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Abstract6

The permeability of a saturated porous medium is an important parameter in the field of water

resources and geotechnical engineering. The geometric characteristics of a porous medium are

key factors in the prediction of its permeability. In this paper, particles of different shapes are

constructed by Cellular Automata (CA) random growth model, and particles with different sur-

face characteristics are constructed by the spherical harmonic function. Then, porous media of

different porosities, shapes, surface features, and particle size distributions are generated on the

basis of the constructed particles. Three-dimensional Lattice Boltzmann Method is used for the

pore-scale simulation of the seepage flow in a porous medium. The numerical results show that

the effects of the particle shape and surface characteristics on the permeability are too obvious

to be ignored. Using strict univariate analysis, the sensitivity of the various factors to the perme-

ability, ordered from large to small, is as follows: porosity>particle size distribution>particle

surface>particle shape. Based on numerical studies, a modified Kozeny–Carman (KC) formula

is proposed by considering all the geometrical factors. All the parameters (the Wadell sphericity

S w, Cox roundness Rc, coefficient of non-uniformity Cu, the curve coefficient of curvature Cc,

and effective particle size d10) in it are easily obtained in engineering practice and the accu-

racy of the formula is verified. Although It has been proven that the KC formula is applicable

to multi-dispersed spherical particles and non-spherical particles whose surfaces are not very

rough, its applicability to rough particles is limited. The modified KC formula does not have

this limitation; therefore, it has a wider scope of application than the conventional KC formula.

Keywords: Lattice Boltzmann method; permeability coefficient; particle geometry; CA7

random growth model; spherical harmonic function.8
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1. Introduction9

Several scientific and engineering fields such as water resources, petroleum science, geotech-10

nical engineering, and environmental engineering require reliable prediction of the permeability11

of saturated porous media (Harr, 2012). Because permeability mainly depends on the geometric12

characteristics of a porous medium, geometric parameters can be used to predict the permeabil-13

ity when an exact relationship between them is established.14

After Seelheim (1880) reported that permeability should be related to the squared value of15

the characteristic pore diameter, numerous formulas were proposed in the subsequent centuries16

to predict the saturated permeability based on geometric parameters. For example, the Terza-17

ghi formula (Terzaghi et al., 1996), Hazen formula (Hazen, 1911), Kozeny formula (Kozeny,18

1953), Kozeny–Carman formula (KC formula) (Carman, 1937, 1956), and some empirical for-19

mulas (Harleman et al., 1963; Beyer, 1964; Vukovic and Soro, 1992; Jabro, 1992; Alyamani and20

Sen, 1993; Barr, 2001; Chapuis and Aubertin, 2003; Chapuis et al., 2005; Zhu, 2010; Su et al.,21

2014) were proposed based on experimental data. Analyses of the abovementioned empirical22

formulas have shown that different methods of calculating the permeability result in significant23

differences between the formulas. The simplest of them, the Hazen formula, and the formula24

proposed by Harleman et al. (1963) considered only the influence of the effective particle size25

d10. The effective particle size and porosity are considered in the Terzaghi formula, Kozeny for-26

mula, and the empirical formulas proposed by Vukovic and Soro (1992); Chapuis et al. (2005).27

Some empirical formulas have established the correlation between permeability and d10, d5028

(Alyamani and Sen, 1993), whereas some do not contain geometric and physical parameters29

such as particle size and porosity but establish the relationship between permeability and the30

percentage content of sand, silt, and clay (Jabro, 1992; Onur and Shakoor, 2015). Some empir-31

ical formulas consider the effects of the gradation parameters Cu and Cc while considering the32

particle size and porosity (Beyer, 1964; Zhu, 2010; Su et al., 2014). All the above formulas do33

not consider the morphological characteristics of the particles. The KC formula and some em-34

pirical formulas are established by introducing the solid specific surface area with consideration35

of the porosity (Barr, 2001).36
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The existing experimental studies show that the KC formula is the most accurate in pre-37

dicting the permeability (Chapuis and Aubertin, 2003). The classical form of the KC formula38

is39

K = CKC
φ3

(1 − φ)2

1
S 2
, (1)

where CKC is an empirical constant, φ is the porosity, and S is the specific surface area. The40

classical KC formula is used to predict the permeability based on two parameters—porosity41

and specific surface area. The specific surface area is not a basic geometric parameter that42

varies with the shape, surface characteristic, and gradation of the particles. Some approaches43

are available in literature to measure the specific surface area. Several Digital Image Processing44

(DIP) algorithms can calculate the specific surface area of a porous medium using its micro45

images obtained by Computed Tomography (CT) (Lindquist et al., 1996; Song et al., 2001;46

Porter et al., 2010). Some experimental methods such as the gas adsorption-based method can47

also be used to estimate the specific surface area (Scheidegger , 1958; Collins, 1976). However,48

both DIP based and experimental methods can only be applied to some specific samples. It49

is not as easy to perform statistical averaging of the specific surface area as that of the basic50

geometric parameters of particles, such as sphericity, roundness, and gradation. In many cases,51

it is more difficult to measure the specific surface area than the basic geometric parameters,52

which limits the application of the KC formula. Moreover, the constant CKC in the KC formula53

is not actually a constant without considering the tortuosity (Kaviany, 2012), and the accuracy54

of the KC formula for a porous medium with low porosity or rough particles is questionable.55

In summary, although there are many formulas for predicting the permeability using the56

geometric parameters, only a few of them can be used in engineering practice. The Hazen57

formula and the Terzaghi formula are simple, but their accuracy is not sufficient for engineering58

practice (Carrier, 2003). The empirical formulae proposed in the existing studies are diverse59

without a general format, as these can be applied only to special soils (Rosas et al., 2014).60

Although the KC formula has higher accuracy, its application is limited because the specific61

surface area is an indirect geometric parameter.62
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The investigation of the effect of basic geometric characteristics of particles on the perme-63

ability and the establishment of an accurate prediction formula using easily available parameters64

are critical research issues. The limitation of an experimental study is that the change in a single65

variable cannot be strictly controlled in an experiment, especially to ensure that the porosity of66

the soil sample does not change. The porosity of soil usually changes when the particle size and67

gradation change. Therefore, different researchers conducting experiments with different mate-68

rials have reported different results, and some have even reported contradictory conclusions (Su69

et al., 2014; Kong et al., 2011). Another limitation of the experimental study is that the seepage70

process is not visible and the mechanism of permeability cannot be studied on the pore scale.71

Numerical simulation can overcome the shortcomings of material disunity and improper72

variable control in experiments. However, the traditional numerical simulation methods cannot73

manage the complex boundaries of a porous medium. The lattice Boltzmann method (LBM)74

proposed by McNamara and Zanetti (1988) is a mesoscopic simulation method between macro-75

scopic continuous simulation and microscopic molecular dynamics simulation. It is a con-76

ventional approach to the problem of porous media seepage (Kruger et al., 2017). LBM can77

simulate fluid flow and study the influence of particle geometry on the permeability at the pore78

scale.79

Many researchers have used the LBM method to study porous media seepage at the pore80

scale. Some researchers have used regularly arranged cylinders or balls (Li et al., 2005; Ok-81

abe and Blunt, 2004; Shen et al., 2017) whereas others have used various stochastic methods82

