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Abstract 

This paper proposes an improved critical chain method with fuzzy approach to schedule projects 

under uncertainty. Utilizing fuzzy numbers can be wise because of the natural uncertainty in 

estimation of required work to accomplish the project tasks. To minimize the project duration as 

an objective taking into account resource limitations and other constrains, a Resource Constraint 

Project Scheduling Problem model (RCPSP) is adopted. The output of this model determines the 

project schedule. Then, a new buffer sizing approach based on the square root of the sum of the 

squares (SSQ) method is introduced which is modified by coefficients to overcome the schedule 

risk more efficiently. As a result, a project buffer is added to the end of the project schedule and 

is used if necessary. The methodology can be used as a control procedure. 

Keywords: Project scheduling; Critical chain project management (CCPM); Buffer 
management; Fuzzy numbers. 

1. Introduction 

As stated in PMBOK® Guide (PMI 2008), project management processes are grouped into 

five categories known as the project management process groups, including: Initiating, Planning, 

Executing, Controlling, and Closing. At the second stage (planning process group), scheduling 

involves construction of a project-based plan that specifies each activity: the precedence and 
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resource feasible start, completion dates, the amounts of the various resource types that will be 

needed during each time period, and as a result, the budget (Demeulemeester & Herroelen 2002). 

Besides, one of the nine project management knowledge areas is the project time management. 

For the project managers, one of the main planning goals is to determine the total project 

completing duration (or makespan). Accurate estimation of the project duration is a complex 

activity because of its dependence on a large number of factors, which usually cannot be 

controlled adequately. Estimating the activity durations, assigning the start time and finally, 

preparing a schedule (in the form of a Gantt chart) is the most important determinant to achieve 

this goal. 

Utilization of traditional methods such as Critical Path Method (CPM) by deterministic 

activity duration fail to overcome the common uncertainty in the project elements. To tackle this 

challenge, Goldratt and Cox (1984) developed a new concept named Theory of Constraints 

(TOC). Later, Goldratt (1997) proposed a direct application of TOC in project management, 

known as Critical Chain Project Management (CCPM) or buffer management. This method is a 

competent approach to handle the project duration risk as well as minimizing the makespan. The 

main idea of the approach is as the follows: 

(1) Removing the hidden safety in activity durations to protect activities from late starting, which 

he called Student syndrome; 

(2) Preventing busy pretension by staff named Parkinson’s Law; 

(3) Preventing the late finishing activities because of Murphy’s Law or multitasking. 

 

These hidden safeties after removal from the former places are located following a special set 

of activities called a chain to preclude the project delay. The common buffer types used in 

CCPM are project buffer, feeding buffer, and resource buffer. The main step in the CCPM 
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procedure is to determine the buffer sizes (or buffer sizing). Some of the existing methods for 

buffer sizing use two kinds of task duration called safe estimate (or about 95% confidence 

duration estimate) and the average (50%) estimate. 

Therefore, CCPM by these assumptions is associated with probability theory. However, 

probability theory has two problems to be used in this case: 

 

1. Probability theory cannot be applied for non-routine projects because of lack of statistical 

data (Long & Ohsato 2008). 

2. Asking a probability distribution or even two task durations with completion probability of 

50% and 95% from experts is rather difficult and imprecise. 

 

Thus, using the fuzzy sets theory, a new critical chain project scheduling is developed in this 

study to overcome the uncertainty and resource constraints. A Resource-Constrained Project 

Scheduling Problem (RCPSP) model is adopted to minimize the project duration as an objective 

taking into account resource limitations and other constrains. There are different buffer sizing 

methods proposed in the literature. In this research, a brief description of some of the identified 

methods is given and their advantages and disadvantages are discussed. Then, a new buffer 

sizing method is proposed to have a more efficient critical chain scheduling. Finally, a numerical 

example is provided to compare the efficiency of the proposed model with other common 

approaches. 

The remainder of the paper is organized as follows. Next section brings a brief review of 

critical chain concepts. Section 3 describes the improved fuzzy critical chain approach under 

uncertainty, which is the body of this research. A numerical example illustrating the proposed 

methodology is developed in section 4. And concluding remarks are given in section 5. 
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2.  Critical chain project management concepts 

2.1. The necessity of a new approach 

Recent researches and real experiences suggest that there are a few barriers in existing 

methods of project scheduling. Some of them include: late completion, over spending, and other 

undesirable effects that any project manager is familiar with. In Goldratt’s (1997) point of view, 

high certainty of activity completion is the primary reason for project overruns. For example, in 

the traditional methods like CPM, task durations are estimated by safety times (in 90% 

probability of completion). Thus, when all activities join together, the project would have a high 

probability of on-time completion. Finally, the fundamental reason for overruns in most projects 

is: employees know that safety time is built into the estimates. As a result, starting on time is not 

of any significance. If starts are made on time, there is a tendency not to go at full steam because 

of the feeling of having time in hand. Consequently, employees will not work with high 

performance. This is likely to imply more pressure to perform more than two tasks, called 

multitasking, which causes lateness or time blindness due to the lack of concentration (Goldratt 

1997; Leach 2014). 

