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Abstract

Since its inception, quantum information processing (QIP) has been branched into
many new directions. As well as well-known applications such as teleportation and
metrology, researchers are beginning to investigate interdisciplinary areas such as
quantum machine learning. One of the interesting areas is where quantum infor-
mation science meets stochastic modelling, from the field of complexity science. Re-
cently, it has been shown theoretically that, for simulating classical systems, quantum-
assisted models and simulators are more efficient in terms of memory storage they re-
quire to do simulations, compared with classical computers. That is, for most systems,
classical simulators demand an excessive amount of memory storage, while quantum
simulators can do the same simulation with less memory.

The main focus of this thesis is on experimental realisation of quantum simulators
that are capable of simulating stochastic processes with a reduced amount of memory.
To implement the (nearly) exact simulation of stochastic processes using quantum sim-
ulators, it is essential to have low-noise state preparation, robust unitary operations,
and high-precision read-out. These requirements, and the flexibility and precision of
photonic quantum optics, make photonics the ideal system for developing the science
of this new quantum advantage and for making strides towards its technological real-
isation.

In the context of stochastic simulation, I have experimentally studied three key
problems that serve as stepping stones in advancing this new field. In the first ex-
periment, an error-tolerant quantum simulator was designed, and realised to simu-
late a 1D Ising spin chain, using internal states that store less information than the
corresponding classical approach. Furthermore, an interesting and fundamental phe-
nomenon named the ambiguity of simplicity is witnessed. This is the inconsistency that
we observe in the order of relative complexity of two systems when we change the
simulators from classical to quantum. In the second experiment, a quantum simulator
was built that can simulate classical processes for more than one step of the simula-
tion at a time, storing the information from multiple steps coherently. In the third
experiment, a new type of quantum memory advantage, which is based on the di-
mensionality of the memory register, rather than on information entropy measure, is
demonstrated. This advantage is realisable in a single simulator, in contrast to previ-
ous works. Realising the dimensionality memory advantage in practical applications
does not rely on running multiple simulators in parallel.
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In the field of optical QIP, realising an ideal single-photon source has been a long-
standing challenge. In another part of my PhD, I have worked on a source that aims to
tackle some of the existing issues in this context. We built a source of high-quality en-
tangled photons with a high heralding efficiency, which has the potential to be used in
multi-photon experiments. This source was also essential to demonstrate a fundamen-
tal task in quantum non-locality, one-way steering, which was performed conclusively
for the first time.
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Chapter 1

Introduction

In a world with limited memory,
we simply cannot distinguish
between π and a terribly close
neighbour.

Rolf Landauer

Quantum information processing has attracted immense attention during the last
three decades. Historically, the basic idea of quantum computing was highlighted by
Feynman who doubted classical computers’ capability to simulate a physical world
that is governed by the laws of quantum mechanics (1, 2). He pointed out that there
was no classical simulator that could repeat the results from some specific experi-
ments, such as the Einstein-Podolsky-Rosen paradox (3). Since then, there has been
an enormous effort to theoretically and experimentally develop a universal quantum
computer that can solve problems, which are not easily solvable by classical computa-
tion. Moreover, the transistors that make up conventional computers are progressively
shrinking in size such that they can show the effects of quantum mechanics. There-
fore, if we have to deal with quantum effects, it is sensible to use them for a beneficial
purpose and invest into a computer that can operate in the quantum regime (4).

However, quantum information processing (QIP) is not just about the originally
conceived notion of simulating quantum systems. After Feynman, Deutsch developed
theoretical foundations of a programmable computer that can simulate any physical
process—a universal quantum computer (5). That general recipe led to some interest-
ing and potentially useful quantum algorithms with a significant advantage over their
classical counterparts. The most well-known are Shor’s algorithm (6) and Grover’s
search algorithm (7). The former work provided an algorithm with which factoring
the product of prime numbers can be performed in polynomial time, compared to the
exponential cost of known classical algorithms (6). Grover’s algorithm, for finding an
element in an unsorted database of elements, offered a reduction of required opera-
tions by a square root (7). Today, there are many areas of research and technology that
are inspired to use the powerful tools of QIP. Some of the most important ones are
quantum communication (8, 9), quantum cryptography (10, 11), quantum metrology
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Chapter 1. Introduction

and sensing (12, 13), quantum annealing (14), quantum machine learning (15), linear
systems (16), and so forth. Recently, a quantum advantage was found in the context
of simulating classical stochastic processes (17), where a memory advantage in simu-
lation is offered, rather than a computational speedup. This is the topic that I will pick
up in the next section and throughout this thesis.

Along with pioneering research to expand the theory of QIP, quantum hardware
was essential to build a quantum computer. The majority of efforts have been fo-
cused on implementing and manipulating the basic unit of quantum information, a
qubit (18). To date, several technologies have been used to make quantum systems,
such as photons (19–21), trapped ions (22–25), cold atoms (26, 27), superconducting
circuits (28, 29), liquid and solid-state nuclear magnetic resonance (NMR) (30), and
quantum dots (31, 32).

Among the mentioned platforms, single photons have some special features. They
are fairly easy to produce and manipulate and, at the same time, they are very ro-
bust to noise. However, one of the biggest drawbacks of working with photons is
that they do not directly interact with one another. Nonetheless, some promising
proposals are expected to overcome this issue. For instance, there are proposals to
perform measurement-based quantum computing (33) where fixed-depth quantum
cluster states are constructed probabilistically and efficiently (34, 35). Another unique
feature of photons is that they propagate fast, positioning them as the ultimate candi-
date for quantum communication, able to exploit existing networks of optical fibres.
These features of single photons are why they are widely used to test both the funda-
mental aspects of quantum mechanics (36) and implement QIP protocols (37).

The experiments in this thesis explore the realisation of quantum complexity ad-
vantages (e.g. for memory in classical stochastic simulation) using photons as the
quantum information carriers. Bulk optics is employed to implement optical QIP tools
and techniques. We achieve a quantum complexity advantage by experimentally real-
ising simulators that require less memory storage compared to the best classical sim-
ulators.

In our photonic implementation, some of the photons are lost because of imperfect
optical devices and also the probabilistic nature of our implementations. In a practical
implementation, one might argue that the lost photons are lost resources which should
be considered when we discuss the memory advantage. In our experimental demon-
stration, we do not consider the lost resources for two reasons. First of all, in principle,
there is no fundamental reason why we would be limited to photonic systems or to
probabilistic gates. Second, our experiments are proof-of-principle implementations
which show that the quantum memory advantage exists in principle. However, for
final implementations, the total resources used could be carefully accounted for, in a
similar way to observing an advantage in quantum metrology (38).

2



Chapter 1. Introduction

After introducing principles behind the quantum advantage in Chapter 1, in Chap-
ters 2 and 3, I will present two experiments in the context of simulating classical
stochastic processes. In Chapter 4, I will report a new single-photon source and a
fundamental test on quantum steering. In Chapter 5, I will use the source to imple-
ment another quantum simulator with a memory advantage. Chapter 6 is designated
to final remarks and the conclusion. I start with a background on simulating stochastic
processes and its relationship to QIP.

1.1 Theoretical background for stochastic simulation

1.1.1 System, model, and simulator

To understand nature, we observe it over and over. That is how we form an ex-
planation, a theory, based on the repeated pattern of the studied case. A success-
ful theory is one that can predict the future of the studied system reliably, matching
what happens in the real case. In principle, in the realm of classical physics, most
systems can be deterministically predicted, as long as we have enough knowledge
about them. For instance, using Newton’s laws, we can predict the ideal behaviour—
velocity and position—of a massive object, starting with knowledge of its current po-
sition and velocity. Cases such as this admit a simple deterministic explanation. Here,
we are concerned with stochastic processes. These are processes that are (partially)
probabilistic—their deterministic explanation is so complex that we do not have ac-
cess to the internal variables and interactions required to describe them. For example,
to describe the behaviour of an object in the real world with friction, inhomogeneous
particles etc., many more variables, such as airflow, must also be considered. Because
we do not have detailed microscopic knowledge of the relevant variables, the system
may appear to behave probabilistically in some regimes. A fair coin is another in-
teresting example where, because of our lack of knowledge, it is almost impossible
to predict whether heads or tails will show when it lands. In this thesis, we study
stochastic processes.

To understand a complicated system, one approach is to ignore its complicated
internal interactions and treat the system as a black box, where only its output is ob-
served. Mathematical models and physical simulators are employed to replicate the
system’s behaviour. In a partially probabilistic system, there are some patterns that
happen over and over. Using these repeated patterns, one can predict the future of
the system based on the past observation. In this thesis, I will refer to a model as be-
ing the theoretical description of the system. Given an encoded form of the system’s
output information (or at least part of it), a mathematical model predicts the proba-
bility of all possible futures conditioned on this information. Moreover, I will refer
to a simulator as being the experimental realisation of the model. A simulator, which
implements the mathematical model, produces a sample that statistically matches the

3



Chapter 1. Introduction

observed data from the system in the black box. Accordingly, a faithful model (and
its corresponding simulator) is defined as one that can exactly replicate the actual sys-
tem’s statistics—the results from the system and simulator are samples from the same
probability distribution (see Figure 1.1).1

Given a system, there might be many models and their corresponding simula-
tors that can replicate it faithfully. An obvious question is: which one of these is
favoured? Practically, we prefer a model whose corresponding simulator requires the
least amount of memory storage. That is, at a given time step of the simulation, we
want to have to store as little of the previously generated information as possible, in
order to generate the next internal state and output of the simulator. In other words,
we want to store as little as possible of the past to generate the future of the process’
statistics (39–43).

Why are we looking for models with minimum memory requirements? First, be-
cause memory is a limited resource. This limitation is more noticeable when we are
dealing with complex systems, where even the best models require a huge amount of
memory for simulation, to the extent that the required memory is not even available.
From a fundamental point of view, we can argue that the optimal model isolates the
relevant information better. In a brute-force approach, all possible past observations
are memorised so as to not miss any information that might be relevant to the future
prediction. However, a more efficient model has a better understanding of the system,
which leads to cutting some of the irrelevant information that does not affect future
prediction; therefore, this model needs less information from the past. This sentiment
is also echoed in the principle of Occam’s Razor (44), and Newton’s rules of reason-
ing: “We are to admit no more causes of natural things, than such as are both true and
sufficient to explain their appearances.” (45).

In this thesis, the studied systems are examples of stochastic processes, and will
be introduced in each relevant chapter. Following the existing terminology in Refer-
ence (17), I use the words ‘model’ and ‘simulator’ interchangeably, because simulator
conveys the physical implementation of the model.

1.1.2 Computational mechanics

The ideas of defining a meaningful measure of memory requirements and finding the
minimum memory for simulating a process were first introduced in the context of
complexity science. This field of research, which is called computational mechanics (39,

1It should be noted that the definition of faithful simulators only considers the ideal case. However,
imperfections exist in the real world. Even the best simulators (classical or quantum) are vulnerable
to error, which means that they approximately implement the desired model of the stochastic process,
and therefore approximately simulate the system. In the following chapters, we discuss some of these
imperfections in more depth.
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System 1000110111000...

Model input

a

b

observation

Simulatorinput 1010110101100...

c

Physical state Physical implementation
 of P

sample

1

2
P(output|input)

FIGURE 1.1: System, model, and simulator. a. We can consider a complicated system
as a black box, ignoring its internal variables and interactions. The system produces
some data that we observe. b. An abstract mathematical model defines a conditional
probability, which gives the probability of all possible outputs, conditioned on each
possible input. An input is what we refer to as a past—it is an encoding of the whole
or part of what has been observed in the past. An output is what we refer to as the
future of a system. It can be one of the possible configurations (data sets) that the
system generates, and we wish to predict its probability. c. A physical simulator,
which implements the mathematical model, encodes the input into a physical state
( 1©). Then, by physically implementing the conditional probability, it samples a set of
data. For a faithful simulator of the system, the sample and the observation are sta-
tistically indistinguishable ( 2©). The model and simulator convey the same concept,
where simulator emphasises the physical realisation.
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41, 46, 47), quantitatively defined statistical complexity as the minimum required mem-
ory for modelling a process. In Subsection 1.1.4, we will see that the statistical com-
plexity also quantifies structure in a stochastic process; the more complex the process
is, the more memory of the past is needed to simulate it. The ideas of computational
mechanics have been adopted in a variety of fields, such as statistical physics (48), self-
organising processes in which systems become more highly organised over time (49),
hidden Markov models (50), stochastic resonance (51), chaotic dynamics (41), anomaly
detection in complex dynamical systems (52), neural spike trains (53), input-output
processes (54), and thermodynamics (55, 56).

Computational mechanics has been a successful theory in the realm of classical in-
formation science. That is the field in which, in order to model a stochastic process,
the memory and the processor are both classical. However, even the optimal classi-
cal models are wasteful—the optimal models require storing more information from
the past than they actually use. Gu et al. (17) showed that for modelling classical
stochastic processes, there are more efficient models if we use quantum information
carriers and processors. The term ‘efficient’ relates to the amount of information being
stored, not to the simulation time. It is worth mentioning again that, besides storing
less memory from the past, memory-efficient models might help us to understand the
workings of complicated stochastic processes, because they tend to isolate the relevant
information more effectively.

Quantum computational mechanics and its applications have been developing
very rapidly. Theoretically, it has been applied to Markovian Ising systems (57), real-
valued stochastic processes (58), systems with long-range interactions (59), relative
complexity of processes (59), rare-event sampling (60), input–output processes (61),
and continuous-time stochastic processes (62). Moreover, it has been used to investi-
gate fundamental questions about quantum interpretations (63) and causal asymme-
try in predictive modelling (64). Besides applications of quantum models, develop-
ing more efficient models with less memory requirements has been a central research
line (65–67). I will give a more detailed review of the relevant literature in Subsec-
tion 1.1.10. A major advance in this field has been the experimental implementation
of quantum-enhanced simulators of stochastic processes, demonstrating the statisti-
cal complexity advantage and driving innovation in the field. In 2017, Palsson et
al. (68) realised the first quantum simulator that simulated a stochastic process with
less memory compared to the optimal classical simulator. In this thesis, I report three
experiments that advance the task of stochastic simulation with quantum processors
in several important new directions. Before delving into each project individually, I
will provide a mathematical background that is useful for understanding all projects.

6



Chapter 1. Introduction

1.1.3 Markov machines

In this subsection, I introduce the basic tools that are needed to understand the pre-
dictive modelling of stochastic processes. Most concepts are borrowed from classical
computational mechanics, where they were initially defined (42, 46). Some of the no-
tation, definitions, structure, and concepts in this subsection and subsequent ones (to
1.1.9) are heavily based on an unpublished review paper written by my collaborator
Mile Gu and his colleagues (private communication).

A random variable is denoted by X, with x as one of its possible configurations
from the domain X . The probability of X taking x is px := P(X = x)2. The Shannon
entropy (69) of this variable is given by

H(X) = −∑
x

px log px, (1.1)

with all logarithms in this thesis are taken to base 2. This entropy captures the infor-
matic uncertainty embedded in the random variable.

However, information is not only an isolated abstract concept; it is attached to a
physical realisation. It can be a spin in a magnetic field, or a hole in a card (70–73).
Analogously, a random variable X is tied to a physical system Ξ. There is a one-to-one
map from the domain X to Ξ’s configuration space, Ω, with the probability pi = px

of si being the physical state representing x. Accordingly, the entropy of Ξ , H(Ξ), is
equal to the entropy of random variable X. If Ξ is a quantum system, its entropy is
determined by the von Neumann entropy (18):

H(Ξ) = −Tr(ρ log ρ), (1.2)

where ρ = ∑i pi|si〉〈si| is the density operator of physical system Ξ. If {|si〉} are mu-
tually orthogonal states, H(Ξ) reduces to the Shannon entropy, H(X).

A discrete stochastic process is a dynamical system with a state sampled at discrete
times t ∈ Z, with an outcome xt ∈ X at time t governed by the random variable
Xt. The behaviour of the system is characterised by a joint probability distribution,
P = P(←−Xk,−→Xk), where←−Xk = ..., Xk−1, Xk and −→Xk = Xk+1, Xk+2, ... denote the random
variables that respectively govern the statistics of past and future observations with
respect to the time t = k, which is the present time. The systems that we study in
this thesis are stationary: P(X0:k) = P(Xt:t+k) for any t and k ∈ Z, where P(X0:k) =

P(X0, X1, ..., Xk). This implies that the system’s behaviour is time invariant, and we are
free to pick the present time, t. We choose t = 0 to be the present time and we write
P(←−X ,−→X ) instead of P(←−Xk,−→Xk).3 A simple example of a stationary process, known as
the perturbed coin, is one where at each time step, the probability of a coin flipping

2P(x) and p(x) denote the probability of x.
3Computational mechanics may also study non-stationary processes (49, 74).
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from tails (binary 0) to heads (binary 1) is given by p, flipping from heads to tails by q,
staying in heads by 1− p, and staying in tails by 1− q.

For each past configuration of a random process, denoted by ←−x , the future be-
haviour of the system is governed by P(−→X |←−X = ←−x ). A faithful model replicates the
system’s future behaviour using the information from the past—that is, it samples a
future configuration, −→x , from P(−→X = −→x |←−X = ←−x ). Let us assume our model uses
the brute-force approach. That means the model requires the simulator to memorise
all information contained in←−x . Therefore, to model a process P , the physical system
Ξ with a one-to-one mapping from its configuration space Ω to all possible past con-
figurations is required. This is usually inefficient. Consider a simple system such as
a perturbed coin with p = q = 0.5. For memorising the evolution of the coin after
N steps, a system with |Ω| = 2N is needed (|...| counts the number of elements a set
contains). However, in practice, because the coin is random, observation of the past
does not carry any information about the future.

What are other, more efficient, models? Computational mechanics answers this
question in a systematic way. To do so, the first objective is to quantify the memory
requirements for modelling. Computational mechanics approaches this issue by intro-
ducing the broadest model, called the Markov representation (42). The corresponding
physical realisation of this model is known as a Markov machine (75). In this approach,
the relevant information about ←−x is encoded in an internal state of a physical system
Ξ, such that systematic actions on Ξ replicate the system’s future with correct statis-
tics P(−→X |←−X = ←−x ). The amount of information that Ξ carries represents the required
information to predict the system’s future.

A general Markov machine is represented by the pairM = (Ω, M). As previously
stated, Ω is the configuration space of the physical system Ξ, and M is the physical
process acting on Ξ and an ancillary system A. The physical process is defined by
probabilities {Tx

ij}, where Tx
ij is the probability that the internal state will transfer from

si to sj, while writing x on the ancilla system. It is the ancilla that will be read out to
give x. A representationM is called a faithful representation of process P if applying
M on Ξ for infinite time generates the stochastic process P . Note that the ancilla
system always starts, at the beginning of each time step, in a fixed state, e.g. x = 0;
therefore, it is memoryless—H(A) = 0 (42). Figure 1.2 provides a conceptual diagram
of the Markov machine.

Since a Markov machine represents a stationary process, its dynamics are also in-
variant under time translation. If we consider the machine as a channel from past to
future, the physical state of Ξ is the only thing that carries information in this chan-
nel. Analogous to the process itself, at each time step t, the state of Ξ is governed
by the random variable St, where the sequence (

←−S ,
−→S ) is a Markov chain; the vari-

able St only depends on St−1. This motivates us to define the stationary state of Ξ,
which is the average state of the system after an infinitely long time. For example, for
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FIGURE 1.2: Markov machine. The observation about the past is encoded in the rel-
evant state of Ξ (here, si) at present time t0, where from the ancilla tape, the ancilla
used is shown by bold red rectangles, carrying no information. To carry on the sim-
ulation, the physical process, M, acts on both Ξ and the ancilla. Accordingly, in the
next time step t1, the internal state of Ξ transits to sj and x1 is written on the ancilla
with probability Tx1

ij ( 1©). The transition to sj is one of the possible options, where
transition to sk ( 2©), with the relevant probability, is another one. To continue the
simulation beyond t1, this procedure is repeated, using a fresh ancilla at each time
step.
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a quantum system the stationary mixture is given by ρ = ∑
i

pi |si〉 〈si|, where pi is the

stationary probability of each state |si〉. The classical stationary state is defined in the
same way, except the set {si} is an orthogonal basis.4

We now have enough tools to quantify the amount of information that a Markov
machine needs to faithfully replicate a system’s behaviour. The amount of resources
that are required to store the internal state of Ξ quantifies the required memory of the
machine. There are different measures, of which information entropy is the most pop-
ular. The presentation statistical complexity5 of a modelM is the information entropy of
Ξ (42). If the machine is classical, then it is given by

C(M) = −∑ pi log pi, (1.3)

where pi is the stationary probability that Ξ is in the state si.
In the limit of a very large number (N) of parallel classical simulations, the number

of required bits to run them is given by NC(M), which means the average required
memory for each of the machines, in the independent and identically distributed
(i.i.d.) limit, is C(M). Another measure that we use is the information capacity of
a d-dimensional system, log(d), which provides the upper bound for information
entropy: C(M) < log(Dim(Ξ)), where Dim(Ξ) refers to the dimension of Ξ (41).
In computational mechanics, Shannon entropy is the one used to compare different
representations—M is considered simpler thanM′ if and only if C(M) ≤ C(M′).

It is worth mentioning that, in this thesis, we only consider non-oracular models.
That means all information contained in Ξ exclusively comes from the past observa-
tions,←−x . In other words, these models use information only from the past to sample
the system’s future. Such models are also referred to as causal models (41, 46). 6

1.1.4 Statistical complexity

The minimum presentation statistical complexity between all faithful causal models
is simply called statistical complexity, i.e. Cµ = minM C(M)7. Statistical complexity,
therefore, captures the minimum amount of required information to faithfully repli-
cate a system’s behaviour, conditioned on the assumption that Ξ does not have access
to information about the future not originating from the past. 8

4Computational mechanics may also study non-Markovian processes (59, 66).
5This terminology, presentation statistical complexity instead of representation statistical complexity,

is mostly historically motivated (42).
6This feature, exclusively using the past information, is guaranteed in synchronising representations. If

limk→∞ H(S0|X−k:0) = 0, the representation M is synchronising. It is proven that the simplest causal
model of P is always synchronising (64); therefore, the studied models here are limited to synchronising
ones.

7We use the subscript µ for historical reasons.
8Statistical complexity is also a good measure of structure, which identifies how much structure (or

pattern) exists in a stochastic process that can be used to replicate the system’s behaviour. There is
a difference between disorder and statistical complexity, although both of them are described by the
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1.1.5 ε-machine

The optimal classical model of a process P is defined as its simplest classical non-
oracular representation (42)—the model that uses the least amount of information ex-
clusively from the past to faithfully predict the future. This model is denoted by the
tupleM = ( f , Ω, M) with C(M) = Cµ, where f is an encoding function f :

←−X → Ω
such that P(−→X |←−X = ←−x ) = P(−→X |s←−x ). As defined, Cµ is the statistical complexity of
P . Generally, the tupleM = ( f , Ω, M) is known as a predictive model.9

As previously stated, optimality is all about using the least memory. For the op-
timal model, there should be a specific approach to how the model maps ←−x to Ω
states, in contrast to the brute-force approach for example, which maps each of the
past events to a distinct state. The optimal approach is to bundle relevant pasts into
an equivalence class, and then instead of memorising all of the past events, just store
equivalence classes which any given←−x belongs to. The equivalence relation, between
two past events, is defined by (41, 46)

←−x1 ∼ ←−x2 iff f (←−x1 ) = f (←−x2 ). (1.4)

Therefore, for the optimal model, elements of Ω are special, and they are called
causal states (41). That is, ifM = ( f , Ω, M) is the optimal classical model of P , then
the elements of Ω are causal states of P . Computational mechanics formalises this in
a smart way, such that there is no need to distinguish between two previous pasts (←−x1

and←−x2 ), if and only if they lead to the same future statistics. That is,

←−x1 ∼ ←−x2 iff P(−→X |←−X =←−x1 ) = P(−→X |←−X =←−x2 ). (1.5)

Then←−x1 and←−x2 are causally equivalent. With this causal equivalence relation, the past
configurations are classified into a set of causal states, S = {si}10 (41).

The optimal model for a process, which is called the ε-machine (41) for which
the elements of Ω are in a one-to-one correspondence with causal states of the pro-
cess. Given a stochastic process P , the ε-machine is identified by a predictive model
(ε, Ω, M), where Ω = {si} is the set of causal states of P . The encoding function, ε, is

information entropy. For example, a completely random coin is highly disordered, i.e. it has high entropy
but low complexity. This happens because there is no pattern that can be used to predict the future, no
matter how long we observe the previous variables.

9Because the models are synchronising, there exists the encoding function f . In other words, by know-
ing only←−x , one can dial Ξ into the state s←−x , and by repeated action of M on Ξ the statistically correct
future of the system is generated. The ordered tuple ( f , Ω, M) is known as a predictive model. The in-
formation entropy of Ξ is interpreted as the amount of information that the model demands exclusively
from the past to predict the future.
Each predictive model ( f , Ω, M) provides a benchmark for simulating the stochastic process P . That is,
we need a physical system Ξ. The physical system is initialised in f (←−x ), then a physical map M acts on
the initial state and an ancillary system A. As a result, the ancilla is transformed to x′ with probability
Tx1

f (←−x ) f (←−x1 )
= P(X1 = x1|

←−X = ←−x ) while the internal state of Ξ transits from f (←−x ) to f (←−x1 ), where
←−x1 =←−x x1.

