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Highlights
• The novel PK/PD model is able to distinguish between
bone anabolic and catabolic bone tissue response to PTH
administration.
• The anabolic effect of PTH is modelled via osteoblast
apoptosis reduction, increased osteoblast precursor proliferation and lining cell differentiation.
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• Intermittent administration of PTH induces bone modelling responses, essential for the substantial bone gain
observed in rats.
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• The model is able to reproduce experimentally observed
key features of PTH administration.
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This paper presents a pharmacokinetic/pharmacodynamic (PK/PD) model of the action of PTH(1-34) on bone modelling and
remodelling, developed for quantitatively investigating the dose- and administration pattern-dependency of the bone tissue response to
this drug. Firstly, a PK model of PTH(1-34) was developed, accounting for administration via subcutaneous injections. Subsequently,
the PK model was coupled to a (mechanistic) bone cell population model of bone modelling and remodelling, taking into account
the effects of PTH(1-34) on the differentiation of lining cells into active osteoblasts, on the apoptosis of active osteoblasts, and on
proliferation of osteoblast precursors, as well as on the key regulatory pathways of bone cell activities. Numerical simulations show
that the coupled PK/PD model is able to distinguish between continuous and intermittent administration patterns of PTH(1-34), in
terms of yielding both catabolic bone responses (if drug administration is carried out continuously) and anabolic bone responses
(if drug administration is carried out intermittently). The model also features a non-linear relation between bone gain and drug
dose (as known from experiments); doubling the dose from 80 µg/kg/day to 160 µg/kg/day induced a 1.3-fold increase of the bone
volume-to-total volume ratio. Furthermore, the model presented in this paper confirmed that bone modelling represents an essential
mechanism of the anabolic response of bone to PTH(1-34) administration in rat models, and that the large amount of bone formation
observed in such models cannot be explained via remodelling alone.
Key words: bone modelling, bone remodelling, intermittent administration of PTH, rat model, predictive simulation
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The hormone secreted by the parathyroid glands, usually
referred to as parathyroid hormone, or, in short, PTH, is known
to be essential for calcium homeostasis. In particular, it is able
to stimulate increased osteoclast activity, which, in turn, leads to
the release of calcium ions stored in the bone matrix (Mundy and
Guise, 1999). On the other hand, PTH has also been identified as
a key substance in pharmacological applications. PTH peptides,
namely PTH(1-34), also known as teriparatide, and PTH(1-84),
were the first anabolic agents approved by drug administration
agencies for the treatment of degenerative bone diseases (such
as osteoporosis), see, e.g., (U.S. Food and Drug Administration,
2019; European Medicines Agency, 2019). However, depending
on the applied administration pattern (i.e., on the periodicity of
its exposure onto the body), PTH may induce fundamentally
opposed bone responses (Silva and Bilezikian, 2015).
Continuous infusion of PTH and conditions such as hyperparathyroidism lead to catabolic responses, hence to increased
bone resorption (Potts, 2005). In more detail, it is known from
both in vitro and in vivo studies that PTH does not directly activate osteoclasts, but it enhances bone resorption indirectly, via
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the RANK-RANKL-OPG pathway (McSheehy and Chambers,
1986; Xiong and O’Brien, 2012; Hofbauer and Schoppet, 2004).
In this context, it should be mentioned that receptors of PTH
were found on osteoblast precursor cells, active osteoblasts, lining cells and osteocytes (Bringhurst et al., 2016). Continuous
infusion of PTH actually leads to modulation of the RANKRANKL-OPG pathway towards an increased RANKL/OPG ratio, thereby promoting osteoclastogenesis and inducing, in further consequence, increased bone resorption (Lee and Lorenzo,
1999; Huang et al., 2004).
In contrast, daily subcutaneous injections of PTH are known
to lead to anabolic responses in bone tissue, hence to increased
bone formation (Dempster et al., 1993; Jilka, 2007). Similar to
continuous PTH exposure, intermittent administration of PTH
causes an increased bone turnover. However, in the latter case,
PTH acts directly on osteoblasts to promote osteoblastogenesis.
Namely, the anti-apoptotic action of PTH involves the phosphorylation and deactivation of the pro-apoptotic protein Bad,
increased expression of survival genes like B-cell lymphoma 2
(Bcl-2), increased expression of Runt-related transcriptor factor
2 (Runx2), downregulation of the apoptosis inducer cell cycle
and apoptosis regulatory protein (CARP-1) and increased DNA
repair (Bellido et al., 2003; Jilka, 2007; Schnoke et al., 2009;
Sharma et al., 2013). Furthermore, studies performed on rats
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treated with intermittent PTH showed an increased number of
osteoblasts on bone surfaces associated with a decreased fraction of lining cells, without indication of increased osteoblast
proliferation (Leaffer et al., 1995; Dobnig and Turner, 1995; Kim
et al., 2012). In addition, recent studies have identified effects
of PTH on the canonical Wnt/β-catenin signalling pathway via
sclerostin, a secreted glycoprotein primarily produced by osteocytes and acting as bone formation inhibitor (Poole et al.,
2005; Costa and Bilezikian, 2012). Sclerostin inhibits bone formation by antagonising the Wnt/β-catenin anabolic signalling
pathway, which modulates osteoblast proliferation, differentiation and survival (Kramer et al., 2010; Glass et al., 2005). PTH
is believed to reduce sclerostin concentration and consequently
reduce its inhibiting effect on bone formation (Canalis et al.,
2007; Ogura et al., 2016). In the absence of Wnt signalling,
β-catenin is phosphorylated by the protein complex formed by
Axin, adenomatous polyposis coli (APC) and glycogen synthase kinase 3 (GSK-3). If, however, Wnt signalling is present,
the cytoplasmic protein disheveled (Dvl) is activated, disrupting
the Axin-APC-GSK-3 complex from phosphorylating β-catenin.
As a result, β-catenin translocates to the nucleus, regulating the
transcription of Wnt target genes (Costa and Bilezikian, 2012;
Cadigan and Liu, 2006).
While the dual action of PTH is well-known (as documented
by the above-mentioned studies), the exact underlying molecular
and intercellular mechanisms are still unclear, at least in quantitative terms. Thus, no comprehensive picture of the mechanisms
responsible for this clinical paradox has been drawn yet (Qin
et al., 2004; Poole and Reeve, 2005). Attempting to remedy this
unsatisfactory situation, a number of mathematical models were
proposed, in order to better understand and even quantitatively
predict the effects of PTH administration on bone cells, see, e.g.,
(Rattanakul et al., 2003; Komarova, 2005; Potter et al., 2005)
and similar works. Despite the progress achieved in the past 15
or so years, most of those models neither consider the involved
biochemical pathways in appropriate detail, nor were they validated through comparison of model predictions to experimental
data. In this paper, we attempt to fill both gaps.
In particular, a new mathematical model is presented which
allows for shedding light on the intercellular and tissue-scale
mechanisms contributing to the dual action of PTH, and its
effects on the bone tissue development in rat models of osteoporosis. Thereby, the focus is on teriparatide, or recombinant human PTH(1-34), which is the first anabolic drug in a
new class of agents inducing bone formation (Eli Lilly & Co.,
2014). PTH(1-34) is administered to patients suffering from severe osteoporosis, particularly to women with postmenopausal
osteoporosis (PMO), who are believed to be at high risk of
fracture. In clinical practice, it is administered daily, based
on single subcutaneous injections (at a dose of 20 µg/day). In
terms of the modelling strategy, two concepts are combined. On
the one hand, focussing on PTH(1-34), a one-compartment PK
model was considered, allowing for (predictively) estimating the
availability of PTH(1-34) in the blood serum if administration
occurs in the form of intermittent injections, see Section 2.1.
Then, the effect of administering PTH(1-34) on the overall PTH
serum concentration is described, in Section 2.2, after which
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2. Methods
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a so-called bone cell population model (BCPM), adapted from
previous works (Pivonka et al., 2008, 2010), is introduced. In
more detail, those works were extended in order to account for
both bone modelling and remodelling responses, and to take
into account the differentiated effects of PTH(1-34) on those
two processes, see Section 2.3. Emulating osteoporosis in rat
models is standardly done through ovariectomy, and Section 2.4
describes how ovariectomy is considered in our model. The latter, hereafter optionally referred to as mechanistic pharmacokinetic/pharmacodynamic (PK/PD) model (Danhof et al., 2007),
is calibrated and validated based on experimental data on intermittent and continuous administration of PTH(1-34) in healthy
and ovariectomized (OVX) rats, involving different doses and
different starting points of drug administration; the considered
data is presented in Section 2.5. Numerical studies are presented
in Section 3, and all results are discussed in reasonable detail in
Section 4. Conclusions and a brief outlook to possible future
research directions end the paper, see Section 5.