(Lee and Yang, 1997; Maier et al., 1998) to construct a porous medium with simple geometric83

features to study the seepage law. Particles of natural porous media (soil, sand, sediment, and84

gravel) cannot be regarded as a regular set of balls and cylinders arranged randomly. Although85

the porous medium generated by a random method is close to the realistic condition, the in-86

fluence of the geometric characteristics of the particles on the permeability cannot be studied.87

Some investigations of the effect of particle shape on the permeability of a porous medium88

through LBM have been carried out in the past (Stewart et al., 2006; Scholes et al., 2017; Dorai89

et al., 2012; Saomoto and Katagiri, 2015; Osiptsovy, 2017). These studies used regularly shaped90

particles such as ellipsoids or ellipses and cubes. In reality, natural particles are not of regular91

shapes. Chukwudozie and Tyagi (2013) examined the effect of the surface characteristics of92
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particles on the permeability. In their study, the surface characteristics of particles were con-93

trolled by means of several bulges above the sphere, and the rule of particle arrangement in the94

porous medium was periodic body centered cubic, which is very different from the morpholog-95

ical characteristics of real particles. Moreover, the study provides only a qualitative law for the96

effect of the surface characteristics of particles on the permeability. Some investigations have97

considered the effect of particle size distribution on the permeability of porous media (Sheikh98

and Pak, 2015; Yang et al., 2016). Sheikh and Pak (2015) studied the effect of gradation param-99

eters on the permeability by constructing a porous medium using the discrete element method.100

However, the formula for predicting the permeability coefficient from the gradation parameters101

could not be derived because of limited calculation conditions. Yang et al. (2016) constructed102

a porous medium with uniform particle size distribution, and concluded that the randomness103

of particle arrangement has significant effects on the permeability. However, the number of104

grids in this study was small and the gradation parameters were not considered. There are also105

some researches focusing on unsaturated seepage (Dou et al., 2013; Wang et al., 2016, 2019)106

or rock seepage (Zhang et al., 2016; Akai et al., 2018; Li and Berkowitz, 2018) based on LBM107

available in literature. However, the morphological characteristics of particle were not consid-108

ered in unsaturated seepage studies, and the pore structure of rock is very different from that of109

particle-packed porous medium.110

In addition to LBM, some studies have used the finite volume method (FVM) to study the111

influence of porous media geometry on the permeability at the pore scale (Garcia et al., 2009;112

Torskaya et al., 2014; Katagiri et al., 2015; Taylor et al., 2017). The disadvantage of these113

studies is that the general computing conditions are relatively few and only a few qualitative114

rules can be generated because of the difficulty of FVM modeling. Furthermore, owing to the115

high computational cost of solving the Navier–Stokes (N-S) equations using the FVM, most of116

these studies employed calculations based on the Laplace equation instead of the N-S equations.117

Most of the above numerical simulation studies only considered one aspect of particle ge-118

ometry; the calculation conditions were generally relatively limited, and the resulting law was119

generally qualitative rather than quantitative, which affected its direct application to engineering120

practice.121
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(a) (b)

Figure 1: Images of sand photographed under the microscope.(a) sand from Plum Island, and (b) Colorado great

sand dunes.

What does a real natural particle look like on the pore scale? Greenberg et al. (2015) pho-122

tographed a series of microscopic images of sand particles across the United States using a123

three-dimensional microscope. The real pore-scale sand structure is shown in Figure 1. It can124

be seen that the structure presents more details on the pore scale, such as different size dis-125

tributions, different shapes, and different surface morphologies. Therefore, to fully consider126

the influence of particle geometry on the permeability, it is necessary to consider the porosity,127

particle shape, particle size distribution, and surface characteristics of the particles.128

The aim of this paper is to perform a pore-scale simulation of the fluid flow, as shown in129

Figure 1, and to examine how these geometric properties of the particles affect the permeability130

of the natural particle-packed porous media such as soil, sand, and gravel. A porous medium131

with different porosities, shapes, surface features, and particle gradations is considered. LBM132

is used to study the seepage law at the pore scale and the change in a single variable at a133

time is strictly ensured, which can overcome the shortcomings of the previous experimental134

studies. The influence of each geometric factor on the permeability is determined through a135

large number of numerical simulations under different conditions. In addition, a modified KC136

formula is presented by considering all geometric factors. The formula is more general than the137

conventional KC formula and contains parameters that can be easily obtained in engineering.138
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2. Numerical model139

2.1. Numerical model of porous media140

In this study, the geometric characteristics of a porous medium are set by controlling the141

size, number, shape, surface, and size distribution of its particles. The construction of the142

porous medium is divided into two steps. The particles are constructed first, and then the porous143

medium is generated on the basis of the constructed particles.144

2.1.1. Construction of particles145

As shown in Figure 1, sand particles are found to have different particle sizes and shapes146

when observed under a three-dimensional microscope. Spherical particles are not appropriate147

for studying the effect of particle morphology on permeability. Two methods for constructing148

soil particles close to their real shapes are proposed in this paper. The first method is based on149

the random growth model of cellular automata (CA) (Wang and Pan, 2007) and can be used to150

construct particles of different shapes; the second method is based on the spherical harmonic151

function and can be used to construct particles with different surface characteristics.152

The basic principle of the CA random growth model is shown in Figure 2. First, a growth153

center is determined, and then growth occurs randomly along 18 adjacent directions from the154

growth center at a certain probability. The process of constructing a single soil particle by the155

CA random growth method can be described as follows:156

Step 1: Set the growth probability Pi of each direction according to the desired shape.157

Step 2: Each direction grows with probability Pi until the set particle volume is reached.158

Step 3: The generated particle surface is operated by a morphological method to make it smooth.159

The shape of the particle is controlled by controlling the growth probability in each di-160

rection, Pi. When the growth probabilities in the 18 directions are the same, the CA random161

growth model can generate a particle that is close to a sphere. When the growth probability of162

the particles is less than 1 in each direction (Pi < 1), the surface of the particles will produce163

a lot of burrs (see Figure 3(a)). Morphological methods were employed in this study to make164
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Figure 2: CA random growth model.

the surface smooth. The shape of the spherical particles after one morphological close opera-165

tion and one open operation is shown in Figure 3(b). An ideal sphere is shown in Figure 3(c).166

Comparing Figures 3(b) and 3(c), it can be seen that the particles generated by the CA random167

growth model are very close to the sphere, but are more closer to actual soil particles than to the168

ideal sphere.169

(a) (b) (c)

Figure 3: Shape of particle constructed by (a) CA random growth model before morphological operation, (b) after

morphological operation, and (c) ideal sphere.