10In our papers, the causal states may also be denoted by uppercase Si.
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defined such that ε(←−x ) = sk if and only if←−x ∈ sk. The physical process, M, is defined
by the transition probabilities Tx

jk and produces the correct statistics. That is, after the
past sequence←−x ∈ sj, in the next step of the simulation, the machine will emit x, and
transfer from past←−x to←−x x, such that←−x x ∈ sk. It is proven that the ε-machine is the
optimal and unique (up to relabelling causal states) causal model. Because it is the
optimal model, its presentation statistical complexity gives the statistical complexity
of the process P :

Cµ = H(S) = −∑ pi log pi, (1.6)

where S is the random variable that governs the internal states of Ξ, which are the
causal states. The probability of each causal state is given by pi = P(←−x ). Note that
Cµ is a property of the process P , capturing the minimum causal structure (from the
past) required for understanding the probabilistic future of the process.11

1.1.6 Excess entropy

ε-machines are the optimal classical models, but are they the ideal models? Do they
still waste any information? In fact, although they are classically optimal, most of the
time they are very wasteful. Recall the assumption about predictive models: they only
use the information observed in the past, not oracular information. The maximum
amount of information that can be extracted from the past to predict the future is the
mutual information between past and future, which is called the excess entropy (39, 78).
The excess entropy of the process P = P(←−X ,−→X ) is

E = I(←−X ;−→X ) = H(
←−X ) + H(

−→X )− H(
−→X ,←−X ), (1.7)

where I(←−X ;−→X ) is the mutual information between past and future. For the cases
where Cµ > E, even the optimal classical model is wasteful, and this is true for most
stochastic processes (79). The gap between E and Cµ is attributed to crypticity, ξ =

H(S0|
−→X )12.

11Although the ε-machine gives a systematic way to evaluate Cµ, other algorithms exist for finding
causal states and therefore estimating statistical complexity from the observed data. To do so, one starts
from the assumption that the process is simple (only needs one causal state), and then iteratively adds
new causal states as required by the model (47, 76, 77).

12The interpretation of crypticity is rather subtle. Crutchfield et al. (79) described crypticity as “the
difference between observed information (E) and a process’s stored information (Cµ)”. The question is:
why does a process store more information than can be observed? Non-zero crypticity implies that for
an ε-machine of P , which is initialised in the state s0 at t = 0, regardless of how long the output statistics
of the machine are observed, it is impossible to deduce what the initial causal state of the machine was.
The cryptic order, k, of a stochastic process is the number of steps into the past that the observer of the
ε-machine needs to look, in order to deduce its current causal state. A process with non-zero cryptic
order has non-zero crypticity, and vice versa. Therefore, the machine stores information that is more
than what is needed to predict the future, and so some of the information is wasted. The required infor-
mation for prediction is E, while Cµ is the required information for synchronised modelling. Different
interpretations of crypticity are discussed in References (80, 81).
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To sum up, even the optimal classical models, ε-machines, are wasteful. They use
excessive information about the past—more than is observable in the future statistics.
This also implies that some of the information is erased during the simulation, which
makes them thermodynamically irreversible (56, 82).

1.1.7 Quantum computational mechanics and quantum models

It was not until very recently that quantum information processing met computational
mechanics. The main motivation was to find predictive models that need less memory
from the past to faithfully predict a system’s behaviour. In 2012, Gu et al. theoretically
proved that for any ε-machine with Cµ > E, there exists a quantum model with en-
tropy Cq, where Cc > Cq ≥ E (17). Thus, quantum encodings provide a saving in
information storage for stochastic simulation.

Similar to classical computational mechanics, there exists a quantum counterpart
of predictive models. A quantum predictive model is defined by a tupleQ = ( f , Ω, M),
where f :

←−X → Ω is an encoding function that maps the past←−x to |s←−x 〉 = |si〉, one
of the discrete internal quantum states of the physical system, Ξ, from set Ω. M is a
quantum process. Q is the quantum model of the process P , where the action of M
on the initial state, f (←−x ), generates an output x with probability P(X1 = x|←−X = ←−x )

and transits the state f (←−x ) to f (←−x x). Note, in contrast to the classical definition, here
Ω is a set of quantum states, and M is a quantum process. One can infer that classi-
cal models are a special case of quantum models where all states in Ω are mutually
orthogonal.

The presentation complexity of a quantum model is given by the information en-
tropy of the physical system:

Cq(Q) = −Tr(ρ log ρ), (1.8)

where ρ = ∑
i

pi |Si〉 〈Si| is the stationary mixture state, and pi is the stationary proba-

bility of each state; pi = P(←−x ). The stationary state is the mixture of the pure states,
{|si〉}, which implies the average state of the memory system evolved for an infinitely
long time13. The operational meaning of the Cq(Q) is more or less the same as C(M):
in the case of an asymptotically large number N of parallel simulators (i.i.d. case), it
is possible to use Schumacher compression (83) to compress the required information
from the past into NCq(Q) qubits. This means the average memory usage of each
simulator is Cq(Q), which could be lower than the classical average C(M). Similarly,
for the dimensionality of the system, log (Dim(Ξ)) is an upper bound of Cq(Q).

The optimal quantum model, in analogy to the classical case, is called the quan-
tum ε-machine, Q = (εq, Ω,M), where Cq(Q′) ≥ Cq(Q) for all faithful quantum

13For classical models, the stationary state is defined in the same way; however, the internal states of
the memory are orthogonal.
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models Q′ of P . Moreover, the quantum statistical complexity is defined as Cq =

min(Cq(Q)), where {Q} is the set of faithful predictive models for P . It is obvious
that, because the quantum ε-machine is the optimal quantum predictive model, its
presentation statistical complexity is the quantum statistical complexity.

By analogy with the classical causal state si ∈ S , there exists a quantum causal state
for each classical one. Note that the number of causal states depends on the process,
not the predictive model. The quantum causal state is defined by (17):

|si〉 = ∑
x∈X

|S|

∑
k=1

√
Tx

ik|x〉|k〉, (1.9)

with the encoding function f (←−x ) = |si〉 if and only if ←−x ∈ si. The transition prob-
abilities Tx

ik are the same probabilities as for the classical ε-machine. That is, if the
machine is initialised in the state f (←−x ) = |si〉, then with the probability Tx

ik it emits
x, and the internal state of the machine transits to f (←−x x) = |sk〉 14. The set of states
{|x〉} is an orthogonal basis for a Hilbert space of dimension |X |, where {|k〉} form a
Hilbert space of dimension |S|, as the basis for the memory system, Ξ. For Markovian
processes, the knowledge of the very last outcome of the process, x0, is enough to de-
termine the causal states. The processes we study in this thesis are Markovian, where
|X | = |S| and {|x〉} and {|k〉} coincide, with causal states simplify to:

|si〉 =
|S|

∑
k=1

√
Tik|k〉. (1.10)

1.1.8 Why do quantum machines outperform classical machines?

Why do quantum machines outperform classical ones? The overlap of the internal
states of the machines explains it. Let us assume Q = ( f , Ω,M) is a quantum model
of the process P , with encoding function f (←−x ) = |ψi〉. Then

|〈ψi|ψj〉| ≤∑
−→x

√
Pi(
−→x )Pj(

−→x ). (1.11)

This indicates that the overlap of the two internal states must be at least as distinguish-
able as the future statistics they correspond to. In the classical machine, |〈ψi|ψj〉| = 0
for all i and j. However, for Markovian processes, the causal states in Equation (1.9)
satisfy |〈si|sj〉| = ∑−→x

√
Pi(
−→x )Pj(

−→x ). Intuitively, this tells us that when the Marko-

vian process is not completely random, ∑−→x
√

Pi(
−→x )Pj(

−→x ) 6= 0, the quantum model
uses non-orthogonal states as its internal states and still samples the correct statistics.
This is in contrast to the classical model which uses orthogonal states. Consequently,
the von Neumann entropy of the quantum state ρ, Cq, will be less than the Shannon

14As previously stated, optimal models are limited to models with a one-to-one correspondence be-
tween the causal states and elements of Ω (57).
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entropy of the classical causal states, Cµ (84). In this thesis, the case studies are Marko-
vian15, therefore we use the construction introduced in Reference (17)16.

The quantum memory advantage exists because of the non-orthogonality of the
causal states—they may be expressed as coherent superpositions of orthogonal states.
To have a practical simulator, this coherence should be maintained throughout the
entire simulation. For example, we do not want to collapse the memory system to a
classical state and reprepare it at each simulation step, because then the entropy of
the memory rises to the classical level at each step. To maintain the physical system’s
internal entropy, which is the quantifier of the required memory, the quantum pro-
cess should be unitary. That is one of the reasons why the process, M, is a crucial
concept in predictive modelling. In classical machines, a transition matrix, formed by
transition elements Tik, is adequate to describe the classical process. However, this is
not immediately obvious for quantum machines. In Reference (67), Binder and co-
authors introduce a systematic approach to find a unitary, U, fulfilling certain criteria
for quantum machines, which simulates a discrete-valued stationary process. Their
work is important because it provides the means to make a quantum machine which
generates the correct statistics of the stochastic process, and simultaneously does not
increase the internal entropy to the classical level. (This is in contrast to Reference (66),
where at each step of the simulation the quantum memory needs to be measured and
collapsed to classical information, increasing the entropy to the classical level.) An-
other important aspect of their work is that, in their procedure, the internal state of
the machine stays in a Hilbert space of size S , instead of growing with cryptic order
of a process, k. This is important for practical applications, where we would like to
simulate processes with a large cryptic order.

1.1.9 Dimensional memory advantage

Here, I elaborate on the dimensionality of Ξ as an alternative measure of required
memory for simulation. As discussed, historically, most of the research in computa-
tional mechanics focused on information entropy (Shannon and von Neumann) as the
measure for comparing models. However, achieving the quantum memory advan-
tage with these measures is only practical in the limit of ‘N � 1’ parallel simulators,
which is not feasible with current quantum technology and might also not be desir-
able. Another important measure of memory, which is scale-independent and feasible

15The examples studied in this thesis are Markovian with cryptic order 1.
16What about non-Markovian processes? Recently, Mahoney et al. (66) introduced an algorithm for

implementing a general form of quantum machine, the q-machine, which goes beyond the construction
in Reference (17) and Equation (1.9). The form that they introduced for quantum states saturates Equa-
tion (1.11), regardless of whether the process is Markovian or non-Markovian. However, they also argue
that, for a q-machine, the extra quantum memory advantage comes at the cost of missing some predic-
tive knowledge. The idea of the q-machine also paved the path for calculating the presentation statistical
complexity for processes that have large cryptic order (85).
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with any number of simulators, is referred to as topological complexity (41). In classical
computational mechanics, it is defined by:

Dµ := log(Dim(S)), (1.12)

and the quantum version is given by

Dq := log (rank(ρ)). (1.13)

The topological advantage is achievable using a single simulator, because the clas-
sical information carrier is a physical system with higher dimension than the Hilbert-
space dimension of the quantum memory. There exist processes where Dq ≤ Dµ. One
example is the process studied in Chapter 5 of this thesis, where we have experimen-
tally demonstrated a dimensional quantum memory advantage. Our work is not an
isolated example. In Reference (64), some other instances with dimensional advantage
are theoretically studied. Moreover, in References (86), it has been shown that mod-
els having the ability to tune quantum phases, phase-enhanced models, can provide a
dimensional advantage.

1.1.10 Quantum computational mechanics is a growing field

One of the unsolved challenges in the field of quantum computational mechanics is
to prove the optimality of quantum models—to prove that a specific quantum model
requires the lowest amount of memory for simulation, compared to all quantum mod-
els. This is in contrast to the classical ε-machine which is the provably optimal classical
model17. There is no systematic approach to this non-trivial problem yet. There are
a few examples for which the optimality has been proven. One of them is the 1D
Ising spin chain (57), where the optimality of quantum ε-machine for modelling this
system is proven. In Reference (64), Thompson and co-workers found the quantum
optimal model for the perturbed coin process, and also a time-reversed version of it
called the heralding coin. One of the reasons for the subtlety of proving the opti-
mal quantum model is that the von Neumann entropy depends also on the phase of
quantum states (87). This phase dependence of entropy was not considered in devel-
oping most of the initial models. However, recently there has been an investigation of
phase-enhanced quantum models (86). The theory suggests that there is a competition
between two measures of memory advantages, information entropy and topological
complexity, when it comes to quantum modelling with phase enhanced models. That
is, the phase can be tuned to minimise the von Neumann entropy; however, this is not
always the phase that minimises topological complexity (88).

17 Note that quantum optimality is different to the quantum advantage in memory usage, where quan-
tum models outperform optimal classical models.
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Quantum computational mechanics has been developing in several other direc-
tions. In Reference (57), the Ising spin chain was theoretically studied as an interest-
ing physical process where the divergence between the required quantum memory
and the classical entropy is demonstrated. In Reference (89), the same system was in-
vestigated to theoretically compare the relative order of complexity of two processes,
using classical and quantum simulators. The experiment presented in Chapter 2 is
based on these two works. Ising systems with long-range interaction are studied in
Reference (59), where it is shown that there is potentially an unbounded quantum
memory (information entropy) advantage for simulating these chains. The applica-
tion of quantum modelling is also adopted to study more efficient approaches to sam-
ple rare events such as earthquakes and stock market crashes (60). Continuous-time
processes, where t is a continuous index, also show an unbounded quantum memory
advantage when simulating the future of these processes (62). Another example of
quantum unbounded advantage is theoretically studied in the predictive modelling
of real-valued stochastic processes, where evaluation of a real variable to high preci-
sion is modelled (58). An input-output process is a system where at each time step, t,
it takes an input governed by a random variable Xt, and emits an output from another
random variable Yt; these processes can be used for analysing systems interacting
with an environment. Quantum models for discrete input-output processes are stud-
ied in Reference (61). Recently, there has also been an effort to connect many-body
systems and their common formalism, such as matrix product states, to stochastic
modelling (90).

1.1.11 Quantum simulators

So far, I have mostly described the theoretical ideas of classical and quantum mod-
els. One of the essential parts of simulating stochastic processes is the simulator—the
physical realisation of the model. Put simply, we need to run our models on a com-
puter.

On the experimental side, the first quantum ε-machine experiment, in Reference
(68), implemented a single-step quantum simulation of the perturbed coin. In that
experiment, both classical and quantum simulators were realised, and it was shown
that for a single step of the simulation, the quantum statistical complexity was by far
less than the classical statistical complexity. The experiment was the first one of its
type and opened the door to the study of quantum-enhanced stochastic simulation
experiments.

In the experiments reported in this thesis, I tackled a range of important advances
in quantum ε-machines. The perturbed coin is a process mostly studied in computa-
tional mechanics (17) but may be less familiar to physicists. We demonstrated how
to do the stochastic simulation in a physically motivated problem. After the theory
work of Reference (57), we built a simulator capable of simulating a 1D Ising system
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over one step, both classically and quantumly. Besides simulating a physical system
with a statistical complexity advantage, we developed an approach which makes our
simulator more error-tolerant. Moreover, we investigated an interesting phenomenon
called ambiguity of simplicity, where the relative complexity of two processes is com-
pared when the simulator is swapped from classical to quantum. We experimentally
showed that the relative complexity is not fixed, and it might change if the simulator
is changed. The results of this work are presented in Chapter 2.

Both of the above experimental works (68, 91) simulate the processes for only a
single step. For quantum simulators to be practically applicable, it is necessary to go
beyond a single-step simulation. In a multi-step simulation, realising the quantum
unitary process and maintaining the quantum coherence and memory advantage are
crucial. The theory proposal in References (17, 57) proposed that for each extra simu-
lation step an extra ancilla qubit be employed. However, instead of adding extra sin-
gle photons as ancillas, in our experiment we used a high-dimensional single photon
encoding using different degrees of freedom. Our method needs the control, manipu-
lation, and interference of high-dimensional quantum states, which is performed with
a very high quality. The details of this work are presented in Chapter 3.

In the experiments of Chapters 2 and 3, the information entropy measure (statis-
tical complexity) was used to compare different models and their memory require-
ments. One of the drawbacks of using this measure is that to achieve a practical mem-
ory advantage, there is a need for an asymptotically large number of simulators run-
ning in parallel. Currently, this is not experimentally possible, and might not even be
desirable. Motivated by this issue, we implemented a quantum simulator capable of
simulating a process with a dimensional quantum memory advantage. To perform
the experiment, we developed a novel design that made the simulation possible in a
four-photon circuit. The results of this work are presented in Chapter 5. To experi-
mentally implement the quantum dimensional advantage, we had to overcome some
experimental challenges, one of which was building a high performance four-photon
source. In Sections 1.3 and 1.4, I will explain the details of this source and another task
it was used for.

1.2 General methodology

Here, I mention very briefly several techniques that I have used in the experiments
reported in this thesis. I use single photons as the carriers of information. In Sec-
tion 1.3, a short background is given on the general idea of spontaneous parametric
down-conversion (SPDC) sources. The photons are transferred either in free space or
via single-mode optical fibres. To encode a qubit (18) on a photon, different degrees
of freedom, including polarisation and spatial modes (path), have been used. Con-
ventionally, horizontal (H) and vertical (V) polarisation states are considered as basis
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states for a polarisation qubit (92). For realising higher dimensional states (higher
than two), we use time-bin and polarisation modes simultaneously to generate a hy-
brid state (93–105). Single-qubit operations on the polarisation degree are performed
by using half-wave and quarter-wave plates (92). To do the same type of operations
on a path qubit, we use a non-polarising beam splitter or interferometers (19, 37).
Polarisation-path controlled unitary operations on a state are implemented by polar-
ising beam splitters.

Two-photon, or multi-photon, operations can be challenging because photons do
not directly interact. In our case, we realise the two-photon gates via quantum inter-
ference and post selection—a technique often called ‘measurement-induced nonlin-
earity’ (106). I implement the general form of a controlled-Z gate, as the base for the
controlled-NOT gate, via a probabilistic scheme and post selection of photon coinci-
dences (107). This is made possible using partially polarising beam splitters, which
transmit H polarisation completely and V partially (107).

To detect photons, I use avalanche photodiodes in two of the experiments, where
having extremely high detection efficiency does not play a significant role. How-
ever, to have higher efficiency, especially at telecom wavelength, superconducting
nanowire single-photon detectors (SNSPDs) are used (108). Signals from the detec-
tors are sent to fast electronics, counting cards, and then are analysed on computers.
In order to reconstruct quantum states, a complete set of projective measurements
is carried out to perform a quantum state tomography (92). Quantum process to-
mography is performed to characterise an unknown physical operation in a quantum
circuit (109).

1.3 High-performance source

Each quantum information processing task requires a physical system that carries
quantum information. In the field of optical quantum information, which borrows
many well-developed techniques from classical optics, single photons are one of the
main systems on which the quantum information is encoded. An ideal single-photon
source should emit only a single photon at a time, on demand, with a high genera-
tion rate, where photons are well-defined in the relevant spectral, spatial, and tem-
poral modes. The other critical requirement is that the photons should be identical—
photons from a single source or multiple sources should be indistinguishable (21).

There are different approaches to generating single photons (38, 110–118); among
them, spontaneous parametric down-conversion (SPDC) and quantum dots are most
widely used. Quantum dots (119–122) are advancing rapidly as a strong candidate to
produce the ultimate on-demand single photon sources (123). However, poor collec-
tion efficiency from the dots, and low-visibility quantum interference between single
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photons coming from different dots, still remain as challenges. There are some tech-
niques, such as positioning dots in a micropillar (115) and multiplexing (124), which
are being adopted to bypass these issues, but the problems have not been fully re-
solved yet. On the other hand, SPDC sources can produce very high-quality indistin-
guishable photons. However, the basic SPDC configuration is probabilistic (not on-
demand), which makes them difficult to use for large-scale experiments. There have
been some proposals, such as either spatial or time multiplexing and then switching
to a single-mode (125–130), to overcome this challenge. Recently, some promising re-
sults were published (131). Until the ideal source has been realised, both technologies
continue to play major roles in developing optical quantum technologies.

In the experiments reported here, which need up to four photons, SPDC sources
(without multiplexing) serve our needs perfectly. They have sufficiently high count
rates with a superb quality of quantum states (38); therefore, we use this technology
in bulk optics as our photon source.

1.3.1 Spontaneous parametric down-conversion

Spontaneous parametric down-conversion is a three-wave mixing process where a
non-linear crystal with χ(2) non-linearity is pumped with a pump laser with frequency
ωp (132–134). It is a parametric process, meaning that input and output fields are
proportional. A pump photon gets absorbed and two daughter (signal and idler with
frequencies ωs and ωi, respectively) photons are generated, as shown in Figure 1.3a.
The bi-photon state, in terms of photon numbers in daughter modes, is described
by (135)

|φ〉 ≈ |0〉s|0〉i + η|1〉s|1〉i + η2|2〉s|2〉i + ..., (1.14)

where |n〉s(i) represents n photons in the signal (idler) mode18. For small η, this equa-
tion can be approximated by the state |0〉s|0〉i + η|1〉s|1〉i. This means that there is a
probability ≈ η2 with which a single photon is generated in each of the signal and
idler outputs. To deal with this probabilistic nature, detection of one photon is used
to herald the existence of the other one—SPDC sources are commonly known as her-
alded photon sources. We can increase η by boosting the pump power; however, it
comes with the unwanted raised probability of having more than a single photon in
each arm (136).

In SPDC processes, energy and momentum conservation lead to frequency-matching
and phase-matching conditions, respectively (137). The former is ωp = ωs + ωi and
the latter is kp = ks +ki, where |k| = λ

2π is the wave number, as shown in Figure 1.3b-
c. Chromatic dispersion—frequency dependence of the phase velocity—causes the
photons generated in different locations in the medium to be out of phase. However,

18The state is approximated because it is not normalised.
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FIGURE 1.3: SPDC process. a. A non-linear crystal is pumped with a laser. Two
photons, signal and idler, are generated. The detection of one photon heralds the
existence of the other photon, which is registered by a coincidence event. b. Energy
conservation implies the frequency-matching condition, ωp = ωs + ωi. c. Momen-
tum conservation implies the phase-matching condition, kp = ks + ki.

the phase-matching condition guarantees a proper phase relation between the differ-
ent SPDC events along the non-linear crystal, and it is crucial for achieving an effective
non-linear interaction in the crystal.

Achieving the phase-matching condition can be challenging. One of the most com-
mon techniques for non-linear phase-matching is to exploit polarisation in a birefrin-
gent crystal, to cancel the phase mismatch ∆k = kp − ks − ki. In a birefringent mate-
rial, different polarised waves are subject to different refractive indices and, therefore,
different phase velocities (137). Therefore, depending on the polarisation of the input
and output waves, various types of phase-matching conditions are defined. In our
case, the phase-matching is type II, where signal and daughter photons have orthog-
onal polarisations, as depicted in Figure 1.4 (137).

From a technical point of view, polarisation phase-matching was conventionally
performed using one of two techniques: i) angle tuning, a precise angular orientation
of the crystal, and ii) crystal temperature tuning. However, even with these tech-
niques, phase-matching could be very challenging and also limited in terms of the
range of feasible wavelengths, angles, and temperatures, depending on the properties
of the crystals. Moreover, in this approach, there is also a limitation on using long
crystals to increase the SPDC conversion rate. For long crystals, spatial and tempo-
ral walk-offs negatively affect the SPDC conversion efficiency and the quality of the
generated photons. Furthermore, angle-tuned phase-matching typically gives unde-
sirable spatial mode shapes, which are not compatible with single-mode fibres.

When achieving ∆k = 0 for desired wavelengths is unlikely or very difficult, there
is another approach to circumvent limitations, called quasi-phase-matching (138, 139).
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FIGURE 1.4: Schematic representation of a collinear SPDC source. This figure
shows the side-view of a ppKTP crystal cut for collinear type-II phase-matching. In
this setting, signal and idler beams have orthogonal polarisations. In our case, the
pump is polarised horizontally, while signal and idler are polarised horizontally and
vertically, respectively. The direction of the non-linearity is switched to compensate
the phase mismatch from the earlier half-grating. The crystal length, L, and poling
distance, Λ, play a significant role in defining the source characteristics, which will
be discussed in Subsection 1.3.2.

The idea is to allow for some phase mismatch over a region in the crystal, and then
reverse the direction of the mismatch for the next region. This is achieved by spatially
modulating the non-linearity of the crystal. One example is the periodically poled
crystal (with length of L), shown in Figure 1.4. The grating period, Λ, is given by 2mπ

|∆k| ,
and m is the grating order, which is 1 in our case. In the source that we have built, we
use a periodically-poled potassium titanyl phosphate (ppKTP) crystal, which is cut
for a type-II collinear phase-matching (in collinear phase-matching, wave vectors of
all contributing waves have the same direction).

1.3.2 Characterising SPDC sources

There are certain key measures used to evaluate the performance of an SPDC source.
The heralding efficiency (140) is defined as the number of two-fold coincidences di-
vided by the number of singles in the heralding arm:

εA =
CAB

SB
, (1.15)

where CAB is the coincidence counts between detectors A and B, and SB is the number
of singles in detector B (see Figure 1.3). The heralding efficiency (based on Klyshko’s
definition (140)) includes loss, coupling efficiency, and detection efficiency. Having
high heralding efficiency is critical in many experiments, such as unconditional quan-
tum metrology (38), loophole-free Bell non-locality tests (141), and detection-loophole-
free Einstein-Podolsky-Rosen steering (142), among others. The rate of the coincidence
events (per second and per unit of pump power) defines the brightness of the source.
One of the main reasons that collinear sources are more effective than non-collinear
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sources is that the collection efficiency from collinear sources is higher. In the non-
collinear design, light is collected from a small portion of the generated cone, into a
single-mode fibre with a Gaussian mode. This poor mode-matching leads to a lim-
ited brightness and heralding efficiency (110). In collinear sources, the pump and
down-conversion photon beam waists can be engineered in a way that their transverse
modes best match single-mode fibre, and increase the heralding efficiency, while main-
taining reasonable brightness (143). However, it is known that the beam waist sizes
(lens configurations) that maximise heralding efficiency are not the same as those that
maximise the brightness (144, 145).