2.1. Pharmacokinetics model for intermittent administration of
PTH(1-34)
Following the results of previous works showing no significant difference between the use of a one-compartment and a
two-compartment PK model for PTH(1-34) (Satterwhite et al.,
2010; Stratford et al., 2014), a one-compartment representation
is considered in this paper, see Fig. 1. This one compartment,
also referred to as central compartment, represents the blood and
all highly perfused tissues that rapidly equilibrate with the drug.
Since intermittent administration of PTH(1-34) standardly occurs via subcutaneous injections, the PK model accounts for
both drug absorption (from the subcutaneous site into the blood
stream) and drug elimination processes. Absorption and elimination are both assumed to be first-order reactions. Mathematically, the above-elaborated considerations lead to a PK model
consisting of one ODE describing the absorption of PTH(1-34)
from the subcutaneous tissue into the blood serum,

CE

dmPTH,sub
= −ka mPTH,sub F ,
dt

(1)

and one ODE describing the change of the PTH(1-34) concentration in the serum,

AC

dCPTH,ser
ka mPTH,sub F
=
− k e CPTH,ser .
dt
MPTH Vd

Absorption

ka

Central
compartment

ke

(2)

Elimination

Figure 1: Schematic representation of the one-compartment PK model of
PTH(1-34), showing the absorption and elimination processes the drug is subjected to.
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In Eqs. (1) and (2), mPTH,sub is the mass of PTH in the subcutaneous tissue, CPTH,ser is the molar concentration of PTH
in the serum, MPTH is the molecular weight of PTH(1-34),
MPTH = 4117.8 g/mol (Eli Lilly & Co., 2014), F is the bioavailability, and Vd represents the volume of distribution within the
compartment; hence, Vd relates the amount of drug in the body to
the drug concentration measured in the biological fluid (Trichilo
and Pivonka, 2018). Furthermore, variables ka and k e are the
absorption and the elimination rate constants. In pharmacology,
a frequently used measure to quantify the amount of drug that
has already been systemically absorbed is the so-called area under the curve, standardly denoted as AUC, which is related to
CPTH,ser via
dAUC
= CPTH,ser .
(3)
dt
Eqs. (1) to (3) can be solved analytically, giving access to mathematical expressions quantifying the time courses of mPTH,sub
and CPTH,ser , as well as to the AUC, in dependence of initial
values mPTH,sub (t 0 ) and CPTH,ser (t 0 ), see Appendix B.
For the sake of demonstration, the PK model was applied
in order to reproduce the experimentally measured serum concentrations of PTH(1-34) administered to rats, involving single
doses of 80 µg/kg/day (Stratford et al., 2014). Remarkably, the
latter dose is, in absolute terms, equivalent to the aforementioned
dose of 20 µg/day that is used to treat PMO in women (considering that rats weigh, on average, 250 g). The PK parameters
were deduced from data available in literature: F = 0.95 (Eli
Lilly & Co., 2014); Vd = 3.52 l, based on (Satterwhite et al.,
2010); k a = 2.73 1/h and k e = 0.7 1/h, obtained from standard relations of pharmacokinetics based on data — namely,
max
the point in time when CPTH,ser
is reached and the terminal
half-life of PTH(1-34) — accessible in (Stratford et al., 2014).
Considering furthermore the aforementioned dose in terms of
a corresponding initial condition for the mass of PTH(1-34)
in the subcutaneous tissue, mPTH,sub (t 0 ) = 20 µg, and that initially CPTH,ser is equal to the background concentration of PTH,
back , which is known to amount to 10 pM (Stratford et al.,
CPTH,ser
back
2014), hence CPTH,ser (t 0 ) = CPTH,ser
= 10 pM, gives access to
the drug concentration-versus-time plot, see Fig. 2. The (blue)
solid line represents the development over time of the serum drug
concentration, whereas the (red) circle-shaped markers represent the experimental data provided by Stratford et al. (2014).
Clearly, the model-predicted serum concentration of PTH(1-34)
agrees well the experimental data, corroborating the validity of
the PK model. Furthermore, the (blue) asterisk-shaped marker
max
represents the maximum drug concentration CPTH,ser
, which the
PK model predicts to occur 41.34 min after drug administration
This result also aligns well with the observations reported by
Stratford et al. (2014).
In the mechanistic PK/PD model elaborated in Section 2.3,
the variation over time of the drug concentration is used as external stimulus controlling the activity of bone cells. In order
to distinguish between continuous and intermittent PTH(1-34)
stimuli, leading to different cellular behaviours, the PK modelderived function CPTH,ser (t) was approximated in terms of an
equivalent step function (Potter et al., 2005). The latter was cho-
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Figure 2: Development of concentration of PTH(1-34) in serum over time,
with the (blue) graph representing the PK model, and the (red) circular markers
representing the experimental data by Stratford et al. (2014). The grey area
shows the area under the curve AUC, whereas the (blue) asterisk marker is C max .
The black graph shows the step function-representation of the PK model-derived
serum concentration.

sen such that the AUC computed with the PK model, by means of
Eq. (27), was preserved (Fletcher et al., 2014). As for intermittent administration, the frequency of the step function amounts
to 24 hours, which is split up into a period τon during which the
max
concentration is fixed at CPTH,ser
, and a period τoff during which
back
the concentration is fixed at CPTH,ser , with τon + τoff = 24 h. For
defining the actual value of τon , the requirement was considered that the exact function of CPTH,ser (t) and the corresponding
step function must exhibit the same AUC. Knowing the latter
from integration of Eq. (3), as
of the step
f well as the amplitude
g
max
back
function, which amounts to CPTH,ser
− CPTH,ser
, τon follows as

