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1 Introduction

Starting from the seminal work of Reinhart and Rogoff (2010), the linkage between

public debt and economic growth has once again attracted much attention among

academics and policymakers in recent years. According to Reinhart and Rogoff (2010),

while the link between debt and growth seems relatively weak at “normal” debt levels,

debt is notably associated with slow growth when exceeding 90% of GDP. The finding of

Reinhart and Rogoff (2010) has gained support by several succeeding papers, including

Cecchetti et al. (2011), Checherita-Westphal and Rother (2012) and Baum et al.

(2013). However, the issue regarding whether there exists a debt threshold around

90% is far from settled. For example, Herndon et al. (2014) find that growth at the

debt-to-GDP ratio over 90% is not much different from when the ratio is lower and Lee

et al. (2017) reach a debt threshold not around 90% but around 30%. See also Egert

(2015), Eberhardt and Presbitero (2015) and Chudik et al. (2017) for results against

a universally applicable threshold effect.1

More recently, apart from the panel-data approach commonly employed in the debt-

growth studies (including all the aforementioned papers), Hansen (2017) adds to the

relevant literature via a novel time-series approach. Specially, Hansen (2017) develops

a regression kink (RK) model with an unknown constant threshold (kink) to investigate

the impact of debt on growth. The RK model is an extension of the widely applied

regression discontinuity (RD) model (Card et al., 2017). Contrasting to the RD model,

which estimates a “jump” in the outcome associated with a discontinuous jump of a

1For a thorough review, please see Panizza and Presbistero (2013).



  

policy variable, the RK model estimates a “kink” in the outcome associated with a

continuous policy variable when the variable has a kink. Hence, in the RK model, the

regression function is continuous but the slope has a discontinuity at a threshold point

(“kink”). Applying the RK model to long-span US time-series data over the period

of 1791 to 2009, Hansen (2017) finds a growth slowdown when the debt/GDP ratio

surpasses a threshold around 43-44%; however, the threshold effect is not significant

when a formal test is applied.2

Given that the finding of Hansen (2017) is based on data covering a prolonged period

(more than two centuries), one might concern whether assuming a constant threshold

is practical. Moreover, suppose that the threshold is time-varying but being treated

as a constant, it is hard to know if the modelling outcomes are still valid.3 Allowing

for a more flexible, possibly state-dependent, threshold is also called for owning to

the observation of Dueker et al. (2013) that “usually high/low values of an economic

variable may sometimes be best thought of in relative terms”.4 For example, the level

of public debt may be best regarded as high or low not in absolute terms but relative to

pertinent macroeconomic variables (covariates) that shape the state of an economy. As

macroeconomic variables are typically time-varying, the associated assessing reference

(threshold) is unlikely to be constant. Accordingly, the same level of debt-to-GDP

ratio may be regarded as high under a certain condition but only moderate under

other conditions.

In this paper, we aim to contribute to the debt-growth literature by addressing the

vital role of a time-varying, state-dependent tipping point (threshold). To this end, we

develop a modified RK model that extends the Hansen’s RK model by allowing for a

state-dependent threshold, which is treated as a function of informative covariates. Fol-

lowing Hansen (2017), we illustrate a standard approach in estimating the model and

introduce two testing procedures for distinguishing between linear and threshold mod-

els and between constant and time-varying thresholds, respectively. We apply the pro-

posed model to the data used in Hansen (2017) with a set of macroeconomic covariates

to form the threshold function. Overall, our empirical results lean toward supporting

the existence of a tipping point (threshold), above which debt becomes notably harmful

2See Lin (2014) for a similar finding when a very different empirical framework is considered.
3In the Appendix, our Monte Carlo simulations show that overlooking the possible nature of a

threshold would lead to seriously biased estimates. Furthermore, the direction and the magnitude of
the bias depend on the setting of the involving time-varying threshold parameters.

