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10 Abstract: This paper presents a simple but workable modeling method to simulate the wave-
11 induced liquefaction scenarios around a marine pipeline within the framework of the Biot’s 
12 theory, incorporating the main features such as relation for the consolidation describing the pore-
13 volume reduction, hysteretic stress-strain behavior of soil skeleton and soil-pipe contact effect. In 
14 this context, special attention is paid to the implementation of a well-calibrated cyclic soil model 
15 for hysteretic and nonlinear stress-strain behavior (i.e. strain softening and cyclic degradation), 
16 associated with a semi-empirical shear-volume coupling equation for capturing the accumulative 
17 volumetric change, which links the increment of volumetric strain per cycle of wave with the 
18 shear strain occurring during that particular cycle. The proposed modeling framework is then 
19 incorporated into an explicit time matching finite difference analysis procedure, allowing a full 
20 non-linear dynamic analysis of the intensive interactions between the pipeline and the seabed 
21 undergoing buildup of pore pressure and residual liquefaction. Retrospective simulation of the 
22 wave flume test performed by Sumer et al. (2006c) using the proposed model shows good 
23 agreement, calibrating the reliability of the modeling method for the prediction of wave-induced 
24 liquefaction of sandy seabed and failure process of the buried pipelines. Finally, the liquefaction 
25 mechanism around a buried pipeline under a nonlinear wave loading is investigated by numerical 
26 examples. The obtained results interpret the cause of liquefaction and the resulting consequence 
27 for pipeline stability in wave environment.
28
29 Keywords: Wave-induced liquefaction; Submarine pipelines; Strain softening; Cyclic 
30 degradation; Pipeline-seabed interaction.

31 List of symbols

A Davidenkov model parameter 
B Davidenkov model parameter
C1 constant of shear-volume coupling model
C2 constant of shear-volume coupling model
CSSR cyclic shear stress ratio
D pipeline diameter
d water depth
d50 grain size
e distance from the center of the pipe to the mudline
g body force acceleration
G shear modulus
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max 0G initial tangent shear modulus
max 0
refG reference initial tangent shear modulus
maxG tangent modulus at the origin of the backbone curve in Davidenkov model

κ wave number
H wave height
Kf volumetric compressibility of pore fluid
Kw modulus of elasticity of water
T wave period
 wave frequency
m model coefficient for unloading and reloading
n normalized residual pore pressure
ns soil porosity
p excessive pore pressure
p oscillatory component of excessive pore pressure
p residual component of excessive pore pressure
P0 periodic surface pressure on the seabed induced by wave
P2nd second-order (nonlinear) wave component
Pb amplitude periodic surface pressure on the seabed induced by wave
Pw0 absolute pore pressure
p mean normal effective stress

0p initial mean normal effective stress

s deviator stress (= )2 2-
( )

2
z x

zx
 


 



Sr degree of saturation
t time
u displacement vector
Δzmin smallest width of an adjoining zone in the normal direction

ij Kronecker delta
 total density of soil

p pipeline density
 Poisson’s ratio

n  effective normal stress at the interface element
p pipeline stress tensor
ref  reference effective stress of soil in Davidenkov model
s total stress tensor of soil
s  effective stress tensor of soil

 strain tensor
V volumetric strain 
e
V elastic volumetric strain
p

V plastic volumetric strain
 shear stress

A shear stress amplitude
c corresponding cyclic shear stress amplitude in Davidenkov model

 shear strain
0 reference shear strain in Davidenkov model
c cyclic shear strain amplitude of the cyclic loop in Davidenkov model

0c cyclic shear strain amplitude of the first cyclic loop in Davidenkov model
  Submerged specific weight of soil
 friction coefficient of the seabed on the pipeline
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32 1 Introduction

