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Abstract

Although computational studies are increasingly used to gain insight into diseases such as myocardial ischaemia, there is
still considerable uncertainty about the values for many of the parameters in these studies. This is particularly true for
the bidomain conductivity values that are used in normal tissue and, even more so, in ischaemic tissue, when modelling
ischaemia. In this work, we extended a previous study that used a half-ellipsoidal model and a realistic model to study
subendocardial ischaemia during the ST segment, so that we could simulate both early and late stage ischaemia. We
found that, for both stages of ischaemia, there was still the same connection between the degree of ischaemia and
the development of features such as minima and maxima in the epicardial potential distribution (EPD), although the
magnitudes of the potentials were very often less, which may be significant in terms of detecting them experimentally.

Using uncertainty quantification associated with the ischaemic region conductivities, we also determined that the EPD
features were sensitive to the ischaemic region extracellular normal and longitudinal conductivities during early stage
ischaemia, whereas, during late stage ischaemia, the intracellular longitudinal conductivity was the most significant.
However, since we again found that these effects were minor compared with the effects of fibre rotation angle and
ischaemic depth, this might suggest that it is not necessary to use different conductivity values inside and outside the
ischaemic region when modelling ST segment subendocardial ischaemia, unless the magnitudes of the potentials are an
important part of the study.

Keywords: Early and late stage ischaemia, ST depression, Sensitivity analysis, Bidomain model, Gaussian Process
emulators

1. Introduction

Detection of myocardial ischaemia via elevation and/or
depression of the ST segment of the electrocardiogram
(ECG) is one diagnostic method used by clinicians, de-
spite averaged sensitivity and specificity values of around
only 70-75% [1] for the presence of ischaemia.

Computer modelling studies have attempted to shed
light on this by first considering the relationship between
subendocardial ischaemia and depression and elevation of
potentials on the epicardial surface. Connecting this work
to the ECG would then require the addition of a torso
model. These modelling studies have examined aspects
such as the size, shape and location of the ischaemic region
[2, 3, 4, 5], cardiac volume variability [6] and the effect of
cardiac anisotropy [7, 8, 2, 9, 10].

In recent years, the most commonly used model for
cardiac electrical conduction is the bidomain model [11],
although multidomain models have also been introduced
[12]. In the bidomain model, the tissue is regarded as con-
sisting of two interpenetrating domains, intracellular (i)
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and extracellular (e), and the tissue properties are aver-
aged over the two domains. Despite this approximation,
the bidomain model is often successful in producing real-
istic electrograms and ECGs [13].

In the bidomain model, electrical conduction in the
tissue occurs in three directions, two within the sheet of
cardiac fibres, that is, longitudinally (l) along the fibres
and transversely (t) at right angles to them, with the final
direction normal (n) to the sheet. Rotation of the sheets
of fibres can also be taken in account via the conductiv-
ity tensor, which contains the six bidomain conductivity
values (gpq, p = i, e, q = l, t, n).

Due to the experimental and computational difficulties
associated with measuring and then extracting these con-
ductivities, a consistent set of bidomain conductivities is
still not available, even in normal tissue, and this leads to
uncertainties in inputs and therefore outputs of computa-
tional models [14]. For example, various modelling studies
[15, 8, 2, 9, 10] have shown that changes in the conductivity
values can lead to differences in the EPDs, when modelling
subendocardial ischaemia under the assumption that the
conductivity values are the same in both ischaemic and
normal tissue.

However, based on previous studies, it seems likely
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that the conductivity values in ischaemic tissue will be
different from those in normal tissue. This conclusion is
based on the physical changes that occur during the time
course of ischaemia (see the thorough summary in [16]).
These changes can be categorised as occurring during three
phases of ischaemia [16]: initial; early (approximately 5-20
minutes after the onset of ischaemia), and late (approxi-
mately 15-30 minutes after ischaemia onset).

Both the initial and early phases involve a drop in gel
[17, 16, 7]. Two mechanisms have been proposed for the
initial drop: the collapse of the capillaries due to lack of
blood flow [17], or, alternatively, the flow of fluid from the
extracellular space into the capillaries due to a decrease in
hydrostatic pressure [16]. The continued drop in gel in the
second (early) phase (plus a drop in get [7]) occurs because
of a decrease in the volume of the extracellular space due to
fluid flowing from the extracellular space into the myocytes
[18]. In the third (late) phase, gap junctions close leading
to a sharp decrease in intracellular conductivity [18].

These reductions in conductivity values in ischaemic
tissue for the early and late stages of ischaemia are not
easy to translate to reductions in different directions in
the intracellular and extracellular domains and hence var-
ious studies have quantified them differently. For example,
the values used by Boccia et al [19], which are based on
the work of Kleber et al. [17], involve a 40% reduction
in gel and get and a 50% reduction in gil and git at 20
minutes (i.e. late stage ischaemia). Also for late stage is-
chaemia, Barnes [20] applied a 40% reduction in gel with
a 90% reduction in gil and no other changes. In addition,
Hopenfeld et al. [7] modelled both early and late stage is-
chaemia using the following (normalised) longitudinal and
transverse reductions: early - gel (reduced from 1 to 1/2)
and get (from 1/3 to 1/4), and late - as for early for gel
and get, with gil (from 1 to 1/10) and git (from 1/20 to
1/1000). To the best of the authors’ knowledge no infor-
mation is given in any studies about the effect of ischaemia
on the normal direction conductivities.

Given the lack of knowledge about the bidomain con-
ductivity values in both normal and ischaemic tissue, and
particularly in the normal direction, an uncertainty quan-
tification (UQ) approach is ideal for determining the sensi-
tivity of the EPDs to the model inputs. In that approach,
an emulator (a fast-running statistical model of the orig-
inal model) is constructed. This has the advantage of a
large reduction in the number of model runs, with differ-
ent sets of inputs, that would be required with a Monte-
Carlo approach. Examples of UQ methods are Gaussian
Process emulators [21, 22], partial least squares [23, 24]
and generalised polynomial chaos [25, 26].

