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Highlights

• Cluster analysis of mixed-feature data imposes challenges in mixture mod-

elling.

• Comorbid-conditiongroups inform potential shared biologic processes among

diseases.

• Individuals with heterogeneous comorbidity patterns show different risk

features.

• Regression models improve clustering results by adjustment of relevantrisk

factors.

• This method is applicable for more general mixed data, via consensus

clustering.
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Abstract

In the present era of “Big Data”, data collection involving massive amount of

features with a mix of variable types is commonplace. Mixture model-based

techniques for statistical cluster analysis of mixed numerical and categorical

feature data have their limitations, due to the difficulty in specifying appropriate

component-densities when common multivariate distributions become invalid.

This problem is particularly apparent in applications where the outcome feature

variables are in a categorical form. An example of such an application is the

analysis of binary morbidity data in national health survey, where the aims are

to quantify heterogeneous comorbidity patterns of health conditions and identify

(risk)-features of individuals that explain the heterogeneity. In this paper, we

propose an unsupervised mixture regression model of multivariate generalised

Bernoulli distributions for cluster analysis on the basis of categorical outcome

features and mixed risk features. The proposed method is illustrated using

simulated data and two real data sets concerning comorbidity patterns among

20,788 Australians who participated in the 2007-2008 National Health Survey

(NHS) and among 470 patients who were recruited in a randomised controlled

trial of a health intervention about in-patient detoxification from alcohol, heroin

or cocaine in Boston. The method is also readily applicable to cluster more
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general mixed-feature data via the framework of consensus clustering.

Keywords: Mixture model, mixed feature, cluster analysis, comorbidity,

generalised Bernoulli distribution

1. Introduction

Multivariate mixture models, especially normal mixtures, have been widely

used in statistical pattern recognition as an unsupervised model-based tool to

cluster data in a wide variety of scientific fields, including bioinformatics, bio-

statistics, health, medical imaging, medicine, among many others [1, 2, 3, 4, 5].5

Here, unsupervised pattern recognition refers to the situations where there is

no prior knowledge on the group structure of the underlying population. In the

present era of Big Data, massive data collection in these fields becomes a fact of

the 21st Century science. For example, big data in population health research is

now commonplace, due to increasing information-rich government-based and so-10

phisticated data management and data linking technologies [6]. There has been

an increasing number of large-scale national surveys conducted worldwide to

study important population health problems. Big data collected in these stud-

ies often exhibit a mix of numerical and categorical feature variables (referred

to as mixed or hybrid-attribute data in the pattern recognition literature [7, 8]),15

imposing serious challenges in direct application of conventional unsupervised

mixture model-based clustering methods. When the data are mixed mode, com-

mon multivariate distributions adopted in mixture modelling become invalid. To

this end, a location modelling approach has been considered in both supervised

and unsupervised classification of mixed feature variables [9, 10, 11], where the20

features are split into two feature groups of numerical and categorical variables,

entering into the mixture model via a conditional density structure. However,

this approach becomes intractable when the categorical feature variables have

a large number of distinct patterns (“locations”). This problem is particularly

apparent in applications where it is implausible to split the mixed features into25

numerical and categorical variables; for example, the outcome feature variables
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are in a categorical form and only risk features are in mixed mode. An exam-

ple of such a problem is the analysis of national morbidity data in an attempt

to quantify heterogeneous comorbidity patterns of health conditions among in-

dividuals and identify characterised features of individuals who are at risk of30

poorer health outcomes.

Comorbidity1 is recognised as a serious burden and challenge on the health-

care system in many countries, closely associated with increases in hospitali-

sation, psychological distress, use of health services, mortality and associated

cost, but a decrease in productivity [12, 13, 14, 15]. The synergistic nature of35

comorbidity has a greater impact than is suggested by single disease prevalence

on morbidity burden for individuals and societies. Advanced knowledge to ad-

dress increasingly complex health needs related to comorbidity will be valuable

to inform interventions that will be most effective and viable and improve the

health and wellbeing of individuals in the community.40

In recent years, pattern recognition techniques have been adopted to reveal

heterogeneous comorbidity patterns among individuals, including the use of hi-

erarchical clustering methods [16, 17], latent class analysis [18, 19], mixture

models [20], principal component methods [21], and self-organising maps [22].

However, these methods focus on identifying clusters of individuals with differ-45

ent comorbidity patterns. Exploration of an individual’s characteristics (such

as demographics, socioeconomic status, and lifestyle factors) that differentiate

various comorbidity patterns is often performed via regression models in a post-

hoc approach. Ignoring the misclassification errors in clustering of individuals

may induce serious biases in a subsequent regression analysis. In this paper, we50

extend the work of Ng [20], which used a post-hoc approach described above (see

also [18, 19]), by proposing an unsupervised mixture regression model of multi-

variate generalised Bernoulli distributions to simultaneously cluster individuals

1It is defined as occurrence of other medical conditions in addition to an index condition

of interest. In this paper, comorbidity is generalised to represent co-occurrence of any two or

more health conditions, which is also referred to as multi-morbidity in the literature.
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into groups of different comorbidity patterns and identify relevant risk features

that explain the heterogeneity in the comorbidity patterns. An ultimate goal is55

to investigate the impact of comorbidity patterns on individual health outcomes

and service utilisation. The findings about the nature and patterns of comor-

bidity as well as their synergistic effects on health outcomes will contribute to

the evidence base for improved prevention, treatment and care management for

individuals with multiple conditions.60

The paper is organised as follows: Section 2 introduces how categorical out-

come feature variables are formed on the basis of binary morbidity data for

comorbidity analysis. In Section 3, we present the theory of a mixture regres-

sion modelling framework for unsupervised clustering of individuals to quantify

heterogeneous comorbidity patterns and describe the EM algorithm for the it-65

erative computation of the maximum likelihood estimates of the model param-

eters. In particular, we show that the mixture regression modelling framework

has desirable statistical properties with regards to its flexibility in handling

mixed feature variables. Section 4 demonstrates the application of the proposed

method to two real data sets concerning comorbidity patterns among 20,78870

Australians who participated in the 2007-2008 NHS and among 470 patients

who were recruited to undergo in-patient detoxification from alcohol, heroin or

cocaine. In Section 5, we present simulation studies to assess the performance

of the unsupervised mixture regression model under finite samples. Section 6

ends the paper with concluding remarks and discussion.75

2. Formation of categorical outcome variables via cluster analysis

Let n be the number of individuals and m the number of health conditions.

