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The kinetic description of the electron energy probability function (EEPF) in a dusty afterglow

plasma is considered for two typical cases: when the rate of electron-neutral momentum-transfer

collisions is independent of the electron energy and when it is a power function of the electron

energy. The electron Boltzmann equation is solved using the method of characteristics and analyti-

cal expressions for the EEPF are obtained for different initial EEPFs (including both Maxwellian

and Druyvesteyn distributions) at electron energies larger than the dust-surface potential. The ana-

lytical EEPF functions are then used to analyze several experimental parameter regimes of the dust

radius and density, the dust-charge decay time, the afterglow duration, etc. It is also found that

absorption of electrons by the dust particles plays an important role in determining the EEPF in a

dusty afterglow. Published by AIP Publishing. https://doi.org/10.1063/1.5010742

I. INTRODUCTION

Plasmas containing charged nano- and micro-particles have

been extensively studied for several decades. Since they are of

fundamental interest, such complex plasma systems have

attracted research attention in diverse fields, and novel phenom-

ena have been found and investigated, including the formation of

Coulomb dust crystals, dust vortices and voids, cosmic clouds,

etc.1–6 Dusty plasmas are also relevant to plasma confinement in

fusion research and many technological applications.1,7,8

Many properties of dusty plasmas are now well known.

These include charging of the dust particles, dust structure

formation, dust wave and shock propagation, growth of the

dust particles, balance and transport of the electrons, ions

and dust particles, and the forces acting on the dust par-

ticles.2,3,5,9–16 Almost all existing studies have been for

steady-state dusty plasma systems.

However, in most technological applications,17 the plasma

systems are not stationary. Nonstationary gas discharges (espe-

cially pulsed systems) are often employed for improving the

quality of the deposited films, reduction of charge accumula-

tion on the substrates, improving etch selectivity,17,18 control-

ling particle formation in chemically active plasmas, etc.19–21

In particular, for many functional plasmas, the temporal after-

glow regime is an important phase. As a result, dust-free after-

glow plasmas have been of much research interest.22–24 Dusty

plasma afterglows have also been studied.25–34 In most theoret-

ical studies of dusty plasma afterglows, the hydrodynamic

approach and Maxwellian electron energy probability func-

tions (EEPFs) have been adopted.

However, in practice, the EEPF in afterglow plasmas is

usually non-Maxwellian,35–37 and its profile can vary during

the plasma decay.38,39 The EEPF profile can affect the elec-

tron and ion densities, the reaction rates, the effective elec-

tron temperature, the dust charging, the plasma transport

properties, and the ion/electron fluxes to the processed sur-

face.40 Moreover, the chemistry of the plasma can be con-

trollable by tailoring the EEPF.41 Therefore, determination

of the EEPF profile is important for understanding afterglow

plasmas, as well as for applications of dusty plasmas in tech-

nologies, including nanotechnologies.

The EEPF for dust-free plasma afterglows has been

studied by many authors. In Ref. 38, measurements of the

EEPF in the afterglow of the pulsed low-pressure inductive

discharge were performed, and it was shown that wall loss of

electrons is the main energy loss mechanism. Langmuir

probe measurements of the EEPF in the afterglow of a 100%

modulated radio-frequency inductive-coupled plasma dis-

charge for different nobble gases (argon, neon, and helium)

indicated the presence of fast electrons, which are created

from collisions of pairs of metastable atoms and collisions of

the second kind between metastable atoms and bulk elec-

trons.42 In Ref. 23, the EEPF in a nitrogen afterglow was

investigated by solving the time-dependent Boltzmann equa-

tion. In Refs. 39 and 43, it was shown that during the after-

glow of rare gases (Ar, Kr, or Xe), the energy derivative of

the EEPF may become positive.

There are only a few studies devoted to the EEPF in

plasma afterglows with high dust density.44–46 In Refs. 44

and 45, the effect of nanoparticles on an argon discharge

plasma afterglow with a large metastable-atom density was

studied using particle-in-cell simulations including Monte
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Carlo-collisions. It was found that electron generation during

metastable collisions can affect the EEPF at (afterglow)

times t � 30 ls. In Ref. 46, an analytical expression for the

EEPF in a dusty plasma afterglow was obtained using the

method of characteristics and assuming that the rate � of

electron-atom momentum-transfer collisions is independent

of the electron energy e. It was also assumed that the steady-

state EEPF for e < us (here, us is the dust surface potential)

is Maxwellian.46 However, the rate � usually depends

strongly on the electron energy. For example, for 0.3 eV

<e < e� (here, e� is the first excitation energy threshold), the

rate � for argon plasma is nearly proportional to47,48 e3=2,

and for neon plasma49 �ðeÞ � e2=3. The energy-dependence

of the rate of electron-atom momentum-transfer collisions

can thus strongly affect the EEPF profile in a plasma

afterglow.50

In this paper, we derive analytical expressions for the

evolution of the EEPF core in a dusty afterglow plasma for

general (including both Maxwellian and Druyvesteyn)

steady-state distributions of electrons with energies larger

than the dust surface potential, assuming that the rate of

electron-atom momentum-transfer collisions is a power

function (typical for rare-earth gases) of the electron

energy. For reference, the case with � independent of the

electron energy is also presented. Our study was carried

out for different dust radii and densities, different decay

times of the dust surface potential, and different afterglow

times.

