expectation or variance measures. The authors changed
the structure of MOEA/D in a way to use two populations: one
population to find the Pareto optimal solutions and one popu-
lation to confirm robustness by maximising the worst case sce-
nario. The results of co-evolving populations were very promis-
ing, but increasing the number of function evaluation due to the
use of two populations was the main shortcoming.

In 2017, Sabioni et al. [35] proposed an interactive robust op-
timisation framework to find desired robust solutions for prob-
lems with single or multiple objectives. The authors proposed a
heuristic robust metric, which aims for finding robust solutions
with a small sampling set. For sampling, they used the worst
case scenario, which needs extra function evaluations. Note
that the robustness measure was considered as an extra objec-
tive function to find trade-offs between the performance and ro-
bustness for decision makers. This increases the complexity of
the optimisation process significantly as discussed by Brockho
et al. [27, 28]. Also, the need for additional objective evalu-
ation makes the framework less practical for computationally
expensive real-world problems.

A recent attempt to reduce the number of function evalua-
tions when using expectation measures was done by Cervantes
et al. [36] in 2017. A dominance-based statistical testing was
integrated to the selection operator of multi-objective genetic
algorithms. Despite the merits of this technique in reducing the
number of fitness evaluation while maintaining the quality of
solutions, the method still requires function evaluations. There-
fore, the computational cost is high compared to implicit aver-
aging methods. Another similar work with the same drawbacks
can be found in [37].
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Zhou et al. [38] proposed a multi-objective robust algorithm
based on Gaussian Process (GP), in which uncertainty is inter-
polated. This technique does not require extra function evalu-
ation at all. However, using GP and interpolation makes it un-
reliable due the intrinsic errors in the interpolation process. In
fact, this method can be considered as a meta-modal (surrogate-
assisted model) which suffers from the drawbacks mentioned
above. Another similar interpolation-based meta-models were
proposed in [39, 40, 41, 42].

In 2017 [43], Bayesian networks were employed to re-
duce the number of function evaluation required when using
population-based algorithms. In this technique a Bayesian net-
work is developed during the optimisation process as a memory
of sampled points. In fact, the conditional dependencies be-
tween the best variables of the best solution obtained so-far is
defined by the Bayesian network. The authors showed that this
technique is beneficial in finding robust solutions. However, the
solutions chosen by the Bayesian network would still have to be
re-evaluated using an expectation measure to calculate their ex-
pected fitness.

An interesting recent research area aims to bridge the gap
between robust optimisation and dynamic optimisation. In the
field of dynamic optimisation, the optimal solutions change
over time, so an algorithm needs to keep track of them. This
can be achieved by investigating the changes in the neighbour-
hood of a solution in each iteration, which is similar to the pro-
cess of confirming the robustness of a solution in robust opti-
misation. A seminal attempt to link these two areas is made in
2013 [44], in which a Robust Optimisation Over Time (ROOT)
framework was proposed. In this framework, an optimisation
algorithm finds an acceptable (optimal or sub-optimal) solu-
tion that changes slowly over time instead of tracking a moving
global optimum. The similar concepts were used when solving
multi-objective algorithms in 2017 as well [45].

In the field of crashworthiness design, there have been sev-
eral works on robust optimisation as well to improve passenger
safety. In 2011, for instance, Guangyong et. al. [46] proposed a
multi-objective framework using several sigma criteria for mea-
suring the variation of solutions in case of perturbation in pa-
rameters.

In 2013 [47], reliable and robust designs obtained for a typ-
ical vehicle structure subject to offset frontal crashing scenario
were compared to deterministic approaches. It was observed
that in case of uncertainties, reliable and robust fronts are both
shifted away from their original place.

A robust design methodology was proposed in 2014 [48] us-
ing different sigma criteria to measure variations and find ro-
bust optimal solution for the problem of foam-filled thin-walled
structure design. A Kriging model was used to create the surro-
gate (assisted with a sequential sampling method) of mean and
standard deviations for different crashworthiness criteria

In 2017 [49], a multi-objective reliability-based design op-
timisation was proposed with the application in optimising a
double-hat thin-walled structure. This was done by coupling
with stamping uncertainties. The proposed technique allowed
propagating uncertainties of material properties, process pa-
rameter, and resultant geometry from the foaming stage to

crashing stage.
A multi-objective and multi-case reliability-based design op-

timisation (MOMCRBDO) was proposed in 2017 [50] to find
reliable solutions for Tailor Rolled Blank (TRB), which is a
technique to find light weight design while improving the crash-
worthiness of a car. It was observed that the proposed model is
able to improve the reliability of Pareto optimal solutions and
their robustness. A similar work can be found in [51, 52] as
well.

In 2018 [53], a new multi-objective discrete robust algorithm
was proposed. A successive Taguchi method was integrated to
the algorithm and proved to be effective when solving bench-
mark and real-world problems (full scale vehicle structure for
crashworthiness criteria).

Robust optimisation has been popular in other fields as well.
In 2018, for instance, Du et. al. [54] minimised the impacts
of uncertainness in the production event during a manufactur-
ing process in the fashion industry. This was done by develop-
ing a Non-dominated Sorting Adaptive Differential Evolution
(NSADE). The results showed the importance of considering
uncertainties in production events, which can heavily impact
the order scheduling in case of not handling it when optimising
the problem.

2.4. Problem statement

The majority of current methods suffer from significant addi-
tional computational costs due to the need for additional func-
tion evaluations to confirm the robustness of solutions, making
them impractical for solving real problems [7, 6]. There have
been two main approaches proposed for reducing the compu-
tational costs (true function evaluation) of robustness handling
methods as follows:

1. Archive-based methods, in which previously sampled so-
lutions are saved and re-used during the optimisation in
order to define the robustness of meta-heuristics’ search
agents [55, 56]

2. Surrogate-based techniques where a meta-model is em-
ployed to approximate the search space in the neighbour-
hood of solutions [57, 58]

The second method is out of the scope of this work, so in-
terested readers are referred to the comprehensive review by
Jin [59]. The archive-based methods, which are the focus of
this work, rely on previously evaluated solutions during robust
optimisation.

The usefulness of archive-based methods was investigated
and confirmed by a number of studies [56, 23, 60, 55]. They
experimentally proved that previously sampled points could re-
duce the number of true function evaluations significantly and
measure the robustness of solutions.

Although previously evaluated points have the potential to
indicate the robustness of new solutions [56], the stochastic
nature of meta-heuristics prevents this method from providing
the highest reliability. In effect, the reliability of the archive-
based methods is decreased as the number of archive members
and true function evaluations are reduced. Deb et al. studied
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Figure 3: An example of the failure of archive-based methods in distinguishing
a robust and non-robust solution. Note that the variances shown are the actual
variances, not those detected by the sampling.

the effects of neighbourhood solutions in terms of finding the
analytical robust front and found that finding the robust front
becomes more challenging when the number of sampled solu-
tions (or neighbouring solutions) decreases [18]. In addition,
archive-based methods that only use previously sampled points
are very unstable in the initial steps of optimisation due to the
fewer number of sampled points.