We let yj = (y1j , . . . , ymj)
T (j = 1, . . . , n) the vector containing the features

that are considered as outcome (or response) variables, where the superscript T

denotes vector transpose. And there are q risk feature variables x1j , . . . , xqj that80

are associated with the jth individual (j = 1, . . . , n), taking either numerical

or categorical forms. In comorbidity analysis, yij (i = 1, . . . ,m) are one or

4



ACCEPTED MANUSCRIPT

ACCEPTED M
ANUSCRIP

T

zero, indicating the presence or absence of the ith health condition for the jth

individual (j = 1, . . . , n). Cluster analysis based on m-dimensional morbidity

data and q-dimensional risk feature vectors can be adopted to reveal clusters85

of individual with different morbidity patterns. However, this approach is only

applicable when the number of health conditions m is small, such as m = 5

considered in [23] with the use of a latent class analysis. In applications where

the number of health conditions is large (this is common in national survey

data), there are problems in model selection about the number of clusters as90

well as in the quality of clustering results due to high-dimensional data analysis

issues [20].

Another issue of statistical cluster analysis on the basis of full m-dimensional

morbidity data concerns the difficulty in the interpretation of comorbidity pat-

terns involving all m health conditions. Many comorbidity studies in popula-95

tion health attempt to quantify “non-random” comorbidity of health conditions,

which is more informative to view health condition groups. The associations be-

yond chance can also ascertain comorbid conditions with potential shared risk

factors or common biologic processes [24, 25]. Furthermore, health conditions

that show significant non-random associations are more relevant as their co-100

occurrence is expected to have more substantial impact on treatment outcomes

compared to those conditions with minimal interaction [26, 27].

Here we extend the three-step non-parametric clustering method proposed

in [14] to identify groups of comorbid conditions. This method adjusts for

comorbidity by chance and control for the false discovery rate (FDR). The105

procedure is summarised in Algorithm 1 below. An R-coded computing program

is available on request from the corresponding author.

As it is plausible that health conditions can belong to more than one group si-

multaneously, overlapping groups of health conditions identified using Algorithm

1 is more realistic in practice [13, 14]. However, for subsequent clustering of in-110

dividuals, it is required to convert the overlapping groups into non-overlapping

groups of comorbid health conditions. To this end, we first define (a) the “clos-

est” health condition, for a given condition, as the one with which the pairwise
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Algorithm 1 Clustering method to identify groups of comorbid conditions.

Input: Morbidity data represented by a n×m (0,1) binary matrix.

1. Calculate asymmetric Somers’ D statistic to quantify the degree of non-random

comorbidity between all paris of conditions (represented by a m×m matrix).

2. Assess significance of Somers’ D statistics using a permutation approach to

obtain the null distribution of Somers’ D statistics and the Benjamini-Hochberg

method [28] to control for FDR at level α (significance represented by a

m×m (0,1) matrix denoted as M).

3. Search in matrix M to identify groups of comorbid conditions, in which all

conditions in a group significantly coexist with one another (i.e. corresponding

elements in M are all 1).

Output: Overlapping groups of health conditions represented by a m× s (0,1)

matrix, where s denotes the number of overlapping groups.

Somers’ D statistic is maximum and significant; and (b) the strength of comor-

bidity among health conditions in a group as the average of Somers’ D statistics115

for all pairs of conditions belonging to the group. The proposed conversion pro-

cedure is summarised in Algorithm 2, with the basic idea that a given health

condition and its closest condition should form a comorbid pair and belong to

the same non-overlapping groups.

Unlike overlapping condition groups, non-overlapping groups of comorbid120

conditions formed using Algorithm 2 and denoted as G1 to Gp do not necessarily

coexist significantly with all members in the same group. Those non-overlapping

groups that preserve this property are named as a “closed” non-overlapping

group of conditions.

With Algorithms 1 and 2, the original morbidity data matrix is reduced from125

a n ×m matrix to a n × p matrix (p < m), which presents individual comor-

bidity patterns given by the p non-overlapping groups of comorbid conditions.

Precisely, let yj = (y1j , . . . , ypj)
T denote the categorical outcome feature vector
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Algorithm 2 Conversion to non-overlapping groups of comorbid conditions.

Input: Overlapping groups of conditions represented by a m× s (0,1) matrix.

1. Calculate strength of comorbidity for each overlapping condition group and

then rank the condition groups in a decreasing order of strength.

2. Start with the group with the highest strength and link the closest pairs of

conditions together.

3. Repeat (2) to link the closest pairs of conditions together until

all condition groups are visited.

4. Name those unlinked conditions as a “singular” group, containing only a

single condition.

Output: Non-overlapping groups of health conditions represented by a m× p (0,1)

matrix, where p denotes the number of non-overlapping groups.

containing p indicator variables for the jth individual (j = 1, . . . , n). Also, let

yij =





0 if absence of conditions in the ith group

1 if presence of one condition in the ith group

2 if presence of more than one condition in the ith group

(1)

for i = 1, . . . , p); see, for example, [20]. That is, yij can take on di distinct labels130

as defined in (1), according to individual patterns of comorbidity with respect to

the absence or presence of 1 (or >1) condition(s) in the ith group (i = 1, . . . , p).

It is noted that changing the values for the labels of yij in (1) will not affect

the clustering results, as long as the change is consistent for each individual.

In other applications, the number of labels di should be chosen such that there135

are sufficient observed counts in all di categories for consistent estimation of the

corresponding probabilities for each label.
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3. Theory of a mixture regression modelling framework for revealing

heterogeneous comorbidity patterns

Here we cluster individuals on the basis of the outcome feature vectors140

(y1j , . . . , ypj)
T and the risk feature vectors (x1j , . . . , xqj) for j = 1, . . . , n. With

the mixture model-based approach, the observed p-dimensional outcome feature

vectors yj (j = 1, . . . , n) are assumed to have come from a mixture of a finite

number, say g, of components, where each feature vector yj is taken to be a

realisation of the mixture probability density function defined by145

f(yj ,xj ; Ψ) =

g∑

h=1

πh(xj ;α)fh(yj ;θh) (2)

for j = 1, . . . , n, where the mixing proportion πh(xj ;α) depends on xj asso-

ciated with the feature vector yj and fh(yj ;θh) denotes the hth component

density. In (2), Ψ is the vector of unknown parameters in the mixture regres-

sion model including those in the mixing proportions α and the component

densities θh (h = 1, . . . , g).150

For statistical pattern recognition of comorbid health conditions, yij is an

indicator variable for the ith group of comorbid conditions (j = 1, . . . , n).

