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Abstract
Within the dielectric matrix formalism, the random phase approximation (RPA) and analogous
methods that include exchange eﬀects are promising approaches to overcome some of the limitations
of traditional density functional theory approximations. The RPA-type methods however have a
signiﬁcantly higher computational cost, and, similarly to correlated quantum chemical methods,
are characterized by a slow basis set convergence. In this work we analyzed two diﬀerent schemes
to converge the correlation energy, one based on a more traditional complete basis set (CBS)
extrapolation and one that converges energy diﬀerences by accounting for the size-consistency
property. These two approaches have been systematically tested on the A24 test set, for six points
on the potential energy surface of the methane-formaldehyde complex, and for reaction energies
involving the breaking and formation of covalent bonds. While both methods converge to similar
results at similar rates, the computation of size-consistent energy diﬀerences has the advantage of
not relying on the choice of a speciﬁc extrapolation model.
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I.

INTRODUCTION

Density functional theory (DFT) is one of the most widely used approaches in computational materials science1 . The Kohn-Sham formalism is computationally efficient and allows
one to obtain the ground state energy, whose accuracy depends on the approximation of
the exchange-correlation (xc) functional2 . The most common approximations are the local
density3 (LDA) and generalized gradient approximations4 (GGA), wherein the xc functional
depends on the density and the gradient of the density. In spite of the success of these functionals, they do not usually reach chemical accuracy and lack a proper description of the
long-range van der Waals (vdW) forces.
The adiabatic connection fluctuation dissipation theorem (ACFDT) provides a practical
framework to develop approximations for DFT functionals5,6 . Specifically, this approach
expresses the xc contribution in terms of the response functions (polarizabilities or, equivalently, dielectric matrices). While exact in principle, the ACFDT requires approximations
in practice, as the interacting polarizability is unknown.
The random phase approximation (RPA) is the most simple approximation used within
the ACFDT. Though relatively basic in form, the RPA xc functional has a high level of
accuracy and correctly describes the long-range behavior of the vdW forces. This has been
demonstrated by applications to a variety of different types of systems such as molecules7–16 ,
layered materials17–20 , solids21–25 , and molecules adsorbed on surfaces26 . Nevertheless the
RPA suffers from some limitations, as correlation energies are sizeably overestimated27 , and
interaction energies tend to be underestimated28 . Several schemes have been proposed to
improve the RPA with varying degrees of success8,10,27,29–39 . All these schemes, including
RPA, are seamless in the sense that they treat physics at all ranges (short, intermediate, long)
using the same fundamental physics. They can thus smoothly capture disparate processes
such as bond-breaking and dispersion forces. The latter are treated to all orders in manybody interactions.
In this work we will focus on two recently proposed methods – the electron-hole timedependent Hartree-Fock (eh-TDHF) and the adiabatic connection second-order screened
exchange (AC-SOSEX)14–16 . These two approaches, referred to as the beyond-RPA methods
henceforth, improve the RPA through the introduction of exchange effects absent in the RPA.
Their accuracy was demonstrated by computing chemical reaction energies involving the
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breaking and formation of covalent bonds14,15 and interaction energies for weakly interacting
systems (A24 and S22 test sets)16 . As shown by these applications, the interest in RPAtype methods is not limited to vdW interactions, where they compete with empirically
corrected40–42 and non-local43,44 functionals, but includes also other types of bonding.

Compared to semi-local or hybrid functionals, the ACFDT approaches come at a comparatively high computational cost, although these are typically cheaper than the most
sophisticated wavefunction methods. Additionally, the RPA and beyond-RPA correlation
energies are characterized by a slow basis set convergence. This behavior is analogous to
that of traditional quantum chemical methods. Indeed, convergence of the correlation energy is known to be slow in correlated methods such as Møller-Plesset perturbation theory
or coupled cluster theory45–52 . In order to overcome this issue, techniques to extrapolate the
results to the complete basis set (CBS) limit are routinely used47,50,53 .

In this work we study the convergence of the RPA and beyond-RPA methods with respect to the basis set size. The numerical implementation used is based on the plane-wave
(PW) basis set but the response functions are actually represented on an auxiliary basis set
to rapidly converge the dielectric eigenvalues13,15,16,54–58 . Two approaches to converge the
correlation energy are compared: (1) a more standard approach based on the CBS extrapolation19,21,22 ; (2) an alternative technique to rapidly converge energy differences by accounting
for the size-consistency property11,13,15,59 . This second approach has never been discussed
in detail in the literature. It is rarely applied in practical calculations, and unlike the CBS
extrapolation, is not biased by the choice of a model function for the fitting. By computing
several interaction energies of weakly bound molecular systems and reaction energies, we
analyze the convergence and show that the two approaches lead to similar results.