All these reasons reduce the confidence of designers and de-
cision makers in the performance of the archive-based meth-
ods and the quality of robust designs obtained. What makes
these methods unreliable is: lack of sufficient previously sam-
pled points in the archive, lack of a good distribution of sampled
points around particular solutions, and lack of appropriate sam-
pled solutions in a certain radius around particular solutions.
One might think that the unreliability of the archive-based ap-
proaches is resolved after the initial steps of meta-heuristic op-
timisation, but the stochastic nature of meta-heuristics and the
unknown shape of the search space prevent the archive-based
methods from making confident decisions throughout the whole
optimisation process.

Figure 3 shows an example of an archive-based method pro-
viding misleading information when relying on previously sam-
pled points. In this figure the solution S2 is more robust than
S1. In the archive, however, there is one sampled point for S1
and three for S2 to confirm the robustness. Since the sampled
solution and S1 are very close, the robustness measure indi-
cates high robustness. However, the robustness measure for
S2 show less robustness due to the distribution of the solu-
tions around S2 in parameter and objective spaces. In this case,
an archive-based method assumes that S1 is more robust than
S2, while it is not. Such circumstances can happen through-
out robust optimisation, which results in guiding the search
agent of meta-heuristics toward misleading, non-robust regions
of search spaces.

Therefore, it seems these robustness measures are not par-
ticularly reliable metrics for confirming the robustness of solu-
tions when using previously sampled points. In multi-objective
robust optimisation, the Pareto dominance based on robustness
measure is also premature since there are possibilities that a
non-robust solution dominates a robust solution only because
of the unreliability of the archive-based methods. The reason

for this unreliability of the robustness measures proposed so
far is that the status of previously sampled points in parameter
space is not considered. Only the magnitude of changes in the
objective space are considered.

2.5. Contributions

To address the above-mentioned problem in robust single-
objective optimisation, we proposed a metric called the Confi-
dence (C) measure [61] to consider the status of the previously
sampled points in a parameter space in order to improve the
reliability of robustness measures. In this work, we propose a
confidence-based Pareto optimality and dominance using both
robustness and confidence metrics in order to make confident
and reliable comparisons between solutions in a multi-objective
search space. Also, we establish a novel approach of ro-
bust multi-objective optimisation using archive-based methods
called Confidence-based Robust Multi-objective optimisation
(CRMO). The proposed approach improves the reliability of
archive-based methods without additional computational costs
and assists designers to confidently rely on points previously
evaluated during optimisation. In addition, the proposed ap-
proach allows designing different confidence-based methods
for optimisation algorithms. To benchmark the proposed tech-
nique, some of our test functions [62, 63, 64] and performance
indicators [65] will be used.

3. Confidence-based Robust Multi-objective Optimisation

There are three main factors that have impact on the quality
of a robustness measure when using archive-based methods: the
number of sampled points in the neighbourhood (n), the radius
of the neighbourhood (r), and the distribution of the available
points in the neighbourhood (σ). These three main factors con-
trol the quality of the robustness metric, and the confidence that
can be placed in its prediction; for this reason we named it the
Confidence measure. The confidence measure is proposed as
follows:

C =
n

r.σ + 1
(13)

σ =

√∑n
i=1(d̄ − di)2

n − 1
(14)

where n ≥ 2, d̄ is the average of the distance between the current
solution and all the sampled points within the neighbourhood,
and di is the Euclidean distance of the i-th sampled point to the
current solution.

Note that when developing the confidence measure in the
original paper [61], we had written an if-else statement to pre-
vent the division by zero. However, in this work we devise a
more general formula for C and avoid division by zero by sim-
ply adding 1 to the sigma. Since this is a constant for all solu-
tions, it does not impact the quality of the confidence measure
and the performance of algorithms.

The proposed equation shows that the confidence measure
is directly proportional to the number of sample points. This
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means that the greater the number of previously sampled points
in the neighbourhood, the greater the confidence. In addition,
the C measure is inversely proportional to the radius of neigh-
bourhood and the distribution of sampled points in it. Note that
due to the stochastic nature of meta-heuristics, we assume that
the distribution of sampled points within r radius around a solu-
tion is approximately uniform. Therefore, if the sampled points
are closer to the solution, they give better confidence about the
robustness.

Since we have to calculate the Euclidean distance between
the current solution and all the sampled points during optimi-
sation, the computational complexity of the proposed metric is
of O(nsD) where ns is the number of previously sampled points
and D indicates dimension. So the overall computational com-
plexity is linear. It should be noted that the run time can also
be decreased further by considering a limited number of recent
sampled points during optimisation for long runs.

Some comments on the proposed C metrics are:

• Confidence measure returns zero when there is no previ-
ously evaluated neighbouring solutions:

n = 0 =⇒ C = 0 (15)

• Two solutions with the same number of neighbouring sam-
ples evaluated within equal radii are differentiated based
on the dispersion:

n1 = n2 ∧ rr = r2 ∧ σ1 > σ2 =⇒ C1 < C2 (16)

• Two solutions with an equal number of neighbouring solu-
tions and similar distributions are differentiated based on
the radii of their neighbourhoods.

n1 = n2 ∧ σ1 = σ2 ∧ r1 > r2 =⇒ C1 < C2 (17)

• The greater the value of C, the greater the level of confi-
dence.

• The confidence measure can be extended to problems with
any numbers of variables due to the use of Euclidean dis-
tance.

• The confidence measure is calculated based the status of
neighbouring solutions without considering their objective
values, so it is compatible with any kind of robustness
measure.

• The computational complexity is of O(nsd), so it is com-
putationally cheap to calculate.

• Confidence measure is easy to implement.

With the Confidence measure, the concepts of Pareto dom-
inance, Pareto optimality, Pareto solution set, and Pareto front
for robust optimisation can now be modified as follows (please
note that the term robustness indicator (R) is utilised to refer to
any kind of robustness measure. So, R(~x) and C(~x) calculates
the robustness and confidence of the solution ~x respectively.

Note that fi(~x) shows the nominal values and Ri(~x) is the ro-
bust measure. The focus of the paper is on robust optimisation
using expectation measures, in which the robustness measure is
replaced with the objective function and optimised by a robust
algorithm. Therefore, in the following definitions, Ri(~x) is used
to compare two solutions.