The purity of the generated quantum state is another key property of photon
sources, and determined by (18)

purity(ρ) = trace(ρ2), (1.16)

where ρ is the density matrix of the quantum state. For a d-dimensional quantum state,
the purity can vary from 1

d , for the maximally mixed state, to 1, for a pure state. Note
that to evaluate the purity, we either reconstruct the density matrix via tomography for
a state encoded in polarisation, or use the Schmidt decomposition of the joint spectral
amplitude19 for estimating spectral purity (145). When I report a figure for purity, it is
the former, unless I specifically mention that it is a spectral purity.

Photons do not exert force on each other, unlike other particles such as electrons
with Coulomb forces acting between them. However, two photons can interfere be-
cause they are bosons and so they tend to cluster if they are made indistinguishable.
Quantum interference is essential for most of the optical quantum information pro-
tocols. Two-photon interference, which is known as Hong-Ou-Mandel (HOM) inter-
ference (146), is used in most of our experiments. Two-photon interference between
photons from different down-conversion events (e.g. separate sources) is called inde-
pendent HOM interference, whereas the interference between photons form the same
down-conversion event is called dependent HOM interference (147). The visibility20

of the HOM interference is given by (148)

V =
Cmax − Cmin

Cmax
, (1.17)

where C is the number of coincidences between detections at two output modes of a
50:50 beam splitter; see Figure 1.5. The number of coincidences changes by varying the
relevant time delay between the wave packets of two single photons. The maximum
number of coincidences is Cmax, while the minimum is Cmin.

To have a perfect HOM interference visibility, the individual photons exiting the

19The joint spectral amplitude is defined on the next page.
20The definition of visibility, here, is different from the single-particle interference visibility.
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FIGURE 1.5: HOM interference. Two indistinguishable photons enter two input
ports of a 50:50 beam splitter (BS), and as a result of quantum interference, the pho-
tons bunch in the output of the BS (either a or b happens). The number of coinci-
dences between two output ports of the BS is counted to estimate interference visi-
bility. In a perfect interference, where the photons are indistinguishable in all modes,
photon-bunching decreases the number of coincidences between two detectors to
zero, with V = 1.

beam splitter must be indistinguishable in every degree of freedom, including polar-
isation, spatial, spectral and temporal ones. Coupling photons to a single-mode fibre
(with its Gaussian mode) makes them spatially indistinguishable. A linear polariser
can be used as a polarisation filter, along with a local polarisation rotation on one of
the photons in a type II configuration, to achieve indistinguishability in polarisation.
For spectral indistinguishability, besides using bandpass filters, the SPDC sources can
also be designed in a way that they generate spectrally indistinguishable photons.

To achieve a perfect independent HOM interference visibility, the two-photon state
entering the beam splitter must be pure. Photons generated from SPDC sources may
be spectrally correlated. As a result, knowing the spectral distribution of one photon
reveals some information about the other photon. When two photons are strongly
correlated, performing a measurement that does not resolve the spectral information
on one of the photons leaves the other in a mixed state. Therefore, heralded photons
from different sources do not interfere (independent HOM) with perfect visibility, un-
less the bi-photon states of each source are separable in frequency. Let us assume a
model for the frequency distribution of the bi-photon state:

|φ(ωs, ωi)〉 =
∫ ∞

0
dωsdωi f (ωs, ωi)g†(ωs)g†(ωi)|0s0i〉, (1.18)

where g†(ωs)(g†(ωi)) is the creation operator in the signal (idler) mode (110, 145, 149).
The frequency distribution of the bi-photon state is determined by the weight func-
tion f (ωs, ωi), which is known as the joint spectral amplitude (JSA). The ideal source
would be one with a factorable JSA. In other words, f (ωs, ωi) can be written as a
product of two functions, f1(ωs), the spectral distribution of the signal, and f2(ωi),
the spectral distribution of the idler21. Considering that the temporal distribution is

21If f1(ωs) = f2(ωi), the photons are indistinguishable, which is known as degenerate source. How-
ever, having indistinguishable photons is not restricted to this condition.
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the Fourier transform of the spectral distribution (149):

gs(t) =
∫

dω fs(ωs)e−iωst, (1.19)

spectral factorability implies that photons are also temporally independent in their
generation interval.

Experimentally, to achieve factorability, it is very common to use bandpass filters
for filtering the down-conversion photons. In this approach, the spectral distributions
of the signal and idler are determined by the spectral distribution of the filters. The
drawback of this method is that it discards photons and, thus, reduces the herald-
ing efficiency and the brightness of the sources, especially when the filters are nar-
row compared to the natural phase-matching bandwidth. The low brightness and
heralding efficiency becomes progressively problematic in multi-photon (more than
two photons) experiments, as rates and signal-to-noise ratios become poor.

The JSA can be written as a product of the pump spectral envelope and a phase-
matching function. The pump part describes the energy distribution of the pump
photons available for SPDC. The phase-matching function may determine the ways
that the signal and idler photons are distributed with respect to pump photons. The
down-conversion process has non-negligible amplitude when ∆k ∼ 0, which places
constraints on the spatial and spectral distribution of the signal and idler photons. Be-
cause kp(ω), ks(ω), and ki(ω) are each functions of frequency, ∆kL is also a function
of frequency. Requiring ∆kL and the distribution of kp, ks and ki that satisfy this to
have the desirable correlations leads to a condition that the group velocity of the pump
should sit in between signal and idler group velocities—this is known as symmetric
group velocity matching (GVM) (150). Meeting the phase-matching condition with
GVM is a more effective approach for achieving a factorable JSA (150–156). Practically,
the pump envelope and crystal properties can be engineered together in a way that,
without filtering, the spectral distribution is factorable. Type II phase-matching would
be ideal, because the daughter photons have different polarisations, which gives the
option of engineering the refractive index individually for each of them to meet the
GVM condition. The symmetric GVM condition is given by

Np =
Ns + Ni

2
, (1.20)

where N = c
vg

, vg is the group velocity, and c the speed of light in vacuum.
To sum up, for designing a high-quality SPDC source, we have a procedure to fol-

low: i) for the specific material of the crystal (KTP in our case) and the phase-matching
(type II in our case), the wavelengths that satisfy GVM are found; ii) the poling period
of the crystal is determined in a way that satisfies the phase-matching condition at the
desired temperature; iii) the crystal length and pump bandwidth are set in a way that
the JSA is factorable; and iv) the pump and down-conversion photon beam waists are
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engineered in a way to achieve the desired brightness and heralding efficiencies (157).
(There is some freedom in the design—for example, one can achieve either the max-
imum heralding efficiency or brightness, however, one cannot have whatever combi-
nation of brightness and heralding efficiencies one might desire.)

In our group, Weston et al. (110) previously implemented the above-mentioned
ideas to engineer a source that used the GVM and quasi-phase-matching techniques,
realising a source with a factorable bi-photon spectrum. The results from their work—
both theoretical modelling and experimental techniques—played a major role in un-
derstanding and in developing skills for building the new source that I will report.
In their source, they used a ppKTP crystal pumped by a femtosecond pulsed laser at
785 nm, generating degenerate signal and idler photons at 1570 nm. They engineered
the pump, signal and idler beam waists to have a very high heralding efficiency of
(65± 2)%. (They also realised a heralding efficiency of (82± 2)% for a source phase-
matched to generate 1550 nm degenerate photons (38).).

My colleagues implemented the same techniques for engineering a polarisation-
entangled photon source (at 1570 nm) using a Sagnac interferometer (158). The entan-
gled source they built produced some high-quality entangled states, but the Sagnac
interferometer caused significant challenges. First, it was challenging to align and op-
timise the interferometer due to design, component, and environmental limitations.
This led to a reduction in the purity and tangle (a measure of entanglement for quan-
tum states, ranging from 0 to 1 for the maximally entangled state (18)) of the entangled
polarisation-encoded state. The other issue, perhaps the most important one, was that
even for the relatively compact interferometer they built, it was not quite possible to
achieve the required lens configuration for high heralding efficiency. Because the sig-
nal and idler beam waists were not quite optimal for high heralding efficiency, the
value of that quantity dropped below that for the unentangled source, to (52± 2)%.

Motivated by the design implemented in References (141, 150), we use alpha-BBO
beam displacers (BD), instead of a Sagnac configuration, to realise the interferometer
required for producing entanglement. This design makes it possible to have better
focusing and beam control, which allows for higher heralding efficiency and excellent
entanglement quality. The lens configuration for the optimal heralding efficiency is
mainly determined by the crystal length, which in turn is determined by the pulse
length. For the BD interferometer design, the optimal lens configuration is not achiev-
able by a femtosecond pulse, instead, it is possible by a range of picosecond pulses.
Moreover, using a spectrally narrower pulse will lead to narrower down conversion,
which will experience less dispersion in BDs and other optical elements.

There are other side benefits of this new design. First, we can couple the pump
beam to a photonic crystal fibre before the down-conversion crystal, to decouple the
laser from the SPDC and overcome the effects of laser beam pointing instability and
drifts to decouple the laser from the SPDC. This alignment fibre was not practical with
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a femtosecond pump because of the larger nonlinearities and dispersion associated
with a shorter pulse. Second, we observed that the BD interferometer design is pas-
sively stable, generating high-quality entangled states with high heralding efficiency,
for a time interval of at least one week, compared to few days for the Sagnac with no
alignment fibre.

This source was used for the experiments presented in Chapters 4 and 5. The
details of its application in each experiment are provided in the relevant chapters. It
is worth noting that I have not required to use the full potential of this new source—I
have not harnessed the high heralding efficiency, high-quality entangled states, and
expected high-visibility independent HOM interference all at the same time. Here, I
briefly mention the characteristics of the new source that we built.

We used a pulsed Ti-sapphire laser with a pulse repetition rate of around 72 MHz
to pump the crystal at 775 nm with the spectral pulse width of (0.61± 0.03) nm. A
short (30 cm) photonic-crystal fibre 22 was used in-between the pump and crystal. A 15
mm long ppKTP crystal, cut for collinear type-II phase-matching, is used to generate
photons. We experimentally found that the poling period of 46.20 µm with the crystal
temperature slightly below room temperature at 21◦ C, are the best configurations for
producing degenerate SPDC photons at 1550 nm. We could not see any major effect
on the phase-matching conditions when we slightly tilted the crystal angle.

Our source generates a singlet state (18) having a quantum fidelity (18) with the
theoretical state of 0.9967 ± 0.0005, a tangle (18) of 0.9886 ± 0.0002 and a purity of
0.9935± 0.0002. With the addition of 8 nm FWHM filters centred at 1550 nm and by
tweaking the crystal temperature, these numbers slightly improved to 0.9983± 0.0005,
0.994± 0.002, and 0.9966± 0.0009, respectively. Moreover, the symmetric heralding
efficiency (εA = εB) of our source is 0.649± 0.004, when using sub-optimal photon de-
tectors. We estimate that this efficiency will rise to 0.82 when using our best SNSPDs.
(I did not have access to those detectors at the time of characterising our source.) The
heralding efficiency is barely reduced by adding 8 nm bandpass filters. This is at-
tributed to the fact that the bandwidth of down-conversion photons, with a FWHM of
about 5 nm, is narrower than the bandwidth of the filters.

We performed a dependent HOM interference, achieving visibility of 0.9847 ±
0.0008. Performing the independent HOM interference between two identical sources
will be the next step forward, which will make this new design a suitable tool for more
than two-photon experiments that need HOM interference between different sources.

We also used the BD interferometer source design to realise a Werner-state (159)
source, essential for the experiment presented in Chapter 4. In Section 1.4, I briefly
mention the background of this work.

22Thorlabs ESM-12B-ESM large mode area photonic crystal fibre, with 12.2 µm core.
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1.4 Einstein-Podolsky-Rosen steering

Entanglement is one of the most fascinating features of quantum mechanics (160). The
non-local properties of entangled states were famously recognised by Einstein, Podol-
sky, and Rosen (EPR) (3), who wrote: “As a consequence of two different measurements
performed upon the first system, the second system may be left in states with two different
wave functions.” EPR posed a paradox. They observed that it is possible to find two
non-commuting measurements {A, B}, such that measuring the first party in A, the
state of the second party is an eigenfunction of observable P. If the first party is mea-
sured in B, the second party is in an eigenfunction of Q. Although P and Q are non-
commuting observables, they can be certainly predicted. This is in contradiction with
the Heisenberg uncertainty principle. The EPR-paradox was interpreted as suggesting
that quantum mechanics was an incomplete theory, because it could not be compatible
with realism (a physical quantity is an element of physical reality if it can be certainly
predicted without any disturbance).

Later on, Schrödinger wrote: “It is rather discomforting that the theory should allow a
system to be steered or piloted into one or the other type of state at the experimenter’s mercy
in spite of his having no access to it.” (161). He proposed that for an entangled state, if
the first party, Bob, announces his measurement setting, then the other party, Alice,
can steer Bob’s state to one of his eigenvalues. Therefore, Alice can certainly predict
Bob’s state before his measurement (162). Schrödinger refused to accept the existence
of the local hidden variable idea proposed by EPR. However, he also could not believe
that non-locality existed; hence, he discomfortingly agreed on the incompleteness of
quantum mechanics.

Today, we are almost sure that quantum non-locality exists (141, 163, 164), after
convincing experimental tests. It was not until very recently that steering was oper-
ationally defined as a two-party quantum task. In this task, there are two parties,
Alice and Bob (162). One party is not trusted, meaning that whatever they announce
might be fake results instead of results from quantum measurements. However, the
other party and its apparatus are trusted, in a way that their results are considered
to be genuine and governed by quantum mechanics. In our formalism, a potentially
dishonest Alice sends a state to a trusted Bob. Then, Bob announces his choice of mea-
surement from a specific set to Alice, and then she announces her measurement result
(or null, meaning that she did not receive any state to measure) to him. Repeating this
procedure many times, based on his measurement and Alice’s results, Bob calculates a
parameter called the steering parameter, which characterises the correlation between
the two parties. If the steering parameter violates a specific steering inequality (de-
termined based on the state and measurement type) then Bob is convinced that the
state he received is half of an entangled pair. The protocol is covered in depth in Ref-
erences (162, 165). This systematic approach can be quantified for different types of
states and measurements, such as Werner states and projective measurements (166).
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Steerable states are a subset of non-separable (entangled) states and a superset of Bell
non-local states (162).

Beyond its fundamental aspects, steering has some potential technological appli-
cations. Because steering is asymmetric (only one of the two parties is trusted), it
can be used for verifying that there is genuine entanglement, of a kind useful for
security-based protocols, between a trusted node (e.g. at a home base) and another
party that need not be in a secure location. Entanglement sharing is one of the key
requirements for some of the important tasks in QIP, including quantum key distribu-
tion (QKD) (167–169), generating random numbers (170, 171) and teleportation (172).
From an experimental point of view, there have been a range of tests of EPR-steering
of increasing complexity. The first experiments, performed with continuous-variable
states of light, demonstrated the existence of the effect that EPR described (173–176).
After reformatting EPR-steering as a task that can identify non-locality, a series of new
significant experimental works have been reported. I focus on those performed with
photon qubits. The first experimental test was done by Saunders et al. (165), where a
steering inequality was violated using Werner states and projective measurements.

In a steering task, a dishonest Alice might try to cheat by refusing to announce
some of her results, and instead declaring that she did not receive the photon. Using
this approach, she unfairly samples her measurement result based on Bob’s measure-
ment choice. This is why it is crucial for Bob to be able to adjust his steering inequality
to consider the fraction of trials in which Alice announces a result. This includes both
genuine losses in the experiment and fake losses reported by Alice. Arbitrarily loss-
tolerant EPR-steering was implemented in Reference (142). It was theoretically and
experimentally shown that, with the arrangement of an untrusted Alice and a trusted
Bob, the steering task is possible with high losses in Alice’s arm, as long as the state
that the parties share is a high-fidelity state, and the parties are able to perform a
many-setting measurement set. 23 This robustness to loss is one of the signatures of
steering, not available in Bell non-locality (177). An example is the relationship of
steering (178) to one-sided device independent QKD (1SDIQKD) (169). Requirements
for 1SDIQKD are easier in terms of channel losses and detection efficiencies, compared
to device independent QKD and its link to violation of Bell inequalities.

1.4.1 Asymmetry in quantum steering; one-way steering

One of the unique properties of quantum steering, compared to Bell non-locality tests,
is its asymmetry—one party is trusted, and the other is not. This leads to an interest-
ing and surprisingly subtle question: “Can a steering experiment be performed where
Alice can steer Bob’s state but not vice versa?". The essence of this question is whether
steering remains possible if Alice and Bob exchange roles (as (un)trusted party), and

23Indeed, the parties’ roles can be swapped—One can choose Bob as the trusted party, and Alice as the
untrusted one, or vice versa.
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under what conditions one- vs two-way steering occurs. One-way steering was first
shown in the context of continuous variables (Gaussian states) and restricted to Gaus-
sian measurements (179, 180). However, there is theory that shows that the use of par-
ticular non-Gaussian measurements makes the states two-way steerable again (181).
Is there a state and protocol for which one-way steering must be the case?

For qubit states, in 2014 Bowles et al. proposed a class of two-qubit states, which
are one-way steerable, where the parties’ choice of measurements is limited to arbi-
trary projective measurements (182). However, even for this case, the range of states
that are one-way steerable is very limited and, therefore, the scheme is experimentally
difficult to implement. Evans et al. (183) proposed an experimentally feasible class of
two-qubit states that are one-way steerable—also in the limited case of only projective
measurements. In a seminal work, Quintino and co-authors proved that a systematic
approach exists that can be used to extend proofs for a set of states that are one-way
steerable with projective measurements to proofs of one-way steerability for a new,
related, set of states under the condition of general measurements (positive-operator-
valued measures (POVMs)) with an arbitrary number of outcomes (184). This and the
former result by Evans led to knowledge of a class of one-way steerable states with
general measurements, which could be practically tested in an experiment (181).

The first one-way steering experiment that was not strictly limited to a very specific
set of measurements was performed by Wollmann et al. (181). A range of Werner states
was found (theoretically (181, 183, 184)) and tested (experimentally), which were one-
way steerable24. The authors showed that with the projective measurement choice,
Alice can steer Bob, with the detection loophole closed. However, if the roles are
changed, such that Bob is trying to steer Alice’s state, by adding loss to Bob’s arm,
he cannot steer Alice’s state, even with the potentially infinite number of POVM mea-
surements. It is impossible to actually measure all (an infinite number) infinite-setting
POVMs. Therefore, non-steerability under party exchange was established by tomo-
graphically characterising the shared state and comprehensively testing the theoretical
criterion for non-steerability 25. There were other one-way steering experiments (186,
187), though they strictly limited the measurements to two-setting and multi-setting
projective measurements, respectively, and these were not completely general. In-
deed, all of these works also restricted their consideration to a limited class of states.
The ideal one-way steering test would be one where the parties have no limitations,
either on the states they can prepare or on the measurements they can carry out.

Recently, Baker et al. (166) came up with a practical26 and necessary condition for

24The family of Werner states offer tuneability from a completely mixed state to a maximally entangled
state. They are also invariant under equal one-qubit local unitary operations on each party’s qubit. These
properties make them popular to work with in the context of steering.

25For more details, see References (166, 185).
26A practical condition is one that can be feasibly solved as an optimisation problem, and the answer

provides a steering inequality.
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any two-qubit state to be steerable, in the presence of loss, for each party—i.e. a nec-
essary condition for steerability. In this paper, they found two simple criteria, which
are the sufficient conditions for two-qubit state non-steerability for restricted projec-
tive measurements and POVMs. One of the practical considerations in their work,
compared to others (188), was to include particle loss, which is inevitable for optical
experimental realisations.

These new criteria were tested on the experimental results from Reference (181), in
which it was assumed that the entangled state was a two-qubit Werner state subjected
to loss27. The results reported in Reference (181) did not strictly satisfy the POVM
non-steerability conditions in Reference (166). The experiment I report in Chapter 4 is
motivated to, for the first time, experimentally demonstrate one-way steering where
there are neither assumptions about two-qubit states nor allowed measurements.

In our scheme, we improved the non-steerability criteria of Reference (166) to in-
clude all projective measurements and POVMs, with no assumption about the mea-
surement that the parties can choose. Experimentally, we prepared a very high-quality
tunable Werner state, which to our knowledge is the best of its type, thanks to the new
source design. Then we showed that Alice can steer Bob’s state by violating a steering
inequality, with the detection loophole closed (142). At the same time from the mea-
sured experimental results, we tomographically reconstructed the prepared state and
showed that the state we prepared satisfies non-steerability (Bob to Alice) for POVMs
(POVMs include projective measurements). Note that although we do not make any
assumption about the prepared state, theoretically and experimentally we found that
having a high-quality entangled state that is tunable is essential for implementing the
rigorous experiment reported in our work. In other words, the validity of a steering
inequality requires no assumption about the prepared state, but simultaneously dis-
counting steerability in one direction, while observing steering in the other, requires
a high-quality entangled state, which is very close to the ideal state. The result of our
work is presented in Chapter 4 of this thesis.

27The actually created states in Reference (181) were Werner-like states. These states are equivalent to
Werner states, up to a local unitary.
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Chapter 2. Witnessing the ambiguity of simplicity via quantum simulations of an
Ising spin chain

2.2 Quantum simulations of an Ising spin chain

Stochastic processes are employed to study a large number of different phenomena 
where the quantity of interest varies discretely or continuously through time or space 
in a probabilistic fashion. As discussed in Chapter 1, one of the crucial considerations 
in implementing the computer models of complex processes is the information storage 
requirements of the simulator. A key metric for this is the minimum amount of mem-
ory the model (and its corresponding physical simulator) must store about the past to 
simulate the process’ future. In complexity science, this quantity has been formalised 
as the statistical complexity (41), and it is regarded as a key quantifier of the structure 
(the repeated pattern that can be used to predict the future of a process, based on the 
past observations). Remarkably, quantum mechanics allows the simulation of many 
processes with drastically reduced memory (17), providing the potential for signifi-
cantly more memory-efficient simulators.

In this work, we experimentally demonstrate the benefits o f quantum-encoded 
storage in reducing statistical complexity for simulating an interesting physical pro-
cess, namely a 1D Ising spin chain. Moreover, for the first t ime, we experimentally 
show that the relative complexity of simulating two stochastic processes is dependent 
on the fundamental physical properties of the simulator being used—even if they pro-
duce the same statistical outputs—rather than being an inherent property of the sys-
tems. This phenomenon was coined the ambiguity of simplicity. To observe this effect, 
we use an encoding in quantum states to simulate a relatively large range of the non-
trivial physical processes of Ising chain. Moreover, a new error-tolerant approach is 
implemented that considers experimental imperfections, which is crucial for realis-
ing practical simulators with quantum-encoded memory. The Ising system parame-
ters (temperature and magnetic field, T and B) are chosen to allow for error-tolerant 
simulation in a range where the turning point in quantum statistical complexity was 
observable, which is necessary for observing the ambiguity of simplicity.

This work is of three-fold importance. First, it is a quantum simulation of a physi-
cal process, achieving a reduction in the statistical complexity. Second, it is an experi-
mental demonstration of the ambiguity of simplicity. Third, it uses a new method for 
dealing with experimental errors in stochastic simulation.

2.2.1 Witnessing the ambiguity of simplicity via quantum simulations of
an Ising spin chain

The remainder of this page is intentionally left blank. The paper appears on the fol-
lowing pages.
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The modelling of stochastic processes is ubiquitous throughout the natural and social sciences.
An ideal model produces the correct statistical output without any unnecessary complexity. This
minimal-complexity criterion is important conceptually—entailing the least number of causes of
effects (Occam’s razor)—and practically—entailing the least stored information in the model. Recent
works have established that quantum models can store significantly less information than their
optimal classical counterparts, and can thus redefine our notion of what is complex. Here, we
experimentally witness this quantum reduction in simulating the Ising spin chain. This leads us
to experimentally observe a recently conjectured effect, ambiguity of simplicity, that the relative
complexity of two difference processes can depend on whether we attempt to model it using classical
or quantum means of information processing. Meanwhile our error-tolerant techniques account for
inevitable imperfections in realizing quantum simulators, thus providing the technological milestone
needed to simulate increasingly complex stochastic processes.

Introduction.—Stochastic processes arise frequently in
nature and society [1, 2]. Even if a system is determinis-
tic in principle, it may appear stochastic because of the
near impossibility of tracking all the microscopic vari-
ables and transformations. Thus, we consider the system
to be a black box where only its outputs are observed.
A mathematical model describing such a system proba-
bilistically generates data whose statistics match those
of the future outputs of the system being simulated. To
implement the model, a valid physical simulator, like a
computer, is required.