This work is an extension of our previous work [10],
which examined EPDs to determine the most significant
inputs to a half-ellipsoidal model of acute ST segment
subendocardial ventricular ischaemia, under the assump-
tion that the conductivities in the ischaemic region were
the same as in the normal tissue. The improvement in the
simulations conducted here is that the bidomain conduc-

tivities in the ischaemic region can be varied independently
from the conductivities in the rest of the tissue. We ap-
ply this approach to model not just early (acute) stage
ischaemia, but also late stage ischaemia, to see if the pre-
viously found qualitative progression [3, 10] of the EPD
with increasing ischaemic depth (single minimum → max-
imum plus minimum→ maximum flanked by two minima)
still holds in these two scenarios. We also systematically
investigate the effect that uncertainty in the values for the
ischaemic region conductivities has on the EPDs that are
produced, including finding the inputs to which the fea-
tures of the EPD (e.g. minima and maxima) are the most
sensitive.

2. Methods

2.1. Modelling

In this work, we simulate the effect of ST segment is-
chaemia in both a half-ellipsoidal model (Figure 1) and a
more realistic model (Figure 2) of the left ventricle. The
half-ellipsoid comes from the equations

x = a cos θ cosφ, y = a cos θ sinφ, z = c sin θ (1)

with 0 ≤ θ ≤ π/2 and −π ≤ φ ≤ π, a = 2 cm, c = 4 cm
for the endocardial surface and a = 3 cm, c = 5 cm for the
epicardial surface (Figure 1). In this model, the cardiac
fibres, which are offset by -45◦ on the epicardium [27],
rotate linearly through a fibre rotation angle (ROT), given
in degrees, between the epicardium and the endocardium
[28].

The ‘realistic model’ (Figure 2) uses a whole heart ca-
nine geometry [29], including a septum, and blood-filled
ventricles that are open to the air at the base (as is the
case for the half-ellipsoidal model). In both models, the
ischaemic region is represented by a ‘rectangular’ shaped
patch (see Figures 1 and 2) of ischaemic depth (ISC) (ex-
pressed as a % of the ventricular wall that extends out-
wards from the endocardium). More detail is given about
the models in [10].

In both models, the electric potential, during the ST
segment of the ECG, is simulated in the cardiac tissue via
the passive bidomain equation [11, 27]

∇ · (Mi + Me)∇φe = −∇ ·Mi∇φm, (2)

while the potential in the blood obeys Laplace’s equation
∇2φb = 0. Here φm = φe−φi and φh(h = i, e,m, b) repre-
sents the intracellular, extracellular, transmembrane and
blood potentials, respectively, and Mp = AGpA

T (p =
i, e) are conductivity tensors that combine the bidomain
conductivities (gpq, p = i, e, q = l, t, n) with a rotation
matrix A, which maps the local fibre direction into the
global coordinate system [27].
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Figure 1: Half-ellipsoidal model – cross-sectional view (x − z plane
at y = 0) with ischaemic region marked as I.

Figure 2: The realistic heart with the (a) ischaemic region (front
view) and (b) ischaemic region (side view) and ventricles.

In this work, we consider two different representations
for the transmembrane potential, which during the ST seg-
ment, we represent by [11]

φm(r, θ, φ) = ∆φΨc(ra − r)Ψc(θ − θ0)Ψc(φ) (3)

where ∆φ = −30 mV is the difference between the plateau
potentials in normal and ischaemic tissue. Here the is-
chaemic region is centred at (ra, θ0,0) on the endocardial
surface, and (Ψc, c = 1, 2) are the two representations for
the transmembrane potential that are given below. The
version used previously [30, 27, 20, 10] is

Ψ1(t) =

{
1−exp(−at/λt) cosh(t/λt)

1−exp(−at/λt)
|t| ≤ at

exp(−|t|/λt) sinh(at/λt)
1−exp(−at/λt)

|t| > at
(4)

where at (t = r, θ, φ) is the half-width of the ischaemic
region and we set λt = 0.01 for t = r, θ, φ, which produces
[27, 10] a narrow border zone (Figure 3).

In order to more closely match experimental results [31,
2, 32], we also use a ‘new’ version of the transmembrane
potential Ψc(t) [10], given by

Ψ2(t) =

{
1−2(1−a2) exp(−a1/b1) cosh(t/b1)

1−2(1−a2) exp(−a1/b1) |t| ≤ a1
2a2 exp(−|t|/b2) sinh(a1/b2)

1−2(1−a2) exp(−a1/b2) |t| > a1
(5)

where a1 = 0.9, b1 = 0.2, b2 = 0.01, a2 = 0.1 and Ψ2 re-
places Ψ1 in equation (5) in the t = θ and φ directions (see
Figure 3).
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Figure 3: Transmembrane potential for the ‘narrow’ border zone and
its ‘new’ representation (equation (5)).

To solve the model, we apply the same boundary condi-
tions as previously [27, 10]; that is, it is assumed that there
is no current flux at the boundaries of the intra– and extra-
cellular domains, nor at the blood-air and tissue-air inter-
faces, and that the extracellular current and potential are
continuous at the blood-tissue boundary. We solve both
models with previously validated techniques [33, 27, 20]
that are based on the finite volume method. See [10] for
mesh and element details.

2.2. Simulating early and late stage ischaemia

In this work, we examine the effect of using different
(lower) values for the bidomain conductivities in the is-
chaemic region, compared with the rest of the tissue. We
consider early and late stage ischaemia separately, and we
model these scenarios by reducing, in the ischaemic re-
gion only, the extracellular conductivities (for early stage
ischaemia), and then all six bidomain conductivities (for
late stage ischaemia).