Subsequently, each component-density fh(yj ;θh) is specified by a multivari-

ate generalised Bernoulli distribution consisting of one draw on di labels with

probabilities θi1h, . . . , θidih for each comorbidity group i = 1, . . . , p, and where155

θidih = 1−∑di−1
l=1 θilh; see, for example, [20]. With the independence assumption

of categorical variables y1j , . . . , ypj , it follows that (2) becomes

f(yj ,xj ; Ψ) =

g∑

h=1

πh(xj ;α)

p∏

i=1

di∏

l=1

θ
I(yij ,l)
ilh , (3)

where I(yij , l) is an indicator function which equals to one if yij = l − 1 and is

zero otherwise (j = 1, . . . , n; l = 1, . . . , di).

In (3), the risk features xj are incorporated into the mixing proportions160

to model individual probabilities of membership of the g components, where

the first element of xj is assumed to be one to account for an intercept term
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(j = 1, . . . , n). Specifically, the mixing proportions are modelled via a logistic

model as

πh(xj ;α) =
exp(vThxj)

1 +
∑g−1

l=1 exp(vTl xj)
(4)

for h = 1, . . . , g − 1 and πg(xj) = 1 − ∑g−1
l=1 πl(xj), where α contains the165

elements in vh, which are unknown constants representing the log odds ratio

of component membership for each risk feature in xj [4, 29]. The regression

model presented in (4) is flexible to handle mixed feature variables, as the risk

features xj can be numerical or categorical. In cluster analysis of complex data

that exhibit hierarchical structures (such as patient data nested in hospitals),170

random-effect terms can be incorporated in (4) to model the correlation among

observations obtained within a higher-level unit such as hospital [3, 4].

For identifiability of the mixture regression model (3), three sufficient con-

ditions are required: (a) the matrix (x1, . . . ,xn)T is of full rank; see [1], (b)

the dimension p is sufficiently large such that p ≥ 2 logd g + 1, where d is the175

minimum value of di (i = 1, . . . , p); see [30], and (c) the dimension of the pa-

rameter space for Ψ is not larger than that of the observed sample space. That

is, g
∑p

i=1(di − 1) + g − 1 ≤ S − 1, where S is the number of distinct observed

patterns of yj ; see [20].

Maximum likelihood (ML) estimates of Ψ can be obtained using the EM180

algorithm [31]. Let z1, . . . ,zn denote the unobservable component-indicator

vectors, where the hth element zhj of zj is taken to be one or zero according as

the jth observation yj does or does not come from the hth component. On the

(k+1)th iteration of the EM algorithm, the E-step calculates the current condi-

tional expectation of the random variable Zhj given the observed feature vectors185

y1, . . . ,yn and associated risk feature vectors x1, . . . ,xn. This is the current

posterior probability of component membership denoted by τh(yj ,xj ; Ψ
(k)),

which is equal to

πh(xj ;α
(k))

∏p
i=1

∏di

l=1 θ
(k)
ilh

I(yij ,l)

∑g
m=1 πm(xj ;α(k))

∏p
i=1

∏di

l=1 θ
(k)
ilm

I(yij ,l)
(5)

for h = 1, . . . , g; j = 1, . . . , n. The M-step consists of two separate maximisation
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problems for α and θh (h = 1, . . . , g). The updated estimate of α(k+1) is190

obtained by solving

n∑

j=1

g∑

h=1

τh(yj ,xj ; Ψ
(k))

∂ log πh(xj ;α)

∂α
= 0, (6)

where the MINPACK routine HYBRD1 [32] can be adopted to find a solution to

(6). The updated estimates of θ
(k+1)
h exist in closed form under the multivariate

generalised Bernoulli component densities (3), where we have

θ
(k+1)
ilh =

∑n
j=1 I(yij , l)τh(yj ,xj ; Ψ

(k))
∑di

c=1

∑n
j=1 I(yij , c)τh(yj ,xj ; Ψ

(k))
(7)

for i = 1, . . . , p; l = 1, . . . , di − 1, and h = 1, . . . , g, and where θ
(k+1)
idih

= 1 −195

∑di−1
l=1 θ

(k+1)
ilh for h = 1, . . . , g. The E- and M-steps are alternated repeatedly

until convergence, which is indicated by the difference in the log likelihood values

being less than 1×10−8 of the absolute value of the previous log likelihood [31].

The EM algorithm is implemented from a variety of initial values for the

parameter vector Ψ in an attempt to locate all local maxima of the likelihood200

function. In particular, initial values of θi1h, . . . , θi(di−1)h for h = 1, . . . , g and

i = 1, . . . , p are generated randomly and independently from a uniform distribu-

tion U(0, 1), while keeping the constraint that
∑di

l=1 θilh = 1 with all θilh being

positive (i = 1, . . . , p).

An outright or hard clustering of n individuals into g clusters can be effected205

by assigning each individual to the component to which it has the highest es-

timated posterior probability of component membership τh(yj ,xj ; Ψ̂), where

Ψ̂ is the ML estimate of Ψ; see [1]. The standard errors of the elements of Ψ̂

can be obtained by the bootstrap resampling method with replacement, whereas

model selection with the Bayesian information criterion (BIC) can be adopted to210

determine the number of components in the mixture regression model [1]. The

key procedure for the mixture regression modelling framework is summarised in

Algorithm 3. A Fortran program for cluster analysis using the proposed mixture

regression model of multivariate generalised Bernoulli distributions is available

on request from the corresponding author.215
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Algorithm 3 Cluster analysis using mixture regression models.

Input: Categorical indicator variables yij represented by a n× p matrix, along

with risk variables xlj represented by a n× q matrix.

1. Initialisation (k = 0): generate starting values of θilh independently from U(0, 1)

with constraints (see text); for α, start vh with 0 except the coefficients for the

intercept terms, which can be determined using a mixture model without

covariates xlj .