Numerous parameters have been proposed to characterize the shape of particles. One of the170

most commonly used and representative parameter is sphericity. There are several definitions of171

sphericity; the definition proposed by Wadell (1935) is the most commonly used. The Wadell172

sphericity can be expressed as173
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S w =

3√
36πV2

S A
, (2)

where V is the volume of the particles and S A is the surface area of the particles.174

Another definition of sphericity was proposed by Kuo et al. (1996). The Kuo sphericity is175

given as176

S k =
3

√
dmindmed

d2
max

, (3)

where dmax, dmed, and dmin are the maximum, middle, and minimum radii of the particles, re-177

spectively. It is possible to control the radius in each direction of the particles constructed by178

the CA random growth model by controlling the growth probability; that is, dmax, dmed, and dmin179

can be simply controlled, and then the particles with different Kuo sphericities S k can be gen-180

erated. In this study, we used the Kuo sphericity to generate the initial status of the shape of the181

particles. Then, the accurate surface area of each particle was obtained by the Marching Cubes182

(MC) method (see section §3.2). The Wadell sphericity, S w, corresponding to the obtained S k183

sphericity can then be calculated. Several particles of different sphericities, produced by the184

above method, are illustrated in Figure 4.185

(a)

(b)
(c) (d)

Figure 4: Particle shapes of different sphericities produced by CA random growth model. (a)S w=0.7742;

(b)S w=0.8403; (c)S w=0.8712; and (d)S w=0.9121.
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The sphericity only represents the shape characteristics of the whole particle and cannot186

represent the fluctuation of the particle surface. The fluctuations of the particle surface can187

be characterized by roundness or roughness. There are several definitions of roundness, and188

the most commonly used definition of roundness was proposed by Cox (1927), which can be189

expressed as190

Rc =
4πA
P2

, (4)

where A is the area of the maximum projection of the particles and P is the actual circumference191

of the maximum projection. Another parameter that can represent the fluctuation of the particle192

surface is the roughness. The definition of particle roughness (Liu and Xia, 2011) is as follows:193

σR =

√√√√ N∑
i=1

(
Ri

R̄

)2

N
− 1, (5)

where Ri is the polar coordinate amplitude of the point on the particle surface, and R̄ is the194

average value of the polar coordinate amplitude.195

The spherical harmonic function is used to construct particles of different roundness and196

roughness. It has been proven to be a powerful tool for representing the particle morphological197

features (Zhou et al., 2015, 2018). Here, the basic concept of the spherical harmonic (SH) theory198

is briefly introduced. The polar coordinates of a unit sphere are expanded to the corresponding199

polar coordinates of an actual particle by the approximation of the spherical harmonic function200

sequence, and the corresponding spherical harmonic coefficients are obtained by the known201

polar coordinates set on the particle surface. The real particle surface equations approximated202

by the sequence of the spherical harmonic functions are as follows:203

r(θ, ϕ) =

∞∑

n=0

n∑

m=−n

am
n Ym

n (θ, ϕ), (6)

where am
n is the spherical harmonic coefficient that needs to be determined. Ym

n is the spherical204

harmonic series, which is given by the following equation:205
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Ym
n (θ, ϕ) =

√
(2n + 1)(n − m)!

4π(n + m)!
Pm

n (cos θ)eimϕ, (7)

where Pm
n are the associated Legendre polynomials and n is an integer between 0 and +∞,206

which is determined by the precision of particle reconstruction. The total number of unknown207

spherical harmonic coefficients is (n + 1)2, which requires (n + 1)2 independent equations. To208

ensure we have sufficient independent equations, we need the polar coordinates of more than209

(n + 1)2 points on the surface of the particle. We can obtain more than (n + 1)2 linear equations210

by substituting this polar coordinate set into (6). Then, the least squares method is used to solve211

the linear equations to obtain the spherical harmonic coefficients. The equation of the particle212

surface can be obtained by substituting the spherical harmonic coefficient into (8).213

r̂(θ, ϕ) =

nmax∑

n=0

n∑

m=−n

am
n Ym

n (θ, ϕ) (8)

According to Zhou et al. (2015), the surface roundness and roughness characteristics of the214

particles can be accurately characterized when nmax is greater than the 15th order. In this study,215

the 20-order spherical harmonic function is used to construct particles of different roundness and216

roughness. According to the previous description of the construction method of the spherical217

harmonic function, polar coordinates of not less than (20 + 1)2 = 441 points on the surface of218

the particles are required to calculate the spherical harmonic coefficients. In order to obtain a219

set of coordinates of not less than 441 points on the surface of particles of different roughness,220

this paper adopts the method shown in Figure 5 (taking 2D as an example). First, the Fibonacci221

mesh is used to distribute 1000 points uniformly on a sphere (Richard and James, 2010) of222

radius Rm, and then the radius at each point is changed by a random method.223

Ri = Rm + ∆R × rand (−1, 1). (9)

Substituting Ri into (5) yields224

σR =

√
3∆R

3Rm
. (10)
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It can be concluded from (10) that particles of different roughness can be generated by con-225

trolling the size of ∆R while keeping Rm constant. The spherical harmonic coefficient of the226

spherical harmonic function is obtained by using these 1000 points, and the final equation of227

the particle surface is obtained by substituting them into (8).228

(a)
(b)

Figure 5: Schematic diagram of (a) Fibonacci grid with spherical uniform distribution points and (b) random

generation method for the radius (taking 2D as an example)

The roundness of the particles changes with the change in particle roughness. The outline229

of the maximum projection plane can be obtained by the bwperim operator in MATLAB, and230

then the roundness corresponding to the particles of different roughness can be calculated by231

(4). Several particles of different roughness and roundness, generated by the spherical harmonic232

method, are shown in Figure 6.233

(a) (b) (c) (d)

Figure 6: Particles with different surface fluctuations, generated by spherical harmonic method. (a)Rc=0.9871;

(b)Rc=0.9360; (c)Rc=0.7508; and (d)Rc=0.5859.

2.1.2. Generation of porous medium234

The construction of a porous medium is based on the construction of particles by random235

packing algorithm. Since Kepler’s conjecture of sphere packing was proposed in 1611, the236
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packing problem has been studied for hundreds of years. It is too complex to obtain an accu-237

rate solution of hard particle packing because of the jamming phenomenon. The packing of238

non-spherical particles has received some attention but their characterization is far from com-239

plete (Torquato et al., 2000; Torquato and Stillinger, 2010). The existing research on the non-240

spherical particle packing is mainly focused on ellipsoids (Donev et al., 2004b,a), hypersphere241

(Yuan et al., 2018), and polyhedrons (Betke and Henk, 2000; Kallus et al., 2010). Although242

the particle shape is no longer spherical, it can still be regarded as regular geometry. The nat-243

ural particles are randomly generated under various geological actions and their morphologies244

are very different from that of regular particles. There is no related algorithm in literature to245

simulate the packing of natural particles directly.246

The packing of irregular particles is investigated in this research. The packing algorithm in247

this paper fixes the porosity and randomly places the particles in space without overlap; gravity248

packing is not performed. The process of constructing a porous medium can be described as249

follows:250

Step 1: The calculation grid of the LBM is generated and the number, size, shape, and sur-251

face characteristics of the required particles are determined according to the geometric252

characteristics of the porous medium.253

Step 2: The required particle is constructed using the two particle construction methods de-254

scribed in Section §2.1.1.255

Step 3: Continuous attempts are made until a random location is found in the mesh where there256

is no overlap between the generated particles; the particle is placed in that position.257