II. THEORETICAL MODEL AND MAIN ASSUMPTIONS

Consider a plasma in a rare gas consisting of electrons,

singly-charged positive ions with number densities ne and ni,

respectively, and negatively charged dust particles with den-

sity nd, radius ad and charge Zd (in units of electron charge

e). It is assumed that the ions have the Maxwellian distribu-

tion with temperature Ti, but the EEPF F is, in general, non-

Maxwellian, but satisfies the homogeneous Boltzmann

equation36,39

@Fðe; tÞ
@t

� 2e

3me

ffiffi
e
p @

@e
e3=2

vm
E2 @Fðe; tÞ

@e

" #
� S0 Fð Þ; (1)

where e is the electron energy (in eV), t is the time, and E is an

external electric field sustaining the plasma. S0(F)

¼ Sea(F)þSed(F), where the terms Sea(F) and Sed(F) describe

the electron-atom and electron-dust collisions, respectively, and

vm is the effective rate of momentum transfer for electron-

neutral and electron-dust collisions. Since the electron density

ne is usually low in dusty plasmas (�108–109 cm�3), the effects

of electron-electron collisions on the EEPF are neglected. For a

plasma afterglow, E¼ 0 and the second term on the left hand

side of Eq. (1) vanishes.

The homogeneous Boltzmann equation (1) is applicable

for describing the EEPF, if the energy relaxation length ke is

small compared with the spatial inhomogeneity scale K of

the discharge, or

ke � K; (2)

where40 ke � ðkmkinel=3Þ1=2
, km � ðnahrmi þ ndhre

ediÞ
�1

is

the mean free path for momentum transfer, and kinel is the

mean free path accounting for all inelastic collisional loss pro-

cesses. The following estimate is valid for the mean free path

k�1
inel � na 2me=mið Þhrmi þ hrexi þ hrizi½ �

þ nd 2me=mdð Þhre
edi þ hrc

edi
� �

;

where na is the density of the neutral gas atoms, rm is the

cross-section for electron-atom momentum transfer colli-

sions, the angular brackets denote the energy-averaged val-

ues, rex and riz are the cross-sections for electronic

excitation and electron impact ionization, respectively, in

collisions of electrons with neutral gas atoms, re
ed and rc

ed

are the cross-sections for momentum transfer collisions of

electrons with dust particles and collection of electrons by

dust particles, respectively, and me, mi and md are the elec-

tron, ion and dust particle masses, respectively. It is also

assumed that the characteristic times of interest in the after-

glow plasma are smaller than the electron diffusion time

sdiff (�K2=Da; where Da is the ambipolar diffusion coeffi-

cient), i.e., in our model, the effect of spatial electron diffu-

sion on the EEPF is precluded.

The EEPF determines the electron density ne and the effec-

tive electron temperature Teff as functions of time, namely,

neðtÞ ¼
ð1
0

Fðe; tÞ
ffiffi
e
p

de; TeffðtÞ ¼ ð2=3Þ
ð1
0

Fðe; tÞe3=2de=neðtÞ:

(3)

A dust-free plasma afterglow involves two characteristic

times:39 s1 ¼ hd�ðeÞi�1
and s2 ¼ h�1RðeÞi�1

, where d ¼ 2me=
mi, �1RðeÞ is the frequency of all inelastic electron-atom col-

lisions and s2 is the time of energy relaxation for high energy

(e > e�) electrons. The time for relaxation of the EEPF core

is s1. For e > e�, we have �1RðeÞ 	 d�ðeÞ; therefore,

s2 � s1. In a dust-free plasma afterglow, the number of elec-

trons decreases first in the tail of the EEPF, with the main

changes in the EEPF core at longer times (t � s2). For

e > e�, �1RðeÞ is usually larger than the rate �c
edðe; tÞ of col-

lection of electrons by the dust particles.51 The characteristic

rates involved in s2 are thus nearly the same for dust-free

and dust-containing plasmas.

Consider afterglow times larger than s2. In this case, the

effect of inelastic electron-atom collisions on the EEPF is

small, and

Sea Fð Þ � 1ffiffi
e
p @

@e
2me

mi
e3=2v eð Þ Fþ Tg

@F

@e

� �� �
; (4)

where Tg is the neutral gas temperature, which is assumed to

be 300 K (0.026 eV).

The term describing electron-dust collisions is given by48

Sed Fð Þ ¼ 1ffiffi
e
p @

@e
2me

md
e3=2ve

edðe; tÞ Fþ Td
@F

@e

� �� �

� vc
edðe; tÞF; (5)

013703-2 Denysenko et al. Phys. Plasmas 25, 013703 (2018)



where Td is the dust particle temperature. It is assumed that

Td ¼ 0.026 eV. We will also assume that the average electron

energy is larger than the neutral gas and dust particle temper-

atures. �c
edðe; tÞ ¼ ndrc

edðe; tÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ee=me

p
and ve

edðe; tÞ is the fre-

quency for electron-dust momentum-transfer collisions. We

will consider the case when 2me

md
ve

edðe; tÞ � 2me

mi
vðeÞ for most

electrons’ energies, so that we do not have to account for

the effects of electron-dust momentum-transfer collisions on

the EEPF. The cross-section for collection of electrons by

dust particles may be found by invoking the orbit motion

limited (OML) approximation,1–3 namely rc
edðe; tÞ ¼ pa2

d

½1� usðtÞ=e� for e>us(t) and rc
edðe; tÞ ¼ 0 for e<us(t),

where usðtÞ ¼ e2jZdðtÞj=ad .