4To the best of our knowledge, Dueker et al. (2013) is the only paper that employs a varying
threshold. Dueker et al. (2013) propose a smooth transition autoregressive (STAR) model with
a time-varying/state-dependent threshold and apply the model to the dynamics of U.S. short-term
interest rates.
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for growth. Besides, our results show that, in general, a time-varying/state-dependent

threshold is more suitable than a constant one.

Apparently, identifying debt-threshold determinants is challenging because the rele-

vant literature is scant and indirect. In this paper, three possible covariates — growth,

inflation, and the past debt/GDP ratio — are attempted. The choice of growth may

be justified on the ground that public debt tends to be self-financed when growth is

high. With regard to inflation, according to Cochrane (2011a), “The key reason seri-

ous inflation often accompanies economic difficulties is straightforward: Inflation is a

form of sovereign default”; therefore, inflation may deteriorate the impact of debt to

growth. However, default (via inflation) implies reducing the real burden and so high

inflation is likely to ease negative growth effects of debt. Given these two opposing

effects of inflation, the overall effect of inflation on debt-threshold is unclear.5 Finally,

considering the past debt/GDP ratio is based on the presumption that an economic

variable is often viewed as high or low relative to its own recent past values. When

public debt lingers at a certain level for a while, the perceived “normal” debt level

(threshold) might shift toward to that level — particularly, if other macroeconomic

conditions remain stable.

The remainder of this article is organized as follows. Section 2 introduces regression

kink (RK) models with time-varying and state-dependent thresholds, describes least

squares estimation of the model parameters, and discusses test statistics for threshold

effect and threshold constancy. Sections 3 presents the main empirical results. Section

4 provides the results of robustness check, and Section 5 concludes.

2 The Methodology

In this section, we first extend the regression kink (RK) model of Hansen (2017) by al-

lowing for a time-varying, state-dependent threshold. We then illustrate the estimation

procedure and propose test statistics for threshold effect and threshold constancy.

2.1 Regression Kink with a State-Dependent Threshold

Let yt be the real GDP growth rate in year t, xt be the debt-to-GDP percentage from

the previous year, and zt be a set of control variables. Our regression kink model with

5We thank the anonymous referee to raise this point to us. For further discussions on the relation
between debt and inflation, please see Cochrane (2011a, b).

3



  

a state-dependent threshold can be represented by

yt = β1(xt − γt)− + β2(xt − γt)+ + β′

3zt + et, t = 1, 2, ..., T, (1)

where yt, xt and et are scalars, and zt is a l-dimensional vector that includes an inter-

cept. (xt − γt)− = min[xt − γt, 0] and (xt − γt)+ = max[xt − γt, 0] denote the negative

part and positive part of xt − γt, respectively. γt is a time-varying threshold (tipping

point), which is specified as a function of informative covariates, e.g., a linear com-

bination of the elements of a k−dimensional vector qt = (q1,t, ..., qk,t)
′ of observable

exogenous or predetermined variables

γt = γ0 + γ ′

1qt (2)

where γ0 represents an unknown threshold intercept, γ1 = (γ11, ..., γ1k)
′ is a vector of

unknown slope parameters.

The model defined by (1) and (2) can be referred to as a modified RK model with

a time-varying/state-dependent threshold. Clearly, the Hansen’s RK model with an

unknown constant threshold is a special case of our model when γ1 = 0.

2.2 Estimation Procedure

For convenience, we rewrite the model in a more compacted form. Define β =

[β1, β2,β
′

3]
′, xt(γ0,γ

′

1) = [(xt − γt)−, (xt − γt)+, z
′

t]
′. Then model (1) can be rewritten

as yt = β′xt(γ0,γ
′

1) + et. The least-square criterion is

SSRT (β, γ0,γ
′

1) =

T
∑

t=1

(yt − β′xt(γ0,γ
′

1))
2
. (3)

For any fixed γ0 and γ ′

1, we have the following least-square estimation

yt = β̂
′

(γ0,γ
′

1)xt(γ0,γ
′

1) + êt(γ0,γ
′

1), (4)

where β̂(γ0,γ
′

1) is given by β̂(γ0,γ
′

1) =
[

∑T

t=1 xt(γ0,γ
′

1)x
′

t(γ0,γ
′

1)
]

−1 [
∑T

t=1 xt(γ0,γ
′

1)yt

]

.

