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Abstract

This thesis focuses on the general problem of asking experts to assess the likelihood of many

scenarios, when there is insufficient time to ask about all possible scenarios. The challenge

addressed here is one of experimental design: How to choose which scenarios are assessed; How

to use that limited data to extrapolate information about the scenarios that remain unasked? In

a mathematical sense, this problem can be constructed as a problem of expert elicitation, where

experts are asked to quantify conditional probability tables (CPTs). Experts may be relied on,

for example in the situation when empirical data is unavailable or limited. CPTs are used widely

in statistical modelling to describe probabilistic relationships between an outcome and several

factors. I consider two broad situations where CPTs are important components of quantitative

models. Firstly experts are often asked to quantify CPTs that form the building blocks of

Bayesian Networks (BNs). In one case study, CPTs describe how habitat suitability of feral pigs

is related to various environmental factors, such as water quality and food availability. Secondly

CPTs may also support a sensitivity analysis for large computer experiments, by examining

how some outcome changes, as various factors are changed. Another case study uses CPTs to

examine sensitivity to settings, for algorithms available through virtual laboratories, to map the

geographic distribution of species such as the koala.

An often-encountered problem is the sheer amount of information asked of the expert: the

number of scenarios. Each scenario corresponds to a row of the CPT, and concerns a particular

combination of factors, and the likely outcome. Currently most researchers arrange elicitation

of CPTs by keeping the number of rows and columns in the CPT to a minimum, so that they need

ask experts about no more than twenty or so scenarios. However in some practical problems,

CPTs may need to involve more rows and columns, for example involving more than two
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factors, or factors which can take on more than two or three possible values. Here we propose

a new way of choosing scenarios, that underpin the elicitation strategy, by taking advantage

of experimental design to: ensure adequate coverage of all scenarios; and to make best use of

the scarce resources like the valuable time of the experts. I show that this can be essentially

constructed as a problem of how to better design choice of scenarios to elicit from a CPT. The

main advantages of these designs is that they explore more of the design space compared to

usual design choices like the one-factor-at-a-time (OFAT) design that underpins the popular

encoding approach embedded in “CPT Calculator”.

In addition this work tailors an under-utilized scenario-based elicitation method to ensure

that the expert’s uncertainty was captured, together with their assessments, of the likelihood

of each possible outcome. I adopt the more intuitive Outside-In Elicitation method to elicit

the expert’s plausible range of assessed values, rather than the more common and reverse-

order approach of eliciting their uncertainty around their best guess. Importantly this plausible

range of values is more suitable for input into a new approach that was proposed for encoding

scenario-based elicitation: Bayesian (rather than a Frequentist) interpretation.

Whilst eliciting some scenarios from large CPTs, another challenge arises from the remain-

ing CPT entries that are not elicited. This thesis shows how to adopt a statistical model to

interpolate not only the missing CPT entries but also quantify the uncertainty for each scenario,

which is new for these two situations: BNs and sensitivity analyses. For this purpose, I introduce

the use of Bayesian generalized linear models (GLMs).

The Bayesian updating framework also enables us to update the results of elicitation, by

incorporating empirical data. The idea is to utilise scenarios elicited from experts to construct

an informative Bayesian “prior” model. Then the prior information (e.g. about scenarios) is

combined with the empirical data (e.g. from computer model runs), to update the posterior

estimates of plausible outcomes (affecting all scenarios).

The main findings showed that Bayesian inference suits the small data problem of encoding

the expert’s mental model underlying their assessments, allowing uncertainty to vary about

each scenario. In addition Bayesian inference provides rich feedback to the modeller and
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experts on the plausible influence of factors on the response, and whether any information was

gained on their interactions. That information could be pivotal to designing the next phase of

elicitation about habitat requirements or another phase of computer models. In this way, the

Bayesian paradigm naturally supports a sequential approach to gradually accruing information

about the issue at hand. As summarised above, the novel statistical methodology presented

in this thesis also contributes to computer science. Specifically computation for Bayesian

Networks and sensitivity analyses of large computer experiments can be re-designed to be more

efficient. Here the expert knowledge is useful to complement the empirical data to inform a

more comprehensive analyses.

Keywords: Bayesian networks, Sensitivity analysis, Large computer modelling experiments,

Design of experiment, Bayesian GLM, CPT Calculator, Uncertainty, Outside-in method, Species

distribution model, Informative priors.
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Nature of Research

As this research was conducted within the School of Information and Communication Tech-

nology (ICT), the following preamble provides a rationale and justification for this research’s

use of stochastic methods as opposed to deterministic methods, which are more common in this

domain. Thus the main purpose of this section is to place this research within the domain of

Applied Statistics which overlaps with the Computer Science and Information Technology field,

due to the computational aspects of modelling, as well as its potential value for application to

facilitate computation, through the choice of situations, as described below.

In many different domains, even with large datasets, empirical studies are subject to various

sources of uncertainty, for instance due to quality and quantity of data, as well as the model

and/or algorithm used for analysis. This is especially the case when the data are insufficient

due to lack of resources. In these cases, the elicitation of expert assessments can be a useful

method for addressing the limitations of the data [Slottje et al., 2008]. Understanding and

representing this uncertainty assists by improving the precision of assessments and hence may

ensure a better quantitative analysis, whilst reducing the risks involved with relying on expert

assessments [Kerr, 1996]. When such uncertainty can be quantified using expert knowledge,

such as the likelihood of natural disasters [Guikema, 2009] or specific diseases [Knol et al.,

2009], two distinct approaches can be used to mathematically represent this uncertainty, namely

probabilistic and non-probabilistic approaches [Aven et al., 2013, Flage et al., 2013].

A probabilistic approach may represent an expert’s uncertainty about a quantity, either using

a classical (Frequentist) perspective of probability as a frequency, or a subjective Bayesian
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interpretation of probability as a degree of belief [Dawid, 2004, p. 48]; [O’Hagan, 2012, Sec-

tion 2.2 on “Approaches to quantifying uncertainty”]. To describe the uncertainty about a

quantity , a statistical approach formulates a distribution p(θ) describing the relative frequency

(in a Frequentist setting) or plausibility (in a Bayesian setting) of all possible values of theta.

Allocating a probability distribution to parameters of the model allows uncertainty to be added

to the model and is more aligned with a Bayesian than a Frequentist approach [Huelsenbeck

and Rannala, 2004, p.906]. Therefore, in this research I utilize a Bayesian interpretation of the

probability distribution, since this provides a principled framework, not only for representing

expert uncertainty as a subjective degree of belief, but also for integrating expert knowledge,

expressed in priors, with empirical data.

In contrast, non-probabilistic approaches may also be used to quantify uncertainty. In the

Artificial intelligence (AI) field, two approaches to representing uncertainty are Fuzzy Logic

[Zadeh, 1999] and Dempster-Schafer theory [Shafer, 1976]. With Fuzzy Logic, the uncertainty

in θ would be represented by degrees of truth or membership (i.e. how much an observation

falls within a vaguely defined set) rather than subjective probability as a degree of belief. The

essential feature of a fuzzy set is a membership function that assigns a grade of membership

between 0 (completely false) and 1 (completely true) to each member of a specific set. This set-

based view of assigning uncertainty is similar to the interpretation of confidence intervals within

a Frequentist view of probability. The set-based membership can be viewed as the frequency,

over repeated trials, that a random variable lies within an interval or set of values.

Alternatively, the Dempster-Shafer theory is another approach for quantifying uncertainty.

In this approach, the probability of ignorance is expressed as a belief function rather than a

probability function [Yager and Liu, 2008]. The uncertainty is represented in Dempster-Shafer

theory by assigning θ to a given set. It can be viewed as a generalisation of the Bayesian

theory of subjective probability [O’Hagan et al., 2006, p. 238]. Whilst Bayesian theory assigns

probabilities for each quantity of interest, in Dempster-Shafer theory, the values are assigned to

sets of possibilities rather than a single specific probability distribution. This can be thought of

as constraining the probability distribution of θ to part of a broader domain. This value of the

belief function ranges from 0 (indicating no evidence) to 1 (indicating certainty). These degrees
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of belief may or may not follow coherent axioms of probabilities.

The highly general forms of Fuzzy Logic and Dempster-Schafer theory are akin to a fully

non-parametric representation of probability. They lack the parsimony afforded by a parametric

representation of probability. Typically a one- or two-parameter distribution is used to express

an expert’s uncertainty about a quantity, with one parameter corresponding to their best estimate

(location), and a second reflecting the plausible range of values (e.g. as a dispersion, scale or

shape parameter.) As observed in practice, it can be difficult to elicit one, two or three sum-

mary statistics reflecting the expert’s mental model of uncertainty about the quantity of interest

[O’Hagan, 2012, p. 36]; [O’Hagan and Oakley, 2004, p. 240]. Thus parametric probabilistic

representations can be more practical than these non-probabilistic ways of encoding elicited

expert knowledge.

Moreover, a number of researchers doubt the utility of such non-probabilistic approaches

for representing uncertainty (such as Fuzzy Logic and Dempster-Shafer theory) [Lindley, 1987,

O’Hagan, 2012, Rinderknecht et al., 2012]. They argue that representing uncertainty with

these non-probabilistic approaches may lead to a lack of coherence since these probabilistic

statements do not necessarily follow the laws of probability.1 Another criticism is the lack of

a well-defined interpretation of the possibility measures that underly these approaches and, as

a result, a lack of justification for the rules for combining combining them [Walley, 1996].

Instead, probabilistic approaches are considered uniquely suitable for describing uncertainty

[O’Hagan and Oakley, 2004, p. 242]; [Lindley, 1987, p. 19]; [O’Hagan, 2012, p. 36], and

provide a statistical foundation for elicitation of expert knowledge with uncertainty [O’Hagan

et al., 2006, p.156]. Indeed, a statistical approach for representing uncertainty can enable

intuitive elicitation and representation of expert assessments [Low Choy et al., 2010, O’Hagan

et al., 2006]. Further to this, I specifically use a Bayesian statistical approach rather than

frequentist, as Bayesian statistical methods offer flexible interpretation of probability beyond

the frequentist approach. This flexibility enables experts to encompass hypothetical frequencies

and “thought” experiments, and importantly consider risk, when evaluating the “degree of

1In the probabilistic approach, when the expert’s opinion is quantified, then these quantifications abide by the
four laws of probability.
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belief” in an outcome [Kadane and Wolfson, 1998, O’Hagan and Oakley, 2004]. Therefore

a Bayesian approach to describe uncertainty will be used in this thesis.

In addition to representing uncertainty, another important factor when selecting methods for

quantifying uncertainty is model evaluation. Model-based algorithms are considered to perform

well if the assumed model is an extremely good fit to the actual data, and can be evaluated in

a similar way [Van der Walt and Barnard, 2006]. In AI fields, the main method of evaluating

an algorithm is to “confront” the model’s predictions with empirical data. For example when

evaluating machine learning algorithms, models can be validated using accuracy estimation

techniques such as the Hold-out and N-fold-cross-validation methods. These parallel the in-

sample (resampling) and out-sample methods of predictive evaluation as applied in a statistical

context [Hastie et al., 2009]. Such methods split the data into training and test sets, then build the

model using the training data, and then evaluate the performance of the resulting model on the

test set. In particular, bootstrapping methods, that sample instances with replacement from the

dataset, are often used to assess model accuracy [Kohavi et al., 1995]. However, performance

of these predictive evaluations depends greatly on the characteristics of both training and test

datasets, such as size, quality, representativeness and coverage.

On the other hand, in statistical modelling, both predictive and explanatory performance

of the model can be evaluated [Pearce and Ferrier, 2000, Zukerman and Albrecht, 2001]. As

for machine learning methods, evaluating predictive performance of the model is ideally con-

ducted using an independent test dataset. In contrast, explanatory performance refers to the

interpretability of the model, and how well the parameters match external knowledge. In this

way, statistical modelling is directly relevant to, and enables refinement of, the theoretical or

conceptual models that focus the research question [Diggle and Chetwynd, 2011]. In some

cases, explanatory ability of a model may be considered more important than predictive perfor-

mance [Shmueli et al., 2010, 2016] because it considers the strength of the underlying causal

relationships, which is not evaluated via predictive ability.

Furthermore, I question the usefulness of predictive ability, for assessing how well the elici-

tation of probability distributions reflects “the truth”? The more practical and arguably the more
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appropriate alternative is to ensure that the probability distribution is a faithful representation of

the expert’s knowledge [Goldstein, 2006]. Thus it is not always possible to “calibrate” expert

knowledge, especially when it is being sought before empirical data is available. Thus it is

nonsensical to rely solely on predictive performance as a way of evaluating Bayesian statistical

models that incorporate expert-informed prior information [Kynn, 2005, p. 16]. An exception is

regular forecasting, such as daily weather forecasts or prediction of stock market trends, where

the experts (alone or in conjunction with statistical models) provide a valuable projection, and

they receive regular feedback to help calibrate their model-building [Murphy, 1993]. Indeed,

using a data-driven method of predictive performance to evaluate a Bayesian statistical model is

problematic, since this will only address the data-informed likelihood model, but not the prior

model (that is informed by other data, such as expert knowledge) [Gelman et al., 2004, Ch. 7].

Therefore, in this thesis, I will use both explanatory and predictive measures to evaluate

performance of a model used to encode expert knowledge.

For these reasons, adequately representing expert uncertainty and effectively evaluating

these subsequent representations, I have chosen a Bayesian statistical modelling approach in

this thesis. In order to develop methodologies for representing expert knowledge, I use two

commonly occurring applications (situations): Bayesian Networks (Section 2.1.1) and Sen-

sitivity Analysis in Large Computer Experiment (Section 2.1.3). Thus this is an “applied

statistics” project that provides a general purpose approach, involving statistical modelling,

that improves use of “statistical computation” for fitting (BN or sensitivity analysis) statistical

models to data. It is an “applied statistics” project, since it considers the whole lifecycle of

capturing (eliciting) and representing (encoding) expert knowledge, whilst evaluating how well

this has been achieved based on both predictive and explanatory performance of an underlying

statistical model. A key contribution of the thesis is a novel application of existing statistical

methodology (which can be viewed as a kind of data analytics) into this new arena: tailoring

experimental design to optimise the way in which expert knowledge is captured, and applying

Bayesian statistical modelling to guide the subsequent encoding of elicited expert knowledge.

Thus, the nature of this thesis will be in the field of “Applied Statistics” conducted within
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the School of Information and Communication Technology (ICT) at Griffith University. Placing

the thesis within the field of “Applied Statistics” allows me to address elicitation and encoding

of expert knowledge in a more holistic way, where interpretation affects computation, and

vice versa. The Journal of the Royal Statistical Society, Series C (Applied Statistics) (refer

to Overview, Aims and Scope2) defines “Applied Statistics” as follows.

“The journal is concerned with papers which deal with novel solutions to real life

statistical problems by adapting or developing methodology, or by demonstrating

the research application of new or existing statistical methods to them. At their

heart therefore the projects in this field are motivated by examples and statistical

data of all kinds. The subject-matter covers the whole range of inter-disciplinary

fields, e.g. applications in agriculture, genetics, industry, medicine and the physical

sciences, and papers on design issues (e.g. in relation to experiments, surveys or

observational studies). Case-studies may be particularly appropriate and should

include some contextual details, though there should also be a novel statistical con-

tribution, for instance by adapting or developing methodology, or by demonstrating

the proper application of new or existing statistical methods to solve challenging

applied problems.”

Furthermore, the Journal of Applied Statistics (refer to Aims and Scope3) provides another

definition of the applied statistical field

“Journal of Applied Statistics is a world-leading journal which provides a forum

for communication among statisticians and practitioners for judicious application

of statistical principles and innovations of statistical methodology motivated by

current and important real-world examples across a wide range of disciplines. The

editorial policy is to publish rigorous, clear and accessible papers on methods

developed for real-life statistical problems, and which are anticipated to have a

broad scientific impact.”
2https://rss.onlinelibrary.wiley.com/hub/journal/14679876/aims-scopes)
3https://www.tandfonline.com/action/journalInformation?show=aimsScope&

journalCode=cjas20)
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Therefore, in this thesis the “real life statistical problems” that I address is elicitation of

expert knowledge to quantify large conditional probability tables (CPTs) in the absence of data.

Specifically, this problem arises in two quite different situations:

1. Bayesian Networks (BNs). Here the expert is asked to elicit a subset of scenarios in a

large CPT that define BNs.

2. sensitivity analysis in large computer modelling experiment. Here the expert is asked to

elicit a subset of scenarios of CPTs that give a summary of the model outcomes, based on

changing the level of several factors.

The “novel solution” I propose is to (a) use experimental designs in order to reduce the number

of scenarios from a large CPTs to be elicited. This “adapts” methodology of eliciting the

selected scenarios, by introducing and “demonstrating the research application of existing sta-

tistical methods”, here: (b) the “Outside-in” approach rather than “Inside-out” approach, which

elicits each scenario with uncertainty, and (c) Bayesian GLM rather than linear interpolation

or Classical GLM to interpolate the remaining scenarios that are not elicited. These “should

also be a novel statistical contribution” by introducing more advanced statistical methodology

to enable more “adept” use of previous work to elicit and encode the expert knowledge, and

also “develop” the “existing statistical methods” to encode large CPTs from a small number of

elicited scenarios .

In this thesis, “The subject-matter covers the whole range of inter-disciplinary fields”, in

this thesis I demonstrate this using applications to the environmental risk assessments of habitat

suitability of feral pigs and conducting a sensitivity analysis of choosing which variables of a

species distribution model algorithms influence the outcome.

As mentioned before, I report on developing procedures that enable elicitation of large

and/or complex CPTs as “real-life statistical problems” in “a wide range of disciplines” in-

cluding BNs in ecology of habitat suitability of feral pigs and sensitivity analysis of large

computer modelling experiments. The difficulties of fully representing expert uncertainty on

CPTs has constrained the full use of CPTs in many fields of application seeking conceptual,
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causal models, and is directly relevant to the journal’s scope (the Journal of Applied Statistics),

namely

“In general, original research papers should present one or two challenges in an

area, include relevant data, provide a novel method to solve challenges, and demon-

strate that the proposed method has answered questions that were not properly or

optimally addressed before by relevant existing methods”.

Therefore, (a) reducing the number of scenarios, to avoid the expert’s efforts, can be achieved

by applying different approaches to design of elicitation experiments, which constitutes a novel

method, within the literature on elicitation and representation of expert knowledge as CPTs. In

addition, I show how to apply general frameworks of statistical methodology into the specific

context of eliciting CPTs with uncertainty. (b) Outside-in elicitation to elicit each scenario with

uncertainty and (c) Bayesian GLM instead of linear interpolation to interpolate the missing

scenarios that are not elicited.

To clarify, in this thesis I introduce more advanced statistical methodology to enable more

adept use of expert knowledge in large conditional probability tables (CPTs), such as occur

in Bayesian Networks (BNs) and sensitivity analysis. Thus statistical analysis helps process

the information gleaned from experts, within the wide range of subject areas that use either

BNs or sensitivity analysis of large computer modelling experiments. Therefore, I strongly

conclude that a statistical approach, utilising a Bayesian framework, is suitable and sufficiently

flexible to describe the uncertainty about expert-elicited CPTs. In so doing, the novel statis-

tical methodology presented in this thesis also contributes to the field of computer science.

Specifically, I address the computation for BNs and sensitivity analyses of large computer

modelling experiments. Here this computation is re-designed to be more efficient, using the

methods presented in this thesis. This means that these kinds of modelling problems are no

longer constrained to consideration of small CPTs, but may instead, through more judicious

and targeted use of expert knowledge consider much larger CPTs, and hence more complex

situations. In conclusion, the methods for combining expert-elicited and empirical data can

inform a more comprehensive analysis by exploiting a Bayesian framework.
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Chapter 1

Introduction

1.1 The focus

Probability distributions form the basis of all statistical modelling [McCullagh, 2002], prob-

ability theory [Feller, 1957], and some deterministic models, such as conditional probability

network models, which are also known as Bayesian Networks [Baldi and Rosen-Zvi, 2005].

In particular, the conditional probability distribution (CPD) is the probability distribution of an

outcome random variable Y conditional on a set of explanatory random variablesX . These con-

ditional distributions may involve discrete, continuous or mixed (both discrete and continuous)

random variables. In this research I focus on categorical forms of both Y and X (referred to as

variables), where the conditional probabilistic relationship between Y and X can be quantified

by tables, known as conditional probability tables (CPTs), which are a table representation of

the CPDs. Each column in a CPT represents an explanatory factor (variable) X . Each cell

in this column contains variable X’s value for that row. Since variables are categorical, each

cell can take on a limited number of set values, these are called states or levels. Thus, each

row represents a scenario s which is a specified combination of the levels of each explanatory

factor. The final column in the CPT refers to Y , the outcome variable, and defines the outcome

under different scenarios. In this way, the CPT table defines the different outcomes that arise

under different conditions, where the explanatory variables form a matrix with scenario-specific

components.
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When empirical data are limited or not available, such as at the outset of new or pioneering

research, CPTs can be quantified through careful elicitation of expert knowledge [Clemen and

Winkler, 1999, Morris et al., 2014]. This thesis will focus on the general problem of using expert

knowledge to quantify CPTs. In this thesis, I consider two situations where expert knowledge

is used for eliciting CPT entries. The first situation is when an expert is asked to elicit a

few scenarios, with uncertainty, within a large CPT that defines a BN. Since BNs are such

a popular modelling approach [e.g. in environment and ecology for participatory modelling,

Bertone et al. 2016, Salliou et al. 2017] this first situation is found in many research fields. The

second situation is to elicit a few scenarios of large CPTs to inform the design of sensitivity

analyses, specifically for large computer modelling experiments. This second situation uses

expert knowledge to inform the design of the sensitivity analysis, which also is widely applied

in many research fields.

The first situation domain of this thesis focuses on BNs, which are graphical models [Pearl,

1985, 1986] suitable for handling situations with insufficient data, uncertainty information, and

knowledge available from various sources such as expert opinion Marcot et al. [2006]. BNs

are well-established models for representing probabilistic relationships among multiple factors,

where each factor is represented by a node, referred to as a parent node, and relationships

between nodes are represented by arrows [Korb and Nicholson, 2010, Nielsen and Jensen,

2009]. The outcome nodes of the model are referred to as child nodes, and they depend on

one or multiple parent nodes. Within this structure, CPTs quantify the arrows between nodes,

and this quantifies the relationships between factors. When quantifying CPT entries in BNs,

researchers try to elicit the scenarios by simplifying the construction of the CPT with only a

few variables, each dichotomized or trichotomised to be a simpler form, explicitly leading to

full definition of a CPT structure.

The second situation is on sensitivity analyses of large computer modelling experiments.

Specifically, the expert informed CPTs can be used to identify which factors have the greatest

impact on the predictive performance of the model. Large computer modelling experiments

can be used to understand the behavior of large models [Vernon et al., 2010, Williamson et al.,

2015]. For instance, the Biodiversity and Climate Change Virtual Laboratory (BCCVL) is

2
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a modelling platform which operates in a high-performance cloud computing environment

and provides a collection of modelling and analysis tools to facilitate the examination of the

impacts of climate change on biodiversity [Hallgren et al., 2016]. In this case, CPTs can

play an important role in sensitivity analyses, by giving a summary of results about a model’s

outcome, based on changes in one or more factors. For large computer modelling experiments,

researchers may wish to undertake a sensitivity analysis of the factors affecting the model

outcomes. However, they do not necessarily conceptualise this as a kind of CPD, and hence

do not realise the benefits from eliciting a simple or complex CPT prior to conducting a large

number of computer runs, which nevertheless may provide much smaller coverage of the full

space of possible settings.

These are just two contexts in which eliciting CPTs are potentially useful and there are many

more contexts which involve discrete conditional probability distributions, and where expert-

informed CPTs could prove valuable. In particular this includes the use of expert-informed

priors of discrete CPDs in any field where Bayesian statistical modelling is applied. The two

particular contexts explored in this thesis provide a concrete basis for designing a subset of

CPTs when they are large, eliciting expert knowledge with uncertainty, interpolating missing

CPT entries, utilising CPTs for informing sensitivity analyses and combining expert elicited

CPTs with empirical data. The methodologies presented here can be extrapolated to other

fields, including elicitation of priors on CPDs in Bayesian statistical modelling.

The guidelines on eliciting CPTs from experts generally advise modellers to facilitate the

elicitation work by keeping the number of parent nodes and their levels to a minimum [Cain,

2001, Chen and Pollino, 2012, Marcot et al., 2006]. This ensures that the elicitors have time

to completely elicit all scenarios. However, in contrast to the usual structure of CPTs that

have been simplified to facilitate elicitation, more complex CPTs may involve more than three

parents, and each parent may have more than three states (levels) [Chen and Pollino, 2012,

Marcot et al., 2006]. The literature rationalises this simplification by claiming that the elicitation

of more complex CPTs is considered to be too demanding for an expert, because of the time

requirement of the expert’s elicitation workload [Ban et al., 2014, Chen and Pollino, 2012,

Marcot et al., 2006, McCann et al., 2006]. The strategy I consider in this thesis is to ask experts

3
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to consider a limited number of carefully chosen scenarios, rather than all scenarios, and then

use this information to interpolate the remainder of the CPT. However, this approach to handling

large CPTs by selecting a subset of scenarios, must be designed. Thus strategically selecting

the restricted number of scenarios that will optimise the interpolation of missing scenarios.

Previous work has allowed the expert to choose the scenarios themselves [Denham et al., 2007]

or to limit themselves to a specific set of scenarios, the same in number as the number of

explanatory factors [Kadane and Wolfson, 1998]. My work considers the “middle ground”

between these two options by choosing a subset of scenarios from the large CPT using specific

and well constructed experimental design.

It can be challenging to ask an expert about CPDs like CPTs, and even more so, to ask about

their uncertainty regarding those distributions. In the application of BNs, the standard method

for eliciting CPT entries, only asks for one probability in each cell (the experts best guess),

and completely ignores any uncertainty associated with that guess (as outlined in guidelines

such as those provided by Chen and Pollino 2012, Marcot et al. 2006, McCann et al. 2006).

Simply asking experts about their best estimates, without considering their uncertainty, is not

satisfactory because of the well documented and widespread overconfidence among experts

across several different fields [O’Hagan et al., 2006, Speirs-Bridge et al., 2010]. In this thesis

I show how this issue can be addressed using tailored expert elicitation approaches, and show

how this can be achieved via Bayesian thinking such as the scenario-based elicitation method

[Low Choy et al., 2010]. This provides rich information on uncertainty not delivered by the

usual deterministic methods, such as those developed by Marcot et al. [2006], which specify

CPTs in BNs without uncertainty. It also provides an intuitive way of capturing the expert’s

mental model, which includes their ideas on the plausible range of values of the CPT entries,

rather than their narrower band of confidence in their best estimates of these CPT entries, as

implemented in a Frequentist approach. In this thesis I develop this new methodology for

elicitation and encoding CPTs with uncertainty, in two different situations: the first on Bayesian

networks (Chapter 3) and the second is the use of CPTs within the design of sensitivity analyses

of large computer modelling experiments (Chapters 4, 5 and 6).

While experimental design can be used to identify which scenarios in a large CPT should

4



PhD thesis Ibrahim Alkhairy 5

be elicited, the next challenge is to address the scenarios that are not elicited. In addition to the

interpolation challenge, is the challenge of interpolating the missing values with uncertainty.

This thesis shows how to adopt a statistical model to interpolate not only the missing CPT

entries but also quantify the uncertainty for each scenario, which is new for this setting. This

gap is addressed using the novel approach outlined in Chapter 3. As an additional example of

these methods, they are also applied within the case studies presented in Chapters 4, 5 and 6.

The final contribution of this thesis, is a sequential extension of the methods discussed

above, in which expert elicited information is combined with empirical data using a Bayesian

framework with the aim of improving sensitivity analyses of large computer modelling experi-

ments (Chapter 6). When the information from experts is elicited, including the uncertainty,

this information then can be quantified in order to build probability distributions for CPT

entries, which may also be considered as model parameters within a BN or regression. These

probability distributions can be used to construct informative priors that can be incorporated

with empirical data using a Bayesian analysis framework to update the posterior probability

distribution, and thereby facilitate prediction of scenarios that have not been elicited [Low Choy,

2012, Low Choy et al., 2009b, O’Hagan et al., 2006]. Ultimately elicitation of expert knowledge

can provide a useful starting point in a pioneering study, where the plan is usually to follow up

at some stage with analysis of empirical data [Low Choy et al., 2009b, Murray et al., 2009]. In

this chapter I demonstrate the novel use of a Bayesian GLM for scenario-based elicitation and

encoding of expert knowledge (outlined in Chapter 3) and extend this to combine an expert-

informed prior (from Chapter 5) with empirical data to update the posterior, within the context

of a sensitivity analysis for large computer modelling experiments (Chapter 6).

5
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1.2 The approach
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Figure 1.1: Outline of main topics addressed in the thesis

Figure 1.1 illustrates the overall modelling strategy and thesis aim, which is to:

Elicit expert knowledge on a subset of scenarios in large CPTs and encode this with

uncertainty, to enable interpolation of the whole CPT with uncertainty.

The strategy outlined in Figure 1.1 comprises four components. The first component will

propose the experimental design strategies for the construction and elicitation of large CPTs

by carefully selecting a subset of scenarios to be elicited. Employing these design-based

6



PhD thesis Ibrahim Alkhairy 7

approaches to selecting scenarios will improve existing scenario-based elicitation strategies

(Kadane and Wolfson 1998; Denham et al. 2007; Low Choy et al. 2010). The second com-

ponent is to ask the expert to elicit the selected scenarios and the associated uncertainty us-

ing a scenario-based elicitation method. Eliciting uncertainty is rarely conducted for the two

situations explored in this thesis - BNs and sensitivity analyses of large computer modelling

experiments. The elicitation of uncertainty will better contextualize the point estimates typically

elicited to “define” a CPT and promoted in expert elicitation guidelines, such as those provided

in Cain [2001] and [Barry and Lin, 2010]. The third component is to interpolate and predict

the probabilities missing from the elicited CPT set of scenarios and also to estimate uncertainty

around these predictions using statistical models. These methods are applied in this thesis to

BNs and sensitivity analyses of large computer modelling experiments. The fourth component

will consider combining elicited scenarios with empirical data using a Bayesian framework to

update the posterior probability distribution to provide the posterior estimates. Here I briefly

summarize the need for each of the four components, a more in-depth literature review is

provided in Chapter 2.

First of all, I consider the challenge of reducing the number of scenarios elicited by experts,

in order to quantify CPTs. Previously, designs for eliciting expert assessments of particular

scenarios have been haphazard (i.e. no experimental design), minimal or driven by conve-

nience. Denham et al. [2007] proposes a geographically-indexed method for scenario-based

elicitation, which permits experts to choose which scenarios to elicit. Kadane and Wolfson

[1998] prescribe a minimal set of pre-specified scenarios, one per factor, which aim to provide

maximum information about the CPTs. And Cain [2001] describes a One-Factor-At-A-Time

(OFAT) design which proposes a convenient method for eliciting every scenario that differs

(in just one factor) from the best scenario (the scenario with the highest outcome). None of

these “experimental designs” were created with a view to giving the modeller choice about the

number of elicited scenarios. One of the scientific contributions of this thesis’ research will

be effective experimental design methods for eliciting large CPTs from experts which: contain

uncertianty, ensure effective coverage of scenarios within the CPTs and make best use of the

scarce and valuable time of the expert (Chapters 4 and 5).

7
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Another challenge (the second thesis aim) is development of methods for quantifying the

uncertainty in each of the scenarios elicited. This can provide the end-user with greater con-

fidence in the quality of the CPTs, often used as inputs to another model, such as a BN or a

sensitivity analysis of a large computer experiment. Thus this second component of research

considers how to capture each scenario with uncertainty. This thesis demonstrates a new process

for achieving this, suitable for a range of situations, and demonstrated in this thesis as inputs for

a BN and a sensitivity analysis. This research will utilise the ”Outside-in” approach for eliciting

uncertainty via quantiles of the CPT entries, which has previously been developed by Low Choy

et al. [2010] for estimating regression parameters. This will be a new application of this method

for both BNs as well as sensitivity analyses of large computer modelling experiments. I use

this method instead of the ”Inside-out” approach (or so-called Four-point) via elicitation of

confidence intervals for best estimates of CPT entries [Speirs-Bridge et al., 2010]. Although

both methods ask a similar kind and number of questions, they ask questions in a different

order, leading to completely different statistical meanings. The “Four-point” approach starts by

asking the expert to elicit the best estimate, then asks for the lower and upper bounds, and then

seeks the experts’ confidence that the best estimate falls between the lower and upper bounds.

The main drawback of this Frequentist approach is that eliciting the best estimate first may

lead the expert to misinterpret the interval as a measure of accuracy on their best estimate, and

thus lead to overly narrow and symmetric intervals [Fisher et al., 2012, p. 5]. In contrast, the

“Outside-in” method aims to quantify the expert’s uncertainty for each scenario by asking the

expert for a plausible range of values (lower and upper bounds), before “zooming-in” to elicit

the quantity of interest. This method belongs to the Bayesian school, since it seeks uncertainty

directly on θ, the CPT entries, rather than the best estimate θ̂ [O’Leary et al., 2015, p. 20]. This

approach easily transfers to eliciting information regarding uncertainty around CPTs in either

BNs, or in sensitivity analysis to support design of computer experiments. This approach is new

in the widespread context of eliciting large CPTs and is presented in Chapter 3, and also used

in the case studies in Chapters 4, 5 and 6.

Once a subset of scenarios has been selected, and CPT entries elicited with uncertainty, the

next challenge is to interpolate the CPT entries for the missing scenarios, this is the subject of

8
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the third component outlined in Figure 1.1. In the BN literature, the CPT Calculator [Ban et al.,

2014, Cain, 2001, Froese et al., 2017] is extensively used to address this problem. This tool

adopts a simple model for interpolation, namely linear interpolation based on questions asked

about several scenarios elicited according to an OFAT design. However, the CPT Calculator is

constrained in practice to simple CPTs that have only two or three levels for each factor. Essen-

tially linear interpolation can be considered as a local form of regression such that the estimate

of each missing CPT entry scenario depends on just a small number of elicited scenarios. This

issue can be addressed using a ‘global’ form of regression for interpolation. Here, I will tailor

the modelling approach of Bayesian generalized linear models (GLMs), so that each missing

scenario that is not elicited can be estimated using all information provided by the experts. In

addition, this approach can deal with larger CPTs than the CPT Calculator. In this thesis, this

problem is addressed in Chapter 3, and used in Chapters 4, 5 and 6.

In the context of conducting sensitivity analyses of large computer modelling experiments,

it may be useful to elicit a subset of scenarios in the CPT describing all possible experiments,

and then interpolate these to get an idea of what scenarios will lead to different outcomes, and

hence better inform the decision on what scenarios have to be run in the experiment. These

elicited and interpolated CPTs can then be combined (as non informative priors) with empirical

data from initial model runs to gradually update knowledge about the experiment (Chapter 6).

Hence Chapter 6 forms a complete cycle of Bayesian updating, which in the first phase (the

prior) relies on the expert knowledge (utilizing the methodology presented in Chapters 3- 5),

and in the second phase, is combined with empirical data to create a posterior estimate of the

CPT.

1.3 Overview of research

The approaches of the four components outlined above (Section 1.2) are developed and then

applied in a series of four studies, forming the main body of the thesis. The thesis begins

by addressing the second component outline in Figure 1.1, i.e. the elicitation of CPTs with

uncertainty, this is addressed in Chapter 3. Next I address component 1 on Figure 1.1, the

9
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use of experimental design methods for selecting a subset of scenarios from a large CPT, this

is outlined in Chapters 4 and 5. Simultaneously the third component, interpolating missing

CPT values via Bayesian GLM, is applied in all Chapters from 3 to 6. The final component of

Figure 1.1, the combination of elicited and empirical information, is detailed in Chapter 6.

This thesis consists of four studies, each with its own chapter, Chapters 3, 4, 5 and 6

respectively. The first study (Chapter 3) examines the problem of quantifying and encoding

CPTs in BNs, and applies this approach describing the relationship between habitat suitability

of feral pigs and various affected factors. This study adopts an existing tool, the CPT Calculator,

which uses an OFAT design to choose a subset of scenarios from a large CPT. This study

will develop procedures for capturing uncertainty by encoding expert knowledge about each

scenario using an “Outside-in“ approach. To interpolate the remaining scenarios that are not

elicited, this study will address the limitation of CPT Calculator due to linear interpolation, by

using a Bayesian generalized linear model (GLM). In addition, I will demonstrate the use of

a Bayesian GLM, instead of using Classical GLM, not only to interpolate the remaining CPT

entries, but also to consider estimation of all 2-way interactions.

The second study (Chapter 4) focuses on experimental design methods for constructing

elicitation experiments for large CPTs. This is applied in the second situation of this thesis -

settings for a GLM algorithm for a sensitivity analysis of a species distribution model. The

second study considers two designs to select a subset of scenarios from all possible scenarios:

the existing OFAT design and Taguchi’s Orthogonal Array (OA) design. This aims to provide a

good coverage of all CPTs as well as obtain accurate predictions.

The third study (Chapter 5) extends the work in Chapter 4. This case study again focuses

on an SDM but considers a Maximum Entropy algorithm instead of a GLM, and explores four

experimental designs for identifying a subset of the overall scenarios for elicitation. In addition

to the new design proposed in Chapter 4, i.e. Taguchi’s OA design, this study considers: the

regular fractional factorial design (RFF2), a Plackett-Burman (PB) screening design and the

Fold-over design. All four new designs are compared to the OFAT design that is commonly

used in sensitivity analyses of large computer modelling experiments.

10
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The fourth study (Chapter 6) extends studies two and three further, by conducting a em-

pirical sensitivity analysis of a species distribution model (SDM) in a virtual laboratory. This

study uses a Bayesian updating paradigm to combine the expert-defined evaluation of settings

for the SDM (the third study defined in Chapter 5) and then updates this information using

empirical data from model run results. In particular, I demonstrate how a sensitivity analysis

can be conducted in several steps. First, the modeller needs information about which settings of

an SDM algorithm have the greatest impact on the outcome, i.e. Quality of Prediction. Then,

where no empirical data are available, a prior is constructed from expert-elicited information.

The next step is to conduct a sensitivity analysis from a small number of computer model runs

(empirical data). The empirical and expert results are then compiled and used to update the

posterior (within a Bayesian framework). This information can subsequently help inform the

design and analysis of further sensitivity analyses of large computer modelling experiments,

which to our knowledge is quite novel in the second situation of this thesis and more generally

for elicitation and encoding of CPTs with uncertainty.

1.4 Research Contributions

In summary, all four contributions of the thesis address the problem of scenario-based elici-

tation of expert knowledge for populating large CPTs. This problem arises broadly in many

application areas, including two specific situations that I consider. The first situation is to elicit

a subset of scenarios within large CPTs that define BNs. The second situation is to elicit a

subset of scenarios from large CPTs that structure a sensitivity analysis of computer modelling

experiments. These contributions can be summarised for each of the four thesis components

(Figure 1.1).

1. Designing the elicitation of large CPTs: The first novel contribution of the thesis is in

applied statistics. I propose and tailor experimental designs, not yet used previously in

these contexts, that are suitable for choosing scenarios from a large CPT for this research

problem, and then demonstrate how to apply these methods in case studies two, three and

four (Chapters 4, 5 and 6). These proposed designs are:
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a. Screening (Taguchi OA) design versus existing (OFAT) design (study 2).

b. Several screening and extending Fold-over design versus existing (OFAT) design

(study 3)

c. A new (Taguchi OA) design for expert-informed prior versus existing (OFAT) for

empirically data (study 4).

2. Eliciting probabilities with uncertainty: The second novel contribution of this thesis

is to utilise and adapt the “Outside-in” elicitation method to quantify and encode the

uncertainty in each scenario. This follows a Bayesian interpretation rather than the

“Inside-out” approach that follows a Frequentist interpretation. This contribution is new

in the context of our two situations, and will be discussed and/or applied to all studies (1,

2, 3 and 4)

3. Interpolate the remaining CPT entries: The third novel contribution of this thesis is

to interpolate the missing scenarios within large CPTs, where the CPT contains elicited

information. I will use a Bayesian GLM as a global form of regression to address the

limitations of the CPT Calculator’ which uses linear interpolation as a local form of

regression. This contribution is new in the context of our two situations, and will be

applied to all studies (1, 2, 3 and 4)

4. Updating Bayesian Paradigm: The fourth contribution is to use scenario-based elicited

expert assessments to define an informative prior distribution and then combine this with

model runs to update the posterior distribution using a Bayesian updating paradigm. This

contribution is new in the context of sensitivity analyses for species distribution models

in a virtual laboratory.

1.5 Thesis Outline

The thesis is formatted as a ‘Thesis by Publications’, arranged with a synthesis of the whole

thesis’ aim presented in the introduction (Chapter 1), the main literature motivating the thesis

is reviewed in Chapter 2, and the main findings and conclusions are outlined in Chapters 3, 4,

12
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5, 6 and 7, respectively. The four middle chapters Chapters 3, 4, 5 and 6 comprise four re-

search papers (two published), which have been written as manuscripts for publication. Hence,

some repetition among chapters is unavoidable, particularly between the literature review and

methodology sections.

In addition, because the thesis has been developed within the multidisciplinary context of

a School of Information and Communication Technology (ICT), I preface the thesis with a

clear statement of the nature of the research, which is placed directly following the abstract.

This was considered necessary since in machine learning (a particular field of data science),

novel contributions to the research literature tend to focus on the proposal of new computational

algorithms, to address a well-defined prediction problem. These computational algorithms tend

to be solely evaluated based on predictive ability. In contrast, the novel contributions of this

thesis fall within the field of applied statistics (which can be considered to be a particular field

of data science), which required re-formulation of the problem in a way that redefined the

underlying statistical model. In turn this affected computation, although I was able to make

use of high-level modelling languages contained in the R statistical computing environment [R

Core Team, 2017]. Because of the nature of the information being modelled, as derived from

expert knowledge, it is difficult to rely solely on predictive evaluation of such models, and hence

explanatory ability is considered equally important.

The thesis starts with a detailed literature review (Chapter 2), which explores seven main

topics: BNs and sensitivity analysis of large computer experiments as two situations used

to demonstrate the applied statistics methodology proposed in this thesis; elicitation of large

CPTs; selection of scenarios using experimental design; eliciting probabilities with uncertainty;

interpolation of missing values (scenarios) in a CPT which contains expert elicited information;

combining expert-defined scenario with empirical data; and finally a summary that includes

identification of gaps in the literature to be addressed by the thesis.

Chapter 3 is based on a published paper (3-Dec-2019) in the Journal of Applied Statistics en-

titled “Quantifying Conditional Probability Tables in Bayesian Networks: Bayesian Regression

for Scenario-based Encoding of Elicited Expert Assessments on Feral Pig Habitat”.
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Chapter 4 is based on a conference paper published in the proceedings of the 2017 con-

ference held by the Modelling and Simulation Society of Australia and New Zealand entitled

“Designing elicitation of expert knowledge into conditional probability tables in Bayesian net-

works: choosing scenario”.

Chapter 5 is based on a manuscript submitted to the Decision Support system Journal enti-

tled “Experimental designs for constructing experts elicitation of large conditional probability

tables” and is currently under review.

Chapter 6 is based on a manuscript submitted to the Statistical Modelling: An International

Journal entitled “Sensitivity analysis of species distribution models in a virtual laboratory:

Bayesian updating combining expert-defined risk assessment with model runs” and is currently

under review.

Chapter 7 presents a short summary and conclusions of the most significant findings of the

thesis, describes ongoing work and suggests potential future work.

14
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Figure 2.1: Overview of the literature review sections and their relationship to overall expert
elicitation process and the four studies within this thesis.

This thesis lies within the larger problem space of using expert opinion to quantify conditional

probability tables (CPTs) when data is limited, and specifically focuses on applications with

large CPTs. These CPTs display conditional probabilities of a particular factor with respect to

other factors. Each column in a CPT represents a factor X or variable of interest, and each row

represents a scenario, defined by a particular combination of levels (values or categories) of all

factors, and the final column provides the outcome Y conditional on the values for each factor.
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Figure 2.1 above summarise the literature review of this thesis and highlights the relation-

ships amongst the topics. In addition it demonstrates how the four studies in this thesis align

with these topics. This thesis specifically addresses: scenarios selection through experimental

design, when a CPT is too large to elicit all scenarios; elicitation of each scenario with uncer-

tainty from experts; interpolation of missing scenarios, and the combination of expert-informed

priors with empirical data for sensitivity analysis of computer experiments via Bayesian analy-

sis.

In order to provide context and outline the motivation for this thesis, the literature review

starts with a description of two situations where expert knowledge is useful for eliciting CPT

entries, and which are the focus of this research. The first situation, which has one case study,

is the use of expert elicitation to populate large CPTs of Bayesian Networks (BNs) (described

further in Section 2.1.1). This first case study uses a BN to model habitat suitability of feral

pigs. The second situation is the use of expert informed CPTs to inform the design of sensitivity

analyses, specifically for large computer experiments. This second situation is the focus of three

studies: study 2 and 3 focuses on experimental design methods for sunsetting large CPTs in

this context, and study 4 combines expert elicited and empirical data to update the sensitivity

analysis and guide future analyses.

Once I have defined the two situations this thesis focuses on, the literature review then

discusses the problem of expert elicitation of large CPTs starting with a definition of expert

knowledge and an outline of the formal procedure for capturing the expert knowledge prob-

abilities into CPTs with uncertainty (Section 2.2). I then describe the challenges of expert

elicitation for large CPTs (Section 2.2.2). Specifically: the problem of selecting a subset of

scenarios and the experimental design methods used to do this currently (Section 2.3). Next I

address how to encode CPTs using a method that not only captures the expert’s best estimate

of a conditional probability, but also captures their uncertainty (Section 2.4). Then I evaluate

the tools for interpolating the remaining scenarios that are not elicited (Section 2.5). In the

penultimate section of the literature review I discuss the current methods for combining expert-

informed priors with empirical data via Bayesian analysis in the context of a large computer

experiment (Section 2.6). Finally, I summarise the gaps identified from the literature which
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have led to the focus of on this study (Section 2.7).

2.1 The context

This thesis is motivated by two general situations that have large CPTs and where using expert

knowledge is particularly useful for some of the table entries. These situations are large CPTs

for Bayesian networks and the use of expert elicited large CPTs for conducting sensitivity

analyses of large computer modelling experiments.

2.1.1 Bayesian Networks (BNs)

BNs are graphical models and were originally invented by Judea Pearl for reasoning under

uncertainty [Pearl, 1985, 1988]. They consist of parent nodes {X1, X2, . . . , XJ} (also referred

to as factors), a child node Y and directed edges (connections) between the nodes, where

the directions between X and Y indicate probabilistic dependencies of the child node on the

parents. Thus in Figure 2.2, the child node Y depends on its parent nodes X1, X2 . . . XJ . More

specifically, a BN is a directed acyclic graph. The absence of directed cycles means that by

following any particular edge in the graph, it is impossible to return to a node you have already

been to [Kiiveri et al., 2001, Whittaker, 1990]. Thus it is not permitted to include any feedback

loops within a BN since the graph is presumed acyclic. BNs are also known as: belief networks,

Bayesian belief networks [Cooper, 1990, Pearl, 1986], probabilistic networks [Kjaerulff et al.,

2008] or probabilistic graphical models [Friedman et al., 1997, Korb and Nicholson, 2010].

X1 X2
. . . XJ

Y

Figure 2.2: A simple structure of Bayesian Networks

BNs are widely used to model complex processes and typical applications are found across
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the literature. Examples can be found in environment and ecology [Bertone et al., 2016, Little

et al., 2004, Marcot et al., 2001, Uusitalo et al., 2005], medical diagnosis by health professionals

[Lucas et al., 2004], gene expressions [Friedman et al., 2000], airport logistics [Wu et al., 2014],

as well as evaluation of scientific evidence [Garbolino and Taroni, 2002].

The probabilistic connections between the nodes are quantified by conditional probability

distributions (CPDs), where the probability of child node Y conditional on its parents X , is de-

noted as Pr(Y |X). BN models rely on the Markov Property [Markov, 1906] where “each node

is conditionally independent of its non-descendants given its parent nodes”. Mathematically,

the Markov property in a BN ensures that:

P (Y |X1, X2, ..., XJ) = P (Y |parents(Y ) = X) (2.1)

These conditional probabilities for one child node given its parents can be multiplied together

to obtain the joint probability distribution over all nodes, which is the basis of all probabilistic

inference on BNs [Madsen et al., 2005, Nielsen and Jensen, 2009]. Therefore the joint proba-

bility distribution of the network P can be factorised using the chain rule of probability [Koski

and Noble, 2009, ch.11]:

P (X1, X2, ..., Y ) = P (X1)× P (X2|X1)× ....× P (Y |X1, ...., XJ) (2.2)

= ΠJ
j=1P (Y |X1, ...., XJ)

This factorization can be further simplified in a BN where the CPDs of each node, given the

values of its parents, are conditionally independent of all other nodes that are not descendants.

Three examples are given in Figure 2.3 to show different conditional probabilistic relation-

ships among three factors (nodes). In BN (a), the child node Y depends on parent nodes X1 and

X2. In BN (b), node X2 is independent of parent node X1 and child node Y , and child node Y

depends on its parent nodeX1. In BN (c), nodeX1 depends on parent nodeX2, and parent node

X2 influences both X1 and Y . In the Structural Equation Modelling (SEM) literature, example

(c) is described as X1 moderating the influence of X2 on Y , whereas situation (a) commonly
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arises where factors X1 and X2 act together to define a construct (or scale) Y [Crandall et al.,

2012]. Within SEM, proposed dependencies—as shown in BNs (a) and (c)—or missing links—

as shown in BN (b)—could be examined via exploratory pathway analysis to evaluate which

links are needed, or confirmatory analysis to evaluate whether particular links are supported by

the data.

So for instance, if I consider the feral pig case study, which is the first case study of this thesis

and described further in Section 2.1.2, Y denotes adequate food for feral pigs, and X1, X2 and

X3 denote quality of food, duration (how long the food sources is available), and accessibility

of the food sources, respectively. Then in example (a) of Figure 2.3, adequate food Y depends

on the quality of food and duration. In example (b) represents accessibility is independent of the

quality of food, duration and food adequate, and food adequate depends on the quality of food,

duration. Finally example (c) reflects a situation where duration is mediating the influence of

accessibility on food adequate for feral pigs.

X1 X2

Y

(a) P (X1, X2, Y ) =

P (Y |X1, X2)P (X1)P (X2)

X1 X2

Y

(b) P (X1, X2, Y ) =

P (Y |X1)P (X1)P (X2)

X1 X2

Y

(c) P (X1, X2, Y ) =

P (Y |X1, X2)P (X1|X2)P (X2)

Figure 2.3: Three simple examples of qualitatively different probability relationships involving
three factors X1, X2 and Y

If factors are categorical or continuous, then the CPDs are correspondingly discrete or

continuous, they may also be of mixed mode. When X and Y are categorical, these probability

connection are quantified by conditional probability tables (CPTs) instead of CPDs. Catego-

rizing variables X and Y enables scenario-based elicitation, since experts can be asked about

particular scenarios Pr(Y = y|X = x) rather than asking for more abstract information about

the parameters governing a continuous representation of p(Y |X). Thus these CPTs are the core
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building blocks of many BNs, since a BN is completely defined by a set of linked CPTs which

then define the marginal distributions, and the non-conditional probability distributions of all

the earliest ancestor nodes (who have no parents). A CPT requires all rows to be defined. Each

row within the CPT specifies a different scenario, which is a specific combination of different

levels (a.k.a states, categories or values) of each of the parent nodes. These nodes may take

binary values (having only two levels, e.g. true or false), ordered values (e.g. high, medium,

low), nominal values (occur/apply to/be appropriate/be suitable) or integer values [Maindonald,

2011, Ch. 2]. In this way the relationships between parent nodes and their child node can be

mathematically charaterised using CPTs (see Table 2.1) that define the BN and can be denoted

by:

θij = Pr(Y = i|X = j) (2.3)

where θij is the conditional probability of the child node Y (outcome) with a particular level i.

