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The set of all qubit states that can be steered to by measurements on a correlated qubit is predicted
to form an ellipsoid—called the quantum steering ellipsoid—in the Bloch ball. This ellipsoid provides
a simple visual characterization of the initial two-qubit state, and various aspects of entanglement are
reflected in its geometric properties. We experimentally verify these properties via measurements on
many different polarization-entangled photonic qubit states. Moreover, for pure three-qubit states,
the volumes of the two quantum steering ellipsoids generated by measurements on the first qubit
are predicted to satisfy a tight monogamy relation, which is strictly stronger than the well-known
monogamy of entanglement for concurrence. We experimentally verify these predictions, using
polarization and path entanglement. We also show experimentally that this monogamy relation can
be violated by a mixed entangled state, which nevertheless satisfies a weaker monogamy relation.

PACS numbers: 03.65.Ta, 03.65.Ud, 42.50.Dv, 42.50.Xa

Introduction.— The concept of steering a quantum sys-
tem, by means of measurement on a second system, was
defined by Schrödinger [1]. He showed that—in modern
language—if two observers, Alice and Bob say, share an
entangled pure state, then Alice, by making suitable mea-
surements, can steer Bob’s system to any desired state in
the support of his local state, with a nonzero probabil-
ity [2]. This generalized the result by Einstein, Podolsky,
and Rosen (EPR) that the “real state of affairs” for Bob,
as described by his reduced state, appears to depend on
actions carried out remotely by Alice [3]. This “spooky
action at a distance” led EPR to suggest that quantum
mechanics cannot give a complete description of reality.
It is now well known, however, that any attempt to give
a local realistic model of quantum correlations must fail
in some cases, due to the violation of Bell inequalities by
some entangled quantum systems [4–6]. Moreover, it is
precisely this failure—reflecting the fundamental nature
of quantum steering—that has ultimately led to nonclas-
sical information protocols with guaranteed security, such
as quantum key cryptography [7] and randomness gener-
ation [8].

Due to imperfections in physical state preparation and
transmission, and protocols requiring the sharing of a
quantum state between more than two parties, there is
now substantial interest in the case that Alice and Bob
do not share a pure state. In this more general scenario,
entanglement is no longer sufficient for Alice to be able
to steer Bob’s system to any desired state, and a hierar-
chy of degrees of quantum correlation arises [9], starting
with quantum discord at the bottom [10, 11] and rising

through nonseparability [12] and EPR steering [13–15] to
Bell nonlocality at the top [4–6]. Three important ques-
tions that arise in this scenario are these: which states
can Alice can steer Bob’s system to? What is the con-
nection between this set of steered states and the degree
of quantum correlation? And for a multiparty state, are
there restrictions on the degree to which one party can
steer the systems of all other parties?

Surprisingly, only partial answers to the above ques-
tions are known, with most progress made for shared two-
qubit [16–22] and three-qubit states [23, 24]. For a two-
qubit state shared by Alice and Bob, it is theoretically
predicted that the set of Bob’s steered states forms an el-
lipsoid in the Bloch sphere [16]. The geometric properties
of this ellipsoid give necessary and sufficient conditions
for the presence of discord and entanglement [19] and,
for mixtures of Bell states, for EPR steerability [21, 22].
For any pure three-qubit state shared by Alice, Bob, and
Charlie, Bob’s and Charlie’s ellipsoids generated by Al-
ice’s measurements theoretically satisfy an elegant and
tight volume monogamy relation [23].

