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Abstract. There are several contexts of non-monotonic reasoning where a prior-
ity between rules is established whose purpose is preventing conflicts.
One formalism that has been widely employed for non-monotonic reasoning is
the sceptical one known as Defeasible Logic. In Defeasible Logic the tool used
for conflict resolution is a preference relation between rules, that establishes the
priority among them.
In this paper we investigate how to modify such a preference relation in a defea-
sible logic theory to change the conclusions of the theory itself. We argue that
the approach we adopt is applicable to legal reasoning, where users, in general,
cannot change facts or rules, but can propose their preferences about the relative
strength of the rules.
We provide a comprehensive study of the possible combinatorial cases and we
identify and analyse the cases where the revision process is successful.
After this analysis, we identify three revision/update operators and study them
against the AGM postulates for belief revision operators, to discover that only a
part of these postulates are satisfied by the three operators.

1 Introduction

A large number of real-life cases in legal reasoning, argumentation theory, information
security, digital forensics, and even engineering or medical diagnosis, exhibit two com-
mon traits: (a) different persons have different preferences, and (b) it can be the case
that one conclusion taken with a given preferential order is not taken with a different
order. When the decision mechanism is based on rules and such rules are in conflict,
inconsistencies may be generated and decision making may require some (preference)
mechanism to solve/avoid conflicts. Unfortunately, it may occur that using a particular
set of preferences to solve a conflict does not result in the desired/expected outcome.
That being the case, to change the outcome, we need to revise the underlying prefer-
ences.

More specifically, non-monotonic reasoning has been advanced for common-sense
reasoning as well as reasoning with partial and conflicting information. We can distin-
guish two types of non-monotonic reasoning: credulous and sceptical. In credulous non-
monotonic reasoning, once a conflict arises, we independently explore the two branches
of the conflict. On the contrary, sceptical non-monotonic formalisms provide means to
solve conflicts. In this paper, we concentrate on sceptical non-monotonic reasoning.



In fact, a credulous framework would simply accommodate the conflict by generating
conflicting branches with no need to solve the conflict by specifying preferences.

Sceptical non-monotonic formalisms are typically equipped with techniques to ad-
dress conflicts, where a conflict is a combination of reasoning chains leading to a con-
tradiction (such as opposite conclusions). The most common device to handle conflicts
is a preference or superiority relation over the elements used by the formalism to rea-
son. These elements can be formulae, axioms, rules or arguments, and the preference
relation states that one of such elements is to be preferred to another one when both can
be used. Preference/superiority relation-based mechanisms to solve conflicts have been
extensively used by scholars in many areas of AI; for a recent survey see [1].

In this research, we focus on a specific rule-based non-monotonic formalism, that
of Defeasible Logic, but the motivation behind the particular technical development ap-
plies in general to other rule-based non-monotonic formalisms equipped with a prior-
ity among rules (or other elements). Indeed, when considering a rule-based formalism,
knowledge is typically partitioned into facts (describing immutable propositions/statements
about a case), rules (describing relationships between the atoms of the language), and a
preference or superiority relation (describing the relative strength of rules). A revision
operation1 transforms a theory by changing some of its elements, be it the facts, the
rules, or the superiority relation. A revision based on changing the facts corresponds to
an update operation [2], revision based on modification of rules has been investigated
in [3], whilst to the best of our knowledge, revision of non-monotonic theories based
on modifications of the underlying superiority relation has been neglected so far.

The focus of this work is to study the revision of sceptical, non-monotonic theories by
operating only on the superiority relation. We begin by arguing that this form of theory-
changing has natural correspondences to reasoning patterns in legal reasoning, like the
situation when a person/lawyer who is disputing a case can neither contest the evidences
of the case, nor change the legal system, but they can argue about which norms apply
to which situation. We shall prove that the problem of deciding whether a theory can
be revised by changing only the superiority relation is NP-complete. Lastly, we shall
conduct a thorough investigation of whether the AGM belief revision postulates are
appropriate for a non-monotonic setting.

The AGM postulates were designed with classical logic in mind. Classical logic is
monotonic. As such, if we add new information which is incompatible with the old one,
an inconsistency arises. In this scenario, the sole way to recover consistency is to invoke
a revision operator.

Conversely, due to the nature of non-monotonic reasoning, adding new “incompati-
ble” information in a non-monotonic system typically does not generate a contradiction
within the theory, even if the result may not be conceptually satisfactory.

Given the difference in nature between classical logic and non-monotonic reason-
ing, it is of interest to investigate which of the AGM postulates apply to non-monotonic
reasoning, to what extent, and in which form.

1 In general, we shall use the term revision operation to denote any operation that changes a
theory. In Sections 4 and 7 the term will be understood in a specific technical sense.



In the recent years, a few works addressed the issue of belief revision in non-
monotonic settings where there is a general understanding that the AGM postulates
are not fully appropriate for non-monotonic reasoning. For instance, [4] shows that
belief revision methodologies are not suitable to changes in specific significant non-
monotonic theories, and that it is possible to revise such theories fully satisfying the
AGM postulates, but then the outcome is utterly meaningless for their purposes.

Still, the matter whether and which postulates hold is far from being settled. For
example, [5] proposed an approach to belief revision of logic programs under answer
set semantics that is fully compliant with the base AGM postulates for revision. On the
other hand, Delgrande [6, p. 568] asserts that a subset of postulates for belief revision
is not appropriate for belief revision of non-monotonic theories (and thus is ignored in
his work). At the same time some other work (e.g., [7]) attempts to reformulate AGM
postulate to fit (some) non-monotonic formalisms. This suggests that the suitability
of AGM postulates to a belief revision approach for non-monotonic reasoning is still
debatable.

Our agenda is as follows. In Section 2, we motivate that reasoning over preferences
on rules and on how to modify the preferences is a natural reasoning pattern in legal
reasoning. We then introduce, in Section 3, Defeasible Logic, the formalism chosen for
our investigation. Section 4 is dedicated to prove that the problem of revising a theory
by only changing the superiority relation is an NP-complete problem; in Section 5 we
briefly motivate the types of changes we study by appealing to the legal domain. Sec-
tion 7 analyses the AGM postulates for revision of defeasible preferences. Section 8
overviews closely related approaches, and Section 9 concludes the paper with a sum-
mary of the achieved results, discussion of related works and quick hints for future
developments.

2 Norms and Preferences in Legal Reasoning

The main intuition in such paradigms is that norms can be represented by rules, the
evidence in cases by facts, and that the superiority relation is induced by legal prin-
ciples determining how to solve conflicts between norms. Similarly, in argumentation,
given two conflicting arguments, the superiority relation establishes which argument is
stronger than the other [8,9].

We take the stance that, particularly in the legal reasoning domain, we do not have
control over the rules (norms), or their modification, but have some control on how they
can be used. In fact, an average citizen has no power to change the law, and has no
power on what norms are effective in the jurisdiction they are situated in. These powers
are instead reserved to persons, entities and institutions specifically designated to do
so, for example the parliament and, under some given constraints, also the judges - in
Common Law juridical systems, especially.

A citizen can however argue that one norm instead of another applies in a specific
case. This amounts to saying that one norm is to be preferred to the other in that case.

Prima-facie conflicts appear in legal systems for a few main reasons, among which
we can easily identify three major representatives: (1) norms from different sources, (2)
norms promulgated at different times, and (3) exceptions. These phenomena are well



understood and have given rise to principles, which existed for a long time in legal
theory and been used to solve such issues. These principles are used in many situations,
such as an argument to drive constitutional judgement against a given norm or a given
sentence. Here we list the three major legal principles, expressing preferences among
rules to be applied [10].

Lex Superior This principle states that when there is a conflict between two norms
from different sources, the norms originating from the legislative source higher in
the legislative source hierarchy takes precedence over the other norm. This means
that if there is a conflict between a federal law and a state law, the federal law
prevails over the state law.

Lex Posterior According to this principle, a norm promulgated after another norm
takes precedence over the older norm.

Lex Specialis This principle specifies that when a norm applies to a specific set of ad-
missible circumstances, and another norms applies under more general conditions,
the most specific norm prevails.

Besides the above principles, a legislator can explicitly establish that one norm pre-
vails over another conflicting norm. The intuition behind these principles is that when
there are two conflicting norms, and the two norms are both applicable in a specific
case, we can apply one of these principles to create an instance of the superiority rela-
tion that discriminates between the two conflicting norms. However, there are further
complications. What if several principles may apply at the same time and these produce
opposite preferences? Do the preferences lead to opposite outcomes of a case? These
are examples of situations when revision of preferences is relevant. The following ex-
ample illustrates this situation.

Example 1. Charlie is an immigrant son of an Italian. Living in Italy, he is interested in
joining the Italian Army, based on Law 91 of 1992. However, his application is rejected,
based upon a constitutional norm (Article 51 of the Italian Constitution allowing Italian
citizens to be eligible for public services). The two norms Law 91 and Article 51 are in
conflict, thus the Army’s decision is based on the lex superior principle. Charlie appeals
against the decision in court. The facts of the case are undisputed, and so are the norms
to be applied and their interpretation. The only chance for Bob, Charlie’s lawyer, to
overturn the decision is to argue that Law 91 overrides Article 51 of the Constitution.
Thus, Bob counter-argues by appealing to the lex specialis principle since Law 91 of
1992 explicitly covers the case of a foreigner who applies for joining the Army with the
purpose of obtaining the Italian citizenship.

The two arguments do not address the facts and rules that hold in the case. They
disagree about which rule prevails over the other, Article 51 of the Constitution or Law
91. In particular, Bob’s argument can be seen as an argument where the relative strength
of the two rules is reversed compared to the argument of the Army’s lawyer, and it can
be used to revise the previous decision.

The mechanism outlined above relates to the notion of strategical reasoning, where
a discussant looks at the best argument to prove a given claim (in this case, one set
of rules prevail over another). However, the key aspect is that, before undertaking the



process of understanding which argument is the most likely to win the argument, one
has to ensure that changing the superiorities actually leads to a different outcome of the
claim (and possibly the desired result).

It is not our aim to study how to support a given set of preferences using argumenta-
tion 2. In this work, we investigate whether it is possible to modify the consequences of
a theory (as represented by a defeasible theory) only through changes on the superiority
(preference) relation. We hence believe that our framework is foundational for argu-
ments about preferences. This means that one can first determine whether the outcome
of a discussion can be turned in her favour by only changing the superiority relation,
and then figure out which argument supports the preference.

In the current literature about formalisms apt to model normative and legal reason-
ing, a simple and efficient non-monotonic formalism which has been discussed in the
community is Defeasible Logic. This system is described in detail in the next section.

One of the strong aspects of Defeasible Logic is its characterisation in terms of
argumentation semantics [12]. In other words, it is possible to relate it to general rea-
soning structure in non-monotonic reasoning which is based on the notion of an ad-
missible reasoning chain. (An admissible reasoning chain is an argument in favour of
a thesis/claim.) For these reasons, much research effort has been spent upon Defeasi-
ble Logic since it encompasses some other (sceptical) formalisms proposed for legal
reasoning [12,13,14,15].

Most interestingly, in Defeasible Logic we can reach positive conclusions as well as
negative conclusions. It thus gives us understanding to both accepting a conclusion as
well as rejecting a conclusion. This is particularly advantageous when trying to address
the issues determined by reasoning conflicts, and has a strong applicability in legal
reasoning.

3 Defeasible Logic

We divided the present section in three subsections. We start by presenting standard
notions in Defeasible Logics, its language, atoms, and how its proof theory works, in-
cluding its standard proof tags. The accustomed reader will find standard concepts in
Section 3.1. We then introduce two new proof tags, whose use will be essential to prove
formal properties in the rest of the paper (Section 3.2). We conclude with Section 3.3,
where we advance some properties of the logic and preliminary results, and we propose
a real-life example, which is formalised into our logic.

3.1 Language and notation

A defeasible theory D is a tuple D = (F,R,>) and consists of five different kinds of
knowledge. (Examples of facts and rules below are standard in the literature of the
field.)

Set F denotes the facts of the theory, simple pieces of information that are con-
sidered always to be true. For example, a fact is that “Sylvester is a cat”, formally

2 A similar problem, that of deciding which is the best set of rules to put forward in a two-players
dialogue game, was studied in [11], where the authors proved that the problem is NP-complete.



cat(Sylvester). R is the set of rules and comprehends: strict rules, defeasible rules, and
defeaters. A rule ‘r : A(r) ↪→C(r)’ consists of (i) its antecedent A(r) (or body), which is
a finite set of literals, (ii) the arrow ↪→∈→,⇒,; (→ for strict rules,⇒ for defeasible
rules, and ; for defeaters), and (iii) its consequent (or head) C(r), which is a single
literal.

A strict rule is a rule in which, whenever the premises are indisputable (e.g., facts),
so is the conclusion. For instance,

cat(X)→ mammal(X)

means that “every cat is a mammal”.
A defeasible rule is a rule that can be defeated by contrary evidence; for example,

“cats typically eat birds” can be represented by

cat(X)⇒ eatBirds(X).

The underlying idea is that if we know that something is a cat, then we may con-
clude that it eats birds, unless there is evidence proving otherwise. Defeaters, finally,
are special types of rules that cannot be used to draw any conclusion. Their only use is
to prevent some conclusions by producing evidence to the contrary. An example is “if
a cat has just fed itself, then it might not eat birds”:

justFed(X); ¬eatBirds(X).

The set of all strict rules in R is denoted by Rs, while the set of strict and defeasible
rules by Rsd . We name R[q] the rule set in R with head q.

Lastly, the superiority relation > is a binary relationship over the set of rules defin-
ing when one rule overrides the conclusion of another rule. For instance, given the
defeasible rules

r0 : cat(X)⇒ eatBirds(X)

r1 : domesticCat(X)⇒ ¬eatBirds(X)

which would contradict one another when Sylvester is both a cat and a domestic cat,
they do not in fact contradict if we state that r1 > r0 (r1 is stronger than r0), leading
Sylvester not to eat birds. In Defeasible Logic, as in many different non-monotonic
formalisms, the superiority relation determines the relative strength of two conflicting
rules, i.e., rules whose heads are complementary. The complementary of a literal q is
denoted by ∼q; if q is a positive literal p, then ∼q is ¬p, and if q is a negative literal
¬p then ∼q is p.

Like in [16], we consider only a propositional version of this logic, and we do not
take into account function symbols. Every expression with variables represents the finite
set of its variable-free instances.

At the heart of the reasoning mechanism of the logic is the notion of derivation. Intu-
itively a derivation (or proof ) is a (finite) sequence of tagged literals P = (P(1), . . . ,P(i))
(or, P(1..n)), where every element (a conclusion) is either one of the facts, or it has been
obtained by previous steps by applying some rules. A conclusion of a defeasible theory
D is a tagged literal and can have one of the following forms:



1. +∆q, which means that q is definitely provable in D, i.e., there is a definite proof for
q (a proof using facts, and strict rules only);

2. −∆q, which means that q is definitely not provable in D (i.e., a definite proof for q
does not exist);

3. +∂q, which means that q is defeasibly provable in D;
4. −∂q, which means that q is not defeasibly provable, or refuted in D.

The definition of ∆ describes just forward chaining of strict rules. Literal q is defi-
nitely provable if either is a fact, or there is a strict rule for q, whose antecedents have
all been definitely proved.

+∆ : If P(n+1) = +∆q then
(1) q ∈ F or
(2) ∃r ∈ Rs[q]∀a ∈ A(r) : +∆a ∈ P(1..n).

The negative proof conditions for ∆ (the same thing will hold for ∂ ) are the strong
negation of the positive counterpart: this is closely related to the function that simplifies
a formula by moving all negations to an innermost position in the resulting formula, and
replaces the positive tags with the respective negative tags and the other way around
[17,18].

−∆ : If P(n+1) =−∆q then
(1) q /∈ F and
(2) ∀r ∈ Rs[q]∃a ∈ A(r) :−∆a ∈ P(1..n).

The proof conditions just given are meant to represent forward chaining of facts and
strict rules (+∆ ), and that it is not possible to obtain a conclusion just by using forward
chaining of facts and strict rules (−∆ ).

The proof conditions for ±∂ are as follows:

+∂ : If P(n+1) = +∂q then either
(1) +∆q ∈ P(1..n), or
(2) (2.1) −∆∼q ∈ P(1..n) and

(2.2) ∃r ∈ Rsd [q] such that ∀a ∈ A(r) : +∂a ∈ P(1..n) and
(2.3) ∀s ∈ R[∼q] either

(2.3.1) ∃a ∈ A(s) such that −∂a ∈ P(1..n), or
(2.3.2) ∃t ∈ Rsd [q] such that

∀a ∈ A(t) : +∂a ∈ P(1..n) and t > s.