PT

τon =

AUC
.
max
back
CPTH,ser
− CPTH,ser

(4)
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In the present case, the area under the curve amounts to AUC =
1971.11 pM h, and the maximum serum concentration amounts
max
to CPTH,ser
= 856.42 pM; hence τon = 2.33 h, see the respective
graph indicated in Fig. 2. Notably, the step function representation of the serum concentration of PTH(1-34) was preferred
merely for the sake of better practicability, as compared to using
directly the exact time course CPTH,ser (t).
2.2. Effect of PTH(1-34) administration on the overall PTH
concentration
As is explained in detail in Section 2.3, the mechanistic
PK/PD model presented in this paper is regulated by the current concentration of PTH (among other factors). The actual
implementation of PTH in the model is based on a number of
assumptions and considerations — clearly summarising those
is the focus of this section.
First of all, no distinction is made between endogenously
produced PTH and PTH(1-34) administered through (intermittent) subcutaneous injections or (continuous) intravenous infusions. If no external dosage of PTH(1-34) occurs, the concentra4
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denote the maximum differentiation rates of uncommitted osteoblast progenitors, of osteoblast precursors, and of osteoclast
precursors; POBP denotes the baseline proliferation rate of osteoblast precursors; while AOBA and AOCA denote the baseline
apoptosis rate of active osteoblasts and the maximum apoptosis rate of active osteoclasts. Following numerous experimental studies, the differentiation, proliferation, and apoptosis processes included in Eqs. (5) to (7), are regulated by the presence of
transforming growth factor (TGF-β), of free ligands (RANKL)
of the receptor activator nuclear factor κB (RANK), which is
also influenced by osteoprotegerin (OPG) in the framework of
the RANK-RANKL-OPG pathway, as well as of systemically
produced and administered PTH — see Pivonka et al. (2008)
for a respective literature review — all of which is considered
TGF-β
by corresponding regulatory functions. In particular, πact,OBU ,
TGF-β
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tion of PTH available to bone cells and other factors equals the
back . For
so-called background concentration, CPTH,ser = CPTH,ser
back
humans, CPTH,ser amounts to 3 pM (Satterwhite et al., 2010),
whereas for rats, it amounts to 10 pM (Stratford et al., 2014).
Upon intermittent administration of PTH(1-34), the concentramax
tion of PTH is set to the peak concentration, CPTH,ser = CPTH,ser
,
max
whereby CPTH,ser is determined as shown in Section 2.1. After
a time period of τon , the pulsatile, step-wise stimulus of PTH
back . As for continuous
ends, and CPTH,ser is set back to CPTH,ser
administration of PTH, only one particular example, namely the
study by Li et al. (2007), is considered in this paper, see also
Section 2.5. In this paper, the concentration of PTH(1-34) in the
blood serum due to continuous administration is known from
experimental measurements; hence, CPTH,ser is set to this value
during the administration period.
Finally, it is noted that while up to this point the serum
concentration of PTH has been denoted as CPTH,ser , we use, for
the sake of conciseness, CPTH subsequently.

TGF-β

RK-RKL , and π
πrep,OBP , πact,OCP
act,OCP are Hill-type functions which
are assumed to vary between 0 and 1, and which depend on the
current concentrations of TGF-β and free RANKL. Details on
the definition of those functions are provided in Section 2.3.3 of
+
−
this paper. Furthermore, HPTH,
POBP and HPTH, AOBA are so-called
sigmoid Emax functions taking into account the regulatory effect of PTH on the proliferation of osteoblast precursors, and on
the apoptosis of active osteoblasts, see Section 2.3.4 for further
details.
As compared to previous model formulations, (Pivonka
et al., 2008, 2010), one additional ODE has been considered
in this work, accounting for bone modelling, namely
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2.3. Mathematical model relating PTH administration to bone
cell activities
2.3.1. Bone cell population model of bone remodelling and bone
modelling
The starting point for the subsequently elaborated PD model,
which allows for estimation of the bone cell activity-related effects PTH administration entails, was the BCPM going back to
the seminal contribution of Lemaire et al. (2004), which was
later refined and extended by Pivonka and co-workers (Pivonka
et al., 2008, 2010; Scheiner et al., 2013; Pivonka et al., 2013;
Pastrama et al., 2018). The key novelties of the new model
formulation comprise consideration of bone modelling effects,
as well as new, PTH administration-specific regulatory mechanisms, see Fig. 3 for a respective illustration.
One of the main features of BCPMs is the consideration
of bone cells in terms of molar concentrations (instead of cell
numbers). Inspired by the aforementioned works, the kinetic
equations describing mathematically how the concentrations of
the cells involved in bone remodelling change are defined as
follows:

2.3.2. Link between bone cell activities and bone composition
change
Following the approach used in previous studies (Pivonka
et al., 2012; Scheiner et al., 2013), bone is considered to be a twophase material formed of extravascular bone matrix and vascular
pore spaces. Thereby, the two constituents are quantified based
on volume fractions; f bm denotes the volume fraction of bone
matrix, wheres f vas denotes the volume fraction of vascular pore
space, f bm + f vas = 1. The temporal development of the bone
volume fraction is modelled via one ODE taking into account
the amounts of bone removed and formed over time, reading as
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dCOBP
TGF-β
+
= DOBU πact,OBU COBU + POBP HPTH,
POBP COBP −
dt
(5)
TGF-β
DOBP πrep,OBP COBP ,
dCOBA/r
TGF-β
−
= DOBP πrep,OBP COBP − AOBA HPTH,
AOBA COBA/r ,
dt
(6)
and
dCOCA
TGF-β
RK-RKL
= DOCP πact,OCP
COCP − AOCA πact,OCP COCA .
dt

(7)

In Eqs. (5) to (7), COBU , COBP , COBA/r , COCP , and COCA denote
the concentrations of uncommitted osteoblast progenitors, of
osteoblast precursors, of active osteoblasts that have differentiated in the course of the bone remodelling process, of osteoclast
precursors, and of active osteoclasts; DOBP , DOBU , and DOCP

dCOBA/m
+
−
= DLC HPTH,D
CLC − AOBA HPTH,
AOBA COBA/m ,
LC
dt
(8)
where COBA/m is the concentration of active osteoblasts that have
differentiated in the course of the bone modelling process, CLC is
the (constant) concentration of lining cells, DLC is the baseline
differentiation rate of lining cells, and AOBA is the baseline
apoptosis rate of active osteoblasts which has already occurred
in Eq. (6). Eq. (8) takes into account that also the differentiation
of lining cells is regulated by PTH, via regulatory function
+
HPTH,D
.
LC

d f bm
= −Kres COCA + Kform (COBA/r + COBA/m ) ,
dt

(9)

where Kres and Kform , respectively, are the constant bone resorption and the constant bone formation rate, respectively. Notably,
5
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Figure 3: Schematic illustration of the BCPM, distinguishing between bone modelling and bone remodelling, including the involved regulatory mechanisms
(RANK-RANKL-OPG pathway, TGF-β and PTH). The osteoblastic lineage includes osteoblast progenitors, precursors, active cells, and lining cells; whereas the
osteoclastic lineage includes precursors and active cells.

M

Eq. (9) is based on the assumption that the bone-forming capacities of active osteoblasts that have differentiated in the course
of bone remodelling and those which have differentiated in the
course of bone modelling are the same.

TGF-β

TGF-β
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2.3.3. Regulatory effects of TGF- β and of the RANK-RANKLOPG pathway
Following classical works on receptor-ligand binding kinetics as well as pertinent literature reviews, see, e.g., (Lauffenburger and Linderman, 1993; Pivonka et al., 2008), the Hill-type
regulatory functions occurring in Eqs. (5) to (7) are defined as
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TGF-β
πrep,OBP

and

CTGF-β
act
KTGF-β + CTGF-β

CE

πact,OBU = πact,OCP =

=

RK-RKL
πact,OCP
=

rep

rep
KTGF-β

KTGF-β + CTGF-β

,

CRK-RKL
,
act
KRK-RKL
+ CRK-RKL

,

(10)

dissociation equilibrium constant related to binding of RANK
to RANKL (interpretable as activation coefficient for the differentiation of osteoclast precursors).
Evaluating Eqs. (10) to (12) necessitates definition of the
included concentrations of TGF-β and of the RANK-RANKL
complex. Furthermore, considering the regulatory pathways
involved in the BCPM presented in Section 2.3.1, see (Pivonka
et al., 2008) for a comprehensive summary, it turns out that
in addition to CTGF-β and CRK-RKL , also the concentrations of
OPG, RANKL, the OPG-RANKL complex, and RANK must be
defined. For that purpose, the principle of mass action kinetics
is utilised, see (Pivonka et al., 2008, 2012) for details, yielding
the following set of ODEs:
dCTGF-β
d
= α Kres COCA + PTGF-β
− DTGF-β CTGF-β ,
dt

(11)

(13)

where α is a constant quantifying how much TGF-β is released
d
upon bone resorption, PTGF-β
is a term accounting for (external)
dosage of TGF-β, and DTGF-β is the constant degradation rate
of TGF-β;

(12)