In this Letter we first report the observation of the set
of steered states for a variety of two-qubit states, and
confirm their ellipsoidal nature by fitting experimental
data to an ellipsoid equation via a least-square method
with R2 close to 1. Also, using photonic polarization
and path entanglement, we are able to experimentally
test the volume monogamy relation for three-qubit states.
For very pure three-qubit states, we verify that the rel-
evant volume monogamy relation is tight. Significantly,
we also observe that, for a suitably prepared mixed en-
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FIG. 1. Experimental setup. An ultraviolet laser pulse (centered at 390 nm) pumps a type-I SPDC source to generate a pair
of polarization-entangled photons. Photon 1, a polarization qubit, is sent straight to Alice to perform projection measurements.
Photon 2 passes through a series of beam-displacers (BD). The BDs cause the horizontally polarized (H) components (blue) to
be walked off, while the vertically polarized (V ) ones (orange) are transmitted undeviated, where BD1 and BD2 introduce a pair
of path qubits, while BD3 eliminates the path qubit generated by BD1. We label the generated quantum state in each stage of
state preparation setup (normalization coefficients are omitted), see Supplemental Material [27] for further details. Bob’s qubit,
the polarization of photon 2, is first measured by using BD4 and the rotatable wave plates. Meanwhile Charlie’s qubit, encoded
in the path degree of photon 2 (modes u and d), is transferred to the polarization degree of photon 2, which is then measured
via the standard polarization analysis. The rotatable wave plates before BD4 are within a Mach-Zehnder interferometer, and
they introduce a rotation-setting-dependent phase shift between its arms. Thus we implement another unitary operation (U),
to undo the effect of this phase shift at each setting. Each rotatable wave plate is mounted on a motorized rotation stage.
Symbols used in the figure are HWP, half wave plate; QWP, quarter wave plate; RHWP, rotatable HWP; RQWP, rotatable
QWP; FC, fiber-coupled detector; PBS, polarization beam splitter.

tangled three-qubit state, this volume monogamy rela-
tion for pure states can be significantly violated, by 215
standard deviations. However, a weaker monogamy rela-
tion [24], valid for mixed states, is satisfied by all states
in our experiment.

Quantum steering ellipsoids.— A two-qubit state,
shared by Alice and Bob, can be expressed in the stan-
dard Pauli basis σ ≡ (σ1, σ2, σ3) as ρAB = 1/4

(
1A ⊗

1B +a ·σ⊗1B +1A⊗ b ·σ+
∑3

j,k=1 Tjkσj ⊗σk
)
, where

1A,1B are identity operators. Here a and b are the Bloch
vectors of Alice’s and Bob’s qubits, and T is the spin cor-
relation matrix. In terms of components (j, k ∈ {1, 2, 3}),
aj = Tr [ρABσj ⊗ 1B ] , bk = Tr [ρAB1A ⊗ σk] and Tjk =
Tr [ρABσj ⊗ σk].

When Alice makes a measurement on her qubit, each
measurement outcome can be associated with an element
E ≥ 0 in a positive-operator valued measure (POVM)
and thus assigned to an Hermitian operator E =
e0 (1A + e · σ) with 0 ≤ e0 ≤ 1 and |e| ≤ 1. Correspond-
ingly, Bob’s qubit, correlated with Alice’s, is steered to
an unnormalized state TrA[ρAB E ⊗ 1B ] with probabil-
ity p = Tr [ρAB E ⊗ 1B ]. In particular, the normalized
state admits the form 1

2

[
1B + (b + T>e) · σ/(1 + a · e)

]
for Bob’s qubit. Then, considering all possible local mea-

surements by Alice, this yields a set of Bob’s steered
states, represented by the set of Bloch vectors

EB|A =

{
b + T>e

1 + a · e
: |e| ≤ 1

}
. (1)

This set can be proven to form a (possibly degenerate)
ellipsoid [16], and hence is called a quantum steering el-
lipsoid [19]. The subscript B|A denotes Bob’s steering
ellipsoid generated by Alice’s local measurements.

The quantum steering ellipsoid EB|A, together with the
reduced Bloch vectors a and b, provides a faithful tool to
visualize the two-qubit state [19]. The size of the steer-
ing ellipsoid can be quantified by its normalized volume
VB|A = |det(T −ab>)|/(1−|a|2)2 [19]. Here the volume
is normalized relative to the total volume of the Bloch
sphere, 4π/3. It was found in Ref. [19] that the upper
bound VB|A = 1 is achieved if and only if Alice and Bob
share a pure entangled two-qubit state. In contrast, vol-
umes of steering ellipsoids for all separable states are al-
ways no greater than 1/27 [19].
Volume monogamy relations.— Consider the scenario