 

2.2. The theory of constraints 

The theory of constraints is a methodology for identifying basic problems and constraints 

(limiting factors) to propose a proper solution. Constraints or bottlenecks are parts of the systems 

that affect the objectives, restricting the output of the entire system (Ahlemann et al. 2013). 

Making a profit -both in the short and long term- is the ultimate goal of TOC (Goldratt & Cox 

1984; 1997). To achieve this goal, there are five focusing steps that address influential 

constraints: 
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1. Identify the system's constraints(s); 

2. Exploit constraint in the system; 

3. Subordinate everything else to the above decision; 

4. Elevate the system's constraint(s); 

5. If there is an un-covered constraint, go back to step 1, and prevent inertia to cause a 

system’s constraint. 

One of the significant results of TOC is critical chain idea (Tukel et al. 2006). 

 

2.3. Fundamentals of critical chain scheduling 

Delay in projects is one of the paramount challenges in the existing methods. To avoid this 

obstacle, CCPM has been applied and utilized as a project management strategy. This strategy 

avoids major impact of Parkinson's Law at the task level while accounting for Murphy's Law at 

the project level (Ghaffari & Emsley 2015). To minimize the effect of Parkinson’s Law, CCPM 

builds the schedule with target duration estimations based on a 50% confidence level. These 

durations are estimated regardless of task due dates and milestones by eliminating multitasking 

(Hall 2015; Horroelen & leus 2001). These eliminated safeties are placed at the end as a buffer 

(Figure 1). Stated estimations will correct this feeling that there is time in hand. Consequently, 

employees work with a higher performance to finish their tasks on time which contributes to 

eliminating multitasking. 

 
Figure 1. PERT/CPM and TOC comparison. 

 
2.4. Critical chain recognition  
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The reason for the development of “Critical Chain” is the existence of chronic problems that 

available methods and approaches have not been able to obviate (Rand 2000). There are various 

activities involved in a real project while several resources are available in every project. CCPM 

seeks to optimize these resource limits, thus each activity should have its specific resources and 

duration. How is it decided which activity should be worked on at any specific time? There are 

four steps in recognition of the critical chain in a project (Goldratt 1997): 

 

(1) Allocating the durations. Project leaders ought to allocate each activity an appropriate 

duration under the stated condition. 

(2) Moving activities forward. In this step, each activity is pushed forward as much as 

possible. One of the considerations is that the precedence relationships are met between the 

activities. 

(3) Solving resource over-allocations. This is one of the substantial steps in accessing feasible 

schedule. After this step, there should not be any over-allocations in any resources. For 

example, if two activities in a schedule demand one employee at a specific time, it will not be 

done (considering only one employee is available).  

(4) Setting buffers. In this step, each buffer is located in a specific place. 

 

Critical chain is defined as the longest chain of dependent constraints. To determine this, it is 

necessary to take into account any dependencies that might exist between activities, as they 

require the same resources (Rand 2000; Yang & Fu 2014). Resources conflict is resolved by 

moving tasks earlier in time (Newbold 1998). Horroelen and Leus (2001) state that the critical 

chain is known as the longest chain which determines the project lead time. Critical chain and 

critical path are the same in some ways, however, there are three principal differences between 

them (Bevilacqua et al. 2009): 



7 
 

(1) The way experts assign the activity time; 

(2) The time that managers use project buffer; 

(3) The way a resource conflict is considered. 

 

2.5. Project buffer and feeding buffers 

In the CCPM method, mean task durations are used instead of durations with safety time. The 

difference between these two types of duration for each activity in critical chain is shifted to the 

end of the project as a project buffer (shown in Figure 2). This buffer tries to ensure the date of 

completion. It may occur that a project manager uses some of the project buffer or does not use it 

at all. In actual projects, there is more than one chain, and thus, CCPM predicts a buffer to 

protect these chains from delay. This buffer is called feeding buffer (feeding buffer in Figure 2) 

and is placed where a non-critical chain activity joins the critical chain. Finally, these buffers 

protect the critical chain activities from disruptions and late starting (Horroelen & Leus 2001). 

 

Figure 2. Project buffer and feeding buffer. 

 

3. Improved fuzzy critical chain approach to protect project schedule under uncertainty 

 3.1. The proposed methodology steps 

In this subsection, the proposed methodology steps are represented. These steps can be traced 

to prepare and update an efficient schedule: 

Step 1. Preparing fuzzy numbers for total work (total resource) needed to complete each task 

based on expert judgment. 
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Step 2. Defuzzification (Crisping) of the fuzzy numbers to a 95% point (safe estimate of the 

required work for each activity) and a 50% point (mean estimate of the required work for each 

activity).  

Step 3. Solving a RCPSP model; with the 50% defuzzified numbers for each task’s required 

work (from the previous step), as its inputs and assigned start times and activity durations are its 

outputs. 

Step 4. Sizing the project buffer and feeding buffers by using the previous outputs. 

Step 5. Controlling the project schedule by fuzzy CCPM approach. 