−∂ : If P(n+1) =−∂q then
(1) +∆q 6∈ P(1..n) and either
(2) (2.1) +∆∼q ∈ P(1..n), or

(2.2) ∀r ∈ Rsd [q] ∃a ∈ A(r) :−∂a ∈ P(1..n) or
(2.3) ∃s ∈ R[∼q] such that

(2.3.1) ∀a ∈ A(s) : +∂a ∈ P(1..n) and
(2.3.2) ∀t ∈ Rsd [q] either

∃a ∈ A(t) :−∂a ∈ P(1..n), or t 6> s.



Literal q is defeasibly provable if q is already definitely provable, or we argue by
using the defeasible part of the theory. In this last case, there must exist an applicable
strict or defeasible rule for q, while every attack is either discarded, or defeated by a
stronger rule through >. A rule is merely applicable whenever each literal in the set of
antecedents has already been proved (according to the appropriate conditions), while
a rule is discarded when at least one of the premises has been previously disproved.
Conditions for −∂ show that any systematic attempt to defeasibly prove the conclusion
fails.

In Defeasible Logic, the defeasible provability depends on the notion of team de-
feater: rules for a conclusion ‘fight as a team’ against rules for the opposite conclu-
sion. The winning mechanism is given by the superiority relation. Suppose rules r1 and
r2 support q, rules s1 and s2 support ∼q, >= (r1,s1),(r2,s2). We conclude +∂q and
−∂∼q, since both rules for ∼q are defeated. If we now change the superiority relation
to >= (r1,s1),(r2,s1), we conclude −∂q and −∂∼q, since now neither r1, nor r2 is
stronger than s2 and we cannot solve the conflict. Note that the superiority relation is
not confined to defeasible rules only: this is so because we can use strict rules to derive
defeasible conclusions (condition (2.2) of +∂ ) when at least one of the antecedents has
been proved as defeasible. In that scenario, the superiority relation may play a role.
This is not the case for definite provability: if two strict rules for opposite conclusions
are applicable, they will both draw a conclusion, giving rise to an inconsistency. This is
discussed later in Proposition 1, which defines when a defeasible theory is inconsistent.

The conditions for ±∆ and ±∂ are related by the Principle of Strong Negation
introduced in [17]. The key idea behind this principle is that conclusions labelled with
a negative proof tag are the outcome of a constructive proof that the corresponding
positive conclusion cannot be obtained (and the other way around). We shall illustrate
the mechanism of proofs/derivations and proof conditions with the following example.

Example 2. Consider D = ({a,b},R,{(r4,r5)}), with R = {

r1 : a→ c r2 : ⇒ d

r3 : ⇒ e r4 : c,d⇒ p

r5 : b,e⇒¬p}.

A proof for +∂ p is the sequence (+∆a,+∂a,+∆c,+∂c,−∆¬d,+∂d,−∆¬p,+∂ p),
while a proof for−∂¬p is the sequence (+∆a,+∂a,+∆c,+∂c,+∆b,+∂b,−∆¬e,+∂e,−∆¬d,+∂d,
−∆¬p,+∂ p,−∂¬p). Here, rule r4 and r5 lead to opposite conclusions. The stall is re-
solved by the superiority relation, that allows us to prove +∂ p. If no superiority relation
had been given, we would have both −∂ p and −∂¬p.

As usual, given a proof tag #, a literal p, and a theory D, we use D ` ±#p to denote
that there is a proof P in D where for some line i, P(i) = ±#p. Alternatively, we say
that ±#p holds in D, or simply ±#p holds when the theory is clear from the context.

The set of positive and negative conclusions is called an extension. Formally,

Definition 1 Given a defeasible theory D, the defeasible extension of D is defined as

E(D) = (+∆ ,−∆ ,+∂ ,−∂ ),

where, for # ∈ ∆ ,∂ , ±# = l : l appears in D and D ` ±#l.



Note that condition (2.2) of +∂ states that a strict rule can be used to draw a defea-
sible conclusion. This implies that two strict rules may be in a superiority relation with
each other, but this will have a role only when considering ±∂ .

In this paper, we shall not make use of strict rules (since every revision changes only
the priority among defeasible rules and defeaters), nor defeaters. The restriction does
not result in any loss of generality: (1) the superiority relation does not play any role
in proving definite conclusions, and (2) for defeasible conclusions Antoniou et al. [16]
prove that it is always possible to remove (a) strict rules from the superiority relation
and (b) defeaters from the theory to obtain an equivalent theory without defeaters and
where the strict rules are not involved in the superiority relation.

Accordingly, and due to the nature of the revision operators discussed in this pa-
per, we shall consider extensions restricted to the defeasible part only. In fact, it is not
possible to change a defeasible theory to modify its strict conclusions by revising the
superiority relation: the only way to modify them is to operate on the set of strict rules
(i.e., addition or removal), or on their applicability by modifying the set of facts.

Therefore, in the following, we restrict E(D) to (+∂ ,−∂ ). A common notation
in Defeasible Logic is: E+(D) = +∂ and E−(D) = −∂ . We thus have D ` +∂ p iff
p ∈ E+(D). Referring to Example 2, E+(D) = {a,b,c,d,e, p}, while E−(D) = {¬p}.

We now address the issue of defining when a defeasible theory is (in)consistent.

Definition 2 A defeasible theory D is inconsistent iff there exists a literal p such that
D `+∂ p and D `+∂¬p.

The inference mechanism of Defeasible Logic does not allow us to derive incon-
sistencies unless the monotonic (strict) part of the logic is inconsistent, or when the
superiority relation contains a cycle (or in other words when we can say that a rule is at
the same time stronger and weaker than another rule), as stated below.

Proposition 1 [16, Proposition 3.3] Let D be a theory where the transitive closure of
the superiority relation is acyclic. If D proves D `+∂ p and D `+∂¬p, then D `+∆ p
and D `+∆¬p.

Defeasible Logic is para-consistent in the sense that a contradiction does not triv-
ialise the set of conclusions that can be derived from a theory. Consider the following
example.

Example 3. Consider D = ( /0,R,{(r1,r2),(r2,r1),(r4,r3)}), with R = {

r1 : ⇒ p r2 : ⇒¬p

r3 : p⇒ q r4 : ⇒¬q}.

Given the cycle in the superiority relation we have both D ` +∂ p and D ` +∂¬p.
However, we have D `+∂¬q and D ` −∂q.

The next example is intended only to introduce the graphical notation adopted in
the rest of the paper.



Example 4. Consider D = ( /0,R,{(r1,r4),(r5,r3)}), with R = {

r1 : ⇒ a r7 : ⇒ b

r2 : a⇒ c r8 : ⇒¬c

r3 : c⇒ d r9 : ⇒¬b

r4 : ⇒¬a r10 : ⇒ e

r5 : ⇒¬d r11 : ⇒ f

r6 : ¬d⇒ p r12 : a,g⇒¬ f}.

To improve readability, hereafter we use the following graphical notation:

⇒r1 a ⇒r2 c ⇒r3 d
∨ ∧
⇒r4 ¬a ⇒r5 ¬d⇒r6 p
⇒r7 b ⇒r8 ¬c
⇒r9 ¬b
⇒r10 e ⇒r11 f

a,g⇒r12 ¬ f ,

where the ∧ and ∨ symbols in the graphical representation of a theory represent tuples
of the superiority relation > (thus, ∨ in the second line in between r1 and r4 stands for
(r1,r4) ∈>, while ∧ between r3 and r5 stands for (r5,r3) ∈>); the labels of the rules
are denoted by the subscript ri to the symbol⇒.

3.2 New proof tags

We now present the two additional proof tags ±Σ and ±ϕ: they will be helpful to sim-
plify the technical presentation and results discussed in the next sections. +Σq means
that there exists a reasoning chain supporting q, while +ϕq means that there exists a
proof (i.e., a reasoning chain) made of rules such that, for every element in it (say a),
there is no supporting chain for the opposite conclusion (−Σa holds). Proof tag +ϕq
will also play a fundamental role in defining the concept of tautology later on, and
ultimately will help us in proving the NP-completeness results.

enumi4
1. – r1, r2, r3 form a chain supporting literal d (+Σd).
2. −Σq, which means there is no reasoning chain supporting q.

– Since there are no rules for literal ¬p, then we have −Σ¬p.
3. +σq, which means there exists a reasoning chain supporting q made of rules never

attacked by any applicable rule for the opposite conclusion.
– r1, r2 and r7, r8 are two undefeated chains for c and ¬c, respectively; Thus, we

have +σc, +σ¬c.
4. −σq, which means that, in every reasoning chain supporting q, at least one rule is

attacked by an applicable rule for the opposite conclusion.
– Every chain for d is defeated (−σd, notice that there exists only one in this

case).
5. +ωq, which means there exists an applicable rule supporting q.



– In the chain r1, r2, r3, only rule r3 is defeated, hence +ωd holds.
6. −ωq, which means that in every rule supporting q, at least one of its antecedents is

defeasibly refuted.
– Since +∂b does not hold, we can conclude −ω¬c.

7.

−ϕq, which means that there exists a rule r with C(r) = a in every reasoning chain
supporting q such that there exists s with C(s) = ¬a. (s implies that a point of possible
revision exists.)

– r4 supports ¬a, hence we have −ϕa.

These proof tags are formally defined by the following proof conditions3.

+Σ : If P(n+1) = +Σq then
(1) +∆q ∈ P(1..n) or
(2) ∃r ∈ Rsd [q] such that ∀a ∈ A(r) : +Σa ∈ P(1..n)

−Σ : If P(n+1) =−Σq then
(1) +∆q 6∈ P(1..n) and
(2) ∀r ∈ Rsd [q] : ∃a ∈ A(r) such that −Σa ∈ P(1..n)

Definitions of Σ formalise the concept of supporting chain for a given literal q. For
instance, if −Σ p holds for a literal p, then no modification on the superiority relation
are possible to prove p. (We could then only intervene on the facts or the rules; see [19]
for theory revision operations on legal reasoning.)

+σ : If P(n+1) = +σq then
(1) +∆q ∈ P(1..n) or
(2) ∃r ∈ Rsd [q] such that

(2.1) ∀a ∈ A(r) : +σa ∈ P(1..n) and
(2.2) ∀s ∈ R[∼q]∃a ∈ A(s) such that

−∂a ∈ P(1..n) or s 6> r.

−σ : If P(n+1) =−σq then
(1) +∆q 6∈ P(1..n) and
(2) ∀r ∈ Rsd [q] :

(2.1) ∃a ∈ A(r) such that −σa ∈ P(1..n) or
(2.2) ∃s ∈ R[∼q] such that

∀a ∈ A(s) : +∂a ∈ P(1..n) and s > r.

Note that the definitions given above for ±σ are weak forms of the notion of support
proposed in [20,17] for the definition of an ambiguity propagating variant of Defeasible
Logic, in the sense that these definitions are less selective than the ones of [20].

As speaking of possible superiority revisions, the chains that allow to state +σ p
may be good candidates to defeasibly prove p as they represent undefeated elements.

3 Again, the negative counterparts are obtained by the principle of strong negation. An important
consequence of using this principle to formulate the conditions for asserting tagged literals is
that for any literal p and any proof tag #, it is not possible to have both +#p and −#p. The
interested reader is referred to [17,18].



+ω: If P(n+1) = +ωq then
(1) +∆q ∈ P(1..n) or
(2) ∃r ∈ Rsd [q] such that ∀a ∈ A(r) : +∂a ∈ P(1..n).

−ω: If P(n+1) =−ωq then
(1) +∆q 6∈ P(1..n) and
(2) ∀r ∈ Rsd [q] : ∃a ∈ A(r) such that −∂a ∈ P(1..n).

Proof tag +ω p represents a defeasible proof for p that only fails on the last derivation
step. Possible modifications can thus focus on this last step instead of considering the
whole chain. (Considering that in Defeasible Logic, a team defeater of rules competes
against another to prove/refute a given literal, focusing on the last step may involve
considering all, or a part of such rules.)

+ϕ: If P(n+1) = +ϕq then
(1) +∆q ∈ P(1..n) or
(2) ∃r ∈ Rsd [q] such that

(2.1) ∀a ∈ A(r) : +ϕa ∈ P(1..n) and
(2.2) ∀s ∈ R[∼q] : ∃a ∈ A(s) such that −Σa ∈ P(1..n).

−ϕ: If P(n+1) =−ϕq then
(1) +∆q 6∈ P(1..n) and
(2) ∀r ∈ Rsd [q] :

(2.1) ∃a ∈ A(r) such that −ϕa ∈ P(1..n) or
(2.2) ∃s ∈ R[∼q] such that ∀a ∈ A(s) : +Σa ∈ P(1..n).

The definition of +ϕ ensures that it is not possible to have a counter-argument
against any literal within such a chain. No modifications on the superiority relation are
therefore possible to reject a literal tagged with +ϕ .

Consider Example 4: the sequence of rules ‘r1r2r3’ forms a chain supporting literal
d, hence D `+Σd; there are no rules for g, this makes r12 to always be discarded, thus
D`−Σg as well as D`−Σ¬ f . Additionally, there are no rules for ¬e, and the only rule
for ¬ f , r12, is such that for its only antecedent (g), we have D ` −Σg; thus d ` +ϕe,
D `+ϕ f , and D ` −ϕ¬ f since D ` −ϕg.

Given the above definitions, we can derive the series of implications reported below
in Figure 1(a)–(b) using techniques presented in [21].

One could be tempted to say that +σ implies +ω (and symmetrically, that −ω

implies −σ ). That is not the case. Indeed, if we consider theory D of Example 4, we
have: (i.) +ωd and −σd, (ii.) +σ¬c and −ω¬c.

To better explain how the new proof tags behave, we report in Table 1 the set of
all conclusions. For each literal, we only report the proof tag which is minimal with
respect to the orderings given in Figure 1. For example, +∂a means that we prove
+ωa,+σa,+Σa, but −ϕa. If no tag is reported, then it is not possible to derive the
literal with any tags with respect to the ordering given in Figure 1.



+∆ +ϕ +∂

+ω

+σ

+Σ

(a) Positive implication chain

−∆−ϕ−∂

−ω

−σ

−Σ

(b) Negative implication chain

Fig. 1: Implication chains.

a b c d e f p

+ +∂ +σ +∂ +ω +ϕ +ϕ +∂

− −ϕ −∂ −∂ −σ −ϕ

¬a ¬b ¬c ¬d ¬e ¬ f ¬p

+ +ω +σ +σ +∂

− −∂ −∂ −ω −ϕ −Σ −Σ −Σ

Table 1: Conclusions for literals in Example 4.

3.3 Properties

We now present some first theoretical results which will be useful throughout the rest
of the paper.

Next Proposition 2 formally justifies such a claim, and, specifically, states that for
every literal q such that D ` +ϕq, no applicable rules supporting ∼q exist. The result
is not guaranteed if +∆q holds.

Proposition 2 Given a consistent defeasible theory D and a literal p, if D `+ϕ p and
D ` −∆ p, then D ` −Σ∼p.

Proof. The proof straightly follows from condition (2.2) of +ϕ . This condition must
hold for each element in the chain, as well as for p.

The next proposition formally states that, given a defeasibly proved literal p and a chain
leading to ∼p with all the antecedents defeasibly proved, such a chain is defeated by a
priority rule on the last proof step. (Equivalently, all rules proving ∼p are defeated; the
attacks come from the team defeater supporting p.)

Proposition 3 Given a consistent defeasible theory D, if D `+∂ p and D `+ω∼p for
a literal p (with p 6∈ F), then D ` −σ∼p.

Proof. By definition of +∂ , we have that the condition below

(2.3) ∀s ∈ R[∼p] either



(2.3.1) ∃a ∈ A(s) :−∂a ∈ P(1..n) or
(2.3.2) ∃t ∈ Rsd [p] such that

∀a ∈ A(t) : +∂a ∈ P(1..n) and t > s

holds for p. In fact condition (2.3.2) has to be true since we know condition (2.3.1) is
not, because

D `+∂ p implies ∃r ∈ R[p].∀a ∈ A(r) : +∂a
D `+ω∼p implies ∃s ∈ R[∼p].∀a ∈ A(s) : +∂a

}
thus

∃t ∈ R[p].∀a ∈ A(t) : +∂a and t > s.

This is condition (2.2) for−σ∼p. Moreover, since all the premises of∼p are defeasibly
proved by hypothesis and we proved that the chain is defeated, condition (2.3.2) of +∂

states that this is the case only if there exists an applicable rule supporting p stronger
than the rule for ∼p.

We now capture the concept of a derivation based on a contradiction. To do so, we
firstly need to introduce the notion of dependency; secondly, we look at the notion of
∂ -unreachability, which defines literals with a derivation based upon an inconsistency.