Accordingly, define S̃SRT (γ0,γ
′

1) =
T
∑

t=1

(

yt − β̂
′

(γ0,γ
′

1)xt(γ0,γ
′

1)
)2

. Then the param-

eters of the time-varying threshold can be given as

(γ̂0, γ̂
′

1) = argmin
(γ0,γ′

1
)∈Γ0×Γ1

S̃SRT (γ0,γ
′

1), (5)
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where Γ0 and Γ1 = Γ11 × Γ12...× Γ1k is strict subsets of the support of xt. A standard

two-step approach based on concentration and grid search can be used to compute the

estimates. First, for each γ0, we vary γ1 ∈ Γ1 and compute the sum-of-squared errors

S̃SR(γ0,γ
′

1). Second, we find the minimum S̃SRT (γ0, γ̃1), and then the least-squares

estimates (γ̂0, γ̂
′

1) are the values which jointly minimize S̃SRT (γ0, γ̃1). As suggested by

Hansen (1999), it is undesirable for selecting the parameters (γ̂0, γ̂
′

1) that sort too few

observations into one or the other regime. In practice, we can exclude this possibility

by restricting the grid search in (5) to values of (γ0,γ
′

1) such that a minimal percentage

of the observations (say, 5% or 10%) lie in both regimes.

We have also developed test statistics for threshold effect (F1C and F1T ) and thresh-

old constancy (F2), and proposed to construct confidence intervals for the threshold

coefficients by test inversion. See Appendix B for the details.

3 Empirical Investigation

In this section, we investigate whether the effect of debt on growth can be adequately

characterized using Hansen’s RK model with constant threshold or if the effect is better

described by the modified model proposed in the previous section where a time-varying

threshold is allowed. As emphasized by Panizza and Presbitero (2013), net public

debt is difficult to compute and hardly comparable across countries. We therefore,

following Lin (2014) and Hansen (2017), take a time-series approach, focusing on a

single country.6 The data we use are the same as in Hansen (2017), available from

Hansen’s website.7 The data set covers annual observations of debt, GDP and inflation

over 1791-2009, from the U.S. Specifically, we consider the following RK model with a

state-dependent threshold

yt = β1(xt − γt)− + β2(xt − γt)+ + β3yt−1 + β0 + et, (6)

where yt is the GDP growth rate in year t and xt is the debt to GDP ratio in year t−1.

Following Hansen (2017), the lagged dependent variable yt−1 is added as an independent

variable to ensure that the errors et are approximately serially uncorrelated.

The debt-threshold (or tipping point) γt is specified as a function of informative

covariates. In this paper, three likely macroeconomic variables — lagged growth, in-

6By focusing on a single country, we are able to avert the complications of cross-country hetero-
geneity and error cross-section dependence that prevail in cross-country panel regressions. See Chudik
et al. (2017) for a recent paper on the treatment of these complications.

7https://www.ssc.wisc.edu/ bhansen/
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flation, and past (debt/GDP) ratio — are considered.8 The rationale of considering

these variables is laid out in Section 1. In choosing among these three threshold de-

terminants, we employ a stepwise approach. We start with estimating three models

(each model is with one of the three covariates) and choose the best one. Then, we

examine if adding other covariates (one by one) in the best chosen model may make

improvement. We report the modelling results in Tables 1 and 2, in which p-values are

calculated with B = 2000 bootstrap replications.
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In Table 1, among the three models with a time-varying threshold, clearly the model

with inflation outperforms the others (in terms of the R-squared). According to the

F1T test statistic, the model with inflation is the only model that can reject the null

hypothesis of linearity (p-value=0.022). None of the other nonlinear models (including

the constant threshold model of Hansen (2017), replicated and reported in column

1 of Table 1) is able to beat the linear model. Meanwhile, according to the F2 test

statistic, the model with inflation is the only model that can reject the null hypothesis

of constant threshold (p-value=0.027). For the model with inflation, the estimated

inflation coefficient is -3.5 and the 90% confidence interval is (-6.7,-0.2); therefore, the

effect of inflation to the threshold is negative and statistically significant. We note that

a negative inflation effect seems to accord well with the claim of Cochrane (2011a, b).