2. E-step: given current estimates Ψ(k), calculate τh(yj ,xj ; Ψ
(k)) the conditional

expectation of Zhj given yj and xj .

3. M-step: obtain α(k+1) by solving the non-linear equation (6) using HYBRD1

and obtain θ
(k+1)
ilh using (7).

4. Repeat (2) and (3) until convergence (see text).

5. Calculate standard errors of Ψ̂ using the bootstrap resampling method with

replacement (see text).

Output: An outright clustering of n individuals into g clusters based on the

estimated posterior probabilities τh(yj ,xj ; Ψ̂) and, simultaneously, the relevant

risk features xlj that explain the heterogeneity (based on the estimated log odds

ratio of component membership v̂h).

4. Examples: Australian NHS data and Boston HELP RCT data

The 2007-2008 Australian NHS was conducted by the Australian Bureau of

Statistics (ABS) from July 2007 to June 2008 [33], collecting information about

the prevalence of current long-term conditions (which were defined as medical

conditions that were current at the time of the survey and that had lasted or220

expected to last for at least six months) from 20,788 Australians. The NHS data

in Confidentialised Unit Record Files (CURFs) are available on the ABS web-

site [34] at http://www.abs.gov.au/ausstats/abs@.nsf/mf/4324.0. Twenty-

five conditions were considered in this example. We adopted the three-step

clustering method (Algorithm 1) described in Section 2 to quantify non-random225
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Table 1: Overlapping groups of comorbid conditions (NHS 2007-08 data).

Group of medical conditions Strength

Cholesterol, angina, oedema, hypertension, osteroarthritis, osteroporosis 0.264

Diabetes, cholesterol, angina, oedema, hypertension, osteroarthritis, gout 0.245

Angina, oedema, hypertension, disc disorder, osteroarthritis 0.231

Thyroid, cholesterol, hypertension, osteroarthritis, osteroporosis 0.224

Cholesterol, hypertension, hernia, osteroarthritis 0.222

Anxiety, depression, mood disorder 0.214

Bronchitis, osteroarthritis, osteroporosis 0.206

Hayfever, sinusitis, asthma, food allergy 0.191

Mood disorder, hayfever, sinusitis, bronchitis, asthma 0.187

Hypertension, osteroarthritis, Rheumatoid 0.177

Mood disorder, migraine, hayfever, sinusitis, bronchitis 0.168

Hypertension, hernia, disc disorder, osteroarthritis 0.160

Sinusitis, bronchitis, osteroporosis 0.156

Depression, mood disorder, migraine, hayfever, sinusitis 0.153

Mood disorder, sinusitis, bronchitis, disc disorder 0.138

Depression, mood disorder, migraine, hayfever, back pain 0.130

Depression, mood disorder, sinusitis, disc disorder 0.122

Anaemias, mood disorder, migraine, sinusitis 0.117

comorbidity (beyond chance) using the Somers’ D statistic and cluster the 25

conditions into 18 overlapping groups of comorbid conditions; see Table 1 for

the overlapping groups sorted in the order of the strength of comorbidity. The

false discovery rate was controlled at α = 0.001 level (such that the expected

number of false positive among these significant pairs of medical conditions is230

less than 1); see [14].

With the conversion procedure in Algorithm 2, the non-overlapping groups

of comorbid conditions were formed and were displayed in Figure 1 using the
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Figure 1: Significant non-random comorbidity between 25 medical conditions (nodal size is

proportional to the number of conditions that are significantly comorbid with the condition;

bolded lines link the “closest” pairs of conditions).

UCINET6 for Windows [35]. Accordingly, we had seven (p = 7) non-overlapping

groups of conditions, which were G1: {Diabetes, cholesterol, angina, oedema,235

hypertension, gout}; which was closed as defined in Section 2; G2: {Thyroid,

hernia, disc disorder, osteroarthritis, rheumatoid, osteroporosis}; G3: {Anaemias,

anxiety, depression, mood disorder, back pain}; G4: {Migraine, hayfever, si-

nusitis, food allergy}; G5: {Bronchitis, asthma}; and two singular groups G6

(Dermatitis) and G7 (Psoriasis). The numbers of distinct labels for these p = 7240

groups of comorbid conditions were therefore di = 3 for i = 1 to 5 and di = 2

for i = 6 and i = 7.

In this example, we considered nine demographic/lifestyle and health-related

risk features as represented by xj in the mixing proportions (4). These risk fea-

tures were: gender, age per 10 years, country of birth (Australia as reference,245

against English speaking countries or Other), education (does not have a non-

school qualification versus has a non-school qualification), marital status (not

married versus married including de facto), smoking habit (never smoked daily

13
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(d) Cluster 4 (10.4%)
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Figure 2: Probabilities of the presence of one condition (light grey bar) or more than one

condition (dark grey bar) in the seven comorbidity groups (G1 to G7) for NHS 2007-08 data.

versus current/past daily smoker), consumption of fruit/vegetable (did not meet

recommended guidelines versus recommended guidelines met), private health in-250

surance (not covered versus covered), and main language spoken at home (Other

language versus English only). The proposed mixture regression model of mul-

tivariate generalised Bernoulli distributions (Algorithm 3) was then fitted to the

data matrix with n = 15, 868, p = 7, and q = 11 (including an intercept term in

xj), corresponding to all participants 15 years and over, with completed infor-255

mation on all risk features considered. The standard errors of the ML estimates

Ψ̂ were obtained by 100 bootstrap replications. Model selection using the BIC

indicated that there were four clusters. This four-component mixture model

was identifiable, as the three sufficient conditions for identifiability described in

Section 3 were all satisfied. Figure 2 displays the patterns of probabilities of260
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yij = 1 (the presence of one condition) and yij = 2 (the presence of more than

one condition) in the p = 7 comorbidity groups, G1 to G7 as described above, for

the four clusters. It can be seen that the marjority of the participants (44.2%)

belonged to Cluster 1 that consisted of individuals with relatively low levels

of comorbidity in all groups of comorbid conditions. About 31.1% of partici-265

pants belonged to Cluster 2, where individuals had high levels of comorbidity in

condition groups G1 (diabetes, cholestoral, angina, oedema, hypertension, and

gout). There were about 14.3% of participants belonged to Cluster 3, having

high levels of comorbidity in condition groups G3 (anaemias, anxiety, depres-

sion, mood disorder, and back pain) and G4 (migraine, hayfever, sinusitis, and270

food allergy). Finally, Cluster 4 (10.4%) consisted of participants who had rel-

atively high levels of comorbidity in all groups of conditions, particularly G2

(thyroid, hernia, disc disorder, osteroarthritis, rheumatoid, and osteroporosis),

except G6 and G7.