where Alice, Bob, and Charlie share a three-qubit state.
The sets of steered states for Bob and Charlie, generated
by measurements on Alice’s qubit, could be described by
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FIG. 2. The experimentally determined set of steered states (red points) for the family of pure three-qubit states (Eq. 4)
and the mixed state in Eq. (5). In the above blue box, α is fixed at π/2 and β varies from 0 to π/2—each entangled state
belongs to the W class. In the green box, we fix β = π/4 and vary α from π/4 to π/12—the entangled states belong to the
GHZ class. In the red box, ρABC in Eq. (5) is prepared. In each box, the upper figure refers to Bob’s steered states while the
lower one corresponds to Charlie’s. For each state, we choose 1000 directions at random on the Bloch sphere [32] for Alice’s
measurements. Each red point, corresponding to Bob’s or Charlie’s steered state, is reconstructed from 5.0 × 104 detection
events via quantum state tomography. The bottom right inset shows the error bars (one line for each component) of measured
red points, which has an average value of 0.007 for each component.

the steering ellipsoids EB|A and EC|A, respectively, which
are further quantified by the volumes VB|A and VC|A.

When the tripartite system is in a pure state |ψABC〉,
there exists a monogamy relation between volumes of
steering ellipsoids [23]√

VB|A +
√
VC|A ≤ 1. (2)

This relation is tight because it is nontrivially saturated
if and only if |ψABC〉 is a W -class state [23, 24]. Fur-
ther, it is strictly stronger than the Coffman-Kundu-
Wootters (CKW) inequality for the concurrence measure
of entanglement [25].

For mixed states, it is not possible to derive the above
inequality, and below we experimentally produce a mixed
state that violates Eq. (2). However, some of us and a
coworker derived a weaker monogamy relation [24]

(VB|A)
2
3 + (VC|A)

2
3 ≤ 1 (3)

which holds for all three-qubit states. Both of these
monogamy relations imply that Alice cannot steer both
Bob and Charlie to a large set of states. For example,
if Alice is able to steer Bob to the whole Bloch sphere

(i.e., they share a pure entangled state), then Charlie’s
steering ellipsoid has zero volume (and indeed reduces to
a single point).
Experimental setup.— To experimentally verify the el-

lipsoidal nature [Eq. (1)] and test the volume monogamy
relation [Eq. (2)], we first prepare a family of entangled
three-qubit states which are well approximated by pure
states of the form

|ψABC〉 =
1√
2

(sinα|100〉+ sinβ|010〉 (4)

+ cosβ|001〉+ cosα|111〉),

where α, β ∈ [0, π/2]. In particular, when α = 0, π/2
or β = 0, π/2, the state belongs to the set of W -class
states; otherwise, the state belongs to the set of GHZ-
class states [24, 26]. Further, this family is a good test
bed for the monogamy relation as it covers the whole
region enclosed by the inequality [Eq. (2)], in addition
to having a simple theoretical expression for the steering
ellipsoids’ volumes [24].

The experimental setup to generate this family of
states is shown in Fig. 1. First, we employ a type-I
spontaneous parametric down-conversion (SPDC) source
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FIG. 3. Volume monogamy relations. The x axis and y axis
refer to the normalized volumes VB|A and VC|A, respectively.

The blue solid curve describes
√
VB|A +

√
VC|A = 1, and the

orange dashed curve represents (VB|A)2/3 + (VC|A)2/3 = 1.
Blue (green) points represent our experimental results for the
W - (GHZ-) class states in the blue (green) box of Fig. 2.
These blue points are almost located on the blue solid line, im-
plying these states saturate the monogamy relation [Eq. (2)]
as predicted. The red point characterizes the measurement
outcome for the mixed three-qubit state [Eq. (5)]. It is sand-
wiched by the blue line and orange dashed line, indicating
this state violates the monogamy relation [Eq. (2)], but still
satisfies the weaker one [Eq. (3)]. The error bars of the exper-
imental data are of the order of 10−4, which is much smaller
than the marker size.

to produce a pair of polarization-entangled photons [28].
Qubits A and B are encoded in the polarization of photon
1 and 2, respectively, while qubit C is encoded in the path
of photon 2. Then, a high-accuracy deterministic CNOT
gate can be performed between qubit B and qubit C by
using BDs and HWPs [29, 30]. Here we expand this to
design and implement a sophisticated BD network that
can produce the family of states [Eq. (4)] with tunable
coefficients α, β as desired. The measurement process is
shown in the right box of Fig. 1: Alice randomly chooses
one direction on the Bloch sphere and performs the pro-
jection measurement on her qubit, while Bob and Charlie
make measurements allowing single-qubit tomography of
their individual qubits. After Alice has measured all sam-
pled directions, Bob’s (Charlie’s) steering ellipsoids can
be verified by numerically fitting these tomographic data
to an ellipsoid equation.