Step 4: Steps 2 and 3 are repeated until the number of particles calculated by Step 1 is reached258

and the final porous medium is generated.259

The position and orientation of the particles is random. Although the porosity of this packing260

is different from that of gravity packing (in fact, the porosity of the gravity packing is also261

uncertain owing to the existence of the jamming phenomenon), their geometric characteristics262

are similar. The purpose of this paper is to study the influence of the geometric characteristics263

14
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on the hydraulic characteristics under low Reynolds number. Therefore, the permeability law264

obtained in this paper can be applied to an actual gravity packed porous medium.265

In this study, to examine the influence of different factors, including porosity, shape, surface266

characteristics, and size distribution, we need to construct multiple porous media with varying267

factors. This study uses relatively larger numbers of computational lattices (our simulations268

contain approximately 500 × 500 × 500 lattices). Figure 7 illustrates several typical porous269

media constructed in the study for each factor.270

2.2. Pore-scale numerical modeling of flow271

2.2.1. Lattice Boltzmann Method272

LBM is a computational fluid dynamics method based on the Boltzmann equation of un-273

balanced statistical physics and the principle of lattice gas automaton. This method is based274

on molecular dynamics theory and has a clear physical background. It is a mesoscopic sim-275

ulation method. LBM simulation is effective for porous media seepage where the traditional276

computational fluid dynamics method is ineffective.277

A complete lattice Boltzmann model usually consists of three parts—the evolution equation278

of the distribution function, the lattice (velocity discrete model), and the equilibrium distribution279

function (Kruger et al., 2017). In LBM, the fluid flow is calculated by the discrete Boltzmann280

equation. The discrete lattice Boltzmann equation without external forces (Chen and Doolen,281

1998) can be expressed as follows:282

fα(r + eαδt, t + δt) − fα(r, t) = −1
τ

[ fα(r, t) − f eq
α (r, t)], (11)

where fα(r, t) denotes the velocity distribution function at time t and at r position in the α283

direction, and f eq
α (r, t) is the local equilibrium distribution function. eα is the discrete velocity284

in the α direction. δt is the time step and τ is the relaxation time. This equation is the evolution285

equation of the distribution function of the single relaxation LBM.286

The discrete velocity model used in this paper is a three-dimensional D3Q19 model pro-287

posed by Qian et al. (1992), which is same as the CA random growth model (shown in Fig. 2).288

The grid velocities in different directions are configured as follows.289

15
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(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

Figure 7: Porous medium constructed for each factor. (a) porosity=0.2467; (b) porosity=0.3488; (c) poros-

ity=0.6031; (d) S w=0.7742; (e) S w=0.8403; (f) S w=0.9121; (g) Rc=0.9360; (h) Rc=0.7508; (i) Rc=0.4323; (j)

Cu=2,Cc=1; (k) Cu=4,Cc=3; and (l) Cu=8,Cc=4.
16
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eα =



(0, 0, 0) α = 0,

(±1, 0, 0)c, (0,±1, 0)c, (0, 0,±1)c α = 1 ∼ 6,

(0,±1,±1)c, (±1, 0,±1)c, (±1,±1, 0)c α = 7 ∼ 18,

(12)

where c is the lattice speed obtained as c = δx/δt. In the formula, δx and δt are dimensionless290

lattice step and time step respectively.291

The equilibrium distribution function of the D3Q19 model is292

f eq
α = ρωα[1 +

eα · u
c2

s

+
(eα · u)2

2c4
s

− u2

2c2
s

], (13)

where cs is the lattice sound speed (c2
s = c2/3) and ωα is the weight coefficient whose value is293

as follows:294

ωα =



1/3 α = 0,

1/18 α = 1 ∼ 6,

1/36 α = 7 ∼ 18

(14)

The above D3Q19 model can be restored to the macroscopic N-S equation by the Chapman–295

Enskog expansion. The dimensionless relaxation time and the macroscopic kinematic viscosity296

coefficient ν have the following relationship:297

τ =
1
2

+
ν

c2
sδt
. (15)

The macroscopic density and the macroscopic velocity on each lattice are obtained by the fol-298

lowing formulae:299

ρ =

18∑

α=0

fα, (16)

u =
1
ρ

18∑

α=0

fαeα. (17)

The programming process for the LBM is as follows. Firstly, the local equilibrium function300

of the lattice point is obtained by using the macroscopic density and velocity. Then, the collision301

is completed in one time step, following which the velocity distribution function migrates along302

each lattice velocity direction. After the migration step, the macro velocity and density of the303

cells are updated and the cycle continues until the flow stabilizes.304
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2.2.2. Verification of LBM program305

A pressure-driven 3D Poiseuille flow is simulated to verify the LBM program. The LBM306

simulation of a viscous laminar flow does not require a conversion factor. All quantities can307

be directly considered in dimensionless lattice units, and the final results of the simulation are308

similar to a dimensional physical flow system with the same Reynolds number owing to the law309

of similarity.310

(a)

(b)

Figure 8: Illustration of the pipe model (a) and velocity contour in the x direction (b) calculated by LBM.

The Poiseuille pipe model is shown in Figure 8(a). The radius of the pipe (rp) is 50 and311

the length (Lp) is 500. The dimensionless relaxation time τ is 1 and the pressure difference312

(∆p) at both ends of the pipe is 5e − 5. The pipe wall adopts the standard bounce back scheme,313

and the entrance and exit adopts the non-equilibrium extrapolation scheme (Guo et al., 2002).314

The velocity contour calculated by LBM is shown in Figure 8(b) and the maximum velocity315

umax = 3.75e − 4. The Reynolds number can be obtained as316

Re =
umaxrp

ν
= 0.225. (18)

The theoretical formula for the radial distribution of the Poiseuille flow velocity in a circular317

tube is318
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ux(w) =
∆p

4νρLp
(r2

p − w2), (19)

where w is the distance of any point from the center of the pipe. The comparison between319

the numerical and analytical solutions of the velocity in the x direction with variation in w is320

shown in figure 9(a). Compared with the analytical solution, the relative error distribution of321

the middle cross section of the pipe is shown in figure 9(b). It can be seen that the relative error322

is small except at the boundary.323

- 6 0 - 4 0 - 2 0 0 2 0 4 0 6 0
0 . 0

1 . 0 x 1 0 - 4

2 . 0 x 1 0 - 4

3 . 0 x 1 0 - 4

4 . 0 x 1 0 - 4

 a n a l y t i c a l  s o l u t i o n
 L B M  s i m u l a t i o n

 

 

ux

w

(a)
(b)

Figure 9: Comparison between LBM simulation and theoretical solution of Poiseuille flow (a) and its relative error

(b).