33 The stability of submarine pipelines buried in loose granular soils (e.g. for silt, fine sand and in 
34 some cases, gravel) is of major concern in practice. Failure of submarine pipelines has been 
35 observed to be linked to wave-induced instability of marine deposits leading up to liquefaction (de 
36 Groot et al., 2006; Fredsøe, 2016). The conventional pipeline stability concept (assuming the 
37 seabed is stable) may be challenged (or even violated) if the liquefaction-related sinking/floatation 
38 of the pipeline occurs (Palmer et al., 1996; 2004; Sumer et al., 2006a; Brennan et al., 2015). 
39 Particularly, liquefaction-induced instability of a pipeline primarily occurs in residual liquefied 
40 soil, which, in contrast to instantaneous liquefied soil, includes a larger area of the seabed in the 
41 vicinity of the pipeline simultaneously (Jeng et al., 2001; Jeng, 2013; Sumer, 2014). Therefore, it 
42 is vital to accurately evaluate both the wave-induced oscillatory and residual response of the 
43 liquefiable seabed around a pipeline for coastal engineers involved in the design of submarine 
44 pipelines.
45 The stability of a submarine pipeline involves complex interactions between the buried pipeline 
46 and the neighboring soil undergoing buildup of pore pressure and residual liquefaction. Recent 
47 developments in field and laboratory studies (e.g. centrifuge tests and wave flume modeling) 
48 combined with numerical modeling of the wave-induced response of submarine pipelines in the 
49 liquefied seabed have together brought about improvements in the understanding of the physics 
50 behind the dynamic pipeline-seabed interaction process (Teh et al., 2003; 2006; Sumer et al., 
51 2006a; 2006b; 2006c; 2012; Kirca et al., 2013; 2014; Sassa and Sekiguchi, 1999; 2001; Sawicki 
52 and Mierczyński, 2006; Gao et al., 2011). The presence of pipeline in the soil has a major 
53 consequence for the response of the surrounding soil and over areas of contact with the loading 
54 boundaries, involving deformations, buildup of pore pressures and resulting liquefaction patterns 
55 (compared with those developing in homogeneous soil). This dynamic evolution of the pipe-soil 
56 interaction makes the liquefaction-related stability problem of a submarine pipeline fascinating to 
57 deal with, but also increases the complexity of an accurate model or description of the phenomena. 
58 To date, relatively few contributions are available in the literature for numerical models of 
59 liquefaction around a buried pipeline. The use of the Biot’s theory framework to encapsulate the 
60 soil behavior incorporating the effects of the transient flow of the pore-fluid through the voids, 
61 offers an attractive alternate framework (Biot, 1941; 1956; Sawicki and Mierczyński, 2006; Small 
62 et al., 1976; Prèvost et al., 1976; Popescua et al., 2006). These Biot-type models are generally 
63 provided by finite element (FE)/finite difference element scheme in the time-domain, taking into 
64 account the solid-fluid interaction by means of a coupled effective stress formulation, more 
65 complex geometrical schematisations and the possible contact with the buried pipeline (Heider et 
66 al., 2014; Di and Sato, 2003; Tian et al., 2010; Luan et al., 2008; Ulker and Rahman, 2009). 
67 Among these, Zhao et al. (2014) and Zhao and Jeng (2016) developed a two-dimensional 
68 integrated numerical model to investigate the residual soil response in the vicinity of a buried 
69 pipeline and a partially-backfill-trenched pipeline, in which the phase-resolved oscillatory shear 
70 stress is used as a source for the build-up of residual pore pressure (Jeng and Zhao, 2015). Later in 
71 Zhao et al. (2016), the cross-anisotropic soil behavior is also included into the numerical model. 
72 However, the oscillatory and residual mechanisms are not coupled and simulated separately. Dunn 
73 et al. (2006) and Zhang et al. (2015) investigated the wave-induced liquefaction around the 
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74 pipeline by using an advanced elasto-plastic soil model to couple oscillatory and residual response 
75 of liquefiable seabed and predicted both the possibilities of the residual and momentary 
76 liquefactions. 
77 In all cases, the nonlinear soil behavior has a significant influence on the soil-structure interaction, 
78 precipitating concentration of strain and deformation towards the loading boundaries (imposed by 
79 the contact effects between soil and structure) (Bathe and Chaudhary, 1985; Jardine et al., 1986; 
80 Clayton, 2011). It is well known that soils are characterized by nonlinear stress-strain behaviour 
81 under cyclic shearing, involving strain softening and cyclic degradation (as described by, e.g. 
82 Vucetic and Dobry, 1991). Soils exhibit nonlinear behavior even at very small strain (Clayton, 
83 2011). Strain softening refers to the behavior that soil stiffness may decay with strain by orders of 
84 magnitude and the corresponding increase in material damping with increasing shear strain level, 
85 while cyclic degradation represents the cycle-by-cycle degradation of saturated sand due to the 
86 buildup of pore pressure under cyclic shearing. Nevertheless, to the authors' best 
87 acknowledgement, no theoretical models are yet available in the literature for wave-induced 
88 liquefaction around a buried pipeline incorporating the cyclic nonlinearity of soil stiffness (i.e. 
89 strain softening and cyclic degradation).
90 The purpose of this paper is to develop a simple but workable modeling method to simulate the 
91 wave-induced liquefaction scenarios around a buried pipeline within the framework of the Biot’s 
92 theory, incorporating the main features such as relation for the consolidation describing the pore-
93 volume reduction, nonlinear stress-strain behavior of soil skeleton and soil-pipe contact effect. In 
94 this context, special attention is paid to the implementation of a well-calibrated cyclic soil model 
95 for nonlinear and hysteretic stress-strain behavior, associated with a semi-empirical shear-volume 
96 coupling equation for capturing the plastic volumetric change, which links the increment of 
97 volumetric strain per cycle of wave with the shear strain occurring during that particular cycle. 
98 The proposed modeling method is then incorporated into an explicit time matching finite 
99 difference analysis procedure, allowing a full non-linear dynamic analysis of the intensive 

100 nonlinear interaction between the pipeline and liquefiable seabed. Retrospective simulation of the 
101 wave flume test by Sumer et al. (2006c) using the proposed model are performed to calibrate the 
102 reliability of the modeling method. Finally, the liquefaction mechanism around a buried pipeline 
103 under a nonlinear wave loading is investigated by numerical examples. The influence of nonlinear 
104 wave component upon the wave-pipeline-seabed interaction is also studied.

105 2 Definition of the problem

106 2.1 Problem layout

107 Fig. 1 shows schematically the problem we consider. The figure shows that a pipeline with an 
108 outer diameter (D) is fully buried within a liquefiable seabed with finite thickness (h). The wave, 
109 pipe and seabed models are integrated into one single model. To facilitate the interpretation of the 
110 results, the storm propagation along the porous seabed is simulated by using the Stokes wave 
111 theories. Generally, the assumption may be introduced here to clarify the most essential 
112 phenomena, satisfying the requirements of most engineering problems. (Gao et al. 2003).
113 As depicted in Fig. 1, the dynamic system consists of two sub-domains, the structure and the 
114 seabed (unbounded half-space). The propagation of ocean waves exerts significant dynamic 
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115 loading on the seabed deposits. The porous seabed consequently responds to the wave loading and 
116 undergoes consolidation. This will result in pore-pressure generation and in some cases, 
117 liquefaction of the sandy seabed, therefore precipitating complex pipeline-seabed interaction. In 
118 this study, the problem of wave-induced interactions between pipeline and seabed is treated within 
119 the framework of Biot theory, allowing for both generation and partial dissipation of excess pore 
120 pressure during wave propagation. All the classic assumptions of Biot theory are admitted, only 
121 with exception of the seabed deposits being nonlinear and hysteretic under cyclic wave actions.