We may consider i to be binary i ∈ Ω = {0, 1} or more generally can be extended to an n-ary

case where i ∈ Ω = {0, 1, . . . , n− 1}, with n possible values. This particular level i usually is

given by a particular combination of parent node values j. Whilst j is a multivariate description

of the values of the parents in each scenario, we can define each scenario by s = {1, 2, . . . , S},

by combining the value of child node i and the values of its parents j. So there is a unique

one-to-one mapping with:

{Y = i,X = j} ⇔ S = s (2.4)

for particular levels of j and i. We choose jk to be a particular level of the kth parent node

with jk ∈ {1, 2, . . . ,mk} where mk is the number of levels for the kth parent node, and j =

(j1, j2, . . . , jk) to be a particular combination of levels of all parent nodes. Here k is being used

to represent both an arbitrary parent node index and the number of parent nodes. We choose

s = 1 to be the best scenario with components of j defining the values of parent nodes Xj that

lead to the most probable outcome (Y = i):

arg max
s∈S

Pr(Y = i|S = s) = 1 (2.5)

The notation in Equation 2.3 is illustrated in Table 2.4) using a sub-model of the BN used
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in the habitat suitability for feral pigs case study (described further in Section 2.1.2). Here

the probabilistic relationship between the child node (adequate food for feral pigs, Y = 1 )

depends on three parent nodes: the quality of food (X1); duration or how long the food source is

available, e.g. continual year-round, seasonal (X2); and accessibility or access to food resources

(X3). Figure 2.4 outlines this sub-model.

Figure 2.4: BN sub-model of adequate food resource availability for feral pigs, which
depends on: food quality with three levels (low, moderate or high), duration with three levels
(low, moderate or high) and accessibility with three levels (hard, moderate or easy). The
corresponding CPT is shown in Table 2.1.

Table 2.1: Corresponding to the BN shown in Figure 2.4, the CPT of whether food is adequate
(f) for feral pigs defined by the 27 scenarios, combining levels of: food quality X1, taking on
values Low (l), Moderate (m) or High (h); duration X2 has three levels X2, Low (l), Moderate
(m) or High (h) and accessibility X3 with three levels, i.e. Hard (h), Moderate (m) or Easy (e).

Scenarios s
Combination of Parent nodes values Child node

food quality (j1) duration (j2) accessibility (j3) adequate food (i = 1)

1 High High Easy θfhhe = 0.90

. . . . . . . . . . . . . . .

9 Moderate Moderate Moderate θfmmm = 0.65

. . . . . . . . . . . . . . .

27 Low Low Hard θfllh = 0.10

Table 2.1 demonstrates the CPT for the BN outlined in Figure 2.4. Each column corresponds

to one node in the BN, and each row one possible scenario, i.e., possible combinations of

the different levels or values of each node. The child node in the final row is defined using
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Equation 2.3. For example, scenario 1 was elicited to have a 90% chance of occurring (across

the range of sites and times under consideration). In scenario 1, the conditional probability

θfhhe that food is adequate for feral pigs where the food quality is high, duration is high and

accessibility is easy. In the scenario where all node levels are moderate (scenario 9), the expert

allocated a 65% probability that sufficient food would be available. That is, the conditional

probability θfmmm that food is adequate for feral pigs where the food quality is moderate,

duration is moderate and accessibility moderate. On the other hand, in the worst case (scenario

27) where the food quality is low, duration is low and accessibility hard, then the probability

that food is adequate for feral pigs θfllh was elicited to be 10%.

2.1.2 Estimating CPTs

When BN model structure is pre-specified, then there are two circumstances where modellers

generally attempt to quantify CPTs (θij): one is data-rich, and the other is data-poor. In this

thesis I consider the second circumstance where the data is poor in quality or patchy. In

the first data-rich circumstance there is a large amount of data available on both Y and X

[Pearl, 1988] from which to “learn” the CPT parameters θij in BNs. These parameters can be

estimated via data-driven algorithms such as Expectation-Maximisation algorithm in Netica

[Norsys Software Corporation, 2006], and Hugin [Madsen et al., 2005]. In addition, CPTs are

estimated simultaneously with model structure via a range of constraint-based and score-based

algorithms such as those implemented in bnlearn R package [Scutari, 2010]. However, this

data-rich circumstance is not the focus of this thesis.

In the second data-poor circumstance, when no empirical data is available or is scarce,

then specifying a BN’s model structure and quantifying θij can be achieved by eliciting expert

opinions [Ban et al., 2014, Marcot et al., 2001, 2006]. For example, many studies have used

BNs to develop habitat suitability models, making use of ecological expert knowledge when

there is insufficient empirical data, and also to allow evaluation of uncertainty, examples in

the literature include: for rare endangered mammals, The Julia Creek dunnart Sminthopsis

Douglasi [Smith et al., 2007] and Astacopsis gouldi [Hamilton et al., 2015]; for Anabaena
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blooms in Grahamstown Dam [Williams and Cole, 2013] and for understanding stressors of

coral reefs [Ban et al., 2014]. However, although expert knowledge can be used to address

two challenges with constructing BNs, namely proposing the BN model structure and also to

populate CPT entries, this thesis does not focus on elicitation of expert knowledge to specify

model structure (BNs). Instead this thesis addresses the latter challenge of quantifying CPTs,

assuming that the BN model structure is obtained (from experts, data, or previous research).

Quantifying CPTs via elicitation of expert knowledge will be addressed throughout the thesis

in Chapters 3, 4, 5 and 6.

In this thesis, three case studies are used to represent two situations where CPTs are elicited

using expert knowledge. These case studies are: (1) habitat suitability for feral pigs via BNs,

(2) species distribution modelling (SDM) via Generalized Linear Models (GLM) and (3) SDM

via Maximum Entropy (MaxEnt).

Case Study 1: Habitat Suitability of Feral Pigs

Feral pigs can be harmful in ecological and environmental systems [Barrios-Garcia and Ballari,

2012]. They often invade agricultural areas and damage soil, retard regeneration of plants,

erode banks and otherwise damage water bodies, and also transfer diseases to other animals or

people [Bengsen et al., 2014, p. 136]. Managing and controlling such pests can benefit from

understanding habitat suitable for the species, and based on this, map the spatial pattern of

areas at varying levels of pest risk in order to better inform a spatially intelligent strategy to

manage the pest [Venette et al., 2010]. When the data are patchy, expert knowledge can be used

for developing a habitat suitability model. Furthermore, by eliciting expert knowledge within

a specified model structure, BNs can be specified in the circumstance of limited data [Froese

et al., 2017, Hamilton et al., 2015]. The first case study uses BNs to develop a habitat suitability

model for feral pigs, to make use of ecological expert knowledge when there is insufficient

empirical data (Chapter 3).

This first case study is based on the findings from an expert elicitation workshop on feral

pig management held in Western Australia. That workshop led to the creation of a BN for
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habitat suitability of feral pigs. The elicitors decided on the BN model structure before the

workshop. Therefore the workshop focused on elicitation of CPTs, and closely matches the

BN model structure used to elicit habitat requirements of the same species in a different region,

involving different experts [Froese et al., 2017]. Additionally, a similar structure was used

for a habitat suitability model for the same species in the Northern Territory (central northern

Australia) [Froese et al., 2017]. In the case study I use in this thesis, elicitation to quantify

the CPTs within this structure was led by a co-author of the first study, Justine Murray (JM),

and conducted with assistance from a colleague Jens Froese (JF). The expert elicitation session

involved fourteen experts on wild pigs, and sought their expert knowledge of factors considered

to be key drivers of feral pig habitat. These factors were coded as nodes in the BN model

structure, these were: quality of water, food, seclusion and shelter. The experts were required

to elicit the CPTs only, not the BN model structure. Experts were divided into small groups,

according to their experience, and each quantified BN sub-models relevant to their expertise.

In this way, altogether five CPTs were developed (Figure 2.5). All nodes and their levels and

definitions shown in Table 2.2 are defined as per the sister study, fully documented elsewhere

[Froese et al., 2017]. For example, water quality depended on presence of water, accounting for

the ephemeral nature of many waterways in Northern Australia, as well as salinity, due to the

dendritic nature of estuarine waterways.

Figure 2.5: BN with main outcome node Feral pig habitat suitability depending on four parent
nodes: water quality (light blue); food (gray); seclusion (orange) and shelter (blue).
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Table 2.2: BN model nodes, with levels listed from most to least suitable for feral pigs.

Node Definition Levels

Habitat suitability whether feral pigs are able to breed and persist Yes or No

Water quality presence of accessible sources of potable water
Very good, Good, Moderate,

Poor or Very poor

Presence of freshwater presence of potable water Yes or No

Water salinity water may be absent or non-potable (salty/brackish) Low, Moderate or High

Food
food resources availability

to ensure breeding

Very good, Good, Moderate,

Poor or Very poor

Quality of food presence and nutritional value of food resources High, Moderate or Low

Duration
how long the food source is available

(from continual year-round, seasonal)
High, Moderate or Low

Accessibility able to access food resources Easy, Moderate or Hard

Seclusion refuge availability
Very good, Good, Moderate,

Poor or Very poor

Hunting protection from hunting High or Low

Human disturbance stress from human interference High , Moderate or Low

Cover cover provided by understorey vegetation Good, Moderate or Poor

Shelter heat refuge availability to provide adequate protection
Very good, Good, Moderate,

Poor or Very poor

Cover shady vegetation cover Good, Moderate or Poor

Hot climate heat stress conditions from daytime temperatures Cool, Medium or Hot

Wallows places available for feral pigs to relax in mud or water Close, Medium or Far
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2.1.3 Sensitivity Analysis in Large Computer Model Experiments

In many disciplines, computer model experiments are used to simulate and understand the be-

havior of physical systems [Goldstein, 2006, p. 405]. These computer models can be extremely

complex, and require many resources, including time to run. They arise in many fields, e.g. nu-

clear risk assessment [Iman and Helton, 1988, Marques et al., 2005], galaxy modelling [Vernon

et al., 2010], environmental science [Hallgren et al., 2016] economic systems [Holcombe et al.,

2013], and testing software system [Goldstein, 2006].

As for physical experiments, computer modellers need to carefully choose the factors that

they wish to manipulate, compared to those that they wish to control for, fix, randomize or

ignore [Box et al., 2005, Ch. 5]. Unlike physical experiments, it is common for computer exper-

iments to comprise a large number of scenarios (runs) and when feasible, these scenarios may

cover all possible combinations of levels for multiple factors under consideration [Oakley and

O’Hagan, 2004]. However, implementation of large computer models requires many factors and

each scenario may take several minutes, hours or even days or months [Oakley and O’Hagan,

2004, p. 247]. Often, analyzing the resulting “big data” may overtake the computational and

statistical software capacities [Drovandi et al., 2017, p. 2]. As a result, much effort and time may

be required. Prior to conducting such a large computer experiment, I consider the use of expert

knowledge to help judge what scenarios are likely to lead to a range of outcomes that are most of

interest to the researcher, and hence better target the choice (design) of model scenarios which

may be represented by a CPT [Vernon et al., 2010, p. 637]. Additionally it can be a challenge

to ask experts about all components of a complex model. One way to address this is to ask

experts to estimate the outcome for fewer, well-chosen scenarios using experimental designs

[Box et al., 2005, Vernon et al., 2010, Wooff et al., 2002], which are specific combinations of

levels for factors (as detailed in Section 2.3), and hence only partially filling out some rows

(scenarios) in the CPT (See Table 2.1).

Sensitivity analysis is a technique applied to investigate a model’s output based on various

factors and then study the influences of those factors on the outcome [Saltelli, 2002, p. 580];

[Iooss and Ribatet, 2009, p. 1194]; [Rivalin et al., 2018, p. 490]. Each factor within a model

27



PhD thesis Ibrahim Alkhairy CHAPTER 2. LITERATURE REVIEW

may have several sources of uncertainty associated with it that will subsequently influence the

outcome. Within large computer models, these uncertainties include the input parameters,

observational error, functional uncertainty and structural uncertainties as detailed in Vernon

et al. [2010, p. 620]. In addition, other uncertainties such as model choice, residuals and

code are outlined by Oakley and O’Hagan [2004, pp. 239-240]. The ability to understand

these uncertainties is useful to developing quality model predictions [Iman and Helton, 1988,

p. 71]. Furthermore, these uncertainties provide valuable information that helps understand

how changes in the levels of factors within the computer runs may affect the outcome. Within

these large computer experiments, CPTs can play an important role in sensitivity analysis, by

providing a summary of different outcomes, based on changes to several factors (parent nodes).

Usually, examining the uncertainty in large systems, such as large computer models, is a very

complex undertaking and is implemented sequentially. The analysis first involves the individual

components of the system, and then, at a later stage the system is examined in its entirety. In the

first stage, much effort is directed at understanding and simplifying the individual components

in the system” [Iman and Helton, 1988, p. 71]. For this reason, the second situation in this

thesis will focus on the design of large CPTs that can be used to structure a sensitivity analysis,

typically faced by many modellers considering analysis of large computer experiments. I will

focus on Biodiversity and Climate Change Virtual Laboratory (BCCVL) as a kind of platform

for large computer experiments. In this case BCCVL supports species distribution models for

mapping habitat suitability of different species, or groups of species [Hallgren et al., 2016,

Low-Choy and Huijbers, 2017], which continues the theme of the first case study on modelling

habitat of feral pigs using a BN.

Biodiversity and Climate Change Virtual Laboratory (BCCVL)

Virtual laboratories have become a practical alternative for conducting large computer mod-

elling experiments [Potkonjak et al., 2016]. They facilitate accessibility to huge numbers

of datasets (BCCVL has over 100 thousand datasets) on a high performance computational

platform, and can make it easier to visualise and use large computer-based models. Importantly,

virtual laboratories can decrease the computational operating costs, particularly the running

28



PhD thesis Ibrahim Alkhairy 29

time required to implement these models.

For example, the BCCVL is a type of virtual laboratory that aims to help researchers with

investigations of biological systems, such as the impact of climate change on the geographic

distribution of species [Hallgren et al., 2016]. The end-users can choose from nearly twenty

different algorithms for fitting species distribution models (SDMs), and from thousands of

datasets on locations of species, bioclimatic, topography, and other factors.

Species Distribution Models (SDMs)

SDMs describe or predict the relationship between the occurrence of a species and its environ-

ment [Austin, 2002, Franklin, 2010]. In many cases, the end purpose of SDM is to map the

occurrence of species geographic distribution related to its habitat and environmental factors

including: bioclimatic (e.g. temperature and precipitation), topography (e.g. elevation) and

other (e.g. soils characterizer) factors. SDMs have contributed significantly in many fields

such as: climate change biology (e.g. Thuiller 2004, Araújo et al. 2006), landscape ecology

[Franklin, 2010] and conservation biology [Aguirre-Gutiérrez et al., 2013]. Although the factors

are often appointed from climate data, particularly when mapping spatial distribution of plant

or animal species, other factors can be utilised including human activity, land cover, terrain (e.g.

type of soil) and topography (e.g. water depth).

There are many algorithms available from the BCCVL that may use absence or presence

data to model and map predicted species distribution [Hallgren et al., 2016]. For example,

statistical regression models including Generalised Linear Models (GLMs) [McCullagh and

Nelder, 1989], Generalised Additive Models (GAMs) [Guisan et al., 2002], Multiple Adap-

tive Regression Splines (MARS) [Leathwick et al., 2006] and Flexible Discriminant Analysis

(FDA) [Hastie et al., 1994]. As well as machine learning models such as Classification Trees

(CTs)[Thuiller et al., 2003, Vayssières et al., 2000], which have been applied using general

Classification and Regression Tree (CART) algorithms [De’ath and Fabricius, 2000]. The

CART then can be extended to include model-averaging, which is used by Random Forests (RF)

[Prasad et al., 2006] to improve estimates, powering-up of the likelihood via Boosted Regression
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Trees (BRT) [Elith et al., 2008] or the Generalised Boosting Model (GBM) [De’ath, 2007]

or mimic learning in the human brain via an Artificial Neural Network (ANN) [Hilbert and

Ostendorf, 2001]. Further to this, Maximum Entropy (MaxEnt), which is a machine learning

method, has been promoted as the best performing SDM [Elith et al., 2006, 2011, Merow et al.,

2013]. Other algorithms are no longer very widely used, but are still available in some SDM

collections (the BCCVL and others; Low-Choy and Huijbers 2017). These are used mostly for

comparison purposes and include: bioclimatic envelopes [Nix, 1986] and ordination techniques,

including Canonical Correspondence Analysis [Guisan et al., 1999, Ter Braak, 1987]. All the

above mentioned SDM algorithms use different settings, which many users are unaware of

[Hallgren et al. 2017], even though they may greatly affect the outputs [e.g. Austin 2002;

Merow et al. 2013; Hallgren et al. 2017]. Most of these SDM algorithms have control ‘default’

settings, and a key benefit of the streamlined work-flow provided by the BCCVL is that it makes

it simpler for end-users (especially those new to SDM) to start with these settings. For example,

a control SDM algorithm was constructed using default settings to study Koala (Phascolartos

cinereus) distribution [Hallgren et al., 2017, 2019].

Sensitivity Analysis of SDM algorithms within the BCCVL

A number of studies have investigated the sensitivity of different kinds of SDM algorithms to

changes in the settings and the bioclimatic, climate and other factors used as inputs: regression

(GLM, GAM and MARS), classification (MDA and CTA) and machine-learning techniques

(BRT and RF) [Barbet-Massin et al., 2012, Hallgren et al., 2017]; classification trees (CTs)

[Pirathiban et al., 2015] and MaxEnt [Merow et al., 2013]. In particular, Merow et al. [2013]

provided an explanation and guidelines on how MaxEnt works in order to help users to choose

settings that reflect both biological knowledge and inference. These settings include feature

functions chosen to model: the relationship between environmental profiles (involving biocli-

matic factors) and species presence/absence; background points that serve as a baseline for

comparing presences; regularization that affects the complexity of the model; and the rate at

which input data is sub-sampled to evaluate model accuracy. Of most relevance to this study

however, is Hallgren et al. [2017, 2019] who conducted a comprehensive sensitivity analysis
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of BRT and RF to configuration option settings in order to inform users which configuration

options require the most care and justification when setting. Their study uses an OFAT method-

ology to conduct a methodical sensitivity analysis of SDM algorithms in the BCCVL using

expert-elicitation to define sensible and justifiable test values for all configurable options for

both BRT and RF within the BCCVL.

In this thesis, I show how a CPT can be used to design large computer modelling ex-

periments, and in particular conduct more efficient designs of expert elicitation of the set-

tings needed to conduct a rigorous sensitivity analysis of the SDM algorithms (compared to

other methodologies), focusing on those that have the most influence on the outcome (species

presence/absence). These designs may have considerable advantages over sensitivity analyses

using the OFAT-method since they significantly cuts down on the expert-elicitation effort, with

comparable coverage of the uncertainty of results due to algorithm settings, compared to the

OFAT method (See Section 2.3 for more details about experimental designs). Here I focus on

2 of 17 algorithms available in BCCVL: SDM via GLM algorithm, explored in Chapter 4 and

SDM via MaxEnt algorithm explored in Chapters 5 and 6. We choose 2 SDM algorithms to

illustrate how settings of these algorithms may affect model outcomes such as the Quality of

Prediction or predictive performance measure (i.e. the goodness of fit). Both of these algorithms

have consistently proven to be popular since their introduction to the SDM context, and their

comparative performance has been recently re-evaluated [Morán-Ordóñez et al. 2017], so that

these choices are highly topical. Mathematically these two algorithms operate in quite different

ways. Using GLM for SDM focuses on the log odds of the probability of presence, using a

score that trades off the effects of bioclimatic factors. MaxEnt, reverses this logic, and chooses

‘feature functions’ that describe the likely environment where the species occurs, compared to

the whole environment [Merow et al., 2013, p. 1059]. Even though, both MaxEnt and GLM

in some cases may predict equally well, they can provide different predicted maps of species

distributions [Guillera-Arroita et al., 2014].

When implementing each kind of SDM the end-user is able to adjust a number of settings.

For GLM and MaxEnt these are tabulated (Table 2.6 and 2.4) and grouped according to their

role. For instance, consider the functional form of bioclimatic factors in SDM. In GLM the
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end-user may specify that (the log odds of) presence/absence is related to a linear predictor

comprising linear, quadratic or cubic contributions for particular bioclimatic factors. In MaxEnt,

the functional form of bioclimatic factors is controlled via model complexity. Similarly the end-

user may adjust settings that control bias.

The BCCVL permits modellers to easily design and implement the computer experiments

by specifying groups of algorithm choices and by adjusting the settings of SDM algorithms,

e.g. whether outliers are removed and determined by statistical cleaning conducted to remove

pseudo data, including naughty noughts [Low-Choy and Huijbers, 2017]; [Falk et al., 2015,

p. 208], and sub-sampling for cross-validation which is the proportion of the data randomly

selected to be omitted in each resample supplied as inputs to SDM algorithms [Hastie et al.,

2009, Hijmans, 2012]. In this thesis I design a new sensitivity analysis methodology which

can be implemented when conducting large computer modelling experiments. This sensitivity

analysis may be used to guide modelling decisions when using the virtual laboratory.

Case Study 2: SDM via Generalized Linear Models (GLM)

The second case study in this thesis looks at Species Distribution Modelling (SDM) using a

Generalised Linear Model (GLM) algorithm which is available through the BCCVL. GLMs

provide an extension of (Gaussian) linear regression models that relate the response outcome

Y to the covariates (explanatory factors) X , in a K × N matrix where K is the number of

factors and N is the number of scenarios [Guisan et al., 2002, McCullagh and Nelder, 1989].

In GLM, the covariates are combined to produce a linear predictor η which is related to the

mean value µ = E(Y ) of Y via a link function g(). For specificity, I examine a logistic

regression model that falls within the wider GLM category. Suppose observations on a binary

response outcome Yi (such as absence or presence data) are available for several independent

cases (e.g. geographic sites), labelled, i = 1, . . . , N . A standard logistic regression model

assumes a Bernoulli distribution (Equation 2.6) for observations Yi indexed by a probability of

success (such as presence) µi with a logit link to a linear combination of the J covariate values

Xi1, . . . , XiJ for that case. For logistic regression the conditional mean is the probability of
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success E[Yi|Xi] = µi. Hence, the model and likelihood within Equation are:

Yi
iid∼ Bern(µi) (2.6)

g(µi) = logit(µi) = ηi = β0 + β1Xi1 + · · ·+ βJXiJ

= β0 +
∑J

j=1 βjXij (2.7)

So that the likelihood is:

p(yi|Xj, β) =
Y eηi

1 + eηi
(2.8)

More generally, there are other link functions that are used to transform the expected value µi in

the same way as described for the logit. These functions are complementary log-log (Gompertz)

and cauchit. The logit link function is:

g(µ) = logit(µ) = η = log
(

µ

1− µ

)
(2.9)

Also, the Gompertz link function is:

g(µ) = cloglog(µ) = η = log[−log(1− µ)] (2.10)

Furthermore, the cauchit link function is:

g(µ) = cauchit(µ) = η = tan[π(µ− 1

5
)] where π denotes pi. (2.11)

In the context of SDM, the response Y is the probability of species presence/absence and the

covariates X comprise factors that affect species presence/absence, and may measure environ-

mental, climate, topographic or other factors. Because the response variable is the probability

of species presence/absence, SDM uses Binomial regression where the logit transformation is

used as a link function g() (Equation 2.7) to model the log odds of the probability of presence

versus the probability of absence for given bioclimates factors X .
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In a GLM, the bioclimate factor is defined as a weighted average of factors measuring the

environment and climate factors. This can be interpreted as an emulation of a much more

complex species-environment relationship, which summarizes the overall contribution of each

bioclimatic factor [Ferrier et al., 2002, p. 2288]. GLMs implemented in BCCVL use the glm

function in ‘base’ R [Venables and Ripley, 2002] through the biomod2 R package [Thuiller

et al., 2016]. This algorithm relies on iteratively reweighted least squares (IRLS), such that the

regression coefficients β (weights) of every bioclimate factor are chosen to reduce (lessen) the

prediction error, as measured by the mean-squared residuals.

For the purposes of this investigation, I focus on just the four most important settings of

SDM via a GLM algorithm. These are elicited from the expert as the settings which would have

the biggest effect on the quality of predicted outcome, and are elicited on a scale from 0 to 10.

The first setting is the type of regression model, which may be the main effect model as shown

in Equation 2.7 or 2-way interactions as shown in the following Equation:

ηi = β0 + β1Xi1 + β2Xi2 + β12(Xi1Xi2) + . . .

= β0 +
∑J

j=1 βjXij +
∑J−1

j=1

∑J
j′=j+1 βjj′XijXij′ (2.12)

or quadratic regression models as shown in the following Equation:

ηi = β0 + β1Xi1 + β2
1X

2
ij + · · · = β0 +

J∑
j=1

(βjXij + β2
jX

2
ij). (2.13)

The second setting is the covariates X , for which the expert can choose either an extensive set,

minimal selection of covariates or adequate (i.e. something in between) set of X . The third set-

ting is the source of absence data input, which may be either real absence data, pseudo-stratified

or pseudo completely random designed (CRD) [Barbet-Massin et al., 2012]. The fourth setting

is the type of link function, which provides the relationship between the linear combination of

predictors η and the mean Quality of Prediction µ as shown in Equations 2.9, 2.12 and 2.11.

Here, the expert suggested that the link function is an important setting but less so than other

settings. Her rationale included that: with very little data elicited to characterise the distributions
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of uncertainty around individual elicited ‘data’ points, the link function could become a factor,

particularly for elicited CPTs (as here) with extreme probabilities (close to 0 or 1). These

settings and their values are illustrated in Figure 2.6 and Table 2.3.

Figure 2.6: CPT for sensitivity analysis of SDM via a GLM in BCCVL, where the settings
(green nodes) are limited to those four that have the biggest impact on the Quality of Prediction
(orange).

Table 2.3: Description of four most important settings of SDM via the GLM algorithm. Each
setting has three levels. Levels are listed in order, from left to right, from lower (yellow, 0),
moderate (white, 1) to higher (green, 2) values.

Levels leading to Quality of Prediction
Settings of GLM Definition

Low (0) Medium (1) High (2)

Choice of absences The source of absence data input Y Pseudo CRD Pseudo Stratified Real

Complexity of regression

models

Form of X and β applied

to linear predictor η
Main effects 2-way interactions Quadratic

Covariates X Factors affecting species presence/absence. Extensive Between Minimal

Link function g()
Relationship between

the linear predictors η and the mean µ
Logit Gompertz Cauchit

Case Study 3: SDM via Maximum Entropy (MaxEnt)

MaxEnt is a popular machine learning technique used in modelling geographic distribution of

a plant or animal species and how that distribution relates to the environment [Elith et al., 2011,
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Merow et al., 2013, Phillips et al., 2006]. MaxEnt is not well understood, with many end-

users implementing it and focussing on the final predictions, but not necessarily referring to

the underlying model (e.g. Elith et al. 2011Merow et al. 2013). This case study is therefore

motivated by a sensitivity analysis to investigate the ”settings” that affect model fit, including

model parameters. Recent work involving several co-authors used standard methodology to

conduct this sensitivity analysis [Hallgren et al., 2017, 2019]. These provide a useful benchmark

for comparison against a situation where expert knowledge was first elicited (before obtaining

computer model runs), to provide an initial sensitivity analysis. MaxEnt formulates feature

functions that describe the likelihood of every value of an environmental or bioclimatic factor

where the species occurs, compared to the whole study region (also known as “background”

locations), where the species may be present or absent.

MaxEnt can be utilized to model the likely environments more likely associated with pres-

ence versus background points. This is obtained via a logistic transformation of the relative

probability that a cell is contained in a collection of presence samples [Phillips and Dudı́k,

2008] as a function for each bioclimatic factor at a particular location. Thus, MaxEnt derives

features f from environmental factors x, which may be either continuous or categorical, and

each feature is a simple mathematical transformation of the factor [Phillips and Dudı́k, 2008].

For example, threshold and hinge features are defined in a very flexible way, that allows MaxEnt

to model a sudden change in the range of environments more likely associated with presences

versus background points. However, this flexibility in the model means that MaxEnt will closely

depend on the training data used to develop the model [Phillips and Dudı́k, 2008]. When f is a

continuous factor for any value τ , then the threshold feature function (fT ) can be defined as:

fT (xl) =


0, if xl < τ

1, otherwise
(2.14)

where ` is a particular location. Also, the hinge feature function (fH) can be defined as a

forward hinge feature or a reverse hinge feature [Phillips and Dudı́k, 2008, p. 164]. The forward

hinge feature function (fHforward) is 0 if f(x`) ≤ τ , and then forward fH increases linearly to 1
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at the maximum value of f

fHforward(xl) =


0, if xl ≤ τ

(xl − τ)/max(xl)− τ, otherwise
(2.15)

In a similar way, we define a reverse hinge feature (fHreverse), which is 1 at the minimum value of

f(x`), drops linearly to 0 at f(x) = τ , and is 0 afterwards.

Although MaxEnt is similar to GLM, since the linear predictor is similar to that used in

regressions for fitting a model [Guillera-Arroita et al., 2014, p.1193], the MaxEnt algorithm is

opposite to GLM in terms of its logical interpretation [Low-Choy and Huijbers, 2017, p.945],

because it formulates the log of the odds ratio as the probability of a profile of the bioclimate

given the presence of species versus background points. In contrast GLM models the log odds

of the probability of presence (versus absence) for a given bioclimate. The implementation used

in the BCCVL relies on Java code developed by Phillips et al. [2006] via the dismo R package

[Hijmans et al., 2017].

Hence, MaxEnt models relative occurrence rate q(x`) as the probability of the bioclimatic

factors x at location ` given regression coefficients β and individual feature functions f for each

bioclimatic factor such that:

q(x`) =
exp(f(x`)β)∑

exp(f(x`)β)
(2.16)

where x` is aK×N matrix of environmental factors at location `, and β is a vector of regression

coefficients. Another important setting of the MaxEnt algorithm is prevalence. The prevalence

µ represents the proportion of cells that were presences (or the chance that any given cell is

occupied)1. Also, it is informed by “prior” knowledge of how prevalent the species is in the

study area [Merow et al., 2013, p. 1059-1060]; [Phillips and Dudı́k, 2008, pp.162-165]. The

likelihood of species presence (versus absence) is an input to the entropy (Equation 2.16), which

measures the distance between two probability densities, here the prior (measure of prevalence)

1Cell is the square area that includes the location `. The size of the cell in the area depends on the data.
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and the posterior (model of prevalence):

r = q(x`)× log
[
q(x`)

µ

]
(2.17)

where r is the relative entropy of the probability distribution q(x`) with respect to the prior

distribution µ. Here, logistic output, denoted L(x) transforms the relative entropy of q(x`), as

detailed in Phillips and Dudı́k [2008], such that:

L(x`) =
µef(x`)β−r

1− µ+ µef(x`)β−r
(2.18)

Then instead of maximizing the likelihood, as in Frequentist inference, or simulating from the

posterior distribution, as in Bayesian inference, an alternative “Information Theoretic” approach

is to maximize the entropy [Soofi, 2000].

In Equation 2.18 we see that the linear predictor offsets the relative entropy f(x`)β − r

as the log odds ratio of L(x`), the probability of environmental factors x` at location `, in a

way that adjusts for the prior prevalence µ. This prevalence µ therefore enables us to recover

L(x`) from the MaxEnt likelihood q(x`), which is the standard output provided by the MaxEnt

software. We note that the prevalence depends on resolution at which the presence/absences are

measured, which is effectively the size of grid cell on raster image for all bioclimatic factors X ,

and on the study region in what proportion of rasters is the species presumed present.

In addition, the regularisation parameter ξj is another important setting of the MaxEnt

algorithm, that controls the complexity of the model. It can be defined as the penalty for over-

parameterization in the gain function (i.e. related to the likelihood ratio of the average presence

to the average background point, in Equation 9 in Merow et al. 2013, p. 1061) for the size of

the coefficients that accompanying feature functions f(xj) in the linear predictor [Phillips et al.,

2006, Phillips and Dudı́k, 2008]. Mathematically, this regularisation can be defined as:

ξj = ξ

√
σ2[fj(x`)]

ψ
(2.19)

where ξj depends only on the feature fj and the variance of feature is σ2[fj(x`)] over the ψ
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presence sites where ψ =
∑L

`=1 I[y` = 1]. Higher values mean that there is more penalty

on the size of coefficients, and hence penalizes feature functions that exhibit greater variability,

This parameter has been variously denoted by λ (in Equations 3 and 4, Elith et al. 2011, p48-49)

and also denoted by β (in Equation 9, Merow et al. 2013, p1061).

Therefore the third case study focuses on just five most important settings of SDM via

MaxEnt algorithm, that the expert whose expertise was most relevant to the BCCVL context

considered would have biggest effect on the Quality of Prediction, elicited on a scale from 0 to

10. These settings and their definitions are illustrated in Figure 2.7 and Table 2.4.

Figure 2.7: CPT for sensitivity analysis of SDM via MaxEnt in BCCVL, where the settings
(gray) have biggest impact on the Quality of Prediction (orange).
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Table 2.4: Description of five most important settings of SDM via the MaxEnt algorithm. Each
setting has three levels. Levels are listed in order, from left to right, from lower (yellow, 0),
moderate (white, 1) to higher (green, 2) values.

Settings of MaxEnt Description
Leads to Quality of Prediction

Low (0) Medium (1) High (2)

Sub-sampling For cross-validation on p. 32. 5 % 20% 10%

Regularization ξ For controlling model complexity on p. 38. 5 2 default=1

Resolution For spatial input data defined on p. 38 10km 1km 2.5km

Outliers Whether outliers are removed on p. 32. with outliers some without

Prevalence µ Prior sampling weights on p 37. default=0.5 0.1 0.01

2.2 Elicitation of large CPTs

This thesis will focuses on the general problem of elicitation of expert knowledge to quan-

tify CPTs and uncertainty. The following section defines in more detail the expert elicitation

literature and the challenges of using expert elicitation to populate large CPTs.

2.2.1 Elicitation of Expert Knowledge

In many applications where the data are lacking or unavailable, expert knowledge plays a vital

role in gaining information about the subject of interest [Kuhnert et al., 2010, McBride and

Burgman, 2012]. One major feature of using expert knowledge as an information source for

modelling is that it can save resources by reducing the cost and time [Krueger et al., 2012].

Using expert knowledge is a widespread approach in scientific projects and may help to make

decisions [Ayyub, 2003, O’Hagan, 1998, O’Hagan et al., 2006]. In particular, the advantages of

using expert knowledge to model processes include: providing information regarding complex

problems [Cowling and Pressey, 2003]; helping understanding the model structure and the

relationship between factors [Czembor and Vesk, 2009, Pearce et al., 2001]; informing the

selection and analysis of data to address where data is lacking; and interpreting the results
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[Martin et al., 2005, p. 276]. These advantages of expert elicitation are especially valuable in

new investigations as they can inform the design of data collection to come up with preliminary

estimates [Low Choy et al., 2009a].

Consequently, there is a number of diverse disciplines that use expert knowledge where

empirical data are incomplete. These disciplines include landscape ecology [Low Choy et al.,

2009b]; conservation of endangered species [James et al., 2010, Johnson et al., 2012, Martin

et al., 2012, Murray et al., 2009, O’Leary et al., 2009, Smith et al., 2007]; environmental risk

[Hamilton et al., 2007, Hoelzer et al., 2012, Johnson et al., 2013b]; environmental health [Butler

et al., 2015, Knol et al., 2010, Waterhouse and Johnson, 2013]; climate change issues [Risbey,

2008]; information technology [Franke et al., 2012]; knowledge engineering [Kendal and Creen,

2007] and modelling of accident management [Yu, 2002]. In these diverse disciplines, expert

knowledge can be elicited as subjective probabilities and then encoded as a statistical distribu-

tion representing the uncertainty on θ [O’Hagan et al., 2006]. This process of encoding expert

knowledge into a statistical distribution is discussed in more detail in Section 2.4.4.

In these cases, an expert can be defined as a person who possesses knowledge of a particular

subject, although the expert may not necessarily have knowledge of everything about the subject

area [Caley et al., 2014, Garthwaite et al., 2005, Krueger et al., 2012, Perera and Drew, 2012].

Different ways to gain expert knowledge include education, training and work experience in the

field [Glaser et al., 1988]. In particular, experts should be selected by considering whether they

have knowledge relevant to the case study, which relies to some degree on their field and other

research experience. For instance, the experts selected for the feral pigs case study described

in the section above (Figure 2.5), had expertise and experience on the habitat requirements for

feral pig populations.

The main drawbacks of using expert knowledge include: the risk of inaccuracy [Low Choy

et al., 2009b], under- or over-confidence and expert biases [McBride et al., 2012], and imprecise

measurements and insufficient data sets [Burgman, 2005, O’Hagan et al., 2006]. However, these

problems may be addressed by a well-documented design of the elicitation approach. There

are many guidelines describing the stages considered to be critical for an effective elicitation
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strategy (e.g. Garthwaite and O’Hagan 2000; Low Choy et al. 2009b; O’Hagan et al. 2006;

Spetzler and Stael von Holstein 1975). In particular, six phases of expert elicitation are outlined

by Low Choy et al. [2012, 2009b]. These processes are: specifying the aim and motivation for

the elicitation of information; determining what expert knowledge is available, and what form

of assessments can be obtained and are relevant to the probability of interest; formulating the

statistical models to represent the model reflecting the expert’s assessments; encoding expert

knowledge into a numerical form as a statistical distribution; designing accurate and robust

elicitation by managing the uncertainty and designing and repeating the elicitation protocol to

manage the logistics of elicitation. The final phase outlined by Low Choy et al. [2012] above,

understanding, managing and controlling the sources of uncertainty, is an important focus of

this research as it not only helps improve reliability but may also ensure a better quantitative

analysis with reduced risk [O’Hagan et al., 2006, Ch. 2]. This thesis will employ these six

phases to quantify the CPTs in this study.

2.2.2 The Challenge of Expert Elicitation for Large CPTs

When populating CPTs using expert knowledge, some guidelines advise minimizing the number

of factors and their levels [Marcot et al., 2006, p. 3064]; [Chen and Pollino, 2012, p. 137].

Such guidelines on eliciting CPTs generally advise modellers to simplify the elicitation task

by keeping to a minimum the number of parent nodes and parent levels. When the CPT is

simple, and defined by a small number of entries, it is possible to elicit all scenarios required

to fully define the CPT. Eliciting all scenarios, would require an expert to assess all possible

combinations of levels of all factors. Essentially this corresponds to an elicitation design for a

fully factorial experiment [Box et al., 2005, Ch. 6]. The total number of scenarios N defines

the minimum number of scenarios for a fully factorial designed CPT for studying K factors:

N =
K∏
k=1

mk (2.20)

where mk is the number of levels of the kth parent nodes. For example, the CPT for whether

water quality is adequate for feral pigs (Table 2.5) contains only 6 scenarios, defined by the 6
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combinations obtained from multiplying two levels of water presence and three levels of water

salinity.

Table 2.5: A fully factorial design for the elicitation of the CPT for whether water quality is
adequate for feral pigs. This CPT has two factors: water presence always X1 with two levels
and water salinity X2 with three levels.

s Always water present (X1 = j1) Salinity of water (X2 = j2) adequate water (Y = q)

1, Best case Yes Low θqyl

2 Yes Moderate θqym

3 Yes High θqyh

4 No Low θqnl

5 No Moderate θqnm

6, worst case No high θqnh

However, for large CPTs that comprises more than three factors each with three or more

levels, the BN literature indicates that elicitation of such complex CPTs is considered to be too

demanding for the experts, because of the time requirement [Marcot et al., 2006, p. 3064]; [Ban

et al., 2014, p. 70]. For example, Figure 2.8 shows a large CPT: here habitat suitability for

feral pigs depends on K = 4 factors, namely water, food, seclusion (i.e. protection from being

disturbed) and shelter (i.e. heat protection). Each explanatory factor has five levels mk = 5, i.e.

(very poor, poor, moderate, good or very good). Based on Equation 2.20 altogether there are

N = 54 = 625 scenarios, as in Table 2.6.

It is difficult to ask experts about all scenarios (here 625). Eliciting large numbers of

scenarios may increase the amount of time and effort for the expert. Alternatively one strategy

is to ask about a subset of scenarios using design of experiments (DoE) [Box et al., 2005, Fisher,

1960] which can help choose questions strategically both to minimise the number of questions

and to cover the information of interest. This strategy does not only make it more practical and

less abstract for the expert, but when done efficiently, it can reduce their workload and potential

for fatigue, which can lead to inaccuracies. This highlights an obvious gap in the literature:
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Figure 2.8: BN sub-model of Habitat
Suitability for feral pigs, which
depends on four factors: quality of
water, food availability, seclusion of
site and shelter. Each factor has five
levels: very poor, poor, moderate,
good or very good.

s water food seclusion shelter θij
1
2
3
4
. . .
100
101
102
. . .
. . .
623
624
625

Table 2.6: CPT of habitat suitability corresponding
to BN sub-model in Figure 2.8. The final column
contains the probabilities θij of whether habitat
suitable i = 1 in each of the 625 scenarios, denoted
j = 1, . . . , 625. A subset of scenarios (grey) are
chosen to be elicited by experts.

how to select scenarios for an expert elicitation experiment where the CPT is large. Hence, this

thesis will address the problem of designing large CPTs in BNs for sensitivity analysis, by only

asking for a limited number of scenarios. This is essentially a problem of experimental design

as detailed in Section 2.3 and achieved in Chapters 4 and 5.

2.3 Selection of Scenarios Using Design of Experiment (DoE)

In the context of the elicitation of CPTs in BNs or sensitivity analyses, a comprehensive ap-

proach would elicit scenarios formed from every combination of every level of all factors, i.e.

following a fully factorial design [Marcot et al., 2006]. However, the larger the number of

factors and levels considered, the more time and money is required to elicit the scenarios (θij).

When the CPT is large the choice of the type of design is important, to ensure enough scenarios

are selected to be elicited whilst conserving the energy, and decreasing the workload, of the

expert [Box et al., 2005]; [Montgomery and Knovel, 2013, Ch. 1]; [Antony, 2014, Ch. 1].

This clearly highlights one area that had little attention in the literature, namely the design of

scenario-based elicitation of CPTs.

In this case, design of elicitation must fit within the overall statistical modelling strategy to

guide choice of which scenarios to elicit in a CPT, where the child node has more than three

parents. Statistical design of experiments (DOEs), together with the basic ideas underlying
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DOE, were developed nearly a century ago and led by Sir Ronald Aylmer Fisher [Fisher, 1960,

1972] in the agricultural field. DoE is used to specify the influences of several factors on the

output. [Montgomery and Knovel, 2013]. Research into DOE, found across many application

areas, potentially provides a rich source of approaches, for designing elicitation of CPTs in

BNs or sensitivity analyses. For instance, in BNs experts choose factors (parent nodes) which

are considered to have the greatest effect on the outcome (child node). Likewise, in sensitivity

analyses it is necessary to first choose which factors are considered to have important influences

on the outcome.

However, there is a practical issue that arises from selecting the scenarios, which is exactly

what questions should be chosen to be elicited by the expert [Low Choy et al., 2012, 2009b].

It is important that scenario selection is done carefully and strategically so the selected sce-

narios comprehensively represent the area of interest and minimise error (uncertainty). This

may be achieved by choosing an appropriate design. Therefore, pre-specifying the choice of

scenarios, according to an experimental design helps improve the quality of elicitation and may

control uncertainty [Low Choy et al., 2012]. The literature shows that two existing strategies

of experimentation were used by modelers in the context of eliciting large CPTs. One strategy

chooses the most extreme scenarios such that all factors are in lowest and highest levels. For

example, in the application by Ban et al. [2014, p.67], five of eight scenarios have all factors

set at extremes (denoted by + or -), two scenarios have all but one factor set at extremes, and

one scenario has only one factor out of five factors set at an extreme value. This approach does

ask for some scenarios, but does not comprehensively cover the middle range of values between

the extremes, which need to be inferred, e.g. by interpolating between the extremes. Another

strategy followed by CPT Calculator [Cain, 2001] selects some scenarios using a one-factor-

at-a-time design (OFAT), and has been used in many studies (e.g. Bashari et al. 2009, Froese

et al. 2017, Smith et al. 2007). This strategy is similar to that used by Ban et al. [2014], since

OFAT includes two scenarios set at the highest and lowest levels. However it differs in that the

rest of the scenarios are selected with only one factor not set at the highest level. We note that

elicitation using either of these strategies is highly sensitive to the choice of the threshold that

separates the highest values from the lowest values.
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In particular, it is useful to consider designs that are sometimes collectively called ”screen-

ing” designs because they help narrow down a large number of factors, which are most impor-

tant in explaining their impact on the outcome. These designs include: Plackett-Burman (PB)

Screening design (Vanaja and Shobha Rani 2007; Box et al. 2005, Ch. 7), Regular Fractional

Factorial design with two levels (RFF2) (Box et al. 2005, Ch. 6; Grömping 2014), and the

Taguchi Orthogonal Array (OA) [Kacker et al., 1991]. A PB design is useful when the number

of factors is very large compared to a RFF2 design, but a PB design does not allow the modeller

to estimate interactions among factors. With a PB design, all interactions among factors are

considered to be negligible. However, RFF2 explicitly sacrifices information on particular

interactions of factors, which are considered to be less important. So, RFF2 allows the modeller

to estimate main effects and two-order interactions with a fraction of a fully factorial experiment

(that is, a fraction of the total number of scenarios, Equation 2.20). The Taguchi OA design is a

particular class of fractional factorial designs where the information is sacrificed on particular

interactions of factors. This design can study many factors, where each has up to 5 levels. The

important feature of these designs is that they can change the values of more than one factor

simultaneously in contrast with OFAT, which does not adequately cover the high, middle, low

range of levels for all factors. An additional design that may address the problem of estimating

the main effects and interactions is the Fold-over design. This design adds a second fraction

that simply reverses the levels of one or more columns of the original design (Box et al. 2005,

Ch. 7; Ou et al. 2015, Ch. 7). In the two situations considered in this thesis, I am interested in

design of experiments for elicitation of large CPTs, either in expert-informed Bayesian (Belief)

Networks, or in sensitivity analyses. In both situations it will be important to examine how an

outcome changes based on changes to several factors. In this section I review several designs

of this kind, that I consider suitable for these two situations.

When conducting such designs, it is important, in practice, not to simply apply these CPT

elicitation designs using the order in which the factors are listed (e.g. in Tables 2.3 and 2.4),

since this would lead, overall, to a higher rate of aliasing for some factors over others. Instead

the factors need to be randomly allocated to the slots in the designs. In addition, the order of

selected scenarios using such designs should be randomized in order to reduce the bias that is
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induced into the experiment [Antony, 2014, Ch. 2].

This thesis applies these four types of experimental designs to design the elicitation of

scenarios for large CPTs: PB Screening (Section 2.3.2), Regular Fractional Factorial with

two levels RFF2 (Section 2.3.3), Taguchi OA (Section 2.3.4) and Fold-over (Section 2.3.5)

designs. Then I compare those designs to a popular CPT Calculator which uses the OFAT

design (Section 2.3.1).

In previous works, designing scenario-based elicitation has not exploited experimental de-

sign, but has been haphazard, minimal or chosen for convenience. For example, in one exper-

iment conducted by Denham et al. [2007], experts were allowed to choose scenarios to elicit

based on geography. While Kadane and Wolfson [1998] simply chose the same number of

scenarios as there were factors. None of these “designs” were chosen to reduce the number

of elicited scenarios. There is a clear lack of robust methods in the literature for designing

expert elicitation experiments with large CPTs. This thesis addresses this gap and provides

guidance for future researchers to more effectively and methodologically select scenarios in

such experiments.

Furthermore, studies with a different setup in other domains have used discrete choice

experiments (DCE), which is a study design for eliciting preferences, which addresses a similar

situation considered in this thesis, where there is only time to present a subset, rather than a

complete set, of all possible scenarios [Bridges et al., 2011]. This approach allows researchers

to uncover how individuals value selected attributes (factors) of a program, e.g. health care [Ali

and Ronaldson, 2012, Johnson et al., 2013a] and economic service [Mangham et al., 2009] by

asking them to state their choice over different hypothetical alternatives (scenarios) [Bridges

et al., 2011]. The DCE involves the construction of an experimental design to study the effects

of the attribute (factor) levels on the stated preference (or dependent variable). The attributes of

a DCE are factors that have two or more fixed levels. A brief summary about the similarities

and differences between DOE of large CPTs and DCE methods is provided below.

Both techniques are similar in terms of designing covariate space. For example, DCEs

require respondents to elicit their response over sets of scenarios (hypothetical alternatives).
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Each alternative (scenario) is described by several characteristics, known as factors (attributes),

and responses are used to infer the value placed on each attribute (factor). In most practical

situations it is considered too cost-prohibitive and tedious to have subjects rate all possible

combinations in a full factorial design. For instance, a design with five attributes (settings),

each with three levels would generate 243 (like our case study of SDM via MaxEnt algorithm

Table 2.3) possible alternatives (scenarios) (35). Thus, fractional factorial designs are often used

to consider a selection of possible alternatives (scenarios) [Johnson et al., 2013a, Mangham

et al., 2009]. In addition, for designing the DCE, the modellers should seek to obtain a design

that is both orthogonal and balanced. These features match with our proposed designs including

PB, RFF2, Taguchi OA and Fold-over designs [Johnson et al., 2013a, Mangham et al., 2009].

On the other hand, both techniques have differences particularly in response variables. For

example, in this thesis, I aim to specify the model θij = Pr(Y = i|X = j). Then we

allow uncertainty in θ, and model p(θ) as having its own distribution. In this way, a specific

problem is defined as: how do I fill out the whole CPT when only supplied with a portion of it.

This involves inferring how θ varies across X which reflects the expert’s mental model, even

when completely eliciting θ. In contrast, DCE is eliciting, in the situation where the expert is

presented with two (or more scenarios) whether they select (prefer) each scenario (or not). So

W ∈ {0, 1} is a binary response of selection (preference) and what is elicited is Pr(W |X = A)

and Pr(W |X = B), where A and B are two scenarios. In species distribution modelling, the

response variable W is conceptualised as recorded presence or absence of the species. Then

using information on how often presence occurs in relation to several habitat characteristics, we

may use a logistic regression to model the probability of occurrence, given the habitat.

To use DCE would require changing the way of thinking about habitat in terms of prefer-

ences: given a (discrete) choice between a few habitats, which habitat characteristics affect the

species choice? Here the response variable W is not presence/absence but degree of preference

or utility, reflected in preferences. Then recording, for pairs of preferences, what is chosen

(W = 1) or not (W = 0) can be modelled in terms of the habitat characteristics, using a

”conditional logit” model [Hauber et al., 2016, Equation 1–3]. Note the different kinds of data

that would need to be elicited to use DCE, which is a different problem beyond the scope of the
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thesis, but nevertheless very important.

2.3.1 CPT Calculator

The CPT Calculator is a common tool [Cain, 2001], employed in many applications and used to

support modellers to select a subset from a range of possible scenarios and then help experts to

quantify the CPT entries for the selected scenarios [Froese et al., 2017, Smith et al., 2007]. This

tool implements an OFAT design to choose scenarios [Antony, 2014, Box et al., 2005, Czitrom,

1999]. The OFAT design starts by considering the best and the worst scenarios (in terms of

the highest or lowest probability θij) and then selects scenarios where one factor is not in the

best level. This means that the design chooses scenarios that differ from the best scenario by

varying only one factor at a time while keeping others fixed. The number of elicited scenarios

Ñ required using an OFAT design is defined by:

Ñ = K(mk − 1) + 2 (2.21)

where K is the number of factors (parent nodes) and mk is the number of levels of the kth

factor. For example, suppose that there are four factors each with three levels, thus the number

of scenarios elicited via OFAT would be 4(3− 1) + 2 = 10, as shown in Table 2.7.
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Table 2.7: OFAT design for the elicitation of a CPT for the Quality of Prediction by SDM
algorithm via GLM with four settings (columns) each having 3 levels. Levels are listed in
order, from lower (yellow, 0), moderate (white, 1) to higher in (green, 2) values. Each row
represents one scenario, with a particular combination of levels for all settings.

Factors (Settings)

Scenarios Covariates Choice of absences Complexity of regression Link function

Best case 2 2 2 2

2 1 2 2 2

3 0 2 2 2

4 2 1 2 2

5 2 0 2 2

6 2 2 1 2

7 2 2 0 2

8 2 2 2 1

9 2 2 2 0

worst case 0 0 0 0

The OFAT design is very popular among modellers [Saltelli and Annoni, 2010, p.1510].

A major feature and benefit of this design is that it has an intuitive sequencing of scenarios,

which may make it easy for experts to think about what the probabilities of scenarios mean. For

instance it is not difficult to start by eliciting the probability of θ in the best case scenario. Using

OFAT, the next question could simply ask: Let’s just change one factor, for example from the

best level (2) to the worst level (0). Now what is the probability of θ? In this way, for each

scenario the experts can ‘anchor’ and compare the scenario to the best case (O’Hagan et al.