There will be many models that reproduce the system’s
behaviour, but not all of them will be memory-efficient.
A key metric for this is the minimum amount of memory
the model (and its corresponding simulator) must store
about the past to simulate the process’ future [3, 4]. In
complexity science, this quantity has been formalized as
the statistical complexity [4–6], and is regarded as a key
quantifier of structure. It equals the minimal memory
a model needs to generate future behaviour with cor-
rect statistics using only information available from past
observations [4–6]. Remarkably, quantum mechanics al-
lows simulation of many processes with drastically re-
duced memory, heralding the potential for significantly
more memory-efficient stochastic simulators [7–18]. In
addition, the use of quantum mechanics can drastically
affect the relative order of what we consider complex—a
phenomenon termed ambiguity of simplicity [9]. A pro-
cess can become more complex to model classically as
we increment a parameter, but easier to model quantum
mechanically.

Here we demonstrate a cornerstone for developing ad-
vanced stochastic simulations, enabling us to witness

such effects in realistic settings. We employ and char-
acterize quantum memory resources in simulating a key
problem in statistical physics—the one-dimensional (1D)
Ising spin chain [19]. This system is complex enough
for two important questions to arise. The first is how to
address imperfections in a real, necessarily non-ideal sim-
ulator, allowing us to go ahead with the simulation even
in the presence of small deviations from design. The
second is to employ these tools to experimentally wit-
ness the ambiguity of simplicity. By simulating the same
Ising system at two temperatures, TA and TB, our re-
sults confirm a significant region of temperature pairs, TA
and TB , such that classical and quantum notions of rela-
tive complexity are reversed. This establishes that there
is no universal ordering of simplicity between stochastic
processes; which system is considered more complex to
model fundamentally depends on what sort of informa-
tion processing is allowed. In addressing these important
tasks, the Ising simulation we present goes far beyond a
previous demonstration of quantum-suppressed statisti-
cal complexity [12].

Framework and tools.— Consider a dynamical system
that emits discrete-valued outputs xt—instances of ran-
dom variables Xt—at discrete times t ∈ Z. The out-
put string, · · · , X−1, X0, X1, X2, · · · , is a stochastic pro-
cess, described by a joint probability distribution, P =

P (
←−
X,
−→
X ). Here

←−
X = · · · , X−1, X0 and

−→
X = X1, X2, · · ·

respectively represent the past and future strings at time
t = 0.

Any faithful model of the process must replicate this
behaviour. That is, for each observed past ←−x , the model
must provide a systematic means of initializing a suit-
able system Ξ in some state ε(←−x ), such that repeated
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application of a systematic action M on Ξ sequentially
generates x1, x2 . . . governed by the conditional future

P (
−→
X |
←−
X = ←−x ). Here ε(·) is referred to as the encoding

function, capturing precisely how the model encodes the
past within its memory.

For stationary stochastic processes, the optimal, or
simplest, model is defined as the one where the infor-
mation entropy of Ξ in steady-state is minimized [4, 5].
These optimal classical models are known as ε-machines,
and can be systematically constructed [4, 20]. This in-
volves assigning each past to an appropriate causal state
Si = ε(←−x ), such that two pasts are assigned to the same
state whenever their conditional futures statistics coin-
cide. The ε-machines then uses a memory Ξ that asso-
ciates each causal state with a different physical config-
uration. The subsequent dynamics of the process can
be reproduced by repeated applications of a particular
stochastic map that defines the probability a machine in
state Si will transition to Sj while emitting output x.

The ε-machine thus retains Cµ = −
∑N
i=1 pi log2 pi bits

of information about the past, where pi is the probability
that ←−x belongs to causal state Si. Any practical realiza-
tion of such machines will thus require at least this much
memory.

Despite their provable optimality, such machines still
store extraneous information. For many processes, Cµ
is strictly greater than the amount of information the
past contains about the future—the mutual information

E = I(
←−
X,
−→
X ) [3]. Whenever this is true, more efficient

quantum models exist [7, 8, 18]. In such quantum ma-
chines, Ξ can encode relevant past information coher-
ently—replacing each Si with a quantum state |Si〉. The
resulting memory is then

Cq = −Tr(ρ log2(ρ)), (1)

where ρ =
∑
i

pi |Si〉 〈Si|. In this case, repeated appli-

cation of some quantum instrument on a system Ξ in
state |Si〉 generates correct conditional future statistics,

i.e. samples from P (
−→
X |←−x ∈ Si), while leaving Ξ in what-

ever state |Sj〉 is appropriate. Whenever Cµ > E, there
exists a systematic construction realizing Cq < Cµ (see
main theorem of Gu et al. [7]). Recent progress has cul-
minated in the current state-of-the-art quantum models,
known as q-machines, which are able to generate future
statistics through unitary evolution [8, 18].

Causal states for Ising system.— Here we study the
1D Ising system which is an infinite spatial chain of spins
with nearest-neighbor interactions. There is a one-to-one
mapping such that we can replace a simulation over a se-
ries of discrete times (described above) with a simulation
over spatial sites, corresponding to scanning the system
spatially (e.g. left to right) through spin locations n. In
this way, the “past” corresponds to all spins to the left
of the current position and the “future” corresponds to

all spin sites to the right [21]. For the Ising system, the
energy function is

H(←−x ,−→x ) = −
∑
n

(Jxnxn+1 +Bxn) , (2)

where J is the coupling parameter, B the magnetic field,
and xn ∈ {−1, 1} is the spin at site n. For each configura-
tion, at temperature T , the joint probability distribution
is given by the Boltzmann distribution [19]. We use natu-
ral units for temperature (kB = 1) and take the coupling
|J | to be the unit of energy so that |J | = 1 and T and B
are dimensionless.

Here, the ε-machine has two causal states, {Si}i=0:1,
with encoding function ε(←−x ) that identifies any two pasts
with coinciding x0 [21]. The machine operates according
to the transition probabilities Γij(J,B, T ), which repre-
sent the probability a simulator in state Si will transit to
Sj while emitting output j (see Supplemental materials
(SM), Section 1).

The provably optimal quantum models can be estab-
lished for this particular process [14]. The resulting quan-
tum model has quantum causal states

|S0〉 =
√

Γ00 |0〉 +
√

Γ01 |1〉 (3a)

|S1〉 =
√

Γ10 |0〉 +
√

Γ11 |1〉 , (3b)

where |0〉 and |1〉 are orthogonal qubit states. In gen-
eral |S0〉 and |S1〉 are mutually non-orthogonal. Thus
the quantum model requires less memory to encode past
information than its optimal classical counterpart. Ide-
ally, the quantum gate that implements the quantum ε-
machine and generates correct future statistics at each
time-step (see Fig. 1a) is the controlled-unitary given by

CU |S0〉|0〉 =
√

Γ00|0〉|S0〉+
√

Γ01|1〉|S1〉 (4a)

CU |S1〉|0〉 =
√

Γ10|0〉|S0〉+
√

Γ11|1〉|S1〉. (4b)

To implement CU in a quantum circuit, we can decom-
pose the unitary being controlled, U , into unitary oper-
ators such that

CU = (I ⊗ V0)(I ⊗ V1)(I ⊗H)CZ(I ⊗H)−1(I ⊗ V1)−1,

where V0 |0〉= |S0〉, V1 is the rotation in the X−Z plane
that rotates |0〉 to the bisector of |S0〉 and |S1〉, H is a
Hadamard operation, and CZ refers to a controlled-Z
gate.

Simulation of the Ising system.— In the experimental
set-up (Fig. 1b), we implement one complete cycle of the
ε-machine, comprising state preparation, a controlled-
unitary operation, and read-out. Unentangled single-
photon polarization qubits are produced by degenerate
spontaneous parametric down conversion (SPDC). The
source was realized using a 410 nm cw pump laser and
a BiB3O6 (BiBO) crystal cut for type-I phase match-
ing. We use polarization to encode classical logical states
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|0〉 = |H〉 and |1〉 = |V 〉, where H and V are horizontal
and vertical polarization, respectively. The optical sim-
ulation circuit is based around single-qubit unitary rota-
tions implemented with wave plates and a nondeterminis-
tic linear optics CZ gate using three partially-polarizing
beam splitters (PPBS) [22]. The polarization qubits are
measured using wave plates and avalanche photodiodes.
Quantum state and process tomography are implemented
using the methods in ref. [23].

Small experimental imperfections mean that, instead
of an ideal controlled-unitary, a more general transfor-
mation E is implemented. In the previous experimental
work [12] these imperfections were ignored; the simula-
tor was assumed to be ideal. Here we go beyond that
naive treatment. We use quantum process tomography
to characterize errors in our real, necessarily imperfect,
simulator, and based on this we determine the best map-
ping of the real simulator onto the Ising system param-
eters. This allows us to perform a simulation of a wide
range of Ising parameters even in the presence of small
deviations from design.

The situation is depicted in Fig. 2. For the ideal pro-
cess, if causal state ρi = |Si〉〈Si| is the input, then the
output of the circuit is ρj = |Sj〉〈Sj | when outcome
j ∈ {0, 1} is obtained at the measurement. For the non-
ideal process E , a different output state ρo(j|i) = Ej(ρi)
is obtained. Here, we have broken the two-qubit map E
into two completely positive conditional processes E0 and
E1, acting on the memory qubit, depending on whether
the measurement outcome was 0 or 1. The key point is
that the output state from one step of the simulator is
now not, in general, equal to either of the possible in-
put causal states. After more iterations, the states may
diverge further from the ideal casual states.

To account for the device imperfections, we follow the
following procedure. First, for the nominal values of the
parameters J = 1, B = 0.3 and varying T (the nominal T
values can be seen in SM, Section 1), we tune the exper-
iment to realize, as best we can, the quantum ε-machine
for those parameters. Next, we perform quantum pro-
cess tomography [23–25] of the circuit to obtain the E0
and E1 maps. From these maps, and these maps alone,
we find the states and transition probabilities {ρmi ,Γmij}
(m is for “maps”), which describe the two-state quantum
machine most closely corresponding to these maps, such
that Ej(ρmi ) ≈ Γmijρ

m
j . Here, closeness is defined in terms

of trace distance; see SM, Section 2. We call the ρmi the
fixed-point states. The stationary state of our machine is
then ρm = pm0 ρ

m
0 + pm1 ρ

m
1 , where pm0 = Γm10/(Γ

m
10 + Γm01)

and pm1 = 1−pm0 . Since the Γij are functions of T and B,
for a fixed J = 1, we can numerically invert the equation
Γij(J = 1, Bm, Tm) = Γmij , to find the Tm and Bm that
our real map E actually implements. For more details on
the deviation of implemented values from nominal values,
see SM, Section 3.

Using Equation (1), we can calculate the quantum
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FIG. 1. Conceptual scheme and experimental set-up: (a) The
future statistics (see text) of an Ising chain is determined
by a model—the minimally-complex model is an ε-machine—
implemented by a physical simulator. At each step, the sim-
ulator takes the state of the system and produces an updated
system state and a binary output (here, X1) corresponding to
the spin state. The simulator for an ε-machine encodes causal
states |Si〉, which are classical or quantum bits encoded in
the polarization degree of freedom of a single photon. Each
simulator step is implemented using a quantum controlled-
unitary operation between the input causal state encoded in
the memory qubit and an ancilla qubit, and readout of the
control qubit provides the classical outcome. (b) Experimen-
tal set-up: memory and ancilla photonic polarization qubits
are generated by spontaneous parametric down conversion.
The controlled-unitary operation is based on a controlled-Z
gate [22] implemented by partially-polarizing beam splitters
(PPBSs) and single-qubit operations implemented by wave
plates. GT stands for Glan Taylor prism, and APD for
avalanche photo diode. FPC are manual fiber polarization
controllers.

statistical complexity for each of the experimentally-
determined stationary state: Cmq = Cq(ρ

m) (Fig. 3a).
We observe that Cmq lies close to the estimated theoretical
range of statistical complexity values (in section 4 of SM,
we explain how to estimate the uncertainty bound). The
slight discrepancy between the experimental and theoret-
ical values primarily arises from small repeatability errors
in the experimental simulator settings, and from the fact
that the calculated fixed-point states almost, but do not
exactly, satisfy Ej(ρmi ) = Γmijρ

m
j for j = 0, 1.

The approach that we use, finding the fixed-point
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FIG. 2. Process map of the physical gate: (a) Due to ex-
perimental imperfections, a slightly non-unitary operation E
is implemented. The E can be decomposed into two single-
qubit completely-positive maps (b) E0 and (c) E1, conditional
on the 0 and 1 ancilla measurement outcomes, respectively.

states of the physical map, aims to account for the pos-
sible imperfections in the experimental implementation
of the ε-machine. However, one of the main features of
the quantum ε-machine is to encode the causal state in
the input memory state and then measure binary out-
come while having another causal state for the next step
(Fig. 1a). To confirm that our approach is compatible
with this feature of ε-machine, we used the fixed-point
states as input causal states. Because ρm0 and ρm1 are
mixed states, we use averages over ensembles of two pure
states to implement them experimentally. The binary
outputs of the simulation are found by measuring the an-
cilla output in the logical basis, and these statistics are
used to determine Γsij (s is for “statistics”) which are the
transition probabilities reconstructed from the collected
statistics when one of the ρmi ’s is used as input causal
state. This yields the corresponding stationary state
probabilities ps0 = Γs10/(Γ

s
10 + Γs01) = 1 − ps1. Moreover,

the corresponding stationary state is ρs = ps0ρ
m
0 + ps1ρ

m
1 .

In a similar way to Tm and Bm, we can find T s and
Bs. The values of Csq = Cq(ρ

s) versus corresponding
temperatures are demonstrated in Fig. 3a. We observe
that Cmq and Csq are close to each other, also in good
agreement with the theoretical statistical complexity val-
ues. To compare, the Bm and Bs have mean values of
0.29 ± 0.02 and 0.28 ± 0.05, respectively. Moreover, the
corresponding Tm and T s values are shown in Fig. 3b,
which also reassure that they are close to each other.

For comparison, we also implement the classical ε-
machine using the same experimental set-up. In this
case, |S0〉 = |0〉 and |S1〉 = |1〉, and future statistics
are generated based on introducing classical random-
ness [12]. Since the states are orthogonal, they do not in-
herently contain transition probabilities, where we imple-
ment these probabilities by preparing orthogonal states
in an ensemble of experiments with numbers proportional
to the probabilities p0 and p1, respectively. Results for
the classical ε-machine are shown in Fig. 3a, and lie close
to the theoretical estimation.

Ambiguity of simplicity.—An interesting question is
whether relative simplicity is an intrinsic property of the

systems being modelled, not of the models. That is, how
does the notion of relative simplicity survive the transi-
tion from a classical to a quantum description [9]? Con-
sider two Ising systems with different temperatures TA,
and TB. If in the classical regime CA

µ < CB
µ , which means

that A is simpler than B, and in the quantum regime
CA
q < CB

q as well, then there is consistency between
the two classes for processes A and B. However, if the
quantum model reverses their ranking compared with the
classical perspective, we have the ambiguity of simplic-
ity [9]. The basic question, “Which process is simpler?”
no longer has a well-defined answer. To mathematically
describe this phenomenon, we define

r(T1, T2) =
Cq(T1)− Cq(T2)

Cµ(T1)− Cµ(T2)
(5a)

K(T1, T2) = Sign(r(T1, T2))×
min{|r(T1, T2)|, 1/|r(T1, T2)|}. (5b)

Here K is the degree of consistency. For −1 < K <
0, there is ambiguity according to the definition above,
and for 0 < K < 1, the models are consistent. The
magnitude |K| ∈ [0, 1] gives an indication of the degree
of consistency or discrepancy. In Fig. 3c, we construct a
diagram that compares all pairs of processes at different
temperatures T1 and T2 . As can be seen, the notion
of relative physical simplicity, capturing which system
needs less memory to simulate, depends on the models
used for simulation, i.e. we observe an ambiguity.

Conclusions.— The statistical complexity is a key mea-
sure of structure in complexity science, capturing how
much information we must store about a process’s past
in order to replicate its conditional future behaviour. We
experimentally demonstrated that quantum mechanics
allows simulation of stochastic problems of physical inter-
est, such as the Ising spin chain using less memory than
classically possible. From a technological point of view,
we demonstrated that this quantum advantage persists
even in the presence of experimental noise. Our results
showed that the quantum resource requirements for simu-
lation exhibit drastically different behaviour compared to
their classical counterparts, peaking at finite rather than
infinite temperature. Here, hence, we document the first
experimental observation of ‘ambiguity of simplicity’—
the relative statistical complexity between two stochastic
processes (e.g. an Ising chain at two different tempera-
tures) differs depending on whether we store information
in classical or quantum memory. Our experimental ad-
vances provide a launch-pad for witnessing more mem-
ory efficient means of simulation in more sophisticated
settings. These include cases where quantum advantage
can be unbounded [18, 26, 27], as well as variants that
apply adaptive systems, or processes that emit outputs
in continuous time [13, 15, 28].

One potential extension is to consider approximate
modelling. Presently, statistical complexity is defined for
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FIG. 3. Experimental results: showing the quantum and classical statistical complexity for the ferromagnetic case with nominal
values of J = 1, B = 0.3 and a range of different temperatures T . (a) Statistical complexity of the ε-machine simulating a 1D Ising
spin chain. Error bars are derived from Poissonian photon statistics (some of the error bars are too small to be visible). The 
experimentally-determined quantum statistical complexity Cqm and Cqs (see text) are plotted against the relevant temperature 
parameters, T m and T s respectively, for the ferromagnetic case with J = 1, B = 0.3. The black curve shows the theoretical 
estimation of Cq for the nominal values of J , B and T . The grey shaded region shows the estimated theoretical bound, using the
Ising model parameter distribution corresponding to the processes implemented by our real experimental map E(see SM, Section
4). The orange curve is the theoretical classical statistical complexity, Cµ. (b) Implemented temperatures; T s versus T m (The 
corresponding Bm and Bs have mean values of 0.29±0.02 and 0.28±0.05, respectively; the nominal (design) parameter is B = 
0.3.) (c) Consistency graph (Equation (5b)), for the experimental data, Cqm and experimental Cµ, in part (a). For −1 < K < 0 the 
models are ambiguous and for 0 < K < 1 they are consistent. The pale shading in the plane K = 0 represents a projection of the
experimental-result bars onto the plane, and together with the blue curve, demonstrates the boundary between regions of
ambiguity and consistency. The pale blue squares in the plane K = 0 indicate the areas where no experimental data exist.

the case where models are exact. In many situations, one
may wish to consider an extension of statistical complex-
ity, measuring the past information needed to replicate
future statistics to a specified statistical fidelity. How
robust is the ambiguity of simplicity in such scenarios?
This question is non-trivial, as there presently no sys-
tematic ways to determining optimal classical or quan-
tum models. However, one may nevertheless be able to
make meaningful progress by considering upper bounds
through explicit constructions.

A second important extension would be to consider
single-shot scenarios. In computational mechanics, mem-
ory is most commonly measured by entropy—which is an
i.i.d. quantity that reflects operational advantage in the
limit of operating a large number of models simultane-
ously. However, it is also possible to consider the minimal
dimensions (in terms of configuration space) of a mem-
ory to be able to store the past. In the case of the Ising

system, both classical and quantum models required a
two-level system. However, more sophisticated process
have recently been found where this quantity can also di-
verge [29]. It would certainly be interesting to witness if
ambiguity of simplicity is also present with such systems,
allowing the observation of quantum advantage without
the need for tomography.
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1. Ising model

Different Ising systems may be specified by dif-
ferent T, J and B. We choose the nominal val-
ues of {J = 1, B = 0.3} as an example of the
ferromagnetic regime, and simulate the chain for
a range of different nominal temperatures T =
{0.75, 1, 1.25, 1.5, 1.75, 2.25, 2.75, 3, 4, 5, 6, 8, 10, 12, 14}.
These are used to calculate nominal values of Γij(J,B, T )
and to realize the causal states defined in equation (3)
in the main text. The transition probabilities are given
by [S 1]:

Γ00 = e
B+J
T /D, (S.1a)

Γ01 = 1− Γ00, (S.1b)

Γ11 = e
−B+J

T /D, (S.1c)

Γ10 = 1− Γ11, (S.1d)

where

D = exp( J
T ) cosh(B

T ) +
√

exp(− 2J
T ) + exp( 2J

T )sinh2(B
T ).

2. Fixed-point states

In the ideal case defined in equation (4) in the main
text, if we get measurement outcome j with probabil-
ity Γij , then Ej(ρi) will be Γijρj . (Here, the causal
state ρi = |Si〉〈Si| is the input, ρj = |Sj〉〈Sj | is the
output state of the circuit, and E0 and E1 are the
experimentally-implemented maps which are character-
ized through quantum process tomography [S 2–4] per-
formed on the one-qubit process.). However, in practice,
a slightly different (but very close) output state ρo(j|i)
is obtained: it turns out that ρo(j|i) 6= Γijρ

o(j|i), mo-
tivating a theoretical question: “Given map E , can we
find Γij and ρi (for i = 0, 1) such that Ej(ρi) = Γijρj ,

∗ farzad.ghafari@griffithuni.edu.au
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FIG. S1. Experimental results for the ferromagnetic case with
nominal values of J = 1, B = 0.3 and a range of different
nominal temperatures T : Tm and T s versus nominal T .

exactly, for j = 0, 1?”. Experimental tests indicate that
the answer to this question is generally “no”, but it can
be close. Instead, we find the best solution for Γij and
ρi with i = 0, 1, as

{ρmi ,Γm
ij} = arg min(

∑
i,j=0,1

‖Ej (ρi)− Γijρj‖, {ρi,Γij}),

(S.2)
where arg min(f) means the arguments that minimize
the function f , and ‖. . .‖ is the trace distance [S 5].

3. Deviation of implemented Ising parameters from
nominal values

Implemented mean value of Bm, 0.29±0.02, is close to
the nominal value (0.3). However, for T , the nominal val-
ues differences with implemented ones increase when we
aim for high temperatures. As an example, implemented
Tm is 0.751 when the nominal value is 0.750, while Tm is
3.237 when the nominal value is 4.000. The implemented
values for T could be seen in Fig. 3.b of the main text.

The difference between fixed-point states and nominal
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causal states of the Ising chain, that one wants to sim-
ulate, mainly comes from the difference in the nominal
and implemented values of T , given that J is fixed and
the implemented B is close to the nominal value. One
can argue that the simulation of the systems with high
temperature become difficult, which is valid because of
an inevitable level of noise. As it can be seen in Fig. S1,
for values close to 0, the implemented Tm and T s ver-
sus nominal values almost follow a linear trend, while for
higher temperature it starts to saturate.

4. Theoretical prediction for the statistical
complexity of the real simulator

The simulator models an Ising model with
temperature Tm and magnetic field Bm,

instead of the target values of T (T ∈
{0.75, 1, 1.25, 1.5, 1.75, 2.25, 2.75, 3, 4, 5, 6, 8, 10, 12, 14})
and constant B = 0.3, respectively. Although the
mean value for Bm is close to nominal value, 0.3, there
are still some discrepancies for individual values. For
a particular value of Tm, there exists a value and
uncertainty band for Bm(Tm), resulting from fitting Bm

values as a function of Tm. The theoretically predicted
quantum statistical complexity for the real simulator is
given by Cq(Bm(Tm), Tm) for J = 1. The Cq values
corresponding to the upper and lower bound of this fit,
resulted in the grey bounds in Fig. 3a in the main text.
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Chapter 3. Interfering trajectories in experimental quantum-enhanced stochastic
simulation

3.2 Quantum simulation over multiple time steps

Quantum information offers a memory advantage in simulating stochastic processes.
This advantage is practically meaningful, when we can simulate a process over many
steps—stochastic processes often exhibit interesting behaviour over multiple time steps.
However, the previous stochastic simulation demonstrations using quantum proces-
sors looked at only a single step (68, 91). Therefore, the ability to simulate multiple
steps is a crucial stepping stone for solving real-world problems. In this work, we use
a photonic quantum information processor to demonstrate the first quantum simula-
tor capable of simulating a Markovian process for multiple discrete time steps. The
optical system that we use allows us to experimentally implement the quantum sim-
ulation over several consecutive time steps, generating a coherent superposition over
all potential future trajectories of the stochastic process. Our approach, creating a co-
herent quantum superposition of the different trajectories over multiple time steps,
is in contrast to measuring and repreparing quantum states at each time step of the
simulation (68, 91), presented in Chapter 2, which would increase the entropy of the
simulator,

This coherent superposition is crucial for two reasons. Firstly, it conserves the
entropy throughout the simulation, which is the key to achieving the quantum advan-
tage in memory cost over multiple time steps. Secondly, using quantum interference,
we can efficiently estimate how well the statistical futures from two independent pro-
cesses coincide. This highlights the advantage of the coherent superposition, by show-
ing how it enables us to perform a second key task beyond statistical sampling. Given
two (potentially different) stochastic processes, the output of our simulator lets us es-
timate the overlap of the statistical futures of two stochastic processes via quantum
interference, without measuring the future statistics directly. Estimating the overlap
between vectors is an essential task in many fields, including machine learning (189).
To achieve this, we produced and controlled a high-dimensional quantum state. The
capability of encoding a large amount of information on a multi-dimensional photonic
state makes high-dimensional quantum states important in the context of quantum in-
formation science.