We initially apply the same reductions as in work by
Hopenfeld et al. [7], and, in lieu of any information about
conductivity changes in the normal direction, we apply the
same changes in the normal direction as in the transverse
direction. However, in a later study we also allow the
reductions to vary independently over a wide range to ex-
amine which ischaemic region conductivities have the most
significant effect on the EPDs. These fractional reductions
in the ischaemic region are denoted (fpq, p = i, e, q =
l, t, n), where each of these corresponds to a reduction of
its corresponding conductivity (gpq) outside the ischaemic
region. For example, if gel = 2.4 mS/cm and fel = 0.5,
then the extracellular longitudinal conductivity inside the
ischaemic region is 1.2 mS/cm. The values for the frac-
tional reductions for early and late stage ischaemia [7] are
given in the top row of Table 1.

2.3. Analysing EPDs

Once we have a set of inputs (for example, the mean
values [10] in Table 2), to either the half-ellipsoidal or re-
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Table 1: Parameter values, or ranges of values, used in the Early and Late stage ischaemia simulations in the given Sections. The parameters
fpq represent fractional reductions (in the ischaemic region) in the corresponding bidomain conductivities gpq , (p = i, e, q = l, t, n), ROT is
fibre rotation angle and ISC is ischaemic depth. Where parameters are not mentioned they are set to their mean value as given in Table 2.

Sections Stage Parameter values or ranges
3.1, 3.2 Early fel = 0.5, fet = fen = 0.25

Late fil = 0.9, fel = 0.5, fit = fin = 0.98, fet = fen = 0.25
3.3.1, 3.3.2 Early feq ∈ [0.1, 0.9], ISC=10%, 20%, 60%

Late fpq ∈ [0.1, 0.9], ISC=10%, 20%, 60%
3.4 Early feq ∈ [0.1, 0.9], ROT∈ [60◦, 140◦], ISC∈ [10◦, 40◦], ISC∈ [40◦, 90◦]

Late fpq ∈ [0.1, 0.9], ROT∈ [60◦, 140◦], ISC∈ [10◦, 40◦], ISC∈ [40◦, 90◦]
3.5 Early fel = 0.5, fet = fen = 0.25, gpq ∈(mean±50%),

ROT∈ [60◦, 140◦], ISC∈ [10◦, 40◦], ISC∈ [40◦, 90◦]
Late fil = 0.9, fel = 0.5, fit = fin = 0.98, fet = fen = 0.25, gpq ∈(mean±50%),

ROT∈ [60◦, 140◦], ISC∈ [10◦, 40◦], ISC∈ [40◦, 90◦]

alistic model, we solve the model using the solution tech-
nique of Section 2.1 to produce EPDs. Examples of EPDs
for the half-ellipsoidal model are given in Figure 4, where
the EPDs are presented as polar plots. In these plots, the
ellipsoidal surface is flattened to make a circle, where the
apex is placed at the centre. This is achieved by mapping
each point (r, θ, φ) on the ellipsoidal surface to a point on
the circle, where we ignore the r component and give each
node on the circle a radius that is determined by its value
of θ and an angle that is determined by its value of φ in
equation (1). In addition, we set φe to zero at the apex of
the ventricle.

The EPDs, for both the half-ellipsoidal or realistic model,
have features such as maxima or minima and it is these
features that are the outputs of interest in this work. For
example, consider Figure 4, which demonstrates that con-
ductivity changes in the ischaemic region can change the
character of the EPD. The EPD is produced for ISC=20%
using the mean values in Table 2 throughout the tissue
(a) or reducing gil in the ischaemic region by 60% (i.e.
fil = 0.6) (b). In (a) there is a maximum over the is-
chaemic region, flanked by a minimum; however, in (b),
reducing the intracellular longitudinal conductivity in the
ischaemic region changes the EPD so that only the mini-
mum remains over the ischaemic region.

In addition to examining sets of EPDs that are pro-
duced using particular conductivity values to simulate early
and late stage ischaemia (row 1 of Table 1), we also sys-
tematically vary the values for the conductivities in the
ischaemic region, and examine their effect on the various
features of the half-ellipsoidal model (rows 2 and 3 of Table
1).

We achieve this by using the Latin Hypercube sampling
routine in the package GP emu UQSA (DOI 10.5281/zen-
odo.215521) to produce sets of three (feq, q = 1, t, n) val-
ues for simulating early stage ischaemia and sets of six
(fpq, p = i, e, q = 1, t, n) for late stage ischaemia. We
combine these with mean values from Table 2 for the other
parameters and solve the model to produce design data;

Table 2: Mean values for parameters in this study. Units are degrees
for fibre rotation (ROT), % depth for ischaemic depth (ISC) and
mS/cm for conductivities.

ROT ISC gb gil gel git get gin gen
100 50 6.5 2.4 2.4 0.24 1.6 0.1 1.0

that is, sets of values for outputs such as the potential of
the minimum in Figure 4.

We then analyse the sensitivity of these outputs to the
inputs, using both partial least squares regression (PLS)
and by constructing Gaussian Process (GP) emulators.
Both these techniques are described in detail in previous
papers [10, 9, 34]. Briefly, PLS [23, 24] finds a set of com-
ponents that maximises the covariance between the out-
puts and inputs, while simultaneously decomposing both
the output and input vectors. In the GP approach [21, 34],
we fit an emulator to the design data using a Gaussian
covariance function and a linear mean, using the software
GP emu UQSA (DOI 10.5281/zenodo.215521). From this,
we calculate main effect sensitivity indices to quantify the
contribution of the inputs x to a particular output y =
f(x).

Sensitivity, which is unsigned, is defined as

Sensitivity =
Var[E{f(x)|xw}]

Var{f(x)}
. (6)

where Var=variance, E=expectation and xw ∈ x.