Accordingly, Eq. (1) can be simplified to

@Fðe; tÞ
@t

� 1ffiffi
e
p @

@e
d�ðeÞe3=2Fðe; tÞ
h i

þ Fðe; tÞ�c
edðe; tÞ ¼ 0;

(6)

where �c
edðe; tÞ¼a½1�usðtÞ=e�

ffiffi
e
p

for e>usðtÞ, �c
edðe; tÞ¼0

for e<usðtÞ, and a¼ndpa2
d

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
1:6
10�12=me

p
, with nd in

cm�3, ad in cm2, and me in g.

In solving Eq. (6) analytically, we shall consider two

cases: (i) the electron-atom momentum transfer collision fre-

quency � is a function of electron energy and (ii) � is inde-

pendent of electron energy.

III. ANALYTICAL EXPRESSIONS FOR THE EEPF

A. The electron-atom momentum transfer collision
frequency is a function of electron energy

Considering the case when the momentum-transfer fre-

quency � is a function of e, we assume that47–50 d�ðeÞ
¼ d�en, where d� is a constant and n is a number. In this

case, Eq. (6) can be written as

@Fðe; tÞ
@t

� d�e
nþ1 @Fðe; tÞ

@e

¼ d� nþ 3

2

� �
en � að1� usðtÞ=eÞ

ffiffi
e
p� �

Fðe; tÞ: (7)

In solving Eq. (7) by the method of characteristics,52 we

shall separately consider the two energy regions e > usðtÞ
and e < usðtÞ.

For e < usðtÞ, Eq. (7) simplifies to

@Fðe; tÞ
@t

� d�e
nþ1 @Fðe; tÞ

@e
¼ d� nþ 3

2

� �
enFðe; tÞ; (8)

and the equations for the corresponding characteristics are

dt ¼ � de
d�enþ1

; � de
d�enþ1

¼ dF

Fd�enðnþ 3=2Þ : (9)

For e > usðtÞ, the collection of electrons by dust par-

ticles should be accounted for, and the equations for the

characteristics of Eq. (7) are

dt ¼ � de
d�enþ1

;

� de
d�enþ1

¼ dF

F d�enðnþ 3=2Þ � að1� usðtÞ=eÞ
ffiffi
e
p� � : (10)

From Eq. (10), one gets the following system of equations

d�t� e�n=n ¼ C1;

� nþ 3

2

� �
de
e
þ a

d�

de

e1=2þn
� ausðtÞde

d�e3=2þn
¼ dF

F
;

8><
>: (11)

where C1 is a constant.

To solve the second equation of Eq. (11), one has to

know the dependence of dust surface potential on time. For

simplicity, we assume that the dependence is linear, i.e.,

usðtÞ ¼ us0ð1� t=cÞ, where us0 is the dust surface potential

at t¼ 0, and c is the decay time for dust surface potential.

Taking into account this assumption, one gets from Eq. (11)

the expression

� nþ 3

2

� �
lneþ a

d�

e1=2�n

ð1=2� nÞ þ
aus0B1e�1=2�n

d�ð1=2þ nÞ

� aus0e
�1=2�2n

d2
�cnð1=2þ 2nÞ

� lnF ¼ C2; (12)

where B1 ¼ 1� C1=ðd�cÞ and C2 is a constant.

We shall assume that the profile of the EEPF for

e > usðtÞ at t¼ 0 is known. If the velocity space is isotropic,

a general expression for the EEPF at t¼ 0 in the dust-free

case can be53

Fðe; 0Þ ¼ A1 exp ð�A2e
xÞ; (13)

where x is a number, A1 is a constant satisfying the normali-

zation condition neð0Þ ¼
Ð1

0
Fðe; 0Þ

ffiffi
e
p

de, neð0Þ is the elec-

tron density at t¼ 0, A2 ¼ 1
heix
½Cðn2Þ�x
½Cðn1Þ�x, n1 ¼ 3=ð2xÞ, and n2

¼ 5=ð2xÞ. We have x¼ 1 and x¼ 2 for Maxwellian and

Druyvesteyn electron energy distributions, respectively.

Assuming that the EEPF for e > usðtÞ at t¼ 0 is given

by Eq. (13), one can get from Eqs. (11) and (12) the

equation

� nþ 3

2

� �
ln

e
x

� �
þ a

d�

ðe1=2�n � x1=2�nÞ
ð1=2� nÞ

þ aus0B1ðe�1=2�n � x�1=2�nÞ
d�ð1=2þ nÞ

� aus0ðe�1=2�2n � x�1=2�2nÞ
d2
�cnð1=2þ 2nÞ

¼ lnðF=F0Þ; (14)

where x ¼ ðe�n � nd�tÞ�1=n
and F0 ¼ A1 exp ð�A2xxÞ.

It follows from Eq. (14) that for e > usðtÞ, the EEPF as

a function of time is given by
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Fðe; tÞ ¼ A1ð1� ennd�tÞ�ðnþ3=2Þ=n


 exp

 
�A2z�x=n þ a

d�

ðe1=2�n � zðn�1=2Þ=nÞ
ð1=2� nÞ

þ aus0B1ðe�1=2�n � zðnþ1=2Þ=nÞ
d�ð1=2þ nÞ

� aus0ðe�1=2�2n � zð2nþ1=2Þ=nÞ
d2
�cnð1=2þ 2nÞ

!
; (15)

where z ¼ e�n � nd�t and B1 ¼ 1� ðd�t� e�n=nÞ=cd�:
On the other hand, from Eq. (9), we can obtain for the

energy range e < usðtÞ

d�t� e�n=n ¼ K1 and Fðe; tÞenþ3=2 ¼ K2; (16)

where K1 and K2 are constants. Taking into account that

the EEPF is continuous at e ¼ usðtÞ, one obtains from

Eq. (16)

Fðe; tÞ ¼ FðusðxÞ;xÞ usðxÞ=e½ �nþ3=2; (17)

where usðxÞ ¼ us0ð1� x=cÞ and the function x is a root of

the equation

d�t� e�n=n ¼ d�x� u�n
s ðxÞ=n: (18)

The function Fðus;xÞ can be determined from Eq. (15)

by changing e to us and t to x.