Definition 3.1. (Confidence-based Pareto Dominance for min-
imisation): Suppose that there are two vectors: ~x =

(x1, x2, ..., xk) and ~y = (y1, y2, ..., yk).
Vector ~x confidently dominates vector ~y (denoted as ~x ≺c ~y) if
and only if:

∀i ∈ (1, 2, ..., o)

[Ri(~x) ≤ Ri(~y)] ∧ [∃i ∈ (1, 2, ..., o) : Ri(~x) < Ri(~y)]

∧ [C(~x) ≥ C(~y)]

Note that confidence-based Pareto dominance in a maximi-
sation problem can be achieved by converting ≤ and < to ≥ and
>. Since the concept of confidence measure does not change
in minimisation and maximisation problems, the expression
[C(~x) ≥ C(~y)] is identical in both types of problems.

Definition 3.2. (Confidence-based Pareto Optimality): A solu-
tion ~x ∈ X is called confidence-based Pareto optimal if and only
if:

{@~y ∈ X|~y ≺c ~x}

Definition 3.3. (Confidence-based Pareto set): The set of all
confidence-based Pareto optimal solutions:

CPS =
{
~x ∈ X|@~y ∈ X, ~y ≺c ~x

}
Definition 3.4. (Confidence-based Pareto front): The set con-
taining the value of objective functions for confidence-based
Pareto solutions:

∀i ∈ (1, 2, ..., o)

CPF =
{
Ri(~x)|~x ∈ CPs

}
Some comments on the proposed Pareto optimality concepts

are:

• A solution is not able to confidently dominate another if it
has less confidence:

~x ≺ ~y ∧C(~x) < C(~y) =⇒ ~x ⊀c ~y (18)

• If the confidence of a solution is greater than or equal to
another, the confidence-based Pareto dominance become
equivalent to the normal Pareto dominance for that partic-
ular solution:

C(~x) ≥ C(~y) =⇒≺c≡≺ (19)

• If two solutions are non-dominated with respect to each
other, they are also confidently non-dominated with re-
spect to each other:

~x ⊀ ~y ∧ ~y ⊀ ~x =⇒ (~x ⊀c ~y) ∧ (~y ⊀c ~x) (20)
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• The confidence-based Pareto solution set contains all the
confident solutions and none of them can confidently dom-
inate another.

The proposed confidence-based Pareto optimality, domi-
nance, set, and front can be integrated with different meta-
heuristics. In other words, various combinations of these
confidence-based concepts can be integrated into the modules
of multi-objective optimisation algorithms in order to perform
a reliable robust optimisation. As mentioned above, this type of
robust optimisation is named CRMO.

As the case study, the MOPSO algorithm is employed in
this work. Confidence-based Pareto dominance is integrated
with the MOPSO algorithm in order to allow it to perform
confidence-based robust multi-objective optimisation. The
archive controller module of MOPSO is targeted as the main
tool for integration. In the MOPSO algorithm, the archive
controller module handles insertion or deletion of solutions
in the archive. In the Confidence-based Robust MOPSO
(CRMOPSO), the following rules are proposed to provide a
confidence-based archive controller:

• If a new solution is confidently dominated by one of the
archive member it should be omitted immediately.

• If the new solution is not confidently dominated by the
archive members, it should be added to the archive.

• If a member of the archive is confidently dominated by a
new solution, it is removed.

• If the archive is full the adaptive grid mechanism is trig-
gered.

There is also a modification to the archive itself in order to
maintain the reliability of the archive. We require CRMOPSO
to update the confidence level of archive members at each itera-
tion. This mechanism allows archive members to improve their
confidence level using the current status of the previously sam-
pled solutions. In this case, an archive member may be omitted
if its confidence level does not improve over the iterations. Note
that this method should be employed when saving and using all
the previously sampled points. If CRMOPSO only utilises a
set of recent previously sampled points, this method would not
be effective since the highly confident robust solutions will be
prone also to be omitted from the archive. Note that the pre-
viously sampled points are the visited solutions by all particles
during optimisation. Implicit averaging methods rely on the al-
gorithm itself using these sampled points to decide about the
robustness of solutions.

It also may be noticed that the dominance of a solution in CR-
MOPSO is identical to that of RMOPSO, and the confidence-
based dominance is only applied to the archive controller. This
prevents CRMOPSO from showing degraded exploration.

The detailed procedure of the proposed CRMOPSO is shown
in Figure 4. As may be seen in this figure, CRMOPSO starts
with a random population. This population is evaluated using
the expectation measure. The position and robustness value (ex-
pected/effective fitness) of each particle in the first population

are stored in the repository of sampled points. At this stage, all
the non-dominated solutions are found using a regular Pareto
optimal dominate to be inserted in the archive. The confidence
level of each archive member is calculated. The CRMOPSO al-
gorithm then repeatedly performs the followings steps until the
satisfaction of the end criterion:

To update the position of a particle, a solution is selected as
GBEST. The velocity and position vectors are then calculated.
The particle is evaluated using the robustness measure. The
PBEST is updated using the regular Pareto optimal dominance,
while the particle is inserted into the archive considering the
confidence level (using the proposed confidence-based Pareto
dominance operator) and the rules mentioned above. The po-
sition and effective fitness of the particle are then stored in the
repository of sampled points. After updating the position of
each particle, the archive is updated to remove all the non-
dominated solutions. At this stage, the confidence level of
all archive members is re-calculated based on all the sampled
points in the disturbance area. Finally, the archive is returns as
the final answer.

4. Computational experiments and discussion

4.1. Test Problems
There appear to be few test functions in the literature for

benchmarking robust multi-objective algorithms. Two sets of
test problems proposed by Deb and Gupta [1] and Gaspar-
Cunha et al. [6] can be considered as the only test problems
in this field. The test functions of Deb and Gupta [1] mim-
icked the four possible situations of robust front compared to
true front (shown in Figure 2). The test functions of Gaspar-
Cunha et al. [6] mostly have regions with different degree of
robustness. Although these two sets of test functions are able to
provide different types of robust Pareto optimal fronts, there are
other issues in robust optimisation of real problems such as dis-
continuous robust/global Pareto optimal fronts, convex/concave
robust/global Pareto optimal fronts, and multi-modality. There-
fore, we have proposed challenging test functions in [62] to fill
this gap and utilize them in this study. The test functions are
generated with similar frameworks to that we proposed in [62].

The shapes of parameter spaces and objective spaces that can
be constructed using the frameworks are illustrated in Figure 5
and Figure 6. Figure 5 shows how the first framework al-
lows us to generate any desired shape and robustness for local
and global fronts. Figure 6 shows how the second framework
generates multi-modal parameter spaces and objective spaces
including disconnected regions with different robustness. The
last local front is the most robust front, so this framework is
able to provide very challenging and deceptive test beds.