!
−1
dCOPG
COPG *
CPTH
= βOPG COBA 1 − sat
1 + rep + −
dt
COPG ,
KPTH 

f
DOPG + kOPG-RKL
CRKL COPG +

where CTGF-β is the concentration of TGF-β, CRK-RKL is the
act
is the
concentration of the RANK-RANKL complex, KTGF-β
apparent dissociation equilibrium constant related to binding of
TGF-β to its receptors on uncommitted osteoblast progenitors
and active osteoclasts (interpretable as activation coefficient for
the differentiations of osteoblast progenitors and active osteorep
clasts), KTGF-β is the apparent dissociation equilibrium constant
related to binding of TGF-β to its receptors on osteoblast precursors (interpretable as repression coefficient for the differenact
tiation of osteoblast precursors), and KRK-RKL
is the apparent

(14)

d
r
+ kOPG-RKL
COPG-RKL ,
POPG

where COPG is the concentration of OPG, CRKL is the concentration of RANKL, COPG-RKL is the concentration of the
OPG-RANKL complex, βOPG is the intrinsic production rate
sat is the saturation concentration of OPG, K rep is
of OPG, COPG
PTH
6
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the apparent dissociation equilibrium constant related to binding of PTH to its receptors on osteoblast precursors and active
osteoblasts (interpretable as repression coefficient for producd
tion of OPG), POPG
is a term accounting for (external) dosage
of OPG, DOPG is the constant degradation rate of OPG, and
f
r
k OPG-RKL
and kOPG-RKL
are the association and dissociation rate
constants quantifying the binding and debinding behaviour of
OPG and RANKL;
(15)
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IP
T

dCOPG-RKL
f
= kOPG-RKL
COPG CRKL −
dt


r
k OPG-RKL
+ DOPG-RKL COPG-RKL ,

corresponding literature review in Section 1 of this paper: (i)
downregulation of active osteoblast apoptosis, (ii) upregulation
of bone lining cell differentiation, and (iii) upregulation of osteoblast precursor proliferation.
Downregulation of active osteoblast apoptosis by PTH is
considered as suggested by Peterson and Riggs (2010). Hence,
the intracellular mechanism influencing the apoptosis pathway
is assumed to be controlled by three regulatory factors, namely
Runx2, CREB, and Bcl-2 (Bellido et al., 2003). Runx2 and
phosphorylation of CREB (pCREB) are considered to be necessary for the transcription of the survival gene Bcl-2 and induce
the anti-apoptotic effect on active osteoblasts. PTH is considered to act directly on the degradation of Runx2 in a fast
and transient manner, whereas the production of pCREB occurs
slower. Furthermore, Bcl-2 is considered to occur at intermediate speed, influenced by the developments of Runx2 and
pCREB; hence, it is indirectly regulated by PTH. Bcl-2, in turn,
is used as regulatory argument for the effect of PTH on active osteoblast apoptosis. In mathematical terms, the above-sketched
mechanisms are captured based on three ODEs:

where DOPG-RKL is the constant degradation rate of the OPGRANKL complex;
CPTH
dCRKL
×
= βRKL COBP 
dt
CPTH + K act
PTH

CRKL +

r
kOPG
COPG-RKL

+

r
k RK
CRK-RKL ,

where CRK is the concentration of RANK, βRKL is the intrinsic
act is the apparent dissociation
production rate of RANKL, KPTH
equilibrium constant related to binding of PTH to its receptors
on osteoblast precursors and active osteoblasts (interpretable as
activation coefficient for production of RANKL), DRKL is the
d
constant degradation rate of RANKL, PRKL
is a term accountmax
ing for (external) dosage of RANKL, NRANKL/OBP
is the maximum amount of RANKL expressed by osteoblast precursors,
f
r
and kRK-RKL
and kRK-RKL
are the association and dissociation
rate constants quantifying the binding and debinding behaviour
of RANK and RANKL;
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dCRK-RKL
f
= kRK-RKL
CRK CRKL −
dt


r
kRK-RKL
+ DRK-RKL CRK-RKL ,

(17)
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where DRK-RKL is the constant degradation rate of the RANKRANKL complex; and
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dCRK
e
r
= PRK
+ k RK-RKL
CRK-RKL −
dt


f
kRK-RKL
CRKL + DRK CRK ,

dc̃A
+
= β̃A − DA HPTH,A
c̃A ,
dt

(19)

dc̃B
+
= β̃B HPTH,B
− DB c̃B ,
dt

(20)
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!
CRKL + COPG-RKL + CRK-RKL
d
1−
+ PRKL
− (16)
max
NRANKL/OBP
COBP


f
f
kOPG-RKL
COPG + kRK-RKL
CRK + DRKL ×

(18)

e is the endogenous production rate of RANK, and
where PRK
e is defined as
DRK is its constant degradation rate. Thereby, PRK
e
PRK = NRANK/OCP COCP DRK , with NRANK/OCP being the number of receptors per pM of osteoclast precursors, see Sections 3.1
and 3.2 of (Pivonka et al., 2012) for a detailed derivation of this
definition. All parameters included in Eqs. (13) to (18) are defined in Appendix C, see Tables 3 to 8.

2.3.4. Regulatory effects of PTH
In our model, the anabolic effect of intermittent PTH administration is considered based on three mechanisms, see the
7

dc̃G
= β̃G c̃A c̃B − DG c̃G .
(21)
dt
Thereby, it should be noted that subscript A represents Runx2,
subscript B represents pCREB, and subscript G represents Bcl2, see Table 1. Eqs. (19) to (21) are formulated in generalized
notation, as these mechanisms are also utilised for describing
mathematically the regulatory effects of intermittent PTH administration on osteoblast precursor proliferation, and lining cell
differentiation, requiring ODEs which are formally identical (as
explained in more detail later in this section). Furthermore,
c̃A , c̃B and c̃G are the concentrations of the involved factors —
in the present case, the latter are Runx2, pCREB, and Bcl-2
— β̃A , β̃B , and β̃G are the corresponding intrinsic production
rates, and DA , DB , and DG the constant degradation rates. Notably, the concentrations and production rates are considered
in terms of dimensionless numbers. This is due to the fact
that those concentrations and production rates are not known,
and the regulatory effects can be anyway sufficiently described
based on the relative differences between the involved concentrations, production rates, and degradation rates. The initial
conditions for the concentrations of the regulatory factors were
chosen according to Peterson and Riggs (2010). Furthermore,
the parameters occurring in Eqs. (19) to (21) were chosen based
on the premise that intermittent and continuous administration
of PTH can be clearly distinguished from each other, whereas
experimentally based parameter fitting is not possible (due to
the lack of suitable experimental data).
+
+
and HPTH,B
, occurring in Eqs. (19) and (20), are
HPTH,A
positive sigmoid Emax functions, driven by the concentration of
PTH and accounting for its upregulating effect on the degradation of A and on the production of B, respectively; they are
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structured as follows:
+
HPTH,i
= ρi +

)γ i

(α i − ρi ) (CPTH
,
(δ i )γ i + (CPTH )γ i

Furthermore, it is assumed that intermittent PTH administration
transiently degrades Dvl, while the involved characteristic time
corresponds to the characteristic time of PTH administration.
The production rate of the Axin-APC-GSK-3 complex is assumed to be regulated by PTH, while the production dynamics
is slower than the dynamics related to the effects of Dvl. Finally, the β-catenin concentration is assumed to be proportional
to the Dvl and Axin-APC-GSK-3 complex concentrations, and
subjected to a first-order degradation rate. The development
of the β-catenin level is used as regulatory factor for the effect
of PTH on osteoblast precursor proliferation and on lining cell
differentiation. For that purpose, the three general ODEs defined in Eqs. (19) to (21) are utilised, with factor A representing
Dvl, factor B representing the Axin-APC-GSK-3 complex, and
factor C representing β-catenin, see Table 1. The two positive
sigmoid Emax functions co-regulating Eqs. (5) and (8), driven
by the β-catenin concentration, are defined:

(22)