In Section II we begin by summarizing briefly the RPA and beyond-RPA methods along
with the numerical framework used in their implementation. Section III discuss the different
techniques used to converge correlation energies. Numerical convergence tests for the A24
test set and the potential energy surface of the methane-formaldehyde system are presented
in Section IV. Section V contains our conclusions.
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II.

THEORETICAL FRAMEWORK

In this section, we summarize the theoretical framework for the RPA and beyond-RPA
methods used in this work. A more complete discussion can be found in Refs. 14 and 15.
The three correlation energy approximations used are:
EcRPA

1
=
2

Eceh-TDHF =

EcAC-SOSEX =

1
2
1
2

Z∞

−∞
Z∞
−∞
Z∞
−∞


dω  
Tr ln I − χ0 (iω)K + χ0 (iω)K
2π

(1)


dω  
Tr ln I − χ0 (iω)B B −1 K + χ0 (iω)K
2π

(2)


dω  
Tr ln I − χ0 (iω)K K −1 B + χ0 (iω)B ,
2π

(3)

where EcRPA is the RPA correlation energy, Eceh-TDHF is the electron-hole time-dependent
Hartree-Fock (eh-TDHF) correlation energy, and EcAC-SOSEX is the adiabatic connection
second-order screened-exchange (AC-SOSEX) correlation energy. In Eqs. 1-3 ω is the frequency, I denotes the identity matrix, and K is the ‘direct’ kernel, whose matrix elements
are defined as,
Kvc,v′ c′ = 2hφv φc |V |φv′ φc′ i = 2

Z

dr dr ′ φv (r)φc (r) V (r, r ′ ) φv′ (r ′ )φc′ (r ′ ).

(4)

The B matrix is an approximate exchange kernel containing only electron-hole products,
whose matrix elements are defined as,
Bvc,v′ c′ = 2hφv φc |V |φv′ φc′ i − hφv φc′ |V |φv′ φc i.

(5)

In Eqs. 4 and 5, v and c denotes the valence (occupied) and conduction (unoccupied) states
respectively, and V (r, r ′ ) is the Coulomb potential. χ0 in Eqs. 1-3 is the non-interacting
response function, defined as,
χ0vc,v′ c′ (iω)

= 2ℜ



1
iω − εv + εc



δvv′ δcc′ ,

(6)

with εv and εc denoting valence and conduction state energies, respectively, and ℜ is the
real part. The term I − χ0 (iω)K in the correlation energy expressions is usually referred
to as the dielectric matrix.
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Since Eq. 1 does not contain exchange effects, this expression of the RPA is sometimes
referred to as the direct-RPA (d-RPA) in the quantum chemistry community. The approximations to the correlation energy in Eqs. 2 and 3 are henceforth indicated as the beyond-RPA
approximations, as they correct the RPA by including exchange effects through the matrix
B.
The formalism presented here can be implemented in the PW basis set by using techniques to avoid the explicit calculation of conduction states60–63 and by representing the
response functions with a compact auxiliary basis set13,15,16,55–58,64 . This auxiliary basis set
can be efficiently obtained from an iterative diagonalization of a simplified polarizability containing the kinetic energy contribution only13 , an approximation of the projective dielectric
eigenpotential (PDEP) technique54 . Further details can be found in Ref. 15, and the final
working equations are summarized below. The response functions can then be represented
with the kinetic-PDEP auxiliary basis set, whose Naux elements are denoted by {ΦQ }, as:
CQR (iω) = 4

X

hφv |ΦQ V

1/2



P̂c ℜ iω + ǫv − Ĥ

v

−1

P̂c V 1/2 ΦR |φv i

(7)


−1
vv ′
JQG
(iω) = 2hφv |ΦQ V 1/2 P̂c ℜ iω + ǫv − Ĥ
P̂c V 1/2 ΦG |φv′ i

−1
′
1/2
′
Lvv
P̂
ℜ
iω
+
ǫ
(iω)
=
2hφ
|Φ
V
−
Ĥ
P̂c V 1/2 ΦR |φv′ i
c
v
v
G
GR
XX
′
vv ′
JQG
(iω)Lvv
ZQR (iω) =
GR (iω),
vv ′

(8)
(9)
(10)

G

where Ĥ is the ground-state Kohn-Sham Hamiltonian and P̂c =

P

|φc ihφc | is the projector

c

over the conduction state subspace. By using the completeness of the basis set this projector
P
can be expressed as P̂c = Iˆ − |φv ihφv |, which contains a sum over the occupied states
v

only60 . From the definitions in Eqs. 7-10, we can then reformulate Eqs. 1-3 as (see Ref. 15

for a complete derivation),
EcRPA

1
=
2

Z∞

dω
Tr [ln {I − C(iω)} + C(iω)] ,
2π

(11)