 

3.2. Step 1: Estimating the required work (resource) for each task based on expert’s 

judgment 

The first step in the proposed methodology is asking experts to estimate the total required 

work (or resource k) to accomplish activity j in the form of a fuzzy number TR(j,k). This is 

because of the usual uncertainty in the estimation procedure. Each fuzzy set is characterized by a 

membership function ( )A xµ   defining the membership degree of TR(j,k) which is usually in the 

[0,1] range (Roghanian & Alipour 2014). In this reseach, Trapezoidal Fuzzy Numbers 

( ( , , , )jk jk jk jkTrFN a b c d ) are applied to represent the resources required for the tasks. 

(TR(j, k))Aµ   is the membership of depicted in Figure 3 and formulated in Equation (1) 

(Cheng 1998). 
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Where TR(j,k) is the total required resource of type k to complete activity j. 

 

Figure 3. The membership function of the fuzzy number for the required resource k for activity j. 

 

3.3. Step2: preparing the safe estimate and mean estimate of resource consumption for 

each activity 

In classic CPM method, where experts are asked to estimate task duration (or required 

resource) to accomplish activities, they are usually interested in giving a duration with plenty of 

certainty or a duration with up to 90% confidence (Dh(j)). However, a task duration is required 

which its extra self-buffer has been removed; or a mean duration on which the task schedule has 

been established (Dm(j)). Consequently, these two kinds of durations are used to determine the 

buffers. 

Long and Ohsato (2008) used the fixed required works for each task and put them in a RCPSP 

model. The output of this model for each task is a duration which they use as mean estimate 

durations. Fuzzy numbers were then used to determine safe estimate of the durations, but the 

proposed method determines these mean estimate durations (Dm(j)) by providing mean estimates 

of required resource k for task j (TRm(j,k)).  

These mean estimates of total required resource are calculated by using a concept named high 

agreement index (AI) introduced by Kaufman and Gupta (1985). This concept is used to depict 

the agreement of two fuzzy events A and B. AI shows the satisfied level of the fuzzy event A 

when A is compared with the fuzzy event B. It also illustrates the satisfied level of the fuzzy 

event A when A is compared with the fuzzy event B: 

( )( , )
( )

S A BAI A B
S A
∩

=                                                                                                  (2)  
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Where ( ) ( )AS A x dxµ= ∫                                                                                              (3) 

And ( ) ( )A BS A B x dxµ ∩∩ = ∫                                                                                                      (4)  
Where (x)Aµ is the membership function of fuzzy number A and S(A) is its integral on the 

defined domain.  

AI concept is applied here to make a connection between fuzzy sets and probability theory. It 

means, if AI and the needed percentage of confidence is equated, the required deffuzified value 

will be obtained from Equation (5).      

2( ) ( ( , ))
2 2( )
( )

2

x
jk jk jk jk jk

jk jk

jk jk jk jk

c b d a d TR j k
d c

AI c b d a

− + − −
−

−
=

− + −
                                                                       (5)   

If A is depicted by ( , , , )jk jk jk jkTrFN a b c d  and B by   (0,0, ( , )xTrFN TR j k , then ( , ))xTR j k  is 

obtained as follows (see Figure 4). 
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Figure 4. High agreement index (AI) of required resource k for task j. 

 

3.4. Step 3: Solving the resource- constrained project scheduling problem model 

Project scheduling deals with assigning and allocating of determinate resources to a set of 

activities connected in a bounded network (Fang & Wang 2012). The most significant goal in 

this situation is to accomplish the project by these constrained resources with minimum lateness. 
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As a result, RCPSP consists of minimizing the duration of completing a project, subject to 

precedence relations and resource constraints and availability. 

The first stage in this step is to model the problem. As classified by Demeulemeester and 

Herroelen (2002), there are many types of basic formulation and solution methods for the 

RCPSP models, such as: linear programming based approaches (Lawrence 1988; Klein 1999; 

Mingozzi et al. 1998; Olaguibel and Goerlich 1993; Pritsker et al. 1969), branch- and- bound 

procedures (Agin 1966; Brucker et al. 1998; De Reyck and Herroelen 1998; Heilmann 2003), 

heuristic and metaheuristic approaches like Genetic Algorithm (Barrios et al. 2011; Chen and 

Weng 2009; Valls et al. 2008), simulated annealing (Bouleimen and Lecoeq 2003), Tabu Search 

(Pan et al. 2008), ant colony (Duan and Liao 2010), particle swarm (Chen 2011; Zhang et al. 

2005) and etc. However, there is a conceptual form of modeling used by practitioners as 

following:                    

Minimize fn  

Subject to          

i j jf f d         for            all (i, j) A≤ − ∈                                                                                            (8) 

1f 0=                                                                                                                                             (9)

 
k na                 k 1,2,...,m     and     t 1,..., f

t

ik
i s

r for
∈

≤ = =∑                                                            (10)

 In this model, activities are considered as the dummy start and dummy finish of the project. 