Substituting the result into Eq. (17), one gets

Fðe; tÞ ¼ A1ð1� ennd�tÞ�ðnþ3=2Þ=n


 exp �A2z�x=n þ a
d�

usðxÞ1=2�n � zðn�1=2Þ=n
h i

ð1=2� nÞ

0
@

þ
aus0B1 usðxÞ�1=2�n � zðnþ1=2Þ=n

h i
d�ð1=2þ nÞ

�
aus0 usðxÞ�1=2�2n � zð2nþ1=2Þ=n

h i
d2
�cnð1=2þ 2nÞ

1
A; (19)

where z and B1 have been defined below Eq. (15).

B. The electron-atom momentum transfer collision
frequency is independent of electron energy

Next, we consider the case where the momentum-

transfer frequency is independent of the electron energy, i.e.,

d�ðeÞ ¼ d�en ¼ const and n¼ 0.

In this case, it is convenient to solve Eq. (6) in the new

variables u ¼ 1� usðtÞ=e and t ¼ t. Equation (6) in these

variables is

@Fðu; tÞ
@t

þ ð1� uÞð1� bÞ
c

@Fðu; tÞ
@u

¼ 3

2
d� � �c

edðu; tÞ
� �

Fðu; tÞ; (20)

where b ¼ d�c; �c
edðu; tÞ ¼ a1uffiffiffiffiffiffi

1�u
p exp ð�t=2cÞ for u> 0 and

�c
ed¼ 0 for u< 0 and a1 ¼ ndpa2

d

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2us0 
 1:6
 10�12=me

q
.

Here, the time dependence for dust surface potential is

assumed to be exponential, i.e., usðtÞ ¼ us0e�t=c:
For u> 0, one gets from Eq. (20) the characteristic

equations

dt ¼ cdu

ð1� bÞð1� uÞ ;

cdu

ð1� uÞð1� bÞ ¼
dF

3

2
d� � a1uffiffiffiffiffiffiffiffiffiffiffi

1� u
p exp ð�t=2cÞ

� �
F

; (21)

from which we can obtain

ð1� uÞ exp tð1� bÞ=c½ � ¼ D1;

� 3

2

b
ð1� bÞ lnð1� uÞ � 2a1cð1� uÞ1=2

2� b
e�t=2c

þ 2a1cð1� uÞ�1=2

b
e�t=2c � lnF ¼ D2;

8>>>>>>>><
>>>>>>>>: (22)

where D1 and D2 are constants.

Assuming that the EEPF at t ¼ t ¼ 0 is described by

Eq. (13), we get from Eq. (22)

ð1� uÞ exp tð1� bÞ=c½ � ¼ 1� x;

� 3

2

b
ð1� bÞ ln

1� u

1� x

� �

�
2a1c ð1� uÞ1=2e�t=2c � ð1� xÞ1=2

h i
2� b

þ
2a1c ð1� uÞ�1=2e�t=2c � ð1� xÞ�1=2

h i
b

¼ lnðF=F0Þ;

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

(23)

where F0 ¼ A1 exp ð�A2xxÞ.
Taking into account that u ¼ 1� usðtÞ=e and t ¼ t, one

can obtain from Eq. (23) the EEPF in terms of e and t

Fðe; tÞ ¼ A1 exp

�
3

2
d�t� A2e

xexd�t

þ 2a1c
2� b

e�td�=2 � e�t=c½ �
ffiffiffiffiffiffiffi
us0

e

r

þ 2a1c
b

1� etd�=2½ �
ffiffiffiffiffiffiffi
e

us0

r �
: (24)
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For the energy regime e < usðtÞ, we have u < 0 and

�c
ed ¼ 0, and we get from Eq. (20)

ð1� uÞ exp tð1� bÞ=c½ � ¼ C1 and

F�1ðu; tÞð1� uÞ3b=2ðb�1Þ ¼ C2; (25)

where C1 and C2 are constants.

Taking into account that the EEPF is continuous at

u ¼ 0, one gets from Eqs. (23) to (25)

ð1� uÞ exp tð1� bÞ=c½ � ¼ exp xð1� bÞ=c½ �
F�1ðu; tÞð1� uÞ3b=2ðb�1Þ ¼ F�1ð0;xÞ;

(
(26)

where

Fð0;xÞ ¼ A1 exp

�
�A2u

x
sðxÞexd�x þ 3

2
d�x

þ 2a1c
2� b

ex=2c e�xd�=2 � e�x=c½ �

þ 2a1c
b

e�x=2c 1� exd�=2½ �
�

(27)

and usðxÞ ¼ us0e�x=c:
It follows from Eq. (26) that

Fðu; tÞ ¼ Fð0;xÞð1� uÞ3b=2ðb�1Þ; (28)

where x ¼ c
1�b lnð1� uÞ þ t.