To sum up, this work contains very interesting results: i) It is the first demonstra-
tion of a multi-step quantum simulation of a stochastic process, where the statistical
complexity advantage is shown. ii) We used two simulators to estimate the overlap of
the future output statistics of stochastic processes, using quantum interference instead
of measuring the statistics themselves. iii) High-dimensional states are produced, con-
trolled and manipulated. The interference between two discrete high-dimensional
states is achieved with a very high-quality. Our interference visibility is the highest
number reported for a discrete 16-dimensional state, to the best of our knowledge.
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3.2.1 Interfering trajectories in experimental quantum-enhanced stochastic
simulation
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Simulations of stochastic processes play an important role in the quantitative sciences, enabling
the characterisation of complex systems. Recent work has established a quantum advantage in
stochastic simulation, leading to quantum devices that execute a simulation using less memory than
possible by classical means. To realise this advantage it is essential that the memory register remains
coherent, and coherently interacts with the processor, allowing the simulator to operate over many
time steps. Here we report a multi-time-step experimental simulation of a stochastic process using
less memory than the classical limit. A key feature of the photonic quantum information processor is
that it creates a quantum superposition of all possible future trajectories that the system can evolve
into. This superposition allows us to introduce, and demonstrate, the idea of comparing statistical
futures of two classical processes via quantum interference. We demonstrated interference of two
16-dimensional quantum states, representing statistical futures of our process, with a visibility of
0.96± 0.02.

Introduction

Many of the most interesting phenomena are
complex—whether in urban design, meteorology or fi-
nancial prediction, the systems involved feature a vast
array of interacting components. Predicting and simulat-
ing such systems often requires the use of a prohibitive
amount of data, evincing a pressing need for more effi-
cient tools in algorithmic modelling and simulation.

Quantum technologies have shown the potential to dra-
matically reduce the amount of working memory required
to simulate stochastic processes [1, 2]. By tracking infor-
mation about past observations directly within quantum
states, a quantum device can replicate the system’s con-
ditional future behaviour, using less memory than the
provably-optimal classical limits. The key to achieving
a quantum memory advantage is maintaining coherence
of the quantum memory during the simulation process,
enabling the encoding of relevant past information into
non-orthogonal quantum states. This memory reduction
comprises a new application of quantum processing, com-
plementary to computational speedup [3], cryptography
[4], sensing [5, 6] and phase estimation [7].

This advantage was first illustrated for simulating a
particular stochastic process, where past information was
encoded within non-orthogonal polarization states of a
single photon [8]. The scheme, however, maintained
quantum coherence over only a single simulation cycle.
This limitation meant that the resulting simulator exhib-
ited a memory advantage only when simulating a single
time step. To simulate multiple time steps, such a device
required relevant information to be transferred to classi-
cal memory between time steps, negating any quantum

∗Electronic address: farzad.ghafari@griffithuni.edu.au
†Electronic address: g.pryde@griffith.edu.au

advantage.
Here we develop a quantum simulator that overcomes

this limitation, such that it exhibits a memory advan-
tage when simulating multiple time steps. As an impor-
tant additional benefit, our device enables us to create a
quantum superposition over all potential future outcomes
of a process. We illustrate that such an output lets us
estimate the distinguishability in the statistical futures
of two stochastic systems via quantum interference. Our
experimental approach makes use of temporal (time-bin)
encoding in an optical system to experimentally realise
a quantum simulation over three consecutive steps, gen-
erating a coherent superposition over the process’s po-
tential future trajectories. We then implement two such
quantum simulations in parallel, simultaneously generat-
ing superpositions over the trajectories for each of two
independent systems. Experimentally, this corresponds
to using our quantum simulators to produce and control
high-dimensional quantum states. These are interfered,
allowing estimation of how well the corresponding statis-
tical futures coincide.

Results

Framework and tools

In this work, we study a simple stochastic process
known as the perturbed coin [1]. It consists of a binary
random variable that represents the state of a coin (0
corresponds to heads, and 1 to tails) inside a box. At
each time step, the box is perturbed, causing the coin to
flip with some probability. Afterwards, the state of the
coin is emitted. In general the coin may be biased, so
the probability of remaining in heads, l, can differ from
the probability of remaining in tails, m, as presented in
Fig. 1. Repetition of this procedure generates a string of
0’s and 1’s, whose statistics defines the perturbed coin
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FIG. 1: Perturbed coin. The process that we study here
is a coin with two outcomes, 0 and 1. The transition prob-
abilities, Tij , between different outcomes are determined by
l and m for i, j ∈ {0, 1}. The optimal classical model uses
the causal states ({Si}) depicted in the circles. There is a
simple mapping from the past of the process to the relevant
causal state: the last outcome from the coin determines the
input causal state. Arrows, with the associated expressions
j| Tij , represent the transitions from causal states Si to Sj
with probability Tij , emitting the classical outcome j. In the
quantum model, the causal states become quantum states,
{|Si〉}.

process.

Any device that seeks to replicate correct future statis-
tics must retain relevant past information in a memory.
This involves a prescription for configuring its memory
in an appropriate state for each possible observed past,
such that systematic actions on this memory recover a se-
quence of future outputs that are faithful to conditional
future statistics. In general the amount of past infor-
mation stored in memory is quantified by the Shannon
entropy C = −

∑
s ds log ds, where ds is the probability

that the memory is in state s and logarithm is in base 2.
The minimal possible memory required, Cµ, is known as
the statistical complexity, and is an important measure of
structure in complexity science [9–12]. For the perturbed
coin (see Fig. 1), the minimal information required about
the past is the current state of the coin. This induces a
statistical complexity of Cµ = −q log q−(1−q) log(1−q),
where q represents the probability that the last outcome
was heads (see Eq. (1) in Methods).

A quantum simulator can further reduce memory re-
quirements by encoding the two possible outcomes of the
process into mutual non-orthogonal states. Future statis-
tics are then generated by a series of unitary interactions,
ensuring that this entropic advantage is maintained at
all times during simulation [13]. For the case of the per-
turbed coin, the quantum simulator can be implemented
as shown in Fig. 2. The past of the process is encoded
in a quantum system that sequentially interacts with an-
cillary systems. All the ancillary systems start in a fixed
state, and therefore do not contain any information. The
sequence of interactions produces a large entangled state,
of which the ancilla systems are measured after the de-
sired number of steps to provide a sample of the statistics.

For the case of the perturbed coin, the quantum simu-
lator can be implemented as shown in Fig. 2. The state
of the machine encodes relevant information about past
outcomes—here, the state of the coin after the last step.
It is represented as one of two states, |S0〉 or |S1〉, of
a quantum system that sequentially interacts with ancil-

U UU

00 0
blank tape

Si

Past

large entangled state

t t t1 2 3

V
X

R

FIG. 2: Conceptual representation of multiple-step
quantum simulation of a perturbed coin. The mem-
ory system of the simulator is initialised in a qubit state |Si〉,
where i ∈ {0, 1} depends on the past of the process. The an-
cillary qubits are all initialised in a fixed known state |0〉— the
logical zero state—and thus contain no information about the
past of the process. At each time step tj , the simulator inter-
acts with the j-th ancilla through the same unitary operator
U . The inset shows how we implement the relevant unitary
operator. The gates are a controlled-X, a single-qubit rota-
tion R such that R |0〉 = |S0〉, and a controlled-V such that
V R |1〉 = |S1〉. This sequence of interactions results in an
entangled internal state that includes all the ancillary qubits
and the memory state of the simulator. Measuring the an-
cillas samples the statistical distribution of the process, and
at the same time the internal state of the simulator collapses
into the correct memory state required for further simulation
steps.

lary systems. Each interaction corresponds to a time step
of the stochastic process. All the ancillary systems start
in a fixed state, and therefore do not contain any informa-
tion. The sequence of interactions produces an entangled
state. Measuring the ancillary systems after the desired
number of steps provides a sample of the statistics.

Experimental implementation

Motivated by recent realisations of quantum walks in
linear optical setups with time-bin encoding [14–17], we
implement the memory system and multiple ancillas—
here, corresponding to three time steps—by encoding on
a single photon. The ancillas, which can be read to ob-
tain the classical outcomes of the process, are encoded
in the arrival time of the photon, and the memory state
of the simulator is encoded in its polarisation. Thus,
for a simulation of M time steps, a 2M -dimensional sys-
tem corresponding to 2M different photon arrival times
replaces M distinct ancillary photons. Instead of mea-
suring the classical outcome at each time step, our quan-
tum information processor keeps the photon and builds
up a superposition in a high-dimensional Hilbert space;
in our case M = 3, and the output of the simulator is
16 dimensional (8 arrival time modes × 2 polarisation

48



3

modes). The associated memory cost during this process
does not increase since all operations remain unitary—
and thus conserve entropy. Of course, distinct ancilla
qubits could be used instead, but encoding in multiple
degrees of freedom provides a convenient, effective and
high-fidelity approach for small- to medium-sized pho-
tonic systems.

Our experiment demonstrates that high- (here, 16-)
dimensional quantum states can be encoded and ma-
nipulated in photonic temporal and polarisation modes
with high fidelity [18, 19]. This complements other re-
lated works involving hybrid optical states using spa-
tial (path and orbital angular momentum) and polari-
sation modes [20–23]. This also substantiates the oft-
repeated claim that combining different photonic encod-
ings [24, 25] is a practical tool for various quantum infor-
mation tasks, for example studying the remote prepara-
tion of entangled states [26], complementarity [27], Bell
inequalities [21, 28, 29], QKD implementations [30] and
complete optical Bell state analyser [31, 32].

Our first task consists of performing the quantum sim-
ulation of the perturbed coin. In particular, we seek to
verify that the simulator samples from the correct sta-
tistical distributions, and to demonstrate the memory
advantage due to quantum encoding. The experimen-
tal setup is shown in Fig. 3. We generate degenerate
pairs of single photons through spontaneous parametric
down-conversion. One of the photons (depicted as the
red, lower beam in the figure) is prepared in a state, |S0〉
or |S1〉, depending on the past of the process. It then
passes through three sequential blocks, which represent
the three time steps being simulated. In each block, the
short and long paths correspond to outcomes 0 and 1, re-
spectively (details in Methods). For the simulation, only
one of the photons (the red beam) is used, and the other
photon (orange beam in the figure) is not used except as
a herald, and is measured immediately after generation
(for this task, it does not go through the apparatus as
shown in the figure). We then estimate the polarisation
state of the red-beam photon in the tomographic recon-
struction at the end of the third block, and also measure
its arrival time (using the orange-beam photon as a refer-
ence). In this way, we obtain the probability distribution
of the stochastic process as simulated by our quantum
information processor, together with the final memory
state of our simulator, which is needed for further simu-
lation steps.

Experimental results

The experimentally-determined outcome probabilities
are shown in Fig. 4, and are close to expected theo-
retical values. The main discrepancies with theory are
due to small differences between nominally identical po-
larisation elements, and the non-identical single-mode-
fibre coupling efficiency of photons taking different paths
through the simulator. In order to evaluate how well they
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Beam block
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Mirror GT
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FIG. 3: Experimental setup. a) Single photons are
generated from a degenerate spontaneous parametric down-
conversion (SPDC) source pumped by a 410 nm continuous-
wave laser. After filtering the generated photons with (820±
1.5) nm bandpass filters, photons in the lower beam (red) and
upper beam (orange) are separately prepared in their respec-
tive input states, |S0〉 or |S1〉, using half-wave plates (HWP).
Polarisation qubits, one from each beam, are used as mem-
ory states for the simulation of two separate and potentially
different processes Π1 (red) and Π2 (orange). (For the first
experiment described in the text, where only one process is
required, the second SPDC output (orange) is sent straight to
a heralding detector, rather than through the apparatus.) To
implement the three-step simulation, three processor blocks
are built—labelled Step 1, Step 2, and Step 3. In each step,
path and arrival time modes are also employed to realise the
relevant physical operation, as explained further in Methods.
The output of one of the simulators (lower beam) is used to
perform the polarisation tomography and to measure the ar-
rival times of each photon in order to sample the statistical
future. To measure the overlap of the future trajectories of
two processes, both photons are used, and the other outputs
of the third beam splitter (BS) are interfered in a fibre BS (yel-
low box). An automated translation stage is used to move one
of the couplers in order to vary the relative delay between the
single-photon wave packets. Avalanche photodiodes (APD)
and a single-photon counting module are used to count the
photons. SMF stands for single-mode fibre, QWP for quarter-
wave plate, GT for Glan-Taylor prism, PBS for polarising
beam splitter, and FPC for fibre polarisation controller. b)
The inset shows a close-up of two vertically-separated beams
passing through two HWPs with holes, each of which only
acts on one of the beams.

agree, we calculate the (classical) fidelity [33] for each set
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of parameters and initial conditions that we have simu-
lated in our experiment. All the values obtained for this
(classical) fidelity are larger than 0.991. Typical uncer-
tainties are around 0.001.

To compare the use of quantum and classical resources,
we use Cq, the quantum counterpart to the classical sta-
tistical complexity (the entropy of the memory register
of the quantum simulator), which quantifies the memory
requirement of the quantum simulator. We thus calculate
Cq for this process (details in Methods). The experimen-
tal results are shown in Fig. 5a. The corresponding clas-
sical statistical complexity is also shown for the sake of
comparison, demonstrating that quantum resources dra-
matically reduce the amount of memory needed for sim-
ulating a multi-step stochastic process.

To guarantee that the quantum memory advantage is
maintained at all stages of the simulation process, we re-
quire the internal dynamics to be close to (ideally, com-
pletely) unitary. We can verify this by demonstrating
the coherence of the output state that includes all the
ancillary qubits and the memory state of the simulator.
We observe this coherence via two-photon quantum in-
terference. We use the complete setup of Fig. 3, where
the photon depicted by the orange path is no longer
measured after generation (as done previously), but also
goes through the apparatus. Both the photons pass in-
dependently through the three sequential blocks, with
each experiencing nominally the same optical elements
(although different settings are possible). If the coher-
ence between the different time-bins and polarisations
exploited in our simulation is maintained, we expect a
complete interference, which means that the visibility
ideally should be unity. The result in Fig. 5b shows
a visibility of 0.96 ± 0.02 for the case where the theo-
retical output states of the apparatus are uniform su-
perpositions of all time-bins and polarisations (which is
the scenario where the highest discrepancy from ideal
visibility would be expected as it is most susceptible to
imperfections). The high value obtained here indicates
that our simulator is (almost) implementing a unitary
operator, and the entropy of our system does not signifi-
cantly increase throughout the simulation process. This
requirement is essential for preserving the quantum mem-
ory advantage. Moreover, apart from the specific appli-
cation of this apparatus to simulate classical stochastic
processes, this result is also significant in a more gen-
eral context, since it demonstrates the interference of two
discrete high-dimensional states with an extremely high
visibility [23].

Modifying this experimental setup allows us to com-
pare two different processes, Π1 and Π2. Clearly, one
way to perform such a statistical comparison is to con-
sider each process individually, and sample its outcomes
to reconstruct the corresponding distribution. These two
reconstructed distributions can then be compared. How-
ever, we notice that in our quantum simulation, all the
information about the future statistics is already encoded
in the state that exists in our apparatus. Thus, we do not
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FIG. 4: Sampling of statistical futures. a) The coloured
bars show the measured probability of different outcomes for
the three simulation steps, when the initial state is |S0〉 with
l = 0.4, and for discrete values of m in the range 0.1 to 1.0.
The transparent bars show the theoretically-calculated prob-
abilities for the corresponding process. b) The sampled future
of the same process, when the initial state is |S1〉. Uncertain-
ties, due to the Poissonian distribution of photon counts, are
so small that they are not visible in the graphs—therefore,
they are not depicted. Note that the classical probability dis-
tribution is determined by the coin flip parameters l and m,
as well as the initial causal state. For example, if the last
outcome of the coin is 1, the quantum simulator is initialized
in state |S1〉. The conditional probability of subsequently ob-
serving 111 is then m3. For a fixed l = 0.4, and increasing
m, the average probability of getting 1 in the simulation thus
rises accordingly. This can be seen by having higher columns
in the right corners of both graphs.
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need to collapse the superposition of possible outcomes 
by sampling, instead we can exploit this superposition for 
our task of comparing the future of processes. In partic-
ular, by simultaneously running quantum simulations of 
Π1 and Π2 in parallel and interfering the resulting out-
put states, we can estimate the overlap of their future 
statistics.

In our experiment, we realise different processes by ap-
plying different operations to the two photons (red-beam 
and orange-beam) in the three blocks of the setup in 
Fig. 3. To implement the parameters of each process sep-
arately, we use half-wave plates with holes in the centre. 
One beam passes through the hole unaffected, while the 
other passes through the wave plate regardless of plate’s 
azimuthal orientation. Drilling holes in the wave plate 
does not affect the retardance of the remaining material. 
This arrangement allows us to change the polarisation 
of one beam without affecting the other. We fix one of 
the processes and change the other process gradually. As 
the parameters defining the processes become increas-
ingly similar, the two output probability distributions 
overlap more. This is reflected in the experiment by a 
higher visibility value, showing how the comparison be-
tween two sets of future statistics can be evaluated via in-
terference visibility. Results are shown in Fig. 5c, where 
the experimental values are close to theoretical predic-
tions. However, there remain slight discrepancies because 
of experimental imperfections such as small spatial and 
polarisation mode mismatches. These techniques could 
be adapted to attain a quantum advantage in estimating 
the distance between two normalised vectors [34], which 
plays an essential role in machine learning tasks such as 
image recognition [35].

Discussion

Our multi-step photonic implementation of a stochas-
tic simulation has verified the memory advantage avail-
able with quantum resources. We have demonstrated 
that it is possible to maintain this advantage at all stages 
of the simulation by preserving quantum coherence, as 
opposed to previous experiments [8, 36]. Further, we 
showed that superpositions of statistical distributions of 
process outcomes can be interfered. These techniques 
have potential to reduce memory requirements in simu-
lations of stochastic processes and to provide tools for 
advances in quantum machine learning and communica-
tion complexity.

The time-bin encoding techniques in our experiment 
can be extended to other small- and medium-scale simu-
lations by expanding the number of time bins. For exam-
ple, 108 time bin modes have been realized in the context 
of communication complexity [37]. However, the num-
ber of bins does not scale efficiently with the number 
of qubits, and thus very-large-scale simulations are not 
possible with this encoding. This is not a fundamental 
problem, as the concepts that we demonstrate can be

equivalently implemented in other photonic encodings or
in other qubit systems. Our current demonstration also
uses non-deterministic (post-selected) mode recombina-
tion at certain beam splitters within the circuit. This im-
plementation is convenient, but not necessary and thus
not a fundamental limitation: a deterministic multi-step
simulator could be realised with a step-dependent delay
mechanism— for instance, a controlled fast switch con-
nected to fibre paths of different lengths.

The comparison of future statistics has direct relation
to other protocols, such as quantum fingerprinting and
state comparison in communication complexity [34, 37].
Fingerprinting involves estimating the distance between
two vectors, where the resource to be minimised is the
amount of communication. For the comparison of two
vectors, quantum mechanics can reduce the amount of
communication required beyond classical limits. In the
quantum protocol, Alice and Bob perform a SWAP test
—a quantum information primitive which compares two
arbitrary states. Two-photon interference is known to be
equivalent to a SWAP test [38]. Our comparison of fu-
tures can be cast as a similar problem. In this case, the
task would be for Alice and Bob, who each have their
future statistics from potentially different processes, to
compare the two statistical futures [34]. In principle, for
very high dimensional Hilbert spaces, a comparison of
statistical futures via two-photon interference can achieve
a quantum advantage in communication complexity. The
comparison of two vectors is also an important compo-
nent of many machine learning tasks, and thus a similar
advantage could extend to more general settings such as
speech recognition [35].

Methods

Theoretical background

A discrete-time stochastic process is generally de-

scribed by a joint probability distribution, p(
←−
X,
−→
X ),

where
←−
X = ..., X−1, X0 (

−→
X = X1, X2, ...) denotes the

random variables that govern the statistics of past (fu-
ture) observations. Each past (future) configuration of
the random process is denoted by ←−x (−→x ). For an ob-
served past configuration←−x , the future statistics are dic-

tated by the conditional probability p(
−→
X = −→x |

←−
X =←−x ),

which we abbreviate as p(−→x |←−x ).
By categorising all sets of past events with the same

future statistics into equivalence classes (called causal
states, which are encoded as memory states of the simu-
lator), the optimal classical model (called the ε-machine
[10, 39]) only needs to store the class ε(←−x ) that ←−x be-
longs to. That is, given only ε(←−x ) the ε-machine is able
to make a statistically accurate inference of the process’
conditional future. By observing the outcome of the
stochastic process over a long time, one can infer the
probability of each causal state and transition probabili-
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FIG. 5: Experimentally determined complexity and interference visibility. a) The quantum statistical complexity
Cq of our quantum simulator, as the probability of remaining in tails during perturbation, m, is varied. The probability of
remaining in heads, l, is fixed at 0.4. Due to small experimental imperfections the actual implemented values of l and m
deviate slightly from the nominal round values (see Methods for more details). Data points are experimental measurements of
Cq, and the magenta and turquoise curves are theoretical estimations for the quantum and classical complexities Cq and Cµ,
respectively. b) Two-photon interference of the superpositions of future trajectories in two implemented stochastic processes,
Π1 and Π2, with Π1 = Π2 such that l = 0.5 and m = 0.5 and thus |S0〉 = |S1〉. Since Π1 = Π2, an interference visibility of
100% is theoretically expected, while fitting the experimental data yields a visibility of 0.96± 0.02. In the graph, the number
of measured two-fold coincidences is depicted versus the relative delay between single-photon wave packets. c) Magenta and
turquoise elements (points—experiment; curves—theory) show the comparison of the statistical futures from two stochastic
processes by two-photon interference visibility. In each case, one process (Π1) is fixed, and the other process (Π2) has fixed m
but varying l. Magenta represents interference of the output states of the simulators for Π1 (|S0〉 is the input memory state,
l = 0.5, and m = 0.5) with Π2 (|S0〉 is the input memory state, m = 0.5, and l varying). Turquoise represents interference of
the output states of the simulators for Π1 (|S0〉 is the input memory state, l = 1.0, and m = 1.0) with Π2 (|S0〉 is the input
memory state, m = 0.5, and l varying). Uncertainties, from the Poissonian distribution of photon counts, are so small that
they are barely visible in some of the graphs.

ties between them. For a stochastic process, the N causal
states S = {Si}Ni=1 and their relevant transition proba-
bilities are enough to realise the ε-machine model. The
resulting ε-machine requires [33]

Cµ = −
N∑
i=1

di log di, (1)

bits of information about the past, where di is the prob-
ability that the past is in causal state Si. No other pre-
dictive model can simulate the future while storing less
information about the past. Thus Cµ has been termed
the statistical complexity [10, 40, 41], and is considered
a fundamental measure of complexity that captures how
resource-intensive it is to predict the future of a given
process.

It has been theoretically proven that for many pro-
cesses, including the one studied here, there exists a
quantum ε-machine with entropy Cq, such that Cq < Cµ
[1]. Similar to its classical counterpart, this quantum
model is defined by its causal states {|Si〉} and the cor-
responding transition probabilities. On average, the en-
tropy of such a quantum ε-machine is given by

Cq = −Trρ log ρ, (2)

where ρ =
∑
i

di|Si〉 〈Si|.

Three-step simulation of a perturbed coin

It is easy to verify that, for the perturbed coin process,
the optimal quantum causal states can be written as [1]:

|S0〉 =
√
l |0〉+

√
1− l |1〉, (3a)

|S1〉 =
√

1−m |0〉+
√
m |1〉. (3b)

To give an example of the output state of our simula-
tor, let us consider a perturbed coin defined by its param-
eters l andm, which we denote as process Π1. The output
of the corresponding quantum ε-machine after three time
steps is given by the superposition∑

xn

√
p (x1, x2, x3|Si,Π1) |x1, x2, x3〉 |Sx3〉 , (4)

where n = {1, 2, 3} and p (x1, x2, x3|Si,Π1) is the proba-
bility to obtain x1, x2, and x3 as the outcomes of three
time steps of the process Π1 when the input causal state
is |Si〉. The value of p can be evaluated theoretically
from the transition probabilities between casual states
(see Fig. 1). The variables xn ∈ {0, 1} are the configura-
tions of random variables x1, x2, and x3, respectively.
To sample from the future statistics of the perturbed
coin process, we perform a simultaneous measurement
on all the ancillary qubits after the three time steps. By
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also characterising the polarisation state of the photon in
each case, we can tomographically reconstruct the output
state associated with each time bin, and thus experimen-
tally determine the statistical complexity of the simula-
tion. To calculate the statistical complexity, Cq, for this
process, we need to find the state ρ:

ρ = d0

∑
xn

p(x1, x2, x3|S0,Π1) ρpol|S0

+ d1

∑
xn

p(x1, x2, x3|S1,Π1) ρpol|S1

(5)

where

d0 =

∑
x1,x2

p(x1,x2,x3=0|S1,Π1)∑
x1,x2

p(x1,x2,x3=1|S0,Π1)+
∑

x1,x2

p(x1,x2,x3=0|S1,Π1) ,

d1 = 1 − d0, and Spol|Si
is the tomographically recon-

structed polarisation state at each arrival time condi-
tioned that the input memory state is encoded in |Si〉.

Verifying the unitarity of the processor via
two-photon quantum interference

To verify that the operation is unitary, which guar-
antees the conservation of the entropy, we need to show
that the superposition of different modes, both in time
and polarisation, is coherent and that this coherence is
maintained throughout the whole process. Using a pure
state as the input and viewing the entire simulation as a
black box, the output of the unitary operations inside the
box should ideally be a pure state. In order to experimen-
tally demonstrate this, we consider the case of simulta-
neously implementing two setups to model two identical
processes, Π1 = Π2. It is possible to verify that two un-
correlated single photons are in identical pure states via
two-photon interference—the Hong-Ou-Mandel (HOM)
effect. The visibility of the interference, v = Pmax−Pmin

Pmax
,

where Pmax (Pmin) is the maximum (minimum) of two-
photon coincidence detections measured when varying
the delay between the two beams, can only be unity if
the photons are in pure and identical states.