As for growth and past debt, while the estimated coefficients of these two variables are

with the expected sign, they are insignificant.

In Table 2, we report the results from specifying the threshold as a function of infla-

tion and growth or the past debt ratio. In these two models, both the null hypothesis

8As suggested by Cochrane (2011a, b), debt could lead to an increase in expected inflation, hence
we choose the inflation in year t.
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of linearity and the null hypothesis of constant threshold are rejected (according to F1T

and F2, respectively). However, adding growth or past debt seems to contribute very

little to the modelling outcome. From Tables 1 and 2, the model with a single covariate

(inflation) appears to be the best among all considered time-varying threshold models.

Comparing Hansen’s (2017) results with those from the best time-varying threshold

model, we find similar negative debt effects on growth when the debt-to-GDP ratio is

above the threshold, regardless the threshold is constant or state-dependent. However,

interestingly, when debt/GDP is below the threshold, while both models show positive

debt effects the magnitude of the effect of our time-varying model is nearly double that

of the Hansen model. Moreover, the positive debt effect is statistically significant in

our model, but not in Hansen’s.

Fig. 1. The actual debt/GDP ratio (dashed line) and the estimated time-varying threshold (solid
line) based on the setting γt = γ0 + γ1Inflationt.

To take a further look at the time-varying threshold of the model with inflation,
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we depict the estimated threshold in Figure 1. The resulting threshold in Figure 1 is

very volatile and a threshold oscillating from year to year may not be desirable for

policy-guidance.9 Therefore, we next consider to specify the threshold as a function of

the average of growth/inflation/debt over the past 5 years — denoted as Growth5,t−1 ,

Inflation5,t and Debt5,t−2. Similarly, we also employ a stepwise modelling strategy and

report the empirical results in Tables 3 and 4.
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According to Tables 3 and 4, the model with a single covariate of past debt appears

to outperform the others — in this model, both F1T and F2 are with the p-value less

than 10%, indicating the existence of a time-varying threshold effect. This significance

of past debt is generally in agreement with the view that the perceived “normal” debt

level (threshold) may shift toward to the average debt level over the past few years.

Interestingly, the estimated negative debt effect on growth appears to be relatively

stronger when the model with average debt in the past is considered (Column 1, Table

3). We depict the past debt driven threshold in Figure 2 — clearly, the threshold is

much less volatile than the inflation driven threshold in Figure 1. On the other hand,

growth and inflation do not seem to contribute much to the threshold function.10

The previous analysis shows that inflation in year t and the past 5-year debt average

are two important factors influencing the threshold. We therefore consider the case

where the threshold is a function of these two variables and report the modelling

results in Table 5. This model appears to perform well: linearity and constancy are

rejected and the coefficients of both factors are with the expected sign and significant.

We depict the result threshold in Figure 3.

Overall, our results based on the time-varying threshold model support the existence

9We thank the anonymous referee to raise this point to us.
10The result might be partly due to the “over-smoothness” of the 5-year average of growth/inflation.
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Fig. 2. The actual debt/GDP ratio (dashed line) and the estimated time-varying threshold (solid
line) based on the setting γt = γ0 + γ1Debt5,t−2.
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Fig. 3. The actual debt/GDP ratio (dashed line) and the estimated time-varying threshold (solid
line) based on the setting γt = γ0 + γ1Debt5,t−2 + γ2Inflationt.

of a debt-threshold effect, above which debt becomes notably harmful for growth.

Moreover, we find clear evidence supporting that the debt-threshold is time-varying

and state-dependent, and overlooking such time-varying and state-dependent features

in the threshold might lead to very different results.