+
HPTH,i
= ρi +

(α i − ρi ) ( c̃β-cat )γ i
,
(δ i )γ i + ( c̃β-cat )γ i

(24)
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HPTH,
AOBA = α AOBA −
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where subscript i represents either factor A or factor B. The def+
inition of HPTH,i
includes quantity ρi , representing the baseline
+
level of the function; i.e., if PTH is absent, then HPTH,i
= ρi .
+
The baseline value of HPTH, i is considered to be related to the
background concentration of PTH, as defined in Section 2.1.
Furthermore, α i is a parameter quantifying the maximum effect
of PTH, δ i is the potency of the response to drug administration
(i.e., the concentration of PTH that causes 50% of the maximum
effect), and γi is the steepness of the response — theoretically,
the latter is related to the number of drug molecules combined
with each receptor, but standardly it is used as phenomenological factor allowing for calibrating the model.
The anti-apoptotic effect of PTH on active osteoblasts is
driven by the dimensionless concentration of Bcl-2, c̃Bcl-2 , which
is represented in the general notation of Eqs. (19) to (21) by c̃G .
In order to describe this mechanism mathematically, a corresponding negative sigmoid Emax function is used, see Eqs. (6)
and (8), reading as
(α AOBA − ρ AOBA ) ( c̃Bcl-2 )γ AOBA
, (23)
(δ AOBA )γ AOBA + ( c̃Bcl-2 )γAOBA
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M

where the physical meaning of the involved parameters is as
explained below Eq. (22). For determining the value of the
potency δ AOBA , a baseline value of the sigmoid function of
−
HPTH,
AOBA= 1 was considered. Inserting then the numerical
values of all other parameters gives access to the numerical
value of δ AOBA , see Table 7.
The action of PTH on the proliferation of osteoblast precursors as well as on the differentiation of lining cells takes into
account the canonical Wnt pathway, which plays an essential
role in many aspects of cell growth, proliferation and differentiation (Fuerer et al., 2008). Given the importance of Wnt
signalling in embryonic development and carcinogenesis, numerous computational models simulating the complex intracellular transduction mechanisms have been developed. However,
the multitude of transmembrane ligands and receptors involved
made it difficult to distinguish the action of PTH on each individual component. Since the development of a complex model
dealing with intracellular Wnt signalling is beyond the scope of
this paper, a more phenomenological strategy was pursued, considering the components in this pathway in simplified manner.
In particular, three components were accounted for: (i) Dishevelled (Dvl), (ii) Axin-APC-GSK-3 complex, (iii) β-catenin.

Osteoblast
apoptosis factor

Osteoblast precursor proliferation, lining
cell differentiation factor

A
B
G

Runx2
pCREB
Bcl-2

Dvl
Axin-APC-GSK-3 complex
β-catenin

2.3.5. Model summary
The mathematical framework defining the extended BCPM
consists of a system of ODEs, namely of Eqs. (5) to (9), (13) to
(18), and (19) to (21), as well as the regulatory functions defined
in Eqs. (10) to (12), and (22) to (24). For numerical solution of
this system of equations, the commercial software Matlab has
been utilised, in particular one of the solvers (ode45) provided
for numerical integration of ODE systems. Thereby, it should be
noted that, in contrast to previous model formulations (Pivonka
et al., 2008, 2010), all regulatory functions had to be explicitly
expressed in the ODE system, and solved simultaneously with
the aforementioned set of ODEs. All model parameters are
summarised in Appendix C, see Tables 3 to 8.
2.4. Mechanism to simulate OVX
According to experimental observations, both osteoporosis
in humans and OVX in animals are associated with a disturbance
of the RANK-RANKL-OPG pathway, leading to an increased
RANKL/OPG ratio (Hofbauer et al., 2004). In the mechanistic
PK/PD model, this effect can be taken into account through imposing a corresponding increase in the RANKL concentration,
which consequently induces a catabolic action on bone. To that
end, Eq. (16), which describes the dynamics of the RANKL
d
OVX , taking
concentration, includes the dosage term PRKL
= PRKL
into account a constant, OVX-related RANKL production.

Table 1: Regulatory factors regulating the intracellular signalling pathways
involved in the anabolic response of bone tissue to intermittent PTH administration.
General
parameter

with subscript i representing either the proliferation rate of osteoblast precursors, POBP , or the differentiation rate of lining
cells, DLC . c̃β-cat denotes the concentration of β-catenin.
Remarkably, the same model parameters were used for calculation of c̃Bcl-2 and c̃β−cat , entering the system of ODEs defined
by Eqs. (19) to (21). Also the same initial conditions were applied. However, the sigmoid Emax functions fed by c̃Bcl-2 and
c̃β−cat , respectively, Eqs. (23) and (24) are calibrated individually for the targeted effects, according to experimental data.

8

ACCEPTED MANUSCRIPT

2.5. Experimental data for model calibration and validation
Four independent experimental data sets were considered
for calibrating and validating the mechanistic PK/PD model,
described below. Notably, all of the considered studies were
conducted on 3-month-old, Sprague-Dawley female rats, weighing between 220 and 250 g. Furthermore, the development of
the condition of the rats during the experiments was quantified
in terms of the BV/TV (i.e., the ratio of bone volume over total
volume), which is equivalent to the bone tissue volume fraction
f bm , the latter being one of the state variables of the mechanistic
PK/PD-model, see, e.g., Eq. (9). Notably, in three of the below
described experimental studies, the BV/TV was measured in
the trabecular tissue in the proximal tibial metaphysis (Wronski
et al., 1988; Liu and Kalu, 1990; Wronski and Dann, 1993),
while in one study the trabecular tissue in the proximal femoral
metaphysis was considered (Li et al., 2007).
Li et al. (2007) investigated the dual action of intermittent
and continuous administration of synthetic human PTH(1-34)
to healthy rats. The administration was maintained for 14 days,
involving both daily (i.e., intermittent) subcutaneous injections
at a dose of 80 µg/kg/day and continuous infusion at a dose
of 40 µg/kg/day. Li et al. (2007) revealed that after 14 days of
intermittent administration of PTH(1-34), the BV/TV amounted
to 29.1 ± 2.8 %, while the respective control BV/TV amounted
to 23.8 ± 2.4 %; hence, an increase in BV/TV by 5.3 ± 3.7 % was
observed. After 14 days of continuous administration of PTH(134), in turn, the BV/TV amounted to 14.8 ± 1.0 %, while the
respective control BV/TV amounted to 20.6 ± 1.0 %; hence, a
decrease in BV/TV by 5.8 ± 1.4 % was observed.
Wronski et al. (1988) studied the reduction of the BV/TV
during 100 days after the rats had undergone sham surgery
or ovariectomy. In particular, after sham surgery, the BV/TV
amounted to 27.3±5.0 %. This value was considered as baseline
value. Wronski et al. (1988) measured then the BV/TV 14, 35,
52, 70, and 100 days after ovariectomy, amounting to 21.1 ±
6.8 %, 16.1 ± 4.7 %, 11.9 ± 4.3 %, 11.6 ± 6.5 %, and 5.5 ± 3.3 %.
Liu and Kalu (1990) investigated the change in BV/TV
35 days after sham surgery, after ovariectomy without treatment
by PTH(1-34), as well as after ovariectomy directly followed
by intermittent administration of PTH, considering thereby two
different doses, namely 80 µg/kg/day and 160 µg/kg/day. After sham surgery, which is again considered as reference in
this study, the BV/TV amounted to 25.2 ± 1.6 %, and after
ovariectomy to 12.6 ± 1.8 %. When intermittently administering PTH(1-34) at a dose of 80 µg/kg/day, the BV/TV amounted
to 60.2 ± 2.9 %, while doubling the dose led to a further increase
in BV/TV to 70.1 ± 2.3 %.
The fourth study considered for model calibration and validation, respectively, was carried out by Wronski and Dann
(1993). They performed both sham surgery and ovariectomy on
the aforementioned type of rats, and considered a resting phase
of 28 days before measurements were conducted and/or administration of PTH(1-34) was initiated. Directly after this resting
phase, as well as on days 63 and 98 after surgery, they measured the BV/TV of rats which have undergone sham surgery,
of OVX rats which did not receive any drug treatment, and of