Table 2 presents the adjusted odds ratios (ORs) of belonging to Cluster 2275

(high level of comorbidity in G1), Cluster 3 (high level of comorbidity in G3 and

G4), and Cluster 4 (very high level of comorbidity) relative to those in Cluster

1 for the nine risk features. From Table 2, older participants not married and

without private health insurance had increased chances of a high level of co-

morbidity with reference to all Clusters 2 to 4. On the other hand, participants280

who were borned in overseas, spoke other language at home, or never smoked

daily were more likely to have a low level of comorbidity. High comorbidity

clusters of participants (Clusters 2 to 4) showed somewhat different risk fea-

tures. High level of comorbidity in cardiovascular and metabolic diseases (G1)

was characterised by Cluster 2, appearing more frequently among men than285

women (adjusted OR: 2.309, 95% CI: 2.27, 2.38), without non-school qualifica-

tion (adjusted OR: 1.239, 95% CI: 1.21, 1.27). Alternatively, the high level of

comorbidity in mental health disorders and hayfever/allergy problems (charac-

terised by Cluster 3) was more prominent among women (adjusted OR: 2.518,

95% CI: 2.47, 2.56), with higher education (having non-school qualification; ad-290

justed OR: 1.344, 95% CI: 1.32, 1.37) but low consumption of fruit or vegetable

15



ACCEPTED MANUSCRIPT

ACCEPTED M
ANUSCRIP

T

Table 2: Adjusted OR (95% CI) of belonging to high comorbidity clusters (4-component

mixture regression model for NHS 2007-08 data).

Risk factor Adjusted OR (95% CI) relative to Cluster 1 (low comorbidity)

Cluster 2 (31.1%) Cluster 3 (14.3%) Cluster 4 (10.4%)

Female 0.433∗ (0.42, 0.44) 2.518∗ (2.47, 2.56) 1.850∗ (1.79, 1.91)

Age per 10 years 6.301∗ (6.26, 6.34) 1.396∗ (1.39, 1.40) 8.217∗ (8.14, 8.30)

Country of birth

Australia Reference Reference Reference

English-speakinga 0.648∗ (0.61, 0.69) 0.606∗ (0.58, 0.64) 0.599∗ (0.56, 0.64)

Other 0.929∗ (0.87, 0.99) 0.454∗ (0.42, 0.49) 0.601∗ (0.56, 0.64)

No non-school

qualification 1.239∗ (1.21, 1.27) 0.744∗ (0.73, 0.76) 1.072∗ (1.05, 1.10)

Not married 1.047∗ (1.02, 1.07) 1.324∗ (1.30, 1.35) 1.188∗ (1.15, 1.23)

Never smoked daily 0.540∗ (0.53, 0.55) 0.623∗ (0.61, 0.63) 0.467∗ (0.46, 0.48)

Low consumption of

fruit/vegetable 0.917∗ (0.87, 0.97) 1.270∗ (1.18, 1.36) 0.772∗ (0.72, 0.82)

No private health

insurance 1.213∗ (1.18, 1.24) 1.252∗ (1.24, 1.27) 1.491∗ (1.45, 1.54)

Other language spoken

at home 0.758∗ (0.67, 0.86) 0.281∗ (0.21, 0.37) 0.933 (0.80, 1.09)

a English-speaking countries include Canada, Ireland, New Zealand, South Africa,

United Kingdom, and United States of America.

(adjusted OR: 1.270, 95% CI: 1.18, 1.36). The highest level of comorbidity in

most condition groups was characterised by Cluster 4, where the major risk

factors were age (adjusted OR: 8.217 per 10-year increase of age, 95% CI: 8.14,

8.30) and daily smoking habit (adjusted OR: 2.141, 95% CI: 2.08, 2.17).295

Comparisons of results obtained by the proposed method and some existing

methods are given in the Appendix. It can be observed that these existing

methods were less efficient, leading to estimates with wider confidence intervals
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and somewhat different findings compared with those presented in Table 2.

In the second example, we considered the morbidity data of Samet et al. [36]300

concerning a randomised controlled trial of a multi-disciplinary health interven-

tion. The data set is available at https://vincentarelbundock.github.io/

Rdatasets/datasets.html as “HELPfull”, consisting of 470 patients who was

undergoing in-patient detoxification from alcohol, heroin or cocaine in a sin-

gle free-standing residential detoxification unit in Boston between June 1997305

and April 1999. The aim of the original study was to assess the effectiveness

of an intervention involving a clinical evaluation in the Health Evaluation and

Linkage to Primary care (HELP) clinic by a multi-disciplinary team of a nurse,

social worker and physician for facilitating referral to an off-site primary care

clinic [36].310

In this illustration, we focus on pattern recognition of comorbid health con-

ditions at baseline among these 470 patients (mean age 35.8 years, ranging

from 18 to 60; 76.4% male). Morbidity data on thirteen conditions at base-

line were collected through self-report questionnaires. The prevalence rates in

decreasing order of these thirteen conditions were: asthma/emphysema/chronic315

lung disease (20.0%), high blood pressure (16.4%), chronic liver disease (11.9%),

epilepsy/seizure/convulsion (11.1%), osteoarthritis/chronic arthritis (7.7%), pe-

ripheral neuropathy (3.2%), myocardial infarction (2.8%), other heart disease

(1.9%), diabetes (1.7%), cancer (1.3%), congestive heart failure (1.1%), stroke

(0.9%), and kidney failure (0.4%).320

We adopted the three-step clustering method (Algorithm 1) to quantify non-

random comorbidity (beyond chance) using the Somers’ D statistic. In this

example, only eight pairs of conditions with significnat non-random comorbidity

were found (Table 3), with the false discovery rate controlled at α = 0.1 level.

Figure 3 displays the non-overlapping groups of comorbid conditions. From325

Figure 3 and Table 3, we had p = 7 groups of comorbid conditions. The biggest

group G1 contained CHF, arthritis, stroke, and HBP. Three other groups are

(G2: asthma and neuropathy), (G3: MI and other heart disease), and (G4:

epilepsy and cancer). The remaining three groups contained a single condition,
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Table 3: Eight pairs of conditions with significant non-random comorbidity (Boston HELP

data).