4 Robustness of Results

To further check the consistency of our findings regarding debt-threshold and its

constancy, we run the RK models with a 100-year window moving up by 10 years. In

each case, there are 13 rolling results, staring from 1792-1891 and ending in 1912-2009.

As a benchmark, we first estimate the constant threshold model of Hansen (2017)

and report the results in Panel A of Table 6. It can be easily seen that the null of

linearity can be rejected in only three sub-periods (1842-1941, 1872-1981 and 1882-

1991) at the 10% significance level. This is generally consistent with the full-sample

results.

We then turn to the time-varying model. Based on the findings in the previous

section, two covariates — inflation and the average of 5-year debt/GDP ratios — are

considered. We report the results in Panel B of Table 6. The rolling results show that 8

out of the 13 sub-periods have a threshold effect and the threshold is state-dependent.

Interestingly, these 8 sub-periods are the last 8 sub-periods of the full sample. Overall,

both our full-sample and sub-sample results support that there is a threshold effect

of debt on growth and the threshold is better to be characterised in a time-varying

fashion.
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5 Conclusion

Despite extensive research which has already been undertaken, the issue as to

whether there is a debt-threshold effect, continues to be strongly debated. We highlight

the crucial role of the time-varying and state-dependent threshold in this debate. The

contribution of this paper is two-fold. First, we contribute to the econometric literature

by extending the regression kink model of Hansen (2017) to allow for a time-varying,

state-dependent threshold. Through Monte Carlo simulations, we show that overlook-

ing possible time-varying features of a threshold often ends up with biased estimates.

Second, we contribute to the debt-growth literature by applying our model to the U.S.

historical data. Our results show that there is evidence supporting a nonlinear effect

of debt on growth. Moreover, we find clear evidence supporting that the debt/GDP

threshold is time-varying and state-dependent. In general, our results are robust when

rolling subsamples are considered.

One limitation of our paper is that the choice of debt-threshold determinants is

arbitrary. It is imperative to develop a theory that may lead us toward a more sys-
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tematic approach on the choice. Also, similar to the analysis of Hansen (2017), an

important caveat of our paper is that the analysis is based on a single time series of the

United States, thus ignoring other countries’ information. Future work could extend

the time-series model to a panel setting by following the work of Chudik et al. (2017).
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Appendix A: Monte Carlo Simulations

In this section, through Monte Carlo simulations we compare the finite sample per-

formances of the proposed estimation procedure with a time-varying/state-dependent

threshold and Hansen’s (2017) estimation procedure with an unknown constant thresh-

old, and provide evidence to support that overlooking the time-varying features in the

threshold can result in biased estimates.

The data generating process is specified as

yt = β1(xt − γt)− + β2(xt − γt)+ + β3zt + et, t = 1, 2, ..., T, (A1)

where γt = γ0+γ1q1t+γ2q2t. We assume a normally distributed error et ∼ i.i.d.N(0, 1),

q1t, q2t and zt ∼ i.i.d.N(0, 1), xt ∼ i.i.d.N(0, 4). The sample size T is set as 50, 100 or

200.

In the simulations, we set β1 = 1, β2 = 2, β3 = 1, γ0 = 1. We vary the parameters γ1

and γ2 to assess the models’ performance to the existence of the time-varying features in

the threshold. Specifically, we set (γ1, γ2) = (1, 2) or (0, 0). The number of replications

is 1000.

First, consider the performance of the proposed estimation procedure with a time-

varying threshold. Table A.1 presents the summary statistics (i.e., mean, median, and

standard deviation) for the estimates. From the summary statistics (i.e., mean and

standard deviation) reported in Table A.1, the proposed estimates seem to be unbiased

and the accuracy of the model improves as T increases. Overall, for the small sample

sizes the performance of the proposed estimation procedure is generally satisfactory.
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Next, consider the case where the data generating process is given by (A1), while

the time-varying feature is overlooked in the estimation procedure (and hence the

estimation procedure proposed by Hansen’s (2017) is used). Table A.2 presents the

summary statistics (i.e., mean and standard deviation) for the parameter estimates.