2006, p. 48; Kynn 2008, p. 244). Also, note that experts can be actively encouraged to look

at the final table of elicited results and determine if they are satisfied with the scores that are

derived from their input, and then they can return to the input values or adjust individual scores
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if needed. This is done in Froese et al. 2017, p. 22), and the CPT Calculator tool is offered

a number of times over the course of the project, providing ample feedback opportunity. The

CPT calculator clearly highlights the benefits of eliciting a small number of scenarios when the

CPT is large.

However, the CPT calculator and the OFAT design method does not provide a great deal

of information for scenarios far from the best scenario, especially those lower and moderate

levels of each factor. This is because the CPT Calculator adopts a simple encoding model to

interpolate the CPT (as detailed in Cain 2001, Appendix 2). Consequently, this will produce

greater uncertainty and less accurate estimates in situations where the BN or the sensitivity

analysis needs to reflect a wide range of outcomes, including those in the vicinity of the worst

and the moderate values. In this vein, Saltelli and Annoni [2010] stated that “The inadequacy of

OFAT is not limited to sensitivity analysis, e.g. to the quest for the most influential model input

factors, but to uncertainty analysis as well.” This thesis will attempt to address this limitation,

in the context of BNs and sensitivity analyses, by considering alternative experimental designs

for large CPTs.

2.3.2 Screening Experimental Designs

Screening designs are an economical and efficient approach for considering a large number of

factors K in a minimum number of scenarios Ñ (Box et al. 2005, Ch. 7; Dean and Lewis 2006,

Ch. 1; Antony 2014, Ch. 5). Such designs then can be used to identify which factors have the

largest impact on the outcome. There are many different ways of screening and investigating

the relationships between factors and/or output, meaning different statistical approaches may

be tried, even though they do not model the relationships adequately [Huang et al., 2012]. In

the context of eliciting large CPTs, screening designs have not been applied. In this thesis, I

examine how elicitation effort can be economized using such designs.

In general, there are two types of screening designs based on the number of scenarios Ñ ,

regular and non-regular designs [Grömping, 2014]. When Ñ is a power of two (e.g. Ñ =

4, 8, 16, 32, . . . scenarios), then the design can be implemented via a regular fractional factorial
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design (Section 2.3.3). However, if Ñ is a multiple of 4 but not a power of two, then a Plackett-

Burman (PB) design can be considered as non-regular fractional factorial design.

Plackett-Burman (PB) designs are a family of screening designs that are particularly helpful

when the number of factor is increased and/or the information about the model is not enough

[Box et al., 2005, Plackett and Burman, 1946]. This is an efficient design which can be used

to identify the most important factors using as few scenarios as possible when the number of

scenarios chosen Ñ is a multiple of four but not of powers of two, i.e Ñ = 12, 20, 24, 28 . . .

scenarios. In other words, PB designs are appropriate to examine up to K = (Ñ − 1)/(m− 1)

factors, where K is the number of factors, Ñ is the minimum number of scenarios and m is the

number of levels. For example, PB designs with 12 scenarios can be used to design a screening

design for up to 11 factors.

Table 2.8 shows a potential elicitation design for 12 scenarios that can be used for up to 11

factors each with 2 levels. Note that symbols 0 and 1 refer to the lowest (worst) and highest

levels, respectively. The screening PB design can simply be built by using a “generating vector”,

e.g. (1 0 1 0 0 0 1 1 1 0 1) as the first scenario (Box et al. 2005, Ch. 7; Antony 2014, Ch. 5). The

generation of the remaining scenarios follows a simple algorithm. The second scenario can be

generated by shifting all the levels one step to the right, and then moving the level of last factor

(X11) in the first scenario to the beginning of the next row. The rest of the scenarios (3-11),

except the last scenario, can be generated in a similar way to the second scenario. Finally, the

last scenario consists just of the low level (zeros).
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Table 2.8: PB screening design for the elicitation of a CPT with 11 factors each having 2
levels. Levels are listed in order, from lower (yellow, 0) to higher (green, 1) values. Each row
represents one scenario, with a particular combination of levels for all factors.

Factors (Settings)

Scenarios X1 X2 X3 X4 X5 X6 X7 X8 X9 X10 X11

1 1 0 1 0 0 0 1 1 1 0 1

2 1 1 0 1 0 0 0 1 1 1 0

3 0 1 1 0 1 0 0 0 1 1 1

4 1 0 1 1 0 1 0 0 0 1 1

5 1 1 0 1 1 0 1 0 0 0 1

6 1 1 1 0 1 1 0 1 0 0 0

7 0 1 1 1 0 1 1 0 1 0 0

8 0 0 1 1 1 0 1 1 0 1 0

9 0 0 0 1 1 1 0 1 1 0 1

10 1 0 0 0 1 1 1 0 1 1 0

11 0 1 0 0 0 1 1 1 0 1 1

Worst case 0 0 0 0 0 0 0 0 0 0 0

Here, the above Table 2.8 can be used to study four settings of an SDM via GLM algorithm

(Figure 2.6) from the second case study. The first four columns in Table 2.8 can be selected

(X1,X2, X3 and X4) and applied to a screening design for an SDM algorithm via GLM, as

shown in Table 2.9 below. There are many software packages that can be used to generate PB

designs. For example, using R Core Team [2017], the PB design can be created using the PB

function in the FrF2 package [Grömping, 2014].
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Table 2.9: PB screening design for the elicitation of a CPT for the Quality of Prediction by the
GLM algorithm with four settings each having 2 levels. Levels are listed in order, from lower
(yellow, 0) to higher (green, 1) values. Each row represents one scenario, with a particular
combination of levels for all settings. The levels are tabulated for each factor in Table 2.3.

Factors (Settings)

Scenarios Covariates Choice of absences Complexity of regression Link function

1 1 0 1 0

2 1 1 0 1

3 0 1 1 0

4 1 0 1 1

5 1 1 0 1

6 1 1 1 0

7 0 1 1 1

8 0 0 1 1

9 0 0 0 1

10 1 0 0 0

11 0 1 0 0

12 0 0 0 0

The main advantage of using a PB design is that it provides better coverage of scenarios

leading to outcomes that are either low or high in value compared to the OFAT design (CPT

Calculator), which is centred on the ‘best’ scenario. However, this design presumes that the

interactions between factors are considered to be negligible [Antony, 2002] where the main

effects are confounded with 2-factor interactions. For example, each of the main effects (one

for each factor) is said to be confounded or aliased with all 2-way interactions of other SDM

settings (i.e. over-fitting the data) [Box et al., 2005, Ch. 7]. A fully factorial design can solve

this problem, but this would unfortunately not reduce the elicitation effort to a small number

54



PhD thesis Ibrahim Alkhairy 55

of scenarios. In addition, a PB design cannot be used to construct the elicitation design of a

CPT which has more than two levels on any factor. This limitation can be addressed using the

Taguchi OA design (refer to Section 2.3.4).

2.3.3 Regular Fractional Factorial Designs with Two Levels

A Regular Fractional factorial design with 2-levels (RFF2) is the most common design used

in experiments in the manufacturing industries particularly when there are a large number of

factors and/or levels (Box et al. 2005, Ch. 6; Grömping 2014, Ch. 4). This design presumes that

all factors have the same number of levels. This design is a type of screening design where the

number of scenarios Ñ is a power of two (e.g. Ñ = 4, 8, 16, 32, . . . scenarios). In the context

of large CPTs, the main advantage of using RFF2 is to choose a fraction of all scenarios to be

elicited, and thus reduce the elicitation effort.

An RFF2 design can be constructed using a Yates matrix [Grömping, 2014]. Table 2.10

shows a simple Yates design matrix for a fully factorial design with three factors X1, X2 and

X3, which contains all the main effects as well as two- and three-order interactions. Note that

symbols −1 and 1 refer to the lowest (worst) level and highest (best) level, respectively. I used

-1 and 1 instead of 0 and 1 in order to follow the Yates design matrix.
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Table 2.10: Yates matrix design for a fully factorial design with three factors each with two
levels. Levels are listed in order, from lower (yellow, -1) to higher (green, 1) values. Each row
represents one scenario, with a particular combination of levels for all settings.

Factors (Factors)

Scenarios X1 X2 X1X2 X3 X1X3 X2X3 X1X2X3

1 -1 -1 1 -1 1 1 -1

2 1 -1 -1 -1 -1 1 1

3 -1 1 -1 -1 1 -1 1

4 1 1 1 -1 -1 -1 -1

5 -1 -1 1 1 -1 -1 1

6 1 -1 -1 1 1 -1 -1

7 -1 1 -1 1 -1 1 -1

Best case 1 1 1 1 1 1 1

A RFF2 design can be defined by the notation: Ñ = 2(K−g′) where K is the number of

factors and g′ is the number of generated factors. Hence, 1/2g
′ is the fraction of the fully

factorial 2K where Ñ may be some fraction (e.g. one-half, one-quarter or one-eighth) of all

scenarios. For example, the RFF2 of four factors is a one-quarter of 24 = 16 scenarios for a fully

factorial design so that a (1
2
) = 2−1 fraction yields 2(4−1) = 8 selected scenarios. This design

can be applied to choose scenarios for elicitation in an SDM experiment involving sensitivity

analysis of four settings (Table 2.10 ; Figure 2.6). This can be achieved, by selecting the first

four columns (X1, X2, X1 × X2 and X3), and then replacing them by the SDM settings as

shown in Table 2.11 below:
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Table 2.11: RFF2 design for the elicitation of the CPT for the Quality of Prediction by the GLM
algorithm with four settings each having 2 levels. Levels are listed in order, from lower (yellow,
-1) to higher (green, 1) values. Each row represents one scenario, with a particular combination
of levels for all settings. Note that in this design, the main effect X3 is aliased (confounded)
with the 2-way interaction X1X2.

Factors (Settings)

Scenarios s Covariates X1 Choice of absences X2 Complexity of regression X3 Link function X4

1 -1 -1 1 -1

2 1 -1 -1 -1

3 -1 1 -1 -1

4 1 1 1 -1

5 -1 -1 1 1

6 1 -1 -1 1

7 -1 1 -1 1

Best case 1 1 1 1

Then the elicitation design for the SDM settings X1, X2, X3 and X4 are constructed from

three basic settings (columns) (i.e. X1, X2 and X4), and one generated column X3. The column

X3 is generated from the interaction between X1 and X2 based on the Yates matrix (Table 2.10,

X1X2 column) as detailed in Grömping [2014, p. 4]. In other words, the generated factors are

defined in the multiplicative notation using coded levels −1 being the worst level and 1 being

the best level. For example, the generated settings of X3 and X5 can be encoded by X1 × X2

and X1 × X4 using the Yates matrix (Table 2.10). For more details on constructing a FFR2

design, see [Grömping, 2014].

Similar to a PB design, an FFR2 design can provide an adequate coverage of scenarios

around high and low levels, with much better coverage than an OFAT design that is anchored on

the ‘best’ scenario. However, constructing such a design, the main effect X3 is confounded

(aliased) with X1X2, an interaction effect. This means that the main effects of generated

factors X3 cannot be distinguished from the X1X2 interaction effect, since they cannot be

independently estimated [Box et al., 2005, Grömping, 2014].
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Within the statistical software R [R Core Team, 2017], there are many packages for design-

ing regular fractional factorial designs with two levels. Grömping [2018] provides an overview

of these in https://CRAN.R-project.org/view=ExperimentalDesign. For ex-

ample, the FrF2 package can be used to create an RFF2 design using the FrF2 function

[Grömping, 2014]. For large CPTs where each factor has more than two levels, the RFF2

design is not suitable. However, there is another R package called ‘PLANOR’ that can generate

fractional factorial designs with more than two levels [Kobilinsky et al., 2012]. Similar to the

FrF2 package, the ‘PLANOR’ package constructs a regular design where the main effects

can be either independently estimated or completely aliased with two or more interactions. The

issue with using PLANOR is when the number of factors increases then the number of elicited

scenarios also increases, and hence increases the elicitation efforts. For example, when five

factors are examined each with three levels, then 81 elicited scenarios are needed (i.e. a third of

all scenarios), which being such a large number, may prove difficult for an expert to elicit. In

such cases, it may be more useful to consider a Taguchi Orthogonal Arrays design, as discussed

in the next Section ( 2.3.4).

2.3.4 Taguchi’s Orthogonal Arrays Design

The Taguchi method is an experimental design proposed by Dr. Genichi Taguchi for man-

ufacturing process development [Taguchi and Konishi, 1987]. This design is also applied in

many engineering areas such as biotechnology [Rao et al., 2008]. Taguchi designs are called

orthogonal since factors are arranged in an orthogonal array (OA) [Deng, 2000]. This ‘orthog-

onality’ allows estimation of every main effect independently of the other factors. Therefore,

every combination of levels from every pair of factors occurs the same number of times (see

Table 2.12). This means that the influence of the other factors with different levels on the

outcome is balanced [Kacker et al., 1991].

In particular, Taguchi OA is a kind of regular fractional factorial design, and allows the

elicitor to investigate many factors in a small number of scenarios, in an efficient way [Kacker

et al., 1991]. Using Taguchi OA can address the constraints of the RFF2 and PB designs,

58

https://CRAN.R-project.org/view=ExperimentalDesign


PhD thesis Ibrahim Alkhairy 59

allowing use of two, three and mixed level fractional factorial designs. However, using Taguchi

OA designs does not support the estimation of interactions between factors since the main

effects of generated factors are confounded with interactions. Instead, this information is

sacrificed on particular interactions. Therefore, before using this design, the elicitor would

need to presume that interactions can be considered negligible. To date, Taguchi OA has not

been applied to the design of elicitation scenarios in order to interpolate large CPTs.

There are many Taguchi OA designs available in Kacker et al. [1991] which are suitable for

designing the elicitation of large CPTs; each of these designs depends on a particular number

of factors and levels. Specifically, Taguchi OA is defined as a matrix Ñ × K, where K is the

number of factors and Ñ is the number of scenarios. When the number of levels m = mk

is the same for each factor k = 1, . . . , K, then the Taguchi OA design is denoted as Taguchi

OAÑ(mK). In contrast, if the number of levels within each factor is mixed, then Taguchi OA

design is denoted as Taguchi OAÑ(mK1
1 × m2

K2), where K1 + K2 is the number of columns

within the Taguchi OA and m2 refers to the number of levels for K2 factors. For simplicity,

Chapters 4, 5 and 6 in this thesis will presume that all factors K have the same number of

levels m = 3.

Similar to a RFF2 design, a complete Taguchi OA design can be constructed using the gen-

erator columns (including explanatory factors) to generate the remaining factors. For instance,

when applying a 3-level Taguchi OA design to choose scenarios in a large CPT for elicitation,

three steps are required. In this case, a complete three-level Taguchi OA design with 3h selected

scenarios has (3h − 1)/(3 − 1) columns (factors), where h is the number of basic columns

used to generate the other columns. The first step is to determine which columns are used as

generator columns; which depends on h. For Taguchi OA the generator columns have index

k ∈ {1, 2, 5, 14, . . .}. More generally, k ∈ {1, 2, . . . , (m
2−1)

(m−1) + 1, . . . , (m
h−1−1)
(m−1) + 1}. The

next step is to generate the rest of the columns using the generator β1x1 + β2x2 + . . . , βhxh,

where x1, . . . , xh are the basic factors and β1, β2, . . . , βh are the coefficients of a specific factor.

Finally, the level inputs for the rest of the factors are computed using the input levels of h basic

factors using modulo m arithmetic.
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Table 2.12 shows the construction of the Taguchi OA9(3
4) design for the elicitation of the

CPT for the Quality of Prediction by the SDM with four settings each having 3 levels. Here the

desired number of scenarios for elicitation is Ñ = 9 = 32. This design is used in the second

case study of this thesis. Hence this table requires h = 2 basic columns. Note that all levels

from the generator columns are calculated using modulo 3 arithmetic (because each setting

has 3 levels) such that an integer larger than or equal to three is replaced with its remainder

after division by three. For example, for the last scenario (line 9 of Table 2.12), the basic

columns X1 = 2 and X2 = 2 are used to generate X3 = (x1 + x2)|3 = (2 + 2)|3 = 1 and

X4 = (2x1 + x2)|3 = (4 + 2)|3 = 0. The most common feature of Taguchi’s OA design is that

the inputs of levels for the leftmost columns change less frequently than the rightmost columns

and vice versa for RFF2 design [Kacker et al., 1991].

Table 2.12: Taguchi OA CPT elicitation design for evaluating the Quality of Prediction of a
SDM via GLM with four settings each with three levels. Levels are listed in order, from lower
(yellow, 0), moderate (white, 1) to higher (green, 2) values. Each row represents one scenario,
with a particular combination of levels for all settings. Note that in this design, the main effects
X3 and X4 are aliased with the 2-way interactions X1 +X2 and 2X1 +X2, respectively.

Factors (Settings)

Scenarios s Covariates X1 Choice of absences X2 Complexity of regression X3 Link function X4

1 0 0 0 0

2 0 1 1 1

3 0 2 2 2

4 1 0 1 2

5 1 1 2 0

6 1 2 0 1

7 2 0 2 1

8 2 1 0 2

9 2 2 1 0

Generators x1 x2 x1 + x2 2x1 + x2

In the R software package [R Core Team, 2017], the DoE.base package can be used to
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conduct a Taguchi OA design via the oa.design function [Grömping, 2017]. The main

advantage of implementing this package is to allow many factors with two-, three- and mixed-

level Taguchi OA designs to be examined. However, although all main effects can be estimated

via Taguchi OA design, this design cannot estimate the interactions among factors. Thus Fold-

over designs may play an important role to address this issue.

2.3.5 Fold-over Designs

While fractional factorial designs are the common approach for designing experiments, the

trade-off for their small number of scenarios is that the main effects are confounded (aliased)

with interactions [Box et al., 2005, Ch. 6]; [Li and Lin, 2016, p. 508]. Thus, these designs

have a tendency to over-fit the data. However, a popular ‘follow-up’ strategy to address aliasing

are Fold-over designs [Li and Lin, 2016, Ou et al., 2015]. By adding another fraction of a

fully factorial design, a Fold-over design may help to remove confounding interactions between

factors. Such a design strategy simply reverses the levels of one or more columns of the original

design d. Here this means adding another set of scenarios with the same number of scenarios

as the original design and then switching the levels of one factor (or more), e.g. from low to

high (or from high to low). In the original design, The scenarios are uniformly scattered around

factors in order to get more information with a small number of scenarios [Fang, 1980]; [Fang

et al., 2000]; [Li et al., 2004].

For example, with 4 factors each having 2 levels, there are 24 = 16 ways to generate a

Fold-over design. Table 2.13 demonstrates the Fold-over design for the RFF2 design show in

Table 2.11.
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Table 2.13: Fold-over design for the elicitation of the CPT for the Quality of Prediction by the
GLM for SDM with four settings each having 2 levels. Levels are listed in order, from lower
(yellow, 0) to higher (green, 1) values. Each row represents one scenario, with a particular
combination of levels for all settings. The best and worst scenarios were not included as
mandatory (as for OFAT), but were generated by the original design (best case), and then
reversed during Fold-over design (worst case).

Factors (Settings)

Scenarios s Covariates X1 Choice of absences X2 Complexity of regression X3 Link function X4

1 0 0 1 0

2 1 0 0 0

3 0 1 0 0

4 1 1 1 0

5 0 0 1 1

6 1 0 0 1

7 0 1 0 1

Best case 1 1 1 1

9 1 1 0 1

10 0 1 1 1

11 1 0 1 1

12 0 0 0 1

13 1 1 0 0

14 0 1 1 0

15 1 0 1 0

Worst case 0 0 0 0

Therefore, I can use the same procedure for any given fractional factorial design to remove

aliases between main effects and their interactions [Box et al., 2005, Ch. 6]. In the FrF2

package [Grömping, 2014], a Fold-over design can be generated using the fold.design

function. However, this package is not suitable to construct designs where factors have three or

more levels.
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To address this issue, a Fold-over design for factors of three levels can be structured using

a Fold-over plan such as the one proposed by Ou et al. [2015]. Consider an original design

d ∈ (Ñ ; 3K), where Ñ is the number of scenarios and K is a number of factors, (m = 3)

each with three levels (jk ∈ {0, 1, 2} for k ∈ {1, . . . , K}). Let the set of full Fold-over plans

be represented by Λ = {λ = (λ1, . . . , λS)|λs = 0, 1, 2}, where λs is a Fold-over plan for each

scenario s = {1, 2, . . . , S}. Then the value jk of the kth factor is mapped to jk⊕λ by effectively

“rotating” the values of each factor forward by a consistent amount λs:

j ⊕ λ = (j1 + λ1, . . . , jk + λs) (2.22)

where the addition is performed modulo 3, and mapped to 0,1,2. Thus for instance, 1 + 2 =

0. Then the Fold-over design d(λs) can be obtained via mapping the columns (factors) of the

original design d related to Fold-over plan λs. The full design can be obtained by adding the

scenarios of the Fold-over design to the original design d.

For example, consider a Fold-over design d(λs) based on an original design of 9 scenarios,

for 4 factors each with 3 levels d ∈ (9; 34), the Taguchi OA design for CPT elicitation in the

SDM case study shown in Table 2.12. The scenarios for the original design d can be seen in the

left side of this table (scenarios No. 1−9). Choosing a Fold-over plan λ = [1 0 2 1] ∈ Λ means

that the 1st factor is rotated by 1 level, the 2nd remains the same (0 rotation), the 3rd by 2 level

and the 4th by 1 level. Then, the Fold-over design can be obtained by applying Equation 2.22

to generate the scenarios on the right hand side (scenarios No. 10− 18). Therefore, the original

design d and the Fold-over component form the combined design (i.e. scenarios No. 1− 18).
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Table 2.14: Fold-over design for the Quality of Prediction by an SDM with four settings each
having 3 levels. The settings for an SDM with a GLM algorithm are: covariates used to fit
the SDM (X1), choice of absences data used as input to the SDM (X2), complexity of the
regression in terms of the order of the polynomial (X3) and the link function (X4). Levels are
listed in order, from lower (yellow, 0), moderate (white, 1) to higher (green, 2) values. Each
row represents one scenario s = 1, . . . , Ñ , with a particular combination of levels.

Original design d Fold-over design d(λ) with λ = [1 0 2 1]

s X1 X2 X3 X4 s X1 ⊕ 1 X2 ⊕ 0 X3 ⊕ 2 X4 ⊕ 1

1 0 0 0 0 10 1 0 2 1

2 0 1 1 2 11 1 1 0 0

3 0 2 2 1 12 1 2 1 2

4 1 0 1 1 13 2 0 0 2

5 1 1 2 0 14 2 1 1 1

6 1 2 0 2 15 2 2 2 0

7 2 0 2 2 16 0 0 1 0

8 2 1 0 1 17 0 1 2 2

9 2 2 1 0 18 0 2 0 1

In particular, there are (3K)+1
2

Fold-over plans to construct the Fold-over design for any

design d ∈ (Ñ ; 3K) [Ou et al., 2015, p. 1541]. For example, for the SDM case study of

Table 2.6, where d ∈ (Ñ ; 34), then there are (34)+1
2

= 41 fold-over plans λ to generate a Fold-

over design. Therefore, it is meaningful to find the optimal Fold-over plan λ∗ from the full

set of Fold-over plans Λ. Ou et al. [2015, p. 1541] suggest searching the optimal Fold-over

plans λ∗ for a given original design d ∈ (Ñ ; 3K) in order to find the “best” Fold-over design, as

determined by a particular measure, being the lower bound of the wrap-around L2-discrepancy

of (λ) value of combined designs as defined in Equation 2.2 [Ou et al., 2015, p. 1540].

Ou et al. [2015] provided a catalogue of optimal Fold-over plans λ∗ tabulated for original

designs d ∈ (Ñ ; 3K) varying K, the number of factors each with three levels m. This catalogue
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refers to an online tool [Fang et al., 2004]. They provide numerous designs with Ñ different

scenarios (note that in their online tool, Ñ is denoted by n) with K 3-level factors (note that

the number of factors K in their tool is denoted s). For instance, starting with the Taguchi

OA design presented in Table 2.12 as the original design of 9 scenarios, and mapping with the

optimal Fold-over plan λ∗ = [1 0 0 0] from Ou et al. [2015, Table 7, p. 1546], then the Fold-over

design can be constructed as shown in Table 2.15. This Fold-over strategy retrieves information

on the 2-way interaction, which in the original design was aliased with main effects.

Table 2.15: Fold-over design for the Quality of Prediction by an SDM with four settings each
having 3 levels. The settings for an SDM with a GLM algorithm are: covariates used to fit
the SDM (X1), choice of absences data used as input to the SDM (X2), complexity of the
regression in terms of the order of the polynomial (X3) and the link function (X4). Levels are
listed in order, from lower (yellow, 0), moderate (white, 1) to higher (green, 2) values. Each
row represents one scenario s = 1, . . . , Ñ , with a particular combination of levels.

Original design d Fold-over design d(λ) with λ = [1 0 0 0]

s X1 X2 X3 X4 s X1 ⊕ 1 X2 ⊕ 0 X3 ⊕ 0 X4 ⊕ 0

1 0 0 0 0 10 1 0 0 0

2 0 1 1 2 11 1 1 1 2

3 0 2 2 1 12 1 2 2 1

4 1 0 1 1 13 2 0 1 1

5 1 1 2 0 14 2 1 2 0

6 1 2 0 2 15 2 2 0 2

7 2 0 2 2 16 0 0 2 2

8 2 1 0 1 17 0 1 0 1

9 2 2 1 0 18 0 2 1 0

2.3.6 Calculating the Number of Scenarios

As noted previously (in Sections2.2.2 and 2.3), eliciting a large number of scenarios can in-

crease the workload of the expert and then may result in an inaccurate CPT. The core idea of
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reducing the number of scenarios by harnessing DOE is to ensure that elicitation is more feasible

for experts by reducing the number of elicited scenarios. The challenge is to choose a design

that ensures that the elicitor can obtain similar information about those aspects of most interest,

with fewer scenarios. This literature review presents several different designs that will lead to

elicitation of fewer scenarios, sacrificing information of less importance, such that experts may

conveniently consider a smaller number of scenarios. Table 2.16 summarises different designs

to show how elicited scenarios are calculated depending on different numbers of factors (i.e.

settings of GLM and MaxEnt algorithms for SDM) and levels (either the two extreme levels or

three levels as elicited).

Table 2.16: A summary of the number of scenarios using five different designs for case studies
2 and 3, to elicit a CPT to inform sensitivity analysis of settings in SDM algorithms.

Case study

used in this thesis

Designs Levels per factor Equation for calculating Ñ No. of factors
SDM via GLM

(K = 4 settings)

SDM via MaxEnt

(K = 5 settings)

OFAT m = 3 Ñ = K(m− 1) + 2 K factors 10 12

PB m = 2 Ñ = 12, 20, 24, 28, . . . up to K = (Ñ−1)
(m−1) factors 12 12

RFF2 m = 2 Ñ = 2(K−h) = 4, 8, 16, 32, . . . up to K = Ñ − 1 = 7 factors 8 8

Taguchi OA m = 3 mh up to (3h−1)
(3−1) factors 9 18

Fold-over m = 3 ÑTaguchi × 2 18 36

As an example, consider the elicitation of a CPT of an SDM via GLM algorithm with four

settings each having 3 levels. Then the number of elicited scenarios using OFAT, Taguchi OA or

Fold-over designs requires at least 10, 9 or 18 scenarios, respectively. Using an OFAT design,

adding one factor with three levels requires adding two scenarios. In contrast, for the same

case study, if I consider the same factors, the number of elicited scenarios using PB or RFF2

were reduced to be 12 or 8 scenarios, respectively. As a result, these designs require a different

number of scenarios, from 8 to 18 in SDM via GLM algorithm, and from 8 to 36 in SDM via

MaxEnt algorithm.

However, it is not possible to ensure that each design yields the same number of scenarios.
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Some designs are able to optimise their design criteria with a smaller number of scenarios than

other designs. In fact, adding extra scenarios to the design could lead to an ‘imbalance’ as it

would change the representation of the different factor levels within the overall subset. In addi-

tion, adding extra scenarios may increase the experts’ workload. Therefore, these designs were

applied in a way which aims to ensure the number of scenarios were more or less comparable,

but not equal. For this reason, we compare designs, both as a whole (across scenarios) as well

as in terms of efficiency (per scenario) [Collins et al., 2009].

2.3.7 Comparison of Designs

Any design with fewer scenarios may achieve lower performance than designs with more sce-

narios. Therefore different designs are applied with different elicited scenarios Ñ , the compar-

ison of these designs can be examined using two methods: (a) to compare information gained

from the whole design; and (b) to compare their efficiency by comparing the information gained

per scenario.

For the first approach (a) the results of the proposed designs can be compared based on the

effect sizes, with 95% confidence intervals (CIs) when estimation is conducted via Frequentist

inference or credible intervals (CrIs) when estimation is achieved via Bayesian inference. Using

a Frequentist inference,

CI = β̂ ± Z1−α/2ŜE(β̂) (2.23)

where β̂ is the effect size estimate, ŜE(β̂) denotes the standard errors of β̂ and Z is the value of

a standard normal distribution to the selected confidence level. In a Bayesian setting, similarly,

Equation 2.23, can be used (replacing CIs with CrIs) with approximate inference as used by

arm package Gelman et al. [2016] in the R programming environment [R Core Team, 2017]. In

this research, Bayesian inference is used with MCMC simulations drawn from the full posterior

distribution. Then the CrI is already standardized according to the number of elicited scenarios

Ñ .

For approach (b), The main challenge in comparing designs is that these different designs
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have greatly differing numbers of scenarios. All things being equal, the (posterior) standard

errors of estimated effect sizes will depend inversely on the square root of the number of

scenarios 1√
Ñ

. Therefore, to take account of the differing number of scenarios, the standard

errors should be calibrated by multiplying by the square root of the number of scenarios, such

that:

CrI = β̂ ± Z1−α
ŜD(β̂)√

Ñ
where ŜD =

√
Ñ × ŜE (2.24)

where Ñ is the number of elicited scenarios for each design.

2.4 Eliciting and Encoding Probabilities with Uncertainty

When CPTs are large, experimental design methods enable researchers to select a subset of

scenarios for elicitation, as discussed in Section 2.3. This not only allows the experts’ elicitation

workload to be reduced to an achievable number of scenarios, but DoE methods guide scenario

selection that supports the ‘interpolation’ of the missing scenarios. Using a generalized linear

model (GLM) this ‘interpolation’ is straightforward. The response (outcome or child node)

can be predicted using the factors (parent nodes) as explanatory variables for the missing

scenarios. However, the process of GLM-based encoding represents a major source of model-

based uncertainty for the interpolated CPT entries. Hence, having time to capture and represent

the uncertainty for each of the elicited scenarios is important. This is done by encoding the prob-

ability distribution of θs for each scenario s. To large degree, uncertainty is then represented by

the standard error of predictions θ̂s and thus reflected in the corresponding confidence intervals

(CIs), for a Frequentist inference, or credible intervals (CrIs) if fit via Bayesian inference [Turek,

2015].

However, these standard errors do not solely reflect model-based uncertainty: they also

incorporate uncertainty in the elicited “data”, for those CPT scenarios that were elicited. It

is possible to extend elicitation to incorporate uncertainty about these elicited scenarios, and

then incorporate this uncertainty into the encoding GLM. This helps partition the sources of
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variation, separating the elicitation uncertainty from the model-based uncertainty associated

with interpolation through the encoding-based GLM.

Although elicitation of CPTs using expert opinions has long been utilised (e.g. Marcot et al.

2001; Marcot et al. 2006; McCann et al. 2006; Smith et al. 2007 and Pollino and Henderson

2010), the literature indicates that CPTs entries are elicited in a deterministic fashion, without

quantifying uncertainty, as described in popular guidelines for populating CPTs (e.g.Marcot

et al. 2006, p. 3064; Cain 2001; McCann et al. 2006; Chen and Pollino 2012, p. 137). This

deterministic approach overlooks the situation where experts are not certain of their probability

assessments, and using their best guesses (point estimate) results in confidence or credible

intervals that are too narrow. Thus, in this thesis, a major aim is to find a probability distribution

p(θs), which can explicitly represent both the experts’ knowledge as well as their uncertainty

about the CPT entry [Garthwaite et al., 2005]. This raises a straightforward question “What

is the certainty of the expert’s estimate, that is, what is the certainty of θs?” which is not

necessarily straightforward to answer. Within the literature, there are two main approaches for

eliciting uncertainty along with the experts’ opinion. The inside-out approach, which utilises

a Frequentist framework, and the outside-in approach, which utilises a Bayesian framework.

The remainder of this section outlines both these methods and justifies why I use the outside-in

method within this thesis.

2.4.1 The Inside-out method Method

Recent examples of eliciting θs and its associated uncertainty [Ban et al., 2014, Froese et al.,

2017] have adopted the “Four-point” or Inside-out approach proposed by Speirs-Bridge et al.

[2010]. Essentially this is a four-step process for eliciting the uncertainty in the experts’ opinion

about θs. In this method the uncertainty is represented as a statistical distribution. This four-

step (or four question) process is referred to as the inside-out approach since it starts on the

‘inside’ of the probability interval and then moves towards the outer edges of the interval. Thus,

this approach starts by zooming ‘in’ by firstly asking the expert to estimate the best estimate,

i.e., the point-estimate, of θ. The method then goes ‘out’ and elicits the lower L and upper U
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bounds as the second and third questions posed to the expert. The fourth question then seeks

the expert’s confidence that the θ̂s lies between their estimated L and U values. This method

belongs in the Frequentist school where θs is a fixed but unknown quantity and the confidence

interval (CI) is a random interval, because the data are considered to be randomly generated (as

a random sample from the population). Then the elicitation of uncertainty is encoded into CIs

on θ̂, the best estimate [Speirs-Bridge et al., 2010]. For clarity, I explain further and compare the

differences between the Outside-in method and the Inside-out method in the following section.

2.4.2 Outside-in method

On the other hand, the “Outside-in” [Low Choy et al., 2010], reverses the order of elicitation

starting with the outside (L and U bounds) and moving towards the inside (best estimate). This

ensures that the outer bounds (L and U ) capture uncertainty in θs itself rather than in the expert’s

best estimate of θs. Constructing questions this way is more sympathetic to a Bayesian (rather

than a Frequentist) interpretation: uncertainty refers to the plausible values of the probability θ

rather than the precision of the expert’s best estimate θ̂ [Goldstein, 2006, Teigen and Jørgensen,

2005, van de Schoot and Depaoli, 2014]. This sequencing can avoid biases such as overcon-

fidence, anchoring and adjustment[Kynn, 2008, Low Choy et al., 2010, Morgan et al., 2001,

O’Leary et al., 2015]. Indeed, elicitation can be subject to a wide range of biases, as discussed

in texts [O’Hagan et al., 2006, Chapters 1–3] and reviews [e.g. Kuhnert et al., 2010, Kynn,

2008, Spetzler and Stael von Holstein, 1975, Tversky and Kahneman, 1974]. In the literature

on eliciting CPT entries, there is a lack of proven methods for finding a probability distribution

p(θs), which represents both the expert’s opinion and the associated uncertainty. This thesis

will address this gap by applying the “Outside-in” method using Bayesian interpretation, to the

novel application of large CPTs in both Bayesian Networks and sensitivity analysis of large

computer modelling experiments. This thesis clearly demonstrates the strengths of the Outside-

in method compared to the Inside-out method in these two applications. The Outside-in method

is applied in Chapters 3, 4 and 5 of this thesis.

Although these two methods pose similar questions to the expert within the elicitation
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process, they have different statistical meanings. For the Inside-out method, the expert is asked

to quantify the best estimate and then apply the lower L and upper U bounds to E[θ|·]. For the

Outside-in method, the expert quantifies the lower L and upper U bounds which apply to θ.

In general, the respondent’s level of plausibility P = 1− α can be elicited such that θ falls

between these bounds:

P (L < θs < U) = P (2.25)

More explicitly, by adopting a Bayesian perspective, the “Outside-in” method elicits an interval

[L,U ] that plausibly contains the probability θs with chance P :

Pr(θs ∈ [L,U ]|·) = P (2.26)

Note that here the parameter θ is the random factor that is the focus of the probability statement.

In contrast, the Inside-out method adopts a traditional (Frequentist) perspective. It elicits one

interval [L,U ] which has a 100(1− α)% chance of containing the expected value of θs:

Pr([L,U ] ⊃ θ̂s|·) = 1− α ≡ P. (2.27)

Thus for the Inside-out method, the CIs for a θ̂s, e.g. a θ̄s, is by necessity narrower than that

for the random factor itself θs via a factor 1√
ν
, where ν is the effective sample size used to

estimate θs, and hence can often by mistakenly interpreted as “over-confidence” [Low Choy

et al., 2008, O’Leary et al., 2015]. In addition, using asymptotic normal approximations, these

CIs are typically estimated from an asymptotic SE and therefore are necessarily symmetric.

However, when eliciting experts’ uncertainty around a probability, their uncertainty is likely to

be skewed [Speirs-Bridge et al., 2010].

We note that the subject of the probability statement is often not of interest to mathe-

maticians, who would tend to write this interval in the ambiguous form of Equation 2.25,

where it is commonly misinterpreted so that θs is the subject of the probability rather than

the bounds L and U [Greenland et al., 2016, p. 342-344]. However this detail is crucial to
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ensuring that the elicitation questions match the mathematical interpretation of the elicited and

encoded information, and subsequently the mathematical interpretation matches the ecological

understanding of the system. In this case, by adopting the Outside-in approach, we sought

the expert’s uncertainty about θs not about their best estimate θ̂s. This is consistent with a

Bayesian approach where uncertainty relates to the parameter. Note that such intervals should

not generally be interpreted as Frequentist confidence intervals because here the source of

the uncertainty is not the sampling distribution (which affects the lower and upper bounds in

Equation 2.25) but the subjective opinion of the experts (which affects θ in Equation 2.25

above). Hence, I will view these as subjective Bayesian CrIs, which means that the expert has

carefully assigned a probability P that the random factor θs falls within the L and U bounds

specified by the experts.

2.4.3 Managing Uncertainty Using An Elicitation Protocol

The main challenge is how to present the expert with focused but easy to understand questions

[Druzdel and Van Der Gaag, 2000] that can still lead to the expert providing an accurate repre-

sentation of their knowledge. Kynn [2008] has carried out a review of psychological research

to control these biases and provided guidelines on how to elicit expert knowledge. She stated

that, in applied contexts, we should be equally concerned with not only what we ask experts to

assess, but also how we ask it. It is important to consider what extra information is required

to determine the accuracy of what experts are saying [O’Hagan et al., 2006]. Of particular

concern is that many elicitors may ask questions of one form (e.g. seeking a CrI as an interval

of a plausible range of values on θij) yet mathematically claim that they are eliciting a different

quantity (e.g. a confidence interval on the best estimate of θij). This leads to ‘linguistic’

uncertainty, due to misinterpretation of the mathematical meaning of the elicitation. Also, this

kind of linguistic uncertainty has been long recognized, specifically in the misinterpretation of

Frequentist probability statements [Greenland et al., 2016, misinterpretation number 2]. It is

also symptomatic of the more general “logical fallacy” [Low Choy and Wilson, 2009] named

by a philosopher in the 1950s, describing the tendency to linguistic bias.
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Another issue arises from how to ask the questions to quantify probabilities (such as the

CPT components). This involves asking experts questions like: “Quality of water depends

on two factors—usually presence of water and salinity of water—as defined earlier. What

is the probability of the site being adequate for feral pigs in the best case scenario, where

presence of water is yes and low salinity of water?” Obviously this relies on an understanding

of probability. In particular it requires a careful definition of the baseline of the probability

[Kynn, 2008, Low Choy and Wilson, 2009], such as: “the number of sites (out of say, 100, in

this best case scenario) over the period of 10 years, and across this region.”

Eliciting such CPT components without carefully defining these baselines may also lead to

what appears to be under- or over-confidence [Kynn, 2008], and also contribute to ‘linguistic’

uncertainty, arising from vague or incomplete definitions of the elicitation of CPTs. Elicitation

of CPTs, using the contextual, temporal and spatial baseline of the probability, often requires

that the experts are familiar with the concept of a probability, and in most cases this cannot be

assumed a priori [Kynn, 2008, p. 259].

In addition, elicitation methods may be prone to well-documented biases and logical fal-

lacies that are encountered when asking non-technical people (like experts in other fields) to

talk about probabilities [Low Choy and Wilson, 2009]. Instead, the questions are designed in

such a way that does not need such detailed knowledge about probabilities, beyond the domain

expertise of the individual [Kadane and Wolfson, 1998].

As a result, expert elicitation protocols provided a structured, systematic approach to learn

what the experts are thinking and to formalize their subjective opinions [O’Hagan et al., 2006,

Ch. 2],[Low Choy et al., 2009b]. These issues are typically not discussed in the literature of

elicitation of CPTs. This problem will be addressed using elicitation protocol with Outside-in

elicitation method and achieved in Chapters 3, 4 and 5.

Hence a key defining feature of the elicitation protocol is how scenarios θs are elicited. This

includes several phases: framing the context, designing the scenario, the order of questions and

the wording of questions. These phases may affect the cognitive processes of the experts and

hence may control uncertainty [Low Choy et al., 2012, 2009b]. Here in the first case study of
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habitat suitability of feral pigs, I apply elicitation protocol using the following phases:

i. Define target of elicitation to be a particular, e.g. Please refer to the definition of five

BN sub-models for factors considered to be key drivers of feral pig habitat as detailed

in Table 2.2. Then I want to focus on food CPT as an example in Figure 2.4. This tells

us that the child node, food adequate for feral pigs depends on three parent nodes: the

quality of food, duration and accessibility.

ii. Frame the context of questions for food CPT: Let’s think about 100 sites, with the same

scenario.

iii. Design the scenario S = θs: We will consider one particular scenario, e.g. best scenario,

which is defined by a specific combination of food factors, for example:

(a) high quality of food;

(b) high duration the food source is available;

(c) easy access to food resources;

iv. Then, the expert would be asked several questions to enable the modeller to encode their

mental model for uncertainty about the value of θs for each scenario. These are reviewed

in O’Hagan et al. [2006, Ch. 3]; Low Choy et al. [2010] and Low Choy et al. [2012]. The

options considered here are variations on the Outside-in approach to eliciting intervals,

since the outer bounds (L,U ) are elicited before eliciting a most plausible estimate M .

The options differ in terms of how plausibility P of values falling within the bounds is

elicited and interpreted, in order to be encoded. I consider five options:

A. Apply the Outside-in elicitation method to elicit lower and upper bounds L,U ,

together with their assessment of the plausibility that θ falls within these bounds,

P , and finally their most plausible estimate M .

B. As for the Outside-in elicitation method (option A), elicit L,U,M but if P is not

provided then the context may suggest that the expert has in fact interpreted L and

U as hard bounds, with P = 100%
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C. As for the Outside-in elicitation method (option A), elicit L,U,M but if P is not

provided then instead of presuming P = 100%, set it to a high value, P = 0.95.

This indicates that values beyond the range are considered possible but not highly

plausible. This is similar to the four-point method, although the order of eliciting

quantities has been reversed. For the four-point method elicitation starts with M ,

then elicits L,U given set P .

D. Elicit the most plausible value of θ as M , then ask how confident the expert is in

terms of the “effective sample size” of their (a priori) knowledge. This specifies the

effective degrees of freedom for a Beta distribution edf = a + b in Equation 3.5.

This is similar to the Program Evaluation and Review Technique (PERT) method

[O’Hagan et al., 2006, Ch. 6].

The option used in the feral pigs case study 2.1.2 in Chapter 3 is a hybrid of option C and

option D:

E. Elicit L,U,M with L,U interpreted as hard bounds (as in option B) together with

the effective sample size. This can be encoded in several ways. We solve the two

equationsM = (a−1)/(a+b−2) and edf = a+b in terms of a and b (See Chapter3

, Section 3.3.2), and then apply the hard bounds L and U . It would be possible to

reverse those two steps. However, in the case studies considered, given the values

for L,U provided were not overly narrow, and also given resolution of the expert’s

estimates, we found very little practical difference in these two approaches.

In more detail option A involves asking the expert using the Outside-in method:

1. & 2. Eliciting the lower Ls and upper Us bounds: We want to know how many sites would

have adequate food. Of course you are 100% sure that between 0 and 100 sites are

adequate. We need a lower and upper bound that are more useful than 0 and 100,

and you can be less than 100%, (e.g. 80% or 90% or 95%) sure that the number

falls between them. What is the smallest this number (of sites) can realistically be?

What is the largest it could be?
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One option for eliciting the plausibility of this interval is described as follows

3. Eliciting expert’s confidence or chance P such that Pr(L < θs < U) = P : if you

think about 100 sites, with the same scenario, How sure are you that the number (of

food adequate sites) falls between these bounds?

4. Eliciting the best estimates θ̂s, which is the most plausible value of θs (mode M ) for

that scenario, where:

M = arg max
θ
p(θ|·). (2.28)

The question is: what is your best estimate of the number of sites adequate for feral

pigs?

Instead of asking questions in terms of probabilities, the elicitor might ask for just counts,

which has been found to be more accurate (Kynn 2008, p. 260;Tversky and Kahneman 1974).

For example, when developing SDMs, the scenario that experts should keep in mind during

elicitation comprises 100 sites or some other fixed amount such as 10, 50 or 1000 sites within

the area that meet the scenario’s criteria [Low Choy et al., 2012]. However, the choice of

baseline may be affected by the natural scale used by the experts who are looking at the number

of sites, based on their experience of relevance to this species. For example, when the expert

have done studies with 1000 sites of similar habitat, then they would find it not difficult to

imagine 1000 sites like a given scenario. In addition, the choice of baseline may depend on how

prevalent is the scenario? It is difficult to ask the experts to imagine e.g. 100 sites if the scenario

is rare. Therefore, choosing baseline, e.g. 10, 50, 100, etc instead of probabilities could help

experts to answer the questions about scenarios. In this thesis, I use 100 because this number

would match with the probability of presence, since it is the baseline for a percentage.

Another strategy could make the elicitation task less onerous for the experts is to use a

graphical interface such as Elicitator software James et al. [2010]. This approach provides

several graphical interfaces to help experts communicate their knowledge. In addition, it assists

experts to estimate the response Y , for a set of sites, given covariates corresponding to each site.
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2.4.4 Encoding plausible range of values

Encoding is the process of translating elicited opinion into statistical distributions [O’Hagan

et al., 2006, O’Leary et al., 2015]. This requires that a distribution has at least two summary

statistics (parameters) about the distribution [Low Choy et al., 2009b, 2008]. Then it is useful

to be able to capture both uncertainty as well as best estimates. There are a number of encoding

practices (e.g. O’Hagan et al. 2006) that have been tailored to particular situations [Kadane and

Wolfson, 1998].

In particular, there is a number of studies that have focused on eliciting the experts’ opin-

ions regarding regression models (i.e. for quantifying regression parameters) as described in

O’Hagan et al. [2006, Chapter 5, p. 142-146] and Low Choy et al. [2012]. For example, Beta

regression could be used to capture expert knowledge to develop a prior distribution for θij ,

which is presented in Low Choy et al. [2010]. Using this approach, the expert would be asked to

consider various scenarios, represented by values of the factors, and provide information about

the probability distribution of the outcome. Using the Elicitator method, a Beta regression is fit

across scenarios in order to elicit regression parameters [James et al., 2010]. Furthermore, some

statistical models could also be adopted such as the Generalised Linear Model (GLM) family

[Nelder and Wedderburn, 1972] or tree models, e.g. from the CART family [Breiman et al.,

1984].

Of these, I suggest that the scenario-based elicitation method [Low Choy et al., 2010] is a

natural fit to encoding CPTs. Originally developed to elicit expert knowledge about regression

coefficients, I re-purpose this method to elicit expert knowledge for each row of a CPT, essen-

tially a regression scenario as detailed in Section 2.4. The aim of this statistical approach is to

encode the elicited values in CPTs and then to go one step further and express the encoded CPT

entries θs with uncertainty p(θs). This work is detailed in Chapter 3, and then further expanded

in Chapters 4, 5 and 6.
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2.5 Interpolation of the Missing CPT Entries Using Bayesian GLM

In this thesis I consider the elicitation of a large CPT, for example that which is shown in

Table 2.6 which has N = 625 scenarios. In this case, the main challenge to be addressed is the

interpolation of the missing CPT cells, that is the cells that are not elicited, and are therefore

needed to complete the CPT table [Cain, 2001, Podofillini et al., 2014, Wisse et al., 2008]. In

this thesis I will propose statistical models to address this challenge and successfully interpolate

the non-elicited probabilities in the CPTs.

The existing literature indicates that most modellers use linear interpolation [Cain, 2001]

based on the elicited scenarios in order to interpolate the remaining CPT entries (e.g. Bashari

et al. 2009, Martins and Maturana 2013, Smith et al. 2007). This deterministic approach ignores

uncertainty. Examples of the use of linear interpolation for this application can be found in the

literature (e.g. Ban et al. 2014, Froese et al. 2017). This is also the method used in the CPT

Calculator [Cain, 2001]. This approach involves calculation of interpolation factors (IF), which

are calculated as the proportion of the level of the parent node for the best scenario over the

level of the parent node for the worst scenario, see Equation 2.29.

For example, returning to the BN sub-model of food adequate for feral pigs in Figure 2.4,

I will explain the IF. Table 2.17 shows the scenarios within the adequate food for feral pigs

CPT which have been selected, using an OFAT design, for elicitation. Here, θfhhe is the highest

probability of there being adequate food (f) for feral pigs in the best case, i.e., where the quality

of food is high (h), duration is high (h) and accessibility is easy (e), while θfllh is the lowest

probability of there being adequate food for feral pigs in the worst case, i.e., where the quality

of food is low (l), duration is low (l) and accessibility is hard (h), and so on.
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Table 2.17: CPT for BN investigating factors influencing food adequacy for feral pigs. The
design contains 8 elicited scenarios, uses one-factor-at-a-time, and each factor has three levels.
Food quality is low (l), medium (m) or high (h). Duration is low (l), moderate (m) or high (h).
And food accessibility is hard (h), moderate (m) or easy (e).

Scenarios Quality Duration Accessibility adequate

1 High High Easy θfhhe

2 Low Low Hard θfllh

3 Moderate High Easy θfmhe

4 Low High Easy θflhe

5 High Moderate Easy θfhme

6 High Low Easy θfhle

7 High High Moderate θfhhm

8 High High Hard θfhhh

Hence, the IF for one parent node (i.e. food accessibility) that changed from the easy to

moderate level is:

IF = (θfhhm − θfllh)/(θfhhe − θfllh) (2.29)

In this example, IF can measure ‘how far’ the probability of adequate food when accessi-

bility is moderate versus hard, compared to easy versus hard, and so on in order to optimise

all other parent nodes (i.e. quality is high and duration is high). These IFs can also be used to

estimate the remaining CPT entries that are not elicited. By applying Equation 2.29, I can for

example, estimate θ̂fhlm, that is, the probability that food resources are adequate for feral pigs

when food quality is high (h), duration is (l) and accessibility is moderate (m). This is defined

as:

θ̂fhlm = [(θfhle − θfllh)× IF ] + θfllh (2.30)
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where θfhle is the probability of food adequate (f) in the case of high food quality (h), low dura-

tion (l) and the easy accessibility (e). A more detailed description of these linear interpolations

can be found in Appendix 2 in Cain [2001].

When CPT tables are more complex due to an increasing number of parent nodes, each with

more than three levels [Marcot et al., 2006], then the linear interpolation method becomes more

difficult [Mkrtchyan et al., 2016]. For example, the CPT Calculator software, which uses the

OFAT experimental design method (See Section 2.3.1), is constrained to simple CPTs which

have just two or three levels for each parent or child node. Hence, for large CPTs, e.g. the CPT

with 625 scenarios outlined in Table 2.6, the CPT Calculator is not capable of interpolating the

remaining scenarios.

When using the standard OFAT experimental design, such as in the CPT calculator, the lin-

ear interpolation (local form of regression) considers the change in probability of the response.

for instance, using Equations 2.29 and 2.30 to find the probability of adequate food θ̂fhlm, it is

possible to compare one pair of values for only one parent node. In the feral pigs example, the

third parent node is accessibility (i.e. moderate vs easy), while the other parent nodes are fixed,

i.e. quality is high and duration is low, on the left hand, or both are high on the right hand of the

following equation:

θfhlm − θfllh
θfhle − θfllh

=
θfhhm − θfllh
θfhhe − θfllh

(2.31)

Here I highlight five implications that arise from the application of the linear interpolation

method:

1. This approach can be considered a ‘local’ form of regression since it only uses informa-

tion on four scenarios to estimate one scenario, rather than using all available information

on all elicited scenarios.