3. Results

CR
IP
T

OVX rats which received intermittent administration of PTH(134), at a dose of 80 µg/kg/day. The animals which underwent
sham surgery showed a more or less constant BV/TV over time,
amounting on average to 27.1 ± 1.2 % (measured at day 63 after surgery). The OVX rats exhibited a BV/TV-development
reading as 9.0 ± 1.8 % at day 28, 4.2 ± 1.1 % at day 63, and
4.0 ± 1.0 % at day 98 after ovariectomy. If treated intermittently
by PTH(1-34), the BV/TV of the rats evolved as follows: it
amounted to 8.9 ± 1.8 % at day 28, 27.0 ± 3.8 % at day 63, and
53.7 ± 4.5 % at day 98 after ovariectomy.
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First, calibration of the mechanistic PK/PD model needed
to be performed. As for the model parameters related to administration of PTH(1-34), the experimental results published by
Li et al. (2007), see Section 2.5, were considered for that purpose. Thereby, the focus was on intermittent administration of
PTH(1-34), in terms of achieving the best-possible agreement
between model predictions and experimental data. When simulating intermittent administration of PTH(1-34) for 14 days,
the increase of the trabecular bone volume fraction f bm (which
is equivalent to the BV/TV) amounted to 5.5 %, with respect
to baseline. This result is in good agreement with the corresponding experimental result of 5.3 ± 3.7% (Li et al., 2007),
see Fig. 4(a). When simulating, again for 14 days, continuous
administration of PTH(1-34), the model predictions exhibit the
desired catabolic behaviour, reflected by decrease of the trabecular bone volume fraction. However, our model predicts a
(a)
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Mechanistic PK/PD model
(Li et al., 2007)
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Figure 4: Results of model calibration in terms of the change in trabecular bone
volume fraction f bm over time (with respect to baseline), following 14 days of
(a) intermittent and (b) continuous administration of PTH(1-34) in a healthy rat
model.
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30

decrease in f bm of 1.4%, whereas the corresponding experimental study shows a reduction by 5.8 ± 1.4%, see Fig. 4(b). Hence,
our model seems to underestimate the catabolic effect of continuous administration of PTH(1-34). Nevertheless, since the
main priority of the study presented in this paper was to reliably
predict the effect of intermittent administration of PTH(1-34),
the results of this calibration step were considered for further
computations.
In a second step of model calibration, the OVX-related
OVX , had to be defined, see SecRANKL-production term, PRKL
tion 2.4. This was done based on data related to OVX rats
which were not subjected to any kind of treatment by PTH(1OVX = 416.7 pM/h, the model
34) (Wronski et al., 1988). For PRKL
predictions show a satisfying agreement with the experimental
data provided by Wronski et al. (1988), see Fig. 5. Within the
first 60 days of simulated OVX, bone loss due to OVX occurs at
a high rate, with the reduction of f bm amounting to ≈ 15% (from
an initial value of ≈ 25%). After day 60, bone loss slows down
significantly (about 2 orders of magnitude). In fact, the bone
loss rate reduces from 0.012%/day to 0.00081%/day, reaching
eventually a quasi-stable state at a trabecular bone volume fraction of ≈ 5%.
Validation was performed, on the one hand, through comparison of the OVX simulation shown in Fig. 5 to the corresponding
data by Wronski and Dann (1993). Clearly, the BV/TV-values
provided by Wronski and Dann (1993) are lower than the modelpredicted ones. Nevertheless, between 28 and 63 days after
ovariectomy, the data of Wronski and Dann (1993) exhibits a
bone loss rate which is quite similar to the model-predicted
one, whereas later the experimental data seems to converge to
the model predictions. Furthermore, treatment of OVX rats by
PTH(1-34) was simulated, accounting thereby for two different
drug doses (80 and 160 µg/kg/day) and two different treatment
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Figure 6: Change of f bm over time (with respect to baseline) resulting from
simulations of OVX and treatment with intermittent administration of PTH(134) in a rat model of osteoporosis.

Mechanistic PK/PD model
(Wronski et al., 1988)
(Wronski et al., 1993)

30
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t [days]
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OVX+PTH (day 28, 80 µg/kg/day)
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Figure 5: Model-predicted versus experimentally observed changes in the trabecular bone volume fraction f bm in the course of 100 days after ovariectomy
in a rat model of osteoporosis. The data in (Wronski et al., 1988) was used for
model calibration, whereas the data in (Wronski and Dann, 1993) was used for
model validation.
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starting points (both directly after ovariectomy and considering a
delay of 28 days). Considering again also the case where no drug
treatment was performed, a good agreement between model predictions and the experimental data of (Liu and Kalu, 1990) was
observed after 35 days. The model predictions showed a reduction in f bm by ≈ 10 %, see Fig. 6, whereas the corresponding
experimentally revealed reduction amounted to 12.6±2.4% (Liu
and Kalu, 1990). Simulating treatment by PTH(1-34) starting
directly after the ovariectomy, the following change of the f bm
(with respect to baseline) turned out to increase non-linearly
with increasing doses. Doubling the dose from 80 µg/kg/day to
160 µg/kg/day, a 1.3-fold increase of the drug effects is observed,
see Fig. 6; this is in good agreement with the corresponding experimental results, showing a 1.29-fold increase (Liu and Kalu,
1990). The model-predicted bone gain (with respect to baseline) computed when simulating a delay of 28 days between
ovariectomy and treatment initiation amounts to ≈ 19 % at day
63, see Fig. 6. This value is much higher than the corresponding experimental result published by Wronski and Dann (1993)
which suggests that at this point in time the BV/TV has just returned to baseline. However, when considering only the relative
change between 28 and 35 days, in terms of a ratio defined as


∆ f bm (t = 63 days) − ∆ f bm (t = 28 days) / f bm (t = 28 days),
this relative change ratio amounts to 1.6 according to the model
predictions, whereas it amounts to 2.0 according to the experimental data of Wronski and Dann (1993). Hence, in terms of
relative changes, the agreement between model predictions and
experimental data can be considered satisfying.
Next, the effects of intermittent administration of PTH(1-34)
on the regulatory factors controlling the intracellular signalling
pathways driving the anabolic action that PTH(1-34) exerts on
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Finally, the temporal development of the dimensionless concentration of regulatory factor G over the simulated period of
intermittent PTH(1-34) administration is plotted, see Fig. 7(d).
Notably, factor G is characterised by moderately fast dynamics, see Eq. (21), which is clearly reflected by the corresponding
time course of CG .
Interestingly, factor G, whose dependance on intermittent
administration of PTH(1-34) is described in the previous paragraph, is used to control the regulatory functions which influence
the apoptosis rate of active osteoblasts, AOBA , the proliferation
rate of osteoblast precursors, POBP , and the differentiation rate
of lining cells, DLC , see Eqs. (6), (5), and (8) for the respective functional relations. Hence, driven by the time course of
the concentration of regulatory factor G, occurring in response
to administration of PTH(1-34), see Fig. 7(d), AOBA , POBP ,
and DLC change over time as well. The time courses of these
quantities are shown in Fig. 8. Considering the average concentrations per administration interval (indicated by the red markers
in Fig. 8), it is noted that, according to the mechanistic PK/PD
model, AOBA reduces by ≈ 50 % (with respect to baseline), see
Fig. 8(a), whereas POBP increases by factor ≈ 5 (with respect to
baseline), see Fig. 8(b). It is also worth mentioning that, since
the differentiation of lining cells is a process which is fundamentally activated by intermittent administration of PTH(1-34),
no baseline for the lining cell differentiation rate can be defined,
because of which the time course of DLC is plotted in terms of
absolute values (instead of normalised ones), see Fig. 8(c).