Clearly, the estimation procedure proposed by Hansen (2017) works reasonably well

when the data generating process does not contain time-varying thresholds (i.e. γ1 =

γ2 = 0). However, the results show that, if the time-varying feature in threshold

is ignored, the estimates are seriously biased and with large standard errors. Our

unreported simulations also show that the direction and the magnitude of the bias

depend on the time-varying threshold parameters.

Furthermore, the results from Table A.1 shows that there is little efficiency loss using

the proposed time-varying threshold estimation procedure when the data generating

process is without such time-varying features in the threshold. Combining the results

of Tables A.1 and A.2, we conclude that the proposed varying threshold estimation

procedure is more robust to misspecification of the threshold, especially when the

researcher does not have enough confidence in the threshold constancy.
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Appendix B: Test Statistics

To determine whether the RK model (1) with a threshold is significantly different

from the linear model yt = β1xt + β′

3zt + et, which is nested in the RK model (1), we

consider to test the hypothesis of no threshold effect in the RK model (1)

H1
0 : β1 = β2.
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The linear model yt = β1xt + β ′

3zt + et can be estimated by OLS, yielding the

estimates β̂1, β̂3, residuals êt and the sum of squared errors SSR0 =
∑T

t=1 ê
2
t . Likewise,

we denote SSRC as the sum of squared errors from the constant threshold model of

Hansen (2017). A standard test for the null hypothesis of the linear model against the

constant threshold model in Hansen (2017) is F1C

F1C =
SSR0 − SSRC

SSRC/T
. (B1)

Furthermore, a natural test for the null hypothesis of the linear model against the

time-varying threshold model (1) is to reject H1
0 : β1 = β2 for large values of the F -type

statistic

F1T =
SSR0 − S̃SRT (γ̂0, γ̂

′

1)

S̃SRT (γ̂0, γ̂
′

1)/T
. (B2)

Hence, the linear model yt = β1xt + β ′

3zt + et is rejected if either F1C or F1T

rejects the null H1
0 : β1 = β2. Under H1

0 the threshold is not identified, and hence

the null distributions of the test statistics are non-standard due to the well-known

Davies’ problem (Davies, 1977; 1987) and can be typically explored by taking the

supremum of all possible values of unidentified parameters (e.g. Davies, 1987; Andrews

and Ploberger, 1994; Hansen, 1996). In general, the construction of critical values

for these distributions of test statistics is non-trivial (Andrews and Ploberger, 1994)

and the p-values (or critical values) of test statistics can be easily generated using

simulations as shown by Hansen (1996). We therefore propose to use a parametric

bootstrap procedure in the tradition of Hansen (1996; 2017) to construct the p-values

of the test statistics.

Algorithm 1. Testing for threshold effects

Step 1. Generate T iid draws u∗

t from the N(0, 1) distribution.

Step 2. Set y∗1t = êtu
∗

t where êt are the ordinary least-square (OLS) residuals of the

linear model yt = β1xt + β′

3zt + et.

Step 3. Using the observations {y∗1t, xt, z
′

t}
T
t=1, estimate the linear model, the

Hansen’s (2017) RK model with a constant threshold and the time-varying thresh-

old model (1), and compute the F-type statistics F1C and F1T .

Step 4. Repeat Steps 1-3B times, so as to obtain two samples F ∗

1C(1), F
∗

1C(2), ..., F
∗

1C(B)

and F ∗

1T (1), F
∗

1T (2), ..., F
∗

1T (B) of simulated F1C and F1T statistics, respectively.

Step 5. The empirical p-values can be obtained by calculating the percentage of the
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simulated statistics that exceed actual value:

p1C =
1

B

B
∑

b=1

1(F ∗

1C(b) ≥ F1C),

p1T =
1

B

B
∑

b=1

1(F ∗

1T (b) ≥ F1T ).

Step 6. When necessary, compute the level α critical value cα as the empirical 1−α

quantile of the simulated F-type statistics.