3. Results

3.1. Mean EPDs for early and late stage ischaemia for the
half-ellipsoidal model

In previous work [10], initially we considered mean
EPDs for the half-ellipsoidal model (that is, those where
the parameters are set to the mean values in Table 2) and
the way in which these varied with ischaemic depth. In
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Figure 4: Reducing gil in the ischaemic region by 60% (i.e. fil =
0.6) for ischaemic depth = 20% changes the character of the EPD.
The ischaemic region is outlined in red. Dashed lines are negative
potentials and solid lines zero and positive potentials. Scale is in
mV. Contours are at -0.9, -0.8, . . . , -0.1, -0.05, 0, 0.025, 0.05, 0.25,
0.5, . . . , 1.25 mV.

that work, the conductivities were taken to be the same
both inside and outside the ischaemic region. In the cur-
rent work, those results will be contrasted with studies
where the conductivities are different within the ischaemic
region.

For the mean EPDs (Figure 5, top two rows labelled
Mean), we found that we could identify three types of
EPDs: type 1 – a single minimum (min1) over the is-
chaemic region (Figure 5(a)); type 2 – a maximum (max)
over the ischaemic region plus a single minimum (min1)
(Figure 5(b)), and type 3 – a maximum (max) over the is-
chaemic region flanked by two minima (min1 and min2)
(Figure 5(c)-(h)). We introduced the notation min1V,
maxV and min2V, for the potentials corresponding to min1,
max and min2, respectively, and also angmin1, angmax
and angmin2, respectively, for the angles made by these
features, as shown in Figure 6.

The potentials min1V, maxV and min2V, associated
with the mean plots in Figure 5 are given in the top of
Table 3 (left column), where it can be seen that the mag-
nitude of each of these potentials increases with increasing
ischaemic depth (ISC).

We now consider again using mean values (Table 2) for
the various parameters, but we adjust the conductivities in
the ischaemic region by reducing them via the fpq values
given in the top row of Table 1, so as to model either early
or late stage ischaemia. Then we produce sets of EPDs
similar to those for the mean case above. The set of EPDs
corresponding to early stage ischaemia is given in rows
three and four in Figure 5 and is marked ‘Early’, while the
set for late stage ischaemia (marked ‘Late’) is found in the
final two rows of the figure. The corresponding potentials
are in Table 3 (left column) , middle and bottom sections,
respectively.

Both the Early and Late sets of EPDs are qualitatively
the same as the Mean set (Figure 5) in that they progress
in the same way from type 1, through type 2, to type 3
EPDs as ISC increases. The magnitudes of min1V, maxV

and min2V are lower, for each ISC value, for the Late set
than the Mean set. On the other hand, for the Early set,
the magnitudes of min1V and maxV are slightly larger
than their corresponding Mean set values, and the min2V
values are comparable with their Early set counterparts.

We repeated this study for two other sets of fpq values.
The first had reduced fiq values only (fil = 0.5, fit =
fin = 0.25) and the second used the values of Barnes [20]
(fel = 0.4, fil = 0.9). In both cases, the EPD pattern for
each ISC value was qualitatively the same as in Figure 5,
while the potentials lay between those for Early and Late
ischaemia in Table 3 (left column).

We also repeated this study using the ‘new’ represen-
tation for the transmembrane potential (equation 5). We
found that, although the potentials in each of the Mean,
Early and Late sets were reduced relative to Table 3 (Sup-
plementary Table 1), the sets of plots were qualitatively
the same (see Supplementary Figure 2) as those in Figure
5 and led to the same conclusions as we have just pre-
sented.

3.2. Mean EPDs for early and late stage ischaemia for the
realistic model

We now repeat the study of Section 3.1 for the realistic
model. The corresponding sets of EPDs for the Mean,
Early and Late scenarios are given in Figure 7 and the
potentials for the EPD features are given in Table 3 (right
column). All three sets of EPDs are qualitatively very
similar to those in Section 3.1, as they show a progression
from type 1 to type 2 and then type 3 EPDs, and the
magnitudes of the features increase with ISC. Also, from
Table 3, we see that, as for the half-ellipsoidal model, the
magnitudes of the Late set are reduced compared with the
Mean set, and the magnitudes of min1V and maxV for the
Early set are higher than the Mean set, whereas those for
min2V are not.

The similarities in behaviour, between the half-ellipsoidal
model and the realistic model, give us confidence that the
half-ellipsoidal model represents realistic behaviour and
thus allows us to use the half-ellipsoidal model in later
work.

3.3. Sensitivity of outputs in the half-ellipsoidal model to
uncertainty in ischaemic region conductivities

3.3.1. Sensitivities

We showed in Figure 4 that changing the value of gil in
the ischaemic region affected not just the strength of the
potentials (as shown in Section 3.1), but the character of
the EPD (changing it from type 2 to type 1). This infor-
mation, in addition to the fact that there is considerable
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Figure 5: Epicardial potential distributions generated using mean values for the parameters (Table 2), and also for the early and late stages
of ischaemia (Table 1, row 1), for a range of ischaemic depths, for the half-ellipsoidal model. Scale is in mV. See Figure 4 for contour details.
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Table 3: Potentials (in mV) for the various features of the epicardial potential distributions for the half-ellipsoidal model, generated using
mean values (Table 2) and early and late stages of ischaemia, as in Figure 5.