We employed both frameworks to generate 6 test functions
in order to be able to compare the proposed method of robust
multi-objective optimisation with other methods. A summary
of all 10 test functions is provided in TABLE 1.

The shape of the test functions can be seen in Figure 9, Fig-
ure 10 and Figure 11. These figures show that this set of test
problems provides different robust front types: convex, non-
convex, discontinuous, and multi-modal. Due to the simplicity

8

https://doi.org/10.1016/j.swevo.2018.04.002


This paper has been published in Swarm and Evolutionary Computation
 

Initialise positions, velocities, and controlling parameters; 
Calculate the expectation measure (R) for all particles in the swarm; 
Initialise the repository of sampled points; 
Add non-dominated solutions into the archive and calculate their confidence level;  
while the end condition is not satisfied  
 for each particle  

 Select an archive member as GBEST;  
 Update velocity and position vector; 

 Calculate the objective values using the expectation measure and the 
repository of sampled points; 

 Update the PBEST using regular Pareto optimality; 
  Calculate the confidence level; 

Update the archive using confidence-based Pareto optimality; 
 Add position and objective values into the sampled points repository;  
end for 
Remove confidently dominated solutions from the archive; 
Update the confidence measure for all archive members using the updated 
sampled points repository;  

end while   
Return the solutions in the archive; 
 

Figure 4: Pseudocode of CRMOPSO.

 

0 0.5 1 1.5 2
-0.5

0

0.5

1

1.5

f1

f2α 

G(x) 

G(x) 

G(x)

 

 

 

Figure 5: Framework 1 for generating test functions.
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Figure 6: Framework 2 for generating test functions.

and uni-modal nature, MTP1-MTP3 can benchmark the con-
vergence of the algorithms. In addition, the performance of
algorithms can be benchmarked by MTP4-MTP8 in terms of
coverage and adaptability to robust fronts with different shapes.
Finally, MTP9 and MTP10 are able to test the performance
of robust meta-heuristics in terms of avoiding non-robust local
fronts and approximating robust fronts with disconnected re-
gions. Note that the (inverse of) robustness of the robust fronts
is indicated by the overlaid grey lines in Figure 9, Figure 10

Table 1: Test functions utilised in this work
Name Details
MTP1 Deb and Gupta’s first test function [1]
MTP2 TP3 by Gaspar-Cunha et al. [6]
MTP3 TP4 by Gaspar-Cunha et al. [6]
MTP4 Step-shaped Pareto front
MTP5 Generated by framework 1: α = 0.1, β1 =, β2 = 0.5
MTP6 Generated by framework 1: α = 0.1, β1 = 1, β2 = 0.5
MTP7 Generated by framework 1: α = 0.1, β1 = 1, β2 = 1.5
MTP8 Generated by framework 1: α = 0.1, β1 = 0.5, β2 = 1.5
MTP9 Generated by framework 2: ζ = 4, λ = 6
MTP10 Generated by framework 2: ζ = 8, λ = 6

and Figure 11 (i.e. low values are preferred). The grey lines
are cumulative value for the robustness of f 1 and f 2 and that it
is plotted for given values of f 1 (i.e. a point on the Pareto front
has its robustness plotted at the same x position).

4.2. Performance Measures

In the literature there are only three specific performance
indicators for robust multi-objective meta-heuristics proposed
by the authors in 2015 [65]. This is the main reason why all
of the works in this field qualitatively evaluate and compare
different algorithms based on the shape of the robust Pareto
optimal fronts obtained, as can be seen in a number of arti-
cles [55, 1, 6, 18, 20, 21, 66, 67]. In contrast, there have
been many performance measures for multi-objective meta-
heuristics [68]. The performance indicators mostly measure
two important factors in multi-objective optimisation: conver-
gence toward the true front, and the diversity of the Pareto opti-
mal solutions obtained. The current performance measures can
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Figure 7: General features of the proposed robust convergence metric.

be classified into three main categories: 1- convergence of the
solutions, 2- spread of the solutions, and 3- a combination of
convergence and spread of solutions. The first two classifica-
tions are more reliable than the latter since the combination of
these measures cannot reliably show superiority between two
set of Pareto optimal solutions [68]. The three performance
measures that we have proposed in [65] and employ in this work
are presented in the following paragraphs.

The first measure is a convergence metric (Ξ) that involves
the robustness of solutions in order to favour solutions obtained
in the robust regions of the front and defined as follows:

Ξ =
1
N

N∑
i=1

ξi (21)

ξi = d(~x, Pn) ∗
O∑

i=1

Ri(~x) (22)

where Pn is the closest true Pareto optimal solution to ~x, d()
calculates the Euclidean distance, N is the number of solutions
obtained, O indicates the number of objectives, and Ri(~x) is the
robustness of ~x on the i-th objective.

A conceptual model of the proposed metric is shown in Fig-
ure 7. It may be observed that this metric considers the ro-
bustness of the solution obtained in addition to its Euclidean
distance to the closest reference point in the main Pareto opti-
mal front.

Note that in order to implement Ξ, the Pareto optimal front
and robustness should be known and this metric shows higher
convergence as the solutions obtained get closer to the robust
reference points.

The second metric (Φ) is a coverage metric inspired by Lewis
et al. [69]. As shown in Fig. 8, the objective space is divided
into several sectors. The sectors can be robust or non-robust.
This metric calculates the ratio of robust and non-robust sectors
as follows:

Φ =
1
N

n∑
n=1

φn (23)

φn =

1 ∃~x ∈ PS , αn−1 ≤ tan f1(~x)
f2(~x) ≤ αn,R(Pn) ≤ Rmin

0 otherwise
(24)
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Figure 8: General features of the proposed robustness coverage metric.

where N is the number of robust sectors, ~x is an approxima-
tion of the Pareto optimal solutions obtained, αn is the angle of
the right line of a segment, Pn indicates the closet true Pareto
optimal solution to ~x, and Rmin is a minimum robustness value
defined by the user. Note that there should be an exception
when there is no robust segment in order to prevent division by
zero.

The third metric is a robust success ratio (Γ) that calculates
the ratio of robust and non-robust solutions and defined as fol-
lows:

Γ =
γR

1 + γNR
, γR =

M∑
i=1

pR
i , γ

NR =

M∑
i=1

pNR
i (25)

pR
m =

1 ∃~x ∈ PS , βm−1 ≤ f1(~x) ≤ βm,R(Pn) ≤ Rmin

0 otherwise
(26)

pNR
m =

1 ∃~x ∈ PS , βm−1 ≤ f1(~x) ≤ βm,R(Pn) > Rmin

0 otherwise
(27)

where M is the number of Pareto optimal solutions obtained, ~x
is an approximation of the Pareto optima solutions obtained, βn

is the f1 value of the right line of a segment, Pn is the closet true
Pareto optimal solution to ~x, and Rmin is the minimum robust-
ness value.