2. It presumes a statistical stationarity (i.e. equal values) of the relative comparisons of

change in any particular factor, when all others are kept constant [Box et al., 2005, ch11].

3. Here the stationarity is achieved by ignoring all interactions, where the effect of any factor
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changes with the value of another [Saltelli and Annoni, 2010].

4. Effectively linear interpolation adopts a localised corner-point contrast, since all compar-

isons are made with respect to the “worst”scenario (fllh).

5. It adopts arithmetic contrasts, via subtractions on the scale of probabilities, instead of the

more usual assumption of multiplicative contrasts, i.e. ratios of probabilities, as in ordinal

regression.

In addition, with CPT Calculator’s deterministic equations for linear interpolation between the

base scenario and each scenario, it is not possible to incorporate the additional information on

the expert’s uncertainty about θij without substantially changing the underlying calculations.

Recently, Froese et al. [2017] developed a model of habitat suitability for feral pigs using

an iterative process. Initially the CPT calculator method was used to directly quantify key

scenarios of the OFAT design and then the missing CPT entries were populated using linear

interpolation. The authors proposed two alternative methods to address the shortcomings of the

CPT calculator, which were both technical and results bias issues. Results bias occurs when

experts give logically inconsistent results, such as assigning probabilities to levels in a way

that creates abrupt jumps from good to bad. The technical issue occurs because each node is

constrained to three levels or less. To address these issues, they combined the CPT Calculator

method with a “three-point” elicitation method, which is a simplified version of the “Inside-

out” method defined by Speirs-Bridge et al. [2010] in that it fixes one input, i.e. the probability

of the interval is set to 95% CI. This is not an issue for small CPTs, which have three or less

factor levels. However, for large CPTs, such as the habitat model which is defined in Table 2.6

(54 = 625 scenarios), the CPT Calculator software cannot be applied.

To address the limitations of the CPT calculator outlined above, Fenton et al. [2007] pro-

posed a new approach which has been demonstrated by Froese et al. [2017]. Instead of using

pairwise comparisons at the heart of simple linear interpolation between similar scenarios

(which share the same value for all parents except one), Fenton’s method takes a more holistic

perspective of the CPT to identify the contribution of each factor (parent node), as implemented

in AgenaRisk v.6.1 software [AgenaRisk Software, 2007]. Then, Froese et al. [2017] uses the
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three-point method [Speirs-Bridge et al., 2010] to elicit uncertainty of θ. However, the main

disadvantage of the method outlined by Froese et al. [2017] is that the uncertainty is represented

by confidence in the best estimate θ̂s as detailed in Equation 2.27.

In this thesis, I will address the limitations of linear interpolation in the CPT calculator and

Fenton’s method, by investigating more complex statistical modelling for interpolation using a

‘global’ form of GLM for regression.

However, with this global form of regression, there are several implications of similar form

as for the CPT Calculator (listed on page 80). These are:

1. The estimate of each missing CPT entry uses information on all elicited scenarios.

2. The assumption of stationarity is replaced by a main effects model, where the compar-

isons between any two levels of one factor is not the same across all levels of the other

factors.

3. It is possible to extend the GLM with main effects to include interactions, allowing the

effect of any factor to change with the value of another, but this requires additional

scenarios to be elicited.

4. Due to the intercept β0, regression uses a global “corner-point” contrast with respect to

the worst scenario. However this contrast is adjusted for values of each factor, so that

comparisons are not only in reference to the worst scenario.

5. Multiplicative contrasts are used, on the log odds scale, since the subtractions occur on

the scale of the link function (between the main effects in the linear predictor ηs and the

probability θs).

In this thesis, I discuss further the use of ‘global’ GLM regression for scenario-based elici-

tation, for interpolating the remaining probabilities in the CPTs, including not only the experts’

best estimates but also quantifying uncertainty about θ, which is detailed in Section 3.3.2,

Chapter 3.
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2.5.1 Model Fit Criteria

In the R statistical programming environment [R Core Team, 2017], several packages are

available to fit a Bayesian GLM, such as arm (for data analysis using regression and multilevel

modelling, as presented in Gelman et al. 2016) and brms (for Bayesian regression models, as

presented in Bürkner et al. 2017) packages. Both packages allow the user to implement a wide

range of distributions supported by link functions of these distributions. For example, when

the outcome is a binary response (e.g., presence/absence), a logistic regression with a logit

link function could be used. In addition both packages can be used to estimate the effect size

estimates θ̂ and standard errors of θ̂.

In the arm package, the function bayesglm uses iteratively reweighed least squares (IWLS)

as the default for the method argument and 100 as the default maximum number of iterations

[Gelman et al., 2016]. In the brms package, the function brm uses the C++ package Stan to

obtain full inference [Bürkner et al., 2017]. A model using function brm will be fitted using

MCMC and a default of 4 chains each with 2000 iterations. Although both packages can be used

to identify the effect size estimates and standard errors, the coefficient plots generated by the

arm package using the function bayesglm are more clear than those provided by the brms

package. However, for model fit criteria and comparison between models, arm provides the

Akaika Information Criterion (AIC) [Aho et al., 2014, Akaike, 1998] and Deviance Information

Criterion (DIC) [Spiegelhalter et al., 2002]; [Gelman et al., 2004, Ch. 7]. The limitation of

these criteria is that “it is known to have some problems, which arise in part from not being

fully Bayesian in that it is based on a point estimate. For example, DIC can produce negative

estimates of the effective number of parameters in a model and it is not defined for singular

models” [Vehtari et al., 2017, p. 2].

In contrast, the brms package can supply a wider choice of modern Bayesian criteria

[Bürkner et al., 2017]. These are: posterior predictive checks (PPCs) as illustrated in Gabry et al.

[2018] and Gelman et al. [2004, Ch. 6]; the leave-one-out cross-validation (LOO), as defined in

Gelfand et al. [1992] and used in Vehtari et al. [2015a]; and the Widely Applicable Information

Criterion (WAIC), as defined in [Watanabe, 2010]. The PPCs can be used to compare between
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the actual data As and simulated data Ãs Gelman et al. [2004, Ch. 6]. The LOO is a kind of

cross validation which re-runs analysis, by leaving one of each scenario s out. While WAIC can

be described to improve the deviance information criterion (DIC), by estimating the expected

log predictive density. Each of these criteria are discussed below.

When the number of observations is large, both LOO and WAIC are advocated, as their

standard errors can be useful to evaluate and compare model fits. However, when the data set

has small sample size, LOO and WAIC are not suitable [Bürkner et al., 2017, p. 12];[Vehtari

et al., 2017, p. 20]. Therefore, I will use PPC to evaluate model fit as detailed in Chapter 3.

Although I do not use the LOO or WAIC model fit criteria, as it is outside the scope of this

thesis, a summary of each is provided below to ensure the literature review is comprehensive.

LOO and WAIC are approaches used to compare and assess model fit by calculating the

difference of expected predictive accuracy for s scenarios taken one at a time (as detailed in

Equation 1 in Vehtari et al. 2017, p. 2). For comparison of the differences in scale of effective

number of parameters, a measure of predictive accuracy for a given scenarios s taken one at a

time can be defined as “expected log predictive density (elpd) for a new dataset” such that:

elpd =
S∑
s=1

∫
pt(Ãs) log p(Ãs|A)dÃs (2.32)

where pt(Ãs) is an unknown probability distribution indicating the true generated data process

for Ãs. Thus we will use cross-validation or WAIC to approximate Equation 2.32. Here the log

point-wise predictive density (lpd) of observed data A is an overestimate of the elpd for future

data, because it is evaluated on the data from which the model was fit, and therefore can be

expressed as:

lpd =
S∑
s=1

log p(As|A) =
S∑
s=1

log
∫
p(As|β,X) p(β|X,A) dβ (2.33)
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In practice, the lpd can be computed by evaluating the expectation using draws from the poste-

rior simulations ppost(β
t) for t = 1, . . . , T , such that:

l̂pd =
S∑
s=1

log
(

1
T

∑T
t=1 p(As|βt, X)

)
(2.34)

Thus either LOO or WAIC can be used to approximate Equation 2.32.

Leave-one-out Cross-validation (LOO)

When using LOO, the expected out-of-sample log predictive fit is:

elpdloo =
S∑
s=1

log p(As|A−s) (2.35)

where p(As|A−s) =
∫
p(As|β) p(β|A−s) dβ is the leave-one-out predictive density given S

without the sth scenario. Note that if the S scenarios are conditionally independent, then one

can evaluate p(As|A−s) with posterior simulations of βt, where t = 1, . . . , T , drawn using

MCMC from p(β|A,X), via importance ratios:

rts =
1

p(As|βt)
∝ p(βt|A−s)

p(βt|A)
(2.36)

However, the variance of posterior p(β|As) is likely smaller compared to the LOO distributions

p(β|A−s), and then the rts have large or infinite variance which may lead to unstable distribu-

tions.

The importance sampling can then be modified so that the importance ratios rt are replaced

by truncated importance sampling weights wt [Ionides, 2008], and can be defined as:

wt = min(rt,
√
T r̄) (2.37)

where r̄ =
∑T

t=1 r
t. The variance of the wt is guaranteed to be finite [Ionides, 2008]. However,

the downside of the truncation is that it introduces a bias, which can be large [Vehtari et al.,
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2017, p. 4]. This limitation can be addressed by using LOO-Pareto smoothed importance

sampling as discussed below.

LOO-Pareto Smoothed Importance Sampling (PSIS):

LOO estimates can be improved via Pareto smoothed importance sampling (PSIS) as illustrated

in Vehtari et al. [2015b]. When the importance weights wt, where t = 1, . . . , T indexes the

posterior simulations in MCMC, are used in LOO, then w may have a long right tail and may

lead the importance weights to be unstable [Vehtari et al., 2017]. Thus PSIS can provide the

estimations with more accurate and reasonable estimate where a generalized Pareto distribution

is fitted to the tail (20% largest importance ratios rt) using the empirical Bayes estimate of

Zhang and Stephens [2009]. When fitting a Pareto distribution using δ as a shape parameter,

sample based estimates can be obtained [Koopman et al., 2009]. By fitting a generalized Pareto

distribution to the upper tail of the importance weights, we smooth these values using the

following steps in Vehtari et al. [2017]:

1. “Fit the generalized Pareto distribution to the 20% largest importance ratios

rt as computed in Equation 2.36.

2. Stabilize the importance ratios by replacing the M largest ratios by the ex-

pected values of the order statistics of the fitted generalized Pareto distribution

such that:

F−1
(
z−1/2
M

)
, z = 1, . . . ,M, (2.38)

where M is the number of simulation draws used to fit the Pareto (in this

case, M = 0.2T ), and F−1 is the inverse-CDF of the generalized Pareto

distribution. Label these new weights as w̃ts where, again, t indexes the

simulation draws and s indexes the scenarios.

3. To guarantee finite variance of the estimate, truncate each vector of weights

at T 3/4w̄s, where w̄s is the average of the T smoothed weights corresponding
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to the distribution holding out data point s. Finally, label these truncated

importance sampling weights as wts.”

These steps must be implemented for each scenario s. Thus the result can be expressed as

a vector of weights wts, where t = 1, . . . , T index the posterior simulations for each scenario s.

This result can then be combined to calculate the LOO estimates using the PSIS estimate of the

LOO elpd such that:

êlpdpisi-loo =
S∑
s=1

log
(∑T

t=1w
t
s p(As|βt)∑T
t=1w

t
s

)
(2.39)

Hence, if the shape parameter of the Pareto distribution δ is estimated, then one can assess

the reliability and approximate convergence rate of the PSIS-LOO estimates as follows: if δ ≤

0.5, the variance is finite for the distribution of rt, the distributions are stable as the central

limit theorem holds [Epifani et al., 2008, p. 775], and the estimates converge rapidly. However,

if 0.5 ≤ δ ≤ 1, the variance of rt is infinite although the mean exists, the distributions are

stable as the generalized central limit theorem holds, and the convergence of the estimate is

slower [Vehtari et al., 2017, p. 4]. When δ > 0.5, the mean and variance of rt do not exist, the

convergence rate is close to zero and bias can be large with practical sample sizes.

Widely Applicable Information Criterion (WAIC)

WAIC is another approach that can be used to estimate the elpd and can be defined as:

êlpdwaic = l̂pd− p̂waic (2.40)

where p̂waic is the estimated effective number of parameters which is used to measure the com-

plexity of the model, but it should not be over-interpreted, as the original goal is to estimate the

difference between the log point-wise predictive density (lpd) and the expected log predictive

density (elpd). The p̂waic can be calculated using the posterior variance of log p(As|βt) for each
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data point As such that:

pwaic =
S∑
s=1

V̂ 2
t (log p(As|βt, X)) (2.41)

where V̂ 2
t is the sample variance of the log predictive density of As given β and X for each data

point s. However, for a weak prior, p̂waic can severely underestimate the difference between lpd

and elpd as detailed in Gelman et al. [2014]. As shown by simulation experiments in Vehtari

et al. [2017], the p̂waic is unreliable if any of the terms V̂ 2
t (log p(As|βt, X)) exceeds 0.4, and

hence LOO is recommended instead.

Model Comparison

To compare between two fitted models, suppose we compare models A and B. We can estimate

the difference in their expected predictive accuracy by the difference in êlpdloo or êlpdwaic. In

this case, the elpd of model A using LOO is êlpd
A
loo =

∑S
s=1 êlpd

A
loo,s and the elpd of model

B is êlpd
B
loo =

∑S
s=1 êlpd

B
loo,s of S scenarios for s = 1, . . . , S, where êlpdloo,s is the sum of S

independent scenarios. The standard error of the differences between two models, êlpd
A
loo and

êlpd
B
loo can be simply calculated :

SE(êlpd
A
loo,s − êlpd

B
loo,s) =

√
SV̂ 2

t (êlpd
A
loo,s − êlpd

B
loo,s) (2.42)

where V̂ 2
t is the sample variance. For example, if the SE(êlpd

A
loo,s− êlpd

B
loo,s) is positive, then the

model A is fit very well and vice versa. As mentioned before, these calculations may be most

useful when the number of observations S is large [Bürkner et al., 2017, p. 12];[Vehtari et al.,

2017, p. 20]. Therefore, in this thesis I will only use PPCs to check the model fit, since all case

studies in this work have small data sets.
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2.6 Bayesian Updating Combining Expert-informed Prior with Empiri-

cal Data from Large Computer Experiments

When information about sensitivity analysis of large computer experiments are available a

priori, then this informative prior can be utilised in a Bayesian framework (e.g. O’Hagan et al.

2006, [Low Choy, 2012] and Goldstein 2006). These informative priors may arise from dif-

ferent sources of information: elicited from expert knowledge, previous researches or literature

reviews. In contrast, if the priors are not informative, then an objective prior can be used that

allows the empirical data to control the analysis [Berger et al., 2006, Irony and Singpurwalla,

1997]. Between these two priors, there is another type of prior which is a weakly informative

prior. This type of prior provides enough prior information to make sure that the posterior

distribution will be sensible [Gelman et al., 2004, 2008].

In the context of large computer experiments as detailed in Section 2.1.3, a Bayesian ap-

proach can be used to allow effective sensitivity analysis to be achieved using a small number

of model runs (scenarios) [Oakley and O’Hagan, 2004]. In particular, many studies have

used Bayesian methods with non-informative priors to analyse the sensitivity of large com-

puter models using Gaussian Process priors to support the Monte Carlo simulations [Farah and

Kottas, 2014, Oakley and O’Hagan, 2004, Pfingsten, 2006]. However, none of these examples

consider “expert” prior assessment as an informative prior. In contrast, several studies have used

Bayesian methods with informative priors in sensitivity analyses of large computer models, e.g.

Vernon et al. [2010] to model Galaxy Formation, Goldstein [2006] to test the large software

systems, Williamson et al. [2015] for climate modelling. This thesis will use the Bayesian

updating framework to combine elicited information from expert-informed priors (Chapter 5),

with data obtained from computer model experiments, using the concept of expert-informed

prior probability distributions [Low Choy, 2012]. The reason for bringing together results from

particular computer model experiments and expert knowledge is that the sensitivity studies of

large computer models often employ experimental designs, e.g. OFAT as presented in work

by Hallgren et al. [2017, 2019], which investigates a tiny proportion of all possible settings for

the computer model. For example, in BCCVL as detailed in Section 2.1.3, before conducting
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computer experiments, it is a essential for experts to consider: which settings of MaxEnt for

SDM are considered to have the biggest influence on the outcome? (i.e. Quality of Prediction,

see Figure 2.7). Then I will show how to better choose scenarios (Section 2.3) adopting

structured elicitation methods (Section 2.4) about how the model would work, a priori. In

this situation, expert knowledge is used as a starting point in a pioneering work, and can be

used to support computer model runs.

Here, I use the Bayesian regression with factors X that define scenarios s = 1, . . . , S, and

elicited data A and X where:

p(β|A,X) ∝ p(A|X, β)p(β) (2.43)

Therefore, it is possible to combine the posterior distribution of Equation 2.43, p(β|A,X),

with empirical data Y ∗ and X∗, using a likelihood model p(Y ∗|X∗, β) to provide an updated

posterior model p(β|X∗, Y ∗, A,X), by applying Bayes’ Theorem:

p(β|X∗, Y ∗, X,A) ∝ p(Y ∗|X∗, β)p(β|A,X) (2.44)

where X∗ contains factors that define the computer model runs.

In Bayesian analysis, p(β|A,X) can be formulated as an informative prior distribution

centred on the effect size estimates β̂ being the prior expected values µ, and the prior standard

error of β̂ being the standard deviation of β such that:

βk ∼ N (β̂, SE(β̂)) (2.45)

This demonstrates a benefit of the Bayesian framework that can be exploited in a sequence of

related studies, and which I have exploited in this thesis, outlined in Chapters 5 and 6. The third

study, involves expert elicitation of a CPT for a sensitivity analysis of an SDM using the MaxEnt

algorithm to obtain the posterior estimates of the regression coefficients (β) given the data A

and X defined further in Section 3.3.3. The fourth study then uses these posteriors p(β|A,X)

as priors, and combines them with data Y ∗ and X∗ from computer experiments (empirical data)
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to update the posterior of β.

A novel contribution of this research is to use scenario-based elicited expert assessments

(defined in Section 2.4), for use on their own, and as expert-informed priors within sensitivity

analyses of large computer modelling experiments. Importantly, this can enable the experts’

mental models of plausible scenarios to be represented, which is not possible within a Frequen-

tist interpretation [Speirs-Bridge et al., 2010, Tuo and Wu, 2016]. As mentioned by Williamson

et al. [2015], this is somewhat of a ‘black art’ which is not usually well documented. In this

thesis, I address the lack of methods noted in the literature and provide a methodological

approach to making the expert knowledge being used to inform the sensitivity analysis. To

achieve this I ask the expert to perform a series of ‘thought experiments’ (in the well-respected

and long-standing tradition of physicists such as Galileo, Newton, and Maxwell), which sim-

ilar to physical experiments require an imagined observation of what the experts believe the

outcome will be under different scenarios S [Clement, 2006]. The outcome of these thought

experiments can then be used as informative priors in a Bayesian updating which provides

an explicit modelling mechanism to combine the expert knowledge with data obtained from

running the computer experiment.

The idea I present is to elicit expert knowledge with a similar structure to the computer

model output. This has several benefits. It provides a concrete basis for the expert to evaluate

the thought experiments about potential computer model runs. In this way, the scenario based

elicitation targets the expert knowledge in a way that is both easily accessible and aligns with

the computer model output. Another key benefit is that this kind of expert knowledge can be

easily encoded into a ‘augmentation’ prior [Greenland, 2006], in a Bayesian analysis, which

mimics the structure of the data. In this thesis, this gap is addressed in Chapter 6.

2.7 Summary and gap identification

As shown in Figures 2.1 and 2.9, the four coloured boxes highlight the gaps in the literature

which are the focus of this thesis. These are:
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Figure 2.9: Defining the gaps that are addressed by the thesis

2.7.1 Choice of scenarios

The main challenge in the elicitation of expert knowledge for large CPTs is the large workload

for the expert to elicit a large number of scenarios. To address this, a subset of scenarios can be

selected from the overall CPT. However, to ensure the elicitation process is efficient and does not

waste the experts’ time, as well as adequate coverage of all areas of the CPT, scenario selection

must be based on a proper experimental design [Box et al., 2005]. Methods and tools currently
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available in the literature, such as the OFAT and the CPT Calculator have several short-comings

and limitations when applied to large CPTs. This project will present new experimental designs

that can be used for selecting a subset of scenarios for large CPTs. These designs go beyond

the simplistic OFAT design (described in Chapter 3), and are outlined in Chapters 4 and 5.

2.7.2 Elicit each scenario with uncertainty

Whilst expert knowledge has long been used to populate CPTs, all of these approaches focus

on eliciting point estimates of the probabilities within the table, i.e. without taking into account

the uncertainties associated with those probabilities [Chen and Pollino, 2012, Marcot et al.,

2006, McCann et al., 2006]. This research will address this gap by demonstrating the use of the

“Outside-in” approach to the elicitation of CPTs with uncertainty [Low Choy et al., 2010]. This

work is detailed in Chapter 3, and then further expanded in Chapters 4, 5 and 6.

2.7.3 Interpolating the missing CPT entries

Once experimental design has been used to select the optimum set of scenarios from the full

CPT, and the “Outside-in” approach has been used to elicit these scenarios with uncertainty,

the next challenge is how to interpolate the missing entries in the CPT, and also to estimate

uncertainty around the predictions. To address this gap I demonstrate the use of a ‘global’

Bayesian GLM, a statistical modelling technique, instead of the currently popular ‘local’ form

of linear interpolation. I introduce this method for interpolating the remaining probabilities

in the CPTs, including not only point estimates of θ but also incorporating uncertainty, in

Chapter 3, and then expand on this further in Chapters 4 and 5.

2.7.4 Combining the expert-informed prior with computer model runs via Bayesian anal-

ysis

Using the results of elicitation of large CPTs to structure the sensitivity analysis of BCCVL in

Chapters 4 and 5, it is possible to incorporate empirical data (obtained from computer model

runs) using a Bayesian updating framework. The idea is to utilise the scenario-based elicitation
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of expert knowledge to define an informative prior and then combine this with computer model

runs for BCCVL to update the posterior distribution using Bayesian updating paradigms. This

will be achieved in Chapter 6.

This thesis aims to address the gaps in the literature outlined above. Firstly, I present

an improvement in experimental design methods for selecting scenarios for expert elicitation

within large CPTs, detailed in Chapters 4 and 5. Secondly, I demonstrate the use of the

”Outside-in” method for eliciting uncertainty in the expert elicitation of CPTs, outlined in

Chapter 3 and applied in Chapters 4, 5 and 6. Thirdly, I show how to interpolate the missing

CPT entries that are not elicited, outlined in Chapter 3 and applied in Chapters 4 and 5. Lastly, I

demonstrate that it is possible to update the expert-specified CPTs after empirical data has been

collected to gradually update expert knowledge about the experiment, detailed in Chapter 6.
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The figure above highlights what this Chapter 3 focuses on, compared to the whole thesis

(Figure 2.1). The aim of this study is to addresses the second and third gaps of using a scenario-

based elicitation method for large CPTs. The second gap (orange box) is to investigate the use

of an “Outside-in” method to elicit each scenario with uncertainty. The third gap (green box) is

to use the Bayesian GLM instead of linear interpolation, to interpolate the probabilities of the

remaining scenarios that are not elicited in the CPTs. This chapter focuses on the first situation

(gray box) where experts are asked to elicit CPTs: where CPTs are used to define Bayesian

Networks (BNs). Then this study applies a scenario-based elicitation method to the first case

study (brown, at left) to describe the relationship between habitat suitability of feral pigs and

various environmental factors. I extend this method further in Chapters 4, 5 and 6.

Note that the rest of this chapter is the same as the submitted article, which is reformatted

for inclusion in the thesis.
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Abstract

Bayesian networks are now widespread for modelling uncertain knowledge. They represent

probabilistic relationships, which are quantified using conditional probability tables (CPTs).

When empirical data are unavailable, experts may specify CPTs. Here we propose novel

methodology for quantifying CPTs: a Bayesian statistical approach to both elicitation and

encoding of expert-specified probabilities, in a way that acknowledges their uncertainty. We

illustrate this new approach using a case study describing habitat most at risk from feral pigs.

For complicated CPTs, it is difficult to elicit all scenarios (CPT entries). Like the CPT Cal-

culator software program, we ask about a few scenarios (e.g. under a one-factor-at-a-time

design) to reduce the experts’ workload. In contrast to CPT Calculator, we adopt a global

rather than local regression to “fill out” CPT entries. In contrast to other methods for scenario-

based elicitation for regression, we capture uncertainty about each probability in a sequence

that explicitly controls biases and enhances interpretation. Furthermore, to utilize all elicited

information, we introduce Bayesian rather than Classical generalised linear modelling (GLM).

For large CPTs (e.g. > 3 levels per parent) we show Bayesian GLM supports richer inference,

particularly on interactions, even with few scenarios, providing more information regarding

accuracy of encoding.

Keywords: Bayesian GLM, CPT Calculator, Uncertainty, Outside-in Elicitation, Expert knowl-

edge, Species Distribution Modelling.

3.1 Introduction

In different fields, elicitation of expert assessments may prove to be an excellent portal to

uncertainty assessment [O’Hagan, 2012]. Understanding the sources of uncertainty not only

helps improve reliability but it may also ensure a better quantitative analysis, with reduced risk

[O’Hagan et al., 2006]. This paper proposes a “structured” elicitation approach [Low Choy
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et al., 2010] to quantify — with uncertainty — the conditional probability table (CPT) entries

that accompany a Bayesian Network (BN). This type of model is often used in environmental

risk assessments e.g. for understanding stressors of coral reefs [Ban et al., 2014] and water

treatment infrastructure [Pike, 2004]. More generally, BNs are graphical models that have

become a commonly used approach in the modelling of uncertain knowledge [Daly et al., 2011,

Pearl, 1985, 1986] and experiencing increased uptake in many fields of enquiry [Froese et al.,

2017, Marcot et al., 2006, Smith et al., 2007, van Klinken et al., 2015], particularly those relying

on expert knowledge to replace or complement empirical data [Kjaerulff et al., 2008].

BNs represent the probablistic relationships between the input variables (parent nodes) and

outcomes (child nodes) of a model. The relationships between these nodes are represented by

arrows. BNs capture expert knowledge about the conditional probabilities θ = Pr(Y |X) that

describe the relationships between the child node and its parent nodes [Daly et al., 2011]. These

relationships can be quantified using conditional probability tables (CPTs) [Daly et al., 2011].

In our feral pigs example (detailed in Section 3.2), the adequacy of food supplies to support feral

pig populations (child node) depends on three parent nodes: food quality, duration (how long

the food source is available) and accessibility (access to food resources), as shown in Figure 3.1.

Figure 3.1: BN sub-model of food resources (adequate or not for feral pigs), which depends on
food quality (presence and nutritional value of food resources), duration (how long the source
is available, e.g. continual year-round, seasonal) and accessibility (access to food resources).

Currently there exist several methods for quantifying these relationships among variables,

expressed as CPTs in BNs. In some situations it is possible to ask the expert for an estimate

of the correlation between pairs of variables [Clemen et al., 2000, Hanea et al., 2015, Morales

et al., 2008, Morales-Napoles et al., 2014, Werner et al., 2017]. These correlations can be

elicited when nodes are continuous [Clemen et al., 2000, Morales et al., 2008, Morales-Napoles
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et al., 2014] or when nodes are ordinal [Hanea et al., 2015, Werner et al., 2017]. Asking for

correlations ρ = Corr(Y,X1) [Mkrtchyan et al., 2015, p. 3] mandates some careful preparation

of experts [Werner et al., 2017], to calibrate their estimates to the appropriate range of values

of Pearson’s or Spearman’s correlation (for continuous or ordinal variables, respectively). Of

interest here is the situation where the CPT is large, which typically involves more than one

parent node. We note that elicitation of correlations becomes more complex with multiple

parents [Werner et al., 2017, p. 817], with nuanced questioning required to elicit marginal,

conditional or joint correlations.

However, in this paper, we consider the situation where all nodes of BNs are ordinal or

nominal, so that their joint probability distributions are quantified by CPTs, defined on a discrete

domain [Morales et al., 2008]. CPTs can be used, even when variables are continuous, by

categorizing variables. This can simplify the elicitation task, since experts can be asked about

the probability of particular scenarios θ (rows in the CPT) rather than asking for more abstract

information about the parameters governing a continuous representation of p(θ). We consider

the general situation where experts are not very technically minded [Werner et al., 2017, p. 817]

so that a general preference for discrete nodes can simplify elicitation, allowing scenario-based

elicitation as discussed here.

When no empirical data are available, the CPT can be, and most commonly is, fully specified

by expert’s opinion [e.g. Smith et al., 2007]. Such guidelines on eliciting CPTs generally advise

modellers to simplify the elicitation task by keeping to a minimum number of parent nodes

(defining the columns of the CPT) and parent levels (specifying the scenarios in each row of

the CPT). However, the BN literature indicates that elicitation of more complex CPTs is often

considered to be too demanding for the experts, because of the time requirement [Ban et al.,

2014, Froese et al., 2017, Marcot et al., 2006]. In this paper, we aim to ask the experts about

a few scenarios to reduce their workload. Previous research, [Cain, 2001, Froese et al., 2017,

Smith et al., 2007, e.g.] has tended to employ the CPT Calculator, which ignores uncertainty in

θ. Following standard practice (perhaps due to widespread use of CPT Calculator software), we

use a one-factor-at-a-time (OFAT) design for choosing scenarios as detailed in Section 3.3.2.
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Whilst expert knowledge has long been used to populate CPTs [Chen and Pollino, 2012,

Marcot et al., 2006, McCann et al., 2006], almost all of these approaches focus on eliciting point

estimates of probabilities in the tables, ignoring the uncertainties. This deterministic approach

overlooks the situation where experts are not certain of their probability assessments, and hence

it is not apparent where their estimate sits within their mental view of plausible values p(θ). Are

the expert’s estimates conservative or optimistic (i.e. either under- or over-stating θ), or do they

represent a “best” estimate, such as the mean, median or mode? (Here best is referring to the

expert’s “best” estimate, rather than an estimate best satisfying some mathematical criterion.)

Thus, we aim to explicitly recover a probability distribution p(θ), which can explicitly represent

both the experts’ knowledge and their uncertainty about the CPT entries [Garthwaite et al.,

2005].

Thus, statistical approaches to scenario-based elicitation of CPTs requires that uncertainty

about these probabilities is captured directly from the experts [Low Choy et al., 2010, Speirs-

Bridge et al., 2010] for each scenario, by encoding knowledge in the form of a probability

distribution p(θ). Recent studies of eliciting CPTs and uncertainty [Ban et al., 2014, Froese

et al., 2017] have adopted the “4-point” approach [Speirs-Bridge et al., 2010]. This 4-step

process is also referred to as the “Inside-out” approach since it starts by eliciting the ‘inside’

of the probability interval and then moves ‘outwards’ to elicit an interval. For this reason the

4-point (Inside-out) approach belongs in the Frequentist school so that when they ask the expert

for their best estimate, they are actually obtaining a mean estimate θ̂, and then the bounds are

interpreted as a 100(1− α)% confidence interval for θ̂, where:

Pr[(L,U ] ⊃ θ̂) = 1− α (3.1)

Thus, the confidence interval for θ̂ is narrower than for θ itself, by a factor of 1/
√
ν, where ν

is the effective sample size used to estimate θ. Also, these confidence intervals are typically

estimated using asymptotic Normal approximations [Speirs-Bridge et al., 2010] and hence are

necessarily symmetric. We note that an experts’ uncertainty around a probability is likely to

be skewed [O’Leary et al., 2015], which using this “Inside-out” formulation can be mistakenly
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interpreted as “over-confidence” [Low Choy et al., 2008, O’Leary et al., 2015].

The importance of eliciting extreme values before the expert’s best estimate, though not

necessarily recognized in ecology [Burgman et al., 2006], has long been recognized in the

risk assessment literature, where it is known as the Program Evaluation and Review Tech-

nique (PERT) for eliciting uncertainty around the probability of any scenario [Burgman, 2005];

[O’Hagan et al., 2006, chap. 6]. More recently the nomenclature “Outside-in’ was coined

to explicitly differentiate the order of elicitation from methods that do not specify the order

(e.g. the 4-point method), and hence are implicitly “Inside-out’ [Speirs-Bridge et al., 2010].

Proposed at a similar time (2009-2010), the “Outside-in” method use similar questions to

the 4-point (Inside-out) method, but in different order and subtly different statistical meaning.

The “Outside-in” reverses the order of elicitation in Speirs-Bridge et al. [2010], starting with

the ‘outside’ (L and U bounds) and moving towards the ‘inside’ (the expert’s best estimate).

Typically the exact sequencing of questions is not specified for PERT, however the tabular

format implies a sequence and asks, from left to right, for a pessimistic value, their estimate

of the most likely value, and then the optimistic value. As neither the confidence nor plausible

interval interpretations are enforced, it will not be clear which one is applied by the expert.

Furthermore, constructing questions in the “outside-in” way is more sympathetic to a Bayesian

(rather than a Frequentist) interpretation: uncertainty refers to the plausible values of the prob-

ability θ rather than the precision of θ̂ [Goldstein, 2006, Teigen and Jørgensen, 2005, van de

Schoot and Depaoli, 2014]. This sequencing can avoid biases such as overconfidence, anchoring

and adjustmentKynn [2008], Low Choy et al. [2010], Morgan et al. [2001], O’Leary et al.

[2015]. Indeed, elicitation can be subject to a wide range of biases, as discussed in texts

[O’Hagan et al., 2006, Chapters 1–3] and reviews [e.g. Kuhnert et al., 2010, Kynn, 2008, Spet-

zler and Stael von Holstein, 1975, Tversky and Kahneman, 1974]. We recommend elicitation

is designed to minimize those biases of importance [Low Choy et al., 2009b]. In particular,

we propose the “Outside-in” method using a Bayesian interpretation, as the basis for eliciting

uncertainty on CPT entries; this is new in the context of eliciting CPTs in BNs.

Another challenge arises from the other scenarios that are not elicited. From the literature
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on BNs, the extensively used CPT Calculator adopts a deterministic method (i.e. without

quantifying uncertainty) of encoding the CPT entries which were not elicited, namely linear

interpolation [e.g. Ban et al., 2014, Cain, 2001, Froese et al., 2017]. Linear interpolation

becomes increasingly difficult as CPT tables become more complex. Thus it is not surprising

that the CPT Calculator software is only suitable for application to simple situations, i.e. where

parent nodes have at most three levels. Hence, for large CPTs (such as the CPT with 625

scenarios described in section 3.2) that tool is not suitable for interpolating the remaining

scenarios. Additionally, linear interpolation embedded within the CPT Calculator, can be

viewed as a ‘local’ form of regression (with no uncertainty) because interpolating each scenario

can rely on only a small number of scenarios elicited from the expert. This paper addresses

these limitations by using a generalised linear model (GLM) as a ‘global’ form of regression,

that moreover accounts for varying uncertainty about every scenario, as a second element

of innovative contribution. Here, we extend existing methods for scenario-based elicitation,

previously applied to regression James et al. [2010], coincidentally in the context of modelling

habitat suitability. This extension involves use of a Bayesian approach to obtain predictions

of the remaining cell entries with uncertainty. Both elements, by combining Bayesian inter-

polation with Bayesian interpretation of elicited intervals (via “Inside-out” elicitation), can be

combined to define a “Bayesian Regression for Scenario-based Encoding” (BRSE) which is

new in scenario-based elicitation, including in the context of eliciting CPTs in BN.

This paper will illustrate this new Bayesian approach using a case study of a CPT in feral pig

habitat suitability (Section 3.2). This provides a basis for explaining the methodology including

eliciting probabilities with uncertainties and extrapolating the remaining scenarios embedded

within BRSE (Section 3.3). Section 3.4 explains the results and main findings of this case

study. Section 3.5 summarises our contributions, including a comparison among models.

3.2 Case Study

Often, invasive mammalian wildlife animals can be harmful for the environment, economy, and

agriculture, as well as transmitting diseases to humans and animals [Beale et al., 2008, Hone,
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2007]. To relieve and manage the impacts of such pests, there is a need to determine the spatial

pattern of areas at risk related to habitat suitability for those animals [Franklin, 2013, Ostfeld

et al., 2005, Venette et al., 2010]. For example, feral pigs (Sus scrofa) are one of the most

common harmful wild mammals in the world [Barrios-Garcia and Ballari, 2012]. In tropical

northern Australia, invasive feral pigs are a significant potential threat to ecological systems

because they cause damage to soil, plants and water bodies [Braysher and Moore, 2004]. In

addition, they carry diseases that threaten native wildlife and also humans, such as tuberculosis

[Bengsen et al., 2014, Choquenot et al., 1996]. A first step in managing this feral pest is mapping

areas at risk [van Klinken et al., 2015]. Trapping data is available but is patchy, hence there is a

need for models that use expert knowledge. A BN provides a framework for incorporating this

information to describe key drivers of species habitat requirements [Marcot et al., 2006, Smith

et al., 2007, van Klinken et al., 2015].

We chose an existing case study based on the findings from an expert elicitation workshop

run for feral pig management in Western Australia. The variables and relationships represented

in the BN were based on the model framework developed for feral pigs in northern Australia

[Froese et al., 2017]. Additionally, a similar BN structure was used for the same species in

the Northern Territory (central northern Australia) [Fenton et al., 2007]. Justine Murray (JM)

and Jens Froese (JF) conducted an expert elicitation session with fourteen wild pig experts,

ranging from researchers to land managers and landholders, seeking their expert knowledge

about habitat requirements for feral pigs. This elicitation was conducted in a single session. It

was expensive as all experts had to be flown in for this meeting, which unfortunately made it

infeasible to conduct follow-up. Together, the group proposed a set of factors considered as key

drivers of feral pig habitat. These factors were: Water, Food, Seclusion and Shelter with levels

and definitions detailed in Appendix A. The experts proposed a structure of relationships for

these variables. Altogether, five CPTs were proposed to link together the five nodes as shown

in Froese et al. [2017].

The raw data elicited from the experts for all tables is contained in Appendix D. The experts

worked in small groups, one group per CPT. The largest CPT, for Habitat Suitability given

Water, Food, Shelter and Seclusion contained 5 × 5 × 5 × 5 = 625 cells. For larger CPTs,
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experts considered only some combinations of categorical variables. The experts were asked to

provide lower and upper limits to the plausible values for each probability (θ), the plausibility,

and then the expert’s best estimate.

3.3 Methods

3.3.1 Probabilistic Formulation of Elicited Assessments

Briefly, the graph that defines a BN comprises variables represented as a vector of parent nodes

X = (X1, X2, . . . , XK)T , whereK is the number of parent nodes, and the outcome (child node)

Y . Arrows indicate the relationships among variables. For example, Figure 3.2 represents a

very simple example of a sub-model in a BN from our case study of habitat suitability for feral

pigs, with similar problem to that detailed in Froese et al. [2017], for a different study region,

different experts, different elicitation and different encoding methods but similar elicitors. Here

the relationship between the child node (water quality adequate for feral pigs, Y ) depends on

two parent nodes, which are the presence of water (X1) and the salinity of water (X2). Table 3.2

shows the corresponding CPT, where each row corresponds to a particular “scenario”, being

specific values of parent and child nodes.

Figure 3.2: BN sub-model of Water
quality (adequate or not for feral pigs),
depends on Presence of water with
two levels (yes or no) and salinity
of water with three levels (high,
moderate or low).

Scenarios Presence Salinity adequate

1 Yes Low θqyl = 0.90

2 Yes Mod θqym = 0.60

3 Yes High θqyh = 0.10

4 No Low θqnl = 0.05

5 No Mod θqnm = 0.05

6 No High θqnh = 0.05

Table 3.2: CPT of water quality adequate (q) for
feral pigs contained only 6 scenarios, defined by the
6 combinations obtained from two levels of water
presence X1, i.e. No (n) or Yes (y) and three levels
of water salinity X2, i.e. High (h), Moderate (m)
or Low (l). In Equation 3.2, scenario # 1 gives
the conditional probability of adequate water quality
where the presence of water is yes and the water
salinity is low, a value of 0.90.
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Specifically:

πij = Pr(Y = i|X = Parents(Y ) = j), (3.2)

where πij is the conditional probability that child node Y is in particular level i, given a

particular combination of values of the parent nodes j, with X1 = j1, X2 = j2, . . . , XK = jK .

Here we consider a binary outcome i ∈ Ω = {0, 1}; however, more generally these results can

be extended to an n-ary case where i ∈ Ω = {0, 1, . . . , n − 1}, with n possible values. Here,

jk is a particular level of the kth parent node with jk ∈ {1, 2, . . . ,mk} where mk is the number

of levels for the kth parent node, j = (j1, j2, . . . , jK)T is a particular combination of levels of

all parent nodes and K is the number of parent nodes. We can define each scenario s is an

element of {1, 2, . . . , S} as a combination of a child value i and a parent value j, so there is a

unique one-to-one mapping from each pair (i, j) to a scenario s. For simplicity we use θs ≡ πij

in Equation 3.2. We allocate the label s = 1 to the scenario with highest probability, that is

arg maxs∈S Pr(Y = i|S = s) = 1.

3.3.2 Eliciting and Encoding probabilities with uncertainty

Elicited probabilities can be obtained without quantifying uncertainty (see [Barry and Lin, 2010,

Gustafson, 2013]). The first step in eliciting a CPT, is to decide which scenarios to elicit. Thus

we use the most common approach is to follow a popular design implemented by the CPT

Calculator tool (Section 3.3.2). The second step is to do decide how to elicit the probability

of each scenario, including how to elicit the expert’s uncertainty (Section3.3.2). Then their

assessments are encoded into statistical distributions (Section 3.3.2). Finally, it is necessary to

extrapolate the remaining scenarios that were not elicited (Section 3.3.2).

CPT Calculator

A common approach to eliciting CPTs chooses to elicit all scenarios, i.e. all rows of the CPT.

Marcot et al. [2006] make this approach feasible by advising modellers to keep their CPTs as

small as possible. Another common approach is implemented by CPT Calculator, which is a

software programming tool developed by Cain [2001] to fill out CPTs from a small number
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of elicited scenarios [Bashari et al., 2009, Froese et al., 2017, Smith et al., 2007]. The chosen

scenarios include the best scenario, in which all parent factors have the highest (best) levels, and

the worst scenario, in which all factors have lowest (worst) levels. Then scenarios are selected,

each having only one parent factor not at its best level.

CPT Calculator uses the elicited scenarios (that are close to best) and applies linear interpo-

lation to interpolate the scenarios that were not elicited from the expert. When comparing any

scenario to the best one in terms of the difference, a linear interpolation factor (IF) is calculated

[Cain, 2001, Appendix 2]. One major limitation of the way that the linear interpolation

underlying CPT Calculator has been implemented is that each node is constrained to have

just two or three levels. Hence, for large CPTs that have more than three levels, this tool is

not suitable. In addition, with CPT Calculator’s deterministic fashion of interpolation, it is

not possible to incorporate additional information of the experts uncertainty about θs without

substantially changing the underlying calculations.

A recent example uses an extension of the CPT Calculator approach [Froese et al., 2017],

by replacing estimation of simple point estimates θs, combining it with the “Inside-out” method

Speirs-Bridge et al. [2010] to elicit confidence intervals around θ̂s. That study relied on lin-

ear interpolation to estimate the remaining entries in CPTs having factors of three levels or

less. However, for a larger CPT, that study used Fenton’s method [Fenton et al., 2007] for

interpolation, as implemented in AgenaRisk v.6.1 software [AgenaRisk Software, 2007]. One

disadvantage of this approach is that the uncertainty was represented by confidence in the

expert’s best estimate θ̂s as detailed in Equation 3.1. Instead, we find it advantageous to elicit

the expert’s plausible range of values for the whole range of θs, not just θ̂s. Thus, in this study

we will address these limitations using a scenario-based elicitation method as discussed below.

Outside-in method

The “Outside-in” approach [Low Choy et al., 2010] is so-named because (like PERT) it starts

by asking the first two questions (Appendix B) to elicit the extreme or “outside” values, estab-

lishing lower L and upper U bounds such that θs falls between them. The third question seeks
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the experts’ assessment of the plausibility P that θs falls between bounds L and U , such that:

Pr(L ≤ θ ≤ U) = P (3.3)

The last question elicits the expert’s best estimate of θs, as the mode M of the expert’s distri-

bution of uncertainty p(θ) around θ, which is the most plausible value of θs (for that scenario)

where:

M = arg max
θ
p(θ) (3.4)

(For precise wordings of questions suitable for the case study, see Appendix B.) The “Outside-

in” interpretation, which through explicit sequencing, aligns with a Bayesian focus on the

plausible range of values for the probability itself [Teigen and Jørgensen, 2005]. In contrast

to the “Outside-in” method, the “Inside-out” approach reverses this order of questions, starting

with question 4, and then progresses to questions 3, 2 and 1. As discussed in Low Choy et al.

[2010], this reflects a Frequentist focus on uncertainty the expert’s best estimate. The “Outside-

in” approach has subtle though notable differences with the well-established PERT procedure.

With PERT, the absolute extreme rather than probabilistic lower and upper bounds are elicited,

and the sequencing of questions implicitly progresses from pessimistic to most likely (mode

M ), which is an optimistic estimate. Although this results in an uncertainty interval around the

probability θ, it does not fully ‘zoom out’ the expert’s thinking to the extremes before focussing

on their best estimate.

Encoding probabilities with uncertainty

An encoding method aims to translate elicited information from expert knowledge into statisti-

cal distributions reflecting their best estimates and uncertainties. Whilst focusing on a particular

scenario s, U and L were elicited as the upper and lower limits (the narrowest interval for

which Pr(L ≤ θ ≤ U) = P is still true). To be a more realistic, the experts’ will not

choose the bounds, L and U , to be 0 and 1 respectively if they wish to be informative (in
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contrast with PERT). Furthermore, it is possible that there are several intervals [L,U ] with

Pr(L ≤ θ ≤ U) = P%, and hence we need to make sure that the expert uniquely defines this

interval as the smallest interval such that Pr(L < θ < U) ≈ P .

Eliciting P helps describe the experts’ uncertainty about θ. When unavailable, we may

alternatively specify the weight of prior evidence ν [O’Hagan et al., 2006, chap. 6].

To describe uncertainty in θ we allocate an adjusted form of a Beta distribution. First define

θ∗ ∼ Beta(a, b), which gives positive probability to any proportion θ∗ except at the endpoints of

the unit interval, so 0 < θ∗ < 1. We note that the values 0 and 1 are not strictly ‘possible’ under

this choice of a Beta distribution, since the log odds of these are not defined, in the elicitation

Equation 3.5 nor the regression Equation 3.9. In this case, the experts specified lower and upper

endpoints that fell inside the unit interval, [L,U ]. We can constrain the positive probability

to occur within this reduced interval simply by “shrinking” the support of the distribution (of

unconstrained θ∗) in proportion to the interval [L,U ] via:

θ∗ = (θ − L)/(U − L) where θ∗ ∼ Beta(a, b) (3.5)

a+ b = ν for 0 < θ < 1 so that L < θ∗ < U

Hence a and b are shape parameters which now reflect the expert’s beliefs about uncertainty θ

as represented in a Beta distribution. In previous studies a and b were estimated numerically, by

interpreting L and U as elicited quantiles, and equating them to theoretical quantiles [Low Choy

et al., 2008]. Here we instead interpret L and U as constraints on the distribution (Equation 3.5),

so there is zero plausibility of a value outside the interval. We can then follow the PERT

procedure: to estimate a and b by specifying ν, the effective sample size or weight of expert

knowledge. The choice of ν is explained below.

The effective sample size ν reflects the weight of the expert’s knowledge, and can reflect

a conservative or uncertain expert when set to a low value, e.g. 3, 5 or 10. The reason is that

when a = b = 1 and ν = 2, then the distribution of uncertainty about θs would be completely

flat (non-informative) and hence the most plausible value of θ is not defined. Furthermore,

when ν < 1, then the most plausible values are close to 1 or 0. So, in many practical contexts
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these values are not meaningful. Here, as the expert did not consider any scenarios to have

probability of habitat suitability for feral pigs to be both “either the lowest or the highest” —

it made more sense to be able to specify either a low or high (or a middle) value as being the

mode (or most plausible) value. Therefore, we typically choose the effective sample size to be

the lowest integer value ν = 3 above the non-informative case ν = 2, leading to a slightly more

informative prior than the flat distribution. It would be possible in other situations to choose a

more strongly informative prior with ν > 3. The expert declined to specify the effective sample

size ν for each scenario. So we presume that the uncertainty is constant across all scenarios

νs = ν = 3, and set it to the most conservative value.

In previous studies, the formulation of scenario-based elicitation and encoding [James et al.,

2010, Low Choy et al., 2010] allowed the experts to have different levels of uncertainty Ps or νs

in each scenario, rather than fixed uncertainty across all scenarios (as in Branscum et al. [2007]).

Here we presume uncertainty is constant across all scenarios, that is νs = ν,∀s since we are

given no information to the contrary. This seems to be a pragmatic approach when eliciting

expert knowledge about many CPTs (and hence many θs), especially when eliciting a BN. The

extra elicitation load of specifying L,U and M for every scenario already exceeds the usual

elicitation load of just specifying θ̂, here encoded as the mode of the distribution of uncertainty,

M , as in Cain [2001], Marcot et al. [2006].

So, returning to the problem here of encoding a and b given elicited information L,U,M

and modelled assumption ν, simply following the method-of-moments as a robust form, which

is also known as the PERT encoding scheme [Burgman, 2005],[O’Hagan et al., 2006, chap. 6],

we can equate the theoretical (m) and elicited modes (M ) such that:

m = (â− 1)/(ν − 2) (3.6)

Then, equating m ≡M can give:

â = M × (ν − 2) + 1; b̂ = ν − â (3.7)
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Extrapolating other CPT entries using Binomial regression

Then we can relate the effective number of presences, as to the scenarios’ characteristics, via a

Beta regression. Denote by s the scenario where Y = i and X = j.

θs ∼ Beta(as, bs) where E[θs] = µs = as/(as + bs) (3.8)

logit(µs) = ηs = β0 +
K∑
k=1

mk∑
jk=1

βjkI[Xks = jk] (3.9)

where I is an indicator function defined by

I[X = j] =


1, if X = j

0, otherwise
(3.10)

and βjk is the coefficient regression of jkth level of kth factor X and Xks is the value of the kth

habitat factor in scenario s. Since Xks are effectively split into ‘dummy’ variables I[Xks = jk],

there needs to be an effect for each habitat factor k, at each possible categorical level j, denoted

βkj , e.g. β12 is the 1st level of the 2nd parent, which in the feral pigs example is low salinity of

water in Table 3.2. Almost all commercial software packages do not allow a Beta regression to

use the additional information on expert uncertainty in θ, as provided here by ν = 3, or by νs.

Nor do these packages permit νs to vary across scenarios s. Here we can re-express the Beta

regression as a kind of binomial regression to allow inference about the θs, as the probability

of presence. Following James et al. [2010], Low Choy et al. [2010], we change perspective

and consider as to be the random variable instead of θs, with fixed weight of expert knowledge

νs = ν. Thus, the raw data is As = Msνs (the effective number of presences from a sample

of νs sites with this scenario). Here, νs = ν is a constant, but may not be in other situations.

This allows us to use a binomial regression allowing inference about how the habitat suitability

factors impact on the expected proportion of sites with feral pigs being present θs, and hence

the expected number of such sites As in a minimal sample of size ν = 3. Alternatively as and bs

can be encoded from Ls and Us, should these be elicited as credible limits rather than the hard
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limits considered here Low Choy et al. [2010]. Therefore,

As ∼ Bin(νs, θs) (3.11)

replaces Equation 3.8. Thus in general, the objective is to analyse the CPT entries, θs, where

scenario s denotes a particular outcome Y (child node) conditional on its parent nodes X set

(combination of parent node values). The experts are required to specify the Ls and Us bounds,

and the experts’ best estimates Ms.

Here the likelihood for the Binomial regression defined by Equations 3.9 and 3.11 is:

Pr(As|νs, θs) =
∏S

s=1
Pr(As|νs, θs) =

∏S

s=1
Pr(As|νs, βjk , Xks) (3.12)

In practice, the elicitors presumed that the expert assessments of all scenarios should be condi-

tionally independent given the factors Xks, which would be strictly fulfilled if all scenarios

are elicited separately. In this case these scenarios were elicited at one elicitation session.