122 2.2 Governing equations

123 Before presenting the proposed modeling scheme, it is instructive to give a brief resume of the 
124 mathematical framework governing the dynamic process of pipeline-seabed system under 
125 prescribed boundary conditions (Zienkiewicz et al., 1980; Ulker et al., 2009). 
126 The pipeline can be practically treated as an impermeable rigid medium. Based on an elastic 
127 theory, the governing equilibrium equations for buried pipeline can be expressed as

p , p 0ij j g   (1)

128 where = pipeline stress tensor; = pipeline density; and g = body force acceleration.p p

129 The saturated sand is modeled as a two-phase medium. The effective stress in the skeleton for a 
130 two-phase soil medium is defined by

s sij ij ij p     (2)

131 where = total stress tensor of soil; = effective stress tensor of soil; = Kronecker delta; ands s  ij

132 = excessive pore pressure.p

133 It is well known that the wave-induced excess pore pressure can be separable into the following 
134 terms (as schematically illustrated in Fig. 2),

,  where p p p 
1p pdt
T

  (3)

135 where T = wave period; p = wave-induced excess pore pressure; = transient (oscillatory) p
136 component; and = residual (buildup) component (which is the period-averaged value of  excess p
137 pore pressure p).
138 Based on the Biot's consolidation equation, the governing equations for the force equilibrium in 
139 (nearly) saturated soil can be written as follows:

2 ( )
1 2i jj j i i

G
G u p u 


   


, , (4)

140 where = soil displacement vector; = soil strain tensor; = total density; p = excess pore u  

141 pressure; = Poisson’s ratio; and G = shear modulus of soil.

142 A saturated porous seabed is assumed to be hydraulically isotropic (i.e. the same permeability, k, 
143 in all directions) and obey Darcy’s law. With these assumptions, the continuity of flow condition 
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144 yields the following equation:

2
s f

w

/ jj

k
p pn K 


    (5)

145 where = wave-induced excess pore pressure; ns = soil porosity; = unit weight of water in the p w

146 pore; and Kf = volumetric compressibility of pore fluid, which is a function of the modulus of 
147 elasticity of water (Kw, generally taken as 2×109 N/m2), the degree of saturation (Sr) and the 
148 absolute pore pressure (Pw0), defined as follows:

r

f w w0

11 1 S
K K P


  (6)

149 The term in the right-hand side of Eq. (5) is the increment of volumetric strain of soil subjected to 
150 cyclic loading, which can be decomposed to an elastic part ( ) and a plastic part ( ), i.e.e

Vd p
Vd

e p
V V Vd d d    (7)

151 In particular, is defined as the volumetric strain increment to represent the compaction of the p
Vd

152 skeleton configuration due to cyclic shear strains, which gradually rearrange the soil grains at the 
153 expense of pore volume of soil, causing associated instances of pore-pressure accumulation  p

154 (Kirca et al., 2013). 
155 The domains of pipeline and seabed are joined by an interface, which will be discussed in detail 
156 in the following section.

157 3 Cyclic soil constitutive model

158 The accuracy of predictions of wave-pipe-seabed interactions hinges on realistically modeling soil 
159 behavior incorporating cyclic loading effects. From extensive evidence of laboratory and field 
160 tests, it is recognized that sandy soils behave highly nonlinear (even at very small strain), 
161 hysteretic (absorbing energy solely as a function of cyclic strain) and nearly always contraction or 
162 densification, subjecting to cyclic shearing.
163 In this section, a pragmatic constitutive model is present, separating the basic stress-strain 
164 behavior of soil skeleton and the accumulative volume compaction (Zienkiewicz et al., 1978; 
165 Sawicki and Mierczyński, 2006). The concept of autogenous volumetric strain using a semi-
166 empirical shear-volume coupling equation (Sect. 3.2) is introduced, coupled with a well-calibrated 
167 hysteretic stress-strain model (Sect. 3.1).

168 3.1 Cyclic soil stress-strain relation

169 The well-calibrated Davidenkov model is used to describe the hysteretic damping coupled with 
170 nonlinear stress-strain characteristics of granular soil skeleton, in conjunction with Masing rules. 
171 The cyclic soil model is characterized by a backbone curve and rules that describe unloading-
172 reloading behavior and cyclic modulus degradation, as illustrated in Fig. 3 (Matasović and 
173 Vucetic, 1993; Stewart et al., 2008). The shear modulus and damping ratio are the controlling 
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174 factors to determine the model parameters, which strongly depend on the cyclic shear strain and 
175 the effective stress state (or the residual pore pressure). Within the framework of the Biot theory, 
176 the aforementioned governing equations can be easily generalized to the cyclic material behavior 
177 if the stress-strain relation is written incrementally (Small et al., 1976; Zienkiewicz et al., 1980; 
178 Borja et al., 1998). 
179 According to Martin and Seed (1982), the Davidenkov constitutive model gives the shear stress in 
180 terms of an explicit function of the shear strain, which is more convenient in the cyclic strain-
181 controlled approach for the evaluation of dynamic response, as follows,

 max 1G G H           (8)

182 Among which，H is a function that describes the basic shape of shear-stress-shear-strain 
183 relationship. Specifically in the Davidenkov form, the soil behavior is constructed using a 
184 hyperbola to represent the shape of stress-shear curve as follows,
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(9)

185 where = shear stress; = shear strain； = initial tangent shear modulus (at the origin of   maxG
186 initial backbone curve); , and are experimental parameters.A B 0
187 Taking the derivatives of in Eq. (8), time-variant tangent shear modulus of initial backbone 

188 curve is obtained as follows,
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(10)

189 The initial backbone curve coincides with the initial monotonic stress-strain curve. To construct 
190 the hysteresis curve, we employ the dynamic backbone curve in association with the Masing rules 
191 to describe the unloading and reloading branches of cyclic loops. This is particularly true for the 
192 soil element subject to progressive wave loading with constant amplitude (Pyke, 1979). That is,

  c
c max c 1

2
G H

m
 

   
  

           
(11)

193 where = cyclic shear strain amplitude of a particular cyclic loop; = corresponding cyclic c c

194 shear stress amplitude; and the coefficient m = 1 for unloading and reloading, according to Masing 
195 criteria. 
196 Taking the derivatives of (γ-γc) in Eq. (11), time-variant tangent shear modulus of hysteresis 
197 curves is thus obtained as follows,
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198 Note that the octahedral or generalized shear stress and strain are adopted in the abovementioned 
199 equations for 2D or 3D nonlinear dynamic problems (Huo et al., 2004). The tensor equation of 
200 equivalent shear strain algorithm as an incremental form based on the second invariant of the 
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201 strain deviator tensor J2 can be expressed as

t t t t tsign       (13)