With this set of performance measures (Ξ,Φ,Γ) the perfor-
mance of different robust multi-objective algorithms employed
in this work can be quantified.

4.3. Experimental set-up
We implemented three versions of Robust MOPSO: an Ex-

plicit averaging Robust MOPSO (ERMOPSO), Implicit aver-
aging Robust MOPSO (IRMOPSO), and Confidence-based Ro-
bust MOPSO (CRMOPSO). The method of explicit averaging
in ERMOPSO is identical to that of RNSGA-II proposed by
Deb and Gupta [1]. In this method H number of sampled so-
lutions is created by the Latin Hypercube Sampling method
around every candidate solution to investigate and confirm ro-
bustness during optimisation. This provides the highest relia-
bility and is helpful for verifying the performance of the pro-
posed algorithm as the most reliable reference. It does, how-
ever, markedly increase the computational load per iteration. In
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Table 2: Statistical results of CRMOPSO, IRMOPSO, and ERMOPSO on the test functions
CRMOPSO IRMOPSO ERMOPSO

Ξ Φ Γ Ξ Φ Γ Ξ Φ Γ

MTP1 0.27 ± 0.14 0.30 ± 0.09 42.2 ± 16.6 0.10 ± 0.08 0.56 ± 0.05 6.16 ± 7.41 2.33 ± 1.8 0.17 ± 0.17 9.22 ± 5.76
MTP2 0.01 ± 0.01 0.29 ± 0.09 1.69 ± 0.99 0.01 ± 0.03 0.19 ± 0.05 0.92 ± 0.53 0.00 ± 0.00 0.42 ± 0.08 0.67 ± 0.34
MTP3 0.02 ± 0.01 0.46 ± 0.14 0.75 ± 0.27 0.01 ± 0.01 0.38 ± 0.12 0.38 ± 0.14 0.01 ± 0.01 0.51 ± 0.16 0.53 ± 0.10
MTP4 0.01 ± 0.00 0.53 ± 0.21 7.52 ± 7.67 0.01 ± 0.00 0.37 ± 0.14 0.45 ± 0.42 0.01 ± 0.00 0.54 ± 0.17 1.54 ± 1.88
MTP5 0.09 ± 0.03 0.32 ± 0.08 1.17 ± 0.45 0.10 ± 0.03 0.47 ± 0.20 2.38 ± 1.84 0.66 ± 0.76 0.46 ± 0.21 1.92 ± 1.33
MTP6 0.19 ± 0.06 0.57 ± 0.11 6.65 ± 3.69 0.28 ± 0.05 0.55 ± 0.09 8.12 ± 2.29 3.17 ± 5.37 0.39 ± 0.31 3.19 ± 3.40
MTP7 0.19 ± 0.08 0.53 ± 0.20 9.32 ± 18.2 0.25 ± 0.08 0.46 ± 0.13 3.75 ± 10.4 0.64 ± 0.95 0.58 ± 0.19 1.21 ± 1.45
MTP8 0.21 ± 0.03 0.84 ± 0.07 3.64 ± 2.46 0.22 ± 0.03 0.63 ± 0.15 6.32 ± 16.6 0.77 ± 1.07 0.70 ± 0.21 2.14 ± 1.89
MTP9 0.02 ± 0.00 0.54 ± 0.17 15.7 ± 10.0 0.022 ± 0.00 0.33 ± 0.09 14.8 ± 7.95 0.023 ± 0.00 0.47 ± 0.13 17.9 ± 11.4

MTP10 0.02 ± 0.00 0.59 ± 0.12 39.5 ± 20.6 0.03 ± 0.00 0.45 ± 0.07 28.3 ± 8.91 0.03 ± 0.00 0.63 ± 0.14 44.9 ± 19.07

contrast, IRMOPSO utilises the previously sampled solutions to
confirm robustness. In this case, robustness of a candidate solu-
tion is evaluated based on the available solutions in the neigh-
bourhood during optimisation. We save all the sampled solu-
tions during optimisation, in a manner similar to Branke [56]
and Dippel [60]. As was discussed in the motivation for this
work, IRMOPSO shows less reliability and its use will allow
comparison of CRMOPSO in terms of improved reliability. Ro-
bustness is calculated by an expectation measure with simple
averaging of the neighbouring solutions for all algorithms.

In order to provide a fair comparison and see if the proposed
method is reliable and effective, we used the same number of
function evaluations (100,000) for each of the algorithms. The
number of trial solutions in the population was 100 for all al-
gorithms, so the maximum number of iterations for IRMOPSO
and CRMOPSO was 1000. Since ERMOPSO uses explicit av-
eraging, however, we use 4 re-sampling points and 250 itera-
tions in order to achieve the total number of 100,000 function
evaluations. Another assumption was 10% fluctuation in the
parameters to simulate uncertainties in parameters.

Each algorithm was run 30 times and the results of per-
formance metrics are reported in TABLE 2. Note the
quantitative results are presented in the form of (average ±
standard deviation). For the performance measures, 10%
noise was considered and Rmin was calculated using the equa-
tion minrobustness + (maxrobustness − minrobustness × 0.1) where
minrobustness is the minimum of the robustness curve and
maxrobustness indicates the maximum of robustness in the test
functions. In addition, the best robust fronts obtained by each
algorithm are illustrated in Figure 9, Figure 10 and Figure 11.
We did not compare the results with other meta-heuristics since
the different mechanisms of the algorithms would prevent us
from distinguishing whether the superior results of one algo-
rithm were due to CRMO or the algorithm’s underlying mech-
anism.

4.4. Discussion of results

It may be observed in Figure 9 that the most well-distributed
robust front for MTP1 is that of IRMOPSO. This is because
the robust front is identical to the main Pareto front (the first
case shown in Figure 2). Since IRMOPSO uses an implicit
averaging method, the convergence is greater than for other al-

gorithms. However, the greatest density of solutions is in the
middle of the robust front, which has less robustness compared
to the left end of the main front. Figure 9 shows that the robust
front obtained by CRMOPSO for MTP1 is slightly more widely
distributed than that of ERMOPSO. In addition, a high density
of solutions can be observed on the left end of the robust font.
Despite the apparent similarity of CRMOPSO and ERMOPSO
in Figure 9, Table 2 shows that the CRMOPSO algorithm pro-
vided much better statistical results compared to ERMOPSO.
This shows that the confidence-based Pareto dominance oper-
ators allow CRMOPSO to provide more reliable performance
within an equal number of function evaluations. The statistical
results of IRMOPSO for this test problem were slightly better
that CRMOPSO, in terms of convergence, due to the nature of
MTP1. However, the results show that the confidence-based op-
erators were ably to provide high reliability without significant
negative impact on convergence.