ED

c̃A (t)
[–]
c̃A (t 0 )

CPTH (t)
[–]
CPTH (t 0 )

bone tissue are shown in Fig. 7. Fig. 7(a) shows how the serum
concentration of PTH varies over time in response to daily subcutaneous injections. Fig. 7(b) shows the corresponding time
course of the dimensionless concentration of regulatory factor
A. Similarly to PTH, factor A is characterised by fast dynamics, see Eq. (19), implying that is follows variations of the PTH
concentration quickly. Furthermore, the simulations show that
within 11 hours after drug administration, the value of factor A
returns to the baseline value. In Fig. 7(c), the development of
the dimensionless concentration of regulatory factor B, which
is characterised by slow dynamics, see Eq. (20), is depicted. As
a consequence of its dynamics, factor B reacts slowly to administration of PTH(1-34). Hence, while an injection of PTH(1-34)
leads to a quasi-instantaneous increase of CB , followed by a
slowly progressing decrease, CB does not return to the baseline. Instead, a long-term accumulation of factor B is observed.
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Figure 7: Developments over time of (a) the concentration of PTH, C PTH ; (b) the
dimensionless concentration of regulatory factor A, c̃ A ; (b) the dimensionless
concentration of regulatory factor B, c̃ B ; and (b) the dimensionless concentration of regulatory factor G, c̃ G ; in response to intermittent administration of
PTH(1-34) at a dose of 80 µg/kg/day. All concentrations are normalised by the
respective baseline values. The red markers in (d) represent the daily averages
of the normalised concentration of regulatory factor G.

11

4. Discussion

The results presented in Section 3 clearly show that the new
mechanistic PK/PD model proposed in this paper is indeed able
to reproduce both anabolic and catabolic responses bone cell
responses, depending on whether PTH(1-34) is administered
intermittently or continuously. It should be noted that to that
end, the (anabolic) osteoblast proliferation-related term of the
model needs to be sufficiently small (in magnitude), in order
to ensure that the dual action of PTH(1-34) can be reproduced
(Buenzli et al., 2012); if this term is too large, it would overwrite the effects of the catabolic pathways of the model. Furthermore, the introduction of the bone modelling process in the
BCPM has turned out to be essential for simulating the partly
substantial bone loss and gain reported in previous studies on
rat models which have undergone ovariectomy and/or administration of PTH(1-34). This is in agreement with data from
literature suggesting that, in rats, the bone modelling response
to intermittent PTH(1-34) administration is an important mechanism as to how PTH(1-34) exerts its anabolic action. A recent
lineage tracing study in mice using an inducible gene system
that labelled mature osteoblasts also confirmed that PTH(1-34)
can re-activate lining cells (Kim et al., 2012). In particular,
in PTH(1-34)-treated animals, labelled cuboidal cells (active
osteoblasts) were detected on the periosteal surface of bone,
whereas in vehicle-treated animals, labelled cells appeared flat
(lining cells). Moreover, compared to baseline, PTH(1-34) treatment increased by 50% the thickness of osteoblast-like cells in
the calvaria and at the tibial periosteum.
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studied the effect of intermittent PTH(1-34) administration in
OVX rats whereby the treatment was initiated with delay of
28 days after the ovariectomy, the model predictions are in good
agreement with the experimental data, in terms of the relative
change in the bone volume fraction. as presented in detail in
Section 3. However, our model consistently overestimates the
bone volume fraction, as compared to the results of Wronski
and Dann (1993). On the other hand, considering now the study
of Liu and Kalu (1990), our model adequately reproduces the
non-linear dependency of the drug effect (in terms of increase in
f bm or BV/TV, respectively) on the administered dose, whereas
the model-predicted bone gain is less substantial than observed
in the experimental study of Liu and Kalu (1990). Hence, the
model predictions somehow span a bridge between the significantly varying experimental results. These discrepancies may
also indicate that further model features, such as including specific bone resorption mechanisms related to the process of bone
modelling and potentially distinguishing different populations
of osteoblast precursors, are necessary for rat models. Furthermore, it should be emphasised that the model proposed in this
paper takes into account the effects PTH(1-34) has been suggested to have on cell numbers. However, it can certainly not be
ruled out that PTH(1-34) also affects cell activities, which would
imply that bone formation and resorption rates are not constant,
but also dynamically depend on the availability of PTH(1-34).
Such effects are, for the time being, not considered in the model,
which may be an explanation for the above-mentioned inconsistencies between model predictions and experimental data. On
the other hand, the current model features are believed to be
sufficient to simulate PTH(1-34) treatment of osteoporosis in
humans, given that bone loss and bone gain rates are far smaller
in humans compared to the ones observed in small animal models (Leder et al., 2014; Tsai et al., 2015).
Finally, some remarks are made concerning computational
and mathematical modelling aspects. Standardly, (not all, but
many) previous modelling approaches involved the assumption
that receptor-ligand binding processes are at steady state at all
times, see, e.g., (Pivonka et al., 2008, 2010) and follow-up publications. In those studies, this assumption was well justified,
due to the fact that receptor-ligand binding occurs much faster
than the subsequent cellular responses. However, the situation
is quite different when dealing with intermittent administration
of PTH, as in this case the response of bone tissue (in terms
of bone cell activities, and hence bone composition changes)
hinges on the immediate cellular responses to an increased PTH
level. Hence, in the study presented in this paper, a set of six
additional ODEs had to be considered, in order to take into
account the development over time of the regulatory factors of
bone remodelling and modelling, see Eqs. (13) to (18). Moreover, the formulation for the expression of RANKL on osteoblast
precursor cells presented in this paper is biologically more reasonable than in the aforementioned previous works, as it takes
into account competitive binding effects — binding processes
between RANKL RANK compete with those between RANKL
and OPG — and, in addition, degradation of the complexes.
Notably, the model parameters were calibrated such that for
benchmark simulations, the predictions of the present model

M

Figure 8: Developments over time of (a) the apoptosis rate of active osteoblasts,
AOBA ; (b) the proliferation rate of osteoblast precursors, POBP ; and (c) the
differentiation rate of lining cells, DLC ; in response to intermittent administration of PTH(1-34) at a dose of 80 µg/kg/day. The markers represent the daily
averages of the plotted quantities.
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Simulating intermittent administration of PTH(1-34) by means
of the mechanistic PK/PD model presented in this paper yielded
model predictions which are, at least partly, in good agreement
with corresponding experimental data. It turned out that the
model could be calibrated such that the bone gain reported when
PTH(1-34) is administered intermittently, can be predicted very
accurately. In contrast, the model appears to be not able to
reproduce the quite significant bone loss due to continuous administration of PTH(1-34) over a period of 14 days, as reported
in literature (Li et al., 2007). Nevertheless, in qualitative terms,
the catabolic response of bone tissue to continuous administration of PTH(1-34) administration can be clearly recognised in
the model prediction. Furthermore, the model turned out to be
capable of reproducing the non-linear dependency of the bone
gain on the dose administered — doubling the dose did induce
an increase in bone gain of approximately 30 %. Our model
is also able to reproduce some characteristics of different intermittent administration regimes of PTH(1-34), considering OVX
rats, see Section 3. Interestingly, simulating intermittent administration of PTH(1-34) at a dose of 80 µg/kg/day to OVX rats
showed a slower bone gain as compared to healthy animals. In
particular, simulating 14 days of treatment, the model-predicted
bone gain was by approximately 50 % lower in OVX rats, compare Figs. 4(a) and 6. Clearly, this behaviour can be explained
by the catabolic effect of ovariectomy.
Considering the results of Wronski and Dann (1993), who
12
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5. Conclusions and outlook
The aim of the study presented in this paper was to accurately
predict the development of bone tissue upon administration of
PTH(1-34). For that purpose, a mathematical model was developed taking into account the dual action of PTH(1-34), differing
fundamentally between intermittent and continuous administration of this drug. Considering the substantial variations in the
corresponding experimental data, the model can be considered
as successfully validated, see Sections 3 and 4 for the respective presentation and discussion of the results. Hence, we deem
that the pursued modelling strategy is indeed reasonable. This
concerns, on the one hand, the one-compartment PK model,
based on which the availability of the administered PTH(1-34)
in the blood serum is estimated. As for the PD model, it seems
adequate and necessary to link PTH in general, and PTH(1-34)
in particular, to three mechanisms affecting the development of
the bone cell populations: (i) the apoptosis of active osteoblasts,
(ii) the differentiation of lining cells into active osteoblasts, and
(iii) the proliferation of osteoblast precursors. In other words,
considering item (ii), the results of this paper corroborate that,
at least when studying rat models, it is key to take into account
the influence of bone modelling (instead of restricting the model
to bone remodelling effects).
Translating the mechanistic PK/PD model presented in this
paper to humans is a desirable future research direction. This
may render a few conceptual modifications necessary, including
the reduction of the bone modelling effect. It is known that
bone modelling is much more significant in small animals, such
as rats, than it is in humans. Moreover, given the longer time
frame of drug treatment regimes in humans, the effect of mechanical loading on bone should be probably taken into account
as well. This would require additional introduction of mechanically driven regulation of the bone (re-)modelling-related
processes which are known to be affected by their mechanical
environment, see, e.g. (Scheiner et al., 2013; Lerebours et al.,
2016; Pastrama et al., 2018).