202 in which

2
22
3

J  (14)

203 At each time step, the incremental shear strain Δγt+Δt is monitored to identify the loading and 
204 unloading branches of the stress-strain loop. The sign of Δγt+Δt is positive for reloading and 
205 negative for unloading. Once the stress-strain curve enters into the next cycle from the stress 
206 reversal point as illustrated in Fig. 2, the corresponding of the particular cyclic loop is updated c

207 and assigned by the shear strain at the reversal point.
208 In reality, the initial tangent shear modulus  of soil generally varies strongly with the mean max 0G

209 normal effective stress in the sandy seabed. In the first loading cycle, we assume the following 
210 equation to consider this effect, according to normal geotechnical practice (Jeng, 2001; de Groot et 
211 al., 2006),

ref 0
max 0 max 0

ref

p
G G





 (15)

212 where = reference effective stress (taken as 100kPa in this study); = reference initial ref  ref
max 0G

213 tangent shear modulus; and = initial mean normal effective stress, defined as'
0p

0
0

1 2
=

3
K

p z
  (16)

214 where z = vertical distance measured from the mudline downward; = submerged specific  

215 weight of soil; and K0 = coefficient of lateral earth pressure.
216 In the second and subsequent wave cycles, the cyclic shearing causes gradual buildup of pore 
217 pressure and subsequent reduction of the mean normal effective stresses in the soil skeleton. 
218 Consequently, the tangent modulus at the origin of the corresponding backbone curve maxG

219 degrades. The modulus degradation model (Hardin and Drnevich, 1972) is therefore employed to 
220 simulate the cyclic softening phenomenon, with the residual pore pressure as the degradation 
221 parameter.

'
0

max max 0 max 0'
0

1
p

G G G n





   (17)

222 where is normalized residual pore pressure; = initial mean normal effective stress.'
0/n p  '

0

223 It is noted that during a shear loading process near liquefaction (the normalized residual pore 
224 pressure reaches 1, that is, ), the saturated sand exhibits a dilative tendency increases 1n 
225 effective confinement, allowing the soil to develop some stiffness and strength (Elgamal et al., 
226 2003). Generally, the amount of tangent shear modulus is set equal to 0.01 when maxG max 0G

227 liquefaction occurs at that particular cycle.
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228 3.2 Evaluation of plastic volumetric strain

229 The essential part of the cyclic soil constitutive model is the development of a suitable model for 
230 the autogenous volumetric compaction, which is the major controlling factor of the pore-pressure 
231 accumulation. To this end, a separate expression (with respect to the constitutive model above) is 
232 proposed in this section to determine the progressive increase of the volumetric strain due to the 
233 compaction of grain configuration under cyclic shearing.
234 The accumulated volumetric strain is mainly a consequence of the cyclic shear strain induced by 
235 the action of repeated wave loading. Martin et al. (1975) presented quantitative data to illustrate 
236 the shear-volume coupling mechanism and showed that the amount of compaction per cycle was 
237 proportional to the cyclic shear strain amplitude and accumulated volume compaction and is 
238 independent of normal effective stress. Subsequently, Byrne (1991) simplified this equation and 
239 recommended an incremental volumetric strain ( ) definition with only two parameters as p

V

240 follows,

p p
V V

1 2
c c

exp( ( ))C C
 
 


  (18)

241 where = amplitude of cyclic shear strain in percent induced by the wave-induced cyclic shear c
242 stress; = accumulated volumetric strain from previous cycles in percent; and C1, C2 = model p

V

243 constants for the soil in question.
244 The macroscopic coefficients C1, C2 take their physical meaning in part from the microscopic 
245 characteristics of the medium, which can be easily calibrated from laboratory testing.
246 Byrne (1991) model is based on physical laws and back-fitted extensive experimental data. 
247 Particularly, one can easily incorporate this equation into the proposed procedure using the cyclic 
248 soil stress-strain relation mentioned above. 

249 4 Numerical scheme

250 In this section, we introduce a relatively simple procedure based on effective stress concepts 
251 which will permit nonlinear analysis taking account of dynamic pipeline-seabed interaction to be 
252 realistically carried out, especially when the wave-induced liquefaction scenario is considered. 
253 The dynamic analysis procedure involves a simulation of a pipeline buried in the liquefiable 
254 seabed, including modeling of cyclic soil behavior (Sect 4.2), nonlinear pipeline-seabed contact 
255 (Sect 4.2), hydrodynamic forces, and boundary conditions (Sect. 4.3). 

256 4.1 Computation domain

257 The computation domain should be large enough so that the external boundary can represent an 
258 infinitely extended medium. Otherwise, the presence of the artificial boundaries will induce a 
259 significant influence on the response of the seabed in the vicinity of pipeline. A rule-of-thumb is 
260 that the grid in the lateral boundary is built by an expansion factor of 5 in relation to the wave 
261 length L. In this study, a value of approximately 5L is considered as satisfactory.
262 The computation domain is discretized into a set of structured grid zones. The elements used are 
263 four-noded, constant-strain quadrilateral finite difference elements, with the internal angles close 
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264 to 90o, the aspect ratios close to 1. As shown in Fig. 4, a trade-off with the high computational 
265 time and restriction of hardware resources has to be found. In the vicinity of pipeline, a high level 
266 of mesh refinement is desirable to capture high strain gradients, as the accuracy of the simulation 
267 depends on the ability of the grid layout to represent such gradients. Therefore, in this study, a 
268 very refined region around the pipeline and a coarser zone away from it has been used as shown in 
269 Fig. 4.