The parameters and variables are defined as:  

• :if  Finish time of activity i; 

• :id  Duration of activity i; 

• :ikr  Resource requirement of activity i for resource type k per time unit; 

• :ts  Set of activities that are in progress at time t; 
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• :ka  Available amount of resource type k per time unit; 

• :k  Number of resources; 

• :A  Set of activities. 

 

The model depicted above is a conceptual model with some elementary constraints. There are 

various modeling forms with different assumptions. The modeling procedure used in this study is 

called Discrete Time/ Resource Trade–off Problem (DTRTP). Demeulemeester et al. (1996) are 

the first researchers to deal with discrete time resource trade–offs. In this problem, it is assumed 

that the total required work (resource) to accomplish each activity is known and the task duration 

is one of the decision variables. Thus, there are plenty of approaches to schedule a task in 

different durations and by different required resource per day tradeoffs (with fixed total work). 

Each of the task durations can vary within their upper and lower bounds. These bounds 

determine the reasonable ranges for each activity duration and are stated by experts. 

There is a DTRTP model applied by Long and Ohsato (2008) which is used in the proposed 

methodology: 

  

Objective function:                           

Minimize  
j 1,...,N
max (T )jAF
=

=                                                                                           (11)       

Subject to: 

1. 1 *          ( ) ( )      j 1,...) ,( NuD j D j D j =≤ ≤                                                                            (12)   

2. 1 1
*

1             j=1,...,N     and    (  ) ( ) ( ( ))AS j D j A j j PS j∀ ∈+ ≤                                              (13)                   

3. ( , ) RA(k, t)                       1,...,                   1,..., uRR k t k R and t T≤ = =                                  (14)                                                     

4. *
( ) ( )

( , )( , ) ( , )
( )j set t j set t

TR j kRR k t r j k
D j∈ ∈

= =∑ ∑                                                                              (15) 
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5. 
1...,

( )u u

j N
T D j

=

= ∑                                                                                                                    (16)                                                                                        

6. *            ( ) ( )       j 1,..( ,j . N)AF j AS j D= + =                                                                          (17) 

7. ( ) ( ) ( )               j 1,..., NES j AS j LS j≤ ≤ =                                                                          (18)  

Where:     

•    :( ), ( )AS j AF j  Assigned start and finish times of activity j; 

• *( ) :D j  Assigned duration of activity j; 

• [ ( ), ( )] :l uD j D j  Acceptable range for duration of activity j determined by experts; 

• ES(j), LS(j): Earliest and latest start of activity j by the standard CPM, where ES(j) is 

determined by forward calculation and LS(j) by backward calculation from the project duration 

upper bound (TU); 

• :k  Resource type , 1,...,k k R= ; 

• :N  Total number of activities; 

• P(j): A set of immediate predecessors of activity j ; 

• r(j,k): Daily required resource k to perform activity j ; 

• R: Number of resources; 

• RA(k,t): Total availability of resource k at day t; 

• RR(k,t): Required resource k at day t; 

• Set(t): Set of all activities in progress at day t, where ( ) t (  )AS j AF j≤ ≤ ; 

• T: Project duration under resource constraints; 

• TR(j,k): Total required resource k to perform activity j; 

• Tu: Project duration upper bound. 
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The first constraint represents certain ranges for each activity duration which is determined by 

expert judgment. The second constraint stands for the precedence network and is based on 

forward calculations. It is assumed that using “as soon as possible” approach is desirable here 

(Long and Ohsato 2008). The third constraint ensures that the required resource of type k at day t 

is less than or equal to the resource availability of type k at day t. 

There have been numerous exact and heuristic procedures and solutions presented in the 

literature for the RCPSP models. Contrary to the RCPSP and MRCPSP (Multi–mode RCPSP), 

the literature on the DTRTP and MDTRTP (Multiple DTRTP) is sparse (Ranjbar et al. 2009). 

Given the NP–hardness of the RCPSP (Blazewicz et al. 1983), there is not any certain solution 

procedure to optimally solve these types of problems in polynomial time. As a generalization of 

the RCPSP, the MRCPSP is strongly NP–hard (Kolisch 2013). Demeulemeester and Herroelen 

(2000) indicate that the DTRTP is strongly NP–hard. As a generalization of the DTRTP, 

MDTRTP is also strongly NP–hard.  

In this study, a Genetic Algorithm metaheuristic procedure is used to solve the DTRTP model 

in the Matlab Genetic Algorithm Toolbox. ( , )mTR j k  (obtained from the previous step), 

( ),  ( ),  ( ),  ( )l uD j D j ES j LS j  and predecessors relationship are the inputs, and the assigned 

start times (AS (j)) and durations of activities ( ( ))mD j  are the outputs of the RCPSP model.     

 

3.5. Step 4. Sizing the project buffer and feeding buffers  

3.5.1. Buffer sizing importance 

In CCPM, duration of activities is the mean estimate (or about 50% confidence estimate) and 

thus, certain activities could not be completed on time and face delay. Reasons such as 

uncertainty, environmental condition, and other undesirable effects can engender such 
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conditions. This method proposes project buffer to deal with such problems. Buffer is used for 

activities that fail to finish their tasks on time. This is an important step in the CCPM 

methodology to determine the size of buffers. 