Definition 3 Let a and b be two literals. Then a depends on b iff (1) b = a, or (2)
∀r ∈ R[a] either (2.1) b ∈ A(r), or (2.2) ∃c such that c ∈ A(r) and c depends on b.

We say that a depends on b with degree 1 if a depends on b, and there exists a rule
r, such that C(r) = a and b ∈ A(r); a depends on b with degree n+1 if a depends on b,
and there exists a literal c such that a depends on c with degree 1 and c depends on b
with degree n.

Roughly, if literal a depends on literal b, then b is present in every chain leading to
a. Referring to Example 4, d depends on a with degree 2.

The following result shows that a defeasibly proved literal also implies the provabil-
ity of all literals it depends on. In other words, the property of dependency propagates
backwards the defeasible provability of literals.

Proposition 4 Given a defeasible theory D such that D ` +∂ p and p depends on q,
then D `+∂q.

Proof. The proof is by case inspection of Definition 15. If clause (1) holds, the claim
trivially follows. For the other cases, the proof is by induction on the dependency de-
gree.

Base case: p depends on q with degree 1 implies that, for every rule r ∈ R[p], q ∈
A(r) is the case. Thus, +∂ p implies that (at least) one of such rules is applicable, and
we conclude D `+∂q.

Inductive step: suppose that the property holds up to degree n, and that p depends
on q with degree n+1. By Definition 15, there exists a literal c such that p depends on
c with degree 1. Hence, D ` +∂c (given D ` +∂ p by hypothesis) and c depends on q
with degree n. By the inductive hypothesis, we now conclude D `+∂q.



The next definition identifies literals that depend on contradictions. For instance,
consider the theory with the one rule:

a,¬a⇒ p.

To prove +∂ p we need both +∂a and +∂¬a, but this is the case iff the theory is
inconsistent. We also have to cater for situations where the dependency is not direct,
like

a⇒ b ¬a,b⇒ p.

Definition 4 A literal p is ∂ -unreachable iff ∀r ∈ R[p] either (1) ∃l,∃a,b ∈ A(r) such
that (1.1) a depends on l and (1.2) b depends on ∼l, or (2) ∃d ∈ A(r) such that d is
∂ -unreachable. Otherwise, we define p to be ∂ -reachable.

The next result formalises the relationship between ∂ -unreachable literals and in-
consistent theories.

Proposition 5 Given a theory D, let p be a ∂ -unreachable literal. If D `+∂ p, then D
is inconsistent.

Proof. The proof is by induction on the number of ∂ -unreachable literals in a derivation.
Base case: p is the only ∂ -unreachable literal in its derivation. By D ` +∂ p, there

exists (at least) one applicable rule for p. By Definition 4, in every rule for p there are
two antecedents, viz. a and b, such that a depends on a given literal l while b depends
on ∼l. Thus, we have both +∂a and +∂b. By Proposition 8, we have D ` +∂ l and
D `+∂∼l, and we conclude that D is inconsistent.

Inductive step: we assume that the property holds up to n ∂ -unreachable literals, and
p is the (n+ 1)th ∂ -unreachable literal. Beside the case we examined in the inductive
base, we now need to consider that the antecedent of a rule contains a ∂ -unreachable lit-
eral d, and that D `+∂d. Thus, d falls under the inductive hypothesis, and we conclude
that D is inconsistent.

Proof tag ϕ and condition of ∂ -reachability are not useful per se but must be seen in
the bigger picture of understanding how hard is the problem of deciding whether a given
literal is a tautology within the framework of changing the superiority relation only. The
relative discussion is therefore postponed until after we prove the NP-completeness
result and in Section 7 during the AGM analysis.

We end this section by formalising in our logic a real life example, based on a
case disputed in an Italian court first and then appealed to the European Court House
in Strasburg, 2012. The example illustrates a general property of legal reasoning: the
resolution of a dispute can be represented as the change of the superiority relation of
the defeasible theory encoding the (relevant) legal rules.

Example 5. A couple can have offspring but, since both the mother and father are af-
fected of cystic fibrosis, they know that there is a extremely high probability that every
child of them will be affected by the same genetic anomaly. Since they want their off-
spring to be healthy, they request for medically assisted reproduction techniques. Their



case is disputed first in an Italian Court where the judge has to establish which be-
tween Art. 4 of Italian Legislative Act 40/20044 (r0 and r1) and the ‘Standard Common
Medical Practice’ (r3) in force in 15 countries of the EU prevails over the other.

The couple is indeed able to produce embryos and they cannot be considered as
sterile (r2). This makes both Art. 4 and the Standard Common Medical Practice to be
applicable to their case. The judge argues in favour of r1 based on lex superior principle
and refuses their request: this principle applies since Art. 4 Act 40/2004 is a legal rule
while r3 has a judicial validity but it is not a proper legal rule.

F = Embryo, GeneticAnomalies DBLP : con f/icail/GovernatoriROS13
R = {r0 : ¬CandidateInVitroFertilization⇒¬Techniques,

r1 : ¬Sterility⇒¬CandidateInVitroFertilization,

r2 : Embryo⇒¬Sterility,

r3 : ¬Sterility,GeneticAnomalies⇒ CandidateInVitroFertilization,

r4 : ¬Sterility,GeneticAnomalies⇒¬Healthy

r5 : GeneticAnomalies,CandidateInVitroFertilization⇒ Healthy}
>= {(r1,r3)}.

The couple appeals to the European Court for Human Rights. The European Court
establishes that not permitting the medical techniques would demote the goal of family
health promoted by Article 8 of the Convention and, therefore, states that the couple is
actually allowed to have the medically assisted reproduction procedure. In our example,
r3 promotes the goal of family health (r5), and thus the European Court inverts the
priority between r1 and r3 based both on lex superior and lex specialis (>′= {(r3,r1)}).
In here, the lex superior principle applies because r3 is an European directive, while the
lex specialis principle applies because r3 covers a more specific case than r1.

4 Changing Defeasible Preferences

We shall now analyse the processes of revision in a defeasible theory, when no changes
to rules and facts are allowed. Henceforth, when no confusion arises, every time we
speak about a (revision) transformation, we shall assume a (revision) transformation
acting on the superiority relation only.

A good starting point for our investigation is to focus on the corresponding decision
problem (i.e., answering the question: ‘Is it possible to modify the state of a literal in
a defeasible theory by only changing the superiority relation?’) and characterise it in a
formal way. We name such a problem the Defeasible Superiority Changing Problem,
shortly DSC Problem. More formally,

Definition 5 (DSC Problem) Given a defeasible theory D = (F,R,>) and a literal p
such that D ` +∂ p (D ` −∂ p), is it possible to obtain D′ = (F,R,>′) such that D′ `
−∂ p (resp. D′ `+∂ p)?

4 Art. 4 of Italian Legislative Act 40/2004: “The recourse to medically assisted reproduction
techniques is allowed only [. . . ] in the cases of sterility”.



This is the problem shown in the example at the end of the previous section. In the
rest of the section, we show that the decision problem at hand is computationally hard.

4.1 NP-Completeness

We start by introducing some additional terminology. Definition 6 below constructs a
defeasible theory starting from a fixed set of rules and an empty set of facts. This formu-
lation limits the revision problem to preference changes, notwithstanding the particular
instance of the superiority relation.

Definition 6 Given a set of defeasible rules R, a defeasible theory D is based on R iff

D = ( /0,R,>),

for some superiority relation >.

Next Definition 7 specifies the possible relationships between a literal and all the
theories based on set of rules R.

Definition 7 Given a set of defeasible rules R, a literal p is

1. >-R-tautological iff for all theories D based on R, D `+∂ p.
2. >-R-non-tautological iff there exists a theory D based on R such that D 6`+∂ p.
3. >-R-refutable iff there exists a theory D based on R such that D ` −∂ p.
4. >-R-irrefutable iff for all theories D based on R, D 6` −∂ p.

The notion of >-R-irrefutable represents the negative counterpart of >-R-tautological;
we have the same symmetry between >-R-refutable and >-R-non-tautological.

If p is >-R-tautological, then no assignment of the superiority relation allows to
disprove p, and we cannot revise it. On the contrary, if there exists an instance of the
superiority relation such that −∂ p holds, then p is >-R-refutable.

Example 6. Consider D = ( /0,R, /0), with R = {r0 : /0⇒ a,r1 : b⇒ b,r3 : /0⇒ c,r4 : /0⇒
¬c} Here, a is >-R-tautological (and thus >-R-irrefutable), ¬a is >-R-refutable, b is
>-R-irrefutable but not >-R-tautological, both c and ¬c are both >-R-non-tautological

To prove that the DSC Problem is NP-complete, we reduce the 3-SAT Problem
to ours. Specifically, we map a 3-SAT formula to a set of rules R and check whether
a specific literal appearing R is >-R-tautological. Definition 8 exhibits the reduction
adopted.

Definition 8 Given a 3-SAT formula Γ =
n∧

i=1
Ci such that Ci =

3∨
j=1

ai
j, we define the Γ -

transformation as the operation that maps Γ into the following set of defeasible rules

RΓ = {ra
i j :⇒ ai

j

ri j : ai
j⇒ ci

r∼i :⇒∼ci

ri :∼ci⇒ p}.



It is immediate to verify that the mapping proposed in the definition above is poly-
nomial in the number of literals appearing in the 3-SAT formula Γ , since every literal
in the input has associated exactly four rules in output.

The second step of the proof construction is to ensure the correctness of the pro-
posed mapping. Proposition 6 and Lemma 10 guarantee that any theory obtained through
a Γ -transformation provides an answer. These results are also intended to establish re-
lationships between the notions of tautological and refutable given in Definition 7.

Definition 9 A defeasible theory D is decisive iff for every literal p in D either D `
+∂ p, or D ` −∂ p.

Proposition 6 Given a defeasible theory D, if the atom dependency graph5 of D is
acyclic, then D is decisive.

Proof. For a detailed definition of atom dependency graph and a complete proof of the
claim, the interested reader should refer to [22].

Lemma 10 Any defeasible theory D based on RΓ of Definition 8 (for any Γ ) is decisive.

Proof. It is easy to verify by case inspection that the atom dependency graph is acyclic.

We are now ready to introduce the main result of NP-completeness. First things first,
we have to prove that the DSC Problem is in NP. Second, we show that it is NP-hard
by exploiting the formulation of the 3-SAT problem and the transformation proposed in
Definition 8.

Theorem 11 The problem of determining the revision of a defeasible literal by chang-
ing the preference relation is NP-complete.

Proof. The proof that the DSC Problem is in NP is straightforward. Given a defeasible
theory D = (F,R,>) and a literal p to be revised, an oracle guesses a revision (in terms
of a new preference relation >′ applied to D) and checks whether the state of p has
changed in E(D′) (D′ = (F,R,>′)) with respect to E(D). The complexity of this check
is bound to the computation of E(D) and E(D′), which [23] proves to be linear in the
order of the theory.

To prove the NP-hardness, given a 3-SAT formula Γ =
n∧

i=1
Ci such that Ci =

3∨
j=1

ai
j, a

defeasible theory D based on the set of defeasible rules RΓ obtained by Γ -transformation,
and a literal p in D, we show that:

(1) if p is >-RΓ -tautological, then Γ is not satisfiable;
(2) if p is >-RΓ -non-tautological, then Γ is satisfiable.

5 In the Atom Dependency Graph the atomic propositions are the nodes, and there is a directed
edge between nodes if there is a rule containing the source or its negation in the body, and the
target or its negation in the head.



(1) Lemma 10 allows us to reformulate the contrapositive using >-RΓ -refutable. If Γ is
satisfiable, then there exists an interpretation I such that

I � Γ ⇐⇒ I �
n∧

i=1

Ci

⇐⇒ I �C1 and . . . and I �Cn

⇐⇒ I �
3∨

j=1

a1
j and . . . and I �

3∨
j=1

an
j .

Thus, for each i, there exists j such that I � ai
j.

We build a defeasible theory D′ = ( /0,RΓ ,>
′) as follows. If there exists a literal bl

k
such that bl

k = ∼ai
j, then (ra

i j,r
b
lk) is in >′. It follows that, by construction, D′ ` +∂ai

j.
This means that every rule ri j is applicable and it is not weaker than the corresponding
rule r∼i. Hence, we have −∂∼ci, for all i. Consequently, each rule ri for p is discarded
and we conclude D′ ` −∂ p. Accordingly, p is >-RΓ -refutable.

(2) Again, due to Lemma 10, every theory based on RΓ is decisive. Thus, p is >-RΓ -
refutable. Accordingly, there exists a theory D′ = ( /0,RΓ ,>

′) such that D′ `−∂ p. Given
that RΓ [p] 6= /0 and RΓ [∼p] = /0 by construction, every rule for p is discarded. Namely,
we have D′ ` −∂∼ci, for all i.

Each rule r∼i is vacuously applicable. Hence, in order to have −∂∼ci, there must
exist a rule ri j that is applicable. Therefore, for each i there is at least one j such that
+∂ai

j.
We build an interpretation I as follows6:

I(ai
j) = 1 iff D `+∂ai

j.

Since for each 1 ≤ i ≤ n, we have I(ai
j) = 1 for at least one j, then also I � Ci for

all i, and we conclude that I � Γ .

In addition, Theorem 11 specifies that there are situations where it is not possible
to revise a literal by modifying only the superiority relation. For instance, if we take
a tautological 3-SAT formula, the Γ -transformation generates a theory that cannot be
revised by changing the superiority relation only. We can thus formulate the following
result.

Corollary 12 There are theories and literals for which a revision by modifying only the
superiority relation is not possible.

This result will be better illustrated by proposing some example-theories at the end
of the next section.

A final remark. Previous work for this paper tried to find conditions under which the
revision process would be possible and computationally feasible. More proof tags were

6 We use the standard notation where I(a) = 1 iff a is evaluated to True in I, and I(a) = 0
otherwise.



defined with the purpose of identifying conditions that guarantee the success of the
revision operation. A revision study based on proof tags has the advantage of the com-
putational efficiency of computing such proof tags. (Remember that the calculus of the
extension is polynomial in the size of a theory, and it remains so even with such proof
tags.) Unfortunately, even when it is possible to derive conditions for a given literal (in
the form of positive/negative proof tags), the revision process may involve some of its
antecedents for which we must compute whether are tautologies as well.

Corollary 13 Given any theory D, the problem to determine whether a literal p is >-
R-tautological is NP-complete.

Proof. By reduction to the DSC problem.

This means that the revision process generally remains hard. A brief discussion
supported by Examples 7 to 8 is proposed at the end of the following section.

5 Revision in legal domain

Regardless that we proved that the problem is in general difficult, the proof tags pre-
sented in Section 3 are linear to compute in the size of the theory. (The size of a de-
feasible theory is obtained by counting the number of distinct literals and labels for
rules.) This gives us the opportunity to identify cases when: (1) A revision operator
may effectively change the theory, (2) the cost of deciding that is (at worst) polyno-
mial. For instance, if there are no chains supporting a given literal p, or again if p is
∂ -unreachable, the formal results proved in Section 3 tell us that no revision on the su-
periority relation is possible. On the contrary, if p is ∂ -reachable it is most likely that
some revisions are possible.

Similarly to what we did in Section 2, we now motivate the types of changes we
study by appealing to the legal domain. When two lawyers dispute a case, there are four
situations in which each of them can be if they revise the superiority relation employed
by the other one.

(a) The revision process supports the argument of reasonable doubt. Initially, someone
proves that the rules imply a given conclusion. The preference can be revised so that
that is no longer the case, showing that the conclusion was not beyond reasonable
doubt.

(b) The revision process beats the argument of beyond reasonable doubt. Initially,
someone proves that a given conclusion does not follow from the rules. However,
if the preference is revised the conclusion then follows.

(c) The revision process supports the argument of proof of innocence/guilt. Someone
proves that the rules imply a given conclusion. If the preference is revised, then we
can derive that the opposite holds.

(d) The revision process cannot support a given conclusion.

Revising a defeasible theory by changing only the priority among its rules means
studying how an hypothetical revision operator works in the three cases reported below:



(1) How to obtain −∂ p, starting from +∂ p (contraction).
(2) How to obtain +∂∼p, starting from +∂ p (revision).
(3) How to obtain +∂ p, starting from −∂ p (expansion).

We name these three revisions canonical. In Section 7, we analyse in depth the
relationships between the canonical cases and belief revision operations.

Here, we shortly discuss the relationship between the canonical cases and the types
of disputes in legal reasoning we introduced above. Situation (a) corresponds to canon-
ical case (1). Situation (b) corresponds to canonical case (3). Situation (c) corresponds
to canonical case (2).