270 4.2 Pipeline-soil contact simulation

271 Complex contact can occur between the pipeline and surrounding seabed during wave 
272 propagation. Significant changes in the contact region are possible including relative sliding with 
273 Coulomb friction or even possible separation, which is unknown prior to the analysis. In this 
274 section, zero-thickness interface elements are used to represent this boundary nonlinear behavior, 
275 which is characterized by normal and shear stiffness, and sliding properties.
276 With respect to the interface element, no-overlapping occurs between the pipeline and the support 
277 seabed and no slip before yielding of the interface is assumed, the stiffnesses are actually penalty 
278 numbers that approximately enforce contact-surface compatibility consisting of impenetrability 
279 and pre-sliding stick constraints. The normal and shear stiffnesses are therefore set to be much 
280 greater than the stiffness of the softer neighbouring zone. A rule-of-thumb rule in the FLAC 
281 manual (Itasca, 2006) is that the normal and shear stiffness can be set equal to ten times the 
282 equivalent stiffness of the softer neighbouring zone, which is given by:

min

4 / 3K G
z


 (19)

283 where K and G are the bulk and shear moduli, respectively, and Δzmin is the smallest width of an 
284 adjoining zone in the normal direction.
285 It is to note that the shear sliding only occurs when the shear stress at the interface element is 
286 greater than frictional resistance, which is defined by Coulomb friction law.

n   (20)

287 where = effective normal stress at the interface element; and = friction coefficient of the n  

288 seabed on the pipeline, taken as 0.7 in this study (Luan et al., 2008).
289 No dilation of the interface element is assumed after yielding (i.e. sliding).

290 4.3 Boundary conditions

291 Essentially, appropriate boundary conditions are necessary to specify the complex wave-seabed-
292 pipeline interaction problem.
293 As mentioned earlier, the wave actions follow the Stokes wave theories. The second-order 
294 approximation of non-linear wave pressure in two-dimensional problems is applied as periodic 
295 surface pressure at the seabed surface P (Gao et al. 2003; Gao and Wu, 2006), as follows:

b 2ndcos( - )P P Px t   (21)

296 where is the amplitude of the first-order (linear) wave pressure,  is the second-b
w

2cosh
P

H
d




 2ndP

297 order (nonlinear) wave component which is given by
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298 2 w
2nd 21 22( ) [ cos 2( )]

2
P

H A A x t  


  

299 , , , 
2
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21 0 1 24sinh
A

d
 


  

2
0

22 0 2 24
4sinh
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d

 


  0 tanh d  3
1 0 0

1 ( )
8

    

300 , 
7

0 0
2

3( ) cosh(2 )
16
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301 where κ = wave number, = wave frequency, H = wave height, and d = water depth.

302 The wave-induced shear stress at the seabed surface has negligible influence on the soil shear 
303 stress compared with the stresses induced by the surface pressure from the waves (Sawaragi and 
304 Deguchi, 1992).

zz zx 0  at  0z     (22)

305 Furthermore, the boundary should also satisfy the following conditions:
306  Free draining boundary at the top of the seabed is remained. 
307  For the impermeable rigid bottom boundary, the dynamic fluctuations of all the physical 
308 quantities vanish, i.e.

x z0,  0,  / 0,  at u u p z z H      (23)

309  As the computation domain is large enough that lateral boundaries have no influence on the 
310 pipeline-seabed interactions, both lateral boundaries of the seabed are therefore fixed.
311 Finally, no flux flow can occur at the interface between the pipeline and surrounding seabed, due 
312 to the impermeable assumption of pipeline. Consequently, the pore gradient at the outer surface of 
313 the pipeline should vanish, i.e.

2 2
0 0 / 0,  at ( ) ( ) / 2p n r x x z z D        (24)

314 where D = diameter of pipeline.

315 4.4 Analysis procedure

316 The proposed analysis framework using the dynamic coupled stress-flow finite difference scheme 
317 is developed within the Fast Lagrangian Analysis of Continua (FLAC3D) 3.0 code environment 
318 (Itasca, 2002). The cyclic soil model associated with the shear-volume coupling equation is 
319 compiled by the C++ computer language and implanted into the FLAC3D code to realistically 
320 capture the dynamic response of the seabed. Furthermore, the Biot consolidation equation, Darcy 
321 hydraulic flow and pore fluid stiffness are basic to the FLAC3D code. The proposed modeling 
322 method is then incorporated into an explicit time matching finite difference analysis procedure, in 
323 which the aforementioned governing equations are satisfied by employing a sufficient small time 
324 step  (in this study,  = 10-5 s). t t

325 The initial consolidation status of seabed is essential to simulate the natural marine environments. 
326 Prior to the wave-induced liquefaction analysis, static analysis is performed to set up the initial 
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327 stress state of the seabed model in the vicinity of the pipeline. We apply pore water pressure and 
328 self-weight of soil deposits at each node, and then release the freedom of pore water pressure in 
329 order to obtain the initial effective stresses within the seabed.

330 4.5 Model validation

331 It is the experiment that decides as to the value of a particular theoretical model, especially in 
332 engineering sciences. In this section, the validation of the present model is carried out against i) a 
333 set of cyclic loading tests on the natural Nanjing fine sand with relative density Dr of 50%, and ii) 
334 the wave flume test performed by Sumer et al. (2006c), respectively.
335 With respect to the response of single elements of soil, undrained 2D loading of a soil element is 
336 considered. Note that only a single element is modeled to avoid the discretisation error as the 
337 finite difference program (i.e. FLAC3D code) only integrates the constitutive model over the 
338 prescribed loading path. Incorporating the complex loading boundaries imposed by pipe-seabed 
339 interaction, undrained shear with the continuous rotations of principal stress axes is applied in 

340 conjunction with cyclic change in the deviator stress q (= ). The shearing conditions 2 2z x
zx

-( )
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341 essentially correspond to the undrained triaxial torsional tests of Chen et al. (2016), as graphically 