The L2 error norm (Roy, 2005) of the velocity in the x-direction is used to measure the324

convergence of the calculation. The residual error is calculated every 100 steps, and the formula325

of the residual error can be expressed as326

εux(t) =

√∑
(ux(r, t) − ux(r, t − 100δt))2

∑
u2

x(r, t)
. (20)

The variation of the residual error with the time step is shown in Figure 10. It can be seen that327

the residual error decreases exponentially with the calculation time step.328

The verification of 3D Poiseuille flow shows that the LBM program used in this paper is329

stable, accurate, and efficient for a flow with low Reynolds number. Therefore, it can be used330

to simulate a seepage flow with small Reynolds number.331
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Figure 10: Variation of residual error with time step.

2.3. Numerical model of seepage332

In this section, the proposed model is used to simulate the seepage in a porous medium.333

The schematic diagram of the seepage numerical model is shown in Figure 11. The boundary334

conditions in the calculation model are set as follows: the non-equilibrium extrapolation scheme335

of fixed pressure is used for the inflow boundary and the fully developed scheme (Guo et al.,336

2002) is used for the outflow boundary. The standard bounce back scheme (Lavallée et al.,337

1991) is used for the other four boundaries and the boundaries of the particles.338

τ needs to be greater than 0.5 to satisfy the stability of the numerical calculation (Kruger339

et al., 2017). τ is set to 1 in this seepage model. As shown in section §2.2.2, the numerical340

model should be stable, accurate, and efficient. To ensure accuracy, the typical Mach number341

should not be greater than 0.1 (Feng et al., 2007). The pressure difference driving the seepage342

is 5e-5, and the magnitude of maximum velocity of the seepage flow simulated in section §3 is343

1e − 5. The typical Mach number of the flow is 1e − 5, which is much less than 0.1. Therefore,344

the compression error can be completely ignored. Moreover, the typical Reynolds number is345

1e − 3, which indicates that the seepage flow is a laminar flow.346

The discretization study is applied to spherical particles, particles generated by CA (CA par-347

ticle), and particles generated by spherical harmonic (SH particle), and the minimum resolution348

of each particle required for calculation accuracy is determined. At first, three kinds of porous349

media with random placement of particles are generated by the algorithm in section §2.1. Then,350

overall scaling is performed to generate porous media with different resolutions. The radius351
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Figure 11: Schematic diagram of numerical model of seepage.

of a sphere of volume equal to that of each particle is taken as the typical radius (Dt), which352

can be used to represent the resolution of the particle. The dimensionless permeability under a353

different resolution is defined as354

K′Dt
=

Kr

D2
t

. (21)

Pan et al. (2001) and Hilpert (2011) used the Richardson extrapolation to calculate the exact355

value of the permeability, K′∞, when the resolution approaches infinity, which can be expressed356

as357

K′∞ =
(Dt2/Dt1)

λK′Dt2
− K′Dt1

(Dt2/Dt1)λ − 1
, (22)

where λ denotes the order of convergence. In the LBGK model of LBM, λ = 2 (Kruger et al.,358

2017). Then, the relative error can be defined as359

ε(K′Dt
) =

∣∣∣K′Dt
− K′∞

∣∣∣
K′∞

. (23)

The patterns of particles with different resolutions are shown in Figure 12(a). The variation in360

the relative error of the three particle types with the typical radius is shown in Figure 12(b). It361

can be seen that the relative error can be controlled within 0.05 when the typical radii of the362

ball, CA particle, and SH particle are greater than 15, 20, and 25 respectively.363
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Figure 12: Patterns of particles with different resolutions (a) and the variation of relative error with typical particle

radius (b).

A large number of lattices (500 × 500 × 500) was used in this research to ensure that the364

resolution of the individual particles meets the above accuracy requirements and that the porous365

media contains enough particles. We believe that the homogeneity of the randomly generated366

samples is well satisfied when these many lattices are used because we simulated each of the367

samples at least twice and found that the results were almost the same.368

3. Simulation and analysis369

An example of the streamline and velocity field calculated with the present model is shown370

in Figure 13. It can be seen that the velocity of the fluid and the tortuous flow paths can be371

easily traced by LBM.372

The unit is a dimensionless lattice unit, and the permeability coefficient obtained by Darcy’s373

law is a relative permeability that is proportional to the physical permeability. The formula for374

calculating the relative permeability can be expressed as follows:375

Kr = −µ〈ux〉
∇p

, (24)

where µ is the lattice viscosity, 〈ux〉 is the overall mean value of the velocity in the x direction,376

and ∇p is the pressure gradient of the calculation model.377
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(a) (b) (c)

Figure 13: (a) Streamlines of flow through non-spherical particles, and velocity contours in (b) the cross section

and (c) the longitudinal section.

3.1. Effect of porosity on permeability378

To examine the effect of porosity on permeability, it is necessary to ensure that other pa-379

rameters remain unchanged except the porosity. In this section, the porous media is constructed380

with smooth spherical particles of the same diameter, which is fixed at 10 lattice unit (lu), and381

the porosity is controlled by adjusting the number of particles. Particles in a porous medium382

are randomly arranged. Ten (10) porous media with different porosities varying from 0.2 to 0.8383

were constructed (Figure 7) and their permeability was calculated.384

The correlation between the permeability coefficient and porosity of the porous medium was385

determined based on the calculated results of the permeability. According to the KC formula386

(Eq.1), a linear regression on the relative permeability coefficient Kr and the expression φ3/(1−387

φ)2 of the porosity was performed. As shown in the Figure 14, the coefficient of determination388

R2 is 0.9891. The relative error between the regression and the calculated values is shown in389

Figure 14(b). It can be seen that although the overall degree of fitting is high, the relative390

error is relatively large (nearly 70%) when the porosity is small. The results shown in Figure391

15 can be obtained if permeability with porosity less than 0.45 is fitted. At this porosity, the392

linear correlation between Kr and φ3/(1 − φ)2 remains high but the relative error is much lower393

although it is still high at 30%. Therefore, the study in this paper shows that the relationship394

between permeability and porosity in the KC formula is effective, but the relative error is large395

when the porosity is small.396
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Figure 14: (a) Linear regression on the relative permeability coefficient Kr and the expression for porosity φ3/(1−
φ)2 and (b) relative error.

0 . 0 0 0 . 0 5 0 . 1 0 0 . 1 5 0 . 2 0 0 . 2 5
0 . 0 0

0 . 0 4

0 . 0 8

0 . 1 2

0 . 1 6

0 . 2 0

l i n e a r  r e g r e s s i o n  w i t h p u t  i n t e r c e p t

 

 

Kr

φ3 / ( 1 - φ) 2

R 2 = 0 . 9 8 3 6

(a)

0 . 2 0 0 . 2 5 0 . 3 0 0 . 3 5 0 . 4 0 0 . 4 5
5

1 0

1 5

2 0

2 5

3 0

 

 

rel
ati

ve 
err

or/
%

p o r o s i t y

(b)

Figure 15: (a) Linear regression on Kr and the expression for porosity φ3/(1 − φ)2 when φ < 0.45 and (b) relative

error.
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Figure 16: Linear regression on the logarithm of Kr and φ3/(1 − φ)2.