Situation (d) includes several contexts that are deemed as sub-cases of the previ-
ous ones. In particular, it encompasses those configurations that cannot be effectively
revised by the basic operations specified above, namely:

– In the first canonical case, when literal p is >-R-tautological (by Definition 7);
– In the second canonical case, when literal p is >-R-tautological, or a reasoning

chain supporting the complementary does not exist (i.e., condition −Σ∼p holds;
– In the third canonical case, when literal p is ∂ -unreachable (as stated in Propo-

sition 9), or a reasoning chain supporting it does not exist (i.e., condition −Σ p
holds).

Note that literals provable with tag +ϕ are special cases of tautological literals (cf.
Definition 7). As such, this kind of literals leads the revision process to be unsuccessful
for the first and the second canonical case. A possible legal scenario is when one of
the parties argues in favour of a thesis in a defeasible way and the counter-part cannot
discredit it, or cannot exhibit a proof for the opposite, independently of the changes in
the superiority relation. The next proposition formally captures the above intuitions.

Proposition 7 Given a consistent defeasible theory D = (F,R,>), if D ` +ϕ p for a
literal p, then there does not exist a theory D′ = (F,R,>′) such that (1) D′ `+∂∼p, or
(2) D′ ` −∂ p.

Proof. (1) Given any theory, to obtain a defeasible proof of a literal q, there must exist
at least one reasoning chain supporting q, i.e., +Σq must hold. This is in contradiction
with Proposition 2 which states that if +ϕq holds, also−Σ∼q does. (Note that−Σ l im-
plies −∂ l, for any literal l: it is trivial to see that if there is no rule with l as conclusion,
then proving it is impossible.)

(2) By definition of +ϕ p, there exists a reasoning chain that defeasibly proves p
made of elements such that there does not exist any (applicable) rule for the opposite.
That being the case, no attack to this chain is possible, and condition (2.3.1) of +∂

always holds for each rule of this chain.

Example 7. Consider D = ( /0,R, /0), with R = {



⇒r1 a ⇒r2 b ⇒r3 p
⇒r4 c ⇒r5 q

d ⇒r6 ¬q
⇒r7 e ⇒r8 w
⇒r9 f
⇒r10 ¬ f ⇒r11 g

f ,g⇒r12 ¬e}.

It is not possible to contract p: in fact, there are no rules for ¬p, and neither for ¬a
or ¬b (being a and b the only two literals of the only chain ‘r1-r2-r3’ supporting, and
proving, p). It is not possible to contract q:q depends on d and there are no rules for d
nor d is one of the facts. Lastly, it is not possible to contract w. The only possible attack
would be on e, but ¬e is ∂ -unreachable.

Example 8. Consider D = ( /0,R, /0), with R = {

a ⇒r1 p
⇒r2 b
⇒r3 ¬b⇒r4 c

b,c⇒r5 p}.

We cannot revise for p. To do successfully so, we would have to change the set of
facts (indeed p is ∂ -reachable due to r1). We cannot either operate on the provability of
b and ¬b, which would lead to an inconsistent theory.

Example 9. Consider D = ( /0,R, /0), with R = {

⇒r1 a ⇒r2 p
⇒r3 b ⇒r4 q

⇒r5 c
⇒r6 ¬c⇒r7 d

c,d⇒r8 ¬q}.

It is not possible to expand for ¬p given that there are no rule for such a literal. We
cannot expand for ¬q either given its ∂ -unreachability.

The theories proposed throughout the previous examples are rather simple (they are
all made of a single-literal set of antecedents) but enlighten the underlying problem:
the provability/discardability of a given literal may depend on deciding whether any of
its premises (or the opposite of one of them) is a tautology, and this is a hard problem
in general. More details regarding what a tautology is in a preference-changing setting
will be given in the next section.

In the rest of the section, we describe the three types of revision of preferences. For
each case we identify the conditions under which such revisions are possible. Therefore,
all revision cases studied below will consider ∂ -reachable literals, assuming that the
underlying theories are consistent. Notice that the problem of deciding whether a literal
is ∂ -unreachable is polynomial, given that it is possible to determine when a literal



is ∂ -(un)reachable by simply traversing the dependency graph, as proposed in [24].
Furthermore, the proofs tags previously introduced can be computed in polynomial
time REF.

The three canonical cases cover the situations where: we pass from a theory proving
p to a theory refuting p (without necessarily proving the opposite, ∼p); we pass from a
theory refuting p to a theory proving p; and from a theory proving p to a theory proving
∼p (and, thus, refuting p). Notice that these three cases are the only ones meaningful
involving provable and refutable literals. In Section 7, we shall argue that: The first
canonical case can be understood as contraction expansion, the second canonical case
is a revision, while the third one is expansion of the AGM belief revision framework.
Combinatorially, one could consider another case, where p is refuted and we want to
obtain a theory where we refute∼p. However, the meaning of this operation is not clear
to us, and it is partially subsumed by our third canonical case (given that +∂ p implies
−∂∼p).

We are now ready to go onto the systematic analysis of the combinations arising
from the above defined model. We list the cases by tagging each macroscopic case by
the name Canonical case and the combinations depending upon the analytical schema
introduced above by the name Instance. The instances show the combination of proof
tags where a canonical revision is possible, as well as how to operate on the theory to
perform the revision. Where necessary, a general reasoning chain supporting a literal p
will be denoted as Pp.

5.1 First canonical case: from +∂ p to −∂ p

The first canonical case deals with a situation where there is some arguments proving a
claim and we need to change the superiority in order to disprove it. (As said, we want
to contract the theory by p.)

For the reader to better understand which conditions (in terms of proof tags) hold in
the various cases, we report Figure 2 which gives a tree-based graphical representation
of all analysed instances. Each brunch represents the proof conditions holding up to
that point. A son is tagged with the new condition and inherits all the conditions of its
fathers.

For instance, the leftmost leaf labeled with +σ∼p represents the instance where the
conditions that hold are: +σ∼p, +ω∼p,−ϕ p and +Σ∼p. The scheme will be reprised
also in the two remaining canonical cases, with the appropriate graphical modifications
for the particular case.
Instance −Σ∼p∧+∂ p: this case is not reported in Figure 2, but nonetheless it repre-
sents a case worth considering. This means there is no supporting chains for ∼p, so we
cannot operate on them. Given −ϕ p, there exists at least one literal in a chain proving
p, viz. a, such that +Σ∼a. premises that could be defeated by a rule leading to the op-
posite conclusion. Thus, in order to obtain −∂ p, we have to revise the theory allowing
at least one of such rules to be able to fire (to defeat, or at least to have the same power
of a rule which actually proves one of the antecedents in the chain supporting p).

Instance +ω∼p∧+σ∼p: as stated in Proposition 3, this branch represents an impos-
sible case for any consistent defeasible theory.



−ϕ p∧+Σ∼p

+ω∼p

+σ∼p −σ∼p

−ω∼p

+σ∼p −σ∼p

Fig. 2: First canonical case: From +∂ p to −∂ p.

Instance +ω∼p∧−σ∼p: by the straightforward implication of Proposition 3, the
chain supporting ∼p fails on the last proof step, defeated by priorities for rules which
defeasibly prove p. Thus, we have only to erase these priorities.

Instance −ω∼p∧+σ∼p: since a chain P∼p exists, and is never defeated (condition
−ω∼p only illustrates that such a chain fails before the last proof step), a revision
process does not have to operate on a chain supporting p. We have to strengthen P∼p by
changing many priorities in order to let a rule in P∼p obtain at least the same strength
of such a rule in Pp. In this process, we do not remove any priority among elements in
Pp, but only add priorities to let a rule in P∼p win.

Instance −ω∼p∧−σ∼p: the reasoning chain P∼p supporting ∼p is defeated, but
not necessarily by a chain Pp proving p. The case is analogous to the aforementioned
instance, but (1) we probably have to act not only on P∼p, but also on Pp, and (2) not
only introduce priorities, but erase or invert them. This case represents the most generic
situation, where less information is given: a revision is possible, but we do not know a
priori where to change the theory.

5.2 Second canonical case: from +∂ p to +∂∼p

By following the cases depicted in Figure 2, we explain how a revision operator should
work by changing the root label to “+∂ p to +∂∼p” and starting from the same premises
(−ϕ p∧+Σ∼p). Once more, our revision tree does not take into account tags ±ϕ for
the same reasons explained at the beginning of Section 4.

Instance +ω∼p∧+σ∼p: as stated in Proposition 3 this branch represents an impos-
sible case for any consistent defeasible theory.

Instance +ω∼p∧−σ∼p: Proposition 3 states that the chain supporting∼p is defeated
on the last proof step. This, combined with −σ∼p, implies that the last step is defeated
by a priority for the rule which defeasibly proves p. In fact, there may exist more than
one defeated chain for∼p on the last step, as well as more than one chain which proves
p. We propose two different approaches. We name P the set of chains defeasibly proving
p, Pls ⊆ P the set of chains that defeasibly prove p for which there is a priority that
applies at the last proof step (against a chain that proves ∼p), and N the set of chains
for which the premises hold:

1. We choose a chain in N. We invert the priority for every chain in Pls that wins at the
last proof step. We introduce a new priority for making it win against any remaining
chain in P.



2. In this approach we have two neatly distinguished cases:

(a) |Pls| > |N|: for every chain in N we invert the priorities on the last proof step.
For every remaining chain in P, we add a priority between the defeasible rule
used in the last proof step of a chain in N and the rule used in the last proof
step of a chain in P (possibly different for each chain in N) such that the chain
in P is defeated.

(b) |N| > |Pls|: we choose a number |Pls| of chains in N and invert the priority on
the step where they are defeated. If at the end of this step there are still chains
in P that defeasibly prove p, we go on with the method used for the case 2(a),
focusing on the subset of chains in N modified during the first step.

These two approaches rely on different underlying ideas. In the first case we want a
unique winning chain. This makes the revision procedure faster than the second method,
since we do not have to choose a different chain to manipulate every time. Moreover,
the number of changes made with the first approach is equal to that of the second one
in the worst case scenario (in general, it revises the theory with the minimum number
of changes).

The strength of the second method relies on the concept of team defeater: we do
not give power to a single element, but to a team of rules. In the first method the entire
revision process must be repeated once the winning chain is defeated, while in the
second method if one of the winning chains is defeated, we have only to apply the
revision process on it, and not on all the other winning chains.

Let us consider the following example:

⇒r1 p ⇒r2 p
∨ ∨
⇒r3 ¬p ⇒r4 ¬p

If the chain for ¬p with rule r4 is chosen as the winning chain, the first approach
would give {r1 > r3,r4 > r1,r4 > r2} as an output, erasing one priority and introducing
two, while the second approach would generate the following priority set: {r3 > r1,r4 >
r2}, erasing two priorities, and introducing two. If a new rule ri defeats r4, it is easy to
see that in the first case we have to entirely revise the theory (for example, let r3 win
against r1 and r2), while in the second case we have only to introduce r3 > r2.

Instance −ω∼p∧+σ∼p: there exists an undefeated chain supporting ∼p. To revise
the theory, we have to choose one of them and, starting from ∼p, go back in the chain
to the ambiguity point (where P(i) = +∂ pi∧P(i+1) =−∂ pi+1 holds), and strengthen
the chain by adding a priority where a rule leading to an antecedent in the chain for ∼p
and a rule for the opposite have the same strength.

Instance −ω∼p∧−σ∼p: every chain supporting ∼p is defeated at least one time.
A plausible solution could be to go back in the chain searching for the point where
P(i) = +σ pi and P(i+ 1) = −σ pi+1. But this is not enough to guarantee the chain to
win. Let us consider the following example.



Example 10. Let D be a theory having the following rules:

+∂/−∂ +σ/−σ

⇒r1 a ⇒r2 b ⇒r3 c ⇒r4 p
∧

⇒r5 ¬a ⇒r6 ¬c

It is easy to see that the sole condition of r3 winning over r6 is not sufficient: we have
also to introduce a priority between r1 and r5. Thus, we have to act exactly as in the
aforementioned case, with the solely difference that every time a rule in the chain sup-
porting ∼p is defeated, the priority rule has to be inverted.

5.3 Third canonical case: from −∂ p to +∂ p

For a proper analysis of this case, condition −∂∼p must hold since otherwise the case
is analogous of the previous revision from +∂q to +∂∼q. Also, we do not take into
consideration the case where −Σ p holds: if there are no chains leading to p, then no
revision to obtain +∂ p is possible. The cases studied in this subsection are reported in
Figure 3.

From −∂ p to + ∂ p
(−∂∼p∧+Σ p)

+ω p∧+σ p −ω p
(−ω∼p)

+σ p −σ p

Fig. 3: From −∂ p to +∂ p: revision cases.

Notice that +ω p and −σ p cannot hold at the same time: if all the premises for p
are proved, then the chain fails on the last step, i.e., it has to be defeated by a firing rule
for ∼p. This would defeasibly prove ∼p, but this cannot happen since we have stated
that−∂∼p holds. Furthermore,−ω p implies that−ω∼p holds as well, since if it is not
the case, we would have either +ω p, or +∂∼p, which are both against the hypothesis.

Instance +ω p∧+σ p: we choose one of the chains where condition +ω p∧+σ p holds,
and introduce as many priorities as the number of chains where +ω∼p holds.

Instance −ω p∧+σ p: this case is analogous to instance −ω∼p∧+σ∼p of canonical
case from +∂ p to +∂∼p.

Instance −ω p∧−σ p: this case is analogous to instance −ω∼p∧−σ∼p of canonical
case from +∂ p to +∂∼p.



We remark that conditions ±σ∼p are not useful for the revision process, since they do
not give information whether the changes will affect chains for ∼p, or not. Example 11
shows that, even if +σ¬p holds, two distinct revisions exist: the first involves the chain
for ¬p (introducing r1 > r3), the second does not (introducing r5 > r6).

Example 11. Let D be a theory having the following rules:

⇒r1 a ⇒r2 p
⇒r3 ¬a⇒r4 ¬p

⇒r5 b ⇒r6 p
⇒r6 ¬b

An analogous situation is proposed for −σ∼p in Example 12.

Example 12. Let D be a theory having the following rules:

⇒r1 a ⇒r2 p
⇒r3 ¬a⇒r4 b ⇒r5 ¬p

∧
⇒r6 ¬b

⇒r7 c ⇒r8 p
⇒r9 ¬c

In here, two revisions exist: one introducing r1 > r3, and the other one which introduces
r7 > r9.

Notice that in all the canonical cases, the revision mechanism guarantees that no cycle
can be introduced. We can formulate this result, which is a straightforward consequence
of the case analysis presented here.

Theorem 14 Revising a superiority relation generates a superiority relation.

6 Preference revision based on canonical cases

In this section we investigate conditions under which we can revise a defeasible theory
by only changing the preference relation. In particular, we propose algorithms corre-
sponding to the three canonical cases presented in the previous section and their con-
ditions of applicability. The algorithms are not intended to be optimal in the sense of
finding minimal revisions7, but they just provide a constructive mechanism to guarantee
that a revision exists.

Proposition 7 gives us a condition under which we know some revisions are not
possible. Specifically, if +ϕ p holds, then it is not possible to have revisions for +∂∼p,

7 It is possible to give alternative definitions of minimal revision. For example, one notion could
be on the cardinality of instances of the superiority relation we have to modify, while another
one is to consider minimality with respect to the conclusions derived from a theory.



or −∂ p. Thus, we have a first restriction for the canonical case from +∂ p to −∂ p (and
also from +∂∼p to +∂ p).

Before embarking on the description of algorithms for revisions corresponding to
the canonical cases, we have to identify further conditions under which a revision is
possible. To this aim we have to introduce some preliminary definitions. We start by
defining when a literal depends on another literal.

Definition 15 Let a and b be two literals in a defeasible theory T . Then a depends on
b if, and only if (1) b = a or (2) ∀r ∈ R[a], either (2.1) b ∈ A(r), or (2.2) ∃c such that
c ∈ A(r), and c depends on b.

The following result shows that a defeasibly proved literal implies also the provability
of all literals it depends on. In other words, the property of dependency given above
propagates backwards the defeasible provability of literals.

First, we identify

Proposition 8 Given a defeasible theory T , if T `+∂ p and p depends on q, then T `
+∂q.

Proof. Case (1) of Definition 15 trivially holds, as p and q are the same literal. For the
other cases, the proof is by induction on the degree of dependency between literals. A
literal a depends on b with degree 1 if a depends on b and there is a rule for a where
b belongs to the antecedents of the rule. A literal a depends on b with degree n+ 1 if
a depends on b and there is a literal c such that a depends on c with degree 1 and c
depends on b with degree n.

For the inductive base (i.e., p depends on q with degree 1), +∂ p means that there
is a rule such that for every element a in the antecedents, we have T ` +∂a. Thus,
T `+∂q.

For the inductive step, suppose that the property holds up to degree n and p depends
on q with degree n+1. By definition, there is a literal c such that p depends on c with
degree 1, thus T `+∂c (given T `+∂ p by hypothesis) and c depends on q with degree
n. Thus, by inductive hypothesis, T `+∂q.