Another important problem is to determine whether or not the threshold is constant.

To this end, consider the following null hypothesis

H2
0 : γ1 = 0.

We note that, under the null, the model in (1) is the RK model with an unknown

constant threshold investigated by Hansen (2017). A standard test for the null hy-

pothesis of the constant threshold against the time-varying threshold model (1) can be

given by

F2 =
SSRC − S̃SRT (γ̂0, γ̂

′

1)

S̃SRT (γ̂0, γ̂
′

1)/T
. (B3)

Furthermore, to construct confidence intervals for the threshold coefficients, we

invert the following statistic for the null H0 : γ = γ0 in which γ = (γ0,γ
′

1)
′, given by

FT (γ) =
S̃SRT (γ)− S̃SRT (γ̂)

S̃SRT (γ̂)/T
,

where γ̂ = (γ̂0, γ̂
′

1)
′. The null hypothesis is rejected for large values of FT (γ

0). Follow-

ing Hansen (2017), the p-value of F2 and the confidence intervals of parameters can be

computed by a model-based bootstrap method.

Algorithm 2. Testing for threshold constancy and computing confidence intervals

for parameters

Step 1. Generate T iid draws u∗

t from the N(0, 1) distribution.

Step 2. Set y∗2t = β̂
′

(γ̂)xt(γ̂) + êt(γ̂)u
∗

t where (β̂(γ̂), γ̂) and êt(γ̂) are the parameter

estimates and residuals of the Hansen’s (2017) regression kink model with a constant

threshold.
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Step 3. Using the observations {y∗2t, xt, z
′

t, q
′

t}
T
t=1, estimate the Hansen’s (2017) RK

model with a constant threshold and the proposed time-varying threshold model (1),

and compute the F-type statistic F2.

Step 4. Repeat Steps 1-3 B times, so as to obtain one sample F ∗

2 (1), F
∗

2 (2), ..., F
∗

2 (B)

of simulated F2 statistics. The empirical p-value can be obtained by calculating the

percentage of the simulated statistics that exceed actual value:

p2 =
1

B

B
∑

b=1

1(F ∗

2 (b) ≥ F2).

Step 5. Set y∗3t = β̂
′

(γ̂)xt(γ̂)+ êt(γ̂)u
∗

t where (β̂, γ̂) and êt(γ̂) are the parameter es-

timates and residuals of the proposed regression kink model with a time-varying/state-

dependent threshold using the observations {yt, xt, z
′

t, q
′

t}
T
t=1.

Step 6. Using the observations {y∗3t, xt, z
′

t, q
′

t}
T
t=1 , estimate the regression kink

model with a state-dependent threshold, yielding the parameter estimates (β̂
∗

, γ̂∗),

and the sum of squared errors S̃SR
∗

T (γ̂
∗). Compute the F−statistic for γ̂

F ∗

T (γ̂) =
S̃SR

∗

T (γ̂)− S̃SR
∗

T (γ̂
∗)

S̃SR
∗

T (γ̂
∗)/T

,

where S̃SR
∗

T (γ̂) =
T
∑

t=1

(

y∗3t − β̂
∗
′

(γ̂)xt(γ̂)
)2

.

Step 7. Repeat Steps 5-6 B times, and obtain a sample of simulated coefficient

estimates (β̂
∗

, γ̂∗) and F statistic F ∗

T (γ̂). Create 1 − α bootstrap confidence intervals

for the slope parameters β = [β1, β2,β
′

3]
′ by the symmetric percentile method: the

estimates plus and minus the (1− α) quantile of the absolute centered bootstrap esti-

mates. For example, for β1 the confidence interval is β̂1± q∗1−α, where q
∗

1−α is the 1−α

quantile of |β̂∗

1 − β̂1|.

Step 8. Calculate the 1 − α quantile c∗1−α of the simulated F statistics F ∗

T . Then

we can create a 1− α bootstrap confidence interval for γ as follows:

C∗

γ
= {γ : FT (γ) ≤ c∗1−α}.
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