In order to reduce the relative error caused by low porosity and obtain a suitable correlation397

between permeability and porosity, the logarithms of Kr and φ3/(1 − φ)2 were taken separately398

and linear regression was performed to obtain the results shown in Figure 16. Here, the coeffi-399

cient of determination R2 is 0.9994, which indicates a good degree of fitting, and the problem of400

large relative error with low porosity is no longer observed. In this case, a new fitting parameter401

a is introduced on the basis of the KC formula.402

K ∝
[

φ3

(1 − φ)2

]a

. (25)

With (25), the accuracy of the correlation between the permeability coefficient and the porosity403

is greatly improved.404

Figure 17 shows the linear regression of Kr and (φ3/(1 − φ)2)0.82. Compared with Figures405

14 & 15, it can be seen that the error is much smaller and the fitting degree has reached 0.9996.406

Moreover, the relative error of porosity from low to high does not exceed 10%. Therefore, this407

paper concludes that it is more accurate to replace φ3/(1 − φ)2 with (φ3/(1 − φ)2)a in the KC408

formula. The parameter a given in this paper is 0.82.409

The velocity contours of the longitudinal sections with porosity of 0.2682 and 0.5733 are410

shown in Figure 18. It can be seen that the seepage channel of the porous medium with small411

porosity is not obvious, whereas the seepage channel of the medium with large porosity is412

obvious and a complete seepage network is formed. The velocity of some seepage channels413
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Figure 17: (a) Linear regression for Kr and (φ3/(1 − φ)2)0.82 and (b) relative error.

(a) (b)

Figure 18: Velocity contours of longitudinal sections with porosity of 0.2682 (a) and 0.5733 (b).

26



ACCEPTED MANUSCRIPT

ACCEPTED M
ANUSCRIP

T

in the seepage network is obviously greater than that of the other channels; therefore, there is414

seepage main channel phenomenon in seepage network from pore scale.415

For a porous medium with equal particle size, the specific surface area can be obtained as416

S =
4πr2

4
3πr3

=
3
r
. (26)

According to the classical KC formula, the relationship between permeability and particle size417

of a porous medium with equal particle size is K ∝ 1/S 2 ∝ r2.418

Based on the study of porosity, if the particle size is not very different, it can be represented419

as d. Then, the formula for calculating the permeability coefficient can be modified on the basis420

of the KC formula as follows:421

K = C1

[
φ3

(1 − φ)2

]0.82

d2, (27)

where C1 is an empirical constant that needs to be determined by experimental studies.422

3.2. Effect of particle shape on permeability423

Univariate analysis is commonly used to analyze the effect of particle shape on permeability.

Here, the porosity of a porous medium was fixed at 0.6 and 0.45. In order to meet the accuracy

requirements, the typical radius of the particle was set to 26.1 (Dt = 26.1). The CA random

growth method described in Section §2.1.1 was used to construct particles of different spheric-

ities. Then, a porous medium with random rotation and random arrangement of particles was

constructed by using the method described in Section §2.1.2. In this paper, the particle shape

was measured by Wadell sphericity S w (Wadell, 1935). Ten porous media with different S w

ranging from 0.77 to 0.92 were constructed for each porosity (Figure 7) and their permeability

was calculated. Then, the parameter K′φ was defined as follows to measure the permeability

without considering the effect of porosity.

K′φ =
Kr

[
φ3

(1−φ)2

]0.82
(28)

The calculated results are shown in Figure 19.424
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Figure 19: Relation between relative permeability coefficient Kr and particle sphericity S w.

As shown in Figure 19, under constant porosity and other factors, the sphericity increases425

with increase in the permeability. With the change in sphericity, the rate of change in perme-426

ability can reach 20%. Therefore, the effect of sphericity on the permeability is obvious and427

cannot be ignored. Here, the relationship between permeability and sphericity, which reflects428

the particle shape characteristics, is directly studied without introducing tortuosity. As shown429

in Figure 19, it is found through linear regression without intercept that there is a good linear430

correlation between permeability and sphericity. Therefore, the sphericity S w can be directly431

multiplied with the modified KC formula as a parameter.432

In addition to analyzing the porous medium generated by the CA random growth model433

described above, porous media generated by cubes and diamonds are constructed (as shown434

in Figure 20) and their permeability is calculated. The Wadell sphericity of cube is 0.806 and435

that of diamond is 0.846. As shown in Figure 19, the permeability of cubes and diamond is436

approximately 15% lower than that of near-ellipsoidal particles of same sphericity generated437

by the CA method. Therefore, it can be concluded that when compared with near-ellipsoidal438

particles with smoother surfaces, the permeability of particles with more obvious edges, such439

as cubes and diamonds, are smaller. It also shows that sphericity does not fully represent the440

geometric characteristics of the particles, and the surface characteristics of the particles should441

also be considered.442

The applicability of the KC formula to particles of different shapes was studied in this re-443

search. The surface of the porous medium should be extracted by the Digital Image Processing444
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(a) (b)

Figure 20: Seepage channel diagrams of two typical porous media with particle sizes of (a) 10 lu and (b) 35 lu.

(DIP) method to obtain the specific surface area. Several surface recognition algorithms are445

available in literature, such as voxel counting (Lindquist et al., 1996), two-point correlation446

functions (Song et al., 2001), adaptive distance gradient filtering (Flin et al., 2005), and march-447

ing cubes (MC) (Culligan et al., 2006; McClure et al., 2007). The MC algorithm was employed448

in this research, as it is more precise (Porter et al., 2010). The result of surface extraction by449

MC is shown in Figure 21. The specific surface area (S ) can be calculated from the result.450

The relationship between permeability and 1/S 2 is shown in Figure 22. It can be seen that451

the permeability is linearly correlated with 1/S 2 (R2 = 0.6617), indicating that the classical KC452

formula (Eq.1) is also applicable to particles of different shapes. Compared with Figure 19,453

it can be seen that the degree of fitting of S w is better than that of 1/S 2. This is because the454

specific surface area in the traditional KC formula does not contain information about tortuosity,455

whereas sphericity contains information about tortuosity. As mentioned earlier, sphericity alone456

does not fully represent the morphological characteristics of the particles. When the sphericity457

is the same and the roundness is different, the permeability no longer shows a good fit. At this458

point, the advantages of the classical KC formula appear. It can be seen from the Figure that the459

specific surface area contains both shape and surface characteristics, and cubic and diamond fit460

the relationship between permeability and 1/S 2.461
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Figure 21: Result of surface extraction by MC.
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Figure 22: Relationship between permeability and 1/S 2 with different particle shapes.
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3.3. Effect of particle surface on permeability462

The fluctuation of the particle surface can be characterized by roundness or roughness. Uni-463

variate analysis was used to analyze the effect of the particle surface on the permeability. As464

before, parameters other than the surface characteristic parameters of the particles were kept465

constant. The porosity of the porous medium was fixed at 0.6 and 0.45, and spherical particles466

of equal diameter were used. According to the method described in Section §2.1.1, the spheri-467

cal harmonic function was used to construct particles with different roundness (or roughness).468