The results for MTP2 are slightly different to those of MTP1,
for which ERMOPSO showed the highest convergence. Fig-
ure 9 shows that ERMOPSO approximated the entire Pareto
optimal front and there was no tendency to favour robust re-
gions of the front. This resulted in this algorithm showing the
worst coverage and success ratio on MTP2. In contrast, CR-
MOPSO and IRMOPSO found better approximations of the ro-
bust front. The solutions obtained by CRMOPSO were clus-
tered on the left side of the robust front and it seems there is
resistance to generating any solutions on the less robust regions
of the Pareto optimal front. Although the robust Pareto optimal
solutions found by IRMOPSO followed a similar pattern, some
of them are located on the least robust regions of the front.

The MTP3 test function has three separate robust regions.
The robustness curve shows that the robust regions are around
f 1 = 0, 0.4, 1. The results in TABLE 2 demonstrate that the
convergence of CRMOPSO was again slightly worse than IR-
MOPSO and ERMOPSO. However, CRMOPSO showed supe-
rior coverage and success ratio. The shape of the approximated
robust Pareto front in Figure 9 shows that ERMOPSO behaved
similarly on this test function, in contrast to MTP2 where there
was no particular tendency to favour robust regions. A slight
bias to robust regions can be observed in the robust solutions
found by IRMOPSO. The approximated robust Pareto optimal
front of CRMOPSO, however, shows that this algorithm had a
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Figure 9: Robust fronts obtained for MTP1 to MTP4, one test case per row.

greater ability to guide its solutions toward robust regions of
the Pareto optimal front. There is a gap between the solutions
obtained on the least robust region.

The behaviour of algorithms in terms of finding robust re-
gions of the Pareto optimal front can be observed more clearly
with MTP4. In fact, we deliberately arranged this test function
to have a stair-shaped Pareto optimal front to test the ability
of algorithms in terms on converging toward robust regions of
the front and refraining from finding non-robust solutions. The
quantitative results of the algorithms on MTP4 show that the re-
sults of CRMOPSO are significantly better than IRMOPSO and
ERMOPSO. The CRMOPSO algorithm only approximates the
first two stairs, which are considered the most robust regions of
the Pareto optimal front, as shown in Figure 9. However, the
robust solutions obtained by IRMOPSO and ERMOPSO tend
to be distributed on less robust regions as well.

Test functions MTP5 to MTP8 are bi-modal. The local front
is the robust front, so the behaviour of algorithms in favour-
ing a robust front instead of a global front can be investigated.
In these test functions, robust and global fronts have different
shapes in order to extensively test the performance of the al-
gorithms. In MTP5 the shape of both local and global fronts
is convex. In contrast to the quantitative results of MTP1 to
MTP4, the CRMOPSO algorithm showed the highest conver-

gence on this test function. This shows that although the con-
vergence of the proposed method is slightly low, this may be
favourable when solving multi-modal test functions. The cover-
age and success ratio of CRMOPSO were also very good on this
test function. The best robust solutions obtained for all algo-
rithms are again illustrated in Figure 10. It may be seen that the
best front obtained was from CRMOPSO. This algorithm did
not approximate even one non-robust solution for this test func-
tion, proving the merits of the proposed method. IRMOPSO
was not able to approximate the robust front over 20 runs for
this problem showing the potential unreliability of using pre-
vious samples without a confidence measure. The ERMOPSO
algorithm also mostly tended to approximate the global front,
but there were some solutions found on the robust front.

As Figure 10 shows, MTP6 and MTP7 have identical lin-
ear global fronts that make the approximation of the global
front easy. We deliberately arranged these two test functions
to have linear global fronts to observe what resistance the al-
gorithms provided in avoiding non-robust but easily obtained
fronts. MTP6 has a convex robust front, whereas MTP7 has
a concave robust front. The approximated robust solutions in
Figure 10 show that IRMOPSO again failed to estimate the
robust Pareto optimal front on both test cases. This is due to
the simplicity of the global front and unreliability of the IR-
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Figure 10: Robust fronts obtained for MTP5 to MTP8, one test case per row.
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Figure 11: Robust fronts obtained for MTP9 and MTP10, one test case per row.

MOPSO algorithm. As discussed in the problem statement of
this paper, there is a significant number of times during the
optimisation that fewer neighbouring solutions mislead an al-
gorithm toward non-robust regions. The archive-based mecha-
nism of IRMOPSO deteriorated on these problems, with cases
in which a non-robust solution entered the archive and was

never dominated by robust solutions outside the archive. In
contrast ERMOPSO which has an explicit averaging mecha-
nism never favoured a non-robust solution. This caused a well-
distributed robust front in Figure 10 for ERMOPSO on MTP6.
The robust solutions obtained by CRMOPSO are very competi-
tive with those found by ERMOPSO. TABLE 2 shows that CR-
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MOPSO had superior convergence, coverage, and success ratio
on MTP6.

The approximate solutions of the algorithms on MTP7 were
somewhat different; the coverage of solutions obtained by ER-
MOPSO was very low and the CRMOPSO algorithm also
found non-robust solutions. Generally speaking, approximation
of a concave front is more challenging, and this phenomenon
can be seen for the MTP7 test function. The IRMOPSO algo-
rithm again failed to estimate the robust Pareto optimal front,
whereas CRMOPSO and ERMOPSO tended to find robust so-
lutions.

MTP8 has two fronts with opposite shapes: a convex global
front and a concave robust/local front. The results of algorithms
on this test function show the difficulty of MTP8 as none of the
algorithms approximate the entire robust front. In Figure 10,
some resolution of the robust front can be observed in the so-
lutions obtained by both CRMOPSO and ERMOPSO. The CR-
MOPSO algorithm shows a slightly greater tendency to correct
selection in this case. Deb asserted that different shapes for
front makes the search space very difficult for optimisation al-
gorithms in multi-objective benchmark problems [70], and it is
the reason for the poor performance of all algorithms on MTP8.

The last two test functions, MTP9 and MTP10, have multi-
ple discontinuous local fronts. They are the most difficult test
cases for the algorithms. Note that the robustness increases
from right to left and bottom to top in the figure. The results of
TABLE 2 and Figure 11 show that the proposed CRMOPSO
algorithm was the best in terms of favouring robust regions
of the fronts. The Pareto optimal solutions obtained by CR-
MOPSO for MTP9 indicate that there is more coverage on the
most robust region of the local fronts. However, IRMOPSO
and ERMOPSO do not display such behaviours. The results
of algorithms on MTP10, which has more discontinuous ro-
bust regions, were also consistent with those of MTP9: the CR-
MOPSO algorithm was able to find more robust solutions.