Half-ellipsoidal model Realistic model
ISC(%) min1V maxV min2V min1V maxV min2V
Mean

10 -0.49 – – -0.66 – –
20 -0.51 0.05 – -1.01 – –
30 -0.54 0.30 -0.02 -0.88 0.01 -0.07
40 -0.59 0.68 -0.08 -0.90 0.17 -0.10
50 -0.64 1.22 -0.20 -0.90 0.54 -0.10
60 -0.71 2.00 -0.42 -0.89 1.31 -0.10
70 -0.79 2.92 -0.77 -1.06 2.67 -0.14
80 -0.89 4.18 -1.31 -1.34 4.92 -0.30

Early Ischaemia
10 -0.51 – – -0.77 – –
20 -0.52 0.07 – -1.13 – –
30 -0.56 0.35 -0.01 -0.94 0.04 –
40 -0.60 0.76 -0.07 -0.93 0.31 -0.09
50 -0.65 1.34 -0.19 -0.95 0.73 -0.10
60 -0.73 2.13 -0.41 -0.92 1.60 -0.10
70 -0.81 3.18 -0.76 -1.08 3.19 -0.12
80 -0.91 4.57 -1.33 -1.41 6.25 -0.28

Late Ischaemia
10 -0.29 – – -0.37 – –
20 -0.30 0.09 – -0.58 – –
30 -0.33 0.28 -0.01 -0.52 0.08 –
40 -0.36 0.57 -0.03 -0.52 0.29 -0.05
50 -0.40 0.95 -0.11 -0.50 0.63 -0.05
60 -0.44 1.48 -0.24 -0.51 1.23 -0.04
70 -0.49 2.17 -0.46 -0.63 2.44 -0.05
80 -0.55 3.11 -0.83 -0.95 4.19 -0.09
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Figure 6: Epicardial potential distribution polar plot features, min1,
max, and min2 and their respective angles, angmin1, angmax and
angmin2.

uncertainty about the values for the ischaemic region con-
ductivities in both the early and late stages of ischaemia
and no real information about ischaemic region normal
conductivities, has led us to consider the effect of system-
atically varying the conductivities in the ischaemic region.

We begin by setting all the model parameters, except
for ISC, to their mean values (Table 2), including the
conductivities (gpq, p = i, e, q = l, t, n) outside the is-
chaemic region, and then allow their corresponding ex-
tracellular fractional reduction values (feq, q = l, t, n)
to vary from 0.1 to 0.9 for the first study (which looks
at early stage ischaemia). Then each of the six values
(fpq, p = i, e, q = l, t, n) is varied over the same range
for the second study into late stage ischaemia. We use
ISC=10%, 20% and 60% to generate EPDs of types 1,
2 and 3, respectively, and remove EPDs of the wrong
type (this was only necessary for the late stage where
ISC=10%). These inputs are summarised in row 2 of Ta-
ble 1. A LHC sampling routine is used to produce sets
of inputs and the model is solved for each set of inputs
to produce an EPD, from which we extract the outputs
min1V, maxV and min2V. We then examine the sensitiv-
ity (equation (6)) of these outputs to the fpq inputs, using
both PLS regression and GP emulators (Section 2.3).

An example of the design data for the first study, where
only the (feq, q = l, t, n) values are varied, is given in Sup-
plementary Figure 2. This set of plots shows fel, fet and
fen plotted against all the outputs that we are consider-
ing, bearing in mind that for EPD type 1, for example,
min1V is the only output. The design data for the second
study are also given in the Supplementary material (Fig-
ures 3 and 4). In both of the studies, it is not necessary to
consider the sensitivity of the angular outputs (angmin1,
angmax and angmin2), since in these studies, ROT and
ISC are fixed, which has the effect that there is very little
variation in the positions of the maximum and minima.

The PLS regression coefficients (Section 2.3) and GP
sensitivities (equation (6)) are given in Table 4, where the
values in bold are those where the method indicates that
an output is particularly sensitive to an input. The results
where (feq, q = l, t, n) varies, are given in the top half of
Table 4 and are labelled ‘Early’, while the results where
(fpq, p = i, e, q = l, t, n) varies are labelled ‘Late’ and are
given in the bottom half of the Table.

The values for E∗E{f(x)} are the GP expected means
for that particular output. These indicate that for both the
Early and Late scenarios the GP mean values for min1V
are similar for types 1 and 2 and are less than min1V for
type 3, maxV (type 2) is low and much less than maxV
(type 3), and min2V is less than min1V (all types). In
addition, the Early potentials are all greater than the Late
potentials.

Allowing for the fact that the PLS values are signed
and the GP values are not, we see that the two methods
are consistent in indicating the inputs to which the outputs
are most sensitive. In the Early case, these are fen and
fel; that is, every output is particularly sensitive to the
conductivities gen and gel in the ischaemic region, with
the normal conductivities having a stronger effect than the
longitudinal conductivities. It can also be seen that there
is only one output that is sensitive to get in the ischaemic
region, and that is min2V.

The situation is considerably different, however, in the
Late case (bottom half of Table 4), where fil is the domi-
nant input. In this case, every output is particularly sen-
sitive to changes in gil and not at all to the extracellular
value gel that was found in the Early case. In addition,
most outputs (all cases but one) have additional sensitiv-
ities to either fin or fen, and, again in the case of min2V,
to fet.

3.3.2. Main effect plots

In addition to calculating GP sensitivity values, we also
produced main effect plots [10, 34]. These plots show the
effect, on a particular output, of varying each of the inputs,
across the (normalised) range [0,1], while the other inputs
are given a mean of 0.5 and a variance of 0.04. For the
Early scenario these plots are given in Figure 8 and for
the Late scenario in Figure 9. In each case, the number 0
on the vertical axis represents the emulator expected mean
E∗E{f(x)} for that output, as given in Table 4. Note that
there are different vertical scales on each plot.

These plots provide additional information to the GP
sensitivity values, since they indicate the ‘direction’ of the
relationship between the output and the various inputs.
For example, in Figure 8, increases in fel lead to decreases
in min1V for all EPD types, and this is consistent with the
negative signs of the PLS coefficients in Table 4, for these
values. It is worth bearing in mind that, because min1V
is negative, this indicates that increases in fel lead to in-
creases in the magnitude of min1V. In fact, examination of
the ‘direction’ of the sensitivities indicates that increases
in fel lead to increases in the magnitude of every output
in the Early scenario, although the effect is small for EPD
type 2 outputs.