  

3.5.2. Existing buffer sizing methods 

There are different buffer sizing methods proposed in the literature with specific features. 

Here, a brief description for some of these identified methods is provided along with their 

advantages and limitations (Geekie & Steyn 2008; Kokoskie 2001). 

 

3.5.2.1. The cut and paste method 

The Cut and Paste Method (C&PM) sets the buffer size equal to one–half of the duration of 

the longest chain feeding into the buffer. In this method, critical and feeding chains are computed 

through 50% of the safe estimates as task durations. Following the determination of the critical 

chain, the next step is to sum and then use half of this sum as feeding buffer. The feeding buffers 

are added to the end of the feeding chain where the feeding chain merges with the critical chain. 

The advantages of the C&PM are its simplicity to apply and providing a large enough buffer. 

The disadvantage of the method is that the size of the buffer increases linearly with the length of 

the feeding chain. 

 

3.5.2.2. The Square Root of the Sum of the Squares 

The Square Root of the Sum of the Squares (SSQ) method (also known as the Root Square 

Error Method (RSEM)) uses information of mean duration for each task in the chain. In SSQ, 

size of the buffer is set to the sum of the squares of the differences between the low risk duration 
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and the mean duration for each task along the longest chain or the largest result considering each 

chain (Leach 2005; New bold 1998): 

1
2 2 2

2
21 1 2 2

1
2 ... ( )

2 2 2

n
n n

i i
i

S A S A S APB S A
=

− − −       = × + + + = −              
∑                                  (19) 

Where: 

• PB is project buffer; 

• n is the number of all activities in the critical chain; 

• Si is high confidence (safe) estimate of activity i; 

• Ai is 50:50 (average) estimate of activity i.   

The SSQ approach allows known task variation in task duration to take into account, though, 

it may lead to undersized buffers for long chains. 

 

3.5.2.3. The Adaptive procedure with density 

The Adaptive procedure with density (APD) method proposed by Tukel et al. (2006) takes the 

density of the sub-networks feeding the buffer into account. Buffers are sized according to these 

sub-network density values to assure that a higher number of precedence relations leads to a 

bigger buffer size to enhance their power to absorb potential delays. Let feeding pathσ −  be the 

standard deviation of the feeding chain, then the feeding buffer size is calculated as: 

Buffer size = feeding pathK σ −×                                                                                                        (20) 

1 TOTPREK
NUMTASK

= +                                                                                                                   (21) 

Where: 
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• TOTPRE is the total number of precedence relationships on the sub-network under 

consideration; 

• NUMTASK is the total number of tasks on the sub-network. 

 

3.5.2.4. Fuzzy buffer sizing method  

Proposed by Shi and Gong (2009), Fuzzy buffer sizing method (FBSM) deals with resource 

constraints and fuzzy uncertainties in project management. It considers coefficients to integrate 

three uncertainties of resource provision, network complexity and risk preference of project 

manager to optimize the buffer configuration. These coefficients are defined as follows:                

(I) [ ]i
1

a max          ,
m

kt
i i i

k t

r t st st D
R=

 
= ∈ + 

 
∑                                                                           (22) 

Where: 

• Rt : A resource with an upper limit quantity in the period of time t; 

• ktr : Total resource quantity of activity k needed in the period of time t; 

• m: Number of activities in time t; 

• ist : Start time of activity i; 

• iD : Duration of activity i. 

 

Based on the Figure 5, A (ai) coefficient is obtained as follows: 

i

i i

i

i

i

i

                           a (0,a]

(a a)          a (a, b]   

         a (b,c]   

                            a

0,

,
(a )

1 (a b),

1, (c,1]

A
g

c

g
a

b

b

∈

− ∈


= 

−
− −
−

∈

 ∈



                                                                                  (23) 
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Figure 5. Fuzzy number in three-point representation. 

 

In the Equation (23), A (ai) is used to depict the tightness of resource consuming, and the 

value of each parameters ( , , , (0,1))a b c g ∈ is decided regarding the environmental factors of the 

project, characteristics and experiences of project manager and team member. If ia a≤ , it means 

that doing correlative activities would not affect each other. When ia a b≤ ≤ , the resource 

consumption is a little tense and the project is implemented cautiously and smoothly. As for 

ib a c≤ ≤ , the resource using is strenuous and resource transferring is effective but in higher 

risk. When ic< a , resource is highly consumed and doing correlative activities will affect each 

other resulting in project delay (Shi & Gong 2009). With a positive correlation between delay 

probability and the number of precedence relationships, precedence relationships of tasks 

indicating the network complexity is defined as: 

(II) 
1

1 p
i

t

N
N

β
−

= +                                                                                                                  (24) 

Where iβ is the network complexity for the activity i, pN is the total number of precedence 

relationships of activity i on the critical chain, and tN is the total number of tasks on the chain.  