Therefore, it is possible that scenarios could be elicited with some carryover effects between

consecutive scenarios. However, we assume this kind of correlation is negligible, and that

elicitations are referring mostly to the scenario of interest. In reality, however, many experts

will ensure that their elicitations are ‘coherent’ and hence will compare their elicitations across

scenarios. Thus we make the much weaker assumption that elicitations are exchangeable,

conditional on knowing the factors defining that scenario. In practice, we assume that beyond

this dependence on the factors defining the scenarios, there is negligible correlation amongst

elicitations.

We interpolate the remaining CPT entries by predicting the response for each scenario,

together with a posterior standard error. Formally, the logit transformation can be written as:

logit(θs) = log( θs
1−θs ). Therefore, solving for θs gives:

θs =
eηs

1 + eηs
=

1

1 + e−(ηs)
(3.13)

For clarity, Equation 3.13 has been applied manually (yielding the same results for classical and
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Bayesian GLM) for the food adequacy CPT (Table 3.4, scenario number 22). Using the logistic

regression model, we predict:

θ̂fhlm =
1

1 + e−(0.98−0.53−0.12)
=

1

1.72
≈ 0.58 (3.14)

where the intercept β0 = 0.98, the effect estimate size of duration in the low level is β̂2 = −0.53

and the effect estimate size of accessibility in the moderate level is β̂3 = −0.12 as shown in

Table 3.3. This result is different to the value of 0.46 obtained via linear interpolation.

3.3.3 Bayesian Inference

Bayesian statistical modelling can be useful since it offers a flexible interpretation of probability

beyond frequencies to encompass hypothetical frequencies in “thought” experiments or parallel

universes, and importantly for risk assessment, the “degree of belief” in an outcome [Kadane

and Wolfson, 1998, O’Hagan and Oakley, 2004]. Previously scenario-based elicitation for

inference about regression coefficients was introduced in James et al. [2010], Low Choy et al.

[2010] with uncertainty on Y given X . Similarly point-of-truth modelling presented in Barry

and Lin [2010] also used scenario-based elicitation but without uncertainty. Both approaches

have utilised classical (Frequentist) methods for estimating regression coefficients that define

the experts’ mental model (Equation 3.9). However, a Bayesian setting is useful since it may be

applied within a philosophy that all probabilities p(Ys|X) can be interpreted as degrees of belief

[Low Choy, 2012]. In addition, Bayesian approaches are useful in situations like scenario-

based elicitation where the amount of data S is small, which applies here, since the number of

scenarios (S) is between 5 and 18. In addition, the Bayesian GLM may flexibly adjust for expert

assessments of interactions among factors, and in particular, the Bayesian approach ensures

that all interactions are estimable, and reflect a non-informative prior when little information

is elicited from experts on those interactions. The expert’s underlying “mental model” will

be encoded using a Bayesian regression with priors (i.e. what we know before looking at the

elicited data) which are non-informative, since explicitly we know nothing beforehand about

effect sizes [Bernardo et al., 2001, Gelman et al., 2008, Ghosh et al., 2018].
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Mathematically, we use a regression in a Bayesian framework, which aims to estimate the

posterior distribution p(β|X,A) of the regression coefficients β based on the data A and X:

p(β|X,A) ∝ p(A|X, β)p(β) (3.15)

Here p(A|X, β) is the likelihood of elicited data A given X and effect size estimates, and p(β)

is the prior of the regression coefficients β.

For each β we are presuming a Student-t [Gelman et al., 2008] prior distribution with a

mean of zero, scale parameter of 2.5 and one degree of freedom (this is a Cauchy distribution)

so that β ∼ t1(0, 2.5). As carefully described in Gelman et al. [2008], the reason is to provide

a minimally informative prior, in order to avoid problems of unstable estimates that could

appear with a completely non-informative prior or a vague N(0, σ2) prior specified such that

the variance σ2 is very large.

In the R programming environment [R Core Team, 2017], we use the arm package (for data

analysis using Regression and Multilevel modelling, as introduced in Gelman et al. [2016])

with the function bayesglm in order to analyse the elicited information using Bayesian GLM.

Equivalent functions exist in the newer packages brms [Bürkner et al., 2017] and rstanarm

[Gabry and Goodrich, 2016]. The latter packages can provide Markov Chain Monte Carlo

(MCMC) simulations from the fitted joint posterior distribution of all parameters,

{
β(t), t = 1, . . . , T

}
∼ p(β|X,A) (3.16)

The bayesglm function permits modellers to estimate the effect sizes β providing standard

errors as a summary from p(β|A,X). In a logistic regression (Equation 3.9), we use the

logit link function, although others are supported (probit and Cauchit). In addition, the

remaining missing scenarios that were not elicited can be interpolated. See an example of

code in supplementary material in Appendix C.
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Model fit criteria

It is important to evaluate models fit by Bayesian GLM. In particular, the arm package provides

several model fit statistics including the Akaike Information Criterion (AIC) [Aho et al., 2014]

and Deviance Information Criterion (DIC) [Spiegelhalter et al., 2002]. However, in Bayesian

inference, DIC has some limitations arising from not being fully Bayesian (i.e. it relies on

a point estimate) [Van Der Linde, 2005]. Instead there are other options including posterior

predictive checks (PPCs) [Gabry et al., 2018, Gelman et al., 2004], the Leave-One-Out cross-

validation (LOO) as illustrated in Vehtari et al. [2015a] and the widely applicable information

criterion (WAIC) in [Watanabe, 2010]. The PPCs can be used to compare between the actual

(elicited) data As and data Ãs simulated from the posterior predictive distribution. The LOO

is a kind of cross validation which reruns analysis, each time leaving one scenario s out, while

WAIC provides an alternative to DIC in estimating the expected log predictive density. Both

WAIC and LOO are recommended when the available datasets S is large [Vehtari et al., 2017,

pp. 20-21]. However, when S is small, as in our case, these measures are not suitable [Bürkner

et al., 2017, p. 12]. Hence, in this paper we use PPCs to assess and compare the Bayesian model

fits. Here we will use the brms (Bayesian regression Models, as introduced in Bürkner et al.

[2017]) package with function brm to assess the model fits.

Posterior predictive checks, PPCs

With Bayesian modelling, posterior predictive checks (PPCs) can be used to assess and compare

model fits, and are particularly useful when sample size is small [Gabry et al., 2018]. This can

be achieved by simulating data from the posterior predictive distribution p(Ãs|As) to enable a

comparison of elicited data As to simulated data Ãs. This requires integration [Gabry et al.,

2018] over the full range of unknown model parameters β:

p(Ã|A,X) =

∫
p(Ãs|β,X) p(β|A,X)dβ (3.17)
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where p(β|A,X) is the posterior distribution of β as shown in Equation 3.15. For each simula-

tion from the posterior distribution βt (Equation 3.16), we can generate the new (simulated) data

from p(Ã|A,X) by simulating from the data model Ãt ∼ p(Ã|β,X) conditional on parameters

βt. When the distribution of simulated data are similar to the distribution of elicited data, the

model is fit very well and vice versa. In the R statistical programming environment [R Core

Team, 2017], we will use the pp check function in the brms package to implement PPCs.

3.3.4 Pooling posterior distributions across experts

There is a challenge when dealing with more than one expert [Albert et al., 2012, Clemen and

Winkler, 1999]. The first question to examine is whether the differences can be meaningfully

reconciled. If not, then aggregation would not be appropriate [O’Hagan et al., 2006]. Otherwise,

either behavioural or mathematical approaches may be used to pool multiple opinions [Clemen

and Winkler, 1999, O’Hagan et al., 2006]. For expert-defined BNs like in this feral pigs

study, behavioural pooling was used to aggregate by consensus of opinions across experts in

a group, and record their consensus as a single assessment of each θs. The water quality

CPT is an example as shown in Appendix D.3. In contrast, mathematical pooling would

combine estimates of a probability, each elicited from different experts, to find one aggregated

the expert’s best estimate and uncertainty. Here we may apply this approach to pool the

Habitat CPT, which was separately elicited from three different experts as shown in Appendix D

[O’Hagan et al., 2006].

As used here, in linear pooling [McConway, 1981], opinions from many experts can be

calculated by using an arithmetic average of the conditional probabilities from different experts

as follows:
θ̄s =

L∑
`=1

w`θ
`
s (3.18)

where w` is a weight given to the Lth expert and
L∑̀
=1

w` = 1. Caley et al. [2014] suggested that

where more than one expert is available to provide opinions on a particular item, their opinions

and the uncertainty around them might be weighted by ratings of expertise. We presumed equal

weighting of each expert so that w` = 1
L

and hence, θ̄s =
L∑̀
=1

1
L
× θ`s. For our case study, an
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equal weighted linear pooling is sufficient because all three experts have the same weight. An

alternative approach uses p-values from training exercises to reweigh experts: this is Cooke’s

method of unequal weighted linear pooling [Cooke, 1991, O’Hagan et al., 2006]. Moreover,

if the probabilities were very close to 0 or 1, then we could also consider geometric pooling

[List and Dietrich, 2016]. In this situation we did not encounter too many situations like this,

so linear pooling was deemed adequate.

3.4 Results

The model of all five tables in this paper was fitted by Bayesian GLM. In this section, we will

examine two of these tables as examples, which are the availability of food table and the more

complex model of the habitat suitability CPTs developed using data from three experts. The

rest of the tables will be examined in Appendix D.

3.4.1 Food CPT

Using Bayesian GLMs, the results of the Food CPT (see left side of Figure 3.3) showed that

all factors have effect sizes (coefficient values) plausibly far from zero. Having lower quality,

lower duration and hard accessibility of food (i.e. in the worst case) will lead to the largest

decreases in the chance that food is available and hence affects the potential of habitat suitable

for feral pigs. On the other hand, in the best scenario (baseline), with high quality, high duration

and easy accessibility of food, this leads to the highest probability that feral pigs will find food.

We considered whether any interactions occurred, i.e. whether any of these factors amplified or

dampened the effect of another. Here, the results demonstrated that zero was the most plausible

value for each of the interactions (involving two variables). Hence, there were no discernible

interactions that could be estimated from this minimal set of scenarios.

However, three of these interactions were centred slightly above zero. Interestingly, these

all involved the lowest levels of these factors, namely: low quality of food, hard accessibility

and low duration. Therefore, if further scenarios regarding these levels were to be asked of
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experts, then it would seem worthwhile to ask scenarios that provided information about these

(i.e. allowing contrasts with low values of these factors). In addition, we found these three

interactions all strangely have positive effects although they involved the lowest levels. This

could be indicating that it is necessary to adjust upwards, any estimate of the chance of feral

pigs, when relying solely on the main effects (i.e. corresponding to low values for food quality,

accessibility and duration).

Comparing Bayesian GLMs and classical GLMs (Table 3.3) for the main effects model,

there are differences in terms of the effect size estimates and their standard errors. Although

the effect size estimates for Classical GLM are slightly larger than for Bayesian GLM, the

credible intervals are narrower than for the confidence intervals for the Classical approach,

suggesting less uncertainty. For example, the width of the 95% credible intervals for the

interaction between Quality and Accessibility of Food, in the worst case, for Bayesian GLMs is

approximately 7 units, while in classical GLMs the width is approximately 11 units. Similarly,

this applies to 7 out of 8 credible intervals. In addition, we found that both the Bayesian and

Classical GLMs (Table 3.4, Figure 3.3) provided an almost perfect fit to the expert elicited

values. This can be explained because the model is saturated, which means that it is using all

degrees of freedom as the number of parameters is almost the same as the number of data points.

However, in the context of the model with main effects as well as all 2-way interactions, there

are several important differences. All interactions are estimable via Bayesian GLMs, but only

one out of 12 can be estimated for classical GLMs. In addition, the effect sizes of interactions

are centred close to zero for Bayesian GLMs, while the only estimable interaction via classical

GLMs is quite large when considering the worst case (i.e. Low quality, Low duration and Hard

accessibility) and the remaining 2-way interactions are non-identifiable. In addition, the PPC

diagnostics from Bayesian GLM provide richer feedback than the residuals from Classical GLM

[Venables and Ripley, 2002, Ch. 7]. Overall using Bayesian GLMs provides richer estimates.
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Table 3.3: Comparison of Food CPT coefficient estimates (coef.est) and coefficient standard
errors (coef.se) between Bayesian and Classical GLM.

Bayesian GLM Classical GLM

coef.est coef.se coef.est coef.se

Intercept 0.98 0.46 1.20 0.59

Quality Low -1.87 0.63 -2.14 0.75

Quality Mod -0.12 0.77 -0.36 0.91

Duration Low -0.53 0.57 -0.74 0.70

Duration Mod 0.30 1.01 0.18 1.27

Accessibility Hard -1.58 0.57 -1.83 0.69

Accessibility Mod -0.12 0.77 -0.36 0.91

In addition, Figure 3.4 illustrates that there are slight differences between the predictions

from Bayesian GLM and CPT Calculator. For example, the best scenario is HHE (HHE refers

to high quality of food, high duration and easy accessibility) and presents the largest difference

of around 0.13. This is to be expected. CPT uses a deterministic method, centred on the best

scenario, and interpolates (linearly) from scenarios that are very close to the best scenario.

In contrast, the GLM approaches allows experts some leeway, and information from these

scenarios is averaged in a non-linear way, that is spread across scenarios.
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Table 3.4: The predictions of food CPT for Bayesian, Classical GLMs and CPT Calculator, and
elicited values

s Quality Duration Accessibility
Expert’s Best

estimate

Bayes GLM

predictions

GLM

predictions

CPT Calculator

predictions

Bayes GLM

SEs
GLM SEs

1 High High Easy 0.90 0.73 0.77 0.90 0.09 0.11

2 Low High Easy 0.23 0.29 0.28 0.23 0.11 0.12

3 Moderate High Easy 0.70 0.70 0.70 0.70 0.13 0.14

4 High Low Easy 0.58 0.61 0.61 0.58 0.10 0.11

5 Low Low Easy - 0.19 0.16 0.17 0.10 0.11

6 Moderate Low Easy - 0.58 0.53 0.46 0.19 0.24

7 High Moderate Easy 0.80 0.78 0.80 0.80 0.16 0.18

8 Low Moderate Easy - 0.36 0.32 0.21 0.24 0.29

9 moderate Moderate Easy - 0.76 0.74 0.62 0.20 0.28

10 High High Hard 0.32 0.35 0.35 0.32 0.10 0.10

11 Low High Hard - 0.08 0.08 0.12 0.05 0.05

12 Moderate High Hard - 0.33 0.27 0.26 0.28 0.19

13 High Low Hard - 0.24 0.24 0.23 0.12 0.12

14 Low Low Hard 0.08 0.05 0.05 0.08 0.05 0.03

15 Moderate Low Hard - 0.22 0.15 0.19 0.19 0.18

16 High Moderate Hard - 0.43 0.39 0.29 0.24 0.31

17 Low Moderate Hard - 0.10 0.07 0.12 0.18 0.11

18 Moderate Moderate Hard - 0.40 0.31 0.24 0.28 0.38

19 High High Moderate 0.70 0.70 0.70 0.70 0.13 0.14

20 Low High Moderate - 0.27 0.21 0.19 0.17 0.17

21 Moderate High Moderate - 0.68 0.62 0.55 0.20 0.27

22 High Low Moderate - 0.58 0.53 0.46 0.19 0.24

23 Low Low Moderate - 0.18 0.12 0.15 0.17 0.14

24 Moderate Low Moderate - 0.55 0.44 0.37 0.25 0.38

25 High Moderate Moderate - 0.76 0.74 0.62 0.20 0.28

26 Low Moderate Moderate - 0.33 0.25 0.18 0.27 0.33

27 Moderate Moderate Moderate - 0.74 0.66 0.49 0.25 0.43
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Figure 3.4: For each scenario of Food quality, Food duration of availability and accessibility:
Comparison between predictions of CPT Calculator and predictions of Bayesian GLM, where
the letters H, L, M indicate High, Low or Moderate levels of food quality and duration, whereas
E and H symbolise Easy and Hard levels of accessibility respectively, e.g. HHE refers to high
quality, high duration and easy accessibility. The plus symbols refer to elicited values from
experts and dots refer to the predictions that are not elicited, and instead are interpolated from
the elicited scenarios.

Figure 3.5 shows an interpretation of model fit for the Food CPT. The distribution of the

elicited (actual) data y are compared to the distributions of data simulated yrep using 100 sim-

ulations from the posterior distribution of the parameters. Here, the elicited data follow a

similar distribution to that of most simulated datasets, although a small proportion of the latter

have more values towards the center (i.e. 5-10). Hence, we conclude that the Bayesian GLM

adequately fits the elicited data that was used to estimate it.
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0 4 8 12 16

y

yrep

Figure 3.5: Model fit criteria for Food CPT where y refers to the elicited data (dark density)
and yrep refers to the data simulated.

Finally, Figure 3.6 shows the comparison of posterior estimates for expert-informed priors

(ν = 3 and ν = 10) across three forms of non-informative priors: Bayes-Laplace Beta(1,1),

Jeffrey’s Beta(1/2, 1/2) and Haldane Beta(0,0) prior distributions Tuyl et al. [2009]. The aim is

to indicate whether the elicitation is extracting any useful prior information from the expert on

the posterior inferences.
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Figure 3.6: The comparison of posterior estimates for five cases: two expert-informed priors
when the weight of the experts knowledge ν = a + b = 3 (purple) and ν = a + b = 10 (blue)
compared to three non-informative priors, namely Bayes-Laplace ν = 1 + 1 = 2 (yellow),
Jeffrey’s ν = 1/2 + 1/2 = 1 (green) and Haldane a+ b = 0 (gray) prior distributions.

It can be seen that there is still a discernible difference between the estimated effects of

most factors using Bayes-Laplace, Jeffrey’s and Haldane priors compared to expert-informed

priors, particularly for moderate quality of food and moderate accessibility compared to expert-

informed priors. In contrast, although the effect size estimates for the posteriors using non-

informative priors are slightly larger than for these using informative priors, the credible inter-

vals using informative priors are narrower than for posteriors using non-informative priors,

suggesting less uncertainty. This means that the use of expert-informed priors can reduce

uncertainty, and if the information is deemed credible therefore lead to a better model. We

conclude that the experts’ knowledge are having a large influence on the posterior estimates.
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3.4.2 Habitat suitability CPT

This section considers a more complex CPT, for habitat suitability with parent nodes: water,

food, seclusion and shelter. Its complexity is in terms of size and pooling. Regarding size, this

CPT has 625 possible entries, but only 18 scenarios were elicited. Pooling was required since

three experts were elicited separately. Using the method described in section 3.3.4, we pooled

the habitat suitability CPT that was separately elicited from three different experts. Figure 3.7

shows the results obtained using the three experts separately and with pooling. It can be seen

that all main effects of habitat suitability have effect sizes (coefficient values) plausibly far from

zero. Having very good quality of water, seclusion, shelter and food (i.e. in the best scenario)

will lead to the highest probability of habitat suitability for feral pig presence, since their

coefficients are larger in magnitude. Furthermore, it is obvious that all main effects provided

by the second expert (green lines) lead to a higher probability of finding feral pigs compared to

the other experts. In addition, we noted that the effect sizes from the second expert are closer

to each other compared to the others. On the other hand, all main effects in the worst case (i.e.

the intercept) plausibly will lead to the largest decreases for the probability of suitable habitat.
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Figure 3.7: Habitat suitability CPT for main effects model results with probabilities θ pooled
across expert groups.

For the interaction model, the results (see Figure 3.8) indicated that some of the interactions

between two main effects have coefficient values close to zero. However, there is one interaction

with plausible values far from zero: between shelter and seclusion based on data from the

second expert (green line), with a quite positive effect size. Overall the main effects models

are better than interaction models, so we revert to the main effects model [Heckerman et al.,

1995, Saltelli and Annoni, 2010]. However, if further scenarios regarding these levels were to

be asked of experts, then it would seem worthwhile to ask scenarios that provided information

about all interactions.

However, three of these interactions were centred slightly above zero. Interestingly, these

all involved the lowest levels of these factors, namely: low quality of food, hard accessibility

and low duration. Therefore, if further scenarios regarding these levels were to be asked of

experts, then it would seem worthwhile to ask scenarios that provided information about these
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(i.e. allowing contrasts with low values of these factors). In addition, we found these three

interactions all strangely have positive effects although they are all involved the lowest levels.

This could be indicating that it is necessary to adjust upwards, any estimate of the chance of

feral pigs, when relying solely on the main effects (i.e. corresponding to low values for food

quality, accessibility and duration).

food

food:seclusion

food:shelter

seclusion

shelter

shelter:seclusion

water

water:food

water:seclusion

water:shelter

−4 −2 0

Habitat: Interactions

V
a
ri

a
b
le

Model_Name Expert 1 Expert 2 Expert 3 Pooling 3 Experts

Figure 3.8: Habitat suitability CPT for interaction model results with probabilities θ pooled
across expert groups.
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Figure 3.9: Habitat suitability CPT intercept for interaction model results with probabilities θ
pooled across expert groups.

Overall, Figure 3.10 shows that the quality of water and food availability are the most

important factors as they have the most influence, and that seclusion and shelter had slightly

less influence on the habitat suitability of feral pigs. For example, in the best scenario with

very good water quality and abundant food, the probability of presence of feral pigs is high

(close to red) only when both shelter and seclusion are present at high levels (the probability is

approximately is 98%). This aligned with biological knowledge of the team’s ecologist. When

water quality or food availability factors are reduced to a moderate level, the habitat suitability

of feral pigs is lower (i.e. the probability of presence is between 60% and 65%). In addition,

when the shelter or seclusion factors is reduced to a moderate level, the habitat suitability of

feral pigs is lower (i.e. the probability is between 75% and 80%). A similar pattern arises when

two factors, shelter and seclusion, are reduced to a “good” level (probability between 60% and

80%).

However, CPT Calculator cannot estimate the influence of habitat suitability effects because

it only allows up to three levels for each factor. We can compare the CPT Calculator to our

Bayesian encoding method, by choosing three levels, instead of five, for each of the parents i.e.

high level (very good=5), (moderate=3) and low level (very poor=1). This permits a comparison

between both Bayesian GLM and CPT Calculator results (see Figure 3.10). As a result, we

found that the Bayesian GLM provides more details about the probability of prediction than the

CPT Calculator in terms of more levels for parents. For example, when encoding the worst case
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scenarios where all factors had low levels using the Bayesian GLM (see Figure 3.10, right), the

probability of the habitat being suitable for feral pigs was approximately zero, which matched

the value elicited from the experts. In contrast, when encoding the worst scenario using CPT

Calculator (see Figure 3.10, left), we found that the probability of habitat being suitable for

feral pigs was larger than the expert-elicited value.
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Figure 3.10: Habitat Suitability CPT: main effects encoded from pooled experts. The bottom
sections comprise sets of 3 × 3 plots, showing the predictions with 3 levels in the response (of
habitat suitability) using (right) Bayesian GLM and (left) CPT Calculator respectively. The top
section of 5×5 plots shows the predictions using Bayesian GLM with 5 levels (in the response).
For instance, the bottom row contains 5 heat-maps where water quality is very poor and the left
column has 5 heat-maps where food availability is very poor. In each heat-map plot: on the
horizontal axis, there is a shelter variable varying from 1 on the left (very poor) to 5 on the right
(very good); and on the vertical axis, the seclusion variable varies from 1 on the bottom (very
poor) to 5 on the top (very good).
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3.5 Discussion

The method we present for partially eliciting CPTs (with uncertainty) may be applied when only

a few scenarios have been elicited, for example using the OFAT design, which is a standard

practice used in CPT Calculator software. When only a few scenarios are elicited, there is

time to ask experts further questions to discern their uncertainty regarding the probability of

the outcome in each scenario (θs). This uncertainty flows through to the predictions, and was

captured in the CPTs. This differs from the usual practice of producing tables solely filled

with point estimates [as recommended by Marcot et al., 2006]. We suggest that, it is important

to elicit the experts’ uncertainty appropriately to gain accurate elicitation, particularly when

their uncertainty about the probabilities is strongly skewed, e.g. when their best estimate is

the same as L or U values O’Leary et al. [2015]. Eliciting solely a point estimate, without

the distribution of expert uncertainty across plausible values, means that the point estimate

may not be the expert’s best estimate, i.e. a mode (their most plausible value), median (50%

plausibility that the probability is below this value), or mean. Instead, our practical experience

has confirmed that the point estimate could instead lie anywhere between or on the edges of the

plausible interval from L to U .

Also, when designing an elicitation, it is important to identify summary statistics to be

elicited, including their order of elicitation. Identifying meaningful quantities to the expert

is important, specially if experts have limited knowledge of statistics and probability theory

[Kynn, 2008]. For Bayesian networks, there is a long history of asking experts about all

probabilities in a CPT, so that asking them a bit more about far fewer scenarios is not too large a

departure from standard practice. In contrast, it may be possible to ask for correlations defining

CPTs, but this will only be useful in situations where monotonically increasing/decreasing

relationships define the CPT. Moreover, it is not straightforward to represent correlations when

the outcome is a probability, requiring some care in transforming the realm of elicitation, which

therefore must be indirect. In some situations, there may be substantial overheads in training

and calibrating experts in what numerical values of a correlation represent.

For large CPTs, this study developed a new statistical modelling approach (Bayesian GLM
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regression) in order to interpolate the remaining cells of CPTs. A parallel project [Froese et al.,

2017] involving the co-author JM chose to encode the elicited probabilities using uncertainty,

but encoded these using the “Inside-out” method instead of “Outside-in” method; the latter

allows a Bayesian interpretation which we feel is more aligned with the questions asked of ex-

perts, on the plausible values for each probability. Another major difference was the estimation

procedure: they relied on linear interpolation [Cain, 2001] to estimate the remaining entries

in the CPT. In addition, in this paper we explicitly compare results obtained using the three

inference methods: Bayesian GLM, Classical GLM and linear interpolation.

In this case study where the data are limited, both Bayesian and Classical GLM were used

to interpolate from a small number of scenarios. It can be difficult to ‘compare’ the results

between Bayesian and classical GLMs [van de Schoot et al., 2015, p. 6], although in this case

study there were differences in the results, as shown in Table 3.3 and Figure 3.3. In this situation,

we may compare the different implications of using Bayesian GLM versus Classical inference

in terms of issues such as sample size, separation and stability, identifiability, exchangeability,

and prediction.

1. This project encounters sample size issues, since only a few scenarios were elicited (5

to 18). In general, Bayesian methods are often more useful than the classical approach

in small sample situations [van de Schoot et al., 2015, Western and Jackman, 1994]. In

our situation, in particular, the Bayesian approach can estimate all two-way interactions

albeit with wide posterior intervals, even with a few scenarios, and can show whether

anything has been learnt about the interaction from the assessments provided. In contrast,

classical GLM needs an additional scenario to be elicited for each additional interaction to

be estimated. In addition, the Bayesian method applied here provides richer information

on uncertainty about the contributions of each parent node (p(θ) versus θ̂ and SE(θ)).

2. When there are a large number of binary factors, then separation can arise, especially

in Classical GLM [Gelman et al., 2008, p. 1373]. With a small number of scenarios,

we did not find any evidence in this case study of separation nor instability of estimates.

The effect sizes β̂ did not appear too large [Heinze and Schemper, 2002]. Both models

132



PhD thesis Ibrahim Alkhairy 133

produced stable estimates (e.g. see Figure 3.3).

3. When the coefficients of effect size estimates are not estimable or finite, this indicates

that the corresponding regression model is not identifiable. In our case, we found that

in both Bayesian and Classical GLMs, the main effects models were identifiable. In

contrast, almost all interactions were estimable only under Bayesian GLM, albeit with

wide uncertainty.

4. As referred to in Equation 3.12, the scenarios s ∈ {1, . . . , S} have been assumed to

be conditionally exchangeable, although each sth scenario may be elicited with some

carryover effects from previous scenarios s−1, s−2, . . . . Therefore, the order of eliciting

the scenarios does not change the elicited outcomes. Exchangeability here is an advantage

since we do not have to claim, in the Bayesian setting, the stronger assumption of elicited

scenarios being independent, as required of a Frequentist analysis [Gelman et al., 2004,

Ch. 5].

5. By construction of the Bayesian method, stronger prior information can shift parameter

estimates and predictions further from the data, so that the use of predictive performance

measures may not be useful for evaluating or comparing models, with different kinds or

levels of prior information. As mentioned by [Gelman et al., 2004, Ch. 7, p. 167, with

analogous notation provided in square brackets] “We are not saying that the prior cannot

be used in assessing a model’s fit to data; rather we say that the prior density is not

relevant in computing predictive accuracy. Predictive accuracy is not the only concern

when evaluating a model, and even within the bailiwick of predictive accuracy, the prior

is relevant in that it affects inferences about θ and thus affects any calculations involving

p(y|θ) [here y is equivalent to A and θ is equivalent to β]. In a sparse-data setting, a poor

choice of prior distribution can lead to weak inferences and poor predictions.”

In particular, small sample size (item 1) and identifiability (item 3) can affect the estimation of

the interactions.

Another innovative contribution was to ‘fill out’ a large CPT, where parent nodes had more

than three levels (see top Figure 3.10). This CPT was large in that it exceeded the usual size
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of CPTs. It would be possible to consider even larger CPTs, but that would require a larger

set of scenarios to be elicited, which was beyond the scope of this paper. In contrast, standard

software like CPT Calculator only allows up to three levels for each parent node. Even when

we reduce the number of levels (from five to three) for the habitat suitability parent (bottom

Figure 3.10), Bayesian GLM estimated a wider range of values, which was more ecologically

sensible than for CPT Calculator. This could be because CPT Calculator uses a local form of

regression that uses limited information to estimate each missing scenario, and moreover places

undue emphasis on the worst scenario, which would dampen all the estimated values.

We may compare the different implications of encoding via CPT Calculator versus Bayesian

Regression for Scenario-based Encoding (BRSE):

1. BRSE is global in that it uses all the elicited scenarios whereas CPT Calculator is local

in that it uses only four scenarios to encode each missing CPT entry.

2. BRSE relaxes CPT Calculator’s stringent assumption of stationarity when comparing two

levels of any factor.

3. BRSE may flexibly adjust for expert assessments of interactions among factors, and in

particular, the Bayesian approach ensures that all interactions are estimable, and reflect

a non-informative prior when little information is elicited from experts on those interac-

tions.

4. CPT Calculator relies heavily on accurate estimation of the worst scenario, which is

included in every single interpolation factor and every estimate of missing CPT entries.

However, BRSE adjusts the contribution of the worst scenario via average effects of every

factor, which reduces the reliance on the worst scenario.

5. BRSEs make comparisons between probabilities on a more appropriate log odds scale

rather than the naive linear comparisons adopted by CPT Calculator, which will be more

problematic towards the extremes of zero or one.

Hence, we can conclude that Bayesian GLM is more useful than CPT Calculator for practi-

cal applications where it is important to conduct sensitivity or uncertainty analysis. In addition,
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Bayesian GLM is well-known to handle much larger (elicited) sets of scenarios (e.g. tens or

hundreds of thousands in arm Gelman et al. [2016] and brms Bürkner et al. [2017] packages),

but here we were constrained by the application.

In some situations, experts may find it difficult to conceptualise a categorical variable with

more than five levels. However, in others experts may consider a multi-category variable in

order to estimate the CPT via Bayesian GLM. They would need to elicit each level of every

factor at least twice, ignoring the level of other factors. This becomes complex and is beyond

the scope of this paper to consider this experimental design problem. We have begun to explore

this issue in future work. This paper aimed to simply present a new approach to designing

elicitation and encoding of CPTs, which releases previous constraints that these tables be highly

simplified. In future work, we will consider new designs, such as Fractional factorial designs

[Box et al., 2005], for choosing a few scenarios to ensure adequate coverage of even larger

CPTs.

In summary, for large CPTs, our contribution is to adopt a fully Bayesian approach to

obtain predictions of the remaining cell entries with uncertainty, which contrasts with existing

literature in risk assessment Ban et al. [2014] and ecology Cain [2001], Froese et al. [2017],

which adopts a deterministic or confidence-interval interpretation of the uncertainty interval.

Bayesian GLM is well suited to small samples [Gelman et al., 2004, Ch. 16]; Van de Schoot

et al. [2014], and can provide the modeller with richer information, not only on which effects are

most precisely estimated, and which have larger influence on the outcome, but also on whether

sufficient information was obtained to estimate interactions. The latter is unlikely given that

experts typically are time-poor, but may be possible in some situations. As with design of

data collection in any context, we may design elicitation to target what we believe to be the

greatest sources of uncertainty or variability. Thus where experts are familiar and practised in

giving accurate elicitations, it is possible to fully elicit a moderately large CPT. However, we

suspect most often, investing more time in more accurately obtaining a few elicitations may be

necessary to ensure what information is elicited is accurate Fisher et al. [2012]. In addition,

more sophisticated experimental designs [Box et al., 2005] such as randomized blocks [Bailey,

2004] to streamline elicitation of multiple experts, not necessarily on the same scenarios but for
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different scenarios specified by groups for each expert. Then the workload of elicitation may be

distributed among experts in gathering data.

Thus, as described above designing elicitation needs to consider how many scenarios are

elicited from the full CPT, and how much effort is assigned to eliciting each scenario. In

addition, it is important to carefully choose scenarios, as this can inadvertently introduce more

biases. By construction, CPT calculator adopts a OFAT design for choosing scenarios, where

the ‘control’ scenario is the ‘best’ one. This means that information elicited from experts is

anchored around the best scenario, and hence interpolated values will be biased when con-

sidering scenarios where more than one factor falls towards the ‘middle’ or worst end of the

spectrum. Thus, modellers should take care to ensure that sufficient scenarios are elicited in

order to understand the effects of the identified interactions.

3.6 Conclusion

In summary, we have examined a new model-based approach to quantify and encode CPTs that

define BNs, which moreover allows experts to specify their estimates with uncertainty. Since

the objective was to minimize time spent during elicitation, only a minimal number of scenarios

were elicited. A novel approach was taken to: (1) capture their best estimates together with their

uncertainty in an intuitive way to represent the most plausible values of the probability (rather

than the precision of their best estimate); and (2) use a statistical modelling approach (Bayesian

GLM regression) to interpolate the remaining CPTs. In our case study, we found that Bayesian

regression was more useful than classical GLM as it can explicitly describe wide uncertainty,

especially about interactions, whilst being more precise for main effects. In this case study,

with the minimal number of scenarios elicited according to a one-at-a-time design, the results

demonstrated that the main effects models are better than interaction models because of the

limited number of scenarios. However, if additional scenarios can be elicited then the Bayesian

regression with interaction might prove to be better. In summary, our approach is suitable in

practical applications particularly when CPTs are large (with more than 3 parents and/or the

child node has more than 3 values) and in the presence of uncertainty, unlike CPT Calculator

which uses a simple encoding model without uncertainty and cannot deal with large CPTs.
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Most importantly, we demonstrate that it is feasible to now spend less effort more wisely in

quantifying CPTs in BNs. This can be achieved by eliciting more detailed information on fewer

scenarios, and then encoding this information by harnessing more easily accessible statistical

modelling, for Bayesian GLM.
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The figure above highlights what this Chapter 4 focuses on, compared to the whole thesis

(Figure 2.1). This chapter addresses the first gap of the problem of designing the expert

elicitation for large CPTs. This chapter will focus on the second situation (gray box) to examine

a sensitivity analysis investigating how changing the settings of a modelling algorithm, here

species distribution modelling (SDM) via generalised linear model (GLM) (second case study,

black, at right), will influence the Quality of Prediction. In this situation, Bayesian Network

(BN) is equivalent to GLM with categorical covariates, so we represent a sensitivity analysis as

a CPT in a BN. This study starts to investigate two specific designs for choosing some scenarios

from large CPTs: the existing one-factor-at-a-time (OFAT) and the new Taguchi Orthogonal

Array (OA) designs.

Note that some notation in this chapter is different compared to the rest of the thesis because
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it has been published in Alkhairy and Low-Choy [2017]. For example, s in Chapter 4 has been

changed to h in Chapter 2. All the text from Chapter 4 is similar to the submitted article

[Alkhairy and Low-Choy, 2017], which is reformatted for inclusion in the thesis.

Abstract

For many researchers there is increasing pressure to collect and analyze bigger datasets, from

sources such as analytics, online surveys or spatial datasets. Bayesian networks (BNs) provide

a feasible and intuitive means of developing explanatory models with diverse stakeholders,

having limited quantitative expertise. However, when a large number of variables and levels

are involved as potential inputs to a BN, the more resources are required to evaluate alternative

models. Our motivation is to design a large species distribution modeling (SDM) experiment,

in the Biodiversity and Climate Change Virtual Laboratory. We show how BNs, elicited from

experts, can be used to inform design of these kinds of large computing experiments.

In this context we examine how settings of some SDM algorithms potentially affect the

Quality of Prediction. For example, one setting could be the choice of covariates used as input to

the SDM, with three levels: a minimal, an extensive set or something in between. A conditional

probability table (CPT) quantifies the child node (e.g. Quality of Prediction) as it depends

conditionally on each of the parents (here settings). Guidelines on eliciting CPTs generally

advise modellers to simplify the elicitation task by keeping to a minimum the number of parent

nodes and parent/child states. The literature on BNs indicates that elicitation of more complex

CPTs may be too demanding for experts, because of the time required.

In the context of large CPTs, an often encountered problem is the sheer amount of infor-

mation asked of the expert (number of scenarios). Here we propose that an elicitation strategy

can be designed according to statistical criteria: to ensure adequate coverage of the CPTs, in an

efficient manner, to make best use of the scarce resources like the valuable time of the experts.

This is essentially a problem of experimental design.
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Some software tools such as CPT calculator support specification of large CPTs, but im-

plicitly adopt a particular kind of experiment design. Here we conduct experiments to evaluate

designs for eliciting expert knowledge to help quantify CPTs that define BNs. We consider

three types of design of elicitation: Taguchi as a kind of screening design, CPT calculator’s

design, and a composite. In the case study, we asked modellers to consider how different

settings affect the quality of an algorithm used to construct a SDM. Limiting the number of

scenarios avoids tiring the experts, which can lead to inaccuracies. Eliciting and encoding CPTs

was examined using a model-based “outside-in” Elicitator approach to quantitative elicitation,

which allows experts to specify their opinions with uncertainty. Our results determined that the

most important settings with the largest positive impacts on the Quality of Prediction were: the

choice of real absence data, quadratic complexity of the function and the choice of the expert’s

minimal subset of variables. In addition, there were differences arising due to the choice of

design and the elicitation scenarios. Although CPT calculator and Taguchi OA designs have

almost the same number of scenarios elicited, the effect sizes estimated for CPT calculator

design have wider credible intervals, and hence greater uncertainty. Therefore, the Taguchi OA

design yielded more accurate results than CPT calculator, in this situation.

Keywords: Bayesian networks, Conditional probability tables, Elicitation of expert knowledge,

Design of elicitation, Species distribution model
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4.1 Introduction

Figure 4.1: A simple Conditional Probability Graph of most important GLM settings, where
Cov is covariates; Com represents the complexity of regression; Cho is choice of absences and
Lin is link function of interest and QoP is the Quality of Prediction.

Species distribution models (SDMs) are techniques that produce a statistical model for the

relationship between a species and its environment, forming an ecological niche model [Elith

and Leathwick, 2009]. These models use computer algorithms to predict the distribution of

species in geographic space on the basis of data [Reiss et al., 2011]. There is an extensive

literature that compares SDM algorithms, but does not necessarily consider the sensitivity to

settings. Here, we use this case study to demonstrate how a Bayesian network can be used to

design a large sensitivity study, and in particular conduct a “risk assessment” to choose which

settings should be investigated.

BNs represent the model using a conditional probability graph comprising several nodes,

and arrows linking nodes. Underlying each link is the specification of a conditional probability

distribution, where one or more parent nodes are related to a child node, as indicated by a link

[Korb and Nicholson, 2010]. For instance, Figure 4.1 is a very simple BN involving four parent

nodes with one child node, and shows how the most important settings of a SDM algorithm,

a generalized linear model (GLM), potentially affect the quality of the results. The nodes are

typically discretized into a number of levels. Here, each node has 3 levels (Table 4.2).
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Table 4.2: Four settings of GLM each have three levels

Level Covariates Choice of absences Complexity of regression Link function

Best case 2 Minimal (M) Real (R) Quadratic (Q) Cauchit (C)

1 Between (B) Pseudo Stratified (S) 2-way interactions (2) Gompertz (G)

Worst case 0 Extensive (E) Pseudo CRD (P) Main effects (F) Logit (L)

A conditional probability table (CPT) quantifies this relationship between parents and child

node [Korb and Nicholson, 2010]. Generally, these nodes and their conditional parameters θ

together define the CPTs such that θ = Pr(y|parents(y)), where y is the child node. Here

in our case (Figure 4.1), θijkl = Pr(QoPijkl|Cov = i, Com = j, Cho = k, Lin = l), where

Cov, Com, Cho and Lin are parents of the child node QoP ; θijkl comprises the conditional

probabilities; i = 0, 1, . . . , I − 1 is the ith level of Cov, j = 0, 1, . . . , J − 1 is the jth level of

Com and k = 0, 1, . . . , K − 1 is the kth level of Cho and l = 0, 1, . . . , L− 1 is the lth level of

Lin .

In the context of BNs, the goal of expert elicitation is to discover a probability distribution

p(θ) [Grigore et al., 2013] which can adequately represent the experts’ opinion and their uncer-

tainty regarding the CPTs. However, when there are a large number of scenarios in the CPT, it

is a challenge to ask experts about all scenarios. In any event, the elicitation strategy must be

based on a proper experimental design [Box et al., 2005].

This paper will focus on the tailoring of classical design of experiments to choose some

scenarios (Section 4.2.1). Then, we will examine the methodology of eliciting the CPTs using

the Elicitator method, and encoding a plausible range of values (Section 4.2.2). Finally, the

expert’s knowledge is used to determine which SDM algorithm settings of GLM have largest

impact on Quality of Prediction (Section 4.3).
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4.2 Method

4.2.1 Design of elicitation

Statistical experimental design, together with the basic ideas underlying DOE, was developed

in the early 1920s from the work of Sir Ronald Aylmer Fisher [Fisher, 1960]. In the context

of CPTs, which scenarios are asked could be selected by using principles from the design of

experiments, which can help choose questions strategically both to minimise the number of

questions and to cover the area of interest Box et al. [2005].

Fully factorial design

It is ideal if a fully factorial experiment can be conducted, as all of the data is present for each

node and level, i.e. it consists of all possible combinations of levels for all factors [Antony,

2014]. The total number of parameters (the dimension of θ) defines the minimum number of

questions for a fully factorial designed CPT and can be calculated asN = I×J×K×L. In our

case study, each node has three levels (so, I = J = K = L = 3) and hence, the total number

of scenarios would require 3× 3× 3× 3 = 81 questions. However, it is also important to limit

the number of scenarios to avoid tiring the experts, which can lead to inaccuracies, especially

here for complex CPTs [Marcot et al., 2006]. This paper will consider three types of design of

elicitation: a Taguchi Orthogonal array design, CPT calculator design, and a composite.

CPT calculator design

CPT calculator is a tool proposed by Cain [2001] that supports experts to quantify the CPTs that

define BNs. This means that scenarios are selected using a one-at-a-time design, where each

scenario changes just one parent level at a time i.e. CPTs are specified by extrapolating from

the best and the nearly best scenario and the worst scenario [Antony, 2014, Cain, 2001]. CPT

calculator adopts a simple encoding model to interpolate the CPT from questions about several

scenarios. Linear interpolation is used to interpolate other scenarios using an interpolation

factor (IF). Each IF is calculated for each transition between best case and changing just one
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setting. They are all calculated in relation to the difference between the highest probability

for the best case and the lowest one (when all parents are in the worst case). For example,

the interpolation factor for parent Cov changing from best to worst is IF1 = (θMRQC −

θEPFL)/(θMPQC − θEPFL). The indices ERQCPFL are explained in Table 4.2. For more detail

on these interpolations, see Appendix 2 from Cain [2001].

In our case study (Table 1), θMRQC refers to the Quality of Prediction in the best case,

M indicates the expert chooses a minimal subset of covariate, R is the choice of real data,

Q is quadratic complexity and C is the cauchit function. Then θEPFL refers to the Quality of

Prediction in the worst case. There are many CPs that the expert did not have time to provide and

need to be estimated, e.g. the Quality of Prediction θEPQC . To calculate these, we perform linear

interpolation by multiplying θMPQC (scaled by the lowest Quality of Prediction in the worst case

θEPFL) by the interpolation factor that is associated with the covariates parent changing from

best to worst case (IF1). We use equations like: θEPQC = [(θi−1jkl − θ1111) × IF1] + θ1111,

where here θ1111 = θEPFL refers to the worst case.

Taguchi’s Orthogonal Arrays design

Taguchi’s Orthogonal Array design is a classical type of fractional factorial design [Kacker

et al., 1991] and based on the design matrix proposed by Taguchi and Konishi [1987]. An

orthogonal array (OA) of h levels (more particularly a fixed level orthogonal array) can be

denoted as OAÑ(hm) and is defined as an Ñ ×m matrix, where Ñ is the minimum number of

scenarios and m the number of nodes (settings). The common feature of OA is that each pair

of parents has the same number of possible levels [for more detail, see Kacker et al., 1991].

Taguchi OA provides an effective way to consider a large number of nodes in a minimum

number of scenarios [Jugulum and Taguchi, 2004], which could give the full information of all

parents (e.g. GLM settings) that affect the child node (i.e. Quality of Prediction). Performing

a Taguchi’s OA design first can save time particularly for experts, allowing honing of the key

settings which give the highest response [Antony, 2014]. To our knowledge, Taguchi OAs have

not been considered in the context of expert elicitation, including of CPTs in BNs. Here, we
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will use this design to minimise the number of scenarios used to encode the CPT. The main

drawbacks of this design that is there is no continuity between scenarios, which may make it

hard for experts to elicit the probabilities. Taguchi’s OA designs are always balanced to ensure

that all levels from all parents should occur in an equal number of scenarios [Jugulum and

Taguchi, 2004].

When designing the elicitation of CPTs, there are many catalogs of Taguchi OA [for more

detail, see Kacker et al., 1991]. Here, we use the three-level orthogonal arrays of 3s for s = 2, 3

and 4, where s indexes the basic columns (parents) in constructing Taguchi OA. The symbols

(0, 1, 2) are used to denote the levels of each node (e.g. Table 4.2). The columns correspond

here to the settings Cov, Cho, Com and Lin, while the elements of each column defines the

level of each setting. In particular, the number of scenarios Ñ of OAÑ(hm) can be chosen as

a fraction of all scenarios of a fully factorial design hm. This means that OAÑ(hm) is defined

as a Ñ/hm fraction of a hm. For example, we can use just nine scenarios of OA9(3
4), which is

defined as a 9/34 = 1/9 fraction of 34 = 81 scenarios.

There are three steps to conduct the design of elicitation for a CPT using a Taguchi’s OA

design, where a complete three level OA with 3s rows has (3s − 1)/(3− 1) columns. The first

step is to write the basic columns s determined by the number of columns 1, 2, 5, 14, ..., (3s−1−

1)/(3− 1) + 1, which would provide a complete factorial in s basic factors. The most common

format of Taguchi’s OA design makes the inputs of the leftmost columns change less frequently

than the rightmost columns. The next step is to generate the rest of columns using the generator

b1x1+b2x2+· · ·+bsxs, where x1, . . . , xs are the basic columns and b1, . . . , bs are the coefficients

of a specific factor. Finally, we compute the inputs for the rest of the columns, using the inputs

of s basic columns. For example, Table 4.3 shows the construction of the Taguchi OA9(3
4)

design, where Ñ = 9 = 32, hence requiring s = 2 basic columns. Note that all levels from

the generators are calculated using modulo 3 arithmetic (because each setting has 3 levels) such

that an integer larger than or equal to three is replaced with its remainder after division by three.

For example, for the last row (Cov=2, Cho=2) the generator x1 + x2|3 = 2 + 2|3 = 1 and

2x1 + x2|3 = 4 + 2|3 = 0. In R programming, we can use the DoE.base package to create a

Taguchi OA design using the oa.design function [Grömping, 2017].
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Table 4.3: Construction of four factors, which each have three levels using Taguchi’s three level
orthogonal arrays design including the generators of other factors.

Factors (columns)

Scenario number Cov Cho Com Lin

1 0 0 0 0

2 0 1 1 1

3 0 2 2 2

4 1 0 1 2

5 1 1 2 0

6 1 2 0 1

7 2 0 2 1

8 2 1 0 2

9 2 2 1 0

Generators =⇒ x1 x2 x1 + x2 2x1 + x2

Composite of CPT calculator and screening designs

This design comes from just combining scenarios of both the Taguchi’s OA and the CPT

calculator designs. This means that the information is doubled, but it also provides a balance

between the ease of the CPT calculator design (e.g. as “warm-up”) and the efficiency of the

Taguchi OA design.

4.2.2 Eliciting CPTs with their uncertainties

There is a main challenge, on how to present the expert with focused but easy to understand

questions that can provide adequate information [Low Choy et al., 2009b]. This defining feature

of the elicitation protocol dictates how the CPT parameters θ = {θlmn;ijk} are elicited. This

includes the order, the wording and the framing, which affects the cognitive processes of the

experts and hence how they understand what is required [Low Choy et al., 2009b]. These issues
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are typically not discussed in BN literature. For instance, question wording, as used to elicit

θ components, has been provided in few studies where CPTs were elicited [Pike, 2004, is an

exception].

Outside-in method (Elicitator method)

“Outside-in” is an indirect approach for eliciting probabilities with uncertainty and was imple-

mented by Low Choy et al. [2010] to quantify expert opinions about various scenarios. It asks

for similar questions to the “Four-point” approach [Speirs-Bridge et al., 2010], but in a different

order, with different statistical meaning. For Outside-in, the order of the questions ensures

uncertainty is about the Quality of Prediction, whereas Four-point addresses uncertainty in the

mean Quality of Prediction. Four pieces of information are asked in the Outside-in method. This

would involve questions like: “We are going to think about 100 GLMs. Now consider some

specific SDM settings defined by a specific set of covariates, choice of absences, complexity of

regression and link function. We want you to tell us what is the smallest and largest number

so that you’re pretty certain, e.g. 80% or 90% or 95% sure, that the Quality of Prediction falls

between these bounds? If you fit 100 GLMs with these settings, how many would have the

quality between lower and upper quality you gave? What is the Quality of Prediction for SDMs

in the best case, where the expert chooses a minimal subset of covariate, choice of real data,

quadratic complexity of function and the cauchit function ...”?.

Encoding plausible range of values

The main goal of this approach is to transfer the information elicited from the experts into

statistical distributions that reflect the best estimates and their uncertainties [Low Choy et al.,

2009b]. Suppose that Yi refers to observations on Quality of Prediction for each scenario

defined by SDM settings X1, . . . , XJ . Beta regression can be used to reveal the expert’s mental

model: estimate the influence of each setting on the Quality of Prediction, using information

on the estimated Quality of Prediction for each scenario i = 1, . . . , n where Yi ∼ Beta(αi, γi),

logit(µi) = β0 +
J∑
j=1

Xijβij and µi = αi/(αi + γi), where µi is the mean, αi and γi describe the
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expert’s uncertainty about the ith scenario. Using the Elicitator method, the most important

objective is to ask the expert about the mode (their best estimates) on a specific scenario.

Mathematically, the expert’s best estimate mi of the Quality of Prediction Yi is simply related

to the Beta parameters and denoted as m = (αi − 1)/(αi + γi − 2). The challenge is that

for each scenario, a single Yi is registered. For i = 1, . . . , n scenarios, there is a distribution

p(Yi|Xi, αi, γi) that reflects the expert’s uncertainty.

In many commercial software packages, beta regression is not allowed to have degrees of

freedom νi = αi + γi changing over data items. Hence, we use a binomial regression to replace

the beta regression (for a proportion with varying sample size), as an easy approximation which

retains the information on the estimation as well as the degree of freedom. A least-squares

approach is a simple way of obtaining this [James et al., 2010]. Because of the small number

of scenarios, we use a Bayesian regression with non-informative priors [Ellison, 1996]. In this

paper, the data elicited from the expert for both designs was fitted by using Bayesian GLM in R

using the arm package [Gelman et al., 2016].

4.3 Results

The coefficients and their 95% credible intervals have been compared across the 3 designs

(Figure 4.2), where the coefficients correspond to each setting of a GLM.
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Figure 4.2: Comparing effects of settings among three designs using estimated coefficients and
their 95% credible intervals from Bayesian GLM.