Taking into account that u ¼ 1� usðtÞ=e and t ¼ t, we

obtain from Eqs. (27) and (28) the expression for the EEPF

in terms of e and t

Fðe; tÞ ¼ A1 exp

�
3d�t

2
� A2e

xexd�t þ 2a1c
2� b

ffiffiffiffiffiffiffi
us0

e

r
e�

td�
2

þ 4a1cð1� bÞ
bð2� bÞ

e
us0

� � 1
2ð1�bÞ

e
bt

2cð1�bÞ � 2a1c
b

ffiffiffiffiffiffiffi
e

us0

r
e

td�
2

�
:

(29)

Thus, for the case � ¼ const, Eqs. (29) and (24) describe the

EEPF in the energy regimes e < usðtÞ and e > usðtÞ,
respectively.

IV. THE EEPF UNDER DIFFERENT CONDITIONS

In this section, we analyze the EEPF for different afterglow

durations, dust radii and densities and for different decay times

of the dust surface potential, for both n 6¼ 0 and n¼ 0. For

definitiveness, an argon dusty plasma afterglow is considered.

For n 6¼ 0, we assume that the cross-section for electron-atom

momentum-transfer collisions is given by47,48 rmðeÞ � ae=e�,

where a ¼ 1:59
 10�15 cm2 and e� ¼ 11.55 eV. For n¼0, it is

assumed that the electron’s average energy he0i at t¼ 0 is 3 eV

and � ¼ �1 ¼ aðhe0i=e�Þna

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ehe0i=me

p
. For n 6¼ 0, the EEPF

is obtained from Eqs. (15) and (19), and for n¼0, it is obtained

from Eqs. (24) and (29).

To calculate the EEPF in a dusty plasma afterglow, one

has to know the dust charge at t¼ 0 and its decay time c. Zd

at t¼ 0 is found using the orbit-motion-limited theory,1

accounting for the non-Maxwellian character of the EEPF as

well as ion-neutral collisions in the sheath of the dust parti-

cle.54 The details of the calculation of the dust charge are

given in Ref. 50. The decay time c is a parameter here.

A. The case n 6¼ 0

First, we present the EEPFs for the case when the rate

for electron-atom momentum-transfer collisions depends on

electron energy (n¼3/2). In Fig. 1, the EEPFs as obtained

from Eqs. (15) and (19) are shown for the initial afterglow

time t¼ 0. The EEPFs in Fig. 1(a) are for different dust radii

(ad¼ 50, 100, and 125 nm), as well as for the dust-free case.

They were calculated assuming that the initial EEPFs at e >
us0 are Maxwellian.

One can see from Fig. 1(a) that dust particles can signifi-

cantly affect the EEPF profile. In particular, the number of

electrons with e > us0 is smaller in the presence of dust and

it decreases with increase of the dust radius ad. For e < us0,

the magnitude of the energy derivative of the EEPF increases

with increase of ad. The effects of dust on the EEPF are

mainly due to collection of electrons with e > us0 by the

dust particles. The effect of dust density variation on the

EEPF is nearly the same as that of the dust radius [Fig. 1(b)].

The increase of the dust density, with the other parameters

being fixed, is accompanied by a decrease of the EEPF for

e > us0 and by an increase of j@F=@ej for e < us0. Similar

differences between the EEPF in a steady-state dusty plasma

and that in a dust-free plasma were also observed in Refs. 51

and 55. In Ref. 46, it was also found that with increase of the

dust density, the EEPF increases for e > usðtÞ and decreases

for e < usðtÞ. However, the derivative j@F=@ej for e < usðtÞ
was assumed to be independent of the dust density, which is

not consistent with that in Refs. 51 and 55. That is, the ana-

lytical expressions for the EEPF here can much more cor-

rectly describe the effects of the dust particles on the EEPF

than that in Ref. 46.

The dependence of the EEPF on the electron energy is

also affected by the decay time of the dust surface potential

c. For n¼ 3/2 and t¼ 0, the EEPF for e > us0 decreases with

increase of c [Fig. 1(c)]. The decrease can be explained as

follows. With increase of the decay time c, the dust charge

varies more slowly with growth of t, which can be attributed

to the enhanced collection of electrons by the dust particles.

Thus, the effect of decay time variation on the EEPF is simi-

lar to that of dust size and dust density variations.

Next, we investigate how the EEPF depends on the

afterglow duration. In Fig. 2, the EEPF as a function of elec-

tron energy is shown at different afterglow times for the case

when the initial EEPF at e > us0 is Maxwellian. Figures 2(a)

and 2(b) are for dust-free and dusty plasmas, respectively.

For the latter case, it is assumed that ad¼ 50 nm and

nd¼ 5
 106 cm�3.