Pair of conditions Somers’ D statistic

CHF HBP 0.643

CHF Arthritis 0.529

CHF Stroke 0.494

Asthma Neuropathy 0.482

Arthritis Stroke 0.427

MI Other heart disease 0.425

Arthritis Neuropathy 0.403

Epilepsy Cancer 0.394

Notations: CHF - congestive heart failure; HBP - high blood pressure; MI - myocardial

infarction.

Figure 3: Significant non-random comorbidity between thirteen conditions (nodal size is pro-

portional to the number of conditions that are significantly comorbid with the condition;

bolded lines link the “closest” pairs of conditions).
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Figure 4: Probabilities of the presence of one condition (light grey bar) or more than one

condition (dark grey bar) in the seven comorbidity groups (G1 to G7).

corresponding to chronic liver disease (G5), diabetes (G6), and kidney failure330

(G7). Thus, the numbers of distinct labels for these p = 7 groups of comorbid

conditions were di = 3 for i = 1 to 4 and di = 2 for i = 5 to 7.

In our analysis, q = 6 risk features including an intercept term were taken

as xj in the mixing proportions (4). The five risk features were: gender,

age in years (mean-centered), marital status (separated/divorced versus mar-335

ried/widowed/never married), usual employment pattern in last 6 months (un-

employed versus employed/student/control environment), and the primary sub-

stance of abuse (drug including heroin, cocaine, or marijuana versus alcohol).

The proposed mixture regression model of multivariate generalised Bernoulli

distributions (Algorithm 3) was then fitted to the data matrix with n = 470,340

p = 7, and q = 6, with completed information on all risk features considered.

The standard errors of the ML estimates Ψ̂ were obtained by 100 bootstrap

replications. Model selection using the BIC indicated that there were two clus-

ters. This two-component mixture model was identifiable, as the three sufficient

conditions for identifiability were all satisfied. Figure 4 displays the patterns345

of probabilities of yij = 1 (the presence of one condition) and yij = 2 (the

presence of more than one condition) in the p = 7 comorbidity groups, G1 to

G7 as described above, for the two clusters. It can be seen that the marjority
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Table 4: Adjusted OR (95% CI) of belonging to high comorbidity cluster (2-component mix-

ture regression model).

Risk factor Adjusted OR (95% CI)

Female 1.374∗ (1.003, 1.882)

Age 1.130∗ (1.127, 1.133)

Separated/divorced 1.018 (0.722, 1.435)

Unemployed (last 6 months) 1.593∗ (1.199, 2.116)

Drug-abuse 0.397∗ (0.282, 0.558)

of the patients (70.0%) belonged to Cluster 1 that consisted of individuals with

low levels of comorbidity in all groups of comorbid conditions. About 30.0% of350

patients belonged to Cluster 2, where individuals had high levels of comorbid-

ity in condition groups G1 to G4 and morbidity in G5. Table 4 presents the

adjusted ORs of belonging to Cluster 2 (high level of comorbidity) relative to

those in Cluster 1 for the five risk factors. From Table 4, females (adjusted OR:

1.374, 95% CI: 1.003, 1.882), older patients (adjusted OR per year increase of355

age: 1.130, 95% CI: 1.127, 1.133), or unemployed patients (adjusted OR: 1.593,

95% CI: 1.199, 2.116) were more likely to have a high level of comorbidity. But

patients with the primary substance of drug abuse were less likely to have a

high level of comorbidity compared to those with alcohol-abuse (adjusted OR:

0.397, 95% CI: 0.282, 0.558).360

In the Appendix, we presented comparisons of results obtained by the pro-

posed method and some existing methods for the Boston HELP RCT data set.

Similar to the first example, the results showed that these existing methods

were less efficient and gave somewhat different findings compared with those

presented in Table 4.365

5. Simulation study

We assessed the performance of the mixture regression model of multivari-

ate generalised Bernoulli distributions (3) via statistical pattern recognition of
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simulated morbidity data. We assumed a setting of p = 6 condition groups, G1

to G6, from n = 500 individuals, with g = 2 components corresponding to low370

and high levels of comorbidity, respectively. The number of distinct labels for

the p = 6 comorbidity groups was assumed to be (3, 3, 2, 2, 2, 2), respectively. It

means that for the first two comorbidity groups, yij can take on either 0, 1, or

2, corresponding to the absence, presence of 1, or presence of >1 condition(s),

respectively; see (1). Each of the last four comorbidity groups contains a single375

condition only, hence yij can take on either 0 or 1. In addition, we considered

risk features in the mixing proportion πh and assumed xj (j = 1, . . . , n) were

three-dimensional vectors (q = 3), with the first element equal to one to ac-

count for an intercept term. The setting of this simulation study ensures that

the corresponding mixture regression model is identifiable. It is noted that other380

settings for the comorbidity groups can be considered, but they should not alter

the conclusion of the simulation study.

In the simulation, continuous two-dimensional vectors were generated inde-

pendently from N(0, I2) to form the last two elements of xj , where I2 is a two-

dimensional identity matrix. Realisations of Z were then simulated in which an385

individual has a probability of π1(xj ;α) to be from the first component and has

a probability of (1−π1(xj ;α)) to be from the second component; see (4). Given

zhj , p-variate categorical random variables were then generated independently

from the generalised Bernoulli distribution with probabilities θi1h, . . . , θidih for

i = 1, . . . , 6 separately (h = 1, 2). The chosen parameter values for v1, θ1,390

and θ2 in the mixing proportion and the component densities, respectively,

corresponded to the situation where the (larger) first component consisted of

individuals with a low level of comorbidity in all condition groups G1 to G6 (i.e.

θi11 were all close to 1 for all i = 1, . . . , 6). The (smaller) second component

consisted of individuals with a high level of comorbidity in G2 (i.e. θ212 and395

θ222 were close to 0) and morbidity in G4 to G6 (i.e. θi12 for i = 4, 5, 6 were

relatively small).

We considered two different sets of parameter values of v1 that related the

risk features xj in the mixing proportions. There were 10 replications conducted
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Table 5: Estimated biases and standard errors of the ML estimators for the mixture regression

model of multivariate generalised Bernoulli distributions.