The average and standard deviations show that the proposed
algorithm is able to provide very promising overall results.
To see if this superiority is statistically significant, Wilcoxon
ranksum test is conducted considering 5% significance level.
For the statistical test, the best algorithm in each test function
is chosen and compared with other algorithms independently.
For example, if the best algorithm is CRMOPSO, a pairwise
comparison is done between CRMOPSO/IRMOPSO and CR-
MOPSO/ERMOPSO. Note that since the best algorithm cannot
be compared with itself, N/A has been written for the best algo-
rithm in each function which stands for Not Applicable. The p-
values obtained are shown in TABLE 3; p ≥ 0.5 are underlined.
The results of this table show that the proposed CRMOPSO
algorithm significantly outperforms IRMOPSO on the major-
ity of test cases for all performance measures. This algorithm
is very competitive compared to the ERMOPSO algorithm as
well. Since the Wilcoxon ranksum test considers each of 30 in-
dependent runs, these results prove that the proposed algorithm
benefits from high reliability in finding robust Pareto optimal
solutions without any extra function evaluation.

To further investigate the efficiency of CRMOPSO, we deter-
mined the number of times that a solution dominated an archive

member but was not allowed to enter the archive with the pro-
posed confidence measure, as shown in TABLE 4. This ta-
ble shows that a significant number of times during optimisa-
tion (approximately 19% of attempts) the proposed confidence-
based Pareto optimality concepts prevented solutions with low
confidence from being added to the archive. Firstly, these re-
sults demonstrate that often IRMOPSO was likely to make
unreliable decisions and consequently favour non-robust solu-
tions. Secondly, the proposed method is able to prevent unre-
liable decisions throughout optimisation, providing more relia-
bility than the current archive-based robustness-handling meth-
ods.

In summary, the results show that the convergence of CR-
MOPSO is slower than IRMOPSO because less confident so-
lutions were ignored over the course of iterations. Although
this prevents CRMOPSO from providing superior results on
uni-modal test functions, it can be very helpful in optimising
real problems since CRMOPSO has less probability of prema-
ture convergence toward non-robust regions compared to IR-
MOPSO. The results of CRMOPSO were also superior to ER-
MOPSO on the majority of test functions. The proposed per-
formance indicators quantitatively showed the greater coverage
and success ratio of the CRMOPSO algorithm. In addition, the
proposed algorithm showed very good convergence on the ro-
bust regions of challenging, multi-modal test cases.

5. Real Application: Marine Propeller Design

5.1. Problem formulation

There are two main objectives in propeller design: efficiency
versus cavitation. Efficiency is the amount of motor power that
is converted to thrust and should be maximised. Cavitation is
the effects of local shock waves caused by the bubbles formed
around a propeller that should be minimised. The shape of a
blade contributes most in these two objectives and is the main
focus of this work. In order to find the final geometrical shape
of the blade, standard National Advisory Committee for Aero-
nautics (NACA) airfoils are chosen as illustrated in Fig. 12.
This figure shows that thickness and chord length are the main
parameters of each airfoil. Ten airfoils are selected along the
blade, so there are 20 parameters to be optimised for this prob-
lem.

 

 

Chord length 

Max thickness 

Figure 12: NACA a=0.8 meanline and NACA 65A010 thickness

The problem is formulated as follows:

S uppose : ~X = (Ti,Ci), i = 1, 2, ..., 10 (28)

Maximise : η(~X) (29)
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Table 3: P-values obtained after conducting Wilcoxon ranksum test on the results in Table 2. Note that p-values greater than or equal to 0.5 are underlined.
CRMOPSO IRMOPSO ERMOPSO

Ξ Φ Γ Ξ Φ Γ Ξ Φ Γ

MTP1 0.0058 0.0003 N/A N/A N/A 0.0003 0.0022 0.0027 0.0002
MTP2 0.0002 0.0079 N/A 0.0013 0.0002 0.1041 N/A N/A 0.0211
MTP3 0.0010 0.3629 N/A N/A 0.0336 0.0010 0.3447 N/A 0.0638
MTP4 N/A N/A 0.0002 0.0439 0.0229 0.9097 0.0002 0.7909 N/A
MTP5 N/A 0.0171 0.1859 0.0439 N/A N/A 0.0036 0.5665 0.2730
MTP6 N/A N/A 0.0002 0.0002 0.1971 N/A 0.0002 0.0957 0.0138
MTP7 N/A N/A N/A 0.0004 0.1197 0.0028 0.0257 0.8793 0.0002
MTP8 N/A N/A 0.0173 0.6776 0.0029 N/A 0.0046 0.1810 0.0439
MTP9 N/A N/A 0.6776 0.2730 0.0293 0.5437 0.0376 0.2852 N/A

MTP10 N/A 0.5644 0.4495 0.0002 0.0008 0.0171 0.0002 N/A N/A

Table 4: Number of times that the proposed confidence-based Pareto domi-
nance prevented a solution entering the archive

Test function (Pi ≺ Archivem) ∧ (Pi ⊀c Archivem)
MTP1 18,918 / 100,000
MTP2 28,210 / 100,000
MTP3 19,240 / 100,000
MTP4 17,157 / 100,000
MTP5 13,938 / 100,000
MTP6 14,703 / 100,000
MTP7 15,768 / 100,000
MTP8 17,054 / 100,000
MTP9 26,566 / 100,000

MTP10 17,570 / 100,000

Minimise : Vc(~X) (30)

S ub ject to : Thrust ≥ 40000 (31)

where Ti and Ci shows the thickness and chord length of the
i-th airfoil and Vc is a function to calculate the cavitation.

5.2. Uncertainties in the structural parameters
The most common uncertainties in propeller design may oc-

cur in the structural parameters and operating condition. The
former type of uncertainty mostly originates from manufactur-
ing errors. This work considers the maximum permitted errors
(δ = 1.5%), according to ISO 484/2-1981, that can alter the
optimal values obtained by MOPSO and CRMOPSO. .

The MOPSO algorithm is first employed to estimate the true
Pareto optimal front for this problem. The solutions obtained
will then be perturbed considering δ = 1.5% manufacturing
error. The results are given in Fig. 13. Note that we re-calculate
the objectives for each Pareto optimal solutions perturbed.

It is evident in this figure that uncertainties in the thickness
and chord length of airfoils substantially degrade the expected
efficiency. Reduction in efficiency translates directly to in-
creased fuel consumption, the biggest cost in marine shipping.
Also, it seems that the changes in cavitation is more than ef-
ficiency, which remarkably reduces the lifespan of a propeller.
There results strongly show that perturbations in structural pa-
rameters of a propeller are able to negatively impacts the ex-
pected outputs. Therefore, it is essential to consider them as

undesirable inputs to look for robust solutions to minimise their
effects.