Using Taguchi OA design to elicit setting-scenarios from the expert, it can be seen that

some settings have effect sizes (coefficient value) significantly different from zero. Covariates,

complexity of regression and choice of absences in the best case all increase the Quality of

Prediction since their coefficients are larger in magnitude. On the other hand, the “worst”

settings of the GLM lower the Quality of Prediction: link function, complexity of regression,

choice of absences and covariates have biggest negative impacts on the Quality of Prediction.

Using the CPT calculator, similarly the results showed that some settings such as the com-

plexity of regression and choice of absences and covariates in the best case increase the Quality

of Prediction because their coefficients are larger in magnitude. In contrast, the “worst” case

settings of the GLM lower the Quality of Prediction: link function, complexity of regression,

choice of absences and covariates have largest negative impacts on the Quality of Predictions.

When both designs are composited, although the relative order of effect sizes is similar

across all three designs, we found that it has the smallest effect sizes compared with Taguchi

and CPT calculator designs. Furthermore, the composite design leads to much narrower credible

intervals (i.e. decrease ranging from 25% up to 52% for the Taguchi design and from 37%

up to 72% for the CPT calculator design), and hence less uncertainty. Overall, these outputs

demonstrated that the largest positive impacts on the Quality of Prediction are: (1) the choice
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of real absence data or pseudo-stratified absences, (2) the quadratic complexity of the function

applied to covariates and (3) the choice of the expert’s minimal selection of variables rather than

using an extensive set or something in between.

On the other hand, the results in Figure 4.3 illustrate the comparison among the predictions

of the three designs compared to values elicited from experts corresponding to all scenarios. It

can be seen that there are slight differences between the predictions of each design compared

to elicited values. Most Taguchi predictions have matched what the expert said (i.e. nearly 14

out of 17). In contrast, there is a slight difference in CPT calculator predictions compared to

elicited values (i.e. nearly 13 out of 17). In addition, we noted that the composite design has

more scenarios, and so it is easier to obtain more accurate results. Although CPT calculator

and Taguchi OA designs have almost the same number of scenarios elicited, the effect sizes

estimated for CPT calculator design have wider credible intervals, and hence greater uncertainty,

as shown in Figure 4.2. Therefore, the Taguchi OA design yielded more accurate results than

CPT calculator, in this situation.
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Figure 4.3: Comparison for each of three designs with elicitation of only a few scenarios (top
plot). The predictions of Quality of Prediction for all scenarios (bottom plot), where the black
points refer to the values elicited from experts.
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4.4 Conclusion and Recommendations

In summary, we have used a simple BN to examine how settings of some SDM algorithms

(e.g. GLM) influenced the Quality of Prediction. We elicited some scenarios (combinations of

settings) in the CPT from an expert. Three designs were used to select a few scenarios from

the 81 possible: CPT calculator, Taguchi OA and a composite of these designs. This aimed

to provide a good coverage of all CPTs as well as obtain accurate predictions. Our results

identified the most important settings defining the CPT entries: the choice of real absence data,

quadratic complexity of the function and the choice of expert minimal subset of variables each

have the largest positive influences on the Quality of Prediction. In addition, we found that the

Taguchi OA design is more efficient than CPT calculator as it has narrower credible intervals

which led to more accurate estimation of these influences and predictions. In future work, this

paper can be extended to evaluate settings for more SDM algorithms with many experts, and to

consider alternative designs for the scenarios based elicitation.

154



Chapter 5

Experimental Designs for Constructing Experts

Elicitation of Large Conditional Probability Tables

STATEMENT OF CONTRIBUTION TO CO-AUTHORED PUBLISHED PAPER

This chapter includes a co-authored paper. The bibliographic details of the co-authored paper,

including all authors, are:

Alkhairy, I., Low-Choy, S., Wang, J., Hallgren, W. and Pettitt, A. (under review),

‘Experimental designs for constructing experts elicitation of large conditional probability

tables’. (submitted to the Decision Support System Journal).

I acknowledge that all authors have contributed to the research, and their contributions are

outlined in Table 5.1.

155



PhD thesis Ibrahim Alkhairy CHAPTER 5. STUDY 3

Table 5.1: Statement of contribution to co-authored third unpublished paper

Contributor Statement of contribution

Ibrahim Alkhairy

(First Author)

providing the data, writing the manuscript, implementing

and analysing the dataa

Samantha Low-Choy acting as an expert for eliciting the information and reviewing the manuscript

Junhu Wang reviewing the manuscript

Willow Hallgren reviewing the manuscript

Anthony Pettitt Providing the data and reviewing the manuscript

(Signed) (Date)

Name of Student: Ibrahim Hassan Alkhairy (acted as corresponding author)

(Countersigned) (Date)

Co-Principal supervisor: Assoc Prof Samantha Low-Choy

(Countersigned) (Date)

Co-Principal supervisor: Assoc Prof Junhu Wang

156

6-12-2019

7 Dec 2019

06/12/2019



PhD thesis Ibrahim Alkhairy 157

Preamble

 

 

 

 

 

 

Choose CPT scenarios by 

Design of Experiments 

(Sec. 2.3) 

For scenarios to be 

elicited: Elicit with 

uncertainty via 

Outside-in (Sec. 2.4) 

For scenarios not 

elicited: Extrapolate 

via Bayesian GLM 

(Sec. 2.5) 

Combine both sources via 

Bayesian analysis (Sec. 2.6) 

 

ELICITATION 

PROCESS FOR LARGE 

CPTs  

 

Scenario Based elicitation 

 

Compile CPT from elicited and 

extrapolate values 

 

SITUATION 1: Expert 

informed CPT in Bayesian 

Networks  

(Case study 1: Habitat 

Suitability of Feral Pigs) 

SITUATION 2: Expert informed 

CPT in sensitivity analysis of 

computer experiment  

(Case studies 2-4: SDM 

algorithms in BCCVL) 

 

Include data from 

computer model runs 

ST
U

DY
 1

: H
AB

IT
AT

 S
IU

TA
BI

LI
TY

 

O
F 

FE
RA

L 
PI

GS
 V

IA
 B

BN
 

 

ST
U

DY
 2

: S
ET

TI
N

GS
 O

F 
SD

M
 

VI
A 

GL
M

 

 

ST
U

DY
 3

: S
ET

TI
N

GS
 O

F 
SD

M
 

VI
A 

M
ax

En
t 

 ST
U

DY
 4

: S
ET

TI
N

GS
 O

F 
SD

M
 

VI
A 

M
ax

En
t W

IT
H 

DA
TA

 

 

The figure above highlights what this Chapter 5 focuses on, compared to the whole thesis

(Figure 2.1). This chapter extends the work in Chapter 4 to address the first gap of the problem

of designing the expert elicitation for large CPTs. This chapter will focus on the second

situation (gray box) to examine a sensitivity analysis investigating how changing the settings

of a modelling algorithm, here species distribution modelling (SDM) via Maximum Entropy

(MaxEnt) (third study, purple, at right), will influence the Quality of Prediction. In addition

to the two designs considered in Chapter 4, this study considers more complicated designs

for choosing the scenarios. A Regular fractional factorial design with two levels (RFF2) and

a Plackett-Burman (PB) screening design permit assessment of all factors at two levels. In

addition to Taguchi Orthogonal Array (OA), examined in Chapter 4, Fold-over designs also

permit evaluation of scenarios involving three levels of each factor.
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All the text from the next Section 4 is the same as the submitted article, which is reformatted

for inclusion in the thesis.

Abstract

Conditional Probability Tables (CPTs) are used to describe probabilistic relationships among

several variables, depicted as nodes, with links (depicted with arrows). CPTs arise in many

decision support contexts. They may summarize the results of a sensitivity analysis, which

examines the sensitivity of some outcome, as various settings are changed. CPTs also occur as

components of a larger model, such as a Bayesian Network (BN). In real applications, expert

knowledge can be used to specify CPTs, essentially filling gaps in the empirical data. In BNs,

existing guidelines advise modellers to avoid eliciting large CPTs, e.g. by limiting the number

of predictors, and/or limiting the number of values for the outcome and predictors. However,

for complex models, one way to simplify the task of eliciting large CPTs is to ask experts

to estimate the outcome for fewer, well-chosen scenarios, which are specific combinations of

predictors. Not only does this make the task more practical and less abstract for the expert,

when done efficiently it can reduce their workload and potential for fatigue, and hence reduce

inaccuracies. We exploit statistical experimental design principles to choose the scenarios.

This paper considers design of a large computing experiment to evaluate sensitivity of species

distribution models to various settings. Our results show that, using elicited expert assessments,

the effect sizes estimated using our proposed designs have much narrower credible intervals

compared to those obtained using the popular CPT Calculator. These designs enable evaluation

of low- to mid-range probabilities, for scenarios that are far from the ‘best’.

Keywords: Sensitivity analysis, Uncertainty, Elicitation design, Expert knowledge, Species

distribution modelling, Large computer modelling experiments
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5.1 Introduction

Conditional probability tables (CPTs) can arise in both the development and implementation of

decision support systems. For instance, CPTs are crucial to the definition of a Bayesian Network

model (BN), since they describe the probabilistic relationships amongst the variables. BNs are

often used for supporting decision making, in many fields, such as medical decision support

[Zhou et al., 2016], the environment [Qiu et al., 2014] Sociology [Daniel, 2011] and education

[Culbertson, 2016]. In the BN context a CPT simply tabulates the conditional probability

distribution of a child node Y (also called an outcome variable) that is related to parent nodes

X1, X2, . . . , XJ (also known as explanatory variables) [Murphy, 2012, ch10]. In this way, CPTs

quantify the relationships of the outcome given the explanatory variables p(Y |X). CPTs can

also be viewed as a kind of contingency table [Kwak et al., 2018], and thus are broadly relevant

to many fields where count data are collected [Fagerland et al., 2017].

We note that a CPT may also play an important role in sensitivity analysis, by giving

a summary of results about an outcome variable, based on changes to several explanatory

variables. In our case study we consider sensitivity of an algorithm’s Quality of Prediction,

depending on the settings chosen. Indeed, for many decision support systems, a sensitivity

analysis can be used to evaluate the underlying model [Mészáros and Rapcsák, 1996], including

BNs [Castillo et al., 1997, Zhou et al., 2016].

A major challenge is learning the parameters of a CPT, in BNs or sensitivity analysis.

When no empirical information is available, the experts may often provide the best source of

information to quantify CPTs. For instance, experts are often relied upon to quantify CPTs in

BNs. For this reason researchers may try to elicit CPTs by simplifying their structure, involving

fewer variables, or fewer values per variable. It is common to dichotomize or trichotomise

variables, allowing the expert to be able to explicitly estimate all entries in a CPT structure

[Chen and Pollino, 2012, Marcot et al., 2006]. In contrast, for a large computer experiment,

researchers may wish to undertake a sensitivity analysis, but do not necessarily conceptualise

this as a kind of CPT, and hence do not realise the benefits from eliciting a simple or complex

CPT to support the design of the experiment.
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In this work, we consider how a CPT can be used for a sensitivity analysis, typically faced

internally by many modellers considering the analysis of a new and complex problem: What

settings of an algorithm will perform best for this problem? One example of an algorithm

that has gained popularity in species distribution modelling [Elith et al., 2006] is the so-called

“Maximum Entropy” algorithm, which fits a Gibbs model to simultaneous “feature” functions

of the data (e.g. Berger et al. 1996; Phillips et al. 2006). Here, we consider how settings of

the Maximum Entropy algorithm [Merow et al., 2013] may affect the Quality of Prediction

(i.e. the goodness of fit of MaxEnt algorithms or predictive performance measurements). We

will show here how sensitivity analysis enables a decision support system, in this case used

to decide which settings to use for an algorithm, and which ones are most influential on the

Quality of Prediction [Mészáros and Rapcsák, 1996]. In our case study about algorithm settings

of MaxEnt, we focus on one CPT, which involves five parent nodes (settings) and one child

node (Quality of Prediction) as shown in Figure 5.1.

Figure 5.1: A Conditional Probability Graph showing how the five most important settings
affect Quality of Prediction, for MaxEnt when developing a spatial geographic distribution
model of koalas [Hallgren et al., 2016].

In the absence of empirical data to quantify the probabilistic relationships, expert opinion

can be used to populate the CPTs in the model [Froese et al., 2017, Smith et al., 2007]. A useful

guideline to populate CPTs is to keep the number of parent nodes to be three or fewer and the

number of their levels to be five or fewer [Marcot et al., 2006]. This ensures we have to elicit

just a small number of scenarios to define a simple CPT. For this reason we refer to this as a full
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elicitation of all scenarios. Then no inference is required in order to interpolate the remaining

scenarios.

Now consider the case of a large CPT, which involves more than three nodes (i.e. K > 3),

each with three or more levels (i.e. mk > 3, for all k = 1, . . . , K), where mk is the number

of levels for kth parent nodes. The expert elicitation task will require a correspondingly large

amount of information (i.e. number of scenarios) to be elicited from the expert, since M , the

number of scenarios elicited, amounts to the number of possible combinations:

M =
K∏
k=1

mk (5.1)

For instance, in the example considered in Figure 5.1, each predictor (setting) has three

possible values, mk = 3, and there are five predictors, K = 5, so M = 35 = 243. It can

be difficult to elicit so much information! One way to simplify this is to ask about a subset

of scenarios. Not only does this make it more practical and less abstract for the expert, but

when done efficiently, it can reduce their workload and potential for fatigue, which can lead

to inaccuracies. When scenarios are limited, then an efficient way to choose them is to use

a statistical experimental design [Baguley, 2004, Box et al., 2005]. There is a wide range

of experimental designs available. For example, incomplete block, Graeco-Latin square, or

fractional factorial designs minimise the number of scenarios by sacrificing information about

interactions among settings, which are considered less important [Box et al., 2005]. In this

paper, we aim to design an elicitation procedure using a limited number of scenarios for input

into a sensitivity analysis.

The most common tool used for choosing elicited scenarios in CPTs of BNs is called the

“CPT Calculator” [Cain, 2001, Smith et al., 2007], which in fact relies on a one-factor-at-a-

time (OFAT) design for elicitation. CPT Calculator can reduce the number of scenarios elicited

by considering all possible scenarios that differ from the best case by changing only one factor

(parent node) at a time. Elicitation using the CPT Calculator tool starts by anchoring: the expert

is asked about the outcome in the best and the worst case. The main benefit of using this OFAT

design is that it creates a natural sequence between the elicited scenarios (i.e. only one variable
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changes each time) which may make it easier for experts to think about what the probabilities

mean [Qu and Wu, 2005, Saltelli and Annoni, 2010].

However, there are several drawbacks to using the OFAT design embedded within CPT

Calculator in practical applications. Firstly OFAT suffers from ‘the curse of dimensionality’

[Saltelli and Annoni, 2010, p.1510], since it only evaluates scenarios close to best, and hence

is not suitable where sub-optimal scenarios are important. Such a design cannot discover the

interactions between factors, which would require changing more than one factor at the same

time. Box et al. [2005] suggests that discovery of interactions is the most important part of

experimental activity. Thus without this coverage it cannot provide an overarching view of the

important (main) effects, or an overall uncertainty analysis [Mkrtchyan et al., 2016, Saltelli and

Annoni, 2010]. Our main contribution in this paper is to tackle this dilemma by constructing

effective designs in order to ensure better coverage of scenarios in the CPTs adequately, in an

efficient manner, in a way that makes best use of the scarce and valuable time of the experts. In

particular, we consider whether our proposed designs outperform the existing CPT Calculator,

and its underlying OFAT design.

In this paper, we consider a case study that uses sensitivity analysis in designing a modelling

experiment, and chooses settings for the MaxEnt algorithm (Section 5.2). This exemplifies a

general situation, where a modeller wishes to undertake a large computer experiment [Iman and

Helton, 1988, Iooss and Marrel, 2017], and elicit expert knowledge regarding the settings to be

considered. We propose a new approach to elicitation of expert knowledge, which adopts an

experimental design other than OFAT. To this end, we consider five different designs for elici-

tation of large CPTs (Section 5.3.1), and examine how these may fit into an overall elicitation

strategy (Section 5.3.2). Next we address how to manage the uncertainty of elicitation through

several phases: before (during preparation) 5.3.3, elicitation protocol 5.3.4, after elicitation (in

encoding and validation) 5.3.5. Section 5.3.6 shows how to how to interpolate the remaining

scenarios. Then we apply designs to elicitation (results in Section 5.4), and finish with a

discussion of our findings (Section 5.5).
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5.2 Case Study

The Biodiversity and Climate Change Virtual Laboratory (BCCVL) is a platform for species

distribution modelling (SDM) with high computational performance [Hallgren et al., 2016].

SDMs examine the relationship between the occurrence of a species and its environment [Elith

and Leathwick, 2009]. The BCCVL allows users to design their modelling experiments by

modifying SDM settings. Here we examine how to guide modelling decisions when using

the virtual laboratory. Although virtual laboratories reduce the computational overheads, this

simultaneously increases the potential for running a much larger set of models. The ‘forks’ in

the many ‘paths’ available to modellers can lead to concerns of repeatability and reproducibility

[Ceola et al., 2015, p. 2102]. One way to address this is to undertake a comprehensive sensitivity

analysis, such as that specified by Hallgren et al. [2017, 2019], to check how model outputs

depend on a comprehensive range of settings and inputs.

This paper will consider how one model outcome (Quality of Prediction) is affected by a

limited number of scenarios defined by alternative input values for configuration options. Our

approach seeks to gain the same sort of information as a very limited sensitivity analysis, i.e.

one designed with very defined boundaries, but with a balance of reducing the time as much as

practical whilst still ensuring good coverage of scenarios [Low Choy et al., 2012, p. 52]. This

balance has to take into account how much time the expert is willing to spend [Spetzler and

Stael von Holstein, 1975, p. 356]. Here we consider one large CPT as a kind of modelling risk

assessment of how settings and inputs will lead to changes in the outcome of interest, Quality

of Prediction. The CPT captures the modeller’s perceived risk – which factors will affect the

quality of models? In the context of BNs, CPTs have been previously used for risk assessment

to guide sensitivity analysis for the purpose of software testing [Wooff et al., 2002].

The SDM algorithms permit users to predict a potential species’ distributions, only using

presence data and a set of environmental factors [Phillips et al., 2006]. A number of studies

have investigated the sensitivity of different kinds of SDM algorithms: regression (GLM, GAM

and MARS), classification (MDA and CTA) and machine-learning techniques(BRT and RF)

[Barbet-Massin et al., 2012]; classification trees (CTs) and MaxEnt [Pirathiban et al., 2015] and
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MaxEnt[Merow et al., 2013]. For example, Merow et al. [2013] looked at sensitivity of MaxEnt

to several model settings, namely feature functions permitted, background points, regularization

for model complexity, sub-sample input data to control the bias and model evaluation.

Here we will focus on one of the most common SDM algorithms, Maximum Entropy

(MaxEnt), which was promoted as the best performing SDM in Elith et al. [2006], and has

been used in many studies since (e.g. MaxEnt), and is now available in BCCVL [Hallgren

et al., 2016]. It has since been shown to have performance equivalent to regression [Guillera-

Arroita et al., 2014], yet is still popular [Warren and Seifert, 2011]. MaxEnt formulates feature

functions that describe the likely environment where the species occurs, compared to the whole

environment [Phillips et al., 2006]. There are many settings that are implemented in R [R Core

Team, 2017] packages such as dismo package [Hijmans et al., 2017] using maxent function

and biomod2 [Thuiller et al., 2016].

In this paper, one co-author SLC acted as the expert, and then identified listed the most

important five settings of SDM via MaxEnt algorithms and their values based on her knowledge

(Section 5.3.3). These settings are amenable to adjustment in the computer experiment and

were considered to have biggest influence on Quality of Prediction. The first setting is sub-

sampling for cross-validation. It is the proportion of the data randomly selected to be omitted in

each re-sample supplied as input to MaxEnt [Hijmans, 2012]. The default of this setting is 10%

[Elith et al., 2011, p. 54]. The second setting is regularization for controlling model complexity.

This parameter is denoted by λ in Equations 3 & 4 in Elith et al. [2011, p48-49] and also

explained (denoted by β) in Equation 9 of Merow et al. [2013, p1061]. It is the penalty for over-

parameterization in the gain function (related to the likelihood ratio of the average presence to

the average background point for the size of the coefficients that accompany feature functions

[Phillips et al., 2006, Phillips and Dudı́k, 2008] in the linear predictor). Higher values mean that

there is more penalty on the size of coefficients, hence penalizing feature functions that exhibit

greater variability. The third setting is resolution of spatial input data. It is spatial resolution size

of grid cell on raster image for all environmental covariates [Khosravi et al., 2016]. In practice

many spatial layers available for SDM give environmental or climate attributes interpolated,

modelled or interpreted from raw or mapped data to provide a surface. Here the standard in
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SDM is such that 1km spatial resolution is considered fine-scale (high resolution), and 10km

is considered coarse (low resolution), with 2.5 km is considered an intermediate value between

these two (medium resolution). However, Hijmans et al. [2005] stated that “the high resolution

of our surfaces does not imply that the quality of the data is necessarily high in all places.” Thus

in this case study, the expert based on her experience, specified that the resolution setting with

2.5 km is referred to the best value, given that the higher resolution surface was interpolated

from data measured at a much coarser scale. The fourth setting is whether outliers are removed

by statistical cleaning conducted to remove pseudo data, including naughty noughts [Low-Choy

and Huijbers, 2017]. The fifth setting is prevalence, which is prior sampling weights. This

parameter is denoted by τ in Equations 5 in Elith et al. [2011].This enables rearranging the

output provided by MaxEnt, and refers to the overall prevalence of the species throughout the

study region. Table 5.2 shows a list of settings that were considered in our design of elicitation.

Note that it is not possible to find the complete definition of all MaxEnt settings in a single

reference (see Table 5.2). This means that are several publications that were used by the expert

both completely define the model (as listed here in equations 2.14-2.19) and also to determine

what settings were used in BCCVL’s implementation of the MaxEnt (as shown in Table 5.2)

model, e.g. Elith et al. [2011], Merow et al. [2013], Phillips et al. [2006], Phillips and Dudı́k

[2008].

We evaluate the quality of SDM in terms of a subjective measure: Quality of Prediction.

This could reflect any number of quantitative measures of Quality of Prediction, such as mis-

classification rates [Lobo et al., 2008].
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Table 5.2: Description of five most important settings of SDM via the MaxEnt algorithm. Each
setting has three levels. Levels are listed in order, from left to right, from lower (yellow, 0),
moderate (white, 1) to higher (green, 2) values.

Settings of MaxEnt Description
Leads to Quality of Prediction

Low (0) Medium (1) High (2)

Sub-sampling For cross-validation. 5 % 20% 10%

Regularization For controlling model complexity. 5 2 default=1

Resolution For spatial input data. 10km 1km 2.5km

Outliers Whether outliers are removed. with outliers some without

Prevalence Prior sampling weights. default=0.5 0.1 0.01

5.3 Methods

Elicitation typically focuses on just a few quantities, such as several quantiles of a distribution

expressing uncertainty about a single risk (e.g. O’Hagan et al. 2006, Ch. 6). However, in

scenario-based elicitation of regression parameters, which we consider here for completing a

CPT, only a few experimental designs have been considered. Kadane et al. [1980] proposed a

minimal design with the same number of scenarios as factors. In some setttings, it may be more

effective to allow the expert to choose scenarios [Denham et al., 2007, Low Choy et al., 2010].

For CPTs, efficient elicitation of large tables is often implemented using the CPT Calculator,

now doubt due to its easily accessible software [Cain, 2001]. The underlying interpolation

here is strictly linear, but it is similar to the interpolations embedded within a GLM setting,

incorporated into the elicitation methods of [Kynn, 2006] and [Garthwaite et al., 2005].

Mathematical formulation of a CPT can be given by:

θij = Pr(Y = i|X = Parents(Y ) = j) (5.2)

where Y is a child node, i is a particular level of the child node, jk is a particular level of the kth
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parent node X with jk ∈ {1, 2, . . . ,mk} where mk is the number of levels for kth parent nodes,

and j = (j1, j2, . . . , jK) is a particular combination of levels of all parent nodes. Then each

entry of a CPT describes the probability of one value of the outcome variable given its parents.

In Figure 5.1, Quality of Prediction (QoP) depends on five important settings: Sub-sample;

Regularization ; Resolution; Outliers and Prevalence such that:

θij = Pr(QoP = i|Sub = jS, Reg = jC , Res = jR, Out = jO, P rev = jP ) (5.3)

where jS, jC , jR, jO, jP can take on any of the three values considered for each of the five

settings. For instance the regularization parameter, where jX ∈ {1, 2, 5}, may be set to 1 (the

default), or larger values to place higher penalty on complexity. The values (levels) of MaxEnt

algorithms considered are shown in Table 5.2.

5.3.1 Selection of Scenarios using Design of Experimental (DOE)

Statistical experimental design, together with the basic ideas underlying DOE, was developed

nearly a century ago [Fisher, 1972], then Box and Wilson [1951] refined the idea for industrial

experiments. Often DoE is used to specify the influences of several factors on the output

(response variables) [Montgomery and Knovel, 2013]. In the context of elicitation of CPT, DOE

provides a rich source of ideas on how to best design elicitation of large CPTs. A comprehensive

approach would list scenarios formed from every combination of these categories [Antony,

2014, Box et al., 2005, Montgomery and Knovel, 2013]. However, the larger the number of

variables and levels considered, the more time and money is required to gather the response

data. As time and money are always limited, the choice of the type of design of experiment is

important, to ensure enough data is collected to provide valuable information and answer the

questions raised in the first place.

Fully factorial design

As discussed earlier, when populating CPTs, it is easiest if all scenarios are filled out by

conducting a fully factorial experiment, where the experts are asked to fill out all entries. A
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fully factorial experiment considers every possible combination of the levels for all factors

M =
∏K

k=1mk. Previous guidance on constructing BNs (e.g. [Cain, 2001], [Marcot et al.,

2006, p. 3064] and [Chen and Pollino, 2012, p. 137]) has advised elicitation of all scenarios,

essentially a fully factorial design. However, they reduced the amount of elicitation effort,

not by reducing the number of scenarios, but by reducing the number of factors (parents) and

number of levels for each parent node. Conversely, designing the elicitation of large CPTs could

limit the number of scenarios to avoid the expert tiring.

CPT calculator design

The CPT Calculator tool was specifically developed to help experts quantify the CPTs that

define BNs [Cain, 2001, Smith et al., 2007]. It relies on One-Factor-At-a-Time design (OFAT)

[Daniel, 1973] where the scenarios are defined in relation to the best case scenario, and changes

only one parent node (setting) at a time whilst keeping all other settings fixed at their ‘best’

level, which leads to the highest Quality of Prediction. The tool guides users to start by eliciting

the best and worst scenarios, that lead to the highest and lowest value of the outcome. The

OFAT design requires that K(mk − 1) + 2 scenarios are elicited, where K is the number of

parent nodes and mk is the number of levels for each parent. For example, for five settings of

MaxEnt each with three levels: the number of elicited scenarios is 5(3 − 1) + 2 = 12 (Table

5.3). Note that we coloured scenarios to make it easier for the expert to compare them during

elicitation [Low Choy et al., 2012].

168



PhD thesis Ibrahim Alkhairy 169

Table 5.3: OFAT design for the elicitation of a CPT for the Quality of Prediction by SDM via
MaxEnt algorithm with five settings (columns) each having 3 levels. Levels are listed in order,
from lower (yellow, 0), moderate (white, 1) to higher in (green, 2) values. Each row represents
one scenario, with a particular combination of levels for all settings. The levels are tabulated
for each factor in Table 5.2

Settings

Parameter Choice of inputs Parameters

Scenarios Regularization Resolution Outliers Sub-sample Prevalence

Worst scenario 5 10km with 5% 0.5

Best scenario default=1 2.5km without 10% 0.01

3 5 2.5km without 10% 0.01

4 2 2.5km without 10% 0.01

5 default=1 10km without 10% 0.01

6 default=1 1km without 10% 0.01

7 default=1 2.5km with 10% 0.01

8 default=1 2.5km some 10% 0.01

9 default=1 2.5km without 5% 0.01

10 default=1 2.5km without 20% 0.01

11 default=1 2.5km without 10% 0.5

12 default=1 2.5km without 10% 0.1

A key advantage of OFAT design is the sequential process of the elicitation task, i.e. there

are no big changes in the levels of settings, making it easier for the expert to move from one

scenario to the next [Qu and Wu, 2005, Saltelli and Annoni, 2010]. However, the main disad-

vantages of OFAT design is that in practice it leads to lower estimation efficiency Mkrtchyan

et al. [2016], Qu and Wu [2005], Saltelli and Annoni [2010], and such a design cannot recover

accurately (estimate) the interactions among settings [Saltelli and Annoni, 2010]. Thus, this
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approach does not provide a great deal of information in between the two extremes of the best

and worst case, particularly for scenarios close to the worst case. This is because the CPT

Calculator adopts a simple encoding model to interpolate the CPT as detailed in [Appendix

2, Cain, 2001]. This will produce greater uncertainty and less accurate estimates in situations

where the sensitivity analysis needs to reflect a wide range of outcomes, including the worst

and the moderate levels.

Screening design

Screening designs may be used to examine many factors and identify those that have largest

impact on the response, and are popular in assessing the sensitivity of manufacturing systems

to changes in components and settings [Box et al., 2005, Ch. 7],[Dean and Lewis, 2006, Ch.

1],[Antony, 2014, Ch. 6]. Screening designs provide an efficient approach to consider many

factors (here settings) in a minimum number of scenarios Ñ . Performing a screening experiment

first can save time and money for the overall project, allowing tuning of the key factors which

give the highest response (here the Quality of Prediction). For CPTs, there are many different

ways of screening depending on the relationships between parent and child [Huang et al., 2012].

Screening experiments have not been considered for the scenario-based context of elicitation (to

our knowledge), including of CPTs in BNs or sensitivity analysis of computer experiments.

Plackett-Burman (PB) designs are a family of screening designs [Plackett and Burman,

1946]. The number of scenarios Ñ may be a multiple of four but not a power of two, e.g. Ñ =

12, 20, 24, . . . scenarios. PB designs are appropriate to examine up to K = (Ñ − 1)/(mk − 1)

factors, where K is the number of factors, Ñ is the minimum number of scenarios and mk is

the number of levels. They are constructed using a “generating vector” [Box et al., 2005, Ch.

7],[Antony, 2014, Ch. 6].

The minimum number of scenarios that can be used is 12 scenarios for studying up to 11

factors. Here, we can use those scenarios to study five settings [Antony, 2014, Box et al., 2005]

as illustrated in Table 5.4.
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Table 5.4: PB screening design for the elicitation of the CPT for the Quality of Prediction by
the SDM via MaxEnt algorithm with five settings each having 2 levels. Levels are listed in
order, from lower (yellow, 0) to higher (green, 1) values. Each row represents one scenario,
with a particular combination of levels for all settings. The levels are tabulated for each factor
in Table 5.2.

Factors (settings)

Parameter Choice of inputs Parameters

Scenarios Regularization Resolution Outliers Sub-sample Prevalence

1 default=1 10km without 5% 0.5

2 default=1 2.5km with 10% 0.5

3 5 2.5km without 5% 0.01

4 default=1 10km without 10% 0.5

5 default=1 2.5km with 10% 0.01

6 default=1 2.5km without 5% 0.01

7 5 2.5km without 10% 0.5

8 5 10km without 10% 0.01

9 5 10km with 10% 0.01

10 default=1 10km with 5% 0.01

11 5 2.5km with 5% 0.5

Worst scenarios 5 10km with 5% 0.5

In a PB design, we note that all interactions between factors were considered negligible [Antony,

2002] and will therefore be confounded with the main effects, meaning that the designs do not

permit one to distinguish between certain main effects and certain interactions. However, in

contrast to CPT calculator’s OFAT design, centred on the ‘best’ scenario, the screening design

provides better coverage of scenarios leading to outcomes that are moderate or poor in value. In

R Core Team [2017], we can use the FrF2 package to create a PB screening design using the
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Pb function [Grömping, 2014]. However, such a design cannot be used for elicitation of a CPT

if we have more than two levels for each parent node. This limitation can be addressed using

Taguchi Orthogonal Arrays (refer to Section 5.3.1).

Regular Fractional factorial designs with two levels

A regular fractional factorial design with two levels (RFF2) is the most widely used for reducing

the number of scenarios in experimental design when a large number of factors and/or levels

are involved [Box et al., 2005, Ch. 6]; [Grömping, 2014]. It provides the experimenter with

a high degree of control over which interactions they are willing to “sacrifice” (explained in

page 173) in order to keep the number of scenarios to a minimum. The design is constructed

from the Yates matrix [Grömping, 2014] of a fully factorial design, by choosing a small number

of scenarios Ñ .

A RFF2 design can be represented in the form: 2(K−h) where h is the number of generated

factors, K is the number of all factors and 1/2h expresses the number of desired scenarios as a

fraction of the full factorial 2K . Thus, the number of scenarios in and RFF2 design can be some

fraction of all scenarios, e.g. one-half, one-quarter or one-eighth etc. Table 5.5 shows a RFF2

comprising 23 = 8 scenarios which is one-quarter of 25 = 32 scenarios of a full design, such

that 1/4 = (1
2
)2 = 2−2 refers to 2(5−2) = 8 selected scenarios.
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Table 5.5: RFF2 design for the elicitation of the CPT for the Quality of Prediction by the
SDM via MaxEnt algorithm with five settings each having 2 levels. Levels are listed in order,
from lower (yellow, -1) to higher (green, 1) values. Each row represents one scenario, with
a particular combination of levels for all settings. The levels are tabulated for each factor in
Table 5.2.

Factors (settings)

Parameter Choice of inputs Parameters

Scenarios Regularization (X1) Resolution (X2) Outliers (X3) Sub-sample (X4) Prevalence (X5)

1 5 10km without 5% 0.01

2 default=1 10km with 5% 0.5

3 5 2.5km with 5% 0.01

4 default=1 2.5km without 5% 0.5

5 5 10km without 10% 0.5

6 default=1 10km with 10% 0.01

7 5 2.5km with 10% 0.5

8 default=1 2.5km without 10% 0.01

In Table 5.5 we see that settings 1, 2 and 4 are “ dummy factors” or basic factors [Box

et al., 2005], while settings 3 and 5 are generated from the interactions among those basic

settings by using the Yates matrix. In other words, the generated columns cannot be estimated

independently of the settings used to generate them [Grömping, 2014].

Information sacrificed for RFF2. Hence, the main effects of generated settings (Outliers X3

and Prevalence X5) cannot be distinguished from the X1X2 and X1X4 interactions and are said

to be confounded or aliased [Box et al., 2005, Grömping, 2014].

In R software R Core Team [2017], Grömping [2018] provides an overview of these in

https://CRAN.R-project.org/view=ExperimentalDesign for designing regu-

lar fractional factorial design with two levels. We use the FrF2 package to create a RFF2

design using the FrF2 function [Grömping, 2014]. However, we can use the PLANOR package

[Kobilinsky et al., 2012] to generate a fractional factorial design with two or more levels. The
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issue of using a PLANOR is that for example five settings each with three levels, 81 scenarios

are needed (i.e. third of all scenarios). Thus we propose that fractional factorial designs are

used with only 2 levels to make it less onerous for the expert.

Taguchi’s Orthogonal Arrays design

Taguchi’s Orthogonal Array (OA) is a classical type of fractional factorial design based on the

design matrix proposed by Taguchi and Konishi [1987]. Kacker et al. [1991] provided many

catalogues to construct Taguchi’s OA designs, which they perceived as a “natural” kind of

fractional factorial design. Taguchi OA provides an effective way to consider a large number of

factors in a minimum number of scenarios [Jugulum and Taguchi, 2004], which may provide

the full information across all parents (e.g. Maxent settings) that affect the child node (i.e.

Quality of Prediction). However, we note that the Taguchi design does have some limitations

[Maghsoodloo et al., 2004, Pontes et al., 2012]. For example, Taguchi OA cannot estimate the

interactions among factors (settings), although all main effects can be estimated.

At the core of the Taguchi design is an orthogonal array (OA) ofmk levels (more particularly

a fixed level orthogonal array) which can be denoted as OAÑ(mK
k ) and is defined as an Ñ ×K

matrix, where Ñ is the minimum number of scenarios and K the number of factors (settings).

A feature of a Taguchi OA is that each pair of parents has the same number of possible levels

[for more detail, see Kacker et al., 1991]. Taguchi’s OA designs are always balanced to ensure

that all levels from all parents occur in an equal number of scenarios [Jugulum and Taguchi,

2004].

There are many catalogues of Taguchi OA available in Kacker et al. [1991]. The aim of this

paper is to examine how elicitation effort can be economized using such designs. In our case

study where MaxEnt algorithm has five settings each with three levels, we use the Taguchi three-

level OA with Ñ = 2m2, where m is the number of levels [Kacker et al., 1991, p. 584-586].

For example, we can use just 18 scenarios using a OA18(3
5) design, which has Ñ = 2×32 = 18

(Table 5.6). We note that Ñ = 18 scenarios can be used to study up to K = 2m+ 2, e.g. eight

factors each with three levels. In R [R Core Team, 2017], we can use the DoE.base package

to create a Taguchi OA design using the oa.design function [Grömping, 2014].
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Table 5.6: Taguchi OA design for the elicitation of the CPT for the Quality of Prediction by the
MaxEnt for SDM with five settings each having 3 levels. Levels are listed in order, from lower
(yellow, 0), moderate (white, 1) to higher (green, 2) values. Each row represents one scenario,
with a particular combination of levels for all settings. The levels are tabulated for each factor
in Table 5.2.

Factors (settings)

Parameter Choice of inputs Parameters

Scenarios Regularization Resolution Outliers Sub-sample Prevalence

1 5 10km with 5% 0.5

2 5 1km some 20% 0.1

3 5 2.5km without 10% 0.01

4 2 10km with 20% 0.1

5 2 1km some 10% 0.01

6 2 2.5km without 5% 0.5

7 default=1 10km some 5% 0.01

8 default=1 1km without 20% 0.5

9 default=1 2.5km with 10% 0.1

10 5 10km without 10% 0.1

11 5 1km with 5% 0.01

12 5 2.5km some 20% 0.5

13 2 10km some 10% 0.5

14 2 1km without 5% 0.1

15 2 2.5km with 20% 0.01

16 default=1 10km without 20% 0.01

17 default=1 1km with 10% 0.5

18 default=1 2.5km some 5% 0.1

175



PhD thesis Ibrahim Alkhairy CHAPTER 5. STUDY 3

Fold-over designs

The main challenge of using a fractional factorial design with two or more levels is the inter-

actions are confounded (aliased) with a main effect, and there is also a tendency to over-fit the

data [Box et al., 2005]. However, there is a strategy to address this problem which is called a

“Fold-over” design, which is beneficial particularly when there are many factors with an equal

number of levels, or more than two levels [Box et al., 2005, Ou et al., 2015]. In addition, a

commonly used version of a Fold-over design is used as a kind of “follow-up design” by adding

a second fraction that simply reverses the levels of one or more columns of the original design.

Therefore, we can use the same procedure for a given fractional factorial design to remove

the aliases of the main effects and all their interactions with other main effects [Box et al., 2005].

In R [R Core Team, 2017], the Fold-over design can be implemented using the Fold.design

function in FrF2 package [Grömping, 2014]. However, this package is not suitable for con-

structing a Fold-over design with three levels.

Consider an original design d ∈ (Ñ ; 3K) where Ñ is the number of selected scenarios and

K is the number of factors each with three levels (m = 3, jk ∈ {0, 1, 2} for k ∈ {1, . . . , K}).

We can structure a Fold-over design of three levels using an optimal Fold-over plan λ∗ of all

Fold-over plans λ from the original design d ∈ (Ñ ; 3K) Ou et al. [2015]. The optimal Fold-over

plan λ∗ can be specified using a lower bound of the wrap-around L2-discrepancy of Fold-over

plans λ as defined in (Ou et al. 2015, Equation 2.2, p. 1540).

In general, to find the Fold-over design d(λ), let the set of full Fold-over plans be represented

by Λ = {λs = (λ1, . . . , λS)}, where λs is a Fold-over plan for each scenario s = 1, . . . , S. Then

the value jk of the kth factor is mapped to jk ⊕ λjk , by effectively “rotating” the values of each

factor forward by a consistent amount λs such that:

j ⊕ λ = (j1 + λ1, . . . , jk + λs) (5.4)

here, ⊕ is implemented as a modulo 3, and mapped to 0,1,2, e.g. 1⊕ 2 = 0. Then the Fold-over

design d(λs) can be obtained via mapping the columns (factors) of the original design d related
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to Fold-over plan λs. The full design (i.e. combined design) can be obtained by adding the

scenarios of the Fold-over design and the original design d.

As presented in Ou et al. [2015], there is a catalogue of optimal Fold-over plans λ∗ tabulated

for original designs d ∈ (Ñ ; 3K) with different numbers of factors K, each factor has three

levels m = 3. This catalogue refers to the website [Fang et al., 2004]. They provide many

designs d ∈ (Ñ ; 3K) with Ñ scenarios (in the website [Fang et al., 2004], the Ñ is n) and K

3-level factors (note that the number of factors in the website [Fang et al., 2004] is denoted

s). The Fold-over design can then be constructed by mapping the columns of original design

d ∈ (Ñ ; 3K) and the optimal Fold-over plan λ∗ using modulo 3 arithmetic in Equation 5.4 [Ou

et al., 2015]. In our example, the Taguchi OA design shown in Table 5.6 was the original design

d ∈ (Ñ = 18; 3K=5) with 18 scenarios, and five settings (K) each with three levels (m = 3).

These scenarios can then be mapped with the optimal Fold-over plan λ∗ = [0 0 2 0 2] from Ou

et al. [2015, Table 7, p. 1546], and hence we can construct the Fold-over design d(λ) as shown

in the following Table 5.7.
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Table 5.7: Fold-over design for the Quality of Prediction by an SDM via MaxEnt algorithm
with five settings each having 3 levels. These settings are: Regularization(X1), Resolution (X2),
Outliers (X3) Sub-sample (X4) and Prevalence (X5). Levels are listed in order, from lower in
yellow (0), moderate in white (1) to higher in green (2) values. Levels are listed in order, from
lower (yellow, 0), moderate (white, 1) to higher (green, 2) values. Each row represents one
scenario s = 1, . . . , S, with a particular combination of levels. The levels are tabulated for each
factor in Table 5.2.

Original design d1 Fold-over design d(λ) with λ = [0 0 2 0 2]

s X1 X2 X3 X4 X5 s X1 ⊕ 0 X2 ⊕ 0 X3 ⊕ 2 X4 ⊕ 0 X5 ⊕ 2

1 5 10km with 5% 0.5 19 5 10km without 5% 0.01

2 5 1km some 20% 0.1 20 5 1km with 20% 0.5

3 5 2.5km without 10% 0.01 21 5 2.5km some 10% 0.1

4 2 10km with 20% 0.1 22 2 10km without 20% 0.5

5 2 1km some 10% 0.01 23 2 1km with 10% 0.1

6 2 2.5km without 5% 0.5 24 2 2.5km some 5% 0.01

7 1 10km some 5% 0.01 25 1 10km with 5% 0.01

8 1 1km without 20% 0.5 26 1 1km some 20% 0.01

9 1 2.5km with 10% 0.1 27 1 2.5km without 10% 0.5

10 5 10km without 10% 0.1 28 0 10km some 10% 0.5

11 5 1km with 5% 0.01 29 0 1km without 5% 0.1

12 5 2.5km some 20% 0.5 30 0 2.5km with 20% 0.01

13 2 10km some 10% 0.5 31 2 10km with 10% 0.01

14 2 1km without 5% 0.1 32 2 1km some 0 0.5

15 2 2.5km with 20% 0.01 33 2 2.5km without 20% 0.1

16 1 10km without 20% 0.01 34 1 10km some 20% 0.1

17 1 1km with 10% 0.5 35 1 1km without 10% 0.01

18 1 2.5km some 5% 0.1 36 1 2.5km with 5% 0.5
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Composite designs

The construction of the composite designs arises from combining the scenarios of OFAT and all

the other designs. It provides a balance between the ease of the OFAT design and the coverage

of all other designs.

5.3.2 Elicitation Strategy

Using the scenarios specified in the elicitation designs constructed as detailed in Section 5.3.1,

we elicited the associated CPT entry (for the Quality of Prediction) from the expert. However,

the way that uncertainty is managed during elicitation affects the accuracy of the results. There-

fore, pre-specifying the choice of scenarios, according to an experimental design, with better

properties than OFAT, helps improve the quality of elicitation [Low Choy et al., 2012, 2009b,

O’Hagan et al., 2006]. In this paper, managing uncertainty can be achieved via several steps

before (during preparation), throughout (as specified by the protocol), and after elicitation (in

encoding and validation).

Another important factor arises within the elicitation strategy, which is the order the scenar-

ios are presented to the expert. In any elicitation session where scenarios have to be elicited in a

specific order, then this is an important factor. Unfortunately, the expert did not systematically

record the sequence in which scenarios were elicited. Thus if recorded properly, the elicitation

order could be a factor incorporated into the analysis. For instance, this could be addressed by

clarifying randomization steps when applying the design and/or by considering a time covariate.

One possible approach is to optimise the order of presentation so that a criterion which measures

the difference between the current scenario and the previous scenario can be minimised. For

example, a city block distance criterion can be used to measure the difference between the

current scenario and the previous scenario [Bora et al., 2014]. In this study we ignored the time

effect due to the sequence of scenarios. Future work could consider this complex phenomenon

because it will affect the manipulation of the designs and the corresponding analyses.
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5.3.3 Preparation

Preparation for elicitation is an important phase prior to capturing expert knowledge, and in-

cludes selection of experts, selection of scenarios and choice of the elicitation method. Firstly

we selected one of the co-authors SLC as an expert whose expertise was most relevant to the

BCCVL context, being familiar with SDM algorithms such as MaxEnt, and having statistical

more than ecological knowledge, but some experience with SDMs. Then we provided a brief

introduction to the expert showing the aim and motivation for the elicitation and highlighted

the benefits of this study and the expected outcome. Hence, the expert spent considerable time

revising which settings to consider (Table 5.2), which importantly included defining what each

setting means, e.g. interpreting what was meant by the BCCVL setting for regularization for

controlling the model complexity, and how this related to the model as specified in Elith et al.

[2011]. During this phase it was crucial to ensure that the expert had time to read and discuss

the information provided in order to understand how this related to what was required. This

phase ensured that the expert’s assessments truthfully represented their knowledge [O’Leary

et al., 2008].

5.3.4 Protocol: Outside-in method

Eliciting scenarios from CPTs amounts to “scenario-based” elicitation of a regression model

[James et al., 2010, Low Choy et al., 2010]. We applied and extended our work [Alkhairy et al.,

2019] to capture, represent and encode the expert’s uncertainty using regression. This method

allows us to elicit varying uncertainty for each scenario j. We decided to adopt the ”Outside-in”

method to elicit the probability of Quality of Prediction θij with uncertainty, since this seemed

more natural in this context, asking for a plausible range of probabilities, rather than certainty

around the best estimate (as required for the Inside-out or 4-point method).

Hence a key defining feature of the elicitation protocol is how scenarios θs are presented.

This contains several phases such as framing, the order, the wording of questions. These phases

may affect the cognitive processes of the experts and hence and hence may control uncertainty

[Kynn, 2008, Low Choy et al., 2012]. In this paper, we apply elicitation protocol using the

180



PhD thesis Ibrahim Alkhairy 181

following phases:

i. Define elicitation target: Please refer to the definition of MaxEnt settings as detailed in

Table 5.2.

ii. Frame the context: Let’s think about 100 species, for which you will be fitting an SDM

using MaxEnt.

iii. Design the scenario: We will consider one particular scenario, which is defined by a

specific combination of MaxEnt settings, for example:

(a) the regularization parameter, which penalises over-fitting is set to 1, the default

value;

(b) the spatial resolution for all environmental covariates is 2.5km;

(c) outliers in the input data have been removed;

(d) cross-validation will be applied to 10% sub-samples of the data randomly selected

and

(e) prevalence of the species throughout the study region is set to 0.01

iv. Then, the expert would be asked four questions, using Outside-in method, similar to the

ones below:

1.& 2. Eliciting the lower Lij , upper Uij and plausibility Pij values: On a scale from

0 to 10, we want you to tell us what is the lowest and highest that the Quality of

Prediction could be? So that you’re pretty certain, e.g. 80% or 90% or 95% sure,

that the Quality of Prediction falls between these bounds?

3. Eliciting expert’s confident or chance P : If you fit 100 MaxEnt SDMs with these

settings, for a similar species (like the koala is widespread, and depends on habitat),

then how many would have a Quality of Prediction that would fall between this

lowest and highest value?

4. Eliciting their best estimates (modes) Mij: Out of 10, what is your best estimate for

Quality of Prediction?
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In this way the lower and upper values Lij, Uij are elicited along with the probability Pij

that θij falls between the lower and upper bounds.

Pr(Lij ≤ θij ≤ Uij) = Pij (5.5)

5.3.5 Validation

An alternative way to elicit the parameters defining a regression model is to elicit the regression

coefficients βj directly [O’Leary et al., 2009]. This approach was used as a validation tool.

5.3.6 Bayesian GLM

After assessing the plausible range of probabilities of each possible outcome for every scenario,

a regression model can be fitted describing the relationship between the outcome and the predic-

tors [Alkhairy et al., 2019, Johnson et al., 2012]. This enables the remaining entries of the CPT

to be predicted. Thus given elicitations of θij for each set of (i, j) values, a binomial regression

can be used, which essentially translates scenario-based encoding for regression into this con-

text of encoding CPTs [James et al., 2010, Low Choy et al., 2010]. The remaining scenarios

can be interpolated using a Bayesian GLM with weakly informative priors [Bernardo et al.,

2001, Gelman et al., 2008] where there is a small number of scenarios as detailed in Alkhairy

et al. [2019]. In R software [R Core Team, 2017], the Bayesian regression can be implemented

via the arm package [Gelman et al., 2016]. This is a new approach; previously scenario-based

elicitation [Low Choy et al., 2010] and similar forms [such as 4-point elicitation and encoding

for single scenarios or point-of-truth modelling across multiple scenarios, Barry and Lin, 2010]

have utilised Classical (Frequentist) methods for estimating regression coefficients that define

the expert’s mental model.

5.3.7 Comparison of different designs

By construction it is not possible to ensure that each design yielded the same number of scenar-

ios. Some designs were able to optimise their design criteria with a smaller number of scenarios
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than others. “Padding” those designs with extra scenarios would have led to an ‘imbalance’. In

addition, adding extra scenarios may increase the time required for the experts to elicit the

information and increase their workload. Thus we applied these designs to ensure their number

of scenarios were more or less comparable, but not equal. For this reason, we compare designs,

both as a whole (across scenarios) as well as in terms of their efficiency (per scenario). Any

design with fewer scenarios may achieve lower performance than one with more scenarios.

Hence it is important to compare the efficiency of each design [Collins et al., 2009].

As the designs have a different number of scenarios Ñ , the comparison of these designs can

be examined through two methods. The first method is to compare the information obtained

from the whole design, i.e. effect sizes which are the coefficient estimates β̂ and their standard

errors ŜE(β̂). Within Frequentist inference this is defined as:

CI = β̂ ± Z1−α/2ŜE(β̂) (5.6)

where Z is the value of a standard normal distribution for the selected confidence level. Simi-

larly Equation 5.6 (replacing CIs with CrIs) can be applied in a Bayesian setting with approx-

imate Bayesian inference as used in the arm package [Gelman et al., 2016]. In this study,

Bayesian inference is used, in which the full posterior distribution is taken from the MCMC

simulations. Additionally, the credible intervals (CrIs) for each design are standardized accord-

ing to the number of scenarios Ñ .

In contrast, the second method is to compare the efficiency of the designs by comparing the

information from each scenario, i.e. effect sizes β̂ with their standard error ŜE(β̂) for each

scenario s = 1, . . . , S. The main problem in this approach is that the six designs have greatly

differing numbers of scenarios. All things being equal, the (posterior) standard errors of the

estimated effect sizes will depend inversely on the square root of the number of scenarios 1√
Ñ

[Box et al., 2005, Ch. 3, p. 100]. So the posterior standard deviations should be calibrated to

take account of the differing number of scenarios by multiplying the square root of the number
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of scenarios such that:

CrI = β̂ ± Z1−α/2
ŜD(β̂)√

Ñ
where ŜD =

√
Ñ × ŜE (5.7)

where Ñ is the number of elicited scenarios for each design.