Parameter True Average Sample True Average Sample

value bias S.E. value bias S.E.

Set 1 Set 2

v11 0.5 -0.0131 0.1129 1.0 -0.0221 0.1193

v12 0.2 0.0187 0.0769 0.5 0.0326 0.0971

v13 -0.2 -0.0101 0.1139 -0.5 0.0100 0.1543

θ111 0.85 0.0022 0.0218 0.85 -0.0012 0.0250

θ121 0.10 0.0010 0.0156 0.10 0.0047 0.0192

θ211 0.80 -0.0120 0.0266 0.80 -0.0034 0.0332

θ221 0.15 0.0047 0.0216 0.15 -0.0026 0.0286

θ311 0.90 -0.0007 0.0138 0.90 0.0017 0.0120

θ411 0.95 -0.0035 0.0116 0.95 -0.0029 0.0109

θ511 0.95 0.0066 0.0144 0.95 0.0048 0.0149

θ611 0.90 -0.0030 0.0143 0.90 0.0004 0.0144

θ112 0.75 -0.0090 0.0356 0.75 -0.0050 0.0354

θ122 0.20 0.0054 0.0305 0.20 0.0013 0.0343

θ212 0.10 -0.0027 0.0221 0.10 -0.0061 0.0365

θ222 0.10 -0.0003 0.0222 0.10 0.0056 0.0171

θ312 0.80 0.0073 0.0196 0.80 0.0050 0.0291

θ412 0.20 0.0063 0.0423 0.20 0.0075 0.0320

θ512 0.10 -0.0181 0.0275 0.10 -0.0167 0.0359

θ612 0.30 0.0073 0.0345 0.30 0.0040 0.0520

in each setting. The performance of the proposed model was evaluated based400

on the average bias of the estimators and their sample standard errors (S.E.).

Simulation results were provided in Table 5. It can be seen that no apprecia-

ble bias was observed in the estimation of v1, θ1, and θ2 in both simulation
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settings, confirming the applicability of the mixture regression model for statis-

tical pattern recognition of comorbidity data and identification of relevant risk405

features in small sample situations.

6. Discussion

We have developed an unsupervised mixture regression model of multivari-

ate generalised Bernoulli distributions to handle the problems in statistical pat-

tern recognition, where clustering of individuals is performed on the basis of410

categorical outcome features and mixed risk features. In contrast to post-hoc

approaches, this new method simultaneously clusters individuals into groups ac-

cording to individual patterns in the categorical outcome features and identifies

significant risk features that explain the heterogeneity in outcome patterns. As

illustrated with an application to comorbidity analysis, the proposed method415

enables direct evaluation of individual’s risk features that are relevant to dif-

ferentiate patterns of comorbid health conditions among individuals. By incor-

porating individual’s characteristics with morbidity information in the mixture

regression model, it implies that the prior probabilities of cluster membership

are not the same for all individuals. This improves the overall clustering perfor-420

mance by presenting an “adjusted” clustering of individuals that accounts for

the adjustment of comorbidity patterns with significant risk features. The appli-

cability of the proposed method has been demonstrated using two real examples

and simulated data in Sections 4 and 5, respectively.

Individuals with multiple chronic conditions are always associated with poor425

health outcomes including quality of life, higher health service use and mortality

rate. Identification of heterogeneous comorbidity patterns is valuable to improve

our understanding about which comorbid conditions are more persistent and to

study their role in the influence of health outcomes and service utilisation [24],

along with potential gender differences in comorbidity patterns of conditions and430

the corresponding health service use (such as, higher prevalence of comorbid-

ity and health care expenditure among men than women in cardiovascular and
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metabolic diseases [37, 38]; see also the results presented in Table 2). This ad-

vanced knowledge will contribute to address increasingly complex health needs

related to patients with comorbid conditions by identification of patients at risk435

of poorer health outcomes and where interventions will be most effective and

viable.

Various approaches have been proposed to cluster mixed data structures

with numerical and categorical features in the pattern recognition literature; see,

for example, [39, 40]. These methods usually attempt to transform numerical440

variables into categorical features or to compute a similarity metric that is

applicable to mixed features. In contrast, the proposed method emphasises the

use of a mixture regression modelling framework, which is flexible to allow for

inclusion of mixed feature variables in the mixture models for cluster analysis of

complex data including longitudinal or repeated measures data [29]. As shown in445

the theory presented in Section 3, the M-step exists in closed form for updating

θ
(k+1)
h . Although the M-step for α(k+1) requires the MINPACK routine to solve

the non-linear equation in (6), the time complexity of this procedure is often

mild as it is undertaken once in each iteration [1, 2, 4].

The proposed regression method can be readily applicable to statistical pat-450

tern recognition of Big Data with a more general mixed-feature data via the

framework of consensus clustering; see [41]. For example, data are feature

vectors of measures on individual patient from complementary sources such

as pathology images, biomarkers expression values, epidemiological and clinical

data [6]. With consensus clustering, mixture models with different distributional455

families can be used to cluster individuals separately on the basis of a subset

of feature variables. The mixture regression model of multivariate generalised

Bernoulli distributions described in Section 3 can then be adopted to cluster

individuals, where yj = (y1j , . . . , ypj)
T now contains categorical indicator vari-

ables representing the cluster membership for the jth individual corresponding460

to the clustering based on the lth subset of features (l = 1, . . . , p).

In other applications in health science research, data often exhibit a hier-

archical structure, with observations collected from the same higher-level unit

24



ACCEPTED MANUSCRIPT

ACCEPTED M
ANUSCRIP

T

(such as hospital) being more alike in characteristics than data chosen at ran-

dom from the population as a whole. The proposed mixture regression model465

can be extended to incorporate random effects for modelling the correlation

between hierarchical data.
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Appendix: Comparisons with two existing methods using Australian

NHS data and Boston HELP RCT data

Additional regression analyses were performed to compare the proposed475

method with two existing methods for comorbidity research. The first method

quantifies comorbidity by the total number of conditions an individual suffers

and then identify the group structure and relevant risk features using a mixture

of Poisson regression model. The second method corresponds to a latent class

analysis of m-dimensional morbidity data, presented by an indicator (binary)480

variable for each health condition, and q-dimensional risk feature vectors. As

discussed in Section 3, this approach may suffer certain high-dimensional issues

when the number of health conditions is large. Both methods were implemented

using Mplus Version 7.4 [42].