The exact opposite can be seen for fil in the Late sce-
nario (Figure 9), where increases in fil lead to a decrease
in the magnitude of every output. This is consistent with
the positive relationship between fil and mins 1 and 2, as
well as the negative one for max. In the early case, the
increase in the magnitudes of the potentials fits with the
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Mean (a) 10% ischaemia (b) 20% ischaemia (c) 30% ischaemia (d) 40% ischaemia

Mean (e) 50% ischaemia (f) 60% ischaemia (g) 70% ischaemia (h) 80% ischaemia

Early (a) 10% ischaemia (b) 20% ischaemia (c) 30% ischaemia (d) 40% ischaemia

Early (e) 50% ischaemia (f) 60% ischaemia (g) 70% ischaemia (h) 80% ischaemia

Late (a) 10% ischaemia (b) 20% ischaemia (c) 30% ischaemia (d) 40% ischaemia

Late (e) 50% ischaemia (f) 60% ischaemia (g) 70% ischaemia (h) 80% ischaemia

Figure 7: Epicardial potential distributions generated using mean values for the parameters (Table 2), and also for the early and late stages
of ischaemia (Table 1, row 1), for a range of ischaemic depths, for the realistic model. Scale is in mV. Dashed lines are negative potentials,
solid lines positive potentials. Contours range from -0.3 to 0 in steps of 0.05 mV.
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Table 4: Emulator expected means E∗E{f(x)} (in mV) and sensitivities of the epicardial potential distribution (EPD) feature outputs in the
half-ellipsoidal model to reductions in mean conductivities (Table 2) for early (top half of table) and late stage (bottom half) ischaemia. These
are calculated as Gaussian Process emulator sensitivities (GP) or by partial least squares (PLS). PLS sensitivities are signed, GP sensitivities
are not. Values in bold indicate those inputs to which the output is particularly sensitive.

Early EPD Method E∗E{f(x)} fil fel fit fet fin fen
Features Type
min1V 1 PLS – -0.58 – -0.01 – -0.71

GP -0.52 – 0.31 – 0.00 – 0.69
min1V 2 PLS – -0.53 – 0.06 – 0.83

GP -0.51 – 0.32 – 0.00 – 0.67
min1V 3 PLS – -0.43 – -0.03 – 0.91

GP -0.67 – 0.19 – 0.00 – 0.81
maxV 2 PLS – 0.74 – 0.18 – 0.62

GP 0.08 – 0.57 – 0.03 – 0.39
maxV 3 PLS – 0.50 – 0.18 – -0.81

GP 2.02 – 0.28 – 0.04 – 0.68
min2V 3 PLS – -0.43 – 0.79 – 0.67

GP -0.36 – 0.15 – 0.48 – 0.36

Late EPD Method E∗E{f(x)} fil fel fit fet fin fen
Features Type
min1V 1 PLS 0.81 -0.07 0.04 -0.01 0.36 0.01

GP -0.41 0.80 0.00 0.00 0.00 0.19 0.00
min1V 2 PLS 0.91 -0.10 0.03 0.00 0.26 0.30

GP -0.39 0.80 0.00 0.00 0.00 0.06 0.08
min1V 3 PLS 0.81 -0.22 0.01 -0.03 0.07 0.58

GP -0.54 0.61 0.06 0.00 0.00 0.01 0.32
maxV 2 PLS -0.60 0.20 0.01 0.02 0.67 0.39

GP 0.09 0.36 0.04 0.00 0.00 0.47 0.13
maxV 3 PLS -0.77 0.27 -0.06 0.11 0.31 -0.47

GP 1.75 0.59 0.09 0.00 0.01 0.09 0.21
min2V 3 PLS 0.77 -0.21 -0.15 0.44 0.19 0.42

GP -0.29 0.54 0.05 0.02 0.17 0.04 0.18
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‘direction’ of the relationship between fel and the features
(Figure 8) and in a couple of cases ((a) and (d)) for fen,
but not in general. This cancelling effect may explain why
the increases in the early case are minor.

Another interesting point, which can be seen by com-
paring Figures 8 and 9, is that the effects of varying the
fpq values seem to be independent of one another. For
example, if we compare Figure 8(d) with Figure 9(d), the
feq values from Figure 8(d) have the same form in Figure
9(d), and this is also true for other pairs like these.

We also repeated this study, but this time using the
‘new’ transmembrane potential representation (equation
(5)) and found that, although in both the Early and Late
scenarios the values for the potentials for the various fea-
tures were reduced, each output was sensitive to exactly
the same inputs to those identified in Table 4 (not pre-
sented).

In our previous work [10], we found that the effects of
ROT and ISC, on the character of the EPD, were much
stronger than the effects of the conductivities. So, in the
next section, we see if this is also the case here.

3.4. Sensitivity of outputs in the half-ellipsoidal model to
uncertainty in ROT, ISC and ischaemic region con-
ductivities

This study is similar to that in Section 3.3.1, except
that we allow ROT and ISC to vary, in addition to the
conductivities in the ischaemic region (see row 3 of Table
1). As in previous work [10], ROT varies over the range
[60◦,140◦] and two sets of simulations are performed: one
with 10◦ ≤ ISC ≤ 40◦ and the other with 40◦ ≤ ISC
≤ 90◦, so that type 1 and 2 EPDs can be extracted from
the former and type 3 from the latter.

From the first set of data, for each of the Early and
Late cases, we observed that type 1 EPDs could only be
found for ISC values up to approximately 20%, rather than
up to around 35% as in our previous work without reduced
ischaemic conductivities.

Results for PLS coefficients for this study are given in
Table 5, for the Early (top half) and Late (bottom half)
scenarios. In this case, we consider two measures for each
output - its potential (as in Section 3.3.1), and its position,
given as an angle (Figure 6). The fact that there is a
variation in the position of the features in this case, but
not in Section 3.3.1, comes about because changes in ISC
and ROT lead to changes in the position of a feature.