Within the same experimental setup, we also obtain
the measurement statistics of a mixed entangled three-
qubit state, which is predicted to violate the pure state
monogamy relation in Eq. (2). This state is a mixture of
two W -class states:

ρABC =
1

2
(|χ1〉〈χ1|+ |χ2〉〈χ2|), (5)

with

|χ1〉 =
1√
6

(|010〉 − 2|100〉+ |001〉), (6)

|χ2〉 =
1√
6

(|101〉 − 2|011〉+ |110〉).

State ρABC has purity= 1
2 . The state |χ1〉 is realized by

first producing a nonmaximal entangled state
√

1/3|00〉−√
2/3|11〉 in type-I SPDC and then setting α = π/2, β =

π/4 in the BD network [27]. Noting that |χ2〉 could be
generated from |χ1〉 by performing flipping operations σx
between states 0 and 1 for each qubit |χ2〉 = σ⊗3x |χ1〉, we
only need to prepare the state |χ1〉 in the experiment,
instead of ρABC , because the measurement statistics of
ρABC with respect to an arbitrary measurement M are
equal to those obtained by performing two measurements
M and M ′ = σ⊗3x Mσ⊗3x with equal probability on |χ1〉,
see also Supplemental Material [27].
Results.— It is crucial in these experiments to prepare

high fidelity tripartite entangled states. By employing
states entangled in two degrees of freedom, we obtain
the family of tripartite states [Eq. (4)] with nearly per-
fect fidelity and high generation rate. The state fidelity
is calculated by F = 〈ψideal|ρexp|ψideal〉, where ρexp is
obtained via quantum state tomography. By carefully
calibrating our setup, we achieve an average fidelity of
0.9887(1) for all of the prepared states (see Supplemen-
tal Material [27] for more details) and the two-photon
counting rate is about 6000 per second.

Our first result is to verify that the set of steered states
for two-qubit systems indeed forms an ellipsoid. We use
a nonlinear least-square method to fit our experimental
data to an ellipsoid equation and employ R2 to evaluate
the fitting performances [31]. The results are plotted
in Fig. 2, and each steering ellipsoid is constructed via
1000 measurement points. As shown in Fig. 2, we have
tested the steering shape for a variety of two-qubit states,
generated from tracing out the qubit B or qubit C of
three-qubit states. In particular, we observed that almost
all R2 parameters are close to unity [27], which confirms
a good fit of our experimental points. For example, the
smallest R2 among all fitted ellipsoids (except degenerate
cases) is 0.9956, corresponding to the ellipsoid EC|A(α =
π/8, β = π/4). We also generated a family of pure two-
qubit states with a varying degree of entanglement. We
observe that the set of steered states closely coincides
with the Bloch sphere for entangled two-qubit states and
a single point on the surface for separable ones [27].

We next use the experimentally determined ellipsoids
to test volume monogamy relations. Figure 3 plots the
measured VB|A versus VC|A for all the 12 states of Fig. 2
(see Supplemental Material [27] for more details). In par-
ticular, for the W -class states in the blue box of Fig. 2,
the corresponding

√
VB|A +

√
VC|A range from 0.9754(3)

to 0.9910(18), indicating that these states nearly saturate
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the monogamy relation (2). For the GHZ-class states in
the green box of Fig. 2, the measured pairs (VB|A, VC|A)

all lie below the blue solid curve
√
VB|A +

√
VC|A = 1.

This can be used to classify different classes of three-
qubit states by mapping the measured volume pair onto
different regions of Fig. 3. It is interesting to point out
that the steering ellipsoids for W -class states that satu-
rate the volume monogamy relation also belong to a class
of “maximally obese” states [19, 20, 23], which have max-
imal volumes for the given centers.