The idea of the next definition is to identify literals only depending on contradictions.
For example, consider the theory with the following rule

a,¬a,b⇒r p.

To prove +∂ p, we need both +∂a and +∂¬a and this is possible only if the theory is
inconsistent. However, we have also to cater for situations where the dependency is not
direct, for example, theories like

a⇒r1 b ¬a,b⇒r2 p.

Definition 16 A literal p is ∂ -unreachable if, and only if ∀r∈R[p], either (1.) ∃l,∃a,b∈
A(r) such that (1.1) a depends on l, and (1.2) b depends on ∼l, or (2.) ∃d ∈ A(r) such
that d is ∂ -unreachable.



The result below formalises the relationship between ∂ -unreachable literals and incon-
sistent theories.

Proposition 9 Given a defeasible theory T , let p be a ∂ -unreachable literal. If T `
+∂ p, then T is inconsistent.

Proof. The proof is by induction on the number of ∂ -unreachable literals in a derivation.
In the base case, p is the only ∂ -unreachable literal in its derivation. Given that

T `+∂ p, there is a rule for p such that all its antecedents are provable. By definition of
∂ -unreachable literal, for every rule for p there are two literals a and b in the antecedents
of the rule depending on a literal l and its complement, respectively. Thus we have both
+∂a and +∂b. Then by Proposition 8, we have T ` +∂ l and T ` +∂∼l, thus T is
inconsistent.

For the inductive step, we assume that the property holds up to n ∂ -unreachable lit-
erals, and p is the (n+1)th ∂ -unreachable literal. Beside the case we examined in the in-
ductive base, we have to consider that the antecedent of a rule contains a ∂ -unreachable
literal d and T ` +∂d. Thus, d falls under the inductive hypothesis, therefore T is in-
consistent.

The following proposition states that, if there is at least one supporting chain for a
literal that is not ∂ -unreachable, it is always possible to revise the theory to let the literal
be defeasibly proven. In other words, the problem of modifying the superiority relation
of a defeasible theory in order to pass from −∂ p to +∂ p (or from +∂∼p to +∂ p) has
always a solution, provided that the condition +Σ p holds.

Proposition 10 Given a consistent defeasible theory T = (F,R,sup) such that T `
+Σ p and p is not ∂ -unreachable, there exists a theory T ′ = (F,R,sup′) such that
T ′ `+∂ p.

Proof. Proposition 9 shows that a ∂ -unreachable literal is provable only when the the-
ory is inconsistent, which is against the hypothesis of the proposition.

Suppose that T `+Σ p for a defeasible theory T . Then, there is at least one reason-
ing chain C supporting p. Among all the possible superiority relations based on F and
R, there is a superiority relation sup′ where every rule r : A⇒ c in C is superior to any
rule for ∼c, and then no rule is superior to r. Thus, the theory T ′ = (F,R,sup′) is such
that T ′ `+∂ p.

To illustrate why the two conditions of Proposition 10 are required to guarantee
that the canonical case whose outcome is that +∂ p after the revision operation, let us
consider a theory with the following rules:

⇒r1 a
⇒r2 ¬a

a,¬a⇒r3 p

In this case we have both +Σa and +Σ¬a, thus we can build a reasoning chain to p,
but p itself is ∂ -unreachable, given that it depends on a contradiction.

We now shift the focus on conditions on the superiority relation. First of all, we
introduce some notation.



Definition 17 For a given literal p:

supLAST (p) = {(s, t)|s ∈ Rsd [p], t ∈ Rsd [∼p] and +ω∼p}
s̃upLAST (p) = {(t,s)|(s, t) ∈ supLAST (p)}.

The sets supLAST (p) and s̃upLAST (p) allow us to find out all the rules leading to the
opposite of literal p in a chain defeated on the last proof step.

Lemma 1. Given a defeasible theory T = (F,R,sup), if T ` +ω p for a literal p, then
the superiority relation sup′ given by

sup′ = (sup∪ supLAST (p))\ s̃upLAST (p)

is such that T ′ `+∂ p, where T ′ = (F,R,sup′).

Proof. The thesis trivially holds by definition of the tag +ω and by Definition 17.

The meaning of the above Lemma is that given a set of rules for a literal p, if these rules
are applicable (all the elements of the antecedent of the rules are defeasible provable),
then specifying that these rules are stronger than the rules for the opposite conclusion,
i.e., ∼p, guarantees that we can defeasibly prove p.

Lemma 2. Given a theory T = (F,R,sup), if T `+∂ p and T `+ω∼p for a literal p,
then the superiority relation sup′ given by

sup′ = sup\ s̃upLAST (p)

is such that T ′ ` −∂ p, where T ′ = (F,R,sup′).

Proof. The thesis trivially holds by definition of the tag +ω and the definition of
supLAST . Relation sup′ is clearly acyclic as the initial superiority relation sup is acyclic
and sup′ is obtained only erasing tuples.

The meaning of Lemma 2 is similar to that of Lemma 1. This time, ensuring that the (ap-
plicable) rules for p have the same strength of those for∼p prevents us from defeasibly
deriving p.

In the following subsections, we present techniques to algorithmically compute pri-
ority revisions with respect to the three canonical cases. After each algorithm, we pro-
pose technical explanations on how they work, followed by their computational results,
and running examples.

6.1 Algorithm for the first canonical case

We report below the algorithm for the first canonical case, i.e. from −∂ p to +∂ p (Al-
gorithm 1).



Input: a defeasible theory T = (F,R,sup) and a literal p such that T ` −∂ p,
T ` −∂∼p, and T `+Σ p.

Output: a defeasible theory T ′ = (F,R,sup′) such that T ′ `+∂ p.

1 Let Q be an empty set;
2 if +ω p then
3 sup←− (sup∪ supLAST (p))\ s̃upLAST (p) ;
4 return (F,R,sup);
5 end if
6 Q←− {p};
7 repeat
8 Calculate R[Q] = {r ∈ Rsd [q]|q ∈ Q};
9 foreach x ∈ A(R[Q]) do

10 if +ω∼x then
11 sup←− (sup∪ supLAST (x))\ s̃upLAST (x) ;
12 end if
13 if +∂x then
14 A(R[Q])←− A(R[Q])\{x} ;
15 end if
16 end foreach
17 if +∂ p then
18 return (F,R,sup);
19 else
20 Q←− A(R[Q]);
21 end if
22 until A(R[Q]) = /0;

Algorithm 1: from −∂ p to +∂ p

We now examine how Algorithm 1 works. Algorithm 1 can be seen as a double-
phase procedure. In the preliminary phase, it checks if there is at least one chain for
p such that all its antecedents are defeasibly proved, but the chain does not win at the
last proof step (if condition guard at line 2). In this case, the algorithm simply adds a
preference between the rule leading to p in such chains and all the rules leading to ∼p
(line 3). It then returns the theory with the same sets of facts and rules along with the
new preference relation sup (line 4).

The second phase of the algorithm takes place if condition at line 2 does not hold.
This means that for every chain supporting p, at least one rule for an antecedent is
defeated by a rule for its opposite, or have the same strength. The repeat cycle at lines
7 - 22 takes care of backtracking one step at a time in these chains to resolve the possible
conflicts:

1. the support set Q contains all the literals analysed in the backtracking steps (the set
is initialised with literal p at line 6, and iteratively computed at line 8);

2. using the set R[Q] (containing all the rules leading to every literal in Q), the algo-
rithm calculates all the possible antecedents for a literal in Q (line 9);



3. if for one of those antecedents there is an applicable rule for the opposite (line 10),
the preference relation is modified in a way similar to the preliminary phase (line
11);

4. if this operation makes the current literal defeasibly proved, then backtracking in
its chain will bring no more changes, and therefore it can be erased from the set
(line 14);

5. if the condition of provability for p has not yet been achieved, then the algorithm
has to step back once more in the chains, and therefore the remaining literals rep-
resent the elements for the next step (line 20). Otherwise, the algorithm terminates
returning the revised theory.

Notice that after the execution of Algorithm 1, condition +Σ p still holds. In fact, the
only way to obtain−Σ p is to erase derivation rules from R, but this cannot happen since
Algorithm 1 only modifies the superiority relation sup. In other words, the revision
process made by the algorithm does not affect the rules set nor facts, but acts only on
the superiority relation.

Theorem 18 Algorithm 1 is correct, complete and terminates.

Proof. Algorithm 1 terminates in a finite number of steps. The algorithm can be divided
indeed in two distinct parts, which are executed in a mutual exclusive way depending
on whether the condition +ω p is true or not at the beginning of the execution.

In the first case, the part of the algorithm to consider is from lines 2 to 5. Since the
corresponding if cycle manipulates finite sets of literals, and the union of finite sets is
fully decidable, termination is guaranteed. The correctness of the solution returned by
step 4 follows by Lemma 1.

In the second case, condition +ω p is not met at the beginning of the algorithm, and
the execution flow goes directly to line 6. Steps from 7 to 22 are executed at most as
many times as the length of the longest finite chain leading to p. Since the length of the
longest finite chain is at most the number of letters in T , and T has a finite signature,
then the outermost repeat cycle (lines 7-22) terminates provided that condition in line
17 is eventually satisfied. Suppose by contradiction that the revision operated at steps
10-15 does not defeasibly prove p at any step. Since in the inner cycle, step 10 checks if
a literal (that is the opposite of an antecedent of a rule used in a chain leading to p) wins,
and step 11 changes this condition, the only possibility for the inner cycle not to derive
+∂ p is to backtrack in the outer cycle until the first literal of the longest finite chain
leading to p without passing the test of line 10 (since operation at line 14 removes
only elements that are now defeasibly provable, it is no more necessary to continue
checking their supporting chain). In this situation, again, every chain supporting p wins.
A contradiction.

Notice that the algorithm is trivially complete given that it always terminates, and
the problem always has a solution by Proposition 10.

We now exhibit the computational complexity of Algorithm 1. To do so we employ
the notion of dimension of a defeasible theory, that accounts for the total number of
occurrences of the literals occurring in proper axioms.



Theorem 19 The computational complexity of Algorithm 1 is O(d3), where d is the
dimension of the theory.

Proof. Assume that the initial defeasible theory T = (F,R,sup) has dimension d. The
length of the longest chain analysed by Algorithm 1 is l ≤ d. In the worst case, when
only one chain is processed, this is exactly d. The if condition at lines 2-5 is of order
O(d)+O(d) = O(d)8. The inner foreach cycle (lines 9-16) is of order O(d). Again, the
if condition at lines 17-21 is of order O(d)+O(d) = O(d). As the outer repeat cycle
is iterated O(d) times, its complexity is of order O(d3). Therefore, Algorithm 1 has an
overall complexity of O(d)+O(d3) = O(d3).

Examples 13, and 14 show how Algorithm 1 works with two different theories in
order to defeasibly derive +∂ p.

Example 13. Let T be a theory having the following rules:

⇒r1 a⇒r2 p
⇒r3 b⇒r4 ¬p

Since T ` +∂a, the if condition at line 2 is satisfied, and Algorithm 1 adds r2 > r4 to
the superiority relation.

Example 14. Let T be a theory having the following rules:

b,c⇒r1 p
⇒r2 a ⇒r3 b
∧
⇒r4 ¬a

⇒r5 ¬b
⇒r6 c

⇒r7 d ⇒r8 ¬c
⇒r9 ¬d

The if condition at line 2 is not satisfied, then iteration of the repeat and foreach
cycles starts: set Q is initialised with {p}, R[Q] with {r1}, and A(R[Q]) with {b,c}.
Analysing the first literal in A(R[Q]), i.e., b, the if condition at line 10 is satisfied,
so r3 > r5 is added. Since +∂a does not hold, b still remains in A(R[Q]). During the
second iteration of the foreach cycle, condition at line 10 does not hold for ¬c, as
−∂d ⇒ −ω¬c. Hence, no operations are needed, and c is removed from A(R[Q]) at
line 14. The algorithm steps to the next repeat cycle iteration: Q is updated to {b},
R[Q] to {r3}, and A(R[Q]) to {a}. As +∂¬a holds, test at line 10 is true, and algorithm
inverts the existing priority relation r4 > r2. After this last modification, the resulting
theory defeasibly proves p, and so Algorithm 1 terminates.

8 Notice that verifying the provability of a proof tag is linear in the order of the theory, see [23].



6.2 Algorithm for the second canonical case

We now exhibit the algorithm corresponding to the second canonical case, i.e., from
+∂∼p to +∂ p.

Input: a defeasible theory T = (F,R,sup) and a literal p such that T `+∂∼p
and T `+Σ p.

Output: a defeasible theory T ′ = (F,R,sup′) such that T ′ `+∂ p.

1 Let Q be an empty set;
2 if +ω p then
3 sup←− (sup∪ supLAST (p))\ s̃upLAST (p);
4 return (F,R,sup);
5 end if
6 Q←− {p};
7 repeat
8 Calculate R[Q] = {r ∈ Rsd [q]|q ∈ Q};
9 foreach x ∈ A(R[Q]) do

10 if +ω∼x then
11 sup←− (sup∪ supLAST (x))\ s̃upLAST (x);
12 end if
13 if +∂x then
14 A(R[Q])←− A(R[Q])\{x};
15 end if
16 end foreach
17 if +∂ p then
18 return (F,R,sup);
19 else
20 Q←− A(R[Q]);
21 end if
22 until A(R[Q]) = /0;
23 sup←− (sup∪ supLAST (p))\ s̃upLAST (p);
24 return (F,R,sup);

Algorithm 2: from +∂∼p to +∂ p
Algorithm 2 acts following the same idea exploited by Algorithm 1: in order to ob-

tain a revised theory where +∂ p holds, we can essentially ignore whether in the initial
theory +∂∼p holds or not, and make the same operations of Algorithm 1. Therefore,
also in this case, there must be at least one chain supporting p in the initial theory, i.e.,
the condition +Σ p holds.

In the first canonical case, the application of Algorithm 1 forces every chain support-
ing ∼p to be defeated by the revision process. It is not, however, self evident whether
this also holds for the second canonical case. We can partition the set of all chains which
defeasibly prove ∼p in two sets: a chain for ∼p is in the first set if at least one of its
elements is the opposite of a literal in a chain supporting p, otherwise it is in the sec-
ond set. Thus, if a chain is in the first set, Theorem 18 proves that it will be eventually
defeated according to the procedure at lines 7-22. Finally, if a chain is in the second



set, it will be defeated by the priority rules on the last derivation step according to the
assignment at line 23.

Theorem 20 Algorithm 2 is correct, complete, and always terminates.

Proof. The proof straightforwardly follows from Theorem 18 and by the above reason-
ing.

Theorem 21 exhibits the computational complexity of Algorithm 2.

Theorem 21 The computational complexity of Algorithm 2 is O(d3), where d is the
dimension of the theory.

Proof. Algorithm 2 has the same (polynomial) complexity of Algorithm 1, since they
differ only for the assignment at line 23, which is of order d. Thus, Theorem 19 binds
the complexity to O(d3).

Below we propose an example to show how Algorithm 2 works.

Example 15. Let T be a theory having the following rules:

⇒r1 a ⇒r2 b ⇒r3 p
⇒r4 c⇒r5 ¬a

⇒r6 ¬b⇒r7 ¬p
⇒r8 d ⇒r9 ¬p

The if condition at line 2 is not satisfied, then the iteration of the repeat and fore-
ach cycles starts: set Q is initialised with {p}, R[Q] with {r3}, and A(R[Q]) with {b}.
Analysing literal b, the if condition at line 10 is satisfied, so r2 > r6 is added. Since
+∂a does not hold, b still remains in A(R[Q]). There are no other elements in A(R[Q]),
thus the algorithm steps to the next repeat cycle iteration: Q is updated to {b}, R[Q]
to {r2}, and A(R[Q]) to {a}. As test at line 10 is true: r1 > r5 is added to the priority
relation at line 11, and literal a is erased from A(R[Q]) since condition at line 13 is satis-
fied. A(R[Q]) is now empty, and so the repeat cycle ends. Finally, at line 23, preference
r3 > r9 is added to the theory. The resulting theory defeasibly proves p, and Algorithm
2 terminates.



6.3 Algorithm for the third canonical case

The last algorithm we propose is the one to compute the revision from +∂ p to −∂ p.

Input: a defeasible theory T = (F,R,sup) and a literal p such that T `+∂ p
and T ` −ϕ p.

Output: a defeasible theory T ′ = (F,R,sup′) such that T ′ ` −∂ p.