From Table 5, we see that, apart from one case (fil
for min1V (type 2)), the only inputs to which the outputs
have significant sensitivity are ROT and ISC, indicating
that these inputs have a much stronger effect than changes
in the ischaemic region conductivities.

Lastly, for completeness, we will also consider the case
where the conductivities outside the ischaemic region are
also allowed to vary.

3.5. Sensitivity of outputs in the half-ellipsoidal model to
uncertainty in ROT, ISC and conductivities outside
the ischaemic region for early and late ischaemia

In this study, the conductivities outside the ischaemic
region, indicated by gpq, are allowed to vary across the
range (mean ±50%) in Table 2, while the variation of the
conductivities in the ischaemic region, as well as that of
ROT and ISC, occurs according to row 4 of Table 1.

The results of this work are shown in Table 6, which
summarises the PLS coefficients that were produced. An
upward pointing arrow indicates that an increase in the
input results in an increase in the output and vice versa for
a downward pointing arrow. Only significant relationships
are reported (like the bold values in Tables 4 and 5).

We found, once again, that all outputs are sensitive to
ROT or ISC or both, with a few outputs sensitive to gil, gel
or gen. These results are correct for both Early and Late
ischaemia, and also for the ‘narrow’ and the ‘new’ (Sec-
tion 2.1) representations for the transmembrane potential.
The results are also the same as were found in the pre-
vious study [10], where the conductivities were the same
inside and outside of the ischaemic region. In addition, by
comparing Tables 6 and Table 4, we see that the results
are the same for the two cases, for both ROT and ISC.

4. Discussion

This work has investigated the role that input param-
eters play in determining the type of potential distribu-
tions that are generated, by subendocardial ischaemia, on
the epicardial surface, during the ST segment of the ECG.
A number of recent modelling studies [7, 8, 35, 16, 36,
2, 5, 6, 9, 10] have investigated this, using various mod-
elling assumptions and values for the model inputs. This
study has extended this work in a number of different di-
rections: we modelled both early and late stage ischaemia
and considered all six bidomain conductivities; we varied
the ischaemic region conductivities independently of those
in the remainder of the tissue, and, using UQ, we were able
to systematically consider the effect of the model inputs
on the EPDs. This allowed us to draw some conclusions
about the effects of the ischaemic region conductivities, in
particular those in the normal direction, despite a lack of
knowledge about their values.

We found that reducing the ischaemic region conduc-
tivities, to simulate early or late stage ischaemia, resulted
in EPDs that were qualitatively the same as simulations
that used mean conductivities throughout the whole ven-
tricle (Figure 5 and Supplementary Figure 1), although the
values for the potentials had often changed. This was con-
sistent with previous work by Hopenfeld et al. [7], which
found that “the basic topography of epicardial potential
patterns did not change as a function of conductivity, but
that the magnitudes of epicardial potentials are sensitive
to the conductivity values” [8].

We found that this was the case regardless of whether
we used a representation for the transmembrane potential
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Figure 8: Main effect plots for early ischaemia.
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Figure 9: Main effect plots for late ischaemia.
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Table 5: Partial Least Squares sensitivities of the epicardial potential distribution (EPD) features in the half-ellipsoidal model, to fibre rotation
(ROT), ischaemic depth (ISC) and six reductions in mean conductivities (Table 2), for early (top half of table) and late stage (bottom half)
ischaemia. Values in bold indicate those inputs to which the output is particularly sensitive.

Features EPD ROT ISC fil fel fit fet fin fen
Early Type
min1V 1 -0.97 0.05 – -0.01 – 0.01 – 0.04

2 -0.89 -0.21 – -0.08 – 0.01 – -0.01
3 -0.77 -0.47 – -0.13 – 0.02 – 0.32

maxV 2 0.01 0.97 – 0.10 – 0.02 – 0.04
3 0.06 0.96 – 0.11 – 0.06 – 0.20

min2V 3 0.31 -0.92 – -0.03 – 0.08 – 0.06
min1A 1 0.77 -0.41 – -0.05 – -0.02 – 0.00

2 1.02 -0.64 – -0.02 – 0.01 – -0.01
3 0.93 -0.16 – -0.03 – 0.06 – -0.06

maxA 2 0.24 -0.74 – 0.02 – 0.01 – 0.01
3 0.34 -0.91 – 0.03 – 0.03 – -0.02

min2A 3 0.18 -0.98 – 0.01 – 0.09 – -0.03
Late
min1V 1 -0.89 0.03 0.18 0.00 0.06 0.00 0.16 0.05

2 -0.76 -0.21 0.47 -0.06 0.00 0.00 0.08 0.12
3 -0.66 -0.41 0.39 -0.14 0.00 0.02 0.06 0.29

maxV 2 -0.01 0.96 -0.21 0.07 0.01 0.02 0.20 0.09
3 0.05 0.88 -0.19 0.07 -0.02 0.03 0.05 -0.17

min2V 3 0.31 -0.85 0.12 -0.06 -0.02 0.00 0.02 0.10
min1A 1 0.69 -0.51 0.26 -0.07 -0.04 -0.03 -0.29 -0.03

2 1.06 -0.69 0.02 -0.02 -0.04 0.01 -0.05 -0.03
3 0.93 -0.14 -0.03 0.01 -0.02 0.03 -0.05 -0.10

maxA 2 0.09 -0.65 0.01 0.00 0.03 0.01 -0.18 -0.09
3 0.36 -0.92 0.00 0.01 0.02 0.00 -0.04 0.00

min2A 3 0.17 -0.97 0.01 0.03 -0.04 0.07 0.07 -0.02

Table 6: Summary of the epicardial potential distribution (EPD) feature outputs (rows) and the input variables (columns) to which they
are sensitive, for the half-ellipsoidal model. ROT=fibre rotation and ISC=ischaemic depth. The indicated inputs are significant for both the
early and late stages of ischaemia and for both the ‘narrow’ and ‘new’ representations of the transmembrane potential. Blank spaces indicate
no significant relationship. An increase in the input variable that results in an increase in the output is represented by an upward pointing
arrow and an increase in the input that results in a decrease in the output is represented by a downward pointing arrow.