Suppose that iµ is average completion time, iτ and ( )xϕ  are the risk preference and the 

cumulative standard normal distribution, respectively, (1 )ε− is the accomplishment probability 

chosen by project leader, and (1 ')ε−  as benchmark of accomplish probability. The risk 

coefficient is: 

(III) (1 )
(1 ')

i
i

i

ϕ ε µτ
ϕ ε µ

− −
=

− −
                                                                                                               (25) 
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Finally, the project buffer is described as (Shi & Gong 2009): 

( )
1

2 21 ( )i i i iyPB A a β τ σ  = +   ∑                                                                                              (26) 

Where 2
iyσ is the variation of all activities in the critical chain and PB stands for the project 

buffer. This method utilizes risk coefficient and resource constraints and probability of 

accomplishment of activities’ duration, but it does not use activities’ average and safety duration. 

Besides, finding accomplishment probability and benchmark of activities’ duration cannot be 

accurately performed. 

 

3.5.3. The proposed modified method for buffer sizing 

The basic formula of this modified method relies on the SSQ method, although each statement 

of SSQ is multiplied by correction coefficients. The proposed CCPM method as foresaid, uses 

fuzzy numbers for required resources to overcome uncertainty. Based on this rule which declares 

more variations in fuzzy numbers to encompass more uncertainties, the modified method 

considers an appropriate coefficient. Accordingly, if an activity needs a resource with a high 

variation fuzzy number, it needs a buffer size of more than an activity with a low variation one. 

This coefficient should have two important properties. First, for constant non–fuzzy numbers, it 

must be equal to one. Second, it ought to increase as the fuzzy variation rises. 

Consider ( )A x
 as a fuzzy number with membership function ( )A xµ   which

 
has a distribution 

versus supp(x) (where supp { }( ) (x) 0Ax x µ= ≥ ). This distribution contains a mean and a 

variation. Lee and Li (1988) propose the use of mean and standard deviation based on the 

probability measures of fuzzy events to rank fuzzy numbers. According to this approach, Cheng 

(1998) introduced an index CV, and RDi  can be defined based on this concept:  
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(I) 1 1
i

i
i i

e

SDRD CV
TR

= + = +                                                                                                      (27) 

Where: 

• iCV is the coefficient of variation for the fuzzy number i; 

• iSD is standard deviation of the fuzzy number related to the required resource of activity i; 

• 
ieTR is the mean of the fuzzy number related to the  required resource of activity i; 

• iRD is the scatter index for i'th fuzzy number. It is equal to one when iSD  is equal to zero. 

iRD  increases as iSD  increases.  

The AI index is applied to calculate iSD  and 
ieTR instead of using Lee and Li’s formulation 

(1988). In this method, ( )xTR i is computed through Equation (6) for an adequate number of AIs 

(e.g., 0,0.01,0.02,...,1)AI = . Subsequently, the mean and standard deviation of these obtained 

( )xTR i  as the iSD and 
ieTR of the fuzzy numbers can be calculated. That is, each fuzzy number 

is converted to the probabilistic distributions and their mean and standard deviation is calculated:     
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Where ( )mD i s are the outputs of step 3 and ( )hD i  is computed based on the hTR ( )i . As 

experienced in many projects, TR/D (units per day) duration is constant unless there is a new 

management policy. So it is formulated as: 

( ) ( )
( ) ( )

h m

h m

TR i TR i
D i D i

=                                                                                                                       (32) 

( )hD i can be calculated by Equation (32) as below. 

( )( )
( )

( )

h
h

m

m

TR iD i
TR i

D i

=                                                                                                               (33)  

Finally, the project buffer is defined as Equation (34). 
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i i i
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PB A RDβ σ
=

 = +    
∑                                                                                        (34)                      

If  0, 1  ,  1i i ia RDσ = = = and 1pN = , then the answer of the method is equal to SSQ. That is, 

the proposed framework is similar to the SSQ method, but does not consider each activity like 

the other. A key advantage of this method lies where it can be adopted for feeding buffer since 

all steps can be used and calculated for feeding chains.  

Finally, the project buffer for a specific project is equal to maximum PB on different critical 

chains.    

 

3.6. Step 5. Controlling the project schedule by the fuzzy CCPM approach 

Following construction of the complete schedule, the project can be run and from the further 

execution reports, this schedule is updated. Updating can be performed through reusing the 

proposed methodology steps for the remaining works of each activity. As a result, the remaining 
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duration and work per time unit is updated and the project buffer is resized. Interruptions may 

occur in the updates. 

 

4. Numerical Example 

A numerical illustration is conducted in this section to demonstrate the performance of the 

proposed buffer sizing methodology using a project network with seven activities. Results are 

then compared with the SSQ method. Activities and their predecessors’ relationship are listed in 

Table 1, and the project network is displayed in Figure 6. ( )lD i and ( )uD i are the lower and 

upper bounds for duration of activity i (illustrated in column 2 and 3 of Table 1). 

 

Table 1. Input data for the numerical example. 

 

4.1. Step1 

Experts are asked to estimate the amount of resource that is needed for each activity to be 

completed. According to the proposed methodology, estimations are trapezoidal fuzzy numbers. 