5.4 Implementation & Results

5.4.1 Selecting Scenarios

Table 5.8: A summary of selecting scenarios using six designs

Number of Levels Number of Choice of

Designs Settings per Setting scenarios Ñ (excl. OFAT) Scenarios

One-Factor-At-a-Time

5

3 12 Table 5.3

Plackett-Burman 2 12 Table 5.4

Regular Fractional Factorial 2 8 Table 5.5

Taguchi OA 3 18 Table 5.6

Fold-over 3 36 Table 5.7

Composite mixed 2 &3 61 All Tables

5.4.2 Elicitation Strategy

During the elicitation, we asked the expert to elicit all scenarios selected in each of the designs,

and permitted her to change the sequence of scenarios within each design. The expert found

the OFAT design more intuitive. Indeed, the expert first elicited the OFAT scenarios and then

sometimes used these values as a kind of benchmark when eliciting scenarios from all other

designs. Thus eliciting the scenarios of current designs were dependent on elicited scenarios of

previous designs.

First of all, the expert was asked to estimate scenarios chosen using the OFAT design. Then

184



PhD thesis Ibrahim Alkhairy 185

there was a break for a few weeks. The reason of the break between elicited scenarios by

designs, is to ‘reset’ the expert and to avoid any “carry-over” from the previously elicited

designs. The second design used was the PB screening design. When eliciting the PB screening

design, we inserted several OFAT scenarios that were closest to the screening scenario, i.e. if

possible differing by only one or maybe two settings. Then, any scenarios in the screening

design that were repeated from the OFAT design were highlighted. After eliciting scenarios

from the second design, there was another break, this time lasting a few days. The expert then

elicited the scenarios of the remaining designs: Taguchi OA, RFF2 and Fold-over. Again, the

expert was permitted to check their elicitations by referring back to the scenarios already elicited

from the OFAT and PB screening designs, in order to ensure their assessments were coherent

across designs. This can be considered as a kind of feedback process to enhance accuracy

[Low Choy et al., 2009a]. Unfortunately, the expert did not systematically record the sequence

of elicited scenarios, therefore this information could not be used in the analysis.

Note that, when analysing the elicited information a cross all designs, if any scenarios were

repeated across multiple designs, the repeats were deleted. However, the Fold-over design was

re-elicited again after a break of a few days to avoid any “carry-over” from the previously

elicited designs. Hence, the expert maintained consistency with the initial elicitations of the

”Best” and “Worst” cases.

Overall, our elicitation process took approximately up to 6 hours, presuming 2 hours to

describe the model. The duration of time for elicited scenarios, i.e. 4 hours, is distributed for

five tables of proposed designs (see Table 5.8). These CPT tables together contain 61 scenarios.

This process is matched to Ban et al. [2014, p. 65] and [Frank, 2015, p. 57] who stated that

the elicitation of subset of CPTs generally takes less than hour, ranging from approximately up

to 3 hours to elicit 20-45 scenarios. In general, the time of elicitation processes may take from

3-6 hours depending on the expert’s familiarity with the field of expertise and the number of

scenarios [Slottje et al., 2008]; [Murray et al., 2009, p. 845]. Therefore, the elicitation of subset

of scenarios may take approximately 2-4 hours in average.

185



PhD thesis Ibrahim Alkhairy CHAPTER 5. STUDY 3

5.4.3 Preparation

The expert reviewed the topic ( How settings of the Maximum Entropy algorithm may affect the

Quality of Prediction) based on Table 5.2, which here requires refreshing the expert’s knowledge

on the meaning of MaxEnt settings, by referring to manuals [Hijmans et al., 2017], tutorials

[Elith et al., 2011], and useful reviews [Franklin, 2010, Merow et al., 2013, Phillips et al.,

2006].

5.4.4 Validation

After eliciting all scenario-based designs, the expert was able to communicate their overall

assessment of the relative settings that would influence the Quality of Prediction as shown in

Table 5.9. Also, by setting the intercept to what was judged to be the worst case we expect all

effect sizes to be positive.

Table 5.9: The effect sizes elicited from an expert

Largest positive effect Moderate positive effect negligible

Prevalence

Regularization Sub-samplingResolution

Outliers are removed

5.4.5 Bayesian GLM inference

The data elicited from the expert was analysed to encode the full CPT using a Bayesian GLM

with non-informative priors, as described in Section 5.3.6. Figure 5.2 illustrates that the effect

sizes estimated with their 95% credible intervals across five designs have been compared, with

effect sizes corresponding to each of the MaxEnt settings. It can be seen that some settings

of the MaxEnt algorithm have effect sizes plausibly far away from zero across most designs.

For instance the resolution of spatial input data in the best case when set to its value of 2.5km,

tends to increase the probability for the Quality of Prediction (effect > 0.5). In most designs,
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changing any (or all) of the following settings: prevalence is set to its lowest value (0.01), and

regularization set to its default value of 1.0, with the outliers removed, lead to a higher Quality

of Prediction since their coefficients are larger in magnitude. However, sub-sampling at 10%

has an effect size plausibly close to zero, so we infer that this provides similar results to the

worst case scenario. On the other hand, the five settings in the worst case (i.e. the intercept)

across all designs apart from the PB design, leads to an expert assigning the lowest Quality of

Prediction, as expected.

(Intercept)

Outliers_some

Outliers_without

Prevalence_0.01

Prevalence_0.1

Regularisation_one

Regularisation_two

Resolution_1km

Resolution_2.5km

Subsample_10%

Subsample_20%

−4 −2 0 2
Effect_sizes

V
a

ri
a

b
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Design_Name
OFAT design

Fold−over design

Taguchi design

PB design

RFF2 design

composite design

Figure 5.2: Comparison of effect sizes estimated (x: axis) with their 95% credible intervals
from Bayesian GLM for five settings of MaxEnt (y:axis) across six designs. The intercept
reflects the worst case scenario.
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5.4.6 Comparison of different designs

Comparison between designs can be examined either by (a) information obtained from the

whole design compared to others or (b) by information obtained from each scenario. For

approach (a) the results of the whole proposed designs can be compared by comparison of

the effect size estimates with 95% credible intervals as shown in Figure 5.2. We found that the

OFAT design lead to much wider credible intervals on the main effects of all setting, for all

designs. For example, comparing the Fold-over to the OFAT design, the credible intervals for

the main effects ranged from 16% greater for the OFAT design up to 120% greater. Similarly

for Taguchi OA, OFAT had credible intervals from 3% up to 110% greater across the different

settings, for the PB design credible intervals were 6% up to 71% greater in OFAT, for the RFF2

design from 5% up to 77%, and for the composite design 17% up to 125%. These wider credible

intervals obtained using the OFAT design led to greater uncertainty. This is to be expected, since

the OFAT results are obtained from pairwise comparisons only, by changing one setting from

the best scenario, and may not apply in general when compared to any other scenario.

The effect sizes of the composite design are smaller and also more precisely estimated

compared with some designs, and is generally consistent with the effect size of the other designs

across the different settings. This is to be expected since the composite design is based on more

elicited information. In addition, the composite design has much narrower credible intervals

compared to the Taguchi OA, PB and RFF2 designs (i.e. the range of decrease from 10% up

to 40% for Taguchi OA design, 20% up to 35% for PB design and 22% up to 30% for RFF2

design). While there are minor differences between the Fold-over and composite designs in

terms of the credible intervals and estimated effect sizes, the composite design contained many

more scenarios ( 61 out of 243 scenarios) compared to the Fold-over design (36 out of 243

scenarios). This shows that the Fold-over design has in fact captured most of the information

that the expert provides. Since this design targets main effects, this suggests that the expert’s

mental model views the contribution of changing each setting as effectively additive.

Table 5.10 shows the differences in the posterior standard deviation for six designs. The

posterior standard deviation is calculated by multiplying the standard error by the square root
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of Ñ (number of elicited scenarios) as indicated in Equation 5.7. As seen in Table 5.10, we

found a meaningful difference between the posterior standard deviation of the OFAT design

compared to the other proposed designs. The posterior standard deviation for each scenario

using the OFAT design (column 3) has greater variance, ranging from 1.06 to 4.78, and hence

greater uncertainty. This is reflected by a mean efficiency (standard deviation) of 2.73 which is

twice as inefficient as the closest competitors, which are the PB (1.36) and Taguchi OA (1.29)

designs, and nearly three times as inefficient as the RFF2 (1.1), Fold-over (1.1) and composite

(1.00) designs.

In contrast, although the RFF2 design has minimum information (i.e. 8 scenarios), we found

that the posterior standard deviation for each scenario is reduced, and hence this design is more

efficient compared to other designs. Hence the RFF2 design would be recommended for use

with binary settings. In addition, the results of the Fold-over design showed that the posterior

standard deviations were reduced compared to the OFAT and Taguchi OA designs, and slightly

similar to the composite design. However, we found that the Fold-over design provided double

the information compared to the Taguchi OA design (i.e. 36 compared to 18 scenarios), with

around a 20% difference in efficiency. Hence, if we have limited time for elicitation, then we

recommend the use of the Taguchi OA design, as doubling the scenarios (18 to 36) has not

led to a doubling of efficiency (from 1.29 to 1.1). Also, Taguchi OA can accommodate many

factors, each with three or more levels, in a minimum number of elicited scenarios. However, if

more time is available and there is a concern about efficiency, then we recommend the use of the

Fold-over design instead. This is because the composite design has almost double the scenarios

compared to the Fold-over design (from 36 to 61 scenarios), but they have similar efficiency.

Moreover, when settings are furthest from the best case, we found that some scenarios have

the worst efficiency when using the OFAT design compared to other designs. For example,

the standard deviation of the prevalence, sub-sampling, and outliers settings are extremely

inefficient compared to moderate levels of the same settings with: 3.83 vs 4.38, 2.33 vs 3.16

and 3.8 vs 4.78, respectively.
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Table 5.10: Comparison of the posterior standard deviation of each scenario across six different
experimental designs.

Standard deviations of effect sizes

Settings

Designs

PB RFF2 OFAT Taguchi OA Fold-over Composite

12 of 32

scenarios

8 of 32

scenarios

12 of 243

scenarios

18 of 243

scenarios

36 of 243

scenarios

61 of 243

scenarios

2-levels 3-levels

Intercept 1.74 0.99 2.42 2.33 1.67 1.14

Regularisation two 1.06 1.19 0.92 1.08

Regularisation one 1.26 0.94 1.46 1.10 0.82 0.90

Resolution 1km 1.33 1.20 1.01 1.02

Resolution 2.5km 1.17 1.11 1.53 1.24 0.94 0.95

Outliers some 4.78 1.17 1.00 1.03

Outliers without 1.36 1.22 3.80 1.31 0.94 0.90

Subsample 20% 3.16 1.14 1.00 1.10

Subsample 10% 1.23 1.11 2.33 1.21 0.97 0.90

Prevalence 0.1 4.38 1.10 0.91 1.12

Prevalence 0.01 1.37 1.22 3.83 1.16 0.92 0.94

Mean efficiency 1.36 1.1 2.73 1.29 1.1 1.00

5.4.7 Predictions across CPT scenarios

Figure 5.3 illustrates the predictions of Quality of Prediction across CPT scenarios for several

designs: Taguchi OA, OFAT, Fold-over and Composited designs, allowing three levels for

each factor and also compares these to the best estimate elicited from the expert. Figure 5.4
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also shows the predictions for designs allowing two levels for each setting: RFF2, OFAT, PB

and Composited. Most designs have matched their predictions to the expert’s elicited values.

Furthermore, the Composited design has more scenarios, leading to more precise predictions.

However, there is a big difference between the predictions obtained by OFAT design and the

predictions obtained by our proposed designs in both Figures 5.3 and 5.4. This means that there

are big spaces between OFAT and the proposed designs.
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Figure 5.3: The top plot is a “ bar code” plot showing, for each of the 35 = 243 scenarios
(column, x-axis), the levels (colours) of each setting (row, y-axis), corresponding to the Quality
of Prediction values (bottom plot) across four designs: Taguchi OA (green), OFAT (purple),
Fold-over (blue) and Composite designs (brown), where the red dots refer to the values elicited
from experts. For example, the best case scenario is a column with all settings at the “High” (or
best) level (all green column 243); and similarly the worst case has all settings at “Low” level
(all yellow, column 82).
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Figure 5.4: The top plot is a “ bar code” plot showing, for each of the 25 = 32 scenarios
(column, x-axis), the levels (colours) of each setting (row, y-axis), corresponding to the Quality
of Prediction values (bottom plot) across four designs: RFF2 (dark yellow), OFAT (purple),
PB (grey) and composite designs (brown), where the red dots refer to the values elicited from
experts. For example, the best case scenario is a column with all settings at the “High” (or best)
level (all green, column 31); and similarly the worst case has all settings at “Low” level (all
yellow, column 2).

5.5 Discussion

In any context where CPTs are elicited, the main challenge is the sheer amount of information

asked of the expert, i.e. the number of scenarios. The elicitation of such CPTs is very time

consuming and difficult. The problem of choosing scenarios is essentially a problem of how to

better design elicitation of multiple scenarios into a CPT. We proposed a new methodology for

selecting a few scenarios of large CPT entries for elicitation, using experimental designs. These

designs were: Taguchi OA, PB, Fold-over, RFF2 and a Composite of all designs as well as the

existing design OFAT.
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The aim of this study was to guide a sensitivity analysis, in this case to decide on which

settings to consider for an algorithm, and which ones are most influential on the outcome.

In our case study, an expert assessed different settings of a MaxEnt algorithm for SDM, and

estimated the corresponding Quality of Prediction. Our results showed that, from the expert’s

underlying mental model, the lowest prevalence setting (0.01), middle value of resolution of

spatial input data (2.5km) and removing outliers were thought to have (a priori, and in general

without knowing much about the species) the largest influence on the Quality of Prediction.

For instance, these factors had previously been found to greatly affect the ecological scale of

an SDM for golden bowerbird in the Wet Tropics of Australia [Low-Choy and Huijbers, 2017].

This is consistent with the cited literature and the resulting guideline of Merow et al. [2013,

Section IIIA and D, pp1063, 1065], that the background sample (which depends on resolution

and removal of outliers beyond the range of the species) is an important decision that affects the

results.

In addition, the regularization parameter was considered to have a moderate impact on the

Quality of Prediction. Similarly, Merow et al. [2013, Section IIIC, p1064] advises that the

regularization parameter be chosen to optimise fit.

The effect of sub-sampling for cross-validation was considered to have a very small effect on

Quality of Prediction. However, as mentioned by Merow et al. [2014], based on Hijmans [2012],

“one should be cautious building complex models because in practice, obtaining spatially inde-

pendent cross-validation samples is extremely challenging when the underlying spatial process

is unknown and failing to do so likely leads to over-fitting”. For that reason, while doing the

evaluation the influence of re-sampling of cross-validation, our expert was aware of this issue

as can be confirmed by the comments: “Cross-validating not enough may be overly sensitive to

subgroups of presences (better to do many bootstraps of the same size)”, for 20% re-sampling,

and “re-sampling too much can mean that results are too swayed by the average”, for 5% re-

sampling. Although in some cases she thought “Cross-validation shouldn’t have a big impact”.

It is also worth mentioning that the expert’s self-evaluation of reliability was 0.5 for all those

scenarios.
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Finally, our expert decided not to consider uncertainty in the input variables or output crite-

ria, which were the other major settings considered important by [Merow et al., 2013]. Instead

the expert assumed that the SDM would be fit to a carefully selected set of input variables,

with a wide range of evaluation criteria (as currently available in the BCCVL [Hallgren et al.,

2016]), and using the raw output from MaxEnt which is equivalent to a relative occupancy rate.

Although not always explicitly recognized, the modeller does make subjective and practical

choices about which algorithm settings to investigate (as noted by Pearce et al. [2001] in the

context of SDM). So the aim here was not to evaluate the expert’s judgment on which settings

are important but to mimic the real situation, where an expert helps choose the settings to be

investigated.

We noted that the effect sizes estimated by the CPT calculator (OFAT) design have much

wider credible intervals compared to our proposed designs. This is to be expected for several

reasons. Firstly, when only eliciting scenarios in detail around the best case, then predictions

around the middle of the design space will have little relevant information to rely on. Thus the

OFAT design is most effective for evaluating scenarios close to best, which is a well-known

general shortcoming [Saltelli and Annoni, 2010]. In particular, sensitivity analysis often relies

on a OFAT design, when it makes sense to compare all scenarios to a particular “control” (e.g.

Hallgren and Pitman 2000; Hallgren et al. 2017). Secondly, only eliciting scenarios close to the

best case means that the average effects are somewhat skewed in comparison to when eliciting

scenarios that are more evenly distributed.

For the composite design, we found that the credible intervals of effect sizes are narrow

and slightly different to the results from the Fold-over design. This could be because the Fold-

over design has 36 scenarios which is almost half of the size of the composite design, and

could be dominating the analysis. Those 36 scenarios may cover the space “efficiently” so

that it can provide full information about the main effects of all MaxEnt settings [Jugulum and

Taguchi, 2004]. Furthermore, it is possible that the expert is conceptualising the effects of

changing settings as effectively additive (on the log odds scale used in the underlying Binomial

regression). However, in practical application, where the experts are very busy, using Fold-over

design is not recommended when limited time is available [Antony, 2014, Ch. 7]. For instance,
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in health care studies, eliciting the scenarios using such a design is limited when the number of

levels m > 2 [Johnson et al., 2013a, p. 10]. One possible strategy, which may be implemented

with this Fold-over design, is to distribute a random selection of small number of scenarios

to a group of experts (e.g. 3 scenarios per expert), using randomized blocks [Bailey, 2004].

This strategy may help distribute the workload of elicitation among experts, and hence can be

considered in the future works.

When comparing Fold-over and Taguchi OA designs in this case study, we found that the

Taguchi OA design used half the number of scenarios (i.e. 18) compared to the 36 scenarios

used in the Fold-over design. Thus, the difference in efficiency between these designs is around

20%. If we had more time for elicitation or a larger CPT (more than 3 factors each with three

levels), then using Taguchi OA may be more practical than any other. In contrast, our results

indicated that RFF2 design had smallest variance compared to other designs such as OFAT and

Taguchi OA. When considering simple situations (i.e. binary factors), our results indicated that

the RFF2 design had the smallest variance compared to PB design, even though the RFF2 design

had the smallest number of scenarios (8 out of 32). Hence, in our case study, we conclude that

the RFF2 design is more efficient, and should be preferred when the model is simple.

In addition, we note that most predictions of the Quality of Prediction for the proposed

designs matched the predictions for the composited design. This demonstrates that it is possible,

at least in this case study, to obtain good predictions by only eliciting a few scenarios, here via

the Taguchi OA. We caution that this finding is highly specific to the context, and may not

generalize across contexts.

Regardless of which design is used, when the number of scenarios is limited it is still

difficult to identify large interaction effects. Unlike classical GLM, Bayesian GLM will provide

estimates of all interactions [van de Schoot et al., 2015]. However, in this case study which

has a 1 in 30 up to a 1 in 4 fraction of the total number of scenarios, we found the posterior

distributions of most interactions to be highly uncertain, i.e. centred on zero, with very wide

credible intervals. However, the use of our proposed designs allowed us to add more scenarios

(compared to the CPT Calculator) in a way that gave better coverage of the whole CPT. These
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designs achieved this by providing the experimenter with a high degree of control over which

interactions they were willing to “sacrifice” in order to keep the number of scenarios to a

minimum. The PB and RFF2 designs are only suitable for use with binary factors, whereas

Taguchi OA can accommodate three or more levels [Kacker et al., 1991]. While, the Fold-over

design can also be suitable for use with three level factors, however, we found that the posterior

distributions of most interactions were highly uncertain, i.e. centred on zero, with very wide

credible intervals (See the figure in Appendix E.1).

Thus it is difficult to conclude which design is better based on one expert undertaking elic-

itation under all designs once each in a particular sequence, due to potential carry-over effects.

Nevertheless, we have satisfied the aim of this research, which is more to introduce potential

designs rather than to comprehensively evaluate their performance, which would require more

experts to elicit scenarios under all proposed designs. Overall, the main benefit of the novel

methods presented in this paper is that they enable modellers to deal with complicated models,

i.e. large CPTs, whilst conserving the energy, and decreasing the workload, of the expert.

In future work, if more time and experts are available, then we would like to elicit the full

CPTs of moderate size. The aim would be to check the validation and evaluate performance of

our proposed designs, using a small number of full scenarios, and the interpolation approach

compared to a full design.

In addition, discrete choice experiments (DCE) [Bridges et al., 2011, Hauber et al., 2016]

provide an alternative elicitation design for eliciting preferences, since they are often used to

address the similar issue of selecting a subset of all possible scenarios using DOE for large

CPTs. Both techniques, DOE and DCE, are similar in specifying a subset of scenarios from

the covariate space, but they are totally different in terms of the elicited response. For example,

DCE requires elicitation of the information about koalas’ habitat in terms of preferences, where

the response variable is degree of preference (e.g. koalas prefer habitat A over habitat B), not

presence/absence. Although this kind of different problem for elicited information using DCE

method is out of scope for this paper, it could prove to be a very fruitful avenue for future work.

196



PhD thesis Ibrahim Alkhairy 197

5.6 Conclusion

This paper aimed to construct designs for elicitation of a subset of scenarios that define a large

CPT in a sensitivity analysis. We showed how such elicited scenarios can inform a kind of

large sensitivity study and then help a decision support system. In particular, we examined how

MaxEnt algorithm settings potentially affect the Quality of Prediction. Five designs were used

to select a few scenarios from the 243 possible: CPT calculator (OFAT), Taguchi OA, PB, Fold-

over, RFF2 and a Composite of all designs. We found that the Taguchi OA design, in this case,

provided a good coverage of all information from the space and obtained accurate predictions

when compared with all other designs. All designs greatly reduced uncertainty in the estimated

main effects, when compared to the OFAT design. The results found that the most important

settings that increase the Quality of Prediction were: low prevalence, 2.5km resolution of spatial

input data and removing outliers. In addition, we showed that the effect sizes estimated via the

OFAT design have much wider credible intervals than the proposed designs, which is to be

expected as OFAT does not cover the whole space.
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Figure 2.1 has been replicated above, in order to highlight the focus of this Chapter 6 within

the context of the whole thesis. This chapter addresses the fourth gap identified in the literature

review. In this study I adopt the novel idea (Chapter 5) to employ statistical experimental

designs, to choose some scenarios of large CPTs, and thereby reduce the effort required in

capturing expert knowledge. This is achieved using the scenario-based elicitation method

(Chapter 3). Then I can consider the resulting expert-specified CPTs as expert-informed priors

within a Bayesian analysis. This elicitation of expert knowledge is therefore the starting point

for a novel contribution in this chapter: to update these expert-specified CPTs after model runs

have been collected, and thus gradually update the posterior distribution about the experiment.

As outlined in Figure 2.1, the case study detailed in this chapter applies to the second

situation of this thesis, that is, the use of expert-informed large CPTs in a sensitivity analysis of a
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large computer modelling experiment. In particular, I demonstrate how this Bayesian approach

allows a sensitivity analysis to be conducted in several steps. First of all, the modeller needs

information about which settings of an SDM algorithm have the greatest impact on the outcome,

i.e. Quality of Prediction. Then, where no empirical data are available, a prior is constructed

from expert-elicited information. The next logical step is to conduct a sensitivity analysis from

a small number of computer model runs (empirical data). The empirical and expert results are

then compiled and analysed within a Bayesian framework. Finally I show how this information

may help inform the design and analysis of further sensitivity analyses about the influence of

algorithm settings on the Quality of Prediction.

Note that this chapter forms a solid second main draft of a journal article that is currently in

preparation to be submitted to Statistical Modelling: An International Journal.

6.1 Introduction

In this chapter I consider the problem of designing sensitivity analyses of large computer

modelling experiments. Computer modelling experiments are used to streamline large physical

systems or the behavior of complex real world systems [Goldstein, 2006, p. 405]. They have

been used in many disciplines including: nuclear risk assessment [Iman and Helton, 1988,

Marques et al., 2005], galaxy modelling [Vernon et al., 2010], environmental science [Hall-

gren et al., 2016], economic systems [Holcombe et al., 2013] and testing software systems

[Goldstein, 2006]. The virtual laboratories provide a platform for researchers to interact with

these large computer modelling experiments, and are generally designed for a specific domain

[Potkonjak et al., 2016]. The Biodiversity Climate Change Virtual Laboratory (BCCVL) is one

such virtual laboratory.

BCCVL provides a high performance computational platform for developing species distri-

bution models (SDMs) [Hallgren et al., 2016]. BCCVL supports species distribution models for

mapping habitat suitability of different species, or groups of species. In the context of landscape

ecology, species distribution modelling is used to predict the relationship between species and

environmental factors [Franklin, 2010]. The BCCVL provides access to a large number of
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datasets including climate, biological and environmental datasets, which are valuable inputs for

SDM. Using BCCVL the modeller can direct the design of an experiment through a simple pro-

cess of specifying the inputs (of absence and occurrence of species, environment and climate),

the outputs (map, model estimates and diagnostics of model performance), and the algorithms

used to produce the outputs from the inputs. BCCVL allows the user to explore several species

distribution model (SDM) algorithms to facilitate the virtual experiments. Virtual laboratories

can make it easier to visualise and use large computer-based models.

Usually, computer modelling experiments such as SDM within the BCCVL, requires setting

a large number of factors, often each with a different number of levels. These computer

experiments comprise hundreds of thousands of runs (scenarios) gained from all possible com-

binations of levels for their multiple factors. Then these computer modelling experiments may

take a wide range of time from seconds to days, weeks or even months to be implemented

[Oakley and O’Hagan, 2004, p. 247]. Often analysing such big data exceeds the capability

of standard computational and statistical software, and hence may demand new technological

solutions [Drovandi et al., 2017, p. 2]. Since processing all possible scenarios in a large CPT

can be costly, both in terms of time and money, a subset of scenarios must be chosen that can

give sensible matches between the response variable and the predictors (factors) [Goldstein,

2006, p. 404]. This can be achieved by effective experimental design, as outlined in Chapter 5.

In addition to scenario selection, uncertainty within large computer modelling experiments

must also be considered. There are a range of uncertainties that arise from large computer

modelling experiments. Some of those uncertainties can relate to the impact of each factor

on the outcome variable [Iman and Helton, 1988, Oakley and O’Hagan, 2004]. The ability to

understand uncertainty is hence very important to effectively interpret the predictions of the

SDM model. Sensitivity analyses can provide a better understanding of such uncertainties, and

can be conducted by investigating the influences of various factors on the outcomes [Iooss and

Marrel, 2017, p. 1194]; [Saltelli, 2002, p. 580]; [Rivalin et al., 2018, p. 490]. In particular,

a sensitivity analysis is useful for choosing the settings of the SDM algorithms within a large

computer modelling experiment, such as the BCCVL [Hallgren et al., 2016, p. 183].
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Bayesian inference tools can be utilised for conducting sensitivity analyses of CPTS when

the number of scenarios is small [Oakley and O’Hagan, 2004, p. 757]. When information about

the sensitivity analysis of large computer modelling experiments is available a priori, then this

can be utilised to structure an informative prior model in a Bayesian framework [Williamson

et al., 2015]. Several sources of information may be used to structure this informative prior,

e.g. elicited from expert knowledge, previous research studies or literature reviews. In contrast,

priors may reflect that vague or no previous knowledge is available, and in these cases are

called non-informative priors [Berger et al., 2006, Irony and Singpurwalla, 1997]. Between

these two choices of prior, there is another option of prior that is called a weakly informative

prior [Gelman et al., 2008]. This prior can provide some information but places only low weight

on it, so that the posterior analysis is dominated by the data.

In this study, I consider the context where data are insufficient and expert knowledge is

available and can be used as an efficient source for eliciting an informative prior [Goldstein,

2006, Low Choy, 2012, O’Hagan et al., 2006]. Expert knowledge has proven useful in many

contexts for supplementing sparse empirical data [McBride and Burgman, 2012]. Here we

consider the situation where no computer model runs have yet been conducted, and the expert

knowledge serves the dual purpose of helping design the computer model experiment, and also

estimating the outcomes for hypothetical scenarios in order to supplement the limited computer

model output, which we presume cannot be obtained on all scenarios due to limited resources.

In Bayesian inference, expert knowledge has successfully been used as a priori information for

sensitivity analysis of computer modelling experiments. For example, Vernon et al. [2010] used

expert knowledge as a subjective prior to model Galaxy Formation using a Bayesian linear

model. They elicited the information, for instance about model discrepancy, from experts

in order to evaluate the variance and covariance of the regression coefficients of the means.

Similarly, I aim to take advantage of expert knowledge about the impact of different MaxEnt

algorithm settings on the predictive performance of the SDM, and combine this with empirical

data from model runs. Using a Bayesian updating framework to combine these two data sources,

I will demonstrate that expert-informed prior probability distributions can be used to enhance

the sensitivity analysis of large computer modelling experiments.
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In this chapter, I build on the use of Bayesian Generalized Linear Models (GLMs) for

scenario-based eliciting and encoding expert knowledge outlined in Chapter 3 and extend these

methods further to incorporate an expert-informed prior in the sensitivity analysis of large

computer modelling experiments. This new method for eliciting an expert-informed prior

enables the expert’s mental models of plausible scenarios to be represented in a Bayesian

interpretation instead of a Frequentist interpretation [Speirs-Bridge et al., 2010, Tuo and Wu,

2016]. As mentioned by Williamson et al. [2015], the frequentist interpretation is somewhat

of a ‘black art’ that is not always well documented. In our approach, we provide one possible

method of making explicit and transparent the expert knowledge that is being used to define the

settings of the SDM algorithms, which will influence the Quality of Prediction. To achieve this

we ask the expert to perform a series of ‘thought experiments’ (in the well-respected and long-

standing tradition of physicists such as Galileo, Newton, and Maxwell). Similar to physical

experiments, these thought experiments require an imagined observation of what the expert

believes the outcome (the Quality of Prediction) will be under different scenarios, in this case

the scenario factors are the SDM algorithm settings [Clement, 2006]. Then these expert thought

experiments can be used as informative priors in a Bayesian updating scheme which provides

an explicit modelling mechanism to combine this expert knowledge with data obtained from

running the computer modelling experiment.

In this paper, we consider a case study that uses sensitivity analysis to inform the design of

a modelling experiment: the modelling experiment comprises SDM model runs, with different

algorithm settings. The sensitivity analysis aims to choose settings for an SDM using the

MaxEnt algorithm. This case study is defined further in Section 6.2. Then Section 6.3 represents

the methodology, including: how to elicit the expert knowledge in order to choose the most

important settings of the SDM algorithm, selecting the scenarios using experimental design,

performing an eliciting thought experiment for each scenario, and combining expert elicited

prior information with model runs via Bayesian analyses. Section 6.4 explains the results and

main findings of this case study. Finally, Section 6.5 summarises our contributions including a

comparison among models.
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6.2 Case study

The Biodiversity and Climate Change Virtual Laboratory (BCCVL) is an online modelling

platform that supports species distribution modelling (SDM) for mapping habitat suitability of

different species, or groups of species [Hallgren et al., 2016]. The BCCVL provides a collection

of modelling and analysis tools to streamline the examination of the impacts of climate change

on biodiversity. The resulting SDMs are used to predict and map geographic distribution of

the animal or plant species of interest, based on their modelled relationship of presences to

the environment. Although the BCCVL provides a very wide choice of algorithms and their

settings, this may however overwhelm the end-users with many diverse options. End-users can

choose from nearly twenty different algorithms for fitting species distribution models (SDMs),

as well as from thousands of datasets on species location, climate, topography, vegetation, soils

and other bioclimatic factors.

In addition to the large number of possible inputs and algorithms to choose from, each

of these algorithms has multiple settings that the modeller can adjust. Most of these SDM

algorithms have ‘default’ settings, and a key benefit of the streamlined work-flow provided by

the BCCVL is that it makes it simpler for end-users (especially those new to SDM) to start

with these settings. For example, a control SDM was constructed using default algorithms

settings to study Koala (Phascolartos cinereus) distribution [Hallgren et al., 2017, 2019]. Those

authors reported the results of a literature review that examined the sensitivity of different SDM

algorithms such as Generalized Linear Models, classification trees and Maximum Entropy

algorithm sensitivity to alternative (non-default) configuration settings [Hallgren et al., 2017,

2019]. However, the settings used to fit SDM algorithms have been established to be very

important and should be tailored to each specific species, region and situation [Lobo et al.,

2010, Merow and Silander, 2014]. For this reason, it is important to conduct a comprehensive

sensitivity anlaysis to examine the settings of the SDM slgorithm and check how the Quality of

Prediction (predictive performance) is impacted by these settings [Hallgren et al., 2017, 2019].

In this study we use the popular machine learning SDM algorithm Maximum Entropy

(MaxEnt) [Elith et al., 2006, Merow et al., 2013, Phillips et al., 2006]. The model that is
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optimised using MaxEnt formulates ‘feature functions’ f that describe the likelihood of values

for every environmental profile (involving bioclimatic factors x) of where the species occurs,

compared to the whole region. There are more than twenty settings of the MaxEnt algorithm as

implemented in R [R Core Team, 2017] using packages such as dismo [Hijmans et al., 2017] and

biomod2 [Thuiller et al., 2016]. The implementation used in the BCCVL applies the MaxEnt

algorithm to estimate linear, quadratic or hinge profiles for each environmental or climate factor

simultaneously, and relies on Phillips’ Java code [Phillips et al., 2006] accessed via the dismo

package [Hijmans et al., 2017].

In this paper, firstly, an expert is consulted to elicit the Quality of Prediction of an SDM

model using the MaxEnt algorithm, given the algorithm settings. A second source of informa-

tion is provided by computer model runs. Finally, both sources of information are combined

using Bayesian analysis.

6.3 Methods

Before conducting a large computer modelling experiment, it is a essential for experts to con-

sider: Given the current state of knowledge, which factors have the biggest influence on the

outcome (i.e. Quality of Prediction), alone or in combination? However, in general these kinds

of expert assessments by the modeller, which occur during the design phase, are conducted

implicitly. Hence the results are only derived from the settings selected (see discussion in Pearce

et al. 2001). In this study, we explicitly elicit and quantify this expert knowledge, in a more

nuanced way. Instead of simply listing the most important settings, the expert is asked to assess

the Quality of Prediction which will arise from different combinations of settings, and therefore

provide information which reveals their “mental model” of the influence of each setting. The

novel contribution of this work is to not only rely on computer model runs when conducting

sensitivity analyses of large computer modelling experiments. In this study, I show how to

incorporate the information elicited from expert into an expert informed prior with empirical

data obtained from computer model runs, using a Bayesian framework. This can be viewed as

a type of meta-analysis with just two sources of information, conducted sequentially.
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The processes underlying this methodology comprise several steps. Firstly, the expert

identifies the most important settings that have the biggest impact on the Quality of Prediction,

described in Section 6.3.1. Then, in the context of the number of scenarios being too large

to elicit, experimental design methods are used to select a subset of scenarios for elicitation,

described in Section 6.3.2. The next step is to elicit the expert’s assessment of each scenario,

including uncertainty, described further in Section 6.3.3. Since the expert’s assessment of each

scenario is elicited first, before the computer model runs are obtained, the expectations of the

modelling team are made explicit. Simulations of the computer model are then run and the

resulting model runs are collected as a source of empirical data, see Section 6.3.4. At this stage

of the sequential process, it is important to rescale the levels of the settings so that the empirical

data and expert elicited data can be combined; this process is described in Section 6.3.5. This is

an issue here as the expert elicitation considers settings on a discrete scale with only a few values

(low, medium, high), whereas the computer model runs considered settings on a numeric scale

with more specific values (e.g. prevalence of 0.01, 0.05, . . . , 0.50). Finally, both information

resources are analysed via a Bayesian GLM to update posterior distributions, described in

Sections 6.3.6, 6.3.7 and 6.3.8.

6.3.1 Expert Evaluation of Important Settings

As detailed in Section 6.2, a computer model can be run in BCCVL to examine the sensitivity

of settings on the Quality of Prediction. The BCCVL incorporates many SDM algorithms,

however here we focus on the many settings of MaxEnt. A process of expert evaluation of

MaxEnt settings was conducted to derive which settings are most important. First of all, we

chose one co-author SLC acted as the expert1, who has knowledge about SDM algorithms, here

1In this case, we have an expert with very specific expertise, which is possibly quite rare. Her research has
focussed on eliciting expert knowledge, either to form standalone models, or for input into statistical models.
Some of her experience in elicitation has been in quantifying expert knowledge and uncertainty regarding species
distribution modelling (e.g. Low Choy et al. [2009b]; Murray et al. [2009]; James et al. [2010]; Low Choy et al.
[2010]; Kynn [2005]; Caley et al. [2014], O’Leary et al. [2008]; OLeary et al. [2015]; Fisher et al. [2012]) or
other aspects of species distribution modelling (e.g. ichael Powell et al. [2010]; Falk et al. [2015]; Anderson et al.
[2017]). These interests naturally extend to informative priors and Bayesian sequential updating. Other interests
include ambiguous zeros, modelling complex systems, interpretation and teaching of statistical inference and
paradigms. Also, she is experienced with the flexible family of regressions linear, non-linear, or additive; random
or mixed effects, generalized or normal, with research involving: beta regression; hierarchical aka multilevel
regression with latent variables; double regression; spatio-temporal dependence via co-variance or auto-regression;

208



PhD thesis Ibrahim Alkhairy 209

MaxEnt, in the context of BCCVL. This expert should have knowledge of both statistical and

ecological concepts, which are relevant to SDM [Low Choy et al., 2012]. This consultation

with the expert started with a list of all settings used in MaxEnt, obtained from the help files

on MaxEnt R package which define the BCCVL settings: dismo [Hijmans et al., 2017] and

biomod2 [Thuiller et al., 2016]. Other MaxEnt settings were also consulted in order to compile

precise and explicit documentation of all settings, and their possible values (Table 6.2). Thus

the expert spent considerable time to define and review the settings of MaxEnt that would

be considered. Then the expert discovered what the BCCVL interface was doing regarding

each setting. Interestingly, the MaxEnt model for SDM was not completely defined in any

single document, and the expert needed to consult several in addition to the main software

specifications listed above: Elith et al. 2011; Merow et al. 2013; Phillips et al. 2006; Phillips

and Dudı́k 2008. This helped provide an explicit and complete statistical specification of each

setting, and the range of possible values, enabling the compilation of a comprehensive table

of the definitions of the MaxEnt settings considered the most important. Finally, the expert

identified the five most important settings in terms of their impact on the Quality of Prediction.

Table 6.2 shows the top five settings; it does not list all of the different settings and their

definitions.

mixture models; variable selection.
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Table 6.2: The five most important settings of SDM via the MaxEnt algorithm. Each setting
has three levels. Levels are listed in order, from left to right, from lower (yellow, 0), moderate
(white, 1) to higher (green, 2) values.

MaxEnt Setting Description
Leads to Quality of Prediction

Low (0) Medium (1) High (2)

Sub-sampling For cross-validation. 5 % 20% 10%

Regularization ξj For controlling model complexity. 5 2 default=1

Resolution For spatial input data. 10km 1km 2.5km

Outliers Whether outliers are removed. with outliers some without

Prevalence Prior sampling weights. default=0.5 0.1 0.01

6.3.2 Design a scenario-based expert elicitation of combinations of settings

As the number of factors increases, it becomes more difficult to explore a sensitivity analysis

of all possible combinations of factors, i.e. scenarios. It becomes too time-consuming to

ask the expert about all scenarios within these large experiments. One way to address this

is to select subset of well-chosen scenarios through experimental design [Box et al., 2005].

In addition, experimental design methods can reduce the critical uncertainties associated with

a complex model [Box et al., 2005]; [Beck, 1987]; [Saltelli and Annoni, 2010]; [Iooss and

Marrel, 2017]. For example, the most common experimental design method for these types of

sensitivity analyses is the One-factor-at-a-Time (OFAT) method, described by Ahtikoski et al.

2008, Czitrom 1999, Hallgren et al. 2019, Saltelli 1999. The OFAT method examines the impact

of varying one factor at a time while the other factors are kept fixed. The main advantage of this

is that it can help the modellers give accurate assessments by allowing comparison of similar

scenarios, which share the same values on all factors but one. However, this method focuses on

the scenarios that are close to the best levels of every factor, and ignores all information among

other levels. As this approach explores a smaller sample space, it gathers less information about

the impact of the settings in different scenarios and therefore can lead to greater uncertainty
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[Saltelli and Annoni, 2010].

For this reason, in this study I use the Taguchi Orthogonal Array (OA) design method

[Kacker et al., 1991, Taguchi and Konishi, 1987] to select scenarios instead of OFAT. Taguchi

OA designs are a type of fractional factorial design and can be used to examine many factors

(in the context of sensitivity analyses a.k.a. settings) with a limited number of scenarios.

The orthogonality of this design allows modellers to estimate the main effect of each setting

independently of all other settings. The main advantage of using Taguchi OA design is that

it provides more information across all the settings which affect the Quality of Prediction in a

balanced way. It achieves this by ensuring that each pair of settings (i.e. each combination of

levels) occurs the same number of times.

Taguchi OA designs can be created using generator columns (particular settings) to generate

the remaining columns. In this paper, designing a scenario-based expert elicitation of combi-

nations of settings of the computer model —here five settings of the MaxEnt algorithm to do

SDM, each with three levels— requires a three-level Taguchi OA. Here, the number of elicited

scenarios can be reduced to Ñ = 2m2 = 2× 32 = 18, where m is the number of levels of each

setting [Kacker et al., 1991, p. 584-586] as shown in Table 6.3. However, although the Taguchi

OA design can independently estimate the main effect of each setting, the interactions among

these settings are presumed to be negligible. The reason is that information is sacrificed on par-

ticular interactions in order to generate the remaining columns. Thus, the much reduced number

of scenarios comes at the considerable cost of ignoring most interactions among settings. For

this SDM, we considered it worthwhile to conduct an initial sensitivity analysis where the main

settings of interest were considered to be mostly operating independently.
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Table 6.3: Taguchi OA for the elicitation of the CPT for the Quality of Prediction by the Maxent
algorithm with five settings each having three levels. Levels are listed in order, from lower
(yellow, 0), moderate (white, 1) to higher (green, 2) values. Each row represents one scenario,
with a particular combination of levels for all settings

Factors (settings)

Parameter Choice of inputs Parameters

Scenarios Regularization Resolution Outliers Sub-sample Prevalence

1 5 10km with 5% 0.5

2 5 1km some 20% 0.1

3 5 2.5km without 10% 0.01

4 2 10km with 20% 0.1

5 2 1km some 10% 0.01

6 2 2.5km without 5% 0.5

7 default=1 10km some 5% 0.01

8 default=1 1km without 20% 0.5

9 default=1 2.5km with 10% 0.1

10 5 10km without 10% 0.1

11 5 1km with 5% 0.01

12 5 2.5km some 20% 0.5

13 2 10km some 10% 0.5

14 2 1km without 5% 0.1

15 2 2.5km with 20% 0.01

16 default=1 10km without 20% 0.01

17 default=1 1km with 10% 0.5

18 default=1 2.5km some 5% 0.1
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6.3.3 Elicitation thought experiment for each scenario with uncertainty

Most sensitivity analyses consider the outcome to be a fixed numeric value. However, in

this study we incorporate uncertainty about the expert’s assessments by using the “Outside-

in” method to elicit each scenario [Low Choy et al., 2010]. This has several benefits. It

provides a concrete basis for the expert to evaluate the potential scenarios. In this way, the

scenario-based elicitation targets the expert’s knowledge in a way that is both easily accessible

and also complements the computer model output. Another key benefit of the ”Outside-in”

method of expert elicitation, is that this kind of expert knowledge can be easily encoded into an

‘augmentation’ prior [Greenland, 2006] in a Bayesian analysis, which mimics the structure of

the data.

Eliciting the Quality of Prediction for each scenario Each scenario is assessed by the expert

in terms of its predictive performance (Quality of Prediction). However, asking the expert

to quantify predictive performance measurements precisely (e.g. AUC = 0.91) would be an

unrealistic expectation. Instead, the expert is asked to provide a rating between 0 and 10, where

0 is a very poor predictive performance, 5 is moderate and 10 is excellent.

Preparation Preparation of the elicitation task before capturing expert knowledge was a

pivotal strategy for ensuring the expert had access to sufficient information about the SDM

to evaluate the MaxEnt settings [Low Choy, 2012]. This was achieved by providing a table like

Table 6.2 which defines each setting of the MaxEnt algorithm in a statistical context rather than

an ecological one. Then each setting can be matched to the BCCVL interface as implemented

via the underlying R packages, as was detailed in Section 6.2. This phase ensured that the

expert’s assessments of specific settings were well-defined, rather than vague concepts.

Eliciting uncertainty The expert is asked to provide assessments about the Quality of Pre-

diction Y = i, where i is a particular level corresponding to a particular combination of factor

values (settings of MaxEnts) X = j, where j = (j1, . . . , jK) is a particular combination of

levels of all settings andK is the number of settings (factors). Here, we can define each scenario
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s for s = 1, . . . , S, where s is the combination of value i and a multivariate description of the

values for settings j such that s = {Y = i,X = j}. Also, jk is a particular level of the kth

factor with jk ∈ {1, 2, . . . ,mk} where mk is the number of levels for the kth factor. For logistic

regression, the conditional mean is the probability of the Quality of Prediction E[Y |X] = µ.

However, to make it clear that the expert assessments share a similar structure to the empirical

data (computer model outputs), we adopt similar notation: X and Y for the elicited expert

assessments and X∗ and Y ∗ for the model run data.

The expert was required to fill out each scenario in Table 6.3 to quantify the expected

outcome Y (i.e. Quality of prediction) and the uncertainty of this scenario, i.e. the plausible

range of values. Therefore, scenario-based encoding was utilized to elicit expert knowledge

on some scenarios in CPTs, to create (encode) an expert-defined CPT. The scenario-based

elicitation method [Low Choy et al., 2010] was used to capture uncertainty for each scenario.

The “Outside-in” starts by defining context of the prediction: Let’s think about 100 species, for

which you will be fitting an SDM using MaxEnt. We will consider one particular scenario, which

is defined by a specific combination of MaxEnt settings: the regularization parameter, which

penalises over-fitting, is set to 1, the default value; the spatial resolution for all environmental

covariates is 2.5km; outliers in the input data have been removed; cross-validation will be

applied to 10% sub-samples of the data randomly selected; and prevalence of the species

throughout the study region is set to 0.01. Then, the expert is asked about the plausible range of

outcomes: How low (L) and how high (U ) could the Quality of Prediction be, on a scale from

1 to 10? Then their uncertainty: How sure are you that the Quality of Prediction falls in this

range? Do you think this is a situation where you will be proven correct 8 or 9 times out of 10

or 95 times out of 100? This amounts to asking the expert to quantify the lower L and upper U

bounds, then specify the plausible value P = 1 − α such that (e.g. 80% or 90% or 95% sure)

that the Quality of prediction falls between their specified lower and upper values, where:

Pr(L < µ < U) = P (6.1)
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Finally, the expert is required to quantify their best estimate (mode) for the Quality of Predic-

tion. In practice, asking the expert to assess the bounds before focusing on the best estimate

helps prevent the over conservatism resulting from anchoring biases [Kynn, 2008]. This is

distinctly different from a confidence interval where the probability statement is about their

best estimate: Pr([L,U ] ⊃ µ̂).

6.3.4 Computer modelling experiments

As detailed in Section 6.2, we are considering the general problem where we wish to evaluate

the sensitivity of a computer-based model in relation to the influence of changing the values

of settings on the model’s outcome. Specifically the case study of interest was provided by

Hallgren et al. [2017, 2019] to examine the settings of eight SDM algorithms and check how

the model results, i.e. Quality of Prediction, change when the values of these settings are

changed. Here we will focus on one of these eight SDM algorithms, MaxEnt. Each of these

algorithms was tested for their sensitivity to different settings, which are available in BCCVL

and known as configurable options (analogous to settings) [Hallgren et al., 2017, 2019]. The

MaxEnt algorithm was tested for sensitivity to twelve settings (configuration options) which are

related to the model specification, input data or computation. Other settings were not chosen

to be manipulated such as the number of background points, type of feature function f (see

Equations 2.14 and 2.15) or convex hull to define the study region [Low-Choy and Huijbers,

2017, p. 945].

These settings include thresholds on feature function with five different options, i.e. linear

(l), quadratic (q), product (p), threshold (t) and hinge (h), chosen to model the relationship

between bioclimatic factors and species presence/absence (as detailed in Equations in Phillips

and Dudı́k 2008, p. 163-164). Furthermore, the regularisation settings ξ, with five different

configurable options, control the complexity of the model (as detailed in Equations 3&4 in

Elith et al. 2011, p. 48-49). Another important setting of the MaxEnt algorithm is the prevalence

of the species throughout the study region (See [Elith et al., 2011] for details). In this study,

prevalence had five values, with 0.01 being ranked as better and 0.5 being ranked as worst
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(Table 6.4). In addition, weighted response weights (WRW) allowed the user to give more or

less weight to particular observations of species presence or absence Y [Thuiller et al., 2016,

p. 38-40]. WRW had 6 values, with 0.9 as the best and 0.25 as the worst. If the prevalence is

set below 0.5, absences are given more weight, and if the prevalence is above 0.5 more weight

is given to presences. The maximum number of iterations (Maxit) in the sequential updating

algorithm (which stops training after many iterations of the optimisation algorithm), was chosen

to ensure convergence [Rodrigues et al., 2010]. The values considered were 10 being ranked as

better and 500 being ranked as worst. The configuration setting options of the MaxEnt algorithm

are summarised in Appendix F.1.

For every sensitivity test when configuration option settings were altered, the SDM was run

as a separate BCCVL experiment, and the outputs obtained, in order to evaluate the difference

in prediction, due to the altered setting. In many SDM simulation studies just one or two

output statistics are typically referred to. For example, Elith et al. [2006, p. 136] evaluated

SDMs using correlation coefficient (COR) or Kappa, and Hallgren et al. [2017, p. 53] used a

single model diagnostic — Area under the ROC curve (AUC) — to compare SDMs. In this

study however the BCCVL provides a wide array of model diagnostics, which were supplied

to the expert in the form of a summary table (See Figure F.1 in Appendix F.2). These model

diagnostics were: the predicted geographic distribution map and the distribution of the predicted

probability of presence [Pirathiban et al., 2015]. The expert was then asked to mentally integrate

this information and come up with an overall judgment of the quality of the model prediction,

on a scale out of 10, based on their evaluation of these model diagnostics. We note that no

uncertainty was obtained for this judgment (See Appendix F.3). This is comparable to the

scale used for elicitation of the quality of model predictions in the scenario-based elicitation

(Section 6.3.3), where the expert evaluations were also captured on a scale out of 10, with

uncertainty.

A scenario therefore comprises a particular combination of values of all configuration op-

tions (settings), so the scenario s refers to s = (X, Y ), whereX is the settings, Y is the predicted

Quality of Prediction for that scenario. The final column represents the Quality of Prediction Y

conditional on the value of each setting X , as they each change within their allocated columns.
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This table can also be viewed as a kind of contingency table [Greenland, 1991], and more

recently [Kwak et al., 2018]. The study outlined by Hallgren et al. [2017, 2019] was developed

to help understand the behavior of the SDM algorithms under different scenarios chosen using a

one-factor-at-a-time design, allowing a sensitivity analysis of the impact of varying one setting

at a time on the Quality of Prediction. These scenarios are referred to as “altered-settings”.

6.3.5 Rescaling the MaxEnt settings

To ensure that the prior and the data are comparable, we rescale the settings. In particular, the

modeller [Hallgren et al., 2019] assumed that three of the MaxEnt SDM settings are controlled,

i.e. they are set to their default values. These settings are: resolution of 2.5 arcmin (∼5 km)

climate data for the environmental spatial layer defaults, outliers are removed and sub-sampling

for cross validation was set to 10% [Elith et al., 2011, p. 54]. In this study, we will examine

the influence of expert information as informative prior for only two settings, regularization and

prevalence in Table 6.2.

While both the expert-elicited and the empirical data from the computer-based sensitivity

analysis contain discrete values, the values in the computer-based sensitivity analysis were more

numerous and sometimes covered a different range. Hence, we transformed the values of all

settings to be continuous rather than discrete, so that all values had similar ranges. In general,

there are several transformation approaches that could be used to transform from discrete to

continuous values. For example, the arcsine [Staver et al., 2011] and logit transformations

[Lesaffre et al., 2006] are the most widely used and recommended approaches to rescale the

propositional values [Douma and Weedon, 2019, p. 1425]. The arcsine transformation is defined

as the arcsine of the square root of the proportion, while the logit transformation is defined as

the natural logarithm of the odds. However, in our case, we use a logit transformation which is

a well-established method [Venables and Ripley, 2002, Warton and Hui, 2011], as it transforms

proportion values to real values (from−∞ to +∞) instead of being limited to a particular range.