Feature EPD ROT ISC gb gil gel git get gin gen
Type

min1V 1 ↓
2 ↓ ↓
3 ↓ ↑

maxV 2 ↑ ↑
3 ↑

min2V 3 ↓
angmin1 1 ↑ ↓

2 ↑ ↓
3 ↑

angmax 2 ↓ ↓
3 ↓

angmin2 3 ↓
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that resulted in a ‘narrow’ border region or used a ‘new’
representation (Figure 3). In either of the late cases or
the early case with the ‘new’ representation (Table 3 and
Supplementary Table 1), the magnitudes of the potentials
were reduced compared with the mean case and the late
case potentials were reduced compared with the early case
(fourth column of Table 4). These late case results are
consistent with experimental work [18]. This result may
be important to note, as smaller potentials may be harder
to detect on the epicardial surface. However, we also found
that for the early case (with the ‘narrow’ border) the mag-
nitudes of the potentials for min1 and max were greater
by a small amount than the mean case. Together these
two results may explain the findings from the experimen-
tal work of Aras et al. [37], who found that, in some cases,
ischaemia could not be detected on the epicardial surface.

We also found that type 1 EPDs (a single minimum)
were unlikely to occur for early or late ischaemia for is-
chaemic depths of greater than 20% (unlike previous work
by ourselves [10] and Potse et al. [2], where the value was
around 30-40%), which may also be important in terms of
detection.

As in our previous study [10] that used the half-ellipsoidal
model with the same conductivities throughout the ven-
tricle, we again found that ROT and ISC were the most
significant model inputs, in terms of the magnitudes and
positions of the EPD features that were produced. Al-
though these results do not have a direct clinical appli-
cation, they do provide insight into parameters used in
models that seek to understand the connection between
ischaemia and epicardial potentials, which is a necessary
first step before moving to torso potentials and the ECG.

For example, since ST depression in various leads is
used diagnostically for ischaemia [1] and prognostically for
the effects of ischaemia [38], our finding about the relation-
ship between ROT and min1 (both magnitude and posi-
tion) has important modelling consequences, especially as
this result holds regardless of assumptions about trans-
membrane potential representation or choice of conduc-
tivity values. The consequence of the connection between
min1 and ROT is that it seems to be essential that more
sophisticated models should consider a range of fibre ro-
tation values, in order to represent the variation in the
population [39]. This is in addition to considering a range
ischaemic depths, since we found that both max and min2
are sensitive to that parameter (again regardless of the
above assumptions).

This is not to say that conductivity values are unim-
portant, given, for example, that we have shown that the
magnitude of all of the EPD features (min1, max, min2)
is lower, when the conductivities are reduced to simulate
late stage ischaemia, than when simulating early stage is-
chaemia (Table 4). Also studies have shown the impor-
tance of conductivity values when modelling other heart
conditions, such as heart failure or hypertrophy. For ex-
ample, a recent UQ study by Sanchez et al. [40] found that
some of the bidomain conductivities are important param-

eters when tuning a realistic anatomical-electrophysiological
model of the heart. It may just be that conductivity val-
ues are more important at the stage of “fitting” subject-
specific models, rather than for more general studies that
seek to represent the range of possible EPDs.

There are a number of limitations to this study, in-
cluding the use of only the half-ellipsoidal model for the
sensitivity study (although this is partially justified by the
similarities in the form of the EPD between that model
and the more realistic model, at least when mean values
are used and early and late ischaemia are simulated). Al-
though in this work we did not study the effect of varying
the size and position of the ischaemic patch, we did do this
in our previous work with the same model [3, 10] where the
conductivities did not differ between the ischaemic patch
and the rest of the tissue, and, in that case, we found
that the EPDs were qualitatively the same and the out-
puts were found to be sensitive to exactly the same inputs
as in the original model.

We also did not consider the effect of varying the shape
of the ischaemic region; however, previous work [20], with
the same model and Clerc’s [41] conductivities used through-
out the ventricle, found that using a cylindrical patch re-
sults in similar EPDs, whereas an ellipsoidal patch results
in the second minimum developing later. This could be an
avenue for future work. Another avenue for future work
could be a study of partial thickness, rather than suben-
docardial ischaemia. This approach is suggested by the
recent experimental work of Aras et al. [37], which found
that ischaemia appears to originate throughout the ven-
tricular wall rather than solely at the endocardium. Other
future work could include coupling a realistic heart model
with a torso model to consider potentials on the body sur-
face, rather than the epicardial surface.

5. Conclusion

In this work, we modelled both early and late stage
subendocardial ischaemia during the ST segment by vary-
ing the conductivities in the ischaemic region compared
with the remainder of the ventricle. We used a half-ellipsoidal
model and a more realistic model and found that the EPD
pattern changed consistently from a minimum over the
ischaemic region, to a maximum there flanked by a mini-
mum, followed by these two plus another minimum. This
was exactly the same progression as in previous work where
the conductivities were taken to be the same inside and
outside the ischaemic region. The difference was that
the potentials were lower in magnitude for late stage is-
chaemia, which may make them more difficult to detect.

Using uncertainty quantification techniques, we found
that the effects of conductivity changes were minor in com-
parison to the effects of fibre rotation and ischaemic depth.
Since we also found that the position and magnitude of
the first minimum to appear is very sensitive to fibre ro-
tation, we suggest that it is essential to include a range
of fibre rotation values in modelling studies to allow for
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variation in the population. This would allow such studies
to investigate whether this range is part of the reason for
variations in the presentation of depressions on the heart
surface in experimental studies, and perhaps also on the
torso, leading to effects on the ECG.
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