Comparing Fig. 2(a) with Fig. 2(b), one can see that the

EEPF at t ¼ 0:7=d�1 in the dust containing case differs essen-

tially from that of the nd ¼ 0 case. For large afterglow times,
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the EEPF at small energies (e < 2 eV) in the dust-free case

increases with increasing electron energy,39,50 but the EEPF

increase is not observed in the dusty plasma case. In the dust-

free case, the derivative @F=@e for e < 2 eV is positive at

large afterglow times because the rate of electron-atom

momentum-transfer collisions increases with increase of the

electron energy. Each electron-atom collision is accompanied

by a decrease of the electron energy from e to eð1� 2me=miÞ.
The collision process is more intense at large electron energies

than at small e due to the energy dependence of �, and, as a

result, the derivative @F=@e for a certain energy range may

become positive at large afterglow times. In the dusty after-

glow case, the EEPF depends on the energy transformation at

electron-atom momentum-transfer collisions, as well as on the

collection of electrons by the dust particles. Since the cross-

section for collection of electrons by the dust particles grows

with increase of e, electron collection tends to make @F=@e
negative. Thus, the effect of electron collection by the dust on

@F=@e is opposite to that of the electron-atom momentum-

transfer collisions. The profile of the EEPF at large afterglow

times depends on the dust density, which determines the inten-

sity of electron collection by the dusts [Fig. 2(c)]. For the

parameters corresponding to Fig. 2(c) and 1 eV <e < 2 eV,

the derivative @F=@e is positive for nd < 106 cm�3, negative

for nd > 106 cm�3, and nearly zero for nd � 106 cm�3. Thus,

the effect of dust particles on the EEPF increases with

increase of the partial pressure of dust particles with respect to

the neutral gas pressure [Fig. 2(c)]. Since the total energy loss

takes place during the collection of electrons by dust particles

and only a small fraction of energy (2 me/mi) is lost at elastic

electron-atom collisions, the dust particles affect the EEPF

shape even at small ratios of the dust particle pressure to that

of neutral gas [�nd=na � 3
 10�11 for the parameters corre-

sponding to Fig. 2(c)].

The evolution of the EEPF in the afterglow has been also

investigated for initial Druyvesteyn EEPFs. In Fig. 3(a), the

EEPFs for the Druyvesteyn EEPF are shown for different after-

glow times: t ¼ 0, 0:1=d�1, 0:3=d�1, 0:5=d�1, and 0:7=d�1.

The EEPFs are for the same parameters as that in the

Maxwellian case [Fig. 2(b)]. Note that the time variation of the

EEPF in the Druyvesteyn case is different from that in the

Maxwellian case. In the former, the EEPF grows with the elec-

tron energy increase for 1 eV <e < 2 eV and t¼ 0:7=d�1 [Fig.

3(a)], but this EEPF increase is not observed in the Maxwellian

case [Fig. 2(b)]. In our opinion, this is due to the fact that the

Druyvesteyn function at t ¼ 0 is more convex than the

Maxwellian. As a result, the decrease of the EEPF with

increase of the electron energy at t¼ 0:7=d�1 and 1 eV <e < 2

eV in the Druyvesteyn case takes place at larger dust densities

than in the Maxwellian case [Figs. 2(c) and 3(b)]. Moreover,

FIG. 1. The normalized EEPF for � 6¼ const and t¼ 0 for different dust radii (a) ad¼ 50 nm (dotted curve), 100 nm (dashed curve), and 125 nm (solid curve);

different dust densities (b) nd ¼ 5
 106 cm�3 (dotted curve), 107 cm�3 (dashed curve), and 2
 107 cm�3 (solid curve); and different decay times for us(c)

c ¼ 0:1=d�1(dash-dotted curve), 0:5=d�1 (dotted curve), 1:0=d�1 (dashed curve), and 1:5=d�1(solid curve). The dash-dotted lines in (a) and (b) correspond to

the dust-free case. (a) is obtained assuming that the EEPF at e > us0 is Maxwellian with Teff ¼ 2 eV, while (b) and (c) correspond to the Druyvesteyn case with

Teff ¼ 2 eV. The results are obtained for neð0Þ ¼ 109 cm�3 and P¼ 1 Torr. nd ¼ 5
 106 cm�3, c ¼ 0:9=d�1; ad ¼ 50 nm, c ¼ 0:9=d�1, and nd ¼ 107 cm�3,

ad ¼ 50 nm for (a), (b), and (c), respectively.
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for the energy regime 1 eV <e < 2 eV, the derivative @F=@e is

positive for nd < 7
 106 cm�3, negative for nd > 7
 106

cm�3, and nearly zero for nd � 7
 106 cm�3 [Fig. 3(b)].

B. The case n50

As several theoretical studies on EEPF assumes that the

rate of electron-atom momentum-transfer collisions does not

depend on electron energy,39 we also consider the case where

� is independent of e. In Fig. 4, the EEPF as a function of

electron energy is shown for different dust densities when the

initial energy distribution is Maxwellian and n ¼ 0. The

EEPFs in Fig. 4(a) are obtained for t¼ 0, while the EEPFs in

Fig. 4(b) are for t¼ 0:5=d�1. One can see from Figs. 4(a) and

4(b) that, similarly to the case n 6¼ 0 [Fig. 1(b)], an increase of

dust density in the case � ¼ const is accompanied by a

decrease of the EEPF for e > us0 and an increase of j@F=@ej
for e < us0.

FIG. 2. The normalized EEPF for different afterglow times in (a) dust-free and (b) dusty (with nd ¼ 5
 106 cm�3 and ad ¼ 50 nm) plasmas. The solid,

dashed, dotted, dash-dotted, and dash-dot-dotted curves are for t ¼ 0, 0:1=d�1, 0:3=d�1, 0:5=d�1, and 0:7=d�1, respectively. (c) presents the EEPF for

t ¼ 0:7=d�1, ad ¼ 50 nm, and the dust densities nd ¼ 0(solid curve), 106 cm�3 (dashed curve), 2:5
 106 cm�3 (dotted curve), 5
 106 cm�3 (dash-dotted

curve), 107 cm�3 (dash-dot-dotted curve). The other parameters are the same as for Fig. 1(a).