1 Let Q be an empty set;
2 if +ω∼p then
3 sup←− sup\ supLAST (p);
4 return (F,R,sup);
5 end if
6 Q←− {p};
7 repeat
8 Calculate R[Q] = {r ∈ Rsd [q]|q ∈ Q∧+∂A(r)};
9 foreach x ∈ A(R[Q]) do

10 if +ω∼x then
11 sup←− sup\ supLAST (x);
12 A(R[Q])←− A(R[Q])\ x;
13 if −∂ p then
14 return (F,R,sup);
15 end if
16 end if
17 end foreach
18 Q←− A(R[Q]);
19 until A(R[Q]) 6= /0;
20 Q←− {p};
21 repeat
22 Calculate R[Q] = {r ∈ Rsd [q]|q ∈ Q∧+∂A(r)};
23 foreach x ∈ A(R[Q]) do
24 if (+Σ∼x∧−ω∼x) then
25 apply Algorithm 2 to ((F,R,sup),∼x);
26 sup←− sup\{supLAST (∼x)};
27 A(R[Q])←− A(R[Q])\ x;
28 if −∂ p then
29 return (F,R,sup);
30 end if
31 end if
32 end foreach
33 Q←− A(R[Q]);
34 until A(R[Q]) = /0;

Algorithm 3: from +∂ p to −∂ p

A chain defeasibly proves a literal p when every rule, supporting the opposite of a
element in such a chain, is either defeated by a priority rule, or not applicable. Hence,



in order to revise a theory for the third canonical case from +∂ p to −∂ p, we have to
make these opposite literals applicable by:

1. removing those priority rules that let a chain supporting p win;
2. letting an opposite element to have the same strength of the corresponding one in

the chain for p, i.e., defeasibly proving all its antecedents.

The first point is performed by Algorithm 3 from line 2 to line 18, considering both
the case when the chain has a priority rule on the last proof step (lines 2-5), and when
it has priorities on rules for antecedents of p (cycle at lines 7-19).

The second point is performed at lines 20-34: firstly Algorithm 2 is invoked with
parameter∼p; after this, assignment at line 26 makes this literal of the same strength of
the corresponding one in a chain for p. Notice that if guard at line 24 checks both +Σ ,
and −ω proof tags since it could happen that the execution of Algorithm 3 changed a
literal from −ω to +ω . Thus, no more changes are needed for this literal.

Theorem 22 Algorithm 3 is correct, complete, and always terminates.

Proof. Since −ϕ p holds, the definition of −ϕ ensures that a rule for the opposite of an
element in every chain supporting p exists. By definition of +∂ p the cases when a chain
defeasibly proves p are only the ones described in the reasoning above. Therefore, no
further cases arise that Algorithm 3 does not takes care of. In all those situations, the
above reasoning, Lemma 2 and Theorem 20 guarantee correctness of the solution. Thus,
since a solution always exists, Algorithm 3 terminates.

In analogy to the complexity analysis of Algorithm 3, we show here that the problem
solved by the herein cited algorithm is applied to the complexity of Algorithm 2.

Theorem 23 The computational complexity of Algorithm 3 is O(d5), where d is the
dimension of the theory.

Proof. Assume that the defeasible theory T = (F,R,sup) has dimension d. Again, the
assumptions given in the proof of Theorem 19 for the length of the longest analysed
chain hold. Complexity of the if condition at lines 2-5, and of the repeat cycle at lines
7-19 has already been proven in Theorem 19 to be respectively O(d), and O(d3). Sim-
ilarly, the repeat cycle at lines 21-34 is iterated at most d2 times: this reasoning, and
Theorem 21 guarantee that its complexity is of order O(d5). Therefore, Algorithm 3
has an overall complexity of O(d)+O(d3)+O(d5) = O(d5).

As for the two previous algorithms, we now exhibit an example that illustrates the
behaviour of the algorithm.



Example 16. Let T be a theory having the following rules:

⇒r1 a ⇒r2 p
∨
⇒r3 ¬a

b,d⇒r4 p
⇒r5 b

⇒r6 c ⇒r7 ¬b
⇒r8 ¬c

⇒r9 d
⇒r10 e ⇒r11 ¬d
⇒r12 ¬e

The if condition at line 2 is not satisfied, then the iteration of the repeat and foreach
cycles starts: set Q is initialised with {p}, R[Q] with {r2,r4}, and A(R[Q]) with {a,b,d}.
Analysing the first literal in A(R[Q]), i.e., a, the if condition at line 10 is satisfied, so
the priority relation r1 > r3 is removed from the initial theory, as literal a from A(R[Q]);
+∂ p still holds. In the next two iterations of the foreach cycle, condition at line 10 holds
neither for ¬b, nor for ¬d, hence no operations are executed. Similarly, this happens in
the following two iterations of the repeat cycle, since there are no more rules in a chain
for p that could be defeated acting on the superiority relation.

The algorithm sets Q, R[Q], and A(R[Q]) to the initial values. The foreach cycle at
line 23 analyses literal a first, but since condition at line 24 does not hold, no operations
are performed during this foreach iteration. In the next iteration, literal b is analysed
and, since condition at line 24 is satisfied, Algorithm 2 is invoked. It returns a superiority
relation with two new preferences, r7 > r5 and r6 > r8. The last one is then removed
and so literal b from A(R[Q]), at lines 26 and 27, respectively. Again, since condition
at line 28 is not satisfied, the repeat cycle goes to the next iteration, analysing literal
d, invoking Algorithm 2 which adds r11 > r9 and r10 > r12 to the superiority relation.
Once more, the last one is removed and so literal d from A(R[Q]). Now condition at line
28 is satisfied, and so Algorithm 3 terminates.

7 AGM postulates analysis

The aim of this section is to study the canonical cases described in Section 4 from the
point of view of the AGM approach [25]. Afterwards, we focus on understanding the
meaning of the various AGM postulates in terms of the changes we proposed. This
will allow us to identify which of the AGM postulates are satisfied by our canonical
cases, and which postulate instead have little meaning in our framework. (But, more in
general, in a non-monotonic setting.)

This research issue is motivated, as introduced in Section 1, by the fact that the
AGM postulates analysis in non-monotonic formalisms is still controversial, and thus
open to discussion.

We recall that Delgrande proposed an approach to belief revision of logic programs
under answer set semantics that is fully compliant with the base AGM postulates for re-
vision [5]. He also claims in a later work [6, p. 568] that the third and fourth postulates



for belief revision are not appropriate for belief revision of non-monotonic theories,
and thus are ignored in his work. However, we are going to argue that these two pos-
tulates can be adopted in our approach, which suggests that the question whether the
AGM postulates are suitable for non-monotonic reasoning is still open. Indeed, we shall
prove that many other postulates are not satisfied. This is not surprising at all, given that
they were thought with respect to a traditional logical setting; the meaning itself of such
postulates is dubious when dealing with non-monotonic formalisations, but in general
we shall show through our analysis that their meaning is not clear when trying to rep-
resent theory change in a non-monotonic setting.

However, we believe that it is important to describe the meaning of such postulates
in terms of the logic/formalism under analysis to gain a better understanding of the na-
ture of the various revision operations. Therefore, any result, positive or negative, about
Defeasible Logic, constitutes an advancement of knowledge in this field, since the gen-
eral agreement of scholars about inapplicability of AGM postulates to non-monotonic
reasoning could be contradicted in that aspect.

In the remainder, we assume that the reader is familiar with the terminology used
in the AGM framework, in particular with the notions of belief, belief set, and theory.
(Note that in our framework the hypothesis of completeness of a theory does not hold
in general, as it is perfectly normal that in a defeasible theory neither +∂ p nor +∂∼p
are derivable.)

To adjust the AGM framework in the perspective of preference revision, we first
rephrase the concept of extension into that of belief set corresponding to a defeasible
theory.

Definition 24 Let D = (F,R,>) be a defeasible theory. Then

BS(D) = (BS+∂ (D),BS−∂ (D))

is the belief set of D, where

BS+∂ (D) = {p | p is a literal appearing in D and D `+∂ p},
BS−∂ (D) = {p | p is a literal appearing in D and D ` −∂ p}.

We also state that when a literal p is believed, p ∈ K in AGM notation, then p ∈
BS+∂ (D). Conversely, if a literal is not believed, i.e., p /∈ K, then p ∈ BS−∂ (D)9. Intu-
itively, the idea is that if we prove +∂ p then we believe in p, and if we prove −∂ p then
we do not believe in p.

An attentive reader will notice that this definition corresponds to the notion of ex-
tension of a theory E(D). We hereafter shall use the notation of belief set BS(D) to ease
the parallel with the AGM paradigm. Moreover, we shall relate the AGM operators of
contraction, expansion, and revision, and then reframe the corresponding postulates of
AGM in the terminology of defeasible theories (in Sections 7.1–7.2).

9 Note that it is possible that neither literal p and ∼p belong to BS(D). For example, consider
the theory consisting only of p⇒ p and ¬p⇒¬p. In this theory none of ±∂ p and ±∂¬p is
provable.



Belief contraction is the process of rationally removing from a belief set K a cer-
tain belief ψ previously in the set. From the point of view of Defeasible Logic, by
Definition 24, a defeasible theory D = (F,R,>) where D `+∂ p (i.e., p ∈ BS+∂ (D)) is
modified such that −∂ p holds in the contracted theory (denoted by D−p ) after the pro-
cess (i.e., p∈BS−∂ (D−p )). For the above reasoning, it seems reasonable to argue that the
process of belief contraction as formalised in AGM approach corresponds to our first
canonical case, i.e., from +∂ p to−∂ p. If we consider a set of literals C = {p1, . . . , pn},
we define the contracted theory D−C as the theory where for each pi ∈C, pi ∈BS−∂ (D−C ).

Belief revision is the process of rationally deleting a certain belief ψ from a belief
set K and adding its opposite. From the point of view of Defeasible Logic, by Defini-
tion 24, a defeasible theory D = (F,R,>) where D ` +∂∼p (i.e., ∼p ∈ BS+∂ (D) and
p ∈ BS−∂ (D)) is modified such that +∂ p holds in the revised theory (denoted by D∗p)
after the process (i.e., p ∈ BS+∂ (D∗p)). Remember that in Defeasible Logic ∼p now
belongs to BS−∂ (D∗p). For the above reasoning, it seems reasonable to argue that the
process of belief revision as formalised in AGM approach corresponds to our second
canonical case, i.e., from +∂∼p to +∂ p.

Belief expansion is the process of adding a certain belief ψ to a belief set K. It
is possible to consider two interpretations of the expansion process: the first where we
simply force the belief in, the second where a belief is added if the opposite is not
believed. Our third canonical case, i.e., from −∂ p to +∂ p, follows the second strategy.
Therefore, from the point of view of Defeasible Logic, by Definition 24 this process
describes the case of an initial defeasible theory D = (F,R,>) where D ` −∂ p and
D ` −∂∼p (i.e., p,∼p ∈ BS−∂ (D)) hold being modified such that +∂ p holds in the
expanded theory (denoted by D+

p ) after the process (i.e., p ∈ BS+∂ (D+
p )). Remember

that in Defeasible Logic ∼p still belongs to BS−∂ (D+
p ). If we consider a set of literals

C = {p1, . . . , pn}, we define the expanded theory D+
C as the theory where for each pi ∈

C, pi ∈ BS+∂ (D+
C ).

7.1 Preference Contraction

Throughout this subsection, we assume that D `+∂ p, for a literal p in D.

The first postulate in AGM belief contraction states that when a belief set is contracted
by a sentence p, the outcome should be logically closed. In Defeasible Logic, a theory
D is distinct from its extension E(D) (i.e., its set of conclusions). In general, given an
extension in Defeasible Logic, there are possibly different theories that could generate
the same extension. This means that in AGM there is no difference between contracting
a theory or its base, while this is not the case in Defeasible Logic. However, given
that the allowed operations are either to add or to remove instances of the superiority
relation, it is immediate to see that the contraction of a defeasible theory is a theory.
The following version of the postulate holds for contraction of defeasible preferences.

D−p is a theory. (K−̇1)

Notice that the definition of a defeasible theory does not impose any constraint on
what properties the superiority relation must have. Hence, adding or removing tuples



from a superiority relation results in another superiority relation and, consequently, the
contracted theory is still a defeasible theory.

Note that contracting a literal does not necessarily result in removing instances from
the superiority relation: sometimes you need to add tuples instead. Example 17 below
shows one of such cases.

Example 17. Consider D = ( /0,R, /0), with R = {

⇒r1 p
⇒r2 q ⇒r3 ¬p
⇒r4 ¬q}.

It is easy to verify that D ` +∂ p. Trivially, we cannot remove instances from an
empty superiority relation. However, we can add the tuple (r2,r4), and thus obtain +∂q,
which makes r3 applicable. The new superiority relation still does not solve the conflict
between r1 and r2 but now the theory so modified derives −∂ p.

Remark 1. As we pointed out in Proposition 1 and Example 3, sometimes the definition
of defeasible theory requires the superiority relation to be acyclic. If one uses such
a definition, then there are cases where contracting (and any other type of change in
general) is only possible by introducing a cycle in the superiority relation, which, as
we have seen in Proposition 1, could lead to an inconsistent theory. This means that the
adoption of the postulate when there are restrictions on the superiority relation would
exclude some otherwise possible operations (that could lead to possibly inconsistent
theories).

Example 18. Let D be a defeasible theory such that

⇒r1 p
a⇒r2 ¬p.

First, notice that D ` −ϕ p; thus for each chain for p, a rule supporting an opposite
literal exists. (The example is clearly oversimplified by considering only one chain for
p and one chain attacking it, but it does not lose generality.) There is no assignment to
the superiority relation able to contract p. This fact, again, lies in the difficulty of iden-
tifying “simple” schemas to capture the notion of tautological. Discussion hereinafter
on Postulate K−̇4 will further investigate on this matter.

As preference contraction acts only on the superiority relation, to ensure that a con-
traction operation satisfies the postulate, we only have to check whether the operation
itself does not create a cycle in the superiority relation. This is guaranteed by the fol-
lowing proposition.

Proposition 11 Given a defeasible theory D = (F,R,>), if D′ = (F,R,>′) is obtained
from D by erasing preference tuples from >, then >′ is acyclic.

Proof. By contradiction, let us suppose that there is a cycle in >′. Since, by hypothesis,
>′ is obtained from > by simply removing preference tuples, then each element of >′

is an element of > and the cycle in >′ is also in >, against the hypothesis.



The idea of the second AGM postulate for belief contraction is that, since a contraction
removes beliefs, the contracted belief set is smaller than the original. AGM focuses only
on “positive” beliefs. On the contrary, we showed that Defeasible Logics originates both
a set of positive conclusions E+ as well as a set of negative ones E−. We thus have to
check for both of them.

BS+∂ (D−p )⊆ BS+∂ (D) and BS−∂ (D−p )⊇ BS−∂ (D). (K−̇2)

This postulate does not hold: indeed, it contradicts the sceptical non-monotonic
nature of Defeasible Logic, as shown in the example below.

Example 19. Consider D = ( /0,R,>= (r2,r1),(r3,r4)), with R = {

⇒r1 ¬a
∧
⇒r2 a ⇒r3 p

∨
⇒r4 ¬p}.

Then BS+∂ = a, p and BS+∂ = ¬a,¬p. If we contract a by erasing the superior-
ity r2 and r1, then ¬p becomes defeasibly provable, and we obtain BS+∂ = ¬p and
BS−∂ (D) = a,¬a, p.10

This behaviour is not confined to the specifics of Defeasible Logic, but holds, in
general, for sceptical non-monotonic formalisms. When one contracts a literal, other
literals depending on the contracted literal may be removed as well. If such literals
were involved in conflicts, the opposite literals (1) are no longer opposed (attacked),
and (2) can thus be included in the extension.

In classical-type of logics, notions of expanding or contracting a theory are sym-
metrically related with new pieces of information, you need to introduce new concepts
within the theory itself. Symmetrically, contracting information always reflects

The third postulate of AGM considers the case when a belief ψ is not in the initial belief
set: if ψ is not a consequence of the theory, then there is no reason to change anything
at all. In Defeasible Logic, this corresponds to not being able to prove p (p∈ BS−∂ (D)).

If p ∈ BS−∂ (D) then BS(D−p ) = BS(D). (K−̇3)

The postulate trivially holds.

10 There are (admittedly pathological) cases where, making a literal p no longer defeasibly prov-
able by changing the superiority relation, does not imply that −∂ p holds after the revision
process. For example, consider the theory ⇒r p and ¬p⇒s ¬p. The only way to prevent +∂ p
is to impose s > r, but in such a revised theory none of +∂ p and −∂ p would hold (same for
¬p). Notice that, in this case, the conditions for our canonical cases to succeed do not hold.