−∞

for the RPA,
Eceh-TDHF

1
=
2

Z∞

−∞


dω h 
Tr ln I − C(iω) + Z(iω)C −1 (iω) C(iω) − Z(iω)C −1 (iω)
2π

−1

i
C(iω) + C(iω) ,
(12)
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for the eh-TDHF and
Z∞

dω 
1
AC-SOSEX
Tr (ln {I − C(iω)} + C(iω)) I − C −1 (iω)Z(iω)C −1 (iω) , (13)
Ec
=
2
2π
−∞

for the AC-SOSEX. An important advantage of this formalism is that the projector in
the C and Z matrices implicitly includes all the conduction states within the PW basis.
Additionally, the size of the C and Z matrices is reduced to Naux × Naux , where Naux ≪ Neh
(Neh = Nc Nv being the number conduction-valence pairs), and Naux ≪ NP W (NP W being
the number of plane-waves). Finally, once the auxiliary basis set vectors {ΦQ } are fixed,
the frequency-dependent matrix elements in Eqs. 7-9 can be efficiently computed using the
Lanczos algorithm developed previously15,55,62,64 . The methodology discussed in this section
has been implemented within the Quantum Espresso package65,66 , which uses plane-waves
and pseudopotentials.
As with traditional correlated methods such as Møller-Plesset perturbation theory51 or
coupled-cluster theory52 theory, the correlation energy expressions in Eqs. 1-3 present a slow
basis set convergence, due to difficulties in reproducing the Coulomb cusp. In Sec. III we
analyze two different schemes to reach convergence, one based on energy differences and one
on complete basis set extrapolation. Since the Møller-Plesset perturbation theory to second
order (MP2) can also be reformulated in terms of response functions, and implemented in a
similar numerical framework67 , the discussion below is valid for this approach as well.

III.

CONVERGENCE OF ENERGY DIFFERENCES VS. COMPLETE BASIS SET

EXTRAPOLATION

In our previous works13,15,16,24 we did not rely on any complete basis set extrapolation
technique for the RPA or beyond-RPA methods, but we rather converged bare energy differences. This is a peculiar feature of our implementation that takes advantage of a compact
auxiliary basis set which is designed to rapidly converge the eigenvalues of the response
functions13,54 . In this work we give a detailed description of the methodology that we have
been using so far, and compare it to a more traditional approach, the complete basis set
extrapolation.
To understand how correlation energy differences are converged, a simple observation
is necessary, illustrated by a simple example. Let us suppose that we are interested in
6

computing the interaction energy of the argon dimer at the RPA level of theory11,59 . We
first consider the two atoms at a very large distance so that
E int = E dimer − 2E atom ≈ 0,

(14)

where E int is the interaction energy, E dimer is the total dimer energy, and E atom is the total
atom energy. Eq. 14 is a consequence of the size consistency of the RPA68 . Clearly, each
single contribution to the energy should be exactly compensated for, including the correlation
energy: Ecint = Ecdimer − 2Ecatom ≈ 0. By using a single eigenvalue of the dielectric matrix for
each frequency λ1 (iω) (the largest in absolute value), the RPA correlation energy (Eq. 11)
of each single argon atom is
Ecatom

1
=
2

Z∞

dω
[ln {1 − λ1 (iω)} + λ1 (iω)] .
2π

(15)

−∞

In order to obtain E int ≈ 0 it is now clear that the correlation energy of the dimer should
be computed including two eigenvalues per frequency in the correlation energy expression:
Ecdimer

1
=
2

Z∞

dω
[ln {1 − λ1 (iω)} + λ1 (iω) + ln {1 − λ2 (iω)} + λ2 (iω)] .
2π

(16)

−∞

Indeed, since the interatomic distance is large, we have λ2 (iω) ≈ λ1 (iω). This error cancellation would have not been possible if we would have naively used the same number of
eigenvalues for the atoms and the dimer. The same idea can be also applied to small interatomic distances; there should be a compensation between the eigenvalue contributions of
the dimer and the monomers to induce error cancellation. Generally, at small or intermediate distances it is necessary to significantly increase the number of eigenvalues Neig included
in the evaluation of the correlation energy to reach convergence, while maintaining the condimer
monomer
dition Neig
= 2Neig
. Henceforth, we refer to this approach as the size-consistent