342 shown in Fig. 5 (i.e. the loading path is an ellipse in space). The constitutive z x
zx
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343 parameters used are listed in Table 1.
344 As plotted in Fig. 6, the predicted soil behaviour conforms well to the experimentally observed 
345 soil behavior at a wide strain range. However, when the soil approaches the liquefied state (i.e.
346 ), the present model tends to deviate slightly from the observed stress-strain loops. This 1n 
347 might be traced back to the cyclic mobility phenomenon of sandy soils close to and during 
348 liquefaction, which results in significant regain in soil shear stiffness and strength (Elgamal et al., 
349 2003). Due to the inability to capture the cyclic mobility, conservative results of soil responses 
350 (including pore pressure and effective stress) might be obtained by the present model. Generally, 
351 the characteristic post-liquefaction response (i.e. amplitude and trend of stress-strain loops) can be 
352 captured by the present constitutive model. Specifically, a more sophisticated volume-shear 
353 coupling model is needed for accurate characterization of post-liquefied state.
354 Sumer et al. (2006c) conducted an experimental study for the pore pressure accumulation and 
355 liquefaction in liquefiable seabed under progressive waves. The model seabed was consisted of silt 
356 (with d50= 0.045 mm) placed in a 0.17 m deep and 0.9 m long box of the testing wave flume. An 
357 8-cm pipe was installed with its center e = 12.5 cm below the seabed surface, which was exposed 
358 to progressive waves and became liquefied. The real-time monitor of pore-water pressure was 
359 carried out in the far field and around the pipe simultaneously.
360 This wave flume test is numerically simulated, using the proposed modeling method. The input 
361 parameters are tabulated in Table 2. Fig. 7 shows the time series of the excess pore pressure at two 
362 locations: at the bottom of the pipe; and in the far field at the same level as the pipe bottom from 
363 the present model and Sumer et al. (2006c). It is seen that the overall trend of the excessive pore 
364 pressure of the present model captures the experimental data well. However, the oscillatory pore 
365 pressure amplitude of the present model is relatively greater than that from the experiment. The 
366 discrepancy might be traced back to the fact that the small-scale experiment has scale effect on the 
367 response of excessive pore pressure, while the numerical model cannot consider this effect. As far 
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368 as the residual pore pressure is concerned, very satisfactory identification can be found in the 
369 present model. This comparison demonstrates the accuracy of the proposed model in predicting 
370 the wave-induced dynamic response of the seabed in the vicinity of pipeline.

371 5 Numerical examples

372 To gain a better understanding of wave-induced liquefaction around a buried pipeline, the 
373 dynamic process of pipe-seabed interactions will be analyzed by means of numerical examples for 
374 the hypothetical case of a pipe with diameter of 2 m installed with its center 1.5 m below the 
375 seabed surface. A silty seabed is concerned with relative density Dr of 50%. The constitutive 
376 parameters are calibrated from the shear stiffness and damping ratio decay curves of a natural 
377 marine silt (as shown in Fig. 8). The input parameters are specified in Table 3.
378 In real ocean environments, ocean waves are generally characterized as nonlinear. Special 
379 attention is therefore paid to the investigations in detail of the influence of nonlinear wave 
380 component upon the wave-pipeline-seabed interaction (Sect. 5.1), the phenomena occurring close 
381 to the pipeline-seabed interface under nonlinear wave loadings (Sect. 5.2) and of the explanations 
382 for causes and consequences of nonlinear wave-induced liquefaction around a pipeline (Sect. 5.3). 

383 5.1 Effect of the nonlinear component of wave loading

384 Fig. 9 plots the distributions of the wave-induced pore pressure versus time (t) under wave 
385 loadings with and without the nonlinear component. As shown in the figure, the pore pressures 
386 along the perimeter of the pipe (i.e. top, side edge and bottom) buildup faster for the case under a 
387 nonlinear wave loading. For example, at the side edge of the pipeline, the accumulation of the 
388 pore pressure occurs intensively and reaches the initial mean normal effective stress (i.e. 
389 liquefaction initiation) at the 26th wave cycle, as compared to the 40th wave cycle for the case 
390 under linear wave loading. In addition, the influence of nonlinear wave component upon the soil 
391 response at the side edge of pipeline is more significant than those at the top and bottom of 
392 pipeline.
393 Fig. 10 further compares the liquefaction process of seabed under waves with and without the 
394 nonlinear component. As expected, the liquefied zone under a nonlinear wave is greater than that 
395 under a linear wave. It is to note that the liquefaction rate is also changed due to the existence of 
396 the nonlinear wave component. Therefore, combining Fig. 9 and Fig. 10, we can conclude that the 
397 wave non-linearity can not be always ignorable, especially upon the soil responses around a buried 
398 pipeline.

399 5.2 Progressive liquefaction of pipeline-seabed system

400 Fig. 10 also schematically shows the liquefaction process of the pipeline-seabed system under 
401 continuous wave loadings. It follows from the results shown in the figure that different 
402 progressive patterns are observed with reference to the nature of the liquefaction zone in the far-
403 field regime and the near-field regime. At the far field, liquefaction initially occurs at the very top 
404 of the seabed, and gradually advances downwards. The nature of the liquefaction zone is indeed 
405 1D pattern along the depth of seabed. The 1Dpattern travels with the wave and reaches a constant 
406 value (in the case under nonlinear wave loading, 2.2 m) after 40 wave cycles. Unlike the 
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407 progressive manner at the far field, the liquefaction initiates, and localizes significantly at the 
408 bottom of the pipe. Since then, the liquefaction spreads out quickly along the perimeter of the pipe 
409 in the upward direction and progressively enters the area of liquefaction at the far field. It is to 
410 note that the maximum liquefaction depth at the bottom of the pipeline reaches a significant 
411 amount of 4.2 m under a nonlinear wave, as compared to 2.2 m at the far field.
412 The residual liquefaction failure of the soil is due to the accumulation of pore pressure. Fig. 11 
413 plots the entire buildup processes of pore pressure along the perimeter of the pipe (i.e. top, side 
414 edge and bottom) and in the far field at the corresponding positions (at the same level) in the case 
415 with the nonlinear wave component. It is seen that the excess pore pressure at the top and side 
416 edge of pipe accumulates practically the same as the corresponding far-field pressures. In contrast, 
417 the discrepancy becomes apparent on the excess pore pressure at the bottom of the pipe and that in 
418 the far field at the same level. At the bottom of the pipe, the accumulation of the pore pressure 
419 occurs intensively at the first several cycles (in this case, the initial 8 wave cycles), and 
420 subsequently reaches the initial mean normal effective stress (i.e. liquefaction initiation). One can 
421 clearly see that the oscillatory pore pressure amplitude is significantly amplified at the bottom of 
422 the pipe during the course of the buildup of excess pore pressure. This is due to the fact that the 
423 present model incorporates the effects of residual pore pressure on the degradation of the soil 
424 stiffness, and in turn on the amplification of the oscillatory component of excessive pore pressure.
425 The progressive liquefaction of the seabed-pipeline system can also be clearly seen in the 
426 effective-stress path of the soils representatively at the bottom of the pipeline and at the 
427 corresponding position in the far field, as shown in Fig. 12. Fig. 12 illustrates that the mean 