The fourth AGM postulate states that the only literals that are immutable in the con-
traction process are tautologies. Defeasible Logic does not have logical connectives;
therefore, it is not possible to have tautologies in the classical sense. Nevertheless, the
concept of tautology is that of a statement that cannot ever be refuted: a tautology is
true in every interpretation. In classical logic, an interpretation is an assignment of truth
values to the propositional atoms, while in Defeasible Logic this corresponds to con-
sider a particular set of propositional atoms as factual knowledge. In the context of this
paper, where we assumed that the sets of facts and rules cannot be changed, the closest
thing to an interpretation is an assignment of the superiority relation. Accordingly, a
tautology in our setting is a literal that is defeasibly provable in every assignment of
the superiority relation, or, in other terms, for every possible revision of the superiority
relation. Formulating the postulate like “If p is >-R-tautological, then p holds in every
revision”, that would be trivially true. However, as Corollary 13 shows, the concept of
being tautological cannot be represented by simple proof tags. Thus, we propose a for-
mulation using our strongest proof tag, i.e. +∆ . We give the formulation of the success
postulate for contraction by using the contrapositive.

If p ∈ BS+∂ (D−p ) then D `+∆ p. (K−̇4)

This postulate does not hold with that formulation: the concept of strict derivation
embodied by +∆ does not fully capture the notion of tautology as a non-refutable state-
ment. Indeed, there are cases where D ` −∆ p and D `+∂ p, but we are still not able to
obtain D′ by only changing the superiority relation such that D′ ` −∂ p.

We then shift our attention on whether proof tag +ϕ may fully interpret the concept
of tautology in our framework; our choice is motivated by the fact that +ϕ indeed
denotes the presence of a supporting chain made of elements for which there are no
rules for the opposite As such, it represents a non-refutable argument obtained from
defeasible rules.

It thus seems reasonable to reformulate the success postulate for contraction as fol-
lows.

If p ∈ BS+∂ (D−p ) then D `+ϕ p. (K−̇4′)

Even this version of the postulate does not cover all the cases in our framework.
Indeed, there exist situations where for every proof of p there exist a (∂ -reachable)
counter-argument, and yet it is not possible to change the theory in order to obtain
−∂ p. A simple situation is to take a tautologous 3-SAT formula and to generate its Γ -
transformation (see Definition 8). There are literals in the theory obtained that cannot
be contracted. However, there are more cases.

Example 20. Consider D = ( /0,R, /0), with R = {

⇒r1 l ⇒r2 ¬a
⇒r3 a ⇒r4 p
⇒r5 b ⇒r6 p

⇒r7 ¬l⇒r8 ¬b}.



It is trivial to see that D ` −ϕ p due to r2 and r8. To contract p, we must block both
the chains proving p. But, in order to do so, we should have that D ` +∂ l as well as
D `+∂¬l. This is not possible since D is consistent.

Unfortunately, the rules pattern shown in Example 20 is not a sufficient condition
to reframe the postulate (K−̇4′). Indeed, as Example 21 shows, it is possible to find
counter-examples where p can be contracted, as well as counter-examples to counter-
examples (we refer to Example 22) where, by extending the theory of Example 21 with
rules r19, . . . ,r25, the contraction of p becomes, again, not possible.

Example 21. Consider D = ( /0,R, /0), with R = {

⇒r1 a ⇒r2 p
⇒r3 b ⇒r4 p
⇒r5 c ⇒r6 p

⇒r7 l ⇒r8 ¬a
⇒r9 ¬l ⇒r10 ¬b
⇒r11 m ⇒r12 ¬b
⇒r13 ¬m⇒r14 ¬c
⇒r15 n ⇒r16 ¬c
⇒r17 ¬n ⇒r18 ¬a}.

To contract p, we must block derivations of +∂a, +∂b and +∂c. This can be ob-
tained by adding the following tuples to the superiority relation: (r7,r9), (r11,r13) and
(r15,r17).

Example 22. Let D′ be the theory of Example 21 where we add the following rules:

⇒r19 e ⇒r20 p
⇒r21 f ⇒r22 p

n ⇒r23 ¬e
¬n ⇒r24 ¬ f
¬m⇒r25 ¬ f .

To contract p, we must now block derivations also of +∂e, and +∂ f . The proof of
e can be blocked only if we prove, n the antecedent of r23. (In this way, the derivation
of c would be blocked as well.) This implies that the only way to block the derivation
of f is by proving ¬m (the only antecedent of rule r25). We can now operate only on the
provability of either l, or ¬l. In both cases, one between a or b cannot be refuted.

This is in line with Corollary 13, which thus implies that there is not a simple condi-
tion, based on proof tags, that can be computed in polynomial time and also guarantees
a successful contraction.

The fifth AGM postulate states that contracting, and then expanding by the same belief
ψ will give back at least the initial theory.

If p ∈ BS+∂ (D) then BS(D)⊆ BS((D−p )
+
p ). (K−̇5)



This postulate cannot be adopted since, once the contracted theory has been ob-
tained, the backward step does not uniquely correspond to expanding the obtained the-
ory by the same literal, as the following example shows.

Example 23. Consider D = ( /0,R,{(r1,r3}), with R = {

⇒r1 a ⇒r2 p
∨
⇒r3 ¬a

⇒r4 b ⇒r5 p
⇒r6 ¬b}.

If we contract D by p, one possible solution is to erase tuple (r1,r3) from >. If we
now expand D−p , one solution is indeed the initial theory, but another solution would be
the theory such that >= {(r4,r6)}.

Nevertheless, if all operations in the contraction process can be traced, then we can
easily backtrack and obtain the initial theory, satisfying the postulate.

The sixth AGM postulate, also known as the postulate of the irrelevancy of syntax,
states that if two beliefs ψ and χ are logically equivalent, then contracting by ψ and
contracting by χ produce the same result.

If ` p≡ q then BS(D−p ) = BS(D−q ). (K−̇6)

In Defeasible Logic, the language is restricted to literals, thus two elements p and q
are equivalent only if they represent the same literal. For this reason, the sixth postulate
trivially follows.

The seventh and the eighth postulate are best understood if seen in combination. They
essentially relate two individual contractions with respect to a pair of sentences ψ and
χ , with the contraction of their conjunction ψ ∧ χ . As already stated, in Defeasible
Logic there are no logical connectives and a conjunction of literals is equivalent to the
set of the same literals; the same reasoning used to introduce postulate (K−̇2) applies
here. Thus, the two postulates can be rewritten as

BS+∂ (D−p )∩BS+∂ (D−q )⊆ BS+∂ (D−p,q) and
BS−∂ (D−p )∩BS−∂ (D−q )⊇ BS−∂ (D−p,q).

(K−̇7)

If p ∈ BS−∂ (D−p,q) then BS+∂ (D−p,q)⊆ BS+∂ (D−p ) and
BS−∂ (D−p )⊆ BS−∂ (D−p,q).

(K−̇8)

Postulates (K−̇7) and (K−̇8) do not hold for the same reason of postulate (K−̇2).
The following example shows the truth this for both of them.

Example 24. Consider D = ( /0,R,{(r1,r0),(r2,r3),(r4,r6),(r8,r5),(r7,r9)}), with R =
{



⇒r0 ¬a
∧
⇒r1 a ⇒r2 c

∨
⇒r3 ¬c ¬c,¬d⇒r4 p
⇒r5 ¬d ∨
∧ ⇒r6 ¬p

⇒r7 b ⇒r8 d
∨
⇒r9 ¬b}.

We have BS+∂ (D) = {a,b,c,d,¬p} and BS−∂ (D) = {¬a,¬b,¬c,¬d, p}. Let us
contract D by literal a and by literal b (where the contractions are minimal with respect
to the changes in the superiority relation) obtaining:

BS+∂ (D−a ) = {b,¬c,d,¬p}
BS+∂ (D−b ) = {a,c,¬d,¬p}
BS−∂ (D−a ) = {a,¬a,¬b,c,¬d, p}
BS−∂ (D−b ) = {¬a,b,¬b,¬c,d, p}.

The respective intersections are:

BS+∂ (D−a )∩BS+∂ (D−b ) = {¬p}
BS−∂ (D−a )∩BS−∂ (D−b ) = {¬a,¬b, p}.

We can now contract a and b simultaneously, and obtain

BS+∂ (D−a,b) = {¬c,¬d, p}

BS−∂ (D−a,b) = {a,¬a,b,¬b,c,d,¬p}

proving our claim.

Throughout postulates (K−̇1) to (K−̇8) we took care of the effects of the contrac-
tion process, due to the specific nature of positive and negative beliefs in Defeasible
Logic. For each postulate, this specificity has however no effect. In fact, what can be
claimed for contractions in BS+∂ extends to BS−∂ , and the other way around.

For the sake of completeness, we apply the same care to expansion and revision
cases further on. As it will be clear at the end of each analysis, analogous conclusions
about the redundancy are derived.

7.2 Preference Revision

Throughout this subsection, we assume that D `+∂∼p and D `+Σ p for a ∂ -reachable
literal p in D. (The last two assumptions restrict the scope of investigation to literals for
which there exist (at least) a contradiction-free supporting chain.)



The first AGM postulate for revision states that the revision process must preserve the
logical closure of the initial theory.

D∗p is a theory. (K ∗1)

We can repeat the argument (and the related remark) for postulate K−̇1 for the
justification of the reasons why this postulate holds.

The second AGM postulate for revision captures the most general interpretation of the-
ory change; the new information ψ is always included in the new belief set, even if ψ

is self-inconsistent, or contradicts some belief of the initial theory. As a consequence,
the complete reliability of the new information is always assumed.

p ∈ BS+∂ (D∗p). (K ∗2)

As by definition of our second canonical case, literal p is forced to be defeasibly
proved after the process, provided that preconditions +∂∼p and +Σ p hold p is ∂ -
reachable, the postulate is clearly satisfied.

The third and the fourth postulates of AGM revision explain the relationship between
the revision and the expansion processes.

BS+∂ (D∗p)⊆ BS+∂ (D+
p ). (K ∗3)

If ∼p ∈ BS−∂ (D) then BS+∂ (D+
p )⊆ BS+∂ (D∗p). (K ∗4)

Both the first two canonical cases, starting from an initial theory and considering a
literal p, operate to obtain a final theory where +∂ p holds. What we have to care about,
however, are the preconditions under which these two canonical cases apply. The third
postulate essentially states that every belief that can be derived revising a theory by a
belief ψ can also be obtained by expanding the same initial theory with respect to the
same belief. This statement is perfectly allowed in our framework; the case where both
revision and expansion can apply is when +∂∼p (and hence −∂ p) holds in the initial
theory. In this case, the two processes behave in the same manner, i.e., they calculates
the same extensions. If we nonetheless regard at proper expansion, i.e., when condition
−∂∼p holds, then it is easy to see that the preconditions for expansion and revision are
mutually exclusive: they cannot be applied at the same time.

The fifth AGM postulate states that the result of a revision by a belief ψ is the absurd
belief set if the new information is in itself inconsistent.

If p is consistent then BS+∂ (D∗p) is also consistent. (K ∗5)

The first issue to address here is what it means for a literal to be consistent. We
consider two alternatives: (i) the classical reading, where a literal is always consistent,
(ii) a literal p is consistent in a theory if the theory does not prove both +∂ p and +∂¬p.
However, since Defeasible Logic is para-consistent (see Example 3) this postulate holds
for none of the alternatives. Example 25 provides a counter-example.



Example 25. Consider D = ( /0,R,{(r3,r1)}), with R = {

⇒r1 ¬p
⇒r2 a ∧

a,q,¬q⇒r3 p
⇒r4 q
⇒r5 ¬q}.

We have +∂¬p and −∂ p. The only way to conclude +∂ p is to add (r4,r5) and
(r5,r4) to >. Then, in the revised theory we conclude +∂ p, −∂¬p, +∂q and +∂¬q.
Hence, the theory is inconsistent, but p is consistent with the theory.

On the other hand, if one adopt the condition of Remark ??, then the postulate is
trivially satisfied, since when we operate on a theory, the resulting object, when the
superiority relation is cyclic what we could obtain might not be a theory (the revision
operator generates a cycle in the transitive closure of the superiority relation).

The sixth AGM postulate for revision follows the same idea of (K−̇6): The syntax of
the new information has no effect on the revision process, all that matters is its content.
Again, the postulate has a natural counterpart in Defeasible Logic.

If ` p≡ q then BS+∂ (D∗p) = BS+∂ (D∗q). (K ∗6)

The reasoning is the same exploited in the counterpart postulate for contraction, and
the postulate trivially holds.

The seventh and the eight postulate of AGM revision cope with the revision process
with respect to conjunctions of literals. In the classical AGM framework, the princi-
ple of minimal change takes an important role in the formulation of these postulates.
The revision with both ψ and χ should correspond to a revision of the theory with ψ

followed by an expansion by χ , provided that χ does not contradict the beliefs in the
theory revised by ψ .

BS+∂ (D∗p,q)⊆ BS+∂ ((D∗p)
+
q ) and BS−∂ ((D∗p)

+
q )⊆ BS−∂ (D∗p,q). (K ∗7)

If ¬q ∈ BS−∂ (D∗p) then BS+∂ ((D∗p)
+
q )⊆ BS+∂ (D∗p,q) and

BS−∂ (D∗p,q)⊆ BS−∂ ((D∗p)
+
q ).

(K ∗8)

Again, these postulates cannot be satisfied. The following example gives a specific
case that falsifies them.



Example 26. Consider D = ( /0,R, /0) with R = {

⇒r1 ¬a
⇒r2 a ⇒r3 p

⇒r4 ¬p
⇒r5 b
⇒r6 ¬b

b ⇒r7 p
b ⇒r8 q
⇒r9 ¬q

⇒r10 c ⇒r11 q}.

We have BS+∂ (D) = {¬p}, while all other literals belong to BS−∂ (D). If D needs to
be revised for p and q, a possible theory is D∗p,q, obtained by operating through the prov-
ability of literal b and by updating the superiority relation to >∗p,q= {(r5,r6),(r7,r4),(r8,r9)}.
The resulting BS+∂ (D∗p,q) = {b,c, p,q}, while BS−∂ (D∗p,q) = {a,¬a,¬b,¬p,¬q}.

Let us now consider the revision only by p. A possible solution is D∗p such that
BS+∂ (D∗p) = {a,c, p} and BS−∂ (D∗p) = {¬a,b,¬b,¬p,q,¬q}. In this case, the revision
process acts on the provability of literal a, by updating the superiority relation to >∗p=
{(r2,r1),(r3,r4)}.

If we now expand D∗p by q, a possible solution is to add (r11,r9) to >∗p. By doing so
we would obtain BS+∂ ((D∗p)

+
q ) = {a,c, p,q} and BS−∂ ((D∗p)

+
q ) = {¬a,b,¬b,¬p,¬q}.

The intersection of D∗p,q and (D∗p)
+
q is not empty, but neither theory is contained in the

other.

7.3 Preference Expansion

Throughout this subsection, we assume that for a ∂ -reachable literal p in D: D ` −∂ p,
D ` −∂∼p and D `+Σ p.

The first AGM postulate for expansion states that if a theory is expanded with a belief
ψ , then the resulting theory is the logical closure of the initial theory.

D+
p is a theory. (K +1)

Again, the remarks and reasons for Postulate K−̇1 apply for this postulate as well.

The second AGM postulate for expansion ensures that the “expansion” belief ψ always
belongs to the belief set of the resulting theory.

p ∈ BS+∂ (D+
p ). (K +2)

Due to the hypotheses of D `+Σ p and p being ∂ -reachable, the postulate trivially
holds since the expansion process forces literal p to be defeasibly proved.



The joint formulation of the third and the fourth AGM postulates for expansion states
that if a belief is already present in the initial belief set, then the theory remains un-
changed after the expansion process.

BS+∂ (T )⊆ BS+∂ (T+
p ) and BS−∂ (T+

p )⊆ BS−∂ (T ). (K +3)

If p ∈ BS+∂ (T ) then BS+∂ (T+
p )⊆ BS+∂ (T ) and BS−∂ (T )⊆ BS−∂ (T+

p ). (K +4)

Since we aim at obtaining a theory where +∂ p holds, and by hypothesis p ∈
BS+∂ (T ), the postulates seen together trivially hold given that, by definition, their
premises do not.

The fifth AGM postulate states that if a belief set is contained in another one, then the
expansion of both sets wrt. the same belief preserves the inclusion relation.

If BS+∂ (D)⊆ BS+∂ (D′) then BS+∂ (D+
p )⊆ BS+∂ (D′+p ). (K +5)

Again, due the non-monotonic nature of Defeasible Logic, this postulate can not be
satisfied, as already pointed out for Postulate (K−̇2).

The sixth AGM postulate assures the minimality of the expanded belief set. Defeasible
Logic derives conclusions that are tagged. The specific nature of this tagging is that
it makes the notion of minimality for a set of conclusions useless. We can consider
minimality only for one given tag, and not for all tags. The idea of “smallest resulting
set” is consequently meaningless for non-monotonic systems tagging conclusions.