Finally, it is surprising to find that the suitably
prepared mixed state [Eq. (5)] violates the volume
monogamy relation [Eq. (2)] for pure states. The steer-
ing ellipsoids EB|A and EC|A are shown in the red box of
Fig. 2, and the corresponding volume pair (VB|A, VC|A)
is plotted as the red point in Fig. 3. The experimental
values of VB|A and VB|A are 0.2688(2) and 0.2906(2), re-

spectively, which yields
√
VB|A +

√
VC|A to be 1.0575(3).

Nevertheless, this mixed state still satisfies a weaker
monogamy relation given in Eq. (3).

Conclusions.—We have experimentally verified the el-
lipsoidal nature of the set of steered states for a variety of
two-qubit states (both two-photon states and one-photon
states with two degrees of freedom). We used the experi-
mentally determined ellipsoids to verify the monogamous
nature of steering for a range of pure three-qubit states,
and for mixed entanglement. It will be of both theo-
retical and experimental interest to investigate whether
these distinct natures are still valid in more general sce-
narios. For example, can the volume monogamy rela-
tion for mixed three-qubit states be generalized to more
than three parties? Is the ellipsoidal nature of the set of
steered states valid for the qudit system beyond qubits?
Can the monogamous nature of sets of steered states be
confirmed in higher-dimensional multiparty systems? Fi-
nally, steering ellipsoids provide a powerful method to
characterize quantum correlations of the system without
shared reference frames, which may find further applica-
tions in the future quantum networks [34]. In the Sup-
plemental Material [27], we investigate using just a small
number of measurement settings to construct the steering
ellipsoids.

Acknowledgement.—This work was supported by the
National Key Research and Development Program of
China (Grant No. 2017YFA0304100), the National Nat-
ural Science Foundation of China (Grants No. 61327901,
No. 11774335, No. 11734015, No. 11474268, No.
11704371, and No. 11821404), Key Research Pro-
gram of Frontier Sciences, CAS (Grant No. QYZDY-
SSW-SLH003), the Fundamental Research Funds for
the Central Universities (Grants No. WK2470000026
and No. WK2470000018), Anhui Initiative in Quan-
tum Information Technologies (Grants No. AHY020100
and No. AHY070000), the National Youth Top Tal-
ent Support Program of National High-level Personnel of

Special Support Program (Grant No. BB2470000005),
China Postdoctoral Science Foundation (Grant No.
2017M612074), and the ARC Centre of Excellence
(Grants No. CE110001027 and No. CE170100012). We
thank Matt Palermo for useful discussions.

∗ shuming.cheng@griffithuni.edu.au
† hyf@ustc.edu.cn
‡ cfli@ustc.edu.cn
§ michael.hall@griffith.edu.au
¶ h.wiseman@griffith.edu.au
∗∗ g.pryde@griffith.edu.au
[1] E. Schrödinger, Proc. Cambridge. Philos. Soc. 31, 555

(1935).
[2] E. Schrödinger, Proc. Cambridge. Philos. Soc. 32, 446

(1936).
[3] A. Einstein, B. Podolsky, and N. Rosen, Phys. Rev. 47,

777 (1935).
[4] J. S. Bell, Physics 1, 195 (1964).
[5] J. F. Clauser, M. A. Horne, A. Shimony, and R. A. Holt,

Phys. Rev. Lett. 23, 880 (1969).
[6] N. Brunner, D. Cavalcanti, S. Stefano, V. Scarani, and

S. Wehner, Rev. Mod. Phys. 86, 419 (2014).
[7] H. K. Lo, M. Curty, and K. Tamaki, Nat. Photonics 8,

595 (2014).
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SUPPLEMENTAL MATERIAL

Preparation of entangled 3-qubit states

Here we show the detailed preparation of entangled 3-qubit states in Eq. (4) in the main text. First, a type-I SPDC
source is employed to produce a pair of polarisation-entangled photons, which can be expressed in the form 1©

|ψ〉AB = sin γ|HH〉+ cos γ|V V 〉, (S1)

where γ lies in the interval [0, π]. Here, H and V represent horizontal and vertical polarisations of two photons 1 and
2, respectively, while the subscripts A and B represent the polarisation qubits of the two photons.