Comparison of future statistics

The case of unequal processes also provides useful in-
formation. If Π1 6= Π2 and the output states are pure,
the overlap of different future output statistics can be
deduced by interfering the output photons. For two pho-
tons in states |ψ〉 and |φ〉 entering two input ports of a
50 : 50 beam splitter, the probability of finding a coinci-

dence is 1−|〈φ|ψ〉|2
2 , where 〈φ|ψ〉 is the overlap of the two

states. Therefore, one can use the HOM interference v to
estimate overlaps, by noting that v = |〈φ|ψ〉|2. For our
stochastic processes, the overlaps of the photonic output
states are directly related to the overlaps of the future
statistics produced by the two processes. I.e. for two dif-
ferent processes Π1 and Π2, let |Si〉 be a causal state of

Π1, and |Tj〉 be a causal state of Π2. Using Eq. (4), in
general the overlap between the respective outputs of the
quantum simulators for Π1 and Π2 will be∑
xn

√
p (x1, x2, x3|Si,Π1) p (x1, x2, x3|Tj ,Π2)〈Sx3

|Tx3
〉.

(6)
Since the perturbed coin process has Markov order one,
and there is a one-to-one correspondence between the
classical outcome and the causal state the machine tran-
sitions to, interfering the output states from a pair of
quantum simulators for Π1 and Π2 as in Eq. (6), actu-
ally results in an overlap∑

xn

√
p (x1, x2, x3, x4|Si,Π1) p (x1, x2, x3, x4|Tj ,Π2).

(7)
I.e. in this special case we are able to find the difference
between conditional futures up to one additional time
step. Therefore, we can use our photonic quantum infor-
mation processor for two tasks: 1) to simulate the future
outcomes over three time steps of the classical stochas-
tic process, and 2) to estimate the overlap of the future
output statistics over four time steps.

Details of the experimental design

The schematic in Fig. 3 shows how we implement the
multi-step quantum-enhanced stochastic processor. Con-
sider, for instance, the scenario where we want to sample
the statistics. For one process (i.e. for one beam) a single
photon is injected in the left-hand-side of the circuit, from
the source, with the state |0〉 (|1〉) which is encoded as
|H〉 = horizontal (|V 〉 = vertical) polarisation. The first
wave plate creates the desired initial causal state of our
perturbed coin, either |S0〉pol =

√
l |H〉pol +

√
1− l |V 〉pol

or |S1〉pol =
√

1−m |H〉pol +
√
m |V 〉pol. The purpose of

the first block is to transform a photon with a causal state
encoded in polarisation into an appropriately weighted
superposition of the classical outcomes of the first step
encoded in the arrival time (denoted here as the delay de-
gree of freedom, del), with the corresponding next causal
state encoded in the polarisation:

|S0〉pol |0〉del →
√
l |S0〉pol |0〉del +
√

1− l |S1〉pol |t1〉del , (8a)

|S1〉pol |0〉del →
√

1−m |S0〉pol |0〉del +
√
m |S1〉pol |t1〉del . (8b)

This is achieved by temporarily using the photon path
as an auxiliary degree of freedom: A polarising beam
splitter maps the polarisation degree of freedom onto the
path, which is then copied onto the arrival time through
the use of different path lengths (|H〉 → short path and
|V 〉 → long path). By using a wave plate in each of the
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two paths, a path- (and therefore, arrival-time-) depen-
dent transformation of the polarisation into one of the
two causal states is achieved: |S0〉pol in the short path,

and |S1〉pol in the long path.
Next, the information on the path degree of freedom

is erased, to avoid an exponential scaling of the number
of paths (and optical elements in the experiment) with
the number of time steps. To this end, the paths are
recombined in a 50 : 50 beam splitter, and subsequently
post-selected for the photon exiting in the right output
arm, at the end of the first block (see Fig. 3). This means
that we will lose half of our photons at the beam splitter,
but in each run that we post-select, the evolution is uni-
tary because the post-selection ensures that no photon
is detected in the other output arm. By repeating the
described block at each time step, we have three blocks
to realise a three-step machine. The use of a sequence
of interferometers has also been demonstrated in other
experiments to study different topics in quantum infor-
mation, such as non-Markovian dynamics and sequential
state discrimination [42, 43].

To be able to attribute a different arrival time to each
sequence of classical outcomes, we require a unique path
length for every possible combination of short or long
paths within the three blocks. The delays are imple-
mented as t1 = 2 ns at the first step, t2 = 4 ns at the
second, t3 = 8 ns at the third step. The arrival times
are discriminated by time-resolving single-photon detec-
tors. The coincidence window for HOM interference is
long enough to include the state which is spread out in a
14 ns time interval.

After the third step, we have the measurement stage
at one output arm of the third BS and the circuit contin-
ues at the other, which is exploited for the second task
of our work. In order to run our simulation and esti-
mate the memory efficiency of this scheme compared to
the optimal classical one, we measure the final arrival
times (encoding the three ancillary qubits of the original
scheme) and reconstruct the final polarisation state of the
photon. This can be done simultaneously at the tomog-
raphy stage, by also measuring the arrival times of the
photons, allowing a full reconstruction of the polarisation
state and arrival time.

The same apparatus can be exploited for the interfer-
ence part of our experiment, the only difference being
that now two single photons are injected in the setup.
They both pass through the three blocks described above.
When we want to verify the unitarity of our simulation,
the elements in the blocks are the same for both the pho-
tons, so as to have Π1 = Π2; on the other hand, they are
different when we want to compare the future statistics
of two different processes (Π1 6= Π2). After the output of
the third block, the two photons interfere in a fibre BS
and the number of coincidences is measured.

Details of the l and m parameters used in the
experiment

The simulated process, for which the Cq results
are depicted in Fig. 5a, is a perturbed coin with
parameters l = 0.4 and m ranging from 0.1 to 1.0 in
increments of 0.1. Due to experimental imperfections
the actual implemented values of l and m slightly
deviate from the nominal ones (l = 0.397 and m =
{0.101, 0.197, 0.297, 0.391, 0.490, 0.588, 0.685, 0.784, 0.882,
0.994}). In Fig. 5c, the turquoise and magenta colours
both show the case of two processes. For the turquoise
graph, the fixed process is a stochastic process of a
perturbed coin with input causal state |S0〉, l = 1.0,
and m = 1.0. The varying stochastic processes are the
ones with input causal state |S0〉, m = 0.5, and nominal
l = {0.25, 0.50, 0.70, 0.85, 0.95, 1.0} (the parameter l
is used to change between different processes). For
the magenta graph, the fixed stochastic process is a
perturbed coin with input causal state |S0〉, l = 0.5, and
m = 0.5. The varying ones are the stochastic processes
with input causal state |S0〉, m = 0.5, and nominal
l = {0.00, 0.10, 0.30, 0.50, 0.70, 0.90, 0.99}.
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Chapter 4. Conclusive experimental demonstration of one-way
Einstein-Podolsky-Rosen steering

4.2 One-way Einstein-Podolsky-Rosen steering

Quantum non-locality is certainly one of the most interesting features of quantum
mechanics. The notion of one-way EPR steering is a unique and fundamentally inter-
esting asymmetric phenomena in quantum non-locality. In this experiment, we realise
the first conclusive experimental demonstration of one-way EPR steering. Our exper-
iment stands out because there is no assumption either on the shared two-qubit state
between parties or on the measurements they can choose, unlike previous works (181,
186, 187).

To do this experiment, we designed and implemented a photonic Werner-state
source, which is the best of its type. This was possible due to our new entangled single-
photon source (185). The one-way steering criterion by Baker et al. (166) placed certain
requirements on the state; the condition to be able to steer in at least one direction
placed requirements on the correlations and the heralding efficiency, and the source
and apparatus needed to satisfy these strict conditions.

Designing and building high-quality entangled single-photon sources with high
heralding efficiency is in much demand. The entangled source used in the current
work is also part of a long-term project in our group. It is a stepping stone for building
more similar sources for experiments which need more than two photons, and require
very high-quality interference between those photons. One of the milestones would
be to build two of these sources and interfere photons from different sources with high
visibility, preferably without spectral filtering, while maintaining exceptional herald-
ing efficiency.

To emphasise the importance of this work: 1. It is the first conclusive test of one-
way EPR steering. 2. We realised a very high-quality Werner-state source. 3. The
entangled source, pumped by a picosecond pulse, is a cornerstone for building more
entangled sources with high heralding efficiency that can be used in multi-photon
experiments. 4. The same design is used to realise the four-photon unentangled source
employed in the experiment presented in Chapter 5.

4.2.1 Conclusive experimental demonstration of one-way Einstein-Podolsky-
Rosen steering

The remainder of this page is intentionally left blank. The paper appears on the fol-
lowing pages.
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Einstein-Podolsky-Rosen steering is a quantum phenomenon wherein one party influences, or steers,
the state of a distant party’s particle beyond what could be achieved with a separable state, by making
measurements on one-half of an entangled state. This type of quantum nonlocality stands out through its
asymmetric setting and even allows for cases where one party can steer the other but where the reverse is
not true. A series of experiments have demonstrated one-way steering in the past, but all were based on
significant limiting assumptions. These consisted either of restrictions on the type of allowed measurements
or of assumptions about the quantum state at hand, by mapping to a specific family of states and analyzing
the ideal target state rather than the real experimental state. Here, we present the first experimental
demonstration of one-way steering free of such assumptions. We achieve this using a new sufficient
condition for nonsteerability and, although not required by our analysis, using a novel source of extremely
high-quality photonic Werner states.

DOI: 10.1103/PhysRevLett.121.100401

Introduction.—One of the most noteworthy and funda-
mental features of quantummechanics is the fact that it admits
stronger correlations between distant objects thanwhatwould
be possible in a classical world. Quantum correlations can be
categorized into the following classes, which form a strict
hierarchy [1–3]: Entanglement is a superset of Einstein-
Podolsky-Rosen (EPR) steerability, which, in turn, is a
superset of Bell nonlocality. Out of these, steering is special
in that it allows for, and, in fact, intrinsically contains,
asymmetry. Steering is operationally defined as a quantum
information task, where one untrusted party (for instance,
called Alice) tries to convince another distant, trusted party
(Bob) that they share entanglement. Bob asks Alice to make
certain measurements on her quantum system (e.g., particle)
and to announce the measurement outcomes but is not sure
whether Alice answers honestly or indeed even has a particle.
He also makes corresponding measurements on his particle
and checks whether the correlations of their measurement
outcomes rule out a so-called local hidden state model for his
particle, thereby proving shared entanglement [1].
Interestingly, the steering task allows for the case of one-

way steerable states, for which steering is possible in one
direction but impossible in the reverse direction [4]. One-
way steering is of foundational interest, since it is a striking

manifestation of asymmetry that does not exist for entan-
glement and Bell nonlocality. It also has applications
in device-independent quantum key distribution [5]. To
observe one-way steering, one needs to demonstrate steer-
ing in one direction, by violating a steering inequality. In
addition, one must establish that it would be impossible to
achieve steering in the opposite direction. Our scheme,
which allows for arbitrary measurements and rigorously
takes into account losses and the real experimental quantum
state, is illustrated in Fig. 1.

FIG. 1. Scheme for demonstrating one-way steering. A two-
qubit quantum state is distributed to Alice and Bob, with a lossy
channel on the way to Bob, such that his probability of obtaining
his qubit is εB. A detection-loophole-free steering test demon-
strates that Alice can steer Bob’s state. At the same time, it is
established that Bob cannot steer Alice’s state for any choice of
measurements, based directly on the reconstructed experimental
quantum state ρ and the measured efficiency εB.
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Since the question of whether one-way steering is
possible was first raised in the seminal paper of Ref. [1],
considerable progress has been made on the topic [2,4,
6–17]. First, the original question was answered in the
affirmative, and this gave rise to the quest to fully understand
and demonstrate the phenomenon. An overarching effort of
these works has been the elimination of assumptions.
On the theory side, the ultimate, so far unattained, goal

would be to establish practical necessary and sufficient
conditions for the steerability of arbitrary quantum states
using arbitrary measurements, which are described by
positive operator-valued measures (POVMs). Examples of
one-way steerable states have been identified assuming
projective measurements [4,9,11] and for POVMs
[2,8,10]. While specific example states provide conclusive
proof that one-way steering is possible in principle, they are
challenging to work with in real experiments. Real states in
the laboratory generally deviate from the ideal target states,
so the ability to account for these deviations is crucial.
A practical, sufficient condition for the nonsteerability of
arbitrary two-qubit states under the assumption of projective
measurements is known [11].Recently, a practical, sufficient
condition for the nonsteerability of generic two-qubit states
with loss was also established for restricted projective
measurements [17] (see explanation in Supplemental
Material, Sec. I [18]).
The elimination of assumptions has also been a key

development on the experimental side. Several experiments
relied on assumptions about the measurements. The first
demonstration of one-way steering was restricted to the
case of Gaussian measurements [7]. This was followed by a
demonstration that was restricted to two-setting projective
measurements [12] and another one assuming multisetting
projective measurements [14]. In contrast to these post-
selection-based experiments, an experiment by some of us
and co-workers had no detection loophole, and, therefore,
its analysis could take into account vacuum state contri-
butions to the quantum state [10]. Also, unlike the previous
experiments, it made no assumptions about the measure-
ment. It did, however, make an assumption about the type
of quantum state; an analysis for Werner states was applied
to the experimentally achieved state, which exhibited a high
fidelity with a Werner state. However, drawing conclusions
based on high fidelities can be problematic, in general [21],
and caution is also warranted for the case at hand [17] (see
also Sec. V in Ref. [18]).
Here, we present the first fully rigorous experimental

demonstration of two-qubit one-way steering. In one
direction, we demonstrate the violation of a steering
inequality with the detection loophole closed. Using the
recent theory result of Ref. [17] and the new theory
developed in Supplemental Material, Sec. I [18], we
provide a sufficient condition for nonsteerability, valid
for general POVMs performed on arbitrary two-qubit states
with loss, and conclusively show that our state is not

steerable in the opposite direction. We further demonstrate
the impact of different experimental parameters, which
highlights the delicate nature of experimental one-way
steering. Although the formalism does not assume it, our
experimental states are very close to two-qubit Werner
states. Two-qubit Werner states comprise a one-parameter
family of states written as ρW ¼ μjΨ−ihΨ−j þ ð1 − μÞ=4I4,
where jΨ−i ¼ ðj01i − j10iÞ= ffiffiffi

2
p

is the singlet state and I4
is the 4 × 4 identity matrix. These states represent a well-
known example of mixed states [22], with their purity
determined by the Werner state parameter μ ∈ ½0; 1�.

A number of sources of photonic two-qubit Werner states
have been reported in the past [23–27]. Here, we use a new
type of photon source, producing high-quality states that
have unprecedented fidelities with Werner states.
Werner state source.—Our photonic source of Werner

states is based on spontaneous parametric down-conversion
(SPDC) with a picosecond pulsed pump laser, producing
photon pairs at a telecom wavelength, with the quantum
state encoded in the polarization degree of freedom
(jHi≡ j0i, jVi≡ j1i, where H and V stand for horizontal
and vertical polarization, respectively). It is constructed as
an incoherent superposition of a singlet state source and a
source of maximally mixed photon pairs. Our design
provides high heralding efficiencies and full control of
the Werner state parameter μ.
The detailed setup is illustrated in Fig. 2. A 775 nm

pulsed laser with variable power and a pulse length of 1 ps
acts as the pump for the two individual sources comprising
the overall source. After passing through a focusing lens,
the pump beam is divided between the two sources with a
controllable splitting ratio by using a half-wave plate
(HWP) and polarizing beam splitter (PBS).
The singlet state source is based on the design of

Ref. [28] and essentially implements a superposition of
two SPDC events within a beam displacer interferometer.
The pump passes through a HWP that sets its polarization
to an equal superposition of H and V components, which
are then horizontally split into two beams by the first
beam displacer (BD). The next two HWPs act to make the
polarizations of both beams H, appropriate for the sub-
sequent down-conversion process, while matching the path
lengths of the two beams. The beams then pump the 15-
mm-long periodically poled potassium titanyl phosphate
(ppKTP) crystal in two places, enabling degenerate type-II
SPDC. The second BD separates signal and idler photons
vertically, resulting in a total of four down-converted
photon beams for the one photon pair. The next three
HWPs modify the polarizations of the beams such that the
left two beams are H polarized, while the right two beams
are V polarized. This allows overlapping the signal photon
from the two different down-conversion beams with the
third BD, and likewise for the idler photon. A D-shaped
mirror separates the propagation directions of the signal
and idler photon beams, each of which are collimated, have
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the pump light filtered out with a long-pass filter, and are
coupled into single-mode fiber. To transform the maximally
entangled state of jHHi and jVVi to one of jHVi and
jVHi, a 90° polarization rotation for one of the two photons
is implemented with in-fiber polarization controllers, and
the phase ϕ of the target state ðjHVi − eiϕjVHiÞ= ffiffiffi

2
p

can
be controlled through a slight tilting of the first BD or by
adjusting the crystal temperature.
The design of the mixed state source is such that a

separable photon pair is created, and then each photon is
fully depolarized, yielding the target state I4=4. The pump
beam passes through a ppKTP crystal identical to the one in
the entangled state source, creating one H and one V
polarized photon, which are collimated with a lens. The two
photons are vertically separated into two beams with a BD,
and subsequently their polarization is rotated by 45° with
a HWP. An imbalanced BD interferometer, in which one
polarization component passes straight through and the
other component undergoes spatial walk-off twice (in
opposite directions), decoheres the polarization of each
of the signal and idler photon completely. A long-pass filter
discards the pump light, before the propagation directions
of the signal and idler beams are separated with a D-shaped
mirror and they are fiber coupled.

The two individual sources are mixed using 50∶50 fiber
beam splitters, which combine the signal photon contribu-
tions coming from the two sources, and likewise for the
idler photon. This mixing is incoherent, since the path
lengths through the two sources are sufficiently different.
Finally, a bandpass filter in Bob’s arm narrows the biphoton
spectrum (see Sec. III in Ref. [18]), which enhances the
polarization state quality for the singlet source. By tuning
the relative power of the pump in the two individual
sources, the parameter μ can be controlled. For a range
of relative power values, we perform quantum state
tomography of the photon pairs using a combined pump
power setting of ∼75 mW and determine the fidelities with
the closest Werner states, as detailed in Table I. These
fidelities are the highest reported values to date.
A further noteworthy feature of our source is its high

heralding efficiency. Despite a 50% loss due to the mixing
of the two individual sources via 50∶50 beam splitters and
the additional components in the measurement apparatus,
we still obtain typical heralding efficiencies (defined as
detected coincidences divided by the detected singles of
the opposite arm, also called Klyshko efficiency [29])
of 0.3100� 0.0003 and 0.2345� 0.0002, for the arm
without and with the bandpass filter, respectively. The

TABLE I. Tunability and quality of the experimental quantum state. For six different pump conditions, we determine the Werner state
ρW with which the experimental state ρ has the highest fidelity. Listed are the parameter μ of the closest Werner state and the
corresponding fidelity, defined as ½Trð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ρ
p

ρW
ffiffiffi
ρ

pp Þ�2. Uncertainties are obtained from Monte Carlo simulations based on Poisson
distributed counts to generate 200 variations on each of the experimental tomography measurement results. The reconstructed density
matrices are shown in Supplemental Material, Sec. II [18].

μ 0.9978� 0.0003 0.797� 0.001 0.603� 0.001 0.398� 0.002 0.198� 0.002 0.007� 0.002

State fidelity 0.9981� 0.0002 0.9964� 0.0004 0.9983� 0.0002 0.9985� 0.0001 0.9986� 0.0001 0.9983� 0.0001
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FIG. 2. Experimental setup. As detailed in the main text, the tunable source of telecom-wavelength two-qubit Werner states is
constructed as an incoherent superposition of the outputs from a singlet state source and a source of the maximally mixed two-qubit
state. After a variable loss in one arm, polarization measurements are carried out in Alice and Bob’s stations, enabling quantum state
reconstruction and steering tests. Abbreviations: ppKTP, periodically poled potassium titanyl phosphate; BD, (polarizing) beam
displacer; PBS, polarizing beam splitter; HWP, half-wave plate; QWP, quarter-wave plate; FC, (single-mode) fiber coupler; BS, (fiber)
beam splitter; PC, (fiber) polarization controller; SNSPD, superconducting nanowire single-photon detectors; lp, long pass; bp,
bandpass; “D,” D-shaped element with a horizontal cut that is not apparent from the top view. BD2 implements a vertical beam
displacement (see the main text), which is illustrated in the diagram by the slightly separated pairs of beams. For further details about the
experimental elements, see Supplemental Material, Sec. III [18].
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high heralding efficiencies are made possible by the
choices of the pump beam waist, the detection beam waist,
and high-efficiency superconducting nanowire single-
photon detectors [30] (see also Sec. III in Ref. [18]).
One-way steering.—To demonstrate one-way steering,

we use the same setup as before, with some minor
modifications. To add controllable loss, we insert a multi-
setting neutral density filter before the detection apparatus
in Bob’s arm, which lowers his overall heralding efficiency
to εB. We also increase the total pump power to ∼300 mW
in order to maintain a sufficiently high signal-to-noise ratio
with the attenuated beam against the detector dark counts,
which are ∼100 per second (see Sec. III in Ref. [18]). As
shown in Fig. 3 and explained below, the output of our
Werner state source together with the added loss creates
one-way steerable states, provided that the values of μ and
εB are suitably chosen. Note that, in the steering experi-
ment, some of the fidelities with the closest Werner states
are lower than the results shown in Table I, but our
subsequent analysis is robust, as it makes no assumption
of the experimental states being Werner states.
To demonstrate one-way steering, we perform two sets

of measurements. The purpose of the first set is to show
steering from Alice to Bob. This is done via a steering test
with n ¼ 6 measurement settings, using a platonic-solid
measurement scheme [31]. Detection-loophole-free steer-
ing is demonstrated if the correlations of the measurement
outcomes are sufficiently large, resulting in a steering
parameter that exceeds the n ¼ 6 steering bound (the
definition of the steering parameter is provided in
Supplemental Material, Sec. IV [18]). The bound is a
function of Alice’s heralding efficiency εA, because, in this
task, she is the person who is attempting to steer her
opponent’s state. Our experiment thus necessarily closes
the detection efficiency loophole, though we make no claim
to close the spacelike-separation loophole.
The purpose of the second set of measurements is to

establish nonsteerability from Bob to Alice, for general
POVMs. This is achieved via a quantum state tomography,
through which our experimental density matrix is recon-
structed. Based on the density matrix and Bob’s exper-
imentally measured heralding efficiency, we test the
criterion for nonsteerability derived in Supplemental
Material, Sec. I [18]:

NPOVM ≤ 1: ð1Þ
Here NPOVM is defined as

NPOVM ¼ max
x̂∈bR3

�
ð1 − 3εBÞjb · x̂j

þ 3εB
2

½1þ ðb · x̂Þ2� þ jjTx̂jj
�
; ð2Þ

where b is Bob’s local Bloch vector, T is the correlation
matrix of the quantum state in its canonical form, and jj…jj

denotes the 2-norm. The maximization is carried out over
all unit vectors x̂ in three dimensions. This criterion is
stronger than that in Ref. [17], and its derivation (see
Supplemental Material, Sec. I [18]) is more rigorous: It
ensures nonsteerability from Bob to Alice without restrict-
ing Bob’s measurements to POVMs on the photonic qubit
subspace.
Obtaining a steering parameter in one direction above the

steering bound and showing, based on the density matrix
and heralding efficiency, that the corresponding quantum
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FIG. 3. Experimental demonstration of one-way steering. The
upper (lower) panels contain results for a set of states where the
effective μ parameter (Bob’s heralding efficiency εB) is varied.
The left panels contain results for a detection-loophole-free
steering test for Alice to steer Bob, where the steering parameter
S for n ¼ 6 measurement settings is plotted against Alice’s
heralding efficiency εA. For any data point above the bound
given by the green line, steering from Alice to Bob is demon-
strated. The right panels depict results for our sufficient condition
for nonsteerability with arbitrary POVMs, and data points below
the purple line are conclusively nonsteerable from Bob to Alice.
Each data point from one of the left panels corresponds to a point
from the right panel, with a pair representing a specific quantum
state. Data points in order of increasing S from (a) correspond to
the points with increasing μ in (b). Similarly, data points in order
of increasing εA in (c) correspond to those with increasing εB
in (d). Uncertainties for the steering parameter are calculated as
ΔS ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΔSðsystematicÞ2 þ ΔSðstatisticalÞ2

p
[31]. The other un-

certainties are based on Monte Carlo simulations of the meas-
urement outcomes, using 200 samples of Poisson distributed
counts. Where uncertainties are small and error bars would
reduce the clarity of the plots, the error bars are not shown.
However, the relevant uncertainties are provided in the insets,
which enlarge areas of interest. Conclusively one-way steerable
states are marked by the red triangles.
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state is unsteerable in the opposite direction successfully
demonstrates one-way steering. We perform the measure-
ments for two sets of quantum states. In the first set, we
keep the loss added by the neutral density filter fixed such
that Bob’s heralding efficiency is εB ¼ ð2.52� 0.03Þ ×
10−3 while varying μ. The results from the steering test are
shown in Fig. 3(a), and the results from the corresponding
test of the sufficient condition for nonsteerability in the
opposite direction are depicted in Fig. 3(b). Of all the μ
values shown, only one, marked by the red triangle, is
conclusively one-way steerable [steering bound violation
from Alice to Bob by 3.8 standard deviations (s.d.) and
fulfilment of the sufficient condition for nonsteerability
from Bob to Alice with a margin of 5.3 s.d.].
For the second set of quantum states, we keep μ fixed at