It was proved that there is a strict linear negative correlation between roughness and roundness469

of particles, that is, roundness and roughness are equivalent parameters. The Cox roundness470

Rc (Cox, 1927) is used to represent the surface characteristics of the particles in the follow-471

ing discussion. Eight porous media with different roundness ranging from 0.43 to 0.99 were472

constructed with each value of porosity (Figure 7) and their permeability was calculated. The473

calculation results are shown in Figure 23.474

As shown in Figure 23, when the porosity and other factors are kept constant, the permeabil-475

ity increases with increase in the roundness of the particle. With the change in roundness, the476

rate of change of permeability can reach 60%. Therefore, the effect of roundness on permeabil-477

ity is even more obvious than that of sphericity and cannot be ignored. Here, the relationship478

between permeability and roundness, which reflects the particle surface characteristics, is di-479

rectly studied. As shown in Figure 23, it is found through linear regression without intercept480

that there is a good linear correlation between permeability coefficient and roundness when481

Rc > 0.65. Therefore, the roundness Rc can be directly multiplied with the modified KC for-482

mula as a parameter when the roundness is greater than 0.65.483

Figure 24 shows the local pore structure and local flow field in the intermediate longitudinal484

section of a porous medium with particle roundness equal to 0.7742. It can be seen from the485

pore structure diagram that the particles with roundness equal to 0.7742 are very rough and have486

many edges. From the local flow velocity contour, it can be seen that the velocity of pores on the487

rough surface is close to zero. That is, although these pores exist, their contribution to fluid flow488

is zero. Because of the existence of these ineffective pores on the surfaces of the particles, the489

effective pores used for fluid flow in the case of rough particles are smaller than the actual pores.490

The rougher the particle, the smaller is the effective porosity, resulting in smaller permeability.491
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Figure 23: Relation between Kr and particle roundness Rc.

(a) (b)

Figure 24: (a) Local pore structure and (b) local velocity contour in the intermediate longitudinal section of porous

medium comprising rough particles.
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Figure 25: Relationship between permeability and 1/S 2 for medium with different particle surfaces.

This research examines whether the KC formula is applicable to particles with different492

surface characteristics. The MC method is used to obtain the specific surface area and the493

relationship between the permeability and 1/S 2 is shown in Figure 25. It can be seen that the494

permeability is linearly correlated with the specific surface area, and a better degree of fitting495

than that with Rc is observed (R2 = 0.9517). However, there is an intercept in the linear496

relationship, which indicates that the application of the traditional KC formula is also limited497

for particles of different roughness. The reason for this is also shown in Figure 24: the effective498

surface area and effective porosity change at the same time as the change in roughness. Because499

the intercept is not as roundness which is a dimensionless quantity only related to the surface500

of the particle, it will change with the particle size distribution. At this point, using the Cox501

roundness (Rc) to characterize the surface is advantageous because the threshold roundness is a502

definite value (Rc > 0.65).503

3.4. Effect of particle size distribution on permeability504

The particle size distribution can be characterized by the gradation parameters. There are505

three main gradation parameters. The first is the span of the particle size, that is, the ratio of506

maximum particle size to the effective particle size, which can expressed as follows.507

Cr = d100/d10 (29)
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The second is the coefficient of non-uniformity, which reflects the distribution of particle groups508

of different sizes. It is defined as509

Cu = d60/d10. (30)

The last is the coefficient of curvature, which is an index that describes the overall shape of the510

gradation curve. It is defined as511

Cc =
d2

30

d60d10
. (31)

Among these, coefficient of non-uniformity and coefficient of curvature are the most important512

characteristic gradation parameters. Many experimental studies have been performed on the513

influence of these two parameters on the permeability. Different studies have reported different514

effects, including contradicting conclusions (Su et al., 2014; Kong et al., 2011). This is mainly515

due to the difficulty in controlling various parameters in the experiment. If the soil is well516

graded, it will inevitably have smaller porosity, which makes it difficult to completely separate517

these parameters from each other in the experiment. Numerical simulation can solve this prob-518

lem well. In this paper, the influence of Cu and Cc on the permeability coefficient was studied519

by LBM numerical simulation.520

By using the method presented in Section §2.1, different sizes of spherical particles were521

used to construct porous media with different gradations. In the process of construction, the522

mean particle size (da = 13.37 lu) and porosity (n = 0.6) were kept constant. The generation523

method of porous media with soil of different gradations is described below. First, the maximum524

particle size d100 is roughly determined according to the number of particles and porosity. Then,525

d10 is determined by (29) using a given Cr (the span of the particle size Cr is fixed at 10 here).526

Then, d60 is calculated according to (30) using a given Cu, whereas d30 is calculated according to527

(31) using a given Cc. After the above control particle sizes are obtained, the particle size within528

these control particle sizes is generated randomly by following a uniform distribution. After all529

particle sizes are determined, the corresponding spherical particles and the porous medium are530

generated according to the method outlined in Section §2.1. After the first generation, the actual531
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Figure 26: Gradation curves for different calculation cases.

porosity is calculated based on the total volume of the particles. Based on the ratio of the actual532

porosity, the particle sizes are magnified or reduced to obtain the final porous medium.533

To examine the effect of Cu and Cc on the permeability, fourteen porous media with different534

gradation parameters were constructed for each porosity (0.45 and 0.6; Figure 7), and their535

permeability was calculated. The gradation curves for the fourteen porous media are shown in536

Figure 26.537

The relationship between the relative permeability coefficient and the gradation parameters538

is shown in Figure 27. As shown in the figure, with change in the gradation parameters, the rate539

of permeability change can reach 120%. Therefore, the effect of particle size distribution on per-540

meability is more obvious than that of particle shape and particle surface characteristics. Figure541

27(a) shows that under the same porosity, mean particle size, and other factors, the permeability542

coefficient increases obviously with increase in the coefficient of non-uniformity. It can be seen543

from Figure 27(b) that with increase in the coefficient of curvature, the permeability coefficient544

also increases, but it is not as obvious as the increase in the coefficient of non-uniformity. This545

implies that the permeability coefficient is more sensitive to the coefficient of non-uniformity.546

In this study, the volume and surface area of each particle was calculated and the exact value547

of the specific surface area of each porous medium was obtained. The relationship between548

relative permeability and specific surface area is shown in Figure 28. It can be seen from the549

figure that the permeability coefficient has a good positive correlation with 1/S 2. This also550

shows that the KC formula is still fully applicable for particles of different sizes, regardless of551

the change in gradation.552
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Figure 27: Relation between relative permeability coefficient and gradation parameters (φ = 0.6). (a) coefficient

of non-uniformity and (b) coefficient of curvature.