energy difference approach.
This idea can also be generalized to systems, whose components are different (e.g. a dimer
of two different molecules), or which involve different types of interactions. When the PDEP
technique was first introduced it was already understood that the number of eigenvalues
necessary to reach a certain level of accuracy in the description of the response function
is approximately proportional to the number of electrons54 . Accordingly, the number of
eigenvalues (namely of auxiliary basis vectors) used to describe the response function should
7

be chosen to be proportional to the number of electrons. For example, if in a certain
molecular dimer, the monomer 1 has double the number of electrons than the monomer
monomer1
monomer2
2, in the correlation energy equations we should always use Naux
= 2Naux
and
dimer
monomer1
monomer2
monomer2
monomer2
Naux
= Naux
+ Naux
= 2Naux
+ Naux
. As shown by the numerical

results in Sec. IV this approach works well in practice.
All this discussion has been presented for the RPA. The eh-TDHF and AC-SOSEX correlation energies have a similar structure to the RPA (see Eqs. 2-3 or Eqs. 12-13), but contain
additional exchange terms. As shown in Eqs. 8-10, the additional exchange contributions
have a structure similar to the response function in Eq. 7, the main difference being related
to the v 6= v ′ terms. It was already observed that the PDEP basis set, specifically designed
for the polarizability (Eq. 7), represents well also the exchange terms (Eqs. 8-10)15,16 . Because of these affinities between the RPA and the beyond-RPA methods discussed in this
work, the same convergence techniques can be used in practical calculations for beyond-RPA
methods as well.
By using the size-consistent energy difference technique, the interaction energy converges
quite rapidly with respect to the auxiliary basis set size. As an example, we present in Fig. 1
the interaction energy of the formaldehyde dimer computed at the RPA and beyond-RPA
levels of theory. The convergence with respect to Naux is quite rapid, with the beyond-RPA
energies seeming to converge faster than RPA. Since the measurable physical observables
are energy differences, convergence of the interaction energy with respect to the auxiliary
basis set size is sufficient for practical applications. Empirically we have observed that
Naux = 40 × Nv is sufficient to achieve convergence for most molecular systems, where Nv
is the number of Kohn-Sham states (half the number of valence electrons) in the system.
This is a very small number compared to the number of plane-waves (NP W = 163000 for the
formaldehyde dimer), and convergence of the interaction energy can be achieved without
resorting to extrapolation techniques. However, if we consider the correlation energies of
the formaldehyde dimer and of the monomer separately, convergence is far from achieved.
For example, by increasing the basis set from 35 × Nv to 70 × Nv , the correlation energy
decreases by about 10 kcal/mol for the dimer and by about 5 kcal/mol for the monomers;
this leads to the error cancellation shown in Fig. 1.
It is important to mention that the size-consistent energy difference technique can in
principle be used with different types of auxiliary basis sets. For example, plane-waves are
8
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FIG. 1: Interaction energy (kcal/mol) of the formaldehyde dimer at the RPA (red), eh-TDHF
(blue) and AC-SOSEX (green) levels of theory as a function of Naux /Nv . Dashed lines indicate
the CBS interaction energy values computed with Eq. 17.

traditionally used to represent dielectric matrices. For a given size of the dielectric matrix,
the accuracy of the eigenvalues in the PW representation is lower than for the kinetic-PDEP
auxiliary basis sets and, accordingly, also the energy differences less accurate. This implies
that the use of PWs or other basis set, while compatible with the energy difference method,
might lead to slower convergence.
The approach described in this section to converge energy differences has been previously
used for homogeneous11,13,59 and heterogeneous systems15,16,67 . In this work we will systematically study its accuracy for weakly bound systems and reaction energies involving the
breaking and formation of covalent bonds (see Sec. IV).
The complete basis set extrapolation scheme for the RPA and beyond-RPA correlation
energies used in this work is,
EcNaux = A +

B
,
Naux

(17)

where A = Ec∞ is the CBS correlation energy and B is a system-dependent parameter. As
shown in Fig. 2 for the formaldehyde dimer, the function in Eq. 17 provides a reasonable
description of the behavior of the correlation energy as a function of Naux . An analogous
2
expression with an additional C/Naux
term was previously used to compute the interaction

energy of molecular crystals22 . The higher order contribution can be discarded for sufficiently
high values of Naux (this is the case for the results of Sec. IV). In Ref. 22, the PDEP method
was used to exactly diagonalize the dielectric matrix for each different value of the frequency.
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FIG. 2: Correlation energy (red dots) of the formaldehyde dimer at the RPA level of theory as a
function of 1/Naux . The points correspond to the range from Naux = 21 × Nv to Naux = 70 × Nv .
The continous line denotes a linear ﬁt of the data. The dotted and dot-dash lines show partial
ﬁts, demonstrating how rapidly the approach converges.