FIG. 3. The normalized EEPF for (a) different afterglow times t ¼ 0(solid curve), 0:1=d�1(dashed curve), 0:3=d�1(dotted curve), 0:5=d�1(dash-dotted curve),

and 0:7=d�1(dash-dot-dotted curve). (b) The normalized EEPF for t ¼ 0:7=d�1 and dust densities nd ¼ 0(solid curve), 5
 106 cm�3 (dashed curve), 7
 106

cm�3 (dotted curve), 107 cm�3 (dash-dotted curve), and 2
 107 cm�3 (dash-dot-dotted curve). The initial distribution is Druyvesteyn and the other parameters

are the same as for Fig. 2(b).

013703-7 Denysenko et al. Phys. Plasmas 25, 013703 (2018)



In Fig. 5, the EEPFs at different afterglow times are given.

Comparing Figs. 2, 3, and 5, one can see that for n 6¼ 0, the

number of electrons in the EEPF tail decreases faster in time

than for n ¼ 0. Moreover, for n ¼ 0, the profile of the EEPF at

e > usðtÞ changes only slightly in time, i.e., if at t¼ 0, the

EEPF is Maxwellian, it tends to stay near Maxwellian during the

afterglow, but with a new effective electron temperature that

decreases with time, analogous to the dust-free case.50 The pres-

ervation of the EEPF profile for e > usðtÞ can be understood

from the fact that at large electron energies, the term A2exexd�t in

Eq. (24) dominates over the third and fourth terms in the brack-

ets of Eq. (24). Similarly to the dust-free case,50 in the dusty

plasma afterglow, the derivative @F=@e at � ¼ const is always

negative, independent of the afterglow time and electron energy.

This can be attributed to the fact that for this case the electron

energy loss in electron-atom momentum-transfer collisions takes

place in the whole energy range with the same frequency.

V. SUMMARY AND CONCLUSION

We now summarize our results in Secs. III and IV. The

simplifications used in our model will be also discussed.

Analytical expressions, namely Eqs. (15), (19), (24), and

(29), describing the EEPF in afterglow dusty plasmas have

been obtained under the assumptions that the rate of elastic

electron-neutral collisions is a power function of the electron

energy, as well as when the rate is independent of electron

energy. The results have been obtained for different profiles

of the EEPF for e > us0 in the steady state. It is found that the

EEPF profile does not change much with time if the rate of

elastic electron-neutral collisions is independent of electron

energy. In this case, the effective electron temperature corre-

sponding to the EEPF for e > usðtÞ decreases with time.

In the more realistic case, when the rate of elastic

electron-neutral collisions is a power function of electron

energy, we have found that at large afterglow times, the

EEPF profile deviates substantially from that at t¼ 0. For

small dust densities/radii and small electron energies, we

have obtained that, similar to the dust-free case,50 the depen-

dence of the EEPF on the electron energy can have

@F=@e > 0. However, such dependence is not found for the

afterglow plasmas with large dust densities/radii, mainly due

to the collection of e > usðtÞ electrons by the dust particles.

At some dust densities and radii, the derivative @F=@e may

approach zero in a certain energy range. If @F=@e > 0, nega-

tive absorption of electromagnetic wave56 or negative elec-

tron conductivity57 can take place in afterglow plasmas. The

results of our study show that dust particles can significantly

FIG. 4. The normalized EEPF for ad¼ 50 nm, c ¼ 0:9=d�1 and different dust densities: nd ¼ 0(solid curve), 106 cm�3 (dashed curve), 3
 106 cm�3 (dotted

curve), 4
 106 cm�3 (dash-dotted curve), and 5
 106 cm�3 (dash-dot-dotted curve) for the cases t¼ 0 (a) and t ¼ 0:5=d�1 (b). These results correspond to

� ¼ const and Maxwellian initial energy distribution. They have been obtained for the same parameters as for Fig. 1(a).

FIG. 5. The normalized EEPF in the case � ¼ const for different afterglow times: t ¼ 0 (curve 1), 0:1=d�1(curve 2), 0:3=d�1(curve 3), 0:5=d�1(curve 4),

0:7=d�1(curve 5), and 0:9=d�1(curve 6). The EEPFs in (a) and (b) correspond to the initial Maxwellian and Druyvesteyn distributions for e > us0, respectively.

The results are obtained for the same external parameters as for Fig. 2(b).
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affect the absorption and conductivity. However, at large

dust densities, the negative absorption and conductivity are

not observed, even if they can appear under the same condi-

tions in the dust-free case.

Dust particles can significantly affect the EEPF at t¼ 0

in both the � ¼ const and � 6¼ const cases. Due to collection

of electrons with e > us0 by dust particles, the number of

electrons with large energies is smaller, and the number with

e < us0 is larger in a dusty plasma as compared with a dust-

free plasma. It is interesting to note that the EEPFs at t¼ 0,

used in the analytical model, are very close to those obtained

numerically for steady-state dusty plasmas with an external

rf electric field.51 It is also found that the EEPF profile

depends on the decay time c of dust surface potential. The

EEPF at e > usðtÞ decreases with increase of c.