With the 2007-2008 Australian NHS data, the first method identified there485

were three clusters based on the BIC. About 33.1% of participants had a very

low level of comorbidity (estimated mean number of conditions is 0.4), while

53.0% of participants had a low level of comorbidity with an estimated mean

number of conditions equal to 1.7. There are about 13.9% of participants who

had a high level of comorbidity (estimated mean number of conditions is 4.3).490
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Compared to our findings given in Figure 2, using the total number of condi-

tions as a comorbidity indicator cannot differentiate the distinct comorbidity

patterns for those participants who had high levels of comorbidity in cardiovas-

cular and metabolic diseases (Cluster 2 in Figure 2) and those who had high

levels of comorbidity in mental health problems and allergic diseases (Cluster495

3 in Figure 2). The second method identified there were eight clusters based

on the BIC. This implausible result in model selection was due to the high-

dimensional problem. For comparison, we here reported the clustering result

based on four clusters, which consisted of 47.0%, 28.7%, 15.6%, and 8.6% of

participants corresponding to an increasing order of comorbidity levels. Partic-500

ipants in Cluster 2 (28.7%) were characterised by a higher probability of the

presence of cholesterol, hypertension, and osteoarthritis, while participants in

Cluster 3 (15.6%) had a higher probability of the presence of mood disorder,

migraine, hayfever, sinusitis, asthma, backpain, and food allergy. About 8.6%

of participants (Cluster 4) had a relatively high level of comorbidity. The re-505

gression results based on these two methods were presented in Tables 6 and 7,

respectively. It can be observed that both existing methods were less efficient

compared to the proposed method, leading to estimates with wider confidence

intervals. The findings were somewhat different from those presented in Table

2. In particular, the first method underestimated the effects of education, con-510

sumption of fruit or vegetable, and cover of private health insurance policies.

For the second method, the effects of education, marital status, consumption

of fruit or vegetable, cover of private health insurance policies, and language

spoken at home were underestimated.

With the Boston HELP RCT data, the first method identified there were515

two clusters based on the BIC. About 75.1% of participants had a very low level

of comorbidity (estimated mean number of conditions is 0.4), while 24.9% of

participants had a medium level of comorbidity with an estimated mean number

of conditions equal to 2.0. The second method identified there were two clusters

based on the BIC. About 72.1% of participants had a low level of comorbidity.520

About 27.9% of participants had a high level of comorbidity, characterised by
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Table 6: Adjusted OR (95% CI) of belonging to high comorbidity clusters for NHS 2007-08

data (3-component mixture of Poisson regression model).

Risk factor Adjusted OR (95% CI) relative to Cluster 1 (low comorbidity)

Cluster 2 (53.0%) Cluster 3 (13.9%)

Female 1.923∗ (1.61, 2.30) 3.547∗ (2.89, 4.35)

Age per 10 years 1.863∗ (1.73, 2.01) 2.852∗ (2.55, 3.20)

Country of birth

Australia Reference Reference

English-speakinga 0.733∗ (0.55, 0.97) 0.573∗ (0.43, 0.77)

Other 0.666∗ (0.51, 0.86) 0.475∗ (0.34, 0.66)

No non-school

qualification 0.757∗ (0.63, 0.91) 0.843 (0.66, 1.07)

Not married 1.300∗ (1.09, 1.54) 1.616∗ (1.33, 1.96)

Never smoked daily 0.623∗ (0.53, 0.74) 0.471∗ (0.38, 0.58)

Low consumption of

fruit/vegetable 1.249 (0.89, 1.76) 1.012 (0.68, 1.50)

No private health

insurance 0.984 (0.81, 1.19) 1.492∗ (1.14, 1.96)

Other language spoken

at home 0.460∗ (0.32, 0.66) 0.609 (0.37, 1.00)

a English-speaking countries include Canada, Ireland, New Zealand, South Africa,

United Kingdom, and United States of America.

a higher probability of the presence of asthma, high blood pressure, chronic

liver diesease, epilepsy, and arthritis. The regression results based on these two

methods were presented in Table 8. Similar to the first example, the results

showed that both existing methods were less efficient and gave different findings525

compared to the proposed method (see Table 4). The effects of gender and

unemployment were underestimated by both existing methods. The first method

also underestimated the effect of drug-abuse relative to alcohol-abuse.
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Table 7: Adjusted OR (95% CI) of belonging to high comorbidity clusters for NHS 2007-08

data (Latent class analysis with 4 components).

Risk factor Adjusted OR (95% CI) relative to Cluster 1 (low comorbidity)

Cluster 2 (28.7%) Cluster 3 (15.6%) Cluster 4 (8.6%)

Female 0.715 (0.50, 1.02) 2.477∗ (2.06, 2.98) 2.255∗ (1.18, 4.30)

Age per 10 years 5.501∗ (4.87, 6.21) 1.418∗ (1.03, 1.96) 7.207∗ (4.69, 11.1)

Country of birth

Australia Reference Reference Reference

English-speakinga 0.671∗ (0.51, 0.89) 0.716∗ (0.56, 0.92) 0.582∗ (0.42, 0.82)

Other 0.857 (0.62, 1.18) 0.552∗ (0.42, 0.73) 0.667∗ (0.46, 0.97)

No non-school

qualification 1.204 (0.99, 1.46) 0.788∗ (0.66, 0.93) 1.148 (0.87, 1.52)

Not married 1.044 (0.87, 1.26) 1.430∗ (1.17, 1.75) 1.260 (0.95, 1.67)

Never smoked daily 0.596∗ (0.49, 0.72) 0.599∗ (0.51, 0.71) 0.486∗ (0.38, 0.62)

Low consumption of

fruit/vegetable 0.893 (0.64, 1.25) 1.302 (0.93, 1.82) 0.791 (0.55, 1.14)

No private health

insurance 1.033 (0.84, 1.26) 1.239 (0.99, 1.55) 1.402∗ (1.05, 1.87)

Other language spoken

at home 0.862 (0.55, 1.34) 0.389∗ (0.24, 0.63) 0.970 (0.58, 1.62)

a English-speaking countries include Canada, Ireland, New Zealand, South Africa,

United Kingdom, and United States of America.
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