By comparison our approach is approximated, as the basis set generated in the static case
is used in the dynamical case as well.
Beyond working well in practice, Eq. 17 is similar to the function routinely used in
the quantum chemistry community to extrapolate the correlation energy of approximations
based on Møller-Plesset perturbation theory and coupled cluster theory. In these approaches
the correlation energy is extrapolated to the infinite basis set limit as45–48 ,
EcX = Ec∞ +

B
,
X3

(18)

with X denoting the cardinal number of the basis set, Ec∞ being its “true” correlation energy
evaluated at the complete basis set limit, and B being a system-, and method-dependent
constant. The number of the basis set functions is typically


1
3
NX = (X + 1) X +
(X + 2) ,
3
2

(19)

namely NX ∝ X 3 , and for sufficiently large values of NX we get to leading order
EcX = Ec∞ +

B′
,
NX

(20)

which has a form similar to Eq. 17. As with B above, B ′ depends on the system and method.
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Alternative extrapolation techniques used in the quantum chemistry community include
expressions with variable exponents such as49,50 ,
EcX = Ec∞ +

B
,
XC

(21)

where, typically, small deviations are observed from C = 3 (Eq. 18).
In standard implementations using plane-wave basis sets, the RPA correlation energy is
often extrapolated to CBS as21 ,
Ec|G|cut = Ec∞ +

B
B′
∞
=
E
+
,
c
|Gcut |3
NP W

(22)

where |Gcut | is the maximum reciprocal lattice vector used to represent the response function
and NP W is the number of plane-waves. This is different with respect to Eq. 20, where NX
is the basis set used to describe the full electronic structure and not just the dielectric
matrices (which are not even used in typical coupled-cluster or Møller-Plesset perturbation
theory formulations). Our implementation is also based on a plane-wave basis set but the
response functions are represented on a system-dependent optimized basis set. Because of
this difference, the range of values of Naux used to apply the extrapolation function in Eq. 17
might be different from the range of values of NP W used for the extrapolation function in
Eq. 22. Since the basic numerical framework is the same, the two implementations should
give indistinguishable results in the CBS limit.
To complete the literature review, we mention that Björkman et al.19 and Gulans20 used
a different approach to converge RPA results for layered materials like hexagonal boron
nitride and molybdenum di-sulphide. In these works it was observed that the correlation
energy differences of layered materials converge as |Gcut |−5 , and this observation was used
to obtain CBS results. By using this approach it was possible to obtain accurate CBS
interaction energies with much lower kinetic energy cut-offs (∼ 100-150 eV). However, it
is not clear if this methodology is valid in general for different classes of materials, or is
a specific property of spatially infinite planar solids. Though attractive, such behavior of
correlation energy differences was not observed in our calculations.
Both approaches based on the CBS extrapolation and on the size-consistent energy differences present advantages and disadvantages. In the case of the CBS extrapolation, the
choice of the model is to a certain extent arbitrary (for example, Eq. 18 or Eq. 21); additionally, the final result might be affected by small fluctuations in the correlation energies
11

used for the fitting. On the plus side this approach can be applied to any kind of system.
By contrast, the alternative technique proposed here is not biased by the model chosen, but
is based on reasonable assumptions about size-consistency. However, this approach might
suffer from slow convergence when energy differences are computed between systems that
have a very different dielectric eigenvalue structure.
Let us consider an extreme example: the interaction between a small molecule (monomer1),
with only one occupied state, and a larger molecule (monomer2), with nine occupied states.
Specifically, we suppose that λmonomer2
(iω) > λmonomer1
(iω), where λi (iω) indicates the ith
400
1
dielectric eigenvalue for each system. If we compute the RPA correlation energy for the
corresponding dimer when the two molecules are separated by a large distance, by using
just 400 eigenvalues (40 × Nv ), we would have,
Ecdimer

1
=
2
1
=
2

Z∞

−∞
Z∞
−∞

400

dω X  
ln 1 − λdimer
(iω) + λdimer
(iω)
i
i
2π i
400

dω X  
ln 1 − λmonomer1
(iω) + λmonomer1
(iω) ;
i
i
2π i

(23)

it is clear that in this case, the energy of the dimer is fully dominated by the eigenvalues
of the larger system. In other words, there are no eigenvalues of monomer2 present in the
eigenvalue listing of the dimer, and no error cancellation can be obtained for Naux = 40×Nv .
Accordingly, convergence can be achieved only for very large values of Naux . This slow convergence could also appear in cases where the correlation energy difference is computed
between two systems and a corresponding complex containing the same atoms rearranged in
a significantly different structure with a significantly different dielectric eigenvalues. In this
context the reaction energy test set discussed in Sec. IV.C could represent a problematic example, as it contains reactants and products with different molecular structures and possibly
significantly different dielectric spectrum; still the size-consistent energy difference method
provides accurate estimates of the reaction energies. In general, the size-consistent energy
difference approach allows for a systematic study of convergence as a function of Naux , and
problematic cases can be identified and potentially dealt with, a significant advantage over
the the CBS technique.
In the following section, we present the RPA and beyond-RPA interaction energy results
for the A24 test set49 , for the methane-formaldehyde complex (MFC), and for reaction
12

energies as computed for different auxiliary basis set sizes (Naux ) with and without the
extrapolation technique of Eq. 17.