5.3. Confidence-based Robust optimisation of marine pro-
pellers

The preceding subsection showed the significant negative im-
pacts of perturbations in parameters on both objectives of the
propeller design problem. The proposed confident-based ro-
bust multi-objective perspective in this work has been designed
to handle such perturbations without the need for extra function
evaluation. Therefore, this subsection employs the proposed
CRMOPSO algorithm for finding robust Pareto optimal solu-
tions for the propeller design problem.

The experimental set up is identical to that of the preceding
section, in which 100 particles are utilised and allowed to search
for the robust Pareto optimal solutions over 200 number of it-
erations. The maximum level of perturbation is also considered
as 1.5% as per ISO 484/2-1981. The CRMOPSO algorithm was
run 5 times and the best approximated robust front is illustrated
in Fig. 14. Note that the best Pareto optimal front obtained by
MOPSO is illustrated in this figure as well for comparison.

It may be seen in this figure that the robust Pareto optimal
front is completely dominated by the global Pareto optimal
front. The coverage of the robust front is also lower than the
global front. In order to see the significant of the results, the
amount of excessive fuel consumptions that can be raised in
case of 1.5 % perturbation during manufacturing are calculated
for the solutions obtained by both algorithms and illustrated in
Fig. 15.

This figure shows that the discrepancy of fuel consumption
is much lower for the designs obtained by CRMOPSO algo-
rithm. The average, minimum, and maximum of the excessive
fuel consumption is almost half for the solutions obtained by
the CRMOPSO algorithm. Due to the difficulty of the propeller
design problem and importance of uncertainties, these results
strongly evidence the merits of the proposed confidence-based
robust optimisation. It is worth highlighting here that the robust
Pareto optimal solutions are obtained without even a single ex-
tra function evaluation.

To further investigate the effectiveness of the proposed CR-
MOPSO, this algorithm is employed to find the robust optimal
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Figure 13: Pareto optimal fronts when (left) δ = +1.5% (right) δ = −1.5% perturbations in parameters. Original Pareto optimal front is shown in blue, perturbed
results in red.
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Figure 14: Robust front obtained by CRMOPSO versus global front obtained
by MOPSO

values for Revolution Per Minute (RPM) as the main operating
condition. MOPSO is first required to approximate the global
Pareto optimal front for this problem with parameterising the
RPM. An equal number of particles and iterations are then em-
ployed to determine the robust front and robust optimal val-
ues for RPM using CRMOPSO. The results are illustrated in
Fig. 16.

As may be seen in Fig. 16 the major part of the robust Pareto
front is dominated by the global front. The distributions of both
fronts are almost identical. A small portion of robust front over-
laps with global front. Therefore, the robust front is of type C.
To observe the range of RPMs in both fronts, Fig. 17 is pro-
vided.

This figure shows that the range of RPM obtained by both
algorithms is evidently different. It may be seen that the range
of RPM tends to be higher in the Pareto optimal solutions ob-

tained by CRMOPSO. Another interesting pattern is that half
of the Pareto optimal solutions obtained by MOSPO have RPM
of 170. However, the results of CRMOPO in Fig. 17 show that
170 is not a robust RPM since a few of the solutions have this
value for their RPMs. The range of RPMs in CRMOPSO is
wider than that of MOPSO. This is due to the intrisic higher
exploration of the CRMOPSO. Since less non-dominated solu-
tions are alloweded to enter the archive, the exploitation is less
and exploration is higher than the normal MOPO, which results
in finding a wider range of RPMs.

To observe the impacts of the perturbation on the Pareto opti-
mal solutions obtained by both of the algorithms, Fig. 18 is pro-
vided. Note that the RPM is only perturbed in this experiment
and other parameters are fixed. This figure shows that the av-
erage, maximum, and minimum fuel consumption discrepancy
of the robust Pareto optimal solutions obtained by CRMOPSO
algorithm is better that those of MOPSO. These results again
strongly prove the merits of the proposed confidence-based ro-
bust optimisation approach in finding robust solutions that are
less sensitive to perturbations in parameters.

In summary, the results of this section highly demonstrate
that effectiveness of the proposed robust optimisation approach
in finding robust optimal solutions for computationally expen-
sive real-world problems with unknown search spaces. This
is due to the proposed confidence-based Pareto optimal dom-
inance that allows robust algorithms to reliably compare so-
lutions and decide about their robustness during optimisation
without the need for even one extra function evaluation.

6. Conclusion

This paper proposed a novel approach for searching for ro-
bust solutions. A confidence metric was first employed to
measure the confidence of search agents based on the status
of previously sampled neighbouring solutions in the parame-
ter space. Confidence-based Pareto optimality concepts were
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Figure 15: Fuel consumption discrepancy in case of perturbation in all of the structural parameters for both PF obtained by MOPSO and RPF obtained by CRMOPSO
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Figure 16: Global and robust Pareto optimal fronts obtained by MOPSO and
CRMOPSO when RPM is also a variable

then proposed using the confidence metric. The confidence-
based Pareto dominance was integrated with the archive update
mechanism of RMOPSO as a case study. The paper also pre-
sented three performance indicators to quantitatively compare
the performance of the proposed method. Due to the simplicity
of the current robust multi-objective test functions, seven new,
challenging test functions were generated within two general
frameworks for the purpose of this study. The results showed
that the novel approach proposed is able to deliver very promis-
ing results in terms of convergence, coverage, and proportion of
robust Pareto optimal solutions obtained. The applicability of
the proposed approach was confirmed by approximating robust
Pareto optimal front for a marine propeller design problem as
well.

The findings demonstrated the value of the proposed con-
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cepts:

• The proposed C measure is able to effectively calculate the
confidence level of search agents derives from the status of
previously sampled neighbouring solutions.

• The proposed confidence-based Pareto optimality provides
the opportunity to design different CRMO mechanisms for
meta-heuristics.

• The proposed confidence-based Pareto optimality im-
proves the reliability of archive-based robust optimisation
techniques.

• CRMO is able to confidently find robust solutions.

• CRMO is computationally cheap since there is no need for
additional true function evaluations.
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Figure 18: Fuel consumption discrepancy in case of perturbation in RPM for both PF obtained by MOPSO and RPF obtained by CRMOPSO

• CRMO is able to approximate different types of true robust
Pareto optimal fronts.

• CRMO is suitable for computationally expensive real-
world problems.

For future work, it would be interesting to investigate the
merits of CRMO in constrained robust multi- and many-
objective optimisation. The authors also intend to apply the
algorithms developed to real-world problems in engineering de-
sign.
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