The results presented here have certain limitations since

the analytical expressions for the EEPF have been obtained

under simplifications. First, in obtaining the EEPFs from the

homogeneous Boltzmann equation, we have neglected

inelastic electron-neutral collisions, which can be important

for large electron energies and elastic electron-dust colli-

sions, which can be important at low electron energies.51 We

have also assumed that the effective electron temperature is

larger than the gas temperature, so that our results are valid

only for intermediate afterglow times. They may not be valid

at relatively large afterglow times when the effective elec-

tron temperature is close to the gas temperature, and when

the elastic electron-dust collisions may strongly affect the

EEPF profile. They also cannot be used at the very beginning

of the afterglow, when loss of electron energy in inelastic

electron-neutral collisions is important. Moreover, in consid-

ering the case when the rate for elastic electron-neutral colli-

sions is a power function of electron energy, we have

assumed that the dust-surface potential decreases linearly

with time and the decrease is exponential for the case

� ¼ const. The actual time dependence of usðtÞ in a dusty

plasma afterglow may be more complicated than assumed

here. In Refs. 27 and 28, it was found that the decay time of

Zd is smaller at small afterglow times, characterized by

larger variation of the effective electron temperature than

that at large t, when Teff is nearly of the same magnitude as

the gas temperature, and Zd changes slowly with time.

In calculating the dust charge, we have accounted for

ion-neutral collisions in the sheath region of the dust particle,

and the effect of electron impact ionization has not been

included. It has recently been shown that in steady-state

dusty plasmas, electron impact ionization can play essen-

tially the same role as ion-neutral collisions in affecting the

dust charge.58 However, in the afterglow times t � s2, the

number of electrons with energy larger than the ionization

threshold is very small, so that electron impact ionization

can be neglected.

Moreover, here, we have not considered the steady-state

EEPF accounting for the effects of an external electric field.

The latter, from which electrons can gain energy, can be

time-varying and/or spatially inhomogeneous, and governs

the processes taking place during collisions of electrons with

atoms and dust particles. Instead, we have assumed that the

profile of the EEPF at t¼ 0 is known for e > us and given by

Eq. (13). The EEPFs in a steady-state dusty plasma for dif-

ferent electric field magnitudes, rf field frequencies and rf

field spatial distributions have been studied numerically51,59

and analytically.60 These studies showed that the EEPF in a

dusty plasma at e > us0 for the rf frequencies f¼13.56 MHz

and f¼ 2.45 GHz are close to the Druyvesteyn and

Maxwellian distributions, respectively.61 It was also shown

that an increase of the dust density, with the other parameters

fixed, is accompanied by a decrease of the EEPF for e > us0

and an increase of j@F=@ej for e < us0. Thus, our assumption

on the profile of the EEPF at t¼ 0 is consistent with the

results of the existing studies.

We have also not accounted for loss of electrons to the

walls and electron-electron collisions. The latter processes

can affect the EEPF in afterglow plasmas.38,62,63 For argon

plasmas, the effect of electron-electron collisions on the

EEPF is negligible if62 ne=na � 10�6, and the loss of elec-

trons to the walls has little effect on the EEPF if the elec-

tron diffusion time sdiff(�K2=Da) is larger than the time

(�1=d�1) of electron loss in electron-atom collisions.

Electron diffusion is due to the difference in the potential

between the plasma center and the wall. Since the potential

difference usually depends linearly on the electron

temperature,38 the decay time for the ambipolar electric

field in a dust-free afterglow plasma should be roughly

1=d�1. For Teff¼ 1 eV, K ¼ 1 cm, and P¼ 1 Torr, the

ambipolar diffusion coefficient64 Da � Teff=mi�ia, where

�ia � 2P
 107s�1; is approximately 1:25
 103 cm2 s�1

and sdiff � 8
 10�4s�1. Thus, the condition 1=d�1ð� 2:7

10�5 s�1)� sdiff is satisfied for the parameters consid-

ered here.

Moreover, we did not account in our model for effects

of excited species on the EEPF. At large density of atoms in

metastable states, the production of electrons in metastable-

metastable collisions is intensive, and it may affect the EEPF

profile44 and the electron density in plasma afterglows34 in

an essential manner. For an argon plasma afterglow in a

symmetrical discharge with large dust density, it was shown

that metastable-metastable collisions affect the EEPF at the

afterglow times t � 30 ls, and a peak in the electron energy

distribution appears at e � 7.3 eV.44 However, for the param-

eters considered in Ref. 44, which correspond to the experi-

ment of Berndt et al.,32 the ratio of the EEPF at 7.3 eV to

that at low energies (�0.5 eV) was small and does not

exceed 2
 10�4. We expect that the effects of metastable-

metastable collisions on the EEPF and electron density in

asymmetrical gas discharges will be smaller than in the sym-

metrical case because electrons generated in metastable-

metastable collisions can leave the plasma more easily in the

former case than in the symmetrical case. In a symmetrical

argon discharge, the voltage on the electrodes may remain

larger than 7.3 eV within a few milliseconds.65

Generalization of the theory to remove some of the assump-

tions as well as to chemically active afterglow plasmas with

nano- and micro-particles is planned. In practical situations,

dust particles with large charge density (ndjZdj � ne) occu-

pying small regions of the plasma can often appear. The spa-

tial gradients of the electron temperature and density at the

boundary of a dusty region with the dust-free plasma can be
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rather large.59 In this case, electron diffusion through the

boundary can also affect the EEPF in both the dust and dust-

free regions, so that it should be included in the application

of the present theory to such plasmas.

The results of dusty plasma afterglow here are relevant

to many applications involving nonstationary plasmas con-

taining impurities, especially gas discharge plasmas used for

the synthesis of novel nanomaterials.66 The analytical

expressions for the EEPF presented here can also be useful

for benchmarking or verifying numerical simulations and

experiments.
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