IV.

A.

NUMERICAL RESULTS AND DISCUSSION

A24 Test Set

To verify the energy differences, and compare the values with those obtained with the
CBS extrapolation technique, we start by considering the A24 test set proposed by Řezáč et
al., which provides interaction energies for 24 molecular dimers of three types – hydrogenbonded, dispersion-dominated and mixed-type49 . A comparison of the RPA and beyondRPA methods with the reference CCSDT(Q) values has been published in Ref. 16, and is not
repeated here. As in previous work, numerical results are based on the FHI pseudopotentials
available on the Quantum Espresso online library. In the case of weakly bound systems in
was shown that the pseudopotentials have little influence on the final results15,16 . In this
work, we focus on estimating the inaccuracies due to the use of an incomplete auxiliary basis
set; as the molecules included in the A24 are relatively small, a systematic study is possible
by increasing Naux to large values. For establishing a reference, the RPA and beyond-RPA
calculations were first performed using an auxiliary basis set size of 70 × Nv (in Ref. 16
this number was limited to 40 × Nv for most systems) and then the absolute values of the
correlation energies were extrapolated to CBS using Eq. 17 with 30 points from 41 × Nv
to 70 × Nv . Although small numerical fluctuations might still be present, this procedure,
by including a large number of points in the fitting and a large Naux , provides reasonably
accurate reference values to study the convergence of RPA and beyond-RPA methods.
The choice of the 41Nv − 70Nv CBS value as a reference will also be used for the other
numerical examples considered in the following subsections. As we will consider below values
from size-consistent energy differences and CBS extrapolations from different intervals of
Naux , it is important to keep in mind that our specific choice of the reference introduces a
bias in favor of CBS results, which in general will be characterized by a more regular and
predictable convergence.
In the following we study the level of convergence of CBS values obtained by extrapolating
20 points in three different ranges: Naux /Nv = 11-30, 21-40, and 31-50. We compare these
13
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FIG. 3: Mean absolute errors (MAEs) of RPA (red), eh-TDHF (blue) and AC-SOSEX (green)
for the A24 test set interaction energies using CBS extrapolations for E CBS(11,30) , E CBS(21,40) ,
and E CBS(31,50) , and size-consistent energy diﬀerences for E Naux =30 , E Naux =40 , and E Naux =50 .
The E CBS(41,70) interaction energy was used as a reference (see text).

results with size-consistent energy differences computed at Naux /Nv = 30, 40, and 50 by
CBS(n,m)

using the procedure discussed in Sec. III. For convenience, we denote with EA

the CBS

interaction energy computed by extrapolating 20 correlation energies between Naux = n×Nv
and m×Nv at the A level of theory (A = RPA, eh-TDHF, or AC-SOSEX); more specifically,
Eq. 17 was used to obtain CBS correlation energies for each system (dimer and monomer)
and these values were then used to compute correlation energies. Similarly, EANaux =nNv
corresponds to the non-extrapolated (namely based on size-consistent energy differences)
interaction energy at the A level of theory obtained with Naux = n × Nv .
CBS(41,70)

The top panel of Fig. 3 shows the mean absolute errors (MAE) with respect to ERPA

for the RPA interaction energies obtained from the CBS for three different intervals,
CBS(11,30)

ERPA

CBS(21,40)

, ERPA

CBS(31,50)

, and ERPA

, and obtained from energy differences for three
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Naux =30
Naux =40
Naux =50
different values of Naux , ERPA
,ERPA
, and ERPA
. In the middle and lower panels of