0.951� 0.004 while varying the loss added by the neutral
density filter. The results of the steering test are given in
Fig. 3(c), and the results from the corresponding test of the
sufficient condition for nonsteerability in the opposite
direction are shown in Fig. 3(d). Here, the two states
corresponding to the lowest εB values are conclusively one-
way steerable (steering bound violation by 3.3 and 5.2 s.d.
and nonsteerability with margins of 6.0 and 5.6 s.d.,
respectively). The states with higher εB are no longer
conclusively nonsteerable from Bob to Alice. The ability to
further reduce εB is limited for technical reasons only,
namely, the decreasing signal-to-noise ratio due to dark
counts, which reduces the ideally constant measured
heralding efficiency εA when the attenuation is very high.
The results highlight that, in practice, demonstrating

one-way steering based on two-qubit states with loss
requires a balance between (i) having sufficient correlations
to observe steering in one direction while (ii) keeping the
loss needed to conclude nonsteerability in the opposite
direction at a technically feasible level.
Discussion.—Our experiment is based on a two-qubit

state with loss. Implementing loss in a quantum informa-
tion protocol is relatively straightforward. In fact, some
amount of loss is generally unavoidable in practice, so,
even if the loss were not actively leveraged, an exper-
imental analysis would need to account for it in any case.
Therefore, a two-qubit state with loss is well motivated
from a practical perspective.
It is worth emphasizing that we establish nonsteerability

by checking against our sufficient condition for nonsteer-
ability [Eq. (1)]. This condition offers the best currently
available method for demonstrating the nonsteerability of
general two-qubit states with loss, allowing for general
POVMs. However, the condition is not proven to be tight,
so it is possible that tighter conditions will be found in the
future. For example, it might be possible to show that the
necessary and sufficient conditions for steerability coincide
for projective measurements and POVMs, which would
then make it easier to demonstrate one-way steering.
However, the fact that we work with a sufficient condition

for nonsteerability means that our results are conclusive
now and will remain so, even in the event that tighter
conditions are found in the future.
Conclusion.—In this work, we present a new, high-

heralding-efficiency photon-pair source that produces quan-
tum states with very large fidelities with two-qubit Werner
states and provides full control of the Werner state param-
eter. We use the source and a new sufficient condition for
nonsteerability to achieve a rigorous demonstration of two-
qubit one-way steering free of previous limiting assump-
tions about the experimental quantum state or measurement.
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Supplemental Material: Conclusive Experimental Demonstration of One-Way
Einstein-Podolsky-Rosen Steering
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I. THE SUFFICIENT CONDITION FOR NONSTEERABILITY

In this section, we provide a proof for the nonsteerability criterion of Eqs. (1) and (2) in the main text. For
theoretical convenience, we consider quantum steering from Alice to Bob as in Ref. [17]; a simple permutation at
the end allows us to obtain the criterion for nonsteerability from Bob to Alice as described by Eqs. (1) and (2) in
the main text. In the following, we use PVMs to denote projective measurements, and n-POVMs to denote positive
operator-valued measures of n outcomes. In fact, we work very often with the notion of 2-POVMs with a rank-1
projection component. Those 2-POVMs are of the form (Q, I−Q) with I being the identity operator and Q being a
rank-1 projection.
We start with repeating the proof of Lemma 1 of Quintino et al. in Ref. [2] in its more general form (see Ref. [19]).

Lemma 1 (Quintino et al.). If a state ρ of Cd×Cd′ is nonsteerable for 2-POVMs with a rank-1 projection component,
then the state

ρ̃ = 1
d
ρ+ d− 1

d
σA ⊗ ρB (S.1)

with arbitrary state σA and ρB = TrA[ρ] is nonsteerable with arbitrary POVMs.

Proof. Since an extremal POVM E = (E1, E2, . . . , En) has at most n = d2 nonzero components, we can fix n = d2.
Moreover, we can assume that the components of the POVM E are rank-1, namely Ei = αiQi for some rank-1
projections Qi and 0 ≤ αi ≤ 1 (since all other POVMs can be post-processed from these; see, e.g., Ref. [20]). In
proving this lemma, it is convenient to rewrite a measurement E in the direct sum form E = ⊕ni=1Ei. The steering
ensemble—the set of Bob’s reduced states conditioned on E— is thus written as ⊕ni=1 TrA[ρ̃Ei ⊗ IB ]. Now we claim
the following identity:

n⊕
k=1

TrA[ρ̃Ek ⊗ IB ] =
n∑
i=1

n∑
j=1

αiβj
d

n⊕
k=1

TrA [ρ(δikQi + δjk(IA −Qi))⊗ IB ] , (S.2)

where βj = Tr(σAEj). Note that
∑n
i=1

αi

d =
∑n
j=1 βj = 1. This identity can be proved straightforwardly by passing

the sums over the direct sum and performing them explicitly. This identity tells us that the steering ensemble
⊕nk=1 TrA[ρ̃Ek ⊗ IB ] can be written as a convex combination of n2 steering ensembles ⊕nk=1 TrA[ρ(δikQi + δjk(IA −
Qi)) ⊗ IB ], each with probability αiβj

d . Note then that the latter ensembles ⊕nk=1 Tr[ρ(δikQi + δjk(IA − Qi)) ⊗ IB ]
correspond to steering ρ with 2-POVMs with a rank-1 projection component, (Qi, IA−Qi), when empty components
are discarded. These ensembles can all be locally simulated from a local hidden state (LHS) ensemble by assumption.
It follows that the former steering ensemble ⊕nk=1 TrA[ρ̃Ek⊗ IB ] can also be locally simulated from the LHS ensemble.
In other words, ρ̃ is nonsteerable with n-POVMs.

Remark 1. We can translate this mathematical proof to a physical one. Alice’s aim is to simulate steering of ρ̃ with
POVMs E = (α1Q1, α2Q2, . . . , αnQn) (chosen by Bob). Alice provides Bob with the LHS ensemble that she can use
to simulate steering of ρ with 2-POVMs with one rank-1 projection component. With probability αiβj/d, she chooses
a pair (i, j). She then simulates the outcomes i and j as if they are outcomes of Qi and IA −Qi in the measurement
(Qi, IA −Qi), respectively. This is slightly different from the protocol in Ref. [19], but the result is the same.

Suppose we have a two-qubit state ρ acting on C2 ⊗ C2. A state with loss can be described by a state on C3 ⊗ C2

as

ρεA
= εAρ+ (1− εA) |ν〉 〈ν| ⊗ ρB , (S.3)
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where |ν〉 is the vacuum state, which is orthogonal to the standard qubit states |0〉 and |1〉 (see the main text and
Ref. [17]). Here εA is Alice’s heralding efficiency, 0 ≤ εA ≤ 1.
In Ref. [17], some of the present authors considered in particular the steerability of ρεA

with PVMs which are
restricted to the form (|ϕ1〉 〈ϕ1| , |ϕ2〉 〈ϕ2| , |ν〉 〈ν|), where |ϕ1〉 and |ϕ2〉 are two orthogonal qubit states (which are
both orthogonal to the vacuum |ν〉). These PVMs are not the most general PVMs, and will be referred to as restricted
PVMs in the following. Let ρ be written as

ρ = 1
4

I⊗ I +
3∑
i=1

aiσi ⊗ I +
3∑

i,j=1
Tijσi ⊗ σj

 , (S.4)

where a = (a1, a2, a3)T is Alice’s Bloch vector, and T is the correlation matrix, which can be assumed to be diagonal.
Theorem 1 in Ref. [17] states that ρεA

is nonsteerable with restricted PVMs if

max
x̂

[
(1− εA) |a · x̂|+ εA

2 (1 + |a · x̂|2) + ‖T x̂‖
]
≤ 1, (S.5)

where the maximization is taken over all unit vectors x̂ of R3.
We now show that nonsteerability with restricted PVMs implies nonsteerability with all 2-POVMs with a rank-1

projection component. This then allows us to apply Lemma 1 to construct a state which is nonsteerable with arbitrary
POVMs.
Lemma 2. Consider the two-qubit state with loss ρεA

in (S.3). If ρεA
is nonsteerable with restricted PVMs, then it

is nonsteerable with all 2-POVMs with a rank-1 projection component.
Proof. Consider Alice making a measurement of the form (|ψ〉 〈ψ| , IA − |ψ〉 〈ψ|), where IA is the identity operator on
Alice’s space C3, |ψ〉 is a state of C3, which may be nonorthogonal to the vacuum |ν〉. It is sufficient to show that
the steering outcome corresponding to |ψ〉 〈ψ| can be locally simulated. We start with finding the steering outcome
TrA[ρεA

(|ψ〉 〈ψ| ⊗ IB)] for |ψ〉 〈ψ|, which is

εA TrA(ρ |ψ〉 〈ψ| ⊗ IB) + (1− εA) |〈ν|ψ〉|2 ρB , (S.6)

where IB is the identity operator acting on Bob’s space. Since TrB [ρ] has no support on |ν〉 〈ν|, we can insert the
projection Π = IA−|ν〉 〈ν|, which projects C3 to the two-qubit space C2, such that ρ = (Π⊗ IB)ρ(Π⊗ IB). Therefore,

TrA(ρ |ψ〉 〈ψ| ⊗ IB) = TrA(ρΠ |ψ〉 〈ψ|Π⊗ IB). (S.7)

Now let Π|ψ〉 = r|ϕ〉 with |ϕ〉 being a two-qubit state. Note that 1 = 〈ψ|(Π + |ν〉 〈ν|)|ψ〉, so |〈ν|ψ〉|2 = 1 − r2. The
steering outcome TrA[ρεA

(|ψ〉 〈ψ| ⊗ IB)] therefore can be written as

r2εA TrA(ρ |ϕ〉 〈ϕ| ⊗ IB) + (1− r2)(1− εA)ρB . (S.8)

This is explicitly a convex combination of two steering outcomes εA TrA(ρ |ϕ〉 〈ϕ| ⊗ IB) and (1− εA)ρB . Trivially, the
latter steering outcome (1−εA)ρB can be locally simulated. We therefore need only to show that the steering outcome
εA TrA(ρ |ϕ〉 〈ϕ|⊗ IB) can be locally simulated. However, this is exactly one steering outcome of the steering ensemble
made by the restricted PVM (|ϕ〉 〈ϕ| , |ϕ⊥〉 〈ϕ⊥| , |ν〉 〈ν|), where |ϕ⊥〉 is the two-qubit state that is orthogonal to the
two-qubit state |ϕ〉 (and the vacuum |ν〉). The latter can be locally simulated with a LHS ensemble by assumption.
Therefore, εA TrA(ρ |ϕ〉 〈ϕ|⊗ IB) can indeed be locally simulated with the LHS ensemble and ρεA

is nonsteerable with
2-POVMs with a rank-1 projection component.

Now if the two-qubit state with loss ρεA
in Eq. (S.3) is nonsteerable with restricted PVMs, this lemma guarantees

that it is also nonsteerable with 2-POVMs with one rank-1 projection component. Applying Lemma 1 with σA =
|ν〉 〈ν|, we find that

εA
3 ρ+

(
1− εA

3

)
|ν〉 〈ν| ⊗ ρB (S.9)

is nonsteerable with arbitrary POVMs. Now retrieving the criterion for nonsteerability with restricted PVMs (S.5),
we find the sufficient condition for a two-qubit state with loss ρεA

to be nonsteerable with arbitrary POVMs to be

max
x̂

[
(1− 3εA) |a · x̂|+ 3εA

2 (1 + |a · x̂|2) + ‖T x̂‖
]
≤ 1. (S.10)

This is exactly the criterion of Eqs. (1) and (2) in the main text, except that there, we considered steering from Bob
to Alice, and as a consequence Alice’s Bloch vector a and heralding efficiency εA were replaced by Bob’s Bloch vector
b and heralding efficiency εB .
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II. DENSITY MATRICES

The density matrices that make up the data for Table I are displayed in Fig. S1.
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Figure S1. Experimental quantum states from the Werner-state source that are used for Table I. The plots depict the real parts
of the density matrices, obtained through quantum state tomography, in order of decreasing effective µ value. The absolute
values of the imaginary parts are all below 0.02.

III. EXPERIMENTAL DETAILS

Details of optical elements in the setup of Fig. 2.— The ppKTP crystal has a poling period of 46.20 µm. The
focal lengths of the lenses are f1 = 75 cm and f2 = 25 cm. The BDs are made of alpha-BBO, with a displacement
of 1.4 mm for BD1, and 3.0 mm for BD2. The bandpass filter is centered at 1550 nm and has a full width at half
maximum (FWHM) of 8.8 nm.
Heralding efficiencies.— The pump and detection beam waists are approximately 300 µm and 115 µm, respectively.

If the aim was to achieve a fixed value of µ 6= 0.5, it would generally be possible to further increase the heralding
efficiency in the following way: Using beam splitters with a splitting ratio other than 50:50, the output of one of the
individual sources (singlet state source or maximally mixed state source) would suffer more loss, while the output of
the other one would undergo less loss. This asymmetry could be exploited to lower the loss for the singlet state or the
maximally mixed state, whichever has the heavier weight in the Werner state. For the extreme cases where µ = 0 or
µ = 1, this approach would lead to the use of fully reflective or transmissive “beam splitters”, which is intuitive since
only one of the individual sources would be required. However, using splitting ratios other than 50:50, the overall
heralding efficiency would depend on the value of µ because the heralding efficiencies from the two individual sources
would not be equal, and µ determines the contribution from each. This means that the improved overall heralding
efficiency at a given µ value would be achieved at the expense of a reduced tunability of µ. We choose a 50:50 splitting
ratio to maintain tunability over the full range of parameter values with fixed heralding efficiencies. Indeed, Figs.
3(a) and (b) show that εA is nearly constant over the whole range of µ values.
Gating.— To reduce the effect of dark counts, we gate the detection of photons (singles and coincidences) based

on emission events of the pump laser, by detecting in a 3 ns window around a synchronization signal from the laser.
This results in average dark count values (per second) of 99 and 156 for the detectors in Alice’s arm, and 55 and 113
for the detectors in Bob’s arm.
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IV. STEERING PARAMETER

The steering parameter for the number of measurement settings n = 6 is defined as S = 1
6
∑6
k=1〈akσ̂Bk 〉. Here,

ak ∈ {−1, 1} is the measurement outcome announced by Alice for those measurements where Bob has chosen the
the measurement setting corresponding to the Pauli observable σ̂Bk in the direction uk. The measurement setting is
chosen out of a predetermined set of six options [31]. The steering bound is a nontrivial function of εA and is based
on Alice’s optimal cheating strategy [31].

V. COMPARISON WITH RESULT FROM REF. [10]

In Ref. [10], the conclusion of one-way steering was reached based on an analysis for Werner states. To this end,
the Werner states closest to the experimentally obtained density matrices were used. Enabling an analysis of general
states, the work of Ref. [17] has since indicated that even small deviations from a Werner state can have a significant
bearing on proving the nonsteerability of quantum states. Here, we use our new condition for nonsteerability (Eq.
(1)) to compare one of our states with the quantum state from Ref. [10] that was thought to be one-way steerable
for POVMs. We show that in contrast to our quantum state, the state from Ref. [10] does not conclusively meet our
condition for nonsteerability, and reveal the key experimental improvements in the present work.
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Tx
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0.01
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b
x

Figure S2. Comparison of the quantum state of Ref. [10] (in blue) with one of our one-way steerable states (in green), with
regard to the sufficient condition for nonsteerability from Bob to Alice of Eq. (1). The lines represent the sufficient condition
for nonsteerability, given the experimental εB values of 0.005±0.003 (blue) and 0.00269±0.00001 (green). The shaded regions,
visible for the blue line but too small to be discernible for the green line, show the corresponding uncertainties, based on the
uncertainties of the εB values. Each ensemble of points is associated with one quantum state, and the sufficient condition for
nonsteerability (Eq. (1)) is equivalent to the whole ensemble being to the left of the corresponding line. An ensemble captures
relevant properties of the quantum state, with individual points corresponding to specific choices of the unit vector x̂, of which
a representative sample of 625 choices is shown. The choice of x̂ that constitutes the solution to the maximization in Eq. (1)
is marked by the larger point symbol. For the quantum state from Ref. [10], the sufficient condition for nonsteerability is not
satisfied with statistical significance (note the shaded region), whereas it is for our quantum state. The quantum state used as
the one-way steerable state example from the present experiment is the one corresponding to the left-most data points in Fig.
3(c) and (d). For the case of an exact Werner state, the ensemble would collapse to a single point in the plot. An assumption
made in Ref. [10] but not in this work, namely the mapping to a Werner state, is illustrated by the star. The uncertainty in its
position, based on the uncertainty in the quantum state, is indicated by the horizontal error bar.
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A useful way to visualize the relevant properties of a quantum state is through its correlation matrix T and Bob’s
local Bloch vector b, as detailed in Sec. I of this Supplemental Material. Specifically important are ||T x̂||, the norm
of the correlation matrix multiplied by arbitrary unit vectors x̂, and b · x̂, the projection of the reduced Bloch vector
onto the same unit vectors, plotted in Fig. S2. If the points for all choices of x̂ lie to the left of a bound, the state is
nonsteerable from Bob to Alice. The bound depends on Bob’s heralding efficiency εB .
Fig. S2 shows our quantum state and that of Ref. [10], each with its corresponding bound calculated from the

measured values of εB . Our bound is slightly to the right of the bound from Ref. [10] because we work with a lower
value of εB , and this makes witnessing nonsteerability a little easier. However, the main differences between the two
cases can be ascribed to the two ensembles of points. The ensemble corresponding to our state (i) lies at lower values
of ||T x̂||, and (ii) has a smaller spread in b · x̂.

The lower values of ||T x̂|| are due to lower correlations in the state, also evidenced by a lower effective µ value.
This generally helps to show nonsteerability from Bob to Alice, while at the same time making it more challenging
to demonstrate steering from Alice to Bob. We have the option to operate at these lower correlation values and still
violate a detection-loophole-free steering inequality from Alice to Bob, thanks to Alice’s high heralding efficiency. It
should also be noted that it is the tunability of our source which gives us the freedom to move to this advantageous
correlation condition.

The smaller spread in b · x̂ is an indication of a smaller reduced Bloch vector, which would be 0 for the ideal case
of an exact Werner state. The reason that the spread in b · x̂ matters is because the bounds do not correspond to
vertical lines in the plot.

In summary, the experimental improvement can be attributed to several factors: our ability to tune the correlations
of our experimental quantum state, Alice’s higher heralding efficiency that lets us demonstrate steering from Alice to
Bob with lower correlations, a better state quality in the sense of a smaller reduced Bloch vector, and Bob’s lower
heralding efficiency.
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Chapter 5. Dimensional advantage in the simulation of stochastic processes

5.2 Quantum memory advantage using a single simulator

In this work (190), we present the first experimental stochastic simulation where a
dimensional quantum memory advantage is attained, using a single simulator. This
kind of memory advantage can find practical use even if the simulation is to be per-
formed without many simulators running in parallel. The optimal classical simula-
tor of the process we consider needs a three-dimensional memory register (requiring
more than one bit to encode), whereas the quantum simulator requires only a two-
dimensional memory (a qubit). In the previous works, the practical memory advan-
tage as quantified by the statistical complexity, would be realisable in the scale of a
very large number of simulators, whereas in the current work, the memory advantage
is scale-independent—it can be realised with any number of simulators. In addition to
this clear dimensional advantage, we also demonstrate an advantage for the statistical
complexity.

The common measure of memory, statistical complexity, is based on information
entropy. To determine the von Neumann entropy in a quantum simulator, quantum
state tomography is needed, which is an extremely hard task, especially for high-
dimensional states. However, to verify the dimensional memory measure (topolog-
ical complexity), we just need to count the dimensions of the memory of the quantum
simulator. Although the two measures are connected (the topological complexity is an
upper bound for statistical complexity), verifying one is straightforward and the other
is hard. Therefore, the dimensional memory advantage is of practical importance
because it can be easily determined for stochastic simulators with high-dimensional
memory registers.

To implement the simulator in the lab, we required sequential quantum gates with
very high quality, for which a photonics implementation is well suited. To realise
the four-photon experiment, we have also benefited from the source design which I
explained in Chapter 4 and the introduction. Moreover, we devised a design which
circumvents the challenge of concatenating probabilistic post-selected gates in this
experiment by adding a non-demolition-measurement.

Accordingly, this work is important for two reasons: 1. It is the first demonstration
of the dimensional memory advantage, which, remarkably, is a scale-independent ad-
vantage. 2. This new type of advantage is straightforward to verify, in comparison
to the statistical complexity of the previous works, which needs tomographic recon-
struction.

5.2.1 Dimensional advantage in the simulation of stochastic processes

The remainder of this page is intentionally left blank. The paper appears on the fol-
lowing pages.
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Stochastic processes underlie a vast range of natural and social phenomena. Some
processes such as atomic decay feature intrinsic randomness, whereas other complex
processes, e.g. traffic congestion, are effectively probabilistic because we cannot track
all relevant variables. To simulate a stochastic system’s future behaviour, informa-
tion about its past must be stored and thus memory is a key resource. Quantum
information processing promises a memory advantage for stochastic simulation. Here,
we report the first experimental demonstration that a quantum stochastic simulator
can encode the required information in fewer dimensions than any classical simulator,
thereby achieving a quantum memory advantage using an individual simulator. This
is in contrast to recent proof-of-concept experiments, where the memory saving would
only become accessible in the limit of a large number of parallel simulations. In those
examples the memory registers of individual quantum simulators had the same dimen-
sionality as their classical counterparts. Our photonic experiment thus establishes the
potential of a new, practical resource saving in the simulation of complex systems.

INTRODUCTION

Stochastic processes are ubiquitous in science and tech-
nology [1, 2]. Quantum information reduces the required
memory storage for simulating these processes [3–15]—
a newly identified advantage [3] that complements other
quantum information technological enhancements. Re-
cent first experiments confirmed the existence of this ad-
vantage [9, 10]. The memory enhancement was with re-
spect to an entropic information measure—however, a
large number of parallel simulators would be required to
exploit this benefit in a practical application. Also, veri-
fying the entropic advantage requires quantum state to-
mography, with difficulty scaling exponentially with the
problem size.

Here we realise the first experimental demonstration of
a dimensional memory advantage for simulating stochas-
tic processes. By “dimensional advantage” we mean that
any individual quantum simulator uses a memory regis-
ter with fewer dimensions than any classical counterpart.
This is a scale-independent memory advantage, achiev-
able with any number of simulators, rather than requir-
ing an asymptotically large array of simulators [4, 16].
This realises the quantum advantage for stochastic sim-
ulation in its fullest sense. Moreover, characterising the
dimensional advantage is relatively straightforward, com-
pared to other measures of memory, which need to deter-
mine the information entropy of a register. Verifying in-
formation entropy requires tomographic reconstruction,
which is known to be an extremely hard task for high-
dimensional states.

We investigate a specific stochastic process, while not-
ing that it is theoretically known that the advantage
holds for a range of other simulation tasks [14]. The pro-
cess we simulate here can be understood as the output
of a biased perturbed coin after post-processing [15](see
Fig. 1A): at each discrete time step, the state of the coin
provides a probabilistic binary outcome, which depends
on the parameters p and q that are defined by the pro-
cess. Over multiple time steps, this produces a string
of ‘zero’s and ‘one’s. Then, in post-processing, every ‘0’
that precedes a ‘1’ is replaced by a ‘2’. For classical
simulation, this post-processing markedly increases the
amount of past information that needs to be stored in
order to generate future predictions. This is not so for
quantum processors.

It is known that for the provably optimal simula-
tors [15] in each class (classical or quantum) of this
stochastic process (Fig. 1B), it suffices to classify any
possible past into three different states called causal
states [3, 17]. To this end, the classical processor must
have three distinguishable states, {Si}i=0,1,2, as its mem-
ory. By contrast, as we experimentally demonstrate,
the quantum processor works with the three required
quantum states, {|Si〉}i=0,1,2, compressed into a two-
dimensional quantum system.