TR(j,k)= (a,b,c,d) is the estimate of total required resource k to perform task j (given in Table 1) 

and daily resource availability is 85 men per day. 

 

Figure 6. A numerical example of the precedence network. 

 

4.2. Step 2 
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Using Equation (6), ( , )TR j k  is defuzzified to a 95% and 50% point ( ( )hTR i  and ( )mTR i ). 

The results are rounded subsequently (provided in columns 11 and 12 of Table 1). As an 

example, calculation of 50% point for the first activity is as the follows.     

(1) 340 (340 289) (289 275 340 216) (1 0.5) 280.6788mTR = − − × − + − × − =  

 

4.3. Step 3 

u   ( ), D ( ), D ( ),  ( ) m lTR i i i ES i and ( )LS i are the inputs of the RCPSP model described in 

section 3.4. Inputs such as objective function, linear and nonlinear constraint are prepared in M–

files. Genetic Algorithm Toolbox is applied using the following setting: generation number 

=1000, population size=150, crossover rate= 0.8 and mutation rate= 0.01. Running the model 

using Intel® coreTM i5 CPU, 4 GB RAM lasts about 10s. ( )A S i (assign start of activity i) and 

( )D i  (duration of activity i) are the outputs of this model. These results are provided in Table 2. 

From Table 2, it is evident that the total duration of the project is 17 + 3.8 = 20.8 days. 

 

Table 2. The output of RCPSP model. 

 

Next, a Gantt chart based on the durations is drawn (Figure 7). Critical chain could be found 

given the resources. As is displayed in Figure 7, there is only one critical chain in this project: 

#1-#3-#6-#7. 

 

Figure 7. A numerical example of the Gantt chart.   

 

4.4. Step 4 
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The project buffer size is calculated in step 4 of the proposed method. First, ia  is computed 

through Equation (28). For the first activity as an example, i 82.65 / 7a 85 0.9= = . Then, i(a )A is 

calculated by Equation (29) (let a=0.5, b=0.7, c=0.9, g=0.4 used by Shi and Gong 2009). As 

ia (0.9,1]∈ , then the membership function ( i(a )A ) is equal to 1. The other results are available 

in Table 3. Next, iβ is computed via Equation (30). For instance, since the first activity has no 

predecessor, then (0 1)1 0.754  iβ
−= + =  (Table 3). Ri is calculated according to the 

distribution of the fuzzy number versus ( )Supp w . For the first activity: 322.16451E =  and 

21.065881std = , thus 1.071R D = . Calculations are represented in Table 4. To compute Ui , 

first ( )hD i  is obtained using Equation (33). 

(1) 332
(1) 4.01

82.64(1)
(1)

hTRhD mTR
mD

= = =  

Through Equation (31), (1) (1) 4 3.4 0.32 2
h mD D

iσ
− −= = = . Other results are presented in 

Table 3. Based on these calculations and by Equation (34), project buffer can be concluded. 

Here, there is no need to calculate the maximum PBs as there is just one critical chain. 

 

Table 3. The calculated coefficient and project buffer. 

 

Table 4. The RDi calculation coefficient. 

 

Finally, project buffer is added at the end of the project schedule (Figure 7).  
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4.5. Step 5 

To start the project by project managers, all activities’ start time and durations are determined. 

Based on CCPM, 50% of activities finish on time while the other half face delay, thus, the 

project buffer is consumed whenever necessary. The maximum total duration of the project is 

20.8 + 6.1 = 26.9. 

After running the activities in a specific time that managers decide, the project at status date 

can be updated. These updates help managers to have a real feedback from the project duration.  

The final result of the procedure can be compared to the SSQ approach to show the efficiency 

of the proposed method (Table 5). The project buffer for the developed project is 6.1 whereas for 

SSQ method, project buffer is equal to 4. As it was stated, the minimum amount of buffer should 

be 25% critical chain duration. The outcome of the proposed methodology is thus better than the 

SSQ method. Moreover, SSQ and other similar methods do not take into account task risk, 

network density, resource usage or any corrective coefficient.  

 

Table 5. Comparison of the buffer sizing methods. 

 

5. Conclusion 

There are various risk–creating factors surrounding a project which result in delay and 

disruption on projects. To avoid these undesirable consequences and schedule a project 

successfully, this research proposed a critical chain based methodology.  

In CCPM, it is necessary to find the average estimated duration for each task that needs to be 

scheduled. However, executing the activities in this short duration is arduous and usually faces 

some respites. Fuzzy sets can deal with such a challenge since it has the ability to effectively 
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handle imprecise numbers. Thus in the proposed method, the work needed to accomplish 

activities was depicted by fuzzy numbers. By linking fuzzy sets and probability theory, the inputs 

of a RCPSP model were prepared. The average duration and assigned start of each task obtained 

from the RCPSP model were used in the model. It was assumed that using “as soon as possible” 

approach is desirable. 