Fig. 3, analogous results are shown for the eh-TDHF and AC-SOSEX methods respectively.
The detailed results for each dimer in the the A24 test set are provided in the supporting
information. From the three panels, we observe that the MAEs are rather small in all
cases. However, considering the small energy scales involved in the A24 test set (the average
interaction energy at the CCSDT(Q) level of theory is about 2 kcal/mol49 ), a high level of
convergence is also particularly important. By considering Fig. 3 we can notice that: (1)
RPA presents larger MAEs than the beyond-RPA methods, hinting that its convergence is
slower and/or less stable; this empirically observed behavior might be related to a reduced
cusp problem in beyond-RPA approximations, although further investigation will be necessary in the future for a better understanding; (2) if the maximum value for Naux is the same,
results based on the CBS extrapolation or on the energy differences have similar accuracy;
(3) MAEs systematically decrease by increasing the maximum value of Naux ; (4) the value
of Naux = 40 × Nv used in our previous work16 to compute interaction energies provides a
good level of accuracy, especially for the beyond-RPA methods.
According to this discussion for the A24 test set, the CBS results and the size-consistent
energy differences have similar convergence rates and the two approaches are equivalent
for most practical calculations. However, the size-consistent energy differences have the
advantage of not being biased by the choice of a particular function to extrapolate to CBS.

B.

Methane-Formaldehyde Complex

To further study the convergence rate of the RPA and beyond-RPA methods with respect
to the auxiliary basis set size, we computed six points on the potential energy surface
(PES) of the methane-formaldehyde complex (MFC). For these points accurate coupledcluster benchmark results have been recently published69 . The numerical results for the
MFC complex are also based on FHI pseudopotentials. This system allows us to verify the
accuracy of the methods discussed in Sec. II and the reliability of the convergence techniques
discussed in Sec. III also for the case of out-of-equilibrium geometries. As in the case of the
A24 test set, we use E CBS(41,70) energies as the reference and we test the convergence of the
CBS extrapolated values for three intervals, E CBS(11,30) , E CBS(21,40) , and E CBS(31,50) , and
Naux =30Nv
Naux =40Nv
Naux =50Nv
the energy differences at three values of Naux , ERPA
, ERPA
, and ERPA
. In
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Fig. 4 we present the corresponding MAEs for the RPA, the eh-TDHF, and the AC-SOSEX.
Detailed results are available in the supporting information. For the MFC, the MAEs
decrease by increasing the value of Naux , as was observed with the A24 test set. In contrast
though, the convergence of energy differences significantly outperform CBS extrapolations
for the beyond-RPA methods, whereas the converse is true for the RPA. To a certain extent
this behavior can be interpreted by considering that size-consistent energy differences benefit
from error cancellations, whereas the CBS extrapolations are sensitive to small fluctuations
CBS(41,60)

in the data. If for example we consider ERP A
used for the reference

CBS(41,70)
ERP A
,

, which includes a subset of the points

the MAE actually increases to 0.07 kcal/mol, showing that

small fluctuations influence the CBS extrapolation. On the other hand, the MAE on the
energy differences continues to decrease with an increase in Naux , reaching a value of 0.12
Naux =60Nv
kcal/mol for ERP
. Thus, the convergence of the RPA is slower and more unstable,
A

similar to that observed for the A24 test set. For the beyond-RPA methods, convergence is
instead more systematic, with both approaches leading to similar results for sufficiently high
values of Naux . The method based on size-consistent energy differences is thus confirmed as
a reliable and unbiased approach for the MFC as well, in particular, for the eh-TDHF and
AC-SOSEX methods.
Fig. 5 shows the CBS results for the MFC PES compared to CCSD(T) reference values69 .
The RPA and beyond-RPA methods all capture the PES correctly, with the correct ordering
in energy of the configurations. With respect to the coupled-cluster reference the mean
absolute error for the RPA is 0.085 kcal/mol. This value reduces to 0.061 and 0.066 kcal/mol
for the eh-TDHF and AC-SOSEX respectively, highlighting the accurate nature of these
methods. However, the convergence of RPA results is more problematic and, by considering
the small energy scales involved in this PES, the eh-TDHF and AC-SOSEX results are
certainly more reliable.

C.

Reaction energies

After considering weakly bound systems, in this section we discuss results for the reaction energy test set by Hesselmann70 , which involves the breaking and formation of covalent
bonds. While results for this test set were previously presented in Ref. 15, in this work we
extend the auxiliary basis set up to 70×Nv and compare extrapolated results with energy dif16
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FIG. 4: Mean absolute errors (MAEs) of RPA (red), eh-TDHF (blue) and AC-SOSEX (green)
for the methane-formaldehyde complex interaction energies using CBS extrapolations for
E CBS(11,30) , E CBS(21,40) , and E CBS(31,50) , and size-consistent energy diﬀerences for E Naux =30 ,
E Naux =40 , and E Naux =50 . The E CBS(41,70) interaction energy was used as a reference (see text).