Then, photon 2 is sent through an interferometer network which contains three beam displacers (BDs). In each BD,
the H-polarised component experiences spatial walk-off, while the V-polarised component is transmitted undeflected.
The thickness, and thus displacement distance, of BD1 and BD3 is double that of BD2 (the displacement distance of
BD2 is 4 mm in our experiment). BD1 and BD2 will generate a pair of path qubits, labeled L1 and L2, on photon 2.
In the following (also in the main text), we label the upper (lower) paths of the photon introduced by BD1 and BD2
as U (D) and u (d) respectively. Thus, when photon 2 passes through BD1, the state (S1) becomes 2©

|ψ〉ABL1
= sin γ|HHD〉+ cos γ|V V U〉. (S2)

After BD1, the H-component passes through a HWP(α) and the V-component passes through a HWP(β), which
introduce the two tunable coefficients α, β in the state. And this process yields 3©

|ψ〉ABL1 = cos γ|V 〉(sinα|H〉+ cosα|V 〉)|U〉+ sin γ|H〉(sinβ|H〉+ cosβ|V 〉)|D〉. (S3)

The path-dependent polarisation rotation can be regarded as a controlled-rotation operation between the path and
polarisation qubits. When the photon passes through BD2, a second path qubit is introduced and now the state is 4©

|ψ〉ABL2L1 = cos γ|V 〉(sinα|Hd〉+ cosα|V u〉)|U〉+ sin γ|H〉(sinβ|Hd〉+ cosβ|V u〉)|D〉. (S4)

Finally, the polarisation qubit is rotated independently by setting HWPs oriented along either 45◦ or 0◦. Note that
0◦ HWPs are used to compensate the optical path difference and will introduce a π phase shift on the state as soon
as the V-component passes through it. Thus, we have a state 5©

|ψ〉ABL2L1 = cos γ|V 〉|H〉(sinα|d〉+ cosα|u〉)|U〉+ sin γ|H〉|V 〉(sinβ|d〉 − cosβ|u〉)|D〉. (S5)

BD3 is then used to eliminate path qubit L1. Thus, BD1 and BD3 form an Mach-Zehnder interferometer. Passing
through the BD3, photons in the upper path further encounter a 45◦ HWP, while photons in the lower path pass
through a 0◦ HWP. The output state is 6©

|ψ〉ABL2 = cos γ(sinα|V Hd〉+ cosα|V V u〉)− sin γ(sinβ|HV d〉+ cosβ|HHu〉). (S6)

By encoding the qubit modes H/V, D/U, d/u as logical state 0/1 and setting γ = −45◦, we obtain an entangled state
that coincides with the family of 3-qubit states in Eq. (4) in the main text.
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Measurement statistics of |χ1〉 are sufficient

It follows from Eq. (S6) that |χ1〉 in Eq. (6) in the main text can be first prepared in the experimental setup if

sin γ = −
√

1

3
, α =

π

2
, β =

π

4
. (S7)

Then, note that |χ2〉 could be generated from |χ1〉 by performing a swapping operation σx, which flips states 0 and
1, for each qubit, i.e.,

|χ2〉 = σx ⊗ σx ⊗ σx|χ1〉. (S8)

Thus, instead of preparing ρABC in Eq. (5) which is a equal mixture of |χ1〉 and |χ2〉, we only need to generate the
state |χ1〉 in this experiment, because the measurement statistics of ρABC with respect to an arbitrary measurement
M are equal to those obtained by performing two measurements with equal probability on |χ1〉, i.e.,

〈MρABC〉 =
1

2
(〈M |χ1〉〈χ1|〉+ 〈M |χ2〉〈χ2|〉)

=
1

2
(〈M |χ1〉〈χ1|〉+ 〈M σx ⊗ σx ⊗ σx|χ1〉〈χ1|σx ⊗ σx ⊗ σx〉)

=
1

2
(〈M |χ1〉〈χ1|〉+ 〈σx ⊗ σx ⊗ σxM σx ⊗ σx ⊗ σx|χ1〉〈χ1|〉)

≡ 1

2
(〈M |χ1〉〈χ1|〉+ 〈M ′|χ1〉〈χ1|〉) . (S9)

For the σz and σy measurements, M ′ corresponds to flipping the outcomes of M , since σxσzσx = −σz and σxσyσx =
−σy. For the σx measurement, M ′ is equal to M .