Project buffer was applied to consume when necessary, since the mean estimate (risky) 

duration was used for planning the activities and regarding CCPM concepts. The proposed 

method for sizing the project buffer as an important step relied on the SSQ method which was 

modified by coefficients to overcome the schedule risk more efficiently. This procedure can be 

reused in further project updates to reschedule the project; and consequently, utilized as a project 

controlling procedure. 

Future researchers are encouraged to propose other methods considering further kinds of 

buffers, such as resource buffers, cost buffers, etc. The proposed method can also be modified to 

be used in an upper level, i.e., enterprise project management.   
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Table 1. Input data for the numerical example. 

Activity ( )lD j
 

( )uD j
 

Predecessors  (j,k)TR  mT R hT R mT R  hT R  

 (Days) (Days)  a b c d Real Real Rounded Rounded 

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) 

1 2 8 - 216 275 289 340 280.6788 331.6107 281 332 

2 1 7 1 92 141 155 214 150.6596 205.0423 151 205 

3 3 9 1 223 296 310 376 301.7638 365.5014 302 366 

4 1 8 2,3 184 200 214 267 216.2999 259.8299 216 260 

5 1 5 2,4 56 88 102 145 97.9415 138.3449 98 138 

6 2 8 3 134 191 205 271 200.4096 261.0170 200 261 

7 3 9 5,6 263 303 325 380 318.1736 371.2564 318 371 

 
 
 

Table 2. The output of RCPSP model. 

Act AS D TR/D 

1 0 3.4 82.65 
2 4.2 6.9 21.88 
3 3.4 5.6 53.93 
4 11.1 4 54.00 
5 15.1 1.9 51.58 
6 9 8 25.00 
7 17 3.75 83.68 

 
 
 

Table 3. The calculated coefficient and project buffer. 

       
1 0.97 1 0.75 1.0710 0.3 6.1 
2 0.89 0.5757 - 1.1394 1.25  
3 0.89 0.5757 1 1.0825 0.6  
4 0.93 1 - 1.0786 0.4  
5 0.90 0.6027 - 1.1587 0.4  
6 0.93 1 1 1.1173 1.2  
7 0.98 1 1.25 1.0653 0.35  

 



 
 
 
 
 

Table 4. The RDi calculation coefficient. 

P(TR) TR P(TR) TR P(TR) TR P(TR) TR P(TR) TR 

0.01 293.00 0.21 302.29 0.41 312.84 0.61 325.40 0.81 341.89 
0.02 293.44 0.22 302.78 0.42 313.41 0.62 326.10 0.82 342.90 
0.03 293.89 0.23 303.28 0.43 313.99 0.63 326.81 0.83 343.95 
0.04 294.33 0.24 303.78 0.44 314.57 0.64 327.54 0.84 345.03 
0.05 294.78 0.25 304.28 0.45 315.16 0.65 328.27 0.85 346.14 
0.06 295.23 0.26 304.78 0.46 315.75 0.66 329.02 0.86 347.28 
0.07 295.68 0.27 305.29 0.47 316.35 0.67 329.77 0.87 348.47 
0.08 296.13 0.28 305.81 0.48 316.95 0.68 330.54 0.88 349.71 
0.09 296.59 0.29 306.33 0.49 317.56 0.69 331.32 0.89 351.00 
0.10 297.05 0.30 306.85 0.50 318.17 0.70 332.11 0.90 352.35 
0.11 297.51 0.31 307.37 0.51 318.80 0.71 332.91 0.91 353.77 
0.12 297.98 0.32 307.90 0.52 319.42 0.72 333.73 0.92 355.27 
0.13 298.45 0.33 308.43 0.53 320.06 0.73 334.57 0.93 356.87 
0.14 298.92 0.34 308.97 0.54 320.70 0.74 335.42 0.94 358.58 
0.15 299.39 0.35 309.51 0.55 321.35 0.75 336.28 0.95 360.45 
0.16 299.86 0.36 310.05 0.56 322.00 0.76 337.17 0.96 362.51 
0.17 300.34 0.37 310.60 0.57 322.66 0.77 338.07 0.97 364.86 
0.18 300.82 0.38 311.15 0.58 323.34 0.78 338.99 0.98 367.63 
0.19 301.31 0.39 311.71 0.59 324.01 0.79 339.93 0.99 371.26 
0.20 301.80 0.40 312.27 0.60 324.70 0.80 340.90 1.00 380.00 

TRe1: 322.16 STD1: 21.07 CV1: 0.07 
 
 

 
Table 5. Comparison of the buffer sizing methodology. 

SSQ Proposed method Methodology 

4 6.1 Project buffer size 

 



 

Figure 1. PERT/CPM and TOC comparison. 

 

 

 

 

 

Figure 2. Project buffer and Feeding buffer. 

 

 



 

Figure 3. The membership function of the fuzzy number of required resource k for task j. 

 

 

 

 

 

 

Figure 4. High agreement index (AI) for required resource k for task j. 

 



 

Figure 5. Project buffer and feeding buffer. 

 

 

 

 

 

Figure 6. A numerical example of the precedence network. 

 

 



 

 

Figure 7. A numerical example of the Gantt chart. 

 