In particular, consider jk the possible discrete levels for the kth setting. For example, based

on Table 6.2, the main aim is to align the jk (specified in the computer experiment as e.g. 0.01 up
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to 0.5 for prevalence setting) to the discrete scale (0, 1 and 2) used in the elicitation experiment,

where 0 is low level corresponding to 0.5, 1 is medium level corresponding to 0.1 and 2 is high

level corresponding to 0.01. We needed a scale that transformed fractions (of prevalence) to a

discrete scale 0 to 2, so a logistic transformation was applied [Lesaffre et al., 2006]. Then we

needed to reverse the new values in order to match the expert elicited information. Hence we

rescaled the values of both models to contain values `jk such that `jk ∈ [a, b], where a is the

lowest level and b is the highest level using the following equation:

`jk = (a+ b)− (c−min(c))× 2

(max(c)−min(c))
+ a (6.2)

where a = 0 and b = 2 are the lowest and highest levels, respectively and c are values of the log

odds of discrete levels jk. Equation 6.2 rescales min(c) and max(c) to b and a, respectively. For

example, the log odds of j1 = 0.01 of prevalence setting is −4.595 and max(c) and max(c) log

odds of jk for prevalence setting are -4.595 and 0, respectively. Then we apply Equation 6.2 to

convert the value of jk = 0.01 to be continuous, e.g.

`jk = (0 + 2)− (−4.595− (−4.595))× 2

(0− (−4.595))
+ 0 = 2 ∈ [0, 2]

Table 6.4 defines the way that the continuous values were assigned to the regularisation and

prevalence settings using equation 6.2.
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Table 6.4: Rescaling the values of MaxEnt settings from discrete levels to continuous levels
ranging from 0 to 2. Note that the prevalence of 0.01 was considered 2 on the original discrete
scale used by the expert.

Settings of MaxEnt

Regularization Prevalence

Actual jk logit (jk) Continuous `jk Discrete Actual jk logit (jk) Continuous `jk Discrete

1 0.000 2 2 0.01 -4.595 2 2

2 0.693 1.4 1 0.1 -2.197 0.96 1

5 1.609 0.6 0 0.25 -1.099 0.48

10 2.303 0 0.3 -0.847 0.31

0.5 0.000 0 0

6.3.6 Analysing expert elicited information using a Bayesian GLM

The data Ys elicited from an expert can be encoded into statistical probability distributions

reflecting the best estimates M of the Quality of Prediction and the range of plausible values

defined by a lower L and upper U limit [L,U ]. Here, GLM-based encoding is straightforward

to achieve where it represents a major source of model-based uncertainty for each scenario

s by encoding the probability distribution of Y [Low Choy et al., 2010]. In addition, it is

possible to extend elicitation to incorporate uncertainty about these elicited scenarios, and

then incorporate this uncertainty into the encoding GLM. This helps partition the sources of

variation, separating the elicitation uncertainty from the model-based uncertainty associated

with interpolation through the encoding-based GLM.

Beta regression can be used to reveal the expert’s mental model: estimate the influence

of each setting on the Quality of Prediction, using information on the estimated Quality of

Prediction for each scenario s = 1, . . . , S, where:

µs ∼ Beta(as, bs) where E[Ys] = µs = as/(as + bs)

logit(µs) = ηs = β0 + β1Xs1 + · · ·+ βKXsK (6.3)
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where µs is the mean, ηs is the linear predictor, as and bs describe the expert’s uncertainty about

the sth scenario, and βK is the coefficient regression of the kth setting.

However, many commercial software packages do not allow beta regression to have degrees

of freedom, provided here by νs = as+bs, changing over data items s. Thus, following a method

outlined by James et al. [2010], Low Choy et al. [2010], we change perspective and consider as

to be the random variable instead of µs, with νs and hence denote it by As. This allows us to use

a binomial regression to explore how the settings of the MaxEnt algorithm impact the Quality

of Prediction µs, and hence the expected number of successes (here the conditional probability

of Quality of Prediction) As. Thus the logistic regression can be expressed now with As as the

response, rather than µs. Thus, As ∼ Bin(νs, µs) replaces the Equation 6.3. The details are

provided in Alkhairy et al. 2019, with a similar version of the text included in this thesis as

Chapter 3 (p. 117).

Bayesian inference

A Bayesian regression can be used to fit the expert’s assessments of µs on the Quality of Pre-

diction at each scenario s, and then provide estimates of model parameters β (expert informed

prior). Since we have information Xs on scenarios s = 1, . . . , S and response variable Ys, this

means that the natural modelling approach is a binomial GLM.

In general a Bayesian regression is used to estimate the posterior distribution of coefficient

regression β given the data A and X such that:

p(β|A,X) ∝ p(A|X, β)p(β) (6.4)

where p(β|A,X) is the posterior distribution, p(A|X, β) is the the likelihood of elicited data A

given coefficient regression β and data X , and p(β) is the prior of the regression coefficient β.

In this model, for each coefficient regression β, we use a Cauchy distribution, that is a Student

t prior distribution with µ = 0, σ2 = 2.5 and one degree of freedom such that β ∼ t1(0, 2.5).
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6.3.7 Analysis of the computer model runs via GLM

The computer modelling experiment is comprised of model runs, where the outcome (here The

Quality of Prediction, Y ∗) is recorded for each scenario s, defined in terms of the settings

X∗ = j, where j is a particular level for kth setting. Suppose observations on binary response

Y ∗ = i are available for several scenarios. We can define each scenario s is an element of

{1, 2, . . . , S} as a combination of a response variable’s value i and covariates’ value j, so there is

a unique one-to-one mapping from each pair (i, j) to a scenario s. A standard logistic regression

model assumes a Bernoulli distribution for observations Y ∗s indexed by a probability of success

with a logit link to a linear combination of the X∗s settings values where:

E[Y ∗s |X∗s ] = µs

logit(µs) = ηs = β0 + β1X
∗
s1 + · · ·+ βKX

∗
sK (6.5)

So that the likelihood within Equation 6.5 is:

p(Y ∗s |X∗s , β) =
µse

ηs

1 + eηs
(6.6)

A Bayesian regression can be used to fit the model runs so that we know nothing about β a

priori, then we assign it a vague prior, i.e. β estimates normally distributed around zero,

β ∼ N(0, σ2) (6.7)

If the prior reflects vague information, it is called a non-informative prior, where σ2 is a large

variance to reflect very vague information about β a priori.

6.3.8 Combining the expert-informed prior with model runs using Bayesian inference

A Bayesian updating paradigm (Bayesian statistical modelling) refers to the process of com-

bining an expert-informed prior (Model I, p(β|A,X) in Equation 6.4) on regression coefficient

parameters β with data from model runs (Model II), using a likelihood model p(Y ∗|X∗, β),
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defined in Equation 6.6 to provide an updated posterior model (Model III, p(β|X∗, Y ∗, X,A)

in Equation 6.8) by applying Bayes’ Theorem:

p(β|X∗, Y ∗, X,A) ∝ p(Y ∗|X∗, β)p(β|A,X) (6.8)

In this study, we use the posterior from Equation 6.4 as an informative prior. This provides a

point estimate β̂ and standard error se(β̂). This can be interpreted as the prior estimate of the

mean and standard deviation of the regression coefficient used to define the prior in Equation 6.8

[Marin and Robert, 2007], such that:

β ∼ N (β̂, SE(β̂)) (6.9)

In the R programming environment [R Core Team, 2017], the arm package (for Data

Analysis Using Regression and Multilevel Modelling, as introduced in Gelman et al. 2016)

is implemented to fit these three models using the bayesglm function. This function permits

the modellers to identify the effect size estimates θ̂ and standard errors of θ̂.

6.4 Results

The goal of the regression analysis was to evaluate the significant settings of the MaxEnt

algorithm that affect the Quality of Prediction. To achieve this, we followed the methodology

outlined in Section 6.3.7, and used Bayesian GLM to fit three models: (I) expert informed-

prior; (II) model runs with non-informative prior (posterior with non-informative prior) and (III)

model runs with informative prior (posterior-expert-informed prior). Figure 6.1 summarises the

results for each model.
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Figure 6.1: Posterior estimates of (a) and (b) intercept, for three cases: expert-informed prior
(red), posterior with non-informative (green) and informative (blue) prior. Boxplot shows the
distribution for the effect size of each MaxEnt setting (y-axis, a) or intercept (b). The white
circle encompasses the posterior mean and the box encompasses the central 50%.

First of all, the results of the first model (I) uses the expert elicited information as the data in

a Bayesian GLM. We note that this expert model was refit (compared to Chapter 5) to rescale the

covariates to be on a continuous scale, and hence comparable to the values used in the computer

modelling experiment (II). It can be seen from Figure 6.1, the regularisation (estimated effect

size, β̂ = 0.35) and resolution (estimated effect size, β̂ = 0.28) had moderate positive impacts

on the Quality of Prediction as their effect size estimates are plausibly far from zero and larger

in magnitude. However, specifically when all the settings are at the hypothetical value of zero
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(intercept), the probability of the Quality of Prediction decreases. We note that prevalence had

a very small positive effect (estimated effect size is β̂ = 0.12), however, removing outliers and

sub-sampling on the Quality of Prediction reduced the effect size to close to zero (β̂ = 0.07 for

removing outliers and β̂ = 0.08 for sub-sampling, respectively).

Secondly, the posterior with a non-informative prior (II) in Figure 6.1 illustrated that most

settings with effect sizes plausibly far away from zero increased the Quality of Prediction. For

instance, weighted response weights (WRW) and prevalence have a large positive influence on

the Quality of Prediction (estimated effect sizes, β̂ = 0.88 and 0.75, respectively). In addition,

the regularisation parameter applied to all feature functions (estimated effect sizes, β̂ = 0.30 to

0.50) and type of feature thresholds (linear/quadratic/product/ threshold/hinge (lqpth features),

estimated effect size, β̂ = 0.23) have a moderate positive impact on the Quality of Prediction.

However, the Maximum number of iterations (Maxit, estimated effect size, β̂ = −0.5) had

a moderate negative impact on the Quality of Prediction as the effect size estimates were

plausibly far from zero and larger in magnitude. In addition, the number of samples at which

product, quadratic and hinge with threshold features (setting pqh feature threshold) are used

had no impact on the Quality of Prediction (estimated effect size, β̂ = −0.09). However,

specifically when all the settings, for Model II, are at the hypothetical value of zero (intercept),

the probability of the Quality of Prediction decreases largely.

Thirdly, the results of the posterior with informative prior (III) showed that some settings

of the MaxEnt algorithms have effect sizes plausibly far away from zero, both positive and

negative. For example, the prevalence of the species and weighted response weights (WRW) had

the biggest effect sizes. We note that the highest value of rescaled prevalence (2) corresponds to

the lowest rate of prevalence (0.01) as shown in Table 6.4. Thus the Quality of Prediction

increases as the rate of prevalence decreases. For WRW the highest value of the rescaled

WRW (2) corresponds to the highest rate of WRW (0.9) as shown in Appendix F.1. Thus

the Quality of Prediction increases as the rate of WRW increase. In addition, other settings such

as the regularisation parameter applied to all feature functions and type of feature thresholds

(lqpth features) have moderate positive effect sizes and may increase the Quality of Prediction.

In contrast, a large maximum number of iterations (Maxit) decreased the Quality of Prediction.
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In the context of interaction models as shown in Figure 6.2, we found that although the

Bayesian GLM with informative prior can provide estimates of all interactions, it is still difficult

to find large interaction effects among settings. In other words, it can be seen that the zero was

the most plausible value for each of the pairwise interactions (involving two variables). Hence,

there were no discernible interactions between variables. In addition, comparing between pos-

teriors of the main effect models (Figure 6.1) and interaction models (Figure 6.2), we found the

posterior distributions of the interactions to be highly uncertain with very wide credible intervals

(e.g. WRW:lqpth features), although there are some interactions (e.g. WRW:Prevalence).

Posterior−interaction−model−with−informative−prior 
−8 −6 −4 −2 0 2 4 6

(Intercept)

WRW

lqpth_features

Prevalence

Maxit

pqh_feature_threshold

Regln_threshold

Regln_categ

Regln_lqp

Regln_hinge

WRW:lqpth_features

WRW:Prevalence

lqpth_features:Prevalence

Figure 6.2: Posterior interaction model with informative prior

Sensitivity to prior effect size (β̂)

We performed a sensitivity analysis technique to prior effect sizes β̂ governing elicitation by the

same expert in order to evaluate the effect of expert-informed prior on the posterior inferences.

The idea is to examine the situations where the expert’s belief would be less certain. As shown

in Figure 6.3, we investigate how the expert was to increase her belief about the uncertainty of

the prior effect size of e.g. prevalence setting, by multiplying the standard deviation of prior
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effect sizes β̂ (prior scale) by i.e. 5, 10 and 15. We found that the encoded distributions were

slightly wider. In addition, we note that the prevalence has biggest influence on the Quality of

Prediction when prior uncertainty is larger, and the influence of the data is larger. This means

that the use of informative priors, or the addition of supplementary information in the model,

can reduce uncertainty and lead to a better model. We conclude that the expert’s knowledge is

having a large influence on the posterior estimates.

Prevalence

0.0 0.3 0.6 0.9 1.2
Effect sizes 

Uncertainty_in_the_prior

prior SD

prior SD x 5

prior SD x 10

prior SD x 15

prior default

Figure 6.3: Sensitivity analysis of prevalence setting

6.5 Discussion and conclusion

The Bayesian approach is usually criticized based on the choice of prior included in the model.

Here, we show that the Bayesian framework (that updates prior information with empirical

data to produce a posterior, Equation 6.8) enables us to conduct sensitivity analysis in stages,

because we can design and analyse the results in stages. It is common that there is no empirical

data to start with, as described here (Chapter 5). In such cases we can then elicit the infor-

mation from expert knowledge to construct a prior. This gives the modeller an idea of which

settings may be more important and may have an influence on the Quality of Prediction (see

Section 6.3.1). Then, the next logical step is to conduct a small sensitivity analysis, as described

in Section 6.3.3, where 27 computer model runs were run, and the results compiled and analysed
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(Appendix Table F.3). Finally this information helps inform later design and analysis of further

sensitivity analyses about the settings for the target computer models. This benefit of the

Bayesian framework is at the very foundation of the Bayesian statistical paradigm, but is not

utilised often [Low Choy, 2012, Van de Schoot et al., 2014]. The benefits of conducting a

series of experiments, that gradually increase in size have been described in several fields (in

clinical studies [Spiegelhalter et al., 2004], in psychology [Etz and Vandekerckhove, 2017] and

in environment [Murray et al., 2009]), but have not yet been widely applied to the design of

computer modelling experiments (but see Goldstein 2006, Vernon et al. 2010 and [Williamson

et al., 2015]).

This work demonstrates how to conduct and analyse a sequence of sensitivity studies, by

constructing priors that emulate what is obtained by posterior analysis of the data, similar to

the data augmentation priors of Greenland [2006]. As presented in Chapter 5, this innovative

approach is a game-changer for the initial analysis of expert assessments of scenarios, producing

responses that are similar in form to the empirical data from the computer model runs. The novel

contribution of this chapter 6 is to then go a step further, and update this expert-informed prior

by adding a small amount of data, obtained from a small OFAT-designed sensitivity analysis

(Appendix Table F.3). The results clearly demonstrate that this small dataset comprising 27

model runs is not sufficient to dislodge the initial expert-informed findings: there is still a

discernible difference between the estimated effects of most settings on the Quality of Prediction

(Figure 6.1), particularly for prevalence, but not so much for the regularisation parameter

applied to all feature functions.

Interestingly, these results also bring into question the current practice of using the OFAT

designs to choose which computer model runs are required. In this situation, we do not have suf-

ficient information to determine the reason why the expert assessments and the OFAT designed

computer model runs are not quite aligned. It could be that there is bias in the OFAT design,

which is centred on the “control” scenario (published model on the Koala’s geographic distri-

bution) [Saltelli and Annoni, 2010]. Alternatively, perhaps a few more scenarios are required in

order to dominate the expert-informed prior. A common conclusion of many empirical studies is

that more data is required. In this case, we provide more specific feedback: these 27 model runs
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are insufficient to dislodge the prior, but they are getting close (estimates of the effect size of the

prevalence setting change from 0.75 with a non-informative prior to 0.56 with an informative

prior); we should consider designs that provide more information on the effect of all factors on

the Quality of Prediction rather than one factor at a time, as this leads to the greatest discrepancy

(between prior and posterior estimates) and also where the remaining (posterior) uncertainty lies

(posterior SD of the prevalence setting changed from 0.22, with a non-informative prior, to 0.17

with an informative prior). Another explanation that resonates with some of the literature is

that perhaps the expert’s confidence is overstated [Burgman et al., 2006]. We found that we

needed to reduce the expert’s certainty by a factor of 10 in order to reduce its influence to that

of a non-informative prior. The use of informative priors (scientifically based evidence), or the

addition of supplementary information in the model, can theoretically decrease uncertainty and

lead to a better model. This is based on the theoretical definition of an informative prior (in

addition to the result of our analysis which confirm this), we concluded that Bayesian methods

provide more insight, and help guide further experimentation [Ojo et al., 2017].

Thus, these two phases of analysis provide clear direction for designing future sensitivity

analyses. For the practitioner, this work provides a new methodology that enables a sequential

approach to choosing settings in large computer models via sensitivity analysis, particularly

where the first phase relies on expert knowledge, a common situation in many pioneering fields

of enquiry.
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Chapter 7

Conclusions and Recommendations

7.1 Summary of the Research

Conditional probability tables (CPTs) can be used to quantify the probabilistic relationships

between a particular outcome and several factors, where each row of the CPT represents a

scenario that arises from a particular combination of levels for all factors. These CPTs tabulate

the conditional probability distribution (CPD), of the outcome of each of the scenarios. This

distribution can be specified by empirical data, a model or expert knowledge. When data are not

available, expert elicitation can be used to collect information about the probability distribution

of the outcome. This thesis is positioned within the general problem of using expert opinions

to quantify the conditional probability distribution of random variables, when data are not

available. Specifically, I tailored a scenario-based approach to the elicitation for large CPTs,

and then developed a new methodology to analyse this information which utilises the Bayesian

statistical framework. This thesis both presents a new statistical methodology and makes a

contribution to the field of applied statistics.

In this thesis, I considered two situations where expert elicitation has been used to populate

a subset of scenarios of a large CPT. The first situation is elicitation, with uncertainty, of a large

CPT that defines a BN. The first case study used a BN to model and explore the factors which

influence habitat suitability of feral pigs. The second situation used expert informed CPTs to

design sensitivity analyses of large computer modelling experiments. The case studies used in
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this second situation considered species distribution modelling (SDM) using a GLM algorithm

or the MaxEnt algorithm, and explores how the settings of the GLM or MaxEnt algorithms

influenced the Quality of Prediction of the SDM.

The statistical challenges addressed in this thesis are sequential in nature, with each study

incorporating or extending the methods presented in the previous study. The first statistical

challenge was the elicitation process for large CPTs. The elicitation of such CPTs is very time

consuming and difficult to incorporate into an expert’s workload. This process comprises four

components. Firstly, the problem of choosing the right number of scenarios was essentially

a problem of how to better design elicitation of multiple scenarios into a CPT. This thesis

proposed multiple experimental designs for selecting a subset of scenarios. Secondly, I de-

veloped procedures to capture uncertainty by encoding expert knowledge about each scenario

using a scenario-based elicitation method. Thirdly, I restructured the problem of quantifying

CPTs: from data collection which elicits expert knowledge on every CPT entry, to statistical

modelling which interpolates CPT entries where no expert knowledge was provided. Finally,

I considered combining elicited scenarios with model runs as empirical data, using Bayesian

updating framework to update the posterior estimates. This thesis addressed these components

throughout the following four studies.

The first study (Chapter 3) focused on the second and third components. This study exam-

ined a new methodology to quantify and encode CPTs that define BNs, and used an ecological

risk assessment of feral pig habitat conditions as the case study. This study utilised the widely

accepted OFAT design approach for selecting a subset of scenarios from the large CPT (used in

the popular tool CPT Calculator). The first study had two elements of innovative contribution.

The first element was to quantify the uncertainty in each scenario instead of following the usual

practice of estimating only a point estimate for each CPT scenario outcome. This study re-

developed processes to capture uncertainty about each scenario by encoding expert knowledge

using an “Outside-in“ instead of an “Inside-out” (4-point) approach. The second element of

innovative contribution was to use Bayesian GLM to interpolate the remaining CPT entries

instead of linear interpolation method (as implemented by the popular CPT Calculator software)

or classical GLM (as outlined in other research [James et al., 2010]). This study indicated
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several main findings of using Bayesian GLM. Firstly, Bayesian GLM was useful because it

enabled all two way interactions to be estimated for each scenario, albeit with wide posterior

intervals. In contrast, Classical GLM needs additional elicited scenarios to estimate additional

two way interactions. Secondly, in the feral pigs study, the results found that the main effect

models were better than the interaction models because credible intervals for effects were much

tighter and all two way interactions were centred at zero. Thirdly, Bayesian GLM was suitable

to complete large CPTs (i.e. when there are more than three factors each with more than three

levels) with uncertainty, unlike the CPT Calculator which uses a simple encoding model without

uncertainty and cannot deal with such large CPTs. When reducing the number of level to be

acceptable for using the CPT Calculator, Bayesian GLM estimated a wider range of values,

which was more ecologically sensible. Hence, I can conclude that Bayesian GLM is more

useful than CPT Calculator for practical applications where it enables the modellers to deal

with complicated models.

The second case study (Chapter 4) addressed the problem of selecting a subset of scenarios

for elicitation from a large CPT using experimental design methods. This study proposed three

designs: the existing OFAT design, Taguchi OA design which is new as well as a composite of

both designs. The objective of this study examined how such elicited scenarios can inform a

large sensitivity analysis on which settings of the GLM algorithm had the largest impact on the

Quality of Prediction. These proposed designs chose different numbers of scenarios out of 81

possible combinations. The results of this study identified that the most influential settings on

the Quality of Prediction were: (1) the choice of real absence data or pseudo stratified rather

than Pseudo CRD, (2) quadratic complexity of the function rather than main effects and (3)

the choice of expert minimal subset of variables rather than using an extensive set. This case

study illustrated several main findings. Firstly, the study found the Taguchi OA was more

efficient than OFAT as Taguchi OA had fewer scenarios (i.e. 9 out of 81). This was because the

scenarios chosen by the Taguchi OA design provided a good coverage of the overall CPT and

yielded more accurate results than the OFAT design, in this situation.

This thesis extended the second study to examine another large SDM algorithm and propose

three new experimental designs in addition to the Taguchi OA, OFAT and composite designs
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(Chapter 5): PB, RFF2 and Fold-over designs. These designs were used to select a subset of

scenarios from the 243 possible scenario combinations. In this case study, firstly, the expert

identified the five most important settings of the MaxEnt algorithm in-terms of the algorithms

Quality of Prediction, then a subset of scenarios was selected, and finally the CPT entries for

those scenarios was elicited from the expert. The results showed that the MaxEnt settings with

the largest influence on the Quality of Prediction were: (1) the lowest prevalence setting (0.01),

(2) middle value of resolution of spatial input data (2.5km) and (3) removing outliers were

thought to have (a priori, and in general without knowing much about the species). Furthermore,

the regularisation setting was considered to be a moderate influence, while the effect of sub-

sampling for cross-validation was considered to be less influence on the Quality of Prediction.

Within the second and third studies, the influences of the settings of the GLM and MaxEnt

algorithms on the Quality of Prediction were thought about a priori, and in general without

knowing much about the species. Thus the aim in these studies was not to evaluate the expert’s

judgment on which settings are important, but to mimic the real situation, where an expert helps

choose the settings to be investigated. Secondly, the study indicated that the credible intervals

of the OFAT design are wider than the newly proposed designs. The reasons were that most

OFAT scenarios were centered around the best case scenario, which means the average effects

are somewhat skewed in comparison to when the subset of scenarios is more evenly distributed.

Secondly, both studies still struggled to estimate the interaction effects accurately and that the

posterior distributions of interactions were centred on zero (i.e. highly uncertain) due to the

expert elicited data being small.

The fourth study of this thesis (Chapter 6), explored methods for combining expert-elicited

data with empirical data, again in the context of sensitivity analysis of a large computer mod-

elling experiment. This study incorporated the use of a scenario-based elicitation method

outlined in the previous studies. This study combined using expert-specified CPTs, as an

informative prior, with empirical data from model runs to update the posterior distribution

within a Bayesian framework. The novel contribution of using a Bayesian framework is that

it enables the modeller to conduct and then analyse the results in several steps. In this study,

before the computer experiment is run, I utilised the expert knowledge to elicit the information
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as a ‘priori’, utilising the outputs from Chapter 5. This study used the elicited scenarios selected

by Taguchi OA (18 scenarios) which were used to investigate how the Quality of Prediction is

influenced by the settings of the MaxEnt algorithm used in a SDM. This information played

an important role by providing some ideas to the modeller about which settings of the SDM

algorithm had the greatest influence on the Quality of Prediction. The next step was to construct

a small sensitivity analysis using computer model runs of a subset of scenarios defined using

an OFAT design (here 27 scenarios) and combine these with the expert informed prior. Finally,

this informed further sensitivity analyses of an SDM via MaxEnt algorithm. The main findings

of this study indicated that small empirical data of model runs (OFAT with 27 scenarios)

was insufficient to displace the expert-informed prior although getting close. These results

highlighted many questions and reasons about why OFAT and the expert assessment might not

quite align. The reasons raised include: (1) the bias of the OFAT design due to most scenarios

being centred on the “ control” scenario, or (2) the bias of under or over confidence of the

expert. In future works, I conclude that more data are required to dislodge the prior. In addition,

I recommend exploring alternative experimental designs instead of OFAT, as these can provide

more information on the influence of all the factors on the Quality of Prediction. Furthermore,

more than one expert, (i.e. five or six) might suffice Morgan [2014], in order to provide valuable

information.

In this thesis, all results have been shown to the experts to enable them to communicate their

overall assessment of the factors that would influence the outcome. For example, in the first case

study of habitat suitability for feral pigs, all experts agreed that water and food resources are

more important to persistent feral pigs breeding in Western Australia than shelter and seclusion

factors. In addition, for the results of designing sensitivity analyses of large computer modelling

experiments, the expert was able to communicate her overall assessment of the relative settings

that would influence the Quality of Prediction.

Overall elicitation of CPTs has been re-designed in this dissertation to avoid eliciting more

than twenty scenarios. Thus in a large study we considered and then applied several designs

(Chapter 5) to choose the scenarios elicited from a large CPT. In addition, this thesis was able

to continue taking advantage of the computational approach used for scenario-based elicitation
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and encoding, by adopting a Bayesian approach throughout, from eliciting expert knowledge to

translating it into estimated CPT entries. Unfortunately, the case studies were not organized to

allow for extra time with experts to elicit the full CPT. One could then use this as a gold standard

against which to show the validation of our experimental designs and interpolation strategies,

using subsets of the total number of scenarios depending on the selected design. This can be

considered in the future works.

Furthermore, in any experimental design, the subset of all scenarios should be carefully

designed in order to collect largely independent information for each scenario in the design.

Specifically, the analysis presumed that the expert assessments of all scenarios should be con-

ditionally independent given the factors X . This assumption would be strictly fulfilled if all

scenarios were elicited separately. Therefore, our proposed designs do not enable an exam-

ination of what scenarios to ask next based on the scenarios that have already been elicited.

Dynamic designs may be a useful strategy to accommodate this dependency. Unfortunately, in

these case studies, experts were not requested to systematically record the sequence in which

scenarios were elicited. Thus, there is no information on sequencing of scenarios, precluding a

more complex analysis that would take into account. However, more generally modelling the

dependence structure using a dynamic design would be more complicated, and hence provide

a fruitful area for further investigation. This is similar to incorporating dependencies amongst

plots (e.g. soil fertility gradients) in an agricultural field trial [Neyman et al., 1935].

7.2 Recommendations

The first outcome of the thesis is that it is possible to lift practical constraints on the way

that conditional probability tables (CPTs) are elicited for Bayesian networks. In particular,

this thesis (Chapter 3) shows that it is possible to consider tables that are not small, e.g. 625

scenarios (Table 2.6). Previously, elicitation of CPTs was often constructed to avoid eliciting

moderate to large CPTs [Marcot et al., 2006]. Hence the first recommendation is that Modellers

can decide whether they wish to elicit all scenarios of a small CPT, or some scenarios of a

larger CPT and then interpolate the remaining entries.
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The second outcome is that this thesis provides an alternative to the CPT Calculator, which

as a tool for designing elicitation of CPTs is appropriate in only some situations. By con-

struction, CPT calculator adopts a one-factor-at-a-time design for choosing scenarios, where

the “control” scenario is the ‘best’ one. This means that information elicited from experts is

anchored around the best scenario, and hence interpolated values will be biased when con-

sidering scenarios where more than one factor falls towards the ‘middle’ or worst end of the

spectrum. I suggest this is the case in many practical situations, including the two investigated

here: BNs and sensitivity analysis of large computer modelling experiments. Thus the second

recommendation is that Modellers only use the CPT Calculator, and the embedded OFAT design

for choosing which scenarios to elicit when they wish the CPT to be most accurate close to the

best scenario.

For this reason, I consider several different designs, that will guide which scenarios should

be elicited. Each has slightly different advantages and drawbacks. PB designs were useful

when the number of factors is very large compared to a FFR2, although both were used with

only two levels for each factor. The PB and RFF2 designs explicitly sacrificed information on

particular interaction among factors, which were considered to be less important. The Taguchi

OA design is a particular case of the RFF2 design and is more suitable where each factor has

up to five levels. Fold-over designs can be utilised to address the problem of estimating the

interactions among factors that have been confounded with main effects of the model. Thus this

third recommendation is that Modellers should carefully consider which aspects of the CPT are

most important to encode accurately.

The fourth outcome is that the selected scenarios were elicited by one expert. Even though

these designs enable modellers to deal with complicated problems such as large CPTs, the aim

of using the different experimental designs presented here, was more about introducing these

designs rather than comprehensively evaluating their performance. Thus the fourth recom-

mendation is that evaluating the performance of these designs would require more experts.

This subsequently can lead to the fifth recommendation which is for Modellers to explore

more sophisticated designs such as randomized blocks [Bailey, 2004] for elicitation of multiple

experts, not necessarily on the same scenarios but for different scenarios specified by groups
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for each expert.

The sixth outcome is that modellers eliciting CPTs to produce inputs for a BN now have

a methodology that enables them to also capture their relative uncertainty, which may change

across scenarios. I demonstrated the use of the “Outside-In” elicitation method that intuitively

matches the kind of information provided by experts. This is more about the plausible range of

values for the outcome corresponding to a scenario, rather than a ‘confidence interval’ around

their best estimate. Thus the sixth recommendation is that Elicitation is carefully designed to

make sure that the wording of the questions asked of the experts, about scenarios, matches the

mathematics of the encoding. In the Bayesian approach implemented here, the “Outside-in”

elicitation method elicits the range of plausible outcomes as well as the best estimate.

To enable the sixth outcome to be achieved, I extended existing methods for scenario-based

elicitation, previously applied to regression, coincidentally in the context of modelling habitat

suitability. This extension involves use of a fully Bayesian approach to obtain predictions of

the remaining cell entries with uncertainty. Bayesian inference is well suited to small samples

[Gelman et al., 2004, Ch. 16]; [Van de Schoot et al., 2014], and can provide the modeller with

richer information, not only on which factors are most precisely estimated, and which have

larger influence on the outcome, but also on whether sufficient information was obtained to

estimate interactions. The latter is unlikely given that experts typically are time-poor, but it

may be possible that in some situations, a generous expert is enlisted, or specific tools can be

created, to streamline elicitation. Thus, finally I recommend that that modellers should use

a Bayesian GLM compared to a classical GLM for interpolating non-elicited CPT scenarios,

as this provides more information on the interactions. Modellers should take care however to

ensure that sufficient scenarios are elicited in order to understand the effects of the identified

interactions.

These lead to a set of parallel recommendations, for modellers who conduct sensitivity

analyses about large computer modelling experiments. Similarly, the recommendations one to

seven outlined above, can be applied to sensitivity analyses. Finally, for sensitivity analyses, I

put forward an additional eighth recommendation, in which Modellers are encouraged to use a
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Bayesian updating paradigm to combine empirical and elicited data. This enables all available

data to be used, as well as helps guide further experimentation and additional sensitivity

analyses.

Hence, as illustrated above, it is hoped that this thesis through making a contribution to

applied statistics will have a flow on contribution to the field of computer science. The the-

sis proposes a novel methodology for using expert-elicited large CPTs to specify BNs and

sensitivity analysis of large computer modelling experiments, both of which sit within the

discipline of computer science. Furthermore, the methodological contributions presented in this

thesis contribute to applications in computer science. Specifically, the computation of Bayesian

networks and sensitivity analyses of large computer modelling experiments can be made more

efficient using the methods presented here. In addition, the framework for combining empirical

data with expert-elicited information can guide more comprehensive and efficient sensitivity

analyses when limited data is available in large computational models.
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Appendix A

Feral pigs habitat suitability case study: Data

dictionary of nodes of Bayesian Network model

Table A.1: BN model nodes, their levels and definitions based on the model framework
developed for feral pigs in northern Australia [Froese et al., 2017].

Node Definition Levels
Habitat Sitability whether feral pig are able to breed and persist Yes or No

Water quality presence of accessible sources of potable water
Very good, Good, Moderate,

Poor or Very poor

Presence of freshwater presence of potable water Yes or No

Water salinity water may be absent or non-potable (salty/brackish) Low, Moderate or High

Food
whether there are enough food resources available

to meet the requirements of breeding

Very good, Good, Moderate,

Poor or Very poor

Quality of food presence and nutritional value of food resources Low, Moderate or High

Duration how long the food source is available (e.g. continual year-round, seasonal) Low, Moderate or High

Accessibility able to access food resources Easy, Moderate or Hard

Seclusion
if there is enough disturbance refuge available to

meet protection requirements of feral pigs

Very good, Good, Moderate,

Poor or Very poor

Hunting protection from hunting High or Low

Human disturbance stress from human interference High , Moderate or Low

Cover cover provided by understory vegetation Good, Moderate or Poor

Shelter
if there is enough heat refuge available to meet protection requirements of

feral pig

Very good, Good, Moderate,

Poor or Very poor

Cover shady vegetation cover Good, Moderate or Poor

Hot climate Heat stress conditions from daytime temperatures Cool, Medium or Hot

Wallows the place that feral pigs are relaxed in mud or water Close, Medium or Far
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Appendix B

Feral pigs habitat suitability case study: Wording

for Outside-in Elicitation

For the Outside-in approach, questions were structured like: “Let us think about 100 sites with

the same scenario, where the presence of water is “yes”and the salinity of water is “lo”. We

want to know how many sites would have adequate quality of water. Of course you are 100%

sure that between 0 and 100 sites are adequate. We need a lower and upper bound that are more

useful than 0 and 100, and you can be less than 100% sure that the number falls between them.

What is the smallest this number (of sites) can realistically be? What’s the largest it could be?

How sure are you that the number (of adequate sites) falls between them? What is your best

estimate ...”?.
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Appendix C

Extracts of R code for GLM and Bayesian GLM

This is an example of the model for main effects of shelter CPT using classical GLM [Dobson

and Barnett, 2008] or Bayesian GLM [Gelman et al., 2008] as referred to Section 3.3.3. The

main difference is that Bayesian inference requires specification of priors, and uses a different

libraries such as arm or brms.

modf <- glm(cbind(Shelter.success, Shelter.failure)

", the.model, ", data=newdata, family=binomial(link=logit))

library(arm)

modb <- bayesglm(cbind(Shelter.success, Shelter.failure)

˜", the.model, ", data=newdata, family=binomial(link=’logit’)

,prior.scale=Inf, prior.df=Inf)

library(brms)

newdata$Shelter.n <- newdata$Shelter.success + newdata$Shelter.failure

fit.callbb.shelter2 <- paste("modbb.Shelter<-

brm( Shelter.success | trials(Shelter.n) ˜",

the.model, ", data=newdata, family=binomial(link=’logit’),

prior=prior_string(’cauchy(0,2.5)’, class=’b’))")
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Appendix D

Feral pigs habitat suitability case study: Elicitation

of CPTs via OFAT design

D.1 Food CPT

The Food CPT elicited information from experts that reflects their best estimates and uncertainties is

attached in this appendix.

Table D.1: Eliciting the best estimate and uncertainties from experts for Food table

Quality Duration Accessibility Lower Best estimate Upper

Best levels High High Easy 0.80 0.90 0.99

Worst levels Low Low Hard 0.05 0.08 0.15

3 Moderate High Easy 0.50 0.70 0.85

4 Low High Easy 0.10 0.23 0.53

5 High Moderate Easy 0.68 0.80 0.99

6 High Low Easy 0.08 0.58 0.70

7 High High Moderate 0.60 0.70 0.99

8 High High Hard 0.15 0.32 0.40
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D.2 Seclusion CPT

This appendix shows the Seclusion CPT elicited from experts that reflects their best estimates and

uncertainties. Also, the figure for the difference between the predictions from Bayesian GLM and CPT

calculator of Seclusion CPT is attached in this appendix.

Table D.2: Eliciting the best estimate and uncertainties from experts for Seclusion
table

Cover Hunting Humans Lower Best estimate Upper

Best levels Good Low Low 0.80 0.90 0.90

Worst levels Poor High High 0.05 0.05 0.10

3 Moderate Low Low 0.50 0.65 0.70

4 Poor Low Low 0.20 0.35 0.40

5 Good High Low 0.70 0.80 0.90

6 Good Low Moderate 0.70 0.90 0.90

7 Good Low High 0.30 0.65 0.80
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Figure D.2: For each scenario of Cover, Hunting and Humans of seclusion CPT: Comparison
between predictions of CPT Calculator and predictions of Bayesian GLM, where the letters g, p,
m, h and l symbolise Good, Poor, Moderate, High and Low levels of scenarios respectively, e.g.
ghh refers to good cover, high hunting and high humans. The plus signs refer to elicited values
from experts and dots signs refer to predictions that are not elicited. The Figure illustrates that
there are slight differences between the predictions from Bayesian GLM and CPT Calculator.

D.3 Water CPT

This appendix shows the Water CPT elicited from experts that reflects their best estimates and uncertain-

ties. Also, the figure for the difference between the predictions from Bayesian GLM and CPT Calculator

of Water CPT is attached in this appendix.
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Table D.3: Eliciting the best estimate and uncertainties from experts for
Water CPT

Scenarios Presence Salinity Lower Best estimate Upper

Best levels Yes Low 0.75 0.90 0.99

Worst levels No High 0.01 0.05 0.10

3 No Low 0.01 0.05 0.10

4 Yes Moderate 0.50 0.60 0.75

5 Yes High 0.05 0.10 0.15

Also, Figure D.3 shows the difference between the predictions from Bayesian GLM and CPT Calcu-

lator of Water CPT.

−0.12

−0.08

−0.04

0.00

0.04

0.08

0.00 0.25 0.50 0.75 1.00

CPT calculator: Predicted probability of water quality

B
.G

L
M

 −
 C

P
T
.c

a
lc

Source
+ Elicited

Predicted Scenarios

Nh

Nl

Nm

Yh

Yl

Ym

Figure D.3: For each scenario of water presence and water salinity: Comparison between
predictions of CPT Calculator and predictions of Bayesian GLM, where the letters Y and N
symbolise Yes and No of water presence respectively while l, m and h symbolise low, moderate
and high levels of water salinity respectively, e.g. Yl refers to water presence, low salinity of
water. The plus signs refer to elicited values from experts and dots signs refer to predictions that
are not elicited. The Figure illustrates that there are slight differences between the predictions
from Bayesian GLM and CPT Calculator.

In addition, Figure D.4 examines the comparison between Bayesian GLM 95% credible interval (left
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side) and Classical GLM 95% confidence interval of Water CPT.

(Intercept)

Presence_Yes

Salinity_low

Salinity_mod

Presence_Yes:Salinity_low

Presence_Yes:Salinity_mod

−4 0 4
Coefficient

V
a

r
ia

b
le

Bayesian_GLM Water Main Efects Model Water Interaction Model

(Intercept)

Presence_Yes

Salinity_low

Salinity_mod

Presence_Yes:Salinity_low

Presence_Yes:Salinity_mod

−10 −5 0 5 10
Coefficient

V
a

r
ia

b
le

Classical_GLM Water Main Efects Model Water Interaction Model

Figure D.4: Bayesian GLM 95% credible interval (left side) and Classical GLM 95%
confidence interval (right side) of Water CPT for main effects only model (red colour) versus
main effects with all 2-way interactions (blue colour).

Finally, Figure D.5 shows the interpretation of model fit for Water CPT.
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y
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Figure D.5: Model fit criteria for Water CPT where y refers to the elicited data (dark density)
and yrep refers to the data simulated.
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D.4 Shelter CPT

This appendix shows the Shelter CPT elicited from experts that reflects their best estimates and uncer-

tainties as shown in Tables D.4 and D.5.

Table D.4: Eliciting the best estimate and uncertainties from experts for
Shelter CPT

Hot climate Cover Wallows Lower Best estimate Upper

1 cool good close 1 1 1

2 cool poor far 1 1 1

3 cool Moderate close 1 1 1

4 cool poor close 1 1 1

5 cool good Medium 1 1 1

6 cool good far 1 1 1

7 medium good close 1 1 1

8 medium poor far 1 1 1

9 medium Moderate close 1 1 1

10 medium poor close 1 1 1

11 medium good Medium 1 1 1

12 medium good far 1 1 1

13 hot good close 0.95 0.99 0.99

14 hot poor far 0.01 0.01 0.05

15 hot Moderate close 0.40 0.80 0.80

16 hot poor close 0.30 0.50 0.70

17 hot good Medium 0.95 0.99 0.99

18 hot good far 0.01 0.10 0.40
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Table D.5: Eliciting the best estimate and uncertainties from experts for
Shelter CPT after ignoring climate factor

Scenarios Cover Wallows Elicited Bayesian GLM CPT Calculator

Best levels good close 0.95 0.99 0.99

Worst levels poor far 0.01 0.01 0.05

3 Moderate close 0.40 0.80 0.80

4 poor close 0.30 0.50 0.70

5 good Medium 0.95 0.99 0.99

6 good far 0.01 0.10 0.40

Also, Figure D.6 shows the difference between the predictions from Bayesian GLM and CPT Calcu-

lator of Shelter CPT.
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Figure D.6: For each scenario of shelter cover and wallows: Comparison between predictions
of CPT Calculator and predictions of Bayesian GLM, where the letters g,m,p and N symbolise
good, moderate and poor levels of shelter cover, while c, m and f symbolise close, medium and
far levels of wallows respectively, e.g. pf refers to poor cover and far wallows. The plus signs
refer to elicited values from experts and dots signs refer to predictions that are not elicited. The
Figure illustrates that there are slight differences between the predictions from Bayesian GLM
and CPT Calculator.
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In addition, Figure D.7 examines the comparison between Bayesian GLM 95% credible interval (left

side) and Classical GLM 95% confidence interval of Shelter CPT.
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Figure D.7: Bayesian GLM 95% credible interval (left side) and Classical GLM 95%
confidence interval (right side) of Shelter CPT for main effects only model (red colour) versus
main effects with all 2-way interactions (blue colour).

Finally, Figure D.8 shows the interpretation of model fit for Shelter CPT.
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Figure D.8: Model fit criteria for Shelter CPT where y refers to the elicited data (dark density)
and yrep refers to the data simulated.
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D.5 Suitability Habitat CPT

The Habitat suitability CPT elicited from three experts that reflect their best estimates and uncertainties

are attached in this appendix.

Table D.6: Eliciting the best estimate and uncertainties from the first expert for Habitat
Suitability CPT

Water Availability Food Shelter Seclusion Lower Best estimate Upper

1 Very Good Very Good Very Good Very Good 0.85 0.95 0.99

2 Very Poor Very Poor Very Poor Very Poor 0.01 0.01 0.02

3 Good Very Good Very Good Very Good 0.80 0.93 0.99

4 Moderate Very Good Very Good Very Good 0.40 0.50 0.60

5 Poor Very Good Very Good Very Good 0.11 0.25 0.30

6 Very Poor Very Good Very Good Very Good 0.01 0.02 0.10

7 Very Good Good Very Good Very Good 0.70 0.95 0.95

8 Very Good Moderate Very Good Very Good 0.60 0.80 0.85

9 Very Good poor Very Good Very Good 0.20 0.20 0.40

10 Very Good Very Poor Very Good Very Good 0.05 0.10 0.32

11 Very Good Very Good Good Very Good 0.90 0.95 0.99

12 Very Good Very Good Moderate Very Good 0.90 0.95 0.99

13 Very Good Very Good Poor Very Good 0.60 0.70 0.80

14 Very Good Very Good Very Poor Very Good 0.20 0.20 0.60

15 Very Good Very Good Very Good Good 0.70 0.90 0.90

16 Very Good Very Good Very Good Moderate 0.70 0.90 0.90

17 Very Good Very Good Very Good Poor 0.50 0.65 0.70

18 Very Good Very Good Very Good Very Poor 0.01 0.10 0.20
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Table D.7: Eliciting the best estimate and uncertainties from the second expert for Habitat
Suitability CPT

Water Availability Food Shelter Seclusion Lower Best estimate Upper

1 Very Good Very Good Very Good Very Good 0.99 0.99 0.99

2 Very Poor Very Poor Very Poor Very Poor 0.01 0.01 0.01

3 Good Very Good Very Good Very Good 0.99 0.99 0.99

4 Moderate Very Good Very Good Very Good 0.55 0.55 0.55

5 Poor Very Good Very Good Very Good 0.10 0.10 0.10

6 Very Poor Very Good Very Good Very Good 0.01 0.01 0.01

7 Very Good Good Very Good Very Good 0.70 0.70 0.90

8 Very Good Moderate Very Good Very Good 0.50 0.50 0.50

9 Very Good poor Very Good Very Good 0.30 0.30 0.30

10 Very Good Very Poor Very Good Very Good 0.10 0.10 0.10

11 Very Good Very Good Good Very Good 0.99 0.99 0.99

12 Very Good Very Good Moderate Very Good 0.80 0.80 0.80

13 Very Good Very Good Poor Very Good 0.01 0.01 0.01

14 Very Good Very Good Very Poor Very Good 0.01 0.01 0.01

15 Very Good Very Good Very Good Good 0.90 0.99 0.99

16 Very Good Very Good Very Good Moderate 0.70 0.70 0.70

17 Very Good Very Good Very Good Poor 0.20 0.20 0.50

18 Very Good Very Good Very Good Very Poor 0.01 0.01 0.10
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Table D.8: Eliciting the best estimate and uncertainties from the third expert for Habitat
Suitability CPT

Water Availability Food Shelter Seclusion Lower Best estimate Upper

1 Very Good Very Good Very Good Very Good 0.90 0.95 0.99

2 Very Poor Very Poor Very Poor Very Poor 0.01 0.01 0.02

3 Good Very Good Very Good Very Good 0.70 0.95 0.99

4 Moderate Very Good Very Good Very Good 0.60 0.80 0.60

5 Poor Very Good Very Good Very Good 0.01 0.10 0.18

6 Very Poor Very Good Very Good Very Good 0.01 0.03 0.05

7 Very Good Good Very Good Very Good 0.80 0.92 0.95

8 Very Good Moderate Very Good Very Good 0.40 0.63 0.75

9 Very Good poor Very Good Very Good 0.10 0.25 0.45

10 Very Good Very Poor Very Good Very Good 0.01 0.03 0.11

11 Very Good Very Good Good Very Good 0.80 0.90 0.99

12 Very Good Very Good Moderate Very Good 0.80 0.85 0.90

13 Very Good Very Good Poor Very Good 0.20 0.60 0.80

14 Very Good Very Good Very Poor Very Good 0.01 0.10 0.60

15 Very Good Very Good Very Good Good 0.80 0.95 0.99

16 Very Good Very Good Very Good Moderate 0.70 0.90 0.99

17 Very Good Very Good Very Good Poor 0.45 0.60 0.70

18 Very Good Very Good Very Good Very Poor 0.08 0.10 0.20
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E.1 The interaction model of Fold-over design with three levels

Interaction Model Using Fold−over design with 3−levels
−3 −2 −1 0 1 2 3
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Figure E.1: The effect sizes estimated of interaction model (x: axis) with their 95% credible
intervals from Bayesian GLM for five settings of MaxEnt (y:axis) across Fold-over design with
three levels. The intercept reflects the worst case scenario.
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Appendix F

Sensitivity Analysis Case Study: Computer

experiment runs

F.1 The configuration options settings of MaxEnt algorithm via BCCVL

Table F.1: MaxEnt algorithm tested for sensitivity to input configuration options used in
computer experiment in the BCCVL. Note that we rescaled the values of MaxEnt settings from
discrete levels to continuous levels ranging from 0 to 2.

Configuration options
Discrete values Continuous values

very

low (1)
low (2) moderate (3) high (4)

very

high (5)
[0,2]

weighted response weights

(WRW)
0.25 0.33 0.66 0.75 0.9 0 0.67 1.3 1.8 2.0

maximum number

of iterations (Maxit)
500 100 10 0 0.8 2

linear/quadratic/product/

threshold/hinge (lqpth)

feature thresholds

l=no l&q=no l,q&t=no yes 0 0.4 1 2

product/quadratic/hinge (pqh)

feature thresholds
80/10/15 40/5/8 0 2
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F.2 Results for sensitivity analysis of computer experiment via BCCVL

Figure F.1: Results for sensitivity analysis of computer experiment via BCCVL

F.3 Interpretation the sensitivity analysis of computer experiments via

BCCVL
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Scenarios Model WRW Maxit lqpth_featurespqh_feature_threshold

1 WW=0.25 0 2 2 2

2 Prevalence = 0.1 2 2 2 2

3 Prevalence = 0.3 2 2 2 2

4 WW=0.33 1.7 2 2 2

5 linear = no 2 2 0 2

6 Linear & quadratic=no 2 2 0.7 2

7 hinge feature regularization=5 2 2 2 2

8 hinge feature regularization=10 2 2 2 2

9 threshold feature regularization =10 2 2 2 2

10 Prevalence = 0.25 2 2 2 2

11

Control: weighted response weights= null; 

maximum number of iterations = 200; linear 

/ quadratic / product / threshold /hinge = 

Yes; product / threshold feature threshold = 

80; quadratic feature = 10; hinge feature = 

15; threshold, categorical, linear / quadeatic 

/ product / hinge feature regularization = -

1.0; regularization multiplier=1.0; 

prevalence=0.5

0.9 0 2 0

12 hinge feature regularization=2 2 2 2 2

13 threshold feature regularization =2 2 2 2 2

14 threshold feature regularization =5 2 2 2 2

15 categorical feature regularization=10 2 2 2 2

16
linear/quadratic/product feature 

regularization=10 2 2 2 2

17 categorical feature regularization=2 2 2 2 2

18 categorical feature regularization=5 2 2 2 2

19
linear/quadratic/product feature 

regularization=5 2 2 2 2

20
linear/quadratic/product feature 

regularization=2 2 2 2 2

21 Maximum number of iterations =100 2 0.8 2 2

22 WW=0.66 1.3 2 2 2

23 WW=0.75 1.8 2 2 2

24 Linear & quadratic  & threshold=no 2 2 1.3 2

25 WW=0.9 2 2 2 2

26 Maximum number of iterations =10 2 2 2 2

27

product feature thresholds = 40; 

quadratic feature thresholds = 5; 

hinge feature threshold =8 2 2 2 3



Regln_threshold Regln_categ Regln_lqp Regln_hinge Prevalence Quality of Prediction

2 2 2 2 2 0.1

2 2 2 2 1 0.2

2 2 2 2 0.3 0.3

2 2 2 2 2 0.3

2 2 2 2 2 0.5

2 2 2 2 2 0.5

2 2 2 0.6 2 0.4

2 2 2 0 2 0.4

0 2 2 2 2 0.4

2 2 2 2 0.5 0.3

2 2 2 2 0 0.4

2 2 2 1.4 2 0.4

1.4 2 2 2 2 0.4

0.6 2 2 2 2 0.4

2 0 2 2 2 0.5

2 2 0 2 2 0.4

2 1.4 2 2 2 0.45

2 0.6 2 2 2 0.45

2 2 0.6 2 2 0.4

2 2 1.4 2 2 0.45

2 2 2 2 2 0.55

2 2 2 2 2 0.6

2 2 2 2 2 0.7

2 2 2 2 2 0.55

2 2 2 2 2 0.85

2 2 2 2 2 0.85

2 2 2 2 2 0.8
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