dishevelled
glycogen synthase kinase 3
ordinary differential equation
osteoprotegerin
phosphorylation of CREB
ovariectomized
pharmacodynamics
pharmacokinetics
postmenopausal osteoporosis
parathyroid hormone
teriparatide
receptor of nuclear factor κB
RANK ligand
Runt-related transcription factor 2
transforming growth factor β
total volume
wingless gene

CR
IP
T

Dvl
GSK
ODE
OPG
pCREB
OVX
PD
PK
PMO
PTH
PTH(1-34)
RANK
RANKL
Runx2
TGF-β
TV
Wnt

agree with the predictions of the model presented in (Pivonka
et al., 2008, 2010).
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B. Analytical solutions of pharmacokinetics model
For solving Eq. (1), the administered dose is taken into account through a corresponding initial condition, mPTH,sub (t 0 ) =
d PTH . Thereby, d PTH is the intermittently applied dose, and it
is assumed that the dose is present in the subcutaneous tissue
instantaneously. Then, the solution of Eq. (1) read as

ED

M

mPTH,sub (t) = d PTH e−F ka t .

PT



(26)


  −1
MPTHVd ke − F ka
.

CE

Finally, the AUC follows from solution of Eq. (3), while considering both Eqs. (25) and (26), reading as
(
"


−k e t back
AUC = e
CPTH,ser (t 0 )MPTHVd eke tback − 1 ×



(k e − F ka ) − d PTH F ka eke tback − 1 +
(27)

 #)
ke e tback (ke −F ka ) − eke tback
×
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Appendices

A. Abbreviations
APC
Bcl-2
BCPM
BV
CREB

Considering Eq. (25), the solution of Eq. (2) follows as
(

CPTH,ser (t) = e−ke t CPTH,ser (t 0 )MPTHVd (k e − F ka )+

 )
t (k e −F k a )
d PTH F k a e
−1
×

(25)

MPTH keVd (k e − F ka )

) −1

,

where t back is the point in time when the concentration of
PTH has decayed to the background concentration, hence when
CPTH,ser (t) = CPTH,ser (t 0 ).

adenomatous polyposis coli
B-cell lymphoma 2
bone cell population model
bone volume
cAMP response element-binding protein
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Table 5: Maximum or minimum differentiation, apoptosis, and proliferation
rates included in the BCPM.

C. Parameters governing the coupled PK/PD model
This section is devoted to presenting all parameter values
required to evaluate the mathematical framework presented in
Section 2 of this paper. Calibration of the PK model has been
dealt with in Section 2.1, where all involved model parameters
can be found as well, see Table 2 for an overview. The parameters of the BCPM were determined based on previous model
formulations (Pivonka et al., 2008, 2010), on comparing model
predictions with experimental data, and based on plausibility
considerations, see Tables 3 to 8.

MPTH
F
Vd
ka
ke

4117.8
0.95
3.52
2.73
0.7

g/mol
–
l
1/h
1/h

Table 3: Baseline values defining the initial conditions of the BCPM.
Value

Unit

2.7 × 10−4
3.3 × 10−4
9.6067
1.2002
10
0.3933
40.1530
25.17
0.0035
0.0011
0
7.7 × 10−5
10−3
10−3
0.0443
10
10
100

pM
pM
pM
pM
pM
pM
pM
%
pM
pM
pM
pM
pM
pM
pM
–
–
–

ED
PT

CE

AC

act
KTGF-β
rep
KTGF-β
act
KPTH
rep
KPTH
act
KRKL
r
k OPG-RKL
f
k OPG-RKL
r
k RK-RKL
f
k RK-RKL

Value

Unit

5.63 × 10−4

pM
pM
pM
pM
pM
1/h
(pM h)−1
1/h
(pM h)−1

1.75 × 10−4
4
0.7423
16.650
0.4167
8.33 × 10−4
7.08 × 10−4
0.0030

1/h
1/h
1/h
1/h
1/h
1/h
1/h

βA
βB
βG
β OPG
β RKL
β PTH
DA
DB
DG
D TGF-β
D PTH
DOPG
DRKL
DRK
DOPG-RKL
DRK-RKL
d
OVX
PRANKL
= PRANKL
d
POPG
d
PTGF-β

Table 4: Dissociation equilibrium constants, as well as dissociation and association rate constants included in the BCPM.
Parameter

0.0069
0.0233
0.0069
0.0875
0.0011
0.2354
0.0088

Parameter

M

Parameter
C TGF-β (t 0 )
C OPG (t 0 )
C RK (t 0 )
C RKL (t 0 )
C PTH (t 0 )
C RK-RKL (t 0 )
C OPG-RKL (t 0 )
f bm (t 0 )
C OBP (t 0 )
C OBA/r (t 0 )
C OBA/m (t 0 )
C OCA (t 0 )
C OBU (t 0 ) = C OBU (t ) = const.
C OCP (t 0 ) = C OCP (t ) = const.
C LC (t 0 ) = C LC (t ) = const.
c̃ A (t 0 )
c̃ B (t 0 )
c̃ G (t 0 )

DLC
DOBU
DOBP
DOCP
POBP
AOCA
AOBA

CR
IP
T

Unit

Unit
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Value

Value

Table 6: Constant production and degradation rates, as well as dosage terms
included in the BCPM.

Table 2: Parameters governing the PK model.
Parameter

Parameter

Value

Unit

6.9300
0.0999
0.6930
6.8 × 106
7000
83.160
1
0.0096
0.6930
0.0833
8.3160
0.0146
0.4167
0.0875
0.4167
0.0875
416.7
0
0

1/h
1/h
1/h
1/h
1/h
pM/h
1/h
1/h
1/h
pM/h
1/h
1/h
1/h
1/h
1/h
1/h
pM/h
pM/h
pM/h

Table 7: Parameters governing the positive and negative sigmoid E max functions
included in the BCPM.
Parameter

Value

Unit

γA
αA
ρA
δA
γB
αB
ρB
δB
γ AOBA
α AOBA
ρ AOBA
δ AOBA
γ POBP
α POBP
ρ POBP
δ POBP
γ DLC
α DLC
ρ DLC
δ DLC

1
2.5625
0.1250
32.913
1
15.588
0.5
317.32
5
1.1
0.1
155.20
7
10
0.9
190.20
30
0.3
0
121

–
–
–
pM
–
–
–
pM
–
–
–
–
–
–
–
–
–
–
–
–

of Runx2 shortens parathyroid hormone-induced anti-apoptotic signaling in
osteoblasts — A putative explanation for why intermittent administration is
needed for bone anabolism. J. Biol. Chem., 278(50):50259–50272.
Bringhurst, F., Demay, M., and Kronenberg, H. (2016). Hormones and disorders of mineral metabolism. In Melmed, S., Polonsky, K., Larsen, P., and
Kronenberg, H., editors, Williams Textbook of Endocrinology, chapter 28,
pages 1254–1322. Elsevier Inc., 13th edition.
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