ferences. Numerical results are based on norm-conserving pseudopotentials taken from the library of Schlipf and Gygi71 , which has been generated within the optimized norm-conserving
Vanderbilt pseudopotential scheme recently introduced by Hamann72 For applications involving covalent bonds the pseudopotentials have a sizeable effect on RPA and beyond-RPA
correlation energies15 . This problem might be overcome in the future by using the projector
augmented wave method. However, the values obtained in the PW/pseudopotential framework lead to errors with respect to coupled cluster reference results which are comparable to
those of the Gaussian basis set; furthermore, the purpose of this paper is mainly to analyze
the convergence behavior. Studying this test set is particularly interesting, since going from
the reactants (e.g. HCOOH and NH3 ) to the products (e.g. HCONH2 and H2 O) involves
the breaking and formation of covalent bonds. Accordingly, reactants and products could
17
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FIG. 5: Potential energy surface points (kcal/mol) of the methane-formaldehyde complex at the
extrapolated RPA (red), eh-TDHF (blue) and AC-SOSEX (green) levels of theory compared with
the CCSD(T) values (black).

have a rather different structure of the dielectric eigenspectrum and this could represent a
challenge for the size-consistent energy difference method.
In Fig. 6 we present the MAEs obtained at the RPA, the eh-TDHF, and the AC-SOSEX
levels of theory. As for the weakly bound systems, the MAEs are computed with respect to
the E CBS(41,70) extrapolated value. Not surprisingly for this test set the deviation between
CBS and size-consistent energy differences is more sizeable than for the weakly-interacting
systems. A few observations are important for a full understanding of the results in Fig. 6:
(1) As the average reaction energy at the CCSDT(Q) level of theory is about 29 kcal/mol,
the energy scales involved in this test set are usually larger than for weakly interacting
systems and, accordingly, higher errors can be tolerate; (2) As mentioned before, the use of
an E CBS(41,70) reference is to some extent arbitrary and creates a bias in favor of the CBS
results; by using E Naux =70 as a reference instead, the behavior shown in Fig. 6 would be
swapped, with the size-consistent energy difference method showing a faster convergence;
(3) The MAE of E Naux =70 with respect to E CBS(41,70) (or vice versa) is within 0.09 kcal/mol
for all the approximations and this observation point to the fact that the two methods
studied in this work converge to the same values.
According to this discussion, the size-consistent energy difference method works well also
beyond the expected range of applicability. The convergence of correlation energies for
applications involving the breaking and formation of covalent bonds is more problematic
18

FIG. 6: Mean absolute errors (MAEs) of RPA (red), eh-TDHF (blue) and AC-SOSEX (green)
for the reaction energy test set of Hesselmann70 using CBS extrapolations for E CBS(11,30) ,
E CBS(21,40) , and E CBS(31,50) , and size-consistent energy diﬀerences for E Naux =30 , E Naux =40 , and
E Naux =50 . The E CBS(41,70) interaction energy was used as a reference (see text).

but can achieve a good level of reliability.

V.

CONCLUSIONS

In this work we analyzed the basis set convergence of the RPA method and of similar
methods that include exchange effects, such as the eh-TDHF and AC-SOSEX. Specifically,
two techniques were used to converge correlation energies: one based on a complete basis
set extrapolation, and the other that converges energy differences by accounting for the
size-consistency property. These two methods were tested by considering the A24 test set
and six points on the potential energy surface of the methane-formaldehyde complex. It
was found that both the CBS extrapolation and size-consistent energy differences converge
to similar results at similar speeds as a function of the auxiliary basis set size. It was also
shown that the RPA is in general characterized by a slower convergence than the beyondRPA methods. At least for the weakly bound systems considered in this paper, the two
approaches have been found to be equivalent for practical purposes. If the breaking and
19

formation of covalent bonds is involved, convergence is less trivial but satisfactory levels of
accuracy can be reached.
The size-consistent energy difference technique represents a new and alternative scheme
to conventional basis set extrapolation for converging results of correlated methods within a
dielectric matrix formulation. While possibly less general than the CBS extrapolation, this
approach has the advantage of not relying on any assumption on the model used for the
fitting.
Although our present work focuses on molecular systems, the plane-wave basis set provides the numerical framework for most applications in solid state physics. For solids, the
use of correlated methods for the ground-state correlation energy is much less common than
in the quantum chemistry community due to challenges in methodology and implementation. Our work thus improves the understanding and extends the applicability of high-level
methods for general systems, by pointing the way to more efficient implementation of RPAtype methods. The ideas discussed in this paper are not limited to RPA-type methods but
can be extended to post-Hartree-Fock correlated methods too. Indeed, since the MP2 correlation energy can be reformulated within a dielectric matrix framework, the discussion in
this paper can also be applied to this approach67 .
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A. Dixit, J. Claudot, S. Lebègue, and D. Rocca, J. Chem. Phys. 146, 211102 (2017).

68
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