Given a theory D and a belief p,
BS(D+

p ) is the smallest belief set satisfying (K +1)− (K +5).
(K +6)

In the perspective of non-monotonic reasoning, the operation of expanding a de-
feasible theory in order to prove a literal p necessarily falsifies some other literals,
previously provable in the initial theory; hence, the postulate cannot hold in general.

We end this part by presenting Table 2 where we summarise the results obtained
so far concerning which postulates hold and which do not. (In the latter case, the last
column reports the specific examples where counter-examples can be found.)

It is important to notice that all the examples proposed can be easily accommodated
to show a more general result: the AGM postulates do not hold in general for a non-
monotonic setting, even when other operations rather than changing only the superiority
relation are allowed. For instance, let us reformulate the theory of Example 19 while
considering Postulate K−̇2.

⇒r1 ¬a
∧
⇒r2 a ⇒r3 p

∨
⇒r4 ¬p

b⇒r5 ¬a.



Type of operation Postulate(s) Hold? Counter-example(s)

Contraction

K−̇1 Yes
K−̇2 No Example 19
K−̇3 Yes
K−̇4 n/a Not clear how to decide whether a literal is a tautology
K−̇5 No Example 23
K−̇6 Yes
K−̇7 and K−̇8 No Example 24

Revision

K ∗1 Yes
K ∗2 Yes
K ∗3 Yes
K ∗4 Yes
K ∗5 No Example 25
K ∗6 Yes
K ∗7 and K ∗8 No Example 26

Expansion

K +1 Yes
K +2 Yes
K +3 Yes
K +4 Yes
K +5 No Same as for Example 19
K +6 No Irrelevant

Table 2: Summary of AGM postulates for preference revision

Instead of erasing r2 > r1 for the superiority relation, we can add b to the set of facts,
allowing r5 to be applicable. Even in this case, Postulate K−̇2 does not hold.

7.4 Identities for preference change

In the AGM framework it is possible to define some change operation in terms of the
others. The aim of this section is to investigate to what extent this is possible in the
framework we proposed in this paper.

In the AGM framework a process that defines revision in terms of expansion is
available, suggested by Isaac Levi in [26]. The idea being that, in order to revise a theory
D by a belief ψ , we may firstly contract D by ¬ψ in order to remove any information
that may contradict ψ , and then expand the resulting theory with ψ . This procedure is
known as the Levi identity which can be reformulated in out terminology as follows:

BS(D∗p) = BS((D−¬p)
+
p ). (LI)

The following example shows that the Levi identity does not hold in our framework.



Example 27. Consider D = ( /0,R, /0), with R = {

⇒r1 a ⇒r2 p
⇒r3 ¬a

⇒r4 ¬p
⇒r5 b ⇒r6 p
⇒r7 ¬b}.

Here, D ` −∂ p and D `+∂¬p. If we revise D by p, a possible solution is D∗p such
that BS+∂ (D∗p) = {a, p}, and BS−∂ (D∗p) = {¬a,b,¬b,¬p}. Now, contracting D by ¬p
can lead to D−¬p with BS+∂ (D−¬p) = {b}, and BS−∂ (D−¬p) = {a,¬a,¬b, p,¬p}. If we ex-
pand D−¬p by p, we obtain (D−¬p)

+
p with BS+∂ ((D−¬p)

+
p ) = {b, p}, and BS−∂ ((D−¬p)

+
p ) =

{a,¬a,¬b,¬p}.

The Levi identity does not hold as our revision procedure concerns the reasons why
one belief is obtained, and not only whether we have that one belief. Accordingly, if
there are multiple reasons to justify one belief, it is possible to contract the theory in
multiple ways and similarly to expand it in multiple ways. In a non-monotonic setting,
the changes for the contractions are not necessarily the “opposite” of those for contrac-
tion.

As Levi Identity relates the revision process in terms of expansion, Harper proposed
a method to obtain the contraction by using revision [27]; the underlying idea is that
a theory D contracted by a belief ψ is equivalent to the theory containing only the
information that remain unchanged during the process of revising D by ¬ψ . In our
terms, the Harper Identity can be rewritten as

BS(D−p ) = BS(D∗¬p)∩BS(D). (HI)

Even Harper Identity does not hold for the operations defined in this paper, and
Example 28 provides a counter-example to Harper Identity.

Example 28. Consider D = ( /0,R,{(r1,r4),(22,r3),(r5,r3)}, with R = {

⇒r1 p ⇒r2 q
∨

∨ ⇒r3 ¬q
∧

⇒r4 ¬p⇒r5 q}.

The initial belief set is BS+∂ (D) = {p,q} and BS−∂ (D) = {¬p,¬q}. If we contract
D by p, we obtain a theory D−p such that BS+∂ (D−p ) is {¬q} and BS−∂ (D−p ) contains
all the other literals. Instead, if we revise the initial theory with ¬p the theory D∗¬p

where BS+∂ (D∗¬p) = {¬p,q} and BS−∂ (D∗¬p) = {p,¬q} is obtained. The intersections
between the revised theory and the initial one are BS+∂ D∗¬p)∩ BS+∂ (D) = {q} and
BS−∂ (D∗¬p)∩BS−∂ (D) = {¬q}.



Again, the main reason for the failure of the Harper Identity lies in the non-monotonic
nature of Defeasible Logic where, in general, it is not possible to control the conse-
quences of a given formula.

In this section, we provided an interpretation of the AGM postulates for expansion,
contraction and revision in terms of our canonical cases and the operations that are
possible when the changes operate only on the superiority relation.

We believe that the contribution of this section is multi-fold. First of all, the defini-
tion of our canonical cases offers a more precise formal understanding of the intuition of
the various operations. Second, we reconstructed the postulates for the canonical cases,
and discussed how to adapt them.

Note that while the main analysis in this paper is specific to revision of the superi-
ority relation of Defeasible Logic, the definition of the canonical cases does not depend
on it, and it can be applied in a much broader context. For instance, the canonical case
from +∂ p to +∂¬p can be understood as “how do we modify a theory such that before
the revision a formula holds, and after the revision the opposite holds?”; similarly for
the other canonical cases.

The last contribution of the analysis confirms the outcome of [3], showing that,
typically, the postulates describing inclusion relationships between belief sets before
and after a revision operation do not hold for Defeasible Logic, and it is unreasonable
to expect that they hold for non-monotonic reasoning in general.

8 Related Work

As far as we are aware of, the work most closely related to ours is that of [28] where the
authors study how to abduct a preference relation to support the derivation of a specific
conclusion. The problem they address is however conceptually different from what we
presented in this paper, given that we focused on the modification of the superiority
relation. The mentioned investigation provides a framework where a preference that
is abduced applies to the inferential process, whilst we provide a method to modify a
preference in order to obtain a specific inference. Note that in non-monotonic reasoning,
a revision is not necessarily triggered by inconsistencies. [3] investigates revision for
Defeasible Logic and relationships with AGM postulates. While their ultimate aim is
similar to that of the present paper – i.e., transforming a theory to make a previously
provable (resp. non provable) statement, non provable (resp. provable) – the approach is
different, and more akin to standard belief revision. More precisely, revision is achieved
by introducing new exceptional rules. Furthermore, they discuss how to adapt the AGM
postulates for non-monotonic reasoning.

Our work is motivated by legal reasoning, where preference revision is just one
of the aspects of legal interpretation. [29,30] propose a Defeasible Logic framework
to model extensive and restrictive legal interpretation. This is achieved by using revi-
sion mechanisms on constitutive rules, where the mechanism is defined to change the
strength of existing constitutive rules. Based on the specific type of norm to modify,
they propose a revision (contraction) operator which modifies the theory by adding
(removing) facts, strict rules, or defeaters, raising the question whether extensive and



restrictive interpretation can be modelled as preference revision operators. An impor-
tant aspect of legal interpretation is finding the legal rules to be applied in a case. (In
this work we assumed that the relevant rules have already been discovered, and in case
of conflicts, preference revision can be used to solve them.)

Another work, related to revision of Defeasible Logic is that of [4], where the key
idea is to model revision operators corresponding to typical changes in the legal domain,
specifically, abrogation and annulment. The authors show that, typically, belief revision
methodologies are not suitable to changes in theories intended for legal reasoning. They
show that it is possible to revise theories fully satisfying the AGM postulates, but then
the outcome is totally meaningless from a legal point of view.

The connection between sceptical, non-monotonic formalisms and argumentation
is well known in literature; in [12], the authors adapt Dung’s argumentation framework
[31,32] to give an argumentation semantics for Defeasible Logic: first, they prove that
Dung’s grounded semantics characterises the ambiguity propagating DL; then, they
show that the ambiguity blocking DL is described with an alternative notion of Dung’s
acceptability. The main effort was to establish close connections between defeasible
reasoning and other formulations of non-monotonic reasoning.

Non-monotonic revision through argumentation was also investigated in [9] by us-
ing Defeasible Logic Programming (DELP). They define an argument revision operator
that inserts a new argument into a defeasible logic program in such a way that such
an argument ends up undefeated after the revision, thus warranting its conclusion. (A
conclusion α is warranted if there exists a non-defeated argument supporting it.) Their
concept of defeaters denotes stronger counter-arguments to a given conclusion based
on a set of preferences stating which argument prevails against one other. Their work
suffers from a main drawback: imposing preferences among arguments (i.e., whole rea-
soning chains in our framework), instead of single rules, can lead to a situation when an
argument is warranted even if all its sub-arguments are defeated. The DELP formalism
is very similar to Defeasible Logic. Techniques proposed in our work can thus be easily
accommodated to join the framework presented in [33,34].

Other works closely related to ours are [35,36,37,38]. They propose extensions of
an argumentation framework, Defeasible Logic and Logic Programming, where the su-
periority relation is dynamically derived from arguments and rules in given theories.
While the details are different for the various approaches, the underlying idea is the
same. For example, in [36], it is possible to have rules of the form r : a⇒ (s > t) where
s and t are identifiers for rules. Accordingly, to assert that rule s is stronger than rule t
we have to be able to prove +∂a and that there are no applicable rules for ¬(s > t). In
addition, the inference rules require that instances of the superiority relation are prov-
able (e.g., +∂ (s > t)) instead of being simply given (as facts) in >, that is (s, t) ∈>.
The main difference with these works is that we investigate general conditions under
which it is possible to modify the superiority relation in order to change the conclusions
of a theory, while they provide specific mechanisms to compute conclusions where the
preference relations are inferred from the context. They do not study which the possible
ways to revise a theory are. For instance, if a literal is >-tautological, no matter how we
derive instances of the preference relation, there is no way to prevent its derivation, or
to derive its negation.



In the scenario where the preferences over rules are computed dynamically, one
could argue that it might be possible to encode in the theory the possible ways in which
the superiority relation would behave. The problem with this approach is the combi-
natorial explosion of the number of rules required, since one would have to consider
rules with the form a1, . . . ,an ⇒ (ri > r j) for all possible combinations of literals ak
in the theory, and also for all possible combinations of instances of >. In both cases
there is an exponential number of combinations. Among the works mentioned above,
[35] is motivated, as are we, by legal reasoning, and they use rules to encode the legal
principles we shortly discussed in the introduction.

9 Conclusions and further work

Over the years Defeasible Logic has proved to be a simple but effective practical non-
monotonic formalism suitable for applications in many areas. Since its first formulation
in [39], many theoretical aspects of Defeasible Logic have been studied: from its proof
theory [16] to relationships to logic programming [24], from variants of the logic [21] to
its semantics [12] and computational properties [23]. Furthermore, several efficient im-
plementations have been developed [40,41,42]. Methods to revise, contract, or expand
a defeasible theory were first proposed in [3], where the authors studied how to revise
the belief set of a theory based on introduction of new rules. The resulting methodology
was then compared to the AGM belief revision framework.

In the present work, we took a different approach: since, in many situations, a per-
son cannot change the rules governing a system (a theory) but only the way each rule
interact with the others, it seems straightforward to consider revision methodologies of
Defeasible Logic where derivation rules are considered as “static” or “untouchable”,
and the only way to change a theory with respect to a statement is to modify the relative
strength of a rule with respect to another rule, that is how to modify the superiority
relation of the analysed theory.

We therefore presented in Section 3 the formalism adopted: Eight different types of
tagged literals were described to simplify the categorisation process and, consequently,
the revision calculus. In Section 4, we introduced three canonical cases of possible
revisions and systematically analysed every canonical instance. In both sections, we
presented several theoretical results on conditions under which a revision process is
possible. One of the main result consisted in proving that the problem of revising a de-
feasible theory by only changing the superiority relation is NP-complete. This is in line
with the struggle with the general problem of strategic argumentation. In the setting of
two discussants arguing about the truthfulness of a claim, [11,43] proved that the prob-
lem of deciding which set of arguments to play at each turn is NP-complete. ([44] went
further by proving that the problem remains NP-complete even in case of espionage or
collusion.)

Upon these theoretical basis, in Section 7, we proposed a systematic comparison
between our framework and the AGM postulates. In there, the three canonical cases
were compared to the AGM contraction, expansion, and revision operators: For each
belief change operator, all the AGM postulates were rewritten using our terminology,
and their validity was studied in our framework.



The work presented in this paper paves the way to several lines of further investiga-
tion to extend the proposed change methodologies.

The first extension we want to mention regards changing the status of a sets of
literals instead of a single literal. Studying conditions (supporting chains, proof tags,
and so on) to understand when, and where, it is possible to change a theory by more
than a single literal is not a trivial issue.

Example 29. Consider D = ( /0,R,{(r6,r3)}), with R = {

⇒r1 ¬b⇒r2 q
⇒r3 a ⇒r4 b ⇒r5 p
∧
⇒r6 ¬a}.

Since p depends on b, and symmetrically q depends on ¬q, it is not possible to
change the initial theory if we want to obtain both +∂ p and +∂q.

The second extension concerns how to limit the scope of the revision operators.
Revision of preferences should not involve minimal defeasible rules. This constraint
captures the idea that a rule that wins against all other rules is a basic juridical principle.
A similar aspect is that, under given circumstances, the revision process should not,
for at least a subset of “protected” pairs, violate the original preferential order. For
instance, we should not revise those preferences that are unquestioned because derived
by commonly accepted principles or explicitly expressed by the legislator, as discussed
in the introduction.

As we have seen in Section 2, in the legal domain we can identify several sources for
the preference relation. Preference handling in Defeasible Logic can gain much from
typing of preferences themselves. The notion of preference type and its algebraic struc-
ture has been studied previously and can be applied directly here [45]. Analogously,
one of the possible directions of generalisation for the notion of preference is the notion
of partial order, investigated at a combinatorial level by [46] and then studied from a
computational viewpoint in [47].

The main aim of the paper was to identify conditions under which revision based
on changes of the superiority relation was possible. Accordingly, the next important
aspect of belief revision is to identify criteria of minimal change. It is possible to give
alternative definitions of minimal revision. For example, one notion could be based on
the cardinality of instances of the superiority relation, while another one is to consider
minimality with respect to the conclusions derived from a theory. A few research ques-
tions naturally follow: ‘Are there conditions on a theory to guarantee that a revision is
minimal?’, or ‘Is it possible to compare different minimality criteria?’.

We illustrate some of these issue with the help of the following example.

Example 30. Consider D = ( /0,R,{(r10,r6)}), with R = {

⇒r1 a ⇒r2 b ⇒r3 p
⇒r4 ¬a⇒r5 ¬b

⇒r6 c ⇒r7 d ⇒r8 e ⇒r9 p
∧
⇒r10 ¬c}.



Consider now to change > with

>′ = {(r6,r10)}
>′′ = {(r1,r4),(r2,r5)}.

The superiority relation >′ guarantees to change only two instances of the original
superiority relation, but modifies the status of five literals (c,¬c,d,e, and p); on the
contrary, >′′ changes three instances, but only three literals (a,b and p) swap their
status.

Lastly, the present work provides a further indication that the AGM postulates are
not appropriate for belief revision of non-monotonic reasoning. Consequently, a natural
question is whether there is a set of rational postulates for this kind of logics. We are
sceptical about this endeavour: there are many different and often incompatible facets
of non-monotonic reasoning, and a set of postulates might satisfy some particular non-
monotonic features but not being appropriate for others. For example, as we have seen
in this paper, if we ignore monotonic conclusions (conclusions tagged with ±∆ ), there
are other cases where we cannot guarantee the success of the revision operation. On the
other hand, [3] argues that the success postulate for revision holds if we are allowed to
operate on rules instead of preferences. This example suggests that it might possible to
find a set of postulates, but this would specific to a logic and specific types of operations.
The quest for an alternative set of postulates for revision of non-monotonic theories is
left for future research.
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