428 normal effective stress (= ) follows a general trend of continuous decrease towards the p
+
2

z x  

429 zero stress state at the far-field soils. The fluctuations of the deviator stress q (= ) 2 2-
( )

2
z x

zx
 


 



430 are generally not significant during the wave actions. More complicated situations occur in the 
431 vicinity of the pipeline. The amplitude of the cyclic shear stress progressively reduced in 
432 accordance with decreasing the mean normal effective stress. In fact, the effective stress does not 
433 monotonically decrease the same as the far-field condition. Significant oscillation can be observed 
434 after first 10 wave cycles or so. The associated shear stress decreases dramatically, and eventually 
435 leads to a state of  (indicating the initiation of liquefaction).=z x  

436 5.3 Wave-induced interactions between pipeline and seabed

437 Laboratory evidences indicate that the stress conditions are the fundamental factors that affect the 
438 observed liquefaction susceptibility of saturated sands. In this section, emphasis will be placed on 
439 interpreting the loading characteristics (i.e. initial stress state and cyclic shear stress path) of the 
440 near-field soils induced by the intensive pipeline-seabed interactions under a nonlinear wave.
441 Fig. 13 displays the distribution of the vertical effective stresses of the seabed after primary 
442 consolidation under the gravitational forces. It is seen that the presence of the structure apparently 
443 changes the stress state at the near-field seabed. A significant stress relief at the bottom of the 
444 pipeline occurs during the consolidation process, which is the result of replacement of the soil by 
445 the pipe. Consequently, this improves the susceptibility to liquefaction near the bottom, with 
446 regard to that in the undisturbed region.
447 Fig. 14 shows the variation of the wave-induced shear stress in the seabed in terms of the torsional 
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448 stress  versus the stress difference . As plotted, the cyclic shear stress at the far field xz z x-
2

  

449 follows the typical paths with continuous principal stress rotation at a constant deviator stress in 
450 the stress space of normal stress difference and torsional shear stress as documented by Ishihara 
451 (1983). Nevertheless, the stress path at the pipe bottom is close to a skewed ellipse shape in the 
452 stress space, which implies that the rotation of the principal stress continues in association of 
453 significant change in the deviator stress. Note that the amplitude of the deviator stress is multiplied 
454 from 6 kPa at the far field to 8.14 kPa in this case. 
455 Furthermore, the imposition of initial shear stress condition can be clearly seen in the stress path.
456 In reality, the Cyclic Shear Stress Ratio (CSSR) is generally used as an index for evaluating the 
457 susceptibility to liquefaction of sands under cyclic loading (Ishihara, 1993). Seed and Rahman 
458 (1978) recognized that the CSSR is the dominant factor affecting the wave-induced residual 
459 liquefaction process, which is defined as

0/CSSR p   (25)

460 where = shear stress amplitude, = initial mean normal effective stress. 0p

461 Combining Fig. 13 and Fig. 14, one can see that the CSSR at the pipe bottom is significantly 
462 amplified from that at the far field as a consequence of the intensive pipeline-seabed interactions. 
463 This can explain the influence of the pipeline on the buildup pattern of pore pressure and the 
464 resulting liquefaction in the vicinity of the structure.
465 Finally, the pipeline-seabed interactions can be comprehensively reflected in the stress-strain 
466 response of the soils at the near field. As plotted in Fig. 15, it is to note that high amplitudes of 
467 strain concentrate around the close neighbourhood of the structure. Liquefaction results in nearly 
468 0.46% deviatoric strain in soils underneath the structure, while only 0.1% deviatoric strain is 
469 developed in the far-field soils at the same level (which are indeed not liquefied). Furthermore, 
470 significant degradation of the soil stiffness at the bottom of the pipeline is also observed, due to 
471 the rapid accumulation of pore pressure.

472 6 Conclusions

473 In this study, a simple but workable modeling method is proposed to simulate the wave-induced 
474 liquefaction scenarios around a pipeline within the framework of the Biot’s theory, incorporating 
475 the main features such as relation for the consolidation describing the pore-volume reduction, 
476 nonlinear stress-strain behavior of soil skeleton and soil-pipe contact effect. In this context, we 
477 comprise the implementation of a well-calibrated cyclic soil model for nonlinear and hysteretic 
478 stress-strain behavior, coupled with a semi-empirical shear-volume coupling equation for 
479 capturing the plastic volumetric change. The proposed modeling method is then implemented into 
480 an explicit time matching finite difference analysis procedure and demonstrated with a quality 
481 wave flume test. From the analysis presented in this paper, the following conclusions can be 
482 drawn:
483 1. The main features characterizing the liquefaction process around a pipeline are incorporated 
484 into the proposed model. Retrospective simulation of the wave flume test performed by Sumer 
485 et al. (2006c) using the proposed model show good agreement, calibrating the reliability of the 
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486 modeling method for the prediction of wave-induced liquefaction of seabed and failure 
487 process of the buried pipeline.
488 2. The numerical results indicate that the effects of wave nonlinearity on pore pressure and 
489 liquefaction along a buried pipeline can not be always ignored without significant errors, 
490 especially in association with the nonlinear soil behavior.
491 3. In the vicinity of the pipeline, the liquefaction process has a different progressive manner. 
492 Unlike at the far field, the liquefaction initiates, and localizes significantly at the bottom of the 
493 pipe. Since then, the liquefaction spreads out quickly along the perimeter of the pipe in the 
494 upward direction and progressively enters the area of liquefaction at the far field.
495 4. The intensive pipeline-seabed interactions impose complex loading boundaries at the interface 
496 between the pipeline and the surrounding soil. The Cyclic Shear Stress Ratio (CSSR) in the 
497 vicinity of the pipeline is amplified with respect to that at the far field, which is generally used 
498 as an index for evaluating the susceptibility to liquefaction of sands.
499 5. The nonlinear soil behavior has a significant influence on the soil-structure interaction, 
500 precipitating concentration of strain towards the loading boundaries. High amplitudes of strain 
501 concentrate around the close neighbourhood of the structure, leading to a rapid accumulation 
502 of pore pressure and resulting liquefaction.
503
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Figure captions