Experimental data fitting via the nonlinear least-square method

We employ a nonlinear least-square method to fit the experimental points to verify the ellipsoidal nature of the set
of steered states. All measured points are obtained via quantum state tomography on Bob’s/Charlie’s steered state,
which can be faithfully represented by the Bloch vector (x, y, z). Since there are 1000 samples, denote each data as a
tuple Xi = (xi, yi, zi), i = 1, · · · , 1000. Then, we choose an ellipsoid equation to fit our experimental data, i.e.,

Y = f(X), (S10)

where the fitting function f is determined by the general ellipsoid equation, and we let Y = z2.
Then we use the coefficient of determination R2 [33] to evaluate how well experimental data are fitted. Specifically,

we choose the Y-data to investigate the performance, and use

R2 ≡ 1− SSres

SStot
. (S11)

Here SSres =
∑

i(Yi − fi)2 refers to the sum of squares of residuals and SStot =
∑

i(Yi − Ȳi)2 is the variance of the
Y-data where Yi is the measured Y-data and fi is the corresponding fitted result. It is obvious that R2 ∈ [0, 1]. More
importantly, the better the fit is to the experimental data, the closer to unity R2 is.

Verification of steering ellipsoids for pure 2-qubit states

In addition to the validation of quantum steering ellipsoids for the states generated from tracing out the qubit B
or qubit C of 3-qubit states (Eq. (4)), we also prepare a class of pure 2-qubit states

|ψ〉AB = cos γ|HV 〉+ sin γ|V H〉, (S12)

using the type-I SPDC source directly. The measured steering ellipsoids are shown in Fig. 4. From left to right,
the tested states correspond to γ = {π/4, π/6, π/12, 0} respectively. Our experimental results closely match the
theoretical prediction that the set of steered states coincides with the Bloch sphere for entangled states, and a single
point for separable states. Furthermore, it is worth noting that the uniform sampling of measurements for Bob may
not lead to an uniformly distributed points on the steering ellipsoid, depending on the degree of entanglement.
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a b c d

FIG. 4. Quantum steering ellipsoids for a series of pure 2-qubit states, as per Eq. (S12), with γ = {π/4, π/6, π/12, 0}. The
red points are the experimentally-determined states for Bob, and the blue points represent the randomly-chosen measurement
directions for Alice.

Test of the robustness of constructing ellipsoids with few measurement settings

In a potentially adversarial setting, the measurement directions should be selected randomly shot-by-shot. Thus,
one always wants to use as few as possible measurement settings to construct the steering ellipsoid. It is known that
a general ellipsoid is defined by a minimum of nine points. Here we consider measurement settings based around the
platonic solids whose vertices are symmetric and uniformly distributed on the sphere. For example, the icosahedron
has twelve vertices, and this set is a good choice for Alice’s measurement settings. To test the robustness of using
only several points to construct the steering ellipsoid, we prepare a Bell-diagonal state which can be written

ρBell = 0.6|ψ−〉〈ψ−|+ 0.1|ψ+〉〈ψ+|+ 0.1|φ−〉〈φ−|+ 0.2|φ−〉〈φ−|. (S13)

We first prepare the singlet state |ψ−〉 state using the type-I source, and then apply a single-qubit gate (U) on one
arm. This gate is chosen randomly from the set {I, σz, σx, σxσz} with a probability distribution {0.6, 0.1, 0.1, 0.2},
which leads to the Bell-diagonal state as desired when averaged over many runs. Then we perform 50 experiments.
In each run of the experiment, we make a random rotation of the icosahedron, and its vertices are used for Alice’s
measurements. Each instance of Bob’s steered state is reconstructed from 5.0×105 detection events. Fig. 5 shows the
results of one experiment. We calculate the volume of the fitted ellipsoid for each of the 50 experiments, and obtain
an average value of 0.0947 and a standard deviation of 0.0015. We also reconstruct steering ellipsoid by selecting only
9 of the 12 points in each experiment—the volume, 0.0946± 0.0016, is consistent with the previous result. The small
fluctuation for each run of the experiment (which is comparable with state tomography) demonstrate the validity of
the “icosahedron” measurement strategy and alignment-free nature of the steering ellipsoids. The technique may find
applications in future quantum networks to characterise quantum correlations without shared reference frames among
distant parties.