RESULTS

Generally, as illustrated in Fig. 2A, a quantum simu-
lator of a stochastic process, henceforth simply referred
to as a quantum simulator, accepts a memory system
and an ancilla system as inputs to a unitary transforma-
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FIG. 1. The stochastic process and its simulation. (A)
The perturbed coin process involves a coin in a box. At each
step, the box is perturbed, which may or may not flip the
coin. The probability of flipping from zero to one, p, can dif-
fer from the probability of flipping from one to zero, q, and
similarly for the complementary probabilities of remaining in
zero, 1−p, and remaining in one, 1−q. The process we study
here is the post-processed data of the perturbed coin, which
has three possible outputs at each time step, represented by
the squares. The transition probabilities Tij , (i, j ∈ {0, 1, 2}),
between outputs i and j are the functions of p and q provided
next to the arrows. These probabilities form the transition
matrix. (B) The optimal classical simulator of the process
uses causal states, as shown in the circles. The arrows rep-
resent transitions between different causal states, with the

associated expressions j | Tij providing the classical output

of the transition, j, and its probability Tij . In this case a
simple mapping exists from the past of the process to the ap-
propriate causal state: the last output from the string of past
outputs determines the causal state. The transition probabil-
ity Tij is the probability of transiting from causal state i to
j while emitting j. The eigenvalues of the transition matrix
form the probability distribution of the causal states, called
the stationary distribution {pi}i=0,1,2. In the quantum case,
the causal states become quantum states, {|Si〉}.

tion [3, 4, 14] for each simulation step. Of the two, only
the memory system contains information about the past,
while the ancilla system carries no information. The uni-
tary transformation produces an entangled state of the
output memory system and a second system. Measure-
ment of the latter provides the output of the stochastic
process, and collapses the memory system to the appro-
priate quantum state for the next simulation step. Im-
portantly, the memory register enters and exits the quan-
tum processor (W) as a two-dimensional system, unlike
its classical counterpart in Fig. 2B, where the memory
register is a three-dimensional system.

For the stochastic process of Fig. 1, the quantum mem-
ory required is a single qubit, in which the three causal
states are encoded as three, non-mutually-orthogonal,
pure quantum states, as described in Methods. We im-
plement our simulator in a photonic quantum informa-
tion processor. The memory qubit is encoded in the po-
larisation degree of freedom of a single photon. The non-
trivial unitary transformations in our experiment include
a mapping from the memory qubit to a qutrit space of
three spatial modes (paths), followed by a controlled-
NOT (C-NOT) [18, 19] and a controlled-rotation (C-
rotation) gate, as detailed in Fig. 2C. The path mea-

surement of this photon corresponds to measuring the
qutrit in the logical basis, which provides the classical
output (0, 1 or 2) of that step of the stochastic process.
This collapses the output memory qubit, encoded in the
polarisation state of another photon, to the correct con-
ditional state, which can be characterised by quantum
state tomography.

We overcome constraints in the nondeterministic pho-
tonic implementation of consecutive quantum gates by
introducing a non-destructive measurement realised by
an additional C-NOT gate [20, 21] and a corresponding
ancilla photon. The photons are generated via sponta-
neous parametric downconversion (SPDC) and four-fold
coincidences (three photons for the experiment and one
“spare” photon to herald the presence of its pair) are
detected using superconducting nanowire single-photon
detectors (SNSPDs [22]) and coincidence logic modules.
The detailed experimental setup is shown in Fig 3, and
additional details are in Methods.

The first goal of the experiment is to verify that the
quantum simulator is performing the intended simula-
tion. For this, two criteria must be fulfilled: i) After
initialisation in each of the three possible causal states,
the conditional output statistics, obtained through the
qutrit measurement, should match the transition prob-
abilities that determine the stochastic process (see Fig.
1). ii) Conditioned on the qutrit measurement outcome,
the correct memory state should be produced, to allow
the possibility of further simulation steps.

To check the first criterion, we prepare each of the three
causal states, whose definitions in terms of p and q are
provided in the Methods section. For each input causal
state there is a probability distribution over the three
possible outputs of the stochastic process. Comparing
the measured distributions with the theoretical ones, we
consistently obtain (classical) fidelities [23] above 0.993.
For the second criterion, the collapsed output memory
state is reconstructed by quantum state tomography,
given each of the input causal states. The (quantum)
fidelities of our experimental stationary states (see Meth-
ods) with the ideal stationary states are all above 0.991.

The second goal of the experiment is to demonstrate
the quantum advantage in memory requirements. A
stochastic simulator can be used in different ways, with
correspondingly different ways of analysing the memory
use. The most straightforward use is as a single simula-
tor. In this scenario, the memory size, in bits, is mea-
sured by the max-entropy, which is simply log2D, where
D is the dimensionality of the memory system [4, 16].
Since the information about the past is encoded in the
polarisation of a single photon, both at the beginning
and at the end of the simulated step, the memory system
that connects steps is obviously confined to a qubit space.
In contrast to this two-level quantum system, the opti-
mal classical simulator requires a three-level system[15].
Thus, there is a clear quantum dimensional advantage in
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FIG. 2. Conceptual diagram of a simulation step. (A) The quantum simulator accepts a memory qubit and an ancilla.
(We use wavy lines to denote quantum objects, with the number of lines in parallel indicating the dimensionality.) The ancilla
contains no information and its preparation, P , is fixed. The memory qubit undergoes a fan-out operation, F , after which the
information is contained in a qutrit space. Then a unitary operation, U , acts on the qutrit and ancilla, outputting an entangled
state of the memory qubit and a qutrit. A projective measurement of the qutrit provides the output of the simulation step and
collapses the memory qubit to the appropriate state for the next step. (B) The classical simulator requires a three-dimensional
memory system. The irreversible operation W acts on the memory system to generate the classical output and the next memory
state. (C) The experimental realisation of the circuit in subfigure A using linear optics gates requires an ancilla qubit (photon
2) and its herald (photon 1). Following the fan-out operation F (p, q) on the memory qubit, we implement a gate, C-NOT
1, which performs a non-destructive measurement (NDM). Then the unitary operation U is performed by an additional two
gates, C-NOT 2 and C-rotation. The preparation of the memory system (photon 3) P (q), the fan-out operation F (p, q), and
the single qubit rotation R(q) depend on the stochastic process parameters p and q as indicated.

memory.

If multiple simulations are run in parallel, the required
memory is no longer determined by the dimensionality
of the memory system alone. In the limit of a very
large number (N) of parallel simulations (the indepen-
dent and identically distributed (i.i.d.) case [4, 16]), the
minimum required memory to replicate the process faith-
fully is given by NC, where C is called the statistical
complexity [24]. The classical statistical complexity [24],
Cµ, is the Shannon entropy of the stationary distribution
over causal states, while the quantum statistical complex-
ity [3], CQ, is the von Neumann entropy of the quantum
stationary state (see Methods for mathematical defini-
tions).

Fig. 4A illustrates the theoretically-expected statistical
complexities Cµ and CQ for all possible values of p and
q, showing the potential for a significant quantum advan-

tage over a large region of the parameter space. We per-
form the simulation for sets of (p, q) values along several
cross-sections. The experimental values of CQ, shown in
Fig. 4B-E, are determined from the density matrices of
the output memory system and the transition probabil-
ities (see Methods). The slight deviations of the exper-
imental data compared to the theoretical curves arises
from experimental imperfections such as reduced qubit
purity from imperfect nonclassical interference, small im-
perfections and setting errors in polarisation-dependent
elements, and a minor imbalance in detector efficien-
cies. These results nevertheless demonstrate a substan-
tial quantum advantage in the required memory for sim-
ulation in the i.i.d. case.

Thus, our quantum simulator has an advantage over
its classical counterpart both for the individual and i.i.d.
cases. Remarkably, we even simulate processes, marked
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FIG. 3. Experimental setup. Single photons are gener-
ated from SPDC events. The herald photon from Source 1 is
sent straight to a heralding detector. The polarisation of the
memory system is used to encode the relevant causal state
in a qubit, using a half-wave plate (HWP). Ancillas are pre-
pared in a fixed polarisation using HWPs. To implement the
fanning out from the memory qubit to a qutrit, a HWP and
polarising beam splitters (PBSs) are used. Each of the C-
NOT 1 and C-NOT 2 gates is implemented using a HWP
and a PBS. The C-rotation gate is realised via HWPs and
partially polarising beam splitters (PPBSs). In order to vary
the relative delay between the single photon wave packets,
an automated translation stage is used to move one of the
couplers. Classical readout is performed via projective mea-
surements on the path modes of the qutrit, which collapses
the memory state to the appropriate causal state. To ver-
ify the memory qubit, its state is reconstructed via quantum
state tomography. A telecom bandpass filter is used in the
tomography arm in order to spectrally filter the SPDC pho-
tons and maximise the visibility of the quantum interference.
P stands for state preparation, SMF for single mode fibre,
QWP for quarter-wave plate, GT for Glan-Taylor prism, and
FPC for fibre polarisation controller. For more details, see
Methods.

by the shaded regions in Fig. 4B-E, where the classical
statistical complexity Cµ exceeds one bit. In these cases,
we have a gap between both quantum measures and both
classical measures: CQ < log2 2 < Cµ < log2 3. (Note
that log2D always forms an upper bound on the Shannon
or von Neumann entropy.)

DISCUSSION

The present experiment allows us to study both the di-

mensionality and the statistical complexity of the mem-
ory system. However, for more complex processes that
entail high-dimensional memory systems, the quantum
state tomography required for the estimation of the
statistical complexity would require increased resources
(such as photons, modes, detectors), and could become
prohibitively time-consuming. In contrast, verifying a di-
mensionality advantage remains straightforward, because
it is based on counting dimensions of a Hilbert space
rather than characterising quantum states. We perform
a single step of the simulation in our experiment, which
is already sufficient for demonstrating a quantum advan-
tage. In the future, it would be interesting to perform
multiple simulation steps with a dimensional quantum
advantage.

A natural question is to ask: what is the prevalence of
such dimensionality advantage? While this remains an
open question, its existence is certainly not isolated to
the stochastic process in this experiment. Indeed, such
advantage arises naturally in the context of processes
that exhibit causal asymmetry—a memory overhead (in
both dimensional and entropic memory costs) between
predicting the future versus retrodicting the past [25].
All such processes lead to dimensionality advantage, and
there exist families of processes where this advantage can
grow without bound [15].

In conclusion, we have shown that quantum informa-
tion processing enables the simulation of a stochastic pro-
cess with a memory that is smaller both in terms of its
dimensionality (the number of orthogonal states it can
support) and its von Neumann entropy, compared to the
optimal classical simulator, measured by the number of
states it uses and the Shannon entropy, respectively. The
demonstrated decrease in the dimensionality of the mem-
ory system establishes a new type of memory saving—
namely a dimensional memory advantage. This advan-
tage becomes possible when the system being simulated
has at least three causal states, in contrast to previous
works with only two causal states [9, 10]. This advan-
tage is available at any scale, in principle at the scale of
a single simulator, and multiple parallel simulators are
not required. Finally, as counting the dimensions of the
memory register is very simple, this advantage is easy to
verify.

MATERIALS AND METHODS
Stochastic processes.
A stochastic process [1, 2] evolving in dis-

crete time is a collection of random variables
{..., Xt−1, Xt, Xt+1, Xt+2, ...}, where the previously
observed variables {..., Xt−1, Xt} are considered the
past of the process, i.e. the list of past outputs. A
faithful simulator is one that correctly generates the
process’s future statistical behaviour based on a given
configuration of its past. The memory system of the
simulator must store sufficient information about the
past configuration to enable this faithful simulation [17].
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FIG. 4. Statistical complexity of the classical and quantum simulators. (A) The theoretically-calculated statistical
complexity. The pale grey surface depicts Cµ, while the pale orange surface shows CQ. The transparent plane marks the value
C = 1. The yellow, purple, green, and cyan cuts illustrate specific cross sections, which are experimentally probed and shown
in Fig. 4B, C, D, and E, respectively. The red projection on the floor illustrates the (p, q) values for which Cµ ≥ 1. (B-E)
The quantum simulator is used to investigate several sets of processes with different values of p and q. The entropy of the
reconstructed stationary states (see Methods) determines the quantum statistical complexity (red dots). The black and blue
curves represent the theoretical Cµ and CQ, respectively. The plots demonstrate a considerable memory advantage for the i.i.d.
case. Furthermore, the grey shaded areas mark processes where the complexity Cµ of the classical simulator exceeds one bit,
while the quantum simulation runs with only one memory qubit. Uncertainties are estimated from the Poissonian distribution
of photon counts.

Then, a processor acts on the memory, generating a new
classical output Xt+1 and updating the memory to be
ready for the next step.

For optimal simulation of the process that we study
here [15], the most recent output, Xt, is sufficient for
determining the memory state for step t + 1 [24]. The
possible memory states are called causal states[17, 24],
and there are three of them for this process. The clas-
sical causal states are perfectly distinguishable states,
{Si}i=0,1,2. The quantum causal states, {|S′i〉}i=0,1,2, can
be similarly defined as

|S′0〉 =
√

1− p|0〉+
√
p|2〉

|S′1〉 =
√
q(1− p)|0〉+

√
1− q|1〉+

√
pq|2〉

|S′2〉 = |1〉,
(1)

However, by choosing a different basis, these states can
be mapped to a single qubit space [15]:

|S0〉 = |0〉

|S1〉 =
√
q|0〉+

√
1− q|1〉

|S2〉 = |1〉,
(2)

where |0〉 , |1〉 form an orthogonal basis.
Experimental details.

Four photons are generated via SPDC, as shown in Fig.
3. For this, two SPDC sources are realised using a 775
nm Ti-sapphire picosecond-pulse-length pump laser and
ppKTP (46.20 µm poling period) crystals cut for type-II
collinear degenerate phase matching [26, 27]. The pho-
tons are not entangled in polarisation. The crystal tem-
perature is controlled at 25◦ C by a temperature con-
troller. The bandpass filter is centred at 1550 nm and
has a FWHM of 8.8 nm.

To run the simulator, the causal states in equation
(2) are encoded in the polarisation degree of freedom of
a single photon acting as the memory system. We use
polarisation modes such that |0〉 = |H〉 and |1〉 = |V 〉,
where H and V are horizontal and vertical polarisations,
respectively.

The fan-out transformation implements the basis
change from equation (2) to (1), so that the three paths
correspond to orthogonal states |0〉, |1〉, and |2〉. The
experimental setup contains non-deterministic two-qubit
gates. The C-NOT gates 1 and 2 are realised with a
HWP, a PBS, and post-selective detection. This simpli-
fied version (compared to a universal photonic C-NOT
gate [18]) is adequate, since the photons in the two
input spatial modes always have a fixed polarisation.
The controlled-rotation gate is comprised of two single-
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qubit rotation gates, R(q), and a two-qubit controlled-Z
gate. This controlled-Z gate is based on the scheme in
Ref. [19], which uses three partially polarising beam split-
ters (PPBSs). However, we only require two because of
the fixed polarisation in one of the input spatial modes.
Four-fold coincidences are detected in a 5 ns coincidence
window, using SNSPDs and fast counting electronics.

The detection channels have slightly different efficien-
cies, which may affect the probabilities determined from
the various coincidence detection combinations and thus
the inferred transition probabilities. The possible four-
fold detection combinations are formed by coincidence
detections between detectors from each of the following
four sets (see Fig. 2C): {1}, {2, 3}, {4, 5, 6} and {7, 8}.
This implies that the detectors within each set should
ideally have the same efficiencies. In the experiment, the
detectors are installed in such a way as to match this
criterion as closely as possible.

Statistical complexity.
The statistical complexity [17, 24, 25] is the mini-

mal memory a model needs to generate future statistics
correctly using only information from past observations.
The classical statistical complexity is

Cµ = −
∑
i

pi log2 pi, (3)

where pi is the probability of each causal state in the
stationary stochastic process, i.e. in the limit of a long
evolution. The quantum statistical complexity is defined
as [3]:

CQ = −Tr(ρ log2(ρ)), (4)

where ρ =
∑
i

pi |Si〉 〈Si| is the quantum stationary state.

Our simulator implements the provably optimal model,
the so-called quantum epsilon machine [3, 15, 24]. There-
fore, we can measure CQ by inputting the causal states
described in equation (2) for a given set of p and q values.
The stationary state, ρ, is calculated as:

ρ = d0

2∑
i=0

T0i Spol|S0
+ d1

2∑
i=0

T1i Spol|S1

+ d2

2∑
i=0

T2i Spol|S2
,

(5)

where {di}i=0,1,2 are the eigenvalues of the experimen-
tally measured transition matrix:

T =

 T00 T10 T20
T01 T11 T21
T02 T12 T22,

 . (6)

Tij is the probability of classical output j when the input
causal state is |Si〉. Moreover, Spol|Si

is the reconstructed

polarisation state of the output memory system when the
input causal state is |Si〉.
Data availability
The datasets generated during and analysed in the cur-
rent study are available from the corresponding author
on reasonable request.
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Chapter 6

Conclusion

In this thesis, I presented four experimental works on quantum complexity and steer-
ing. The common motivation for three of them was to build experimental setups
that simulate classical stochastic processes in a way that classical computers cannot—
quantum simulators can run with less memory storage. In my PhD, I also worked on
designing and implementing a new single-photon source that can be used for differ-
ent purposes in the field of optical quantum information processing. One example of
these applications is the demonstration of one-way EPR steering. Both themes of my
PhD have great potential to be extended, as I will explain below.

To summarise the present work in the context of simulating stochastic processes,
in Chapter 2, the quantum simulation of a 1D Ising system was presented. In this
work, a novel method, based on quantum process tomography, was implemented to
deal with the inevitable experimental errors in quantum simulations. Moreover, we
experimentally observed the ambiguity of simplicity, a phenomenon that is about the
relative complexity of simulating two processes with classical or quantum encodings.

In Chapter 3, the task of simulating a classical stochastic process with a quantum
information processor was taken to a multi-step level. We demonstrated the first quan-
tum simulator that samples the statistics of a process over three time steps, using a
temporal encoding. Practical examples are often complicated and need simulation be-
yond a single step, in such a way that the quantum coherence is preserved during the
simulation. That is why the work presented in Chapter 3 is of practical application. We
performed a second task beyond statistical sampling, namely the comparison of two
statistical futures. This can be mapped to the estimation of the distance between two
vectors. We estimated the overlap of statistical futures from two processes, without
directly measuring the processes’ futures. In this experiment, two high-dimensional
states were interfered with a very good visibility, which by itself is an interesting and
useful technical development in optical quantum information science.

In Chapter 5, a dimensional quantum memory advantage is reported. In this work,
we demonstrated that the exact quantum simulation is feasible using a memory with
information encoded in fewer dimensions than is required for classical simulation.
This is practically important because the dimensional memory advantage is achiev-
able with only a single simulator, compared to a statistical complexity advantage,
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Chapter 6. Conclusion

which needs an infinitely l arge n umber o f p arallel s imulators. M oreover, compar-
ing the dimensionality of memory systems in different simulators is straightforward. 
In contrast, evaluating statistical complexity (with tomographic reconstruction) is not 
an easy task, especially for high-dimensional memory registers.

What is the way forward in the quantum simulation of stochastic processes? One 
direction would be to explore less abstract stochastic processes. To simulate a stochas-
tic process, we need two things: first, t o d etermine t he u nitary o peration t hat per-
forms the exact quantum simulation of the process, and, second, to realise this unitary 
in the lab with high fidelity. Regarding the f ormer, there exists a  systematic theory 
approach to find a  unitary operator that implements the desired quantum simulator 
for a discrete-time stochastic process—including physical processes (67). Considering 
the latter, it has been recently shown that it is possible to implement an arbitrary two-
qubit quantum unitary in a photonic setup (191). Therefore, for two-qubit problems, 
determining the required unitary of the simulator and implementing it are feasible, 
even with current technology. This paves the way for investigating other examples 
that have a large range of application in physics, or even other branches of science. 
This means that we have enough tools to simulate small-scale stochastic processes us-
ing the current primitive quantum computers. So far, all experiments in this context 
have been performed using photonics implementations. Realising quantum simula-
tors with other physical platforms, such as ions and superconducting qubits, to ad-
vance this field, could be another interesting area of research.

In the multi-step simulation experiment, we used three consecutive unbalanced 
Mach-Zehnder-like interferometers to simulate three steps of the process. We have 
simulated a stochastic process for three steps. There is no in-principle reason that it 
can’t be extended further, given the excellent coherence. However, the addition of 
more simu-lation steps using our current design would lead to two issues. First, the 
implemen-tation of additional Mach-Zehnder-like interferometers requires a very 
long optical path (e.g. almost 5 metres for the fourth interferometer), which is 
challenging, consid-ering optical alignment and bulk-optics space limitations. This 
issue can be avoided by implementing the same idea using optical fibres. Second, in 
our post-selected ap-proach, half of the photons are lost in each simulation step 
due to the probabilistic implementation. Considering the exponential decrease in the 
number of photons, it is not feasible to expand the current design to more simulation 
steps.

An extension of this line of research would be to realise the multi-step simulation 
in a deterministic design. Like our implementation, that would also be possible in a 
setup that uses single photons and time-bin encoding. However, instead of having m 
consecutive interferometers for m steps of the simulation, now a single step, with m 
different possible paths that photons can take, such as delay lines in various fibre loops 
with different lengths, would be employed. A fast switch should be used to guide
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photons to the relevant delay line. 1 If one could implement sufficiently fast switches
with low loss, there would be no limitations on the number of simulation steps, m.
This brings up an opportunity for quantum simulators to simulate the dynamics of a
stochastic process for a large number of steps, which might be hard by classical means,
in terms of the requirement for the memory size.

The demonstration of the dimensional memory advantage, reported in Chapter 5,
is a very important experimental work in the context of stochastic quantum simula-
tion, as previously stated. One interesting step forward from our work would be to
experimentally demonstrate the unbounded dimensional memory advantage. This
would be possible in an experiment where the optimal classical simulator needs an
infinite number of bits, while a quantum simulator can perform the exact simulation
with a limited number of memory qubits. Through private communication with our
colleagues, Mile Gu and Thomas Elliott, I am aware that there exists a family of pro-
cesses that offers this advantage. A quantum simulation of these processes can be
performed using only a qubit, while a classical simulator needs a memory of infinite
dimension. A parameter like δt, which tunes the non-Markovianity of the process
such that decreasing δt increases the prediction accuracy, is probed. This parameter
determines the time steps in which a process is observed, where δt → 0 implies that
the process is observed continuously. For quantum simulators, there is no increase
in memory cost for increasingly accurate simulation—it always needs a single mem-
ory qubit and an ancilla qubit. However, for the classical simulator, by increasing
the accuracy, the memory dimensionality grows infinitely. Given that the required
unitary for simulation is experimentally realisable, the only concern about the quan-
tum simulator is the experimental imperfections. In principle, this problem offers a
quantum supremacy that no classical computer can achieve. However, in reality with
experimental noise, we would reach a point where noise will affect the accuracy of
prediction, and decreasing δt further would make no difference. Despite this issue,
the problem is still very exciting to investigate because it provides a practical scenario
to see how far current quantum simulators can go, in terms of the memory advantage
that they can provide in the existence of experimental imperfections.

The above example indicates a case where the model requires an infinite number of
causal states. The classical simulator uses a memory system with infinite dimension-
ality, while the quantum simulator only needs a qubit for its memory. In this example,
an infinite number of causal states are mapped to a single qubit space. From an exper-
imental point of view, in principle, it should be possible to find a design to show the
memory advantage with two qubits (one as the memory, and one as the ancilla). In
general, the memory advantage and the experimental implementation depend on the
process and also on the unitary required for realising the quantum simulator.

1A general scheme for implementing an arbitrary unitary operation, using time-bin encoding, is de-
scribed in Reference (192).
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The field of quantum computational mechanics offers a new kind of quantum ad-
vantage, a memory advantage, which is different from other advantages studied be-
fore, such as exponentially reducing the computation time for a classical problem (6).
Although quantum computational mechanics has great potential, it is still a young
field and there are many unanswered questions. One of them is that exact replication
(prediction) of a stochastic process becomes less relevant in the presence of experi-
mental errors. It would certainly make sense to consider an extension of statistical
complexity, or other measures of memory, where the future need only be replicated
up to some statistical fidelity, and observe how this changes the quantum-classical
divergence in memory requirements. So far, this direction has been unexplored, and
there exists no systematic construction of optimal models for processes specified up
to some given fidelity. Non-Markovian processes (66), phase-enhanced models (86),
and the connection between stochastic modelling and many-body systems (90, 193)
are also challenging research topics that have not yet been deeply investigated. Ac-
cordingly, quantum computational mechanics is a promising field, both theoretically
and experimentally, which is in urgent need of future research.

In Chapter 4, our work on an efficient entangled source and a Werner-state source
was presented. Our new source was designed in a way that can produce a very high-
quality entangled state with high heralding efficiency. The generated Werner states
were the best reported to date, in terms of fidelity to theoretical Werner states. We
performed a demonstration of one-way EPR steering. This is a task which tests a type
of quantum non-locality that does not need the extreme conditions required for the
Bell-type correlations—the strongest form of quantum correlations. In this work (185),
we have for the first time conclusively realised one-way EPR steering (181), where the
theoretical condition makes no assumption about the measurements or the form of
the underlying two-qubit state. We have also improved the non-steerability criteria of
Reference (166) to include all projective measurements and POVMs.

One of the plans we have for the new source is to use it in experiments with more
than two photons. Often, experiments of this type involve independent HOM inter-
ferences. Our calculations show that with our current design, we would reach a high
visibility, approximately 84%, with no filters. The next step for our source would be
to build another copy and perform the interference to check this visibility. The reason
for this limited visibility is the phase matching function which is a sinc function with
side lobes around the central wavelength. These side lobes limit the spectral sepa-
rability, and therefore the spectral purity of the heralded photons. That means two
heralded photons cannot achieve perfect visibility in an independent HOM interfer-
ence. It would be possible to increase this visibility to 1 by using narrowband filters.
However, they are not the ideal solution because they limit the brightness and the
heralding efficiency of the source.

Our goal is to design and implement a source that can be used to achieve the
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List of Co-Authored Papers
published during PhD not included
elsewhere

• The BIG Bell Test Collaboration, “Challenging local realism with human choices,”
Nature 557, 212–216 (2018).
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