Figure 1: Sketch of wave-seabed-pipeline interaction.

Figure 2: Mechanisms of wave-induced excess pore pressures (not in scale).

Figure 3: Schematic illustration of stress-strain behavior in first cycle (starting at time t = 0) and 
subsequent cycle (at time t).

Figure 4: Grid layout of computation domain in detail.

Figure 5: Schematic illustration of loading scheme for single element test.

Figure 6: Measured and calculated cyclic stress-strain loops of the natural Nanjing fine sand in 
cyclic loading test.

Figure 7: Comparison of wave-induced pore pressure response versus time between the present 
model and the wave flume test by Sumer et al. (2006c): a) at the bottom of the pipe; and b) in the 
far field at the same level.

Figure 8: Shear stiffness and damping ratio decay curves of marine silt with Dr = 50%.

Figure 9: Time histories of wave-induced pore pressure along the perimeter of the pipeline under 
wave loadings with and without the nonlinear component: a) at the top; b) at the side edge; and c) 
at the bottom of the pipeline.

Figure 10: Time histories of development of liquefaction zone in the vicinity of the pipeline under 
a linear wave (on the left side) and under a nonlinear wave (on the right side).

Figure 11: Time histories of wave-induced pore pressure along the perimeter of the pipeline and in 
the far field at the corresponding levels under nonlinear wave loading: a) at the top; b) at the side 
edge; and c) at the bottom of the pipeline.

Figure 12: Predicted effective stress path: a) at the bottom of the pipeline; and b) in the far field at 
the same level.

Figure 13: Distribution of initial vertical effective stress in the consolidation status.

Figure 14: Predicted deviatoric stress path: a) at the bottom of the pipeline; and b) in the far field 
at the same level.

Figure 15: Predicted shear stress-strain response: a) at the bottom of the pipeline; and b) in the far 
field at the same level.
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Figure 6
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Figure 7
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Figure 8
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Figure 9
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Figure 10
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Figure 11
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Figure 12
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Figure 13
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Figure 14
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Figure 15
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Table captions

Table 1: Soil parameters used in the model calibration for individual element behavior

Table 2: Input data for model calibration against the wave flume test by Sumer et al. (2006c) 

Table3: Input data for numerical examples
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Table 1

Characteristics     Value

Seabed

Soil porosity (ns)                               0.50

Poisson’s ratio ( ) 0.30

Reference initial shear modulus ( )max 0
refG 5×107(N/m2)

Submerged specific weight of soil ( )  9.2 (kN/m3)

Degree of saturation (Sr) 1

Relative density (Dr)                                                                50%

Davidenkov model parameters

A 1.02

B 0.40

γ0/(×10-4) 4

C1 0.43

C2 0.93
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Table 2

Characteristics Value

Seabed

Soil porosity (ns)                               0.35

Poisson’s ratio ( ) 0.35
initial tangent shear modulus ( )max 0G 5.4×106 (N/m2)

Soil permeability (k) 10-5 (m/s)

Coefficient of lateral earth pressure (K0) 0.41

Submerged specific weight of soil ( )  10.73 (kN/m3)

Degree of saturation (Sr) 1

Grain size (d50)                                                                0.045

Thickness (h) 0.17 (m)

Davidenkov model parameters

A 1.02

B 0.40

γ0/(×10-4) 3.8

C1 0.114

C2 3.5

Wave

Wave Height (H) 16.6 (cm)

Wave period (T) 2.30 (s)

Water depth (d)  42 (cm)

Pipeline characteristics

Outer diameter (D) 8(cm)

Pipe position (e) 5(cm)

Young's modulus (E) 6.9×1010 (N/m2)

Poisson’s ratio ( ) 0.18

Density  (ρ) 2700 (kg/m3)

Buried depth (h) 6.50(cm)
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Table 3

Characteristics Value

Seabed

Soil porosity (ns)                               0.50

Poisson’s ratio ( ) 0.30
initial tangent shear modulus ( )max 0G 6.5×107 (N/m2)

Soil permeability (k) 10-5 (m/s)

Coefficient of lateral earth pressure (K0) 0.42

Submerged specific weight of soil ( )  10 (kN/m3)

Degree of saturation (Sr) 1

Relative density (Dr)                                                                50%

Thickness (h) 30 (m)

Davidenkov model parameters

A 1.03

B 0.50

γ0/(×10-4) 1.81

C1 0.43

C2 0.93

Wave

Wave Height (H) 2 (m)

Wave period (T) 5 (s)

Water depth (d)  5 (m)

Pipeline characteristics

Outer diameter (D) 2(m)

Young's modulus (E) 2.06×1010 (N/m2)

Poisson’s ratio ( ) 0.18

Density (ρ) 2200 (kg/m3)

Buried depth (h) 1.50(m)
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Highlights:

 A cyclic characterization method is proposed for wave-liquefiable seabed-pipeline interactions.

 Shear-volume coupling behavior is incorporated into a well-calibrated cyclic stress-strain model.

 Model calibrations are carried out in terms of soil element behavior and seabed response.

 Typical results on the wave-induced dynamics of pipeline in liquefiable seabed are interpreted.
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