1 0 1 5 2 0 2 5 3 0 3 5
1 . 5

2 . 0

2 . 5

3 . 0

3 . 5

4 . 0

L i n e a r  r e g r e s s i o n
w i t h o u t  i n t e r c e p t

R 2 = 0 . 7 6 0 5

s l o p e = 0 . 0 8 9 0
i n t e r c e p t = 0 . 9 9 6 1
L i n e a r  r e g r e s s i o n
w i t h  i n t e r c e p t

R 2 = 0 . 9 7 4 3

φ= 0 . 4 5
φ= 0 . 6

 

 

Kφ
'

1 / S 2

Figure 28: Relation between relative permeability and specific surface area.
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In engineering practice, the specific surface area is a parameter that is not easy to determine.553

It can be seen from previous studies that the specific surface area is proportional to the square554

of the particle size when the particle sizes are equal. Therefore, in the case of a medium with555

unequal particle sizes, it is necessary to find a particle size that can best represent the particle556

size of the system, which can then be used to replace the specific surface area S in the KC557

formula. It can be seen from the gradation curve that the variation in d10 is very small. Here, we558

focus on the correlation between the permeability coefficient and d30 as well as d60. As shown in559

Figure 29, the corresponding coefficients of determination are 0.7163 and 0.4114 respectively.560

In engineering practice, the degree of fit of d30 is acceptable. Therefore, d30 is suggested as the561

representative particle size of the particle system. In engineering practice, if the porosity and562

the control particle size of soil are simply measured, it is suggested that the following prediction563

formula for the permeability coefficient should be adopted.564

K = C2

[
φ3

(1 − φ)2

]0.82

d2
30, (32)

where C2 is an empirical constant that needs to be determined by experimental studies. Al-565

though (32) is not exactly accurate, it has a certain degree of goodness of fit, which can meet566

the requirement of an engineering application. It is also consistent with the formula obtained567

through experiments (Zhu, 2010; Su et al., 2014).568
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Figure 29: Relation between relative permeability coefficient Kr and control particle sizes. (a) d2
30 and (b) d2

60.
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10.

Is there a more accurate prediction formula that considers the gradation parameters? In569

this study, various combinations of gradation parameters and control particle sizes were tested,570

and the correlation between them and the permeability coefficient was investigated. Finally, it571

was found that the best linear correlation occurred between the combination (Cu + Cc)d2
10 and572

the permeability coefficient. As shown in Figure 30, the coefficient of determination of linear573

regression without intercept reaches 0.8883. Therefore, the combination (Cu + Cc)d2
10 can be574

directly multiplied with the KC formula.575

Based on the above conclusion, a modified KC formula considering all the geometrical576

factors of particles is finally presented.577

K = C · S w · Rc

[
φ3

(1 − φ)2

]0.82

(Cu + Cc)d
2
10 when Rc > 0.65, (33)

where C is a constant related to the temperature and viscosity of water. It is noted that (33) does578

not include the specific surface area and tortuosity, which are not easily measured in engineering579

practice. Instead, the Wadell sphericity S w, Cox roundness Rc, coefficient of non-uniformity Cu,580

coefficient of curvature Cc, and the effect particle size d10 are used, all of which can be easily581

obtained in engineering practice.582

3.5. multivariate analysis583

Multivariate analysis based on real sand particles was used to verify the formula 33. Firstly,584

some particles of river sand were selected and their 3-D microcosmic images were obtained585
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Figure 31: 3D µCT images of scanning specimen and six typical particles.

by µCT (Figure 31). The morphological characteristics (Wadell sphericity and Cox roundness)586

of each particle were calculated. Then, porous media with simultaneous changes in multiple587

factors were generated by the algorithm described in section §2. The patterns of the porous588

media constructed by the real particles were close to those of a real porous medium (Figure 32).589

The relative permeability Kr is calculated according to (33) for all the above-mentioned590

numerical simulations (at this time, the constant C should be a relative value Cre, which is591

obtained by linear fitting Cre=0.0139). As shown in Figure 33, regardless of whether univariate592

or multivariate analysis is adopted, the calculated value of (33) is consistent with the numerical593

simulation value, and the degree of fitting of the 45◦ diagonal is 0.9704, which proves that the594

modified KC formula can accurately predict the permeability.595

4. Conclusion596

In this study, particles of different shapes were constructed by the CA random growth model,597

and particles with different surface characteristics were constructed by the spherical harmonic598

function. Then, porous media with different porosities, different particle sizes, different shapes,599

different surface features, and different particle size distributions were generated on the basis600

of the constructed particles. All aspects of the geometric characteristics of real soil were con-601

sidered. Three-dimensional LBM was used to simulate the seepage flow in porous media at the602

pore scale. A large number of numerical simulations were performed under different conditions.603

The key activities and conclusions of this study were as follows.604
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Figure 32: Porous media constructed by real particles (particle B of Figure 31, Cu=4, Cc=1).
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1. The effects of all aspects of the geometric characteristics on the permeability were studied605

in this paper. It was proven that in addition to the influence of porosity and particle size606

on the permeability, the influence of particle shape and surface characteristics on the607

permeability are obvious and cannot be ignored. The sensitivity of various factors to the608

permeability coefficient in the order of large to small is as follows: porosity>particle size609

distribution>particle surface>particle shape.610

2. Based on the conclusion arrived for each factor, a modified KC formula considering all611

the geometrical factors was finally provided in (33). The accuracy of the formula was612

verified. Equation (33) does not include the specific surface area and tortuosity because613

they are not easily measurable. All the parameters in the modified formula can be easily614

obtained in engineering practice.615

3. Two simple formulae that can be applied to engineering practice were presented. Equation616

(27) can be used to predict the permeability when the change in the particle sizes of the617

porous medium is small. When the change in the particle size is relatively large, d30 can618

be used as the representative diameter of the particle system, and the permeability can be619

predicted by (32). It can be used to arrive at an approximate estimation of the permeability620

coefficient when using less known parameters in engineering.621

4. The following useful conclusions were obtained from the analysis of the seepage flow622

field at the pore scale. The velocity of some seepage channels in the seepage network623

is obviously greater than that in other channels, so there is seepage main channel phe-624

nomenon in seepage network. Rough particles, have ineffective pores on the surface. The625

rougher the particle, the smaller is the effective porosity, resulting in smaller permeability.626

5. The applicability of the classical KC formula (1) was studied for the case when the ge-627

ometric characteristics of particles are changed. It was proven that the KC formula is628

applicable to multi-dispersed spherical particles and non-spherical particles whose sur-629

faces are not very rough. There is limitation of applications for rough surface particles,630

but the scope of application is not as definite as the modified KC formula (33).631

Because all conclusions in this paper are based on LBM numerical simulations, the laws632

obtained from the analyses are dimensionless. It was determined that C is a constant in the633

formula, but the specific value has not been provided. This will be investigated in future exper-634

imental studies.635
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Highlights

• CA random growth model is used to construct particles with different shapes and spherical

harmonic function is used to construct particles with different surface characteristics.

• All aspects of the geometric characteristics of soil are considered and their influence law

on permeability is given.

• A modified formula of KC formula considering all geometrical factors is given which is

more accurate and parameters in it are easy to be obtained in engineering
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