Data analysis

Table. I shows the detailed fidelities and normalised volumes of the steering ellipsoids EB|A and EC|A for all the
tripartite states we have tested. Fig. 6 shows the tomographic results for each state.

There are two main imperfections in our system, one is due to the imperfection of the SPDC source and the other
is the imperfection of the Mach-Zehnder interferences in the BD network. The noise is random and similar to the
white noise, thus it has small contribution to the steering volumes. For the W-class states (a-g), the measured results
of
√
VB|A +

√
VC|A are always smaller than the theoretical value of 1. For the mixed state (l), the theoretical purity

is 0.5, thus it is much different from the pure states we have tested.
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(a) (b)

FIG. 5. (a) The red points represent the measurement directions for Alice based on the icosahedron. (b) The red points
represent the tomographic results for Bob’s steered states.

TABLE I. The corresponding fidelities, the normalized volumes of steering ellipsoids and the goodness-of-fit parameters for all
the tripartite states we have tested, labeled by a-l. The raw data have been corrected for the different detection efficiencies of
the two fiber-coupled detectors of Alice and Charlie. The error bars are determined by Monte Carlo simulation (100 samples)
with the photonic statistic error. exp, experimental; thy, theoretical; SSres, sum of squares of residuals; R2, coefficient of
determination. ‘Fidelity’ means fidelity with the respective target state.

State α β Fidelity V exp
B|A V exp

C|A V thy
B|A V thy

C|A SSres(EB|A) R2(EB|A) SSres(EC|A) R2(EC|A)

a π/2 0 0.9914(2) 0.00004(1) 0.9504(5) 0 1 0.00001 1.0 0.1794 0.9978
b π/2 0.187π 0.9850(5) 0.0836(1) 0.4745(4) 0.0944 0.4800 0.0091 0.9998 0.0627 0.9992
c π/2 0.215π 0.9886(3) 0.1357(2) 0.3742(3) 0.1528 0.3710 0.0141 0.9998 0.0450 0.9995
d π/2 π/4 0.9905(3) 0.2271(3) 0.2533(3) 0.25 0.25 0.0302 0.9996 0.0283 0.9997
e π/2 0.285π 0.9910(3) 0.3393(3) 0.1571(2) 0.3710 0.1528 0.0428 0.9995 0.0165 0.9998
f π/2 0.313π 0.9885(3) 0.4456(4) 0.0948(1) 0.4800 0.0944 0.0659 0.9991 0.0091 0.9998
g π/2 π/2 0.9920(1) 0.9713(5) 0.00003(2) 1 0 0.1065 0.9988 0.00001 1.0
h π/4 π/4 0.9913(2) 0.0022(1) 0.0056(2) 0 0 0.00003 0.3541 0.0006 0.6304
i π/6 π/4 0.9890(3) 0.0699(2) 0.0601(2) 0.0625 0.0625 0.0127 0.9979 0.0130 0.9979
j π/8 π/4 0.9841(4) 0.1290(2) 0.1216(2) 0.125 0.125 0.0223 0.9990 0.0945 0.9956
k π/12 π/4 0.9847(4) 0.1909(3) 0.1803(3) 0.1875 0.1875 0.0321 0.9993 0.0385 0.9992
l mixed 0.9888(3) 0.2688(2) 0.2906(2) 0.2963 0.2963 0.0472 0.9968 0.0417 0.9971
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FIG. 6. Tomographic results for all the tripartite states we have tested, labeled by a-l. In each box, the left two pictures show
the real (top) and imaginary (bottom) part of the experimental reconstructed density matrix, while the right two pictures show
the ideal density matrix.
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